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IMPEJANCJIOBUE

B Kypce cpefHel MIKOIBI TOAPOOHO M3YYarOTCA aj-
re6panvecKue ypaBHEHHUs C OAHUM HEU3BECTHBIM 1-11 cTenieHu (Jiv-
HeliHble) U 2-U cTeneHU (kBaZpaTHble). [Ipyu 5TOM OKasbIBaeTcH,
YTO /JIs PEellIeHUs TAKUX YPaBHEHUH CYIIecTBYIOT obuie Gopmy-
JIbI, BRIpKAIOIIHE KOPHUM YpaBHEHHUSA depe3 ero KodpPUIMEHTHI
¢ TMOMOIIbI0 apudpMeTUYECKUX ONepaluii M paZHuKanoB. A cyle-
CTBYIOT JIM TOAOOHBIE GOPMYJIBI AJA pelleHUsA anrebpanvecKux
ypaBHEHUU 0Oojiee BBICOKUX CTEINEHel, 3HAIT OYeHb HEMHOTHE.
OxaseIBaeTcs, YTo /AJIs ypaBHEHUH 3-# U 4-# cTeneHu Takue ¢op-
MYJIBl TOXKE CYILIeCTBYIOT. MeToAbl pellleHUs STUX YPaBHEHUM MEI
paccMOTpUM BO BBeZeHHMH. Eciu ke paccMOTperh o6lee anreb-
panyecKkoe ypaBHEHHE C OZHUM HEU3BECTHBIM CTEIIEHU BHIIIE 4-i,
TO OKa3bIBAeTCs, YTO OHO He pa3pellrMo B paZuKasax, T.e. He
cymectByeT GOPMYJIbI, BRIpaXKalolleil KOPHU TaKOTO YpaBHEHU
yepe3 K03 GUIMEHTHI ¢ TOMOIITBI0 aprPMeTHIeCKUX ONepaluil u
paiuKaioB. DTO U eCTh TeopeMma AbeJs.

OpHa u3 1enedl JaHHONW KHUTH — IIOKa3aTh YMTaTENO0 JO0Ka3a-
TeTbCTBO TeopeMbl Abess. Ho 0 3Toro 4uTartesio npueTcs o3Ha-
KOMUTBCS C IByMsI OY€Hb BaXXHBIMU PasZielaMy COBPEMEHHOH Ma-
TeMaTUKU — TeOpuel I'PyNIl U Teopuel GyHKIMI KOMIUIEKCHOTO
repeMeHHOTro. YUTaTeNb y3HAeT, YTO Takoe (B MaTeMaTUKe) TPyIl-
ma, 1ojie U KaKUMM CBOHCTBAMU OHU 00JIaZjaloT. Y3HAeT, YTO Ta-
KOe KOMIUIEKCHBIE YHCIa U TI0OYeMY UMEHHO TaK, a He MHa4Ye OHU
OTIpeZIeNIAIOTCA. Y3HAEeT, YTO TAKOe pUMAaHOBA IOBEPXHOCTH U B YeM
COCTOUT «OCHOBHAsI TEOpEMaA ajre6pbl KOMIUIEKCHBIX YHCEN».

O3HaKOMUBIIUCH C 3TOW KHUTOH, YUTATED JIETKO CMOXKET U3Y-
YUTh U Pe3yJIbTaThl, IOJYYeHHblE (PPAHIY3CKUM MaTEMaTHUKOM
DBapucToM l'ajya, KOTOPBINA Hallle YCIOBUE, IPU KOTOPOM KOPHU
KOHKPETHOTO alre6panveckoro ypaBHeHUs MOXXHO BbIPA3UTh
yepe3 K03QGUIMEHTHI ¢ TOMOIIBIO apUPMETHIECKUX ONEPAIui U
pazukainos. [/l 3Toro MoXXHO pekomeHzoBaTb kHUru M. M. [TocT-



6 IIpeducnosue

HukoBa «Teopus Tanya», B.JI.Ban gep Bapaena «Anrebpa» u
A.T. XoBaHckoro «Torosorudeckasi Teopus l'amya»*).

ABTOp 6yZeT CONMPOBOXKJATH YUTATENA HA 3TOM IMyTH, HO JacT
€My LIMPOKYI0 BO3MOXXHOCTb HCITBITaTh CBOU COOCTBEHHBIE CH-
JBL. JIJIs1 3TOTO YUTATeNo OyAeT MpeAsoKeHO OGOJBbIIoe YHCIIO 3a-
Jad. 3aZladyy paclosIoXXeHbl HEIIOCPeCTBEHHO B OCHOBHOM TEKCTe
KHUTH U ABIAIOTCI GAaKTUYECKU ero COCTABHOU YacThio. 3aayu
HMMEIOT CIUIOIIHYIO HyMepaliio, KOTOpas BblZie/IeHa [TOMTy>KUPHBIM
mpudpToM. Eciy Kakue-TO 33a4Ml OKAXKYTCS YUTATENI0 He IOJ
CWJTy, TO €My Ha ITIOMOILb IPUAYT «YKa3aHUsA, PEIIeHUA U OTBETHI».

KHura cozep>XUT MHOTO ITOHATUM, BO3MOXXHO, HOBBIX /I YUTa-
Tesisg. YTOoOBI YMTATEh MOT JIerde B HUX OPUEHTHUPOBAThCs, B KOH-
1le KHUTHU TpUBeJieH aydaBUTHBIN CIMCOK MOHATHUN C yKa3aHUEM
CTPaHMII, Ha KOTOPBIX 3TU IIOHATUA OIPEZE/IAI0TCA.

BapuaHT [JoKa3aTelbCTBa TeopeMbl AbGesis, MpeACTaBIeHHBIN
B 3TOM KHWTe, pa3paboTaH akaZeMHUKOM Biagumupom Hrope-
BuueM ApHombzoM. B 1963-64 rozax OH, TOTZa elle MOJIOZOHN
JIOKTOP HayK, IPOBOAWI 3aHATUA IO BHICIIEN MaTeMaTuKe JJid
yuamuxcs 10 kmacca B TOJIBKO 9TO OTKPBITONH MOCKOBCKOH pusmko-
MaTeMaTH4ecKkoii mKkosne-uHTepHaTe N° 18 mpu MI'Y um. M. B. Jlo-
MOHOCOBA. B KauecTBe TeMBbI 3aHATUM OH BbIOpas pa3paboTaHHBIN
WM TOMOJIOTMYECKU BapUaHT Z0Ka3aTelbCTBA TeopeMbl Abess
U BCe, YTO HEOOXOAWMO [ 3TOTO /JOKa3zaTeiabcTBa. OfHUM U3
YYEHUKOB 3TOT'0 KJIacca ObUT aBTOP JaHHOM KHUTH.

B 1970-71 rozax s, 6yayuu acnupantom MIY, yke cam mpemno-
JlaBaJl B 3TOM ’Ke IIKOJie U OpraHU30Baj MaTeMaTHYecKUH Kpy-
JKOK, Ha 3aHATHAX KOTOPOrO IIKOJBHUKU IIOCTEIIEHHO, pellas
3aJayy, OCBauBaJIU BCe IOHATHUA U [OKAa3bIBAIU YTBEPXJEHWU,
HeoOXOANMBIE /IS JOCTY)KEHHs KOHEYHOM IIejiu — J0Ka3aTellb-
cTBa TeopeMbl Abens. ITo MaTepuanam Jjekiuii B. V. ApHonbaa u
paboTHI 3TOTO KPy)KKa U HamucaHa JaHHasA KHUra. ABTop b;aroga-
peH B. U. ApHonbZy, BEICKa3aBIIeMY Ps/J, LIeHHbIX 3aMeYaHUl Ipu
ITOATOTOBKE PYKOIIMCHU 3TOW KHUTH.

B. b. Anekcees

*) ITocmuukoe M. M. Teopus l'anya. dusmarrus, 1963. Ban dep Bapden B. JI.
Anre6pa. M.: Hayka, 1979. (CII6.: Jlaub, 2004). XogaHckuil A. I. Tomosnoruye-
ckas Teopus l'asya. PaspemrMocTs U HepaspelMMOCTb YPaBHEHUN B KOHed-
HoM Buze. M.: MITHMO, 2008.



BBEJIEHUE

Mgl HauHEM 3Ty KHUTY C PacCMOTPEHUs BOIIpPoca o
TOM, KaK pelllaloTcs ajrebpandyecKkre ypaBHEHUS C OJHUM HEW3-
BECTHBIM OT 1-if A0 4-% cTreneHu. MeTogsl pelieHus aarebpaude-
CKUX ypaBHeHWU 1-i u 2-ii cTeneHu ObLTM U3BECTHHI ellle MaTeMa-
ThKaM J[peBHErO MHpa, METOAbI PelleHus airebpandeckux ypas-
HeHu 3-# u 4-ii cTenieHu 6GbUTH pa3paboTaHbl UL B XVI Beke.
Obwum anzebpauueckum yYpasHeHueM ¢ OOHUM HeU3BeCMHbLM
cmeneHU n Ha3bIBAETCS YpaBHEHUE BUZA

apx™ +a;x" 1+ ... +a,_x+a,=0,

B KOTOPOM @, 7 0%).
[Ipu n = 1 nonyyaeM JUHEHHOE YpaBHEHUE

apx+a; =0, ay#0.

DTO ypaBHeHHe UMeeT, O4eBUHO, eZIMHCTBEHHOE pelleHe

IIpY JIFOOBIX 3HAYeHUAX KO3DPUIMEHTOB.
I[Ipu n = 2 nosmy4yaeM KBaJpaTHOEe ypaBHEHUE

ax?2+bx+c=0, a#0
(BMecTO ag, d;, A, MBI ITUIIEM 37€Ch d, b, ¢, KaK PUHATO B IIKO-
b
ne). PaspeNve o€ 4acTH TOro ypaBHeHHs Ha d 1 TIOMOKMB P = _,

C
q =, IOy4MM MPUBE/IEHHOE KBA/IPATHO® ypaBHEHHe

x2+px+q=0. D
IMoce mpeobpa3oBaHuii Moayyaem
2 2 2
p°_p PV _ P
2 F _ P _ Y _F _
x+px+4—4 q u (x+2)—4 q. 2
*) Koaddunuents! ay, aj, ..., d, MOXHO MOKa CYUTATh IIPOMU3BOJBHEIMU

AeﬁCTBHTe.’IbHLIMH YrCIaMH.



8 Bseldenue

B Kypce cpezHell IIKOJBI Jajiee PAaCCMaTPUBAETCA TOJIBKO CIydaid
2 2

pz —q = 0. Eciu xxe pz —q < 0, TO TOBOPAT, UTO paBeHCTBO (2) He

MOXKET UMEeTh MecTO U ypaBHeHUe (1) He UMeeT AeHCTBUTENbHBIX
KopHel. YToObI He BO3HUKAJIO TaKUX UCKIIOUEHUM, HaM yAoOHee
6yzeT paccMaTpUBaTh B aJbHEHIIIEM alrebpanyecKyue ypaBHEHU
He B 06J1aCTH IeACTBUTENBHBIX YHCEN, a B 60jiee MUPOKOH 06acTu
KOMIUIEKCHBIX YHCEI.

[ToapobHo (BMecTe C ompejiesieHreM) MBI OyZeM paccMaTpu-
BaThb KOMILIEKCHBIE YKcia B raBe II. IToka yuTaTe o JOCTaTOYHO
3HaTh WIN NPUHATH HA BEPY CJIEAYIOIIME YTBEPKAEHUSI O KOM-
TJIEKCHBIX YMC/Iax:

1) MHOXXECTBO KOMILIEKCHBIX YHUCEN SIBISETCA pPacIIMpeHueM
MHOJKECTBA JeHCTBUTENbHBIX YHMCE, T. €. JeHCTBUTEIbHBIE YHCIa
COZIEpIKATCA CPelV KOMIUIEKCHBIX YMCeJl, TaK JKe, KaK, HallpuMep,
I[eJTbIE YMCIIa COAEPKATCS CPEAU JEHCTBUTENbHBIX;

2) KOMIUTIEKCHBIE YKCJIa MOXKHO CKJIaJ[bIBaTh, BEIYUTATh, YMHO-
JKaTh, JE€UTb, BO3BOJAUTh B HATypaJbHYIO CTEleHb, TPUIEM BCE
3TH OTlepaliuy 06JaIaf0T BCEMU OCHOBHBIMU CBOMCTBAMU COOTBET-
CTBYIOIIUX OIepaIuii A/ AeHCTBUTENbHBIX YHCETT;

3) ecu z — KOMIUIEKCHOE YMCJIO, HE paBHOe HYJIO, U N — Ha-
TypaJibHOE YHUCJIO, TO CYLIECTBYET POBHO N KOpHEHN n-Ml CTEmeHU
U3 2, T. €. N KOMIUIEKCHBIX YHCEN W TaKuX, uro w" =z. [Ipu 2 =0
umeeM v/0=0. Ecliu w; ¥ W, — KOPHU 2-i CTENeHH U3 YHCIA Z,
TO Wy = —Wj.

Hinke MBI He TOJMBKO OyZeM MHTEPECOBATHCS KaK JAeHCTBUTEID-
HBIMU, TaK U KOMIUIEKCHBIMH KOPHSAMH YpaBHEHUH, HO U B Kaue-
cTBe K0O3QPUIIMEHTOB 3TUX YpaBHEHUH OyieM paccMaTpUBaTh MPo-
M3BOJIbHBIE KOMILIEKCHBIE Yucia. [Ipy 3TOM MpUBEAEHHbIE BhIIIE
paccyX/IeHUs O TMHEWHBIX U KBaZPaTHBIX YPABHEHUAX OCTAHYTCS
B CHJIe, YTO BHITEKAET U3 YKa3aHHOTO BhIIIEe CBOHCTBA 2 KOMILIEKC-
HBIX YHCeJl.

[TpogomkuM pacCMOTpEHNE KBaZpaTHOTO ypaBHeHUs. B obrac-
TU KOMIUIEKCHBIX YKCeJ PaBeHCTBO (2) mpw Jit0OBIX 3HAYEHUSAX D
Y ¢ PAaBHOCWJIBHO PaBEHCTBY

Py P
x+2— 4 q,

rze 1of 4/ p?/4 —q MOHMMAaeTcs Kakoe-HUOYAb OAHO OmIpejesieH-
HOe 3HaueHUe KOPHA BTOPOH CTeIeHH.



Begedenue 9

Takum o6pazom,
2

x1,2=—§i pZ—Q- 3)
[Tepexozs k a, b, ¢, momyyum
_ —b*+vb%>—4ac
2= e ©®

Jlia ganpHelero HaMm nmoHago6:ATcsa Asa gpakTa, OTHOCAIIUECS
K YpaBHEHUAM 2-1 CTelleHuU:

1) TeopeMa BueTa*): KOMIUIEKCHBIE UUCIA X U X5 B TOM U
TOJIBKO B TOM CJIy4ae sIBJISIFOTCS KOPHSAMU YpaBHeHus x2 + px +q =
=0, en X1 + Xy =—P, X1 * Xy = q. JleICTBUTEIBHO, €CIIN X] U Xy —
KODHU ypaBHeHUs x2 + px + ¢ = 0, TO BHIIOJIHAETCA PAaBEHCTBO (3).
Otcroga x; + Xy = —p, X; * Xy = q. O6parHo, ecnu X; + Xy = —P,
X+ Xy = ¢, TO, 3aMeHsIsI p U B ypaBHeHUU x2 + px + ¢ = 0 ux
BBIPQKEHUAMH YEPE3 X1 U Xy, MOMYIUM X2 — (X7 + Xo)X + X Xy =
= (x —x;)(x —x,) =0, U, crefoBaTeNbHO, X; U Xy ABIAIOTCA KOP-
HAMUY ypaBHeHUs x2 + px +q =0;

2) KBaZ[paTHBIN TpexwieH ax? + bx + ¢ ABIAETCS MMOMHBIM KBaJ-
parom (T. e.

ax?+bx +c=[valx—xy)]?

JUI HEKOTOPOT'O KOMIUIEKCHOT'O YHCJIA X() TOIZIA U TOJIBKO TOIZA,
Korza KOpHH ypaBHEHHA ax2+bx+c=0 coBmazaT (06a oHM
JIOJDKHBI PABHATHCA X(). DTO UMEET MECTO B TOM U TOJBKO B TOM
ciayyae (cM. dopmyny (4)), koraa b? — 4ac = 0. Beipaxkenue b? —
— 4ac Ha3bIBaeTCsA OUCKPUMUHAHMOM KBaIpaTHOTO TpeXWIeHa.
PaccMOTpuM Telnepb NMPUBEJEHHOE YpaBHEHME 3-11 CTeleHU

x3+ax2+bx+c=0. 5)

(Ob61iee ypaBHeHUe 3-ii CTelleHU CBOJUTCA K IPUBEJEHHOMY Jejie-
HUEeM Ha a,.) Caenaem 3ameHy x =y +d, rae d Mbl BeIGEpeM O3/ -
Hee. [Tonyyum

(y+d)P+aly+d)2+b(y+d)+c=0.

PaCKprB BCe CKOOKHU U npuBeaAa HO,Z[O6HbIe OTHOCHUTEJ/IbHO Yy YieE-
HEBI, IIOJIYYXM YpaBHEHHE

y3+@Bd+a)y?+ (3d?+2ad+b)y + (d®>+ad? + bd +¢) =0.

*) ®dpancya Buet (1540-1603) — dpaHIy3cKHil MaTeMaTHK.



10 Bseldenue

KoadouuuenT mpu y? B 3T0M ypaBHeHuu paseH 3d + a. [loatomy

€CJ/JIU MBI BO3bMEM d = —%, TO IIOCJIE 3aMEHBEBI X = _'y bl % MBI HpI/IBe-
JeM ypaBHEHI/Ie K BI/I,Zly
Y3 +py+q=0, (6)

I[ie p U  — HEKOTOpble MHOTOWIEHHI OT a, b, c.
[Tycth y, — KopeHb ypaBHeHus (6). IlpescTaBuB ero B BUje
Yo=0a+ fp (rtoe a u  noKa HEM3BECTHEI), MOIYIYUM

al+3af(a+pB)+p3+pla+p)+q=0

al+ B3+ (a+B)Baf +p)+qg=0. @

HOCMOTpI/IM, MOXXHO JIM Ha 0 1 [5 HaJIOXUTb JOIIOJTHUTEJIBbHOE YCIIO-
BHE

p
ap=—3.
B 3
B aToM cirygae monmyduMm /Uit o ¥ 3 Ba ypaBHEHUA
a+ ﬁ =Yo,
b
ap=—3.
p 3
Ilo Teopeme Bueta f1s1 1106010 Y, Takue a U 3 eHCTBUTENBHO Cy-
IIeCTBYIOT (BO3MOXXHO, KOMIUIEKCHBIE) U IBJIAIOTCA KOPHIMU YpaB-

HEeHUA p
w?— yow — 3=0.
Eciu MBI Bo3bMeM Takue o U 3 (TOKa ellle HEM3BECTHHIE HAM), TO
ypaBHeHUe (7) IpuUBeZAeTCsS K BUAY
a’+p3+q=0. ®

__ P
Bo3Bozs obe yacTu ypaBHeHUs af = —3 B 3-10 cTeneHs U 06BeAU-
HfAs TIONIyYeHHOe ypaBHeHUe ¢ (8), 6yzemM umeTh

a3+/33:_%
3
p
3.p3__PF_
a ﬁ 27’

OTKyzia 1o TeopeMe Bueta a® u 33 aBIAIOTCA KOPHAMY ypaBHEHUA

3

)%
2 g
w4+ qw 57 0.



Begedenue 11

Takum obpazom,

2 3 2 3
a. [ p a [ p
3__4 a P 3__9_ /9 P
w=—gt\ gty 1B 2 4 T a7
2 p3
re OIIATD IIO Z + 2_7 IIOHMMaeTCcd O4HO OHpeL[eJIeHHoe 3Ha4de-

HHe KOpHA 2-il cteneHu. OTcloZa KOpHU ypaBHeHUs (6) BbIpaxa-
1oTcst GopMyIon

v a. [ p® R a4 &P
N23= N2 Vgt N\ 27V T a7

TIpUYEeM /I K&K/JO0TO U3 TPeX 3HaUeHUH MepBOro KOpH:A 3-1 cTere-

HU™) HYXXHO 6paTI> COOTBETCTBYIOIII€E 3HAaYE€HME BTOPOI'O TaK, 4YTO-
b

OBI BBIIOJIHAIOCH YCJIOBUE aff = —3-

[Mony4yennas popmysna HOCUT Ha3BaHue gopmysnst Kapoano™*).
[MoacTaBUB B HEe BMECTO P U ¢ WX BBIpaKEHUs 4epe3 d, b, ¢ u
a .
BBIYUTAA 7, TOTYIHM dbopmyiy A1a kopHe# ypaBHeHus (5). Jlenas
a4 a; as
3aTeM 3aMeHy a = _-, b= o C= g, TOMyduM dbopmyity I KOp-
0 0 0
Heli 0011Iero ypaBHEHUA 3-i cTeNeHU.
PaccMoTpuM Telepb IIpUBeleHHOE YpaBHeHMe 4-11 cTeneH!

x*+ax3+bx2+cx+d=0. 9

(Ob1ee ypaBHEHUE CBOAUTCA K IIPUBEAEHHOMY JeeHUEM Ha d.)
o a

CrenaB 3aMeHy IepeMeHHOU X = y — e mog00OHyI0 3aMeHe, cae-

JIaHHO! B ciyyae ypaBHeHUs 3-i1 cTelleHU, IIpHUBeZEeM ypaBHe-

Hue (9) K BUgy

y*+py2+qy+r=0, (10)

rae p, ¢ ¥ r — HEKOTOpble MHOTOWIEHEI OT a, b, ¢, d.

VYpaBHenue (10) GyzeM pelraTh MeTOAOM, KOTOPBIM HOCHUT Ha-
3BaHue memoda Peppapu***). [Ipeobpasyem JIEBYIO YaCTh ypaBHe-
Hus (10) crezyomuM o6pa3om:

P\2 p’
2, £ _P Y _
(2+3) +ar+(r—F)=0

*) CM. yKa3aHHOeE BBIIIIe CBOMCTBO 3 KOMIUIEKCHBIX YHICEI.
**) JIx. Kapaano (1501-1576) — uTanbsaHCKUN MaTeMaTHUK.
**%) JI. ®eppapu (1522-1565) — UTaMbSIHCKUM MaTeMaTHK, yueHUK KapzaHo.



12 Bseldenue

2

(8 eaf [2a( 4 D) +atmay+E —r]-0. @

rie o — IIpON3BOJIBHOE YHUCJIO. HOCTapaeMCH TEIEepPb HOAO6paTb a
Tak, YTOOBI MHOTOWIEH 2-H CTEIIEHU OTHOCUTEIHHO y

Zayz—qy+(ap+a2+pz2—r),

CTOAIIUI B KBaZIPAaTHHIX CKOOKaX, CTasl MOJMHBIM KBazpaToM. Kak
OBUIO OTMEYEHO BBIIIE, UISI TOrO 4YTOOBI OH OBLI ITOJIHBIM KBaJ-
paToM, HeOBGXOAUMO M [IOCTATOYHO, YTOOB AUCKPUMUHAHT 3TOTO
MHOTOYIEHA PaBHAJICA HYJIIO, T. €.

2

q2—8a(ap+a2+ %—r)zo. 12)

PackphiBast CKOOKHU, TIOJIYYUM I HAXOXKAEHUA o ypaBHeHUe 3-H
CTENEeHU, KOTOPOe MBI YMeeM pelarb. ECIM B KayecTBe o B3STh
OJVIH 13 KOpHel ypaBHeHuA (12), To BEIpaXeHUE, CTOSAIIEe B KB/
paTHBIX ckoOkax B (11), OyzeT IMOIHBIM KBaZipaToM. B aToM ciydae
JieBas yacTb ypaBHeHus (11) ABIAETCA pa3HOCTHIO KBAAPaTOB U I10-
3TOMY MOXKET OBITb pa3jlioykeHa B MPOU3BEJEHUE JBYX MHOTOYIE-
HOB 2-Ii cTeNleHU OTHOCUTEJbHO Y. [Tocsie aToro ocraeTcs peuuTsb
[IBa MIOJIyYMBIINXCS ypaBHEHUs 2-1 CTEMEeHU.

TakuMm o6pa3oM, ypaBHeHHE 4-H CTEIleHU BCerza MOXET OBITh
pelieHo u, 6ojee TOro, MOXXHO, aHAJIOTUYHO C/Iy4Yaro 3-# CTeleHH,
MTOJIYIUTH GOPMYITY, BEIpAKAIOIIYIO0 KOPHU OOIIEro ypaBHeHUA 4-H
creneHu yepe3 Ko3pPUITMEHTH YpaBHEHUSA C IIOMOIIBIO OTIEPATTHH
CJIOXKEHUS, BRIYUTAHUA, YMHOXXEHUS, IeIEHA, BO3BEIEHUs B HATY-
PaJIbHYIO CTelleHb U U3BJIeYeHUA KOpPHel HaTypaIbHOU CTelleH .

Jlosiroe BpeMs MaTeMaTHUKU MBITAINCh HAUTH METOZ, PELIEHNsI B
pazuKkaax obIiiero ypaBHeHus 5-i ctenenu. OaHako B 1824 r. Hop-
BeXKCKUE MarteMmaTuk Huibce TeHpuk Abens (1802-1829) mokaszain
CJIEZIYIOIIYIO TEOPEMY.

Teopema Abens. Obwee anzedbpauueckoe ypasgHeHue ¢ 00-
HUM Heu38eCmHbLM cmeneHu gblule 4-ii Hepaspewumo 8 padukanax,
m. e. He cywecmayem popmynbl, 8blpaxcaroujell KOpHU 06we20 ypas-
HeHUsl cmeneHu eblute 4-1i uepe3 KOAPOUUUEHMBbL C NOMOULBIO One-
pauyuil cnoxceHUs,, 8bIYUMAHUS, YMHONCEHUS], JeJleHUsl, 8038e0eHUs
8 HAMYPANLHYIO CMeneHb U U38JledeHUst KOPHell HamypaabHOll cme-
neMu.



Begedenue 13

MBI cMOXeM [i0KasaTb 3Ty TeOpeMy B KOHIle KHUIM. OfHaKo
JUI1 3TOrO HaM MOTpelyIoTCA Takyue MaTeMaTHdyecKHe IIOHATHS,
KaK IpylIa, paspemuMas rpymmna, GpyHKINUA KOMIUIEKCHOTO Iie-
PEMEHHOI'0, PMMaHOBa IOBEPXHOCTb U T.Z. CO BCEeMU 3THUMHU
U APYTMMHU MaTeMaTH4YeCKUMHU ITOHATUAMU MBI U ITIO3HAKOMHUM
4yUTaTesA B JaJbHeUIIeM Ha CTPaHULIAX 3TOU KHUTU. HauHeM MBI
C pPacCMOTPEHHA OY€Hb BXXKHOTO B MaTeMaTHUKe IIOHATUA IPYIIIHL.



I'TABA 1

I'PYIIIIbI

VccnepoBanue anrebpandecKux ypaBHEHUI B HA4Ya-
sie XIX BeKa MpUBEJIO MaTEMATHUKOB K HEOOXOAUMOCTH BbIJIEJIEHUS
0cob0ro MaTeMaTU4YecKOro IOHATUA — IOHATUA rpynnbl. HoBoe
MOHATHE O0KAa3aJI0Ch HACTONBKO TUIOZAOTBOPHBIM, YTO HE TOJIBKO
MIPOHUKJIO TIOYTH BO BCE pa3/iesibl COBPEMEHHON MaTeMaTUKHU, HO
Y CTaJIO UTPATh Ba)KHYIO POJIb B HEKOTOPBIX pasziesiaxX APYTUX HayK,
HanpuMep B KBaHTOBON MeXaHMKeE U B Kpuctayutorpaduu. Hccie-
JIOBaHUA, CBSI3aHHBIE C IOHATHUEM I'PYIIIBI, BEIPOCIU B OTENBHYIO
BETBb COBPEMEHHOIN MaTeMaTHUKKU — TEOPUIO TPYIIIL. YTO XKe mpej-
cTaBsgeT cob0il MOHATHE TPYIIIBI B MaTeMaTUKe? YTOOH OTBETUTH
Ha 3TOT BOIIPOC, HAYHEM C PACCMOTPEHUS HEKOTOPHIX PUMEPOB.

§ 1. IIpumepsl

Yxke B apudMeTHKe MBI CTAJIKUBAEMCS C OIeparius-
MM, KOTOpBIE IBYM JIAHHBIM YHMCJIAM CTABAT B COOTBETCTBUE TPETHE
yucyo. Tak, oneparius cjioxkeHus nape gucein (3, 5) cTaBUT B COOT-
BeTCTBUE 4ucio 8, a mape (2, 2) uucio 4. Onepauusi BEIUYUTAHUA,
ec/Iv ee pacCMaTpUBaTh Ha MHOXKECTBE BCEX IIEJIBIX YKCEN, TAaKXKe
CTaBUT B COOTBETCTBHUE KAXK/JOU ITape LeJIbIX YUCel Olpe/ie/ieHHOe
1ieJ10e 9yrcyo. ITpu 3ToM 37iech HaZIO YKa3aTh HE TOJMBKO Mapy YHCe,
HO Y TOPSAZAOK 3TuX umces. Tak, mape (5, 3) BbIUMTaHUE CTAaBUT B
COOTBETCTBHE YUCIO 2, a nmape (3, 5) unucio —2. Takum obpasom,
napsl (5, 3) u (3, 5) ZO/MKHEI paccMaTpUBaThCA KaK pa3jiUyHbIe.

[Tapel, B KOTOPHIX 33/laH MOPSOK 3JIEMEHTOB, MbI OyieM Ha3bl-
BaTb yNopsi00ueHHbIMU NAPAMU.

Onpepgenenue. Ilyctb M — HEKOTOpOe MHOXXECTBO dJ/IeMeH-
TOB IIPOU3BOJIbLHON MPUPOABL. Ecu KaXkZol yropszodeHHOU nape
2J7IeMeHTOB U3 M IocCTaBjieH B COOTBETCTBHE OIpeZlesieHHBIH 3ie-
MEHT TaKXe u3 M, To TOBOPAT, YTO Ha M 3aziaHa 6uHapHas onepa-
uus.



§ 1. IIpumepsl 15

BuHapHBIMU ollepallufiMU ABJAIOTCSA, HAIIpUMeED, CJIOKeHHe Ha
MHOXeCTBe HaTypaJbHBIX WIN Ha MHOXECTBE IeJIbIX 4Yuces, BbI-
4YHUTAHWE Ha MHOXXECTBE LIeJIbIX YKcesl. BeluuTaHue Ha MHOXXECTBe
HaTypaJbHBIX 4ricel OMHApHOM ollepalyieil He ABIAETCs, TaK Kak,
HanpuMep, ynopsaAodeHHoH nape (3, 5) BEIUUTaHUE He CTABUT B
COOTBETCTBHE HUKAKOI'0 HaTypaJbHOI'O YUCIIa.

1. Ha mHOXecTBe: 1) BceX YETHBIX HaTypaJIbHBIX Yncel, 2) BcexX
HeuyeTHBIX HaTypaIbHBIX Ylcesl, 3) BCceX OTpULlaTeNbHbIX I[eJIbIX YH-
CeJI pacCMOTPHUTE OIlepaluu: a) CJIOXKeHUst, 6) BBIYUTAHUSA, B) YMHO-
JKEHUA. B KaKux ciydasx IMomyduTcs OMHapHast onepanus? *)

PaccMoTpuM ellle HECKOJIbKO MPUMEPOB GMHAPHBIX OMepaluii.
K atum mpumepam MbI 6yzieM 4acTo o6paInaThbes B AaMbHEHIIEM.

IMpumep 1 IIyctb A, B u C — BepIIUHbI
paBHOCTOpOHHero TpeyronbHuka ABC (puc. 1).
IloBepHEM TpeyroJbHUK BOKpYT e€ro LeHrpa O
Ha 120° B HampaB/leHUM, YKa3aHHOM CTPEJKOM.
Torza BepimHa A niepeliziet B Bepuruny B, BB C
u C B A. Takum 06pa3oM, TPEeyroJbHUK COBME-
CTUTCA CO CBOUM II€PBOHAYAJIbHBIM IIOJIOXKEHMU-
eM (ecu He yYUTBHIBaTh Ha3BaHUA BEpIINH), T. €.
moBOPOT Ha 120° BoKpyT Touku O SBJISETCSA Mpeobpa3oBaHUEM, ITe-
PEBOJSAIIUM JaHHBIN TPEYTONbHUK B cebsa. OH603HAYNM 3TO Peob-

A

Puc. 1

BCA
B BepXHeM CTpouYKe IlepedyrcieHbl Bce BePIINHBI TPeyrolbHUKA, a
HIDKHAA CTPOYKA IOKAasbIBaeT, KyAa KakAasd U3 HUX IEePeXOAUT.
IToBopoT Ha 240° B TOM >Xe HalpaBJIe€HUU BOKDPYr TOYKK O Tak-

XKe ABJIETCS peobpa3oBaHUeM, IEPEBOAAIINM TPEYTOIbHUK B Ce-

6s1. O603HauMM 3TO IpeobpaszoBaHue yepe3 b, Torna b = (é i g)

ABC
pasoBaHue 4depes d. Ero MokHO 3anucaTh B BUZle a4 = ( , The

ViMeeTcs elle OHO BpallleHVe, TEPEBOJSAIIEE TPEYTONbHUK B ce0s,
OTINYHOE OT a U b, — 370 moBopoT Ha 0°. O603HAYUM 3TO Tpeobpa-

ABC
30BaHHeE 4epes e, TOIZA e = | 4 g -~ |- JIErKO BUAETS, 4TO CYIIeCTBY-

*) YacTb npeZJiaraeMbIx B ajJbHeNIeM 3a/ja4 HOCUT NTpaKTUYeCcKUi xapak-
Tep U CIIYXKUT JJIsI JIy4IIero ysICHEHUs Ha MPUMepax HOBBIX MOHATHH. JIpyrue
3a/lauyl SABJIAIOTCS TEOPETUYEeCKUMU, U Pe3YJbTaThl UX UCIOIb3YIOTCA B Jalb-
uetireM. [103TOMY ec/iv YUTATENIO He YAAaeTCs PEIUTh KaKyo-11ubo 3ajady, To
eMy HeOOXOZMMO O3HAKOMUTHCSA C ee PelleHHeM 10 «YKa3aHUsAM, PEIIeHUAM U
OTBETaM».
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eT TOJIbKO 3 pasjNYHbIX BpallleHUA IIOCKOCTU*), MepeBOAALINX

PaBHOCTOPOHHUM TpeyroabHUK ABC B cebsi, a UMEHHO e, a u b.
I[TycTb g; U g» — IPOU3BOJIBHEIE [IPe0Opa30BaHUA TPEYTOIbHU-
ka. Torga mog g - g, (Wix IpocTo g1 g,) MBI 6yZeM MOHUMATD TIpe-
obpa3oBaHUe g, KOTOPOE IOJYYUTCS, €CJIM CHavajaa BBHIIOTHUTD
mpeobpa3oBaHue g, U 3aTeM Npeobpa3oBaHue g;; g3 MBI Oyzem
Ha3bIBaTh [IPOU3BEJEHNEM WIN KOMIIO3UIeH

Tabruual — pheo6pasoBanmit g, 1 g
elal|b MOXXHO COCTaBUTb MAabauyy YMHONCEHUS
e (Tabn. 1), rae Kaxzas CTpPOKa, a TaKKe Kax-
ZIbI cTOMIGel] COOTBETCTBYEeT HEKOTOPOMY Bpa-
a ¢ LIEHVIO, NepeBoAAleMy TpeyroibHUK ABC B
cebs. Ha nepecevueHny CTPOKHU, COOTBETCTBYIO-

el mpeobpas3oBaHUIO g;, U CTONOLA, COOTBET-
CTBYIOILIETO TPe0Opa30BaHUIO g5, MBI OyZIeM CTaBUTh TpeoOpa3oBa-
HUE, paBHOE g; * g5. TaK, HAIpUMeD, B BbIAETEHHYIO KJIETKY Tab. 1
MBI JOJDKHBI IIOCTaBUTh NIpeobpa3oBaHue d - b, KOTOpOe MOTy4UT-
cs, €CJIU CHavasla MOBEPHYTh TPEYroJbHUK Ha 240°, a 3aTeM ellle
Ha 120°. CienoBaTenbHO, a - b— moBopoT Ha 360°, T. e. coBaja-
eT ¢ e. ToT e pe3y/sbTaT MBI ITOJMYYUM, ecId OyZeM pacCy’KJaTh
crepyomyM o6pa3oM: npeobpa3oBaHue b epeBOAUT BepIIMHY A
B C, a mpeobpa3oBaHUe a IepeBoAUT 3aTeM BepiinHy C B A. Takum
obpa3zom, npeobpa3oBaHue a - b nepeBezier BepuuHy A B A. TouHo

TaK ke MOXXHO IIOJIy4uTb, YTO BepIIKHA B mepexoaur B B, a C
mepexoaut B C. Otcioza ab = (,12 g g), T.e.ab=e.

2. 3amoMHUTH MOTHOCTHIO Tabmuly 1.

Jlro6oe mpeobpa3oBaHue HEKOTOPOU (Urypsl B cebs, coxpa-
HAIOIlee PACCTOSHUA MeXJy BCEMM ee TOYKaMM, HasbIBaeTcsd
cummempueil faHHOH ¢urypsl. Tak, paccMoT-
peHHbIe B IpuMepe 1 BpalleHus paBHOCTOPOH-
HETO TPEYTOIbHUKA ABJIIOTCA €r0 CUMMETPU-
MHU.

IIpumep 2. Kpome BpallleHU#, ¥ paBHO-
CTODOHHET'O TPeyroJIbHUKA UMeeTcs ellle 3 CUM-
METPUHU, 8 UMEHHO, OTPAKEHUS OTHOCUTETBHO
oceii [y, I, u I3 (puc. 2). Ot npeobpa3oBaHUA

Puc. 2

*) VMeroTcs B BUZY BpallleHUs IUIOCKOCTH 6e3 BBIXOZa B IPOCTPAHCTBO, T. €.
BpallleH!A TOJIbKO BOKPYT HEKOTOPEIX OCel, epIeHAUKY/IAPHBIX K ITIOCKOCTH.
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MbI 0603HaYMM COOTBETCTBEHHO C, d, f, TaK 4TO
C:(ABC) d:(ABC) f:(ABC)
ACB) CBA) BAC/)

3/1eCh MOXKHO ITO-Pa3HOMY MOHMMAaTh KOMITO3UIUIO JBYX TPe06-
pasoBaHMii. PaccMOTpUM, HallpuMep, KOMIIO3UIIMIO Tpeo6pa3oBa-
HUii ¢ - d. MOXXHO CUMTAaTh, YTO IIPHU BHINOJHEHUU NPeoOpa3oBa-
HuA d ock l; mepexoAuT B HOBOe IOJIOXKeHHe (2 MMEHHO, B IIO-
JIOXKeHHe CTapod ocH l3), U Iocie 3Toro npeobpasoBaHue ¢ pac-
CMaTpUBaTh KaK OTpakeHWE OTHOCUTEIhHO HOBOTO TOJIOXKEHUS
ocu [; (T.e. oTHOcUTENBHO cTapoii ocu [3). C APyroii CTOPOHBI,
MOXKHO CYMTATh, YTO OCU HE CBSI3aHBI JKECTKO ¢ GUTYpOH U He
peobpasyroTcsi BMeCTe C HEW U, CJIeflOBaTeNbHO, B pacCMaTpu-
BaeMOM IIpUMepe TOoCJe BBIMOMHEHUS mpeobpaszoBaHusa d mpeob-
pa3oBaHUe C JIOJDKHO BBIMTOTHATHCS KAaK OTPaYKEHWE OTHOCUTEIh-
HO cTtapoii ocu [;. ViMeHHO Tak MbI U OyZeM paccMaTpUBaTh B
JaabHEHUIeM KOMIIO3HUIMIO IIpeobpasoBaHuii. [Ipu TaKOM MOAX0e
OKa3bIBAIOTCS CIPABEINBBIMU PACCyXI€HUA O BepIIMHAX (QUTy-
PHI, aHAJIOTUYHBIE PACCYKAEHUAM, IPUBEJEHHBIM HElloCpe/ICTBEH-
HO TiepeZ 3azaueii 2. Takue paccyxJeHUs yAOOHO HUCIOIb30BaTh
JUTSI BBIYUCIEHYS] KOMITO3UIUI TPeo6pa3oBaHui.

3. CocraBUTb TabOIHIy YMHOXEHUSA IS BCEX CUMMETPHUI TIpa-
BWIBHOTO TPEYTOJIbHHUKA.

IIpumep 3. IlycTh e, a, b 1 ¢ 0603HAYAIOT COOTBETCTBEHHO
BpaleHus kBazgpara Ha 0°, Ha 180°, Ha 90° u Ha 270° B HanpasJe-
HUM, YKa3aHHOM CTpesKoi (puc. 3).

4. CocTaBuTh TabOIUILy YMHOXKEHUS JIs1 BpallleHUi KBaZpaTa.

lIpumep 4. llycte d, f, g u h 0603HaAYAIOT OTpaKEHUs KBaJ-
paTa OTHOCUTENBHO OCeH, yKa3aHHBIX Ha PHUC. 4.

A D

A~ h
(0]

d 4 f
Puc. 3 Puc. 4

5. CocTaBUTh TabIUIy YMHOXEHUS I BCEX CUMMETPUI KBaJ-
para.
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llpumep 5. ITycte ABCD — pom6, He SBJSIONUNACT KBaZpa-
TOM.

6. HaliTu Bce cMMMeTpUH JaHHOI'O pOM0Oa ¥ COCTABUTb 11 HUX
TabIUIY YMHOXKEHUA.

[Tpumep 6. Ilycte ABCD — npsAMOYTO/NbHUK, He ABIAIONUINN-
¢l KBaZpaTOM.

7. HaiiTu Bce CUMMETPUM JJAHHOTO IIPAMOYTOJbHHKA M COCTa-
BUTbH JJI HUX TabIUIy YMHOXEHHUA.

§ 2. I'pynmbl mpeobOpa3oBaHuUiA

IIyete X u Y — ABa MHOXKECTBa 3/I€MEHTOB IIPOU3-
BOJIBHOUM IIPUPOZABI, U MyCTh KaXAOMY 3JeMeHTy X U3 X IOCTaB-
JIEH B COOTBETCTBUE OFHO3HAYHO OIpeZeeHHBIN JIeMEHT y U3 Y.
Torza roBOpAT, YTO 3aJaHO HEKOTOPOe omobpajceHle p MHOXKe-
ctBa X B MHOXKeCTBO Y (@ : X —Y). DieMeHT y Ha3bIBaloT 06pa-
30M 3NEMEHTA X, a X — npoobpa3om 37eMeHTa Yy, U 3alUCHIBAIOT
p)=y.

Onpegnenenue. Orobpaxenue ¢: X — Y Ha3blBalOT OTOO-
paxeHHWeM MHOXKecTBa X HA MHOXECTBO Y, €C/IU JIA KaXJAOro
IeMeHTa y U3 Y cyljecTByeT 3IeMeHT X U3 X TakoH, 4To ¢ (x) =y,
T. €. Y KaKJoro y u3 Y ecThb mpoobpas B X.

8. IlycTh OTOGpaXKEHUE ( CTABUT B COOTBETCTBUE KAXKJOMY T'O-
pozy Mupa IepByIo OYKBY M3 €ro Ha3BaHUA Ha PyCCKOM f3bIKe (Ha-
npumep, ¢ (MockBa) = M). Byzet n1u ¢ oTobpakeHreM BCEX TOPO-
ZIOB MUpa Ha BeCh pycCcKuii andasut?

Onpegnenenue. OrobpaxeHue ¢: X — Y Ha3bIBaIOT 83aUM-
HO 00HO3HAUHBIM 0mobpaxceHuem MHOXeCcTBa X HAa MHOXECTBO Y,
eCIU A7 KaXAOro y U3 Y cyllecTByeT, U IIPUTOM eJUHCTBEHHBI,
mpoobpas B X.

9. PaccMoTpuM creayrolye OTOOpaXeH!A MHOXXECTBA BCeX Iie-
JIBIX YHCeJI B MHOXXECTBO HEOTPULIATENbHBIX L[eJIbIX YUCel:

a) p(m=n%  6) p(n)=|nl;
2n, ecnun =0,
2|n|—1, eumn<O0.

Kakue u3 3TUX OTOOpa)XeHWH fBJSIOTCA OTOOpPaXeHUAMH Hd,
B3aWMHO OZIHO3HAYHBIMU OTOOpa)KeHUAMU?

[Tycts M — npou3BOIbHOE MHOXECTBO. [IpoM3BOIBHOE B3auM-
HO OJHO3HAYHOe OTOOpakeHre MHOXKecTBa M Ha cebs, g: M — M,

B) p(n) =



§ 2. Ipynnst npeobpazosanull 19

MbI OyZieM [JIs1 KPaTKOCTH Ha3bIBaTh npeoOpa3o8aHuem MHOXKE-
ctBa M.

JlBa peobpa3oBaHus g U gy OYAYT CYMTATHCSA PABHBIMHU, €CIIH
g1(A) = g, (A) pna nmoboro anemeHTa A u3 M. BmecTo TepMuHa
npeobpa3oBaHUe YacCTO UCIIOAb3YEeTCS TEPMUH NOOCMAHO8KA. MBI
6y/ZieM KCIIOMB30BaTh 3TOT TEPMUH JIUIIb B TEX CAyYasAX, KOT/A TIpe-
obpa3oBaHue 33IaHO HA KOHEYHOM MHOXecTBe. Torzia moZicTaHOB-
Ka MOXKeT OBITh 3allricaHa B BHE

(A1 A, ... An)
A Ay, AL
TZle B BEpXHEH CTPOKE MepeyncieHbl BCe 3JIEMEHTHI JaHHOTO MHO-
JKECTBA, a HIKHSASA CTPOKA MTOKA3bIBAET, Ky/la KAXK/IbIA U3 STUX dJIe-
MEHTOB IIepeX0JHT.

Tak kak peo6pa3oBaHye — 3TO B3AMMHO OJHO3HAYHOE 0TOOpa-
JKEHUeE, TO /I KaKJIO0Tro Ipeobpa3oBaHus g CyIIIECTBYET 06pamHoe
npeobpasogarue g, KOTOpOe OIpeAenseTcs CIeAYIOIUM obpa-

3oM: ecu g(A) =B, To g71(B) = A. Tak, B ipumMepe 1 a = (g g f\),
C

mosToMy a1 = (é ﬁ B)’ T.e.a 1=b.

10. Hatitu obpaTHBIE Tpeobpa3oBaHUsI KO BCEM CUMMETPHUIM
PaBHOCTOPOHHErO TpeyroibHUKa (IpuMeps! 1, 2, cTp. 15-16).

11. Ilyctb g(x) = 2x — npeobpa3oBaHe BceX JeHCTBUTEIBHBIX
yucen. HatiTu obpaTHOe mpeobpa3oBaHUe.

IIpouseederue npeobpazosanuil g, v g, ONpeAENAETCA TaK:

(glgz) (A)= 81 (gz(A))

(cHauasa genaeTcs npeobpa3oBaHue g,, 3aTeM g;). Ecm g, 1 gy —
mpeo6pa3oBaHusi MHOXKecTBa M, TO g;g, — TaKke mpeobpa3oBa-
HHUe MHOXecTBa M.

OnpegneneHue. IIycTh HEKOTOpOe MHOXECTBO IIpeobpaso-
BaHMil G o6saziaeT CIeAyIOMINMHU cBoiicTBamu: 1) ecyiu mpeobGpa-
30BaHUA g; U g, COZEpKATC B G, TO U UX IPOU3BEJEHUE g3 = g1 8
cozmepxkutTes B G; 2) ecnu mpeobpasoBaHue g coAepxurcsi B G,
To 1 oGpaTHoe eMy IpeobpasoBanue g1 copepxurcsa B G. Torga
TaKoe MHOXECTBO IpeoOpa3oBaHuil G OyzeM HasbIBaTh epynnoil
npeobpasosamuil.

HeTpyaHo mpoBepuTh, YTO MHOXKECTBA MpeoOpa3oBaHUii, pac-
CMOTpEHHEIE B IpUMepax 1-6, ABIAITCA IPYIIIaMU Ipeobpa3oBa-
HUH.
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12. [Toxa3aTbh, 4TO Jt06as Tpymma npeobpa3oBaHUl COAEPIKUT
TOXXIECTBEHHOEe MpeobpasoBaHue e Takoe, 4To e(A) = A AJs JIto-
6oro anemeHTa A MHOXKecTBa M.

13. JlokazaTb, 4TO eg = ge = g AJIsA JIIOOOTO Mpeobpa3oBaHUA g.

14. JlokazaTh, YTO AJIs JIIOOBIX TpeX MpeoOpa3oBaHuil g;, o
U g5 UMEET MECTO PABEHCTBO

(8182)83 = 81(8283) ™).

§ 3. I'pynnsl

[lpu peureHuy 3aza4y 6 v 7 Mbl COCTABUWIN TabIULIbL

YMHOXEHUsI [JIsi CUMMeTpuil pomMb6a U MpsSMOyroibHUKa. [Ipu
STOM OKa3aJIoCh, YTO P HAIINX 0003HAUYEHUSIX CUMMETPHUH (CM.
pelleHus) 3Tu TabauIel COBIAZAIOT. [T MHOTUX Iiejel Takue
TpyNIb Tpeobpa3oBaHU €CTECTBEHHO CYMTATh COBIAZAIOIINMHU.
[ToaTOMy MBI OTBJ€YEMCS OT IMPHUPOABI IEMEHTOB MHOXKECTBA
(B HameMm ciydae mpeobOpa3oBaHUil) M MPUPOABI OGMHAPHOM OIe-
pauuu**) (B HalleM cCjiydae KOMIIO3WIIUKM peobpa3oBaHUil) U
6yzeM paccMaTpUBaTh IIPOCTO OWHApHBIE OMepalvy Ha IMPOU3-
BOJIBHBIX MHOKECTBAX, HO TOJBKO TAaKHe€ OIepallui, A1 KOTOPHIX
BBHITIOJTHAIOTCS OCHOBHEIE CBOMCTBA TPyIN mpeobpasoBaHuil. [pu
STOM TMPOU3BOJMBHYIO OMHAPHYIO OMepaluio Mbl OyZeM OOGBIYHO
Ha3bIBaTh YMHOXeEHHeM, U eciau mape (a,b) cOOTBeTCTByeT c,
To OyZeM ¢ HasblBaTh IIpou3BeAeHMeM a U b u mucatb ab = c.
B HEKOTOPBIX YAaCTHBIX CIy4asx 3Ta OMepalys MOXKET Ha3bIBaThCA
MTO-UHOMY, HallpuMep, KOMITO3UILIUEH, CJIOKEHUEM U T. .

OnpepaeneHue. [pynnoil Ha3bIBae€TCSI MHOXKECTBO G 27IeMeH-
TOB MPOM3BOJIBHOMN MPUPO/BI, HA KOTOPOM 3ajlaHa GUHapHAas orle-
paiys a - b Takasi, YTO BBIITOJIHAIOTCSA CIEAYIOINE YCIOBHUA:

1) accoyuamugrocmy: (ab)c = a(bc) A5t TOOBIX SJIEMEHTOB 4, b,
cu3 G;

2) B G CylIeCTBYeT TaKOH 3JIEMEHT e, YTO ed = de = a JJIs JIo-
6oro ameMeHTa a u3 G, TAaKOM 3JEMEHT e Has3hIBaeTCs eduHuuell
rpynmnsl G;

*) DTO paBeHCTBO CIIpaBe/JIMBO He TOJLKO /I Ipeobpa3oBaHuH, HO U A1
JIIOOBIX TPEX OTOOpaKEeHUM g7, &5, g3 TAKUX, UTO g3: My — My, g5t My — M,
81: M3 — M,.

**) OnpezneneHue GUHAPHOM ONepaIyy CM. Ha CTp. 14.
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3) asst 106010 sMeMeHTa d U3 G CyIIecTByeT TaKOM 3JieMeHT a~ !
B G, uT0o aa~! =a~'a = e, TaKoOH s1€MeHT Ha3bIBAETCS 06PAMHbIM
K aJlemeHmy a.

U3 pe3ynpraToB 3aga4 12—14 Mbl BUAMM, 4TO BCAKas IPyIIA IIpe-
06pa3oBaHUM ABIAETCA TPYIINON (B HEKOTOPOM CMbICJIE BEPHO U
obpaTHOe yTBepXKAeHue, cM. 55). TakuM 06pa3oM, MbI yiKe UMeeM
HECKOJIBKO [IPUMepOB I'PyIII. Bce 3TH TPyIIIEL cofepKaT KOHEYHOe
YHCJIO 3JIeMEeHTOB, TaKue I'PYIIIbl Ha3BIBAIOTCA KOHeuHbiMu. Huc-
JIO 3JIEMEHTOB B KOHEYHOH I'DYIIIe Ha3bIBAETCA NOPAOKOM 2PYNNbl.
I'pymimel, copepxariyie 6eCKOHEYHOE YHCIO 3TeMEHTOB, Ha3bIBAIOT-
cs1 6eCKOHeUHbIMU.

PaccMOTpPUM HECKOIBKO MTPUMEPOB 6ECKOHEUHBIX T'PYIIIL.

I[IpuMmep 7. PaccMOTpUM MHOXECTBO BCeX Lie/bIX yrce. [lox
OMHApHOU ollepalyiell Ha 3TOM MHOXECTBE OyZeM ITOHUMAaTh
06BIYHOE CiIoKeHUe. Torza Mbl TIOTYYUM Tpyminy. JeHdCTBUTETBHO,
POJTb €IMHUYHOTO 3JIeMEHTa B 3TOM ciy4dae OyzeT urpath 0, Tak
kak 0 + n=n + 0 =n ana aoboro 1emoro n. Kpome Toro, ajs
KaXIOTO N CyIllecTByeT OOpaTHBIM 37eMeHT —n (Ha3bIBaeMbIH
B CJIy4ae CJIOXKEHUA NpPOMuBONONONCHBIM 3/leMeHmoM), TaK Kak
n+ (—n) = (—n) + n = 0. AccolIlMaTUBHOCTh B 3TOM CJIydae cjie-
JZyeT U3 3aKOHOB apudMeTuku. [losydyeHHas TPyIa Ha3bIBAETCSA
2pynnotl yesblx Ulces No CA0NCEHUIO.

15. O6pa3syroT M pyIILy [0 YMHOXeHUIO: 1) Bce JeHCTBUTENb-
HBIE YKCIa, 2) Bee JeicTBUTeNbHbIEe yncaa 6e3 0?

16. O6pa3yoT Jiu IPYIIIY 0 YMHOXXEHUIO BCE TTOJIOXKUTENbHbIE
JeHCTBUTEIbHEIE YHCIA?

17. O6pasyioT Jiu Bce HAaTYpaJbHbIE YHCJIA TPYIIY: a) MO CJIOXKe-
HUIO, 6) TI0 YMHOXEHUIO?

18. JlokasaTh, 4TO B JIFOOOL IPYIIIIE CYLIECTBYET €AMHCTBEHHBIIN
€ZINHUYHBIN 5IeMeHT.

19. [loxa3aTb, 4TO A1 10600 37IeMeHTa a I'PYIIIH CYIECTBYET
€IMHCTBEHHBIM 06PATHBIN 3JIeMEHT a 1.

20. JlokasaTb, 9To: 1) e 1 =¢,2) (@)l =a.

Eciu a u b— 3neMeHTbl HEKOTOPOU TPYIIBI, TO IO OIpee-
JIEHUI0 OWHApHOM omepaunuy BHIPQXKEHUE a - b 3ajaeT HEKOTO-
DB OTpe/ieJIEHHBIN 2JIEMEHT TPy, [109TOMY BHIpaykeHUS BH/a
(@a-b):-c,a-(b-c), (a-b):(c-d) Takke 3a7afOT HEKOTOpPHIE
oTIpeZieJieHHbIe 3JIEMEHTHI Tpymibl. JIfoOble [Ba U3 TOMYYEHHBIX
3/IeMEeHTOB MOXXHO CHOBA IIEPEMHOXUTD, MOMYIUB OIATH OIpee-
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JIEHHBIN 3JIEMEHT TPYMIbl, U T./. [Ipy 3TOM 4TOOBI Ha KaXKZOM
1mare MOXKHO OBLIO OZHO3SHAYHO BOCCTAHOBHUTh, Kakas JKe oIle-
palys BBIIONHSIACh TMOCaeAHel, OyzeM o6a IepeMHOXKaeMbIX
BHIp@KEHUSA 3aKJII0YaTh B CKOOKM (BBIp@KEHUs, COCTOSIIME U3
OfiHOM OGYKBBI, MOXXKHO B CKOOKM He 3aK/t04aTh). BceBO3MOXKHbBIE
BBIP@XKEHUsI, KOTOPble MOXHO MOCTPOUTb TAKHUM CIIOCOOGOM, Ha-
30BEM NpPABUNLHO NOCMPOEHHbIMU npoudgedeHusmu. Hampumep,
(a-b)-(c-(a-c))—mpaBWIbHO IIOCTPOEHHOE IIPOU3BEAEHUE, a
BeIpaskeHue (a-b) - c- (c-d) He ABISETCA MPABWIBHO MOCTPOEH-
HBIM TIPOU3BEAEHUEM, TaK KaK He SICHO, B KAKOM TOPSAJKE JODKHBI
BBITIOJTHATHCS OIEpalud YMHOXKeHUs. PaccMaTpuBasi mpousBese-
HUE a; * dy * ... - d,, HECKONBKUX JIeWCTBUTENbHBIX YUCET dp, dg,
.., d,, MBI COBCEM HE CTaBUM CKOOOK, TaK KaK OKa3bIBAeTCs,
YTO pe3y/JbTaT He 3aBHUCUT OT IOPsKa BBIMOJHEHHS OIepalui,
T.e. TIpU 060K paccTaHOBKE CKOOOK, Zalolleil MpaBWIBHO ITO-
CTPOEHHOEe TNPOU3BEZeHNE, Pe3YJIbTaT, COOTBETCTBYIOIIUNA 3TOMY
Mpou3Be/IeHUI0, OyZleT oAHUM U TeM Ke. OKasblBaeTcs, YTO ITO
CBOICTBO BBIMTOJIHAETCSA B JIF0OO0I TPYIIIIE, YTO BHITEKAET U3 PE3YJIb-
TaTa ciaeAyouell 3aJa4uu.

21. IlycTts GuHapHasA omepalus a - b obnmazaeT CBOMCTBOM acco-
IMaTUBHOCTHU, T.€. (a-b) -c=a- (b - c) Ans 1OOLIX JIEMEHTOB d,
b, c. ZlokazaTh, 4TO JI060OE TPABWILHO TMOCTPOEHHOE MPOU3Be/e-
HUE, B KOTOPOM CJIEBA HAIPaBO WUAYT 3JI€MEHTHI a4, dy, ..., d,, 3a-
ZlaeT TOT K€ 3JIEMEHT, YTO U IIPOU3BeieHe

(“'((al 'az) ‘(13) Tees 'an—l) “an.

Takum 06pasoM, eciu d,, ds, ..., d, — JIEMEHTH HEKOTOPOM
IPYIIIbL, TO BCE TPABWIBHO MTOCTPOEHHbIE TPOU3BENEHUS, MONY-
YeHHble U3 3JEMEHTOB d;, dy, ..., d,, UMEHHO B 3TOM IODPSIKE
PasHBIMHU PacCTaHOBKaMH CKOOOK, 3a/1al0T OAWH U TOT Ke DJIEMEHT,
KOTOpHEIY OyzeM ob6o3HaYatTh d; - dy - ... - d, (yKe Oe3 ykazaHUA
CKODOK).

[Ipy yMHOXX€EHUH [IeCTBUTEIBHBIX YKCET BBITOTHAETCS elle O/-
HO OY€Hb BaXHOE CBOMCTBO, & UMEHHO: TIPOU3BEJEHUE d; * dy - ...
...+ a, He U3MEHUTCs, eCIM TPOU3BOIbHBIM 06Pa30M TIepeCTaBUTh
coMHOkUTeNU. OHAKO B IIPOU3BOIBHOM IPYIIIIE 3TO CBOKCTBO MO-
JKET He BBITIONHATHCA.

Onpeznenenwue. /lBa a7eMeHTa a U b IPyIIbl HA3BIBAIOTCS
nepecmaHO8OUHbIMU WITH KoMMymupyrowumu, ecia ab = ba. Eciu
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BCe 2JIEeMEHTHI TPYIIBl KOMMYTUDPYIOT MeXAy cOOOH, TO Takas
IpyTINa Ha3bkIBAETCS KOMMYMAamugHoil win abesesotl.

Cyl111ecTBYIOT HEKOMMYyTaTHBHEBIEe TI'PYIIBLL. Takoli rpymmoit aAB-
JIAeTCA, HAallpUMep, TPyIa CUMMETPUM TpeyroJbHUKa (CM. MpH-
Mep 2, re ac = f, ca =d u ac # ca).

22. BBIACHUTH, SBJSAIOTCSA JIU KOMMYTAaTUBHBIMH CJIEAYIOLINE
rpynnel (cM. 2, 4-7): 1) rpynmna BpalljeHui TpeyrojabHUKa, 2) IPyIl-
IIa BpalleHul KBaZipara, 3) rpynna cuMMeTpui KBazipara, 4) IpyIl-
Ia CUMMeTpui pom6a, 5) rpymnmna ciMMeTpui IpAMOYTOJIbHUKA.

23. JlokasaTb, YTO B IPOU3BOJILHOU T'pYIIIIE:

D (ab)t=b"la1,2) (a;-...-a,)  =a;!-... -a;l.

3aMeuaHue. [lumkak HaZeBaOT Ocae pybaliky, a CHUMa-
10T paHblIle.

Eciiu ecTh HEKOTOPOE PAaBEHCTBO d = b B IPOM3BOJIBHOM IpyTI-
e G (o6o3Havarollee, YTO JIeBasd U IpaBas YacTU 3aJal0T OAWH U
TOT )K€ 3JIEMEHT), TO U3 HETO MOXKHO IOJYYUTh HOBOE PABEHCTBO,
YMHOXXHUB 00e 4YacTH UCXOJHOTO paBeHCTBA Ha HEKOTOPBIM 3iie-
MeHT c¢ rpynnsl G. OZHaKO, TaK KaK IpOU3Be/leHNe B IPYIIIe MOXKeT
3aBUCETh OT ITOPSAKA COMHOXUTENEH, TO MOXXHO TOJbKO JIHOO
0b6e yacTy paBeHCTBAa YMHOXKUTh Ha HEKOTOPHIM 3/IeMEHT CIIpaBa:
ac =bc, 1mn60 0be YacTu YMHOXKUTDH HAa HEKOTOPBIH JIEMEHT CJIeBa:
ca=cb.

24. TlycTb a, b — mpon3BoIbHbBIE I€MEHTEl HEKOTOPOH I'pyll-
el G. Jloka3aTk, 4YTO KaXK/ioe U3 ypaBHeHUH ax =b u ya =b umeer,
Y IPUTOM POBHO OJHO, pellleHue B JaHHOMH IpyIe.

YcioBue eIMHCTBEHHOCTH U3 33Zla4v 24 MOXXHO BBIPa3uTh ellle
crepyommm obpasom: eciu ab; = aby wiu bya = bya, To b; = b,.

25. IlycTh a - a = e Ay moboro aneMeHTa a rpynmsl G. [Jloka-
3aTh, 4TO Ipyma G KOMMyTaTUBHAaA.

[Tox a™, rae m — Ipou3BOJIbHOE HaTypaJbHOE YMCIO U ad—
MIPOU3BOJIBHBIN 3IeMEHT Tpymnnsl G, MBI O6yZieM TOHUMATh MIPOU3-
BeJleHWe d - d - ... * d, T/Ie YUCJI0 COMHOXHUTEJIEN paBHO m.

26. Jlokasatb, yto (a™)~! = (a~1)™, rme m — HaTypaJbHOE YKC-
JI0.

Takum o6pasom, (a™)~! u (a~!)™ npu HaTypajbHOM M — 3TO
OJIVH U TOT K€ 2JIEMEHT, KOTOPHBIH MbI 6yZieM 0603Hauath a—™. Kpo-
Me TOro, MBI TIOTOXKUM a® = e /7151 106OT0 2/IeMEHTA d.

27. JlokasaTh, 4To a™ - a" = a™*" ;1 JIF0OBIX LEJBIX M U 1.

28. JlokasaTb, 4TO (™)™ = a™" 1151 JIIOOBIX I[EJIbIX YKCeI M U Nn.
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§ 4. Ilux1uyecKye I'PyIIIbI

[TpocTedmuMH U B TO XK€ BpPeMs O4YeHb BaXHBIMU
rpynnamMy ABAAITCA UUKINYecKre IPYIIBI, KOTOphle MBI ceifuac
1 pacCMOTPHUM.

Onpegenenue. I[IycTb a — aeMeHT HEKOTOpPOH Ipymnmsl G.
HammeHbIllee HaTypaJbHOE YHCIO 11 TAKOE, YTO a™ = e, HA3bIBAIOT
nopsiokom snemenma a. Eciy Takoro n He CyIeCTBYET, TO TOBOPAT,
YTO a — aJleMeHm 6ecKOHeuH020 Nopsokd.

29. HaiiTu nopsgku BceX 3/IeMEHTOB B TpyIIax CHMMeTpHit
IIPaBWIBHOTO TPEYrolbHUKA, KBagpara u pomba (cMm. 3, 5, 6).

30. IlycTb ameMeHT a uMeeT MopAAoK n. JlokasaTs, 4To: 1) are-
MEHTHI e, d, a2, ..., a1 Bce pasnuuHbl; 2) A/ J106OT0 LEJI0ro m
IeMeHT a™ coBNaJaeT C OAHUM U3 YKa3aHHBIX BhIIIE 3JIeMEeHTOB.

OnpepgeneHue. Eciu aneMeHT a uMeeT OPALOK N U KpoMe
JIEMEHTOB e, a, a2, ..., a"~! B rpynne G GoJblie HET JIEMEHTOB,
To G Ha3BIBAETCA YUKAUUECKOU 2pynnoil nopsidka n, nopoxco0eHHOll
JNeMeHMOM d, a NEMEHT d Ha3bIBaeTcsA 06pas3yolum 3TOH Ipyl-
IIBL.

I[Tpumep 8. IlycTh Ha IUIOCKOCTH JjaH NPABWIbHBIN N-yrob-
HUK. PaccMoTpyM Bce BpalueHMs IUIOCKOCTH (6e3 mepeBopaduBa-
HUf), TIepeBOAALINE IPABUIBHBINA N-yTONBHUK B Cebl.

31. JlokasaTh, YTO 3TU BpalleHWUsA OOPa3yIOT UUKIUIECKYIO
IpyIIy IOpsAAKa Nn.

32. Haiitu Bce obpasyiollye 3JeMeHTHl B TpyNiiax BpalleHuH
TpeyTroibHUKa U kBagpaTa (mpumMeps! 1 u 3, cTp. 15 u 17).

33. IlycTp aneMeHT a umeeT NOpAAOK n. Jlokasarb, 4To a™ =e
TOTZIAa ¥ TOJIBKO TOTZA, Korga m = nd, rae d — Ipou3BOJIbHOE LIeJioe
YHCIIO.

34. IlycTh a UMeeT IPOCTOM MOPALOK p U M — IPOU3BOJIbHOE
esoe yucio. Jlokasars, 4To Jubo a™ = e, 1160 3/eMeHT a™ uMeeT
HOPAZOK P.

35. Ilycth HauboNbIINi OOIINI AETUTENh HATYypaabHBIX Y-
ceJlm U n paBeH d U a UMeeT MOPAZAOK 1. JIoKa3aTh, YTO SI€MEHT
a™ umeeT MopszAoK n/d.

36. Hatitu Bce o6pa3yrolmiyie B rpyIiiie BpalleHUH IpaBUIbHOTO
12-yronbHuKa.

37. Ilyctb a — 3meMeHT 6eCKOHeYHOro nopszka. JlokasaTh, 4To
JIEMEHTHI ..., a2, a~!, a®=e, a, a?, ... Bce pasjIuYHbL.
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Onpenenenue. Ecnu a— aneMeHT 6€eCKOHEYHOTO MOPsAAKA
U KpOMe 3/IEMEHTOB ..., a2, a’l, e, a, a2, ... B rpynne G Gojblie
HET 2JIeMEeHTOB, TO G Ha3bIBAIOT OeCKOHEUHOU YUKAUUeckol 2pyn-
noti U a — ee 06pasyrOUUM.

38. JlokazaTp, 4TO TpymIa IeablX YHcea IO CI0XKeHUIo (Ipu-
Mep 7, cTp. 21) sABnsgeTcs GeCKOHEYHOM LMKINYECKOU TI'PYIIIOH.
Hatitu Bce ee obpasyrolnue.

pumep 9. IlycTe n— HaTypaJbHOE 4YHUCIO. PaccMOTpuUM
BCEBO3MOJKHBIE OCTaTKM, KOTOpBle MOTYT IIOMy4aThCA IIPU Jelle-
HUU IejbIX Yucel Ha n, T.e. uuciaa 0, 1, 2, ..., n — 1. 3agagum
Ha MHO)XECTBE 3THUX OCTATKOB CJIEAYIONIYI0 GMHAPHYIO OIepaliuio.
ByzeM ckiagpiBaTh JaHHbIE OCTAaTKU KaK OOBIYHO, a 3a pe3y/ibTaT
IIPUHUMATh OCTaTOK OT JeJIeHU:d IOMy4YeHHOro Yucia Ha n. 3Ty
omepanuio 6yZeM Ha3bIBaTh CJlOYceHUeM no modynio n. Tak, 1o
Mozyno 4 6yzer 1+2=3,a3+3=2.

39. CocTaBuUTh TabGIUIIBI CJIOKEHUS 110 MOAYIO: a) 2, 6) 3, B) 4.

40. [loxasaTk, YTO OCTATKHU C Ollepalyieli CJI0KEHHUA 10 MOZYIIIO
n o6pasyIoT rpyIITy, MIPUYEM 3Ta TPYIIA TUKINYecKas IOpsaKa Nn.

PaccMOTpUM CHOBa IIPOM3BOJBHYIO HHUKJINYECKYlO TPYIIy IIO-
pagkan:e, a, a2, ..., av L.

41. JlokasaTb, 4To a™ -a" =ad*, tne 0<Sm<n, 0<r<nu
0 < k < n, Torza ¥ TOIBKO TOTZA, KOT/IA IT0 MOZYJIIO 1 UMEET MECTO
paBeHCTBO m +r =Kk.

VI3 pesynbraTa IpezblAylleil 3a7auyd BBEITEKAET, YTO YMHOXKe-
HUIO 3JIEMEHTOB B IIPOM3BOJBHOM IMKINYECKOH Tpylme IMOopAA-
Ka N COOTBETCTBYET HEKOTOPBIM 006pa30M CJIOKEHHE OCTAaTKOB IIO
Mozysio n. TOYHO Tak Ke YMHOXXEHUIO 27IeMEHTOB B GeCKOHEYHOM
LUKJINYeCKON TPyIIe COOTBETCTBYeT CIOKEHUe LIebIX Yrcen (CM.
27). 31eck MBI ITOJOUUIA K BAXKHOMY ITIOHATUIO B TEOPHUU T'PYIII —
MOHATHIO U30MOpdU3Ma.

§ 5. Vzomopodusm

Onpegenenue. Ilycte ganel ABe rpynnsl Gy
U G,, ¥ IyCTh UMeeTCs B3aUMHO OJHO3HA4YHOe OTOOpakeHue ¢
JIEMEHTOB I'PYIIE G; Ha 3JIeMeHTHI rpyniisl G, (cM. § 2), mpudem
TaxKoe, 4TO YMHOXeHHMIO B (G; COOTBETCTBYET YMHOXeHHE B G,
T.e. ecau p(a) =a’, p(b) =b’, p(c) =c’ u ab =c B rpynmne G, TO
a’b’ = ¢’ B rpynme G,. Torga (¢ Ha3BIBAIOT U30MOPPHUIMOM TPYII-
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bl G, Ha rpyniy G, a TPYIIIBEL, MeX/y KOTOPBIMH MOXKHO YCTaHO-
BUTb U30MOPGU3M, HA3BIBAIOT U30MOPPHbIMU. YCIOBHE TOTO, YTO
B3aMMHO OZJHO3HAYHOE OTOOPaKEHUE (Y ABJIAETCI U30MOPHUIMOM,
MOXXHO 3amucaTh elle caeayomuM obpasom: ¢ (ab) = p(a) - ¢ (b)
JUTs JIIOOBIX 3/1eMeHTOB a U b rpymmsl G,; 37ech mpousBejeHue ab
6epetcsa B rpymniie G, a mpousBezeHue ¢ (a) - ¢ (b) B rpymmne G,.

42. Kakue u3 ceAyooUux Ipynn usoMopdssl: 1) rpymnna Bpa-
IeHui KBagpaTa, 2) Tpylla CUMMETPHUi pomba, 3) TpyIna CUM-
MeTpull IPAMOYTOIbHUKA, 4) TPyIa OCTATKOB C ollepalueil cio-
JKEHUA 110 MOZYJII0 47

43. Ilyctb ¢ : G; = G, — u3omopodusm. JlokasaTh, YTo oOpaT-
Hoe oToGpaxkenue ¢~ !: G, — G; TaKKe U30MOPOUIM.

44. Tlyctb @1: Gy — Gy U Py Gy = G3 — u3oMopdr3MeL. Jloka-
3aTh, YTO P, : G; — G5 Takke U30MOPOU3M.

VI3 mociesHUX ABYX 3aZia4d CJIeAyeT, YTO ABe I'PYIIIEI, N30MOp-
HBIE TPEThE IpyIIe, U30MOPGHEI MEXKIY COOOI.

45. Jloka3aTb, 4TO Jr06asa HUKINYecKas rpyIa HopsagKa n u3o-
Mop¢Ha rpyTiie OCTATKOB IPU JieJIEHUHU Ha N C OIepalyeil ciaoxe-
HUA IO MOZYJIIO 1.

46. JTokaszaTb, yTO Jl0bas OecKOHeYHasdA IMUKIUYEcKas TPyIIna
n3oMopdHa IpyIIIe IeBIX YHCe M0 CIOKEHUIO.

47. Ilyctb ¢ : G — F —n3omopdusm. [lokasaTe, uTo ¢ (eg) =
=ep, e e; U ey —efuHUNBI Tpynnn G u F.

48. Ilyctb p: G — F —usomopousm. Jlokasars, uto p(g~1) =
= [p(g)]~! ana Bcex ameMeHTOB g Tpymsl G.

49. Ilyctb ¢: G — F —usomopousm u ¢(g) = h. JlokasaTs,
4yTO g ¥ h UMEIOT paBHBIE TOPSAKHU.

Ecnmu maydaercs cama TPYIIIOBas ollepanysi, a MpUpoja dJie-
MEHTOB, U3 KOTOPBIX COCTaBJEHBI T'PYIIE, He WUrpaeT pOIH, TO
n3oMopdHbIe I'PYIIB MOXXHO HE pasinyarh. Tak, HapUMep, MbI
6yZieM TOBOPUTb, YTO CYLIECTBYET JIUIIb OFHA C TOYHOCTBIO JIO
nsomopdusma (cMm. 45) nuKINYecKas rpyma IopsizKa 1, KOTOPYIO
MbI OyzieM 0603Ha4aTh Z,, ¥ 0fjHa C TOYHOCTHIO /10 n3oMopduzMa
(cM. 46) GeckoHeuyHas IUKINYECKas IPyIa, KOTOPYIO Mbl GyzeM
0603HaYaTh Z.

Ecmu rpynna G, nsomopdHa rpymne G,, To MBI OyZIeEM MTHUCATh
G, =Gy.

50. Hatitu Bee (¢ TOYHOCTBIO 10 ©30MOpU3Ma) I'PYIIIIBL, COZEp-
Karue: a) 2 sjneMeHTa, 6) 3 sJaeMeHTa.
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51. IIpuBecTy mpuMep ABYyX HEU30MOPGHBIX I'PYIIII C OAMHAKO-
BBIM 4YHCJIOM 3JIEMEHTOB.

52. Jlokasatsb, 4TO IpylIia Bcex AeHCTBUTENbHBIX YKces II0 CJIo-
YKEHHUIO N30MOpGHa TPYIINe MOTOKUTENbHBIX JeHCTBUTEIbHBIX YU-
ceJl IO YMHOXKEHUIO.

53. [lycTb a — NpOU3BOJNBHBIA 37eMeHT rpynnel G. PaccMmort-
pUM OTOOpakeHHe (p, MHOXECTBA 3JIEMEHTOB rpymibl G B cebs,
olpefiesieHHOe CleAyIomM obpasoM: ¢, (x) = ax And a060ro
aneMeHTa x u3 G. JlokasaTb, 4TO ¢, ABIAeTCA [Ipeobpa3oBaHUEM
MHOXXeCTBa 3/eMeHTOB Ipynnbl G (T.e. B3aUMHO OZHO3HAYHBIM
oToOpaKeHHEeM MHOXKECTBA 3JIEMEHTOB TPpyNibl G Ha cebs).

54. IlycTb /U1 KaXXZ0ro dJeMeHTa a I'Pynisl G IIOCTPOEHO IIpe-
obpazoBanue ¢, (cM. 3agady 53). JlokasaTh, YTO MHOXXECTBO BCEX
3TUX IIpeo6pa3oBaHUi ¢, oOpasyeT Ipynily ¢ O6BIYHOM ollepalu-
el Ipou3Be/IeHUA TpeoOpa3oBaHUH.

55. JlokasaTs, yTo rpynna G n3oMop¢dHa TOCTPOEHHON B IIpe/IbI-
Jylei 3a7ave IpyIie Npeobpa3oBaHu.

§ 6. Iloarpynnsl

PaccmoTpuM B rpynne G HEKOTOpoe IMOAMHOXXECTBO
anemeHTOB H. MOXeT oKa3aTbcs, 4To H caMo fBIAeTCsA I'PYNIION
OTHOCHUTENIbHO TOM ke OMHapHOI omepaliyy, KoTopas 3aiaHa Ha G.

B aToM ciyyae H HasbIBalT nodepynnotl rpymnnsl G. Tak, Ha-
IIpuMep, TpyIllia BpalleHUH IIpaBUWIBHOIO Nn-yrolbHUKA ABJAETCA
TIOATPYIIIION IPYIIIBI BCEX CUMMETPUHN NMPaBUIBHOTO N-yTOJbHUKA.

Ecnmu a — anemeHT rpynnsl G, TO MHOXKECTBO BCEX JIEMEHTOB
BHUZA a™ ABIAETCA NOATPYIION Tpymnnel G (3Ta MOATPYIIA IUKIIN-
yecKasi, Mbl €e PacCMOTPeNU B § 4).

56. Ilycts H — moarpymmna rpymmnsl G. /lokasatb, 4To: a) elu-
HUYHBIE 37IeMeHThl B G 1 H coBIafaioT; 6) eciiu a — 3IeMeHT 110/ -
rpynmnsl H, To a7neMeHTHI, obpaTHble K a B G U H, coBnazaror.

57. Jlns toro uro6sl H 6but0 mozrpymmoii rpynmnel G (OTHOCH-
TeJIbHO TO¥ ke OMHAPHO omepaiuu), Heo6X0AUMO U IOCTATOYHO,
YTOOBI BHITOJHSJIUCE CIIeAYIONIHe yeaoBus: 1) ecu a u b cogeprkar-
¢ B H, To anemeHT ab (mpousBezeHue B rpymie G) COAEPKUTC
B H; 2) e (efHUYHBIH 351eMeHT rpyninsl G) cogepxutca B H; 3) ec-
s a coepxures B H, To u a~! (B rpynme G) cogepxutcs B H. Jlo-
Ka3aTb. (3aMevaHUe. V3 yoroBuii 1 u 3 BEITEKaeT yciaoBue 2.)
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58. HaiiTi Bce NOATPYNIEL B rpymiax: 1) CUMMETPUI TPaBIIb-
HOT'0 TPEYTOJIbHUKA, 2) CUMMETPUI KBaZpaTa.

59. HaifTu Bce HOATPYIIB B IUKJIWYECKUX Tpynnax: a) Zs,
6) Zg, B) Z;s.

60. JlokaszaTb, 4TO BCe MOATPYIIIIH B Z, uMetoT Buf {e, al, a®d,
.., a/d-1d} 'rre d — nemuTeNb N ¥ @ — 06pa3yIOMIKi TPYIILL Z,,.

61. /lokasaTb, YTO BCe MOATPYIIIBI GECKOHEYHOMN ITUKINIECKOM
IPYIIbL UMEIOT BuZ {...,a 2", a™", e, a’, a*, ...}, rae a — obpasy-
IOIINM, a r — IPOM3BOJIbHOE HAaTyPaJbHOE YUCIIO.

62. JlokazaTtb, 4yTO B 000N GECKOHEYHOH I'pyIie HECKOHEYHO
MHOTO ITOATPYIIL.

63. [loka3aTb, 4TO TepeceyeHue JOOro YKCiIa MOATPYIIT™)
HEKOTOPOU Tpymibl G TaKKe ABJSAETCA MOATPYIIION Ipymib! G.

I[Ipumep 10. PaccMOTpUM IpaBWIBHBIM TETPasAp, BEPIIMHbI
KoToporo obo3HaueHbI 6ykBamu A, B, C u D. Eciu mocMoTpeTs co
cTOpOHBI TOYkM D Ha TpeyroabHUK ABC, TO Touku A, B, C MoryT
WUJTU 110 YaCOBOU CTpesike WK IpoTuB (puc. 5). COOTBETCTBEHHO
3TOMY MBI OyZieM pasiudarh Be OpUEHTALNY TeTpas/pa.

D D

Puc. 5

64. CoxpaHSIOT JIM OPUEHTAINIO TeTpasdpa CJIeAYIOIre IPeod-

ABCD .
Pa3oBaHUA: A = | g ~ 4 ) | — BpallleHHe Ha 120° BOKPYT BBICOTHI;
ABCD . )
b= (D CB A)—BpameHHe Ha 180° BOKpyr ocu, NMPOXOAAIIen

yepe3 cepeauHbl pebep AD u BC, ¢ = (ﬁggg)—mpa}xeﬂne
OTHOCHUTEJIbHO IUIOCKOCTH, IpoxozAdlelt yepe3 pebpo AD u cepe-
AuHy pebpa BC; mpeobpasoBaHUe, HOPOXKAAMOLIEe IIMKIUIECKYIO
ABC D)

IIOZICTAHOBKY BepIIvH d = ( BCD A

*) IlepeceyeHrEe HECKOJBKUX MHOXECTB— 3TO MHOXXECTBO BCEX TeX ajle-
MEHTOB, KOTOpBIe COZlep:KaTcsl OFHOBPEMEHHO BO BceX ZAaHHBIX MHOXKeCTBAX.
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Bce cuMMeTpuy IPaBUIBHOTO TETPas3Apa, OYEBUIHO, 00pasyioT
I'pyIITy, KOTOPas Ha3bIBAETCs 2PYNnoll cummempuii mempasopa.

65. CKOJIBKO 2/IeMEHTOB B I'PyIille CUMMeTPUU TeTpaszpa?

66. B rpymnme cuMMeTpuil TeTpaszpa HANTH MOATPYIIILI, HU30-
MopdHBIe: a) rpyIlie CHMMETPUN TPEYTONIbHUKA, 0) IIUKINIeCKO
TPYILIIE Zy.

67. JlokazaTh, YTO BCe CUMMETPUM TeTpaszpa, COXpaHAILINe
OpHEHTAaLNI0, 06pasyloT rpymiy. CKOIBKO B Hell 37IeMeHTOB?

I'pynma cumMMeTpuil TeTpasApa, COXpaHAIOUIMX OPHUEHTAaLHUIo,
Ha3bIBAETCSA 2pynnoil epaujeHull mempaaopa.

68. B rpynne BpalleHul TeTpasApa HAWTH NMOATPYMIEI, H30-
MOp(dHbIE IUKIUYECKUM TPYIIaM: a) Z, 6) Zs.

§ 7. IIpsaMoe nIpou3BeeHNe

VI3 ABYX I'pymI MOXXHO 06pa30oBaTh HOBYIO I'PYIILLY.

Onpepenenue. I[Ipambim npoussedeHuem JByX rpynn G
u H (o6o3Havaercsi G x H) Ha3bpIBaeTCsI MHOXXECTBO BCEBO3MOJK-
HBIX YTIOPsAZ0YeHHBIX Nap (g, h), Tie § — MPOU3BOIBHBIN JIEMEHT
u3 G U h — Ipou3BOMbHEIN 3eMeHT U3 H, co cienyroieii 6uHap-
HOU omepauwmeit: (g;, hy) - (g4, hy) = (2125, h1h,), TAe pousBese-
HUe g, 8, bepercs B rpymne G, a hyhy, B H.

69. JlokasaTb, yTo G X H — rpymrma.

70. Ilycts B rpymne G n 37IeMeHTOB, a B rpymnre H k aeMeHTOB.
CKOJIbKO 3/1eMeHTOB B rpymnne G x H?

71. lokasatb, yto rpynnsl G X H 1 H X G u30MOpPQHHI.

72. Haittu noarpynmsl B G x H, nusomopdHsle rpynmnam G 1 H.

73. Ilycts rpynnel G 1 H KOMMyTaTuBHBIE. JlOKa3aTh, 4YTO I'PYII-
ma G x H Takxe KOMMyTaTUBHas.

74. Ilycte G, — noarpynna rpynnst G u H; — nozrpyinna rpyi-
el H. Jlokasatb, uTo G; X H; — nogrpymnmna B G X H.

75. Ilyctb G 1 H — IIpOU3BOJIbHBIE TPYNIIBL. BepHO JK, 4TO
Jmo6yto moArpynny B rpynmne G X H MO)XXHO TPEJCTaBUTh B BUZE
G, x Hy, rae G; — noarpynma rpynnsl G, a H; — noarpynia rpyu-
el H?

76. JlokasaTh, 4TO TIpynmna CUMMeTpHUH pomba wusomMopdHa
rpynne Zy X Zsy.

77. BepHEIL iU paBeHCTBA: 1) Zy X Zg = Zg, 2) Ly X Ly = Zg?
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78. Jlokasatsb, 4TO Z,, X Z, = Z,,, TOTAA U TOJBKO TOT/Ja, Korja
4UCIa M A N B3aUMHO IPOCTHI.

§ 8. CmexHbIe kinaccel. Teopema JlarpaH:ka

C xaxzol noarpynnoil H rpynmbsl G CBA3aHO cile-
ayiollee pa3brieHre 37eMeHTOB Tpymnmbl G Ha IMOAMHOXECTBA.
Jlns moboro amemeHTa x u3 G pacCMOTPUM MHOXECTBO BCEX
2/IeMeHTOB BuAa xh, rae h mpoberaeT BCeBO3MOKHbIE 3HAUEHUS
u3 noxarpynnsl H. IonrydeHHOe MHOXKeCTBO, ob6o3Hadaemoe XxH,
Ha3BIBAETCS JIe8bLM CMENCHBIM Kaaccom no H, noposcdenuwbim ane-
MEHMOM X.

79. HaiiTu Bce JeBble CMEXHBIE KJIACChl IPYINIbI CUMMETPHUI
TPEYTOoMbHUKA TI0 MOATPYIINE: a) BpallleHWi TPeyrolbHUKa, 6) OT-
PaXeHUH OTHOCUTEIBHO OAHOM ocu {e,c} (cM. mpumepsl 1 u 2,
cTp. 15-16).

80. [lokasaTb, UTO KaXK/Jbli a/IeMeHT T'PYIIIbI BXOAUT B HEKOTO-
PBbIii JIEBBIM CMEXHBIN KJlacc o moarpytmmne H.

81. IlycTb 3;11eMeHT y BXOAUT B JIEBBIH CMEXXHBIN KJ1acc 1o H, mo-
POX/IeHHBIH a/1leMeHTOM X. JJoKa3aTh, YTO JieBble CMeXKHbIe KJIacChl
1o H, mopox/leHHbIe 3/IeMeHTaMU X U Y, COBIIa/laioT.

82. IlycTb sieBble CMeEXHBIE KjIacchl II0 H, MOpOXKJeHHbIe 3jie-
MEHTaMU X U Yy, COAep)KaT obOuuii aneMeHT. JlokasaTh, YTO 3TH
CMeKHBIe KJIacChl COBIIAZAIOT.

Takum 06pa3oM, JIeBblE CMEXXHBIE KJIACChI, TIOPOXK/AEHHBIE JIIO-
OBIMU ZIByMsI JIEMEHTaMU, OO0 He MepeceKaroTcs, b0 COBMa-
Jal0T, ¥ MBI TIOJTy4aeM pa3bueHUe BCeX JIEMEHTOB TPymnel G Ha
HellepeceKammuecs: KJIacChl. JTO pa3bueHye Ha3BIBAIOT J€8bLM
pasnoxceHuem epynnst G no nodepynne H.

Yucso 3/IeMeHTOB B IIOATPYIIle Ha3bIBAIOT NOPs0KoM nodzpyn-
nut. [lycts m — nopsigok moarpymsl H. Eciu by # hy, TO xhy # xh,,
TIO3TOMY KaK/IbIH JIEBBIN CMEXXHBIM KJIacC COAEPKUT TaKKe m ae-
MeHTOB. C/leZIoBaTENbHO, €CIU N — MOPSAAOK Ipynibl G U I — YHC-
JIO JIEBBIX CMEXXHBIX KJIACCOB B pasjioxeHuu G mo H, To m-r =n,
Y HaMU JOKa3aHa

Teopema 1 (reopema Jlarpamwxka*)). Ilopsadok nodzpynnut 8-
asilemcs desiumesieM NOpsOKa 2pynnei.

*) Jlarpamx JKozed Jlyn (1736-1813) — dpaHIly3ckuil MaTeMaTHK U MeXa-
HUK.
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83. Jloxasatb, 4TO MOPsAZOK JH060TO0 meMeHTa (CM. CTp. 24) B-
JifeTca JieuTesieM MopsgKa TPYIIIEL.

84. Jloxa3aTsb, 4yTO BCAKasd I'PyIIIa IPOCTOTO MOPAAKA — ITUKIIN-
yecKasi U JII0001 3/IEMEHT B Hel, OTJIMYHBIN OT e, ABIAETCA 06pa3y-
IOLUM.

85. I'pynna G cozepxurt 31 anemMeHT. CKOJIBKO IIOAIPYILI MOXKET
cozepxarth rpynna G?

86. [loka3aTb, YTO BCE TPYIIIbI IIPOCTOTO TOPAAKA P U30MODPG-
HBI IPYT APYTY.

87. Ilycte n genvtceda Ha m. [TocTpouTs rpymity opsajxa n, cCoaep-
JKaIIyIo MOATPYIIY, U30MOPGHYIO JaHHOM rpymie G TOopsAAKa m.

88. Ilyctb n genutca Ha m. MoxeT v B TpyIIle IopsAJKa n He
OBITH TIOATPYIIIBI TIOPSIAKA M?

MO>XKHO TIOCTPOUTD TaKXKe npassle cmedxcHsle kaaccel Hx u npa-
goe pasJsionceHue TPyl G mno nogrpymnme H. Eciu nopsagok noz-
rpynnsl H paBeH m, TO Bce ITpaBble CMeXHBbIe KJIaCcChl TaKXe CoAep-
JKaT m 2JIeMEeHTOB U YUCJIO WX PAaBHO HATYpaJbHOMY YUCIy n/m,
IZie N — MOPSAJOK I'PYIIbl. TaKMM 06pa30M, YHUCIO MPABhIX CMEXK-
HBIX KJIACCOB COBIAJIAET C YKCJIOM JIEBBIX CMEXKHBIX KJIACCOB.

3amMmeudaHUue. [lyiA IpaKTUUECKOT'O IIOCTPOEHUA pas3IoKeHUlH
KOHEYHOMH I'pyIIbl He HaZlo CTPOUTh CMeXKHBIe KJIacChl A1 KaX/o-
rO JJIEMEHTa, TaK KakK IPU 3TOM OyAyT MOIydYaThCs OAUHAKOBBIE
KJIACChI, @ HAZI0 6pPaTh 2JIEMEHTHI, ellle He BOIIEIIHE B yXKe TOCTPO-
€HHBble CMeXHbIe Kiaccel. Tak Kkak eH = He = H, To caMma IOAIpyII-
Ia Bcerzia obpasyeT Kak IIpaBblii, TaK U JIEBBI CMEXKHBIA KJIacC.

89. INocTpouTs JIeBOE U NpaBOe Pas3/lIOXKeHUE IPYIIILI CUMMET-
puli TpeyroJbHUKA 110 OATPYIIIE: a) BpauleHui {e, a, b}, 6) orpa-
>KeHUI OTHOCUTEIBHO OZHOI ocH {e, c}.

90. ITocTpouTh JIeBOE U IIpaBOE pasjoKeHUe IPYIIbl CUMMET-
puii kBajpaTa I0 MOArPYIIIe: a) OTPakeHUH OTHOCUTENBHO IleH-
Tpa {e, a}, 6) oTpakeHU OTHOCUTETHHO AUaroHau {e, d}.

91. TlocTpouTh pasnoxKeHUe IPYNIBI BCeX LeIbIX Yuces Mo CJI0-
YKEHMIO T10 MTOATrpYIIIle Yuces, JeIamuxcsa Ha 3%).

92. Hatitu Bce (C TOYHOCTBIO ZI0 ©30MOP(U3Ma) TPYIIIIHI TOPS-
Ka: a) 4, 6) 6, B) 8.

*) Mbl He yKa3blBaeM 37leCb, KaKOoe pasjioKeHue TpebyeTcs MOCTPOUTh —
JIEBOE WU IIpaBoe, TaK KaK B KOMMYTaTHBHOM IpyIIie ob6a pasjoKeHus, ode-
BU/IHO, COBIIAJAIOT.
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§ 9. BHyTpeHHUe aBTOMOPGU3MBI

HauyHeMm c mpumepa. PaccMOTpUM I'pynIly CUMMeET-
puli IPaBUIBHOTO TPEYrolbHUKA. ECIU Mbl 0603HAYUM BEPIIVHBI
TpeyrojbHuKa 6ykBaMu A, B, C, TO KayK/bIi 3/IEMEHT STOM TPYIIIIEL
OJJHO3HAYHO OIpeZesieTcs TOACTAaHOBKOUW Tpex 6ykB A, B, C.
Hampumep, oTpaskeHHe TpeyroJlbHUKAa OTHOCUTENBHO BBICOTHI,
ONyIlIeHHOM M3 BepIIMHEI A Ha CTOpoHy BC, 3amuceiBaeTca B
— (A BC

ACB
MeTpUil TpeyrolbHUKA, AOCTATOYHO BBHIIIOJIHUTH OJHY 3a APYroi
COOTBETCTBYIOIIUE IOACTAHOBKK. TakuM 006pa3oM, MBI IIOIyda-
eM H30MOpOU3M TPYIIBl CUMMETPUN TPEYTOJbHUKA U TPYIIIIHI
MO/ICTAHOBOK TpeX OykB A, B, C. 3aMeTHUM Telepb, YTO ITOT U30-
MopdU3M oIpeziesieH HEOAHO3HAYHO: OH 3aBUCUT OT TOTO, KaKyIo
VMEHHO BEPIUINHY TPEYroJIbHUKA MBI 0003HAYWIN Yepe3 A, KaKyio
yepe3 B u kakyto yepe3s C. Ilepeob03HaueHNE BEPIIMH CAMO MOXKET
paccMaTpuBaThCA KaK MOACTAaHOBKa Tpex 6ykB A, B, C. Hampu-

). YTOOHBI NIEpEMHOXHUTD [ABa 3JIEMEHTA T'PYIIIbl CUM-

Mep, g = ('};\ g f\) COOTBETCTBYET CJIeAYIOLeMy epeo603HaYeHUIO
BepIINH:

crapoe obo3nauenne A B C
HOBoe ob6o3Hauenne B C A

[Ipu HoBOM OOO3HAYEeHWM BEPUIMH KaKJBIH 3/IeMEHT I'DYIIIbI
CUMMETPUH TPeyroJIbHUKA IIOJMYYUT HOBOE 0OO3HAYeHHE B BHUJE
MOZACTaHOBKYU OyKB A, B, C. Hanpumep, oTpaxeHHe TPEYTOIbHUKA
OTHOCHUTEHHO BEPTUKAJIBHOMN BBICOTHI (puC. 6)

A(B)
obo3HavaeTcs CIeayIOIMM 06pa3oMm:
ABC
crapoe 0603HaYEHHE ACB
B(O) cA) HOBOe 0603HaUEHHE (é g i)
Puc. 6

93. PaccMOTpHUM 3/IeMeHT I'DYIIIBI CUMMETPUI TPEyTroIbHUKA,
KOTOPOMY TIPH HEKOTOPOM 0603HaYEHUU BEPIINH COOTBETCTBOBA-
Ja nozcraHoBKa h. Kakas mogcraHoBKa GyZeT COOTBETCTBOBATb
3TOMY JK€ JIEMEHTY IPYIIIBl CAMMETPUI TPEYrOMbHUKA [IPH IIepe-
0603HaYEeHUU BEPUINH g?



§ 10. HopmanbHble nodzpynnst 33

3aMeTHUM Tellepb, YTO «Iepeobo3HavYeHre» g IpeBpallaeT aye-
MeHT h HEKOTOPOH I'pyIikl Ipeobpasosanuii B ghg~! He TONBKO B
paccMOTpeHHOM IIpHMepe I'PYIIIE CUMMEeTPHUH TpeyroabHUKa, HO
U B caMoM obieM ciaydae. TakuMm o6pa3oM, HCCIeOBaHUE Tiepe-
0603HaYEHNIT TPUBOAUT K CIEAYIOMIEMY OIpPEeAETEHUIO.

Onpepgenenue. Ilyete G—rpynna, g — ee ameMeHT. Ompe-
AenM 0TOGpaXkeHue (p, rpynmbl G B cebst GopMyIioi ¢, (h) = ghg™t
(rze h — m060i1 aeMeHT rpyniel). 3TO 0TOOpaKeHNe Ha3bIBAETCA
BHYMPEHHUM asmomop@Puamom Ipyninsl G, HOPOKAEHHBIM /IeMeH-
TOM g.

94. JlokaXuTe, YTO BHyTPEHHUN aBTOMOPGU3M I'PYIIITHI ABJIAET-
¢ u30MOop$U3MOM I'PYIIIEI Ha cebsl.

95. Bo 4TO NepexoAuT OTpaKEHUE TPEYIrOAbHUKA OTHOCUTENIb-
HO €r0 BBICOTHI IIPY BCEBO3MOXKHBIX BHYTPEHHUX aBTOMOpHU3Max
T'PYIIIEL CHMMETPUH TPEYTOMbHUKA?

96. Bo uTo mepexofWT BpallleHue TpeyrolbHHKa Ha 120° mpu
BCEBO3MOKHBIX BHYTPEHHHUX aBTOMOPGU3Max I'PYIIIB CUMMETPHUH
TpeyroJbHUKa?

97. Kaxue 2 ajeMeHTa I'pyNIbl CUMMETPUN TeTpaszApa MOXKHO
MIEPEBECTH APYT B Apyra BHYTPEHHUM aBTOMOPOU3MOM, a KaKue
Henb3s? ToT jXe BOIIPOC /I I'PYIIIE BpallleHuH TeTpaszpa.

98. JlokaxuTe, 4YTO NOPAAKHU 31eMeHTOB ab u ba B mo60ii rpymn-
Iie PaBHBL.

3aMeTHM, YTO IIpH BCAKOM BHYTDeHHEM aBTOMOpdr3Me IpyIl-
bl (KakK ¥ Ipu JoboM n3oMopdusMe) Kakzaad ee IOATPYMIIa Iie-
PEXOAWT B MOATPYIIITY, BOOOIIe TOBOPA, APyTyio (Hanpumep, oTpa-
JKEHUS OTHOCUTEIBHO OJHOM BBICOTHI TPEYTOJIbHUKA ITEPEXOAAT B
OTpaKeHUsI OTHOCUTENIBHO JIPYTroi BEICOTEI). OfHAKO HEKOTOPBIE
«0COOEHHO CHMMETPUYHbIE» IIOATPYIIIBl OCTAIOTCA Ha MeCTe IIpU
BceX BHYTPeHHUX aBToMopdu3Max (Harnpumep, NOATPYIIIIA Bpallle-
HUU TPEyroJbHUKA B IPyIIe CUMMETPUN TpeyroibHUKa). Takue
MIOATPYTIITBI MBI ceiYac ¥ pacCMOTPUM.

§ 10. HopmaibHbIe MOATPYIIIIBI

OnpepeneHue. [logrpynna HEKOTOPOU T'PYIIIEI
Ha3bIBaeTCsl HOPMANLHOU nodzpynnoil, ecld OHA IIEePEeXOAUT B ce-
651 IpU BCeX BHYTPEHHUX aBTOMOpQU3Max IPyNIbl. VIHEIMU CJIO-
BaMuy, nogrpyimmna N rpynmsl G Ha3bIBaeTcs HOPMaIbHOMN IOAIPYII-
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ot B G, ecyu /ijis1 t060T0 anmeMeHTa a u3 N u i060r0 ajieMeHTa g
u3 G s7eMeHT gag ! cogep:kutcs B N.

TakuMm 06pa3oM, IOATPYIIIA BpallleHUH ABJIAETCA HOPMaJIbHOU
MIOATPYIIIION B IpyIilie CUMMeTPU TpeyrolabHUKa, a MOATPYIIa OT-
pakeHUH OTHOCUTEJbHO BBICOTEHI, OITyIIIeHHOHN U3 BepIIMHHEI A Ha
cropoHy BC (cocrosmas M3 ABYX 3l1€MeHTOB), HOpMaJbHOU IOZA-
I'PYIIION IPYIIIEI CUMMETPUH TpeyroJbHUKA He SABIAETCH.

99. JlokaXuTe, YTO B KOMMYTaTUBHOM I'pyIiie BCAKas MOATPYTI-
IIa ABJIAETCA HOPMaIbHOM IOATPYIIION.

100. fABigeTca U HOpMaJbHOM NMOATPYNIOM T'PYIIIBI CUMMET-
pHuli KBazipaTa IOATPyIIa IEeHTPATbHBIX CUMMETPUN, COCTOAIIAA
U3 IByX 31eMeHTOB {e, a} (npumeps! 3, 4, cTp. 17)?

Teopewma 2. Ilodepynna N epynnst G 28/155emcst HOPMAbHOL
nodzpynnoil mozda u moJavbko mozod, k020d Jiegoe U npasoe pasjo-
acenus (cM. § 8) epynnst G no nodepynne N cosnadarom™).

101. Jlokasartb cHOpMyIHUPOBAHHYIO TEOPEMY.

102. Ilyctb n—mnopagok rpynnbl G, m— NOPAAOK IOATPYTI-
nel H u m = n/2. Jlokasartb, 4To0 H ABJISAETCS HOPMAJbHOU IIOJ-
rpymnmnoi rpynmel G.

103. [loxa3zaTb, 4TO IepecedyeHue (CM. CHOCKY Ha CTp. 28) Jtob0-
ro 4Yucja HOpMaabHBIX NOATPYNI HEKOTOPOM Tpynnbl G ABIAETCA
HOPMAaJbHOM NOATPYIION rpynmsl G.

104. MHOeCTBO 5/1€MEHTOB I'PyNIbl G, I€PECTAHOBOYHBIX CO
BCEMU 3/leMeHTaMU T'PYIIb], HasblBaeTcs yeHmpom rpymnisl G. Jlo-
KasaTb, YTO IIeHTp — IIOATpyIna 1, 6ojee TOro, HopMajJbHas MOZA-
rpynna rpymnmsl G.

105. Ilycte N; u N, — HOpMaJIbHBIE IIOATPYIIIBL COOTBETCTBEH-
HO B rpynnax G; u G,. JlJokasarsp, 4To N; X N, — HOpMaJsbHasd 10J-
rpymmna B rpyume G, X G,.

Cnezyromui IpuMep IoKasblBaeT, YTO HOpMasbHas IMOArpyIa
HOPMaJIbHOM HOATrPYIIIE! Ipyniibl G MOXKET He OBITh HOPMasIbHOM
MOATPYIIION caMoi TpymnmH G.

[Mpumep 11. PaccMOTpUM MOATPYIIy TPYIIbl CUMMETPUH
KBa/[paTa, COCTOSMIYIO U3 OTPAKeHUIN OTHOCUTEIBHO AUaroHasnein
u 1eHTpa (cM. npumepst 3, 4, crp. 17, noarpynna {e, a, d, f}). dta
MIOATPYIIIIA COAEPXKUT MOJIOBUHY 3JIeMEHTOB I'PYNIIBI CHMMeTpHi

*) B 3TOM ciIy4ae MoOIydaroleecs pasjoxeHue GyAeT HasblBaThCs IIPOCTO
PpasyioXXeHHeM II0 HOpMaJsIbHOM ITOATrpyIIIe.
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KBaZ[paTa M SABJIAETCS IIO3TOMY HOPMAJIBHOM IOATPYNIION B HEH
(cm. 102). Tloarpymma {e, d}, cocrosinas 13 OTPayKeHHH OTHOCH-
TeJIbHO OFHOMN W3 AuaroHajei, COZepKUT IOJOBUHY 31€MEHTOB
moarpynmel {e,a,d, f} u sABIdeTCS, CAeAOBATENbHO, HOpPMaJlb-
HOM mozrpymmoi B Hel. C ApPyro# CTOpOHEI, moarpymma {e,d}
He ABJIAeTCS HOPMaJbHOU MOATPYIIION BCel IPyNIbl CUMMETPHUL
KBa/[paTa, TaK KaK IIpU BHyTPeHHNX aBToMopdu3Max d mepexogut
B OTpa)keHKe OTHOCUTENbHO APYroil auaronanu: bdb—! = f.

§ 11. dakToprpynmsl

Haunewm c npumepa. PaccmoTpum pasioxeHue rpyr-
Bl CUMMETPHUM KBaZipaTa 10 HOpMaJbHOMU MOATPYIIIE, COCTOSIIEH
U3 IeHTpaJbHBIX CUMMeTpuli e u a (cM. mpuMeps! 3, 4, cTp. 17).
JIerKo TOJMyYUTh, YTO pa3jIoKeHUe Halllel TPYIIbl Ha 4 CMEXHBIX
KJlacca MMeeT BW/, YKasaHHbIM B Tabm. 2. O6G03HAYUM KaXKAbIi
CMEXXHBIM KJTacc Kakoh-Hubyzap GykBoii, Hampuwmep, E, A, B, C.
Ecmu yMHOXUTD JIFO00M 2/IeMeHT M3 Kjaacca A

Ha 060l 3/1eMeHT U3 Kjacca B, TO pesyib- TaGruna 2
TaT OKa3blBaeTcs B OAHOM U TOM ke Kiacce C e|lb|d|g
He3aBUCHUMO OT TOT0, KaK1e NIMEHHO 3JIeMeHThI alc|f|hn

KJ1accoB A U B B34THL. V13 pelileHus ciefyouieit
3aZla4y BBITEKAET, YTO 3TO He CIIyJaiHO.

106. IlycTh ecTb pasjoeHHe Ipynnsl G 0 HOpMajabHOMN IOJ-
rpynne N, ¥ IIyCTb IEMEHTHL X; U X, JIEXKAT B OJHOM CMEKHOM
KJIacCe W JIEMEHTHI Y1 U Y, TAKKe JIeXKaT B OJHOM CMEXHOM KJIac-
ce. JlokasaTtb, YTO 3/IEMEHTHI X; Y] U Xy Y, JIEKAT B OZHOM CMEKHOM
KJacce.

TakuM 06pa3oM, B3SB IO MPEJCTABUTENIO M3 JIBYX CMEXKHBIX
KJIaCcCOB Y IIEPEMHOXUB HUX B OIPEZEJeHHOM IOpAJKe, MBI IIO-
maZieM B CMEXHBIH Kjacc, KOTOPBIM He OyzZeT 3aBUCETh OT TO-
ro, KaKUX MMEHHO IpeACTaBUTeNel MbI BeIOpanu. CiiefoBaTeNb-
HO, IIPU pasjioXXeHUHU TPyNIIbl 10 HOPMaslbHOUM moarpymnmne N Ha
MHOXKECTBE CMEKHBIX KJIACCOB MOXXHO OIPEJeNUTh OUHApHYIO
omepaluio ciaexyoum obpasom: eciu A = xN, B= yN, To mo-
JokuM A - B = (xy)N. Pesyabrar 3azauu 106 mokasbIBaeT, 4TO
3Ta olepanys onpezeseHa OFHO3HAYHO M He 3aBHUCUT OT BbIOOpa
2J7IEMEHTOB X U Y, MOPOXKJAIIINX CMeXHble Kiaccel A u B. Tak, B
paccMOTpeHHOM BhIlIe IpuMepe A - B=C.

E A B C
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B 3azayax 107-109 peds pzeT 0 pas3noKeHUAX 10 HOPMaJIbHOMN
HoArpynme.

107. Ilycte Ty, T, T3 — cMexXHBIE K1acchl. JJoka3aTb paBeHCTBO
(M T)T; =T (T, T3).

108. IlycTs HOpMasbHAasI MOATPYyINA o603HavYeHa O6ykBoii E. Jlo-
Kasartb, uTo ET = TE = T ana moboro cMexkHoro kaacca T.

109. [loxasaTb, 4TO AJIs JI0O0ro cMexkHoro kiaacca T HaizeTcs
knace T~1 takoit, utro TT 1 =T 1T =E.

W3 yrBepxkaeHut 3aza4 107-109 cieayeT, 4TO MHOXKECTBO CMEXK-
HBIX KJIACCOB C OMMCAHHOM BhIlle OMHApPHOW omepalueil obpasy-
eT rpymiy. DTa TPyIa Ha3bBaeTcsa pakmopepynnoi epynnst G no
HopmanbHoll nodzpynne N u obosHavyaeTcst G/N.

OueBuziHO, 4T0 G/{e} = G u G/G = {e}. OueBUHO TAKXKe, YTO
mOps0K (GaKTOPrpyIIbl paBeH HATYpaJbHOMY YUCIYy n/m, Tle
n—TopAAoK rpynnel G, a m — MOpALOK HOPMaJbHOM IMOATPYII-
el N. Hanpumep, ¢akroprpymnma rpynnsl CMMMETPUH KBajpara
TI0 TIOATPYIIIE IeHTPATbHBIX CUMMETPUH COAEPXKUT 4 d/IeMeHTa.

110. BeisicHuTbh, O6yZeT s GaKTOPIPyIIa TPYIIbl CUMMETPUI
KBajipara IO IMOATPYIIIe LeHTPaJbHBIX CUMMETPUU U30MOpdHA
I'pyIIIe BpalleHUH KBaJipaTa WU I'PyIIle CMMMeTpUil poMba.

111. HaifTu Bce HOpPMaJbHBIE IOATPYIIIB U (GAaKTOPTPYIIIHI*)
110 HUM B CJIeAYIOUIVX CpyIIax: a) rpylia CUMMeTPUll Tpeyrosib-
HUKa, 0) Z, X Z,, B) Tpylla CUMMETPUI KBajpara, r') TpyImma
KBaTEpHUOHOB (cTp. 126).

112. OmucaTh Bce HOpMaJbHbIE TOATPYIIEl U HAKTOPTPYIIIHI
110 HUM /I Ipynn: a) Z,, 6) Z.

113. Haiftu Bce HOpMAaJbHBIE TOATPYNIHI ¥ GAKTOPTPYIIILI IO
HUM B I'pyIIle BpalleHUH TeTpasapa.

114. B npsamoM npousBeZieHuU rpyni G; X G, pacCMOTPUM I10/-
rpynny G; x {e,}. /lokasarb, 4TO 3TO HOpPMaJbHadA IOATPyNIa U
yTo akTOoprpyImmna mo Heli usomopoHa rpymme G,.

§ 12. KommyTaHT

HamomHuM, 4TO /ABa 3/meMeHTa a u b rpymmel G
Ha3bIBAIOTCS NEPecmaHo80UHbIMU (VIIU KOMMYMUPYOWUMU), €CTA
ab = ba. CreneHb HEKOMMYTAaTUBHOCTH JBYX 3JIEMEHTOB T'PYIIIHI

*) B pgaspHelineM HaWTH (GaKTOPrpyIlly O3HA4YaeT yKaszaTh KaKylO-TH60
IPYIILY, PACCMOTPEHHYIO paHee, KOTOPO rckoMas pakToprpymnna u3oMopdHa.
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MOXKHO M3MEpPATDb C MOMOIIbIO ITpou3BeZeHus aba~1b~!, koropoe
PaBHO eZIMHUIIE TOT/IA U TOJIBKO TOT/A, Korja a u b mepecTaHOBOY-
HBI (ZOKaXKUTe).

Onpegenenue. dneMmeHT aba~'b~! HaswBawT kommymd-
mopom 3neMeHTOB a U b. Kommymanmom K (G) rpymnmnsl G Ha3bIBa-
eTCcsI MHOXKeCTBO BCEBO3MOXKHBIX IIPOU3BEZEHUN KOHEYHOT'O YHCIIa
KOMMYTAaTOPOB Ipyninsl G.

115. [Jokas3aThb, YTO KOMMYTAHT fABJAETCA ITOATPYIIIIOHN.

116. [loxasaTb, YTO KOMMYTaHT ABJAETCA HOPMAaJIbHOM IOA-
T'PYIIION T'PYIIIIEL.

117. JlokasaTb, 4TO KOMMYTaHT COBIaJaeT C €IUHUYHON IOJ-
rpynmno# {e} Torga U TOJIBKO TOTZA, KOTrZa I'PyIna KOMMYTaTUBHA.

118. HaiiTu KOMMYTAHT T'PYIIIBL: &) CHMMETPHUI TPEYTONbHUKA,
6) cuMMeTpUi KBaZpaTa, B) KBaTepHUOHOB (cTp. 126).

119. [lokasaTb, YTO KOMMYTAHT I'PYIIIBI CUMMETPUM NpaBWIb-
HOTO N-yroJbHUKa U30MopdeH rpyue Z, Ipyu n He4eTHOM U I'PYII-
ne Zp, IPYU N YeTHOM.

120. HaifTii KOMMYTaHT TPYIIBI BpaleHUuH TeTpasapa.

121. [loxasaTb, UTO ecIM HOpMajbHasd IIOATPYIIa B IPyIIe Bpa-
IIeHWH WX B TPyIIe CUMMETPUH TETPasApa COAEPXKUT XOTS OB
OJIHO BpallleHre BOKPYT OCH, TPOXOZAIIEN Yepe3 BEPIINHY, TO OHA
COZIEPKUT BCIO I'PYTIITY BpAIleHUH TeTpaspa.

122. HaiiT; KOMMYTaHT IPYyIIBl CUMMETPUH TeTpaspa.

PaccMoTpuM elile 2 TPYIIBL: 2pynny epawjeHull kyba u epynmny
spauwjeHull npasuibHo2o0 okmasdpa (puc. 7).

Puc. 7

123. CKO/IBKO 2/7IeMEeHTOB B KaXAoW M3 oTux rpymnn? Ilepeurnc-
JIUTH 3JIeMeHTHI TPYIIIbI BpallleHui Kyba.

124. JlokasaTh, YTO TPYINIHl BpalleHUH Kyba M OKTa’sapa U30-
MOpP®HEL.
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125. CKOMBbKUMU Pa3IuIHBIMU CIIOCOOaMU MOXKHO 3aKPacCUTh
rpaHu Kyba 6 npertamu (KakAyi I'paHb CBOMM I[BETOM), €CIU
Pa3IMYHBIMU CYUTAIOTCA PAaCKPacKU, KOTOpble Helb3d COBMECTUTh
ZIPYT C pyroM BpaueHueM Kyba? ToT Ke BOIIpOC I CIMYeYHOTO
KOopoOKa.

126. KakuMm 13 H3BeCTHBIX BaM TPyl
n3omMopdHa rpymnmna BpaueHu ClInyeYHoro
Kopobka?

BruncieHre KOMMyTaHTa IpyNIbl Bpa-
meHui Kyba yZIoOHO MPOBECTH, BIMCAB B
Ky0 TeTpaszp, KaK 3TO MOKa3aHO Ha puc. 8.
[Ipu >TOM, eCiu COeAVHUTH OCTABIIHECS
BepunHH B, D, A; u C;, TO IOJIyYUTCA BTO-
poii TeTpaszp. Jlroboe BpaleHue Kyba J160 NeEPeBOAUT KaXKABII
TeTpaszap B cebs, MO0 MEHAET UX MECTaMH.

127. lokasaTb, 4TO BCe BpallleHusA Kyba, mepeBosiinye 06a TeT-
paszpa B cebs1, 06pasyioT: a) HOArpPyIIy, 6) HOPMaIbHYIO TIOATPYII-
Iy TPYTIIBI BpallleHuii Kyoa.

128. [loxasaTh, YTO KOMMYTaHT TPYIIIbl BpallleHui Kyba M30-
MopdeH rpymIe BpalleHui TeTpaspa.

JlokaxkeM Telepb cjefyiolnyie 3 CBOMCTBA KOMMYTaHTa, KOTO-
pBie TIOHAZ00SITCA HaM B JlaibHEHIIeM.

129. Jlokasatb, 4To GaKTOPrpymia IPOM3BOJBHOMN Ipymiel G
10 ee KOMMYTaHTyY KOMMYyTaTUBHA.

130. IIycts N — HOpMasbHas MOATpyIna Ipymmnsl G u pakTop-
rpynna G/N xoMMyTaTuBHa. Jloka3aTb, YTO N COAEPKUT KOMMY-
TaQHT Ipynnsl G.

131. Ilycte N — HOpMasibHasA noArpyimna rpynnsl G u K(N) —
KOoMMyTaHT Tpymmbl N. Jloka3ath, 4To K(N) siBiseTcss HOpMasb-
HOM moArpyImoi B G (cpaBHUTe ¢ TprMepoM 11 Ha cTp. 34).

Puc. 8

§ 13. Tomomopdusm

Tomomopgusmom rpynnsl G B rpymiry F Ha3bIBaeTCAa
oTobpaxenue ¢: G — F Takoe, uto ¢ (ab) = p(a) - ¢ (b) ana mo-
6bIX 31eMeHTOB a u b rpynnel G (3zech mpousBesieHue ab bepercs
B rpyune G, a npousBezienue ¢ (a) - ¢ (b) B rpynne F). l'omomop-
¢u3M oTIYaeTcs OT U30MopdU3Ma TEM, YTO IIPU roMmoMopusmMe
He TpebyeTcs B3aUMHOM 0ZJHO3HAYHOCTH.
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lpumep 12. [lyct G —rpymnmna BpamieHud kKyba, a Z,—
Ipylna IOACTaHOBOK /BYX TeTPas/poB, BIIMCAHHBIX B Hero (cMm.
cTp. 38). KaxxzoMy BpalleHuUIo Kyba COOTBETCTBYET OllpeJiesieHHAsA
IIOJCTAaHOBKA TeTPadZApOB; IIPU IOC/AeA0BaTeJbHOM BBIIIOJIHEHUHU
[BYX BpallleHuil Ky6a COOTBETCTBYIOIIME MOACTAaHOBKU TETPadj-
pOB IepeMHOXaroTcs1. TakuM 0o6pa3oM, OTOOGpakeHHE TI'PYIIIbI
BpallleHNi Kyba Ha IPYIILy [IOACTAHOBOK JIBYX TETPasApOB — IO-
MOMODPQU3M.

132. IIycth ¢ : G — F — romomop¢uam rpymisl G Ha Tpymmy F.
Eciu rpynna G KOMMyTaTUBHA, TO U F KOMMyTaTHUBHA. JJoKasaTs.
BepHo i 06paTHOE yTBEpIKAeHHE?

133. [lokasatb, yTo npu romoMopdusme rpynnsl G B rpynny F
€[IMHULIA IPyNIbl G MepexojuT B eIMHUILY I'pymsl F.

134. Jlokasatb, uto @ (a~1) = [ (a)]~!, rae ¢ : G — F —romo-
MopdU3M U B JIEBOM YacTu oOpaTHBIM OepeTca B rpymmne G, a B
IIpaBoy yacTu — B rpymie F.

135. Ilyctb ¢,: G — F u ¢,: F - H —romomopduamsl. Jloka-
3aTh, YTO P4 : G — H — romomopusm.

Ba)xHbIe IIpUMepH TOMOMOPQU3MOB NOMYYAIOTCA C IIOMOIIBIO
CleiyIonIel KOHCTPYKINH «eCTECTBEHHOTO TOMOMOpPdU3Ma».

[Tycte N —HoOpMasbHasd noarpymnmna rpynmnel G. PaccmoTpuMm
ciefytolee oTobpaxxeHue ¢ rpymnsl G Ha akroprpymmny G/N': co-
IIOCTaBUM KaXXZOMYy JIeMeHTY g Tpynnsl G TOT CMeXXHbIH kiace T,
KOTOPBIN COZIEPXKUT IEMEHT g.

136. Jlokasath, 4T0 ¢ : G — G/N — romomopdu3M rpymmnsl G
Ha tpynmy G/N.

OTrobpakeHUEe ( Ha3bIBAIOT eCMeCmeeHHbLM 20MOMOPPHUIMOM
rpynmbl G Ha dakToprpymmy G/N. Mbl OKasaiu, 4TO € KaKAOM
HOPMAaJIbHOM MTOATPYIITON CBA3aH HEKOTOPhIK romomMopduam. I1o-
KaXeM, YTO U 0OpaTHO, KaXJblii roMoMopdusM rpynmsl G Ha
rpynny F MoXHO paccMaTpuBaTh KaK eCTeCTBEHHBIH TOMOMOp-
¢usm G na daxroprpynny G/N mo moaxopsiiedl HOpManbHOMN
HmoArpymIe.

[lycts ¢ : G — F — romomop¢u3M, TOrza MHOKECTBO 3JI€MeH-
TOB g TAaKUX, 9TO ¢ (g) = e, Ha3BIBAETCA A0POM 20MOMOPPHUIMA P
u obosHavaercs Ker ¢.

137. JokasaTs, yTo Ker ¢ — noarpymmna rpynmnst G.

138. JokasaTh, uTrOo Ker ¢ — HOpMaibHadA MOArpyIIa IPYIl-
sl G.
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PaccmoTpum pasnoxeHue rpynmsl G o aapy Ker ¢.

139. JlokasaTp, 4TO g; U g, JIeXKaT B OZHOM CMEXHOM Kjacce
TOTZIa ¥ TOJNBKO TOrzAa, Koraa ¢ (g;) = ¢ (gs)-

Teopewma 3. Ilycms ¢ : G — F — 2omomopdusm epynnst G Ha
epynny F, mozda omobpaxcerue ) : G/ Ker ¢ — F, conocmagasio-
wee KancooMy CMeNCHOMY Kaaccy 3HaueHue ¢ (g) Ha Kakom-HUGYOb
(u moeda sobom, cm. 139) ezo anemenme g, s8asiemes uzomopPus-
MOM.

Jloka3aTenbCTBO 3TOM TeOpeMBI COAEPKUTCA B PellIeHUAX CIely-
IOIUX 3aad.

140. [Jloxaxxure, 9TO 1) €CTh OTOOpAKEHUE Hd.

141. [lokaxuTe, 4YTO Y — B3aUMHO OZHO3HAYHOE OTOOpaKEHHeE.

142. Jlokaxkure, 4TO ) — U30MOPDHU3M.

[IpuBeseM npuMep NpUMeHEHHUs JOKa3aHHOMN TeopeMBl.

ITpumep 13. B 3azave 110 Tpeb60oBaIOCH BEIACHUTH, NU30MODPG-
Ha s GaKTOPrpyIIia IPyHIBl CMMMETPHUH KBaZpara 110 HOpMaJlb-
HOU TIOATPYIIIIe OTPaXeHWH OTHOCUTENIBHO LIEHTpa TpyIIe Bpa-
IeHui KBaJpaTa WM TPyIle CMMMeTpuii pomba. Kaxzomy aie-
MEHTy TPYIIbl CUMMeTpHUI KBajpaTa COOTBETCTByeT HeKOTOpas
MIOZICTAHOBKA Ocell cuMMeTpud 1y, Ly, I3, I, (puc. 9). Ilpu atom
auaroHas [, u l; MOTyT IepeXoguTh TOJBKO ZIPYT B IpYTa, a OCH L,
U |, — Taxke gpyr B Apyra. Mbl Ioly4aeM TakuM o6pa3oM OTOO-
pakeHHe IpyIIBl CUMMeTPUH KBaZpaTa B TPYIIy IIOJICTAHOBOK
4yeThIpeX 3MeMeHToB: [, l,, I3 u ;. OTo oTOOpakeHUe ABIAETCA
roMoMop¢$HU3MOM Ha BCIO IPYIITY TaKUX IOJCTAHOBOK, 4TO [; U I3
nepexogar Bl uls,al, ul, B, ul, (mpoBeprre). dTa rpymma co-
CTOWT U3 YeThIPEX I0ACTaHOBOK U M30MOpQHA I'PYIIIe CUMMETPUI
pomba L;L,L5L, (puc. 10). Aapom mocTpoeHHOro romomMmopdusma
ABJIAIOTCA BCe CUMMETPHM KBajpaTa, IepeBoAslre KaXAyIo U3
4yeTblpex ocell CHUMMeTpUH B ceOd. HeTpyAHO IIPOBEPUTH, UTO

Ly

Ly Ly

Zl lZ 13 Lz

Puc. 9 Puc. 10
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TaKUMU [IpeoOpa3oBaHUAMY ABJIIIOTCA TOJIBKO e U IleHTpalbHasd
cuMmMeTpusa a. CrefoBaTesbHO, 0 TeopeMe 3 IMOArpyIIIa OTpa-
JKeHUI OTHOCUTEJbHO LIeHTpa {e, a} — HopMaJsbHas MOATPYIIa B
IpyIIIe CHMMETPUM KBaZ[paTa, ¥ COOTBETCTBYIONAsA GaKTOPTpyIIa
r“30MopdHa IpyIIe CUMMETPHI poMba.

[Tono6HBIM 06Pa30M MOXXHO PELIUTh CJIEAYIONINE 3aJaqH.

143. Jlokasarts, 4yTO BpaleHus TeTpasgpa Ha 180° BOKpyT ocels,
IIPOXOZJAIINX Yepe3 cepeHbI IIPOTHBOIIONIOXXHEIX pebep, BMecTe ¢
TOXKZIECTBEHHBIM IIpeo6pa3oBaHreM 00pasyloT HOPMaIbHYIO NOJ-
TpynIy B TpyIIle CHMMeTpHUI TeTpasZpa, U HaliTH COOTBETCTBYIO-
myro GaKTOPTpyIILy.

144. Jloxasatb, 4yTO BpalleHus Kyba Ha 180° BOKpyT ocell, mpo-
XOZJAIINX Yepes LIeHTPHI IPOTHUBOIONIOKHBIX I'PaHel, BMecTe C TOX-
JeCTBEHHBIM IIpeoO6pa3oBaHreM 00pa3yloT HOpMaJIbHYIO NOATPYII-
Iy B IpyIIIe BpalleHui Kyba, 1 HAUTHU COOTBETCTBYIOILYIO GpaKTop-
Tpymmy.

145. IlycTh Ha IUIOCKOCTH JaH IIPABWIBHBIN N-yrONbHUK C IIeH-
TpoM O. IlycTh R —rpyImma BcexX BpalleHUM IUIOCKOCTU BOKPYT
Touku O. PaccMOTpUM NOATPYINy Z, BceX BpalleHU IUIOCKOCTH,
MIEPEBOAANINX IPABWIBHBIN N-YTOIBHUK B cebs. JlokasaTh, YTO 3TO
HOpMaJIbHas HoArpymIa rpynmsl R u uro R/Z,, = R.

146. Ilycts N; u N, — HOpMaJbHbIE TIOATPYIIIIBI COOTBETCTBEH-
HO B rpynnax G; u G,. JlJokasarnp, 4to N; X N, — HOpMaJsbHasd 10J-
rpynma B G; X Gy 1 (G; X G4)/ (N7 x Ny) = (G,/N;7) % (G5/N>).

147. MoryT 11 fBe Hen3oMopdHEbIe I'PyIIIB UMeTh H30MOpHbIe
HOpPMaJIbHbIE TIOATPYIIIIEI ¥ M30MOpHBIE GAKTOPTPYIIILI 10 HUM?

148. MoxeT i TpyNIia UMeTh Be U30MOPQHbIE HOpMaIbHbIE
MIOATPYIIIIEL, GAKTOPTPYIIIEL IO KOTOPEIM HEM30MOPQHEI?

149. MoxeT Ju TpylIla UMETh HEM30MOpOHBIE HOpPMAaJbHBIE
HOATPYIIIBEI, GaKTOPTPYIIIEL II0 KOTOPHIM U30MODPGHEL?

[TocMOTpPUM Temephb, YTO INPOUCXOAUT IIPH ToMoMopdusme
C TOATpyNIaM{, HOPMAaJabHBIMU MNOATPYNIAMM, KOMMYTaHTaMHU.
[ycts ¢ : G — F —romomopdusm, u mycTh B G BHIOPAHO HEKO-
TOpoe IOAMHOXeCcTBO M, Torza obpasom MmHoxmecmea M 1pu
romomopodusme ¢ (obo3Hauaercs ¢ (M)) OyzeT Ha3BIBATHCSA MHO-
JKECTBO BCEX MEMEHTOB U3 F, nMeroux XoTsa 65 0Z1H Ipoobpas
B M. ObpaTHO, nycTh P — noagMHOXecTBO B F, TOrZa nosiHsim npo-
o6pasom P (o6osuavaercs ¢~ (P)) GyzeT Ha3bIBAThCA MHOKECTBO
BCEX 37eMeHTOB U3 G, 06pa3bl KOTOPHIX MONAZAAT B P. 3amMeTuM,



42 Inasa I. I'pynnut

9TO 3HaK (p~! OTZENBHO OT P He MMeeT CMBICIA: I TOMOMOP(U3-
Ma, BOOOIIe TOBOPs, HE CYIeCTByeT 06paTHOIo Mpeobpas3oBaHMUS.
3aMeTuM TaKxe, 9To eciu ¢ (M) =P, To ¢~ (P) conepxur M, HO
He 00s13aTeIbHO ¢ HUM coBmazaeT (puc. 11).

eH(P)

@ (M)=P

O/

G — F

Puc. 11

150. Jlokasatb, yTo 06pa3 moarpynnsl H rpynmns! G Ipy roMo-
mopdusme ¢: G — F ABjseTcA NOATPYIIIOHN B rpymre F.

151. ITyctes H —nmoarpynma B F u ¢: G — F — romomopdusm.
Jlokasats, uro ¢~ (H) — moarpymmna B G.

152. Tlycte N — HOopMasibHaA moArpynna rpynnsl F u ¢: G —
— F — romomopouam. Jlokazars, 4To ¢~ (N) — HOpMaJbHas MO/~
rpymmna rpymnmsl G.

153. Ilycth ¢: G — F —romomopousm, K; u K, — KOMMyTaH-
THI rpynn G u F. Jlokasatk, 4To ¢ (K;) cogepxurcsa B K, u K; co-
Jaeputes B ¢~ 1(Ky).

154. Ilycte N — HOpMasIbHaA noArpymnmna rpynnsl G u ¢ — ro-
MomopouaMm rpynmnsl G Ha rpynmy F. Jlokasats, 94To ¢ (N) — HOp-
MaJIbHad MoATpymna rpynmnsl F.

155. Ilycte K7 u Ky — KoMMmyTaHThl rpynn G 1 F u ¢ — romo-
Mopdu3m rpymmsl G Ha Tpymiy F. Jlokasats, uto ¢ (K;) = K,. Bep-
HO Jin, uTo K7 = p~1(K,)?

§ 14. Paspeniumsle rpynibl

CymiecTByeT Ba)XXHBIHM KJjIacC TPYIIL, OJIU3KUX K KOM-
MYTaTUBHBIM, — TaK Ha3blBaeMble pa3pelInMble TPYMIEL. Paspe-
IIMMBIMUA OHU Ha3bIBAIOTCS IOTOMY, YTO BO3MOXKHOCTbH PEIIUTDH
anrebpanyeckoe ypaBHeHHe B paJiMKaiaxX, KaK Mbl YBUIUM, 3aBU-
CHUT OT pa3pelrMOCTH HEKOTOPO# TPYIIIIHIL.
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[Tycts G — HekoTopas rpymnmna u K(G) — ee xommyTtasT; K(G)
caM ABJIAETCSA PYIIION, U B HEM TaKKe MOXXHO PacCMOTpPeTh KOM-
myTtaHT K (K(G)). B monydeHHOH TpyIilie CHOBA MOXXHO pacCMOT-
peTb KOMMYTAHT U T. A. I'pymmy K (K r(K (G)...)) 6yzem pys kpar
KocTu obo3Hauath K, (G). Takum obpasom, K, 1(G) =K (K, (G)).

OnpepgeneHnue. I'pynma G Ha3bBaeTcsa paspewumotil, eciu
nernouka rpynn G, K(G), K,(G), K3(G), ... 3akaHuuBaeTca Ipu
HEKOTOPOM KOHEYHOM N eJWHWYHOM TI'pyNIoH, T.e. IIpU HeKOTO-
poMm n nonyyaeM K, (G) = {e}.

Hanpumep, 106ast KOMMyTaTUBHAs TPYII-

Ila paspelnMa, Tak Kak eciu G — KOMMY- ﬁ
TaTUBHaA TpylIa, TO yKe Ha IepBOM Ilare

nosnydaeM K (G) = {e} (cm. 117). Takke rpyti-

na G paspelnma, ecjiu ee KOMMyTaHT KOM-

MyTaTUBeH, Tak Kak Torga K, (G) = {e}.

156. BbIACHUTBH, paspelnMbl WIA HET
cllefyiolyie TPYIIBL: a) IUKJINYecKas rpyl-
na Z,, 6) rpymnmna CHiMMETPUH TPEYTOIbHUKA, Puc. 12
B) IpylIla CUMMeTpuH KBajpara, T') Tpyl-
ma kBaTepHUOHOB (cTp. 126), ) rpymnma BpalleHUMl TeTpaszpa,
€) IpyIina CUMMeTpUii TeTpas/ipa, ) TPyIina BpalleHuit Kyba.

Bce rpymnmel, paccMoTpeHHEBIE B 3aza4e 156, okasbIBaoTCA pas-
PEIIMMBIMHY, I03TOMY ECTECTBEHHO BO3HMKAET BOIPOC, a OBIBAIOT
JIv BOOOI1le Hepa3pelrMble rpymnibl. Hioke MBI HOKa)KeM, 9TO 2pyn-
na epaweHull npaswibHozo dodekasdpa (puc. 12) Hepaspemmuma.

157. CKoO/IBKO 27IeMeHTOB B IpyIlle BpallleHUH JoAeKasapa’?

Bce BpaleHus JofieKasapa MOXKHO pa3buts Ha 4 ki1acca: 1) Tox-
JleCTBEHHOe TIpeobpa3oBaHue; 2) BpalleHUs BOKPYT OCel, IPOX0-
JALINX Yepe3 IeHTPHl [IPOTUBOIONOXKHBIX I'paHel; 3) BpalieHuA
BOKPYT Ocel, IPOXOJAMMX Yepe3 NMPOTUBOIOIOXKHBIE BEepIINHBI;
4) BpalleHusA BOKPYT OcCel, IPOXOAAIMINX depe3 cepeJUHbl IPOTH-
BOIIOJIOJKHBIX pebep.

158. CKOJIbKO 3/IEMEHTOB COZEPXKUTCA B KaXXJOM U3 dTUX KJlac-
coB (B KJIacchl 24 TOX/ECTBEHHOE TpeoOpa3oBaHUe He BXOJWT)?

159. Ilycte N — npou3BOJIbHAA HOpMaslbHasA IIOArPYIIIA B I'PYII-
Ile BpalleHuH jofieKaszapa, U MycTh B N COAepKUTCA XOTSA ObI OfH
aJIeMeHT M3 HeKoToporo kjiacca 1-4. JlokasaTs, uTo Torga B N co-
JIEP’KUTCSA BECh COOTBETCTBYIOIIME KJlacc.
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Takum 06pa3oM, KaXKAbIN U3 KI1accoB 1-4 b0 MOTHOCTHIO He
BXOZIUT, JINOO ITOJTHOCTBIO BXOAUT B N.

160. [JokasaTb, UTO B I'pylIle BpallleHUH JozekasApa He cyle-
CTBYeT APYTMX HOPMaJbHBIX NMOATPYIII, KpoMe {e} U Bcel IpyIIIIHL.

161. IlycTe rpynna G HeKOMMYTaTUBHA U He UMeeT HOpMaJb-
HBIX MOATPYMI, OTIWYHHIX OT {e} U G. JlJoka3aTb, uTo rpynna G
HepaspellrMa.

13 3aza4 160 u 161 BeITEKaeT, UTO I'PyTINa BpalleHUH AoAeKad-
pa HepaspeluMa.

PaccMoTpuM ellle HECKOABKO 3a/ad, pe3ysbTaThl KOTOPBIX IIO-
TpeOyIoTCsA HaM B JaJbHEHIIeM.

162. [loxkazaTh, YTO BCAKAs IOATPYIIA PAa3pEIIMOM T'PYIIIHI
paspeniumMa.

163. Ilyctb @¢: G — F —romomopdusm rpynnsl G Ha rpynny F
u rpynna G paspeninMma; Jokasath, 4YTO U Ipynmna F paspemmma.

164. IlpuBecTtu npumep, Korza rpynna F paspemmma, a rpym-
na G Hepaspeurnma (CM. IpeAbIAYLIYIO 3a4a4y).

165. IlycTs rpymma G paspentuma u N — HOpMabHasA MOATPYII-
na B G. JlJoka3arts, 4ro ¢akroprpynna G/N paspeumma.

166. Jlokasate, 4TO eciau rpymnnbl N u G/N pa3peumsl, TO U
rpynmna G paspeluma.

167. Ilycts rpynnsl G U F paspemmMsbl. Jloka3aTb, YTO TpyI-
na G x F paspemuma.

168. Ilycts rpynna G paspemmMa. Jloka3aTb, YTO TOrza Cy-
mlecTByeT Ienouka rpymmn Gy, Gq, ..., G, Takad, uro: 1) Gy = G;
2) xaxzaa rpymna G; (1 <i<n) aBageTca HOpMaJbHOHN MOATPYII-
ot B rpymne G;_;, u Bce GakToprpynmnsl G;_; /G; KOMMYTaTUBHBI;
3) rpynna G,, KOMMyTaTUBHA.

169. IlycTb Ana rpynibl G CyLIIECTBYET IelloYKa IPYII CO CBOM-
CTBaMH, yKa3aHHBIMU B YCJIOBUM IpeAblAyllell 3afauu. Jlokasars,
4yTo rpynna G paspemuMma.

Pesynbratel 3ag7a4d 168 1 169 mokasplBaloT, YTO CYIeCTBOBA-
HUe AjA Tpynnel G LENOYKU TPYII C YKAa3saHHBIMU B YCJIOBUU
3azauyu 168 cBolicTBAaMU PaBHOCKIBHO IOHATHUIO Pa3pelIrMOCTU
M caMO MOXeT OBITh IPUHATO 3a OIpeZieJieHWe PaspellrMOCTH.
Eme ofHO sKBHUBajeHTHOe OIpe/ielleHNe PaspellMMOCTH MOXKHO
MIOJIYYUTh, UCIIONb3YS Pe3y/IbTaThl ABYX CIeAyIoNX 3ajad.

170. Ilycte rpynna G paspemmuma. /lokasaTh, 4YTO TOrZa Cylle-
CTByeT Uenoydka rpynn Gy, Gy, ..., G, Takad, 4to: 1) G, = G; 2) Kax-
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fgad rpynna G; (0 <i<n-—1) cogep>XUT HEKOTOPYIO KOMMYTaTHUB-
HYIO HOpMaJbHyI0 oArpymiy N; Takyto, 9o G; /N; = G, 4, 3) TpyT-
na G,, KOMMyTaTHBHa.

171. IlycTb anid rpynnsl G CylecTBYeT Ifellouka I'PYIIII CO CBOM-
CTBaMHU, YKa3aHHBIMU B NIpeAbIAyIeli 3azade. /lokasaTh, YTO IPyII-
na G paspelmumMa.

§ 15. IToacTaHOBKH

PaccMmoTpuM cetiuac 6osee mogpoOHO nodcmaHosKu
(T. e. mpeo6pa3oBaHysA) Ha MHOXKECTBe [IEPBbIX 11 HATypaJIbHBIX YH-
cenl, 2, ..., n; 5TU NOACTAHOBKYU MBI OyZieM Ha3bBIBATb N0OCMAHO8-
kKamu n-i cmeneHu. 3aMeTHM, YTO ITOACTAHOBKY HA IIPOMU3BOIBHOM
MHOKECTBE C 11 37leMeHTaMHU MOKHO CBECTH K pacCMaTpHBaEMbIM
MIOZICTAHOBKAM, /I 4ero JOCTaTOYHO 3aHyMepoBaThb 3JeMeHThI
MHOKeCTBa HaTypaJbHBIMU 4MciaaMu 1, 2, ..., n. IIpousBoIbHYyIO

12..n

i1y ... in)
rae i,, — 3To obpa3 aymeMeHTa m MpU JaHHOM mojcTaHoBKe. Ha-
[IOMHUM, YTO IIOZCTAaHOBKA — B3aMMHO OZHO3HAYHOE OTOOpaKe-
HUe, IO3TOMY BCe 3/IeMeHTHI B HIDKHEH CTpOKe pasINyHBL.

172. CkosbKO CyIlecTByeT pasjNYHBIX [TO[CTAHOBOK Nn-ii creme-
HU?

Onpezpenenwue. I'pyniy Bcex IOACTAHOBOK N-i CTEIEHH C
OOBIYHOM Omepanueil YMHOXKeHUs (T. e. KOMIIO3UI[UN) TTOACTaHO-
BOK*) Ha3bIBAIOT cumMempuueckoil epynnoil cmeneHu n 1 0603Ha-
4awT S,.

173. JokasaTs, 4TO IIpu n = 3 rpynmna S,, HeKOMMyTaTUBHA.

[ToAcTaHOBKA MOXKET HEKOTOPBIE 3JIeMeHTHI IlepeMellaTh, a Apy-
r'Yie OCTaBJIATh Ha MECTe; IIPU 3TOM MOXKeT OKa3aThCs, YTO IepeMe-
ImaeMble JIEMEHTHI ITlepeMelaioTes Kak Obl 1o Kpyry. Hanpumep,
MIOICTAaHOBKA

IIOZAICTaAHOBKY n-ii cTeleHW MOXKHO 3aIlKcaTh B BHE (

1234567
4263517

OCTaBJ/ISIET HA MeCTe 3JIeMEeHTHl 2, 5 U 7, a ocTajlbHble 3JeMeHThHI

*) CoIVIacHO HallleMy OIpeZe/ieHHI0 IIPOU3BeJeHUsT Mpeobpa3oBaHuit
(ctp. 19) MBI GyzeM paccMaTpuBaTh IPOU3BeAEHHE IOACTAHOBOK CIIPaBa
HaJleBo. VIHOIZIa IpOM3BeAeHNE IIOACTaHOBOK PacCMaTPUBAIOT C/leBa HaIpaBo.
[MonyyaeMble B 060UX CIy4asx TPYIIbl U30MOPHEL.
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nmepeMelarTca o kpyry: 1 -4, 4 —» 3, 3 —» 6, 6 — 1. Tloacra-
HOBKHU TaKOT'O THUIIA Ha3BIBAIOTCA YUKAUUECKUMU NOOCMAHOBKAMU
WIHM TIPOCTO yukaamu. g ODUKINYeCKUX IOACTAHOBOK MBI Oy-
JIEM WCIIO/Ib30BAaTh ellle APYrylo 3amuch. Hampumep, BeIpa’keHUEe
(1436) 6ymer ob60o3Ha4YaTh MOJACTAHOBKY, MEPEBOAALIYI0 1 — 4,
4—3,3—6,6— 1 U1 OCTaBJIAIOIIYIO OCTAJbHbIE 3JIEMEHTHl pac-
CcMaTpUBaeMOro MHOXecTBa Ha MecTe. Tak, ec/ii 3Ta [10JCTAaHOBKA
7-# cTeneHu, TO OHa COBIaZaeT C NOACTaHOBKOM, pacCMOTPEeHHOH
BBIIIE.

He Bcakas mofcTaHOBKA ABIAETCA IUKINYecKoi. Hampumep,

IIOZICTAaHOBKA
123456
354126

LUKJINYECKOU He ABIAeTCA, HO ee MOXXHO Ipe/ICTaBUTh KaK IIPOU3-
BeJleHUE JIBYX LIUKJIOB:

(122439 -a20-eo)

[TosydyeHHBIE IUKJIBI IepeMellaloT pa3Hble 3JIeMeHThI, TaKue I[UK-
JIbI Ha3BbIBAIOTCA He3asucumbiMu. JIETKO BUJETb, YTO IPOU3Bese-
HUe He3aBUCUMBIX IJUKJIOB He 3aBUCUT OT IIOPSAAKA UX CIeJOBaHUS.
Ecnu He pa3nuyaTh Ipou3BeZieHHUA He3aBUCHUMBIX IIUKJIOB, OTIMYa-
IOIIKECS JIUIID TOPAZAKOM CIeZIOBaHUs, TO OyZeT BEPHO CIeytolee
yTBEpXK/JeHue.

174. Jliobasa moACTaHOBKA €AMHCTBEHHBIM 00pa3oM (C TOYHO-
CTBIO IO TIOPSIIKA COMHOXXUTeJIeN) pasjiaraeTcs B IIpOU3Be/ieHLe
HECKOJIbKUX HEe3aBHCHUMbBIX ITUKJIOB. /loKa3aTh.

Lukoret Buga (i, j), mepecTaBsSIONIE TOMBKO /IBa 3JIeMeHTa, Ha-
3BIBAIOTCSA MPAHCNO3UYUAMU.

175. JlokaszaTb, YTO IIPOU3BOJIBHBIN ITUKJ MOXKHO Pa3jIOKUTh B
MIpoU3BeIeHE TPAHCITO3ULINH (He 0653aTeTbHO HE3aBUCHMBIX).

Tpancnosuuuu (1, 2), (2, 3), ..., (n —1, n) Ha3BIBAIOTCS JJIEMEH-
MAapHbLIMU MPAHCNO3ULUAMU.

176. /loxasaTb, 4TO IIPOU3BOJIbHAA TPAHCIIO3UIINSA TIPeCTaBIIA-
eTcs B BUJle IPOU3BeZIeHNs dJIeMeHTAPHBIX TPAHCIO3UIINHT.

Vi3 pesynbraToB 3aza4 174-176 BbITekaeT, UYTO IIPOU3BOJIbHAA
MTOJCTAHOBKA N-U CTEIIEHU MOXET OBITh IpeACTaBIeHa KaK POU3-
BeZleHUe 3/leMeHTapHBIX TpaHCIo3uluii. IHEIMU c10BaMu, BepHa
cezyrollas TeopeMa.
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Teopema 4. Eciu Hekomopas nodepynnd cummempuueckoil
epynnul S, codepycum 8ce neMeHMAapHble MPAHCNO3ULUL, MO Ima
nodepynna cosnadaem co gceil epynnoil S,,.

[TycTe ymcna 1, 2, ..., n 3aIKCaHbI B CTPOKY B HEKOTOPOM IIPOU3-
BOJIBHOM Mopsifike. CKaskeM, YTO mapa 4ducen i, j o6pasyeT uHsep-
CUt0 B 3TOHN CTPOKe, ey 1 < j, HO j BCTpedaeTcs B CTPOKe paHb-
11e, yeM i. YucIo MHBEPCUi XapaKTepusyeT 6ecriops/ioK B JaHHOM
CTPOKe II0 OTHOLIEHUIO K OOBIYHOMY IOPAAKY 4mcern 1, 2, ..., n.

177. Haiitu umnciio UHBepcUit B cTpoke 3, 2, 5, 4, 1.

B panpHelmeM Hac 6yeT MHTepecoBaTh HE CAMO YMCJIO UHBED-
CHH, a TOIBKO YE€THOCTD 3TOTO YNCIA.

178. [loxasaTb, 4TO YeTHOCTb YKCJIa MHBEPCUH B CTPOKE MEHs:-
eTcs, ecIv IOMEeHATh MecTaMU Ba IIPOM3BOJIbHBIX YHCIIA.

12...n
Onpexnenenue. [logcTaHoBKa i ; ) HasBIBaeTCA uem-
1 2 cee n

HOU WX HeuemHOl B 3aBUCUMOCTH OT TOTO, Y€THOE WIU HederT-
HO€ YMCJIO UHBEPCUM MMeeTCs B HIDKHEN cTpoke. Hampumep, TOX-

12...n o
JecTBeHHas MO/ CTaHOBKA (1 o5 ) ABMACTCA YETHOM MOACTAHOB-

KO, Tak KaK YMCJI0 MHBEPCUN B HIDKHEHN CTPOKe paBHO HYJIIO.

179. OmnpezenuTh 4€THOCTb OACTaHOBKU (; 234 5).

5413

180. /[loka3zaTh, YTO IPU YMHOXEHUH YeTHON IIOACTAHOBKU
clipaBa Ha IMPOU3BOJBHYIO TPAHCIO3UIIUIO IOMydyaeTcsd HedeTHas
MTOJCTAaHOBKA U, HA0O60OPOT, IIPH YMHOXKEHUY HEYETHOH IOACTAHOB-
KU CclIpaBa Ha TPAHCIO3UIUIO IToJlydaeTcsa YeTHas MOACTaHOBKa.

181. [lokasaTk, YTO YeTHAas MOJCTAHOBKA MOXKET OBITh pPa3JioxKe-
Ha B IIPOU3BEZIeHNE TOJIBKO YETHOTO YKCJIa TPAHCIIO3UINH, a He-
yeTHas B IIPOU3BE/IEHNE TOJTHKO HEUETHOTO YMC/IA TPAHCITO3UITHH.

182. OmpezaenuTsb Y4eTHOCTD IIPOU3BOIBLHOTO IIMKJIA AJUHBL: a) 3,
6) 4, B) m.

183. JlokasaTb, 4TO IIpU YMHOKEHUH JABYX O[CTAHOBOK OZNHA-
KOBOI YeTHOCTH II0Iy4aeTcs YeTHasA [IOACTaHOBKA, a IIPU YMHOXKe-
HUM JBYX INOJCTAaHOBOK PAa3HOM YeTHOCTH IOMy4daeTcs HedeTHasd
MOJICTaHOBKA.

184. JlokasaTh, YTO MOACTAHOBKU d Y d~! MMEIOT OZIMHAKOBYIO
4YEeTHOCTD, I/le a — IPOU3BOJIbHAA IOCTaHOBKA.

W13 pesynbraTos 3aza4 183, 184 BrITEKaeT, YTO MHOXKECTBO BCEX
YETHBIX MOACTAHOBOK 00pa3yeT MOATPYIITY TPYIIIHI S,,.
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Onpepenenue. I'pymnma Bcex YeTHBIX IIOACTAHOBOK -1 cTe-
IIeHY Ha3bIBaeTCs 3HAKONepeMeHHOU epynnotl cmeneHu n ¥ 0603Ha-
qaetred A,,.

185. [loxasatb, 4TO IIpHU n = 4 rpymmna A, HeKOMMyTaTUBHA.

186. /lokasaTb, YTO 3HaKollepeMeHHad Ipynma A, ABIAeTcA
HOPMAaJbHBIM JeIUTeNeM CUMMEeTPHUIeCKOU TPy S,,, ¥ IIOCTPO-
UTH pasoKeHUe IPyInsl S, M0 MOArpyIIe A,.

187. OmnpezenuTs 4YUCIO IEMEHTOB B I'pyHIe A,,.

188. JlokasaTb, 4TO IPyIIEL Sy, S3 U S, Pa3pelIUMEL.

JlokakeM Telepb, YTO 3HaKollepeMeHHas rpynma A; Hepas-
pemmMa. OguH U3 CHOCOGOB JOKA3aTeNbCTBA 3TOTO COCTOUT B
crepytonieM. Heo6xoquMo B ZofekasAp TaK BOUCAThb 5 TeTpass-
POB, 3aHyMepOBaHHbIX uMcaamMu 1, 2, 3, 4, 5, 4TOOBl KaXAOMY
BpallleHUIO J0JeKasjpa COOTBETCTBOBala 4YeTHasdA IIOACTAHOBKA
TeTPa’JpoB, IpUYeM 4TOOBI Pa3HBIM BpallleHUAM COOTBETCTBOBA-
JIU pa3Hble MMOACTAHOBKU. DTUM OyZeT YCTaHOBJIEH U30MOpdUIM
MeX/y I'PYIIION BpallleHWi AojeKasgpa U TPYIION YeTHBIX IOZ-
CTaHOBOK 5-# cremeHU As. Torza HepaspemUMOCTb T'PYIIIB Asg
OyZeT ceZioBaTh U3 Hepa3pelnMOCTH I'PYIIIILl BpalleHUH oeKa-
aapa.

189. BmucaThb B oZieKasAp 5 TETPaspoB TPeOyeMbIM BHIIIIE CITO-
coboM.

Jlpyroii criocob foKa3aTeNbCTBAa HEPA3PEUIMMOCTH TPYIIIBL Ag
COCTOMT B IIOBTOPEHUHU WJEU J0KasaTelbCTBa HepaspellrMOCTU
IPYIIBL BpallleHu AoAekaszpa. [ oToro Hafo PEeLIUTb CIeAyIo-
e 3a/a4u.

190. [lokasaTh, 4TO J00as YeTHas IIOACTAHOBKA 5-i1 CTeleHH,
OTINYHAA OT TOX/ECTBEHHOMH II0CTaHOBKHY, pa3/araeTcs Ha Hesa-
BHCHIMBIe [[UKJIBI OZHUM U3 CIEZAYIOMIUX TPEX CIIOCOOO0B:

a) (iy iy i34 15), 6) (i1 iy1i3), B) (iy ip) (i3 i4)-

191. Ilycte N — HOpMaJIbHaA NOArPYyIIa IPynsl As. Jlokas3arTs,
4TO ecyiv B N COAEPXKUTCS XOTs ObI OZIHA TIOACTAHOBKA, OTIpe/iesieH-
HBbIM 06pa3oM pasararonascs Ha He3aBUCHMbIe ITUKIIbL (cM. 190),
To B N cozep:karcs Bce OACTAHOBKY, TAKUM Ke 00pa3oM pasJara-
Iolyecs Ha He3aBUCUMBbIe LIUKJIEL.

192. [loxasaTsp, 4yTO rpynna As He COAEPKUT HOPMAJIBHBIX I10/-
IpymI, KPOMe eJMHUYHOM NOATPYIIEL U BCel TPyIIIbL.

V3 yrBepxxgeHusa 3azad 192, 161 u u3s Toro, yro rpymnmna As
HEKOMMYTAaTHUBHa, BEITEKaeT HepaspellMOCTb IPYIIHI As.
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193. [lokasaTrb, 4TO CUMMeTpHUYecKasd rpynna S, Ipu n = 5 co-
JIEPKUT TOATPYIIILY, U30MOPGHYIO TpyTiIe As.

V3 yrBepxaeHutt 3aza4 193 u 162 monyiaeM Teopemy.

Teopewma 5. [Ipun =5 cummempuueckas 2pynna S, Hepaspe-
wuma.

JlokazaHHasA TeopeMa, a TaKXKe JAPYyTHe pe3yJbTaThl I1epBOU
IJIaBBI IOTPeBYIOTCA HaM B CJIeyIOIIel T1aBe JJis JOKa3aTelbCTBa
HepaspeluMOCTH B paZiuKaiax obIIUX anrebpandecKux ypaBHe-
HUI1 CTelleH! BhIlIe YeTBEPTO.

TeM, KTO 3aX04YeT U3YUYUTh TEOPHUIO IPymn bosee TybOKO, MOXK-
HO PEKOMEHZIOBATh KHUTH:

Kapeanonos M. ., Mep3asaxos FO. . OcHOBEL Teopyu rpymil. M.:
®usmatiut, 1996. (CII6.: Jlaub, 2003).

Bunbepz 3. B. Kypc anre6psl. M.: MIIHMO, 2017.



I'JTIABA 11

KOMIIVIEKCHBIE Y1 CJIA

[Ipy u3ydeHUU 4uces B Kypce cpefHel IIKOJIBI MBI
MIOCTENEHHO PACUIUPSIIA PACCMaTPUBAEMOE YHCIOBOE MHOXKECTBO.
[Ipy 3TOM OCHOBHOE yZapeHUe Aelajoch Ha TOT $akT, UTO TaKue
paciIMpeHus MO3BOJIAIOT HaM 60Jiee CBOGOZHO OTIEPUPOBATh C YKC-
namu. Tak, Ipu Iepexoze OT HaTypalbHBIX YHCE K [[eJIBIM CTaHO-
BUTCS BO3MOXKHBEIM BBIYUTATB JII00BIE YHCIIA, IIPY Ilepexofie K palu-
OHAaJIbHBIM YKCJIaM CTAHOBUTCS BO3MOXKHBIM JIEJTUTD JITOOBIE YncIa
U T. A. Ha camoM zene Gosee BaXKHBIM PE3YJIBTATOM TaKUX PacCII-
PEeHU OKa3bIBaeTcs TOT GAKT, YTO CBOMCTBA PACUIMPEHHOH cucTe-
MBI YacCTO IO3BOJIAIOT IIONyYaTh HOBBIE Pe3YJIbTAThl 00 MCXOAHOU
cucreme. Tak, HanpyMep, MHOTHe TPYZAHBIE 33/la4y TEOPUH YHCell,
Kacaroluecst TOJIbKO HaTYPaIbHBIX YUCEN, ObUTH PEIIeHBI C UCIIONb-
30BaHUEM J€HCTBUTENBHBIX U AaXKe KOMIUIEKCHBIX YHCEIL.

VicTopruecky KOMIUIEKCHBIE YKCIa MOSBWIMCH MMEHHO KakK
CPEZACTBO JJI pelleHHsA HEeKOTOPHIX 33Jad O JeHCTBUTENbHBIX
uynciax. Tak, HaIpyUMep, UTATbAHCKUN MaTeMaTUK Kapzaaso (1501
1576) npu pellleHHH KyOWYecKUX YpaBHEHUI HaxOAWI IIPaBUIb-
HBIE JeliCTBUTENbHbIE KOPHU, UCIONb3YS B MPOMEKYTOYHBIX BHI-
YHUCJIEHUAX «HeCYIeCTBYIOIINe» KBaJpaTHBlE KOPHU U3 OTpHLa-
TEeJIbHBIX YHCeJL.

Co BpeMeHeM KOMIUIEKCHbIE YHC/Ia 3aHUMAJIA Bce Hojee Bax-
HOe IOJIOKeHHWe B MaTeMaTHKe U ee IPWIOXKEHUAX. B mepByio
oyepezib OHU IIYOOKO MPOHUKIIN B TEOPHIO aire6panvecKux ypas-
HEHUI, TaK KaK B 00JaCTU KOMIUIEKCHBIX YHCEN U3yYeHHEe TaKuX
ypaBHEHMI OKa3asoch HaMHOTO Gosee yZo6HbIM. Hanpumep, Jiro-
60oe anrebpanveckoe ypaBHeHUE cTenieHU n (n = 1) ¢ AeHCTBUTEND-
HBIMU WIN KOMIUIEKCHBIMU K03 dUILieHTaMH UMeeT 10 KpaiiHei
Mepe OAVMH KOMILUIEKCHBIN KOPEHD (CM. HIKE «OCHOBHYIO TEOPEMY
anre6psl KOMIUIEKCHBIX YUCeN», CTP. 79), B TO e BpeMs He BCAKoe
anrebpanyecKoe ypaBHEHUE C AeHCTBUTENbHBIMU K03ddulieHTa-
MU UMeET XOTsI OBl OZIVH [IEHCTBUTETBHBIN KOPEHb.
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I[Tocie TOro Kak MOABWIACH MHTEPIIPETALUA KOMIUIEKCHBIX YU-
CeJI C IOMOIIBIO TOYeK IVIOCKOCTH ¥ BEKTOPOB Ha IVIOCKOCTH, CTaJIO
BO3MOXKHBIM INIPUMEHATh K H3y4eHHIO0 KOMIUIEKCHBIX YHCeJI I'eo-
MeTpUYecKue IMOHITHA, TaKue, HAllpUMeEp, KaK HeIlpPePbIBHOCTh
U reoMeTpuyeckoe npeobpazoBaHue. CBA3b KOMIUIEKCHBIX YHCEI
C BEKTOPaMHU IO3BOJIMJIA CBOAUTDH K KOMIUIEKCHBIM YHCIaM U ypaB-
HEHUAM /UL HUX MHOTHE 33/jaull MEeXaHWKH, 0COGEHHO THpo- U
a3POJAVHAMUKH, a TAKXKe TEOPUU MEKTPUIECTBA, TEOPUH TEIUIOTHI
U T I

K HacrosmeMy BpeMeHU M3ydeHHe KOMIUIEKCHBIX YHCeN Pa3BU-
JIOCh B OOJIBIION M Ba)XKHBIN pasfiell COBpEMEHHON MaTeMaTUKU —
Teoputo GpYHKIMI KOMIUIEKCHOTO MepeMeHHOro. JIoBoIbHO ry6o-
KOe 3HAKOMCTBO C KOMIUIEKCHBIMH YHCJIaMU U QYHKIHMAMY KOM-
IUIEKCHOTO IIe€PEMEHHOI'0 U NIPeJICTOUT YUTATENIO B 3TOH IVIaBe.

§ 1. ITosia 1 MHOTOYJIEHBI

JleficTBUTEIPHBIE YHICIA MOXXHO CKJIaZIbIBATh U YMHO-

’KaTbh, IPU 3TOM BO3MOXKHEI K 06paTHEIE Ollepalliy — BEIYUTAHUE
U ZeneHue. B cyMMax MOXXHO IIpOM3BOJIBHBIM 0Opa3oM IlepecTaB-
JIITH CjlaraeMble, IPOU3BOJIBHEIM 00pPa3oM pPacCTaBIATb CKOOKU.
Tak K€ MOXXHO IIOCTYIIaThb C COMHOXXHUTENIMU B IIPOU3BEJEHUAX.
Bce aTu cBO¥CTBa, a TakKe CBA3b MEXJY CIOKEHHEM U YMHOXe-
HHEM MOXXHO KPaTKO BBIPA3UTh CJIEAYIOIIUM 00pa3oM.

JleicTBUTeIbHBIE YHCIa 00IaZal0T CIeAYIOMKMU 3 CBOHCTBAMU:

1. OHM 06pa3yoT KOMMyTaTUBHYIO Ipyniy (cM. rasy I, § 3) mo
CJIOXKEHUIO (eJMHUYHBIN JIEMEHT 3TOU IPYIIBI 0003HaYaeTcs ye-
pe3 0 1 Ha3BIBAETCA Hy/lIEM).

2. Ecu ot6pocuth 0, TO OCTaBIIKECS YUCIa 00pa3yloT KOMMY-
TaTHUBHYIO I'PYIIIY II0 YMHOXEHHUIO.

3. CnoxxeHHe ¥ YMHOXKEHHE CBA3aHbl 3aKOHOM AUCTPUGYTHBHO-
CTH: JJI MI00BIX uncen a, b, ¢

a(b+c)=ab+ac.”)

Hannune 5THx 3 CBOMCTB OYeHb BAXKHO, TaK KaK OHU ITO3BOJISA-
10T yIIpoIllaTh apupMeTUUYecKre U airebpandyecKre BBIPAKEHUs,
peliaTh MHOTHe ypaBHeHUA U T. . [lelcTBUTe/NbHBIE YKUCIa — He

*) Kak 0OBI9HO, MBI 6yZIeM CYMTATh, YTO IIPU OTCYTCTBUU CKOOOK YMHOXe-
HHe BBINONHAETCA PaHbllle, YeM CIOXKeHHe.
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eZIMHCTBEHHOE MHOXECTBO, 00/1a/jatoliee STUMU TPEMS CBONCTBA-
mu. [I71s1 BeIZIENIEHUs BCEX TAKUX MHOXKECTB B MaTEMaTHKE BBEAEHO
CIenUaNbHOE MTOHSTHE.

Onpegenenue. EcTu Ha HEKOTOPOM MHOXKECTBE OTIpeZiesie-
HBI [Be GUHAapHBIe omepanuu (CIOKEHNE U YMHOXKeHUe), ob1aza-
IOIIYE BHIMMCAHHBIMU BBIIIE TPEMS CBOMCTBAaMU, TO TAKOE MHOXKE-
CTBO Ha3BIBAETCSA NOJEM.

194. BBIACHUTD, ABJISIOTCA JIU MOJISIMU CJIEeAYIOIIUE TTIOAMHOXKe-
CTBA [IEICTBUTEIHHBIX YHUCET C OOBIYHBIMU OTIePAL[AAMH CJIOKEHUS
Y YMHOXKEHUA: a) BCe HaTypaJbHBIE YUCIa; 0) BCe IeNble YHCIIA;
B) BCe pallMOHAJIbHBIE YMCIA; T) BCE YMCIA BUAA Iy + I, v/2, Tae 1y
U I, — IMIPOU3BOJIbHBIE pal[OHATbHbIE YUCIIA.

195. JlokasaTh, 4To B J0b60oM 1mose a -0 =0 -a = 0 ay1g 1o6oro
JTEMEHTA d.

196. Jlokasatb, uTo B jioboMm mone: 1) (—a) -b=a - (—b) =
=—(a-b), 2) (—a) - (—b) = ab pna m0OOBIX 371eMEeHTOB a u b.

197. IlycTb a, b — ameMeHTHI IPOM3BOIBHOIO TOMA U a - b = 0.
Jlokasarb, uTo 6o a = 0, 1160 b = 0.

[Mpumep 14. I[lycts Ha MHOXecTBe {0, 1, ..., n — 1} Kpome
omepaluy CJIOKEHU 0 MOAYIo n (cM. mpuMep 9, cTp. 25) 3a7aHo
elre yMHOdceHUe No MOJYJH0 N, TIPU KOTOPOM B Ka4eCTBe pe3yJIbTa-
Ta MPU YMHOXXEHUHU JBYX 4Yucesl GepeTcsi OCTaTOK OT JeJIEHUs UX
0OBIYHOTO TTPOU3BEIEHUS Ha N.

198. TlocTpouTh TAGMUIEI YMHOKEHUS MO MOAYIIO 2, 3 U 4.

199. Jloka3atb, 9YTO OCTATKH C OMEPALMAMU CJIOKEHUSI U YMHO-
JKEHUS MO MOZY/II0 N 06pa3yloT Iojie TOTAA U TONBKO TOT/A, KO-
r7ia n — MPOCTOE YHUCIIO.

Onpepenenue. PazHocmbio 271eMEHTOB b U a B IPOU3BOJIb-
HoM 11osie (0603HavyaeTcsa b —a) HaspIBaeTCA SJIEMEHT, ABJIAIOLINII-
csl pellleHueM ypaBHeHUA X +a =b (w1 a + x =b). YacmHbM OT
JeneHus aneMenTa b Ha a npu a # 0 (o6osHavyaeTcsa b/a) Hasbl-
BaETCs JIEMEHT, SBJISIONINICS pellleHueM ypaBHeHUsA ya = b (wiu
ay =b).

W3 pesynbraTa 3asa4u 24 U TOTO, YTO B II0JIE CJIOXKEHUE U YMHO-
JKeHUe KOMMYTaTUBHBI, BRITEKAET, 4TO a7eMeHTh b —a u b/a (npu
a # 0) ompezesoTcsa B TI060M I0JIe OIHO3HAYHO.

Tak Kak IoJie SBJISeTCS TPYIIOHN MO CIOXKEHUIO, a 6e3 Hy/Isd U
0 YMHOXXEHUIO, TO PABEHCTBO X + a = b paBHOCUIBHO pPaBEHCTBY
x =b+ (—a), a paBeHcTBo ya =b npu a # 0 paBHOCIIBHO paBeH-
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ctBy ¥ =ba~!. Takum obpasom, b—a=b+ (—a) ub/a=ba™1.

YuTaTesb IETKO MOXKET I0Ka3aTh, YTO OMePAIUH CJIOXKEHUs, BbI-
YUTaHUA, YMHOXXEHUA U [IeIEHUs B JTI0O0M Tojie 06J1a71al0T BCEMU
OCHOBHBIMU CBOMCTBaMU 3TUX OINEPAIUii B MOJIE A€HCTBUTENIbHBIX
yuces. B yacTHOCTH, B J11060M 10JIe 06€ Y4acTH JI060ro paBeHCcTBa
MOXKHO YMHOXUTh WIN Pa3/eNUTh HA JOOO0M 31eMeHT, OTIUYHBII
OT HyJIsA; JI000M WieH MOXXHO TMepEeHeCTH U3 OJHOU YacTU paBeH-
CTBa B JIPYTYIO C IIPOTUBOIIOIOXKHBIM 3HAKOM U T. AI. Iy mpuMepa
PacCMOTPHM OZHO U3 CBOMCTB, CBA3BIBAIOUIMX BIYUTAHHE U YMHO-
JKeHHe.

200. Jloxasatb, 4yTo B JtoboM mnone (a —b)c = ac — bc g mo-
OBIX 2/IEMEHTOB a, b, c.

Eciu K — HekoTopoe IIojie, TO MOXXHO, TaK >Xe Kak JJId I0Jd
MEeWCTBUTENbHBIX YHCEI, pacCMaTpUBaTh MHOTOWIEHHI ¢ KO3pdu-
IMeHTaMu U3 1o K win, JPyTMMY CJIOBaMM, MHOTOWIEHBI Has
moseM K.

OnpepeneHue. MHozouneHoM cmeneHUu n (n— HaTypab-
HOE YKCJI0) 0m 00HOU nepemeHHOl X Had nosem K HasbIBaeTcs
Jt060e BRIpaXKeHUe BUa

apx™ + a;x" 1+ L+, x +a,, @D

rie dg, dy, ..., 4, — 31eMeHTH monsa K, npudem a, # 0. Ecmm a —
JIeMeHT oJA K, TO BRIpaXXKeHHE d TAKXKE CYUTAETCA MHOTOWIEHOM
Haz oseM K, mpudeM eciu a # 0, TO 3TO MHOTOWIEH HYJIEBOII CTe-
IIeHH, ecii Ke a = 0, TO CcTeleHb TAKOro MHOT'OWIEHA CYMTAETCA
HeoIlpeZleJIeHHOM.

DJeMeHTH! dg, dy, ..., d, Ha3BIBAIOTCA K03PduUyUeHMaAMU MHO-
rowreHa (1.1), ay — cmapwum koagduyueHmom.

JlBa MHOTO4YIeHa OT lepeMeHHOM X CUUTAIOTCA PAaBHBIMU B TOM
Y TOJIBKO B TOM CJIy4ae, ecId Bce UX COOTBETCTBYIOLINe Koadduiu-
€HTHI TI0NIapHO PaBHBI.

[Iycte

P(x)=apx"+a;x" 1 +...+a, x+a,.

Eciu B IpaByo 4acTh 3TOTO PaBEHCTBA BMECTO X TOZCTAaBUTh HEKO-
TOPBIH 21eMeHT a oA K 1 Ipou3BeCTH YKa3aHHbIEe BEIYUCIEHNUA,
MIOHMMas ONlEPALUY CJIOXKEHUSA Y YMHOXKEHHS KaK Ollepalyy B HO-
se K, To B pe3ysnbrare MOJIYYUTCA HEKOTOPHIN ayeMeHT b mons K.
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B sToMm ciygae 3amuceBator P(a) =b. Ecim P(a) =0, tae 0 — Hy-
JIeBOM ajieMeHT oA K, TO TOBOPAT, YTO d — KOPeHb YPABHEHUS
P(x) =0; B 2TOM Cjlydyae TOBOPAT TaKKe, UYTO d — KOPEHb MHO20-
ynena P(x).

MHoOrowWIeHB! Ha/[ TPOM3BOIbHBIM TT0TeM K MOXKHO CKJIaJbIBaTh,
BBIYUTATh U YMHOXKATh.

Cymmotii MmHOrOwIeHOB P(x) u Q(x) Ha3bpIBaeTcs MHOTOWIEH
R(x), B xoTopoM Koadduuuent npu x* (k =0, 1, 2, ...) paBeH
cymme (B mone K) xoadduiueHToB mpu xK B MHOrowieHax P(x)
u Q(x). Tak e OIpeenaeTcs pa3HOCMb AByX MHOrO4WIeHoB. Ove-
BU/IHO, YTO CTENEHbh CYMMBI WIH PAa3HOCTH /IByX MHOTOWIEHOB He
6osiblile, YeM MaKCHUMAaJbHasA U3 CTeleHeH JaHHbIX MHOTOYJIEHOB.

YTob6bl BBIYHUCIUTh npousgedeHue MHOTOWIEHOB P(x) u Q(x),
HY)KHO KakJoe cjaraeMmoe ax* MuorowieHa P(x) yMHOXHUTb Ha
KaKzoe caraemoe bx! muorowrena Q(x) mo mpasuiy: axk - bx! =
= abx**! rme ab—npousBenenuie B none K, a k + [ — obbuHas
cyMMa HaTypaJbHBIX 4uces. [locie 3TOro Bce MOMydeHHbIe BbIpa-
JKEHUS HAJ0 CJIOXKHUTb, MPUBOAS MOJOOHbBIE WIEHEH, T. €. cOOMpas
BCe cjlaraeMble, COZEpIKallle OAHY W TY XK€ CTEIeHb I' IepeMeH-
HOM X, U 3aMeHaA cyMMy d,Xx" + dyx" + ... + d,x" BbIpaXeHHEM
(di+dy+...+d)x".

Eciu

P(x) =apx™ + a1 x" 1+ a,x" 2+ ... +a,,
Q(x) =byx™ + by x™1 + byx™ 2+ ...+ b,,,
TO

P(X) : Q(x) = aoboxn+m + (aobl + albO)xn+m_1 +
+ (a0b2 + albl + azbO)XYH-m—Z 4.+ anbm*).

Tak Kak ay # 0 u by # 0, To ¥ ayby # 0 (cM. 197), TOTOMY CTEeleHb
MHorowieHa P(x) - Q(x) paBHa n + m, T. . CTelleHb IIPOU3BeeHUA
JIByX MHOTOWIEHOB (OTUYHBIX OT 0) paBHa CyMMe CTeleHel AaH-
HBIX MHOT'OYJIEHOB.

Y4UuTBIBasH, YTO OMEPALNY CJIOXKEHUS U YMHOXKEHUS JJIEMEHTOB
B nosie K 06y1afjaloT CBOMCTBaMU KOMMYTAaTUBHOCTH, acCOLMATHB-
HOCTH Y JUCTPUOYTUBHOCTH, HETPYAHO IOJIYIUTh, YTO BBEIEHHBIE

*) Koadpdumuent npu x" ™K g npoussegenuu P(x) - Q(x) paBen apby +

+ayby_1+...+a,_1b; + ai by, npuuem 3xech HaZO MONOXKUTb @; =0 IpUi>n U
b; =0 mpu j >m.
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HaMU OIlepalyy CIOXKEHUSA U yMHOXXeHHs MHOTOWIEHOB HaJ Io-
seMm K Takxe 00/1aZIal0T CBOMCTBaMU KOMMYTAaTUBHOCTH, acCOIIH-
aTUBHOCTU U JUCTPUOYTUBHOCTH.

Ecnu

PO)+Q(x)=R;(x), P(x)—Q(x)=Ry(x), P(x)-Q(x)=R3(x)

na— HpOI/ISBOJIbeII‘/JI JJIEMEHT II0JIA K, TO JIETKO IIOJTYYUTh, YTO

P(a) +Q(a) =R;(a), P(a)—Q(a)=R,y(a), P(a)-Q(a)=Rs(a).

MHOTro4IeHb HaJi MPOU3BOJbHBIM IosleM K MOXHO /JIeUTb
JpyT Ha Jpyra c ocTaTkoM. PazziennTh MHOrowieH P(Xx) Ha MHO-
rowieH Q(x) ¢ ocTaTKOM — 3TO 3HAYMT HAWTH MHOTOWIEHH S(x)
(gactHoe) u R(x) (ocTaTok) Takue, 4YTO

P(x) =S(x)-Q(x) + R(x),

MpUYEM CTelleHb MHOrowieHa R(x) JomKHa OBITh MeHbIIE, YeM
creneds MHorouneHa Q(x), 6o Ao/mkHO 6BITE R(x) = 0.
[TycTb P(x) 1 Q(x) — npor3BOJIIbHbIE MHOTOWIEHBI HaZ rosieM K
u Q(x) # 0. ITokaxkeM, 4TO MOXXHO IOAEIUTh MHOrowieH P (x) Ha
MHorowIeH Q(x) c ocTaTKOM.
[Iycte
P(x)=agx"+a;x" 1+ ... +a,,
Q(x) =bpx™ + by x™ 1 + ... + by,
Ecnmu n < m, To nonoxuM S(x) =0 u R(x) = P(x) u noiy4aem Tpe-
OGyeMble YaCTHOE M OCTAaTOK. Eciu n = m, ToO pacCMOTPHUM MHOTLO-
YJIeH a
PO = 5 X" Q) = Ry ().

MHsorouwreH R; (x) He COAEPKUT WIEHA C X™, TOSTOMY €ro CTENeHb
He 6osee yem n — 1 wiu R, (x) = 0. Eciu

Ri(0) =cox® +cqxk=1+ ...+ ¢,
u k = m, To pacCMOTPYM MHOT'OYWIEH

Ry (x) — Z—Zx"‘mQ(x) =Ry (%)

U T. . Tak KaK cTeleHb MOTyYaroIerocss MHOTOWIeHa CTPOr'O MEHb-
Iile, 9YeM CTeIeHb IIPeAbIAYIero MHOTOWIeHa, TO 3TOT IIPOIIeCe JOJI-
’KeH OKOHYMTBCA, T. €. HA HEKOTOPOM II1are MOMydYuM

d
Ry_1(x) — b—le—’"Q(x) =R,(x),
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Y CTereHb MHOTOWIEHA R (x) OyzeT MeHbllle, YeM CTENIEHh MHOTO-
wieHa Q(x) wiu R, (x) = 0. Torza nonyyum

P(x) = Z—an—mQ(x) +Ry () =
= %x”_mQ(x) + z—oxk_mQ(X) tR()=...=
0 0
_ %x”_mQ(X) + Z—Oxk—mQ(x) +..+
0 0
4 #xl—mQ(x) +R,(x) =
0
= (o Reom g—le_’") - Q) + R, ().

Takum 06pa3oM, BEIpaXKEHUE, CTOsIIIEE B CKOOKAX, IBJISIETCS 4acT-
HBIM OT JieieHusl MHorowleHa P(x) Ha Q(x), a R,(x) — ocTaTKOM.
OnurcaHHbIN 3/lech Mpollece AejleHUsI MHOTOWIeHa Ha MHOTOWIeH
MpeZicTaBAeT coOO0I Mpollece AeTeHUs CTOTOUKOM.

Crepyromias 3azada MmokasbiBaeT, yTo eciau P(x) u Q(x) —aBa
MHorowieHa 1 Q(x) # 0, To KakuM OBl CII0CO60M MBI HU J€TWIN
P(x) Ha Q(X) C OCTAaTKOM, YaCTHOE U OCTATOK OIPeAEesIIOTCA Of-
HO3HAYHO.

201. Tlyctp

P(x)=51(x) - Q(x) + Ry (x),
P(x) =S55(x) - Q(x) + Ry (x),

IIpUYeM CTelleHU MHOTowIeHOB R;(x) u R,(x) MeHblile, 4eM CTe-
meHb MHOrowieHa Q(x) (MoxeT 6vITh Ry (x) =0 win R,(x) = 0).
JlokazaTb, 4TO

Sl(x):SZ(X), Rl(X)ZRz(X).

§ 2. ITosile KOMIUIEKCHBIX YHCeJI

W3 pemenus 3agayu 194 BeITEKaET, YTO CYLIECTBYIOT
mosisi, Gosiee y3Kue, 4eM ToJie IeHCTBUTENbHBIX YKCe, HallpUMeD,
ToJie paIlMOHABHBIX Yrces. MBI JKe ceifuac IIoCcTpouM Iojie boiee
IIIMPOKOE, YeM IT0JIE JEHCTBUTENbHBIX YHCEN, 8 UMEHHO, TT0JIe KOM-
TJIEKCHBIX YKCEJT.

PaccMOTpUM BCEBO3MOXKHBIE VIIOPSZOYEHHbIE TapHl JEeHCTBU-
TeJIbHBIX YHCesl, T. €. Iapsl Buza (a, b), rae a u b — npou3BoIbHEIE
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JleiCTBUTeNIbHEBIE Yncia. Byzem cuurars, uro (a, b) = (c, d) Torza
U TOJBKO TOIZa, Korga a = ¢ u b = d. Ha MHOXecTBe BceX TaKUX
map oInpezenuM ABe OUHapHBIE ONlepali — CIOKEHHE U YMHOXKe-
HUEe — CIeyIomUM 06pa3oMm:

(a,b)+ (c,d)=(a+c, b+d), 2.D
(a,b) - (c,d) =(ac—bd, ad + bc) (2.2)

(3mech B cKOOKax B IIPaBBIX YaCTAX PABEHCTB OOBIYHBIE ONEpALH
HaZ JelCTBUTeIbHBIMU YnciaMu). Hampumep, nonydaem

(vV2,3) + (vV2,-1) = (2v2,2),
(OJ 1) ° (0’ 1) = (_1’ 0)'

OnpegeneHue. MHOXKECTBO BCEBO3MOKHBIX YIIOPSJOYEH-
HBIX TIap JE€HCTBUTEIbHBIX YKCET C ONEpPalMsIMU CJIOXKEHUS U
YMHOXKEHUS, OlIpeZieJIeHHBIMU comiacHo (2.1) u (2.2), Ha3pIBaeTcs
MHOHCECTIBOM KOMILIEKCHBLX HUCeL.

VI3 3TOrO OmpeAeneHUs BUAHO, YTO B KOMIUIEKCHBIX YMCJIaX
HeT HUYero «CBepXbecTeCTBEHHOr'0»: KOMIUIEKCHBIE YMCIa — 3TO
BIIOJIHE PeaJbHO CYUIECTBYIOIIME Maphbl JeWCTBUTENbHBIX YHCEI.
OfHAaKO MOXET BO3HUKHYTH BOIPOC: MPAaBOMEPHO JI HAa3BIBaTh
TaKue 0O'bEKTHl YUCIaMU? DTOT BOIIPOC MBI 0OCYIUM B KOHIIE /IaH-
Horo maparpada. JIpyroit Bommpoc, KOTOPhIH MOXET BOZHUKHYTh Y
yyTaTessa, — IIo4eMy MMEHHO Tak, a He MHaye OIlpe/lesIAI0TCA olle-
paluu CJIOKEHUA M YMHOXKEHHUS KOMIUIEKCHBIX ynces (0coOOeHHO
CTpPaHHOM BHIIVIAZUT OTEepAIsa YMHOXeHUs)? Ha 3TOT BOpoc MBI
OTBETHUM B § 3.

BbISACHUM, KaKMMM XOPOIIMMU CBOWCTBaMU 006JaZiaeT oImpejie-
JIeHHOe BhIIlle MHOXXeCTBO KOMILIEKCHBIX YKCel.

202. [loka3aTh, YTO KOMIUIEKCHBIE YKCIa 0OPasyloT IO CIOXKe-
HUIO KOMMYTaTUBHYIO Tpyiy. Kakoe KOMILIEKCHOE YHCIO SIBJISET-
c e[UHUYHBIM 3/IeMeHTOM (HyJieM) 3TOM I'PYIIbI?

B manpHelIIeM KOMIUIEKCHBIE YKcia OyZeT yA0OHO 0603HaYaTh
ofHOM O6yKBOIA, Hanpumep z (Wi w).

203. Jloxasatb, 4TO omnepaiud YMHOXXEeHUA KOMIUIeKCHBIX YH-
ceJl KOMMYTaTHBHA U aCCOLMATUBHA: 21 * 3y =25 % U (31 29) 23 =
=21+ (24 * 23) A TOOBIX KOMIUIEKCHBIX YHCETT 21, 29, Z3.

Jlerxo npoBepuTh, 4TO

(a,0)- (1,00 =(1,0) - (a,b) = (a, b)
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Uit 1I060r0 KoMIutekcHOro uucia (a,b). Takum ob6pa3om, KOM-
wiekcHoe uucio (1,0) ABnsgeTcsa eJUHUYHBIM 3/leMeHTOM B MHO-
)KecTBe KOMIUIEKCHBIX YMCeJl OTHOCUTEIBHO YMHOXKEHHU .

204. TlycTb 2 — IPOU3BOIBHOE KOMIUIEKCHOE unciio u 2z 7 (0, 0).
Jlokasarb, 4TO CyLIeCTBYeT KOMIUIEKCHOE YHCIO 2~ TaKoe, 4T

z-g7l=g"1.2=(1,0).

Pesynpratel 3aza4 203 u 204 1mokasbIBalOT, YTO KOMILIEKCHBIE
yucia 6e3 yucia (0, 0) o6pasyoT OTHOCUTENHHO OMEPALMK YMHO-
YKEHUA KOMMYTAaTUBHYIO T'DYIIILY.

205. /TokasaTb, 9TO I OIepanuil CIOXKEHUS W YMHOXKEeHUS
KOMILIEKCHBIX YHCEJ BHITIOHAETCS 3aKOH AUCTPUOYTUBHOCTH, T. €.
(21 +25) - 23 =21 * 33 + 2 * Z3 AJIA JTIOOBIX KOMIUIEKCHBIX YUCET 21,
%y, Z3.

W3 pesynbraToB 3aza4 202-205 BBITEKAET, YTO KOMILUIEKCHbBIE
YHCIa C ONepalysaIMU CIOXKeHUS U YMHOXEeHUSA, OlIpe/ieleHHBIMU
cornacuo (2.1) u (2.2), 06pasyoT moJjie. DTO U eCTh NnoJie KOMMNIEeKC-
HbLX HUCe.

Jl1s KOMIUIEKCHBIX umces Buga (a, 0), rae a — Mpou3BOJIbHOE
JeCTBUTENbHOE Yrcio, Gopmyisl (2.1) u (2.2) matoT

(a,0)+ (b,0)=(a+b,0),
(a,0)-(b,0)=(a-b,0).

TakuM 06pa3oM, eCJid COTMIOCTABUTh KAXKJAOMY KOMIUIEKCHOMY YHC-
sy Buza (a, 0) gelicTBHUTeNbHOE YUCJIO d, TO OllepallisAM HaJ Yuc-
namu Buza (a, 0) 6yAyT COOTBETCTBOBATH OOBIYHEIE OTIepaI[uy Hajl
JIeICTBUTEIbHBIMU YHCIaMU. [103TOMY MBI IPOCTO OTOXKJECTBUM
KOMILIEKCHOe Yuciio (a, 0) u AeliCTBUTENbHOE YUCIO a*) U OyaeM
TOBOPHUTD, YTO IOJI€ KOMILIEKCHBIX YKCET COAEPIKUT B cebe mose
JIeHiCTBUTEIbHBIX YKCEI.

KommnekcHoe yucio (0, 1) He siBjAeTCA AefCTBUTENbHBIM (IIpU
HallleM OTOXK/JECTBJIEHWHU), U Mbl 0DO3HAYUM ero 4vepes i, T.e.
i = (0, 1). Tak KaK Ioyie KOMIUIEKCHBIX YHCEJ COAEPXKUT BCe ZieH-
CTBUTEbHbIE YMCJIA M YUCJIO i, TO OHO COAEPXKUT TaKXKe Jucia
Buga b-iva+b-i, rae a u b — IpOU3BOIbHEIE AEHCTBUTEIbHBIE
YUCIa U ONepaluy CJIOXKEHWS U YMHOXKEHUS MOHHUMAIOTCSI Kak
omnepanuy HaJi KOMIUIEKCHBIMY YHUCIaMU.

. n
*) TO4HO TaK e, HAIpUMep, PALMOHAIBHOE YUCIIO 7 OTOXAECTBIAETCA C
L[eJIBIM YHUCJIOM N.



§ 2. Tlosie KoMNIEeKCHbLX Yuces 59

206. Ilycts (a, b) — xomrutekcHoe uncio. Jloka3arb, 4TO
(a,b)=a+b-i.

V3 pesynbTaTa 3agauu 206, 04eBUHO, MTOIy4aeM, 4To a + bi =
= ¢+ di Torza 1 TOAbKO Torzaa, korraa=cu b=d.

Takum 06pa3om, 1060e KOMILIEKCHOE YHCJIO MOXKHO, ¥ TPUYEM
€/IMHCTBEHHBIM 06pa3oM, MPeACTaBUTh B Bu/e a + bi, rae a u b —
JelicTBUTeNbHbIe yuciaa. Eciau z = a + bi, To, cieays uctopude-
CKUM TPAJUIUAM, IPUHATO d HA3bIBATh 0eliCmaumeabHoll 4acmuio
KOMIUIEKCHOTO YMCIa Z, bi — MHumoll uacmeoto, b — koadpuyuen-
mom npu MHUMOU Yacmu.

[pescTaBieHre KOMIUIEKCHOTO YHCIIA 2 B BU/E 2 = a + bi Ha3kI-
BalOT asizedpauueckoll popmoil KOMIUIEKCHOTO YUCIIa Z.

Jlnsi KOMILTIEKCHBIX 4ucen B anrebpaudeckoit popme dopmy-
Jiet (2.1) 1 (2.2) mepenunyTcs caeAyIouuM 00pas3om:

(a+bi)+(c+d)=(a+c)+ B+, 2.3)
(a+bi) - (¢ +di) = (ac—bd) + (ad + bo)i. 2.4)
207. PemuTh ypaBHeHUe (HalTH GOPMYITy pa3HOCTH)
(a+bi) + (x + yi) = (c+di).
208. Pemmuthb ypaBHeHUe (HalTH GOPMYITy YaCTHOTO)
(a+bi)-(x+yi)=(c+di), rtmea+bi#0.
Jlerxo npoBepuTh, 4TO
i-i=(0,1)-(0,1)=(-1,0=-1,

T.e. i2 = —1. TakuM 06pa3oM, B I0Jie KOMIUIEKCHBIX YHMCET U3BJIe-
KarTcs KBaJ[paTHble KOPHU U U3 HEKOTOPHIX OTPUIIATETbHBIX Ae-
CTBUTEHHBIX YHCE.

209. Bruucnutse: a) i3, 6) i4, B) i".

210. HaiiTu Bce KOMIUIEKCHBIE YMCIA Z = X + yi TaKue, 4TO:
a) z2=1, 6) z2=—1, B) 22 =d?, 1) 22 =—a® (a — HeKoTOpOe
IeMCTBUTEIBHOE YHCIIO).

OnpepeneHue. KoMmiekcHoe YuciIo a — bi Ha3pIBaeTCs Co-
npAceHHbIM KOMIUIEKCHOMY YHMCIy 2 = a + bi u 0603Ha4aeTca z.
Jlerxo npoBepuTh, 4TO

z+z=2a, z-z=a%+b2.
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211. IlycTh 2; ¥ 25 — IIPOMU3BOJIbHBIE KOMIUIEKCHBIE Yyncaa. Jlo-
Ka3aTbh, UTO: &) 2 + 2y =21 + 2o, 0) 2 — %y =2 — 29, B) 21 * %y =
=212y, T) 2,/25=21/2,.

212, Tlyctp

P(@)=apz"+a;z" 1+ ...+ a,_12+a,,

2 — KOMIUIEKCHOE YHCJIO U BCE a; — AeNCTBUTENbHbIE Yrcia. Jloka-
3aTh, 9T0 P(2) = P ().

[Tepexo/i K KOMIUIEKCHBIM YHC/IaM SIBJISIETCS OYEePEHBIM [IaroM
B TIOCJI€ZIOBATENbHOCTH: HATypajbHble YMCIa— Ieble eI —
panroHaIbHbIE YUCTIa — AeHCTBUTEIbHBIE YHC/IA — KOMIUIEKCHBIE
yucia. Y YUTaTelss MOXKET CJIOXKUThCA MHEHUE, UTO [0 AeHCTBU-
TeJIbHBIX YKCEeJ 3TO Ha CaMOM Jiejie YKcjia, a KOMIUIEKCHBIE YHC-
Jla—3TO YK€ He 4YhCia, a OOBEeKThl OoJiee CJIOKHOW TPUPOZBL.
KoHeuHO, TepMHHOJIOTHA MOXKET OBITH MPHUHATA JI00ast, OJHAKO
B IECTBUTENBHOCTH KOMILUIEKCHBIE UMC/IA BIIOMHE 3aCIyKHUBAIOT,
YTOOBI X HA3BIBAJIM YMCIAMH.

[TepBoe BO3pakeHUE IMPOTHB 3TOTO MOXKET COCTOSITH B TOM,
YTO 3TO He YMCJIa, a Taphl YUCeI. BCIIOMHMM, OHAKO, YTO TOZ00-
HBIM K€ 06pasoM BBOJSTCS pal[HOHAJbHbIE YKcia. PaluoHaibHOe
YMCJIO — 3TO KJIACC PaBHBIX APO6eH, a Ap0o6U — 3TO Taphl LENBIX
Yuces, 3alKCHIBaeMbIX B Buzle m/n (tae n # 0); mpu 3TOM JAeii-
CTBUS HaZl palliOHATbHEIMHU YUCIaMU — 3TO IIPOCTO JeHCTBUA HaJ,
mapaMu IeJbIX Yrces. [I09TOMY MepBOe BO3paskeHMe OKa3bIBAETCs
HECOCTOATENbHBIM. J[pyroe BO3paKEHWE MOMKET COCTOSTH B TOM,
YTO YMCIa — 3TO TO, YEM MOXKHO YTO-TO M3MEpPATb. EC/u MoHU-
MaTh I0J, 3TUM, YTO YHCJIa — ITO TO, YEM MOXHO M3MEPSTh BCE,
YTO YTOAHO, TO TOTZA HaZI0 3allPETUTh, HAIPUMED, OTPULIATENbHEIE
4HCiIa, TaK Kak He ObIBaeT OTPE3KOB AJMHON —3 €M, a IOe3Z He
MOXKET exaTh —4 AiHs. Ecin e cauTaTh, YTO Yucia — 3TO TO, YeM
MOXHO (WIH yZIOOHO) U3MEPSATh XOTb YTO-HUOY/b, TO TOT/IA KOM-
IUTEKCHBIE YMCJIa OKAa3BIBAIOTCA HUYEM He XYXKe JPYTHX YUCeT —
UMHU O4YeHb YZOOHO ONMHCHIBATh, HAPUMEp, TOK, HAIMpPsDKEHUE U
CONPOTUBJIEHUE B 3IEKTPUYECKUX IIEIAX IePEMEHHOr0 TOKa U
3TO IIHUPOKO WCIOMB3YETCS B DIEKTPOTEXHMKe™). KOMIUIEKCHBIE

*) CwM., Hanpumep, «TeopeTHUYecKrue OCHOBHI JJIEKTPOTEXHUKMU», IO/, 06IIei
pezaxuueti [ToruBa"osa K. M., T. 1: JIuHeliHble a5ieKTpHUYecKye LeNy C COCPeo-
TOYEHHBIMH [TOCTOAHHBIMU. M.: DHeprus, 1972.
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YHCIia TaKXKe OYeHb MOJIE3HBI, a TOPOM ¥ He3aMeHUMBI B TUZPO- U
aspoMexaHuKe*).

TakuM 00pa3oM, IEPEXOZ OT AEeHCTBUTENIBHBIX YUCET K KOM-
IUIEKCHBIM SIBJISIETCS TaKUM K€ €CTECTBEHHBIM, KaK, HalpUMep,
Iepexo] OT LEJIBIX YHUCE K PAllMOHATbHBIM.

§ 3. EAMHCTBEHHOCTD MOJISI KOMILIEKCHBIX YHCel

[NepetizeM Tenephb K pacCMOTPEHHIO BOIIPOCa O TOM,
IoyeMy MMEHHO TaK, a He UHaye OIpeJe/suIiCh KOMIUIEKCHBIE
yucna. OTBET Ha 3TOT BOMPOC TAKOB: MBI XOTENH, YTOOBI MOTY-
YUJIOCH TI0JIe, ABJIAIOIleecs paclIpeHUeM II0JA JeHCTBUTeTbHBIX
4qrcesl. A HeJb3s JIW [IOCTPOUTH APyroe IoJje, TAKXKe ABJIAIIIeec
paciIMpeHreM MoJs AeHCTBUTENbHBIX yrcen? Ha 3TOT BOIPOC MBI
Y OTBETHM B 3TOM maparpade.

Onpepenenue. MzomoppHbim omobpanceHuem (WU IPOCTO
uzomopg@usmom) OLHOTO IOJNA Ha JApyroe HasbIBaeTCs B3aUMHO
OJTHO3HAYHOE OTOOpaXKEHUE (, KOTOPOE SIBIAETCS H30MOPQU3-
MOM OJHOBPEMEHHO U OTHOCUTEJIBHO CJIOKEHUA, U OTHOCUTEIBHO
yMHOXeHus, T.e. p(a + b) = p(a) + () u p(ab) = p(a)p(b).
[Mons, MeXAy KOTOPEIMU MOXKHO YCTaHOBUTh M30MOPU3M, Ha3bI-
BAIOTCS U3OMOPPHBIMU.

Ecam usy4aroTcsa TONBKO CaMU Ollepalluy CJI0XKEHUA U YMHOXe-
HUA B TIOJIE, TO Y U30MOPGHBIX MOJIEH BCe CBONCTBA OKA3bIBAIOTCS
OJVHAKOBBIMH. [103TOMYy, Tak ke Kak B cjlydae TPYII, U3oMopo-
HBIe T0JI MOXKHO He pa3indaTh.

Kak MBI Buziesn B IpezbigylneM naparpade, B Ioje KOMIUIEKC-
HBIX YKMCEJ €CTh JIEMEHT I TaKoi, urto i2 = —1. CreaAyrolas 3azada
MTOKa3bIBAET, UTO J00aB/IEHNE TAKOTO 3JIEMEHTA K MO0 1eHCTBU-
TEJbHBIX YUCET C HEOOXOAUMOCTBIO MIPUBOAUT K IO KOMILIEKC-
HBIX YHCeJl.

213. Ilyctb M — HeKOTOpOe IIOJe, CcoZepKallee B cebe Ioye
JIeICTBUTENIbHBIX YKCel W HEKOTOPBIM 3JIeMeHT i,;, TaKOH, YTo
i(z) = —1. Jloka3atb, 4T0 M cOJepXUT HeKoTopoe mone M’, uzo-
MOPdHOE TTOJTI0 KOMILIEKCHBIX YHCEJI.

ByzeM roBOpuTh, UYTO HEKOTOPOE ITOJIE SIBJIAETCI MUHUMATbHbBIM
nosem ¢ OAHHbLMU cBolicmeamu, eCii OHO OOJIalaeT STUMU CBOU-

*) Mapkywesuu A. M. KpaTKuii Kypc TeOpUH aHATUTUYeCKUX QyHKUIUH. M.:
Hayka, 1979.
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CTBaMU U He COZIEPXKUT B cebe Jpyrux IoJeli ¢ TEMU e CBONCTBa-
MH.

B 3TOoM cirydae pesynbraT 3aza4u 213 MOXXHO chOpPMYyIUPOBATH
TaK: MUHUMAJIbHBIM IIOJIEM, COZEPXKAIIUM II0JIe JeHCTBUTENbHBIX
4Hces U 3JIeMeHT i TaKOU, YTO i% = —1, ABiAeTCA I0JIe KOMIUIEKC-
HBIX 4Y{Ce/l. DTOT Pe3yJabTaT JOKas3blBae€T B HEKOTOPOM CMBICIE
€ZIMHCTBEHHOCTH I10JI1 KOMIUIEKCHBIX yrces. OHaKO MeeT MecTo
CyIIeCTBEHHO OoJiee CHIBHBIN Pe3y/bTaT. A UMEHHO, OTKKEMCS OT
TpeboBaHuA, YTOOHI ITosie M COoAepKaslo 3/IeMeHT i TaKOH, 9T i(z) =
= —1, ¥ oCcTaBUM 33Zia41y HAMTH BCe TIOJIS, ABIAIOIINECT MUHUIMAIb-
HBIMU PaCIIMPeHNsAMY O AeHCTBUTENIbHBIX yrcesl. OKa3bIBaeTCs,
YTO TAKUX paCIIMpPEHUH Bcero ABa (C TOYHOCTHIO Z0 U30MOPOU3-
Ma), OJHO U3 HUX — IIoJIe KOMIUIEKCHBIX yucesl. [TokaxxeM aTo.

[Tycte mone M cofep XUT NoJie AeUCTBUTENbHBIX YUcel, T. e. M
COZIEPIKUT BCe JeUCTBUTENbHBIE YHMCIA U Ollepaluy HaJi HUMU B
mose M cOBIAZaOT ¢ OOGBIYHBIMU ONEPALUAMU HaJ, A€HCTBUTEND-
HBIMU yncjaaMmu. [lycTte, KpoMe Toro, nojse M comep>XUT dl1eMeHT j,
OT/IMYHBIN OT BCEX AEeHCTBUTENBHBIX yncesl. Toraa i TIo0bIX fei-
CTBUTEJNbHBIX YHUCe] dq, dy, ..., d; B M COAEPKUTCA a/1eMeHT, paB-
1303174

JTa T a4+ ay,. (3.1)

Byzem HaswpIBaTh n CTeNeHbIO BeipaxkeHUA (3.1).

MoskeT OBITb 2 CIydast:

a) HEKOTOpoe BhIpakeHue Buza (3.1) npu n = 1 3a/jaeT /IeMeHT,
paBHBIii 0;

6) HUKakKoe BrIpakeHue Buza (3.1) mpu n = 1 He paBHo 0.

[TpeAnonoXXuM cHavasIa, YTO UMEET MECTO CIydai a).

Onpepenenue. MHorowteH ¢ KoadpuilmeHTaMU U3 HEKOo-
Toporo most K HasbiBaeTcs npusodumsbim Had nojem K, eciu oH
MOXKET OBITD TPE/CTaBIeH KaK IIPOU3BeJeHUE IByX MHOTOWIEHOB
MeHBbIIIeH cTeneHu ¢ koaddunreHTamu u3 K. B mpoTUBHOM city4dae
OH Ha3BIBAETCS HeNpuU8ooUMbIM Haod nosiem K*).

Hampumep, MHOrowieHsl x3 — 1 u x2 — x — 1 IpUBOAVMEI Ha/
IIoJIEM JeHACTBUTENbHBIX Yuces, Tak Kak X3 —1 = (x—1)(x2+x+1)

1+45 1—+/5
) )(X T2

nxl—x—1= (x ), a MHOTOWIEHH X2 + 1 u

*) MHOrOYIeHbl, HENPUBOAVMEBIE HaJ oneM K, SIBIAIOTCA aHaJIOrOM IIpo-
CTBIX YHCeJl B MHOXXECTBE HaTypaIbHBIX UHCEJ.
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x2 + x + 1 HempUBOAMMBI Ha/l II0JIEM A€HACTBUTENbHBIX Yrces. Ode-
BU/IHO, YTO MHOTOWIEHBI IEPBO# CTENEeHU Ha/l TFOOBIM ITOJIEM SBJIS-
I0TCA HENIPUBOAUMBIMH.

214. Bribepem cpeau BeipaskeHul Buza (3.1), paBHeix 0, BeIpa-
JKeHue HauMeHbInell crernenu n (n = 1). IlycTh 3T GyzieT Beipaxe-
HUe

j"+ajt +ayjm %+ ... +a,=0.
JlokasaThb, YTO MHOTOWIEH
X+ a; x4 a,x" 2+ ... +aq,

HEIPUBOAUM HaJ, I0oJeM JeCTBUTEIbHEBIX YUCe.

B fganpHeieM MBI HOKaxkeM (cM. 272), 4To 060 MHOTOWIEH
C JeHCTBUTeTbHBIMU KO3dUIIeHTaMu CTelleHU BHIIe BTOPOH
TIPUBOUM HaJ TOJIEM ZIeHCTBUTENBHBIX Yrces. IToaToMy n B 3aja-
ye 214 0/mKHO OBITH He Gosbine 2. A Tak Kak n # 1 (MHaye MBI
noygmwnu 6w, 4To j +a =0 ¥ j paBHO JeHCTBUTEILHOMY YUCITY
—a), Ton=2.

Takum obpa3om, B ciydae a) (cM. CcTp. 62) s HEKOTOPHIX Jeii-
CTBUTEBHBIX YHCET P U B Tojie M JOKHO BBIMIOJHATHCS PaBeH-
CTBO

j2+pj+q=0,

IpUYeM MHOTOWIEH X2 + pX + ¢ JO/KeH ObITh HEIPUBOAVM Haf,
IIOJIEM 1€ ICTBUTEIBHBIX YHCET.

215. Jlokasatb, 4yTo B ciydae a) (cTp. 62) mone M copepXut
2JIEMEHT i, TaKOMH, YTO ig =-1.

U3 pesynbraToB 3aza4 215 v 213 BEITEKAeT, 4TO B cjIydyae a) Io-
je M copepkuT mosie M’, ui3oMopdHOe ITOJII0 KOMIUIEKCHBIX YK CEI.
CremoBaTenbHO, eC/IU TTosie M — MUHUMAaJIbHOE paclIvpeHue MoJst
JeHCTBUTENBHBIX YMCE, TO moje M Jo/MKHO coBHagath ¢ M’. Ta-
KM 00pa3oM, B ciydae a) iroboe MUHUMAJIBHOE TIOJE, SBIIIOIIe-
ecsl pacIIMpeHUeM IO/ AeUCTBUTENbHBIX YKCes, COBIazaeT (T. e.
1n30Mop¢dHO) ¢ MmoseM KOMIUIEKCHBIX Yuces. VTak, B cirydae a) ume-
eTcsl eIMHCTBEHHOE (C TOYHOCTHIO ZI0 M30MOpdu3Ma) ITIoJe, SBJI-
Ioleecss MUHUMAaJIbHBIM PaCIIMpeHUEM TI0JIS JeACTBUTENbHBIX Y-
ceJsl, a UMEeHHO, IT0Jle KOMIUIEKCHBIX YHCel.

216. Haiftu Bce moJis, ABJISAIOIIMECS MUHUMAaJIbHBIMU pacIivpe-
HUSMM TIOJIS IeACTBUTENBHBIX YHMCeN B caydae 6) (cM. cTp. 62).
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§ 4. TeomeTpuyeckue npe/craBieHUs
KOMILTEKCHBIX YHCeJI

BBeseM Ha IUTOCKOCTH MPSIMOYTOJBHYIO CHUCTEMY
koopzuHaT xOy U IOCTaBUM B COOTBETCTBUE KaXKJIOMy KOMILUIEKC-
HOMY 4HCIy a + bi TouKy IUIocKoCTH ¢ KoopAauHaTtamu (a, b). ITo-
JIyYMM B3aMMHO OZHO3HAQUHOE COOTBETCTBHE MEXJY BCEMHU KOM-
IUIeKCHBIMU YHCJIaMU U BCEMU TOUYKaMU IUIOCKOCTU. JTO JaeT HaM
nepeoe zeomempuueckoe npedcmasaeHue KOMIUIEKCHBIX YUCET.

217. Kakue KOMIUIEKCHBIE YHCIA COOTBETCTBYIOT TOYKAM, yKa-
3aHHBIM Ha puc. 13?

218. IIycTh KOMILIEKCHBIE YKCIa N300paKaloTCsA TOYKaMU IUIOC-
kKocT. KakoB reoMeTpryYecKUil CMBICT peobpa3oBaHUsA @, €CIH
JUIS TI0OOTO0 KOMILIEKCHOTO Yucia Z: a) p(2) =—z, 6) ¢ (2) = 2z,
B) ¢ (2) =2z (3 — CONpsHKEHHOE Z).

<

=
\

Bi***?) B
| .
| 2****4?14 }
I I
R 1
_% | L I
—-10] 1 2 «x !
CO,,,, -1 Ya
oL ‘
Puc. 13 Puc. 14

ITyctb A(xX 4, Y4) ¥ B(xg, Yg) — ZABe TOUKHU IUIOCKOCTH (puc. 14).
OTpe3ok AB c yka3aHHBIM Ha HEM HallpaBjJeHHeM OT A K B HasbI-
BalOT BEKTOPOM AB. Kooppunate! BekTOpa AB 1o oIpeziesIeHUI0
BBIYHCIIIOTCS CIEAYIOUIM 06pa3oMm:

XAB =X —Xa, YAB=YB—JYa-

JlBa BeKTOpa CYMTAIOTCA PABHBIMU, €CJIM OHU TIapaJulebHBI, OJH-
HaKOBO HalPaBJIEHbl ¥ PaBHEI 110 JJIMHE.

219. JlokasaTb, 4TO /ZiBa BEKTOpa PaBHBI TOIZA U TOJIBKO TOIZA,
KOIZla paBHBI UX COOTBETCTBYIOLYE KOOPAUHATHI.

MHOXeCTBO paBHBIX BEKTOPOB PAacCMaTpPUBAIOT OOBIYHO KakK
OJVIH U TOT € BEKTOP, XapaKTePHU3yeMBIH JIUIIb CBOUMH KOOp-
JVHATaMU, — TaK Ha3bIBAeMBIN c80000HbLl 8ekmop. [locTaBUB B
COOTBETCTBUE KaXXJOMY KOMIUIEKCHOMY YHUCIYy a + bi CBOOOIHBIH
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BEKTOp ¢ KoopAuHaTamu (a, b), MBI IOITydYrM 8mopoe zeomempuue-
cKoe npedcmasjieHue KOMILIEKCHBIX YKCEJ.

220. IlycTh KOMIUIEKCHBIM YHCJIAaM 21, %y U Z3 COOTBETCTBYIOT
CcBOOOAHBIE BEKTOPHI U, U U W. JIOKa3aTh, YTO 2; + 2, = 25 TOLZA U
TOJIBKO TOTZIA, KOTZIA U + U = W, TZie CyMMa BEKTOPOB BBIUUC/IAETCA
10 IIpaBWIy NapajienorpaMmma.

221. JlokasaTb CJIeAYIOLIYIO B3aUMOCBA3b MEX/Y AIByM:A reOMeT-
PUYECKUMHU NPE/CTAaBIEHUAMN KOMIUIEKCHBIX YKCEII: €CIU 24, Zp,
243 — KOMIUIEKCHBIE YK CJIa, COOTBETCTBYIOIINE TOUKaM A, B 1 Bek-
TOpYy AB, TO 228 =25 — 24-

VI3 onpeziesieHNs paBHbIX BEKTOPOB IIOIy4aeM, YTO paBHEIE BeK-
TOpPBI UMEIOT PaBHYIO JJIMHY. JTa JJAMHA IPUHUMAaETCA TakXkKe 3a
JITUHY CBOOOJHOTO BEKTOPA, COOTBETCTBYIONIETO JAHHOMY MHOXKe-
CTBY PaBHBIX BEKTOPOB.

OnpeageneHue. Modyriem KOMIUIEKCHOTO yucia z (06o3Ha-
yaeTcs |z|) Ha3bIBaeTCs AIMHA COOTBETCTBYIOIIETO eMy CBOOOJHO-
r'o BeKTOpa*).

222. IlycTb z = a + bi. Jloka3aTsb, 4TO

|z|2=a2+b2=z"%,

I7ie 2 — 4YKCII0, CONPSKEHHOe 2.
223. JlokasaTb HepaBEHCTBA:

a) |21 + 25| <lzq] + |23,

<|
6) |21 — 25| = ||Z1|_|22|

>

rzie 21, 2o — IIPOM3BOJIbHBIE KOMIUIEKCHBIE YMCIa. B Kakux ciaydyaax
UMeeT MeCTO paBEHCTBO?

224. JlokaXXuTe C IOMOIIIbI0O KOMIUIEKCHBIX YHCEJI, YTO B IIPOU3-
BOJIBHOM IapajuiejiorpaMMe CyMMa KBaJpaTOB JJIMH AUaroHaIen
paBHa CyMMe KBaZipaTOB /IJIMH BCEX CTOPOH.

*) [l [eViCTBUTENBHBIX Yrces (KaK 4aCTHOTO CIyvask KOMIUIEKCHBIX YHCEN)
BBeZIEHHOE 3/leCh ITOHATHE MOZAYJIA COBIAZAET C MOHATHEM aOCONOMHOL 8eslu-
yuHbl. B camom fieste, JeMCTBUTENBHOMY YUCTY d + 0i COOTBETCTBYET BEKTOD
¢ koopauHaram#u (a, 0), mapasulesbHBIA OCH X, ¥ JJIMHA ero paBHa |a| — abco-
JIIOTHOM BeJIMYMHE YHCIIA d.
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§ 5. TpuronomeTrpudeckas ¢popma
KOMIUIEKCHBIX YHCel

HanomnuwM, 4ro yriom mexay gydamu OA u OB Ha-
3BIBAeTCA yroj, Ha KOTOPBIM HaZlo MOBEpHYTH Jyd OA BOKpYT TOY-
k1 O TIPOTUB 4YacOBOWU CTPENKU, YTOOBI TOMyduTh Jgyd OB (eciau
BpallleHHe IIPOUCXOAUT 10 YaCOBOW CTpeJIKe, TO YIIy IIPUIIMIChIBA-
eTcsA 3HaK «MUHYyC»). [Ipy 3TOM yTroJ onpeZiessieTcs He OAHO3HAYHO,
a € TOYHOCTBIO JI0 craraeMoro 2k, rae k — yo60e 1iey10e 9ucso.

Onpepgenenue. Ilycte Touka O —
Ha4yajo KOOpZAWHAT, W IycTb BeKTOop OA
¢ xoopauHatamu (a,b) cooTBeTcTByeT
KOMIUIEKCHOMY 4HCIy 2 = a + bi (puc. 15).
Apzymenmom KOMIUIEKCHOTO 4YHCIA 2
(obo3nauaercss Argz) HasbIBaeTCH YTON
MeXZy ITOJIOKUTENbHBIM HalpaBieHueM
ocu Ox u sydoM OA (puc. 15; ecimu 2 =0,
TO Arg z He OIpe/iesieH).

Tak Kak /I JaHHOTO 4yucia z 7 0 yKa3aHHBIN yToOJ ONpeAess-
eTcsl HEOZHO3HAYHO, TO IOJ 3alMChi0 Arg 2 MbI OyZieM ITOHUMAaTh
MHOT03HAYHYIO GYHKIHIO, IPUHUMAOILYIO IJIs1 KX 00 2 7 0 bec-
KOHEYHOE MHOXXEeCTBO 3HAYeHUH, pa3HOCTh KOTOPBIX KpaTHa 27T.

3amnuch Arg z =  OyZeT 03Ha4YaTh, YTO OFHO U3 3HAUEHU apry-
MEHTa PaBHO .

[ycth 2 =a + bi #0 u |z| =r. BexTop OAc kxoopauHaramu (a, b)
COOTBETCTBYET KOMILIEKCHOMY YUCIY d + bi, ¥ To3TOMYy €ero fyimHa
paBHa r. Ilyctb, kpoMme TOrO, Arg z = (. Torza mo omnpezeseHUIO
TpUroHOMeTpHuYecKux GyHKuui (cM. puc. 15)

cosp=2, sin _b

(P_r’ (P_r'

OTcroza
g=a+bi=r-cosp+i-r-sinp =r(cos p +1isin @),

rae r =|z|, ¢ = Arg z, ¥ MBI [IOIy4aeM MPUZOHOMempuueckoe npeo-
cmasJieHue KOMILIEKCHOTO YMCIa 2.
Hampumep, ecmm z=—14 +/3 1, 1o |2| = V1+3 =2 (cMm. 222)
1 . V3 2n
M Cosp=—3,sing="7". MOKHO B3AATh (p = 35
2

. 2m . . T
+1/§l—2(€05?+181n?).

Torza gz =—1+
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225. TlpeacTaBUTH B TPUTOHOMETPUYECKOH HopMe cieyrome
KOMIUTIEKCHBIE uncia: a) 1+1, 6) —v/3 —1i, B) 3i, T) —5, 1) 1+ 2i.

226. IlycTb 2, =r7(COS 1 +18in ) U 25 =1,(COS P, +15in @,).
JlokasaTb, 4TO

21+ 29 =111 (cos(q + @,) +isin(pg + ¢,y)),

z T~ o .
i — é(cos(% —@y) +isin(p; —@y)) (22 #0).

TakuMm 06pa3oM, IpU YMHOXEHHH KOMIUIEKCHBIX YHCEN UX
MOZY/IU NepeMHOXKAIOTCA, apIryMeHThI CKJIaAbIBAlOTCA, IIPU Jele-
HUW MOZYJIU JeJIATCS, apPTYMEHTBI BEIYUTAIOTCS.

227. Jokasatb gpopmyny Myaspa*):

[r(cos p +isin )] =r"(cosny +isinny)

JUTs TF0O0TO HaTypaJbHOTO YHCIa N.
(1 _ ‘/5 l) 100
2100 .
229. Ilyctb 2z =r(coS ¢ +1 sin ¢) — GUKCHUPOBAHHOE KOMILIEKC-
HOE YMCJIO UM N — HaTypajbHOe YuciIo. HaliTu Bce KOMIUIEKCHBIE

YHUCIa W, YAOBIETBOPSIONINE PABEHCTBY

228. BBIYMCIUTH

wn =g, (R

Onpeznenenue. 3anuch y/z (KOpeHb CTENEHM N W3 Z) MBI
OyZieM MOHMMAaTh KaK MHOTO3HAYHYIO (GYHKIIMIO, CTABSAIIYIO B CO-
OTBETCTBHE KaXKJOMy KOMILIEKCHOMY YHCIY 2 7 O BCe n pelIeHui
ypaBHeHnus (5.1). I[Ipu z =0 Oyzer Vo=0.

230. HaiiTu Bce 3HauUeHUs KOpHeN:

a) v—1,6) ¥8,B) ¥cos 100° +isin 100°, 1) ¥1+1.

Jlia nanpHENIero y106HO BBECTH Cliefiyrolllee 0603HaUYeHHE:

2 . . 2m
€, =C0S — +1isin —.
n n
n
231. JlokasaTb, YTO BCe 3HAUYEHUA v1—osT10 1, ., eﬁ, . 53*1.
3ameuanue. TakKak ¢! =1, TO MHOXXECTBO 3JIEMEHTOB 1, &,
e‘%, ceo 6;11_1 SIBJIAETCS IUKJINIECKON IPYIIIONH OTHOCUTENIHHO YMHO-
JKEHUA.
232. TlycTh 2; — OJHO U3 3HaYeHUHN y/z,. HaiiTu Bce 3HaueHvs

Vo,

*) Myasp (1667-1754) — aHIVIMICKUN MaTeMaTHK.




68 I'nasa IlI. KomnaekcHble yucaa

B panpHeiiem Mel 6yzeM B OCHOBHOM HCIIONIb30BaTh IPE/CTaB-
JIeHWe KOMIUIEKCHBIX 4MCesl TOYKAaMU IUIOCKOCTH, T. €. KOMILIEKC-
HOMY 4HCITy 2 = a + bi OyzieM CTaBUTh B COOTBETCTBHE TOUKY C KO-
opauHatamu (a, b). IIpu 3TOM BMECTO «TOYKa, COOTBETCTBYIOIIASA
KOMILIEKCHOMY YHCITY Z» MBI OyZIeM TOBOPUTD IIPOCTO «TOYKA 2.

233. IIycTb KOMIUIEKCHBIE YU C/IA U300pakaroTCs TOYKaMH ILIOC-
KocTH. KaKoB reoMeTpHYECKHi CMBIC BEIDKEHMI: a) |z, 6) Arg 2,

%
B) |21 — 25|, T) Arg 22
2
234. HaiiTu reoMmeTprUyiecKkoe MeCTO TOYEK Z, yZOBIETBOPSIO-
WX CJIEAYIOMUM YCIOBUAM (Zg, %1, %o — GUKCHUPOBAHHBIE KOM-

IUIEKCHBbIE 4KCIa, R — GUKCUPOBAHHOE JEHCTBUTENBHOE YKCIO0):
a) |Z| = ]-; 6) |Z| =RJ B) |Z—Zo| :R; F) |Z_ZO| SR: ﬂ) |Z—Zl| =

on
=l|z—32,|, €) Argz =T, %K) Argz = %4 3) Argz = .
235. Kax pacrosnararoTcs Ha IUIOCKOCTH Bce 3HaYeHUs vz, Tae
% — QUKCUPOBAHHOE KOMILIEKCHOE YHCIO?

§ 6. HempepsIBHOCTB

B manpHelIeM BaXKHYIO pOJIb i HacC OyZieT Urpath
MIOHATHE HeNpPephIBHOCTU U, B YaCTHOCTH, IIOHATHE HENIPEPHIBHOMN
KpuBoH. Ec/iM yuTaTesnb He 3HAET CTPOTOrO OIpefeseHUs ITUX
TTOHATUM, TO OH, TO-BUAMMOMY, BCE K€ MHTYMTHUBHO TOHMMAET,
YTO TaKOe HeMpephIBHAs KPUBas, a TaKKe HeNpephiBHasA (yHK-
IUs IeHUCTBUTENBHOIO IepeMeHHOro (Ha MHTYUTHUBHOM YpPOBHE
MOXXHO CKa3aThb, YTO 3TO Takasd (yHKIUA, Y KOTOpOH rpadpux —
HelpephIBHAA KpuBas). OfHaKo ecau QYHKIUA AeHCTBUTENBHOIO
ITepeMEHHOT0 ABJIAETCS JOCTaTOYHO CIOXKHOU (Hampumep, f(x) =
x% —2x
T X2—sinx+1
JIUIIb UHTYUTUBHOE TIOHATHE HEINPEPBIBHOCTHU, JOBOJBHO TsKE-
Jo. ToaTOMy MBI aZiIMM CTPOTOE OIpeZeieHUe HENPEePIBHOCTU
W C TIOMOINBIO HEro JOKa)keM HEeCKOJbKO OCHOBHBIX HCXOZHBIX
VTBEPXKJEHUM O HENpPepPhIBHBIX QYHKIMAX. [Ipy 3TOM MBI AaguM
oTIpeZieJieHrie HEMPEPBIBHOCTH KaK /Ui GYHKIUH ZIefICTBUTENBHO-
ro apryMeHTa, TaK U A1 QYHKIUI KOMILUIEKCHOTO apryMeHTa.
Ecimu MBI paccMOTpuM rpaduk HEKOTOPOUM GYHKIMU JeHCTBU-
TEJIbHOTO apTyMeHTa, TO 3TOT I'PapUK B HEKOTOPHIX TOUYKAX MOXKET
OBITH HETPEPHIBHBIM, & B HEKOTOPBIX TOUKAX MOXET UMETb Pa3phi-
BhL. [I03TOMY ecTeCTBEHHO BBECTU CHauasa onpezeseHue He BO0O-

), TO YCTAaHOBUTD, HEIIPEPBIBHA JIKX OHA, UCIIOJIb3yAd
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1lle HeTIpePhIBHOCTH GYHKIMH, a HEIPEPBIBHOCTU GYHKIUY B JaH-
HOU TOYKe.

Ecmu MBI mombITaeMcsi Oojiee TOYHO OIPEJENUTh Hallle HH-
TYUTUBHOE TIPE/CTaBIE€HUE O HENpephIBHOCTH GYHKUMM f(Xx) B
JIAHHOM TOYKE X,, TO IOJIYYUM, YTO HENPEpPHIBHOCTh O3HAYaeT
ceziytoliee: Mpy MajIbIX U3MEHEHUSAX apryMeHTa BOIU3U TOYKHU X,
GYHKIUA TOXKEe U3MEeHAEeTCS Malo OTHOCUTENIbHO 3HaueHuA f(xg).
[TpuyeM MOXKHO JOOUTHCA CKOIb YTOJHO MaOro 3sMeHeHUA QyHK-
IIUM, BHIOWpAs AOCTATOYHO MaJblli MHTEpPBAl W3MEHEHUS apry-
MeHTa. Bosee cTporo aTo MOXXHO CHOPMYIMPOBATH CIEAYIOLIIM
obpazom.

Onpepenenue. Ilycts f(z) — GyHKINA AeHCTBUTEIBHOTO
WIH KOMIUIEKCHOTO apryMeHTa z. [0BOpAT, 4To OyHKIMA f(2)
HenpepbuleHA 8 MOoUKe %, ECIIH /s II0O0TO e HCTBUTENTBHOTO YU CIa
€ > 0 MOXHO ToZOOpaTh TaKoe AeUCTBUTENbHOE uYucio & > 0
(3aBUCAIIEE OT 2, U OT €), YTO AJA BCEX YUCEN 2, YAOBIETBOPA-
IOMIUX YCIOBUIO |2 — 25| < O, OyZieT BBIMOIHATHCA HEPAaBEHCTBO
lf(2)— f(zx)| < €™).

[pumep 15. JlokaskeMm, 4yTo PYHKIUSI KOMILUIEKCHOTO apry-
MeHTa f(2) = 2z HelpepbIBHA B JIIOOOH TOUKE Z(. IIycTh 3a7aHbI
TO4YKa 2, ¥ IPOU3BOJbHOE AelCcTBUTeNbHOE YyucIo € > 0. HyxHo
moZio6paTh TakKoe ZieficTBUTeNbHOE Yucio & > 0, 4TOOHI AT BCeX
YUCeN %, YAOBIETBOPSIONINX YCIOBUIO |2 — %o| < &, BBITIOIHSIOCH
HepaBeHCTBO |f(2) — f(20)| = |22 — 23,| < €. HeTpyaHO BUZETS,
YTO MOXKHO BBHIOpaTh & = £/2 (HE3aBUCHMO OT TOYKH Z). Jlei-
CTBUTEJIbHO, TOTAA U3 YCJIOBUA |2 — 2| < & GyAeT BBITEKATh:

|22 — 225 = |2(2 — 25)| = (M. 226) = |2| - |z — 20| <26 =&,

T. €. |22 — 22,| < &. Takum ob6pazom, dyHkuus f (z) = 2z HENPePHIB-
Ha B JII000# TOUKe 2. B yacTHOCTH, OHa HeNpephIBHA ITPU BCEX -
CTBUTE/bHBIX 3HAYEHUSAX apryMeHTa z. [I03TOMy, ecau MBI orpa-
HUYUMCS TOJBKO JE€ACTBUTENbHBIMU 3HAYEHUAMU apryMeHTa, TO
MIOJIyYUM, YTO QYHKUMA AeHCTBUTENBHOrO aprymeHra f(x) = 2x
HeIlpepbIBHA IIPU BCEX JE€HCTBUTENbHBIX 3HAUEHUAX X.

236. IlycTh a — GUKCUPOBAHHOE KOMILIEKCHOE (WJIH, B 4aCTHO-
CTH, ZeHCTBUTENIBHOE) YUCI0. [lokasaTh, YTO GYHKIMSI KOMILIEKC-

*) TeOMeTPUYECKHI CMBICT HEPABEHCTB |2 — 20| < & u |f(2) — f(zp)| <&
cM. B 3azavax 233 B) u 234 1).
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HOoro (WiIM JeWCTBUTENBbHOTO) apryMmMeHTa f(z) = a HempephIBHA
IIpYU BCeX 3HAUYEHUAX apryMeHTa.

237. [loxasaThb, 4TO GpYHKI[MA KOMIUIEKCHOT'O apryMeHTa f (2) =
=z ¥ QYHKUUA JeHCTBUTEIBHOTO apryMmeHTa f(x) = X HeIlpephIB-
HBI [IPU BCeX 3HAYEHUAX apryMeHTa.

238. [lokasarb, 94T0 QYHKIMA KOMIUIEKCHOTO apryMeHTa f (z) =
= 22 HeNpepHIBHA IIPU BCEX 3HAYEHUAX apryMEHTA 2.

Onpegenenue. [Iycts f(2) u g(z) —aABe OYHKIMH KOM-
IUIEKCHOro (WIM JeHCTBUTeNbHOro) apryMmeHTta. PyHKIUA KOM-
IUIEKCHOTO (WK AeNCTBUTENBHOTO) apryMmeHTa h(z) HasbIBaet-
cs1 cymmotl dyHkmH f(z) u g(z), e B KaXXJOH TOYKE Z( BBI-
HoMHAETCA paBeHCTBO h(zy) = f(zy) + g(zy). Ilpu sToM, eciamu
3HaueHue f(z,) wim g(z,) He ompeneneHO, TO 3Ha4YeHue h(z,)
TaKke He ompeZeneHo. TOYHO Tak ke ONpeJeNAloTCs PA3HOCMb,
npoussedeHue W HACMHOe ABYX QYHKIUH.

239. IlycTh QyHKINY KOMIUIEKCHOTO WM ZIeCTBUTEIBHOIO ap-
rymeHTa f(2) u g(2) HEUMpEepHIBHHI B TOYKe Z,. J0Ka3aTh, YTO B
TOYKe 2%, HempephiBHHI GpyHKIMU: a) h(z) = f(2) + g(2), 6) h(z) =
=f(2) —g(2), ) h(z) = f(2) - g(2).

U3 pesysbTara 3aga4yy 239 B) mosydyaeM, B YaCTHOCTH, UTO eC/IU
¢dyukuua f(z) HenpeprIBHA B TOYKE %) Y N — HATYPaJIbHOE YUCIIO,
To dyHKuMA [ f (2)]" TakkKe HellpeprIBHA B TOYKE 2.

240. Ilycte GyHKUIMM KOMIUIEKCHOI'O WIM AeHCTBUTEIbHOIO
aprymenTa f(z) u g(z) HelpephBHBI B TOuYKe 2z, U g(zy) # O.

OKa3aTh, YTO B TOUKE Z, HEIIPEPBLIBHEI Kuuu: a) h(z) =
0 pep YH

_f®
6) h(z) = 2@

Onpepenenue. Ilycts f(2) u g(z) —zABe yHKUIMM KOM-
IUIEKCHOTO WX JelCTBUTENbHOTO aprymenTta. Oyakuus h(z) Ha-
3bIBaeTCs cynepnosuyuetl yHKIMHA f(2) U g(2), eciu B KaxAoH
TOYKE 2, BBHIIOJNHAETCA paBeHCTBO h(zy) = f(g(zy)). [Ipu aToM,
ecnn g(z,) He ompegeneHo win ¢OyHKIUA f(z) B Touke g(z,) He
omnpezeneHa, To U h(z,) He onpezeneHo.

241. Tlyctb f(2) m g(z) — GYHKIMU KOMIUIEKCHOTO WU Jei-
CTBUTEJIBHOTO apryMeHTa. [IycTh g(2,) = 2;, ¥ ycTh GyHKIMA g(2)
HeIlpepbIBHA B TOUKE Z(, a GYHKIUA f(2) HEIPephIBHA B TOYKE Z;.
JlokasaTs, yto ¢yHKIMA h(2) = f(g(2)) HENpepEIBHA B TOYKE Zj.

W3 pesynbraToB 3azad 239-241 BbITeKaeT, B YaCTHOCTH, 4TO
ec/IN U3 HECKONbKUX QYHKIUN KOMIUIEKCHOTO (WIH AeHCTBUTEID-

g()’
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HOT0) apryMeHTa, HelIPEPHIBHBIX IIPYU BCEX 3HAYEHUAX apryMeHTa,
IIOCTPOEHO HEKOTOpOe BhIpaKeHHe C IIOMOIbI0 OIlepaluii Ccjo-
JKeHUsd, BBIYMTAHUA, YMHOXXEHUs, JejieHus, BO3BeAeHUs B HaTy-
pajsbHYIO CTelleHb M CYNepIO3UlMH, TO IOTydYeHHOe BBEIpakeHue
OyzeT 3aaBaTb QyHKIINIO, HEIPEPBIBHYIO BCIOAY, IZle HU OJWH U3
3HaMeHaTesell He obpamaercs B 0.

Hanpumep, yunTeiBas pesy/bratel 3aia4 236 u 237, noaydaeM,
yto ¢yHKuuu f(2) = 2", f(2) = az" u BoobwE f(2) = ayz" +
+ a2 ! + ... + a,, ABNAIOTCA HENPEPHIBHBIMU GYHKIUSAMU apry-
MEHTa Z IIPU JIOOBIX KOMIUIEKCHBIX YUCIAX d, Ay, A1, ..., dy-

242. Jlokasarb, 4TO QYHKIWU JEeHCTBUTETHHOIO apryMeHTa
f(x) =sinx u f(x) = cosx HempephIBHHI IIPU BCEX 3HAYEHUAX
apryMeHTa X.

243. PaccMOTpUM IIPU BCeX AeUCTBUTENbHBIX 3HaUeHUAX X = 0
oyuruuio f(x) = VX, rme n— HEKOTOPOe HATYpaJbHOE YHCIIO
u V/x Gepercs HeoTpuuaTeJbHBIM. JlOKasaTh, YTO Ta GYHKIUSA
HeIlpepbIBHA IIpu Beex x > 0.

[Ipy M3ydeHUM HeNpPepBIBHOCTH IIPUXOAWUTCA CTAJKHUBAThCA C
HEKOTOPBIMU YTBEPXAEHUAMH, KOTOPble HMHTYUTHUBHO KaXKyTCs
COBEpIIeHHO OYeBHAHBIMU, HO CTPOTroe J0Ka3aTeabCTBO KOTOPHIX
COIPSKEHO € OOMBIIMMY TEXHUYECKUMU TPYAHOCTAMH U TpebyeT
6osiee CTPOrOro, YeM 3TO JieJlaeTcsl B IIKOJIE, ONpeJeseHus Aei-
CTBUTEJIBHBIX YHCeJI, a TAK)Ke U3y4YEeHUsI OCHOB TEOPHU MHOXKECTB
U TonoJIoTuU. IIpuMepoM MOXKeT CIIy>KUTb cieylolllee yTBepxze-
Hue: eclyd GyHKIUA AeHACTBUTENBHOIO apryMeHTa f (x) HellpephIB-
Ha Ha HEeKOTOPOM OTpe3Ke M IPUHKMAaeT Ha 3TOM OTpe3Ke TOIBKO
L[eJIOYMC/IEHHble 3HAYeHWsA, TO OHAa IIPUHUMAeT Ha BCEM OTpe3Ke
OJHO U TO >Xe 3HauyeHHe. JleHcTBUTENbHO, NHTYUTHBHO Ka)KeTCs
OUYeBU/HBIM, YTO IIPHU JBM)KEHUM TOYKHM X IIO OTPe3Ky 3HaueHHe
byakmu f(x) JODKHO M3MEHATHCA HENPephIBHO M He MOXKET
«IIepeCKOYUTb» U3 OJHOTO ILIeJOYMCIeHHOr0o 3Ha4ueHUsd B Jpyroe.
OpHako Jokas3aTb 3TO yTBepXK/JeHue CTPOro JOBOIBHO TEXKEJO.

B panpHeIeM U3I0KEeHUN MBI OyzeM 60JIbIle OpUEeHTUPOBATh-
¢ Ha MHTYWIIMIO YWTATesNd U NPHUMeM HEeCKOJNbKO «MHTYUTHBHO
ACHBIX» YTBEPXKJEHWH, CBA3aHHBIX C HEIIPEPHIBHOCTHIO, 6e3 JoKa-
3aTeNnbCTBa. B yacTHOCTH, 6e3 JoKa3aTenbCTBa MBI IIPUMeEM yTBep-
XKZeHue, chOpMyINPOBaHHOE BHIIIE B KayecTBe IpuMepa. CTporoe
JI0Ka3aTebCTBO STOTO YTBEPXKAEHUSA B IOIIYJIPHOM H3JIOKEHUU
MOXXHO HaiTH, Haupumep, B kHure: CmuHpoo H., Yuuu Y. IlepBrie
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noHATUA Tomosnoruu. M.: Mup, 1967. Cm. Takxke Bopucosuu FO. I
u Op. BBezienue B Tonosoruio. M.: ®usmaiut, 1995.

§ 7. HenpepbIBHbIE KPpUBbIE

[Tyctp mapameTp t TpUHUMAET JeHCTBUTEIbHBIE
3HaueHUA Ha oTpe3ke 0 <t < 1, U MyCTh Ka)KOMy TakKOMy 3Ha-
YeHUIO t IOCTaBJIEHO B COOTBETCTBHE HEKOTOpOe KOMILIeKCHOe
YHCIIO

z(t) =x() +iy(t).

IL1ocKkoCTh, Ha KOTOPOI M3006pakaloTcs 3HAaYeHUA Z, MBI OyZeM B
JaJbHENUIIEM Ha3bIBaTh IIPOCTO «IUIOCKOCTH 2». Eciu dyHKImu x (t)
u y(t) HempepbBHH Ipu 0 <t < 1,
TO Npu mu3MeHeHuu t ot 0 go 1 Tou-
Ka z(t) OyZeT ONMMCHIBATb HEKOTOPYIO
HenpepbleHyto Kpugyr Ha IUIOCKOCTH Z.
ITpu 3TOM MBI O6yZIeM paccMaTpUBATh
3Ty KPUBYIO C HallpaBjeHUEM, ITPUHU-
Mas TOUKY 2, = 2(0) 32 HavaJibpHyMO, a
TOuky 2; = 2(1) 3a KoHeuHylo. DyHK-
uuio z(t) 6yaeM Has3bIBaTh napamem-
puUecKuM ypasHeHUeM ITOU KPUBOH.

Mpumep 16. Iyctsb z(t) =t + it?. Torga x(t) =t u y(t) = t2.
[ToaTomy y (t) = x%(t) mpu 060M t, T. €. TouKa z(t) mpu J1060M ¢
JIexUT Ha napaboine y = x2. [Ipu usmenenuu t ot 0 g0 1 x (t) Taxxe
MenseTcs ot 0 70 1 1 Touka z(t) mpoGeraet Ayry mapaboasl y = x2
OT TOYKU 2o = 0 70 Touku z; =1 +1 (puc. 16).

244. TlocTpouTb Ha IVIOCKOCTHU Z KPUBBIE, 3a/laBaeMBble CIeAyIo-
VMU [TapaMeTPUYEeCKIMU YPABHEHUAMU:

a) z(t) =2t; 6) z(t) =it; B) z(t) =it?; r) z(t) =t —it;

o) z(t) =t2+it; e) z(t) = R(cos 27t + i sin 27t);

k) z(t) =R(cos4mt+isin4mnt); 3) z(t) =R(cos 1t + i sin 7t);
cos2mt +isin2nt mpu 0 <t < 1/2,
4t—3 mpu 1/2<t<1.

245. HanucaTh Kakoe-HHOYZAb IapaMeTpUYecKOoe YypaBHEHHE
OTpe3Ka, COeJUHAIONIETO TOYKU 2y = dg + byl 1 27 =a; + b;i.

3amMeuaHUue. B mociexyronmx 3azadax MmapamMeTpUYecKue
ypaBHEHUA MMEIOT WHJAEKCHl. DT WHJEKChl YKa3bIBAIOT JIMIIb Ha

y

Puc. 16

n) z(t) =
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HOMep KPUBOM, HO PacCMaTPUBAIOTCA JaHHBIE KPUBEIE Ha OZHOU
U TOH Xe IUIOCKOCTH Z.

246. C moMOIIbI0 KaKUX TeOMETPUYECKUX IPe0Opa3oBaHMl U3
kpuBolt C; ¢ ypaBHeHUeM g, (t) momydaeTca kpuBas C, ¢ ypaBHe-
HUEM 2, (t), ecau:

a) z,(t) =2, (t) + 24, TAE Zy — GUKCHPOBAHHOE KOMIUIEKCHOE
YHUCIIO;

6) 25(t) =a - z,(t), Tme a — AeliCTBUTENbHOE TMOJIOKUTETbHOE
YHCIIO;

B) 2, (t) =2¢ - 21 (1), T3e |20| = 1;

) 25(t) =24 - 21(t), TAE 2y — IPOU3BOJIBLHOE KOMILIEKCHOE YHC-
Ju0?

247. Tlyctp 2, (t) — mapaMmeTpuyeckoe ypaBHeHHe KpuBou C.
Kakaa kpuBad omuchiBaeTcd YpaBHEHHEM 2Z,(t), ecnu 2,(t) =
=z(1—-1¢)?

248. TlycTb 24 (t) u 2,(t) — napaMeTpHUyecKue ypaBHeHUS KpU-
BBIX C; U Cy, ¥ IycTh 2 (1) = 2,(0). Kakasa xpuBas onucelBaeTcs
ypaBHEHUEM 25 (t), ecnu

2, (2t) npu 0 <t <

1
25(t) = 2
1?

2,(2t—1) mpu % <t<

249. Ilycte 2z(t) = cos mt + isin 7t
(puc. 17). Hatitu Bce 3HaueHus Arg z(t) Puc. 17
B 3aBUCUMOCTH OT t.

250. Ilyctb 2(t) = cos 7t + i sin 7tt. Kak Hy>kKHO BBIOpaTh OZHO
13 3HaYeHui Arg z(t) pu KaXkJ0oM t, 4YTOOBI BHIOpaHHbIE 3HAYEHUS
U3MEHANVCh HEIIPpEepbIBHO IIpU U3MeHeHUu t ot 0 1o 1, ipu ycio-
BuH, uyTo Arg z(0) BeIOpaH paBHbBIM: a) 0, 6) 27T, B) —4m, T) 27k
(k — ¢uKCcHpOBaHHOE I1€JI0€ YUCTIO).

Crepytoliee yTBEPXKAEHUE WHTYUTHUBHO KaXKETCA JOCTATOYHO
OYEBU/HBIM, ¥ MBI TIPHUBE/IEM ero 6e3 0Ka3aTelbCTRa.

Teopewma 6. I[Iycmb HenpepuigHas kpugasi C ¢ napamempuue-
ckum ypasHeHuem z(t) He npoxodum uepe3 HAUANO KOOpPOUHAM
(m.e. 2(t) #0 npu 0 <t < 1), u nycmv apzymeHm HAUANLHOIL
mouxku kpueoil C (m. e. Arg z(0)) ebtbpan pasHbim . Toeda modic-
HO mak eblbpams 00HO U3 3HAUeHUIl apzymeHmMa O/sl 8cex mouex
kpusoil C, umobbl npu 08UNCEHUU MOUKU NO KPUBOLL ee apzymeHm
U3MEHSLICSL HENPEPbLBHO, HAUUHAS CO 3HAUEHUS .
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JlpyruMu cJI0BaMH, MOXKHO TIPY KaX/IoM t BhIOpaTh ¢ (t) — of-
HO U3 3HaueHUui Arg z(t) Tak, 4To6bl PyHKUMA ¢ (t) ObUIA Hempe-
peiBHA 1pu 0 < ¢t < 1 11 uTobbI ¢ (0) = ™).

251. Tlyctb @ (t) u ¢’ (t) — ABe GYyHKIMH, ONUCHIBAIOLINE HEIpe-
pbIBHOe u3MeHeHUe Argz(t) Bponb kpuBoi C. JlokasaTb, YTO
@ () — ¢’(t) = 2k, Toe k —HekoTOpoe GUKCUPOBAHHOE LEJIoe
YKCIO0, He 3aBHCSIIee OT t.

252. Jloka3aTb, YTO €CJIU BLIOpaHO HEKOTOPOe 3HavYeHue ¢ (0) =
= (g, TO GYHKIUA @ (t), ONHUCHIBAIOIIAA HEITPEPHIBHOE N3MEHEHHE
Arg z(t) BRoMb KpHBOH C, OIpezenseTcs: O4HO3HAYHO.

253. Ilyctp QyHKIHMA @ (t) ONMCHIBAET HENpPEPBIBHOE M3MEHe-
Hue Argz(t). JokasaTh, yto GyHKIuA P (t) = ¢(t) — ¢ (0) oz-
HO3HayYHO ompenensercs QyHKIHel z(t) ¥ He 3aBHUCUT OT BHIOO-
pa ¢(0).

V3 yTBep)kIeHU 3aa4uu 253 BHITEKAET, B YaCTHOCTH, IpU t =1,
YTO /1 JaHHOW HellpepBIBHOM KpHBOU C, He NMpOoXoAAllel yepes
Touky 2 = 0, BeimuuHa ¢ (1) — ¢ (0) ogHO3HAUYHO OIpezeNAeTca
yCJIOBUEM HeIlpepBIBHOT'O U3MeHeHU ¢ (t).

Onpepenenue. Bemnunny ¢ (1) — ¢ (0) Oyzem Ha3bIBaTh U3-
MeHeHUeM apeymeHma 80oab kpugoll C.

254. YeMy paBHO U3MEHEHNUE apryMeHTa B/0JIb KPUBBIX CO CJIe-
JAYIOUIMMU TTapaMeTPUIECKUMU YPAaBHEHUAMU:

a) z(t) =cos 7t + i sin 7tt,

6) z(t) =cos 27t + 1 sin 27tt,

B) z(t) =cos 4mt +isin 4mt,

N z(t)=0—¢t)+it?

255. Yemy paBHO M3MeHEHNe apryMeHTa B/AOJIb KPUBHIX, U300-
pPaXeHHBIX Ha puc. 18?

Ecmu HempepwiBHas kpuBas C 3aMKHYyTa, T.e. 2(1) = z(0), To
BesmunHA ¢ (1) — ¢ (0) umeer Buz 27k, rae k — 1esoe 4ucio.

OnpegeneHnue. Ecam gn1a HenpepblBHOM 3aMKHYTON KpH-
Bo# C, He IPOXOAAIIEN Yepe3 TOUKY 2z = 0, U3MeHeHUe apryMeHTa
paBHO 27k, TO OyzeM TOBOpUTh, uTO KpuBasg C 006XoAuT k pa3
BOKPYT TOo4kHU z = 0.

*) B kaure H. Ctuapoga u Y. YuHHa «[lepBble MOHATUA TOIOJIOTUM», § 20—
23, CTPOro U ZJOCTYIIHO OIIpeZiesisieTCs yroyl, 3aMeTaeMblil JaHHOM kpuBoii. Mc-
TIOJIB3YA 3TO TOHATHUE, JIETKO IOMYIUTh YTBEP)XKIE€HUE TEOPEMEI 6: 0CTATOYHO
TIOJIOXKUTD @ (t) = g + @1 (t), TAe ¢ (t) — yroi, 3aMeTaeMblii YacThblO JaHHOU
kxpuBoii ot z(0) zo z(t).
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S 1

Puc. 18

256. CkombkO pa3 06XOAAT BOKPYT TOYKH z = 0 ciexyroliue
KpUBBIE:

a) z(t) =2 cos 27t + 2i sin 27t (puc. 19),

6) z(t) = % cos 4mt — %i sin 47t (puc. 20),

B) KpuBasd Ha puc. 21,

r) KpuBas Ha puc. 22?

() O

Puc. 19 Puc. 20

Puc. 22
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257. JlokasaTh, YTO YHCIO 0OXOZOB HEIPEPHIBHON 3aMKHYTON
KPUBOI BOKPYT TOYKYA z = O He 3aBUCHT OT BbIOOpa HadajbHOI
TOYKH, a 3aBUCUT TOJIbKO OT HallpaBjieHUs KPUBOIL.

258. Ilycth kpuBas C ¢ ypaBHeHUeM z;(t) obxoauT k pas Bo-
Kpyr Touku z = 0. CKOJMbKO pa3 OOXOAUT BOKPYr TOYKH 2z = 0
KpUBas C YypaBHEHUEM 2, (t), ecnu: a) 2,(t) =2+ z,(t); 6) 2,(t) =
=—2,(1); B) 2,(t) =3¢ - 2,(t), TO€ 20 # 0; I) 2,(t) =3, (t), THE 2 —
YHCJIO, CONPsKEHHOe 27

Onpepenenue. IlycTb 3aMKHyTas HellpepblBHadA KpuBasd C
C ypaBHeHUeM z; (t) He IPOXOAUT Yepe3 TOUKY 2 = Z,. Toraa 6yzem
TOBOPUTH, YTO KpuBasa C 06XoAuT k pa3 BOKPYT TOUKH 2, €CJIN KPU-
Basi C ypaBHEHUEM 2, (t) = 2 (t) — 2o 06X0AUT k pa3 BOKPYT TOUKHU
z =0 (puc. 23).

0
Z9 (t) =27 (t) _ZO

Puc. 23

TakuMm obpasoM, Ui oIpeAeneHHA 4ucia 06X0Z0B KPUBOU
BOKpPYT TOUKU Z = Z, HY)KHO CJIeAUTh 3a BpallleHHeM BeKTopa
2, (t) — 2y, KOTOPBI MOXXKHO paccMaTpUBaThb KaK BEKTOP, COeAU-
HAIOUWNU TOYKU 2o U 2 (t) (cMm. 221).

259. CKOJIBKO pa3 06XOJAT BOKPYT TOYKU Z = 1 KpPHUBHIE, OIU-
caHHbBIe B 3azaue 2567

260. Ilycts 2;(t) u 2,(t) —ypaBHeHUA KpuBbix C; u C,, He
IpoxofAmux 4depe3 Todky 2 = 0. IlycTb M3MeHeHUA apryMeHTa
B/IOJIb 3TUIX KPUBBIX PaBHBI COOTBETCTBEHHO (1 U 5. YeMy paBHO
“3MeHeHHe apryMeHTa BJoIb KpyuBoi C ¢ ypaBHeHUeM Z(t), eciu:

a) 2(t) =z, (t) - 2,(0), 6) () = 28?
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§ 8. OToOpakeHUEe KPUBBIX.
OcHOBHas TeopeMa aareGpsl
KOMILIEKCHBIX YHCeJI

[TycTh ZaHBI Be TUIOCKOCTH KOMIUIEKCHBIX YHCeT —
IUIOCKOCTh % U IUIOCKOCTb W, U IMyCTh 3agaHa GyHKIMA w = f(2),
KOTOpas KaXZ0oMy 3Ha4eHUIO 2 CTaBUT B COOTBETCTBHE OZHO3HAU-
HO olpeZiesieHHOe 3HaueHWe w. ECM Ha IUIOCKOCTH 2 MMEETCS
HemnpepeiBHasA kpuBasg C c ypaBHeHUeM z(t), TO IOCPEACTBOM
byukunu w = f(z) KaxzAas TOYKA ITOM KPUBOM OTOOpaXkaeTrcs
B HEKOTOPYIO TOYKY ILUIOCKOCTH w. Eciu mpu aToMm dyHKIuaA f(z)
HellpephIBHA, TO Ha IUIOCKOCTH W MBI TakKKe IOIyYHUM HellpephIB-
HYI0 KPHUBYIO ¢ ypaBHeHueM w,(t) = f(z(t)). DTy KpUBYIO MBI
6yzem o6o3uayath f(C).

261. Yto mpezacraBisieT coboit kpusasa f(C), ecm w = f(2) =
=22 u xkpuBas C:

a) YeTBepTh OKPYKHOCTHU:

z(t) = R(cos %t +1sin %t),

6) MONMYOKpPY>KHOCTB: Z(t) = R(cos 7t + i sin 7t),

B) OKPYKHOCTB: z(t) = R(cos 27t + i sin 27tt)?

262. TlycTp M3MeHeHUe apryMeHTa BJojab KpUBoi C paBHO ¢.
YeMmy paBHO HU3MeHeHHe aprymMeHTa BAoiab kpuBoi f(C), ecmm:
a) f(z) =22, 6) f(z) =2% B) f(2) =2", rIe n— OPOU3BOJIBHOE
HaTypaJbHOe YUCJIO?

263. Ilycte kpuBasg C 06xoguT k pa3 BOKDPYI TOYKU Z = Z.
CxonbKo pa3 0b6xoauT BOKpyr Touku w = 0 kpuBas f(C), eciau
f@ =(Ez—z)"?

264. Ilycts kpuBasa C 0OXOAUT BOKPYT Touek 2 =0,z2=1, 2=
=1, 2 =—i COOTBETCTBEHHO ki, k,, k3, k, pa3. Ckonbko pa3 06-
XOZWT BOKPYT Touku w = 0 kpuBas f(C), ecim: a) f(z) =22 —z,
0) f(2)=22+1,B) f(&)=(2+i)* 1) f(x)=23—22+2—1?

PaccMoTpuM ypaBHEHUE

apz" +a;2" 1 +...+a,12+a, =0,

IZle BCe a; — IPOU3BOJIbHbIE KOMIUIEKCHBIE YHMCIa, N = 1 U ay # 0.
Hamra Gmpxaiinras 1eib — [TOKa3aTh, YTO 3TO YpaBHEHHE HMeET
XOTs OBl OZIMH KOMIUIEKCHBIN KOpeHb. Eciu a, = 0, To ypaBHEHUe
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nMeeT KopeHb z = 0. [lo3TOMy B fayibHENIIEM MbI OyZIeM MPeZTo-
jlararhb, 470 a, # 0.

O6o3HaunM Haubosblllee U3 4ucen |agl, |a;l, ..., |a,| gepes A.
Tak kak ay 7 0, To A > 0. BeIGepeM MOJIOKUTENbHbIE JeHCTBUTENb-
HBIE uKcia R, U R,, mpudem R; BBIGEPEM HACTONBKO MAaJIBIM, YTO-

|a,|

OBl BBIIOJIHSUIUCH JBa HepaBeHCTBa: Ry <1 u Ry < 10An° & R, Ha-

CTOJIBKO 6OJIBII.II/IM, YTOOBI BBHITTOMHSINCH /iBa HEpaBEHCTBA: R2 =1
10An

UR,>

0
265. IlycTb |z| =R;. [lokasats, 4TO

lagg™ + ... +a,_12| < 1,
0 e n_l 10 .
266. Ilycth |z| =R,. /lokasatb, 4TO

o} | _ 18|

S Tt o 10 -

Kpusyto ¢ ypaBHeHUeM z(t) =R(cos 27t +1 sin 27tt) (T. €. OKpyX-
HOCTbh pazimyca R, MpOXoAUMYIO IPOTUB YaCOBOM CTPeNKKU) 0003Ha-
yuM Cp. Tak xak kpuBag Cr 3aMmkHyTa (2(1) = 2(0)), To U Kpu-
Bas f(Cg), rme f(2) =ayz™ + ... + a,, Takke 3amkHyTa (f(2(1)) =
= f(2(0))). Hyctp v(R) —uncio 06xoznoB kpuBoH f(Cr) BOKpPYT
Touku w =0 (ecim f(Cr) He IpoxoAUT Yepe3 TOUKy w = 0).

267. Yemy paBHHI 3HaueHud v(R;) u v(R,)?

ByzeM Teneps M3MEHATH pajuyc R HeNpepeIBHO OT R; 70 R,.
IIpu atom kpuBas f(Cr) OyzeT HempepwIBHO AeHOPMHUPOBATHCA
ot nonoxenus f(Cg,) Ao nonoxenus f(Cg,). Ecin npu HEKOTO-
pom 3HaueHuU R kpuBas f(Cgr) He NMPOXOAUT Yepe3 TOUKY W =
= 0, TO IpHU AOCTATOYHO MasbIX HU3MeHeHHMsX R kpuBasa f(Cg)
6yzeT AedopMUPOBATHCA TaK Mao, YTO YMCJIO €€ 0OXOA0B BO-
KpyT Touku w = 0 He U3MeHMTCH, T. €. IPU JaHHOM 3HadeHUUu R
¢yukuua v(R) HempepbiBHa. Eciu 651 kpuBble f(Cg) mpu Bcex
3HauyeHUAX Ry < R < R, He npoxoAunu 4epes Touky w =0, To v(R)
6bUI0 OBl HENIPEPHIBHON QyHKINEeH Ipy Bcex R; < R < R,. Tak Kak
¢byukuua v(R) MpUHUMAET TOJBKO IeJIOYUCIEHHbIE 3HAY€HHUs, TO
OHa MOXXeT ObITh HENpephIBHA, TONBKO eciau V(R) mpu Bcex R u3
oTpeska R; < R < R, IpUHUMAET OZIHO U TO K€ 3HauYeHHUe; B 4acT-
HOCTH, AOJKHO OBITh V(R;) = v(R,). Ho u3 pemenus 3agayu 267
caezyet, uTo v(Ry) =0, a v(R,) =n. CiefoBaTeNbHO, IPEATIOIOXKe-
HHUe 0 ToM, uTo kpuBble f(Cy) npu Bcex R; < R < R, He IPOXoJAT
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gepe3 TOYKy w = 0, HEBEpHO. 3HAYUT, [P HEKOTOPOM Z JO/LKHO
65ITh f(2) = 0. TeM caMbIM MBI IIOJIyYaeM TEOPEMY™).

Teopema 7 (ocHOBHasA TeopeMa aarebprl KOMIUIEKCHBIX M-
cen**)). Bcsikoe ypasHeHue

apz" +a;z" 1 + ... +a, 1z +a,=0,

20e ece a; — NPOU3BOJIbHbIE KOMILIEKCHble uucana, n =1 u ag # 0,
umeem no kpatineil Mepe 00UH KOMNIEKCHBLI KOPeHb.

268. Jloxasatb TeopeMy besy***): eciu z,— KOpeHb ypaBHe-
HUA Agz™ + ... +a, 12 +a, =0, TO MHOTOWIEeH dgz" + ... +a, 12+
+ a,, AenuTcs Ha ABYWIEH 2 — %, 0e3 ocTaTKa.

269. JlokasaTb, YTO MHOTOWIEH A2" + ... + 4,12 +a, The a, #
# 0, IpesCTaBUM B BUZE

Aoz +...ta,_2+a,=ag(z—21)(@E—25) ...  (2—2,).

3ameuanue. [Iyctb MHOTOWIEH P (2) pasjioKeH Ha MHOXHUTE-
JIN:

P()=ap(z—21)(2—29) ...  (2—2,).
I[NpaBas yacTh paBHa O TOTZ]a ¥ TOJIBKO TOT/IA, KOT/IA XOTs OBl OZIHA
n3 ckobok paBHa 0 (cm. 195, 197). [ToaTOMy KOPHSIMU YPaBHEHUS
P(2) =0 aBnaioTca 4ucna 21, 2y, ..., 2, ¥ TOIBKO OHU.
270. IlycTb 2 — KOPEHb YpaBHEHUS
apz" +...+a, 12+a, =0,

r7e Bee a; — JAeACTBUTeNbHbIE Yncia. JOKa3aTh, 9TO YUCIIO Z(, CO-
IpsKeHHOe 2, — TaKXKe KOPeHb 3TOr'0 ypaBHEHHU .
271. IlycTh ypaBHEHUE C AeHCTBUTENBHBIMY KOGPUIIEHTaMHI

apz" +...+a, 12+a,=0

MMeeT KOMIUIEKCHBIN KOp€Hb Z,, HE HBJIHIOLLIHfICH AeﬁCTBI/ITEJIb-
HBIM YHCJIOM. IrZLOKEIE}aTI:;, YTO MHOI'OYIEH

apz"+...ta,12+a,

*) Haue paccyxZieHHue COAEp)KUT HEKOTOpble HECTPOI'OCTH U JIOJDKHO pac-
CMaTpUBaThCs, BOOOIIE TOBOPSI, KaK Uzes Zoka3aTeabcTBa. OZHAKO 3TO PacCyX-
JleHre MOXKHO (XOTS M He IPOCTO) c/iesiaTh abCOMOTHO CTPOruM (CM., HAIpH-
Mep, kuuru CTuHpoza u YuHHa, a taxke 0. I. Bopucosuua).

**) Dra TeopeMa ZjokazaHa B 1799 rogy HemeukuM MmateMatukoMm K. I'ayccom
(1777-1855).
*¥%5%) Beay (1730-1783) — dpaHIy3cKkuil MaTeMaTHK.
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JIeJIUTCS Ha HEKOTOPBIA MHOTOWIEH BTOPOU CTENEHU C JeHCTBU-
TeJIbHBIMHU K03bbUIIeHTaMU.

272. Jloxa3aTb, YTO BCAKUU MHOTOWIEH C AeUCTBUTEIbHBIMHU
Ko3bPUIMEeHTaMN MOXKHO IIPEJCTaBUTh B BUJE IIPOU3BEAEHUA
MHOTOWIEHOB IIepBOM M BTOPOH CTelleHW C AeUCTBUTETbHBIMH
koaddUnreHTaMU.

3ameuaHnue. M3 pesyiprara 3agadyud 272 BHITEKAET, YTO He-
MIPUBOAUMBIMU MHOTOWIeHaMH (CM. cTp. 62) Haj mMojieM JeliCTBU-
TeJIbHBIX YMCeI ABJIAIOTCA TOJIbKO MHOTOWIEHBI IepBOM CTelleH! U
MHOTOWIEHbI BTOPOH cTeleH! 6e3 ZefiCTBUTENbHBIX KOpHEH. MBI
BOCIIO/Ib30BAJIMCh 3TUM B § 3 aT0M m1aBbl. Haz mosem KoMIuieKc-
HBIX 4Mcesl HeIPUBOAUMBIMU MHOTOWIEHaMH, KaK CleflyeT U3 pe-
3y/bTaTa 3a/ja4u 269, ABIAIOTCA TOJIBKO MHOT'OWIEHE! IIePBOM cTe-
HeHU.

BepHeMcs CHOBa K MHOTOWIEHAM C IPOM3BOIBHBIMU KOMILIEKC-
HBIMH K03 OUIMEHTaAMU.

Onpepenenue. IlycTb ;5 — KOpeHb ypaBHEHUA

apz" +...+a, 12+a,=0.

TOBODAT, YTO 37 — KOpeHb KpamHocmu k, eCJI MHOT'OWIEH dy3" +
+...+a,_12 +a, aenutcsa Ha (2 — 2,)* U He geuTes Ha (2 — 2g)<HL.
273. KakoBa KpaTHOCTb KOpHell 2 =1 u 2 =—1 B ypaBHeHUU

2> —z4—223 + 222 +2—-1=0?
Onpepenenue. IIpoussodHoll MHOZOWIEHA
P(z)=apz"+a;2" 1+ ...+ q 2" + ... +a, 12+aq,

Ha3bIBa€TCA MHOI'OWIEH

P'(z)=aonz" 1+a;(n—1)z"2+ ...

et aq (n—k)z" 1+ L+ a, .

[TpousBogHast 06BIYHO 0603HAYAETCS IIITPUXOM.

274. Ilyctb P(2) 1 Q(z) — ABa MHOTrouwleHa. /loka3aTh paBeH-
crBa: a) (P(2) +Q(2))' =P/ (2)+Q'(2);6) (c-P(2)) =c-P'(2), rne
¢ — MIPOU3BOJIBHOE MTOCTOSTHHOE KOMILIEKCHOE YKCJIO;

B) (P(2)-Q(2)) =P'(2)-Q(2) +P(2) - Q'(2).

275. Tlyctb P(2) = (2 —29)" (n = 1—1enoe). [loka3aTb, 4TO
P'(z) =n(z—zy)" L.
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276. [lokasaThb, 4TO ecIu ypaBHeHHUe P(z) = 0 uMeeT KOPeHb 2
kpatHocTd k > 1, To ypaBHeHue P’(z) = 0 UMeeT KOpeHb Z, Kpar-
Hoctu k — 1, eciiu ske ypaBHeHue P(z) = 0 nMeeT KOpeHb Z( Kpar-
HocTH 1, TO P/(2,) #O.

§ 9. PumaHOBa MOBEPXHOCTh PYHKIMH W = /2

Beimre MBI paccMaTpUBaIN OZHO3HAYHble QpYHKINY,
IIPYU KOTOPBIX KOXKAOMY 3HaueHUIO apryMeHTa COOTBETCTBYeT e/[UH-
cTBEeHHOe 3HayeHWe OyHkunu. OfHAKO B JaybpHelmeM Hac Oy-
ZyT 0cob0 MHTEPeCcOBaTh MHOTO3HAYHbIE QYHKINU, IIPYU KOTOPBIX
HEKOTOPBIM 3HAYeHHAM apryMeHTa COOTBETCTBYeT HECKOJIBKO
3HaueHUH QyHKUnM*). Hamr uHTepec K TaKUM QYHKIUAM JIETKO
06bACHUM. JlefiCTBUTEIbHO, KOHEYHOH I1eJIbI0 HaIllero M3JI0XKeHUSA
ABJIAETCA JOKa3aTeJIbCTBO TeopeMbl AbGessi 0 TOM, YTo QYHKIHA,
BBIp@)Kalolasg KOpHU O0Ilero ypaBHeHUs 5-U CTEIeHHW Yepes3 KO-
a¢dunmeHTs], He BBIpaXaeTcAd B pajgukasax. Ho sra ¢yHkmma
SIBJISIeTCSI MHOTO3HAYHOM, TaK KaK ypaBHEHUe 5-U cTelneHW Ipu
duKcupoBaHHBIX KodddUlMeHTax UMeeT, BOOOIle roBopsi, 5 Kop-
Hell. Taxyke MHOTO3HAYHBIMU ABJIAIOTCA U GYHKIINHM, BEIpAXKAIOIIU-
ecsl B pailvKaax.

O61as vges fOKa3aTelbCTBA TEOPEMBI AGesisi COCTOUT B CJIe-
ZytomeM. MHoOrosHauyHOW QyHKIIMH KOMIUIEKCHOTO apryMeHTa
MBI COIIOCTAaBUM HEKOTOPYIO I'PYIIIY — TaK Ha3bIBAEMYIO 2pyniy
Tanya**). Ilpu 3TOM OKaXKETCs, YTO I'pymma [amya [ GyHKIMH,
BBIp@Kalolleld KOPHU HEKOTOPOT'O YPaBHEHUs 5- CTENEHU yepe3
mapaMeTp Z, He MOXKET COBIAAATh HU C Kako rpymmnoi lamya ans
GYHKINH, BEIPQKAIOIINXCA B pafiuKalax, U, CJIeZIoBATeNIbHO, caMa
3Ta QYHKIMA He MOXKeT BBIpaKaThCsA B paJKajax.

s Toro 4To6Bl BBECTH IIOHATHE T'PYyINBl ['asya, Ml BBeJeM
CHavaJIa Jpyroe oueHb Ba)KHOE B TeOpUH PYHKIMI KOMIUIEKCHOTO

MepeEMEHHOT0 TOHATHE — MOHATUE PUMAHOB0L***) nogepxHocmu

*) B Tex ciy4asx, KOrZia 3TO He BBI3bIBAeT HeJ0pa3yMeHUN, MBI CJIOBO «MHO-
rosHayHble» GyZIeM YacToO OITyCKaTh.

**) Dpapuct lamnya (1811-1832) — dbpaHIy3cKUil MaTeMaTHK, yCTaHOBHB-
K obIIKe yCIOBUS Pa3peliuMOCTH YpaBHEHUH B pajuKaax, 3a/I0KUBIIUI
OCHOBHI TeopuH rpymi. CoBeTyeM podecTb: HHgenso JI.. OBapuct lamya: Us-
6paHHMK 60roB. M.: Monogas reapzaus, 1958. Cm. tarke [arya 5. CoYMHEHUs.
M.: TUTTJI, 1936.

***) HaspaHsl 10 uMeHM b. Pumana (1826-1866) — HeMeIIKOro MaTeMaTHKa.
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MHOTO3HaYHOU ¢yHKIUU. [Ipy 3TOM MBI HaYHEM C IIOCTPOEHU:
PUMaHOBOM ITIOBEPXHOCTH IS OZHOI'O K3 IIPOCTEUIINX IIPUMEPOB
MHOTO3HaYHOU GYHKLUM, a UMEHHO QYHKIUH W = 4/Z.

Kax Mbl 3HaeM, QyHKIUA W = 4/Z IPUHUMAET OJHO 3HAYEHHUE
w =0 npu z =0 u ABa 3HaYeHus npu Beex 2 7 0 (cm. 229). Ilpu
3TOM, ECJIU W, — OJHO U3 3HAUEHUH /2, TO PYTOe 3HAYECHUE /7
paBHO —1,.

277. Haiitu Bce 3HaueHus: a) V1, 6) v—1,B) Vi,1) V1+iv3
(3mech v/3 — MONOXKUTETbHOE 3HAYEHHE KOPHS).

[TpoBezeM Ha IUIOCKOCTH Z paspe3 II0 OTPULIATENbHON YacTH
JefCTBUTENbHOM ocl OT 0 Z0 —oo U AJS BCEX Z, HE JIEKAIINX
Ha paspese, BHIOEpPEM TO 3HAYEHME W = 4/Z, KOTOPOE JIEKUT B
IIPaBOH IOJIYIUIOCKOCTH IUIOCKOCTH w. I[IpH 5TOM MBI IIOTYIHM
HEKOTOpYI0 (QYHKIIMIO, OZHO3HAYHYIO M HENpepHBHYI0 Ha Bcel
IUIOCKOCTH %, WCKJIIOYass pas3pes, KOTOPYI MbI OOO3HAYUM 14/Z.
Ota QyHKUMA 3aZjaeT OFHO3HAYHOE U HEelIpEPBIBHOE OTOOpaKeHNe
IUIOCKOCTH %, UCKJII0Yas paspes, Ha IIPaBYIO IOIYILUIOCKOCTD ILIOC-
koctH w (puc. 24).

A/

Puc. 24

3aMmeuaHue. Eciu Mbl BeiGepeM Arg 2 Tak, 4To —7 < Arg z <
< 71, TO Iy1si QYHKUUH 14/Z TONYIUM Arg 14/2 = %Argz (cMm. 229).
[To3TOMy TIpY OTOGPAKEHUM W = 14/Z IUIOCKOCTh Z CTATUBAETCA
HaroZiobue Beepa K MOJIOXKUTETbHON YacTH JeMCTBUTENbHON OCU
C yMeHblIIeHHEeM yIJIa «Beepa» BABO€ U HEKOTOPBIM HM3MeHeHHeM
JJIVH BJOJb JTydell «Beepa».

Eciu MBI Telleps A1 BCeX 2, He JIeXallUX Ha pa3pese, BeibepeM
TO 3HaYeHUE W = 4/Z, KOTOPOE JIEXUT B JIEBOU IIOJIYIUIOCKOCTH
IUIOCKOCTH W, TO IOJIYyYUM Jpyryio (QyHKIMIO, TakKe OJHO3Hau-
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HYI0 ¥ HEIMPEPHIBHYIO Ha BCEM IUIOCKOCTH %, WCKJIOYas paspes.
Ota QyHKIMA, KOTOPYIO MBI 0003HAYKM 44/%, 3a1a€T OAHO3HAYHOE
Y HeTIpepBIBHOE 0TOGpaKeHUE IIOCKOCTH %, UCKJIIOUas paspes, Ha
JIEBYIO MOMYIUIOCKOCTh TUIOCKOCTH W (pHC. 25). 31€eCh 5v/2 = —14/3.

D/

Puc. 25

[TocTpoeHHble HAaMU QYHKIMU 14/2 U 5¢/2 HA3BIBAIOTCA OOHO-
3HAUHBLMU HenpepbleHbIMU 8emeamu GYHKIUU w = 4/z (Ipu AaH-
HOM paspese).

Bo3bMeM Temeph /[Ba 3K3eMILUIApPa IVIOCKOCTH Z, KOTOPHIE MBI
GyzeM HasblBaTh JIUCTMAMU, W Ha KaXXJOM IIPOBEJEM paspe3 II0
OTpPHUIIATENBHON YaCTH eHCTBUTEIBHOM ocH oT 0 0 —o (puc. 26).
3azaguM Ha MepBOM JucTe QYHKIUIO 14/Z, & HAa BTOPOM JIUCTE
GYHKIUIO 54/2. Torma GYHKIUU 14/2 ¥ 51/ MBIl MOKEM pacCMaTpU-
BaTh BMECTE KaK HEKOTOPYIO €AMHYIO OZHO3HAYHYIO QYHKIUIO, HO
3a/laHHYI0 HE Ha IUIOCKOCTH %, a Ha GoJiee CJIOKHOM MOBEPXHOCTH,
COCTOAIIEH U3 ABYX OTAEIbHBIX JUCTOB.

A
Oo 30
B
C 2
Oo 30
D
Puc. 26

[Tpu sTOM, eciu TouKa 2 ABMKETCA HelIpePBIBHO 10 TIepBOMY JIU-
cTy (WIH 110 BTOPOMY JIMCTY), He IlepeceKas paspesa, TO IOCTPOeH-
Hasg HaMM OZHO3Ha4Has QyHKIINA U3MeHseTcs HellpepblBHO. Eciu
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e TOYKA Z, IBUTASCh, HAIPUMeED, II0 IIEPBOMY JIHCTY, IIEPEXOAUT
yepes paspes, TO HeIIPEPHIBHOCTh HapylaeTcsa. OTO BUAHO, HAIPU-
Mep, U3 TOro, YTO OJM3KHE TOYKU A U B IUIOCKOCTH Z TEPEXOAAT
IIpY OTOOpaKEHUH W = 14/Z B JJaleKue APYT OT Apyra Touku A’ u B/
(cm. puc. 24).

C Apyroii CTOPOHBI, U3 puUC. 24 u 25 JIerKo 3aMeTUTh, YTO 00-
pas TOYKU A MpU OTOOpaKEHUU W = 14/2 (Touka A’) OKasbIBaer-
cs1 61M3KO ¢ 06pa3oM TOYKU D IpU OTOOPaKEHUU W = 5/2 (TOU-
Ka D).

Takum o6pa3oM, eIy NpU MepecedeHNH pas3pe3a To4dKa Z Oy-
JIET TIePEXOAUTH C BepxHero Gepera pas3pesa Ha OJHOM JIMCTE Ha
HIDKHUH Geper pa3pe3a Ha JpyroM JIMCTe, TO TIOCTPOeHHass HaMHU
ofHOo3HayHasA QYHKUIUA OyeT U3MEHATHCS HEMPepBIBHO. J[JIs TOro
yTOOBI 00OECIIeYUTh HY)KHOE HaM /JBIDKEHHE TOYKH Z, OyZeM cuu-
TaTh BEPXHUM Oeper pa3pesa MepPBOTO JIUCTA CKJIECEHHBIM C HIK-
HUM bGeperom paspesa BTOPOTO JIUCTA, a BEpXHUl Geper paspesa
BTOPOTO JINCTA CKJIEEHHBIM C HUXXHUM OeperoM paspesa IepBOro
sucta (puc. 27). [Ipu 3TOM BO BpeMsi CKJIEHKHU MbI OyZIEM MEXIy
CKJIEMBaeMbIMHU Oeperamu A006aBiATh Jyd U3 TOYku 0 B —oo. Bo
BpeMs TIEPBOH CKJIEUKU AJI TOUEK Z, JIEXKAITUX Ha 3TOM JIy4e, MBI
OyZieM BBHIOHPATh 3HAYEHUS W = /%, JIeXKallye Ha MOM0KUTETbHOM
YacTH MHUMOM OCH, a IIPY BTOPOH CKJIEHKe 3HAYEHUS W = 4/, Jie-
JKammye Ha OTPULIATEbHON YaCcTH MHUMOM OCH.

Puc. 27

[Mocne TpoBeZieHUsI YKAa3aHHBIX CKJIEEK MBI MOIYyYUM, YTO JBY-
3HauHasA QYHKIUA W = /2 3aMeHWIach HEKOTOPOU Apyroi QyHK-
I[Me, KoTopasi OHO3HAYHA U HEMPEPHIBHA, HO TOIBKO He Ha IUTOC-
KOCTH 2, 2 Ha HEKOTOPOU HOBOH 6oJiee CII0KHOM IIOBEPXHOCTH. DTa
MMOBEPXHOCTh M HA3bIBAETCS PUMAHOB0U NOBEPXHOCMbIO PyHKUUU

w =z
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[onbITKY TIPOU3BECTH YKa3aHHBIE CKIEHKU 0e3 mepecedeHuit
(He mepeBopauMBas IJIOCKOCTHM) 3aKaHYMBAIOTCsA Heyzadei. He-
CMOTpSI Ha 3TO, MBI OyZIeM CUMTaTh, YTO PUC. 27 SABIAETCA U300-
pakeHHeM PHUMAHOBOM MOBEPXHOCTU GYHKIMHM W = 4/%, TIPUHU-
Masi JOTIOJIHUTENbHOE COIVIAlllEHWe, YTO IepeceYeHue IO OTPH-
LIaTeJbHOM YacTU JeHCTBUTEIbHOM OCHU ABJAETCA KaKyLIWMCS.
Jlns cpaBHeHMA paccMOTpUM cilefytomuii nmpumep. Ha puc. 7
(cTp. 37) usobpakeH ocTOB Kyba. XOTs1 HEKOTOpPblEe OTPE3KH Ha
pUCYHKe IlepeceKaioTcs, HO MBI JIETKO COIVIaliaeMcs C TeM, YTO 3TO
mepecevyeHye KaXXylleecs, ¥ 3TO MO3BOJIIET HaM U30eraTh OIHOO0K.

PYMaHOBY NOBEPXHOCTH IPOM3BOJIBHON MHOTO3HAYHOH QYHK-
Ui w(z) MOXHO CTPOUTH MOAOOHO TOMY, KaK MBI ITOCTPOWIN
PHMMAaHOBY [TOBEPXHOCTb GYHKIMU W = +/2Z. JIJIA 3TOr0 HaZIo CHaYa-
Jla BBIIETIUTHh OJHO3HAYHbIe HENPEepBIBHBIE BETBU PYHKINM w(2),
TIPU 3TOM HEKOTOPBIE TOYKM Z (pa3pesbl) HMCKIIOYAIOTCI M3 pac-
cMoTpeHus. Iloce 3TOro MOMydeHHbIE BETBU HAZIO CKJIEUTH, BOC-
CTaHaABJIMBasA paspesbl, TaK, YTOOBI TMOMYIWIACh OFHO3HAYHAS U
HempepbiBHasA QYHKIMA Ha TIOCTPOEHHOM MOBEPXHOCTH. [loTy4ueH-
Hasi IOBEPXHOCTD U OyZleT Ha3bIBAThCSl PUMAHOBOM TOBEPXHOCTHIO
MHOTO3HAaYHOM GyHKIMH w (2)*).

TakuM 06pa3oM, ocTaeTcs BBISICHUTD, KaK JKe BBIAENATh Helpe-
PBIBHBIE OZIHO3HAYHEIE BETBU IIPOU3BOJIBHON MHOTO3HAYHOU QYHK-
uuu w(z) U KaK 3aTeM UX CKJIenBaTh. [l BELICHEHUA 3TUX BOIIPO-
COB PAacCMOTPHM ellle pa3 6oee oapOo6HO QYHKIMIO W = 4/Z.

[Tycth w(z) — MHOTO3HAa4YHAsA GYHKIUA, U MyCTh 3adUKCUPOBA-
HO OZHO W3 3HAa4YeHWH w, QyHKUMM w(Z) B HEKOTOPOH TOUKE Z.
[Tycts w’(z) — HeNpephIBHAS OJHO3HAYHASA BeTBb GYHKINY W (Z),
BbIJleJIeHHAsA B HEKOTOPOI 06J1acTH TIOCKOCTH z (HAmpuMmep, Ha
BCcell IUIOCKOCTY, HCKJIIOYas KaKue-TO paspesbl), M Takad, 4To
w’(zy) = wy. [lycTh, kpome Toro, C — HelpepbIBHAA KpHBad, ULy-
mas U3 TOYKU Z, B HEKOTOPYIO TOYKY 2Z; U Jexalas IeJMKOM B
paccMaTpuBaeMoi HaMu 061acTH IIOCKOCTH 2. Torja mpu ABYIKe-
HUU TOYKU Z BAOMb kpuBoi C ¢yHkuus w’(z) OyaeT uaMeHsAThCS
HeIlpephIBHO OT w’(2y) A0 w’(21).

*) Takue IIOCTPOEHUA MOXHO IIPOBECTH He A KON MHOro3HauHOMH
byHKIIMU, OfHAKO /1A TeX QyHKIUH, KoTophle 6yAyT paccMaTpUBaThCA B Jajlb-
HelllleM, Takue IOCTPOEHUA NPOBECTH AeHCTBUTENIbHO MOkHO. CM. Mapky-
wesuu A. M. KpaTkuii Kypc Teopuu aHamuThdeckux ¢yHkuuit. M.: Hayka,
1978.
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DTUM CBOMCTBOM MOXXHO BOCIIO/NBb30BaThCA U B OOPATHYIO CTO-
POHY, a UMEeHHO [Is onpezeneHus GyHKIuu w’(z).

JlelicTBUTENBHO, IYCTh B HEKOTOPOU TOYKE 2, 3apUKCUPOBAHO
OJIHO W3 3HaUYeHU! w, GyHKunu w(z), u myctb C — HenpepbIBHAS
KpyBas, UAylas U3 TOUYKU 2, B HEKOTOPYIO TOUKY 2. byzeM aBu-
raThCs TIO KpuBO#M C, BHIOMpAs AJIs KaXKJOUW TOUKHU g, Jiexaliei
Ha C, 0fIHO U3 3HaYeHul GYHKIUU W (2) Tak, YTOOBI BEIOMpaeMble
3HAYEeHUS WU3MEHSUTMCh HeNpephIBHO IPU JABWKEHUHU Z TI0 KpH-
Boii C, HauMHadA co 3Ha4eHus wy. [Ipy 3ToM, Korzja Mbl JIOCTUTHEM
TOYKU Z;, MBI OyZIEM WMETb BIIOJHE OTIpeJeIeHHOe 3HayeHUe
w; = w(z,). Mbl 6yzeM rOBOPUTh, UTO w; — 3HaYeHUe w(z,),
onpedesieHHOe NO HenpepbleHOCMU 800sb Kpugoill C TIpU YCIOBUU
w(zy) = wy. Ecnu 3Havuenus ¢yHKmU w(z), BeIOMpaeMble Jis
BCeX TOYeK KpuBoH C, M300pa3uTh Ha IUIOCKOCTH W, TO AOJIKHA
TTOJIyYUThCS HEMpephIBHAS KpUBasi, KOTOpasd HAaYMHAETCI B TOY-
Ke W, U OKAaHYMBAETCS B TOUKE W;. DTa KPUBAS SBJSETCA OZHUM
13 HETIPEePBIBHBIX 06pa30B KpuBoii C 1pu 0TOOpakeHU w = w(z).

278. Ilyctb s dynkumu w(z) = /2 Beibpano w(l) = Vi=1.
Ompeaenutsb w(—1) = v—1 1o HENPEePHIBHOCTH BZIOJIb: a) BepXHel
TTOJIyOKPY>KHOCTH paZuyca 1 C IIEHTpOM B Haudaje KOOpP/MWHAT,
6) HIDKHEU MTOyOKpY»XHOCTH (puc. 28).

Puc. 28 Puc. 29

B JelicTBUTETBPHOCTU TPU OlpefeseHUU (QyHKIUM IO Helpe-
PBIBHOCTH BZOJIb HEKOTOPOM KPHUBOM MBI MOXKEM CTOJKHYTBHCSA C
HEKOTOPBIMU HENPUATHOCTAMU. PaccMOTPUM COOTBETCTBYIOLIUH
IpUMep.

279. HaiitTy Bce HellpepbIBHBIE 00pa3sl Wy (t) kpusoii C ¢ mapa-
MeTpUYeCcKUM ypaBHeHueM z(t) =2t — 1 (puc. 29) npu oTobpaske-
HUU W = /2, HAYMHAIOLIKECS: a) B TOYKe i, 6) B TOUKe —i.
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V3 pemenus 3azauu 279 MBI IOTydaeM, 4YTO Jake IpU QUK-
CHpOBaHUM 00pasa HadyaJbHON TOYKM KpPHBOM C HEIPEePHIBHHIN
06pa3 kpuBoii C Py OTOOPAKEHUHN W = 4/2 MOKET OINPEAEIATHCS
HeOAHO3HayHO. [IpryeM OZHO3HAYHOCTH HapyUIaeTcs TaM, e
kpuBada C IpoxoauT 4epe3 TOUKy z = 0. Oka3blBaeTcs, 4YTO TOJIBKO
B 9TOM CJIy4ae U MOXKET HapyIlaThCs OZHO3HAYHOCTh 0Opasa s
byHKIIMM w = 4/Z, TaK KakK TOJbKO B 3TOM ciaydae oba obGpasa
TOYKY Z(t) MOAXOAAT OINU3KO APYT K APYTY, CIUBAACH B OJHY TOUKY.

Jl1s1 TOTo YTOOBI M36€XKaTh HeOAHO3HAYHOCTH HellpepEIBHBIX 00-
Pa30B KPUBHIX [IPU OTOOPAYKEHUU W = 4/Z, MOXKHO BBIKOJIOTb TOY-
Ky 2 =0 ¥ 3anpeTuTh KPYBHIM IIPOXOAWUTH 4Yepe3 3Ty TO4Ky. Ho
U 3TO OrpaHHYeHUe He /laeT HaM II0Ka BO3MOXXHOCTH BBIJEJATH
OZIHO3HAYHBIE HEMPEPBIBHBIE BETBU QYHKIVMU W = 4/Z.

JleficTBUTE/IPHO, eclu MBI 3adUKCHpyeM B HEKOTOpOH TOY-
Ke 2, OJHO U3 3HAYeHUH w, = w(zg,) u OyzeM ompenenars w(z;)
B HEKOTOPOHM TOYKe Z; II0 HEIPEPBIBHOCTH BJOJIb Pa3JIUYHBIX
KPUBBIX, UAYIIUX U3 Zy B Z;, TO MBIl MOXeM IIOJy4aTh pa3Hble
3HaueHuda w(z;) (cM., Hapumep, 278). IlocMOTpHUM, KaK MOXKHO
n3bexaTh TaKOH HEOZHO3HAYHOCTH.

280. IlycTh uaMeHeHHe aprymeHTa z(t) BAOJMb KpuBoii C pas-
HO (. HaliTu uameHeHue aprymeHTa wy(t) BAOIb JI0O0Or0 Helpe-
PBIBHOTO 0Opasa kpuBoii C mpu oToOpaxkeHuu w(2) = 4/z.

281. Ilyctb w(z) = /7 u mycTh BeIGpano w(l) = V1=-1.
Onpezenuth 3HadeHue w (i) = v/i 110 HEMPepPLIBHOCTHU BAOMb: a) OT-
pesKa, COeMHAIONIero TOYKU 2 =1 1 2z =1i; 6) KpHUBOH C ITapaMeT-

3 . .3 o
pUYecKMM ypaBHeHHeM z(t) = cos 5t —isin 5me; B) KpPUBOH C

57 . . 51
IlapaMeTpUYeCcKUM ypaBHeHUeM z(t) = cos 7t +1isin Tt'

282. Ilycth w(z) = 4/2, U IyCTh B HAYaJIbHOM TOUKE KPUBOM C
BbIOpaHo w(l) = Vi=1. OnpezenuTs 0 HENIPEePBIBHOCTU BAOJIb
kpuBoii C 3HaueHue w(l) = +/1 B KOHe4HO# TOuKe, eCIr kpuBad C
“MeeT ypaBHeHue: a) z(t) =cos 27t + i sin 27t, 6) 2(t) = cos 47t —
—isin4nt, B) z(t) =2 —cos 27t — i sin 27t.

283. Ilyctb C — 3aMKHyTas KpUBasd Ha IVIOCKOCTH 2 (T. e. 2(1) =
=z(0)). Jlokasatb, 4TO 3HaueHue GYHKIUU /2 B KOHEUHOM TOUKe
KpuBol C, olpezieJIeHHOe IO HENPEPHIBHOCTHU, OyZeT COBIajaTh
CO 3HaYeHWeM B Havya/JbHOM TOYKEe TOIZla M TOJBKO TOTZa, KOTaa
kpuBas C 06XOAUT BOKPYT TOUKH z = 0 4eTHOe YUCJIO pa3.

Jlns panmpHeHIero y06HO BBECTH CIEAYIONIYIO CUMBOJIUKY.
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Onpepgenenue. Ilyctb C—HenpepelBHasg KpuBad C Iapa-
MeTpU4YecKUM ypaBHeHueM z(t). Yepes C~! Gyzer o6o3HavaTh-
¢ KpuBad, reoMeTpUuecku coBmazaroniasg ¢ C, HO MIpoxoAruMas
B TIPOTHUBOIIOJIOXKHOM HallpaBjieHUU; ee ypaBHeHHe (cM. 247)
z,() =2z(1—1).

Onpegenenue. [Iycte HauanbHaa Todyka KpuBou C, cOBHa-
JlaeT C KOHEYHOU TOYKOM KpuBoii C;. Toraa mog C; C, 6yAeT MoHU-
MaTbcA KpUBasd, KOTopas MOMYYUTCH, ecayu cHavyasna npoitu C; u
3arem C, (cM. 248).

284. Ilycte C; u C, —/ABe KpUBBHIE, COEJUHAIOLIME TOUKY Z,
C TOYKOM %;, U IyCThb BBIOPAHO OZHO M3 3HAYEHUH +/z5 = W.
Jlokasatb, 4YTO 3HAYEHUSA +/2;, ONPE/IETIEHHbIE TI0 HEMPEPbIBHOCTH
BZ0JIb KpUBHIX C; U Cy, OyZyT OZMHAKOBBIMU TOT/ZIA U TOJIBKO TOT/IA,

KOT7Zla KprBas C1_1C2 (puc. 30) 06x0AUT BO-
20 KpYyT TOYKU z = 0 4YeTHOe YucJjIo pas.
o V3 yTBepxJeHUsA TOCIeIHel 3azadyu
clefiyeT, B YacTHOCTH, YTO €CJIU KpUBasd
C;'C, obxomut O pas BOKPYr TOUKH z =
=0, To 3HaueHusA GYHKIMU /2 B KOHEY-
2 G, HBIX TOYKax KpuBbix C; u C,, ompezesneH-
Hble TI0 HEIPepBIBHOCTH, OyAyT OZWHAKO-

Puc. 30 BBI, €CJIM OJVHAKOBBI 3HAYEHUSA B HaYaslb-

HBIX TOYKaX.

Takum 06pa3oM, A TOro YTOOBI BHIJENSINCH OJHO3HAYHBIE
HelpephIBHbIE BETBU GYHKIUK W = /%, JOCTATOYHO CeNIaTh TaK,
YTOOB! KpUBas C;lC2 He MorIa OOOWTH HU pa3y BOKPYT TOYKHU
2z = 0. /IiA 3TOro JOCTATOYHO MPOBECTU KAKOU-HUOYAb paspe3 u3
ToukM Z = 0 B GECKOHEYHOCTb U 3alPETUTh KPUBLIM IepeCceKaTh
3TOT pa3pe3. VIMeHHO TaK MBI ¥ ITIOCTYIIWIU BhIIIIe, IIPOBE/ pa3pes
13 TOUKU 2 =0 B —oo 110 OTpUIIATeIbHOMN YacTu JelCTBUTENbHOMN
ocu.

Eciu ocste npoBezsieHys pa3pe3a 3adUKCUpPOBaTh B HEKOTOPOH
TOYKe 2, O{HO U3 3HAUCHUI W = v/, a 3HAYeHHe B M0G0 ApyToit
TOYKE %, OIpPEJENUTh 0 HEIPEPHIBHOCTU BJOJNb KaKOH-HUOYIH
kpuBolt C, uaymeil u3 z, B z; U He IpoxoJsdllleli yepes3 pa3pes, TO
Ha BCel IUIOCKOCTH, WICKJIIOYasl paspes, ONPeAeNuTCs HEKOTOpas
O/IHO3HAYHAS HEIpEPHIBHAS BETBb 14/2 GYHKUUU W = /2. Ecin
B TOUKe %, 3aQMKCHPOBATh Zpyroe 3Ha4YeHHe W, = 4/Zj, TO STHUM
OIIPEZIETUTCA [IPYTasi BETBb 54/2 QYHKIUHU W = 4/Z.
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285. JlokasaThb, 4TO Jis1 JII0O0M TOUKY 2, He JieXKallei Ha paspe-
3e, 1v/2 # /%

286. 3adukcupyeM B HEKOTOPOHM TOuYKe g’ 3HaueHWe w’' =
= /2’ U ompeenuM 3HaueHUA GYHKIMH W = /2 B OCTaIbHBIX
TOYKaX IUIOCKOCTH 2 (MCKJIIoYas pa3pes) 0 HEMPEPHIBHOCTH BZOJb
KPUBBIX, UAYIINX U3 TOYKWA 2’ W HE IPOXOAAIINX 4Yepe3 paspes.
JlokazaTh, YTO MOIydYarouaicsa OJHO3HAYHAA HeIIpEePHIBHAS BETBb
coBmazaer ¢ GyHKIMeEN 14/2 (ONpeAeNeHHOM U3 TOUKH Z).

V3 pesynbraTta 3afiauu 286 BHITEKAET, UYTO, BHIOMpAs B KAYECTBE
HavaJbHON TOYKU TPU BHIAEJIEHUU OZHO3HAYHBIX HENPEPHIBHBIX
BeTBell pa3jnYHbIE TOUKH IJIOCKOCTH 2, MBI OyZieM TMomy4aTh OJUH
U TOT Ke HabOop O[HO3HAUYHBIX HEMTPEPHIBHBIX BETBEM, KOTOPHIH 3a-
BHICHUT, TAaKMM 00pa3oM, TOJBKO OT TOrO, KaK ITPOBEEHBI pa3pessl.

287. TlycTb TOYKM 2o U Z; He JeXaT Ha
paspese, U ycTh KpuBas C, COeJUHAIONAs - 20
TOYKY %, C Z;, OAWH pa3 IlepeceKaeT pas-
pe3 (puc. 31). I[lycTh BBIOpAHO 3HAYEHUE
Wy = +/2( 1 10 HETIPEPBIBHOCTH B/IOJIb KPU-
Boii C oIpezie/ieHo 3HaYeHue wy = /3, . Jlo- j
Ka3aTb, YTO 3HAUEeHUS W, U UW; COOTBET-
CTBYIOT Pa3HbIM BETBAM GYHKIUU W = 4/3.

Takum o6pa3om, TepeceKas pas3pes, Mbl Puc. 31
C OfiHOY BeTBUM QYHKIUU W = 4/Z Iepexo-

UM Ha JpYTyI0O BETBb, T.€. BETBH COEJUHSIOTCI MEXIY COO0H
WMEeHHO TaK, KaK Mbl COeIMHWIN UX paHblle (cMm. puc. 27). Ilpu
3TOM 06pasyeTcss pUMaHOBa MOBEPXHOCTh GYHKIUU W = /3.

Byzem roBopuTb, YTO HEKOTOPOE CBOWMCTBO BHIMOTHAETCSA MIPU
06X0/ie BOKPYT TOYKU Z;, €CJIM OHO BHITIOMHSAETCS TIPYU OJHOKPAT-
HOM 00X0/ie IIPOTUB YaCOBOM CTPENKH IO BCEM OKPYKHOCTSIM C
I[EHTPOM B TOYKe Z(, UMEIOIIUM JI0OCTaTOYHO MaJbli paguyc®).

288. Jlokasatb, 4TO IpU 00X0/ie BOKPYT TOYKU Z; MBI OCTAaeM-
CS1 HA TOM JKe JINCTE PUMAHOBOM MOBEPXHOCTU GYHKIUU W = /3,
eCIu %o # 0, ¥ IepexofuM Ha JPyToi JIUCT, eciu 2, = 0.

Crepmytroliee OHATHE OYeHb BAYKHO IS AabHEUIIETO.

Onpegeneunue. Touky, Ipu 006X0OZe KOTOPBIX MOKET IIPO-
HCXOJUTD Tepexo/ ¢ OJHUX JIUCTOB Ha Apyrue (T.e. UBMEHATHCA

21

*) Bosiee CTPOro 3TO O3HAYAET CJIEAYyIOllee: HAWAETCs TaKoe JEHCTBUTEb-
Hoe 4nciio 6 > 0, 9TO YKa3aHHOE CBOMCTBO BBIMTOMHAETCS IIPH 00XOZ€E 110 BCEM
OKPYKHOCTSIM C IIEHTPOM Z(, PaZILyC KOTOPbIX MeHbLIE 0.
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3HaueHue (QYHKIMHU), HA3BIBAIOTCA MOUKAMU PA3BeMEaeHUS™)
JAHHOM MHOTO3HAYHOU QYHKIIUM.

PUMaHOBY IIOBEPXHOCTb QGYHKIMH W = 4/Z
0

MOXKHO M306pa3uTh B BuZe cxeMbl (puc. 32). dTa

cxeMa ITIOKa3bIBAaeT, YTO PUMaHOBA IIOBEPXHOCTh

byHkimu w = 4/z ¥UMeeT 2 JKCTa, YTO TOYKA

Puc. 32 z = 0 ABJIAETCA TOYKOM pasBeTBIeHUSA QYHKINUU

w = 4/z 1 4TO TIpU 06X0ZE BOKPYT TOYKH Z = 0

MBI € JI060T0 JICTa IIepeXoJuM Ha IIPOTUBOIONOKHBIHN JHCT. IIpu

3TOM CTpPeJKU B TOUKe 2 = 0 MOKa3bIBAIOT IIEPEXO/BI C JIMCTAa Ha

JIUCT He TOJIBKO IIpU 00X0Ze TOUKU Z = 0, HO U IIPU IlepeceyeHry B

JI060M MeCTe pa3pesa, UAYLIEro U3 TOYKU z = 0 B 6ECKOHEYHOCTbD.

Hrpxe MBI yBHIVIM, YTO TaKas CBA3b MEXY TOYKAMH Pa3BeTBICHUA
Y paspe3aMy, IpOBeJleHHbBIMU 13 HUX, He CIydaiHa.

B ganpHeieM MBI B OCHOBHOM OyzieM M300pakaTh HE caMy pU-

MaHOBY ITOBEPXHOCTh HEKOTOPON MHOTO3HAaYHON (QYHKINH, a ee

CXeMy.

§ 10. PuMaHOBHI MOBEPXHOCTH
6GoJjiee CIOKHBIX QYHKIHHA

PaccMOTPMM MHOTO3HAYHYIO GYHKIIHIO W = ¥/Z.

289. IlycTb M3MeHeHUe apryMeHTa B/IoJIb KPUBOH z(t) paBHO ¢,
U IIyCTh Wy (t) — HEIpephIBHEIN 00pa3 KpuBoii z(t) mpu oTobpaske-
HUU W = % HaiiTn usmMeHeHme aprymMeHTa BAolIb KpUBOM wy (t).

290. HaiiTu TOUKY pa3BeTBICHUA GYHKIMH W = ¥/Z.

291. Ilyctb paspes IpoBe/eH U3 TOYKU 2 = 0 B —co 10 OTpUILA-
TeJIbHOM YacTH eHCTBUTEIBbHOM OCH, U ITyCTh HEIIPePhIBHbIE OJHO-
3HAYHbIE BeTBU QYHKIUU W = % 3azaHel yeropuamu: fr(1) =1,

f2(1)=cos%+isin2§=—%+i§,
—cos A L igin AT o1 ¥3
fs(1)=cos 3~ +isin 5-=—5 —i%.

Haittu: a) f1(1), 6) f,(i), B) f1(8), 1) f3(8), ) fa(—D).
292. ITocTpOUTH PUMaHOBY ITOBEPXHOCTb U €€ cxeMy A7 GpyHK-
I w = 3/2

7"‘) B MmaTemaTuuecKkomn JINTEpATYpe BCTPEYAlOTCA /Ba HA3BaHUA 3TOI'O IIOHA-
THUA — TOYKa Pa3BETBJICHUA U TOUYKA BETBIICHHUA.
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293. Ilycte C — HempepblBHAs KpuUBadA C IapaMeTPUYECKUM
ypaBHeHUeM z(t), U IyCTh W, — OZHO U3 3HAUeHUHN Wi z(0). Zloka-
3aTh, YTO MMeeTCA XOTA ObI OZUH HelpephIBHBIN 00pa3 kprBoi C
IIpU OTOOpaKeHUH W (2) = V2, HAYNHAIOIIUICA B TOYKE W.

294. TlycTs n3MeHeHMe apryMeHTa BA0JIb KpUBOH z(t) paBHO ¢,
U TIyCTh Wy (t) — HempephIBHBIN 06pa3 KpuBoii z(t) mpu oTobpaske-
HUM W = y/z. HaliTu u3MeHeHre apryMeHTa BOIb KPUBOU W (t).

295. HalTu TOYKY pa3BeTBIeHUs GYHKIUN V/Z.

Panee (cM. cTp. 67) MBI BBeIM 0603HAYEHUE:

2 . . 27
€y, =COs —~ +isin—~.
Tam ke paccMOTpeHBl HEKOTOpble CBOMCTBA 3TOT'O KOMILIEKCHOT'O
yuciIa.

296. Ilyctp xpuBad z(t) He NPOXOAUT yepe3 TOUKY 2 =0, u
IyCTh Wy (t) — OAWH W3 HEIIPepPhIBHBIX 06pa30B KpUBOH 2Z(t) mIpu
oTobpakeHnn w = y/z. HaliTu Bce HempepbIBHBEIE 06pasbl KpU-
BOM z(t) mpu oTOGpaXkeHUM W = y/Z.

[lyctp aBe HempepbiBHBIE kpuBble C; U C, UAYT U3 HEKOTOPOH
TOYKH %, B HEKOTOPYIO TOUKY Z;. TaK xKe, Kak Jyist GYHKIUYU W = /2
(cm. 284), foka3bIiBaeTcCsA, YTO €CJId KpUBas Cl’lCz HU pa3sy He 00-
XOZUT BOKPYT TOYKH 2z =0, TO GyHKUMA w = V/Z OnpesesieTcs 1o
HEIIPEePBIBHOCTU OJVHAKOBO BOJb KpUBHIX C; U C,. [ToaToMy, Tak
’Ke Kak i GyHKIUN W = /2, eCId MbI IIPOBEIEM KaKOH-HUOYIb
paspe3 u3 ToYkH 2 = 0 B 6ECKOHEYHOCTh, TO GYHKINA w = Yz pac-
najaeTcsa Ha HelpephIBHbIE OZIHO3HAYHbIE BETBHU.

297. TIpoBegeM KakoW-Tu60 pa3pe3 U3 TOYKU z =0 B oo, He
IIPOXOAAIIMHI 4Yepe3 TOYKY z = 1, U oIpejesuM HellpephIBHBIE
OfIHO3HAUHble BeTBU GYHKIUU vz yoroBuamu: f;(1) = sril, e i
npoberaet 3HadeHHA oT 0 7o n — 1. Kak BeIpakaroTca BeTBH f; (z)
yepe3 fy(2)?

298. TIOCTPOUTH CXEMY PUMAHOBOM IIOBEPXHOCTH QYHKINHU Y/ zZ.

299. Jlna ¢yHkumM v 2z —1 HaWTH TOYKY pa3BETBJIEHUS U IIO-
CTPOUTH CX€MY PUMaHOBO! ITOBEPXHOCTH.

300. HatiTu ToukM pasBeTBIEHU U IIOCTPOUTh CXeMy PUMaHO-
BOI IOBEPXHOCTH 1A GYHKIMH V2 + 1.

B Tex ciy4asx, Korza MHOros3Ha4yHass GYHKIUA OyZeT MMEThb
HECKOJIbKO TOYEK Pa3BeTBJIEHNUsA, MbI OyZeM /s BEIIEIEHUS Helpe-
PBIBHBIX OZIHO3HAYHBIX BeTBEH INPOBOAWUTH pa3pe3bl U3 KakAOH
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TOYKU Pa3BeTBJIEHUs B 6ECKOHEYHOCTh M0 KaKUM-TNO0 Hermepece-
KaIoIMMCS JIMHUAM.

IIpy aTOM cXeMa PHMAaHOBOH IIOBEPXHOCTH JAHHOHU QyHKINU
MOJKET CYLIECTBEHHO 3aBHUCETH OT TOTO, IT0 KAKUM UMEHHO JINHUAM
IIPOBEZIEHHI Pa3pe3bl U3 TOUEK pa3BeTBIEHUs B 66CKOHEYHOCTS (CO-
OTBETCTBYIOIINI NpUMep OyZeT pacCMOTPEH HIDKe B 3azavax 327
u 328). B Tex ciydasx, Korja Takas CUTyallds MMeEET MeCTO, MbI
OyZeM yKa3bIBaTh, KaK IIPOBOAATCA pa3pesbl. Eciu jxe 3TO He cy-
IIeCTBEHHO, TO YKa3bIBaTh UX He OyzeM.

CxeMBl PYMAaHOBBIX ITOBEPXHOCTEH, ITOCTPOEHHbIE YUTATeNEM
IIpYU pellleHVH IpeZJaraeMbIX HIDKE 337a4, MOI'YT OTIIMYAThCA OT
cxeM, NIPUBE/IEHHBIX B PellleHNsX, 3a cYeT pa3IndyHON HyMepaluu
sucToB. [Ipu cooTBeTCTBYyIONIEH ITepeHyMepaliiy JUCTOB 3TH cXe-
MBI ZIOJDKHBI COBIIAAATh.

301. Ilyctb f(2) — ogHO3HAUYHAA HenpephlBHAA GYyHKIMA U C —
HellpepbIBHAs KPUBAA Ha IUIOCKOCTH %, HAUWHAOWIASCA B TOUKE 2.
ITycTh Wy — OFHO U3 3HAUeHHi v f(2,). JI0Ka3aTh, 9TO CYLIECTBY-
eT XOTs1 OBl OZIMH HeIpephIBHBIN 00pa3 KpuBoii C mpu oTobpaske-
HUM w = 4/ f(2), HAUMHAIOIIMIACA B TOYKE wp.

V3 pesynbrara 3azauu 301 BeITEKAaeT BO3MOXXHOCTD OIIpezieie-
HuA QYHKIMK w = 4/ f () 10 HENPEPBIBHOCTH B/IONb JIOGOH KpH-
BOH, He IIPOXOZJAIIeN Yepe3 TOYKY, B KOTOPHIX HapyLIaeTcs OfHO-
3HAYHOCTb HelpepPhIBHBIX 06Pa30B.

302. IIycth f(2) — omHO3HauHas HeMpephiBHAsA GYHKIUA U
wy(2) —ofHa U3 HeNpephIBHBIX OAHO3HAYHHIX BeTBel (Ipu co-
OTBETCTBYIOIMX paspe3ax) ¢yHkuuu w(z) = 4/ f(z). Haiitu Bce
OJHO3HAYHBbIE HelpePHIBHEIE BETBU (IIPU TeX Ke paszpesax) QyHK-
ouu w(zg).

303. HaifTu Bce TOYKHU Pa3BeTBJIEHUA U ITOCTPOUTh CXEMBI PH-
MaHOBBIX ITOBEPXHOCTeH A1 QYHKIUII: a) \/ 2(z—1), 6) V22 +1.

304. TlocTpouTh CXeMbl pMaHOBBIX IOBEPXHOCTEN ClIeyIOLIX
byHKIMIA:

a) V22—1,6) ¥ (z—1)2z,8) V(2 + D2

305. BrlzenuTh HelpephiBHbIE OJHO3HAYHbIE BETBU U IIOCTPO-
UTh CXeMy PUMAHOBO#K TOBEPXHOCTH 1A GYHKIHH v 22,

3ameuaHnue. V3 pemenua 3azayu 305 MBI IoJIydaeM, 4TO
Touka z = 0 He ABJAETCA TOUKOH pasBeTBIeHMA GyHKIMM Vz2.
B TO ke BpeMsa 06pasbl KPUBBIX, IPOXOAALINX Yepe3 TOUKY 2 =
=0, onpezenAOTCA HEe OLJHO3HA4YHO. Hanpumep, HeNnpephIBHEIMU
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o6pazamu oMaHol AOB mpu 0TOGpaxkeHUH w = /22 ABIAIOTCA
somanbsie COD, COF, EOD u EOF (puc. 33). IIpoxo/st 4epe3 TOUKy
z = 0, MBI MOXXEM OCTaTbCsI Ha TOM Ke JjucTe (yiomanble COD
u EOF) wnm nepeiiTu Ha Apyroil nuct (iomansle COF u EOD).
PyMaHOBa MOBEPXHOCTh GYHKIMK w(z) = V22 MMeeT BUJ, TOKa-
3aHHBINI Ha puc. 34.

Puc. 33 Puc. 34

OnpegeneHnue. Toukd, B KOTOPHIX HapyllaeTcsA OAHO3HA4-
HOCTb HeIIPEPHIBHBIX 00Pa30B KPUBEIX, HO KOTOPBIE He SBJIAIOTCA
TOYKaMH pasBeTBJIEHUA, MBI OyZeM HasblBaTh MOUKAMU HeOOHO-
3HAQUHOCMU aHHOHN QYHKIUY.

[Ipu mocTpoeHMM cxeM PHUMaHOBBIX IIOBEPXHOCTeH U3 TO4YeK
HEOZHO3HAYHOCTH MOXXHO HEe IIPOBOAUTH pa3pe3bl B OeCKOHed-
HOCTb, JOCTATOYHO 3TU TOYKU BBHIKOJIOTD, T. €. He IPOBOAUTD Yepes
HUX KPUBBHIE.

306. ITocTpoUTh CXeMBI PUMaHOBBIX IIOBEPXHOCTEH CIeyIOIINX
byHkIumii: a) \4/ z2+2, 6) W, B) ry (z—1)2(z+ 1)3,

0 VE-13G+D3, 0 vVaEE-1.

Hipxe MBI 6yzeM paccMaTpyBaTh U Takye GyHKIVMY, KOTOPhIE He
oIpeZie/IeHbl B HEKOTOPBIX TOYKax. [Ipy 5TOM Takue TOYKUA MOTYT
OKasaTbCAd TOYKaMU Pa3BeTBJIEHUA.

\/27. [TocTpouTh CXeMy PHMAaHOBOM IIOBEPXHOCTH QYHKIMH

1/z.

308. IMocTpoUTb CXeMBbI PUMAHOBBIX ITOBEPXHOCTEN CIIEAYIONTUX

bynkuuii: a) 4/ L., 6) \3/ - 1, B) 4] (4D .
z—1 z+ z(z—1)3
[Ipu pelreHUH 3aZia4 3TOTO Maparpada Mel Be3ie MoTydasu, YTO
rocjie IpoBeZleHUA HellepeceKalolunuXcsa pa3pe3oB U3 BCeX TOYeK
pa3BeTBJIEHNsA B OECKOHEYHOCTh paccMaTpuBaeMas QyHKIUSA pac-

[a/laeTcss Ha OAHO3HAYHEIE HENPEPHIBHBIE BETBU, KOTOPBIE 3aTEM
oInpesieJIeHHBIM 00pa3oM COeJUHAIOTCI HO paspe3aM. OKasbIBa-
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€TCsl, YTO TUM CBOWCTBOM 00JsiaZiaeT JOBOJBHO IMIMPOKUI KIacc
MHOTO3HAYHBIX PYHKI[MHA. B 4acTHOCTH, TAKUM CBOMCTBOM 00Jia-
JIal0T BCe pacCcMaTpUBaeMble HIDKe GYHKIIMHM, a UMEHHO QYHKIIWH,
BEIpaKaroluecs B pagukanax (§ 11), u anrebpanveckue QyHKITUU
(§14) (u Te, u Apyrue GyHKIMY ABJSAIOTCA YaCTHBIMU CIydasMu 60-
Jiee IMUPOKOTO KJIacca TaK Ha3bIBA€MBIX aHATUTUIECKUX QYHKIIVH,
Takxke 00JIaaloNHX YKa3aHHBIM CBOHCTBOM).

JloKa3aTenbCTBO 3TOTO YTBEPXKJAEHUS BBIXOAUT 32 PaMKU JaH-
HOI KHUTHU. [103TOMY MBI MOIJIK OBI IIPOCTO COCJATbCA Ha CyIile-
CTBYIOIIYIO TI0O 3TOMY BOIIPOCY JIUTEPATYPY*) U MPUHATb chOpMy-
JIUpPOBaHHOE BhIllle yTBEPKAeHue 6e3 oka3arenbeTBa. (YuraTenb
MOXXeT TaK U MIOCTYIIUTh, Iepeiiia cpasy K ureHuro § 11.)

OfHaKOo MpU 3TOM Y YUTATENSI MOXKET OCTAaThCS HEKOTOPOE UyB-
CTBO HEYZOBIETBOPEHHOCTU. M1 XOTS MBI HE CMOXKEM ITOSHOCTBIO
M30aBUTh YUTATENS OT 3TOTO YYBCTBA, MBI BCE JKe MOKa)KEM, UTO
chopMyTMpPOBaHHOE BHINIE CBOHCTBO BHITEKAET U3 APYTOro CBOM-
CTBa — TaK HA3bIBAEMOTO €80licmea MOHOOPOMULU, KOTOPOE BBITJIA-
IUT 6oiee OYEBUIAHBIM.

MsbI 3HaeM, 4TO JJIA BBIZIEIEHUA OAHO3HAYHBIX HENpPepPHIBHBIX
BETBel MHOTO3HayHOM ¢yHKuMM w(z) (B HEKOTOpOU obiacTu
IUIOCKOCTH ) HeoOXoAUMO, YTOOBl GYHKIUA w(z) Oompenesiach
M0 HENpPephIBHOCTU OAWHAKOBO B/IONb JIIOOBIX ABYX KPUBBIX C;
u C,, JeXxaunmx B 3TONW O6JACTH U UAYIIUX U3 IPOU3BOIbHOM
TOYKU Z; B HEKOTOPYIO JPYTYIO TOUKY Z;. CBOMCTBO MOHOAPOMUU
U CBSI3aHO C 3TUM YCJIOBUEM.

[lyctb MHOTO3HauHas1 QYHKIMS w(z) TaKoBa, YTO NpU UK-
CUPOBaHUM JIOOOTO ee 3HAUYEHUs W, B MPOU3BOJIHHOU TOUKE Z
byHkuua w(z) MOXKeT OBITH OTIpe/ieieHa M0 HEeMPEePHIBHOCTH (BO3-
MOXXHO, HEOJHO3HAa4YHO) B/IO/Ib JIIOOOM HEIpephIBHON KPUBOM,
BBIXOZAIIEH 13 TOYKU 2, (1 He MpoxoAlleii yepe3 TOUKH, B KOTO-
peIx PyHKIUA w(2) He ompegeneHa). CKaKeM, YTO MHOTO3HaYHAs
byukuua w(z) obmazaeT CBOMCTBOM MOHOAPOMUU, €CIIU [ Hee
CIIpaBeJIUBO CIeAyIollee YTBepKAeHHe.

CBo¥icTBo MOoHOAZpPpoMUU. Ilycte C; u C, — HEIpepPHIB-
Hble KpUBBIE€ Ha IUIOCKOCTH Z, HAUYMHAIOIIUeCS B HEKOTOPOM TOY-
Ke 2,, KOHYAIoUIecs B HEKOTOPOU TOYKE Z; M He IPOXOAAIINe

*) CMm., HanipuMep, Cnputeep /]oc. BBefieHVe B TEOPUIO PUMAHOBBIX ITIOBEPX-
Hocre#. WJI, 1960, a takxe I'ypsuy A., Kypaum P. Teopus ¢yukiuii. M.: Hayka,
1968.
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yepe3 TOYKU Pa3BETBJIEHUS M HEOJHO3HAYHOCTH MHOTO3HAYHOM
dyukunu w(z). Ilyctb, KpoMe TOrO, KpUBYI0 C; MOXXHO HETIPEPHIB-
HO 1ebopMUPOBaTh B KPUBYIO C, TaK, YTOOHI KPUBHIE, TIOMYYAIOIIH-
ecs npu Aedpopmaiuu, He MPOXOAWIN YEPE3 TOYKU Pa3BETBICHU
¢yHKMKU w(2) U YTOOBI KOHIBI UX

OCTaBaJMCh HEMOABWXHBIMU (puc. 35, 1

a, b — rouku pasBetrsneHus). Torga 3Ha- c,

yeHHe w(z;) OAWHAKOBO OIllpeZienieTcs o b

II0 HENpepBIBHOCTU BJOAb KpUBBIX C; o °

u C, (ecmu 3adpUKCUPOBAHO HEKOTOpPOE -
1

3HaueHue wy = w(zy)). 20

BeIsICHUM, Kakue CJIe/CTBUA BbITEKa-
IOT U3 CBOMCTBA MOHOPOMUM.

309. IIycth dyukums w(z) obragaeT CBOMCTBOM MOHOJPOMUH.
[TpoBefeM Ha IUIOCKOCTH 2 HellepeceKalomuecs pa3pesbl U3 BCeX
TOYEK pa3BeTBiIeHUA GYHKUMU W(z) B OECKOHEYHOCTb W BBIKO-
JIeM TOYKU HEOZHO3HAYHOCTHU GyHKIMM W (z). JJOKa3aTp, 9YTO IIpU
aToM GyHKIMA w () pacnazaeTcs Ha OHO3HAYHbIE HETTPEPhIBHBIE
BETBU.

310. IlycTp mpu yCAOBUAX IpeAbIAyIel 3a7auyd paspesbl He
MIPOXOJAT Yepe3 TOUKU HEOJHO3HAYHOCTH GYHKIUU W (2) Uy w(z)
KOHEYHOe YHCJIO TOYEeK pa3BeTBieHUs. JJoKa3aTh, YTO NpHU Iepe-
CceYeHNU HEKOTOpOro paspe3a (B OIpe/iesIeHHYI0 CTOPOHY) MBI C
JI060# GUKCHPOBAHHOU BeTBU QYHKIINU w (z) OyAeM IepexoauThb
Ha OJHY U Ty Ke BeTBb HE3aBUCHUMO OT TOTO, B KAKOM HMEHHO
MecCTe MBI TIeEpeceKaeM pa3pes.

3amevanue 1. Ilpu obxozme BOKPYT TOUKH PA3BETBIEHUA MbI
O[IUH pa3 mepeceKkaeM paspes, UAYIIUM U3 3TOU TOYKU B OeCKOHed-
HoCTb. [ToaTomy B cuity pesynbraTa 3agauu 310 mepexo bl ¢ OAHUX
BeTBell Ha /ipyTue IIpH llepecedeHNH HeKOTOPOTo pa3pesa B IPOU3-
BOJIBHOM MECTE COBIAZAIOT C MepeX0oJaMH, TOTyJaroIUMUCS TIPU
o06xo7ie (B COOTBETCTBYIOIIYIO CTOPOHY) TOYKH Pa3BETBJIEHUS, U3
KOTOPOH NPOBeZeH pa3pes, U, CJIeA0BAaTeNbHO, COBIIAZAOT C Iepe-
XOZlaMU, YKa3aHHBIMU B 3TOU TOYKe B cXeMe PUMAaHOBOM IOBEpPX-
HOCTH.

3amevaHue 2. V3 pesynbraToB 3aga4 309 u 310 BeITeKaer,
YTO eC/JId MHOros3HayHas ¢yHKIUA w(z) obiajaeT CBOWCTBOM
MOHOZPOMWUH, TO A W (Z) MOXHO IMOCTPOUTh PUMAaHOBY ITOBEPX-
HOCTb. [IpryeM [jIs1 BBIACHEHUS CTPYKTYPHI 3TOH IIOBEPXHOCTHU

Puc. 35
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JIOCTAaTOYHO HAWTH TOYKU pa3BeTBIeHUA QyHKINH W () U yCTaHO-
BUThH IIEPEXO/BI MEXKAY BETBAMHU QYHKIMU w (z) Ipu 00X0/ie STHUX
TOYEK.

Bce ¢yHkumm, KoTophle 6yAyT paccMaTpUBAThHCA HIDKE, 06J1az1a-
IOT CBOMCTBOM MOHOZpoMuH. CTPOTO ZI0Ka3aTh 3TO YTBEPXKAEHUE
MBI 3/1eCh HE CMOXeM, TaK Kak JJIs1 3TOro TpebyeTcs mpuBiedeHne
MIOHATUA aHAMUTHYecKol GyHKImU. OZHAKO MBI JaluM UZE0 Jo-
KasaTeJbCTBa TOTO0, YTO HEKOTOpas MHOTO3HauHast QYHKIUA w (z)
ob6saZiaeT CBOMCTBOM MOHOJPOMUM, TIPEATIoNaras, 4To 3Ta QyHK-
IIUA SIBJISIETCS «JOCTAaTOYHO XOPOIliei». YTo 3TO 03HavaeT — OyzeT
BU/IHO M3 MU J0Ka3aTelbCTBA.

VTak, ImycTh BHIIOTHIIOTCSA YCJIOBUA U3 CBOMCTBA MOHOAPOMMUHU.
Iycts C; u C, — HenpephiBHBIE 06pa3sl KpUBHIX C1 U C, IPU 0TOG-
paxxeHun w(z), HaYMHaIKeca B ToUKe w, = w(z,). Hazo goka-
3aTh, YTO KPUBBIE C{ u C, OKaHYMBAIOTCA B OZHOM U TOH Xe TOUKe.

[IpeamnonoXXuM cHavaia, YTO KPUBBIE, MOMYYAIOUTEC TIPU Je-
¢dopmaruu C; B C,, He TIPOXOAAT HE TOJIBKO Yepe3 TOYKH pas-
BETBJIEHHUS, HO U Yepe3 TOUYKM HEOAHO3HAYHOCTH GYHKINU W (z)
(cM. cTp. 93). Ilycts C —mobast M3 Takux KpuBbIX. Toraa cyiie-
CTBYyeT eJUHCTBEHHBI HeNpephIBHEIN 06pa3 C’ kpuBoi C Ipu
oTobpaxkeHnu w(z), HAYMHAIOIINUKICA B TOUYKe W, = Ww(2,). Ecim
dyHKIMA w(2) «JOCTATOYHO XOpOIIas»*), TO NMPU HENPEPHIBHON
Jebopmaruu kpuBoir C or mosmoxkeHusa C; zo mnomoxeHus C,
kpuBble C’ HempepeBHO AedOpMUPYIOTCA OT HonoxeHusa C; 70
nonoxenus C,,. [Ipu 5TOM KOHeYHas TOUKa KpUBOH C’ TakxKe JOMK-
Ha ZebopMUpoBaThCS HempephiBHO. Ho KpuBast C OKaHYMBAETCS
B TOYKE %, IO3TOMY KOHEYHas TOYkKa KpruBou C’ JOMKHA COBIA-
JlaTh C OHUM U3 00pa3oB w(z;) TOUKHU 2;. Ecin dyHkuus w(z)
IIpUHUMAET IIPU KaXA0M 2 (B YaCTHOCTH, IIPU ;) JIUIIb KOHEYHOe
YHCIO 3HAaUeHUH (a MBI paccMaTpPUBaeM TOJMBKO TaKve QYHKIIUH),
TO KOHEeYHas TOYKa KpUBOU C’ HE MOXKET MEPECKOYUTH U3 OAHOTO
obpasa TOYKM Z; B IPyroil o6pas, Tak Kak MpU 3TOM HAPYIIUTCS
HelnpepreIBHOCTD Aedopmannu. CrejoBaTeIbHO, KOHEYHbIE TOUYKU
BcexX KpUBBIX C’ M, B 4aCTHOCTH, KpUBBIX C| 1 C), COBIAJAIOT.

[TocMOTpUM TeNeph, YTO IIPOUCXOAUT, Korja KpuBas C mepexo-
JUT 4Yepe3 TOYKY HEOAHO3HAYHOCTH GYHKIMM w(z), KOTopas He

*) OG6BIYHO TeopeMa MOHOZPOMUH JOKA3bIBAETCA AJIA MIPOU3BOIBHBIX aHA-
suThdeckux GyHkuuil. CMm., Hanpumep, CnpuHeep Z[xc. BBesieHUe B TEOPUIO
PHMaHOBBIX NoBepxHocTel. M1, 1960. C. 97.
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SIBJIIETCSA TOYKOW pa3BeTBIeHUs. PacCMOTPUM TOJBKO YaCTHBIN
cTydal, Korja KpuBas U3MEHSETCs JIUIIb BOJIM3U TOYKU HEOZHO-
3HayHOCTH a (puc. 36). Eciu B TOUKe 2, 3apUKCUPOBAHO 3HAYEHUE
wy = w(gy), TO IO HENpepbIBHOCTU OFHO3HAYHO OIPeAeNUTCA
3HaueHue w(z) B Touke A. [Tocse 3TOr0 OZMHAKOBO OIpPeJeNaTcs
II0 HeNpephIBHOCTU BAOAb KpUBBIX ADE u ABE 3Hauenusa w(z)
B Touke E, Tak Kak WHave Ipu 06XoJe 1o KpU-
Boii EDABE u3MeHAIOCh OBl 3HaueHue (yHK-
¥ w(z) ¥ TOUKa a 6bUTa ObI TOYKOM pa3BETB-
snenus ¢yHKIMM w(z). ITocsme Toro Kak 3Have-
Hus w(z) B TouKe E Ompesesuinch OAUHAKOBO
M0 06erM KPUBBIM, OJUHAKOBO ONPEAEAIOTCA
IO HETIPEPBIBHOCTH BZIOJb KpUBOL Ez; 1 3Have-
HUA w(2) B TOUKE 2.

Takum 06pa3oM, «TEMHBIM» MECTOM B HallleM H3JI0KEHUH OCTa-
JIOCh YTBEPXKZEHVE O TOM, YTO BCe pacCMaTpUBaeMble HIDKe QyHK-
I[UU ABJISIIOTCS «I0CTATOYHO XOPOIITUMU».

37eCh YK YUTATENIO IPUAETCS MO0 MIPUHATH 3TO YTBEPXKAEHUE
Ha Bepy, T1ub0 06paTUTHCA K 6osiee IIIyOOKOMY M3YYeHHUIO aHaId-
TUYECKUX QYHKIMI®).

D

Puc. 36

§ 11. ®ynkuuu, BeIpakarougecs B pajguKaiax

Onpegenenue. Ilycty f(2) u g(z) —zABe MHO-
rosHauyHble ¢yHkIuu. Ilox f(z) + g(z) O6yaeT MOHMMATbCA MHO-
ro3HayHas QyHKIVs, Bce 3HaUeHUs KOTOPOU B TOYKE Z, IOJTydar-
cfl, ecn Kakzoe 3HadeHHe f(z)) CJIOKHUTH C KaXAbIM 3HAYEHU-
eM g(zy). Tak ke onpezensatorcsa dynkiuu f(z) —g(2), f(2) - g(2),
f@)/g().

Moz [f(2)]", rme n — HaTypaabHOE YUCJIO, OyZeT MOHUMATHCA
dyHKLYA, BCce 3HAUEHUA KOTOPOU B TOUKE Z(, TIOMYYaTCs, €CTU KaXK-
Jioe 3HaueHUe f(z;) BO3BECTHU B CTEIEHb 1.

Ilox %/ f(z), rme n — HaTypaabHOE YUCIO, OyAeT HOHMMAThCSA
byHKIIMA, Bce 3HAYEHU KOTOPOU B TOUKE Z( TMOMYIATCS, ECITU IS
KaKZI0TO 3HaYeHus f (Z,) BHIUMCIUTD BCe n 3HadeHuil 4/ f(2q).

*) CMm., Hanpumep, IIlabam B. B. BBefieHVe B KOMIUIEKCHBIM aHanu3. M.:
Hayxka, 1985; Mapxyuieguu A. M. KpaTkuii Kypc TEOpUU aHATUTHIECKUX GYHK-
nui. M.: Hayka, 1978; Jlveosckuil C. M. IIpUHIUITEI KOMIUIEKCHOTO aHaiu3a. M.:
MIIHMO, 2017.
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311. HaiiTu Bce 3HaYeHUA: a) \3/—_8 + /21, 6) ﬂ,

B) Vi+v—1, 1) (VA+0DD2 10 (Vi+ VD2

OnpezseneHue. Bygem roBopuTh, YTO MHOTO3HAYHAS QYHK-
st h(2) evipancaemcs 8 padukanax, eciv OHa MOXKET ObITb MONTy-
yeHa u3 GyHKIMH f(2) = z 1 MOCTOAHHBIX QyHKIMM g(2) =a (a —
MIPOM3BOJIbHOE PUKCUPOBAHHOE KOMILIEKCHOE YHCJIO) C TIOMOIIBIO
oTepaIuii CJI0XKeHUs, BEIMUTAHWs, YMHOKEHUA, [ie/IEHHUS, BO3BeJE-
HUs B HaTypaJbHYIO CTETleHb U U3BJIeYeHUs KOpHE HaTypasbHOMN
CTEIeHH.

i \4
Hampumep, ¢pyukuusa h(z) = (\3/ Vz+322— ﬁ) BBIpa)keHa B

pazukanax. Hekoropble GyHKIMY, BEIpAKAIOUINECA B PaJUKaIaXx,
MBI y>Ke paccMaTpHBaJIU BHIIIE.

312. Ilyctp ¢yukuusa h(z) BeIpaXaeTcsa B pajuKajax, U IyCTh
C — HenpephIBHAsA KpUBas Ha IVIOCKOCTH Z, HAUWHAIOWIAACA B TOU-
Ke 2, U He TIPOXO/Ias Yepe3 TOUKH, B KOTOPhIX GyHKIMA h(z) He
omnpegesneHa. Jloka3arb, YTO eClM Wy — OAHO W3 3HaYeHUH h(zy),
TO MMeeTcs1 XOTA Obl OZMH HEeNpephIBHBIN 00pa3 KpuBoil C IIpu
oTobpaxkenuu w = h(z), HaYMHAIOIUIICA B TOUKe W,. (Cunraem,
YTO IapaMeTpUYecKoe ypaBHeHHe w (t) = a, rae a — GUKCUPOBAH-
HOe KOMIUIEKCHOe 4MCJI0, 3a/laeT HelPephIBHYI0 KPUBYIO, BBIPOXK-
JaIoIlyocs B TOUKY.)

VI3 pesysprara 3aza4yu 312 nony4yaem, yTo Ipou3BoIbHAsA GyHK-
s h(z), Belpaxkaromascsa B paguKagaX, MOXET OBITh Ompezerie-
Ha II0 HeNPePhIBHOCTY BJOJb JI0001 HellpepEIBHOW KpuBOii C, He
MIpOXOZALIel Yepe3 TOUKH, B KOTOPhIX QyHKIUA h(z) He ompezee-
Ha. Eciu npu aToM kpuBas C He IPOXOAUT yepe3 TOYKU pa3BeTB-
JIEHUS ¥ HEOZAHO3HAYHOCTH (cM. cTp. 93) dyHkumuu h(z), To GyHK-
s h(z) onpezesseTcs 0 HEIPEPEIBHOCTU BAOIb KpUBOH C OZHO-
3HAYHO.

MsI y:xe oTMeYanu B IpefblaylneM maparpade, yro GpyHKINU,
BhIpaKalollllecs B paZiuKasaX, ABJIAIOTCA «JOCTATOYHO XOPOIIU-
MU»*), T.e. OHH 00JIaZialoT CBOMCTBOM MOHOZPOMHH. IIo3TOMY
Ut mo60¥ QYHKIWY, BBIp@XKaloIlelcs B paJuKaaaX, MOXKHO II0-
CTPOUTHh PHMaHOBY ITOBepXHOCTh (cM. 309 u 310)**). BrisicHUM
CTPYKTYPY 3THX PUMaHOBBIX IIOBEPXHOCTEH.

*) OyHKIUU, BEIPAXKAIOUINECS B PAZUKAIAX, ABIAIOTCA aHATUTHIEeCKIMHU.
**) Jlro6as GyHKUKSA, BRIpaXKAIOWAsAcs B paZuKaiax, IMeeT KOHEYHOEe YUCIIO
TOYEeK pPa3BeTB/IEHUS.
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B panpHelieM BCIOAY B 3TOM maparpade MOXXHO IpeIoIararh,
YTO peub HeT 0 GYHKIUAX, BRIPAKAIOIINXCA B pafuKajax.

313. IIyctb h(z) = f(2) + g(z). BrikomeM U3 IUIOCKOCTU BCe
TOYKY HeOAHO3HaYHOCTU PyHKIUU h(z) U MpoBeAeM HelepeceKa-
folpecss paspe3bl B 6ECKOHEYHOCTh U3 BCEX TOYEK, KOTOPHIE SIB-
JITIOTCS TOYKaMU pa3BeTBIEHUsI XOTS Obl 0fjHOM u3 GyHKIUN f(2)
win g(2). Ilyetp f1(2), ..., f,(2) u g1(2), ..., &, (2) — HempepsIB-
Hble OJHO3HauHble BeTBU (yHKIUN f(2) u g(z) Ha MOTyYeHHOMH
IUIOCKOCTH ¢ pa3pe3aMu. HaliTu HempephiBHbIE OJHO3HAYHBbIE
BeTBU QyHKIMU h(2).

Ecnu npu o6xozie TOUKU Z, MBI C BeTBH f; (z) mepexofum Ha
BE€TBb fiz (2) u c BeTBU g, (2) Ha BeTBb gj, (z), To, OYEBHUIHO, C
BETBU hil, i ()= fi1 (2) + g (2) MBI TIepelizieM Ha BETBb hiz,jz (2) =
= fiz (2) + gj, (). DTO MOACKA3BIBAET HAM CJEAYIOUUN (opMaib-
HBIFl METOJ MOCTPOEHUA CXEMBI PUMAHOBOW TOBEPXHOCTU (QYHK-
uuu h(z) = f(2) + g(z) mpu ycaoBUM, YTO MOCTPOEHHBI (IIpU TeEX
JKe pa3pe3ax) cXeMbl PUMAHOBBIX ITOBepXHOCTeN PyHKIUH f(2) U
g(z). Kaxpnoii mape BetBelt f;(z) u g;(z) CTaBUM B COOTBETCTBHE
JIUCT, HA KOTOPOM CYHUTAaeM 33/laHHOU BETBb hiJ ;8= fi@)+ g; (2).
Ecmu B cxeMax pUMaHOBHIX MOBepxHOcTel GyHKIMU f(2) U g(2)
B TOYKE 2, YKa3aHbI IIEPEXOAbI C BETBU fil (2) Ha BeTBB fiz @ wuc
BeTBH g; () Ha BETBb g;, (2), TO B CXeMe PUMaHOBOM IIOBEPXHOCTH
¢dyHkuu h(z) ykasblBaeM B TOUYKe Z, IIepexo/ ¢ BeTBU h; ; (z) Ha
BETBb hiz’ 3, (2).

314. TlocTpouTh CXeMbl PHMaHOBBIX IIOBEPXHOCTEN CJIEyIO-
myx GyHKIUA: a) vz + vz —1, 6) VaZ—1+ V1/z, B) vz + V3,
rvz2—1+ Vz—1.

OmnucaHHBIM Bbllle GOpPMalbHBIN METOZ IIOCTPOEHUA CXeMbl
prMaHOBOM moBepxHocTH ¢yHKIUY h(z) = f(2) + g(2) He Bcerga
JlaeT TpaBWIbHBIM pe3y/abTaT, TaK KaK OH He YYUTHIBAET, 4YTO
HeKOTOphle U3 BeTBeH h; ;(z) MOryT oka3aTbcA paBHBIMHU. [l
MIPOCTOTHI OYZIEM CUMTATh, YTO pa3pe3bl He MPOXOAAT Yepe3 TOUKU
HeoZHO3HAYHOCTH GyHKUMM h(z). B Takom ciyyae mpu mepece-
YeHUU JI000To pa3pe3a MbI C JIMCTOB, COOTBETCTBYIOIIUX PABHBIM
BeTBAM GyHKIMH h(z), OyZeM IepeXOAUTh, B CUIY OJHO3HAYHOCTH,
Ha JIUCTHI, TaKKe COOTBETCTBYIOI[ME paBHBIM BeTBAM. CiemoBa-
TEJIbHO, €CJIU MBI CKJIEUM JICTHI, COOTBETCTBYIOUINE OJUHAKOBBIM
BeTBAM QyHKIUU h(Z), T.e. 3aMeHUM KaXl0€ MHOXXECTBO TaKUX
JINCTOB OZHUM JIFICTOM, TO OZHO3HAYHO OIPEJENATCA IepeXOb

1,01
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MeX/y MOJyYeHHbIMM JIUCTaMU MpU 06xoze t000¥ TOYKU pas-
BETBJIEHUA 2.

315. Haiitu BCe 3HaUCHHA f(), ecmn: a) f(2) = vz + V3,
6) f@) = v+ V) f(2) = ¥z + ¥z

316. [lna ykasaHHBIX QYHKIUA TOCTPOUTH CXEMY PUMaHOBOH
MOBEPXHOCTH HOPMATHHBIM METOZOM U UCTUHHYIO CXEMY PUMAaHO-
BOU MTOBEPXHOCTHU:

a) VZ+ 4z, 6) vi+ V22 B) VE+ ¥z

OKOHYATENbHO MOMyYaeM, UTO JJIs MOCTPOEHHUS CXEMbI PUMaHO-
Bo moBepxHocTU GyHKIIUU h(2) = f(2) + g(2) O cxemMaM puMaHoO-
BBIX ITOBepxHOCTel GyHKIMH f(2) 1 g(2) (MOCTPOEHHBIM IIPU TEX
JKe paspe3ax) JOCTaTOYHO MOCTPOUTH CXEMY OIMCAHHBIM BHIIIE
dbopMabHEIM METOAOM U 3aTeM IIPOM3BECTH COOTBETCTBYIOIIHE
CKJIEUKH.

JIerko BUETb, YTO ITOT AJITOPUTM MOXKHO IMPUMEHATh U TIPU
IIOCTPOEHHUN CXEMBI PUMAHOBOM IOBepxXHOCTH GYHKUINN h(z) =
=f(2)—g(2), h(z) = f(2) - g(2), h(z) = f(2)/g(2).

317. [ocTpouTh CXeMbI PUMAHOBHIX IOBEPXHOCTEN CIe[YIOUTNX
dYHKITUIH:

a) iv/z— \/—6) vVz—1 J_B) r) Vit VE

Vzz—1

318. Ilycts fi(2), fo(2), ..., fim (z) — BCe HeNpephIBHbIE OZHO-
3HauHble BeTBU GyHKUMM f(z). HaiiTu npu Tex e paspe3ax Bce
HelpephIBHBIE OZ/HO3HAYHBIE BeTBU QyHKIMU h(z) = [f(2)]", rae
n — HEKOTOPO€e HaTypaJbHOE YKCTIO.

V3 pesysibraTa MOCAeAHEN 3ajauul JIETKO BBHITEKAET, YTO CXeMa
puMaHOBOM moBepxHocTH GyHKIMU h(2) = [f(2)]" coBnazana 6b1
CO CXeMOol pUMaHOBOM MOBEpXHOCTH GYHKIMU f(z), eciu ObI Bce
BeTBU h;(2) = [f;(2)]™ 6bUIN pasiauuHbiMu. OFHAKO 3TO HE BCETAA
Tak. Ec/i mmostydaTcst paBHbIE BETBH, TO IIPH ITEPEXO/IE YEPE3 pa3pe-
3Bl MBI B CIUTY OZJHO3HAYHOCTH OyZIeEM C paBHBIX BETBEH ITepEX0OJUTh
Ha paBHBIE BETBU.

OKOHYATENBHO MOTYyYaeM, YTO JJi TIOCTPOEHUS CXEMbI PUMaHO-
Bol moBepxHocTH $yHKuuu h(z) = [f(2)]" AocTaTOYHO Ha cxeme
PUMaHOBOM OBEPXHOCTU GYHKIMHU f (2) pacCCMOTPETb BMECTO BET-
Bel f;(z) BeTBU h;(2) = [f;(2)]". Eciiu Ipu 3TOM TOABATCSA OJMHA-
KOBBIE BETBH, TO HY>KHO CKJIEUTh COOTBETCTBYIOIIE JIUCTHI.

319. HOCTpOI/ITb CXeMBbI PUMaHOBBIX HOBerHOCTeI/I CIJIEIYIOTINX

dymxmmit: a) (V2)2, 6) (VZ+ v2)2, B) (vVZ- ¥z — 13
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V3yuuMm Temepb, KaK CBs3aHa CXeMa pPUMAaHOBOM MOBEPXHO-
ctu ¢yukumu 4y f(z) co cxeMoii puMaHOBOI IIOBEPXHOCTH QyHK-
uun f(2).

320. Kakue TOYKU MOTYT OBITh TOYKAMH pa3BETBIeHUs (PyHK-
man v f(2)?

[IpoBeileM Ha IUIOCKOCTU Z Pa3pe3bl M3 TOYEK Pa3BETBJIEHUS
¢byukunu f(z) B 6eCKOHEYHOCTh TaK, YTOOBI OHU HE MPOXOAWIN
Yyepes TOUKH, B KOTOPBIX OZ/HO U3 3HaYeHu pyHKIUH f (2) paBHO O,
Y BBIIEJIMM HeIpepbhIBHBIE OAHO3HAYHBle BeTBU (yHKuMM f(2).
I[TycTe 31O OyzAyT (OAHO3HAUHBIE) GYHKIMU f;(2), fo(2), ..., fin(2).
[IpoBezeM AOTIONHUTENBHO Pa3pe3bl B OECKOHEYHOCTh U3 TOYEK, B
KOTOPBIX OZHO U3 3HaueHUH ¢oyHKkumu f (z) paBHo 0. IlycTb g(2) —
O7flHa 13 HeIpepLIBHLIX OJHO3HAYHLIX BeTBeill QyHKuuu 4+ f(2)
IIPY 3TUX pa3pesax.

321. [Joka3aTb, uro ¢yHKuMA [g(2)]" coBmazaeT ¢ OAHOU W3
dyHKIUMH f; (2) BCIOAY, KpOMe pa3pe3osB.

VI3 pe3ysibTata mpezbiAyIieli 3ala4u BHITEKAET, YTO KaXK/asi BETBb
byukuuu 4/ f(2) cOOTBETCTBYeT HeKOTOpoil BeTBU GyHKIMH f(2).

322. Ilycth g(z) — HelpephIBHAsA OJHO3HAYHAs BETBb QYHK-
mmu 4/ f(z), cooTBeTCTByIOWAsA BeTBY f;(z) GpyHkumu f (z). Hattu
BCE COOTBETCTBYIOILVE BETBU f;(z) HENpepHIBHEIE OAHO3HAYHBIE
BeTBU GyHKIUK Y f(2).

VI3 pesynprara nociefHel 3aZady MBI IOTy4aeM, YTO KaXAOH
BeTBU f;(2) ¢yHKumuM f(2) COOTBETCTBYET «IIayKa», COCTOAIIAS
u3 n BeTBel GpyHKIUK 4/ f(2). MBI 3aHyMepyeM BeTBU B 3TOH Had-
Ke f;0(2), fi1(2), ..., fin—1(2), IpUYeM Tak, 9TOOHI A7 MHO6OTO k
BBITIOJIHANIOCh PABEHCTBO f; 4 (2) = f; o(2) - k.

[Tycth 2, — TOYKa pa3BeTBieHUs GYHKUMU f(z), U MyCTh IIpU
06X07le BOKPYT TOYKH 2, MBI C BETBH f;(2) ImepexoauM Ha BETBb
f; (2). Toraa, oueBUAHO, A1A QYHKIUH V f(2) MBI HONMy4UM cremy-
Iolllee: CO BCEX JIMCTOB MAa4KM, COOTBETCTBYIOIEN BeTBH f;(Z), MBI
pu 06X0/ie BOKPYT TOYKHU %, OyZeM MepexoAnuTh Ha JIUCTHI MTAYKHU,
COOTBETCTBYIOIIE BETBU f] (2).

323. Ilycte C — KpuBadA Ha IUIOCKOCTU Z C IIapaMeTpPU4YeCKUM
ypaBHeHMeM Z(t), ¥ MyCTh KPUBas HA IUIOCKOCTH W C YPaBHEHU-
eM wy (t) ABIAETCS HellpephIBHBIM 06pa3oM KpuBo# C mpu oTobpa-
xeHMH w = 4/ f(2). JlokasaThb, 9YTO KpuBasd C ypaBHEHUEM W (t) =
= wy(t) - €k Tarke ABIAETCA HeNpepHIBHEIM 06pa3oM KpuBoi C

npu oTobpaxkeHuu w = 4/ f(2).
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324. Ilycty kpuBad C Ha IUIOCKOCTU Z He IPOXOJUT 4Yepes
TOYKM Pa3BeTBJIeHHUA 1 TOUKU HEeOJHO3HAYHOCTH GyHKIUHU V f(2).
JlokasaTb, YTO el MBI IIpU JBIDKEHUU BJONb KpuBou C Iepe-
XOJMM C BeTBU f; ((z) Ha BeTBb f; .(2), TO C BETBU f; ¢4y (2) MBI
nepeKaeM Ha BETBb f; .4 (2), Te cyMMBI § + k U 1 + k BEIYMCIIAIOT-
cq o mozayawo n (cM. 40).

Takum 06pa3oM, Jjist ONIpe/ie/IeHNs TOT0, Ky/ia Mbl TIepeiiieM C
JIUCTOB /IaHHOM MaYyKH NP 00X0ie JaHHOW TOYKU Pa3BETBIIEHUS
dyuxmuy 4/ f(2), IOCTATOYHO ONpPEJENUTh, KyAa MBI IIEpeiieM ¢
OJTHOTO M3 JINCTOB AAaHHOM MAaYKH, a AJI APYTUX JIUCTOB 3TOU aUYKU
TIepexoibl ONPeJEIATCS aBTOMAaTUYECKU B CIUIY pe3ysbrara 33/a-
qu 324.

325. [locTpoUTh CXEMY PHMAaHOBOM IOBEPXHOCTH OGYHKIMU

Vz—1.

326. HOCTpOI/ITb CXEeMBI pI/IMaHOBbIX IIOBEepXHOCTeH ciefyto-
mux GyHKIMIA: a) 2,0) \/

B cregyromux AByX 3az[aqax paccMaTpuBaeTcs IpuMep, Korza
cxXeMa PUMaHOBOU MOBEPXHOCTH (GYHKIMM 3aBUCUT OT TOTO, KaK
TIPOBEZIEHBI pa3pes3Hl.

327. IlocTpoUTh CXeMy PHMAHOBOHM IIOBEPXHOCTH (QYHKITMH
f(2) = v2%+1— 2 npu paspesax, U300paKeHHBIX: a) Ha puc. 37,
6) Ha puc. 38. B oboux ciaydadx OmpeAennuTh, Ha OAHOM WA Ha
Pa3HBIX JIMCTAX JIeXKaT TOYKU Z Takue, 4To f(z) =0

—i —i

Puc. 37 Puc. 38

328. [locTpoUTh CXeMy PHMaHOBOM IIOBEPXHOCTU GYHKIUU
h(z) = VV/22 + 1 — 2 npu paspesax, u306pakeHHBIX: a) Ha puc. 39,
6) Ha puc. 40.
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Puc. 39 Puc. 40

CdopmynupyeM elfe pa3 Te pe3yabTaThl 3TOro maparpada, Ko-
TOpbIe MOTPe6YIOTCSA HaM B Ja/IbHENIIIEM.

Teopema 8. /lna nocmpoeHusi cxembl pUMAHOB0l nosepx-
Hocmu gynkyutl h(z) = f(2) + g(2), h(z) = f(2) — g(2), h(z) =
=f(2) - g(2), h(z) = f(2)/g(2) no cxemam pumaHoswvLx NOBEPXHO-
cmetl ¢pyHxyutl f(z) u g(z), nocmpoeHHbIX NPU MmeX Jice paA3pe3ax,
docmamouHo: a) kaxcdoil nape semsgeil f;(z) u g;(z) conocma-
8UMb JIUCM, HA KOMOPOM cuumams 3adanHoll eemeb h; ;(2), pas-
Hyto coomeemcmeento f;(z) + g;(2), fi(z) —g;(2), fi(2) - g;(2),
£i@)/g;@);

6) ecau npu 06xo0de 80KpY2 MOUKU 2 UMeemcsl nepexod ¢ gem-
8u fil (2) Ha semsb fiz (2) u c semsu g, (2) Ha semsb gj, (2), mo
ons gynxyuu h(z) npu mom xe obxode ykazams nepexod ¢ semsu
hil,h (2) Ha semsb hinz (2);

B) JIUCMbl, HA KOMOpbLX 3a0anbl odunakoseble eemsu h; ;(2),
CKJleUuUms.

Teopema 9. Jna nocmpoeHusi cxeMbl PUMAHOBOLL NOBEPXHO-
cmu ¢ynxyuu h(z) = [f(2)]* no cxeme pumanosoil nogepxHocmu
¢ynxyuu f(z), nocmpoeHHOI npu mex e pa3pe3ax, 00CMAMOUHO:

a) Ha cxeme pumanogoll nosepxHocmu gyHkuyuu f(z) cuumams
3adanHbmMu emecmo f;(z) semsu h;(z) = [f;(2)]1";

6) iUCMbL, HA KOMOPBIX 0KA3bI8AIOMCS 3A0AHHBIMU 00UHAKOBbLE
semau h;(z), ckneums.

Teopewma 10. [Ipu nocmpoeHUl cXeMbl PUMAHOBOU NOBEPXHO-
cmu gynxyuu h(z) = %/ f(z) no cxeme pumarosoil nosepxHocmu
¢yHkuyuu f(z), nocmpoeHHoll npu mex Jice paspe3ax:

a) Kaxcowlil AUCM CXeMbl PUMAHOB0L nosepxHOoCMU GYHKUUU
f(2) 3amensiemcs naukoil u3 n aAUCMO8;
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6) npu 06xode 8okpyz 060U Mouku pazgemesaeHus PyHKUUU
h(z) mbt ¢ aucmog 00O nauku nepexodum HA JUCMbL 00HOU U
motl xce nauku;

B) amu nepexo0bl ¢ 00HOU NAUKU HA Opy2yi0 c08NAJAM ¢ nepexo-
oamu mexncdy cOOmME8emMCcmayouuMu JUCMAamil pUMAaHosoll nogepx-
Hocmu ¢yHkyuu f(2);

T) ecu JUCMbL 8 NAUKAX NEPEeHyMepO8aHbl mak, umo f; . (z) =
= f; 0(2) - €k, mo nepexodut ¢ 0dHoll nauku wa dpyzyro npoucxodam
6e3 nepemewu8aHUs JUCMO8, d MOAbKO C UUKAUUECKUM CO8U20M
(cMm. 324).

§ 12. I'pynmnsl l'asya MHOTO3HAYHbBIX QYyHKIUI

CBs)KeM Telepb C KaKAOW cxeMOM pHMaHOBOM ITO-
BEPXHOCTH HEKOTOPYIO TPYIILY I0[CTaHOBOK.

329. Ilycte kpuBasd C Ha IUIOCKOCTU Z He IPOXOJUT 4Yepes
TOYKY Pa3BeTBJIEHUA M TOYKU HEOJHO3HAYHOCTU PYHKIUU W (Z).
Jlokazatb, YTO TMpU ABWKEHUU BJOAb KpUBOH C MBI C Pa3HBIX
JIUCTOB CXeMBbl PUMaHOBOW moBepxHocTU (yHKUMM w(z) Oyzem
IIepexouTh Ha pasHble JHCTHI.

TakuM obpa3oM, B CHIy pe3ysibTaTta 3azauu 329, ooxoxay (mpo-
THB YaCOBOU CTPEJIKU) BOKPYT JIIOO0M TOYKM pa3BeTBIeHUA GyHK-
uuu w(z) COOTBETCTBYET MOJCTAHOBKA JIMCTOB CXeMBI PUMaHOBOM
MOBePXHOCTH GYHKIMH w (2), KOTOpast YKa3bIBaeT, Ha KaKOM JIUCT
MBI IIEPeXOIUM C KaXXZIOT'o JIUCTA.

330. IlycTh CXeMBI PUMaHOBBIX ITIOBEPXHOCTEHN A QYHKIINM,
IepevYncIeHHBIX B 3a71aue 314, OCTPOEHBI TaK, KakK 3TO CZeNaHO
B «YKa3aHUAX, pelleHUAX, oTBeTax» (cTp. 193), U mMycTb JIUCTHI
Ha 3TUX CXeMax 3aHyMepOBaHBl CHU3y BBEpX 4ucjaMu 1, 2, ...
3ammcarh A1 KaXJ0W QYHKIUU HOACTAHOBKU JIMCTOB, COOTBET-
cTByIoIMEe 06X0aM BOKPYT KaXKJOW TOYKU Pa3BETBIEHUA.

331. Ilyctb gy, ..., § — HEKOTOpBIE 3JIEMEHTHl IPOU3BOIbHON
rpynnel G. PaccMoTpyUM Bce d71€eMeHTHI rpynisl G, KOTOPbIE MOT'YT
OBITh TIONYYEHBI U3 g1, ..., §; TyTEM MHOTOKPATHOTO IIPUMEHEHUs

orepanyii yMHOXEHHA U B3ATHUA 00paTHOrO 37eMeHTa. JloKasars,
YTO IOJTyYeHHOe MHOXECTBO JIEMEeHTOB obOpasyeT IOATPYIIY B
rpynne G.

Onpepgenenue. Iloarpynmna, noirydyenHas B 3azade 331, Ha-
3BIBAETCA N002PyNNoil, NOpoNCOeHHOl aNeMeHMAMU g1, ..., -
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Onpepgenenue. Ilyctb gy, ..., g, — IOACTAHOBKU JIUCTOB
HEKOTOPOU CXeMbl PUMAHOBOU IMOBEPXHOCTHU, COOTBETCTBYIOIILE
o6xomaM (ITPOTUB YaCOBOM CTPENKH) BOKDPYT BCEX TOYEK Pa3BETB-
seHus. [loArpymny, TOpOXXAEHHYIO 3JIeMeHTaMHu g1, ..., g5, OyAeM
Ha3bIBaTh 2pYyNNoil NOOCMAHOB0K JIUCMO8 OAHHOU CXeMbl PUMAHO-
8ol nogepxHocmu.

3aMeyaHue 1. Eciu 4KcIo JIMCTOB B CXeMe KOHeYHO (a MBI
paccMaTpUBaeM TOJIBKO TaKW€ CXEMBI), TO IIPH IMOCTPOEHUU TPYII-
IIBI TTOACTAHOBOK JIICTOB 3TOM CXeMBbl JOCTATOYHO MCIIOIb30BaTh
OTepaIMI0 YMHOXKEHUS MTOJCTAaHOBOK, a OTepaluio B3ATUS 0bpart-
HOM IIOJCTAHOBKM MOXXHO KCKJIIOYHUTD. JIeHICTBUTENIBHO, B STOM
crydae yobasi MOZICTAHOBKA JIMCTOB g WMEET HEKOTOPBIM KOHedu-
HBIM TIOPsAZOK k: gk = e, mosToMy

gl=g""1=¢g-g..-g
k21

3aMedyaHue 2. [pymmsl IOACTAaHOBOK JIMCTOB, KOTOpBIE Oy-
JIyT CTPOUTHCS HIDKE, OyyT paccMaTpUBAThCsA, KaK OOBIYHO, C TOY-
HOCTBIO ZI0 u3oMmopdusma. [lo3ToMy HyMepalvs JUCTOB OyaeT He
Ba)XHA,TaK KaK IIPU Pa3HBIX HyMepaluax IOoIy4arTcs XOTA U pas-
JINYHBIE, HO U30MOPGHEBIE TOATPYIIIEL TPYIIHL S,,.

332. KakuM ©3 U3BECTHBIX BaM TPyNI U30MOPGHBI TPYIIIBI
MIOZCTAaHOBOK JINCTOB CXeM PHMAaHOBBIX IIOBEPXHOCTEN CJefyo-
mux GyHKIMA: a) 4z, 6) ¥z, B) ¥z, r) \3/ (22—1) (cMm. 304),

v (z—12(z + D? (cm. 306).

333. KakuM u3 U3BECTHHIX BaM I'PYIII U30MOPGHBI IPYIIIIEI TOJ-
CTaHOBOK JIUCTOB CXEM PHMaHOBBIX IOBEPXHOCTeN QYHKIIMIH, Tepe-
YMCJIeHHBIX B 3azavax: 1) 314, 2) 317, 3) 319?

334. OmucaTb rpymiy oACTaHOBOK JIUCTOB AJIA 0O0EeUX CXeM pH-

MaHOBOH moBepxHocTH GyHKIMHA h(z) = Vv 22 + 1 — 2, mocTpoeH-
HBIX [IPY pellleHuu 3a1a4u 328.

[TycTp TOYKA Z, He SBJAETCA TOYKOH pa3BETBIEHUA W HEOJ-
HO3HAYHOCTH MHOTO3HAYHOU GYHKIMU W (Z), U MyCTh Wy, Wy, ...
..., W, — Bce 3HaueHusa QyHKIUU w(z) B TOYKE Z,. PaccMOTpuM
HEKOTOPYIO HellpephIBHYI0 KpUBYI0 C, HAUMHAIOIIYIOCA 1 KOHYalo-
IIyIOCs B TOYKE Z, U He IPOXOZSAIIYIO Yepe3 TOYKU Pa3BeTBIEHUs
¥ HeogHO3HaYHOCTU GyHKUMM w(z). Ecm MBI BEIOepeM HEKOTO-
poe 3HaueHue w; = w(z,) U OIpeZAeJUM HOBOe 3HaueHue w(zg)
[I0 HEeIPepbIBHOCTH BJOAb KpuBOM C, TO IOIYyYMM HEKOTOpOe
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HOBOE 3HaueHue w; = w(zy). [Ipu 3TOM, HaYMHas ¢ Pa3HBIX 3Ha-
4eHu# w;, Mbl 6yZieM MoTy4aTh pasiuyHble 3Ha4YeHud w; (MHave
o KpuBoit C~! Hapyumiach 66l 0OfHO3HAYHOCTB). CIIeZI0BaTENBHO,
kpuBoll C COOTBETCTBYET HEKOTOpAs MOJCTAaHOBKA 3HAYEHUH W,
Wy, ..., W,. IIpu aToM, eciu kpuBoil C COOTBETCTBYET I0/JCTAHOB-
Ka g, To KpuBOi C~! COOTBETCTBYeT TMOACTAHOBKA g~ !, U eciu
kpuBbeIM C; u C, (C KOHIIJaMH B TOYKE Z;) COOTBETCTBYIOT IIOZCTA-
HOBKHU g; U g, TO KpuBOH C;C, COOTBETCTBYeT IOACTAaHOBKA g,8;
(HanoMHUM, YTO MOACTaHOBKH BBHIIOTHAIOTCA CIpaBa HajleBo).

Takum 06pa3oM, eci MBI paCCMOTPUM BCEBO3MOXKHBIE KPUBEHIE,
Ha4YMHAIOIKEeCs ¥ KOHYAIOIINeCs B TOUKE Z(, TO COOTBETCTBYIOILIE
VM II0ZICTAaHOBKY OyZyT 00pa3oBhIBATh HEKOTOPYIO 2pynity noocma-
HOB0K 3HaueHUull w(zg).

335. Ilycth G; — rpyliia NoACTaHOBOK 3HaUeHuH w (zy) U G, —
IpyIna MOJACTAHOBOK JIMCTOB HEKOTOPOIM CXEMBI PUMaHOBOH IIO-
BepxHOcTH ¢yHKUMM w(z). Jlokasars, uro rpynnsl G; u G, U30-
MOpPQHEL.

3aMeTuM, 4YTO IIpU OIpeJe/leHUuH TPyIIbl II0ACTaHOBOK 3Ha-
yeHUH w(z,) He HCIONb30BajJach HUKakKad CcxeMa PUMaHOBOU
moBepxXHOCTH GyHKIMM W (z). [ToaToMy U3 pesynbrara 3aza4du 335
BBITEKAeT, YTO IpyIa MOACTaHOBOK 3HadYeHUH w(z,) ANA npous-
B0/1bHOU TOYKU Zy YW TPYIIA IOACTAHOBOK JILCTOB NPOU3BOJIbHOU
CcXeMbl PHMAaHOBOM IOBepXHOCTH GYHKIMU w(2) U30MOPQHEL.
CnezfoBaTe/NbHO, I'PYIIBL IIOACTAHOBOK 3HaUeHUU w(zg) A/IA ecex
TOYeK %, U TPYNIbl IOACTAHOBOK JIUCTOB 8CeX CXeM PHMMAaHOBBIX
oBepXHOCTeH GyHKUUU w(2) M30MOPGHEL, T.e. ABIAIOTCA ¢ak-
TUYECKN OZHOW W TOH jKe TPyNIoH. DTy rpymiy OyzeM Ha3blBaTh
epynnoii I'anrya MHOTO3HaYHOU PyHKIMU W (2)*).

§ 13. I'pynnsl l'anya GyHKIMIA,
BBIpQXKAIOLIUXCA B paZiiKaiax

[lepefizieM Temepb K JOKa3aTeNbCTBY OJHOTO U3
OCHOBHBIX YTBEPKAEHUN 3TOM KHUTU, 2 UMEHHO CJIe/IYIOIIel Teo-
PEMEL.
Teopewma 11. Ecau mHozo3HauHas gyHkyus h(z) evipancaem-
cs1 8 padukanax, mo epynna I'anya gynkuyuu h(z) paspewuma (cM.
masy [, §14).

*) DTy rpynIly Ha3bIBaIOT TaKXKe 2pynnoii MOHOOpoMUU.
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Jloka3zaTesbCTBO TeopeMbl 11 3aK/II0YE€HO B PELICHUAX CIeAYIo-
KX 3aad.

336. IIyctb h(z) = f(2) + g(2), win h(z) = f(z) — g(2), wiu
h(z) = f(2) - g(2), wm h(z) = f(2)/g(2), U nycTh cxema puma-
HOBOM NOBepXHOCTH QYHKIMU h(z) IOCTpPOEHAa M3 CXeM PHMaHO-
BBIX IOBepxHOCcTel GyHKuMH f(2) u g(z) dopmMasbHBIM MeTOZOM
(Teopema 8, myHKTHI a), 6), crp. 103). [lokasaTh, 4To ecnu F
U G —Ipynnsl MOACTAHOBOK JIMCTOB MCXOZHBIX CX€M, TO TpyIIa
[IOZICTAHOBOK JIUCTOB IIOCTPOEHHOMN cXeMbl M30MOpdHA HEKOTOPOH
IoArpyIIle B MpsAMOM NpousBefeHuu F x G (cMm. miasy I, § 7).

337. IlycTp mpu yCIOBUAX MpeAblAyliel 3ajauu H, — rpymnmna
IIOZICTAHOBOK JINCTOB CXEMBI, IIOCTPOEHHOU (popMasbHBIM MeTO-
ZoM, a H, —rpymnmna IoACTaHOBOK JINCTOB MCTUHHOM CXeMbI pU-
MaHOBO¥H noBepxHocTH yHKIMYU h(z). [loka3ark, YTO CYIIECTBYET
romomopousMm (cM. masy [, § 13) rpynner H; Ha rpynmy H,.

338. Ilyctp rpynmsl lanya ¢yHKIuN f(2) U g(2) pa3penIiMbl.
JlokasaTp, 9TO TOrZia pa3pelruMbl TPy [arya ciesyromux GyHK-
LWI:

h@)=f=+g@), h)=[(2)—-g,
f
h(z) = f(2) - g(2), h(=) =20

339. Ilyctb rpymnna lanya ynknuu f (z) paspemrnma. Jjokasars,
yTo rpymna [anya dyuxuuu h(z) = [f(2)]" Takxke paspemuma.

340. Ilycte H — rpynna noJCcTaHOBOK JIMCTOB CXeMbl PUMaHO-
Boli moBepxHocTu PyHKuuH h(z) = V/ f(2), a F — rpynna mogcra-
HOBOK JIICTOB CXe€MBbI PMMAaHOBOM noBepxHocTu ¢yHKumu f(z),
IIOCTPOEHHOM TIpU TeX ke paspesax. [TocTpouTs romoMopdusm
rpyunsl H na rpynny F.

341. [oxkasarb, yTo Apo romoMmopdusma (cm. miasy I, § 13), mo-
CTPOEHHOT0 B pellleHN!U NpeAbIAyIeli 3aZiauld, KOMMYTaTHBHO.

342. Ilycts rpynmna l'anya ¢yakium f (z) paspemuma. Jlokasars,
yro rpynna lanya dyukuuu h(z) = vV f(z) Takxke paspermuma.

®OyHKIUYU KOHCTAHTH h(z) = a u ¢yHkuua h(z) = 2 ABIAIOTCA
GYHKIMAMY OZHO3HAYHBIMHM M HEIIPEPHIBHBIMHU BO BCeH ILIOCKO-
cTy 2. IT03TOMy WX PUMaHOBHI ITOBEPXHOCTU COCTOAT TOJIBKO U3
OJHOTO JIMCTA, U, ClefoBaTeJbHO, COOTBETCTBYIOIIME MM IpyII-
mel [amya COCTOAT TONMBKO M3 OZHOrO 3JIeMeHTa {e} W, 3HAUUT,
paspemuMbl. OTcCIOZla, YIUTHIBAsA olpefesieHue QYHKIUHN, BbIpa-
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KaroIIKXcs B pagukanax (crp. 98), u pesynbrathl 3aja4d 338, 339
U 342, nnosly4aeM yTBepXJeHue TeopeMsl 11.

3aMevaHue. [lyua yuTaTenel, 3HaKOMbIX C TeOpUel aHalIu-
TUYecKnX QYHKUIUM, oTMeTuM cieayrouiee. Ecmu rpymmy lamya
¢yukunu h(z) onpezensaTh Kak TPYNITy MOACTAHOBOK 3HAYEHUH
¢dyukunu h(z) B HeKOTOpOU TOUKe Z, (cM. cTp. 106), To Teopema 11
OyZieT CIpaBeAJUBON U /jis Gosiee MIMPOKOro Kiaacca (GyHKITHIA.
Hanpumep, nmpu noctpoeHun OyHKUUU h(z) KpOMe KOHCTAHT,
TOX/IECTBEHHOHN (YHKINHM, apudMeTUIeCKUX ONEepalUi U pajiu-
KaJIOB MOXKHO pa3pellnTh HCIO0Ab30BaTh JIIOObIE OZHO3HAYHBIE
anamutnveckue GyHxkumu (Hampumep, e*, singz U T.A.), MHOTO-
3HauHyI0 PyHKIHIO Ln 2 ¥ HeKoTOopkle Apyrue GyHKIMU. [Ipu aToM
rpynna lanya ¢yukuuu h(z) 6yaeT paspellrMOi, XOTS yXKe He
06s13aTeIbHO O6yZET KOHEUYHOM.

§ 14. Teopema AGens
PaccmoTpuMm ypaBHeHUe
3w> —25w3 + 60w —z=0. 14.D

Mer 6yzeM CYUTATh Z TAPaMETPOM U I KaXK/JOTO KOMILIEKCHOTO
3HaueHusa z OyZeM HCKAaTh BCe KOMIUIEKCHBIE KOPDHU W 3TOTO
ypaBHeHUdA. B cuiy pesysnbrara 3azauu 269 JaHHOe ypaBHeHUe
TIpY KaXKZIOM 2 UM€eeT 5 KOpHeH (¢ y4eToOM KpaTHOCTH), HEKOTOPhIE
13 KOTOPBIX MOTYT COBIIaZaTh.

343. Kakve 3HaueHUA W MOTYT OBITb KPAaTHBIMH KODHAMH
(xpatHOCTH 6osblite 1, cM. cTp. 80) ypaBHeHUs

3wS —25w3 + 60w —z=0?

[Ipu KaKWX 3HAYEHUAX g OHU OYAyT KPaTHBIMU KOPHIMU?

V3 pemeHus mpefpiAylieil 3afjauyd BBITEKaeT, YTO IPU Z =
= +£38 u z = +16 ypaBHeHue (14.1) uMeeT 4 pa3IUYHBIX KOPHS,
IIPY OCTAJIBbHBIX 3HAYEHUAX Z 3TO YPaBHEHUE MMeeT 5 pa3InyHbIX
KopHeil. Takum obpaszom, byHKIuMA w(z), BhIpaXxalolias KOPHHU
ypaBHeHus (14.1) yepe3 mapaMmeTp z, IPUHUMAeT 4 pasIUYHBIX
3HaueHud Ipu 2 = £38 u z = +16 U IpUHUMaeT 5 pa3JINYHbIX 3Ha-
YEeHUH IPU OCTAJIBHBIX 3HAYEHUAX Z. VI3yauM aTy GyHKIMIO W (Z).

JlokaxeM cHa4asia, 4YTO IIPU MajJoM HM3MeHeHWH IlapaMmeTpa 2
KOpHHU ypaBHeHusd (14.1) uaMeHsA0TCA Takke Mano. bonee To4HO
3TO CBOWCTBO BEIPQXXEHO B CJIeAYIOIIeH 3azade.
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344. Ilycth 27— IIPOU3BOJIBHOE KOMIUIEKCHOE YHCIO U Wy —
OVIH U3 KopHeli ypaBHeHus (14.1) mpu z = z,. PaccmoTpum Kpyr
CKOJIb YTOAHO MaJIOro pajuyca r ¢ IeHTPOM B TOuKe wy. Jlokasars,
YTO CYIIECTBYET TakKoe JeHCTBUTENbHOE YUCIo p > 0, YTO eciu
|zy — 20| < p, TO B paccMaTpUBaeMOM KpyTe JICKUT XOTA OBl OAUH
KopeHb ypaBHeHus (14.1) u 1pu z = 2.

I[TycTe dyHkuua w(z) BEIpa)kaeT KOpHU ypaBHeHUA (14.1) uepes
IapaMeTp z U IMyCTh Wy — OAHO U3 3Ha4YeHUH w(z,). Toraa us pe-
3y/bTaTa 3afauu 344 BBITEKAET, YTO €CIU Z ABIDKETCA HelpephIB-
HO II0 HEKOTOPOM KPWBOM, HAYMHAIOIIENCS B TOYKE Z(, TO MOXK-
HO TaK BBIOMPATh OAHO M3 3HAUEHUH w(2), YTOOGHI TOUKA W TaKXKe
JIBUTAJIaCh HENPepBIBHO II0 HEKOTOPOU KPUBOM, HaYMHAIOIIEHCsA
B TOYKe W,. [pyrumu cioBamu, GpyHKIMIO w(z) MOXKHO OIpese-
JIUTH II0 HEIIPEPHIBHOCTH BZOMb 11000 KpuBoii C. Eciu npu aToMm
kpuBas C He IPOXOZAUT Yepe3 TOUYKHM Pa3BETBIEHU U HEOJHO3HAY-
HocTH (cTp. 93) dyHkIMU w(2), TO PyHKIMS W(Z) ONpeAeseTcsa
II0 HEIIPePhIBHOCTH B0 KPUBOM C OHO3HAYHO.

345. JlokasaTb, YTO TOYKH, OTIMYHbIE OT 2 = +38 1 g = £16, He
MOTYT OBITh TOYKAMU Pa3BETBIECHUA K TOYKAMU HEOAHO3HAYHOCTH
¢dyukunu w(z), BeIpaxkarouieil KOpHH ypaBHeHu: (14.1) yepes ma-
pameTp 2.

[yctb w (2) — PyHKIMA, BRIpaXKatomas KOpHU ypaBHeHU (14.1)
yepe3 mapaMmeTp z. fBisdsch ofHOU u3 anrebpandeckux QyHK-
nuii*), QyHKIus w(z) ABIAETCA «JOCTaTOYHO Xopoliei» (cm. § 10,
cTp. 96), T.e. oHa obyaZaeT CBOWCTBOM MOHOZAPOMHH. IIoaTOMYy
g GyHKIMHM w(z) MOXKHO ITOCTPOUTH PHUMAHOBY IIOBEPXHOCTH
(cM. 309 u 310). OTa puMaHOBa IOBEPXHOCTh OyZET UMETh, O4e-
BUIHO, 5 JIMCTOB.

B cuny pesynvrara 3azauu 345 ToUKaMU pasBeTBIEHUA U HEOZ-
HO3HAYHOCTU QYHKIHHU w (Z) MOI'YT OBITh TONBKO TOYKHU 2 =+38 1
2z ==£16, HO TIOKa He ACHO, ABJIAIOTCS JIA OHU TAKOBBIMHU.

*) MHoro3HayHas ¢yHKuus w(z) HasblBaeTcs anzebpauueckoll, eCay OHa
BBIp@KAaeT Yyepe3 IapaMeTp g BCce KOPHU HEKOTOPOTO YPaBHEHHUs

ap(2)w" +a1(z)w”_1 +...+a,(2)=0,

B KOTOPOM Bce a; (2) — MHOTOWIEeHS! OT 2. Bce anrebpandeckue GpyHKIMY ABIIA-
I0TCA aHATUTHYEeCKUMHU.
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346. IlycTp M3BeCTHO, 4TO TOYKa 2o = +38 (wim z, = —38§,
WK 2z, = £16) sABIsgeTCA TOYKOM pas3BeTBieHus yHKUUU w(z),
BBIpaXKkarolllei kopHU ypaBHeHUd (14.1) uepes napamerp z. Kak
COEVHAIOTCA JIUCTHI PUMAHOBON ITOBEPXHOCTH OYHKIMU W (2)
B TOuYKe Z, (TO4YHee, Ha pa3pe3e, NPOBEJEHHOM W3 TOYKU Z, B
6EeCKOHEYHOCTh; CM. 3aMedyanue 2 Ha cTp. 95)?

347. Ilycts w(z) — GyHKUIMA, BHIpaKarmollasd KOPHU ypaBHe-
Hua (14.1) depe3 mapameTp z. IIycTh, KpoMe TOTO, Zy, U Z; —
IIPOU3BOJIbHBIE TOYKY, OTIWYHBIE OT 2 = +£38 u z = 16, u w,,
w; — Jo0BIe MX 0bpasbl mpu oTobOpaskeHnu w(z). JlokazaTh, YTO
MOXXHO TIPOBECTH HENPEPBIBHYIO KPUBYIO U3 TOUKU Z; B TOUKY 2
TaK, 4YTOOBl OHA He MMPOXOAWIA 4Yepe3 TOUKM z = +38 u z = +16
U 4TOOBI ee HEIPEepBIBHBIM 00pa3, HAaYMHAIOIIUICA B TOYKE W,
OKaHYMBAaJICA B TOUKE 1.

348. JlokazaTb, 4TO BCce YeThIpe TOYKU z = £38 u 2z = £16 aB-
JIAIOTCA TOYKAMU pa3BeTBieHus ¢yHKIMU w(z). Kak MoXeT BHI-
IAZeTh CXeMa PUMaHOBOM moBepxHOCTH $yHKIMU w(z)? Hapuco-
BaThb BCe pa3jIMyHble BApUAHTHI. (Pa3IMYHBIMU CUUTAEM Te CXEMEI,
KOTOpBIe HeJb3d MOMYYUTh APYT U3 Apyra IepecTaHOBKOU JIUCTOB
Y TOYEK pa3BeTBJIEHU.)

349. Haiitu rpynny lanya ¢yHkuny w(z), BEIpaXKaroliei Kop-
HU YpaBHEHUS

3w> —25w3+ 60w —z=0

Jyepes mapamerp 2.
350. Jlokasatb, 9To GyHKIMA w(z), BRIpakaromas KOPHUA ypaB-
HEeHUA
3w —25w3+60w—z=0

yepes MmapaMeTp Z, He MOXKeT ObITh BRIpQOKEHA B paJuKajax.
351. [lokasaTb, 4To 00liee anrebpanyeckoe ypaBHeHue 5-if cTe-
MIeHU
agw® + a;w* + a,w? + azw? + a,w + a5 =0

(ag, a;, a, as, a4, a5 — KOMIUIEKCHEIE [TapaMeTPHI, a, 7 0) Hepas-
pelMo B paJMKaiax, T.e. He CyllecTByeT (pOPMYJbl, BHIpaykalo-
el KOPHU 3TOr0 YpaBHEHUS depe3 KO3GOUIIMEHTHI C TIOMOIIBIO
olepanyi CI0XKeHUs, BEIMUTAHNS, YMHOXKEHUA, ZieJIeHNs, BO3Be/e-
HUf B HATYpaJIbHYIO CTENEHb U U3BJeYeHNs KOPHell HaTypajlbHOM
CTeIeHHU.
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352. PaccmarpuBas ypaBHEHUE
(Bw?> —25w3 + 60w —z)w"> =0, 14.2)

JI0Ka3aThb, 4TO IpU n > 5 oblee anrebpanyeckoe ypaBHEHHE CTe-
IIeHU n HepaspellnMo B pajuKaiax.
Pesynbratsl 3aza4 351 1 352 cOCTaBI/IAIOT OCHOBHOE yTBEDXK/E-
HUe ZJaHHOM KHUTU. HaMmu ZiokasaHa cieayromas Teopema.
Teopema Abens. I[Ipu n= 5 obuee anzebpauueckoe ypagHe-
HUe cmeneHu n

aw+aw 4. +a, ;w+a,=0

Hepaspewumo 8 paduKkanax.

3ameuanue 1. Bo BBegenuu 6buta mosydeHna dpopmyia Kap-
JIaHO JUIA pelleHUs obllero anrebpandyeckoro ypaBHeHUs 3-H
creneHu. [IpyyeM KOpHAMHU ypaBHEHUsA SBJISUIUCh HE BCe 3Ha-
4YeHusd, 33/aBaeMble 3TOH (GOPMYJIOH, a JIHMIIb Te, /I KOTOPBIX
BHITIOTTHSUIOCH HEKOTOPOEe JIONOJTHUTENbHOe ycioBue. [loaTomy
MOJKET BO3HUKHYTh BOIIPOC, HEJIb3s JIU U /7S OOIIero ypaBHEeHUs
crenienu n (n = 5) nmocrpouth GOpMyNTy B pajuKagaxX TaK, YTOOBI
€ro KOPHM SBJISUIMCH OBl JIMIIb YacThlO 3HAYEHUH, 33/jaBaeMbIX
¢dopmysoii. ITokaxxeM, YTO 3TOTO HENb3s CAENATh Y)Ke AJI ypaBHe-
Hua (14.1).

JeicTBUTENBHO, eC/Ii 3Ha4eHNA GYHKINY w (2), BRIpAKaroImen
KOpHU ypaBHeHUA (14.1) yepes nmapameTp 2, ABIAIOTCA YaCThIO 3Ha-
YeHUH HEKOTOPOH OYHKIMU w; (2), BRIpaKawoulelicsa B paguKaiax,
TO PUMaHOBA ITOBEPXHOCTh QYHKIMU W (Z) SABIAETCA OTAENbHOMN
YacThi0 PUMaHOBOU moBepxHocTH (yHKMH w;(z). Ecmm G —
rpynna Tamya ¢yHKIMU w;(2), TO KaXAOH IOJCTAHOBKE IPYII-
bl G COOTBETCTBYeT IIOACTAHOBKA IIATU JIMCTOB, OTHOCAILIVXCHA
K w(z). OTo oTobpakeHUe SBIAETCA TOMOMOPPUIMOM Ipynnsl G
Ha rpynny Ss. Tak kak rpynma Ss HepaspemrMa, To U rpynmna G
HepaspeunMa (cM. 163). C apyroii cTOpoHSHI, rpynna G AomKHA
OBITH pa3pelnrMa Kak rpymmna lanxya s GyHKINY, BhIpaxarolei-
ca B pagukanax. [Ipotusopeune.

3amevyaHue 2. V3 3ameuanusa Ha cTtp. 108 BeITEKaeT, YTO
TeopeMa Abens OCTaHETCA CIPaBEINBON, eI KpOMe pajuKa-
JIOB PaspelNTh WCIOAb30BaTh U HEKOTOPHIE APYrHe QYHKIWH,
HanpuMmep Jtobble OfIHO3HAYHbIE aHanmuTUdeckue ¢GyHKuuu (€2,
sin g U T. A.), GyHKIUIO Ln 2 1 HEKOTOPEIE IpyTHeE.
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3ameuaHue 3. PaccmorpuM ypaBHenue (14.1) ToiabkO B
00/1aCTH TeHCTBUTENbHBIX YKces. [IycTh GYHKIMA ¥ (X) BhIpaKaeT
JleicTBUTeIbHbIe KOPHU YpaBHEHUA

3y5—25y3 +60y —x=0

yepe3 JeWCTBUTENbHBIN mapaMeTp Xx. Hemb3sa su ¢yHKIuo y(x)
BBIPa3uTh B pagukanax? OKkasplBaeTcs, YTO Heub3d. A Tex, KTo
3HAaKOM C KypCOM TE€OPHH aHUIUTHYECKUX QYHKINH, yKaKeM, 9TO
3TO BBITEKAeT M3 TeOopeMbl 00 aHAJIUTHYECKOM IIPOJO/DKEHUH.
JetictButenbHo, GyHKIMA w(z), BhIpakaromas KOPHH ypaBHe-
HuA (14.1) yepe3 mapameTp 2, ABIAETCA aHATUTUYECKON QYHKITU-
eii. [Toatomy, eciu 6b1 yHKIMA Yy (X) BhIpaXkanach B pafuKaiax,
TO COOTBeTCTByIoIasi ¢GopMmysna, paccMaTpuBaemas B obsacTu
KOMIUIEKCHBIX 4YHCes, 3aZiaBana Obl, B CHIy TeOpeMBl 00 aHaIu-
TUYECKOM TPOAOIKEHNY, QYHKIMIO w(z), T.e. OyHKIUA w(z)
BbIpa’kajach Obl B paJUKaIax.

CrnemoBaTenbHO, TeopeMa AGesisi OCTaHEeTCs CIIPABEAJIUBOM U B
TOM Clly4yae, eC/Id paccMaTpUBaTh TONBbKO JeHCTBUTENbHBIE KOD-
HU 0o0ILIero ypaBHEHHA CTelleHH n (n 2 5) IpH BCEBO3MOXKHBIX
JIEVICTBUTENPHEIX 3HaYeHUsAX KoadouirenTos. [Ipy 3ToM, B Cuty
3aMedYaHus 2, OHA OCTAHETCS CIPABEAINBOM Zjake B TOM CJIydae,
ec/lI KpoMe paJMKajOB Pa3pelInTh HCIIO0Nb30BaTh HEKOTOPHBIE
apyrue QyHKUUM, Hampumep JroOble GYHKIUHU, AOMycKalollye
OJHO3HAUHOe aHaJIWUTHUYecKoe IpofoLkeHHe (eX, sinx U T.A.),
¢dyHKIHMIO In X ¥ HEKOTOPEBIE ApPyTHE.

3ameuaHue 4. Kracc anrebpandeckux GpyHKIUNA (CM. CHOC-
Ky Ha cTp. 109) sABIAETCA ZOCTAaTOYHO OOraTHIM M MHTEPECHBIM
KJIaCCOM. B yacTHOCTH, MOXXHO IIOKa3aTbh, YTO Bce QYHKIUH, BHI-
pakarolqyecsi B paZvKalaX, ABIAIOTCA aare6pandecKUMU. MEl
JoKasany, 4To Jiobad QyHKIMA, BeIpakalolladcd B pafuKajax,
umMeeT paspemumylo rpymnmy l'anya (tTeopema 11, ctp. 106). Oka3bl-
BaeTcdA, YTO eIV OIPAHUYUTHCS anrebpandecKUMy GYHKIUAMU,
TO OyZeT BEPHO M OOpaTHOe yTBep)KJeHue: ecau Tpymma lamya
HEKOTOpOUi anrebpamdeckoil GpyHKIMM paspelirMa, TO 3Ta QyHK-
I[UA BBIpaKaeTcsA B paJuKanax. TakuM obpasoM, anrebpandeckas
byHKIMA BhIpaXkaeTcs B paZyiKajgaxX TOIZAa M TOJIBKO TOrJa, KOrAa
ee rpymnma l'asya paspemmuma. DTOT pe3y/bTaT SBIAETCSI YaCTHBIM
crygaem obieii Teopuu lanya (cm., Hanpumep, Ye6omapes H. I.
OcHoBbl Teopuu l'anya. Y. 1. OHTH-T'TTU, 1934).



YKA3AHUVA, PEHIEHNA, OTBETBI

I'maBa 1

1. Omeem. B ciygasx 1 a), 1B), 2 B), 3 a).

CM. Tabu. 3.

Cwm. Tab. 4.

Cwm. Tabm. 5.

Cwm. Tabu. 6.

CM. Tabn. 7, rae e M a — BpaueHUs poM6a BOKPYT IleHTpa
cooTBeTcTBeHHO Ha 0° 11 180°, b u ¢ — oTpaskeHUss poMba OTHOCH-
TeJbHO AWaroHaJje.

o wbd

Tab6auma 3 Ta6numa 4 Ta6numa 5
|e a b e ab cdf |e a b c
ele a b ele a b ¢ d f ele a b c
ala b e ala b e f ¢ d ala e ¢ b
b|b e a blb e ad f c b|l|b c a e
clc d f e ab clc b e a
dl|d f ¢ b e a
flf ¢ d a b e
Ta6numa 6 Ta6nauma 7
e ab cd f gh e a b c
ele a b cd f g h
ala e ¢ b f d h g
b|b c a e g h f d
clc b e ah gdf
d|d f h g e a ¢ b
flf d g h a e b ¢
glg h d f b c e a
hlh g f d ¢ b a e

7. Cm. Tabi. 7, e e U a — BpalleHUs IpsSMOYTOJIbHUKA BOKPYT
IleHTpa cooTBeTcTBeHHO Ha 0° u 180°, b ¥ ¢ — OTpaKeHUA MPSAMO-
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YTOJIBHUKA OTHOCUTEJIbHO IPAMBIX, IIPOXOZSAIINX Yepe3 CepeHbIL
IIPOTUBOIIONIOXXHEIX CTOPOH.

8. Her. Tak Kak HU y OZHOI'O ropoZia Ha3BaHUe He HaUMHaeTCsA
¢ OYKBHI %, TO ¥ 3TOH OYKBHI He OyzeT Ipoob6pa3os.

9. Omeem. a) ( He SBJIsAETCA OTOOpaKEHUEM Hd, TaK Kak,
HanpuMep, He CYIIeCTBYeT IeJIOT0 N TaKoro, 4To p(n) =5, T.e. y
yucia 5 HeT Ipoo6pa3os; 6) ¢ sABisgeTcs 0OToOpakeHUeM Ha, HO He
SIBJISETCS B3aMMHO OJHO3HAYHBIM OTOOPa)KEHUEM, TaK KaK y KaX-
JIOTO HEOTPUIATENBHOTO IIEJIOTO YKC/Ia UMEEeTCs NPU OTOOpake-
Huu p (n) = |n| ABa mpoobpasa, HapUMep, y Yucia 5 mpoobpassi 5
u —5 (p(5) = ¢(=5) =5); B) ¢ ABIAETCA B3aUMHO OJHO3HAYHBIM
oTobpaxkeHHeM, Tak Kak yucia 0, 1, 2, ... oTobpakaroTcs B Uucia
0, 2,4, ...,auncna —1, —2, —3, ... oTobpaxaroTcsa B uucia 1, 3,
5, ...

10. Omgem.e '=e,al=b,b1=a,cl=c,d1=d, f1=F.

11. Omegem. g71(x) = x/2.

12. TlycTh AaHHas Tpylina Mpeo6pa3oBaHUil COAEPIKUT MPeos-
pa3zoBaHue g. Torja IO ONpe/eNeHUI0 TPYIIbI Ipeobpa3oBaHUil
OHAa COIEPXKUT TaKKe IpeoOpasoBaHue g~ U mpeobpasoBaHue
gl-g=e.

13. U3 omnpegeneHuii npeobpa3oBaHUs e U IPOU3BEJEHUA TIpe-
obpazoBanuii nmomydaem (eg)(A) = e(g(A)) = g(A) u (ge)(A) =
= g(e(A)) = g(A) ana moboro anementa A. [losToMy eg =g u
ge=g.

14. ((8182)83)(A) = (g182)(g5(A)) = g1(g2(g5(A)));

(81(8283))(A) = g1((g283) (A)) = g1 (g2(g3(A))).

15. 1) Her. EAMHUYHEBIM 3JI€EMEHTOM 37€Ch MOXET OBLIThH TOJIb-
Ko 1, 1 He cymjecTByeT sseMenTa 071, T. . aIeMeHTa X TAKOro, YTO
0-x=x-0=1.2) [a.

16. Ja.

17. a) Hert. Cpeau HaTypaJbHBIX YWcesa HET eJUHUYHOIO 3je-
MEHTa X TaKOro, 4TO N + X = X + n =n i Jo60oro HaTypasb-
Horo n. (Ecim ke paccMaTpuBaTh HaTypasbHBIE YKCIA BMECTE C
HyJIEM, TO y BCEX 3JIEMEHTOB, KpoMe 0, He OyZeT MPOTHUBOIOIOXK-
HbIX.) 6) HeT. EJUHUYHBIM 3JIEMEHTOM MOXXET OBITh TOJBHKO 1, HO
TOT/ZIa Y BCEX 2JIEMEHTOB, KpoMe 1, He GyzeT 0OpaTHBIX.

18. IlycThb e U e, — Ba €AMHUYHLIX JIeMeHTa. Toraa eja =a
U ae, = a Jyjist T060r0 3nemMeHTa d. [103ToMy eje, = e, U €€y = €.
Orcroza e; =e,.
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19. IIycTb 37€eMeHT a UMeeT JBa OOpaTHBIX 3JIEMEHTA d; U d,.
Torga (a,a)a, =ea, =a, v a;(aa,) =a,;e =a,. Ho B cuy acconu-
aTtuBHOCTU (a,a)a, = a,(aa,). [loatomy a; =a,.

20. Dee=e.2)ala=aal=e.

21. TlpoBezem [foKa3aTeIbCTBO METOAOM MaTeMaTUYeCKOU WUH-
gykuuu. Jlna n = 3 yTBEpXAeHMe 33/ladll BEPHO, TaK KaK B 3TOM
cTydyae MOXXHO ITOCTPOUTBH TOJBKO JBa IIPOM3BeAeHUd: (d;d,)ds;
u a;(ayas) ¥ mo ycjoBuio 3azauu (a;a,)as = a;(a,as). Ilycts
yTBepXKZeHHe 33Zladl BEpHO /I BCeX N TaKuX, 4To 3 < n < k.
JlokaskeM, 4TO TOTZIa OHO BEPHO U Ajs n = k. ITycTh AaHO TpoU3-
BOJIBHOE TIPAaBWIBHO ITIOCTPOEHHOE IIPOU3BeZieHNe A, coZepKaliee
k comHoxureneit a;, a,, ..., a;,. B HeM nMeeTca omeparysa yMHO-
JKeHUs, KOTopas BBIIOJNHAETCA IoCIefHeH, U, cjejoBaTelbHO,
mpousBefieHne A mmpezcTaBuMo B Buze A = (A;) - (Ay), The A,
U A, —IpaBWIbHO IOCTPOEHHBIE IIPOU3BEAEHUS, COAepKalue
cootBeTcTBeHHO | 1 k — [ comHOXuTeneit, npryem [ <k mk—1 <k.
Tak kak | <k u k —1 <k, TO IO TPEANONIOKEHUIO HUHAYKIIUU
IpousBesieHHe A, 33JaeT TOT ke /eMeHT, YTO U Ipou3BeJieHue
(...((a;-ay)-a3) ... a;_1) -a;, a Ay, — TOT e IeMEHT, YTO U IIpo-
usBegerue (...((a;41 - aQpqo) ~Arys) « -.. - A1) - ;.. CaegoBaTeNBHO,
Ipor3BeZieHre A 33/1aeT TOT JKe 3JIEMEHT, YTO U IIPOU3Be/ieHre

(...((al 'az) 'a3) S e ~a1) * (...((al+1 'al+2) 'al+3) S ees 'ak).

Iycts (...C(a; ray)-az) - ...-q_1)-a;=a,

Co(apyy - @) - agys) - oo Agp) @y =D.

Torza A 3azaet anemeHT a - (b - ;). Ho B cuty accormaTUBHOCTH
a-(b-a)=(a-b)-a. [IpousBesenue a - b 3azaHo y HaC Kak Ipa-
BIJIbHO TIOCTPOEHHOE MpOU3BeZieHue, coaepxaiiee k —1 < k co-
MHOXUTeIel. [103TOMY 1O IPeATION0KEeHUI0 UHAYKIIHU

ab - (((a1 'az) . a3) * e 'akfz) -ak,l.
Ortcroza npousBseseHne A 3alaeT 3JIeMEHT
a-b-q)=(@@-b)-a.=C(..(a;-ay) -as) - ...  ax_1) * A.

Yo u TpeboBaNIOCh OKA3aTh.

22. Omeem. 1) [a, 2) xga, 3) HeT, 4) Aa, 5) ga.

23. 1) Tlepemuoxum snemeHTsl: (ab)(b~la=1) =a(bba ! =
=qeal=aal=cu (blal)- (ab) =bala)b =bleb =
=b~1b =e. 2) JlokasbiBaeTcs MHAYKLIKEH 110 n: eciu 11 n — 1 yxe
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[0Ka3aHo, TO (a; * ... a,) '=@om D) =a,'-(a; ... a,_1)71 =
=a;! -ail . a;l.

24. Tlyctb ax = b ana HekoTOporo aimeMeHTa x. Toraa, yMHO-
»ast obe 4acTy paBeHCTBa Ha a~! cieBa, moayuum alax =a~'b
u x =a~'b. Takum 06pa3oM, pellleHreM YpaBHEHUSA dX = b MOXKET
6BITh TOMBKO OAWH JIEMEHT a 'b. DTOT aleMeHT AeHCTBUTENIBHO
ABJsETCA pelieHueM, Tak kak a(a~'b) = (aa1)b = b. TouHo Tax
)K€ JIOKa3hIBaeTCs, YTO YpaBHEHUE Yd = b UMeET eJUHCTBEHHOE pe-
menue y =ba~l.

25. Tak Kak aa = e J1s1 J1I060ro 3JIeMeHTa d, TO JJIs1 JIIOOBIX dJ1e-
MeHTOB b u ¢ umeeM (bc) (bc) = e. YMHOXKUM 06€ 4acTH 3TOTO pa-
BEHCTBA cJIeBa Ha b u cipaBa Ha c. [Tomyuum bbcbcec = bec. Tak kak
bb =e u cc =e, nonyuaem (ec)(be) = (be)c u cb = bc. Tak kak b
U ¢ — JII00ObIe 3JIEMEHTHI TPyIIbl G, 3Ta rpyIna KOMMYyTaTUBHAs.

26. Hazo gokasaTb, uto a™ - (a1)™ = (a~1)™ - a™ = e. Nme-
eM am(a—l)m — am—la . a—l . (a—l)m—l — am—l .e- (a—l)m—l —
=am 1. (@)™ 1=..=a-a!=e. TouHO Tak e JOKa3bLIBAETCH,
g0 (a1)™ - a™ =e. ([lna 6onblueil CTPOrocTH HAZO IIPUMEHUTh
MIPUHIIAT MaTEMaTUIECKOH NHAYKIIVH.)

27. PaccMoTpuUM HECKOJNBKO ciydaeB: a) m > 0, n > 0, Torga

an-a*"=a-a-...ra-a-a-...-ra=a-a-...-a=am"m; 6) m<o0,
_— N Y
m n m-+n

n<0,m=—k (k>0),n=—1 (I>0), Torraa™-a*=a*-a'!=
— (a—l)k . (a—l)l = (cm. cnyqaﬁ a)) = (a—l)k+l = q~&+) = am+n;
B)m>0,n<0, m+n=0, Torga a™ - a" = (cMm. ciayyail a)) =
— (am+n . afn) cqa ) = gmtn L g (afn)fl — am+n; 1—.) m > 0’
<0, m+n<0, torga a™ -a* = (cMm. 6)) =a™ - (@™ - a™) =
=am - (am)71. g™t =gt Cayyait m < 0, n > 0 pasbupaercs
AHAJIOTUYHO ciay4yasMm B) U r). Ciaydau m = 0 win n = 0 JIerKo
MIPOBEPSIIOTCA.

28. PaccMoTpuUM HeECKOJIBKO ciydaeB: a) n > 0, Torza (a™)" =

—
=am-am-..-am=(cm. 27) =gntmtAtm =gmn. 6) n <0, m >0,
n

n=-1 (I1>0), torna (@™)" = ((@)!)~! = (cMm. cayuait a)) =
= (@) l=(takkakml>0)=a ™ =ag™;B)n<0,m<0,n=—I
(I>0), m=—k (k> 0), Torga (a™)™ = (((a*)~H))! = (cm. 20) =
= (a*)! = (em. cyuait a)) = akl = a™". Crysau m=0 wm n =0
JIETKO TIPOBEPSIIOTCS.

=
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29. Omeem. B rpynme cumMmeTpuil TpeyroiapHuKa (cM. 3) a, b
mopsizka 3, ¢, d, f mopsiaka 2; kBagpaTta (cM. 5) b, ¢ mopsizka 4,
a, d, f, g, h nopsaka 2; pomb6a (cM. pelreHre 6) Bce dIeMEHTHI
(oTmMyHEBIE OT €) TopsAzAKa 2.

30. D Iyctb ak =dl, me 0<k<n—1,0<I<n—1uk>L
YMHOxUM 06e yacTy paBeHcTBa cnpasa Ha a L. Tlonyuanm ak - a~! =
=a'-a'u (M 27) ak' =e. Tak kaxk 0 <k —1<n-—1, To
ToJiyyaeM IIPOTHUBOpeYHe C TeM, YTO TOPSJOK 3MeMeHTa d pa-
BEH N.

2) Jlroboe 11es10€ YKCIO M MOXHO TIPEJCTaBUTh B BUAE M =
=nt+r, e 0Sr<n-—1ut—HekoTopoe nenoe yucio. Torga
am =gt = (em. 27) =a™ - a” = (em. 28) = (@)t - a” = (Tak Kak
at=e)=a’,rme0<r<n-—1.

31. YkaszaHwue. Obpasymoluii 3JieMEHT — IIOBOPOT Ha YTOJ
2mt/n.

32. Omeem. B rpymmne BpaleHui TpeyroibHUKa obpasylomye:
a — BpamgeHue Ha 120° u b — BpameHue Ha 240°, B rpyIIiIie Bpaiie-
HUM KBazpaTa: b — BpaineHue Ha 90° u ¢ — BparieHue Ha 270°.

33. IIlycte m=nd +r, rae 0 <r <n— 1. Torga (cM. pelireHue
30 2)) a™ =a". Ho a” = e Torzaa u Tonbko Toraa (cM. 30 1)), xkorga
r=0. OTcioga a™ = e TorzAa U TOJbKO TOT/a, KorAa m = nd.

34. (am)P =a™ = (aP)™ =e™ =e. [loaTOMy (cM. 33) HOpsAZOK
aseMeHTa a™ J0JDKeH ObITh ZieTuTeNleM Ynucia p. Tak Kak p — mpo-
CTOE YHMCJIO, TO OTCIO/]a CJIelyeT YTBEPXKAeHe 3a/lauM.

35. n/d u m/d —uensle yucia, moatoMy (a™)"/d = gmn/d =
= (@")™/d = em/d = ¢, Ecu xe k — Takoe HaTypajJbHOE YHUCIIO,
yto (a™)k = a™k =e, To (cM. 33) mk JODKHO JEIUTbCA Ha N
u m/d - k gomxHo genutbea Ha n/d. Tak kak uncna m/d v n/d
B3aMMHO IIPOCTHI, TO k JOJDKHO AeauThesa Ha n/d. CieqoBaTebHO,
HaUMEHbBIIUM HATypaabHBIM k TakuM, 4to (a™)X = e, aBngercs
k=n/d.

36. Ilycts a —MOBOPOT IPOTHUB YacOBOM CTPeIKU Ha Yroia
271 /12. Toraa Bce 3/ieMEHTHI pacCMaTPUBaEMO IPYIIIIHl — 3TO e, d,
a?, ..., all. Jlnsa Toro 4To6hl 37eMeHT a™ GbUT 06pasyIoIIUM, HAZlo,
yTOOBI €ro MOPSAOK ObLT paBeH 12, M, C/eZIOBAaTENbHO, YHUCIA M
u 12 (cM. 35) ZOMKHBI OBITH B3AMHO TPOCTHL. [ToaToMy a™ OyzeT
obpasyromum npum=1, 5, 7, 11.

Omeem. OG6pa3yoOUMMU SABJISIOTCA MOBOPOTHI HA YIJIBI 7T/6,
51/6, 71/6, 111/6.
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37. llyctb a* =a' uk>1. Torgaak-a'=a' -aluakl=e, B
MIPOTUBOPEYHE C TEM, YTO d — EMEHT OECKOHEYHOTO MOPSAKA.

38. Ykazanue. Ecm paccMarpuBaercs Tpylma IO CJIOXKe-
HUIO, TO 104 ™ MMOHUMAETCs CyMMa d +d + ... +a (m craraeMsix)
u oz a~! mounmaetcs —a. O6pasyromumu OyayT 1 u —1.

39. a) Cwm. Tabx. 8, 6) cm. Tabxi. 9, B) cm. Tabi. 10.

Tabnuna 8

j:¥)

Ta6auma 10

[«R

0
0
1

= OoOl4+ o

40. JoxaxxeM, 4TO BBHINOJHAIOTCA BCe CBOMCTBA IPyIHL: 1) Ana
JIIOOBIX OCTATKOB a, b, ¢ umeeM (a + b) +c=a + (b + ¢) o mozay-
JII0 N, TaK KaK U CIIpaBa, U cJIeBa MOMYIUTCA OCTATOK OT JAeJIeHUs
Ha n uMciaa a + b + ¢; 2) eUHUYHBIM dJIeMeHTOM siBysAeTcs 0, Tak
kak m + 0 =0+ m =m pa moboro ocrarka m; 3) eciu m # 0, To
obpaTHBIM (IIPOTUBOTIOMIOKHBIM) /IJIsT M 3J€eMEHTOM OyaeT n —m,
Tak Kak [0 MoZyao n uMeeM m + (n—m) = (n—m) + m = 0;
obpaTHbIM s anmeMeHTa 0 GyzZeT oH caMm. JTa rpymmna IUKIU-
yeckas ¢ obpasyomuM 1, Tak Kak HauMMeHblllee k TaKoe, UYTO
1+1+...+1=0 no mozysnto n, paBHO 1.

P4

41. Takkak a™-a" =ak, Toa™-a" -a* =gk -q* y am+I—* =
=e. CnegoBarenbHo (cM. 33), (m+r) —k genmurca Han, T.e. m+r
U k [arOT pY JieIeHUH Ha N OAMHAKOBBIE OCTATKU.

42. Omeem. M3omopdusI 1) u 4) (paccMoTpuTre oToOpakeHUe
p: pe) =0, pla) =2, pb) =1, p(c) =3) u uzomopdHs 2) u 3)
(paccmoTpute otobpaxeHue @: @(e) =e, ¢(a) =a, p(b) =b,
@ (c) =c, cM. penienus 6 u 7).

43. Tak Kak (p — B3aUMHO OJHO3HAYHOE O0TOOpakeHue, To !
CYILIECTBYET U SIBJISIETCS B3aUMHO OFHO3HAYHBIM OTOOpaKEeHUEM.
[Tycth ¢ u d — IPOU3BOJIbHEIE 3JIEMEHTHI IpyNIbl G,. CyIeCTBYIOT
(eguHCTBEHHBIE) 37IEMEHTHI a U b B rpynne G, Takue, 4To ¢ (a) =c
u ¢ (b) =d. Tak kak ¢ — uzomopdusm, To ¢ (ab) = p(a)p (b) =cd
(pousBezieHUsA H6epyTCsa B COOTBETCTBYIOIIUX Tpymmnax). OTcroza
e 1(cd) =ab= ¢ 1(c)¢1(d). Tak Kak c u d — IPOU3BOJIbHEIE SJTE-
MEHTBI TPyIIIbl G,, TO ¢! — n3omMopdusm.
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44. Tak KaK ¢;: G; = Gy, 1 @, : Gy — G3 — B3aMMHO OJHO3HA4-
HbIe OTOOpaXXeHHUs, TO U P57 : G; — G5 — B3aMMHO OJHO3HAYHOE
otobpaxenue. IIycTb a U b — NpOU3BOJIbHEIE IEMEHTHl T'PYII-
mbl Gy. Torma (p,p1)(ab) = p,(@q(ab)) = p,(p1(a) - ¢ (b)) =
= 02(91(@)) - 2 (1 (B)) = ((P291)(@)) - ((p2p1) (b)) 1, crenoBa-
TEJIbHO, (P4 — U3oMopdusM (mpousBesieHust 6epyTCs B COOTBET-
CTBYIOILIUX I'PYIIIAX).

45. Yxka3zaHue. Bocrnomb3yiiTech pesynbraToM 3azauu 41.
Mzomopdusm: ¢ (a™) =m.

46. Yka3aHue. Bocnonb3yiiTech pesynbTaToM 3aZauu 27.
Nzomopdusm: ¢ (a™) =m.

47. Ilyctb @(e;) = x. Torga x - x = @ (eg) - ¢ (es) = (Tak Kak
p —usomopdusm) = ¢ (e - eg) = pleg) =X, T.e. X2 = x. YMHO-
KHMB 00€ YacTH 3TOTO paBeHCTBA Ha X~ B rpymme F, moiy4um
x2xl=xx"1ux=eg.

48. p(g)p(g ") = (Tak kax ¢ — uzomopdusm) = ¢ (g-g~ ) =
=p(eg) = (cM. 47) = ep. Otcropa w(g71) = [p (17!

49. Tlyctb n — HaTypanbHoe uncio. Torga ¢ (g")=¢(g:...-g)=

Hn/_/
= (Tak kak ¢ — uzoMopdusm) = ¢ (g) - ... p(g) = h". IlycTb n,
~— ——
n
U n, — TOpsAAKU 27eMeHTOB g u h. Torga ¢(g™) = h™ =e; u
(cM. 47) g"2 =e;. Otcroga n; < ny. C Apyroi cTopoHbl, h™ =
=p(gm) =p(ez) =ep, OTKyZAA N, < n;. CleI0BaTENbHO, N =N,.

50. Omeem. a) Ogna rpynna — Z,, 6) ogHa rpymnmna — Zs.

Pemenue. a) IlycTh e, a — 37IeMEHTHI TPYIIIH U € — €JUHUY-
HBII 27eMeHT. TorZia e-e=e, e-a =a-e=a U OCTAaeTcs 3aJaTh
TOJMIBKO a - a. Ecmn a-a=a=a e, T0 (cM. 24) a = e — IPOTUBO-
peure. 3HAYMT, a® = e U MMEETCA TOIBKO OfHA T'PYIIa, CoAepKa-
mas 2 a7ieMeHTa. DTO IUKJINYecKas rpynmna Z,.

6) IlycTb e, a, b — 3meMeHTHI TPYIIBl U € — eJUHUYHBIN dJTe-
MeHT. Hy>XHO 3azaTh, 4YeMy paBHBI IpousBefeHus ab, ba, aa, bb.
Ecmu ab = a, To b = e —nporuBopeune; ecniu ab =b, To a =e—
poTHUBOpeYre. 3HAUUT, ab = e U TOYHO Tak ke ba =e. Ecmm a? =
=aq, TO a = e — IPOTUBOpeYre; ecsik a = e = ab, To a = b —1mpo-
THUBOpeYMe. 3HAYUT, a? = b 1 TOYHO Tak xe b2 = a. CeoBaTeNbHO,
CyIIeCcTBYeT TOJBKO OZIHA TPYIINa, coAepKamas TpH ajeMeHTa. Tak
Kak a® = a? - a = ba = e, To 9Ta IpyIIa C JJeMeHTaMu e, d, b = a2 —
LUKJINYecKad rpymnna Zs.
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51. Omgem. Hampumep, rpymnmna BpamleHU# KBajpaTa He U30-
MopdHa I'pyIe cCMMMeTpuii pomba, TaKk KaK B [TIepBOi eCThb dJie-
MEHT TopsiZKa 4, a BO BTOpol HeT (cM. 49).

52. PaccmotpuMm orobpaskeHue ¢ (x) = 2X. Eum x nmpuHHUMa-
€T BCeBO3MOXKHBIE /IeHICTBUTEIbHBIE 3HAYEHUs, TO 2X IIPU 3TOM
IPUHUMAET POBHO IO OZHOMY pa3y BCe IOJIOXKHUTETbHbIE AeH-
CTBUTE/NbHBIE 3HaueHUA. [I03TOMY ( — B3aMMHO OJZHO3HAYHOE
oToOpaKeHre MHOXKECTBA BCeX IeHiCTBUTE/IbHBIX YHCesl HA MHOXe-
CTBO BCeX ITOTIOKUTEbHBIX JeHiCTBUTENbHBIX YHcesl. [Ipy 3ToM A4
JOOBIX ZIEICTBUTENIBHBIX YUCENI X U Yy uMeeM @ (x + y) = 2X+Y =
=2%.2Y = p(x) - ¢(y) u, ciegoBaTeNbHO, @ — U30MOPOUIM
IPYIIBbl BCEX JEHCTBUTENBHBIX YUCET 10 CJIOXKEHUIO Ha IPYIITY
BCEX ITOJIOKUTENIBHBIX e CTBUTEIBHBIX YHCeJl II0 YMHOXKEHHUIO*).

53. IlycTb y — aneMeHT rpynnsl G, Toraa ¢, (@ ly) =aa ly =
=y, IO3TOMY (¢, — OTOOpaXkeHue rpynmnsl G Ha gcto rpymny G. Ec-
au @, (x) =p,(¥), TOo ax=ay u x =y, HIO3TOMY , — B3aUMHO
O[IHO3HAYHOE OTOOpakeHue rpymmnbl G Ha cebs.

54. (pap) () = q(pp(X)) = 9a(bx) = abx = g (x) mA
J060T0 JIEMEHTA X, TIOATOMY P, Py = Pap- TaK Kak @ (a~1x) =
=aalx=x, 10 ()71 (x) =a1x = pg1(x) Ansa mo6oro smeMeH-
Ta X, mo3ToMy (o)1 = ¢ 1. CllefoBaTENbHO, MBI IMEEM T'PYIIILY
mpeobpa3oBaHMii (CM. oOmpeesieHHe TPYHIbl IpeoO6pa3oBaHU,
ctp. 19).

55. PaccmoTrpuM otobpaxkeHue ) Takoe, uto Y (a) = ¢,. Tak
Kak @,(e) =ae=a u @,(e) =be=0>b, T0 Y, # ¢, Tpu a # b.
[TosToMy ) — B3aUMHO OZIHO3HA4YHOE oToOpaxeHue. Kpome Toro,
Y (ab) = ¢, = (cMm. pemerue 54) = ¢, = Y (@) (b). Cregoa-
TeJIbHO, 1) — U30MOPOU3M.

56. a) IlycTb e; U ey — €AVHUYHbIE 3JIEMEHTH COOTBETCTBEH-
Ho B rpynne G u B noarpynne H. B noarpynne H rMeeT MeCTO pa-
BEHCTBO e ey = €. [10 olpesiesIeHUI0 MOATPYIIIIEI 3TO PABEHCTBO
BepHO Takxe U B rpymie G. Kpome Toro, B rpymne G BHIIIOMHAETCA
PaBEeHCTBO eg ey = ey . OTcroza B rpynie G MOoIyd4aeM ey ey = egey
u (cM. 24) e =eg.

6) ITycTb a — IIPOM3BOJIBHBIN A/IeMeHT NOATPYyINsl H, U IycTh

-1 -1
unag, — O6paTHbIe K HEMY 2JIEMEHTBI COOTBETCTBEHHO B I'pYII-

ag

*) BMecTo OCHOBaHUA 2 MOXHO OBUIO B3ATh J060e OcHOBaHHE a > 0
(a #1), Tak Kak yo6oe oToOpaskeHue ¢ (x) = a* ABngeTcss U30MOPPU3MOM.



YxasaHus, peuteHus, omeemal 121

ne G u B noarpynne H. Toraa B nogrpymnne H nmeeM a;lla =ey =
= (cM. BBIIIE) = ;. [0 OlpeziesieHN o NOATPYIIIEL 3TO PABEHCTBO
BepHO Takxke U B rpymre G. Kpome Toro, B rpymnie G umeeM aEla =
=eg. OTcroga B rpymmne G moiaydaeM a;'a =dag'a u a;' =ag'.

57. Heo6xXx0oAMMOCTH BHITEKAET U3 pe3yjbTara 3aZadu 56
Y OTIpe/ieIeHs IO PYIITIHI.

JoctaTtouHocTb. ITo cBolicTBY 1 6MHapHAas omepalys rpyi-
el G ABJISIETCA TaKXKe OMHAPHOM onepanueii u st H. DlIeMeHT e,
KOTOPBIU COZIEPXKUTCA B H 110 CBOMCTBY 2, ABJISETCS €JUHUYHBIM
ameMeHTOM B H, Tak Kak ega = ae; = a AyI JII0OOTO 2IeMeHTa d
rpynnsl G 4, B YaCTHOCTH, JJIs BceX aneMeHTOB u3 H. Ecu a —
IIPOU3BOJIBHBIN 27eMeHT U3 H, To ameMmeHT agl, KOTODPHBIH cozep-
KUTCs B H 1o cBoiicTBy 3), siB/fieTcA 0OpaTHBIM K a B H, Tak Kak
agla = aag1 = e; = ey . ACCOLIMAaTUBHOCTh, OYEBUJHO, UMEET Me-
cro. CiremoBaTenbHO, H — noArpymmna rpynmnsl G.

58. Omeem (o603HavyeHus cM. B mpuMepax 1-4). 1) Iloarpynmna
BpameHuit {e, a, b}, 3 TOATPyIIEl OTPAXKEHUI OTHOCUTEIBHO BBI-
cot: {e, c}, {e,d}, {e, f}, 2 TpUBUaNbHbIE TIOATPYIIIEL: {e} U BCA
rpyIna; 2) NOArpyIIa BpalleHuii {e, a, b, ¢}, HOArpymna qeHTpaIb-
HBIX CUMMeTpuii {e, a}, 4 NOATPYNIEl OTPA)KEHUI OTHOCUTENBHO
oceii cummetpuu: {e,d}, {e, f}, {e, g}, {e, h}, emme 2 moATpymIIEL:
{e,a,d, f} u {e,a, g, h}, 2 TpuBHaNbHBIE MOArPYNIHI: {e} U BCA
rpyrmmna.

59. Omeem. IlycTb AaHHBIe TPYIIIHI cOep:KaT 3/IEMeHTH {e, a,
az,...,a" '} (n=5, 8, 15). Toraga moarpymmnamu Oyayt: a) {e}, Zs;
6) {e}, {e, a*}=Z,, {e, a?, a*, a®} = Z,, Zg; B) {e}, {e, a®, al®} = Z,,
{e,a,ab,a, al?} 2 Z., Z,s (cm. 60).

60. Ilyctb noarpymmna H ominyna ot {e} u myctb a? — anemMeHT
C HaVMEHbBIIUM IIOJIOXKUTENbHBIM [OKAa3aTeJleM CTEIeHU Cpelu
Bcex ayeMeHTOB noArpymnnsl H. Torga B H cozepkarcst TakKe Bce
anemeHTsl Buga akd = (a?)* mpu mo6om nenom k. ITyctb a™ —
TIPOU3BOJIBHBIN 3/IeMeHT noArpymsl H. Pazgenum m Ha d ¢ ocrart-
koMm: m=td +r,tae 0 <r<d—1. Torza B H cCOAep>KUTCS dJIEMEHT
am-atd=gmtd =g, Egma r > 0, TO Mojily4aeM IIPOTHBOpPEYHE
c TeM, 4To d — HauUMeEHBIIUN ToKasarenb B H. 3Hauwt, r = 0
U m genutca Ha d. Tak kak s7eMeHT a = e BXoAuT B H, 1o d
sBJsIeTCA AenuTeneM n. TakuMm ob6pa3om, noarpynmna H nMeet BUZ,
yKa3aHHBIN B 3a/1a4e.

61. Pemenue Takoe e, KaK U y 3azadu 60.
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62. Ecii HEKOTOPBIM 3JIEMEHT TPYIIbI UMeeT OeCKOHEUHBII
MOPSAZOK, TO MOPOXKAEHHAass UM OecKOHeyHas IUKJINYecKas IOf-
T'pyIIa COAEePIKUT OeCKOHEYHO MHOTO oArpymn (cM. 61), KOTopble
TaKXKe ABJISIOTCA TOATPYIINIaMU UCXOAHOM rpymnmbl. Ecim ke mo-
PAAKYU BCeX 3JIeMEHTOB KOHEYHBI, TO PacCMOTPUM IUKINYECKUE
MIOATPYIIIbI, IOPOXKAEHHbIE CAeAYIOUIMMU 3/MeMeHTaMU: CHadauia
[IpOM3BOJIBHBIM 3JIEMEHTOM d;, 3aT€M 3JIEMEHTOM d,, He BOIIeJ-
IIMM B IIOCTPOEHHYIO IIOATPYIIY, 3aT€M 3JIEMEHTOM d3, HE BOIIEJ-
KM B 06€e ITOCTPOEHHBIE MOATPYIIIIEL, U T. Z. DTOT IIPOLECC MOXKHO
OyZeT MPOAOIKATh HEOTPAaHWYEHHO, TaK KaK BCE IOCTPOEHHBIE
MIOATPYIIIBI KOHEYHBI.

63. Ilycts Hy, H,, ..., H,, — IOATPYIIIEI HEKOTOPOU IpymIibl G
u H — ux nepecevenue. Toraa (cm. 57): 1) ecu a u b cogepxarcs
B H, To a u b cozgepxatca Bo Bcex H;. [loatomy ab Takxke cozpep-
XXUTCA BO Beex H; u, ciiefoBaTenbHo, B H; 2) e coaepXUTCA BO BCex
noAarpynmnax H; u, ciezoBaTenbHO, cogepxutcd B H; 3) e a —
MIPOU3BOJIBHBIN AteMeHT u3 H, To a cogepxkuTcs Bo Bcex H;. Torga
a~! Taxxe colepIKUTCA BO BCEX H; u, ciefosartenbHo, B H. B cuy
pesysbTara 3asauu 57 H — noarpymnma rpynmnst G.

64. Omsem. a — ga, b — ga, c — HeT, d — HeT.

65. BepmrHa A MOXET IepeiTH B JI00yI0 BepIinHy, B — B Jto-
6yto u3 ocTaBIInuxcs, C — B JIOOYIO U3 IBYX OCTABIIUXCH.

Omeem. 4-3-2=24.

66. Omeem. a) Bce cuMMeTpHUHU, OCTABJAIOIINE HA MeCTe Bep-

mme;m{e:(ABCD)d:(ABCD)dZZ(ABCD)dSZ

ABCD BCDA CDAB
_(ABCD
=\paABc)|

67. [lpuza M cHavaja HalleMy OIpeAeNeHUI0 OpUeHTAIuU
6ojiee CUMMETPUYHYI0 GopMy. MBI OIpPEETUIN OPUEHTAIIUIO C
TIOMOIIIBIO BEPIIMHEL D, HO eciy 3aZJlaHO pPacIloNoKeHNe TPeyToyb-
HUKa ABC OTHOCUTENBHO BEpIIWHEI D, TO 3TUM, KaK JIETKO BUJETb,
OJTHO3HAYHO OIPE/IEISIETCS PACIONIOKEHUE JTI0O0TO TPEYTOMbHUKA
OTHOCHUTEJIPHO YETBEPTOl BepUIMHBL. [103TOMY mpeobpa3oBaHUe,
coxpaHsArolee OpUEeHTAIUIO TeTPas3Apa, COXpaHAeT pacloNoKeHe
JII060TO TPEYTONbHUKA OTHOCUTETHHO YETBEPTOM BEPIIMHEL, a Mpe-
obpa3oBaHue, MEHSIOIIEE OPUEHTALINIO, U3MEHSIET PACIOIOKeHNE
JII060TO TPEYrONbHUKA OTHOCUTETBHO Y€TBEPTOM BEPUIMHEI. SICHO
Temepb, YTO MPOU3BEAEHUE JBYX IpeoOpa3oBaHUM TeTpas/pa,
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COXPaHAIOUINX OPUEHTAIHIO, TaK >Xe KaK U Ipou3BeJieHUe [ByX
mpeobpa3oBaHuil, MEHSIONIUX OPUEHTAIUIO, COXPAHSAET OpUEHTA-
uuto. Ecin ke ofHO npeobpa3oBaHye COXPAHsSET OPHUEHTAIUIO, a
BTOpOE MEHSET ee, TO MPOU3BeJeHNe STUX IIpeobpa3oBaHui Me-
HAeT opueHTanuo. Tak Kak e, O4eBHAHO, OPUEHTAIIUI0 COXPaHAeT
u a~la =e ana mo6oro nmpeobpasoBaHUA d, TO €CIU d COXPAHAET
OpHMEHTAIIMIO, TO ¥ a~! coxpaHsaeT opreHTanu. Clel0BaTeJbHO
(cM. 57), Bce cCMUMMeTPUU TeTpaspa, COXpaHAoIIe OpUeHTalHIo,
00pa3yIoT MOATPYIILy B IPYIIle BCEX CUMMETPUM TeTpasgpa. Tak
KaK BepIIMHA D MOXeT IepeiTH B 00yI0 BEPUIMHY, IIOCIE YETO
TpeyronbHuK ABC MOXeT 3aHATh J1060€e 13 Tpex MONOKEHUM, TO
9Ta IOATPYIIA COAEPKUT 4 - 3 = 12 571eMeHTOB.

68. Omeem. a) Iloarpynma BpallleHU OTHOCUTENBbHO OCH, ITPO-
XOZsIIel Yepe3 cepeuHbI IPOTHBOMOIOKHBIX pebep; 6) moarpym-
Ila BpalleHu{ BOKPYT BBICOTHI, ONYIIeHHOW U3 BepHIMHBI D Ha
IUIOCKOCTb TpeyroabHuka ABC.

69. Vcnonb3ysa acconuaTuBHOCTh B G U H, fokaxeM accolua-
TUBHOCTBb B G X H. lmeeMm

((g1, h1) (g2, h2)) (g3, h3) = (8182, h1hy) (g3, h3) =
= ((8182)83> (h1hy)h3) = (81(8283), hq(hyhs)) =
= (&1, 1) (8283, hoh3) = (g1, h1) (82, h2) (g3, h3)).

Hanee (eq,ey)(g, h) = (eqg, eyh) = (g,h) u (g, h)(eq, ey) =
= (geg, hey) = (g, h). TloaTomy napa (eg, ey) — €AMHUYHBIN 3J1€-
MeHT B G x H. Kpome Toro, (g7, h~1)(g,h) = (g7lg,h1h) =
= (eGa eH) nu (g) h) (g_la h_l) = (gg_la hh_l) = (eG> eH)' HOBTOMY
(g7', h~1) — anemenT, o6patHsIii k (g, h) B G x H. Takum 06pazom,
G x H obnazaeT BceMu CBOMCTBaMU TPYIIIIHI.

70. Omgem. nk.

71. Yxa3aHUue. [IpoBepbTe, 4TO OTOOpaKEHUE ( TAaKOe, YTO
¢ ((g, h))=(h, g), —uzomopou3m rpynns! G x H Ha rpynny H x G.

72. Omeem. Bce aneMeHTH BUza (g, eyy) 06pasyioT MOATPYIITY
B G x H, usomopduyo rpymne G. Bece anmemenTs! Buza (eg, h) 06-
pasyroT nozrpymiy, usomopduyto rpymme H.

73. Nmeem: (g1, h1) (g2, hy) = (8182, hihy) = (8281, hohy) =
= (&2, h2) (&1, hy).

74. 1) Ecnu (g9, hy) u (gy, hy) cogepxates B Gy X Hy, TO g1, &9
U g, 8, copepxarca B G, 1 hy, hy, u h1h, copepxxarcs B H, . IToaTomy
B G; X H; comep:XuTcA aneMeHT (g;8,, hihy) = (g1, h1) (gy, hy).-
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2) Tak kak G; u H; — NOArpyIIIbI COOTBETCTBEHHO B G U H, TO
eg comepxxutrca B G U ey cofepxurca B Hy. [loatomy B Gy X H;
copepxutca (eg, €;) — €AUHUYHBIM a7ieMeHT Ipynnsl G X H.

3) Ecnu anemeHT (g, h) cogepxutcs B G; X Hy, To g coepKuTCa
B Gy u h cogepxurca B H,. Tak kak G; u H; — NOATPYIIIBL, TO ggl
cogepxurca B G U h;il cogepxurca B Hy. Ilostomy B G; X H;
copepxures (g5', hy') —anemenr, obparHbii k (g, h) B rpyme
GxH.

B cuny pesynbrara s3agauu 57 G; X H; —noArpymnna I'pyIIbl
GxH.

75. Het. PaccmoTpuM ciegyromuii npumep. Ilycte G ={eq, c} u
H ={e,, d} — ABe UMKJINYeCKHe IPYIIBEI BTOporo nopszaka. Torga
{(e;, e5), (c,d)} —moarpynmna rpynnsl G X H, He mpeacTaBUMas
yKa3aHHBIM B 3aiade CIIocOOOM.

76. Ilycte faHHBIM poM6 nMeeT BepmmHbl ABCD. Ilycth G =
= {e;, g} —rpynna mpeobpa3oBanuii anemenToB A u C, a H =
= {e,, h} —rpynmna mpeo6pa3oBauuii anementoB B u D. Torza
oTobpaxkeHUe ( Takoe, YTo (0603HAYEHUs CM. B pellleHuH 6)

ple)={(eg,ey), pla)=(g,h), pd)=1(e,h), p(c)=1(g,e,),

OyZieT, KaK JIerKO BUZETb, M30MOPOU3MOM TIPYIIBI CUMMETPUI
pomb6a Ha rpynny G x H = Z, x Z,.

77. 1) Tlyctb {eq, g} u {ey, h, h*} — nannele rpymmbl. Habizem
nopsAzoK sneMenTa a = (g, h): a® = (g%, h?) = (eq, h?) # (eq, €5),
a®=(g, ey) # (e1,€3), a* = (eg, h) # (ey, e5), a® = (g, h?) # (eq, e5),
a® = (ey, e,). Tak Kak rpymna Z, x Z; COAEPKUT TONBKO 6 3eMeH-
TOB, TO Zg X Zg = Zs.

2) Mycts (g, h) — IPOM3BONBHBIM 31€MeHT TPYNIbI Zy X Zy,. To-
raa (g, h)* = (g*, h*) = (ey, ey). TloaTomy B Z, X Z, HET 2IeMeHTa
nopsAzka 8 u, cjeZjoBaTeNbHoO, Tpynna Z, x Z, He n3oModHa Zg.

78. Ilycte g — obpasyrouii B Z,,, a h — obpasytomuii B Z,,, 1
IIyCTh I — MOPSAJOK a1eMeHTa (g, h) B rpynne Z,, x Z,. Tak kKax
(g, hymn = (gmn h™Mmn) = (e, e,), TO r < mn. A Tak Kak (g",h") =
=(g,h)" = (ey,ey), To (cM. 33) r feuTcsi Ham uHa n. Ecmum un
B3aKMMHO IIPOCTEHI, TO TOay4YaeM, yTo r = mn u (g, h) — obpasyto-
mui B rpymnie Z,, X Z,. CiefoBaTenbHo, Z,, X Z, = Z,-

Eciu )xe m ¥ n He B3aUMHO IIPOCTEHI, TO /I NX HaVMEHbIIETO
obiero kpaTHoro k umeem k < mn. [Tycts k = mk; u k =nk,. Eciu
g ¥ h— npou3BosbHBIE 3leMeHTHL I'pyni Z,, U Z,, To g" =e; U
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h" =e,. IlosTomy (g, h)k = (g™k1, hk2) = (eq, e,). Tak Kak k < mn,
TO IIOJIy4aeM, 4ToO B 9TOM CJIy4dae B IpynIle Z,, X Z, HeT 3JIeMEHTOB
NopsAAKa mn Y, caefoBaTeNbHO, IPYNbL Z,, X Z, U Z.;,, He U30-
MOP(HBI.

79. Omeem (cm. § 1, mpumeps 1 u 2). a) {e,a, b}, {c,d, f};
6) {e,c}, {a, f}, {b,d}.

80. Tak kak x = xe u e cogepxurca B H, TO 371eMeHT X cozep-
JKUTCA B Kacce xH.

81. Ilo ycimoButo y = xh,, rae h; — HEKOTODPHIN JIEMEHT MOJ-
rpynmsl H. Otcioga x = yh;l. ITycTh h — MPOU3BONBHBIN 37I€MEHT
moxarpynmnel H. Torma anementer hih u hl_lh npuHagnexat H.
[Toatomy anemeHT yh = (xh,)h = x(h,h) comepxwurca B xH, a
anemeHT xh = (yh;")h = y(h;'h) copepxurca B yH. Tak Kak
KaXKJbIl 2meMeHT U3 yH copepxkurcs B xH u Haobopor, To xH =
=yH.

82. IlycTb anmeMeHT z BxoAuT B xH u B yH. Torga (cMm. 81) xH =
=zH u yH = zH. Orcroga xH = yH.

83. Yxasawuue. [lopsazok m060ro sl1eMeHTa paBeH MOPSAAKY
MIOPOXKAEHHONM UM LIUKJINYecKoW IOoArpymnsl. /lajee BOCIONb3YH-
Tech TeopeMoii Jlarpanxxa.

84. Ykazanue. Eum nopasok rpynmnsl p — IpoCTOe YUCIIO,
TO MOPS/IOK JIFOO0TO 2eMeHTa, OTINYHOTO OT e (cM. 83), paBeH p.

85. Bocmonb3yiitech Teopemotii Jlarpan:xka. Omgem. Ise — {e}
U BCA TpyIIIA.

86. YxazaHue. Bocromp3yiiTech pesynbraTaMu 3azady 84
u 45.

87. Ilycts G — gaHHadA rpymnna nopsagka m u n = md. Omeem.
G xZy (cMm. 72).

88. Omeem. MoxeT. HammpuMmep, B TpyIIIe BpallleHUA TeTpas/-
pa, cozilepxaiiei 12 anemeHTOB (CM. 67), HET MOATPYIII, coZlepKa-
X 6 2JIEMEHTOB.

JoxaszaTenbcTBo. ['pynna BpameHuii Terpaszpa (cm. 67)
cofilep’kUT 12 27IeMEHTOB: TOX/ECTBEHHOe mpeobpa3oBaHue e,
8 Bpamenuii (Ha 120° u 240°) BOKpPYT BBICOT, OIyIIEHHBIX U3
KaXZIOM BepUIMHBI Ha IIPOTUBOIIOJIOXKHYIO T'PaHb, U 3 BpalleHud
(Ha 180°) BOKpYT Ocel, TPOXOAAIINX Yepe3 cepeANHbI ITPOTUBOIIO-
JIOXKHBIX pebep. [IpeAmnonoXuM, 4To TPYIINa BpalleHUH TeTpasapa
COAEPKUT MOATPYIITY, UMEIOUIyI0 6 3JIeMeHTOB. JTa MOATPYIIIa
JIOJDKHA, OYEBUIHO, COZIEPIKATh XOTA OBl OZIHO BpallleHUE d BOKPYT
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HEKOTOPOU BBICOTEHI, HAIIPUMep, OITyIIeHHOM 13 BepInHel A. Eciu
a — Bpariedue Ha 120° (un Ha 240°), To a? — BpaieHue Ha 240°
(ma 120°). IMosToMy Hallla MOATPYIINA AOKHA coAep:kaTh o06a
BpallleHHs BOKPYT BBICOTHI, OMyIIleHHOM U3 BepuiuHbl A. Tak Kak
HMMeeTCs TOMBKO 3 BpalneHus (BKIoYas TOXKAECTBEHHOe Ipeobpa-
30BaHMUe), OCTABJIAIONINE HA MeCTe BepUIMHY A, TO Hallla TOATPYTI-
IIa JIOJDKHA CoZiepKaTh BpallleHue b, mepeBo/sdllee BEpIINHY A B
HEKOTOPYIO APYTyIO BepIINMHY, HallpuMep B B. Torza B moArpytie
COIEPXUTCA TakXe sjeMeHT bab~l. DTo BpalleHue NepeBOAUT
BepuivHy B B B u, Kpome Toro, bab~—! # e (unaue a =b~'b =e).
[losToMy Halla MOATPYIINA JO/KHA COAEPIKaTh XOTS OBl OAHO, a
cylefioBaTeNbHO, M 06a BpallleHus BOKPYT BBICOTEHI, OTYIIEHHOW U3
BepIIVHLI B. OTu BpameHusa nepeBogAT BepuiiHy A B C U B D.
OTcrozia, KaK ¥ BhIIIIe, TTOJlyYaeM, YTO Hallla TOArPYIIa A0KHA CO-
Jep’KaTh BCe BpallleHUs BOKPYT BBICOT, ONYIIEHHBIX U3 BepIIUH C
u D. Tlomyununu yxe 9 aneMeHTOB (BMecTe c e). IIpoTuBopeune.
3HAYUT, B IPyIIle BpallleHUH TeTpasgpa HET MOATPYIIN Hopsagka 6.

89. Omeem. a) JleBoe W IpaBoe PA3JIOKEHUS COBIAAAIOT —
{e,a, b}, {c,d, f};

6) neBoe pasioxeHue —{e, c}, {a, f}, {b, d}, mpaBoe pasnoxe-
uue — {e, c}, {a, d}, {b, f}.

90. Omgem. a) Ob6a pasnoxenus coBmnazatoT— {e,a}, {b,c},
{d, f}, {g, h};

6) neBoe pasnoxkenue —{e,d}, {b, g}, {a, f}, {c, h}, mpaBoe
pasnoxxkenuie — {e, d}, {b, h}, {a, f}, {c, g}.

91. Omeem. Ob6a pa3NOXeHUA COBIAJAIOT U cofeplkar mo 3
CMEXHEBIX Kjacca: 1) Bce uucia Buga 3k (k=0, 1, £2, ...), 2) Bce
gucna Buga 3k +1 (k =0, £1, £2, ...), 3) Bce yucia Buzga 3k + 2
(k=0, £1, £2, ...).

92. Omeem. a) /IBe IpyNIbL: Zy U Zy X Zy;

6) Be IPyNIHBL: Zg U IPYIa CUMMETPUN TPEYTOIbHUKA;

B) IIATb IPYNIL: Zg, Zy4 X Zy, (Zg X Zy) X Z,, TPyHIIa CAMMETPUI
KBa/[paTa, IpyIia KBaTEPHUOHOB C aleMeHTamMu *1, i, +j, +k u
TabauIell YMHOXXeHUs, TOKa3aHHoU B TabJ. 11.

Pemenue. a) Ilycts {e, a, b, c} — 21eMeHTBl UCKOMOM TpPyTI-
mbl. Torza HMOpsAAKU 37eMeHTOB a, b, ¢ 6o 2, mmbo 4 (cMm. 83).
PaccMOTpPHUM HECKOJIBKO CITyYaeB.

1) Cpezu a, b, ¢ ecTp a71eMeHT TOpsAAKA 4, TOTAA AaHHAS TPYII-
[1a — LMKJINYECKas IpyMa Zy,.



Ykaszanus, pewenus, omeemul 127

Ta6auima 11
1 -1 i —i j —j k —k
1 1 -1 i —i j —j k —k
—1|-1 1 —i i —j j —k

2) TlopsiaKy 3/eMeHTOB a, b U ¢ paBHBI 2, T.e. a2 =b%2 =¢2 =
= e. [locMOTpUM, YeMy B 3TOM CIy4ae MOXKET paBHAThCSI ab. He
MOxkeT ObITh ab = e (uHaue ab=a2 u b =a), ab=a (u"aue b =e)
U ab=>b (uHaue a = e). 3HAYUT, MOKET OBITH TONBKO ab = c. TouHo
TaK xe ba =c, ac=ca=>b u bc = cb = a. Tabnuia yMHOXeHUs
IIOJTHOCTBIO 33/]aHa, W MBI Iony4aeM (cM. 6) Ipymiry cHMMeTpHui
pomba, uzomMopdHyIo TpymIe Z, X Z, (cM. 76).

6) DJeMeHThl UCKOMOI TPYIIITBI MOTYT UMETDb mopsaku 1, 2, 3
wiu 6 (cM. 83). PaccMOTpUM HECKONIBKO CITy4Yaes.

1) EcTb anemMeHT mopsifka 6, Tor/ia JaHHAsS TPYIIa — IUKITIIe-
CKad rpymnmna Zg.

2) Bce HeeZIMHUYHBIE SJIEeMEHTHI ITOPSZAKA 2, TOrZa rpyIia KoM-
MyTaTuBHa (cM. 25), ¥ €C/iu a, b — 37IeMeHThI ICKOMOM TPYIIIIBI, TO
a/MeMeHTH {e, a, b, ab} 06pa3yloT moArpymIy B Hell. ITOTO OBITH He
MoXeT (cM. TeopeMy JlarpaHxa) U, CJIeZlOBaTENbHO, 3TOT CIydal
He MOXKeT UMETh MecCTa.

3) Bce Heef[UHUYHEBIE 3IeMEHTHI UMEIOT IOPSAZOK 2 Wi 3 U eCTh
sneMeHT nopsazaka 3. [lycTb a —aneMeHT mopsgka 3 U ¢ — dje-
MEHT, He ABJIAIOIMNCA cTeleHblo aneMeHTa a. Torzga {e, a, a’} u
{c, ca, ca®} — ABa JIeBBIX CMEKHBIX KJIacca Mo moArpymrme {e, a, a®}
U, CJIeOBaTebHO, BCe 6 SIIEMEHTOB e, d, a2, ¢, cd, Ca? pasJIudHbI
(cm. 82). JlokaxkeM, YTO Ha 3TOM MHOXKeCTBe M3 6 371eMeHTOB
MOXXHO TOJIBKO OZAHHM CIIOCOOOM 3aaTh TabIUIy YMHOXKEHWS.
JlokaskeM, BO-TIEPBBIX, 4TO ¢ = e. JIeMCTBUTENbHO, HE MOXET
6BITE 2 = cak (uHaue ¢ = ak). Eciu 6vI 6BUIO c2 =a (WM ¢ =
=a2), To 6bU10 6Bl 3 =cc? =ca #e (Wwm c3 = ca® # e), HO MBI
MpeATioNiaraeM, YTO BCe 3JIeMEHThl MMEIOT mopsZok 2 wiu 3. Cre-
JOBaTeNbHO, ¢* = e. TaKk KaK ¢— IIPOM3BOJIbHBIA 2/IEMEHT, He
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BXOAANIWI B oATpyIy {e, a, a®}, To takxe (ca)? =e u (ca?)? =
= e. Temepb OAHO3HAYHO OIpeE/sETCS IIPOU3BEJEHUE JIHOOBIX
JBYX 13 BBIIIMCAHHBIX BBIIIE 6 271eMEeHTOB. JleiicTBUTENbHO, akal =
= aktl, (ca®)al = cak*l, (cak)(cal) = (cak)(cak¥)al=* = eal=* =
= al7*, ak(cal) = c(cak)(cal) = (cm. Boime) = cal~k. Takum 06-
pa3oM, TabIuIly YMHOXKEHUS B 3TOM CJIydae MOXKHO 33/IaTh TOJIBKO
OJTHUM CIIOCOO0M TaK, 4TOObI TONy4rIach rpymna. CiejoBaTeIbHO,
CyIllecTBYeT TOJIbKO OZHA I'pyIIa ¢ 6 aJieMeHTaMU, MOPSAKU BCeX
2JIEMEHTOB KOTOPOI paBHHI 2 U 3. Mbl 3HaeM TaKyIO IPYIIITy — 3TO
rpyIiiia CAMMETPUM TPEyTOIbHUKA.

B) DJIeMeHTBl UCKOMOM TpYIIBl MOI'YT UMeTh IopAfgku 1, 2, 4
wiu 8 (cM. 83). PaccMOTpUM HECKOJIBKO CIIy4Yaes.

1) EcTb a1eMeHT TopsziKa 8, Torzaa AaHHAs TPYIINa — ITUKIIYe-
cKag rpymnmna Zg.

2) Bce HeeUHUYHBIE IEMEHTHI UMEIOT Mopsigok 2. Toraa aaH-
Haf rpymnna KoMmMmyTtatusHa (cM. 25). [TycTs B 3TOM ciiydae a u b —
pasjMyHble 3JIEMEHTHl UCKOMOM TPYIIbl, OTIUYHBIE OT e. Toraa
{e,a, b, ab} — noarpymmna vuckoMoi rpymmbl. EcIu an1eMeHT ¢ He
BXOAUT B 3Ty IOATPYIIIY, TO 3/leMeHTH! {c, ac, bc, abc} obpasyioT
BTOPOM IIpaBBIi CMEXHBIM Kjacc 1o mmoarpymme {e,a, b, ab} u,
cyleloBaTeNbHO, BCe 8 aJIEMEHTOB e, a, b, ¢, ab, ac, bc, abc paznuy-
HbL. [Ipou3BeZieHrEe 3TUX 3IE€MEHTOB OJHO3HAYHO OTPEENIeTCs,
TaK Kak pyllla A0/DKHA ObITh KOMMYyTaTHBHAa U a2 = b% = ¢2 =
= e (manpumep, (ac)(abc) = a%bc? =b). Takum o6pasoM, eciu Bee
2JIeMEHTHI UMEIOT TIOPSZIOK 2, TO MOXKET OBITh TOJIBKO O/IHA TPYyIINA.
Takas rpymnna AeHdCTBUTENbHO €CTb — 3TO (Zy X Zgy) X Zqy.

3) EcTb 27IeMeHT a TIopsiika 4 U CpeJiy 37IEMEHTOB, OTIMYHBIX OT
e, a, a®, a’, ectb aneMeHT b mopsiaka 2, T. e. b2 =e. B aTom ciydae
{e, a, a2, a3} u {b, ba, ba?, ba3} — Ba NeBLIX CMEKHBIX KJIacca 110
noarpyme {e, a, a2, a®} u, ciefoBaTeNbHO, Bee 8 BHIMMCAHHBIX SJ1e-
MEHTOB pa3juYHbl. [IOCMOTPUM, KaKOMY U3 STHUX DJIEMEHTOB MO-
JKET PaBHATHCSA pousBesenre ab. He moxeT GbITh ab = a* (uHaue
b=a*1) u ab=>b (uHade a =e). Eciu ab = ba?, To ab? = ba?b
u (tak xak b2 =e) a = ba?b. Torzga a? = (ba?b) (ba?b) = ba2a?b =
= bb = e — npoTHUBOpeYMe. 3HAYMT, 1160 ab = ba, 6o ab = ba®.

PaccmoTpum 2 nozciyJas:

a) ab = ba. Torga Tabnuia YMHOXKEHUS OZHO3HAYHO OIpese-
nfetca. JedictBuTtensHo, akal = akt!, ak(bal) = bakt!, (bak)al =
=ba**l, (ba*) (bal) =b2ak*! = gk+!. 3nauuT, B 5TOM CIIydae MOXKeT
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OBITH TOJNBKO OfHA TPyIIa. Takas rpyIia JeHCTBUTEIbHO €CTh.
Oro rpynna Z, x Z,. Ecnu e; M g—eAnHUINA U 0OpasyrOLIVi
Tpynnsl Z,, e, U h—eAuHUIlA U 06pasylomuil Ipynisl Z,, TO
JIOCTaTOYHO TOJOXUTL a = (g, e,), b = (e;, h) U Bce ykazaHHBIE
BBIIIle CBOMCTBA GYAyT BHIIOMHATHCS.

B) ab =ba3. B saTom ciydae Tabiuila YMHOXKEHUS TaKKe Off-
HO3HAYHO ompezensierca. JedcrBuTenbho, akal = ak*l, (bak)al =
= bakt!, akb = ba3*, ak(bal) = ba3**!, (bak)(ba!) = b(akbal) =
= b2a3k+! = @3k, 3HauuT, B 5TOM CIyYae MOMKET OBITH TOIBKO
ofHa rpymma. Takas rpyima AeCTBUTENBHO eCTh. DTO IPyIIa CUM-
MeTpuii KBagpara. JIoCcTaTOYHO MOMOXKUTh: d — BpaleHue Ha 90°,
b — cMMMeTpHsT OTHOCUTENBHO AUArOHAIN, ¥ 6YAYT BBITOTHATHCS
BCe YKa3aHHbBIE BBIIIE CBOMCTBA.

4) EcTb 2/IEMEHT a TOPAZKA 4 W BCE DIEMEHTHI, OTIMYHBIE OT
e, a, a?, a3, Taxke UMEIOT NOPsAAoK 4. [TycTh b — IIPOU3BOJIBbHBIM
M3 3JIeMEHTOB, OTAUYHEBIX OT e, d, a?, a3. Torga sJIeMeHTH e, d,
a2, a3, b, ba, ba?, ba® Bce pasznuuHbl. [IOCMOTPUM, KaKOMy W3
2JIEMEHTOB MOXKET PaBHATHCS Mpou3BeneHue bb. He MokeT OBITH
b2 = ba* (umaue b = a*) u b2 = e (Tak Kak MOPAAOK b paBeH 4).
Ecmu b2 = a (wiu b2 = a®), to b* = a? # e — npoTuBOpeure. 3Ha-
gut, b2 = g?. Tak Kak b — IPOU3BONbHBEIA SJIEMEHT, OTIMYHBIN
oT e, a, a2, a3, to taxxke (ba)? = (ba?)? = (ba3)? = a2. Tak Kak
baba = a2 = b2, To aba = b, aba* = ba® u ab = ba3. Tabmuua
YMHOXXEHUsI Telepb OJHO3HAYHO ompefenserca. JeHcTBUTENb-
Ho, akal = ak*!, (bak)al = bak*, akb = ba3k, ak(bal) = ba®k+,
(ba*)(ba!) = b2a3H = @2a3<*H = @3k*++2, Yrak, B 3TOM Ciy4ae
MOXeT OBITh TOJBKO OZIHA Tpyma. MOKHO IPOBEPUTH, YTO HAIla
TabJIIa YMHOKEHUS AeHCTBUTENbHO 3a/IaeT TPYIIy. DTa TPyIa
Ha3BIBAETCA TPYIION KBAaTEPHUOHOB. DJIEMEHTHI ee yA00HO Imepe-
0603HaYUTD CIEAYIONMM 00pa3oM: BMECTO e, a, aZ, a®, b, ba, ba?,
ba® — cootBerctBenno 1, i, —1, —i, j, —k, —j, k. Toraa yMHOXeHMe
Ha 1, —1 u omepanuu co 3HaKaMu OyAyT TaKUMU JKe, KaK B anrebpe.
Kpowme Toro, 6yzer i2 = j2=k2=—1,ij =k, ji=—k, jk=1, kj =—i,
ki =j, ik = —j. Tabnuiia yMHOXKEHUs AJI TPYIITb KBATEPHUOHOB
mokasaHa B Tabu. 11 (cTp. 127).

93. Bo3bMeM BepIIHHY, HOBOe 0603HaYeHUe KoTopoii A. Toraa
ee cTapoe o6o3HaueHue g1 (A). [Toz geiicTBHEM paccMaTpPUBAEMO-
ro mpeobpa3oBaHst 3Ta BEPIIMHA MTEPEXOAUT B BEPIIUHY, CTAPOE
obosHauenne koTopoui hg~!(A) U HOBOe 06GO3HAYeHHE KOTOPOU
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ghg™1(A). TouHo Tak e B HOBBHIX 00O3HAYEHMAX BepIIWHa B
nepexoauT B BepiunHy ghg~1(B) u C B ghg™1(C). CinenosarenbHo,
3TOMY IpPeoOpa30BAHUIO B HOBBIX 0003HAYEHUSAX COOTBETCTBYET
mozicTaHoBKa ghg 1.

94. ghg~! = h, Torma u To;mbKO TorAa, Koraa h = g~1h,g. Ilo-
3TOMY y K&X/I0T0 d/IeMeHTa hy Ip1 OTOOpaXeHUH (p, €CTh, U MPU-
TOM €JMHCTBEHHBIHM, Tpoobpa3. CieqoBaTeNbHO, OTOGpaKeHUE
¢g(h) = ghg™! —B3auMHO OfHO3HAYHOE OTOGpa’kKeHHe TPYIIIHI
Ha ce6s. Kpome Toro, ¢, (hihy) =g(hihy)g™! =gh (g7 g)hg ™t =
=(gh1g7 1) (ghag )=y, (hy) ¢, (hy). TloaToMy ¢, — H30MOPOUIM.

95. Omsem. B oTpakeHUA OTHOCUTEIBHO BCEX BBHICOT.

96. Omesem. Bo Bpamenus Ha 120° u Ha 240°.

97. Omgem. Pa3o6beM Bce 37IeMeHThI TPYIIIbI CUMMETPUI TET-
pasapa Ha cyleAyroouiue Kjaccel: 1) e; 2) Bce BpallleHHs BOKpPYT
BBICOT, OTJINYHEIE OT e; 3) Bce BpaleHHd Ha 180° BOKpyr ocei,
IIPOXOJAIINX Yepe3 CEpPeAUHBbI IPOTUBOIIONIOKHEIX pebep; 4) Bce
OTpaKeHUsI OTHOCUTEIHHO TUIOCKOCTEL, TIPOXOSAIINX Yepe3 KaKoe-
6o pebpo u cepearHy MPOTUBOIOIOXHOTO pebpa; 5) Bce mpeob-
pa3oBaHMs, TTOPOXK/JAIOIINE [IUKINYECKYIO MTOJCTAHOBKY BEPUINH

ABCD
(HaanMep, (B cD A)) Torza 2 anmeMeHTa MOI'YT I€PEXOAUThb
JpyT B Zpyra MpU BHYTPEHHUX aBTOMOPGU3MAX T'PYIIbl CUMMET-
puii TeTpaspa B TOM U TOJBKO B TOM CJIy4ae, €CJIM OHU COZIEPIKAT-
cs1 B OZIHOM KJIacce.

B cirydae rpymnimsl BpalieHUH TeTpasapa kiaaccoB 4 u 5 He Oyzer,
a Ki1acc 2 pa3obreTcs Ha 2 mozksacca: 2a) Bce BpallleHHs BOKPYT
BBICOT Ha 120° MPOTUB YaCOBO CTPEIKHU (€CTU CMOTPETh CO CTOPO-
HbI BEPILIUHBI, U3 KOTOPOH OTyllieHa BhICOTa); 26) Bce BpallleHUs
BOKPYT BBICOT Ha 240°.

PemeHue. [IycTh BCe 3IeMEHTHI PYIIIEI CUMMETPHUH TeTpa-
37pa pa3buTH Ha KJIACCHl TaK, KaK 3TO CZelaHo Bhime. Toraa aTu
KJIACChI XapaKTepU3YyIOTCA CIEAYIOUNMYU CBOHCTBaMU: 2) Bce dJe-
MEHTHI IIOpAZAKA 3 U COXPAHAIOT OPHEHTAllUI0 TeTpaszpa, 3) Bce
IEMEHTHI MOPSJKA 2 ¥ COXPAHSIOT OPUEHTAIIUIO, 4) BCE 3/IEMEHTHI
MOpAAKA 2 Y MEHAIOT OPUEHTAIIHIO, 5) BCE AJIEMEHTHI ITOpsiAKa 4 U
MEeHSIOT OpUEHTAaIMI0. Tak KaK BHYTPEHHUH aBTOMOpPGU3M SBJIS-
ercs uzomopdusMoM (cM. 94), To 3IeMeHThI pa3HOro NOopsiziKa He
MOT'YT [IepeXOAUTh APYT B Apyra (cm. 49). Kpome toro, h u ghg™!
160 06a MEHAIOT OpUEHTAIUIO, 1160 06a COXpaHAT ee (ZOoCTa-
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TOYHO PacCMOTPETh ZBa CJIydas: g COXpaHIET OPUEHTALUIO U g Me-
HAET OpHeHTanuI0). TakuM 06pa3oM, 31eMeHTHl pasHBIX KJIacCOB
He MOTI'yT IIepeX0AuTh APYT B ApyTa.

Iycte hy u h, — nmrobbie BpameHusa Ha 180° BOKpyT oceld, mpo-
XOASLINX Yepe3 CEpeANHbI TPOTUBOMOIOKHBIX pebep, U IyCTh § —
IIPOM3BOJIBHOE BpallleHHe, MepeBoAllee EPBYI0 OCh BO BTOPYIO.
Toraa Bparenue gh,g~! mepeBoAUT BTOPYIO OCh B celsl, HE TEepe-
BopauuBas ee, npudeM gh,g~! # e (unaue h; = g~leg =e). [oaTO-
My gh;g~! coBmagaer ¢ h,. Clie0BaTeNbHO, TOOHIE Ba 2IEMEHTA
KJ1acca 3 MOXKHO ITepeBeCTH JpYyT B Apyra BHYTPEHHUM aBTOMOP-
¢dusmMomM B rpyime BpauleHuii (TeM Gosee B TPyIie CUMMETPHIA)
TeTpaszpa.

[ycts h; u h, — n06BIE OTPAXKEHUS TETPA3APa OTHOCUTENIBHO
IUIOCKOCTeH CHMMMETpPHH, U IyCTh g — IIPOM3BOJIBHOE BpallleHHe,
IepeBoJsAlIee TIEPBYIO IUIOCKOCTh BO BTOpPyo. Torza Tak ke, Kak
u Bbilte, gh,g! = h,.

Ecnu glhgl_1 =h, u gzhgz_1 =h,, TOo h= gl_lhlgl, U TOTZA TIO-
nydaem g,(g; 'hig1)g;" = hy. Otcioma (227 Dy (8287 )1 =hy 1,
CJleZloBaTeNbHO, eclu h MOXKET NepexoAuThb B hy U B hy, TO h; u h,
MOTYT IIepEXOAUTD JPYT B Apyra. I103TOMy Z0OCTaTOYHO IOKa3aTh,
YTO KaKOW-HUOYJb OJWH 3JEMEHT JAaHHOTO Kjlacca IepexoguT BO

BCe€ OCTaJIbHBIE DJIEMEHTHI JAHHOI'O KJjIacca.

B _(ABCD 5 (=1
03bMEM a4 = p ~ py 2 | —3MeMeHT Kacca 5, u mycThb g; (i =1,

ABCD ABCD
..., 5) — BpallleHUs TakKue, YTO g, = (ACD B)’ gy = (ADB C)’

ABCDY , _(ABCD\ , _(ABCD\
CBDA)&T\BDCA) & T\BADC) A HIPOBEPE

Te) 3JIeMEeHTHI giagi_1 (i=1, ..., 5) BmMecTe c 2JIeMEHTOM a AAIOT
Bech Kjacc 5.

&=

[ycts b = (i ]g g g) — BpaleHue TeTpasgpa Ha 120° BOKpyT

BBICOTHI, OIYIIEHHON K3 BepHIMHBI A. JIoKaxXeM, 4TO B TpyIIIe
CUMMeTPUM TeTpasZipa 3TO BpallleHHe MOXeT NepeXoJuThb IIpU
BHYTPEHHUX aBTOMOpM3Max BO BCE OCTaJbHble BpALIeHUSA BO-
KpyT BBICOT. B cmly cuMMeTpuu JOCTaTOYHO IIOKas3aTh, 4TO b
MOXXeT NepexOoJUTb BO BTOpOe BpallleHHe BOKDYT TOH ke BBICO-

2_(ABCD i .
TH b ADBC ) ¥ B KaKoe HUOyZb BpalleHre BOKPYT Apyroi

ABCD
BBICOTBI, HAIPUMED, ¢ = | 1y p 4 - |- [IyCTh g1 — TaKas cuMmeTpus
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ABCD ABCD
U g, —TakKoe BpalleHWe, 4TO g; = (ABD C)’ 0 = (B CAD)‘
Torza g;bg;" =b? u g,bg, ' =c.

Eciu ke B kauecTBe g 6paTh TOJNBKO BpallleHUs TETPasapa, TO
HeTPYyAHO IIPOBEPUTH, YTO BpallleHHe BOKPYT HEKOTOPOH BBICOTHI
Ha 120° mpoTUB 4acoBOU CTpenku (ecIu CMOTPeTh CO CTOPOHBI
BEPILIMHEI, U3 KOTOPOH OIIyIleHa BEICOTA) HE MOXET IepPetTH BO
BpallleHHe BOKPYT TOM ke BBICOTH Ha 240°. [loaToMy BpalleHUs
BOKDYT BBICOT Ha 120° MOr'YT I1lepeXOAUTh TOJIBLKO BO BpallleHUs BO-
KpyT BbICOT Ha 120°, a BpaueHusa Ha 240° — TOJIBKO BO BpAllleHUs
Ha 240°.

98. ¢, (ab) = b(ab)b~! = ba. Tak kak , — uzomopdusm (cm.
94), To ab u ba UMeIOT OAUHAKOBBIE TOPAAKHU (CM. 49).

99. Yxka3zaHHUe. B 3ToM ciydae Jjid j000ro aleMeHTa d
u3 noarpynnsl N 1 jar000T0 3/eMeHTa g U3 Tpynnbl G 3JeMeHT
gag—' =agg~!' =a comepxurcs B N.

100. Omgem. [la. [IpoBepbTE, UTO /7151 IFOGOTO IEMEHTA g TPYII-
Bl CHMMETPHI KBaJpara geg ' =e U gag™ ' =d.

101. TlycTp JleBOe M NpaBoOe pasjIOKeHUA COBIAAAIOT, U ITyCTh
a — TIPOM3BOJIbHBIM 2eMeHT U3 N, a g — IIPOU3BOJIBHEIN 27IeMeHT
rpynnel G. Tak kak kiaccel gN u Ng UMeIoT oOUIuil 3/eMEHT g,
TO OHHU JAOJDKHBI COBNAAaTh. [103TOMy a7eMeHT ga, KOTOPHIM CO-
Jepxurca B gN, cozepxuTcad Takke U B Ng, T.e. CyLIECTBYeT
aneMeHT b u3 N Takoii, uto ga = bg. OTcioga sneMeHT gag ' =b
copepxutca B N U, ciefioBaTesIbHO, N — HOpMaJjibHas MOATPyIIIa
rpynmsl G.

[Iycts Tenmepy N — HOpMaibHadA noArpynna rpynmnel G. Jloka-
xeM, 4To gN = Ng a5 ro6oro anemenTa g rpymmnsl G. [TycTs ga —
[IPOM3BOJIbHBIM dmemeHT u3 gN. Toraa gag~—! = b, rae b — HekoTO-
PBIH aseMeHT U3 N, I03ToMy ga = bg U, clefioBaTebHO, ga (a 3Ha-
4yuT, ¥ Bce gN) cogepxutca B Ng. IlycTh Tenepb cg — IIPOU3BOJIb-
HbIi anemenT u3 Ng. Torga (g7 1)c(g~1)~! =d, rae d — HeKOTOPHIiA
atemeHT U3 N. OTcioza cg = gd U, ciefioBaTenbHO, cg (a 3HAYUT, U
Bce Ng) comepxutcsa B gN. Takum ob6pasom, gN u Ng coBIaZIaroT.

102. Yka3aHue. B aToM ciydyae U jieBoe, U IpaBoe pasjioxKe-
HUA cofiepKaT ABa Kjacca: OJUH — JaHHas MOATPYIIa, BTOPOH —
BCe OoCTasIbHBIe 3/leMeHTHI. Jlasee cM. TeopeMy 2 (cTp. 34).

103. Ilycts N;, N,, ..., N, — HOpMaJbHbl€ IOATPYIIILI I'PYII-
mbl G 1 N — ux nepecedeHre. ECiIM @ — IPOU3BOJIBHBIN 3JIEMEHT
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u3s N, 1o a cogepxurca Bo Bcex N;. [loaTromy ecin g — npous-
BOJIbHBIN 3jIeMeHT rpymmsl G, To gag~! copepxurcsa Bo Bcex N;
U, clejoBaTesbHO, B N. 3Hauut, N — HOpMaslbHasA HOATpyIIIa
BG.

104. TlycTb g — NMpPOM3BOJIBHBIN 3/eMeHT Ipynnbl G. Tak kak
eg = ge, TO e BXOAUT B IeHTP. EC/IM a BXOAWUT B LIEHTP, TO aAg =
= ga. YMHOXUB 00e 4acCTH 3TOTO PABEHCTBA CJIEBA U CIIpaBa Ha
a~!, monyunm ga—! = a~lg. IlosToMy a~! Takxe BXOAUT B LEHTP.
Ecnu a v b BXOZAT B LIEHTP, TO ag = ga u bg = gb. [loatomy g(ab) =
= (ga)b = a(gb) = (ab)g u, cnenoBaTenbHO, ab TakXe BXOAUT B
LeHTp. B cuny pesysnbraTta 3agadu 57 LEeHTp — IOAIPYIIIA.

[TycTh a — IpPOU3BOJIBHEIN 3JIeMEeHT U3 LeHTpa U g — IIPOU3-
BOJIbHBIM ameMeHT rpymnbl G. Torza aneMmeHT gag—! = agg™! =
= a TaxKe IPUHAJJIeXKUT IeHTpy. [loaToMy IIeHTp — HOopMajbHas
[IOATPyIIIA IPYIIIIHL.

105. Ilyctb h;, h, — NIpOW3BONbHBIE 3JIEMEHTHI COOTBETCTBEH-
HO u3 Ny u N, 1 g;, g, — NNPOU3BOJIbHBIE 3JIEMEHTBHl COOTBET-
cTBeHHO U3 G, U G,. Torza gih,g;" copepxutes B Ny, a gohog,"
conepxutcs B Ny. [TosToMy ameMeHT (g7, &2) (hy, hy) (g1, 82) 71 =
= (g1h1, &2h2) (g7, 8,1 = (g1h1g7 ", 82008, 1) comepiuTes B Ny %
x N,. CiegoBarenbHo, N X N, — HOpMasbHadA oArpynna B Gy X G,.

106. Tax kak x; cogep:kuTca B Kiaacce x;N, To (II0 yCI0BHIO)
X, TaKXe CoAepKUTcs B x;N. 3HAYUT, CyLIeCTByeT 3/eMeHT h;
u3 N Takoi, 4To X, = X1 h,. TOYHO TakK Ke CyIeCTByeT JEMEHT h,
u3 N Tako#, 4To Y, = y;h,. Tak kak N — HOpMaJibHas MOATPYIINA,
To Ny; = y;N. I[losaTomy cymecTByeT ameMeHT h; u3 N Takow,
yto h,y; = Yy hs. Torma x,y, = x;h;y;hy = x;y1hshy. Tak kak
anemeHT hsh, cogepxwutca B N, To X;y; U X,Y, coiepXaTcs B
OJHOM CMEeXXHOM Kiacce x;y;N.

107. Ilyctb a, b, c — NpOU3BOJbHBIE IEMEHTHl COOTBETCTBEH-
Ho u3 17, T5, T;. 1o ompezie/IeHUI0 YMHOXEHUA CMEXKHBIX KJIACCOB
(I T,)T; u T;(T,T;) —3TO CMeXHBbIe KJIacChl, KOTOPBIE COZepXaT
cooTBeTCTBEeHHO ameMeHTH (ab)c u a(bc). Tak kak (ab)c = a(bc),
1o (15T =T (T, T5).

108. YkaszaHue. B kauecTBe mpezcTaBuTesNd U3 kinacca E
BO3BMUTE e.

109. Yxa3aHue. IlycTb a — NpOU3BOIbHEIM 3/IEMEHT U3 KJac-
ca T. B kauectBe T—! BO3bMHUTE CMEKHBIN KJIaCC, KOTOPBIA cogep-
JKWT 3/IEMEHT a 1.
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110. Jlerxo mpoBeputh (cM. Tabi. 2, cTp. 35), uto A2 = B2 =
= C2 = E. TostoMy 5Ta daKToprpyimna u3oMopdHa IPyIIe CUM-
MeTpuii pomba.

111. ByayT ykasbIBaThCs TOJIHKO HOpPMAaJbHBIE TOATPYIIHI, OT-
JIM4YHBIE OT {e} U Bcel I'PyMIIbL.

a) Cm. 58 (1), 95, 96, 102. Omeem. HopmasbHasa noArpynmna —
IIOATPYIINA BpallleHUH TpeyrolbHUKa, GaKTOprpyImIa o Hel u30-
MopdHa Z,.

6) Cm. 99, 74, 75. Ilyctb {eq, c} x {e,, d} —maHHaA rpymnna.
Omeem. HopmanbHble moArpynnst: 1) {(eq, e5), (¢, e5)}, 2) {(eq, e5),
(e, d)}, 3) {(eq, e3), (c, d)}. PaKTOPrpymIIEI BO BCEX CIyYasx U30-
MODPOHEL Z.

B) O6o3HavyeHus cM. B mpumepax 3, 4 (ctp. 17). Ecau HopMasib-
Hasg TOATPyNIa B IpyIIle CUMMETPUM KBaZpaTa COAEPXKUT dJie-
MEHT b WU ¢, TO OHA COAEPXKUT BCIO MOATPYIITY BpalleHul KBaj-
pata. Ilomyyaem HopMasbHy®O moArpymmy {e,a,b,c} (cm. 102),
daxToprpymnmna no KOTopou Z,.

Vmeem bdb~! = f u bfb~1 = d. [TosTOMY €C/i OAUH U3 dJIEMEH-
TOB d, f BXOAWT B HOPMAaJbHYIO MOATPYIITY, TO U BTOPOH TaKXKe
BxoauT. Tak kak df = a, TO B 3TOM CJIlyyae JIEMEHT a TaKkKe BXO-
JUT B HOPMaJIBHYIO TTOATpyIIy. ITosydaeM HOPMaTbHYIO OATPYII-
my {e,a, d, f} (cm. 102), dpakToprpymnia no KOTopou Z,.

Tax xak bgb~! =h, bhb~! = g u hg = a, To Tax *e, KaK BHIIIE,
MoJlyyaeM HOpMaJsbHYIO moArpynny {e, a, g, h}, dakroprpymnmna mno
KOTOpOH Z,.

Ecnu ske HOpMasbHast TIOATPYIINIA He COAEPXKUT IEMEHTOB b, c,
d, f, g h, TO OHa coBmazaeT ¢ HOPMaJbHOM moATpymIoH {e, a},
dakToprpymna 1mno KoTopoit u3oMopdHa rpymnne Z, x Z, (cm. 100,
110).

Omeem. Hopmasnbubie noarpynmsl: 1) {e, a, b, c}, 2) {e,a, d, f},
3) {e,a, g, h}, 4) {e,a}. Pakroprpynna B ciay4asx 1-3 uzomopo-
Ha Z,, B ciydae 4 uzoMopoHa Zgy X Z,.

r) Ilyers {1,-1,i,—i,j,—j, k,—k}—
JaHHasd rpynmna. Eciau h — 0601 a5emMeHT,
S | OoTINYHbIM 0T 1 1 —1, To h%2 = —1. [TosTomy
LTIk opan HOpMaJbHasA NoArpynna (oTInyHas
E A B ¢ oT {1}) cozepxur snemeHT —1. IlepByto
HOPMAaJIbHYIO MOATPYIINY TIONydaeM, €CJId OTPAaHUYUMCS DJIEMEH-
Tamu {1, —1}. PasnoxeHue mo Hell mokKasaHo B TaOm. 12. Tak

Ta6auma 12
1 i j k
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Kak (2 = j2 =k%?=—1, To A2 = B2 =C2 =E u, clef0BaTelbHO,
dakToprpynma B 3TOM ciy4yae uzoMopdHa Z, X Z,. Tak Kak
ameMeHT —1 BXOAUT B J0OyI0 (HETPHUBUAIBHYIO) HOPMAIbHYIO
MOATPYIITY, TO JMEMEHTH [ M —i 6o 0b6a BXoaAT, 1160 0b6a He
BXOJISIT B HOPMaJIbHYIO TIOATPyIIy. To ke BepHO A j U —j, k u
—k. Tak kak (HeTpyBHaNbHAs) HOPMaIbHAs TIOATPYIIA B IPYIIe
KBaTepHUOHOB MOXET COZEpPKaTh TOJIbKO 2 Wi 4 dneMeHTa (CM.
TeopeMy JlarpaH:ka), TO MBI TIOJIy4aeM ellle TOIbKO 3 HOpMaJbHbIE
mogrpymmel (cm. 102): {1, —1,1,—i}, {1,—1, j,—j}, {1,—1, k, —k}.
dakTOprpyIma B 3TUX CIydasx u3oMopdHa Z,.

Omeem. HopmanbHble nogrpynnset: 1) {1, —1}, 2) {1, —1,i, —i},
3 {1, -1,j,—j}, 4 {1,—1, k, —k}. Pakroprpymnmna B ciay4ae 1 u3o-
MopdHa Zy X Z,, B ciaydasx 24 nsomopdHa Z,.

112. a) Cm. 99, 60. [Tyctb n = dk. B Tabs. 13 mokazaHo pasJioxe-
Hue Tpymus Z, = {e, a, a?, ..., a1} mo moarpymrme {e, a?, a%?, ...
..., a%~Dd} (1 mpo6eraet Bce sHaveHus ot 0 70 k — 1). DeMeHT a
MIPUHAIJIEXKUT KJIacCy A, M HaMeHbIIIee TIONOKUTENbHOE M TaKOe,
yTo a™ MpUHAAIEXRUT Kiaaccy E, paBHO d. [I03TOMy MOpPSAOK
ateMeHTa A; B dakroprpymnne paBeH d U, CJIeJOBaTEIbHO, ak-
Toprpymmna uzomMopdHa Z.

6) Cm. 99, 61. Tab. 13 gaeT pasnoxeHue rpymmsl Z = {..., a2,
al,e,a,a?, ...} mo moarpymme {...,a24, a4 e ,ad,a%d,...} (I=
=0, £1, £2, ...). Tax Xe KaK B cIy4ae a), MOJIy49aeM, 9To paxKTop-
rpymmna uzomopoHa Z,.

Ta6numa 13
adll am+1| am+2| “'l gdl+@-1
E Ay A, Agq

113. Cwm. 97. HekoTOpO€e MHOXECTBO BpallleHui OyzeT HOpMaJib-
HOU TOATPYIIION T'PYIIbl BpallleHU TeTpasZpa TOrAa U TOJbKO
TOTZA, KOIZla OHO COCTOUT U3 HECKOIbKUX KJIACCOB, IIOCTPOEHHBIX
IIpU pellleHWU 3aZauu 97 (A4 Tpynnbl BpalleHuil), U ABIAETCA
noArpynmnoi. Eciin HopMasbHaA MOATPYIIIA COAEPXKUT BpallleHue
(1a 120° nam 240°) OTHOCUTEIBHO HEKOTOPOU BBICOTHI TETPAdApa,
TO OHA COZEPXUT U BTOpOE BpallleHHe BOKPYT 3TOH BBICOTH H,
C/lefloBaTeNbHO, COZEPXKUT BCe BpallleHUsA BOKPYI BCEX BBICOT

ABCD ABCD
Terpasgpa. Eemt a = |, ~pp| X b= CBD A — BpameHusa

BOKPYT' BBICOT, OIyLIEHHBIX COOTBETCTBEHHO U3 BepuUIMH A U B,
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ABCD
TO ab = (D CB A)—BpameHI/Ie Ha 180° BOKpyr ocu, NMPOXOAA-
et yepes cepeaunsl pebep AD u BC. [1oaToMy B 3TOM Ciydae
HOpMaJIbHas MOATPYIIIA COAEPKUT TaKKe Bce BpaljeHuda Ha 180°
BOKPYT' OCeli, MPOXOAALINX Yepe3 CepefUHbI IIPOTUBOIIOIOXHBIX
pebep u, cieoBaTeNbHO, COBIAaeT CO BCEH TPYNION BpaleHui
TeTpasgpa.

TakuM 06pa3oM, B IpyIie BpallleHNH TeTpasgpa UMeeTCsa TONb-
KO ofHa (HeTpHBUalbHasA) HOpMabHasA IOArPYIINa, COCTOALIAA U3
TOXX/IECTBEHHOT'O ITpeobpa3oBaHus U Tpex BpalleHui Ha 180° Bo-
KpyT OCeli, IPOXOAALINX Yepe3 CepefrHbI TPOTUBOIOIOKHBIX pe-
6ep. akToprpyrmnia mo 3Toi HOPMaJIbHOMN MOATPYIIE COAEPKUT 3
JIEMEHTA U, CJIeZlOBaTeIbHO, u3oMopdHa Z (cM. 50).

114. Ilyctb (g, &) — IPOU3BOJIBHBIM 27eMeHT U3 G; X G, U
(g3, €;) — IpPOM3BONBHBIN 3a/eMeHT noArpynnsl G, x {e,}. Torza
aneMeHT (g7, £2) - (g3, €5) - (g1, §2) ™! = (cM. permenvie 3agauu 69) =
= (8183, 82) - (&7, &) = (818387 ' e2) comepwurest B Gy x {ey}.
[TostoMmy G, X {e,} — HOpMasbHasA noArpynna B G; x G,.

[Tyctb (g, a) — MIPOU3BONBHBIN 3/leMeHT rpynnsl G X G,. ITo-
CMOTPHUM, KaKOW CMEXHBIH KJacC IO HOPMaJbHOM IOATrpYIIIE
G, x {e,} mopoxzaeTcs 3TUM 3yeMeHTOM. Eciyu yMHOXaTb dJe-
MeHT (g, a) Ha Bce 3JIeMeHThl HOPMaJIbHOMN MOATPYyNIH G X {e,}
(mampumMmep, cripaBa), TO IIOIYYUM Bce 3IeMeHTH Buja (g, a), rae
g poberaeT Bce 31eMeHTH! U3 G .

O603HaYuM 3TOT cMexHbIN kiaace T,. Takum 06pasoM, CMeX-
HBble KJIacChl 10 HOpMasIbHOM moArpymie G; X {e,} — 3TO KJIacChl
Buza T,, rAe a mpoberaeTr Bce 37eMeHTH U3 rpymnsl G,. Tak Kak
(e;,a), (eq,b) u (eq,ab) comep:xarcsa COOTBETCTBEHHO B KJjaccax
T,, T, Ty, v (eq,0a) - (eq,b) = (ey,ab), To T, - T, = T,;. B3aumuo
OZIHO3HAYHOe OoTOOpakeHHe  IpymIbl G, Ha IIOCTPOEHHYIO dak-
TOPrpyIIy Takoe, 4yTo ¢ (a) = T, ana moboro a u3 G,, ABIAETCA
nsomopdusmom, Tak kak ¢ (ab) =T, =T, - T, = p(a) p (D).

Takum obpasom, dpakroprpymna rpynnsbl G; X G, IO HOPMasb-
HoM moArpynie G, X {e,} uzomopdHa rpymne G,.

115. Cwm. 57. CBoiicTBo 1 13 3a7a4yu 57, 04eBUIHO, BHIIIOTHAETCA.
2) eee"lel = ¢, mosTOMY € BXOAUT B KOMMyTaHT. 3) Eciu k — KoM-
mytaTop aba~'b~1, o k7! = (aba=1b~1)"! = (cm. 23) = bab~la~ !,
T. e. k1 aBnsieTca kommyTatopoM. I10 OMpesIeeHII0 KOMMYTaHTa
JI0601 ero aJieMeHT a TpeZCTaBIsIeTC B Buzie a = kg - ky - ... - k,,
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rae Bce k; —xommytaTopel. Torma a= ! = (ky - ky - ... - k)71 =
=k'-...-k;' - k', HO Bce k! — KoMMyTaTOpHI, O3TOMY A~
PUHAJJIEXKUT KOMMYTAHTY.

116. Eciu g — MpOU3BOIBHBIN 37€eMeHT TPYMIBI, k — KOMMY-
tatop aba='b~!, To u gkg~! aBasercas kommyTaTtopoM. JlefCTBU-
TEJIbHO:

gkg™ =gaba~'b~'g7 = ga(gT'b(gIPa (g7 'b g =
= (gag™") (gbg™)(gag™) 71 (gbg™H)~".

Eciu a — nto6oti 31eMeHT KOMMYTaHTa, To a =k - ky + ... - k,,, 771
Bce k; — KoMMyTaTophl. Ilostomy gag—! = g(k, - ky ... kg7t =
=gk (g'Qko(g718) ... - (g718) - kng !t = (8k187 ) (gkog™") - ...
...~ (gk,g™1) ABNIsIETCA IPOU3BEEHUEM KOMMYTATOPOB U, CIE0BA-
TEJNbHO, COAEPKUTCA B KOMMyTaHTe. Tak Kak g — MPOU3BOIbHBII
3JIEMEHT TPYIIBL, TO IOJAyYaeM, YTO KOMMYTAHT SBJIAETCS HOP-
MaJIbHOU TTOATPYIIIION T'PYIIIIHI,

117. Yk asaHue. Jlokaxure, uto aba—1b~! = e Torza u Tonbko
Torza, xorga ab = ba.

118. a) Tak Kak rpyimna CMMMeTPHil TPeyrolbHUKa HEKOMMYTa-
THBHA, TO ee KOMMYTaHT OT/In4deH oT {e}. Eciiu § — nmpousBosmbHOE
npeo6pa3oBaHue TPEYTOMbHUKA, TO MPE0Opa3oBaHus g U g~ 1 1ubo
06a «I1epeBOpavnBaIOT» TPEYTONbHUK, JTHO0 06a ero He mepeBopa-
auBaioT. [109TOMy B IIPOM3BEAEHUU &1828; &, 1160 0, 1160 2,
1160 4 COMHOXUTeJIA, IIepeBOPauYHBAIOIINX TPEYTONbHIUK, U, Cle-
AOBaTeIIbHO, BCEI/A DJIEMEHT g18,8, ', = He IlepeBopaunBaeT Tpe-
YTOJIBHUK, T. €. ABJIsAETCS BpaljeHreM. [103ToMy B KOMMYyTaHT MO-
I'YT BXOAUTD TOJIBKO BpallleHUsA TPEYyrolbHUKA. TaKk KaK KOMMYTaHT
oT/INYeH OT {e} U SIBJIAETCS MOATPYIIION, TO monrydaeM (cMm. 58),
YTO KOMMYTAHT T'PYINIIBl CUMMETPHUH TpeyrolbHUKA COBIIAJAeT C
TIOATPYIINOH BCceX BpallleHU TPEYTOMbHUKA.

6) Tax ke Kak B CJIy4ae a), MoJydaeM, YTO KOMMYTaHT OTJIMYEH
OT {e} U COAEeP:KUT TOJNbKO BpallleHuA KBagpara. Eciu g — npous-
BOJIbHOE Mpeobpa3oBaHKe KBaApara, To g U g~ ! 1160 06a MEHAIOT
MeCTaMH JUaroHaIu KBajpaTa, 1100 00a IepeBoAAT KKIYIo Aua-
roHab B ce6s. [109TOMy Beersa o/IeMeHT g1g»8; '8, IePeBOAUT
obe puaronany B cebs. Tak Kak, KpOMe TOTO, 000K KOMMYTaTOP
ABJIAETCA BpallleHWeM KBaZipaTa, TO OH COBIIaZaeT Jubo ¢ e, bo ¢
LIEHTPAJIBbHON cUMMeTpuel a. II03ToMy KOMMYTaHT MOXET COZep-
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JKaTh TOJIBKO DJIEMEHTHI € U d, a TAaK KaK OH OTJIMYEeH OT {e}, TO OH
COBITA/IAET C MOATPYIIION EHTPATbHBIX CUMMETPUH {e, a}.

B) DneMeHTH 1 1 —1 mepecTaHOBOYHEL CO BCEMU OCTATbHBIMU
JIEMEHTaMU TPyl KBaTEPHUOHOB. [103TOMY €Ciii OfuH U3 dJe-
MEHTOB g;, g, CoBmagaer ¢ 1 wiu —1, To glgzgl’lggl =1. Ecin
g — mo6oii aneMeHT, OTIMYHBINA oT 1 1 —1, To g - (—g) = —g% =
=—(-1) =1, t.e. g7l =—g. [looTOMY, €cu g, U g, — dIEMEH-
THI, OTIMYHBlE OT 1 U —1, TO g18,87"8;" = §182(—81)(—&) =
= 212,818> = (818,)%. Ho xBagpar snro6oro ajseMeHTa B TpyIIIe
KBaTepHUOHOB paBeH 1 win —1. IIo3TOMy KOMMYTaHT MOXET
cozZepKaTh TONBKO IEMEeHTH 1 M —1, a Tak Kak Ipymma KBa-
TEepHUOHOB He KOMMYTaTUBHA, TO KOMMYTaHT OTauW4YeH oT {1}.
CrneznoBaTenbHO, KOMMYyTaHT — {1, —1}.

119. Tak ke Kak mpu peleHuu 3aga4yu 118 a), 6), monaydaem,
YTO KOMMYTaHT I'DYIIBl CUMMETPUN IPaBWJIBHOTO N-yroJbHUKA
COZIEPKUT TOJIBKO BpAIlleHUA.

[IycTb n HEYETHO, U IYCThb d — OTPaKEHUe
n-yroJbHUKA OTHOCUTENbHO ocu [ (puc. 41), b —
BpallleHHe Nn-yrolbHUKa Ha YTrol 7T — 7T/n mpo-
THB 4aCOBOU CTpeJIKH (TlepeBojsiiiee BEPUIMHY A
B B). Torma aba~1b~! — BpaieHue n-yroipHuKa,
nepeBozsAmiee (IpoBepsTe) BepmuHy B B C, T. €.
BpallleHre I[POTUB YacOBOM CTPEJKH Ha Yrol
27 /n. Tak KaKk KOMMYTaHT — HOATPYIINa, TO IIO-
JIydaeM, YTO IIPY 1 HeYeTHOM OH COAEPXKUT Bpa-
IIEHUs Ha BCe YIUIBI, KpaTHbIe 27 /n. Tak KaKk KOMMYTaHT COAEPIKUT
TOJIBKO BpallleH!s N-yTOIbHUKA, TO IPY N1 HEYETHOM OH COBIIAZaeT
C TOATPYNION BCeX BpallleHWH IMPaBWIBHOTO N-yrolbHUKA, U30-
MopdHo# Z,, (cm. 31).

ITyctb Temepp n = 2k. BrnuimleM B NpPaBWIBHBIN N-yTOJBHUK
k-yronpHUK, cOeAMHUB BEPUIHEI Yepe3 oAHy. CoeIMHUB Yepe3 ofi-
HY OCTaBIINEeCS BEPUINHEL, IOJIy9UM BTOPOU IIPABWIbHBIH k-yToib-
HuK. Ecmm g — mro6as cuMMeTpusi IPaBWIBHOTO N-YTONbHUKA, TO
npeobpasoBaHusa g ¥ ¢! b0 06a MEHAT MECTAMU IIOCTPOEH-
HBle 2 TIpaBWIBHBEIX K-YTOJBbHUKA, JUO0 06a IIepeBOAAT KaKAbIH
k-yronpHuk B cebsa. [IoaToMy Ji060M KOMMYTaTOP glgzgl’lgz’l
MIEPEBOAUT KXKABIH k-yronbHUK B cebsa. Takum obpasom, IIpu
n = 2k KOMMYTaHT MOXET COZEep:KaThb TOJBKO BpallleHUs Ha yT-
abl, kpatuele 27/k. TIycTh ¢ — BpallleHWe N-yrojbHUKA IIPOTHB

Puc. 41
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4acoBOU CTpesKU Ha yroa 27 /n, d — oTpakeHue
OTHOCUTENBbHO ocu m (puc. 42). Toraa cdc—'d1
ABJIAeTCA BpallleHHeM, IepeBoAAIuM (IIpoBeph-
Te) BepumHy C B B, T.e. BpallleHWeM IIPOTUB
4yacoBo# crpenku Ha yroa 47/n = 271 /k. Iloato-
My KOMMYTAHT COZep>XKUT BCe BpallleH!A Ha YIJIb,
KpaTHble 27T /k, ¥ TOJBKO UX. DTO MOATPYIINA Bpa-
IIeHUH IJIOCKOCTH, IepeBOAANINX IPaBUIbHBIN
k-yronbHuk B ce6a. OHa usoMopdHa Zy = Zy,
(cm. 31).

120. Ilycts k, [, m — ocu, IPOXOAALINE Yepe3 cepeSHbI IIPOTH-
BOIIOJIOXKHBIX pebep TeTpasgpa. COoCTaBUM UM COOTBETCTBEHHO
BepimnHbl K, L u M npaswibHOro TpeyroipHuka KLM. Ilpu mro-
60M BpalleHUM TeTpaszapa jubo Bce ocu k, [ U m TepexomAaT
B cebs, b0 HU OfiHA OCb B cebs He mepexoAuT (IMPOBEpHTE).
ComocTaBUB TIOACTaHOBKe ocel k, [ 1 m mozacTaHOBKY BepminH K,
L n M TpeyronpHuka KLM, moiay4um, 4TO KaXJOMYy BpallleHUIO
TeTpaszpa OyzZeT COOTBETCTBOBATH Ipe06pa3oBaHKe IPABIIBHOIO
TpeyronbHuKa KLM, KoTopoe o0dA3aTelbHO OyzeT BpalleHHeM
TpeyrospbHUKa. Kaxx1oMy KoMMyTaTopy B IpyIIe BpauleHUH TeT-
paszpa OyzeT Ipy 3TOM COOTBETCTBOBATH KOMMYTATOP B I'DYIIIE
BpaileHuil TpeyrombHuka KLM. Tak Kak Tpymnna BpallleHUuU Tpe-
yTONbHUKA KOMMYTaTHUBHA, TO JI0O0 KOMMYyTaTOp B HEll paBeH e.
[TosToMy 060 KOMMYyTaTOp B IpYIIle BpallleHHH TeTpaszapa
JOJDKEH IepeBOAUTh KKAYIo U3 ocelt k, [, m B cebd. CrezoBaTenb-
HO, KOMMYTAaHT TPYIIIBl BpalleHUH TeTpas/pa MOXeT COAEPXKAaTh
TONBKO TOXKIECTBEHHOE Ipeobpa3oBaHUe U BpaujeHus Ha 180°
BOKpYT' Oceli, IIPOXOAAILINX Yepe3 CepeZlHbI IIPOTUBOIIOIOXHBIX
pebep. Tak Kak rpynna BpalleHUH TeTpadgpa HEKOMMYTaTHB-
Ha, TO ee KOMMYTaHT OTIMYeH OT {e}, a Tak KaKk KOMMYyTaHT
SIBJIAETCS HOpMaJibHOM moarpymmnoi, To (cMm. 113) oH coBmazaer
C TIOATPYIINOH, cofeprKallell TOXKJECTBEHHOe Mpeobpa3oBaHue U
Bce BpalleHuA Ha 180° BOKpYT ocell, TPOXOAALINX Yepe3 cepeuHbI
MIPOTUBOIIONOXKHBIX pebep.

121. Cwm. pemrenue 113.

122. CummeTrpun TeTpaszpa g U g~ mmbo 06e MEHAIT OpuU-
EHTaIUIO TeTpasapa, aubo obe He MeHAIOT (cM. pelneHue 67).
TosToMy m1060# KOMMYTATop g18,8; 8,  COXpaHseT OpUeHTa-
VIO TeTpadpa. TakuM 06pa3oM, KOMMYTAHT I'PYIIIbl CHMMeTPHH

Puc. 42
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TETPasgpa COZEPXKUT TONBKO BpalleHWs TeTpaszgpa. Ecm a =

ABCD ABCD
= (ACD B) ub= (ABD C)—/:LBe CUMMEeTPUM TeTpasApa, TO

aba=1p71! = (A B CD)—BpaLueHHe BOKDYI' OCH, IIPOXOZSAIIeN
ADBC ’

yepe3 BepmnHy A. Tak Kak KOMMYTAaHT SBJISETCS HOPMAaJIbHOU

mogrpymmoi (cm. 116), To (cM. 121) KOMMYTaHT TPYIIIBl CUMMeT-

puii TeTpaszpa COBIaZAET C MOATPYIIIION BpallleHul TeTpaszpa.

123. Omeem. 24. Jina xy6a: 1) ToxzAecTBeHHOe Ipeobpa3oBa-
Hue; 2) BpameHus (ux 9) Ha 90°, 180° u 270° BOKpyr ocel, Impo-
XOZAIIUX Yepe3 LeHTPH IPOTUBOTIONIOXKHBIX TpaHell; 3) BpalieHus
(ux 6) Ha 180° BOKpYT Ooceli, IPOXOAAILINX Yepe3 cepeJUHEl IPOTH-
BOIIOJIOXKHBIX pebep; 4) BpamieHus (ux 8) Ha 120° u 240° BOKpyr
oceii, IPOXOAANIINX Yepe3 IPOTUBOIIONIOKHbIE BEPIINHEI.

124. Eciu coeWHUTH IEHTPBI COCEIHUX TpaHel Kyba, TO Io-
JyduM oKTasap. Torza kakaoMmy BpaleHUI0 Kyba 6yzeT cOOTBeT-
CTBOBaTh BpallleHHWe OKTasZipa u Haob6opoT. IIpy 3TOM KOMITO3U-
I[UY BpallleHuli Kyba GyZieT COOTBETCTBOBAaTh KOMITO3UIIHS Bpallle-
HUU OKTa3pa U MBI IOJy4aeM HU30MOpGU3M T'PYIITbl BpalleHUi
Kyba Ha rpymniy BpalleH!U OKTadzpa.

125. Ecim 3aduKCHpOBaTh IOJMIOXKEHHE Kyba W pasiIndHBIMU
CYUTATh PACKPACKU, IPU KOTOPBIX XOTsA GBI OZIHA TpaHb OKpallleHa
[10-pa3HOMY, TO BCEI'0 PACKPACOK OyzeT 6+ 5+ 4 - 3 - 2 =720, Tak KaK
ITepBOI KpacKoM MOXKHO 3aKpacuTh Jit0OyIo U3 6 rpaHeii, BTOpOL
Kpackoil — mobyio u3 5 ocraBumxcd U T.JA. Tak Kak U3 OZHOM
pacKkpacky MOXKHO € IIOMOII[bIO BpallleHUl MOMyIuThb 24 packpacku
(cMm. 123), To i1 ky6a otBeT 720/24 = 30 cnoco6oB.

Tak Kak cyllecTByeT JUIIb 4 BpallleHUd, IEPEBOAAIINX CIINYeY-
HBI KOPOOOK B cebs (TOXKIeCcTBEHHOE ITpeobpasoBaHue U 3 Bpaille-
HuA Ha 180° BOKpYT ocell, IPOXOAANIHX Yepe3 LIeHTPhI IPOTUBOIIO-
JIOXKHBIX TpaHeit), TO AJIs1 CInYeYHoro Kopobka oreeT 720/4 =180
C11oco6oB.

126. Omeem. I'pymie cuMMeTpuii poMba u rpymne Zy X Z.

127. Yxasauue. a) Cm. 57. 6) BocrosnbsyiiTech TeM, 4TO g
1 g~ 1160 06a MEHAIOT TETPasAphl MECTAMH, JTH60 06a epeBOAAT
Ka)XZbI TeTpasap B cebs.

128. Bpamenus Ky6a g u g1 6o 06a MEHAIOT MECTAMU TET-
paszapsl ACB;D; u A;C;BD (cwM. puc. 8), 1160 06a IepeBOAAT Kax-
[IBli TeTpasap B cebs. [loaTomy 060 KOMMYTAaTOP MEPEBOAUT
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oba Terpaszgpa B ceba. Otcroga 1060My I€MEHTY KOMMYTaHTa
IpyHIIIbl BpalleHWH Ky0a COOTBETCTBYeT BpallleHHWe TeTpaszipa
ACB,D;.

[Tycts a — BpameHnue ky6a Ha 90° BOKPYT OCH, IIPOXOAAIIEH
yepes LleHTphl r'padeit ABCD u A,B,C,D;, u Takoe, 4TO BeplIrHa B
nepexoauT B A. U mycth b — BpaieHre Kyba Ha 120° BOKpyT ocH,
mpoxoZsAmielt yepe3 BepuInHbl A; u C, U Takoe, YTO BepIIUHA A Iie-
pexozur B D, . Torza aba—'b~! nepeBogur (mpoBeprre) BepuinHy A
B cebd, a BepmnHy A; B D, T. e. ABJIAeTCA HETOXAECTBEHHBIM Bpa-
ImeHreM Kyba BOKPYT Ocy, IPOXoZsllell yepe3 BepiuHbl A u C.
OHoO fABJIAeTCA TakKe BpallleHneM TeTpasgpa ACB;D; BOKpyT ocu,
IpoxozsAiel yepe3 BepiuHy A. OTcroAa 1erko nokasars (cm. 121),
YTO KOMMYTAHT I'PYIIIEI BpalleHUH Ky0a COZep:KUT BCe BpallleHUs,
nepeBogamue teTpasgp ACB;D; B ceba. A TaK KaK OH COAEPKUT
TOJIBKO TaKue BpallleHUsd, IOoMydaeM, YTO KOMMYTAHT TIpYIIIBI
BpalieHn Kyba n3oMopdeH Ipymiie BpalleHui TeTpaszpa.

129. Ilycts A, B—/Ba NpOM3BOJbHBIX CMEXKHBIX Kjacca 4 d,
b — ux npeacrasutenn. Tak kak sneMmeHT aba—1b~! cogepxurcs B
kommyTanTe, To ABA"1B~! = E. Otcioga AB = BA.

130. IlycTtb a, b — Npou3BOIbHBIE 3/IEMEHTHI IPYIIEL U A, B—
CMEXXHBIE KJIaCChl, B KOTOpPble OHU BXOZAT. Tak kak AB = BA, To
ABA~1B~1 = E. Tlostomy kommyTtaTop aba~—lb~! cogmepsxurcs B
HopMasbHOUM moarpynme N. Takum o6paszom, N cOAepXKUT Bce
KOMMYTaTOpEI, a 3HAaYUT, ¥ BeCb KOMMYTaHT.

131. IIyctb h,, h, —TIpou3BONbHBIE 37EMEHTH M3 N U g—
IIPOU3BOJIBHBIN 31eMeHT rpynnbl G. Tak kak N — HopMaJsbHasA IOJ-
rpymmna, To anemeHTts gh,g~! u gh,g~! nmpunamnexar N. [loarto-
My g(hihyhi'hy g™t = ghy (g7 19hy (g7 19)h T (g71g) - hy'g ™t =
= (gh1g 1) (gh,g7 ) (ghig™) ! (gh,g )™ — KoMMyTaTOp B HOP-
MajJbHOU moarpyte N, T. e. cogepkxutcs B K (N). TIpou3BoNbHBIM
anemeHT a u3 K(N) mpeacraBum B Buze a =k, - ky - ... - kg, roe
Bce k; — kommytaropsl B N. Ho gag™! = g(k; - ky - ... - k)g™ 1 =
= (gk;27 D (gk,g™1) - ... - (gk,g™1), T. e. gag™! comeprkurcs B K(N)
U, cnegoBaTenbHo, K (N) — HopMasyibHas MOATPYIIa I'PYIIsL G.

132. IlycTb f; U f, — IPOU3BOJIBbHBIE /IeMeHTH I'pynmsl F. Tak
KaK ¢ — romomMopdusM rpymnmnsl G Ha rpynmy F, To HalWayTcs ae-
MEHTEI g; U g, Tpynmsl G Takue, uto ¢ (g;) = f1 u ¢ (g,) = f,. Torma
fifa= (€19 (g2) = p(8182) = ¥ (8281) = ¢ (82) 9 (g1) = fo.f1. 3Ha-
4yuT, rpynna F KoMMyTaTUBHa.
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O6parHoe yTBep:xeHre HeBepHO. CM. mpuMep 12 (ctp. 39).

133. IIyctb @(eg) =x. Torma x - x = p(eg)p(eg) = pleges) =
=p(eg) =x.0TCI0fa X - X =X U X =e€p.

134. p(@p(a ™) =plaa™) =¢(eg) = (cm. 133) = ep. OTcriona
pla D =[p@]I™.

135. Ilycth a u b — npousBosnbHbIe 37eMeHTH Ipynnel G. To-
raa (802801)(6117) = @2(@1(ab)) = @2(@1(61) . 801(17)) = @2(@1(0)) .
<2 (1 () = ((pap1) (@) - ((p291)(b)).

136. Ecmu p(a) =A u p(b) =B, To ¢(a) - p(b) =A-B= (1o
OTIpeJieIeHUI0 YMHOXXEHUSA CMEXHBIX KIaccoB) = ¢ (ab).

137. Cm. 57.1) Ecim a u b cogepxatca B Ker ¢, 10 ¢ (a) =ey,
@) =ep u p(ab) = p(a)p(b) =erer =ep U, cieOBATENBHO, ab
Takxe cofepxkutcs B Ker ¢. 2) p(e;) = (cm. 133) =ep. [ToaToMy e
coneprkutcs B Ker ¢. 3) Ecim ¢ (a) =ep, To ¢ (a™1) = (cm. 134) =
=[p(@] 1= e;l =ey. [ToaTomy, ecnu a copepxkutes B Ker ¢, To u
a~! conepxurcs B Ker .

138. IlycTh a — IpOU3BOJILHEIN 37IeMeHT U3 sgpa Ker ¢ u g —
[IPOU3BOJIbHBIN 3/1eMeHT rpymisl G. Torga p(a) =ep u p(gag™') =
=@y @e(g™) =(cm. 134) = p(2) - eF - [p(g)17! =ef. [ToaTO-
My 2JIEMEHT gag~! TarKe cofepkutcsa B Ker ¢ u, cieZloBaTeIbHO,
Ker ¢ — HOpMasIbHasA MOATPYIIA TPYIIHL G.

139. IlycTb 271eMeHTH g; U g, JIEXXAT B OZHOM M TOM XK€ CMeX-
HoM kitacce g Ker ¢. Torga HaiizyTcs aneMeHTH 17 U 1y, B Ker ¢ Ta-
KHe, 9TO g =8Iy U 8, = gry. Toraa ¢(g1) = ¢ (gr) = ¢(g)p(r) =
=¢@er =9 (@) p(r) = p(gr) =¢(g).

O6partHo, mycTs ¢ (g1) = (g2). Torna ¢ (g7 g2) =¢ (87D (€)=
= (cm. 134) = [p (g1t - ¢(g1) = ep. CrenoBaTenbHO, gl_lgz =r,
IZie r — HeKOTOpbIH anemeHT u3 Azpa Ker ¢. OTcioza g, = g1 U
mo3ToMy oba 3jeMeHTa g; U g, COAEPIKATCsI B CMEXHOM Kjacce
g, Ker .

140. IlycTb f — mpou3BOMBbHBIN 2meMeHT u3 F. Tak kKak ¢ —
oTOOpaXkeHue Ha, TO CYIECTBYET 3JIEMEHT d TPYIIBI G TAKOM, YTO
@(a) = f. Ilyctb A — CMeXHBIN KJacc, cogepxkamuii a. Torga mo
onpezenennio Y (A) = ¢ (a) = f.

141. TIyctb Y (A) = (B), v IycTh a, b — npeAcTaBUTENU KJIac-
coB A u B. Torga p(a) =y (A) =y (B) = ¢ (b). Otcroga (cm. 139)
A=B.

142. Ilycte A M B— IpOU3BOJIbHBIE CMEKHBIE KJIACCH U d, b —
ux npegctasurenu. Toraa anmeMeHT ab cozep:xutca B kiacce AB.
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YuuThiBas omnpejeneHue otobpaxkenus 1), momydaem 1 (AB) =
= p(ab) = (¢ — romomopdusm) = p(a) - ¢ (b) =4y (A) - ¢ (B). Tak
Kak ) — B3aMMHO OJHO3Ha4YHOe oToOpaskeHue (cm. 141), To Y —
“30MOpPU3M.

143. Ilycts k, [, m — ocu, mpoxozsiye 4epes cepesuHbI IPOTH-
BOIIOJIOXKHBIX pebep TeTpaszpa. IIpu ka0l CHMMETPHH TeTPad-
pa 3T OCH HEKOTOPBIM 00pa30oM IEPeCTABJIAIOTCH, T. €. Mbl UMeeM
HEKOTOpOe OTOOpakeHue ¢, IPYNIBI CUMMETPHH TeTpasipa B
IpyIITy IIOACTAaHOBOK Tpex oceil k, [, m. 3To oToOpakeHue ABJA-
eTcs oTobpakeHWeM Ha BCIO TPYIITYy TAKUX IOACTAHOBOK, TaK KaK
HETPYZAHO IPOBEPUTH (IIPOBEPETE), UTO JIOOYIO TOACTAHOBKY OCei
MOXKHO ITOTYYUTD, IOAOUPAs IIOAXOAIIYI0 CHMMETPHIO TeTPaszpa.
Jlerko BHZJETh, 4TO JJIA JIIOOBIX CHMMETPHH TeTpaszpa g; U g,
IIOZACTAaHOBKA ocel k, [, m, COOTBETCTByIOLIasA CUMMETPUH g2,
ABJIAETCA KOMIIO3WILIMeH IO0ACTaHOBOK, COOTBETCTBYIOUIUX CHUM-
MeTpUAM g1 U g, T. €. 1(8182) = ¢1(g1)¢1(g,) U, caegoBaTenbHoO,
(p1 — roMmoMopou3M.

Kaxxzoit nmozcra"HoBke oceil k, [, m MOXKHO eCTECTBEHHBIM 00-
pPa3oM IIOCTaBUTh B COOTBETCTBUE CUMMETPHUIO ITPaBUILHOI'O Tpe-
yronpauKa KLM. TTomy9uM n3oMOpQU3M p, TPYIIIHI IIOJCTAHOBOK
Tpex ocelt k, [, m Ha rpynmy cuMmeTpuii TpeyronbHrka KLM.

OrobpaxkeHue @, p; 6yzer romomMopdusmom (cM. 135) rpymiisl
CUMMETPUM TeTpasZipa HA 6Cl0 TPYIILy CUMMETPUM TpeyroibHu-
ka KLM. fapom sToro romomopduaMa SBJISIOTCI BCe CHMMETPUHU
TeTpaszpa, epeBoAAlIe KaKAYyIo U3 ocell k, [, m B cebs. Takumu
CUMMETPUAMU SABJIAIOTCA TOJMBKO TOX/ECTBEHHOE IpeoOpa3oBa-
HUe TeTpasApa u BpameHus Ha 180° Bokpyr oceit k, [, m. U3
pesysbrara 3agayu 138 u TeopeMbl 3 Imosmy4aem, 4TO 3TU 4 CHUM-
MeTpuu 06pasyoT HOPMAIBHYIO [TOArPYIILY B I'PyIIIle CUMMEeTPHH
TeTpaszpa U COOTBETCTBYyIoLasd ¢aKkToprpymna n3oMopdHa rpymn-
Ile CUMMEeTPUIl TPeyroMbHUKA.

144. Tlycts k, I, m —ocu, IPOXOAALINE Yepe3 IIEHTPHI IIPO-
THBOIIOJIOXKHBIX I'paHel Kyba. Tak jXe Kak IIpU pelleHuH 3aja-
gy 143, moctpouM romoMop¢usM I'PYNIBI BpamleHUi Kyba Ha
TPYIIy CUMMETPHUU MpaBWIBHOTO TpeyroabHuka KLM. fapom
aToro romomopodusma OyAyT Bce BpalleHUs Kyba, mepeBoAsALIe
Kakayto u3 oced k, [, m B cebs. TakuMu BpaIleHUsAMH ABJIAIOTCA
TONBKO TOXKIECTBEHHOEe Ipeobpa3oBaHUe U BpaujeHus Ha 180°
BOKDYT' oOceli, IIPOXOAAILIMX 4Yepe3 IeHTPhl IPOTUBOIIOIOXHBIX
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rpaHeii. VI3 pesynbrara 3azauu 138 u TeopeMsl 3 mosydaeM, 4TO
3TN 4 BpaujeHHa o6pa3yloT HOPMAaJIbHYIO IOATPYIIY B TIpyIIIe
BpalleHM Kyba ¥ COOTBETCTBYIOIAA GpaKTOprpyIna u3oMoppHa
rpymie CHMMeTpUl TpeyroJbHUKA.

145. O6o3HauuM dYepes r, BpallleHUe IUIOCKOCTH BOKDYT TOY-
ku O Ha yroJl o IIPOTUB 9acoBo¥ cTpenku. OtobpaxeHue ¢ (r,) =
=T, ABJIAETCA rOMOMOPGH3MOM IpymHIbl R Ha cebs, Tak Kak

So(rarﬂ) = <p(rGl+ﬁ) = rn(a+[3) = rnarn[j’ = So(ra)(P(r[a’)

1 151 11060T0 BPALlEHHU T, CYIECTBYET BPAIIEHHUE Ty /,, TAKOE, 9TO
¢ (ry/n) =T, SinpoM roMomMopdusMa @ ABIAFOTCA BCE BPAIEHHS T,
Takue, 4To na = 21k, T.e. @ = 21k /n. 3TO Te U TOJIBKO Te Bpa-
IIeHUA TUIOCKOCTH, KOTOPBIE TIePEeBOJSAT IIPABWIBHEIN N-yTOJbHUK
B cebs. VI3 pesynbraTa 3azauu 138 1 TeopeMbl 3 T0OIy4aeM yTBep-
XJeHue JaHHOM 3a/1a4u.

146. Ilycte ] U Py — €CTECTBEHHBIE TOMOMODPGU3MEL (CM.
cTp. 39) rpynn G, u G, COOTBETCTBEHHO Ha dakToprpynnsl G;/N;
u Gy/N,. IlycTh ¢ — oTOOpakeHue rpymmbl G; X G, HA TPYIIOy
(G1/Ny1) % (G3/N,) Taxoe, uto ¢ ((g1, 82)) = (1(81), ¥2(82)). dT0
oTOOpakeHUe SABIAETCI TOMOMOPPU3IMOM; JEHCTBUTENIBHO,

(81, 82) - (83, 84)) = p (8183, §284)) =
= (¢1(8183), ¥2(8284)) = (p1(g1)01(g3), Y2(82) P2 (g4)) =
= (¥1(81), P2(82)) - (p1(g3), ¥2(84)) = 9 (&1, 82)) - P (g3, 84))-

fAnpom romomopdusma ¢ OyayT Bce mapel (g, g,) Takue, 4YTO
¢ ((g1,8)) =(Ey, Ey), tne E,, E; — eAUHUYHBIE 3/IeMEHTHI COOTBET-
cTBeHHO B dakToprpynmax G;/Ni, Go/N,. Tak kak ¢ ((gq, &2)) =
= (¢1(g1), ¥2(g2)), TO siApoM romomMopdusMa ¢ GyayT Bce TMaphl
(g1, &») Takue, uTO ,(g;) =E; U p,(g,) =E,. Tak KaK @, U py —
eCTeCTBeHHble TOMOMOPGU3MEI, TO IIOJy4aeM, YTO SAPOM T'OMO-
Mopodusma ¢ 6yzet moarpymnna N, x N,. V13 pesynbrara 3agauu 138
Y TeopeMbI 3 IOJIy4aeM yTBep)KeHNe JaHHOU 3a/auu.

147. Moryr. Hanpuwmep, rpymmna Z, = {e,a,a? a3} u rpym-
na Z, X Z, cozep:XaT HOpMaJbHble IIOATPYIIBl COOTBETCTBEHHO
{e, a®} u Z, x {e,}, usomopduele rpymre Z,, GaKTOPrPyIIIHI 110
KOTODBIM TaKXe U30MOPGHEI Z,.

148. Moxet. Harmpumep, rpymmna Z, x Z, rae Z,={e, a, a?, a®},
COZEPKUT ZIBe N30MOpdHbIe HOPMAaIbHBIE TOATPYIIIEL {e1} X Zy U
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{e1, a?} x{e,}, bakToprpyrmie! o KOTOPbIM (Z4 X Z,) [ ({e1} X Z;) =
E(Zyf{e1}) X (Zy]Zy) 27y i (Zy X Zy) [ ({eq, a2} x{ey}) 27y x Zy
COOTBETCTBEHHO (cM. 146).

149. Moxert. [Ipumep Takoi 6€CKOHEYHOM TPYIIIHI JaH B 3aja-
ye 145, rae R/Z,, = R u, oueBuzHo, R/{e} =R.

[IlprMepoM KOHEYHOH TPYIIBI, ABIAETCS, HAIpUMep, TIpyll-
na Zy X Z,, KOTOpas COAEPXUT HOPMa/IbHbIE IOATPYIIIBI BHZAA
Z4 x {ey} ¥ Zy X Zy, GaKTOPrpyIIIsl II0 KOTOPEIM U30MOPOHBI Z,
(cMm. 146).

150. Cwm. 57.1) Ilycts f; u f, cogepxatcs B ¢ (H). DTo o3Hava-
et, uTo B H Hatigyrcsa anemeHTs hy u h, Takue, uro ¢(h;) =fi u
¢ (hy) = f,. Torma anemeHT h, h, cogepxurcs B H u ¢ (h,h,) = (Tak
Kak (¢ — romomopousm) = ¢ (hy) ¢ (hy) = f, f,. 3Hauwur, f; f, Takke
copepKuTea B ¢ (H).

2) Tak kak e; copepxurca B H u p(eg) =er (cM. 133), TO ef
cozgepxutcs B obpase ¢ (H) moarpymmns! H.

3) Ilyctb anemeHT f copepxwutca B ¢ (H). OTo 03HadaeT, 4TO
B H HatizleTca anemeHT h Takou, uto ¢ (h) = f. Torza anemeHT h™1
comepkutcesa B H u ¢ (h™1) = (em. 134) = [p (h)]~! = f~1. TloaTomy
f~1 Taxoke comepxutcs B ¢ (H).

151. Cm. 57. 1) Ilyctb g; u g, comep:katca B ¢ 1(H). dro
O3Ha4aeT, 4TO 37eMeHTH ¢ (g;) = h; u ¢(g,) = h, cogepxarcs
B H. Torga anemeHT hih, Takxe cogepxurcai B H u ¢(g,8,) =
= ¢ (g1)¢(gy) =hih,. TlosTomy g, g, comepxutcsa B o~ (H).

2) Tak kak @(eg) =ep (cM. 133) u ep comepxurca B H, To eg
cozmepxuTes B @1 (H).

3) Iycth g cogepkutcs B ¢~ (H). DTO 03HAYAET, YTO HIEMEHT
¢ (g) =h comepxkurcs B H. Torza anemeHT h™! Taxxke copepxuTcs
BHu ¢p(g™1) =(cm. 134) = [p(g)]~! = h~L. IlosTomy g~! comep-
xUTCA B o1 (H).

152. TlycTh a — IPOM3BOIbHEIN 37IEMEHT U3 (! (N). DTo 03Ha-
yaeT, 4TO a7eMeHT ¢ (a) = h cogepxxkutcsa B N. Ecau g — mpous-
BOJIbHEIH aseMeHT rpynmsl G u ¢ (g) = f, To p(g~!) = (cm. 134) =
=[p(g)]~! = f~1. Torga anemenT p(gag™) = p(@p@ep(g) =
= fhf =1 comepxwutcs B N, Tak Kak N — HOpMaJIbHasi IIOATPYIINa
rpynnsl F. Tlostomy snemeHT gag~! comepskurcs B ¢ 1(N) w,
CIeZIoBaTeNbHO, ¢~ 1 (N) — HOpMasbHas MOArpyIIa B rpymie G.

153. Ecin g; U gy — NIPOU3BOJIbHBIE DJIEMEHTHI IPyNNbl G U

@(81) = f1, ©(g2) = fo, To (M. 134) w(g7 D =fi 1, (&N =1
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Orciona ¢(818287 '8, ) =¥ (8w (8w (€T (& ) =ffifi £
T. e. 00pa3 J60ro KOMMyTaTopa TPyIIbl G SBASETCS KOMMYyTa-
TopoM B rpymnne F. Jlo6oii aneMeHT KoMMyTaHTa K; mpezcra-
BUM B Buzie k; - ky - ... - k,, r1e Bce k; — KOMMYyTaTOpBI. DJIEMEHT
plky kg ... k) =k pky) - ... @ (k,) ABIAETCSI TPOU3BELEHU-
€M KOMMYTaTopoB B rpymie F U, ClIeZOBaTeNbHO, COLEPXKUTCSA
B koMmmyTaHTe K,. 3Haumt, ¢ (K;) comepxwurca B K,. Orciozga
BBITEKAET Takxke, 9To K; copep:kurcs B ¢~ (K,).

154. TlycTh a — Ipou3BOJIbHBIN 3/leMeHT u3 ¢ (N). 3To o3Hayua-
eT, yTo B N Halzercs aneMeHT h Takoi, uro ¢ (h) =a. IlycTts f —
IIPOM3BOJIBHBIN 37eMeHT rpymnsl F. Tak kak ¢ — romomopdusm
Ha, To B rpymnne G HalzeTcsa ajeMeHT g Tako, 4to ¢ (g) = f. To-
raa ¢ (g~ = f1 (cm. 134) u ¢ (ghg™!) = faf ~!. Tak kak N — HOD-
MasbHas MOATpyIIa B rpymie G, To aneMeHT ghg™! cogepuTes
B N. IloaTomy anemeHT faf ! comepxurcs B ¢ (N) U, ciiejoBaTeNb-
HO, ¢ (N) — HOpMaJsIbHas NOArpPyIa Ipynms! F.

155. Tlycts fi fo f; ' f; * — npousBonbHsLi koMmyTaTop B F. Tax
KaK ( —roMoMop¢usM Ha, To B G HaMAyTCA 3JeMEHTH g U g
Takue, 4to ¢ (g,) = f; 1 ¢ (gy) = fo. Toraa (em. 134) (g7 = f;1,
eE) = f;i' m p@1%e'8 ") = v E@)e(g De(g ) =
= fifof; ' f; ! Tak Kak oneMeHT g,8,8, '8, " conepxurcs B K, T0
KOMMYTaTop fi fof; ! fy ! comepxurca B ¢ (K;). Tak xak ¢ (K;) —
nmogrpymmna B F (cM. 150) u copepKUT Bce KOMMYTATOPHL, TO ¢ (K;)
COZIEPKUT Bech KOMMYTaHT K,. C Apyroii cropoHEl, ¢ (K;) cozep-
xuted B K, (cm. 153). IToatomy ¢ (K;) =K.

PaBenctBo K; = p~1(K,) B 0611eM citydae HeBepHO. Hampumep,
oToOpaxkeHue (p T'PYIIsl Zy = {e;, a} Ha Tpymnmy {e,}, COCTOAILIYIO
13 OZHOIO 3JIeMeHTa, TaKoe, 4To ¢ (e;) =e, u @ (a) = e,, ABIAETCA
romomopdusmom Ha. [pu aToMm K7 ={e; }, Ky ={e;} u o 1(Ky) =
={e;,a} #K;.

156. Omeem. a) Jla: rpynna Z,, KOMMyTaTHBHa, 6) ga (cm. 118),
B) Aa (cm. 118), r) zaa (cm. 118), a) ma (cm. 120), e) maa (cm. 122 u
m), k) aa (cM. 128 u x1)).

157. IIpou3BonbHYI0 GUKCHPOBAHHYIO I'PaHb MOXKHO COBMeEC-
TUTH C 000 13 12 rpaHel, IpuYeM IIATHIO CIIOCOOAMH.

Omeem. 60.

158. Omeem. 1) 1, 2) 24, 3) 20, 4) 15.

159. Ilycts [; u I, —ocu ogunHakoBoro tuma (T.e. 1160 o6e
MIPOXOZIAT Yepe3 cepeMHbI IIPOTUBOIIOIOXKHBIX IpaHell, 1160 obe
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MPOXOAAT Yepe3 MPOTHUBOIOJIOXKHBIE BEPIUIMHBI, JUO60 0be Mmpo-
XOZAT 4Yepe3 CepeArHbI MTPOTUBOIONOKHEIX pebep). CylecTByeT
BpallleHue g AojeKaszpa, IepeBozsiee ock [; B ock l,. B a —
HEKOTOpOe (HETOXAECTBEHHOE) BpallleHHe BOKPYT OcH l;, To gag ™!
nepeBoAUT (TIpOBepETE) OCh [, B cebs, He MeHAA ee HANPaBJIEHMUs.
[MosToMy gag~! —aTO HETOXAECTBEeHHOe (MHaue a = g~1g =e)
BpallleHue BOKpyT ocu l,. Takum o6pa3om, eciiu HopMasbHas TOJ-
TpyIiia B TPYIIIE BpallleHUH JoJeKaspa COAEPKUT XOTs OBl OHO
BpallleHre BOKPYT HEKOTOPOM OCH, TO OHA COAEPXKUT XOTSA OBI IO
OZHOMY BpallleHUI0 BOKPYT KaXkA0oW ocu Toro ke Tuna. [loarpynmna
BpalleHUH oZieKasApa BOKPYT HEKOTOPOI OCHU MMeeT MOPSZAoK (B
3aBUCHUMOCTH OT THIa ocH) 5, 3 wiu 2. Tak Kak 5, 3 1 2 — mpocTeie
qucia, 1060k aseMeHT (OTIMYHBIN OT e) B TaKOH IMOATPYIIIE ABJIs-
ercs obpasywomuM (cM. 34), T. e. TOPOXKJAET BCIO MOATPYIIy. Ta-
KHUM 006pasoM, eCcIi HOpMaJIbHasl MOATPYIINA B I'PYIINe BpalleHuH
JI0ieKas/ipa COAEPKUT XOTsI GBI OZIHO BpallleHre BOKPYT HEKOTOPO#A
0CH, TO OHA COZEPXKUT BCe BPAIleHU BOKPYT OCEH TOTO XKe TUIIA.

160. 113 pesynbraTa 3agaun 159 ciexyeT, 4TO HOpMasbHasA
TIOATPYIINIa B TPYIIe BpalleHUH AoZeKasapa AOKHA COCTOATH
M3 HECKOJIBKUX Ky1accoB 1-4, mpudeM kiacc 1 06513aTeNbHO BXOAUT
B HOpPMasIbHYI0 HoArpynmy. Ilopszok HOpPMasbHOM IMOATPYIIIBI
JIOJDKeH OBITH JIeJIUTENIeM TIOpsiIKa TPYMIbl BpalleHUi ofeKa-
azpa (60) (cMm. Teopemy Jlarpamxka, ctp. 30). Jlerko IpoBepuUTH
(cm. 158), 9TO 3TO BO3MOXKHO JIUIIb B TOM CJIy4ae, eCTU HOpMaJlb-
Has TOATPYIITA COAEPKUT TOJNBKO KJacc 1 WK Bce KJIAcCHI.

161. Tak kak rpymna G HEKOMMYyTaTUBHa, KOMMyTaHT K (G) #
# {e}. Tak kak K(G) — HopManbHas moarpynmna B G (cm. 116), To
npu ycnoBusax 3azauu K(G) = G. Ilostomy B menouke G, K(G),
K,(G) =K(K(G)), ... BCe rpymIIbl COBIAZAAIOT ¢ G U, CjIe[lOBaTeNb-
HO, 3Ta I[ell0YKa HUKOT/Ia He 3aKaHYMBaeTcs eIMHUYHON I'PYIITIOH.
Otcioza rpymmna G He ABIAETCA pa3pelIuMoi.

162. Ilycts rpynna G paspemmuma. TorAa cymiecTByeT n Takoe,
yto nogrpynna K, (G) = K(K...(K(G))...) ABndeTca eJVHUYHOM.

Hn/_/

Ecnmu H —noarpynma rpynmsl G, To K(H) cozepxurcsa B K(G),
noarpymnmna K(K (H)) cogepxurca B K(K(G)) u T. A. Tak Kak moJ-
rpynna K,, (H) cogepxurca B K, (G) u noarpynna K,,(G) ezuHud-
Had, To u K, (H) — egunnyHasa noarpymmna. [Tosromy noarpymnmna H
paspenruma.
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163. O6o3HauuMm 4epe3 K(G) KOMMYTaHT rpynnbl G U 4yepes
K, (G) moarpynny K(K...(K(G))...). Tak kak @ — romomopdpusm
~——

rpynnsl G Ha rpynny F, To ¢ (K(G)) = K(F) (cm. 155). Otcroga
¢ (K, (G)) =K, (F) n Boobiue ¢ (K, (G)) =K, (F). Tak kak rpynna G
paspemuMa, To Ajid HekoToporo n nozarpynna K, (G) apasgerca
eauHnyHol. Tak kak ¢ (K, (G)) = K,,(F), To u nogrpymnmna K, (F)
eauHuyHasA. [Toaromy rpymma F paspemmma.

164. Omeem. Hanpumep, ¢: G — {e}, rae G —rpymnmna Bpaiie-
HUH JofieKasapa.

165. Yk a3 aHue. PaccMOTpUTe ecTeCTBEHHBIH TOMOMOP)U3M
(cMm. ctp. 39) rpymnimet G Ha pakToprpynmny G/N. Jlajiee BOCIONb3Yii-
Tech pe3y/bTaToM 3afadu 163.

166. Ilycts K (G) — KOMMYyTaHT Ipynnsl G U

K.(G)=K(K...(K(G))...).
~—

r

PaccMoTpuM ecTecTBeHHBIM roMomMopduaM ¢ (cMm. crp. 39) rpym-
bl G Ha dakroprpynmy G/N. Toraa (cm. 155) ¢ (K(G)) =K (G/N),
p(K5(G3)) = K,(G/N) u Boobuie ¢(K,.(G)) = K,.(G/N). Tak kak
rpymmna G/N paspeniuma, Ajs HekoToporo n moarpymmna K, (G/N)
6yner eaunuyHou, T.e. K,(G/N) = {E}. Tak kak (K, (G)) =
=K,(G/N) ={E}, to noarpynna K,,(G) cofep:XuTcsi B HOpMasb-
Holt noarpynne N. I'pynna N paspelrrnma, o3TOMy i1 HEKOTOPO-
ro s moarpynna K, (N) eguauunas. Tak kak K, (G) cogepxxurca B N,
To noArpynmna K,,,,(G) cogepxutca B K,(N) U mosToMy ABiIAETCA
eanHUYHOM. CneoBaTeNbHO, rpynmna G pa3penmma.

167. U3 3amaun 146 monyyaem (G x F)/(G x {e,}) = {e;} x F.
Tak kak rpynnsl G X {e;} u {e;} X F u30MOpdHBI COOTBETCTBEH-
Ho rpynmam G u F, a Mo3ToMy paspemuMsl, To (cM. 166) u rpyt-
na G x F paspemuma.

168. Tak kak rpynmna G paspelnivMa, TO B IIelIOYKe KOMMYTaH-
T0B G, K(G), K5(G), ... mpu HekotopoMm n 6yzet K,,(G) = {e}. Pac-
cMoTpuM uenouky rpyni G, K(G), K,(G), ..., K,,(G). Ora uemou-
Ka T'PYIII ABIAeTCA UCKOMOM, TaK KakK KaxJasa cieZyrolias Ipymmna
SBJIIETC KOMMYTaHTOM U, CJIeZI0BAaTENbHO, HOPMa/TbHOMW TOATPYII-
o (cMm. 116) B mpezpiayiei rpymie, npudeM Bce GakTOPIPYIIIBI
K;(®)/K;;1(@), a Tarkxke G/K(G) xommyTaTHUBHH (cM. 129); rpymn-
na K,,(G) = {e} Tak:xe KOMMyTaTHUBHa.



YxasaHus, peuteHus, omeemal 149

169. Taxk xak 1o ycrouro ¢akroprpynmna G;_; /G; KOMMyTaTUB-
Ha, To koMmMmyTaHT K(G;_;) comepxurcd B G; (cm. 130). Otcrozga
noarpynmna K,(G;_;) cozepxkurcs B K(G;) u BoobIe moArpymmna
K, (G;_;) copepxurca B K,_;(G;) npu mobbx r 21 u 1 <i<n.
[Moaromy noarpynna K, ,,(Gy) coaepxwutca B nogrpymme K, (G;),
KOTOpas B CBOIO o4depessb cofep:kuted B K, _1(G,), U T. A. 1o K(G,,).
CnepoBatenbHo, noarpynna K,,,,(G) cozepxurca B K(G,). Ho
K(G,) = {e}, Tak kak rpynna G, IO YCJIOBHIO KOMMYTaTUBHA.
[Toatomy u K, 1(G) ={e}, T. e. rpynna G paspeniima.

Pesynbratr 3azauu 169 MOXXHO Takke IOJYyYUTDb C IIOMOIIbIO Me-
TOZa MaTeMaTHUYeCKONM MHAYKIINY, iepexozas oT G, K G,,_;, 3aTeM
K G,_, ¥ T. . ¥ UCIOJb3ys pe3yabTaT 3aza4yu 166.

170. Ilo ycnoBuio rpynna G paspelminma. JTO O3HAadaeT, YTO
mpu HekoTopoM n mnozarpymnmna K, (G) ABiadeTca eJUHUYHON U,
cnefoBaTesnbHo, noarpynna K,_;(G) aABiageTcd KOMMYyTaTUBHOM.
Tak kak K;,_; (G) — HopMasibHasA noArpynmna B rpymme G (cum. 131),
TO MOXHO paccMmoTpeTh dakroprpynny G; = G/K,_;(G). [oxka-
)eM, yTo mogrpymmna K,,_,(G;) KoMMyTaThBHa. PaccMOTpUM /i
3TOrO ecTeCTBEHHBI romomopdusm (cMm. ctp. 39) ¢: G — Gy ¢
saapom K,_,(G). Tak kxak ¢ —romomopdusm Ha, To (cm. 155)
¢ (K(G)) = K(Gy). Otcroga ¢ (K,(G)) = Ky(Gy) u T.A. Takum
obpasom, K,_(G;) = ¢(K,_1(@)) = (tak xak K,_;(G)—sgpo
romomopdusma ¢) = {eg, }. Tak kax K, 1(G;) = K(K,_,(G1)) =
= {eGl}, To (cM. 117) noarpynna K,,_,(G,) KOMMyTaTHBHa.

O6o3naunm yepe3 G, bakroprpynny G;/K,_,(G;). Tak ke xak
BBIIIle, MOXKHO ITI0OKa3aTh, 4To moarpynmna K,,_;(G,) KOMMyTaTHB-
Ha. [Tonoxxum G3 = G,/K,,_3(G,) u T. 1. IIpu atom daxToprpymnmna
Gn_1 = G,_»/K(G,_;) 6ymer xommyTraTriBHa (cM. 129). Ilemouka

rpynn G, Gy, Go, ..., G,_; BMeCTe C HOPMaJbHLIMU IOATPYIIIAMUA
K,_1(@®), K,_»(Gy), K,,_3(G,), ..., K(G,_,) AB1geTCca UCKOMOU.
171. Tlyctb Gy, Gy, ..., G, — LIENIOYKa I'PYIIl C YKa3aHHBIMU B

3azade 170 cBoiictBaMu. JlJokaxkeM, 4TO BCe TPYIIIBI B 3TOH LIeNIoY-
Ke, U B 4acTHOCTU G, paspemuMsl. /loKkasaTeabCTBO NPOBEJEM
uHAyKnuel ot n k 0. I'pynna G, paspemnmMa, Tak Kak 110 YCJIOBHUIO
OHa KOMMYyTaTUBHa U, ciegoBarenbHo, K(G,) = {e}. IlycTb yxe
JI0OKa3aHo, 4To rpymna G; paspemuma. JlokaxeM, 4yTo TOrZa M
rpynna G;_; paspemmuma. I'pynmna G;_; COAEPXUT IO YCIOBUIO
KOMMYTaTHUBHYIO U, CJIe0BaTeJIbHO, Pa3pelliMylo, HOpMalIbHYIO
moarpytmy N;_;, mpudem pakroprpynna G;_; /N;_; = G; paspemu-
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Ma II0 IpefronoXeHuo nHagyknun. Ho Torga rpynna G;_; Taxke
paspelniuMa B CWIy pe3yiabTaTa 3azauu 166. Takum obpasom, 1o
IPUHIUIY MaTeMaTU4ecKo¥ MHAYKLINUHW MOXKHO YTBEpXZAaTb, UTO
BCe TpyIIHl B Henodke Gy, Gy, ..., G, paspemuMsl. B gacTHOCTH,
paspemuMa rpymmna G.
172. TIpon3BOJIbHYIO IOACTAHOBKY CTEIIEHU N MOXHO 3aIUCaTh
B BUJe (1 2 o
i1y ... 1,
oT 1 fo n. B xauecTBe i; MOXXHO BBHIOpATh JIt060€e U3 n 3HAYEHUH.
[Tocse aTOTO B KauecTBe i, MOXKHO BbIOpaTh 1000e u3 n — 1 ocras-
HIMXCA 3Ha4YeHUU U T. 4. [I03TOMy 4MCIo PasIudHBIX TOACTAaHOBOK

), rae BCe im pa3/in4dHbl U IPUHUMAIOT 3HAYE€HUA

creneHu n pappo n(n—1) -...-2-1=nl.
_(1234..n _(1234...n
173. ECHHG_(2314...n)Hb_(1324...n)’
ab_(1234...n) ba_(1234...n)
~\2134...n) ~\3214...n)p

T. €. ab # ba. (HamoMHuM, 4TO B IpOU3BeeHNH ab cHavyasia BBIION-
HAeTcA MOACTaHOBKa b, 3aTeM a.)

174. TlycTb a7€MeHT i IepeXoAuT B i,, i, B i3 U T. A. IlycTb i, —
IIEPBBIN TOBTOPUBIINICA 3I1€MeHT. EcIu IpeAronoXuTh, 4To i, =
=1, Toe 2< k <r—1, TO NOJYyINM, YTO ZBA PA3TUYHBIX dJIeMeH-
Ta i}_1 U i,_; epeXoJAT IIpU IIOCTaHOBKE B OAWH U TOT XKe 3Je-
MeHT — IIpoTuBOpeune. CiefoBaTenbHo, i, = iy, U MBI IIOIydaeM
oAauH nuKI. HaumHasa c n060ro a71eMeHTa, He BOLIeJIIero B 3TOT
LUK, TIOCTPOUM BTOPOH LIMKIJI U T. A. HeTpyAHO MOHATH, YTO JaH-
Had IO/ CTAaHOBKa fABJIAETCA IPOU3BEJeHNEM IONTyIeHHBIX He3aBU-
CUMBIX ITUKJIOB.

[ycTp Temeps faHHAA MOACTaHOBKA ABIAETCA IPOU3BeJeHUEM
KaKUX-HUOYZb He3aBUCHUMBIX ITMKJIOB. ECIM OZWH M3 LIUKJIOB Ile-
PEBOZAUT dJIEMEHT i; B i, U dJIEeMeHTHl i; U i, He BCTpedalTcd B
JAPYTUX IIUKJIaX, TO BCe IPOU3BeJeHNe OyAeT TaKKe IEPEBOAUTD iq
B i,. Ilo3TOMY 3/1EMEHT i,, CJIeAyIOUUN 3a i; B IIUKJIe, COAepXKa-
ImeM i;, OAHO3HAYHO OIIpe/iesiieTcs JaHHON IofcTaHOBKOW. TakuM
06pa3oM, Bce LUKJIBI OFHO3HAYHO OIpPeAeIAIoTCA. 3aMeTUM, 4TO
€CJIM IIUKJIBI He 0643aTe/IbHO He3aBUCHMEL, TO Pa3/IoXKeHHe MOXKeT
OBITH He eJMHCTBEHHBIM. Hanpumep,

(331)=a2-e» x (337)=03-a2.
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175. Yk a3 anue. [IpoBepbTe, YTO BHIIIOIHAETCA PABEHCTBO
176. YkaszaHue. Ilycth i < j. [IpoBepbTe, YTO BBHIOJTHIETCSA
PaBeHCTBO

GH=0i+D-(+,i+2)-...-(—2,j—D-G—1,j)x

x(—2,j—1)-(G—-3,j—2)-...-({+1,i+2)-(,i+1).

177. Tlapsl, ob6pasyrorue uHBepeun, — (3, 2), (3, 1), (2,1), (5,4),
(5, 1), (4,1). Omsem. 6.

178. Ecim umcna i v j MEHAIOTCA MecTaMu U kq, ko, ..., k, — Bce
YHCIa, CTOAIIME MEXKAY [ U j, TO CBOMCTBO 00pa30BHIBATh WIH HE
06pa3oBbIBaTh MHBEPCUIO 3aMEHSIETCsI HA TPOTUBOIIONOKHOE TOJh-
KO y ciiefyrommux map uucen: (i, j), (i, k,.), (k., j),tner=1,2, ..., s,
T.e.y 2s + 1 map. Tak Kak 4yucjo 2s + 1 HeueTHOe, TO B pe3y/IbTaTe
YETHOCTh YKCJIa MHBEPCUY U3MEHUTCS.

179. Omgem. [logcTaHoBKa YeTHasA (6 UHBepCUit).
180. Tak kak

ee TS U L I
( i, ) (9 Z( i, )
TO HW)XHSAA CTPOKA B IPOU3BeleHNU TOIydaeTcs U3 HIDKHEeN CTpo-
KU MCXOJHOMN IOACTAaHOBKU II€PECTAHOBKOW JABYX uucen i, U i,.
B cuny pesynbrara 3azauyu 178 mosmydeHHadA U UCXOJHAA IIOACTa-
HOBKU MMEIOT Pa3Hy0 YeTHOCTbD.

181. JIrobas mozACTaHOBKA pasjiaraeTcs B MIPOU3BEJEHUE TPAHC-
no3unuil (cm. 174, 175). IlycTh mpou3BoJbHAsA IOACTAaHOBKA a
pasJyio’keHa B MPOU3BEEHNE M TPAHCIO3UIUN d =dq * Ay * ... * Ay
MoxHo 3anucatb a =e-dp - dy * ... - d,;. 1aK KaK 4YeTHad IOJ-
CTAHOBKA e M pa3 yMHOXKaeTCs Ha TPAHCIIO3UIIUU, TO IOIydaeM
(cm. 180), uTo TpU M YETHOM a — 4YeTHas IMOJCTAHOBKA, IpU m
HEYETHOM a — HedyeTHas ITOACTaHOBKa.

182. Cm. yka3zaHue k 175. Omeem. a) YeTHas; 6) HedeTHas;
B) YeTHAas IIPU HEYETHOM M, HeYeTHasA IPU YETHOM M.

183. Ykazanwue. Paznioxure AaHHBE IIOJCTAHOBKU B IIPO-
u3BezieHUe TpaHcrno3uiuii (cMm. 181). [TocMoTpuTe, KaKoe YUCIO
TPaHCIIO3ULINH 6YZET B TIPOU3BEAEHUH AaHHBIX MOACTAHOBOK.

184. Ecsu GBI MOACTAHOBKY A M ' MMeJN Pa3HYIO YE€THOCTb,
To (cM. 183) mozcTanoBKa aa~! = e GbUTa GBI HEYETHOM, YTO HEBED-
HO.
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185. Hampuwmep,

(123).(234):(12345..11)’

21435...n

12345...n)

(234)-(123)2(34125...n :

186. Ecii @ —4eTHasd IIOJCTAaHOBKA, TO M gdg | — 4YeTHas
IIOJCTAaHOBKA HE3aBHMCHMMO OT YETHOCTU IIOACTAHOBKU g. IToaTo-
My A, — HOpMaJIbHas NoArpymnna B rpymme S,,. Ilycts b — mpous-
BOJIbHAA HeuyeTHas NOACTAaHOBKa. JlokakeM, YTO CMEXHBIM Kjacc
bA,, comep:XUT Bce HeYETHBIE MTOJCTAaHOBKHU. [IyCTh ¢ — IIPOU3BOJIB-
Has HeveTHass mogcTaHoBKa. Torga b~lc— deTHas MOACTAHOBKA.
[ToaTomy noacTaHoBKa ¢ = b(b~1c) comep:KUTCA B CMEXXHOM Kiacce
bA,. Takum obpa3om, rpymnmna S, pasjaraercsi Ha ABa CMEXHBIX
KJIacca I10 OApyIIIe A, — BCe YeTHbIe ITOACTAHOBKU U BCE HeYeT-
HBIe TIOACTaHOBKHU.

187. Omeem. Tak kak rpymnmna S, pasjaraerca Ha 2 CMEXHBIX
KJIacca 1o HoArpymne A, (MMeloUuX ofWHAKOBOe YUCIO /IeMeH-
TOB), TO YKCJIO 3IEMEeHTOB B IpyIIe A, paBHo (cM. 172)

n!l_1-2-...-n

2 2

188. I'pynmna S, cogepxUT 2 aj1eMeHTa U, ClIe[0BaTeNbHO, U30-
Mop¢Ha KOMMYTaTUBHOM IpymIie Z,. Ipynnsl S; U S4 N30MOPQHEI
COOTBETCTBEHHO I'pyIille CHMMeTPUN TPeyTolbHUKA U IPYIIe CUM-
MeTpuii TeTpaszipa. Obe 3Ty rpymnsl papemums! (cM. 156).

189. 3anymepyem BepIIVHBI JOZAEKa-

6 1 7 54pa TaK, Kak II0OKasaHO Ha puc. 43. B
m KauecTBe HCKOMBIX TETPasZpoOB MOXHO

15 1o  B3ATb, HAIPUMEP, TETPASAPHI CO CIIEAYIO-
muMy Habopamu BepmuH: (1, 8, 14, 16),

10 g (2,9,15,17), (3,10, 11, 18), (4, 6, 12, 19),
%ﬂ (5, 7,13, 20).

14 13 190. ITozscTaHOBKM 5-f cTemeHu Mo-

9 T'yT pasjaraTthCs B MPOU3BeAEHME He3a-

Puc. 43 BUCUMBIX I[UKJIOB TOJIBKO CJIEAYIOIIUMU

criocobamu: a) (iy iy iz iy is), 6) (i; iy i3),

B) (i; i) (i314), T) (iy1yi314), M) (i11y13)(i415), €) (iy iy). YUUTHI-
Bas pe3y/bTaThl 3a7a4 182 u 183, moiyyaem, uTo B caydasnx a), 6),
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B) IIOZICTAHOBKA SIBJIIETCS YETHOM, a B CJIy4asx T), ), €) IOACTa-
HOBKAa SIBJIIETCS HEYETHOM.

191. IlycTte HOpManbHaA noAarpynmna N B rpynne As COAEPXUT
HEKOTOPYIO TOACTAHOBKY h Buza a) (cMm. 190). Be3 orpaHuveHUs
OBIIIHOCTH MOXKHO cYMTaTh, 4To h = (1 2 3 4 5). JlokaxkeM, ITO IIpo-
MU3BOJIbHAA MOACTAHOBKA (iq Iy i3 i4 i5) BHAA a) TaKXKe COAEPXKUTCA
B N. Ecmu B cTpoke iy, iy, I3, i4, i5 YETHOE YHCJIO MHBEPCUH, TO
12345
i1 1y 1314105
HOPMAJIbHOM MOATPYIIL B N CoflepyKUTCS TOACTaHOBKa ghg™!l =
= (i; iy i34 i5). Ecmu B cTpoke iy, iy, i3, i4, i5 HEYETHOE UHCIO
HWHBEpCHUH, TO B CTPOKE iy, Iy, iy, 5, i3 IETHOE YUCIIO UHBEPCUH (Tak
KaK B TpeX [1apax [TOMeHsICA MOPALOK 3/IeMeHTOB). B aToM cirydae
12345
iy141y 15103
nogcTaHoBKy ghg ™! = (i; i, i, i5 i3), 8 BMECTe C Heil ¥ MOACTAHOBKY
(ghg™1)2 = (i; iy i34 i5).

[lycTh Temeph HOpMasbHas moAarpymma N COAEPKUT IIOACTa-
HOBKYy h = (123) Buga 6) (cm. 190), u mycTh (i iy i3) — IIpOU3-
BOJIbHAA IIOZICTAHOBKA. BO3bMeEM 3JIeMeHTHI iy U is U3 MHOXeCTBa
{1,2,3,4,5}, He coBmajaroIye C JMEMEHTAMU [, Iy, i3. JINOO B
CTPOKE i1, iy, i3, i4, i5, TUOO B CTPOKE iy, iy, i3, i5, i4 IETHOE GHUCJIO

1234 5)
110y 031415

IIOZACTAaHOBKA & = ( ) yeTHad. Toraa mo OIIpeAC/IEHNTIO

IIOJCTAHOBKA g =( ) yeTHad. [lostomy N copepKut

nHBepcuii. [To3ToMy OzZHa M3 IIOACTAaHOBOK (

(1 2345
i1y i35y
MTOJIyYUM, 4YTO B JII0OOM ciay4ae B N COAEP)KUTCA IIOACTAHOBKA
ghg™! = (iy iy i3).

Ecnu HopMmasbHas moArpymnna N COAEpPKUT IMOACTAHOBKY BUZA
B) (cMm. 190), Hanpumep nogcTaHoBKY h = (1 2) (3 4), To OoHa cozep-
JKUT U TIPOU3BOJIBHYIO ITOACTAHOBKY (i i,) (i3 i4) BUAa B). JleiicTBU-

1234 5)

i1y i3y s

) ABIsgeTcss 4eTHOM. OO03HAYMB 3Ty IOACTAHOBKY g,

TE€JIbHO, B 3TOM Cjlyda€ OAHA M3 IIOACTAHOBOK (

(1 2345
iy 11131405
cofiepkuTcs nogcTanoBka ghg™! = (iy iy) (is iy)-

192. TlogcunTaeM YHCJIO TMOACTAHOBOK KaXKOTO M3 BUZOB a), 6)
U B) (cM. 190).

a) CymecTByeT 5-4-3-2-1=120 pasau4HbIX NOCAEA0BaTENb-
HOCTel 13 ayeMeHTOoB 1, 2, 3, 4, 5. Tak Kak Kakgasi IoCTaHOBKa

) ABJISIETCS YeTHOU. Ecin g —3Ta II0/ACTaHOBKA, TO B N
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BHJa a) MOXeT OBITb 3alMcaHa IATBHI0 criocobaMu (B 3aBHUCHMO-
CTH OT BHIOOpA [TEPBOI'0 3IEMEHTA), TO YMCJIO IIO/ICTAHOBOK BH/IA A)

12
paBHO ?0 =24.
6) TakuM e paccyxzeHHeM, KaK U B cIydae a), [orydaeM, 4To

YHCJIO TIOZICTAHOBOK BUZa 6) paBHO 5:4:3 = 20.

3
B) IloAcTaHOBKa BHZIa B) MOXKET OBITH 3armucaHa 8 crocobamu
(4 crmocobamu MOXXKHO BBIOpATh i; M 3aTeM 2 crocobamu i,). ITo-
5-4-3-2

3TOMY YHCJIO TIO[CTAHOBOK BHU/ZIAa B) PAaBHO —s = 15.

Jlrobasi HopMasbHasA NOArpyIna N COAEPKUT eIUHUIHBIN 3Je-
MeHT. Kpome Toro, u3 pesynbrara 3agadu 191 ciezayer, 4To B JIo-
6011 HOpMaJIbHOW MOATPYTIIIE TPYNITBI A5 BCe MOACTAHOBKU OZHOTO
u Toro xe Buza (cm. 190) 1160 0ZHOBPEMEHHO cofiepKaTes, T1ub0
OJHOBpPEMEHHO He coziep:kaTcs. [TopsaZ0K HOpMaTbHON HOATPYIIIIEL
JIOJDKEH OBITH ZieTUTeNeM TIOpsiKa rpymnsl As (60). Ho mpu go6as-
JieHuu K 1 uncen 24, 20, 15 TOIBKO B IByX C/Iydasdx IOMydaroTcs Jie-
suTeny yrcia 60: Korza Hu4ero He fo6aBisgeTcsa U Korga f06asis-
I0TCS BCe TpU yuciaa. [lepBeIf cirydall COOTBETCTBYET e€JUHUYHON
IIOATPYIIle, BTOPOM CJIydail COOTBETCTBYET BCeH IpyIime As.

193. Takoli OATPYMIION ABJIAETCA, HAIPUMeED, IOATPYIIA, CO-
Jlepkaias Bce IOACTaHOBKY BU/a

(12345@”g
i)iyisiyis6...0

C YeTHBIM 4MCJIOM MHBEPCUH B CTPOKE i1, Iy, I3, ig, i5.

I'nasa II

194. a) Omeem. Hert, Tak KaK HaTypaJbHble YUCIA
He 00pa3syIoT rpymITy Mo CIoKeHuto (cM. 17).

6) Omgem. Hert, Tak Kak Lenble yuciaa 6e3 HyIsa He 00pasyroT
rpymiy o yMHOXXeHUto (y Bcex yuces, kpome 1 u —1, HeT obpar-
HBIX).

B) Omeem. la. Bocrionb3yiiTeck pe3y/lbTaToM 3aa4yu 57.

PemeHue. Tak Kak JelCTBUTENbHBIE YKCIa 00pPa3ylOT KOM-
MYTaTUBHYIO TPYIIY IO CIOXKEHUIO, a 6e3 Hy/IA Takke KOMMYTa-
TUBHYIO T'PYIITY [0 YMHOXXEHUIO, TO JOCTATOYHO IIPOBEPUTH, UTO
BCe pal[roHa/IbHbIEe YKcIa 06pa3yroT MOATPYIINY B MHOXECTBE JieHi-
CTBUTEJBHBIX YHCEJI [0 CJIOXKEHUIO, a 6e3 HyJIs U [0 YMHOXKEHHUIO.
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A 3TO JIeTKO IOMYIUTh, UCIONb3Ys Pe3yabrar 3afauu 57. [lefcTBu-
TeabHO: 1) eciu a U b — palmoHasbHble Ynciaa, To a+b u a-b
TaKXKe palyoHalbHble uncia; 2) 0 u 1 — paluoHanabHble YKCa;
3) eciiu a — parMoHaIbHOE YUCI0, TO —a U 1/a (ipu a # 0) — Tak-
’Ke palMoHaIbHBIE YHUcIa. JUCTpUGYTUBHOCTD, OYEBUIHO, NMEET
mecto. CieZiloBaTeIbHO, palliOHATIbHBIE YHUCIa 0O0pasyIoT ToJe.

r) Omeem. [la. Bocronb3yliTech pe3yIbTaToM 3aZadu 57.

Pemenue. Eumry +1,v/2=0, rie r; u 1, — palMoHaIbHbIE
gucna u r, £ 0, To v/2 =—r, /1y, 4ero He MOXeT GbITh, TaK KaK v'2
He fABJAETCA PalOHANLHBIM YMCIOM. 3HAYHUT, €CHIH Ty + ryv/2 =
=0 u r, rp— palyoOHa/JbHbBIE YUCIA, TO I =1, = 0. Bece uncia
BU/A 17 + 1,/ 2 TIPH pa3HEIX mapax (rp, ;) PaslIMYHEL, TaK KaK eCoH
M +nV2=r+1,V2,10 (n—13) + (p—r)V2=0ur=r;,1r,=r.
Jloka)xeM, YTO BCe UMCIA BUAA Ty + 1y v/ 2, Te 1y U I, — pallioHab-
HbIe YuciIa, 06pasytoT nose. /Iy 3Toro ZoKaXKeM, YTo YUCiIa BUAA
1y + /2 06pasyioT MOATPYIIyY B TPyIIe AeHCTBUTENbHBIX YHCeT
M0 CJIOXKEHHUIo, a 6e3 HylId U MO YMHOXeHHI0. Bocmomb3yemcs
pesy/bTaToM 3aja4yu 57: 1) ecmua=r; + V2 ub=ry + T4 V2, To
a+b=(r +13)+ (rp + 1) V2 uab = (ryr3 + 2ry1,) + (14 + 113) V25
2) 0 u 1 cozepxarcsg B paccMaTpuBaeMOM MHOXKeCTBe, TaK Kak
0=0+0-vV2ul=14+0-+v2;3) e a=r +rv2, T0 —a=
=(—r) + (=) V2 u (mpu r; + 1, V2 #0)

_ 1 _ n—rv2 _rl—rzx/i_

nAnv2 (V2 —nV2) -2
__n K
(2 )vE

2__ o2
e —2ry r ry

a1

Tak KaK AUCTPUOYTUBHOCTH UMEET MECTO JJIST BCEX JIEHCTBUTENb-
HBIX YKCeJI, TO pacCMaTpUBaeMOe MHOXXECTBO SIBJISIETCS IIOJIEM.

195. Mmeem a0 + a0 = a(0 + 0) = a0. Tak kak moJie ABJIAETCA
TPYIION MO CJIOXKEHHUIO, TO MOXHO K 0O€eMM YacTsIM paBeHCTBa
a0 + a0 = a0 mpubaButp —(a0). [Momyunm a0 = 0. Tak Kak yMHO-
JKEHHUe B I10JIe KOMMYTaTUBHO, TO 1 Oa = 0.

196. 1) ab + (—a)b = (a + (—a))b = 0b = (cm. 195) = 0. Otcro-
1a (—a)b =—(ab). TouHo Tax ke JokasweiBaeTcs, 4To a(—b) = —ab.
2) (—a)(—b) = (eMm. 1. 1) = —(a(—b)) = —(—(ab)) = (cM. 20) = ab.

197. Eciu ab =0 u a # 0, TO cyiiecTByeT aMeMeHT a~!, obpart-
HbH k a. Torga alab=a"10=(cm.195) =0. Hoa lab=1-b=0.
Ortcrozga b =0.
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198. OTtBeT cM. B Tab. 14.

Ta6numa 14

|01 -|012 ‘|0123
0f0 O 0(0 0 O 0|0 0 0 O
110 1 110 1 2 110 1 2 3
2(0 2 1 210 2 0 2
310 3 21

199. IlycTh n cocTaBHOE, T.€. N =My, TAe Ny <N U Ny < N.
Torza Mo MOAY/IIO n TolydaeM nqn, =0, HO n; # 0 u n, # 0. Tak
KaK B II0JIe TaKOTO OBITh He MoXkeT (cM. 197), To mpu n cocTaBHOM
OCTaTKH C OTepaIusIMU 0 MOAYJIIO N He 00pasyloT MOJA.

3aMeTuM Tenepb cieaymoee. [IycTh x U y — ABa HaTypaJIbHBIX
YUCIa, 17, ', — OCTAaTKU OT IeJIeHUs UX Ha N, T.e. X =kn+n uy=
=kyn+r,. Ix cymma u npousBesenue x +y = (ky + ky)n+ (r; +1,)
u xy = (kikyn + kyry + kyr)n + 11y, OTKyza moIydaeM, 4To X + y
U + 1y, a TAKKE XY U 175 AT IPU JeJIEHUHU HA N OJMHAKOBBIE
OCTaTKU. JIpyruMu cJIOBaMU, MbI ITOJIYIUM OJVHAKOBBIM pe3ysibTar,
ecii MBI CHadasla BO3bMeM OCTAaTKU OT /ieIeHUA X U y Ha n U Io-
TOM CJIOKUM (WIM YMHOXKHM) MX IO MOZYJIIO N WIM €CJIU MBI CHa-
yaja CJIOKUM (WIM YMHOXKHUM) X M Y KaK OOBIYHBIE HATypabHbIE
YH(IIa, a 3aTeM BO3bMeM OCTATOK OT JieJIeHUs TIOJTy4YeHHOT'O YHCiIa
Ha n. TakuM 06pa3oM, IpU BEIYUCIEHUH HEKOTOPOTO BhIpaXKeHUs
C oTepalysAMHU [0 MOJYJIIO N MOXKHO He 6paTh OCTAaTOK OT JIeJeHUs
Ha n 1ocjie KaXxAoN onepaiyy, a Ipou3BeCcTH BHIUNCIeHNA CHava-
JIa KaK ¢ OOBIYHBIMU HAaTyPaIbHBIMHU YUCIAMHU U OOBIYHBIMU OIIEpa-
IUAMU U TOJTBKO B KOHIIE B3STh OCTATOK OT IeJIEHUS TIOTyYeHHOTO
YyrcIa Ha n. Bocmonb3yeMces aTUM.

OTHOCHTEBHO CJIOXKEHUS TI0 MOAYJIIO N OCTATKU 006pPa3yoT KOM-
MyTaTuBHYyI0 Tpymiy (cM. 40). Tak Kak /i J0ObIX HaTypaJlbHBIX
yucen a, b, ¢ paBHsl yuciaa (a + b)c u ac + be, a ciefoBaTeNbHO,
PaBHBI U OCTaTKU OT JieJIEHUS WX Ha N, TO 10 MOZYJIIO N BBIIOJ-
HAeTcsA paBeHCTBO (a + b)c =ac + be, T. e. UMeeT MecTo AUCTPUOY-
TUBHOCTb. TOYHO TaK >Ke 110 MOZYJIIO N MMeeT MEeCTO acCOIMaTHB-
HOCTh ¥ KOMMYTaTUBHOCTbL yMHOeHus: (ab)c = a(bc) u ab = ba.
EAVHUYHBIM 3JIEMEHTOM 10 YMHOXKeHUIO siByisieTcs 1. OcTaercs mo-
Ka3aTh, YTO IIPH N MPOCTOM Y KaXKAOT'0 OCTaTKa d, OTIMYHOrO oT 0,
€CTh OOpaTHBIM, T. €. YTO HAUAETCs OCTAaTOK X TaKoM, 4To ax = 1
10 MOZYJIIO .
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Urak, nyctb 0 < a < n. Pacemotrpum umcna a -0, a- 1, ...,
a(n — 1) (ymHOXeHHE 0OBIYHOE). Pa3HOCTD JIOOBIX ABYX U3 3THUX
yucen ak — al = a(k — 1) He menuTCcA Ha n, TaK KaK n IPOCTOE, a
a<nu0<]k—1I| <n. Takum 06pa3oM, BCe OTU N YKCENT JAIOT
pasHble U, CJeJ0BaTeNbHO, BCEBO3MOYKHbBIE OCTATKU MPH AeJIeHUN
Ha n. 3HAYUT, OZHO U3 ITUX YKCEN JJaeT MPHU JeIeHUH Ha n OCTa-
TOK 1, T. €. ax = 1 110 MOZAYJIIO N JjI1 HEKOTOPOI'o ocTaTKa x. Takum
06pas3oMm, TIpU n MPOCTOM BCE CBOIMCTBA IO/l BHIMTOMHAOTCS.

200. Tak kak a—b=a+ (—b), To (a—b)c=(a+ (—b))c=ac+
+ (—b)c=(cm. 196)=ac + (—bc) = ac — bc.

201. BeruTeM U3 paBeHCTBA

P(x) =8;00)Q(x) + Ry ()
PaBEHCTBO

P(x) =5,00)Q(x) + Ry ().
[Tomyunm

0=(S1(x) —S5(x))Q(x) + (R;(x) — Ry (x))

(S1(x) =S5 (x))Q(x) = Ry (x) — Ry (x). @

Ecmt S;(x) — Sy(x) # 0, To cTeleHb MHOTOWIEHA, CTOSIIETO B
JleBol 4acTu paBeHcTBa (1), He MeHbIlle, YeM CTelleHb MHOTOUIe-
Ha Q(x), B TO BpeMs KaK CTelleHb MHOTOWIEHA, CTOSIIETO B Ipa-
BOI1 4acTH, CTPOTO MeHbllle, YeM CTelleHb MHorowieHa Q(x). U3
3TOTO MPOTUBOPEYHs BBITEKAET, UTO JAOIKHO OBITh S (X) — Sy (x) =
=0 u, cregoBarenbHO, Ry(x) —R;(x) =0, T.e. S1(x) =S,(x) n
R;(x) =R, (x).

202. Dra rpynna fABJIAETCA IPAMBIM IIPOM3BEJEHUEM I'DYIIIIBI
IEeHMCTBUTENbHBIX YKCEI II0 CIOXKEHUI0 Ha cebsa (cMm. 69 u 73).
EayvHU4HBIM s51eMeHTOM (HysieM) B Heil aBiseTcs napa (0, 0).

203. Ilyctb 21 = (a, b), 2, = (c,d), 23 = (e, f). Torma z; - 25 =
= (ac—bd,ad + bc) u 24 - 27 = (ca —db, cb + da). Ho ac—bd =
=ca—db u ad + bc=cb + da, moaTOMYy 2 * 29 = %5 * %7.

Jlanee umeeM:

(21 29) - 23 =(ac—bd,ad +bc) - (e, f) =
= (ace —bde — adf — bcf, acf —bdf + ade + bce)
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21+ (25 -23) = (a,b) - (ce—df, cf +de) =
= (ace — adf — bcf —bde, acf + ade + bce — bdf),
T.e. (21-2y) - 23 =27 (29 23).

204. Tlycts z = (a, b) # (0, 0), ¥ MyCTh UCKOMOE KOMILIEKCHOE
gyuco umeet Buf 27! = (x, y). Torma z - 271 =271 - 3 = (ax — by,
ay + bx). Jlna Toro 4robel 66110 z - 271 = (1, 0), ZOMKHBI BBIIOJ-
HATHCS [Ba paBEHCTBA:

ax—by=1,
bx+ay=0.

dTa cucTeMa ypaBHeHUI HMeeT POBHO OZJHO pellleHue:

= a _ b
2+ YT T @+

npudeM a® + b2 # 0, tak kak (a, b) # (0, 0). Takum o6pasom,

a_(_a __b
(a, b) _(a2+b2’ a2+b2)'
205. Ilyctb 2, = (a, b), 24 = (c,d), 23 = (e, f). Torga

(z1+25) z3=(a+c,b+d)-(e, )=
= (ae +ce—Dbf —df, af +c¢f +be+de)

21 23 + 2y - 23 = (ae — bf, af + be) + (ce—df, cf +de) =
= (ae —bf +ce—df, af + be +cf +de),

OTKYZa BUJHO, YTO (2 + 29) * 23 =21 * 23 + 25 * Z3.
206. Imeem a + bi = (a,0) + (b,0)(0,1) = (a,0) + (0,b) =
= (a, b).
207. Omsem. (c+di) — (a+bi) =(c—a) + (d —Db)i.
c+di _ (c+di)(a—bi)
a+bi ~ (a+bi)(a—bi)
__(ac+bd)+(ad—bc)i ac+bd , ad—bc.
- a2+ b? Ta2+b T a2+brt
(tak Kak a + bi # 0, To a2 + b2 # 0).
209. Omsem. a) i3 =—i; 6) i*=1;

208. x+yi=
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1, ecmm n =4k,

i, ecmn=4k+1,
—1, ecmn=4k+2,
—i, ecmun=4k+3.
210. YkasaHUe. YpaBHeHHe

B) i"=

(x+yD)? = (x*—y*) + 2xyi =D,
rae b— ﬂeﬁCTBHTEHBHOG YUCJIO, PaBHOCWJIBHO CHCTEME YypaBHE-
HUH
x2—y2=b,
2xy =0.

Omeem. a) z==1, 6) g==i, B) 2 ==*a, ) g = %ai.
211. a) Ilyctb 2; =a + bi, 2, =c+di. Torga

21 +2,=(@+bD)+(c+dD)=(a+)+b+d)i=
=(a+c)— (b +d)i=(a—bi)+ (c—di) =2, +32,.

_6) (21 —29) + 24 =z;. B auny a)z;= (37— 29) +2,= (37— 25) +
+ 2,. OTCIOfa 2] — 29 = 21 — 25.
B) 2,2, = (a + bi) (c + di) = (ac — bd) + (bc + ad)i = (ac — bd) —
— (bc+ad)i= (a—bi)(c—di) =2 - 25. _
r) 2, = (z—; -zz) = (o B)) = (z—;) - 2. OTCIO07a (2_—;) _ 4

23

212. U3 pesyavrara 3agadu 211 nonyyaem

P(z)=apz"+a;2" 1+ ... +a,_1z+a, =
=ayz" +a;z" 4 ... ta,_z+a, =
=apz"+a; 2" 4. ta, z+a, =
= (Ei = a;, TaK Kak Bce a; — JieiCTBUTeIbHbIEe YUC/IA) =
=ayz" +a;2" 1 +...+a, 12 +a,=P&).
213. Tak kak mose M cOAEpXHUT Bce AeMCTBUTENbHBIE YHCTIa
U JJIEMEHT ij, TO OHO COZAEP)KUT BCEBO3MOXKHbIE 3JIEMEHTHI BU-
Ja a + biy, rae a, b— Mpou3BONbHBIE JEHCTBUTENbHBIE YUCIIA.
0O603HaYNM MHOXXECTBO BCEX JIEMEHTOB IO M, IpeCcTaBUMBIX

B BuZe a + biy, gepe3 M’. Torza, WCHONb3ysd KOMMYTaTHBHOCTbD,
aCCOLMATUBHOCTD U AUCTPUOYTHBHOCTD CJIOXKEHUA U YMHOXEHUS
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B mosie M, IOIy9uM 1 37IeMeHTOB u3 M’:
(a+biy) + (c+dip) = (a+c)+ (big+dig) =(a+ )+ b +Diy, D
(a+biy) - (c+diy) =ac+adiy+bciy+ bdi% =
= (rax KaK i3 =—1) = (ac—bd) + (ad + bc)i,. 2)

[Tycth C — moJie KOMIUIEKCHBIX 4Kces. PaccMoTpuM oToGpaske-
Hue noaa C B miojie M Takoe, YTO

@ (a+bi) =a+bi,.

CpasuuBas ¢opmyiet (1), (2) ¢ dopmynamu (2.3), (2.4) Ha cTp. 59,
Iosy4daeM, 4To ¢ — romomopdusm (cM. crp. 38) C B M oTHOCH-
TeJIbHO CJIOXKEHUSA ¥ OTHOCUTETBHO YMHOXKEHUSA. Tak Kak IpU 3TOM
@(C) =M’, To (cm. 150) M’ aBngeTcd HoArpynmnoi B M oTHOCH-
TEJIbHO CIOKeHU:, a 6e3 anemenTa 0 + 0i ¥ OTHOCUTENBHO YMHO-
)KeHus. Tak kak B M omepanuu CJIOXKeHUs ¥ YMHOXeHUs obiaza-
0T CBOMCTBAMU KOMMYTAaTUBHOCTHU, aCCOIMATUBHOCTU U JIUCTPU-
OYTUBHOCTH, TO OTH K€ CBOMCTBA UMEIOT MECTO, OYEBU/HO, U B M'.
Taxkum obpasom, M’ — more.

Ecmu a + biy = ¢ + diy, T0 (b —d)iy = ¢ —a. Ecim npu atom

. _c—a .

b—d#0,10i5= p_q — ACHCTBUTEIBHOE YHCIIO, Yero He MOXeT
OBITh, TAaK KaK KBaJpaT AeUCTBUTENBHOTO YUCJIA HE MOXET OBITh
paBeH —1. CnemoBarensHo, b—d =0, a Toraa u ¢ —a = 0. OTcioga
b =d, a =c. Takum obpa3om, 31eMeHTH Buja a + bi, B mome M
Pa3JUYHbI P pa3aIWyHbIX mapax (a, b). OTcioza BBITEKAeT, YTO
MMOCTPOEHHOE BhIllle 0TOOpaKeHUE (p ABIAETCI B3aUMHO OJJHO3HAY-
HBIM oToOpaskeHueM mosisi C Ha none M’. Tak KakK, KpOMe TOTO,
(p — romomopdu3M, To ¢ — muzoMopdHoe oTtobpakenue monst C
Ha mosie M’, T. e. mosie M’ n30MoOpQHO MO0 KOMIUIEKCHBIX YHCET.

214. TlycTe paccMaTpuUBaeMblii MHOTOWIEH IIPUBOAUM, T. €.

XT+a x4 ax" 2+ . ta, =
= (bpx™ + by x™ L + ...+ b)) - (coxK +cqxK T+ .+ ¢,

rme m <n, k <n, Bce b; U ¢; — ZIeWCTBUTENbHBIE Yncaa U by # 0,
¢o # 0. IlofcTaBUM BMeECTO X B IIPABYIO 4acTb 3TOTO PaBEHCTBA j.
Tak xak M —1ojle, TO MOXHO OyZeT OOBIYHBIM CIocob60M pac-
KPBITb CKOOKY U IPHUBECTH TOZ06HEIe (OTHOCUTEIBHO CTENEHEH j)
wieHsl. [Ipy 5TOM MBI HOJYYUM HCXOAHBIH MHOTOWIEH, B KOTO-
poM x OyZieT 3aMeHEHO Ha j.
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Takum ob6pazom, morydaem

jtta it a4t a, =
=(bgj™+ by jm 4+ ...+ b)) - (o + e+ 4 ).
[lo ycnoBuro
j"tajm +ayjm?+ ...+ a, =0,

moaTomy (cM. 197) xoTs OBl OfiHA M3 /ABYX BBHIMHCAHHBIX BHIIIE
cK00OK paBHa 0. Pa3zieliB COOTBETCTBYIOIIYIO CKOOKY Ha by miu ¢,
MIOJIy4UM BhIpakeHHe Bufa (3.1), paBHoe 0 u uMemwllee CTeleHb
MeHbIlle, 4eM n. [lolydyaeM mpoTUBOpedHe € TeM, YTO 11— Hau-
MeHblIIas cTelleHb y BelpaxeHUH Buga (3.1), paBHbx 0. CiezfoBa-
TeJIbHO, NPEeAINOIoKeHNe O TOM, YTO paccMaTpuBaeMblli MHOTO-
WwieH IPUBOAUM, HEBEpPHO.

215. Kak ObITO 0Ka3aHo, B CIy4yae a) aJeMeHT j B rone M yzo-
BJIETBOPSAIET PaBEHCTBY

j2+pj+q=0,

IZle p U q — HEKOTOphle JeiCTBUTE/NbHbIE YMC/Ia, 1 MHOTOWIEH
X2 + px + q HENpUBOAWUM HaJ TOJEM EeHCTBUTEIbHBIX YHCEL.
Nmeem

@rpera=(eeper )= -0)=(e+5)' - (5 )

2 2

Ecnmu pz —q=0,T10 pz — g = a? JJ11 HEKOTOPOTO JAeHACTBUTEb-

Horo uuciaa a. Toraa
2
x2+px+q=(x+£) —azz(x+2+a)(x+2—a),
2 2 2
T. €. MHOTOWIEH X% + px + g ObUT 6B IPUBOAVIM HaJ TOJEM [ei-
2 2
P

CTBUTEJIbHBIX YHCEJI. 3HAYUT, pz —q<0mu 7 4= —b2 a1 Hexo-
TOPOTO JleHACTBUTENbHOTO ynciaa b, ommmanoro ot 0. Tak Kak B Io-
ne M j?+ pj +q =0, To B mone M
2 2 2
. ., p°_p . P _p
ppi+g=g-a m (j+3) =F-a=-b"

OTcroza ,
i 2 _
(5+35) =3 =1
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Takum 06pa3oM, aJieMeHT
=% + 2.
JIeXKalIUK B mojie M, IBISIeTCS MCKOMBIM.

216. Omeem. EAUHCTBEHHBIM (C TOYHOCTBIO /10 U3oMopdu3Ma)
HMCKOMBIM TIOJIEM SIBJIIETCA TI0JIE, 3JIEMEHTHI KOTOPOTO — APo6H, B
YUCIWTese U 3HaMeHaTe/le KOTOPBhIX CTOST MHOT'OWIEHHI OT j, IpU-
YyeM orepariuu Haji STUMU JPOOSIMU MPOU3BOAATC KaK OOBIYHO.

217. Omeem. A: 2+ 2i, B: —1+3i, C: —2—1.

218. Omeem. a) OTpakeHHe OTHOCUTENHLHO Hadaja KOOPAU-
HaT (WIH, YTO TO Ke caMoe, IOBOPOT BOKPYT Hadasa KOOpAWHAT
Ha 180°). 6) PacTsKeHMe TUTOCKOCTU B 2 pa3a OT Hayaja KOOpJu-
HaT. B) OTpakeHre OTHOCUTENbHO OCHU X.

219. Yxa3aHHUe. Bocronb3yiiTech paBeHCTBOM TPEYrONbHU-
koB A,B,C; u A,B,C, (puc. 44).

y

Yy B,
A &
C
A A
A G

o] x 0] x 0 x
Puc. 44 Puc. 45 Puc. 46

220. ITlo ycnoBUIO 3afavudl 2 = X, + Uy, 29 = X, + Yy, 23 =
= X, + 1y,,. [lo3TOMy paBeHCTBO 23 = 2 + 2, PABHOCWIBHO JIByM
paBeHCTBaM:

{ Xy = Xy + Xy, o
Yw=Yut Yo

C Apyroii CTOpOHHL, ecny w =u + v, To (puc. 45) x,, = (1o omnpe-
JeNIeHNI0) = X¢ — X4 = (X — Xp) + (xp —Xx,4) = x, + X, ¥ TOYHO
TaK Xe Y, = Yy + Y,- [I03TOMy paBeHCTBO W = U + U TaKXXe PaBHO-
CUIbHO paBeHcTBaM (1).

221. Tlo onpesieNIeHUI0 X438 =Xg — XA U YAB =Yg — Ya-

222. Tlo Teopeme ITudaropa |z|?> = a? + b? (cm. puc. 46). PaBeH-
cTBO 2 - 2 = (a + bi) (a — bi) = a? + b2 nerko npoBepsaeTcs.

223. Cwm. puc. 47. Yx a3 aHue. HepaBeHCTBa, ykasaHHBIE B 3a-
Jlaue, CJIeAyIOT U3 TOTO, YTO B TPEYTONbHUKE JIt00ast CTOPOHA MEHb-
Ille CyMMBI, HO 60JIbllle PA3HOCTH /IBYX APYTUX CTOPOH. PaBeHCTBO
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B 0060UX CIy4asxX UMeeT MEeCTO TOrZla U TOJbKO TOT/A, KOTJA 2y =
=kgz,, TIe k — HeoTpHULIATENbHOE JEHCTBUTENBHOE YHCIIO.

X‘I;"L Zq

22 %2
g —2, ‘
31

Puc. 47 Puc. 48
224. Cm. puc. 48.

|21 + 25]% + |21 — 25]*> = (cm. 222) =
= (21 +29) (21 +29) + (27 —29) (27 — 25) = (cMm. 211) =
= (Zl + 22)(51 +Ez) + (Zl _22)(51 _52) =

= 22151 + 22252 = 2|ZI|2 + 2|22|2.

7. . TWY.
225. Omeem. a) \/_(cos 7 +isin 4) 6) Z(COS—+ISII’1 —)

6 6
B) 3(cos 5 +isin = ) r) 5(cos mw+1isin ); 1) «/_(coscp+lsmcp)
rae p = arctg 2.
226. VmeeM: 232, = riry[(cos ¢ - €os ¢, — sin ¢; - sin @) +
+ i(sin ¢, - €os @, + €os P, - sin p,)] = (Mo dopmynaM croKeHUs
U3 TPUTOHOMETPHUM) = 1775 (cos(p; + p,) +1sin(p; + ¢,)). Bropoe
PaBEHCTBO B 33/jade PAaBHOCWIBHO PABEHCTBY

I; ..
2 =% " é(cos(tpl —py) +isin(p; — ¥,)),

KOTOPOE JIETKO BBHITEKAET U3 IEPBOTO PABEHCTBA.
227. Yk a3 aHUe. BocionbayiiTech pesynbTaToM 3aa4uu 226.

228. 1— v3i=2(3 - ‘/;z) = 2(cos(— %) + isin(~Z)). Tlo-
atomy (1— +/3i)100 = I:Z(COS(—%) +i sin(—%))]loo =(cm. 227) =
= 2100[005(—1%n) +1i sin(—l%o n)] = 2100. (cos 2?75 +1isin 2?75)
Ortcroga

(1—v3)'® 2m 2n _ 1. iv3
g0 —C0S 3 isin 3 =73 5
Omseem. ——+l—

2
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229. Ecmu 2 =0, To u w =0 (cm. 197). Ecim ke 2 # 0, To U
w # 0. [ycTh B aTOM citydae w = p (cos ¢ + i sin1p). Torza mo dpop-
Mysne MyaBpa (cM. 227)

w™ = p"(cosny +isinny) =r(cos ¢ +1isin p).
Orcioga p™ =r u ny = ¢ + 21k, rie k — HEKOTOPOE LeJI0e YHC-

@ +2nk
—mu

Jo. CeZloBaTeNbHO, Y = 0

_n ptaonk . @+2mk
w= ﬁ(cos —— +isin— ) @
+2mk
Ecmu ky —k, = In, e | — 11es10e 9uciio, To BEIpaXKeHUA LRl R
¢ + 21k,

n
U TO XK€ 3BHAaYEHHE W. HOBTOMY BC€ pa3jIMYHbIE 3BHAYCHUA W MOXHO

MIOJTyYUTh, IpUZABas napameTpy k B popmyse (1) 3HaueHus k =0,
1,...,n—1.

230. Ykazanue. [IpeicraBbTe NOJKOPEHHBIE BBIPDAXKEHUA
B TPUTOHOMETPHYECKOH (opMe, 3aTeM BOCIIOIb3yiHTECH GOpMY-
Joti (1) u3 pemeHus 3agaqyu 229.

Omeem. a) +i, —i; 6) 2, —1 + v/3i, —1 — v/3i (3mech 3 — zeii-
CTBUTEJILHOE TIONIOXKUTENbHOE 3HAaUeHUE KOPH);

B) c0s(25°4+90°n) +1isin(25°+90°n), rnen=0, 1, 2, 3;

r) «6/§(cos(15° + 120°n) +isin(15° + 120°n)), tne n =0, 1, 2
(3mechb 72 — JelicTBUTENBbHOE TIOJIOXKUTEIbHOE 3HaueHe KOPHA).

231. YxkazaHue. Cm. dopmyny (1) u3 pemeHus 3agauu 229;
1=1(cos0+isin0); e’; =cos(2nk/n) +isin(2wk/n) (cm. 227).

232. YxasaHnue. Ecmu 27 =24 1 2] =2, T0 (25/21)" =25 /2] =
=1.

Omesem. 2y, 21 * €y, 21 * €2, ..., %1 - €11 (cm. 231).

233. B cuny pesysnbrara 3agauu 221 z, = 2@z, rae O — Havaio
kKoopzavHaT. Omeem. a) PaccTosiHME OT TOYKH Z 10 Hadasia KOOpAu-
HaT; 6) Yrol MeX/y MOOKUTEIbHBIM HaTpaBieHueM ocu OX U JIy-
4yoM Og; B) pacCTOsSSTHUE MeXIy TOUKaMU 2 U Z, (Tak KaK Zg — 2, =
=zzg (cM. 221); 1) yron Mexay aydamu Oz, u Oz; (cM. 226).

234. Cm. 233. Omeem. a), 6) OxpyxHOCTh paguyca 1 (1 R) ¢
IIEHTPOM B Hayvajie KOOPAWHAT; B) OKPY)XHOCTb pazuyca R c IeH-
TPOM B TOYKE Z; T') KPYT paznyca R ¢ IIeHTpOM B TOUKe Z, BMecCTe C
OKPY>KHOCTBI0; ) TepIEHANKYJISAP K OTPE3KY, COeIUHSIOIIEMY TOY-
KU 2, U Z,, IPOXOAAILININ dYepe3 ero cepeJuHy; ) OTpUlaTeJbHasA

paznmuyarores Ha 27tl. [Ipu atom dpopmyna (1) gaeT ogHO
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YacTh JeMCTBUTENBHOMN OCH; 3K) GUCCEKTpHCa TIEPBOTO KOOPAUHAT-
HOTO yIVIa; 3) JIy4, 0OpasyIoIuil ¢ IOJI0XUTETbHBIM HallpaB/IeH!-
eM ocu Ox yron .

235. CMm. 229 u 232. Omeem. B BepmnHax HEKOTOpPOr'o IIpa-
BWIBHOI'O N-yTOJbHUKA C IIEHTPOM B Hayaje KOOPAWHAT.

236. IlycTb 3afjaHbI TOYKA Z( U IPOU3BOJIbHOE AEUCTBUTENBHOE
yucio € > 0. Beibepem & = 1 (He3aBUCHUMO U OT 2, U OT €). Torga
JUISL BCEX %, VAOBIETBOPSIONINX YCIOBHIO |2 — 2| < 1, BHITIOMHSET-
cs HepaBeHCTBO |f(2) — f(2y)| =|a —a| =0 < ¢. CiegoBarenbHO,
¢yukuua f(z) = a HenpepblBHA NpU JI060M 3HAYEHUM apryMeH-
Ta 2. (B xayecTBe & MOXHO OBLIO B3STh JIIOOOE MONIOKUTETbHOE
JeHCTBUTEILHOE YHUCIO.)

237. IlycTh 3aZiaHbl TOYKA %, U IIPOU3BOJIBHOE AeMCTBUTEID-
Hoe uucio € > 0. Beibepem 6 = ¢ (HeszaBUCHMO OT Z;). Torza
JUI BCEX Z, YAOBJIETBOPSAIOIINX YCJIOBHUIO |2 — 24| < &, GyZeT BhI-
MOMHATBCA HEepaBeHCTBO |f(2) — f(zg)| = |2 — 29| < 6 = ¢, T.e.
|f(2) — f(z9)| < €. CinegoBaTenbHO, GYHKIMA KOMILIEKCHOTO ap-
rymeHTa f(z) =z HempepblBHA NPU BCeX 3HAUYEHUAX apryMeHTa.
PaccMmaTpuBas TONBKO JeNCTBUTeNIbHble 3HAaUeHUA apryMeHTa Z,
moy4yaeM, 4yTo QYHKIUA JeHCTBUTENbHOrO apryMmeHTa f(x) = Xx
TaK)Ke HelpephIBHA ITPU BCEX 3HAYEHUAX apryMeHTa.

238. IlycTb 3afjaHbI TOYKA Z( U IPOU3BOJIbHOE AEUCTBUTENBHOE
yuceno € > 0. Eciin 6 — IpOU3BOJIBHOE TOJIOXKUTENbHOE JeHCTBU-
TeJIBHOE YHUCIO U |2 — 25| < &, To |f(2) — f(z)| = |22 — 2(2)
=|(z—20)(z + 25)| = (M. 226) = |z — 2| - |2 + 20| < 8|2 + 24|. Ho
|2 + 20| = |(2 — 20) + 220| < (M. 223) < |2 —2p| + 1220] < 6 + 2|20]-
Takum obpasom, Tpu |z — 2,| < & mony4daem

|f(2) = f(20)| <& - (6 +2lz).
[Tox6epeM Terephb 6 TaK, YTOOBI BHITOIHAIOCh HEPABEHCTBO
5-(6+2|z0)<e
Ecmu 2, = 0, To HONOKUM & = 4/¢ (MMeeTcss B BUAY MONOKUTEb-

HBIN KopeHb u3 €). Ecu 2, # 0, To paCCMOTpI/IM ZIBa MOJIOXKUTENb-

HBIX JeMCTBUTEBHBIX YUCTA |2o| ¥ 57— N Y BbIGepeM B KavyecTBe O

3|
HaMMEHbIIIEE U3 3TUX L[ByX YHuCell. Tor‘,aa 6yﬂyT BBITIOJIHATBCA HEpa-

BeHCTBA O < |2p| M 6 < 57— 3| E Orcroza

5(6 +2|zy]) < (2ol +2|20]) = €.
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Takum obpasoMm, Tpu |z — 25| < §, Tme 6 — BBIOpaHHOE HaMU
gucio, |f(z) — f(zy)| < e. CremoBarenbHo, GYHKIMS KOMIUIEKC-
HOro aprymeHnTa f(z) = z2 HempepslBHA IpPU BCEX 3HAYEHHUAX
apryMmeHra.

239. a) IlycTb 3aaHO IPOU3BOJBHOE JEUCTBUTENBHOE YUCIIO
e > 0. Nmeem

|h(2) —h(zo)| =|(f (2) + g(2)) — (f (z0) + g(zx))| =
=|(f(2) = f(z0)) + (g(2) — g(20))| < (cm. 223) <
<|f@) = fze)] +1g(2) — g (=)

PaccMoTpyM BMeECTO € 4nciio £/2. Toraa, B CHIY HEIIPEPHIBHOCTH
byHkIuM f(2) B TOUKE 2, MOXXHO II0A0OPATh TaKoe AeHCTBUTEND-
HoOe 4ucao &1 > 0, 9TO A/ BCeX 2, YAOBIETBOPSIOUINX YCIOBUIO
|2 — 20| < &,, OyzAeT BRIMOMHATHCA HepaBEHCTBO |f(2) — f(zg)| <
< g/2. ToyHO Tak e, B CWIy HempephiBHOCTH OGYHKIUU g(2)
B TOYKE %), MOXHO IMOA0O6GpaTh Takoe AeHCTBUTENbHOE YHCIIO
64 > 0, 4TO /111 BCEX 2, YAOBJIETBOPSIOUINX YCIOBHIO |2 — Zo| < O,
OyZeT BBHITIOMHATHCS HepaBeHCTBO |g(2) — g(2y)| < £/2. Bribepem
B KauecTBe 0 HavMeHbIlee U3 4yucen §; U O,. Torga Ais Bcex z,
VZIOBJIETBOPSIOIIUX YCIOBUIO |2 — 24| < 6, GyAyT BHIIONMHATHCSA 06a
HepaBeHcTBa: |f(2) — f(20)| <e/2u|g(2) — g(2y)| < /2. TloaTOMYy
[UIS1 BCEX Z, VAOBJIETBOPSIONINX YCIOBHIO |2 — 2| < &, 6yzeT

|h(2) —h(z0)| < If (2) — f (zo)| +|g(2) — g(zp)| < 5 + 5 =&,
T.e. |h(2) — h(zy)| < €. CnemoBaTenbho, byukiws h(z) = f(z) +
+ g(2) HempepHIBHA B TOUKE 2.

6) Ecmu h(z) = f(2) —g(2), To

|h(2) —h(zo)| = |(f(2) —g(=2)) — (f (20) —g (o)) =
=|(f () — f(20)) + (—(g(2) — g2 < (cm. 223) <
SIfE) = fERI+1—1] - g2) —glz))| =
=1f(2) — f(z0)| +1g(2) — g (=)l

I[Tonmy4aeM HepaBEeHCTBO
|h(2) —h(z)| < |f(2) — f(20)| + |g(2) — g(20)]

TaKoe Xe, KaK B CIydae a), U Jjajee 3aZja4ya pelraeTcs TOYHO TaK
JKe, Kak B cIy4dae a).
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B) IlycTh 3a1aHO IPOU3BOJIBHOE JEHCTBUTEIBHOE YUCIO € > 0.
NMmeem

|h(2)—h(z0)| = |f (2)g(2)—f (20)g(20)| =
=1f(@g@)—f(2)g(20)+f (2)g(20)—f (20)g(2)| < (cm. 223) <
< |f(2)(g(2)—g(2o))|+1g(20) (f (2)—f (29)) | = (cm. 226) =
=f @) 1g(x)—g | +]g =) 1 f (2)—f (z0)].

[Toxbepem Temeph AeHCTBUTENbHOE YHCI0 O > 0 TaK, YTOOBI A/
BCEX %, VAOBIETBOPSIOIINX YCIOBHIO |2 — 2o| < &, 06a TIOMyYeHHBIX
claraeMbIX OBUIM MEHBIIIe, 4eM € /2.

1) Ecmm f(z;) # 0, To paccmorpum ucio € = |f ()| > 0. Tak
Kak GyHKIMA f(2) HempephiBHA B TOYKE %, TO I HEKOTOPOTO
JefCcTBUTENBHOTO yucia &' > 0 U3 yCJIoBUA |2 — 2| < &/ 6yzeT Bb-
Tekath | f(2) — f(20)| < &1 =|f(2y)|. Torga mpu |z — 2,| < &’ byzet

If )| =1f(2)— f(z) + f ()| < (em. 223) <
SIf@) = fGEII+If @)l <If @) +1f ()| = 2[f (z0)],

[f @] <2|f (=)l

PaccMOTpUM eHCTBUTENBHOE YUCIIO £y = . Tak kak pyHK-

£
4-1f (=0l
1y g(z) HEmpephiBHA B TOYKE Zj, TO JJIs1 HEKOTOPOTO JIEUCTBU-
TesbHOro ynciaa 6” > 0 u3 yeroBus |z — z,| < 6/ GyzeT BbITEKaTh

lg(2) —g(zp)| < &5 = m BribepeM B kauecTBe O HaMEHb-
0

mree u3 yucen 6’ u 6”. Torzaa Ay Bcex 2, AOBIETBOPSIOIIUX YCIIO-
BUIO |2 — 24| < 61, OYZAYT BBHITIOMHATHCS [BA HEPABEHCTBA:

£
If@<2|f(z))]l un [g(@)—g(zo)| < TN
H, cjiegoBaTe/lIbHO, 6yl[eT BBITIOJIHATHCA HepaBeHCTBO

F@)- g — gz < 5.

Ecnu f(zy) =0, To IpoBeZieM paccy:kleHue MHavye. B kadecTBe
€, paccMoTpuM yucio &, = 1. Toraa i HEKOTOPOTO JEHCTBU-
TeNbHOrO unciaa 6’ > 0 u3 ycioBus |z — 2,| < &’ 6yaeT BbITEKATh
|f(2) — f(z9)| < &g = 1, u, yuutniBas, uto f(2,) = 0, momyda-
eM |f(z)] < 1. B xayecTBe &, pacCMOTPUM YHUCIO &, = £/2. To-
rJa /il HeKOTOPOro AedcTBUTeNbHOro ynucaa 6” > 0 U3 ycaoBus
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|z — 20| < 6" GymeT BhiTekaTh |g(2) — g(20)| < €4 = €/2. Eciu B
KadecTBe 0, B3ATh HauMeHblIee 13 uncen 6’ U 6", To Ay Beex 2,
VAOBIETBOPSIONINX YCIOBHUIO |2 — 2| < &1, OYAYT BHITOIHATHCS [Ba
HepaBeHCTBA:

£
If@ <1 u |g@)—glz)l <3
H, CJIEAOBATEJIBHO, 6YAET BBITIOJIHATBCA HEPABEHCTBO

If ()] g2 —g(z0)] < %

2) Ecmm g(2,) # 0, TO paccMOTpUM €5 = HatizeTca Ta-

_ &
2|g(zo)|”
Koe ZIeHCTBUTEIBHOE YHCIIO O, YTO JUIA BCEX Z, YIOBICTBOPAIOIIHNX
YCIIOBHUIO |2 — 2| < §,, OyZieT BBIIOIHATHCA HEPABEHCTBO

F@ £l <65 = 3y

H, CJIEAOBATEJIBHO, 6Y,Z[eT BBITIOJIHATBCA HEPABEHCTBO

gl [F ) — F)l < 5

Ecmu g(z,) =0, To B KayecTBe &, MOXHO B3SITh Jit060€ TIOJIO-
JKUTeJNbHOe JleHCTBUTeNIbHOe YMCIIO, TaK KaK B 5TOM ciydae IIpH
JI000M 2

lg(zo)| - 1f(2) — f(z0)| =0 < %

Bribepem Tenepb B KauecTBe O HavWMeHbIee U3 Yucesl O, U O,.
Torza Ajs Bcex 2, YAOBIETBOPAIOIINX YCIOBUIO |2 — 2| < &, 6yayT
BBITIOJIHATHCS IBA HEPABEHCTBA:

F @I lg@ —gz)l < 5

€
g - 1f () — f(zx)| < 5
U, cle/loBaTeNbHO, 6y/eT BLIIONTHATLCA HepaBEeHCTBO

h(z) —h(zo)| < §5 + 5 =e.

£
2
Takum obpaszom, byukiusa h(z) = f(2) - g(z) HempepbiBHA B TOY-
Ke 2.
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240. a) IlycTh 3aaHO IIPOM3BOJIbHOE JIeHCTBUTENBHOE YHCIIO
€ > 0. meem

1 | 18G)—gE@)]|
Ih(2) —h(zo)| = ‘g(Z) 2(z) | T | g(=)g(z)
_ =@ —gE))|  1g() —gEo)l
= (oM 226) = "0 )g Gl Iz 18l
PaCCMOTpI/IM YUCJIo 81 = @ > 0. Tak kak Cl)yHKL[I/IH g(Z)

HeIlpepbIBHA B TOYKE 2, TO /51 HEKOTOPOT'O IeCTBUTETBHOTO YHC-
na 6, > 0 u3 yotoBus |z — 24| < &, 6yzer BoiTeKaTh |g(2) —g(2y)| <
e — |g (20
= 2
YCJIOBHIO |2 — 2y| < &1, BBIIIOTIHSETCS HEPABEHCTBO

. Torza mosmyuum, 4TO /i BCEX 2, YIOBIETBOPSIOIINX

lg(2)] = |g(z0) — (g(20) — g(2))| > (cm. 223) >
Ig(z )| _ lgGo)l
> [g(20)| — 18 (20) — 8 (@) > g (z0)| — =5— = =5
£ -1g(z)? o o
PaccMoTpuM YHCIO £, = —5— — > 0. Haiizercs ae#icTBuTess-
HOe YKo &4 > 0 TaKoe, YTO U3 YCIOBUA |2 — Zg| < &, OyzeT BhITe-

elg(z)|?
Katb [g(2) — g(20)| < &, = %

MeHblIlee U3 yucesn 6, U 0,. Torza A BceX 2, YAOBIETBOPAIOUINX
YCJIOBHIO |2 — 2g| < &, OyAyT BBEIIOIHATHCSA IBa HEPABEHCTBA

. 2
lg( o) 18(2) — g (z)| < 52 Igézo)l

. Bribepem B kauecTBe & Hau-

lg(=)| =

H, CJIEAOBATEJIbHO, 6y,£[eT BBITIOJIHATBCA HEPABEHCTBO

lg(2) —glzp)|  €-lg(zx)I? 2

& =@ = Te@n < 2 TgGoP

Takum obpazom, ¢pyHkius h(z) = g(Lz) HeIlpepbIBHA B TOUYKE Z.
6) Tak kak ¢yHkiuu f(2) u g(z) HEIpPEePHIBHBI B TOUYKE Z(, TO
B TOYKE Z( HEelpephIBHA GYHKIUA —— 2 ( ) (cMm. a)) u, ciefoBaTeNbHO,

gg f2)- (12) (cM. 239 B)).

241. TlycTp 3aAaHO IPOU3BOJIBHOE JeHCTBUTEIbHOE YUCIOo € >
> 0. Tak xak ¢yHKIUA f(z) HellpepbIBHA B TOUKE Z;, TO HalgeTcA
TaKoe JeACTBUTENbHOE YUCIO 61 > 0, UTO U3 YCIOBUA |2 — 21| < &4

HempepbiBHa QyHKIMA h(2) =
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6yzeT BbiTekaTh |f(2) — f(21)| < €. PaccMoTpum ganee 4uUCIO
67 > 0. Tak kak ¢yHKUUA g(2) HENpephIBHA B TOYKE Z,, TO Haii-
JeTcsT Takoe ZeHCTBUTENbHOEe Yncio & > 0, uTo u3 |2 — 30| < &
Oyzer BoiTekaTh |g(2) — g(2o)| < &4, T.e. |g(2) — 21| < 6;. Ho
ToTZIa OyZIeT BHITIONHATHCSA HepaBeHCTBO |f(g(2)) — f(z1)| <&, T.e.
|f(g(2)) — f(g(20))| < €. Takum ob6pa3om, Ayt BCEX Z, VOBIETBO-
PSIIOIIUX YCJIOBUIO |2 — %g| < &, GY/IET BBINOIHATHCS HEPABEHCTBO
|h(2) — h(zy)| < € u, cremoBaTenbho, byHkiwa h(z) = f(g(2))
HeIlpepbIBHA B TOYKE Z.

242. TlycTb 3afaHBl TOUKa X, U AelicTBUTeNbHOE Yucio € > 0.

Jna dysriuu f (x) = sin x moxyaum

| f () — f(xp)| = |sin x — sin x| =

L X—Xg X + X,
= (mo dopmysie TPUTOHOMETPHH) = |2 sin 5 s | =
LX—X X + X X+ X
=2-|sin 20 | 20|<(TaKKaK‘COS 0 <1)<
<lsi X — X,
S2|sin —
Jnsa f(x) =cos x Mony4uM
| f () — f(xo)| = | cos x — cos xq| =
. X=Xy . X+Xg
= (mo popmyse TpuUroHOMETpUHU) = |—2 sin 5 sin—— | =
L X—X, . X+ X . x+x,
=2-|sin 5 5 <(TaK KakK |sin <1)<
. X—Xg
< 2|sin 5

Takum o6pa3zoM, B 060UX Cirydasax

X=X

£ (0 — £ (o) <z|sin -

[Top6epem Temepsb & > 0 Tak, YTOOBI IIPU BCEX X, YAOBIETBOPSIO-
KX YCIOBUIO |X — X| < &, BBINOIHSIOCH HEPABEHCTBO

£

2

X —Xo
2

‘sin
£ X — Xo £
-_— < —_—

2 2 2
BCeX X M & MOXKHO B3ATh Jt00kM. Ecut £/2 < 1, To paccMoTpuM

Ecmu 5 > 1, To HepaBeHCTBO |Sin BBIIIOJIHACTCA IIPU
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Ha IUIOCKOCTU C KOOPAUHATHBIMU OCSMHU X U Y OKPY>KHOCTb Pafiny-

ca 1 ¢ IIeHTpOM B Havasie KOOPAWHAT U IPOBEAEM IIpAMEIE y = /2

uy=—¢/2 (puc. 49). [lia yKa3aHHBIX Ha PUCYHKE YIJIOB Q U f3

moyIuM sin a = /2, sin f = —¢/2, npuyem, o4eBUAHO, 5 = —a.
B kauecTBe 6 BhibepeM O = 2a. Torga us

X — X, 5
|x —x,| < & GyzeT BBHITEKATD 5 5=
X — X,

=q,T.e.—a< 5 < a. OTcioga

. . X—Xp .

sin(—a) < sin 5 <sina,
T. € —£<sinx_x0 <&y sinx_x0 £
T2 2 2 2 2°

Torga

£ G0 = F)| < 2Jsin 572 <.

Puc. 49

CrnepoBaTenbho, GyHKIMU f(x) =sinx u f(x) = cos x HEMPEPHIB-
HBI TIPY JIIOO0OM JIeHiCTBUTETFHOM 3HaUYEHUM apTyMeHTa X.

243. TlycTb 3afaHBl TOUKa Xy > 0 U MOJIOXKUTeNbHOE [efCTBU-
TenbHOE unciao € > 0. Hazo mogobpath Takoe AeiCTBUTENTbHOE
yucso 6 > 0, 9YTOOHI A7 BCEX X, YAOBIETBOPSIONINX HEPABEHCTBY
|x — x| < & (1, KoHeuHO, x = 0), BHIOTHAIOCh HEPABEHCTBO

| Vx— Vx| <e. 6))
[TocesHee HePAaBEHCTBO PABHOCIIEHO HEPABEeHCTBAM

—e< Vx—Vx,<e
Vxg—e< Vx< Yxy+e. )

Tax kak QyHKIMA /X MOHOTOHHO BO3pacTaeT ¢ POCTOM X (Iipu

x = 0), To HepaBeHCTBO (2) B ciiy4ae, Korga y/x, — & = 0, paBHO-
CWIBHO HEpAaBEHCTBAM

(Vxg—e)" <x < (Vxq+ )"

(VXg— &) — Xy < x—Xo < (VXo + )" — X,. 3)

B aTOoM ciy4ae, ecu B3SATh B KauecTBe 0 HaMMEHbIIEE U3 YUCE
Xo— (¥xo—€)" u (¥/xy+ €)™ — x, U3 yesnoBus |x — x| < & BbITE-
KaeT HepaBeHCTBO (3), a BMecTe ¢ HUM U HepaBeHCTBO (1). Eciu
B HepaBeHcTBe (2) VX, — & < 0, To JieBast 4acTh HepaBeHCTBa (2)
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Bcerza BrinonHsaeTcs (Ipu x 2 0) 1 HepaBeHCTBO (2) paBHOCWIBHO
HepaBeHCTBaM
x < (Vxg+ e

u

X —Xo < (Vxo + &) —Xo. 4
B aTOM ciy4yae ZOCTaTOYHO B3ATh

&= (Vx,+e)"—x,

Y TIPH BCEX X, YAOBIETBOPSIOUINX YCJIOBUIO | X — Xo| < &, 6yZeT BHI-
TIOJIHATBCSA HEPABEHCTBO (4), a BMecTe ¢ HUM U HepaBeHCTBA (2)
u (1).

244. Omeem. a) Cm. puc. 50. YkazaHuue. y(t) =0. 6), B) Cwm.
puc. 50. YkazaHnue. x(t) =0. 1) Cm. puc. 50; x(t) =t, y(t) =—t,
y =—x. 1) Cm. puc. 51; x(t) =t2, y(t) =t, x = y2. e), %) OKpy*-
HOCTh pazinyca R, IpoxoAuMasi IIPOTHUB YaCOBOM CTPEIKU COOTBET-
CTBEHHO OZIUH pa3 (B €)) u ZABa pasa (B X)) C Ha4aJoM B TOUYKe
2=R+0i (puc.52). Yxkazauue. |z(t)| =R, Arg z(t) =27t (B €))
u Arg z(t) =4t (8 x)). 3) [lomyokpyxHOCTb paguyca R (puc. 53).
u) Cwm. puc. 54.

Puc. 51 Puc. 52
y YA byi
i yi
of R X -1 0] 1 x|
Puc. 53 Puc. 54 Puc. 55

x—a, y—b,
245. CMm. puc. 55. V3 mozpobus morydaem = .
a; —ay b, —b,

[Tpy ABYXXKEHUM TOYKU Z II0 OTPe3Ky OT IOJNOXKEHUA 2, = dg + byl
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JI0 TIOJIOXKEHUSA Z; = dq + byl BBHIIIMCAHHBIE OTHOIIEHUS MEHAIOTCS
x—a,
ot 0 go 1. [To3TOMy MOXXHO, HallpUMeD, MOJIOKUTD t = ——— =

Y- bo
~ bi—b
= (ay + (a; —ag)t) + (by + (b; —by)t)i. HeTpyzsHO MpOBEpPUTSH, YTO
3Ta GpopMysa OMUCHIBAET UCKOMBIN OTPE30K IIPU JI0O0M pacIioso-
KEHUU TOYeK 2, U %, B YaCTHOCTHU IIPU dy = a; wiu by =b;.

246. Tak Kak 2, + 2z = 2 (cM. 221), To a) — cABUT KpU-
Boii C; Ha BEKTOP, COOTBETCTBYIOUMH KOMILIEKCHOMY YUCIY 2
(puc. 56). Ecnmu 2o = 2p21 U Arg 2o = ¢, Arg 2, = @1, To (cM. 226)
|29] = |20] - |21] 1 Argz, = ¢y + ;. IloaToMy 6) — pacTsDxeHUE
kpuBoi C; OTHOCUTEJIBHO Hayajla KOOpAWHAT B a pa3 (puc. 57);
B) — ITIOBOPOT KpHBOi C; BOKPYT Havasa KOOPAWHAT Ha YOI gy =
= Arg 2z, (puc. 58); I) — pacTsKeHUe B |2,| pa3 ¢ OfHOBpEMEHHBIM
IIOBOPOTOM Ha yTol o = Arg 2, (puc. 59).

247. Korga t meHsAeTca HenpepblBHO OT O fo 1, To 1 —t Hemnpe-
peiBHO MeHseTcsa oT 1 go 0. [Toatomy byHKIUA 2,(t) = 2,(1 —1t)
3a7laeT TeOMeTPUYecKH Ty ke KpUBYI0 C, HO NPOXOJUMYIO B IIPO-
THUBOIIOJIOKHOM HallpaB/IeHUH.

1—ao
. Orcroga x =ag + (a3 —aglt, y =bgy + (by —by)t, z(t) =

25(t)

z1(6) .
0

Puc. 56 Puc. 57

21 (t)

z1(t)

> 5 (0

i

29(t)

\<

Puc. 58 Puc. 59
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248. Korzga t mMeHseTcsa HenpepbiBHO ot O Zo 1/2, To 2t Hempe-
peIBHO MeHseTcs ot O g0 1. Korza t MeHsieTcss HellpephIBHO OT 1/2
1o 1, To 2t — 1 HempepsiBHO MeHsieTcsa oT O 70 1. [ToaTomy ¢yHK-
1 25 (t), ykazaHHas B 3a7ja4e, 3a/jaeT KPUBYIO, KOTOPAs MOTy4UT-
¢, ecu cHavasa IpoiTu kpusylo C; 3aTeM KpuByio C,. YcioBue
21(1) = 2,(0) obecrmeynBaeT HENPEPHIBHOCTb IMOIyYEHHOH KpU-
BOH.

249. Omsem. mt + 27k, k=0, £1, +£2, ...

250. Omeem. a) 7t, 6) 27 + 7t, B) —47 + 7t, r) 217wk + 7t

251. Tlpu kaxxgom t ¢ (t) — ¢’ (t) = 21k, rae k, BO3MOXXHO, CBOE
s Kaxkzgoro t. TToaromy 3amumnem ¢ (t) — ¢’ (t) = 2mk(t). Otcro-

P —9'®)
Aak@®=""5
Hel 1pu 0 <t < 1, To u ¢yHkuusa k(t) HenpepsiBHa pu 0 <t < 1
(cm. 239, 240). Ho Tak kak ¢yHkuud k(t) IpuHUMAET TOJBKO lie-
JIOYHCIeHHBle 3Ha4eHUs, TO OHA HellpephIBHA JIUIIb B TOM CJIy4ae,
€c/Iv OHa MTOCTOsAHHAA, T. €. k(t) =k, rme k — HekoTopoe pUKCcHpo-
e —¢'(®)

27 =k

. Tak kak ¢yHKUMH @ (t) 1 @’(t) HEIpepHIB-

BaHHOe IIeJI0e YMCII0, He 3aBucsdiee oT t. OTcioza
u @(t) —¢’(t) = 2mk.

252. Tlyctb @ (t) u @’(t) — ABe QYHKIMH, ONMUCHIBAIOIIUE He-
npepbiBHOe usMeHeHue Arg z(t), u ¢ (0) = ¢’ (0) = ¢,. Torza (cm.
251) ¢ (t) — ¢’(t) = 21k, tae k — durcupoBaHHOE II€0€ YHUCIIO.
Ho ¢(0) — ¢’(0) =0. [Toatomy k =0. Orcroma ¢ (t) —¢’(t) =0wu
) =@'(t).

253. IIyctb @ (t) u @’(t) —ABe QyHKIMH, ONMUCHIBAIOIIUE He-
mpeprIBHOe usMeHeHue Arg z(t). Torza (cm. 251) ¢(t) — ¢/(t) =
= 21k, tae k — ukcupoBaHHOE Ieioe YMCI0. [I0CKOIBbKY, B 4acT-
HocTtH, @(0) — ¢/(0) = 21k, nmomydaem otcroga ¢ (t) — @’(t) =
=9 (0) —¢’(0) m p(t) — p(0) = ¢’ (t) — ¢’ (0).

254. a) MoxHoO B34Tb ¢ (t) = tt. Omeem. ¢ (1) — ¢ (0) = 1 (cMm.
puc. 53). 6) ¢ (t) =2nt. Omgem. 271 (cM. puc. 52). B) @ (t) = 4mnt.
Omesem. 4. T) Omsem. % (puc. 60).

255. Omeem. a) %7‘[, 6) —g.

256. Omeem. a) 1, 6) —2,B) 2, 1) 0.

257. IlycTp HampaBjJeHMe Ha 3aMKHYTOM KpH-
Boii C 3alaHO U B KauyeCcTBe HAaYaJIbHOM TOYKHU BI-
6paHa B OZIHOM CJIy4ae TOYKa A, B IPyTOM — TOY-
Ka B (puc. 61). Eciiu nsmeHeHHe apryMeHTa BAOJIb
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kpuBol C Ha y4yacTke AB (1o Hampasie- A
HUIO KpuBoil C) paBHO (;, a Ha ydact-
ke BA paBHO ¢,, TO U3MeHeHUe apryMeH-
Ta BJOJb Bcel KpuBoii C B 000UX CIydasy, \

O4YEBH/IHO, PAaBHO ¢ + ©5. Q
258. a), 6), B) Ecu 2, (t) =24 - 2, (t) u 71/
1 (t) — dyHKUMA, omuchIBaromaa Helpe- B

pPBIBHOEe u3MeHeHUe Argz;(t), To QyHK-
oua @, (t) = ¢, (t) + @g, TAE po = Arg 2, Puc. 61
OTIMCHIBAET HEINPEPHIBHOE W3MeHeHUe

Arg z,(t) (cM. 226, 239). IToaToMy @4 (1) — p4(0) = ¢, (1) — ¢, (0).
Omgem. k pa3. DTOT pe3y/ibTaT, OYeBUZHO, CJIeAyeT TaKXKe U3
pe3ynbrara 3azauu 246.

r) Ecmu Argz = ¢, TO Argz = —p (cMm. 218 B)). IloaTomy, ec-
au p;(t) — GyHKUMS, OMMCHIBAIOIIAs HENPEPHIBHOE H3MEHEHUE
Arg z,(t), To GyHKIUA @, (t) = —p,(t) onKCEHIBaeT HeNpPEPHIBHOE
usMeHeHue Arg 2, (t). IToaToMy ,(1) — ¢4(0) =—(¢, (1) — ¢, (0)).
Omeem. —k pas3.

259. a)1,6)0,B) 1, 1) 2.

260. PemeHnue. Ecmu ¢,(t) u p,(t) — dyHKIIUK, OmMUCHIBA-
Iol[Me HEMpepHIBHOE M3MEHEHWEe apryMeHTa BJOJb KPUBHIX Cj
u C,, TO B KauecTBe GYHKINU ¢ (t), OMUCHIBAIOIIEH HEIIpEPHIBHOE
“3MeHeHHe apryMeHTa BJOJIb KpUBOH C, MOXHO B3ATh B ClIy4dae
a) p () =@, (t) + 5 (1), B cmydae 6) ¢ (t) = ¢, () — ¢, (t) (cMm. 226,
239). Orcroga ¢ (1) — ¢ (0) = (1 (1) £ ¢, (1)) — (¢1(0) £ ¢, (0)) =
= (p1(1) = 1(0)) £ (92 (1) — 2(0)) = ¢ &+ @,. Omeem. a) p; +
+ 2, 0) o1~ 3.

261. wq(t) = [2(t)]1? (Bocmombayiitech Gopmysioit Myaspa; cM.
227):

a) wy (t) =R?(cos 7t +1 sin 7Tt) — MOIYOKPYKHOCTH paauyca R?;

6) wy(t) = R?(cos 27t + i sin 27Tt) — OKPYKHOCTH paguyca R?;

B) wy(t) = R2(cos 4mt + i sin 47t) — OKPYKHOCTh pazuyca R2,
MIPOXOAVMAs IBAXK/BI.

262. Bocmonb3yiiTech pesyabTaToM 3azadu 260 a). Omeem.
a) 2¢, 6) 3y, B) ny.

263. Ilyctp 2(t) — mapameTpuieckoe ypaBHeHUe KpuBoi C
u z,(t) = z(t) — %y. Ilo ycnoBuro usMeHeHUe Argz;(t) paBHO
2nk. KpuBas f(C) uMmeeT nmapaMmeTpuiecKkoe ypaBHeHHe Wy (t) =
= (2(t) —29)™ = [2,(©)]". TloaToMy (cM. 262 B)) U3MeHEHUE apry-
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MeHTa w,(t) paBHO 21kn. CiefoBaTenbHO, BOKPYT TOYKU W = 0
kpuBas f(C) obxoaut kn pas. Omseem. kn pas.

264. Tlo ycioBui0 U3MeHeHWe apryMeHTa z(t) paBHo 21k, ap-
rymenTa z(t) — 1 paBHO 27k,, aprymenTa z(t) —i paBHO 27k; U
aprymenra z(t) + i paBHO 27k,. Bocnonb3yeMmcs pesynbraToM 3a-
Jauu 260 a). [Tomyuum:

a) wy(t) =z(t) - (z(t) — 1). ismeHeHMe aprymeHTa w(t) pas-
HO 27tk + 27k, = 21 (k; + k). Omeem. Bokpyr Touku w = 0 Kpu-
Bas f(C) obxoxut k, + k, pas.

6) wy(t) = (z(t) —1)(z(t) +i). Omeem. k3 + k, pas.

B) wy(t) = [2(t)1% - [2(t) +i]*. Omsem. 4(k, + k,) pas.

Nw=—1E*+1)=E—1(E+i)(z—1). Omeem. k; + ks +
+ k4 pas.

265. |apz™+ ...+ a, ;2| < (cm. 223 a)) <

<lagz™| + ... + |lap_12] = (em. 226) = |a,| - |2+
oot lapal-J2 =gl R 4+ lag | Ry <
\(TaKKaKR1 1)<|a0|'R1+...+|an_1|‘R1<
< (Tak KaK |q;| < A) <nAR; <

ol y _ g Jeal_ loo

< (TaK KaK Ry < 95,4 10nA — 10 °

a a
266. ;1+...+Z—;‘ < (eM. 223 2)) <
1 an
—|+...+ Z_" =
_lai| anl _ laal |, laal
|Z| cee |Zn| Rz cee erl S
a a
< (tak kKak Ry = 1) < | 1| +...+|R—"|<
2 2

nA
< (Tak KaK |q;| < A) < — <
2

nA-|a a
<(Ta}<Ka}<R2>M) 9| —M

|| 10nA ~— 10"
267. Ecnu 2| = Ry, To (M. 265) |f(2) —a,| < |10| [MTosTOoMy
Bes kpuBas f(Cg ) HaXxoAuTcsa B Kpyre pajuyca % C IIeHTPOM

B TOUKe w =a, (puc. 62). O4eBUAHO, Takasd KpUBasd HU pasy He
obxoaut Bokpyr Touku w = 0. [loatomy v(R;) =0
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JoxaxeMm, uto v(R,) =n. [IpuBezem cHadaja He COBCEM CTPO-
roe, HO KpacHBOE /I0KAa3aTelbCTBO, HA3bIBAEMOE «aMa C cobad-
KoIi». VI3 pesysbrara 3azauu 266 moayvaem, 4To 1pu |z| =R

If(2) —apz™| =laz™ 1 +... +a,|=
=t )| _ _
Z (z +"'+z“) = (cM. 226) =

ool 12" aol - 12" lao| - RY
0 ~ 10 10 °

a a
=z |2 +...+ 2
z Zz

R
O6osHaumM |ay| - Ry =R. Toraa |f (z) —ayz"| < 1p pH lz| =
Korza z oguH pas npo6eraeT OKPY>KHOCTh pa,zmyca Rz, TO TOYKa
w =ayz" («1ama») mpoberaeT n pa3 OKPy:KHOCTb paguyca R. Tak
R
10> TO TOUKA W = f(2) («cobauka»)
R
MOJKET OTCTOATDb OT «AaMbl» He Gomee yeM Ha ——. Ho Toraa eciu

KakK mpu aToM |f (2) —ay2™| < =

«ama» OOXOAUT N pa3 BOKPYT TOYKU w = 0 no OKDYKHOCTH pa-
auyca R, To u «cobauka» BMeCTe C Hell BBIHYX/IeHa 000HTH n pas
BOKkpyT Touku w = 0 (puc. 63). To ectb V(R,) =n.

y

(&) ; x

0 z
Puc. 62 Puc. 63

Bonee crporoe gmokasarenbcTBO paBeHCTBA V(R,) = n MOX-
HO MPOBeCTH cirefyromuM obpasom. Eciu |z| = Ry, To (cMm. 266)
f(@) _ |ao|

P I T
paBeHcTtBa v(R;) = 0, momyyaem, 4To KorAa Toyka z(t) mpobera-

HOSTOMy TaK e, KaK IIprU JO0Ka3aTeJIbCTBE

€T OKPYXHOCTb Cpg,,
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MeHeHUe apryMeHTa Z MpU 3TOM paBHO 27T U, CJIeJOBaTeNbHO,
U3MeHeHHe apryMmeHTa 2" paBHO 27tn (cM. 262). Tak kak f(z) =

f@

— - 2", To (cM. 260) u3MeHeHUe apryMeHTa f(z) paBHO 271n,
T. e. kpuBas f(Cg,) BOKPYT Touku w = 0 o6xoAuT n pas. [losTomy
'V(Rz) =n.

Omgem. v(R;) =0, v(Ry) =n.

268. Pasgenum mHorouneH P(z) =agg" + ... +a,_12 +a, Ha
JBYWIEH Z — Z, C OCTaTKOM (HampuMep, CTOIOGMKOM; CM. CcTp. 55).
OcTraTok 6yZeT HEKOTOPHIM KOMIUIEKCHBIM YKCJIOM I', @ YaCTHOE
HEeKOTOPBEIM MHorowieHoM Q(z). Torza cupaBeJiuBO TOXAECTBO

P(z)=Q(z) - (z—zy) +r.
TloAICTaBUB B 3TO TOX/IECTBO BMECTO Z 3HAYEHUE Z(, HOTYIUM
P(20) =Q(z0) - (29— 2¢) +r=0+r=r.

Ho P(z,) =0, Tax kak IO YCJIOBHIO 2, — KOPeHb ypaBHeHUA P(z) =
= 0. [MoaTomy u3 paBeHCcTBa P(z,) =r monydaeMm r = 0. Takum 06-
pasoMm, P(2) =Q(2) - (z—2g).

269. O6osnauuM P(z) = apz™ + ... + a,_12 + a,,. Ilo ocHOB-
HOI TeopeMe anrebpbl KOMIUIEKCHBIX YHUCEN ypaBHeHue P(z) =
= 0 UMeeT HEKOTOPHIM KOpeHb Z;. [lo Teopeme Besy (cM. 268)
P(2) = (2 — 2;)Q(2), mpudeM JIeTKO BUZETH, 4TO Q(2) MMeeT BUJ,
Q(2) =agz™ 1 +b;2" 2 +...+b,_,. Ebmu n—12 1, To ypaBHeHUE
Q(2) = 0 umMeeT HEKOTOPHBIM KOPEHB Z,, 0TKyAa Q(2) = (2 —2,)R(2)
u R(2) = ayz" 2+ ... [lpu atom P(2) = (2 — 21) (2 — 25)R(2). IIpo-
JOJDKast OTOT MPOIECC AAJbIIe, TIOMYYUM Ha N-M IIare YacTHOE, sIB-
JIAOIEeCs MOCTOSTHHBIM KOMILIEKCHBIM YKCIOM, PABHBIM, OUYEBH/I-
HO, a,. B pesysibrare Mogy4nM pasjioKeHUe, yKa3aHHOe B 3a7iade.

270. O6osHauus P(z) = apz" + ... + a,,_12 + a,,, nonydum (cm.
212) P(z) = P(z). ITo ycnoBuio P(z,) = 0. Otcroga P(z,) = P(zq) =
=0=0, T. e. 3y — KOpeHb ypaBHeHus P(z) = 0.

271. O6osHauuMm P(z) = ayz™ + ... + a,_12 + a,. Tak Kak Bce
a; — IeCTBUTENIbHEIE YMCJIA U %, — KOPeHb ypaBHeHusA P(z) =0,
TO EO Takke KopeHb ypaBHeHUsA P(z) =0 (cm. 270).

TIOCKONBbKY %, — HE AeHCTBUTENbHOE YHCIO, TO Zg 7 Zo. TaK
KaK %, M %,— KOPHU ypaBHeHMsA P(z) = 0, ToO B pasJOoXeHUU
(cM. 269) P(2) =ay(z —21)(2—2,) + ... - (2 —2,,) KOIDKHBI OBITH
COMHOXUTeNN (2 — %) U (2 —EO). Mo>KHO 3amucaThb:

P(2)=(z—20)(2—20)Q(2) = (22 — (39 + 20)% + Z520) - Q(2).
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Takum 06pa3om, MHOTOWIEeH P(z) fennuTcss Ha MHOTOWIEH BTOPOM
creneHu z2 — (3¢ + 2) + 2020, KO3QGUIHUEHTH KOTOPOTO JeHCTBY-
TeJNbHBI (CM. paBeHCTBa Iepe 3azaueit 211, cTp. 59).

272. Tlyctb P(2) — maHHBIM MHOTOWIeH. Ec/ii cTenieHb MHOTO-
wieHa P(z) 6osnblie 2, To ypaBHeHue P(z) =0 vMeeT 10 OCHOBHOM
TeopeMe anreGpbl KOMILIEKCHBIX YHCeNT HEKOTOPHII KOPEHb 2. Ec-
JIU % — AeWCTBUTENIbHOE YHCIIO, TO paszenuM P(z) Ha z — 2. Ilo-
ayauM P(2) = (2 —27)Q(2) (cm. 268). Ecnu 2, — He JeficTBUTENb-
HOe€ YUCJI0, TO MHOTOWIEH P (2) AenruTcs Ha HEKOTOPHIN MHOTOWIeH
BTOPO¥ CTeINeH! C JeHCTBUTENbHBIMY KodbdunueHTamu (cM. 271).
B o6oux ciy4asx 4acTHOE SIBJISETCA MHOTOWIEHOM, K03buIimeH-
THI KOTOPOT'O JeHCTBUTENbHEI, YTO BUAHO, HAIIPUMeED, U3 IIpoIiec-
ca JeJieHus CTOJAOUKOM (CM. cTp. 55). DTO YacTHOe CHOBA /EJUT-
Cs1 Ha HEKOTOPHI MHOTOWIEH C ZeHCTBUTEIbHBIMU KO3 PUIHeH-
TaMU TepPBOM WM BTOPOM CTeNleHU U T.J. DTOT MPOIecc MpOAoI-
JKUM JIO TeX TOp, MOKa O4YepeZHOoe YacTHOe He OyZeT MMETh CTe-
neHb 1 winum 2. B pesysnbprare nomyduM UCKOMOE PasioKeHUe.

273. 25— 24 =223 + 222 +2—1=(2—1D(E*—222+1) =
=(z—1(z2—1)2=(2—1)3(z + 1)2. Omeem. 1 — KOpeHb KpaTHO-
cTh 3; —1 — KOpeHb KpPaTHOCTH 2.

274. CpaBHUM K03 UIIMEHTH IIPU OAWHAKOBBIX CTENEHSIX B
JIEBBIX U MIPABHIX YACTAX YKA3aHHBIX paBeHCTB. ITycTh

P(z)=apz"+a:2" ' + ... +a,_1z+a,,
Q(2) =byz™ +byzm 1+ ...+ b, 12+ Dbp,.

Torza
P'(zg)=agnz" 1 +a;(n—1Dz" 2+ ...+ a,4
u
Q'(2) =bymzm™ 1t +b;(m—1)2™ 2+ ...+ b, _4.

JlerKo BUJETh, YTO B CIydae a) KoabduIueHTH Ipu 11060 cTere-
HU 2K B 06erX YacTax PaBEeHCTBA PaBHBI (d,_1_j + b1 ) (k + 1),
a B cayyae 6) K05GOHUIMEHTH IIpK zK B 06erX 4acTAX paBeHCTBa
paBHBI ca,,_;_; (k+1).
Jokaxkem B). [ ygo6cTBa BBEJEM IIHPOKO PACIHpPOCTPaHEH-
n

HEII B MaTeMaTUKe CUMBOJI CyMMBI . 3alUch Y, (COOTBETCTBEH-
i=0
HO . ) 03HAYAET, YTO HY>KHO PACCMOTPETH BHIPAKEHHUE, CTOSALIEE
i+j=r
cipaBa oT 3Toro 3Haka, mpu i =0, 1, 2, ..., n (COOTBETCTBEHHO IIpU
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BCex Iapax i, j TaKUX, 4TO [ + j =r1) U BCe IOTy4YeHHbIE BEIPDAXKEHUA
CJIOXKUTB. B 3THX 0603HAUEHUAX TIONIyIaeM

P(2) = i a;z", Q) = Z bjzm,
i=0
n—1

P'()=> a;(n—D)z" 1, Q(2)= Z b;(m— j)zm—I—1,
i=0 j=0

[Tycte k — mpousBoabHOE mesoe yucio oT 0 go n + m — 1.
Hatizem kosdduiuent npu zk+1 B npoussegennu P(2) - Q(z). Tak
kak (n—1i) + (m—j) =k + 1 Toraa u TONBKO TOTAA, KOTAA i + j =
=n+m—k—1, o xoosbduument npu zK*! mocie packpuITHs
CKODOOK U MIPUBEEHUS TTOZI0OHBIX WIEHOB B MHOTOWIEeHE P(2) - Q(2)

O6yzeT paBeH >, a;b;. Tlostomy koadpduument npu zk B
Nl
=n-:—n{1—k—1
mHorowreHe (P(z) - Q(2))’ paBeH Z a;b; (k +1). ToyHo Tax
Nl
=n-:-n'{—k—l

Ke TojIyyaeM, yTo K0adouipeHT npu zX B MHorowieHe P/ (z) - Q(z)
paBeH Z aibj (n —1i), a B MHorowreHe P(z) - Q'(2) paBeH
itj=
=n+m—k—1
>, a;b;(m — j). Takum obpasom, koapunueHT npu zK B
i+j=
=n+m—k—1

MHOrowrieHe P/(z) - Q(z) + P(2) - Q'(2) paBeH
> abj((n—D+m—j)=

i+j=
=n+m—k—1
=(takkak (n—i)+(Mm—j)=k+1)= Z aibj(k+1)
:nvl:n)fkfl

Y COBIIAZAET C K03 OUIIMEHTOM TTPU 2* B MuOrOWIEeHE (P(2)- Q).
275. Ilpu n = 1 yTBep:x/eHNEe BEPHO, TaK KakK (2 —zy) =1=
=1(2 —2,)°. Ilpu n = 2 OHO TaKKe BEPHO:

((z—20)?) = (22 — 2202 + 22) =22 — 22y =2(z — 2) ..
[Tycthb oHO BepHO ipu n =k, T. €. ((z —2¢)%)’ = k(z —z,)*~L. oka-
’KEM, YTO OHO BEPHO Torza U npu n =k + 1. [lonydaem

(=2 = ((z—2p)k - (2 —2()) = (cM. 274 B)) =
=((z—29)%) - (z—20) + (z—2)* - (2 —20) =
=k(z—29)k7 1 (2—320) + (2 —2p)k = (k + 1) (2 — zp)k.
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Takum o6Gpa3oM, eciu Hallle YTBEpXKJeHHEe BEpHO Npu n =k, TO
OHO BepHO u 1ipu n =k + 1. Tak Kak oHO BepHO Ipu n=1un=2,
TO OHO BEPHO IIpU Bcex Lenbix n = 1.

276. Tlo ycnoButo P(z) = (2 — z9)k - Q(2), rae mHorowieH Q(z)
He JleJITCcA Ha 2 — Zg. OTcroga

P'(z) =(cM. 274 B)) = ((z —2)%) - Q(2) + (2 —20)* - Q' () =
= (eM. 275) =k(z —20)*1Q(2) + (2 —20)* Q' (2) =
= (2 —20) 1 (kQ(2) + (2 —2¢) Q' (2)).

MHOTOWIEH, CTOAIINI B TIOC/IeAHEl CKOOKe, He eTUTCSA Ha 2 — 2,
TaK Kak mHaue MHOTrowIeH Q (2) ZO/KeH ObUT GBI IETUTHCS Ha 2 — 2.
TaxumM o6pasom, MHorowIeH P’ (z) gemures Ha (2 — 20)< ! u He ze-
qvrtest Ha (2 — 2,)*. YTo u TpeGoBamoch J0Ka3aTh.

277. Omeem. a) £1, 6) %i, B) :|:(£+l£) )i(£+ £)
(3mech v/2 u V6 — IONOXKUTENbHEIE 3HAYEHHS KOPHe§t).

278. HempepbIBHBIM 06pa3oM BepxHeH (COOTBETCTBEHHO HIDK-
HeH) MOJIyOKPYKHOCTH IPU OTOOPAKEHUN W = +/Z, HAUMHAIOIIM-
¢ B Touke w = 1, siByisAAeTcs ayra AB (cooTBeTcTBeHHO Ayra AC)
(puc. 64). KpuBasg AB okaHuMBaeTcs B Touke I, kpuBag AC —B
Touke —i. Omeem. a) w(—1) =1, 6) w(—1) =—i.

Puc. 64 Puc. 65

279. TIpu 0 <t < 1/2 wy(t) MoXxeT IPUHUMAThH /IBa 3HAYEHUS:
wy(t) = +£iv/1—2t (3HayeHUe KOpHS GepeTcs MOJMOKUTETbHBIM).
Ipu 1/2 <t <1 wy(t) MOXKET TIPUHUMATh TAKXKe [IBA 3HAYEHUS:
wy(t) =£+/2t— 1. llpu t = 1/2 w,(t) npuHUMAaET OAHO 3HAYEHHE:
w(1/2) =0. Omgem (cM. puc. 65). a) HempepriBHbIE 06pasbl —
nomaHnsle AOB u AOC, 6) HelpephIBHBIE 06pa3sl — joMaHble DOB
u DOC.
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280. Ilycts C; — HeMpephIBHBINA 06pa3 KpuBoii C mpu oTo6pa-
XKEHUU W = 4/Z, ¥ MyCTh U3MEeHeHUe apryMeHTa BJOJIb KpUuBoi C;
paBHO ¢;. Torza kpuBas C sBisgercsi obpa3oM KpuBoil C; Ipu
oTobpakeHNH z = w2, mosTomy (cM. 262 a)) ¢ = 2p;. OTcioga
p1 =@ /2. Omgem. ¢ /2.

281. Ilycte w = /2 U wy(t) — HempepbIBHEIN 06pa3 JaHHOM

. . s Jis -
kpuBoil. Tak Kak i = cos 5 + isin+, TO Vi (1 wy(1)) Mmoxer

2 2’
T V2 V2 5m
MPUHUMATB /IBA 3HAYEHHUA: COS 7 T +isin il + 17 ¥ €O - +
+ 151n57ﬂ = é— — l£ ITo ycmoBuo wy(0) = —1, U MOXHO

cautaTh Arg wy(0) =
a) I/IBMeHEHI/Ie aprymMeHTa BAOJIb JAHHOTO OTpPe3Ka paBHO, Ove-

BU/IHO, HOBTOMy (cM. 280) u3MmeHeHuUe apryMeHTa BZIOJIb KpU-
BOM W, (t) paBHO Z U apryMeHT w, (1) paBeH 7 + Z = 577'5
Omeem. Vi ——f é_
6) z(t) = cos(—%) +1 sin(—BTn) Yrobsl Arg z(t) M3MeHAT-
Cs1 HETIPEPBIBHO, MOXKHO BBIOpaTh ¢ (t) = _37' U3MmeHeHue apry-
MeHTa BZOJb KpuBoii: ¢ (1) — ¢ (0) = —%T. CreoBaTeabHO, U3Me-

HeHHe apryMeHTa BZOJb KpUBOU wy(t) (cMm. 280) paBHO —STN u
aprymeHTt wg(1) paBeH T+ (—ST) = Z Omsem. v/i= f +i—5- ‘/_
51

B) p(t) = T V3ameHeHUe apryMeHTa BJOJIb JaHHOU KPUBOM:

p(1)—p0) = . IaMeHeHue aprymeHTa BJOJb KPUBOH w(t)

paBHO ST ApryMeHT wy (1) paBeH 7 + o = om

4 4 -
Omsem. \/_—‘/_ ‘g

282. Ilycte w = 4/z, w(t) — HemnpephIBHBIN 00pa3 JaHHOM
kpuBol u w,(0) = 1. Hago ompezenuts w,(1). MOXXHO cYUTaTh
Argw,(0)=0

a) Namenenue Arg z(t) paBHo 27. IToaTomy n3MeHeHUe Arg wy (t)
paBHO 7 (cM. 280). Arg wy(1) =0+ m = 7. Omeem. Vi=—

6) z(t) = cos(—4mnt) + isin(—4mnt). VisameHenue Argz(t) pas-
HO —47. lameHeHue Arg wy(t) paBHO —27. Arg wy(1) =0—2m =
=—271. Omgem. v1=1.
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B) JlaHHAS KpHUBas — OKPY>KHOCTh €JUHUYHOTO paZinyca, LIeHTP
KOTOPOH CABHUHYT B TOUKY 2 = 2 (cM. 246 a)). OTa KpuBas HU pa-
3y He OOXOAMT BOKpPYT TOYKH z = 0, M03TOMy u3MeHeHue Arg z(t)
paBHo 0. Otrciofa usMeHeHue Arg w,(t) Taxxe paBHo 0. Omagem.
VI=1.

283. IlycTb wy(t) — HenpepbIBHEIM 06pa3 KpuBoii C IpH 0TO6-
pakeHun w = /2. Tak kak z(1) = 2(0), To wy(1) = wy(0) win
wy(1) = —wy(0), m Ana BeIMONMHEHUA paBeHcTBa wy(1l) = wy(0)
HeoOXOAMMO U JOCTaTOYHO, YTOOBI u3MeHeHue Arg w,(t) 6bUIO
paBHO 27k, rie k — 1iesioe yuco. s aToro usmeHenue Arg z(t)
JO/DKHO ObITh paBHBIM 47k (cm. 280), T.e. kpuBasg C AO/DKHA
ob6xoauThb 2k pa3 BOKpyT Touku z = 0.

284. Ilycth KpuBas L; — HeNpepHIBHBIN
o6pa3 kpuBoii C;, a L, — HeIpephIBHBIHI 006- Ly wo
pa3 KpuBOi C, IIPU OTOGPaKEHUH W = 4/Z. A%
Ecnu xpussle L; u L, HAUWHAIOTCA B OFHOMN U
TOi 3Ke TouKe W (puc. 66), To kpuBas LT L, L
SIBJIIETCSA HENMPEPHIBHBIM 00pa30oM KPUBOM (
C;'C,. Hauaio u xoHew kpusoit L7 'L, (To4-
k1 A u B) GyayT cOBIAZaTh TOTZAA U TOIBKO
TOrZa, Korzga kpusas C 1C, 06X0mUT BOKpYT
ToukU 2 = 0 yeTHOe yucso pas (cMm. 283).

285. Ilycte C — HekoTOpasA KpuBad, He IPOXOAAIAd Yepe3 pas-
pe3 U uAyuias u3 TOUKH 2, B TOUKY 2. [I[peANOoNI0oKUM, YTO, BBIOU-
pas pasHble 3HAYEHUS B TOYKE 2, U onpeAesss GYHKLIHUIO /2 IO
HEIIPEePLIBHOCTH BAOJIb KPUBOH C, MBI OITYyYMIN OAMHAKOBHIE 3HA-
YeHMsI B TOUKe 2. PaccmoTpum Torza kpusyio C 1, T. e. kpusyio C,
MIPOXOAVMYIO B IIPOTUBOIIOJIOKHOM HampasjeHuu. [lomxydynum, 9To
3HaYeHHEe B HaYaabHON Touke KpuBoil C~! (B Touke z) B o6oux
cTydasx OJHO M TO XKe, HO 3HauYeHUd B KOHEYHOU Touke (B TOY-
Ke Z;), OIpe/ieIeHHble 110 HeIIPephIBHOCTH, Pa3jNYHBI. JDTOTO He
MOXKeT OBbITh B CHJTy OZHO3HAYHOCTU 06pa3a, Tak Kak kpuBas C He
MIPOXOAUT Yepe3 TOUKy 2z = 0. 3Ha4YUT, Hallle IIPEAIIONOKEHUE O TOM,
4TO 14/Z = 31/Z, HEBEPHO.

286. IlycTb z — IIpou3BOJIbHAA TOYKA, He JieXKallas Ha paspese,
u mycth C; — HeTpephIBHAsA KPUBas, UAYIIASA U3 TOUYKH 2’ B TOUKY Z
U He Ilepecekaromas paspes. [IpoBesieM HellpepBIBHYIO KpUBYIO C,,
He MEPECEKAIIYI0 pa3pes, U3 TOYKH Z; B TOUKY 2z’ (puc. 67). o
yeIoBUIO BHIGpaHO 3HaYeHHe w’ = 1v/z’. DTO 03HAYaerT, YTo eciu

2

B

Puc. 66
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MEI BBIGEpEM +/Z; = W, ¥ OIpeAeIuM vz’ IO HENPEePHIBHOCTH
B/IOJIb KpUBOH C,, TO MONTYyYUM UMeHHO w’. Ho Torza sHaueHue +/z,
OIIpe/ieIEHHOE TI0 HETPEPHIBHOCTH B0JIb KPUBOH C; TIPH YCIOBUU
vz’ = w’, coBmazaer, KaK Jerko BHETb, CO 3HAYeHHEM 4/Z, OIpe-
ZIETIEHHBIM TI0 HEMPEPHIBHOCTU BAONb KpUBOW C,C; NPH YCIOBUU
V3, = w;. To ecTb 3HauYeHMe 4/ TIpH JIO6OM z, He JexKallleM Ha
paspese, OKa3bIBAETCSA PABHBIM 14/Z.

C2 Z, b4
| 2—%0 0
4 < C
\Cl
5 L_ij

Z7 Cl
z

Puc. 67 Puc. 68

287. Ilyctb C; — HellpepblBHAA KpUBad, UAyllasd U3 TOUYKU 2, B
TOUYKY 2; ¥ He IlepeceKaromas paspes (puc. 68). ITyctb w) = /z; —
3HaueHue QYHKIUH +/Z, ONPe/Ie/IEHHOE TI0 HENPEPBIBHOCTU BAOIb
KpUBOU C; IIpU YCIOBUU +/2; = Wy. Tak Kak kpusas C; He mepe-
CceKaeT paspes, 3HAUEHUA W, U W; COOTBETCTBYIOT OJHOM M TOM
’Ke BeTBU QYHKIMU +/Z. KpuBas C1_1C2 OZIUH pa3 0OXOAUT BOKPYT
Touku z = 0. [loaTOMy 3Ha4eHUA w; U w{ pasnauyHbl (cM. 283). Tak
KaK Wy ¥ W, COOTBETCTBYIOT OHOM U TOH ke BeTBH QYHKIMH v/Z,
TO Wy ¥ W; COOTBETCTBYIOT Pa3HBIM BETBAM.

288. Eciu %, # 0, TO OKPY>KHOCTH C IIEHTPOM B TOYKE Z( U C [I0-
CTAaTOYHO MaJIbIM PAZIyCOM HU pasy He 00XOAAT BOKPYT TOUKU Z =
= 0. ITosTomy nsmeHeHue Arg z(t) BAOIb TAKUX OKPY>KHOCTEN paB-
Ho O u, ciefoBaTenbHO, U3MeHeHue Arg wy(t) paBHo O, T. e. 3Haue-
HUe +/Z He u3MeHseTcs. Vismenenue Arg z(t) BOOIb OKPYKHOCTEHN
C neHTpoM B Touke z = (0 paBHO 27. B aTOM Cilydae mM3MeHeHUE
Arg w, () paBHO 7. [ToaTOMY 3HaYeHUE /2 IIPU 06X0AE BOKPYT TOU-
kU 2z = 0 MeHsAeTCcA Ha IPOTHBOIIOIOXKHOE.

289. KpuBas z(t) aBisercs o6pa3oM KpuBou w,(t) npu oTob-
pakennu z(w) = w3. TlosTOMY, €U (p; — U3MEHEHHE apTyMeHTa
BZAOJIb KPUBOH Wy (t), To ¢ =3¢, (cM. 262 6)). Otcioza ¢, = ¢ /3.

290. Eciu zg # 0, TO OKPY>KHOCTH C IIEHTPOM B TOYKE Z( U C [0~
CTAaTOYHO MaJIbIM PAIyCOM HU pasy He 0OXOAAT BOKPYT TOUKU Z =
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= 0. [ToaTomy n3meHeHve Arg z(t) BAOIb TAKUX OKPYKHOCTEM paB-
Ho 0. Ho Torza u usmeHenue Arg w,(t) pasHo O (cm. 289), T.e.
3HaueHHe GYHKIUM W = y/Z He U3MeHAeTCA. SHAUMT, To6as TouKa
2 # 0 He SBIAETCSA TOYKON pa3BETBICHUS.

VameHenue Arg z(t) BOOMH JIOO0OW OKPYKHOCTH C IIEHTPOM B
Touke 2z = 0 paBHO 27. [loaToMy m3MeHeHue Arg w,(t) B 3TOM

27T
CIyqae paBHO —-. CiienoBaTeNbHO, TPU OJHOKPATHOM 00X0e
BOKpPYTI' TOYKU z = 0 3HaueHHWe OGYHKIMHU W = \3/5 YMHOXaeTcA

YA .
Ha €3 = COS ? + isin &~ 3> T-€ TouKa z = 0 ABJIAETCA TOUKOM

Pa3BeTBIEHHs MHOTO3HAYHON QYHKIUH v/Z.

Omeem. z=0.

291. Ilycth 2(t) — HempepbIBHasA KpHBad, He MPOXOAAlIasd 4e-
pe3 paspe3 U uAaymasg U3 TOYKU Z = 1 B JaHHYHO TOuKy. IlycTh
W (t) — HeTlpepbIBHBIN 00pa3 3TOM KPUBOHM NpPU OTOOGPaKEHUU
w= ¥z u Arg w,(0) BEIGpaH paBHEIM (0. Ec/ii nsmeHenye Arg z(t)
paBHO (, TO U3MeHeHHe Arg w (t) paBHO ¢ /3 (cM. 289). IToaTomy
Arg wy (1) = ¢y + ¢ /3. IIo yCIOBUIO MOXHO CYHTATh (o = 0 A4
BeTBH fi(2), wo =27/3 anst BeTBH f,(2) U o =—27/3 A5 BETBU
f3(2). .

a) 9o=0,p= Arg wo(l)—g

N _ V3 i
Omeem.éﬁ(z)—cos 3 +isin = 6 _574-5_
6) s00=?n,g0 Argwo(l)_?”
ST S5t _ V3 i
Omeem. fz(l)—COS?+lsm?_—7+§,

B) =0, ¢ =0, Arg wy(1) =
Omeem. f,(8) =2
27T

27
r) Po=—73,9= OArng(l)——3
27 21
Omeem. f3(8) =2 (cos — —1isin —)——l—u/

3
2 5
) 80():_—7[, p=— Argwo(l):—?n.
5 . 5m Ve
Omeaem. f5( l)—COSF—lSIIl 6 ="3 "3

292. Tax ke Kak jisg QyHKIUHU W = /%, IOKA3BIBAETCS, YTO II0-
Cjle TIpoBeZleHunA paspe3a M3 ToukU z = 0 B oo, HalIpumep, Mo OT-
pHUIIATETBbHOM YacTU AeHCTBUTENBHONM OCH QYHKIUA W = Yz pac-
majaeTcss Ha TPU OJHO3HAYHbIE HENPephIBHbIE BeTBU. [Ipu ofHO-
KpaTHOM 06x0/ie BOKPYT TOUKHU z = 0 (IIPOTUB 4acOBOM CTPEJIKH)
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Arg w usmeHsieTcs Ha 271/3, ipu AByKpaTHOM 06xo7ie Ha 471/3 u
TOJIbKO TOC/Ie 00xXoza Touky z = 0 Tpu pasa 3HadeHue GyHKIUU
W = 3/Z CTAaHOBUTCA PaBHEIM MCXOAHOMY. [103TOMY CXeMa pHMaHO-
BOI IIOBEPXHOCTU GYHKIMY W = ¥/Z BHIIAAMT TaK, KaK IIOKA3aHO
Ha puc. 69. Camy puMaHOBY IIOBEPXHOCTb MOXXHO YCJIOBHO M300pa-
3UTh TaK, KaK IIoKa3aHo Ha puc. 70 (Ha camoM fejie 3 BhlZie/IeHHbIE
TOYKHU JIOMKHBI ObITh CKJIEEHBI B OZIHY TOYKY).

0

Puc. 69

293. Tlpexmnono:xuM cHadasia, 4yTo KpuBasd C He IIPOXOAUT de-
pe3 Touky z = 0. [IycTh ¢ (t) — GyHKUMSA, OIMUCHIBAlOIas HeTpe-
pbIBHOe u3MeHeHUe Arg z(t) (cMm. Teopemy 6, cTp. 73), u r(t) =
=|z(t)|. Torga ¢ (t) u r(t) — HenpepbiBHbIE GYHKIUY U

z(t) =r(t)(cos p(t) +1isin p(t)).

o n
[Tycth p(t) — MOJIOXKUTENBHOE [eHCTBUTEIbHOE 3HaYeHre +1(t).
Toraa p (t) — HenpepsiBHasA GyHKIUA (cM. 243) 1 n HENPEPBIBHBIX
KPUBBIX C TapaMeTpUYeCKUMU YpaBHEHUAMU

w(© = p(©)cos( E 4 27K L in(PW | 27k Yy,
k=0,1,...,n—1,

SIBJIAIOTCS HEIIpePhIBHBIMU 00pa3aMy KpUBOH z(t) Ipu oTobOpaxe-
Hun w(2) = ¥z (cm. 229). Tak Kak wy, (0) 111 5TUX KPUBBIX IPUHU-
MaeT Bce n 3HadeHuit v'z(0), TO O[HA U3 STUX KPUBBIX HAYMHAETCS
B TOYKeE W.

Ecmu xpuBas C npoxoguT uepe3 TO4Ky z = 0, TO TOUKH, B KO-
TophIX Z(t) =0, pazbuBator kpuBylo C Ha yacTu. B aToMm cirydae
IIOCTPOUM, KaK BBIIIE, II0 OZIHOMY HellpepbIBHOMY 00pasy /s KaK-
JOH YacTH, mpudeM i1 HadyalbHOM YacTH BO3bMeM 00pa3s, Hadu-
Haromuiica B Touke wy. Ecmm z(t) =0, To u w(z(t)) = 0. IloaTo-
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My TOJy4eHHbIe 06pa3bl MOXKHO OOhEJUHUTH B €IUHYIO HETIPEPHIB-
HYI0 KPUBYIO, KOTOpas u OyzZeT NCKOMOIA.

294. Cwm. pemenvis 280 u 289. Omgem. ¢ /n.

295. Cwum. pemenue 290. Omgem. z = 0.

296. w(t) mpu KaXXAOM t ABIAETCA OFHUM U3 3HAYeHUH Vz(0.
[TosToMy Bce 3HaueHUA m IIpu AAaHHOM t—3To (cMm. 232)
wy (1), wy(t) - &, wo(t) - €2, ..., wo(t) - €M1, Tak Kak 3HAYEHHE Y/Z
B HavyaJbHOI TOYKe KPUBOI Z(t) MOXKET OBITh BHIOPAHO N CIIOCO-
6aMu, TO UMEETCS POBHO N HEMPEPHIBHBIX 00pa3oB KpUBOU Z(t)
IIpu 0TOOpaKeHUU W = y/z (OAHO3HAYHOCTh MOMKET HAPYIIAThCS
TOJIBKO B TOYKe z = 0, HO KpuBas z(t) 4epe3 Hee HE MPOXOJUT).
TakyuMu n HeNpephIBHBIMU 00OpasaMul SIBJISAIOTCA KpUBBIE Wy (t),

wl(t) == wo(t) . En, wZ(t) == wO(t) . STZL’ ceey wn_l(t) == wO(t) . 8;[_1.
Omeem. wy(t), wy (t) = wy(t) - &, wo () =wp(t) - €2, ..., w1 (1) =
=wp(t) - en1.

297. Omsem. f;(z) = fo(2) - €l

Pemewnue. I[Iycts z(t) —mobas KpuBas, He MPOXOZASAIIAA ve-
pes3 paspes U uAylas U3 TOYKU Z = 1 B IIPOU3BOJIBHYIO TOUKY. V3
peleHus 3aa4u 296 MmoxyyaeM, UYTO eCyid 3HaYeHue QyHKIUU B
HayaJbHOM TOYKe JTOM KPUBOM YMHOXHTH Ha €K, TO 3HaueHMe B
KOHEYHOH TOuKe, oIpeZie;IeHHOe 110 HeIIPepPBIBHOCTH, TaKXKe YMHO-
xUTCA Ha £X. [Toatomy f;(2) = fo(2) - €l

298. IIpu pemeHnu 3azadu 297 Mbl I10- a1
JIYYWIM, 9TO N BeTBed GYHKIMM Y%z CBA- £
3aHBI CJIEAYIOMINM COOTHOLIEHUEM: f;(z) = e
=fo(2) € (i=0,1,...,n—1). EluncTBen-

HO TOYKOM pa3BeTBIeHNsA PYHKIUU /% AB- h
nsietcs Touka z = 0. [Ipu ogHOKpaTHOM 00- f
XOJle STOM TOYKM apryMeHT (GYHKIUU vz 0
usMmeHsieTca Ha 27t/n (cMm. 294), T. e. 3Haye- Puc. 71

Hue QYHKIUM YMHOXaeTcsA Ha &,. [loaTomy
CXeMa pUMaHOBOM MOBEPXHOCTH GYHKIMK y/Z UMEET BUJI, YKa3aH-
HBIN Ha puc. 71.

299. Arg(z — 1) usmeHsieTcs Ha 27 Tpu 00X0Ze BOKPYT TOU-
KU 2 =1 ¥ He W3MeHseTca MpU 06XoZe BOKPYT Jt0OOM Apyroii
TOYKHU (TI0 OKPYKHOCTH JOCTaTOYHO Majoro pazauyca). IloaTomy
Arg vz — 1 uaMeHsieTcs Ha 7T Ipu 00X0Zle BOKPYT TOYKU 2 = 1 U He
u3MeHsieTcs npu 06xozie BOKPYT Jt060i apyroii Touku. CiefoBa-
TeJIbHO, eIMHCTBEHHO! TOYKOI Pa3BETBJIEHU SABIAETCI TOUKA 2 =
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= 1, npu 06x0/ie KOTOPOIi 3HaYeHre GYHKINUU v 2 — 1 yMHOXKaeTcs
Ha —1. Tak e Kak gy QYHKUMKU w = 4/Z, JOKA3bIBAETCs, 4TO
IocJie TIPOBeAEHUA KaKoro-Iubo paspe3a U3 TOYKH 2 =1 B o Ha
MIOJIy4eHHOM IUIOCKOCTU C pas3pe3oM BBIZENAIOTCA OAHO3HAUHBIE
HellpephIBHBIE BeTBU QYHKIMU W = vz —1. CxemMa pMMaHOBOM
ITOBEepPXHOCTH GYHKINM v 2 — 1 TIOKa3aHa Ha puc. 72.

_

Puc. 72 Puc. 73

—i

300. CwMm. pemenue 299. EfMHCTBEHHOMN TOUYKON pasBeTBIeHUA
SBJIIETCA TOYKA —i (TakK Kak z + 1 =z — (—1)), mpu 06XoJie KOTOPOU
3HaueHMe GYHKIUU v/Z + i yMHOXaeTcd Ha €, CXeMa PUMaHOBOI
TIOBepXHOCTH GYHKIMU vz + i TOKa3aHa Ha puc. 73.

301. Yk a3aHue. PaccmoTpute oTo6paxkeHue w = YV f (2) kak
KOMIIO3UIIUIO ZIByX oTo6pakeHuit: T = f(z) u w = V7 (cm. 293).

302. Oro6paxenne w(z) = 4/ f(z) MOXHO NpeACTaBUTL Kak
KOMITO3UIIUIO IByX OTOOpaKEHUIH:

@) =f2) n wl)=Vr.

Ecnmu C —HenpeprlBHasg KprBasg Ha IUIOCKOCTH 2, TO Ha IUIOC-
KOCTH T HMeeTcsa PoBHO oguH obpaz C’ = f(C) 3ToH KpHUBOM.
Tak kak f(z) — HenpepeiBHaA QyHKUMA, To C’ — HelpephIBHAA
kpuBad. Eciu kpuBaa C” ¢ ypaBHeHuEeM w,(t) — OAVH U3 Hellpe-
PBIBHBEIX 00pas3oB KpuBoil C’ mpu otobpaxennu w(T) = VT, TO
KpUBBIE C ypaBHeHUAMH w; (t) = wy (t)ef1 (i=1, ..., n—1) Takxe
SBJIAIOTCSA HENPEPHIBHEIMU o6pa3aMul KpuBoi C’ mpu oTobpake-
Hun w(t) = Y7 (cM. 296) u, crefoBaTeNbHO, ABIAIOTCA HeIpe-
PHIBHBIMU o6pasaMu KpuBoii C 1pu oto6paxkenuu w(z) = v f(z).
[TosToMmy, ecu 3HadeHue GpyHKuuU w(z) = 4/ f(z) B HavambHOM
TOYKe KpUBOi C YMHOXHUTD Ha €, TO 3HAYEHUE B KOHEUHOM TOUKe
kpuBoli C, olpezie/IeHHOE TI0 HENTPEePhIBHOCTH, TAK)Ke YMHOXHUTCSA
Ha ¢l. TakuMm o6pasoM, ecmu wy(z) — HelpepeIBHAA OJHO3HAY-
HasA BeTBb QyHKIUM 4/ f(2), TO BCce HelpephIBHbIE OJHO3HAYHEIE
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BeTBH —3T0 Wy (2), wy(2)e,, wo(2) - €2, ..., wy(2) - en~1. Om-
sem. wy(2), wy(2) = wy(2)e,, wy(z) = wy(2) - €2, ..., w,_1(2) =
=wp(2) - en L.

303. a) IIpu obxoze Touek z =0 wiu z =i 3HaueHue Arg(z(z—i))
usMeHseTcsa Ha 27 (cM. 260), a Arg v z(z —i) U3MeHsAeTcsA Ha 7T
(cm. 280), T. e. 3HaueHne GYHKIMU v (2 —1) YMHOXaeTcs Ha —1.
Jlna BbeNeHUsA OZHO3HAYHBIX HEIPEePHIBHBIX BeTBel (yHKIUU
v 2(z—1) AOCTAaTOYHO TPOBECTH HeIepeceKarIuecs pa3pesbl
3 ToueK 2 =0 U 2 =1 B o (ZOKA3aTeNbCTBO TAKOE K€, KaK JJIsd
byHKIMM W = 4/2). CXeMa pUMAHOBON IOBEPXHOCTU GYHKIVH
Vv 2(z —1) IoKkasaHa Ha puc. 74.

6) Cm. puc. 75. YkaszaHue. z2+1=(z—D(z +1).

Puc. 74 Puc. 75

304. Cwm. 303. a) Tax kak 22— 1= (z—1)(z + 1), To 1pu 06x0-
Jie Touek z =1 u z = —1 3HaueHUne GYHKIUU 4/ 22 — 1 yMHOXaeT-
¢ Ha €5 = cos 27 /3 + i sin 27/3. Vickomast cxeMa u3obpaskeHa Ha
puc. 76.

wy (2) wy (2) wy(2)

w; (2) w; (2) w (2)

- wp (2) o T wy (2) = — wy (2)
Puc. 76 Puc. 77 Puc. 78

6) Ilpu obxoze Touku z = 0 3HauUeHHEe QYHKIUHU \3/ (z—1)2z
YMHOXKaeTcst Ha €. Ilpu o6xome Touku z = 1 Arg((z — 1)2z) us-
MeHsAeTcA Ha 47 U Arg \3/ (z —1)%2z usmenserca Ha 4m/3, T.e.
3HaueHHe QYHKIUU \3/ (z—1)?z ymHOXaeTcs Ha 8%. Hckomasn
cxema usobpaxkeHa Ha puc. 77.

B) Cm. puc. 78. YkaszaHue. z2+1=(z—1)(z +1).

305. OgHO3HAYHBIMU HEIIPEPHIBHBIMU BETBIMU QYHKIIUH Va2
BO Bcel IUIOCKOCTH 2 ABIAIOTCS Wy (2) = 2, w; (2) =—2. [Ipu 06xoze
BOKPYT TOUKH z = 0 Arg 22 uaMeHsAeTcs Ha 47 u Arg V22 Ha 27T, T. e.
3HaueHNe QYHKINU V22 He usMmensiercs. VickoMast cxeMa COCTOUT
13 IByX HECOeANHSIOUTNXCS JIUCTOB.
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306. 3azaua pelaeTcsa Tak ke, Kak U 3azada 304.

a) CM. puc. 79. YkazaHue. 224+ 2= (z—iv2)(z +iv/2).

6) Cwm. puc. 80. B) Cm. puc. 81.

r) Cm. puc. 82. Ykazanue. (22—1)3(z+1)3=(z—1)3(z+ 1)°.
o Cwm. puc. 83. YkasaHuue. g3 —1=(z— 1)(2—83)(2—83%).

T\ T\ Zs(z) \ Zs(z)
%i %/i ) o

wy(2)
wy (2) wy (2)
—iv2 +iv/2 0
i A N A N1
I, [/ U | 11
NS N V3

307. Cm. puc. 84. YkazaHue. [Ipu 0b6xose BOKPYT TOYKH
z =0 Arg z usmensiercsa Ha 27, Arg 1/z—mua —27 (cm. 260 6))
u Arg v1/z Ha —m, T.e. 3HaueHUe GYHKIMM v 1/2 yMHOXKaeTcs
Ha —1.

AN 1
e

308. a) Cwm. puc. 85. 6) [Ipu o6xose Touku z = 1 Arg ;—1 us3-
MeHsieTCcs Ha 27T, a Ipu 00Xxofie TOUKHU 2 = —1 — Ha —27 (cM. 260).

3/z—1
[losToMy mipu 06x0/ie TOUKU 2 = 1 3HaveHue QYHKIUU 21
YMHOXKaeTCsI Ha €3, a MPU 00X0Zie TOUKHU z = —1 yMHOXKaeTcs Ha

e;' = &2, VckoMas cxeMa n3obpakeHa Ha puc. 86. B) CM. puc. 87.
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309. IlycTp B HEKOTOPOH TOUKe Z, 3apUKCHPOBAHO IIPOM3BOJIb-
HoOe 3HaueHUe wy = w(z,), ¥ IMyCTh Z; — HEKOTOpas Apyrasd TOYKa.
Ecnu C; u C, — Npou3BoOIbHEIE HENIpephIBHBIE KPUBBIE, HAYIINeE
U3 Z, B 3; U He Ilepecekarolye paspe3oB (puc. 88), To, oueBu-
HO, KpUBYI0 C; MOXKHO HENPEPBIBHO 1eOpMUPOBATh B KpUBYIO C,,
He TIPOXOZs Yepe3 TOYKU pa3BeTBieHUA. Tak Kak yHKIUA w(z)
obasaeT CBOWCTBOM MOHOJPOMUU, TO 3HAa4YeHUs w(z,), omnpeze-
JIeHHBIE II0 HeIlIpepPHIBHOCTU BAONb KpUBHIX C; U C,, COBIAJAIOT.
CremoBaTesbHO, 3HaUeHUE W () ONpezessaeTcs MO0 HellpephIBHO-
CTH OJVHAKOBO BZOJb JIOO0M KPUBOH, WAYIIEH U3 2, B Z; U HE
IepeceKaroleil pa3pe3os.

AN

21

G B D
— 2o A c
C1
Puc. 88 Puc. 89

310. Cwm. puc. 89. IIycTs c i-if BeTBU IPU ABIKeHUU 110 AB MBI
IIlepexo/uM Ha j-10 BeTBb. [IocMOTpHUM, Ha KaKylo BeTBb MHI Ilepeii-
JIeM ¢ i-i BeTBU npu ABWXeHUH 1o CD. Tak xak y GyHKunu w(z)
KOHEYHOE YKCJIO TOYEK pa3BeTBJIeHNU, TO KpuBble AB 1 CD MOXXHO
BBIOpaTh HACTOJNBKO KOPOTKUMHU, a KpuBble CA 1 BD HaCTOIBKO
OGJIM3KUMU K pa3pesy, 4To BHyTpH KpuBoit CABDC He 6yZeT To4eK
pa3BeTBiaeHus GyHkIMU w(z). B TakoMm ciaydyae kpuByio CABD
MOXXHO, OYEBUJHO, HEMPEPHIBHO ZebOpMUPOBaTh B KpuByio CD,
He TIPOXOZsA Yepe3 TOYKU pa3BeTBieHMsA. Tak Kak QyHKIUMA w(z)
obazaeT cBOMCTBOM MOHOApOMuUHU, TO GyHKIMS w(z) B Touke D
OZWHAKOBO OIlpeZiesifieTcs 110 HEeIIPEPhIBHOCTU BAIONb KPUBBIX CD
u CABD. HauuHas ¢ i-¥i BeTBU U JABUTasch mo kpuBoil CABD,
MBI CHaua/la HaXOAUMCA Ha i-ii BeTBHU, 3aTeM IlepexoJuM Ha j-Io
BETBb U 3aTeM JBIKEMCS 1O j-H BeTBU. TakuM o06pasom, IO
kpusolt CABD, a ciefoBaTeNbHO, U 10 KpUuBOi CD MEI C i-1f BeTBU
IepexoJM Ha j-I0 BETBb, T. €. TaK e, KaK U I10 KpUBoi AB.



192 Ykaszanus, peweHus, omeemul

311. a) Ykasaume. v—8=—2¢. (i=0,1,2), v2i=%(1+10).
Omeem (34ech v/3 — MONOKUTEIBHOE 3HAYEHHE KOpHs). a) —1 +1,
—3—1i, 2+ (V3 + 1i, (W3—Di, 2+ (1 — v/3)i, —(v/3 + 1)i;
6) £(1/2+1), £1/2;B) £(1+1), 0; ) £(1+1); a) 4i, O.

312. YkxaszaHue. [locTaTOYHO J0Ka3aTh, 9YTO yKa3aHHBIM B 3a-
Jade cBoiicTBoM obmagatoT dyHkiuu h(z) =z u h(z) = a, u 4TO
eC/I yKa3aHHBIM CBOHCTBOM obnagatoT ¢yHkuuu f(2) u g(z), To
uM obsazatoT Taxke GyHxkuuu f(z) + g(2), f(2) —g(2), f(2) - g(2),
f@/g@), [f(D]", ¥/ f(2) (n—HaTypaabHOE YHCIIO).

Pemenwue. 1) Ecmm h(z) =2, To wy=h(zy) =2,. Vickomoii kpu-
BOU SABJISIETCS KpUBas C lTapaMeTpPUYecKUM ypaBHeHUeM wy(t) =
=z(t), rae z(t) — mapameTpuiecKoe ypaBHeHHe KpUBOH C.

2) Ecim h(z) = a, To Wy = a ¥ UCKOMOM KPUBOU SABJIAETCI KPU-
Basd ¢ ypaBHeHUeM wy(t) = a (BbIpoxkzaouiascsa B TOUKY).

3) Ilyctb h(2) = f(2) + g(2) u ana f(z) u g(z) yTBepKAeHUE
3aZiauu BepHO. Ilo ompefesleHUI0 CyMMBI JIByX MHOTO3HAYHBIX
dyHKIMIt Wy = Wy + W, TAe Wy — OAHO U3 3HAYeHuH f (z,) ¥ wy —
ofHO U3 3HaueHUH g(z;). Tak kak Ana f(z) u g(z) yrBepxKAeHUe
3aZlaud BEPHO, TO CYIIECTBYIOT HelpephiBHBIE 00pasel C' = f(C)
u C” = g(C), HaYMHAOIIIIeCA COOTBETCTBEHHO B TOUKAX Wj U W'
Ecm w’/(t) u w”(t) — mapaMeTpuieckue ypaBHEHUS KPUBHIX C’
u C”, To dyHrua w,(t) = w’(t) + w”(t) (oHa HempeprIBHA KakK
CyMMa HeIpephIBHBIX OGYHKIWH) ABIAETCA IapaMeTpPUYecKuM
ypaBHEHHEM MCKOMOM KpUBOH, Tak Kak wy(0) = w’(0) + w”(0) =
= wy + wy = wy. To4HO TaK e paccMaTpUBAIOTCA cydan h(z) =

= f(2) —g(2), h(z) = f(2) - g(2), h(z) = [f()]", h(z) = %
(B mocnezHeM ciydae McKoMas OYHKUMA wy(t) = wit) HeIpe-

w’” (t)
PBIBHA, TaK KaK II0 YCJIOBHIO KpHUBasd C He IIPpOXOAUT YE€PE3 TOYKH,

B KoTophix OyHKIMA h(z) He ompeneieHa, U, CIeJ0BaTeIbHO,
w’ (t) #0).

4) Tyctb h(z) = v/ f(2) u ana f(z) yTBepkaeHue 3a1a4u Bep-
Ho. [To ompegenenuio gyHknuu v f(z) uMeeM wg =Ty, TE Tog—
OZHO 13 3HaveHuit f(z,). OTobpaxenue h(z) = v/ f(z) MoxHO pac-
CMaTpPUBaTh KaK KOMIO3UIIMIO JABYyX OTOOpakeHUH T = f(2) u w =
= V7. Tak kak 1151 GyHkiun f (2) yTBep:KAeHMe 3a1a4d BEPHO, TO
CYILECTBYeT XOTs OBl OZINH HeNlpepHIBHEIN 00pa3 C’ kpuBoii C 1pu
oTobpaxkenuu T = f (z), HAUMHAOUIUICS B TOUKE T,. B cuty yTBep-
KAEHUA 337249 293 cylnecTByeT XOTs ObI OAWH HEIPEPHIBHBII 00-
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pas C” xpuBoii C’ mpu oTOGpaXkeHUU W = /T, HAYMHAIOIIUICA B
Touke w,. Kpusasg C” ABngeTca UCKOMOH.

313. B mpou3BOJIBHOM TOUKe z, GYHKUUA h(z) MOXET IIpHUHU-
MaTh nm 3HadeHWi: h;;(z9) = fi(20) + g;(20), TAE i =1, ..., 1;
j=1,...,m. Tak KaKk cymMMa HeIpPepbIBHBIX OYHKIUN ABIAETCA
HeNpepeIBHOW (YHKIMENH, TO UCKOMBIMU OZHO3HAYHBIMU HeIlpe-
PBIBHBIMM BeTBAMU QyHKIMU h(z) GyayT ciezayrouiie nm QyHK-
muit: h; ;(2) = fi(z) +g;(2), taei=1, ...,n; j=1, ..., m.

314. a) Cwm. puc. 90. Yxa3aHUue. BocnonpsyliTech cxeMamMu
PHMMaHOBBIX TIOBEpXHOCTeHM GyHKUMH /2 1 vz — 1 (cM. 288, 299).
6) Cm. puc. 91. Ykasauue. Cm. 304, 307. B) Cm. puc. 92. Yka-
3aHue. Cm. 288, 292. r) Cm. puc. 93. Yka3zaHUue. Iloctpoiite
CHayala CXeMbl PUMAHOBBIX IOBEpXHOCTeH GyHKIME vz2—1 u

v4z—1.

N
me —Ae L,
S\ W
hO’l \ﬁ/ ]_rZ/ hO’l

=l
N
[=}

1

.
#
;

e —— L
Puc. 90 Puc. 91

7
0l
Wi
WA N\ N

0 ’ -1 1
Puc. 92 Puc. 93

D\
\
/

N
B~
5
gy
[ [~1
—
=
S

I~
—
=)
—
—
L]
L —
=
<)
—

315. Omeem. a) Tpu 3HavyeHus: 2, —2, 0. 6) CeMb 3HaYEHMUI: 2,
0,1+i,—1+1i,—2,1—i,—1—i. B) llecTs 3HaUEHUI: 2, 2¢, 28%,
1+es, 1462, —1.
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316. a) IIycte fy(2) u f;(2) = —f,(2) — oxHO3HAYHEIE Helpe-
pbiBHBIE BeTBM (yHKIMU /2. CXeMa PUMaHOBOM IIOBEPXHOCTH
byuxiuu h(z) = /2 + /7, mocTpoeHHass GOpMaJIbHEIM METOAOM,
nokaszaHa Ha puc. 94. Betsu hg 1 (2) = fo(2) + f1(2) =0n hy o(2) =
= f1(2) + fy(2) =0 coBnagarT. IloaTOMYy A1 TONTYyIeHUS UCTUH-
HOU CXeMBl PUMaHOBOM HoBepxHOCTH GyHKIuY h(2) = vz + /2
HaZl0 CKJIEUThb BeTBU hg 1 (2) 1 h o(2). McTuHHAA cxeMa IOKa3aHa
Ha puc. 95.

hi
l/ri h1,0 ho,1:h1,o
ho 1 hig
\B hoo 2 oo
Puc. 94 Puc. 95

6) [ycts fy(2) u f;(2) = —f,(2) — omHO3HAUHBIE HETIPEPHIBHBIE
BeTBU OyHKIMHU +/z. Torma fy(2)? = z, mostomy [fy(2)]4 = 22.
CnepmoBaTenbHO, f;(2) —ozHA W3 OAHO3HAYHBIX HEIPepPBhIBHBIX
BeTBel (QyHKINUU V2. Bce BeTBU 3Toit bynkumn: go(2) = fy(2),
g§1(2) =i- f3(2), g82(2) =—f(2), g3(2) =—i - fy(2). Cxema puma-
HOBOI moBepxHocTH GyHKIMK h(z) = /2 + f/?, IIOCTPOEHHAasA
dopMaTbHBIM MeTOZOM, IOKa3aHa Ha puc. 96. VicTuHHasA cxema
(puc. 97) monmy4yaeTcs CKJIEMKON COBITQJAIOIINX BETBEN hoy2 ()=0
uh;o(z)=0.

~1 | |
-~
[in
[=]

LT | 1
s

O P> <> <>
s

Puc. 96 Puc. 97
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B) IlycTh f,(2) — ofHa M3 HEPEPHIBHBIX OJHO3HAYHBIX BeTBEH
dyHKITUN f’/E Torzga Bce BeTBU: fy(2), f1(2) = fo(2) - €3, fo(2) =
= fo(2) - 83%. CxemMa pUMaHOBOM MoBepxXHOCTH GyHKIMU h(z) =
= ¥z + ¥z, nocrpoeHHas GOPMaTbHEIM METOZOM, TTOKa3aHa Ha
puc. 98. /ljif mosy4eHuss UCTUHHOM cxeMbl (puc. 99) HeobxoanMo
CKJIEWTh COBINAZAIoOue BeTBU Ng1(2) U hyo(2), hg,(2) 1 hyo(2),
hy5(2) 1 hy;(2).

) heo
Y

i e g B e g
=

i a2 B e g
=

Puc. 98 Puc. 99

317. a) Ilycte fy(2) u fi(2) = —fy(2) — ogHO3HAUHBIE Helpe-
pbiBHBIE BeTBU OyHKIMHU /7. Torma [f(2)12 =2 u [f5(2)]* =
= z2. TIo3TOMY OZHO3HAYHHIMM HEIPEPHIBHEIMU BETBAMM (YHK-
mm g(z) = V22 6yayT g(2) = fo(2), 81(2) =i~ fyo(2), &(2) =
=—f,(2), g3(2) = —i - fy(2). CTpouM cxeMy pPUMaHOBOH ITOBEpPX-
HocTr QyHKIUU h(z) = iy/z — W dopMaIbHBIM METOAOM U
CKJIEMBaeM COBNaJlarolIne BeTBY: Ny ; (2) = hy 3(2) = 0. OcTanbHble
BETBU Pa3jIMYHbI — ZIOCTATOYHO BHIYMC/IUTD UX 3HAUYEHUS B TOUKE
z =1. lckomasa cxeMma nokasaHa Ha puc. 100.

6) [ycts fy(2) u f,(2) =—f,(2) — ofHO3HAUHBIE HENIPEPHIBHBIE
BeTBU QyHKIMH f(2) =vz—1, a gy(2), g,(2) =i- go(2), g8,(2) =
=—g,(2), g3(2) =—i - gy(2) — ogHO3HAUHBlEe HEIIPEPLIBHbIE BETBU
dysknuM g(2) = ¥/z. CTPOMM CXeMy PUMAaHOBOI IIOBEPXHOCTH
dyukiuu h(z) = vz—1- Yz dopmanbabiM MeTOzZOM (pric. 101)
U CKJIeMBaeM COBNAJAOIMe BeTBU: hgo(2) = hy,(2), hyo;(2) =
= hy3(2), ho2(2) = hyo(2), ho3(2) = hy;(2). OcTanbHEIE BETBH
Pa3IUYHbI — JOCTATOYHO BBIYMCIUTh WX 3HAYEHUS B TOUKe z = 2.
Hckomas cxeMa ImokasaHa Ha puc. 102.
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hy3
ho1=h13 I\ \ hy»
b ] [l
. ho Y [N
hi0 ho3
> NN,
| A
i hys Jx/ \ ho 1
) ho o S 1 hoo
Puc. 100 Puc. 101
h0,3:h1,1 ho,3:h1,1
ho,z =h1,0 ho,2=h1,o
ho,1:h1,3 ho,1:h1,3
o 1 hoo=hy =1 > hoo=h12
Puc. 102 Puc. 103

=
11
4]
\ /)
\

0 1
Puc. 104

Sam - s
&
(=}

ho,o :ho,1 :ho,z

B) Cm. puc. 103. PemieHue Takoe e, KaK B ciay4ae 6).

r) Oynknusa f(z) = +/z + /2 uMeeT 3 OHO3HAYHbBIE HEMPEPHIB-
Hble BeTBU: f(2) =0, f;(2) u f,(2) =—f;(2) (cM. pemreHue 316 a)).
Oynknua g(z) = v3 z(z —1) umeeT Takke 3 OZHO3HAYHbIE HeIpe-
PBIBHBEIE BETBU: gy(2), g1(2) = €3 g9(2), g,(2) = e§ - 80(2). BeTBu
ho0(2), ho1(2) 1 hg 5(2) coBmagarot: hy o(2) =hg1(2) =hg,(2) =0.
OcTasibHBIE BETBU PA3JIUYHBI — JIOCTATOYHO BEIYMCJIUTH UX 3HaYe-
HUA B TOUKe z = 2. MIcKkoMas cxeMa II0KasaHa Ha puc. 104.
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318. Omseem. VIcKOMBIMU OZHO3HAYHEIMU HEIIPEPBIBHBEIMU BET-
BAMMU ABIAOTCA GyHKIUU h; (2) = [f;(2)]*, tae i=1, 2, ..., m.

319. a) Ecmu fy(2), fi(2) =i f(2), fr(2) =—fo(2), f3(2) =
=—i fy(2) — OfHO3HAYHEBIE HEIIPEPLIBHBIE BeTBU QYHKINH f (2) =
= V2,10 [fy(2)12=[£,(2)12 u [f,(2)]2 = [ f;(2)]2. Vickomas cxema
IoKasaHa Ha puc. 32, crp. 90.

6) Cm. 316 a). Ecm fy(z) =0, fi(2)
u f,(2) = —f;(2) —opHO3HaUHBIe HEIIPEPHIB-
Hele BeTBM OYHKIMH f(2) = /2 + /3, TO
[f1(2)1? = [f,(2)]2. Uckomas cxema TOKa3aHa
Ha puc. 105.

B) Eciu f(2) — ogHa U3 0HO3HAYHBIX HENPEepPHIBHBIX BeTBEH
byuxiuu f(z) = vz - Y¥/z—1, To Bce BeTBH — 9TO fo@), filz) =
= fo(2) - &5, fo(2) = fo(2) - 55, f32) =—fo(2), fulz) =—fo(2) - &3,
f5(2) = —fo(2) - 2. Tpu atom [f,(2)]° = [1(2)]° = [fL(®)]® u
[f5(2)12 = [f4(2)]1° = [f5(2)]1%. Vickomas cxema IOKazaHa Ha pU-
cyHke 32, cTp. 90.

320. IlycTh TOYKA 2 HE ABJAETCSI TOUYKOU pa3BeTBIeHUs GpyHK-
uuu f(z). Toraa mpu 06xoze BOKPYT TOYKHU Z( IO OKPY>KHOCTH JI0-
CTaTOYHO MAaJIOTO pajguyca 3HaueHure QyHKIUM f (z) He MeHseTCs.

[Tycts, KpoMe TOrO, BCe 3HaueHud f(z,) He paBHHI 0. Torza
py 0TOOpaKeHUU W = f (z) HEMPEPHIBHBIMU 06pa3aMu OKPYKHO-
cTel C LIEHTPOM B TOYKE %, U C JOCTATOYHO MAJBIMU paZuycamu
OyAyT SBIATHCSI HEKOTOPBIE HEIMPEPHIBHBIE 3aMKHYThIE KPUBBHIE,
Haxogsmyecs BO6M3u 3HaYeHn w = f (). Tak Kak Bce 3HAYeHUs
f(2,) He paBHHI 0, TO Bce Takue KPUBBIE IIPU JOCTATOYHO MaJIBIX
paziycax OKpy»HOCTel He 06xozaAT Touku w =0, T. e. Arg f(2) He
nsMeHsAeTcsa. Ho Torzia He M3MeHseTCs TakKe 3HaueHHe QYHKITNU
V f(2). TloaToMy ToukaMu pa3BeTBiaeHuA GyHKIUU 4/ f(2) MOTyT
OBITb TOJMBKO TOYKHM pasBeTBIeHUS OYHKIMU f(z) U TOYKHU, B
KOTOPHIX OZJHO U3 3HauYeHu# ¢yHKIMH f(z) paBHO 0.

Omeem. Touky pa3BeTBiIeHUs QyHKUMM f(Z) U TOUKHU, B KOTO-
PBIX OZHO U3 3HaYeHUH ¢yHKIMU f (2) paBHO 0.

321. Tak kak g(z) — HempepblBHas (QYHKIUSA Ha IUIOCKOCTH
C VKa3aHHBIMM paspe3amu, To U [g(z)]® — Takke HelpepbIBHAsA
¢yHkiua. Tak Kak Npu KaxAoM z g(z) — 3To OJHO U3 3HAUYeHUH
V f(2), To [g(2)]" IpU KaXkA0OM Z — 5TO OAIHO U3 3HAYEHUH QPYHK-
nun f(z). Takum obpaszom, [g(z)]™ —3TO ogHO3HAYHAsA HeTpe-
pBIBHAA BeTBb QYHKIUU f (z) IPU YKa3aHHBIX pa3pe3ax.

Puc. 105
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322. Cm. 302. Omsem. g(2), g(2) - €,, g(z) - €2, ..., g(2) - en L.

323. YxazaHuue. Tak kak wy(t) — HempepbiBHasA QYHKIUA,
TO U Wy (t) — HempepbiBHass QYHKIUA; KpoMe Toro, [wy ()" =
= [wy(®)I™ - 8E” = [wy(t)]" u, cregosarenbHO, [w; (t)]" paBHO
oxHOMY U3 3HaYeHU f(z(t)).

324. YkasaHue. s pesynprata zagauu 323 ClaeAyeT, 4TO
ecnu 3HaueHHWe QYHKIUU YV f(2) B HauaIbHOH TOYKe kpusoi C
YMHOXUTD Ha £X, To 3HaUeHHe QyHKIHN V f(2) B KOHeuHOI1 Touke
KpuBoii C, omnpezie/ieHHOE 10 HEeNPEePHIBHOCTH, TaK)Ke YMHOXKUTCS
Ha gk.

325. Ilyctb fy(2) u fi(2) =—fy(2) — ogHO3HAUHbIE HETIPEPHIB-
Hble BeTBU GYHKIUU /3, ipudeM fy(1) =1, a f;(1) =—1. Torga
fo(#) —1u f1(2) —1— oaHO3HAYHBIE HENIPEPHIBHEIE BETBU (PYHK-
IUH /2 — 1, K0} 13 KOTOPBIX COOTBETCTBYIOT /IB€ BETBU (QyHK-
1 v//z—1. B +/2—1=0, 10 /2 =1 u 2z = 1. [losaTOoMy TOUY-
KOU pa3BeTB/IeHUs, KpOMe TOUKH 2 = 0, MOXeT ObITh TOMBKO TOYKa
2 =1, mpu4eM pa3BeTBIeHUE MOXXET IIPOUCXOJUTD TOJMBKO B ITAYKe,
COOTBETCTBYIOIIEH BETBU fy(2) — 1 (Tak Kak JOKHO OBITh Vi=1).
Nmeem

@ —1= (fo@ D& +1) [fy()]? —1 e
0 - fO(Z)+1 - fO(Z)+1 _fo(z)+1

[Ipu 06xofe TOYKU z = 1 apryMeHT 3HaMeHaTessl He U3MEeHSeTCH,
TakK Kak fy(1) + 1 =27 0. AprymeHT YucCauTeNA IpU 06X07€e TOU-
ku z = 1 uameHsercs Ha 27. [Toatomy Arg(f,(2) — 1) uameHserca
Ha 27, a Arg v/ fy(2) —1 Ha 7, T. e. 3HaUeHUE 4/ f(2) — 1 U3MeHs-
etca. [Ipu 06xozie Touky z = 0 U3MeHsAeTCA 3HaYeHUe QYHKIMN 4/,
II0O3TOMY MBI C JINCTOB ITAaYKH, COOTBETCTBYIOIIeH f,(z) — 1, mepe-
XOJUM Ha JIUCTHI Ia4KH, COOTBETCTBYOMIEH f;(2) — 1, 1 HA06OPOT.
[Tpu AByKpaTHOM 00XOZie BOKPYT TOYKH 2 = 0 KOHEYHOEe 3HAaYeHHe
GYHKIMM /2 COBIIAZAET C HAYaJbHBIM 3HAYEHWEM STON QYHKIMH

u Arg(/z — 1) He usMmeHseTca (Tak Kak

N v0—1+#0). ITo3TOMy TIpH JBYKPaTHOM
06x071e BOKPYT TOYKHU z = 0 MBI BO3Bpa-

/( j IaeMcsA Ha UCXOAHBII TUCT. CyMMUpYA
\ ! TIO/TydeHHbIe Pe3y/IbTATHI, MBI IIOIydaeM
0 1 CXeMy PMMAaHOBOH MOBEPXHOCTH (yHK-

Puc. 106 uuu 4/4/z — 1, mokasauHyro Ha puc. 106.
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326. Ota 3azava pemiaeTcs Tak ke, Kak 3azada 325: a) cM.
puc. 107; 6) cm. puc. 108. Yxazauue. Ecmu f,(2) — ogHO3HaU-
Hasl HETIpephIBHAS BETBh QYHKINU Yz u fo()=1,T0
. B@w-1 5
T @O+ @+ 2@+ £+

rae f2(1) + fo(1) +1=3#0.

fo(z)—1

P

| [
|/ 0
T—

Puc. 107 Puc. 108

!

1

O%S

327. Tak kak 22+ 1= (z—1i)(z +1), To 3HaYeHUe v 22 + 1 usme-
HfeTcs Ipu 00X07le TOYeK 2 =1 U g = —i, T. €. 3TH TOYKU ABJIAIOTCA
TOYKaMU pasBeTBieHus QyHKuuU v 22+ 1 — 2. Vickomast cxema B
oboux caydasx a) u 6) mokasaHa Ha puc. 75, cTp. 189.

Eom V22 +1—2=0,10 22+ 1 =4 u 2 =++/3 (v/3 — monoxu-
TeqbHOE 3HaueHMe KopH:A). ITycTh f,(+/3) =0, T. e. B 3TOM ciIy4ae
BEIGpaHO +/4 = 2. Haiizem fo (—+/3). Jns1 3TOTO COenUHUM TOYKY
2= /3 c TouKo#t z = —+/3 HenpepLIBHOH KPUBOii, He MpOXOAAIIeil
yepe3 pa3pessl.

B ciydae a) MOXXHO B3Th, HAIIPUMeED, OTPE30K, COEANHSIIOTIH
TOYKU z = +/3 U 2 = —+/3. HeTpysHO BUJETH, Y4TO IIPU JBIDKe-
HUU BZAOJNb 3TOro oTpe3ka Arg(z + i) = Arg(z — (—1)) yBenuuu-
BaeTcsa Ha 27/3, a Arg(z —i) ymenbiaercs Ha 27/3. TloaTomy
Arg(z? + 1) He u3MeHsETCA U, CI€AOBATENbHO, HE HU3MEHSIETCS
sHaueHue vz2+ 1— 2. Takum obpasom, B ciydae a) fo(—+/3) =
= f(V3)=0

B ciayuae 6) mpu ABMKEHUM TIO JI0OOM KPUBOM, WAyIIEH W3
TOYKH 2 = v/3 B TOUKY 2z = —+/3 U He POXOZiAIIeil depe3 paspessl,
Arg(z + i) yBenuumuBaeTcs Ha 27/3, a Arg(z — i) yBeIMYUBaeTCs
Ha 47/3. Takum obpasom, Arg(z? + 1) yBennumBaeTcs Ha 27, a
Arg V2% + 1 yBenvuuBaeTcs Ha T, T. €. 3HaueHue v 22+ 1 usme-
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HAeTCs Ha MPOTHBOMOJIOXHOE. I10aToMy B ciydae 6) fy(—+/3) =
=-—2-2=—4#0,a f;(—V/3)=2—2=0.

328. Ilyctb gy(2) u g;(2) — ogHO3HAYHBIe HEIpephIBHbIE BeT-
BU QyHKUUU g(2) = V22 + 1, mpuuem gy(2) — 2 = fy(2) (cm. pe-
urenue 327) u g;(z) — 2 = f,(2). B ciydae a) umeeM g,(v/3) =
=g, (—v/3) =2 (cm. peteHue 327) u

(Z)_z_gé(z)—4_ 2-3 (=3 +V3)
8o T 8@ +2 T g@+27  g®+2

Tlpu obxozie Touek z = v/3 U z = —+/3 aprymeHT 3HaMeHaTes
He M3MEHSeTCs, TaK Kak go(«/g) +2=g, (—vV3)+2=4#£0, a
apryMeHT YUC/INTeNA Bo3pacTaeT Ha 27t. IIpu aToMm Arg(g,(z) —2)
yBeInuuBaeTcsa Ha 27, a Arg v g,(z) —2 yBeinuuuBaeTca Ha T,
T. e. 3HaUeHUe v f;(z) uaMenserca. CiefoBaTeNbHO, B CIydae a)
pasBeTBJIEHUA B TOYKAX 2 = v/3 U 2 = —+/3 OKa3bIBAIOTCA B OZJHOM
mayke jucToB. TOYHO TaK »Ke IIOKa3bIBaeTcd, YTO B ciydae 0)
STH pa3BeTBJIEHUSA OKAa3bIBAIOTCA B pasHbIX nadkax. Ocraercs
BBIACHUTD, KaK COIVIACYIOTCS MeXZAY COOO0U Iepexozbl MeXy JIU-
cTamu nipu obxofie ToyeKk z =1 U g = —i. HenpepriBHBIM 0Opa-
30M OkpyxHocTh Cpr pasauyca R =1,1 ¢ neHTpoM B Touyke z = 0
npu oTtoOpaxkeHNHu w = v 22+ 1 sABIA€TCS KpUBas, MMOKa3aHHas
Ha puc. 109 (paccMoTpuTe 3TO OTOOpakeHHe IO YaCTAM: W =
=22, w=22+1, w=+v2%2+1). Dra KpuBas HU pa3y He OOXOAUT

N
i | A

Puc. 109

BOKpPYT TOYKU z = 2. [loaTomy mpu 06xoze mo okpyxkHOCcTH Cg
Arg(v' 2% + 1 — 2) He U3MEHSIETCA U He U3MEHSAETCs 3HaUeHue GpyHK-

1uu h(z) = V22 + 1 — 2. CieioBaTeIbHO, IPU 06X0/Ie TOUKU 2 = i
U 3aTeM TOYKH Z = —i MBI JOJDKHBI BepHYTbCA Ha TOT XKe JIUCT (CM.
3aMeuaHue 1 Ha cTp. 95). Vickomele cxeMBl TOKa3aHbl Ha puc. 110
u puc. 111.
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329. Yka3aHUe. B IpOTUBHOM ciy4yae IpH JBUKEHUH 110 00-
partHol KpuBoii C~! Hapymanach 6bl OIHO3HAYHOCTD.

&m.Om%m&ﬂz:O;G234)z=1:CQ34)

3412 2143
_[123456Y\ (123456)

6)”_0(214365)2_4”_1(345612)
(123456

B)$‘Q(564231)

)z—1.(12345678) _ | (12345678

Nz=1167852341)%*=""\56781234)

331. Yka3aHue. Bocronb3yiiTech pe3yabTaToM 3ajauud 57:
e=g; -g;l; ycnoBuA 1) u 3), 04eBUAHO, BHIIOMHAIOTCA.

332. Omeem. a) Lluknudeckas rpynma Z,, 6) IHUKIAYecKas
rpymuna Zs, B) HUKJIWYecKas Ipymmna Z,, I) Zs, It) Zg.

333. s dyHKkumu Vz+z—1, yKa3zaHHOU B 3aziaue 314 a),
[oJTy4aeM, ITO 00XO0Z BOKDPYT TOUKU 2 = 0 IOPOXKAaeT MOACTaHOB-
Ky NepBbIX MHJEKCOB B HOMepax BeTBel h; ;(z), a 06xoa BOKpYT
TOYKU 2 = 1 IOpoXxAaeT NOACTaHOBKY BTOPHIX MHAEKCOB. [ToaToMy
HCKOMasi Ipylna sBsAeTcs NPSAMbBIM IIPOU3BeZeHUEM /JBYX I'PYIII
Zy X Zy (cM. § 7 r1aBHI 1).

Jns yuxumm vz2—1 + v“ z—1, ykazaHHOU B 3azaue 314 1),
MyCTh g; — IOJCTAHOBKA JIUCTOB, COOTBETCTBYIOIIAs 06X0oAy BO-
KpyT TOYkKM Z = 1, a g, — IIOACTAHOBKA JIMCTOB, COOTBETCTBYIO-
mass o6xoAy BOKpyr Touku z = —1. Torza mozacTaHOBKa g, [Ja-
eT IUKJWYEeCKUM CJBUT IepBBIX WHJEKCOB B HOMepax BeTBel
h; ;(2), a noacranoBka glgz_1 JaeT LIUKINYeCKUN CABUT BTOPBIX
UHJEeKCoB. Tak Kak g; = (glgz_l)gz, TO IOATPYIINA, IOPOXKJeHHAA
MIOZICTAHOBKAMMU g; U §,, COBIIaZAAET C NMOATPYIIION, IOPOXKAEHHON
IIOJCTAaHOBKaMU g, U glggl. IToaTomy McKoMas rpymna ABJIAeTCA
NIPAMBIM IIPOU3BELEHUEM Zy X Zy.

[Tono6HBIM 06pa3oM 3azaua 333 pelraeTcsi ¥ B OCTAIbHBIX CIIy-
yasx.
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Omeem. 1. a) Ilpamoe mpousBezeHve (§7 rnasel ) Z, X Z,,
6) Zsy X Zy = Zg (cM. 77), B) Zy X Ly = Zg, T) Zy X Zy. 2. a) Zo,
0) Z4, B) Zy, T) Zy X Lz = Zg. 3. @) Zy, 6) {e}, B) Z,.

334. Ecim oAcTaHOBKA g, HEKOTOPEIM 06pa3oM IepecTaBisieT
[IaYKY, a IOICTAaHOBKA g, MEHSET MECTAMH JIMCTHI B OZHOM IaukKe,
TO JIETKO BUJETb, YTO INOACTAHOBKA g18,g;  MEHAET MecTaMu
JIUCTBL B Apyroi mauke. IlosToMy rpymna IOACTaHOBOK JIMCTOB
ZJI 00erX CXeM COZEPXKUT HEKOTOPYIO [TOACTaHOBKY, IlepecTaBiId-
IOIIYIO Ta4KH, T0CTAaHOBKY, MEHAIOIIYI0 MeCTaMU JICTHl B OZHOHN
Iayke, W IOZACTAHOBKY, MEHAIOUIYI0 MeCTaMH JIMCTH B JAPYroi
nmayke. Vickomas rpymma, IOpOXAeHHAs STUMHU IOACTAHOBKAMU,
COZIEP)KUT Te U TOJNbKO Te IIOJICTAHOBKY, IIPU KOTOPBIX IAuKH
[epexofAT B ceba WIM MEHAIOTCA MeCTaMM, a JIUCTHl BHYTPHU
IaveK IepecTaBJAITCA IPOU3BOJIBHBIM 00pa3oM. 3aHyMepoBaB
JIMCTHI B OZHOW IMavyKe Y¥caaMu 1 U 3, a JINCTH B APYToi Mavyke —
yucaaMu 2 U 4, IOIy9UM, 9TO KaXKJOH II0ACTaHOBKE ITIOCTPOEHHOM
I'PYIIEL COOTBETCTBYET CUMMETPHS KBaJpaTa ¢ BepumHamu 1, 2,
3, 4 1, 06paTHO, KaXKA0H CUMMETPUU TAKOTO KBaZpaTa COOTBET-
CTBYyeT IIO[ICTAHOBKA B IOCTPOEHHOM I'pyIiie IOACTaHOBOK JKCTOB.
[TosTOMy MCKOMas rpymia B 000UX CIydasx M30MopoHa rpymmne
cMMMeTpuill KBaZpaTa.

335. Ilycts wy, wy, ..., W, — Bce 3Ha4eHud w(z,), U OyCTb 21,

.., 2, — TOYKU pasBeTBieHUA PyHKIUM w(z). 3aHyMepyeM JIU-
CTBI CXeMBl DUMAaHOBOH IOBEPXHOCTH QYHKIMM W (2) TaK, YTOOBI
3HaueHue w; = w(z,) COOTBETCTBOBAJIO i-My JIUCTY. Torga KaxAoHn
IIOZICTAHOBKE 3HAaYEHUH W; eCTECTBEHHBIM 06pPa3oM COOTBETCTBYET
IIOZICTAHOBKA JIMCTOB. JJOKa)XeM, YTO NPU TAKOM COOTBETCTBUH
rpynnel G; U G, NpakTAYeCKU coBnazaroT. [IycTs moacTaHOBKA g
u3 rpynnsl G; IOpoXJeHa HEKOTOPOM HelpephIBHOU kpuBoil C,
HayuHalolllelcsd U KoH4Yamwlelica B Touke z,. Y mycTs kpusaa C
mepecekaeT 10 MOPAAKY pa3pesbl (IIPU KOTOPHIX CTPOWIACh PU-
MaHOBa II0OBEPXHOCTD), W/YIIMe M3 TOYEK PAsBETBIEHUA Z; , Zj,,

.., Z; . ECJIM TOYKe Pa3BETBJIEHUA Z; COOTBETCTBYET IOZACTAHOB-
Ka JINCTOB g;, TO JIETKO IIOHATh, YTO KPUBOW C COOTBETCTBYET
MIOAICTAaHOBKA JIMCTOB (a BMecTe C 5TUM M 3HauYeHUU w;), pas-
Has gi"mm S giaz2 . ggl, rae 0; = 1, et paspes IepeceKaeTcs
IIPOTUB YacOBOM CTPEJIKH, U 0; = —1, ecu pa3pes IepeceKaeTcs
110 4acoBOU cTpeske (cM. 3aMmedaHue 1 Ha cTp. 95). Otrcioga g =
= gi‘;m e -ggl U g cogepxkurca B G,. O6paTHO, ey 1aH 2IeMeHT
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gg:“ e ggl rpynnsl G, (3zeck 0; = %1)*), TO JIETKO IOCTPOUTH
kpuByio C, MOPOXKAAIOUIYIO0 TaKyIO XK€ ITOACTAHOBKY 3HAYeHUN w;
B rpynne G,. Hanpumep, Ha puc. 112 nokasaHa KpuBas, COOTBET-
CTBYyIOLIas NIOJCTAHOBKE g, g8,

Puc. 112

336. IlycTb 3, — TOUKa pa3BeTBaeHUA QyHKIMHU h(Z), U IyCTh
06X0/ly BOKPYT TOUKH %, COOTBETCTBYIOT MOACTAHOBKYU d; U d, JU-
CTOB CXeM PHMaHOBBIX MMoBepxHocTel GyHkiuit f(z) u g(z). Ec-
JIM %, He ABJAeTCSA TOYKON pa3BeTBIeHUA KaKOH-HUOYAb U3 QyHK-
uuii f(z) wim g(z), To COOTBETCTBYIOIAsA TIOACTAaHOBKA d; WK d,
6yzeT ToxzAecTBeHHOU. Ecii BeTBU dyHKUMU h(2) 3aHyMepOBaHbBI
IByMA WHAEKcaMM h; ;(z) Tak, Kak CKa3aHO B Teopeme 8, yTBep-
*kzaenue a) (crp. 103), To mpu 06X07le BOKPYT TOYKU % MIEPBBIE U
BTOpBIE MH/EKCHI IepecTaBIAI0TCA He3aBUCUMO (TeopeMa 8, yTBep-
KzAeHue 6)). [IpuyeM OACTaHOBKA NTEPBBIX MHAEKCOB €CTh d, IO~
CTAaHOBKAa BTOPBIX MH/EKCOB d,. TakuMm 06pa3om, 06Xoay BOKpPYT
TOYKM Pa3BETBJIEHUA Z; COOTBETCTBYET IIOCTAaHOBKA JIMCTOB CXe-
MBI PUMaHOBOU IOBepXHOCTU GYHKUMY h(2), KOTOPYIO MOXKHO pac-
CcMaTpUBaTh Kak Napy HoAcTaHoBOK (d;, d,). Tak kak d; u d, ABys-
IOTCA COOTBETCTBEHHO d/leMeHTaMu Ipynn F u G, To napa (dq, d,)
SIBJIAETCS AIEMEHTOM IIpsIMOTO NpousBezieHus F x G. Takue napsl,
COOTBETCTBYIOIIYE BCEM TOYKAM pa3BeTBiIeHus GyHKunuu h(z), mo-
POXKJAIOT HEKOTOPYIO MOATPYIITY B rpymne F X G.

337. ¥ cxembl, MOCTPOEHHO! (HOPMAaIBbHBIM METOAOM, MOTYT
OBITH JIMCTHI, HAa KOTOPHIX 33ZlaHbl COBIaZaromue BeTBU. O6benu-
HUM TaKue JINCTBHl B MAYKU. B cwIy 0ZHO3HAYHOCTH IpU 00Xoze

*) U3 onpegenenus rpymmsl G, (cTp. 105) serko BBIBECTH, 4TO JF00O0M aie-
MEHT 3TOU I'PYINIBI MOXKeT OBITh IIPECTABIEH B YKa3aHHOU dpopMe.
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J060! TOYKM Pa3BETBJIEHMS MbI C JIUCTOB OJHOU Mavku Oyzem
MEPEXOJUTh B CXEeMe, MOCTPOEHHOM (GOopMalbHBIM METOAOM, Ha
JIUCTBI OJHOM U TOW ke mauku. CiiefoBaTeNbHO, Jt0bas IMOACTa-
HOBKa d JIMCTOB CXEMBI, MMOCTPOEHHON (GOpPMaJbHBIM METOZOM,
COOTBETCTBYIOIAsi 00XOAy BOKPYT HEKOTOPOM TOYKKM Ppa3BETB-
JIeHUs, TIepPeBOAUT MadKM JpYT B Apyra, He pa3peiBasd ux. Eciu
IIOJICTAHOBKHU d; U d, IepeBOAAT MAYKU APYT B IpyTa, He pa3priBast
UX, TO JIETKO BUJIETh, YTO U MIOJCTAHOBKA dd, TAKXKe EPeCTaBIsgeT
[IaYKY, He Pa3pbIBas UX. [I03TOMy Bce MOACTAaHOBKHU d; JIUCTOB CXe-
MBI, TOCTPOEHHOM GOpMaTbHBIM METOOM, BXOAAIINE B rpymmny H,
IIepecTaBJISIOT TAYKH, He pa3pbiBas UX. [I0CTaBUM B COOTBETCTBHE
KaXZION IMOACTaHOBKe d; IOACTAHOBKY dlf navyex. JIerko BUETh,
YTO €U MOJCTAHOBKe d; COOTBETCTBYET MOJCTAHOBKA ITavyekK dlf,
a moAcTaHoBKe d; — IOZICTaHOBKA NaveK d;., TO noAcTraHoBke d;d;
COOTBETCTBYeT IIOZACTAHOBKA IMavek d{d;.. To ecTh TOCTpPOEHHOE
oToOpaxkeHue TPymmbl H; Ha MOPOXKAEHHYIO €l0 TPYIIY MOACTa-
HOBOK IaveK sBJsieTcs roMoMopdu3MoM. Tak KakK KaXKJoH mavyke
COOTBETCTBYeT JINCT UCTUHHOM CXeMBl PUMaHOBOI ITOBEPXHOCTHU
¢dyukiuu h(z) (Teopema 8, yTBEp)KIEHUE B)) U MEPEXOABI MEKIY
JINCTaMHM UCTHUHHOM CXeMBI — 3TO B TOYHOCTH IE€PEXOJbI MEXKIY
MayKaMU, TO IIOCTPOEHHBI HAMU FOMOMOP()HU3M MOXKHO paccMart-
puBaTh KaK romoMopduaM rpynnsl H; Ha rpynny H,.

338. Cm. 336 u 337. 1o ycnosuto rpymmsl F u G (cMm. 336) pas-
pemumel. Ho Torza paspennma takke rpynna F x G (cM. 167). Tak
Kak rpymnmna H; — rpymmna noAcTaHOBOK JIICTOB CXeMBI, IOCTPOeH-
HOU GOpMaJbHBIM METOAOM, — MOXKET PaCCMaTPUBAThCA KaK MOJ-
rpynmna B rpymne F X G (cm. 336), To rpynna H; Taxxe paspemuma
(cM. 162). Tak Kak cymiecTByeT roMoMop$u3M Ipymisl H; Ha IpyT-
my H, — I'pymiry IoCTaHOBOK JINCTOB UCTUHHOMN CXeMBl PUMaHO-
BoH moBepxHOcTU yHKIMH h(z) (cM. 337), To rpymna H, Takke
paspemmMa (cM. 163).

339. YxkaszaHue. Cm. Teopemy 9 (ctp. 103). Eciu F u H —
rpynmnsl l'anya /yia cxeM pUMaHOBBIX IOBepXHOCTel GYHKIMH f (2)
u h(z), To Tak Ke, Kak B 3azaue 337, JOKa3bIBAETCS CYIIIECTBOBA-
Hue roMoMopdusma rpynnsl F Ha rpynmy H. [lanee BOCIIONIb3YHi-
Tech pe3y/lbTaToM 3aZauu 163.

340. KaxxgoMmy JIMCTY CXeMbl PIMaHOBOM IIOBEPXHOCTU (yHK-
uuu f(2) COOTBETCTBYET IMayKa M3 N JIMCTOB B CXeMe€ PUMaHOBOH
noBepxHocTH yHKIMU h(z) = . f(z) (reopema 10, yTBepxze-
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Hue a), cTp. 103). ITogCTaHOBKY JIMCTOB CXEMBI PUMAaHOBOM IIO-
BepxHocTy ¢GyHKIUU h(z), COOTBETCTByIOIIME 06X0JaM BOKpPYT
TOYeK pasBeTBIeHUA QYHKUUU h(z), IepecTaBiAIOT NadyKH, He
paspbiBasg ux (teopema 10, yrBepxkaenue 6)). Ho Torma u Bce
IIOZICTAHOBKY TPyHIbl H IepecTaBiAioT Iavyky, He pa3peBas. [1o-
3TOMY Ka)KJOH IOoZACTaHOBKe d rpynnbl H COOTBETCTBYeT IOACTA-
HOoBKa d’ mauek. I[IpuyeM eciu mozacTaHOBKe d; COOTBETCTBYeT
IIOZICTAHOBKA ITayeK d;, IoACTaHOBKe d, — IOZCTAaHOBKA MaveK d.,,
TO HHoZicTaHOBKe d;d, COOTBETCTBYET NOACTaHOBKA madeK d;d,. MeI
IoyJyaeM roMoMop¢u3M Ipynnsl H Ha MOPOXKAEHHYIO €0 I'PYIILY
MOZICTAHOBOK TayeK. IIoACcTaHOBKa IavyekK, COOTBETCTBYIOIIAA 00-
XOZy BOKPYT IIPOU3BOJILHON TOYKU 2, COBIAZIAET C IIOACTAHOBKOU
JIICTOB TP 00X07ie BOKPYT TOYKY %, B CXeMe PHMaHOBOH IIOBEpPX-
HocTu yHKUMM f(z) (Teopema 10, yTBep:xkzAeHUe B)). [oaTomMy
rpyIna [o/ICTAHOBOK TavYeK, MOpOXKAeHHas rpynnoii H, coBnazaer
¢ rpynmoii F (Tounee, nsomopdHa F).

Takum 06pa3oM, IOCTPOEHHBIH Bblllle TOMOMOPGU3M ABISETCS,
IO CyILIECTBY, FTOMOMOpduU3MOM rpymmnbl H wa rpymmy F.

341. Agpom romoMop¢u3Ma, IIOCTPOEHHOTO B pellleHUH 3aJa-
1u 340, ABIAI0TCA IO[CTAHOBKYU I'PyIIIbl H, IepeBoAlre KaXIyto
mavky B cebs. Ilycts d; u d, — ZBe Takue MoACTaHOBKU. Eciu -
CTHI B TIaYKaX IIePeHyMePOBaHHI TaK, 4To f;, (2) = f; o(2) - €K, ToO
obe mozscTaHOBKY, d; U dy, IIUKIUYECKU CABUTAIOT JIUCTHI B KaXK-
ot mauke (cM. Teopemy 10, yTBepKAeHHUe T')). PacCMOTPUM IIPOU3-
BOJIBHYIO TTauKy. EC/IM MOACTaHOBKA d; IUKIMYECKU CABUTAET JIU-
CTHI B OTOH ITa4yKe Ha | JIMCTOB, a mojcTaHoBKa d, — Ha k JIUCTOB,
TO 06e moAacTaHoBKH, did, U dyd;, TTMKINYECKN CABUTAIOT JIUCTHI
B ZIaHHOU Tauke Ha [ + k nuctoB. Takum 06pa3oM, MOACTAHOBKHU
d,d, v d,d; OIMHAKOBO IIEPECTABIISAIOT JIMCTHI B KQXKIOH MavKe, T. €.
did, =d,yd;.

342. Eciu ¢ — roMoMop¢u3M, IOCTPOEHHBIH B PellleHUH 33/1a-
un 340, u Ker ¢ — ero sazpo, To paktoprpynma H/ Ker ¢ uzomopd-
Ha rpynne F (Tteopema 3, cTp. 40). Tak kak rpymnmna Ker ¢ xoMmMmy-
TatruBHA (cM. 341), a rpynma F paspelrMa, To paspelrruMa Takke
u rpynmna H (cm. 166).

343. O6o3nauum P, (w) = 3w — 25w? + 60w — z. Ecnm wy —
KpaTHBIM KopeHb ypaBHeHuA P, (w) =0, To w, ABIAETCA KOPHEM
YpaBHEHUA Pz’(w) = 0, rzme ny (w) — MHOrOWIEH, ABJSIOIINHAC
IIpOU3BOZAHOM oT MHOrowIeHa P, (w) (oTHocuTenpHO w) (cM. 276).
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P/(w) =15w*—75w? + 60 = 15(w* —5w? +4) =
=15(w—-2)(w—1D)(w+1)(w + 2).

Tax xax ypaBHeHue P, (w) = 0 umeeT 4 KOpHA KpaTHOCTH 1: wy =

=-2, —1, 1, 2, To KpaTHBIMU KOpHAMU ypaBHeHusa P,(w) =0

(kpaTHOCTH 2) MOTYT OBITH TOJIBKO 3HAYeHUA Wy =—2, —1, 1, 2.
[ToxcTaBiAa 3TV 3HaYeHUA B ypaBHEHUE

3wS —25w3 4+ 60w —z=0,

MOJTy4aeM, YTO OHU OYAYT KOpHAMU (KPaTHOCTHU 2) COOTBETCTBEH-
Ho ipu 2 =—16, —38, 38, 16.

Omeem. KOpHAMU KpaTHOCTH 2 ABJIAIOTCA 3HAYEHUA: Wy = —2
mpu z =—16, wy =—1 npu z =—38, wy =1 npu z =38, wy =2
mpu z = 16.

344. O6osHaunM P, (w) = 3w> — 25w?3 + 60w — z. [NoI0KUM
2 = %, U PACCMOTPUM OZHO3HAYHOEe 0TOOpaKeHHe IUIOCKOCTH W B
HEKOTOPYIO KOMILIEKCHYIO IUIOCKOCTb T, 33/laBaeMoe PaBeHCTBOM
T =P, (w). Ilyctb C — OKPY)XHOCTb pazuyca r Ha IUIOCKOCTH W
C IIEHTPOM B Touke w, (puc. 113) u C’— obpa3 okpyxxkHoctu C
npu oTobpakennn T = P, (w). Pasnoxkum MHOrowien P, (w) =
= 3w> — 25w? + 60w — 2, Ha JuHelHble MHOXUTEMU (cM. 269).
Honyyum P, (w) =3 (w —w;) (W — wy) (w — ws) (W — wy) (w — ws),
rZe Bee w; — KOpHU ypaBHeHus P, (w) = 0. I1pu 06x0zie 1o OKpy*x-
HOCTH C IPOTUB YaCOBOM CTPESIKU apryMeHT COMHOXUTENA W — W;
He U3MEHSEeTCs, eCly W; JIEXKUT BHe OKPY)XHOCTH C, U YBEIU4Iu-
BaeTcA Ha 27, eCJIU w; JIEXKUT BHYTpU OKpyxHocTUu C. [loaTomy
pu 06xozie OKpyKHOCTH C IIPOTHB YaCOBOM CTPENKU apryMeHT
ynkuuu P, (w) yBeqmYMBaeTCs Ha 271m, TAe M — IUCII0 KOPHeH
(c yuerom kparHocTel) ypaBHeHus P, (w) = 0, nexauyx BHyTpU
okpyxHoctu C. [ToaTomy kpuBasg C’ — obpa3 okpyxHocTU C IIpH
orobpaxkennu T = P, (w) — 06xoAuT m pa3 BOKPYT TOYKU T =0
(puc. 114). Tak Kak II0 YCJIOBHIO 33/laddl I[eHTP OKpY>KHOCTH C —
TOYKa Wy — ABJIAETCA KOPHEM YpaBHEHUA PZO (w)=0, Tom=1.
CymiecTByeT Takoe p > 0, YTO OKPYXHOCTb pajuyca p C IeH-
TpoM B To4uKe T = 0 IIEJIMKOM COZEPXKUTCA BHYTPU KpuBOi C’
(puc. 114). BosbMeM Temeph Apyroe KOMIUIEKCHOE YHCIIO Z, M Pac-
CMOTpPHM ellle OfHO OToOpaskeHue T = P, (w). Tlyctp C” — obpas
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okpyxHOCTU C TIPU OTOOPAXKEHUU T = P, (w). Tak xak Py (w) =
=3w> — 25w3 + 60w — z; = 3w> — 25w3 + 60w — 2, + (39 — 2;) =
= PZO(w) + (2o —zg), To KpuBasg C” mosmydaeTrcs u3 KpuBoul C’
CABUTOM Ha BEKTOP Zg — z(’) (cM. 246). Ecnu yinHa BEKTOpa 2o — z(’)
MeHbIlle O, TO KpuBasg C’ CABUHETCA TaK Majio, YTO IOJTydYeHHasd
u3 Hee kpuBasi C” GyzeT 06XOAUTb BOKPYT TOYKU T = 0 CTOIBKO
Ke pas, ckonbKo U kpusas C’. (Ilpeactasere cebe, 4TO, HA0OOPOT,
caBuraetcs Touka T = 0; puc. 114.) Tak kak kpuBas C’ 06XoauT m
pa3 BokpyT Touku T = 0, To 1 KpuBas C” 6ygeT 06XoAUTH m pas
BOKpyT Touku T = 0. OTclozia, paccy’kAas KaK U BEHIIIE, TOJIydaeM,
YTO BHYTPU OKpY:KHOCTU C JI&XKUT m = 1 KOpHeH ypaBHEHUA
Pzg) (w) =0 (c yueToM KpaTHOCTEMN).

Puc. 113 Puc. 114

345. IlycTb 2y — NIPOM3BOJIbHAA TOYKA, OTIMYHAsA OT 2 = +38 U
z = £16. Torza uMeeTcss POBHO 5 PasiMYHBIX 00pa30B TOYKH 2
pu oTobpakeHUU w(z). I[IycTh 3TO GYyAYT TOUKU Wy, Wy, Wy, Wy,
ws. Eciu HenpepriBHaA KpuBas C BBIXOAUT U3 TOYKHU 2, TO U3 KaXK-
noit Touku w; (=1, ..., 5) BEIXOAUT XOTsA OB OAVH HEMPEPHIBHBIIN
o6pa3 kpuBoii C pu oTo6paxkeHuu w(z). Ecau 6b1 U3 HEKOTOPOI
TOYKM W; BBIXOJWIO /IBa HENPEPBIBHBIX 0Opa3a kpuBoii C (pacxo-
JAMNUXCS UMEHHO B TOYKe W;), TO KpuBas C uMesa Obl IO Kpaii-
Hell Mepe 6 HeNpepPHIBHBIX 00pa3oB. DTOTO HE MOXeT OBITh, TaK
KaK ypaBHeHUe 5-11 cTeleH! He MOXKeT UMeThb 6ojiee IATH KOpHEH.
CiezoBaTeNbHO, TOYKA % He SBJIAETCA TOYKON HEOZHO3HAYHOCTU
byukunu w(z).

PaccmoTrpum teneps 5 Kpyros: Dy, D,, D3, D,, Ds HEKOTOPOrO
pazuyca r ¢ leHTpaMU B TOYKax w;. BeibepeM r HaCTOJIIbKO MaJIbIM,
YTOOBI 3TU KPYTHU He ITepeceKalrch U He Kacaluch ApyT Apyra. B cu-
Jly pesyabTara 3azadyu 344 cyulecTByeT Kpyr Dy ¢ LIEHTPOM B TOY-
Ke %, TaKOTO Pajiyca p, YTO y JII0GOM TOUKM Z; M3 TOrO Kpyra
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HMMeeTcs 110 KpaiHel Mepe 10 OZHOMY U, CJIeZIOBaTeJIbHO, POBHO
10 OZHOMY 00pasy B KaxkAoM u3 KpyroB D;, D,, Ds, D,, D5, no-
CTPOEHHBIX Ha IUTockocTU w. Ecin C — HellpepbIBHAA KpuBad, lie-
JIMKOM JIexkarnas B Kpyre D, To Bce 06passl BCexX ee TOYeEK JieXKaT B
kpyrax D; (i=1, ..., 5). Ho Torza HempepbIBHEII 06pa3 KpuBoii C
mpu oToOpakeHUH W (2) HE MOXKET IIePECKOYUTh U3 OJHOTO Kpyra
B ZIPYTOH, T. €. 0060 HempephIBHBIHN 00pa3 C’ KpuBoii C IeTMKOM
cofiepKUTCA B ofHOM U3 kpyroB D; (i=1, ..., 5). Eciu kpuBas C,
JieXKalas eJuKkoM B kpyre Dy, HauMHaeTCA U KOHYaeTCA B OAHOMN
¥l TOM Xe TOUKe 2, TO ee HelpephIBHbINA 06pa3 C’ JO/DKeH HauM-
HaThCA ¥ KOHYAThCS B HEKOTOPBIX TOUKAX, ABIAIOMINXCSA 06pa3aMu
TOYKH z|, TIPH 0TOOpakeHUM w (2). Tak Kak KpuBad C’ JIeKUT IeJTH-
KOM B HeKoTopoM kpyre D; (i=1, ..., 5) ¥ B 3TOM KpyTe UMeeTcs
POBHO OZIMH 06pa3 TOYKH z), TO KpuBad C’ HAYMHACTCA U KOHYAET-
Cs1 B OZIHOH M TOH JKe TOYKe.

Takum ob6pa3omMm, ecnu C — 3aMKHyTas KpuBas, LEJTUKOM Jie-
)amasa B Kpyre D, To 3HadeHwe ¢yHKIUU w(z) B KOHEYHOU
TouKe KpuBOU C, ompe/iesieHHOe 110 HEIPephIBHOCTU, COBIAJaeT
co 3HaueHHeM B HauaJbHOM TOUKe. B 4acTHOCTH, 3TO CIIpaBeAINBO
JUIS BCeX OKPYKHOCTEH C IIEHTPOM B TOUKE Z, pPaJuyca MeHbIIETO,
yeM p. CreZloBaTeNbHO, TOYKA 2 HE ABJSAETCS TOYKON pa3BeTBIIe-
HuA GyHKIMM w(2).

346. U3 pemenua 3azauu 343 ciezyerT, 4To IpU 2 = Z, = 38
ypaBHeHUe (14.1) MMeeT uyeTbIpe KODHA: Wy, Wy, W3, Wy, IPUUEM
OofuH U3 HUX (IIyCTh, HAIIpUMep, w;) UMeeT KPaTHOCTb 2, OCTaIb-
HBle KOPHM IpocThIe. [IycTh TOYKA 2, JIEKUT BOIM3U TOUKH 2.
Torza u3 pemeHus 3agayu 344 moxydaeM, 4TO BOJIM3U TOYKU W,
nexar ia o6pasa TOYKH z, IIPH OTOOpaxxeHMH w(z), a BOMU3H
TOYEK W,, W3 U W, JIOKUT 110 OZHOMY 00pasy TOuKHM gz. IlycTb
OKpy>XHOCTb C Masoro pajuyca c LIeHTPOM B TOYKe Z, HadhHa-
eTcAd U KOHYaeTcs B TOUKe Z. Tak ke Kak NpPU PelIeHHH 3aja-
yn 345, mosmy4aeM, 4TO HeNpephIBHEIE 00pasbl OKpy:XHOCTH C
mpu oTobpakeHUU w(z), HAYMHAOUIUECS BOIU3U TOYEK Wy, Ws
Y W,;, OKAaHYMBAIOTCA B ICXOZHOU TOYKe, a HENpephIBHbIE 00paskl,
HauMHaIoNIMecs BOIM3M TOYKU W, B OAHOM M3 06Pa3oB TOUKH Z,
MOTYT 3aKaHYMBAaThCA B IPyTOM 06pa3e TOUKH ), TAKKe JexKaIeM
BO/IM3M TOYKH W, . [I03TOMY B TOUYKe 2, C TPEX JINCTOB PUMAHOBOM
IIOBEPXHOCTH HET IIePeX0/I0B Ha IPyTHe JIMCTHI ¥ TONTBKO BA JIUCTA
MOTYT COEAVNHATHCA MEXY COOOH.
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347. TIpoBeseM KaKyloo-HUOYAb HEIpPEPHIBHYIO Kpusyio C’ u3
TOYKH W, B TOYKy W; TakK, 4TOObI OHA HE MPOXOJWIa 4yepe3 006-
pasbl w(z) Touek z = +38 u z = £16. Takylo KpUBYIO NIPOBECTHU
MOJKHO, TaK KaK TOYKM z = 38 1 z = +16 UMeroT KOHEYHOE YHCJIO
obpazoB. Ilycth Temephr C—o6pa3 kpuBoii C’ mpu OZHO3HAY-
HOM oToGpakenuu z(w) = 3w — 25w3 + 60w. Tak Kak z(w) —
HernpepriBHaA QyHKINA U C’ — HellpeprIBHAsA KpuBasd, TO U C —
HelpepheiBHAA KpuBas. Tak Kak g U w Ipu oTobpakeHuu z(w)
CBA3aHBI COOTHOWEHUEM 3w> — 25w3 + 60w — z = 0, TakuM Xe,
Kak IIpu otobpakeHnu w(z), To kpuBas C’ B CBOIO ouepesp SABJIS-
eTCsl HellpephIBHBIM 00pa3oM KpuBoil C mpu oTobpaxkeHuu w(z).
Tak kak kpuBas C’ He IIPOXOAUT depe3 oOpaskl Touek z = £38 u
z = £16, To KpuBasg C He MPOXOAUT Yepe3 TOYKU 2 = £38 u z =
= +16. HavanpHad U KOHeYHasA TOUYKU KpuBoi C — aTo 2(w,) = 2
u z(w;) = z,. Takum obpazom, kpuBas C — uCKOMasl.

348. B cwiy pesyabrata 3azauu 347 ¢ iaob6oro jgucTa puMa-
HOBOM TOBepXHOCTU PYHKIMHU W (Z) MOXHO MepeiTH Ha Jroboit
JPYTOU JIUCT 10 HEKOTOPOU KPUBOH, He MIPOXOAAIIEN Yepe3 TOUKHU
2z =238 1 2 ==%16. [Ipu 5TOM ITepexoAbl C IMCTA Ha JIUCT IIpU Iepe-
CeYeHUH pa3pe30B COBMAZAIOT C MEPEX0JaMU, VKa3aHHBIMU B TOH
TOYKE Pa3BETBJIEHUS, U3 KOTOPOU MPOBEAEH JaHHBIN paspe3 (CM.
3ameuanuie 1 Ha cTp. 95). CiezoBaTeNbHO, COEIUHEHUS JIUCTOB B
TOYKaX Pa3BETBJIEHUS JODKHBI ObITh TAKUMHU, YTOOBI TIOMyYanach
e/lvHasA CBsi3HasdA cxeMa. Tak KaK TOYKH, OTJIUYHBIE OT 2 = +38
u z = £16, He ABIAIOTCA TOUKaMHU pa3BeTBieHusa (cM. 345), a B
KaXKZjoil 13 Touek 2 = +38 1 2 = 16 MOTYT COeANHATHCS TOJIBKO 2
sucra (cM. 346), TO I IOTyYeHUs CBA3HOM CXeMbI HEOOXOAUMO,
YTOOBI COEJVHEHUs OBUIM B KaXKJOM M3 TOueK g = £38 u g =
=216, T. e. Bce YeThIpe TOYKU SABJAIOTCSI TOYKAMU Pa3BeTBIEHUA.
Bce pasnuyHBle CBSI3HBIE CXEMBI MTOKa3aHbI Ha puc. 115. JIioOble
CBAI3HBIE CXEMBI PUMaHOBOH IOBEPXHOCTH QYHKUMM w(Z) MpHU-
BOZAATCA K OTUM TPEeM CXeMaM IePECTAaHOBKOW JIMCTOB M TOYEK
pasBeTsieHus. (MbI 31eCh He yTBEep:KAAaeM, 9YTO BCe 3 CXeMBI MOTYT
OBITH PeaTN30BaHBbI.)

349. JlokaxkeMm, YTO I'pyIIIa IOJCTaHOBOK JIMCTOB JJI1 BCEX TPEX
cxeM, TMOKa3aHHBIX Ha puc. 115, CoAepKUT Bce 3MeMeHTapHbBIE
TpaHcnosunuu (cM. cTp. 46), T.e. TpaHcmosunuu (1, 2), (2,3),
(3,4), (4, 5). [lna nepBoii cxeMBbl 5TO OYE€BUAHO, TaK KaK 3TU TPaHC-
MIO3ULIMH [IPOCTO COOTBETCTBYIOT TOYKAaM pasBeTBIeHUA. Bo BTO-
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I

SEEEE

Puc. 115

= N W A~ U

= N W A~ G

PO U TpeThel cxeMaxX OJHOM U3 TOYeK PA3BETBIEHU COOTBETCTBY-
et TpaHcrozunys (1, 2). Tpaucmosuruu (2, 3) u (3, 4) momydaror-
¢s1 B 060UX cydasx Kak mpousBegenus (2,3) =(1,2)-(1,3)- (1, 2)
u (3,4 =(01,3) (1,4 - (1, 3). Tpancnosuuus (4, 5) nonyyaercs
JL11 BTOPOU cXeMBI Kak npousBezienue (4,5) =(1,4) - (1,5) - (1, 4),
a Ay TpeTbell cxeMbl OHA IPOCTO COOTBETCTBYET OJHOM U3 TOUEK
pa3BeTBIEHUA.

Takum o6pa3oM, UCKOMas IPyIIa BO BCEX TPeX CIydasxX Cofep-
JKUT BCE 3JIeMEHTapHbIe TPAHCIIO3UINHY U, CJIEI0OBATENBHO (Teope-
Ma 4, cTp. 47), coBIaZiaeT co Bcel IpyIIoi MOACTaHOBOK 5-i cTe-
TIeHU.

350. U3 pesynbrara 3agauu 349 moiaydaeM, 4ro rpymnna I'amxya
it yHKIMUM w(z) — 3TO rpymma S BceX MOJCTAaHOBOK 5-U cTe-
IIeHU, KoTopasd HepaspenmmMa (cM. TeopeMy 5, cTp. 49). C gpyroi
CTOPOHBI, ecyi GYHKIMA W (2) BEIPAYKAETCA B paZiiKajiax, TO COOT-
BeTCTByIOIas el rpymma lanya fomKHa GBITh pa3pelumMoii (Teope-
Mma 11, ctp. 106). VI3 mosy4eHHOTO IPOTUBOPEYHS U BEITEKAET, YTO
dyHKIMA w(z) He MOXKET OBITH BRIpA)KEHa B paZiuKasiax.

351. Yka3auue. Ecm 661 Takas popMmysia cylecTBoBaia, To,
IIOJCTaBUB B Hee 3HauUeHUd ay =3, a, =—25, a4, =60, a; =a; =0
U a5 = Z, MBI IOTY4IIH 6bl, 4To GyHKIMA w(2) (cM. 350) BeIpaska-
eTcsl B pafuKaax.

352. dyuknua w, (z), BeIpaxkaromas KopHU ypaBHeHus (14.2)
yepes IapaMeTp Z, IMeeT PUMaHOBY IIOBEPXHOCTb, KOTOpPas COCTO-
UT U3 OTJEJIBHOTIO JIMCTA, Ha KOTOpoM w; (2) =0, u 5 TMCTOB, KOTO-
PBIE COCTABIIAIOT CXEMY PUMaHOBOM ITOBEPXHOCTH GYHKIMU W (Z),
BBIpaXKAIOIIe KOPHU YpaBHEHUS

S3wS—25w3+60w—2=0

yepe3 mapameTp gz. [loaTomy rpymma l'amya, cOOTBETCTByoLas
dyHkMK W (), coBmazaeT ¢ rpymmoi l'anya, cooTBeTCTBYIOLIEH
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¢yHKIIMK W (2), T.e. ¢ TPyNIoN Ss BceX MOJCTAaHOBOK 5-U crerre-
HU, KoTopasd HepaspemmuMa (cM. 349). C gpyroil CTOPOHBI, eciu
byHKIMA W (2) BEIpa)kaeTcA B PaJUKalax, TO COOTBETCTBYIOLIASA
el rpymnmna Tamya gomxHa OBITH paspemrnMoil (cM. Teopemy 11,
ctp. 106). V3 moimyyeHHOTO IIPOTUBOPEYUS BBITEKAET, YTO (QYHK-
s wy (2) He BBIpa)XXaeTcs B paJuKaiax U obllee anrebpandeckoe
ypaBHEHUe CTeleH! N IIPU N > 5 Hepa3pelrMo B paZuKaiax.
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