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PENVICJIOBUE

Hactosmas xnara nocsuleHa OXHOMY W3 PasienoB MaTeMa-
THKH, BHAHWE KOTOPOrO MPEACTABAAETCH BECHMA CYMIECTBERHEIM
A HAYSHKIX DaBOTHUKOB H MHKCHCPOB-MCCAGAOBATENEH, BCTpE-
waIWMKes B CBoel paGoTe ¢ MaTEMATH'ECKHMH PaciETaMy.

KHHra cONEpxuT CHCTEMATHUECKOE H3NOXEHHE OCHOB TEODHH

X i1 , @ TaKxe HEKOTOPHE NPUI0-
KEHHS STOW TeOPHH K KOHKDETHHM 33434aM MaTemMaTuiecKoh
hHBMKE B TEXHMKH.

Tlpn orfope MaTepuana, BOWEAIlEroc B KHHTY, CTaBHAACH
LeAb M3N0KKTH ¢ JAOCTATOYHOH TIOIHOTOA T€ BONMPOCH, KOTOPHIE
NPEACTABARIOT HauGONBLIAN MHTEPEC C TOUKH 3DEHHS HPHIONE-
Hnfl, UTO €CTECTBEHHHMM OGPE3OM UPHSENO K MBBECTHOMY Orpa-
HUWYCHMIO YACTO TEOPETHUECKOR UYaCTH; 3HAYHTENbHOE BHUMAHME
YACACHO TeXHUKE BHYHCIEHHH, ONMCANMIO CYWIECTBYIOIMMUX TaG-
ML M T. AL

Hekoropeie ¢BOHCTBA paccMaty ynxunt,

AG MOTJIu OHTb BKJIUEHE B OCHOBHOM TCKCT u3 coOOpaskeHuit
orpaHuueHus. 00BEMa KHUFH, HO SBIRKTCH NOJE3HBIMA B NDAIO-
MEHUSX, NPHBEAGHHl B NPHMEPAX, MOMENIEHHHX B BHAE YNDax-
HeHuil K COOTBETCTBYIOWAM TiaBaM.

Knura paccumTana Ha UATAaTeNd, 3HAKOMOIO ¢ OCHOBAMH TEO-
puant by 0 0, Oe3 mOp
KOTOPOH HCBOSMOWHO CKOTBKO-HHOYb yGoKoe usyucHue cre-
nuanbHuX pyknui. Omnako, uMed B BUAY OGTErudTh MONH3O-
BaHue KHWrOB IS JIEN, Ne ABMSIOIAXCS CHENMATACTAMH MaTe-
MATHKAMA, aBTOP CTPEMHACS N0 BOSMOMHOCTE OTPAHHUHTHCS
MWL HEMHOTAMA CBEACHUAMA U3 TEOPUH (PYHKLAN KOMILICKCHOrO
NEPEMEHHOT0, KOTOPHE HCONHOKPATHO HCNONS3YIOTCA HA NPOTH-
KEHAW Bee KuMru. B uacTHOCTW, 70 0GCTOSTEALCTRO 3aCTABUIO
aBTOpA OTKa3aTbed OF NPHHATOLO B HCKOTOPHX MOHOTpaduax
DOPHAAKA W3JM0KERNS, OPU KOTOPOM ONpENeNenns PAia CNeunans-

TIPEJACAOBHE 9

WX GYMKUUA NAIOTCH UEPes KOHTYDHHE WHTErpart, nanGoaee
yIoGuIe [t MPEICTABIEHus STHX QYHKUAA.

O6beM creseHnd NO Teopan (GyHKIHA KOMIIEKCHOro mepe-
MERHOTO, KOTODHifl HEOGXOMHM NS NOHUMAHKS OCHOBHOTO TEKCTA
HacTOSMEN KHW[H, NEPEKPHBACTCS COMEPKAHAEM nepsott u Tpe-
Thelt Tnap BTOPOH UACTH TPETHEFO TOMA LKypea sucmelt Mare-
watukn® B. V. Cmapuosa, npuueM raubonee CYILECTBEHHBIMA
4BARIOTCA PasNeNs TeOpu#, HANOMEHHHE B §§ 1—7, 921,
55—59, 64—67 m 70. Ocofoe BHUMAHHE CACAYET 0BpaTATD
Ha TAKME BONPOCH, KaK KIACCHOHKAAL ynxuati, KOHTYpHOE
HHTETPUPOBAHHE, WCCACAOBAHAE CBOHCTB (YHKIMH, OmpenencH-
HHIX MOCPEACTBOM PAnos WM WHTErpaios, H ABANUTHYECKOE
TPORONIKEHHE.

AHanuTHueckas TEOpHs MHHEHHHX IAd(EPeRLHATBINX ypas-
negut \e npenno;xarae'rcﬂ U3BECTHOW, OMHAKO neGonbILoe 3Ha-
KOMCTBO ¢ STOM Teopueh, B ofbeMe, HANpUMep, §§ 95—99
IMTUPOBAHHOTO BEIIIE  KYpCa, npexcraﬂnﬁercs{ BechMa KeJga-
TCALHBIM.

Uro kacacTcd cBeNeHUA w3 IPYLHX DESIENOR MATEMaTuue-
CKOro anannaa (MaTCMATHYECKast (PUBUKA, RHTErpatbHse npeobpa-
apBahud W T. A.), TO OOJacTb WX NPUMEHEHHS OrpaHAYNBAETCS
HCKAIOURTENBHO O, P OTI K npH-
JIOWEHHAM CHEUMATBHEX (YHKIEN, ¥ OTCYTCTBAE LETAILHOTO
3HAKOMCTBA ¢ STHMHE METOJavH HE ABAGETCH Cy]uCCTBEHHHM npe-
NATCTBMEM X YTEHMIO HACTOALLEl KEATH.

TIpeanonaraercs, 1T0 WATATENb BCTPEHATCs ¢ HEOBXOIMMOCTBIO
MCTIONB3OBAHAY CHENAATLHEX (yHkuuit 8 cooel NPAKTHUECKOR
IeSTeThHOCTH, B CBABH C YEM B KHATE B paie C1yuaes OTCYT-
CTBYET MOTHBUPOBKA UEJEC DCTH TEX And HHBIX
crenpanbupix GYHKUnH; Mo TOH e mpuumHe aBTOp CYeN RO3-
MOXHEM TpH BHIGOpE criogofa ompedenenus QyHKIAR K METO-
0B TIONYYCHWS WX CBOHCTB PYKOBOACTBOBATHCR B nepeyio oue-
pemb CTp K NPOCTOTE a He HCTOPHUUCCKAMH
AR UHBIMHE COOGPAREHUIMH.

PacmonoxeHne Marepuana KHUTH 10 rAaBaM MOANUHENO CTPEM-
NEHW0 CAeNaTh OTHENbHHE HacTi KHHTH B W3BECTHOH CTENEHH
HE3ABHCHMBIMH JDYT OT apyra # IaTh BO3MOWKHOCTH H3YuaTh
Gonee MPOCTHE KIACCH (YHKUnA BHE 3ABHCUMOCTH 0T 3Ha-
KomeTBa ¢ Teopuelh Qyukuuit Gonee obmero Tima. Kag npu-
Mep YKaXKeM Ha BHJENCHHE MONMHOMOB Jlewanapa u pynxuat
Beccens meaulx HoMepoB WS ofmefl Teophu cQepuueckux #




10 TIPE/IUCAOBHE,

UHAHHAPKICCKNX  hyllcimh, 2 T4KIKC Ha  IIOCTPOCHHE TEOpHH
chepunceknx pynkimh 6ea UCIONL30BANIMA  COOTBETCIBYIOIMUX
CBONCTB FHIICPreoMeTPuieckol (yHKImn,

BuBop upwioneinl  pecaeaycT raBHHM 06pazoM He’b
AIMOCTPUPONATH PA3IUTNEE CTOPOHH MPUMEHERMA CHEUHATBHLIX
GyHKIwH & upoGreMam (GHSUKE M TEXHHKH W He CTABHT 3aKa-
uelt LaTh CKOARKO-HUOYL NOAPOGHOE OCBEIICHAC COOTBETCTBYIO
IWNX  pasfeann MaTeMartayecKod ¢usuxk. HanGomee nompoSuo
paceMoTpen Bompoe o it UECKHX H, O
ChCPUNCCKIY  (PYHKIMA, BeIOCTATOUHO OCBEMIEHHLt B OTeues
CTHEHHOH muTEparype.

IJTABA I
TAMMA-®YHKLHS

§ L.1. Onpenenenne ramma-dysKnun

K uncny aanGonec MPOCTHX M BANHHIX CHCHAANBHBIX (yHK-
Ui OTHOCATCR raMMa-(IYHKUHS, SHAKOMCTRO CO CBOHCTBAMH KO-
TOPOR ABAAETCH HEOOXORMMOR NPENOCHAKOR AN H3YYCHHS
MHOTHX APYTHX CMEUHIToHBIX (QYHKUAR, KaK, HAUpAMED, WHIHHT-
pHYECKHX (YHKiWH, FEIEepreoMeTpuueckod QyHxuun H T. X

Teopus raMMa-(GyHKUAN PACCMATPHBACTCH B KYPCAX aHATA3A
W Teopun PyHKImi KOMIWIEKCHOrO NEPEMEHHOTO, B CBASH C Y€M
Mbl B JZAHHOH aBe OTPAHMYHMCH JHINE KDATKUM 0630pOM STOH
TeOpHM, OTCHUIAS YHTATENX 33 DANUUHBIME JETANIME K Cymie-
CTBYIOIUEH TATEPATYDE *). “

Tamma-pyrkmms I'(2) nns mo6wix snavennil KOMIICKCHOTO
NCPEMEHHOTO 2, BEIIECTBEHHAT 4ACTH KOTOPHX HOJOKHTENBHA,
OnpeaenseTcs NpH MOMOMW BOPMYIE

w

@)= [‘e-
B

igt, R(Z)>0. (L.1,1)

.
Wnterpas (1.1,1) cxomstcs passomepuo B obracta (<=
<R(z)ssA< oo, Tak Kak npu sTomje | << @(f), rme
(= (0<i<l), e(®)=¢t*? (tz=1) u mnre-
rpan 0T &(f), BaaTHit mo npomexyTky (0, ©0), CXOAMTCH.
Otcioa, Ha OCHOBAHWM HSBECTHOM TEOPEMB Teopud (yRKuai

*) Ca., Hanpame
I.H. BatcoH [I].
COHCOK M¥TepATYPH NOMEIIEH B KOHIE KHHTH.

B. WM. Cwmupuos [I, E. T. YurTexepn




12 FAMMA-®YHKIIASA [rn. 1

KOMIIZIEKCHOTO MEPEeMEeHHOro, cneayer, uto I (2) ecTs peryisipHas
¢pynkuus B obmactu R (2) >0 *).

3nayeHne raMma-QyHKIUM B OCTaJbHOH YaCTH IIOCKOCTH
KOMIIZIEKCHOTO TEPEMEHHOr0 MOMKHO GBITh HailAEHO MyTeM aHa-
JTUTAYECKOTO MPOMOIKEHHUS ONPENeNeHHOR Bbile hyHKau. UTOOH
NOMyyuTh STO MPOJONKEHHE, 3aMETUM [PEIBAPHUTENBHO, YTO
ecau BHIOMHUTH B (1.1,1) UHTErpupoBaHue 1Mo wyacTam ’

T (2') — % e—t?

© 1 o ~ 1 o)
o "‘*— ;5(;8 ttldt____ ?J‘e'[ﬁdt’
0

TO W3 rocjaeHeR hopMyisl CcaeayeT (PYHKUUOHANLHOE COOTHO=
HIeHue

F(z)=P(z+l) _TIeE+2  T@Etn+t]
z z(z-+1) z@E+1l)...z+n >

B npeanonoxenun, 4to R (2) >0.

PaccMoTpum Tenmepbs (QYHKUMIO KOMIIEKCHOFO TMEpEMEHHOro
f(2), xoropas A5 MOOBIX 3HaueHUH 2, MPUHALJIEKAIUX 00/1aCTH
R >—(n+1), 20, —1, —2, ... , onpexensercs npu
TMOMOIIY PaBEHCTBA

(1.1,2)

. T(E+r4+)
f(z)__z(z+1)...(z+n)’ (1.1,3)

Efel II‘)(z) 0603HauaeT (YHKLHMIO, MPEICTABAEHHYIO HHTErPaJIoOM

dyukuus f(2) perymasgpHa B paccMaTpuBaeMoit 06jacTd U, Ha
ocHosanuu (1.1,2), ee aHauenue npu R (2) >0 cosmagaer ¢ I'(2).
[Tostomy f(2) ectb uckOMOe aHaauTHYecKoe mpomomkenue I'(2)
B obmacte —(2+1)<R()<<0, 2#£0, —1, —2, ...

’

¥) D1a TEOpeMa COmepKAT Cienylomee yTBepkieHue. MHterpan
F(z)=e f(z, ©)df, B3aThil MO OTpe3ky uIM HEKOTOPOH KpUBOH B

Q(J)x;g;c;i?:{ ox;gmnnexcnoro NepeMeHHOro f¢, eCTb peryaspHas QyHKIuA
S _Hegepemeuﬂoro 2z B obaactu D, eciu BHINOMHEHbl YCIOBHA:
Hanneﬁ(amero s&eg)bmﬂaﬂ dyHkuusa ¢ Ha nyre C; 2) n1s Bcsxoro £, npu-
Teopenn nemua Tamj:(yre, f (2, t) — peryasapuas dyHkuua z B o6ractu D.
Teope € 1A HecOoOCTBEHHHIX HMHTErpaloB, NPH JOMOIHH-
M YCIOBMM paBHOMEpDHOH CXOAMMOCTH HHTerpasra B o6ractu D

Cwm., nanpumep, B. U. CmupHuoB [1], ctp. 257—260. '

§ 1.2] ®YHKUUMOHANIBHBIE COOTHOMEHHA A/ FAMMA-®YHKumMu 13

4 MB MOXEM ONpemeauTb raMMa-QyHKUuio B STOH obmactu
[OCPEACTBOM (POPMYJIBL:

— __TI@et+ntD
IrA=f@O=;z3n.ctn (1.1,%)

Tak KaK 4ucao 7 MOxeT ObTb BHOPaHO MPOU3BOILHO 60/b-
iy, raMMa-QyHKLUs OMpeNeneHa Ha Beel MIOCKOCTH KOMIEKC:

HOrO TEPEMEHHOro, UCKJoYas TOUKH z2=0, —1, —2, ...
Toc/exHue TOUKH SBAAIOTCS MOMOCAMU PaccMaTpuBaeMoi yHK-
tun. JleHCTBATENbHO, B OKDECTHOCTH TOUKM 2Z=-—T1I, I'(2)
npeacTasiaseTcs (popMyIo# (1.1,4), oTkynma ciaexyer, 4To
. T _ (=1 -
=\ " —_ 1. .
glm_l;(z)(z—l—n) (— D" T (1L1,D)

tak kak, cormaco (1.1,1), T(1)=1.
Takum o6pasom, I'(2) ectb MepoMOpdHas ¢yHKLIUA KOM-
[IGKCHOrO TMEPEMEHHOro ¢ MPOCTHIMH TMOJOCaMd B TOUKAX
=0, —1, —2, ... -
Ws (1.1,5) BHITEKaeT, YTO PasIOKCHUE T'(2) B pan JlopaHa
B OKDECTHOCTH TOUKH 2=-—1 (=0, 1, 2, ...) uMeET BHL

r(z)zﬂﬁ+p(z+n), (1.1,5)

n

rae P(z -} n)—mpaBuabHas 4acTh.
Huxe (§ 1.2) Oymer mnoOKasaHo, H4TO raMma-QyHKUMsS HE
AMeeT HyJeH Ha IIOCKOCTH KOMIIEKCHOTO epeMeHHoro, No3ToMy

[T'(2)]™* ectb nenmas QyHxuust.

§ 1.2. ®ynxuuoHaIbHbIe COOTHOIIEHHS
LA ramMma-yHKOuH

Tamma-pyuxkums I'(2) yAOBJAETBOPAET TPEM (yHKLUOHA/bHBIM
COOTHOUIEHUSIM:

I'(z+1)=2I'(2), (1.2,1)
()T —2)=qnm> (1.2,2)
1
9217 (2) I‘(z +4)==2T(2), (1.2,3)

KOTOpHE HrpaioT BaxHyl0 pOJb Ipd pasUyHBIX npeo6pasoBa~
HUAX ¥ BBIUACIEHHAX, CBA3AHHBIX C STOH dyHKumen.
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Cnpasenmusocts nepsoro us YKa3aHHBIX COOTHOIIEHUH BBI-
TEKAaeT HENOCPENCTBEHHO W3 Ompemesenus I'(2) (§ 1.1). Has
AlOKa3aTebCTBA BTOPOrO (DYHKUHOHAMbHOMG COOTHOIIEHHS Mpe]-
TIOJIOKUM BPEMEHHO, YTO 2z ecTb BElleCTBEHHOE uncno, npuHaz-

€xamee npomexyTky 0 < 21, n BOCIIO/Ib3YeMCs HHTEr pasIb-
HBIM npencrasiaenuem (1.1,1).

My nonyuum torza
[Se N v o)
r (2’) T (1 —_— z) :j. fe‘(s+t)s—2tz-1ds dt,
00

W, €ciu BBECTH HOBblE MepeMEeHHble (#, v), nonowxus

t
u_s—[—t, z;—_s R
TO

foe]

P(z)P(l ——z):J‘ fe-uvz_l dudy [ po—t _a
00

1+'U~. 149 dv= sin z
0

Ha OCHOBaHMH W3BECTHOH Gopmynsr Teopun ONPENETEHHBIX HHTE-
rpajnos *),

Taxam o6pasonm, coorHomenue (1.2,2) nokasano LI Beex z,
NpUHALIEKAIUX lpomexyrky (0, 1). Cnpasensmsocts noJayyen-
HOrO pesyabTaTa O J0GhIX KOMIIIEKCHBIX 2 = 0, =+ 1, %42 ..

XKEHUs, ecmau 3aMETHTb, YTO J€BAs H npaBast yacTtu paccmanu-

BA4EMOro paBeHCTBA OCTalTCH Npu 3TOM PEryNIpHEIMA DYHK ugMu
KOMIITIEKCHOrO nepeMenHoro 2 ¥,

Y1068 n0KasaTH CooTHowenue (1.2,3), wusBecTHOE nox Ha-
8BAHUEM (OPMYJIH yaBOCHUS a9 ramMma-gynkuumy, Npeanonoxum,

#) Cwm., Hanpumep, B. U. CmupHos [1], cTp. 232,

#%) Coraacuo STOMY NDHHUMITY, KOTODHIM Mbl 6YIeM uacto moap-
30BaThCA B lanbHeRulieM, paBeHcTBO f@) =9 (2), YCTaHOBIeHHOe musa
HEKOTOpO# o6aacti D mirockocty KOMILIeKCHOr0 nepemennoro, coxpa-
HACT cuay B Gomee mmpoxon o6nactu D#, BKIOvaome# D, maa koro-
po#t o6e vacty pacCMaTpuBaeMoro pasencra OCTAIOTCA peryaspHsIMu
OyHkmHAME. Totr xe besyibrar umeer mecro, eciy PaBEHCTBO BHINOJ-
HAETCA Ha KakoM-iHu6o OTpe3Ke, NpuHalnexamem D+, Cwm., Hanpumep,
B.W. CMupuos [1], c1p. 67

§ 1.2] ®YHKUMOHAJNBHBIE COOTHOIUEHUS IS FTAMMA-®YHKIUU 15

yTo 2>>0, u cHOBa BOCmo/b3yemcst paBenctsoM (1.1,1). Torna
nMeeM:

0 0o _l
BT T (24 )= [ [l @ st Tasar—
00

oo

4| femeo+ Qagyto du ag,
00

A€ HOBbE mepeMeHHbie (@, ) CBA3aHBI CO CTAapPHIMH TeEpeMeH-

HEIME (s, £) coOTHOWeHHAME }/s =0, Vi=8. .

Ecin nomenats B moayuenHoit ¢opmyne o u B Mecra A
C/MOXKUTb 3aTeM 00a paBEHCTBA, TO NMPUXOIUM K 0OONEE CHMME
PHYHOMY HPEICTABJIEHUIO:

%11 ()T (2 %) —2 J’ f = =248 (20B)21 (0 - B) da df —
' 0 0

=4 | | e=@*+5) (2aB)¥ ! (a - B) dor dB,
3

TIe HMHTErpupOBaHHE NpPOM3BOAUTCH MO ceKTopy 0=<<a < oo,
0<jB8<ca.
BBoxs noBwie mepemennsie (i, v) mo dopmymnam

u=0u4p82, ©v=2d8,

Haxoaum:
2P (24 5 )= [ o¥aw Oj —172;_7 di—
\ J

[ee] [ee] l
=2 j e "v¥* 1dy je—wg dw=m=2I"(22).
0 0

PacnpocTpanenne pesyabTaTa Ha moOHE KOMIJIEKCHHIE 3Ha-

yeHust 2 £ 0, —+, — 1, ——-gi, ... [pOU3BOIAUTCH, KAaK H
? 2

Bblllle, C MOMOIIBIO MPHUHUMIA AHATATHYECKOTO npononu)i(:::;.nm
IlpumennmM BHIBE#EHHBIE (PYHKUMOHAJIbHEE COOTHO e 117

TOr0, uTOOH BBIYHCIUTL SHAyeHHss raMma-QyHKIHH TP

PHIX YAaCTHHIX 3SHAYEHHSX MEPEMEHHOrO 2.
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BocnonszoBasimuce (1.2,1) u 3aveuast, yto I'(1)==1, Haxo-
JMM 10 MHAYKUAHA

I'(n41)=n! (n=0,1,2,...) (1.2,4)

Hanee, nonaras B (1.1,1) z:-é—,nozryqaemz

(o] 1 [o0)
r(1 ) = "‘e”t— T = 2j‘e—u-‘ du= /7,  (1.2,5)
0 0

u npumenenue dopuyas (1.2,1) npaet:

1 1.3.5...(2n —1 — ) ~
ok BB 2 i s

B sakmouenne mokawxewm, yto ¢yHxuma I'(2) He umeer Hy-
Jefl Ha TJOCKOCTH KOMIIJIEKCHOrO IHepeMeHHoro. B camom mexe,

Toukn 2=n (n=0, =1, =2, ...) He ABIAOTCA HYIIMHU
¢GyHKUMH, TaK KaKI‘(n)——(n—l)' (n—l 2,..)ul'(n)=0c0
(n=0, —1, —2, ...). Haa ocrambHHX 3Haqeﬂuﬁ 2 cnpaBeﬂ-

JIBa q)opMyna (1.2,2) OTKyJa HEMOCPEACTBEHHO CIELYET Tpe-.

6yeMbIﬂ pesyabTar, Tak Kak, NOMYyCTHUB, YTO TOUKA & =2, €CTb;

Hyab I'(2), Mbl npuman Obl K 3aK/MIOYEHH:0, YTO paccMaTpuBaes
Mas TOyka ssisgercsd nojocom ¢yskmuun I'(1 —2).

§ 1.3. Jlorapuipmuyeckas npoussoxHas
ramma~pyHKuud

Teopust ramma-pyHKIUM TECHO CBSi3aHa C TeOpusH mpyro#
crienyanbHol yHkmum ¢ (2), KOTOpas MpeacTasiAsT co6oft Jo-
rapupmuyeckyio npoussoauyio I'(2), T. e.

T" (2
ap(z):—l,—((y, (1.3,1)

Tax xax I'(2)— mepovopduas ¢GyHKUMA ¥ HE HMEET HyJIeH,
10 $(2) HE MOXET MMeTh APYrdx OCOOLIX TOUYEK, KpoMe MOJio-

coB ravma-gpysxmma z2=—-—n (#=0, 1, 2, ...). U3 (1.1,6)
CJEMYeT, UTO Pas3noxeHuds & (2) B OKP2CTHIITH TOUKA 2=—n
uUMeeT BHI;
1
v(2)= ~z——+n+P(z 4 n), (1.3,2)

§ 1.3] NOraPH®MHUECKAS TIPOM3BOAHAS FAMMA-OYHKIMH 17

nosromy ¢ (2) ecTb MepoMOpbHast (QYHKUES C NPOCTHIMA OO~
camp 2=0, —1, —2, ...

dyHkuaa $(2) ynoBaeTBOPAET (PYHKUMOHAJILHBIM COOTHO-
WeHUsM, KOTODhe Mojyyaorcs u3 paseHcTB (1.2,1 —3), ecan
B3ATb OT HUX JOrapudMHUYECKue NpPOU3BOJHHIE.

DT COOTHOLUEHUS HMEIOT BUI!

Y+ D=1414(), (1.3,3)
(1 —2)—¢(2)=mctgwz, (1.3,4)
tla(z)—l—gb(z—}—%)—}—?an:?gb ©@2).  (1.3,5)

TlonyueHHBe paBEHCTBA MOryT AOBITb MCMOJB30BAHH JJisi TOTO,
yTO6H BBHIYHCAUTb 3HAueHus ¢ (2) Npu OTAEJbHBIX 3HAYEHUAX 2.

O6o03Hayas
t(H=T"N)=—r, (1.3,6)

rae y— noctosHHas d#imepa, v==0,5772157, ... , u npumeHss

X dopuyay (1.3, 3), Haxomum:

b (1) = —y 235 n=1,2, ... (137
k=1

1
Hanee, nonaras B (1.3,5) 2=, monyuaem:

q,(%):._-{—-QIrl 2, S (139)
ﬁ ¢dopmyna (1.3,3) naer: ‘
¢(n+’2)__7_21n2+222k (1.3,9)

n=1, 2, =

dynkums ¢ (2) DOMycKaeT MPOCTHE MHTErpajibHBIE MPEACTa-
BJeHUs B ¢GOpME ONpeleseHHBX HMHTErpajoB, COAEPKAIIUX Mepe-
MEHHOE 2 B KauecTBe Mapamerpa.

Yro6Gsl BHIBECTH STH NPENCTABJECHMS, SaMETHM IIPEKIE BCErO,
YTO B CHJy DaBHOMEpHO# cxoammocTu mHTerpana (1.1,1), mpo-
M3BOAHas ramMma-¢yHkuuu npu R (2) >0 Buipaxaercs ¢opmynoi

T (2)= j et11n ¢ dt. (1.3,10)
0
2 H [eGeneB - o—
ﬁ § i 4 & Y ' ﬁ §
(v »

- - s vty e ey
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Ecmn samenuts Jorapudm B HOI[HHTEFpaJIbHO‘VI BBIPAXKEHUN
yepes uHTerpan P®pyananu *) .

[ee)

—X __ p—xt
Inf— fe———"’—dx, R(£)>0, (1.3,11)
)

X

TO mpumeM K mupeicrtasiaeHuo 17(2) B ¢opme nBOHHOrO uHTe-
rpana, KOTODHIH, KaKk HETPyIJHO TIOKa3arb, OyneT abcooTHO
cxogaumMest mpd R (2) >0. IIG9TOMYy MBl MOXEM W3MEHHUTh
MOPSIMOK MHTErpUPOBaHMS M HAMHUCaTh:

" (2) = j x J" (6% — e 11 g —
0 0

=5‘i—" | D@ — [etemear].

0

EcJn BBECTH HOBOE NEPEMEHHOE HHTErpupoBanus i == (x -} 1),
TO HaXOJWM, UYTO 3HAUEHHE HHTErpaja B KBaJPAaTHHX CKOOKax
6yzer (x - 1)7I'(2), oTKyza HemocpEICTBEHHO BHITEKAET Iep-
BOE W3 HHTETPajibHLIX NpeACTaBAeHad nad ¢ (2):

¢(z)=j[e-x—T)2;—W]%, R (2)> 0, (1.3,12)
0

YroOsl mosMyyuTh BTOPOE HHTErPaNbHOE MPEACTaBJIEHHE s
¢ (2), sanmmem ¢opmyay (1.3,12) B Bume

i ) C e

=jim| | dx— f w0

[

W 8aMEHHM BO BTOPOM HMHTErpaje MEPEMEHHYIO WHTErpUPOBAHUs
nonoXuB X - 1 =¢".

¥) Cm., nanpumep, I'. M. Puxtenroany [1], n° 458.

§ 1.3] 7NOTAPU®MHYECKAS MPOU3BOAHAA TAMMA-®YHKIHU 19

Mpbl mosyunm TOria
0

. et ¢ etz
kp(z)=161£10[ —t—dt—j‘ s dt]:

§ in (14-3)
x otz 2
=iim[ | (F—1 r)ae— | Gat).
5_}0111 —e t

(1+9) In(1+49)

Tak kak BTOpO#i MHTErpaJ CTPEMHTCS K HyJo, Korma & — 0,
OTCI0[Ia CJIELYET:

g;,(z):!f(i;—l—f';{\ dt, R(x)>0.  (1.3,13)
0

TTonaras 31€Ch 2=—1 u BblUUTasd nonyqex—moe PaBEHCTBO H3
(1.3,13), Haxomum:

v(2)~——r-{—‘f f; dt, R(2)>0, (1.3,14)

UM, €CAM BBECTH HOBYIO [EDEMEHHYI0 WHTErpuUpOBaHus X =—e™ %

1
¢(z)=_y+j%dx, R(z)>0. (1.3,15)
0

W3 ¢opmyast (1.3,15) MOXHO BHIBECTH HOBOE BaXHOE MHpEn-
cTaBleHue Iis ¢ (2) B BHJE aHATUTHUYECKOTO BHIDAKEHUS, HMEIO-
IEro CMHICJ NMpH JioOhX 3HaueHusix 2 20, —1, —2, ..., T. e.
BO Bcelt oGJsacTu, rae ompeneseHa 3Ta (QyHKums. JTO NpEACTa-
BJIEGHHE MOJyYaercs, ecau pasnoxuts (1 —x)™! B pax no Bos-
pacramoimuM CTENEeHIM X W BHIIOJHHTh 3aTeM IOYIEHHOE
HUHTErPUPOBAHUE, YTO HOMYCTHMO BBHUAY PABHOMEPHOH CXOnu-
MocTH psiza. Mbl umeem Torma:

vo=—1+ X (k) G310
n=0

Pax (1.3,16), usneHH KOTOPOro CyTb pEryJasdpHHE IIpH
z#£0, —1, —2, ... QyHKIAH, CXOAUTCA PaBHOMEDPHO OTHOCH-
*
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TeNbHO 2 B Kpyre |2|<a mpousBOJbHO GOJBIIOrO paauyca a,
TaK Kak, aiga n=N >a,

1 !< a1
n—+41 n-4=z (n+1)(n—a)

U pan

[ee)

Z a1

4 rEDE—a
CXOHHUTCS.

[TosTOMY, 332 UCK/IIOYEHHEM IPOU3BOJBHO MaJOH OKDECTHO-

ctu momocos 2=—0, — 1, —2, ..., JeBas 4 INpaBasg YacCTH

paBenctBa (1.3,16) cyTp peryaspHsie (YHKUHHM W THEPBOHAYaJb-
Hoe orpaHuyenue R (&) >0, npum KoTopom OblIa MOKasaHa 5Ta
¢dopvyna, MOXHO OTOPOCHTb, COMJIACHO NPHUHLHIY aHaJIATHYE-
ckoro npopo/kenus. Ecau samenunts B (1.3,16) 2 Ha (2 1),
NPOMHTErpUPOBATh MOMYUeHHBH pan Mexny npenenamu (0, 2) u
nepeiiTy sareM OT JOrapuMOB K UYHMCJAaM, TO MOJNYYHTCA W3-
BECTHOE pas3JoxeHHe raMMa-QpyHKuun B GECKOHEUYHOe [pous-
BeneHne Betiepiitpacca

oo

ﬁ:eﬂﬂ e_%(l—}—%>, (1.3,17)

n=

KOTOpOE€, CO CBOEH CTOPOHBI, MOMKET ObITb MOJOXKEHO B OCHOBY
TEOpUW paccMaTpuBaeMoil pyHKuMH.

B 3akmoueHne yKaxeM Ha HEKOTODHIE (OPMY/bl, CBS3aHHBIC
€ MOCTOAHHOH Diimepa vy, BBEICHHOH BHILIE.

Ionarag B (1.3,12—13) z2=1, umeem 1o ONpeAeIECHHAIO:

[Se)

= [l = k= ra s
0

Hanee, u3 (1.3,10) caenyer:

y=-—je-tmtdt, (1.3,19)
0

§ 1.4] ACUMNTOTHYECKOE MPEACTABJEHHE I/ BOJbWIMX [2| 21
OTKYZd, MHTErpupys MO YacTaM, HaXOAUM:
1 ~
x=§1ntd(e“—1)—|-—j Infdet =
o !

-t -t
e 1= fil_dt,
; .

AAM, €CJAH 3aMEHHTb BO BTOPOM HHTErpasne f Ha il
_1
l—et—e !
1= (————dﬁ. (1.3,20)

§ 1.4. AcuMOTOTHYECKOE MpeACTaBIeHHe raMMa-PyHKuuH
aas Goapmux | 2|

Ins Toro utoGH OnucaTh MOBENEHAE 3afaHHOR (yHKuMH f (2).
npu |2|— 00 n a<<arg 2==B, BO MHOTHMX CilyyasX ZOCTaTOYHO
HaliTu Ons Hee BHIpaXEHHUE BUNA

FR)=9@[1+r ) (1.4,1)

rae ¢ (2)— Hekoropast (QyHkuusi GoJjee MPOCTOH CTPYKTYPHI,
ueM f(2), a r(2) B mpenenax paccMaTpUBaeMOro CeKTopa
MJIOCKOCTH KOMIIJIEKCHOTO MEPEMEHHOr0 pPaBHOMEPHO CTPEMHUTCS
K Hymo, Korma |z|— oo.

®opMynbl yKa3aHHOTO THNA HOCAT HasBaHHWE aCUMITOTHYeE-
CKHX npencraBieHudl ans ¢yHxkuwau f(2) npu | 2|— co.

Wz (1.4,1) caenyer, uto otnowmenue dynxkuuit f(2) 1 ¢ (2)
CTpeMHTCS K €NMHHMLE NPH HEOrPaHMYEHHOM BO3PaCTaHUH | Z |,
T. €. BHITEKaeT acCHMITOTHYECKOE DABEHCTBO 00EMX (PYHKIHi:

f(z)%cp(z) a<sarg 2 <<B. (1.4,2)

2—»00

Ouenka Monyas O0CTaTOYHOro uneHa r(2) HaeT BEJHUYAHY
OTHOCHTENbHOH oOmNOKH, NOomyckaemol mnpu samene f(2) Ha
#(2) npu Goabmux, HO KOHEUHHX, |Z|.

Bonee Tounoe onucanne mnosenenns Qynxkumu f(2) npu
|2|—*oo yeM TO, Koropoe maetcsi opmyaoit (1.4,1), moxer
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OBITH MMOoJIy4eHo, €CJau ynaercd YCTAaHOBUTb PABEHCTBA

N -
f@=¢ (z)[E a2 " ry (z)J, (1.4,3)

n=0
ay=1, N=0, 1, 2, ...,

rae 2Nry (2) paBHOMEPHO CTpeMUTCH K HyTio IHpH |2z |—- 00,
o<<arg 2<<{, YaCTHBIM CJyYyaeM KOTODHIX, COOTBETCTBYIOIUM
N=0, saBrserca dopmyaa (1.4,1).

B rakom cayyae numyt:

f(z):wcp(z)Za,,z“", |z]|—>0c0, a<<arge<<B, (1.4,4)
n=0

¥ Ha3blBAlOT MPaBYI0 YacThb aCUMINTOTHYECKUM psigoMm mas f (2)
npu Gosbumnx | 2|

Crenyer saMeTHTh, YTO B JaHHOM OMNpeIeNeHHH He comep-
)utcs TpeboBaHms, 4TOOB paccMaTpUBAEMBI DAd  CXOZUJICH
B OOBIYHOM CMBIC/IE, HAampOTUB, KaK IPABUNO, OH OKAa3bIBAeTCsl
pacxomsamumcad. Tem He MeHee MOJNy4YeHHBIH aCHMITOTHYECKHUH
psl BecbMa IOJE3EH, TaK KaK, B3gB KOHEYHOE YHCJIO UYJEHOB,
Mbl TOMYYMM ATA [OCTATOYHO OGOJBIIMX |Z| CKOAB  YrOmHO
TOYHYIO annpokcuManuio GyHkuuu f(2).

B HacTosimieit KHUre yuratesap HafimeT GOJBIIOE UYHUCIO HPHU-
MEpOB aCMMNTOTHMYECKMX MNPEACTABICHUH U PIAOB DPasJMUHBIX
¢yukunit (§ 1.4, 2.2, 3.2, 4.6, 4.14, 422, 5.11 u 1. n.).
OOurast Teopus aCHUMITOTHYECKUX PANOB PacCMaTPHBAETCA B Kyp-
cax anaiusa *). ’

YroOH MHOMYyUMTb aCHMITOTHYECKOE MPEACTaBJIEHUE s
ramma-¢ynknun I'(2), yro6HO HayaTh C BBIBOJA COOTBETCTBYIO-
et gopmyanl mast jgorapudma 3TOH PyHKUMH.

IIpennonoxumM BPEMEHHO, YTO 2 €CThb KOMIIEKCHOE YHUCIIO,
BEIECTBEHHAs 4aCTh KOTOPOrO MOJOXHTE/bHA, U BOCIOJNb3yeMCs
HHTerpaipHbeiM npeacrasiexnuem (1.3,13).

#) CM., nanpumep, B. I. CmupHoB [1], cTp. 394—397; E. T. ¥ u 1-
‘rexepu . H . Batcon [1], rn. 8.

§ 1.4] ACHMNTOTHYECKOE MPEACTABJEHHE I/t BOJBIIUX |2] 23

3amensis B 5TO# Qopmynre 2z Ha z-}-1, umeeM TOXIe-

CTBEHHO:
(o]

F'( +1) —t —tz
ey =) (=T )=

[e o) [oe] (o]
et — etz 1 _tz 1 1 1 4z
= (== dt—{—gj‘e dt—j<7—7+e7—-_1>e at,
0 0 0

uad, Ha OCHOBaHuu pPaseHctsa (1.3,11),
(o)
IME+1) 1 1 1 1 > —tz
ey — 213, _‘j‘<2 — 7T a— )¢ 4t
0

Viurerpupys mocienHee paBeHCTBO Mexay npenenamu (1, 2)
W TpHUHMMAasg BO BHUMAaHUE, 4TO

Inl(z-+1)=mI'(2)-+1ng,
HaxoauM *):

lnT(z):(z——é—) nz—z-4+1-

¢ 1 1 1 etz — ot
_{_j (7_7+e__1>___t dt, (1.4,5)
0

rae R (2)>0.
3ameTuM, yTo (QYHKUUA
1 1 1 1
f(f)=<7—7—|’e7jT>7, (1.4,6)
KOTOpasi BXOAMT MO SHAK WMHTErpana, HenpepsiBHa npu £=0
u f(0)=—11§, B UeM Jerko ybenuthes, pasioxus f(f) B cre-

NeHHO! psin B OKpecTHOCTH Touku £=0.
Yro6er ynpoctutb dopmyay (1.4,5), HeOOXOMNMO BHIYUCIHUTH
8HaYeHHE HHTErpana

[— 5' f(etdt. (1.4,7)
0

¥) BeiGop NmyTH MHTerpHpOBaHMs He MMeeT 3HaueHHs. 3aKOHHOCTh
HHTErpHpOBaHKMA NMOJ 3HAKOM HHTErpana BhITEKAeT M3 aGCOMOTHOH CXo-
IHMOCTH.
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ITocnennee MOMET OHTb BHIIONHEHO NPH NMOMOIUA CJEAYIOLIErO

HCKYCCTBEHHOTO Ipuema.
ITonoxum

od t
J= j’f(t) ¢ zdl (1.4,8)
(1]

Torpa umeem:

OTKy.Ha:
_t
_‘f e 2-—9‘_’ et | dt
= 3 o Tr T
B
- ¢ t
o - -i5
. d(e 2 _ ot et—e 2|
—6”'—?‘ 7 >+ or —— =
_t .
e 2 ot
=t '+
0
. _.t
1 et—e 2 1 1 1
+7j L dt= g (1.4,9)

1
C mpyro#t cropousl, nosaras B (1.4,5) 2=, HaxOmuM:

1 1
J——I=71nn———2—, (1.4,10)
NI03TOMY:
1
1=1——-2—1n2:r. (1.4,11)
Ilpunumas BO BHHMaHHe NOTYYEHHHIH pesy/ibTaT, MH MOXEM
npeacrasute ¢opmyay (1.4,5) B caenyiomem Bume:

lnI‘(z)z(z—%>lnz———z—}—%1n2w—}~m(z), (1.4,12)

§ 1.4] ACUMNTOTHYECKOE NMPEACTABJEHHE A BOJBIUIAX |2] 25

TEE

m(z)—__—j‘f(t)e“zdt, R(#)>0. (1.4,13)
o

IMonbsysice HakileHHbM BepaxenueMm (1.4,12), HeTpyAHO mO-
AyuHTb aCHMITOTHYECKOE NPEACTABJICHUE IS T'(2). Tpeanono-

KM, uTO |2|>1, Eargziég—. Wurerpan (1.4,13) ocraercs

npu STOM eule CXONSIIUMCH, W, HHTErPUPYs MO YacTaM, Mbl
HaXOOuM:

m(z)zg[f(O)-,Lff' (t)e“zdt]. (1.4,14)
0

TIpn BospacTanuu ¢ (yHkuus f(f) MOHOTOHHO yOmiBaer ¥),

ﬁoaromy @O0, |f)|=—F () u ua umeem:
1 ( o __2700)
w@l=pr o= f o=,
T. €
0@z, 121> Jagz|<F. (1415

Torenunpys pasencrso (1.4,12), Haxomum:

o1
T(z)—e —3)me=sdghn Tlar@h (1.4,16)

2|1, Jagz|<3,
roe
r(x)=e>®—1.

¥) DTo HemocpeaCTBeHHO clelyeT M3 pasnoxenusa f(f) Ha yacTHbe
Apo6u

v !
=2 Zm

X0TOpoe MOKET GWTh NOIYseHo Takie sieMeHTapHuM oOpaso. (Cw.
I M. duxrenroasu [1], n° 501.)
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.

Wz ouenku (1.4,15) crenyer:

Ir2) | <-C

Tz]
rae C—HeKoTopas abCoMIOTHAST MOCTOSHHAS.
Takum o6pasom, dopmyna (1.4,16) maer HCKOMOE aCHMITO-

THYecKoe npenacrasaenne I'(2) B cexkTope ]argz|<£

(1.4, 1’“7)

npuyeMm

OCTAaTOK r (2) ecThb BEJMYHMHA MOPAAKA % npu | 2| — oo *):
r(2)=0(". (1.4,18)

HUT0GH MOJIYYUTh aCUMITOTHYECKOE NPEACTABICHHE [/ raMMa-
($YHKUMH, MPUrOJHOE B APYTAX CEKTOPAaX IIIOCKOCTH KOMILIEKC-

HOr0O nepeMeHHOro, Bocmoabsyemcs ¢opmymaoit (1.2,2). Tlpemmo-
T
JOKUM, UTO o <Al 2T — 0, rme 8 —MpOM3BOJIBLHO MaJjoe

(uKcHpOBaHHOE NOMOXHUTENbHOE uyncao. Toraa -arg (— 2)=
. T
=AGZ—T U — <<arg(—=2)=<<—20.HaocnoBanun (1.2,1—2)

nveem:

T(2)=; T (1.4,19)

—2) [ (—2)sinnz
NpUYEM, COrJIaCHO paHee BhIBEAEHHOH dopmyne (1.4,16),
1 1
—(Z+— Inz—mwi)+2z+—1n2=
I['(—2)=c¢ 2)( ) 20T 10 @M. (1.4,20)
C Zpyro#i CTOPOHBI, B PacCMaTPUBAEMOM CEKTOpE

irz —irz — itz \
. e —_— P
sinwe = ¢ ___ ¢ (1 — e?) —
2 2i -

e

—irz [ i
L 1 " e—mz _
Ty (\1 —Z" ze? Zz>:_ 57 [1 —{— O(Z 1)], (1.4,21)

TaK Kak 2e%™? orpaHuyeHo.
IMoacrabass (1.4,20—21) s (1.4,19), 1pux0auM CHOB
4, 4,19), a K ¢op-
myne (1.4,16). » P bop
Ananornynelfi pesysabTar NOJMyuaeTcs A CEKTOpPA

—(r—d)<agr<—-.

*) f(2) ectp BennuuHa nopanKa ¢ (2) npu z — 2, f(2) =0 { v (2) },

€CIH B OKPECTHOCTH 2, BHINIOJHACTCA HEpPaBEeHCTBO 2) | <
rie A — HEKOTOpasa NOCTOAHHAasA. P If( ) | =4 I ¥ (z) l!

§ 1.5] ONPENENEHHBIE HHTETPAJIBL, CBA3AHHBIE C TAMMA-®YHKUMEH] 27

Takum oGpasoM, naas JOOHX |2|>1, |argz|<<m—38
gMeeT MECTO aCHMITOTHYECKOE MpPeICTaBJIEHHE:

1 1
I‘(Z)=e(z—?) AT L 0@ Y] (1.4,22)

[TyTeM HEKOTOPOrO YCJIOXHEHHMs MPUBEIEHHHIX BHILIE paccy-
KJEHAR MOXCHO BBIBECTH 0o0Jjiee TOUHYIO (QOpMyJTy:

I‘(z)ze(z—é—)lnz—zﬂ:—;lnh[l +1—;2+

1 139 -
+ s —sm0r TO 4)J- (1.4,23)

Ecau 2= X — BEIIECTBEHHOE MOJOXHUTEJIbHOE 4YUCIO, TO
dopmyna (1.4,16) moxer OblTb 3anucaHa B BUAE

1
T(x)=) 2rx Z2e—*[1-4r(x)], (1.424)
u mna r(x) moayyaercs GoJee TOUHAs OLEHKA, YeM Ta, KOTOpasd

naetca HepaseHcTsoM (1.4,17). IeiicTBuTenbHO, MpH z=x >0
MBI HMEeM:

lm(x)!éf(O)je_xtdt_—_l—;;, (1.4,25)
0

OTKyZAa CJEdyer:
1

|r(x)|<<eZ—1. (1.4,26)

B sak/oueHHe yKaxeM Ha aCHMITOTHYECKYIO (OpMyty A
daxTopuana n!, KOTOpas HEMOCPEACTBEHHO BHTEKAaeT us ¢op-
myn (1.4,25) u (1.2,4):

1
may2mn e, (1.4,27)

n—» Q.

§ 1.5. Onpenenennbie MHTErpaibl, CBA3aHHbIE
¢ ramma-pyHxnuen

Knacc wuHTErpasoB, KOTOpBHIE MOIyT ObITh BBIPAXKEHBI YEPE3
raMma-(yHKuu, OYeHb oOmuped ¥ MBI OTPaHUYUMCH 3AECH UL
HEMHOrOUKMCJEHHBIMU MPUMEpaMH, MMEsT B BHUIY TIJIABHBIM o6pasom
HOJyYyuThb HEKOTODHIE ¢dopMmysbl, HeoOXomumble B DasIUYHBIX
pasigenax HacTOAWEH KHHUTH.
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Onno#t w3 HauGonee NPOCTHX M BakHBIX dopmya sToro
THNA SBJIAETCS PaBEHCTBO
[ee]
j Pt Bt =
0
rae R(p)>0, R(2)>0, KOTOpoe Jerko A0Ka3bBAETCS IS
TIOJIOXHUTE/NbHEIX P, €C/AU NPOUSBECTH  3aAMEHY [EPEMEHHOH HHTe-
TPUPOBaHUA, TNOJNOXKHUB §==pf, U 3aTe€M BOCIIOJb30BATHCH HHTE-
TpalbHEIM npenctasiaennem (1.1,1). Pacnpocrpanenue nomyueH-
HOT0 pesyIbTaTa Ha JOObIE KOMIIEKCHBIE 3HAYEHHS P, BEIECTBEHHAs
HaCTb KOTOPHIX [OJIOXKHUTENIbHA, OCYIIECTBIASETCS C [TOMOLIbIO
NPHHIANAG aHAJTATHYECKOrO NPOMOJIAEHHUS.
B kayectse BTOpOrO BakHOrO HHTerpana, KOTODHH MOXeT
OHITh BHIDaXEH uepes raMMa-(yHKuHIO, paccMOTpUM HHTErpal

T _
p(f) , (1.5,1)

R(x)>0, R(¥)>0,(1.5,2)

M3BECTHBI B JIMTEpAType MOJ HasBaHHEM Oera-QyHK UMM,

Jlerko Bumerb, uTO mpu ykasanmom OrpPaHUYEHUH HHTErpaJ
(1.5,2) cxomutcs u npencTaBaser co6oi PEryJspHYI0 (DYHKLHIO
KaXJOr0 M3 NEPEMEHHBIX X U Y. ‘

Ecau BBecTn HOBOe mepemenuoe UHTErPHPOBAHMA 1 =1—,
TO 1 GeTa-PyHKUMM MOJYYaeTcs HOBOE BHIPAKEHUE:

1
B(x, )= f #1(1— -1 dt,
0

R° X—1
B (x, y):f _(ﬁlim du, R(x)>0, R(y)>0. (1.5,3)
0
Bocnoabsyemcst Teneps dopmy.oi (1.5,1) n nonoxum B Hei
Pp=1-u, z=x-y. Torna Haxomum:

! — ! g ~(1+u) ¢ -1 =
T =Taty )« (s
0

OTKyna, mocne mnoacraHoskn B (1.5,3) u nepemenst nopsaKa
VHTErPHPOBAHHS, IIOJYYaETCH:

R P
B (5, =gy | e at [ ettt qu—
0 0

T(x) Ooe" o1 g T'(x)D(y)

=TI, Ty (1:5:5)

el

g 16]

TABJHIB TAMMA-®YHKIHH 29

3aKOHHOCTb MEPECTAHOBKH OOOCHOBBIBaETCH IIyTEM JIOKasa-
TeAbCTBa aOCOMIOTHON CXOMMMOCTH IBOMHOrO HHTErpana. Takum
o6pasoM, cBA3b (yHKumd OeTa C (yHKLMEH ramMma ycCTaHaBIu-

paeTcd (opmyroH
_I'(xT()

MO/Mb3YSACh KOTOPO# JEerko BHIBECTH Bce coficTa B (x, ¥).

§ 1.6. Ta6auupl raMma-yHKIHH

HOna ¢ysxkumn ['(xX) n cBasaHHEIX € He# (yHKuui cyme-
cTByeT GOJbLIOE YHUCIO PAa3JUYHBIX TalJauL, H3 KOTOPBIX MHl
H430BeM, B KauyecTBe Hanbojee JDOCTYMHBIX M MOAPOOHHIX, Cie-

Ayiouie TabJuIb.
y 1. B. U. Ceran u K. A. Cemennsesn, Ilarusnaunne

marematndeckne tabmuust. Msg. AH CCCP (1948):
T'(x), x=1(0,001) 2,
T'(n-+1), n=1(1) 50.
(YnoTpeGieHHas BhIIE COKPAUIEHHAs 3aluCh 00O3HAYAET, UTO
apryMeHnt x usmenserca or 1 mo 2 c¢ unrepsazom B 0,001).

2. E. duke u ®. dmnae, Tabmiusl ¢yHkuuit c dopumy-
namu v KpusbiMu. I'octexusmat (1948):

T 1), x=0(0,01)4
dﬁ?il% §=0(O,01)1}

3.4. H lllnunabpeitn, Tabmuusl crnenyanbHeX (yHKLIAH.
Tocrexusgar (1933):

T'(x), x=1(0,002)2, 5 3H.
4. K. Xa#awun (K. Hayashi), Fiinfstellige Funktionentafeln.
Berlin (1930):
I'(x), x=—5 (0,01) 1 (0,001) 2 (0,01) 5,
5. British Association Mathematical Tables, vol. 1. Camb-
ridge (1946):

! 1), x=0 (0,01) 1,
tEED ﬁ_—_—.lO((O,l) 60 }

4 s3H.

5 3H.

12 3H.
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BuGauorpaduyeckue cseieHus O APYrnX Tabanuax raMma-
(ynxkiwan MOXHO Ha#Ta B MoHorpadguu P aertuepa, Mua-
nepan Posenxenma [1], conepxameti BechMa moanoe omm-
cauue Tabauil cieumanbHBIX (yHKuuM, usmanHbiX mo 1943 r.

Ynpascnenusn
1. Jlokasath, uTO NpPH BCIUIECTBEHHOM T
= N P =
1T =g "(?*‘”) =T
2. B (1.5,6), PHTH Qopmyn:
en 29 4pegmea T (X v) T(x—y)
(choy= [ (2%) ’

R(x)>0, R(X)>[RUH:

8. Momyuuth GYHKUHOHATHHOE COOTHOMICHHE
-1
2 1 2
T (z)I‘(z—{-T r (z+—§)
(® Y. Caunpron [1], crp. 271—-212),

Kot dopmyroft nas ramma-
\pyulumu, noKasath, YTo IpH MOGOM @
i DEH @ ame_
1zl L(2)

5. Bumectn dopmyay:

t
retg

1 1 i
InT (2) =(243)lnz-—z+—2—ln2-n +2jm d,  R@E>0

(Yurtexepu Batcoun (1], crp. 24—25).
6. MMoayunth uHTErpanbHOe NpeiCTABICHHE JIA KBAjpaTa ramma-
G ynxunn

I (2) = 93 f 2K, () dt, R (2)>0,

rae Ko () — dynkmua Maknounanena (§ 5.7).
Ykasanue. BocnonhaosaTscs (popmyaamn (5.10,25), (1.5,1) u mh-
TerparoM mnpamepa 2.

YIPAKHEHAS 31

7. Tlpn wowoun_ konTyproro wterpipopaiy MOKAIATH, YTO AL
MO6HIX 3HavenHit e. MHTErpadb-
Hoe NpeACTaBICHHE

1 -
=5 | eltTFdt,
rE=m | A

(2) ¢
me £ F=e" M, —m<arg¢<w u Koutyp C COCTONT H3 OTPC3KOB
(0o, — @), (— O, — @) HIKHEro H BEPXHEro Geperos paspesa (—c0, 0)
" sampKaomed 1x nyrw kpyra |{|=a mpousBobHOro pamuyca a
(Cwupion [1], crp. 275).

JIATEPATYPA ¥ TVIABE 1
Cwmupros B. W. [1], Ky:shMml P. O. |1}, Vnrrexep
u Barcon [1], Huabeen [1].
Cupanoqlmm Prognkg W, M nl‘panmrcnnw cy(1,
Marunyc 1 O6epxermrep [1].
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MHTEFPAJl BEPOSITHOCTH M CBSI3AHHDBIE C HUM
DYHKLHH

§ 2.1. Unrerpan BepOATHOCTH M €ro OCHOBHbIE
cBoiicTBa

Wurerpanon seposrtocTi ® (2) HaBBIBACTCA (YHKUHSA, KOTO-
pas 1A mOGHX KOMIUIEKCHBIX & ONPEAEISeTcs Npu moMoud
pasencTBa

z
2 r o
@(z)_—j et dt, @nn
14
rIe HHTErpup Test MO mp y nyTH,
y Haua’no T ¢ Touko#h f=z. Tak xax
1OAUHTErpaIbHoe uenoit KOM-=

MACKCHOTO NEPEeMEHHOrO £, BHI MyTH HHTErPHPOBaHUS HE HTPAeT
POJM M MOKHO CUMTATh, YTO HMHTErPUPOBAHHC NPOUSBOMMTCA
BIOML OTPE3KA MPAMOH, COGMMHAOMIEH TOUKM t=0ut=z
Tlo ussectHol Teopeme @ (2) mpeacTaBaser uexyio (GyHKUHIO,
KOTOpas MOXET OHTb pas/oueHa B crenendoft pax, cxoasuuhcs
npi mMoGHX SHAYEHWAX [EPEMEHHOrO 2z*¥). Jlas TOro, uTOGH
MOMYUdATh 3TO DasNOXeHue, JAOCTATOYHO NOACTABUTL B @11

P
#) Hnrerpan ?(z)=J. F(f)dt, BeaTeM TO TPOMIBOABHOMY MyTH,

&
npuRanieRauiemy oxHockaiofl o6aacti D, B KOTOPOft f({) perymupha,
ecTh peryaapas byHKuAs B 570H o6ractis. Ci., Hanpumep, B. M. C v p-
wos [1], ctp. 25 m 27—28. Teopema CUpaBelTHBA H B TOM Cryuae,
Korma f(a)=00 WaM = co, NpH YCIOBMH, YTO HecoGCTRCHMI MHTC-
rpai CXOmUTCA.

§ 2.1] MHTErPAZ BEPOSTHOCTH W EFO OCHOBHBIE CBOHCTBA 33

COOTBETCTBYIOMMHA DAl [iA TMOKasaTeNbHOH (YHKUHM H (DOMH-
‘TerpupoBaTh €ro mousenso. Ml Haxomum TOrAa

2 (YN (—=1yen
> S
&=y 6",.2' nl

i

fz{< oo, (2.1,2)
TaK Kak MPOLECC MHTErPHPOBAHUSI CTEMEHHOTO psja ABJAAETCH
gakonubivM. M3 dopuyaer (2.1,2) crenyer, uto ® (2) — nevetHas

dynkuns ot 2. Ilpu BemecTsennsix 3Hauennsix aprymenra @ (2)
npencrasasier coGOH BEUIECTBEHHYIO MOHOTOHHO BO3PACTAIOLIYIO
yukuuio, rpadpuk KoTopolt n3o6pawen Ha puC.

3uauenne Qynkunn npu nynse @ (0)==0, a npu BoapacTaHuu
26651c1po npubamkaerca K npeaeasuony suauennio ® (c0) =1,
u6o

. (2.1,3)

Pasunua mexay O (2) u 9TUM NPEIEABHBIM SHAUCHHEM MOKET
OuTh npeactasaena B dopye

1—@ (2

2.1,4)

3 H. JleSenes
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VlaTerpan BepOATHOCTH BCTPEYAETCs B Pas/iMYHHX BONMPOCAX
TPUKJIaNHOR MAaTEMaTHKW, B YAaCTHOCTH, B TEODHU BEPOATHOCTEH
1 TeOpHH OINUGOK, B MaTEMaTHYECKOH TEOPHH TENIONPOBOHOCTH H
B IpYrEX pa3jefiax MaTemMaTaueckofi pusnky (§ 2.56—2.6). B ante-
patype Hapaly ¢ uHTErpazoM BepostHocTd P (2)uacto paccmat-
PHBAIOTCA PONCTBEHHHE €MY (YHKIWH, HMEHHO YHKUMS OWHGOK

2
Erf(z):jr r«dlzlfz’,‘,q,(z),
0
H ee JONOAHEHHE
Erfe (@)= | efdt=

z

E—o@)

Muorue unTerpanh 60MCe CIONKHOrQ BAAA TAKKE MOTYT OHTH
BBIPAKEHE YEDE3 MHTErPa BepoATHOCTH, TaK, HanpaMep, METOAOM
Ind(pepeHUMPOBAHNA MO IAPAMETPY, JETKO 110KA3ATh, UTO 115 2 >0

2L+ = I — D (/D)

§ 2.2. AcHMNTOTMYECKOE NpeICTABJICHAE NS HHTerpaia
BePOATHOCTH NpH GoJbmMMX 3HAaYeHHsX |2 |

,a,’lﬂ TOro uTOOL! llO.’ly‘lHTb ACAMIOTOTHYCCKOE npencl'asnelme
dyukunn O (2) npn X [z},
dopmyoi (2.1,4) u npeoGpasyem BXoAsmmi B Hee mnerpan
€ MOVOWbIO WHTETPHPOBAHWA MO HaCTAM.

Mur HaxXOguM 110CKeN0BaTEIbHO:

< 2 "
i‘e*“dt_fz ’j‘ =
Laf 1 .3 1.3.5
T % Tm T e
a1
et Cap! i |

S led a"“”’j

§ 2.2] ACHMNTOTHUECKOE MPEICTABAEHUE NMPH Roapmmx [z| 35

OTKyZa CAexyer:

“""’Jrrn(e)] @21)

@41
= ze”|

Teend dt.

,me

(2 @29

<53
HOE Manoe MOJOKWTENLHOE YACAO, H BLIGCPEM B KauecTse MyTw
HHTErpApOBANNA B (2.2,2) NOYNPSMYyo, HAUMHAOMYIOCA B TOUKE
t=—2z u mapamICibHyo BemecTsednofl ocu. Iloxaras z=x+
L iy =ref?, M muecy, 4TO Ha paccmaTpmBacModl mpswod f==
—utly (v<u<oo)

| [-entd << | 2 [en D),

TIpcanonoxum, uro |arg 2| =< rae 8-—IponsBoab-

|e?t =t e¥ — a0, |t <<usecs,

TIO3TOMY M3 ONEHKW [0 MONYMIO CTEZYyeT:

@<

ety g = 128 21 )§EC¢.

3. @i
EE

Taxuy 06pasoM, umceM:

1 3 . @n 1) .

@< "W‘ D secp ! —eiE )+ secd. (2.2,3)
1T pesynipTaT  TMOKas 410 Hp

2" f..(z) B paccmarp cexTope P crpevmTest

K Hyao, Korga | z|--co, T. €. pan, crommmd B npasofi acTH
PaBCHCTBA

L@e—1)

1—@ ()~

(2-2:4)

larg 2 | << ;48,

sBaseTca acuMmToTHueckny I dymkuaz 1 —®@(2) (§ 14)
Beanuyusa ownbku, KoTopas cA, ecan P

BaTh paccMaTpupaemMyo QyHKuuio CyMMOR (n-} 1) nepeux ure-
HOB IIaHHOTO pama, BupakaeTca ¢opuyroit (2.2,3), mpauem
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AN KaX(Ioro 2 CywiecTByeT CBOE ONTHMAJIbHOE 3HaueHuwe 7,
a5 KOTOPOro ommbka Oyaer Hauvenbuied. JIag penmecTBeHHbIX
TOMOKUTEALHHX 2 OWNOKA HE NPEBOCXOAAT BEMHUHHA MEPBOro
OTOPONIEHHOTO ysrena.

AcnMuTOoTANCCKDE NPEACTABACHAE ATH  HHTErpaTa BEpOAT-

HOCTH B CEKTOPE ﬁ—&garg:g?j—& NO: GBITh MOy~
“eno n3 (2.2,1) ¢ nomoutbo cootnowenns P (2) = — @ (—2).

TlocTpoerne acHMITOTHYECKOrO NpeACTaBieHia Aad CexTopa
T T
5 —8=argz="- -8 TpeGyeT OTALALNOrO  paccymuenus
{cp. 2.3,5).

§ 2.3. Uurerpan BepOSTHOCTH OT MHMMOIO apryme:Ta.
Dyuknus F(2)

B npuioenusx, HapiLy C MHTErPaiOM BEPOATHOCTH OT
BEULECTBEHHOrO apryMenTa, BCTPEUAIOTCA Tar@e ciayyad, Koraa
aprymeHt (yHKugM NpeicTasiser kovmnaexcuoe wncxo. OgHum
43 HauGoee NMPOCTHIX H UHTEDCCHBIX CPEMH HHX BIAETCA Cay-
Watl uMCTO MHHNOFO apryMeHTa 2==iY, X — penecTsenHo. Boc-
70J1b30BABIINCh ONPENEALHICYM UHTErpasa BeposTioctd (2.2,1)
W BHOpaB B KauecTse NyTH HHTErPHDOBAHMA OTDE30OK MHAMOI
OO, [OAYYHM NOCAE MOACTAHOBKU f==iu:

@ (

.
i? ‘j.z""’dn, (23,1

o

MiTerpan B 1npaBoil YacTH HEOrDANHYEHHO BO3PACTAeT mpn
X - O, TOITOMY B HpPWIOKEHHAX GoJce YAOOHHM sABIfETCH
paceMaTpEBate QKMo

F(z):rﬂj ewdu, (2.3,2)

0
KOTOpas OCTACTCS OrPaHHUEHHON DM MOOHIX BEIECTBEHHBIX 2
(2.3,5). B ofmew cayuas KoMmieKCHmX 2 ¢ynxuua F(2),
onpenenennas pasenctson (2.3,2), Gyaer uenoil, n Buop nyra
nuTerpaposanus B (2.3,2) ABAAETCH  BMNOJHE NPOHZBOILHBIM,
Sl TOro uTOGH MOJYUMTh Da3ioXesue 3TOH (yHKUAM B cTe-

§ 2.3]  MHTErPAJ BEPOSTHOCTH OT MHHMOTO APTYMEHTA 37

nedHolt psd, 3aMeruM, uTo F(2) yamoBaeTsopsier JMHEHHOMY
IMGpepeHInaTbHONY YPaBHEHIO

F'(2)+4-2:F (2)=1 (2:3,3y

¢ HauaabHelM  ycaosdenm F(0)==0. [Toacrasasa B 310 ypasie-
. ©

nue pan F(2)= D a,2", noayyaem nyTem cpasHeHus Kodpdu-
o

HHEHTOB NPH OAHUHAKOBHX CTEMEHAX 2 PEKYPPeHTHHE COOTHO-

?F [z

07
07 77 s @5 W T
Puc. 2.
wenns @y=0, ¢, =1, (z-}-1)a,., - 2a,, =0, orkyaa nocie

MPOCTHX BHYACACHHH HAXOAUM:

(— Iz

M El<e @b

o
N

F()= ¥
0
Jas oueskn nosefenns F(2) ipH BEWECTBEHHHX 2 — 0O
MOXHO BOC ThCS Jlonutaxs, p npi-
Menenue Kortoporo K (2.3,2) maer lim 2zF (2)==1, oTkyaa

2w

creyeT acAMITOTHUECKan (opMya:
F@)~g, z—oo. (2:3,5)

I'padux (ynkunn F(2) A1 BeuecTBeHHHX z=0 u300pa-
JKeH Ha pHc. 2.
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Makcumym dynkuss gocruraeres npu z2=0,924... u pasex
Frax=0,841... .

Pynkumst F(2) serpevaeres B reopan pacnpocrpaHeHus saeK-
TPOMATHHTHEIX BONH BIOML 3€MHOM NOBEPXHOCTH M B JDYrAX
3a/la4ax MaTEeMaTHYEeCKOH (usuKu.

§ 2.4. MnTerpan BeposTHOCTH oOT aprymenTa xl/?.
Hnrerpanst ®penens

Jlpyro#t mnrepecusi# ¢ Toukn 8peHust npuiokennit cayual

UPEACTABASCT COGOM MHTErpan BEPOATHOCTH ¢ KOMIIEKCHBIM
- X A

APryMeHToM 2 ==x 1/1:—?([ 1), x — Bemecrennoe moso-
KATETBHOE yHCAO. Brbupas B xauectse nyrn HHTErpHPOBaHis
B (2.1,1) OTpesok GHCceKTpUcH KOOPAUHATHOTO yria u eBois
HOBOE BEWLECTBEHHOE nepeMentoe & 10 gopmyie t*u;/i, MBI
MOXEM NPEACTABUTH BHAYEHHE WHTErpajta BEPOATHOCTH A STOTO
chyuas B Buie:

L)

x
[‘e e =
Ve
x
- ('sin a2 ¢u. (24,1
V=,
o

Muterpann B npasod uactd MoryT GuTh BhpaseHs uepes

GryHkunu

. .
C(2)= j' cos L, S@)= j sin

& §

(2.4,2)

TAe MHTCrPHpOBAHHE NPOMSBOAMTICA MO JOBOMY NYTH, COEMMHAIO-
WeMy HaYal0 KOOpAMHAaT ¢ TOuKOH /== 2z.

Synkuwn C(2) u S(2) HaswBaioTCs uHTErpanaMmu Ppenens.
Tax kax nomuurerpambhsie Bmpawenus b (2.4,2) cyms nease
YHKIMH KOMIJEKCHOTO mnepemenHoro f, BHIOOD NyTH HHTe-
PUpOBaHNA HE WMMEET SHaueHus, n obe dynxuau C(2) u S(2)
{IpencTaBAsioT co6ok ueame ¢ynkuun ot z. Ilpu BeiecTen-
Hom z murerpans dpenens vemectsenun. I'padukn sTUX PyHK-
Ul ana STOrO Ccayuas usoGpaskenst Ha puc. 3. OGe hyHKuun

§ 2.4]) WHTETPAZL BEPOSITHOCTH OT APIYMEHTA x 1/ i 39

oGpawaotes B HyIb npn 2==0 i MMEIOT KoreGare/ b Xapak-
Tep ). HanGonbmme wua Makcamymos OYAYT COOTBETCTBEHHO

10
051 Cx)
S
0
Puc. 3.
C(1)=0,779893, S(Y3)=0,713972... Tlpn 2z—-+oo

Kaxaasd us (YHKIMH CTPEMATCA K Tmpeaeny:

C(-00) =S (+00)=

-
TaK KaK, Ha OCHOBAHWM M3BECTHBIX opyyn *¥),

(2.4,3)

©
- 2 p— .-‘ 2 —
Jeost zz't_:’jsmt =

0

Passiarast TparoHoMerpuueckue (YHKIMH, CTOAMIME MO 3HA-
KoM uHTerpanos (2.4,2), B cTeneHHble PAMBl @ WHTErpUpyd HX

#) 11 paccyar ynuiit Gopuy-
ramm R o
C’(z)=cos%, §'@)=sin"}-,
n097T0My C (2) WMeeT SKCTpeMyMut B Toukax z= 1/ a1, 5 (2)

+ V2 (n=0,1,2...). )
s naanuep,( [ M. duxtenronnu [1], n° 484,
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TOWICHHO, TOAY4YaeM NPCACTaBJenus IUTs mrTerpanos dpeuens
B BAle PSIOB, CXOAAWMXCS MPH MOGWX 3HAYEHUsIX 2

(7] = 25

o gintt
\z ) FrNE

=Yl i
2] < oo,

Cassh mHTCrpanos Ppenesss ¢ WHTETPATOM BCPOATHOCTH YCTa-
HapanBaeTca dopmyaamu:

C)EiS ()

OTKyHa cremyer:

Toab3ysch HalfEHHLIMH  COOTHONIEHUIMA, MOXKHO BLIBECTH
CBOHCTBA paccMaTPURaeMulX (ynKouéd M3 COOTBETCTBYIOUIMX
CBOWCTB HHTErpasa BEPOATHOCTH. B uacTuocTH, BOCIOJL3OBaB-
wHch pesyrpratamu § 2.2, y nie-

§ 2.5) TIPAJIOKEHWE K TEOPHH BEPOATHOCTEH 41

CKHe NpEACTaBACHHA MHTCIPAnOB BpeNens, IPHFOAHHC A9 GOML-
nmx sHaveHutl | z| u ]argz]s%—s:

C()= 77_1; [B (2)cos I(,Z—sg A(2)sia ”i’—J R
! ; (2.4,7)
S(z)—ii;[A(z)Losf ” {-B(2)sia ‘27J
rue
—1
A= 2 Gt 40w,
1
B@)= 2 hTI,?;::HLO(f‘"‘ﬁ),
uk— L @E—1), a,=1.
Unrerpansl ®peweas BCTPEHAOTCH B PasanuHbiX  06AacTAX
(pUBHKY W TCXHUKH, B TCOpHE , TEOpHH

TIonepeNHHIX  KosieGaunit cTepaus W T. A, Muorme umterpain
©onee CAOKHOTO BuAA MOTYT GuiThL BLP®KEHU Yepes PyHKuun
C(z) u S(2)%).
§ 2.5. Mipunoxenne K Teopun BeposATHOCTEH

Tycte x — cayuaitnas Beauwnya, OTKJIOHCHWE KOTOPO# OT
CPENNETO BHAMCHWI X IOJYHHEHO 3aKOHy I'aycca, T. . BEPOAT-
HOCTL MOABJIEHAS OTKJOHCHMH, Jexauux B murepsanc (X —.x,
X —x - dx) Bupaaerca dopmyaon

L x—5
V=

rie G— HEeKOTOpas NOCTONHHAA, HA3LIBACMAT CTAIAPTHHM OT-
KIOHeHueM #¥*),

X7
=y, (2.5,1)

) Cu, manpawep, 1. M. Pruuk n M. C. Tpanmretin [1].
%) C., nanpimep, Yntrekepn PoGuucon [1].
ECIN MONCCTHM PE3YILTATH 72 HOMEDEHMii BEAWUMNR X1 i, Xy --
7 (n—GoTbiloe WHCTO), TO IHAYCIIE TOCTORHARX X U T MOTYT
Guirs, meuncieHs MO ophyaan:

»
1 W 13\ —
o Z X P Z (% — .
i i
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Torga BEpPOATHOCTH TOFO, UYTO OTKJAOHEHUE X — X Gyner
HAXOANTbCA B uHTEpBate (a, B), MaeTca paBeHCTBOM

rae @ (x)— UHTErpaT BEpOATHOCTH.

B wactHoctn, ecimn a=-—oco, B=oc0, To W=1, KaKk u
C/1e/10BANI0 OXKALATE.
Honaras a==-—38, B==38, nomyyaem BepPOATHOCTH TOrO, YTO

OTK/OHEHHE X — X 10 aGCOMOTHOMY BHAYEHHIO HE MPEBOCKOMHT
BaJaHHONH BEJHUHHBI 8:
W(x—%|=d)y= 0 2.5,3
(77%) @53
Torma BEPOSITHOCTh TOFO, UTO OTKJIOHEHHE MO aGcomoTHOMY
8Hauenuo Gossiwe &, Gyner:
—® (

W (x—x|>8)
W(x—X)<B)=W(x—x|>8),

3nauenne 8 =28,, 119 KOTOPOro
BEPOATHOM

U8 (2.5,3—4) caemyet, 4TO 3uauenue ITOM BEAUUMHES OM-
PENENIETC yPaBHEHHEM

(2.5,4)

Y
\svz
OTKyJa, BOCMOJ630BABLIUCH TaGauuamu AnS uHTErpana BeposT-

HOCTH, Haxommm:
8, ==0,674495.

B Bume npAvMepa NpPHIOKEHHS ITHX GOpMysT BHUACTUM Be-
POATHOCTh TOTO, YTO ANMHA NETANHM, USFOTOBAAEMOH HAa aBTO-

§ 2.6] NPHJIOKEHUE K TEOPHM TEIIONIPOBOAHOCTH 43
MaTe u MMelomeH cpemuol miuHy 10 ¢af, €O CTaHZApPTHHIM OT-
KJIOHEHHEM G==1 i, OTKJIOHAETCA OT cpeaded He Gonee ueym
Ha 1 i
Mar umeey
1

W(Lx~—10|<0,x)——®(ﬁ

T. e. Takoe orkioHeuue Oyzer’y 68%/, usrorosaseMux Aeraned.

BepostHas omu6Ka COCTaBAfeT B JasHOM cayuae == 0,7 .

):o,ass,

§ 2.6. Ilpn. K TEOPHHU Teil. . OcTbIBaHAE
MJIOCKOfi IIOBEPXHOCTH HEOrPAHAYENHOTO HArperToro Texa

PaceyMoTpum 8ajady TEOPH TENONPOBOMHOCTH 06 OXJAAuAE-
HUH HEOTp: 0ro Tenad, ail 0 HOHYHPOCTPHHCTBO
x>0, narperoro o Temmeparyps T M H3/yuaiOWEro TEmIo ¢
cBoeH 1OBEPXHOCTH X ==0 B OKPYXKAIOlLyI0 Cpeay, HaXONALLYIOCH
npu HyJeBOH Temueparype.

Eciu oGosnaunts uepes T==T(x, ) temmepaTypy B mpo-
U3BOJBHOM TOUKE X Tela B MOMEHT BpEMEHU ¢ ¥ NONOXKUTH

L h rae k&, ¢ W p-—KOS(POUIHEHT TEmIONPoOBOA-

==
cp

HOCTH, yHebHAA TEMIOEMKOCTh W IIOTHOCTH Teaa, A —Koad-

<DUUMEHT TEMIOOTAaud, TO PaccMarphsaeMas safaya CBOATCA K

HMHTErPUPOBAHUIO yPaBHEHNS

or T
=5 (2.6,1)
NP HAYAMbHOM YCAOBHH
Ty (2.6,2)
U PaHMUHBIX YCAOBHAX
oT
AP T| s> Ty (2.6,3)

Pewenne 3azaud  JIEFKO  NOJYYAGTCA [yTem NpPHMEHEHUs
nupeoGpasosanns Jlanaaca *). Mxes 3T0ro Meroga cOCTOMT B TOM,

#) Cm., ganpumep, M. A. Jlappenrses u B. B. lWla6ar [1],
ra VL
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uTO BMecTO 7 mumercs ciiepsa npeoGpasosanne Jlaniaca ot 3to#
dyucunn T, ceasannoe ¢ T cOOTHOWEHHEM
'

j" Te=7 d=, (2.6,4)

4
TAE p— HaJeKaue BLOPaHHOE KOMILIEKCHOE YHCIO0.
VpaBuenust nas onpeneneuns T(x, p) noxyuaiorcs us
MCXOMMBIX  ypaBHeHn#t (2,6,1—3), ecan ymnoxuts nepsoe
TPETHE W3 DTUX ypasHenn#t Ha e~ P° W NPOUHTErpUPOBATH TO
nposexyTky (0, o).
Ml naxomum Toraa:

- 1

rT—T,, 1
(2.6,5)

S 7,
e
OTKynAa nocjae NMPOCTHIX BBIYKCACHUH HMeeM:
w1y s

T [l—ﬂ;ﬁe ¥ p], (2.6,6)

rae R(Y7)>0 npu R (p)>0.

Pewenite sanaun noayuaercs Tenepn oGpamennen paBeHcTBa
(2.6,4), ut0 MOMET OBITh BEINOAHEHO C NOMOWIBIO CYIECTBYIO~
WHX TG, COAEPKANMX npeoGpasosanus Jlansaca pasauyHbx
(ynxuait *), i nyTeym npuvenenns popmyas obpamenus Pu-
Mana—Menrnna

(2.6,7)

( Terap,
[ia)
TA€ WHTErpUpOBaHHE NMpousBoauTCs no npsmo# (L), napasiens-
HOM MHHMOM oci M BHOpaHHOM TakuM 0GpPa3oM, uTOGH 0COGHE
TOUKH 7 Jexann ciesa OT ee.

HanGoabmmith untepec npeacraniser BhuHCACHHE TeMIEpa-
TYpPH [0BEPXHOCTH Tesa.

Toxaras B (2.6,6) x=0, MBI umeem:

T 7;7"7: L 5,
Theo=5a55m =7, 75l o

#) Cw., wanpusep, B.A. intxun u 1L U. Kysneuwos [1].

1

Pr—

§ 2.7] MPUAOKEHHE K TEOPUM KOJAEBAHMH 45
1 nepexon K nepsuunoft pynximn T yoo ocyuiecTsaAReTCa Mpoe
BCErO C MOMOILIO TEOPEME YMHOKeHNd *).

h

BuiGupas f, =

,f,:"‘/,ﬁ,naxomwummu i) =

oTKyna

0= Ty [1— @ (hy/ )], (2.6,9)
rae @ (x) — uHTErpan BEPOATHOCTIL.
W3 acumnroraueckoit dopuyan (2.2,1) caeayer, uro cnaga-
HHC  TEMIepaTypel OBEpXHOCTH 1pit O0aLMNX v IPONOPHHO-
1

HambHO T %!

(2.6,10)

Buanenne TeMieparypsr 8 1o6ofl TOUKE Teaa TAKKe MOmeT
GHiTh BLPAKEHO B 3aMKHYTOH Qopye uepes MHTErpas BEPOST-
HOCTH.

§ 2.7. Ipn. K Teopuu it Pt
KoseGanus GecKOHEYHOro CTEPXHS TOX Ae/CTBHEM BHE3aNHO
I i cHtbl
pe

ITpeanomoxay, 4T0 B TOUKE X == 0 GECKONEUHOrO CTepHHi B
MOMEHT £==0 BHE3ANMHO NPUAOKEHA CHa (Q, 3HAUCHUE KOTOPOH
B Ja’AbHEHIIEM OCTAETCH MOCTOAHHRIM.

Sra teopema yrBEpIAACT, 4To ecat 7 (v =1, 2) — npeoGpazona-
i Jlansaca ot dyukuall £,(<), TO NEpBHUHAN ByHKmwMA WA f =
Gyzer

~t)dt.

ro=[rosn
0

(Taspentves n Wa6ar (1], c1p. 4i2).
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Ecan oGosuaunts uepes o, £, I m10tHOCTS HA CINHALY JTUHBE
CTepxKHA, MOxynb IOnra n Mowent MHEPUHHA 1IONIEPEYHOro ceue-
HAA CTEPKHA, TO CMeweHne u B mpomsmombiof TOuKe x>0
OMPENeNUTCs U3 ypanHeHutt #)

@7,1)

] om0, %] -0,

=0 0% | terco

FIe TCPCMCHHOE © NPONOpIHOHANbHO Bpeveni tor=

P
Pemenne sanaun moxer Gurp HaUNEHO nmyTeM npuvenenns
npeo6pazosanns Jlanaaca (§ 2.6). ITonaras

- f uer ds, 2.7,2)
I
noAyHaeM AR onpecieHus @ ypasenns:
d'u
aat
dal
x e =0 (2.7,3)
U] psco >0,
OTKy,’(ﬂ nocae HECNOXKHBIX BBRIYHCEHAH C"lC,’ly‘CT:
e
/,Tx.[ , (2.7,4)

rae R(YEp) >0 npu R (p)>0.

Has orwckamns u o H3BECTHOMY YA06HO: BOCIO/L30~
BaTbCA TeOpeMolt yMuOMmenus.

%) Cw., Hanpusep, A. U. JTypye (1),

§ 2.8] TABAHUB HHTETPANA BEPOATHOCTH 47
TMonarasn .
— L[ V=R
F=g[=

HAXOMUM C [OMOMbIO Tabauw *)

1 Loxt &
fi= % [uu 7 oo 7hJ'

OTKYZla, HA OCHOBAHUH yKa3aHHOH TeOpeMsl,

S cos ) =L
"_m‘] sin gz S 37 Vi

roe

Fle)= f(siu Y cos y%) S dy. (27,6)

*

E

V2
bynkuun f(x) mower Gt BHpawena uepes unterpansi Gpe-
Heas C(2) u S(z) (§ 2.4).

Upuvenss apaxsl GopMyry HuTerpuposanis no vacrsy,
Haxomum:

o= 34 el 2.
—(i=3 43~ ()

2 o sin x?
']‘W[(I‘I'X)T*f‘(

—) %’C’J @77

§ 2.8. TaGunub unrerpana BEPOSITHOCTH M POACTBEHHBIX eMy
byHKumi

Hnterpan sepostoctn @ () npusamaexur k UHCIY XOPOLWo,
Taby. bysxkuait. Ykaxew, P, Ha caenyiomue
TabauLEL *¥):

#) B. A Jlnrknn n I M. Kysnenos [1].
»3 Mo noBoxy MpHHATON cHCTeMst oGo3navenit cy. § 1.6.
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1.B. WM. Ceran u K. A Cemennsnes, [latusnaunmie
varemaruueckue taGauust. Msx. AH CCCP (1948):
(), £=0(0,001)2,5(0,01)3.
2. E. Sluxe u . Iuxe, Tabmaust Gynxuwan c opuyna-
i Kpussivi. Tocrexusaar (1948):
O (x), x=0(0,01)3, 4 3m.
3. 5L H. Wnuaspetn, Tabauust creunasiux byHKumit.
Focrexusnar (1933):
D (x), x=0(0,001)2,9, 4 3m.
4. K. Xadtawn (K. Hayashi), Fiinfstellige Funktionentafeln.
Berlin (1930):

@ (), x=0(0,01)3.

5. Mathematical Tables Project of the Work Projects Ad-
ministration for the City of New York, Tables of Probability
functions, vol. 1 (1941).

@ (x), x=0(0,0001) 1 (0,001)5,6, 15 am.
1—® (%), x=4(0,01)10, 3 an.

Buauenust pynkunn F(x) (§ 2.3) Moxuo Hafitu B raGauuax:

6. E. fiuke u &. Inue, Tabmiun (pyuxunit ¢ hopmyaamu
1 kpusbivu. [octexuspar (1948):

F(x¥)er, x=0(0,01)2, 4 .

7.T. M. Teppuan u J. Coennu (H. M. Terrill and
i), Journal of Franklin Institute, 237, 495—497 (1944);
238, 220--222 (1944).

F(x)e®, x=0(0,01)2, 6 sH.

8 Muancp, lam u Toprou (Miiler, W. Lasch and
A. R. Gordon), Journal Phys. Chem., 35, 2785—2884 (1931).

F(x), x=0(0,01)4(0,05)7,5(0,1)10(0,2) 12,  6—9 an.

M3 rabauu cneuuwanbupix (QyHKumi, coaepKaluX HUTErpatb
Ppenena, MoryT GuTb OTMEuEHB CAeylome:

9. E. Sluxe u & dvpe, Tabauun dyncuwitt c dopumy=
Mamu u kpusbiMi. Cocrexnsmar (1948):

=), S(l/ 2:), £=0(0,1)1(0,5)50, 4 si.
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10. T. H. Batcon [1].

C(l/Z:) S(VZ:) £=0(0,02)1(0,5)50, 6 s.

11. K. Xa#tswn (K. Hayashi), Fiinfstellige Funktionen-
tafein. Berlin (1930):

2% 2% _ 5 i
c(]/? ) s (V?) %==0(0,02)1(0,5)50, 5 an

12. Ban Bunrapaeun n lluu (A. Van Wijngaar-

den and W. L. Scheen), Tables of Fresnel Integrals. Am-
sterdam (1949):

C(x), S(x), x==0(0,01)20. 5 8H.

BuGanorpaduyeckue cBenenus O APYruxX TabaMuaxX YMTATEAb

MoxeT HaliTu B MOHOrpacpun Paeruepa, Musnepa u Posenxena [1].

Ynpasicrenus

1. Tokasats, 4t (yHKwHs q;(z)—T“e‘slI’(z) yaoBaeTsopser

aubdepennHatbHOMy yPABHEHHIO @' — 229 == |, M NOAYYHTb OTCIONA a3~
noxeHne

(22"
e

=0

|z|<oco.

2. Bocrons308aBuIHCh pesyastatom mpumepa | H dopyyaok (2.4,5),
BHIBECTH PA3NOWEHHA MHTErpanos Ppeuens:

C=x [u )00 2 4 () sin E;J R

N (x)=x[m (%) sin ng_? (x) cos ’%f],

— 1)E (rtt _ N (— D) ()bt
¢ ) g/z+1)’ Bla= RENCEN
“=

—* 4 C.
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4. Toxasatn, uto ecmu f— mpeoGpazopanne Jlamaaca OT QyHKumsH

Sy -
F=\ fxe?*dx,
J

r

7
g=__[1—a(L
o [l d’(2 )]
5. Tonyunts muTerpasbHoe MpeICTAaBTEHHE AAA KBANPATa HATErpara
BEPOATHOCTH:
Do aaran

’%JTW

P (2)=

du.

Yxasauue. [IpencraBurs AeByi0 4aCTh B BHIE ABOHHOIO HHTE-
rpafa, B3ATOro Mo kpajpaty 0=<Cs=Cz, 0=<C#=C2, M nepediTd K no-
AADHHM_KOODIIHHATAM.

6. Tloxasats, uto

e -
= 5
cm:ﬂ' 4y @, S(x)=l7§ 5 (9dx,

& 2 7

rae J,(x) — dynkuus Becceas mopamxa v (§ 5.8).

JIUTEPATYPA x [JIABE Il

Hunbcen [2], Paxuk WM. M. u Tpanwrestn Y. C. [1],
Marnyc 1 O6epxerraurep [1].

H
i

TIHABA I
MHTETPAJIbHAS TTOKA3ATEJIbHAS ®YHKLHA
W POJCTBEHHBIE El CIEUMAJIbHBIE ®YHKIHM
§ 3.1. HuTerpanbnas moKasaTedbHAs PYHKUHA
H ee OCHOBHbIE CBOHiCTBA

Wnrterpanbhas mokasarenshas ¢ynkuus Ei(z) onpemexsercs
KaK HHTErpan
=
‘
Ei()= j'% dat, @3.1,1)
ey

B3STHH MO TNPOMSBOABHOMY TMyTH L B MJIOCKOCTH £, paspesaH-
HOH BIONb NOMOXHTENBHOH BemecTBeHHo# och (puc. 4).

z

/

Prc. 4.

B nonyueHHOH Taxkum 06pasoM omHOCBssHOH 0GracTH mox-
WHTErpajibHOE BHIPAXeHAE NPEICTABARET PEryAspHYIO (GyHKIHIO
KOMIIIEKCHOTO TIEDEMEHHOTO f, TIOSTOMY  BHAYEHHE HHTErpana

.
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He 3aBHCHT OT BHJA NyTH M, B COOTBETCTBHA C OGIIeH TEOPeMOH,
Ei(2) asnserca peryaspHo#l pynkumed 2 *).
B wacTHOM ciyuae, KOIIA 2 — OTPHUATENLHOE BEULECTBEHHOE
uucno, z==—x% (x>>0), MOKHO CuMTaTh, YTO UHTErPUPOBAHAE
B (3.1,1) NMpOM3BOMATCH BAOMb BEWECTBEHHOM OCH M (yHKUMS
Ei(— x) Gyzaer seniectsento. Bso-
sl HOBOE NePEMEHHOE HHTErpupoBa-

-Eia) HHS, MBl MOXEM NDEICTaBHTb STY
yHkuno unTErpanoMm

o
o Ei(“x)z—‘!?du,

¥
. x>0 (3.1,2)
Tpajuk  dynxman — Ei (— x)
usobpaked Ha puc. 5. Paccmarpu-
BaeMas (PYHKUMS MOHOTOHHO YO~
BaeT 0T sHauenua — Ei(0)=--co
a0 sHauenus Ei (- co) =0 *¥),
s Toro yToGH MOAYYATH pas-
JIOXKEHHE B PAN MHTErpajabHOH mno-
KasaTeabHOH (YHKIMH, NPEACTABAM
pasencrso (3.1,1) B Buge

05

-1 0
. e 0ot
‘ En(z)_J; ‘dt+:’l

1Tz 3 4 5

Puc. 5.

H 8aMETUM, UTO CyMMa MEDBHX HBYX HHTErpPazoB €cTh HEKOTO-
pas aGCoMOTHAs NMOCTOSIHHAdA, KOTOPYio Mbl 0GosHaunm yepes C.

*) Bes aroro orpannyexus sHauenue unrerpaza (3.1,1) Gyner 3asu-
€eTb OT BHAA NYTH HHTErpHPOBAHHA M ONpeieleHHas UM DYHKUMA OKa-
HETCA MHOrosHayHo#t. OcHoBuBaAch Ha Teopeme Koww, aerko moka-
3aTh, YTO BCE 3HAUEHUH STOK QyHKUMM cojepxatcsa B popmyne Ei (2) 4
~+ 2nri, rae Ei(2) onpenenexsas Bbie HHTErpaltbHas NoKasaTeabHas

YHKUHS, 72 — TIPOH3ROALHOE LET0e UHCAO.

-
) [ponssonuan ’ad} {— Ei(— x)} =—E7 <0 mpn £>0.

§ 3.1] HHTETPAJILHASL TIOKASATEJBHAS ®YHKUMA 53

TMonaras B nepBOM WHTErpaie t==—u1, a BO BTOPOM £ ==—1,
HaXOAUM:

(3.1,3)

otkyna cremyer (1.3,20), uto C cosmazaer ¢ nocTosHHOR Dt~
nepa, C=1=0,5772157... Taxum 06pasoM, Mb UMeeM

ot

(3.1,4)

E@=1-+Mm(2)+|
0

rae norapudm r/IaBHOE atoft by *).

Vuterpan B npasodl uACTH TMOCAENHEro PaBeHcTsa, NOAUH-
TErpatbHOE BHPAKEHAC B KOTOPOM €CTD llesiast PyHKIWA, NpeacTa-
paser co60H LEAyio (YHKIMIO KOMILIEKCHOrO TEpPEeMEHHoro Z,
KOTOpas MOXeT OHTh PasIONeHa B crenennoll pam, cxoaRuwAca
a Bee#t mtockocTd. UTOGH MOMYunTh STOT PAll, AOCTATOUHO Pas-
JNOXKATH TIOAMHTErPaNbHYI0 (YHKUAIO 1O CTEMEHAM ¢ ¥ npouHTe~
rpupoBath mounenio. Met Haxomum TOrza

= 3 Grat= 3 75, 121<eo
0 n=1 ne=1

OTKYZa CACYET, UTO MCKOMOE PasiOKeHHe WHTErpanbHOM mo-
KasatenbHolt (yHKumn Gyxet

E(@=1-+l(—2+ ) =z, (3.1,5)
ne=l

Pasnoxenue CNPaBeiIMBO BO BCAKOH TOUK@ MAOCKOCTH (),
paspesaHHofl BROTb NOJOXKHUTENLHOR BELLECTBEHHOR MOMTYOCH.

Wa gopmyas (3.1,5) BHTEKaeT, YTO SHAUCHHI ynxuan
Ei(2) Ha BepXHeM H Huwkuem Oeperax paspesa 6yayT COOTBET-
CTBEHHO

Bi(x=£i0)=Ei, (¥) =, x>0,

Pa—
#) JleticTsnteanio, j' "T‘ = J' "7"= In (— 2), £ae Aorapum umeer
1

- i
TaBHOE 3HAYEHHE, TAK KAaK MpH Z, NPHAANIEKANEX . NIOCKOCTH C pas-
pesom BRoab monyock (0, ©o), aprymens (— 2) . MEWHT MEXAY — 7 H T
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rae —
e iy () — Bemectneniag Gynxuus, onpenensemas pasencraon:

1
Ely () =5 [B1 (v i0) - Bi (r—i0)] = y 4 In o
+ X2, x>0, @16)
<

KOTOpast ‘HaskiBaeTcst Mo, UHPOBAHHON MHTErpanbHON MOKasa-
MApALY,
p 2,
Huterpamsuas  nokasarensn

as
B mpmAOKeHMY, dyukuns wacro BCTpevaercs

HANPUMED B TEODHH M3MyueHWs pPaxHOBOAH

2 MOFYT GOHTh B
Tpany PAXEHN uepes
PaltbHyIo NoKasaTebHyio dynkumo. Tak, Hampnvep, mergan

fer@a,

rae f(z)—nponssons

as AIHOHATBH:
_BNSETCH B KOHEWHOM pu, . an | dyukua,
HHE (yHKuuu *¥),

npesacra-
Re uepes dyikmuio Ei(2) n 3JemMenTap-

§ 3.2. Acuunroru-(eu(_oe HpENCTaBNeHHe WHTErpabHOH
NoKasaTenbHON dynkumm xas |2]—>oc0

1 y
- (él) ﬂn;:::nl:;gﬁrn MOAYUATL ACHMITOTAYECKOE NMpefcTaBAeHHe
3 A anmpokcuMaunu sTo# dym
b YHKUHK 1IDH GO~
MX 10 Moay;o 2, Bocmoassyemcs popmynot (3.1,1{14 npe-

o6pasyem ee ¢ momoj
bI0
qacTa. L] MHOTOKpaTHOro HHTErpupoBaHns 1o

Mst umeem Torga:
et e F ot 4
1.e* ¢
.5' T“”=’;"|‘T+1-2I'th=
had ' ~

="[%+,ix+1—,',—2+...+ 1.2, ,.]_,_

2

.
. ef
R EERNCE RV vy
o Lo
.
) Mworna s sron (yukinn coxpauserca o6osnavenme Ei (%),

+ € TPHHMMaeTcs, 10 Ei (x) = Ei,«
*¥) CM. ynpaxnenns, I(Ip{IMep f’).(X)' >0

§ 3.2] ACHMNTOTHUECKOE MPEACTABAEHHE JIA BOABIIAX 2 55

OTKyAa crnefyer

Ei(z)=§[2§+r,,(é)], 3.2,1)
e k=0
:
ra(@)=(n- 1) ze* j' wadt (3.2,2)

Jlns OUEHKH Be/MWuMHBl OCTATOYHOTO u/MeHa r,(Z) samerny,
4TO WHTErpHp no nep! TbHO y TEyTH MOKET
OWTb 3aMEHEHO, B CHly TeopeMsl Ko, WHTErpupoOBaHHEM MO
TIpAMOH, MapanieJabHOR BELWIECTBEHHOH ocH, npoxoasuieit yepes
Touky t==2z. Eciu z=x-}-iy, TO BEOL paccMaTpuBaeMoht
TpsMolt ¢ iy (—oo o< x), te“’|=e"‘ H, BITpeano-

.noxennn, uto Xx<<0, [£{=|z| W3 ouenku mo moxymo no-

ITOMY CAemyer:
x

1@ <D (e gy (T:ri)ll (3.2,3)

Tzt

aas Bcexgsaxgzs%{.
Tlony PEBYAbTAT MC T, uTO NpH Goabmkx 2|
u o He 6 n . (2)
OyNeT MajJoOH MO CPaBHEHHMIO C OCTAaAbHBIMA U/TEHaMH B KBajpar-
HBIX CKOOKax B (3.2,1), Tak uTo 3Ta opmyna ynoOHa s npea-
Ei(2) B paccmar CeKTope . U KOM-
neKCHOTO mepeMenHoro. EC/H argz NPHHALIEKAT ONHOMY U3

CEKTOPOB Bsargzgg, A %‘sargzsﬁﬁa, rie 33—

NIPOUSBONLHO MaZoe NOJMOKHTENbHOE uucao, To 3 (3.2,2)
Byecto (3.2,3) moxyuaercs OueEHKa:

1y
|7a (z)lsw(fﬁ\—;i;)ayxﬁ- (3:2:4)

Us (3.2,3—4) BuiTekaer, YT0 B COOTBETCTBHH C Ompeae-
neHaeM acumnroTHueckoro paga (§ 1.4)
o
e k!
Ei@~Z Y &, d<agr<2—i  (325)

k=0
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§ 3.3. Hurerpanmsnas moxasatenshas GYHKUHS ¢ MHAMBIM
aprymentoM. Hurerpanbubie cunyc u kocmuyc

Ecau apryvent muterpansiolt dymkumm Ei(2) ects munmoe
uueno z2==xi (x>>0), paccmarpusaemas dyHkuns Moxer GHTb
BHpaKena uepes Ase pemectsennnie pynxumn Si(x) u Ci(x),
HMSBECTHHE B JIUTEPATYPE NOX HA3DAHMEM HHTErPATLHOTO CHHyCA
H HHTErpanabHOro Kocunyca.

ITH GYHKIMH, HMEOWHMe TaKike GOMBIIOE CAMOCTOSTENBHOE
sHaueHHe, B OOLIEM Cayuae KOMIZIEKCHOTO aPryMeHTa ompene-
JASOTCA MPH noMown opmyr:

z =
Si(z)z_fi"t‘_‘dt, Ci(z)=j‘c°¢i‘dt,

o ®
TIe B MEpBOM WHTErpane BHGOD MyTH MHTETPHPOBAHUS SBAAETCSH
BIIO/IHE NPOH3BONLHEIM, BO BTOPOM — OFpaHHYEH TpeGoBanueM,

\

Prc. 6.

3.3,1)

uTOGH KpuBas L, BIOAb KOTOPOH NPOMSBOAMTCS HHTErPUPOBaHHe,
M2 MJIOCKOCTH, BAOMb OTpPHUATENbHOH
BEMIECTBEHHOR moayocu (puc. 6).

CorniacHo 06mett Teopeme *), Si(2) —uenas dynkuns z,
Ci(2) — Qynkuns, peryaspuas B maockocTH (2) ¢ paspesom
BIOAL MmoayocH (— oo, 0). Ilpu BemecTseHHOM Z2=x>0 obe
DYHKUHH BEIIECTBEHHW M HMEIOT KoJeGaTeabubit Xapakrep *¥),

7§ 20 c1p. 3, mpmesae.
*#) TIpn X <0 Si(x)=— Si (| x|), pynkunn Ci (x) ne onpexencha.
KoneGarenbunift xapaktep caenyer u3 popmya:
d o sin x d cosx
HS ) === ==,
TNOKASHBAIOMAX, 9T0 Si(X) NIOCTHIaer SKCTpEMyMa B TOWKAX X = nw
(n=1,2, ...), Ci (x) — B TouKax x=<n+7)x (n=0,1,2,..).

§ 3.3] MHTECPAZILHBIE CHHYC K KOCHHYC 57
I'paduku dynkuait Si(x) u Ci(x) nsoGpaxens Ha puc. 7. Kpu-
Bas y==Si(X) NPOXOMMT yepes Hauan0 KOOPAMHAT M aCHMITO-
THYECKH K OM’

Si(f-o0) = [ Frdt =1
o

Kpupas y=Ci(x) umeer cpoelt acuMnToTOH Kaxayio ns KOOp-
AMHATHHX ocelt ¥).

Suz

2 Puc. 7.

Jlaist TOro YTOGH YCTaHOBHTD CBASH MCKIY yskunsamu Ei (Oxt),
Si(x) u Ci(x), moroxum B dpopmyre (3.1,1) z=xi(x>0) n
YTO HHTErpHp no TbHO oy
nyTd L MOXET GHTb BaMEHCHO MHTErpPHPOBAHHEM BAOAL MHH 9
oci. st 10KasaTebCIBa PACCMOTPHM MHTErpal OT QyHKuaH —,
B3ATHH 10 BAMKHYTOMY KOHTYDY, cocTosumiemy 3 ayra Cg Kpyra
pannyca R, 0 U3 Hayana T, OTpeska Lg KpH-
sot L (puc. 8), HaXomsuierocs BHYTpPH STOro: KPyra, H OTpesKa
(%, R) mmamott ocu. ITo Teopeme Kowm umeem:

N

* H6o Ci (0)=—eo, Ci (+-c0)=0.
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. Ipu- mepexone k npegeny mpu R-—>oo uuterpan mo L,
Tpemntca K Ei(xi), a murerpan no Cg ucuesaer *), nos'rony’?

Ei (%) = F e (et ( co ¢
(=—{ S at= Tlu= [ty [y,
o & % g ¢

OTKYyHa CAEAYeT HCKOMOE COOTHOMICHHE:

Bl =Cit) —i[3—Sim] x>0 @39

G

Puc. 8.

a Oziyuxuuu Si(2) u Ci(2) MoryT GuTh mpexcrasieHs pagamu
pocToro BHa. Pasnowmenue Si(z) monyuaeres myTem nomcta-

* . g T
) Hanyre Cp:t = Re", - <0<, nosToMy, npuHmMaT BO Bik-
‘Manue H3BeC:
THOE HepaBeHCTBO sin q;;? Y, cnpasemmmBoe apn 0<C

<y <3, mieew:

- -
I3 P 2
o 7 g
U'szfs 5' e'?w"'du=j'e—'?"“\°d¢s5'e"7 Y=
CR _;i 0 ] ’
—xl—e®
TR

OTKYAa BHTEKaeT, uTo j'_.o, Korna R—co.
CR

§ 3.3] HHTETPANBHBIE CHHYC W KOCHHYC 59

nosku B (3.3,1) cTemenHoro psia Aas sin# M MOYJEHHOTrO HHTE-
rpuposauns. Mst umeem:

o ®
i Rpm — 1 ot
sia=[ X Ghy4= X mroern
0 ne=0 n=0
2| <o 333

Buisox coorsercrayioutero pasnoxemns xni Ci(2) TpeGyer
HECKOMbKO 60/ee CAOKHHX paccyxaennit. Met HCXOLHM 43 TOX-
nmectBa

F st ‘0
€O
Ci(z):f%dt+§

i

&3

s :
1 dt_;f_j’ﬁ’t_‘LdH_J'g_
0 1

oTKyma caeayer
z

Ciy=A-+mz—{ 1=f=tay,
, 0

rAe norapudM WMEET CBOE FIaBHOE 3HAUCHUE H Uepes A 0603Ha-
yena aGCOMOTHAs MMOCTOAHHAA

1 0
t t—1
A=J‘g,ﬂ+‘§' ﬂt_¢t=:1ﬂ[m(z)—mz].
s i

3uaucHue STOM MOCTOSHHOH JErKO BBIYHCIATDH, €CJIH MPed-
[0M0KHAT, UTO Z CTPEMHTCS K HYJIO, OCTaBasCh BEUIECTBEHHLIM,
W BocnonbsoBathes opmynamu (3.3,2), (3.1,4). Mbl HaxomuM
Torna A =1, re Y — nocrosuxas direpa *). Hanee, npn MOGHIX 2

3R i "’( 1yn gan-t m( 1yr+ign
—cost o, — Sl 7S N Gonll

j‘ — ‘”ﬁ—j 21 = onion *

& 0 n=

"z1< o0,

#) JlettcTBuTeabHo, npu x > 0:
tim G () —In ] =lim [EI )+ —isi (x)] =
et

—im[r 3 ERE
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OTKyZa CJeayer, 4TO HCKOMOE JIOXKEHHe IS MHTErpaibHOro
PpasToOKEHHe I,

@

Ci(z)=714mz— ¥ (D0

+ ng] 2nl2n (3:3,4)

rneyj[algz|<-r: n y=0,577... '

q)yﬂkl:";?og;a(;;:)ruua(gézﬂes YacTHOCTH BHITEKACT, YTO SHAUEHHS
'M B HHK]

JATCA COOTBETCTBEHHO paBeHCTB:‘::: ﬁepcrax paapea (— > 0)

K Ci(—x=10)=Ci(x)£wi, x>0 (3.3,5)

CHMINTOTUYECKHE IPEACTABACHUS 4) .
yuxkunit Si(x) n Ci

GOMBWHX MOMOKHTEAHEX X MOFYT OHTH nonyqe(m)q. ef;xixgc‘)l{lo"-‘

muth u3 dopmyn § 3.2 u c
M e s 21, ooTHowenHa (3.3,2).

Ci(9) =2p (5) —EXQ(x), |
(3:3,6)

5810 ="2 p(x) - HL G (),

N
Pey= N ELH f o=y,

k=0

N
1y
Q(x)—-—‘z VLD L (o),
=0

§ 3.4. Hurerpaasubiit norapudm

C
npyraﬂnl‘{::}r“;::;:;:zn NoKasaTenbHO! (yHKIHMER TecHO CcBsisaHa
Apyran encunas noﬁ (yHKUMS, Wrpaiomas BaXHYIO POMb B aHa-
ey L Ha3BAHUEM HHTErpatbHOro Jorapudma li (2).
YHKIHS ONPEACASIeTCs NPH MOMOUM PAaBEHCTBa '

¢
u(z):afﬁ, (3.4,1)

rae ui
Zie WHTErpan Gepercs BAOAL MPOH3BOABHOTO MyTH L, mpuHanne-

HKAULEro MIOCKOCTH ¢ Pa3pesaMH MO BEli o#t ock (-— o0, 0
B €CTBEHH (: , 0)

§ 3.4] WHTETPAJIbHBIA JOTAPUOM 61

Ha ocHosaunu oOme# TEOPEMHl *) unterpanbHit norapudm
npencrasaser coGofi peryaapiyio @yHKIMIO B PACCMATPHBAEMOR
paspesaHHoM MAOCKOCTH. Eca BBECTH HOBOC MEPEMEHHOE WHTE-
rpupoBaHui u=1In#, NerkO BHPAaSHTH 1i (2) uepes MHTErPaNbHYIO
nokasaTeabHyo dynKumo. JEHCTBATCABHO, uexonHas 06aacTb (£)

Puc. 9.

npeoGpasyeTcs Ha MIOCKOCTH () B moxocy |J(u)| <= c pas-
pesoM BAOML MOMOKATENbHOR BellecTBEHHOR MOXYOcH H HHTEr-
pan (3.4,1) mepexomut B uHTErpa;
nz
. e*
@)= j' < du, (3:4,2)

B3ATHIH 110 NP! My Ny TH, 1D y aTO# 06AACTH.
Tlocnemussi COCTaBAfET HacTb ‘oGaacTH, B KOTOpOfi oOmpenencHa
MHTErpabHas MoKasaTeabHad ynxuas (§ 3.1), n0310MY, COM1aCHO
JaHHOMY BHILLE OMPEIEACHUIO aToft (yHKLAH, HAXOLHM
li(z)=Ei(In2), (3.4,3)

e 7OrapAdM MMeET CBOC IIaBHOC SHAUCHHE.

TToAb3yACh COOTHOLICHHEM (3.4,3), Jerko BHBECTH cpolcTBa
HMHTErpaabHoOro norapugma U3 COOTBETCTBYIOMMX CBOHCTB HHTC-
rpabHOl nokasaTenbHON (YHKIMH. Tak, Hanpumep, u3 dop-
myast (3.1,4) caenyer dopmyaa

m
"
f@=1+m—ma+ X5 (3.4,4)
n

=1

#) § 2.1, crp. 32, npuMeuvaHne.
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TAE Z NMPUHAAJEKHT MIOCKOCTH ¢ paspesamn (— oo, 0) u (1, co)
M aorapudM BCAKAR pas 0GOSHAuaeT IIAaBHOE BSHAueHHE STOH
bynxuwan.

Ms (3.4,4) BHTEKaET B YaCTHOCTH, YTO BHAYCHHA 1i(2) na
BEPXHEM W HmxHeM Oeperax paspesa (1, co) Gyayt

li(eki0) =1y () F=rl,  x>1, (3.4,5)
rae uepes liy (x) o60sHaueHa BemeCTBEHHas dyHKuHA:

By ()= 5 (1G5 4 10) - 1 G — 10)] =y - In 1 -
+ 38T, > (3.4,6)
ne=1

PynKuns li; () HaskiBaeTCA MOAMGBHUADOBAHHBIM MHTErPab-
HEM  sorapudmon *). Hs (3.1,6) crenyer, yto srta dpymkuns
CBABaHA C COOTBETCTBYIOMIEH MOAM(HUMPOBaHHOH HHTErpaTbHOM
nokasatensHoft gysxkuuett Eiy (X) cooTHomennem

1iy () = Eij (In %), 3.4,7)

Pynxums liy (X) YacTO BCTpeuaeTcs B aHanuse, B YACTHOCTH
HIDAET BAKHYIO PONb B TEOPHH uHCesa #¥),

B sakmouenue ykaxem Ha Burekaiomee us (3.2,1) acamn-
TOTHYECKOE NPEACTaBACHHE

n
z k!
n(z)—m,[goan—,}ﬁrﬂ(z)], s
[ACIES
cnpasennnsoe B obxact | 2| <1, |arg 2| <m.
§ 8.5. Iprnoxenwe k panmorexnuke. Uanyuennme ammeiinoro
NOJYBOJNHOBOTO BHGpaTOpa

B xauectse mpocroro mnpumepa NpUAOKEHHS CEUMATBHHIX
GyHKIuH, HBYUEHHHX B HAaCTORWCH I/aBe, PaCCMOTPUM sagavy
06 y 0 0 BuGpaTopa IMMHK

§ 3.5] NPHJIOKEHHE K PATHOTEXHMKE 63

HHBIR
21=—;—()\——11m»ma BOJHH), MO KOTOPOMY TEUET mepeme

T TOTH ®== ==, pacnpex eHHbI| 071b MPOBOAA MO
eneHHBt B p
OK 4ac’ , pacmpe,

3aKOHY
I=1,cos %cosmt, —l<<c=<l (3.5,1)

Eenn o6osnaunts uepes E® n HO pextopn 57IEKTPHUECKOro

z

Puc. 10

#  MarHuTHOrO
¢ nep

50

TO CPEMHAA MOLIHOCTD “SHEprud,
nepuo, onpexensiercs popmynoh:

nonet, E 1 H — ux KOMIICKCHHE AMNATY 1B,
T

R(EA), HO=R(Hel), (352
naryuaemoll BUOPATOPOM 32

P=R{g f [ER*], ds}, (3:5,3)
©®
rae (S)— np! as 0CTh, OXBAT nuépa;:;):
1 — BHElIHAs HOpMaab K P ™, H¥ —

yenue sekropa H*).

% Cw., nanpavep, [Lx. A. C1pstron [1l
3ameam, UTO COMP

o sekropa H,
wicna (Hy, Hy Hy), nass-

*) MHOTAA COXPAHAIOT XAA 9TOR (BYHKUMN Ha3BaHe H
RHTErpatbHoro D! T0 bCTBO, YTO IR
z=x> 1 nocrenuan QyHkuns e onpestereHa paseHcTBoM (3.4,1).

) Cm. nanpumep, A. E. Mnram [1].

KOTOPOro CYTh
paetca pextop H¥ ¢ o
o60fi KOMIIEKCHO COTIPSNEHHHE uHcaa M,

(Hy Hyy 11, i
L W= T, Hi=T,
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B paccmarpusaemom cayyae sektopsl E u H umeor B coe-
puyeckoft cucteme 6, @) ot (E,, E, 0)
u (0, 0, H), u B Kayectse mosepxHoct# (S) yroGHO BHOPATh
cdepy r==p NpoU3BOALHO GOJBWIOrO paamuyca p.

dopmyna (3.5,3) npusnmaer TOraa B

P=R {”T"’ ‘f E,H*sin0 s}, (3.5,4)

TIE MOX 3HAKOM MHTErPana MOXHO SAMEHHTh TOUHbIC SHAUEHHS
Ly u H wx acuMOTOTHYECKHMH BHIDQXEHHSMU.
BoCno/b30BaBIHC  M3BCCTHHIMH  (POPMyJAMH IS  COCTa-
BATIOMMX  BAEKTPOMArHATHONO NOJS SJACMEHTAPHONO AMNONA H
MHTErPHPYS [0 ¢, MBI JIEPKO MOJY4aeM, 4TO MPH AOCTATOYHO
6oabLoM p,
!
HNE,,&'—":P—’@ "'"Psin()j cos%e”’"“'”dc:

or ; €08 | = cos O
T L
sin ’
rae k=%, OTKyna caefyer
= cos? (% cos 0
o ™ cos <,—2cos )
p=D j — 2. (3.5,5)
I

Tocnennuit uHTErpan MOMeT OblThb BWPAXKEH YEPE3 UHTErpaib-
ubifl kocunye Ci(x) (§ 3.3).
BBoms HOBOE NMEPEMCHHOE MHTErpHpOBaHUi X == cos , umeem:

I—x
+ e a] g frome g

2 2
1 —coszy _ I — cos my
+l.§l ¥ dy]"ﬂj‘—y—'b’:
0

! 1
Lo 14cosmx BT (1 4cosmx
p*ﬂbﬁ——?_dx:ﬁ“ﬁdx‘i‘
b

=5 ) 3 (3.5,6)

§ 3.6] TABMHIE WHTEFPATHHOM MOKABATEABHOW ®yHKUUA 65

Ecan BOCMOAb30BAaThCA Teneph cootHomenmem (3.3,4), TO
noayyaem OKOHYATEIbHO:

= [ mam—cieA), @57

rae Ci (% - - nHTerpasHulil KOCHHYC, Y— MOCTORHHAA Bttnepa.

MeTon pacuera MBJIyuCHHsI, MSAOKECHHMH B HACTOAIEM napa-
rpace, MOMeT OnTb MPUMECHEH K aHTCHHAM Goxee cnoxHON KOH-
(urypaumu, nprYeM 3aMCYaTELHEIM ABAAETCH TO 06CTOATENBETBO,
4TO M B STHX CAyuasx WHCKOMBIfi DeSyJbTAT BHpaiaercs 4epes
MHTErPaJbHBE (DYHKURM-

§ 3.6. TaGuamupl MHTErpasbHOR noKazaTenbHOd PYHKUAR
u APYTHX POACTBEHHBIX eil yHKumit

Jlast GyHKuua, PacCMOTPEHHBIX B Hacrosuiedt raaee, cyuie-
JTBYET PAM MOZPOGHHX TaGunil, M3 KOTOPHIX Mbl YKaKeM Ha
caemyouue:

1. E. luxe n ®. dmue, Tabmaus ¢pysxunit ¢ popMyramu
u xpuBhiMH. [ocTexusnar (1948):

—Ei(—x), x=0(0,01)1(0,1)5(1)15,
Eij (), x==0(0,01)1(0,1)5(1) 15, 5 sH.
Si(x), Gi(x), x=0(0,01)1(0,1)5(1)15(5)100(10)
200 (100) 10°
(Mpuyeuanue. o nosoay ofosauckutt ci. § 1.6).
9. Mathematical Tables Project of the Work Projects Admi-

nistration for the City of New York, Tables of Sine, Cosine and
Exponential Integrals, vol. 1—II (1940):

__Ei(—), Ei (), x==0(0,0001)2(0,001)10(0,1)15.
Si(x), Ci(x) x=0(0,0001)2(0,001) 10 (0,1)20(0,2) 40.
9—10 sn.

3uauenns GyHkumit 1i (x) u lip (¥) MOryT GbiTh BhiuMCACHH
¢ MOMOIIBIO TAGAUI AT MHTETPAILHO MOKA3ATEMbHON (YHKIMM,
ecait BOCHOAL30BATHCA cooTHouennsMH (3.4,3,7). Cpenedns 0 apy-
rux Ta6AHUAX PAcCMATPUBACMBIX (PYHKUUH uyHTATENb MOKET MO~
4epnHyTh B UMTHPOBAHHOH BHILIE (§ 1.6) paGore Paeruepa,
Munaepa u Posenxena.

5 11, JleGeen
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Ynpascuenus

1. Vicxons 3 (3.1,1) i onpexenchist MOA(HUUPOBAHHON HHTErpatE-
Wolt niokasateabHoi dynkuim Eij (x), n0Kasath, 410

Ei‘(‘”=£"’f‘u{j‘ —t—dt+f%£dt}

o ot
. ¢!
1. e. yro Ei; (x) ecTb raasHoe snauenue wuTerpata j le.

2. TTonyunth HHTETPaILHOE NMPEACTABICHHE

ot
ot —

Eiy(x)=71+Inx+
J

Vxasanne. Pas1oxuts MHTErpan B PAX 10 cTEmeHAM X W BOC-
moasaonathest (3.1,6).
3. IMpumensas npasuio Jlonurans, NOKasaTh NMoCAeN0BATEALHO

lim e~¥Ei,(x)=0,  lim xe~*Ei, (x)=1
Fmeepoo Koo
H MOAYUNTH OTCIONA ACHMNTOTHYECKYIO hopmydy

. e*
Eiy () =~ -,
otk
4. BoCionb30BaBIIMCh PE3YALTATOM TpHMepa 3 M COOTHOLICHHEM
(3.4,7), BBIBECTH aCHMATOTHUECKYIO dopMyry

" x

lig(x) ~ =,
ool X

HIPAIOWYI0 BAXHYO POTH B TEOPHH uHCel.

5. Uurerpan | f(x) e¥dx, rne f(x)— nponsnompHas panMoHaih-
Has GyHKUMA M TNYTh MHTErPUPOBAHHMA HE TNPOXOJUT uYepe3 ocCoGbie
TOUKH, MPHBOJANTCA, U€pe3 BblieAeHHE Leroi vacTH f(x) M pasnoxeHne
0CTaTKa Ha mpocTefime JPOGH, K MHTErpataM Buaa

) j' et dx,  (IT) j‘ (}c%’;yl dx,

— HeToe TOTOKHTEABHOE UHCTO.
Tlpn yomomwM HHTErpHPOBaHHA NO yacTaM murterpas Thna (I) Mo-
MeT ObTh BHIDAXEH vyepes snemenTaphbie Gynkuuy, a materpat (II) —

TpHBENeH K MHTErpany dx, KoTophit nojcTaHOBKOH U=

x—a
=X —a CBOUATCA K HHTerpaabHoft MokasateabHoH (dyHKuMH (BooGuie
TOBOPS, OT KOMIJIEKCHOTO apryMenTa).

YIPAXKHEHHS 67

Tpumenss ONMMCAHHBI METOI, 110KA3ATh, YTO MpH x<0:
x
¥ e [l
& t=-"——2Fi(x)+eEi(x—1)
J BFE=0 d x ()
Lo

6. INonyunts dopmyay:

. .
dt dt
mu):}xlno{j I—“t+15 ——ln!}, x>l
0 +e

Vkasaune. Bocnonh3osathca COOTHOUIEHHEM (3.4,7) u peayap-

TaroM ppumepa 1. .
7. Y6eauThesi B CIPABEIUBOCTH PABEHCTD

x - % .
5 g\
j (5":—‘> dt=si @y -0 ‘f [Cl P de =T
I} I}

8. Ecan 7 — npeobpasonanse Jlannaca ot pyakums f (c1p. 50, npu-
Mep 4), TO J10Ka3aTh, YTO

= 1 1
Sm=actg,  — 1(—x)_71nu+p),
rje apKTaureHc W AOTAPHPM MMEIOT CBOW TIABHHE BHAYeHNA.

JTUTEPATYPA & TVIABE Il

Hunbcen [1], Peoxu M. M. u Tpanuwireitn n.c
Marnyc u O6epxerraurep [1].



FCJIABA IV
OPTOT'OHAJIbHBIE MOJIMHOMbI

§ 4.1. OGmue 3amedanusi 06 OPTOrOHANBHBIX
NOJUHOMAX

Cucrema  dynxuuit f, (x) (2==0, 1, 2,...) HaswBaerTcst
oproroHanpHoOil B mpomexcyTke (a, &) ¢ Becom p(x), ecin npu
BCAKOM /7 7= 1 MMEET MECTO DaBeHCTBO

b

[pnea s, dx= (1,1
&

rae p(x)-—HexoTopas (huKCHPOBAHHAA HEOTPUUATENbHAS (YHK-
1A, HE BABUCALLAST OT MHAEKCOB /M U 7.

ITpocTefunM npuMepoM OPTOroHaAbHOH CHCTEMBI SBAAETCS
cucTeMa TPHTOHOMETpHYecKuX (ynkuult f, (xX)==cos nx, koro-
pas oproroHaibHa B mpomexytke (0, ©) ¢ BecoM p (X)=
u6o npu m £ n

j‘ cos mx cos nx dx
¢

OproroHanbHbe CHCTEMb (QYHKUMH UrpaioT GOAbLIYIO POADL
B aHanuse, TMaBHBIM OGPAsOM B CBASH C BO3MONHOCTBIO Pas-
noxenns X Qynkuiit, K BechMa
WAPOKNM  (YHKUMOHANBHBIM KJIaCCaM, B PAMB 1O OPTOrOHAMb-
HBIM  (YHKUMSIM, TDUMEPAMH  KOTOPHIX MOTFYT CAYMHTB DPAIBI
dypee, paasl Pypre—Beccens u T. A

Baxusiff K12CC OPTOrOHATBHEIX CHCTEM (YHKUHH COCTABAAIOT
OpPTOroHajbHBE MNOMUHOME [, (¥)==p, (X) (n— cTenexs nomu-
HOMa), K KOTODHIM OTHOCATCA TaKHC WYacTO BCTPEvatomuecs
B [PHAOKEHWAX — ClCUMaNbHBle  (QYHKWAM, KaK  MOMTHHOMBI

Jeskannpa, dpmuta, Jlareppa, YeGuumena, SkoGu u ap. Tlepe-
YUCAEHHBIE DPTOFOHB«'IbHHe TIOJTMHOMBL oGsanaior, Hapsay co
cBoficTBaMH OPTOTOHANLHOCTH (4.1,1), pamoM ApYrux o6mux
CBOHICTB, HAIDUMED OHHM SBAAIOTCA MHTErpasami nddepeHimab-
HBIX ypaBHeHm#i MPOCTOro BHAA W MOTYT GuTh ONMpefeneHs Kak
K09DHUMEHTE PaBIONKEHHS N0 CTCHCHAM £t HEKOTOPO# COOTBET-
CTBEHHO BHOPaHHOHK (YHKIUK w(x, f), KOTOpas Ha3LIBAETCA
npoussoasuel GyHKuKed.

OpTOTOHﬂﬂbHHB TIOJMHOMBI HUIPAOT BaWHYIO poab B marema-
Tuyeckoft (usMKe, B TEOpUH ANMMPOKCHMAUMH Gyuxuah, B TEO-
pUM MeXaHWYCCKMX KBaaparyp # T. L.

Teopust OPTOTOHANBHAX NOAMHOMOB MOCBAILCHO ouenb 6ob-
woe uncao paGoT, CpEOM KOTOPHX BMIHOE MECTO SAHUMAIOT
ICCTENOBaNMS BLIIAIOLAXCA PYCCKAX MATeMaTaKoB T1. JI. YeGni-
mesa, H. V. Connna, B. A. Creknosa, A. A. Anavosa, C. H. Beps-
wrediHa 1 Ap.

B macTosmiel riaBe paccMaTpuBaeTcs TeOpus TOJIMHOMOB
Jlesxannpa, dpmura u Jlareppa, uMeloLMX Hau6onee MHOrOYMC-
JIeHHBlE NPUAOKEHUs B (UINKE M TEXHHUKE. Kpatkue cpeneHus
0 JApyrax THNAX oprorouanbuux TNOJAHHOMOB IaHbI B ynpaml—le-
uusx K Jadnofi rmase  (MpHMEpH 11—12). B uensx
yao6cTBa AAs YHTAaTENd, MHTEDECYIOWIErocs NPEuMyIecTBEHHO
npuKIanHON CTOPOHOH BOMpOCa, nanoxenue cpoficTs Kaxaoro
K7acca TIOMUHOMOB J@HO HESAaBHCHMO OMHO OT Apyroro- T,
HHTepeCleL\.\MXCﬂ UsyUeHueM ‘TEopun Op'l‘OI'OHlebllle MOJWHOMOB
¢ Gonee OOmCH TOYKH SPEHHA, MBI OTCHIAEM K MOHOTpapuAM
Jlaspentesa—Llla6ara [1], Tkexcona [1] 1 Cere [1].

§ 4.2. Honmunomn Jlexannpa. Onpenencuue
w nponsponsmas GyHKuus

Tommmoms Jlexanapa Py (%) ans MOGHX  BELIECTBEHHBIX
WAM KOMIJIEKCHBIX 3HAUYEHHH MEPEMEHHOTO X OﬂpﬁﬂeHHIOTEK npu
oMoy GopMyIsl

1
P (0=
OTKyna HENnoOCPeACTBEHHO cAenyer:
1
Py()=1, Py (X)=2x, Py (x =7(3x‘ —1),

{%(xg—l)n, n=0, 1, 2, ... (4:21)

pa(x)—_;_(sxﬂ—ax) " T M
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OGuiee shipascenne mas motunoma Jlexasapa n-ro nopsaxa
noayyaerca u3 (4.2,1), ecmn Bocnonnaosarbess (popmynoHt Gu-

HOMa
@—1= Y
4TO Haer
[3)
Py ()= ; om(n—zk)! T (42.2)
rae [v] oGosHauaeT ueayio yacTh ukcAa v.
Huxe (§ 4.5) Gyner uro

006pasyioT OPTOFOHAMBHYIO CHCTG
eMy dyuknu Ha
(—1,1) ¢ Becom p(x)=1%). » poueyTIe
Becﬁ(;uoncna noauHomos Jlexanapa MOryr GeiTb BHIBEJEHH
@ MPOCTHIM CMOCOGOM, €CAH MpPess:
) apUTebH
e o PEABAPUTELHO JIOKA3aTh,

w (%, £)=(1—2x-£2) ;

;ﬁfm 3HaueHue KOpHa npu f=0 BHOPAHO pPaBHHIM EAHHHLE,
" eTcs npoussoAsuielt PyHKuMe# NI STMX NOMMHOMOB, T. €.
11 JOCTATOYHO MAJBIX |Z| MMECT MECTO DasioieHue:

w(x, £)=(1—2%x+£)" 2 Py(x)f%  (4.2,3)
n=0
Taxk Kak w (x, £), paccMar

5 1), puBaeMas Kak QyHKuus £, perymaap:
B xgzre [¢]1<r, pamayc r xotoporo pasen MEHM]ICIVE’)’ i3 fm?
AyneH KOpHeH KBaZpaTHOrO ypasHemus 1 — 2£x —|-f2==0 **

T0 3 o6wel Teopu )
sna pau caeayer, uro CYLLECTBYET PasNONKEHHE

w (%, ) =(1—2x 412 ;

@

Y e, (<,

n=0

#) 310 cBOHCTBO M ,
0keT GWTb YCTAHOBTEHO T
aKKe, HCX -
TOCPEACTBEHHO M3 onpenereuus (4.2,1). 3amernv eme, "ir%nﬂer[:l:u
n () — cuctema opT ¢
Mexyrke (—1, 1) ¢ BecoM = pror ze 1. ae
ewymce (o ) P (X)=1, 10 p,(xX) =1,Py (x), T T, HE
wE

) B HanGolee BaxHOM ATA MPHIONEHH Cryuae, KOTXA X eCTh
npomeskytky (—1,1), r=1.

§ 42] TIOJIMHOMBL NEXAH/IPA 1

¢ KoaduuMenTaM ¢, (X), KOTOPHE MOTYT OHTb BHPAXEHH uepes
KOHTYPHEIE WHTErpasl

1
)= ;‘(1—21»\4") T, (42,4)
k4
B3ATHE MO MPOUBBOILHOMY BAMKHYTOMY KOHTYPY C, OXBaThIBAIO~
memy Touky £==0 M mpaHALICKALCTY o6nacTd PEryiAapHoCTH
w (X, £). 1
Tipu nowou noxcranoska (1 —ox -2 =1—"tu pac-
aTp! uHTErpanbl Tp! yloTCA B MHTErpajhl OT pa-
LMMOHANBHEIX (PyHKLIH

¢ (x):—Lj‘;u—'Ldu (4.2,5)

n S ) TPa—xpro 4
&

o aavkuyromy Koutypy C', OKpyKatwomemy TOUKY u=x%), n

MOryT GHITh BHUHCIEHB C TOMOWLBIO TCOPAN puiueros. Tpume-

HAS XOpOoIo U3BECTHBIE [IpaBUTIa, HaxoauMm

=1y
Cn (x)‘zhnz’{ T },‘_X
YTO YU JOKAa3biBaeT Cllpﬂ“eﬂ"l’lﬂoc'ﬂ: yTuep»mclmﬁ, BBICKA3aHHOTO

BHILE.
B kauecTBe IPOCTOTO IPAMEPA MPUIOKEHAL npouasonsueh

yHKIMM K BHBOLY CBOHCTS MOTHHOMOB Jlewanapa yKakeM Ha
nomyueHne PaBeHCTB

P (%)

9 —1)
2n 7

.(4.2,6)

Py=1, P(—D=(=1 Pul0)=

Papia (0)=
HEMOCPEACTBEHHO BHTEKAIOMAX H3 (4.2,3), €cH MOTOKMTH TaM
x papnmM —E1 mam O W osarem pasyoMHTL JIeByi0 YacTh MO

creneusm £

Tlonunowsi JIe)anapa, ONpeiC/EHHEE BHIIE, UrPAIOT  BaX-
Hyi0 POIb B PATHUHLX MPUIOKEHHAX, B YacTHOCTH, B MaTeMa-
Taueckoh ¢puauxe (ra. VI, § 3, 4, 7, 8, 13, 14).

%) Touxe =0 cootETCTBYCT TONKA 4=t il IANKHYIOMY KO¥S
Oyt koutyp C', Tax Kax mocme obxora miomn C
Koperb MPHINMACT CBOE TpEKiee HavueHe.
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§ 4.3. Pexyppentnsie cooT  aadd abHO®
Y Rast

Hpyro#t nmpumep ucnonpsosanus pasnoxenns (4.2,3) npe-

. CTAaBASET BHIBOA PEKYPPEHTHHX COOTHOWIEHWH I MOJHHOMOB

Jlexannpa. YToGH nNOAYuMTh NEPBOE U3 STHX COOTHOWIEHHH,
BOCMOIB3YEMCSl TOXAECTBOM

(—2:t 4% p ¢ —yw=0

M NMOACTAaBHM B Hero pan (4.2,3). Tlpunuvas BO BHMMaHHE,
YTO CTEMEHHOM PAA MOXHO AU((DCPEHUMPOBATH MOUNEHHO, UMEEM

(1 — 2527 2 P, () E -t —x) Y, P (x) =0,
n=0

n=0

oTKyna, Hy MO $ T npa £, HaxommM:
(1 A4=1) Py () — 201 Py () (n— 1) Py (0) +-
+ Pt (9) — %P, (%) =0,

Him

(1) Py () — 22+ 1) 2 P, (¥) 4

FnP ()=0, n=1,2... (43,)

Pasenicteo (4.3,1) npencraBaser co6oft PeKyPPEHTHOE COOT-
HOWIEHAE, ~CBASHIBAIONIEE TPH IOC/AECAOBATEABHBIX MOAHHOMA
Jlexannpa. DTO PaBEHCTBO MOXET, GHITH HCMOAB3OBAHO AMA MO-
CJE0BATENLHOTO BEIYUCIEHHS DACCMATPHBAEMBIX MOJIMHOMOB.

AHa/IOruuHBIM 06pasoM U3 TONAECTBA

ow
(1 —2xt-|—t“)w—tw =0

nonyyaem *):

(1 —2xt-1 8% 2 0 (%) — 2 41D, (x)=0,
n=0 [

#) Hdas
HAf pama (4.2,1) mo x B PaBHO-
MEpHOt CXOIMMOCTH 9TOTO Psila B 061acTH | X | < @ (@ — 11060€e KOHEUHOE
YHCIO0), NpH nocratouno Mamwx |£|. Ilyets |£] <4, rme b=

=7V a* +1—a. Torna, coraacko § 4.2 pan 2 ‘#)- [£]" cxo-

auten x (1—2a|¢]— ¢ 2 e
PanHomeprast cxomamocts pama (42,]) mpn [x|<a, |£| <8

J

§ 4.3] PEKYPPEHTHHIE COOT 215l IO/IMHOMOB 73

OTKyHa Crenyer:

. ' " — P, =0,
Py 1 (%) — 26Pr (%) -+ Py (%) ixl), o @32)

aBEH~-
addepenunpys (4.3,1) n uckaouan u3 TOY UEHHOTO P -
cw;uuqﬁ.gﬂ) omuH pué Pr_1(X), npyron—;}?n+,(x), HaXO-
MM IBa ADYFHX DEKyDPEHTHBX COOTHOWEHA )
P () — 2P (= (2L D Pa(2)y 1220, 1,2 e (:gi;
%Py () — Ph—1 (0)=1P, (%), n=1, 2 ... (43
CinagpiBasi 00a DaBeHcTBa, TMPHXOMIM K Gosee CAMMETpUU-
HOM (dopmyae:
Phpt (¥) — Pao1 () =2+ 1) P (%) (4.3,5)
— 1) # MCKJIOUHB H3
Hakonel, 3aMEHUB B (4.3,3)n Ha (n ;
HalIEeHHOTO ,ypanuemm 1 (4.3,4) Pn_i(x), Haxomm:
(L= 2 P () = 1Py () — 16 Py (0 A=1,2, e (4.3,6)

ocaefusis (OPMy7a MOSBOMACT BHPASUTH MPOUSBOIHYIO OT
noTMHOMA pa uepes STH Ecau npoaid -
unposaTh (4.3,6) mo x u cHosa uekmounts Py 1 (¥) ¢ 1o
mompio (4.3,4), moayunm:
) Py ()] (4D P ()=
[(1— %) Pa ()] -1 0 +n=6, 0 wan
Jlexanapa
omenne (4.3,7) NMOKABLIBAET, UTO MOMMHOM
u—cgogc) HBIIS{ETESI ':aCTHbIM uHTerpanoM amHeitHoro madde-
—n

PEHLWATLHOrO YPABHEY Al BTOPOro MOpAAKA

[ =) @) - (nt Du= 0. (43.8)

TloayuelHoe ypaBHeHue BCTPEUcTCi B MaTeMaTHyecKol ¢u-
suKe ¥ AFPAET BAXHYO POIb B TEOPUH MOTUHONOD Jlexanzpa.

-

caenyer Temeph M3 HEPABEHCTBA
|Pa(x) =<
Bmenanéu(ero u3 (4.3&). — s
#) Cripane/LIHBO x
nepah)\x sr?aqe:un n B HEKOTOPHX cuywanxnuleb n(u';exaler;’m&?uiu;pac
x)=1, Py (X)=1%, ...

:+ OiHAKO TNpPAMO# TONCTaHOBKOH Fo »
fx’e’fxﬁf%&mécﬁ B Tol;a, 4T0 9TH COOTHOUIEHWS COXDAHAIOT CHIYy H IR
Taknx 3uavenuit 1.

Py (ia)
o

121
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TIpu mOMOWA 3aMeHE NEPEMEHHEIX AerKO MOMYUATh PAR APY-
TUX ypaBHEHHH, HHTErpalbl KOTOPHIX MOTYT OBITb BBIDAKEHDI
yepes moun it Taxk, yp
e (616 %) | n (et 1ya=0 (4.3,9)
sinf d@ db o
yRoBaeTsOpsieT (yHKuas u= P, (cosb), ypasnenuio

%-I-H"-i-%)’-f—ﬁ] =0 (4.3,10)

1
— dynxumns u=(sin6)2P, (cosf) u 1. n

§ 4.4. Unrerpanbusie XeHus s

Jlexannpa

IMonunomsr Jlexanapa XOMycKaloT MpoCTHE NPEACTABACHHS

c p HHTErpanos, X nep x

KaKk mapamerp. YroGe noayuuTs nepBoe M3 STHX MPeACTaBIeHUH,

MPEANONOKMM, UTO X — BEWECTBEHHOE HJH KOMIMEKCHOE UHCOo,

H BuGepem B dopuyne (4.2,5) B kavecrse mytn HHTEr PHPOBaHHUs
!

Kpyr pamuyca |x*—1[% ¢ uentpom B TouKe u=x%*). Tlpu
1
aToM u=x (& — 1) e!? (—n<<@<<m), u popuyra (4.2,3)

IIPUHAMAET BUL:
n

e,

)
d 7,
P..(x):%ﬂj‘ Hef2x(e—1) E’“’+}(x’~0e"v—1

2(x2 — 1) Zelp
oTKyaa:

g 1
P,,(x):%j[x—k(xz-—«l)z cosgl® dp. (44,1
o
Popmyna (4.4,1) wHaswBaercst untrerpanom Jlannaca. BuiGop
1
snavennst KopHa (x*— 1) 2 spech TIPOU3BOJEH, TaK Kak mociae

BOSBENCHAS B 71-10 CTEMEHb W [I0YAEHHOTO HHTErPUPOBAHMA HEYET-
HBIC CTENeHH KOPHS BLINANaIoT.

#) Mo teopeme Kowmn 3amena KOHTYpa C' T06HIM XPYTHM DPOCTHIM
SAMKHYTHM KOHTYDOM, OKDYKAiOWMM TOUKY I == X, He H3MEHAET 3Ha-
YeHHA MATerpana.

§ 4.4] MHTErPAJIGHHE PEACTAB/EHHSA 715 10IMHOMOB AEXAHPA 735

U (4.4,1) BHTEKAET ONHO MOJEBHOC HEPABEHCTBO JVIA MOAM-
-3,
[y — uca0, yAOBAETBO-
nomos Jlexaunpa. [IycTs X — BEMIECTBEHHOE Y ;

paiomee yexosuo — 1 <x=<1. Torna | %+ (22 —1)? cosp|=
— 2]7 << 1, oTKyma
= — ) coselT <1,
1P| <1, —l=sx=<L (4.4,2)

Jlpyroe BakHOE WHTErPATLHOE NPEACTABAENHE 117 r;ozuuon;o:
Jlexanapa MOXeT OhTh BEIBEIEHO U3 dopmyan (4.2,4), ecn

Puc. 11.

MPEANONOKHT, UTO X — BEUIECTBEHHO M 3aKMOUCHO B npeneiax

—1<lx<l.
Hivlarﬁ B at0M cayuae x = cosf (0< <), Ml MOKEM
samicaTh paccMarpusaeMyio Gopyay B BaLe

Pn(cose)=—n_j"(cose+m.16mw) g,
Iy
OTKYMa, ECH BBECTH HOBOG KOMILICKCHOC MEPEMEHHOE MHTErpH-
posanusa £==cosf -}-isin0 cose, caenyer:
P
dt (443)

1
P, (cosl)y=— B e iy
' ( ﬂiﬁ V1 —2cos b7
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rae uHTerpan Geperca mo mpamoauuelinomy oTpesky AB, co-
enutsiomeny Touku f==e*" (puc. 11), u BLGOP BETBH KOPHA
OMpENIENSETCA M3 YC/AOBHS, YTO €ro 3HAYEHHE B TOuKe #==Cosf
pasHoO sin 6.

TTo Teopeme Kowm murterpuposanue no AB MOXHO 3aMEHHTSH
HHTErpupoBaHueM no nyre ACB Kpyra eIMHHYHOrO panuyca,
TaK KaK B 0GJACTH, SaKMIOYEHHOM Mexay Ayrofi M xopiol,
TMOAWHTErpailbhasl QYHKUNA peryAspHa. Bemonnus sty sameny
u nonaras ¢==e, maxomum:

Yo

9 (e
1 e
P, (cos0)=—
"_-’:1/2 cos

OTKYAd, MOC/e OTAENEHHs BEUIECTBEHHOR yacTH, ciaemyer:

5 4 cos(n—y-%)x,'z
Paeost =7 [ Lomtman, 0<C0<n ()

n=0,1,2,...

Popmyara (4.4,4) usBecTHa B JuTEpaType MOX HasBaHUEM
muterpana Jlupnxne — Menepa M 1a€T MCKOMOE HMHTErpatbHOE
NPEACTAB/IEHHe I NOMMHOMOB Jlexanapa.

§ 4.5. OproronansuocTs noaunomos Jlexanxpa

Onuum u3 HauGonee BaxHHX CBOHCTB momuHoMoB Jlemanapa
AB/ISETCA MX OPTOTOHATLHOCTH Ha MpoMexyTKe (— 1, 1), mpencras-
asroman co6oH creacTsHe AuddepennmansHoro ypastenns (4.3,7).
YTOGH YCTaHOBHTL paccMary CBOHCTBO, y ypaBHe-
HUE IS mM-TO MOAMHOMA Ha P, (X), ypaBueHue i 7-ro 10.aa-
HOMa—Ha P, (X) # BBTEM OmHO u3 Apyroro. Toraa momyunm:

[(1 =% P ()] Py (6) —[(1 — %) P (2)] Py (x)+
FlmmA-1)—n(a+ D] Py (%) P, () =0
unm
{1 =) [Py (%) P (¥) — Pa (%) P (0]} +
F(m—n)(m+n+1) Py, (x) P, (x)=0.

§ 4.5] OPTOFOHA/ILHOCTb TIOTMHOMOB JAENKAHIPA 77

VinTerpupys MOCAE/HEe PaBeHCTBO MO NPOMEKYTKY —n1
1 3aveuas, 4TO AHTErpan OT MEPBOTO CAAraeMOro paseH Hyimio,
HaXOMAM:

1
e (1) | PR Pr(¥) dx =0,
-1

oTKyza: 1
[ PaEA Py dr =0, mEm @51
-1

Popmyaa (4.5,1) T, A 2
oproroial)(bnbl 8 npomexyTke (— 1, 1) ¢ pecov p (x)._BI.TS:s:“
CTBO OPTOrOHATLHOCTH (4.5,1) urpaeT BaXHYIO poAb s
paznoxenus (GyHKUuH B pAnBl MO noansoMay Jlexannpa (§ 7
B 5700l Teopun HEOOXOMUMO TAKKE YMETh HAXOMATH SHAUCHIS
unrerpana (4.5,1) npu m=n. Jlns 3TOTO 3aMEHMM B PEKyp-
PEHTHOM COOTHOMIEHIA (4.3,1) n na (n— 1), ymuo:ng 3nlo)ni
4eHHOE yPaBHEHHe Ha (2n-4 1) P, (x), a ypapHenu s
wa (21— 1) P,y (X¥) ¥ BHUTEM 13 nepsoro sTopoe ¥). Tol
MOy unM:

12 1) P (2) = (2 1) @ 1) Paa (9) Pp () —

— (A D) @ — 1) Pyt () Pra ()
a@r— )P (=0, n=23 ...,
OTKyAa, MHTErpupys no npomexytky (— 1, 1) u mpuHUMAs BO
puavanue (4.5,1), uaxozlma:1

|
-1 —2,3 ...
Spa(x)dx=2n+‘j'Pﬁ_l(x}dx, n=23
) =t

TlocnenoBaTenbHOe NpUMeHeHne 31Ol hopMyAB AACT!

1 i 2

3 - — —
[ Preoyde=gry ‘EP“")""—ZHI‘
= -

HenocpeACTBEHHOC BhIMACAEHHE MO , uTO nonzge::;ig
pesynbTAT CHPABEMVINB TAKKE P n=0mun=1. Takun 06pasoM:

(4.5,2)

1
2 (x) dv =
iP(x)x

#) Ha sroT npHeM HaM YKa3al B. JL Kan.
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WUs ¢opuyn (4.5,1—2) caenyer, uro dynkuan @, (x)=
1

=(n—[—%)ZP,,(x), n==0, 1, 2, ... 06pasyioT OPTOHOPMHDO-
BaHHYIO chcTeMy (YHKUMH Ha mpomexyTke (— I, 1)#),

§ 4.6. AcumnroTHueCKOe
anst GOJbMHUX 3HAYEHHE HHIEKca 7

Tomomsr Jlexannpa P, (x) (— 1 < x < 1) umeioT npoctre
aCUMIITOTHYECKHE TPEACTaBAeHHs, yAOOHbe M9 DPAacCMOTpeHHs
noBefenks 3THX (YHKUME 1MpH 72 —> 00, YTO MPENCTaBAAET 3Ha-
YHTEbHBI! WHTEPEC B CBSI3W C TCOHEH PA3TMOKEHHS MPOHIBOMb-
HBX (yHKkunft B psasl no nommnomam Jlexanapa (§ 4.7). Ias
MOMYUEHHsT ITHX NPEACTaBIeHHH MOXKET GHTDL HCMOIB30BaH OOmuH
Meron, npunamnexamutt B. A. CrekmoBy ¥*). ICXOMHBIM MYHKTOM
2151 IPHIIOXKEHHS 9TOrO METOAA K oAHHOMaM Jlexaupa sssercs
nmadepennmansHoe ypastenue (4.3,10), KoTopomy yaoBaeTBOpsIET

Qynxuns 1= (sinb)2 P, (cos6). 3anucas s1o ypasnenne B popme
1\

zz"+(n+7) u=— (46,1

d MpUHUMas BO BHMMAHWE HAya/IbHHC YCIOBUS U %\ =P, (0),

o (£> =— P}, (0), nomyuaem, paccMaTpHBas NPaByI0 YacTb ypaB-

Henms (4.6,1) KaK u3BECTHyiO (yHKUHIO:
1\(=
u(9)=P,,(0)cos(n+7)(7—9)+
+ L] (Ol) sin (n + %) (;— 0) =+

= )

2
1 B 1 d
L [r@sia(nt ) 0—9 . @62
4fntg) i
* b
#) CucteMa QYHKUMA ©,(x) HasbBaeTCA OPTOHODMHDOBAHHOH HA
npoMexyTie (a, b), ecin

b
0
[enmmmar={l 70

##) Crexaos B, A, Mssecrus Xapskonckoro Matem. o6-pa (2),
10, ctp. 97—200 (1907).

§ 4.6] ACHMNTOTHUECKOE NPEJCTABIEHUE NOTHHOMOB AEKAHIPA 79

Ypasuenne (4.6,2) MOKHO paccMaTpuBaTh Kak WHTErpaibhoe
ypaBHeHne IS (QyHKUHR u(6). Ecm BocmosbaoBatbest opmy-
nann (4.2,6; 4.3,6) 0 H3BECTHHIMA COOTHOMICHUAMH TEOPUH raMMa-
ymxwan (1.2, 1, 4, 6), TO noayumy

I‘(m+—;—)

Py (0)=(— 1) VeroLs’ Pyys (0)=0, Py, (0)=0,

or(m+5)
Pomy1 (0)=(— Umm s

OTKyJa CTENyeT, 4TO ypapHenue (4.6,2) moxeT GuTL Bamucano
B BUIC 1
=
@)=, fsin[(n+ Fp+ 5] RO} @6
e o, 06o3HauacT NEPBOC WM BTOPOE M3 BHpaKeHuit
n o, 1\ n 1)
r(5+7) o5+ ]
— T =7 dhain 1y
Vnr(%+l) Vn(n+7)r(‘7+7)
B 3aBUCHMOCTH OT TOTO, OYIET 7 YETHHIM /M HEUCTHEIM HHCIOM, H
=
1 z 1 do
— L [a@sin (n + 7) O—D g (469
4a,,( n+7)
o
TIpeATIONOKHM TENEPD, UTO NEPEMEHHOE § 3AKMOYEHO B Mpe-
nenax 8 << 6 << = — 8; 8 — (UKCHPOBAHHOE MONOKHNTENLHOE HHCIIO.
O6osnauny uepes M, Makcumym wonyas u(0) B TOM wHTED-

pane. Torza w3 (4.6,3) u (4.6,4) crenyer, ur0 1A BCAKOrO 9,
PUHAICHKAIET0 3aMKHYTOMY MHTEpBAly @, =—28),

r.()=

|u(0){$a,,+’——( e,
8 (n s
1103TOMY

<M,

M,,su,,—|—8(”f+%—)$‘
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- Pewas nocneiee HepaBeHCTBO OTHOCHTEbHO M, mOMyuaeM
=
A5 BC ez !
x X n>8sm*6 2

M=

OTKyZa CJeiyeT OlCHKa:

8(nt
{

RAVIES

(n +5 ) sin*

Tomyuennsit pesyabraT MoKaswsaer, uro r,(6)=0(z™")
paBHOMEPHO BO BCEM 3aMKHYTOM uuTepsane (3, = —8). Jlaxee
u3 (4.6,3) BhiTCKAeT acumnToTHYECKadA (opyyna

u()~u, sin[(n + e ;] (4.6,3)
& Beex d<<b<<rm—24.

Ecma mocnoabzosathes dopmynoft Crupaaura (1.4,24), To
nocsae MpocTuX BRIUACACHU HAXOmAM:

nostoMy ¢opyya (4.6,5) mower Gutb 3anucama B Goaee mpo-

CTOM BUIE:
1

o (e A

Toncrasass u(0), momyuaes OKOHUATETbHYIO acHMATOTHYC-
ckyto dopmyay anq-nomuHoMoB Jlekanapa:
!

Py (cost) ~(_n§mfm [(n+3) -5 @
hf=ri

Bo.1ee TOUHBIC aCHMATOTUYECKUE NPEACTABACHI 1aHE B MOHO-
rpadun FoGeona *).

9 E.B.[o6con [i]

§ 4.7] pas. # B PALB NO AEKAHIPA 81

§ 4.7. Pas, by B PSAbl MO
Jlex(aluzpa
Bo mHOTHX cp
HUAMH paszo-

JKWTh 3aJaHHYI0 Ha mHTepsaze (— 1, 1) ¢ynkumo /(x) B pan
no noauHomam Jlexanmpa:

o

@)=Y, —1<x<1L @.7,1)
n=0
K THl €, 3TOTO MOryT GuTh GhopmaibHO

onpeneneHsl Ha OCHOBAHWH CBOHCTBA OPTOrOHATLHOCTH MOJHHO-
MOB Jlexannpa (§ 4.5). Helcrsurenbno, ymuoxkas paa (4.7,1)

P, (x) w uuterpupyst no mnpomexyrky (— 1, 1), moayuaem,
npmmmax BO BHUMaHHE panencna (45,1 —2):

j‘ £ Pp() dx=j' Zc,p,, (%) Py (x)dx =
=1 —1n=0

o
=Y [ Pa) P dx= 55

n=0 —1
OTKyla CAefyer, uTo

(’l*;‘%)jf(x)l’,l(x)dx. n=0,1,2 ... (472)
-1

Tak Kak sapanee HEU3BECTHO, AONyCKaeT i ¢ynxuma f(x)
pasnoxenue B psl BuAa (4.7,1) W 3aKOHHO JH MOY/TEHHOE HHTE-
rpHp 9TOrO psiaa, B MpOIlECCe OmpeeneHns
KOS (QUUMEHTOB C,, HEAb3s Ge3 CNEUHANbHOTO HCCAEAOBaHHS
YTBEPKIATb, YTO MOJYYEHHBH TakAM OOPAsOM Psd CXOAMTCH
u umeer cBoelt cymmo#t f(x).

Crenyiomas TeOpeMa yCTaHaBAWBACT MPOCTHE NOCTATOUHEIE
ycaoBAsL TaKOH CXOAMMOCTH.

Teopema 1. Hycmb f(x)—npausaonmau seujecmeennas
dyrKYUR, ze (—1, 1) u yo P
waﬂ Jeaosunn:

°, f(x) ecms lcycawa -22a0Kan BYRKGUA 8 OMKpumOK
unmepua/ze -1
6 H. Jletexen
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1
2°. unmezpan j‘ S2(xX)dx usmeem woweunoe 3nauenue.

=1

Tozda pso (4.7,1) ¢ L Cpy M

no gopamyae (4.7, 2), cxooumes K f(X) 60 chmu 8rympen-

Hell mouke a (—1, 1), ss. mouKol Henpe-
pbigHOCMU ANOLE g’rymcuuu

Jlns OKA3aTeMLCTBA TEOPEMBI 3aMETHM MPE¥CE BCEro, UTO

W3 YC/OBHH, HANOXEHHHX Ha f(X), CleAyeT, HTO HHTErpasl,

crosime B mpasoft yactu (4.7,2), CymIECTBYIOT, MO3TOMY KO3(-

(AUACHTH ¢, ACHCTBHTEALHO MOryT OWTb BBIYHCAEHH. B cavom

zene, MOAMHTETPANbHOE BHPAKEHHC SIBISIETCA MHTErpHDYeMOHt

ynKkuue#t na OTKpmTOM HATEpBame (— 1, 1) u, B cuIy ouesHa-

HOrO HEDABEHCTBA, PAacCMAaTPUBAEMHH WHTErPAN MAKOPHPYETCS

1

WHTErPasoM J % {2 (%) + Pi(x)]dx, wxoTOpHi cxomuTes
-1
B cnay 2°
O6osHauuM uepes Sy, (x) cymmy (m —- 1) nepBEX uneHOB psxa
(4.7,1). IMoncrapasis sHaueHuss KOIPOUUMEHTOB C,, uMeEM:

m

sm(x>—2cnp = 2 1k 3) P ) f F) P, () dy=

7
j OV Kn (5, )y, “73)
rae -

Knlr D=3 (14 D) POPOL 4T
n=0

3nauenne nocrennel CyMMbl MOMXET OWTb HafizeHo myTeMm
CENYIOMEr0 TIPHEMA: YMHOMUM DEKyPPEHTHOE —COOTHOIEHUE
(4.3,1) Ha P,(¥) u BLIUTEM M3 NOXYYEHHOTO YPABHEHUs TAKOE ke
ypaBHeHHE C TIEPECTABJICHHBIMH 3HAUEHUAMH X H Y. Mut noay-
uuM TOrAA:

(4 1) [Py () Pp (9) — Py (9) P ()] —
1Py (%) Py (9) — Py () Py ()] =
=Qn-1) (¥ — ) P (¥) P, (9)-

§4.7] il B PRAR 110 M IEKAHIPA 83

CyMMupys 110 7 OT eIMHALH 1O m 1 3amevas, yt0 Py () =1,
Py (x)==x, naxomam:

(x-y)2(2n+ DP,(9) P =
)
=14 D) [Pt (5) Py (0) — Prues ) P (9)] — (x— 3,

oTKyna:
+1 Prss (X) P () =Pt () P (%)
=y

Kn(x, ="

Ecau npounterpuposats pasenctso (4.7,4) mo y B npemesax
or —1 g0 -1, To n3 (45,1 —2) caeayer ¥), uto

(4.7,5)

j‘ K (%, ¥)dy=1. (47,6)
=1

TIpennonokuM Tereps, UTO X €CTb BHYTPEHHAS TOUKA MHTEp-
Bara (—1, 1), B KOTOPOi f(X) HENPEPHIBHA, yMHOKNAM paBeH-
ctBo (4.7,6) Ha f(x) n Buutem us (4.7,3). Toraa noayumm:

1
$n ()= @)= [ Kn(x, DT —F ()] dy=
-1

,
=2F 2@ [ Paa )3 (6, YAy —
=1

,
. :
— T P @) [ Pae(x 9 ay, @17
THE MOJOXKEHO: -
sl =1U=10

Jing nanpmeHmiero HaMm nonamoGHTCsl CAEAyomas 1eMya.
Jlemma. ITycms @ (X) — npou3sorsHas seuecmeeRHast g yHK-
nus, yt)omemaop)zloma)z yeaosuni:
1° ¢ (x)—xy pep dyurgus 8
unmepsaze (—1, 1);

1,2...

1
¥ Tax xak Py (3) =1, To j'P»(y)dy= {']) :io
-1 .

*
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2°. unmezpan j‘q;‘ (x)dx umeem Koneunoe ananenue.
-1

To20a

lim (n+%)% fewawa—o @
=1

Jlns HOKAB3aTEABCTBA JIEMMB NPEACTABMM DAacCMaTpHBAEMBIK
HHTErpanl B BHIE CyMMbl TPEX HHTErpanoB:

e R

=1

+ ‘j j e R A (XX

—i4s

10 T8O By
(4.5,2), noxy

0 — Lllsapua *) u soc-

|’m<(n+%)7{ j P s} jcp (x)dx}

<t s ren)] § s

~{f eea),
1—8

H aHanorHyHo
—148

1
ni={ [ #wa}”

2 { ff(x)g(x) dx}'s f PR j?g'(x)dx.

a a a
Cw., nanpvep, T. M. duxtenroanu (1], n° 447,

§4.7] # B PALH 1O 85

W3 9TUX ONEHOK M yca0BHT 2° NEMMBl CIEAYET, yTO MOKHO
BHODaTh TAKOE HE 3aBACAUIEE OT 7 3HAYEHHE 3, YTO GyxyT BLIOA-
HEHBl HEpAaBEHCTBA

. Mi<ga 1hl<ge @7,10)

Te & — Hanepea 3aAaHHOE MOJOKHTEALHOE YHCIIO.
Cuurtast, 4TO § PUKCHPOBAHO TaKUM OGPA3OM U BOCIOb30BAB-
wch popmyoit (4.6,3), numeem:

3o
A (n + —%) J ¢ (cos8)sinb P, (cosb) db =

A

= (n + %)%un [2‘ %ﬂjﬂlcp (cosb) (sin &)—;—sin (n + %)0 b+

| = 1 A
4277 5 qa(cosft)(sinﬂ)zcos(n—}— l)ﬂde-}—
' =3

+ &f (cos6) (sin6) r,‘(ﬂ)dﬁj
rae moioxeHo 8 =arccos (1 —3).

Tak Kak, coraacHo 1°, ¢ (cos ) (sin 0)2—kycouno-nenpepsis-
Has (YHKUAS, [EpBHE 1BA MHTErpaza CTPEMATCH K Hy/O NDH
n— 0o *); mocJAeNHUR MHTErpaJ TaKke CTPEMATCH K HyJio, HGO
r,(8)=0 (n7!) paBroMepHO BO Bcem mpoMexyTke (8, ®—3;).
Hanee, cormacno sameuanno Ha crp. 80, mpoussemenue

1 1

7 2
(n«}—%) u,,—»(%) , Korma n-—»co, mnostomy Jy—>0 npu

n—0o0 W, CAEAOBATEAbHO, NPH HaAAEKaEM BHGOPE yucaa
N=N(),

1
[hl<ge (7,11
ans  seskoro n>N. Takam  06pasoM, B COOTBETCTBHH
¢ (4.7,10—11),
|S-Fh+J] <<e, n>N,
YTO U JOKashiBAaeT JEMMY.

#) Cw., nanpavep, I'. M. duxtenroabu [1], n°656.
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3aaepmeﬂne JIOKA3aTenbCTBA TEOPEMbl HE MPEACTABASET Te-
nepb GoABIIOTO Tpyaa.

JeticTButennro, us ycaosus 1° Butexaet, uto ¢ (X, ¥), pac-
cMat KaK (yHKuIAs -nep 0y, OyAeT KyCOUHO-Hg-
npepuiBHOK B OTKpHITOM MHTepBate (— 1, 1), a u3 yciosus 2°
cllenyeT, uTo HMHTerpan OT KBajpata 3TO# (YHKuMH, BIATHI
no npomextyTky (— 1, 1), nmeet koneunoe snayenue ¥). ITosromy,
HAa OCHOBAHH@ JIEMMBI,

- 1
gim (m+ %)2 | Pra e, Ddy=
-1

1
= [ 4] frvrses o=
-1

Ilpunuvas BO BHuMauue, yTO, coraacHo (4.6,7), kaxmoe u3
Npou3BefeHnH
(m+1)
EE— A CO)

oD p ()
2(],;4»—:21)2 2(m+—;—>2

OCTAETCS OFPAHWYCHHBIM NPH 71— OO, TOMAYYaeM, YTO Mpapas
uacty (4.7,7) cTpemuICs K HyMo, KOraa m —> co. Takum o6paso,

tim S, (¥)=f(x), (4.7,12)

YTO W NOKashiBaeT reopemy 1.

C TeopeTnuecKoft TOYKM 3PEHMs PEACTABASET HHTEPEC TaKie
cxonumocth pama (4.7,1) B Touke paspeia f(x). Moxno moka-
8aTh, YTO NPH BBUIONHEHHW ycToBHH Teopemsl 1 pax (4.7,1) cxo-
JUTCA U B 3TOM caydae, npuyeMm

lim S, (=5 [+ 0)+f (e 0L (4713)

#) Kycounas HempepelBHOCTb ¢ (¥, ¥) npy Beakonm — 1<y <1,
OTAHYHOM OT ¥ ==X, ABAAETCA ™
fo) KycouHas
uHTeppane (— 1, 1) BLITEKAET M3 KYCOWHOH IMANKOCTH, HA OCHOBAaHHH
KOTOpO# ¢ (X, ¥ —0)=f"(x—0), v (x, x4 0)=/"(x+0) B mpenno-
JOXEHHH, YTO ¥ == X TOYKA HENPEPLIBHOCTH f(sV)' KoneunocTh wHTErpana
OT KBajpaTa  (x, y) sBAseTca cIencTBHeM 2°,

§ 4.8] DNPUMEPH PASJOKEHHA MO NOMHHOMAM JEKAHIPA 87

B sakmioueHHe yKaxeM, uto yciosus 1°—2° reopems I,
JIOCTAaTOMHBIE /A BOSMOKHOCTH MPENCTABICHAA PYHKIMH Fx)
panom (4.7,1), MOryT OhiTh BHAUHTEILHO CMATUCHEL Teopema
pasnoxenus, CnpaBefiuBas Ans Goxee WMPOKOro Kiacea GyHK-
nuH, goKasana B MoHorpaduu [06coHa #).

§ 4.8. llprmepst pasiowennil GYHKIEA B Psilibl N0 MOJIMHOMAM
Jlexcannpa

PaccMOTPHM HECKOMLKO TPOCTHX NPHMEPOB, MOACHTIOWAX
TeXHUKY DagaOKeHus (GyHKUAH B PiAM MO monMnoMay Jlexanapa.
Trpumepr 1. Tlycts f(x)—noaunom m-fi crenemn,
m

F)= Y a,"

=0
Paznoxenne (4.7,1) MPUHAMAET B ITOM Ciyuae BUL:
m
F= Y cxPal®): @81
n=0
Jas onp B TOB €, HET HEO ™
BHuuCAATh MHTErpans (4.7,2) u npoule HaWTH MX U3 CHCTEMBI
yp noxy nyTeM noactanosku 8 (4.8,1)
ABHBIX BBIDAXEHMA 1A UOAMHOMOB JIEkaHipa u MPHPaBHABAHMI
b TOB MpH CTEMeHsxX X B JIeBOH M MpaBod

yacTax.
Hanpumep, Mbl nmeem:

3.
=Py (9) F 6rPy () F Py (D) =G x40 ,
2 1
OTKyZIa CHENYeT Cq=13, (1= 0, co==, TaK uTo
2
=LA+ g P

Tpumep 2. Iycts f(X) onpenenena paBeHCTBaMA: fx)=0
mpu — L =<x <o fx)=1 npu a X<
© Tlo teopeme 1 paccmarpusagmasi pyHKUMS pasnaraeIca B pii
*7,1) ¢ TamH C,, OIp opmynamyg

cn=(n—{— l)jP,,(x)dx‘

% E. B. Fo6con [1], ra VIL
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Bocnonb3osasmucs  paBeHcTBOM (4.3,5) u sameuas, uto
P, (1)=1, Haxomam:

=g [Prt O —Poy @], Gkl —a),

OTKyZla HCKOMOe pasnoxenue Gyper:

FO=30—0—5 P [Py @ — P I P, (2), (482)
n=1
—1<x< .

TlokaxeM, 4TO B TOUKE PasPHBA X == BHIIOMHAETCS COOT-

Howennen (4.7,13). [letcrsurensho, o6osHauas S, (x) cymmy
(m—1) nepseix unenos pama (4.8,2) Mbl umeem:

Sn@=5 (=) —5 Y [ @ Py ) —

n=]
— P @) Py @] = — o Pyt (@) Py (@).

Tak xax, cornmacio (4.6,7), P,(x)—0, korma 72— oo, 10

im S, @) =g =% [f@+0+F@—0),

KaK 3TO W crefyer u3 obuelt Teopuu.

Hpumer 3. Ilonomum f(x):V——]_zx-

Paccwarpusaemas (pyHKums yxoBneTBOpseT yesoBusM Teo-
pembi 1, crenosarensHo, pasiaraetcs B paa (4.7,1). as swi-
umncIenus TOB €, HC] y npuem,
TMONEBHHH BO MHOTHX CryvadX. YMHOMmMM pasnoxenue (4.2,3) Ha
f(x) u npounterpupyem no mpomexytky (— 1, 1). Iocre sae-
MEHTapHHIX BEIYHC/ACHAN NOMyuaeM:

1 0=t 14V7

ﬁ[1_1-:-|_ oy it

= it" fVZPn(x)dx, 1<,
n=0 1

§ 4.9] NOJIMHOMBI SPMHTA 89

npuuem b 0 MHTErpup crenyer us
PpasHOMepHOH cXxonuMOCTH psina (4.2,3) BpomMexytke — 1 << x =<1,
BhiTekalome us ouenkd (4.4,2). Pasnaras JeByio wacTb MOCAEN-
HEro PABEHCTBA B PAA MO CTEneHAM £, HAXOMUM:

- © 1
=1 Ywtmrr =XV

n=0

oTKyna

1
1— 4
JVEE P @tr=— s

Us ¢opmyn (4.7,2) Temeph BHITEKAaET, YTO HCKOMOE Dasno-
enue Oyner:

T=%_ 2 3 (x)
VE=inw— ) @i D@n T3
n=1
— <<l (48,3)

§49. I 3pmaTa. Onp H
Pynxuus

Npyrofi BaxHp# Knacc OPTOTOHAIBHHIX MOJNMHOMOB, BCTpe-
yalUAXCs B MATEMaTHYECKOH (usuKe M JPYIHX MPUTOKEHHAX,
COCTaBAMOT MOAMHOME Ipmuta H, (X), KOTOpHE MOryT GHTH
ompejeleHsl Npu TOMOIH PaBeHcTBa *):

Hy(x)=(—1)"e" “:j;;' , (49,1

n=0,1,2,...

#) Muorounenst H, (x) 6ua seenens: I1. JI. YeGnimensiv B 1859 r.,
3a HECKOIBKO JMeT IO OmyGTHKOBaHWA PaGoTel JPMHMT, B CBA3H C ueM
HcTopAyeck 6oaee NPaBHILHO HA3KBATH UX MHOrowIeHamu Uebbiiena —

PMHTA.
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Bunonins auddepenuuposanne B opmyae (4.9,1), naxogum:
Hy (x)

s Hi(x)=2x, H,(x)=4x*—2,

Hy (%) =8x%— 124, ...

u BooGuwe

1)¥ nt

5]
Hn(x)=k207w TR (492)

rae [v] —uenas wacts wacra v. B manwuetimen (§ 4.13) Gyner
TIOKa3aHO, uTO MOAMHOME ~IPMHTA 0G6PasyioT OpPTOrOHANBHYIO
cucTeMy (yHKumit Ha npoMexyTke (— 00, co) ¢ BecoM p (x)=
==e~** TIoNMHOMH DPNMATA MOFYT GbITh NPEACTABACHEI, KAK K03~
uunenTs pasnoneHus

®
W (, f)=e2rt—ti — 2”7 ", |t|<oo, (4.9,3)
n=0

NIEBAsT YACTh KOTOPOTO HA3HIBACTCA NPOHBBOAAWICH (yHKuUCH ms
9THX TOMMHOMOB ).

Hns noxasatenbcTBa STOro yTBEPKICHHS AOCTATOMHO same-
THTD, YTO W (X, £), paccMaTPHBAEMAs KAK (yHKIHAS KOMIVIEKCHONO
NEPEMEHHOrO £, ecTh lenast (GyHKIUUA, JOMYCKAIOIAs PASIONKEHIE
B pan Tetnopa:

Mw’j
()
n!

o
@, h=ermi—tm P A0 4 oo,
=

Tpunamast Bo suaAManue, yro

() o=

—1ye? (d"e—”’ ‘] =H,(x),

o Ju=x

#) Ctporo rosops, hynkuns w (x, £) Apasercs npoussonAuedt yux-
unelt nommuomon (x)=ml‘l,l (), OTAMYAVWMXCA OT NOTHHOMOB Dp-
MHTA TIOCTOAHHAM MHOKHTENEM.

§ 4.10] TIOMHOMBI SPMHTA 91

npuxoaum K pasaoxenmo (4.9,3). TMonyuennas popmyna moxer
ObiTh MCTMOJAb30BaHA /S BHIBOAA PasAHYHBIX CBOWCTB NONUHOMOB
Spwura. Hanpumep, nonaras s (4.9,3) x=0 u pasnaras e
B PAR [0 CTEMEHAM ¢, HAXOUM My TEM CPaBHEHUA KO3DMUIIEHTOB:

Hyy O)=(— 1" 55, Hepy (0)=0.  (4.9,4)

Tlo/mHOMBL DPMUTA BCTPEUAIOTC B MATEMATHYECKOH Qusike
B CBS3M C MHTErpupoBaHHeM ypasenu#t Jlannaca m TeabMrosbua
B napaGosmueckol cucteme T, B KBaHTOBOM
u T A (§ 10.9—10).

§ 4.10. PexyppeHnTHsle COOT " nbHOE
YpaBsHeHHe 1l MOJHHOMOB JPMHTA

TIpusuMas BO BHUMaHHUE TOKIECTBO

ow
37—(2x~2t)w

1.3ameuas, UTO CTEMEHHOH DAX NOMycKaeT nouieHHoe mudpe-
PEHLHPOBaHUE, 1I0TyYaeM NOACTaHOBKOH (4.9,3):

- © ©

3 Hypt () 27 Ha) 1 o N Hal®) jua

D e 20-7” o2 Zo ¢
= =

n=0

OTKYHa, Hy IO b T npu ¢,
Hyy (%) — 22 Hy () - 20 Hyy (0) =0, n =1,2,... (4.10,1)

Pasencrso (4.10,1) npencrapaser coGoli pekyppentioe co-
OTHOIIEHWE, CBASLIBAIOLIEE TPH  I10CAEA0BATEJBHBIX [0JUHOMA

dpmuta. ITO €OOT MOeT GBTb e s 1o~
CJICIOBATEALHOTO COCTABAEHMs [OJAUHOMOB Fi, (X) MO mepsbiy
IBYM.

Bropoe pexyppeHTHOE COOTHOLICHUE, KOTOPOMY YAOBJIETBO-
PAIOT PACCMATPABAEMBIE TOJHHOMBI, INOJYYACTCH  aHANOTHUYHBIM
06pasoM U3 TOKIECTBA
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Moncrasasa pan (4.9,3), noxyuaem ¥):

® -
Hy (x) Hy (x)
350 3t
fre

n=0
OTKyZa caeayer
Hy(£)=2nH, (%), n=1,2,... (410,2).

Popmyna (4.10,2) mosesHa TeM, UTO OHAa NaeT BHPANEHHE
NpOU3BOAHOH NOJMHOMA DPMUTA 4Epes NOMHOM DpMHTa.

U3 HatinenHsIxX pexyppenTHsIX cootrowenutt (4.10,1—2) rerko
BHBECTH Au(pepeHnuansHoe ypasHeHue, KOTOPOMY YAOBJAETBO-
PAT NOMMHOME JpMuTa.

Hckmoyas U3 THX OO H,_; (%),

Hya (%) — 25H, (%) + Hy, () =

OTKyna, ¢ Y4 H CHOBa BO (4.10,2),
nonyuaem:

Hyf (1) — 25H, (£) - 2nH,, (x) =0, 7=0, 1, 2, ..., (4.10,3)
TIPHYEM CHPABEATHBOCTL STOFO COOTHOMIGHUS NPH 72==0 IOKa-
3BIBACTCSl HEMOCPEACTBEHHOH nposepkott. M3 (4.10,3) Bmitekaer,

ur0 QyHkuua u=H,(x) ABIAETCA YaCTHHM MHTErpazoM auc-
(epeHnnanbioro ypasHeHns

" —2xu' -+ 2nn =0. (4.10,4)

TIpn MOMOLH 3aMEHB! MEPEMEHHHX JIErKO NOAYYHTh ADYTHe
aupdepeninanbHbe YPABHEHNS, HHTErPATH KOTOPHIX MOTYT GHThH

*)

TIOUTEHHOTO p pana (4.9,3) no
MePEMEHHOMY X ClelyeT M3 PABHOMEPHOH CXONMMOCTH 3TOro pana
B ofracti | x| <@, @— no6oe Koneunoe wucio. JleficTeHTeAbHO, H3

(4.9,2) BuTexaer ouenka | H,(x) | << H,;,Sar)’ OTKYNIA BHTEKAET, YTO pac-
pan pAznoN
o
2 1L Ha (@) _ o1 41010
al i ’

2

I

o
NOITOMY €aM CXOIMTCA PaBHOMepHO TpPH | x| < a.

§ 4.11] MHTETPANBHBIE NPEACTABJEHUS JUIS IOTHHOMOB pMuTa 93

BHIpaXeHbl YEPe3 NOAMHOMB DPMHTa, B 4aCTHOCTH, HeTpymHo
NpOBEpHTb, YTO YACTHHIM MHTETPalOM ypaBHEHU:

w4 @nH1—x)u=0 (4.10,3)
ABIseTCH PyHKUAA
-
u=e 2 H,(x)
u T. O

§ 4.11. Huterpanvusie s
dpmaTa

TlouuoME DPMATA JOMYCKAIOT NPOCTHE MPEACTABAEHMS C 10~
MOIIBIO OMPE/ENEHHEIX HHTErPAIOB, COMEPHAINAX NEPEMEHHOE KAK
napaverp. Jlas BHBOZA STUX POPMYI BOCHO/Mb3YEMCA HIBECTHHIM
unterpaiom *)

.
e-x*=V—j' e~ cos 2t dt, @.11,1)
. 0

e X — mo60e BEeUecTBEHHOE WM KOMMiekcHoe uncno. Hdud-
epennupys (4.11,1) 27 pas u NpuHuMas BO BHEMAHHC Onpeie-
nenne nonunoMoB Idpmuta (§ 4.9), HaxomuM:

o

. .
i1 ed ‘f et £ cos 2t db, (4.11,2)

Hyy (%)

" ¢
n=0,1,2,...
IudpepeHunposanue NOX SHAKOM HHTErpaia 3aKOHHO, TaKk
kak npu | x| < a materpan (4.11,1) MawOPUPYeTCs CXOAAMAMCT
MHTErpanoM

o

i_ e—t+2t g,
V=
¢
n05TOMY CXOZWTCS PABHOMEPHO B Kpyre |.X | << @ npoussoabHoro
pamuyca a.

#) Cw., Hanpuvep, I. M. ®uxrtenroabu (1], n° 481.
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AmnanorduseiM 06pasoM MOJMyYaeTcs WHTErpaibHOE MpeacTa-
BJEHAE s MOJUHOMOB 3pMHT2 C HEYETHHIM HHIEKCOM
o
22/l+'2 n px? o
Hapoy (%) = ﬁ”_j'rf- £ntisin 2t df, (4.11,3)
o

n=0,1,2,...
3awMeTum, uTo KOKazaHHbe paBeHcTa (4.11,2—3) MoryT GHTH
samucaHbl B Bume ORXHOH chopmy st

Al gty (4.11,4)

npurogHoft mpu moGeIX 3Hauennsx n=0, 1, 2, ...

§ 4.12. HnterpansHble ypagHeHHs I MOJUHOMOB IPMHTA

TlomHOMEL DPMUTA YNOBAETBOPAIOT WHTErPadbHBIM ypaBHe-
HUAM C CHUMMCTPUYHBIMA fiApaMu MPOCTOro BuAa. YToGHl BLHIBECTH
TR Y 3aMeHAM B ¢ym(uym

b
(4.9,3) ¥ ma y, YMHOKHM TOJYyYCHHHH pPAX Ha e S
((— 00 < x < ©0) 1 IPOUHTErPHPYEM MO IPOMEKYTKY (— 00O, CO).
Mur oayuum TOraa:

3

2 2yl—if—‘v—;+ixy @
e

:
3

n

Il /_,8‘

o v
" 2
o Se H,(»)dy. (4.12,1)

n

T nopsiAKa MHTEr 3aKONHA, TaK KaK, BOC-
NOAb3OBABIIKCE  HepapencTsoM | H, (x) | <<i™ H, (| x|, mn
nmeeM: *)

o 2 m

S %

1< o S 012

S o

3 __);_’ ® II) [ ‘VT Loyttt
= (e Tay X -melsd={e ay,

A =0 S

CJEN0BATENbHO, MMEET MECTO a6COMOTHAS CXOMAHMOCTH.

DD BhTexaer Henoc 3 Gopmys (4.9,2).

e

§ 4.13] OPTOFOHANBHOCTH TOIMHOMOB SPMHTA 95

Botuncass mHTErpajgsl B sesokt wactu (4.12,1), HaXommm:

5 2
;,,,,EAJ’T“X,, ;s+2m<%
e e

dy=

©
“:31 Hy(x). (412,2)

n=0

Ci TOB TpH crenensx £ B
(4.12,1 — 2) 1aeT NCKOMOE HHTErPa/IbHOE YPaBHEHHE JIS MOMHHO-
MOB dpmuTa:

2

e T H,(y)dy, n=0,1,2, ...
(4.12,3)

©
a0
¢ T H(= _jm e

Ecnua paceMOTPeTh OTAETBHO Cryyall YCTHOTO W HEYETHOTO 72/
MPUHATD BO BHAMANKE, UTO Flyp, (X) ABASICTCA ueTHOH, @ Hypy (1) —
HeueTHoH Qynkuueil mepemenHoro X, 10 u3 (4.12,3) smTexaor
aBa IPYTHX HHTErPATbHBIX ypauﬂelmﬂ C BCIICCTBEHHBIMM SAPAMA:

T Hp =1y fj

& Hy =) 2 _f <
0

H,,,, () cos xy dy, (4.12,4)

Hypya ()sinxy dy, (4.12,5)
m=0,1,2, ..

§ 4.13. OpTOroHanLHOCTH MOJNHHOMOB JPMHTA
Jlerko nokasats, uto moauHoMn pwura H,(x) oproro-
HaibHb Ha NPOMEKYTKE (— OO0, 00) C BECOM e e
j' e H,, (x) Hy (8) dx =0, (m#n).

—

(4.13,1)

a
Jelicrsurenso, monaras u,(x)=e 2H,(X) W BOCHOIB-
sosapwuch ypasHennem (4.10,5), mveem:

g+ Qn-+1—x)u,=0, un+QCm+1—x)u,=0,
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OTKyZla, YMHOXHS NEPBOE U3 STUX YPABHEHHH HA Uy, BIOPOE—
Ha U, TNOMyyaeM:

d . ;

T (it — Wtt,) 2 (2 — m) it =0
VnTerpapys nocieaHee PABEHCTBO MO IPOMERYTKY (— 00, o),

HaXOMHM:

"
@ —m) | uguyde=0,
N

OTKYAa HEMOCPENCTBEHHO BhHTEKAeT ~TpeGyeMoe DaBeHCTsO
(4.13,1).

3HayeHne MHTErpana (4 13,1) npu m==n MOxeT OHTb HaH-
ZIeHO CAEIyioWMM 06DasOM: SaMCHHM B DEKYPPEHTHOM COOTHO-
mennu (4.10,1) sHauok 2 wa (n—1), YMHOKHM MOMYYEHHOE
yp Ha H,(x), ay (4.10,1) na H,_; (x) u BH-
gTem oaHO M3 Apyroro. Mer Haxomum Torma:

H (6) 2 (1 — 1)1, (%) Hy g (%) — i (6) Hp () —
—2nHi 1 (X)=0, n=2,3,..

YMHOKas TOCTENHee PaBeHCTBO Ha &' u unrerpupys mo
HPOMEKYTKY (— 00, ©0), MOAYuaeM Ha OCHOBaHHH CBOHCTBA
oproronansrocti (4.13,1):

w
j’ e (X) dx = 2n j eV Hi_ (W) dx, n=2,3, ...

MocaeaoBaTeNbHOE MpUMEHeHne STOR (opmyast aaer *):

j‘ EH () dx=2"" ! j‘ e HE () doc = 2"nl Y/,

n=2, 3, .

#)
- "
j‘ e () dx =4 5' et dr =2V
S

o

§ 4.14] ACHMOTOTHUECKOE NPEACTABAEHUE NI0IMHOMOB 3PMuTA 97

HenocpeacTsensas mpoBepka [OKAashiBAeT, UTO DE3yabTaT
cnpaseanns Takke npu n=0 u n=1. Takum oBpasom:

j‘e""H?,(x)dx:?"n! VR r=0,1,2 .. (4132

dopuyant (4.13,1-—2) urpaior BawHyio poas B TeOpud pas-
M0xenns GYHKUAA B pajsl 1o noauHoMaym dpmuta (§ 4.15). Oun
TaKKe NMOKA3HIBAIOT, UTO (QYHKLHA

1
¢, () ="l y7) TH,(x) (2=0, 1, 2, ..)

00pasyioT OPTOHOPMHPOBAHHYIO CHCTEMY QYHKUMH Ha OpOMe-
KyTKE (— CO, 09).

§ 4.14. AcHMNTOTHYECKOE IpPEACTAaBJeHUe MOJHHOMOB
JpMuTa AN GOJBMIMX 3HAYEHHil MHAEKCA 77

Tomauovmst dpwuta [1, (X) [OMYCKAIOT NPOCTHIE ACHMITO-
TAYECKHE NPEACTaBACHUSA, yﬂOGHHE A u3yyeHus [0BeICHUs pac-
CcMaTpuBaeMbiX (GYHKUHA NpA 72— 0O. DTU NPEACTABACHHS OBITH
BriepBeie MoAyyeHs A. AaMoBbIM ¥) W HIPAIOT BaXHYIO POAb B
TEOpUH DasNOKEHHs MPOUBBOMLHBIX (GYHKUMH B DAl O MOMHA-
HoMaM Opmuta. [l BHIBOZA ACHMITOTHYECKAX NpeXCTaBIeHil
MOXET GHTb HCHOAB30BaH OO METON, MPHMEHEHHWH B § 4.6
IS DElIEHH AHANOTMYHOH 3alaud B TEODMH MOUHOMOB Jle-
saunpa. TIpy 3TOM Mbl HCXOAUM M3 nuquJepeHunaanoro ypas-

venns (4.10,5) win dymkumm u=e 2I-[ (x), KoTtopoe Ml

sanumeM B ¢opme
w4+ @2nt1)u=x (4.14,1)

H NPOMHTErpHpYEM MO MeTOMy Jlarpawika, CYMTas NpaByio 4acTh
M3BECTHOH cbyukuuen. Tlpunamas BO BHHMaHWE HAYaNbHBIE yceao-

s u(0)=H,(0), « (0)=~H,(0), nonyunm Torma:
u(x)=H, (0) cos /21 x + H (0) %'{‘

+ ]/7# Jy’u Wsin[y2n--1(x—ldy.  (4.14,2)

* A Apamos [1}
7 H. JleGenes
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Ecau ITBCSl TETIEPh COO
Hon @ == " 58D, o =0, Hin (=0,

, rEn+2)
Him 41 0)=2(—= 1" Ty

BuTekaommMa u3 dopuyn (4.9,4), (4.10,2) u (1.2,1), To mo-
CcaeAHee YPAaBHEHHE MOXET OHTb samucaHo B dopme

n(x)=u,,{cos(]/2n+1x—”~2")+r,,(x)}, (4.14,3)
rae o, o6o3HauaeT nepeoe Wil BTOPOE M3 CAexyomEx BbIpa-
L@t waEn @148

n ’ no L —
r(7+1) P(7+2)V2n+l
B 3aBUCUMOCTH OT TOro, Gyﬂe'l' 7 YETHBIM WX HEYETHBIM UYHC~
JI0M, B

1 () ‘V—;_ﬁ,,j S u()sin [y T (5—)] dy. (4.145)

Jlns OueHKH OCTaTKa 7, (X) Mpa MpOUSBONLHOM aeu.lecrse:l-
HOM X TBOM B, 0 — LlIBapua *).

Tlpraaman BO BrAManme (4.13,2), mmeem:

iE3 1 1x] 1
|rn<x>|<an—vgm{ojm}n{ojwmv}«s

!

< e V;nﬁ {lﬁf o dy}% { f @ () dy}_;=

1 i 5
_@ayD? 1x® T

= X

a, Vant+l1 V2-V5 Ful|

Us ¢dopmynst CTupauura ciaeiyer, YTo MpH 72— cO
atlon _n

o,~2 2 n’e 2,

1 L
2l YR T T T, (4146)

#) CM. TipuMeuvaHue Ha cTp. 84.

§ 4.15] P % B PAAN TIO M 3PMATA 99

1
nostomy npousseneuue B,z ¢ orpanuueno mpa A0GHx 7==0
M3 MONyYEHHOTO BHIE HEPABEHCTBA BEITEKAET
3
Clx|?
]rn(x)|$—,' , (4.14,7)

nt

rae C— past aGcomoTHas MC .
IT T, 4TO An8 MoGOro Ko-
HEYHOTO X WMCET MECTO acHMITOTHYecKas (OpMyra

u(x) A« u,,cos(]/2n+1 x—"zl{) (4.14,8)

i
n1

o =
H,(x)~22 n?¢
oo

7 cos(/2n+ lx-—-%’“). (4.14,9)

-
7

Bonee TouHMe BmpaxeHMs AAA MOAMHOMOB SDpwmuTa H,(x)
¢ GOMBIIAM HHAEKCOM 72 MPUBENEHH B monorpadun Cere *).

§ 4.15. Pagnowenne yHKUMid B PAIS MO MOAWHOMAM
Apmara

Ontuy u3 HauGozmee BaWHHX CBOHCTB MOIMHOMOB Spmura
ABNAETCA BOSMOXKHOCTb MPEJCTABAT MPOMBBOABHYIO (DYHKLAIO
(%), onpenenenuyio Ha npovexyTke (— 00, ©O) H YAOBAETBO-
PAIOLYI0 HEKOTOPHIM OGIAM YC/AOBHSIM, B BHAE pPAAA MO STAM
TOIHHOMAM:

o
F@)= Y ey (), 15,1
n=0
—oo<x< oo,
Kosguientst ¢, MOryT OhTh (OPMAaTbHO ONpENENEHH Ha
csoficTsa opror noctu (§ 4.13). B camom nene,

ymuoxus (4.15,1) Ha eH, (%) n HMHTErpupys MOWIEHHO 1O
m y!

# T.Cere [1]. i
.



100 OPTOIOHAZIBHHE MOAUHOMBL [rr v

TPOMEKYTKY (— 00, ©0), MOAyuaeM, NPHUHAMAA BO BHHMAHHE
(4.13,1) n (4.13,2):

dx =

:fof(x) e Hy, (¥) dc = 2 € (fﬁm () Hy () e

0 o
=2"m! Jwep

OTKyHIa
.

c":#]/— ;L F et H, () dx,  (4152)

n=0, 1,2, ...

Cncay TCOpEMa Y APOCTHE JIOCTATOYHLIE
ycnosus, mpH BunojHemn Kotopux psa (4.15,1) ¢ xoaddn-
LMEHTaMi, BHIUUCAEHHBIMU 1O (opmynay (4.15,2), cxomured u
umeer cooedt cymmott f(x).

Teopema 2. ITycms f(X)— npoussorsras selljecmsennas
PyuKyus, 3a0annan na unmepsase (— oo, 00) U Y008.1emBoPSI0-
wan ycaosusmu: 1° f(x) ccms Kycouno-24a0Ka HyHKRUA 80
BcAKOM KOHewnom uwmepsare (—a, a); 2°  uwmezpan

©
J‘ [ x|e—**f* (x)dx wneem Kowewnoe 3nauewne. Tozda psd

(4.15,1) ¢ MU Cpp 0+ My no gopiy-
aax (4.15,2), cxodumes K f(x) 60 scaxoi mouxe x, A8ALIO-
welics mouKol HenpepusHocmu smol @yrKguU.

,H)Iﬂ JOKa3aTeNbCTBA YCTAaHOBHM NPEWAE BCEro, 4ro HHTE-
rpanst (4.15,2) HMEIOT CMBICA, CTEIOBATENLHO, KOSPQPUUMEHTH
aKkTHYECKH MOryT GHTh Bhumc/iensl, IleHCTBHTENbHO, 9TH HH~
TEerpansl, B3ATEHE B JIOGHX KOHEHHBIX MPCNENaxX, CymecTBYOT W,
B cany Hepasenctsa |f(¥)e~*H, (¥)[=<< % [F3(x) e¥ +
+ H% (x)e—*'], monyas nommaterpaabHolt dyukumn B (4.15,2)
HE TPEBOCXOJHT NONMHTErPATBHOTO BHPAKENHA MHTErpana, cxo-
asmerocs Ha ocHosammn 2° u (4.13,2). TlostoMmy necoGerBeH-
uue uarerpans (4.15,2) cxomarcst.

O6o3uauum S, (x) cymmy (m-1) nepsux uieHos psma
(4.15,1).

]

§ 4.15] PABROMEHUE ®VIKIWMA B PAH MO NOMMHOMAM 3PMuTA 101

Tloncrariss suauenns kospdummentos, nonmyyaem:

Sp=2 e, ()=
n=0
= m;‘oHn e m_jmm) e H, () dy =

= [ roer e (415,3)

=

1N s
Kalt, n=1= 3 BEROL (s
:

[as Toro uyTOGH HafiTd BiavCHHE 1IOCAENHER CYMMH, yWHO-
/WM DCKYDDEHTHOE —COOTHOWIGHHE [ TOMMHOMOB  JpMHTA
(4.10,1) Ha H,(y) u BHUTEM W3 MOMYYCHIIONO ypaBHends Ta-
KOe iKe YpaBlienie ¢ NCPECTARNCHHBIMA X u V. TOrAa mouyunu:

(i3 () Hy (9) — Hoy (9) H, (4)] — 20 [H, () Hq (9) —
—H, () Hyy ()] =2 (6 — Y)Y H, (¥) H,(»), n=1, 2, ...
Pasneane nocrennee pasenctso Ha 2"nl W cymMmmpys no

SHayYKy 7 oT ! mo m, HaxXOAWM, UPUNAMAsd BO BHHMAaHHE, YTO
Hy(x)=1, Hl (%) ==2x:

e Y ACLADES
n=1

21 (X) Hi (0) — s (9) Hyn (0)
2™ m!

—2(x—y),
0TKyna
— Hmi1 (0) Hpy (0) — Hiys (9) Hyy ()
K (%, y)= Uy Ty = . (4.15,3)

OTMCTHM eme BaXHOE TOXICCTBO

_f Kn (%, ) dy=1, (4.15,6)
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HENOCPEeNCTBEHHO BoiTekaomee u3 (4.15,4), eciu BOCMNOAbL3O-
Batbcs Qopmynamu (4.13,1-—2) ¥).

ITpeamonoxuM Temepb, YTO X €CTh TOYKA HENPEPHBHOCTH
f(x) u paccmorpum pasHocts S, (x)— f(x). Ha ocHOBannu
tdopmyn (4.15,3) u (4.15,6) sTa pasHOCTb MOXKET OBITb Npen-
cTaBjeHa B (opme:

Sn(—F (@)= | Kn(x, )er f(»)—F(R)] dy=

e Hn [ B
= __j;e Hiy1 (9) 9 (%, 9)dy
e v (g (x, ) ay, (*.15,7)

2mit | Y x R

rie JAJad COKpaIUeHHs MOJ0XKEHO

fO)Y =/

y—x

JlokasarenscTBO TEOpeMH 2 PpABHOCHIBLHO JNOKa3aTEAbCTBY
yTBEP¥AeHus, 4To mnpasad wacTb (4.15,7) cTpeMaTcs K HymIO
npu m-— co. Jas aToro mam mnoHagoGMICS CleAyomas JeMma:

Jdemma. Ilycms @ (xX)— npou3sossHas — BEULeCHBEHHAA
Dynrnus, Y008AemBopOUAR YCAOBUSM:

1° @ (X) — Kycouno-nenpepbisnas BYHKQUA 80 BCAKOM KO=
HeuHoM unmepsase (—a, Q);

o0

e (x, y)=

2°. j lx [3 e~ **¢? (x) dx umeem Kowewnoe 3nauenue.
—

Tozda:

lim j e—H (£)o(¥)dx=0. (4.15,8)
A (2" nt V'n: .

#) Ha ochoBanuu 3tux dop™mym:
—_ —y2 ] n
[ torerey= | e mo noya={7

n==0.
-_— 0 -0

§ 4.15] PAS/IOKEHUE GYHKLAA B PAAB IO NONMHOMAM SPMATA 103

Jlas OOKA3aTenbecTBa JIGMMBl [PEACIABUM  HMHTErpai (4.15,8)
B BUAE CyMMH mnerpanoa

Jm— [
(@r nt 1/1: ) 2 K
- a ©
—_;—;...__—-—1— I..-——{—-J..-_{_J.-.}:
(2”;1[“/;)2 — —a a
—Jy b Jy - e (4.15,9)
IMpamenss Hepasenctso Bynakoeckoro—Ulsapua, naxosu:
3 —a
4
= ——r [e‘vzfﬁn(x)|[¢(X)ldx<

@a Va2
1 —a L
e 2
<——| f e () () e} X
@Y=t

-0

—a €
)| | e (e =

1 1

3 o )
:{..___—_” _ (e k32 (%) dx} X
PLEIR TS ;

-a 1
% {J e+ | x P ¢ (%) dx}2 (4.15,10)

¥, aHaJOrHMYHO,
1

- ‘
=i j’e—ﬂ UHL () dx | X

a
w0 1

x{j e (W) dx)T . (415,11)

a
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JoKkaxev, uTo uHTErpan

1
Il—2— - 5 o
= J‘ e x3HE (x) dx
«a

m (4.15,12)

OrpaHuueH NMpu M00HX 3HAYEHHAX 72, AIA UYEro AOCTaTOUHO yGe-
JIUTBCS B €r0 KOHEYHOCTH TpH # — OO,

Hpenctasuy paccvaTpuBaeMbifl uHTErpan B opme

'_2‘ o

1 n(g
1:2_;1’1'7__“ | b=54h @519

e
3

n BuIOepev uucio 8:%—.

Torna, socnoassosasumucs (4.13,2), mveew:

1

»2——35 5]
n trye
S gy | @ =1 (1519

C npyroin cropousl, us (4.14,3) u (4.13,7) BHTeKkaer:

Lo 512
a2n? C*cjl\
lh[ga—-——__ 1+ - X7y =
2 n']/n 2
&> 4
&\
1
azni 1 iC 1 xe=n
_ n -2 o C
= [ — 2 42 3
2l Y = bl + [Nt + L =M,
- ﬂ4 3712 X=q

(4.15,15)

rae M-— abcomoTHas MOCTOSAHHAS, TaK KaK, coraacHo (4.14,6),
MHOXHTENb MEPEl KBaapaTHOH ¢KOOKOH# orpaHuues npu 7 — co.
Ws orpannuennoctn I u ycaosusi 2° IeMMEI CELYET, 4TO MOXHO

—

§ 4.15] PA3A0MEHUE ®YHKLHM B PAIB 10 TIOAAHOMAM SPMUTA 105

BHOpath Takoe 6oabuioe a==a (g), UTO KaWAHH U3 UHTETPAIOB
Jy u Jy Gyner yIOBJIETBOPATH HEPABEHCTIBY
<ty < 1.15,16
1]<*\:}“:, 3‘<—3'c, (. s )
rne &-— NPOU3EOJBHO MaJjo¢ MOJMOAHTENLHOE UUCHO.
Cuptas B JanbHelimey, 4YTO @ (UKCHPOBAHO YKa3aHHBIM

06pa3oN H 3aMenss B MHICTpaie Jy MOJHHOM JpvuTa €ro BH-
paxcunev (4.14,3), nveev:

i

- a

4 X I \
——a”—n———l—[‘ e 2g(x)cos y/Qn—’«lx——;)dxqL

(gtny]/'r)7 Za

|

- j T (), () de. (4.15,17)

1
Taxk Kak @(X)e 2 — KyCOUHO-HEUPEPHIBHAsS QYHKLUS, nep-
BHH W3 MHTErPATOB CTPEMUTCA K HYMO, KOTAA 72— 0o. Bropok
WHTErpa] TaKke CTPEMATCH K Hymo, u6O, B COOTBETCTBUU
1

¢ (4.14,7), noamHTerpasbHOe BHIPAXKEHHE €CTb O(n *), pasHO-
MepHO BO BCEM TpOMExyTKe (—a, a). MuoxuTtenp nepen
KBaJpATHHIMH CKOOKaMH OTDaHHYCH, NO3TOMY:

lim J,=0. (4.15,18)

n—0oo

Ns (4.15,16 n 18) caenmyer
[ <, n=N{(e), (4.15,19)

YTO U JIOKA3BIBAET JIEMMY.

3aBeplueHne N0KA3aTEAbCTBA TEOPEMBl 2 Temeph MOXET 6HITb
NOJYYEHO BEChbMa NPOCTHIM 00pasoL.

B camom mene, w3 ycaoBua 1° TEOpeMB BBITEKaeT, HUTO
¢ (x, ¥), paccMarpuBaeMas Kak (YHKIMA NEpeMeHHoro y, €CTb
KyCOuHO-TIaAKas (YHKIMS BO BCIKOM KOHEUHOM RHTEpPBAC
(—a, a), a ws ycaosus 2° cJenyeT, UTO WHTErpax OT
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[V (Ve®, Bsathii 1o MPOMEKYTKY (— oS, ~0), HMeer
Koneunoe sHauenue *). ITostomy, cornacHo Jemwve,

1
4

lim (m—+1)

; f e Hyppy (0% (%, v)dy =
{omt(m 4y )% J
1 oo

T
= lim LA je—yl Hy (D@ (%, y)dy=0. (4.15,20)
@ mYm? v

C apyro#i croponr, Ha ocHOBamHu (4.149) u  dopmyan

Crupnunra, kamnoe us BBIDaXEHUH
1
12t DIYEE Hp ()
z o Y x boombgyy
(m+1)4 m?

OCTAETCA OTPAHUYEHHBIM, KOTHA 7 —> CO. ITostomy, us (4.15,7),
HMeeM

1
Y5 Hp (6)

lim [S,, (x)— f(x)] =0, (4.15,21)

YTO M NOKashIBa€T TEOpeMmy.
Moxwuo pmokasars, urto pax (4.15,1) cxoautes Takume u
B TOUKE paspmiBa f(x) ¥ 3HaueHue €ro CYMMBl B 3TOM Cayyae

1
OyaeT - [f (6 — 0) 4 £ (x + 0)].
Io nosoay moxasarenbcrs TEOPEMHl DA3MOKEHUT [0 MOJH-
HOMaM JpPVHTAa OPH MEHbIIMX OrpaHAYeHusaX, HalaraeMblx Ha
byurumo f(x), yu orcoaem unratens x CIIELNANBHOR JnTe-

parype ¥¥),

#) LeficrBurensuo, qra JOCTATOUHO GOMBIIOrO NOMOKUTEALHOIO b>x

e 0ty < () ey o) — peopar <
y= b b
<22 [y1ro +rwier e
b

M aHatorpyHas oueHKa Hodyyaerca A1a HHTErpana, B34TOrO 110 mpo-
MEXYTKY (— oo, — b).
) T. Cere [1].

A 107
§ 4.16] NPAMEPHl PA3JMOMEHIH HO MOJMHOMAM SPMHUTA

§ 4.16. Ipumeps pasnoweHnil PYHKUHUHA B pAIbI
0 moJuHOMam JpMHTA

X
Meumer 1. ITycrs f(x)=¢*, —oo < x<o0.
Ycaosusi TeopeMsl 2 BLIIOJHEHB H MBI HMEEM

[ee]

Fey= Y c,H, (),
n=90
rae
: ~ 4 ¥H, (x) d.
=g |
W3 ypasuenutt (4.10,2 — 3) caeayet:
Hy(x) e =— Lo 1, (0), n=1, 2, ..., (116,])

M09TOMY, HHTETPUPYS! MO HaCTAM, HAXOIHM:

© [ee]

J. e~tr H (x)dx= J‘ e~vFr H,  (x)dx=
Yo o B
= ...= 5 eVt dy= I/T':e4:
oTKyza:
TN Halx)
fy=er=cT ¥ B8, o0 lx oo (4.16,2)
n=0

L |xl<a
[Tpumer 2. INoaoxum f(x)={0, 1x|>a"

Tak kax f(x)— ueTHas (YHKIMA, TO PA3AOKEHHE UMEET BUI

[o0]

FEY=, canHaq (),

n=0
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rae
a
¢y, = ! g
2n e ]/FTT . e Hin (x) dx=—

—_—a

20—
ol Ve Hy,eq (@),

n=1, 2, ...

a

j‘ e~V dx = (a),

—a

cr — 1
O.——l/_:
® (2)— unrerpan sepostrocTH (§ 2.1).
Taxum 06pazoy, nosyuaem:
2

fE=0@—

et N Heps (@)
zeme ¥ il g (), (4.16,3)

n=|

— oo < x<co.

B 3aKJIrycHue 3aMEeTIM, YTO BRIYHCAEHHE HHTeraJIOB BHOa
— O
j FX)e v H, (x)dx,
-_ 0

HEOOXOMVBIX 1  OmpeneaeHus Kko3(PuLneHTos pasnoxeHus
(pyskund f(x) B PAA MO NOMMHOMAM PMUTA, BO MHOTHX CJV-
yafxX Moxer GHITb NPOUSBENEHO MyTeM Sa‘VIe’HbI H, (x) unTe-
rpanbHHME Ipencrasiaenuaun (4.11,2--3), a Takxe qe’;)es cpasHe-
HUE KO3(DQULUHEHTOB NPU OIMIAKOBHX CTENEHYX £ B JEBOH u
NpaBO# 4aCTAX DaBEHCTBA, [0JyYatoMerocst ua GopMy.isl (4.9,3),

€Ca YMHOXHTb TOCJENHIOI0 Ha e~ ** f(
X) W NPOUHTErpH
00 HNPOMEXYTKY (— co, co). P prponaTy

§ 4.17. Noaunoms Jlareppa. Ompenenenne wu NpOM3BOAANIAA
dyaxkuus

K uncay oproroHanbHHX NOJMHOMOB, uMEOMWHX GOabIIOE
8HaueHue I/ NpuIoKeHuH, OTHOCATCH TaKxKe MoJduHOME Jlareppa

o
L, (x), xoropre mas MOOHX BEIIECTBEHHHIX 3HAYECHUH a>—1
ONpenenfoTes HOCPeACTBOM (opMyrs *)

3 __ x~* gdn o
Ly(¥)=e"" o (e*x"F%), n=0, 1,2, ... (417,1)

R a

) Tlomuomu L7 (x) "I‘IOJIbKO [TOCTOAHHBIM MHOXHTENEM OTIMYAIOTCH
or nompHomon Comuna T (X), HCCIENOBaHHMX NOCIEIHUM B padorte
ony6amkoBaHHOH B Math. Ann. 16 (1880). Jlareppom H3yueH qacmmﬁ’

cayvait a=0. B amrepatype noamu o
: anHoMEl L% (x) wum
060o6menHpME TOTHHOMaMK Jlareppa. n () oria Hashmaioren

§ 4.17] . HNOJAHO VBl JATCEPP 109

Bunonuus gaddepeHiidpoBanie B npasofl uacT#, HAXOAMM:
Li(x)=1, Lix)=1--9—x,
1 Ca
L ()= [(1+2) @+ —2(1 =9 x—x7]

n T, L
Obuee BhIpaxKeHue JJd MOAUHOMA Z-TO MOPAIKA f10AyUaeTCa

nyteM mpuMeHeHusi mpasuria JledGuuua, uTO TPTIBOAAT K dop-
MyJe BRAA:

n

iy WItath (—x* >

Li(9)= 2 TrraF R n—F " (+17,2)
E=0

rie mas Beex k< 7 OTHOMWeHAE ravva-GYHKIIA MOKET ObTb
3aMEHEHO IIPOUSBEASHHCM

(nt+a)y(n-fro—1) o ne—(@—k—1)]

Hixe (§ 4.21) Oyzmer 0OKa3aHo, HTO [0 THHOMbI Jlareppa
L; (x) oproroHainHsl Ha THPOMEKYTKE (0, co) ¢ mBecoMm
p(x)=x"e".

[Moanuomsl Jlareppa BCTPEUaroTCd NPH PaCCMOTPEHMH MHOTUX
BOIPOCOB MaTeMaTHYecKoW (usuki, HANpUMEp, Mpu HUHTErpu-
poBannu ypasuenns ['eqbMrosbuia B MapaGOTOABANLHBIX KOOD-
AMHATAaX, B Teopud 4roMa BOAOPOAd, B TEOpHA DpACMpOCTpa-
HEHHS SJEKTPOMAFHHTHBIX KoneGanui BIOAb [UIMHHBIX JIHHAH
u T L

I[Ipocrefimut Kaacc nomuHoMoB Jlareppa cocTaBiasioT NOJH-
HoMB LY (X)==L,(x). Jlpyro#i Baxubifi YacTHBIA CIy4aHi nped-

+1
CTaBASIOT MOJUHOMH L, 2(X), TpOCTO CBSI3aHHBIE C [MOJHAHO-
mamu Ipmuta (§ 4.19).

Teopust moauHoMoB Jlareppa MOxeT OHTb Da3BUTA, HMCXOLA
U3 NPEACTABACHUS 3TUX MOJHHOMOB KaK K03(pdHuUUEHTOB B pas-
JIOXEHn POu3BOAAel (yHKIUM:

xt

w(x, f)=(1 —f)——te 1—i= EL;‘, ()",
"< (@17,3)
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Yro6H YCTaHOBHTb CHPABEIJMUBOCT 3TOrO  PA3JOMEHHS,
BAMETHM, UTO JeBas 4acThb eCTb (YHKuMd KOMILIEKCHOTO [epe-
MEHHOTO £, peryaspHas B kpyre |¢}<C 1, nostoMy B paccMarp-
BaeMO# 06J1acTH DOMKHO MMETh MECTO DaBJIOKEHUE BH/IA:

— at el

w (s, H=(1—H==le == Y o (x)"

n=0

CornacHo m3BecTHOH Teopeme Teopud (YHKUMH Koaddu-
LHEHTH €y (X) MOTYT GHTb BHIpaMEHbl Ye€pe3 KOHTYDHHE HHTE-
rpajsl

1 —_*t
cZ(x)_—.:WX (1—f)y——1¢ T=H=n—14f, (4.17,4)
C

B3THIE 110 NPOW3BONLHOMY 3aMKHYTOMY KOHTYDY C, OXBaTH-
BaoneMy TouKy £==0 u pacnionoxeHHoMy BHyTpa Kpyra |¢|< 1.
Bu6upas konTyp € ZOCTAaTOYHO MajbIX PA3MEPOB U BBOASA HOBOE

X
NEepeMeHHoe HHTErpupoBanud ”=‘1T[’ Haxommv:

du, (4.17,5)

¥4 —~u, n-ta
Cz(x)_:e g‘ e u

2mi & (u——x)"'“

rae C' — manbili 3aMKHY THit KOHTYD, OXBAaTHBAOWAN TOUKY & == X.
Iocnennue wunTerpansl MOryT OHITh BHIYHC/AEHH € NOMOHIBIO
TEOPHU BBIYETOB, YTO HAET

a exx_“ dr . __ra
Cn (x): —n'—{w" e~ i lln+a}u=x= Ln (x),
OTKyJda HCNOCPEACTBEHHO caenayeT CcrnpaBedquBOCTb pasiaoxennsa
(4.17,3).

§ 4.18. PexyppeHTHLIE COOTHOMEHHS ¥ IuddepernHanLHOR
ypaBHeHue piaa moanHomoB Jlareppa

[Momnnoun Jlareppa yaoBJAETBOPAIOT POCTHM PEKYPPEHTHEIM
COOTHOUIEHHSIM, CBA3RIBAIOMIAM MOJUHOMbB ¢ PA3JIMUHBIMU HHAEKCA-
MA. DTHA COOTHOWEHHMS MOryT OBITh BBIBEIEHSHI M3 Pa3/I0KEHuUS
npoussonsiieit ¢dyHkunn (4.17,3), ecau npuHATL BO BHHMaHUE

§ 4.18] MOJUHOMBl JIAPEPPA 111

mucddepenunanbiple ypaBHeHns aas w (x, f). Tak, Hanpumep,
U3 JIErKO IPOBEPSEMOro TOXIeCTBa

(1= e — (1 =5 (1 +a)]w=0

c/eAyeT, mocae NMOACTaHOBKHM pasaoxenns (4.17,3),

(1 — 1) 2 ALE (6) 71+ [ — (1 — ) (1 - )] EOLZ(x)t":O,
n=0 n=

OTKyZa, NMPUPaBHABAs HYMO KO3(h(UUUEHT NpH #*, momyyaem:

(4 1) L1 () (6 —a—2n—1) L7 (¥) +-

(o) Ly (¥)=0, (418,1)
n=1, 2, ...
AmnanornuHeim o0pasoM K3 TOMIECTBA
(1= to=0
Haxonum *):
o dLa JC) [ee] .
(1—5 ) z"-—g;—+ ¥ L t=o,
n=0 n=>0
OTKYya UMEEM:
o= Ll 4L i (x)=0, n=1,2, ... (418,2)

dx dx

#) [Ina o60CHOBAaHMA BO3MOXHOCTH IMbdepeHIHpOBAHUA pAna
(4.17,3), uneHsl KOTOPOro peryisapHeie (YHKUMM, IOCTATOYHO JOKA3aTh
PAaBHOMEDHYIO CXOAUMOCTb sTOoro pama. Ilycms |x|<ae, a — no6oe
KoneuHoe uucro. M3 (4.17,2) Torpma caenyer, 4TO, PH BCAKOM &> — 1,
| L} (x)| =< L; (— a), nostomy pan (4.17,3) Maxopupyercs CXONAIIMMCA

ANOM
P a|t)|

Y=l

U CXOIUTCA PABHOMEPHO B paccMartpupacMo# obractd.
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Wckmouas Ly 1 (x) w3 ypasuenatt (4.18,1 —2), nomyuaev *):

,l() dly . (x)
(@ —n— 1)~ (e D)
—1—(2n~—_fq—x)L,L(x)—(n—}—I)L,“L_l(x):O,
n=0,1,2,... (4.18,3)

Hakoneu, saycugs B focaeineM paseHcise 7 Ha (2—1) u
aL> _,(x)

ACK/II04as IMPOU3BOINYIO i~

(4.18,2), naxomm:
dL; (x)
X dx

C MNOMOWbI COOTHOUIECHIIA

=nly(x)—(n-—a)Lp_1(x), n=1,2,... (£.18,4)

Tlocaeansis ¢opuyta I14€T BO3MOXKHOCTH BHPA3iTh MPOH3-
BOJHYIO Of NMOJAMHOMa Jlareppa uepes 3T [OJIAHOMBL

PexyppeHTHBIE COOTHOMIEHHS JAPYFOro THMa, COdepKauiue
NOMMHOMbl C Pa3HBIMM BEPXHUMH HMHIEKCAMH, MOIYy4aroTcd, €CId
paccMaTpuBaTh NPOU3BOJALIYI0 (DYHKLMIO Taxxke KakK QYHKUUIO
mapaMerpa o W YCTaHOBUTL CBA3b Mexkay w(X, £, o) 0
w(x, ¢ a-l-1).

[Tepsoe U3 3TUX COOTHOWIGHH? BHITEKACT M3 TOXKIECTBA:

(1—08Hw(x, t, o+ D=w(x, ¢ o)

[MoacraBass pasaowenne (4.17,3) u cpaBHuBag Ko3dpdu-
HUEHTH NPH OAMHAKOBHIX CTEHNEHsX f B JCBOU M IpaBo# yacTax
PaBeHCTBA, BBHIBOAUM:

) — LTl =Li(x), n=1,2

AHanornyHNM 06p330M U3 COOTHOIIEHUA

(4.18,3)

ow (x, ¢, @) o 0
"T—— tw (x, t, o ; 1)
BBRITEKAET Apyrasa mnoJacsHas cpopMera paCCMan[/IBaeMOI‘O TUla:
dL?% (x
T”x(lz Liti(x), n=1,2, ... (4.186)

#) B noCIeAyOWHX pacCyXAeHHAX ClpaBefIHBOCTS IOMYUEHHBIX
COOTHOMIEHHH TIPH NMEDPBHIX 3HAUEHHAX 72 He BHTeKaeT U3 o6wux GopMyd,

OAHAKO JEerKo MpOBepAeTCs NOACTAHOBKOH HOIHHOMOB Lo (x), L (x),

Yool

§ 4.19] HUTErPAJbH. MPLACTABJIEHUA M5 IOJAMHOMOB JATEPPA 113

[Tonb3ydcs pekyppeHTHHIMH  cooTHouwleHMsMu  (4.18,2) u
(4.18,4), nerxo mnoayuuth AuddepeHUHaNbLHOE YpaBHEHHE A
noanHoMoB Jlareppa. Has atoro npoauddepenunpyem (4.18,4)

) aL; _ (x) «
MO X M MCKMOUMM ————— #l L, _1(x) ¢ nomompio coor-
Hourennh (4.18,2) u (4.18,4). Mul umeem rorga:
daL“( ) dL” (x .
T b ta—n =,

n=0,1,2 ... (4187)

IMocnenuu#t peayaprar MoKasmBaer, uro QyHKums u= L; (¥)
SIBJIEfCsl YAaCTHBIM pemieHneM HudHEpeHnnanssHoro ypasHeHus
BTOPOrO MOPAAKA

xu' (1 4o —x)u' 4 nu=0.

Ypasueune (4.18,8) BcTpeuyaercs B MaTeMarHuecKo# dusuxe
U KIpaeT BaXHYIO POJXb B TeopuM noJamHomoB Jlareppa. C mo-
MOILbX) B3aMEHbl IIEPEMEHHBHIX MOXHO TMOJYYHTb pPAX APYrux
ypaBHEHHH}, MHTErpajbl KOTODHIX MOTYT ObITb BHDAXEHH Yepes
nomunoMs Jlareppa. Tak, HerpyaHo nposepurs, 4ro auddepen-
uuvanbHeie ypasHeHus (4.18,9—11) umeoT uwacTHHIE pelIEHUs,
YKa3aHHBIE B COOTBETCTBYIOILMX CTPOYKAX:

xu' -+ (10 —29)u' - [/z ~{—1—_—*_—1 l;--[—

(4.18,8)

\
I
b (4.18,9)

X
2 u=0, w=e 7L (0
r 1 s |
T
" 17199 19 21 =
e dnt-2a-2—x "= s 10)
Ll
u=e ?x ZLy(x?)

nT. 4.

§ 4.19. MuTerpansssie npejcTasaeHus Ad noauHomos Jlareppa.
Cease meway noauHomamu Jlareppa u JpmuTa

MMoaunomsl Jlareppa L, (X) AONYyCKalOT [POCTOE MPEACTa-
BJEHUE C TMOMOIUBIO OMPEeAEJNEHHBIX HHTErpasos, COAEpKamMY
nepeveHHoe X Kak napamerp. g TOro urolsl MOJAYYdTb 310

8 H. JleGeaes
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TMPEeACIaBICHIe, TPCITOMOKHIM, UTO ¥ — BEIIECTBCHHOE MOJI0NKH-
TEIbHOE YUCAO [ BOCHOJAB3yeMcs (Gopuy ol

% ‘”e"‘:f(]/ﬂ)n%—(’JHTa(Q Vxbyetdt,  (4.19,1)
O

rae J,(2)— ¢ynxuus Becceas mopsiaxa v ¥).
Jupdepedunpys (4.19,1) mo X u TpuUHEMas BO BHUMaiHe

PaBEHCTBO
v—1

Y
d 1o = =
ot L2 Viy=u 2 J,_,(2 V)
BrTeKaomee 13 (3.3,7), ecan MO10XKATH B NMepBoit U3 Qopvya
2=2 y/u, HaxommI [0CACIOBATCABLHO

dm Ly

m — XY —
o (¢ eY) =

o
— S (v/.;t)nfm—ra\]m#n_*_a(g ]/H)i”%‘tdf, (4.19,2)
§
rie m=0, 1, 2, ...
3axkonnocth Anddepenuuposanus MOA 3HAKOM UHTErpana

\oxKeT ObiTh JEerko OOOCHOBAHA.
Tloaaras B (4.19,2) m==n u npuHnvas BO BHMvaH#e (Op-
vyay (4.17,1), monyuaeM HCKOVMOE HHTErpa’IbHOE MPENCTABICHHE

118 noadHoMoB Jlareppa:

n+%

L) =25 | 7 2L Yt et

0
a>—1, n=0,1,2, ...

(4.19,3)

s et

dopwyaa (4.19,3) nokasaHa B NMpPCAROJOKEHAN, HYTO X —
BEIECTBEHHOE MOJOXKUTENBHOE UHCI0, OJHAKO ¢ MOMOIBIO MPHii-
1IMNIa aHAAUTHYECKOrO HPOAOJ/KCHHA €€ JICTKO pacrnpocTPaHuTh
Ha a0pe KOMIIEKCHBIE 3HAYCHUS X.

%) B orHomcHHM ¢dynxunit Beccets oM. ra. V. dopmyta (4.19,11
ABTAETCA CTeICTBHEM GopMy sl (3.15,2), €CTH NOTOXKHTL B MOCTENHEH

e=1,6=2V% x=V1i v=n+tua

§ +4.20] WHTErPANBHOE YPABHEHME IS MOJUHOMOB JATEPPA 115

M3 (4.19,3) MOXKHO BBHIBECTH ORHO BAMHOE C/ICNCTBUE, €CIH

1
0JI0 =
WHTb 0 == o W [PUHATD BO BHHVAHME H3BECTHHIE (HOp-
Myapl Teopun GecceneBbix bynkuuti (5.8,1—2). Mu NOAYUHM
TOrJa:

1 < 1 —
H(x)—=—C | " T F =
n () n!]/rTJ et cos2 l/xtdt—
et 0 -
=FzT]7—_-J e~#ucos 2 y/xudu, (4.19,4)
0
1 fe o]
L2 (x ———‘(f et '
2 (x) nlvfﬂl/}é’e "si1 2 Y/ xt dt =
X 2 g
e ) R . —
— m . ]7;5‘ e~ “u2+14i12 vV xu du,

OTKyZa, Ha OCHOBanuu Qopmyn (411,2—3), caenyer:

L n
Ln Q(x) :g——l)_ H?n ( l/}),

1 2%
Ty (— 1) Hane V)
Ln (x)_‘gzﬁl;” 1/_,6 , (4.19,5)

rae 1, (x) —noauHov Dpmuta n-ro nopsaxa.

Honyuennsie dopvyan (4.19,5), yTanasiupaomme csan
MEXKIy ABYMS KJaccavi OPTOTOH@JIBHEIX MOJHHOMOB, ITOSBOJASIOT
paccMaTpuBaTh TEOPHIO MOAMHOMOB IPMUTA KaK CIEUHaTbHbIH
pasmen Teopuu noamnomos Jlareppa ),

§ 4.20. UuTerpansHoe ypaBHeHHe NI HOJHHOMOB Jlareppa

[Toannovsr Jlareppa ynosaersopsior NPOCTOMY HHTErpasib-
HOMY YDaBHEHHIO ¢ CHMMETPHUHBIM ApoM. JIS TOro uto6h
NOMYyUHTb 3TO ypaBHEHHE, BOCIONB3YEMCH PasIOKeHHe\ (4.17,3)

vt

_tzjgol‘i(x)tn’ ‘t|<1, a>-—1, (4.20.1)

Ed
) 3aMeTHM, UuTO CHPABEITHBOCTH COOTHOIUEHHH (4.19,5) momer

6bITh  ycTa X
e (4.9’%)' HOBTEHd TaKime HEMOCPeCTBEHHO M3 pasToueHHN (4.17,2)

*

(1 —fH—e—1 e 1
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A —
33aMEHMM B HEM X Ha Y, YMHOKMM Ha e 27 L(V %),
Jo (2) — ®yHKuus Beccens moOpsAAKa «, W NPOUHTErPUPYEM MO
npoMexyTky (0, co). Toraa moayunw:
14¢

[4

Ly (Y xy)dy =

e

| <

(1 —gy—=—1

.y -
e 2y L. (Vxy)La(v)dy, (4.20,2)

o"\.—-;g o 8

n=0

NpH YCAOBUM, UTO MOWIEHHOE MHTETDUPOBAHUE pPAJA 3aKOHHO.
TMocnenHee HeTpyAHO OOGOCHOBATh, €CAU MPEAMON0KATh, YTO

1
| ] <5 - [leficrBureanio, BOCMONL3OBABINUCE HHEPABEHCTBAMH )

o >—1,

[, (x) — pyHxuus Deccens MHAMOro aprymeHTa, uveem:

i‘o
0

ILi@) | <Li(—x) L) <L), x=0,

B4

zy? 2 [ L) dy <
3

o0 . l o
gj L(YVxy)e Zy 2 ¢ Li(—y)dy =
: =

_ vy 131t
2

=it [ Ly A a
0

roe a4 CYMMHUEDPOBAHUA pdaa CHOBa HCIOAbB30BaHa q)opMyna
(4.20,1).

[Tpu !t|<—;—, @ >-—1 nocregsust HHTErpal CXOAMTCH,

B 4eM HETPygHo yOeldursbCsl, paccMarpuBas aCHUMITOTUYECKOE
noseaenne Gynkunu [, (x) npu 6onpwux 1 Maasix x. [Tosrowuy
MMEET MecTO abGCoMoTHAsT CXOAMMOCTh NPAaBOH yacTH PABEHCTBA
(4.20,2), olecrneyunsaroimas 3aKOHHOCTb M3MEHEHHS [IOPSAKA Cy M-
MUDOBAHUA W HHTErPUPOBAHHA.

) IlepBoe u3 3Tux HepaBeHCTB Clelyer us dopvyast (4.17,2), BTo-
poe BeiTekaeT U3 pastoxenua GyHkuui Deccera B cremedHble psibl.

§ 4.21] OPTOT'OHAJILHOCTb IOJMHOMOB JATEPPA 117

[Tonaras Ons BHYMCJAEHMS MHTErpaaa B aepoit yacta (4.20,2)
VY=u Hu BOCHONb30BABLIHCH dopmynoit (5.15,2), nonyuaem
npu |¢]|<1 %)

CooyLet e —
(1-_t)~m—1je_3l—‘y2 J(V xy)dy =
0
1 —

2 — % 3 i () (—H™

N]«
~

a
=2(l+H——1x%e
Takum o6pasom, 418 Bcex {t(<% CMpaBeIHBO PAaBEHCTBO

a v [e0) o0 Q0
x7e 72 —1)"Lf,‘(x)z"=2t"je
=0 n=0 0

OTKyJHaa, ecjd CpaBHUTD KOS(bCpI/I!lI/IEHTbl IpA OJMHAKOBLIX CTE-
neusx ft, cl1elyeT HCKoMoe I/IHTeI‘paJleOG YpaBHEHHE:

m|‘<:

a
2

Ja (VY X9) La(»)dy,

-z

L =50 jfm/xy)e TyT L2 (v)dy, (4.20,3)

U,>—-—1, n=—0,1, 2,...

X _a‘ «
242 2

[

1
Mps a==zk - 5T0 ypaBHeHHE NEPEXOINT B COOTBETCTBYIO-

wMe  MHTErpaibHBle  ypaBHEHWs  1Ad  [OJMHOMOB  ODpMuta
(4.11,2—3).

§ 4.21. OproroHaasHOCTh NOJAMHOMOB Jlareppa

OpnuM u3 HaunbGosnee BawHBHIX CBOHCTB noauHoMoB Jlareppa
ABASETCS OPTOTOHAJBHOCTh 3THX IOJHHOMOB Ha TPOMEXYTKE

(0, ) ¢ Becom e*x* Jas toro utoGel MOAYYHTH 3TO CBOH-
X a

CTBO, mOnONKUM U, (X)=e 2 x2L)(X) H 3aMeTdM, YTO Ha

1t

*) daa takux f, R(l —

BOJIHEHO.

>>0, FI03TOMY YCIOBHE CXOJIHMOCTH BBHI-
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ocuosannu (4.18,9) ¢yHrkuuu u,(x) u u, (X) yAOBIETBOPSIOT
YDaBHEHHUAM:

Ly H1 ok w
(xu,,)+<n+°‘2 _T_E>un—_—o,
(xup) - (m =——g— E) i, = 0.

YMHOXAA [IEPBOE M3 3TUX ypaBHEHHH HA u,, BIOpOe Ha 4,
U HHTETpHPYd 110 mpoMexyTKy (0, ~.), Haxomim:

[s)

i ' lm
x (upn, — 1,1 !O - (n—m) y uptt,dx ==0.
! .

[Ipu « >-—1 mnepsoe craraevMoe ucyesaer Ha 0GOuX npe-
aenax ¥), Mo3ToMy IAs BCEX m £ 1
o

s' an,dx=0,

uin 0
j e Ly (F)LE(X)dx =0, m5=n, a>—1. (4.21,1)
0

HroOws walitu sHauenne wunrerpana (4.21,1) npu m=n,

yMHOxum coorHourenue (4.18,1) ma L,_; (x), ypasHenue, nosy-
yenHoe n3 (4.18,1) samenod n Ha (2—1), yMHOXKIM Ha

LQ
n—1{(x¥), u sBpruTEM Oomno u3 apyroro. Toraa noayumu:

n Ly (P —(n+a) [Lia (O —(n -+ 1) L (%) Ly (%) -+
2L (X)L (X)) (o — 1) Li (%) Ly_o(x) =0,
- n=2, 3, ...

YMHOKAs TOC/HENHEE PABEHCTBO Ha X%~ 1 MHTErpupya 1o
npomexyTky (0, oo), moayyaev Ha OCHOBaHUU CBOHCTBA OpPTO-
roHansHocT (4.21,1):

[o0]

n je‘ 0% | L) dae=(n- 1t J e (Lo ()]*dr, n=2, 3, ...
0 [¢]

#) Ecam moactaButh U, M Uy, 1O TETKO BHAETh, YTO 3TO ClaraemMoe
ectb O (x' %) upi x— 0.

§ +4.22] ACHMITOTHYECK. MPEACTABJEHUE MOMHHOMOB AATEPPA 119

[MocnenoBateabHOe MNPUMEHEHUE 3TOH (OpMYIB A3ET *):

[¢s)

f e [ Ly (x)]Pdy =

=T e el v

Ilpsmas npoBepka I[IOKasblBaeT, UYTO roJydeHHas Gopayaa
ocraeTcd cnpaBerInBod Takxe npu n==0 u# n==1. Taknu

o0pasou:
(o)

j e (L3 ()] dow = b2 D

! 3
n=0,1,2, ..., a>—1L (1.21,2)

®opmyasr (4.21,1—2) wurpaoT BawHYW pPOAb B TEOpuH
pasioxenus ¢yHkumid no nomauxomawv Jlareppa (§ 4.23). Us
3TUX (opMy. T caeayeT TaKwxke, YTO (DYHKUAA
1
2
L), =0, 1,2,

ni
% ()= rG oD

00pasyT OPTOHOPMUPOBAHHYIO CUCTEMY Ha npoMexyTke (0, o)

§ 4.22. AcumnToTHYECKOe NpeacTaBJIeHde NoanHoMOB Jlareppa
A GoJbINMX 3HAYEHHU HHAEKCA It

Tonunomst Jlareppa Ly (X), TaK ke Kak [pyrde OPTOro-
Ha/bHBlE MOJHHOMBI, MAONYCKAIOI MPOCTHIE aHANNTAYECKHE TPEld-
CTaBJIEHHUS TPH 72— CO.

Has BeiBoga 3TUX (OPMYJA HMOMOKHM

uH—==e

[TEN

L} (%) (1.22,1)

*) HenocpelcTBeHHOE BHLIYHCIEHIE [10KA3bIBaeT, 4TO

5‘ e*xa L (x)]zdxzj‘ e*xs(l4a--xPde=@+ )T @+41).
0] 0
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M 3aMETHM, 4YTO u npeacrasafer cobof#t unrerpan auddepen-
11ManbHOTO YPaBHEHUS
o (o ) (a2 =
\ 2 1
perynsipHsli B OKPECTHOCTH TOUKM x =0 M yJOBJETBOPSAOIINH
HAYaJbHOMY YCJIOBHIO:

(4.22,2)

nlT@+1)
HanpHelmui xox paccyxaeHui HECKOMBbKO 3aBUCHUT OT TOTO,
OyZLeT napaMeTp o MONOKUTENbHBIM M OTPHLATENBHBIM, OLHAKO
3TO Pas/INuue HE NPUHUHWNHMAILHOTO XapaKTepa, B CBASH C ueM
Mbl OFPaHMYHMMCA TOJIBKO cayuyaem o = 0.
Ecnu pacecmarpusath npaByio wacth ypaBHenuma (4.22,2) Kax
3a/aHHYI0 (PYHKUHIO, TO, NIPUMEHsIs MeTo[ Jlarpamxa, HaxomuM *):

u(X)= Ay (x) -+ Ayt (x) 4

(4.22,3)

T r

i ) QT e ) [ () e () — (¥ 1 ()], (4.22,4)
0

rae

g ()= (Y Nx)™*Ja (2 V/N); 113 () = (V/Nx)=* V. (21/ Nx);

Ja (x), Yal(x)——(byHKuun Becceas nepeBoro u BTOpOTO poja,

N=n+ - (a-1)

[IpunnMas BO BHMMaHue acUMATOTHYECKOE NOBedEHHE PYHK-
unit  beccenas (5.16,1—2), sakawuaeM, uto npu x—0
g ()>{I'(1+a)}™, uy(x)—>0co, a uHTErpanbHHP wieH
ectb O (x?)*¥), n05TOMy 3HAYEHUS MOCTOSHHBIX WHTEFPUPOBAHMS
B (4.22,4) 6yayr

I'in 1
A ="0tT ), (4.22,5)

7) (1, u) 06DA3YIOT CHCTEMY peMmEHHH OJHOPOAHOTO YPABHEHHA

xu'" -+ (a -+ I)u'+<n—{—a

C BPOHCKHEHOM

) 1>u=0,

N —
W{ul, ug}=—n—(Nx) a—1,
+») 3a HcKTIoueHHeM c1yyast a=0, KOraa 3ToT YIeH eCTh

0

-2 1
\x In ?/) .

§ 4.22] ACHMNTOTHYECK. NPEACTAB/JEHUE IIOJMHOMOB JATEPPA 121

1 3TO PABCHCTBO MOXET ObITL 3amucaHo B BHUIC

1 (X)) = A, [, () -L 1, ()], (4.22,6)
rne ‘
()= gy | () [y () 1 () —
2o, () 1 )] . (4.22,7)

[TokaxeM, uTo OpH (PUKCHPOBAHHOM X =0 U #—CO BeaM-
yMHa OCTaTOUHOro wieHa B ¢opmyae (4.22,6) Oymer mana mo
cpaBHEHIIO ¢ NepBbM caaraeMbiM. [lpu noKasarenbcTBe Oynev
pasauuath mBa caydas: 10 0=<x<<N7'; 2°.x>N7', u npen-
BAPUTENbHO YCTAaHOBMM BEPXHIOO TDaHMLy MOAyJas u(x) ans
unrepsana (0, N7Y), xortopyw Mbl oGosnaunm M,

Cornacho § 5.16, M uveev npu 0=<x=<<N°:

O (N—=x—%), a >0
O(InN"1x™), a=0,

nostomy w3 (4.22,4—05), B npeanosoxennd o >0, crexyer:

0 (x)=0(), uy(x) :{ (4.22,8)

()| < A0 (1) + M [ )t [0 (V) -
0
L OW-ry) dy =4, 0 (1) - M,x* O (1) =
= 4,0 (1) +M,0 (N9),
OTKyD.a BLITEKAET, Yro [pu 0O0JILIINX 7
M,=A4,0(1). (4.22,9)

[Tonyuenupiti pe3yIbTaT OCTAETCH CIPABEINBBIM U st o0 == 0.
BocnoabsoBasuinck (4.22,9), Haxonum, uto npu 0=<x<<N7?, a >0,

|7, ()| <<x?0 (1)=O0(N). (4.22,10)
Ina tex xe suauenuit x u a==0 nosyuyaem:
|r, ()| = x*ln(N'x ) O (D=0 N?). (4.22,11)

s ouenku r, (x) npu x == N"! npencrasuy (4.22,7) 8 Bu1e
CYMMBl BHTEIpajos:

O.
Sy |

X
+ g‘}—_-11+1,2. (4.22,12)
i

v

rn(x):4ﬁTN{
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Tak Kkar B untepsare (N7, co), B COOTBEICIBIM C § 5.16,

L= 1\
G (X)=0\N 2 4y 2 4]
/ ks 1 k4 I

zzz(x):OL\J 2 4y 2 4

(4.22,13)

TO, TAK K€ KaK [ Bblle, uyeeM npu o > 0:

Y-

kd 1
=AY D) TV 20 (1) 4 0 (V) dy =
Q
/ _a_i _i_l_\
=NTZO\WN 2 iy 2T (4.22,14)

QueHKa CIPaBeInuBa U B TOV cayyae, koria a=~00.
Hanee ™Mbl uaeem:

1 >

a [
o < (A N) 1O (N*?“Tx D

X[ @y vy v
1
—-\v

2 /

SR R (U S T A
<ATIN?ITHOINT T D 4)f,v2”1u(y)!d)’-

.

Ha ocuosanuu nepasencisa Byuskosckoro—Illrapua u dop-
styasl (4.21,2) Haxoam:

£ 3 X 3 1 o8] 1
__+_ » @ —_— —_— » —
[FRaE u)|dy<{ |y +2dy}2{ [ w(nay}?=
0 0 0

1 « 5
. AI?X?T4
— .,
[+

§ 4.23] PABJOMEHUE &Y HKUMI B PALH (10 [OJHHOMAM NATEPPA 123

no3aTomy

1 a 1 « i
AT INT T T2 T
\J21§A1 N" X

o 1 4 ]
—5—7T." 3 T!
0(/\/ 2oy 2

u1d, Tak Kak, coraacio (4.22,3, A;=0 (V®, 10

| e

! a 5

x 1 3 I
| LN fx? ’T0<N’T4x_ T4, (4.22,13)
Hs (4.22,12), (4.22,14) u (4.22,15) noaywaev, 4TO npu
X =N
N S A
lfn(x)Ié(?(N 2oty 2 4) <
1 = 5
e [N‘ tx2 “T+N-20(1)}. (4.22,16)
Cpasuenne (4.22,8) ¢ (4.22,10—11) un (4.22,13) ¢ (4.22,16)
TI0Ka3blBaeT, 4T0 A1 Bcex O=Cx =<a (@ — NpOU3BOJBLHOE KO-
HEYyHOe 4YUCI0) BeIUUMHAa OcCTaroyHoro uieHa B (4.22,6) Oyxer
Mana Mo CPaBHEHHIO C 1y (X), [OITOMY HUMEEr MECTO acCHMIITO-
THYecKaa opMyaa
u(x) ~ Ay (x), (+.22,17)
n—x

i

L5 (o) ~ D 5 (v T, (2 /R,
nooo 1.92,1
a1 ( '18)
N=n-4—5—.

Jns unrepBana 0<8=Cx=Ca MOXHO 3aMEHUTH (bydKUKIO
Beccens ee acUMITOTHYECKHAM IHpencrtaBrexuneM (5.16,1) u npe-
06pa3oBaTh NOJAy4YeHHyo dopuyay K 0o.Jee NpOCTOMY BHAY:

1 » a 1 a 1

o a5 5 — — 5 i 4 I a~ ™
L) mn TeTp2 Ty 3 4cos/\2|/lzx—2—-—I>.(4.22,19)

n—sowo

§ 4.23. Pasnoxende QyHKuuii B pAAbl 0O MOJHHOMAM
Jareppa

K uwucay csoftcrs noauHoyos Jlareppa, oOmux cBo#cTBad
IPYyrdX OPTOTOHAJbHHX IOJMHOMOB, OTHOCUTCH BO3MOXHOCTD
OpeAcTaBAEHUs MPOU3BO.IBHOR Qyrkuni f(X), onpeaeneHHoit Ha
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npovexytke (0, cO) u yaA0BAETBOPAIOMIEA HEKOTOPHIM YCTIOBHSM,
psiAOM BUIA

Fe)= Yo, li(x), 0<x<loo,  (423,1)
n=0
rae, B cOOTBETCTBHU ¢ (opmyaamu (4.21,1—2), kospduuueHTH
OnpeessioTCs NP HOMOUIH paBeHCTB'

F(n-{- +1)§f(x)e"x“L (¥)dx. (4.23,2)

Jas o6GOCHOBaHUS CUPABENJIMBOCTH PasNOkeHHS JOCTATOUHO
NPEANOAOKUTL KYCOUHYIO NAAKOCTh GYHKINN f(X) B OTKPHITOM
unTepnane (0, @) ¥ HAaJOXKHUTb HEKOTOPHIE OrpaHMuyeHHs HA MO-
BeJeHNe (QYHKUUH B OKDPECTHOCTH TOUEK xX==0 u x=—co
B dacTHOCTH HMeeT MECTO clelyiolias Teopeva:

Teopema 3. [Tycms f(x)— npoussossnas fyrKyus, onpe-
denennas na npomexcymre (0, o0) u yoosiemsopaouas ycio-
sui: 1°, f(x)— Kycouno-2aa0Kas GYRKUUAL 80 BCAKOM OMKDbL-
mox unmepsase (0, a); 2°. unmezpas

fe“7x7_7|f(x)}dx
i

HMeent KOHewHoe 3Hawewue,

Tozda pso (4.23,1) ¢ voaghgpuyuenmann (4.23,2) cxodumcs
u e2o cymma pasua f(x) 6 Kancood moure x, 20e ama PyHK-
Hus HenpepwvisHa.

B rtouke paspsiBa palx CXOOUTCS K —+

[f (x +4-0) 4 f(x—0)].

JlokaszaTeNbCTBO TEOPEMBl MOMWET Gmb AaHO C MOMOLILBIO
MEeTOMOB, aHaNOTRYHHIX HCIONB30BAHHHMM [PH IOKA3aTEAbCTRE
COOTBETCTBYIONIEH TeOpeMH Pa3aOXeHus IJst OJUHOMOB DPMHUTa
(§ 4.15)*%).

B Bume npoctoro npuMepa MOAYYHM pas3ioMeHHe (PyHKLUH
f(x) ==e€™". 3nauenne unterpana, BXozsero B popvyny (4.23,2),
MOXET ObiTh HallleHO ¢ TOMOILbIO CJEIYIOULErO NpueMa, 10Je3-
HOr0 BO MHOTHX CaAy4Yasx.

) Cm. Cere [1]; Kopoyc [1].

ITo moBony 10Ka3aTeabCTBA TEOPEMBl Pa3mioMeHHs IpH Gogee c1a-
6BIX ycaoBuax cM. MoHorpaduio Cere [1] u untnpoBanHywo taM mute-
parypy.

§ 4.24] nNPUNOKEHME K TEOPMW IEKTPOMAFHH[HBIX BOAH 125

VMuoxum pasercrso (4.17,3) Ha €7**X* 1 npouHTErpUpyeM
noustenHo o npovuexyrky (0, co). Torna nveew:

O i e n°‘3 e
(1-_z)—a—1fe Sigedy= Y ¢ s e L% (x) d,
5 n=0 5

OTKyAa, nocae BhlyucaASHUd UHTEerpana B ACBO# wactu paBeHCTBA,
HaXoonuMm:

Pt _ 21‘(a+n+1)tﬂ
(2_t)a-l—1 2a+l
=¥ j ey % () dx.
n—0 O

CpaBuuBast KOIQPOUUUEHTH IIPA ONMHAKOBBIX CTENEHAX £ 1l
mOACTABMASL 1OJAyYeHHOe 3HaueHue uHteipana B (4.23,2), npn-
XOMUM K HCKOMOMY Pa3/IOXEHHUI:

— 2 L g<x<ce (4.23,3)

on ra—{—l

§ 4.24, llpuaoxenue K TeOpUH PACIPOCTPAHEHHS IJAEKTPO-
MATHUTHBIX BOJH BEOJb JUJIMHHBIX JuHHA. OTpamenue
OT KOHIA JHHHH, 3aMKHYTOUH Ha COCPeXOTOYEHHY!O
HHAYKTHBHOCTb

B kauectBe MOOONBITHOrO NpuMEpa TNPUAOKEHUS HOJHHOMOB
Jlareppa x TexHuyecKud IpobrevMaM DPAcCMOTPHM 3ajayy O pac-
[POCTDAHEHHH  3JEKTPO-

MArHATHBIX BOJIH BAOJb JH- z-0 =]
HUY Nepefadd, OJUH KOHEL
xoropo#t B voMeHT f=—=0
HOAK/NIOYaeTCd K HCTOY- £
HUKY C IIOCTOSIHHOH# 3.A.C.
E, a apyro#f saMkHyT Ha
KalyLWKy caMOUHIYKuuu Ly
(puc. 12).

Ecin o6osuaunTts vepes o=—==g (X, £), i=1i(x, ), vruosen-
Hble 3nauenus HanpskeHus u o ToKa, L u  C— CaMOUHAYK-
UHI0 ¥ eMKOCTb Ha eJMHUNY JTUHbl JUHHM, TO DaccMarpusaemas

Puc. 12.
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3ajaya CBOJMUTCS K HHTETrPHPOBAHMIO CHCTEVIH .THHEHHHX ypas-
HEHUH
0z __ ;O o1 0o

—--a-_Ld[, — 5 =C% 4.24,1)
IpH HavaJdbHBIX YCJIOBHAX
:Dlt,:o:l'igfozo (4.24,2)
{1 TPAHNYHBIX YCJOBHAN:
o
‘\4“0:E, ¢ x—l:LOW mt (4.2‘},3)

SddexTuBHBil VeTOA pelleHUs 3TUX yPaBHEHHH 3aKjo0yaeTes
B MpUvEHeHMn K Huv 1npeofpasoBanus Jlammaca (§ 2.6), B pe-
3y/ApTaTe€ KOTOPOTO DAaCCMaTPUBACMBIE YDAaBHEHHS MCPEBOAATCH
B oébIKHOBeHHme nuddepeHunanbHbe YPaBHEHAA A QyHKUuY ¢
u o, rie f o6osnavaeT npeo6pazosanue Jlammaca 0T PyHK-
unn fr
ot
F=\ fer at (4.24,4)
§
Ecan HCKIOUATh £, TO T8 ONpeaesenus ¢ noayuaercs aug-
(bepeHIMATBHOE YPaBHEHHE

a3 s — 1.94,5
T — LCpie (1.24,5)
¢ rpaHuuHbIMH YCIOBHIVA
— E do L
> = N =0 +.24,6
Ql\—ﬂ P’ de T L7 ey i ( ,6)

OTkVIa Clenyer

_ ch%(!—’c)—,—L nla—a
< =, (1.24,7)
i L n 2 ” p
v Lop
ric z':'/’—ll—?j—CKOPOCTb pacnpOCTpaHeHm BOJII BIOJbL JUHWU,

7= l/-é — BO.THOBOE CONPOTHBJIEHHUE.

§ 4.24] UPWIOALHUF K TLOPHH SJLKTPOMATHHUIHLIX BOJH 127

Ilepexon Kk mepBuunofl GyHKUMKM & VMOKET OHTH COBEPIICH
¢ novompio dGopuyas odpameHus

(o
o=, | %" dp, (4.24,8)
(£)
rae MHTErpUPoOBdHHC NPOH3BOJAHTCA BAOAbL mpsvof (L), napar-
JeJIbHON MHHMOH ocu ¥ BoIOpaHHOH TakuvM o0pasov, 4Tobs
oco0ble TOUKM ¢ Jiema’ty CJICBa OT Hee.
B panbuefiniey nac Oyner uiTepecoaTh 3HauCHHE Hanpsi-

AKEHUA HAa KOHUE JHHMA, B COOTBCTCTBAM € Y€ I NOTOKIM B GOp-
wyiax (4 24,7—8) x=/ Mm Haxomau Torua:

CISE vt
P T 2m ) pchpT —+ashpT ap, (4.24,9)

(L
[ el
ric T:;—Bpe\m npooera BOTHBI OT OJHOrO0 KOHIA JIMHNR

[0 APYTO1O, 0= 7.
)

J1a TOro utoOu MOJTyunre peuleHue sazauu B Gopue, gonyc-
KAIOMIeH NIPOCTYIO (DUBHYECKYIO HHTEPNPETALNIO, Pa3TOKAM (F),_,
o cremedsv e~2T y npouHrterpupyeM mod ienHo. Mel uveeu
TOrAa:

()imt )\al 1 D — a\n ePlt—@n1)7)
S o [y,

n=0 (L)
1M, eC.1d BBECTH HOBOE MEePEeMEHIOS UHTErpripoBaHis q:p;a’
()e=z )‘c=~l y (—1)" (2u) e==lt=Cn41TI 3¢
n—O
1 f(l_iyg?qa[t—'?n-i-l 7 49 4.24,10
>< 2 L 7 ¢ ( )
rae (L") — npsavas, napairie ibHas (L),
Brtyncienile BHTErpaia
1 ¢ 1 et
o) —— )= o2
FO=g | 1—7) T (+24,11)
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MO¥ET ObIThb HPOU3BENEHO € IOMOUIbIO TEOPHM BBIYETOB, €CAH
JOMOJNHATL KOHTYP 10O 3aVKHYTOrO Ayro# Kpyra mpousBO/bHO
0OALLIOr0 Pafuyca, PAcHOIOMKEHHOHA c/leBa OT (L"), ecaa © >0,
# crnpasa oT Hee, ecan T<0.

B nepBoM ciayuyae 3HaueHue uHrerpana Oyaer

F(1)=—,1;!{;;n(q—l)" e"”“} =

g =0
< dﬂ . ) ‘
:%{W’yﬂ ¢ \}y_r: L, (), (4.24,12)

rae L, (t)— nosuxow Jlareppa 7-ro nopsaaxa (§ 4.17); BO BTO-
pOM — 3TO 3HAYEHUE DPABHO HYJIO.
BoCMoJAb30BABUIMCh  MOAYUEHHBIM  PE3y/apTaToM, HaXoxuM
(9)y—;=0 nmpn 0=<¢<T u
N-—1
(:.p)x—l — V (_____ l)n (20,)” 6,'—ax[t—(Qn-;—-l)T] ><
2E -
nu=
WLy {20 [t —(2n 1) T]} (4.24,13)
s
T<t{@N--1)T, N=I,2,...

Peluenne npejacTapasercs B 3aMKHyTO# ¢opue; AoOasieHue
HOBHIX caaraeMbix B cyMmve (4.24,13), npoucxosiiee 4epe3 UHTED-
panbl 27, COOTBETCTBYEr MPUXOLY B TOUKY X ==/ OTDaKEHHbIX
BOJIH.

Meroa npuMeHuM MIA APYTHX THIIOB HArpyskd JdHAH, npd-
yeM BO MHOTHX C/YYasX pEHICHUE TaKke BHIPAKAETCA 4epes
noauiomsl Jlareppa.

§ 4.25. Ta6auupl OPTOrOHAJBHBIX NOJHHOMOB

M3 opTOroHaabHBIX MOJAMHOMOB Ayulle APYruX Tay/TupoBaHbl
nonuHOMBl Jlexcanapa, 48 KOTODBIX Mbl MOMKEM YKasaTb cae-
nytomue Tabauun *):

1. E. Sluke u &. dvae, Tabauusl ¢yHkuuit ¢ dopuy-
navd # KpuBmiMH. Docrtexusgar (1948):

Pﬂ (x), x:O(OaOI) 1.

— , 1 an.
P" (COSe), §—0 (10) 90“ ) 14 1 (1) 7 3H

») O6pAcHedne ofosHaveHuit navo B § 1.6.
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2. 6. H. lnuaspettu, Tabruusl crnenmansuex $ynxuu,
loctexnanar (1933):

P, (x), x=0(0,01)1, n=1(1)7, 4 sn.
P, (cosb), 6=0(1°) 90°, n=1(1)7, 5 3H.

3. K. Xanamu (K. Hayashi), Fiinfstellige Funktionentafeln.
Berlin (1930):

P, (%), x=0(0,00)1, n=1/(1)10,
P, (cosf), 6=0°(1°90°, n=—1/(1) 10.

4. British Association Mathematical Tables, Legendre Poly-
nomials. Cambridge (1946): '

Py(¥), x=0(001) 6, n=1()12
x=6(0,01) 11, n=1(1) 6 3R

Ilocnenusas tabamna spasercs, noBuzuvMovMy, HanGomee MO
HO# U3 CYIECTBYIOIIUX.

3Hauenus NMOMMHOMOB DpMATAa NPUBEJEHH B TabauIaxX:
5. . Pacecan (J. B. Russell), Journal of Math. and
Physics, 12 (1933), 291—297:

X2

e TH,(x), x=0(0,04)1(0,1)4(0,2)7(0,5)8, n==0(1)11.

6. British Association Mathematical Tables, 1. Cambridge
(1946):
x2

e_THn—x—_
2
Tég’]‘/_)’ x=—7(0,1)6,6; n=0(1)6.

Hav ne ymamoch HaliTi B suTepaType CCHIIOK Ha COOTBET-
cTByromue onyGnuKoBaHHbe TaGaMUB LIS MOMMHOMOB Jlareppa.
Hekoroprie yxasanus mo 3TOMy MOBOAY UYATAaTedb MOMKET HalTH

B LUTHPOBAHHOH Bhte Mmonorpacpuu Paeruepa, Muanepa wu
Posenxena [1].

Ynpaxcuenusn
1. ITokasars, 4TO BCe KODHH ypaBHeHHA P, (x)==0 BeieCTBEHHH H
Jewart B MHTepBate (—I, 1)
Yxasanue. [lpumennurs teopemy Pomrs.
2, Ilokasatb, 4To BCe KOPHM ypaBHeHuss H, (£)==0 BelleCTBEHHbI,
9 H. JleGenes
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3. Bocnoab3oBaBunCh HHTErpaibHHIM npeacraBrennem (4.11,4) naa
NOTHHOMOB 9pMHTa, IOKa3aThb (bopmyny

® =g (hyD)
e
2 Ty () Ha () =

n=0
1 1 (x—yi£)2
- = (x2—y2)—
=1— 22 =2 <. (A)

PaccmarpuBaeMoe PaBeHCTBO UTpaeT BAXKHYIO POMb B TEOPUH MO.IHU-
HOMOB JpMmuTa. B vacTHOCTH, Moaarad y ==.x, HaxXOAUM:

1 1—¢

< ——42[-]2 - =
2———2nn.—(") m=—r) e TH, i<l (B)
n=0

JoxkasarenbCTBa paccMaTpuBaeMblXx (GopMyT MOXKHO HaiTH, HATpH-
mep, B Monorpadun Turumapma (E. Turtumapu, Beelenne B Teopuio
unterpanroB Pypoe. [ocrexusgar (1948), crp. 104—105).

4. BriuucleHde HHTErpaloB Buaa

[oo]

j‘ f(x) e H.2 (x) dx

BO MHOTHX CIyuasX MOXeT ObITh BHIMOJHEHO NPH MOMOILM ClIeAYILero
npueMa: yMHoxuM (B) Ha f(x), NPOHHTErPUPYEM N0 IPOMEXYTKY
(— o0, ©O) M BHIUACIMM 3HayeHHe MHTErpala B NPaBOil YaCTH paBeHCTBA
© (£); paswoxuM ¢ (£) B CTENEHHOH PAN ¥ CPaBHUM KOIDPUIUEHTH NPH
OIMHAKOBbIX CTEIEHAX £ B OGEMX YacTax paccMaTpHBaeMoro paBeHCTBa.
[TpuMensin NaHHYI0 METOJMKY, IOKa3aTb, YTO

[oo]
j T H2() de=2"nl V=,
o 7
f TV HAX) Rde=2"n}Y = (n ~}- %) ,

[ee] 1
j S (n) de =2 2[‘(71—!—%).
—co

5. Iloayuntbh MHTErpaibHoe YpaBHeHHEe NI KBalIpaToB IIOJTHHOMOE

DpMHTa C HEYeTHHIM HHIEKCOM:

2 - [o0]

e~y 1 (V%) — H2n-|—l (Vy)
st V) _ Ley xy) =
Vx Vy
0
Y xaszauue. HcmoabzoBaty sl BHIUMCIEHHA MHTerpanra B Npasoft

4acTH MeToj mpumepa 4.
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6. Pasioxurh 110 moanHoMaym Jpmura GyHrumwo f(x)=cos 2x.
7. Iloxasatb GOPMYIbL

1
@ ety
3o ? y( 07 L L)

I'nda+1)
n==0
— 5 enis g szyt)
— AN1—2) <1
1—¢ a !
t2
o e _x;_-i-_il 2xV ¢
Xn!e * x* L2 () P e\ I—¢ [t<1
T(r+ai-1) T T1—¢ @ R
n=0 t2

(Ia (2) — dpyuxuua Beccena MHHMoro apryMmeHra), aHaaoruuHbie Gopmy-

naMm (A, B) npumepa 3 rteopunm noamHomoB Ipmura. (E. Hill, Proc.
Nat. Acad. of Sci., 12, 1926, 261-—265;, 265—269; 348—352).

8. Bocmoab30BaBuikCh pe3yibTaTaMd lpaMepa 7, NOIYUUTh HHTE-
rpaibHOE ypaBHeHMe Nis KBAaJPaToB WMOAMHOMOB Jlareppa

e (Lt P = S @V B) e L Py, a>—
0

YacTHBIM CIyyaeM KOTOPOr'o ABIfeTCs ypaBHeuue npumepa 3. (CM., Hanpu-
Mep, Batcon [2])

OcHoBbiBasich Ha paBeHcTBax (4.9,2) n (4.17,2), noxazare Gopmyay
YCnechoro

a =D rnd-at1)
(9= V'EF(G:— 2) @)Y j.(l

Ja0MYo BhHpaxkeHHe MoanHoMOB Jlareppa yepe3 MOAMHOMBI JPMHTA.
10. IMoayuurs pasznoxeHne

1
TUH, (VR dt, a>—

et (tx) 21 (21/xt)._zr Ly’ (x) ;| ti<oo, a>—1.

(nFa+ )

Y kazanue. [Ipumenurs o6y Teopuio § 4.23.
11. IMomaomMun Yebwuena T, (x) onpefiearoTca gopMy.oit:

T, (x)=rcos (n arc cos x), n=0,1, 2,...,
OTKyHa cuejnyer
Tyx)=1, Thyx)=x, Ty(x)=2x*—1 ur 1
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Onupasch Ha JNaHHOe ONpefeleHHe, MOKA3aTb, NMOAL3YACh METOXAMH
HacToAuleH TIABH, YTO moaMHOMH YeGnimepa 061a1aoT CIeYOLIAMU
CBOMCTBAMML

1_p N
—t
) wis =g s =To@+2 L@ 16<L;
n=1]
2 Tppr1 () —2xT (X)+Tps(0)=0, n=1,2,..,
@) (1 =X T," (%) — xTp (%) + n*TH () =0;
1 . 0, m#£n
@ j U= T () de=] = m=nz0
-1 T, m=n=0.

ITomunomsl YebhiieBa UrpaloT BAXHYI POIb B TEOPHH alIPOKCH-
Maupe QyHKUIHA.

12. Tlonunomu $flko6u G, (p, g, X) MOTYT OHITH OUpexeNeHb MOCPE/-
CcTBOM (GOPMYIBL

xt—q4(l —x)a-»p
G Xx)= X
P @ X =T g A=)
dﬂ
X (WP HEH (1 —x)P3n7q), ¢>0, p>g—1, n=0,1,2..,
M TMpexcTaBisioT coGof OPTOrOHAaTbHYIO CHCTeMy (YHKUMA Ha mHpome-
wyTke (0, 1) ¢ BecoM p (x) =x9"1(1 —x)P~1.

Monyunts pasianuHbie CBOHCTBA STHX MOIMHOMOB M IOKa3arb, YTO
nonuHoMmsl Jlexaunnpa P, (x) u nomuaoMmu YeGnimena T, (X) cyThb yact-
Hbie ClIyyYad paccMaTpuBaeMoro kracca mnoamHoMoB. (CM., Hampumep,
Kypaur—-Tnapbeprt[1])

JIUTEPATYPA K IJIABE 1V

CmupnoBs B. V. [1], JlaBpertbeB M. A. u llla6ar B. B.
[1,] Kypant P. u Tuas6epr 1. [1], Omekcon [,
[1], ¥Yurrexep n Barcod [1], Cere [1].

Copasoynukn: Prxnk M. M. u Ipapwreta M. C.
[1], Marayc u O6epxertunrep [1].

Monnas Gubmuorpadus Mo OPTOrOHANbHBIM I10JHMHO-
maM npuseneHa B pabore Illoxata, Xumna u
Yomua [1].

FTABAV
HUIHMHAPHYECKHE $YHKUHH

§ 5.1. Beenenue

HunnuapryeckuMy (QYHKUMAMH HASHIBAIOTCS peLieHHs] JiiHel-
HOro JuddepeHuranbHOro0 ypaBHEeHus BTOPOro NOpsiaka

2
u”—}'%u’ql—(l—v;g)u—‘:o. (5.1,1)

rA¢ 2 -— KOMIVIEKCHOE NEPEeMEHHOe, V-— MapaMeTp, KOTOpH
MOXET NPUHUMATh JMioOble BEIECTBEHHBIE WIH KOMIVIEKCHBIE 3HA-
uennd., TepmmH ,ummuHApUYecKHe (QYHKUMH® 06sA3aH CBOMM TpO-
HCXOXICHHEM TOMY OOCTOATEALCTBY, 4TO ypasHeHue (5.1,1)
BCTpEYAeTCs MPH PAaCCMOTPEHHMH KPAaeBHX 3a1aY TEOPHH IMOTEH-
nyana nas uaiauaapuyeckoit obnactu (§ 6.3).

CrenntansHele KJIaCCH  UMIMHADHYECKHX (YHKUMHE H3BECTHH
B JUTepaType MmoA HasBauueM ¢yHKkuuit Beccenss u uuorma sto
HANMEHOBAHWE MPHCBAMBAETCS: BCEMY KJIAcCy MWIHHIPUYECKHX
yHKuAH, :

Xopoio paspa0oTaHHas TEOPUS PacCMaTPHBAECMBIX (yHKUwmil,
Hamtuuue noApoOHBIX Tabaull ¥ IWKPOKas 00gacTb NpPUMEHEHMH
Cy#aT HLOCTaTOYHBIM OCHOBaHHEM A TOro, 4TOGBl OTHECTH
UMIMHIPHYECKHE (QYHKIMA K 4ucay HauGoJee BAWHHIX ClEelualb-
HHX (yHxunit. ITpwroxenus LUIRHIPUYECKUX YHKUHH K usuke,
TEXHUKE M aHaNu3y HOCAT BecbMa pasHOOOpA3HBIM XapakTep —
OT caMblX a0CTpPaKTHBIX MNpOOJEM TEOpHUH YHCET U TeopeThue-
CKOHM acTPOHOMHM JO KOHKDETHBIX 3a1ay MaTeMaTuuecKol (hu3uKu
U TexHukn. Hekortopee u3 3TMX mpmiaoxeHuft, B3sATHE NpEUMy-
ImecrBeHHo n3 oOmactu Marematnyecko#t (puanKh, NPUBENEHEI
B ra. VI

Hacrosimas riiaBa CONEPKUT KPaTKOE U3I0KEHNE OCHOB TEODHH
HUAMMBAPUYECKUX QyHKUHHA, 6osee moApoOHbIe CBEAEHHA O KOTOPH X
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YyuTaTeNb MOXET HAHTH B CHEHUAILHEIX COYMHEHHAX, MOCBS-
IIEHHBIX STHM (DYHKIMSAM, B YaCTHOCTH B U3BECTHOH MOHOTpaduu
Barcona *) u apyrux paGoTax, yKasaHHBIX B KOHLE [VIaBHI.

§ 5.2. ®ynxuuu Becceas ¢ meabIM MOJOXHTEIbHBIM
3HAYKOM

Jlas paccMOTpeHHs MHOTHX mNpo6/eM, CBA3aHHBIX C [pUMe-
HEHHEM UWIMHAPUYECKHX (YHKLWH, JOCTATOYHO OrpaHUYATHCA
U3Y4YEHUEM CNEUMANLHOTO KJacca 3THX (PYHKUuH, KOTOPHH COOT-
BETCTBYET Clyyaw, KOrja napamerp v B ypasseHuu (5.1,1) pasen
HYJIO WM LEeTOMY IONOXKUTENbHOMY YHCTY.

Hccnenosanne AaHHOrO Kjacca HOCHT Gosee saeMeHTapHBIH
XapaKkTep, 4eM Teopus, OTHOCAMAACH K NPOU3BOMBHEIM 3Haye-
HUAM ¥, © MOXET CAYXHTb XOpOIUMM BBEASHHEM B 3Ty OOILYIO
TEOPHIO. ,

TTokaxeM, YTO OJHHUM M3 DEIIEHHH ypaBHeHus

R
n=0,1, 2,...,

aBngeTcs GyHKuusa beccens nepBoro poia nopsaka n, uy =.J, (2),
KOoTopas 1ast JoGHX 3HauyeHu# 2 onpeneisercs Kak cyMMa papa

z )" +25

e (—E(E
Jn(2)=2%—, | 2] < oo, (5.2,2)

Tlpu nmomomwm npusuaka Manambepa Jserko yGemuThest, 4TO pac-
CMATPHUBAEGMBIH DAN CXOAUTCS HA BCEH IMIOCKOCTH KOMILIEKCHOrO
NEPEMEHHOrO H, CHEeI0BaTENbHO, NMPEACTaBAAET LEAYH (QYHKUHIO
oT 2.

Ecan 0603HayuTs NeByl0 uyacTbh ypasHenus (5.2,1) uepes ! (u)
M BBECTH COKpaIIeHHyIO 3anuchk Koadduuuentos psga (5.2,2),
MOJIOXKUB

I e VL
% = FTRE (R
*) I H. Barcon [l].
B nocaenyiomyx CCHUIKAX 3TO. COuMHeHue 0608Hayaercs 6yksoi [B].

w0
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TO B pesyiabTarTe MOACTAHOBKYA IMMOJAYYHM!

o

L) = Y o297 {(n+-26) (1 20— D+

k=0

4+ (n - 2k)—n} - 2 PSR

]

k
[oe] [ee]
= 2 4, 2" 22k (n - k) - 2 a2t =
k=0

k=1
= i 22k {doy (k1) (- + 1) o}
k=0

oTkynma caeayer I(u;)==0, Tak Kak BBIDAXCHAC B (urypHeix
ckobxax paBHO Hy.o. Taxum oGpasoM, dyukums J, (2) yaosaer-
popser ypasaenuo (5.2,1), T. €. NPEACTABAAET coboft nuaAvHIpH-

YECKYI0 (PYHKILHIO.

ITpocTetimumu GYHKIMAMA PACCMaTPUBAEMOTO Kjaacca aBaglTCa

¢yukimu Beccens mopanka Hylb H eArHMALA:
G 6 &)
2 2 2)
J(@=1— {1 57— 3 +en
<z 2 2 4 <z>0
g B B
I (z)’_‘?[l“‘ v+ eEr — sar T
0B MOTYT OHITBH
IMokaxeM, urTo ¢yHKund Beccens APyrax mOpsik
Bblpaxcem:x yepes 9TH ABE (yHKUMA. Jlas moKasaTeabCcTBA Mpen-

[OJIONMAM, UTO 7t — LEJOe MOJONKATENbHOE UACIO, YMHOKHM pan
(5.2,2) Ha 2" u npoanddepenuupyeM Mo 2. Mpl nosyyuM TOTAA

\
|
l (5.2,3)

. N (CDFCR 2% anrabot
;},z Jn ()= Z ST Rl (L R)

k=0

N (—1e Z\RIRk gy ’

=2 2 R(n—1+ k) (2) 2", (2)
k=0

unu v
Lo =2 @ =1 2

©(5.2,4)

Nl
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AnanoruunsiM 06pasom, YMHOXaAd Dpf HAa 27", Haxomum:

d . -
L " h@=—2"T,,,(2), n=0,1,2,... (5.2,5)

Beinonnne  muddepennuposanue B paBenctsax (5.2,4—5) u
PaBNENHB HA MHOXHWTENb 2", mpuXomuM Kk opmynam:

@+ I (D=1, (2),
n
T @)= L () =—,,, (2), (5.2,6)
OTKYZAa HENOCPEICTBEHHO cirenyer: ‘

It @t @=20,) n=1,2,... 527
Ja-1(B) =1 ()=2//(2), n=1, 2, ... (5.28)

Tlonyuennrie dopmyssl nssecTHsl nox HagBauuenm peKyppeHT-
HBIX COOTHOIUEHHH 151 ¢pyuxuuit Becceas,

IlepBoe U3 COOTHOWEHAN NaeT BOSMOXKHOCTD BBIDA3UTh (yHK-
A0 MPOUSBOJILHOrO MOPAAKA 1 YePe3 (PyHKUMM MOPSAKOB HY/Ib
M €IUHANE, YTO CYINECTBEHHEIM 006pasoOM COKpawmaer pabory mno
cocTaBaeHmo Tabmuu Qyuxnu# Becceus.

Bropoe cootHowenne moseoaser NPENCTaBUTh [POHU3BOAHKIE
oT ¢yHxumit Beccens uepes dynxumn Beccens. Hna =0 sto
COOTHOWIEHNE NOJKHO OHTb 3aMEHEHO (opMy.TOHt

Jo (&) =—1U, (2), (5.2,9)

HEINIOCPE/ICTBEHHO BHITEKAIOUIE! U3 ONpPEAeNeHHS NaHHBIX yHK-
nuit.
®ynkumn Beccens mnepsoro poxa J,(2) mpocto cBasaum

z 1
C KOS(QuuMeHTaMH pasnoxeHns dyHKuud w (2, £)=— 35("—7)
B psan Jlopana *)
w(z )= Z ()", 0<|f|<oo. (5.2,10)

n=-—oo

*) w(z, f), paccMaTpHBaemas kax bynkuus £,

» PErynapHa B Kouble
0<dtiCA<oo, TOSTOMY PasfTOMEHHE YKa3aHHOTO BHIA CyLle-
CTBYET.

; (§ 5.5):
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Kosduimentrr 3T0r0 pasnoxenus MOryT OblTh BBIMHCAEHH Iy-
TeM MEPEMHOXEHUs CTENEHHEIX PsIoB .

e%t=1+<T%!>—|— (‘§> A

N

I ¢ 21 2

A O0bENMHEHHS YJNEHOB, CONEPKAIMX OJMHAKOBLIE CTENEHH f.
Bunossue sto, mosyuum;

¢, (2)=J,(2), ¢, (=(—1)"_,(2), (5.2,11)
n=0,1, 2,... n=—1, —2,.,.
OTKYyIa cienayer, 4To pacCMaTpUBacMoe PasiokeHue MO}KCT O6nITh
34alucaHO B BUae

7 -5 _

w (2, t)=e?

=A@+ N h@EF (1" (52,12)
n=1

" ®ynxuua w (2, £) Ha3BIBaETCA NPOM3BOAJIIEH GyHKuMeH Ajs

tyuknuit  Beccens ¢ ueasM 3HauKOM; HaRJEHHOE COOTHOLIEHUE
(5.2,12) urpaer BaXHyW pOJb B TEODHHA ITHX (yHKUMH,

Hna noayuyenust obumiero uHrerpata ypasHesus (5.2,1), maio-

. I1ETO BHIPAXXCEHHE MPOUBBOJbHON HUAMHIPHYECKOH (YHKLMM C Le-

JAHM 8HaukOoM Yy=n (n==0, 1, 2,...), HEOOXOANMO NOCTPOHUTH

{ BTOpOE pelleHUE yDPAaBHEHHs, JHHCHHO HE3AaBHCHMOE C J, (2).
i B xavectBe Takoro pemenus MOxeT ObITb B3iTa (PyHKuUMA

- Becceas Broporo pona, uy,=1Y, (2), onpeseneHne xotopoh Gy-

| meT nano B § 5.4. lexons w3 sToro ompemenenud, HeTpysHO

b moayunts mas Y, (2) aHaMUTHYECKOE BHIDAWEHHE B BHAE psAaa

Y,

n

n—1
@) =21,(2)In % — .11?;0 (R R A
z ')"+2k

3
k=0

4 [e) (—l)k z
+- E—W(—ik;,—{d«(k—w)—-w+n+1)}, (5.2,13)
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pre (mA-1)=—1+ 145+ F o, $D=—1(—
nocTosHHasg Dijepa) u, B cayyae n—=—0, mepBylo U3 CyMM Hai-
JEKUT MMOJNOKUTH PABHOH HyJTIO.
dyukuus Y, (2) peryaspHa B IIOCKOCTH € PaspesoM
(— oo, 0). CymecTBenHas 0OCOGEHHOCTb paccMaTPUBAECMOro pe-
IIEHAST COCTOMT B TOM, UTO OHO OCpamaercs B GECKOHEYHOCTb,
korga 2— 0. OOmwee BhIpaxeHUE NMAMHAPUYECKOR QyHKUNM IJis
=7 NpeicTaBIfeT JUHEHHYI0 KOMOMHAIMIO MOCTPOEHHHX pe-
mieHu

n=2,(2)=AJI,(2)+ BY, (2), (5.2,14)

5

rae A 1 B— npousBosbHbEEe mocTosiHHBE, n==0, 1, 2,...

§ 5.3. ®ynxkuuu Becceas ¢ NPOH3BOJLHBIM 3HAYKOM

dynkuuu DBeccens, paccmorpennrle B § 5.2, cocrasasioT

YACTHBIM cayualh LMAMHAPHYeCKHX (QyHKUuE Gomee obwero Buaa,
MSBECTHBIX [MOJA HasBaHueM d¢yHKkuuk DBeccenra mnepsoro poja
C TPOU3BOJNBHEIM 3HAUKOM V. YTOOH onpemeants 5TH (QYHKIUH,
paccMOTpuM psf

s z\)v+2k

(%
Zr(k+1)r(k+v+1)’

k=0

rie 2— KOMIUIEKCHOE HepeMeHHOoe, MPUHAAAEkAllee [IOCKOCTH
¢ paspeaom (— oo, 0), v— mapameTp, XOTOpHIt MOMKET NMPUHHU-
MaTh MOOble BEHIECTBEHHBIE MM KOMILTIEKCHEIE 3HaueHus *).

Jlerko BUAETH, YTO AAHHBIH DAA CXOAMTCHA MpH MOGHIX 2 U Y,
npuyeMm B obaactu [2]<R, <N (R, N—1mpoussoJbHO
Gosblline (PUKCHPOBAHHBIE UMCAA) CXOAMMOCTb pPaBHOMEpHA MO
OTHOLIEHHIO K Kam/JAOMy M3 MEpPeMEHHHIX.

JleCTBUTEMBHO, HAYMHAS C AOCTATOYHOTO GOJBIIOrO 2, OT-
HOLUEHHEe Moxyaefl NMOCAEYIOWIEr0 u/ieHa pala K MpelbaylieMy,
paBHoe Ha ocHoBauuu (1.2,1) BeauumHe

|22 = R?
dk+Dk+14+v] — 4G+ DEF+1—-N)’

*) QrpaHuueHue, MOJOXeHHOE HA 2, HEO6XOMUMO MRIA OXHO3HAU-
HocTH dyuKuuy 2° u MOxeT 6biThb OTGPOLICHO, €CIH vV — HET0E YHCAO.

§ 5.3] oYHKUMM BECCEAf C NPOH3BOJBHBIM SHAUKOM 139

He OyJZeT NPEBOCXOJUTb HEKOTOPOU MPABHUILHON MOJOKATENbHOH
npo6u g, He sapucsmedt 0T z uv. OTCIOAa, COIJIACHO MSBECTHOMY
NpU3HAKY CXOJXUMOCTH, CJAEAyeT, 4YTO paccMaTpHBAEMBIH pan
CXONHUTCA PAaBHOMEPHO B yKasaHHO# obmacta*).

Tak Kak wieHs pana [OPeICTaBadioT coGoH  peryaspHbie
dyHKIME B OJIOCKOCTH C paspesom (— oo, 0), cyMMa psama
ONPEACAIET HEKOTOPYI0 (DYHKILHIO KOMIJIEKCHOrO NEPEMEHHOTO 2,
PeryJaapHyi0 B paccMaTpPUBaeMOil paspesaHHoOH NJAOCKOCTH. ITa
(yHKIMA HaspBaeTcAd (QyHKuue# Deccens nepeoro pona ¢ uH-
IekcoM v u ofosHauaercst cumBosioM Jy (2).

Taxum oGpasow,

Y (1) <i>”+2k '
2
J‘(z)=ZI‘(k+1)F(k—{—v+l)’ l2] < oo, |arg 2|<m. (5.3,1)
k=0

Herpymuo nokasath, uto onpeneneHHas TakuM o006pasoM
(yHKLMS €CTL YacTHOE pellleHde ypaBHEHUd

1 vE
1 7 —
u -|—;u—1—<l——z? u==0. (5.3,2)
HeticreutensHo, 0603Hauast JEBYI0 YacTb ITOr0 YypaBHEHHs
{(u) unomaras u; =J,(2), mpl Haxogum ¥*), Tax xe kak B § 5.2:

(@)= Y &% g g (- D O A D+,
k=0
rae o, — Koadduuuents paga (5.3,1),
(—1)F
Oy

T FRD L DT (kv 1)’
OTKyZa, Ha ocHoBauuu (1.2,1) caenyer, uro [(u,)=0.
Tak xak npu PUKCHDOBAHHOM 2, NPUHALIEKAUIEM IJIOCKOCTH
¢ paspesoMm (—oo, 0), unens psaga (5.3,1) mnpeacrasrsiOT
[oe)
*) OYHKUMOHANBHHI AL 2 U (z) CXOEMTCA DaBHOMEPHO B 06-
k=0
aacty (D), eci pas BeAKoro 2z, mpunapitexauiero (D) u E==m, Bu-
HOJIHAETCH HEPABEHCTBO
. Upat (2)

g (2)
rie g He 3aBHCHT OT 2.
#%) PaBHOMEPHO CXOAAIMACA PAN PeryaapHuix (QyHKumi MoxHO
nuddepeHUnpoBaTh NOYIEHHO,

=gq<l,
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coGofi ueane QyHKuun nepemerHoro v (§ 1.1), To u3 paBHO-
mepHo# CXONUMOCTA HO OTHOIIEHHIO K 3TOMY MHEDEMEHHOMY BI-
Tekael, 4TO (GyHxnusa bBeccens nmepsoro poja, paccMaTpuBaeMast
KaKk @YHKLUSA CBOEro 3HAayKa, ecTb nemas Qynxkuas v. Ilpu ue-
aom y=n (n=0, 1, 2,..) I'(kR+v+1)=(n-|£)! n pan
(5.3,1) nepexoxut B pax (5.2,2), mosromy OQYyHKNEH, Ompene-
JMeHHw€ B HacTOdmeM maparpade, asiasiores oGobuieHreM (QyHK-
nuit beccens € LEIBM MOJOXHTENbHHIM 3HAYKOM, HU3YUEHHBIX
B § 5.2. TIpu v PaBHOM LEJOMy OTPHUATETLHOMY UHCTY V== — 1t
(n=12,.. .), mepBHeE n yIeHOB pana (5.3,1) o6pamanTcs B HYIb
(§ 1.2), u paccmarpusaemas GopMyaa MoxeT GHTh 3anucana B Buae:

O CHETTT N e (BT
J (&)= &l (E — n)! = 2 (s+n)! s !

k=n §=0
OTKy,u,a caenyer
J,(@=(—1y"J,(2), n=1, 2,... (5.3,3)

Takum ©0OpazoM, ¢dyHkuum beccens ¢ OTPULATENTBHBIM ILEJABIM
3HaYKOM OTJHAYAIOTCA OT COOTBETCTByOWHX (QYHKuu# ¢ mnosao-
WHuTEqPHBIM 3HAUKOM TOJIBKO MOCTOSHHBIM MHOMKHTEJICM,
[Io/Ty4eHHOE COOTHONIEHHE BMecTe ¢ ¢opmymama (5.2,10—11)
MoKaspBAET, UTO pasaoxeHue (5.2,12) moxeT GBITh 3aNUCAHO B BUIE

2 1 « .
¢-9)_ ¥ L@ o< <oo. (534

w(z, f)=e?
n=-—

Muoru€ PaBeHCTBA, YCTaHOBJEHHHIE panee Aas QyHKUu# Beccens
¢ ueap!M IOJOXHUTE/IbHBIM SHAUKOM, MepEeHOCATCAd Ha (QYHKIHH
¢ npou3BOJBHBIM HMHIEKCOM O0e3 Kaxkux-1u60 u3MeHeHui#t. Tak,
HanpuMep, MMEIOT MECTO COOTHOIIEHHs:

1 @)+ I (=2 1,(2),
Jet @)= b (2)=2 (2),  (5.3,5)
Tdd_z' 2h(R)=2"J,— (2),

d
Ez‘ 2""Jy (z):———z‘—V v4-1 (z), (5.3,6)

d
(38)" 2 h@=2""hn(@),
d

(m)mz—VJV(Z)'———_(— 1)mz—v—m s 4 m (Z), (5.3,7)

Y cuay.,

§ 5.4] ®VHKLUMH BECCEAS BTOPOrO POJA 141

fpencTapasiomue coboft 0600IeHre COOTBETCTBYIOMHX (HOPMYy I
§ 5.2. JHoxasareasctBo ¢opmya (5.3,60— 6) mosropsier pac-
CyxJeHus 9Toro mnaparpada n mosTomy He npusommrcs. Pop-
Myas (5.3,7) moayyaoTCA MyTeM MOBTOPHOrO NPUMEHEHHs pa-
peHctB (5.3,6).

§ 5.4. O6mee npeicrasieHHe NUIHHAPHYECKHX GyHKIMiL.
dyukuuu Beccenss BTOpOro pona

[To omnpenemenmio (§ 5.1), nuumugpuueckas QyHKUUA €CTh
TIPONSBOJAbHOE pelleHne And@epennnansHOro ypasHeHass BTOPOro
anopaaka (§ 5.1)

l(u)::u"+%u'+<1—-§>u20, (5.4,1)

" mosTOMy OOLiee ee BHIPaWEHWe COAepKHuTCs B (opme

u=2,(2)===Cyu, (2) -}- ey (2), (5.4,2)

roe iy U Uy, — Kakue-mbo MHefiHO He3aBHCHMBIE PEIEHHA pac-
cMarpuBaemoro ypasHenns, C; u Cy, — MOCTOSIHHBIE, sIBJSIOIHAECH,
BOOOGILE TrOBOpS, IIPOM3BOJBHBEIMA (YHKUMSIMH ItapamMeTpa v.
Jlerko moayuuth oOIllee BHPAKEHHE LATHHADHUIECKOR (yHKuMM
I cayyasi, KOrja v OT/MHY4HO OT ueaoro yucaa. HeficTButensno,
BbiGpas u, =J,(2), rae J,(2) — dynxums Beccens, onpenenen-
Hag B § 5.3, MBI MOXEM B3ATb B Ka4eCTBe iy, QYHKIMIO uy==J_,(2),
KOTOpast Takike sBJIAeTcd pemeHneM ypasHenmd (5.4,1), Tax Kax
Moc/JAeIHEE HE MEHSETCS NPH 3aMEHE Y Ha —V,

Ecau v HE DABHO LEJIOMY 4YUC/IAY, aCUMOTOTHYECKOE MOBREAe-
HHe paccMaTpUBAeMHX pelleHuit npu z —0 Oyzmer

2y EA N
Uy =~ T<(1—2)—FT . Uy ~ % ) (5.4,3)

MO3TOMY 3TH DELIEHus JHMHEHHO HE3aBUCUMB Mexay coboft *) n

| MCKOMOE BHIDAXEHHE JA WHIHHAPAYECKOH DYHKIMA MOXET GLITh
i NaHO B BHIE

1= Z,(2) = CyJ,(2) + CoJ_ (2), (5.4,4)
v£0, =1, *2,...

#) [Ipn v paBHOM HYII0 WIM LEJOMY YHCIY 9TO PACCYXIE HAE TepseT
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Ecan v-—nenoe uucno, to, B caty cootHomends (5.3,3), mo-

CTPOEHHBIE UYACTHBIC DeIUeHUs JAAHEHHO 3aBHCUMBI MEXAy coOohi
u Halnennoe sripawmenue (5.4,4) He sBAgeTCa OOUIUM HHTErPAJIOM
ypasHenus beccena (5.4,1). YroGs noayuuTs npeiacTaBieHue
TPOU3BOMLHON HUIMHApPUYECKOH (DYHKUMH, TPUTOLHOE IIPH JIOOKIX
BHaYeHUsIX NapaMeTpa v, BBeIeM B paccMoTpenue dyukmuo beccens
BTOpPOro poga Y,(2), KOTOpPYW A HPOMSBOJNBHHX 2, MpHHAI-
JAeHAIMAX IJOCKOCTH ¢ paspesom (— oo, 0), onpemeaum mnpu
MOMOILK paBeHCcTBa *):

Yo(2) = J,(z)cosvn — J_ (2)

sin, vz
[Tpm v paBHOM nenoMmMy uucaAy IIpaBasg 4acTbh paccMaTpHBae-
MOTO BhIpaxkeHust mpuoOperaer HneonpereneHusdi sun (5.3,3) u

Mbl YCTOBHAMCH MOHAMATb O] SHaueHHeM (YHKUUX B ITOM Cay-
yae npenca

. (5.4,5)

Y,(2)=limY,(2).
y—n
Tak Kak, no JA0Ka3aHHOMY, uHC/IATeb M 3HaMeHareab B (5.4,5)
CyTh Iease (YHKLIUM v, paccMaTPUBaeMBIHl IIpefes CyuiecTByer
1 MOXKET OBITb BBIUHCJIEH NO IPABUTY .IIonmaJm, IIpUMEHEHUE
KOTOPOTO JaeT:

I

Ws onpcaenenns ¢yuxkumn Y,(2) cremyer, uto sTa ¢yHKUMA
perynspHa B IIOCKOCTH ¢ paspesom (—oo, 0), a mpu dukcu-
DPOBAHHOM 2z MpeAcTaBJseT co0Oft Leayio GyHKUMIO mapaMeTpa v.
Jokaxem Teneps, uto Y, (2) yaosaersopser ypasHexuo (5.4,1),
CJIEI0BATE/BHO, SIBJISETCA UWAMHApHYEcKO# dydxuued. Ilpu v,
OTJIMYHOM OT WCJOro uuciaa, TpeOyeMuft pesyabTaT Hemocpen-
CTBEHHO BHTeKaeT M3 dopmyas (5.4,4), M03TOMYy AOCTATOUHO
NPOBECTH HOKA34TEIbCTBO TOJBKO AMS Cilydyas V=n (n=0,
1, &=2,...)). C s10f 1EABIO 3aMETHM HPEIBAPUTENLHO, UTO

ecmn  [(u) o0603HAuaeT MONPEXKHEMY JEBYI0 YacTh YpPaBHEHHS
(5.4,1), 10

(5.4,6)

0 ou 2v
wlw=1(g)—Zu
*) B HeKoTOpbIX pa6oTax, MOCBALIEHHHX Teopun dyHrumi Beccens,
L1a o6osHayeHHsa 3To# QyHKuuM Hcnomb3yeTcAa BMecTo Y, (2) cumBon
N, (2).
y

" u J_,(2). Jlunetinas HesasucumocTs 1A v=r (0,
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§ 5.4]
MO3TOMy, €Cad I« — Kakoe-nmu6o pemtenve ypasHenns [ (u)=0,
/ ou’ 2y "
ov ) 22
Bocmob30BaBIIACE 3THM COOTHOIIGHHEM U MOACTABJIAA BMECTO

Y, (2) mparywo gacTh pasedcTsa (5.4,7), nmoayuae:

= L[ 10—ty 2 0] =0,

Tak Kak, Ha ocuoBauuu (5.3,3), BhIpameHme, cTosmee B CKOG-
KaX, PaBHO HYJIO.

Pemwenua 1, =J,(2) u u,=Y,(2) 7AuHEHHO HE3aBUCUMEHI
mexny cobott. HMms v£0, =1, H22,... 3T0T pesyasTaT
ABASETCA CJAENCTBHEM JHHeHHOH HesaBucHMOCTH pemlenuit J, (2)
=1, %2, ..)
BRITEKAET M3 COMOCTABJ/IEHHUS [IOBEJECHHS PAacCMATPUBAEMHX (DyHK-
maft npu 2 —>0 [dpopmyan (5.4,3) n (5.5,4)]. Taxum oGpasow,
ofiiee BHIpAWEHAE IWIHHIPAUECKOH (YHKIMA, TIPHTOAHOE IPH
A00bIX 3HaueHuax v, OyzeT

u==27,(2)=CJ,(2)+ G, (2). (5.4,8)

dyuxumn Beccens BTOPOro pola YAOBAETBODAIOT TEM Ke
PEKYDPEHTHBIM COOTHOUICHHAM, YTO H (YHKIMM [EpBOrO pofna,
MMEHHO!:

Vit () Vet () =22 7,(2),
Yym1 (2) — Voqa (2) =2Y5 (2),

5.4,9
L v @=2710), (5.4.9)

d
T3 Y ()=—2"Y,11(2),

uT. I
[Ipr v, OTAMYHOM OT LEJOr0 4YHCAA, CHOPAaBEAIHBOCTb B3THX
dopMyT BHITEKAaeT W3 ompeneieHus QyHkumn bBeccenas BTOPOro

" pola m cOOTBETCTByIoOmMX HOpMya Aas QyHKUMH MepBoro pona.

Aas uenoro v TpeGyeMelll pesyabTaT CASAyeT U3 HENPEPHIBHOCTH
paccmarpusBaeMslX (GyHKIME MO OTHOIIEHHMIO K 8HAUKY v, HUTO
TMO3BOJSAET OCYIIECTBATb B COOTHOLIEHUAX (5.4,9) npenensHsiit
tepexon v —» .

OtmetuM eme dopmyny

Yo (@) =(—1)"Y,(2), n=0, 1, 2,... (5.4,10)
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apisomylocs  caeactsuenm (5.4,7) n No3BOJSIOLIYI0 CBECTH BH-
ypcaeHne (YHKIUHA ¢ OTPUUATE]bHBIM LETBIM 3HAYKOM K BHIYHC-
JAcHA0 (YHKUHH, MHIEKC KOTOPHX MOJIOXKHUTENEH,

ITpu noMomu 3aMeHsl NepeMeHHHX B ypaBHeHuu (5.4,1) nerko
HNONYuYuTh psif, Apyrux JuddepeHuuanbHuX ypaBHeHu#t, oOmuit
MHTETpal KOTODHX MOMXKET ObThb BHIPAXKEH Yepes IMIUHApHYe-
ckue ¢QyHkuun. HanGonee wHTepecHele AJA NMPUJIOMEHHR ypas-
HEHUS 9TOr0 THMA SIBJIAIOTCA PASINYHBIMA YACTHHIMH CAyYasMH
M GhepennuanbHEX ypaBHEHu)

1—2 ' 2 iy
" ——z—au’—|—[(37z7—1)2—|—————“ 8 ! ]u:O,
' +a¥u=0,

ofuue MHTErpaasl KOTODHIX COOTBETCTBEHHO OyayT:
1

(5.4,11)

~

1 2_ 1_*_1
w—27,327), u=2%Z (‘{—T—‘Z 2), (5.4,12)
r+1

rae Z,(2) o6o3HauaeT Npou3BOLHYIO0 LIJIMHIPUYECKYIO PYHKUMIO.

§ 5.5. Pasnowenue B pax ¢ynknuns Beccenst BToporo poxa
C lUeJbM 3HAYKOM

Has Toro uyToOnl MOAYYATb pasjoXeHue B PAL (HYHKLHH

Y, (2), mocTaToyHO BOCMOJb30BaTbcs opmyaoh (5.4,7) u Bb-
YAC/AUTL [POU3BOJHBIE HO 3HAUKY Y, UCXONS M3 PAas/IOMEHHs
(6.3,1), npuuem, BBuay coorsowenus (5.4,10), MoxHo orpa-
HAYATHCS ~ PACCMOTPEHHMEM  Ciyuas LEAHX  [IOJOXHTEMbHHIX
n=0,1,2, ...

Tax kak pag (5.3,1), Mo IMOKa3aHHOMY, CXOAMTCS paBHO-
MEpPHO 10 OTHOIIEHHMIO K Y, MBI MOXEM ,umpq)epeﬂuupoaarb €ero
MOYJEHHO M MOJAyYuM TOraa *):

1 n+2
&5 = 2 (_k_z)(’rz(—-}_-');e)!—{l“%—\"(k‘l‘”—f-l)}.

¥) [lepexon Kk mpefeny HPH Y—»7 TOJ 3HAKOM CYMMB 3aKOHeH,
TaK KaK PAX, NOTyyeHHH! NOYIeH N THddepeHunpoBaHNEM PaBHOMEPHO
CXOISLIErocs PAfad peryiapHbX GyHKmub, CXOAMTCA PABHOMEDH .
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!
rie ¢(2)= f—((:)—) — norapudmuuecKas MPOU3BOAHAs raMma-ynx-

umn (§ 1.3).
" AHaZorHyHo uUMeeMm:

—y-+2k

(z) (—l)k
= k'F(k—v+l)

k=0

In%—}—n{»(k——v—]—l)},

Mpu £=0,1,2,...,n— 1) u v>n I'(k—v-+1)—>o00,
d(k—v-+1)—> 00, NMO3TOMYy mNEpBEE 7 YJIEHOB DAAA MNPUHU-
MalOT HeompexeieHHH# BuA. Bocno/k30BaBLIKCh H3BECTHHIMH
dopmynamu Teopud ramma-byHkumn (1.2,2; 1.3,4;1.2,4), noxay-
YUM I8 TaKUX &:

1 I e
}‘_‘,‘jr(k—v+1){ 2+Y(k—v+l)}—1 TTE—vFD

i SOEO AT O oy g (o — R} =

T

V-1

=(—1)"*(rn—k—1)!

Hanee, npn k=n, n--1,... Haxomum:

1L@lm_l—wr*r){—lﬂ—;—+'¥(k—'"—|—l)}=
I z
=f@—_—n:|:1—){—1n7—|—“f(k—ﬂ+1)},

MO3TOMY

{()JS:(z)}vﬂn__—_(_l)nnil (ﬂ*_’;!—l)! (%)2k—n+

£E=0
e Y s et} (5)
p=0

rie BBEIEH HOBHY 3HAUOK CYMMHPOBaHHS p==n—R.
10 H. JleGexem
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Ha cdopmyant (5.4,7) creayeT, uTo HCKOMOE pasJOKEHuE
¢yHkuuu beccens BTOPOTO poAa ¢ LEAWM HOJOXHTENbHBIM
3HAUKOM HMMEET BHI:

1N —k—lv Z2\2%—n
Yn<z>=—:z T
k=
1 =] _l)k % n -2k ]
FE TEH TR {om T D— (5.5,1)
,—¢w+n+nL
n=0,1,2, .., |arg 2| <,

rae, B cayuae n=0, [CPBYKW CYMMY HaIJEXHUT I[IONOKHThH
paBHOl HyatO.

3HaueHue Jorapudmuueckoll npoussoaHoli ramma-QyHKIHUH
B 5TOH ¢opmyse MOxkeT OBTb BHYUCIEHO N0 dopMynam
(1.3,6—17):

df (1):-——"{, 1 1
';(m—{—1)=—*{+l—}——2~—}—...—|—7, (5.5,2)
rae y==0,5772...— nocroaHHas Ditnepa, m=1, 2,.
[TpuHumas BO BHUMaHHE paBeHcTBO (5.2,2), MBI MOXKEM Npea-

¢TaBATh pasioxenne (5.5,1) B HECKONBKO APYroM BuIe, HMEHHO:
n—1

2 2 1 n—k—1)/z\k-n
Y,(R)=—J, () Ing—— 2 4 kl_’) {\,)>
E=0

n-+2k
(— 1)
— 2 T(,S_Zle{‘P(k-‘r -+ 4 (k4 n-+ 1)} (5.5.3)

s

Us (5.5,1) Buitekaer, uto 1pu 22— 0 COpaBedMBH dCHM-
NTOTHUYECKHE (DOPMYJIBI

2.2 o An=1 2\
V@t mg, V@)~ <7) . (5.5,4)

n— 1, 2, e
nokaswBapulde, uro Y, (2)—> oo, -koraa z— 0.
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§ 5.6. ¢ynkuuu Becceas ‘TtpeThero poxa

K nmamnapuveckuMm (GyHKIHAM OTHOCATCS Takxe QyH¥uug
‘ o
Beccens Tpethero pona wid dynxunn Xaukens H\(z) n H,” (2),
KOTOpbl€ HJs MPOU3BOJBHOTO v W 2, NPUHAAAEKANUIEr0 MIOCKO-
CTU ¢ PAIPEICM BAOAL HOAYOLH (— 0, (), oupeneaAmQIcs mpu
noMOIIU (POpPMYJI

HY(y=J, (&) iV, (2), HP? ()=, (2)—iV, (), (5.6,1)

rae J, (2), ¥y (2) — dynkuun Becceast nepBoro u BTOPOro poza.

LlenrecooOpasHocTh BBelcHU 3TUX (yHKuIMH oOycioBaeHa
TEM, YTO paccMaTpuBaeMble JuHeitHble KomOunanmu u3 J, (2) u
Y, (2) obaagaior nanboJiee NPOCTHIMH aCHMITOTHUYECKHMH pa3-
aoxeHusMu npu Soabmux 2 (§ 5.11) u vyacro ' BCTpeuawoTcs
B MPHJIOKEHAAX.

M3 onpenenenua dynkuuit XaHkenas clIeayer, uto 3TH (PyHK-
1M NPEICTaBIAioT co00H pery/IapHele (PYHKUNH 2 B IMTOCKOCTH
¢ paspesoMm (—oco, 0) u ueaste ¢ynxuun v. OueBUIHO, UTO
paccMarpuBaeMele (YHKIMM JUHEHHO HE3aBUCUMBI MeXIy coboi
¥ no orHowenuo K J,(2), Tak uro ofuwwmi wuHTErpan ypasHe-
unst beccens (5.4,1) moxer Owthb, Hapany c (5.4,8), npeacras-
JEH B OAHOH M3 cacaywwux dopm:

n=27,(2)=AJ (2) - AHP (2) =
=By /, (2) -+ BoH,Y (2) =D H\" (2) + Dy HP (2),  (5.5,2)

rae A ..., Dy— POU3BOJILHEE [OCTOSIHHHIE,

SlBnssch nunelHpMU KOMOUHaUMaMl byHkuut J, (2) u Y, (2),
(yHkuun XaHKens yAOBAETBOPAIOT TECM XK€ PEKYPPEHTHLIM COOT-
HOWIEHHSAM, UTO U 9TH (YHKLMH, HAIPHMED,

H" 1 (2)-+ H (z)——H”( ),
diid
’-l(z)—H\” 1(z)—2—%zl’
_ ? (5.6,3)
dz sz‘(‘” (Z) =< v‘-l (Z),
e H () =— 2 erl(z)
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Ecrtu ¢ momomsio (5.4,5) uckaouuts. us (5.6,1) ¢yHxumo
Beccens Broporo pona, To mosayuam

— iy
Hgl)(z)=-,——v (z).—-'e Jv(z)
. 1 Sl VT 4

HY (2)= eI (2) — J—y (2) (5.6,4)

isinvr ’
OTKlea BBITEKAIOT Ba)!(HbIé COOTHOLLUEHHUSA;

HO,(2)=eH," (), HZ,(2)=e""H] (2). (5.6,5)

§ 5.7. dyuxuun Beccens MHHMOro aprymenrta

C oynknuamu Beccenst TeCHO CBSI3aHBl [BE YacTO BCTPeyaio-
muecs 8 npunoxeHusx ¢yskuun I, (2) u K,(2), KOTOpHE 15 2,
MPUHALJIENAUIETO HOCKOCTH € PaspesoM BAOAb OTPULATENbHOH
nonyocu (— co, 0) u NMPOU3BOJILHOrO ¥, MOryT OBITb Ompese-
JIEHB! IpU nomMoUM Gopmydr:

.

2 /i>v+2k ‘
_ \2
L= mreFyrer+n

k=0
Cs fz|<loco, |argz|<lm, (5.7,1)
__® I—v(Z)—Iv(Z) )
‘ KO=y—ww | 619
largz|<<m, v#0,1,+2,...

U MpA LEAOM V=r:

K,()=limK,(2), n=0, =1, =2,... (5.7,3)

y>n

IlosTopss paccywpenus § 5.3, noayuaem, uto [, (2) u K, (2)
NPeACTaBASIOT cOGOft peryIapHble (QyHKuMH 2 B IVIOCKOCTH C
paspesom (—co, 0) u ueanle GyHKLMHA V.

PaccmaTpuBaemele (YHKIMEM MPOCTO CBS3aHB € (YHKIUSIMU

™.
=i

: +
Becceas ot aprymenra ze 2.
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’ T
JleficTBUTENbHO, MNPEANOAOKAM, uTO — =< arg & < 5.
in

Torna ——%<argzei<ﬁ u u3 (5.3,1) crenyer;

. i 081 (z)v+2k inv
iy im v -
Jv<282)—92 ZP(k—‘rl)P(k—’—V—i—l)—e Iv(z):
k=0
OTKy1a . .
I(2)=e 2J, (ze—2>, (5.7,4)

T
ang seex —a<argz< 5.
Ananornuno u3 dopmynsl (5.6,4) nomydaem Ais TaKAX Ke 2

in it
4 ) oomnlel)
Hﬁ‘)(\ze?>= J—M<Z€ —e "™ \ze®]

i{sinvr
iny iny i
2 2 i
e I—v(2)—e Lz 2
v(' ) v( ) Ze 2 Kv(z)’
i sin v i

OTKyZa
; o i
Ky(z)z%ie?Hﬁ”(ze?), ——7:<argz<—721. (5.7,5)

s 3Haqunﬁ———;~<argz<z dyukuan 1, (2) n K, (2)
MOryT OHITH BbIpaxceHH uepes ¢yHKuud becceas OT aprymeHTa
in

ze 2. Mu umeem:
Iny it : _1_134 / _1_1_:
L()=c¢e?J, (ze_7)’ Ky(z)z_%‘e 2m2)(\ze 2> (5.7,6)

T
I BCeX ——2—<argz<,'rc.
Ha ocHoBaHuM moayyeHHEX cooTHouweHud Qysxuwaun [, (2) u
K, (2) HasmBatorcs ¢yHkuusmum Beccess MHUMOro aprymeHta*).
dyukuua K, (2) M3BecTHa B JUTEpPaType TAKKE [OJ HA3BAHUEM
¢byskumn Makaonansaa.

*) 310 HasBaHMe ClelyeT NPH3HAT> HE CIMUIKOM YXauHbiM. Boree
1enecoo6pasHLM ABTAETCA TEPMHH ,Monu(uunpoBanHbie dynkusu Bec-
censn®, NPUHATHIH HEKOTOPHIMH a8BTOPaMH.
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V3 BbBeNEHHHX (OPMYN  HENOCPEICTBEHHO CAEAYET, uTO
paccmatpuBaeMble YHKIMH NpPeAcTaBastoT coCoi avHeHHO He-
3aBucuMbIe pemeHus AuddepeHnrantbHOr0 ypaBHeHMs

2
u" —i— u — (1 -+ ;) u=0, (6.7.7)

KOTOpOE OTanuaeTcs OT YpaBHEHHs Deccens TOJAbKO 3HAKOM
OIHOTOQ 4YJjeHa v NEePeXOJUT B HEro MpH NMOJACTAHOBKE 2 =— —t jf,

Ypasuenue (5.7,7) 4acTO BCTPEYAETCS B MaTEMaTHUECKOH
¢usuke. OOmuil uHTErpan 3TOrO YPABHEHHA UPU NPOU3BOJb-
HOM v MOXeT OBITb 3allucaH B BUJIE

== C,1, (2) - CyK, (2). (5.7,8)

Qyukunu [, (2) u K, (2) yAOBIETBOPSIOT NPOCTHM pEKYp-
PEHTHBIM COOTHOLICHUSIM:

L@~ (=" 1,(2),

Koot () — Ko () =—2 K, (2),
Loy () — L1 (2) =202,

Kv_[(z)_i_'[(\)—*_l(z\):_QK\:(z), 5.7.9
d p 5.7,9)
Lol@=s100) oK @=—K )
d

EEZ*"[V (Z):Zwy v-p 1 (2),

d
2 KR =—27K,11(2)

uT. I
$opmyIEl MEPBON rpymBl AOKa3KBAIOTCS MOACTAOBKOH psma
(58.7,1), npuyem cuavana NPOBEPSIOTCA ABE NOCAEAINE HOPMY B,
4 3aTEM U3 HUX BBIBOASATCH OCTajbHbIC. POPMYJB BTOPOH TPYMIIBI
It ¥, OTJIMYHOIO OT UEJTOr0 YHCAd, MPOBEPAOTCS MyTEM MOI-
CTaHOBKHM B HUX Belpaxenus (5.7,2) u wncrnoab3osaHud GopMya
nepsoft rpynmel. CrnpaBesiMBOCTh HalAEHHBIX COOTHOLIEHHH MPH
neaom v caegyer u3 HENpPepbiBHOCTH PacCMaTPUBaEMbiX (PyHKUMH
MO OTHONIEHHIO K 3HAUKY.
YKaxem eme Ha OBe MOJE3HBIE (GOPMY.IbL:

[, (2)=1,(2), n=0, =1, *2,..;
‘ K., (2)=K.,(2), (5.7,10)
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neppas u3 KOTODPHIX BHTekaer u3 (5.7,1), eciu npuHaTh BO BHA-
MaHHe, YTO NpPU V==— 7 NEPBLE Z YJIEHOB DasJ0xeHus obpa-
m@oTCsl B HyJAb, B TO BPEMA KaK BTOPas SBJAETCA- NPSAMBIM
caeacTeueM onpeaeienns ¢yHskunn Maknosamepa (5.7,2).

Pasnoxenue ¢yukunn K, (2) npu n==0, 1,%2,... MoxeT
GuiTp moayueHo us (5.7,3) meromom § 5.5. Ilpmeesem OKoOHua-
TEJAbHEIl PE3y/IbTaT BRIUMCAEHHS:

n—I1
1 (—1e(n—k— 1) [2\2k—n
R Pl
k=0 .
2z \2k 4-n
1 > (5 , (5.7,11)
g (=D 2 k!\(k>—{—n)! {21“;—’f(""+1)—
k=0
—4(k4-n+D},
n=—0, 1, 2,... larg 2 | <.

3mech ¢ (2) — norapudmuueckas IPOU3BOAHAA raMma-QyHKIMY,
3HaueHus KOTOpPOHK Moryr OulTs HalaeHs mo dopmyram (5.5,2).
Hns cayuas #=0 nepeyio u3 CyMM HaJJIeKHUT CYATAaTb pas-
HOH HY/I0.

Hs (5.7,11) BHITeKaeT, HYTO aCUMIITOTHYCCKOE II0BEACHHE
¢yuxunn K, (2) npm z— 0 onpexpeasercs (Gopmy.ramu

—n
Ki(2) ~ n; Kn(z)ffo-"z_ n—1)! (-Z—) n=1,9,...,
) ) (5.7,12)
nosromy K, (2)— co.
z2—0

§ 5.8. lUunannapuueckue QPYHKUUH C MHIEKCOM, PABHBIM
MOJOBHHE HEYeTHOro LEeJOro yucja

CrnenpanpHpit Kiace UuAMHApHUYecKuX GyHKUME oOpasyoT
uuaMHIpuYecKkde GYHKUMM C HHIAEKCOM, PaBHHIM [OJOBUHE HE-
YETHOrO 1EJOr0 YHcad. IJTOT KJacc BCTPeddaercs B MPHIOKE-
HUSX W 3aMeuaTtesed TeM, UYTO B paccMaTPHBaeMOM clydyae Uu-
auHapudeckne GyHKUMA MOrYT OBITh BBIDAXKEHH UEPE3 3JEMeH-
tTapubie QyHxuuu. UroOb MOKasaTb 3TO, HalJeM IPEABAPUTENLHO
3HaueHUst QyHKuMi J_'_ (2), nmna uero noxoxum B (3.3,1)

w0 =
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. .
v_.___—2— 4 BOCHIOJb3yeMCs AJs npeoOpasoBaHus PALOB (POpMy-

no#t ympoenus ramma-¢pynxuun (1.2,3).
Mg nonyunm Torna

(— 1 <%>—;'+2k

r(k+1)r<k+§> - (5.8,1)

(s o]

Jl(z):
2

k=0

.,lﬁ 0 2'
~(2 Stz e

H, aHAJNOTHYHO,

[T

J_% (2) = <3>2 cos 2. (5.8,2)

nz

BoamoxHOCTh BHIpa3uTh ¢yHkumo Becceas NEPBOroO poaa c
MOGBIM MOMYNE/TbIM 3HAYKOM 4YEpes aeMeHTapHsie QYHKUuM cic-
IyeT Temepb ¥3 peKyppentHo#t copmyas (5.3,5)

L @+ (=211, (2),

NOAb3YACh KOTOPO# MOXHO IOCHENOBATENALHO IOAYUUTh:
| .

s (z):—l—‘/% (z)—J_;(z):(%) 2[ﬂ;Z—cosz],

1
J_i(z)=—<;22—)2 [sinz —}——C—O-;f
2

T, I
OGmee BHpamenne A5 Jn+1 (2) yepes aseMeHTapHEE PYHK-

uuy noayyaercs us ¢dopmya (5.3,7). Hanpumep, ecan nonoxuri
BO BTOPOR M3 HHX V==- H BOCNOJb30BaTHCH PESYALTaTOM

(6.8,1), 170 maxomum:
1

- 1
2\2 r+45/d \nsinz
J = (—1)Y*' = 2( % V"3~
n-}——;-(z) (—D (ﬂ) o (zdz) z ’

n=0, 1, 2,... (5.8,3)
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Cooreetcrpyomue Gopmynsl a1 ¢yuxuuit Beccens sroporo
¥ TPETHErO0 pOJA MOTYT OBITh BHIBEJEHH M3 HaHNEHHBIX COOT-
HOLIIEHUH, €C/d BOCMOJB30OBATHCS BHIPAKEHAIMH STHX (QYHKUIH
yepes ¢ynkuun Beccens nepsoro posa (5.4,5 u 56,4). Hanpu-
Mep, MBI HMeeM:

! )

Y1 ()=—J 1(z)=—~<%>2cosz,
P 2 _
) . (5.8,4)
My (2776 gy — (2T e
HY (z)_<ﬁz) . H;_() (E) =
T L
B sakmoueHue ykaxeM Ha QopMyJbl
1 1
2\7 2\2
]2L (z):(—ﬁ—z> sh z, l_%(z)z(%—z> chz,
L
n\2 _,
.K%(z)=<2—z—> e, (5.8,5)

BRITEKAIONIUE M3 ONpeJeeHHR  paccMaTpUBAaEMBIX  (YHKLuH
(5.7,1 —2).

dopMyanl LjA APYrux NOAYUEALIX 3HAYEHHH HHAEKCA TOJY-
43I0TCsl U3 9TUX (POPMYJ C HOMOIbIO PEKYPPEHTHHX COOTHOIIEHKH
(5.7,9). Jlaysuniem nOKasaHo, 4TO CJaydYall MOJYLEJOro HHAEKCA
ABMSETCS €JMUHCTBEHHLIM, KOTJa LMIHHIDHYEeCKHe (QYHKLMM Npu-
BOIATCA K 3JEeMEHTapHBIM.

§ 5.9. Bponckuan cucTeMBl pemieHHil ypaBHEHHS
Beccens

BpoHckuaHoM cHcTeMbl pelleHuBt (4, 1ty) JAMHERHOro OAHO-
porHoro aucddepeHUMaTbHOTO YpaBHEHHs BTOPOro MOpsAKa Ha-
3LIBAETCSl ONMPENEAUTEND

u (2), uy(2)

W {uy (2), uy(2)} = 0 (2), uwh(2) |’

rae wrpux o6GOo3HAaYaeT NPOU3BOJHYIO [0 HE3ABUCUMOMY NEPEMEH-
HoMy 2. HeobGxomumoe m pocTaTouHoe yc/IoBUE JAuHEHHOH He-
3aBUCHMOCTH pElleHH# ©, W U, 3aKmouyaeTcs B TpeOOBaHuH,
uTO6H BPOHCKHAH He OB TOXIECTBEHHO PaBeH HYJIO.
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Mo BoluncauM BpoHcKHaH PasJMYHBIX [ap peIleHH# ypasHe-
Hus DBecceas

zz"—{—r;—u'—{—(l —

NN

e ] nu=~0

M MOAY4HM TEM CaMbiM DI NMOJME3HBIX B PUJIONEHHAX (BOPMYJI,
n3 KOTOpI)IX, B 4aCTHOCTH, CJIeLIYIOT HallgeHHbIE paHee ,LIpyn/IM

COCOGOM  pesyJbTaThi, OTHOCSLIMECS K BONPOCY O JuHEHHOM
3aBUCUMOCTH MOCTPOEHHBIX pemeHuit,

Has BolunceHdst BPOHCKMAHA 3aluIieM YpaBHEHHS /S 1,
1 U, B BUOE ’

9

d , / Vi d , \
d;zzz;—{—{\z-— ?> i, =0, Ezzzg«{—(z—-—)zz.)zo,

YMHOXHUM [CPBOC M3 STHX YDaBHEHUH HA w,, BTOPOE-—HA U, u
BHIUTEM OZHO u3 apyroro. Msl nmoayuum Toraa

d
. dzz‘v{lll (Z), ll\z (z)}:Oy

O'I‘Kyﬂ‘a CﬂellyeT
W {a, (2), () =2

’

rae C—He 3aBUCAIad OT 2 TIOCTOAHHAA, 3HAYeHue KOTOpO#
MOXKET OBITh OnpeaeneHo, HanpuMcep, U3 COOTHOLUEHUS

C=lim 2W {u, (2), u, (2)}.
z—0

B wactunoctn, mmbupas u,=J,(2), wy=J_,(2), rac v
OT/HYHO OT IIC/IOr0 4HC/AA, U BOCMOJb30BABIIUCH Pa3JOKEHAEM
(5.3,1) u popmynamu (1.2,1 —2) rteopun ramma-byHKuuM, Ha-
Xomnm:

T - 2y 2 sin vx
= T Ty L 0E =—

OTCl0la CaACayeT:

WU, (2), J_ (2)} = — 250 (5.9,1)

Tz

CnpapennusocTs HaleHHOH (OPMYJAB [PH LEJOM Y BHITE-
KaeT M3 NMPUHLUIIA HENPEPHIBHOCTH, INMPHYEM B ITOM CJAydae, Kak
M 10MKHO OwiTh, W =0,
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Bpouckuan IpyraxX map pelicHu#i ypasHenus bBecceas MOXer
OLITh TOJAYYEH TaKUM k€ oOpasom wmaa BhiBedeH us (5.9,1) n
coorHomenu#r (5.4,5; 5.6,4). Ilpm sTOM MBI Bcerga mpeamnona-
raeM CIepBa v OT/JIHUHBIM OT €00 YyHCJd, & 8aTEM pacmnpo-
CTpaHsAeM HailjeHHywo GopMyaTy Ha molbie 3HAYENHA ¥V, TOJb-
3ysichb HPUHLHIOM HEIPEPHBHOCTH.

Moctynast TakuM 06pasoM, HaXOMUM:

1

Wi{L(), Y, (z)}»::——Sin — W {J, (2), (5.9,2)
2
J‘V (Z)} — ’E‘Z 3
W{H" (), HY (= Wih(2),  (5.93)
J@t=—1
woT. L
B sakmioueHue yKaxeM Ha aHaJCTHUHYI0 QOpMYJy st (yHK-

un#i Beccems MHUMOro apryMmesra:
1 =
WL (2), K, (2)}=—-—. (5.9,4)

z

§ 5.10. HuTerpanbubie MPeACTABJEHHS IS UATMHAPUYECKUX
dyHkumit

Unsupapuyeckude QyHKLUMH TOMYCKAXOT MPOCTHIE HHTErpaib-
HblC TPENCTABJAEHUA C [TOMOILBIO OMPENENAEHHBIX MM KOHTYDHBIX
MHTETPaNoB, CONEPKAIUX IEPEMEHHoe 2 Kak mapaMerp. Ms atux
dhopmys1 HauGogbIIEH OOMIHOCTLIO 0GMaNA0T UHTEr PAJIBHBIC 1PCA-
CTABAEHUS, 1aBAEMbIE KOHTY DHBIMKM HHTECPANaMU, KOTODhIE OOBIYHO
cilpaBetuBsl B GoJsee IUPOKOH 001aCTH UBMEHEHHA aPryMeHTa 2
¥ MHAEKCA v, YEM [PEACTABICHHA B BUAC ONPEICACHHDIX HHTErpa-
soB. [TocienHne, 0gHako, Hau0OIEe 4AaCTO BCTPEHAOTCH B IIPU-
JOXEHHUAX, B CBS3M C UEM Mbl OTPaHUY#AMCH PACCMOTDPCHHEM [Ipe-
MMYIULECTBEHHO (GOPMYT ITOTO TUMa, OTCHIIAs HUTATES 10 HOBOLY
JAPYLHX HMHTErPaibH{IX INPEACTABACHAR K CHEUMANLHBIM MOHO-
rpapusay no teopunt ysxkuu# Beccems *).

OnHo u3 HauBosee MPOCTHIX WHTErpadbHLIX [MpeacTaBieHuit
s pynxuuid Becceast npuxanaexut Ilyaccony. Jrto npeacras-

EHHE MOXKHO I[10AyunTh cyMMuposanuen psaga (5.3,1), ecan

#) Cw., uanpuumep, [B], ra. VI
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BOCIIO/Ib30BATLCS BhITEKaomuM u3 (1.5,6) paBencTsoM
1

i 1
' 125 (1 — ) " 24,
—1
R () >—, (5.10,1)
W MOCNE MOACTAHOBKU M3MEHUTh NOPAAOK CYMMHPOBAHHS W HH-
1
TerpupoBanus. Mel moayuum torma, uto mpm R(v)>—~—2—

1 i
I‘(k+v+l)—r<k+;>P\v+ 1)

; (z)_ (— l)k (_g_‘)v—l-?k . 1 ><
A INCENT . 1 L
- [<k+2>I‘<a—j—2)
al [ 2\ 1
-5 \2) o P
X\ (1 —#) 2dt=—I‘<—+1—> (1—2£) 24t
YT
—1 —1
= 2\
% I ) _
[ T+ (k) D5 r(vg)

1 1
X j(l—tﬁ)v_?cos 2t dt,
g

TaK KaK, Ha OCHOBaHHM (OPMYJbl YABOEHHS TraMMa- QJyHKunn
(1.2,3),

, ] 1 1
9% T (L I)P(k + 7)_—_11 (7)1‘(2/@-{— 1)=1‘<-2—) 25!
st cTpOroro 06OCHOBaHMA MOJYYEHHOrO PE3Y/bTAaTa 3aMe-

TUM, 4YTO HHTErpan
1

1
F(2)= j‘(l—tﬁ)y_? cos 2t dt. (5.10,2)
-4

1
exonures npa R (v) > — 5 PaBHOMEDHO OTHOCHTEJBHO 2 B Kpyre
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|2|{=< R moGoro pamuyca R u, CAENOBATEJbHO, MHPEACTABIIIET
coboft yeTHyw LAyl (YHKUHIO, KOTOpas pasjaraercs B psn

< Feb (0)
Fo)= Y, —aar 2
k=0

Wurerpans, nomyuaommeca us (5.10,2) muddepenmuposa-
HHEM 110 MapaMerpy & MOJA 3HAKOM HHTErpaia, Takke CXONATCA
PaBHOMEDHO W BHPAKAIOT MPOU3BOJAHBIE COOTBETCTBYIONIErO TMO-
paaka ot F(2), Mul uMeeM mosTomy:

1 1
F(28) (0) = (— 1)* j(l — ey TR g
—1

rle+Nr{4L
—(— 1) ('I‘(kz_?_\,_{(_l) 2>’

OTKYyJa:

I‘(k—{-%)
I‘(—l—>1‘(k+v—|-1)

z v-+{-2k

N (—1) ; '
—> FEEITEFED =4 @)

W

=(%) (—2k1!>k

k=0

UTO COBMAAacT C HAHICHHBIM BBILIE PESYJALTATOM (HPOPMANbHBIX
BBIUUC/IEHUH . )
Takum o6pasom, npu R(v)>-———2— UMEeT MECTO MHTErpasb-

HOE NpelCTaB/IeHue;
v ?
) —
— V(1 —#) 2% cosztdt,

P(—;—)I‘(;-{—%)

i

1

TR

5 ()=

—1

farg 2| <m. (5.10,3)
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Ipr noacranoBke f==cosf ¢opmyna (5.10,3) npunumaer
BHA

/£>v ?

J, ()= ——1—K?—— cos(z cos ) sin?f db. (5.10,4)
*

0

Y1o6s MONyudTh APYroe BaxuHOE HHTErpansbHOE NpPEeNCcTaBe-
nie aas ¢yukuut bBeccessi, npuHannexanice COHRHY, PacCMOTPHM
A4

HHTEerpait
z

F(2)=-. yt—v—lﬂ(“%)dt, R(2)>0, (5.10,5)
C

2xi

B34THI{l 0 KoHTypy C, usobpaixeHHoMy Ha puc. 13.

Jlerko 'BugeTb, uTO MpH ycaoBud R (2)=>9¢ >0 uHTerpassl,
B3ATHIE MO OCCKOHEUHHIM y4acTKaM HYyTH MHTErPUPOBaHMA, CXO-
IsTcd paBHOMEDHO, MO3TOMY, CO-
rJIacHO 3aMedanuio Ha cTp. 12, F(2)
npeiacTaBaser coGoit  perymasipHyio

/ \< dyHKIMIO B paccmaTpuBaemoft 00-

JIACTH.

__—\u/ [MpennosoxuM BpeEMEHHO, UTO
, 2 €ecTb BElIECTBEHHOE  IMOJOMKHU-
TEABHOE YMCAO, 2 =8, U BBEAEM B
(5.10,5) HOBoe rnepeMeHHOE WH-

Puc. 13. "2t
. TErpUPOBAHNS U, TIOJNOXUB 1 == DX

Me monyunM torma

22
F(2)= (-j—)“ . 2—;:1 u—v—le ‘T du, (5.10,6)
Cl

rie koutyp C' momoben xkourypy C.

! 22
3amenss 8 (5.10,6) nokasartenshyo ¢ynkumo e * eepas-
JIOXEHHEM B CTENEHHOM ps

© 22
_e (— ¥ (’2—)
e == E e u*

k=0,
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¥ WHTErPUPYS [OUJEHHO, HAXOAUM *):

o 2 \2k
AN 1)k<7> ! (3D
[l 4 S Uyy— v
F(z)—<2> 7 omp | €72 I+Ddu.
E=0 fal
BuyrpeHHnfi uHTErpas MOKET ObITb BBIPAXKEH Yepe3 ramma-

yHKIHIO,

Bocmosb3oBasiunch  pesyapTaToM Ipumepa 7  yIpamHeHUH
K ra. 1, nmeem:

.

B 2R

N\ V5
Fe=(3) Z?Wl—a)m;’ @
k=0

CornacHO NPUHUMNY aHAJUTHYECKOrO NMPOAOIKEHUS, Oy UeH-
HOE COOTHOIUEHWE COpaBemauBo BO Bced obaactu R (2) >0, T. €.

CE( 1
Jy(2)=§%Je2(t t)t—v—ldt, R(2)>0. (5.10,7)
C

Ecau, nonoxus ¢#=pe’, npeicTaBuTh NPaBYi0 4acCTb PaBEH-
CTBA B BUJE CYMMHl HHTErpajioB, B3STBIX MO Ayre OKPYXHOCTH
U MPAMOJHHENHEIM OTPE3KaM, TO B pe3y/bTare NMPOCTHIX BHIUH-
CJEHUH NOMyunM:

T

J 1 i 6 0 sin vx ¢ %(P_l) —v—1
v(z)=?‘§ cos(zsinb—vb)d —TJ e “Tp dp,
0 1

nan, Mocje NMONCTAHOBKU p==e%:

Jy ()= % 5‘ €08 (2 si10 —98) dl —
§

[se)

__sinve j‘ e—Zsha—vagy. (5.10,8)

™

V]
R(2)>0, v— moboe.

*) 3aKOHHOCTH H3MEHEHHA NOPAIKA HHTerpUPOBAHHA M CYMMHPORa-
HHA 060CHOBLIBAaETCA TaK Xe, KaK BbIe.
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B cayvae v=n (=0, =1, =2, ,..) BrOpoe caaraemoe
ucuesaer u Qopmyaa (5.10,8) npunumaer OGonee npocroit Bum.

WinTerpansHuie npeacrasienus A4 ¢yHxuni Becceas Broporo
U TPEThEro POAa MOTYT OHTb BO MHOIMX CJyYasX BBIBEIEHHl U3
COOTBETCTBYIOIMX HMHTErpaibHBIX IpeacTasieHudl Xias QyHKRunf
NEPBOro pPOJa, €CAM BOCHO/Jb30BaTbCad COOTHOWEHHsMU (5.4,5)
u (5.6,4).

Tak, wanpumep, cuutas R(2) >0 u v OT/JIMYHEIM OT LEJOrO
yucaa, IoJdyyaeMm, Ha ocHoBaun ¢opmyn (5.4,6) u (5.10,8):

[ee)

Yv (z)"_"'c—t_g—\‘E COS(Z Siﬂe—‘)e) de'— cosve e——?sha—va do. —
TC T
0 b

T o0
cosecve | ; Lo o shadva
—— ‘ cos (2 sin 6 - v6) d6 — }—j g—@shatyagy,
) 0
Ecan samenuts B TperbeMm uHTerpane 6 Ha (w—0), T0 nocae
3/MIEMEHTApPHHX BBIYUC/AeHHH Haxomum npu R (2) > 0:
Y,(@)=— j sin (2 sin 6 — v0) dfl —

0
=3}

———Tl?j e—?sha (gL e—va cosvm) dat. (5.10,9)
0
$opmyna (5.10,9) ngokasaHa B HPEANOTONKEHHM, YTO Y OT-
JAuYHO OT LEJOr0 YMC/Ad, OJHAKO, TaK Kak 00e CTOPOHHl paBeH-
CTBa MOPEACTABJAAOT Uejble (GyHKUMU ¥, U3 MPHHUMNA AHATATH-
YECKOro NpOJO/IKEHUA CAELyeT, YTO OHa OCTAETCH CIpaBeldTHBOH
npu Ao6HX v,
Wuarerpanshbie npencrasaenus 448 GyHKumi XaHkeas MOLYT
OHTL TONyueHbl M3 HakaeHHHX ¢opmya (5.10,8—9) u cooTHo-
wenntt (5.6,1). Mbr umeem, Hanpumep, a1 R (2) > 0:

HY ()=, (2) 4 1Y, (2) = ¢ | efesmo—m g |-
0
o] 0
+1-:11 j‘e—zsha [eva_l_e—v(a-l-nl)]da:__ j‘ ezsha—-yada__i_

—00

3 0
1 5 . 1 ‘bl .
—[_'ni j‘ ezshi?—-vl)d(le)_l__{i_ j e?sh (a+ =) v(@4-m)dx )
=0 a=0
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mam, ecau TOAOKHTH f=0o - if,
H () == j'ezsht-vtdt R(2)>0, (5.10,10)
A Y
¢y

rIe MHTErpupOBaHUE NPOU3BOAMTCA N0 KOHTYypy C; (puc. 14).
AHamornuHbIM 00pasoM noayuaercs ¢opMmyna

H (z):_%jezsht—vtdt’ (5.10,11)
Cs

OT/MYAILASCA OT INEPBOY JMillb LPYyruM BHOOPOM NMyTH HHTeE-
rpuposanug (puc. 14).

|

o
g
o

Puc. 14.

Ecan  mnonoxute B (5.10,10—11) cooTBETCTBEHHO f=

=uig—i, 3TN QOPMYJbl MPUHUMAIOT BHI:

vl

2 L]
HP (2) = — j gzchu—sugy  R(2)>0, (5.10,12)
Dy '

V 13

(z)———j etreri—vady,  R(2)>0, (51013)

Fle OyTb HMHTErpUpOBaHHS IS KAWAOTO H3 m—xrerpanos uso6pa-
XeH Ha puc. 15.

Ias panpHefimero npeoGpasoBaHds HOJYUYEHHHX GopMyn
MPEANOAOKAM BpeMeHHO, 4t0 2 >0, u orpanmuum obiracts

11 H, JleGenes
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u3MeHeHus napaMerpa v nosocoit — 1 <R (v) < 1. B atom cayuae
fIHTErpa; No JEBOMY Yy4acTKy JomaHo# (no Touku u# = 0) MOXKHO
8aMEHHTb, o Teopeme Komm, HHTErpaaoM no OTpUUATENBHOM

J_ZL R -——.———‘%L
0 0
_.__—__J‘—Jﬁzlz', —%i e ————
Puc. 15.

BEIECTBEHHOU MOJMYyOCH, & HHTETpaja IO NPaBOMY Y4acTKy JOMa-
HO#l — HHTErpanoM Mo NoJOXKUTEeNbHON BEIECTBERHON noayocH *),
n ¢opmyan (5.10,12—13) nepexozsr B caexyoulue:

i

)
HO(z)y= ¢ - j‘eiz chu—u gy (5.10,14)

- 00

\mi

H? (&) =— e—i j e—izeha—wugy,  (5.10,15)

rae 2 >0, —1<<RW<1.

PasencrBa (5.10,14—15) nokasaHbl A/ MONOKHTEABHEIX 2,
OIHAKO MO NPUHLHMNY AHAJTATUYECKOrO NPOMOJ/DKEHHs Iepsas us
3TUX ¢OpMyJa coxpaHaeT cuiy B obaactn 0= arg 2 <=, BTO-
pas—B obnactn— < arg 2=<0, Tak Kak B 3TUX 00JacTIX
JeBas M mnpaBad YacTH pPaccMaTPMBaeMBIX DPaBEHCTB OCTalOTCA
peryasapHuiMp (YHKUMAME I[IEPEMEHHOr0 2 (32 BHYETOM TOUKH
2=0). [Hanee, ecmu I(2)>0 8 (5.10,14) mm I(2)<C0

#) Jlerko BUIETb, YTO MHTErpalbl M0 BEPTHKATHHEIM 3aMHIKAIOLIHMM
OTpe3KaM CTPeMATCA K HYJIIO, eCIM HeOTPaHAUYEHHO OTONBHTATH STH OT-
Pe3KH BNPaBO M BIEBO OT MHUMOM OCH.
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B (5.10,15), ycaosme — 1< R (<1 wmoxer OuTb 0T6pO-
lIEHo.

Takum 006pasoM, HMEIOT MECTO CJACIYIOLIUE HHTerpaanme
NpeACcTaBACHus:

vl
2

HY Q=" | eenmmdn, 1()>0, (.1016)

Z7 %
HP (@) =—"° J e—fzchu—vudy  [(2)<0, (5.10,17)

— 0

v — moboe.

$opmyasr  (5.10,16—17) nmat0T OCHOBHBIE HHTErpajJbHHE
npencrasaenus as ¢yuknui Xaukeas. JIpyrue uHTerpanbHele
NpeaCcTaBAeHuss 3TAX (PYHKLUMH, MONESHHIE B PAasMHYHBIX MPAIO~
WEHUAX, MOTYT ObIThb BHIBEJEHH U3 HHX HalJexamuMm mpeobpa-
30BANMEM ONPENENEHHBIX HHTErpafoB, BXOAAMMX B paccMaTpu-
BacMele Qopmyan. BospMeM B KauecTBe INpuMepa NEPBYIO Us:

9TUX dOopMy, npezmonome, 4TO R(v)>—§, H BpPEMEHHO»
NpHMEM arg 2 — 2 , TaK 4TO (—i2) OyIeT MNONOXHTENbHBIM.

Ilpunuman Bo BuuMaHue pasencrso (1.5,1), umeem:

o
1

——y 1

1
y—— 1
2=—,——1J‘e“\‘x~"x 2dx, R(V)>——'—2—, (5.10,18)
OTKyZa, nonaras 8 (5.10,16) e¥ =y, naxomum:

yri

1) e B —(.v+- .
Hj (z):TJ'ﬂ Yy rrldy=
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TIpHYEM 3aKOHHOCTb HU3MECHEHUS MOPAAKA WHTErPHPOBAHUS CNEeLyeT
U3 JIETKO JOKaspiBaeMo#i aGCOMIOTHOH CXOAMMOCTH JBOUHOIO
HHTErpana.

BHyTpeHnu#i HHTErpas BHIUUCASETCA C HOMOILBIO (POPMyb!

o b _
‘ j’e“*”g‘stdwz-‘/—"f_e—2V%, 2>0, 6>0, (5.10,19)
2V a
0
OTKyZa BHITEKAET

vl fee] 1
-

| 31') N | e 2 ( x 2
{‘1 (2) iVTTI‘<V+-;—>5 I/;T_Tw)X
><e—2 :2",{.]/ +(——2£)dx,

Wiy, ec/1d BBECTH HOBOE IMEPEMEHHOE HHTErpupoOBaHus

Y]

=
2
'*v‘;i . «° 1
. Hf,l)(z) =_—______—-2e —tzy eizt(t?_ l)v—gdt,
iVEr(er%)( 2 >;f
R(M>— _% . (6.10,20)

To Teopuy aHAaNMTHYECKOTrO MPONOJKEHHS 3Ta (GOPMyxna, A0~
KasaHdas B IpeAnoJoxennd, uro (—iz) >0, ocraercs cmpa-
BeAIuBO{ AN MOGHX KOMIVIEKCHHX 2, MPUHAMANENKAUX CEKTOPY

0<largz<m.

Ananornyno s sropott ¢yuxuud Xauxens umeeMm gopmyy:
_at iz ¢ —1L
_*_2_8___1_ (l_;_) je—izt(t2 . 1) 2dt,
iy= P(V + —2‘> 1

R(v)>_%, Cr<agz<0,  (5:1021)

HP(2)=—
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Ecnm, mnpomomxas cunratb (—i2) >0, NOJOXKUTL B UHTE-
rpane (5.10, 20) {— 1=
HEH mOJyYnM: ’

L i(z—E—E 02 1 1
p) 772 g b 2
Hf.”(z):( 2,) Lt ) e=Ss 2(1——%) 2 ds,
— iz I‘(v—{—é—) iz
O N

, TO 1ocJje MNPOCTHIX BBIUNCIC-

s
(—1i2)

(5.10,22)

A1a QopMyna coxpauser CBOE 3HAUEHUE NPH KOMIIEKCHBIX Z,
T
IOBJETBOPAIOLIUX YCIOBHIO — & )
y y 5 arg 2 <w, Tak Kak Jad

Takux 2 o06e uactd paccMaTPHBAaEMOro DaBEHCTBA OCTAWOTCA
peryaspupiMu dynkmuaMu 2 ¥) (3a nckmoucHueM Toukn 2==0).
Taxkuy xe o6pasom us (5.10,21) moayuaercs dopmyia

H@)=(2) ) X
« -t
X J e*Ssv_%(l + 555 s, (5.10,23)
)]

ROY>— g, —nlagz<j .

Wuterpanbubie npeacrasaeHns (5.10,22—23) wurpawor Bax-
HYI0 POJb B BHIBOJE aCMMITOTMYECKHX BBIPAXEHUH s UWIMH-
ApuuecKkuX (yHKumik npu |z |— oo (§ 5.11).

Vnrerpanbupie npexcrasaeHus s ¢yuxuudl Beccens muu-
MOrO apryMeHTa MOryT OBITh MOJNYyYeHHl HENOCPEACTBEHHO MyTeM
HEGOJBINOTO BHIOUSMEHEHHs paccyxjeHu#t HACTOAIero mapa-
rpaja WiE BEIBEJEHB M3 COOTBETCTBYIOIIMX MHTErPalbHBIX NpPed-
craBneHuft Anst gyuxuuit Beccens w Xaukedd € MOMOILLIO COOT-
nHowenuht (5.7, 4—6).

:.’:) Ocoboit auanei pm’rerpana ABIsIETCA COBOKYNHOCTBH 3HaYeHult,

o
1A KOTOPHIX 2{z=138 (§==0), 1. €. IUHHA arg Z=— 5 .
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IToctynas takum oGpasom, mbl moayuum u3 (5.10,3) dpopmynry

) Foor-basa
L()=—rrF—55 | 1 =2 Zchetdt, (5.10,24)
VﬁP<v+7>
|argz|<m, RO)>—+,
us (5.10,16, 20, 22—23) — opmyrs:

-

K@= je—zchu—wduzfe—zchu chvudy, (5.10,25)
—_0 0

R(2)>0, v—mwo6oe;

1

K, (2) =r—(£:%—> ( i;-)”j?e—zf (—1) " Zdt,  (5.10,26)
R(@>0, RO)>—;
-l—‘ * v _l.
K,(z)=(21;)2r—<j-:—%> f e—sS"%<1+;;‘) *ds, (5.10,27)
0

arg 2| <m RO)Y>— .

OTMETHM eule HHTErpaJbHOE npeacras/jaeHue
K2y ] zvm—t-i—:t_,_ld r
(&)= 7) je t argz |<T, (5.10,28)
0

KoTopoe mnoayyaetcs u3 (5.10,25) 3aMenol mepeMeHHo#t mHTE-
FPUPOBAaHUA M OKa3bIBAETCA MOJESHHIM BO MHOTMX NPUIOMKEHHUAX.

Hekortoprie mpyrue uurerpaibHHe NpeNCTABICHHS WIS LH-
JUHADHYECKUX (YHKUME M MX NPOM3BENCHHUH, MOJE3HBIE B MpH-

JIOXKEHHUAX, YKa3aHB B yIPaXHEHWAX K JaHHOH riase (IpuMepsl
1—6). '
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§ b6.11. AcumMnTorHuecKkue HpPeNCTaBICHHS HHJIMHAPHIECKHX
dynxnuit pasa GoapmuX 3HAYEHHH aprymeHTa

Hunuagpuueckue ¢yHKnMA 0061a4al0T NPOCTHIMIN aCUMIITOTH-
YEeCKUMH [IPENCTABJICHUAMH, YIOOHBIMH JUIs ANMPOKCHMalMH 3THX
¢yHkuu#t npu OGOJbIUMX IO MOAYJIO SHAUEHHAX 2 U (UKCHDPO-
BAHHOM 3HauyeHMM HHAeKca v *). ['nmaBHble wieHn 3TUX GOpMyX
MOXHO NOAyydTb Merogamu r1. IV (§ 4.6, 4.14 u 4.22),
fcxons u3 adddepeHurans-HHX yPaBHEHUH, KOTOPHM YAOBAETBO-
pAOT paccMaTpUBaeMble GYHKUMH, ONHAKO [ BHBOZA 6ojee
TOYHBIX BHpaXeHu#t ymobHee BOCHO/bL30OBATHCS HHTErPAILHEIMH
npencrasieHusaMu, HalineHusiMu B § 5.10.

V3 ¢yunkunit Beccens nHauGomee npocTeie acHMITOTHYECKHE
NPEACTABAEHUS HMEIT (QYHKuuM TpeThero poaa. YroGw noay-

YATb aCHMIITOTHYECKOE NPEACTaBIcHHEe PYHKUHH HY (2) nns 604b-
T

mux |z| B cexrope |arg z|<<-5-—8§, BocmOb3yeMCA paBeH-

creom (5.10,22) ‘

7 =5-%
. 2
H@)=(2) “— X
I‘(v-{-——)
2
*® 1
v—l s TF
X | e=ss 2(1—2-1.;) ds, (5.11,1)
) '
1
RO)>—+,
1
s -7
U 3aMEHUM MHOXHUTENADb (1—5;;> €ro pasjaoXeHueM o

#) ACHMNTOTHYUECKHE NPEJCTABIEHHUA NMA WHWIMHIPHYECKHX §yHKIHI
npu GONbIIKX IO MORYNIO v M DHKCHPOBAHHOM Z MOI'YT GLITH NOAYUYeHH
cpaBHMTenBHO mnpocto u3 dopmyn (5.3,1), (5.4,5), (5.6,4), (B.7,1) n
(56.7,2), ecnn  Bocnoab3oBatbes opmymoit Crupaudra aas ramma-yHk-
mun (1.4,22). Bonpoc 06 annpoKCMMALMM NMAMHAPHYECKNX QyHKNumit npH
OIHOBPEMEHHOM BO3DACTAHHMHM MOAYJAEH 2z H v NPUHANIEHMT K YHCTY
TPYAHeHIIHX BONPOCOB Teopu# 9THX QyHkuui. OCHOBHBIE PE3YAbTAThI,
noayueHHse B 3TOH 061acTH, W3noxeHH B MoHorpatduum Barcoma [B].

HoBue dopMyan storo THma npeptoxeHn HexaBHo B. A. doxom
([B], ctp. 717) u Jlanrepowm (1], [2].
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GuHOMHMabHON (OpMyZe € OCTATOUHHIM uieHOM *). ME nmeeM
Torja:

1

2 i(e__=*
@ =(2) ¢
— n [se) 1 . _
><| 2 ('; l)k 7 2 (e_ss\’"l‘k_?ds_l_rn’y(z)‘[:
L le!l‘(v-{-7—1e1(2iz)k~
k=0 7 0
1 on
1 ' 1
2\ i(e-r -2 (— DFT(v 4kt
_(E/ e 2 4 (1 >+rn’v(z) ’
k!P<"+—9———k>(2iz)k
k=0 -
rae
n 3 v n _1
Ta, » (2) = / ('—1)1“ e—ss’ T2 ds X
n!l Lv —n— .2_\ (2iz)rt
1 s
n st 2
><6f(1——t)(1_§.§> at.

IIpu Tex orpanmyeHusX, KOTOpHE HATONKEHH HA arg 2z, KOM-

st
IIEKCHOE YuCI0 Z = — 5% NPUHANNEHKNUT COOTBETCTBEHHO 001aCTH

#) dra dopmyaa umeer Bun;
s_ N T4
1+ = A mck—f—

1
T (1 .
e +10§(1 — 0" (1,

rre |arg(14¢)| <=, ¢ — 1060e.
HoxasateabcTBO cregyer us ToxpecTsa

1
A+0* =14 [ (14—,
0

€CIIH NIPUMEHUTH MHOTrOKpaTHoe HHTErpupOBaHue Mo YacTAM,

9
§ 5.11] ACUMIITOTUYECKHE TNPEACTABJIEHUSA 16

d<<argZ §<<arg Z<<m—d="m—38u, KaK/IErko ycMOTPETh 123 r>eo1v.1e§-
PHYECKUX COO6paxenuit, BHIIOMHANTCS HEPaBEHCTBE [1-4-Z] ,6smb,
|arg (1 -~ Z) | < w. Tloaromy, ecni BHOpATh 72 HACTOABKO DOX

3
UM, 4YToOH BHIIOJHIIOCE HEPABEHCTBO R(V)—\-ﬂ———i-é(),
ven_ 3
st 2
(1—2)
OTKyI[a JNas MOILy.IIH OCTATOYHOI'O YJE€Ha BBITEKAET QIlEHKAa

(-3

=0 (z‘"’l),

3
RO)—n— 5
< em 10 I(sin8) - 2,

TO noayuum *)

F{R o) +n-+ .;_} 110 gina)<
(n+ 1! lI‘(v—n__;_H(zlz])nH

o
DaBHOMEDHAs OTHOCHTEJIBHO 2 B INpelelax paccMaTpuBaeMor
CeKTopa.

Takum 0o6pazoM, UMEET MECTO CAeAyIONlEe acUMITOTHYECKOE
npencrasienne Qynkuun Xankens i GOAbWIKAX [zl

|7a,0 (R) | =<

1

. yT kL n 1)k v, k —n—
Hoe = (2) 5= § oD o],

k=<0
T 1
gel= T8 RO>—1%,
rxe OJOXEHO:

(5.11,2)

r(” +%+k> (A — 13 (42 — 3) ... [4® — 2k —1)]
O B)=-—7—7 = 2 ’
’”(*‘L?”’e) (5.11,3)

(V, 0): 1.

®opmyna (5.11,2) nokasaHa B NPEeNno/I0KEHUH, YTO A BbI-

3 Thb
6paHO Tak, YTOOH R(v)—n—*?so, OHAKO JIeTKO BHUIETD,

YTO TO OrpaHnyeHue HE fABIACTCH CymeCTBeHHbIM, " Haﬁﬂ,;HH;;ﬁ
pesyabTar OCTaercsd CNpaBeVIMBBIM  IJIA A00OHX 7. ,He CT

3
il BEIOEPEM
TEAbHO, NPEANONOXHM, UYTO0 R (M) —n ; 2>0, u

#) Ecas @ B b — KOMILIEKCHbE YHCTA, TO
l (lb l — l a lR(b) . e—I(b)arga.
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TaKoe YHUCIO m = 1, 4To6H R (V) — m — -25-’- =< 0. Toraa, no npe-

IBIAYIIEMY, MBl MOXeM mpeactaBuTs H\ (2) dopmysoit Bmma
(5.11,2), rae n 3ameneHo va m. Ho npu m>n

»[kgo +\0(z-"‘-*)]=[k2"0 e f 0] =

) = ksnt1
=[Z —}-O(&"‘“)],

k=0

M MH CHOBa mpuxomuMm K copmyre (5.11,2).
AcrmMuToTHYECKOE NMpexcTaBienue GynKuun Hi> (2) nns 6onb-
WHX |Z| MOXET GHTh MONYYEHO COBEPINEHHO AHATOFUYHBIM OG-

PasoM, €C/TH UCXOUTH U3 HHTErPAIBHOTO NpencTasaenas (5.10,23).

Mbl Haxomuwm:
1

]‘1,(,2)(2'):(—-—)2 ei( -3-1 [ ; VL) -[—0(2_"'1)J )

2
nZ (2iz)*
. k=0

. iargz|<%—6, | R(v)>—%. (5.11,4)

Hoxkaxen, uto 8 dpopmynax (5.11, 2—4) ycrosue R(v)>—%
MOXHO oTOpocuth. B camoM nene, ecan R g———l— TO,

2 3
BOCNO/Mb3OBABLIKCE COOTHOLIEHUsMU (5.6,5)

HY (@) =e"""HY,(2), H?(2)=¢"H?,(2),

MBl NONYyYMM B NpPaBO# YacTH KaXAOrO M3 PABEHCTB (PyHKUMHA
XaHKe/Id C HHIEKCOM, BEINECTBEHHAA 4acTh KOTOPOro GOblie

1 R
aem (_—T> Ilpumenss srienennsie GOPMyan u 3ameyas, u4TO

(—v, R)=(v, k), y6exnaemcs s CNIPaBEAINBOCTH ACHMIITOTH~
UeCKHX mpencraenaeHadt (5.11,2—4) mng mo6bix sHaueHu# ma-
paMeTpa v.

Hcnonbays Bmecto (5.10,22—23) uHTerpaibHble MpeAcTa-
BIEHHA Gonee OOWIEro Buiaa, MOXHO IOKA3aTh, YTO MOJyYEHHHE
4CHMNTOTAYECKHE NPENCTAaBNEHHS OCTAlOTCA BepHeIMU B 6ojee
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WAPOKOM ceKTope |argz|=S=—23& *). Takum o6pasom, uMeem
OKOHYATENBLHO:

1
HY@=(2) ¢ .
N (= DEG, )

%

1

68 oem], G
0

k4

e =(2)" D

w2
><[ %%%4—0(2‘"‘1)] (5.11,6)
k=0

and jarg 2|=<<m—2& u moGHX V.
AcuMnrToTHyeckue npencrasienus ¢yHxuui Beccens nepsoro
H BTOPOro poja Ajad GOJbIEX | 2| MOMyYaloTcAd M3 9THX (Op-
MyJd, ecln BOCHOJb30BaTbhc cooTHomenusmu (5.6,1), oTkynda
cenyeT:
1
3
J,(z)=(?2z—) cos(z——-%—%)[
3

(=D, 2) +

(22)2k

M:

0
1

rocaf- (2 o (5 s
+ O(z‘“""“)] , (5.11,7)

1
— n

Yy(z)=<_ﬂ2_z)2 cos (z—"—z’i___j;_)[ y (:%z(%fé?r’fﬂ—k

'1_ n
o] +(3) sle— -] 3 S
| +0 (z“’”")] , (5.11,8)

farg 2| <<= —38, v— moGoe.

#} [B], ra. VIL
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ACHMITOTHYECKHE — NpeACTABJEHUS Ui WHIMHAPUYECKHX
(pyHKuul MHUMOrO aprymemta MOI'YT OHITh BHIBEJEHH aHANO-
THYHHIM 00Da3oM M3 COOTBETCTBYIOLIMX HHTErPaNbHBIX INpeacTa-
BACHAR 4419 3TuX Pyukumi. IMocrynas takum 006pa3oM, HAXOHUM:

¥4 “ 1)k R Con
I,(2) = —*¢ L[ 2 _ﬁ_(2)z_)§eL_)_i_0(z 2 2)]_[_
(21tz)2 k=0 ‘
e-—zini(v—f—%) n

[ ES;?JJrO(z-“-ﬂ)_’], (5.11,9)

1

(2m2)2 k=0
1
7 n
K»(Z)-:(,_,%) e“’[ 2 g;z’f?mtO(z-%—%)J, (5.11,10)
k=0

ree jargz|=<w=-—38, v— mo6oe u sHak (=x) B (5.11,9) 6e-
PeTcs B 3aBuUCHMOCTH OT TOro, Oyaer /(z)==0.
Mpu ycaorny, uro ]argzls—g——é}, BTOpPOE cJaraeMoe B

(5.11,9) Oymer manoi BesuuuHOH 6GoOsee BHICOKOrO nopsiaka,

uem O (27*"%), mostoMy sTta Qopmysa mMomer GHTb sarmMcana
B BHIE:

¥4 i o k
I (2)=—~ [2(—%2—)(:&+0(z-2"-9)], (5.11,11)

1
(2rz)? k=0

larg 2 | <<= —8§, v-— moGoe.

s (5.11,5—11) cnenyer, uto pacxoasmuecs pansl, mogy-
Haloluecs, ecau  (POPMajdbHO MNOJOKHTL Z==00, ABIAOTCH
ACUMIOTOTUYECKUMH 111 (DYHKIMH, CTOAIMX B JEBHIX YacTHX
paccmaTpuBaembix paseHcTB (§ 1.4).

Cnoco6, mpH MOMOIE KOTOPOro BHIBENCHHI paccMarpusae-
Mele OpMyJBl, AT TONBKO TMOPSAOK BEJMYHHB OCTATOYHOLO
WIeHa, HO He MO3BOJAET cHeNaTh 60Jee TOUHHKX 3aKJI0YeHHH.
Ipn  cneunambueix  npeanonomenusx OTHOCHTENMBHO 2 W v
MOKHO, TyTEM HEKOTODOrO BHIOMSMEHEHWS PACCyXIECHUH, MOTy-
YUTh 3HAUMTENBHO OoJiee TOUHBIE pe3y/abTATH. Tak, Hampumep,
MOXHO I0Ka3aTb, YTO €CIHM 2 H Y— BEHIECTBEHHBIE [1OJOMKU-
TEJIbHBIE YHCJIA W YHCJO 7 B3TO HACTOABKO OOJBLIMM, YTO

§ 5.12] TEOPEMBI CJIOXEHAS 173

7
2n=v— 5 » TO OCTATKM aCHMITOTAYECKUX PA3OKeEHuH 11 5 (2)

u Y,(2) OynyT uuCIeHHO MeHbIE IepBEIX OTGPacEBAEMbIX
uxeHoB. B acmMmmroTHuecKoM mnpeacrasneHnd s K, (2) TOT Ke

PE3YABTAT MMEET MECTO NMPH A==V — = ).

§ 5.12. Teopembl caOMeHHAA AJA DUJIMHAPHYECKAX PYHKUHI

Iycts ry, 73, R— CTOPOHH NPOH3BONBHOTO TPEYrOJBHUKA,
6 n ¢ —ero yrusl, Jnexaumpe npoTHB CTOPOH R u ry (puc. 16),
TaK 4To

. reo.
R=1/r*4r2—2rr, cos b, sma{a:ﬁsm@.

Teopemamn ciaoxeHuss B TEOPHM LAMMHIAPHYECKHX (PYHKuHH
HA3bIBAIOTCA (QOPMYIH BHAA

Z,ORY=F,(r1 1y, ) DT Gr) ¢ ) 1T (6)  (5.12,1)
(m)

(A — IpoU3BOMBEHOE KOMILIEKCHOE 4ucio, |arg A | < ®) **), naro-
e pasiaoxeHue uuamnHapuueckoit dynkuun Z,(AR) B pan,
YJeHBl KOTODOro IpeacTa-
BIAIOT coOoft mpowsBeaeHne
HEKOTOPOH, He 3aBUCALIEd OT
WHEEKCa CYMMHDOBAaHHA 12,
dyukune £, (7, ry 6) Ha
MHOXHTENH, BaBHCALINE Kad-
Abfl TONBKO OT OAHOrO Wu3
NepeMeHHHIX (7, 7y, 0). Puc. 16
dopmyanl  paccmarpusae- ue. 10

MOTO THIA MIPAOT BAXHYIO

POJIb B MATEMATHYECKOH PU3UKe U APYTUX NPUIOKEHUIX UWHTHHAPU-
ueckux ¢ynkuuf. Ilpoctefimiell cpenu Hux sasaseTcs Teopema
croxedds nas ¢yHkuuu Beccens mepsoro pola ¢ HHIEKCOM HYJIb:

(o]

JORY=" X Sy (1)) T (ry) eimt =

=Jy (hry) Jy Ohry) -+ 2 2 T (A1) T,y (hrg) cOS mif. (5.12,2)
-—— m=1
" %) [B, ra. VIL

#¥) [lnA NeIoro v -3T0 OTPAHMYEHHE OTHAfaerT.
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HoxasarenscTBO 5TOR (HOPMYTH MOXET GHITH HaHO crenyo-
uum o6pasom. Tlpeacrasuy Jesyio yacTh paBeHcTBa c ITOMOLUBIO
tdhopmyas *)

21
J,,(z)=71n~ij‘e2( ‘)t'"“df, n=0, &1, %2
C

rae  C— NpOW3BOMLHLIA  3aMKHYTHI KOHTYD, OXBATHBAOIUH
TOuKy £=0, u BBEgeM HOBOE MepeMeHHOe MHTErpUpOBaHus 1,

NOM0XKHUB: .

i
re —r
feet 78 u
R
ean/IHI/IMaH BO BHUMaHHe, 4TO R?==(re’® — r,)(r,e—# — ),
uMeeM:

Ar 1 Ar, 1
L e )2 (o)
Jo ()\R)=2—’Rl§e 2 uew 2 u 7,
CI
A€ MHTErpupoBaHie MPOWSBOAUTCA 10 KOHTYPy C', mozoGHomy
Koutypy C. Hanee, Ha OCHOBaHHU (5.3,4)

Mt (et — 1 <,
2 (ue aeld \ — tmf gy m
e = 2 Tu () eimigm,
m=—co
TIpHYeM  CXOAMMOCTL psAfa HA KOHTYpe C’' paBHOMEpHAa OTHOCH-
TEABHO U, '

Moacrasnas 3to pasnoxenne u MHTErpUPYA TOYNEHHO, Ha-
XOIUM:

3 | ()
hORY= Y J,0r)em L J' ¢ 2 w1y =
Mm=—co c!
= Y JnOn)Lp(—tr)em=Y J,0r)J,0r) em,
m == m==—o0

OTKyZNa CJeayeT CnpaBeJIMBOCTL paseHcTBa (5.12,2).

*) Ina moxasateabcTBa 9TOH dbopmyunn, npencrasnaomelt cnentab-
HEIfl cayyait dopmyan (5.10,7), 10CTATOUHO BHIYMUCIATH KOHTYDPHHI HHTE-
Tpan, paBHEI BLIYETY MOJIMHTErpatbHOR GYHKUMH B Touke = 0.

§ 5.12] TEOPEMBI CJIOXKEHHS 175

®opmyna (5.12,2) momyckaer nBa 06GoGuieHHs Ha chayyait
dpynxkuuit Beccems ¢ mpousBOJRHEIM uHEeKcOM v. Ilepsoe wus
31X 0600IIEeHnE nMeeT Bu.:

Sasd \

cos v cosmb .

LOR Gove=" 3 D Ora) S Or) S, (5.12,3)
m=—oo

rie sHaueHue ¢ ykasano Ha puc. 16, u, B ciayuae, ecan v He

ABMAETCA UEABIM YACJOM, MPEANOJaraeTcs, 4T0 74 >14*).

Bropoe u3 paccmarpusaeMhx o0o0meHu#t maercst Gopmynon

J, AR)
=T
ORY X
v My M),
X Y (-m) Jv+m((”’)zg:r)'g(’) Ch(cost), (5.12,9)
m—0 1 s,

(ry u ry— moGme),
rae Cp(X), m=0, 1, 2, ... ,—noamoms [erenbayspa, Ko-
TOPHIE MOFYT OHITh ONpefeieHH Kak KO3(bHLHEHTH DPas3aomKe-
HuA QYHKUMH

(1—2%x )= 2 Cr () 2™, (5.12,5)
n=0

npenacrasasiomett coboit mpousBopsmyld (GYHKUMIO A% ITHX

MOJIMHOMOB.
SIBHEIE BHIPAXEHHS IR PacCMaTPHBAEMEIX IOJMHOMOB OyAyT:

(7]
: b DOAm—B)
Crm= Y (—1fami LR =b o L (5.12,6)

k=0

C;.(x) =1.
ITpu v=% pasnowenue (5.12,5) nepexomur B ¢opmyay
(4.2,3) v nomunomn [erenbayspa cOBHAAIOT C IOJIHHOMAaMH

Jlexxannpa: 1

CZ (%) =Py (%). (5.12,7)

#) Jlna nexoro v==n 3T0 OrpaHMYeHHe HE CYUIECTBYET M Iy H Iy
MOryT GHITh NepecTaBleHH MeCTaMH.
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- IHpa v=0 Cp(x)=0, m=1, 2, ..., oanako mpoussee-
Hue I'(v) Cp(X) cTpemaTcs K KOHEUHOMY TIpeaeNy, HMEHHO:
lim I (v) (v -} m) C;, () == 2 cos (m atc cos x),

y—=0

m=12, ... (5.12,8)

O6e Teopemm cuoxenus (5.12,3) u (5.12,4) moxaseBaoTcs
aHanoruino gopmyae (5.12,2), eciu UCXOMUTh U3 COOTBETCTBYIO-
UIMX WHTErpaibHBIX IpeiacTaBleHufl 11 dynkuué Deccens *).
B npemeabHoM cayuae v— 0 paccMmaTpHBaeMble DPaBEHCTBa Hepe-
X044T B paseHcTBo (5.12,2). Jnd - nmamHApPUYECKAX (QYHKUUE
IpYruX THUIIOB HMEIOT MECTO aHAJOTHYHbIE TEODEMB! CJOXKEHHS,
U3 KOTOPHX MH ynommeM clreLyioIue:

6
Z,0R) v = 2 Zum 0r2) I O1) s mp (5129
Z, (h
—(ﬁ%:?"r(v)x
\ Z,, () d, ., () B
y+m v--m v 8
xmgo(v+m) A Cl(cosb),  (5.12,10)
LORY o= N (1 Ln O) [y Or) e g, (5:12,11)
I, 0R)
— =97

v-]—m,("rS) +m(" 1)
Qs (hry)”

X X (=1 -m) G2, (cos ), (5-12,12)
m=0

6
K, OR) G b = 2 Kypm Q1) [n Or) S50 (5.12,13)
’ M==-—00

K, (\R)
Ry —2TOX

% 2 O my Ko O Lam O oy (512,14

(hrg)y (Ary)

#) [B], ra. XL
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B 31X ¢opMynax Npeanosaraetcss r, > 1, 33 UCKIAIOUEHHEM
TOro cJiydas, KOraa v €cTb IEA0e YUCIAO ¥ B (POPMYNy BXOIAT
TOJMbKO (PYHKLMHM NEPBOTO poOAa.

BaxHmiii wacTHBIM caydaft paccMaTpUBaeMbiX TereM ca0Xe-
HHA, BCTpeyalouuiicds B MaTeMaTHuyecKol Qusuke, cOOTBETCTBYET

1
8HAUEHWI0 V= .POPMY/Bl A4 STOr0 ciydyas JErko moay-
YaloTCS ¢ NOMOWBIO cooTHowweHunt § 5.8 u paseHcrna (5.12,7) *).

§ 5.13. Hyan uuauuapuyeckux yHKUHi

IMpu pemreHUrm MHOTHX NPHKJAXHHIX BONPOCOB HEOGXOIAMO
UMEeTb MPEACTaBJEHHE O pacnpeaeNeHud Hy/aed LUIHHAPHUYECKUX
QYHKUMA Ha IJIOCKOCTM KOMIIJIEKCHOTO MEPEMEHHOTO U yMEThb
npuGMHKEHHO BHYUCAATL HX 3Hauyenus. Hcciaemosanue srtot
npobaeMsl, MNPEACTABIAIOMEH TaKxke B3HAUMTENbHBIH TeopeTd-
YecKH# MHTEpec, BBIXOAUT 3a DPAMKHM HacCTOAmEH KHHUCH, MO-
9TOMY MBI OTPaHHUYMMCH CBOAKOH HauOonee BamHBIX PE3YyJAbTa-
TOB, [IOJYYEHHBIX B 9TOH 0oOJacTd, OTChIJIas ydTaTeNd 3a AOKa-
3aTe/NIbCTBAMH K CHEUMANBHBIM MOHOTpadHMsM MO TEOPHH LMIAHI-
puueckux GyHKUHH FF),

Pacnpeaenenue nynett dynxuufi Becceas ¢ ueasiM monoxu-
TEJNbHBIM 3HAYKOM, T. €. pelleHull ypasHeHus

J,(2)=0, n=0,1,2,..., (5.13,1)

yCTaHaBAMBAETCA CJAEAYIOWER TeopeMoi.

Teopema 4. Dyunxyusa J,(2)(n=0, 1, 2, ... ) ne uneem
KOMNAEKCHBLX HYAell U UMeem OeCKOHEHHOe MHONHCECMBO ge-
WeCmBeHNNX HYAeld, DACNONONHCEHHWX HA KOHEHHHX UKmMep-
8a4ax cummempuiHo omuocumeasno moyxku z==0, Komopas,
8 caywae n=1, 2, ..., npunadsexcum k ux  wucay. Bce
Hyau @yRKRUU — npocmee, 3a UCKAKOYeHUeM mouku 2==0,
xomopas npu n=1, 2, ... S845eMCA COOMBEMLIMNBEHHO HY-
AeMm Kpamruocmu .

#) Cm., Hanpumep, [B] 11.5, ctp. 401.

*¥) Cm., nanpumep, [B], ra. XV.

3amemM, uTO HEKOTOphie M3 Pe3yibTaTOB HCCIeN0BaHHH, OTHOCA-
IMXCA K HYTAM UMAAHAPHYECKHX BYHKUMH, MOTYT OHTh MOTYueHH INpH
TIOMOIIH PacCyXNeHul BIOIHE 371eMEHTapHOrO Xapakrepa.

12 H, Jledenes
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Pacnpenenenue nHynaeft dyuxkuuit beccens ¢ [IPOU3BOJBHEIM
BEILCCTBEHHBIM HHAECKCOM ¥, T. €. DEIIEeHHR ypaBHEHUs

Jy(&)=0 (v — BeliecTBEHHO), (5.13,2)

naerca 6oaee obuieil Teopemoi 5.

Teopema 5. @yurgus J,(2)(|aigz|< =, v— 4wboe ge-
HecmeerHoe HUCA0) uMeem GeCKOHeLHOe MHOMECTBO BEULECHIBEH
HBLX NOACHCUMEeAbHBLX HYAel u KoHeurnoe uucao 2N (V) womn-
ACKCHBLX CORPANCERTBX HYAel, 20e, 8 3A8UCUMOCINN OM 3HQYe-
Hus napamempa v,

r

(1) N=0, ecau v>—1 nm v=—1, —2, —3,
QD NW=m npu—(m+D<>v<—m, m=1, 2, ...

Ecmn — 2m—2 <v<{—2m— 1, cpedu KomMniexcHox Hyel
UMeemcsy nApa YUCMO MHUMBLX.

Bce nyau @pyrryuu npocmele, UCKAO4AA, MOdKHCem Obims,
moury z2=0.

B wMmaremaTuueckoil (ms3mKe 4acTO BCTPEUYAETCH YPaBHEHHE

alt,(2) B2l (2)=0, v>—1, (5.13,3)

(rme o wu P-— 3ajanHple BELIECTBEHHHE uucaa, |arg&|< =),
KOTOPOE MOXHO paccMaTpuBaTh Kak o000OCIIEHHE YypaBHEHUs
(5.13,2). ITpn yxasanHOM oOrpaHuyeHnH MapaMeTpa v paccmarpu-
BaEMOE ypaBHEHUE MMEET GECKOHEYHOE MHOMKECTBO IMOJOKHTE/b-
HBIX KOpHEeH U He uMeeT KOMINIEKCHHIX KOpHeEH, 3a HCKJoye-

4
HUEM caydan ~+~v<0, xorza oTO YypaBHEHWE uMeeT IBa

YUCTO MHHUMBIX KOpHS.

Pacnpeneneitiie  Hysett dyukumm [, (2) moxeT OuTb BohiBe-
JEHO W3 TeopeMbl B ¢ nomombio cooTHowenu#i § 5.7. B uacr-
HOCTH, OTMETHM BaXun# pesy/apbTaT, 4TO npu v >-—1 Bece
uyin ¢ynakuma [, (2) uncro MHuMble. Pynxuua MakaoHanbaa
K,(2) npn BemecTBeHHOM Y He uMeeT HyJdeli B o6macTu

larg 2| <<~ . Hyamr o¢yskumn, nexanme B OCTaJIbHOR uacTH

pa3pesaHHONt IIOCKOCTH, KOMIJIEKCHBIE COINpPAXEHHBIE U UYUCJTIO
¥X KOHEUHO *). :

Jns npubamxeHHOro BHMMCAEHWS KOpHelt ypasnenufi, conep-
KAWUX UATHHIPHYECKHE (YHKIMM, NPUMEHSeTCs -METOL f0ce-

#) [B], 15.7, c1p. 562 — 564.

§ 5.14} PA3JIOXEHHE ITIPOM3BOJBHHX GVHKLHHA 179

JOBATENBHBIX IIPUOMMKEHWH, MPHYEM 32 XOpOUIee . HavyalbHOE
npuG/amKeHne BO MHOTHX CJyYasX MOryT OBITb NPHHATH KODHH
COOTBETCTBYIOIIUX YPaBHEHHH, MOAYYAIOIIAXCH U3 HCXOAHHIX IIPH
3aMEHe UMAMHIPHUECKUX (YHKUAK HX aCUMITOTHYESKUMHA Mped-
CTaBJIEHUS MH.

§ 5.14. Pasnoxenue NpoM3BOJALHBIX (DYHKUHE B pAXBI
H HHTErpajsl N0 UHJAHHAPHYECKHM (PYHKIHAM

B martemaruueckofl (u3nKe 4acTO BOBHUKAET HEOOXOAUMOCTH
Da3/JOXKUTh B8aJaHHYW (GYHKLMIO B pAI WIA MHTETpal NO LH-
JAUHAPDUYECKUM (DYHKUHAM, [pHYEeM BHJ Pa3TOKEHHS OMpeRes
JAS€TCd KOHKDETHHIME YcuaoBusimu 3amaun (§§ 6.3—6.7). Mu
paccmMoTpuM HanGoJee BaXHbIE M3 DTHX PAsJOXKEHHH, KOTOpHIE
UrparT B PasANUYHHX NPUAOKEHUSX HUAHHADHUECKUX dYHKIUH
TaKylo K€ pOJb, KaK pasJoXeHHs B Psfel M uHTerpaisl dypbe
B NPWIOMEHUsX TpUronoMerpmueckunx ¢ynkumit. Ilepsoe mecto
CPEelM pasTOXEeHnH paccMaTpMBaEMOrO KJacca B3aHHMAIOT psuu,r
BHJIA

fO=Y eah [xmy), 0<r<la G141

m==1

rne f(r)—sananmas B mHtepBame (0, a) dynxupda, J(¥)—

¢ynkuns Beccens mnopsiaxka v > — Xym — NOAOXKUT{,1bHBIE

1
9
KOpH# ypaBHeHHs J,(x¥)==0, pacnonomkeHHBIE B MOPAAKE BO3-
pacraHug.

Kos(ppuuneHTs pasmoxeHus ¢, MOTYT ObITH ONpeneacHs!

Ha OCHOBaHMM CBOJCTB2 OPTOTOHANLHOCTH CHCTEMH (yHKuUMH
Jy (xvm ) (m==1,2,...), xotopoe NOMYYaeTcss CACRYIOWAM
00pa3oM. YMHOXKHM ypaBHEHUs

AR

1

” ' v2 " 1 , 2y oy
A <a2———r'?) u, =0, ué—{—;—uﬁ}-(@"——:ﬁ)u@:O,

KOTOPHIM ynoanemopﬂmr (pyHK1UH zza.._J (ur) g uz=J, (Br)’
(o u B—nponsaonbmﬂe uKcia), NepBoe— Ha rug, BTOpOE —- Ha
ri,, BBHIYTEM - OJHO U3 ,leYFOl‘O PI npénmerpnpyew no HpOMe-
#yTKY (0, @), : .

*
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Mul HaxomuM TOraa:

a
(22 —8% j‘ rugtdr =r (u,u; — uu,) : ,
{
b

OTKyJa, B NPEANOIOWeHHd Y > 1, caenyer:
a

aiJ, J! (3a)—aaJ, (30) J!
[ Py G ar =222 “““;’3_::‘ S CRTE
0
- "xvm xwt
Ecau nonoxure B (5.14,2) e=— 3= —, TO npuxo-

AUM K DPaBEHCTBY

a

r r
§rJ, (xw N (xm—a—>dr:0, mn,  (5.14,3)

.

MTOKA3bIBAOLIEMY, UYTO paccyMaTpuBagMad CHCTEMA GyHKUUH OpTO-
rosaneHa Ha npomexyrtke (0, a) ¢ Becom r (§ 4.1).

Iepexoma Kk npezeay B—o B (5.14,2) u uckmouad BTO-
pbie TNPOUBBOJHHE OT (yHKUMi Beccens c mowowsio naddepen-
Una/IbHOTO ypasHeHus (5.3,2), noayuaew:

a

j' 72 (ar) a’r:—‘;[ J2 (aa) 1 ( 1 “f}?) a2 (aa)], (5.14,4)

0

OTKYA4, eciu BOCIOAL30BATbCA coorHowenueM (5.3,3), uvcewm:

a
j‘sz(xm >df"“2 J'2( vn)—‘_‘ v+l(xvr1) (514,3)
0

Ilpennonarad, uto pasnoxenue suma (5.14,1) BO3VMOXKHO,
HaxoauM GOPMaNBLHO, MyTeM YMHOMEHUs Ha 1/, (x,,, ) H uHre-

rpupoBaHus 10 npowemymy (0, a), cnenyomus 3uaueHUA
KO3 (pHIUHEHTOB C,,

_ 2 r =
Cm—myf(f)ffv (Mm;) dr, m=1,2,... (5.14,6)

Pax (5.14,1) ¢ xosdpuunentamu, BuluvcieHHBIMA O (OP-
myaam (5.14,6), nasmBaerca psazom ®ypne — Beccens.

§ 5.14] PA3JIOXKEHHUE [POM3BOJABHBIX &®YHKLHH 181

Pemtenue Bompoca o6 ycaoBHgX, oOecneunBalomux AeicTBH-
TEABHYI0 CXOAMMOCTb PaccMaTpHBaeMOro pana K dynkuuu f(r),
JaeTca CAedylolleill TeopeMo#,

Teopema 6. [Tycms f(r) — npousgossrasn hyrryus, onpe-
denennan Ha npoxescymre (0, @) u yoosiemsopsiouas ycio-
sus:

f(r) KYcouno-nenpepbvigna u umeem O2PAHUMEHHYIO
sapuayuio 80 8caxom omrpumoxn npoxexcymre (0, a);

2°. unmeapai
a

1
{17 @) ar
0

uieen KoHewroe 3Haderle.
Toz0a pad @ypse — Becceass cCX00umea u umeem cgoei cym-

Moii %[f -+ f(r—0)], m. e. npedcrmasasem f(r) 6o

BCAKON mMouKe Henpepul8HOCMIL Imoll dyrryuIL.

JloKasaTeabCTBO TEOPEMBl MOMKHO HaiTH B MOHOrpaguu -
Batcona *).

O6obmenne panos Pypre — Deccenss NpencTaBagiOT PAdLI
Juny, K KOTOPHIM Mbl OPUXOANM, paccMarpuBas 3agayy o pas-
Aowenun Qyukunu f(r) B paa Buma (5.14,1) rae x,, — pacno-
JOKEHHBIE B MOPSIIKE BO3PACTaHUs MOJOMUTEIbHBE KOPHE yDPaB-
nenus (5.13,3)

aJ, (%) 3xT, (%) =0. (5.14,7)

Ecau  BocroabsoBarbcsi  cootHomenuamd  (5.14,2,4) =
(5.14,7), 10, Tak we KaK W BhHIUE, JEFKO I10Ka3aTb, YTO

0jlr] (xm > (xm %) =
J 0, m=£n
l

9

CIRTIR R P

‘Jﬂ

(5.14,8)

%) [B], 18.24, ctp. 649—651.
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OTKyﬂ,a-llﬂﬂ KOSQ)(bI/mI/IeHTOB Cyp TIOJAYYAIOTCSE 3HAYECHHS:
: 2
y2

az[ng (%,) + < -5y > J2 (xym)] ~

sz

X f rf(n J, (x,m g\/ dr. (5.14,9)
0 /

Pan (5.14,1) ¢ Koadduunenramu, onpeneasiempiMe hopMy-
namu (5.14,9),. Hocur Hasdsauue pama Jduuu mas tyukunn f(r).
Mpu ycaosuu, uro f(¢) _ynosnersopser ycaoBusM Teopemu 6

Q
" ?'——{—v>0, cymma psaga anu paBHa f(r) BO BCAKOH TOUKe

HEMPEepPLIBHOCTH hyHKUHH *),

Pasnomenus ®ypse—bBecceas u [lunu urpamot BAXKHYIO DOJb
B OpobGreMax MaTeMaTH4ecKO# busnku. [Tpumepsl nozoGHbIX
pasnoxennit npusenensl B ri. VI (§ 6.3, 6.7).

M3 uHrerpanbHulX pasnoweHuit no dyHkuuaM Becceas nep-
BO€ MECTO MO CBOEMY NPUKJAZHOMY 3HAUEHHIO 3aHAMAET PasJo-
weHne B unrerpan Pypse—beccens npousBobHOR PyHKL
f(r), onpenenennoti na mpomexytke (0, c0):

= [ 1,0nd | 0007 ) dp, ]
0 0
0<r<loo, v>——7;~.

Popmyaa (5.14,10) cnpasenansa BO BCAKO# TOuKe nenpe-
pbIBHOCTH f(r) UpH BHLINOMHEHAH ycioBui: 1°. S (r)— kycouto-
HENpEpLIBHA M HMCET OrPaHHYEHHYIO BapUALMIO BO BCAKOM
otkpeitom nposexytke 0<r<Ta; 2° uurerpan

(5.14,10)

oL

j rE|f(ryldr
0

MMEET KOHEUHOE 3HaueHue **),

*) [B], 18.3—18.4, c1p. 635—663. Tam xe CMOTPH OTHOCHTEIBLHO
BUIOW3MEHEHHI, KOTOpLIM IOfBEpraercs pasitoxeHue JluHu, ec1n

o4
—l,j—-}—ng.

#¥) Cm., nanpumep, [B], 14.4, c1p. 502—511. B Toukax paspeiBa
3HaUEHWE MHTErpata paBHO NOAYCYMMe %[f(r—f—O)—f—f(r—O)].

§ 5.14] PA3JIOXKEHUE [POM3BOJNBHHX SYHKUAMMH 183

[Tpuvepamu pasnoxeHuit paccMarpuBaeMOro BHOA MOTYT
CAYXUTh CJAeAYIOmHe GOpMYIbl:

===l IR LM S CRERT)
2 r
0

—kVZEFrE % N

Cadli = [ eevnrd 200 _g), a4,12)

VEET Vet .
KOTOphle JIETKO NOJIy4aroTcs Ha ocuosaHuu (5.15,1) u (5.15,7).

Ilpyroe wuHTerpanpHOEe pa3/OXEHHUE, COBEPIIEHHO .HUHOrO

THA, COAEPKAULCE MHTErpUPOBAHNE MO 3HAYKY UMIHHIPHYECKOM
(QYHKUMI ¥ OKa3aBHIEECS BECbMa MOJE3HBIM I[IPH PaCCMOTPEHHH
pas3anuHslX npolGaeM maTeMaTHUecKo#t (pu3uky, ObIIO HEJaBHO
UCCACN0BAaHO aBTOPOM *). IJTO pasJOKEHHE MUMEET BUI:

<o B
K o (7o A
Vx . Ve
o i
rie K, (x)— dyukuua MakjgoHanb4a ¢ MHUMBIM 3HAYKOM v == T,
f(x) — npomnsBonbHast (yHKLUA, 3aXaHHAd Ha uurepsanae (0, co)
¥ YAOBJIETBODSIOLIAN YCIOBUAM:
1°. f(x) — KycouHO-HEMpephIBHA U UMEET OrPaHUYCHHYIO Ba-
puaumio BO BCKOM OTKPHTOM mpomexyTtke 0<x <a;
2°, HHTEerpamsl
1

2 L =
|f(x) % Tlnd d, s’ f)ldx  (5.14,14)
0 i ‘
2

2

f(x):—j:shm 4, x>0, (3.14,13)
0

™

AMEIOT KOHEUHOE 3HAUeHHeE.
B Touke paspeiBa seBylo yacTb Qopmyan (5.14,13) caeayer

3aMEHUTD TMOJIYCYMMOH —;— [f (%~ 0)+ f(x—0)].

ITpumepoM pasnoxeHus paccMaTPUBAEMOrO THUNIA MOWKET CJay-
JKUTB opmya: .
* 7 shat Kip (X)

sina /%

Hekoropsle npuioxeHus NOAydeHHWX QOpMyJT K MaremMaTu-
yeckoft ¢u3nuke npuseseHsl B ra. VI

¥) Jle6ener H. H. [1], [2].

dz.  (5.14,15)

f(x)= V'}e—xcosa .:_._?_j

©
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§ 5.15. Onpenenennsie HHTErpaJbl, Comepx aluke
UMAHHAPHUECKHe QYHKUMH

B npusoxenusix 4acTto BCTpeuyaeTcs HEOOXOZHMOCTH B BH-
YHCACHUH ONPEACTEHHBIX MHTErpajoB, COAEPWKAINUX LHINHADPHYE-
CKHe (YHKUMM B pa3iUYHBIX KOMOHHAUMAX C 3JEMEHTAapPHBIMU
QOYHKUMAMY W CHENUANbHBIME (YHKUIUIME ApyruXx THnos. Meron
BeIYMCAEHH TAKMX MHTErpaloB 3aKaiouaercs OOGHUHO B 3aMeHe
OMAAHADUYECKOH (YHKIMA DPAXOM HJIM MHTErpPaaoM MHOAXOAAIIETO
BUJA U MEPECTAHOBKE NOPAAKa BHIIOJHAEMBIX Ofepauui,

JlocTaTouHO NOAPOGHOE HBIOKEHNE PACCMATPUBAEMOTO BOTIPOCA
nMeercss B MOoHorpaduu Barcona *), B cBI8u C 4eM Mbl OrpaHu-
UpMCS  TIPHMEPAaMH, - WAIOCTPUPYIOIMMHE HPHMEHEHHE METO0Ja
U COAEPMKAILUMH DE3yJbTaTh, HEOOXOZUMBIE B APYIHX pasfeax
HaCTOAILEH - KHHUTH.

B ‘KauecTBEe MEPBOro NpUMepa PaccMOTPUM HHTErpal

C(:
j =% J, (bx) dx,
0
rie @ u b-— BEIECTBEHHBIE MOJOXKUTENAbHBIE YHCAA,

Moacrasass sMecto Jp (bx) ee uHTErpasbHPE NpeACTaBACHAE

(5.10,8), Haxomum:

=

oo [e*] 2
J’ %% J, (bx) dxc = j' e dx - %J cos (b sing) do =
0 0 0

?

{l
*l]\o

:pf e~ cos(bxsiag)dx =

ady _ 1
a? - b%sin -"p_]/’m'

IMepemena mopaaka HHTErpupoOBaHUs 3AKOHHA BBUAY aGCOMOT=
HOH ¢XOmuMOCTH ABOMHOrO uHrerpana. Taxum oOpasowm:

<o

1
% dx— ————
Oje () do= e,

%) [B], ra. X1—XIIL.

a)o
OL';&IH

a>0, b>0.  (5.15,1)

§ 5.19] ONPEIEJEHHBIE UHTErPAJM 185

Bropo#t wuHTepecHH# mnpuMep HocTrapisfer uHTrerpant BeGepa
[o9]

f e—aix2 ], (bx) x'+1 dx,

rae a >0, 5>0, R(v)>——l

Jins BHIUMCAEHHA STOCO HHTErpasa saMeHunM (QyHkumo bec-
cens cTeneHHmM psaioM (5.3,1) ¥ NPOUHTETPUPYEM NOUTEHHO.
Mu noayuum Toraa:
.

0 o0 (—_ 1)k
s e—a** J (bx)x'F dx= f e~ dx
5 0

T Ry 1)

0
(— ¥ <_127_>"+2" ‘f e— @3B+ 2 1
b

([;x>v 42k

A8

RIT(E+v 1)

k=0
§ (—=1)F <b >V+2k o ise“tv-kk G
k:ok! L4+ 1) 92 T 2%+2 ;
= p2\k
b’ 2 <—'Z‘a2) ¥ 8—4—’%
:(202)“+1 Py k! h(2a2)v+l .

3aKOHHOCTh HEPECTAHOBKU NOPAAKA HHTErPUPOBAHMA U CyM-
MUpOBaHUst BIECh TaKKE CcJAeAyeT M3 aGCOMOTHOH CXOZMMOCTH.
Taxkuv 00pa3oMm nMeeM:

ot » — fi

—aix? 1 — a? -
j e—atx Jv (bx) x"+ dx—(202)9+1 e s (5.10,2)
g
a>0,6>0, R(» >—1.

Chenywoiu# HHTErpas, 4acTo BCTPEUAIOMMACS B NPUIOKEHHUIX,

(e + az)P‘-H

MOXET ObiTb BHIUMC/IEH MyTEM 83aMeHbl B IOJUHTErPaAbHOM BbIpa-
wenun pynxunn (x% - (22)‘“—1 unterpasoM tuna (1.5,1):

[ 29 4 a0, 650, — 1 <RO<R@+3,
0

I

— (x24-a2) tfp —1,(5.15,3
(x2 4-a)*t1 I‘(U-—}—l)j tedt, R(p) > ( )

1
eca npeanonoxuts Bpevenno, uto — 1 < R () < 2R (p) + 5
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Bocnoabsosasumcs Gopmyaott {5.15,2) n unrerpansiisiy apex-
crapaendeM (5.10,28) nnn ¢ynxkupu Makaoxaawia, noayuae:

=4
J- ST de

(e fatptt
: x .
—_— — QEE T — 2 H w1 _
Ty ) e \ e=F, (bx) X0 dx =
it ]
—adz—-——ﬁ' df .
o 3‘ - T']_‘ ]'\ € t\!-i';-l—p. -
]
T T (ab)s
— i—-—-—-— ‘ e 4 T4y ‘_dﬂ.'_:
2»711 (P'J."l}a Hu—p.-;-l
a’ e
=, i\ Y.
Uy (3-"1“ 1)1( 5 ( b;

Pacupocrtpaitenne pesyanTara Ha BCe 3HAaueHus mapavcTpa u,
YAGBAETROPSIONIUAE [TOCTABICHHOMY BHILE YCAOBUIO, MOKCT GHTh
a0 ¢ HOMOWDBI0 DPWHUMITA AHATHTHYECKOTO npodoawenya. [lo-
TOMY Mbl HMECM!

2 v+‘I @ =
= : D00 g BT g (@B), (B.154)

xﬂ 1 2)!—'--‘—1 = 20-1‘( +1)
>0, 5250, — 1< RO R+~

L

ol e

B vaetHOCTM, Tonaras B moayueHHO#t dhopmyae u-—
“v=20, waxodum (§ 5.8)

o) xJ(bx) _ea o o
.‘ Vx'ﬁ-ﬂ‘ dx = 5 az==0, l)>0. (3.13,3)

1} 3akAOMCIME DACCMOTPHM RBIYACACHHC HITErpana
0
K, g
[ via ) x -uJ’ ) I, (bx)y X'+ x,
J oo’
e >0, b>0, y>0, R >—1,

§ A.Ld| ONPEAEJERHLIE HIITLILAIRL 187

KOTOPHH TAaKKEC HMCET MHOI“O'—IHC"I&HHHD TMPHAOMEHNT B MaATCMa-

TH'eCKOH usuie.
Boci10Ap30BRRINMCL HHTErPAABILIM (peacTaBICHEN (5.10,28)

v gopuyaol (5.15,2), Haxomus: BN

i SCVET | (pry o +ide—

0 (K* + ¥ ) g
aﬂ(x2+y:>j
— g dt
1 e —
—— v dx s tu+]
oA w &%x?
ai Il ﬁﬂyﬂ dr » _ .
T gpl ! T EL‘JHJ e ¥ J(bx)xtldx=
1
alyl
i) -0 4
— e — P —2 E 4 -
| C p
o — g Pl L C ok ot L
- i\l_ig_li. (a‘;’ 1 bi)t* ——1 ! e 13 a di
- a* ' . ul.t—]-v

f R L pEose—y—1
;_;E,.Lﬁj—b} Koosor (v Var 8%

Japass pasaMufsC sHAYeHus 11apaMETPaM B HopMyne

- Fi ﬂ
[KHMJ (bx) x*~ldx =

(xf—[—‘t"]
v S TRy vpe—y—1 9
= B (VERE T i VB, (515.6)

a"‘ '\ y !

a0, 6>0, y>>0, R >-—1,

MBI MOMEM TOJAYYHUTL DA OOAE3UHX (lJOpMy.’I, BCTPCHAKWHXCH

0

B NpuiaoweHuax. Hanpuuep, tonaras b=, v—=0, pMmeeM:

= o) e © oy Vet

(6.15,7)
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§ 5.16. Uunuunpyueckue Pynxnny ¢ BeHleCTBEHHbIMH
HOJOKHATENRHBIMHE APTYMEHTOM H 3HAYKOM

Copepxanne EacTodllero naparpaga, KOTOPHM HMeeT BIOJIHE
3MeMEHTapHuH XapakTep, COCTasAdeT KpATKOe OmucakHie cBOHCTB
WHAMIEPHYECKUX ByHKOUH ¢ apryMenton X == 0 v snaukow v =0,
oco0EHHO 4aCTO BCTPEYAOMHUXCA B APHIOHKCHHAX.

+f

I, (z}

\ [\x/\y,

_ |
g 5 0 5 20 25
puc, 17.

Tl

Tas takux sdauenvt x u v dbynakuug Beccens nepsoro poia
J, (¥) npeacrapnser coGOR BEIECTBEHHYIO OPPAHH'IENIYIO (YRK-
LHI0 MePeMEeHHOro X, HMEIOILYI0 KonefareabHuil Xapakrtep, Ifose-
Jende paccMaTpusaeMofl (QYHKIME 1pu MaaeX 1 Gonbmnx BHa-
yeHnsX X JAeTcd COOTBETCTBEHHO QOpMynavn:

7 X
G X)) Py
¢ )x...ng‘(l + v}

! (5.16,1)
= 2Ly
21\2 P vE f:‘]
ax) O3 7 4y

Oyuruun  J, (x) wuMeeT OECHOHEYHOE MHOXECTBO Ry leil,
K uMCay KOTOPHX B Caydwae v > 0 NpuiaidexkuT Takke TOUKa

==0. Tpapuxu dyuxunit J,{(¥) #» J,{x) nowasaus Ha
pue. 17.

¥

Ji(x) =
o 0

§ 5.16] ®vHKuMu C HONOWHTEJBHEME APTYMEHTOM 1 SHAUKOM 189

dynxaus becceas 8Toporo poaa Yy (%) mpu x 7> 0 npeactas-
JM6T BEMECTOEHHYK OFPaHiYeHAY0 HAd GECKOHEUHOCTH Kosedaw0-
mywes $yHkuuio. [lope1cHue 5TOH GYHKIMA DA MATbIX A GOABIINK
SHAYCHUAX X XAPAKTEPUIYCTCA ACAMOTOTHUECKHMU, dopyyTamy:

) m— 2L s,

X
L
7242 l.*' vE =) 5.16.9
V\; (x)x:um l-\E‘.J s1n \\x—“"?'—TIII: ( . N )
2 2
Vo)==~ — —1n -—,
s — 2

IOKA3LBAOLIKNME, B 9aCTUOCTH, 4TO ¥, (X}-> ——00.
=0

Pynxuan Xaukes A (x) u H(x) ang pacemaTpusaessix aua-
qeHAH X @ ¥ SBJIOTCA KOMILIEKCIO COMPANEHHLIMH ByHKUMAMH,
orpatmiesHeMy npu X > 0. [Tosefenie 3T4X QYHKIUH A% MAIBIX
1 GonbmuX 3HayeHni X paeTea opyyraMi:

B oy s (29T )
HP O ()~ (;) =, Y>>0,
1
c ) =z_=
H ¢ )(x)% (T—i) eii( Z 4)’ (5.16,3)

rooo \TX
H- 07 f 2 102
L4l e T — ——
o (x)x,:a_,_; ol el

fI¢ BEPYXHMHH 3HAK OTHOCHTCA K (PYHKLUHMH [EPROrO, HIMHHH —
¢ dynkusu sroporo poma, Ouesuano, uro Mo (x)-> oo,
goega X — 0,

$ynruan Bececens muuMore aprymesta [, (¥) n K, (x) mpen-
CTABILIOT CcOGOH BEIMECTBEHHHE [OROWUTENBHHE MOHOTOHHBHIC
(GYHKUHH IICPEMEHHOrO X, U3 KOTOPHX UCPBAas HEOTPAHHICHHO
pacter, BTOpas -— yOMBACT npu BospacTann# ¥, Jlng wambx
x—=0;

L (%)~ 5 K, (x) ~ w,

»r
020+ =0 v0 X }, (3.16,H)

2
Ky(x)~In—,
ol )x—~0 - JI

nostomy I, (=0, 5, (0)=1, K,(0)=o00, v >0.
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AcHMOTOTHICCKCE NOBEIEHUC PACCMATDHBAEMWX  (PyHKnuf

npH X -— o2 NDPCACTARMACTCH paBeI]CTBaMH:
i
sl b ’2'_5- _
K, (£) Ao 2—x) er.  (5.16,3)

£, (%) ~

_.1 . '
(Orx)?

byuxumn £ () 0 K, {X) e umewt uyaeh npu x -0,

§ 5.17. Talanup! HEAEHApHYMECKHX (ByHKIHH

UHgmuuaprueckie ByRKIME NPWHAIIEKAT K 4HCAY XOpPOWO
Ta0y IUPORAHANX PyRKuMil, 1T0 ALAAST NPHMCIENNE ITUE PyHK-
mii  BecbMa YAOOHBIM IIPH PACCMOTDEHMH Pas/JAMYHRX BOIPOCOR
GU3EKK | TexHnKA. M3 yucha nauGonee pacopocrpaHcHmX 0 nod-
pPOOHHX Tabndll UMAWHIpHYECKHX (hYHKLUHE B mepryio ouepelb
AOKHB OHTE YAOMAHYTH creayoonmue rabanmel *):

1. B, M. Ceranm s K. A, Cemennaes, Uataznzunme
Maremarnueckne rtabawus, Maz. AH CCCP (1948):

Jo (%) i (x), Yo%), V(=)
fo(x) [ (x), Kolx), Ky(x)’
2. A lwerepaux, VLA Axymcexutia B, A Kut-
ki, TaGaunp, Geccencpox dyukiwi, locrexmazar (1949):
Jo (%), Jy (), x=0{0,001) 25; 7 3.
. Tam me mpumemcenl rabaniin: _
Kopawn ypasneHult U eHAUen:q HOPMUADYWIMAX MHOEUTLRCH:
I{x) =0, x==u,; 2} (a,)}"
L(@)=0, x=3; 2{F@)"=2{2B)"
CJi@)=0, x=1y 2{(1l—1y MG}
: 1(1)40.

x==0(0,01) 10.

b=
Tabnuuer PyRKUAE:

Jo (@) T By
J (Bix), Ji (1)’ x=0(0,00)1; k==1(1)40.

flocaeauve Tabauns wMEIOT GOMLWIOC TPAKAAAMOC 3HAYCHUE
B CBA3H ¢ pazdomenusmn Pypoe — Beccens w Huim (§ 5.14),
BCTPCYEINKEMUCA B MATEMATHYECKON (HBHKE,

#*y [lo nopedy ofigsnavennti oM. § 1.6

§ 3.17] TABJAMUB IEIHHAPHIECKHUX &YUKULAH 191

3. B. Hdanpgcesa v M. K. TasypuH, Tabamusl {pyux-
nufl Becceas neawx Howepos, Noctexuaxar (1950)%

T (), x==0(0,01)125; n==0(1)120; 6 au.

(), x=0(0,01) 13 ; 8 am.

Kopuu ypasuenult J,(x)=0, n=0(1} 115
4. T. H. Barcon [1]:

Jo (x), Yolx), Ji{x) ¥Vidx)
HY (), arg H) ()
VAN () arg HY ()
e (%), ef Ky (x)
e (), & K, (%)
J &)y x=00153(D12 n= 2(1)5

©==0(0,0216 7 n.

x=1(1)12 r=: 6{1)11 7 an
x=4(1)12 n=12{1)17
x=7(1)12 n=—=18(1)20
Y, (), x==0(0,1)5, #=0(1)10 .
K, (%) x==0(0,)5, n==0(1310 "

J_‘_(n‘t)(x), x=1{1)50, n=0(1)6 6 su
ity

ﬁéff ((Eﬁ?i }I jﬁf{ﬁﬁfﬁ p=10(0,00) 10, =0(5%) 90" 7 an.

Kpome Toro, nomemeds TaGanubl (GyHKOu ¢ HHDEKCOM
%, =+, i-_li—, i{?‘-, B paa Apyrux Tadamil

5. British Association Mathematical Tables 8, Cambridge
(1937):

Ty J, (5, x=0{0,001) 16(0,01) 25

Y, (%), ¥, (%), x=0(0,01)25

1,(2), 1, (), x==0(0,001)5 10 311,
Ky (%), K, (2, x==0(0,01)5 '

ey (), el (),
e Ky (), ¢ Ky (4,

6. C. Mopran (Morgé;n S.), Tables of Bessel Functions
of Imaginary Order and Imaginary argument. Pasadena (1947).

x="5(0,01}10(0,1) 20
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Tadyauposans GyHKuau:
I .
i R e e),

T=02(0,2) 10; ~=—049(0,01)2,50.

T

sh e {{[i: (ex)} = K (ex);

t=0,2(0,2) 10 x=—0,48(0,01)0,50
T==12¢{0,2) 10 x= 051001100
T=22(02)10 x= 1,00{0,01}1,50
T=420210 x= 51 (©,01}2,00
t=72(0210 x= 2,01(001)250
1=020102 7 x= 1,0 (0,525,

npeacTaBAgiOLEe nHTEepec B cpAsk ¢ § 6.5.
Butmuorpaduueckie ceeieHus O TabauMaX UNTHHADAYECKUX

(Gydkua#t MOXHO HaTH B pabore befitmana u Apunbanbia {1],

a Taxke B uxgexce tabmun Preriepa, Musrepa u Posenxena [1].

YRpascHeRuR

1. MoayuuTs HHTCrpatbHele NPeACTARISNHA AT KDANPATE QYHKIAH
Becceaa ¢ neasM 3HAUKOM:

: 3
S = é f Jun (22 cOS B) df = (— 1) %j T, (22 cos §) cos 2n8 db,
b K
n=0,1,2 ...
{[B], ctp. 41—43). -
2. Brnectd dopMyny Goree ofmero Buma LA NpPou3Benedds §yHk-
unfi Beccead C pasHeIMH 3HAYKAME:

z
S (2}, (z)=-?: 5 iy (22 205 ) cO8 (n — ) 6.6,
8 _
Riptv>—1
{IB], ctp. 163).
3. [lonyynTs HHTETPA (LHLIE DPENCTARTCIUA “ITA BYHKUHA Maxnc.
HAALIA:

[=n]
~VmE ety b, R(D)>0, RO)>—
gep : Y o _%_) . i .

i)

A

l*-"] —

K, (@)=

FIPAMHEHHA ' 193
1 bty
2Ty +»)
! 2 cosxt
K= Xty x>0, R — o
XY= o 2
o (14 2 b
1]
[='a)
K, (x) = _ (cos(xsht}chvtdt, x>0, |[RW|<l
oS5 —
2 .
0

Hokasarernctre  yxasanHsX  QOPMYT MOWHO Halitw, nAfpHMep,
B MoHorpatdun Barcoua ([B], ¢Tp. 206—209 u crp. 202).
4, Noxazate cacaywmpe QOpMYIL:

oo 1 o2yt

— (et

K,,'(-“]Ky(-*’)=—]2' j' . o (s )Kv (xt_y)gg_z
3 .

— Y KoV &+y*+2xyche)chvidt, x>0, y>0,
' 0

"

J. Jo () 2xy ch £ — X% —y2) sh vt dt,

e

Kv {x} K\a (.v} -

2 sifl v

20, 90, |R(v)l<:-l—.

5. Bumect# maTerpainuee NPCICTABAEHME LNA IIPOHIBENEHHA (yyHK-
ot weprora B BRTONOLO posdi

o
LK G=g | Jo(/ Tmi— T e a

1

L5
W -

x>0,y>0.R(v)>—~}1—.

6. [Toxasars, uto

i)
K, (10 K, (x):j Ku_,(Zxch %) ch“'g"”tdr,
o

x=0, y>0

Yrasannme x npumepaM 4--6, Hanfonee nompobroe neenenopa-
HHE, TIOCHAUIEHHOE MOTYYEHHIO DAITHYHHX HYTErpa’ILHWK MpefCTaRde-
HE LA nponsneneHnft uuayHAPUYECKHX YHKUHA, cofepmatea B ABYX

13 H. leGener
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patorax [ukcona u Peppapa (A, Dixon and F. Terrar, Quarterly
J. Math., 4, p. 193; p. 297 (1933). Heworoprie M3 yKA3AHHBX Qopmy’
ppupeseHn Takme ¥ Barcoma ([B], crp. 483—483)

7. lloayuwurs acumnrotaveckwe GOPMYAM A3, NHIAHEDHYECKAX
dyukuud Npr SCILIEHX SHAYEHUSX HHAEHCA:

z 1
Jv (z)% ‘]-_. ev--}—vln ?—(vﬁ--‘é-)lnv

R Xz LTF

,largy|=a—¥;

1 T
2n\y —g. [T L X
Kh(x}:::(~t-—J e sm(-z—!--.ln.—r—-rln 2), T oo

(X — QUKCHPOBAHNOE LOICEHTEILHOE UACKO.)
YuasaHue. Bocnoss3oBATHCA ONPENEICHHeM 9THX QYHKUHA #
NPHMEHHTL 2CHMITOTAYECKYIO dopmyny jud ramma-dyaxums (1.4, 22).

8. IMokasath, uto npH ycnebny R {(p) > —-%. Rip—p)>—1L

plitl—e
J ,r;(:) = 1( B = r +1)

([B], c1p. 428—429).

JIMTEPATYPA k [VIADE V

Barcos T. [1), Kysewon P, O, [1], Cuupror B. V. [1],
Tpstt 3. » Mervws I', [1], Kypaur P, u ['Ban-
gept JI. [1l, Yurrexep u Barcon [1].

Cnpasounux: Puixnk WM. M. n Ppajwresn WM. C.[1],
Marnyc u QObepxertnurep {ij.

FTABA VI

IPUAOKEHHAE IHAHHAPUYECKUX ®YHKUUHA
K 3AJAYAM
MATEMATHYECKOI! $U3HKH

§ 6.1. Bregzenue

Kax ywe ynomunanroce (§ 5.1}, uniuRApuYecKHe QPYHKIHH
HMET BeChMA UWIMPOKYK 0012CTL UPUMCHCHHS B MaTeMAaTHYe-
CKOW QuanKe U TEXHUKE, OXBATUTh KOTODYIC, HaXe B CaMublx
O6UIAX YepTax, B paMKax Aa2nucf KUHI'R HE 1IPenCTaBiAeTes
BOSMOAIIBIM.

© Hucrosmas raasa 10CBAHICHA DPHAOKEHHAM NWIMHAPHYCCKIY
hyHKUMA K HEKOTOPHIM  (IpofaeMas  MaTeMaTHiIccKod  (u3uxy,
npducy BMOOP 3addy PACCYUTAH PIAaBAKM 00pascM Ha 1O, HTOOLE
BAMOCTPUPOBATE PasJHYHREIC CTOPOUR TIPAMEHEeHus anlapaTta -
AUHAPHYeCKHY GyHKLMHA, U lle Operenjayer Ha CKOALKO-uadyab
MOJHOR OCHEIEHHE BOUPOCOB, OTHOCHLMXCA 10 CBOEMY COAEp-
HaHKI0 K KYDCAM MaTeMaTHUYECKOH QMavKi.

HanBonce moopodHo w310Mked pasged o DCHIGHHE KPACBHX
8amay TCOPAW IOTeMlUddsa 419 nekoTopux obaacTell crend-
4ALHOTO BHAJ, B KOTOPGI, Hapsgy © 9JgeMeHTaPHEIMH RpHMepa-
MH, BKIOYEHR Takixe npolaevmn Qomee CIOXHOrO Xapakreps,
Kax, nanpawep, 2zagmaya [upuxse naad KARHOBHOHOK o6nacTh
(§ 6.8).

BuecTe ¢ T@M MBl COMAW ROIMONHBIM 1€ [IOMEmaTh 3anad, Of-
HOocammuxes K Haubogee NPOCTHM NPUAOKEHNEM WILIHIIADHYCCKUX
GYHKUKA, COCTABARIOMX COACPKAHME COOTBETCTBYIOMUX pasae-

. 0B BJGMCHTADHEIX KYPCO8 MaTeMaTHUCCKOHR (USMKH, K KOTOPBIM

Mbl OTCHIIAEM YUTATCAA, BHOEPBHIE [IPACTYIHBIUEFD K H3YYCHHK
RAHHOTO KPyra BOMPOCOS,
L]
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§ 6.2. Pasnenenne nepel\ieﬂﬂmx E VPaBHEHHHA
1 én
de=zeom T+ b 7+ o
B UHJIRHIPHYECKOH CHCTeMe KOOpPAMHAT

VicTouHuKoM AN PasHOOODPASHEIX MPUAOMKEHHH HHAMEADUYe-
cxuX  GyHKNuB K BaRauaM MaTeMaTMUeCKOM (uSHKH YT
MPHMCHEHUE METOI3 YACTHEIX DPEIEHHE K YPABHEHHID

o2
Au=—5 d;_‘—]—b —+cu 6.2,

(Az— onepatop Jlanraca, t—BpeMﬁ, a, & w ¢— sanauHne
MOCTOSHEBIE), YaCTHHMH CIYUaIMA KOTOpOro AeasoTed padide-
PEHUMALHBIE YpaBHEHHS TEOPHH Yapyrux konebauul, 3:1ekTpo-
ARHAMUKH, Teopud TENIONPOGOAHOCTH H T. A.

B Tex cayuasx, Korfa mo Xapakrepy TPaHHUHLIXK YCAOBHH,
HATOMEHRBIX Ha YHKNMIO #, LelecoofpasHo HCNO0AL30BATE CH-
CTeMY LNAHNIDHUECKHN KOODAHNAT {7, 2, ¢), CBY2aHHBIX ¢ Rp4.
MOYTOALHEIMH KoOpHUHATaMH (X, ¥, 2) COOTHONIEHHAMH

X==rcosy, y=rsing, r—2z (6.2,2)
Omr<co, —n<p=tx, ——o0< < 0c0),
paccMaTpBaEMOe ypaBHeHae NpPUBOUTCA K BULY
I ¢/ du 1 o% 1 &% du
F a4 A 5 St wE it (623

B Oonyckaer OECKOHEWHOE MHOMECTEO pelleldH B dopwe npons-
BEAEHAR MHOMWUTENEH, KauIME M3 KOTODHIX 33BHCAT OT OAHOLO
I1epeMeHHOro:

n=R(NZ(2)P(H) T (6.2,4)
HOIICT&BJ‘[HH (6.2,4) 8 (6.2,3)u paancnue Ha RZP T, Haxoauy:
1 1 9 VA | I I
Rr dr Ry w+7 C:T[FTF_FbTJ'
BeaeneThue HesasucHMOCTH NepeMEHHBIX, 00¢ CTODOHBI o~
AVHCHROCO yPaBHeHHR ROJEKHLEL DABAATHCH HBKOT{}pOH HoOCTORE-

tofi, KoTopyo yaoGdo ofosHaunts uepes (— %),
Taxaw oGpasoM, ME AMEEM:

Lo 4aer—o (6.2,5)
A

I ' g L P AT
errrR+x+r*®“c Z
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B crowo ouepeas, U3 MOCAEOHErD pABEHCTBA BHTEKAeT, UTO
Kam2s W3 CTOPDOH ecTc MOCTOAHHAA, KOTOPYI0 MB IOAOMHM
pachoft (— A1), oTtkyma noydaen:

n__(}&__*_c)zzo .
o R 4 0 [=— 5 (6.2.6)
O6oznauas HORYIO NOCTOAHHYW 4epe3 u?, paxomum:
O 2 =0, (6.2,7)
14 . p —1—(15‘ W - 5) R=0. (6.2,8)
v dr re !

Takum oGpasoM, nponece PasmeNCHid UBPEMEHHLIX OPHBOLUT
K GecKoneunoH COBOKYINOCTH pemedHdR Buma (6.2,4), sasuce-
WX OT Tpex mapamerpos (%, ), ¥), KOTOPHE MOPYT [PHHAMATH
MoOHC BEIMECTBCHHAE WM KOMIVICKCHHE 3Hadenna *).

Onpeaenenue smuoxnTeAeR B Upouseeseyun (6,2,4) cBomnTed
K BHTErpHDoBaHMie OBHKHOBEHHRK NANDepennaIsHRY yDaBHE-
uuth (6.2,5--8), nepeule TPB H3 KOTOPHWX MOryT ObITE DeUICHH
B 2NEMeHTapaelx GYHKUHAX, 8 [OCACHHCE [Ips 1OMOUIW BBEAC-
HHE HOBOTO {(IEPEMEHHOTO, UPONOPUUOHANBIONG r, NPHBOAWTCA
K ypaeuenmo Beccens (5.1,1), murerpupyesomy e Imnﬂﬂnpwle-
CKBX (hyHRUNAX.

Peiuense sagaq mareMaThieckolt dwsukn noAydacTcea UYTEM
CYNEPNoOznuny HABOSHHBIK YacTHHX  Domenuli, uputesm BLOOD
ROTYCTHMHX ZHauelufl mapameTpor (¥, ), p) ¥ COOTBETCTBYIORIAX
#M UHTerpajgom ypasuenni (6.2,5-—8) upoussomutes cornacuo
KOHKPETHEIM yCaobusM paccuaTpHBnaeMol npoGuems (§ 6.3—7).

OTMeTHM HEKOTOPHE PEe3yALTaThl, OTHOCAIMECd K pasienc-
HHI0 NEPEMEHHHIX B YPABHEHKHAX YacTHOTO BUad, NOJAYYAIOULHXCH
us {6.2,1) nmpu CrEUMANBHHIX 3HAUEHMAX MOCTOSHHHX a4, & 0 C.

(I). ¥pasuenune Jlanraca Au=0.

270 ypapuenpe IOMyCKAET YACTHHC pelpewnd Bija

n—R(NZ(=YD(g), (6.2,9)
cae
' 2 p?
TR (M=) R=0;
2N —RBZ=0; D" pi*d=0.

¥} He orpasmynnast ofuIHOCTH, MOXHO CuUpTaTh, YTO KA U3

HAPAMETPOR NPWHALIEXHNT NPOH3BOALHO BHIGPANHOH MOAYNIOCKOCTH, TAK

KGK H3MEHEHWe 3HAKZ HE CKA3HBAETCA HA SHAMEHHYM NOCTOAHHHX pas-
neseHds =3, 32y pl
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B wactHOM CHyuae, KOrja (10 vCI0BHAM 3aJayd U He B8aBH-
CHT OT KOODIHHNATH @, HOAyUaom:

4 u:R(?’)Z(E‘), (6'2,10)
— o TR H¥R=0, Z'—1Z=0.

(I1). ¥Ypapnesne Teamwmromvua Aw— Alu==0,
TipuMenenane MCTOAA DA3AETCHHA UEPEMERHWX NPUBOJUT K
COBOKYIHOCTH UACTHHX DElelifl BaAa

=R (" Z ()0 (¢), | (6.2,11)
rae
Lo — )R,

' — (B — ) Z=0, @t D=0,

§ 6.3. NDpumenenne meTona “acTHwMX pellendil K kKpaesoii
sagave Ajs uMJanHApA. IIpEmep K3 TeopuH TENAOIPOBOAHOCTH

Baxtreil kmace cTauMORADILX 327034 MaTeMaTHuecKOH dhusnxu
COCTaBJAAIOT KPACEBE 8alau¥ TEOPHUE NOTEHINUATA, KOTOPHE 3a-
KIMOUAOTCd B ONpPefencnMd QYHKIHS H, TaDMOINUECKOH B He-
KOTOPOR Tpexmepno#d ofaactn (t), VIAOBJAETBOpswILEH ma ce
rpaHdue YCJAOBHIG ONHOTC H3 TPeX THIIOB!

O al=f S 7 % bl =5 63,0

T T T

rae f-—sagannas Qywkups TOWKW Ha NosepxHocTa {o), n-—
BIEIIHAA HOPMafb K HOBepxHocty *¥), :

B KauecTBE MPOCTOrO npyuMepa yKamew HA 3ajady o6 OTH-
CKAHHU CTAIHOINAPHOrO pacnpoAefedns TeMIepaTypel B TOIC
aamanaofl hopME 10 KIBRECTHOMY pacnpeaelenHie TEMIIepaTypH
Ha «Cro NOBEPXHOCTH, KOTOPas BKBUBAJAENTIIA LEPBOH Kpassol
3afade, COOTHETCTRYWOLLER yemosuio Buga (1), a rakie ma muo-
FOUHCHEHHHIC BaJaYd 9AEKTPOCTATHKM, MAarHUTOCTATHKM H T. I.

#) byHxuun # = 1t {X, y, Z) Ha3uBAETCA TAPMOHHYECKON B ofndcTH (1)
ecnt oHa HempepwpHa B 3TOH  O6IACTH BMOCTE € HpDHSBD}]HbIMP;
JIePBRIX IRYX NMOPHAKOB 1o {X, ¥, 2} # yLOBIETBOPAST ypasHeuwi Jlan-
naca Ag==10. [lo noromy GOPMYIMPUBOX KPHeBHX 3aIaY CM., Hanpu-
::{t;;:,HB. N Cunpuor |2], ra. IV, § 2, 2 tTaxawe § 8.1 macronnlett
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B toM ciyuae, Korja ofuacTs (7) HpPEACTABJALT cofott uu-
AUHAP, KpaeBhie 3aJaud MOTYT OHTh PEUISHH TP MOMOMIM METORA
pasaefieHnst [CPEMEHHHR, ECNH UPEINOA0KNTh,
4TO (hyHKUUs PaBBa Hyao Ha G0KOBOH HOBEpX-
jl0cTH uuAnsgpa uak ua ero topuax. Obmwi /:___
chyvaf MpOU3BOJBHLIX  TPaHUTHRK yonoeuil K
mepBoro pofa MOKeT OHTE CBEeAeH K STUM
JACTHEIM CAayuadm IYyTEM paanokeHud 3aaauu
Ha IBE BCUOMOTATEALHBIE, ¢ TPAHUYHEIMA YCIO-
BHAME YK33aHHOIG CHEUHANbHOTO BUId ),

BeegeM cucTeMy LMAMHAPUICCKHX KOODHA-
uat (r, z, ¢), 0c¢b Z KOTOPOHK COBUANACT C

7
&

I

OCBI0 LRAMHAPA, d HAYAN0 KOOPAHMHAT JIEHAT | -—r->- -
B NRXOCKOCTH OAHOTO 3 TOpnoB {pmc. 18}, u — 0
IPEANIOAQWUY, AJd OMPEACAEUNOCTH, HTG MLl Puc, 18.

gMeeM fAeao ¢ nepsoil Kpacsoll samauefd.

B cootsercTBUM € 3aMOUaHdeM, CHENaHHBIM Bollle, XOCTa-
TOUHO OFpPAHMMATRCA DPACCMOTPEHMEM JBYX WACTHHX CAYYacs,
KOrma rpaHAyHeie YCAOBHA HMEWT BAL

(a) u =fo U
0

= fs

lg=t

=0, u
rea = (6.3,2)
6 ul- —F ul =u =0.
|-"—|SL

a=1

|z-—-U

Hna ynpomeiss NPEANOI0WHN, 4TO TPAHHUHBIC YCIORUA HE
coxepwar nepemenitot @, T. €. fo=Ffo (r}, f;=/, (") n F=F{(2).
YickoMast $yHKuMR @ TOrja Takke HC OyAeT 3asuceTs OT &,
mosTOMY, coraacHo § 6.2, yacTHRE pCINEHAS YPABHERAs Jlan-
A3aca MOFYT -GHITb NpescTaBreusl B opue =R Z(z), rae
MHOKATENE CyTh UHTErpaaul Au(ppepeHLdanbHbX ypasHenni:

1 d s . \
— R iR =0, 7' B¥BZ=—=0. (6.3,3)
r dr

+) PelteHHe NPERCTABANCTCA B AMEE CYMMBl JIBYX TapMOHHUIECKHX
$yauusli, 0MIA U3 KOTOPHX YIOBASTBOPAET IPAHMURLIM yCIOBHAM (3),
npyras — yeronHaM (6).

Chenyer 3aMeTuTb, YTo B 0OHIEM CRYYAE HEOAHOPOLHBIX Fpamid-
HHX YCROBMH IMA DElIEHAA 337auM, BMECTO METOJd HACTRAIX periexHH,
neneco06pasne Noas30Bathet Metonom [punbepra (CpuHbepr T.A.
{1]y, ycrpausmomnM HeoGXGRHMOCTL B TaKOoWm TIPHBEAEHHH, KOTOpOE
BO MHOGLHX CIyYafx NBIAETCH MPUUMHOH W3THLIHE CACHHIOH (OPMH
pelIeHHA ¥ He BCer[d BOBMOKHO B Cy4ae rpanuiHbX yciopult Tana (II).
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Bulmonnue HBTErpUHPOBRAHNAC, HAaXOOMM:

R=ARON+BY,0r),  Z=Cctde+Dsithz;  (6.34)

Jo{x) v Vy (%) — dynrune Beccens IepBOTO H ETOpOrO poaa.

[Tpeanonoxuy, uto rpaHuuane yCaosua umeoT run (a). Tak
Kak ()1, Yi(k)—>co upn r-s 0, v momwnuy mm
OTPAHAYCHHOCTR pRINEHNS Nla OCH LUJAHHADA NOAOHHTE B=0o,
fIOCAE  YEro M3 OAHOPOAHOTO TPAHMUHOTO  YCAOBHS caeayer
AJy (ha)=10, orkyna ONPCACANOTCA MONYCTUMHE SHAYCHHS f1a-

e 3 . Xy
pamerpa i: =} — ¢ 0 TMe X, — NOAOKHTEABHHE iyAm

$ynkunn Beceens Jy (x) (§ 5.13) .

Taxkum obpazow, noaywaew CACAYOLIYI COBOKYUHOCTL 4acT-
HHX pemneHull ypariuenus Jlannaca:

= 11, = [M,, ch ™4y o "—;?J.r,, (xn L)

n==1,2 _,,, (6.3,5)
H3 KOTOPHX, NYTEM WX CYICPNOZMUHM, MOMNET BuiTh IOCTPOEHD
PEWICHAE paccMaTpuraevol samaun. ,[[cﬁcmme;rbﬂo, npeanofo-

HMHM, HTO Kadnan us dynkuail fo(r) u J1(r) vomer Guto paz-
- fonena 8 pap Pypue — Beeceas (§ 5.14)

fo(r)= i (Jo)n T (‘xn g),
n=1

} (6.3,6)
0= 2 FDn (5 ),
rae
2 o :
D=y | FOrh (e t)ar,  6a7)
1]
H pachOTpHM pan
o [ I—z z
3 sh x, shx, =
w= Y o2+ —2 | (% t), (638)
n=i shx, — sh il B

§ 6.3] HPUMEHEHHE METOJA YACTHEIX PEINEHME 201

COCTABNEHHKH W3 4aenoe Bupa (6.3,5). Toraa rpaHuyHBe yeao-
Bus OvAyT yAaosaeTopeHul, H paz (6.3,8) naer pemedws nocra-
BJACHHOH Bamaun %),

B cayuae rpanwadpx yeaosul#i tena (6) mns toro, 4ToGh
YAOBIETEODUTE OAHOROAHAIM [DAHHYMBIM YCAOBUAM, HEOGXOAAMO
nonoEATe C=90 K subpaTh A YMCTO MHHMEIM UMCAOM, PABHEIM
5’;-’(::: 1, 2, ...}, Wurerpany ypaescautt (6.3,3) npunuMaT

B STOM cayvae BHIC

R=Al (’—?r) -+ BK, (‘E;—:r),

zmosm’%, (6.3,9)
rae Iy(x} v Kg{x)-— nuimHapuueckre (QYHKUMH MHEMOTO apry-
Menta (§ 5.7).

Tak kax Ko(

CNEL0BATCABLHO, [IONXORANIAS CHCTEMZ YaCTHLIX POIUCHUH YpaBHe-
nun Jlannaca Gynmer:

ey
—;—) ->co npu r—»0, caeayer npuaats 8 =20;

a=u,=—M,], (?) sin r%_z, n=1,2, ... (6.3,10)

HMckoMoe peitesne momeT GuTh HOCTpoeHO B (opue paga

\ fa (ﬂ; P") nwz -
= EF,, ('-m) sin ™%, (6.3,11)
n=l ] T

rae £, — xoshgundentst Pypre B pasnomenun dyHkmun F(2)

. Nz
B pag 0o SlllT:

nr

i
Fnz—f—‘fF(z) sin . (6.3,12)
0

Pemwenue KpagerlX 3agad ¢ TPAHWYHBIMH YCaAoBuaAMHa OPYTIHX
THIOB MOAYYALTCA aHARQTUUYHLIM oﬁpasom, NMpAYEr OGAXOIHITTHM
dnnaparomM, 3aMeHdI0IH M paon (Dypbe—Becce.rm, ABJAKNTCH B 3TOM
cayuze paasl Huae (§ 5.04).

¥) Peub HIeT 0 QOPManbHOM DOISHWH, KOTODOE HYHIZETCH eumle
B nocrenymwimeft nposepke,
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O6o0mienne Ha cayyail rpanmuuslX yeaosaH, COOCPKALKX
BABUCUMOCTE OT Yr/AOBOH KOODAMHATHL ¢, AOCTHTAETCS OYTEM
IGCTPOEHUA COBOKYIHOCTM YacTHWX DClUeHHf ypasHedua Jlam-
naca suja (6.2,9).

3Hauenne gapaserpa U OMpefefaerTcs npu 3TOM U3 YCXOBHA
HElIPEPHBHOCTH

du g
:H,} o G | (6.3,13)

p== T lmmmeen

p=—_" =%

KOTOPOEN PABHOCUALHO TPCGOBAHUIO TNEPROANUNIOCTY DEMISHUs OT-
HOCHTENBHO @ A HacT w=—um (m—=0, 1, 2, ...). Harueikwmui
AHAMAZ OTAUYAETCA OT BULIUGHHEHHOO TOALKO HE3NAYHTEALHBIMH
DETaNsIMd U UPUBOAMT K CIEAYIOUHM YACTHHM PEItEHuAM ypas-
nenns Jlanraca:

. *__ XpnZ XpnZ r\cosms
=1y p = [Mm,n ch “a _|_ Nm,n sh ﬁﬂ J Jm (xrrm Z)Sﬁﬁ me !
(6.3,14)
; {ARF . HRZ  COSMS
w==tit, =M, .1, KT) S e e (6.3,15)
rne m—0, 1, 2, ... ; n=1, 2, ... 1x,,— I0J0KATRALHLHE

ayad yukuan beceena J,, (x).

Peuienne Kpaenmx sagad ¢ rpavuusuMu yenoewama  (6.3,2)
moAyHaercs cynepnosninci HalZeusx vacTHnx pelenus B Gopme
ABOAHLIX PAAOD, KOSQMHUHEITH KOTOPHX ONDeAeAsioTcs OyTem
pasnoxennn dyHKunR fo=fy (7, 9), =7, (7, 9) n F=F (2, %)
B pAAR COOTBETCTBYIOILErO THOA.

B sume npoctoro npumepa, WIMOCTPUPYOLUIETO HIADKCHHYIO
BHILE METONNKY, AaAHM pelleHie 331a4# O PAcIpele]eHuH TeM-
[Heparypsl B LMAMHIPE, ONMH TOPEN KOTOPOTO MMEET TeMmepa-
TYPY Hg, @ OCTalsH2s NCUEPXHOCTL [OAASDKWUBAETCH NPU Hyne-
BOH TeMncpartype. McroMoe peweine oayuaercd HCOOCpex-
cTBeHHo ©8 {6.3,8), coau noaowuTe fy ==y, f;=—2~0, oTkyza, ecau
BOCHOABZOUATLCA JAA Buiuuciaenus nHrerpaqa (6.3,7) dopmyaoi
(9.3,6), cnemyet: :

Syl ()
u:Q:zoz —_ (6.3,16)

ol e

n=1

§ 6.4] KPAEDAA 2AJAUYA 203

§ 6.4. Kpaeean sagaza IJA 0Gnactd, OrpaHAuedHod JBYMS
fapanneabHEIME NIOCKOCTAMH .

Merom uvacTueix peneHAfl MO3BOJAET NOJMYYATH TAKMKES Pele-
AW KpacBHX 3afjay TeOpHM IIOTEHIHaxa A obnacry, f1ped-
crasagiomell cofoit caolt, OrpaHWUeHHLIE ABYMA napanaelbHBIMA
naockocTave {puc. 19). .

Pac. 19,

PaccmoTpus B KauecTBE MPUMEPA TEPBYI0 KPAEBYIO SaAaUY
¥ OTpaHUuAMCA CAYUAEM CHMMETPWYM BPAILSHuSA, KOTAA (ByHKLUH
S 0 /; B IDaHuuHbX YTAOBHAX

1 |z m0==fo» e =fy (6.4,1)

3ABKCAT TOJRKO OT UEPEMENHOTro r.

Uckoman dyuxima 2= (r, 2), rapmondueckas s obiaacrd
0<C 2<I a ynosaerropsiomay yciaosuam (6.4,1), moxer BuToh
NOCTPOEHa U8 YaCTNLX PEIneHuii ypasHenus Jlamraca ,suaa

= [Michrz -} Nishdz] 0y (0==A<o0) (6.4,2)

HYTEM HHTCTDUPOBAHMS UX [O IAapaMeTpy A.

Ipenuoaaras, WTo CPaHHUHUE GYHKIHA XONYCKAOT HpE-
CTaRAeHUE ¢ nOMOWLIo rHTErpana $ypre—DBeccens (5.14,10), Mu
noayuaes Gopwagntoe PEIlCHAC 334a4d B BAME

[

2 (e hx .
= r [(f“))‘ S'h'}?t(x!),{ 2) + U Z—ﬁ ”z} Sy (hr) di, (6.4,3)
rhe °

Fh= lj FYr 4, (hrydr. (6.4,4)
0
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AwamoruuneM  ofpasom wOXeT OwnTe HafJeHG penjenve
COOTBETCTBYIOIEH Kpaegoil saflauv ang goaynfiockocrs z >0,
Ecan rpaununoe yciosue uMeeT BRL # |;_o==F(r), T0 HckOMOe
poumenue GypeT:

o3

= | (fhe"e /s Or) . (6-4,5)

2

o

§ 6.5. Kpaemasi sajava IR KIMHOBMAHOH oGnacrtw

Eme omuu pup o@nacra, A1 KOTODOH Kpaceele Bagauy Teg-
pAM TMOTEHLOHaAa MOTYT OBITh DEMIEHB METOAGM YaCTHHX pelre-
HHHA ¢ HCOAR3OBANMEM aNnapartd LHAHHAPHYECKHX dyuruni,

npefcraengeT coboll KJIMHORHA-
u- Hag G66JacTh, OTpallMyeHHas ABy-
R NEPECERgVIAMBCE TNIA0OCTHO-
cTaMn (puc. 20).

HroGn OOAYYHTE COBOKYII-
HOCTL YacTiLIX PCHIedHil ypaBHe-
naa Jflanisaca Au—20, noaxoas-
KX LA PACCMOTPEHHd JaKioro
2003 32434, BBEASM CHCTEWY
LHAARADHYECKHX KOOPIALAT, OCh

Pye, 20. Z XoTtopoff cosnamgaer ¢ aduwel

nepecedenua AAOGCKocTell, W MO-

aowud 8 (6.2,9) } =is, p. =1, II€ 7 U T UIMEHAIOTCA B [POME-

wyrie (0, oo). Muterpanu paccMaTpHBIEMBY YPABHCHUE TOCAA
Gyayr .

R=Al;:{or)-} BKiz(cr}, ®=Cchwp- Dshrg,
Z==F cossz - Fsinez;

L{x) n K, (X)— wnanngpyueckue yHKUMA MHHMOTO apry-
menrz (§ B5.7); A, B, ..., F—IOpoussoabHue NMOCTORHHBE,

[TpuHuMas BO BHHMAHWE ACHMIITOTHTNECKHH XapaKTep mnoBe-
meaus dynxkunil [ (or) u K {er) Opa r—00, MB AOIEKHE
BelfpaTs A==0, uTo npusoAAT K CAOZYOIIEH COBOKYIHOCTH
petuenuit:

3

=1ty - =M, s ch - N, o sheg] Kio (or) €08 z; (6.5,1)

(0 =<o< oo, 0= 1< 00).

§ 6.5] kpaEBAd 3amadA AN% KAMHOBHAHON OBJACTA 208

nOJ])ﬂleHHEIH cucTeqd [PATOIH2 Aasd pCLIeRMd KDEEBOﬁ 3alaun
HeprROro pofa B ¢Ayuac KAUHOBRIHOK OGHGCTH, orpaulieHHoH
MIOCKOCTAMA P==%; U P =y *}.
[Ipnyes AAR  ynpoWleHua  paccyxnewwl, 310  Qyukumu
fp =fp (f’ z) B rpaHuyHblX YCAOBHSX
i [f.p=-“?p :fp; p= Ir 2! (65:2)

3 CAGHORATENBHO, W WCKOMOC pewenne y==ux(r, Z, §)} CYyIb
yeTHuie (hYHKUNH NepeweHHOTO 2 ¥%),

llonyckas, uto xawfan 43 Qynkusil f, pasaaraerca & mpo-
MexwyTre (-—co, co) B unrerpan dypne

fy=F )= 5 (f,)s COS 0z do, (6.5,3)
0
roe
F)=g, (o =2 f f,cosaz dz, (6.5,4)

il

MH OyaeM HCKaTh pewéHAE paccMarpuBagMofl zagaud B BUAe
nsofinoro Hm‘erpana
* sh 7 (=,
“.——j cosud: [u;( , Sh”%_sl)—l-
0
(o shr(w—wl)

) s | Kie(ory (6.5,5)

b
+ G
OBDA30BAHHOTG U3 BLIPAKCHHIE THOZ (6.5,1) nyTeM HHTErpapo-
BaHWs MO mapaveTpay (9 Th

Han onpesenenna yHxuuin G, (s, ) noxyyaem TOrAa COOT-
HOIIEHUA

gp(a,r)zf ,(0, ) Krelar)dr, (0<(r<(co),  (6.5,6)
‘o

¥) YeToBaMen Takw 00pasOM MPHNNCHBATE HHTEKCH ¥ P,, YTOGH
paccmarpunaeMoll ofitacTd COOTBETCTHORAT NPOMEWYTOK ©f <9 < 0y

wHYy Cryuat, Korga f, — BEUETHHE GYHKNHH 2, HCCTENYETCR COnep-
MeHHO AHANOTHYHRM o({ftaaou a ofimnit cayyaft NpHBOLKTCH X pac-
CMOTDEHHLIM NYTEM pa310KEHHA 33Nauu Ha ZBE € HeTHWMY A HEUeTHHMH
rpasiyYHbIME YCIOBHAME:

1
i |ep—‘pp=§ [fp (r' z)ifp (rl_—z)l'
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OTKYHA MOXHC HafiTH 9Tu (yHKuMd, ECRH DI3NOKHTE JIEBYO
cropony paeescte (6.5,8) B waTerpan no ¢ymrumam K (or).
I3 pame cayusaes TpeOyeMoe pasfoxCHHE MOXeT OLTh BLIIOM-
HEHO ¢ moMolnb dopMyas (5.14,13), xoropas, ecau NOROKHATL
x=or, E=ap, f(X)x2==g{(a,r) npnnHM&ﬁT BRI
oo

2 ' T
2 (s ”)ngj < shw K, (ar) dn ’ g@n X “’P} dp. (6.5,7)
n

Teopeuwa pasaowenun (6.5,7} copasennusa, ecan g (o, 1),
paccMarpuBaemas Kak (QYHKU@ TGPOMEHHOrO r, €cTe HEmpe-
pHBHAA (pyHxumd ¢ OrpaHuueHHoll papuauuell BO ECAKOM IIpo-
\1eH(yT1{e O0<lassr="b<0c0, n HHTeI‘paf[hI

(a) 5 ~g (s, ) rig —rl_— dr;  (6) I ‘ g(s,n l r—Yadr (6.5,8)
0 ' 1y

MMEIOT KOHEYHOE BHAYEHHE.

fTpu yenosuu, uro Qydkuun g, (o, r) NpuHagaexaT Kk pac-
cmarpusaemomy Kmaccy (yHruw#, cpapnenune (6.5,6) u (6.5,7)
ader:

(==
. 2 * Kir (or -
G, (6, <) =2 wsh mJ &N ar,  (65,9)
_ g
¥ Gopwyna (6.5,5) pocranagser dopwanpHOE pewense aajaud.
(aHakO BO MHOPHMX €/y4asx ycjopue (a) OKA2bBALTCA HEBLION-
HEHHLIM, TaK Kak g,(9,7) mpu r—0 cTpeMuTCA X npeaeny
£p (9, 0), BoOGWE rOBOPA, OTAHYHOMY OT HYAS.
Yro6ut ofofiTd 5TC 3aTPYOHCHWME, NOJOKEM B 3TOM CAYYae
gﬁ(ﬁ,f')=§p (c,r)—gp(c,O)e—" (6.5,10)
W IONYCTUM, 4TO, KaK 3TO OOmuyHO mMeeT MECTO B npobaemax
hHU3TIECKOre XapakTepa,yCNoBHs IPUMEHRMOCTH dopuy s (8.5, 7),
BRUTOMHEHS! AA8 QyHRUER g (5, 7). M HMeeM TOraa no npeps-
FigalitatyH

&) :I G5 (o, ) Kis (or) d, (6.5,11)
a

rac

G5 (s, 9) =% v sh mjg,, XDy (6512

§ 6.6] IPAMEP B3 3AEKTPOCTATHKH 2017

C LpYroli CTOPOHHI, AEerkG AOKA3aTH QOPMYNY *)

_12:_ j’ W) dr—et (6> 0), (6.5,13)

~

OTKYI2 CHEIyCT:

]

g 07 =2g,,0) | Ku(er)de.  (65,14)
6

Crumagwipas {6.5,11) n (6.5,14), M OOJIYYHM HCKOMOE Npex-
cTapaeHne OYHKIA g,(7,r) B Gule HHTErpala IO (YHKLIUAM
K (or), conocrasnesde goroporo c (6.5,6} npuvomuT K cre-
Ayromeny adavenmio Kosddmmcntor O, (3, 3):

4 2
G@D=0E) 1500 (@515

Pewenne sanaud, Kak o poime, gaetca dopuyaof  (6.5,5).

§ 6.6. Hpumep uz saexrtpocrarnke. [loae roveunoro sapsaa,
NOMEEHHOF0 EOau3n Kpasi TOHKOH NpoBOIswmed
ANOCKOCTH

B Buac mpovepa na npuacKedde MeTOHd, HBM0KEHHOTO
g § 6.5, maamM DeNICHHe zagaus O HOJAe TOUEHHOLO Bapaja ¢,
noMemeniore rOTAN NpsvotuHeltaoro Kpaf TOHKOH iposoaamei
NAACTUHKH, NAXOAAMEHCT gpu Hyaceowm noTcHnmare. HYrolw He
YCAQKHATE BHUUCACHHR, orpanaupvcd pPaccMOTPEHUEM YACTHOIO
ciAy4qas, Koraa 3apaji g pacnosoxed s roske A, nexamelt B Tofl xe
NAOCKOCTH, YTO H TIPOBOIAILAS NAACTHHIA.

Ecan setfpaTe cHCTewy koOpAMHAT Taknu 06pasoM, urodel
OCb 2 cOBRZAaga € KpaeM RAACTHHKH, a OCh X [pPOXOAWNA

%} Ecau pasioxATh DYURIMG o (2)=¢ "% 5 wunrerpaa Pypee
Mo CO5 T, TO, BOCHOAB3vnanminch (3.10,273), HaxoamMm:

o0

—xellz 2

g—rel =?j Kir (x) cos Tada (e =>0),
o

H TpeOGyeMult peayshTar fnTyyaercd, €CTH NOLORHTE a =0,
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wepes Touky A (puc. 21), B UPEACTaBUTL MOTEHLKAA 3IAEKTPO-
CTATUUECKOTO M0JA ¢ B BAJE CYMMbL MOTEHLMAAOR NEPBHYHOIO
¥ UHAYLHPOBAHHOTO 33pPsA0s
Iri
= t,  Yo==—r= {6.6,1)
=t Tt % VL a®+ 2arcos ¢ + 287 ?
TO paccMATPUBAEMan 3aiaud CBOANTCA K UACTHOMY Cayqaio obuled

y

J

H

A ¥

-
[

Puc. 21,

apobaemsl § 6.5, COOTBETCTBYWILEMY BSHAMSHUAM:

_ 7

L7 :0! Da :211’ fl (?', z)‘:fﬂ (r’ z)_‘_ VW -(6‘6!2)
Bocrnoasaoeasumice HHTET PAMbHBIM NpeacTaBaSHIes  [mpa-

Mepa 3 ynpa}xﬂemﬁ K I'f. V, l'lOJl_Y'-lae.\I:

2q @ C0s 82 L
(.fp):":gp (G, f'):-'— —;:—j‘ W dz ==
o
SR A Cla ) (6.6,3)

rie Ky (x)— dynnus MakaoHansaa.
B paccwarpusacvom cAydae g, (s, 0)=-— = = Ko (ca), 1o~

3TOMY, B COOTBETCTRHA C H3NOMEHHOR Bhllue Me"rog,nxoﬁ, ueos-
XOAHMO NPEIBRAPDHTEALHD HAlTH BHAMEBHYWA BOAWMAH

4
G (3, %) = — - Tsh

—HaC) T i (or)

Tm (s(r + )

(6.6,4)

§ 6.7] HPHIOWEHAE K TEOPHY TEMRONPOBOAMOCTH 209

Tak Kaxk BolUMCAEHne WiTerpana AOBOJBHO CHOXKHO, [pHBE-
AeM JHuIb ero pesynhraT

080, =3 [K, (00) — Kie(a)]. . (66,5)

Nogactasnas (6.6,5) B (6.5,15), noaydaem
G, (o) =—A K. (za), (6.6,6)
a dopuyaz (6.5,5) maer:

4 it > h v
= 1—_-?‘] cossz ds Jﬁ C—%}%—;—m K (sa) Kin (3r) dr. {6.6,7)
0 G

Hurerpan (6.6,7) moxer GuTb Bulpawed B 3aMKHYTOH dopye
HEPEs 3/IEMEHTapHbIe DYHKIMH,
OxopuaTensyufl pesyAbTAT BHUACAEHAN HMeeT BHA:

f—_— 9
Vrida® L 3ar cos 5 -2
( 5 2 ]/E'sin% )
1 — = are t 6.6,8
X = are g]fr=’+a“+2arcosc_=+2” » )
OTKYAa crelyer: *
2q
Y Ve Tt E R
2V arsin &
i 6.6,9
Xare g'[/r”+a’—f—2arcosq:+z”' ( )

TinoTHOCTE pacnpefedcHus 3apsda 110 MOBEPXHOCTH Mha-
CTHHKH OOPEXEAseTCs PABCHCTBOM:

— 1 fady _ g V“? 1
=), = @Y rrrargs 8610

§ 6.7. MpunoweHHe X TEOPHH TEMIOHPOBOXHOCTH, 3alava
00 OXJAMALHHN LUHAVHADPA

B kauectae mpuMepa MPHAOCKEHHA LMARHIDHUIECKAX QYHKLuH
K HECTALMOHADHEIM 3a[AaYaM MaTeMaTHuecKOH QUINKHA paccMOTPHM
83834y 00 OXA2x AeHHH OECKOREUHO JMHHHOTO RHARYEDA PARAYCa &,
HarpeToro 1o TeMmepatypl t;=—jf{(r) (r — paccToAHHE OT OCH
14 H, JleSegen
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LUAUIAPA) B HAAYHAKIICTO TONJ0 B OKPYKIWOILYK epery, Haxo-
asmylocs npd Hydaesoll Temmeparype. C MaTeMaTHyCCKOH ToukH
SPEHAS 384498 MPUROIHTCA K WHTErpupOBaHUID YDaBRHEHHH TEInc-

NpOBOAHCCTH
du

S==kAu ' 6.7,1
CP 7 kA (6.7,1)
(¢, p, k— Tena0eMKocTh, NAOTHOCTh K XKO3(UIHUEHT TemIo-

NPOBOIHOCTH BEMIECTHA),
IPH HAYATRHOM YCI0BHU

) L_Osz(r) (6.7,2)
W TPalHUIHON Y CIOBHH
ou .
—-ka’ r:lﬂ.m}‘u r=iua (6‘7’3)

(A — KOS(QUNHCHT TCMAIOOTHAUN B OKPYIKAIOILYIO CPERY).
Ecam, cneays wmerozy Pypbe, HCKAaTh UACTHBIE pellelis
ypasuenust (6.7,1) suna u=R(r) T(#), 10 Aaa onpereneHus
MHOMUTENEH TOMYUAWTCs YPanHeHus
cp

| 1 d 1
' LR _ r 3 —_ J—
BT 3 T=0, —=rR -2 R=0 (b_kj,

OTKYJda CAedyeT:

w2

Re== AL (1) BY,(xr)y, T=Ce ?

Tak kax npu r—=0 J, (xr) =1, YV, (xr) = co, 10 aas orpa-
HUYEHHOCTH DCIUCHHA HA OCH LHJIMHAPA HCOOXOIMMO NONOMATH
B—20, nocne uero wus Yycaorud (6.7,3) BHITCKaeT, uTO mNapa-
MeTp x HodmkeH ObTh BHOpad Takuv 00pasoM, 4Tobu yIaOBJE-
TBOPANOCH VDaBHEHHE .

Rl (r@)— )y (v2) =0,

¢

roe k=%.

Ecau u0oiownTs ¥4 ==X, TO NOCHE]Hee YpABHOHUE .[PHBO-
OUTCH K BULY:
haty(x)— xJ; (x)=0, (6.7,4)

OTKyHIa CIeayeT, 4TO OHQ HMEeT TOJABKO BENIECTBEHHBIC KOPHH,
PAcoNO¥EHHBE CHMMETDHUHO OTHOCHTENBHO Hadajla KooDAH-

Hat (§ 5.13).

§ 6.8] MPHIOKEHHE K TEOPHH IU&PPAKIHH 211

O6o3navan NoNOKMTENBHEEC KOPHH ypabBleuus (6.7,4) wepes
X (0 <2y <4y <, ..), MOAYUAEM, YTO AONYCTHMBLIE BHAYEHHS

X
napamerpa » GynyT Yy == 2F U, TAKHM oépason-r,\ COBOKYIHOCT

HaCTRUIX peuieHMii ypasHerna (6.7,1), OpuroguulXx aada paceMo-
TpeHud JaHHOH Balayu, KMEET B!

a2
_ Xy

ne=u, == M @b, f,ixn %); n==1, 2,... (6.7,5)
CYM}inyﬁ Hall IeHHE pELUCHHH, HAXOIUM: .
w
u= N Me E?‘Jo{xn%

n=at

, (6.7,6)

Fle, B COOTBETCTRMM C HAWATBHHM YyciomueM (6.7,2), xosdpdu-
nuenTo M, RomEHEL OnTh - BUOpaHH Takdm 06pasov, TTOBH
YROBJAETBOPSANOCh PaBeHCTBO:

For= N m,J, .ix,s -z—) O=r<a). (67,71
fie] .

Hocenuns 3azada PaRHGCHIbHE 3afaUC PasAOMKCHHs PyHR-
wnn f(r} s psa Jand, n ce pemcHue Momer 6mTb OOdYYEHO

‘w3 o6uux popuyn § 5.14. Bocnoabzopasumcs sTumm hopMy-

maMy, HaAXOQANM

- 2 g ,
M= T Oj F(r}Jy (x,,?)dr, (6.7,8)

4 DCIIEHAE PACCMATPURAEMON NMPOGAEMLI TEODHA TEIONPOBOZ-
ROCTE {IpEACTaBiIsercs pagoM (6.7,6).

§ 6.8, lipnaowenne K reopun auddpaxnun

Kak npumep mna npuaosenue UMJIHHAPAYECKHX  (hyHKUuA
TPETLETO PORA, pACCMOTPUM Bajady © Aupdparina TTockoR
AEKTPOMATEATIICH BOJIMLL, NaZaomel Ha BECKOMEYHO AMMHMHBIY
UPOBOMAIMH LBNUHED DaIdyca a.

Ilyets (r, 2, €) Gyner cucrema UHAMBAPHYECKHX KOOPAHHAT,
OCh & KOTODOH COBNARAET ¢ OChIO UMAMHAPA, ¥ OTCUET yria ¢

. .
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BEAETCH OT HANPABMeHuWs, BAOMb KOTOPOro pacnpoCTpaHACTCH
BOJIHA.

B upeanonoxeHuy, yto 3aBUCHMOCTB OT BPEMEHH XapakTe-
pHSYeTCsd MHOXHTEREym e'ef (w— wacToTa KoseOGaHa#) W BEKTOP
SJACKTPHUECKOTO NOAy g majawomiedl d oTpawendHol BOJIHE TapaJ-
MEAGE OCW GAVTARIDA, pdceMaTpaBIcMdd 3a0d9d  MPASCAHTCH
K OnpeAcieHuio KOMOeKCHOR aMIJIATYAR BTOPHUHOTO moas £,
yA0BAETBOPSONIE! YpapHenmo [eqbMrosia

16 LOF 1 &E

6r+r2 3 FRE=0, (6.8,1)
PPaHHYAOMY Y CIOBHE)
E| 4 Eetacse= (6.8,2)
rFe=gr

# YCAOBHIO HBAVUEHHy:

OF | . - -
}i’i‘o(W + :kB) Vr=0, rTE=0(l). (6.83)

L)
3peck k==--—BOMnopoe uHCA0, Fy-— aMIMTYAA NaZAoILEH

nAOCKOH BOJHEL

TIpavendass MeTON pasgenedud NEePeMEHHBIX, HAXOMUM, YTO
4acTHBIE peilleHda Ypasaenua (6.8,1), nepaonnqecxne OTHOCH-
TERBHO KOODAUHATH! ¢, OyayT

E=Eym [MHY (br) 1 NHD (1)) 5o 2==0,1,2, ... ,
: : {6.8,4)

l{'gesfg)}f)' @ (#r) — dyukumn Xanxens mepeoro W BTOPOro POJAA

Hs ycnoBust cuMuerpuud caenyer, wto £ — ueTHas QyHKuUA
0T @, fICITOMY JAOCTaTOYHO OTPAHAUMTHLCA PEUISHUAMH, COASPKA-
muMd cosagp. Janee, gaa Toro. utoBu YAOB/AGTBODHUTE TPHH-
UHTY H3AYUEHHA, HApJNewAT, NPHHAWMAA BO BHAMAHHE ACKMIITO-
TRYECKOe NOBEACHHE thynruutt Xankeia na GeckoneqnocTn (§ 5.11),
noaoxuts M, =10, Taxum o6pasoM, pemernue 3afauu CIEAYET
WcKkaTh B Qopwe:

E= ZN H®) (kr) €08 1. (6.8,5)

=0

§ 6.8] MPEAGNENHNE K TEOPHH AHCPPAKUMH 213

s rpannunoro yecaoens (6.8,2) BRITEKaeT, uToH

2 N H (ka) cosnp |- Ege— #3092 =0,  (6.8,6)

=0 ~
Ecir nonoxuts B (5.3,4) z==ka, t=—1I%, TO poryqau:
g—tkacos e — [ (ko) 2 Z (— &S, (ka)cosng, (6.8,7)
n=1
OTKYZda CAcAyeT:
NyHD (ka) = — EJy (ka), N, HY (ka) ==—2E, (—iy* J, (ka),
1 HCKOMOE DellleHde jpaeTcd (opMynoi:

E==—F, [.M. HE (kr) -

H2) (ka}
-2 2 " E"(:Qf’f-:—zﬂmg) (k) cos nqaj . (638,8)

TMHTEPATYPA & TJTABE V1

Kysemun P. O. [1], psit 2. 5 Metbioa I'. [1], Jle-

© Bua B. M. # T'pocoepr 0. U. [1], THROHOB A H.

u Camapckrit A. A. [1], $pany » & Musec P. [},
beitmad [1], ,leceq:pnc X u ,[[mecbpnc B. [1].



FMTABA VII
COEPHYECKHE ®¥YHKUHH

§ 7.1. Beegenne

Coepnueckadn HyHK
. UMAMH HA3BIBAIOTCH PENICHAA

! e
HAdhepenualsHOrO ypaBuCHHs P ore

(1 —-ze)u"ﬂ—2zu'—|—[v (v 1)-——%]&':0, (7.1,1),

;ﬁe 2 — KOMILIEKCHOC TCPEMENHOe, W W ¥ — LAPAMCTDH, KOTO
€ MOrYT [(PHHHMATb Mmobnle Be ] .
I .
prle wory CIECTREIHLIE WA KOMIJIEKCHBIO
] ci;;;.;nﬂc[mc g?.l,l) BCTPCYACTSH B MAaTCMAaTUYECKOdl fusuke
i ¢ HI:ITEEI pupoBaRdes ypasxenus Jlammaca s cuemmaneHbBIX
llec:{emax OPTOrOHATBIBX KPHBOJUHEHHBIX KOOPDIUHAT — cepu-
nec ux, cPepoHaanbHLIX, TOPOUIATBHHX © Ap., Koropme npume-
Be?cl;t;s{ HPH paccMOTPEHNHM KPAaeBHX 3amaqd fias ofaacTelt cooT-
saﬂa%yliﬁr[l:rc;qﬂ:ga. I]po;mtiﬁmunu CPEAH HUX 4BIAIOTCA KPARRKIC
epuiteckol ofaactu, nTo ¢ :
. ; , JYWHT OCHOBAallMEM
?;}é ':Toro, 4TOOR 1A3LIBATL PaccMaTpUBACMENt Kaace (yuKiui
e g\_:ECKH.\IH WM IapOBHMH  (PyHKumnavi, B sTom  cayuae
}Kap .H{emloe Z UPHHHMACT BEIISCTEEHHBIC 3lIaYeHus, NpPHHALIC-
ue.;]:]e anomemyncy (—1, -|-1), a napaserpsl p # v HMCIOT
e OJOMUTEIBUBE SHAYEHNA; GIHAKO DACCMOTPEHUE KPAeBhX
MATCMATHYECKOR (DHBUKW A% ‘
. oGmacreil  Apyroro e
Tpefyer HIVUeHns cde > st
puiueckHx (yHKIm#E 1pA  nocrar
' CTATOYHO
ggugi{x OPeOnONOXEHAAX  OTHOCHTOARIO  OBJMACTH  M3MOHCHMG
Me (
p UdBx 2, ¢ # v¥. [as  00/JbLIMHCTBA TPHIOKEHHH

# Cw, !
) ra. Vill, rge pamps upnseps safay, i KOTOPHL NepeMeHHOE

ZH HﬂpﬂM Ip * B ﬂp p . M
€IPhI Y HHHMAWOT THYHBIE BQIWCCTREHNNE HIH KOM
d3TH rC <

§ 7.2] runEPEOMETPHYECKOE HHGSEPEHUMANDHOE YPABHEHHE 2195

JBAAETCS MOCTATOYHOR TEOpUs cthepuuccKHX pyHKuuf, HOCTpPOCH-
Had B IPEINOCKEHAR, 1TO Zz — KOMIUICKCHOE MEepeMeRnoe, npu-
HAAMERALLEE MIOCKOCTH € PaspesoM B1O/Ib OTpC3Ka BCILECTBEH-
o ocu (—co, 1), WM BCLECTBCHHO W NPEHANAERET [PC-
demyTky (— 1, 1), v— NpOU3BOABHOC BEIIRCTBEHHOE WM
KOMIIIEKCHOC YHCHO H W—/ — LEeI0e DOMOMUTOABHOE UYHCIO
(m=0,1,2, ... YiazaHuule OrpaHduedus OPHHATHL B 11ACTOR-
eft xmure, Bogee ofilge ACCACIOBAHUC UMTATCTD MOMCT HAHTH
p souorpadmu [oGcona®) M APYTHX paborax, MOCBALIEHHLIX
Tcopun cdpepnucckux (PyHKuuB, KpaTKuil CIECOK KOTOPBIX MpH-
BOLEH B yKasaTede AMTeParTyphH.

§ 7.2. lunepreoMeTpHIECKOS nminbepeﬂuuansﬂoe ypaBHEHHE
B ero pelieHde C MOMOMBI0 PAOB

TIpexae ued OPACTYNHIL K URNOHKEHAD TEOPHH CHEPHTECKUX
$yHKIAi, ueneccofpasHo PACcCMOTPOTL  BOHPOC o uuTerpn-
posaHHu AMHEHHOTO A EPEHIRAILIONO YPaBHEHHA

dl—2)u"-[y—(@ 4B D2 —aBu=0, (7.2,1)

rme z — KOMILIEKCHOE LiEPEMEHIIne, O, B w y-— napamerpal,
KOTOPHE MOTYT MMETh PAsIHdlEe BEUCCTREHHRE HIH KOMIIEKC-
nLie 3HAUEHUA.

Vparrenue (7.2,1) HazuIBaETCH THILEPreOMETPUYECKEM | BRAK-
ygeT, KK YacTHHIC CHy"an, MOOTHE AudpepCHUNaTbHbIE YDPaIIC-
{EA, BCTPEUYAOUINECT B IPUTORCHUIR,

Ecau npuBectd ypasiCHRe (7.2,1) ® cTaHLapTHOR (opue,
pasneans C¢ro Ha Ko3dgauaent pH BTOPOK 1POMSBORHOH, TO
k03 dRUMCHTE  TOJYYEHHOTO ypaeueHus OynyT peryJnsipHEIMH
DYHRLUAMA QEPCMEHHOro 2 B oGmactu Q< |z |<1, umewmmyy
npu z=={( noawc NEpROro MOpalka IR QOLIKHOBEHHYO TOUKY,
% 3ABMCHMOCTH OT 8HAYEHWH MapaMeIpos a, Bu T

Vs obuiefl TEOpAR JMHHCHIIEX I pePCHUMATBHRK yPaBHCHIR
cleyer, YTO B TAKOM CAyaC paccMATPUBACMOC YPaBHENE
AOJEHO MMETH YRCTHOE PEIIEHHe BAIA

o .
n=2 2 ¢y 2, - {71.2,2)
C k=0

Y

#yE. B, Toficoun [l]. ,
B nanpHefiimeM CCHIAKK H2 3TY KeAry oboeauavamwtca 6ysBolt [E).
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TZe §— Hampaexame BHIOpAaHHOE YHCTO, ¢g = 0, crenennol psm
CXOANTCT mpH |z <1 %),

[oncrapasa (7.2,2) B ypasHenne (7.2,1), Haxoamvw nocne
IPOCTHX BHUHCAEHEH: : .
[z}

X o s ) sk —141)

k=0

oo
- 1R o !
N 2 (s -k ) (s & B) =0,
k=0
OTKyRa A4 onpeneieHnda NOKazaTeds s KosdunnenTor c,
NOAYHAETCT CHCTEMa ypPaBHeHHH:

(8 —14-7)=0,¢,(s + R s+ - —1—"7)-—
N K S S

h==1,2 ,..,
NEPBOC H3 KOTOPHX naeT $—=0 WMH s=—1~—1.

ITpeanonoxum, uto ¢ He apasgercs HYJeM HAd UeARM OTPH-
UATeALHEY MueaoM (y =0, — 1, —2, ...), u euGepen s = 0.
Toraa aza Buwecnenns koshduumenTor €, NMONYHHM PEKYPDEHT-
HOE COOTHOLIEHHE

E—14ayk—14!

| =" k;f_)(lﬂ)ﬂ}ck_i, k=1, 2, ...,
OTKyAda, €CaH NPHHATE ¢y —1, caemyer

@@ L
¢ _-__kf('(}k , BR=0,1,2

roe Agla COKpPalleHuA 3anACH BBEISHQ 0603H3‘-16HH3
Me=2A+1 ... AF2—1), (Q)=1,
E=1, 2 ... (7.2,3)

Taxuy ofpasoM, wactHoe pellenue ypaBHéHHﬁ 7.2,1) npu
Y50, —1, —2, ... Gymer **) (7:2,1) m

IR Y

t—un,=F(a, o 2)— ¥ (D@
1 ( 19! T ) kf/_iﬂ k!(T)k 27 izl<1‘ (7-2’4)
;) Cwm., vanpumep, B. . Cuupros i1, § 98.
*) EcAd ¥ —HYRE ¥AH 0TpRLATEFBHOE Led0e 4HCAC, TO, HAYHHAS
¢ HEKOTOPOro £, KOIPPHIMEHTH ¢ O6PALAKTCA B GECKOHEYQHOCTD H
peitenne BHRA (7.2,2) mna smavenud s=0 He MoweT GLTH MOCTPOLHO,

g]el‘l;o BHAETb, YTO DENEHHEe 3TOr0 THNA noIyvdeTcs, eclH B3ATb
=]-—7
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Pan (7.2,4) naseiBaercs runepreomerpuueckum pasom. Cxo-
JuMocTh 3TOro paaa npu |z|<1 caeayer w3 obmefl Teopuu
auHednnx  pudipepeHlHaIbHBX ypaBHeHHH. Ecau Bocnojsso-
paThed nipuaHakom JanamGepa, TO, HESaBHCUMO OT YHOMSHYTOH
TEODHH, JETKO A0KAa2aTh, $TO papuyce cxopumoctu paza (7.2,4)
paBeH eAUHMIC, 33 HCKIOYEHHAEM GAHHCTBEHHOTO CJAyYag, KOria
OAWH M3 mMapaMeTpoB (0, B) paBH HYMO HWIH IEJACMY OTpHua-
TEABHOMY HUCHY, B PAA [PEBPAMAETCs B NOJAHHOM,

Axanoruyno, BmOHpas s—1—1, OOJyYaeM, B OPEANOI0-
XeHuw, o Y2, 3, 4, ...,

Ckz{k ggf}l(\lk—-q'i-i-&ck‘“ k=1, 2, ...,
OTKYAa, €CJH B3ATh Cg==1, HaXOIHM:

U =y+ae0 =348 o _ g 1 o

‘""* H2— ’
Takun ofpazow, np 4 7= 2, 8, 4, ..., ypabuenue (7.2,1) umeer
YACTHOE PElleHse
o0
- vt ol —1+h
n=1u,=2z! fz : Tk —
? i RE(2— 1)

=2 TF(l—qy40, 1—1--8, 2—7, 2), |2[<{1. (7.2,5).

Ecnu 4 He apAderca ety umeqaoM (y 4 ¢, =1, =2, .. ),
0 ofa pemends (7.2,4-—3) CYHMIECTBYIRT ONHOBDEMEHHO H
andelinO  HesasuCuMB Meway cofoll, Tak ure ofmmit waTErpan
ypasaerus (7.2,1) moxer OWTH npeacTaBaeH B dopue *)

n==AF (s, 8, 7, 2}
4-B2l =7 F(l —y—a, 1—y--3 2—%, 2), (7.2,6)

rie A H B—nponsBonbHele nocronnuule, 2| < 1,

Jnag peawx snaueHuft 7 M3NQKEHHBA CO0coS NO3BOASET MO-
AyuMTE TOMLKO OJHO YACTHOE PELICHUE, B AJA NOCTPOCHUS BTO-
poro AmHefHO HEe33BHCAMOrO pellleHHfl, COACDXKANero B obmem
caydae JAoraprdMuveckie uleHs, Tpedyercs BUROHSMEHEHHE
METOIHKH,

IMyrem 3amennt nmepeMeHHnX B (7.2,1) MOXHO DOAYYHTL DAJ
APYrux  aadepesuuanbHelX  YPaBHEHAH, HHTErPatbl KOTOPHX

) Jlunelinan He3aBHCHMOCTL CIElYeT H3 PaCCMOTPEHHA acumnIo-
THYeCKOro mnoBenenna pemedn#t npp 2— 0. [Ipu y=1 ofa pemennn
CORNANANT,
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MOTYT OWTb [peAcTasieHst ycfC3 THIEPreoMeTpHYEcKHe Pkl
Tax, HampHMep, loJaarad g:f-"’, OPHXOAUM K HugdepeHnnant-
HOMY YPaBHEHUO :

du 1 { 1Y o]da
t1— T2 (T__z._- a3 +?x'ﬁJ de

— 4 aftu =0, (7.2,7)

HACTHRIME HHTErpamasu xoTopol0 OyAyT dyARuMR
u-:-uizF(&a Q'}.';a iz%"ﬁ?’;(}»“‘“h'—‘zv‘"w (?'2"8"
U=y =% F(l —y -4, 1 —y 3, 2—1, £,

il

T 7L‘ 2’ 3a 4! ey (7'219)

obpazyioide npe awboM y, He PABHOM [QIOMY GUCIY, CHCTEMY
JMHEHHO HE3aRHCHMLIX perreHHit TOTO YPaBHEHuA B CMEKHOCTH
¢ Toukoh £=0.

§ 7.3. Chepuueckue dyaxunu Jlewanapa

[TpocTeitiuil Kaace copuueCKAX GYHKIWMA COCTARALIOT [O-
nunoMet Jlexanapa, paceMorpenHue B T IV, kotopuie seraoTes
pemennsMn ypasuesas (7.2,1) opu p==0 ¥ NEIOM NOTOKUTENL-
HoM v=—=n (n=20, 1, 2, ...). Crcaywoowil mo creneuy crox-
HOCTH KJacce c(pepﬁqecqu q]ylil{].l,ldﬂ OﬁpaSYKJT ccpepmecxuc
(by[—][{um{ He){{aﬂgpa, KoTopule OpPeLCcTaBiaanT coBoi pelmedds
paccMaTpuBaeMoOro ypasieHus npi =0 W [OPOA3BOJBHOM Beme-
CTREHHOM WM KOMILAEGKCHOM Y, T. € ABTAOTCT  HITErPaiasn
¥PaBHCHUS:

(1 -2 u"— 22t (04 Du=0. {(7.3,1)

HYro0bi onpenemith 3TH (yHKLNHA, 3aMCTUM DPEIBAPHTENLHO,
YTO NOCPENCTBOM UREHCHAA HALIEKAUMX [EPeMellnX YPaBHC-
ride (7.3,1) mower ObTh DpUBCACHO K [UUEPreOMerpuUuYecKOMY
AuddepeHaabHOMY ypablienaw.  1aK, Hanpumep, noACTaBoBKa

t— -% (1 — 2) upeoBpasyer (7.3,1) B ypasnedue

d _!_ (1— 21) _EE{E,{ -~ \)(V—,— D=0, (7.3,2)

t1—n

KOTOPOE UPEACTABAACT COBOM waCTIMA cayuait ypasuenud (7.2,1),
COOTBETCTRYIOUIMA  3HauelMay O=—Y, B==1+4v, y=1.

§ 7.3 coEPHYECKHE SYHKIAH JNEXKAHAPA 219
Hanee, momeranouxd f==1/2% wa=z—=t y nepesomur (7.3,1)
B ypasHeHue

a3
Hl—H gt
3\ [ B\, Jdv . »
SRR e

i) oo 20
g \

KOTOPOS HoAyqacTed U3 (7.2,1}, ecan noaoxHTE

¥ 1 B
a=%+1 P=5+7, y="T3

0T L : .
Us pesymuraros § 7.2 cnepyer, uro AubdepeHimansioe

YPABHEHUE (7.3,1) pMeer HACTHHIE DENIEHHS
-z} 2 7.3,4
!.“.:IHZF(—‘-’, v -+ 1, 1,'“—?2'—";', [z"_'ll< ’ (1\ )

: - . 1 3
VAT plptt oy =)

{I:Hg frear) I'\ 2

FoL 3 Sl
T |:\‘J'—1——2-) (2'“") v

[zi>1, (7.3,5)

rae F(a, B, v, &) 0008HATACT, K4 ¥ BLILIE, rmlepreo:-;qunﬂq[ﬁ;
ckuit paz. Onouako [MoAYUEHHLIC  DeuleHud onpeagae 7

8 OrpaBMYCHHON yacTH [/OCKOCTH KOMOAeKcHOrO nep%:uermoro -4
W He MOTYT OmTh MCNOAL30BAIN 33 CC npesfenaMs  Oes Hagile-
wauero anamarayeckKoro MPOA0THEHIA paccz»ianHB'ael\-lbIX rr:ne;);
reoMerpuyecknx psA0B. HroSm noaydurs 310 TPOAQHKETLKE“-
{IePBOro u3 HafigegHBX 'PE!IJ.[BHPIH, ﬂpeﬂnoﬂo}l{ﬂ=1, qro .\
MAEKCHOC uucio, —DpuAddiexailes mIocKOCTd  C©  PaspesoM

(— 00, 1) B BEECTOEHHOR OCH, 1 pACCMOTPHM HHTErpail
w3 N
2 2=l o) do, (7.3,6)
P, (z)_,?J 5 I,\ 5 st ) 6F
rie —y VP
VT Ee Ve Wiy Ver T,
Si(w)= 9V Tt+w - .
PREY ST 4 adyh
A=t o G



220 COEPUYECKHE YHKUAH [rr. v

Onpenenchras TaknM o6pasos dyuxuua £, (w) peryaspHa
B IAIOCKOCTH (W), paspesaHHOH BAOAL {— 0O, — 1) *). TlosToMy,
npH Mpbom g, NPEHAANEHANEM NPOMEXYTKY HHTETPHPODAHHA,
MOANHTErPAMABHOE BLIDAREHWE NpeacTanifeT coboH peryaspHy
GbynkIlmpo 2 B IAOCKOCTH (2) ¢ pazpesoM (— oo, —1), 4, co-
TAacHO USBeCTHOH Teopemc (crp. 12), P,(2). ectb peryaspias
OYHKIA B paccMaTpusaeMoOll pa3pe3aHHod T/IOCKOCTH.

Has |wl<1 dymims f, () MOxer 6BITh pasnomena 8 PIK
Teimopa:

o
Fow)= Y agt.

k=0

KosdguusenTs 3Tore pasiomeHus mpome BCero OlpexenuTs,
8aMeTuB, 410 f, (W) YAOBIETBOPAET AU(hEpeHLnaIbHOMY YDaB«
HEHHIO

d:} .
w (14 ©) o+ (2w o DA=0. (1.38)

[locneauee npr 3aMeHe % Ha (~— W) NEPEXCIANT B CHOED-
reoMerpuueckoe ypaenenne (7.2,1) ¢ napamerpaMd o=—-—v,

B=v4-1, Ve %, CAMHCTBEHHBIM HHTEIPANOM ROTOPOro, mpn-
BOASMMMCA K eAHOHIE NpH @ ==0, ABaseTcH (yHKIHg

1) e g ! \_-—
f\,(m —-—»F(-—-—-\?, J—i—I, —2-,——-ﬂ'.'}--——-

o

— (— V)k (v-t I)k ( ) (73,9)

rae fw| < 1.

Ecmy |2—1]<2, MB MOMEM, BOCHOMB30SABIIACH PAsTO-
weaned  (7.3,9) W uHTErpUPYS DA DOYJAEHHO, NPEXCTABHTH
dyuxun P, (2) 8 Buae:

*} Touxa w=~0— ofeixaopeddas rouka QyskuuH f, (W), TaK Kax
npE ofxofie BOKPYr STOR TOWKM f,(w) NpuHMMaet pexHer sHaueRHe.
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2 N Dp/1—20% '
P () =— | do ( \');@((\'l—l— )k( 5 2} sin® g ==
By .
FE

— ik
_‘”’2 {"J” D (———1 5 z) sin® ¢ - do.

2);
=0 0

TlepecTaHOBKa HOPAAKE CYMMHPOBAHUA H HHTErPUpOBAHAA
3aKOHHA, TAK Kax DAL CXOAUTcA paBHOMepno. YHTrerpupys mo
4acTAM, HAXOANM, YTO

wa

_i_ r Sil’lgk = dC{J-—-— (a’ls)k , (-7.3’10)

OTKYZA cAaemyer

sl
(—¥p (v Dp /L —2z0k
Py ()= 2 _'_F%.!__&(T) '_
k=0 =
1 —z4

=F(——v, vt L S5 =e. (7810

Taxkum obpasom, dynkuds P,{2) upa |2—1|< 2 copua-
faer c onpencaendol selme QyeKuUMEH gy W, CIEI0BATENLHO,
HPEACTasIAeT CoBOH ABAANTHYECKOE NPOROMKEHHe 3TOR nocaen-
Helt B nAocKocTH ¢ paspesoMm (— oo, — 1).

B cooTBETCTBHE C OCHOBHHM MPUHIANOM AHANAATHAYELKOTO
npogomxenus, ¢yukuma P, (2), KOTOpad 00 NOKA3AHHOMY
fBaseTcs penieaveM ypassenns (7.3,1) npu |2— 1(<2, yaos-
JeTBOPAET 3TOMY YPaBHEHHIO BO Bee# oO0AacTH, ruoe Oua ompe-
JeseHa,

Dyuuua 2, (2} HaselBEETCH ccpepaqocxoﬁ diyHRmHeH JIe~
WAHADA 1epBOrO0 POA& ¢ HWHEeKcoM Y, Qopmyna (7.3,6) naer
ofee NpeACTABIEHHE AAA ITOR QVHKUME, NPHrOLHOE Ha BCEH
pazpeapnupH BAOAR {(— 00, — 1) NAOCKOCTH KOMIMERCHOTO
nepemendoro 2, rae P,(2) ecrs peryasmpuas tyuxnus, B ToR
uacTH aToH mnockocrd, rae |2-—1]<C2, Py (2) moxker Outk
[PEBCTABAEHNA THIEPTEOMETPUYECKAM PALOM

P@y=F(~v 41, L 152, jz—1{<2 (73.12)
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WUs gopuyau (7.3,12) Burexacr, uto
. P{)=1. (7.3,13)
My yRumuM wike, uTo BesRoe pemeRme ypasrenns (7.3,1),
MMHEHHO HE3aRMCHMOE ¢ perncHueM u==F,(2), HeorpamuueHHo
BO3pacTaer npu -1, nostomy dyukuud Jewanapa nepporo
POla MOMET OLITL ONPERENeHA TAKKE KaKk HHTCrpad paceMarTpu-
BAEMOr0 YpPaBHEHNs, NPUBOASIUFHCH K CAMHHIE, KOrNa 2 — 1.
Tax xax f, (w) npegcrasaser cofof UENYIO QYHKUHIO v, H3
(7.3,6) mhiTexaer, uTO ciepryecKasn pyuxuas  Jlexahizpa nep-
ROr0 pona £, (2) aradercs ueod dyuiuel mugexca v.
Wz nerko npoeepsemoro Tomamecrsa Jot (@)=/1.(®) cae-

ZYeT, 1T0 _
P, 1 (2)=2F,(2) (7.3,14)

A% MOBHX BEIIECTBOHHEIX HAH KOMILTEKCHMX 3HACHUH V.

Y1066l noayuuth apamuTHIECKOR NPOICIMEHHE BTODPOro Us
NaHACHHHX BLINIC pellendd  ypapllenws (7.3,1), nupeanonomny,
410z NpUNANACHUT MAOCKOCTH ¢ paspesoM (— oo, 1), napa-
METP v YAOBACTBOPACT YCAORHKO R (V) >-—1, n paccMoTpHM
HHTerpan

Q. (&) == | %y {'7 -+ L ens qc\} di, (7.3,15)
. ¥ Lo i
rag
R —— —2v 1
e e
g (=¥ "}wﬁ%‘”} , s (O=1. (7.316)

PyHRuEa ¢, ()} npeactasager coSof PEFYAADHYI0 YHKUMIO
H2 TJIOCKOCTH (@} ¢ paspeaoM (--co, 0). Ilpu BHIO.IHEHWH

OTPAIAMENNH, MIMOMKEHHHX BLINE HA 2 W ¥, KOMIJIEKCHOE [epe-

—1

i .
MCHIIOE @ == ch® ¢ NpuHafTeXUT STON NIOCKOCTH H MHTE-

TpAN CXQANTCH PABHOMEPHO B 0fracTu 0 < §= iz — 1 |=< A < o0,
larg (2 — 1) | <=, nostomy @, (2) ecrs pery.IapHas (yHKIuH 2
Ha IA0CKOCTH ¢ paspesoM {— oo, 1).

llpemnonomuy BpeMeHHO, UTC 2 — BEECTBEHHOE yuciTo,
GoMbiuee, ueM eQMHMLA, H BBEICM HOBOE MEPEMEHHOC HNTErpH-

poBanus #, monomue che—= ,f z;_ll . [lpunnMan BO BoMMaHuc
TO¥AECTBO

V’zz+1 2t—1 1

il A = — _.

2 2 Vot Vae—1
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n0Iydaen:
el "
\ '
(VAE PGS Y dt. (1.3,17
Gl = “2__. Vae—1 Vi1 (7-3,17)
| ]_

Tlocrennsa dopvyna moweT OHTh 3amUCAHA B BUAEL

1 . il df 7.3.18
Q"(Z); [2z)v+l J"[PV l'\ zoe ).'l £ {t — 1)1."2 ( T )
. 1

riag 110J0XeHO: .
T _a—v—1/a
2 _(H"_Vli__)/; R q,v (0) =1, (7.3}19)_

(@) =2 Vi—w

Oynkiuua U, (@), paccMaTPUBACMas KaK (PYHKIUR KOMILIEKC-

) ’ )

HOro [EpeMeNHOro @, perylspHa B kpyre |w (<1, crmenosa
TENLHO, MOMET ORITh PAs/IoXeHa B Psil

(@)= 2 byw*,  |w|<L (7.3,20)
k=0

KoshpuuneHTts 2TOr0 paaioxenns MORHO OUPEICTHTh, a;amema,.
YTO t, VEOBJCTBOPACT AntpepeslnatbrOMy YpaBleHuiO *)

w (1 —w) Do [g—

v o3V ey 5'_ 391} -
—(7T7>\'2-‘|“z}'ﬁ—0, (7.3,21}

"

#) Uro6n YyOPOCTHTL UPOBEPKY 9TOrO YTBCDEIEHHA, KOTOPAA He-
CKOJBKO YTOMHTENbHI, YIOOHO cHAMALA TIOKA34Th, UTO

N T L |
WVWTi—wT—w)]= V) Py

YMHUXUTE UCPHOC Ypawienwe i |v - -‘)) I¥1 - w, wniopoe--Ha
i FA

W, BLGAIRE JURPRePeIEPOIIGIe 1odened wictn,  CHmNTL ofkt ypup-

eI,

e
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KOTOpoe mpeacrapager COGOR 4acTHuil ciyyait rugepreoMerpu-

qeekaro Anddepednyansioroe ypasuemus (7.2,1), cooTBeTCTBY®0-
IMHH 3H3UCHHRM

¥ 3 Y 5] 3
“=§+i;. P=ot 7, T=v+5

Tlpunumas Bo BHumauue, YT0 ¢, (0) =1, momyuaes 1ag {w i< 1:

] 3 v o, D 3 b
‘Pu(w)zF(*g-f‘I: FTT s YT wl=

v 3% /v | 55 .
e+, "
3 *

IR

(7.3,22)
k=1

BoCHoAbSOBEBILNMCE MOCASIHUM DA3MOKEHUEM, HAXOIAM, YTO
apd 2 > 1;

o
1 it
Qv (2) Y X
2z 1 g2
@ J STy
=~ /v, 3V /v 5%
% (§+4)k(2+ﬂk 1
3 2k
k'(?+—2—)
k=0 i
= Y 3y /v 5
_ ) (a-_—'?)k (—2”+T)k %
@zp 1 B! (v_{_ﬁ_\
1 2,Jk
B0
i 00 dt
v mTH-%V_
t—1

3axOHHOCTL M3MEHEHHS NOPAAKA AHTErPUPOBAHUS d CYMMADO-
BaHHA MOMeT OHThL 000CHOBANA NYTEM NORAIATEALCTEA aﬁcomo-r-
HCH CXOINMOCTH paccMaTPHBAEMOIO BLIPAKEHHA,
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Janee, noaaras f==1/s, umeen (§ 1.3):

o]

at
f P =1
1

b

: :

— j‘ s+ (] _._.s)—1/2d3=3(2k +v+ 1’%)':
; \

_T@kty+ Ny«
T (2k+1+%)

WM, €C/JM BOCIOAB3OEATHC (POPMYIOH YABOEHHA ramMa-QyHKOHHA
(1.2,3):

" _yErleriegeles)
L N
_VET a4 (';” 2, (311), (1.329)
rhsg ) o),
Tloacranass sHAUeHME HHTErDana, Haxoaum:
Q0 ()= VEL 1+ (%J“‘)k(%*“%)k..—‘,,-z
AR
YVl (v

3 a1
r (v+-2—) 22) o
¥ 1 )
F(-;——{-I , _2--[-—2-, v-|—-2—, -;;) =1, (7-3,24_)

Taxum ofpasoy, npu 2z >1 ¢yekuus @, (2) conazaer
C paHee HaWjeHHMM peileHueM &, ypasHewds (7.3,1). Tax kak
B ofnactn |2 >1, |argz|<m, Q.(2) B uy— peryispHume
pyuxuug, we (7.3,24) smrexact, w10 Q,(2) upenctasadter cobol
AHANUTHYECKOE TDOAOMACHHE My B INIOCKOCTL C [Pa3spesoM
13 H. JleGenes
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(— oo, 1) u yaoRaeTsopAeT ypaBucHupo (7.3,1). Pynnma @, ()
HasHBaeTcs cgepuucckoi dynkuuelt Jlewannpa sTOporo pona
¢ MHAEKCOM Y.

dopmyaa (7.3,15) zacr ofmiee npeiacTaBacHue 3TOH (PYHK-
LUA, MPUTOJHOE Ha BCell paspesaHROf BIOAL (— oo, 1) MJI0CKO-
CTH KOMICKCHOLO TNEpeMeHnoro 2, rae €, (z) TpencraBisetr
cofolt peryrapuyile Gyskumo, B Tol uacTy paspesaHHoH mao-
ckoety, rae |z | > 1, @,(&) moxer OuTh NPEACTasiela pPIIOM

2T (1) {9 v g 1 3 1
Q,(2)= F(.}/'_BI"H'OZ)‘J-” FIII\-T—}rI,‘Q"]“'Q_,‘,a—f‘_j,?).
_:..T) - ! .

2)

(7.3,25)

Kak werpvano yemorpers us (7.3,18),
Q. (2)—conpu z— 1, (7.3,26)

nosToMy @, (2) ecTh pelneHue ypapHenaa (7.3,1), anHedno nesa-
sucumoe ¢ P, (2).

Tak Kaxk @, (@)—uenas ¢yokoas v u unterpan (7.3,18)
CXOOUTCA DaBHOMEPHO B obnactit R (¥) == — 1 44, ¢ NpOU3BOJL-
HOC MAJM0e TOJOWHTEAbiloe wncao, To G {(2) npencramnser
cobok peryaapnyw PyHKUMIo BuACKca v B obaacth R (v) >— 1.
Ecan mapaveTrp ¥ HC YAOBAETBOPSIET yeaosuio R (V) >—1,
To uwrerpan (7.3,15) pacxomurcd B He MOxeT OWTh WMCNOAb-
BOBEH s aNanUTHUYECKOTD NPOAOJIKEHHA DCIICHHA iy ypasHe-
nas (7.3,1).

Urofe A0KA3aTh BO3MOMXHOCTE AHANHTHYECKOrO TMPOADKE-
HHE B ILIOCKOCTH ¢ pa3zpesoM (— oo, 1) Taxme LS 3TOrO Cuy-
1as, ofozHauMM cymMy pana (7.3,5), KoTopad onpejaeneHa I
2, npunamaexamux obnactd |z: > 1, |arg 2 < m, U NPOH3ROIL-
HEIX 8ladeHuf napaMerpa v, HCKMouas v=—-—1, —2, ..., ue-
pes g, (2), Tak w10 Uy T=q, (2). Torna JAerko nOKasarh IyTEM
cpasHenda Koad(uuUenToOB NPK OJHHAKOBHIX CTEINCHAX 2 B J6-
Bofl ¥ Tnpasol wacTeX PaBCHCTBA, YTO Jisl QYHKURE g, (2)
MMEET MECTO PEKYPPEHTHOE CQOTHOUIEHHE

g @=2F2 g @~ g (132D

TMonpaydck 3THM PEXYPPEHTHEIM COOTHOWIEHAEM, MEH MOMXEM
NPEACTABHTL Hy upu Miobom v=£-—1,—2, ... B BUAE KOHEY-
HOM CyMMH, KaiAO¢ CldraeMoe KOTOPOH €CTh TPOASBELERNE
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QyHEUAN g, 1 5(2) € BHAEKCOM (==Y p, YIOBAETROPHIOMWIM
yoaoru R (w) > — 1, Ha MOAKMHOM OTHOCHTEALHO 2 C Koaddu-
LNEHTAME, DALHOHAARHEIME OTHOCHTEALHO Y. J3aMelldB B 5Tol
CyMME KakAylo ns QyuKknuf g, 4 ,(2) ee ananmyaveckuM npo-
hoaxcHueM @y 1. ,(2), xoTopoe maercd thopmynol (7.3,15), mui
NIOAYHUAM PETYNAPHYIO B INIOCKOCTH ¢ pa3pesoM (—o<, 1) dyux-
uno @, (2), COBNANAMYIO ¢ iy TPH | 2| > 1 U, caeAoBaTCABLHO
ABNAIOMIYIOCA HCKOMEIM  AHATHTHIECKUM (POROTEEHHEM. Tamm;
oGpason, ¢ynkuns Jlexanapa BToporo poma @Q,(2) orpeneneHa
ap mobHX vy=—1,—2 ... W nOpegcTaBaser coGoll pery-
TEPHYI0 QYHKUMI0 2 B TIOCKOCTH ¢ paspesom (— co, 1).

Ha ykasannoro cnocofa moctpoesna dyuxmu Q, (2) peite-
KaeT, 4TO eMUHCTBENRLIME OCOOHMH TOuKaMi S5TOH dyHKuMR,
paccyMaTpuBaevMolt Kak (QYUKUMA mapamerpa v, SEASOTCA  [IpO-
CTHCG noace v=—1, —2, ,., Cacxosarensuo, @, () ectn
MCpOMOPGHAT (PYHKIMZ ¥ ¢ MOMIOCAMM B YKA3aHHBIX TOUKAX.

OOmuit uurerpan ypaeuenns (7.3,1) MOKCT OuITh npegcta-
BIEH B BHIE MHACHHOH KoMOHHaww (yuxunil Jlexanapa nepsoro
H BTOPOTO poja

zz:AP\,(z)—]—BQv (=), (7.3,28)

rae jarg (2 — 1 <{m, v —1, —2, ...

B npuaowennmax Berpeuaercs Takme HEODXOAMMOCTD HAXO-
AuTh OGMUMA MHTEMPAN PaccyMaTPUBAEMOTO YDPABHEHHS NPH yCIO-
Billf, UTO IIEPEMERHOE Z==X CCTb REIIECTBEIHMOE HHCIO, NPH-
Hamlexamee murepeaty (— 1, 1). '

Tax rak ¢yukups P, (2) onpeerena a8 Takux 2, TO A0-
CTaTOYHO NMOCTPOHTL BTOPOE JHHEHHO HESaBHCHMOE pelueHue.
Taknm pemienneM, KaK HETPYNHO YOEAWTHCH, ABARETCH DYHK M5

O (@) = 4 [Q (¥ 10) - Q, (x—10)],  (7.3,29)

paBsas molycymme 3uaycHHA ynKkuma @, (2) Ha BepXHeM u
HILKHCM Geperax  paspesa *), O6mm#i  unrerpan Y PaBHEHUA
(7.3,1) npun z=x (— 1 < x< 1) Bymer:

n=AP,(x) 4+ BQy(x), v#—1, —2, ... (73,30

¥) B HeMCUKOH JIHTEDATYPE CHMBOIM P, () u Q, (z) ncnoasayorca
NCRMIONATe b0 1aA 0G03HaueHns pewenuit (7.3,1), oTHocanpuxcs K Ipo-

MeKYTKY — 1 <Z2<C1, a B ocTanbHMX cny
: YudAX NPHMEHAWECH © -
CTBYPOILME TOTHYECKHE GYKDHL P oomer

*
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§ 7.4. Hprerpaisyune HpencTapieBHd X8 cpepHYECKHX
dyaknui

Chepuueckne dyHrrua Jlexanapa HONYCKAIOT pasnuuHbE
HHTErPAALHEIE [PEACTABAGHWA ¢ [IOMOLUBID ONPCAEACHHBIX  UkW
KOHTypPHBX HHTETDasoB, COIEPHAMHX HEPEMEHHNE 2 H ¥ KaK
napaMeTpsl. Hauboaswe#h ofmpocTsio U3 3THX NPEACTABIEHUN
‘oBaanawoT, Kak npasuno, (GOPMySE, BKMOUAKILAE KOHTYPHHIE
RHTErPatH, OJHAKO i OpuaoweHufi Hau(onee BaKHOE 3Haue-
HAE BMEOT WHTETPAILHEG NPCACTABASHHS, NABAEMBE BEIUECTBEH-
HBIMH HHTEFPANAMH, B CBSBH € 4YeM MB OIDAHUYEMCR HCKJOMH-
TeAsHO (GOPMYAaMB 3TOrQ THNA, OTCHJIAR WHTATEAs IO NMOBORY
APYTEX HHTETPARBHEX NPEACTaBieHud K paBortam [o6coma n
Bapnca *). .

Yrobn noayunTh Hepsce H3 HHTErPAAbHLIX NPEACTABICHHE
ana  $ymxuun P, (2), npeamonoxum, uto z==cha, =0, u
erened 8 (7.3,6) HOBOE mepeMewnot uHTerpupoBaHns 6, noso.

wHB  sh g— :sh—;- - sing. Mp poayuwsu rtorga

9 " ch (v+ —;)ﬂ
Py (chu)=-— ———'—_-"—_.—._—dﬂ
V2cha—2chb

T

(7.4,1)
] _

A0 1:0G0T0 BEMIECTRBEHHOTO HiK KOMIVICKCHOTO 3HAYEHHA UHASKCA v,
Ecnu samucaTh NOCAGAHION tOPMYNY B BHIS

. L S L e Y ]
P,(chu):-l—‘f -L—(,L—‘i—,,-d
_ 3 ¥ 2chia —2cht

’ —
U TMOJOKATL 3aTEM
e?==cho-sha-cosd,

TO MOCAS HECAOKHOrG BOIYHCIEHUY OPUXOHAM K APYTOMY BaK-
HOMY HMHTErpajlbHOMY INpeAcTaBfcHuio A1 yukuae Jlemxannpa
epeEOro poja:

r
o .
=L f d -, (7.4,2)
™. {cha--shacost)” T

P, (cha)

rAe ¥-— IPOH3BOALHOE UUCAO,
#) [T'], ccunrka Ba ¢1p. 215, E. Bapuc [1].
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SaMeHne B (7.4,2) v Ba (—9v-—1) H BOCUOELIORABUIALH
cootHowenuem (7.3,14), maxomau:

P,(chay ==L f (cho+shucosyydy,  (7.4,3)
[¥]

Eema —1<TR(M<0, ro ¢ynruun P, {cho) nomyckaer
emle ABA MOJESHLIX MHTETPAJIBHEIX NPEACTABASHHS, KOTODHE MO-
ryto Outb BHBENCHHM u3 (7.4,1} ¢ NMOMOmEIC KOHTYDHOrQ MHTE-

" rpEpoBaud.

PacemoTpum ¢ aTol peawio uHrerpan

1
e(" )

1 a
® L! VQcha——2chtdf’

B3ATHR N[O KOHTYpy C, COCTOSNIEMY H3 OTPEsKoB (— co,
—a—p), (—u-4-p, a—p), (@--p, 0O} BemecrpenHOH OCH,

d

[

-— : —— T\
+d
Pac. 22.

BEMBIKAIOUIUX UX MOJMYOKDPYKHOCTEN MAJIOro Pajuyca p, BEKIIO-
UAOMIMX  TOYKM paseeThaeHds f==—fu, n npaMol [(H==
{puc. 22).

Honaraa f(f)== y/2cha~—2chs n npunmamas arg f=—=0 ua
OTpesKe (—o~1p, o—p), HAXOLHM, UTO SHAYeHMs argf Ha
orpeske (a-1-p, ©0) BAOM> mpaMoft [(f)==n W Ha OTpeske

{(—o0, —u-—p) coorBercTeento Gyayr —w;—, 0u —1—-;—
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Buytpa € paccwatpusacmad BETBL  (YHKIMH Peryaspya # upu
YKa3aHHOM BBIE OPaHHYCHHH TapaMeTpa v HHTErpansl 0o 3a-
MBIKAOWNM OTpeskam R (f)==_C N cTpeMarcs k Hy/Jo0, KoOria
N — co. Hostomy uarerpar no kowrypy £ pasen nyaw.

I/IHTE!I‘]JaJIbI 0 MAAHM (OAYOKPYRHOCTAM CTPEMATCH K HYAw
npu p-— U, MO3TOMY, NMCPCXOAA K NPCIedy H YYUTLIBAS k2Me-
HEHHE arg f BAOAL TyTH AHTCTPHPOBAlIHA, HOAYYaeM:

a (v—{——~ i : =3 (u—‘,——;)ﬂ
coe
,,r]/Qch:—zcthﬁ— .! 2ck10—2chad8+
= —){91—11: - ("+ g)”

——dl ==
+ .!ﬂ]f’chtll—g—Z{.ha =i IV"Lhﬂa—Zcha 0,

— )
BITH, TOCAE HECJOWHLY npeobpazosauuil:

[

{ hivsip
P, (cha)y= _z.g(" boy) = J‘ c___‘;j.__z_),__dg +
= ¥ 2ch€42cha

o [ (4o

) L —, |/ — W} )
T wf VZChﬂ-—Qchzd ’ TTRE) <O, (7.4.4)

3amenan 8 (7.4,4) v ya (—vy-—1) 1 npuHAMai BO BUAMa-
e (7.3,14), nveem:

G: |

2 —«(v—i—,i')'!d.. Ch("+—)ﬂ

o, - 2 = A —
(Ch[_;) . ]/'?ch{)-{-‘zchadu

4]
ZJ‘ sh{v—[—%)ﬂ
—— —-",——‘-——-4—“___—'— 0 -
T Vzcha-—zchad’ (7.4.5)

rae cHosa — 1< R (v) <0,
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Crraaelead @ BRIMHTaA MOJTYUEHHLIE (?OpM}U[I:J, HAXORWM:

o

o

4 (1) f s+ 5}

— =08 I —l= —_—

2P ehwy =—cos o) =} e T achs.
0

J’ ch |:"v s —12~) &
V 2chbf-2che +
0

0="%sin («—l—%

™

o0

A 13
_|,i"‘M}id3
' ) Vachd —2cha
4

OTKYydd CAeIYHT HCKOMAEE HHTETpaALHLE PCICTARTEHHAE:

&5

5 . chf?+%je
P(chu.)——»cos'v—}—.?—i:: i !

VY Zeh - 2¢cha
——1<R(v)<0, (7.4,6)

=]

o ; 1Y Sh J ‘[- - 1 i}
—— fy 1L _-—-——dﬁ
P, (cit o) En %8 LY 2 ,) Ve Fch8—2cha
— 1< RM<T0. (74,7
HuTerpatbibie npercTasaenas A1a GyHKiunw Jlewauapa BTO-
poro poaa MOryT OHTb MOAYYEHBl 3 HopMyas (7.3, 15). To-

S
=4

narad B8 9TOH mocmenHed z = chux (2 == 0}, sh—-—sh -ch @,
Haxoum:
] e—(v-i—%)ﬂ
W ChD', — —"—'_—_—dﬁ, 7.4,8
v (_ ) .YI,/ 2¢hy—2che ( )

roe R{N >-—1.
C nowoubi noAcTanoska ef=—=cha-Lshachd dopmyna
(7.4,8) npuBoaUTCA K BHAY:

@ (cha) =

15

dy
(cha+t-shachdy F1 7

RM>—1. (1.4,9)
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Panencrsa (7.4,1—9) noxazansl » IPEANONONKEHNT, YTO
020, T. e, 2==cha==], 0AHAKO, B COOTBETCTBHU ¢ NpWHLH-
[OM AHATUTHYCCKOrO MPORO/IKENHA, OHH OCTAWICA CHPaBEILIN-
BHIMA BO BCCH O0/1aCTH  KOMNJIEKCHHIX SHaveHWH a, rae o6e
CTOPOHEL PraccMaTPHBAEMBIX (HOPMYJ npencTasasior coGol roao-
MopgHeie  dyuxumn. Hanpumep, dopuyna (7.4,2) bpepua B
obnacta R{cha) >0, dopwyaa (7.4,6) — so Beell MI0CKOCTH 2
¢ paspesom (—oo, — 1) u T. &

B sakmoueHue mpaRencM MHTCTpaTbHOE NPERCTABJISHAE AAA
dyHKUMA P, (2), MpUroaHoe AnA HATEpBata ~— 1 < z=x1. Tlo-
Jaras B STOM ¢ilyuae B dopmyae (7.3,6)

=cosB(0=<P=Ca), sin -g—zsin% sin e,
HAXOMHM: .
3 1
cos (v -+ —-) ]
P, (cos [:‘i):E : 2
"y ¥V 2costi —2cosg

df (7.4,10)
A moOGHX aHAYeHHH HMHIeKca V.

§ 7.5. OyHKUROHAARHEIE COOTHOIIEHHNA A cthepraueckux
DPYRKIHA

HAwnddepenunansuoe ypasuenue (7.3,1) ne wMensercs, ectn
8aMEHHTh B HeM ¥ Ha (—vV-—1) wm 2z Ha (—2), nostomy,
Hapamy ¢ mHTerpadamu P, (2) w Q,(2), pericHusiMH 3TOrO ypas-
BeHust 6yayT Takie dynkuma P, . (2), Q—y_.1(2), P, (—2),
Qv(—2). Tax kaK BCAKWS TPU MHTErpana JNHHEHHOrO AuddepeH-
LIUaNBROTO  YDABHEHHR BTOPOTQ [IOpPANKA CBA23HLl  JRHeHHEIM
COOTHOIIGHHEM, MENAY YIOMAHYTHMH PEHIEHHAMH YDABHEHHH
(7.3,1) HOMKHB CYMECTBOBATL ONpeneNeHHEEe (YHKIMOHATLHHE
COOTHOIIEHA, MPOCTEHIIEM CPeXH KOTODHIX HBAASTCA DABSH-
CTRO, YCTaHOBAGHHOEe B § 7.3:

P_,_1(2)=P, (2 (7.5,1)

Hrofe nosyunte cootHoweHue, cassweawmee P, (2), Q,(2)
n Q_,_(2), nDpemnoncxuM BpeMeHHo, uto 2z >1 M

§ 7.9] SYHKUMOHANBHBIE COOTHOINEHAS 233

— 1< R(M<C0. Torma — 1 <R (—vy—1)< 0 u, BOCOOMb-

gopanmuck thopuyaamu (7.4,7—8), My umeem:

Qy(chea) —Q__ (cha)==wctgvya - P,(chn),
[IH . .

sin. v [Q,(2) — Q- —1 (] =mncosva- P (2 (7.5,2)

Tax Kak nps 2, OPUHAJACKADleM [AOCKOCTH ¢ PaspesoM
(—oo, 1), aesas m npasag wactd pasexcrsa (7.5,2) ABaamTea
PEryaAAPHEIMH BYHKIUAMM, BTO COOTHOMIEHUE COXPAHSET CHIY
50 Bcell paspesauHOd maocKocTa. Ecau HCK/AOUMATE LeIHE SHa-
yenps v, o6e cropoust (7.5,2) ocrawrca pPErynspHEIME (YHK-
HUSIME ¥ TaKIKC BHE PaccMaTpuBaeMoyff MOJNOCH, RO3TOMY (op-
Myna BepHa npe Beex Y70, k1, 2, ...

Tlonaras B (7.5,2) v:n-{—%, roe g==0, =1,+2, ...,

HAXOQOHM;

Q g (=@ 1 (&) . (7.5,3)
AT —ft—g

Has BuBEOAA CAGAYIOWECTO (DYHKIMOHANLHOTO COOTHOIMEHHA
NPENNONOKAM CHAYaNa, YTO 2 NPHHALJEKUT IIOCKOCTH € pas-
pesor (—oo, 1) u |2!>> 1. dopmyra (7.3,25) rorna maer:

Qv(___.z)z._.ei\min (z)’. vy —1, —2, ..., (7.5,4)

rae Geperca BepxHal daM  HIDKHAH - 8HAK, CMOTPA N0 TOMY
1(2}=0,

Bocnoab3084BITHCE IPRHUANIOM AHAMNTAUECKOTO NPOLOKE-
HuA, Mt MoOmeM OTOpocuTs yenosse |2| > 1 m ycraHOBATD cipa-
BEIMBOCTE HOKA34HHOrG paBecTBa (7.5,4) mas moSmx 2, mpu-
HAMJIEWAUNX IOCKOCTH € PaspesoM (——oo, 1) H NIpOU3BOJb-
HBIX vo=—1, —2, .,.

Hakouen, u3 cootuowmwenuft {7.3,2) n (7.5,4) noayuaen

— sinvn [eX¥0iQ, (2) 4 ¥ Q_, 1 (&) ==cos¥m - Py (—2),
oTKyaa, uckawyas Q_, i (2) ¢ momousw (7.5,2), Raxorum:

2 sinve - Q,(2) = P, (2) ¥ i — Py (—2),  (7.5.5)

rae v=—1, — 2, ..., 2 BPUHAANEXKHT NJAQCKOCTH C Daispe-
soM (— oo, 1) n GepeTca BepxHmit 4Ad HWKHUE BHAK, B 3aBU-
cumocty ot roro I(2y=0.
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INotyuennsle  QYHKUHOHAALHEE CcOOTHoWeEHAd  (7.5,1—5)
UIrpaloT BAMHYIO POJbL B TCOPHH Ccdepruecknx byuxuaf. Uz
popmyap (7.5,56) B vacTrocTH, BRITEKaeT, uro npe — 1< x <1

2 sinve - Q, (X 10) == P, (¥) =i — P, (—x),

. (7.5,6)
= sinvm + Q, (x —i0)=P, (x)e — P, (—x),
QTRYAa CIeayer
(7.5,7)

—1l<Tx<1

[TonyueHuas dopyyaz o9BACHAET HEOGXOIAMOCTE MNPOBEHS-
HMA pa3pesa 40 Toukd 2= -1 A1 QydkuHn .He:-xaﬁnpa BIO-
poro posa.

§ 7.6. HMpexacrasaeuuwe chepuaeckux (PyHHOME
C MOMOIMEI PAIOB

Chepwucckne dyuxnuu Jlewxanapa, onpefedexdsie g § 7.3,
SBAAIOTCA  PETYJAPHBIMY  PYHKUMAMH KOMILIEKCHOTO TEPEMEH-
HOro Z B MIQCKOCTH ¢ paspesom {(—oo, — 1) ama dyHruul
nepeore posa n (—oo, 1)—md GYREUMA BTOpPOTO pora.
B COOTBETCTBOHHO OFpAHUMEHHBIX 00JacTAX 2TOH (IOCKOCTH
cihepuueckuc OYHKUHE MOrYT OHTb NMpPeICTaBIeHs! FUOEPreéoMeT-
PHYECKUMH DAZAMH ¢ pPAaSTAHUYHBIMH  JIEMEHTAMM, {IpAMepaMu
KOTOpHX caymar paae (7.3,12) w (7.3,3). TpocTefmam me-
TOAOM UOCTPOCHHS BCeH COBOKYMHOCTH NOMOOHBIX pasmomeHdi
apaAeTcid MeToX bBapdca *), ocHoBauMsil Ha TnpeoQpaszosanun
KOHTYDPHBIX MHTCrPanos, ¢ NOMOUIBH KOTOPHX OHpeaeastioTcs
chepadeckne dydKlad, 0AHaKO OONBIIHHCTBY Pe3yITaTOB MO-
et OwITE 1I0MYYeHo mocpeacTsoM  GoAGE AEMCHTapHEIX pac-
cyxneunti, ounpawuuxca Ha § 7.3—5 nacToswel raaesl. Mu
HAayHeM ¢ BHBOZAa (OpPMY.I, NPUFOJHEIX AI% NpeAcraBiesds cde-
pHUECKAX Pyukuuf 8 obmactu |2 > 1, jargz | <= Cornacxo

%y BapHc [1]; uutateis, 3HAKOMBIT € TeopueH Trupepreomerpu-

weeal  GYWOITK, WORRT SORYMMAT: oMt maugare  canacoada,

Kok uacTHufl cayuail ofuux QyHKUAOHANBHEIX cooTHoweHnd § 9.3

§ 7.6] UPERCTARIERME YHKIWHA C IOMOUBI PAAOD 23b

(7.3,23) nveeM jpam TAKHX 2 H [IPOHBBOILHEIX V£ —1,
_— 2, P
()= Lrg\il X N
Dt )@
' t 3 1

Flg+1 545 045 &) @60

YroBsl N0ayuuThs cOOTBETCTBYIOULCE DA3JAOHEHHe NI (YHK-
IWH 0EPBOro pold, HPeANOJONUM BDEMEHHO, UTO 2v HC WBASETCH
LebM qHCAOM, H BocuOARyCeMca dopMyaot (7.5,2), koropyw
B STOM CJAy4Yde Mul MOWEM DNPEACTABHTL B BALE

P, (2)== “‘ K [Q () —Q_, _1(2)]. (7.6,2)

iTogcrasaan pan (7.6,1) H ROCNOMB30BABLINCH JT1 TIpeodpa-
30BaliMA  OTHOIMends JaMMa-pyiuxuud $opmyaoi (1.2,2), no-
ayuaem:

(o
) I‘L""{_ v 1 [
Pv (Z)_‘ V{uI‘( +1)( )yF( “‘T"g—; 'é"’"""} ?J—l—
1y
[‘Il_w—v—-w;:. _ v |
+V?F(_-’) (22)_yI]F(\2 } I’ 7_'72) V—i-?, E‘?)
|z|>1, largz|<= (7.6,3)

Yeaosue, HaA0MenHOE H4 OapaMmeTp ¥, MOXeT OuTh 3aMe-
Hewo Gosee caabum  ycaopuesm vz 2p4-1 (p—=0, X1,
=+32,...), Tak Kak B OKDECTHOCTH TOYCK v=—p obe CTO-
poust pasencTsa (7.6,3) OCTAWTCA PEryAapHsMH  YHKUAAMA.
Takem o6pasom, dopmyna (7.6,3) sepna npu mobsx v~
;{_ —_ -'1 ’ = 2 H

Has BuBona pasmoXeHufl cdepuyccknX (yHELu#, npurox-
HHIX B TOW wacTw paspe3anioft maockocrw, rae |z|<(1, same-
TAM TpeaBapuTeablo, W10 dndidepenunaisnoe ypasuenue (7.3,1)
HepEXOaUT Tpa MoAcTaHOBKE f==2z' B ypasHeuve

H—0 Sy T s ) e=0 U6
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KOTOPOE HBAASTCA HACTHLIM SIYYHREM  TUNEPreoMeTpHYecKoT o

ypapaenda (7.2,1), COOTBETCTBYIOWIAM SHAYCHAAM a=%—{——2—,
p=—g 1=
- 9! T"_ P .
Cornacuo pesyastataM § 7.2, cro ofumit murerpan opn
fz{<(1 moxer 6mTb upexcrasied B hopye

u::AF( +z’_2’}2’29)+ |
—{—BzF(TZ-——z—; >+, z“) (7.6,5)

rae A u B — nponaeoibHEE NOCTOSHKEE, B uacTHOCTH, €CAH
BHAUEHNY BTHX [OCTOAHHBIX BHOpaHu pasanvu A==P, (),
B=P,(0), to a=P,(2), 1 A1 NOAyUEHUS HCKOMOTQ [a3NO-
HKEHAS AOCTATOUHO BelUHCAHTL 3HAYEHH Cepmueckoft (yHKUHHA
W eg npouspopHo# » Touxke 2—0.

Bocnonesyemcst ¢ atoff nemwwo paxom (7.3,12) v monoxaM
B HeM z— (0. My mMesM Torma

Y (—") o411
P,(0)==F ( 1, 1, )= k __(Tk};k—h_'kiﬁ

— 1 i T(e— WD (k4vp 1)
- D ld+n & FERE

__ sinvm EI‘(A:-—V)F(}'E~{—\!—1—I)
m - 2k gl

Ha OCHORAHUM (opmyru {1.2,2) Teopau ramyva-gyasuas,

[peanonoxwum Teneps Bpemenno, wro — < R (W <C0.

B stoM cayuae (§ 1.5)

Te—aTe4+D
. i‘ﬁ—_‘— 1) ..__,‘B(k—\?, 'l'—{'— 1) —

1
__—_-jtk—““(lﬂé)“dt, £=0, 1, 2,
1]

§ 7.6] NPCACTABAEHHE GYHKIAER G NMOMOWBIO PAJIOB 237
HOSTOMY
o 1 .
L sin vr TELty4+ 1D j‘ By ] £\ A
P0)=——— _ikmo 3 (1—ydi=
k=0

1 L0
in v y— " TeLvt)ieys
___ o j‘f_ (1 —¢y dt m(‘z’) o

T
0 k=20

I
s vic v —_ R i‘""_l
= J“# (1 —£f) (1~2) dt.
1]

3aKOHHOCYh W3MEHEHH NOPAIKE MHTErPUPOBAHUA U CYMMH-
pOBaHuA caAGHyeT ¥3 abcomoOTHOH cxoamwocTH. ITomdras Teueps

1 —t==y/s, HaxomM}:

1 ¥
P (0)=— I (571 gyl =
-

uAH, €CAM BOCHOJL30BATLCH dopMyaawn (1.2,2—3},

Vi

1 v v e
r(g=—y)P{i+3)

P, {0)= (7.6,6)

Tak xak ofe uacTuw pasexcTBa (7.6,0) mpencrasasior coboH
neawe (GYHKLUEM Y, [OAYYEHHBIR pCBYALTAT CHDABRAMMB AR

JA00HX 2HaueHuH - v,
Ha ocnosamua (1.2,2), dopmynaa (7.6,6) mower Ou1b 3anu-

CaHa TaK¥e B BUIel

|
P ()= — 2 2/
VEP(I-{—%)

v 1
._._i——
2 2 ) cos 5. (7.6,7)
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Buauenue P, (0) npoule BCEro BHYHCTUTL ¢ TOMOMIBIG COOT-
aowenus (7.8,9). Mol nveew:

| N
P,(O)Z‘JP.,_ 1 (l}):—:‘)ﬁsln T N

Uz vsg)

\ i

OTKyma, 1puHnuMai RO shmaManme (1.2,1):
Qf | ! + é ) . A= .
PO = 71 5 sin - (7.6,8)
%3

'L T! —j

£

Wz (7.6,5,7—38) BHTekaer CAEAYIOHIeE DAINOKCHUE A
dyurnuu  Jlemanapa nepeoro  poaa, nparoaHoe B obaacta

| 2| < 1s

']
2 ] . 1 1 \I
PYCIALASIIE JPTHE SRR
V": F(l—f'-jal t
ar +“‘; “ ) \
(. 2 smEzF(,i-—%,-"_;Ijj_,zz]
—nfl ¥ 2 2 2 )
V“[(\'T;TT}!

(7.6,9)

dopuyaa (7.6,9) cupasensuna npH moOHX V.

CooTBeTCTBYIOIIEE pa3aokcHne 114 dydxnna Jlemanapa sTo-
poro poma noayuaercd a3 (7.6,9) w (7.5,5). Tlocde npocThx
peobpasosantid MLl HaXogua

o )V 3 2
Q@)=e ’ (r’l )\r‘\ 2’F[—2—-—%-, %'TI"?T,za)—__F
L Nz tg)
1y, -
P(l—i-—)]/rr )
—_ 2 2 Y 1 vl
+ ' F{\_2'+?’“2"2_"2} > {1.6,10}

§ 7.6] TPENCTABAEHHE ¢Y¥HKLAK C NOMOMbIO PAIOR 239

rme v=—1,-—2,..., iz|<{1 n Gepercd BepXHHH HI# K-
Hufl 8HAK, B 3aBHCAMOCTH oT Toro f(z)z==0.

Bosee WHTCpECHBM QIR MPUAGKCIRH ABAACTCA COOTBETCTBYIO-
niee pasjaoxenne aas Gyaxkuun @, (X), KOTOPOE BHITEKAaeT H3
(7.6,10) 1 dopmyam (7.3,28) v umeer Bul:

Tll-{—,)|]/ % cos X \.
RS LG PETHETE RN ROR
1‘|T+~;—'| 2z = /
7T
v, TN e~ VR
T‘(-Q—*r*r;]]/ Asin g .
- et - T Fla b, — =, 5, X%
QFL1+—;] 22 202
—1<Cx<{1,v7—1, —2, ... (7.6,11)

Y1008 BOAYUATL CACAVIOWRA Bamumil KJIacC pPazaoxenni
ceppuecKuX (yHKUNK, NPEINCAONKHNM CHAYada, YTO & €CTh Be-
ILECTECHHOE uicao, G6Apliee, yem eauduud, b K (v) >— 1. Ilo-
darags =—cho(x >>0) ¥ -BOCNOAL3OBABIMNCE HHTErPATLHEY
npeactasitenney (7.4,9), nvcem:

(3]

]
@ (cha}= f ; 4 R
5 {chz4shachd)’ T
_ F dy _
] {e ch? —J——e xh*-'—b—'h’_]

2-‘

£
(=]

..:g"‘('-’“-hajl - d'!'; ) ==
T W 42 Y
\.l e "’Eh2?;| ¢h -

O
o0 oo ! .
=e—tv+n«J’ Dk 1) gotbogae £ __
h2u+zi Tiv+4 )& 2
2 =10
o 2
= p—tF1)= S‘ Lotst1) —m'm.f 2_ e
r (\l -+ '1} 31 chE““]‘zi ]
=0 2
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NpHYEM J0KA3aTEABCTRO 3AKOHHOCTH H3MEHEHHS MOPAJKA CYMMM:
POBaHAA H WHTETPHDOBAMHA HE NPEACTAaBAAET saTpyaHenudt, [lo-

i
narada TENEPb t:th‘—%, HaXOAHM:

e ¥ 1 P(t+5)T0+D
L dy= | Tty dt= (it d)
P X ¥ -
ch? 5 : ( 2
OTKYda CAeNyeT _ '
,(chg)=e— 0+« =
Q (eti) k[[‘(k—}-v-l—%)
R :
1 - IR
v 1)1‘(-2—) O+ e ('2‘);; .
:e_(""{'na : 3 -—-(—3—\—3 .
I‘(v+—2~ =0 I

Takau oGpasom,

= 1 « 1 3 o

0.y = VELOED ominmp(upr, Lot o),

' (7.6,12)
HAM, €CAH BEPHYTBCH K NEPEMEHHOH 2!

Q,.(z)—_ml/—-_‘iﬁ‘—"%}—)—(z— VaA—1y+tX
P(v-{——,z—)

W F (v—[—l,—;-,v-{——g—, {7 — ]/z“—l}“). (7.6,13)

Ilycts Teneph 2 GYIET KOMIIEKCHBIM YUCHOM, MPHHALICHE-
muay obnactn |arg (2 — 1) |< . Ilpu sTOM YyCcnoBMM BLIDaMC-
wie w—z-— Y 21— 1 Oyaer peryaspHol dysxumeR 2 n
lw| < 1; nosTomy o6e croponm (7.6,13) mpencrarasioT coboi
peryafpHse (QyHKIHH, B 314 QopMyna, AOKA3AHHAA paHee JJq
BCIMECTBEHHMX Z > |, OCTaeTen ciipaseaanseft Bo Beeft paceMaTpu-

§ 7.7] BPOHCKUAH CHCTEMH PEIIEHRH YPADHERHS MEMAHIPA 241

BaeMoll oGnacTu. Tax e Jerko, N0/Ab3ysch NPHINANOM AHATATHYC-
CKOr0 npono/Lxenus, ocs000auThea o1 yeaosus R (¥) > — 11 3a-

MEHATh €r0 eANHCTBENURN TpebosauneM v 4= — 1, — 2,, ., Ta-
KHM 00pasow, pasaomeuue (7.6,13) cupasenaunQ mam mo6ux
V7 ~~1,—2,... ¥ IPOUBLOIBHHX Z, TPUH ALK X IIOCKOCTH

¢ paspesoM (—oo, 1), T. & BO Beel o6nactu, rie OlUpeeNCHA
¢yuxuna Q, (2), uT0 upumaeT stoh QGopmyne ©6co60 Bakuoe
sHauenue. Paznromenwe i dywkumu P, (2) noayuaerca us
(7.6,13) c mowomsw cootnomenns (7.6,2). Ilpeanosaaras BpC-
MEHHO 2v HE DABHWIM LEAOMY YMCIY, HAXOMAM, MOCAe HECAONK-
HOTO NpcoOpasoBaHUA, OCHOBAINOrO Ha PABEHCTEC (1.2,2):

v 1) T
(@) =——F gy (e —y 22— 1Pt X
VTEP!\\‘—[—%)
XF(v—f—l 1,3 {z_ml,e)_[___lﬁ__ix
2 T Vel 4v)
X(z__‘ ]/;.ET)“.‘F('_\;’ %’ '%—“V, {Z"‘- z%___]}ﬂ)’
|arg (z— 1) | < m. (76,19

YcaoBue, DATOKCHIIOE (14 LaPaMETP V, MOMET OHTh 3aMe-
HeHo Gonee ciabbim TpeSobanmeM 2V 2p 1 (p==0, == 1,
= 2,...), Tar Kak wausm TOuKM V=7 ofe cTopotiul {7.6,14)
OcTarTCd perymapuuyu $yukunsva. ITostomy opmyna (7.6,14)
BEPHA N9 BCEX ¥ £ i?, o 5 s+ -+ B 2, MPEHALTEHAMAK 11710~
CKOCTR ¢ paspesoM {—co, 1). Tlpu v:i-}z—, i—g-, vo. pOp-

Mysa MPHOGPETAET HEONPENCAEHHRN BHI, M IJNA HOAYUECHUS CO-

| OTBETCTBYIOWLEro aHANATHIECKOrO BRIpawenua aaa P, (2} ueol-
- X0I#MO BROOAHATE (IPEASIbHEE Hepexol.

-§ 7.7. BpoHcKHaH cHCTeMM pemenuit YPaBHEHHS
. JMleskannpa

Iyets u, (2) u u,(2)— napa pewcsnit ypasaeHus Jlexanapa
(7.3.1), 1. c

;_z(l _-..zg)u'l—}—‘ﬂ(v—i'- g, =0,
dfé([_zﬁ) w2 4-v (v 1) g =0.

16 II. JleGenes
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O6oanauns uwepes W {u(2), 4, (2)} BpoHcKua 5TOA MApH
pewenntt (§ 5.9), moaydaed, yMHOm@B MepsOE U3 yparHenni
Ha wy(2), BTOPOE —Ha i (2) ¥ BHIYKTAH OMUO U3 ADPYroro,

EidE (1 —2D) W, (&), (=0,

oTKyIa c
14 {Hl (2} u (z)} =T—_z"

B qacThocTH, BUOHpas #, (2)==Q,(2), #y=0Q—, 1 (2} B IPeX-
orara BpeMEHHo, 4T0 2v He BCTb WLEN0e HuCAC, MMecHM Ha

ocuosanau gopyyas (7.6,1) mpu | 2| — oo

o= JEE (o)
up () =Y oy 140 ()],
) T (5_—\»} |
' w{l I~
o= ol
wy (=Y LED & 1o ()],
r (-5 — v)

by

OTKyn3 cAenyeT. _— 1
ol (14— o I
W, (2), g (&)} == — o 3)- = 1-4- 0l =
2 (g )T +3
1 {1

= - ot v - ?[1 'i_OL'z?)}’
gemd EPHHSTL 3O BHuvanne dopwyiu {1 2,1 — 2) Teopud ramma-
dyuxunmn. CONOCTABACHNE NONYUERHEX PESYLTATOB MOKa3LBAELT,
YTo ZAR paccMaTpusaeyoli mapsl peIUEHRNA sUaUCHHE TTOCTOAHHOM

Gyner (== cigva, 1103TOMY!
wetg v

WiQ, (2), - ()= 1T (7.7,1)

IlokaaanHas opwyaa copagemansa pu mobux v£ 0, X1,
TaK KaK BOIH3N TOueK v==1 -+ 5 (1= 0,+1,%2,..)

42

yriry

§ 7.7] BrouCKAAH CUCTEMBHL PEWEHRA YPABHEHUS NEWSHIPA 243

o0e CTOPOHSL DEBCHCTBA OCTAOTCA DETY.AspHuIMA  hYHKUAIMH,
TlosyueHHnit pesymLTAT MOKasmBaeT, uroe Q,(2) u Q_,_,(2)
00pa3yoT cUcTeMy JuHCHHO 1E3aBMCHMHIX pouietinfl ypasHeHnf
(7.3,1) ooy seex v, ne DABULY UERAMY MACHY, 33 MCKQUEenUsM
HOMyHeTuX 3HaueHuil v, KOTAA BPOHCKMAH oGpalnacTed B HYJb
A MEXAY DACCMATPUBACMBINH DCLICHAAMA CYUIGCTRYeT JuHeHirad
¢sase (7.5,3).

Urofisl BoiugcAnTh BPOHCKHAN CACTOMH peumicHuh i, = P, (2},
u, =, {(2), npcanoacKHM CHOBA, MTO 2¥ U2 DPAEBHO UCIAOVY
9CTy, H BOCHOAb3yeMCAd cOOTHolsemmas (7.6,2). Mar uvees
Toraa;

tg e 1
WP (2), @ (D)} =T W{Q (@) Quvr (@)} == 7=+
(11.2)
[Tonyuenus# pe3yAbTAaT CHOPABEANNE, COMMACHO [PUHIIAITY
AHATHTUYECKOTO TPOAOMKEHHS, AMa Modnx v4 —1, —2, ...,

nostomy Qynxudad AP, (2), @,{2) cocrarmioT cucTeMy IMRSHHO
He3ABKCHMWX peweHull ypasaenus (7.3,1) opm moduX sHave-
HUAX ¥, JAf KOTOpWx ©0¢ QyHKUMY d4MeioT Oupefe/eHHOR 3Ha-
ygHHe.

Auanaryuund  06pa30M, C OOMQER cooTaoumends (7.5,5)
[MoayuaeM:

WP, (), Py(—2=—"2" 5 (p,(2), Q,(2)} =
. 251;1 e 1-~] - (7.7,3)

IpH [IPOHSBOMBHHIX SHAYCHAAX ¥ Pelenus AuueHHo He3aBUCHMB,
€CN ¥ HE ABAMETCA NEBIM MUCAOM,
B saxatouende ykamem, 4to mida uurepsata — 1< x <1
UMECT MecTo hopMyia
1
W{P\» (x),- 2 ()C)}:— T

xﬂ!

(7.7.4)

rag @, (x)—dyukuud, onpeaeaennas parencrsom (7.3,29),
vE<—1, —2,,..

PeayiaeTarsl, noayuEHHHE B HACTOMMIGM maparpade, 10KassH-
salor, uTe obwmf# nuTerpas ypasneHas (7.3,1) moser BuTs
MpeACTAaBAsH B OAHOK HB TDEX IKBUBAASUTHRIX (HOpM;

w= AP, (2) - BQ, (2) = CP, (2) | DP, (— ) —=
== EQ, (2) -} FQ-»—1{(2), larg(z— 1) |<m, (7.7,

%
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(A, B,..., F—Tpodssoibltie MTOCTOAHHNE), UEPBAA W3 KOTO-
pHX Opuarogua npd JoOeX Vo= — 1, —2,..., BTOpas—pd
940, -1, £2,... 1 TpeTsi — NPU YCAOBHH, UTO 29 HE ECTH
VeAOS SACHC. AHATOUETNQAS GPCATTARALUME BORMOKMO KA® BOWLe-
CTBEHHLIX 2= X, NPUHANIEKAAX HuTepsany (— 1, 1), npaten
g 3TOM cnyuae MO Q,(X) cremyer nowavate (yHKuue, ONpe-
Aenexnywo pameHcTrOM (7.3,29).

§ 7.8, PeKyppeHTHsIe COOTHOMIEHHS

Cdeprueckie $YHKUME YAOBAETBOPAIOT NPOCTHIM PEKyPPEHT-
HEM COOTHOLICHMAM, KOTOPHIE CBA3HBAKT PYHKUMH ¢ HHACKCAME,
pagmauatontamics Ha egmmny. Yrofol selmectn 3TH cooTlOMIe-
HAA, MPEAMOMOMUM BPEMEHHO, HT0 NCPEMCHHOE 2 eCTh BEILE-
CTREHHOC wieAO, OGJBIIEE, Yew eMHMNA, H NOTOMHM 2==cha,
@™>0. Mp wMeeM TOMA2, HA OCHOBAHMA HNTETPAALHOrO Mpe-
craanenua (7.4,1)

- Ch(v-}——;—-)ﬁchﬁ
V 2chz—Zchi

1
4 [’f chach (v—{——2-)ﬂ
T wJ) Y 2cha-2cho

»|1(cha)+P;_l(cha)_—

it
0

2 |yl —zebe (vt g)bdb=2cho P, (enm)—

4 Y 1
4 3 cha—Schfdsh( _)
T Jl/ chio—2ehfdsh v+ 10
4 “sh(v—§— ) + sh
==92cha P (cha) — df =

2‘J+ 1) V Zcha—2chd

it ch(v-{—i)ﬂ—ch(\v—v—é—\g

2 o
=2cha Py (Ne) — Ty r V Zcha— 2¢chb dh=
0

._d_chu,Py(cha)wm[P t1 {cha) — Py (cha)]s

§ 7.8] PEKYPPEHTHHE COOTHOMEHNS 245

OTKYAA CJEIyeT:
O D) Py (2)— (29-1 1) 2P, (8) - vP,—, (2)=0. (7.8,1)

Cotragnd TPWNAGY AWATTEICTROTY DDA CITHR, Avrazar-
HOS PABEHCTBO CHPAnclLAINBO 074 MoGH K 2, NMPUHHATACHKANHX

MIQCKOCTH ¢ paspeaaw (— o0, — 1), Jamee, raxuw wo ofpa-
30M HAXOIHM:

4 % sh (v—f—-;—) Oshi
ha)— 2, (cha __—f - gl =
Prpi (o) — P, (che) =y VZcha2eho

— _. sh _i- ﬁd Y2cha —2chf=

= (1) 2 f ]/Z(‘hu.——-zchﬂch( 6,

OTKYId, €CAN BRIOMINTD AuddepeUunpoBaike no ¢, NMONyHaeM:

; . — (o 2 gy 2 —
Pq(cha)— P, _{cho)=(2v 1+ 1 ?6) o a—‘;cﬁdﬂ__
== (29} 1) 2, (cha),
uau
Py 1(2) — Pimi(2)= (29 -+ 1) P, (2). (7.8,2)

PeayantaT cnpaseaqnp BO Beeli 1LI0CKOCTH ¢ paape3odM (— oo,
— I

OcTanbkple PexyppClTALE COOTIOMCHWUA, KOTOPHM YAOBACT-
popaeT dwyuknua P, (¢}, MOIYT OnTb BHBCASHNH H3 (GOpPMY.
(7.8,1) u (7.8,2). Tax, nanpumep, upoinddepesnuporas (7.8,1)
00 2 M KCKIIOUAB M3 TOAYYEHHOTO paBeHcTRa £y 1(2) i
A 11(2) ¢ novompn (7.8,2), npuxonuv K COOTHOLIENHI !

Py i(2) — 2P () ==(v4- 1) P, (2), (7.8,3)
2P (2)— P 1(2)=VP, (2). (7.8,4)
Eenu savenurs B (7.8,3) v na (v— 1) » uckmodnts 2, _(2),

WA
(1 — 2P (D=2Py_1 (2} —vzP, (2). (7.8,3)
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Pexyppentusie cootHomicHnst and ¢ynxume Jlexanapa BTo-
poro poma (2} Moryr OwTE DOJYYEHH COBEDPHICHHO AHAMO-
THUNBIM OGPasOM, CCNH HCXGAATD W3 HHTETDANbHOrO MPeACTaBACHHS
(7.4,8). TTo cBoetk dropme OHH COBHANANT € COOTBETCTBYIONIMMHE
COOTHOMCHuAME 4A8 yHkunr B, (2), T. e. uMewnT BAX:

(‘J _[_' 1) Qv—‘rl (.z) - (2’ ""I"‘ I) <z Qv (2‘) + "'.Qv—-—l (Z) —_ 0: (7'836)

Q1 () — Q- ()= 1), (2), (7.8,7)
Q1 () —2Q (D= + 1) Qs (2), (7.8,9)
2Qi () — Qy_1 (2)=4Q, (2), (7.8,9)

(1= Q) =vQy—1 (2) —v2Q,(2). (7.5,10)

Dopmyar (7.8,6 — 10) cnpaBesnuBu a8 MOGHEK KOMIIEK-
CHLIX 2, NpUHAJMENKANAX NAOCKOCTH C paspesoM (— oo, 1), &
RponguearHEx V7 —1, —2,,,..%). [lpu pupoge OCHOBHOH
naps gopuya (7.8,6 — 7) yno610 RPEMEHHO NPEINONOEKHT:, UTO

=choa{a™>0) v R(¥) >0, a saTem pacnpocTpaHiTs MO.IY-
YCHHBIC pC3YNBLTATH KA OCTAAbHLIE SHAUCGHHA & W v, M0JAb3YACH
NPHHLANION aBAMKTAYECKOTO NPOaQKeHud. Jlerko BHICTs, UTO
peryppenthnie cooThowenus (7.8,6 — 10} ocTawotea cupascanu-

BbiMU Taxxke A pyukuai @, (X), ONpOACACHUNX DPaBEIICTBOM
{7.3,29).

§ 7.9. Cdepuueckne GYMKLUEYN C HEIHIM NOJMKHUTEISHBIM
arnexcom. Cpasw ¢ noawdomamu Jlewanapa

Bamumit knace cdrepuueckEx ¢yHKuuil coctamnot cepu-
yecKHe (GyHKuuM JICHanAPa ¢ LEALM NOJOKHTCALHBIM 3HAUKOM
v==n {(n=2>0, 1, 2,...), uacTo BCTPEUAOIUHECH B NPUIOIKEHUIX.

Tax kax yparsenue (7.3,1) mpu v==r coBnagaer < ypaBHe-
HEeM (4.3,8), Y4CTHHM peweH#eM KOTOPOTO SBAMETCH [OJIMHOM
Jlexannpa, ecTeCTBEHHO OXHMAATh, UTO CYLIECTBYET HPOCTas
CBAZL MCHY PacCMaTpPUBAEMEIM KJ1accoM (QYHKOMH w oTHMU nO-
auHoMamp. HToOB YCTatCBATL 3TY CBA3b, SAMETHM I[pCABApH-

¥) Ipn v — 0 uwcen v@,_, (2} — 1, Q) _1(&)— g

§ 79] <¢VHKUHA C HEAHM HOJMOKUTENRHHM HMHAEKCOM 247

TeNBHO, UTO ecnd NOfowaTe B Qopuyaax (7.3,6 —7) v—=—0
waig vy==1, 1o nomyunm Fo(zxy=1, fi(@)=1-44+4, orryna
HCMOCPEICTREHHO ceayer Py (2)=1 u FP;{2)==2z Tak xax
pekyppenThas Qopvyaa nna cepuieckux dyHxii (7.8,1) cos-
nafacT ¢ pexyppentHoffl gopwmyaofi Aaa noaunoMor Jlewanapa
{4.3,1)), 2TOT pC3YNLTAT [OKA3HRAET, 4TO cPepHyecKhe (GyHK-
nud Jlewanapa P, (2) ¢ nelNM NONOKHTEALHLIM SHAUKOM V=
=n{n=0, 1, 2,...) TomnecTuelLl C nOMuHAOMaMH Jlewanzpa,
paceMOTPeHHRIMH B 1A 1V,

Chepuuccxue Qynkupn BTOpOre pofa @, (2) ¢ neaunM 1o-
JAOKHTEAbEEIM B0ATKOM v==7 TAKKE MOTYT OLITL [IPefcTABAEHE]
B 3aMXEYTOH topye uepes saeMedTapHHIC GyHKuMy, Urobn no-
KasaTk 2T0, MPEAUOTONHM BPEMENHIO, UTO 2 €CTh NOAOMHTCTb-
Hoe 4acao, Goaenee, ueM eauBAMua, u nosoxmM B (7.3,25)
y==0 #u v=—=1. Mb NOAyYHM TOr/Ja NOCTE HPOCTUX BRYNCAEHUH:

(7.9,1}

OpEICM, 110 TEOpHW avaIuTHUCCKOTG NPOJACIAWEHHs, A0KARaIIHEe
QGOPMYNH CHPaBeNJHEE 13 BCCH MIOCKOCTH ¢ Paspesom (— oo, 1).

CooTrercTnyomde BLpaxennd A7 0cTanbHeX dynruah ,(2)
MOryT OHTb BHBCAEHM 3 3THX HOPMYN C [HOMOIIBIO PEKYPPCHT=
voro cooTHomenwa (7.8,6). Iloapsyach METOIOM HAAYKUNH,
AErKO AONasaTh, YTO DE3YABTAT BWUMCICHNA MOMET DBwTL npei-
crasied B dopme

Q@=g P @it 1, (2), n=0, 1,2,..., (792

rac P, (2)—noamHoM Jemanapa, f, ,{(2)-—noaanoy creneHs
(n—1), f{2)==0.

topuyaa (7.9,2) nokasmsaer, yro cyukund Jewxanapa c
[EAHM HONOKNTCTBHBM 3HAUKOM MMEIOT JorapudMwicckae 0¢o-
OCHHOCTU B TOMKaX &==-C 1. I{punuMad BO BHUMaAHWC, UTO TIPH

2= X T I0 (- 1 < X < 1)
tn o 122
z—1

[y
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A BOCTIOALBOBABINUCL, onpeacienne fyarumaun O, {x) (7.3,29),
HAXOIuM:

Qo)=L Q)= FmIEr g,

x!

EI
B, ) b(7.9,3)
Q=" wiEEr (), |
OTKyZd, B uacTIocTH, cdeayeT, 94T0 @, (x)-»o0, Koraa
-

§ 7.10. Chepnueckue DYHEMHH ¢ HHAEKCOM, PABHEIM
TOJOBHEE HEYCTHOTD UEJOTO uncia

Apyroft cneunanasumii kaace chepnyeckux QyHKImi, BCTpe-
Yaoniuics B NPUJIOKCHENX, OGpasyorT cheprdeckue GynKnAd ¢

1

5—,:::0, 1, 2,... Ha ocHosaH®EH cOQT-
nomenudt (7.5,1} n (7.5,3), vhepriccrve Pynvivn € NPOUSBOIL-
HELM TIOJYHOTRIM HILUEKCOM NpPHBOAATCT K 1M Pynxunam, Pac-

CMaTpUBacMul Kaace dydxknwil MpeacTaBascT WHTEPEC TakEe ¢

HHIQKCOM Y=—=# —-

TCOPCTHTECKOH Toukn 3peHmpd, Tak Kak Cayuad v:n—% 3a-

aumacT ocofoe mosoxenne B ToOpuM cdepryecknx dyskml u
MIOTAe (POPMYAL HY®JAW0TCH B MOEMpURAIMH, KOrAa v mpulld-
MaeT YKA3aHHLIE UYACTHBIE BHAUEHUA.

B sToM maparpae M $yacM NPemnodaraTh, 4TO HepeMeH-
HOC 2 BCUICCTBCHHO W (OJbING, ‘IBM QJuHHULZ, B COOTBEICTBUH
¢ YoM OOROXKHMM Z=—cha, o0 >0 %)

Ofmee aHandTHYECKOE IIPefcTaRIcHAe QYIKUNE y 1y, (chu)
daerca dopyynol (7.6,12), xotopad B paccMarpusacMoM clyvag
HPHHUMACT BUI

—_ Y
v IP(H-{-—%—J
Gyt by =55

l r
e D el L L gy, o), o

rae o >0, n==0, 1, 2,...

¥) D1oT cayvall npencrabaneT waufonnmwi WITepeC KRR NpHAOEE=
Huft (§ 8.11).

§ 7.10] S¥NKINU C HHAEKCOM, PABHEIM IIOOBUHE HEURTH, YMCAs 249

Ananormynoe npencTapacHne naa yskuw P, iy, (cha) ne
MOXeT ORTh HCNOCPEACTBEHNO OoayueHo us dopmyan (7.6,14),

TAK KAK JUIA PACCMATPHBASMUIX 3HAYCHUH V=7 — o 3Ta (op-

Myna npyoGperaer seofipefedennnti Buld, TpeSyemoe pasnoxe-
HME, OInaKo, MOXET OulTh BRBCHCIO H3 CcooTHOmcHus (7.6,2),

i
oCan Hepeﬁ'm B NOCJAeAHeM K [Npenely v —f—x, UTO HACT:

2 H
AQ—y— “
P l(cha)__._[{_g__%_(ﬂ‘_)_} pmnm )
g€}, {ch = }
Qéﬁl )}vﬂ_%}. (7.10,2)
Bamncas dopuyay (7.6,12) s sune
I‘(k+v+1)1‘(k+%)
Q\' (ch C{) B - 3 e——:t{ﬂfg+y_]_ ”,
I‘(k+v+—:2-)r‘(k+1)
k=0
(7.10,3)
HAXOaHM:
o2 1 , 1
00,(che) _ F(k—]—v—;—-l)l"(k-.]-i) .
o 77
Tlh-pyt |k
E=0 ( B 2)
{‘f(k—ru—{— 1)—9()@—}—\# ~—)——a}e—a(2k+v U, (7.004)
I 11
9Quylche) . Le—nT{k+ )
”  T{e—s 5T+
' k=D /

X{'f«'(k—v)dr-:a(k——v-}—%) —a}emsh=n, (7.10,5)

rae 4 (2)-— norapudMUYecKas  NPOM3BOAHAT  raMMa-hYHKUAUL

(§ 1.3).
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]
[Ipe moacranoBRe VEEA— (n=1,2, ...) nepsne a 4ac-

1os paxa (7.10,5) npaoOperaoT neonpemencHHM Bui, TaK Kak

I'k—n+1)=0c0, d{k—n-| 1)==co nmpu k=0, 1, ...
{n—1); ©0AHAKO, BOCNOJL3OBABINACH COOTHOLIeHuaMn (1.2 2),
{1.3,4), noayyaem:

s(r—vib)
. : 2
litm

,._,_u_._;, I‘(k—-—vﬁ—%—) =(— l)ﬂ_kr(h’-—k)s

'.fe:O, I: tray (.Pl—l),
GTHRYIA CACayeT:

{ao ](cha) (— 1yt P(rz—k)I‘(k_;;_{.._;.)
o !I—T{—J/n &+ 1) X

[£a]

mmn 1) Etnpg)o(ety
XT(kt-)e (on Z (k:wi}rgwl))x

><{(%(k+%)~w+1>~a}e‘°‘(“"+“+%), (7.10,6)

ecli BBECTH B Pdne 2 «o» HOBHIH 3HIUOK CYMMHDOBaHHA,

k=n -
samenus k Ha (k- n). Tlpn n =20 nepeoe caaraemoe s (7.10,6)
HAONKHO OHTL [10A0WEN0 PABHLIM NYJIIO,
Janee MB BEMEEM HEUOCPENCTBEHHO!

20, (che) O Okt 5T (e )

{ o }v=n—1/g:Z TEFa+UTGERD <
k=0

x{4 ( +ﬂJ-—-) Getn1)— }““(“"J’”*é‘).(?,lo,?)

loactaeasa (7.10,6—7) B (7.10,2) ¥ 8ameuas, 4TO, Ha
ocHosanan (1.2,2), (—1)”‘kI‘(k—n+L):.—u__
L 2 i i *

D (net 5 —4)

§ 7.10] »¥yHKu®A ¢ HHARKCOM, PABHBIM NOJOBHHE HEYETH. yncaa 251

HAXOTAM
-1
(,;__;) \' ri—nT{e+ ;)
P (chay=%—— \ e~ ® L
I~
amt T(--1)T n—[—«,z——k)

_M+_)2 R N

TETrr Ly ETD
[2ﬂ+w(k—l—1)-—¢(k )Gt —
—4(ktatg)femn (108

3necs & >0, p=0, 1, 2, ..., 0 OEPROE CAArENOE MOMKHO
6urh omymeHo apn #==0,

dopmuyna (7.10,8) maer uckoMoe NpemcTaBAcHHE AAA DYHK-
o Pu_y,, {cha). 3BHaucHus aorapudmmdeckofi  apowrssoaRON
raMMa-QyHKWM B 3TOH Qopmyac MOryT OHTL HafifeHLl € [O-
Mowibto paseHeTs (1.3,6—0):

“”=%¢W+H=~rw+%4nn+%ﬁ

q.,(%):ry__gmz, «p(m+%)=—7—-21n2+}(7.10,9)

+2{t+ 54 b meT),

roe 71=0,5772 ... —nocrosanag 2facpa, m=—1, 2,
Hurerpanshpie npencrapacuus Las cPEpruecKrx  drydxuuii

¢ NOJAyUeAnM HHACKCOM MOFYT OnThL IOJYYEHH H3 COOTBCT-
1
croyioninx copmyan § 7.4, ecnu momOxuTh B HUX VIR — .
Hapsiay © 3TUM CYIIECTRYIOT HCKOTOPHE CHEUHANbHLIE UIITErPa b
HHEE HDPEACTABACHUSA, CIIDaBEN/MBHE TOMLKO AJA AAHHOIC KJ1acca

chepuneckux  PyHKmAA, npuMEpoM KOTOPHX MOMKET CAYHHUTD
¢opmyna-

Qﬂ_}_(cha}_
2

T
CO8 ny

—_—F » ——0 I 2 “ay .10,10
V Zcha—2cos g Bl { )
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JErko IOKa3slzasvad [YTeM pas3foxeldd NPaBoi HacTH B PAX
10 OTPHLRTEIBHRIM CTEreHAM ch a.

B saknoueHdC YKameM, 470 chepadeckre @ynkona Jlexauapa
¢ GONYHEAHM 2HAUKOM MOTYT Outh BHPAKEHW Yepes noiliue
IMNTHYECKHE HATErpadnl AepRoro U BTOPOrO poja

wy wfa

K(fc)_g e 4o , E(k}:j' V1< sinigdy
o

kEsin® g
(7.10,11)
¢ mogyles O=£k<1, nTOo mpefcraBideT H3BOCTILIE HHTCpeC,

TaK KaK AMI 2THX HHTECPALos CYIECTBYIOT noApofHrie Tad--

aensl ¥). TpeGyemslit peayneTaT JACTKO MOJAYYAETCH W3 HuTer-
panbunX npefperaeneHadl (7.4,1,8) m (7.10,10), ecad BHOOAHUTS
NPUBCHABHAE  COOTBETCTRYIOMMA  SAIUNTHNECKWL  MHTErpanics
K craugapraol dopme (7.10,11). Takuy 00pazoM, Mul HaXOAAM:

Poip(cha) =——K(th 5], @y (cha)=2¢"? K (e *)
teho
N (7.10,12)

§ 7.11. AcumnToTHueckie HPENCTABICHHA CjepHYeCKHX
yHKURA npa GOALmMHEX SHAYERAAX |V |

Hecaenopanie acuMIOTOTHYECKOTO Roseldedust cdepudecknx
QyHKIBH 0py GUKCHPORAHHOM SHRUCHUM WHACKCA Y M | Z|—» 00
NpeAcTIBARET SACMEHTAPHYIO 3aja’ly, pCHICUHe KOTOPOH lemo-
cpelcTBEHHO noayiaerces 03 dopuya (7.6,1--3) 1 (7.10,8). Mence
TPUBEATBHEIME ABAAOTCA ACUMITOTHUYECKME UPSACTIRBIGUAR ITHX
GyHKIUHA Tpu QEKCHPOBAHHOM 2 H |7|—» 00, HIpaCilHe BAKIIYO
PONb B PazauuyHslX DpuaoxeHusx, Mol orpanddaMca paceMoTpe-
HHEM AEYX YACTHLIX CAY'IAes, WMEHIIO:

(1) z— BOECTBEHHOE NMHCED, 0O/blee, YCM EAMHHNA,

¥

]arg-a[a:%—ﬁ-

(2) 2 npuHagnexur uatepsaay {—1,1), argv=10.

Brpom acumutoTimeckux (opuya upy Gonee obudx npexn-
MOMOKENAX OTHOCHTEALHO 2 M v YHTATeIb MOMXeT HalTu B cue-
UAQIbHHX  KYDCAX  Teopuit chepraeckay, Oynxuai, Haopdwep

¥y Cm., panpuMep, A, Paetvep [1].

§ 7.11] ACHMNTOTHY. HPERCTAB/. IPH BOJBINAX BIAYEHUAR |v| 253

B paGorax l'ofcona, Bapica u Barcona *), M8 KOTOPLIX NOCAI-
HAZ coaepwuT Haubo/ee TOMIOE HCCACMOBAHME DPACCMATpUBAE-
MQro BOIpOCA.

B cayuae (1) ana 1070, 4To0H NOAFUMTL PCHOMBI® aCHMATO-
THHECKHE BLIDAKEHNA, YAOOHO UCXOMUTh M8 HUTErPaTbHEIX npen-
cTasaenad (7.4,1,8).

3anuieM NepByo U3 STHX GOPMYN B Bage

o
Py (che)==— 5 (2ch 0. — 2ch §)—%z g0/ 8 gf) |
0

——f——i— J‘ (2cho— 2cit 0) ~Yeg— O+ 3200 g —
8

=S4 (7.11,1)

# npecOpasyeM KHTerpax Jy npm noMoru noAcTaHoBKA £ =g — 6,
Mu uvmeem ToOrma:

L+3)- fe-w%)f

= i h et g
P a @sha) ey T @) (1 —tn C“”i) dt =
eb /e {Fe-’f”rl/s)f fg-'(wrx/g):
T wEsma ) T U ) Ty X
— P AL
I—thﬂ.cth -——l]dg__ [ }2
><[( ) ;f e
v+ 1/ala \
:T:(Qghg)l/s My - Je — s} (7.1,

Teppstit U3 MATCrPanoB B KBaZXDATHHIX CKOBKAX MOMET GHITH
B HIpAMEH UEPe3 faMMa-@yHKImKp. Mo naxoaum (§ 1.5)

g, =2/ ’ — O DE(] e Uy—t o1y __].. vy
s =2 6je (1 —e= %)~ df=2 EB(z’ =)=

v+ 1

ey T
M(Q) r( 41

*) Cw. npusenannwe na crp. 215, T. Batcou [2].

—_——

L

|

'h:']| A

—
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OTKYA4, CCAH MDHUATL BO BHAMAIHE ACHMITOTHUECKOE MOBEAS-
i

Hue TaM¥a-QyHKuud npy |v|— oo, fargv|=< 5 —38 (§ 14),

CHAeyeT:

h=(3)" 11400 (7.11,3)

Has ouenxw uHTerpana Jy BOCHOMB3yEMCA HEPABEHCTBOM
[(1—x)yVe—I1]l=sx(1—a)y"'~, O=tx=Sa<]l,
OTIKYJA ¢ACAyeT

L

e
[(1 —tn L ctha) i l]s; 9ifsch 5 tho - ctha,

0=Sf¢=Zu,
MNO3TOMY:

|Jl[€0(1)‘!ﬂe_“"!ai“ﬁtl/’dt:o“)l‘(;—)(|‘J!511‘18)‘3)’2=
b

== 0 (). (7.11,4)
Haxonen, mu nveem:
w o
1 ‘]5 ] = [Sh tl)_ Lig j e—tiv dnd = (a sh u)—‘fﬂ ‘ g Elv! ﬂmtlfﬂdté
< (ushay ™ | e=tiv mtgirs dt= 0 (=13, (7.11,5)
§
Hs (7.11,2—3) crneayer:
7o 2V el 0 (1 7116
= 00 (7.11,6)

Ouenxa uxTerpana J; NPOUSBOZUTCH ©0Je8 NPOCTHM O6PAIOM.
Mu Haxomum

l-fg|€%j.(2cha-—2ch6)~lfzd(,<
6

<+ I(?cha—?ch B ch g df =1,

no3TaMY:
Jy=0). (7.11,7)

§ 7.11] acuMuTOTH'. 0PEACTABL IPY BOABIINX JHIAYENMAX [v | 255

He (7.11,1,6-—T7) cnehyer HCKOMOE ACHMIATOTHUECKOE LpeL-
crasaenue oepudeckolt Gysxuny Jlemanapa nepsoroe pouxa:

RIER VAT

Plehy=r = 100 (11,8)

)

[¥|— oo, |arg‘*|£‘i._%—o, 0<a,<Su<uy.

AcuvmroTrieckoe OpEACTaBieHME A (GYHEKLWA BTOpOIc
pora MOWeT ObTh RNOAYUENO aHAMOrdAvHEM ofpasom u3 dop-
myan (7.4,8). Tlonaras B 310R Gopyyae 0 ==u-} f, nueem:

o=l ke p— o1
(2sha)/s & (sh fH'/e

Q, (cha)= (1—{—cth0'. th——) Ve =

o
e--{v—l-l/slrz{j‘ e— Yt

= “2shay e (sh &)/
me—{v-i-‘/eﬂ[ -l
—tc 11 ctho =
Vo ( +etha thg) Jdt}
g p/ala
(ZSh )1/3 3+JGJ (7'1119)

3nauenne wnTerpana J, Obnto Haineno swimie, B (7.11,3).
JDanee, Ha ocnopanud (IEPABEHCTBA

[l—( o)< 5, x£320,
noayuaem:
[1—(1 fctha-the)~ "] << ctha-the, £30,

OTKyA2, Tak xe xak B (7.11,4):

o
Vsl 0y | emtPIeind fledt= 0 (y=*Fe). (7.11,10)
&
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Takum o6pazoM, Aas dysxmua JExANIPA BTOPOTO poja uMeeT
MECTO ZCHMITOTHHECKOC NpencTanagHue:

Q. (cho) = ~Ot+ie (14 O], (7.11,11)

(2 sha)'/e
[ ] ca, ]arg*&|£—2——~3, 0o, < a< oo,

ACHMIITOTHYECKHE TpexcTabrcHEs 478 (yekmafl P, (cos ),
@, (cos §) MoryT OmTh mosyvucHsl MeTofamu § 4.6, Mu Haxogmm:

P, (cos0) = (2] st [0+ 0+ /] - [ R O 07,
. (7.11,12)
Q, (cost)= (mﬁﬁﬁ) " cos [0+ o) B 5/g] - [ + OO,

(7.11,13)
V=00, Befe=sa—8,

§ 7.12. Mpucoenyunennsie ciepuueckue PyHKIHN

Chenyolmuti Mo CTeNeHn CIOKHOCTH H BHAUSHUIO Kjiace cde-
puueckux yHkund, nocae ¢pyHxkmui Jlexauzpa, obpazywr opu-
CoenmHEeHHne chepuueckue YIKIHM, KOTOPHE NPEACTABASIT
coboit pemenus AudPepeHnNaTLHONG YDPIBHEHHA

(1 — 2% u"—22u'—|—|-v(v—|— 1)—%] 0=0, (7.12,1)

nps mponasodbeoM v n om=10, 1, 2, ... PeaccmarpuBacule
dysruME  ABAAOTCH  o0oGmenueM ciepuuecknx ¢yuxuaf Jle-
Wanapa, H3yueHHuX B § 7.3—I11, u nmepexomdr B 3T MOCHEA-
Hue npa m==10.

Yrolel onpemennTs npucocOuNeHHule cheprueckde QYHKLKH,
NPEANOIOKHAM, YTQ Z £CTh NPON2BOJRHOE KOMIIEKCHOE JHCIO,
OpEHAANERANEE NAOCKOCTH € paspesom (—oo, 1), N BBEAEM
HOBY0 GYHKIMIO 7, CBASAHHYK C i COOTHONIEHHEM

m
== (2 —1)%v
rag
idd

arg (2 — 1Y% = {arg(z—[—l)—{~arg(z~—l)]

larg (z 2= 1) | < m.

§ 7.12] MPACOEAUHEAHBIE COEPUYECKHE &YHKLHU 257

Ypasuemue (7.12,1) upudnsaeT Torga BEL
(12" —2(m )20

(t—m¥ (v +m—Do=0.
(7.12,2f

Jlerko yOemmTeed, 4TO ecad @ 0CTh Kaxoc-MGO  peltenne
ypasHerus Jlexkanapa

(1 —Mw’~—2zw v (- 1) w=0, (7.12,3)
TO QYHKUMA ¥ = w'* yAOBAETBODAET ypaBHenw1o (7.12,2}), nas
uere Jocratouio ipoauddepeHuuposats (7.12,3)}m pas w soc-
HOAB30BATHCA [T BLIMCIEHAA IIPOHIBOAHKX OT NPOU3IBEIEHHS
dryukunil npasanos JlefGunna, Onupasick Ha DOCAGHHUN DEIVIL-
TaT, MH MOWKEM YTBEPWAAThH, UTO

P =@ — 1) T, @)=t T Ll
m=0,1,2 ..., (7.12,4)

rae Py (2) v Qu(2) — chepuucckue diyskoud Jlewanapa, cyTs
ponrenpust ypasuenust (7.12,1%

ITH OYHKUAN HERLBANOTCA UPHCOBTHHENHBIME CEPUICCKE MM
(QYHKOUAMM [EPROTO W, FTOPOrO poua.

WUz onpemedsims 1pHCOCTUHCHHBY  cepHYCCKUX  (PYHRILHA
cAenyeT, €cad UPAUATL BO BHEMEHHE pesyJbTaTh § 7.3, uTO
PT (2} v QF (2) npercrasamor co0oft peryaaprbe QyHKuus z
B IIOCKOCTH ¢ paspeaoy (—— oo, 1). ®ynkuwa Py (2) ecth ie-
nas, a yaxnua. Q) (z)-—-—-wepowoptjmaﬁ QYHNKIME HHneKca v
¢ nomocaMu B TOUKax v==-—1, -2, ...

B npuiowenusx serpeuaeTc 1e00X0IMMOCTE  OHPEICAHTD
pewedre ypasaenusn (7.12,1} opu BEWECTBERHHIX 2 ==X, 1p#-
naanexamux npomexytky {(—1, 1). C »10#t neablo samerum,
UTG BIIAYEHHA TPHCOEAHHCIHBX chepuiTcckux Gyskuuil Ha Bepx-
HEM M HIKHeM Oeperax paspesa OVOYT COOTBETCTBEHHO

d™P (%)
(1 !)2 Tdxm

T 4mQ (x 2 i0)
A N
(1 X ) tdx™

-+ AT
2

Pl (x +i0)=¢€

+

mri
2

OV (x> i) =¢

17 H, Hetexer

¥
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u poeged Ase HoBme dynkuma P (x) n QY (X), monOxHB

L mut _mn
'pﬂ(x);eTPT(x+£0)=e 2 pPrx—iN=
ZdmP, (x)
——"‘—('—1)’”(1_-’51)27{%’ . |
(=07 =5 om N {(7.12,5)
Qr =g [ T Q0+
i
+e? Q¥ (x—iD]= -~
2dmQ, (x)
= DT = =g

rae —1<x<1, v—moboe (ang dynxua#t nroporo poda
yo£ —1, —2, .0, m==0,1,2,... 1 Q,{x) oboanauaer Pynx-
w0, QNPEASNCHHYH DaBelICTROM (7.3.29).

PaccHaTpuBacyble  (PYHKIWM 1Na3HEIOTCA HpHCOEI{:HGHHHMH‘
chepruecKEMA dyuxungvE  aaa wATCepsaga (— 1,1}%) u, Kak
norko IPOBEPHTL, YAOBACTBOPSOT ypasuenwo (7.12,1) npa
pemectseHHOM 2 =x (— 1 < x<1).

B creLHAJBROM CAyYae, KOrAd v eCTh Nef0e HOMO0KATENb
woe wncto P=n=0, 1,2, ...), P,(z)=P,(2), rae P, (2')_,
qnnauott JIGKARAPA CTEnCHU 2, , coracHo (4.2,1), wu nyeeM:

oy gme

il "
P::t (2’):(29—-—' 1)2 m dzmm(zg—— I)n,

m=0,1,2 ...; n==0,1,2 ... (7.12,6)

Ha (7.12,6) Bumio, 410 Pr(2)==0 opu m >n. J1a sfa-
qeum M << dynkuus Py’ (2) upencrarager CoGoli npouwsse-
nemue (£2— 1)*/» na nomuuom crenenw (n—m).

—_——

-44} HL’KOTO]JI)IC 4BTOPE CIPEJIenAinT IpUCoeINHEHHRE c@epnqecxﬂe
pyuxum Py (6) 1 Q7 (x) (— 1 <0 x<C1) nocpenctsom popmyi
4%P (x) ™ _2)”—; 4me {x)

dcm ¢t Q(x)={1—x R
ormpuapuixed oT (7.12,5) mocToAHnmM MuOXuTeTeM (— 1), uro He-
ofxonmy0 HMETh B BHILY TIDH OTH30BAHUM CNPABOUHUKAMM M Tad.THUAMA
ITHY q’y}ﬂ(uﬂﬂ.

PrR=(1—x9?

§ 7.12) HPHCOROWHEBHAME CORPMUECKAE $¥HKUNH 259
Has - patepsama — 1 <"x <1 Jopmynd, anatornuxas
(7.12,8), nueer b
57 P T L e (797
P (x)=(—1)"( —x?) 27:?_3?”*?‘()6 — 1 (7.12,7)
4P, (z)
Ecau noaowurs B (7.12,2) U == —— s — U YMUOKATh 11ONY -

YeHROT TOWAECTBO Ha (2% — 1)®2, 10 W3 ompenenenns hynx-
unn P (2) BUTexaeT pexyppentHan (hopyMyIa:

" - 2 1 mL
P @ TR @ — = X

K4m4-DPM()=0, m=0,1, 2, ..., (7.12.8)

ROTOPAs MO3BOARCT NMOCACAOBATELHO BRIIHCIATE 3HAYCHUK NIPH-
COENUHENNWE YHELHUE 110 HABECTiLIM  3HAYCHHSM thyrrumh
C MMACKCOM M=0 ¥ m=z=] %),

AH2IIOrHUHAR DOPMYTNS ANs [HPHCOCTHHCHIBIX GynuKuei pTO-
poro popa noaywasten wy (7.12,8) sameno £ (2) ua QU (2).
Pekyppentasie  dopwyan  ams dyakunt Pl (x) u QF (x)
(— 1< X< 1) 9BANOTCE CefCTBHEM 3TAX (FOPMYN U COOTHO-
wennf {7.12,5). Tlocne npoctx Bumucacunlt HEXoLM;

1

(l —_ ‘\‘-2) iu
—i_ (v—ut) (v -l—m ...I-— 1) P:,” (x)::o’

Qe+ 2B Or T ()

xz)‘x's

L YT .
P () L SO o gy

(7.12,9)

O —m) (O - 1) QT (1) =0,

e —1<Tx< 1, m=Q, 1, 2, ..., v— aofoe.

lipncoegunenme  Chupuueckue  QyuKuME  YROBACTBOPAIOT

' Takxe PEKYPREHTHH M COOTHOITeNHIM APY¥TOro TAnd, cOJIEpHanm

%)y 37TH snavenna 6yAYT:

PR@)=P,(2), Plz)=(22—1)"2P(z) =

b c vy N
= p —— P (),
(27 I)I/‘: y— 1 (&) (2t ])’.-"2 , (2
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(YHKIEY ¢ OAHHAKORLM 3HAYKGM M M PA3HRIMA ¥, KOTOpLIE
NpeACTaRAAWT obobiietite cooTBeTcTBylmWX dopmyn § 7.8.
HroGel BHBECTH 5TH (OOTHOILElMH, 33METHM RPEIBAPATCALHO,
4To ecnd mnpomuddepeHunposatTt pasedctuo (7.8,2) m pas no
Z M BOCHOAB30BaThed (7.12,5}), To moayuum:

3‘_;*'1] (2) — P () =(2— Y2y 1) 2 (2). (7.12,10)
JAnddepenvupys (7.8,1) m pas o KCKIOHYAS OPOUSBOMHLIS
¢ moMomew qopmva (7.12,4), raxozum:
(V1PN () —(2v 1) 2PT (&) —
— (@ -V m (2 — =P (2) 9P (2) =0,
WaH, npaimMas vo BHeMadne (7.12,10)
(41 —m) P74 (2) — (v -+ 1) 2P (2) -
@ my ALy (8)=0, m==0, 1, 2, .., {(7.12,11)
Papenctro (7.12,11) uvpeacrasasger coboii uepsoe U3 COOT-
yonreHufl pacemarpusaevoro rtuua, Ilpu se—=1_ ono cosnagaer
¢ dopuynoil (7.8,1). flea Apyrux pexyppeHTHHX COOTHOIIEHRA
nONYHA0TCs TAKAM e 00pasom, CCau HOCAE M-KPaTHOTO JHg-

tepennnposanns pasencts (7.8,2) wu (7.8,3) savMCHATE B HAX

amp
2 ) Ha (2% — 1)~ ™/ P7 (2). M nonyuam Toraa:

dzm
P (z)  dP]_ (2} " ;
}zl - dz! “‘zznfl (B () — Py ()] =
- =2+ DA, (7.12,12)
dP | (2) dP™ (2) i i
;1’_21 —Z dz —|_z;ff| [zp\’ (z)'_P1+1(2)]:
=t m+1)PI(2), m=0, 1,2 ... (7.12,13)

Ecau neiuects OMUO M3 TOAYUEHHHX PRBEHCTB U3 APYFOTO,
TO HAXOQMUM:

dPT ()  dP]_\(2) ,
ey [P @ — Pl ()=

= —m) Pl (2). (7.12,19)

§ 7.12] HEHCOEAMHEINBE CHPEPUYECKHE &YIiKUMA 261

lipy m=10 dopuyan (7.12,12—14) nepexogar coOTBET-
ciselno ¥ dopyyau (7.8,2—4). Haxoneu, sauensn s (7.12,13)

_ Pm 1 (,,J
v na ( iz
¢ novoutelo (7.12,14), noaytdN COOTHOLIGHHE!
d m(z) HE P!!I
(=) 22—z PR — (1 m) P (),
m=0,1,2,..., (7.12,18)

Koropoe upeacrapaser cobol oBodmenuc qopuyas (7.8,5) ¥).

PekyppenTHee opMynH A NPACOCAHHCHHBIX  (hynKiui
BTOPOrG pofa MOTYT GHTh BHEBEACHH COBEPUICINO AHANOrHUHEIM
cnocoboym u3 cootHowenntl {7.8,6-—10). Quesnuno, uro 3w
pexyppelTieie GOpPMYAR 10 CBOSH CTPYKTYPC TOWICCTBCHHET
C COOTBETCTBYIIUMI GOpMYAANE 18 QYHKUMH IIepBOr0 poja.

Pexyppentase COOTHOWCHUT A IPHCOCIMHENHBIX (hyHKIAH,
onpeacaeHnsix B npoMekyTie — 1 < x < 1, noayvarres 43 BEI-
BCACIHEIX ¢ HoMOoulbw paselcts (7.12,3). Haunpumep, wul aveem:

(4 1—m) Pl () — (29 D) 2P (%) -]- !
F @ -m Pl (x)=0,
—=xP) (xy—- (9 -}-m) Pl {(x£)=0, I

m=0,1,2, ..., ]
(7.12,16)

x}

(x? 1)

H T, ML

K noayycHuHM pesyiastdaTas OANZKO HPUMBIKAET GopMyaa,
JA0iAs BHPAaXEHHE BPOHCKUANA cucTCMM  pememfi P (2),
QY(2) ypassenus (7.12,1). YroOu uesecty 1y gopMyay, npo-
Audpepenipyey Kamaoe us paseHers (7.12,4) 1o 2 B HCKTIOMHM
3aTeM NPOU3BOAHBIE:. Mu noayynm Torza:

ap o pr
f}f) (@1 P (@) mzP(2)),

d i 11, .

SO e 00 @)+ meQ (2]

(7.12,17)

#y B mouorpaphn Tobeona (U], tip. 280, 910 dopytyaa nana & G-
HuuHOM RANE.
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[TomcTapfas 9TR SHIYeHHA B BPOHCKHAH, HAXOMHM:

WP (2), @V (2)} =
L
=@k QTR P& — A () Q1 (2)].

Ha OCHOBAHUH (7.12,8) UMEEM TOKIECTBEHHO!

AT @R =P RN ()=
=m0 m—y— DIQT (2) PI () — PP () QT ()],
OSTOMY: i’

Wi P (2), QP () )=
=mNm—y—DW{P (), QP 1), m=12,...

HocreaosaTeasso npumensss 3Ty (GOpMyny H BOCOOAB3OBAB-
wuch pesyabtatoM (7.7,2), moayuaem:
Tim4-y--1) Tim—y |
pr . .
WP (), &V ()= AR T —v ' T—2=
w1, nocde npeobpasosanus (1.2,2):

WPl (2), Q7 ()} = ;81:1":2; N (ALRT)
rie
farg (z— D |<{m; v&—1, —2,...; m=0,12...

bopmyna (7.12,18) mpencrasmet coboi o6obueune (7.7,2)
W MOKA3HIBAET, 4TO pewenns 7" (2) u Q7 (2) o6pasyor napy sunen-
HO NEZABHCHMBIX MHTErpPaNOB ypabnenus (7.12,1), sa ucraovennew
CIyuad, KOTJa ¥ eCTh 1e10€ NOAOXUTOALHOE YHCAO #, MeHbluee,
uem m*). Kpove 3T0r¢ BRPOKAECHHOrO Ciyyas, o6l HHTErpat
paccMaTpUBaeMoro YpasHEHH MOKET GHTh IPeACTaBIeH B hopMe:

a= AP} (2) + BQI(2). (7.12,19)
Ecan pocroms3oBaThes ONpeAENEHUEM TIPHCOEIHHEHHLIX PyHK-
maft PU(x) w0 QT (%) (— 1 <Cx < 1), 70 13 (7.12,18) BuTeract:
WA (x), QF (%)} =
= W PP (e 10), QF (wti0)) +-
+ WA (x—i0), Q' (x —i0) )} =

P(l+v+rrx) l
=T (dv—=m i=a (7-12,20)

# fas v=0,1,..., (m— 1) cfe CTOPOHH paBeHCTRA (7.12,13)
TOXIECTBCHHO PaBHH HYIIO,
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BameTM gafice, uTO TaK Kak AuddepelluanbHoe ypaBHeHne
{7.12,1) e wensercs npu 3amedc v Ha {(~—v—1) maa 2 Ha
(— 2, To dyaxuunn Py 1 (2), Q5_1(2), A {(—2), Q) (—2)
apaaTea, Hapany ¢ P (2) u QF (2), umTCrpanamn pacemarpu-
BAEMOro YypAaBHEHHA. $yHKUNCHATBHEE COOTHOLUCHUA, KOTODHE
B cuiry (7.12,19) AonKHE CYWECTBOBATH MEKAY STUMH HHIC-
rpaftavy, NOAyYaloTcs HENOCDEACTBEHKO HZ COOTHOWenn# § 7.3,
eCau NMporudpepeHUWPOBATh KZWKA0E W3 HAX M Pa3 H BOCHOMA-
gosatees (7.12,4). Mul paxofus Toria:

P (D= "PT (), (7.12,21)
sin v (QF () — Q1 ()] ==cos ve - P (2), ~ (7.12,22)
QF (—2)=—2e""" QI (2). (7.12,23)

P et ™ — Pl (—2)= —i— sin v - QY (2), (7.12,24)

rae jarg (2 -— 1) | <=, anak 2 GEpercs B 3aBHCHMOCTH OT TOrO,
Gyaer [ (2)=0; m=0,1,2, ..., v—1, —2, ...

B COOTBETCTBEHHO OFPAHMYEHHBIX WACTAX IVIOCKOCTH KOMI-
JEKCHOTO TIEPEMEHHOrO, PaspesaHHofl sjaons (— oo, 1), npucoe-
nvHeHHble cipepuueckue (YHKURH MOTYT OBTE MPeACTABIEHS!
¢ MOMOMIBIO THIEpreOMETPUYSCKHX pranoe, llodyvedne BCe# Co-
ROKYNHOCTH DasnoieHH STOMO BUAA BEIXOAWT 33 PAMKH HACTOA-
uleti KHUIM, W MBI OTPAHHMEMCH JUIIb IPOCTEHLEUME TPHMEDAMH,
OTCH/Iaf uBTaTeds 34 Golee MOAPOGHHM HBJIOKEHHEM paccMma-
TPUBAEMOre BOMpOca K YUOMAHYTsIM Boite padoTay [obeona u
Bapuaca *).

Yro6sl nodyunts pasiowenne gynkumn Py (2), npurozsoe
B ofaactu |z — 1| <2, |ag(z—1}|< =, npoauddepennu-
pyem m pas pax (7.3, 12). Mu nmeem npa |x|< 1:

{@)p (F“)k L 2 (@p41 (P)k+1

d o _
axF & 51 D= LG el

[
R CE ) W etV

. (7.12,23)
TaK Kak, 00 ompeaenesdio, (M), ==A (k- 1),

¥} CM. cCuifIKH Ha cTp. 228.
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Iloc.rlenosaTe.ﬂbuo NpaMeHts STY (OpMyay, HaXoHnM:

F(U., i1 T x) (a}?)lj)mr(m_I_m, “‘—'—fn T—I—m, x)’
m=0,1,2,..., {(7.12,26)

dx”’

OTKYHA chaegyer:
d!ﬂ If . I g
Pf’(z)—*—(z*—i)”":a;“F-—v v=1, 1, )2
_ @)D" () (0 D
- 2 Dar
i | —z
XFlm— m-py+1; m4-1, ._2..2.;|,
WM, TaK Kak coraacuo {1.2,2)

Tr -1
O D=t e,

(_")m:“—l“? )_..,(__[)mpr("‘l“l)

(v m4 1y
TO '
P& = {“ = il))%
. 2 " , 1 X ;
X 25’;‘5[‘(1 )J-m) Fl' - m+ el m_} ’ "’_%)‘ (7.12,27)

rae j2—1|<C2, |lag (2 — 1) | <=, v— moboc, m==0,1, 2,. ..
dopuyna (7.12,27) asaserea obobmennen dopmynm (7.3,12) u
nepexoaur g Hee npu wm—0.

CooreetcrBywmas Gopwyta fna uurepBama —- 1 < x <1
noayvaerca us (7.12,27) ¢ nomousic cooTnowenns (7.12,5)
AMEET BUA:

M= (=N 4m-+ 1) NI
Pl = 2”"[‘(11——1'.*;)[‘\.l-—-m—-—l)(I —E X
W F (m o, m (7.12,28)

Hrods eebecTd $opumysy, Hawilylo OGOOIEHHE OCHOBHOMD
pasnoxenua @gyuknuu Q.(2} (7.3,20), aanamem mocaemnee, Boc-
N0/1b30RARIIICH (POPMYA0R yABOCHHA Iayma-(yHKLuu (1.2,3),BRuIc

(¥ =]

o, L

1 T kg1t “)P|k+"‘“]
Q';{’z):T k —z-
4 & 1\,ﬁk+~;+w

v 1

k=)

|21 <1,

¥ apoandepceHuupyey sT0T PAI m pag no 2.
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Tak xak ua ocHopanna (1.2,1,3)

. ———g:m 2yl = (- 1Y (28 -4 l)(2kﬂ_~;+ 2...
L (2R +-} -i— m)z—(ﬁk-i-v—{—m_:_l]) —_

:(_,_ l)m r (Zk"l“”"}“m e i 2—i3Rp-bar 1) —

[ EEY
m ] "__——-ﬂ‘t"”‘*m T k+‘ﬂ_‘f_‘
frk +"+‘|1‘(fe+ )
TO
_df;?ﬂ_(__ ]_)m QM- I og—ivtm 1—1)><
2z
{320, v m 1
V(R r (f+ )_1___
~ BT (kv d 2k
R=0 '
={(—1" F_F(v+m 1) = hm1 5

)H‘]F f'v

vfmA1 3 1

| oTkyna caenyer

M (Y (gt s ]/_r:_l‘{v-]t—m-}-l) ;

Qs (Z) ( l) (Z ) 2“"‘_]1‘(\;—-[-. g_) 2 mtl X
XF(&.’{;_ﬂLE L z} (7.12,29)
E rae

121> jag(r-D<<m m=0,1,2 ...

vE— 1,9, .
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B sakmoueHde o830pa TEODHH NPHCOSIHHEHHBIX CHEPHYECKAX
diyukuri npusegem 63 AOKABATENLCTHA WHTRrpasbiLe NpeacTa-
BABHAA *):

. zs — 1 rnl'fﬂ

P?(Z):-’—: P(m"f"‘l“{“])‘l{ }

om 1/ % T (m +Lire—mt
-7

X s; (z-4 Y2 1cos 4p—m sin® 4y, (7.12,30)
5 * _

(=Dl m- )

P (@ =—=r6+7 X
>< J‘ (21 V2T — T cos ) cos md,
a
R(@>0 vetE—1,—2,...; m=0,1,2,...,
P cosp) =2l WPTeAmt L) 1)m_><

]/_EP(m +—£—) T'(v—m-+1) 2sta ?

cos (v ;)0

s
X (.5‘ (2cos B — 2¢cos §) 1"

. (7.12,31)

0< 2 m, v—moﬁoe, m=0,1,2,...,

npem:'raB.rlﬁIOmHe cobofi 0Goblenus cOOTBETCTBYIOMUX POPMYA
§ 7.4

§ 7.13. TaGaunn cdepuueckux GyHKRHA

32 mHckmouenreM Talmunl moauHomoB Jlewanapa, yroMs-
HYTHiX B § 4.26, KOTHuCcCTBO OMYGJMKOBAHHBIX Ta0anLL cde-
pHueckux GYHKUMAH oYeHb orpaduyeHo, u pabota mo Talyauposa-
HHI0O 9THX (YHKOHH Hysxfnaercs B npomomxenud. HanGonee nox-
poSuemp Tabaunamy aBasiorcs: Tables of Associated Functions,

%) Cwm., wanpamep, [[], c1p. 241, 245 n 257,

§ 7.13] YOPAKIIEHAS 267

Work Projects Administration, New York (1948), coaepxaitue
Tadnuusl GyUKIng:

A — 1Y P (cos 6), 6 =0°(19)90% n=1(1)1Q;

m=0(1)4, m="n; 6 31,
Pr(x), (— 1Y Qr (x), x=1(0,1}10; n=1(1)10;

m=0(1Y4, m=Cm 6 sH.
Pipe (O (— )" Qi () =1(0,1)10 2=—1{( %

m=0(1)4; 4— 6 3n,

i=nPp (ix), i+l QF (ix); x=0(0,1) 10;
a=0(1)10; m=0(1)4, m=<n, 6 3u.,

a TaKkwe paa APpYTAX  Talaud, OTHOCAIIRXCA K [IPOUBBOJHEIM
cdepuueckaX gyusuuft 1 T. A

B kauccTBe BechbMa AKTYadpHOH 3afayd MO  COCTABICHHIO
Tabmu chepuueckux MyHKIHE, yrames Ha Tabyiupoeadue GyHK-
Rl P_:/ﬂ_i.i-;(COS E), P_ /g4t (cha) ana sHaucHmit 0= == W,
a==0, 1==0, UrpaonEx BAOXKHYIO POAb OPU PACCMOTPEHHN MHO-
rux sagay marematmueckofl ¢uawku (§ 8.5, 8.9, 8.12, 8.13).

Yupamwcnenns

1. Hoayunts HuTerpaibHHe OpeICcTaBIeHHA NtA chepHuecknx dyHK-
i

[

P, (ch “)=I‘_(11-T]—"?)‘ J’ =102 [, (th ) 2 dt,
0

(£
o 1 * —ifche P
Q, (eh®) = i e Ky (£sh =) £dt,
L]
!

P, (cos f) = ———0

—fiose ‘p et 1%

H:'_-Jq

roe
=
Ly | == 50
— UHANHAPHYECKHE (YHKIHH COOTBETCTBYIOUIErD THIIA.

RM) > — 1, 0l w Ty (), b (), Kol(x) —
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2, BoizeCTH HHTCrpaibHbBE OPEICTARTEHHAL

o .
CO8 vE _.--"’__2~ ) —tche KV (t)
v—l}; {ChC(}'-'“"'L"'_ -l/’ ';é‘ e _-T“_dtr
1
IR <5, =:=0,
.= ua I (£
. SOm —fchz v
Qv_l__,“‘ che)= ]/ T..dJ e l*"? de,
, - i
|R(“)|}_?). 2:}0,

I, (6}, K, () — nnadnnpryeckne GYHRUME MHUMOUD apryMeHTa.

MMpumevaaue. Busoxn dopMyl, YkasalHex B npamepax [—2,
yHTaTedb MO¥ET NAHTH, uanpeMcp, B MoHorpadwmum Barcora [1),
cTp. 423—424.

3. Moxa3zarh, ¥T0, €CAH ¥ HC SRTHSTCA NETHIM YHCIOM, TO ACHMNTO-
THUeCKoc Hosegeunc dynxupy Jlexawup: ucprore pona Hoce Ipou3-
BOJAOH NpH z— — 1 paetcd QopMyLaMu

giti vr .z 1 ., sin ve 1
P ()= I —— Py () = —e— s ——
,{ ) p 5 \'( } = 1 __|__z
Y EKa3adHHe. MOMHAC BOCMOIL30BATHCH, UAUPEMED, PAITOHCHHCM
P, (2), npunegensnn Ha crp. 217 Mouorpadun ['oScona [1}.

4. Ha ocHoBaHHH pe3ynbTaTd NPemivIMero TNpHMepa H (ynKuno-
HATLHAX COOTHOMIEHKH, cBa3mBAOMAHX Qyrknun Jlekanapa (cpBOro i
KTOPOTD  poid, TOKA3ATH, 410 npr mobom v  dynkopa  Q, (2)
(| arg (1 -~ 2) | << =) mmeer aorapudaaueckyio ocofeqnocts npm z=1,
a Gyuxnga Q,{x) { — | << x <C 1) — torapudmuucckie OCOBEHHOCTH Hi
080NX KOHIAX PACCMATPHBACMOrO MHICDBALZ.

5. JoKaaarh TeopeMY CIOEEHHA M NoaHHomos Jlewadnpa:

Py{zz— (28— 1)‘/: (2" — 1} cos v } == P, {z) Pulz) -+

Mom m
S‘ (—b» A — i 7 Pr (2) Py (2 vos ing,
m—l (-"1—[—!}1)

¥ aHATOCHYHYIO teopeMy s dyuxunt Jlewanapa:
P zz’—{z’-—- DE® - s el =0 @ Py (2
L(p—m-1) m m .
— a3 ]
+2 2 (= D" e P @) P @) cos g,

R{@>0, Rz >0
IloKazareabcTBA 9THX H UM HOMOOHBX GOPMYT MOMHO HafTH R MOHG-
rpaui ['obcona ([T], v VII).
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6. Tlotyuure acHmiuToTAdeckle QopPMYIN L1A cepnuecknx GyHrms
€ KOMIUIEKCHRM HITEKCOM ¥ :—-—-—{— it

etf‘:

e 6‘5;1__&':‘-:_:.__4'.—3,,
T VZT‘: sin 8 ( )

I,.f' 2 ( ':‘1 N
P ' cha sin {ar 4+ = V=T a0,
_-1/2_'”( l-uoo Vrrsha S ¥ ( )

1UPCACTABAAIONNE HHTEPEC B CBASM C 3243uaMH MaTeMaTAYeCKof (A3MKH,
paccMorpenunMn 3 § 8.5, 8.9, 8.12 u 8.13.

YuasaHue. ,[[amme QJop\w 16l MOCYT OWTE NOJYUeHB KAK 93ct-
ol cayyalt ofiUX ACHMIOTOTHYECKHX dopMy1, npmBetennux 1 padore
bapnca {1).

THUTEPATYPA v DIIABE VIL

CuppuoB B. M. [1], Kypaur P. m Tmawbepr 1. [l],
yHTTEI{EFH Barcou [1], Coficow E. [1], [2],
Bapuc [1], Mak Potepr [1].

Cnpanounpen: Peiwuk M. M. 1 Tpammteitn WL C. [1],
Maraye 1 Ofepxerrunrep [1]



FJAABA VI

MPUJIOXKEHUE COEPHUECKHX ®YHKUUI
K 3AJJAYAM MATEMATHUYECKOH $®HU3UKH

§ 8.1. Beenenue

Kak wusBecTHO, onuH H3 HauboJsee BaxXHBIX KJACCOB 3anay
MaTeMaTHUecKoft (PHU3WKH, BKJIIOYAIOMMA MHOTHE MpOOAEMBI 3J€K-
TPOCTATHKH, TEOPWHM TEIIONPOBOAHOCTH ¥ T. M., COCTAaBJAIOT
KpaeBmBle 3amaud [OTeHUMana, 3aKkJoualmuecs B ONDPEASACHUH
(yHKIMA &, TaDMOHHYECKOR B 3azaHHOH ob6naactH (t) u yAoBae-
TBOpAIOUIEH Ha ee rpaHuile (¢) OIHOMY M3 YCJIOBMH BnIa

(1 ul =f % =5 am 2| fha| =5 @11

3 T

rae f-——3anaHHas Ha MOBEPXHOCTH (6) (YHKLMA TOUKH, N -—
BHEIIHAS HOPMalb K STOH NMOBEPXHOCTH, K -— HEKOTOPOE MOCTO-
SHHOE MOJOXHUTeabHOe uMcsio ¥), B saBucuMocTd OT Tuma rpa-
HUYHBX ycaosuit (I—III) pasanuanoT nepeyio, BTOPYIO U TPETHIO
KpaeBble 3aJaul, M3BECTHBIE B JUTEPATYpEe TaKKe NOX Ha3BAHUEM
3agay Hupuxne, Heltmana u cMewanHo#t 3amauu TEOpUU NOTEH-
nuana.

Tounaa nocTaHoBKa paccMaTpUBAaEMBIX 33Aay, 0OecHeuYnBaio-
Hias eIMHCTBEHHOCTb PEIIEHUs MPH PasJUYHBIX MMPELIONOKEHUIX
OTHOCHTENBLHO BUAA 06sacTH (T) H CBOMCTB rpaHuuHON (yHKunu f,
fllaeTca B Kypcax marteMaTmyeckoft ¢usuku *%). B uactHOCTH,

*) HamomunM, yto QyHKuMS 4= u (X, ¥, 2) HAa3BIBaeTCA [APMOHHU-
dyeckoft B obnacty (t), ecI OHa HeNpephBHA B 3ToH o6nactu BMeCTe
¢ TNPOHM3BOIHMHIMH NEPBBIX IBYX NOPANKOB 1O (X, ¥, Z) H YLOBIETBODAET
ypaBuenuto Jlanmraca Au==0.

#*) CM., nanpumep, B. U. CmupuoB [2], ra. IV,§ 2; A. H. Tu-
xonos u A. A. Camapckui [1], rn. 1V, § 2.
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3aflaya JlupuxJe 11a orpaHnyeHHoH oOaactw (T) M HeNmpephHIBHOM
dyHkuun f. opMysupyerces caeryomuM oGpasoM:

Onpedesums GHYHRKEYUIO U, 20pMOHU4EcKYI0 8 obaracmu (%),
HenpepsisHYI0 8 3aMKHymol obaacmu (t-+ o) u cosnadaouyro
¢ gynrquedi f na nosepxrocmu (o).

B caydae HeorpanuyeHHo# o6naacTH OaHHaA (OPMYJIUPOBKa
NOMMHA OHTb MONOJNHEHAa YCJAOBHEM, XapPaKTEPU3YIOIMM IOBEIE-
Hue ucKOoMOR (yHKIHMM Ha OECKOHEUHOCTH.

- OG6mnti npuem aas 3¢p¢eKTUBHOrO pElLIeHUs KpPaeBHIX 3313y
COCTOHT B OTHICKAHHM TaKOH CHCTEMBHl OPTOIOHAJBHHX KpPHUBO-
JMHERHHX KoopauHat (o, B, ¥), A1 KOTOpOH noBepxHOCTb (G)
SBJASETCd OJHOH W3 KOODIMHATHBIX MOBEPXHOCTEH M YypaBHEHHE
Jlannaca, nocjae npeo6Gpa3opaHust €ro K HOBHIM IMEPEMEHHBIM MO

thopmynam
x=x(a, B: 1) y=y(a, B’ 1) z==2z(u, Br Y) (8.1,2)

JOMYCKAaeT pasie/cHUE INEPEMEHHBIX *).

Ecam cucrema xoopaunar, o6iaamamoiias YKa3aHHHIMH CBOR-
CTBaMH, W3BECTHA, pelueHne KpaeBo#l 3amaun OOBIYHO yHaeTcs
MOJIyYATh, NPUMEHSs K HPeOoOGpPA30BAHHOMY YPABHEHWIO METON
YaCTHBIX peIIeHHH.

Hacrosias rnaBa mocBaleHa pacCMOTPEHHIO TapMOHHYECKHUX
KPaeBHX 3alay MaTeMaTHyeckoll (HuanKu, Pa3pelldMbIX C TOMOLIbIO
ONHCAHHOrO METOJda W CBf3AHHBIX C KCIIOJb30BAHMEM ammapara
cepuueckux ¢(yHkuufl. B sakmountespHo#t yactu raasw (§ 8.14)
pUBEeHH HEKOTOpHIE IPUMEDHl aHAaJOTHYHBIX 3ajJay, OTHOCSH-
muxcs K ypasHennto [enbmronbna Au - A%u=0.

¥) BolunCileHHs, CBSI3aHHbIE C STHM IpeoGpasoBaHyeM, yUPOUAOTCH,
€C1M BOCMONBL30BATHCH GopMYyIoH

1 0 (H 3y ou o/ Hy”adu)
Aw= H,ITH, {BE( q, d_&) o\ THe % +

+3 (T

rie Ha,Hﬁ,H.{ — ko3bouunentsr Jlame cuctems! (8.1,2), BXOAALIYE B Bble
paxkenne KBaxpara .JIuHeHHOTO 3i1eMeHTa

dst= HE da® - H3d3 4 Hidye,
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§ 8.2. Pasjgenenue mepemenHbiXx B ypasHenud Jlamnaca
B cepuyeckoil cHCTeMe KOOPAWHAT

K uscay HanGosee BaHBIX OPTOrOHAMbHHX KPHBOAMHEHHBIX
KOOpAMHAT, Is KOTOPHIX ypaBHeHue Jlaniaca pomyckaer pasne-
JICHUE TIEPEMEHHHX, HNPUHANLIEHUT CHCTeMa CHEPHUECKHX KOOp-
auHat (r, 0, ¢), CBA3aHHHX C PAMOYTOJbHEIMU KOODAMHATAMH
(x, ¥, Z) COOTHOUIEHUMH:

x=rsin 6cos ¢, ¥=rsinlsing, 2z=rcosf, (8.2,1)

rue
0<r<oo, O0<<l<s, —r<<op=<<w.
KoopnuHaTHbie MOBEPXHOCTH B paccMaTpUBaeMOR cucteMe
KOOpIMHAT CyTh cdepsl r=const, KPyrosse KoHych b= const
M MIOCKOCTH ¢ = const, mpoxonsuige uepes ock 2. Ksanpar
JAaHeRHOrO 3nevMeHTa B CEpPUYEcKO# cucTeMe KOODAMHAT MMEET
BUIL:
ds®=dr®--r*. d® - r*sin?0 . do% (8.2,2)

103TOMY 3HaueHus Koadduunenros Jlame 6ynyr H,—1, H,=r,
H,==rsin 6, u ypasuesne Jlanmaca npuoGpeTaer CcAERYIOULYIO

dopuy:

10 40u 1 0 . .ou 1
Au_‘r§51:r or r2smo?965‘“ﬁ% T rZsin®y g¢?

—0. (8.2,3)
JIEI‘KO MmoKasartb, 4yTO, €CAU HUCKATH YAaCTHBIC pemel-msl MOCHAE dw
HEero ypaBHeHm[ BUI3

=R (r) B (6) © (3), (8.2,4)

TO NEpPEeMeHHBle MOTyT ObITh Da3ME/IeHHl, U ONPEREJNEHHE KaXKIOrO
W3 MHOMMWTENEH NPUBOMUTCA K HUHTErPUPOBAHUIO OOGHIKHOBEHHOIO
nudgepenumansioro  ypasHenus.  Je#cTBUTENBHO,  YMHOXas
(8.2,3) na r*sin?0 u ormenss INEPEMEHHYIO @, MHl HNOJXYUnM,
nocne moacTaHoBKH (8.2,4) uw menenus Ha mpoussenenne ROD,

1 d ¢dR 1 d g 4d0) . op 180
e T Tomr @t Vg i I=—F &

T
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YTO BOBMOXHO JIMIIb IIDH YCAOBHM, YTO 06e CTOPOHH DABEHCTHA
paBHsl OOHOH m TOU ke mocrosaHHOH. (O603Hauas STy HOCTOAH-
Hyo uepes pf, Haxomum:

&P

@ Tre=0,

I d gdR_ p* 1 d_ ,do (8.2,5)
Rar’ @ sn®6 sno0doo " Cdic

B cBow ouepens, nocaelIHee PaBEHCTBO BHINOAHEHO TOJBLKO B TOM
ciIydae, €ClH ero CTODOHH DaBHH MOCTOSHHOH, KOTOPYIO YAOGHO
0603HaunTh Yepe3 v(¥-} 1). Mo mosnyuam Torna:

1 .. .do B Ta
maﬁsmom—l—[v(?-f-])—m]@—O, (8.2,6)

d odR
d—;r* F——v(v—k YR=0. (8.2,7)

Taxum oGpasowm, onpejenenue MHoxurenet B (8.2,4) ceomurcs
K OTHOCHTENbHO MPOCTOH 3a4aye MHTErpupoBaHU OOBIKHOBEHHBIX
nuddepenuranpubix  ypasHenuit (8.2,6—7). IloayuenHas stHM
crnoco60M COBOKYIHOCTh YAaCTHBIX peuleHu#t ypaBHenus Jlanaaca
suia (8.2,4), saBucdmiux OT ABYX, BOOOILLE TOBOPS, KOMIIEKCHBIX
napamMeTpoB p u ¥¥), Moxer OHTh HCINOJAb30BAHA [Js pELICHUS
KDaeBHX 3ajay MaTeMaTHyecKoil Gu3HKH B ciaydae, ecaun 00JacTse
ecTh 11ap, KOHyC H T. I.

Bri6op sHaueHu#t napaMeTpoB p 4 V U COOTBETCTBYIOILUX HM
pewenu#t ypasHenuil (8.2,5—7) pomxeH ObITb NPOU3BEIEH TAKHM
o6pasoM, uTOOH KaiJOe M3 4YacTHHX pemteHu#t (8.2,4) npex-
CTaBA4/M0 cOGOH rapMOHHUYECKYI0 B paccMarpuBaeMol obsacTu
GYHKIMIO M pellleHHe KpaeBol 3agaud MOFAO OBITh HOJYYEHO
NyTeM CYNePrno3ulUMu HaBAeHHBIX YACTHHIX pelleHufl.

§ 8.3. IIpumeHeHne MeTONA YACTHBHIX PEmIEeHHI K KpaeBoil
3ajgaue Aas cdepuueckoil o6aactu

B KauecTse mpocToro npuvepa NPUAOMKEHHs JAHHOTO MeTona
paccMOTpPUM BHYTpeHHI00 3afauy Jupuxae nis cheps. YToOn us-
GexaTh U3MULIHUX YCAOKHEHUHA, OTPAHAYNAMCS CIyYdeM CHMMETPUH

*) He orpannumBas o6mHOCTH, MOXHO CYHTaTh, uT0 R (p)==0m
R () ;—-——2— , TaK Kak 3aMeHa {. Ha (— p) HIM v Ha (— v — 1) He MeHser

SHaveHH! NOCTOSAHHHIX pasuenenus pd u v(v-| 1)
18 H. Jle6enren
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BpallieHus, KOTAa 3SHaueHWsl rpaHuyHOM GyHKuMM f M ucKOMOH
¢yHkuuu # He 3aBuCAT OT yria o.

[Ipemnonaras, yTO HayaJ0 KOOPAMHAT BHIOpDaHO B LEHTpe
cheprl W OCb 2z COBHAZ3ET C OCHI0 CAMMETDUH, MEl MOXMEM
copMyIHPOBATh PacCMAaTPUBAEMYIO 3aJayy CIeAyILMM 00pasoM:

Haimu gynrxyuro u—u (r, 0), 2apmonuvecxyro 8 odracmu
r < a(a— paduyc chepar), HenpepolsHYio 8 SAMKHYMOL o0sacmu
r<<a u yodosiemsopsouyio yciosuw u),—q,=f (6), 20e f (8) —
3adanHan BYHKGUA, HenpepuisHas 6 S3AMKHYMOM RpoMe-
acymre 0 =<0 <<« #), B cryvae cuMmeTpud BpPamleHAsS MHOXHTEND
® 8 (8.2,4) HamnewuT BHOPATb PaBHLIM €JUHALE, B COOTBETCTBUH
¢ yeM cnexyer npuuats p=—0. ¥pasuenue (8.2,6) nepexoaut
npu 3TOM B ypaBHeHue A5t cdepuuecknx (yHxumit Jlexanapa
(7.3,1) or aprymenra x==cos 0. OGuuii uHTerpan mOCIEIHErO
ypaBHeHHS 17 [POH3BOJBHEIX YV, IPHHALIEKAWAX 00JacTH
R (v) > —1 **), moxer OHTL 3anucaH B Buie

6 = AP, (cos 6) |- BQ,(cos 0), 8.3,1)

rne P, (x), Q, (x)— cepuyeckue (yHKIMH IIEPBOrO M BTOPOTO
poxna.

Tax Kax nepeyeHnoe x=—=cos 0 HU3MEHAECTCA B SAMKHYTOM
npomexyTtke (—1, 1), a Q,(x)—oco mpu x— 1, B TO Bpewms
kak P,(x) ocraercss KOHEUHBIM **#) T0 1Js TOro, 4TOOH NMOJY-
YuTh PEUICHUE, OTPAHUUEHHOE BHYTPU chephl, HEOOXOAUMO MPEK e
Bcero mnojoxutb B=—0. Janee, Tax Kak NPH BCAKOM Y, OT/aUY~
HOM OT LeJIOro IMOJOXHUTEABHOTO uucaa, P,(x)-— co, xoria
Xx——1, u3 Tex ke co0OpaxeHHH CclEeAyeT OPUHATL Y=1,
rne n=0,1,2,... Taxum o6pasoM, eIHHCTBEHHHIC DCLICHUH
ypaBueHus (8.2,6) mpu p =0, ocraomuecs OrpaHuYEHHBIMH
B 3aMKHyTOM mnpoMexyTke O=I0=C=, COOTBETCIBYIOT NE/HM
HOJOXKHUTENBHEM 3HAUEHUSM IapaMeTpa Y M MMET BHI

O =AP,(cos 0), n=0,1,2,..., (8.3,2)

rae P, (x)— nomuHom Jlexannapa nopsnka 7.

*) B cayuae, ecmm f HMeeT pasphIBH, (ODMYJIHPOBKA 3alayH
JoaxHa GblTh COOTBETCTBYIOIIMM 06pasoM HM3MeHeHa.

#¥) HalloMHHM, 4TO Hac HHTepecyeT TOIBKO ofaactb R (v) ;--1— .
##%) CM. (7.3,18), a rakxke npumepn 3 — 4 ynmpawnenu#t k rn. VIl
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Ypasuenue (8.2,7) npencraBaser coGoit ypasnenme Dinepa,
n ero ofmu#t wmaTerpan mnpum v;&—% 6ynet:

R=Cr - Dr——1, (8.3,3)

B paccmaTtpuBaeMom ciayuae v==r, U 43 TPeGOBaHAT KOHEU-
HOCTH pemeHdas B LEHTPe cdepsl BHTEKAET, YTO HALICKUT
Bubpats [ ==0; nosromy

R=Cr", n=0,1,2,... (8.3,4)

Takum 06pazom, Mbl IOJTyuaeM CIeAYIOULYIO COBOKYIHOCTh YACTHBIX
pewenuit ypasnenns Jlanmaca:

u=n,=M"P,(cos ), n=0,1,2,..., (8.3,5)

KaK[0€ ¥M3 KOTOPHX IPEACTABASET TapMOHHYECKYID (YHKLWMIO
BHYTpH cdepsl r=<a. [locTpoeHHasd COBOKYNMHOCTE I103BOJAET
1aTb PEMIEHUE 3a0aU1, IOCTABNAEHHOH B HaYaje JAHHOTO naparpada.
He#icteutensno, npemanonoxuM, urto gyrkumus f (0) MoKeT GuTh
pasmoxeHa B paj no moaudomav Jlexawapa (§ 4.7):

e )
FO® =Y fiP(cost) (0<b<m),
n=0

. :
fn_——_-2”;"] ff (6) P, (cos 6) sin 6 a6, {
0 J

(8.3,6)

W Pl CXOLMTCS DABHOMEDHO B 3aMKHYTOM mpovexytke (0, =).
Torna, Bubupas M, =f,a™" n cymmupys pewenns (8.3,5), mMn
NOJAYYUM sl

0

n="Yf, ({l-)" P, (cos H), (8.3,7)

n=0

KOTODBIH, Ha OCHOBAHMU HM3BECTHOH TEOPEMH O MOCAENOBATENb-
HOCTAX FapMOHWYecKHX ¢yHkumit ¥), cxoamtes paBHOMEpHO
B 3aMKHYTOH 064acTd r<<a W Opeacrasiaser coGof TrapMOHHU-
uecKyw B 3T0# 00aacTu (yHKiMO, MPAHAMAIOULYIO KPAaeBOE 3HaA-
uenue f(8) npu r—a. Taxum oGpasom, dopmyaa (8.3,7) maer
pewenue sagaun Hupuxae mas cdepr. CiexyeT saMeTHTh, uTO

*) Cm., nanpumep, B. . CMmupuos [2], cTp. 604.

*
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OKOHYaTeNbHEI} pesyabTar OCTAETCA CHpaBelJJIUBBHIM TAKIKE B TOM -

cayvae, Korga f (0)— kycouHo-riaixas (yHKuus B HHTepBaJe
(0, ™) u ycnoBMe PpABHOMEPHOH CXOAUMOCTH HapyllaeTcs
B OT/JE/JbHBIX TOUKAX MPOMEKYTKaA.

Pewenne apyrux KpaeBHx 8anau nas ceps, cOOTBETCTBYIO-
mux ycaosusm supa (8.1,1[—II1), nonxyuyaercsa us (8.3,5) cosep-
LIEHHO aHaJOTHUHBIM 00pasom.

Hccnenosanne obmero cayuas, xoraa f 3aBuCHT OT IBYX
nepeMeHHHX, f=f (6, ¢), mMoxer ObTL HDPOBENEHO CXOMHHIMH
METOMaMH, NpUYeM MOAXO0AAulasi COBOKYMHOCTb YacTHHX peledui
ypasHenns Jlannaca, rapMOHHYECKHX BHYTPU CepH, UMEET B 5TOM
cnydae BUA *)

U= U= My, COS mP -
' ~+ Ny sin me) r*P,™ (cos ), (8.3,8)

rae P,™ (x)—npucoenunennas ¢yuknus Jexaunpa, n=0,1,2,...,
m=0,1, 2,..., n.

Ecau samenutb B (8.3,5) u (8.3,8) muoxutens r* nunefHoH
xombunauueh (Cr" -+ Dr~™ '), TO mOMyueHHHE CHCTEMbl MOTYT
ObITh UCNOJb30BAHH NPH DELICHHMN KpaeBHX B3ajay Ias cdepu-
ueckoro cnos u o6aactm, BHelHe#l K cdepe, npuueM B NOC/IEH-
HeM cayvae HaaJexuT noaoxuts C==0.

§ 8.4. Mpnmep m3 saekrTpoctaTHkH. Ilose Toweunoro sapaxa,
[IOMEeMEeHHOI'0 BHYTPH MOJOii npopoAsmeii cdepi

B Bume mnpumepa, B3ATOr0 u3 006gaCTH MaTEMaTHYECKOH
¢hu3uKy, NaAUM peleHHe 3afauM 2JEeKTpOocTaTWKH 00 ompenelne-
HHH I10J1 TOYEYHOTO 3apsJa ¢, MOMEILCHHOr0 BHYTPH NOJIOH 1po-
BoJsimel cdepr pamuyca a Ha DacCTOAHMH b 0T €@ UEeHTpa.
BriGepem Hauano KOOpOMHAT B LEHTpPe c(EpHl H HaNPaBUM OChb 2
yepe3 TOYKY A, B KOTOpo# Haxomurcs 3apsia. UroOsl yCTpPaHUTh
0COGEHHOCTb B TOUKE A, NMPEACTaBUM IOTEHLHA 3AEKTPOCTATH-
YeCKOTo I0JIfl ¢ B BUJE CYMMbl MOTEHLMATa UCTOYHHKA M MOTEH-
LMajsa BTOPHYHOrO MOJS U, CO3[JaHHOrO 3apanaMu, UHAYUMPOBAH-
HBIMH HAa BHYTDEHHeH MNOBEpXHOCTH cdepH

cpz—g—+u, (8-4,1)
rae p=—=| AM =/ r*-- b2 — 2rb cos h— paccrosanue ot Toukn A

*) CM., Hanpumep, B. M. Jlesuu u 10. . Fpoc6epr [1], § 2.
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1o npoussoabho#t Toukw M (r, 0). Eciu cumrath noredHumman
chept @} ,..,=0, 1O onpeneaenne QpyHxuuu u==u (r, b) npa-
BOJUTCS K PENICHUIO PACCMOTPEHHOM BhE 8amauu Jupuxie mpu
rPaHAYHOM YCJIOBHH:

q
| ,mg=—=— == f (0). 8.4,2
|70 V @ ¥ 5% = 2ab cos 7O (8-4,2)
Tlpapas uwacTh moOCAEAHEr0 PABEHCTBA MOMET OBIThb DPAa3/IOMKEHA
B Dl MO nonuHoMaM Jlexanapa, Ana 4Yero B JAHHOM CaAyyae
HET HEOOX0MUMOCTH NpuberaTh K BLIYKUC/AEHHIO HHTErpaios (8.3,6),

HO JOCTAaTOYHO BOCHOJbL30BaThbCa Qopmyrodt (4.2,3), Koropas
HEMOCPEACTBEHHO Haer

U mg=—T i (Z->" P, (cos 6), (8.4,3)
n=0

npuyemM u3 ouenkn (4.4,2) u uepasedcrBa b <a caenyer, yrto
CXOIMMOCTb DPsifia PABHOMEPHA B 3aMKHyToM npomexyTtke (0, ).
Cornacro § 8.3, sHaueHue GYHKIHH & MOXET OHTh IPEACTABJIEHO
thopmynoit:

u.—_————aq— 2 (;Z) P, (cos 6). (8.4,9)
n=0

Pan (8.4,4) nerko cymmupyercs npu nomomu pasedcrsa (4.2,3),
W Mbl HaXOAuM:

_ 4. 1
a br br\?
VI—Q(—(I—%>COSO+<Z§)

FA€E NTOJOXKEHO

7

i —
¥ (8.4,5)

2

O e

Takum 00pazoM, MCKOMEIH NOTEHLWAN MOXET GLITL NPEACTaBIEH
B BHIE CYMMbl

cp:% +- %, (8.4,6)

rae nepBO€ CJ4araeMoe eCTh NMOTEHUWAT 3apajia ¢ B OTCYTCTBHMH
cdepsi, BTOPOE — MOTEHIMAN OTPAXEHHOTO 8apafa ¢', YUHTHI-
BAIOUIErO BJMSHWME 5TOH cdeps.

*) Ecan A' — oro6paxenne toukn A B chepe, To p'=|A'M|.
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§ 8.5. IIpuMeHeHne mMeToNa YACTHHIX pemeHHii K Kpaeroil
3anavye aJsi KOHHYECKOH oGaacTn

Crenyromuit Bux o6aacTH, I KOTOPOH Kpaesas 3amaya
MOXeT OBIThb pellleHa C MOMOLIbI0 PasieneHus MEPEeMEHHBIX B cde-
PHYCCKOH CHMCTEME KOODIMHAT, €CcTb 06JaacTh, OTPaHAYEHHAs
MOBEPXHOCTHIO GECKOHEYHOTO KPYroBOro KoHyca. Ec/Id IOMECTHTD
Hayalo KOODAWHAT B BCPIIMHE KOHYCa M HanpaBuTb OCb 2 IIO
€ro OCH CHUMMETDHH, TO ypaBHEHHE MOBEPXHOCTH KOHyca Oyner
6=—10,, u samava [upuxne fis# ciyyas CUMMETpHH BpaIeHns
(opMyMpyeTcs cIemyounM o6pasom:

Haiimu ¢ynryuio u=u (r, 8), 2apsornunecryio 8 omrpvimoi
obaacmu 0<r< oo, 0=c0< 0y, nenpepwsryio 8 obracmu
0=<r<oo, 0=0=<0,, ydosremsopaoU0 2paRULHOMY YCAOBUO
u|o—p,=s (r) u ycaosuo na OGecxomewwocmu: u|,_,o—0,
pasromepro omrocumensro 8 *). dyuxuus f (r) npeanonaraercs
HenpepsiBHO# 1pu 0 =<7 < oo 1 f (00)=0.

[Ipn npumeHeHum K paccMaTpuBaeModl mnpoGJAeMeé MeToaa
Pa3aenenns NePCMEHHHNK, ARG OrPaHAUCHHOCTH pemienaé na Oh
KOHyca Heo06XoamMo, Tak e Kak B § 8,3, momoxutrs B (8.3,1)
B==0, onxHaKko B JaHHOM cJayyae HeT GoJee OCHOBaHUM CUHTATH V
LLEJIBIM TTOJIOKHATEAbHEIM YHCJIOM, TaK Kak 2, (cos 0) mpu 0=<06=<<6,
OTpaHHYEHO IpH MOGHIX V.

Mpl nokaxem, 4To pelleHne NOCTAaBJEHHOH 3aJauu IpPU HEKO-
TOPHX HOOABOYHEIX OrPaHHUYEHHSX, HAJOKEHHHX HAa (QYHKIHUIO

1 .
S (r), moxer ObTb NOJYYeHO, ecau BLIGPATH V=—-—-2——|—l't,

© >0, uemy COOTBETCTBYET CJeAyouias COBOKYIHOCTb YaCTHBIX
penlennit ypaBHeHus Jlansaca, HENpPEPHIBHO 3aBUCAIIUX OT mapa-
MeTpa T

u=u=[M.costlnr—- Nysintinr]r—"s P_y;, 1 (cos ),
(8.5,1)
raie M, u N;— npousBo/bHbIE HENpepHBHbE (yHKouu, T==0.

Cohepuueckne ¢yHKumE ¢ KOMIIEKCHHIM 3HAYKOM, BXOJdINNe
B PacCMATPUBAEMYIO COBOKYIHOCTbH, ONPEREIAIOTC AHAAUTHYECKH

#) IlocnenHee ycroBue HeOOGXONMMO I TapaHTHX €IMHCTBEHHOCTH
pemenua. CM., Hanpumep, A. H. TuxonoB u A. A. Camapckutt
(1], ra. 1V, crp. 292,
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¢ rnomompmio pasnoxenus (7.3,12), KOTOpOe B MAHHOM cayuae
NMpHHAMAET BUI:
P_1/, s (cos 9)=F<—é——+i’t, —;——it, 1, sin“—%—):
e )
=14—5 sit127+ 57 sin4—2——-|—...
(8.5,2)

Us dopmyan (8.5,2) caenyer, uro yHxumn P_y, . (COS 6)
BemectBeHHH #u npu 0=<6=<0, ynosnerBopgioT HepaBeHCTBaM:

=< P_y/pt4:(cos 0) << P_1/,44:(cos Oo)s (8.5,3)

neppoe U3 KOTOPHIX CnpaBeiyuBO BO BceM unrepsane (0, ).
Ipeanoaoxum, uto f (r) Takosa, uto pyukuma F (r)==r'/*f(r)
MOXeT OHTb NMPEACTaBieHa uHrerpasoMm Pypne #)

F(y=r"/f(r)= 3 [F, (t)cos tln7 -1
0
~}- Fg (¥) sin t1nr] - dx, 0 <lr < o0,

3 (8.5,4)
F. ()= % 5 f({)r—"/ecos tlnr - dr,
0

Fs(x)= % j f(ryr—esinxtlinr .- dr,
0

MpUueM HMHTErPad  CXOJMTCA  PaBHOMEPHO B  MPOMEXYTKE
0<dsr==A<oo :

*) WurerpanbHoe pasnoxenune (8.5,4), mpuBoismieecs K CTaHAApT-
Hoit (opme wmuTerpana Pyppe mnfM NOMOIM MOXCTaHOBKH Inr=%§
— oo < E<C00), chnpaBeliuBo, ecim f (r) HenpephBHAa K HMeeT Orpa-
HHYEeHHYIO BapHanuio BO BCAKOM NPOMEXYTKE O<a=sSr==b<<oo, u
uHTerpal

flf(r)lr_l/’dr
o

CymecTByerT. -
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Bu6upas B (8.5,1)
— Fo(m) Fy (%)
M, = ¢ L A ./ S
P_ 1/, +1:(cos B N P_y,, 1 1:(cosby)

W MHTErpapys 1O mapametpy T mo npomexytky (0, co), Mw
noayydM QyHKIHIO:

P_y, 1 i (cOs 0) .
P_y), 1 (cosly) ™7

(8.5,5)
KOTOpast, MO KpaliHed Mepe ¢(oOpManbHO, HAET pewieHHe IMOCTa-
BJICHHOH 3anmauu.

B KauecTBe npumepa paccMOTpHM 3ajauy 5JeKTPOCTAaTHKH
00 omnpexeseHMH MOJS TOYEYHOTO 3apsia ¢, MOMEWEHHOTO Ha
OCH I10JTOT0 MPOBOASIIIEr0 KOHYCA HA PACCTOSIHAY @ OT €I BEPIUUHbI.
IlpencraBus McKOMEY MOTEHNMAN @ B BHAE CyMMbl

cp=%+u, (8.5,6)

J— 2
rne p=1y/'r —~+a*—2arcos 0, u npegnonaras moTeHuman Ha
BOBEPRNOCTH KOHYTA PabHbM HYMO, MH CBeAeM 8afiayy K 4acT-

HOMY CJy4Yalo pacCMOTPEHHOH mNpPOGAEMb, COOTBETCTBYIOMEMY
rPaHUYHOMY YCJOBHIO:

u]pms=f()=—— g ) 8.5,7

¢ V r*+a® —2arcos 0, ( )

Bocnoassosabuicy  MHTErpaabHLIM mpeACTaBAEHHEM (7.4,6),
HaXO0JuM:

Fc (T):_

n=—=r—"/ J [Fe(r)costinr—--Fg(r)sintinr)
0

coszlnr
dr
V r*4-a® —2arcos 5,

7

A
Styg

r-
(o]
];_ . cos tlnr dr
Ty a r . a ro
5 ]/;—}—-r——Qcoseo
©0
. q j‘ €08 © (s 4 In @) ds—
=) a J V2chs—2cos,

[se]
___ _2qcostlna COS T8

= — ds
=V a ¢ V 2chs—2cos b,

. q costlne
—-'—'V'—-.& . “ehne P_x/g_]_'i-; (—- cos 60) (8.5,8)

— Qo0
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Taxas xe dopmysa, c 3aMeHOH KOCHHYCa Ha CHHYC, [OJy4aercs
ans F (%), 1 pelueHue 3azayd KaeTcs HHTErpajioM:

< r
P .- (cos B) cos ©ln —
—_— q —1/g+lr ) . s . a
= Var | P_yjy4ic(cost) Pty iz (— cos By) ch e dr.
0
(8.5,9)

Herpynso sBuaerb, UYTO NOJYYEHHHH HHTErpa; CXOAMTCA
aGcomoTHO u paBHomepHo B obmacty O0<8=<<r=<A<oo,
0=<0=Cb,

HeficTBurensHo, u3 HepaseHcTs (8.5,3) caemyeT, uTo paccMa-
TPHBaeMhI#t MHTErpaJ MaXOpHUPYETCs HHTerpamov

¢ dr
J p—l/ﬂ+if(— COS eO)m ,
]

1 i
KOTODBIY cxomutes K —2—COSGC§0-. Onupasdch Ha 3TOT pe3y/brar,

MOXHQ [1QOK33aTh, uta dopmyna (8.5,9) pedcreutTeNbHO [IA€T
pelleHre NOCTaBJECHHON 3amayu *).

§ 8.6. PasneneHne mepeMeHHbIX B ypasHeHHH Jlamiaca
B BBIPOXKAEHHLIX SJIMICOMAANbHBIX KOOPAHHATAX

W3 mpyrux cucteM OPTOroHaJbHHIX KPHBOJHHEHHHIX KOOpAH-
HaT, I KOTOPHX ypasHeHue Jlanjaca JoOMycCKaeT pasne/ieHue
AEpPEeMEHHEIX M YacTHble PCIUCHAA BHIPAXKAIOTCA uyepes cdepuye-
ckue (YHKIHMH, B NEPBYH ouepedb JOMKHB ObITb YIOMAHYTH
ABE CHCTEMB! BBIPOXMIEHHHIX 3/UIHNCOMAAJNbHBIX KOODAMHAT, MpuU-
romHble mas o6cymAeHus KpaeBHIX 3ajau s oOJacTH, uMerouiel
BHJ BBITSHYTOTO HJH CIIOCHYTOI'O 3JVIMICOMAOB Bpamedus *¥).

*) IIpH pacCMOTpPeHHH CXOMMMOCTH HHTEIpasoBs, CONepKalux cde-
puueckHe GYHKUHH C KOMIIEKCHHIM 3HAYKOM v=——-2—+i'c, 10e3HO

HMETb B BHJAY acHMNTOTHYeckHe QOPMYJIhl, yKasaHHbe B OpuMepe 6
ynpaxHenu#t ra. VIL

*##) B auTepaType 9TH CHCTeMbl KOODAMHAT HHOTrJA Ha3bIBRIOTCH
cdeponnanbHEIMA.

ITo noBoxy 3:1aMnconianbHux xoopauuar cM. E. B. To6comn, [1],
ra. XI.
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CucTeMa BHIPOXKAEHHBIX JIANCORNATLHEIX KOOpAUHAT (2, B, ¢)
IJIs. BEITAHYTOTO SJJMIICOHJA BpalleHAs ONDERENIeTcss HPH MO=
Moy GopMy I

x=cshasinfcosp, y=cshasinBsine,
2=cchacosf, (8.6,1)

roe ¢ -— MaclTabHmi  mHOXUTeAb, O=Sa< co, 0=<<fB=<m,
—n<e==n%*). Kaxaoll TouKe npoOCTPaHCTBA COOTBETCTBYET
€NHCTBEHHAs COBOKYMHOCTh 3HaueHuil (o, B, ¢). KoopauHatHue

P

p=const

=COnst

Puc. 23,

MOBEPXHOCTH CYTh BBRITAHYTHIE 3JIJIMNCOMUASI BPAILEHMA o == const
¢ ¢gokycamu B Toukax (0, 0, =Z=¢), codokycHhe uM IBYNO-
JOCTHHIE THNEPOOMOMAN BpameHus B==const u MIOCKOCTH,
npoxoasmue 4epes oce 2, ¢=const (puc. 23). TIpocrtoe BH-
ypcAeHde JaeT AJs KBafpara JMHEHHOIO 3JeMEHTa BHIPAKEHHE

ds? = c? (sh®x -} sin®B) (do? -}- dB%) + ¢?sh2x sin? B do?, (8.6,2)
OTKyAa s KO3(pGdHIMeHTOB JamMe MOJyyaoTcs 3HaueHUs:

1
H,=Hy==c (sh®a }-sin®*B)?, H,=cshasiaf,

*) Ecmad  (p, 2, ¢)— UMAMHAPHYECKHE KOOPHMHATH TOUYKH, TO
zt+ip=cch(@-+}B)
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H ypaBHCHUE Jlannaca NIpUHUMAET BHUA!

_ 1 1 0 du 18 [, 0w
Au= G e [?h?”a?(smﬁ) s (S‘“pbﬂ +
1 1\ o
+(se ) | =0 (8.6,3)

¥

Ecanm uckaThb 4acTHeE pelleHds MOCIAEIHETO YpPaBHEHHs
u=A@BE@) (), (8.6,4)

TO, Tak %e Kak B § 8.2, nepemenHsle pasgessiorcsd, u IJd
olpeneneHns MHOXuTeNe#t noayuaroTcd OOBKHOBEHHBE nudde-
pEeHUNaJbHBIE YPaBHEHUS:

Q" 1 p2@ =0, (8.6,5)
1 d /. ,dB p2
»m—-—d-g(smﬁ—>—}—[v(v—|—1)~M]B=O, (8.6,6)

e
LI (ha%‘})_[v(v+1)+-s;;—2a]zx=0, (8.6,7)

sia  dx

rae ¢ M v—IapaMeTpH DasjeneHus, BHOOP KOTOPHX U COOT-
BETCTBYIOIUX HHTErPANOB PACCMATPUBAEMHEIX YPaBHEHNH UK TYETCA
KOHKDETHBIMH ycCaoBUsIMH 3afaud. B wyactHOCTH, O/ ciyuas
CHUMMETPHH BpaLEeHud, KOra HcKoMmas (YHKUMS 4 He 3aBHCHUT
OT KOOpHMHATH ¢, caenyer nomoxuth p=—=0, ®=1; B Gonee
obuieM caydyae, KOrja u AOKHO OHTb NepHoAnyecKoll dyaxuves
@, INapaMerp (. MPUHUMAET NLeJHE MOJOXHUTEILHHE SHAYCHUA
p=m(m=0,1,2,..)u T 0o

BripoxieHupie 9/1JKICONAANLHBIC KOOPANHATH AJs CIVIIOCHY~
TOTO 3JJMNCOHAA BpAaUleHHUs ONpEeAeNdIoTcs DaBeHcTBamm *):

x=cchasinfcose, y=cchasinBsincp,\l
z=c¢shacosB, O0=<a<oco, Os@sn,i (8.6,8)
—rp=". )

KoopauHaTHbE MOBEPXHOCTH CYTh CIVIIOCHYTHIE SJTUICOAIH
BpaiieHnd o == const, 0AHONOJOCTHHE runep6oaouas BpameHus
B =rconst u nmocxocTn @= const (puc. 24).

#) C UMIMHIPUYECKHUMH KOODIMHATaMH (p, 2, 9) pacCMaTpuBaeMble
KPHBOAHHEHHbIE KOOPAUHATH CBA3AHb COOTHOMeHHeM: 2} ip=c sh (a--iff)-



284 NPUJIOKEHHE CPEPHUECKHX $YHKLUH [ra. vii

KBanpar suneiinoro saementa u oneparop Jlanaaca B pace
CMaTpuBaEMOH cHCTEMe KOODIUHAT HMEIOT BHI:

ds? = ¢* (ch®a — sin®B) (da? }- dB?) -} ¢? cha sin® d¢?,  (8.6,9)

. 1 1 0 ou 1 /. ,0u
Al = e —sinty) [cTzE <Ch“b?) Sing 07 (Smﬁa_p)_{_

1 1 0%
+( sin® ~ chi > WJ . (8.6,10)

Paspeass NEPEMEHHBIC, NOAYYAEM a4 onpenesieHuss MHOXH-

lp

& = const

p=const

Pnc. 24,

Teqed B pemenun (8.6,4), Bmecto (8.6,5—7), CACAYIOILYIO CH-
CTeMy YypaBHEHHH:

(I)”~|‘—p"‘(1)30, (8.6,11)
ing 43 )—{—[v(v—}— )— w7 ]B:O, (8.6,12)

) [v(v—§— 1)_-5;—&]1&:0. (8.6,13)
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§ 8.7. Kpaessle 3amaun AJis SJVHNCOMIOR BpamieHUs

Haiinennwe B § 8.6 vacTHele peuieHds ypasHenuda Jlamiaca
MOTYT ObITh HCMONb30BAHB AN MOCTPOEHHS COBOKYIHOCTEW
¢$hyHKUAH, rapMOHHUECKUX BHYTPH HJHM BHE S/UIMNCOMAA Bpauie-
HESI, YTO JAET BO3MOKHOCTb IOJYYHTb PEIIEHHE psifa KpaeBHX
8334 MaTeMaTHYECKOH (DH3MKH, OTHOCSIMXCSA K 06JacTIM 9TOrO
BHAA.

PaccmoTpum B KauecTBe IpuUMEpAa KpaeBble 3a1aud, CBsi3aH-
HbI€ C BBITAHYTBIM SJIIMICOMAOM BDAILIEHHs, H OrPaHH4UMCH IJIK
IPOCTOTH CJAy4YaeM, Korjaa UckoMass (YHKLMSA ¥ HE 3aBHCAT OT
yrna ¢. Kax yxe ykassiBajgoch, B 5TOM cayuae p=—=0, u ypas-
Henue (8.6,6) nepexoaut B ypasHeHue Aas chepuyeckux GyHKIuE
Jlexannpa OT apryMeHTa X —COSP, €IHHCTBEHHLIMH DEILEHHAMH
KOTOPOro, OrpaHMYCHHHIMH B 3aMKHyTOoM uHTepBane (0, w),
SIBJSIOTCS DPEIUEHHs!, COOTBETCTBYIOMIHE LEMBIM I10JOXUTENBHBIM
3HaueHusM mapamerpa v, v=rn(n=<0, 1, 2,...)%),

B=cCP, (cosp), (8.7,1)

rae P,(x)— nonunom Jlexannpa n-ro nopsizka (§ 8.3).

Ypasuenue (8.6,7) nmpu moMoiM MNOACTaHOBKU P ==id mepe-
Boaurcst B ypasHeHue (8.6,6); mostomy ero o6mwmii mHTErpax
npu p=0, v=mn Oyner:

A= MP, (cha) -+ NQ, (cha). (8.7,2)

Ecmu a==a, ecTh ypaBHEHHE IIOBEDPXHOCTH 3JIANCOMNA, Ha
KOTOPOH 3aflaHbl KpaeBble yCJIOBHA, TO 00JacTH, aewamel BHyTpH
3MICONAA, COOTBETCTBYET COBOKYNHOCTD 3HaueHu# 0 =< o <o,
06/1aCTH BHE SJIIHIICOMAA — COBOKYNMHOCTb Oy < o< 00, Tak
kak npn a— 0 P,(cha)—1, Q,(cha)—0c0(7.3,13 u 26),
TO IS BHyTpenHe# B3ajgaud Hagiexur mnomoxuth N=0.
Taxkum o6pasom, nomxogsmas J[JA9 pacCMOTDPEHHs BHYTPEHHER
8ajlaud COBOKYINHOCTb YaCTHHX pelueHudl ypasHenus Jlamaaca,
KaXI0e H3 KOTODHIX NpencTapaseT cob6oft rapMOHHYECKYIO BHYTPH
simuncouna GyHkuuio, Oyner:

u=u,—=M,P,(cha)P,(cosB), n=0,1,2,... (87,3)

Ina BHemmel 3amauw TpeGyeTcss MONYYHTb DEIUCHUS, FApMO-
HUYECKHE BHE SJUIHICOMAA M Hcuesawomue Ha OGCCKOHEYHOCTH,

¥) D10 3aMeYaHHE OTHOCHTCA KaK K BHYTpeHHell, TaK M K BHeIlHefi
3ajayaM Qi PacCMaTprBaeMoro MAHNCOHMIA.
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yt0, BBURY (7.6,13—14), NpUBOAUT K HEOOXOAUMOCTH HOJOKUTh
M=0; nosTomMy npurogHas Jia 3STOr0 CJAy4as COBOKYIHOCTb
yacTHoix pemenudt (8.6,3) umeer Bum:

u=u,=N,Q,(cha)P,(cosB), n=0,1, 2,... (8.7,4)

Orauume ciayyad CHAIOCHYTOrO SJUIMIICOMNA BPAMIEHHS OT
paccMOTPEHHOrO COCTOMT TOJNbKO B TOM, YTO ypaBHenue (8.6,7)
samensercs ypasHenmeM (8.6,13), noatomy mas v moayuaem
€ro InpexHee sHauenme v=n(n=0,1,2, ...), © MHOXUTEND,
saBucsamuid or B, Kak M paHbUIE, Haercs Q)OpMynoPl (8.7,1).

Ypasrenue (8.6,13) npu noacTaHoBKe B:%——ia npeoGpa-
ayerca B ypasHenue (8.6,12), nostomy ero o6muit uaTErpai;
ans caydas p==0, v=7 umeer BunI:

A = MP, (isha) - NQ, (i sha), (8.7,5)

OTKyla CJelyeT, 4TO YaCTHHIMH DeLIeHHAMH ypaBHeHus Jlandaca
OyayT (QyHKLIMM:

u=u,=[M,P,(isha)-{ N,Q, (isha)] P,(cosB). (8.7,6)

[Mokaxem, 4To AAg TOro, YTOOH MOJAyYeEHHBIE pelreHus Gulan

rapMOHHYECKHMA (YHKUMSAMA BHYTDH SJUIANCOMZA OL==0,, HE0O0-

xomumMo noxoxuts N,=0. JlOKasaTeabCTBO fABAAETCH MEHEEe
TPUBHAABHBIM, 4YE€M B aHAJIOMMYHOM CJydYae sl BGLITAHYTOrO
SJIIANCOU/Aa BPAlEHUs, T4K KaKk B PaccMaTPUBAEGMOM caydae 00a
pemtenns P, (isha) u Q,(isha) ocraores OrpaHUYEHHHMEA TP
O<<a=<toy, u maa noxyyenus tpeGyemMoro pesyabTaTa HeoG-
X0AuMO ucciaenosath nopefaenue grad u B6ausum 0coGoi  AuHMM

npeoGpasosauus (8.6,8) a=0, Bz-;—

B ocnope paccyxaenus gexut Gopmyaa

(grad n)? :c——(c—hm [<%>2+ (‘%}2], (8.7,7)

cnenywomas us (8.6,9), ecau cymTaTh, 4TO U HE B3aBUCUT OT
yraa ¢. Ha paccmarpusaemo#t /uHuM 3smaMeHartens MpaBo# yacTw
o0pamaeTcs B HyJb, HOSTOMY A% KoHeudocTn grad u He06XO0-
IUMO, YTOOB! BBIPAXEHUE B KBAADaTHHX CKOGKAax TaKxe - o6pa-

Ia%0Ch B HYJb, Korma o— 0, B——»— Buluucass npejenx sToro

BBIDAXEHHA OIHMH pa3 B NPEANOJOXKEHHH, UYTO I[epeMeHHas B
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ko
coxXpausieT NOCTOAHHOE 3HaueHue {3:7 , a mepemenHas a— 0,

a Apyro#i pas npu ycaosud, 4yTo o —=0 u B—»—;—, [OJNy4yaeM,
B KauecTBe HeOGXOJMMOrO YCJAOBHA, DaBEHCTBO

N, P, (0) Q4 (0) = NP, (0) Qn (0) =0,
OTKyna, Ha ocHoBaHuu dopmyn (7.6,6,8,10), caenyer N,==0.

IMonyueHHoe YC/AOBHE SBASETCS AOCTATOYHHIM JUI OrPaHHYEHHO-
cru grad u. JleHCTBUTENbHO, €C/H

u=u,=M,P,(isha)P,(cosB), n=0,1,2,..., (873)
10
(g—:ﬁ- (‘;‘;) — M3, { P& (i sh o) P2 (cos B) sin* B —
— P2 (isha) P (cosB) chia }.

Buipaxenne B cKOOKaX €CTb NOJMHOM OTHOCHTEJbHO €0sf3, o6pa-
maiomuiics B Hyab npu cosP=}ishd, CA€A0BATENBHO, 3TOT

T
noiauHoM aesutca Ha (ch?o—sin28), n auHna a=0, = - He

Gyner ocoGoti nas grad u. Takum o6pasom, dopmyna (8.7,8) naet
COBOKYIIHOCTh pelleHuil ypaBHeHua Jlannaca, NPUrOAHBIX HJIs
paccMOTPEHHMsT BHYTPEHHHX KpaeBHX 38afad Aas CIUIOCHYTOro
saaumcouna BpauieHus. Jlad BHeNIHed: 8ajadyM, Kak M DaHblie,
HalekaT nonaoxute M,==0, U COOTBETCTBYIOL|ad COBOKYI-
HOCTb HUMEET BHI
u=u,=N,Q,(sha)P,(cosB), n=0,1,2,... (87,9)
HafieHHBle COBOKYNMHOCTH YACTHHIX DEWIEHUH ypaBHEHHs
Jannaca (8.7,3—4) u (8.7,8—9) mo3BoJAIOT pPacCMOTPETh Pl
KpaeBbX 3aJady, OTHOCSUMXCS K JJmncouaam spamieHus. ITycrs,
Hanpumep, TpeGyeTcs pemHTh BHYTPEHHIOW safauy JHupuxie
A BHITAHYTOrO SJajunconaa BpameHud. Ilpeanonoxum, uro
rpannuHas ¢yuKuma f==f(B) Moxer OHTh pasioxenda B PAK
no nonuHomam Jlexanuzpa

F® =Y fiPalcosh) (O=<B< r),\
e L (8.7,10)
=2 [ 7 @ sin P, (cosy ap,
0




.288 ~ MPANOXEHHE COEPHYECKHX SYHKIUHA [ra. viu

PaBHOMEDHO CXOfamMics B 3aMKHYTOM npoMmexyTke (0, %).
Torma pan

P, (cha)

Jap, (o)
0

P, (cosB), (8.7,11)

o
R
D8

cocTasaeHHbd u3 uaeHoB Buma (8.7,3), Kak Nerko MoOKasaTs,
AOJB3YACh TEOPEMOH O MOCJHENOBATENBHOCTAX TapMOHHYECKHX
¢$yHKumHi *), maeT pemieHue NMOCTABAEHHOW Bajaud.

ITpuMep KOHKpETHOH 3afauyd MaTeMaTHYecKOH (uU3UKH pac-
cmorpeH B § 8.8.

Haa o6umero cayuas, XOria rPaHAUHBIE 3HAYEHHs HCKOMOH
¢yuKkumA saBucAT OT ABYX Koopamuar, f=f(B, ¢), noaxoas-
HIMMM COBOKYIHOCTSIMH YacTHHIX perieHuit ypasHenus Jlanmsaca
A9 BHTSIHYTOTO H CINTIOCHYTOTO  SJ/VIMIICOMIOB  BPAlIEHHs
SIBAAIOTCS:

u=—u,,—[M,,cosme |+

P7 (cha)
N, sinme] PT (cosp) ” , 8.7,12
+ Nmn ‘P} 7 (cos B) QZ’(cha) ( )

u=u,,=—[M,, cosme -}
. Py (isha
-+ N, sinme] Py (cos B) Q’:"((i " a)) ,  (8.7,13)
n
n=0,1,2,...; m=0,12, ...,mn,

npuueM B OGOUX CIyuasdX BEPXHAs CTPOYKA OTHOCHTCSA K BHYTPEH-
Hel, HHXHAY — K BHeLIHeH KpaeBol 3asmaue.

§ 8.8. llpumep n3 martemarndeckoit dusnkn. Mpuraxenne
BHITSHYTOI'0 OJHOPOZHOrO 3JJIHNCOUAA

’

B KauecTBe MpOCTOrO MNpUMEPa IMPUIONKEHUS PE3yIbTATOB
§ 8.6—7, BrUMCAMM HBIOTOHOB MOTEHUMAX BHTIHYTOrO OIHO-
pomHOro saMmconna Bpamenus maccs M. Ecan 06osHauuTh @y
¥ ¢, MOTEHLWAEl BHYTDH M BHE PACCMATPUBAEMOrO S/UIMINCOUAE,
TO, KaK M3BECTHO, PaccMaTPUBAEMas 3a/aya CBOWUTCA K OTHICKA-
HHIO DelIeHUR ypaBHeHUH

Ag; =— 4mp, Ag, =0, 8.8,1)

*) Cu. npuMeyanue Ha ctp. 275.
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PETyJsPHEIX B COOTBETCTBYIOLIAX 0GIACTAX U YA0BIETBOPSAIOUIAX
Y CJAOBHAM:
dv; do,

Pi=%Pe| » on - on

e

@, =0, (8.8,2)

b
ks xR
rae (9) — nOBEPXHOCTL SJMANCOMAE, N — HOPMadb K 5TOH 1O-
BEDXHOCTH, p— NAOTHOCTH BELIECTBA ®Jdncouna. Peurenne
3aa@4M MOXHO NPUBECTH K ONDENENEHUIO JBYX TapMOHMYECKAX

QJYHKU.HH, €CJim NpelCcTaBuTh ¢@; B BUAE CYMMH
<Pi=—“CPo A+CP*s (8'8»3)

rjie ¢¥-— rapMOHHYECKas BHYTDH 3/MMICOMNA (YHKUUS, @p—

Kaxkoe-m00o YacTHOE pemieHue ypasHedus [lyaccoHa, B KaduecTse
KOTOpOro yao0HO BbIOpaTh:

o =—m1p (¥} y?). (8.8,4)

Beoas saaunconnanbHele KOOpAMHATH (0, B, ¢) mo dop-

myaam (8.6,1) © ucnonbsys HallleHHble Bhille COBOKYMHOCTH

YaCTHHX pelleHult ypaBHenus Jlanaaca (8.7,3—4), bl MOxeMm
IBTAThCA UCKaTb QyHKuuE @* u ¢, B QopMe pasnoxeHui:

ne==0

o*= Y M,P,(cha)P,(cosp), I
o ; (8.8,5)
7= Y, NuQu(ctio) P, (cospy. |
J

ne=Q

Has onpeneaenus xosdpduuuentos M, N, wumeem TorAa
TDaHAYHBIE YCAOBHS
0%t __ 0%,

Pr1=%

I
a==txu’ 0z - Oa ,a:ao’

(8.8,6)

FIe O, —— BHAUEHWE KOODAMHATH @, COOTBETCTBYIOILEE NOBEPX-
HOCTH 3aaHnconga *),

3amevas, 4To
@y == — npc? sh¥a sin?B =
2mpc?

= ——5—sh’ [P, (cos B) — P, (cos B), 8.8,7

*) Ecmn ¢ — sxcuentpucuter, @ — Goabias 1oayoch SLIHICOHMIA,
a
10 choy= -

19 H. JleGenes
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¥ BOCnOMb30BaBLHCL (8.8,6), moayuaem, NpupaBHuBas Ko3(pdu-
umentsl npu P, (cosB) B neBo ¥ mNpaBOfl YACTAX PAaBEHCTB

(8.8,6):

My — 2 shtag = N,Q, (ch ay),

3
2
Py (ch o) My - —2—?8‘ shPa, = NpQ, (ch o),
2 ’
— @:‘:—c— ch a, = N,Q, (ch ay),

(8.8,8)

2 ’
P} (chay) My + 5= ch oy =NyQ3 (e o),

M,P, (cha,)=N,Q,(cha,y),
M,P; (ch o) = N,Qr, (ch ay),
n=1,3,4,5,...

Us nocnenHux ypaBHemuit cucremb (8.8,8) caemyer, uToO
M,==N,==0 ans BcexX z, OTAMYHBIX OT HyJd WX IBYX; IO-
argmy pelleHue NPEACTaBIseTCs B 3aMKHYTOH Qopme u JEerko

10 IPOBEPKY.
JOIYCKaeT HEIOCPENACTBEHHY
) TaJbHEIX
Kos¢pouumentsr My, Ny, My, Ny BHYUCAAIOTCSA U3 OC

aeMo# cHCTeMbl.
paBHEHAR paccMaTpus )
d [Tocae HecaO¥HBIX MpeoGpasoBaHuil, B XONe KOTOPLIX HCIOJb

ayorea Qopmyast (7.7,2), (7.9,1) u paBeHCTBO
| M= —g— mpc® ch ag sh? ay,

NPUXOAUM K CJAEAYIOLIEMY BBIPAXEHHIO /s IOTEHIMANa B obaacra,
BHELIHER K 3JIMICOUAY:

9o =22 [Qu(ch @) — Qq (cha) Py (cosf)].  (8:8.9)

3naueHre IIOTeHLWana 1Js BHyTpenHe# o6jacTH nonyqae:;;
aHanoruyHeM o6pasoM. C momousio Gopmy (7.9,1) norenuy -
¢; U @, MOTYT OBITb BLIPAXEHBI UEPE3 SAEMEHTAPHHIE GYyHKLMH.

§ 8.9. Kpaesast sapaua aud runep0oionia BpalleHHs

Bo3MOXKHOCTh pasieieHus NEPEMEHHBIX B yDAaBHEHHU Ilanélagz
B BHIPONECHHBIX SJUIMICOMAAJBHBIX - KOOPAMHATAX MOMXET b; "
HCHOML30BAHA TAaKKe MJs pelleHHs HEeKOTOPHX KpaeBHX 3salad,
OTHOCAUMXCS K IuAmepOoIOuay BpalieHusd.

e
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[lycts (a, B, @) 6ymeT crcTeMa KPHBOAHHEHHBIX KOODJHUHAT,
OnpeieseHHas C MOMOMbI paBeHcTB (8.6,1); caemoBaTesbHO,
MoBEpXHOCTh 3=, OrpaHuYMBaEeT HEKOTOPHH runepGooHnn
Bpawenns (puc. 23). 3amava [lupuxne Ias paccMaTpuBacMOro
runep6ononna (GopMyTUPYeTCs CAEAYIOIEAM 06PasoM:

Hadimu gynryuio u, 2ap monueckyrw 8 o6aacmu 0 << B < By,
Henpepoisnyio 8 o0sacmu 0 << B << By, ydossemsopsawuyw ycio-
8u0 ulz—p,=f u ycaosuo wa Gecwomewnocmu: u-— 0 npu
0. — OO pasroMepHO 8 0awKoi ob6sacmu. PyHKWMS f mpeuno-
71araeTcs HENPEPLIBHOM u cTpemsAmiefics K HyMO Npa o — co.
Kpome T0ro, mb orpanmummcs cayuaem cHMMeTpun BpalleHud,
B COOTBETCTBHH C YEM NPHUMEM, YTO [ 3aBUCHT TOJBKO OT 3Ha-
YeHu# nepemeHHoro o, f= f(a). Ioxkaxem, uro pemenue pac-
CMAaTPHBAEMOU 3alaud, a TAKKE HEKOTOPHIX JPYrMX KpaeBbIX
8a7ay, CBfI3aHHRIX ¢ OO6GJACTBIO MAHHOIO BHI3, MOMET GObITh
TNONYYEHO MYTEM CYNEPIOBALMM YACTHHIX DEHIEHUH ypaBHEHHs
Jlanaca

U=u,—= M.P. 1)y it (Ch a)P_ 1/, +ir(COS B), =0, (8.9, 1)
KaX70€ H3 KOTOPHIX €CTb rapMOHWYecKas GyHKUHs BHYTpHU
runepGononna B==B,, cTpemsmasica K Hy.T0 npa o — oo ¥),
YKas3aHHAs BOSMOXHOCTb OCHOBAHA HA CYIIECTBOBAHUH $OpMY b,
aHaTorMuHol uHTerpany Pypee, pamomei pasmomenne npouns-

BOJIbHOH (yHKUMH g (X), ONPENENCHHON HAa IPOMEXYTKe (1, o),
B uHTErpan no Qgyskumam P_i, 4. (X):

o )
g(x):f G()Porjyr i (0 ds (1< x< co), l

° o i (8.9,2)
G(t)=zthnt J‘ F(X)P_yyy 4 iz (x)dx. ,
1 J

Popmyna (8.9,2) msBecTHa NOX HasBaHmeM uxTerpasa Me-
nepa— PoKa u cnpasesnuBa Iid Mo6o# dyHKumK g (x), Henpe-

*¥) Ecmt Bu6patsh B (8.6,6—7) =0, v=—-;~+ir, TO HaxXOILHM

B=CP ) nlcos D+ DP_,, 1 (—cosp),
A=MP_,, . ; (cha) 4 NP_y;, 4 ;(—cha),
4, u3 ycaoBus OrpaHUYEHHOCTH pelIeHus Ha ocCH Fﬂﬂepﬁoﬂonﬂa, rae a

u1g @ paBHO Hymo, ciexyer D= N=—0. 3aMetum emte, 4YTO0 Ha OCHO-
Bauun (7.6,14) P_ 1ot it (cha)— 0, xorna a— co.

*
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PHBHOH # HMEOIe# OrpaHWYEHHYI0 BAPHALHMIO B IPOMENKYTKE
1 <a=ssx=<b< oo, un1 KOTOPOH HHTErpaIH

[le@lE—n-dax [le@le rneds @>1),
1 a

CXOAATCS K KOHEYHBIM 3HaueHusM *),

BocnonpbaoBasnuchk 5To# GOpMyJaoH, Mbl MOXEM, NPH COOT-
BETCTBYIOLIMX OFpPaHMYEHHsIX, HAMOXEHHHIX Ha ¢dyuxumo [ (a),
NPENCTABUTL €€ B BUIE MHTErPajbHOTO PasiONeHNd

f(a)=j'F(r) P_yyyin(cha)ds (0<<a<oo), (8.9,3)
0

rae

F ()=t thwr j‘f(a) sha P, 4s(cha)de.
0

Torma uHTErpan

P_y, 4 i(C0OS B)

y= 6" F@) o s (8.9,4)

P_i1j1n (cha)dr,

nosyyeHHsift cynéprosunmedi pemeHudl Buaa (8.9,1), Oyzner, 1o &
kpatinelf Mepe (pOpManbHO, PpEIIEHIEM MOCTaBJAEHHOH 3aJayd.
ITo nOBOAY KOHKPETHHIX BBHIYMC/AEHUH Mbl OTCHIIAEM HMTATENA

K CTaTbe aBTOpa, IA€ [JAHO pElIeHue OMIHOH 8ajaunm SJACKTPO-

cratuka *¥),

§ 8.10. Topounaabyeie KOOPAMHATHI

N

Kpome cepruecKuX U BHPOKIEHHBIX 3/UIMNCOMIANbHEIX KOOD=
JWHAT, CO ChepuyecKuMH (PYHKIMAMH CBSI3aHbl TaK HA3HIBACMEIE
'TOPOMIANLHEE KOODIMHATH, MOJNESHHE MpPA PEleHuH KPACBLIX 2
8ajiay, OTHOCSIIMXCA K 06JacTH, OTPaHAYEHHOH MOBEPXHOCTDLIO |
TOpa WM NOBEPXHOCTBHIO ABYX HEPECEKaroIHXCs chep. Cncrema 4§

# CM. B. A. ok [1], H. H. Jle6enes [4].
##) H, H. Jle6enen [3]
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TOPOUIAMbHBIX KOOpIAMHAT (a onpem
¢ eJAeTCa [PpU MOMOILH
: *) ’ p: )

__cshacoso

— cshasine
cha—cos{’

— ¢ sinf
cha—cos 3’

x === —————————
cha—cosf’

(8.10,1)
rae ¢ — macwtaGHeid  MHOMuTe b, 0<<o<oo, —n<B=cw
— H

—T < P=.
Koopnunarnsie nMOBEpXHOCTH CYTb TOpH o == const:

(p—cctha)? 22 =(-C g, 8.10,2
cpepn f = const: (Sh a) ( )
(z— ¢ ctg B)? - p? — (Sl—gﬁ)“ (8.10,3)

[epEeCEeKaIoLNecs O OKPYXHOCTH p==g¢a, 2#==0, 4 OIOCKOCTH
¢==const (puc. 25).

KBanpar nuuefinoro sneMenta B TOpOMIAALHOM CHCTEME KOOD-
JHHAT HUMeeT GopMy:

2 e 2
ds?=— e —cos B [do? - dB? 4 sh?a do?]; (8.10,4)
103toMy Koadduuuentst Jlgme 6ynyr:
Ho—Hi—— ¢ . csha
s cha—cos g * H“’_cha—cosﬁ’
1 ypasHenne JlanJaca NpUHUMAaET BUA:
_0_( sha ou a sha ou
da\ cha—cosp 53)+?0—3< cha—cosB 73>+
1 o%u
IR C YT E TR =il (8-10,5)

#) CBa3b TOPOHMATLHEX (2, 3, ©) M NUIMHADPHYECKHX (p, 2, ) KOOD-
AMHAT HAETCA COOTHOINeHMeM: Z - ip==cicth :

i
5+ OTKyZa crexyet:
cshe csing
3Ch“—C°S@’ cha—cosp
dMeTHM eIe, 4TO OTCYET LMKINYEeCKUX KOOpIHHa
T 3 U ¢ B HEKO-
TOPHX CHYYasAX BHIFOJHE!l BeCTH MexnIy npenenalvf)u: Pue exo
<23, m<o<2n4o,

B wactHoctn, mpH = = —
mBUITe, , TpH By==¢;==-—= MB HOTYUaeM HHTEPBANH, NAHHHIC

2=

L=
h
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B oTadude OT pAacCMOTPEHHHX paHee CJyyaes, MOJMYYEHHOE
ypaBHEHHe HE NOMYCKAaeT HENmOCPEACTBEHHOTO DasieneHud nepe-

o= Const ¥

? é /é ; p=const
| 7
= | 7

Puc. 25.

MEHHBIX; OAHAKO IPH NOMOIIH 10ACTAaHOBKH

u= (2 cho—2cosf)"’/=v (8.10,6) .

OHO TIPHBOJMTCS K YPaBHEHWIO LIS HOBOH HeusBeCcTHOH (YHK- §
nu v

o | v ov | 1 1 o __ |
S T ot cthag+ 7 v g ge=0 (8.10,7) §

npUHALTEKalleMy K KJacCy ypaBHeHmH, MO3BOJAIOMUX OCYyULe
CTBUTH 3TO pasgesienue. JlelcTBHTENBHO, NOAAras
v=A@)BE@ 2 ) (8.10,8)
nonyyaem
(i)l! 2

AM B A' 1 .
Sh%d[—-A——i-—B-—}—KCtha"l—z—]—— (I)"_“p"

§ 8.11] KPAEBASL 3AJAYA IUI1 TOPA 295
rie p? — HEKOTOpas IOCTOSHHAS; OTCIONR CAELYET
Al A’ 1 P‘S _ B!
Ttrthet s —mr =%, }> (8.10,9)
"4 p2=0. |

OGo3nauas NOCTOAHHYIO, KOTOPOH PaBHM 0Ge CTOPOHH MOCHEH-
HEro paBeHCTBa, 4epe3 vi, magomum:
B" +v'B=0, (8.10,10)
1 d dA s 1 p Y,
m%shaﬁ——[v -Z-—l—m]A——O. (8.10,11)
Taxum oGpasom, ypasuenue Jlammaca nomyckaer GeckoseuHoe
MHOXECTBO DelIeHHH BHia

u=(2cha—2cosB)2 A(@)B@) D (¢), (8.10,12)

rie A, B u ® cyrp unrterpanst 06bIKHOBEHHBX HuddepeHnuams-
HBIX ypaBHeHu# (8.10,9—11).

Pelenue xpaeBnix 3amay MaTemaTHueckofl dusuku gia obaa-
CTeH, NnepeyucJeHHLX B Hayaje JaHHOro maparpada, MOxeT ObTh
NIONYYeHO NyTeM CYNEPHO3ALMM STHX YaCTHHIX HHTErpatos. B cay-
yae CHMMETpUHM BpallEHHs, KOTJa MCKOMas ¢yHKUMA U He 3aBH-
CUT OT KOOPHHMHATHL ¢, HAIJMEHKUT MOJOKATL p=—0 n & —=1.
Uuterpnpya ypasuenns (8.10,10—11), Haxoamm Aas 3TOro
cayyas:

u=(2cha—2cosB)/2[AP,_1/,(cha) | BQ,_1/, (cha)] X

X [Ccosv8 4 DsinvB].  (8.10.13)

§ 8.11. KpaeBas 3amaya aas topa. IIpumep
H3 3JIEKTPOCTATHKH

B Buze npuMepa Ha NMPUAOKEHHE TOPOUAMBHHIX KOOPAMHAT
JagnM pelieHue neppoft xpaesoft 3anauu AAs o6aacTd, OrpaHu-
YEHHOH MOBEPXHOCTBIO TOpa O ==0,, [IPUYEM, YTOOH HE YCAOK-
HATh PACCYKASHAN, PACCMOTPUM CAydadl CHMMETPUH BpaileHud.
Us coolOpaxeHull HeNPEpPHIBHOCTH CJAEIYET, UTO HOCTPOEHHHIE
Beie yacTHeie pemenns (8.10,13) Z0OMKHB YAOBJIETBOPSTH YCJIO-

FAY
BUAM *): _ ou ou

" 3=-nhula=m’ ${3=—w—0—§‘a=w’

#) DTH YCIOBHA PaBHOCHIbHE TPEGOBAHUI0 NEPHOAMYHOCTH peIe-
HUA OTHOCHTENbHO NMKIHYECKOH KOOPIHHATH 8,
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YTO BO3MOXHO JHUIbL B TOM CAydae, €C/JAd TNapaMeTp v ecTh
HEJ0e UHuCaA0, KOTOPOe, He OrpaHuuMBas OOGLIIHOCTH, MOXHO CUH-
TaTbh NMOJNONKUTENbHHIM, v=n{(n=—0, 1, 2,...).

ITpn paccmoTpeHHd BHYTpeHHEH 3aJaud HaM HEOBGXOJUMO
NOJIYUHTb pELIEHHs, OTPAHHYEHHBIE B 00JaCTH 0y << o < 0O,
NO3TOMY, Ha oOcHoBanuum Qopmya (7.6,12), (7.10,8), naromux
noseleHue cdepuyeckux QYHKIHH mprn 60NbUIMX 3HAYEHHUAX APTY-
MeHTa, ciaegyet noaoxute A=—=0. Hanportus, nas sHewHetl
3allaud, KOTOPOH COOTBETCTBYET MPOMEXYTOK O <Ca< g, He-
o6xomumo, y4AThHIBas NOBENEHHE DPAacCMaTPUBAEMBIX (PYHKIMH
npu o —0, npunars B=—0%). Takum 006pa3oM, COBOKYIHOCTbH
pewenudd ypaBHedus Jlamsaaca, TPUrOJHHIX AJS DELIEHHUA BHYT-
peHHeRt kpaeBo#l samaum, Oyner **)

u=—u,=(2cho—2cosB):[M, cosnB -}-
4N, sinnB] Qu_1y, (cha),  (8.11,1)
n=—0,1, 2, ...,

H COOTBETCTBYIOILAass COBOKYIMHOCTb I BHENIHEH 3amauyu

n=u, = (2 cho—2cosB)/z [M, cosnB |
-+ N,sinnB) P, _ 1. (cha), (8.11,2)

n=0,1,2,...

[lycts, HanpuMep, TpebyeTcs PenIuTh 3a1avyy SAEKTPOCTATHKY
0 pacnpeleqeHAU SJAEKTPUYECTBA HA MNPOBOMHUKE, HMEIEM
¢opmy TODAa.

Kak wmsBecTHO, paccmaTpuBaeMas 3ajadya CBOAUTCH K pelre-
HHIO BHemHe# 3agmayn JlMpUXJe NpU FPAHMYHOM YCAOBLH

u| =V, (8.11,3)

a =g

rie u— HCKOMBIH MOTEHIHAT 3JIEKTPOCTATHYECKOrO MOAs B YacTH
NPOCTPAHCTBA, JeKauiel BHE NIPOBOMHNKA, V — MOCTOSHHOE 3HA-

*) CM., HAaNIpNMep, aCHMNTOTHYeCKHe GOPMYJIH IPHMepoB 3, 4 ynpax-
HeHu#t Kk ra. VIL
*#) Io sro#t npuyune dyuxuun P, _, /s (cha)uQ, _, /s (ch &) nroraa

Ha3nIBAIOT TOPOMUAANLHBIMU,

§ 8.11] KPAEBASl 3AJAYA JJIS TOPA 297

yeHre, KOTOpPOE NPUHHMAeT 3TOT MOTEHLMAJT Ha [OBEPXHOCTH
tTopa. CBSI8b BEJMUMH C M 0y C TEOMETPUUECKHMH NapaMeTpaMu r
u R Topa (puc. 26), Kak cie-
ayer us (8.10,2), nmaerca ¢op-
MyJTaMy: .

c¢cthoy =R, ghia—::r,
[}

OTKy/a BhTeKaer ¢ ==/ R? — 77,

4

Chaoz"r—. o

CornacHO H3J0KEHHOMY Bhbl-
ure, MBI MOMXEM NBITaThCS UCKATh
pelleHHe 3anaud B BHAE CYMMbI
yacTHHX peluenn#t Buma (8.11,2),
npuyeM U3 cooOpaxeHult ChM-
METpPUM OTHOCHTE/JbHO ILIOCKO-
¢t 2=0, caelyer INpUHATH
N,=0, T. e. NOJOXHUTh! Puc. 26.

[ee]
= (2cha—2cosB)"/: 2 M,P, _1, (cha)cosnB. (8.11,4)
n=0

[pannunoe yciaosue (8.11,3) yAOBRETBOPUTCH, €CAH ONpe-
aemutb M, u3 ycroBus

V(2cha,—2cosB) o= ZMnP,, —1y, (choy)cosnf
n=>0
(—r=<<B=<<m), (8.11,5)

I/ YEro JOCTAaTOUHO PasiOKUTb JEBYK CTOPOHY B pal ®ypne
B npOMeExyTKe (— w, ©). Bocnoab3osasmnck popmyaok (7.10,10),
HaxOJuM:

cos nd d
V 2cha, —2cos §

W
Mo Py 1y (chag)="2" j
0

:%/Qn_qz(ChClo), I’L:l, 2, e

v
/VIOP_l/2 (Ch ao) == = Q_ 1/g (Ch (10),



298 MPUJIOKEHNE CPEPUUYECKAX SYHKUMH [ra. v

OTKyZa CJeLyeT, uTo (opMajJbHOE pelleHHe 3agaun Gymer:

_V [ P_y,(cha)
ll———;(? cha—2 COSB)lA ['P—_l;s—(ch—%j Q—l/2 (Ch ao)_{_

N P,y (cha)
—}—Zﬁm@_%(chao);osnp]. (8.11,6)

n=1

MoxHO mokasaTh ¢ MOMOWBIO ACHMNTOTHYECKHX MPEACTABICHUH
§ 7.11, uyro pam (8.11,6) cxomurcs M AEHCTBUTENBHO [aeT
pewenne npobiaemsl. *

IlnotHOoCTh pacnpeneneHus 3apssa 10 NOBEPXHOCTH TOpa
MOXET OHITh BHUHCAEHA U3 COOTHOIUEHAA:

1 /1 ou _ 1 u
== E(gﬁ—-%>a=a0_—m(chdo—cosp)‘/2.d_q' a=a0'
(8.11,7)

B sakmouenue sameTnM, 4TO X0 PEIUEHHS KPAEBHIX MPOG/IEM
B ofweM cryyae, KOFA2 MCKOMas (YHKIMS 8aBUCHT OT BCEX
Tpex nepemeHHeXx (&, B, ¢), B NpPHHIMAE He OTIHYAETCA OT
M3JOXKEHHOTO, NMPUYEM MOAXOMAUMUMA COBOKYMHOCTAMU PELICHHR
YpasHeHus Jlannaca nns . BHYTPeHHeR U BHeluHeR samad 6yayT
COOTBETCTBEHHO:

u=1u,,=(2chae—2cosB)/2(M,,, cosnB -+

- cosm
+ N, sinnB) Qn'— 1y, (ch o) sinm:’ (8.11,8)
U=d,,=(2choa— 2cosB)/(M,, cosnB |
. cosm
—{—N,,msmn@)PZl_l/g(cha)sinm:, (8.11,9)
rae n=0,1,2,...; m=0,1, 2,...

§ 8.12. Kpaesas 3amaua mas 006aacTw, OrpaHHYeHHOH ABYMS
nepecekarmMUMuc cipepamu

TopouganbHee KOOPAMHATEH MOTYT GHTh HCIOMb30OBAHEl TAKKE
o pacCMOTpeHHA KpaeBHIX 3alla4y, OTHOCANUXCA K ofaactd,
rpanully KoTopoH ofpasywr ABe nepecexaiomuecs cepst. ITycTs
(%, ¥, 2) Gymer cucrema NPAMOYrOAbHHIX KOODAMHAT, HAYamxo

§ 8.12] KPAEBASl BAJAUA 299

KOTOpOH BHIOpaHO B LeEHTPe Kpyra ¥, Ho KOTOPOMY mepece-
KawoTcs CQepw, U OCb 2 MPOXOAUT uepe3 MLEeHTPH 3THX cdep
(puc. 27). Bpemem cuCTemy TOpOMAAAbLHEX KoopauHar (a, B, 1),
cBA3aHHHIX ¢ (X, V, 2) coornomeHnuamu (8.10,1), rme nocTosaH-
HEI MHOXUTENb ¢ BHOpaH paBHHM pammycy Kpyra ¥. ITycts B,
6yzmer yroJ, o6pa3oBaHHLH KacaTeJAbHOH IIOCKOCTRIO K Cdepe
S, (p=1, 2), npoBeieHHON B KaKOH-MMGO TOUYKE OKPYKHOCTH Y,

Puc. 27.

u naockoctelo 2=0, mpuuem O<B;<By<2n. Torma wus
(8.10,3) caeayer, 4TO YpaBHEHME MNOBEPXHOCTH S, B TOPO-
BaaIbHbLIX KoOpAnHaTax Gyner B==8,, u BuyTpeuneii obaacra D;,
orpanuueHHOH cepamu, cooTseTcTBYeT npomexyTox By < B < By,
BHemHe#t obaactu D, — npomexyTok By < B <B4 2x. Ilepe-
MeHHad o B KawmoH us o6macTeli u3MeHseTCa B NPOMEKYTKe
0 << a < co, npuyeM sHaueHnsM o==0 OTBEUAIOT TOYKM OCH Z,
SHAYEHUAM O = OO — TOYKM Ha pebpe 7. beckoHeuHO ymaneHHas
TOUKA MPOCTPAHCTBA COOTBETCTBYET 3HaveHuwsM o—>0, B—2r.

Paccmorpum samauy [upuxnse A4as BHewHeH ¥ BHyTpeHHeH
o6GaacTeli, mpuyeM OrpaHuyuMcs CHAy4acM CHMMETDUH BpalEHUS.
ME MOXEM TaK ke, KaK W BhIIE, HCXOANTH ug pemennit (8.10,13),
OJHAKO B MAHHOM cJydYae, B OTJMuue oT § 8.11, HET OCHOBaHUA
CUMTATh Y LEJAHM MOJOXHTENbHHM uHcjOM, Mel mOKaxeM, 4TO
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pellleHHe pacCMaTPHUBAEMBIX KPAEBHX 3ajay MOXET OHTh I10-
CTPOEHO MYTEM -CYNEPHO3ULMA DelleHnit BHAa
#=u.=(2 cha—2cosB)"/z [M.chB -}
- Nesh 2] P_yy, yi(cha),  (8.12,1)
=0

noayuatomuxcsa us (8.10,13), ecan BHOpaTL Y==it U MOJOXKUTDL
B=0%). Ilpeanosoxum, And ONPEACIEHHOCTH, UYTO Mbl HMEeM
IeJI0 ¢ BHYTPEHHeH 3anayuelt, u fonycrum, uto dyukumn f, = f, (a),
BXOJSIIME B IPAHUYRELIE YCIOBHS

1 !B=Bp=fp, p=1, 2, (8.12,2)
TaKOBBI, UTO QYHKIAL @, () = f,, () (2cha — 2 cosB,)— /= moryT

GHITH NPEACTABJEHH MHTErpajaMi BUAA
9 (W) =1, (0) (2 cho—2cosB,)~Ve=

:J'@p(r)p_1/2+ir(cha)d1, O<u<oo,  (8.12,3)
0

rae Kosduuuentsl P, (v) He sasucar or o. Ha ocHosauun Teo-
pemer Menepa — Poxa (8.9,2), Takoe mpeacTasBaeHHE BO3MOKHO
u pyaxuna @, (t) MOryr OWTh BHUMCAEHH 1O (HOPMYyTaM

o]
O, (v)=1thne j 9, (@) sha P_yy, L p(cha)da, (8.12,4)
0

ecan QyHKUuM f, () HENPEPHIBHEI, MMEIOT OPaHUYEHHYIO BapHa-
o Ha npomexyTke 0 =< a < A < co u, KpoMe TOro, HHTErpalsl

[ee]

j a|f, ()] do (8.12,5)

0

CXOIATC K KOHEeuHblM 3HaueHusM. IlocaenHee yciosue npeny-
CMaTpuBaet, 4to f,(a) 0pa o.—>00, T. €. NpH NPHOIMKEHHH
K pe6py NOBEPXHOCTH, HOCTATOMHO OmICTPHIM 06pasom cTpe-

MATCA K HYJIO, YTO MOXET He WMETb MecTa, TaKk Kak lim f,=
& — CO

#) TlocnenHee HEOOXOKHMMO 1A TOTO, YTOGH DEIIEHHA OCTABATHUCH
OrDaHHYEHHBHIMM HA OCH 2.

§ 8.12] KPAEBAS BAJAYA 301

= f,(00) =u,, rune u, — snauenue, NPUHUMAEMOE UCKOMOH (yHK-
nvelt Ha pe6pe y, KOTOpOe, BooOUIE rOBOPS, OTJIHUHO OT HyJ s ¥).
OzHako B GOJALIUMHCTBE MPAaKTHYECKH BAaMHBIX CJAYUY3aEB PACCMAT-
puBaeMoe ycjoBue Bhmoansercs Aas Gpynxunu fp (a) =f, (0) —
— Jp (00); mosTOMY CyIIeCTBYET DasJiOxKeHue:

Pp (a)=[fp(u)—fp(90)] 2 Cha-—QcosBP)—‘/e:

— j O5 (1) P_ijy4s:(cha) ds,  (8.12,6)
0
rae @} (1) onpenensercs paBeHCTBOM:
[oe]
BF (1) =t th =v f %3 (@) sha P_1), 1z (ch o) dow. (8.12,7)
0

C Ipyro#i CTOPOHE, OCHOBLIBAsCb Ha HWHTErpanbHOM TpejacTa-
saennn (7.4,1), nerko nokasats, uto npu 0<B, < 2w

(o]

(2cha—2cosB,) Vo= ’5; C—h(—:—h:ﬁ—’ﬁl P_y, yi(cha)dr.
5
(8.12,8)

Yuuoxas (8.12,8) ma f,(co0) u ckaanmsas ¢ (8.12,6), nomyyaem
nas ¢, () pasaoxenue TpeGyeMoro Buua (8.12,3), roe

D=0 () + 22 ch(=—g)r (8129

ch =t

Bosspamasice K pemenuio 3agaud  Jlupuxme, paccMOTpUM
HHTETpan

u==(2cha—2cosB)/2 <

sh 7 (g — @)

cOCTaBJEGHHBIA U3 yacTHHX pelnennit suaa (8.12,1). Jlerko Buners,
Y10 rpaHnyHbie yciaosus (8.12,2) OymyT Tornma y.IOBJETBODEHB,
u paccMarpuBaemas GopMyJIa AaeT PElIeHne N0CTaBIeHHOR sajayuu.

% f‘I’QShT(gx_Bl)+®1ShT@2-@) P_ 1), +i(cho)ds, (8.12,10)
o

*) Mbl npenmonaraeM, YTo IPaHHuYHAs QYHKUHA HeNPEPHIBHA, HO BCE
pacCyxJeHHa Jerko pacnpocTPaHAKTCA HA CHyualt KyCOUHOH HempephiB-
HOCTH, KOTJia npefienn lim f, MOryT GbITh PasauyHbl M1 p == lup=2.

o — O B



302 NPUJIOKEHUE COEPHYECKHX OVHKLUH [ra. v

Ananoruunrim oGpasoM peuienne Baemrsef samauu Jupuxie
MOXET OBITh IOJYUEHO B BHAE

n=(2cha—2cosf)’

(o]
Dy she@—B8g) - Dyshr(2n+ 3 —F)
X p sht(2x -1 8, — ) Py pir(chia) dr,
. (8.12,11)
rae
@=L A=,
a ocTaapHele 0003HAYEHUS] UMET TO XKe 3SHAYCHWE, YTO U BHILIE,
B Bule mpoCTOro ¥ HMHTEPECHOrO NpUMEpa DPAaCCMOTPUM 3aAayy
o O pacnpefeneHud 3JeKTpHye-
CTBA Ha TOHKOM mnposoxsmie
cdepe ¢ KpyrosbiM BHIPE3OM
(puc. 28). Ecam 0603HaYHTD
Yyepes u MOTEHHHasx JIeKTpU-
YECKOTO TOJI1 B IPOU3BOJb-
Z HOR TOYKe MPOCTpPaHCTBA H
V—nocTosHHOE 3Ha4EHHIE, KO-
TOPOE NPHHHMAeT 3TOT IO-
TEHLMAJ Ha TOBEPXHOCTH IIPO~
BOJHUKA, TO 3a[4aya CBOJMTCH
Puc. 28. K PaCCMOTPEHHOH BhIlIE BHELN-
‘ Helt samaue Jdupuxie a7s yacT-
Horo cayyas By = B, =B, f; (0) = f; (&) = V. 3uavenns ®; n @,
HOJYHalOTCd B JaHHOM CJy4Yae HENOCPEACTBEHHO M3 (OpMYJH
(8.12,8), Kotopas pmaer

u=V

chin—By)
chxnt ’

(I)l — (I)Q = V
OTKyJla cJaenyer:

u=V(2cho—2cosB)/2 X

XJ chr(m—§) che(r By —B)P—1yypix(cha) dr, § (8.12,12)

ch®=nt
Bo<B<Bo+2m.

§ 8.13] BUHOJISPHHIE KOOPAMHATHL M KX MPHJIOXEHHS 303

Waterpan (8.12,12) Momer OuTh BHUMCACH € HOMONIBIO
nonctaHoeku (7.4,6), uTO NPUBOAMT K PELIEHHIO B 3aMKHYTOH

dopme g
V¥V Zcos L
v cha—cos %4 2
n==3 {1 + ]/cha—cos (2% —3)}+?

Y Zeos 2_21'

___V cha—cos p arctg

chao —cos (23, — ) V cha— cos (23, — P)
KOTOPOE, KaK HETPYLHO NPOBEPUTb, YHOBJAETBOPAET BCEM YyCJO-
BUAM 3aiauH.

AC g ———
¢ g]/cha—cos@

——

w

j, (8.12,13)

§ 8.13. banosApHbe KOOPAMHATH! B HMX HPRIOKEHHSA
K KpaeBbIM 3ajadyaM MaTeMaTHYecKOod (Pu3HuKH

Eie omuH BHX OPTOrOHAJIbHHX KPHABOJUHEHHBIX KOODIWHAT,
L] KOTOPHIX ypaBHeHue Jlansaca momyckaeT pasfesieHue nepe-
MEHHBX ¥ NODUMEHEHHEe MEeTOJd YaCTHHX peUleHHd CBsA3aHO
C HCIOJb30BaHMEM anmnapara cdepuyeckux ¢QyHKUuHd, npencra-
BJIAIOT COOOH MpoCTpaHcTBEHHble OUNOJNADHHE KOODJAHMHATH. IJTH
KOODAMHATH MO CBOEH NPHPOAE POJACTBEHHBl TOPOHIAJBHEIM H
MOryT OHITb HCHOJb30BaHB NPK PpEIIEHAM KpaeBbiX 3amay Jjs
IBYCBABHOH 00J/acTH, OrpaHHYEHHON IBYMS HeHepeceKaonuMucs
chepamu. TTpocTpancTBeHHbie GunosspHbe KoopauHaTsl (d, £, ¢)
onpeensoTcd NpH IoMomu (Qopmya *):

__csinacos e ___csinasing _'_ cshj 8.13.1

—Chﬁ——COSQ’ ~ chf—cosa’ - chp—cosa’ ( « 19, )
re ¢-— HOCTOsHHB MHOXHTEMDb, 0 << a < 00, — co < B < oo,
—r<e=m.

KoopaunaTyboie nOBEpXHOCTH B paccMarpupBacMofl  cucreme
KOODJAMHAT CyTb BEPETEHOOOPasHHE MNOBEPXHOCTH BpaUIEHHS
o == const:

(p—cetga)? + 22 =" )”, (8.13,2)

\ sin a

¥} Ecam BBeCTH, KaK npOMeXYTOYHYIO, CHCTeMY LHIMHIPHYECKUX
KOOPIHMHAT, TO Gopmyas (8.13,]1) Moryr ObTh NpeiCTaBIEHH B, KOM-

naktHol Gopme: z J-lp=ci ctgﬁ_z__’_ .
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cepol 3 ==const: .
62 L (z— ccthB) = (ﬁ) (8.13,3)

B mockocTH ¢ == const (puc. 29). .
3Havenuau § = = co coorsercTByoT Touky (p =0, z==t¢),

sHaueHuaM o —> 0, B — 0 — 6eckoneyHas yHaNeHHas TOuKa.
Ip

.= COnSt

7

3=C0nst

oS z

Puc. 29.

Bopawende s KBaapara JHHEHHOrO 97eMEHTa B MPOCTPaH-4§
CTBEHHBIX OHNOJNAPHBIX KOODAMHATAX HMEET BHI: ]
¢ 2 g3 Lsin®ade?], (8.13,4)

e o [do? |- d sin® o de?], 49

ds T (chp —cos a)2[ +d¥+

OTKyIa CAeRyeT:

c H, — csin a
He= Hy= chp—cosa’ ¢~ chf—cosa’

§ 8.13]  BUNONAPHHIE KOOPAMMATHL M HX MPUIOKEHUS 305
W ypasueHnne Jlammaca mocse npeoGpasoBanms K HOBEIM IepeMeH-
HeIM OynerT:

J sin 2 ouy, , 0 sin « ou
?ﬂ(ch(-}—cos a 5§>+§7(m-; B?)WL

\

I B S

sin a (ch 3 —cosa) ~ 0¢? (8.13,5)

Tak xe, kak B ciyuae TOpOHZATBHHIX KOODJAUHAT, II€PEMEHHEIE
MOTYT ObiITh PasieseHwl, €C/u BBECTH HOBYIO HCKOMYIO HEM3BECT-
HYI0 (YHKUMIO U [PH NOMOLNM IOACTAHOBKH .

u==(2chf—2cos a)"2 v, (8.13,6)
4 3aT€M UCKaThb YacTHHE DEINEHHS NOJYUYEHHOTO ypaBHeHus
0%v |, 0% ov 1 1 0%
BUAA:
v=A(x)B() P (¢). (8.13,8)

Has  ompenenenns Kaxaoro us MHOXHTEnAeH noJtyvaoTcs
TOTJ2 YPaBHEHHsI:
Q"2 & =0,

B”——(v-f—%)iiB: 0,

1 d (. dA) o b2 1,
sina'%z(smad_a)—j"[v(v_l"l)—“ JA—O, (8.13,11)

(8.13,9)
(8.13,10)

sin 2a

NMEPBHIC 1BA U3 KOTOPHIX MHTETPUPYIOTCS B 3JEMEHTapHHIX (yHK-
usiX, nocaennee —B chepuuecknx. B wactHocTH, mag cayuas
CHMMETPHM BDAINCHAA, KOTAa HCKOMas (QYHKUMA ¥ HE SaBUCHT
OT ¢, HOTyYaeM:

u=[AP,(cos 0) -+ BQ, (cosa)] - [C ch (v—{—-—é—) B+
' —}—Dsh(v—f—%)BJ(QchB-—Qcha)‘/s. (8.13,12)

B sanavyax, cBfsaHHHX ¢ 06macTbio, OrpanuueHHOH ABYMs
Henepecexawomumuncs cdepamu f=p3; u 3=3,, nepemennas a
USMEHACTCA B SaMKHyTOM HHTepBanie (0, ), mostomy aaa momy-
UeHus PEINEeHMH, KOHEUHBIX HAa OCH 2, HEOOXOMHUMO MOJOKHTD
B=0 u BuOpaTh v=r (=0, 1, 2, .. (§ 8.3).

20 H. JleGenes
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TaxkuM 06pa3oM, MOAXOAMIMIAs AAsd PACCMOTPEHHT JNAHHOTO
knacca 8a/a¥ COBOKYIMHOCTb UYACTHHX DelneHufl ypaBHEHHUs Jlan-

naca Oyner:
w=1,=(2 ch § — 2 coso)"/ [Mn ch (n -+ —12—) B -

LN, sh (n +—;—) ,8] P (cosa),  (8.13,13)

n=0,1, 2,...

CooTBETCTBYIOIIAS COBOKYIIHOCTB, PAroaHaa 1. pelieHusi Kpae-
po#t samaun A obiaacTtd, OrpaHMYeHHOH MOBEPXHOCTHIO & ==y,

noJsyuaeTcs, ecau BHOpaTh v==— -2——}- it (z == 0), u umMeeT cie-

OyIOnui BU
u=u, =(2chB—2cos a)’e [M: costp -+
- NesinaB] Py, 4ir (F= cO8 w), =0, (8.13,14)
roe BepXHHft 3HAaK OTBEYAeT puemett (0 =< o <o), HOKHIA —

pryTpeHneit (oo <0 =S ®) KpaeBo# sajaue.
B Buge npuMepa DACCMOTPHM 9JEKTPOCTATHYECKYIO Salady
0 moMe MEXIy ABYMS C(EPHUECKUMH NPOBOAHUKAMY DANUYCE T,

P

A

Puc. 30.
IEHTPH KOTOPHIX HaXOASTCS HA paccTOAHKH 92q oauH OT APYroro
A MOTEHIManH MMeloT 3HaueHme —£ V (pue. 30).
Ecnn Benwumubl ¢ ¥ (3 BHIOPAHE TAKUM 06pasoM, 4TOOH

ccthBy=a, shcpoz r,

™~

a
a® —r?, chfi=—, TO ypaBHeHuU: chep B Ouno-

T. €. = -
=0, u paccmaTpuBacMas

JAAPHBHIX KOODAMHATAX 6ynyT

§ 8.13] BUHOJSIPHBIE KOOPXUHATEI ¥ UX [PUIO0XKEHUS 307

8afaya CBOJWTCA K ONpPENEJEHHIO TapMOHHYecKo# B oGaactu
— Bo < B<B, dpyHKIMA 1 (4 —NOTEHUHMAT DIEKTPHUECKOTO MOS)
YAOBAETBOPAIOLLEH TPAHHYHBIM YCAOBHAM U |3 4 5, ="E V. Boc-
noar3oBaBuiAcy (8.13,13) u npuHuMasg BO (BHI/TM.';HPIG, 4TO U —
HeueTHas ¢(yHkuua B, 6y@eM HCKaTh PEUIEHHE B BHIE:

u=—(2chB—2cos a)'/ 2 M, sh (rz+ —é—) 8. P, (cosa).
‘n==0

(8.13,15)

necrl’}lgocro;mnme M, nomxHe ObITh TOTJA ONpPEAETEHH H3 TOXK-
a

V(@chBy—2cosa) 2= Z M, sh <fz-{——;—> By - P, (cosa),

n=0
O<<a=m)

Pasnaras nesyto yacTb B paf no noauHomam JlexaHipa ¢ moMOILbIO
dopmyan (4.2,3), noayvaeu:

V(2 chBy— 2 cos a)— "2 == Ve~ 2 (1 — 2e—% cos a |-

[eo]
e Fo)m =V 2 e—n+YB P (cos a),
n=0
OTKYyZa CJepyer:

Mn sh <l1 + —é—) BO — Ve— (n-1/2)Bo,

Takum oGpasom, pelueHue MOxeT ObTh NpPeNCTaBJieHO B dopme
pana :
1
* sh <n -}~ —) B
[ _ - 2
=V (2chB—2cosa)'e 2 e—(nt1/2)Bo i Palcosa),
sh (n —+- —2—)30
/

. n=20

(8.13,16)

KOTOpPHH, KaK JIErko I0KasaTb, CXOAUTCA W YAOBIETBOPSET BCEM
yeIoBUAM 3aKaud.
*
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§ 8.14. Ilpunoxenue chepuueckux (PYHKIHH
K HHTEerpupoBanuio ypaBHeHus [eabmroasna

Cohepuueckue QyHKIMM BCTPEYAIO I'ct B MATEMATHUECKOH (Qusuke
HE TONBKO B CBASM ¢ ypaBHeHweM Jlamnaca, HO TaK¥Ke Npu UHTErPHU-
pPOBaHWKM HEKOTOPBIX APYIUX YPaBHEHHUH, cpein KOTOPHIX, B mep-
BYI0 Ou€pelb, MOJ/KHO OBTb HA3BaHO YypaBHEHHE [eabMroJbla
Au—~-k%u=0. Ecu 1peo6pasoBarh 3TO ypaBHEHuE K cdeprudeckok
cucreme xoopauHat (f, 0, ¢) M uckaTe 3aTeM yacTHHE pElICHHS

BUIa
u=R ()0 (1) D (¢), (8.14,1)

TO TaK xke, Kak B § 8.2, Mp uMeeM BO3MOMKHOCTb pasHSAATH
nepeMeHHble, ¥ IUIs ONPEAENEHUS KaXI0r0 U3 MHOXUTEEH moay-
4aloTC caeayioumue aupdepeHunanbiele YPaBHEHHs:

@ 1 p2 =0, (8.14,2)
1 d/. de . 2 -
P <sm eﬁ) 4+ [v(a~{— 1) —m] 8=0, (8.14,3)

;i‘ir (R4 [£¥? —v (1) R=0, (8.14,4)

rae p # v 0603HAYAIOT NPOHU3BOJBHLIE MAPAMETPH, KOTOPHE
MOI'YT WMETh BEIECTBEHHHIE WM KOMIJIEKCHBIE 3HaueHHs *).

[TepBrie nBa ypaBHEHUsA COBIIANAIOT ¢ ypasHeHuamu (8.2,6—7)
¥ MHTErPUPYIOTCA: OJHO B 3JIEMEHTapHHX, APYroe —B cgepu-
yeckux ¢yukuuax. [Jocaeanee ypapHenue (8.14,4) mpu nomomy
110/ICTAHOBKH

R=r—1"2v (8.14,5)
gpusoxuTcs K ypasHenuwo beccens oT aprymenra @ —kr
11\2
I [ +3)
" - v - | B — U= 0, (8.14,6)

W MHTErPaJ ero BHIPAXKaeTCs uepes UMANHApHYecKue (YHKUMHA,
B uacTHoCTH, JAas ciayyas CHMMETDHM BpallleHHMs, KOrAa U He
3aBUCHT OT KOODAHMHATHL <, HOJdyyaeM:

w=r="[A, v, (kr) - BH 1/, (k)] ¥
X [CP,(cosb) 4 DQ,(cosb)], (8.14,7)
¥) MoxHo cuutar, uro R (p) =0, R () =— —;— Cm. npuMeua-

ure Ha crp. 273.

§ 8.14] IPRJIOKEHME K YPABHEHUIO TEJbMFOJIbLA 300

roe J,(2)— dyukuua becceas, HY (2)— dyHkuua Xaunkens
BTOPOTO poja *). B Tex samauax, rie 6 usMeHseTcs B 3aMKHYTOM
npovexyrke (0, =), caeayer, U3 yCAOBUS OFPaHUIEHHOCTH pemie-
HHsA, MON0KUTh D ==0 1 BHOpPaTb ¥V PaBHHM LEJOMY MOJOKH-
TeAsHOMY uucay v=n{n=0, 1, 2, ...). IIpu nomowmwn cynep-
nosuuuy pemeHufl (8.14,7) MOXKHO NoOAy4uTL pEIIEHHE MHOTMX
npo6aemM MateMaTHYeCKOH (u3nKy, Cpemd KOTOPHX MBI YIOMf-
HEM BaXHYIO 8amauy o Iddbpakuman 5JEKTPOMATHUTHHIX BOJH
y moBepxHocTd 3emid *¥).

*) Jra GopMa uHTerpana yno6Ha B TOM cilyyae, €CIH BpeMeHHAs
3aBHCHMOCTb B 3afaue Ha YCTAHOBUBIIHECA KONeOaHUA XapaKTepuayercs
MHoxuTeneM £/“f. Tlpx 06paTHOM 3HAKe B IOKA3aTede CIelyeT 3aMEeHHTL
HP, ) (kr) wa HY,,, (kr).

#¥) CM., nanpumep, [. A. Tpusbepr {1], ra. XXIIL

JIUTEPATYPA k I'VIABE VIII

Jlesur B.W. 1 pocGepr 10.U. [1], Tuxonos A. H.
u Camapckuii A. A. [1], I'paubepr I. A. [1},
dpank . u Musec P. [1}, ['o6con E. [1], Mak
PobGepr [1], Beiitman [1], dxedpuc X. u Dxe-

¢dpuc b. [1].



TJABA IX
TUNEPTEOMETPUMYECKHME ®YHKLUU

§ 9.1. Funepreomerpuueckuii psx 4 ero aHaJauTAueckoe
OPONOIKEHHE

I'unepreoverpuyeckuM psaoM (§ 7.2) HasplBaeTcs CTENEHHOH
pAn BHIA

[se]

@ O
2 WA

rae 2 — KOMILIEKCHOE IllepeMeHHOe, &, 3, Y -— MapaMeTpsl, KOTO-
pble MOTYT NpUHAMaTb /MIO0bIEe BEUIECTBEHHbIE MHJIH KOMILIEKCHBIE
sHavenns (y%0,—1,—2,...), n cumBon (1), oGo3sHauaer
BEJIHYUHY v

On=£%%ﬂ=ﬂ044)“.@+k_m,(m:ﬂ_

Ecan o uan §— HysJb WIM 1EJIO€ OTPHLATEJIBbHOE YUCIO, DAL
OOGpHIBAETCS HA KOHEYHOM UYHCJAEe YJEHOB ¥ CyMMa €ro mpen-
crasafieT coGOH MOJMHOM OTHOCHTEJNBHO 2. 3a HCKIIOYEHUEM
9TOr0 cayuas Pajdyc CXOXMMOCTH IMIEPreoMeTPHUYEcKOro psna
paBHsieTCsl eJuHHIlE, B YeM JIETKO YO6eluTbCs ¢ IMOMOILBIO NpH-
gHaka cxoaumoct [JamnamGepa. B prre |2]<1 cymma psaa

Fa, & 1 2= <°;>;;§,g¢z (©.1,1)

NpeAcTaBaAfeT PEryaspHY0 (QYHKNHMIO KOMIJIEKCHOro IepeMeH-
HOro 2, 3HaueHne KoTopo#l B 06jacTy, He MpHUHALJIEXAUIEH Kpyry
CXOAUMOCTH, ONPEAENdeTCd NYTEM AHAMHTHYECKOTO MPOAOJIKE-
Husl PacCMaTPHBAEMOro pana.

§ 9.1] TMIEPTEOMETPHYECKHH PAL 311

M& moKaxem, UTO CYyUIeCTBYET (PYHKLMs KOMIIEKCHOrO mepe-
MEHHOTO Z, peryJsapHas B Iuockocru ¢ paspesoMm (1, oo), cos-
majaromas ¢ cymmoit paaa (9.1,1) npu | 2| <1 n, crenoBaTensHo,
ABAAIONIASACA €ro aHAMUTHUECKHM INPOJOEKEHUEM B PaspesaHHYIO
HJAOCKOCTb., ITa (yHKUMA, KOTOpass B CHAY €ZUHCTBEHHOCTH
aHAMUTRYECKOTrO MPOAOJKEHHUA ONPERENASAETCS BIOJHE OJHO3HAY-
HBIM 00pa3oM, Ha3BIBAETCS [UIEpreovMeTpuyecKoil (yHkuued u
o6osnauaeTcs TeM Xe cumBodoM F(a, B, 7, 2), Kak cymmMa
THIEPreoMeTpuyuecKoro psja. Jas mokasatenbcTBa IPEAION0KAM
CHayana, yTO MapaMeTPEl THNEPreOMETPUUECKOro psiaa yAOBJe-
TBOpAIOT yeaosuio R (Y) >R (B) >0, u paccMmorpum muHTErpan

1
J(#) = 1 fts—l(l-—ty——W—l(1-—tzy—adt (9.1,2)
Fr@ra—u, ’ ’
0
rae (1 —¢z)—* oGosHauaer TY BeTBb (YHKIWH, KOTOpas NpH-
BOIUTCH K enunune npa z — 0. Tlpu 2, npunagaexanux o6aacTH

[2|<<R, |z—1|=p, d=arg(z—1)=<<2n—3

{R — npou3BoaLHO GOJILIIOE, p U & — POU3BOJIBHO MaJble 110JI0-
kureabuse uncna), u 0 <# <1 noauurerpanbHOE BHIPAXKEHUE
NPEACTABASET DPEryAsapHY0 (QYHKUMIO KOMIUIEKCHOTO MEPEMEH-
HOTO 2 M HEeNpepHBHYI0 QYHKUMIO BEUIECTBEHHOrO NEPEMEHHOTO 7.
Hanee, nns Takux 2 ¥ £ UMEET MECTO HEPAaBEHCTBO *)

[1 tz|<<1-}-R,

psm 3

OTKYZa JIETKO NOJYYUTh OIEHKY:
[£=1 (1 — i =B—1(1—t2)—" | < MR —1 (1— fHRO —RB —1,

rae M o6GosHavaer [1epBO€ UJIU BTOPOE U3 4YHCEN

in 3\ —R@ .
<PIS$:) el 1@, (1L RR@ el i@l
cMoTpst mo tomy, R(a) >0 man R (o)< 0. Hatinennas ouenka
NOKa3kIBaeT, YTO IPHM BHNOAHEHuH ycaosus R (y) >R (B)>0
uurerpaa (9.1,2) cxomuTcs paBHOMEDHO B paccMaTpuBaeMoit
o6aactu usmenenun z. Orciona caemyer, uro J(2) ectb GyHKums

¥) Ws reomeTpnyeckux cooépamex—mﬁ BBITEKeT, 4TO MHHHMYM
{1 — ¢z) nocruraerca mpu z=1-} pe®
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KOMIIJIEKCHOTO IEPEMEHHOr0 2, pPeryidpHas B ITOCKOCTH C pas-
pesom (1, o0). :

Ilpu | 2| <1 unrerpan J(2) MOXET GHITb Pa3NOKEH B CTe-
HEHHOH DAL, KO3 UIMEHTH KOTOPOTO JErKO BHIYUCTHTH, 3aMe-
HAg Qynkumio (1 —£2)~* OMHOMUAJILHBIM PSAOM U HHTErpUPYS
nousNeHHo. Msl Haxonum *):

1

___ F(Y)___ 3— L A—y—
J(Z)—r@r(v—mgﬁ H gy TrTlat X

T@th),, T () N T @ k)
()= =P k;} oo X

X

k

WK

T (@) &I NOINGIA

I

0
1

X | it —tp-i-ra,
0

uau, NpUHEMasd BO BHuUMaHue (1.5,6):

W NWIEF)TELY e
TO=TErE 4 TR gE =@ Fn 2

rae F(a, B, 1, 2) oG03Hauaer CcyMmMy THIEPIEOMETPHUECKOrO
psina.

- Takum obpasoM, J(2) mpencTaBaseT COOOH HCKOMOE aHaH-
THYECKOEe TMPOMOJKEHUe Tumepreomerpuyeckoro paga (9.1,1), u
ofmee aHaIMTHYECKOE BHPAXEHHE THIEPreoMeTpUuecKoil (hyHK-
uan F(w, 8, v, 2) mms caydas R () >R (3) >0, npuronnoe Ha
Bcelt maockoctu ¢ paspesom (1, co), gaerca Gopmymon:

1
F(a,8 1, 2)m= i) - fts—l(l—t)v—ﬁ—l(l—tz)—adt.
0

INCIRNTE:
(9.1,3)

B ofmem caxyuae, KOriga mapaMeTrpbl HMEIOT NpPOM3BOJbLHEIE
3HAYEHUst, AHAJTMTHUECKOE NPOAONMKEHHE THIEPreoMeTPUdIecKoro
psiida B PaspesaHHYIO MJIOCKOCTh MOKET OHTB MOJydYeHo B gopme
KOMIIZIEKCHOTO HHTErpaja, MoJyyalomerocs CyMMHDOBaHUEM psla
(9.1,1) ¢ momomeio Teopuu BeYETOB *¥), Mpl gamuM apyroe noka-

#) Vlamenenye nopsjka MHTErPUPOBaHHS U CYMMHPOBaHHA 3aKOHHO
BBULY a6COMOTHOH CXONMMOCTH.
#¥) Cm., nanpumep, E.T. Yurrerep u I H.Barcoun [1],14.51.

§ 9.1} TUIEPTEOMETPHUECKUH Psij 313

8aTENbCTBO BOSMOMKHOCTH AHAJAHTHYECKOrO NPOJOJIKEHHS, OCHO-
BaHHOE Ha paccyxJeHusx GoJee 3JeMEHTADHOro Xapaxkiepa, Ho
HMEIEE TOT HENOCTAaTOK, YTO OHO He II03BOJSET MOAYUYUTH
B IBHOH (opme oOIlee aHaJIMTHYECKOE BhHIpAXEHHe A8 Tuiep-
reoverpaueckoit GpyHKuuu. [JoKa3aTelbCTBO ONUPAETCS HA UCHOMb-
30BaHHE JBYX PEKYPPEHTHBIX COOTHOIUEHHMi:

F@ 8 1m 2)=1"F@ 841, v+ 1, 2)-+
T U= F @+ L 1412, O

F(U., B: i) z)ng(a, B’ i _"E_I’Z)_l—
+%F(a+1,p, v--1, 2), (9.1,5)

KOTODHM YAOBJICTBOPSET CyMMa TIUIEPreéOMETPHYECKOTO psld
F(a, B, v, 2), B ueMm Jjerko yOeaurbcs, cpaBHuBas Kos(du-
LUEHTHl NpU OJMHAKOBHIX CTEIEHSX 2 B JECBOM M IpaBoH uacTsax
paccmarpuBaeMBX paBeHcTB ¥). [lyTem HOBTOPHOTG npUMEHEHHs
5TUX GOPMYJ MBI MOXKEM NPEACTaBUTh THIEPrEOMETPUUECKUE Pl
F(a, B, v, 2) ¢ NIpOM3BOJIBLHEIMY OrpPaHNYECHHBIMKA I1aPAMETPAMH, HE
ynosaetsopsiomimn yeaosuo R (1) > R (8) >0, B Bune koudy-
HOH# CYMMBI C/IaraeMbIX, KaXxa0e U3 KOTOPHIX €CTh NPOU3BEAEHUE
ranepreoMerpuueckoro psima F (o, P/, 7', 2) ¢ mapamerpawy,
noxunHenHsMy yeaosuio R () > R (B') > 0, Ha Hexorophifl moau-
HOM OTHOCHTEJNbHO 2 *¥).

BHIOJHME aHAJUTHYECKOE INPOJOJKEHHE B Pa3pe3aHHYIO ILIO-
CKOCTb KaXJOTO M3 rurepreoMerpuueckux pszos F (o, f, 7, 2)
¢ nomowslo Gopmyast (9.1,3) ¥ ckaanbiBas PESyAbTATH, MHI,

#) Kosdduument npu z* B npasoit yactn (9.1,4) pasen
1—a@p @4 De 4.2 @+ De@E+De 2 @+ Dea-4+Dp-s
. GF Dkl

Y G Dekl T @+ D B— D
=<a>k<ﬁk>[v—a_@+k+a+k_ﬁ+k_g]:<a>k<a)k
ekt v+£ 0 =W R

T A
YTO ¥ AOKasuiBaeT ChpaBesaumpBocTb 310l dopMmyns. Popmyna (9.1,5)
JOKA3hiBAeTCA aHANOTHYHLIM 06DPA30M.

#¥) [Ipennmonaraercs, yro Y£0, — 1, — 2, ... 3amerum eute, uro,
ecin R(B) =<0, R(1—PB)>0, to nna npuBeneHHa NOCTATOYHO BOC-
nonbL3oBarsCs Gopmynoit (9.1,4); ecu R (y—f) =<0, R(E)>0— dop-
myro#t (9.1,5). B o6mem cayuae TtpefyeMblii pe3yabTaT MOCTHIaeTCsH
HocaeoBaTe 1bHBIM NpHMEHEeHHeM OGOHX pPEKYPPEHTHHIX COOTHOIIEHHH.
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OYEBUIHO, MOJYYMM PEryJADHYIO B IJIOCKOCTH ¢ paspesoM (1, co)
(GYHKIMIO KOMIIEKCHOTO MepeMeHHoro z, xoropas mpu |z |<1
COBNAajaeT € CYMMOH MCXOAHOIO [I'UIEPreoMETPHYECKOro psiaa
", . CJIEI0OBAaTENbHO, SBJAACTCS €r0 aHAJINTHYECKHM INPOJOKEHHEM,

V3 ofmero npuHnuna aHaJATHYECKOrO NPONONKEHHS BBHITE-
Kaer, YTO COOTHOWEHMA, CNpaBEAJHBbE A CYMMBl [HIEpreo-
METPUYECKOrO psla, HEeNOCPEJCTBEHHO pAaclIpOCTPAHAIOTCA Ha
runepreoverpudeckyio ¢byuxuuio. Tak, nanpuamep, runepreovMerpu-
yeckas (QyHKUMS YAOBIETBOPSAET FHNEPreOMETPHUECKOMY audie-
peHunanbHOMy ypaBHeHuo (7.2,1), yCJIOBHIO CHMMETPHM OTHOCH-
TENbHO MNEPBBHIX IBYX NapaMeTpoB

F, B, 9)=F(@B, o 1, 2), (9.1,6)

peKyppeHTHHM cooTHoulenusm (9.1,4—5) ¥) u 1. n. [unep-
reomerpuueckas ¢yHkuma F (o, B, ¥, 2) urpaetr BaXHYI0 POAb
B aHajiuse, FJIaBHEIM 00pasoM B CBASH C TeM OOGCTOSATENbCTBOM,
YTO MHOru#e€ (PYHKIUH, BCTPEYarolidecd B NPUIOWKEHUAX, MOTYT
paccmarpuBaThesi Kak €€ vacTHeIe caydvau (§ 9.5). Beenenne stoit
¢yHKUUA N03BOXSIET [AaTh MOJHOE pelleHHne MHOTHX npobieM
HPUKJIAJHON MaTeMaTHKM, cpely KOTODHIX MOXET OHTh ynoms-
HyJa npo6/ema KOHQOPMHOrO OTOOpaxeHus Ha MOMYIAOCKOCTh
KDUBOJHHEHHOrO TPEYrOJbHUKA, OTPaHUYEHHOrO AyraMi OKPYXK-
HOCcTefl, ¥ Opyrue 3amzaud.

§ 9.2. Ilpenen cymmbl rHUepreOMeTpPHY€CKOro psxa
npd 2—>1 1 Ry—a—PB) >0

Jas  maabHeHNIEr0 pasBUTHS TEODHH THIEPreOMEeTPHYECKOH
dyHKUME HaM HEOOXOJAMMO BHIYMCIUTB Ipeldesa, K KOTOpOMY
cTpemurcsl cymma runepreomerpuueckoro pazxa (9.1,1), xoraa
2-»1 n napamerpsl psla YyIOBJAETBOPSIOT YCAOBHIO

R(1—oa—B) >0 %)

Ecamu, xpoMe 3TOro yc/l0BHS, BHIIOJHAIOTCA HEPABEHCTBA
R()>RE)>0,

*) Bo/blloe YMCIO APYTHX PeKYPPEHTHHIX COOTHOILECHHUH rHnepreo-
merpuyeckoft ¢ynxkumu npureneHo B paGorax aycca [1] u [2].

Cwm. rakxe . M. Puxunk u U. C. Cpanmreitn [1].

#¥) MOXHO MOKa3aTb, YTO €CIH 9TO YCIOBHE HE BHIIOAHEHO, TO, 34
HEKOTOPHIMH MCKIIOYEHHUAMH, CYMMa I'HIepreoMeTpuyeckore psajia Heorpa-
HUYeHHO BoO3pactaeT, korga z— 1.
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TpeGyeMbft peayabTaT MOXET ORITb HOAYYEH IyTeM NMPEReNbHOro
nepexo/a Nox 3HaKoM HHTerpajia B ¢opmyae (9.1,3). Hrobu 060-
CHOBAaTh 3aKOHHOCTb TAKOTO I€PEX0oda, AOCTaTOYHO YOeauThCs
B DaBHOMEPHOH CXOMUMOCTM MHTErpaja B BaMKHYTOH obnacTtu
lz]=1, [z—1]|=<1. Jlerko BuaeTh, 4T0 Aas MOGOro 2, MPU-
Haanexauiero 5To# 00AacTH, M BEIECTBEHHOro £, NMpuHAJIEkKa-
wero uurepsany (0, 1), | 2¢| =<1, |1l — 2¢| =<1, mostomy

11—zt |=1—|2t|=1—L
Vs nepasencrsa 1 —¢=<|1-—2f{ =<1 BHTeKaeT, 4TO

(=11 — )1 —F—1(1 — 2y [ << RO —1(1 —gp—1e2' @1,
rne h=R(y—oa—B) wm R(y—B), cmorps 10 TOMY,
R (0)=0, oTkyxa HEMOCPEACTBEHHO CAEAYET, YTO, ECIH BHIIOJN-
Henn yeaosus R(y—o—B) >0, R(1) >R(B)>0, paccrvla-
TpUBaeMBlii MHTErpal CXONMTC PaBHOMEPHO B oGmacT (2 [<<1,
lze—1]<1.

IMepexons k mpeneny moA sHakoM unrerpana (9.1,3), noay-
qaeM:

1
i I‘ —_ Ve -3 —
jzan(a’ H lsz)_—r_@%"ajta 1(1—t)~ B ldt,
0

OTKyZa, npuuuMas Bo BHuManue (1.5,6), Haxomum:

lim F (B, 7, )= R0 0=2 =8 (9.9,1)
z2—1

Ta—a T —0
R(1—a—B)>0, RM>R(E)>0.

Toxaxcem Temepb, YTO BTOPOE YCJIOBHE He sABIfercs Cymie-
CTBEHHBIM B MOxeT OuTh oT6Gpoueno. g nokas3aTenbeTsa BOC-
MO/b3YEMC PEKYypPPEHTHEIMU (OpMyJaMy Ui TUnepreoMeTpuye-
cKoOlt PyHKumM

F(CL, ‘3, T» z):F(a, +1 7_‘_1 2)—

“;z((;(Jrl)zF(“—!-l 8-F1, 742 2,  (9.22)

F(, 3, 1, 2)=F@+1,8—1,7 2
R T R ERRERNNCEE)
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B CNpPAaBENJMBOCTH KOTOPHIX Jerko yGeanThcd, CpaBHHBAS KO3(-
(QuuMeHTH NPU OMMHAKOBBIX CTENeEHAX 2 B JeBOM M mpaso# ua-
CTSIX paccMaTpPUBAaEMHEIX DAaBEHCTB ¥),

[IpexmnonoxnuM, 4TO BMECTO YCJAOBHH, YKa3aHHHX BHIUE, Na-
paMeTpn raiepreoverpuyeckolt ¢pyukumn F (o, B, v, 2) yzosie-
TBOpsIOT Oosee cnabwim HepaBencTBam R (y—a—PB) >0,
R()>R({B)>—1. Toraa ycnosusi, Npu KOTOPHX IOKasaHa
dopmyna (9.2,1), 6yayT BHINOJHEHH AJAS KaxAOH H3 rUmepreo-
METpUUECKNX (yHKIMH, cToAmuX B Hpasoit wactn (9.2,2), u,
IpuMensiss 5Ty GOPMYay, MBl HOJYUHM:

Fg-+Hrg—a—8)
Fg+1l—al'G—§
_a(r—8, Ta+9T(—a+d _ TOIr—2—37)
T-+D Ta+1—alG+1-p La—a9glr—9p) °
T. €. TOT Ke pe3yanTar, yTo u Beiule. [ToBTOpss 3TO paccyxne-
HUe, MB IO HHAYKIMH pokaxeMm, uto ¢opmyna (9.2,1) sepna
npu ycaosud, uyto R(y—oa—PB) >0 un R(y) >R @). Ipen-
MOMOMUM TENEPb, UTO BHIIOIHAKOTCA TOAbKO GoJee caabuie
yemosns: R(y—oa—B)>0, R(yY) >R (E)—1. Torma pacum-
peHHLie YCTOBHS, MpPU KOTOpHX crpaseniusa dopmyna (9.2,1),
VIOBJETBOPSAIOTCA A THIEPTEOMeTpUYecKHX (DYHKUMH B MpaBoi
yactit (9.2,3), u, BOCMOJNL30BABLUINCH YK€e QOKasaHHON (opmyioi,
MBl TIOTYUHM:

im F(a, B, 1, @)=
2—1

: _ rplg—a—p
zh_tan(a’ P Z)*l‘u—a— nr (7—’;5—1)+
_l_a“r'H—l L+ DTG —a—9) F(Y)T(‘{Ja—(?)
f P—Pr+1—8) " TaG—al@—p °
[Tosropsii paccysxnaeHusi, Msl OcBoOoAuMMCSl OT YCJOBUS
R (1) > R (B). Takum o6pasom,

. _I@rg—a—p 0
Jm F@ 8w A=Th—grg=p 02D

npu eguHcTseHHoM ycaosun R (7—a—B8)>0.

ITonyuennas dQopmyaa (9.2,4) urpaer BaxHyio poJab B Te€O-
pud runepreoMeTpuyeckofl (PYHKIUH, B YaCTHOCTH HCIONB3YETCH
npu BeiBoAe (YHKUHMOHAMbHBEX COOTHowleHutt § 9.3.

#) Cp. crp. 313.
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§ 9.3. ®PyuknuoHAAbHEIE COOTHOINEHHS JJf IHIEPreOMETpH=
yecKoit Qyuknuu

Leavo nacTofiero mnaparpaga sB/IseTcs BHBOL (PYHKLHO-
HAMbHBIX COOTHOLIGHMH [1Js runepreoMeTrpudyeckoit ¢yHknum,
UMEOMmUX 60JbIIOE BHAYEHHE B TEODHUM M DA3/IHNUHBIX MPUJIOHE-
HUSAX 3TOH ¢yHKuMM. [71aBHas LEHHOCTh paccMaTpPUBAEMbIX op-
MYJ COCTOUT B TOM, HTO, MOJb3YACh MMH, MBI MOXKEM IIpelACTa-
BHTb THIIEPrEOMETPUYECKYI0 (DYHKIHMIO C HOMOLIBIO PAJOB, HMEIO-
mux 006/acTbl0 CXOOMMOCTH TY MM HHYIO YacTb Da3pEe3aHHOH
fIIOCKOCTH, U TEM CaMbIM (DAKTHUECKH OCYLHECTBHUTL aHaJATHYE-
CKOE MNpOomO/AEHHe (YHKIMH B COOTBETCTBYMOMUE ofaactu #),

Mur HayHem ¢ BbIBOJA (DYHKIMOHAJBHOTO COOTHOIUEHHS, M0-
JIEBHOTO B TOM CJAyuae, KOrza HeoOXOAMMO IOJYUHTh aHaJUTH-
YeCcKOoe MNpOJOJIKEHHE TIHIepreoMeTpuyeckodl ¢yHKIUM B HOJY-

1
nnockocte R (2) <=5 . Ilpeanonoxny, uTto 2 eCTh KOMIIEKCHOC

TepPEeMEeHHoe, NPHHANMEKAILEe MIOCKOCTH ¢ paspesoM (1, co), n

IPDUMEM, B KayecTBe BPEMEHHOro AONYLICHUA, MPEANOJNO0KEHUE,

yro R(7) >R (B)>0. Tlonaras B dopmyae (9.1,3) t=1—s3,
z

T—B=§, S —7==72 ¥ sameuas, 9TO RM>SRE)Y>0u 2

TPUHAICKUT Pa3PEsaHHON riaockoctd *#), monyuvaem:

T (-
F(U., 18: T» Z)Z(I—‘Z)_QP(Y—‘_;;;)WX

1
e j'sﬁ"‘(l — ) =¥ =1 (1 — g2y *ds==
b

=(1—2)y*F(a, B, v, 2
HJH \
P8 ma)=(1—2F (01— 51, 727)

larg (1 —2)| <= (9.3,1)
Tlokaxem reneps, uro ycaosue R (Y) > R (B) >0 He asaser-

cq HeoOxomumeiM, u ¢opmyaa (9.3,1) octaercs crupaBesHBOR

#) IlpuHnunMHaIbHas BO3MOXHOCTH TAKOTO NPONOMEKEHHs HOKasaHa
B § 9.1, rue ykasaH MeToX, MO3BOJIAILUA TEOPETHYECKH ONpPENEIHTH
THIIEPIreOMETPHYECKYI0 QYHKIMIO Ha BCeff ILIOCKOCTH C paspesom (1, co).

9 z
#E) Hpeoépasonaﬂnez =2z' oTo6paxaer MIOCKOCTb (%) C pas-

1
pe3om (1, co) Ha muockoCTb (2') C TEM Ke pa3pe3oM.
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npd JmoGHX 3HaueHHSX napamerpos. JleRcTBUTENbHO, MNYCTH
BMECTO [NAHHOTO YCJAOBHMS BHIIONHsAETCH GoJjee cinaboe ycaoBbue

R(Y)>R@B) >-—1. Toraa dopmyra (9.3,1) npumennma
K KaXIOR M3 runepreoMerpuyecKUX ¢yHKUHM B mpaBO# uacTh
pasenctsa (9.1,4), n Mo umeeM *):
F b1 =" —aF (o 1—8 1+ 1 2)+
FEA = F @ L T—B 1L ),

um, ecin BOCmoap3osartkes (9.1,5):

F(o, B 1 2)=(1 '—2)—(1[:((1’ T—87 ;_z__1>r

T. €. MPEXHHH pesyabTarT.

[MoBTOpsia 9TO paccyAeHWe, MBl MO MHIYKINH JOKAMEM, YTO
dopmyna (9.3,1) BepHa, ecru BhIoJHeHO yeaosue R (1) > R (B).
Yrto06H 0CBOGOMUTLCA OT 3TOFO MOCHENHErO OrPaHHUEHHS, MPEANo-
NOXUM, UTO YAOBAETBOPAETCH TOJBKO yeaosue R (1) >R (B)—1,
W TpUMEHHM NOKasaHHy1o ¢opMyay Kk mnpaso#i uwacta (9.1,5). Mu
MOJAYYAM TOTJA:

F(%, 53,1, z)=7—:—a(1 ——z)—“F(a, 11 —8, 7+ l,z—é—1>+

’

R (T e YL (R L AT S e

z—1

uiau, npunumas Bo sHuManue (9.1,4):

F(a, B, 1, 2)=(1 '_'2)—0[}7(“’ T—8 z_i—f> '

TloBropss paccyxaedue, noKameM, uro dopmynaa (9.3,1)

crpaBeanuBa NpM MPOM3BOJBHHX 3HaueHusx napametpos. Ilpe-
obpasoBanue (9.3,1) oco6eHHO MOJE3HO B TOM CJIyuae, KOrAa

KOMIIIEKCHOE  IIepeMEHHOE 2 MPHHALJICKUT MMONYINIOCKOCTH

R(z)<%. B sToM cayuae Izi1\<1’ ¥ runepreoMeTpuye-

ckas YHKUHs B MPABOfi YaCTH PacCMAaTPUBAEMOH (GOPMYJIbl MOMKET
OHITh 3aMEHEHa COOTBETCTBYIOIIUM THIEPreoMeTpUYeCKUM PHAOM,

#) HamoMHuM, uTo cooTHomenus (9.1, 4—5) cnpaBelMBH HA Bceft
paspe3anHoi MIOCKOCTH.
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B PpE3yJbTaTe 4YEro Mbl MOJMYYaeM SIBHOE aHAJIMTHYECKOE BhIpa-
xenue naa F(a, B, 1, 2) B obaactu R(z)<—(1)~.Ec1m BOCHOJIb-

80BaThCA B (9.3,1) ycaosuem cummerpu (9.1,6), TO IPUXOAUM KO
BTOPOMY (DyHKUMOHAJILHOMY COOTHONIEHHIO I/ THUIEPreOMETDH-
4yecKol ¢ynkunu

F(a, B, 1, 2)=(1 ‘_z)—BF<B’ T, z—i‘j> >
larg (1 —2)| <m, (9.3,2)
KOTOpOE TaK:Ke MOMXET ObITb WCHOJMb30BAHO AJS AHAIATHUECKOTO
MPONOMKEHAT (YHKLUUA B NOJYIVIOCKOCTH R (2) <% Hpyrout
BAXHHIH PE3Y/NbTAT 10JYYaeTCs MyTEM MOCAEAOBATENLHOIO [pH-~
MeHeHHus oGeux ¢opmya npeobpasosanus (9.3, 1—2). Mu umeem:

Fo 8y, 2)=(1 _z)_a(i_z_i_l‘)—w—mx

F(y—B, v—a, v
W >< (l p! { u” IR z)!

F(U'r @1 T» 2)2(1—2)7‘“*3><
XFE@—a, y—38, 1, 2), lag(l—-2)|<m (9.3,3)
IMepefinem renepp k BBIBOLY (PYHKIHOHAJNBHOI'O COOTHOMIE-
HUf, [OJIESHOTO B TOM cCiaydyae, koraa TpeGyercs IONYYHTH aHa-
JAUTHYECKOE NMPOXOIKEHHE THIIEPreoMeTpUYecKodl (GyHKuuM B 06-
nacTh 2| > 1, |arg (— 2)| < = *). BuBOmL 3TOr0 COOTHOWIEHHH,
TadK XK€ Kak U pana APYruxX, OCHOBBIBAETCS HA TOM OGCTOSATENb-
CTBE, 4TO TruUmepreoMerpuyeckas ¢yHkuua u=F (a, B, 1, 2)
npeacTaBaser coboft wacTHOE pemenue THIIEPreoMEeTPUUECKOTO
AnPEepeHIanbHOro ypaBHeHus:

2l—2)u"+{y—(a++B+ 1)z} —aBu=0. (9.3,4)

Ecan MMPOU3BECTH B 3TOM YPaBHCHUU 3aMEHY IEPEMEHHBIX 11O

1

dopmynam t=—z—, ==z %Y, TO IJ4 v CHOBa NOJyYaercd TH-

lnepreoMeTpuiecKoe AnpepeHInanbHOE Y paBHeHHE

d*v , , d
Pl—=8gm +1 — @ +F D8 Z—afo=0 (9.3,5)
C nmapaMeTpaMu
¢=a, f=a-f1—y, {=1-4a—5

*¥) Hacte mnockoctH ¢ paspesom (1, oc), mewdian BHe Kpyra pa--
IMyca elMHHLA C HeHTPOM B Touke 2z ==0.
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Eemua 1 #0, —1, —2, ..., N0CIeAHEE YPABHEHHC HMECT
pemenue v=F (o', B, ¥, ¢), nosTomy GyHKImS

u1=(—z)-“F<a, a-p1—7, 14-a—B, %)

rae |arg (—2)|<{m, €cTb YacTHHH MHTErpan ypaBHEHMA (9.3,4)
mpu o —B3F~—1, —2, ... %)
B cuny cuMMeTpHA OTHOCHTENbHO o u P, dynxuus

ufze—@%F@,ﬂ+l—w,L+B—ﬂf£

OyAeT UHTErpajoM TOrO XK€ YPaBHEHUA HPH o—B£1, 2,

Ecmma—B£0,=+1, &2,..., o6a unrerpana CyueCTsyioT
ONHOBPEMEHHO W JUHEHHO HE3aBUCHMBI MexIy coGoft #+Y), 1mo-
stoMy Beaxuii mHTerpan ypasuenus (9.3,4) moxer OblTh Ipen-
cTaBleH KaK JAuHeHHas koMOmHaums stux pemenudt. Taxmm 06-
pasoM, mpu o—B 70, =1, 2, ... I0NKHO CYHIECTBOBATH
JUHEeNHOE COOTHOIUEHKHE BUIA:

F, B, 1, 2)=Ay - Aglty, (9.3,6)

rie A; A, — HEKOTOpblE, He BaBHCSILUE OT Z MOCTOAHHMIC, IIpH-
yem, ecnn A, =f(0, 3, 1), TO, B CHJIY CHMMETPUN OTHOCUTE/ILHO
aun B, A,—=f(B, o, 7). [l OKOHUATEJILHOTO ONPELEAEHUA ITUX
AOCTOSIHHBIX MPEINOMOXKUM CHAyamka, 4To R (o —B)<0. Torna

n3 (9.3,6) caenyer, 41O

F(U., ?0” 1s 2) ~= A1<(__z)——a’

f-4mdeel

|

¥ oxnospemenso u3 (9.3,1), Ha OCHOBAaHUU (9.2,1),

v T @E—a) |
F » My o ~ & z )
@ 81 2) >~ AT TR T 2

OTKYyIa

A

_TOPE—9) 4 _IT0OTE—pH osn &
=reri—a = Tergoa: O
Ecan R (o —B)>>0, TOT k€ pesy/bTar MOJAY4aeTCs MyTeM cpa-
BHEHMsSI aCHMITOTHYECKOro moseneHus F(a, 8, 7, 2) mpu 2-— 00

#) TMoctonHnui MHOXHTEMs (— 1) % BBedeH Aad yro6cTBa nocie-

NYOMWUX BHIYHCH HAR.
w#) [Ipg a=§=0 1y =1,
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B Qopmynax (9.3,6) n (9.3,2). Us coobpaxenutt HENmpPepPHIBHOCTH
BLITEKACT, 4TO BHIBEACHHEIE (DOPMYAH OCTAOTCH B CHJAE TaKke

p HOIo ¢ y R - B —_— . p > T
AT TPaHuy O cayuad ((1 ) O ) IaKHM 06 a30M nmee

o f _I'Mr¢—aqa )
F(d, 3’ 1, z)—P(ﬁ)F(Y—T)(_Z)—a >\

>\/F a, o 1 — , 1 —f _1_\\ ! P(Y)P(a'—@)
@ e 1—n T a—f o) B E=

S (—2)—d 8.1 o 1
N (=2) F(B, prl— 14-3—a, —z—), (9.3,8)
larg(—2) | <wm, oa—p=£0, =1, =2, ...

Ecau |2|>>1, runepreomerpuueckue ($YHKLMH B NPaBOH yac
MOTyT OBITb 3aMEHEHBl COOTBETCTBYIOMUMH I‘HﬂepI‘EOMeTpH‘{eCKI/I;H
pilaMi, W QYHKUMOHAIbHOE cooTHOmeHue (9.3,8) anBon}az
K fBHOMY BHIDaXEHUIO THIEPreoMeTpuyecKolt hyHKkuun B 061acTu
|2{>1, jarg (—2) | <= Ilpn a—B==0, == 1, 2 do
myaa (9.3,8) Tepser cuIy u DOMKHA GHITh 3aMeHEHa pa’B'e}{-crgoI;

‘ -(9.4,3). Eciu npeoGpasosaTh mpaByio YacTb (9.3,8) ¢ nomowsio

¢dopmyn (9.3,1—2), TO monyuum
M ele OAHO (yHKIU
COOTHOLICHHUE! dymionatsioe

. T G— .
Foubm =rprg=g =97 X
@IE—H.

v F(a, y—8, 14 a—B,
( + 31—¢> F@T (=8

. B _ 1
U= (B 1 —a, 1+8—a, ), (93,9
|arg(1—z)[<7:, a—{a#O: _—'_l; i2’~-'

Popmyaa (9.3,9) nOsBOAIET NOJYUATL ABHOE NPEACTABICe
HHE TUNEPreoMeTpryeckot ¢ynkuum B ofracta |[z— 1|31
arg (1 —2) | <. '

Ilepeiinem Temeps K BHBOLY (OPMYJTH, maoUIEH BO3MO-
HOCTb BLIDAa3HTb TUNEPreOMETPHYECKYI0 (PYHKUMIO Yepe3 rumep-
reoMeTpuyeckue ¢GyHxuudH OT aprymesra (1 — 2). P

YrolGsl BEIBECTH STy (GOPMYJY, 3aMeTHM, YTO Jugpdepen-
manbHOe  ypasHenue (9.3,4) npH  TOACTaHOBKE f==1-_ »

#) MoXHO TmoOKasaTh, Ha OCHOBaHHU ,
paccyxmeHutt 9.1

F(a, B, 1, 2) npencraBnser co6oft ueaym ¢yHKUM©O napaMe§Tpos'a lérg

MepoMOphHY©O GYHKUMIO Y C moTOCaMH B Toykax y==0, — 1 !

21 H. Jle6enesn

4 ’
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1IepeXOJNT B YPaBHEHHE TOrO e Bula, C MapaMeTpaMmu a'=:a:-,
8'=38, Y=1-+a—- B— 7. O6muii naTerpan nocJaexHero yp -
Henus npu Y £0, =1, =2, ... Moxer OwThb npeicrasie
B ¢opme (7.2,6), oTKylna, B 4aCTHOCTH, BBITEKAeT, YTO HODKHO

CYH1EeCTBOBATh JIMHEHHOE COOTHOIIEHHE BHAA
Fa80)=AF@3 1 +atp—r, 1 —2)+

' o X — o - ,l "_—U'—B’ l—z)’
+ Ay (1 —2y =" F(y—oa, v—B, 147 (9.3,10)

42, ...

tag(1—2) | <m a-F-3—77#0, &1,
Jlas onpeneneHds MOCTOSHHMX BOCHOJMb3yeMcs  (OpMyaoH
(9.2,4)

M —a—3p)
1imlF(a, 51 z):p—g)tgm , (9.3,11)
) R(Y—(I—B)>O’
a takxke (popMyaoii: res |
T (e —
lim (1 ——Z)“"‘B_‘{F(a) 18? Y’ 2): F(G)I‘(ﬁ) , (9.3’12)

z—1

R(u+42—12>0,

WuTh 00e
KoTopasg Jnerko mnoayuaerca us (9.3,3), eCJ_I—I/I YMHO

lxacnf nocienHero paseHcrsa Ha (1 — 2z)*1E-Y u satem ycrpe-
MUTb 2 K CAMHHLE.

Ipeanonaras, uro R{(y—a—p3) >0, R(1 Ty)>0i; u
nepexonas k npeneay B (9.3,10) omun pas npu 2 — 1, apyroit —
npu z— 0, HaxomuM, Ha OCHOBaHMM TMEPBOH M3 yKasaHHBIX (op-
My ]

A= LOTG—a—p
T TE—r(r—p)
Td+et3g—nT{d—1)
AT T+p=—nT0Fa—n
r4r—a—pra—n__
ATy

OTKYZa MOCJHE HECAOXHOrO BLIYMCIEHUS, B XOHE Koroponromleg:
nons3yercs cooTHowenue (1.2,2) Teopuu ramma-QyHxuuy,

nyet:

|

{ o (9.3,13)
o |

J

PR oD CES
T T@re)

(9.3,14)
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Ecan R(t—a—+2)>0 R(1—7v)<C0, 10, YMHOXast paBeH-
¢80 (9.3,10) na 2! u nepexons x npereny z— 0 no dop-
Myne (9.3,12), nonyuaem, Bmecro BTODOIO yPaBHEHHA CHCTEMBI

(9.3,13), crenyromee ypaBHeHue:

Pd+a48—nCr—1
AT Tere
+A2F(1+‘(—a—.8)1‘(7_1)

I—a =g ~—0 (9.3,15)

OTKyla /s NOCTOSHHOH A, CHOBa HaXomum ee NpexkHee 3Haye-
nne (9.3,14). Ecau RY—a—83)<0n R(1—9)>0, to as
ONPENCNEHNsS TMOCTOSHHBIX HAMJICKUT YMHOXHTB  (9.3,10) na
(I—2)+8=1 u pepeiitu x fpereny z— 1 ¢ nomomsio ¢op-
Myast (9.3,12). Toraa nenocpeactseno ONpeaeIIeTcsl sHaueHue
TOCTOAHHOH Ay, KOTOpOE OKaspiBaercs cosnmazawomum ¢ (9.3,14).
Bropoe ypasnenne cucrems (9-3,13) npu stom me MeHseTC,
NOSTOMY 1719 A, TaKke mosyyactes mpewmmee 3HayeHue. Tor xe
PE3yJbTaT umeer MecTo ans  cayuas R(¥—a—B)y<o,
R (1 —7) <0, rae nocrognuas Ay BHYHCIAETCH C HOMOMIbIO ypag-
nenus (9.3,15). Taxam 00pasoM, BO Beex CIyvasax, BKJIMOYAsS N[O
HEIIPEPBIBHOCTH U rpaHUYHbBIE, 15 MOCTOSHHLIX B dopmyne (9.3,10)
TONYHAIOTCA ONHH M TE XKe BHAYCHHS, U HCKOMOE ¢$yHKIHOHANL-
HO€ COOTHOWIEHHE NPUHUMAET BUA:

()T (f—a—3
F(a,;3,T,Z)=%“P((Y)_2Y)F(?{“_5F(a,8,1—}—u—}-3_-f,1_2)+

I I'(a — g5
T (= e
XF({—a, 1—5, [+v—a—3 1—p),

farg (1—2)|<m, a-t-2—y£0, +1, =+ 9,

Popmyna (9.3,16) naer sBuoe dHATUTHYECKOE MPE/ICTABICHNE
F(2, B, 1, 2) B obnactu |z— 1 | <1, larg (1 —2) | <=, Tax
KaK B 3TOM cCiyuae rumepreomeTpuyeckue ¢yuknuu B npasoit
UacTd MOTYT OHTh 3aMEHEHmI COOTBETCTBYIOIUMA pnaMA. [pu
18 —y=0, 1, *2 . npeiactasicane F(a, 8, v, 2)
B paccmaTpuBaeMoii obaacTu maercy dopruynoit (9.4,5).

dopmymnr (9.3,1—3, 8, 9, 16) npeacrasngior coboi OCHOB-
HBE  (DYHKUMOHAJIBHBIC COOTHOMISHUS 418 TunepreoMeTpuvecko
(bynxumu, cosokymnocTs KOTOPLIX, 33 HCKJIOYEHUEM HEKOTOPHIX,
OTMEYEHHBIX BHIIIE OCOGHX CJYYaeB, ZAeT OMHOE aHAJINTHYECKOE

®

(9.3,16)
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BelpaxceHue STOH GyHKUMM B mIOCKOCTH C paspeso (1, oo).
‘Kpome 5TuxX coOTHOWeHHH, npa npeofpasoBaHudX, CBA3AHHBIX
¢ rumepreoMeTpuyecKoil (pyHKuUMeH, 4acTo UCHO/b3YIOTCd PaBeH-
crBa 060Jee YyacTHOrO BHJAA, CHPABEIJMBLIE MPH HAMAUAA ONpE-
neqeHHOH cBA3M Mexay ee napaMerpamu. Ilpuvepom cootHouc-
HUfl 9TOrO Kjaacca MOxeT cayxuTh dopmynra Kymuepa

F~<a, 3,a+p+%,z)= )
:F(?a,??,a+3+—;—,l—_%:z);), (9.3,17)
larg (1 —2)|<m a-4B4+5#0 —1, —2, ...

Yro6H J10Ka3aTs 3Ty GOpMy.Iy, 3aMeTuM, 4TO AdPdepeHinals-

l
woe ypasuenne (9.3,4) ¢ y==a-|-3 - mpeobpasyercs npu

TIOACTAHOBKE 1 1
S LS PO
t=5—5(1—2)
B ypaBHeHMe TOTO e TANAa C HOBHMU rapaveTpamu of ==2a,
B =28, T’:a—i—?—}——;—. OO6wuil uaTerpas mocJeIHEr0 ypas=

HeHus TIpu a—}—B—{——;— #£0, =1, =2, ... voxer OuTb 3ana-
cau B dopme (7.2,6), M03TOMY IOKHO CYUIECTBOBATH JIUHEAHOE
COOTHONIEHNE BHAA:

L 1—(1—2)
F((l, 37 it Z)=A1F(20, 23,0.—][—3—‘—-—2—,__(_2————->+
= —a—3
1—(1—2)'2 2
Fafimepaef
/e
1 1 3 1 1—(1~2) .
Pl ta—p Llag—adoa—p =5
8 <2+ ’ : (9.3,18)

Bropoe caaraeMoe He fABJACTCA PEry/iapHod (yHKuueh B OKpe=

cTHOCTH TOuk: z==0, B cmIy uero Haaaexut BHOpaTh Ay =0U.
Tonaras 3aTeMm z==0, HaxomuM A;= 1, 4TO npuBOAAT K HOP-

myae (9.3,17). CnpapeamuBocTb MOJIYYEHHOro pesyrpTaTa AMd =
3HaueHnH a{—?—{—%:l, 2, 3, ... BHITEKAeT U3 Henpepbm-a

HOCTW,
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§ 9.4. dopmyabt IS aHATMTHYECKOTO NPOAOJIKEHHS
TRIIepreoMeTpHYECKoil (YHKIMA NpPH cHenHaibHbIX
COOTHOWIEHHSIX MEXRY ee napameTpaMu

PopMyarl, BHIBENCHHBIC B MpedbLAYIEM naparpage, nospo-
ASI0T OCYNIECTBUTL aHAMUTHYECKOE NPOAOJLKEHIE IHIIEPTEOMETPH -
uecko# Qynxuun B moGyio 4acTb MAOCKOCTH ¢ paspesou (1, 00),
ONHAKO HEKOTOpbleé M3 HHUX TEPAIOT CMBICA NPH HAJINYHH Clie-
LUATbHHX COOTHOMICHMH MEXIYy MapaMeTpaMd u AOMKHB GLITh
8aMEHEHH COOTBETCTBYIOIUMU (POPMYTaMU HACTOSILETO Mapa-
rpaga.

OO6wuit MeTon BLBOZA NMOCAELYIOIAX (GOPMYHA COCTOUT B Bbl-
TOJIHEHUH HAJ/EWAUIEro NpPEAedAbHOIO IEPeXOfa B HCXOMHHIX
¢opmynax § 9.3. Ilycts, Hanpumep, Tpebyercs NOJYYUTh aHaNU-
THYECKOE NPOAOJKEHHE B 00MacTh |2|>1, |arg(—2)|< =
runepreomeTpuyeckolt dynknmu F(a, B, v, 2), a9 Koropoh
pasHocTh (a0 —B) ecTb Hyab waH nHeaoe wyucho. O6mias ¢dop-
myna (9.3,8) B paccMaTpuBaeMOM cXyuae HEMpUMEHAMA, OAHAKO
JIErKO MOKa3aTh, YTO HEJOCTAIILas (OpPMyaa MOXKET OHTb MOJMY-
UeHa U3 Hee NyTeM MpeAeabHOro mepexona. B camom meme, 3a-
MEHAs runepreoMeTpudeckue (yHKuud B npasol wactu (9.3,8)
COOTBETCTBYIOIIMY PANAMH M BOCIIOJB30BABILICH COOTHOLIEHHEM
(1.2,2) Teopun ravma-GpysKumm, Ml MOMXEM 3aMHCaTh 5TO pa-
BEHCTBO B BUIC:

T i Ny
F(a) AB? Ts z)_—kl‘(a)r(a) .sin'z(ﬁ——a) N

><{Si4]'rc('(——q)(__2)—a L@@+l @+l —y4 k) 1

T fa—6F” A 2

o sV T@+ATELTI—yth 1y
—siaw (y— §) (— 2) akZO }

T+p—ai-k) kl )T

—_I'® 1 [
“T@Tr @ snn@—s 81— & (041

B mpennoxennn, 4to napaMerps o u o-E1—19 orauunn
or uucen 0, — 1, —2, ..., xaxjas u3s Gbysxknut g; crpemurcs
npu B—o--n (n—nenoe GUKCHPOBAHHOE MOMOKUTENBHOE
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yucao, 7==0, 1, 2, ...) K ONpeIeJCHHOMY MNpeaeTy, UMEHHO:

Fa+k) @+l —7+Ek) &
lim g:—(—z)'amm(«—a)E (I;E—I‘)(l(—{—_'l;—n)-l— h=

Ba-tn

I@hinl@atl—1tktn)

== (—2)"*siam (Y —a) 2 (B +n)! ki K
k=0
lim 8o =—
r,ﬁaﬁ—n

Patk+n)lEtl—1thtn) v
BNCEY S

= (—2) R (Y — o ”)2

_ Paghgm a1 —-Hktn) s,
=(___2)~ab.nm(«,«_-a)2 ++n()k—({—j)l k!f—l— n k—n.

MO3TOMY DasHOCTb (g — ge) CTPEMUTCA K HymMO, W INpasasg
vacte dopmyast (9.4,1) npuHuvaeT HeonpeneseHusit Bux. Pac-
KpelBas 3Ty HEONpPEJEJEHHOCTh Mo npasuay Jlomuraus, HaXOMUM:
T (= 1" [ 6&}
! J— . =L .=
Fla, a0 D=F@mTatn = |08 08 limatn’
9.4,2)
OTKyHAa MOCAE BHYUCAEHWH, AHATOTHYHBIX TEM, KOTOphE Oblau
BuLIOJHEHE B § 5.5, moaydaem ¥):
T sinw (7 — )
0 & X

F (o, a+ﬂ A= F@T T r
{2 F(“+k)l‘(1+1—(+k)1‘(n—k)

oy ekt

n—{—/«:)><

T@d+n+RT(@+1 —7-+
”H_Z)—a_nE etns ARCEN
E=0
X [ (— ) Lm ctg w (1 — o) -4 (1 R) -4 (L1 B)—
SRR S I B R RS ) B S CX T
lz2{>1, |arg (—2) | <=,

¥) 3aKoHHOCTb MowiedHoro AHpdepeHUupoBaH#d pAROB g; Ho Ma-
paMeTpy £ W NpenedbHBIX NEPexo/0B NON 3HAKOM CYyMMbl MOXET 6blTb
AerKo 06OCHOBaH4.

jis
&
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rae §(2) — norapupmMuyeckas mpou3BoAHas raMma-pynx uuu (§ 1.3),
a0, —1, —2,.... ; a-1—7y+#0, —1, —2, ... ;
n=0, 1, 2, ... ; B cayyae =0 nepsag u3 cyMM J0JIKHA
ObITb MOJTONKEHa PaBHOH Hy.o.

dopmyna (9.4,3) maeT uCKOMOE aHAJIUTHYECKOE NPOMOJLKE-
nne  ¢ysxumn F(a, a-n, 7, 2) B o6macts |z|>1,
|arg (— 2) | < =

Ocraercs pPacCMOTPETb T€ HCKAKNYATEJbHLIC caydan, Korpa
5Ta (opMysa HENpHUMEHUMa.

Ecmt 0=0, —1, —2, ..., 10 F{(o, o—-n, ¥, 2) cso-
AATCA K IOJMHOMY, U HGOéXOlII/IMOCTb B aHaJIATHYECKOM IIpOAOJ~
JEeHUH OTHaJaer.

B cayvae a1 —7y=0, —1, —2, ...

, BBITOJHUB Mpe-
o0Opazosanue (9.3,3), umeem:

F(CL, ’1_117'”" it Z)Z(I—‘Z)T—?“_" pd

KF({—a—n, y—u, ¥, 2), (9.4,4)

rae y — o — 2 — LeJoe 4HC/IO.

Ecma y—o— 72— OTPHUATENbHO UM PABHO HYJI0, THIEp-
reoMeTpudecKas (QyHkuus B mpaso#t uacta (9.4,4) o6pamaercs
B IIOJHHOM.

Ecimt y—o-~—n—nonomaressho u o-tn£1, 2, ...,
I aHAAUTHYECKOTO NPOJO/KEHHS TUIEePreoMEeTPHYEcKOH (PyHK-
WA B MpPAaBOH uacTH MOXET ObTb HCHOJb30BaHAa (OPMyIa
(9.4,3).

Hakonen, B ciayyae, ecim Y —o—7n W O -7 — yeasie mo-
noxutrenbHee uncaa, F(a, a-}- 7, v, 2) Moxer OulTh NpeacTa-
BaeHa uHTerpasom tHna (9.1,3), B KOTOPOM NOAMHTErpaJbHOE
BHIpaxenue OVAET PalMOHATbHOR GYHKIMEH £, mo3TOMY rumep-
reomeTpuyeckasd (GyHKUUA BHIPAKACTCA B 3aMKHYTOH ¢opme ue-
pes sneMEHTapHBE QYHKUMM, ¥ B €€ aHAMUTHUECKOM MPOXOJINKE-
HUM HET HEOBXOMMMOCTH. -

Cnyuait, xorza pasHocts (§-—a) ecTb neaoe OTpUBATENBHOE
4UCA0, CBOLUTCH K PACCMOTPEHHOMY IpH MOMOLY COOTHOMIEHUS
(9.1,6), u, Takav oOpasoM, AAHHMH aHANKS WCUEPNLIBAET BCe
BO3MOKHBIE KOMOMHAIWH,

VignoxeHHbfi METON NPHUMEHMM K HCCAENOBAHWID KPUTHUE-
CKHX caydaeB apyrux gopmya § 9.3.
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B uacTHOCTH, MBI  H2XOIUM:

T(a+2+n) >
T@T@L @+ AL G+ m

F(a, 2 a-fB-4n )=

n-—1
PTa@+RBTE+RTR—EF ; )

2 N Dadtnt BT ELntk L
=1y P T BICERED b +0+
k=0 :

+ (1 +4-n~+£)y— 4 (@ ntk)— ‘
—4 @+ n4-k)—m(1—2] (I —2)"*], (9.4,5)

rae |2—1][<1, |arg (1 —2)| <=, ¢(2)— norapupmmieckas

npoussojnas ramma-¢ynknmn, o0, —1, —2, ... ; B£0,
—1, —2, ..., n=0,1,2, ..., u B cayuae n==0 nepsada
M3 CyMM JOJ¥HA OBITh ONYyILEHA.

dopmyna (9.4,5) moxker ObTb HCNOJIb3OBaHA M aHAJIUTH-
yeckoro nponomkedns F(w, B, 7, 2) B obnacty |2—11<1,
|arg(1-——z)|<u, ops  ycaoBuW, 4YT0 O —--B—7y=—-—n
(n=0, 1, ..), Korza oGmas ¢opmyaa (9.3,16) Tepaer cuny.
OrpaHmeHue, HaJOXEHHOE Ha mnapaMeTps o, {3, He ABJIsETCH
CYMECTBEHHHM, TaK KaKk B TOM cJydae, KOria OIMH M3 HUX
o6pamaercs B HYJb WM OTPULATENLHOE 1enoe unciao, F (a, B, 7, 2)
NpuBOJATCA K noiuHoMmy. Jlpyro#h kpuruueckmii i HOPMyJsl
(9.3,16) cayua#t, korma a—B8—y=n (r=1, 2,...), cBo-
OUTCS K pacCMOTPEHHOMY C moMompio npeoGpasosanus (9.3,3).

§ 9.5. llpencrasnenne pasnuynbIXx GYHKUHR Yepes THmep-
reoMeTpUYeCcKyo GyHKLHIO

B nactosmem naparpade Mol mpusefeM mpuMepd QyHKumi, -

KOTOpHe MOryT GHITh BhIpaxeHs uepes ¢yuxumo F(a, B, v, 2).
TTonyuennme GopMynb INOKa3HIBAIOT, HAaCKOJBKO IAPOKHM 4B-
JAETCS PaccMaTPUBAEMBIM KJaace GYHKUAH, ¥ cayxar Xopomeh
wurocTpaunet Toff poad, KOTOPYI0 HIpaeT B aHaJu3e rumep-
reoMerpuyeckas (GyHKLud.

1. Onementapune ¢pynkunu Opny u3 npocrefimnx
GyHKun#, KOTOpHE BHPAXKAOTCA UEPE3 THIEPreOMeTPHYECKUE,
npencrariaser coGolf GuHoMmansHas ¢yHxums (1 --2)Y, rmev—
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NPOM3BOJILHOE BELIECTBEHHOE MM KOMIJIEKCHOE YHCIO H, B Cay-
yae, ecam v He uenoe, |arg (2--1)|<m.
Hpezmonaraﬂ CHayana, yTo |z|<1 nMeem:

= ")k (— Y (ﬁ)k k
(I + 2)“ 2 2 k'(fﬁ) 2)
(? — npounseobHO),
OTKyaa cirelayer:
(1+2)V:F(—V’ ‘3’ @’ —2)=F(-v 1, 1, —2). (9.5,1)
JlaBas v pasiuuHbIC YACTHBIE BHAUECHNS, NOJAYYAEM CIEAYIOMUE
dopMyan:
Fr=F(—n 1,1, 1—2), n=0,1,2, ...,
n__ engf __ %
(Z-l—d) =a flr\n, 1’ 1’ 0)’
-1/, X
(142 "=F (3, L1,
Mz (9.5,1) MOXHO BHIBECTH OJHO HHTEPECHOE CJCACTBHE,
ecam npuveHnTh npeoGpasosanue Kymmepa (9.3,17) x ¢ynxunn
[y 1
Flmg, 2
Mu naxonnm:

v -1 v
A

, o 1/, e
Py 11—, (122) ):[1+(12 2) 2].(9.5,2)

——Z) n T. Ha

v
——TZ’, ].——V, Z),

Ipyrue o pMyIs aHaJOTMYHOrO Buxa Oblau mpusenens! B § 7.3
(7.3,9 u 7. 3,22).

Ona Toro utoGH MOAyunTh NPERCTABACHUE JOTapu(MIAIECKOR
¢yuxunn 1n(1--2), rae |arg(l -+ 2)|<{w, Bocmoabsyemcs
pasiloxenneM 3STol (GyHKUUM B Kpyre ]z]<l 1 npeoOpasyem
€ro B rume PreoMeTpuyeckuit paa € MOMOIMIBIO COOTHOMIECHHS

@ __ &
(@ +k1)k“ el k* (9.5,3)

Tlodaras » oToM TOXHecTse o— 1, Haxonum:

"
ln(l +z)~z2( 2 (L),k(g)zk — 2),
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OTKYyAa Cjleayer:
In(l+2)y=z2F(, 1, 2, —2). (9.5,4)

AxanoruynsiM o6pa3zoM nosnyuaeM ¢GoOpMyasl A8 OOpaTHHIX Kpy-
FOBBIX (PYHKUMH

R 2
atctgz—_—zF<—2—, Ly, —2, (9.5,5)
a1 13 -
arc sinz _——-~F(7, L 29>, (9.5,6)

T A
2. 9aanunTuvueckune uHTerpaas. Iloausie smaunri-
YyecKue HMHTErpaisl Mepsoro ¥ BTOPOro poja

/o Ty

K@= | (1—2sinte)y " dg, E(2)= | (1—2sine) s,
0 0

ra¢ 2 — KOMIUIEKCHOE NEePEMEHHOe, NpuHagiexamee ob6aactu

|arg (1 = 2)|<w, Takxe MOryT OHTb NPOCTO NPEACTABACHH

yepes (YHKIAIO F(a B, ¥, 2). Ilpeanonaras Bpemenso |z |<1
W BOCIMO/H30BaBUINC, GHHOMHAJBHBIM DAa3/I0XKEHNEM, HaXOMUM:

Z@ G 5:
2 .
K(2)= o 2% fsm“ 4 —% i (l)k k. 2%,

k=0 0 E=0
OTKyHa:
= 1 1 9 =
K(2)=-2—F<7, 30 L 2. (9.5,7)
Takum xe oOpasoM umeeM:
= 1 1 2
E(Z)—Q‘F(—*g, 5 L z). (9.5,8)

dopmyasl (9.5,7—8) Moryr O6HITb MHOJOXKEHH B OCHOBY TEOPUU
3NAUNTHYECKUX umerpanos paccMaTpUBaeMHX Kak (YHKiMH OT
Monme 2.

.Chdepuyeckune pynxuuu Opud u3 HanGosee Bax-
HBIX KJAcCOB (pyHKUME, KOTOpHE MOryT OBITb BHPaXEHH Yepes
runepreoMeTpuyecKue, o0pasyioT chepuyeckue (QyHKUMH, H3Y-
yeuysie B 1. VII. TpeGyembie mpeacTaBieHus HEMOCPEACTBEHHO
noayyvatwores u3 Gopuya (7.12,27) u (7.12,29).
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Has o6piero caydas NPHCOEAMHEHHBIX GYHKUHA m-ro o=
paaka (m=0, 1, 2, ...) Mbl uUMeeMm:

n _ Tue4tmtYH (z2_1)m/’2
Py ()= To—m+1) . ST (T 7)

><F(m—v, M1, m 1, lgi), (9.5,9)

m m  Velg+mi1) 2 )
Q (=1 (2 —1)"2
( 2v—{-lI\(v ‘ g)zv—{—m-{—l

rae |arg (2= 1) | <=
B yacthHoctyn, aaa noauHomos Jlewxanapa (3 4,2) noayuaem:

Pﬂ(z)=F<_n, n-l-1, 1, lgz), (9.5,11)

Ecau npunsts dopmyas (9.5,9—10) 3a onpenenenne coe-

puueckux (QYHKUAH, TO Teopus NMOCIEAHAX MOXeT OblTh BeChbMa

POCTO PasBUTa, MCXOAS U3 COOTBETCTBYIOWmEH Teopuu mad ru-

riepreoMeTpHueckolt (yHKIMH, YTO 0cOOEHHO YOO0OHO NMpU BHIBOJE

dopmyn mnpeobpasosanus § 7.6 u ux oboOweHuit Ha ciydaii
NPOUSBOJIBHOTO 1.

§ 9.6. BuipoxkneHHas rumepreomeTpuueckas PYHKUHA

Hapany c¢ runepreomerpudeckoidt dyaxkuueid F (o, B, ¥, 2),
BAXHYIO POJb B TEODUU CHeNUadbHBHX (YHKUHH Hrpaer Tak Ha-
3bIBaEMasl BRIpOMCAeHHAs runepreomerpudeckas gpyuxuua F (a, 7, 2),
KOTOpast JJs NPOH3BOJBHEIX 3HAYCHHH KOMIJIEKCHOTO IEpeMeH-
HOro 2 W JOOBX BEUIECTBEHHHX MM KOMIIEKCHHIX 3HaueHHil
napaMeTpoB o MU Y, HCK/Moyad sHaueHud y=—0, —1, —2, ...,
onpejiendeTcsd Kak cyMMmMa psna

[e ]

et a=3 B, 2.6,1)

T4k R
rae (;‘)kz_ir$=x(,\+1)...(;\+k_1), (M= 1.
Jlerko BHAETh, YTO PACCMATPHUBAGMBIH DA CXOAMTCA MPH JIO-
OblX 3HAYEHWAX o, Y U 2, mpuueM B oGnactu |al<< A, |7!==C,
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lz]=<R (A, € m R—rnpoussoipio Gombuiue (QUKCHPOBAHHEIE
YHCJIa) CXONMMOCTh PABHOMEPHZ IO OTHOLIEHHIO K KaXIOMY H3

k
z
nepeMexHsix. [efiCTBATENBHO, MoOJaras uk__()k - Haxonum,

e kY
YTO I/ BCEX MOCTaTOYHO GOJBLINX &
Ups :{a—}—k k+A R
’ wp | T+ E <i—¢c ' *=¢

rke ¢ — HEKoTopas MpaBujibHas APOOb, OTKYAa HEMOCPSACTBCHHO
BHITEKAET PABHOMEPHAA CXOJINMOCTH p;ma (9.6,1) B paccmarpu-
Baemo#lt obsacTh.

Tak Kak usneHH PsSAad CyTh NOJHHOMBI OTHOCHTGJNBLHO O H 2
H paudoHanbHble (PYHKUHM ¥, TO, Ha OCHOBaHUM TeopeMH Beliep-
IITPACcCa, 3aKJIOYaeM, UYTO BBHIPOXACHHAS THUNEPreoMEeTpHYecKas
¢yuruns F(a, 7, 2), paccMaTpuBaeMass Kak GyHKIHA KaxIoro
U3 MepeMeHHBIX NP (PUKCUPOBAHHBIX 3HAYCHHSX JBYX OCTaJbHBIX,
npeacTasiasier cobo# Heayio (GyHKIMIO 2 B o ¥ MepoMOpdHYIO
(yHKIMIO 7 C nomocavd B Toukax y—0, — 1, — 2,

Brpoxaennas ranepreovMerpudeckas PyHKIUS ABAGETCA YacT-
HHIM pellieHreM JUHEHHOro muddepeHuassHOro ypapHeHus

2 (Y —2)u —oau=0, (9.6,2)
npu ycaosud, 4to Hapamerp ¥ %0, —1, —2, ... [leilicru-

TeNMbHO, nojaras #=—u; =F (g, 7, 2) 1 0603Hauas 1By 4acTh
vpaBHeHns yepes [(u), nveex:

l(ul)_ szk 1 (.(__2)2/3(1)1? S

(M k! okl <
—_ kR==1
_ \ (G I @) ‘J_%(“)kzk
A =[v &2 "= eh
NE®p e | 1T @Dpa e,
e it — =

X
(p2*[, 2tk atk .
T

YroGe noAyUMTh BTOPOE JWHEHHO HE3ABUCHMOS pellleH:e
paccMaTpUBaeMOro VPAaBHEHHs, 3aMeTuV, YTo [Mpd MOACTAHOBKE
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u=—2z'"Yv 310 ypaBHeHue IpeoOpasdyercs B YPaBHEHUE TOrO
AxHe Buiaad
20" (Y —2) v —d'v =0,

! -
T 7 2—

- 2

C HOBHI
nosToMy npu v % 2, 3, ... dyHKIUA

n=iy=2'"1F(lfa—7y, 2—7, 2)
Takxke eCThb peltenne ypaBHenus (9.6,2). Mpu v £ 0, =1, = 2,.
00a pellieHust I; ‘M Uy CYMIECTBYIOT OJHOBPEMEHHO ‘U JHUHEHHO
He3aBUCUMBL Mex Ay coOolt *), nostomy obmnit uHTerpan audde-
peHLMaMbHOTO YpaBHEHHSt MOXET OHTh NMpeAcTaBled B dopme
u":AF(a’ T 3)+le_7F(1+a_—Y’ 2—7, Z). (9-6:3)

Ecan nmapamMeTpsl BHPOXIEHHOH THIepreoMeTPHYEeCKOH (yHK-
wan F (0, ¥, 2) yzosaersopsiorT yeaoBusM R (1) >R (x) >0,
5Ta (HYHKLHS IONYCKAeT MPOCTOE WHTErpa/bHOE IPENCTaBJEHHE,

)k

e}
KOTOPOE MOXHO MOJYYHTb, 3dMEHUB OTHOLIEHHE E‘W B (9.6,1)
&
uarerpanom (1.5,6):

1
@e_ T Cramiirg  py—a—t
@ TETa—2), ¢ (L —1t) dt, (9.6,4)

R(7)>R(a)>0; k=0, 1,2, ..

Mpt HaxoauM Toraa *¥)

P(() a—1 v — - .
F(a: T, < Z F(’J)F('{—-a) Yt 1 'k(l—f)a 1 df —
_PL o — _ Cx— (zt)
T I®WlfG—o ff (L —#)i—=—1dt 2
WM .
1
F(a, v, Z):%é‘ta—](l — )yttt gy,
9.6,5
R(M>R(@)>0. (9-6,5)

#) [lpu v=1 Oynmer u; = u,.
#¥) 3aKOHHOCTb NepecTadOBKH CllellyeT H3 JAerKo HOKa3nisaeMoH
a6COMOTHON CXOMHUMOCTH.
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W1s unterpanbnoro npeiacrasacHds (9.6,5) MOXHO BHIBECTH
OMHO VHTEpecHOe (YHKUMOHANbHOE COOTHOLICHHE, KOTOPOMY
yaosaersopseT ¢yukuus F (o, ¥, 2).

Hro6H mojayuuTh 3TO COOTHOWICHHE, MPEXNOTOXKMM CHAYANa,
UTO YCJAOBUsS NPUMEHUMOCTH (opmyast (9.6,5) BHIIOAHEHH, K
ApPOHM3BCAEM B MHTErPAJIC 3aMEHY IEPEMEHHOH, OMOKNB f =1 —3.
dopuyaa (9.6,5) npuHEMaeT TOrma BUA:

1
P(. z 1] e a
F(o, 1, z)=r(—m%—)& ST — g e s, (9.6,6)
0
OTKyna, Tak kax R(7) >R (y—a) >0, cieayer:
F(a, 1, 2)=€&F(y—aua, 1, —2). (9.6,7)

Cootnomenue (9.6,7) 10Ka3aiHo noxa B OPEANOJOKEHNA, UTO
R(Y)>R(a)>>0, oasako, 3a BHUCTOM [POU3BOJALHO Maaoil
OKpecTHOCT® TOuek =0, — 1, —2, ..., 7neBagd u mpasas
4acTd paccMaTpuBaeMoit GopMyal mpeAcTasasioT co6oi pery.ap-
HBle (YHKUHH KOMILICKCHBIX TNEPCMEHHBIX o H Y U, COTJIacHO
NPHHIMITY aHAJATAYECKOTO NMPOAOMKEHHUS, NOTYUCHHOE PABEHCTBO
COXpaHsieT CHJAY INPU MPOM3BOJLHBIX 3HAUEHUAX MapaMeETPOB o U
¥, Hekaovad y=0, —1, —2, ...

Bripoxaennas runepreoMeTpuueckas GYHKIMs ya0BAETBOPICT

PEKYPPEHTHBIM COOTHOIIEHNS M:
F(a, 1, &)=F (@41, 1, z)—_’;'-F(a+1, 11, 2), (9.6,8)
F(a,*{,z)_—_%F(a—l—l, vk 1, 2)-}~Y:aF(a,~(—}—l,z), (9.6,9)
(af2)F(a-}-1, 141, 2)=

=@—7)F@, v+1, - FyF@-+1, 7, 2), (9.6,10)

YF(U' 1, ¥, 2): i
a:ﬂj—_;_z)p(a, T 2)—2(f—)F(a, v--1, 2), (9.6,11)

aF(a-+1, 1, 2)=
=(-f-20—7)F(o, 7, )-FG—N)F@—1, 1 2), (9.6,12)

Y?“ 2F(a, 11, 2)=
=@E+1T—DF@ 1, 2)+0—1F(e, 1—1, 2), (9.6,13)
T 2F@-1, 1+1, 2+

H
et P2, 12,2, (9614

F(o, 7, 2)=
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NOJIE3HBIM, B YAaCTHOCTH, IIPH COCTABACHHUU Tabmu F(a, 7, 2),
4 TaKKE COOTHOWIEHHIO:

d
o v A=2Fat1, 141, 2, (9.6,15)

KOTOpBIE JTerko HPOBEPAIOTCA NMyTeM MOACTAHOBKH pama (9.6,1)
W CPaBHCHUS KOS(PQUUUEHTOB NPH OAMHAKOBHLIX CTCHEHSX 2 B ne-
BOH M MpPaBo#i YaCTAX paccMaTpuBaeMbIX paBeHcTB,

Pynxuusa F(a, ¥, 2) BecbMa uacto BCTpeyYaeTcs B aHajuse,
TIPUYEM TJIaBHOE €€ BHAYEHHE COCTOMT B TOM, YTO MHOIHe crie-
UNATILHBIE  (YHKIME MOTYT paccMaTpuBaThcs Kak ee YacTHEle
caydan (§ 9.8), yTO B 3HAUHTEIBLHOM Mepe obaervaer mocrpoe-
HHE TEOpHM 3THX (YHKUMH,

§ 9.7. Acumnroruueckoe NpeNcTaBAeHUe BHIPOKAEHHON
THIepreoMeTpHIeCKOi QYHKUMH NpH Goabmux
S8HAYEeHHAX ee aprymeHTa

PopMy b, naomKe ACHMITOTHYECKOE npencrasiaecnue F (a, 7, 2)
npu | 2| — co B onpenenenHOM CEKTOpE MNOCKOCTH KOMILIEKCHORG
IEPEMEHHOTO, MOTYT GHITh BHIBEACHBI, MUCXOMS U3 MHTErpadbHbIX
NPEACTABAEHUH a5 9TOH (yHKuwH.

Hro0Bl MOAyuuts 0ZHO 3 Takux T
NPEACTABACHUHA, paccMOTPUM  HH-
Terpan
¢ 8
[0 —prerera
C

B3STHI 10 3aMKHyTOMY KOHTYDY (C)
(puc. 31), rae peTBb MHOrO3HAUHOM
dynkunn f (£) =£2—1 (1 — f)r—e—1
ompeaeneHa  tpeGoBaHWEM,  yTQ I:L

arg floa==0. ITomunterpasuoe Bol-
PaxXeHue eCTb peryJsipuas Gpyxuns A o
B 06212CTH, OrpaHYeHHOH KOHTypOM
(C), mostomy, no Tteopeme Kourn,
SHaYCHUEC HHTErpata PaBHO HYJIO.

Hpenuoaoxum spevenno, aro R (MN>R@W>0u argz—

kY .
=55 T €& (—i2) > 0. Ilpu BuMOIHEHAN 3THX yCa0BH# uHTE-

Puc. 31.

rpaJjsl, B34Thle 110 OyraMm Masasix OKpYXHOCTEH, BBIKAIOYAIOI M

.
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Toukn O m A, a Takike MHTerpan no orpesky BC ucuesawor B
npeAene, KOTAa paidychl OKDY:KHOCTEH cTpeMATcs K Hymo, a
| AB|=|O0C|— o0, 1 M noayunm:

1

jca—l(l_c)r—“-lez’dc—l—iezj' (1 4-iry =t X
5 b

0
W (—inyy—e—leirngr |- j‘ ()11 — ity —e—lefmdr=0.

(o]

Ecau BBECTH HOBOE IEPEMEHHOE HHTEIPUPOBaHAA §={(-—i2) T
n Bocnoas3dosatbes (9.6,5), TO M3 nMOCAeIHEro PaBEHCTBA BHITE-
KaeT CJeLYIoLlee UHTErpalbHOE NpEICTaBJIEHUE:

[ve]

T Zog—r | er—a—
F(a’ ‘Y’ z):—ﬁ{ez“ 76‘ sYT—2 1><

X <1 __‘Sz_\“—l e—Sds+ elra y—a S‘ ga—1 1 + ) -! e5ds.
/
(9.7,1)

B ¢opmyne (9.7,1) R(v) > R(«) >0 n, Kpome TOrO, I1pe-
[IOMOXKEHO, YTO (—i2) >0. Jlerxo mokaszare, YTO INOCJAEHHEE
JONylleHne He sBASeTcs HeoOXONWMbIM, W BHIBEHEHHad GopMmyJia
OCTaeTcst CHpaBeIMBOR JJs MOOHX KOMILIEKCHBIX 2 € IOJIOXHU-
TeNbHOM MHUMOH yacTblo. JlecTBUTENBHO, MJs TakuX 2 06€ CTOo-
POHBl paccMaTpUBAEMOrO DPAaBEHCTBA NpeicTaBisioT coboit pery-
AspHble QYHKUME KOMIJEKCHOTO NEpeMeHHOro 2, m TpebyeMbiit
pe3yJbTaT HEMOCPEACTBEHHO BLITEKAET U3 IPHHIMIA aHaInTHYe-
CKOro npogo/mxeHus *).

[Toap3ysick MOJYYEHHBIM MHTETPAJbHLIM  TpeACTaB/ICHUEM,
MOXHO BHIBECTH aCHMITOTHYecKylo dopmyay mas F(a, ¥, 2),
NPUrOfHYI0 B ceKTope 8= argz=<w— 6, 8 — npou3BOJAbLHO Ma-
70€ MOJOXKHUTEABHOE UYHCIIO,

[Mpennonoxum, uro ycaosue R () >R (a) >0 BHIOIHEHO,

a— —a—]
‘u (1 —[—-—:—t)Y

samenuM B (9.7,1) MHOXUTEIH (1 —%t)

#) OcoGbIMH IMHHAMH HHTErpanoB B mpasoft yactd (9.7,1) aBaaiorca
MHOXECTBA TOYeK z=3§, rae 0 =Cs<<oo,

!

"
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MX OHHOMUANBHBIMM PAa3NOKEHUAMA *) M BBIIONHAM [IOUJIEHHOE
uHTerpupoBarne. Mel nomyumv Ttoraa Ha ocxosanuu (1.5,1):

.

F(a, 7, z):l,g(l)a)ezz“~7 X

\ —DED (1 —at- k)
AL Sarems TR @)

+P<v>e,-mz_a{" Ttk
k

L ATG—an @ 072)

rae 3HaueHHs OCTATOYHHLIX WIEHOB R (2) MOryT GHTB BbIpAWEHHI
uepes ABOHHBIC HHTErpaJsi:

fe &)

__lﬂ+1 —f—-1 s
R(”l)(z):n(lF(a)z_—;-——l) s matnds X
4]
: 2
XN a—pr (1 =247 a,
(-2
(9.7,3)
@ ()= zr e-Sgatn
()= Al (r— a—n—l)jj Frds X
X J (1 —#y (1 +§t)""“—""2dt.
0

Ilpu ycaosun, uto §=<Carg2=<w—38, KOMIIEKCHOE NepeMeH-

st
Hoe Z= — TpuHagrexut obaacta — (n—¢) << argZ=<—34,
1 N3 TEOMETPUYECKUX coobpaneHult crenyet, uto |1 &= Z| ==sing,

a jarg(1x2)| <=
Mpennonoxknm, 4T0 YHCAO 7 BHIGPAHO HACTOMBKO GOJBILAM,
yro #+2=R(a) u n-}+2=R(y—a). Toraga, npuHuMas Bo

*) CM. npuMeyaunmne Ha crp. 168,
22 H. JleGexeB
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BHHMaHHE C[E€JIAHHOE BhIlIe 3aMeYaHWe K OlIeHUBas HHTETpasbl
(9.7,3) no moaymo, Haxo#uM *):

[ee]

|/ @) | < ey | e oas

1
% f (1 — )" (sin 8)R@—n—2g=l1@)) df,
;

(ee]

2) ! jzm -SgR(@) 41 g
IR’ @) <gmre—aa=D1 ©° s X
0

1
><j (1 — £)" (sin )RG—a)—n—2eml I —all gf,
0

OTKylZa, mocCJa¢e MNpPOCTHIX BbIYUCAEHUH, crenyer:

TR(y—«a 1y . @) —
| RY@) | = G R T ) Gin gyre—n—t ¢
X emH®] [ 2",

PR@+n+1) I {074

@)
R’ A < GrmiTa—a=r=D] X
© X (sinQRU—I—n—2exllG—a)l | z |71, |

[Tonyuenusie oueHKd MOKaswBawoT, uyTo (opmyaa (9.7,2)
MOXeT ObTh 3amucaHa B BHUIE:

Fo, 1, z):%ezz—(r—a)x

G~ DT (g —a-b &) .
X{Z EIT (a—F) k+0(z 1)}_}_
k=0

+ry 53 ez FI‘P(-(%T-)-—@ a* 40 ("1}, (0.7.5)

npuyeM MpPEeAnosaaraercs, 4To & =S arg 2 =< n—39, | 2| — Beauko,

RNO>R@W>0un+2=R(), n +2=R(1—).

*) Eciu @ ¥ & — KOMIIEKCHBIE YHCAA, TO:
l ab | = |a IR ()] e——I(b)arga_
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JlokaweM, yTo nocjaefHee yCJAOBHC He SBIAETCA CYMECTBEH-
HeM U Qopmyaa (9.7,5) cnpasensusa npu motGom n. [eicrea-
T€JLHO, MYCTb # T4KOBO, YTO OJHO wiu 06a m3 uucen R (w) u
R(y—ua) Goaswe, uem (7 -}-2). OueBumHO, 4TO BCera MOMKHO
Ha#tTv Taxkoe uexoe m >n, utodn (m - 2) Geuo GoJblie J0-
60ro M3 paccMaTPUBAEMBIX YMCEJ, W TOTrJAa, COrJIacHO MOKasaH-
domy, F(a, 7, 2) Moxer OniTb mnpeacraBjaeHo ¢opMmyaoi Bumxa
(9.7,8), rxme n 3ameneno Ha m. Ho kaxpoe w3z supaweduit s
¢urypunx ckoOKax nocaemHell ¢opMya sl MMeeT BHI:

m

Y. soEmy=Y. .~

k=0 : E=0 k=n-+1
n
=Y .. +0oE",
k=0

¥ MHl CHOBa IIPUXOIMM K npexHe#i dopmyae (9.7,5). oxarxem
Teneps, 4to ycaosue R () > R (w) >0 Takike He sBAAETCHA He-
00XOJMMEIM, OJ5 YEro BOCIOJb3YEMCH DEKYPDEHTHbIMH COOTHO-
weHaamu (9.6, 13—14). [Ipennonoxnm, 4YTO BMECTO IIOCAEIHErO
yCAOBHSI YAOBJIETBOPSIETCH TOBKO Goaee caaboe yeaosue R (7) >
> R(u)>—1. Torna dopmynra (9.7,5) Gymer npnMeHuMa K
KaXno# M3 runepreoMerpuyecKux (DyHKUmil, cTOSmIUX B MPaBOH
vyacty paseHcrsa (9.6,14)%):

Lo E Y=

F(a, 7, z):Y——;{‘—z'F(ot—}—l, 1+1, &)+

+ZEEDF@2, 142, 2), (0.76)

M, BOCNOJb30BaBMIMCL 3TOH (OPMYJIOH, MH MOKEM NpeACTaBUTh
F (o, 7, @) B BUOE:

Fa, 1, 2)=plls eemt=ap -t 1 Deiomaq,

¥) 3ameTnM, uYTO 3TO paBeHCTBO saBuiserca caencrBiaem (9.6,2) u
9-6,15).

*
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rae, Hanpusmep,
— (DR —ad-k)
o 2 RIT(1+2—Fk) +
S 1*D¢( k
(— Tk O
+2(a+1)k20 klP(2+a—k) "_0( " )

n
_ (= DFT (1 —af k) __
—‘YZ RT(La—n 7

n+1
(D=2t k) ety
+kzl E—DITEra—n T OGET=

— (= T(—atk) & s~n—1
—2 EIT (2 — &) 0T,
Taxkum ke oGpasom ybexnaemcs, 4To .

n

TR ke
Z ATa—atm° +OE

caegosareqasto, gopmyna (9.7,5) sepHa npu ycrosuu R (Y) >
> R/a)>—1. Tlosropast omucaHHbI#l MPOLECC, MBI O HHAYK-
MM JOKaKEeM CIIPABELINBOCTH paccMaTpuBaeMof dopmyasl MpH
yeaosun R () > R (a), Gonee cnaGom, uem nepsonauanshoe. C
NOMCIIBIO AHAJIOTMUHBIX DACCYWAEHHU, OMUPAIMIKXCA HA peKyp-
peHTHYI0O ¢opmyay, BriTeKaomyio us (9.6,13), ecnu saveHatsb B

Helt v Ha (y-+1),

o Y 1
F v a=1TEF@ 141, 29— L5 P 12, 2),
(89.7,7

MBI MOXEM OCBOGOAUTHLCH TakXKe OT 3TOTO MOCICAHETO YCAOBHS.
Taxum oGpasom, dopmyaa (9.7,5) nokazaHa mpH NPOHSBOABHBIX
a4, T 4 7.

BocnoabsoBapmnck cootHomenuem (1.2,2) rteopun ramma-
GyHKUMM, MBI MOXEM T[0CJe HEKOTODHX npeobGpaszosaHuft 3a-
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[ucaTe INOJYHEHHOE acuMUTOTHYeCKOe npeAcraaerue (9.7,5)
B BHIE:
n

{2 ol

k=0

F{u

T
+ I‘ (7) en:a ¢ ><

N {Igo (__ l)k (2 (1:"; Dk + 0 (2—n—1)}

rie S=<targez=<cm—2& (3 >0), | 2| —pemko u cuMBox (A),
0003HAYaET BEIUYHHY

(9.7,8)

P +e2
(A)k:“_(fg) L 1) k1), (o= L.
CootsercTyromas  ¢opMyna nas cextopa — (m—8) =<

=T argz=C—4 Moxer OuTb BusegeHa wus (9.7,8) ¢ movoupo
npeo6pasopanns (9.6,7). Mb umeem:

Flo, v, 2)==€F(y—a, 1, —2),

OTKYZa, NpUMeHAs K (QYHKIWHW, crodmel B 1pasoit wacta, dop-
myay (9.7,8), naxomum:

Fla 1, &)= (—z)—“{E(

0 E e i

R

r(@p(l4-2a—1)p
) k1 Zk 2 —i

HJM, TaK Kak
(— 2y = e—-ir:az—a (— Z)—W ~a) — p—in(y — ) y— r—a),

o ____1(7) —a —a)p(l —a
F(u, v, 2)= rye — ){Z(Y Z(zk )k+

+0 (z-"-‘)} T

'

< \ e (@)g (1 — ne
AL ’*“,;f;;—&w(z =}, (©.7,9)
=
rae —(rn—¢)=farg2 << —3, |z|— BemuKo.
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AcumnroTuyueckoe mnpexcrasiedue F(«, ¥, 2) KA CEKTopa

|argz}<—'2i——6 MOXKET OBITh MOMYUYEHO aHAJOTHUHHEIM ofpa-

30M U HMEET BUI:

Fa, 7, ) =1def

emrn{ § g

=0
+ 0@},

(9.7,10)

rllelargz|\2 —1, —2,.

[Tocaennnét pesynbTaT HE NMPOTHBOPEUUT DPaHee BhHIBEACHHBIM
tpopmynam (9.7, 8—9), tax kak B ofweit ¢ (9.7,10) 30He BTO-
pele craraembic 3TuX Gopmya OyAYT Maabl, H JaHHBIE aCHMIITO-
THYECKHE MpeActaBieHus (GakTUYecKd COBMAZAOT MexAy coloft.

—38, | z|—sBemko u o0,

§ 9.8. Npencrapaenue paszauuHbiXx (YHKIHHA uyepes
BBIPOIKJIEHHYIO THIEPreOMeTPpUUECKYI0 (DYHKIHMIO

Kak yxe 0TMeuasoCch, MHOrHe 3JIEMEHTAPHBIE U CIIELHATbHLIE
(YHKIEYM, BCTPEWAOMuecs B dHAMU3E, MOrYT GbITh MPOCTO BHI-
DaXEHbl Yepe3 BHIPOMICHHYIO THIEPreoMETPHUECKVIO (BYHKILHIO
F (o, v, 2). Mol nmeew, Hanpuwvep,

F(aaz:i r=¢

F(—2,

1, )=1—22-+42 uoT. L

B mnactosiuem mnaparpade Mbl PACCMOTPUM [OPEICTABIEHHE
4epes BHPOXKAEHHYIO THHEPreOMeTpUUECKYIo QYHKIMIO CEUHAb-
HEIX (QYHKIW#, nsywenHnx B ra. I, I, IV, V.

1. Muterpan sepoartnocTu Hexoas usz onpenerenus
unTerpaia eepostHoctd @ (2) B dopme cremennéro pana (2.1,2)
H TpuHAMas BO BHUMAHHE COOTHOLICHHE

oLz

2
(3
2

[\.«

i
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§ 9.8]
unMmeem:
o (L
. 2 (_ 1)kzzk+1 —‘_gz_ \2 3 _z‘z k
D (2)= Ve HEEED YR YN 3) (—2%)
o ) 9 A
. k=0
OTKYZa L s
2z 2
<I)(z)=—_ﬁF<—2—, 3, —z ) (9.8,1)

2. dyurnua F(2). Pynxkunusn F(z), cBd3aHHas C UHTErpa-
JIOM BEpOATHOCTA OT MHHMOro aprymenrta (§ 2.3), Taksxe mpocro
BHIPAXKAETCS UEPE3 BHIPOMAEHHYIO mnepreOMeTpnqecxyxo pyHK-

FRRA-1) (),
kR

mmo.  HeficTeurennHo, 3amedas, UTO ————?e—

k! =(1),, Mpl nonyuyaem u3 (2.3,4):

(_ l)k 2k Z2ktL o - (1)k (_ zz)k
F(z)—Zl CEED T 22 3y
k=0 K (—2'/k
OTKYyDa \
F(z):zF(l, 3, —2). (9.8,2)

3. Uuterpann ®penens. Ma cpysu unrerpanos Ppe-
Heas ¢ uATerpanom BeposTHOCTH (2.4,6) m ¢opmyast (9.8,1)
HaXOIUM:

z 1 3 ime? ‘1 3 inz
co=3Flg o )+ 7 =7

1 3 limg? 1 3 mg?\’
S(&)==; [ (2,7, 2 >—F<—2‘,7,—‘7/J-(9-8’4}

4, UpTerpanpuasa nokKasaTenabHas (QYHKOHA
Wcxons us pasencrsa (3.1,4) ¥ BOCNOJL3OBABIIKCHL DPE3ynbTa-
TOM npuMepa, TaHHOTO B Hauale HacTOSmEro naparpaga, nmeem:

2

Ei(2) =y 1n(—2)+ § F(1, 2, £)dt.
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Hanee, uz (9.6,13) caenyer, ut0

4
§'F(a—}— 1,2, £)dt =
0

2)—1

b

Fa, 1,
2

OTKYyZa, llepexods K npereay o — 0, noayuaed:

Ei (2) = 7 - In (— z)+{iﬂl¥l} (9.8,5)

==

5. UnTerpanpusifi cMHYyC ¥ MHTETDadbHBH Ko-
cuHyc. Ecau o06o3nauuthr uepes g (2) dyHKLHIO, OnpeneseH-
HYIO DaBEeHCTBOM

g (z)=

u[\d%
=hS

L OF(a 1, 2))
——! Oa frz——()’

T0 popmyan (3.3,3—4) MoryT ObiTh 3amucaHbl B BHIE:
R | ,
$i(2)=5; [¢ (i2) — g (—i2)],
. 1 , .
Ci()=1-Fnz+ [g(2) L g(—ia)

H HCKOMOE [pEJCTaBJEeHHEe paccMaTpUBaeMblX (QYHKLHH uyepes
BHIPOXJEHHYIO T'HIEpPreoMeTpuuecKyro (yHKumo Oyuer:

&@):%[%F(a, L i) —LF@, 1, ———z’z)J,,,__.o, (9.8.6)
Ci(z):‘(—{—lnz—{——é—[%]’(a, 1, i2)+
*{—a—iF(a, 1,-—z'z):'a=0

6. Materpanpumd norapudm. HMs (3.4,2) u (9.8,5)
NOJyYaeM HefoCPeACTBEHHO:

@)=14m(—m)+{ ZF@ Lme) )

(9.8,7)

(9.8,8)

NPEACTABJAEHUE PABJMYHBIX SVHKIUH 343

§ 9.8]

7. Moaunoms Dpmurta, Vs (4.9,2) caenyer, YTO YE€THHIH
MOJMHOM DpMHTa MOXET ObIThb NIPEICTaBJeH B (opme:

(2n)!

Han(2) = 2 — 9 g —agr @ =

n —1)* (2 ok
=EmH(—1) 2 (r(z~—)k)(! z)k)'

(2n)!(—1) ‘1( )kn(n——l) n—k+1) (22) —

~“ o (k)]
_(2a) \ (— n)y, (22)%*
"‘7!_(_1)"2 (2kk)! K

k=0

HJIH, TAK KaK Ha OCHOBAaHUM (bopMy.m yaBoeHus raMmMa-GyHKuun
(1.2,3), (2k)'-——29k< ) kL,

Hy (2) = 20y W
n (2)= ) kEO ALy
n, %, 29>.

AHajornyHpiM 00pa3soM IJsi HEUETHOTO MOJMHOMA JPMUTA
noayyaercs ¢opmyna:

OTKYyZJd BbLITCKAEeT:

Hy, (2) = (—1)" (2")' ( (9.8,9)

Hypey (2) =(—1y 223 Moz (~ n 3, z“) . (9.8,10)

8. lonunomm Jlareppa. Ioaunoms Jlareppa Take
MOryT OHTH BHIPRXEHH UEpe8 BHIPOKICHHYIO THIEpPreoMerpuye-
ckylo ¢ynxumio. IIpuHHMas BO BHHMaHue, YTO

(=1 (=
(n— k)1 nt 2

Haxomum Hs (4.17,2):

ar (@t 1a (—n) 2
Ln(2)="—p k_okl(a—{fl)k’
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oTKyna
Li(x)=STr F(n, a1, 2), (9.8,11)

9, Llunungpuueckne GyHKuuu UYroOs BHPAZNTD
¢yuxumo bBecceas J,(2) uepes BHIPOMKACHHYIO TUINEPreOMETpH-
yeckylo OyHKuH© F(a, Y, 2), NPENNOJOXUM CHadYamTa, 4TO

R(v)>-—%, 1 BOCHOJB3YEMCS MHTErPadbHHIM NPEACTABICHACM
(5.10,3). 1
!
Beons HOBOe nepeveHHOE HHTErpupOBaHus s=7(1 - 1),

noJayuaem:

o] -

eitz dt —

(;y 1 .
42
Tl Ja=n
o2 ( _;_ > ¥ gmiz 1

= V=1 (1 — s)¥— Y2628 g,
=—T I‘(w——l—) } s )
g/ V)0

OTKyna, Ha ocHopanuu (9.6,5),

Jy (&)=

.

. 1
o (f->’ e—tzr(v+— .
L) =—20 2) F(v—j——;—, 2v 1, 2iz),
1‘(7)11(2v+1)

WK, €ClH BOCMOJAb30BAaThCA JJisl YNPOIEHHs (GOPMYIIOH yABOe-
nag ramma-pysxmn (1.2,3),

5/

1

—iz | L iz | —
Jy(z)zi‘—m)e F(V—r s 2v T 1, 2[2)
/z\v
2] girp(yvp L, 21, —2i2). (08,12)
=g Flrty 2L .

C noMomplo MPWHIMIZ aHATATHYECKOTO [POJO/IKEHUR JErKo
[0Ka3aTh, UTO DPE3YAbLTAT COPABEAAMB TPH JIOOHX V.

§ 9.9] TABJUIB THMEPTEOMETPAYECKUX SYHKIUH 347

AHallOrHYHbE TPEACTAaBAEHUS IS APYruX HHJIMHAPHYECKUX
QynKumit nomydarorcs u3 (9.8,12) IIOCPEACTBOM COOTHOIIEHHH
(5.4,5—6), (5.6,4), (5.7,2—6). Hanpuvep, mMn ameem:

zy
1(2)——L<7/ Flvd =, 21, —22) =
»BI=TR ) 7 ’ <) =

—ﬁF(virg, D41, 22), (9.8,13)

(z‘~V/z
K (D)= 5 e [I‘?l _V)F<~;———v, 129, 2z)_
2z \v/e
_—\LFGij 119 2z>J (9.8,14)

ri4+v"' \2 S b I & =
1 T. I

Bripesenneie GopyMyasl B 20CTATOYHOMH Mepe XdapaKkTepHayT
sHavenue ¢ynkmmn F (o, 7, 2) @ MOryT OnTb HCIOTb3OBAHEI
ans HaunGojee KOMMNAKTHONO [OCTPOEHHS TEOPHH CIeUaNbHBIX
¢ynkuni. Bwecre ¢ Qopmynramu § 9.5 oHm ITOKa3bIBAIOT,
YTO 3HAUNTENbHOE UUCNO (QYHKUAH, BCTPEUAOWIMXCH B IPHIONKE-
HRSAX, MOXET OBITb BHIPAKEHO UEPE3 MUIEPreOMETPHYECKHE yHK-
M, PAaCCMOTDPEHHBIE B HACTOSMIEH raase ¥).

§ 9.9. Ta6anusl runepreoMerpuyecKux PysKuHi

Cocrasnenne moaHbx Tabaum ¢yHKLAM F(a, B, 7, 2), saBu-
CAWLEH OT YeTHPEX MNEPEMEHHBIX, TPeGYeT rpoMaaHo# 3aTpaThi
TPY.1a, ¥ MOKOGHEIE TaGIULL! TO/KHE IMETH UPE3MEPHO GOMbIIOH

*) B anTepatype, Hapsny C BLIPOXICHHOMN THnepreoMeTpUIecKo
dbynxuued £ (a, 7, 2), paccmarpupaercs GyHknus Yurrexkepa WA, . (2),
CBfA33HHASL ¢ NePBOHM COOTHONIEHHEM:

W, n (@)= M@_ 22t sp—2/s F (0 — A %, 2u-t1, 2) -

AL 2‘“+’/”8*z/ﬂF(—u——>x+—;ﬁ —2+1, 2),

BBEJlEHNE KOTOPOM TO3BOISET yNPOCTHTbL HEKOTODHIE H3 GOPMYI HACTOs-
mero naparpada. (Cm. E.T. Yurrexepnl. H. Bartcon [1], rn 16).
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00beM; [I09TOMY B HacTosiiee BpeMs TaOy AUpOBaHbl JAUlb OTAENb-
HBIE YaCTHBIE CJYy4ad, OTHOCHLIMECS K CHENMaJbHBIM 3HAYEHHAM
mapamerpos #),

M3 Tabauu BBHIDOXKIEHHOH THIEPrEeOMETPUYECKOH (DYHKIUM
F(u, 7, 2) mMoryT OniTh ynomsHyTn Tabauuwn Be66a u Diipu
(H. A. Webb and J. K. Airey), Phil. Mag. (6), 36(1918),
riieé MNPUBEAECHBl 4YeThHpeX3HauHble 3HaueHus F (o, 7, X) Iis

=1(1)6(2)10, a=-—3(0,5)4, y==1(1)7, a rakxe rpa-
duku 37T0# PyHKIMH.

Ynpamcrenusn

1. C noMowblo npeobpazoBanns Kymmepa (9.3,17) u pesyabrara
(9.2,4), nokasarh, YTO

tletitg)r(y)
Pyt (e

2. IMokasatTh, 4TO NpH 7==1 oOmuit HATETpal runepreoMeTpyuue-
. ckoro mupdepeHUHANLHOTO YpaBHERHA

2(l—=2u"+{y— (43 Dz}’ —aiu=0
MOXeT OnTh NpeicTaBleH B ¢opMe
u=AF(a, 8, 1, 2)+Bg(a, 3, 1, 2),
rae g(2, 8, 1, 2)=F (2, 8, 1, z)Inz+

F(Qa, 2, a5 %, %}:

+ 3 Oy bt o)— g @)+ 4 (B — 4O+ 25 (k1) — 20125,
R==1

¥ (2) — norapudMUyecKas NPOM3BOAHAA FaMMa-(YHKUAH.
AnanorduHbie De3ylIbTaThl HMEIOT MeCTO NPH JAPYIHX LedbiX No10-
WHTEeIbHHX 3HAYEHHAX napamerpa y #%¥).

¥) Cm., HanpuMep, PaeTuep, Munnep u Posenxen [l].

3ameTHM, UYTO CO3JdHHe CYETHHIX 3MeKTPOHHBIX MaUIMH NO3BOJAET
NOCTaBUTh BOMPOC O NPOBELEHHH CHCTeMATHYECKOH paboThl Mo Tabynu-
DOBAHMIO FHIOEPreOMeTPUYECKMX M JPYTuX (QYHKUME, BCTpeyaOHUXCH
B NPHIOKEHHUAX.

*¥) Puxuk ¥ Fpapmreitn [1].

Haa BHBOLAa paccMarTpuBaTh cayuail y==1 kaxk npejeibHbft (7 — 1)
H HCNonb3osath MeToxn § 5.4—05, npuMeHeHHH ! JNA NOJyyeHHA BTOPOTO
AHTErpata ypaBHeHHs becceis mpH neiloM v==1.

YIIPAXHEHUS 349

1 .
3. IToxasaTe, Y10 npH 1= (@+ 8- 1) o6umit unrerpan rurep-

TEOMETPHYECKOTr0 YpaBHeHHst GyneT

7 7 ’ 2 1
u:AF(\a, 8, O.’_“{".!;i, z)—{—BF (a, 5, “—l—rji, 1—z),
/

1p1 yerosmu, 4T0 @, § w Y40, —1, —2, ...

Ykasauune, Ilpeobpasosath rumnepreoMeTpuueckoe nuddepen-
LHaTbHOE YPaBHEHUE C NOMOIUBIO IIOJCTAHOBKH 1 — z=—1¢

4. [IyTeM NOUREHHOr0 HHTETPHPOBAHHUA YCTAHOBUTHL CNpaBeLIMROCTH
crenyomux dopmyn:

Fa, 8, ¢, 2)=

r©Q)  (pn SV

R{E)>R(1)>0,
1

Fa b v+l =1 | P57 R@>o0.
0
5. [ToTyunTh aCUMNTOTHYECKYIO GopMyny:
o I'(a 1
Fa 8 a+B x)=~ F(c(z);l-(g; In %
Y xasanue. Bocnoabaoparhea dopmynoit (9.4,5).
6. [Toxasath, YyTO OOwWMHA MHTErpan nuddepeHmatLHOrO YpaBHeHHA
2 +(1—2)u —au=0
NS BHIPOXIEHHOHX runepreoMerpuueckolt $yHxuuM moxer 6niTh npu
1=1 npencrastes B dopme
u=AF(a, 1,2 )+ Bg(a 1, 2),

x— L

rue ,
gl 1, 2)=F(a 1, 2)Inz]-
o

a),, 2k
+ 2 Oy @) — 0 (0) — 20 (- 1) 20 (1),
k=1

& (2) — morapudmuueckas NPoM3BOAHAT raMMa-DYHKUUHK ),
7. Tlo1yuntb MHTerpaipbHOE NPEACTABIEHHE LT BHIPOKIEHHONU I'i-
nepreoMeTpuyeckot Pyakumy:

! =

—y ®© 1

T(; e F—a _

Fa, 1 z):r—(_(L'_)_;)eZz 2 f ety 2 J 1 @V ) dt,
6

T
R(1—a)>0, |argz| <.
#) [lo moBony cootsetctsylomux dopMys mas y=2, 3,...cwm.,
HalpUMep, UNTHPOBAHHLI BhIIIE CMIPABOYHHK Phiwuka u [papmretina [1).
MeTol BHIBOJA — Tako# xe, Kak B Npumepe 2.
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Ykaszanue. Pasnoxure Qymknuio becceas B cTenedHolt pan #
HPOMHTErpHPOBATh TOYXEHHO.
_8. Tloxasats, 4to mpeobpasosanme Jlanmaca or F (e, 7, X)

F@nkkzﬁF@Ln%)

9. lpoBepurb, 4yTO (QYHKUMA YUTTeKepa WML(z) eCTh YacTHoE
peiuenre IuddepeHIHaNIbHOrO ypaBHeHUs

R U Sl
u"—{— —*Z+~;+—T u==0.

10. [loayuuTs HHTErpasbHoe NpeNCTaBleHHe:

Z o]
—_ = -

A 2
ze n—2r—1/g —t< _t_
——————-—j t e 1+ Z

i dt,
T (p. — —2->

Bh—1/p
W},,p,(z): )

0
jarg z | <m, R.<p——).—{——;->>0

(E. T. Yurrekep u I. H. Barcon (1], ra. 16).
11. Bocnoab30BaBUIHCh Pe3yabTaToM NpuMepa 10, BHIBECTH ACHMITO-

THUECKyX (opmyny:
W)\, w (Z) ==e z/2 z)‘r

12. Ha ocuomanmm pedyabratoB § 9.8 moayuurs crefyomue upen-
CTABIEHHS Pa3IHYHHIX CHelHaJbHBIX (QYHKUMH Yepe3 (YHKUHMIO YHTTe-

Kepa:

fz|—oco, largz|==m—3.

22
=@ =c 2@~ "2W_,, 1/, @)
Ei(z) =— ¢ ? (—2)" 2 W_1y o(—2);
li(g)=—2z"s(—m2)= Y2 Ww_,, o(—1nz)

&@%%V%Mm

Yxasaunue, Bocnoab3oBaThCa CBs3bl0 Mexny (YyHkuue# YHrTe-
Kepa M BLIPOXIEHHOH runepreoMerpuueckofi pynxuuesr (c1p. 347).

JINTEPATYPA x IJIABE IX

Tayce [11,] [2], Kymmep [1], Puman [1], VYurrekep um Bar-
con [1], Bapuc [2], B366 u Jiipu [1], Yurrekep [1].
Cnpasounukn: Poixux WM. M. u Ipapwrestn W. C. [1], Mar-

dyc u OGepxermunrep [1].

IS
¢
©

FTNTABA X
SYHKLUHUH NAPABOJHYECKOro HUWJIUMHAPA

§ 10.1. Paznenenue nepeMeHHuX B ypaeHeHun Jlamnaca
B HapaloJuYeCKHX KOOPAHHATAX

Kpaesoie 3amauu MaTeMaTUueCKON QUBUKYU, OTHOCSIMECH K
00a1acTH, OrPaHUyeHHOH HOBEPXHOCTHIO GECKOHEYHOro mapaGosu-
4YeCKOr0 [HJIMHIPA, MOTYT OBITb DEUIEHHl MPM MOMOIUK MET0aa
pasfesieHust NMEPEMEHHHIX, €CJNW BBECTH CHUCTEMY Mapabosmieckux
KOOpAMHAT, M KOTOPHIX IIOBEPXHOCTh LHUAMHADA SIBJIAETCH
OIHOH M3 KOODAMHATHHIX IIOBEPXHOCTEH.

Tlycrs (x, vy, 2) Oymer cucTeMa OPAMOYFOJbHBIX KOODIH-
HaT, OCcb Z KOTOpOH mapanicibHa o0pasyomeld NHAMHADE, OCh X
COBMAMAET C OCbI0 CHUMMETpun mapaGoJjbl, NOJyvaioLleiics npu
NepecevyeHny UMJMHAPA KaKo#-JAM00 INJIOCKOCTBIO, NMEepHeHIuKy-
JIpPHOH ocn Z, ¥ HauyaJ0 KOOPAMHAT NOMENIEHO B (OKyce 3TOit
napa6oasi. CucTeMa NPOCTPAHCTBEHHBIX NapaboJHyecKHX Koop-
mumar (o, B, 2) onpemensercs B TAaKOM cAyvyae IpH [OMOIK
COOTHOLIEHMHN:

x=5@ =8, y=cof, z=z  (10.,1)

rie ¢— pasMmepHsifi MHOMHTeNb, — 00 < a< 0o, 0=5B<co,

— oo <2< co.

KoopauHaTHRle NOBEPXHOCTH B JAHHOW CHCTEME KOOpPAMHAT
CyTb mapaGoJnuecKie HHAMHIPH o == const:

V= — 2ca? (x—-c—ag—>,

2 (10.1,2)

napa6o/mnuecKkne UuARHAPH B==const, OpPTOroHaJbLHHE K Iep-

BBIM:
; 'H)
yr=2c (x+5), (10.1,3)
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u naockocTn 2z == const (puc. 32)..B uacrHoctu, ecad BHOpPATH
peMduHbl ¢ W B, TakuM 06pasoM, uTOOB rNpoH3BENEHHe 347

Ay
Q/p const

Puc. 32.

&=C0nst

PaBHANOCH 3aflaHHOM BeNWdMHE p, TO YypasHenue flapabonnde-
CKOT'O HUJIXHIPA \
Yr=2p <x-{-l§i) (10.1,4)

B HOBBIX MEPEMEHHbIX NpUHMMaeT BHA 3= 3, npuuem oGaactH,
Aexanieil BHYTPH LW/IMHApPA, OyAeT COOTBETCTBOBAaTh COBOKYI-
nocth sHaueHnd 0=<fB<Jy, obnactu BHE HuAMHAPA — COBO-
kynHocTh 3HaueHudl B3y <3< oo. Bulpawenue s KBanpata
JAMHEHHOrO 3/EMEHTa B PAcCMaTpUBAaEMO#l cucTeMe KPHUBOMHHEH-

HBHIX KOOpJAUHAT uMeeT (opMmy:
ds? =c? (a® - B?) (do® -} d3%) |- d 22,
nosToMy BsHaueHus Kospduimentos Jame Oynyr Ho=Hz=

=c¢ y/®F+ 3%, H,=1, u ypasuenne Jlanraca Au=0 npuso-
JUTCS K BUAY:

1 —
Au:m{daﬂ_'_djﬁ_l—. (2+32) }—’0' (10'1’6)

(10.1,5)

#

§ 10.2] SVHKIUHM SPMHUTA HEPBOTO POJA 353
Ecan uckarh uacTHHe pellIeHHs 3TOTO ypaBHeHHs B (opMe
u=A @)B@P)Z(2), (10.1,7)
TO NEPEMEHHbIe PasfeNAioTesS, U Mol MOJIydYaeM:
_1—[514__‘1]:_&:;2
c@+F)LA VB Y4 o
rie A -— npou3BOJbHAas MOCTOSHHAS, OTKYAA CAEdyeT
ZN -3 2Z=0,
A" | B (10.1,8)
K_l_f_)\ecz(ag_l_pe):().
[Mocnenuee, B CBOW Ouepelh, BOSMOXKHO /UL B TOM CJy-
yae, eciau
A"} (p— N A =0, (10.1,9)
B" — (u 33 BH B =0, (10.1,10)

rge u cHoBa 0003Hd4aeT HEKOTODYIO mocTosHuyw. Taxawv of-
pasoM, ypaBHeHue Jlammaca aonyckaeT GECKOHEUHOE MHOKECTBO
pemenntt Buga (10.1,7), saBucAmx OT ABYX INPOHU3BOJLHLIX
HapaMeTpoB A U p.

B OGoxpuinHCcTBE 33aja4 (DU3MUECKOr0o XapakTepa mapamerp .
eCTh BEUIECTBEHHOE MOJOXHTeAbHOEe uncao (§ 10.9); moatomy,
BBOAa BMecTO (o, P) HOBHE BellecTBeHHHEe nepemennsie (5, 1),
t=u /%, n=8 ¥/I¢ (—oo<t< oo, 0<<m< o) n mapa-
METp v, CBf3aHHMH c (. COOTHOmieHmeM p==*ic(2v-}1), Mu
npuserem ypasHenus (10.1,9 —10) x Bumy:

4@ 1= A=, (10.1,11)

(@4 14B=0. (10.1,12)
]

§ 10.2. ®yaknuu IJpmMHTA mEePBOro pona

Hccrenosanue ypasuenud (10.1,11—12), mosydeHHEIX npu
pa3AeneHuH nepeMeHHAHX B ypasHenud Jlanmmaca B mapaGoanmue-
CKHX KOOPAMHATAX, CBOJUTCH K H3YUeHHI0 IuddepeHnnanAbHoro

ypaBHEHHs
W' (291 —2Hu=0
23 H. JleGenesn

(10.2,1)
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npn TPOHSBOJBHLIX BEUIICCTBEHHBIX WA KOMILIEKCHBIX 2 H VY.

Ecan BBECTH HOBYIO HEHSBECTHYI0 (YHKIMIO U, IIOJOXHB
2
n=e ?w, (10.2,2)

TO paCCManI/IBaeMOS YpaBHEHHE IIEPEXOIUT B ypaBHeHue
V" — 220 -} 20 =0, (10.2,3)

KOTOpPOE€ IpH LEJOM NojaoxuTensioM v=n (n=0, 1, 2,...)
cosnafaer ¢ nuddepeHunansinM ypasHenueM (4.10,4) nas mo-
avaoMoB Opmura FH, (2), uccaemoaHHeix B . IV. Peuenund
ypasHenus (10.2,3), Ipyu NpOUSBOJLHOM SHAUEHHH NaPaMETPa v,
HOCAT HasBaHue GYHKUMA JpMuTa, a COOTBETCTBYIOMIME HM pe-
menna ypasHerus (10.2,1) wnaseBaroTcs (ynxuusamu napa6Go.n-
AECKOr0 HMAnHApa*).

dyukumn SpMUTa MOTYT ObiTb BHIPaXEHB YEPE3 BHIPOMKIEH-
Hylo runepreoMeTpuyeckyo ¢ynxkumio F(a, v, 2). Heicrsu-
TeapHO, TPHHHMA® 332 HOBOE HEB3AaBUCHMOE NepeMeHHoe f = 2%,
Mu npeoGpasyem ypasuenue (10.2,3) B ypasHeHue

d*v 1 dv v
@zt @t re=o

KOTOpOE €eCTh YacCTHHM cayvait ypasHenus (9.6,2), coorser-

(10.2,4)

CTBYIOHIUH 3HAYEHUAM O = — —;—, T=-.
Cormaceo (9.6,3), oOuwi#t wunterpan auddepeHnnasLHOr0
ypasuenns (10.2,4) Gyzert:
1—v

'0=AF(——%, = t)—{—Bt‘/2F< 2, 2, t>, (10.2,5)

%) Jlannoe 30€Ch ONpeNeleHNe HECKONBKO PACXONUTICA C MPHUHATHIM
R amTeparype, e NoXx (YHKUMAMN NapaGoNMYecKoro IMAMHIPA MOHH-
MalOT PelleHHs YPaBHEHHUs

KOTOpOe TPHBOIMTCA K BHLY (10.2,1) ¢ nOMOUIBI0 TOXCTaHOBKH
z=7 2t OnHuM u3 pellenuit pacCMaTpUBAEMOrO YDABHEHHA SBIAETCA
dysxuma D, (2), cssannas ¢ Qynkumer Ipmura H, (2) (10.2.8) coor-

HOIeHHeM:

e
D,()=2 Ze * Hvk—z->.

V2

RS Sttt

A

OYHKUMA SPMUTA NEPBOTO POAA 359

§ 10.2]

OTKYyZa HEMOCPEACTBEHHO NOJy4aeTcs OOGIIee BhHIPAXEHUE IS
paccMarpuBaeMuX (QYHKHUM:

v 1 1— 3
'0=AF<—7, > z")—]—BzF( . z“). (10.2,6)

B 4aCTHOCTH, €CAH BblﬁpaTb SHAYEHUA MOCTOAHHBLIX PABHBIMU

Gl w1

A= 2] B—=—_\ 2/ (10.2,7)
~1—‘I » v 3 ’
T r(—3)
MBI ﬂpHXOlII/IM K pemeHI/]}O
y 1
2 P(?) v 1 a
"’=Hv(z)=—1:rF(—?’ P 2>+
(77
1
2T (— =
2 1— 3
+ r<<_l>> zF( v, z?), (10.2,3)
2

KOTOpOe HasmBaeTcs (pyHKUuel IDpMuTa NEpBOro poma.

W3 nmanHOro omnpeneneHds W H3BECTHHIX CBOMCTB raMmma-
(QyHKIMKM ¥ BHIDOXAEHHON rumepreoMeTpudecKol dynkuun cie-
ayer, uro H,(2) ecrb uenas QYHKOUA KOMIIEKCHOrO Mepe-
MEHHOI'0 2 M INapaMmerpa V.

Ecnu v=n (n=0, 1, 2, ...), TO OZHO 3 CJaraemmx
B (10.2,8) ofpamaercs B HyAb, a APYroe — B IOJHHOM OTHOCH-
TeAbHO 2. Bocnoab3oBasmuch ¢opmyrnaamn (1.2,1—3) Teopun
ramMMa-QyHKIHY, NOJAyuaeM Moc/e MPOCTHX npeoGpasoBaHuii:

Hym ()= (— " O F (—m, -, 27),

@ (10.2,9)
Haps ()= (— 1" L 02F (—m, 2, 22)

>

oTrkyaa caenyer (9.8,9-—10), uro npu v=—nr ¢yuxnna pmuta
H, (z) cosmazaeT ¢ MOJAHOMOM JDPMHUTA A-TO NMOPAIKA.

Ilpu v, oTAMYHOM OT HYJA M LEJOro NMOJOXUTENLHOTO YHCIa,
o6mmit unTerpan ypasnenma (10.2,3) moxer OBTh MOJHOCTHIO
BBIDAXEH depes OyHKUME IpMuTa mepeoro pojsa. B camom
nene, Tak Kak ypaeaenue (10.2,3) ne Mender cBoero Buia,

*
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€CAM BaMEHUTb B HeM 2 Ha (—2), To dynruma v,=H,(—=2),
Hapany ¢ QyHkuMe# v,=H,(2), ecTp pelreHne paccMaTrpusae-
moro ypaBHeHusd., OOHYHBIM cnOcOGOM JIETKO II0Ka3aTb, 4YTO
BPOHCKMAH mapsl peweHu#d {v;, vy} ypasuenns (10.2,3) umeer

BUI:
W{ vy, vg}==Ce?,

rae C—Hekoropas noctTosmad. Ilonarag z=0 ©u npuHaMas
BO BHEMasue QOpPMyJnl:

1 1
2'T (7) 2T (- -2—)
Hy(()):T_—y, H,',(O):-———V, (10.2,10)
*() *(-3)
HENOCPECTBEHHO CeAyIOLHe U3 ONpeaencHAs GYHKUMH DpMuTa,
noJyHaeM:

B 22-:+11‘<—;—)1‘(—%>_2v+1 /g
C=W{”01, 'U‘z}z=0—*_' I‘(l——_z—v>r("";—) - P(—T:v) ’

npuueM JJIS YOpPOLLEHHs HCHOJb30BaHH (QYHKIHOHAALHLIE COOT-
Homenna (1.2, 2—3) teopum ramma-pyskunu. Takum oGpasom,
tlgl/s |
W{ H, (Z), Hy(—'—Z) }=—P—(:y—)—ez ’ (10.2,11)
OTKyna caeayer, uTto mpu v=*0, 1, 2, ... paccMarpuBaeMele
pelenus AUHEHHO HEe3aBUCHMBI MEXAY COGOH u ofmufi uurer-
pan ypasHenns (10.2,3) moxer OuTh npeacrasneH B dopme:

v = MH, (2) -} NH, (— 2). (10.2,12)
IMMpu v=r@®=0, 1, 2, ...)W=0, n nHalineHHsle peumeHus
CBS3aHB MMHEHHOK 3aBHCHMOCTBIO:

H, (— 2)=(—1)" H,(2), (10.2,13)
MO3TOMY IJs MOCTPOeHus oGuiero mHrerpaia ypasxenus (10.2,3)

B 9TOM CJydae HeoGXonuMoO BBelieHHe QYHKIMA DpMATa BTOPOro
pona (§ 10.3).

O0mee BHpaxeHne GYHKUMHA [apaboaMvYeCKOro UMAMHIPA
nmpu v£0, 1, 2, ... OGyner:

u=u,(2)=[M, H,(2)+NH,(—2)] e~ F.  (10.2,14)

SIS R

§ 10.3] ®YHKIUA SPMHTA BTOPOTO POJA 357

§ 10.3. ®ynxknun dpmATa BTOPOrO poua
Yro6er noayuuth o6mm#l uHTerpan ypasHenma (10.2,3) npu
¥, PaBHOM HYyMO HJH II€JOMY INOJOXHTEJILHOMY 4YHCHAY, 3aMe-
THM INIPefBapUTENbHO, YTO €C/H

v=e¥Y (10.3,1)

T0, HO npasmay JlelhGuuna,
" — 220 4 2nv ="¢ (™ L 22" - (2n - 2) W] =

=% ;E';' [@" + 220" 4- 2w],

NO3TOMY, €c/i (yHKUH W YHOBJIETBOPHET YPaBHEHHIO
w" - 220 2w =0, (10.3,2)

T0 ¢yHKuud v, onpenensemas dopmymao#t (10.3,1), ecTs peme-
HHE ypaBHEHUs
v — 220" 4 2nv=0, n=0,1,2,... (10.3,3)

Ypasuenue (10.3,2) xerko muTerpupyercs B ofuieM BHIE.
JeficTBUTENbHO, HETPYIHO NPOBEPHTh, YTO (YHKIMA W =—=w;=—
==e—#%" ecTb YaCTHHN MHTErpaJd STOr0 YPaBHEHH:, [03TOMY MO
M3BECTHOMY HpaBuay ¢yHKiua

z
W == Wy ==e— % ‘f e? dz=—F (2)
0
6yaeT TaKke MHTErpaloM, MTUHEHHO HE3ABHCHMEIM C Wg, H O0uit
HHTErpan PacCMaTPHBAEMOrO YPaBHEHHS SalHIIETCH B BHIE!
w = Me—% 4~ NF (2), (10.3,5)
rae F(2)— ¢ynxuns, paccMorpeHHas B § 2.3.

Jasas nocrosaHeiM M u N KOHKpDETHHE 8HAYeHHS, MBI
MOXEM MOJYUYHTH [APY JUHEHHO HEe3aBUCHMHEIX MHTErpasoB ypas-
nenns (10.3,3) ¢ momomsio cooTHomenud (10.3,1). B uacTHOCTH,
nonaras M= (—1)", N=0, naxonum:
dre—?

o H, (2).

(10.3,4)

v=1,=(—1)" e (10.3,6)

H,(2)—noausoM 3IpMuTa n-ro MNOpsOKd, YTO COBIAJAET
¢ pesyabTaToM, moayuenHeiM B § 10.2. Hanporms, BrGpaB 3Ha-
yeHus MOCTOAHHBIX paBHEME M=0, N=(—1)", npuxomum
K JIMHEHHO HE3aBUCHMOMY DELICHHUIO

dn

V=== (— 1)" e?* 7 (2)=0,(2), (10.3,7)
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KOTOpOE HasmiBaeTcs QyHKuume# Dpmura Broporo poxa. Iloub-
8yscb 3TOH (yHKumeH, MBI MOXEM NOJYuHTb OOMWMH HHTErpas
ypasnenus (10.2,3) nad HCKMIOUHTENBHOrO Ciyyas v==n
(n=0, 1, 2, ...), xor;ma obmas dopmyna (10.2,12) tepsier
CHJY, B CJEAYIOMIEM BHIE:

v=MH, (2) -} NG, (2). (10.3,8)

Vs onpepenenns gynxuuu DpMuTa BTOPOrO pOJad BHTEKAET,
YTO OHA NPEACTABAfET COGOH LeAyld (YHKUMIO KOMIJIEKCHOTO
MEPEMEHHOr0 2, IpHYEM

G, (— 2)=(— 1)"" G, (2). (10.3,9)

Herpyano nosyuuth pasioxenne G,(2) B cTenenHo# pam. Heifi-
CTBHUTEJBHO, paccMarpuBaeMas ¢yHKUUS MoxeT OBTh NpeacTa-
BaeHa B ¢dopme (10.2,6), rme mosoxeHo v==r. Ha ocropaxun
(10.3,9) nmns ¢GyHKUMH ¢ 4YeTHHIM WHIOEKCOM #—2m chaelLyer
npuasite A =0, 15 GYHKUEHA ¢ HEYETHHM HHIEKCOM #=2m -} 1,
COOTBETCTBEHHO, B ==0; BTOpas NOCTOSHHAs ONPENETUTCA 8aTEM
us ycmosnit *)

Gymss (0) = — G (0) = (— 1)™*12"m), (10.3.10)
OTKyla CJenyer:
1

1
Gapas (2) = (— "M 2" mIF (— 5 —m, 5, ), (10.3,11)

1 3 ‘
Ggm(z)z(_nm?mm!zF(T—m, :, z"). (10.3,12)
OG6wwit unrerpan ypasHenwns (10.2,1) mpm v=0, 1, 2, ..
MOXeT OHThb MNPEACTABJAEH C [OMOLIBID BBEIEHHHIX (YHKUMH

B caepymoomlelt dopme:
22

n=[M,H,(z)+N,G,(2)]e 2, n=0, 1, 2, ... (10.3,13)

§ 10.4. PexyppeHTHble COOTHOMEHH: Ansg dyHKnui pmuTa

dyuxnun Dpmata H, (2) yA0BAETBOPAIOT IPOCTHM PEKYDPEHT-
HbIM COOTHOIIEHHSM, NpeJcTaBstomuM coboit o6o0Lienne Ha cay-
yali 1pOM3BOJBHOrO 3HAUEHUS HHAEKCA Y COOTBETCTBYIOIMX (op-
mya § 4.10 mias moauHOMOB DpMUTA,

%) dopmyant (10.3,10) 1erko HDOKa3HWBAOTCA C IMOMOILBI0 PEKyp-
peHTHHX coorHomienuit (10.4 6,8). 3amerum eme, yTo

G (0) = Gam+1(0) =0.

§ 10.4] PEKVPPEHTHHIE COOTHOWMEHHS I/ SVHKUAH 3PMUTA 359

YroObl BRIBECTH pACCMATPHBAEMbIE PEKYPPEHTHEIE COOTHO-
UICHHS, BEIOJHUM NPEABAPUTENLHO OAHO NpeobpasoBaHue ¢op-
myast (10.2,8), 4TO NPHBOAMT K HOBOMY INDEACTABJIEHHIO s
OyHkuun F4,(2) B BHAE CTENEHHOrO DSAfia C IPOCTHIMU KO3¢-
dunveHTaMu.

IMoncrasass B (10.2,8) pasBepHyTHE BrIpamenns runepreo-
meTpryeckux panos (9.6,1) u BOCIONb30BABINACH COOTHOLIEHH MU

r(—3) T (15 =2+1=tsr (—),

r ) ==r(—4)r(E)—=

BoITeKaomumu 13 (1.2,2—3), umeem:

_ M(e—3)
Hy (2) = 3r— L mzz —
\ r<71;3v>)
RIT(k+
_ e o G
T (=) 4 ,P(Zﬁ,;_l,>p<2k;r2>
)L

T

— 2 2
" X (— e (25
== s ™, (10.4,1)
5T (—v) L T (m—2|-1>r<m—2{—2>2

Tax Kak, Ha ocHoBaxuu (1.2,3),
1 2
omT (”L_;—>I‘(m+ >:7c‘/2I‘(m 4D =x'lm),

2
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Mp uveem Ttoraa:

1 (— )™ 2z)m o m—y_,
_ - -5 .72 —
Hy (Z) - 21‘\ (_ \') Z it :g € > dS _
m=g v
- 1 » )_\ — 2 __1 ’,‘ — ‘ zs i )Vll
AT (— v}b‘ €8 @3 2 ml -
0 m=0
[p o) v
1 (¢ o= 0—725 B4 7—1 J
=) \ ‘ N “

OTKyZa, €C/I BBECTH HOBOE MEPEsEHHOE HATErpupoBanns ¢ =— g\,
caexyer:

1 ¢ P UE ey — e =
Hv(z):my et == 1gf R(v)< 0. (10.5,1)
0

ITonyuennast ¢opmyna OJu3Ka 0[O TUOY K HHTErpaJbHbIM
npencrapaecHuav § 4.11, HalJdeHHBIM paHee /8 TOJMHOMOB
Dpmpra. W3z (10.5,1), B 4acTHOCTH, BHTEK3ET, YTO (DYHKLUY
SpMuTa C LEABIM OTPUIATE/BHBIM 3HAUKOM BbIPAxalorcs B 3AMK-
Hyroit (popme uepes uurerpan BepoatHoctd @ (2) (§ 2.1). Heti-
CTBUTENbHO, mosarad B (10.5,1) v=—1, Ml HaxXomum:

oo cO

H_y ()= f e—t2—2z dt:ezg‘f e~ it 2R dp = j e ds,
5 :

OTKyAa

H (=Y 2 11— @ (2] (10.5,2)

u ocraibHbe H_,(2)(n=1, 2, ...) 00Jy4yaloTcst NpuMEHEHUEM
pekyppedtHoit dopmyas (10.4,5).

§ 10.6. dyHKuuoHaJBLHOE COOTHOmMEHHe Mexay I, (2)
n H,{(i2)

Ecan B audpdepenimansiom ypasHennu (10.2,3), xotopomy
yrosaerBopser ¢yHKuusg v==f, (2), BBECTH HOBbIE EPEMEHHbIE,

MOJNIOXXHB
v:e’gcp, =iz, (10.6,1)

TO Iasi pyHrumd == ({) moayuaerci ypasHeHHe
(10.6,2)

§ 10.6] COOTHOWEHRE MEXAY F1,(2) u H,(Ziz) 363

oT/IMuaioIeecs OT MEPBOHayadbHOro ypasHenus (10.2,3) Toanxo
Kos(hdunueHtoM NpH mocsaeiHeM 4JIeHe, rje v 34MCHEHO Ha

(—1—w).
B npeanonoxennn, uro v 7= — 1, — 2, ..., obmuft unrerpan
3TOr0 ypaBHEHHs MOxer OHTbh npexctanaeh o gopme (10.2,12):

o=MH_,_(D)-FNH_,_;{—72), (10.6,3)
OTKYHa CJAEAYET, €CIM BePHYTBCA K CTapbhiM [EPEMEHHBIM, YTO
CYILECTBYET JuHEHHOEe COOTHOMIGHHE BHA:
Hy(2)=[MH_,_ (i) -+ NH_,_,(—iz)] . (10.6,4)
Iocroannsie M n N moryr GbITE OUPENENEHH U3 YCAOBUH
(10.2,10), xoropsie NPUBOAAT K CHCTEME YDPaBHEHHI:

22 +ip (14 2 241 1_*_’)
‘ I (1 + ] | 2+ ir (3
IM - N - - ’ M — N —_— —
) (-2
_ 2 ) T T)
Ecan npeoGpazoparbh npaBbie 4acTH STHX YpaBHEHMU C HOMOMUILIO
dopuyasr ¥j

1 \
P(7+z/ T2

92z —1 5 — sinrwz, (10.6,3)
TO MOJAY4UM:
M= 2T
s MU I

M—N= isin. (10.6,6)

/e

Pemasg noc/emHIo CHCTEMY YpaBHEHWH M [OACTaBAsA HaH-
Jenuele sHavenus M u N B (10.6,4), NPUXOAMM K HCKOMOMY
(DYHKIUOHATBHOMY COOTHOLIEHHIO:

1@ =2209 [Ty

wl/2

+ T H_y_1(— iz)] e,  (10.6,7)

*) 9ta ¢opMysa HBASETCA NPOCTHM CIEACTBHEM COOTHOLIEHMH
(1.2, 2—3).
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dopmyna (10.6,7) coxpanser cMulcd #u O LEJIHX OTpHla-
TEJALHBIX V¥, €CAM [OHAMATh B STOM CJAy4Yae MOJ SHAYEHUEM
' mpaBolt uactu ee mpenea npu V— —(n-+1) (n=0,1, 2,...).
Samensa B (10.6,7) 2 Ha (——z) Haxonmuu:

Hy('—z)——-2 I‘(l—i—‘i)[ 2 H vt (—i)+

/s

+e 5 H_,_ ,(iz)] e, (10.6,8)

W3 (10.6,7—8) MoxHO uyucTO anre0panvyecKuM IIyTeM BHIBECTH
pAX APYTUX IOJE3HHX COOTHOIEHHH MEXAY PacCMaTpHBacMBIME
dyuxnmamu. Hanpumep, Mbl umeem:
oo o 1.1/e Al N

H, (2)=e™H, (—2) + —['_(tw e ¢ e“H_, _(—iz), (10.6,9)
H,(&)=e—"H,(—2)}+

P Adunl VA L o N

'T—(—:v)——e 2 52~H—v_1(iz) (10.6,10)

A T. O.

§ 10.7. AcaMOTOoTHYECKOe MpelCTABIeHHe (OyHKIm
napaGoJnyeckoro UMJIHHAPA A GOJbIIKX 3HAYeHHH
aprymesTa %)

YroGH MNONYYHUTH AaCHMOTOTHUYECKHE ¢(DOPMYHAB, IPHUTOAHBIE
aas npefcrasieHus dyHkuuit Jpmura Fl, (2) npr Goapmux | z|
H OCpaHHYeHHOM v, NPEeXnOJOXHM cHayana, 4To R (V)< 0 mu

T
larg 2 [ < 5.
Mup moxewm Torma npexcrasuth [,(2) ¢ nomomwspwo dop-
myas (10.5.1) n, 3aMeHuB B He#l moxasaTeJpHYIO (yHKuMIO e~ ¢
ee pasinomenueM B psaf Telaopa ¢ OCTaTOYHBIM UYJAEHOM

) o, (10.7,1)
k=0
raoe
(7, (t)i<( +1)t’

BBITIOAHUTh MOYJEHHOE HUHTErpUpOBaAHAC.

#) ®opmyasl 3Toro naparpada Moryr OHTh BbIBeJeHH Tawxe H3
OOMINX aCHMUTOTHYECKHX npenctasiennit § 9.7.

L3

§ 10.7] ACHMITOTHYECKOE NPEXCTABJIEHHE 365

Ilpunumas Bo Buumaume, uto npu R(2) >0 u R{(v)< 0

a ot 4Ol oy T2k —)
eeph v —lgp—"E ) p 01 9 . (10.7,2
6’( (Qz)2k——v ’ ( )
Haxoanum:

x — DT (2B — v )
1@ =02y ¥ G gt Ra2)], 10.1,3)

rue

fr,,(t)e—%#—v—ldt. (10.7,4)
b

) —
Re@ =15y

T
5 — 8, 8-— IPOHU3BOJBLHOE Maloe
(HKCUPOBAHHOE MOJAOXKUTENAbHOE uYucao. OueHKa MO0 MOAYIIIO
B 9TOM cayuae paet *)

ITycte Temepn |arg 2|=<<

1Ty <o
|Rn(z){<(2 J[‘z])_R(‘)ezl l‘!)[ e— 2121 sindn +1—ROJf <=
IP(=l+1) 5
A, )

\|zl2n+2s
OTKyZa CJelyer, 4TO B paccMaTpuBaeMoMm cexkrope R, (2)==
=0z, n ¢opmyra (10.7,3) moxer ObTb 3amicaHa
B BUAE:

\' (= DT @ —y) —on-
H, (Z)Z(QZ)v[kjo(—,;n(—(_q‘—)‘(jz)—zk‘%—O(z 2 2)J. (10.7,5)

IoxanemM, UTO MOJYUYEHHBIH pe3yAbTaT OCTaeTCs CIPABelIMBBIM
Ip¥ NPOUSBOJBHHIX v. HelicTBUTeNnpHO, NPEANO/IOKIM, YTO BMECTO
yeaosua R (v)< 0 sBmmosxeHo Ttoasko ycaosue R (v) <1
Bocrtonb30BaBInes  pPeKyppeHTHOH Gopmyaofi (10.4,5), npen-
crasum toraa H,(z) B dopme

H,(&)=2zH,_, (&) —2(0—1)H, _2(2), (10.7,6)

rAe B npaBoil CTOPOHE DABEHCTBA HAXojAaTca (yHKIMM IPMHTA
C HHIEKCAMHU, BEIUIECTBEHHas YacTb KOTOPHIX OTPHUIIATEbHA.

¥) 3ameTHM, UTO €CIM @ M b — KOMILTEKCHble YHCHa, TO:
labl:lalR(b)e—I(b)arga.

25 H. JleGegen
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[Ipumensis K 3TUM (QyHKuusM JoKasauHywo ¢opuyay (10.7,3),
MBI TIOCJIE HEKOTOPBIX BBLIUMC/ACHHH CHOBa mNpumeM K ¢opmyrae
TOFO K€ BUAA M TEM CaMbiM PacnpOCTPaHuMM MPEXHUN pesy.abTart
Ha o6gacTtb sHaueHn#l R (v)< 1. [losropss 3TO paccyxueHue,
M0 MHIYKIUH AOKAWKEM CIpaBedmuBocTh dopmyas (10.7,5) mas
Mo6BIX OrpaHuueHHHX V. IlyTeM HEKOTOpOro YCOBEPLIEHCTBO-
BaHHS MCTOJA [OKA3aTEJbCTBA MONKHO TaKXe II0Kasarb, UTO
natizednas GopMyaa OCTaeTcsi CIpaBeAanBoO# s 6oJee WMPOKOro

3w
cextopa |arg z|=<<——©6%). Takum oGpasoM s GOMbUIMX

3HaueHuil | 2| MMeeT MeCTO ciemyioulee acHMITOTHYECKOE Mpen-
crasnenne (YHKUUM DpMHUTA MEPBOroe popa:

» O (— 1)FT (2 —v one
H,(z)=(22)‘[k20%,—r—)(—_—§ﬂ§)—2£+0(z- 2)J, (10.7,7)

|arg 2| =< 3—23 — 8, v — OrpaHuueHo,
[Ipu NpaKTUUECKUX BHIYMC/CHUAX, CBABAHHBIX C MPUMEHEHHEM
dopmyant (10.7,7), caemyer saMeHUTh B HeHl OTHOUIEHME ramMma-

$GYHKUMHA BHIpaMEHUEM:
'k —v

ﬁ)—):(— Vor =

= (=) (= D) (= F2) .. (= 2%—1), (==L
(10.7,8)

AcumMnToTHUECKMe NpencTasiaeHus aas ¢ynxuan H, (2), opu-
roZHHE B APYTHX CEKTOpaxX MAOCKOCTH KOMIJIEKCHOTO MEpeMEH-
HOro, MOryT OmniTb mnoayuenst w3 (10.7,7) ¢ momoupio COOT-
pomenu# (10.6,9—10). B camoM xene, mpeamoJaras, 4to

T 5m
4 < arg e < 4
MBl MOYEM IIOJIOWUTD
. T
arg (—2)=—argz~—mx, arg (——lz)=argz—7,

*) B 3TOM Cayuae, BMECTO WHTEIDATBHOrO IPEACTaBIEHHA (10.5,1)
HAILJIeXKT BOCNOIB30BaThcA (QopMynoil
o - eia
1 R S V|
H = e 2T de
= ’
0
T
rlle HHTErpHpOBaHKe NPCH3BOJMTCA WO Ayuy arglf=a 1 \al<7£-.

§ 10.7] ACHMMITOTHAYECKOE IPEACTABJEHUE 367

npuuem Kaxcmém U3 aprYMEHTOB 10 a6COMOTHON Beauunne Oyner
MeHble, yem o
R 7 Hpumensa k ¢ynxunsm OpMuTa, BXOAAMUM

B IIpaB
XO,ZII/II)M: yio uacts ¢opmyas (10.6,9), paBeHCTBO (10.7,7), Ha-
H, (&)= (2 v[ (=DFT @k —v) -
(2)=(22) };0 AT @ 10 )] —
nl/ﬂemi P
T (—v) e=z X

n .

P2k--v4-1) B -
>< [k=-0 kT (‘) + ]) (22)24 + 0 (Z Qn‘z)J , (10'7’9)

T
T—BSargzg %’t*a.

AHanOruuHEIM 06pasoM us (10.6,10) n (10.7,7) cnenyer:

H, — Y \ (= l)kP(2k“ ) :
(2) (22) [kgo EIT =9 (22): —l— 0] (2‘371—'2)]_
nl/ge—vﬁ

—_——TC 2 —ye
I'(—v ezzle
n

X [kgo k!PISQ(f_tT)_{(_QL;Wa——f‘ 0(2""““)], (10.7,10)
lz|>1, —(5:—3><argz<——-<_}_a)_

uowig:g:yg);zi;: Hq)(}gym(};:)x I(]L(I)djé,g—n—m) R3eT MOMHOE omnucauue

;ﬁgr og)nacm NPUMEHAMOCTH 3THX b;f?;gfﬁi?i! iko?ﬂ:g:

pova q)é(g; ylz;;}}r(rolg,yﬂ;z;x I;caa:mm:g)me ¢JaraeMbie B MoOCJAEAHUX

Mor)ér 321)1% BK/IIOYEHH B CHMBOJI 0(;95”]3‘13;}1 1O ¢ nepm
KJIIOYEHH

uyay am Gyt Spuita sroporo. pos e Pop-

. _nl g
G, (A)~ 5 e®, |2|— oo, jargz]s-}—a. (10.7,11)

¥) D1y dopmyry moxno,

€cIu BOCNOb30BaThCs (9.7,10). HanpuMep, noyunts? u3 (10.3,11—12)
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§ 10.8. ®ynknuu DpMHTa MHHMOrO aprymenra

B cBasu ¢ ypasuenmem (10.1,10) mnpeacTasaser wunTepec
paccMOTpeTs (BYHKUAH, SABAAOMMCCT pemenndmu  guddeper-
aJAbHOTO YPaBHEHUS

' —(2v4 14+ 2Hu=0, (10.8,1)
KOTOPOE TOJbKO 3HaKaMM' OT/aIM4aeTcs OT Yypasuenus (10.2,1)
W NepexojuT B 3TO MOCJAeIHee NpPH NOACTAHOBKe f==zi. Ecau
¥y — He Ue/0oe MOJIOWKUTENbHOE UuCa0, TO, cordacdHo (10.2,14),
o0mu# MHTErpajs pacCMaTPUBAEMOrO YPAaBHEHHS MOMXET ObITh
npeacrasied B Qopme:

22
u=[MH,(zi) + NH,(—zi)] 2> v+£0, 1, 2,... (10.8,2)

IMoassysce d¢opmynamu (10.6,7), MBI MOXeM BBHIPA3UThH
Kawaeil us uHrerpanos H, (-=iz) B Buge JjuHelHo# KoMmMOuHa-
nuu Gynxkuut e# H_,_; (= 2), nostomy apyras gopma obmero
WHTErpaja, SKBHBaJeHTHas MepBofi, Oyaer:

22
u=|M,H_, () +N H ,(—2)]e %, v#0,1,2,...
(10.8,3)

TMocnenHee BHIPaXKEHHE BHIOJAHO B TOM OTHOUIEHHHM, UYTO OHO
CONEPHKAT (YHKUHMH, KOTOPHIE NPH BEHIECTBEHHHX Z W V CaMH
OCTAlOTCSl BENIECTBEHHBWIMH. Ecam v— nenoe nosoxuTenbHoe
YHCJI0, TO aHajdoTHMYHBIM o6pasom u3 (10.3,13) BuiTekaer

u=[MH, (zi)-}- NG, (20)] eé, n=0, 1, 2, ... (10.8,4)

B aroM caywae nas TOro, uTOOH MMETb AEA0 ¢ DEIueHHAMH,
BENIECTBEHHBIMH, KOIJa [EPeMEHHOE 2 MPUHUMAST BENleCTBEHHLIE
3HaueHus, YROGHO BBECTH JBE HOBole QyHKUMA h, (2) u g, (2),
onpenesiseMble NMPH TOMOIM PaBEHCTB!

hy(2)=i"H,(i2), g,(2)=i""1G,(iz), (10.8,5)

KOTOpHE, MO AHAJOTHHA C COOTBETCTBYIOILUM KJIAaCCOM WM/IMHIDH-
yeckux ¢yuxknuit (§ 5.7), MOxHO Ha3BaTh (QYHKuusMu IpvaTra
MHHMOT'O apryMeHTa nepsoro u BTOporo pozaa*), C moMoIbi

*) dynxkunn h, (2) 1 g, (2) ABIAOTCA pelleHUAMHA xuddepeHUHMATDH-
HOro ypasHeHua ¢ -} 2zv' — 2nv =10,

IMocrosunnie mMuoxuteny B (10.8,5) BBeNeHH € IeTbI0 CHeIaTh pac-
CMaTpHBaeMble (QYHKUHM BELECTBEHHBIMH NPH BELIECTBEHHOM Z.
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3THX (QyHKuu# obmwmi uHTerpat ypashenus (10.8,1) npu ueaom
NOJIOKUTENBHOM Y=—=7 MOKeT OhTk NpeicTaBxeH B ¢opMe:
22
u=[Mh,(2)4Nyg,(2)e? n=0,1,2, ... (10.8,6)
AHanuruueckue BHPAXEHHs s PaccMaTPUBAEMBIX (ByHKLMH
B BHAE THNEPTCOMETPUYECKHX PAMOB HENOCPENCTBEHHO MNOJY-
qaloTes U3 Qopmyn (10.2,9), (10.3,11—12) u cooTHOwWEHA]R
(10.8,5), orkyzma caenyer:

ham (2) =R (—m, o, —22),

h2m+1 (Z)—(2m+ D! 2z F<_‘ m, & 22> ’
: (10.8,7)
Gom () =2""m\ 2F <—2~ —m 5, —z“),

Soms1 (z)—_—29”’m!F<—-;——m, %, —25‘).
OuesnIHO, UTO A, (2) ecTh MOJUHOM W g, (2) — uchas (QYHKIAA
KOMIIJIEKCHOTO TEPEMEHHOrO 2.

AnanoruuHsiMm obpasom us (10.3,6—7) u (10.8,5) nony-
YaloTCAd BBIDAXMEHUs, Jalolie IpPEACTaBACHUS STHX GYHKUHHA
B 3aMKHYTOHR (opme:
> dne?”

hy (2)=e* o

(10.8,8)

2
gn(z):e'z2;zin<ezzj‘ e dz> V" e L 0 (2), (10.8,9)
0

rne P (2) —unrerpan BepoarHoctu (§ 2.1).
dyukuun b, (2) u g,(2) YIOBIETBOPAIOT DPEKYPPEHTHHM
COOTHOWIEHUSIM OJHOTO H TOrO Ke BHIA:
Vi (2) — 220, (2) — 2nv,,, (2) =0, (10.8,10)
vy (2) =210, (2)
n=1, 2, ...,

rie BMeCTo v, (2) MoxeT ObTh MOACTaBAEHO h, (2) niam g, (2).
KpoMe BBeneHHnX (YHKIHH, BO MHOTHX CAyvYasX SBJSETCS
11e1eC000PAsHEIM PACCMATPHUBATE HX JMHEHHYI0O KOMOHMHALMIO

fo()=h, (z)—-;?g,, ), (10.8,11)
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KOTOpYi0 MOXHO HasBaTh (ynxnuett Ipmura TpeTsero poja
MHuMOro aprymenra. Ouesunno, uto OGUIMH MHTErpas ypabHe-
Hua (10.8,1) npu v==r moxer GulTh 3anucan, Hapaay ¢ (10.8,6),
Takke B ciaexyiopieit ¢opme:

P

1 =[Myh, (2) - N, },, )] :2, (10.8,12)

WUs onpenenenus f,(2) cneayer, uTo 3ta (yHKiAs momy-
CKaeT MpeacTaBJeHde B BHAE

2 LA o
fn(z).:—ﬁe zdm(@‘z“‘s 14 zgdz)z
z
= O [1— 0(2)] (10.8,13)

¥ YAOBJAETBOPSET TEM XK€ PEeKyppeHTHbIM cooTHOWeHusM (10.8,10)
U JuddepeHnnansHoMy ypaBHeHuio, Kak (YHKLHM MepBOro H
BTOpOro’ poaa.
Taxk Kak
(o]

[— & (2)= 1%7 o j‘ et g, (10.8,14)
0

u3 (10.8,13) merko mosyyaeTcs HHTErPaNbHOE NPEACTABJICHUE
aas dyHkuun f, (2):
2 L
fo(p) =22 Dree j et gl (10.8,15)
V=

Comnocrasnenue (10.8,15) u (10.5,1) mosBoJdeT ycTaHOBUTDL
BaXHOE COOTHOLIEHHE, CYIIECTBYIOUIEE MewAy (DYHKUMAME nep-
BOr'O M TPETbEro poija:

ontt (— 1y pl =2

fa (@)= Ve H_,_4(2). (10.8,16)

OnHO u3 MONE3HHX MNPHICKEHHH HalACGHHOrO0 COOTHOIIEHHS
8aK/I04aeTCd B BO3MOXHOCTH BBHIBECTH AaCHMITOTHYECKHE Mpen-
crasaenust dyHKkuma f,(2) Ana GOJbIIAX |2 | U3 COOTBETCTBYIO-
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mmx dopmya § 10.7. B wacTHOCTH, BOcnoabsosaswiuck (10.7,7),

Mbl HUMEEM: .
(—D"nlez

\' (= FT @k 1 o
X[ 2 ( k:f‘(nﬂ.ljr(;zjzl—)—lr@(z am 2)], (10.8,17)
k=0

|argz[<i—n—8.

dopmyna (10.8,17) nokasuiBaer, uTo IpH |argz|<3£—8

— 1) nle2
fa()~ Cinlez (10.8,18)
7i+1
[z]—> o0 V"it b4
clefoBaTeNbHO, YORBaeT BecbMa OoicTpuiM 06pasoM. Ilocnennee
CBOHCTBO sABAsETCA XapakTepHmM Aasd dynxuuu f, (2), Tak Kak

h, (2) ~(22)", (10.8,19)
[2]~c0
a g,(2) B paccMaTpuBaeMOM CeKTope BeJeT cebsi acuMITOTH-
4ecKu, Tak ke Kak h, (2).

§ 10.9. Kpaeras 3amaua njas mapaboJuueckoro
UATHHApPA

CrnennanbHple (DYHKLHM, HCC/IEJOBaHHBIE B HACTOSILEH riase,
TI03BOJISIIOT AaTb PElIEeHNe KPAeBbIX 33124 MaTeMaTHueckol gpusux,
B KOTODBIX HCKOMasg (YHKLHS SIBASETCS rapMoHudecko#t B 06.aa-
CTH, OIPAHMUYCHHON MOBEPXHOCTHIO MapabOMMYECKOro LHIMHIDA,
M YIOBJIETBOPSET HAa 3TOH MOBEDXHOCTH TIPAHHYHOMY YCJOBHIO
ONPENE/IEHHOTO THMA.

Yr1o6sl HafiTH COBOKYIHOCTb YAaCTHHX pelleHdll ypaBHEHUs
Jlannaca, NpUrofHLEX AJMA pacCcMOTpeHus JNaHHOrO KJjacca saigad,
BBEAEM cHcTeMy NapaGosauueckux xooppuuar (10.1,1) u Oynem
HCKaTh pewmenus B Bune npoussesenud (10.1,7), B pesyiabtarte
4ero MOJy4uM /s OMpedefdeHHs OTAENbHBIX MHOXHUTEIEH ypasHe-
Hug (10.1,8—10).

Ecan nmorpe6osath, 4TOGH DaccMaTPUBaEMbleé DEIIEHAs OCTa-
BAJIMCh OTFPaHAYEHHBIMH BO Bcefl o6GaacTe, BKmouasi u ee Gecko-
HEUHO YIAJEHHY0 uacTh, HEOOXOHdMO NpexJe BCEro CYUTaTh

g
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napaMeTp A BEIIECTBEHHHIM YHCAOM, KOTOpoe, 6es orpaHHueHus
o06mHOCTH, MOMXHO OPHUHATh HOJOXHTebHBIM *).  CooTser-
crByomee pemieHne ypasHenus (10.1,8), orpannueHHoe npu
— oo <2< oo, Toraa Oyner: ‘

Z=_Ccoshz+ Dsinlz, (10.9,1)

Janee, ecau nmapaMerp v, CBSI3aHHBIH C HapamMerpoM § CO-
oTHomenneM f==Ac(2v-- 1), He ABAAETCA LEJBIM MOROKHUTENb-
HBIM UYHCJOM, MBI MOxeM, Ha ocHoBanuu § 10.2, mpexcraBnTb
obmuii uurerpan ypashenust (10.1,9) B Bune:

r=0.

>

c
a2

A =[MH, (@ VI )+ NH,(—a yro)le 2, (10.9,2)
rae H,(2) — ¢oyuxuus dpmurta.
W3 acumnrormuecknx mupencrasrenuit (10.7,7) n (10.7,9)

cenyer: o -
Hy (o Vhe) ~ (2a y/ke),

1

2 yni .
H,(—a yke) ~~ —%T_e—;) (ay/re)—1ere?, (10.9,3)

a— 0o

[03TOMY Uil OrPAHMUYEHHOCTH pemeHns HEOOXOAUMO NONOKHUTH
N=0. C npyrofi cTopoHH,

H,(@ Vi) =

a—— Q0

=2 ™ — )
— " (a YRy e, (10.9,4)

I'(=v)
caenosarensio, TpeGyercs npuusith M=—=0. Taxum oGpasox,
npy v, OTJAMYHOM OT LEJNOrO MOJOXKHUTENbHOrO 4YMCaAa, pelleHus,
OFpaHHYEHHOr0 Npy o—>co u He pABHOIO TOXAECTBEHHO
HyM0, He cymectsyer. Ilpm unenom v=—n (=0, 1, 2,...)
o6muit nurerpan (10.1,9) sanumercs B Buge (10.3,13):

B
A=[MH, (@ Y Xc)+ NG, (@ yIe)]e 2,

¥, BHGpaB, Ha OCHOBaHHM ACHMITOTHUECKOTO TOBEAEHUS (DYHK-

uun Ipmuta BTOporo posa (10.7.11), N=0, mum noayuum pe-
HIeHue

(10.9,3)

LY.
A=MH, (@ Yy )e 2", (10.9,6)

#) OTpHUATedbHBIE 3HAYEHHS MapaMerpa ) COOTBETCTBYIOT TeM Xe
3HAYEHHAM NOCTOSHHON pasjieneHHsa A%, KaKk W NOJOKHUTEIbHBIE.

.

§ 10,9] KPAEBAS 3ANAYA I NAPABOJMYECKOrO LMAMHAPA 373

OrpaHuueHHoe BO BCeM wHHTepBalte — oo < a< oco. O6uwmi
unrerpan ypasuewus (10.1,10), mpn p=hic(2n-}-1), wmoxer
ObiTh mpeactaBieH B Qopme

Ac
B—[Ph, (3 V7o) Qf, B vV,  (10.9,7)

rae h,(2) n f,(2)— dyHxnun, onperenennnie B § 10.8.

Ilns BHelMHeW 3aiauut, rjie nepemeHxoe 3 U3MeHsercs B npe-
aenax By < p<C oo, cremyer, HpUHHMAs BO BHHMAHHE aCHMIITO-
tnyeckue ¢opmyan (10.8,18—19), nmonoxurs P=—0. Hampo-
THB, 1Js BHyTpeHHeH 3apauu, rae 0=<B<By, uz ycaosns
OrPAHMYEHHOCTH INPOM3BOAHHX N0 (¥, ¥) B Touke a=f=0
Heo6xomnmo npuuite Q=0 (cp. § 8.7). Takum obpasowm, co-
BOKYITHOCTb YaCTHMX DperieHufl ypasdenus Jlannaca, noaxons-
WX JUIS peleHds BHYTPeHHeH 3amaum, Oyner:

=1t == Mincos Az 4 Ny psin hz]

C .
— 5 (a2—3) = =
Xe ? H, (@v/i¢) i, (BY/he),  (10.9,8)
k=0, n=0, 1, 2, ... ,
AN BHeIUHED 3amauu:
U=t == [Mn cos hz -} Ny, sin hz] X
— = (a2—B2) — =
Xe 2 H, (@ Vo) £, (B Vo).  (10.9.9)

Pemlenne KpaeBHX 3alauy MOJyYaeTcs HYTEM CYNEPHO3HLAH
HallJEeHHBIX YACTHLIX peleHui.

Ilpeanonoxum st ONPCHECNEHHOCTH, YTO Mbi MMEEM JEa0
C nepBOR KpaeBO# 3amaueil I BHYTpeHHel oOnacTd ¥ mpuMeM
oad ynpouenssi, yTo QyHkuus f=f (o, 2), BXoaswmas B rpa-
HAYHOE YCIOBUE

u |3 = go'_f, (109,10)
a cJenoBaTenbHO, M HUCKOMOe pemenne n=u(a, B, 2) cyT
ueTHole (QYHKIMM NepeMeHHoro 2¥*)., Mu gonmycruM panee, 4to

*) Cnyualf, xorna f— HeuetHasd GYHKUMA 2, HCCOEAYeTCA CoOBep-
IIeHHO aHaJlOrMyHO, a pelleHde Jas obuiero cayyad noJayyaercs
HamoXeHHeM peHIeHnH, HalileHHBIX M8 YeTHoH yHkuuH f;=

=%[f(a, 2) 4~ f(a,—2)] 1 HeueTHo¥ QYHKIHH f2=—;— [f (@, 2) —
"_f(al —-2')].
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Gyuiuus f Moxer OwTbh pasnoxkena B uurterpan Pypoe

f=[f@esrza  (—oo<Taox), (109,11
0

Tae

Al

fi= (10.9,12)

v

‘1 feosizdz,
5

U OpEANOJOXUM, 4YTO UCKOMad (pyHKLLHH TaKxe JA0omyckKaer
IIpeACTaB/€HAE B BUAC HUHTErpaJsa:

uzjm(a, ycoshz dh  (—o0<z<00). (10.9,13)
]

Cootsercraento (10.9,8), Msl Moxey ucKaTh u,(a, 3) B Qopue
psama

2 (x2—3

o A
- 32) _
w (o, 3)= ZMMe 2 H, (0.Y/7¢) by (8 V/70),(10.9,14)
n=0
—oo<La<oo, 0=3<fs

Ilna onpenmenexus xospousmentos M, , noaydaem TOTaa
yCa0BHUE:

Q Ac 352
Fr(o)= 2 Myje 2 w H, @y ek, (8, Y/ c), (10.9,15)

n=20

OTKyHa, BOCHO/Mb30BABIUACE TEOPEMOH DA3MOMKEHUA 10 MOAUHO=
mam Ipuura (§ 4.15), Haxomum:’

e

— ’ v
Mne ? w h, (BO 1/)\0 )=
Aea?

e 2 fi(0)H, (o /i) du. (10.9,16)

e e -

1
Vé
1
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Taxum o6pasom, snauenue xosdduimenta u, (a, ) maercs
CYMMOH psina

O - gd n, (370

(o P= Z ¢ 1oV 70)

n=0

Hy (o yke) X

— S Aca2
Kghr= (€7 A@m e/ (10817)

— 0

nojAcTaBass KoTopuit B dopmyny (10.9,13), mu noayuaem ¢op-
MaJdbHOE pelleHue TOCTaBJIeHHOH 3amayd.

§ 10.10. Ipunoskenne K KBAHTORBOH MeXxaHHKe

Ypasuenune Llpegunrepa mns JAnHEHHOrO TrapMOHMYECKOTO
OCLUMAIATOPA UMEET BUI:

24,2
v+ G -ty =0,

rae ¢ — BONHOBag QyHKuUMA, M, ®, 4 E—Macca, cOOCTBeHHas
YyaCcTOTa M [OJHAas SHEPrus OCHWIATOPA, K -—— NOCTOsHHAS
[Inanka *).

KsantoBomexanuyeckag npoGiema COCTOMT B TOM, YTO
TpebyeTcs ONpeAeNuTh TaKWe [IONYCTHUMBIC BHAYEHHS BDHEPrud,
npd Kortopsix ypasaenue (10.11,1) HMeeT pelicHHE, OrDaHHYEH-
HOE B MpoMexyTKe — oo < x < co. Mu sugenu (§ 10.9), uto
TAaKW€ pelleHus CYIIECTBYIOT JIMIIb B TOM ciaydae, ecam *¥)

(10.10,1)

2—;;%5:”;;’0(2”_}—1)’ n:0’ 1; 2’ cce
OTKYyIa ciaenyer:
E=E,=otn -|-%) (10.10,2)

BoaHOBas (pyHKUHS BBIPAKAETCS uepe3 HOJUHOMB DpMUTa.

%) Cwm., Hanpumep, A. BoMmepdeunbn, BorHoBas mexaHHKa.
Tocrexuspar (1933).

#¥) YpaBueune (10.11,1) coBnapaer c ypasuenuem (10.1,9), ecam
MOI0XUTh

2mE mawy
=R =R
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Ynpascunennsn

1. TTokasath, uTo ¢GyHKnUA DPMUTA NMEPBOro POAA CBA3AHA ¢ QYHK-
ureir Yurrexepa W,  (2) cooTHOmeHHeM

22
2 -1/
H@=2e? 272w, | L ()
T TR
M BHIBECTH OTCIONA CBoHcTBA GQyHkumn /1 ,(z).
Yxkasanmne. [Ipuaats Bo BHuManue dopmyry (10.2,8).
2. Bocnoab30BaBIIACh PE3YAbTATOM HNPeNbIAYLIEro NpuMepa H dop-
myno#t (10.8,16), nokasarp, uTO

g

1
fn(z):L)n!e 22"_ e w 1 n 1 (22)-

V= —FT Y TR

3. IMoayuuTh MHTerpanbHoOe NpeAcTaBleHHe QYHKUuH f, (2):

Fo(2) = 2%11;1—)" j e Pt —anat.

Y kaszanue. Bocnonb3osarecsa dopmyaodt (10.8,15).
4. Vcxonsa us onpejeneHus (GyHKUMM 1apaGOIHUeCKOrO HHAHHApA
Yurrekepa
v + 1 v 22
- T _ z — T z
D,()=2* ‘tz='rw, 1<“>=2 te “fa(#)'
2
MONYunTb BCe CBOHCTBA 3TOil (YHKUMH U3 De3yJAbTATOB HacTosuledl
riIaBbl.
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