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OT M3JATEJLCTBA

«BBeenve B amamma OecKoHewHHX» Jleomappa IJiiepa B HacTOAIMEM
OBYXTOMHOM H3JIaHNW BIEPBHe CTAHET MMOJIHOCTBIO JNOCTYUOHEIM I HaIIero
YATaTeJA: MepBoe pycckoe manamme 1936 r. ocTamoch He3aKOHYeHHEM, BRI
ToabKO mepsuit ToM. CymecTByer MHeHHEe, 4TO BTOPOil ToM «BBemenusa» (reome-
TPAYECKHUN) YCTyIaeT IepBOoMy (AaHAINTHYECKOMY) IO GOTATCTBY OPUIHHAIb-
HEIMH pe3yJbTATAMH, OXHAKO M OH 3aHMMaeT IOYEeTHOe MeCTO Cpely KIaccH-
YeCKHX OPOM3BeNeHWH MaTeMaTHYeCKOH JMTepaTyphl, M MaTeMAaTHKY O3HAKOM-
nmenne ¢ «BBenenueM B amamua» Jiiepa B mOIHOM 06BeMe 1acT OYEHb MHOTO.

Horpa 9#inep nmcaa aTy KHATY, NPOILIO Yike IeJ0e CTOJNETHe ¢ TeX mop,
Kak Jexapt (m QepMa) BBed B reoMeTpMI0 KOOPAMHATHHIM MeTon. 3a aTo 3ie
CTOJIeTHE B HayKe BOILIO B 00MX0J MOHATHe QYHKINH, OBLT HAKOIIIeH OOIMAPHbIR
MaTepHAN B UTOTe M3YYeHMA KAK OTJAeNbHEX BHAOB QYHKIHN, Tak M pAfa HX
o6mux cBOHCTB, OHI cosgaH anmapaT puddepeHIHATEHOr0 U WHTErPAIbHOrO
ucuncienns. Ho ToapKo Oiiep CMOT CBeCTH BCe BTH Pe3yIbTATH BOETHHO
M, OPHCOeUHNB K HUM CBOM MHOTOYNCIeHHHE OTKPHTHSI, 1aTh BO «BBemenmu»
nepBble M 00pasiioBHe KYpCH Cpasy ABYX AMCIUINIAH: COOGCTBEHHO BBejleHHS
B aHaau3 (DOHMMas OO} 3THM W3y4YeHHe QYHKUUH ¢ MOMOIMIbI0 GeCKOHEYHEIX
mpomeccoB, 0600mMamAX alrebpandecKne) M AaHATHTAYCCKOH TIeOMeTpPHM.
CopepsKaHMe W 3HAYeHHEe STHX TBOpeHMH Jillepa aHAIH3UPYIOTCA BO BCTY-
OHTEIBHEX CTaTBAX K COOTBETCTBYIOIIUM TOMAaM. J1eCh JOCTATOYHO yKasaTh,
uTo ailTepoBo «BBemeHWe» cOpaBeINBO MPU3HAETCA HaMGOIee 3HAYHTEIbHHM
OO0 CBOEMY WCTOPHYECKOMY BIHAHUIO MAaTeMAaTHYECKHM TPAKTATOM HOBOTO
BpeMeHM. [[1a TOTrO, KTO WHTepecyeTcs HCTOpPHEH MaTeMaTAYeCKIX HaAYK,
NI MaTeMaTHKA-Teqarora Kak cpegHel, TaK M BHICHIeH MIKONB, 3Ta KHHTA M
cefluac JlaeT HeMAJo MaTepHala AJA pPasMBEIMIEHWA W 1 pHMEHEHHA.

Mnuoroe Bo «BBepenmm» mokasKeTcs CcoOBpeMeHHOMY YHTATed0 OIM3KAM
¥ 3HAKOMEIM, TOTOMY 4YTO MHOTO€ W3 Hero, ualle Bcero 0e3 CCBUIOK, BOINJIO
HeOTheMIIeMOH 4acThI0 B y4eOHYIO IHTepaTypy BIJIOTH OO0 HAaIIWX JHeH. «3amM-
CTBOBaHME — CaMHH JeCTHHI BHJ OIeHKH», KaK CKas3al OJMH M3 HMCTOPHKOB
maykn... Ho HEYTO He MOjKeT 3aMeHHTH 3HAKOMCTBA ¢ OPHTHHAIOM ODHiepa,
u60 TONBKO B OpHUTHHAJE MOKHO OIEHHTh BCe JOCTOMHCTBA HM3IOKEHHA U II0-
YyBCTBOBATh TOT TBOPYECKHH IYX, KOTOPHIM HPOHHM3aHO 3TO YIHUBHTEIBHOE
cO3JlaHMe BeIHKOTO YYEHOTO.

* *
%

ITpy moaroToBKe K mepeM3TaHUI0 MePBOTO TOMA MepeBOJ M TEKCT B Iel0M
6511 mpopepen WM. B. IlorpebricckmM. B kawectse BeTynmremsmo#t craTem
(3 meperose ¢ memenxoro M. B. Tlorpebricckoro) namo BBefenne ¥ aTomy Tomy,
HaOBCamHOe OXHNAM M3 PeIaKTOPOB HOJIHOTO cobpanns counmennmit JI. Ditmepa
mBefmapckuM MaTeMaTHKOM M HMCTOPHKOM Hayknm Ampgpeacom ITmaiisepom.
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W3 ocobennocreit o6o03Havenmit Jitaepa, BooOme BechbMa OMM3KHAX K CO-
BpeMeHHEIM, COXPAHEeHH ClefyllHe: MEAMAA efWHANA obo3HaueHa )/ —1, a i
osHagaer GeckoHedHocTh (infinitum); morapudm obosmaden [; * oGosHaTaer
OpPONyCK CTeleHM B MHOTOYIGHE, HAIPUMEp

0=1—6x* | 8x8
03HaYaeT
0=1—6x+0.221 828,
B uepsom magaEmm mepBHit ToM Introductio comepskan eme mocBAmeHme
napmwxckoMy aragemury Mapamy (I. I. Dortous de Mairan); sgech onO omy-
mieHO, TAK KaK IIPUHAJJIERAT He Jilmepy, a ero maparelio bycke (Bousquet).
* *
*

[IpnMegannsa peTaKkTOpPoB IepBoro ToMa «Bmemenma» B msmammm Opera
omnia orMedennt 6yxsamm A. K. (A. Kpanep) m @. P. (®. Pyamo). IIpume-
9aHuA, oTMedeHHHe Oyksamm C..JI., npmHagie:kar C. f. Jlypre, GyxBamm
H. II.—U. B. Ilorpe6rccromy,

= Z4 ) SSH



O IEPBOM TOME «BBEJEHHS B AHAJIN3
BECKOHEYHHKI X> JEOHAPJIA DHJIEPAY

IlepBasg rmaBa mepBOro ToMa BBeleHMsA HadWMHAeTCA C ONpefelleHUA
HOOCTOAHHOH BeJIMIMHE, KOTOpad cOXpaHAeT cBOe 3HaUeHHe B XOfie BEYUCIeHHUS,
M BelIMYMHE OepeMeHHOH, KOTOopas Bce 3HA4YeHHMA oXBaThBaeT (in se complec-
titur). DyEKIHA — 9T0 IPOU3BOIBHO COCTABICHHOE AHAMATHYECKOE BHIpasKe-
mue (expressio analytica quomodcunque composita ex quantitate variabili
et quantitatibus constantibus). @ymxmum paspensorcas Ha aareGpamgec-
KHe W TPAHCIEHNeHTHHE, a adrefpamdecKWe — HA panMOHANbHEE U Hppa-
nuonanbaie. Vppanuonanbsabie GyHKIMH cofep:kar 3HaKM KopHe#. Taxmm
o0pasoM, Jilllep IpUHNMAaeT, 94TO BCe airebpamyecKne ypaBHEHHA MOTYT OHTb
CBefleHH K «YHCTHIMY YyPaBHEHHSAM, 4UYTO, KaK M3BECTHO, He MMeeT MeCTa.
PannmonanbHEHe yHEKIMN pas3feisoTcesa Ha Denble u qpobGHEe. Bemex 3a atum
onpefieIA0TCA MHOTO3HAYHKe (YHKIOUH, OpWdeM HEABHO NpeRmojaraercs
COPaBeINBOCTh OCHOBHOH TeopeMH anre6pr, natee — ¢yHKUUEM obGpaTHHE,
9YeTHHIE M HedeTHHe, momoGHHe (similes, § 26).

Crenylomme mBe TIaBH cofeprkaT npeoGpasoBaHusa (yHKLMHA, a HMeHHO,
ra. II— rTompecTBeHHHE mpeoGpasoBamusd, ria. III—BBenenme HOBHX Iepe-
meHHHX. CHagama Jiiep moKaskBaeT, 9T0 KOMIIEKCHEE JHHeHHEEe MEOMKH-
TelN NeACTBUTeNBbHOH Nedod panmoHanbHOH (YHKIHH NOABIAITCA 00:3a-
TenbHO conmpsxkenHmMu mapamu (§ 31, 150—154). Oymrnusa HegeTHOH cTe-
IeHN HMeeT N0 KpaiiHell Mepe OfUH JeHCTBHTENHHHNE KOpeHb, ypaBHeHHe BHJA
2% 4...+A=0 uMeer He MeHee JBYX TaKAX KOpHeH. 3aTeM paccMaTpH-
BaeTCA pPAsIOKeHHe PAl[HOHANBHON QyHKINHM HA YacTHHe Hpobu, 910 HILIIO-
CTpPUpYyeTCHd HeCKOJIBKUMHA NPHMEPaMH, U IIPH 9TOM OIPHHUMAIOTCH BO BHUMAaHHE
JIUIb JeHCTBUTeNbHEE KOPHM 3HAMEHATEJ.

FnaBa III copmep:kuT panuoHaIH3aNMI0 HiIn yHUOpMH3aLuI0 axreGpan-
gecknx QyHKuMi (a10#t mpoGreMoit Jililep 0coGeHHO 3aHMMAalicA B apUPMeTH-
gecKoil Teopun guodaHTOBHX ypaBHeHHH). OH HaXoquT GOJBIIOE THACIO ANred-
pawdecKHX ypaBHeHMH, POX KOTOPHIX B cMHcie PuMaHa paBeH HYIIO,— Belb
MMeHHO TaKMe ypaBHEHHA ABIAITCA 31eCh IPeMeToM HeciaeRoBanna. Pammo-
HaIM3UpyIOTCa QyHKUMH Yy=(a--bz)" mpm paumomambHOM r, nalee y=f (z),
rae f(x) xpo6HO-mHHEHRAA QYyHKIHMA OT T U y=p-}qz-+rz?. 3aTeM yKa3HBAOTCA
TpU mpumeMa [us yaupopMmusanuum ypaHenusa azt-tbyf-czVy®=0. Ho mpm
3TOM MOKa3aTelW NOJKHH YXOBICTBOPATH OUpeleleHHHIM yCIOBHAM, H 3TOT
MeTox 060bIaeTcd M MILIOCTPUpYyeTcs mpuMepaMu. Beimen 3a sTuM yHEQPOD-
MH3UpyeTcA Hambouee obINee ypaBHeHNE BTOPOH CTeNeHHU B JBYX IepeMeHHHX,
a TaK:Ke CyMMa [BYX OJHOPONHHX (QYyHKIHHA PasHHIX HOPANKOB.

1) U3 sBopmoit cratbm A. Illmaiisepa k 1. 9, cepum 1 Leonhardi Euleri,
Opera omnia, Genevae, 1945, crp. VIII—XIX.
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C rmasm IV Haummaerca paccMoTpeHme OeCKOHEYHEIX DANOB, 9TO COG-
CTBEHHO W OPefCTaBJIdAeT IpeiMer HepBol dactm «BBemenms». dromy Heobxo-
AEMO NpeANocHaTh HEKOTOpHe NIPHHOWINAAJbHEE 3aMedaHus. Jiilep pac-
CMaTPUBAET TOJNBKO TaKHe DAAH, KOTOPHE 33afaHbBl HEKOTOPHM 3aKOHOM, TO
eCTh DAMEL, KOTOPHE HMeIoT «00Immid dieH». Ilpm 3TOM MOKHO pasimdaTh ABe
TPAKTOBKH — apHMeTHdecKylo m ajirebpamdeckyro. llpm apmpMermyeckoit
9JIeHEl PAAa ABIATCA YHACIAME M MH TpeGyeM CXOMUMOCTH pAMa, TOTAA KaK
OpH aiarefpamdecKOdl TPAKTOBKe 3HAKA | M — ABJAKTCA TOJIHLKO CHMBOJAMH
o0be[AHeHAA W CXOJMMOCTh He HrpaeT HUKaKod poxam. IlogoGHyH TpakrToBKY
MEl AMeeM, HaOpAMep, B TEOPHHA IPYII, I/le CKIAJLIBAIOTCA «IJIEMEHTHY, PaBHO
KaK B TeOpHH MHOKeCTB H B opMalbHOH Jormke. Hak pas Takas TpaKTOBKa
Gospole BCero W 3aH@EMaeT Jiiepa.

Ecim, x npmMepy, paccmarpmBaerca pag S=1—14+1—1-4..., To Mu

HHKOrga He OpPHIeM K HHOMY 3HAYeHHIO, 4YeM 5 OopHa yCJIOBHAH, 9YTO YYHTHI-

BaeTCA CHMMeTPHA PAAa, DOTOMY UTO 3Ta CHMMeTDHsA BHPaskaeTcsd ypaBHeHAeM
§=1—S. Bopouem, pysrmua y=1—2?4-2%—2z5f28—284... Tosme maer mpm
z=1 yKasaEHHH pAJ, HO Ge3 COOTBETCTBYIOINed CHMMeTpHWHA. Jiijlep 3aImmcal

66 ero B Bmge 14+0—1+414-0—1+... m Beamcanma GH ero cymmy RaR%.

Cramo GHTH, ¢ DOMOMBIO PA3JOKeHHS B PAR 3aKOH 3aMaHAA (YHKOAN
orofpaskaeTcsA B 3aKOH 9JIeHOB pAAa, W 3TO HOPONHBAET CBeT Ha IIyGOKHe
cBoiicTBa pyEKnuA. Tak, HanpuMep, 9UCIIO T HAXORATCA B TANHCTBEHHOM CBA3M
¢ HedeTHEIMA 49HcJIaMn; log 2—co BceMnm unciaaMm; €, Sinz, COSZ U MHTErpajn-
HHH Jdorapu¢M — ¢ ¢axTopmasamMm. B cBOmX He0003pHMEIX 3KCHeJHIMAX
B 0061acTh pAAOB Jiiep cAelal pelnaiollee OTKPHTHE, 9YTO KaK pa3 pacxomsd-
muecA PAAH [AalOT camMOe MOIMHOE CPefCTBO JMis OOHApy’KeHHA Helope[BHIeH-
mEx faxroB. IlyTs, Bemymmit 9epes pacxopdmmeecd, ellie GoJee MIOTOTBOPEH,
9eM OyTh, BeflylMud dYepes KoMImeKcHOe B Teopmm ¢ymxmmid. Tak, Jitmep
HameJ Ha 9TOM OYTH PasiosKeHHAe raMMa-pyHKOUA B OpOH3BefeHHe, a4 3aTeM
(GYHKOWOHAJNBbENE ypaBHeHUs 3ToH (yHKOWM m Azera-GpyHKoma. Ilocieqmee
ypaBHeHHe, KOTOpOe ABIAETCH OJHEM HM3 CAMHIX 3aMeYaTeJ]bHHX OTKPHTHH,
CHeIaHHEX B MaTeMaTWKe, OH He MOI J[OKasaTb. [oKazaTelbCTBO 3TOH 3Ha-
MeHHATOH I'AmoTe3E BOepBHe yaaixoch path llliaeMnibxy, KOTODHE 0HOBpeMeH-
HO IIOKa3aJ, KaK npeobpasyerca Y-GyHKOnA, 1, B cBa3: ¢ paboroi llaemminxa,
Pumary. Puman BHABAI TO 06CTOATENBCTEO, YTO OPH YCTAHOBIEHAA (HOPMYJIE
Jitllepa MBI IMeeM JleJI0 ¢ AHAIATAYECKEM HOPOJOJIKeHHeM U 9T0 06e (GOpMyIIsl
lxeManbXa OO CYTE HPefCTABIAIT OJHO H TO JKe.

Komeuno, Jitmep xopomo 3Ham mo cOGCTBEHHOMY ONEITY, YTO HOJB3O-
BaTbCA PACXONAIMUMHACA PARAMA TPYAHO W ONACHO, W HOPH CJIydae OH I'OBOPHII
06 3TOM; NPHUXOMHWIOCH My MOCTOSHHO BHICIYIIEBATHL 3TO W OT Apyrmx. To,
9TO0 BONPEKH BCEMY OH OTBKHBAJICA HA TaKOe [0, ABIAETCSA NOCTHHeHHeM
COBepIIeHHO 0C000T0 pojia, I 0HO OEIO eMy Ho Ayme. Eme no Toro, xax Guuro
Hamedatano Bmepmemnme (1746), om mammcanm paGory (Opera omnia, cepma 1,
T. 14, cTp. 585) 0 HErfe He CXONAMIeMCsa pAaE

1— 1z 420223281, ..

F DOKa3aJl, 9TO pasindHEe MEeTOJAH CYMMHDOBAaHHA, Pa3HOCTHOE HCIHCIEHHE-
napdepeRnuanTbEOe HCUNCIeHAe, PA3TIOKEHHAEe B IENHY Apo6b BCerjga HpH-
BOJIAT K OHOMY W TOMY ’Ke 3Ha4eHHUIO 3TOr0 psifa npd z=1. B mamn Bpemena
(mepBas MOJOBHEA ABAJIATOr0 BeKa) MOA00HEE MPOOIeME BO3HAKIA B TeOPHH
pamos Qypwe. Tak, msBecTHO, 9TO Kaskias HeNpepHBHAA OQYHKOHA OHO-
3HAYHO ONpefleNdeTcsa cBomMu Koapdmmuentamu Pypre. Ecam cooTBeTcTBYIO-
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mumi pAx cXOJATCA PABHOMEDPHO, OH aeT (QYHKNHMI, HO B ofmeM ciydae OH
He Oyger cXogmThes. Torga «OTHCKaHAe NepBoo6pasHOH (QYHKIUM»Y HpeCTaB-
Jser 3ajady, KOTOpasd NPHEMHEKaeT K IoCTaHOBKe Bonpoca y diepa. 4o BooG-
[ie IMeIOT CMEICJI TONBKO CXOffAmuecd pANE-—TaKoe YTBepKIeHHe He MaTeMa-
TgHO, HaoGopor, Hajo OHLIO CHOBA B3AThCA 3a Gompmywo upobieMmy ditnepa.

B IV ruape Ditiep HaumHAeT ¢ TOTO, ITO HECOMHEHHO KaAyl0 (QYHKIHIO
MOMKHO pasiOHTh B pAJ BHAA

A+ BB+ Cz¥+ D20+ ...,

rje moKasaTemd a, P, y, O, ... o0o3HAUaT KakdAe YrogHO YHCJIA. 3aTeM
clleyeT pasiiojKeHHe B PAAK pPalUOHAJBHHX (YHKOUA; HAA OT OJHOTO IpH-
Mepa K napyromy, Oonblledl TpyaHOCTH, OWJIep, HAKOHEN, JOXOAHT /0 pas-
JoseEHsa o0mel paumoHAJbHOH [pobm, OpWIeM KodQPPHIMEHATH CTENEeHHOTO
pAfa onpefelsinTcs peKyppeHTHHIM coorHomenmeM. Ocobemmo oH mccaemyet
Te cIyYaHW, KOTJa 3HAMEHATeNb IPeACTaBIAeT COGOI0 cTemeHb. Jlaiee, BBO-
aaTcd 6e3 oKaszaTenbCTBa o6mmit OmHOMHaJBHHIE pAN W mamaraercd obmas
TNOJIMAOMHANBHAA TeopeMa.

IMaparpadsr 64 — 67 HeCKOIBKO BHIXOAAT U3 HaMEYeHHKIX JHJIEPOM DPaMOK,
HOCKOJIbKY B HHX Ipe/IONaraeTcd W3BeCTHHM Y9eHHe O Pa3HOCTAX, KOTOpoe
pasButo Jumb B ra. 1 «[Inddepennnmansaoro ncanciaeHnd». 3aMedanue B § 67
Haj0 HCTOJNKOBaTH ciaegyoommm obpasoM. Ilyers A,, A, Az, ... obpasywor
Takoil pAxg, uro mx (n—1)-e pasmocrm mocrtosmmer. Torpa 6e3 Tpyna
MOJKHO JIOKa3aThb, 9TO

Ah—'(q)Ahu‘l‘(;)Ah«»z—‘ e +(—l)nAh+n=0-

Ecam yme m-e pasHOCTH HOCTOAHHH (m <(n — 1), To mocaegmee paBeHCTBO,
pasyMeeTcs, octaercs B cmie. 9to coolparkeHme NPWMeHAETCH K pAXy 4" -+
+{(a+8"+ ... +(a+nb)", y KoTOpOrOo m-e DPa3HOCTH NOCTOAHHH. MH
EMEEM 3/eCh [lell0 ¢ OJHUM M3 TeX MecT, rme Jiaep xoder moOYAHMTH IHMTA-
TelIA 3a/yMaTbCca HaJ 6olee CIOMHHME Bounpocamu. Bpocaerca B riasa
anrebpamdecknil (He apuMeTHUecKHil) XapakKTep JTHX WCCIeIOBAHOHA, TpH
KOTOPHIX paccMaTpUBaeTcd 3HamMeHarteldb pupa 1-—az upm a=z=1. Pac-
cyxieEnda Jimepa GeaympedHH.

I'masa V wmocBamena opHOpPOAHEM (QYHKIAAM — OEIEM, apoOHEM H
anrebpamdecknm. Mexay npounm, TYT HOKA3aHO, IT0 Nedasd QYHKIAA HECKOIb-
KAX NepeMeHHHX He 00d3aTeqbHO pasinaraercA Ha MHoxHTenad. B raase VI
BBOJHATCA 3KCUOHeHIUWanbRad ¢yHKumA m dorapudmu. CHavana a”* ompepe-
afgercA paA T000ro TOJOMKHTENLHOrO0 4, 3aTeM BBOAUTCA jorapadM Kak
ofparnag ¢pynkuua nus y =a”. Iyets logy =2z mlogu =1z, Torma log vy =

x—;z. C nomomiso aroll dopmyan logd npm ocHopammm 10 BHUHECasgercs

¢ mecTbi0 3HaKamm (§ 106). Heckonpko mpmMepoB HOKa3LIBAIOT MOJE3HOCTH
3TAX (GYyuKIAH.

B ra. VII skcuonennuanbaad QyHEnmA w JorapmdMmuecKas pacKiIajhl-
Baorca B pAAH. llyers ® ectp mamoe umeno. Torma mmeem a® =14 ko,
noaroMy ah® = (14 ko)*, m ecim yctpemnts 2 K GeckomewHOCTH, 8 ®©, HALPO-
THB, YCTPeMHTh K HYJIO, TO NYyTeM NPMMEHeHHAA OWHOMHAJBLHOrO PAMA MOIY-
9qaeM DKCUOHeHUWAJBLHHN pAJ, PACUIOIOMKEHHEH 10 BO3PACTAIMAM CTeNEeHAM
kz, roe z=owh.

Teueps monommm a®"=(1+ko)*=1+z. Torna Gygem umers log (14-z)="
=hwo, rage log ob6osmavaer morapmpm mupm ocmoBammm a. C pgpyroi
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§
CTOpOHLI MH moxywaeM ko= (14t z)» —1, orkyma log (1+z) = ho=

= [(1 + z)1/* — 1]. Ecanm teneps passepHyTb HOCJIeHee BHpasieHAE B GHHO-

MHAJILHHH pAX ®m ycTpeMaTsh h K 6eCKOHe‘IHOCTH, TO IOJYYAM PAN

log (1 +2)= k(i 5 %—)

Jns BeIACHeHHMA TOTO, YTO €060 IpefcTaBiser %k, TomcTaBEM 1t z—=a
n BHOGEpeM B KauyecTBe OCHOBAaHHA @, TaK 4TO loga CTAHOBUTCA eXWHUIEI;
TOTAA HAXOJNHM, UTO

a—1 (a—1)2 (a—1)3
T — 3 + 3 — eee

k::

Ecan, B wacrHoctm, BmGpaTh k=1, TO B KauecTBe OCHOBAHUA HMeeM ¢,
W DPAJ CTAHOBHTCA PAXOM JJA HATYPAJIbHHX JOTapAQMOB.

Fnapa VIII Tpaktyer 0 KpyroBhIX TpaHCHOeHAeHTHHX Qynxmasx. CHa-
9ana mpmBogHTesa m ¢ 127 sHakamm. 3aTeM NOMHOCTEIO NEPEUHMCIAIOTCA BCe
CBOHCTBA CHMMETDHH Yy CHHYCAa M KocHHyca. lloKasmBaeTcs, 4To IOCIemo-
BaTeIbHOCTL Sin (ny - z) AJA MEIOYNCIEHHOTO 7 00pas3yeT peKyppeHTHHIA pAT,
TMOCKOJIBKY OHa BO3HHKaer M3 3pHaMenarteas 1 —2cosy -zt z% 3atem mAyT
HEKOTOpPH e H3BeCTHEIe (OPMYJH JJA IOJIOBHHHEX YIJOB. Pasloenue B pAT,
AJA CHHYCA H KOCHHYca BHBOAuUTCA m3 GopMyas MoaBpa myTem IpefelbHOTO

o m o
mepexosa W faeTcA ¢ 28 3HAKAME IIOC]e 3alATOR JA yraa — 90°. Pagm

AJsS TaHTeHca W KOTaHTeHca BHuuciaAoTca ¢ 13 smakamu. B § 138 comep-
MATCA 3HAMEHHTHE SHIepoBH (HOPMYITEI

e? V—_i+ e—? V= ) &P V—=1__ e~ V=t
COS U= H SInvyv=— — .
2 2V
14 =

Pap pna arctg x seBommTCA M3 paAma miaA IOgE ¢ TOMOMBI Ilepe-

X07la K MHUMEIM YHCIAM.

B raase IX ¢opmyna MoaBpa HmpEMeHAeTCH K pPasioiKeHUI0 HA MHOMKH-
Tenn a™ + z". TakuM 06pas3oM, IO CyIIeCTBY BOIIPOC COCTOHT 3[eCh B IIOCTPOE-
HAN KOpHedl H3 elMHHNH. JaMedaTeleH 37eCh Tepexol K GeCKOHeYHOCTH.

A mMenHO, mMeeM €* =<1 h> nns Geckomeunoro k. Iloatomy ypmaercs
pasioKATL ¢ — 1 HAa MHOMKMTEIH BTOPOH CTeIeHH BHA

(1+%>2_2<1+%>cos%n+1,

rje k mpoGeraer Bce measie umciaa. OTCIOA MONYYAIOTCA PA3iOKeHHA B IIpO-
H3BefleHHA KaK Aasa e — 1, rag u fusa €* 4+ e™*. C moMomeio mepexoya K MHHA-
MBIM UYHCJIAM IONY4AIOTCA IPOM3BEIeHAH

sinx:x(i—i—i)(i 4:;2}(1 9n2/...,
cosx=(1—4;:><1—g;z><1 23:;)

Jilep XOpomo 3HAJ, 4TO STH BHIBOJH HY:KIAIOTCH eme B JOIOJHEeHHH, H OH
OB B COCTOAHHH 9TO CHeJaTh, KaK IIOKA3KIBAeT ero TPaKTOBKAa GHHOMMUAIE-
Horo pajga (06 stoM cm. mpepgmciaosme Qabepa k 1. 16 cepmm 1 Opera om-
nia). Ho ykasaHHEIl BHIe BHBOJ BHABIAET CYIDIHOCTh PACCMATPHBAEMEIX
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dypKimit, ux «meraduamrys. I'masa 3aKaHUMBAeTCs HOBHIMHU 3JeTaHTHEIME
PA3I0KEeHHSAMH B TPOM3Bel€HHE, B TAaCTHOCTH, AJIA QYHKIUA

cos —;—(g + ») sin%(g + v)
cos-z—g s1n2g

B raase X, KoTopas HaxoguTcA B camoil TecHO#l cBssm ¢ XV riasoi,
paccmaTpuBaercs p3era-pyuxuma. Cmasa BeemeHma npe;kie Bcero OCHOBaHA
Ha 9THX wHeciaepgoBapmax. CHadana pasBepTHBaeTcA B DAL [POU3BeJeHME

(14+az)(1-+Pz)(1+v2z) ... ¥ ¢ DOMOLHI HHIOTOHOBHIX (GOPMYI ONpenes-

I0TCA CYMMHL cTememeit «, B, y, ... U3 pasnoeHns B 1npoU3BejcHHE
X __p~X

% DOJIy49aroTes, TakaM obpasoM, snagenns §(2), {(4), £(6),..., roe

L@ =gttt

VYoomMAHYTHE B KOHIE NpeAnpyliero ab3ana pasloKeHHs B NPON3BeJleHue
JAIT AJA TAHTeHCA U KOTAHTeHca NPeACTABICHME B BHRE CYMM. 31eCh Her
Hapo0HOCTA MOEpOoOHEe OCTAHABIMBATHCH HA 3HAYEHHM J3THX IPeHcTABICHWIH
KaK IePBOTr0 IpuMepa Pasioennsa mepomopdHux YHKIWA Ha YAaCTHEIE APO6H.

M3 3TEX PAJOB NOXYdarOTCs Cymmbl 6ojmee ob6mux A3era-QyHRUMIA.
B wacrtHOCTH, CTpOsiTCA pARE N3 O0OPATHHX HEyeTHHIX 4HCEN, HPUIeM 3HAKH
onpegensaoTcd no Biiuetam (mod 16). Ilo geTepe BEHIYeTa mMONy9dawT 3HAK -+,
ocTalbHBIE deThlpe OepyTcea co sHakoM — . Clepyonime ciydam paccMaTpH-
parorea B § 179 m 180: co smakoM -+ OepyTcA BHI9ETH

(1, 3, 9,11, (4,5,9, 13), (1, 3,5 7)
(1, 7, 11, 13), (1, 3, 7, 11), (1, 5, 7, 13),
(1, 3, 5, 9), (1, 9, 11, 13).

3aMeTEM eIlle B CBASHM ¢ Iul. XV, 9TO TONbKO MBe IepBHEe KOMOMHAIMH
(mod 16) oGpasyrmor moarpynny MYyJILTHIUNIMKATHBHOH TPYNOEl BEYETOB, TO
ecTh TOJNBKO OHM AAIOT TAK Ha3biBaeMHIHl XapakTep rpynnsl BerdeToB (mod 16),
KoTopad, KaK W3BecTHO, SBJIAeTcA aleseBoil W NpWHAAIe:xkuT THOY (2, 4).
B wacTHOCTH, He XBaTaeT TpeTbeil MOATPYDNE MOPAZKA 4, KOTOpas COCTOMT
u3 BHueToB 1, 7, 9, 15.

B XI raaBe pasioskeHHWe B HIpOH3BeJleHHWe CHHYCa W KOCHHYCa Hemocpen-
CTBOHHO TPWMEHSETCA [JIf BHBOJA HpeAcTaBileHdda 7 Do Bamawey # pasd
PasBepTEIBAHUA B UDPOM3BEJEHHUE Pe3yIbTATOB AeJeHHA HA CHHYC W KOCHHYC.
Pasnoskenne B mpomsBefieHHe AJA cHHYyca W KOcWHYca jpaer AaiA logsinz m
log cos z mpepcTaBieHHEe B BUE CYMMEl, W ¢ IOMONIBIO Pa3JIOKEHHS OTHEIb-
HEIX 4JEHOB 3THX PAAOB IO CTEeNEHAM z HOJYYAIOTCA AJA yKa3aHHHX OYHK-
nuil CTeDeHHEE DAL, KOTOPHE MOMKHO 3aDHCATh, HCIIOIL3YA A3eTa-QYHKIUIO,
B caepyromem sume (§ 192):

10gsin%n:logm—l—log(2n—m)+10g(2n+rn)—310gn+10gn—10g8 —
2 a 6
— i (E(D) — 1) — gz (& (4) — 1) — 5 CB) =) — ...,
2
log cos %—n:log(n——m)—l—log (n+m)—2logn— %(%—l—%—l—

mé 1

+—71?+ ...>—W<—34-+—5£—+714—+ >—
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Jilrep NPHBOAHUT BTH PANH C TACIOBHIMHA K0dPPmIueHTaMW, BHYHACIEHHEMHA
¢ 20 sHakaMm, a Tax:Ke MaeT PAAH A GPETTOBHX JOTAapHPMOB, BRIIHCIAA
xoappumuentn ¢ 15 3Hakamu. B saxgioveHde YKa3HBaeTCA eme pAx AAA
TAaHTeHCAa W KOTAHTeHCA, HAXOASMUNCST B TeCHeiimmedl CBASE C UpeAmIecTBYIO-
MM "

I'masa XII gaeT B BemeCcTBEHHOM BHJE Pa3iciKeHHe Ha YACTHHE Apobm
JUI OpOCTHX ¥ KPATHHX KOMILUIEKCHHX KOpHeHdl 3mameHaTessd.

I'maBa XIII maumBaeTcs ¢ pasmomeHUd B psJ PANdoHAJNBHOA QyHKIWH,
49T0 yke paccMaTpmBaJocs B IV rj.; Jimep memaer samedanme, 9TO Pe3yidb-
TaT AOJIKEH GHITH TAKUM jKe, KAKOH MoJydaeTcs, eC/Em CHAYAJNA PAa3OHATH
panEoOHANTLHYI0 QYHKIMI0O Ha HYacCTHHE Apo0H, pasBepHYTh KamAYH TaCTHYIO
Apobp B reoMeTpHWYeCKHWEl pSAJ W 9TH PALH CIOKATH,. TaxkmM o6pa3oM, IOJ-
HOCTHIO PAasbACHAETCA UPHPOAA pEeKYpPPeHTHHX pPAROB ¢ MHOIOYIEHHOM
mKaxoi. TaxiKe TONHOCTHIO PACCMOTPEH B BEIeCTBEHHOM BHje CIydail map
KOMILUTEKCHO COIPSIKeHHEX KOpHei, 4To nosicHeno npamepamu. Oco60To passb-
Acuenna TpebyloT caexymomue 3a ataM § 226 — 230, Tax Kax OHH, 09E€BHIAHO,
3aJyMaHH KaK 3arajia mJdd 9UTATeNd W MOJIKHH €ro nobyguts X Golee
TOHKHEM WCCJIeJOBAHUSAM.

ITyete 3amana ApydienHas Bo3BpaTHasg mKaxa (o, —f}), Tax 9T0 WIEHH
A, 4,, ... oupemeNslOTCH CIeJYIONMAMHA ypaBHeHWAMHM:

A,=ad, —PA,, A;=ad,—P4,, ..., 4,,=04, ., ,—B4,, ...

A

0

Ecam nomosmts 1-—az -+ Pz?=(1—pz)(1—gz), To cormacHo BHINEyKa3aH-
HoMy noaydaeM, uto A, =A3+BF, rme A m B onpenmenAnTcs mo asym
HaJaJpHHM 4ileHam A, n A,, KoTopHe MOTYT OHTH BHIOPAHH INPOM3ROILHO.
Tenepr BBeAEeM cirepymoomue 0003HA9EeHUS IIA MaTpHI[

P A

n+l n+2

npaueM n npoberaetr meaele dmcaa 0, 1, 2, ... 3axon obpasoBamnsa BejH-
unH A BHpasurcA Teneps gopmymoir M (n) T =M (n+1). Ecan puumcants
onpefienurenn B ypasaenmn M (0) 7" =M (n), o moxyumm (A4, — A})P" =
=(4,4,,,—A42.,). Ecim xe 3pecr pmpasurs A, m A,,, 4Wepes mBa npen-
MIECTBYIOIAX 9leHa, TO mojxydaercs ¢opmyna, npusefenHasd B § 227. J[pobs
B JIeBOH YactH ?TOfi (OPMYJH NpeAcTaBIseT He YTO WHOE, KaK dacTHOE OT
JielleHns1 nByx onpepenuteneii: (Q2 — PR)/(B?— AC).

[Momo:xmm tenepn, urto 4,, 4,, 4,, 4,, 4,.,, 4,,, A3BecTHH. OdeBna-
HO, TOTHAa MOKHO Oyder ¢ moMompeio ypasHeHmsi M (0)7T" =M (n) pupasuts
matpuny 7" 4epes 3TH IDECTh BeJNYdH, CTAJO OHTH, YIKe 4Uepes deTHpe
BeqmumHu Ay, A,, A,, 4,,;- Mu noxyuaem kax pas T" =M (0)1 M (n),
9T0 MOMKHO BHYMCIATL 6e3 Tpyaa. Tem caMHM ME oxasHBaeMcs B COCTOSHAH
BHYNCJIAT, 4Yeped Te e Beamdmuu u [} (2n). A nMeHHO, HAXOAWM, UTO
M (n)T™ = M (2n), rue cieBa yme Bce HM3BECTHO. JTO W COCTABIAET cOHEp-
anme ¢opmyn gna X, Y mw Z s § 228 m 229. Homeuno, gopmyna, mnpm-
BeflenHast B § 230, Toie npefcraBaseT 06010 COOTHOINEHHE MEMKIY OIpe-
meamtensamu. Hamo ToapKO paccMoTperh TPeXWIeHHYI0 MKAAy 1 HCIOJIb-
30BaTh ClenyloMiee MATpHYHOE YpaBHEHUE:

A, A, 4\ [0 0 v\ /4, 4,4
A1 Az A3 1 0 —ﬂ - An+1 ATL+2 An+3 .
A2 A3 A4 0 1 a » An,,g An+R An+4

n+1 n+2
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31ech HANO NOJIOKATH
Anp3=0Ani2—P Anii+ yAn,
saTeM, MTEPHPYA,
An+4 = ((12 - ﬁ) An+2 —l" (Y - (lﬁ) An+1 + aYAn9

I0CJIe 9ero HAAO0 BHYHCIATH ONpPeIelATEN .

Pasz cymma m1060ro peKyppeHTHOro psfa OpeficTABISETCA B BHJE PALMO-
HAaJAbHOM (YHKIWH IO ero IIKajJe W IePBHIM YJeHAaM, TO MOKHO WM HacTHd-
HHeEe CYMMH NIpPe/ICTABHTH B TAKOM ke Bmje. A 3TOro HYIKHO TOJIBKO IPO-
CYMMUpPOBATH OCTATOK PAJA, & OH Belb SABIAETCA PEKYPPEHTHHIM PANOM G TOH
’Ke INKAaJI0I0, TOJHKO ¢ HOBHIMZ HA9AaJbHHIMA TIEHAMH. PasHOCTH CyMM IIOJN-
HOro psAja 4 OCTATOYHOTO Naer cymMmy dactuanoro pana. C oTamm pesyis-
TaTaM# CJIenyeT comoctaBuTh pabory 281 (mo cumcky Jmectpema) Specimen
algorithmi singularis, Leonhardi Euleri, Opera omnia, cepua 1,
T. 15, crp. 31 —49, a Tamke saMeuanas B npepmcaopan K 1. 16, crp. XCVII.

Te dopmynn npusenenns, Koropue yrasanH B VIII raase pas sin (nz -+ y),
B caenyiomen XIV rimaBe mpmmenstores pgusa sorumciaeHms sinnz. Ecaun mpam-

. . . a a—b
HATb B opMmyse sina - sin b = 2sin —— cos

b
’
=(n—1)z, T0 moxygaem 2 2
sin(n+1)z=2sinnzcosz—sin(n— 1)z,

a0 a=(n+1)z u b=

# 31a dopMysia NeMCTBHTEILHO pAaeT [JA IO0CJHeJ0BaTeIbHOCTH Sin z, sin 2z,
sin3z, ... BosBpatmyl mraxy 2cosz, —1. Otcioofa BHumcsametcsa obmee
BHIDA:KEHME JJIA sinnz, Opm JTOM W JuiA HEYETHHIX KPATHHX z, KOTLJA B HErO
BXOMAT TOJIBKO Sinz, a He cosz. [locienmee BeipasKeHHe naeT ypPAaBHEHHE
n-i crelenm JyA sinz, Korga msBecTeH sinnx, TO ecTh ypaBEeHHWE JeIeHHS
aprymeHTa. [[nAa cyMMH M npomsBe[eHMA KOpHe#d 9TOTO ypaBHeHmS DOJyda-
0TcA npocThe BhHparkenusn. CooTBercTBYOmEM o6pasoM tgnz u ctgnz TOKe
BEHIDAIKAIOTCHA PALMOHAJLHO depes tgz m ctgz. 3ateM HaxommTea cyMMa pAjaa

sina +sin(a+b)+sin (a -+ 2b) +sin (@ +3b) + ...,

TaK KaKk ero WieHH o0pasylT PeKyPPeHTHHH pPAX €O mKaxow — 2cosb, 1.
B samnwouenme ¢yEKmEE sin™z m co0s"z paspopaumBaoTcsa B pAgu Dypoe.

I'nmapa XV ssaserca npopommenneM ria. X. [[1a 9iuepoBoit TpaKTOBKH
pAfa xapakTepHa cienyomas dopMyia:

(21 +3)A+3)A+T)A+11) ... =1+ 243 +5164T+10411 +
+ 13414415417+ ...

3dnech, KOHEYHO, W MEICIM HET O CXONMMOCTH, W MOJKHO [ajKe CKasaTh,
4TO NPOW3BeJeHMA ¥ DPANH HE MHCIATCA KAK 3aKOHIEeHHHe GeckOgedHEHe,
a TOIBKO KaK KOHeYHHE WM CKOJb YrogHO GOJBINME: eCdd CJIeBa B3ATH M0~
CTATOYHO" MHOTO MHOKHTENEH, TO IPH BHYUCIEHAM COLIACHO NHCTPHOYTHB-
HOMY 3aKOHY MEl HOJNY9YMM CBOGOJHEI€ OT KBajApATOB UACIA 10 OJHOMY pasy
H CKOJIb YTOJHO [aJIeKue.

3ateM ciesyeT pasioiKeHHe J3eTa-QyHKumEM B GeCKOHEHOe IpoOmM3Bele-
HE® 00 MPOCTHIM 9YMCJIaM, a HMeHHO, CHadala

<1+%><1+~§—2>(1+% e

fomHE® OT KBajpaTOB dMCIA) W [ajee, IOCIe HEKOTOPOH IIOArOTOBKM,

! 1 1 1
G- (-5 ETETET
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Cpazy e BHIYHCIAITCA B ofpaTHbie 3HAYEHHsI, KOTOPHIE NIPHBOAT K 1M0R00-
HEIM jKe psijlaM, TOJIBKO ¢ llepeMeHaMH 3HaKa. JJech HeT HaNOGHOCTH BXO-
IHTH B paccMoTpeHme OOJBIIOro 4mcia PsioB, KOTOpHe HCCIeAYIOTCA Jalee.
OTMeTrM TONBKO B KadeCTBe IpEMepa BRIYACIHTEIBHOrO IeHAs Jfiepa ero
CYMMHpOBaHHE psfia

1 1 1 1 1

PN R T
nas o6paTHHX KBajpaToB IPOCTHX umcel — ¢ 15-0 sHakamm. Ilpm skenanmm
NPOBECTH BHITACIEHHE HEIOCPeICTBeHHO HANO GHIIO GBI MMETH IPOCTHIE YMCIA
OpAMEpHO [0 CTa MAIAHApAoB. Ho ME momommM

1

S(n)=23 i (p=2, 3, 5, 7, 11, 13, 17, ...)

H HCIOAb3yeM TO OOCTOSATENBCTREO, UTO 3HAUEHHS 3eTa-(QYHKUEA NI TeTHBIX
gmcen m3BecTHH. VI3 pasmoseHnmsi B mpOHW3BefleHMe MOJAyYaeM, 9UTO

log (2n) =8 (n) 5 S (2n) + 5 8 (3n) + + S (4n) +

Mu xotuMm mafitm S(1), m MOXKHO HCUONB30BaTH 3Ty (QOPMyIy, eciam MEL
snaeM S pas Goapmmx 3HadeHmA n. Temepsr Oiep eme pa3 UpmMeHSET
nsera-GpyHKUAIO, & AMEHHO, OH CHAadaja BRYATAET C IIOMOMbBI0 S Te WIEHH,
Yy KOTOPHX B 3HAMEHATeJe IIPOCThHe YACIA, M3 OCTABIIErocs psfa OH BH9YH-
TaeT YeTHBIe WIEHKl, W3 TOrO, YTO OCTAJOCH, — T€ UIEHBI, KOTOpHIE NeNATCS
Ha 3. Tak nmoxygaerca dopmyaa

S (n)= (L (2n) —1) [1—2%1(1 —%)] g — g — o e

rfie cipaBa B 3HAMEHATEJSIX CJE[YIOT BCe B3AMMHO IpOCThe ¢ 6 cocraBHEBIE
gucaa. [lo aroit gopmyne MmomxHOo Ges3 Tpyaa BeumcamTh S (n) gag n=26, 7,
8, ... ¢ 10 3maxaMm, TaK KaK OTPHLATEIbHKMA WIEHAMH MOKHO 1peHebpeds.
Teneps npnbeiekaercsl cle pAj Aad 10g§(2n)

Brinmmem ero pas n—5

log £ (10) = S (5)+ S (10) + + S (15)+ ..

log € (8) =8 (4)+ 58 (8)+ +S(12)+ ...

log £ (6)="5 (3)+ 5 S(6)+ 5 S(9+ 5 S(12)+..»

log £ (4) =8 (2)+ 5 S (4)+ = S(6)+ + S(8)+ 5 S(10) + ...
log& (2)=5 (1) +5 S(2)++ SB)+ 5 S@+ 3 SE)+ . .x

Tak Kak IleBele 9acTH H3BECTHE, MOKHO TaKEM o0pasoM IOcienoBaTelb-
HO BHUHECAATH S. B wacrsoctm, pas S(1) momydaercs Takoe 3HAYeHHe:
0,45224 74200 41056; BupoueM, y Diimepa oHO faHO ammb ¢ 12 NpaBEILHKIMA
3HaKaMH. JlanbHefIIme pa3iio;KeHHsl B IPOH3BefieHre mMeeM B § 283 m cien.
Mexngy mpowmm, OKaSBIBaeTCFI, 910

t—gtg—pt=((145) (1-5)(14m) )

rfle clipaBa CTOAT BCe HeUeTHbIe NPOCTHE THCIa, IPATOM CO 3HaKOM-|, ecam
oun Bupa 4k-+3 m co sHakoM—, ecam omm Buua 4k-+1. CopepmenHo He ode-
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BHUJIHO, 9TO HTO PAa3JIOMKeHNe 0CTAeTCH B CHile U [JIA n=1, TaKk KaKk nponsBeeHNe
CXOUTCA TOJBKO YCJIOBHO, KOTJA OHO BOOOIIe CXOAWTCA, H IO H3BECTHOMY
moxasareabeTBy upnxie mo6oe MOIOKUTENIbHOE INCI0 MOKeT GHTH ero mpe-
JelIoM IPHM [epecTaHOBKe MHOkuTeldedl. VI BoBce He moApasyMeBaeTcs, 9TO
Opy pasMelieHNN MHOMKUTeNeH 10 BeJIWdHHe NPOCTHX YHCEI HOoJydaeTcs Kak
pas sHadeHme paApa JleiOmnmma. OpgHaxo dopmyna

) 3 5 7 111317

4 7 IR VA AN T

Bepua. Cp. mpepmerosne k16 Tomy mepBoii cepum (ormesnr II) Opera omnia,
c1p. LXXIVmcaen. uE. Landau, Handbuch der Lehre von der Verteilung
der Primzahlen, 1. 2, cTp. 673 1 core. MuOrHe [pyrue npousBenenns y diiaepa
BHBefleHH ¢ noMombio dopMmyan Bamnnca. B kagectBe mpuMepa ykameM
Ha mociequon gopmyay § 295:

2,2 36 6 9 10

'3 3'5° 789

-
S

|

1=

-
[\]
.

3mech OTAeMbHHE APOOU MOTYTAIOTCH, KOIJA BHIIMCHBAaeM HeYeTHHE MpPOCTHE
vHcIa B HATYPAJTbHOM NOPATKe CIe[OBAHAA, 3aTeM paaiaraeM p=2n--1 Ha fgBa
cllaraeMHX n U n—+-1 W cTaBUM 72 B IACIHTee, €CIH 9TO TUCIO HeIeTHO MJIH paB-
HO yIBOeHHOMY HeTeTHOMY 9HCJIY; B DTOM ciaydae n-+1 momanmaer B 3HaMeHATETb.
Ecnn sxe n fenntes Ha 4, TO ero CTaBAT B 3HaMeHaTede, a n+1 — B amcauTemne.

HKorma ditmep B § 296 3amegaer, 910 TaKUM e 06pa3oM pasqaralTcsa Ha
MHOKHTe]IH PANE, npuBefennne B § 180 (cM. 38aMedanus x ra. X), oH He mpas.
g Toro 4To6H 9TOT mpHeM ORI IPHMEHNM, HYKHO, 9TOOH KOMOUHAMAS
BHAKOB COOTBETCTBOBAJA XapakKrepy (mod 16).

n
3aMeTnM elle, 9TO U3 CXONUMOCTH NPOH3BeNeHUA MNJIA 4 CTenyeT pac-

XOOUMOCTE pAfa O0pATHHX 3HAYEHWHA IPOCTHX dwWcesd Bupa 4n-+1 m 4n-+-3,
TO eCTh TO, YTO B 00eMX ITHX NPOTPECCHAX COAEP:RUTCA 6eCKOHOTHO MHOTO
OPOCTHX 4HceN. ITO cieficTBHe Jiep BHBOAUT Jumb B pa6oTe 596 (mo comcky
JuecrpeMa; cM. Opera omnia, cepus 1, T. 4, crp. 147). TaM om yTBepskiaer,
9T0 5TO CUPABeJJIMBO M OTHOCHTEeJHHO NAPYTHX «BHIOBY IPOCTHX UHCEd U JJIA
Pa3bACHEHNA NPUBOAUT apHPMeTndecKylo mporpeccuto 100n4-1, — m B aToM
ClIy1ae pAR oOpAaTHHX 3HAYCHHA IPOCTHIX UHCEN TAKOrO BHJA PACXOATCH.
HoxrasarenbeTBa TaKOH TeOpeMH OH He yKasHBaeT. Bo BCAKOM ciydae «BHIHD
0003Ha9IaI0T apudMeTHIeCKIe NPOTPECCHN an--b, rje a 1 b B3aUMHO MPOCTH.

Pmasa XVI omHa M3 caMEIX 3HAMEHHTHX, B Hell pacCMaTpUBaeTCA pas-
Ouenme wnces (Ha caaraeMele — partitio numerorum). Ceenenns 06 mcropun
Bompoca fjaHu B mpuMedanun Pymamo. He 6ymy BxomuTs B o6cyskpmeHme 9Toit
IVIaBH, TaK Kak Bce Heo0XOMMMOe CKas3aHO B IpPeUCIOBUAX K TT. 2, 3, 4 cepun 1
Opera omnia.

B XVII rarase pean muer o merosme Janumaa BepHy/n nid BHYHCICHANA
HauGOJbIIero WM HaUMMeHBIIer0 KODHA yPaBHEHUA 110 CyMMaM CTelleHeil Kop-
Heil. ITH CyMMBI BHYHCAAOTCA 10 HBI0OTORY ¢ MOMOLIBI0 peKypPeHTHHX pPSIOB,
1 HanGoabmuil (0 MOAYJ0) KOPeHb, eClM OH BelleCTBeHEH M eIMHCTBEHHHI,
ompeJieJAeTCA Kak Opefel OTHoIeHHA cymM (n—+1)-x u n-x crememeii. Horma
HauGOJNBMAME KOPHAMH ABJIAIOTCA P M — P, Hafo NPUHEMATL BO BHHMAHHe
JIMb CyMMH 9eTHEIX CTeleHedl W OpH 9TOM DOJyYaeM 3HaueHHe MJaA p2. 3aTem
Jilep mccldeqyeT TakiKe TOT CAydail, KOTa HAMOOJBIIMM MOAyJeM o0JIamaer
napa KOMINIEKCHO CONpPAKeHHHX KopHei. Ecan Mu foctaToano faexo mpopsu-
HYJIHCH B IOCJe[0BATeJbHOCTH CyMM CTelleHel, TO MX fajbHeilllee MoBefeHNe
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OIIpefieIACTCA TONBKO STHMM ABYMA KOpHAMH. J[lomycTmMm, 9TO TaKde KODHHA
YOBIETBOPAIOT YpPaBHEHHIO

22 —2pzcos @ - p?=0,
TOT/Ia IS JOCTATOYHO GOJBIIOTO 7 MMeeM
S(n+2)—2pcos ¢-S (n+ 1) 4 p2S (n) =0,

rae S(n) o0o3HadaeT cyMMy n-X cTemeHell KOpHeH.

B ocuoBe paccysumenmii B § 351 m 352 meskmr TOT jKe OpPMaNM3M, UTO
1 B ocHOBe paccyxnernii B . XIII. A umenso, uycts P, Q, R, S cyTb 4eThpe
mocJefoBaTelbHLe CyMMHE cTemeHedl. Torna copasepinBa MaTpmaHAA QopMya

(o 80 “pease)=(z s}
Q

Ecau Temepb BHedHTh BTOPOH MHOKHTENB CJeBa, NONydIAM

! avese )= 7R (o 0)(& S
(1 2pcos@ /- PR—Q% \ —Q P R S/
OTKYJia AJTA p U LA COS @ TMOTYIAOTCA POPMYJIHI § 351.
XapakTepeH fusA Jillepa mocJefHUH maparpad 5TOH IJIaBH, Tie OH BH-

qUCIAeT ONMCAHHHIM METOJOM HAUMEHBIIMHA KOpeHb YPaBHEHHA % =sin z,
cTago OHTH J—g—, A 09eHD GHICTPO MOTy4aeT eT0 3HAUeHNEe G YeTHPHMA TOYHHIMA
3HAKaMHA IocJie 3amfaToi.

T'naBa XVIII mpepmcTaBiser BeJHKOJENHYI MajJeHBKYI0 MOHOTPaQHIO
0 UemHHX ApPo6AX, B KOTOPOH ocofoe 3HaYeHHWe HpHAaeTcA MpeolpasoBaHMUIO
pANOB B UemHHe Apo6u. Bupowem, st Apo0d OPAMEHAIOTCA JUME K PelleHAI0
KBAJPATHHX ypaBHeHmil. UMcia e m T OPHBOAATCA TONBKO B INpHMepax.

EcamaroT 0630p coiep/RaHUsA OHECET APOMAT 9TOH TOHKOM MaTeMa THIeCKOH
KHATA 1 TOGYJHT YATATeNs 3aHATHCA eX0, A Oyny mosomaen. Hamra sta — moa-
Hafg OPOTHBONOIOKHOCT OGHYHHIM IMKOJBHEIM y4eOHHKAM M MOTIa OH CIy-
JKATH 0GPA3MOM [JIA KOPEeHHOro mpeo0pa3oBaHUA NPeNOJaBAHAA MAaTeMATHKE
B ruMHa3dAX. Kak 3aMedaTelbHO, [a/Ke TAWNHCTBEHHO PA3JIOKeHHe T B MPOU3-
BefieHMe IO mpocThM uymeiaM! Hak BOCXMTHTeNbHH 5KCIeDEMeHTH H3 partitio
numerorum! Ho eme HeMano mporedeT BoAH B Pelime, moKa mkoja, HAKOHEDN,
0GHAPY/KAT, YTO MATEMATAKA MOKeT OHIT TYMaHWTADHOH HayKoH W 9TO yde-
HAKA MOTYT TaK ke XODOIO HMOHEMATh Oimepa, kak Ilmatoma m Terel).

A. Llnatizep

1) B mocienzeM absane CTATBE pedb WMeT O CpefiHel IIKOJIe POTHHE! aBIOpa-—
Isennapun. [A. IT.]
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Introductio in analysin infinitorum. Auctore Leonhardo Eulero, professore regio
Berolinensi, et academiae imperialis scientiarum Petropolitanae socio. Tomus primus,
rpasiopa--toprper (Mapana)4-(2)4-XVI-4-320 crp.-1 rabnmma. Tomus secundus, (2)4-
1{;2284{0-(1) crp.4-40 Tabn., Lausannae, apud Marcum-Michaelem Bousquet et socios,

HDocnengyomuoe A30aHMA W ODepeBoJH:

{. V3gaHue ¢ HOBHIM THTYJIbHHM JucroM. Lausannae, apud Julium Henricum Pott

et soc., 1783.
970 TOIHOe BOCIPOM3BeNeHMe 1-T0 M3TaHHA; HEJOCTAET TOMBKO I'PABIOPH H IODTpeTa

Mbspana.
9. Editio nova. Tomus primus, XVI-{-320 crp. Tomus secundus, (2)--398 crp.4-

4-16 ra6x. Lugduni, apud Bernuset, Dalamolliere, Faldue et soc., 1797, 4°.

3. Introduction a 1’analyse des infiniment petits de M. Euler. Traduite du latin.
Premiére partie. Par. M. Pezzi. Précédée de 1’éloge de M. Euler prononcé a la rentrée
de 1’académie royale des sciences le 6 février 1785 par M. le marquis de Condorcet.
Hoprper 4 6 4 IV4-44 X111-346(2) crp. A Strasbourg aux dépens de la librairie
académique 1786, 8°. Bropas wacth moMxHa 6ha OABUTHCA B NepeBofe Kpamma, Ho He
BHIOLIA B CBeET.

4. Introduction A 1’analyse infinitésimale par Léonard Euler; traduite du latin
en francais, avec des notes et des éclaircissements, par J. B. Labey. Tome premier, XIV--
+(2)-4-364 crp. Tome second, (12)4-424 crp.4-16 Tabun. A Paris, chez Barrois, ainé, 1’an
IV (1796), et 1'an V (1797), 4°

5. Uagaume ¢ HOBHM THTYJIBHHM JHCTOM. Paris, Bachelier, 1835.

6. Leonhard Eulers Einleitung in die Analysis des Unendlichen. Aus dem Latei-
nischen iibersetzt und mit Anmerkungen und Zusitzen begleitet von Joh. Andr. Chr.
Michelsen. Erstes Buch, XXI1V4-626--(3) crp.4-2 raba. Zweites Buch (VI)4-578 crp.4-
+4-8 rabx. Berlin, bey Carl Matzdorff 1788,8°.— CymecTByioT dK3eMILIADH € HaJIMCHIO
Ha TTYIbHOM Jucre: «Berlin, bey Sigismund Friedrich Hesse, 1788». B 1791 r. Muxexncon
BHIIYCTHJI eIle «TPeThI0 KHHUTY» «Introductio in analysin infinitorum» ¢ momsaromon-
KoM «Teopua ypaBHeHui». OpHaKo Ile BRI 3aT0JIOBOK TOJIBKO cOMBaeT ¢ TOJIKY IATATENA,
Tak Kak oTa KHUTa He MMeeT Hmdero odmero ¢ «Introductio», a mpemcraBmser coboi cob-
paHMe, cOCTaBJIeHHOE U3 IlepeBofloB anre6panmdeckux pabor Iitmepa [«De formis radicum
aequationum cuiusque ordinis coniectatio» (Comment. acad. sc. Petrop., 6, 1732/3, 1738,
crp. 216) «De resolutione aequationum cuiusvis gradus» (Novi comment. acad. sc.
Petrop., 6, 1762/3, 1764, c’rg. 7011 u Jlarpamxa.

7. Neue unverinderte berichtigte Auflage. Erstes Buch, XVI4-456 crp.4-1 Taba.
Zweites Buch, VIII4-392 crp.4-8 mabn. Berlin, Reimer, 1835 und_ 1836.

8. Einleitung in die Analysis des Unendlichen. Von Leonhard Euler, Erster
Teil. Ins;Deutsche iibertragen von H. Maser. X-+-(1)4-319 crp., Berlin, Springer,
1885,8°.

I pogonssennsa He OHJIO.

1) 9tn paborw namedarams Temeph B KHure Leonhardi Euleri, Opera
omnia, cepusa 1, Tom 6, ctp. 1 m 170.
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9. Leonhardi Euleri Opera omnia sub auspiciis Societatis Scientiarum Naturalium
Helveticae edenda curaverunt Ferdinand Rudio, Adolf Krazer, Andreas Speiser, Louis
Gustave du Pasquier. Series prima. Opera mathematica. Volumen octavum. Leonhardi
Euleri Introductio in analysin infinitorum. Tomus primus. Adiecta est Euleri effigies ad
imaginem ab E. Handmann pictam expressa. Ediderunt Adolf Krazer et Ferdinand Rudio.
Iloprper-- X142 rpaBiopu--392 crp., Lipsiae et Berolini, Typis et in aedibus B. G. Teub-
neri, 1922.

10. Kamaccukn ecrectBosmamuA. Jleomappg JHaep, Beegesume B agaims
feckomesno Mammx, T. 1. IlepeBog ¢ aatuackoro E. JI. Ilamamobcroro, PefaKnuA,
BCTYIUTeIbHAA cTaThbg M IpuMedamns npogeccopa C. fI. JIypve, 352, ctp., OHTH,
M.— JI., 1936.

1. Leonhardi Euleri, Opera omnia, Series prima, Volumen nonum.
Leonhardi Euleri Introductio in Analysin infinitorum, Tomus secundus, edidit Andreas
Speiser, 402 crp. Genevae, 1945.
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HPEIUCJTOBHE ABTOPA

Hepegxo Mme mpuxopumochk 3amedarth, 4to GOabmas dacTh TpyAHOCTeil,
¢ KOTODHIMM CTaJKMBAIOTCH B aHaluse OeCKOHEYHBIX H3y4YaloM¥e MaTeMa-
THKY, BO3HHKaeT OTTOro, 4TO, efBa YCBOMB dJleMeHTApHYW aire6py, OHII
HaIpaBIAKT CBOM MEICIM K 3TOMy 00Je¢ BEICOKOMY HCKYCCTBY, BCIeCTBHE
9eT0 OHM He TOJBKO Kak GBI OCTAIOTCA CTOATH HA IOPOTe, HO M COCTABIAIOT cebe
upeBpaTHEE IIDE/CTaBIeHHUA O TOM GeCKOHEYHOM, HIesd KOTOPOTO 3/leCh
ucnoab3yerca. XoTa aHaluad GeCKOHEYHHIX He TpeGyeT COBepIIEHHOTO 3Ha-
HUA DJeMeHTapHOW aire6phl M BCeX CIOfa OTHOCAMMMUXCS IIPHEMOB, OJHAKO
eCTh MHOTO BONIPOCOB, paspellleHHe KOTOPHIX BA’KHO JJs NOATOTOBKH M3ydalo-
mux K 0ojee BHICOKOH HayKe M KOTOpHe, OJHAKO, B djleMeHTapHOH aireGpe
an6o mnpomycKalorcd, Jub0 paccMaTPHBAIOTCA HeJOCTATOYHO O0CTOATEALHO.
IloaToMy A He COMHEBAIOCH, UTO COflePsHaHME BTHX KHUT CMOJKeT BOCIOJHUTDL
¢ M30RITKOM yKazaHHEIH npobea. fI cTapancs He TonBKO IpoCTpaHHee W OTUET-
JTuBee, YeM OOBIYHO, H3JIOKHTH BCe, 4TO 0e3yciOBHO TpebyeT aHAIH3 Gecko-
HEYHBIX, HO DasBWJI TaKiKe [OBOJBHO MHOrO BOIPOCOB, OJarojapsi KoOTO-
PHIM YUTaATeSd He3aMeTHO M KaK Gl CBepX OM{MIAHHA MOTYT OCBOMTBLCA C Hpeeil
6eckoredHOT0. MHOrO BOImpPOCOB, pa3bupaeMBIX O0HYHO B aHaad3e GeCKOHEY-
HBIX, 51 3/leCh Pa3pPelIMJ IIPU IIOMOIMU IPABUJ dJeMeHTapHONH aiareGpsl, wTOGH
BIOCTEACTBHH TeM Jy4llle BEIABHJIACH CYI[HOCTH TOTO W APYIOr0 MeTOAA.

Tpyn eT0T fenuTCA Ha [Be KHUTU: B IePBOM M3 HUX A 0XBATUI TO, YTO OTHO-
CUTCS K YHCTOMY aHaJU3y, BO BTOpPOH H3JIOKEHO BCe, 4TO HeoGXOAMMO 3HATH
U3 TeOMETpPHHM, TAaK KaK aHalu3 GeCKOHEYHHX 4YacTO H3JlaTaeTcs TaK, UTO
OJIHOBPEMEHHO IIOKA3HIBAETCA W er0 IpPHJOMKeHHe K TreoMeTpuu. B ofenx
KHATaX ONYMeHH IIePBOHAYAJbHbIE DJIEMEHTH M M3JIaraeTcs JHMIb TO, UTO
B PyruX MecTaX au60 BOBCe He PacCMaTPMBAETCA MM pAaCcCMATPUBAETCH
MeHee yN00HO, au00 TpebyeTcs IO TeM MM MHBIM COOOpaKeHHSIM.

OcoGerno 06CTOATEIBHO M3JIOMEHO B IePBOH KHHTe ydeHue 0 GYHKIMUAX,
TaK KaK Bech aHaJN3 0eCKOHeYHHIX BpAmaeTCsi BOKDPYTr IlepeMeHHBIX KOJIH-
9ects M uX ¢ynknuii. Tam nmokasamo kak mnpeoGpazoBaHWe (YHKIHMi, Tak
U pa3ioiieHMe UX, a TAK/Ke pa3BepTHIBaHMe B (GecKOHeYHHle pAAHL. Ilepeuuc-
JAOTCA MHOTHE BUJAB QYHKIUH, OTHOCUTEIBHO KOTOPHX pedb JOIKHA HATH
OpeUMyMeCTBEHHO B BhicmeM aHaiamze. Ilpespge Bcero, s pasgeams ux Ha
anrebpandecKHe M TPaHCIeHJeHTHHle: IePBble M3 HUX 06pasyloTCsi M3 Iepe-
MeHHBIX KOJIHMYeCTB IyTeM aire6pawdecKux [AeHCTBHI, BTOpHIe Xe COCTaB-
JAOTCA MHBIMH CIOCO6aMH MJIIH IOCPEACTBOM TeX ke AeHCTBHi, MOBTOPAEMBIX
beckomeuno mHOTo pas. Anrefpaudeckue (YHKIUE Pa3felAIOTCH IPEKIS
BCero Ha pandoHAJbHLIe M HPPAlMOHAJABHEE. I NOKa3BBAI0 pa3NIOeHME
OepBEIX M3 HHEX KaK Ha 0oJlee DPOCTHIe ciaraeMble, TaK W Ha MHOJKUTEAMN;
ATa OmepallWs OKAa3hBaeT BeCchbMa OOJNBIIYIO MOMOINb B UHTErpajbHOM HCHUIIC-
denitn. Jlaa BTOPHX s yKasniBato CIOCO6 NpUBeeHUH MX K pamuoHan LHOI

uE
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dopMe myTeM ymoOHEIX IOJCTAaHOBOK. PasBepThiBaHMe B GeCKOHeYHEIE DAL
KacaeTcA B OJMHAKOBOH cTelleHH 000HX BHIOB; K TPAHCHEHJEHTHHM QyHKINAM
OHO IIpUMeHSAETCA OOBIYHO ¢ OTPOMHOH IONB30H, a B KaKOoH CTelleHM ydeHHe
0 OecKOHEYHHIX pAJAX pPACMHUPHUIO BEICIINA aHAIM3, — STO BCEM M3BECTHO.

ITosToMy s mpuGaBHI HEeCKOJBKO IJIaB, Ijleé pacCMaTPUBAKTCA CBOMCTBA,
a TakKe CYMMH MHOTHX OecKoHeYHHX pAgoB. HekoTopele m3 HuX TakoBH,
4TO BpAJ JM MOrIX OB GHTL HaifjleHn 6e3 IMOMOMM aHANN3a GECKOHEYHBIX.
K pagaM 5Toro poga OTHOCATCA Te, CYMMEI KOTOPHIX BRIPAKAKTCA HIIK IIOCPECT-
BOM JIOTapH(MOB, MJIU IPI IIOMOIM KPYTOBBIX JYT; KOJWdecTBa 3TH, Gyumydn
TpaHCUEH/(eHTHFIMH, TAK KaK OHU BBIPA/KAKTCA IIyTeM KBaJ(PATy P THIepP6OJBI
u Kpyra, mo Goibmicii 4acTH PAcCMATPHUBAKTCA JIHIIb B aHANM3e OeCKOHETHBIX.
3aTeM A IepeXx0Ky OT CTelleHell K IOKa3aTeJbHEIM KONHYIeCTBAM, IPeNCTaBIAI0-
MM He 9TO MHOe, KaK CTeIleHM ¢ MepeMeHHKMH NoKasaTenamu. Vx o6pamenne
IPUBOJMT MeHs BechbMa eCTEeCTBEHHO M ILIOJOTBOPHO K IPeJCTaBIEHUIO O JIO-
rapudmMax, ¥ OTCHOJA He TONBKO BEITEKalOT CAMH COGON ux BechMa OGINHPHELE
IpHMeHEeHHs, HO TAKKe MOMKHO IOJYIHTDh Bce Te OeCKOHeYHHle pS/B, IOCpe/-
CTBOM KOTODHIX OORIYHO IPEeJCTABIAKTCA YIOMAHYTHE KonudectBa. K Tomy
e OTCIa I0IydaeTcA BeCbMa MPOCTOH CIOCO6 COCTaBIeHHMA JoOrapugMude-
ckux Tabnaun. ITogoOHEIM o0pasoM A 3aHMMAJCA pacCMOTDeHHeM Myr Kpyra;
5TOT pOJ KOMMYECTB XOTA M 0deHb OTIMYAeTCA OT JOTAapUPMOB, OJHAKO CBA3AH
¢ HMMH HACTOJBKO TeCHO, 94TO KOTHA OAWH M3 HUX IOJNydaeTcA B MHUMOM BHJe,
T0 OH IepexoxuT B Apyroi. [IoBTOpUB 3aTeM U3 reOMeTPHH OTHOCAMIEECS K Ha-
X 0}K{eHUIO CHHYCOB M KOCHHYCOB KPATHHIX M JAPOOHBIX JIyT, A BHBel M3 CHHYycCa
AN KOCHHYCAa NIGON [yrM CHAYC N KOCHHYC BechbMa Majoit M Kak Ohl mcde-
3aomeit AYTM, W TeM caMEM OblI IpuBejeH K OeckomednmM pamaM. Otciona,
TaK KaK HCde3alomad Jyra paBHAa CBOeMY CHHYCY, a KOCHHYC ee paBeH
pajgycy), 1 MOTr CpPaBHHUTE JIOGYIO [Ty C ée CHHYCOM M KOCHHYCOM IIOCPEJCTBOM
GeCKOHEUHHX PAMOB. 3/[eCh A MONYYWI CTONb PasHOOOpasHbe KAaK KOHeYHHE,
TaK M GeCKOHEYHHE BHIPAKeHHA I KOANIeCTB 3TOTO PoJa, 4TO HCUUCICHKIO
OeCKOHEUHEIX 3aTeM He IpHAeTcsa 0oliee MWIMPOKO 3aHUMATBCA MCCIEJOBaHMeM
ux mpupopsl. llogo6HO TOMy Kak Jorapu¢Mer TpeGyHT 0c060OTO airopuTMa,
B KOTOPOM ONIyMiaeTcsi KpailHe HACTOATeNbHAaA MOTPeOHOCTH BO BCeM aHAXM3eE,
TAaK M KOJMYeCTBA KPYTOBHE S IPUBEJ K HEKOTOPOMY OIpeNelleHHOMY Aairo-
PHTMYy, TaK 4TO OHH IIpM BHYHCIEHHAX MOTYT IPUMEHATBHCA TaK iKe YA0GHO,
KaK JOTapH@ME ¥ caMu ajrebpamdecKme KoixmdecTBa. Hax BeaMka mpoucre-
Kalomasa oTCloga H0db3a A pemeHNA TPYAHeHANIHX BOIPOCOB, ICHO IOKA3H-
BAIOT M HeKOTOpHIe I'IaBH TOW KHWTH, M BeCbMa MHOTHMe IPUMEpPH M3 aHAXN3a
62CKOHOUHKIX, KOTOPHEe MOKHO GBIIO OB IPHBECTH, eCIH OBl OHM He OBLIH YiKe
70CTATOYHO M3BECTHH M He YBEINIMBAJMCH B UHCIE C Kam/IbIM [HeM.

9TO MCCIeMOBAaHME IIPUHECHO BecbMa 0OJNBIIYI IOMONIb IIPU Pa3JI0KeHUH
ApoOHEIX PyHKUMI HA JeHCTBHTENbHbIE MHOKHTENHN; 3TOT BOIIPOC I PaCCMOTpe
nojipofHee, TaK KaK TaKOe pasJoiKeHHe COBEPIIEHHO HeO0XOAMMO B MHTErpalb-
HOM HcumcleHun. [lajiee s IOABepr M3YdeHHWI0 (eCKOHeYHHe DSJE, KOTOpHIE
BO3HAKAKT W3 pPas3iosKeHHs QYHKIUE 5TOT0 poja M HOCAT HA3BaHWE DeRyp-
PeHTHEIX; 37[eCh A BHBEI KaK MX CyMME, Tak M o0mue 4JeHE, a TaKKe Jpyrue
3aMedaTelbHEe WX CBOHCTBA, M TaK KaK K STOMY IIpUBeJO pasjOKeHHe HX
Ha MHOJKHTENN, TO A pa3o6pal 1 00paTHYIO 3aady: KakuM o0pasoM IpousBe-
JeHNA MHOTHX, Jae GeCKOHeYHOTO YHCJIa MHOKUTeNel IMyTeM IepeMHOKeHNS
PasBepTHBAIOTCA B PAML. JTO He TOJBKO OTKPHIBAET IYTh K M3Y4YeHHI0 Gecduc-
JIeHHOTO KOJIMYecTBA PANOB; TAK KaK 9THM CIIOCO0OM MOKHO pasziaraTb B PAEL

1y 3xecek Jitmep ocraorcs npE 06HEAOM JUIA TOTO BPeMeHH MpeJCTaBJeHHN TPHro-
HOMeTpUdecKRX (QyHKUME KaK MMumii B Kpyre efMHmanoro pajuyca. (. I1.]
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OPOU3BeleHNA M3 GeCKOHEYHOTO YUCJIa COMHOMKUTeNell, TO A Halleld AOBOJILHO
yao0HEe YACIOBHE BRIPAYKEHNA JJIA HAXOMIeHNUA JoTapudMoB CHHYyCOB, KOCH-
HycoB M TtaHTeHcoB. HpoMe Toro, s BHIBeX M3 TOTO #e WCTOYHMKA pellleHHe
MHOTMX BODPOCOB, KOTOpHe MOTYT BO3HMKHYTh OpH paszbueHM:m uncenx {ma
ciaraeMsle]; Bompocs momgoGHOTO poja Ge3 DOMOIM STUX IIPHEMOB, IO-BUAM-
MOMY, DpeBHINIAIOT CIJIH aHAJIN3a.

Taroe pasHooOGpasme MaTepHaia JeTKO MOTJIO pa3pacTUCh Ha HECKOILKO
TOMOB; HO f jaJ Bce, 0O Mepe BO3MOJKHOCTH, HACTOJNBKO CKaTO, 9TO BCIOAY
M3J1araeTcA — BOPOYEM, BeChbMa SICHO,— JUIIL OCHOBHOe; 6ollee 3Ke mofgpoOHaA
paspaboTKa IpeJOCTABIAETCA TPYAONIOOUI0 duuTaTesxell, Ja6H OHM MMelIH Ha
9eM YOPaKHATH CBOM CHUIHL, 4T00H ellle MHpe pasgBUHYTH T'PAHUIB AHamusza,
He 6010ch OTKPHITO 3aABUTEH, 4TO B 9TOH KHUTe He TOIBKO COXEPIKMUTCSA MHOTO
COBepIIeHHO HOBOTO, HO TaKiKe YKa3aHH NCTOYHUKU, OTKyJa MOKHO dYepmarh
MHOTMe 3aMedaTeJbHEE OTKPHITHA.

Touno TaK e A DOCTYyNMI M BO BTOPOW KHUTE, Te MCCIeJ0BaT BOIPOCH,
00BIYHO OTHOCMMEIE K BrICHIel reomerpuu. OmHaKo mpeme 9eM OPHCTYDATH
K KOHHYECKUM CeYeHMAM, K KOTOPHM B APYIMX KypcaX OOBIYHO CBOJUTCA BCH
9Ta 9acTh, A MBIOKMI O0MYI0 TeOPHI0 KPUBHIX JMHHUHA TaKMM 00pa3oM, 4TOOH
OHa 3aTeM MoIJa OHThb ¢ HOIb30H NpUMeHEHA AJIA N3ydeHNA OPUPOALI KaKnX Ol
TO HI OHIO KPMBHX JAuHUfl, Ilpm 570M s He mONAb3yIOCh HMKAKUMHU ApyruMH
BCOOMOTaTeJIbHEIMM CpPefCTBAMU, KpOMe YpaBHeHNUd, BHIPasKalolero IPUPORY
TOW MIM MHOH KpHUBOI JMHNM, W DOKA3HBAl, KaK U3 5TOI'0 YPaBHEHMA MOMHO
BEIBECTH KaK (Urypy KpHMBON, TaK M ee OCHOBHHE CBOWCTBA. ITO OCOOEHHO
BajsKHO, KaK MHe KasKeTcf, B MPMMeHeHMN K KOHMYeCKMM Ce4eHMAM, KOTODHIe
J0 CMX DOp M3ydYaduch JuGo TOJIBKO mpHM MOMOI(M TeOMETpHUH, JHM60 XOTA
¥ OpM HOMOIIM aHAJIM3a, HO BeChMa HeCOBePIIEHHEIM U HeeCTeCTBeHHEIM IyTeM.
Crauana a1 M3IoKUI o0IoMe CBOMCTBA JMHUN BTOPOrO HOPAAKA, MCXOAA M3
00Ilero ypaBHeHWA AJAA BTUX JIMHHUA; 3aTeM DOApPAsfe ua MX Ha pPOAR HIH
BUIH, PYKOBOAACH TeM, MMeIOT JM OHH BeTBH, yXOAAIMe B OeCKOHEUHOCTE,
WJIN jKe BCA KpPUBafg 3aKIIYeHA B KOHEYHOM OPOCTPAHCTBe. B mepBOM ciaydae
OpMILIOCH, CBePX TOT'O, IPHHATH BO BHUMaHMe, CKOJILKO BeTsell yxomut B Oec-
KOHEYHOCTh M KAKOBAa MPUMPOAA KaKAOH M3 HMX, a TAKKe MMelOT JIM OHM acHM-
OTOTHYeCKUEe MPAMEE MIM HeT. TaR A MOJYYMI TpH OGEYHEIX BUJa KOHNYECKHX
CeueHNUH, N3 KOTOPHIX HepBHI — BIJINICHC, NeANKOM 3aRIIOUCHHEIA B KOHETHOM
OpPOCTPAHCTBe, BTOPOM — rumep0osia, MMelOMas deTHpe OcCKOHEUHHle BeTBH,
CcTpeMANMeCHA K IBYM acUMIOTOTHYeCKUM OPAMBEIM; TPeThUM 3Ke BUIOM fBJAeTCA
napafona, MMelIas [gBe OECKOHEYHEIe BOTBHU, JUDICHHEIE aCUMITOT.

Jlamee, s cXogHEIM 0Gpa3soM mOABepr MCCIENOBAHMIO JHUHHHM TpPeTbhero
DOPAfKA, KOTOPHle fA, M3IMO¥UB uX o0Iue cBoWcTBa, paspmenua Ha 16 popos,
OTHeCH K aTHM pojaM Bce 72 Bupa Hruioroma. CaMuiii e MeToj s HACTOJBKO
OTYeTINBO ODMCAJ, 4TO AeleHHe 0 POJaM MOKHO OCYIIeCTBUTH Ges, Tpyja AJs
KaKIO0ro M3 DOCIefyIoMuUX mopAgKoB Junuid. CooTBeTCTBYIOMMIA ONBIT A IPO-
JeJall TPUMeHHUTENbHO K JIMHUAM 9eTBePTOTO MOPAIKA.

IloKOH4YMB ¢ BTHMH MCCHENOBAHMAMM, OTHOCANMMACA K DOPAJKY JHHMI,
A BepHYJICSA K OTHICKAHMIO OOIUX CcBOWCTB BeeX ammEmMil. f1 m3moskunm Merop
OmpeflelIeHMs KacaTeJbHEIX K KPUBEIM, X HOpMaJed, a TaK/Ke M caMoll Kpu-
BU3HEI, BLIpajiaeMoll dYepe3 pajMyC conpuKacamwierocsi Kpyra. Bce arm
BOIIPOCH B HacToAlllee BpeMs MO (OJbIIed YacTH PemalorTcA ¢ moMOmLIo gud-
depeEnNATBHOTO MCIUCIEHES, OJHAKO A M3MOMMI UX 3716Ch TOIHKO Ha OCHOBE
o0punoil anre6psl, mabH chelaTh 3aTeM 0ojlee JeTKAM NEpexoj OT aHAIN3a
KOHCUHHX K aHalIN3y OeCKOHeUHHIX. fl HMcclemoBan TaKKe TOYKM meperuda
KPUBHIX, TOYKHN YIIOBLIe, ABOMHEE U KPATHBIE M MU3JOKUI cIOCO0, TPU MOMOIIH
KOTOpPOTO BCe 3TM TOYKM MOTYT GHTbL HalieHHl W3 ypaBHeHUiNl (e3 BCAKOTO
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TpyZa. Brupogem, A He OTpUIAIO, 9TO HTU BOIPOCH 3HAYUTENBHO Jelde paspe-
manTcd ¢ moMompo auddepeHnNATBHOTO McYHCAeHUdA. fl KOCHYJCA TaKmke
CIIOPHOTO BoIpoca 00 YIOBOH TOYKe BTOPOTO IOpPSAKA B ciaydae, Korga obe
IYTH, CXOMAMUecss B YIIOBOH TOYKe, MMEIT KPUBM3HY, 00pauleHAYI B OJHY
H Ty e CTOPOHY, U MJOMUI BTOT BONPOC TaK, ITO BIPEb OH yike He MOMeT
BHIBHIBATH KAaKMX-Iu00 COMHeHWIA,

3arteM s mpubaBua HECKOJABKO TNaB, B KOTOPHIX IIOKA3HIBAK, KaK HANTH
KpuBble JUHHH, 00Jafalomue 3afaHHBIMA CBOMCTBAMH, ¥, HAKOHeI[, JaJ pPelle-
HUA pAAa 3ajad, KacaloWUXcA OTAeNbHHEX CeUeHH KpyTa.

TaxroBH Te OTHENH TeoMeTpPHM, KOTOPHE, MO-BEAUMOMY, Haubosee ILoJies-
HGLL JJA U3Y9eHHUs aHANIW3a GeCKOHeIHHX. B KadecTBe NIpPUIIOKeHHS 5 H3I0-
JRUJL ellle M3 O6JACTH CTepeOMeTpPUHM BHYHUCIHUTEJBHYH) TEOPHI Ted H HX
MOBEPXHOCTEN U IOKa3aJ, KAKUM 06 pa3oM IPHUPOIa KarK0H MOBEPXHOCTH MO3KeT
OHTH BHpasKeHA YypaBHeHHeM C TpeMsl IlepeMeHHHIMH. Paslenus saTew,
nofA06HO NUHUAM, H MOBEPXHOCTH HA IOPAAKA CO00Pa3HO 9UC Iy U3MePeHUN, KO-
TOpHe HMMEIOT IMepeMeHHble B YpaBHEHHH, A IOKA3aJ, 9TO B IEPBOM IOpPAAKe
COTIePIKUTCA TOMBKO IIOCKasA MOBepXHOCTh. [loBepXHOCTH e BTOPOTO HOPATKA
A, IPUHAB BO BHUMAaHME 9aCTH, IPOCTUPAIOMUecs B GeCKOHEYHOCTH, Pasjeu
HAa HIeCTh,POIOB, IMOXOOHBIM jKe 06pasoM MOKeT OHITH IPOU3BRIeHO Pa3JelICHUE
M [J OCTAJBHHEIX HOPAAKOB. fl mMofBepr paccMOTpeHUIO TaK/Ke M NiePeCedeHIs
IBYX IOBepXHOCTell; TaK KaK mo 0ONbIIedl 9acTH 3TO KpPHUBHE, He Jerxalque
B OJHOM NJIOCKOCTH, fA IOKA3aJ, KaK TaKWe KPHUBEE MOTYT OBITH BEIPAYKEHE
ypaBHeHAsAMA. HaKoHeI, s OIpeeNus IOJOKeHHe KAacaTeJbHBIX ILIOCKOCTei
I OPSAMEBIX, ABIAKMAXCA HOPMAJIAMHA K ILOBEPXHOCTAM.

BnpoueM, Tak KaK MHOTOg 37ech BCTpedanHleecs PacCMATpPHUBAIOCD
yiKe IPYTHMH, TO MHe HafJe/KAT ONPOCUTH CHUCXOXICHUSA B TOM, YTO He Be3sJle
A IMOYTHJI YIOMHHAHHMEM TeX, KTO [0 MeHA paboTan B aToit o6aactu. Ho Moeit
3aflagedl GBLIO M3MOKUTH BCe KaK MOYKHO KOpOde; HCTOPHUA e KasKkgod 1mpo-
6.1eMBI CHITBHO yBeludmia G 06beM Tpyaa. OmEaKo MHOTHe BOIPOCH, pelleHHe
KOTOPHIX MOJKHO HAWTH TakKiKe B WHBIX MeCTaxX, 37leCh paspemicHLl HCXOMS
M3 IPYIruxX NPUHIUNIOB; TAKAM 06pa3oM, HeMaJas 9acTh IPUXOAUTCA M HA MO0
momw. Hagerocs, uTo Kak 370, TaK, 0cOGeHHO, M TO COBepIIeHHO HOBOE, YTO
3mech coobmaercsa, OydeT HPUHATO ¢ OJArogapHOCTHIO GOJLUIMHCTBOM Tex,
KTO HaXOgUT BKYC B 9THX 3aHATHAX.

= EN
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BBEAEHUE
B AHA/IN3 BECKOHEYHDBIX

RAHHTA ITEPBAA,

COJEP>RKAIIIAST

PA3bICHEHWE PYHKIIUM ITEPEMEHHDLIX
KOAMYECTB, UX PA3AOKEHUE HA MHO-
JKUTEAU, PABHO KAK B BECKOHEUYHBIE
PAADLI-BMECTE C YYEHUEM O JAOTAPU®-
MAX, KPYIOBbIX AVIAX U CUHYCAX U
TAHTEHCAX TIOCAEAHWX, 1 BMECTE
CO MHOTUMU APYITUMU IIPEAMETAMUW,
B HEMAJOW MEPE INOAE3HBIX AAS
AHA/JINU3A BECKOHEYHDIX.

TATABA I
0 ®YHEIUAX BOOBIIE

1. Hocmosannoe KoAUMECMBO eCMb KOAUMECNB0 Onpedeseitnoe, COTPAMADULE
8cezda 00HO U MO e 3HaveHue.

TarUMH KOJWYeCTBAMHU SIBJIAIOTCA BCAKOTO POfA UUCIA, MOTOMY 49TO OHH
COXPAHAIT MOCTOSHHO OFHO U TO 7K€ ONHAKAH MOJNydeHHOe 3HAUeHHE; eCIH
HY>KHO HOCTOSIHHHe KOJIUTeCTBA 9TOTO pofa o0Go3HAYATH 3HAKAMH, TO A
BTOTO YHOTPeOIAITCA HadalbHhe OYKBH andaButa a,b, c u 1. 1. B 06HKHOBeR-
HOM aBaju3e, Ifle PACCMATPUBAIOTCA TOJBKO ONpefejeHHHEe KOJXMIECTBA, STH
mepBHe OYKBH ajdaBuTa 03Ha4alOT 00BIYHO KOJIMYeCTBA M3BeCTHHeE, a IOCIe/-
Hie OGYKBH —KOJIMYeCTBA HEH3BeCTHHE; B BHICIIEM ke aHAJM3e 3TO pasnuune
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He CTaparwTCd TaK TINAaTeJbHO COGJIIOJIaTI:, TaK HKHaK 3JeCh OO OpeuMylIne-
CTBY 3a060TATCA 0 TAKOM Pa3JuMYeHUN KOJHNYeCTB, KOTOPHIM yCTaHaBINBaeTCH
OOCTOAHCTBO OJHHX U NEepPEeMeHHOCTH APYyrux.

2, Ilepemennoe Koaurecmseo ecmbv KOAUECMBO HeonpedeteHHOe UAU 6C€006-
wee, Komopoe codepacum 8 cefe peulumenvro éce onpedefennble 3HAYCHUS.

Tax Kak BCe OIpe/ieIeEHEEe 3HATOHUA MOTYT GHTEH BHpPayKkeHB GUCIAMU, TO
mepeMeHHOe KOJNMIeCTBO OXBATHBAaeT BCe THCIa HeKOToporo popma. Hak us
TOHATHH HHAMBUAOB 00pasyloTci HOHATHA BUAOB. M POMOB, TaK IepeMeHHOe
KOJMMYeCTBO ABJIAECTCA PONOM, B KOTOPOM COIEP’KaTCA BCe OMpejeeHHNEe KOJIH-
gecTBa. A TAaKMe IepeMeHHHe KOJU4ecTBA 0003HAYAIOTCA OGHYHO MOCICHHMMHU
OyxkBamu andaBura z, Yy, T U T. O,

3. Iepemennoe Koaunecmeo cmanosumcsa onpedeieHnbM, K020a emy npu-
daemcs Kakoe-aAub0 onpedesennoe 3HAUCHUE.

[TepeMeHHOE KOJMYECTBO MOKET GBHITH OHNpERENAAeMO GeCUIHCIeHHRIMH CIIO-
cu6aMH, TOCKOIBKY BMECTO HEr0 MOJKHO IOACTABJATH BCE PEIINTEIbHO JHCIA.
CMBICI TepeMeHHOro KOJWYecTBA He OyfeT McUepmaH, eCIM Ha ero MecTo He
MOJICTABUTE BCe ONpefieleHHHe 3HAUeHUA. TakmM o6pa3oM, mepeMeHHOe KOJH-
YeCTBO OXBATHBAET cO00I0 PEIINTEJBHO BCe YHCIA, KAK IOJOKHTeJbHHe, TaK
U OTpMIaTeJIbHBIE, KaK (ejsie, Tak W [po0HHe, KaK palXMOHAJbHEE, TaK
M UppaluoHaINbHHE W TPaHCUeHAeHTHHEe. [lake HyJb M MHHMBe JHCIa He
UCKIYAITCA U3 3HAYeHWH mepeMeHHOr0 KOJMYeCTBa.

4, Qynkyus nepeMenno20 KOAUYECMBA €CMb AHAAUMUYECKOE GblDAMCEHUE,
COCMABAEHHOE KAKUM-AUGO 06PA3OM US IMO20 NEPEMEHHO20 KOAUMECTNOA U HUCER
UAL NOCMOAHHBL KoAuxecmal),

Beakoe amanumTudecKoe BHpajKeHHe, B KOTOPOM, 3a HCKIOYeHHeM Tepe-
MEHHOTO KOAMYECTBA Z, BCEe KOJUIECTBA, COCTABIAKINNE ITO BHpayKeHUe,
TOCTOAHHH, GymeT ¢yHKIHeH Z; Tak,

a3z, az—4z22, az+b Vaz —2z2, &
u T. 0. OyayTr dyHKUMAMHA Z.

9. Caedosamenvno, PYHKYUS nepemerH020 koaunecmea cama Gydem nepe-
MEHHBM KOAUYECEOM.

Tak KaK BMeCTO MEPEMEHHOTO KOJHYECTBA MOYKHO WOACTABIATH BCE OLpe-
OeJleHHEE 3HA4eHUA, TO (YHKIUA OpuHUMAET OeCUMCIEHHO MHOLO OIpe-
OeJNeHHHX 3HaueHUIl; He OyDeT UCKINYeHO HM OREO OmpefeleHHOe 3HAUeHUE,
Kakoe (yHKOUA Moria Ob TPUHATH, TOCKOJBKY IepeMeHHOE KOJIHIECTRBO
OXBaTHBAeT TAKKe N MHUMHe 3HaueHusa. Tak, xora ¢ymrnua }J/ 9—z?% mpn
TOACTAHOBKE BMECTO Z JEMCTBHUTEJNBHBIX THCEJ HHKOTHA HE MOKET OPUHATH
3HaueHHe GOJbIIC TPeX, OMHAKO, €CIU JABATh Z MHUMEE 3HaUeHHA, KaK, HAIpH-
mep, 5}/ —1, To Heabsa yKasaTh HUKAKOTO OIpe/Ie/IeHHOTO 3HAYeHUA, KOTO-
poe He MOTJIO 6 GHTH mOMydeHo U3 Popmyant |/ 9—z% WHorna, ofHaKo, BCTpe-
yaTea YHKIUH TOMBKO KajKyIIuecsa, KOTOPHe YAeP/RUBAIOT BCerAa OfHO H TO
JKe 3HaUeHNe, KaK OB HUM M3MeHANOCH DepeMeHHOe KOJWd9eCTBO, KaK, HaIpUMep,

2_
1, a az

0
Z
) a—z °

1) Crenyer mMeTs B BHAY, 9TO B OTJAYUE OT IePEMEHHOIO KOJMAIECTBA MOCTOAHHBIM
dilnep mpnpaer JAmE AeHCTBATENbHHE 3HadeHnA. CM., RampuMep, naiee § 11, 12. [H. I1.}
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OHH XOTA JIOKHBIM O0pPa3oM NpeACTaBIAATCA Ha BuX (QYHKOUAME, OJHAKO
Ha CaMoOM JeJje ABIAITCA KOJINIeCTBAMH IMOCTOAHHEIMM.

6. Ocnosnoe pasaunue gynryull cocmoum 8 cnocobe cocmasieHus UL Us
REPEMERH020 KOAUHECTNEA U KOAUHECME NOCMOAHHBIL.

OHO, clemoBaTeNbHO, 3aBHCHT OT AeHCTBUI, DOCPEJCTBOM KOTOPHX KOJIH-
9eCTBA MOTYT APYT C APYrOM COYeTaThCA M HepPeMeNIMBATHCA; JeHCTBUAME
STUMH ABIAIOTCA: CIOKeHWe W BEUNTaHWe, YMHOKeHHe M JelleHHe, BO3BHIIIe-
HYe B CTelleHb U U3BJIeYeHne KOPHeH; CIofla HAJJeKUT OTHECTH TAK;Ke pelleHHe
ypasHenuii. HpoMe sTmx [eiicTBUI, Ha3HBaeMHX OOGHYHO anreGpamdecKUMH,
CYINECTBYeT MHOTO [PYTMX, TPAHCIEHJeHTHHX, KaK-To: MOKa3aTelbHEIE,
aorapudpmMmueckde u OGecuucieHHHe [ApyTHe, IOCTaBIAEMEe HHTerpaJbHEIM
HCUNCICHUEeM.

Messmy npouuM, MOKHO OTMETHTH HeKOTOpHe BUAH (yHRIMH, KaK, Ha-
opuMep, KpaTHHe 2

2z, 3z, %z, az ®u T. J.

n CTeneHH Z, KaK-TO:

, z! mT. p;.,

OHM, TpaBJa, BO3HUKIM OT ONHOI'0 TOJHKO AeHCTBHMA, a Ha3BaHHe (QYHKIUR
OpUCBAMBAETCA BHPAKEHNAM, BOSHHKAOMUM OT CKOJBKHUX YrojHO AeiCcTBUH.

7. Qyuryuu pasdesswmes Ha aseebpaudeckue U MPAHCYEHOCHMHDLE,
nepetie — Mo me, KOmMopule 06PAYIOMCL MOALKO RPU ROMOUU AL2e6DAUNECKUL
Oeticmeuli; emopvle — me, 6 Komopble 6xodam u mpancyendenmubte delicmeus.

Tak, KpaTHHe U CTeHeHH OepeMeHHOTO Z ABIAITCA PYHKIUAMYA anrebpan-
YeCKHMHU, PABHO KaK ¥ BCeBO3MOKHEIE BHIpaskeHNA, 00pa3oBaHHHE NOCPEICTBOM
YOOMAHYTHIX BHIe aarefpandecKuX [elicTBUM, KaK, HaOmpuMep,

a-bzn—c ]/27.-—7.2
' a?z—3bz8

.

Ho wacro anreGpandeckue pyHKuuy He MOTYT faske OHITH mpefcTaBIeHE ABHO,
TaKoi, HampuMep, QYHKIueH IepeMeHHOr0 z ABJIAETCA Z, eCIW OHO OOpefe-
JIeHO YpaBHeHUEM CleyIIero poja:

Z5 = az?Z3 — bz 2% 4 cz3Z — 1.

XoTA pemmuTh 5TO ypaBHeHMe HeBO3MOKHO, OfHAKO ACHO, 9T0 Z OyjeT paBHO
KaKOMY-TO BHIpa;KEHHIO, COCTABJIEHHOMY W3 NEepeMeHHOr0 Z M MOCTOSHHEIX
KOJIN9eCTB, BCIeNCTBUe Yero Z OGymeT Kakoit-tro ¢yurmumed z [1]Y). Buopouem,
OTHOCHTEJNHHO TPAHCHEHJeHTHHX (YHKIMA ciemyeT 3aMeTHTh, YTO (PYHKIHUA
OymeT TpaHCLEHJEHTHOH JWIIb B TOM Clydae, eClH TPaHCUeHIeHTHOE AeicTBHe
He TOJIBKO BXOJUT B Hee, HO, KpOMe TOI0, 3aTparuBaeT mepeMeHHOe KOJIMYEeCTBO.
Ecin TpancuengeHTHEHe AefCTBUA PACHpPOCTPAHAIOTCA TONBKO Ha NOCTOSHHEIR
KOIMIecTBa, TO QYHKIMIO BCe-TaKMU HANJNE)KUT CUATATH alirebpamdecKoii: Tak,
ecau ¢ 03Ha4aeT AJIUHY OKPYKHOCTH C PaflycoM, PaBHEIM efWHHUIE, TO C BO
BCAKOM clIlydae OyjeT KOJMYeCTBOM TPAHCUEHICHTHHIM, OJHAKO BEIpayKeHUA

c+ 2z, cz3, 4z°

u T. 0. GyayT aareGpamdgeckumu ¢ynKmuaMu z. He mMmeer Goxbmoro zmade-
HUA BHCKAa3aHHOe HEKOTODPHIMHM aBTOpaMU COMHEHME, HMeeM JH MHE IPaBo

1) Iludpr B KBafpaTHHX CKOOKaX OTHOCATCA K NPHMEeYaHWAM B KOHIE KHATH.
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HPHYACIATH BRIpAKeHHA BUNA 2° K alre0pamdecKAM WIH He UMeeM; HEKOTODHE
OpeIowId JasKke CTeICHH 2, IOKA3aTe M KOTOPHX ABIAKTCA YHCIaMH HPPAIHO-
HAJBHEIMH, KAk, HampuMep, zV %, HMeHOBATh UHMEPCYEHOEHMHBLML, He enas
HaseBaTh MX ajdrebpanveckumu [2].

8. Aueebpauneckue Pynryuu nodpazdeisiomces Ha PARUOHAAbHbE U UP-
PAYUOHAIbHELE; Nepgble — MO MAKUe, 8 KOMOPHL NEPeMEHHOE KOAUYECTNE0 He
sxodum HU 6 KAKYl UPPAYUOHAAbHOCMb, NOCACOHUE e — MO Mmakue,  Ko-
mopur 3HaKu paduratos 3ampazusarm nNEPEMEHHOE KOAUMECTREO.

B ¢pyHKUEAX pauoHaJbHEX He YY4aCTBYIOT, 3HAYNT, HHBIE AGICTBUA, KpOMe
CIOKeHUA, BHUUTAHWUA, YMHOMKEeHMA, JeJeHHsA M BO3BHIUEHHA B CTeleHb
¢ IEeNHMH MOKa3aTelAMH; Tak,

a?-}-z2

atz’
OyAYyT panMOHANBHEIMH QyHKOMAMU z. BeIpaskeHus rxe

atz, a—z, az, az®—bz® wmor. nm

al—z ‘/,12_*_[_)

Vaz, a+Va>—=22, Va—2z+4 22, P

o P
OyayT HppalioHAIbHEMH (YHKIUAMH Z.

Hocrednue ydobuo pasdeasme Ha s6HME U HessHble. Heuble — 3T0 Te,
KOTOpHIe BLIpasKeHbl 3HAKOM pPAJHKajIoB, KaK YKa3aHO TOJIBKO 4TO HAa IpHUMe-
pax. Hes6nbe e MppaloHATbHEE QYHKIIMH —— 3TO Te, KOTOpHE HPOMCXONAT
oT perteHusa ypaBHenuil. Tak, Z Gyner HeABHOH WppandoHaIbHON GyHKNAElT 2,
eClil OHO OIpefelAeTcA ypaBHeHHEM

Z7 = azZ? — bz",

TaK KaK Jajke IPpA TIOMOUIM 3HAKOB PaJWKaja HeJb3f MOJNYYUTH ABHOTO 3HA-
yenua Z, moToMy uTo oOnuHaa axarefpa eme He FOCTHINA TaKoili CTeleHH
COBEPIIEHCTRA.

9. Payuonasvhbie gpynryun ¢ ceow oxepeds nodpasdensomes Ha yevle
u OpobHule.

B nepnBHX z HATHE He HMeeT OTPANATENLHEIX HMOKa3aTesell, M BhIpAKeHIe
He comep;xuT apobeil, B 3maMeHaTelw HKOTOPHX BXOXWIO OH TepeMenHoe z;
OTCIOa TOHATHO, YTO APOOHHIMA QyHKOAAMH OyayT Te, B KOTOPHIX BCTpE-
4ayTCA WIHM 3HAMEHATeNH, CONep:Kaliue z, I OTPHUIATENbHbIE TIOKA3aTelH 2.
QOwmil Bux neanx QyHKouid Oymer

a+bztez?tdz¥ ez /25 u . on;

B CaMOM Jiejie, HeJb3A NPUAYMaThb IeN0N (yHKIMH 2z, KOTOpad He 3aKlmoya-
nace Os1 B 9TOM BHpakenud. Bce jKe ApoOHble PYHKIMH, BBHAY TOTO, UTO
HECKONBKO Apobeil MOMKHO COeJWHUTL B OfHy, GyAyT 3aKIpuUaThCA B BHpa-
WEHAA

a-+bztcz?4-dedt-ezt+f28+ moT. 1.
a-F Pz yz 4823 et 054 m 1. o !

mpudeM ClIeAyeT 3aMeTHTb, 4T0, OYAyT JIA HOCTOAHHLIE KoiMdecTsa a, b, ¢, d
7T 1, o B,y, 0 7 T. 1. DONOMATENLHHIMH, OTPANATENHHLIMA, LUEIBIMH
niId ApOGHLIMM, PAalMOHAJNLHBIMA, MPPAUAOHAILHBIMA WM - Ja¥e TPAHCIeH-
JICHTHBIMA, — 3T0 HE H3MEeHHT NPUPONE PYHKNWH.
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10. 3amem, ocobenrno Hado yuumweams nodpasdeserue Fyrkyuii Ha odHo-
BHAUHbE U MHO203HAUHBlE ),

Odnosnaunas GYHKIUMA — 3TO TaKas, KOTOPAA caMa MOJydaeT efHHCTBeH-
HOe OIpefielleHHOEe 3Ha4YeHHE, €CIN MepeMeHHOMY KOJIAWIeCTBY 2 TIPULAETCA
KaKoe-IuGo ompeneltennoe sHaweHwe. Mwuoeosnaynas GyHRUMA — Ta, KOTO-
pas IpH DOACTAaHOBKe BMECTO HePEMEHHOTO OFHOI'0 KAKOTO YTOAHO OTpeeieH-
HOTO 3HA4YeHHMA IONydaeT HECKOIBKO OMpefeNeHHHX 3Hadenuii. Bce pamuo-
HaJbHEEe (YHKIHH, Iedkle HWIH Apo0Hbe, OyAyT GYHKIMAMU OXHO3HAYHBIMH,
TaK KaK BHIDA/KEHHMA 9TOT0 POJA AAIOT JHINE OJHO-eIUHCTBeHHOE 3HadeHHe,
Kakoe On 3HadeHHMe HH GHUIO OPHUAHO TepeMeHHOMY KoamdectBy. Wppamuo-
HaJIbHbie 7Ke QYHKIUM BCe ABIAOTCA MHOTO3HATHBIMH, IIOTOMY YTO 3HAKH pa-
JUKanoB 06;1aa0T HeONpeAedeHHOCTBIO U JAIOT ABa 3Havenusd. U cpeau Tpauc-
MeHAeHTHRX GYHKIMH BCTpewalTCa OJHO3HAYHEIE M MHOYO3HAYHHE; MMEITCH
Jaxe QyHKIUHE ¢ GeCKOHEIHBIM YHCIOM 3HAYCHUN; TAKOBA Tyra Kpyra, cOOT-
BeTCTBYIOIAA CHHYCY 2, DOTOMY 9TO CYIMeCTBYeT OeCYUCIeHHOE MHOMKEC1BO
AYyr, IMEIOIMUX OTMH U TOT »Ke CHHYC.

Byrksamu P, Q, R, S, T u 1. 1. Gynem 0603Ha9aTh OTAeIbHbIE OLHO3HATHRIE
GyHKINH z.

11. Jeysnaunas gyrnkyus z ecmv makas, Komopas npu 4060M 3HAYEHUL 2
umeem 08a ONpedeseHHbT 3HAYEHUS.

Taxoro pojga GyHKIMYM MpeACTAaBAAIT KBAApaTHEE KOPHH, Kak } 2z--2%;
OpH MOACTAHOBKe IIO60TO KOJNMYeCTBAa BMECTO Z BHIpaxeHHe }/ 2z-z% mMeer
JIBOAKOEe 3HadeHNe — Ju00 MONOKATEIBHOE, N0 oTpuiaTenabHOe. Boobie
e Z Gyger ABy3HadHOH QyHKUMeH 2z, ecaH OHO ONpefelAeTCA KBajpaTHHIM
ypaBHeHHEM

22— PZ+-0Q=0,

ecad, KoHeuHOo, P 1 @ GyayT omHOsHaYHuMu ¢ymrumsamMu z. WUmenmo, Gymer
Z= 3P+ ]/%Pz-—Q ,

OTKyJa CJelyeT, 9TO KasKAOMY ONpefeleHHOMY B3HAYEHHI0 Z COOTBETCTBYET
JBOSIKOE OIpejelenHoe 3HaueHde Z. 3heCh HYMKHO 3aMETHTh, 4TO HIH 00a
SHAYeHUA QYHRIUN Z OyayT mefCTBUTeNbHBIMH, HaM ofa MHUMBEIMEH. [Ipn
9TOM BCerja, KaK H3BECTHO M3 HOPHPOAH ypaBHEHNi, cyMMa o0OMX 3HavMeHil
Z 6ymer = P, a mpoussenenue = (.

12. Tpexsnaumas gywryus z ecmsv makas, kKomopat npu AwGom 3Ha-
HEHUU Z UMeETn MPU ONpedeseHHBT 3HAYEHUR.

DyHRIUIA ATOTO POAa BEAYyT CBOE LPOUCXOMKICHUE OT peueHus Kybu-
gecKUX ypapHesmit. Ecau P, Q u R OyayT ¢yHKUMAME OJHO3HAYHEIMH H

73— PZ*+QZ—R=0,

‘10 Z 6ymer TpexsHaumo#l (YHKIMEH 2, DOTOMY 4TO MpH J0GOM OIpefeneH-
HOM 3HA4eHHH 2z OHO OpHHMMAaeT TPOAKOe S3HAaYeHHe. OTH TpPH 3HAYEHUA Z,
COOTBeTCTBYIOIMEe OJHOMY KaKOMY-Tu(GO 3HAUeHWIO 2z, GyAyT UIHM BCe [eicT-
BUTQIBHLIMA, HJIN OQHO OyAeT AeACTBUTEIBHEIM, a ABA OCTAIBHEIX MHUMBIMH.
Hpome Toro, mecoMmenmso, cyMMa aTHX TpeX sHadeHMU Bcerga Oymer = P,

" 1) ¥V Jiinepa mpumeHsiores TepMmHE uniformis m multiformis, To ects, 6yxBansHO,
£7uH000pasHEe W MHOTOoOOpasuwe. JlaidnMie, cooTBeTCTBeHHO, Jinep mamer biformis, ro
ecTh AByobpasnada (Ppynxmud), triformis—rpexobpasuaa m 1. a. [H. I1.]
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cyMMa BX mupomspefeHHit mo nsa 6yaer = ( ¥ NUpoM3BefeHMe BCEeX Tpex
Oymer = R.

13. Yemwiperswaunas @yHkyus z ecmv makas, KOMOpas npu siobom
BHAUCHUL Z UMeem uemslpe ONPeOescHHBL 3HAYEHUS.

(DyHKUMM 3TOTO pOAA BOSHUKAIT OT peeHWsd ypaBHEHUH dYeTBepTOM
crenesn. Ecam P, ¢, R m § o3HavamwT O0AHO3Ha4YHHe (QYHKUNM 2z U IIpH
3TOM

28 PP+ QZ2?—RZ+5=0,

10 Z GyneT deTHpexsHayHoil QyHKuMeil z; 3TO 3HAYUT, YTO KaKAOMY 3Ha-
YeHU) z COOTBETCTBYIOT 4eThipe 3HaueHHA Z. M3 9TuX deTHpexX S3HAYeHUI
au6o Bce GYIYT HeHCTBRTENLHBHIMHU, JUGO ABAa OYAYT ACHCTBHUTEILHHIMH M [ABA
MHAMEIMH, Ju00 BCe 4YeTsipe OYAYT MHUMHEMH. BipoueM, cyMMa 3THX 4YeThi-
pex sHadernuil Z Oyner Bcerpa = P, cyMMa UMx HpomssefeHuii mo nBa =,
cyMMa MX IpOHM3BeieHMit 110 TpM = R, u wpoussefenue ux pcex = S. [lomo6-
HEIM e 00pasoM CTpOUTCA onpejeseHne GYHKINA IATHSHAYHEIX H CIeRY WX,

14. Caedosamensvro, Z Oydem muozosmaurnoli gywkyuell, romopas npu
210604 3HAUEHUU Z UMEEM CMOALKO 3HAYEHU, CKOAbKO cofepycum edunuy
yucao n, ecanw Z onpedeasemcs ypasHenuenm

2" P71 L QL2 — RZ™ 3+ 82" —m 1. g =0

3pech, BIpoYeM, CJIEAYeT B3aMeTHTh, YTO A [OKHO OHTb YHUCIOM
OeJLM M, 3HAaYUT, YpAaBHeHHe, onpefesifiomee Z, Bcerja HROJKHO OHTH
IpUBENeHO K DPAalMOHAJHHOMY BHAY, €CIM MBI XOTHM 3HATh, CKOJbL MHOTO-
3HayHOIl QyHKuUMEH OT z ABIAeTCA Z; 1locie 3TOro oKaszareab HamOoublrei
CTereHN Z YKaMeT MCKOMOE YHMCJIO 3HAa4YeHMH, COOTBETCTBYIOIMUX KaKAOMY
3HaYeHHIO z. 3aTeM TaKe CcleqyeT NOMHMTH, 4To Oyksw P, Q, R, §
g T. [A. DOJIKHH O3HAYATh OMHOSHAYHBIE (YHKUOUU; 6CIHM e Kakag-iubo
n3 Hux Opiya OH QyHKuMel MHOTO3HauwHOH, To QyHKNMA Z najna Ob ropasgo
Goibine 3HAYeHHHl, COOTBETCTBYIOIMX KAKAOMY 3HAUeHHIO Z, 4eM yKasHBaeT
unciao mamepenuit Z. OpHako Bcerga, eciam Kakue-JuGo 3HadeHHa Z OyayT
MHUMBIMHM, TO 9HCJIO MX OyJeT YeTHHIM !), OTKyHa fACHO, 9YTO eciu n Oyper
YUCJOM HEYETHHIM, TO 110 KpalHeH Mepe OJHO 3HaueHuMe Z OyfneT [eHCTBU-
TEJIbHBM; HAUDOTUB, MOMET CJIYYATHCHA, €CJAM YUCIO A OyHeT UYeTHHIM,
YTO HU OJHO M3 3HAUeHWH Z He OyaeT AeHCTBHTEJbHBIM.

15. Ecau Z 6ydem mHoeosnaunol ¢ymkyuell z makozo pcda, umeo eceada
6ydem umemov moavko cOmo Oelicmeumeavhoe snwavenue, mo Z 6ydem kak 6wl
00H03MauNHOl PyHKEYuel 2 U 8 OOAVUUHCIEE CAYHACE CMCIHCEM YNROMPECAAMbCS
gmecmo Pyrryuu 00HO3HAUHOL.

OyHKDUANE TaKOro popa OyAyT

VB, VB, VP ur x,

TaK KaK OHM BCerga jaloT OJHO TOJBLKO JeificTBUTeJbLHOE 3HAYeHWe 1pn
OCTAIBLHBIX MHEMHX, €CIM ToabKo P '6yner opnHosHauHoW ¢QyHEEnmei z.
m

oatoMy Boipakenme supa P™ Bo Bcex TeX ciydYasX, KOTLHa 7 HEYETHO,
MOMET OBITH UPUYMCICHO K PyHKOUAM OJHO3HAYHHM, OyJeT JM m YHEIOM TeT-

1) Cm. § 30 m mpumenanme [B).
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m

HHIM W0 HedeTHHIM. Ecau ke n 6yner wucaoM detnwim, To P™  unm me Gymer
UMeTh HH OJIIOro AefCTBUTENHHOI0 3HAYEHHs, AU OyAeT HMCTh UX ABa; 0TCIona
m

BHpaskeHus Buia P™ OpH 7 YeTHOM Ha BTOM K€ OCHOBAHMHM MOT'YT OLITH
m
npuqucleHbl K QYHKOMAM ABY3HAUYHEIM, €CJIH, BIpOuYeM, Ipo0b —  Hexn3A

INPHBECTH K MEHBIIMM 4YJeHaM 1),

16. Ecau y 6ydem xakoi-aubo @ynkyuels z, me u, obpamro, z 6ydem
Pynryuet y.

Ecin y sapnsercs QyHrmmeid 2z, ogHO3HaYHO# WIM MHOTO3HAYHOMH, TO
JaeTrcs ypasHeHHe, KOTOpOe oOIpejgelseT y 4dYepe3 z M IOCTOSHHEIE KOJHYe-
cTBa. M3 aroro ke ypaBHEHHs z MOKeT OBITH ONpeNeNeHO Yepe3 ¥ H IOCTO-
SIHHEIe KOJIMYecTBa; cle0BaTelbHO, TaK KaK ¥ €CTh KOJHIECTRO MCPeMCHHOE, Z

- 6yler paBHO BBIPAYKEHHIO, COCTABICHHOMY M3 ¥ M MOCTOSHHHX KOIMUECTBH,
n 6ygmer, cregosaTenbHO, (yurnmmeit y. OTcofa TaKKe CTaHeT SCHBIM,
CKOJb MHOT03HA49HOH (QyHKIue#l y OymeT z; MOMET CAYUHTHCA, UYTO XOTA ¥
6yner ognosnaunoil QyHKnmenr z, ofHaKO z 6ygeT MHOrO3HAYHON QyHKIHell ¥.

Tak, ecam y ompepensiercsa dHepes z u3 ypasHeHus y®= ayz—bz? 10 ¥
Oymer TpexsHayHoll QyHKIueH z, Torfa Kak z OymeT TONBKO [BY3HAYHOH
dyHRIBER 7.

17. Ecau y u x asaswmes Pynkyuamu z, mo y makxce Gydem @ynryu-
et x u, obpamno, x 6ylem Pyrkyuei y.

Ecam y sBusierca Qyurimuein z, to z OGyger Ttarkme QyHrnueir y; mo-
nobuaeim  ofpasoM z 6ymer ¢ynrnueir z. CimepgosaTtenbHo, (QyHKIUs y paBHa
$yHKIUM T; M3 3TOT0 ypaBHEeHHSA MO)KHO OIPEfeNIUTh § 4epe3 x u, o0paTHO,
x 4epes y.

Otcroga scHO, 4TO Yy — QYHRIUA 2, a & — QyHKRIUA 7.

Becpkma 4acTo m3-3a mecosepimeHCTsa adreOpsl 3Tn QYHKIMH HEIb3f
BLIPa3UTh ABHO; TEM HE MeHee 3Ta B3AHMHOCTE OQYHKIMA HMeeT TaKoil
XapakTep, Kak eclau OBl Bce ypaBHeHHS MOIJMH OHTH pemeHH. Brpodem,
nocpencTBOM ciocoba, m3naraeMoro B ajarefpe, U3 JaHHHX JABYX YpaBHEHHH,
13 KOTOPHX OJHO COJEp:RUT y W 2z, & ApYyroe £ ¥ 2z, NOyTeM MCKIIYeHHs
KonudgecTBa 2z o0pasyeTcA OJHO YpaBHEHHe, BHPAMKAOINEE COOTHODEHNE

mMexay « u y [%].

18. Haxroney caedyem ommemumv mekomopsle ocoGeie 6uder Gymnryuii;
mak, “emuas PYrKYUS z eCmMbv makas, Komopas daem o0no u mo sce 3naue-
nue, 6ydem au emecmo z nodcmasieno awbGoe onpedesennoe snauenue -+ k
uau — k.

Taroro poga 4detHo# Qynrmmeit z Oypger z2; eclH MOJTOHKUTH JH60
z= -+k, mubo z= —k, T0 BHpakeHue z? JacT OJHO M TO Ke 3IHAUEHHE,
HMEHHO z2= +k?  TlogobubiM o0pasoM  dYeTHHMH  QYHKIOMAMH Z
O6yayr cremenu z: z%, 2% 2z® w BooGmle BecsKas cTemenb 2z, ecuM m
fymer UeTHBIM  HWHCJIOM, MONOKHTeJBHHM HIM oTpuIaTeapHuM. Tak

m
Kak z* CYHTAaeTcs KaK OH OJHO3HA4HON QyHKmmed z, KOrga n— GHCIO

m

HEYeTHOe, TO SICHO, 4TO z™ Oymer derHoil (QyHROWedl 2, ecIH m— 4HCIO

1) To ecTp COKpPaTUTh. OTO 3aMedanie OTHOCHTCA IO CYINECTBY Ko BeeMy af-
sany. [C. JI.]
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9eTHOe, & n — HedeTHOe. [l09TOMYy BHIpajKeHHUsi, COCTABIEHHbHE KAKUM-IHO0
0o06pa3oM M3 CcTemeHeil TOro poja, AAaAyT UeTHHEe QYHKuun z; Tak, Z Gymer
yeTHOH ¢yukumeir z, ecam Gymer

Z=at bz?+cz*+dzb4-n 1. 1.,
a TaKHe ecau
Z_a—}—bzz—i—cz"—}—deJ,—u T. A.
T ot+PetyA Lzt tuT. 4!

mofo0urM 06pasoM, eclii BBOAUTH HNPOOHHE MOKasateaun z, 1o Z Gyuet
yeTHOH GyHKUmMER 2z, Korja

2 2 4
Z=a+bz3Lcz5+dz"+u T m.,
HIn
2 4 2
Z=a+bz 34+cz 34+dz S+u T 1.,
ILTH
2 4 8
7 o a—|—bz —|—cz 5—|—dza
o L
7

a*ﬁz +yz ~"+6z

Bripaskenust atoro poga, Gyayum Bce OJHO3HAYHBIME (QYHKIHAME 2, MOTYT'
OpITH HABBAHBI YeTHHIMA OJHO3HAYHBIMU QYHKIHUSMHA Z.

19. Muoeosnaunan wemnan gynkyus z ecmv makas, Komopas npu awbosn
BHAYEHUU Z XOMA U UMEE HECKOABKO onpedesenHbly 3Havenull, oanaho daem
o0Hu U me e SHAMEHUS, NOAOHCUMb AU 2 = —|—k uau. —k.

Iycts Z GypmeT TaKoro poja MHOIO3HAYHOH dYeTHOH (byﬂmmeﬁ z; Tak
KaK NpHPOJA MHOTO3Ha4YHON (YHKUUE BHPA’KaeTcsT YpaBHEHHWEM Mewiy Z
U 2, B KOTOPOM Z mMeeT CTOJNBKO H3MEpPEeHHH, CKONBKO CONEPKUT pasimy-
HBIX 3HA4YeHWIl, TO sICHO, 910 Z OyHeT MHOro3Haduoi wuweTHO# ¢yHKuumei,
€ClIN B yPaBHEHUH, BHpaMKallmeM OpHpOAy Z, IepeMeEHo€ KOJIHYECTBO 2
BCIOJY KMEET YETHOG 9HCJ0 mamepeHmii. Tak, ecaun

22 = az87 + bz?,
T0 Z Gyjer nBY3HA4YHON dYeTHON QymKumeil z; ecom ke
23— az?Z? - bz*Z — c28 =0,

10 Z Oymer Tpex3HauHO#l uweTHON QyHKnmeid z; u BooGme, ecam P, Q, R, S
f T. JI. 03HAYAKT OJHO3HAYHHIC YeTHHE QyHKnuH z, To Z GymeT ABy3HAu-
HOIl werHo#l yuKimel z, worga
2 —PZ+Q=0,
3artenm Z Oyper TpexsHaunoil uyetnolt dymxmmeil z, ecin
Z3—PZ2*+QZ—R=0,
K TaK jalee.

20. Hdmax, ofnosnaunoli uaw MmHo203HA¥HOL HemHnod Pyukyueld Gydem
makoeo poda uipasceHue, COCMASAEHHOE U3 NEPEMEHH020 KOAUUECMEa 2
U NOCMOAHHBLL, 8 KOMOPOM UCAO U3MepeHUll Z 6eade wemiioe.
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D YHKIHAAMA 3TOTO POA, KPOMe OHO3HAYHLIX, IPAMEPH KOTOPHIX TpPHBE-
JdeHsl paHblle, OYAyT, HAUPHMEp, TaKUe BLIPAMKEHHH:

a+VbP—2z2, az2+ |3/a.“z4—— bz?,

a TarKe
2
= L I e ——
az® 4 l/zz—l—]/a“—-z4 H T. I

Omcioba acro, umo uemnble EYHEYUU MOMCHO onpedeaumsv Kak (Hyrk~
yuu z2.

Ecnm monomute y =122 m Z Gymer Kaxo#-mmbo $yHKUHEH ¥y, TO, mocTe
HOACTAHOBKHE BCIONY z? BMeCTO ¥y, Z Oyfer Takoro poga ¢yHRumeli z, B KOTO-
poit z Besjge mMeeT deTHOe WHCJIO H3MepeHdHH. Clenyer, 0AHAKO, HCKINYATH
Te cIydYaH, KOTJa B BHpaskeHWH aiasa Z Berpeuawrcs )/ y, a rakske gpy-
rme GOpMEL 3TOr0 poOjJa, KOTOpEHE NpPH 3aMeHe ¥ —=—=2z2? [NONYCKAKT 3HAKE
pagmramoB. XoTsd y -+ l/ay Oymer dymKnmeH ¥, OAHAKO TOCIE IIOJCTAHOBKHA
y =z 3r0 BhIpamenue He Oyjaer uerHoil dyHKumed z, Tak Kak Oyjger

y+Vaey=22+zVa

3a MCKIYeHMEM 3THX CIyuaeB HOCHeqHee OIpelelleHAe YeTHHX QyHKIMi
Oymer xopomum m yaoOHWIM A oOpasoBands QyHRIHE 3TOTO pona.

21. Hewemnan gynryusa z ecmv makas @GynHkyua, 3SHAEHUE KOMOPOL
npu nodcmarogke — 2z 6MECMO Z MAKMCE CMAHOSUMCA OMPUUAIMELLHbIM.
HeuernoiMa ynkmmaME 3TOTO poja GyAyT Bce CTENEHH z, NOKa3aTelH
KOTOpPHIX CYTh UACIa HEeUeTHHe, Kak 2!, 23, 2% 27w 1. ;.; Takme 271, 273, 27°
m

W T. A.; HO Torja m z* Oymer OVHRUHeH HeUeTHOIl, ecau 00a YWCaa M U N
Oyayr umcaamu HeueTHbIMA. BooOlie ke BCSAKOe BHIpaskeHme, COCTABIEHHOE
H3 cTemeHeil sToro popma, Oymer HewetHoil dYyHKNmeil z; Takoro poma GynayT

az+ bz3, az-+az’l,
TaK;Ke
1 3 _
23 4+ azd4- bz

5
S moT. oA

Ipapony ®m npoucxoiaeHme oTHX QYHKOEE Jgerde Oymer NOHATH
u3 PyHKIAI YeTHDBIX.

22. Ecau wemuylo PyHKYUI0 Z NOMHOMCUMb HA 2 UMl HG Kakylo-aubo
eeo Hewemmylo Pynryuio, mo npouseedenue 6Gydem wneveminol Fynkyueld z.

ycre. P Gymer wernoit yHKumedr z M, clemoBaTenbHO, ocraercs Oes
H3MEHECHHs, eClIM BMECTO Z MOACTABATH — 2. €CIH B mpomsBegeHanm Pz mon-
CTaBATh — Z BMECTO 2z, TO moxygatcsa — Pz; orcioma Pz Oymer HeueTHOH
oyurmueit z. Ilycts Temeps P O6ymer wernoil ¢ymrnmein z m () — HedeTHOH
dynkumel z; u3 oupegeleHAs S[ACHO, 9TO eCIH BMECTO 2 NOACTABUTh —2,
TO 3madenme P ocrTameTcd TeM Ke, a 3Hadennme () wepedjgeT B — (J, T. e.
B OTpHIATEIbHOE; IIO3TOMY HpoH3BefeHHMe P(J, ecium NOJACTaBHTH — Z BMECTO
z, mepeiiter B — PQ, T. e. B OoTpHmaTenIbHOe; Beaefcroue 3roro PQ Oyper

HewetHolt dymknmeir z. Tak, mockoasky a-+ } a2+ z? ecTp uerHas GyHKUHA
u z3 HeuerHasms QYHKUHMA Z, TO IPOHM3BeJeHHE

az?4 z3) a? 4 22
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Oyler HeyeTHOU (yHKUuUeH z; NOJZOOHHM Ke 06pasoM
2 a-t-bz2  az4-bzd
ot p? T atpa
Oyner HeueTHoll ¢yHKumedl z. 13 cxasaHHOrO TaKkme cle/yeT, 410 €CIH
m3 niByx Qymrknuit P m Q oxma Oyier weTHOH, a JApyras HeUeTHOH, U OJHY

pasieluTh HA APYTyw, TO dYacTHoe OyjeT ¢QyHKImedl HedeTHO#, T. e. »S-,
Q

A TaKKe 4 Oymer HedeTHOu (ymKimeit z.

23. Ecau nevemuylo PyHEGUIO NOMHOMCUMb UAU pasdesumb Ha Hevem-
Ky, mo pedyavmam 6ydem Gynryueii wemrod,

Ifycts () u S OyayT HedeTHHIMA (QYHKIEAMEH 2z, TaK 49T0 IpH moAcTa-
HOBKe — z BMecTo z (J mepeiijier B — (J m § mepeitjiler B —.§; oTCI0la BH/HO,

4TO KaK Ipoussefienue (S, TaKk U HacTHOE % COXPAHAT IIpeyKHee 3HAUEHHeE,

ecJu BMeCTO z HOJCTABHTh — 2Z; IO3TOMY M TO H Jpyroe OyAyT 4YeTHRIMHU
‘pysrmuamu z. Takme ogeBnHO, 9TO KBaZpaT BCAKOR HedeTHON (yHKIUU Oy-
JaeT $yHKnMel deTHOW, Ky e — (yHKIuell HedeTHON; OMKBajpaT— CHOBa
JyHEOUEH dYeTHOW U T. .

24. Ecau y Oydem Hewemmwol Pynkyueil z, mo, obpamro, z 6ydem
wsevemnoll Pynkyued y. : '

IIycts y Oymer medeTHOH QyHKnuedl z, TorAa, e€cim HO/CTABATh — 2
BMecTO 2z, y Depeiifier B —y. Eciu xe z ompefienmuTs gepea y, To Hema0eKHO
OpHE HOJCTAHOBKE — j BMECTO y TaKKe 2z Iepeiifler B — z M, TakuM o6pa-
30M, 6ymer meuerHoit ¢ymrKmuein y. Tax, npm

y=2°
y OymeT HedeTHONl QyHKIuedl 2z; TaK)Ke U3 ypaBHCHUSH
3=y
unu
1
z =13
z Gypmer HeyeTHoHl QPymknmeirn y. WU ecanm
y=az-+ bz®,
10 y Oy/Mler HeueTHo# QyHKHueR z, u, 0OpaTHO, U3 YPABHCHUA
bz2 Laz=y

3HAUCHUE Z, BEIpaKeHHOe Yepes y, OyjeT HedeTHONl QynKmmeir y.

25. Ecau npupoda gynkyuu y onpedessemca makozo poda ypasheHueM,
8 0MOEABHBIT YAEHAT KOMOPO2Oo WUCA0 UaMepenull y u z emecme Gydem eeade
yemmubla, AUGO HevemHyim, mo y Oydem newemnoll PyHkyueld z.

HeACTBATENLRO, €CIM B TAKOTO pOfla YPAaBHEHHH HAMUCATH Be3le — 2
BMECTO z ¥ — Y BMeCTO ¥y, TO JIu00 Bce YIEGHH yPABHEHUS OCTAHYTCH Hpe-
HEME, 1n60 Bce CcTaHyT OTPHIATEILHEIMU; B 00OMX CIydasx ypaBHEHHE
octanercs Ges mepemennl. OTciofla ACHO, 4TO — ¥y OIPEJEIUTCHA dYepes —2
TaKuM Ke 00pasoM, Kak -+ y opDpefiensieTcsi 4eped - z; M, HO3TOMY, €CIK
BMECTO Z DOJCTABUTh — 2z, TO 3HAYeHu@e y mLepeiiler B —y, 1. e. y Oyner
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nedernoit gyurmueit z. Tar, ecnm Gymer

yi=ayz+bz%+c
bbb

Y3+ ay®z = byz® ++ cy - dz,

10 y 13 oboux ypapHenuil Oyjer Hedernoil gyurmmeil z.

26. Ecau Z 6ydem gpyuryueii z u Y — pynkyueii y, npuvem Y 6ydem
onpedeneHo uepes NepemMenHoe y U NOCMOSHHBE MaKuM e o6pasom, kak 7
onpedeasemcs “epe3 NepeMenHoe z U NOCMOAMHBE, Mo amu gynkyun Y u Z
Hasvigaromes nodobruMu PyrkyuIML Y U Z.

Ecan, nanpumep, Gyner

Z=a-+bztcz® m Y=a+by+ cy?

70 Z n Y OyayT nomo0HHMH QYHKIHAMH Z W ¥; aHAJOTHYHHM o00pa3soM
B cIyuae MHOTO3HAYHWX QYHRIWI, ecan

Z3=az?Z4+b u Y3=ay®¥+0b,

10 Z w Y Oygyr mnogobummm ¢yurmuaumu z u y. Orcoma ciegyer, 41O,
Korga Y u Z OyAayT Takoro poja (QYHKIMAMI y W Z, TOTHA, €CJIH BMECTO Z
manmcalts y, Qymxnua Z wepeiifer B ¢yuKmmio Y. ITo nogobme BHIPAKAOT
00BIYHO, TOBOPS, 4T0 Y ABIAETCA TaKoil e ¢ymrnumei y, Kaxoil QyHKumei
z ABNAeTCA Z. ITH BeIpaskenud OyAyT UPHMEHHMBI HE3aBHCHMO OT TOTO,
OyAyT M IepeMeHHEIe KOIMYecTBa Z U y CBA3AHEI APYT ¢ APYTOM HIH HET; Tak,
Kaxoll Qyurnmedi y Oyger

ay + by?,
rakoll e Qyurnumeii y+ n Oyger
a(y-+n)-+b(y-+n)?,
UpHYeM, pasyMeeTcs, z=y-}-n; gamee, Kakoil ¢QyHKiucH z Oymer

a--bz-{-c2?
Pty

bynmer

lqlra

TaKofl e QyHKOUei
az?-bz-t¢
oz 4Pz 4y '
1
ccan nonouTh Y =-—. OTCl0fa ACHO BHEH CMBICH BbDaKCHHA «nomodne

¢yukumily, BecbMa MHUPOKO NPHMEHAEMOI0 BO BCeM BBICIIEM aHalIH3e.

Bor noofiie Bce, 4To JocTaTO4HO 3HATH O HpHpoxe QYHKOWA OXHOTO
IepeMEeHHoro, MOCKOALKY 0ojee Ioimoe M3moyKenme OygeT [daHo B galpHel-
meM MpHMeHeHn .

‘U/@N

3 JI. onmep . I



PTABA II
0 IPEOBPA3OBAHMM ®YHRKIUI

27. diynkyuu npeobpasywmes ¢ dpyeue gopmur Aubo nymem egedenusn
BMECINO NEPEeMEHH020 Koaudecmsa Opyeoeo, aubo ¢ coxrpamenuem MO0 Hce
nepemMenHoe0 KoAUeCmea.

Ecnm coxpaHserca 10 jKe mepeMeHHoe KoamuecTBo, To (Qyaxums, cob-
CTBEHHO TIOBOpPH, M3MEHATHCA He MOKer, a Bce TnpeoOpa3oBaHHe COCTOHT
B BHpakeuum T0#l sKe ¢yHKOmm JApyrmM obpasom, u0O, KaK N3BECTHO N3
anre0pEl, OJHO M TO e KOJIMUYECTBO MOKeT OMITh BHPaskKeHO BO MHOIHX
pasnmursix ¢dopmax. Tawxoro poma_ Oyayr npeofpasoBaHms B TOM clydae,
Korga BMecTO QYHKOAH

2— 3242 mopcrasasior (1 —2z)(2—2z),

AIn
(e +2)® Bmecro a®-+ 3a?z+4 3az®--z?,
Anm
a a 2a?
a_z+a+z BMECTO 53—,
AIH

1 .
Vl—}—zz—z ’

3TH BHpajkeHHs, XOTA M OTAMYAIOTCA IO QopMe, IO CyIECTBY COBUAJAIOT.
Yacro ®m3 3THX MHOTHX paBHO3Hauammx ¢opm oxHa OwiBaer Gonee ymoOHOI
IAA MOCTHKEHHA MOCTABIEHHOM IeNM, 4YeM OCTajJbHEIE, IO0ITOMY CHexyer
BHI6EpaTh BCerjga $opMmy, Hambodee yRoOHYIO.

JIpyroii cnocof mpeofpazoBaHma, Korja BMECTO IePEMEHHOTO KOImye-
¢TBa 2 BBOJHMTCA JAPyroe NepeMeHHOe KOJHYEeCTBO Y, HAXOHUAIMEeCA C Zz B JaH-
HOM COOTHOIIGHMM, Ha3HBaeTCA IOACTAHOBKOM;, 3TOT cmocol HAMNEKHT MmpU-
MEHATH [JIA TOro, 4rofH mpefinokenHad QYHKOAA BHRPA3MIACh Kopo4e
n ynobHee; Tak, ecam Onjya 3afaHa PyHKUAA z

at— 4a3%z | 6a%2% — 4az3 - 24

V1+22+2z BMecTO

W [ecau BMeCTO a4 — z MONOMATH Y, TO MOLYYHTCA Topasgo fonee mpocras
dyHKnmA y%; TaKiKe, eci® JaHa HMPpaNEOHANbHAA QyHKUEA 2

VaETR
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H eclld HOJOHATH

a%—y?

: 2y

1o 3ra QyHKIMA, BHIpaXeHHAsd Uepe3 Yy, CTaHeT paLWOHAJIBHOH, MMEHHO,

a?4y? '

2y '

dror cmocob mpeoOpazoBaHHA A OTHeCY B CIEAYIOIYI0 TIaBY; B 3TOH e

riiaBe HM3JI0MY TOT c11ocod, KOTOpHIil mpoBoAmTcA Oe3 MOjCTAHOBKAM.

z=

28. I[esasn ynkyus nepemennozo z wacmo ydo6Ho passazaemcs Ha 60w
MHOMCUmMeAy U, maxum o6pasom, npeobpasyemcs 8 npouseedeHue.

Ecam menaa ¢yHKmEA pasmaraetcd 3TEM CcIOCOG0M Ha MHOMKHATENH, TO
ee TpApPOJa IIO3HAETCA TOpPA3L0 Jerde; TOTHYAC jKe BHIICHATCA CIYyYad,
Korpa sHauyeHHme GyRKOuE paBHO Hyaoo. Tak, yHKumA

6— 7z -+ 28
npecGpasyercss B NPOH3BEJIEHHAE

(1—2)(2—2)(3+2),

OTKyJa Ccpa3y fCHO, 4TO AaHHAA (YHKOUA B TpexX CIAyd4aAX paBHA HYJIO,
aMeEHO: ecad z=1, 2=2 m z= — 3, a a1H cBoiicTBa u3 gopMu 6 — 7z} 23
He TAK JIEerko yCMoTpeTs. MHOMHTEIH TAKOTO poja, B KOTOPHX He BCTpe-
yaerca HEKakas [folee BHCOKas]l) cTeneHb z, HAZBIBAIOT NPOCMBLMU MHOMHA-
TeJAMH, B OTJHYHe OT MHOKNTENEH COCTABHHX, B KOTOpHEe BXONMT KBajparT,
ky6 mam apyraa Golee BECOKad cremeHb z. OGmas $opMa NPOCTHX MHOMKHA-
tenelt Gymer

f+gz,

dopMa MHOMxHETENEH TBOMHEIX

gz + hz?,

dopMa MHOEMTENeil TPOIHbLIX
/+gz+ ha? + iz®

# 1. n. IlpE vroM BUARO, 4TO ABOMHOH MHOMKHTENb 3aKIIUAeT JBAa NPOCTHX
MHOMHTON A, TPOHHOHN MHOMKHTENs— TPpH OpocTHX ™ T. A. llosromy menas
¢yHEKIEA 2z, B KOTOpPOA IIOKasaTelb BEICIIEA CTCIEHH 2z paBeH n, OyjeT
COMIEpKaTh 7 NPOCTEIX MHOMKHTENGH; OTCIOa BMeCTe ¢ TeM Y3HAeTCA JHCJIO
MHOMETeNeH, ecam OH payke Kakme-1uGo wMmHOMHTeNm OHIA JNBOMHBIMHE,
TpoiHEHIME T T. #. [*].

29. ITpocmyle muomcumeau ai0boli yeaoit ¢ymryuu Z nepemennozo z
razodamcs, ecau nosoxcumsv Gyrryuio Z pasHol Hysw U pastickamd us smozo
YPasHeRUa 6ce KOPHU Z; omOeabHble KOPHU nepemernozo z 0adym cmoavko srce
npocmux mromcumeneli Pynkyuu Z.

Taxg, eciu B ypabHeHum Z =0 Kaxoi-1ubo ropenb Gymer z=/, 10 2— f
GymeT JmemmTeseM, a CIeNOBATeNbHO, M MHO:HTeNeM GYHKIu® Z; HANO HCCae-
0BaTh, TAaKHM 00pasoM, Bce KOpHM ypaBHemWAa Z =0; nycts omd OygyT

z=f, z=g, z=h AT Q.

1) Berapka B KpaJpaTHRX CKOOKaX, HEOOXOomuMafd 0O CMEICIY TEKCTa, CHeJAHH
no m3ganmo B Opera omnia. [H. I1.]

3*
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Torga QYHKuus Z pasnourTcA HA CBOM NPOCTHE MHOMHUTEIM # mnpeobpa-
3yercA B NIPOHM3BeJIeHye

Z=(z—fi(z—g)(z—h) u . 1.

3pech, BnpoueM, HAJO 3aMETHTh, 4TO ecaud KoabduimeHT HaumBBICHICH CTe-
neam z B Z He Gymer paBem - 1, To mpomssegenue (z—f)(z—g) m 1. 1.,
CBEPX TOTO, CIeAyeT MOMHOMKHATL Ha 310T Koadduumenr. Tak, ecim

Z=Az"+Bz" 1| Cz" 2+ wu 1. 1.,

10 6ymer
Z=A(z—f)(z—g)(z—h) ur. g

Ecam xe

Z:A+Bz+Cz2+Dz3+Ez4+ " T. 0.

u HaliieHHHe Kopuu ypaBaenus Z=0 6yayr f, g, . a 1. g., 10

2-4(1-)(1-5) (1) n s

Orciofa MOHATHO, UTO0 ecim, ofpaTHo, mMHOmHTenem Qysknuum Z Oynmer
¥4
z—f mam 1—>, TOo UpMm NOJCTAHOBKE f Ha MECTO 2z 3HAYeHHEe OYHKIUH
ofpatarcs B HYJb, 100 €CaM MOJOMUTH z2= f, TO HOIACH MCYE3HYTh MHOKH-
VA .
Tenb z— f wIm 1——7 dynrumu Z, a BCiepcTBHe 310r0 W caMa Qynknua Z.

30. Hpocmute muomcumesu Gydym aubo Oelicmeumenbuslmu, Au6o MmHu-
Molmu; ecau Pynkgus L umeem MHUMbIE MHONCUMEAU, MO wUCAO0 UX sceeda
O6ydem wemmustm.

JleficTBUTEIBHO, TAaK KaK NpOCTHE MHOMKUTEAN BO3HUKAKT W3 KOpHeil
ypasuernusa Z =0, 1o fAeficTBATENbHEIC KOPHA AaAyT AeCTBATEIbHEIC MHOMIM-
TeNN, & MHHMEIE — MHUMEBIe; HO BO BCAKOM YpPaBHEHMH UUCIO MHUMEIX KOp-
fieil Bcerga uyerHoe; mosroMy GyHEDuA Z ambo He OymeT MMETh MHUMBIX
MHOKHTeNeH, mubo Gymer mMeTh MX [ABa, MM HeTHpe, WIM MIeCTh ¥ T. A. [°].
Ecan dyurnusa Z wMeer TONRKO JBa MHAMBIX MHOMHUTENA, TO UX IPOH3Beje-
Hyue Oyger AeACTBATEIBHHEIM, M MO3TOMY [JacT [BOHHON [MEHCTBATENHH BIL
MHOmuTenb. Ilycrs P paBHO Upou3aBeneHWI0 BCeX AEHCTBUTETBHEIX MHOMU-

. . Z
TeNe; TOrAa NpousBeeHNe IBYX MHAMBIX MHOMUTENCH PaBHO 4 M, 3HATMT,
Oyner geficTBATENBHEIM. Ilomo6HBIM o6pasoM, ecau GyHKImMa Z mwMeeT deThipe,
WI¥ OIeCTh, WM BOCEMb ¥M T. 1. MHAMBIX MHOMEHTeNeil, T0O HX NPOU3BEIeHMe

Beerga OymeT AeficTBUTENbHAEIM, WMEHHO Oyger paBHBIM HacTHOMY OT Jlele-
HUsT QYHKIMA Z Ha npomsBejeHMe BceX AeHCTBHTEIbHBIX MHOMUTEeNIei.

31. Ecau Q 6ydem Odelicmgumenvroe npousscoenue vemupex npoCmoly
MHUMBLE MIOMCUMERed, mo gmo npoussedenue () mooucem buims marmce pas-
Aowceno Ha 0sa OelicmeumenvHuly 080UHbEL mHomwcumens [°].

B camom peme, () Gyger mmerb BuUf

A4+ A3+ B2+ Cz+ Dy

eCIM OTPHIACTCA BO3MOKHOCTH pasioykeHds 3ToH QYHKOMM Ha [Ba fAeicTBH-
TelbHBIX [IBOMHHX MHOMHTENSI, TO NOMMHA OHTh NPHHATA PA3IOMKHMOCTH
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Ha jBa JBONHEIX MHHMBIX MHOMSHTeNd, KOTOpHe OyAyT HMeTh BHJ

2—2(p+qV 1) z+r4sV —1

z2—2(p—qu)z+r'—sV?1_,

n6o Hean3s cefe MpeACTAaBATH ApPyrue MHUMEE QOpMEI, NPOM3BEJIeHHE KOTO-
pHX OHI0 6K fJeHCTBHTeNBHEIM, NMeHHO paBHEM 2z*+ Az®+ Bz2+Cz+ D.
V3 »stux p#BOHHEIX MHHMEIX MHOMHTedell BEITERAIOT clefylomme eTHpe
HpOCTHIX MHAMBIX MHOMKHTEIA nusA Q:

L z2—(p+qV=0)+=Vp+20qV —1—q2—r—sV —1,
. z—(p+gV =1)-V pP+2qV —1—g—r—sV —1,
L. z—(p—qV=1)+V pP—2pqV =1 —g—r+sV —1,
IV.  z—(p—qV—=1)—V p—2pqV —1—¢g*—r+sV —1.

Ecam nepemuoxuts Memay co6oi0 nmepBHIl 1 Tpetuil MHOMKHTENH H MOJOKHTH
JUIsi KPATKOCTH

l=p*—q>—r m u=2pg—s,

10 IpoW3BeleHNC ITUX MHOKUTeIeil OyHeT paBHO
zﬁ—(2p—l/2t+2]/t2+u2) z+p2%q2—pl/2t+2]/t2+u2—
—qY —ut2VErur VT,

H BO BGHAKOM cayuae, Oymer meiicTBuTenbHo. IlofobHbiM e obpasom Oyner
AefcTBETENbHBIM IIPOU3Be/IeHHe BTOPOr0 M Y¢TBEPTOTO MHOKATeNel, a MMEeHHO,
OHO paBHO

zg—(2p+l/2t+2]/t2+u2)z—}—p2+ q‘-’+pl/2t+2l/t2+u2+
+q) —22u+2VEF e+ VE+uk

Urax, manHoe npomsBeseHHe (J, BO3MOKHOCTb Da3lOKeHHA KOTOPOYO
Ha 7Ba MelCTBHTEJbHBIX [BOMHBIX MHOKHTEIA OTPHUIAJACH, TeM He MEHec
B [eHCTBHTEJIbHOCTH PA3JIOKEHO TAKNMM IIyTeM HA [aBa JeHCTBHTCABHBIX
JMIBOIHEIX MHOMKHTEJ.

32. Ecau yeaan gynkyus Z nepemennoz0 z Umeem RPOCILIE MHUMBLC
MHOMCUMEAU, MO CKOALEO 6bl Ux Hu 6bl10, UL 6ceada MOMCHO COLOUHUMD
no deéa max, 4mobsl amu npoussedenus Guvlau delicmeumesvHBLMU.

Tark Kar 9YHCI0 MHEMEIX KODHeH Bcerjla dYeTHOE, TO HOyCTh OHO PABHO
2n; mpespe Bcero SHCHO, 9TO IPOM3BEJICHHC BceX OTHX MHHMEIX KOpHei
Oyner peficrBurenbHuM. [losToMmy, ecam Gymer TombKO JBA MHHMEIX KODHA,
TO UX IpOM3BeJ/leHHe BO BCAKOM caydae Oymer fmeficTBHTeqbHHIM; ecanm Oyner
YeThpe MHHMEIX MHOKHTeNd, TO, KAK MH BHJEIH, IIPOW3BeJieHMe HMX MOMKer
OHTb pasToeHO Ha [Ba /BOUHEBIX JeHCTBHTEJILHBIX MHOMATENs BHAA
/2> +gz -+ h. Ho, xora aror cmoco6 fokasatelncTBa HeJIb3sd pACIPOCTPAHUTDH
Ha BBICIIHe CTelleHH, OJHAK0 IPeJCTABIAETCH HECOMHEMHEIM, YTO 3TO CBOIi-
CTBO CIIPaBeJJIMBO AJIsi JI000TO YHCIa MHMMBEIX MHOKHTeNeil, TAK UTO BMECTO
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2n DpOCTHX MHAMHX MHOMHTEIEH MOryT OHTb BBEJEGHH n JeHCTBATEABHHX
geoiiHmx. Orcioga BeAxkas mHerad (QYHKOUA EPEMEHHOTO Z MOMKeT OHTb
pasnokeHa Ha JeHCTBHTENbHBE MHOKHATENIH — NPOCTHE WJIM [BOWMHEE. XOTH
3T0 M He JOKa3aHO CO BCEI0 CTPOTOCTHIO, 0 HAKO CNPABEINBOCTD HTOro OymeT
B GompIION Mepe DOfKpenJeHa B jJadbHedmeM?!), rae OyHKOUM BHpA

a-+ bz, a-tbz™4cz2®, a-+ bz™ 4 ezt dzn

¥ T. 0. HA caMOM felie OYOYyT Pasio’KeHH Ha TaKHe JBOMHEE JiefCTBHTENb-
|HIC MHOMKHTEIH.

33. Ecau yeaan gynkyua Z npu nodcmarnoske z =a NpuHUMLem sHaue-
nue A, a npu nodcmanogke z=>b npunumaem 3nauenue B, mo npu nod-
CINAHOBKE 8MECO Z SHAYEHUld, NPOMeNCymouHus mencdy a u b, Pynkyus 7
MODHCETN NPUHUMAMD AH06BlE NPOMENCYMOuHEE 3HAYeHun Mexncdy A u B

Tar Kark Z ecTb ojHO3HAYHad QYHKOus z, TO, Kakoe Gbl gefACTBHTENb-
Hoe 3HavyeHWe BH OHJIO OpHAAHO 2z, QYHKOMA Z DOAYYAT OPH ITOM TaKie
meficTBUTENbHOE 3HaueHMe. Tak Kak Z B mepBoM ciyuae, NpA z=a, OPUHH-
MaeT 3Ha4Yenme A, B NOcCIeNHeM ke, OpH z=b, —3Havenme B, To oHa
He MOxeT mepelith or A kK B, He mpoiijsa uepes BCe IPOMEKYTOUHEE 3HAYE-
Husa. Eenm ypaBuenne Z-—A=0 wuMeer NeHCTBMTEILHHNE KOPeHb M OJHO-
BpeMeEHO Z — B =0 paer peficTBUTeJIbHHH KOpCHB, TOTJa M YypPABHEHHE
Z—C=0 6ymer TaKKe HMeTb JEHCTBHTENbHHI KOPeHb, €CIM TOIBKO C
3aKI09YaeTCA MEKAY 3HaueHHMAMH A m B.

IToartormy, ecam Bmpamenns Z—A u Z — B uMEOT NpoCTHeE IeHCTBH-
TeJIbHHE MHOMKHMTENIH, TO BCsKoe BHpaskeHHe Z— C Gyjger EMeTb IPOCTHIC
JCHACTBUTENbHbIe MHOMKHTENN, KOIb CKOpo C 3ariIo4aeTcd MEmKIy 3Haue-
HuAMA A n B.

34. Ecau y yeaoll Pynryuu Z noxasameav naubosvwell cmenenu z Gydem
uucaom Hevemuum 2n-+ 1, mo ama Pynxyus Z 6ydem umemv no menvusell
mepe odun npocmol Oeticmsumenvhblii MHoycumenv. Qynkyus Z 6ydem, oue-
BUOHO, uMemdb maxoil sud:

Zznﬂ—}—azz"—}—[322"'1—}—'\722"—2—}— . II-‘

Ecan B Helt monoxuTh z = co, TO 3HAYEHHH OTHEIBHBIX 4YIEGHOB IO CpaBHE-
HHIO ¢ OEpBHM HCYe3HYT, B OynmeT

Z = (G))z‘n-"1 = 00;

noaroMy Z — co Oyjer MMeThb MPOCTOH IEeHCTBUTENBHBIA MHOKHATEIb, HMEHHO
z— oco. Ecan ke IOMOKHUTH Z= — co, TO

Z=(—w)™= o,

¢Talno OBTh, Z-+oco Oyger uMeTb TpOCTONH HeACTBHTENbHHH MHOMHTEND
z+oo. Ho Tak Kak U Z—oco0 U Z-+ co HMEIT UpOCTHE AefCTBHTEIbHEIE
MHOXKHTENN, TO oTcoma caeayer, 410 Z — C rtakmxe OygeT HMeTh IPOCTOI
OeHCTBUTEIBHKA MHOMKHTENb, €CIH TOJbKO C 3aKI0YaeTcA MeRAy Ipe-
JelaMH oo M — oo, T. €. ecan C 6yger KaKEM yTOOHO [eHCTBUTEJILHBIM
YHCIOM — IOJOMHUTEIbHKEM HNIAHM OoTpANaTeAbHHM. TaxkuMm obpasom, ecau
monosknTs C =0, 1o OyHKmus Z Oyder HMeTh NPOCTOH eHCTBHTENbHEII
MHOMHUTENb Z— ¢; OpPH 3TOM KONMYECTBO ¢ OyACT 3aKIIOUATHCA MEKAY IIPC-

1) CM. § 150—154. [A. K.]
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JelaMu -+ o0 M — oo, T. e. OyAeT KOJMYEeCTBOM JH0O TOJOMHTEILHEIM,
nubo oTpHnaTelbHEIM, Jub0 HYIEM,

35. Leran gymryus Z, 6 rKomopoli nokazameav HauGoabwield cmenenu
nepemenro20 z eCmb 4UCA0 Hewemhoe, 6ylem umemd uan odun npocmoi Oeti-
CMEUMEABHBIL MHONCUMENb, UL MPU, WAL NAMb, WAL Cemdb U M. 0,

[eficTBUTENBEO, TAaK KaK OBLIO NOKasaHo, 4To QyHKNUA Z Ge3ycIoBHO
6ymer mMeTb OfMH IPOCTON AefCTBUTENBHEIN MHOKUTEIb, Z2— ¢, TO HONOKHM,
4TO OHA, KpPOMEe TOTO, UMeeT elle ONMH MHOKHUTENb z— d, U pasjgeilnM QyHK-
nuio Z, B KoTopoli mHambonpmas cTemeHb z ecTh 221, ma (z—c)(z—d);
HaWBEICIIAg cTeNeHs B 4acTHOM Oymer 2z°"71; ee morasaTenb, 6ymydu wHCIOM
HE4eTHBEIM, ONATH YKashBaeT Ha To, 4To Z Gymer obnajate eme ONHNM
IPOCTHIM JeHCTBUTEIbHEM MHOMEHTeneM. Mrak, ecim Z GygeT mmerh Gosee
OJJHOTO TIPOCTOTO MEHCTBUTEIBHOrO MHOMKHTENsd, TO OHa OymeT HMeTb TpHU
naM (TaK KaK TaKUM ke o0pasoM MOKHO IIOCTYHATh CHOJBKO YTrONHO paas)
UATh, NAM ceMb M T. A. CiemoBaTedbHO, 9YHCIO HPOCTHX HeHCTBHTEILHEIX
MHOEHTeNeil OyleT HeYeTHEIM, a TAK KaK 9YUCJ0 BCEX IPOCTHIX MHOKHTE-
meit paBHO 2n 41, TO 4WHCIO MEMMBX MHOMHTeJell 6yJAeT 4YeTHHIM.

36. l[eaan ¢pymryus Z, ¢ Komopoii nokazamesv HauGoavwiel-cmenenu z
ecmy uwemmuoe wucao 2n, 6yem umemdv uau 0sa npocmbly Oclicmeurneavibls
MHONCUMEAR, UAL Hdembipe, ULl wecmb, U m. 0.

Ilonomnm, 910 y ¢yHrmuYu Z 9mCIO NPOCTHX HeHACTBUTENBLHBIX MHOMKD-
Telell HedeTHOe, 2m --1; ecam, ciefoBaTenbHO, (YHKOUIO Z pasfgeiuTh Ha
nponsBefieEMe BceX WX, To Hamboapmas cTemeHs dYacTHOTO 6ymeTr paBHA
Z272m7l g joKasaTelb ee ecTh WHCJIO HEdYeTHOe; 1modTomMy Oymkuma Z 6ymer
HMeTb, KpoMe DTHX, ellie OfMH IIPOCTON JeHCTBUTEIBHEI MHOKATENb, OTKYHAA
YHCJO BCEX IPOCTHIX [MNEUCTBHTENHLHBIX MHOKHTeJded Oymer, 1o MeHbIIeR
Mepe, 2m + 2, cleoBATEIBHO, UeTHOE, YHCIO0 MHEMHX MHOMKATENEH TaKmKe
O6yner weTaniM. Takum ofpasoM, Yy BCAKoit memoir (YHKUME IPOCTHE MHU-

Mble MHOMHTeIN OyNyT HNapHEIMH, KaK BTO, BIPOYEM, MEH yiKe YCTAHOBHJIH
paHBINE.

37. Ecau ¢ yeaoli gynryuu Z nokasamead naubosvwlelr cmenenu z 6ydem
HUCAOM HEMHBLM, 4 C60000HbL, UL NOCTNOANKbIL 4Aen OYydem €O 3HAKOM MUHYC,
Pyrkyua Z 6ydem umemdv no mewvweldl mepe 0éa npocmuz Oeilcmeumenvha
MHOHCUMEN S

DOyexkona Z, o xotopoil mper peusb, OygeT HMeTh BHJA
2% 4 az?l 4 P2t L, 4+ vz — A

Ecar mopmctaBuTe z = co, To, Kak MBI BHAeaH Beime, Oymer Z = co; ecam
e momcTaBATh z=0, 10 6ymer Z= — A. CrnegosatensHo, Z— co 6Gyger
AMeTs pAeficTBATENBHBI MHOKHTENs Z—c0, a Z-+ A MHOmUTEdbr z—0;
OTCIOfla, TaK KaK HYJIb 3aKII0UAETCA MEKAy mpeferaMu —co u + A4, 240
OyleT MMeThH HPOCTOH MeHCTBHTEILHBIE MHOMHTENbL Z— C, IpudYeM c¢ Oymer
3aKIoYaTeca Meray upepemamu 0 m co.

Ilanee, Tak Kak IpH TOJCTAHOBKE Z= — oo Oyjer Z = co, a 3HAYHT,
Z— oo Oymer uMeTh MHOKHTENb Z- oo, u BMecTe ¢ TeM Z -+ A mMmeeT MHO-
xnTens z-+0, 1o Buxomur, uto Z-+0 OymeT mMeTs TaKe IPOCTOH meii-
CTBATEJbHH N MHOKHTENs 2z-+d, upudeM d OyjeT 3aKI0YaTBCA MEMKIY IIpe-
geramd O m oo; oTcIOa M BHITEeKaeT Ipefioskerue. M3 cKasaHHOTO BHIHO,
910 ecau Z Oymer Taxkoil ¢yEKmmell, Kaxk 34echk YKA3aHO, To YPABHEHHE
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Z =0 gomxHO HMeTh 1O KpaiiHeH Mepe [Ba JefCTBUTENHHEX KODHA: OJHUH
TIOJOKATEILHEIA, TPYroil orpurareiasuhiii. Tak, ypaBHeHHE

2+ azd+ 2+ yz—a?=0

nmMeeT Ba AeHCTBHTEIbHHX KODHSM, TMOJOKHUTENbHBIA M OTPHIATENbHEH [7].

38. Ecau ¢ 0pobGuoti @Pynkyul nepemeHHOe KOAUHECNEO Z 6 HUCAUMEAL
umeem maroe yHce uau 60avuLee YWUCAO UsMePeRUll, Hem ¢ 3namenamene, mo Ima
Pyrryus moncem Gume pasaopceHa ma Oée wacmu, o0na us komopwir Gydem
yeaoll Pynryuei, a opyeas 0pobroil, 6 uucaumene KOmopoiL nepemernoe Koau-
uecmeo z Gydem umemdb Menbuiee 4UCAO UIMEPEHUll, uem 6 3HAMeHamere.

B camoM felne, ecid TOKasatenb Hambomolmell cTemeHd z B 3HAMeHaTele
fymer MeHbhole, 9eM B WHCIHTENe, TO B TAKOM CJIy4ae MOKHO YHCIUTENh
IeIUTL Ha 3HaMeHaTeldb OOBIIHBIM TyTeM [0 TeX 10D, MOKa He JoijaeM
DB 9acTHOM [0 OTPULATEJILHHIX IOKasaTelell; mIpepBaB Ha 3TOM MeCTe IIPOIECC
nelleHud, ML TONYYAM 4YacTHOe, COCTOALIee M3 MeNod "YacTH Hu [pobw,
B YHCIHTeNe KOTOpOil 4ncio usmepeHuil z Gyjer MeHpIme, 4eM B 3HAMEHaTelNe;
U 3TO 4acTHoe Oyjer pasro szagannoil ¢yukuuu. Tak, ecam Oyner maHa

1-} 24
napobuast QyHRIUA %Z—Z, TO OHA TyTeM JieJIeHUA pa3NMOKUTCH TaK:

201) 241 <z2—1+$

74422
—z241
—z2—1
+2
I TOXY9IUTCH
1424, 2
14-22 =z2—1+ 14-22

[Hogo6uoro poma mpobHbIe QYHKIUU, Y KOTOPHX IepeMeHHOe KOIHnde-
CTBO z HMeeT CTOJbKO ke MaAM Ooibuie M3MEepeHHH B UWCINTeNe, 4eM B 3Ha-
MeHaTeNe, MO0 AHAJOTHM ¢ apUPMeTHKOH MOTyT OHITL Ha3BaHBL Henpagu.ib-
HbMU pOOAME WM HeNpaBUJIbHHME JpPOOHHME QYHKIUAMH, —B OTINYHE
0T npasuabkblr APOOHBIX (QYHKIWA, B 9ddciMTele KOTOPHIX mepeMeHHOe KOIH-
9eCTBO z MMeeT MeHbIme M3MepeHmil, yeM B 3HaMeHaTene. [lTax, HempaBsHib-
Has apobHass QyHKHMA MOkeT OBITh pAa3MOKeHA  HA eIyl U MPaBUILHYIO
npodHy OYHKIUE H 3TO PA3IOKEHHE [OCTUTAETCS MyTeM OOBIYHOTO Tpo-
mecca JeeHus.

39. Ecau suamenamenv 0pobroii ymkyuu umeem 06a 63auMHO TLPOCMBLE
MHOMCUMEAR, MO MAKas Opobras Pyrkyus pastoncumcs ha Oee dpobu, 3ua-
MeHameal Komopur 0ydym coomeememeeHHo pAsH Imum 06yM MHONCUINEAIM.

XoTA pasjoykeHHe 3TO pacUpocTpaHsdercs B pPaBHOH Mepe W Ha Hempa-
BUIAbHbIE APOOHHEe QYHKUME M Ha TpaBHJIbHEE, OFHAKO MH GymeM ero mpH-
MeHfITh TJAaBHHM o0O0pasoM K mpasuiabHbiM. [lo pasnoykeHHW 3HaMeHaTems
Takoi apoGHol QyHKIMHE Ha [Ba B3aMMHO TPOCTHX MHOMKHTens cama QyHK-
I[UsI PA3IOMUTCA HA J(Be [pyrue MpaBUIbHbie JpoOHHe QYHKIHUH, 3HaMeHa-
TeJIN KOTOPHIX OYAYT PAaBHB, COOTBETCTBEHHO, 3STHM [ABYM MHOMKHUTEIAM,
pasiioeHne 3TO, ecau [podu OyAyT HMPaBUIALHE MH, MOKeT OHTH BHEIIONHEHO
TONBKO OJHUM CIIOCO6OM, CIIPaBeAIMBOCTL uero OyjeT fAcHee BUAHA U3 IIpU-
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Mepa, 4eM H3 paccyxjaeHms. [eiicTBATeNbHO, IycTh JaHa ApoOHas QyHKImA
1—2z-4-322— 423
11-4z4 ’
3HaMeHaTeah KOTopoit 1--4z* paBeH mpomaBejgeHHIO

(14 2z 4 2z%) (1 — 2z + 2z%);

3alagHasi Apo0b pasdoKHATCA Ha [Be Apobm, 3HAMEHATeNh OAHOM M3 KOTO-

pux Oymer 1-4-2z--2z% a pgpyroin 1—2z--2z2%; nas HaxomgeHHAd HX, Tak

KaKk ofe NpaBANLEBI, HOJOKMM 4YACIATENL OTHOM W3 HAX paBHBIM a | Pz,
a JApyroil — paBHHIM Y- 0z; mpu aTOM O JONYINEHHMIO

1—224-322—428  a4fz .

1+ 428 QTR r= ik g iy pr R

CIOKUM, Ha CaMOM Jejie, 9TH ABe Apo0H; Torja y CyMMH Oyaer

UUNCIAUNTENDb 3HaMeHAaAaTenb
+a—2az+ 2az2
4+ Bz — 222 + 2823
+ v 4 2yz + 2vyz?
48z 4- 2622 1- 2623,
Taxk Kak 3HaMeHAaTelb paBeH 3HAMEHATENI0 [JAaHHOA [pO0OH, TO WHCIHTEIA
TaKyKe /JOJKHB OBITH CeJIaHH pPABHBHIMM; TaK KaK HEM3BeCTHHX OYKB a, P,
vy, 8 CTONBKO, CKOMBKO HAJ0 NOJYYATH PABHEIX WIEHOB, TO 3TO BCErJa BO3-
MOJKHO ¥ TIPDHATOM TOJDBKO OJHMM 00pPasoM — MMEHHO, MOJy4aeM dYeThHIpe TaKuX
ypaBHEHHASA:

I. aty=1, 111, 2a — 20 4 2y 4- 28 = 3,
. —2¢+p+2y+6= -2, IV. 2p-20= —4.

OTcona, Tak Kak

14-4z%,

at+-y=1 m PB+48é= -2,
ypasaerus II m III mamyt
a—y=0 m 6—[:'5:% ,
OTKyJa
1 1 5
0=7, Y=g B=—7, d=—7,
H, TakmM 06pa3om, sajaHHasg Apo0b
1—2z-1-32% — 428

11424
npeofpasyeTcs B Takde JBe.
1 5 ; 1 3 .
2 4 24

14-2z1-2z2 + 1—2z-1-222°

JJerxo BmjeTh, WTO pasioskeHHe BCerja JOJKHO HATH TOAO00HEIM o0pa-
30M, TaK KaK BBOJHUTCA BCETJa CTOABKO HEHM3BECTHHX OYKB, CKOJBLKO HYKHO
IJIsi MONyYeHWsT NAHHOTO umciauTenas. V3 obmero yuennsa o gpobsx HOHATHO,
YTO 3TO DPa3NOoKeHHMe MOKeT MMeTh MecTO TOJLKO B TOM CJydae, KOTJa MHO-
HATEIN 3HaMeHaTeasa OyIYT B3aMMHO IIPOCTHIMA.



42 TJABA II

M
40. U max, Opobras Pynryus S Moxcem 6umy PA3AL0MHCEHA HQA CINOALEO

npocmuix Opobeii euda

A .
, CKEOABEO NPOCMBIX He pAsHBX Mexcdy cobow
VA

MHOMCUMenel umeem 3Hamenameav N.

M
Ilycrte apobs v TPeNcTaBIser HeKOTOPYI0 NPaBHIBHYI APOOHYI0 hyHK-

muio, Tak 4ro M m N saBasoTes geasiMu (GYHKOUAME 2z, ¥ IIPE 3TOM
HamBHICIIAsT cTeleHb z B M Mempme, ueM B /N. Urax, ecam 3mamesarenp N
Oyner pasioskeH Ha CBOM NPOCTHIE MHOKHTENM K IIOCHEJHHAE OKaKyTCH

M .
He paBHBIMH, TO BHIpa’KeHHE w PasIOoEKMTCHA Ha CTOJBKO npo6en, CKOJBKO

OpOCTHIX MHOKHTeJIeH CoepskmTCA B 3HaMeHaTele [N, TaK KaK KaKuil
MHOMKUTENb YHJeT B 3HaMeHaTedb dWacTHOH apobm. Ilosromy, ecim p—gz
Syner maoxmTeneM dyaxiuu N, 10 on Gy/eT 3HaMeHaTeIeM KaKOfl-TO 9acTHOI
Apobm; TaKk KaK B WMCIHTeNe 3TOH ApoOH 4HCIO H3MepeHH# 2z NOJKHO OHITH
MeHbrIIEe, 9eM B 3HaMeHaTele p-— gz, TO UYHCIATENb HeOpeMeHHO Oyjmer
KOJIMYeCTBOM HOCTOAHHBIM. IloaToMy M3 KaskJOTO LPOCTOrO MHOKHTENS P— (2

A
3HaMeHaTeldss /N TONYYHTCS LpoCTas Apobh p—gz5 UPE OTOM CyMMa Beex

p.——
TaKEX Jpobeii Gymer paBHa NaHHOH Apobm % .
IIPUMEP
Ilycrs, Hanpumep, nama napoGHast GyEKIEA
1422
z—2z8 °

Tax Kak DPOCTHIME MHOMKHTEIAMHE 3HAMeHaTeld ABIARTCA 2z, 1 —z u 14z,
TO Haila QYHKNEA DasiokUTICA HAa TaKHe TPH IPOCTHe Apobu:

4, B c 1tz
_z—+ 1—z + 14z = z—z3 "’

3lech HYKHO ONpeleauTh nocrossuHeie dumcnurend A, B u C. [lpmsegeM atm
mpobm kK ofimeMy 3HaMeHaTeN0, KOTOPHI# Oyjer z— 23, cymMMa sxe umcaMTeleil
momxHa Oyper paBHATBCS 14-22, OTKyAa NOIydaeTcs ypaBHeHHe

A+ Bz— A2 =14 22=14 024 22,
+ Cz+4- Bz?
—Cz2

KOTOpOE NaeT CTONBKO NPUPABHHBAHUH, CKOJBKO MMEeTCS HeM3BECTHHIX OYKB
A, B, C;, mmenno, Gyger

I. A=1,
II. B4+C=0,
1. —A+B—-C=1;
oTCI0M1a
B-C=2,
H 3aTeM
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Taxkum 06pasoM, pasiosKeHHe AAHHOI QYHKINI
1422
z—2z3

IpeficTaBUICA B TAKOM BHJE:

1 1 1
-4 -
z 1l—z 14z

llomo6uo atomy yOemmaemcs, UTO CKOILKO OB 3maMeHaTeab /N HH MMed
. M
MIPOCTHIX, HE PAaBHBEIX MeRAY CO00I0 MHOKHMTeNel, Bcerma mpobn oa Oyer pas-

JarathbCsg Ha CTOJNBKO jKe TpOoCTHX Apobeil. Eciaum HecKoIbKo MHOmKHUTEdeH
Synyr Memnay coGO0 paBHE, TOT[la PasmoyKeHue CJAEyeT IMPON3BOIUTL ApPY-
UM CcIOCO00M, KOTOpPHH Oymer M3JosKeH AaJblie.

41. Umar, scarull npocmoil muoyncumens snamenameas N daem npocmyio

. M
dpobv ¢ pusaoxceruu Jannol Gynryuu ~ mpebyemes  noKazamv, Kawua

obpasom, 3MAR NPOCMOL MHOMCUMeEAb 3HameHameas N, Haimu coomgemcm-
gennyr npocmyio Opobo [°].
Ilyets p— gz ects mpocTofi MHO;sHTENbL N, TaK 4TO
N=(p—q2)S;

npd sroM S ecThb tenas QyHruuA z. [IycTh BOBHUKIIAH U3 MHOMKUTRNSA p — (3
JIpobs paBHA
A
pP—qz

>

H IIYyCTb le06b, KOoTOpaAa [MOOJ3Ha BO3HUKHYTb H3 JAPYTOT0 MHOMKHTCIS S
3HaMeHarTeJs, paBHa

o 7
I

TOrja coraacHo § 39 nomkHO ObiTh

M A +_11_ M
N p—qz S (p—qz) S’

OTKYy 14
P M—AS

S T (p—gn) ST

Tak kax »ru apobu gomskHBI connacTh, To M — AS HempeMeuHO OJKHO
MEeNUTLCSI Ha p-— ¢z, TAK KAk uedas Qyuxuusa P paBHa 3TOMY YaCTHOMY.
Ho p— gz, Oyayun pemumrcaem M — AS, wmcuesaer, ocJan MHOJCTABHTL

z:§ . ITosromy, ecom moxcraButh Besme B A u S BMecTo z MOCTOsIHHOC

3HaYeHNe 5 , 1o oyger M — AS =0, orkyna

M

A S

. A
ITEM cImoco0OM HAXOMHTCA YMCJAHTENb A ICKOMOH apobu g H ecii M3

OTICIBHBIX TPOCTHX MHOMKUTENei sHamenatensa /N, JTUIb OH OHH HC OLLII
paBHH MeAy coGoil, obpasopaTh mpocThle Apobu MOmOOHOro poma, TO CyMMa
BCeX 3THX TMpOCTEIX Apobeil Oyfcr pasHa fAaHHO (QYHKIIH.
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MNPUMEP

Ecan B mpeaspyiieM IpuMepe
1422

z—28

1

THe
M=11 22

"
N =2z-—2%,

B3ATH Z B KadecTBe IIPOCTOTO MHOMKUTENs, TO
S=1-—2
" o A
M UHCIMTeNb NPOMEXOAIiell oTciofa IpocToil xpobm - Gymer

A= 1422 1

=1g =

mpi mojcTaHopKe z = (0, a 93T0 TpexcTaBIfeT TO 3HAYEGHMUE, KOTOpOe IOIY-
9aeT z, ecld MOJOKHUTH IPOCTON MHOKHTeNb z PaBHHM HYHI. IlogobHBIM
o0pasoM, ecam B KadecTBe MHO)KUTENS 3HaMeHaTeas B3ATh 1—z, Tak 4TO

S=1z112z2
to OymeT
s
4= 2122 7
rae modaraem 1 —z=0, otkyaa
A=1,

1
H u3 mMHOEuTeaA 1 —2z nmoayuaercsa L(p06b 1—2 °

Hakoren, tpetnii MHOMHUTENb 142z, TMOCKOABRY

§ =z 22
51
4= 1—!—22 ,
z2—2
npu moxctaHosKe 14-z=0, aau z= — 1, mact
A= —1
H IOpOCTYI0 [po0b, PaBHYIO
—1
14z °
Hrar, mpu momomM 5TOro TpaBMiIa TOIYYaercs
2

KaK 1 paHbIie.

42. Jpoomas gynkyus suda T——}:I?)W , ducaumead komopots P ne codep-

JCUM CINOAD HICOKOUE cMenenu Z, kKak 3namenamens (p— qz)*, moxwcem Ovimb
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npeobpaszosana 8 wacmuele dpobu makoeo suda:

A B C D K
(P—qZ)"Jr (p—qz)"t al (p—a2z)"2 + (p-—qz)-3 RERRE Jr1)—<1z ’

6Ce WUCAUMEAR KOMOPHE R6AZIOMCA NOCMOAHNBIMU KOALYECEAMU.
Tak kax Hauboapmas cTemedb z B P MCHbIIC, YoM z™, T0 oHa 6yder
z" 1 tak uyro P Oyjer MMCThb TAaKOH BUMI:

o+ Bz yz2+ 06284 ... F w2,

UpHyeM dYHCIO 'JIEHOB PABHO 7 H HTOMY [AOM:KEH ObITh paBeH YHCIHTEIb
CYMMBl BCOX YAaCTHLIX mpobell mocie mpuBejeHHA HMX K 00IleMy 3HaMeHaTello
{p—qz)"; 4WcAHTeNb Ee ITOT, TarmM obpasoMm, OyneT

A+B(p—qz)+C(p—q2*+D(p—q2)*+ ... +K(p—qz)""

Ero mamCoxsplmas cTemeHb 2z €cThb, KaK I paHbIIe, 2z° !; HEW3BECTHBIX

Oyxs 4, B, C, ..., K (4ucio KOTOpHIX PaBHO n) OyAeT CTOIBKO, CKOJBKO
HYMHO GyjaeT IPMpAaBHATHL wWieHOB. huaaropapsa sromy Oyksw 4, B, C n 1. 1.
MOTYT OBITH ONpPEJeNeHbl TAK, 4TO MONYYHTCS NPABIIbHAA JPOCHAA QYHKIMA
p A b c D K
(p—q™ — (p—ga)" T p—aomt T g BEVETOEE I T

Mbr ceifuac H3IOmHM TPOCTOl cHocol g HAXOMIEHHA ITHX YUCIHTeleil.

43. Ecau snamenameav N 0pobroil Pynryuu %{ codepascum MHOMCUIMEND
(p— q2)?, mo wacmmuble Opobu, CO3HUKAIOWUE U3 IM0O20 MHONCUMEAR, MO2YM
6uimp Haiidensl caedyiowum o6 pasom.

Paspme OBHIO NOKAa3aHo, KAKOrO POJA 4YacTHLe APOOM IOJIyvaoTcA
M3 OTAeNbHBIX MPOCTLIX MHOMUTeNell 3HaMeHaTend, He HMeomux cebe
PaBHBIX; TemepPh MOJOMHMM, YTO JBA MHOMHTENA PaBHH Mexjy coboil min
4T0 TIOCTe MX COoe/MHeHMA MHOMUTENEM 3sHaMenatend N 6Oymper (p— qz).
U3 a10r0 MHOMHTENsT HA OCHOBAHMH HPeJHAYIIero japarpada IOIydYamTCs
IBe UacTHRE Jpobu:

A B
(P‘QZ)Z+P—93
IIycTn
N=(p—qz}S§
‘TOI' A
M M A . B P
NS T (g s

P
rjge —- O3HauaeT uyce BMECTe B3ATLIE MMPOCThIC JIpO6II, uporcure Jiuue 13 MIio-

KU TEs] S 3HaMeHaTensd; OTCga
P M—AS—B(p—qz)$

S (P—127s

"
P — M—AS—B(p—qz) S
(p—qz2)

= nesaoft QyHRIHII.

HoaTtomy
M—A45—B(p—qz)S
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IOJMHO JenuThed HA (p— gz)®. HaumeM ¢ Toro, 4To OHO JOMMAHO NENHTHCSA
Ha p— ¢z, TOT[Aa BHIpajkeHHe

M-—AS —B(p—qz)S

Acue3aeT, eCHH MOJMOMHATH p— qz=0 mIm z= % . IToaTomy mopcTaBuM BCIOAY

% BMecTo z; Torga M — AS =0, n, caemoBaTexrHo,

M
A=%

5T0 3HAYHT, 9T0 Apolh % Ipd TOJCTAaHOBKe Beafe —5— BMECTO 2 [acT
mocTOAHHOe 3Hadenue A.

Tenepy xommuectB0 M — AS — B(p—gz)S O0WKHO peddThCA TaKiKe
M—AS
pP—qz
CTaBUB Beajie z:—g— O YIHM

u Ha (p— qz)%, T. e. — BS pomxHO cHOBA feNHTHCA Ha p— qz. Ilog-

’

M—AS
p—y=

M— A4S 1 M
B— - C——A)
(p—gz)§ p—qz\ S ’
nprdeM Hafo 3aMeTHTb. 4To Tak Kak M — AS peamrcs ma p— gz, To »TO

oelleHHe cleayeT NPOU3BeCTH mpexije, 4eM IOJCTaBJIATH —5— BMecTo z. Man Ke,

—BS,

OTKYa

mosarad
M—AS
p—aqz
6yneM mMeThb
T
B= <

re TOJ0KEHO z=§ .

Haiinsa, takmm oOpasoM, dmcanrenn A m B, moaydaM dgacTHHe ApobH,
NpORCIHeINAe OT MHOKHTENA (p — qz)® 3HaMeHaTensa /V:

A B
(p—gz)? - p—gz '

IIPUMEP 1
ITycres mama gpoluas QyExuus

1—z2 |
22 (1422 °
JA KBajpaTHOro MHOXHTeNd z° 3HaMeHarend Oygmer
S=1422 n# M=1-2.
Ilycts wactame apobm, mpomcxoadmme oT z2, OyAyT

A B
z—2+7;
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TOr ja
M 1—22
A= =177 "
[Tonaras MueoxuTennL z= 0, TOJIyYHM
A=1.
Torma M — AS = — 222, uTo IOCIe JeeEAs HA TPOCTON MHOMKHTeIb Z JacT
= — 2z;
orcioja
T —2z
B= I W
upu z=0 dyner
B=0,

n, TAKHUM O6pa.’50M, U3 MHOMKATENA 22 3HaMCHATeNs BO3HHKaet e/JITHCTBeHHAas1

vacTHad Apodn - -

IIPUMEP 2
Ilycre mama ppobuas QyHKUAA

23
(1—2)? (14-24) °
gacTHble ApoOH KOTOpO#, BosHMKalomue M3 Keajpata (1 —z)? B sHameHaTee,
oynyr

A B
(1—1z)* + 1—z °
Torna
M=z u S=142z%
TODTOMY
M 23
A=TF =177
noncraBasaa 1 —z=0 uam z=1, noaxyuum
1
A_—z— .
Tarum obpasom,
1 1 1 1
. S S 1 St DR 3_ -4
M—AS=z 5 7 2 5 4z 7
uT0 Tocixe pedeHus Ha 1—z macr
1 1 1 1
—_— __~ n2 = 53
T= T g2 g 245 2%
MO3TOMY
B—l— —1—2—2%4-33
TS T T 2f2a4
TaK 4YTO, nojarad z= 1, moxyumm
1
B=—=.

2
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SHAUNT, NCKOMBIME YaCTHHME [qpoGaMu OymyT

1 1
2(1—z% 21—z °

. . M
44. Ecau swamenameavr N Opobuoi dynryuu N uMeem  mMioncumens

(p —q2)3, mo uwacmuple 6po5u

(p-—(_JZ)3 +(p—qﬂ+ p—qz’
BO3HUKAWUE OM IMOZ0 MHOMCUMEAS, Mo2ym Obumb naiidenst caeOyougum
06 pasom.
Tlomosxum
N = (p - qZ)3 S:

P
1 nycTh Apobh, NpOMCXONANas oT MHOKETeds S, Oymer pasHa < 3 Toraa

pP— M—AS—B(p—qz) S—C(p—qz)?§
(p—qz)®
‘C.TIe,IIOBaTe.TILHO, YUCJANTEND
M—AS—B(p—q2)S—C(p— q2)*S,

TpeMme BCEro, AOMKeH MeIuTLCS Ha p— gz; ModToMy OH npu p—qz=0

= nenoil QyHKITII,

nn z:% JONKEH MCUYe3HYTH, TaKkuM obpasoMm, oymer M — AS =0, u, crano

OBLTH,
M
A="g,

rae MojJo:KeHo z=§- .

Tpn wnaiigensom 3uawennmu A, M — AS Oypmer pmeanTncA na p— qz;
10JI0KIM
M—AS =T,
pP—qz
TOr/(a
T—BS—C(p—qz)S
Oymer eme geauTscA Ha (p— gz)?; 3HA4YMT, OHO OymeT paBHO HYA IIpn
p— qz=0; oTciofia

B =

)

T
K
rge TOJOMKEHO 2 = 2,

[Ipu najinensom B seipasmenne I'— BS Gyper pemutnesl Ha p— qz. Ilo-
BTOMY, HOJOMMB

T—BS —V,
pP—gqz
noay4aeM, HaKOHEIN, 4YTO
V—CS§
.Oyaer mennThes HA p — ¢z, sHaunT, npu p— qz =0 6yger V —CS =0, otryna
=",

THe MONOKEHO 2= 7? .
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Haiins, rarkum obpasod, wmcamrenu A4, B, C, nonyyum gactHEe Apobu

A B c
(p—gz)® T (p—gz)? . p—gz

BO3HHKINHME OT MHOKMTeNA (p— gz)® sHaMeHaTens V.

IIPUMEP
ITycry pama npobmas ¢yHxmma

z2 .

oT KyOudeckoro MHO;uTedss (1— z)® ee 3HaMeHATeJsa BOZHMKAIOT
npobu

A B C
(1—2z)3 + (1—2)? +1—z :
Torpga
M=z u S=1+2%
0TCHa, BO-IEePBHX,
z2
A=115
opu 1 —2=0 uau z=1, uro paer
| A=
3ateM, eCiIH DOJOKHTH
M—AS
T= 1—z °?
o Gymer
1., 1
T_iz 2 _ 11
- 1—z - 2 27
oTCIjIa
1 1
22
B= 1422
mpu z=1, TaKk 9TO
B=—1.
Ilonaras namee
1
y_T—BS _ Trg s
T 1—z T 11—z
HauneM
1 1
gty 1
V= 1—z =77 z5
0TCI07a
c=Y__2_
-8 1422

4 1. itnep, 1. 1

JacTHbIe
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opu z=1, tTak 4TO

C=——.
4
Tarkum o6pasoM, JacTHHE HPOOH, BOSHUKIWHe OT MHOMxuTensa (1 —z)® aname-

HaTtensa, GymyT
1 1 1

2(1—2)3 7 2(1—z) 4(1—2)

45. Ecau y Opobroii gynkyuu % sramenamenv N codepacum mHOW U-

meav (p— qz)", mo sosnukaiowue omciwda wacmubie 0pobu

(p—gz)™ + (p—qz)”“l+ (p._.qz)n—z+ con p—gz

Mmozym Ovimb Haliekvl caedyrougum 06 pasom.
[lomoxuM, 4TO 3HAMEHATEIb

N=(p—qz)"Z;
paccyskpasi, KaK paHblle, HalifleM HHKeclepyomee.
Bo-nepsmux,
M
A=
upH z= % .
Tlonoxum
_ M—AZ
=5
TOTJ]a, BO-BTOPHX,
P
B=~
P
npu z ==,
P q
Tonomxum
P—BZ
. Q p—qz '
TOTfla, B-TPETHUX,
_Q
C=7
upu z = g.
Tomomum
R— 0—CZ
p—gz ’
TOTHA, B-4eTBEPTHX,
R
D=
_P
mpu z=- -
Tlomoskunm
R—DZ
S —_

T p—qz
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TOT/A, B-TATHX,
FE =

N[

npu z_—_%; u T. ;.

[lo ompenenennm 3THM cHOCOGOM OTHZENLHBEIX DOCTOAHHBIX WHCJHATEN el
A, B, C, D m 1. p O6yayr HaiileHRH Bce 4YacTHE® Jpo0W, OpOMCXOILHe
OT MHOKHUTeNA (p-—- qz)" smaMenartexsa V.

[NIPUMEP

[Iycts nama gpobmas QyEKnuA

1422
28 (14 23)

H NYyCTb M3 MHOXUTEJA z5 ee 3dHaMeHaTelsa NOoJYyJYarwTCcd YacTHLIe Il,pOGI{
A B C D E
wmrtwtataT
1A BaxoKAeHWA HX MOCTOAHEHX YHMCIHTENeH MMeeM
M=1+ﬂ,Z=1+ﬁx¢§=&

Hanseeiimee BLiunciaennme GyeT MITH TaK.

Bo-pepBrix,
M 14z
A=Z =11z
npu z=0; noaromy
A=1
Monaras
— 2__,3
P=M AZ____z z =z 22,
z 2

OyneM MMerb, BO-BTOpHIX,

upn z= 0, sHaunr,

B=0
HMomarasa
P—BZ z—2z%
Q— z 2z =1—2z,
6y1emM MMeTb, B-TpeTLHX,
Q11—
C_—7— 14-28
npu z= 0, amaumr,
C=1
[lonaras
— — 7z __ 73
R=Q CZ: z z:—i—z?,
z z
6yJeM HMeThb, B-4eTBEPTHIX,
R —1—2z2
0—7 1423

4%
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opa z=0, oTKyga
D= —1.
[Tosnaras

— 2 3
g_R ZDZ: zz+z Y

Oynem mMeThb, B-UATHX,
8§ —z42?
E—f_— 1428
npu z =0, oTKyzma
E=0.

Wrak, mckoMele 9acTH»e Apobm OyAyT:
1 0 1 1 0
FrtEtE Ty

45bist). Harosa 6v1 nu Gblaa 3a0aHHAR PAYUOHANLHAS OpOOHas BYHEYUL ﬁ,

OHA PA3AONHCUMCA HA 4aAcmu U npeobpasyemcs k Haubosee npocmoil gopme cae-
dyrowum o6pason.

Hy>xH0 HafiTH BCe IpOCTHE MHOKATENH 3HaMeHaTelsA [V, MeACTBHTeIbHEE
WM MHUMEE, Te W3 HEX, KOTOpPHe He HMeIT cefe PaBHHX, PacCMATPHBAITCH
NOOMHHOYKEe ¥ [JIA KaKIOro, Ha OCHOBAHMM § 41, BEelgeTcA 9acTHAA JPOGH.
Ecau e ofimE 1 TOT ke IPOCTOf MHOKHTENb BCTPETAETCHA [{BAMK/H HIA MHOTO
pas, TO OHH GepyTCA BMeCTe, ¥ JJIA HX IPOM3BefleHAsA, KOTOpoe GyeT CTeIeHbI0
BHAa (p—qz)", MOOEICKMBAKTCA COOTBETCTBEHHHIC YaCTHHE Apo6M HA OCHOBA-
puu § 45. Horpga, TakuM o6pasoM, [JIA OTAEIBHEX IHPOCTHIX MHOKWHTelled 3HA-
MeHaTellA GynyT moJlydeHH 9acTHHe ApPOOH, TO BCA COBOKYIHOCTH HX OyjeT

. M
paBHaA 33aJJaBHOM (byHI{IIHH A €CJIM TOJIbKO OBHA HEe €CTb HelpaBHIbHAA I[pOﬁB.',

eciid GH oHa GELIA HeIPaBMILHOR Mpo0bIo, TO, CBepX TOrO, CJIe0BAJIO 65 HCKIIO-
9ATH eIy 9acTh W ONpHGABUTH ee K HANMEeHHHIM 9ACTHHIM ApoGAM; TaKHEM

M " "
00pa3oM MOJIyIHTCA 3HaUeHHe YHKIUE - B IpocTeiimeld gopwme. Ilpm aTom

0e3pasingHE0, HAXOAUTH JH YACTHHE APOOH paHbIIe W3BJIeYeHHA MeJOH TacTH
Ui mocie. B caMoM felle, M3 OTHEJBHLIX MHOKHATeNe#l 3HaAMeHaTedd /N moJy-
9alTCA ONHA M Te ke YACTHHIE Apobm, OymeT JWm B3AT caMm guciuTendb M, mim
OH >Ke, YBeJHMYeHHHH Jim00 yMeHbIIeHHH# HA 3HAMEeHAaTelb, B3ATHH IeJoe
YHCIO0 pa3; B 3TOM JerKo yOeAWThCA IyTeM pacCMOTpeHHA AAHHHX BHIIIe
OpaBmII.

ITPUMEP

Tpebyetca najitn sHavendme QyHRINA
N S
2B (1—2)2(1+2)

pHpajkeHHoe B mpocreiimeit dopme. CmepBa Oeperca mpOCTGH MHOMKUTEND

3naMenartessa 1 -z, KOTODHHA faer %: —1; Torma

M=1 n Z=2z%—2z%1-2°

1) B mepsoM m3gaHumM H 3TOT maparpad M CIexyomR#, OTHOCAMMUECA y...c K IPpy-
roit riase, OHJIE OMHEG0THO NOMEYeHH OFHHEM W TOM Ke HOMepoM 40.
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OTclofa mas Haxo:IeHHA Ipobu —{_?_—z HMeeM
1
A= 28— 228 | 28

mpr z= —1, 1. e.

a w3 mHOHTeNs 1z momydaercda gacTHas [podb
1

4(1+42) °
Teneps GepeTcA KpaJpaTHEE MHOXEHTeIb (1 — z)%; OH maer

g———i, M=1 u Z=2z%-+2z"

Ecau 0003HauHTh HMPOMCXONANME OTCIOAa YacTHHE HpobH dYepes
A B

A=z T 1—7 "
to Byger
1
—z3+z4
npe z=1; noaTOMY
1
A=
[Tonaras
M—%Z 1—%z3—lz‘
— — — _ 72 - -3
P= = — =14z3 224+ 23,
Oy IHM
1
2 — 53
P 1+ 24224 o
‘ -z z3-|-z4
opu z=1; cJemoBaTeIbHO,
7
B= T

I HCKOMEIe JacTHHEE apobu OymayT

1 7
TA—2F T &(—2) "

Haxomen, Tperuit, Ky0muecKull, MEHO:KHTeab 23 maer
%zO, M=1 u Z=1—z—22472"
Utak, 0603Ha4WB 4acTHEEE Apo0u depes
A B C
mrETT
TOAYYHM CTiepBa

M 1
A=

R PP B
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npa z=0, 3Hagur,

A=1.
IToxomum
M—7
P=—"=142z-2%
TOrja
P
B=~7
opu z-=0, 3Ha4MT,
B=1
ITono:xum
P27
Q: z '—_—2—22,
TOr/Ia
_Q
C=~
npu z=0, cliegoBaTeJbHO,
C=2.

Taxum ofpasom, namHas QyHRUmA
1
2 (1—z)2 (1+42)
nopejcTaBiIsgeTcsi B TaKoi ¢opme:
1 1 2 1 7 1
sttt tsa—rt 0= T30 -
Ilpn aToM He oKasHBaeTcs IeIOH dFacTd, MNOTOMY HTTO MpeAJOKeHHAA
npo0b He ABIAETCA HenpaBUIbHOM.

-u:£47Q?€B*§9:;r
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T'MTABA 1III

0 IIPEOBPA30OBAHMM ®YHKIMIL IIYTEM
HOJCTAHOBOK

46. Ecau y Gydem kakoli-aubo Pymkyueid z, a z 6ydem onpedessmovcs
nocpedcmeom HO8020 NePeMEHHO20 T, MO Y MAKHCE MoMcem OBmb onpedeneHo
nocpedcmeon .

Urar, pambme y Gho ¢yHKnmeil z, a Terepb BBOAUTCA HOBOE IepeMeB-
HOe KOJHEYeCTRO &, HMOCPE[CTBOM KOTOPOTO ONpefieIMTCA Karijoe H3 Ipephl-
JAymux Kak y, Tak ®H z. Tak, ecam Guiio

1—2z2
y=m-.
v moJjiaraeM
g=1=2
1+=z°*

TO mocJje NMOACTAHOBKH 3TOr0 3HAYEHHA BMECTO z IOJYIHUTCA

2z
Y=1fz*

Ecnm B3ate mas z wakoe-nm6o onpefeneHHOe 3HaUeHHe, TO M3 HETO MOKHO
HAHTH ONpefeNeHHble 3HAYEBHA [NJIA z U AIA y, H, TAKAM 00pasoM, Hax0-
JETCA 3HAYeHWe IIePEMeHHOr0 y, COOTBeTCTRYIONNEe TOMY 3HAUeHHIO Z, KOTO-

1 4
poe NHoJydHJI0Ch OJHOBPeMEHHO ¢ HHM. Tak, ecid T=—, T0 Z=HY="%];
4 o 1—z2
3HaYeHMe y == MOMKHO TaKiKe HaliiTh, eClIE B BHpaKeHHe T2 PaBHoE ¥,
1
HOCTABATDL 2= .

3
Bpesiemme Taxoro HOBOrO mepeMeHHOTo NpPHMeHAETCA AJIA JBOAKON HEJH:
an60 3THM YHHITOKaeTcA HPPANHOHAILHOCTH, BXOAAMAA B JAaHHOE BEIpaKe-
HOe y Yepes z, AH60 OHO NPHMEHSETCA B TOM cjydae, KOT[A H3-3a BHICOKO
CTeNleHH YpaBHEHHMA, IOCPeICTBOM KOTOPOT'0 BHIPAKAGTCH COOTHOIICHHE
MeXIy y H Z, HeJb3sd IOJAYYATh ABHOM (yHKnmE z, paBHOE y; TOrga BBO-
JHETCA HOBafd NepeMeHHAA Z, MOCPefCTBOM KOTOPOM MOryT GHITH yHOOHO ommpe-
JelleHH KaK Yy, TaK ¥ z. YMe M3 9TOI0 B [OCTATOYHONW Mepe BHIACHAETCA
3HAUMTEJBHAA I0JIb3a IIOACTAHOBOK, H3 JajibHEMINero ke 3T0 OyaeT BHJHO

ropasfo sceHee [°].

47, Ecau 0danmo
y=]/a+ bz,
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mo HOgoe nepemerHoe T, NOCPEDCMEOM KOMOPO20 Z U Y GHPANCAIOMCS PAYUO-
HAABKO, MoMcem Oumb Haliderno caedyowurs 06 pasom.

Kak z, Tak ¥ ¥y JOKHE OEHTH DANUOHAIBHHMEH (YHKUHAMHA IlepeMeH-
HOr0 I; 9TOr0, OYEBHHO, MOKHO JOCTATHYTH, INOJOMKHB

V a—+ bz = bz.
IToxyunm cmepsa
y=br m a-bz=>0b?,
OTRyza

a
z=1" 2 ——,
=3
Taxmm o6pasoM, KaskKioe M3 KOJAMIECTB ¥ W 2z BHPAKAETCA pAMAOHAJIHHOM
¢yBrOmedl mepeMERHOro z; HMMEHHO, TaK KaK ¥ =1/ g1 bz, TO MOMOMKAM
a
z="bxr?——
=%
H IOXYYAM

y=bzx.
48. Ecau

m
n

y=(a+tbz)",

MO0 H080e NepemerHoe T, NOCPedcmeom Komopoeso KAk y, Max U Z 6spaxca-
I0MCA PAYLONAALHO, MOMcem Ovimb Halideno max.

IToxomam
y=2"

TOrMA

m

(a4 bz)™ =2™,
OTKyza
1
(a4bz)" =z,
CJIe/I0BATEIRHO,
a+bz=z" m g=2=

b

Taxr oba KonmuecTBa y W z OynyT oOnpejeleHn PAMAOHAIHLHO depes £ IpH
TOMOINA TIOCTAHOBKHA

KOTOpasAa pnaeTt
m
y:x .

Xota HE y uepes z, HH, 06PAaTHO, Z Uepe3 ¥ PalHOHAJIBHO BEIDASHTHL HEIb3A,
OIHAKO KajKjas m3 3THX QYHKOwWil cTaja, BUOJHe ymo0HO, pamuoHAJIBHOH
dyHKOmEN HOBOI'O MepEeMEHHOr0 KOJIMIeCTBa £, BBEJeHHOIO IIyTeM MOACTAHOBKH.

v=(5EE )™

49, ITycmy
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mpebyemca HaAlmu HO80e nepemeHHoe KOAUMECMEO T, NOCPedCmeom KOMOpo2o
u y u z espancasucy Gbl payuoHAAbHO.
Ilpencge Bcero sicHO, 9TO MOMKHO Y/OBIeTBOPHTH TpeGOBAaHMIO, MONCTABHEB

y=a";
ecjan
a-+bz )ﬂ_ m
itz ’
TO
a-t-bz "
f+e 7
A U3 3TOr0 ypaBHeHHA BRIBOIHM
a—fz"
z = n !
gx"—b
n TaKkadg NOoJCTaHOBKa pgaeT
y — xﬂl

OTcrofia Takmke MOHATHO, 9TO €CIH
atPBy \* [/ atbz\"
v+6y> _<f+gZ> ’
TO y U 2z BHPA3AICHd paNUOHAILHQ depes &, eClH KajykJoe N3 BHpayKeHHi
TOJNOKATL PABHEIM 2™"; nefCTBUTEILHO, NOMYIHM

—a—yz"
y—ézm—ﬁ
"
a—fxn
z= grt—b ’

9TOT ClAydall HUKAaKUX 3aTpyAHeHHH He INpeJCTaBIseT.

90. Ecau

y=V (a+ bz)(c+ dz),

mo ybobras noBcmaroska, nocpedcmeosm Komopol y u z ebpaxcasuch 6br
DAY UOHANbHO, MOMcem Guimb Haiilena marum 06pasom.
Ilonoxum

V (a+bz) (c+ dz) = (a + bz) ;

B CaMOM [elle, JerKo BHAETb, YTO OTCIOfa MOAYYHATCH AISA z palHoOHAILHOE
BHIpajkeHre, MOTOMY dYTO 3Had9eHZAE MNePEeMEeHHOr0 z OMHpeneldsdeTcs MpPOCTHM
yYpaBuenuem. KMmenno, Gymer

c+dz=(a+ bz) 22,

OTKya

B ¢ —ax?

=
3atem
bec—ad
atbz=—a—y,

u tak ‘Kak y =1V (a+ bz)(c+ dz)=(a+ bz) z, 10 mOTyUAeM

(bce—ad) x

y= bz —d
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Urax, nppanmoHanpHas ¢ysrmusa y—= )/ (a+ bz) (c + dz) upuBogmrcs K panu-
OHAJIIBHOMY BHJY TyTeM NOACTAHOBKA

z__c—-a:::2
T bx?—d
TaK KaK OOocJHedHsasdg gaetT
(bc—ad) x

Y= per—q -
Tak, ecnm Gygmer

y=Va—z22=V(a+2)(a—2),

0 b= +1, ¢c=a, d= — 1, noacrasusaa
a—ax?
S T
HOJNY4YAM
2ax
Y="11== -

Besikmit pas, Kak BolpaskeHHme HOZ 3HakoM /) cOfep:HT jgBa HPOCTHX feii-
CTBUTEJNbHEIX MHOKATEN A, NPHUBEJleHAe K PAIAOHAILHOMY BHY HPOH3BOAUTCH
3THM CHOCOOOM; ecadm jKe IBa HpOCTHX MHOMKHATeNS OyAyT MHAOMEIMH, TO
Iydme IOJB30BATHCA CISAYIOIMMAM HPAEMOM.

ol. ITycmo
y=Vp+qz+r

mpebyemes naimu ydobryw nodcmarnosky Oas z, wmobvl swpadceHue O y
CMaso PayroHaLbHBLM.

Choerarh 3TO MOKHO MHOTHMH CHOCODaMH, CMOTpPS WO TOMY, OyAYT JIH
P H ¢ KOJIMYECTBAMH NONOMATENbHBIMA WJIA OTpAuaTelpHEME. IlyeTs
COepBa p— HOJIOMHATeIbHOe KOIMYeCTBO; MOACTABAM a? BMeCTO p; KOHEYHO,
P MO:KeT BOBCe W He OHITH KBaJpaToM, OJHAKO HPPALAOHATBHOCTH IOCTOSH-
HEIX KOJNHMYeCTB He MrpaeT 37eCh HAKAKOH DOJM. I/ITaR oycTh

L. y= Va4 bz + ¢z m HOMOKAM

Var+bz+ cz2=a-+ zz;

Torpma
b+ cz=2ax 4 %z,
OTKy/a
71— b—2ax |
2t —c
3aTeM

bx —ax2—ac

y=a-txz= Py

TAKAM 00pa3oM, z U y SIBIAKTCA PANUOHAJIBHHIMA (QYHKUAAMM Z.
IIycTe Temeps

II. y=V a%224 bz 4 ¢ @ HomOmWUM
V a*z?+ bz 4 c=az -+ x;
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TOrga »
bz + ¢ =2azxz+ 22,

2 r2—c¢
~ b—2ar °

3aTeM TOJIYUHATCH

_ . —ac-+bzr—ax?
Y=@AE= g

II1. Ecar p m r 6ygyT HKoamuecTBaMH OTPHTATENLHLIMH, TOTJa, eCIu
He Oygmer ¢®>4pr, smadeHme y Bcerga OymeT MHAMHIM. B caydae e
q® > 4pr, BEpaykeHme P+ g2+ 72z? MOkeT OHTH DaslOyKeHO HA ABa MHOKH-
TeJsl, KAaKOBOM cJydYail OTHOCHTCH K Opegmpaymemy wnaparpady. Yacto,
ofHAKO, OnBaeT yjobHee OpHBOOHTH K dopMe

y=V a2+ (b+cz) (d + ez).
Hna opexcraBieHms ee B palHOHAJGHOM BHje HOJOMEAM

y=a-+ (b+cz) x;

TOrga
d+ ez =2ax+ bx* 4 ca’z,
OTKY#a
d —2ax —bzx?
=T
czx?—e
n

_ —ae+(cd—be) z —acz?
y= cxi—e :

WNnorpga Gomee ymoOHLIM MOjKeT OKa3aTbCsA IpHBefleHMe K QopMe

y =1 a2z + (b4 cz) (d -+ ez).

Torpa nomaraem
y=az+ (b+cz2) z;

noJydaem
d+ez=2axz -+ ba?+ cx’z
u
bx?—d
z2=——7,
e-—2ax —czx
a 3aTeM

—ad—+ (be—cd) x —abz?
e —2ax — cx? :

IIPUMEP
lycrs mawa mppanmoHadbHadA (yHKOHA 2
y=V —1+3—2%
Tak KaK €e MOMKHO NIPUBECTH K BHAAY

y=V1-2+3—22=)1—(1—2) (2—72),
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TO IOJOEKHM

y=1—(1—2)x;

TOT A
—2+z=—2x+ 12— 2%

a

z:2—2x—}—x2

Tlz2 -

3aTeM MOIydaeM

1z —1-+2z

)

(] ) g A=
y=1—-(1—2)z= e aa

JTO — MOYTH BCe CIydad, KOTOPhle paspelnaeT HeompeAeleHHAs ajrebpa
mna Meron JlmodamTa, M B APYIHX, OTIAYHHIX OT 31eCh PACCMOTPEHHHX,
cIyd9asax OpHWBefieHHe K PANHOHAJBHOMY BAJY NYTeM PANHOHAIBHON MMOJCTA-
HOBKE INIPOM3BeCTH HeNb3A. [l03TOMY s Iepexomy K W3IO0MKEHAN APYroro
NpAMEeHEHAS NOLCTAHOBOK.

02. ITyeme y 6ydem gynryued nepemernnol z euda
ay®+ bzb + cyvzd =0

om nepemenHo20 z; Hado HAlimu HO80e NePeMeHHOE L, NOCPeOCMmEOM KOMOpoeo
3HAYEHUR Y U T Mmo2au Obl GBLMb GBLPANCEHBL AEHO.

Tar xax ofmero cnocoba pellieHAsd YpaBHEHAH He CYMECTBYET, TO #W3 JaH-
HOTO ypaBHeHZEA ay®-t bz 4 cy¥z®=0 mm y uepes z, mm, o6paTHO, Z Yepes y
BHIPA3ATh HeNb3A. UTOOH TpPEeOmoJeTh 3TO 3aTPYLHEHHE, MOJOKHEM

y=2a"2z"
0Ty 9AM
azemzen + bzB L ca¥mz¥ntd = Q.
Tenepr omnpemeamM NOKasaTelb N TAK, 4T0OH H3 3TOr0 ypaBHEHHWA MOKHO

OHI0 HaiflTH SHa4YeHWe HepeMeHHOro 2, 94TO MOMKHO CledaTh TpeMsa cmocobaMd.
I. Ilycts ‘

¥, 3HAUHT,

TOTAa, pasfeluB ypaBHeHHme Ha 29" =2zB monyumw
ax®™ + b4 cxvmgyn—B+8 = 0,

OTRYIa

1
—az%™__p yn—B+b

cx'ym

Zz =
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MIIa
e
/ —az®™ — b\ By—ap+-ab
k\ nym ’
1
B
om ——aa:am——b>l3v—al3+‘16
y==z v .
II. IIycts

p=vyn-+6, . e n—_—ﬁ—;—&;
TOT7a, pasjequn ypaBHeHHe Ha zP, Hadgem

azemzon—F L b | cx¥Vm =0,

OTKYyJA
1
—b—eczV N1 —b—chm>aﬂ—aé—Bv
Z=<W> an—p =<—_—&m—
a ax
"
B—b
m [ —b—cx¥Y™ ap—ad—py
y== <—am—_> :
ax
ITI. Hycrs :
o .
an=vyn-0, BnIm n_a—y’

TOTfa, Pasjelnn ypasBHeHHe Ha 2%, HaXOAEM

axs™ |- bzB—om 4 cxvm = ();
OTCIOfa MOJydaeTcs
1 a—y

—az®™— cx¥V™ N\ B—an —az®™ —cx¥™ N ap—py—ad
(e (i

:c"( —cxvm>taﬂ = as

Wrakr, Tpema pasamYHEIME CIOcO0aMd MOJydYeHH QYHKIEH MEPeMERHOTO
Z, PaBHHE z W y. BopodeM, BMeCTO m MOKHO HOACTABIATH aw06oe TACIO,
MCKIIOYasg HYJIb; TaKHEM myTeM (QOpPMYIB MOTYT OHTH NpmBOgEMHB K nHambo-
Jee” ygoOHOMY BEHIpa’KeHHIO.

I[IPUMEP

IIycrs mpumpoga dyERUEE y BHparkaeTcd ypaBHEHHEM
Y3428 —cyz=0
@ TpebyercA Hadthm QYHKIWE Z, paBHHe y @ z. VMeeM
a=—1, b=—-1, a=3 p=3. y=1nd=1
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Orcroma mepsbiit cnoco® maer npm m =1
3 —~1 3 -
Z:<1—|—1> " y=x<z—-|—1> 1
cx cx

cx cx?

Tl T YT T

nin

z

Kaj)k[oe 113 3THX BBEIPAKEHMI K TOMY K€ PalMOHAJBHO.
Bropoii cuoco0 gaer Takwe 3HauYeHHA:

1
g cx—1 >§ n y=x<cz—1
.z z3

z=—% Vex—1 m y:% Viex —1)3.

Tperuit cmocod maer

col b

nin

col b9

1
z=(cz— 2% m y=zx(cx—z%3.

93. Omcwoda a posteriori cmamogumca noHAMHM, KaKozo poda ypas-
HenUuA, Nocpedcmeom KOMopulx sHaxenue GyHKYuu y onpedeasemcs uepes z,

mo2ym Owuimb peuierbl IMum cnocobom npu nomMowl 68edeHuUs NepemeHH02o I.
JeficTBNTEIBHO, MOJOMKHM, YTO B HalJeHHOM yiKe PEMICHWH TOJIYdHIOCH

r
o (az®+baPteaV4 wropyr
A+Bzt+C2¥ 4+ uw 1. 1./

n
q

_ /ax® b eV uwor. >77
A+Ba*4+Cx¥+ u 1. I

¥ 4T0, cJefoBaTeJabHO, Oymer

yP = P29,

A, 3HAYWT,
q

= yz_;’ .
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o4. Ecau y sasucum om z maxum o6pazom, 4mo
ay®+ byz+cz22 4 dy+ez2=0,

mo kKak Yy, mak U 2z 6bIPA3AMCA DPAYUOHAADHO Heped HoGoe hepemeHMoe T
caedywuun 06 pasom.

llonowum y = xz; nmocie JeleHUA Ha z OyjeT

ariz+bxzt-cz4-dr+e=0,
OTKYJia HAaXOTAM
. —dz—e _ —dz®—ex
T az?tbzrc B y= ar?+4br-tc '

Ho6aBuM, 4TO K 3ajamHOll dopMe moKkeT ORITH MpuBefeHO TAKIKE ypaB-
HEHHe MewJy y U 2

ay®+byz+cztt+dy+ez+7=0,

nyTeM YMEHbIEHHMA MM yBeIUIeHHA a1060oro us nepeMeHHRIX Ha HEKOTOPOe
onpefeneHHoe MNOCTOAHHOE KOJMYEeCTBO; TAK YTO M 3TO YPAaBHEHUe MOMKeT
OHLTD BHIpaKeHO PANMOHAJBLHO Yepe3 HOBOE NepPeMEeHHOoe X.

5d. Ecau y 3asucum om z makuxm o6pasom, 4mo
ay® -+ by*z+cyz? +dz® ey 4 fyz 4 gzt =0,

mo kKak y, mak u 2 mozym Oumb 6vpasceHsl PAYUOHALbHO Hepes HO080e
nepemertoe x caedyougum o6 pason.

[TomoskumM y = ¥z, NOcIe NONCTAHOBKE BCe YypaBHEHMe MOKHO OyHer
pasmeanTs Ha 22 M DOMYYUTCA

azrdz+ bx*z+cxztdz+ex* + fzr+g=0,
OTCIONA

—ex?—fzr—g

= azd{ bzif-cz+d ’

a 3aTeM
—ex3—fr2—gz

y= ard4-bz2t-cz+d °

Hcxopmda ma aTHMX Caydaen, HETPYAHO YyCMOTDPETh, KAKMM 00pPa30OM JOJKH b
fHITh COCTABJEHH ypaBHEHHS BLICIIMX CTelleHeH, KOTODHIMH j ONpeNeJsierTcd
gepes 2z, 4TOGH TAKOTO pOja peIIeHHe MO0 MMeTh Mecto. Bnpouem, atu
CAyYau COMep:saTcsA B yKasaHHHX Bsime QopMymax § 53; HO Tak Kax olilme
$OpMYITH He TAK JEFKO MPHCIOCOOMTH K CcaydasM 3TOro pofa, Gomee wacrto
BeTpedaomuMess, TO A M [CUCH HYMKHHM HEKOTOpHe H3 HuX pasobpartp
OTJeIbHO.

56. Ecau y sasucum om z mak, 4mo
ay?+byz+cz2=d,

mo o6a koiuuecmea Yy U Z 6LIPAIAMCA Hepe3 H060e NepPemeHHOe T MAKUM
06 pasom.
Ilomoxum y = xz; TOrma

(az?+ bz +c)z2=d

_ ‘/ d
2= azx?-}-br-tc '

u 3aTeM
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gz .
az’®+bz--¢

[TogoGuriM ofpasom, ecau Gymer
ay® + by?z 4 cyz? + dz® = ey - Jz,
TO IPH Y = ZZ YpapHeHHe HOCIe JeJeHHA HA z AacT

(az®+ba2tcx+d)zt=ex+];
RS
z= ‘/ azd-1-bz?-tcxd

_ ez +f
y== ‘/ax3+bx2-{—cx-1—d :

Buopouem, att caydam, a TakiKe Jpyrae, NOIYCKamouiue nogobHEIE pelue-
HUA, COJ[ep:KaTcA B CJefyiomeM maparpage.

OTCIOZIa

97. Ecau y sasucum om z mak, umo
ay™ by iz ey 2+ dy" %23+ 1 T, 1. =
=ay" 4 By" 2+ yy" 222+ 0y" 328+ u 1. 1.,
mo kax z, max u Yy ydobmo evlpasamcs wepes HOB0e NEPEMEHHOE T Caedyio-

wum 06 paszom.

HyCTb Yy = X2; NO0CJe TUOJACTAHOBKH MOMHO 6yI[eT pa3fieJiiTh BCe ypas-
HEHUe Ha Zn, €CJHN TOJBKO NHOKa3aTelb m 6om,me, YeM n, TOrja MNOJydYHTCA

(ax™ + bV ex™ 2+ da™ i+ u 1. 0.) 2" M =
= az” + P+ yz" 24 02"+ u 1. by
oTCIOfa

1
z——< az”+ fzn 14 y2? 248273+ m T. o )m

az™ - brMm Ll f g™ 2L de™m ¥+ ®m T, I

i
—z az4- Bz 14 yzn-2+ 82734 m 1. K. \m—n
y= az™ L br™ L ca™ 24 dz™ 3+ | 1. n. )
JT0 pemenie, KOHEYHO, MMEET MECTO TOrJa, KOTfa B YDABHEHHUM, BhPa-
MapomeM IpUpOAY OYHKOWM y depes z, Be3jge BCTPEdaeTCH TOIBKO JIBOAKOE

9uCJI0 MBMEDPEeHMH ¥y W 2; TaK, B PACCMOTPEHHOM Clydae 9uUCJIO H3MepeHuit
B OTHENbHHX 4YIeHaX ecTh Jnubo m, auGo n.

58. Ecau & ypasHenuu Mmencdy y U z 6CMPENAHMCR U3MeDEHUR MPOIKO20
poda, ehicuiee U3 KOMOPHIL HACMOALEO NPeEocIToOum cpedHee, HACKOAbEO 3MO
cpediee npeeviuiaem Huawiee, MO NePeMeHHble Y U Z Mo2ym OblMb GbLPAMCEHDL
uepe3 HOG0e NepeMeHHOe T NymeM DewleHUA Keadpammozo ypaeHeHus .

HelicTBUTEIBbHO, €CJIN HOJIOKHATH ¥y = Iz, TO TOCHe AeJeHHd HA HAHMeHb-
WY CTeleHbs HepeMeHHOr0 2z 3HAYeHHe Z BHIPAasHICA depes & HOCpeCTBOM
H3BJIEUeHNA KBAJPATHOIO KODHA, KaK 310 OygeT BHAHO Ha CJeqYOUIMX
IpuMepax. : o

5 JI. B#tmep, T. T
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INPUMEP 1
Ilycto
ay? -+ by?z -+ cyz? + dz® = 2ey? 4- 2fyz + 2g22 - hy iz

0 NOJOMUM Y = xZ; TOrja 10 Pa3ACIeHNH Ha Z Oymer
(az®+ba24-cx+d)yz22 =2 (ex® + fx + g)z -+ ha i
0TCIO/Ia TIONYYATCA [AJA z TaKoe 3HAYCHME:

_ewtjrt g Vs F et 9t @ T Lot d) (e D)
ax34-bri4-cx{-d

Haligsa Kotopoe, GyaeM HNMeThb ¥y == Zz.

IIPUMEDP 2
IMycrs
y® = 2az% - by + cz;
ecan MOJMOKUTL Y = IZ, TO
z2°2% = 2az2 - bx ¢,
OTRy/Ja

. aF V a? bzt czd
= =

H, ¢TI0 OHTH,

l/a+]/a2—|—b:c°—|—cx5 y_V a4 V a®FbzbF cxb

2= == —
22V ’ zV z

ITPUMEP 3
[lycte
10 = 2ayz8 + byz3 4 cz?,
rae neTpedatotcst mamepenua 10, 7 m 4; moJomHM y = xz; TOTa ypaBHEHHE
1o pasfiejenun Ha z! mepeiifer B TaKoe:

x192% = 2ax2% + bz +¢

nan
¢ _ 2axz®tbz+tc

z —T— )

OTKYya
2 — az 4z V a>4 ba®+cx8

210 '

M, cr1ajgo OBITH,

l/aj: V a2 b | cx® y = l/a,i V a*F bx® | cx8

’ IZ

z = 23

M3 aTHX IpUMEPOB BIIOJAHE ACHO IIPHMEHEHME OACTaHOBOK moxo0HOTO POAa.

= ZA S S2
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FrITABA 1V

0 BHPAREHUN ®YHRIMH ITPH ITOMOIIH
BECROHEYHHX PAJ10B

99. Tar kar Opobuble u UpPpPAYUOHAALHbE GYHEGUU NePeMenioz0 2 He
codepmcames 8 yeaom eule A-+ Bz Cz2 L Dz34-u m. 0. ¢ KOHewrblM HUCAOM
4AeH08, MO O0GBYKO uwym makozo poda OeckoneuHsle 8BIPANCEHUS, KOMODble
npedcmaganay 68 3Haxerue w60l FyrnEyuu — OpobHOl usu UPPAYUORALBHOL.
Haoce npupoda mparcyendenmuulz @Gyuryuli cuumaemcs 6Goaee NoHAMHOIL,
K020a OHU 8BIDAMICEHBl 68 3MOM roms U OecKoReunom eude.

Kak upupoga nexoii ¢yHKOWM BUAHA Jyudle BCero, ecju 3ta (yHRUUSA
pasimoykeHa 10 pasJUdHBIM CTEIEeHAM 2z, T. €. eCId OHAa IpuBejgeHa K (opme
A4+ Bz +-Cz24-Dz34+ n 1. n.,— rak 9ta ke dopma Kaskercs Hambosec ynob-
HOH [JA BOCIPHATHA DPa3yMOM IPHPOLHHIX CBOWCTB BCCX OCTAJBHEIX (yHK-
@i, ecIM Jajke YUCJIO UYIEHOB OKaKeTCA B JeHCTBHTENHHOCTH GeCKOHEUHHIM.

Hcuo, 9T0 HERAKy Helenyl (QYHKIMIO NCPCMCHHOI'O 7 HEIB3f BHIPA3UThH
KOHGUHBIM YHCIOM UWJIEHOB BHA

A+ Bz Cz24-Dz3+ w 7. g,

moToMy wro Torma ¢yHKOUA Opia OR 1esoii; ecam ke KTO-