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[MpenucaoBue

[Ipensaraemasi BHUMaHHIO UMTaTE/sl KHUrA NpelCcTaB/sierT coboil yuebHoe
noco6ue no anre6pe jyist yyaumxest 10-x u 11-x kiaccoB pusnMko-maTeMaTh-
yeckKHX 1KoJ. Ero ocHOBY cocTaBWJIM 3aMUCH JIEKLUMH, UMTABLIMXCS aBTOPOM
B Clelrasu3upoBaHHOM yueOGHO-HayuHoM lLeHTpe MI'Y um. M. B. JlomoHo-
coBa — IIKoJIe UMeHH akajiemuka A.H. KosmMoroposa, 6osiee H3BecTHOH Moa
HazBanusimu @MIL MI'Y u unrepnar MI'Y. Kuura nokpbiBaer Kypc asnre6pbl
quist yuauxcst 10-x knaccoB CYHLL (v aHasiornuHbix emy yueGHbIX 3aBefe-
HHI) U COJIEPXKUT OCHOBHYIO YacTh 06s13aTesIbHOr0 Kypca ajrebpbl st 11-x
KJ1aCCOB.

[To Tpamuumu, ycranossiennoil A.H.KosmoroposeiM, Kypc agre6psl
st «dMlllar», xotopwifl untann B pagHoe Bpemsi cam A.H. Kosmmo-
ropoB, B.W.ApHosbn, B.M. Anekcees, H.DB.Andyrosa, B.B.Basuios,
O. H. Bacusenko, W.DB.Taumkos, C.bB.laumkos, A.A.Eropos, A.H.3em-
asikoB, B.A.Kosocos, 10.B.Hecrepenko, B.®.Ilaxomos, A.A.Pycakos,
T.H. Tpywanuna, A.B. ¥Ycruuos, O.A.Yasnbix, B. H. Uyb6apukos (npuHoiy
CBOW H3BHHEHHSI TeM, KOIO He BCTIOMHWJ WJIM O KOM He 3HaJl), COCTOMT
M3 JIByX 4YacTel: HEKOTOpOro o00s513aTesbHOro Habopa MOHSITHH, KOHCTPYK-
UMl U TeopeM (3Ta yacTb sBJsieTCsl OOl /s BCeX JIEKUMOHHBIX KYPCOB
anreGpbl, UMTABUIMXCS B 3TOH WLIKOJIE) W pellleHHs] HEKOTOPOW HHTEepecHOM
coJlepaKaTesibHOH MpobJeMbl (HanpuMep, MOCTPOEHHe LIUPKYJIeM W JHHEHKON
NpaBWIbHBIX 71-YTOJbHUKOB, TeopeMa AGens—PydduHu o HepaspelumMocTH
B pajuKa/jax oOlIero ypaBHEHHs MATOH CTeNeHH, KBaJpaTHUHbIA 3aKOH B3a-
MUMHOCTH W T.1.). BTopylo yacTbh Kypca JieKTop ornpejessieT B COOTBETCTBHH
CO CBOMMH BKyCaMH.

B 310l KHHre H3naraercsl neppasi yacTb Kypca, a Tak:Ke HEKOTOpbIH Ba-
PHAHT JIONOJHHTEJbHbIX TV1aB. B Hell MHoro sajnau, B OCHOBHOM JIOBOJIbHO
TPY/IHBIX.

OHa MoxKeT CJIyXKHTb yueOHbIM TocoGHeM Mo anrebpe U JUis CTYAEHTOB
BY30B.

ABTOp BhIpaXkaeT riyGokyio GsaroaapHoctb B. A. KosocoBy, matepualibl
KOTOPOTO CYLIECTBEHHO HCIIO0Jb30BaNMCh [IPH MOArOTOBKE KHHUIH, a TakkKe
A.B. YctuHOBY 3a TiIaTebHOE peIaKTHPOBaHHE.

ABTOp IPUHOCUT U3BHHEHUS 32 OCTABLUMECS B KHATE HETOUHOCTH H HEOPEXK-
HOCTH W 3a TO, UTO He ycrej noarotoButh ee k 40-seruio GMII MIY
1 100-setnio A. H. Kosmoropoga.



[maBa I. Yucaa u komOMHaTOpHKA

§ 1.1. IMo3uMOHHBbIE CUCTEMBI CUUCTEHUS

Eule cpenneBekoBble MarteMaTHKH bBuizkHero BocToka Hauwinm npoctoi
MOAXOJ K BBbIUMCJIEHHSIM C JPOOHBIMH UMCJIAMH — UCIIOJIb30BAHUE JECSATHU-
HBIX MO3HUMOHHBIX Apobei. [To3nlmonHas aecsTHYHAs cUCTEMa rornaJa Tyaa,
BUIMMO, U3 MHanK, XoTs nosuuMoHHble 1po6H, paBaa He JeCsTHUHbIE, a lle-
cTuaecsiTepuuHble, 661 U3BecTHbI eule B IlpesHem Lllymepe, a necsituunble
Jpo6u Mno cylecTBy ObliM H3BecTHbl B JpeBHeM Kutae. OtmeTnm elite, uto
JIBAJIATEPUUHYIO CUCTEMY 3HaJM WHJEHIbl MaKsl. 3/1eCb YMEeCTHO HAMOMHHUTh
UMTaTesNIo, UTO 3aNHCh

(an ap,a—g .. .a,k)b

B TO3UIIMOHHON b-HUHOH CHCTeMe 03HAuaeT UUCJIo, PaBHOE
-1 —k
a,b"+ ... +ab+ag+a_1b7 +...+Fa_,b7 ",

rie
ab"+...+a1b+ag

— €ro neJias, a
a,1b71 +...+a,kb’k

— zipoGHast yacTb. B 3anajHbIx cTpaHax BMECTO 3aMsiTOH, OTAESIOLLEH LIeyI0
yacTb OT APOCHOMH, UCIIOJIBb3YETCS TOUKA.

[Touemy 06bIUHO HCIIOJIb3YETCSl eCATHUHAs cucTeMa? [ylaBHbIM 00pasom,
B CHJIy TPaAULMK (KOTOpasi, BEPOSITHO, OCHOBBIBAETCSI HA TOM, UTO YHCJIO Ma/lb-
1eB Ha 06eux pykax paBHO 0ObiuHO 10; HHAEHLBI Matis, BO3MOXKHO, He 3a0bl/H1
v npo Horu). Kak mucan [lackanb *, necsaTuuHasi cuctemMa HHUUEM He Jyu-
1le CUCTEM C JPYrHMH OCHOBAHUSIMH. DBoJjiee TOro, ¢ HeKOTOPbIX TOUEK 3pe-
HUsl ynoOHee apyrue cucteMbl. Tak, MHOrO MOKJOHHMKOB HMeET JBEHaJla-
TepuyHasi cucTeMa (Mayllasi OT cueTa JI0KHHAMH W IpoccaMu — JTI0XKHUHAMU
JioxkuH). BoamoxkHo, K ux uucay otHocuscs u . JDx. Yamic (cm. ero po-
maH «Korna cnsiumit npocHercsi»). [IpenmyliecTBo 3TOi CHCTEMbI B TOM,
uto 12 umeer GoJiblile jesiutesei, ueM 10, UTO HECKOJIBKO YIPOLIAET JieJIeHHE.

* B.Ilackasab (Blaise Pascal, 1623—1662) — snamMeHuTblii paHily3cKUil MaTeMaTHK, (H3HK,
PEJIUTHO3HBIN (hUJI0COdh U MHCATEND.
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C 3Toll TOUKM 3peHHs ellle Jyullle lIecTHAecATepuuHasi cucrema (Ho Tabd-
JMUA YMHOXKEHHSI B 3TOH CUCTeMe BroHseT B ApoxKb). OcTaTKu 0T OblIo-
ro pacrnpocTpaHeHHsl 9TOH CUCTeMbl BHJAHbI B KapTorpauud U acTPOHOMHH,
a aJIrOPUTM TepeBoOjla M3 3TOH CHCTEMbl B JIECATHUHYIO 3anasiH B Jil06OM
KaJIbKyJIITOpe ISl HayuHbIX pacueToB (peub MAET O MepeBoje U3 TpajycHON
Mepbl B JECATHUHYIO M 0oOpaTHO). Kcrartu, nepBasi 3anucb APOGHOrO UHC-
Jla B MO3ULMOHHON cucTeMe B EBpomne Obuia caenana B XIII B. 3HameHu-
ThiM ®u60HauuK: KopeHb ypaBHenusi x° 4 2x2 4+ 10x =20 ou Hallen B BUJE
1°26' 7" 42"

EcTb MOK/JIOHHUKH U Y BOCbMEPUYHOH U LIeCTHAALATEPUUHON cHucTeM. [lep-
By1o u3 Hux xotes Bectd B [lIBennu Kapa XII (koTopbiii, BO3MOXKHO, MpHlLeN
K 3TOH HJlee CaMOCTOSITE/IbHO), HO PsiJl 06CTOATENbCTB MOMELIAIH STOMY TPO-
IPeCCUBHOMY HAaUMHAHMIO (CPEIM HUX, BEPOSTHO, W 3aHATOCTb KOPOJs B BO-
€HHbIX KOMMaHHusiX, B yactHocTH, o [losrasoit B Poccun). [IpenmyiiiectBo
9THX CUCTEM B TOM, UTO JIETKO OCYLLECTBJISIETCS TIEPEBOJL B ABOMUYHYIO CHCTEMY
1 oOpaTHo.

JIBonuHas cucTeMa B KAKOM-TO CMbicJjie Obliia u3BectHa B J[{peBHem KuTtae.
B knaccuuecko#t KHure «M u3un» («KHura nepemen») npuBesieHbl quarpam-
Mbl, TaK HasblBaeMble Py-cH, 1epBasi U3 KOTOPbIX HMEET BUJL , a nocJsiesi-
Hsisl (LeCTbAeCAT YeTBepTas) — BUJ, == (HyJIsIM U €IMHUIIAM COOTBETCTBYIOT
CMJIOLLIHBIE U TIPEPBIBUCTBIE JIMHUK). KUTal1bl HE MOJEHUIMCh MPUAYMaTh /s
9TUX JUArpamMmM crelrajibHble HEPOTIU(bl 1 Ha3BAHHUS.

Bo3M0oKHO, UTO Hjest IBOMYHOH CUCTEeMbl Obla U3BECTHA M JAPEBHUM HH-
juiitiam. O6 3ToM, HampuMep, TOBOPUT U3BeCTHasi Jierenjaa o6 u3obperarese
11axMat, KOTOPbIH CKPOMHO MONPOCHJ (MocJjie HACTOSIHUE Marapai:KH, KOoTo-
poMy oueHb MOHpPaBUJACh Urpa) cebe B HAarpay MoJOXKUTb OJJHO 3€PHO Ha yr-
JIOBYIO KJIETKY 1IaXMaTHOH JIOCKH M yJIBAUBATh KOJHUUECTBO 3epeH Ha KaxKaoH
CJIelyIOLIEN KJIETKe.

B EBpone nBouuHasi cucrema, BHIMMO, MOSIBUJACh Y:Ke B HOBOE Bpe-
M. OO0 3TOM CBHJETENLCTBYET cHCTeMa OOBEMHbIX Mep, MpUMeHsiemMast
AHMIMHCKMMH BUHOTOPrOBLAMU: BA JLKWJLIA = MOJYLITO(, ABa NoJyLITO(ha =
= MUHTAa, JIB€ MUHTbl = KBapTa, JBa KBapThl = MOTJ, Ba MOTJa = raJuloH, JBa
rajjioHa = ek, JABa TMeka = noJy6yiluesb, ABa MoJybyiuens = Oyuienab, ABa
Oylles = KUJJepKUH, 1Ba KuJaepkKuHa = 6appeJb, 1Ba GappeJist = XOraxei,
JIBa Xoraxeja = napnm, Jpa nammna = TaH.

YuTaresu MCTOPUUECKHX POMAHOB 3HAKOMbI C NMUHTaMK W KBapTamu. Ya-
CTHUHO 3Ta CHCTeMa J0XKHJA W JI0 Halllero BpeMeHd (HeTb U OEH3HH JI0 CHX
Mop MepSIOT rajjoHaMd W GappesisiMu). YI100CTBO JIBOMUHOH CHCTEMbI IMPH
B3BELIWBAHUU JIEMOHCTPUPYIOT TaKxKe MOMellleHHble B KOHILE naparpada 3ana-
UM, BTOpasi U3 KOTOPbIX 3aUMCTBOBAHA U3 MATEPHAJIOB 2KIOPH MEXKIyHAPOIHbBIX
OJIUMITHAL, a TPETbsl H3BECTHA, BEPOSITHO, CO CPEHEBEKOBbIX BPEMEH.
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[TponaranaucToMm JBOMUHOU cHUCTeMbl Obll 3HamenuTblil [ B. JlelGuuu *
(mosyuuBuinit ot Ilerpa I 3Banue Taitnoro coBernuka). OH oTMeuas ocoOyio
MPOCTOTY aJTOPUTMOB apU(PMETHUECKHX ACHCTBUI B JBOMUYHON apuMeTHKe
B CPaBHEHWH C JPYrMMH CHCTEMaMM W IpHIaBaJj €H orpeieseHHbI huJo-
coekuii cMmbics. [OBOPAT, UTO MO €ro NpeioKeHno Oblla BbIOUTa Melab
C Haanucblo «Jlast Toro, uToObl BBIBECTH H3 HHUTOXKECTBA BCE, JOCTATOUHO
€JIMHULLBI».

N3BecTHblil coBpemMeHHbIN MaTeMaThK [1. [laHuur *# o HblHellIHeM MmoJioxe-
HUM Je cKadasl: «YBbl! To, uTo Hekorja BO3BbILLAJIOCH KAK MOHYMEHT MOHO-
TEU3My, OUYyTHJIOCH B UpeBe KOMIboTepa». [1puunHa Takoit Meramopdo3bl —
He TOJIbKO YHHKaJ/lbHasi MpoCTOTa TabJHllbl YMHOXKEHHSI B IBOMUHOH CHCTe-
Me, HO H 0COOEHHOCTH (pM3UUECKHUX MPHUHIIMIIOB, HA OCHOBE KOTOPBIX padoTaer
aJieMeHTHasi 6a3a coBpeMeHHbix DBM (3a nocsnenuue 40 jieT oHa HeoMHO-
KpaTHO MeHsijlachb, HO JBOMYHAsl cucTema M OyJieBa asreGpa Mo-npekHemy
BHE KOHKYPEHLHH).

OtmeTHM ellle, UTO JBOMYHAS CHCTEMA HAXOAWT MPUMEHEHHS U B JPYTHX
MaTeMaTHUECKHX 3ajlauax, HanpuMmep TpH aHajlu3e U3BECTHOH Mrpbl « Hum».
Wrpa cocTouT B c/eyloeM: Ha CTOJIE JIEXKUT HECKOJIbLKO KyUueK CIHUeK, H 11Ba
UrpoKa Mo ouepeld BbIOUPAIOT OJHY M3 KyueK M 3a0UpaloT M3 Hee CKOJlb-
KO YroJHO CHHUeK (XOTb BCE); MPOUTPLIBAET TOT, KTO 3a0MpaeT MOCJeIHION.
Anu30J1 C 3TOH UTPOl HEOJHOKPATHO MOBTOPSIETCS B U3BECTHOM (DPaHILy3CKOM
tdusnbme «Ipouibiv jietom B Mapuenbaje».

YromsiHyTasi cTparterus noajaercs Jyis peajnsalyu 1axe Ha crielraTu3n-
poBaHHbIX MaliMHax. OJHA U3 TaKUX MalIMH Obla BbICTaBJIEHA MOCJIE BOHHbI
B DepsiHe Ha aHIVIMACKON BbICTaBKe W C YCIEXOM KOHKYpPHpOBaJsia ¢ Haxo-
JSIIIMMCS psiioM GecrJiaTHbIM THBHBIM 3aJioM. M3BecTHBIN momyssipusaTop
MateMaTHKK MaptuH [apaHep B 0iHOH U3 CBOMX KHUT nuiiieT, uto Anan Tbio-
puHr **% BcrioMMHa 0 TOM, KaK MOMYJISIPHOCTb 3TO MalllMHbl MMOBbICUIACH
elile 6oJiblle nocJe nodebl HaA TOTAALIHUM OYHAECMUHUCTPOM 3KOHOMMKH
JI. Dpxapaom.

HekoTopyto KOHKYpEHLMIO IBOMUHOH CHCTEME KaK M0 MpocToTe apudpme-
THYECKHX aJrOPUTMOB, TAaK U MO KOJMYECTBY NMPUMEHEHHH B MaTeMaTHYeCKHX
3ajlauax MOXKET COCTABHUTb TPOMUHAS CHCTEMa, B UACTHOCTH e€e BapHaHT, Ha-
3bIBa€Mblil yPABHOBEIIEHHOH TPOUUHON CHCTEMOM, B KOTOPOil BMeCTO LIMpbl 2
ucrosib3yercst ucpa —1.

* [0 B. Jleit6uui (Gottiried Wilhelm Leibniz, 1646—1716) — Besinknii HeMelKHii MaTteMaTHK
1 husocod, OIMH U3 OCHOBOMOJIOKHHKOB MaTeMaTHUECKOTO aHaJ/13a.
*#* J1.san Hanuur (David van Danzig, 1900—1959) — rossianackuii Matematik, u3o0peraresb
CHMIIIEKC-METO/Ia B JIHHEHHOM NPOrpaMMHUPOBAHHH.
##% A Tolopunr (Alan Mathison Turing, 1912—1954) — anruiickuii MaTeMaTHK, OJHH U3 CO-
3natesieli TeOPUH aaropuT™MoB. [1pu ero yuacTiu Gbll MOCTPOEH MEPBbIH aHMIMACKHH KOMIbIOTEP.
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[IpencraBienue o Hell JaeT cjeywollas B KoHUe naparpada 3ajzaua 6,
ony6JsiMkoBaHHasi B Kuure bauie e Me3upuaka * 8 XVII B.

Tponunasi cuctema npumeHsieTcst npH oObSCHEHUH CJeLyloLero okyca
JKepronna **. 3putesb 3anomuHaeT oJiHy U3 27 KapT U BbIKJIA/bIBAET UX B TPU
CTOMKHU Mo 9 KapT KapTHHKaMK BBepX (MepBasi Kapra WJET B MEPBYIO CTOIIKY,
BTOpast — BO BTOPYIO, TPEThsl — B TPETbIO, UeTBEpTasi — B NepByio U T. 11.). o-
KYCHHKY coobllaeTcsi, B KAKOH U3 CTOTOK 3ajlyMaHHasl KapTa, OTOM CTOIKH
CKJaJbIBalOTCs B JIOOOM M3 LIECTH BO3MOXHBIX MOPSIKOB (He MepeTacoBbl-
Basl KapTbl BHYTPH CTOINOK) M pacKJ/alblBaloTCcsl CHOBA B TPH CTOIKH, HAUHHas
C BepXHel KapTbl, TIOTOM CKJaJbIBAIOTCS OMSATH W TIPOLeaypa MOBTOpPsieTcs
B TpeTuil pa3 (Kaxkablii pa3 cooOllaeTcs, B KaKyl0 M3 CTOMOK Jieryia 3amno-
MHeHHast Kapra). DoKyCHUK Kax/Iblil pa3 3aMeuaeT, Kyja Jiersa CTornka ¢ 3a-
NOMHEHHOH KapTol — cBepxy (3To oTMeuaetcsi B yme cuMBoJioM 0), B cepeiiHy
(cumBoJ 1), HuIM B HU3 KOJIOZBI (CUMBOJI 2), H COCTaBJISIET U3 3THX CHMBOJIOB
TPEX3HAUHOE UUCJIO B TPOHUHOH CHCTEMe CUMCJIEHHs, CTaBs TepBbId H3 3a-
MeUEHHbIX CHMBOJIOB B MJAJIINE Pa3psijl, CJAEIYIOLIMH CHMBOJ — BO BTOPOH
1 MOCJIeJHUI CHMBOJI — B CcTapuini paspsi. K mnosyueHHomy uucsy npubas-
JISIETCSl €IMHULA U OTCUUTBHIBAETCS CTOJIBKO KapT, HAUMHAs C BepXHEH KapTbl
KOJIO/Ibl — MOCJIeIHSIS U3 OTCUMTAHHbIX KapT W €CTb 3allOMHEHHAasl 3pUTeJsieM.

Mmeetcs eute onuH BapuaHT okyca JKeproHHa, Ho ¢ APYyrUM Croco6oM
packaanku kapt. Kosona u3 27 kapTt pack/iaaplBaercst B TPU CTOMNKH B cJle-
JyIOILEM TOPsi/IKe: NepBasi KapTa — B MEPBYIO CTOMNKY, BTOpas — BO BTOPYIO,
TPETbsl — B TPETbIO, UETBEPTasi — ONSATb B TPeTblo, MsATasi — BO BTOPYIO, lie-
cTast — B nepByto u T. . O/1Ha U3 KapT 3alIOMHUHAETCS 3pUTE/IEM U YKa3blBaeTCs
CTOIKa, B KOTOPOH OHa JIEXKHUT, U BCe MoBTOpsieTcs elle aBa pasa. Cnocob yra-
JbIBaHUS TOT 2Ke caMblil. MoXKHO NokasblBaTh TOT ke (okyc U ¢ 21 Kaprol,
HO TOrJia HAaJl0 PACKJAIbIBATH KAPThl CAMOMY M CTOIKY C 3ajlyMaHHOH KapTou
BCErJa KJIacTb B CEPEIMHY KOJIOJbI.

YpaBHOBelleHHAs CUCTeMa MOXKeT ObITb PACCMOTpPEHa U 151 JIIoOOro HaTy-
paJibHOrO OCHOBAHMS1, 11paB/ia, P YeTHOM OCHOBAHHH 3alUCh B Hell nepecra-
eT ObITb 0HO3HAUYHOH. [IperMyliecTBOM YpaBHOBELLEHHbBIX CHCTEM sIBJIsIeTCS
TO, UTO B HUX 3aMUCHIBAIOTCH W OTPULIATENIbHBIE UMc/a 6e3 3HaKa MUHYC Tepe
3arMuchblo, a TaKxKe TO, UTO TabJMlA YMHOXKEHHUS B 3TUX CUCTEMAaX B CPaBHEHHH
¢ 0ObIYHBIMH TIPUMEPHO B UeTbipe pasa Kopoue, kak otMerus O. J1. Kouin *#%,

* Bawe ne Mesupuak (Gaspard Claude Bachet de Mésiriac, 1587—1638) — dpaniyysckuii
MaTeMaTHK M MO3T, aBTOP OJHON H3 MePBBIX KHUI [0 3aHMMAaTe/bHOH MaTeMaTHKe.
** OK. JKeproun (Josef Diaz Gergonne, 1771—1859) — cdpaHily3ckuil MaTeMaTHK, uUJieH-
KoppecronieHT TapixKcKoil akaaeMun Hayk.
*#% 0. JI. Kown (Augustin Louis Cauchy, 1789—1857) — Besukuii ¢paHily3cKnii MaTeMaTHk,
usien [lerepGyprekoit akajgemun Hayk. [10 MOJIMTHUECKHM B3IVISIIAM YJILTPAPOSUIHCT, CTOPOHHHUK
Byp6oHoB, kaeprKas. Bocemb JieT npoBest B SMUrpaiii.
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MoHO paccMaTpuBaTb CHCTEMbI CUHCJIEHHS] M C OTPULATENbHBIM OCHO-
BaHueM b, HO HeoTpularesbHbiMU Ldpamu 0, 1, ..., —b — 1. Jlio6Goe uenoe
YKCJI0 MOXKHO TIPEJCTABUThL B 3TOH cHcTeMe 0e3 3HaKa.

OcHoBaresib Teopun MHOKecTB [eopr KanTop * npennioxun paccMmarpu-
BaThb CHCTEMbI CUMCJIEHHST CO CMEIIaHHLIMH OCHOBAHHMSMH. 3aluch B TaKHX
CHCTEMAaXx BBITJISIUT TaK:

... as, dg, ajy, do, aA—j, A—2, A_3, ...,
oo bo, b1, bo; by, b9, b3, ...,

rie b; — ocHoBaHus, a; — uudpsl, 0 < a; < b;, U pacidpoBbIBaeTCs Cey-
IOLLHM 06pa3oM:

agbgblbo —|—Cl2b1b0 +a1b0 + ap +a_1/b_1 +a_2/(b_2 . b—l) + ...

YacTHbIM CjlydaeM TaKUX CHCTEM SIBJISIETCS (haKTOpUaJsibHast, KOTOpast Mo-
Jqyuaercst ipu b, =k + 2, b_p =k + 1. Mcnosbays ee, MOXKHO /060 HATy-
paJibHOE YHCJIO MPEICTABUTL B BUIE

apn!'+...+a;2!'+apl!,
rie 0<a, <k+ 1.
CucreMbl €O CMelIaHHbIMH OCHOBAHMSIMHM BCEM M3BECTHbI M3 MOBCEIHEB-
Ho¥ »KusHu. Hanpumep, «1 Hepmenst, 2 jnus, 3 uaca, 4 MUHYTbI, D6 CeKyH],
789 MWJIIMCEKYH» PABHO

1, 2, 3, 4, 56; 789;
7, 24, 60, 60; 1000
CEKYHL

U, HakoHell, BepHeMCsl K OObIUHOH MO3ULUHOHHOKH CHUCTEME W PACCMOTPHM
BOIMPOC O MPeJCTaBJeHUH OTpHllaTesbHbIX unces B OBM. O6biunblii cnocob
3aMUCH OTPULLATE/IbHBIX YHCEJ COCTOMT B II0CTAHOBKE 3HAKA MHHYC Tepej 3a-
MUCHI0 MOJIYJISt ITOTO Uuc/a. DTOT crnocod Ha3biBaeTCs MPsIMbIM KojaoM. s
IBM, kak npaBuJio, yno6Hee TONOJHATEbHbIA KOJ, KOTJA, HAalpUMep, YHCI0
—(123456789) ¢ 3anucbiBaeTcst Kak

10° — (123456789),9 = (87654321 1),0.

[Tpu 3TOM omepalyu CJI0KeHHsI-BbIUMTaHHsT (PAKTHUECKH TIPOBOASTCS 110 MO-
aymo 10° u He Bo3HMKAeT MPOGIEMB «MUHYC HyJs». JIOMOJHUTENBHDIH KO
y106€H €lle U TeM, UTO MPH BLIYUTAHHK M3 MEHBILIEr0 UncJia GOJBIIEro ¢ M0-
MOLIbIO OOLIYHOrO AJrOPUTMA BBIYMUTAHHUSI KAK pa3 M IMOJyyaercsi pasHOCTb,
3arnucaHHasl B JONOJIHUTEbHOM Kone. Ho ecTb y Hero u Hemocratku. Kpo-
Me JIOTIOJIHUTEBLHOTO KOJIa pacCMaTPUBAIOT TaKxKe 00paTHBIN KOJ, B KOTOPOM,

* [. Kanrop (Georg Cantor, 1845—1918) — snameHuTblil HeMellKMil MaTeMaTuk. Poauscs
B Cankr-IlerepGypre.
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Hanpumep, udcao —(123456789),9 3anuchiBaercs kak 876543210 (kaxknas
uucpa gonosHsierest 1o 9). B 3ToM Kojie cjioXKeHHe U BblUMTaHHE TPOU3BO-
astest paktuueckd no moaymo 109 — 1.

3anaum v ynpaxkHenus kK § 1.1

1. OueHuTe, CKOJMILKO TOHH 3€pHA MPHUJETCS BHIJIATHTDL Marapajxe.

2*, 3a Kakoe HauMeHbllee KOJHUEeCTBO B3BEILIMBAHUI HA UallleuHbIX Becax
MOKHO OTBECHUTb OJIMH KHJIOTPAMM CaXapHOTo MecKa, eCJii MMeeTCs JIMLb OJIHA
OJIHOTPaMMOBasi TUpbKa?

3*. UroObl B3BeCHTb J1000€ UHCJIO TPAMMOB IlecKa oT 1 10 7 rpammoB
3a 0JIHO B3BellIMBaHKE, IOCTATOUHO UMETh rupu Becom 1, 2,4, ..., 2™ rpaMmoB,
rae m = |logy ], U MeHbIEro YUC/a THPb HEJOCTATOUHO, €CJIH T1ECOK JIEKUT
Ha OJIHOH yallKe BECOB, a THPH pa3pellaeTcsl CTABUTb HA BTOPYIO YaLIKY.

4*%_ YKa)KuTe BLIUIPHIBAIOLLYIO CTpPATETHIO B Urpe « Hum».

5. Jlio6oe uesoe uucso ot —(3" — 1)/2 no (3" — 1)/2 mMoxkeT GbITb 0HO-
3HAUHO MPEJCTABJEHO B BUJE

a,,_13”’1 + ...+a13+a0,

rae uugpsl @; =0 uau +1.

6*. IlonycTuMm, 4To NPH B3BELLIMBAHWK paspellaeTcs KJ1acTb IMPH U Ha vall-
Ky BecoB ¢ rpy3oMm. Torma nsisi Toro, utoObl B3BECHThb JI000H rpy3 oT |
10 (3" — 1)/2 rpaMMOB 3a OJIHO B3BEILIMBAHKE, JJOCTATOUHO UMETh THPU BECOM
1,3,9, ..., 3" ! rpaMMOB, U MEHbLIEro KoJHUeCTBa 'HPb HEA0CTATOUHO.

7%. O6bscHuTe pokyc Keprouua.

8*. JlokaxuTe, uTo BO BTOpOM BapHaHTe okyca JKeproHHa (¢ 21 kaproii)
nocJie Tpex cliau 3ajlyMaHHast KapTa OKaXKeTcst TOUHO B cepeliHe KOJIO/Ibl, T. €.
Ha OJIMHHALATOM MecTe OT JIIoOOro Kpas.

9. 3anuuure uncyo (1234567890)1p B ypaBHOBELIEHHOH JECATHUHON CH-
CTeMe CUHCJIEHHS.

10. Hdoxaxure, uto J1060€e HEHyJEeBOE 1IeJ0€e YUCIO0 HMEET eIMHCTBEHHOE
3HaKoIepeMeHHOe IBOMUHOE MPeCTaBJIeHHe

200 _ 9% 4 (—1)k2%,
rape op < ... < .
11. IlpencraBbre B «HerajecsiTHuHOH» cUcTeMe (T.€e. B CHCTEME C OTpHU-
uaresbHbIM ocHOBaHWeM —10) uncsa

(1234567890)9, —(1234567890)¢.

12%. 3anuuiute B (hakTOpHAJILHONH CUCTEME CUMCJIEHUS] UMCJIO € — OCHO-
BaHHe HATypaJsbHBIX JIOrapH(MOB.
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13. JlokaxuTe, UTO OCTATOK OT Ji€J€HUs TIPOM3BOJBLHOrO uKcsa Ha 9 pa-
BEH OCTaTKy OT JieJieHust Ha 9 cymMbl ero 1udp B 3anucH rno ocHosauuio 10.
Takoil xKe MpU3HaK NeJUMOCTH CMPaBeIJIUB U /sl yucsa 3.

14. OGo3HauUM CyMMy JIeCATHUHBIX LUMP uncaa a uepes vip(a). Haiinure

vio(vio(vio(4444*444))).

lenotl wacmoio ukcaIa X Ha3bIBAETCS TAKOE LIEJI0E YHCIO 1 = | X |, KOTO-
poe YIOBJIeTBOPSieT HepaBeHcTBaM 1 < x <n+ 1. /Ipobuoli wacmoero uuc-
Ja x HasblBaercs uucao {x}=x — |x]. Lenoe uucio m=[x] takoe, uro
m — 1 < x < m, HasbIBaeTcsl sepxHell yeaol wacmoro. HYucno

x| = min(x = [x], [x] =)

Ha3bIBaeTCsl paccmosnuem 0o bauscaiiuieco yeaoeo Ynucia, a camo 3To 1e-
Jioe uncsio o6o3Havaercst ((x)) B cayvae, ecau X # 1+ 1/2, T.e. He siBAsieTCst
noayyeavin. B nocnennem ciyuae QyHKuusi ((x)) ecTecTBEHHbIM 00pas3om
He oMnpejiesieHa, HO €€ MOXKHO JOOMpPENeJUTb, €CJH YTrOJHO, HArpUMep, pa-
BeHcTBOM ((12 + 1/2)) = nn. Haspanue ajist nocJiefiieil (pyHKUUKM He SIBJISIETCSI
OOLIENPUHSATBIM, BIIpOUeM, OOLIENPUHSATOTO Ha3BaHHs U HET.

Jlnist uesioit yactu B nocJienHee Bpemst (61aronapst kauram 1. Knyra u pac-
MPOCTPAHEHHIO U3NATEJLCKOH crcTeMbl TEX) BXOIUT B MOJy HA3BAHHE «I1OJI»
1 0603HaueHHe |X |, a BEPXHIOIO LEJYI0 YacTb BCE Yallle HA3bIBAIOT «IIOTOJ-
KoM» 1 06Go3HauatoT [x]. B crapoe Bpemsi Liesiyto yacTb Ha3blBaJM HHOT/A
(hpaHIy3CKUM TEPMHHOM «aHTbE».

15. [okaxuTte, 4To (yHKUHH {x}, ||X|| ME€PHOAUUHBI C HAUMEHBILIUM epPU-
OJIOM eJMHMIA U ToCTpoiiTe X rpaduku. [IpoBepbTe, uTo

[x]=—|—x], ((x))=1[2x]—|x] (npu x He mosyuesom),

[lx]l=1x = ((x))] (npu x He nwyuenom),
Il = min ({3, 1= ) = 5 = [t} = 5

16. Hokaxurte, uto |x +1/2]| = |2x| — [x], x|+ |y]+1>|x+y
z x| +ly),  O<[2e) =2[x) <1, [2x) + [20] = [x] + [y + [x + 4],
LLx)/n) = x/n].

17. Nokaxure, uto [x — 1/2]=[2x] —[x], [x|+[y]—-1<[x+y
<[el+lyl, 0<2f]—[2¢] <1, [20]+ 2y < [x]+ [yl + [x + 41,
[T]/n] = [x/n].

18. JlokaxuTe, 4TO MPH X HE MOJYLEIOM

= [+ 5] = [F5=]+ %57
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19. Bbipasutb KOJMUECTBO LIEJIbIX UHCEJ], HAXOAALIMXCSA HA MPOMEXKYTKE

a) (a, b] (1.e. ynoBneTBOpsIIOLMX HepaBeHCTBAM a < X < b);

6) (a, b) (T.e. ynOBJETBOPSIOLIMX HEPaBEeHCTBAM a < X < b),
yepes QPYHKLIUH «0JI» H «TOTOJOK>.

20. (Mak-2auc.) Ilyctb f(x) — HenpepblBHAsi CTPOro Bo3pacTarlias
Ha oTpeske [ dyukuus. Ecaun x jexut B /, To [ x| U [x] TOXKe JieKaT B 3TOM
OTpe3kKe.

Torna paBeHcTBa

LD =) v [H(xD] = [1(0)]

PaBHOCHJILHBI JIPYT JIPYTY U BBIMOJHAOTCS TOT/IA U TOJLKO TOTJIA, KOTIA PyHK-
uusi obJiafaeT CJeyolM CBOHCTBOM: ecid f(X) — Lesoe YHUCsao, TO U X —
TOXKE LEJI0e UUCIIO.

21. Jlokaxure, uto [\/n(n+ 1)(n+2)(n+3)] =n® + 3n.

22*. (B. Te6o.) [okaxure, uTo

Hl/n(n—kl) (rz+7)J:n2+7n+6,

B nasbHeiiiiem GyeM HCMOJIb30BATh CJeyIOLIHe CTaHAAPTHBIE 0603HaUe-
Husi: N — MHOXKECTBO HATYpaJibHbIX UMCeJl, Z — MHOXKECTBO 1IeJIbIX uncel, P —
MHO2KECTBO MPOCThIX unces, Q — MHOXKECTBO palMOHAJIbHBIX unces, R — MHO-
JKECTBO JIeHCTBUTENbHBIX ynces, C — MHOXKEeCTBO KOMIJIEKCHBIX ynces1 (0 Mo-
CJIeJIHUX NoiJeT peub B §4.3).

§ 1.2. HarypanabHble uuciaa

Onpenenenue 1. Ecau a —uenoe uncso, b — HaTypajibHOE UHCIIO,
TO HENOAHbIM YACIMHLIM § ¥ OCMAMKOM I OT JleJleHUsl YACJia @ Ha YnCIo b
Ha3bIBAIOTCS TAKUE llesible YHCJIa, UTO

a=bg+r nu 0<r<b.

Teopema 1. [aa 2106020 yeaoeo yucra a u HamyparbHo2o uucaa b
HenoaHoe uacmuoe u ocmamok om OereHuss a Ha b cyujecmsyiom
u onpedeseHovl 00HO3HAUHO.

Hokaszaresubctso. CylecTBoBaHHe HEMOJIHOTO YaCTHOTO H OCTaTKa
OYeBHIHO (Ha caMOM JieJie He COBCEM OUEBMJHO, HO Mbl B TaKH€ TOHKOCTH
BJABaThCs 37e€Ch He Oynem).

EMHCTBEHHOCTD JI0KA3bIBAETCSI OT NPOTHBHOrO. JOMyCTHM, uTO Cyllie-
CTBYIOT [Ba pasfioxkeHus: a =bq, +ry=bqgo+ro. Torma 0<|rj —rol <b
1 B TO Xe BpeMsi |1 —ro| =b - |q; — go| = b. O
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Onpepnenenue 2. Ecau r =0, o nutem b | a v roBopum, uto b — deau-
meav @ (WM UTO a JieauTes Ha b).

Jllo60e HaTypaJibHOE UMCJIO 1 UMEET JIBa TAaK Ha3blBaeMbIX HecoOCmeeH-
Holx deaumeas 1 v n (uncio n=1 umeer oauH aejutesb). OcrasibHbie
JICJIUTEJIM YHCJIa 1 HA3bIBAIOTCS COOCMBEHHbIMU.

Onpeaenenne 3. Eciu uncio, 6oJibliee eIUHULBI, HE HMEET COOCTBEH-
HbIX JIeJIUTeNEeH, TO OHO HA3bIBAETCS NPOCHIbIM.

Yucuo, umeroliee COOCTBEHHbIE JIEJIUTEH, HA3bIBAETCSI COCIMABHbIM.

Ennnunna — oco6oe uncsio. OHO He MPUUMCIISIETCS] HU K TEM, HU K JIPYTHM.

[IpuHUMIOM HaWMEHbLIEro UMCJa HA3bIBAETCS CJEylollee YTBep:Kie-
HUe: A1000e Henycmoe MHOICeCmB80 HAMYPAAbHOLX UYUCEA COOepiHCUm
HaumeHbvulee Yucao.

ITOT NPUHLIMI SKBUBAJIEHTEH PA3JIMUHBbIM BapHaHTAM MPHUHIIUNA MaTeMa-
THUECKOH MHIYKUWU (JaJiee TIPOCTO MHAYKUWM), HAPUMEDP TakoMy: ecjid A —
MHOXKECTBO HATYPaJIbHBIX UMCEJ, COJeprKalllee eIMHULLY (ITO TIPEINOooKeHHE
COOTBETCTBYET TaK Ha3blBaeMOl 6aze undyKyui), 1 BMECTE C KaX/IbIM UHC-
JIOM 1 cojepxkalliee cjeylollee 3a HUM UMco 7+ 1 (3T0 npeanoJsiokeHue
COOTBETCTBYET TaK HA3bIBAEMOMY waey UHOYKYUl), TO MHOXKeCTBO A cOB-
najaer ¢ MHOXKECTBOM BCex HaTypaJsibHbiX uuces N. [IpuHImn HHAyKIMY fasiee
Mbl TIPHHHMAEM 32 aKCHOMY.

YKkaxeM psil €ro npUMeHeHH.

Teopema 2. Jlioboe Hamypasvroe uucao, 6oavuiee eQUHULbL, PA3AA-
eaemces 8 npousgedenue NPOCMoLX Hucen.

JdokazatenbctBo. O6o3Hauum uepe3 A MHOXKECTBO BCeX TaKHX
HATypaJibHbIX YHCEJ /1, UTO UYMCJI0 71+ | passiaraercsi Ha MPOCTble MHO-
x)utesd. OueBuaHo, uto 1 mpuHALIeKUT MHOXKecTBY A — 6asza unOyxkuyuu
npoBepena. JlokaxkeM, UTO MOXKHO cjenath wiae unoyxyuu. I1ycTb MHO-
x)eetBo {1, ..., n} comepxurcs B MHOoxkectBe A. [lpoBepum, uto 1+ 1
coznepxurcsi B A. Ecain n + 1 — npocroe unciio, To 370 oueBuaHO. Ecou 11 + 1
He npocroe, T0 n+ |l =a-b, rne a, b —HarypasbHble uucaa, 1 <a, b < n.
Tak kak uucsa @, b npuHamiekat MHOXKeCTBY A, TO a=p;-po-...- Ps,
b=pst1-Ps+2 ... Pm, THE pi, i =1, ..., m,—npoctble uncaa. Toraa unc-
gon+l=a-b=p;-py-... - pm TOXKe NpUHALIEKUT MHOXKecTBY A. Illar
UHIYKIMK cienaH. CoryacHo npuHuuny unaykumu, A =N u, caenoBatesbHo,
TeopeMa JloKasaHa. d

Teopema 3 (EBkaun *). [Ipocmoix uucenr 6eckoneuHo MHOEO.

* Epkiun Anexcanppuiickuii (EVxAeldng, ok. 325—265 10 H.3.) — aHTHUHbII MaTeMaTHK,
aBTOp 3HAMEHUTOro TpakraTta «Hauasa», ObiBllero BceoOLIMM yueOHUKOM MaTeMaTHKH Ha Mpo-
TS2KEHHM MHOTHX cToJjieTHil. Teopema 3 coorBerctByer npeyoxkennio 20 u3 IX kuurn «Hauan».
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JHoxkasateabcTso. [IpeanonoxuM TNPOTHBHOE, a HWMEHHO, UTO
NPOCThIX YHCEJ — KOHEUHOe KOJIMUECTBO, U Py, P9 ..., Pn — BCE TAKHe UMcJIa.
Torna uucyo py - pg-...- pn + | He NEJUTCS HU HA OJIHO U3 THX UHCEJ, H 10—
3TOMY COIJIACHO TeopeMe 3 MUMeeT MPOCTOH Je/UTeNb, OTJIMUHBIH OT Jito60ro
u3 uncena p;, i =1, ..., n. [lporuBopeune. O

Teopema 4 (Taycc *). Jlwoboe wamyparvroe uduciro n>1 MoHHO
eduncmsennoln cnocobom npedcmasumo 6 sude n=pi' - ps*-...- p*t,
2de o — HamypaibHole YUcAd, A Py, P2, ..., Pn — HEKOMOPASL MOHOMOH-~
HO 803PACMAOWASL NOCALOOBAMEALHOCHLL NPOCIIBLY HILCEA.

JokaszateusnbcTBo. CyllecTBOBaHHE YKa3aHHOTO B (DOPMYJIHPOBKE
TEOpeMbl Pa3JI0KeHHs]

n=pitopy® e ppts pr<p2<..<pm

(HasbIBaeMOro jlajiee KQHOHUUECKUM PA3AOJNCCHUEM HA NPOCMble YUCAQ),
caenyer U3 Teopembl 2. ENMHCTBEHHOCTb JOKa)KeM HHAyKLMed mo n. ba-
3a (n=2) oueBunHa. VIHAYKUMOHHBIH TepexoJ OOGOCHOBBIBAETCS METO-
JIoM oT npotuBHoro. [lyctb uucna 2, ..., n— | oJHO3HAUHO paaJjaratorcst
Ha [MpOCTble, a UMCAO 71— HeT. MOXKHO CUMTaTh, UTO UHCJIO 7 UMeEeT
JBa  PA3/MUHBIX KAHOHHYECKHMX pasfiokKeHns n=pi'-....pxm=p;-P
u rz:qlﬁl . ...'qfk =g - Q, u, HanpuMmep, p| < ;. SlcHo, uTo @ > 1, uHaue
uueso gy = py' - ...- pgr He ObLIO OBl IPOCTBIM, WK G| ObLIO Gbl PABHO Pj,
a B 9TOM cJiydae 06a pasJsiozKeHusi Obl COBMAJIH, UEro He MOXKET ObITb.

PaccmoTpum Bce ocTasibHble BO3MOXKHbIE caydau. Ecan py = gy, T0O unc-
70 P paBHO @, MeHblIe 7 © MMeET JiBa PA3/IMUHBIX Pas/iokeHus pi'~
ce Pomn qlﬁ‘fl e q,fk , UTO BeJIeT K MPOTHBOPEUHIO.

Ecan ke p; < g, To npeacraBum uuciao n— p;Q B Buge (g — p1)Q
¥ 3aMETHM, UTO OHO G0JIbLlIe HyJIsl, MEHbLLE 77 U JJUTCS HA 1, TaK Kak npej-
craBuMo B BUae pi(P — Q). Ho 370 umcsio nMeeT nBa passiokeHus: rnepBoe
13 HUX MOJIy4aeTcst yMHOXKEHHEM Ha p| pas/oxKeHus yncaa P — @, a BTopoe —
YMHOXKEHHEM Ha () PAa3J/IOXKEHUS YHCsa p| — §j. DTH PA3JIOKEHUsT pasJinu-
Hbl, TaK KaK BTOPOE pasJioXKeHHe He COIEPKHT UMCJIO pi, Belb pi — g < pi,
aqgg>...>q; > p;. [losyueHHoe npoTHBOpeure U 10Ka3biBaeT Teopemy. [

Onpenenenue 4. Haubonrvuium obujum deaumenem Uesbix uucea a u b
HasbiBaercst HauboJbliee uncao HOJ(a, b), koTopoe nemvt a u b.

JIBa uncsia Ha3bIBAOTCS B3AUMMO NPOCHbIMIU, €CTH UX HAUOOJbILIHH 06-
LM JIeJIUTeNIb PABEH €JIUHUILIE.

* K.Tayce (Carl Friedrich Gauss, 1777—1855) — Be/inkuil HeMellKUil MaTeMaTHK, IPO3BaH-
HBIH ellle NPH 2KU3HH «KOPOJIEM MaTeMaTHKOB>.
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Ynpaxuenue 1. ITposepbre, utro HO(a, b) = HOd(a — bg, b) nna aio-
ObIX LesbiX @, b, q.

Onpepnenenue 5. Haumerowium obuum Kpamroim 1ebIX uucesg a u b
HasblBaeTcsl HauMeHbliee uucio HOK(a, b), kotopoe nequtcst Ha 06a 9THX
uucJa.

Jass HOJI u HOK npumensiiotest Takxke KpaTkue o6o3HaueHusi a, b
¥ [a, b].

Teopema 5. Hauboavwuii obuuti deaumens HOI(a, b) soipascaemces
yepes a u b nocpedcmsom gopmysor HO(a, b) =an + bm, ede n, m —
yeavle HUCAQ.

JlokasaTedabcTso. Pasgenum ¢ octatkoMm a Ha b:
a=bqg;+r

u 3amerum, uto HO/l(a, b) = HOJL(b, r|) v uncna a, b, r| npeicTaBuMbl B BU-
ne an + bm, tne n, m — uesble yncaa. J1edcTBUTEBHO,

a=1-a+0-b, b=0-a+1-b,
rn=a—qb=na+mb, n =1, m=-—q.
AHaJjiornuHo paszesium b Ha ry:
b=riqy+ry, HOJ(b, r1)=HOI(ry, ra)
U TIPEJCTaBUM Iy Kak
b—rigo=0b—qe(nja+mb)=—qonia+ (—qom, + 1)b = nea + msb,
ng=—qony, Mmy=—qgom;+ 1.
Hanee pasnenum ry Ha ro:
ry=reqs+rs,  HOI(ry, ro) = HOM(re, r3)
¥ MPEACTABUM I3 Kak
ry —reqs=nia+ mb — qs(nea + mob) = nga + msb,
ny=n, —qsfy, MmM3=mg —{gs3msy

1 T.1. OCTaTku r; NpU 3TOM YMEHbLIAIOTCS, 3HAUMT, MPOLIELypa OKOHUMTCS
3a KOHEUHOE YHCJIO LIaroB:

Tee1 = kGryt + Tegls  Thpl [ The TR = ey 1Grto.
3amerum, uto rpy1 = HO(a, b), Tak kak HO(rp, rps1) =rpey,

d =HOH(a, b) =rpy1 =npr1a + mpy b =na + mb. O
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O61iee unceao apudmMeTHUecKUX orepalui, 3aTpaueHHbIX Ha BblUHCJEHHE
HO/l(a, b), paBHo k+ 2, u elile 4k + 3 onepauun Hy>KHbI JJIsi HAXOXKJIEHUS
K03(PPULHEHTOB 1, M, Ha3blBaeMbIX HHOTAA KOappuyuenmamu besy *.

Merto, ¢ MOMOLLbIO KOTOPOTO TOJILKO UTO Obll HakleH HauOOJbLIHHA 06-
LIMH JIeJIUTe b, Ha3blBaeTcsl ajJropuTMoM EBK/NAA, TOUHee, pacuiupeHrHolm
areopummom Eskauda, Tak Kak 0ObIUHbIA aaroputM EBK/MAA He BbUKC-
JsieT KosdduurentoB bedy. DTo enBa JiM He caMblii W3BECTHBIH aJrOPUTM
B MaTeMaTHKe (Ie/lylliKa Bcex ajJropuTMoB, no cjoBam donanbaa Kuyra).

B kauecTBe NpH/IOXKEHUS] JOKA3AHHOH TEOPEMbl MOJYYHM CJIEIYIOLLy0
JieMMmy.

Jlemma 1. (i) Ecau yeavie uucaa a u b 83aummno npocmel u a deaum
npoussederue b Ha yeaoe uucao c, mo a deaum c.

(i) Ecau npoussedewue aj ... a, Oeaumcs Ha APOCHMIOE HYUCAO D,
mo xoms Ovl 00UH U3 e20 COMHOMNCUmMenetl a; 0eAumca Ha p.

HokasaTeJsabcTBso. Jlokaxkem neppoe yTBepxiaeHue. M3 npenbiay-
1Llell TeopeMbl CJlellyeT, uTo

an+bm=1.
YMHOKUB 06€ YacTH 3TOT0 PaBEHCTBA Ha ¢, MOJYyYHM PABEHCTBO
acn+ bmce =c.

OueBujiHo, uto a | acn, a | be, 3Haunr, a |bem v a|acn + bme =c.

Bropoe yTBep:K/ieHHe BbIBeIeM U3 11epBoro. MoKHO MPENoJN0KHUTb, UTO d;
He JIeJIMTCSl HA p TpH BCexX [ < m (MHaue Heuero JloKasbiBaTh). Tak Kak p —
MpOCTOE, TO 3TO 03HAUAET B3AUMHYIO IPOCTOTY p C JIIOOBIM UUCJIOM @}, | < 1.
[Tpumensisi m — | pa3 nepBoe yTBepK/IEHHE JIEMMbI, MOJyUaeM, UTO d,, Je-
JINTCS Ha p. a

Gameuanue l. ITyeMMy JIerKo TaKxKe 10Ka3aTh C NOMOLLBIO TOJIBKO
uTO Jl0Ka3aHHOMH Teopembl [aycca 00 0HO3HAUHOCTH Pa3JI0KEHHs Ha [IPOCThIe
MHOKUTEH (Ha3blBaeMOH MHOTa OCHOBHOH TeopeMol apumeruku). OaHako
He MPHUHATO BbIBOAUTH JIETKHE TEOPEMbl U3 TPYAHbIX, H Mbl, ONHUPAsiCh HA yNo-
MSHYTYIO JIEMMY, TOJIyUHM Jpyroe A0KasaTeJqbCTBO TeopeMbl [aycca (ObITb
MOKeT, 6oJjiee MPOCTOE, YeM MpPUBEJEHHOE paHblle) Tak:Ke METOJIOM MaTte-
MaTHYECKOH MHAYKLHH.

[1peanosio:kum, uTo Mbl 0Ka3ajd TeopeMy Ui BCEX UMCEJ, MEHbIIUX 1.
[lyctb n=q{" - q5* - ... q;"" — KaHOHMUECKOE Pa3/io}KeHHe Ha MPOCThle MHO-
Kutesu. JlokaxkeM, UTo 3TO pasJioxKeHue eIMHCTBEHHO.

* 9. besy (Etienne Bezout, 1730—1783) — dpaniysckuii MatemaTHK, uiet [lapuxckoit aka-
JIeMHH HayK.
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[pennosioxkuM MpOTHBHOE, @ UMEHHO, YTO CYLIECTBYET WHOE KAHOHHYE-
CKOe pasJioyKeHHe 1 Ha MPOCTble MHOXKUTEJH: 1 = plﬁ‘ . pg2 Caes pS’B‘*‘. Moxk-
HO TPENroJIoKUTh (Kak ToBOpsT, 6e3 orpaHuueHHsi OOLIHOCTH) TaKxKe, UTO
p1 = q. Tak KaK | IeJuT #1, TO COTJIACHO JieMMe | YHCJIO ¢ JeJIUT HEKOTOpoe
UUCJIO p;, @ 3HAUMT, ¢ = p; (B CUJIy IPOCTOTHI 3THX unces1). BBy MOHOTOH-
HOW YMOPSIIOUEHHOCTH TOCJIEN0BATEbHOCTH p; U HEPABEHCTBA pP| = | 3TO
BO3MOXKHO JIULIb IpU py = g1. OTCloaa Clieflyer, uto

a;—1 [e) o _ _ Bl B2 Bs
gy T gyt g =n/qi=n/pi=p)"" - pye..- p,
n HOSTOMy COrJiaCHO Hpeﬂ,HOJlO)KEHI/IIO MHﬂyKuMH 9TH pamomenm COoBIIagaroT.
3HauuT, COBMAJAIOT M MCXOJIHbIE Pas/iokKeHus ¢ -...- g7 u plﬁ‘ Cale psﬂs,
YTO BeIET K npomaopeql/l}o.

CrenaeM elle HECKOJIBKO 3aMeyaHuil K aAJITOPUTMY EBknna.

Sameuanue 2. [locsenopatesbHoCTh KO3(D(MUIIMEHTOB my, ..., My
MOXKHO He BBIUMCJIITb, CIKOHOMMB TakKUM 00pasoM 2k — 2 onepaupuu, Tak
KaK HYXKHbII HaM KO3(D(UUMEHT #1 =Mk, | MOXKHO HAWTH W3 paBEHCTBA
na + mb =HO]I(a, b) ¢ NOMOLLIbLIO BCEro JIMIIb TPEX JOMOJHUTEIbHBIX Ofe-
pauui.

Sameuanune 3. Tak Kak nymo — nom; =qoq; + 1 — gog, =1,
Nip1 =Ni—1 — Giv1 Ny, Mg =M — iy 1M,
BBLIBOJIUM 10 MHJYKLIMH, UTO

MMy — Mgy = (M — Gip1 M) — (i — Giy11)m; =
=m;_1n; —n—\m; = (—l)iH,
otKyza caenyert, uto Bcerna HOJ(n;, m;) = 1.
[To MHIYKLMK TaKxKe JIErKO MPOBEPHUTD, UTO MOCJEI0BATEILHOCTH 1; W M;
00e 3HaKoIepeMeHHble W CTPOro BO3pacTaiollile 1Mo aGCOJIOTHOH BeJHUMHE.
Sameuanue 4. Ecau BHIMOJHHTbL €llle OJMH LIAT aJropuT™Ma I =
= Ika1Gkr2, TO TIOJYUUM

fk+2:O:Na+Mb, NZflk—qurQﬂ, M:mk—quer,

u tak kKak HOJII(N, M) =1, HO(a/d, b/d) = 1, 3nauur, uncio Na = —Mb
JleuTest M Ha a, W Ha b, a Ttak kak Na/d =—-Mb/d, o N kpatho b/d
u b/d xpario N, otkyma N =+b/d, w aunamornuno M =+a/d, 3na-
unt, Na = —Mb =+ab/d =+ HOK(a, b). Takum 06pa3om, paciivpeHHbIH
anroput™ EBKJIMIA BBIUKC/ISIET TaKXKe M HauMeHbliee o0liee KpaTHoe, a Ko-
ahupentsl besy ynoBjaeTBOpsOT HepaBeHCTBAM

In| <b/ HOM(a, b), |m|<a/ HOJl(a, b).
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3anauu v ynpakHeHus kK § 1.2

1. Jlaiite noapo6Hoe 060CHOBaHUE PACCYKIEHUH U3 3aMeuaHuil B KOHLE
JIOKa3aTesIbCTBA TeOPEMbI D.

Wnorna koaghdpuyuenmanu besy HasbiBalOT JoOble Lieble 1, 1, JJs
KoTopbIX (a, b) =na + mb.

2%, Jlokaxkute cyllecTBoBaHUe Ko3(duuneHToB besy 6e3 ucnonb3oBatus
agqroput™a EBkanpa.

3. Koadduumentsl Besy onpejeneHbl HeoHO3HAYHO. YKaKUTe CHocob,
KaK 10 H3BECTHOH nape kosdduurenToB besy Halinure Bce ocTasbHble TaKHe
napbl.

3anaua noucka kosphuieHToB bedy — 3To He UTO HHOE, KaK 3aj1aua o pe-
LIEHUH JIMHEHHOTO YPABHEHHUS C JIByMsl HEM3BECTHBIMU B 1I€JIbIX UMCJIAX.

4%, Jlokaxkure, uTo CyllecTByIOT KoshduimenTtsl beay, yiosiersopsitoiiye
Wi HepaBeHCTBY |n|<b/2-(a,b), win HepaseHcTBy |m|<a/2-(a,b).

5. BoiBenuTe U3 TeopeMbl 5 Cieylole YTBEPXKIEHHS:

e 7] « . .
a) ecoim |ai|=p, " - pn", ;;=0,i=1,...,n, j=1,...,m, 10
(al,...,a,l):pfjl... ;?l”’, lat, ..., an)=p]" ...pr,

rae ﬂ] = miin{al-j}, Vi = miax{a,-j};

0) [a, b] - (a, by=a-b;

B) ecan ¢ |ab u (¢, a)=1, 10 ¢ | b;

r) eca (a, b) = 1, To ypaBHeHHe ax + by = | paspelinMo B LieJIbIX UHCIaX;

) YpaBHEHHE QX + ...+ QpXy =b pa3pemiiMo B LEeJbIX YHCJIaxX TOraa
¥ TOJILKO TOTJa, Koraa (ay, ..., a,) JAeJut b; b

e) ecau k — oOui renresb a u b, to (a, b) = k(%, E)'

6. JlokakuTe, UTO OCTATOK OT JieJIeHUsI IPOU3BOJILHOTO uncsia Ha 99 paBeH
ocraTky ot JesieHusi Ha 99 cymmbl ero uudp B 3anucu no ocHoBanuio 100.
Tako#i »Ke NpU3HaK 1eJHMOCTH CIIpaBeJIMB WU WISl yucsa 33.

Hanpumep, ocratox or nenenus uucaa 1111111 na 33 paBen ocraTtky
or penenusi upcaa 1 + 11+ 11+ 11 =34 na 33, 1.e. 1.

7. Jlokaxkurte, UTO OCTATOK OT jieJieHUsl TPOU3BOJILHOTO uKcJia Ha 37 paBeH
OCTaTKy OT JiesieHusi Ha 37 cymMbl ero 1udp B 3anucu no ocHoBanuio 1000.

Hanpumep, ocratox ot nenenust uucaa 1111111 na 37 paBen ocraTtky
oT jejienHust ubcaa 1 + 1114+ 111 =223 na 37, 1.e. 1.

8. Kakum anem nenenu 6yner 1 suBapsi 2101 roga?

9. JlokaxkuTe, UTO OCTATOK OT JieJieHUsl IPOU3BOJILHOTO uKcia Ha 11 paBen
OCTaTKy OT JeJieHusl Ha 11 3HaKomepeMeHHOH CyMMbl ero uugp B AeCATHUHOH
3aIMuCcH, B KOTOPOH UMCJIO eIMHUL, 6epeTcsi CO 3HAKOM IJII0C.

2 Taukon
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Hanpumep, ocratok ot nenenus uucia [111111 na 11 paBen ocraTky
oT geneHust umena 1 —14+1—14+1—14+1=1mnall, T.e. onsaro 1.

10. lokaxkuTe, UTO OCTATOK OT JieJieHHs TPOU3BoJibHOTO uncsia Ha 101 pa-
BeH ocTaTKy ot jiesieHus Ha 101 3HaKornepeMeHHOH CyMMbI €ro LUMGp B 3amicu
no ocHoBanuio 100. Jlokakute aHaJOrMUHbIN NPU3HAK JeJuMocTH Ha 7 1 13.

[1puBeneHHble Bbillle MPU3HAKH JIEJIMMOCTH SIBJSIOTCSI HaubGoJiee 4acTo
NpPUMEHsIEMbIMU YACTHBIMU CJyuasiMu npusnaxka deaumocmu [lackais.

11. Haiigure octatku oT JeJieHUsl 4ucda, 3alucbiBaeMoro 43 equHULIAMH,
Ha 3, 7, 11, 13, 37.

12. Haiinure ocrtatku OT meseHust yucda, sanucoiaemoro 1 111 111 emqu-
Huuamu, Ha 3, 7,9, 11, 13, 37.

13. Haiigure octatok oT aesenunsi uucga 444444 ya 99,

O6o03Hauum uepe3 a mod m 0CTATOK OT JieJieHUsI a Ha /1.

14. lokaxute, uto @ mod m =a — m|a/m|.

15. (KoppekTHOCTb oOmpeneseHnst MOAYJsIPHBIX omnepauuit.) Jlokaxkure,
4TOo JJIs1 JMIOOBIX LeJbIX @, b

((@ mod n) 4+ (b mod n)) mod n = (a + b) mod n,
(a mod n)(b mod n) mod n=ab mod n.

16. (CoueraTesibHbIN 3aKOH JIJIs MOJIYJISIPHBIX ornepauuii.) Jlokaxure, uto
JUIsT JIIOOBIX LEJBIX @, b, ¢

((@a + b) mod n+ ¢ mod n) mod n=(a+ b + ¢) mod n,
(ab mod n)(c mod n) mod n = abc mod n.

17. (MonynsipHoe BblunTanue.) JlokaxkuTe, 4To j/st JOOBIX 1ebIX a, b

((a mod n) — (b mod n)) mod n = (a — b) mod n,
((a — b) mod n + (b mod n)) mod n =a mod n.

18. (Popmyna laycca ayis nacxanuu.) s Bbluucaenust aatbl [lacxu
B N -M roly HaJlo c/iesiaTh CJIe/ylolHe BbIUMCEHHS:

a=Nmod19, b=Nmod4, c¢=Nmod7, m=15 n==o,
d =(19a + m) mod 30, e=(2b+4c+6d +n) mod 7.

Haiinem uncio 22 4+ d + e. Hatoii [Tacxu 6yner (22 + d + e)-e mapra, eciiu
3T0 unco MeHblie 31, unave [lacxa 6yner (d + e — 9)-ro anpeJsi.

Korna 6yner [Tacxa B cienyiouiem yueGHOM Tojy?

19. Ilokaxute, uto p, < 22" e pPn — N-€ M0 BeJIMUMHE TIPOCTOE YHCJIO.

20%*. JlokaxkuTe, UTO MPOCTbIX uuces Bujaa a) 4k —1; 6) 6k — | Gecko-
HEUHO MHOTO.

21*. JlokaxuTe, 4To Jyist Jil06OTO 7 HANAYTCsl 1 MOAPSIJL MIYLIMX YUCe,
CpPe/IM KOTOPbIX a) HET MPOCThIX; 6) POBHO OJHO TPOCTOE.
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22. Yucso Buna 4k + 1 HazoBeM ncesdonpocmoim, eciii OHO He pasJja-
raercsi B [POU3BeJIEHHE UMCEJ TaKOro »Ke BUJa, OTJHUHBIX oT 1. JlokaxkuTe,
uTo JiIo60e uncso Buja 4k + | pasnaraercs B mpou3Be/ieHHe MCEBIONPOCTIX.

[1poBeputhb, uto unco 693 vMeer Ba pa3/HUHbIX PA3JIOKEHHS HA TCEB-
JIOTIPOCTHIE.

23. Ilycrb a, n — HaTypasibHble uncaa. Jlokaxure, uto ecan a” — 1 npo-
cToe, To @ = 2 u n npoctoe. [IpoBepuTh, uto 27 — 1 He Bcerna OyneT MPOCTHIM,
ecsin p —npoctoe. [1pocTble Buna 2”7 — 1 Ha3bIBAIOTCS 1POCHbIMU HUCAAMU
Mepcenna *.

24. Jloxkaxure, uto ecyu 2" 4+ 1 npocToe, To 1 — CTeNeHb JBOUKH.

25. Uucna [, = 2% + | naseiBatores uuciamu depma **. Iepsbie ueThl-
pe M3 HUX — MpoCThie, HO yxKe 2%2 + 1 — net. JlokakuTe 3T0, MOJIb3YsACH TeM,
uro 641 =5* 424 =5.27 + | nenur uncna 5 - 228 4 24.9228 y 54.9228 _ |

26%. Jlokaxute, uto ([, [») =1 npu n # m. BeiBeaure oTcroja, uto npo-
CTbIX udces 6ECKOHEUHO MHOTO.

27*. Jloka)kurte, 4TO B MocJieoBarejnbHocTH 2" — 3

a) 6eCKOHEUHO MHOIO 4YMCeJ, JIeJsIuXes Ha 5,

6) GeCKOHEUHO MHOTO uuced1, aessiiuxcs Ha 13;

B) HET uuceJ, jejsiiuxesi Ha 5 - 13;

r) 6€CKOHEUHO MHOTO MOMAapHO B3aUMHO MPOCTHIX UUCEJI.

28. Jloxkaxkure, UTo He BCE HATypaJibHbIe UMCJIa TIPEJICTABUMbI B BUJIE CyM-
Mbl @) Tpex KBaJpartoB; 6) Tpex KyOOB 1le/bIX YHCEJI.

YkasaHnue Vcnonb3oBaTh NPU3HAKK A€JUMOCTH HA 8 W Ha 9.

29. (Dparocen **#*.) Jlokaxkure, uTo s COCTABHOTO # HaMMEHbIIHH
MPOCTOH JIEJIUTE/Ib HE MTPEBOCXOMUT /1.

§ 1.3. Aaroputm EBkauaa v uenHoie 1poou

CBo¥ 3HAMEHUTBIN aJropuT™ **** EBKjI NpuyMad Jyist pellieHust 3a1auu
0 cousmepumocmu JAByX OTPe3KOB.

* M. Mepcenn (Marin Mersenne, 1588—1648) — monax u3 opjieHa MHHOPHTOB, KOTOPOMY
nUcaJfu micbMa o cBoux oTkpbiTusax Pepma, lekapr u [Tackanb. B ycoBHsAX 0TCyTCTBHSA HayUHBIX
JKypHAJIOB Uepe3 Hero OHM y3HaBaulk O JOCTHKEHHSIX CBOHMX KOJIJIET.

** 1. Pepma (Pierre de Fermat, 1601—1665) — Besnkuii dhpaHiy3ckuii MaTeMaTK. Bbla co-

BETHMKOM MNapJsiameHTa B TyJyse.

**% Dparochen Kupenckuit (Epatoocfevng, 276—194 10 H.3.) — BblAaOLIMIICS JpeBHerpeye-
CKMIl MaTeMaTuk U reorpad.
##E% CaM OH CBOF METOJl aJrOPUTMOM, KOHEUHO, He Ha3blBaJj, TEPMHH 3TOT CTaJ [OMyJsipeH
103/IHee U MPOUCXOJUT OT HcKaxKeHHst uMeHH Asib Xopeamu (AGy AGnanna Myxammern 6en Myca
anb Majukyen, 787—850), kusliero B Xope3Me BbIIAIOLIEr0Cs MaTeMaTHKa, Ha3BaHHEe OJIHON
13 KHUT Kotoporo (Kutab myxracap anb-mke6p Ba-j-Mykabasa) 1ano uMs aareope.
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Obujeii mepoti 0TPe3KOB C AJUHAMH [| U [o HA3bIBaeTCH TAKOH OTPE30K
JUIMHBI [, KOTOPBIH MOXKHO YJIOXKUTb 0€3 0CTaTKa Kak B NIepBOM oTpe3ke (oue-
BUJIHO, POBHO /1 /[ pa3), Tak U BO BTOPOM (COOTBETCTBEHHO o/l pas).

B reomerprueckux TepMHHAX aJrOPUTM MOXKHO ONHCATb CJELyIOLHM 00-
pasoMm. MeHblMil 0Tpe3oK [o yKJaabiBaeTcss B 00JblieM [ MaKCHMaJsbHO
BO3MOXKHOE UHCJIO, CKaXKeM @, Pa3, MocJje Uero OCTaeTcsl OTPE30K UIMHbI
[y — ayly, KoTopyto o6o3HauuM [3 (Ha ajreGpauueckoMm si3bIKe 3TO Ha3blBa-
etcsi deaenuem ¢ ocmamrkom). OTpe3ok [3 yKJIaJbIBAETCs, CKaXKeM, do pa3
B oTpe3ke [y U MoJiyyaercst B octaTke oTpe3ok /4. [ToTom oTpe3ok [y ykaabi-
BaeTcsl @3 pas B OTpe3Ke /3 U MoJydaeTcst B OCTaTKe OTPe30K /5 U T. L.

Kcrary, cam EBKJIMA MHIYKLIKIO HE TIPOBOJIMJL, @ TOBTOPHJI 1LIAT aJrOPUTMA
TPH pasa, U Mbl TOXKe MocJelyeM eMy B 3TOM. PafoTy ajiroputM 3akaHUWBaeT
Ha TOM Llare, CKaxKeM ¢ HOMEPOM &, KOTJ1a MOJyUeHHbIH Ha MpeblAylIeM Liare
OTPe30K lpy1 YKJIaubiBaeTcsi Ha oTpeske [, poBHO ap =1/l pas. Torna
B KauecTBe 00Leld Mepbl [ OTpe3KoB [ U [y GepeTcsi 0TPe3oK lpy .

B coBpeMeHHO TepPMUHOJIOTHH JITHHY OTpe3Ka /i1 | — 00lllell Mepbl OTpe3-
KOB /| W [y — HaszbIBalOT Haubosbuium obwum deaumenem [y v ly u 0603Ha-
uaiot (I, [9).

Pa6ory aqreopumma Esxauda MOXKHO NPEACTaBUTb TaKKe CJELYIOLLIUM
o6pa3oM: B MPsIMOYTOJIbHUK pa3mepamu [ X lo yK/iajblBaeM a; KBaJapaToB
pasmepa lo X o, B OCTABLIWIACS NPSIMOYrOJIbHUK pa3Mepamu [y X [3 yKJajibl-
BaeM Q9 KBAJpaToB pa3Mepa [z X [3 U Tak jajee, MoKa He MOKPOEM MPSMO-
YroJibHUK pa3mepa [| X lo KBajipaTaMu R pa3HbiX pa3MepoB B 06L1eM KoJiue-
CTBe a| + ...+ ap WTYK.

3ameTum, UTO €cJ/ii B 1polecce NpUMeHeHus ajaroputMa EBkauaa K uuc-
qam [ v [y B pe3yJibTaTe Moc/e10BaTeNbHbIX JIeJIeHHH C 0CTAaTKOM MOJydaeTcst
MOCJ/IEIOBATENLHOCTD YACTHBIX Ay, ..., A, TO APpOOL [1/ly paBHA Tak Ha3bBa-
eMOH yenHoi (MHOTIa TOBOPAT — HenpepoieHotli) dpobu

1

a) +
1612Jr

+ I
ap_| +E

Ynpaxuenue 2. Jlokaxure 3T0, IPOBEPSIs OCJAEIOBATEbHO, UTO

lit 1 -
:a+ y l:k—l,...,l.
li ! Cl[+1+ )
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[TosTomy 5icHO, UTO MPOU3BOJIbLHYIO (KaK MPaBUJIbHYIO, TAK H HEMPaBHJIb-
HYI0) MOJIOXKUTE/NbHYIO IPOOb MOXKHO MPEACTABUTb B BMAE LIEMHOH APOOH
C HaTypaJibHbIMKU 3JIeMEHTaMH a;, 8 UMEHHO

a; + ,
1a2+

+ I
ap_| +£

rae Bo3aMoxkHo a = 0.

@ 3anuck uucsaa B BUIE LeNHOH ApoOH HeOJHO3HAUHA, TaK KaK

1 1
T
a,— 1+ —
1
UroO6bl ceaTh ee 0JHO3HAUHOM, Jlajiee UCMOJb3YeM TOJIBKO 3aMUCh, B KOTO-
poil MocJ/IeIHUI dJIeMeHT ay # 1.
Bynem ncrosb3oBaTh TakKe COKPAUEHHYIO 3ANUCH YenHOU Opodu:

C o0ObsiBieHHEM OJIHO3HAYHOCTH 3aluCH 4ucJa B BHUJE LENHOH ﬂp06l/l MbI
IIOTOPOMNUJINCH, TaK KakK MO2>KHO pacCMaTpuUBaTb LEIMHbIE LLpO6I/l C HeleJIbl-
MU 3jeMeHTamu. Ho JLIA le06eﬁ C HaTypaJibHbIMH 3JIEMEHTaMW 3TO BEPHO:
[IeflCTBHTeJ]bHO, U3 paBeHCTBa

l—l—a +
127 : Ll2+

+ 1
ak,1+a

CJIEJy€T, UTO @] PaBHO LEeNOH uacTh apobu 1 /ly, Tak Kak Apo6hb

as +
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OYEBHJIHO MeHbllie 1, U 03TOMY orpeje/sieTcsi ojHo3HauHo. OTClo/a Cllelyer,

uTo U ApoOb
1
as +

as +

* I
Af—1 +a

onpesiesisieTcsl 0AHO3HAUHO; aHAJIOTHUHBIM 06Pa30M M0JIyuaeM, UTo SJIEMEHT do

ONpeJIe/IsieTCsl 0JIHO3HAUHO, W T. /L.

@ Asroputm EBksnzia 3akaHunBaer paGoTy He BCeria, a Juilb Korja
OTpesku /| W [y coM3MepuMbl, T.e. Korja oTHolienue [/l — patmo-

HaJIbHOE UMCJIO, M TOJIBKO B 3TOM CJlyuae COOTBETCTBYylOLAst LierHasi ApoOb

OyleT KOHEUHOH.

Onpepnenenue 6. Eciu oTpe3kH HECOU3MEPHUMbI, TO UMCJO, PABHOE OT-
HOLUEHHIO UX JUIMH, HA3bIBAETCSl UPPAYUOHANOHBIM YIULCAOM.

B 3tom cayuae anropurm EBkiunga Gyner paGotaTh GECKOHEUHO, W TOT/A
BO3HUKHET OecKoHeuHas yenuas opobs.

Ynpaxuenue 3. a) [Ipumenure anroputm EBknuaa aisi npoBepKn COU3-
MEPUMOCTH OCHOBaHHSI U GOKOBOH CTOPOHbI paBHOGENPEHHOTO TPEYroJibHUKA
C yrJioM 72° npu OCHOBAHHU U [POBEPHLTE, UTO aJrOpUTM GyjleT paboTaTh Gec-
KOHEUYHO W MOPOJUT GECKOHEUHYI0 LeNHyo Apobb

1+ :
1+
1
T
6) Haiinure reomerpuueckd, yeMy paBHO OTHOlLEHHe GOKOBOH CTOPOHbI

K OCHOBaHHWIO B 3TOM TpPEYIroJibHUKE, U JOKaKUTe €ro HppauruoHaJIbHOCTD,
HE M0JIb3YysiICb aJITOPUTMOM EBKJII/IZ[a.

Jasiee viHorA yn0GHEe 3J1EMEHThI LIEMHOK JPOOH HyMepoBaTh, HAuWHasi
¢ ag. Llennyio npo6b

ap +

ay +
+
ap_1+—
n—1 an
MOXKHO paccMaTpHuBaTh C MMPOU3BOJIbHBIMH, @ HE TOJIbKO HATypaJsbHbIMH 3Jie-
MeHTaMH. Ec/iM BBINOJIHUTL BCe NEHCTBHs, yKa3aHHble B Hel, TO ee MOXKHO
npeo6pa3oBaTh B 0ObIKHOBEHHYIO JPOOb.
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Onpenenenue 7. BoipaxkeHue qucaumens i 3Hameramens npeodpa-

30BaHHOM Jpo6H uepes ay, ay, ..., 4, 0603HAUUM [aq, ..., .| ¥ [ay, ..., a,].
Bruipaxenue [ao, ..., a,] npeacrasisier u3 ce0si MHOrOWIEH C NepeMeH-
HBIMH @, ..., y.

Ynpaxnenue 4. HenocpencTseHHo NpoBepbTe, UTO
lao, ..., as] =aolay, ..., a,] + |ag, ..., a].
MoxKHO cunTaTh, UTO 3TO PABEHCTBO CHPABEAINBO U NPH 11 = 1, ecsin nocJes-
Hell cKoOKe B 3TOM CJ/lyuae Npunucatb 3HaueHue 1.
[Ipumensis anroputm EBKJMIA K UMCAUTEIO U 3HAMEHATEJI0 APOOH
[ag, ..., an]
la, ..., an]’
rJle UMcsIa @; — HaTypaJibHble, 3aMeuaeM, UTO OHA HECOKPATHMa, TaK KakK B pe-

3yJibTaTe ero paboThl MoJydaeTcsl Kak pa3 LenHas Apo6b
1

ap +
0 a1+.
+
anfl“'a

([a07 Ty afl]v [a17 ceey aﬂ]) = ([aﬂ—lv arl]v [aﬂ]) = ([aﬂ]v l) = 1

Co BpemeH EBKJMIa MPUyMaHO HEMAJIO HOBBIX BAPHAHTOB €r0 aJropuTMa,
B OCHOBHOM C LI&JIbl0 YyCKOpeHHs1 paGoThl. OMnullieM HEKOTOPbIE H3 HUX.

Obobujennolli areopumm Eskauda onpenensieT MocCaeloBaTeNbHOCTD
BbIUMCJIEHUH BUJA

a=>bqy +eory, b=roqz+esrs, ro=r3qy+esry, ...,
Tk—3="Trp—2Gr—1 + Ep—1Tk—1, Th—1="TrGk,
rae
g==x1, O0<ri<ri_y, iz=1, b=r, a=ry.

Uucsno & — 1 HazoBeMm ero auHo#. Kak v B oObluHOM ajiroputMe EBKJMA,
(a, b) =rp.

Aneopummon Eskauda ¢ 86l60pOM MUHUMANLHOEO HO MOOYAKO

ocmamka HasbiBaeTcsl 00001leHHbIH anropuT™M EBK/IWIA, B KOTOPOM Bceraa
2r; <ri—1, T.€. HA K&KIOM L1are U3 JBYX BO3MOXKHbIX BAPHAHTOB JleJIeHHs]

fico=ri—1qi—1+r;, rtae 0<r;<ri_y,

ricg=ri—i(qi—1 + 1) = (ri-y — 1)

BbIOUPAEM TOT, NIPH KOTOPOM MOJIy4aeTcsl MUHUMAJIbHbIHA 10 abCOJIIOTHOH Be-
JIMUMHE OCTATOK (€C/IM OHM PaBHbI N0 MO0, TO 6epeM JI0OOH U3 HUX).
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YnpaxHenue 5. a) Ecaimu n o quHbl T0 (1, v) =2(/2, v/2);
6) ecJid 1 UeTHO, a U HeueTHo, To (u, v) = (i/2, U)
B) €CJIM i U U HEUETHBI, TO 4 — U YETHO,

|u —v| <max (u, v), (4, v)=(lu—ovl|, min (4, v)).

AJITOpUTM, OCHOBAHHBIH HA 3THX YTBEPXKJEHUSX, HA3bIBAETCS OUMADHOIM
sapuanmom areopumma Eexauda. Kak BbISICHHIOCH, ITOT BapHAHT aJiro-
putMa EBksnpa 6bu1 u3Bected B [{peBiem Kurae (Ho o6bluHOrO BapuaHTa Tam
He 3HaJIM).

3angauu v ynpaxkHenus kK § 1.3

n—+6
n+7
HecoKpaTuMa Mpu BCex ueﬂux n.

1. ﬂpH KaKHX LIeJIbIX 1 szo6b >
2ln+4

14n+3

2. Ha wmuiannmerpoBoii Gymare HapHUCOBaH TMPSIMOYrOJbHUK pa3MepoM
a X b Tak, uTo CTOPOHbI €ro WJYT MO JIMHUSIM ceTKU. Ha kakoe uucJio uacreit
JIEJISIT y3JIbl CETKU €ro JIUaroHaJb?

HecokpaTtuma? J{okaxure, uto 1po6b

3. OT HapHCOBAHHOIO MPSIMOYrOJIbHHKA OTPE3aI0T HECKOJbKO KBaipaToB
CO CTOPOHOK b 10 Tex MOop, MOKa He OCTAHeTCsl NPSIMOYTOJbHHUK C LUHPHHOM
MeHblle b, H C HUM [OCTYIAIOT TOUHO TaK »Ke, MOKa He TOJIyYHTCS TPSIMO-
YIOJIbHHK, KOTOPbIH LEJHKOM paspesaercst Ha KBaiapaTbl. [IpuBeaure npumep
NPSIMOYTOJIbHAKA @ X b, KOTOPBIHA paspe3aercsi POBHO Ha 1 KBajpaToB.

4. Tlycrb (m, 360) =1, 1 < m < 360. JlokaxkuTe, 4TO C MOMOLIbIO OJHOTO
LHPKYJIsS MOXKHO PasieJIuTh YroJi B /71 TPajlyCoB Ha 1 DaBHBIX YacTei.

5. Ilpumenure GUHAPHBIN AJITOPUTM JIIsT IOKA3ATEIbCTBA PABEHCTBA

2™ —1,2" —1)=2mm _ |,

6. Jlokaxkute, uto npu Jio6om uejsom a # 1 umeem (@™ —1,a" —1)=
=qlmm — 1.

7. JloKaxKuTe MPpaLMOHAJbHOCTb KBAAPAaTHOIO KOPHsSI W3 J10OOro HaTty-
paJIbHOTO UMCJIa, HEe SIBJSIOLIErOCs MOJIHBIM KBAJpaToM (T.e. KBajpaToOM Ha-
TypaJIbHOTO UYHCJIa).

8. Ilpumenure asroput™m EBkimupa s 10KasaTesqbCTBAa  OTKPBITOMH,
no mnpenanuio, Ilucaropom HecoM3MepHMOCTH AMAroHajJu KBajpaTa C €ro
CTOPOHOM.

9. Paszsioxkute v/2 B LenHyto 1po0b.
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10. (Ditnep *.) [lokaxkuTe HHAYKLHMEN M0 71, UTO BbIpaxKeHHe (Ha3blBaeMoe
UHOTJIA KOKMUHYAHMOM, WK cKoOKamu Jtirepa)

[aog, ..., a4]

MO2KHO TMOJIYUUTh CJeylolnM o6pa3oM: GepeM Mpou3Be/leHHe BCEX dJeMeH-
TOB, 3aTeM BCEBO3MOKHbIE MPOU3BENEHHUS, KOTOPble MOXKHO TMOJIyUHTh, OIy-
CTHUB KaKylo-HUOY/Ib Mapy COCEIHUX 3JEMEHTOB, 3aTeM U3 ITHX MPOU3BEIEHHUN
noJiyuaeM HOBble, BbIGpAChIBasi IPOU3BOJIbHLIM 06PA30M Maphl COCEAHUX Jie-
MEHTOB, U TaK jlaJjiee, U, HAKOHEll, CyYMMHPYeM BCe pa3JjiMuHble U3 TOJyUYUB-
LIMXCS TPOU3Be/ieHnH (ecsiu 71+ | UeTHO, TO Ha MocJie/IHeM Liare MoJydyaeTcs
«IyCTOE» MPOU3BEJIeHHEe, He cojlepaKalilee BOOOIle COMHOXKUTEJIEN; KaK NpH-
HSITO, €r0 3HAUEHHEe MO ONpeieIeHHIO NoJaraeM paBHbIM 1).

11. Hokaxwure, uto [ay, ..., @] = [an, --., @o], T.€. Ip1 U3MEHEHUHU TIO-
psijiIka 3JIEMEHTOB Ha MPOTUBOIMOJIOXKHBIH UUCJUTE/Ib JPOOU HE MEHSIETCSI.
12. Hoxkaxure, uto [ay, ..., ay] =aylao, ---, an—1] + [ao, ---, an_2].

Onpenenenue 8. IlpoGb, 06pa3oBaHHAs NEPBbIMU £ 3Ta)KaMu, Ha3biBa-
ercsl k-1 nodxodaweti dpobsro 11 UCXoaHOH apobu. Ee BesqrunHa uobpa-

. ag, ..., a
»Kaercst 0ObIKHOBEHHOH APOOBIO H, KOTOPYIO JIJ/IS KPATKOCTH Jlajiee
IR
o6o3HauaeM pp/qp.
Apaiy vy A
Onpenenenue 9. Jlpo6b M Ha3bIBaeTcss k-M ocrmamrkom
U ob6o3Havaercs 1y aryo, ..., an]
ag, ..., a ag, ..., Ap, T
13. TIpoBepuTh, uTO Lag nl _ lao o Tkl
lai, ..., an]l  [ay, -, ag, 1zl

14. Jlokaxute, uto npu Rk > 2 cripaBeJIMBbl PaBEHCTBA
Pk=0QrPr—1+ Pk—2, Gr=QrGr—1 + Gr—2.

15%. (KoHCTpyKuus 1Jii HAUMEHbLIMX pelleHHH B HaTypaJibHbIX UHMCJaX

ypaBHenusi ax — by = 1.) Pasznoxum % B LIENHYI0 1p06b

a 1
E—a()"‘

a
l+a2+
* I

an_1 +—
n—1 an

* JI. D#nep (Leonhard Euler, 1707—1783) —oaun M3 caMblX 3HAMEHMTHIX MaTeMaTHKOB
B uctopuu. Posuics B Basene (LLBeiiuapust), 60ablyio yacTb cBoei xku3nu rnposes B Cankr-ITle-
Tepbypre, Oyayun uneHom [leTepOyprckoil akageMun Hayk.
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1
3ameHssi B ciyuae HeoOXOJUMOCTH a, Ha (a, — 1) + > MOZKHO CUHTaTb, UTO 1

HeueTHO. JloKaXKuTe, YTO HAUMeHblIIee pellleHre B HaTypasibHbIX YHCJIaX YpaB-
HeHust ax —by =1 ecTb X =q,_1, Y = Pu_1.

O60o3Hauum L(a, b) murumaronyto diury o6001IeHHOTO anroputMa EB-
KJMaa Jist Beluncsenusi (a, b), a Lo(a, b) — pjiuny anroputma EBkinia ¢ Bbi-
60pOM MUHHMAJILHOTO 110 MOJIYJII0 OCTaTKa.

16*. (Kponekep *.) Ilokaxute, uto Lo(a, b) < L(a, b).

17*. (Lionpe **.) Jlokaxkure, uTo

Lo(a, b)<min{|log, (2V2min (a,b)+V?2)], [log, 2V2(a+b)+V2)| -1},

rie oo =2+ 1.
18*. Anroputrm EBk/naa ¢ BHIGOPOM MHHHMaJbHOIO MO MOYJIO OCTAT-
Ka Ha KaXKIoM liare He GoJiee UeM BJBOe KOpOUe IO UMCJY ILATOB JeJIeHUs]
o6biuHoro asnroputma EBkanpa. Ouenka jnocrturaercst Ha nape (Fo,—1, Fo,).
19%*, (I1. KHyt.) Uucsio BblUMTAHHI, BbIMOJHAEMbIX OHHAPHBIM AJIFOPHUT-
MOM B IpPHMEHEHHH K Iape uuces u, v, He Godblie |+ |log, max (u, v)]
¥ PaBEHCTBO BO3MOXKHO, JiMlib Korja |log, (u+v)| > |log, max (4, v)].

§ 1.4. Yucna ®PuboHauuu

Onpenenenue 10. [locnenoBatesbHOCTb {F,}, onpeneseHHast paBeH-
CTBaMH
Fo=0, F =1, F,=F,_1+F,_, n=234,...,

HasbIBaeTcs nocaedosamerbHocmovio Pubonauuuy ***.

Uucna duboHauuu TeCHO CBsI3aHbl C LEMHLIMU JAPOOSIMU ¥ AJrOPUTMOM
EBkanna.

Hanpumep, o6o3HauuB rn-3taxkHyio ienHyio apobb |+ ye-

pe3 , U Npeo6pa3oBbIBast €€ OT f-3TAXKHOTO BHAA K OOIKHOBEHHOMY, M0y~
unM 1po6b Fy1/Fn = ¢n.

CBsi3b C LENMHbIMU APOOSIMU BUJIHA TAKXKE B CJENYIOLIEH JieMMe.

Jlemma 2. Yucaro odwousenos 8 mHO20useHe [ay, ..., a,| pas-
HO Fni1 u npu a00blx HAMYPAAbHOLX A, ..., Ay CAPABEOAUBO Hepa-
sencmso F, | <|ay, ..., a,], komopoe obpawaemcs 8 pageHcmso, AuuLb
Koeda a;=...=a, = 1.

* JI. Kponekep (Leopold Kronecker, 1823—1891) — usBectHblit HeMelkni MaTeMaTiK. ABTOp
adopuama: «locrnoab coznan HaTypasbhble yncaa. OcrajbHoe 1610 PYK YeNoBeKa».
** Ppaniysckuit matematrk Jionpe 1okasan sty Teopemy B cepennte XIX B.
*#% Oua nosiunaco B XIII cronernu B kuure Jleonapno I1uzanckoro, no npoasuiyy Puéonauuu
(Leonardo da Pisa, Fibonacci, ok. 1170—1228), B 3anaue, B KOTOpOil 11/1a peub 0 Pa3MHOXKEHHH
KPOJIHKOB.
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JlokaszaTesabcTBo. [lepBoe yTBepxK/eHHe JIEMMbI CJIE/lyeT W3 BTO-
poro, MNo3TOMY I0CTaTOYHO 0Ka3aTh HHAYKUMeEH 1o n, uto F4 < [ay, ..., anl,
npudyeM paBeHCTBO F,1| = [ay, ..., @] clpaBelIMBoO, JMIIbL KOrjga aj =...
.o=a,=1.

Yno6Ho HauuHaTh HHAYKLHIO ¢ 1 = 0, nosiarast hopMaJibHO, KaK U paHbllle,
lar, ...,an) =1, Fiya,+.. +a, =1 =1 1npu n=0, Torna HepaBeHCTBA JIEMMbI
0YeBHJIHO 06palllaloTCsi B PABEHCTBA.

baza unpykuun (n=0, 1) Tenepb oueBuaHa. [IpoBejemM HHIYKIHOHHBIN
nepexos. CoriacHO paBeHCTBY

lai, ..., ay] =aqag, ..., a,] + [as, ---, a]

W NPeArnosIoKEHUI0 UHAYKIWH, ClIpaBedJInBbl HEPABEHCTBA

Fﬂg[QQ""vaﬂ]a Fl’l*lg[ag)a"'aa’ﬂ]!
CJIEIOBATENBHO,
Fopr=Fo+ Foo1 <lag, ..., anl +[as, ..., an] < [ay, ..., an]
U paBeHctBO [, =][ay, ..., a,] crOpaBemIMBO JMUIb TIpU A =...=
=a,=1. O

O603Hayvas npenes 1nocae/loBaTeJIbHOCTH @, HYepe3 ¢ U repexoas K Ipe-
JIeJ1y B o6eux yacTsx paBeHCTBa
1

=14 ,
o Pn—1

rnoJiyuaeM ypaBHeHHe X
=14+ -,
7 ®

y KOTOpOI‘O Ha pOJIb ® T'OAUTCA TOJILKO HOJIO}KI/ITeJlebIﬁ KOpEHb
o= (V5+1)/2

— TaK Ha3blBaeMoe 30.10Mmoe ceverue.
Cpenu orpomHoro umucja (aktoB o uuciax PubGoHAUUM Mbl TPUBEIEM
TOJIbKO HeOOJIbILIOE KOJHYECTBO.

Jlemma 3. [[asa uucer Qubornauuu cnpasgedauso moaicdecmso
Fogm=FuFoy1 +Fu1Fyy, m>=1, n>0.

HokaszaTedabcTso. Jloka3aresbCTBO TOXKIECTBA [POBELEM HHIYK-
udeid no m. basa uuaykuuu npu m =1, 2 oyeBMAHO CHpaBeiIuBa, a s
BBITIOJIHEHHUS LAra UHAYKIMH JIOCTATOUHO MPOBEPHTL PABEHCTBO

Fﬂ+m+1 :Fn+m+Fn+mfl :(FanJrl +Fm71Fn)+(Fm71Fn+1 +Fm72Fn):
= (Fm +mel)Fn+l +(mel +Fm72)Fn :Fm+an+1 +Fan O
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Caienytoliasi Teopema J0BOJIbHO YIUBUTE/NbHA: B HEll 11€710€ UMCJIO Bbipa-
»KaeTcsl uepes MppalroHaibHOE.

Teopema 6 (bune *). Cnpasedausa ¢opmyra
P
" V5

HokaszaTeJsabcTso. Jloka3aresbCTBO TakxkKe MPOBELEM I10 HHAYK-
uuu. basa unaykuun npu 1 =0, | oueBHHO CripaBeIMBa, TaK Kak

1+v6 1-V5

V5 V5

a JJis1 BbIIIOJIHEHUS Llara MHﬂyKLLMM JOCTATOYHO l'[pOBepl/lTb paBeHCTBa
2 —2 —1
=9+l (=p) T=(=p) +1,
W3 HUX BbIBEAWUTE MMOYJICHHBIM yMHO}KEHHeM paBEHCTBa
+1_ —1 —n—1 _ - —n+1
P ="+ ", ()T = ()T ()"

H 3aME€THUTb, UTO TOr'Jla

—1

Frz—i-l:Ffz"'Fn—l:

e o B Al o) B A o' N
V5 NG V5 '

HanomHunm, uTo 110/ YaCTbIO UHC/IA X Ha3bIBAETCS HAHGOJIbILEE Le0e
unesio n Takoe, uto 1 < x. OGo3HaUaeTcs Lesasi YacTb CHMBOJIOM | X |.

O

Jlemma 4. Hepasencmso F,<m cnpasediuso moeda u MoOALKO
moeda, Koeda

n< [log, (VB(m+1/2))].
Hepasencmso F, > m cnpasediuso moeda u moavko moeda, Koeda
n= |log, (VB(m—1/2))] + 1.

HokaszateabcTBo. s 10Ka3aTe/bCTBA JIeMMbl IT€pENULLEM Hepa-
BeHCTBO F,, < m ¢ nomolibio ¢opmyJibl buHe B Buse

n —n
0" = (=») <m.
V5
yTo paBHOCI/lJTbHO HepaBeHCTBaM

" (=p)"
NI

* JK. Bune (Jacques Philippe Marie Binet, 1786—1856) — dpatLly3ckuii MaTeMaTHK H acTpo-
HOM, usien [TapuKCKOi aKkageMHu Hayk.

1
<m+§,
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TakK KaK ecJjin "

P cmyl
V5 2’
TO n —n —n
—(= I ()
F:w<m+f— <m+1,
" V5 2 5
v 3Hauut, [, < m. HepaBencrso
n
%) 1
—=<m+ 5
V5 2

PaBHOCHJIBHO

n<log, (V5(m+1/2)),
a 3HayuT, U HEPaBEHCTBY
n< [log, (VB(m+1/2))],

TaK Kak logv (vV5(m + 1/2)) He MOKeT GbITH LEJIbIM YHCJIOM, Be/lb B TPOTHB-
HOM CJlyuae

SOk
—=m+1/2,
Vs /
OTKy1a
k —k —n
- (= 1 (=)
o= =GP 1 —m+ta, O<a<l,
NG 2 V5
YTO HEBO3MO2KHO, TaK KaK Fk — LeJIOE YHUCJIO.
Bropoe yTBep:KieHHe JIeMMbl OUEBHIHO PABHOCHJILHO TEPBOMY. O

OTMeTHM, UTO U3 JIEMMbI BBITEKAET, UTO MOCJEI0BATENbHOCTD
®(m) = [log, (V5(m+1/2)))
obpatHa K nocJjenoBatesbHocTH PuboHauuu F,; B TOM CMbICJE, UTO
O(F,) =n.

Teopema 7 (Mionpe). Hauboavuiee uucao dearenuii 8 arcopumme Esg-
Kauda Haxodcdenus (a, b) e npesocxodum

[log, (V5 (min (a, b) +1/2))].
Ouenxka moyHas.

JlokaszaTesabcTBo. MoXHO cuuTaTh, uto a > b. Ilyctb uncso ne-
JIEHUH paBHO k + 1, sHauwt, a/b npeacTaBuMO k-3TaXkHOH APOGHIO

lag, ---, ai]
lay, ..., ap]’
a Tak Kak [ayg, ..., ag] ¥ [ai, ..., ax] B3aUMHO TIPOCTHI, TO

[ai, ..., ap] <),
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U U3 JieMMbl 2 ciieftyet, uto Fp < b, a u3 jieMMbl 4 cJiejiyer, uto
k< |log, (VB(b+1/2))]. 0

Ha npakruke 6oJsiee yno6HO /151 IPUMEHEHHUS CJIEyIOLee YTBEPIKIEHHE.

CnencrBue u3z teopembl 7 (Jlame *). Hauboavuiee wucaro deaeruii
8 aseopumme Esxauda naxoacdenus (a, b) He npesocxodum dk, ede k —
YUCAO 0eCAMUUHbLX 3HAKO8 8 HAUMeHbwem U3 uucer a, b.

3agaum v ynpaxkHenus Kk § 1.4

1. TlpoBepbre, uto F,, — GarKaiiliee Lesoe K Uuc1y gp”/\/g.

2. JloKaKuTe CJIe/ICTBHE U3 TEOPEMbI 7.

3. CKOJIbKHUMH croco0aMi MOXKHO 3aMOCTHUTb MPSIMOYTOJIbHUK pa3Mepa
2 X n ¢pumkamu JoMuHO pasmepa | x 2?

Yxaszanue. Moxno npumenutsb 3anauy 10 us § 1.3 u nemmy 3.

4. CKOJIbKO TOJIMHOXKECTB MOKHO BbIGpaTb B MHOXECTBe uuces OT |
J10 17, He BKJIIOUAIOLLKX JBYX COCEHHMX UYHces?

Ykasanue MoxHo npuMeHuth 3aaauy 10 us § 1.3 u nemmy 3.

5. Hokaxure, uto Fyy 1 Fy — FpFapr = (1) Fp_pm.

6. Hokaxure, uto (F,, Fr+)=1.

7. Ecau npojo/mkuTh nocjieoBaTelbHOCTb PUOOHAUUH B «OTpULATEIb-
HYI0» CTOPOHY C COXpaHeHHWeM paBeHCTBA Iy + Fyyy = Fyy9, TO OYLYyT Bbl-
noaHATLCA paBeHcTBa F_j_ = (—1)*F), u coxpanstes Bee hopMyJbl Mpesibi-
JyUIMX 3ajau.

Caenytowiasi 3agauya obobuiaer 3anauy 6.

8%. (Jlioka **.) Iokaxure, uto (Fy, Fp) = Fm).

9. IlocnenoBaresibHoCTh PUOOHAYYH CONEPKUT OECKOHEUHO MHOIO [M0-
MapHO B3aWMHO MPOCTbIX UMCEI.

10*%. Bmecto uucen ®PubGoHauud paccMOTPUM OCTATKH OT WX JleJeHus
Ha JlaHHoe uucdio m. JloKaxKuTe, uTo 1ocJe10BaTe/bHOCTb OCTaTKOB SIBJISIET-
CSl YMCTO MePUOIMYECKOi ¢ NepHooM, He GoibiinM m> — 1.

11. B cayuae m=/F, Halijmure TOYHO TEPHOJ TOCJEI0BATENLHOCTH
U3 Npeablayllel 3a1aun.

12*. Haiinure ocratok ot aenenust £, Ha Fj.

* . Jlame (Gabriel Lamé, 1795—1870) — cdpaHily3ckuil HHxKeHep M MaTeMaTHk, ujieH [la-
prkckoil 1 [letepGyprekoil akajgeMuil HayK.

** Dnyapa Jlioka (Eduard Lucas, 1842—1891) — usBecTHblil (hpaHLy3CKHIl CrIELUATHCT MO Te-
ODHH UHCeJI U TIeJlaror, aBTOP MHOXKECTBA KPACHBBIX 3a/aU H UeTbIPEXTOMHHKA O MaTeMaTHUeCKHX
pasBJleueHHsIX, CHJILHO COKpaLlleHHbIf epeBoj KoToporo Obl1 uanan B 1885 . B Cankr-Ilerep-
Gypre U ¢ TeX Iop, K CoKa/leHHIo, He MepersiaBascs.
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13*. Ilokaxkute, uto pasjoxenue uuciaa F,_3/F, B uentyio apo6b ume-

€T BUJ |

4+ ’
’ 1
4+ ay,

_|_
rne k=1+m, a,=0npu n=3m, ap=1/3 mpu n=3m+ 1, a,=1/5 npu
n=3m+2.

14%*. TTogMHO>KeCTBO MHOXKECTBA UMces OT 1 0 # HA30BEM 3rOMCTHUHBIM,

€CJIN OHO COAEPKUT YHUCJIO, pPABHOE CBOEH MOIIIHOCTH. ‘—IeMy paBHO YHCJIO 3T0-
HCTHUYHBIX HO[LMHO}KGCTB?

§ 1.5. KBaaparHbie ypaBHEeHHUS

[lepBoe HeTpuBHAJbHOE anrebpanueckoe ypaBHeHHe — KBajJpaTHoOe, T.e.
ypaBHeHHe Bua X2+ px + ¢ =0, —ObLI0 pelleHo B rIyGOKOl JAPeBHOCTH.
10 ypaBHeHue JIErKo CBECTH K yPaBHEHHIO BUA X2 = ¢, KOTOPOE JIJIsl HEOTPH-
1aTe/IbHbIX ¢ pellaeTcsi ¢ MOMOIbIO apUPMETHUECKOTO KBaJIPATHOTO KOPHS:

x1=vec, xo=-vc

— JIBa €ro pelieHusl. ﬂﬂﬂ 9TOT'0 JOCTATOYHO BbLIACJ/IUTH MTOJTHBIH KBajapar:

2 2 2 2
x2+px+q:x2+2§x+<§) —(g) +q:(x+§) +q—<g>.

[Tonyuaem chopmysy Jist KOpHEH HCXOJHOTO ypaBHEHUS:

2 2
a=-g (5 - n=- (B

2
B CJjlyuae, ecju (%) —q=0.
3amerum, 4TO KBaJpaT pa3HOCTH KOPHEN JIErKO Bblpaxaercsi uepes Koag-

(hULIHEeHTDI (
(x1 —x2)* = p® —4g =D.

IT0 BblpaxKeHHe HA3bIBAETCA OUCKPUMUHAHMOM YPABHEHUS]; OHO CONEPXKUT
3HAUMTeJbHYI0O MH(OpMaUWio 0 KopHsaX. B camom jese, mo onpeneseHuto
D =0 Torna u To/MbKO TOrJa, KOTAa KOPHM YpaBHEHHs COBMajaioT (B 3TOM
cJlyuae TOBOPSIT, UTO YpaBHEHHe HMMeeT Kpammolii KopeHb). Ecau D >0,
TO y ypaBHEHUs eCTb JIEHCTBUTE/NbHbIE KOPHH. B NMPOTHBHOM cilyuae UX HeET.

Jlns KBajapaTHOro ypaBHEHHSs X2+ px +q =0 cnpaBeuiuBa meopemna
Buema: cymMma KOpHell ypaBHEHHsl paBHa —p, a [POM3BEJEHHE PaBHO ¢.
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Jasiee ona Gyzer chopmyipoBaHa B 00lleM BUJE, a celuac Mnpejjaraercs
B KauecTBe yIpaKHeHHs.

YnpaxHeHue 6. BbiBenute 3Ty Teopemy U3 hopMydibl ISt KOPHEH KBaJ-
paTHOrO ypaBHEHHsI.

KBajpaTHble ypaBHEHHs H3y4alOT y»Ke B BOCbMOM KJiacce, T03TOMY Mbl Ha-
nucasu o Hux Gersio. OHAKO OrPOMHOE KOJIHYECTBO OLIMOOK, J0MyCKaeMbIX
ILIKOJIbHUKAMH ¥ aOUTYPHEHTAMH, MOSIBJISIETCS HMEHHO B PEILIEHUH KBaPATHbIX
ypaBHenn#. OCHOBHAsI TPHYKHA, KOHEUHO, HEBHUMATEILHOCTb. HacTto, Harpu-
Mep, NPH PEeLlEeHHH HX «B yMe» MyTaloTcsl ABe pasHble GopMyJibl 4Jisi KOpHEH
ypaBHEHHsl, KOTOPbIE JAI0TCs B LIKOJbHOM yueGHHKE, H M3 HHUX COCTaBJISIETCS]
OjiHa HeBepHasl.

Peub ujer, KoHeuHo, o opmyJie Jyisi pelieHHs KBaAPATHOTO ypaBHEHHsI
B BU1e ax? + bx +c¢=0.

YnpaxHenue 7. Breaure 31y dhopmMysy U3 cTapoil hopmyJibl.

Wuorna 3abbiator, uTo U Teopema Buera s ypaBHEHHSI B BHJE ax® +
+ bx + ¢ =0 BBIMISIUT UyTh MO-IPYromy.

Ynpaxuenue 8. 3anumnre Teopemy Buera mns ypasHenus ax® + bx +
+c¢=0.

Jlagum HeCKOJIbKO COBETOB, KaK udberatb Takux ominook. [lepBbiii 3 HUxX:
He MepeolleHHBalTe CBOM CMOCOOGHOCTH K YCTHOMY CUETy, Jiyulle HaruiIu-
Te opMyJy Ha Oymare, NpoBepbTe, UTO 3TO Ta GopmyJa, KoTopas HyxKHa,
MOJCTAaBbTE B Hee UMCJeHHble 3HaueHHs] KOI((HULMEHTOB, He MeperyTaB HX
apyr ¢ apyrom. Ecin koadduimenTsl 6odbliine, TO YBEJUUHBAETCS BEPOSAT-
HOCTb apu(MeTHUECKOH OLIMOKH TP BBIUMCJEHUH NUCKpUMHHAHTA. Tak kKak
13 HEro MOTOM HaJ0 U3BJIEKATh KOPEHb, HHOTJA MOJIE3HO Cpady ero pazjiarathb
Ha MHOXKHUTEJIH, €Csii KOI(DMULUEHTI HMEIOT 00LLME AeIUTEH, HIH NPUMEHSTD
(hopMyJly pasHOCTH KBaApaToB W HalJIeHHble MHOXMTEJNHM BBIHOCHTb 3a 3HAK
KOPHs1, H3BJIeKasl U3 HUX MPH 3TOM KOpeHb.

Hanpuwmep, eciu npu petiiennu ypashenust 45x2 +42x +5=0 nosyun-
Jlach hopmyJia Jyist KOpHeit

 —424/422_4.45.5

1.2 215 ’

TO TaK KakK
422 —4.45.5=4.9 (7 -=5%)=4.9.2.12=4.9-4.6=(4-3)>-6=12%-6,

0TBETOM OyJleT
C —42+12v6 —7+2V6
M=% s T T 15
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B rex cayuasix, Korja ypaBHeHHe HMeET LeJible KOPHH, UX MpolLlle yrajiaTb
¢ nomoliblo TeopeMbl Bueta, uem Haxoautb no gopmy.ie.

) 1y 7
Ynpaxnenue 9. Yranaiite KOpHH KBaJpaTHOTO YpaBHEHHUS oY T X =
=19 u3 xuuru Asib Xopesmu.

[Tpu npuMeHeHuu 3Toro npuema K ypasHenuio x> + 2001x + 2000 = 0 mo-
TyYT BO3HUKHYTb 3aTPYy/AHEHHS U3-3a GOJIBLIOTO YHC/Ia BO3MOYKHBIX BAPHAHTOB.
Ho nerko 3ameruts u 6e3 TeopeMmbl Buera, 4To 01MH W3 KOpHeil paBeH —I.
BTopoii KopeHb HaXOUTCs y2Ke ¢ MOMOLLbI0 3TOH TeopeMbl: xo = —2000. 3a-
METbTe, UTO HCMO0JIb30BaHHE (DOPMYJIbl MPUBOJIUT K JOBOJBHO POMO3IKHM
BBIUMCJIEHHSIM.

Ho 6e3nymHoe Hcroib3oBaHHe TeopeMbl Buera MoKeT MpUBECTH K OLIMG-
Ke, Harpumep, B CJelylollell 3a1aye.

Ynpaxuenue 10. UYucna p u g —kopuu ypasHenusi x>+ px +q = 0.
UeMy MOTyT ObITb PaBHBI 3TH UHCJIA?

HeficTBUTENIbHO, TPUMEHSIS TeopeMy Bueta, nosydaem cucreMy ypaBHEHHH

p+q=-—p;
Pq=4q,
oTKyaa umeem p=1,g=-2p=-2;g=p=0.
Ho 310 He Bce peuienusi! [leso B ToM, uto ecan p =q # 0, u3 ycio-
BHsI ICHO TOJIbKO, YTO p — KOPE€Hb ypaBHEHHUSsI, & PO BTOPOI KOPEHb HHUEro

He ckazaHo. [lostomy npoiue Teopemy Buera He NMpUMeHsITb, a MOJACTaBUThb
X = p, ¢ B ypaBHEHHUE M TOJYUUTb CHCTEMY

2p2+q=0;
q*>+ pq+q=0,

otkyna g = p; =0unpnqg#0umeem g =—p — 1,2p%> — p — 1 =0, 3naunur,
P23 = 1, —1/2, go3 = —2, —1/2

UroObl yMTaTE/b HE MOYMaJl, UTO OH Y2Ke 3HAET O KBAJPATHBIX YPABHEHHUSIX
BCe, MPHBE/IEM HECKOJIbKO PHMEPOB JIFOOOMBITHBIX 3a/1ay, CBSI3aHHbIX C HUMH.

Ynpaxuenue 11. IlpoBepbTe cripaBeyIMBOCTL CJeyIOllLEeH, TPaBa, CoO-
BepIIEHHO GECroJIe3HOi ¢ MPAKTUUECKOH TOUKH 3peHHst, POPMYJIbl /st KOPHeN
KBaJpPaTHOTO YPaBHEHHUSA x2 + px + g =0, uMeHHO

_ pEevpr—4g+2

X1,2 .
2e+pF/p?—4q

B Hell ¢ — 1pou3BOJIbHBI apaMeTp, yA0BAETBOPSIOLLMI JIULLb YCIOBHIO

2+ pF/p?—4q9#0,

3 Tauikon
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T.€. 3T0 (hakTHUeCKH GEeCKOHEUHOEe CEMEHCTBO pasHbIX (HOpPMYJ /IS pelleHnst
ypaBHenns x> + px 4+ g =0. O6blunas GopMmyna AB/sSETCA NPeiebHBIM CJy-
yaeM yKas3aHHOH (hopMy.Ibl.

Caenytoluasi 3ajaua siBJsIeTCsl YaCTHBIM CJlyyaeM OJHON U3 TeopeM Uebbl-
éBa.

Ynpaxuenue 12. Cpeau Bcex KBajapaTHbIX TpexueHos x> + px +q =0
HalluTe TOT, Yy KOTOPOTO MaKCHMaJbHOE 110 MOJyJI0 3HaUeHHEe Ha OTpe3Ke
[—1, 1] MuHUMaJIbHO (T. €. TOT, KOTOPBIN HAUMEHee OMKAOHACMC OM HYAsL
Ha 3TOM OTpe3Ke).

B rakux 3ajgauax TpyaHee BCero HalTH OTBET, HO €CJIM OH HalilieH, TO J10-
Ka3aTh ero NpaBUJILHOCTD YoKe Tpolie. [109ToMy oTBeT MbI cpasdy MoACKaKeM:
MCKOMBIH 3KCTpeMasibHblil Tpexusien ecth x2 — 1/2, a ero yk/oHenue ot HyJsi,
T. €. MaKCHMyM Ha otpeske [—1, 1], paBuo 1/2.

Ecan e B3aTh 110606 Tpexusen [(x) =x? + px + g, To, 3aMeTHB, UTO

H=1)=2/0)+ [(1) =2
He3aBUCUMO OT p, ¢, BLIBOJUM OTCIO/la HEPABEHCTBO
4m = (=D +2[[O)| + [I(D] = [[(=1) = 2]0) + [()[ =2,

i€ M — YNOMSIHYTbI MaKCHMYyM.
Ho 3Toro HemoctaTouHo, HY»KHO J0Ka3aTb CTPOTO€ HEPaBEHCTBO MpH

1 .
f(x) #x? — 3 Jlsist 3Toro HalizieM ycJjioBHe, KOTJla J0Ka3aHHOe HepaBeHCTBO
npespatlaetTcsi B papeHcTBo. Heob6xonumoe ycioBue ecTb

[(=1)=]1)=-[0)=1/2.

SIcHO, uTO 3TOMY YCJIOBHIO YIOBJIETBOPSIET TOJILKO TpexusieH x2 — 1/2, Tak Kak
cUCTeMa ypaBHEHHH

l+qg—p=1/2
l+qg+p=1/2
g=-1/2

uMeeT eMHCTBeHHoe pettenue p =0, g =—1/2.

Ynpaxnenue 13. Ilycts x; — Kopuu ypasHenus x> + px + g = 0. Bbl-
uncamre x[0 + xi0.

[TonbiTKa pelinTb 3Ty 3a7auy ¢ MOMOILbLIO (GOpMyJl JIJIsT KOPHEH KBajpar-
HOTO ypaBHEHHs] MPUBOAWT K TPOMO3JKHM BBIUHUCJEHHSM. YKaxKeM MOJXOJ,
KOTOPbI 103BOJISIET pellaTh JiloOble 3ajiaud NMoj06HOro BUa, HE UCMOJb3Ysi
hopmyJ1 Jist KOpHEH KBaJpaTHOrO ypaBHEHHSI.

st 3T0r0 3amMeTHM, UTO MOCJENOBATENLHOCTD @, = X{ + X§, TaK 2Ke Kak
H NPOM3BOJIbHAS MOC/eN0BaTeJNbHOCTh BUIA A, = bx| 4 cx§, ynoBneTBopsier
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CJIEIYIOLIEMY COOTHOLIEHHIO (TaKHe COOTHOLIEHHSI HA3bIBAIOT PeKypperii-
HoblMUL)

Apyo + pans) + qga, =0.
JIeHCTBUTENBHO,

Ao + Pangr + qan =32+ X524 pel™ 4T 4 g + 1) =

=x}(x} + px1 +q) + x5(x3 + pxo+q) =0.

C mnoMolIbI0 3TOr0 COOTHOIIEHHSI MOYKHO TOCJIEIOBATENbHO BbIYHCJSATL M0

bopMye Ayy9 = —Plni] — Gy, HY)KHO TOJLKO 3HATH MEpBLIe JBA 3HAue-
nust ap u a;. Ho ag=xV +x9=2, a aj = x! + x} = —p no reopeme Buera.

Ecau Bam e Hpasutcst dopmyna ag= x| + xJ, MoXKHO BMeCTO Hee B3ATH
as = x? + x2, pesy.ibTaT OyeT TOT XKe, HO IPHJIETCs BBIPA3UTD Ao = X + x5 =
= (x; +x9)° —2x;x —2=p? —2gq.

Tenepn yske JIerko HaliTH @ g 1 BOOOILE J1I060€ 3HAUCHHE d,,, TTPHUEM SICHO,
4YTO 3TO 3HaueHHe GyJeT BCeryia LeJbM UHC/IOM, eCJIH P, § CaMH Lieble.

Ho ewne 6osblinii uHTepec npeacrasssieTr obpatHas 3agada. [lycts nana
10C/Ie/I0BATENLHOCTD Ay, YAOBJIETBOPSIOLIAs AUHCLHOMY PeKyppeHmHOMY
COOMHOULEHILIO 8MOPO20 NOPAIKA

Qpyo + papy1 +qa, =0

1 Haua/bHbIM YCJOBUAM ag=a, a; =b. Hano HailTh sBHyto dopmyay ans
9TOH MocJenoBatesbHOCTH. HacTHblil cayuail (mocsenoBaresbHocTh Ou60-
HayyHu) y»Ke paccMaTpUBaJICsl HAMH paHee.

B ofuiem ciyuae pefictByem cienytomiumM o0pa3om. 3aMeTHM, UTO KakK yKe
ObIIO TIPOBEPEHO BbIlle, J1I06as N0C/Ie0BaTe/bHOCTb BUlA a, = cx| + dx,
rae X; — KOPHU YpaBHEHHUS X+ px+¢q=0,acu d—KOHCTaHTbI, y10BJIEe-
TBOPSIET COOTHOWIEHHIO @Api9 = —pPdyy] — §A,. ECJIH KOPHU X; pas/inuHbl,
TO /151 J1I0ObIX HaYa/IbHbIX YCJOBUH Qg = @, @] = b MOXXHO OJIHO3HAUHO HAHTH
KO3(PPULHEHTH ¢, d, pelinB CUCTEMY YpaBHEHHH

c+d=a,
cxy +dxo=b.

Torna nocnenosarenbHocTs @, = cx{ + dxj coBnajaeT ¢ 3aJaHHOH, TaK Kak
YJIOBJIETBOPSIET TOMY K€ COOTHOLLIEHHIO H TeM Ke HauaJslbHbIM YCJIOBHSIM.

Ynpaxuenue 14. IlpoBepbTe, uTo B cilyuae x| = X9 M0CJ€I0BATE/b-
HOCTb @, MOXKHO HCKaTb B BUJe cX{ + dnx{, rie ¢ 1 d — KOHCTAHTEI.

3%
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3anauu v ynpaxkHenus kK § 1.5

1. Pewmre ypaBnenne Moranna Miosnepa *

X 10—x
10 — x x

25.

2. Pewmnre ypasnenre x? + 1999x + 1998 = 0.

3. Pemmre ypasnenne 1999x2 + 1000x — 2999 = 0.

4. EcanypaBrenue a + bx + cx? = 0 UMeeT To/IbKO JefiCTBHTeIbHbIE KOp-
HH, TO 9TO Ke BepHO A/Isl ypasHenusi a + bx + cx?/2 = 0.

5. TlycTb x|, xo — KophH ypasHenusi 1 + kx + x% = 0. Haiinute Bee &, npu
KOTOPbIX CIPABEYIMBO HEPABEHCTBO (X1 /X9) + (x9/x1) > 1.

6. Haiizute Bce a, 1151 KOTOPbIX KOPHU ypaBHenust 4x” — 2x 4+ a =0 3a-
KJItoueHbl Mexxny —1 u 1.

7. Jlns kakux a ypasHenne (3a +2)x%+ (a — 1)x +4a+3=0 nmeer
OJIMH KOpeHb GoJiblile 3, a APYroil — MeHbliie 2?

8. Ecau a, b, ¢ — cTOpoHbl TpeyrosibHUKA, TO ypaBHEHHE

b2x? + (b® +c* —a*)x + =0

He UMeeT JelfICTBUTENbHbIX KOPHEH.

9. CKOJILKO CyllecTByeT ypaBHeHHii Buaa x> — px —q =0, rae p u g —
HaTypaJibHble UMCJIA, MOJIOXKUTEIbHBIH KOPeHb KOTOPbIX MeHbllle 3aJlaHHOro
HaTypaJbHOro uucJaa r?

10%. JlokaxkuTe, UTO €CJiu

(g2 — q1)* + pigo + p3q1 — p1pa(g2 + q1) <O,

TO KOpeHb OJIHOr0 M3 ypasHeHuil x2 + p;x 4+ q; =0 JeKHT MexK1y KOPHSIMH
JIPYroro.

11. Ecau Bce kopnu ypasHenuit X% + p;x + ¢; = 0 no MozyJio mMenblue 1,
TO BCe KOpPHH ypaBHeHHss X2+ (pi 4+ po)x/2 4 (g1 +g2)/2 =0 no momy.io
MeHblue 1.

12. Ecu x; —kopuu ypashennsi x? —6x +1=0, To x| + x — uesnoe
YHMCJIO MPH HATypaJsbHOM #1, He KpaTHoe .

13. TlycTb x; — KopHu ypaBuenus x2 + px + g = 0. Hafinure ksagpatHoe
ypaBHeHHe ¢ KOPHSMU X7 | X3 .

14. Tlyctb x; — Kopuu ypaBHenusi x2 + px + 1 =0, p — neuernoe. Jloka-
XKUTe, uTo x| -+ X§ — Lle]oe UHC/IO NPH JI0OOM HaTypanbHOM 1 U (xf + xi,

n+1 n+1ly __
T HxyT) =1

* WM. Mioaiep (Johannes Miiller, Regiomontanus, 1436—1476), no npossuity Pernomon-
TaH — HeMeLKHil MaTeMaTHK.
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15. TlycTb Xx; — Kopuu ypasHenusi ax” + bx + ¢ = 0. Hafinute xl_3 + x2_3.
16. Haiinure dhopmyay uisi moc/ieoBaTeIbHOCTH

any1=3a, —2a,—,, a =1, ayg=0.
17. Haitnure dopmyny st noc/ie0BaTesbHOCTH

an+1 =4a, —4a,—1, ar=1, ap=0.

18%. KpagpaTublii Tpexunen ax’ + bx + ¢ ua otpeske [0, 1] npunumaer
3HaueHus1, He GoJiblIKe No MofyJ/to 1. Kakoe MakcuMa/ibHOe 3HaUeHHe MOXKEeT
MMeThb MpH 3TOM cymma |a| + |b] + |c|?

19. KeaapaTHblil TpexusieH MpH JoOOM LEJNOM X MPUHUMAeT 3HauyeHus,
paBHble YETBEPTOH CTeNeHW HaTypaJsibHOro uucsa. JlokaxuTe, UTO OH paBeH
KOHCTaHTe.

20*. KpagpaTHblil TpexusieH Mpu Ji06OM 11eJIOM X NMPUHUMAET 3HAUEeHHs,
paBHble KBajpaTy HaTypaJbHOro uucja. JloKaxkure, UTO OH paBeH KBajaparty
MHOTOUJICHA MEePBOH CTEINEHH.

§ 1.6. KombuHaTopuka oTo6pakeHui

Jlasee ¢ Lefblo KpaTKOCTH GyeM UCIOJIb30BaTh CcJeytolye oOLenpuHs-
Thle 0603HaueHus1 * (KOTOPbIMU MOCTapaeMcsi He 3J10ynoTpebJIsiTh).

KoHeunble MHO:KecTBa OyleM 3a1aBath, NEPEUNCIsisl HX JEMEHTHI B (U-
TYPHBIX CKOOKax, Harpumep, {1, 3, 5}.

[TpousBosibHoe mHOkecTBO A Gynem uHorma 3agasaTh B Buje {x: A(x)},
rie A(Xx) — HEKOTOpoe yTBepKieHHe, KOTOpPOe SIBJISIETCS] HCTHHHBIM TOTAA
1 TOJIbKO TOTJa, KOTJA X MPUHAIJIEKUT MHOXKeCTBY A, Harpumep, KOHEUHOe
MHOKECTBO HaTypaJibHbIX Unces {1, n+ 1, ..., m} MOKHO ONpPEIETHUTb U TakK:
{x: n<x <m}. Ucnonbayem Tak:ke 0603HAUEHHS:

e € £ — e siBasieTcsi 3JIeMeHTOM MHOXKecTBa F;

A CE — wmHOoXxecTBO A sIBJIsIETCS MOAMHOXKECTBOM MHOXKecTBa F

AUB — o6benunende maoxects A u B;

ANB — nepeceuenne muoxects A u B;

A\ B — pasHoctb MHOXKecTB A U B, T.e. MHOXKECTBO BCEX 3JIEMEHTOB
13 A, He MPHHAJIEXAIIMX MHOXKECTBY B.

B kauecTBe ynpaxXHeHHs yCTh YUTATEJb POBEPUT, UTO

A\B=A\(ANB), A\(A\B)=ANB, AUB=AU(B\A).

3amuch P = ) Oyner 03Hauath, UTO U3 YTBEPXKJEHUS P clieayeT yTBep-
KiaeHue @ (uuraercs: «ecau P, 1o @»). Cpasy npeuyrnpejuMm udTaTesis,

* TeopeTHKo-MHOKeCTBEeHHble 0003HAUEHUsT M TEPMHUHOJIOTHSI, HCIOJIb3yeMasi jaJjiee, CTaju
obuienpuHATbIMU Tocsie pabot [T Kanropa.
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UTO eCJIM YTBep:KJeHHe P JI0XKHO, TO yTBepxKIeHue P = () B MareMaThKe
(Ho He Bcerga B Quaocoduu) cuuTaeTcst MCTHUHHLIM HE3aBUCHUMO OT HC-
THHHOCTH WJIH JIOXKHOCTH YTBepxKIeHHs1 . (IleficTBUTeNbHO, M3 JIOXKHOTO
YTBEPKJEHHs MOXKHO JIOTHUECKH OGe3yrnpeuHo BBLIBECTH KaK HCTHHHbIE, TaK
1 JIOXKHbIE YTBEPXKJIEHHS. )

3amucb P < ) Oyner o3HauaTb, UTO yTBepxKIeHUE P pasHOCUAbHO
YTBep:KIEHHIO (). 3aMeTuM, uTo P <> () HMeeT MeCTO TOT/A U TOJIbKO TOT/A,
korna P = @ u ¢ = P. MHorue TeopemMbl UMEIOT BHJl PABHOCHJBHOCTH
JIBYX YTBEp:KIEHHH (Hanpumep, «P CIpaBelHBO TOTJA U TOJbKO TOTJA, KO-
raa crnpaBemiuBo §)»). st ux jnokasarenbcTBa Mbl U OyAeM MOJb30BATbCS
9THM MPOCTbIM 3aMeuaHueM (a UMEHHO, MPeArNoJarasi BepHbIM P, BbIBOIUTh
13 Hero ), a mortom, npearnoJarasi BepHbiM (), BbIBOIUTH U3 Hero P). Ha-
npuMep, AJIsi 10Ka3aTesbCTBA paBeHCTBa MHO:KecTB A u B Gynem BHauasje
JoKasbiBaTh, uto A C B (A conepxurcs B B), a motoMm —uto BCA (B
cojiepxurcsi B A).

OcranbHble 0603HaUeHHs1 OyyT BBOAUTCS M0 XOJy H3JI0XKEHHUS.

[Tyctb Ay, ..., A, — KOHeUHble HEeMmyCcTble MHOXKECTBA.

Onpenenenue 11. Ynopsdouennoii nabop (ay, ..., a,), KOMIOHEHTbI
KOTOPOTO @; TIpUHAJJIeXKaT MHOXKecTBaM A;, i =1, ..., n, Ha30BeM C.1080M.
MHOKeCTBO Bcex TaKMX CJIOB 0003HaunM Ay X ... X A, W HazoBeM dekap-
mosoim * npoussedenuem Muoxects Ay, ..., A,.

[Tpumepsn. 1. Ecim Ay ={a, b, c,d, e, 1, g, h},
As={1,2,3,4,5,6,7, 8}, 10 A| X Ay — LuaxmaTHasi
Jocka (puc. 1).

2. Ecsim A — andaBuT pycckoro si3blka, TO Cpeiu
npeduKcoB (T.e. Hauas) BCEBO3MOXKHbIX CJIOB MHO-
)ectBa A X ... X A BCTpeuaroTcst Bce ¢jioBa PyCCKO-

— DN W~ U1 O N 0o

ro sisplka. 30 , ,

Hanee Bmecto A X ... x A Hcrosib3yeM KpaTkoe abcdeifgh

n pas
oGosHauenue A", HasbiBaeMoe dekapmogoil cimene- Puc. |
Hbl0 MHOXKecTBa A.

[Tpumepsn. 1. Ecau mHoxkectBo A =FEy={0, 1}, To ero nekaprora
crenedb A" = EJ cOCTOMT M3 BCeX CJIOB JUIMHBI 71, cocTapJieHHbIX M3 0 u 1.
ITO MHOXKECTBO HA3bIBAIOT N-MePHbIM 0B0ULHOIM KYOOM.

2. Ecan muoxkectBo A =E, ={0, 1, ..., k — 1}, To ero aekapToBa crerneHb
A" = EJ! COCTOMT M3 BCeX CJIOB JUIMHBI 71, cocTajenHblx M3 0, 1 ..., R —1.
DTO MHOXKECTBO HA3bIBAIOT N-MepPHbIM kR-1uHbILM KYOOM.

* P. Jlekapt (René Descartes, 1596—1650) — Besnkuit (ppaniyy3ckuit pusocod 1 MaTeMaTHK.
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3. Ecan mHoxecTBO A =R — MHOKECTBO BCeX JEHCTBUTE/NbHBIX UHCEJ,
TO ero jekaptoBa cteneHb A" =R" COCTOMT W3 BCeX M-MePHbIX BEKTOPOB
C JeHCTBUTEJbHBIMH KOODAMHATAMU M HA3bIBAETCS N-MepHuIM apugmemu-
YeckuM nNpocmparHcmaeoM.

4. Tlpn n=2 B npenblAylleM MpUMepe TOJyvyaeTcsl MJAOCKOCTb, a MpH
n =3 — TpexMepHoe apudMeTHUeCKOe MPOCTPAHCTBO. IMeHHO 3TOT npumep
M0 CYLLeCTBY UMeJ B BUAy JlekapT, KOrja BBOJAMJ B TEOMETPUIO KOOPAMHATHI.

Yucesio /1eMeHTOB KOHEUHOrO MHOXKecTBa A Ha3bIBAlOT €ro MOUHOCHIbI0
1 0603HauaioT |A|.

Teopema 8 (npuHuun ymHoxenus). Cnpagediuso pageHcmaso
|[A) X ..o x Ap| = AL - ... - |An]
(crosecHas popmyauposra: YUCA0 IMeMEHMO8 8 0eKAPMOBOM NPOU3Ee-
O0enuu MHONCeCm8 pasgHO NPOU3BEOeHUIO MOWHOCMEL IMUX MHONCECMS).
HokaszatenabctBo. Uuaykumss no n. baza: n=2. Ecau Ay =
={asi, ..., agy,}, 10

Ay x Ay = (A; x{ag1}) U...U(A x{ag,}),

A1 x Ao = A1 + ...+ Al = [A1] - no = |Ay] - |As].
| S
ng pas
Wlar unnykuuu. [lycts yxe nokasauo, uto |Ay X ... x A,—1|=4] ...
... |An—1|. CoorBerctBue ((aj, ..., @y—1), @y)— (@i, ..., @,) yCTaHABJHUBAET

B3aHMHO OJIHO3HAUHOE OTOOpaXKeHHe MeXK Ty MHOXKeCcTBaMH (A X ... X A,_1) X
XAy, n Ay x ... x Ay llpumensis 6a3y MHAYKLHUH, TOJydaeM:

[Ap x oo x Ap|=1A1 X oo x Ay X AR = AL - JAn] O
[puryunom caomxceruss B KOMGHHATOPUKE HA3BIBAETCS CJIEIYIONIEE MOUTH

OUEBHJHOE, XOTS U JIOBOJIbHO aOCTPAaKTHO (hOPMyJHUpyeMOe YTBEPKIEHHE.

Teopema 9 (npuHuUMN chaoxeHUus). Ecau KOHeuHble MHONMCECMBA
A;, 1 <i < n, nonapuo ne nepecekaiomcs (Opyeumu cA08aMU, HEe UMEIOM
00WUX INeMeHMO8), MO CNPABedAUBO PABEHCINBO

[ATU...UA | =1A1] + ...+ |A4]
(crosecrnas hopmyauposka: mouyHocme 06veduHeHUs NONAPHO He nepe-

Cekarnuwuxcsi mMHoMcecms pasHa cymme Mowuocmeﬁ IMux MHO?:‘C(?CmB).

JlokaszaTesabcTBoO. 31ech ToxKe (POPMAJLHO MOXKHO MPOBECTH MH-
JYKLHMIO TI0 71, HO Kax<eTcsl, U Tak BCe SICHO. O
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Jlasi kpatkoct ob6wvedurenue cemeiicmsa mroxcecms A;, 1 <i<n,

0003HaualoT elle u TakK:
n

U 4.
i=1
Curenyroliee onpejieJieHHe MO CYLIECTBY COBMAAaeT C ONpeeeHHsMH,
JaHHbIMU Qupuxie * u JloGaueBckum **.

Onpenenenue 12. Omobpascenuem (wnv ¢pyuxyueit) [: A — B Hazo-
BEM COOTBETCTBHE, TIPH KOTOPOM KaKI0My 3JIeMeHTy MHO2KecTBa A corocTas-
JISIeTCST POBHO OJIMH 3J1€eMEHT MHOXKecTBa 5.

DTo onpejiesieHie TeCHO CBA3aHO CO CJIEAYIOLIUM OMNpPeieeHUEM.

Onpenenenue 13. TloamHoxkecTBo F MHOKecTBa A X B HaszoBeM epa-
purxom omobpascenus [: A— B (o603nauenne: ' =T';), ecan ais n1o60ro
3J1eMeHTa @, NMpUHajJIexKallero A, HallJleTcsl eIMHCTBEHHBIN 3JeMeHT b u3 B
TaKoW, UTo yrnopsijloueHHas napa (a, b) npuHaaIeKUT MHOXKeCTBY F .

ATOT 3/7eMeHT 0603HaYnM f(@) (UTOOBI MOMAUEPKHYTh €r0 BO3MOMKHYIO 3a-
BHCHMOCTb OT 3JIeMeHTa @) M Ha3oBeM 00pa3oM 3j1eMeHTa @ MpH 0ToOpaxKe-
Huu .

[Tpumepsn. l.EcimA={1,2,3,4,5,6,7,8}, B={a,b,c,d, e 1 g h},
TO COOTBETCTBHE

(1) =a, [(2)=b [(4) =d,
[(5) =e, [(6) =1, I7) =g [(8)=h

SBJISETCS OTOOPaKEHHUEM.
2. s Tex ke A, B otoOpaxKeHUEM SIBJISIETCS COOTBETCTBUE

(1) =a, [(2) =a, 1@)=c, [(4) =c,
[(5) =e, [(6) =e, =g [8) =g

Mx rpacukn n3o6paxaiorcst pacCTaHOBKOH JaJel Ha 1IaXMaTHOH JIOCKe
Ha puc. 2—3.

A paccraHoBKa Jiajeil Ha puc. 4 He siBjisieTcst rpaduKoOM 0TOGparXKeHHsl
f:A—B.

3. Otobpaxenue u3 N B poH3BOJIbHOE MHOXKECTBO Ha3blBAeTCS nOCAE-
008amMeAbHOCMbIO 3JIEMEHTOB 3TOI0 MHOXKECTBA.

~
—~
w
=
g

* T1. Jlexén dupuxae (Johann Peter Gustav Lejeune Dirichlet, 1805—1859) — sHameHnuTblit
HeMellKui MaTeMaThk. Poxuicst Bo ®panimn.

** Jlo6aueckuit Hukomait Msanosuu (1792—1856) — 3HaMeHUTBIH pyCcCKHil MaTeMaTHK, rep-

BOOTKpbIBaTe/Ib HeeBKJIMA0BOH reomerpun. Pekrop Kasanckoro ynusepcurera B 1827—1846 rm.
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— DN W A~ U1 O N o
— DN W A~ U1 O N o
— N W s~ 1O o

[TpousBoJibHASI MOC/EI0BATEbHOCTh 0003HaUaeTcsi oObIYHO Kak {a,},
TJle 4, Ha3blBAETCS ee N-M YACHOM.

[1prMepoM nocJ/ie0BaTENLHOCTH SIBJISIETCS TOCJe10BaTeNLHOCTL Pubo-
HauuH,

Onpenenenue 14. [lns smoGoro mHoxkectBa M, copepxKatierocsi B A,
MHOKecTBO {f(a): a € M} o6pa3oB Bcex asiementoB M o6osnauum f(M) u Ha-
30BeM 0Opas3om MHO¥KecTBa M.

st mepBoro otoGpakenusi mpeapiayiiero npumepa f(A)={a,b,c,...,h},
a st Broporo f(A) ={a, c, e, g}.

Onpenenenue 15. OtoGpaxeHue [: A — B Ha30BeM HaA0dNCeHUEM, eC-
m f(A)=B.

[TepBoe oToGparkeHHe MNPEBIAYIIEr0 TPUMeEpa SIBJSIETCST HaJMOXKEHHEM,
a BTOPOE — He SIBJISIETCSI.

Onpenenenue 16. OrtoOpaxenue f: A — B Ha30BeM 8A0MCEHILEM, €CIH
pasHble 3JIEMEHTbI BCErJa UMEIOT pasHbie 06pasbl.

[lepBoe oToOpaxkeHHe TMpelblIyLlero MpUMepa sBJSETCS BJIOXKEHHEM,
a BTOPOE — HeT.

Onpenenenue 17. Hazosem otoGpaxenue [: A — B 83aumno 00Ho-
BHAUHBIM OMOOPAXCeHUeM, eCld 0ToOpaXKeHue [ OJHOBPEMEHHO SIBJISIETCSI
H BJIO2KE€HUEM, U HaJIO2KEHUEM.

[lepBoe oTOGpaxkeHHe TpeAbIAYLIEr0 IMpHUMepa B3aUMHO OJHO3HAYHO,
a BTOpPOE — HeT.

[Tpumepsn. 1. Ipaduk I'; moxHo u306pasuTh
B BHJI€ CXEMbl, Ha3biBaeMoil dgydoavHuim epagom, 0 1 2
nanpumep, ecin A=1{0, 1, 2, 3}, B={0, 1, 2}, I'; =
={(0, 0), (1, 0), (2, 1), (3, 2)}, To I'; n3o06paxaercs 0 ) 5 5
rpacoM ¢ Y4eTbIpbMsl BePLIMHAMH B OHON J10Jle U Tpe-

Msi — B Jipyroit (puc. 5). Puc. 5
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Orob6paxkenue [ sIBASIETCST HAJOMKEHHEM, HO HE SIBJISIETCS] BJIOXKEHHEM.
O6pasom mMHoxkectBa {0, 1, 2} sBasietcst MHOxKecTBO {0, 1}.
2. [Ipumep B3aMMHO 0JHO3HAYHOTO OTOGpParKEeHHSsI

A={1,2,3,4,506,7,8—-B={a, b,c,d, e fg h}

npejicTaBJsier Jo6asi pacCTaHOBKa 8 Jiajield, He yrpoXKalolux Apyr Jpyry.
Caenytoliiee ornpesesienre NPUMEHUMO U K 6€CKOHEUHbIM MHOYKECTBAM.

Onpenenenue 18. Ecan nis mMHoxkectB A M B CylllecTByeT B3aWMHO
0JIHO3HaAuHoe oToOpaxenue f: A — B, To Oy1eM roBoputh, uto A u B umeror
00UHAKOBYIO MOWHOCMb, W 3aMUCbIBaTh 3T0 B BUe |A| =|B|.

BoJIbUIMHCTBO 3ajau MePeuuCcAUTEbHON KOMOMHATOPUKH MOTYT ObITh
chopMyJIHPOBAHbI KaK 3ajlaUul O BbIUHCJIEHUH MOLIHOCTH JaHHOTO KOHEUHOTO
MHOXKECTBA.

Ha ncrnosib30BaHUH MOHSITHST PABHOMOILIHOCTH OCHOBAH CJIeyIOLIUH TPHeM
pellleHns] TAKUX 3a7au: eCJIH HEMOCPeICTBEHHO MOLIHOCTb MHOXKECTBA BhIUHC-
JIUTb He yIAEeTcsl, TO MBITAIOTCS YCTAHOBUTH B3aUMHO OJIHO3HAUHOe 0ToGpa-
YKEHHe ITOT0 MHOXKECTBA C JPYTMM MHOXECTBOM, MOLIHOCTb KOTOPOTO YXKe
M3BECTHA WJIH MOXKeT ObIThb HENOCPEACTBEHHO BbluucieHa. Jlasee Mbl Oynem
HEOJIHOKPATHO TMOJIb30BATHCSI ITUM MPUEMOM.

O60o3Hauum uepes F(A, B) mroxcecmso scex omobpascenuii uz A e B.
MMeer mMecTo cuenytoliast Teopema.

Teopema 10. /[1g aw0bbix KoHeuHvlx mHoMecms A u B cnpasedauso
A
pasencmaso |F(A, B)| = |B|| 3
Hokasateabctso. [yetb A={ay,...,a;z}, B=1{by, ..., bp}. Cy-
11IeCTBYET B3aUMHO OJIHO3HAuHOe oToOpakeHue MHOXKecTBa F(A, B) Ha MHO-
xectBo B x ... x B = BlAl. 13 teopemsl 8 caeyer, uto
—_—
14| A
IF(A, B)| =B =|B|". O
O60o3Hauum uepe3 P(A) mHoxmcecmso s8cex NOOMHONMECMB MHONCE-
cmea A (BKoUast caMo MHOXKECTBO A U & — nycToe NoJMHOKeCTBO). MmeeT
MEeCTO CJiejlyloliiast

Teopema 11. /{12 kKoHeurnoeo mHoxmecmaa A cnpasedius8o paseHcmso
[P(A)] =211,

JokaszaTeanbcTBo. ConoctaBuM KaxKIoMy MoaMHoxkecTBy M MHO-
kectBa A ero unduxkamop Iy, 1.e. Takoe orobpaxenue [y : A — {0, 1}, uto
Iy(a) =1 torma u ToJIbKO TOTA, KOrJa a npuHaaiexut mHoxectsy M. ITo-
JlyuaeM B3aMMHO OJiHO3HauHoe otoOpaxenue [: P(A) — F(A, {0, 1}). 13 Te-
opembl 10 caenyer, uto [P(A)| =211 O
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Kpome yHKIME OHON MepeMeHHOM, Y4acTo pPacCMaTpUBAIOTCS TaKxkKe
(DYHKIMK HECKOJbKUX (MHOTJA TOBOPSIT — MHOTMX) MepeMeHHbIX. Hanpu-
Mep, orobpaxeHue f: A" — B MOXHO paccMaTpuBaTbh Kak QyHKYUIO
fx1, ..., xp) om n nepemennoix x; €A, 1<i<n. B uactHoctH, ecu
A =B =R, To Takylo (QyHKUHIO HA3BIBAWOT GyrKyuel n delicmaumervHolx
nepemerHoLx.

[Tpumepsn. l.Bcayuae n =1 rpaduk Takoil PyHKUIHH JIEKAT B MHOXKE-
ctBe R x R = R? — 1BymMepHOM apudMeTHUECKOM NTPOCTPaHCTBe (IJI0CKOCTH).

2. B cayuae n = 2 rpacduk Takoi GyHKLMH JeKUT B MHOxKecTBe R? X R =
=R3 — TpexMepHOM apHBMeTHUECKOM MPOCTPAHCTBE (T. €. ABJSeTCS MOBepPX-
HOCTbIO).

Jl1si KOMOMHATOPUKH TPENCTABJSAIOT MHTEPEC NPYrHe Kaacchl (YHKIHi
MHOTHX TI€PeMEHHbIX.

Onpenenenue 19. B ciyuae A =B = Eo ={0, 1} dynxums f(xy, ..., x,)
OT n nepeMmeHHblX, x; € A, 1 <i < n, HasbiBaercsd @yrnkyueti 08Y3HaAUHOL
A0euKl, WM pyHKyuel areedpol L02uKl, a TakxKe elle 6yresol yHk-
yuetl *.

B cnyuae A=B=E,={0, 1, ..., k — 1} dyukuus f(xy, ..., x,) 1 nepe-
MeHHbIX, X; € A, 1 <i < n, HasbiBaeTcs Gpynkyueti kR-3HauHol 102Uk,

3anauu v ynpaxHenus K § 1.6

CKOJIbKO 3J1eMeHTOB (BepILHH) B 11-MePHOM JIBOUUHOM Kybe?
CKOJIbKO 3/1eMEHTOB (BEPUIHH) B 1-MEPHOM R-HUHOM Kybe?
Hanumnre Tabmuipl Beex GyJeBbIX (DYHKIMH OT ABYX TepeMeHHBIX.

CKOJIbKO cyllecTBYeT OyJieBbIX (DYHKLUHMH OT /1 MepeMEHHbIX?

gL -

CKOJIbKO cylllecTBYeT (DYHKLHMHA R-3HAUHON JIOTHKH OT 71 M€PEMEHHbIX?

6. CKOJIbKO pa3/IMuHbIX /1-3HAUHBIX UHCEJ MOXKHO 3alHCaTh B J1€CSITHUHOM
cucreMe cumcJienus (nepsasi wudpa otsiuyna ot 0)?

7. Iyerb n=p{" ... pym. Haiinure 7(n) — uncsio Bcex HaTypasibHbIX Jie-
Jrejielt n U o(n) — cymmy 3Tux Jequreseit. [lokaxure, uto ecau (m, n) =1,
to T(nm)=7(n)-7(m) u o(nm) =o(n) - o(m).

8. Ecim p u 27 — 1 —npocthie, T0 n=2""1(27 — 1) — coBepuientoe
ukcsIo, T. €. Takoe, uto o(n) = 2n.

* JIx. Byab (George Boole, 1815—1864) — anrumiickuii MaTeMaTHK U JIOTHK, MperojaBal
B Mpaanmuu. Orew nucarenbuuibl J. J1. Boitnuu.
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HeusBecTHo, KOHEUHO WM GECKOHEUHO MHOXKECTBO UETHBIX COBEPLIEHHBIX
yuces1. Camoe 60JIblLIOe U3 U3BECTHBIX COBEPLIEHHBIX YHCes (M COOTBETCTBEH-
HO camoe 6oJibllioe W3 MPoCThiX uucen Mepcenna *), naiinennoe B 2001 r.,
noJyvaercst npu n = 13466917.

HeuerHble coBeplueHHble UMca 10 CHX MOP He HalJeHbl.

9. JlokaxkuTe, 4TO UMCJIO BCEX Map MOJAMHOXKeCTB MHOXKecTBa {1, 2, ..., n}
TaKHX, YTO MePBOE U3 ITHX [OJIMHOXKECTB COIEPKHUTCS BO BTOPOM, paBHO 3.

10. Tlyctb p —npocroe uncyo. CKOJLKAUMH Cioco6aMHi MOKHO pacKpa-
CHUTb BEpLUMHbI IPABUJIBHOTO P -YroJibHUKA, €CJIM pa3pellaercsl UCroJb30BaTh
3aJlaHHble k 1IBETOB (He 0053aTeJIbHO BCE) W JIB€ PACKPACKH, Tepexojsiiye
JIPYT B JIpyra Mpu NOBOPOTE p-yroJbHUKA, CUMTAIOTCS OJMHAKOBBIMH?

11. BoiBenute U3 npeabiiyllleil 3agauu, uto p nejaut k” — k.

12. Tlpoussenenre 1986 HaTypasbHbIx uucen uMeer 1985 pasyiMuHbIX
NPOCTbIX JesuTesell. JlokaxkuTe, UTO TIPOM3BEJEHHE HECKOJNbKUX M3 3ITHX
yuces1 MO0 OIHO U3 HUX SIBJISIIOTCS KBajpaTaMH HATYPaJlbHOrO uucJa.

13*. TlpousBenenue 48 HarypasbHbiX urces umeer 10 pasiMuHbIX MPO-
CThIX AesuTesiel. JlokaxuTe, UTO NPOU3BE/IeHHEe UETbIpeX M3 ITHUX YHCeJ SB-
JISIETCS1 KBAJPaTOM HATypaJibHOTrO UHCJa.

14*. Tlpoussenenune 1985 HaTypasibHBIX unces UMeeT 9 pasjuuHbIX MPO-
CTBIX JleJIMTeIel.

a) JlokaxkuTe, 4TO MOXKHO BbIGpaTh 737 HerepeceKalolUXcst nap 4uced,
NPOU3BENIEHHs] KaXKIbIX M3 KOTOPbIX SIBJISIIOTCS KBajpaTaMH HaTypaJsibHbIX
qHCel.

6) JlokaxkuTe, UTO MOKHO BHIOpaTh |13 HerepecekaoUmMxcs YeTBEPOK YH-
cesl Tak, UTO MPOU3BEJEHHE KAXKIOH ueTBepKH OyleT UETBEPTOH CTereHbo
HaTypaJbHOTO UKCJIA.

15%. Ha niockocTH HapuCOBaHbl 7 TOUEK, 3aHyMepOoBaHHbIX OT | 1o 7,
1 HEKOTOpbIE U3 HUX COEJMHEHbl OTpe3kaMu (pebGpamu) Tak, uto peGpa He rne-
pecekatorcsl (M0 BHYTPEHHHM TOUKaMm) W U3 Ji0OOH TOUKH MOXKHO B J10GYIO
JPYryto NpoiTH pedpam, NpuueM eMHCTBEHHBIM CIOCOOOM — MOJIyYHJI0ChH Je-
peBo. Jlokaxkute, uto pebep B AepeBe 1 — | W UMCJO PA3JUUHBIX JE€pPEBbEB
paBHO n"~2 (Teopema Kaan **).

Y ka3aHue. BoiGpaTb BUCAUYIO, T. €. ABJISIOLLYHOCS KOHLIOM JIHIIb OJIHO-
ro pe6pa, BepllIHHYy C HAUMEHbIIUM HOMEPOM, HANUCATh HOMEP BTOPOT0 KOHLA
3TOro pedbpa, BbIOPOCUTh U3 JiepeBa 3T0 pebpo, ¢ OCTABLIMMCS JIEPEBOM Clle-
JlaTb TO K€ caMoe U T.]l., IOTOM 0Ka3aTb, YTO MOJYYHBLLIASICS B pe3yJbTare

* O mporpamMmme MoMcKa HOBbIX NPOCTbIX uHces MepceHHa COBMECTHBIMH YCHIIHSIMH MOJIb30-
BareJieil MHtepHera cM. www.mersenne.org.
** A, Kaam (Arthur Cayley, 1821—1895) — anrsuiickuii matemartuk. PaGorast ajgBokatom B Te-
ueHne 14 set, ony6sukoBaJs okosio 250 MaTeMaTHUecKHX paboT. OCTaBUB aIBOKATCKYIO PAKTHKY
B 1863 1, cran npodeccopom MateMaTHKH B KeMOPHIKCKOM yHHBEPCHTETE.
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[0CJIE0BATENLHOCTD JUIMHBI 11 — 2 UdCes U3 MHOXKecTBa {1, ..., 1} oqHo3HAu-
HO omnpejessieT UCXOJHOEe JepPeBo.

§ 1.7. TloamHomMHanbHasi Teopema

O603Hauum uepes [(A, B) MHOKeCTBO Bcex BioxeHuil f: A — B. lpyru-
MH CJIOBAMH, TO YHCJIO pa3MellleHHil 3JeMeHTOB MHOKecTBa A Mo silmKam,
SIBJISTIOLLIAMCS] JIeMEHTaMH MHO2KeCTBa B.

SIcHo, uto /(A, B) He mycto Torma u Tosibko Toraa, koraa |A| < |B].

Onpeneaenne 20. Yucao V- (V —1)-...-(V —n+1) HasbiBaercs
ybosarowum akmopuasom uicna V pivHbl 1 1 o603Havaercs [V],.
Yucao V - (V +1)-...-(V +n— 1) HasbiBaercs sogpacmarouun dak-

mopuaaom udcna V pyvHbl n u o6o3nauaetces [V]".
Ynpaxuenue 15. lokaxure, uto [—V], = (—=D)*[V]", [-V]" = (=D"[V],.

Teopema 12 (o uucae pazmeuenuin). Cnpagedauso pageHcmso
(A, B)|=[B|- (1B = 1) .- (IB[ = [A][ + 1) = [| B] -

Hoxasatesnbctso. Munykuus no |A|. basa (JA| = 1) oueBuna.

[War unpykumu. [yete A ={1, 2, ..., n}, B={l, 2, ..., m}. Jlto60e 0T06-
paxkeHue [, npuHaiexkauiee MHOKecTBY /(A, B), 0HO3HAUHO onpeensieTcs,
ecJid 3ajaTh 3HaueHue f(rn) =i u3 B u orobpaxkeHue [y, npuHaexallee
mHoxkecTBY (A, B;), tne Ag={1, 2, ..., n— 1} u B; = B\ {i}. Takum oGpa-
30M, MOCTPOEHO B3aUMHO OJIHO3HAUHOE O0TOOpax<eHue U3 MHoXKecTBa [(A, B)

B MHO2KE€CTBO m

LJ 1(Ao, Bi) x {i}.

i=1
M3 nperosioyxkeHust UHAYKLIUH U TeopeMbl 9 Terephb CJIe/lyeT, uTo
/A, B)|=m-(m—=1)-...-(m—n+1). O
Onpepenenue 21. Paxmopuason uncna V € N HagbiBaeTcst npousse-
nenpe V=V (V-=1)-(V—=2)-...-2-1. lna V =0 nonaraem 0! = 1.
Torma [V],=V!/(V—n)! ipu V >n > 0.
Teopema 13 (o uucae nepecraHoBok). Cnpasediuso paseHcmso
1A, D =]A]- (A = 1) -..- 1 = A]
JlokaszaTesnbcTBO. YTBep:K/IeHHE SIBJSIETCS YACTHBIM CJIydaeM Teo-
pembl 12. O

st kpatkocTH BMecTo [(A, A) nuuiem S(A).



46 [naBa [. Uucna u xom6uHaTopuka

Onpenenenue 22. DyemeHTbl MHOXKecTBa S(A) HasbiBatoTcs nepecma-
HOBKaMU MHOKeCTBa A.

Onpenenenne 23. [lepecmanosKkoll ¢ nosmoperusmi Ha3bIBaeTCs
moboe cjioBo M3 MHoxkectBa {l, ..., k}", B KOTOpOM Kaxkjuas «OykBa» i
BCTpeuaeTcs 1; pas, Tiue ny + ... + np = .

MHOXeCTBO BCeX TaKUX CJIOB 0003HauuM S(ny, ..., ng).

Ecau umeercss n 6ykB (k=n), u kaxnass GykBa BCTpeuaeTcsi OJMH pa3
(ni=1,i=1, ..., n), 10 S(1, ..., 1) — 310 pocto mHoxkectBo S({1, 2, ..., n}),
3JIEMEHTbI KOTOPOTO 3alucaHbl B BUJE CJIoBa (ay, ..., d,), NPUHAIJIEKALIETO
mHoxecTBy {1, ..., n}".

Teopema 14 (o mepecTaHOBKax ¢ NOBTOPEHUSIMU). B 0603Hauenusx
onpedeaenus 23 cnpasedAU80 pageHCmMaE0

1S E—_
ny, ..., i) = ———.
by Tk ny!...ong!

JokaszaTeusnbcTBo. ConoctaBuM KaxKaomy cjoBy @ U3 S(ny, ..., 1)
MHOXKECTBO Bcex mnepectaHoBok us S, =S({l, 2, ..., n}), KoTopble nosyua-
10TCSl, €CJIM BCe BXOXKJAEHHMA KaxKIoH OYKBbl [ 3aMEHHUTb MPOU3BOJILHBIM 00-
pa3oM Ha pasJjiMuHble uucja u3 mHoxectBa {l;, [;+ 1, ..., [; +n; — 1}, e
li=n;+...+n;_;. Ilosyuennoe MHOKeCTBO 0003HAUUM S, .

2 B
V3 Teopembl 8 u Teopemsbl 13 BoiTeKkaer, uto |S, | =n! ... np!. ScHo, uto

Sa= U Swe

weS(ny,. . ,ng)

— o0belMHeHHe BCeX MHOXKECTB Sy, KOTOPble MOMAPHO He MepeceKaloTcs,
T. €. He UMeloT o6uMX sjemMeHToB. [TosTomy corsacHo Teopeme 9
n!

n!'=1S,|=|S(ny, ..., ng)|, ortkyna |S(n1,...,nk)\:m. O

Ynpaxnenue 16. a) CKoJIbKO pas3jiMyHbIX CJIOB MOYKHO MOJIYUHTb, Tlepe-
craBJisisi 6ykBbl B ciioBe MATEMATHUKA?

6) CKOJIbKO pPa3J/IMUHBbIX CJIOB MOXKHO TOJIYyUMTb, TepecTaBJisig GyKBbI
B caose ABPAKAJIABPA?

[lepecTaHoBKa GYKB B CJI0BE Ha3bIBAECTCS aAHA2PAMMOU.

Ynpaxuenue 17. B XVII B. cpean yueHbix cyiiectBoBas o06biuaii 06b-
SIBJIATH O CBOMX OTKPBITHSIX, HYXK/IAIOIIMXCS B MOATBEPKAEHHH, NMyOaUKalnen
aHarpammbl. lajinsieii, yBuieB B CBOIO MOA30pHYI0 TpyOy, uto CaTypH MUMeeT
M0 KpasiM Kakue-To MpUIAaTKH, onyOJHKOBa/l aHarpammy

SMAISMRMIELMEPOETALEUMIBUVNEUGTTAVIRAS.
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CKOJIbKO pasJiIMuHbIX MepecTaHOBOK MpHILLIOCh Obl nepenpoboBath Kenepy,
uToObl pa3rajath aHarpammy lanuies? Hanuiure Tounyto dopmysy u ole-
HUTE YHCJIO JeCATHUHBIX LH(P B U300parKaeMOM €10 UMCJIe.

N3 reopembl 14 caenyer

Teopema 15 (noaunHomuanbHas). Cnpasedauso mojcdecmso

n!
(X1 + ...+ xp)"' = —x" X
! np1 71 k
1t ees Hpt
n+...+np=n
Hokaszateabctso. OcHoBHOl andasut —{xy, ..., Xz}. DykBa x;
BXOJIUT POBHO 11; Pa3 B Kaxl0€ CJIOBO, Jalolliee ofHouIeH X{' ... xp*. O

!

n
Onpenenenne 24. Yucio o003HayaeTcs W Ha-
ﬂl!...ﬂk! Iy -+ Mg

3bIBaeTCsA NOAUHOMUANbHOBIM KOB(f?d)LlL{LleHITLOM.

n n
Ecau k=2, To BMecTO <n " > MHLIYT (n ), U600 N9 =1 — Ny, U Hasbl-
1, g 1

BAlOT 3TO UUCJO OUHOMUAAbHOIM KOIPPuyuernmom. BmecTo (k) UCIOJb-
3y10T 06bluHO 0Go3Hauenue CF.

YnpaxHeHue 18.

a) ITposepsre, uto C* = [n],/k!.

6) [1poBepbTe, UTO CrpaBeVIMBO TOXKIECTBO (IBOMCTBEHHOCTb OHHOMH-
aJIbHBIX KO3((HUIIEHTOB)

Ck— nn—1)...(n—k+1) _ ot
n k] - n °
B) JlokaxuTe, uto nocaenosarebrocts CO, Cl. ... C!" Bospacraer BOTH

2 2]+1
110 Koa(duLMeHTa C,[I”/ lac Ko3(duLreHTa C,[I”/ I+ yObIBaeT.
r) JlokaxkuTe uncto anre6panuecku moocdecmso llackara
ko _ ok k=1
Chp1=Cp+C, .
YacTHbIM CcjlyyaeM TOJMHOMHAJBLHON TeOPeMB! SIBJISIETCS
Teopema 16 (6uHomuanbHas). Cnpasedauso mosxcdecmso

n

(r+y)"=) Crcry"
k=0

HokasarteabcTBo. B nommHomuanbHoil Teopeme nosoxum k=2. [
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Onpeneaenue 25. Tpeyeoavrnuxom llackass HasdbiBaercs Tabauua

B KOTOPOH Kakaasi ouepeiHasi CTPOKA Ha OJHO UYHCJIO JJIMHHEE MpebliylleH,
HauMHAEeTCs M 3aKaHUMBAeTCsl eIMHULEH W KaxK[1oe M3 OCTaJbHbIX ee uhcel
PaBHO CyMMe JBYX uMceJs Npeiplayllell CTPOKH, MeXKy KOTOPbIMH OHO HaXo-
JUTCS.

Teopema 17 (o tpeyroabhHuke [lackansa). B n-i cmpoke mpeyeoro-
nuka llackara cmoam 6 mounocmu OuHomMuarbHble KOADhuyuenmol
cY,cl ..., cn

JokasaTeJsabcTBo. JlokazaTeqbCTBO MPOBOAUTCS MO UHAYKIMH. Ba-
3a uHayKuud (n=1) oueBupHa. CoryiacHO TPENOJNIOKEHHUIO HHIYKIHUH 1-51
cTpoka Tpeyrosbauka [lackans coctout s uncen CY, CL ... C". Torna mex-
ny wueaamu CF=1 Ck g (n + 1)-it cTpoke GyeT cTosTh COMIACHO TOXKIECTBY

IMackans uneno C* | = CE=' + Ck. O

3anauu ¥ ynpaxHenus K § 1.7

1. Kensep namen taxkoe penieHue aHarpammbl [asuiest (onmycTHB JBe
OyKBbI):

SALVE UMBISTINEUM GEMINAUM MARTIA PROLES

(mpuBet BaM, Gsin3Hellbl, Mapca nopoxiaenbe). OH aymas, uto [anunei ot-
Kpbl1 cnyTHukd Mapca. Ha camom pesie oHU OblIM OTKPBITHI CIyCTsl JBa
Beka. B nefictBurenbHoctu [asnunseit 3ammdposan gpasy (Toxe BIGPOCHB /1B
OYKBbI)

ALTISSIMUM PLANETAM TERGEMINUM OBSERVAVI

(BbIcouarilnyio nJjaHeTy TporHoio Habuonan). Ho on ommnbesi. Bmecto npu-
jJatkoB y CaTypHa 0KasaJlochb KOJbllO, KOTOPOe OTKPbLI Mo3jaHee [iofreHc.
O6 3TOM 0OH TOXKe OMyOJMKOBaJ aHArpaMMy

AAAAAAACCCCCDEEEEGHHIHIIILLLLMMMNNNNNNNNNOO
OOPPQRRSTTTTTUUUU.
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CKOJIbKO Pas3J/IMuHbIX MEePeCcTaHOBOK MPHUILLIOCH Obl Mepenpo6oBaTh, UTOObI
pagrajatb anarpammy lioiirenca? Hanuiure Tounyio (opmysay MU OLEHUTE
UMCJI0 JECATHUHBIX LU(P B U300paKaeMoM eto YUCIIe.

2. JlokaxkuTe GMHOMHAJILHYIO TEOPEMY MO HHAYKLHH.
3. BbiBeauTe U3 Hee NMOJMHOMHAJbBHYIO TEOpeMy.
4. Ecqn mHOKecTBa A; TMonapHo He MepeceKaloTcs U

[AjU.. . UAy | =k +...+ky—n+ 1,

10 |A;| = k; nnsi HekoToporo i (npuHuun dupuxJe).
5. Ecau (n, 10) =1, To U3 0THUX €AWHUIL MOXKHO COCTaBUTb uncJyio 11...1,
Jledisiiieecst Ha 1.

6*. CyiiecTByeT unciio, jaesiieecsi Ha 2", necsiTHUHAsi 3aMUCb KOTOPOTO
COCTOHUT TOJIbKO U3 | U 2.

7*. CyllecTByeT uuMcJio, Jiesisiliieecst Ha 5", JiecATHUHAS 3alUCh KOTOPOTo
COCTOHUT TOJIbKO U3 mdp 1, 2, 3, 4, 5.

8*. Ecam (1, 5) =1, To cylecTByeT umuco, aessiileecst Ha 1, JeCATHUHAS
3aMMch KOTOPOTrO COCTOMT TOJIbKO M3 Ludp 1, 2.

9%, Ecau (n, 2) =1, To cylecTByeT umco, aesiieecs Ha 1, JeCATHUHAs
3aMuch KOTOPOrO COCTOMT TOJIbKO M3 udp a) 1, 2, 3, 4, 5; 6) 5, 6, 7, 8, 9;
B) TOJIbKO M3 HEUYETHBIX LHUQP.

10%. (C. B. Konsirun.) [{okaxure, uto Jijist JitoGOTr0 71 HAKJETCs UMCJI0, BCe
1Hdpbl KOTOPOTo B lecATHUHON 3anuck pashbl 0, 1, 8, 9, He npeocxoasiee n*
¥ Jessiiieecs Ha f1.

11. CkoJIbKMMH crocoG6aMHi MOXKHO pacCTaBUTb 7 JaJel Ha L1axMaTHOH
JIOCKE 1 X 1 Tak, uTo6bl OHW He OUJIK Apyr apyra?

12. CkoJbKUMH crioco6aMH MOXKHO Pa3MeCTHUTb /1 OJIMHAKOBBIX LIAPOB
Mo /M ypHaM Tak, uToObl B KaXKJIOH ypHE 0KasaJloch He 0oJiee OJHOTO Liapa?

13. Jlokaxkure TOXKIECTBO

n n
Z (”lwnw”lé)Zk '

ni+...+n=n

14. BbiBenurte U3 MOJMHOMHAILHON TEOPEMbBI, UTO MPH MPOCTOM P H JIIO-
60M HaTypasibHOM R uuciio kP — k nenutcs Ha p (Manas teopema depma).

15. Ecau p — npoctoe, Gosibliiee 5, To uucso 11...1, necsatuunas 3anuch
KOTOPOTO COCTOMT U3 p — | eIMHHMLIbI, IEJHTCs Ha p.

16. B ksacce nist kaxporo k=1, ..., n poBHO @; Y4eHUKOB TOJIyUHJIH
He MeHee k nBoek. CKOJIbKO BCEro JIBOEK B 3TOM KJacce?

4 Tawkon
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17. (Jlexxannp *.) a) [lokakurte, 4TO MPOCTOE UUCJO P BXOIUT B Pasiio-
»KeHue n! B cTeneHu

n n n k k1
— +L—(J+...—|—L—J, rue <n< .
L?J p? p* P P

6) Jlokaxkute, uto
n n n n—vp(n)
TN O L )
L?J p? p p—1
rie v, (n) — cymMma UMdp p-HUHOH MO3HLUMOHHOM 3aMMCH yucaa 1.

B) [lyctb
up=(p**' = D/(p = 1),

h= pmtim + ...+ pris + po,  pm= [h/tin],
hmflzh_pmum» pmflzl_hmfl/umflja

hy =hg — paus,  pi1=|hi/ui].

TOFIIa [IPOCTOE p BXOIHUT B pa3J/ioKeHHE n! B crenenu h TOoraa U TOJIbBKO TOria,
Korja

m+1

n=pmp™ ...+ pip*+ pop + ',

rie Bce p; U p’ CyTb Liesible HeOTpHLATeNbHbIE H MEHbLLE p.

18. Moxer s n! oxkaHuuBaTbess poBHO 2004 HyssiMH B J1eCATHYHOH
3ammcu?

19. Tlpu kakux n uucqo (n — 1)!/n — nenoe?

20. Jlokaxkute, uto umcao (2n)!/(n!)? natypasibhoe u seantest Ha 14 1.

21. JlokakuTe, uToO #‘k' —uedsoe, ecai a+b+...+k<n.

22. Jlokaxute, uto uucgao (2n)!/(n!)? watypasibhoe u jaenutcsi va n+ |
u Ha 220V 1o me mesurest na 2w+

23. Jlokaxkute, uto uucao (2n)!/n! nemurcest va 2", HO He Ha ontl,

24. Jlokaxute, uto uncao n!/2" — uerenoe. [1pu KakoM HaTypasJbHOM 11
uncsio n!/2"=™M Gyjet 1esbIM IPH BCEX HATYPAJIbHBIX 117

25%%, (UeObILIER **.) BbiBeaute U3 npebLayllieil 3a1aun, 4To uuc/io v/nl
He GoJiblile TPOU3BEIEHHUS 110 BCEM MPOCTHIM JEJIUTENIAM p UUCJIA 1 COMHOXKH -
teneit p!/(P=1 u BLBemwTe OTCIOAA, UTO MPOCTBIX UHCET GECKOHEUHO MHOTO.

* A.M.Jlexanap (Adrien Marie Legendre, 1752—1833) — u3BecTHblil (paHily3cKuil MaTe-
MaTHK.
** Ueobblwés [laduyrnit JIbpoBuu (1821—1894) — Bhipatouuiicsi pyccKuii MaTeMaTHK, co3jla-
TeJslb 1eTepOypreKoi MaTeMaTHueCKo! LIKOJIbI.
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26%*. (UeObiuép.) JloKaxxuTe, UTO CyMMa M0 BCEM MPOCTbIM p, He Mpe-
BOCXOJISILIMM 11, cjlaraeMbix 1g p/p Godblie, uem C Ig n, rie C — HekoTOpast
KOHCTaHTa.

Vkasauue. Vnl>n/3,

27*%%, (Uebbiién.) JlokaxknuTe, UTO CyMMa 10 BCEM MPOCTHIM p, He Mpe-
BOCXOJSILINM 11, cyiaraembix 1/p Goabite, uem C 1g Ig n, rie C — HekoTopast
KOHCTaHTa.

Yxaszanue. Eciau P— MHOXKeCTBO BCex MPOCThIX UUCE, S — MHOXKe-

CTBO BCe€X KBaJpaToB, F — MHO>KeCcTBO Bcex qyuceJi, He AeJisAlIuXCs Ha KBal-
paTtbl, TO

n n n
| 1 1

> i)zl w

k=1 k=1 k=1

keS keF
1 T I T 1 "
k=1 k=1 k=1 k=1
keP keP keP keF

§ 1.8. Coueranus u pa3bueHus

O6o3Hauum uepes Py (A) mHoxkectBo {M: M C A, |M| = k} Bcex noamHo-
JKECTB MHOXKECTBA A, HMEIOIIMX MOLIHOCTb R, IPYTMMH CJIOBAMH, k-TOIMHO-
JKECTB.

Onpenenenune 26. Dyementbl MHOKecTBa Py (A) HasbiBaloTCsi couema-
Husmu sneMeHToB u3 A no k.

Teopema 18 (o uucie k-noamHoxects). Cnpasediuso pasencmso

k
[Pe(A)] = CJy.-
HoxkasatenbcTso. [lyetb A={ay, ..., ajs}. ConocraBum Kaxo-
My coueranuio M u3 Pr(A) caoso aj ... apy €10, 1341 rakoe, uto a; =1

TOrJIa M TOJILKO TOT/A, KOTa 3/7eMeHT a; npuHamiexut M. Takum o6pasom,
MOCTPOEHO B3aHMHO OIHO3HAUYHOE OTOGPAKEHHE U3 MHOXKecTBA Py (A) B MHO-
xectBo S(k, |A| — k). B cuy Teopembr 14 umeem |P(A)| = CIkAI' O

Teopema 19 (06 ynopsinoueHHbIX pazduenusix). Yuciro peuweruil
YpasHenus Xy + ...+ x, =k 8 HAMYPANbHLLX HUCAAX PABHO CZ:II.

HokaszateabcTBo. ConoctaBuM Kaxkaomy Habopy (Xi, ..., Xp)

CJIOBO
0..010...01...10...0e{0, 1}*1.
N——

X1—1 X2—1 x,,—l

4%
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Takum 06pasoM MOCTPOEHO B3aUMHO OJHO3HAUHOE OTOOPaXKEHHE M3 MHO-
JKECTBa BCeX pellleHui ypaBHeHHs1 B MHOxKecTBO S(n — |, k£ — n). Ocraercs
NpPUMEHUTH Teopemy 14. O

Teopema 20 (o pa3bueHUsX Ha HeOTpULIaTe bHbIE caaraemble). Yuc-
A0 peuleHull YypasHeHus Xi—+ ...+ X, =Rk 8 yearvlx HeompuyanesbHolx
yucaax pasro C"-

n+k—1-
HokaszaTteusnbcTBo. ConocraBum Kaxaomy Habopy (xi, ..., Xp) Le-
JIbIX HEOTPHULATENbHbIX uuces HaGop (Yi, ..., Yr) HATypasibHbIX UHCEJ, TJe
yi=x;+1,i=1, ..., k. Tem cambiM yCTaHOBJIEHO B3aUMHO OJIHO3HAUHOE CO-

OTBETCTBHE MHOXKECTBA BCEX LEJbIX HEOTPHULATENbHbIX PELIEHUH YpaBHEHHS
X1+ ...+ X, =1 1 MHOXKeCTBa BCeX PellleHnil ypaBHeHUust i + ...+ yp=n—+k
B HaTypasibHbIX uucsax. OcTaercs NpuMeHUTb Teopemy 19. O

Caencreue us teopembl 20. Yucaro craeaemolx 8 NOMIHOMUANLHOLL

dopmyre pasHo Cﬁ;é_l .

[Tpumep. CoueraHusi ¢ MOBTOPEHUSIMU TOSIBJSIIOTCS TPU PelleHUH CJle-
Jytolled 3aaund UMeeTesl k7 11apoB 1 Pa3jiMuHbIX 1IBETOB, MO R IITYK KaXK-
noro 1Beta. CKOJbKMMH PA3JIMUHBIMKE CMOCOOAMH U3 HUX MOXKHO BbIOpaTh R
11apoB?

Pewenune. Kaxaoli BbiGopke COMOCTaBUM YHOPSIAOUEHHbIH Habop
(x1, ..., Xp), TAKOM, UTO X| + ...+ X, = R, TJle x; — UNUCJIO 1IapOB B BhHIGOP-
Ke, UMelolMX i-U 1BeT. TeM caMbiM YCTaHOBJIEHO B3aWMHO OJHO3HAUHOE
COOTBETCTBHE MEXKJY UYHCJIOM BBIOOPOK M UHMCJOM PpElleHHH YypaBHEHUs
Xi+...+x,=Fk B HeoTpUUATEJbHbIX LEJbIX YHCIAX. 3HAUMT, YHCJO Bbi-

n—1 _ rk
60poK, corsiacHo Teopeme 20, paBHO Cn+k71 = Cn+k—l'

Onpeaenenne 27. DTO 4YKMCJIO HA3BIBAETCS UHUCJIOM COYUCMAHUL ¢ NO-
8mMopeHuIMU U3 n no k.

Ynpaxuenne 19. Ilposepsre Toxkaectso Ck,, | = [n]*/k!.

3anauu ¥ ynpaxxHenus K § 1.8

1. YuC/I0BYIO MOCJIEI0BATENLHOCTL HA30BEM MOHOTOHHOR, €CJIH KaXKj1o0e
CJIeJlyIOlee UHC/IO He MeHblie npepbiayiiero. JlokaxuTe, uTo UHCI0 MOHO-
TOHHBIX T10C/IEAOBATENLHOCTEH JUIMHBI £, HE COJEPXKAIIUX YMCEJ OTJIHYHBIX
or 1, ..., n, pasno C* , | ={[n]*/kl.

2. CKOJIbKUMH CIO0COGAMH MOXKHO DA3MECTHTb 1 OJMHAKOBBIX LIAPOB
110 1 pa3HbIM ypHaM?

[n/2] L(n—1)/2]
3. Boumcaure > C2F w S C2kHL
k=0 k=0
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4. Hcnoabsys teopemy 18, nmokaxure Toxkaectso [lackans
k_ rk k—1
C,=C,_+C,_,

1 TOXKJecTBO Bannepmonaa * /
Cp=>_cCritct.
k=0

5. Boluncute kosdduument npu x'° B muorounene (14 x + x?)'0.

6. Peumre sanauy 4, Hcnosib3yst GHHOMHAJILHYIO TEOPEMY M TOXKJECTBO
(1+x)"=1+x)" (1 +x)m"

7. Haiiawmte cymMMy KBaipaToB uMces n-il CTpoKu TpeyrosibHuka [lackasnst.

8. JlokaxKuTe TOMKIECTBO /WISl -T0 KOHTHHyaHTa

LE
[x, ..., x] = Cr—kyn=2k,
; ;

n

Ykaszanue. MoxHo npuMeHuTh 3anauy 4 us §1.4.

9. B tpeyrosibHuke [lackans Haitmure uncia ubonauuu, npasaa, He B
SIBHOM BMJI€, @ BUJE CYMMbl UMCEJ M0 AMArOHAJISAM.

Jlokaxkute, 4TO

1
- 1 1

> Cie="Fusr. 121

k=0 13 3 [
Ykaszauue. MoxHo npumenutsh npembiny- | 4 6 4 1
L1yl 3ajauy. 1 10 10 5 1

10. Hcnousbays ToxaectBo [lackasns, no- [ 6 15 20 15 6 1

KaxXuTe, uTo Puc. 6. duaronajb

B TpeyrosbHuKe [lackasns

Ch=Cl  +Cl o +...+Ch_,+ L

[TpoBepkTe, UTO 5TO PABEHCTBO BEPHO MPU 1 = k, ec noaoxkuth Ck =0 npu
k>m.

11. lokaxure, uto muorouset ((x + )% + 3x + y)/2 ocyulectsasier B3a-
MMHO 0JIHO3HAuHOe oToOpaxeHue (Ouekuuio) MHoxectBa N? =N x N pcex
YIOPSII0UEHHBIX Tap HaTypaJbHbIX uuces Ha MHoxectBo N={0, 1, 2, ...}.

12%*. Mcnosbays 3anauy 10, 1oKa)Kute, 4To MHOrOUJIEH

_k k—1 2 1
P(xl, [ERR) xk) - Cx|+...+xk+k—l + Cx1+...+xk,]+k72 +...t CX1+X2+1 + Cxl

* A.Bannepmonn (Alexandre Théophile Vandermonde, 1735—1796) — dpatiysckuii mate-
MaTuK, uieH [lapuKckoil akajgeMun Hayk.
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ocylecTBasieT Guexuuio MHoxkectBa N¥ =N x ... x N Bcex HaGopoB HaTy-
paJibHbIX uKces AJauHbl R Ha MHOxKectBo N={0, 1, 2, ...}. Jlokaxure, uTO
MHOTOUJIEH MeHbLUIEH CTEeNEeHH He MOXKET OCYLLECTBJISATh TaKOH OHEKLHH.

13*. YcraHoBUTe B3aMMHO OJIHO3HAYHOE COOTBETCTBME MEXKIY MHOXKe-
CTBOM PaLHOHAJILHBIX YHCEJ U MHOXKECTBOM HaTypaJsibHbIX UHCEJI.

14*. HazoBem yenovro 106yl CTPOro pacluMpsiiollytocss TMocJae1oBa-
TeJLHOCTb MHOXKECTB, HauMHaioulylocss ¢ Ap=& W 3aKaHUMBAIOLLIOCs
A, ={1, ..., n}. JlokaxuTte, 4TO

a) YMCJIO BCeX TaKUX lienen n!;

6) uMcJ/I0 Lenel, B KOTOPble BXOIUT 3aJlaHHOE R-3J1eMEHTHOE MHOXKECTBO,
paBHo kl(n — k)!;

B) UMCJIO k-3J1eMeHTHBIX MoaMHoxkecTs B {1, ..., n} paBHo C¥ (BbiBecTn
us 6)).

15%. (LLInepuep *.) Jlokaxute, 4TO €CJIM €CTh CEMEHCTBO MONAPHO He CO-
JleprKalluX ApYyr Apyra NoAMHoKecTB B {1, ..., 71}, TO UX UMCJIO HE MPEBOCXO-
JIMT C,EH/QJ.

Ykaszanue. [lycte U — inepHepoBO cCeMeHCTBO U 1JIst JIOGOTO MHO-
)ectBa A u3 cemeiictBa U MHOXKecTBO LI(A) cocTouT U3 uenei, npoxoasimx
uepe3 A, Torna st ioObix MHOXKeCTB A, B U3 cemeiictBa U

HA) NL(B) =2

M MOXKHO MPUMEHUTH 3anauy 14.

16. B xnacce Bce yuatest Ha 4 U O M HUKTO He YUUTCS Jiyullle JPYroro.
Kakoe HauboJibliee YHC/I0 YUEHHKOB MOKET ObITh B KJACCe, €CJIM H3YUaIOTCS 11
npejIMeToB?

17*%. Wupykuueit no n gokaxure Gopmysy BKJIIOUEHHsI-UCKIIOUeHHs **

n

U 4| =D 14 =D 1Ain 4|+

i=l i i<j
+ D JANA A=+ (CDTHAIN LN A
i<j<k
CKOJIbKO cJlaraeMbiX B M- 10 CUeTy cymme?
18. (Diinep.) Mcnonabadys 3anauy 17, n0KaxkuTe, UTO YHCJIO MPABUIbHbIX

HECOKpAaTUMBIX JpoGell co 3HameHartesieM 71 paBHo @(n)=n(l—1/py)-...
co.o (L =1/pg), vie py, ... pp— BCe pas/HUHbIe TPOCTHIE JCJUTENH 1.

* Hewmeuxuii matematuk . llInepuep nokaszan sty teopemy B 20-e roapt XX B.
*% D1y dopmysy mnepBbIM T0JyuMs (paHlysckuil mMatemaTk A. ne Myap (Abraham
de Moivre, 1667—1754), npo:KUBILIKE MOUTH BCIO KU3Hb B AHIIHH.
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19. O6osnaunm N(n, k) uncio Bcex otoGpaxkenni us {1, ..., n} B {l,
, kY, ABJSIIOIIMXCST HAJIOKEHHsIMK. JIOKaXKUTE, YTO

a) N(n, n)=n!; 6) N(n, n — 1) =C2(n — 1)!;

B) N(n, k) =k(N(n—1, k= 1)+ N(n — 1, k));

k )

1) N(n, k)= > (=1)/Cj(k— )"

j=0

Ykazanue. [Ipumenurs 3amauy 17.

20. Ilnan ropona umMeer BUJL MPSIMOYroJIbHUKA, pa36UTOrO yJMLAMU Ha 1
OJIMHAKOBbIX KBapTasoB. CKOJLKUMH Crloco6aMi MOXKHO MPoexaTh U3 OJJHOTO
yryia TOpojia B TIPOTHBOTIOJNOXKHBIN YToJl, PeoJIoieB KpaTuakilee pacCcTosiHHE
(cm. puc. 7)?

21. Ucnosbaysa 3zapauy 17, pewute 3ana-

uy 4.

22. B Kaxylo KJETKy [IaXMaTHOH J0C-
KU pasMepa £ X 1 3anulleM YHCJIO pPas3jiuu-

HbIX KpaT'—lanILLII/IX MapupyToB NBUXKEHHS JiaAbH

U3 JIEBOI'O BEPXHET0 yrJja J0CKH 10 9TOH KJIETKH.

JlokaxKuTe, 4yTO MOJOBHHA JAOCKH, JiexKalllasi HaJ

noOOYHOM JuaroHaJblo, OyJeT 3anoJHeHa B TOU-

HOCTH Kak TpeyrosbHuK [Tackans. Best ke nocka

uesuKoM 6ynet uzobpaxkatb TabJiully, Ha3blBae-
MyI0 TIpSIMOYTroJibHUKOM Tapragbu * (cM. puc. 8).

o
=
g
-

. Onun 13 MapuipyToB

23. CKOJILKHMH CocO6aMH MOXKET ToMnacTh
Ha BOCbBMYIO TOpPU30HTaJb LIAXMATHOH JOCKH
[IaliKa, HayuHaIoasl JBHKEHHE:

1 1 1 1
3 4 5 6
6 10 15 21
10 20 35 56
15 35 70 126
21 56 126 252
28 84 210 462
36 120 330 792

a) U3 YIJIOBOH KJIETKH TepBOH FOPU30HTAIH;
6) U3 cpejiHell KJIeTKU MepBOi rOPU30HTAJIH;
B) U3 CpellHel KJIETKH AMaroHaju JOCKH.
Peuunte 3anauy asis 1ocku n X f1.

S VD D S
0 N O Ul Wi —

24. Bgesem o6osnauenne a”l" =a(a — h) ...
. (@ —(n—1)h). Hokaxure daxropnanpnyto  Puc. 8. Ilpsmoyrosbruk

6I/IHOMI/IaJ1bHy}O Teopemy Taprasnbn
n

(a+ by = Z Chaklhgn=Hlh
k=0
25. CKOJIbKO pasHbIX OyC MOXKHO COCTABMTH M3 71 PA3JMUHBIX OYyCHHOK?

* H.Taprasbs (Niccolo Tartaglia, ok. 1499—1557) — 3HaMeHHTbII HTAJIbSIHCKHII MaTeMaTHK,
ero MM ellle BCTPETHTCs HaM B ry1ase [V.
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JonoaHuTe bHbIE 3ala4¥ MO KOMOUHATOPUKE

1. CkosbKUMM crioco0aMH MOXKHO PacKpacHTb B 7 LBETOB BEpPLUHHbI
Kyba?

2*. (Ditnep.) CkosbkUMH  crocob6aMu  MOXKHO — pa3bUTb  BBIMYKJIbIId
(n+42)-yroJbHUK Ha TPEYroJbHUKU HerepeceKalolMMUCs JHaroHassiMu?

3*. (Karanan*.) CkoJbKHMH crocoG6aMH MOXKHO PacCTaBUTb CKOOKH
B 1poU3BeJleHUH (1 + 1) coMmHOXKUTeNeH?

4*, (Kasan.) IlepeBo Ha3biBaeTcsi GUHAPHDBIM, €CJIM U3 OHOH ero BepLUMHbI
BBLIXOJIMT 2 pe6pa, a U3 BCeX HEBUCSAUMX BepllMH — 1o 3 pebpa. Haitnure uncio
pas/iMuHbIX OUHAPHBIX €PEBbEB C 11 + | 3aHyMepOBAaHHON BUCSUEH BEPLIMHOM.

5*. CKOJIbKHMH CNoco6aMu MOXKHO MPOBECTH 1LIALIKY W3 OJIHOTO YTJia J10C-
KW pasmepa (2n+ 1) x (2n+ 1) B cocennuii yroa?

Y xaszanue. O6o3naunm koopaunathl yrios (0, 0) u (2n, 0) u gonosHum
JIOCKY KJIETKaMM C OTpHULATEeNbHbIMH abCLMCCaMH, TOrJAa YHCJO BCeX MyTeh
u3 (0, 0) B (2n, 0) paBno C§,, a uncyio myTel, BLIXOASIIMX 3@ Kpall pealb-
HOH NIOCKH, paBHO uucay Bcex mytei u3 (0, —2) B (2n, 0), T.e. an_l, TaK
KaK CHMMETPHSI OTHOCHTEJIbHO MPSIMOK X = — | MNepeBOAMT Haua/bHbIH OTPE30K
BbIXOJIsi1lero 3a Kpa# gocku nytu ot (0, 0) 10 nepBo# kietku ¢ abeuyccon — 1
B HavasbHbIA oTpe3ok nytu u3 (0, —2) B (2n, 0).

6*. JlokaxkuTe, yTo 3amaud 2—D UMEIOT OJMHAKOBLIN OTBeT: uucjao Kara-
JlaHa

an - g;l = C_gn
n+1

YKa3aHuHe YCTaHOBUTE B3aUMHO OJHO3HAUHOE COOTBETCTBHE MEXKIY
MHOXKECTBAMHU M3 3aj1au 2—5 ¢ MoMollibio puc. 9—11.

Ha puc. 11 neBoil cko6Ke COOTBETCTBYeT €IMHULA, TPABON — HYJIb, €l1-
HHULLE COOTBETCTBYET JABHXKEHHE LLALIKH BIPABO, a HYJIO — BJIEBO.

[Tosoxum p (1) = 0, eca 1 1eAUTCS HA KBaapaT npoctoro, (1) = (— l)k,
eCJIi 1 — NPOU3BeJIeHHe R PasJIMuHbIX MPOCThIX unces, U p (1) =1 (370 Tak
HasblBaeMmast ¢pynkyus Méduyca **).

7. Iokaxure, uto cymma p(d) mo BceM HaTypasibHbIM d, JEJNSALIUM 11,
paBHa O npu n > 1 u paBHa | npu n=1.

8*. (Popmysa Mébuyca—Uebbimépa—/lenexknnna

[x] [x]
x> 1umeen g(x) = > J(x/n), 10 [(x) = 3. uln)glx/n).

kK

.) Ecau npu so6om

* 9. 11I. Karanan (Eugéne Charles Catalan, 1814—1894) — Gesbruiickuii MaTeMaTHK.
¥ A ®.Mébuyc (Augustus Ferdinand Mdébius, 1790—1868) — Hemelxunii mMaTeMaTHK
1 acTPOHOM, H300peTaTesb JieHTbl MEGnyca.
*¥*% Dra dopmysa Oblia B sBHOM Buie ony6ankosaHa P JlefeknHIoM, a elle paHblie —
IT. JI. YeObIIEBBIM.
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a(b(cd)) &

Puc. 9. Tpuaurynsuus

¢
d
b
a(b(cd))
a
Puc. 10. Tpuanryasuus u aepeBo
c
d
b
a(b(cd))
a

Puc. 11. IlepeBo, hopmy.a, MyTh MIALIKA U ABOWYHAS MOCJEI0BATENLHOCTh
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9*. (pyroii BapuaHT 310l popmysibl.) Ecau npu smo6om n

gn)=>" f(d),
TO 4
fn)=>" p(n)gln/d).
d|n

10*. (Makmaron®.) CkoJbKO pa3HbiX Oyc (3aMKHYTBIX OKepeJHil) MOXKHO
COCTaBUTb U3 1 OYCHHOK JIByX Pa3HbIX LIBETOB!

a) NpH TPOCTOM 71; B) IpU 1 = pq, Te p, § — POCThHIE;
6) pu n= p?, e p —npocToe; T) B 06LIeM Cayyae?

11*. (Kymmep**.) Hokaxure, uto

a) ord, Ck= (vp(n—k)y+vy(k) —v,(n)/(p—1), rne ord, a—muan-
GoJIbLIMI MOKa3aTeJb CTENeHH MPOCTOro uucaa p, Aeqsiledl a, a v,(n) —
cymMMa 1udp p-HUHOK MO3UIMOHHON 3aMUCH UMCIa 11

6) unciio (vp(n — k) +vp(k) —vy(n))/(p — 1) paBHO KosIHUECTBY repeHO-
COB B CJICIyIOLLIMIH pa3psijL PH CJOXKEHUH YHCesl R U 1 — k B p-HUHOH CHCTeMe
CUMCJIEHHS], TPHUEM U TIPH COCTABHOM p.

12. Jlokaxkute, uto GMHOMMAJbHBIH Koddduument CK neueren Tora
¥ TOJILKO TOTJIa, KOTJia B IBOMUYHOK 3aMMCH UKCJa R €IMHULbI HE CTOSIT B TeX
paspsjax, Tje B UHCJe 11 CTOAT HYJIH.

13. Jlokaskute, uto GuHOMUANbHbI Kosdduiment C¥ ne kpaten npocro-
My UMCJy p TOTAA M TOJbKO TOrJA, KOTAA B p-HUHOW 3alUCH 4ucsa k Bce
paspsiibl He MPEBOCXOJAT COOTBETCTBYIOLIMX PA3PSI0B UHCIa 1.

14. Jlokaxute, uTo B psijty GMHOMHAJbLHBIX KO3(hMOUIIHEHTOB

0 k n
co .., ck ... C

n
BCe uMCJsIa HeyeTHbl TOrJla M TOJIbKO Torja, Koraa n =2k — 1.
15. lokaxute, uTo B psity GMHOMMAJIbLHBIX KO3(MUIIMEHTOB
0 k n
cC,,....,C;, ..., Cp

BCE UMCJIa He KPaTHbI 3aJlaHHOMY MPOCTOMY p TOTJIA H TOJILKO TOTJA, KOTa 1
paBHO m p* — 1, rie HatypanbHOoe m < p.
16. Jloxaxute, uTo B psiay OHHOMHAJBHBIX KO3(PPUIHEHTOB

0 k n
co ..., ck ... C

n

* Maiiop I1. A. Makmaros — U3BeCTHbIH aHMVIMACKUH CrelralncT no komoéuHartopuke. [Ipe-
M0/1aBajl B BOCHHON aKaJeMHH.
*#* 9. Kymmep (Ernst Eduard Kummer, 1810—1893) — Buinatowiuiicsi HeMeUKH# MaTeMaTHK.
Yar.-kopp. [TerepOyprekoit akanemun Hayk. Cosjial TeopHio ajreGpanuecKHX UHCeI H ¢ MOMOLLbIO
ee JoKasas Teopemy Pepma 115l Beex nokasaresieit Bmioth 1o 100.
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BCE yMCJa, KPOME TMepPBOro M IMOCJeHero, KpaTHbl 3aJlaHHOMY MPOCTOMY P
TOrJIa M TOJILKO TOrja, Korja 1= pk.

17. Jlokaxute, uto B psily GHHOMHAJbHBIX KOIPPULIUEHTOB

0 k n
co ..., ck ... C

n

KOJIMUECTBO HEUETHBIX UHCEJ PABHO CTEMEHH JIBOHKH.
18. [lokaxute, uTo B psity GMHOMHAJILHBIX KO3(MUIIHEHTOB

0 k n
co ....Ck ... C

n

KOJIMUECTBO He KpaTHbIX p uncesa paBHo (a;+ 1) ... (@, + 1), tie uucna
ay, ..., Ay —paspsibl  p-UUHOM  3alUCH  uucaa M, a UUCJI0 m=
= [log, n].

19. lokaxure, uto B nepBbix p” — 1 crpokax TpeyrosbHuka [lackass
(1. €. cpenu GUHOMHANBHBIX Ko3hduumentos CF k< m < p — 1) konnuecTso
He KpaTHbIX p umces paso (p(p + 1)/2)".

20. (JTioka.) Tlyctb p —npoctoe, k < n — HarypasbHble. Jlokaxkure, 4To

k k

a)* ord, Ck=ord, Csh n Cnh — C¥ xparno p;

6)* CJ —|n/p| kpatno p. Bosee toro, ecam |n/p| kpatho p™, 10 u C}
TOXe;

kp+s S

B)** Cn§+m — CkCs, xpatho p npu HeoTpULATENBHBIX 71, M1, R, S U TIPU M
U S MeHbIIUX p (6UHOMHAJbHBIN KO3(hMUIMEHT paBeH HYJIO, €CJU HUXKHUI
UHJIEKC MeHbllle BepXHero, a KosdduuueHt Cg no ornpejiesyieHuto pasex 1);

r)** Ck— Chn .. CF kpatio p npu

Nm
n=nup™+...+mp+ny, k=knyp"+...+kip+ko,

0<n, ki<p, 0<i<m;

IL)** Ck

p”7
e)*** CFP — Ck kpatro p2, a npu p =5 — kpatro n p®.

| — (=1)® kpatno p;

§ 1.9. llepecTaHOBKH U MOACTAHOBKHU

MH0>kecTBO BCex MepecTaHoBOK MHOXKecTBa F, = {1, 2, ..., n} o603HauuMm
najnee S,.
[TpousBoJsibHYIO NepecTaHOBKY 7 € S,; MOXKHO NPEJICTaBUTL B BUJIE TM0JI-

CTaHOBKH
1 2 ... n
<7r(1) m2) ... w(n))
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1 U306pasuTb C MOMOILbIO JBYJIOJBHOTO rpada, Hanpumep, MOJICTAHOBKY

123
<231) MO>KHO U306pasuTh Kak Ha puc. 12.

3 3
2 2
1 L1
Puc. 12. Ipad moacranosku Puc. 13. YmHoxKeHue noacTaHoBoK

C/ioBa «repecTaHOBKa» M «IMOJACTAHOBKa» AJIs1 HAC TI0 CYLIECTBY OyayT
CUHOHUMAMH.

Onpepnenenue 28. Ecnu m), m9 € S, — NPOU3BOJIbHbIE TEPECTAHOBKH,
TO HA30BeM WX npousdsederuem ¥ 0603HAUUM 7| © g TAKYH) TEPEeCTaHOBKY
m €S, uro aas Joboro i U3 £,

(i) = w1 (ma(i)).

123 123
[Ipumep. TlpousBeseHneM MoJACTaHOBOK 931 ) \ 391 ) AABIAETCA NOA-

123
CTaHOBKa (132). B o61iem CJiyyae Jis1 YMHO2K€HHS IMOACTaHOBKHU

1 2 ... n
71'1(1) 71'1(2) 7T1(I’l)

1 2 ... n
(7?2(1) m(2) ... 7?2(”))

HY»KHO JIJIst Kaxkporo i = 1, ..., n BeIOpaTh U3 MaccuBa {mo (1), mo(2), ..., mo(n)}
(HauMHaeM co BTOPOM MojcTaHoBKU!) i-# 3JeMeHT mo[i], paBHbIH, Harpu-
Mep, j, a moToM BbiGpaTh W3 MaccuBa {m((1), m(2), ..., w (1)} j-# sneMeHT
m[j] = [7e[i]] u nmoMecTuTh ero Ha i-e Mecto B MaccuB {m(l), w(2), ...
.., w(n)}. Becero nonago6usock 2n onepaiunii BoIGOPKH JeMeHTa U3 MacCHBa
¥ f OTepalui 3aUCH 3JIeMEHTa B MACCUB.

[1pu yCTHBIX BBIYMCJEHHSIX JOCTATOUHO BCE 3TO MPojesaTh mpu i =1, ...
.., B — 1, TaK KaK MocJ/Ie[HUil 3JeMeHT pe3yJibTaTa ONpeesisieTCsi aBTOMAaTH-
YEeCKH.

123 123
Ha puc. 13 n3o6pakeHo yMHOKeHHE TTOACTAHOBOK <321>, (231).

[TopsiioK, B KOTOPOM TE€PEMHOXKAIOTCS MePECTaHOBKH, BaKeH: MPOU3-
BeJIeHHE 7| © o MOXKET He COBMNAaJaTh C MPOU3BEIEHUEM Trg O 7).

Ha MoJICTAaHOBKY
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Ynpaxnenue 20. a) Ecau € € S, — ToxK/1eCTBEHHAs NlepeCcTaHOBKa, T. €.
e(i)y =1 nast moboro i u3 E,, To 1yis Ji0O0 NepecTaHoBKYU T U3 S,

MTOE=EOM=T,

6) ccmnm — (123 (Y romom— (123 £ (1B _ o
CCMTI=\ 931 )> 2=\ 132 ) TOTI°T2= | 93 391 ) T 2O

B) olepalysl YMHOXKEHHs olpelesieHa s JoO0H yrnopsiioueHHOH napbl
MepPecTaHoBOK, T. €. MIPOU3BEEHHE MEPECTAHOBOK — BCEra MepecTaHoBKa.

Teopema 21 (06 accouMaTMBHOCTH MPOM3BEJEHUS MEPECTAHOBOK).
s a0b6ix nepecmanosoK my, mo, 3 U3 S, cnpasediuso moidecmso

my o (mg 0 m3) = () © ) 0 .
JlokaszaTteabcTso. Has moboro saemenrta i us £,
(my o (mg 0 m3)) (i) = i ((mg o w3) (i) = 7 (m2(m3(i))) =
= (mom)(m3(i)) = ((myome) oms)(@). O

[paduueckas uamocTpauys HaMOMUHAET TIPO ACCOLIMATUBHOCTD CJIOXKEHHUS
BEKTOPOB.

(g 0 m3) (i) (g 0 3) (i)

) m3(i)
my o (mg 0 m3)(i) />)07T3(l) 1 o (mg 0 73)(i)
i i i

Puc. 14. AccouuaTHBHOCTb YMHOXKEHHSI MOJICTAHOBOK

Ynpaxuenue 21. [lnsi 110600 nepecTaHoBKY 7 U3 S,; CYILIECTBYET TOJLKO
OJIHa TlepecTaHoBKa d U3 S, Takasi, UTo mod =&, MpUYeM mod =J o 7.

Jlnst mo6ofi nepecTaHoBKH T M3 S, 0603HauMM T TaKylo nepecTaHoBKY,
uro mom ! =¢, rue € €S, — TOXKIECTBEHHAS! IEPECTAHOBKA.

[paduueckas unaocTpauus: ecau rpad nepecTaHOBKH T OTPA3UTb CHM-
METPUUYHO OTHOCHUTEJIbHO HEKOTOPOH MPSAMOM, OTHENSIOUed ero A0JU JIpYyr
OT JIpyra, ¥ HarpasJ/IeHHsl BCEX €ro CTPEJIOK M3MEHHTb Ha MPOTHBOMOJIOXKHBIE,
TO Mosyuntes rpad nepecTaHoBKH

Onpepnenenue 29. Ity nepecTaHoBKY Ha30BeM oOpammHoll K m, a ole-
paumio: S, — S, nepeBoisiliyl0 NPOM3BOJbLHYI0 TE S, B 7~ € S, HazoBem
onepayueti 0OpaujeHus.
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123456789
[Ipumep. TloncraHoBka 919345678 obpaTHa
123456789
234567891 /°

B o6uiem cayuae s obpatieHust NoACTaHOBKHU

1 2 ... n
m(l) m(2) ... m(n)

HY>KHO Jist Kaxaoro i =1, ..., n BbiGpaTh U3 mMac-
cHUBa Puc. 15. O6patienue

{r(1), m(2), ..., 7(n)} MOJICTaHOBOK

i-# 3JeMeHT m[i], paBHbIH, HApUMep, [, U TIOMECTUTb YUCJIO [ Ha j-& MEeCTo
B MaccHB

[Tocsie mpocmotpa Beero Maccua {w (1), w(2), ..., w(n)} Oyaer LeIHKOM 3a-
TMOJIHEH W MACCHB

Bcero nonago6usioch 1 onepauuil BEIOOPKU J€MeHTa U3 MacCHBa U A Olle-
pauuii 3anucy 3JeMeHTa B MacCHB.
[1pu yCcTHBIX BBIUMCJIEHHSIX JOCTAaTOUYHO BCe 3TO Mpojesatb npu i =1, ...
., n— 1, TaK KaK NocJ/IeHHH 3J1eMEHT pe3yJibTaTa ofpejesisieTcsl aBTOMaTH-
UECKH.

Ynpaxnenue 22. [lposepbre, uto (a0 B)~ ' =p"oa™! s a, BES,.

Teopema 22. /[aa noboii nepecmanosku m € S, cnpagediuso moic-
decmso m=(r—")"!. ¥pasnenue x om =my umeem eduncmeenroe pe-
Uiernue X =myo 7rl_l, a YpasHerue T o X = Tg — OUHCMBEHHOE pellerue

X = wfl o 9.
HokaszateanbcTBo. Toxaecrso oueBuaHo. Ecsu nepecraHoBka x
u3 S TakoBa, YTO X o0 7| = 9, TO

xX=xoe=xo(m owfl):(xom)owfl.

Bropoe yTBepxkieHHe 10Ka3bIBA€TCS aHAJIOTHYHO. O

Mmeetcs ele onuH crnocod rpacduueckoro U306pakeHHs MepecTaHoBOK,
KOTOPBIH MoJyyaeTcst U3 NepBoro crnocoba, ecjii OTOXKIAECTBUTb («CKJIEHTb>)
BCe Napbl COOTBETCTBYIOLLMX APYT APYry BepLUHH U3 pa3HblxX noJsiel. Hanpumep,
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JIBYJIOJIbHBIHA rpacd), COOTBETCTBYIOLIMI Mepecta-

3
HOBKe 1934
2314 )’
1 2

npespaTuTCs B rpad), H300pakeHHbIl Ha puc. 16.

DJleMeHTbl, KOTOpble 110j AeHCTBHEM Ilepe- Puc. 16. Ipad
CTAHOBKH 7 MIepPeXOAT caMu B cebsl, Ha3bIBAIOTCS [epecTaHoBKH
HernoJBHXHbIMU. Ha rpace UM COOTBETCTBYIOT BEPLIMHDI C METJISIMH.

Onpenenenue 30. Ilycthb ay, ..., ap — N0OCJAEI0BATENLHOCTL PA3JUUHBIX
unces1 u3 E,. [lepecranoBky 7 u3 S, Takyw, uro w(a;) =as, ..., m(ar_1) =

=ay, w(ay) = a;, Ha30BeM yuxkiom nopsoka k.

[pac sTofl mepecTaHOBKH COMEp:KUT 11 — k TeTenb. OcTanbHble kb cTpe-
Jok (pebep rpaca) BMecTe C COOTBETCTBYIOIIMMH UM BepllMHAMU 06pasyioT
nodepagh, KOTOPbI HA3bIBAETCS YLUKAOM OAUHBL K.

[TeTso MOXKHO cuuTaTb UMKJOM JuIMHbI 1. [lepecTaHoBKy 7, 0 KOTOpO#
1a peub, KpaTko o603Havawor (aj, ag, ..., ai). st Toro yToObI 3Ta 3aMKUCh
1MeJia OJIHO3HAUHbIH CMbICJI, HAJI0 YKA3bIBaTh, H3 KAKOTO MHOXKeCTBa S, B3ATa
nepecTaHoBKa 7 (T. €. YKa3blBaTh UUCJO 11 = max a;).

<igk

3agauu v ynpaxkHenusa kK § 1.9

1. Tlpu Jio6o# pacctaHoBKe CKOGOK B MPOU3BENEHHHU [ o ... 0 [, nojyua-
eTCsl OJIMHAKOBBIH Pe3yJIbTaT.

2. Ilpu n>2 B S, umerorcst Takne f u g, uto fog# go f.

3. CrpaBen/iMBbI TOXKIECTBA

(flo...of,l)*lz l_lo...offfl, fog:gofo(f*logflofog).
4. Onpenenum f" Kak fo...of (n pa3) npu HatypasbHOM 71, € ipu n =0

u (f~1)™" npu orpuuatesbtom Hesom n. IIph J0GBIX LebIX ukcaax m, k
CMpaBeyIMBbI TOXK/IECTBA

[ho fE= (Y = (T =D (an, e @) =

5. HaiinuTe uncsio Bcex LMKJOB k-ro nopsiika B S,.

6. O6o3Haunm uepe3 N(m) MHOXKECTBO BCeX HEMOJBHKHBLIX TOUEK Tepe-
craHoBku 7. Jlokaxkure, uto ecau f, g€S,, N(HNN(g)=2, N(JUN(g)=
=E,, 10 fog=gof.

7%. Haiimure cymMMy udc/ia HEMOJBHXKHBIX TOUEK Y BCEX MEPECTAHOBOK:

> IN@)L.

7T€Sn
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8. Ipad soboit nepecraHoBkU U3 S, MMeeT POBHO 1 pebep (CTPEsoK)
U sBJsieTCsl 0ObeIuHEHHEM MOMapHO HerepeceKalolMXcsi LMKIO0B (B UaCTHO-
CTH, CaM MOXKeT ObITb LMKJOM JUIMHBI 11).

9*. (M. H. Ceprees.) Ilyctb B u A — k-s/1eMeHTHbIE OAMHOXKeCTBA £, =
={1,...,n}u [ €S, — raKas nepectaHoBKa, uto st J060ro i U3 B crpaBej-
JIMBBI cOOTHOILIEHUs! | < f(i) € A. JloKaxKuTe, 4TO CYLIECTBYeT IepecTaHOBKa
g €S, takas, uto j > g(j) ¢ A mnst moGoro j & B u j < g(j) € A mst mo6o-
rojeB. Ykasanue. [Ipumenure pasbueHne Ha LUKIbI.

10*%. Ha raHueBasbHOM Beuepe B IIKOJIE HA Ka)KJIOM TaHlle pa3bueHHe
TAHLYIKMX HA Mapbl OTJHUYAJOCh OT BCEX BCTPEUABIIMXCS paHee, OJHAKO
Ka)jlasl mapa y»ke BCTpeuasjach Ha OJIHOM M3 MEPBbIX JIBYX TaHLEB U Yy CTe-
Hbl HUKTO He CTOs1. TaHUbl MPOAOJKAIUCH, MTOKA MOXKHO OblIO CcOOGJIOAATDH
BCE YKa3aHHble YCJIOBUS, H PEKPATHIIUCD, KOTA BbIICHUIIOCh, UTO COCTABUTD
HOBOe pa3bueHHe Ha Napbl, OTIMUHOE OT BCTPEUABLIMXCS paHee, yxKe HeJb3sl.
JloKaxKuTe, UTO UMCJIO BCEX COCTOSIBLIMXCS HA Beuepe TaHLEB PaBHO CTENeHH
JIBOUKH. ¥ Ka3aHHue. [Ipumenure pazbuenue Ha LHKJIbL.

11*. (Jitnep.) Tlucbma B 1 KoHBepTax nepemellanyd TaK, YTO HH OJHO
MUCbMO He mnornaJio 1o aapecy. CKOJbKAMH CNOCOGAMH 3TO MOXKHO CJIe/1aTh?
Ykaganue. [Ipumenure hopmysy BK/IOUEHUS-HCKIIOUEHUS.

12*. (IlpeoGpasoBanue nekaps.) Yucna n, m, kR TakKoBbl, 4TO R < m < n

u (m,n—k)=1. B rabmiue n X n neppas CTPoKa 3aloJiHEHA YUCJIAMH
1,2,...,n, U eciu B KaKOH-TO CTPOKE 3TH YKCJA 3alUCaHbl B MOPSIIKE
a, ..., a,, TO B CJelylollell CTPOKE OHHU CTOST B MOPSIIKE: Qppyf, ---
ooy Qny Qpgly - vy Ay A1, - ., Ap. J1OKAXKHTE, UTO B KAXKIOM CTOJIGIIE 3aTTHCAHbI

Bce uucdia ot | jo .

§ 1.10. Uukabl ¥ TpaHCNO3ULIUU

Onpepneaenue 31. Tpancno3uyuamu Ha3bIBAIOTCS LUMKJbL JUIMHBI JBA.

[oBopsT, uto uMKIbI (ay, ..., az) U (by, ..., b;) He nepecexaiomcs, ecau
{al, cee, ak}ﬂ{bl, R b[}ZQ.

CrnpaBemnBa cjeayiolas Teopema.

Teopema 23 (o pasnoxeHWu Ha UMKAb). Jlwbasa nepecmarHos-
ka w™ us S, moucem Ovimo npedcmasiena 8 8ude npPoussedeHus
NONAPHO Henepecekaouuxcs YuKalieckux nepecmanosox (eduruu-
HYIO NepecmanosKy € €S, MOJNCHO PACCMAMPUBAMb KAK UYUKAUUECKYIO
nepecmarosky nopadka 1), npuuem amo npedcmasierue eOUHCMBEHHO
¢ MOYHOCMbIO 00 NOPAOKA COMHOXMCUMenel, KOmopoli mosxcem Oovlmo
A006bIM.
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HokagzateabctBo. [lycts dy, ..., s — MonapHoO Hemepecekarolye-
Csl LIMKJIMUECKHe MepecTaHoBKU. [IpoBepuM, UTo eciu X MePEeMHOXKHUTD B JIIO-
60M Mopsifike, TO rpad MOJyUHBLIEHCS TEPECTAHOBKHY SIBJSIETCS] 00 beUHEHHEM
LMKJIOB, COOTBETCTBYIOILMX TlepecTaHOBKaM ;. OcTaercsi MpUMeHHUTb YTBEp-
)aenue 3anaun 8 u3 § 1.9 u 3amerutsb, uTO passoxkenue rpada Jo6oi nepe-
CTAHOBKH Ha LMKJbl €HHCTBEHHO. O
123456789

247138956> pasJjaraetcsi Ha UMKJbL (1, 2, 4),

[Ipumep. TloncranoBka (
(3,7,9, 6, 8, 5), 3nauwur,

( 123456789

247138956) =(1,2,4)3,7,9,6,8,5)=(3,7,9,6,8 5)(1, 2, 4).

OnuLiem B 06LLEM CJlyuae aJropuT™M pas3JsoxKeHUs Ha LIMKJIbl TPOU3BOJILHON

MMOACTAaHOBKH
1 2 ... n
<7r(l) m(2) ... 7r(n)> ’

[TpocmaTpuBaeM 1o ouepesnd aJjemeHThl MaccuBa mw(1)w(2) ... m(rn) ¥ Kax-
JIbIl OUepeqHON 3JIeMeHT i JuOO0 MPOMycKaeM, ecJu OH Obll OTMeueH, J6o
3aMuChlBAEM €ro B HauaJo ouepefHoro (hOPMHUPYIOLLErocs LMKJA, MOCJe HEero
cpagy 3amucblBaeM 4ucso j = (i), nocJje Hero B TOT »Ke LMKJ 3alucbiBaeM
uresio j =7 (w(i)) ¥ TaK jpajee, IpUdYeM UYNUCJO [ U BCE 3arucbiBaeMble B MO-
pOXK/IAEMbIH UM LIMKJ UMc/a j roMeuyaeM (HampuMep, cMeHoH 3Haka y 7(j))
1 TIPOJIOJKAEM 3Ty TIPOLELYPY, OKa He OYJIeT BbIUUCJIEHO UUCJIO j, COBMAalo-
utee ¢ i. [Tocsie aTOr0 3anuch UMKJ/IA 3aKaHUUBAEM, NIEPEXOJIUM K OUEPETHOMY
9J1eMEHTY MacCHBa M NPUMEHSIEM K HEMY Ty »Ke MPOLE/ypy, T.€. NPoIycKaem
€ro, ecJid OH 0Ka3aJiCsl yxKe MOMeUEHHbIM, MJIH HauMHAeM C HEro reHepawuuio
HOBOTO 1IMKJa. PaGoTta 3akaHuMBaeTCst, KOria J0HIeM JI0 MOC/EHEro JIeMeH-
Ta MaccuBa. EcJiM OH 0KaszaJjics HemOMeUeHHbIM, TO, OUEBHJIHO, OH MOPOXKIAET
TPUBHAJIbHBIA LMKJ IJIHHBI 1.

OnHoBpeMeHHO ¢ (POPMHPOBAHMEM LIMKJIOB MOXKHO COCTABHUTb €llle U CIH-
COK MX JUIMH.

YKa3aHHbIH aJrOPUTM HCIMOJIb3YeT 7 Ofepallil BbIGOPKH 3JeMeHTa
13 MAacCHBa, CTOJIbKO XK€ OMepaluii CpaBHEHHS] OuepeaHOro BbIGPAHHOTO
yyesia ¢ HauajaoM (pOPMHUPYEMOro LMKJA U CTOJIbKO XKe ofepalui noMeunBa-
HUSI TPOCMOTPEHHBIX 3J1E€MEHTOB.

Beinuiuem B HeBo3pacTatoLeM Mopsiike AIMHbI BCeX LMKJIOB rpada nepe-
CTAHOBKHM 7 € S, (B TOM uKCJie U NeTeNb) U noJyuum Bektop (Ry, ..., k).

Onpenenenne 32. Bekrop (ky, ..., k), cymma KOOpAHMHAT KOTOPO-
ro paBHAa 1, HA3bIBAETCS YUKAUUECKUM MuUnom nepectaHoBkd w. Eciu
(ki, ..., k) — THI TIepeCTAaHOBKU 7r, TO YHCJIO 1 — [ Ha3biBaeTcsi ee dekpe-
menmom u o6o3Hauaetces d(m).

5 TauikoB
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12345
Ynpaxnenue 23. IlpoBepbTe, UTO NepecraHoBKa 51495 ) MMeeT THO
(4, 1), nekpemenr 3 u siBsisietcsi uukJjom (1, 3, 4, 2).

Onpeneaenue 33. [lapy (i, j) Ha30BeM uHBepcuell /s IEPECTaHOBKH T,
ecan [ < j um(i)>m(j). Yucao scex umsepcuil y nepecTaHoBKU m 0003HA-
uaem /(m).

CnpaBeminBa cjelyrolasi Teopema.

Teopema 24 (o pa3noxeHuu Ha TpaHcnozuuuu). (i) Jlrobas nepe-
cmanosKka T € S, pasaaeaemcs 8 npousgederue mpancno3uyLil, npuyen
HauMmeHblULee YUCA0 COMHONCUMenell 8 MaKom npousdsederuu pasio d(r).

(il) JTriobas nepecmanoska m C S, paszraeaemcsa 6 npoussederue suda

(1, 2)(2, 3)(3, 4) ... (n—1, n),

npudem HauMeHouiee HUCAO COMHOMCUMeell 8 MAKOM npoudsedeHuu
pasHo ().
JJokasaTtedabcTso. Hist Hero noHago0sTCs ABE JIEMMbI.

Jlemma 5. /[aa wioboil nepecmaﬂostcu meS, u mpancnosuyul T
cnpasedauso pagencmaso |d(mwo ) m)| = 1.

JokaszaTeasnbcTBo. V3 onpenenennst rekpemMeHTa ciejyeT, uTo a0-
CTAaTOUHO MPOBEPUTH, UTO MPH YMHOXKEHHH MEPECTAHOBKHU HA TPAHCIO3HLHIO
UMCJI0 LMKJIOB M3MEHsIeTCs Ha eHULYy. ByneM naobpaxkarb nepecTaHoBKY 7
B BHJIe Tpada, a TpaHcnosuuuio 7 = (i, j) — B Bujie pebpa (i, /) Ha aTom rpade.
Torna nocTaTouHo MPOBEPHUTD, UTO €CN pedpPO COeNNHSIET B LKA rpada ,
TO B rpade NepecTaHOBKU 7 © T 3TH JIBa LMKJIA CIAUBAIOTCS B OJIMH, & €CJIH 3TO
pebpo coeMHseT BEPUIMHBI OJIHOTO MK/, TO OH pacnaiaercs Ha JBa LUK/
(ocTasibHble LMKJBI B 000UX CJydasix ocTaioTcsi 6e3 uameHenusi). Jluist npo-
BEPKH MOCJIEIHEr0 YTBEPKAEHHS! L1OCTATOYHO MPOBEPUTL TOXKIECTBA

(le M kl)o(ml7 MR ml)o(kl7 ml):(le m27 A ] ml’ kl’ k27 R ] kl)’
(Biy oooy by ooy ki) 0 (R, ki) = (i, ooy k) 0 (Rt Rosoy ooy k). O

Jlemma 6. /laa awboii nepecmanosku weS, u mpancnoduyuu
T=(i, i + 1) cnpasedauso paserncmso |[(wo1)—I(m)| = 1.

HokaszaTtedsabcTso. HenocpencrseHHo nposepsieTcs, uto ajisi 060HX
MePECTaHOBOK T W 7 O T UMCJIO WHBepcHid cpeau asyx nap (k, i) u (k, i+ 1)
(mpu k<i) w (i, k), (i+1, k) (npn k>i+ 1) oaunaxoso, a mapa (k, [)
npu {k, [}N{i, j+ 1} =@ nnsi o6oux 3THX MEePeCTaHOBOK OyleT Wi He Gy-
JIeT HHBepcueil onHoBpeMenHo. OcTaeTcst 3aMeTHTb, uTo napa (i, i + 1) 6yner
UHBepCcHell POBHO /ISl OJIHOM U3 TepecTaHOBOK T U 7 O T. O

Jokaxem Tenepb Teopemy. [lycTb m =17y ... T, Tle 7; — IPOU3BOJIbHbIE
TPaHCNO3ULMHK (COOTBETCTBEHHO TpaHCMO3uLMHK Buaa (i, i + 1)). Onpenenim
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MocJie10BaTe/IbHOCTL MepPpeCTaHOBOK
T = TOTph, To =T10Thp_1, ey Tp =Tkp_1T].

Torma
Tp=T10...0TpOTp ...0OT| =€

coriacHo paseHcTBaM 72 =&, U d(m;) =d(m;_1) + 1 cornacHo siemme 5 (co-
otBetctBenHo /(m;) = [(m;) = 1 cornacHo jiemme 6), a tak kak d(g) =0 (co-
otBercTBeHHO /(6) =0), To d(m)=a —s,a+s =k, k=d(m)+2s,tne s >0
(cootBercTBeHHO k= [(m) + 2s, s > 0). Ilsist Toro uto6bl M0Ka3aTh, UTO UUC-
JIO S TIPH HEKOTOPOM BbIGOPE PA3JI0KEHHS T =T| O ... O T, MOXKET PABHATbLCS
HYJIIO, IOCTaTOUYHO PA3JIOXKUTb 7 HA LMKJbL, a LMKJbl Ha TPAHCIIO3ULMH CO-
riacHo Jemme 5. B ciyuae passoxkeHus Ha TpaHcnosuuuu Buja (i, i+ 1)
o6paTuTh S B HYJb (M TeM CaMbiM MUHUMHU3UPOBAThL JUIMHY Pa3JIOKeHHs R)
MOKHO METOJIOM, M3BECTHBIM B MPOrPAMMHUPOBAHHH KaK METOJ, MOHOTOHHOTO
YNOPsII0UeH s MACCHBOB (Ha3bIBAEMbIi «BCIJIBITHEM My3bIPbKOB»). [1/1s 3TOTO
B I0JIy4eHHOH Ha MpebliylieM Luare nepecTaHoBKe m BblOMpaeM Hanb0Jb-
IIMA M3 3JIEMEHTOB 7, (i), elle He CTOALMHA Ha CBOEM MecCTe, T.e. TaKOH, 4To
mj(i) > i, 1 MeHsieM ero ¢ 3JeMeHTOM 7, (i + 1) TyTeM yMHOXKEeHHs 7; CIipa-
Ba Ha (i, i +1). Torna y noJsyuyeHHOH NMepeCTAHOBKM 7j4| UMCJIO HHBEPCHI
yMeHblliaercs Ha 1. |

3anauu v ynpaxHenus K § 1.10

1. CkoJIbKO BCEro TpaHCro3uiuii B S,?

2. PasjoxknTe UMK YIMHBL £ B MPoU3BeJeHHe £ — | TpaHCTIO3ULMIL.

3. llopadok nepecTaHOBKHM T — 9TO MUHUMAJIbHOE HATypaJibHOE 1 TaKOe,
uto ™ =¢€.

4. Haiiaute nopsiioK nepecTaHoBKH (@, ..., Ap).

5. Haiiaure nopsimok nepecranosku (1, 2) o (1, 2, 3) o (1, 2, 3, 4, 5, 6).

6. Haiinure B Sg Bce nepectaHoBKM nopsiika 195.

7. Haiijiure Bce BO3MOXKHbIE MOPSIJIKK MEPECTAHOBOK U3 Sg.

8. Cxousibko B S, mepecTaHOBOK Mopsijika 2?

9. Kakoil HauBbICILMH MOPSI0K Y E€PecTaHOBOK U3 Syg?

10. Haiimure uuc/io BceX TepecTaHOBOK B S, C UMKJIHUECKHM THIIOM
(my, ..., mp), my <...<mp.

11%. Haiinure uncio BCeX MepecTaHOBOK B S, ¢ LMKJHUECKHM THIIOM
<m1, ey I’I’lk>, mp <...< my.

12*. JlokaxkuTe, uto Jito6asi nepectaHoBka U3 S,, UMeloliasi NOpsijlok 2,
passiaraercsi B MpoM3BejieHne He GoJiee eM f1/2 TpaHCTIO3HIIHIA.

5%
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13. MHOXeCTBO MepecTaHOBOK HasblBaeTcs Oasucom B S,, ecau Jio-
6ast repecTaHOBKA paaJsiaraercsi B IPOU3BeJeHHe MepecTaHOBOK M3 3TOr0
MHOKECTBA, a HHMKaKoe COOCTBEHHOE ero MOJIMHOXECTBO 3THM CBOHCTBOM

He obJianaet. Jlokaxkute, uto cucteMbl Tpancnosuuuii {(1, 2), (1, 3), ..., (1, n)}
u {(1, 2), (2,3), ..., (n—1,n)}, a takke Ttpancnosuuus (1, 2) u 1Mk
(1, 2, 1) SIBJSIIOTCS 6a314ca1v114 BS,.

14*. COl‘[OCTaBHM cucteMe Tpancnoguunit U C S, rpad ¢ BepuinHamu
1, 2, ..., n, B KOTOPOM BEpPLIUHbI [ U j COEJUHSIOTCS peGPOM TOra U TOJNBKO
TOTa, KOTJla TpaHcrosulus (i, /) npuHaaiexut mMHoxectBy U. JlokaxuTe,
uyto U — 6asuc B S, TOTJIA U TOJIbKO TOTJA, KOTJia COOTBETCTBYIOUIME rpad —
JIepeBo.

15%. B ropojie 1 BbICOTHBIX 3/laHHH, HUKAKKe TPH U3 KOTOPbIX He JiexaT
Ha ofiHo# npsiMoil. TypuCT, ryJisisi [0 rOPOJLy, 3aMUChIBAET MOPSIIOK, B KOTOPOM
OHHU BHJIHbI €My U3 pasHbiX paiioHoB. CKOJILKO pasHbIX MePecTaHOBOK 3[aHUI
GyJleT B ero 3arnucsx?

16. 1151 106GBIX TI€peCcTaHoBOK f, g € S, CMpaBeINBO PABEHCTBO

I(Jog) <I())+1(g)

17. HasoBem snakom nepecmarnosku m € S, uucao sgn(m)
Jokaxute, uto a) sgn(f o g) =sgn(f) - sgn(g); 6) sgn(m) = (—1)

= ( .
()

1=

i<j

S (U]
i<j

18*. [lokaxkuTe, UTO 3HAK MMEPECTAHOBKHU H3 S, MOXKHO onpenesuts 3a Cn
onepauuii, rie C — KoHcTaHta. ¥ ka3 a H U e. [IpumeHuTe nyHKT 6) npe/ibi-
JylLledl 3a7au.

19. TlepecranoBKy HaszoBeM uemHoOli, eciu ee 3HaK paBeH |. MHoxe-
CTBO UETHBIX MepecTaHoBOK B S, o6o3Hauum A,. OcTajbHble NepecTaHOBKH
Ha30BeM HeuemHuimu. J1okaxkure, uto

a) Mpou3BeJeHHe YETHBIX MEePECTAHOBOK — UETHO, NPOU3BE/IeHHEe HEUETHbIX
1epecTaHOBOK — UETHO, a MPOU3BEJEHHE UETHOH HA HEUeTHYIO — HEUeTHO;

0) ueTHasl mepecTaHoBKa pasJ/araercsi B MPOU3BeJleHUE BCEria YeTHOro
yucJia TPAHCMO3ULMH, a HedeTHast — BCerja HeueTHOro;

B) MOPSJI0K HEUETHOH TePeCTAHOBKH UETEH;

T) UETHBIX M HEUETHbIX MEPECTAHOBOK B S, MOPOBHY.

20. YerHoCTb NMepeCTaHOBKH, COOTBETCTBYIOLLEH MOJNOKEHHIO MaJleHbKUX
KyOuKOB B kybe Py6uka, He MeHsIeTCsl IPU ero BpallleHHsiX.

21*. B urpe B naTHaauath Hesib3s nosuumio (1, 2, ..., 14, 15) nepesectn
B nozuuuio (1, 2, ..., 13, 15, 14).
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22%, MHoxecTBO A, UeTHbIX MOJCTAHOBOK MOPOKIAETCS LUKJIAMU

a) (1, 2,3), (1, 2,4), (1, 2, 5), ..., (1, 2, n);

6) (1,2,3),(2,3,4),...,(n—2,n—1, n).

23*. Jlio6asi ueTHast NO3ULIMS B UIPe B MSITHAALLATL MOXKET ObITb MOJyueHa
13 HayasbHO# nosuuuu (1, 2, ..., 14, 15).

24%*. VcnaHcKuil KOpOJib pellns NepeBeCUTb MOPTPEThl CBOMX Tpefllie-
CTBEHHUKOB Ha KpyrJioi GauiHe 3amka. OH XoueT 3a OJMH Pa3 MEHSTb Me-
CTaMM TOJILKO JIBA COCEJHUX TOPTPETa, HO JIMLIb B CJlydyae, eC/d 3TH KOPOJH
He MpaBUJIK Cpasy JApYyr 3a Apyrom. PacrosioxKeHust NOPTPETOB, OTAMYAIOLLH-
ecsi TOBOPOTOM Kpyra, OH CUMTAeT OJIMHAKOBBIMHU. JI0KaXKuTe, uTo MpH Jt060M
HauyaJbHOM TOJIOXKEHUH MTOPTPETOB MOXKHO NOOUTLCA JIIOGOTO IPYroro ux pac-
MOJIOXKEHHS.

25*. Hekto, uMerolinii MarHuTooH craporo obpasia (He KacCeTHbIH),
MOJIyuMJ1 Ha3aj OT NpusATessl CBOM 12 KaTylleK HaMOTaHHbIMH B NPOTHBOIO-
JIOXKHbIe cTOpPOHbI. CMOXKET JIW OH, MCMOJb3ys MycTyto 13-10 KaTyliky, ne-
pemoTaTb CBOM KaTyLUKHM B NpaBubHOM nopsiike? Kakoil Oyner oTsert, ecJu
uheJI0 Katyllek paBHsietes 117

26*. B rtabuiile m X 1 32 OJIMH XOJI pa3peliaeTcs MepecTaBuTh B JH0OGOM
NopsiiKe uucsa Jilo6o# CTPOKH WIH Jo60ro CTo/0la. 3a Kakoe HauMeHbliee
UMCJI0 XOJI0B MOXKHO rapaHTHPOBAHHO MOJYUUTb TPOU3BOJIbHYIO 3alaHHYIO Te-
PEeCTaHOBKY uuces B TabJuie?

27. TlocnenoBatesbHOCTL {X;} W3 1 uuCesN Ha30BeM k-OUMOHUHUECKOL,
ecsl X < ... < Xp, Xpy) < ... < X, JloKaxkuTe, 4TO ee MOXKHO MepecTaBHThb
B MOHOTOHHOM Mopsiike 3a Cn onepaunii cpaBHEHHs YHCEJ W UX TPAHCIIO3U-
uuH, riae C — KOHCTaHTa.

28*, (bblctpas coptupoBka causiHueM.) JlokaxuTe, uTo JoOylo nocJe-
JIOBATEJbHOCTD {X;} U3 1 UHUCEJ MOXKHO MEPECTaBUTh B MOHOTOHHOM MOPSi/IKe
3a L(n) < Cn lg n onepauuii cpaBHeHHsI UUCeJl U UX TpaHCNo3uluy, rie C —
KOHCTaHTa.

Ykaszanue PasbeliTe maccuB nomnosam W OTCOPTHPYHTE B MOHO-
TOHHOM TIOPSIJIKE Kaxkjiylo ero yactb. Torma 3a 2[(n/2) onepauuii mo-
Jyuntest 1/2-6uTOHHYECKAst TOCAEN0BATENBbHOCTD, OTKY/ld MMEEM OLEHKY
L(n) <2L(n/2) + Cn. Ecan n < 2%, 10, ntepupyst 310 HepaBeHcTBO k pas,
HaxoauM, uto L(n) < Cnk + Cin < Con log, n.

29%. EcJ/in nocJ/iefoBaTesibHOCTh {Xx;} ecTh nepectaHoBKa uucen 1, ..., n,
TO €€ MOXKHO MOHOTOHHO OTCOPTHpOBaTh 3a Cn onepauui.

Y ka3aHue Pasznoxure nepecTaHOBKY Ha LIMKJIbl; IMKJbI HA TPAHCO-
3ULMKM MOXKHO PA3JIOKUTb KaK B 3ajiaue 2, UCMOJIb3ys TOJbKO 271 orepaului
3aMucu B MacCHB, MOCJIe Uero COPTUPOBKA JIEJIAETCs MO MOJyUeHHOMY PasJio-
JKEHUIO 32 71 OrepaLutil TPaHCIO3ULHUH.
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§ 2.1. Ipynna noacTaHoBOK

MHoxecTBO S, BCeX MepecTaHOBOK MHOXKecTBa E,, paccMaTpuBaemMoe
BMECTe C orepalldedl YMHOXKEHHST MePeCTaHOBOK, HA3biBAEM Jajiee epynnoll
nepecmaHoB80K (WU epynnol noocmaHoB80K).

B nanbHeiiniem GyayT urpaTh BaXKHYI poJib MOJMHOMKECTBA IPyMMbl S,
3aMKHYTble OTHOCHTEJILHO Orepallil YMHOXKEeHUsT U 0OpallleHHUs] 0JICTAHOBOK.
Takue MoAMHOXKECTBA Ha3bIBAIOTCs Nojarpynnamu rpynmsl S,. Hlaaum Gosee
TOUHOE OTIpeJieIeHHE.

Onpepnenenue 34. I[lonmuoxkectBo G rpynmsl S, Ha3bIBaeTcs nodepyn-
noti, ecJii BMeCTe C JIIOObIMH MMOJICTAHOBKAMU 71 U T OHO COJEPXKHUT MOJICTa-

HOBKM 7! M 7o 7 (1oapasymMeBaercsi, 4To MHOKeCTBO (i He MyCTo).

Jlerko nokasbiBaeTcs cieyromias

Teopema 25. /laa awboii nodepynnor G epynnol S, 86lNOAHAIOMCA
caedyrouiue ymaepicoeHus:

(i) cywgecmsyem sremenm e € G, 042 KOMOPO2O NpuU AOOOM IAeMmeHme
mu3 G

Tog=¢coT,
(il) 0aq a00bix dneMeHmOB Ty, To, T3 U3 G cNpasedA80 paseHCcmeao
my o (my 0 73) = () 0 M) © 3]

(ili) das ar06020 s1emenma m us G watidemcs sremenm T u3 G ma-
Kotl, 4mo
MTOT=TOTM=E.

JokaszateanbcTBo. (i) B kauecTBe € MOXKHO B3SITh 3JIeMeEHT T 0 7L,

rjie m — [POU3BOJIbHBIA d/eMeHT U3 G.
(i) YTBepkneHue caemyer U3 Teopembl 21.
(iii) B KauecTBe s/1eMeHTa T MOXKHO B3AITh 7!, a

Ynpaxnenue 24. 1. MHoKecTBO nepecTaHoBoK {e, m, w2, ..., 781} —
MOArPyINa, ecyid k — MOpPsiI0K MOACTAHOBKH 7.

2. MHoxecTBa {¢} U S, — noArpynnel B rpymnrne S,.

[Tyctb ' — epag ¢ mHoxecrsom Bepuin E, ={1, 2, ..., n}. 1o onpe-
nesennio T' 3a1aeTcst MHOXKECTBOM HEYNOPsII0UYeHHbIX nap {i, j}, HasbiBaeMbIX
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pebpanu rpaca. Ecoiu peGpamu rpacda siBJsIIOTCST BCe BO3MOXKHBIe napsl {i, j},
TO Tpad Ha3bIBaeTCs n0AHbIM (HECMOTPsS Ha Kasambyp) u o6o3Hauaetcst K.

Onpepneaenue 35. [lepectaHoBka m € S, Ha3bIBAETCSl CAMOCOBMEUYEHU-
en epagpa T, eciv 1ist mo6bix i, j U3 £, napa {i, j} siensiercsi pe6pom rpada I'
TOTJIa U TOJIbKO TOTJA, Korja napa {m(i), w(j)} saBasercs pebpom rpaca I

Ynpaxuenue 25. a) Muoxectso G(I'), cocTosilllee U3 Bcex caMOCOBMe-
uteHuit rpaga I, siBasiercst noarpynmnoit B S,,.

6) MuoxectBo A,, cocrosiiiiee M3 BCEX MOACTAHOBOK 7, MPHUHAJJIENKA-
mMx Sy, y KOTopbix /() 4eTHo, sIBJIsIETCs] MOArpyNnoi B S.

Tenepb €CTEeCTBEHHO BBECTH 001ee MOHATHE rpynrbl, KOTOPOE ABJAETCH
OJHHUM H3 CaMbIX Ba>KHbIX MOHSITHH aﬂre6pb1.

Onpenenenune 36. [pynnoii (G, *) Ha3bIBAETCS] POU3BOJIBHOE MHOXKE-
cTBO ¢ onepauuert x: G X G — G, KoTopas YI0BJIETBOPSIET CJEYIOIIUM YCJI0-
BHSIM, HA3bIBAEMbBIM AKCUOMAMU 2PYNIbL

Al. CyuectByer ajemenT e € G Takoil, uto st Jioboro g€ G g*e =
=ex g=g (Takol 3JeMeHT Ha3blBAIOT HeldmpanbHolM WU eou-
HUYHbIM).

A2, Jlns mobbix g1, g2, g3 € G CnpaBelyIUB 3aKOH ACCOUUAMUBHOCIMU:

(g1 % @2) * @3= g1 * (G2 % g3).

A3. Hnst mo6oro g € G cyuiectByer £ € G Takol, uto gxh=hxg=e
(Takoii sJeMeHT HasblBaloTCs 06pammuoLn K g W o6o3Hauator g~ ).

Jlto6as noarpynna rpynnel S, IBAsETCS TPYNINOH B CMbICJE 3TOTO OMNpe-
JIeJIeHHs], eCJIH B KaueCcTBe * B3STh O (3TO yTBep:KJaeT TeopeMa 25). YTBep-
XKJIEHHS] TEOpeMbI 25 JIerKo J10Ka3aTh U JUlsl TPOU3BOJIBHON TPYIIITBL.

Teopema 26 (o coicTBax rpynnoBbix onepauui). Jlrobas epynna
umeem eOUHCMBEHHbLL HEMparbHbLL JACMEHM U Y KAHA0e0 ee dje-
MeHma umeemcst eOUHCMBEHHbLIL 00PAMHbLL K HeMY IAeMeH.

HokasateabcTBo. [IycTb | U eg — pasiuuHble HEUTpaJbHbIE 3Jie-
MenThl. Torna u3 Al cienyer npoTHBOpeune: e = e| * €9 = €.

[lycTb snemMeHTbl A; U ho — pasyuuHble oOpaTHble K 3jeMeHTy g. Torna
13 akcuom A1—A3 cienyer npoTuBopeune:

h]:hl*QZhl*(g*hQ):(hl*g)*hgze*hQZhQ. 0

JlokazaHHasi TeopeMa 0OOCHOBbIBAET MPUMeEHeHHe 0003HAuUeHUH: e — N5l
eJIMHUUHOTO 3/1eMeHTa, g~ — uis 06PaTHOrO 3J1eMeHTa.
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Ynpaxnenue 26. Ilposepbre, uTo

a) B JioO0# rpynrne G BepHO, UuTO e~ = e,

6) ast o6oro g € G cnpabeiMBo pasenctso (g~ )~ = g;

B) oToOpaxeHHe ¢g: G — G, onpene/semMoe paBeHCTBOM @g(X) = g * X,
SIBJISIETCS B3AUMHO OJIHO3HAUHBIM OTOOPAXKEHHEM.

[Tpoussenenue (... ((g1 * g2) * g3) *...* g,) 0003HAUMM uepe3 (g ...
e Gn). M

Ynpaxnenue 27. Mcnosbaysi akcuomy A2, 10KaXKUTe MO HHIYKLHH, UTO

(g1 .- 8n)*(gnt1 - 8m) =81 -+ &m-

Ykasawnue. YuecTb BbINOJHEHHE PaBeHCTBA (g ... gy) * (Qnal -+ m) =
=((g1 .- gn)*(gu1 - Gm-1))* g=(g1 --- Gm-1)* gmn= €1 --- &m, THE
npeanoc/eaHee PaBEHCTBO CJeIyeT U3 NPETON0KEHUS UHIYKIIH.

[Tosb3ysich pe3ysbTaToM YrpaxKHEHHsl, MOXKHO MOKa3aTb, UTO MPOU3Be-
JIeHHE 3JIEeMEHTOB TpYMIbl HE 3aBUCHUT OT TOrO, KaK pacCTaBjieHbl B 3TOM
NPOU3BEIEHUH CKOOKH (JIMLb Obl MTOPSIOK 3J1EMEHTOB B 060X MPOU3BEAEHHUAX
6bl1 oguHakoB). Hanpumep, (g1 % go) * (g3 * g4) = g1 * ((g2 * g3) * Z4).

Crnoco6 paccTaHOBKM CKOOOK B MPOM3BENEHHH jasee OyleM HasblBaTh
copmy.ioil. Jlanum MHIYKTUBHOE OMpesiesieHrne popMyJIbl.

1

Onpepnenenue 37. (i) Boipaxkenue Buna (g, g2) = (g1 * g2), e g; —
3J1eMeHT rpynnbl (G, *), ABjaseTcs ¢opmyaot, MTOCTPOEHHOH U3 g U Zo. DTa
(hopMyJia BbIUHUC/ISET 3/7eMeHT U3 (G, paBHbIH TIPOU3BENECHUIO g * 9.

(i) Ecam o(gy, ..., Gn) 4 Y(Gut1, -+ » &m) — DOPMYJIbI, TOCTPOEHHBIE
U3 g1, ..o, 8n U gntl, --- » &m COOTBETCTBEHHO, TO
)‘(gh MR gm):(@(glv L] gn)*q/)(gn-i-l’ L] gﬂl))
ABJIsieTCss POPMYJIOH, MOCTPOEHHOH W3 g, ..., Zm, W BBIUUCHSAET SJEMEHT
rpynnbl G, paBHbIH MPOU3BENECHUIO 3JIEMEHTOB, BbIUHCJASEMBIX (POpMyJaMH
@(glv cee gﬂ) H 1Z)(gfl-i-lv L) gm)

He Tpebyetcst, utoObl Bce g ObLIU pa3/uuHbl U 11, M — 1 — 1 Oblau 60Jb-
ute 1; ecau, Hanpumep, 1= 1, T0 (g]) — 3T0 NpocToO g].

Ynpaxuenue 28. TlposepbTe, uto

a) (g1 * ((g2* g3) * g4)) — bopmysa;

0) (g1 * o) * g3 * (gs * g5) — He opmyJia.

Teopema 27 (0606UIeHHDbIH 3aKOH acCOUMATUBHOCTH). JI10Ovle dse
dpopmyrel o(gi, ..., gn) U Y(g1, .., 8n), NOCMPOCHHOIE U3 INEMEHIMNOB
g1, -y Qn, BOLUUCASION OOUH U MOM JCe INCMEHM. I MO INeMeHn Ha-
3618a6MC Npou3sedeHuem INeMeHmos gy, ..., 8, U eeo (coeracHo npe-
dotdyujemy ymaepicoeHuio) MOHCHO 3ANUCOIBAMb 8 BUOe ] * o % ...% g,
6e3 ykazaHus ckobok, HO 8 YKA3AHHOM nopaoke.



§2.1. Ipynna nopcranoBok 73

JlokasaTeusabcTBo. Jloka3aTte/bCTBO MPOBOANTCS HHAYKLMEH MO 1
C NMOMOLLbIO ynipaxKHeHus 27. JIeficTBUTENbHO, CONIACHO MPETO0KEHUIO HH-
JYKLMH, 3J1eMEeHTbI, BbIUUCJEHHbIE (DOPMYJIAMH 0 U 1), paBHbl COOTBETCTBEHHO

(gl""v gk)*(ngrl’"" gﬂ) H (glv"" ge)*(geJrl,-n, gﬂ)a

a COIJacHO yrpakKHeHHIo o06a 3THX 3JeMEeHTa COBMAJAOT C 3J1E€MEHTOM
(g1, ---, @n). Ular unpykuuu o6ocHoBaH. baza unaykuuu (n=1, 2) oue-
BHUJIHA. O

3anaum v ynpakHenus K § 2.1

1. st MHoxkectBa N ¢ 0ObIYHOF onepaiiieil yMHOYKEHHs BbIMoJHeHbI Al
1 A2, Ho He A3. Takue asre6panueckue CHCTEMbI HA3bIBAIOTCSI OJIYTPYIIITIAMH.
[TpoBepuThb, uTo Z ¢ onepauueil o6biuHoro yMHoxkeHusi 1 N U {0} ¢ onepatiei
0OBIYHOTO CJI0XKEHHS — MOJIYTPYTb.

2. MHoxectBo Q o6pasyer rpymnmy OTHOCHTEJbHO OOBIUHOTO CJIOXKEHHUS,
a mHoxkectBo Q \ {0} oTHOCHTENIbLHO yMHOXKeHHUs. B 0o6eux THX rpymnnax ore-
pauust KOMMyTaTHBHA.

3. Haiiaute rpynnel camocoBMmelileHn# rpados:

a) 1MKJa JJIUHB 1,

Puc. 17. Uukn

6) uenu AJMHBL 1,

Puc. 18. Lemnb
B) TPEXMEpHOro Kyoa.

4. Haiinute rpynny camocoBMellleHuil rpaga I', y koto-
poro 10 BepiuuH u 44 pebpa.

5*. Haiinure nepeBo ¢ HauMeHbIIMM UYKMCJIOM BepILHH,
MMerolllee TPUBHAJILHYIO TPYIIY CaMOCOBMELLEHHH.

. : Puc. 19. Tpex-
6. Haiijwre rpad ¢ HaHMEHbLINM UHCIOM BEPLIMH, HME-  yenpiii ky6

I0LLMHA TPUBHAJILHYIO TPYIIYy CAMOCOBMELLIEHHH.
7. Jlokaxute, uyto JioOasi MOJACTAHOBKA MOPSIAKA Ba pasJjaraercsi B npo-
M3BEJICHHE MOMAapHO He MepeceKaloUnxcst TPaHCIMO3HLIUH.
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8*. Jlokaxkute, uTo JIt0OOH LMKJ pas3jaraercs B MPOU3BeJeHHE JIBYX Te-
PeCTaHOBOK MopsiaKa JBa.

Yka3zaHue. [ToBOPOT MOKHO Pa3Jio:KUTb B IIPOU3BEJCHHE JIBYX OCEBbIX
CUMMETPHH.

9*. Jlokaxkure, uto JioOasi MOACTAHOBKA pasjaraercs B MPOHU3BELeHHUE
JIByX T€PeCTaHOBOK MOPsiKa JBa.

10*. Hatinure Bce noarpynmsl rpynn Sg v Sy.

11. UerHble nepecTaHOBKH 06pa3yioT MoArpymnny B S, a HeueTHble — HeT.

12. MHo»KeCTBO BCeX cTereHeil J1060H MOACTAHOBKH 06pa3yeT MoJrpyr-
ny B S,.

§ 2.2. Tpynnbl U NoArpynMbl

Harnomuum, uto Henycroe noamuoxectBo 1 rpynnsl (G, o) Ha3biBaeTcs
nodepynnoii, ecjii OHO CaMo SIBJISIeTCS IPYNIOH OTHOCUTENLHO OlepaLuu o.

Jlnist 3TOro HeO6X0MMO, UTOObI /1Sl JIOOBIX 3J1eMeHTOB g, A u3 [ ux npo-
U3BefleHNe g o i npuHamiexasno 6bl /. Jlio6ast HeTpUBHANbHAS TPYTITIA BCEra
COJIEPKHUT He MeHee JIBYX MOArpyI.

Ynpaxuenue 29. Iloarpynnamu rpynnst G siBisitoTes

a) equHuuHasi noarpynmna {e};

6) cama rpynna G.

Onpenenenue 38. Bce ocrasnbHble NOArPyNbl rpynnbl G, €C/id OHU €CTh,
Ha3bIBAIOTCS COOCMBEHHbIM NOJepYnnamu.

3amucb H < G Oyner Bcerna o3HauaTb, uto H — noarpynna rpynmnbl G.
Jlerko nokasbiBaeTcsi cJieyroLast

Teopema 28 (o nmoarpynnax). [loomHnosucecmso H obpasyem nod-
epynny 8 epynne G moeda u moavko moeda, Koeda 0il A0ObLX 3ae-
nenmos g, h us H aaemenm goh™" npunadaexcum H.

HokagaTteabcTso. [Ipamoe yTBep:kaeHHe (=) cjelyeT U3 aKCHO-
Mbl A2 1 Teopembl 26.

Jlokaxkem o6paTHoe yTBep:xkeHue («<). [1yctb g, i — snementsl . Torna
3J1EMEHTbI

e=h-h', hl=e-n', g-h=g-(h")!
TOXKE MPHHAJJIENKAT MOJAMHOKECTBY /1.
Axcuombl A1—A3 st MmuoxecTBa (H, o) BbINOJIHSIIOTCS TeNepb MOTOMY,
UTO OHH BBINOJIHSIOTCS /st rpyniibl (G, o). |
@ Ynpaxuenue 30. Ecou H; <G, i=1, ..., n, T0o ux nepeceyenue

Bcerga GyneT NoArpynno, Ho He BCeraa WX oObeauHeHue HyneT moj-
TpynIno#.
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Onpenenenue 39. Ipynna G Ha3blBaeTCs KOMMYMAMUBHOLU, €CJIH TIPO-
U3BEJICHUE B HEH He 3aBUCUT OT MOPsIIKA COMHOXKUTEJIEH.

[lyets g € G. O603Hauum uepe3 g" 3jeMeHT go...o g, yepes g~ " —
—_——

n

snement g 'o...og™! e (g7 g° nonoxum pasHbM e.
—

n
[TogmHoxkecTBO {g": n € Z} C G o6o3Hauum [g].

Onpenenenue 40. Eciu g" = e, To GyeM roBOpuThb, UTO 11 — nepuod g.
Haumenvuiuti nosroscumenvrolli nepuod snemMenta g 0603HaunuMm £(g) u Ha-
30BeM NOPAOKOM 3JleMeHTa g.

Ecau g" # e npu Bcex 1 # 0, To MOXKHO NOJOKUTH £(g) = 00.
CnpaBeiuBa cJeyioniast

Teopema 29 (06 1-nopoxaeHHbIX noarpynnax). Haumenouias noo-
epynna, codepacaujas sremenm g, cosnadaem c [g]. Ona kKommyma-
musHa u ee nopsadok paser t(g). JIroboii nepuod asemenma g deaumcs
Ha eeo nopadok 1(g). Ecau g* = g', mo t(g) deaum k — 1.

HokaszateabcTBOo. Eci 32/eMeHT g MNpUHAWIEKUT MOArpyIIe
H < G, 10 U3 Teopembl 28 cJepyeT, uTo NOArpyNna [g] comep:KUTCs B MO~
rpynne H. PaccmatpuBas 9 Bo3MoxkHbIX cjyuaeB (m>0,n>0 u T 1.),
nposepsieM paBeHcTBa g o g™ = g"t™ rne n, m — uesbie uncaa, a TakkKe
(g")~'=g™", rie n — uenoe uucio.

3uauur, [g] < H u rpynna [g] kommyraruBHa. [lycts £(g) = oco. To-
rna g"# g™, eciu n#m (unaue g" "= g" arc(g™) "' =e un 1(g) < o0),
u|[g]| =o0. [lyctb {(g)=n>1(eccnun=1,10 g=eu|[g]=e)u g"=e.

Pasnenus m Ha n ¢ octatkom, nonyuaeM m=nqg +r,0<r<n,e=g" =
=(g")70 g" = g", otkyna r =0 (MHauye UMeeM MPOTHBOPEUUE C OrNpeJlesIeHH-
em £(g)), T.e. UUCJIO 1 JIeJIUT M.

ITostomy, ecan gk = g!, 1o g*~! = e w uncno n neaur k — [, B uacTHoCTH,
muoxkectsa [g] u {e, g, ..., g"'} pasubl u Bce 3nements gf, 0< k <n,
passuutbl, T. €. |[g]| =n = {(g). O

Tenepb JIErKO JI0Ka3bIBa€TCs1 cJeAyrouast

Teopema 30 (o moarpynnax KoHeuHbix rpynn). Ecau epynna G ko-
Heuna u H — maxoe ee nodmnoncecmso, umo ois aoboix h, g € H npo-
ugsedenue h- g € H, mo H — nodepynna epynnot G.

JlokasaTeabcTso. Ecau snement g npuHamiexxur H, To u3 Te-
opembl 29 caenyer, uto |[g]|=n, g7 = g" ! €[g] CH, a u3 Teopembl 28
caenyer, uto H < G. O
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Onpeneaenue 41. Ipynna, nopoxkiaemasi OJHAM M3 CBOMX 3JE€MEHTOB
(T.e. Takasl, uTo BCe ee JEMEHTbl fBJSAIOTCS CTENeHsIMH OJHOTrO M TOro Ke
9J1eMEHTa), Ha3blBAETCS YUKAUUECKOU 2pynnoi.

Ynpaxuenue 31. Ecau (G, x) —rpynna, a g — ee 3JieMeHT, TO [g] —
LUKJIMYecKasi Tpyria.

M3 teopembl 29 caenyet, uto ecqu (G, *x) — OecKOHeUHass LUMKJIHUECKasi
rpynna, a g € G — ee obpasyiouuii sjemenr, T.e. G =[g], G ={g": n € Z},
TO BCe 3J1eMeHTbl g" pasjuuHbl U Tabaula yMHOXKeHUst Tpynnbl (G, ) 3ajaeTcst
CHCTeMO# paBeHCcTB g+ g™ = g™ rne n, m — uesble uncaa.

Ecin ke |G| =n, To n3 Teopembl 29 cienyer, uto

G={gh:0<k<n—1},
1 TabJiia yMHOXKeHust rpynnbl (G, *) 3aaeTcsi CHCTEMON paBeHCTB

byl — gttt ecu k+1<n,
£re= ghti=" ecm k+1>n.

N3 ckazaHHOrO §ICHO, UTO JI0ObIE JBE LIMKJIHUECKHE TPYMIbl PaBHbBIX MOPSI/I-
KOB OTJIMYAIOTCS IPYT OT JIpyra Jiklib HA3BAHUSIMU CBOMX 3JIEMEHTOB; Ta0JIH-
bl YMHOKEHHsI Y 3THX IPYNI COBMNAJAIOT C TOUHOCTHIO JIO HA3BAHUS CTPOK
U CTOJIOLIOB.

Ha anre6panueckom »KaproHe rnpejpliylilee BbICKa3blBaHHE MPOU3HOCST
TaK: 3TH TPYMNIbl 4U30MOPPHbL. Jlanum ToUHbIEe OTpee/eHus.

Onpepnenenue 42. Orobpaxkenue ¢: Gy — Gy, e (G, %) u (Gg, o) —
TPYNIbl, Ha3bIBAETCS UBOMOPPUIMOM (TOUHEE, UBOMOPPHLIM OMmOOpaice-
Huen Gy B (o), €CIM OHO YJIOBJIETBOPSIET CJEIYIOUIHUM YCIOBHSIM:

(i) oHO B3aMMHO OJIHO3HAUHO;

(i) st JoOBIX 3J1eMeHTOB g, i € G| CrIpaBelIMBO PABEHCTBO p(g * h) =
= (g op(h).

YnpaxHenue 32. JloKa)kuTe, uTo

a) ecan @: Gy — Go —usomopduam, 10 ¢~ Go — G| — ToxKe H30MOP-
thuswm;

6) TOXKJeCTBeHHOe oToOpaxkeHue e: G — G Bcernma siBJseTCS H30MOp-
thusmom;

B) ecsit w: G| — Go u Y: Go — G3 uzomopduamsbl, To Yo : Gy — Gz —
TaKKe H30MOPMU3M.

Onpepenenue 43. Ipynnwt (G, x) u (Go, o) usomopgHel, ecau cyliie-

cTByeT oToOpaxenue ¢: G| — Go, sBsiouleecst usomopguamon (0603Haue-
Hue G| >~ Go).
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Ynpaxuenue 33. lokaxure, uto a) eciu G| ~ Go, Gog ~ G3, 10 G| ~ G3;
6) ecin G| >~ Go, To Go ~ Gy; B) Bcerna G ~ G.

N3 npeaplayiiero ynpaKHeHUs cJe/lyeT, 4YTo MHOKeCTBO BCeX IpyIi pac-
najaeTcsi Ha HerepeceKarolHecs KJacchbl, TakHe, YTo JitoOble JBe TPyMNIbl
M3 OJIHOrO KJlacca OKa3blBAlOTCSl H30MOP(HBLIMHU, a IPyMIbl U3 Pa3HbIX KJjac-
coB — HeT. Bce rpynnbl U3 0JJHOrO KJlacca MOYKHO paccMaTpuBaTh KakK pas-
AUYHbLE KOHKpEenHble peaiudayud OHON U TOH »Ke abCTPaKTHOH Tpymnmbl.

Hanpumep, noarpynna rpynnel S,, nopoxiennas uukjiom (1, 2, ..., n),
1 MHO>kecTBO {0, 1, ..., 7 — 1} c onepaumeit «+», 3a1aBaeMoil TabJHLEH YMHO-
JKeHUs
- a-+b, ecam a + b < n,
a+b=

a+b—-n, ecma-+b>n,

NPeJICTaBSIOT U3 cebsl LIMKJIHUECKHEe IPYIIbl 11-T0 MOPSiIKA; OHU H30MOPMHbI.
Bropyio M3 TOJIBKO UTO YNOMSIHYTbIX peajiM3alMil LUKJIAUECKOH TpyIIbl
n-ro nopsinka o6o3navaiot (Z,, +) ¥ Ha3bIBAIOT TPYNINOH OCTAaTKOB M0 MOJIy-
JII0 1 ¢ onepauyen caoxenus (a + b) mod n.
Boobiue, B KommymamusHolx epynnax orepalqio YMHOXEHHSI 4acTo
0603HAUAIOT 3HAKOM «—+>» H U3MEHSIIOT TEPMUHOJIOTHIO U 0603HAUEHHS, MTOJIb-
3ysICh CJIEYIOLIMM CJIOBAPHKOM:

() — YMHOXEHHE; (+) — CJIOXKEHHE;

(g-h) — mnpousseneHue; (g +h) — cymma;

(e) — eUHHULA; 0) — HyJIb;

(g7h — oO6paTHbI; (—g) — MNpPOTHUBOIMOJOKHLIN;
(g") — CTerneHb; (ng) — KparTHoe;

(g-h™") — uacrhoe; (g —h) — pasHocTb.

KOMMyTaTI/IBHbIG rpyMnrIibl 4aCTO Ha3bIBatOT aberesoimu *.

YnpaxHenue 34. Jlio6ast GeckoHeuHasi LIMKJIHUECKasi rpyrnna u3oMmopgHa
rpynne (Z, +) 1eablX 4uces ¢ 0ObIYHOH orepaineil CJI0KEHHSI.

C noHsiTieM H30MOp(H3Ma, B CYLLIHOCTH, BCTPEUAIOTCS BCE LUIKOJIbHUKH,
XOTsl M He BCETJa OCO3HAIOT 3TO: Hampumep, yHKUMS log, X ocyllecTBseT
n3omMopHoe otoOpaxeHue rpynmbl (R, -) MoJOKUTENbHBIX UHCEJ C Olepa-
LHell YMHOKeHMsI Ha TPYIIy BCexX JedcTBUTeNbHBIX unces (R, +) ¢ onepatimeit
cJloXKeHHs], TaK Kak log, xy =log, x +log, y, ecom x, y > 0.

Ecan B onpenesnenun nsomopguama 3abbiTh PO YCJI0BHE B3aUMHOH

OJIHO3HAUHOCTH, TO MOJYUUTCS onpelesieHHe eomomopdusna. ITo
BaXKHOE TMOHSATHE B TEOPHHU TPYII, HO MBI ITOCTapaeMcs jaJjee UM He 10J1b30-
BaThCSl.

* B uectb H. X. AGenst (Niels Henrik Abel, 1802—1829) — 3HaMmeHHTOr0 HOPBEKCKOrO Ma-
TemMaTHKa.
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3anauu v ynpaxkHenus kK § 2.2

1. Enunnua (a tTakke MHHYC elMHHLA) — 06pa3yIoLMi SJeMEeHT B TpyIine
(Z, +).

2. Ecmu g € G, G —rpynna, g" = e, To nopsiiok g neaut a. Ecau nops-
JIOK g — [IPOCTOE UUCO0, TO JUOO g™ uMeeT TOT Ke MOPSIOK, UTo U g, Jubo
gh=e.

3. Eciu H —noarpynna G, g € G, to gHg™' —noarpynna G.

4. O6o3Hauum Z(G) MHOXKeCTBO Beex g € G Takux, uto npu jitobom A € G
BepHO, uTo - g = g -h (yenmp epynnor G). JlokaxkuTe, UTO LEHTP IPYMIIbI
siBJIsieTcsl noArpynnoil. Ipynna G koMMyTaTHBHA TOT/a M TOJIbKO TOTJA, Koraa
OHa COBIIA/IAET CO CBOUM LIEHTPOM.

5. M3omopdHoe oToGpaxkeHue MepeBOJIUT eJIMHULLY B €JIMHULLY ¥ 0OPaTHbI
3JIEMEHT — B 00paTHBbII.

@ 6. MsomopdHble rpynibl HMEIOT oJluHaKOBbIe Mopsiiku. O6paTHoe He-
BEPHO.

7. O6osHaunm Aut G MHOXKECTBO BCEX MepPeCTaHOBOK 3JIEMEHTOB IpyIi-
nol G, gBasiouuxcs usomoppuamamu G B cebs (Takve M30MOP(U3MbI Ha-
3blBatoTCs agmomoppusmanu). Jlokaxure, uto Aut G — noarpynna rpynibl
nepecTaHOBOK MHOXKecTBa G.

8*. Hatmmure Aut Z,,.

@ 9*. Teopema 30 jyist 6eCKOHEUHBIX TPYMI HeBepHA.

1

10. BeckoHeuHas rpynna umeer 6G€CKOHEUHO MHOTO MOArPYIII.

11*%. Ecsin nopsiiku Bcex 3JieMeHTOB He OoJiblile 2, To rpymnna adeJena.

12*. Ecsn nopsioK rpynibl Y€TeH, TO HEKOTOPbIH 3J€MEHT HUMEET Mopsi-
JI0K 2.

13*. (Kanu.) Kaxknass KoHeuHasi rpynna W30MOpgHa MOArpyrnmne rpymnbl
MOJICTAHOBOK.

14*. Haiigute Bce (C TOUHOCTbIO 10 U30MOP(HHU3Ma) MOJNYTPYNIIbl MOPSi-
Ka #1, TIOPOXKJIEHHbIE OJTHUM 3JIEMEHTOM (T. €. LIMKJIUUECKHE).

15%. B si060ii KoHeuHoil noayepynne (naxke 6e3 eIHHHUIIbI) €CTh TaKOH
31eMeHT g, uto g2 = g. Koneunas nosiyrpynmna GyneT rpynmofi TOra u TOIbKO
TOTJA, KOTJla TAKOH 3JIEMEHT B Hel eIMHCTBEHHbIH (€IMHULIA).

§ 2.3. Uukaunveckue rpynmbi

B kauecTBe KOHKPETHBIX pean3aluil IMKJIMUECKUX TPYII HCIIOJIb3YeM Jla-
nee (Z, +) u (Zy, +).

Onpenenenue 44. Jlusi mob6oro HatypajsbHOro n 0603HAUMM (1)
YUCJIO TeX /1, KOTOpble B3aUMHO TPOCTBI C A (Hajee 3T0 0603HAUaeTCsl
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tak: (m, n)=1) u ynosjerBopsitor HepaBeHcTBaM | < m < n. OrobpaxeHue
¢: N — N nasbiBaercsi ¢pyrnkyueil Jirepa.

I[aﬂee B 9TOH IJlaBe 4acTo 6yILeT HCII0JIb30BATbLCs1 CJIe/lytonlast

Teopema 31 (o uukanueckux rpynnax). (i) Jlrobas nodepynna epyn-
not 7 umeem sud 6Z={0m: m € Z}, ede § — yeroe uucao, a aobas noo-
epynna epynnot L, — 6ud §Z, ={dm: 0 < m < n/s}, ede § deaum n.

(i) Iodepynnol yukauueckoi epynnol yukiuuHol. Bce nodepynnol
OecKOHeuHOl yukauueckoi epynnol 7, (kpome mpusuarvHoli nodepyn-
not {0}) usomopgrol eii camoii. [lopsdok a0bol nodepynnol KOHEUHOL
yukaudeckotl epynnor 7, asisemcsa deaumesem n u 0418 0b60eo m,
deasweeo n, umeemcss posHo odHa nodepynna nopaoka m. Obujee
yicao scex nodepynn 8 epynne Z, pasro d(n) — uucay scex deaumeaeti
YUCAQ N U 8Ce IMU no02pYnnbl NONAPHO HEU30MOPPHbL.

(ili) Aas moboeo aremenma a €7, eeo nopsadok t(a) pasen (aﬂ—n)
u cosnadaem ¢ nopaodkom noposcdennol um epynnet [a]. Yucao seex
nemenmos a € Ly, y komopoix t(a) =m, pasHo @(m).

(iv) Obpasyrowunu epynnol Z a8asat0mces dsemenmol a = +1 u moavko
OHU. Iremenm a nopoocdaem gcio epynny Z, moeda u mMmoaAbKo mozoaq,
Koeda eco nopsdok t(a) = n, a nocaedree cnpagedas8o moada u moaibKo
moeda, koeda (a, n)=1. Yucao obpasyrowux 8 epynne Z, pasHo p(n).

(V) s mo6oeo m € 7 muoacecmso mZ, ={a: a=mb, b € Z,} cocmo-

n

um u3
(m, n)

Hokaszateabctso. [lyete H<Z, Ecim H={0}, to H=n-2Z,.
Ecan {0} # H, T0 nycTh § — HauMeHblIee yucio Takoe, uto 6 € H \ {0} (oHo
CYLIECTBYeT B CHJy npuHuuna uHaykuuu). Torna H = 07Z,. JlelicTBUTENBHO,
ec/in Obl CyLLeCTBOBaJ ajieMeHT @ € H \ §Z,, 10, jleisi @ Ha 6 C OCTaTKOM, Mbl
Obl MoJIyuusiu, uto 7 =a — 6q € H, rjie ¢ — yacTHOe, r — OCTaTOK, TaK Kak

INeMEeHNo8.

Fr=a—-6qg=a+q(-6)=a+qn—90), acH, n—0=-06€cH,

d
0 <r <4, a ato npotuBopeunt onpenenenuto §. [lostomy H < 07Z,, a Tak Kak
S €H, 67, <[0], 10 cornacho Teopeme 29 umeem 0Z, = H = [4].

Pasenctso 07, ={0m: 0 < m < n/8} caenyer us toro, uto § | n (ecan §
He JIeJIUT A1, TO, 3aMEHsIsl @ Ha 11 B y»Ke MPOBEJEHHOM PACCYKJEHHH, MONyUUM
NPOTHBOpPEUHe).

Mycts H <7Z. Ecom H ={0}, to H=0-Z. Ecam {0} # H, T0 paccysxe-
HHEM, aHAJIOTHUHBIM yXKe MPUBEIEHHOMY, NosayuuM, uto H =0 - Z = (=9) - Z,
rie 6 € N. YTBepxkaeHue (i) nokasaHo.

YrBepxenne (ii) cieyer U3 TOro, UTo OTOOPAKEHHS X — X - S U X — X - O
SIBJISIIOTCS] UBOMOP(U3MaMK MexXy Z 1 07 v Mexny Z, u 0Z, COOTBETCTBEHHO
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(nocsiennee npu (9, n) =1), a orobpaxkeHue § — 4 - Z, ycraHaBJUBaeT B3a-
MMHO OJIHO3HAYHOE COOTBETCTBHE MEXKIY NEJUTENSIMU YHCJIa 1 U TIOArPYIIaMu
rpynnsl Z,.

Hoxaxem yrBepxkienusi (iii) u (iv). Ilyers #(a) =m. CornacHo (i) ume-
em [a] =06Zy, 0|n, a Tak Kak d € 6Z,, 10 § | a, otkyna ¢ = (a, n). Ho a €
€ (a, n)Zy, 3nauut, [a] < (a, n)Z,, nosTOMYy

_ n n n
m=1t(a) S Ss
CJIe10BaTeJIbHO, n n

B uactHocTH, BUaMM, uTO [@] =Z, Torna M TOJbKO TOrAa, Koraa n=|[a]| =
_ n

@ JIDYTHMH CJIOBaMH, Koria (@, n) =1, oTKyla Takxke cJejy-
€T, uTo '

fa:[al=Z,}| =Ha: 1 <a<n, (a, n)=1}]=p(n).
Hausee (cornacto (ii)), (@) = m Torna u ToJbKo TOrAa, Koraa |[a]| = m, npy-
TUMH CJIOBaMHU, Korja [a] = %Zﬂ ~ Zm. llpumensisi nosyuennyto opmyaty Jist
a: [a@] =Z,}|, umeem

{a:a=12,, 1@ =m)|=a: ae =7, [a]l= =7} =
= ‘{5 I; € L, [5] :Zm}‘ = @(m)

Tax kak ToT dakr, uto [a] = Z Torjia u ToJbKO Tor/a, Korna a = £ 1, oueBHJieH,
TO yTBep:kaenus (iii) u (iv) mokasaHbl.

Hokaxkem mnocaennee yrBepxkienne. Cornacuo (i) mZ, =0Z,, Beab
mZy, <Z,. Otciona ¢ |m (nockosbky m € mZ, =0Z,), a Tak Kak 9 |n,

_ n _ m _
to § < (m, n). Ho npu mo6om a € Z, umeem —— -ma = ——(n-a)=0.
< ). Ho NN Gy G )
n n
3HauuT, corjacHo Teopeme 29 umeem 5= [0Z,| < ) T.e. §d = (m, n)
U nmosTomy & = (m, 1), CJenoBaTebHO,
n n
mZy,| =02, = = = . O
| ’1‘ ‘ ’1| § (’n7 ﬂ)
M3 10Ka3aHHON TeopeMbl BHIBEIEM €llle OJIHY TEOpeMYy.
Teopema 32 (o auneiiHom npexacraaenun HON). [Tycmeo ay, ..., a, —
yeavle 4ducaa, (ay, ..., ay) — ux Hauboarvwuli obwuti deaumenrv. Toeda

Hatidymcea yeavle yucaa x;, 049 KOmMopolx

(ay, ..., ap)=x1a; + ...+ xpa,.
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JlokasaTeuabcTBo. PaccMorpum B rpynne Z noArpynmy

a1, ...,an]={a€Z:a=aix1+...+anx,, X, €Z,i=1, ..., n}.
Cornacho teopeme 31 [ay, ..., a,] =dZ, rne d — natypasnbHoe uncio (d =0
muwb korna a; =0,i =1, ..., n). Tak kak a; € [ay, ..., a,], T0 a; € d7Z, 3nauur,
dla;,i=1, ..., n

[Tyctb ukcsio § TakxKe yIOBJETBOPSiET yeoBusim 0 | a;, i =1, ..., n. Toraa
a;i €02,i=1,...,n,otkyna [ay, ..., ay] CZ, 1.e. dZ C 07, 3Hauut, d € §Z
udld, |8 <d, rakum obpasom, d neiictButensHo pasio HOd(ay, ..., an).
Tak kak d npuHaiexutr MHoxectBy dZ = |ay, ..., a,], To d =a;x; + ...
...+ a,x,, rie x; —ueJyble yucaa, i =1, ..., n. O
[1puBeneHHoe paccyxjeHue Takxke jokasbiBaetr, uto HOI(ay, ..., a,) ne-

JIUTCS Ha J1I000# 0OLIMI [esuTeb ITUX UUCes, U YypaBHeHHe
arxX;+... apxp,=a

paspelMo B 1eJbIX uhcJax Toraa v Todbko toraa, korna HO(ay, ..., a,)
JIeJIT Q.

B uactHocTh, ecaut (a, b) = 1, To ax + by = | NpH HEKOTOPBIX LIENbIX X, Y.
Jlpyroe 10Ka3aTesibCTBO 3TOro (pakTa ObLIO paHee MOJYyUYeHO ¢ MOMOLIbLIO aJi-
roputma EBksunna.

3anauu ¥ ynpaxxHeHnus K § 2.3

1. BroiBemute u3 TeopeMbl 32 Bee yTBepKIeHHs 3a1aun O u3 § 1.2, a Takke
CJleflyIoLHe YTBEPIKIEHHSI:

(i) [ka, kb] = k]a, b];

(i) (a, b)=(a£b, [a, b]);

(iii) ecn & | a, 616, o (a/6, b/5) = (a, b)/5;

(iv) [a1, ., an]l=ar - ...-an/(Ay, ..., Ay), Ai=a-...-a,/a;

(

v) [ay, ..., a,] =]ay, [ag, ---, an]];

i) (@1, ..., an)) = (ai, (az, ..., an));

(vii) ecam a; | b, o |ay, ..., a,]| b;

(viii) ecan a penur be, To a/(a, b) nenur c;

(ix) ecan p —npoctoe, plaj-...-a,, T0 p | a; Npu HEKOTOPOM i.

2. Mcnonb3ysi npeaplaylilee yTBepaKaeHHe, 1oKaxuTe Teopemy 4 u3 § 1.2.
3. Iokaxure, uto d(n) < 2/1.

4%, (Taycc.) Hokaxure, uto Y. ¢(d) = n.

d|n
5. Peunre ypaBHenune 15x — 9y =6 B obaactu Z.
6. Pewnre cucremy (x, y) =15, [x, y] = 840.

6 Tauikon
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7. HapucoBaTh juarpammy BKJIIOUEHHH CeMeHCTBa BCEX MOArPYI rpyri-
bl Zg.

8*. MuoxectBo M C N HasbiBaercst noayepynnoii (6e3 eJMHULIbI), eCn
JUist oObIX X, y € M ux cymma x + y taxkxke npuHaaiexut M. Jlokaxure, uto
Jobast Takasi ToJIyrpynina KoHe4no noposxcdennas, T.e. M={a: a =a xo +
+ ...+ apxy, x; € N} 0pu HEKOTOPBIX HATYPAJIbHBIX @;.

9%, Vmeercsi HeCKOJIbKO KapTouek ¢ uucjaamu. Ilis so6oro n < 2004
MMeeTCsl POBHO /1 KAPTOYEK, HA KOTOPbIX HATUCAHbI €ro jlesnTeu. JloKaKuTe,
uto Jio6oe n < 2004 HanucaHo xots O6bl HA OJHOH KapTOUKe.

Yxaszaunue. [Ipumennre 3anauy 4.

§ 2.4. Teopema Jlarpan:xka

[lyers G — rpynna, H — ee noarpynmna.

Onpenenenue 45. MuoxectBo gl ={gh: h € H} nasbiBaetcs (1esoim)
CMENHCHOLM KAQCCOM TIO TIOATPyNMe [, coaepKalluM 3JeMeHT g (neHCTBH-
TesbHO, g = ge € gH).

[Ipasoim cuescHoim Kaaccom HasbiBaeTcst MHOXKecTBO H g ={hg: h € H}.

Ecau rpynna G xommyraTtuBHa, TO Beerna gl = Hg.

Hasiee paccmaTpuBaeM TOJIBKO JIeBble CMexKHble KJjacchl. CrpaBeninBa
crenyoias

Jlemma 7. Jliobole dsa cmencrolx kaacca no nodepynne H aubo e ne-
pecexkatomcsi, abo cosnadarom.

Hokaszateabctso. [lyers, Hanpumep, aH NbH # @, c € aH NbH.
Torna ¢ =ahy =bhy, tne h; € H u

aH = a(hiH) = (ahy)H = cH = (bhs)H = b(hoH) = bH.

[Tpu BbiBOjIE 3TOF LEMOUKU PABEHCTB Mbl MMOJb30BAJIUCH ACCOLMATHBHOCTHIO
u paBeHctBoM hH = H, rie h — snement H, KOoTopoe npoBepsieTcs Celyto-
MM 06pasom.

st mo6oro anementa A’ u3 H npoussenenue A'h npuHapiexur H u no-
3troMy hH — noaMHOXKecTBO B H.

JlioGoil snement h” u3 H mMoxHo npeactaButh B Buge A =h(h='h"),
OTKyJla BHIHO, UTO OH MpPUHAIVIEXKHUT Takxke Afl, u nostomy H copep:Kurcs
B hH. JlokasaHHble BKJIOUEHHSI U 03Ha4daloT, uyto H = hH. O

Ham nonapo6utcst Takxke

Jlemma 8. B aro6om cmencrom kaacce no H cmoavko gce aremennos,
ckoavko u 8 H.
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JokaszaTeanbcTBo. [efictBuresbHo, oTtobpaxenue ¢: H — gH,
onpenesisieMoe PaBEHCTBOM (X) = gx, siBJsSeTCS B3aUMHO OJHO3HAUHBIM
(ynpaknenue 26 uz §2.1). O

Teopema 33 (Jlarpanx *). [lopadok koweunoll nodepynner gceeda
asasemcs deaumesem nopa0Ka coomsemcmayrouel. epynmo.

HokaszateabctBo. [lyctb G —rpynna, H —ee noarpynna. O6o-
3HauuM uepes [G : H] uncyio Bcex MonapHoO pas3jiMuHbIX CMEKHbBIX KJ1accoB g
geGunyerb g1, ..., gnH — cnucok Bcex aTuX Kaaccos, m =[G : H].

M3 nemmel 7 caenyer, uto g;H N giH =@, ecnu i # j. MeTooM oT npo-
THBHOTO JI0KaxeM, UTo

i=l1

[Tyctb Haiinercst snement g,4+ € G Takoi, uro

m
gnn £ @il
i=1
Torna corsacHo siemme 7 knacce g4 H oTaueH ot knaccoB g;H,i=1,...,m,
TaK Kak

Gmil € GmitH,  gmua & gH, i=1,..., m

[Tosnyuaercsi npoTuBopeure ¢ onpenesnendeM cnucka gif, i=1, ..., m. Co-
riacHo jemme 8, umeem |giH|=|H|, i=1, ..., m, no3ToMy H3 paBEHCTB

m

m=[G:H], |J &H=0,

i=1
cooTHowleHust g;H N g;jH =&, i # j, 1 KOMOUHATOPHOIO MPHHLMIIA CJIOXKE-
Hust caenyer pasenctso [G:H|=|G|/|H|, osnauawuiee, uro |G| aenurcs
Ha |H|. O

Onpepnenenue 46. Uncyo [G : H] = |G|/|H | nasbiBaetcst undekcom noj-

rpynnsl /1 B rpynne G.

Ecau rpynnel G u H He o6s13aTe/ibHO KOoHeuHbl, To [G : H] — 310 uncjio
CMEXHbIX KJaccoB B rpynne G no noarpynrne .

Sameuanusa. Ecm K<H<LG, 0 [G:K]=[G:H]-[H:K], B ToM
cmMbicaie, uto ecin |G : K] koneuno, To [G : H], [H : K] Toxe KOHeYHbI U Cripa-
BE/JIMBO YIMOMSIHYTOE PABEHCTBO; OHO TAKXKe CIPABEVIHBO, €CJIM KOHEUHb
[G:H], [H:K].

* K. JI. Jlarpamx (Joseph Louis Lagrange, 1736—1813) — Besukuii dhpanily3ckuii matema-
THK M MeXaHHK.

6*
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CdopmyapoBaHHoe yTBepxKaeHHe o000aer Teopemy Jlarpanxka. Ero
JI0Ka3aTeJIbCTBO OCHOBAHO HA TOM, 4TO Jii00asi (He TOJIbKO KOHeuHast) rpyr-
na G mnpencraBisieTcss B BHAe OObeIHHEHHS BCeX Pa3JIMUYHBIX CMEKHBIX
KJ1acCoB Mo ToArpynmne /, mpuueM 5TH KJacchl MOMAapHO He MepeceKaloTcs,
a MX yucJio (ecau oHo KoHeuHo) paBHo [G : H].

OTMETHM, UTO B MPEbIAYLIMX PACCYKIEHHUSX BMECTO JIEBBIX CMEXKHBIX
KJIACCOB MOXKHO C TeM 2Ke yCIIeXOM UCII0JIb30BAaTh MpPaBbIe.

@ JleBble cMexKHbIe KJlacCcChl, BoOO11Ie roBoOps, HE COBMNAAAIOT C MPaBbIMHU.

Onpepenenne 47. Ecau npu yo6om g € H Boinonnsiercs g =Hg,
To noarpynna H HasbiBaetcsi Hopmaavroi. Ecan H nopmasbHa B G, To 3T0
o6o3Hauaercst H < G.

@ Pagenctso gH = Hg e o3nauaet, uto npu Jio6om i € H o6si3aTeb-

HO gh=hg, oHO JiMllb O3HAUAET COBMaJeHHe MHOXKecTB {gh: h € H}
u{hg: heH}.

YnpaxHenue 35. PapeHcrBo gH = [H cnpaBemiMBo TOTAa U TOJBKO
Torna, Korja gf ! € H.

ByneM roBopuThb, UTo cpasHeHue a =y b CrpaBeIMBO TOTJA U TOJbKO
Tora, korna ab~' € H (wam Toraa u To/1bKO Toraa, korna aH = bH, uto pas-
HOCWJIbHO). BBejIeHHOE OTHOLIEHHE MEXK]LY 2JIeMeHTaMU rpynibl G Ha3bIBAETCst
(1eBO#) cpasrumocmoro mo noarpynne H. AHasorduHo BBOAMTCSI npasas
CPABHUMOCITb.

Ynpaxunenue 36. JleBas u npaBas CpaBHUMOCTH 10 noarpynmne / cos-
najaloT TOrjAa U ToJNbKO Torna, Korna H < G.

Ynpaxuenue 37. Ecau rpynna G kommyraTtuBHa, To H < G Torna
1 ToJIbKO Torna, korna H < G. O6paTHoe HeBepHO.

Onpenenenue 48. Yucso ¢ HaseiBaercst nepuodom rpynnsl G, ecau s
moboro g € G, g =e. Haumenowiuil noroscumenstoiti nepuod rpynisl G
o6osHaunm £(G).

Teopema 34 (manas Teopema ®Pepma pasa rpynn). (i) Yucro t ss8-
asemes nepuodom epynnet G moeda u moavko moeda, koeda t(G)
deaum t.

(ii) Ecau epynna G xomeuwna, mo t(G) pasen HOK nopadxos ecex
remenmos g € Q.

(i) [Topsdok a060e0 3remenma sBasemcs Oeaumenrem nopsoka
epynneol.

(iv) [lopadok epynnoer seasemcs ee nepuodom.
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HokaszateanbcTBo. [Tynkr (i) nokaxkem MeToaoM OT MPOTHBHOTO.

[Tyers ¢ —nepuopn rpynnel G, t =1(G)g + r, g —HaTypaJbHOE UMCJIO,
0 < r < {(G). Tak kak s mo6oro g € G BbINOJNHAETCS

e=g'=(g"%g =e"g' = ¢
3HAUMT, I — MOJIOKUTE/bHbINA nepuo G, MeHblu# {((G), uero He MOXKeT ObIThb.

Hokaxxem nyukr (ii). Ecau { — nepuon G, 1o mis modoro g € G uMeeM
g! = e, snauur, ¢ neawntcs na |[g]|, otkyna caenyer, uto HOK{|[g]|: g € G}
nesut {. Tenepwb yrBep:kienue (i) caenyer u3 yrBepaxaeHust (i).

Hokaxxem nyHkt (iii). ITyctb g — asement rpynnel G. Tak kak ero nopsi-
JIOK paBeH MOpsIKYy NOpoXaeHHOH uMm rpynmnbl [g], a [g] < G, To coryacHo
teopeme 33 nopsinok |G| meaut |[g]|, uto u TpeGoBanoch.

[TocsienHuil NyHKT CJeyeT U3 IBYX NpeblayLlnX. O

CaenctBue u3 reopembl 34. /laa 1106020 aemenma g npoussoabHOUl
epynnot G eco nopsadok pasen munumarvHomy nepuody t([g]) nopo-
acderHoll um nodepynnel [ gl.

Teopema 35 (0 UMKJIMYECKHUX FPyNnax npocroro nopsiaka). [pynna G
He umeem cobcmserHblx nodepynn moeda u MmoabKo moeda, Koeda oHa
yukauyeckas npocmoeo nopaoka. Jlwbdas epynna npocmoeo nopaoka
UUKAUYHA.

HokaszateabctBo. Tor cakr, uro rpynna npocToro mnopsaka
He UMeeT COOCTBEHHBIX TMOATPYI, cJeayeT U3 Teopembl Jlarpamka. Ecau xe
rpynna He WUMeeT COOCTBEHHBIX MOATPYMI, TO, COMVIacHO Teopeme 29, oHa
LMKJIMUeCKasi, a coryiacHo TeopeMe 31 — npocroro nopsijika. |

Hasiee nosiBsiTCA M Ipyrue MpUMeHeHUsT TeopeMbl 33.

3anauu U ynpaxHenus K § 2.4

1. Haiipure nepuon rpynnst Sy.

2. Ecom |G:H|=2, To H<G u H —onHa u3 HauGoJbLIUX M3 TMOJ-
rpynn G.

3. Haiinute HauboJblIy0 NOArpynny B S,.

4. TlpoBeputb, uTo Bceraa:

a) a=y q;

6)a=y b = b=y a;

B)a=yb,b=yc = a=pyec.

5. Ecm G=2%Z, H=mZ, to BmMecto a=yb Oynem nucath a=0b
(mod m). Jlokaxure, 4to:

a)a=b (mod m) Toraa u TOJILKO TOTAA, KOTAA 1 | @ — b 1 TOrIa U TOJIbLKO
TOrJa, Korjaa @ W b paBHOOCTATOUHbI [IPH JI€JI€HHH Ha m1;
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6) a=b (mod m) = a™=5b" (mod m);

B)a=b (mod m),c=d (modm) = a+c=b+d (mod m),
ac =bd (mod m);

na=b (mod m) = ka=kb (mod m);

n) ka=kb (mod m), (k, m)=1 = a=b (mod m);

e)a=b (mod m), §=(a, b, m) = a/§=0b/5 (mod m/j);

K)a=b (mod m;),i=1,...,n = a=b (mod [my, ..., m,]).

6. Jlokarkure, 4To:

a) a® =b* (mod |a — b)), a#b;

6) a** = b%* (mod |a+b|), a # b;

B) a?kt! = —p2+1 (mod |a + b)), a #b.

7. Jlokaxkute cpaBHeHMs:

a)ag+a10+...+a,10"=ap+a; + ...+ a, (mod9);

6) ag+a;l0+...+a,10"=ay—a; +... Fa, (mod 11).

8. Peunrte cpaBHenue 27x =6 (mod 51).

9. Haiimute ¢ ToyHOCTBIO 10 H30MOp(hH3Ma BCe TPYyMITbl MOPSIAKA He BbI-
iie 6 U BCce HOPMAaJibHbIE TOATPYIIbl B HUX.

@ Teopema, o6paTtHasi K Teopeme JlarpaH:ka, HeBepHa.

10. [lokaxkuTe, uTO rpyrina YeTHbIX MepecTaHOBOK B S4 H30MOpdHa rpyrie
BpallleHHui TeTpasjipa, UMeeT NopsaoK 12, HO He MMeeT MOArpyNM nopsiaka 6
(KoHTpTIpUMEp K obpallleHHIo TeopeMbl Jlarpanxa).

11. Ha MHOXKecTBe BCeX MOAMHOXKECTB JIAHHOTO A1-3JIEMEHTHOr0 MHO-
JKECTBA OMNpeesUM  ONepaLuio CUMMEMPUUECKOU paASHOCHTU MHOXKECTB:
AAB =(A\ B)U(B\ A). lokaxuTe, 4TO 3TO MHOXKECTBO 06pa3yer rpyriy
OTHOCHTEJIbHO BBEJIEHHOH orepaliu. JloKa)kuTe, UuTo ee TOPSI0K U TOPSI0K
JOOOH ee MOATPYIIbl PaBeH CTEMEeHH ABOHKH.

12. B BoeHKOMaTe 3aHUMAIOTCS COCTABJIEHHEM CIUCKOB MPU3bIBHHKOB.
B KoHle roga okasasoch, UTO JJisi KAaXK/bIX JBYX COCTABJIEHHBLIX CIUCKOB A
1 B 6bl1 cocTabjieH eule crnucok C, B KOTOPOM 3alucaHbl Bce NMPU3bIBHUKH,
BXOJISIIIIME TOJILKO B OJIMH M3 criickKoB A u B, Ho He B 06a cpasy. Jlokaxure,
UTO UKMCJIO COCTABJIEHHBIX CMIUCKOB HA €JIMHUILY MeHblle CTENEeHH JBOHKH.

13*. [okaxkure, uto rpynna As YeTHbIX MOJICTAHOBOK HE HMEET HETPUBHU-
aJIbHbIX HOPMaJlbHbIX JleJIuTesell (Takue Ipynrbl Ha3bIBAIOT NPOCHIbIMUY).

14*. B Mockse 18***#* reneoHHbIX HOMEPOB («*» O3HAUaeT Heu3-
BeCcTHy0 Ludpy). [lokaxkure, uTo HalayTcsl ABa HOMepa, CymMMa KOTOPbIX
(paccmaTpuBaeMbIX Kak uMc/a B JIECATHUHOM 3aMMCH) OKaHUMBAeTCs Ha ce-
MH3HAUHOE YHCJIO, He SIBJSIONIeECs] MOCKOBCKHM HOMEpPOM (Ha Tesie)OHHYIO
KHHTY He CChLIaThCs).

15. Ecomu H< G, a=yb, c=5d, to ac =y bd. bBes npennonoxenus
0 HOPMaJIbHOCTH 3TO HEBEPHO.
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16*. Onpeneynum Ha MHOINCECMBE CMENCHLLX KAACCO8 TPyMbl G 10 HOP-
MaJibHO# noarpynne H onepayuio ymuoocenus paeHctBoMm: gH x fH =
= g - [H. IlpoBepuTb, uTo 3TO ONpejiesieHHe KOPPEKTHO, T. €. ecyin g1 H = gH
fiH =fH, to gH « fH =g /H « [{H, u uTo paccmMaTpuBaeMoe MHOXKeCTBO
npeBpaiaercst B rpymmy, o6osHauaemyio nanee G/H w HasbiBaeMmylo ¢hak-
mopepynnot rpynnsl G no noarpynme H.

Jlokaxure, uro oto6paxkenne ¢ u3 G B G/H, onpenensieMoe paBeHCTBOM
p(g) = gH, siBnsieTcst comomopghusmom Tpyn, T. €. NEPEBOJUT MPOU3BeJie-
HHe B MPOU3BEJIEHHE.

17%. [lokaxure, uto Z/mZ uzomopdHa Z,,.

18*. Haiimure cakroprpynmy rpynmbl MepecTaHOBOK f1-3J€MEHTHOTO
MHOXKECTBA IO MOJrPYIIe UETHBIX MEePEeCTaHOBOK.

§ 2.5. KoJgblia 1 noJisi BbIY€TOB

Hanomuum o6osHauenne: a =b (mod m) Torma v ToJibKO Torja, Koraa
m|a—b (untaercs «a CPaBHUMO C b MO MOLYJIO M1»).

B ynpaxuenuu 5 u3 § 2.4 ycTaHOBJIEHO, UTO CPABHEHUS] MOXKHO MOUJIEHHO
CKJIaJblBaTh U YMHOXKaTb. DTO 1aeT BO3MOKHOCTb Ha MHOXKECTBE

Z/mZ=1{0, 1, ..., m— 1}

BCEX CMEXHbIX KJIACCOB M0 noarpynne mZ (depe3 a 0003HAUAETCS CMeX-
HBIA KJlacc, CONeprKallhil @, T.e. MHOXKECTBO {a + mn: n € Z}) onpelesnThb
cJIelytolliM 06pa3oM orepaLH CJI0KEHUST U YMHOXKEHHSI:

a+b=a+b, a-b=a-b.

T86J1H]_Lbl ITUX onepaum?l COCTOSAT U3 PABEHCTB

Bl k+1, ecan k+1 < m,
N k+l—m, ecumk+I>m,
k-1, ecyd k-1 < m,

Rol=¢_ >
k-l—m-q, ecmum-g<k-l<m-(qg+1).
Ecsiu 0603HauuThL uepes r, OCTATOK OT JIGJIeHHsi @ Ha M1, TO TH PaBEHCTBA
3allUCbhIBAKOTCA B BUIE:
I_’aer:I_’a—l—l_’b:C_l—l—b, a-b=r, -1y =rgp.

MHOXKeCTBO Z/MZ OTHOCHTEJILHO CJIOKEHHS SIBJSIETCST H30MOP(HOE rpyrie
(Z,, +) kommyTaTiBHO#U rpynnoid. OTHOCHTENLHO YMHOXKEHHSI OHO SIBJISIETCS
KOMMYTaTHBHOH MOJIyrPyIION, HEHTPaJbHBIM 2JIeMEHTOM KOTOPOH siBJisiercst 1.
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Ynpaxuenue 38. [lokaxkure cchopMyIMPOBAHHBIE YTBEPXKIEHHUS, 8 TAKKE
clelytoliee ToXaecTBO (ducmpubymusnocmo): (x + y)z = xz + yz.

Onpepnenenue 49. MuoxectBo (Z,,;, +, - ) C BBEIEHHbIMU OMepaLsIMH
CJIOJKEHHS] H YMHOXKEHHsI Ha3bIBAETCSl KOAbYOM BblUeno8 no Moo0yao m.

Onpepnenenue 50. Boobuie koabyom HazbiBaeTcs mo6oe MHOXKECTBO K
C JBYMsI IBYMECTHBIMH OMEPALMSMH «+>» (CJ0OXKEHHE) U « - » (YMHOMKEHHE),
€CJIM TH OTepallu CBsi3atbl ducmpubymusHoim mooscdecmson, (K, +) sB-
asiercst kommymamusHot epynnoi, a (K, -)— kommymamusroi noay-
epynnoti.

Hanpumep, (Zy,, +, -) siBJasieTCs KOJbLOM.

HefiTpanbHbiii 371€MeHT OTHOCHTENBHO cJ0xKeHus1 o6o3Hauaetes 0, a Hel-
TPaJIbHbIA 3J1eMEHT OTHOCHTEIbHO YMHOXKeHUs 0003Hauaercst 1.

YnpaxHenue 39. Cosnaaende 0 1 | BO3MOXKHO JIHIIb B KOJIbIIE, COCTO-
SIILEM U3 OJIHOTO 3JieMeHTa. B J1060M KOJblle BBITIOMHSIOTCS TOKAECTBA:
0-x=0, l-x=x, (=1)-x=-—x
Onpepneaenue 51. Otobpaxenue : K — K sBasieTcss eomomoppus-
mom KoJiell, ecaid (1) =1, st mobuix x, y € K

plxy) =e() @ey), e +y) =eX) ey,
TJe «+» H «-» — OfepaLiK B KoJblie K, a «®» 1 «@» — B Kosible K . Baanmto
OJIHO3HAUHBII TOMOMOP(U3M HA3bIBAETCH USOMOPHUIMOM.
Jlemma 9. Ecau o — eomomopgpusm K — K, mo

0(0)=0, p(=x)=—p(x).

JdokaszateabctBo. [lycts a € K, Torna

pla)=p0+a) =) +pla) = (0) =0,
pla—a)=p(@)+e(-a)=0=90) = ¢(-a)=—pa). O
3ameTnm, uto otobpaxkeHue ¢: Z — Z,,, 3ajlaBaeMoe PaBEHCTBOM ¢(X) =

=x (mod m), sBnseTcss rOMOMOP(U3MOM KOJIell,
BBeneM HeCKOJIbKO OMpeieieHHi.

Onpenenenue 52. DjemeHT a € K HasbiBaeTcs 00pamumolm, eCan Hall-
nercst b € K Takoi, uto a-b =1. MHoxecTBO Bcex 0OpaTHUMbIX 3J1€MEHTOB
KoJiblia K o6o3Hauum K*.

3amerum, uto ecan ab =1 =ac, 10 b = ¢. JleficTBUTE/NLHO, YMHOXKHB pa-
BeHCTBO ab =ac Ha b, umeem bab=bac=1-b=1-¢c=b=c. 1o nos-
BOJISIET BBECTH JJISl 3JieMeHTa, 0OPaTHOTO K a (OTHOCHTEJNbHO YMHOXKEHHS),
o603HaueHHe a~ !, Tak Kak 06paTHBI JEMEHT, eCJIi OH eCTh, Onpejie/eH ojl-
HO3HAUHO.
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Onpenenenue 53. DiieMeHT a € K HasbiBaeTcsi deaumenem Hyas, ecjiu
naiinercst b € K \ {0}, nist Koroporo a-b =0. MHOXKeCTBO BCex HeJuTesei
nyast K o6osnauum K.

HMmeer mecTo

Teopema 36 (o peauteasix HyJas U oOpaTUMbIX saemeHTax). Cnpa-
gedausol caedyiowue ymsepocdenus: (K*, -)—epynna, (K\K*, -)
u (K°, -) — noayepynnot 6es edunuyor, npuuem K° codepacumes 6 K \ K*,
(K\K°, -)—noayepynna, npuuem K* codepacumecs K \ K°. Bce ynomsa-
HYymble epynnol U NOAYePYNNnol KOMMYMAMUBHYL.

JlokasaTesabcTso. Cornacho onpenenenusam K* u KO cnipasemin-
Bbl CJIETYIOLIHE YTBEPXKIEHUS:

leK*, aeK* = a'eK*, K'-K*CK*
(rak kak 17 ' =1, (a1 =aqa, (ab)"' =a~'b7"),
K'NnK*=2
(ecmnab=0,acK*,t0b=0b-1=(a"'a)b =a""(ab) =a~'0=0),
K- K=K-K'CK®

(ecmu ab=0,b#0, 10 (a-¢c)-b=(c-a)-b=c-(a-b)=c-0=0 npu Jio-
6om ¢ € K),
(K\K)K\K") CK\K®

(ecam (a-b)-c=0, ¢#0, 10 (a-b)-c=a-(b-c)=0 u nosromy J60
beK® nubo bc#0 u, snaunt, a € K®). BbinojHende akcHOM IpyMiibl
1 TIOJIYTPYIIIbl CJIEYeT U3 BbITOJHEHHS] aKCHOM aCCOLMATHBHOCTH, KOMMYTa-
THMBHOCTH M CYLLIECTBOBaHMsI €IMHUILIbI B KoJblie K. O

W3 nokasanHoi TE€OPEMbI BbITEKAIOT HECKOJIbKO CJIEJICTBHH.

YnpaxHenue 40. JloxkaxnTe, uTo

K' K=K’ (K\KK\K®)=K\K’ K- (K\K*)=K\K*.

Caencreue 1 u3 teopembl 36. FEcau mroocecmso K \KO KOHEeuHo
(u 6 wacmrnocmu, ecau koavyo K — koneuno), mo (K \ K°, -) — epynna
uK\K'=K*.

JlokasaTteabcTBO. Ecan aeK\KO u ab=ac, 1o b=c (unaue
a(b—c)=0, b —c#0 u a € K. ITonb3ysacb 3THM U MOBTOPSis paccyKie-
Husl, loKasbiBaouye Teopemy 30, moayuaem, uto aas mocoro a € K \ KO npu
nekotopom n>0, a® =1, snauut, a~' =a" '€ K\ K’ 1€ K\ K, u co-
raacko Teopemam 30, 36 Bumum, uto (K \ K%, -) —rpynnan K \ K* =K*. O
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YnpaxHenue 41. Jlokaxkurte, uTo
7*={l, =1} #£7Z\ 7" =7\ {0}.
Jagum BakHoe

Onpenenenue 54. Kosbuo K, B kotopom K° = {0}, naswisaercs yesocm-
HbLM, WK Koabyom 6e3 deaumeaeli nyas. Kosblio, B kotopom K* = K \ {0},
Ha3bIBAETCS 11OAEM.

YnpaxHenue 42. [lesocTHOE KOJIBLO — 3TO TAaKOe KOJIbIO, B KOTOPOM
NpOU3BeJIeHNe HEHYJIEBBIX 3JIEMEHTOB BCerja OTJIMUHO OT HYJIs.

Ynpaxnenue 43. [losie — 310 Takoe KoJIbIO, B KOTOPOM JII0OOH HEHy-
JIEBOH 3JIEMEHT BCEr/la UMeET OOPATHbBIH 3JIEMEHT OTHOCHTENbHO YMHOXKEHMUS,
Y, 3HAUYUT, BCEr/la BO3MOXKHO JleJleHHe Ha HEeHYJIeBOH 3J1eMEHT.

YnpaxHenue 44. [IpoBeputh, UTO Z — LIEJIOCTHOE KOJbLO, HO He MOJe,
a Q, R—mouasa (1 LeJoCTHbIe KOJbLA).

CaenctBue 2 u3 reopembl 36. [lone asaaemca 4eAOCMHbIM KOALUOM.
Koneurnoe yeasocmuoe KOAbUO 58A5eMCs NOACM.

Caenctue 3 u3 Teopembl 36. Cnpasediusol paserncmsa
Z;;Z:{L_Z: (a, m):l}, Z%:Z”Z\Z:‘n

JdokaszaTeabcTBo. HenocpencrseHHo npoBepsieTcsi, UTO CONJIACHO
Teopeme 31
_ N a-x=1, xa=1,
acz, < < _ = s al=Zp,+) & (a,m)=1. O
X €Ly xeN
Caencreue 4 u3 teopembl 36. Koaovyo goluemos L, A845emcs noiem
moeda u moavko moeda, Koeda p — NPocmoe Hucio.

Teopema 37 (Jinep). Ecau (a, m) =1, m> 1, mo m deaum a¥"™ — 1,
ede p(m) — ¢pynkyus Jiaepa.

JokaszateanbctBo. Tak kak (@, m) =1 Torna u ToJbKO TOraa, KO-
ria a €y, a m geaut a®"™ — 1 Torma M ToJbKO Torama, Koraa a®™ =1,
TO TEOpPeMy MOXKHO C(hOPMYJIMPOBAThL TaK: MOPSAOK IPYMIbl ZF, sBJseTCs ee
nepuojiom. Ho 3to nokaszano B Teopeme 34. a

CunencrBue u3 Teopembl 37 (manasi reopema ®epma). Lcau p — npo-
cmoe 4ucao, mo npu mobom a uucro a’ —a deaumces Ha p.

JlokazaTeabcTBo. Ecau p JAeaMT a, TO 3TO OueBHAHO. Ecau p
He JIesIuT a, To a € Z*, u cornacto teopeme 37 p aeaut a?™ — [ =a?~! — 1,
3HAUMT, p AeauT a’ — a. O
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Teopema 38 (0606weHue Teopembl Buabcona). Ecau F — koneurnoe
noae, mo npoussedeHue 8Cex e20 HEeHYAe8olX INeMeHM0o8 PABHO MUHYC
edunuye.

JlokaszaTenabcTBo. Tak kKak x> — 1 = (x — 1)(x + 1) u B noJisix Het
JlennTeell Hyisi, TO ypaBHeHHe x> = | B noJie uMeeT poBHO 2 pelenust: X = |
ux=-—l.

Pasobbem Bce 3/1eMeHTbl MoJist /7 (He paBHble HyJ0) Ha Mapbl B3aHMHO
o6paTHbIX 371eMeHTOB. Tak Kak 3TH Mapbl MONApHO He MepeceKaloTcsl, To Mpo-
13BeJIeHHEe BCeX HEHYJeBbIX 3JIEMEHTOB MoJisl /7 paBHO

L-(=1)-(a;-a;') ... (@s-a;h)y=—1. 0

Cuaencrue u3 teopemsl 38 (Buabcon). Yucro p deaum (p — 1)+ 1
moeda u moavko moeda, koeda p — npocmoe.

JdokaszatenbcTtBo. Ecaim p —npocToe umcsio, TO COMVIAaCHO Te-
opeMe 38, TpPUMEHEHHOH K ToJIO Z,, HMeeM 1-2-....-p—1=—1, orkyna
(p—DI'+1=0,1.e. p peaut (p— 1)+ 1.

Ecaun p — cocraBHoe uucsio, Hanpumep, p =m-n, m, 1> 1, T0 p geaut
(p — 1)!, snauut, p ne neaut (p — )+ 1. O

3anauu v ynpaxkHenus K § 2.5

1. Ecau KoJIbLIO LEJNOCTHOE, TO B HEM CIIPABEMINB 3AKOH COKPAULCHU:
ab=ac, a# 0= b =c. BepHo u o6parHoe.

2. Ecsu p —npocroe, To npu Jio6oM a ducao p aeaut a’ +(p — 1)la
u p aeaut (p — )la? +a (310 060611eHUe Teopem Pepma u BusbcoHa on-
HOBPEMEHHO).

3. JlokaxkuTe, 4TO MpH 11€JI0M @ YHUCJIO
5

a) a° — a jemurcs Ha 30;

6) a'l —a nenutes Ha 66;

B) a'” — a nennrcs va 510;
)

a™® —q nemuresina 2-3-5-7-13-19-37-73.

4*, Haiinure kakue-HUOY/b Lie/ble a, b Takue, uto ab(a + b) He KpaTHO 7,
a(a+b) —a” —b" nenurcs na 7.

5. JlokaxkuTe, 4TO €CJIH @ W 111 B3aUMHO MPOCThI, TO HAHAETCS €IHHCTBEH-
Hoe b Takoe, utro 0 < b <m u ba mod m = 1.

ATo umea0 HHora o603HavaloT a~ ! mod m.

6. Jloka)kuTe, UTO eCJiM @ W 1M B3aUMHO IMPOCTbI, TO JJIsi Jito6oro b Haii-
JIeTCs1 eIMHCTBeHHOoe ¢ Takoe, uTo 0 <c <m u ca mod m = b.

r

b
SDTO YyuCJI0 HHOTAA 0003HAUAIOT - mod m.
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7. Ecmu (a, m)=1, 1o

1

g mod m=0b-a*"~! mod m.

8. JlokaxkuTe, uTo orpejiesieHHble BbIllle CUMBOAUYECKUE OpobU NO MO-
dyao m o6s1aal0T CBOMCTBAMH OOBIKHOBEHHBIX JIPOOeH:

ac_ac a c_ad+be
bd bd’ b d  bd
1 KpoMe Toro, ecqid a mod m=c mod m, b mod m=d mod m, To g mod m=

C o
=7 mod m, ecan nepsasi U3 ApoOeil onpeaeseHa.

9. Haiiaute HauGoJee npocToii crnocod BbluHcaeHUs Apobeit
a

oF mod m, (a,2)=(m,2)=1,

gik mod m, (a, 3)=(m, 3)=1.
10%. Jlokaxkute st mpoctoro p u 0 < b < p paBeHCTBO

) ...(p—b+1)
b

g mod p =a(—1)""! (p = mod p.
11*. [lokaxkute, uTo 1 1eauT @(a” — 1) npu J1060M HaTypasbHOM d.

12. CpaBHute 1po6u

116690151 " 3
427863887 I

m o
13. TlpaBuiibHasi 0GbIKHOBEHHAS! APOOH " NpeCTaBJ/sIeTC KOHEUHOH e~
CATUUYHON JIPOObIO, €CJIM U TOJIbKO €CJIM f1 He JIEJIUTCS HA NPOCThie UUCJa,
m
oTiMuHble oT 2 W 5. [lpaBusibHasi OObIKHOBEHHAsi HeCOKpaTHMas ApoOb —
n

NpecTaB/seTcsl AeCATHUHON APoObIlo C TIEPUOIOM [ U MPEeANepUoaoM k, ec-
A 1 Toabko ecan 10%(107 — 1) nenntes Ha n, npuueM & u ¢ — HaUMeHbILIHe
HaTypaJibHble UMCJ/a, YAO0BJETBOPSIIOLLME ITOMY yC/a0BHIO. [pobb HMeeT uu-
CTO TEPUOJHUECKOE PA3JIOXKEHHE, €CJIH U TOJBLKO €CJIH 1 He JIeJIUTCS HU Ha 2,
HU Ha .

14. Cymma nepuosa ¥ Tipeaniepuojia JAeCSITHUHOTO PasJjoxKeHHs JloOoM
NpaBWIbHONH NPoOH CO 3HAMEHaTeJieM #1 He NPEBOCXOAMT (). PaBeHCTBO
BO3MOKHO JIMIIb YISl 1IpO0ell ¢ YHCTO NMepPUOAHYECKHUM PA3JIOKEHHEM.

15. JlinHa nepuoja siBjisieTcst JeJnTesieM uucsa @(n), rie n — 3HameHa-
TeJlb COOTBETCTBYIOLLEH OObIKHOBEHHOH apoOu. [ljnHa nepuosa paBHa (1)
JUlst 6eCKOHEeuHo MHOTHX JpoGeil, Hanpumep, 1/7%, 1/17%.
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16. [lnuHa nepuoja JecsiTHUHOM 3anucd JpoOH CO 3HAMeHaTesleM f
He npeBocxoauT 1 — . PaBeHcTBO BO3MOXKHO Jiullb npu npoctom 7. [Ipu-
Mepamu Takux n cayxat 7, 17, 29 u paxe 1913, onHako Heu3BeCTHO,
KOHEUYHO WJIM OeCKOHeuHo X KoJnuectBo. K. ®. [aycc npeanosoxul, 4tTo oHo
OECKOHEUHO.

17. Kak npeo6pa3oBarb AeCATHUHYIO MEPHOIHUECKYI0 Ap0Ob B OOBIKHO-
BEHHYI0?

18. Cymma ujin pasHocTb JByX JpoGell UMeeT Mpernepuol, He 60JbIIUi
MaKCHMyMa MX NpeirnepuoloB, 1 nepuon, He 6osblunii HOK ux nepuonos.

19. Jlpo6u 1/10% (10% — 1) =0,0...0(0...01), i = 1, 2, umelor npeanepu-
OJIbl k; W MepUOJbI {;, a KX CyMMa U Pa3HOCTb umeeT npeanepuojn max(ky, ko)
v Tepuop (¢, fo].

20. Ilyctb u=gquv+r,0<r <v, u, v —HaTypaJjbHble YHCJIa, § — LIeJI0e
uncsio. Torna ocrarok ot nenenust 104 — 1 Ha 10° — | pasen 10" — 1. Orciona
BbIBemuTe, uto (104 — 1, 10° — 1) = 10w — 1,

21*. Ecu nBe 1po6u UMEIOT MpeAnepHop! R; U TEPHOMH ¢;, TO HX TPO-
u3BejieHrne umeet npeanepuon k < ky + ko 1 nepuos

t <[ty o] (1002 — 1),

DTH HepaBeHCTBA TOUHbIe H I0CTHraloTes Ha apobsix 1/108 (104 —1),i=1, 2.

M3 yrBepxieHus 3agaun 21 cjejyer, B 4aCTHOCTH, UTO €CJH TE€PHOJIbI
Jipo6Geit B3aUMHO MPOCTbI, TO MMEPUOJ| UX MTPOU3BEJIEHHUST HE TIPEBOCXOJUT yJie-
BsrepeHHoro HOK ux nepuosoB, Ho eci nepuosbl umetor 6osbiioi HOJI,
TO TNEepPUOJL NPOU3BEJEHHUST MOXKET MX 3HAUUTENbLHO TPEeBOCXOMUTh. Tak, npu
BO3BeJIeHHH B KBajpaTr JApo6GH C MepHOJIOM ! MOXKET TOJYYHThbCS TepHoJl
£(10Y — 1) (1 He MOXKET MOJYUHTLCS GOJIBLIHIL).

Yxaszanus K 3amaue 21. Ilycte nanbl nBe apo6Gu c mpen-
nepuojamu k; W nepuoaamu t;. MoxKHO cuMTaTh, UTO OHU HMMEIOT 3Ha-
menartenn 10%(10% — 1). Tlepuoa npouspefenusi ApoGeil He MPEBOCXOAMT
HaHMeHbLIEero HaTypajibHOro ¢ Takoro, uto uucao 107 — 1 menuTes Ha unesio
(10 — 1) - (10" — 1). W3 3anaun 20 BbiBeaute, uto f =t n, 1N — HaTypaJb-
Hoe uncso. Torma uncao 14+ 10 + ...+ 107D penures wa a =102 — 1.
[lyctb ry, ro, r3, ... — OCTaTKU OT jAeJeHusi uuces ty, 2¢;, 3fy, ... Ha YUCJIO
aty. Torga Moc/enoBaTebHOCTh OCTATKOB OT jaejendsi udces 1071, 102
103", ... Ha uncao a ectb 107, 1072, 107, ... JloKaxuTe, 4TO MOCJENOBA-
TEIBHOCTD f1, 9, I3, ... — MEPHOJMYECKast C JUIMHOH epuota d = to/(t1, t2),
ee Mepuos ry, ro, I3, ..., g COCTOMT M3 BCEX Pa3J/IMUHBbIX UMCEJN M3 TpO-
mMexytka ot 0 mo ¢ — 1, pensiuuxcss Ha b =(fy, o), U 3akaHuMBAeTCs
HysieM. OTClOfla CJIe/lyeT, UTO MOCJEN0BATENLHOCTL OCTATKOB OT JieJIeHUsi
uuces 1011, 10%0, 10%", ... Ha uMcI0 @ — nepuoaMUecKas ¢ JUIMHON NepHoja
d =1t9/(t1, t9), ee mepuon 10", 1072, ..., 10’ cOCTOUT M3 TepeCcTaBJIEHHBIX
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B KakoM-To mopsake uucen 1, 107, 10?2, ..., 10@=D? y ocratok or nene-
Hua Ha a uueaa s =14 101 + ...+ 10=D4 pagen npu n=dm ocraTky
OT JIeJIeHHs] Ha @ uucJa

1090 — 1 1022 — 1

b 2 (d—1)by _ _
m(l +10°4+10% 4+ ...+ 10 ) MY —1 = MTp 1

Caenoatesnbho, nipu 7= (10° — 1)d uncsio § 1eAUTCS HA @, A TIPH MEHbIINX
HaTypa/bHBIX 1 — HeT. BbiBeauTe 0TCio/la, 4TO HauMeHbllee HaTypaJbHoe f,
npu Kotopom uucao 107 — 1 geaurcsi wa uncqao (100 — 1)(1072 — 1), ectb
UMCIIO

tin=(10" = l)dt, = (10" — D t1ts/(4y, to) = [y, L] (10U — 1),

Paccmorpute apo6u 1/10%(10% — 1), i=1, 2. Tlpeanepuon HX NpoM3-
BeJleHusi paseH R + kg, a MNepuoJ paBeH MUHMMAJbHOMY HATypajibHO-
My ¢ takomy, uto 10° — 1 pmenutcs ma 1002 — 1. Takum yucioM AABJIs-
etcs

{=[t, ts](10712) — 1),

§ 2.6. llpsamoe npousBeneHue

Hanomuum, uto mpsiMbiM (Wi J1€KapTOBBIM) MPOU3BEIEHHEM MHOXKECTB
Ay u Ay nasbiBaercsi mHOXecTBO A X A9 ={{ay, as): a; € A;}, cocrosiiiee
13 BCEX YMNOPSIOUEHHBIX Map 3J1eMeHTOB U3 Aj u As.

Onpenenenne 55. [Ipsanoin npoussedenuen onepayui [i: A2 — A;,
i =1, 2, HaswiBaercs onepauys o: A2 — A, rne A=A, x Ay, Kotopas 1060i
nape jeMeHToB {a;, as) € A, (by, be) € A conocrapiisieT sjieMeHT

(a1 [1b1, as[2]by) € A.

Ara onepauus ob6osHauaercs |1] x 2]

Onpenenenue 56. [Ipamom npoussedenuen epynn (Gy, [1)) u (Go, [2))
nasbiBaercs (G, o), rie G = Gy x Go, o=[1]x [2].

AHaJsloTHYHO OmpeNiesisieTcst ApsamMoe npoussederue noiyepynn u nps-
moe npoussedenue koaey. C 11e7bl0 KPATKOCTH, 3HAKU OMepallui OMyCcKaioT,
Y, HaTIpuMep, NpsiMoe Npou3sBeleHue noayrpynn K u Ko 0603HauaoT NpocTo
K| x Ky (a onepauuu B Heil 0603HAUalOT , KAK 0ObIUHO, 3HAKAMU «+>» H «O»).
[IpunararesnbHoe npamoe ToKe U4acTo ONYCKAIOT (€C/M HET OMacHOCTH CIy-
TaTbh MpsIMO€ MPOMU3BELEHHE C APYIUM THIIOM NPOU3BEIECHHH).
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Teopema 39. [Ipoussedenue noayepynn ssaiemcia noayepynnot,
a npoussedenue epynn— epynnou, npuuem ona Oydem KoMMyma-
MUBHOU, ecau COMHONMcUMeAu KommymamusHol. [Ipoussedenue koaey
ABASLEMCSL KOAODUOM.

JokasarTenbcTBoO. BbilnosHeHHe COOTBETCTBYIOLLEH aKCHOMbI s
NPOU3BEJEHHsT CJIENYET M3 BBLINOJHEHHs STOH AKCHOMBI J/1s1 COMHOXKHTEJIEH,
€CJIM Y4eCTh, UTO B KaueCTBe HEUTPAJIbHOrO 3JIEMEHTa MPOU3BEJIECHHST MOXK-
HO B3STb YNOPSJI0YEHHYIO Mapy, COCTABJCHHYIO M3 HEHTPaJIbHbIX 3JIEMEHTOB
COMHOXMTeJIEH, a B KauecTBe 3jleMeHTa, 00paTHOro K 3JeMeHTy (aj, dg) —
3JIEMEHT (al_l, a;l), rae ai_l 0003HauaeT 3J1eMeHT, 06paTHbIA K ; OTHOCH-
TEJIbHO COOTBETCTBYIOLLEH ONepaLUH. a

Ynpaxuenue 45. Onepalys npousBejieHust rpynn (MOJyrpyn, KoJelr)
KOMMYTaTHBHA B TOM CMbICJIe, UTO, Hamnpumep, Kojblia K| X Ko u Ko X K|
M30MOP(HBL.

Ynpaxunenue 46. Onepauusi npousBeeHus rpynn (MOJyrpyrn, KoJelt)
accollMaTHBHA B TOM CMbICJIE, UTO, HANpUMep, FPyIbl
(Gl X GQ) X Gg U (Gl X GQ) X Gg
M30MOP(HBI.

YKasaHHble yTBep:KJIEHHUs Jal0T BO3MOXKHOCTb pacCMaTpUBaTh NMPOH3Be-
JIeHHe 71 COMHOXKUTeJsiell U 0003HauaTh MX 6e3 BCAKUX CKOOOK, Hampumep,
Gy % ... x G, (HO TaKKe TPOU3BEJEHHS MOXKHO OTIPEIE/UTh U HEMOCPEICTBEH-
HO 000011asi MPe/bLAyLIHe ONpeieeHHsl).

Ynpaxuenue 47. Ilposepbre, uto I') =G| X eg u I'o =€) X Gy —noj-
rpynnbl B Gy X Go, tie e; —equnuua rpynnsl G, i =1, 2.

Ynpaxunenue 48. [Ipoepnbre, uto I'y NT9 = {{ey, e9)} — enunuuHas noj-
rpymmna.

Ynpaxnenue 49. Imeer mecto uzomopduam rpynn I'; 2 Gy, i =1, 2.
Ynpaxuenue 50. Cnpasenynuso paBeHcTBo I') - T'o = G| x Go.
Ynpaxuenue 51. Eciu x; €Ty, i =1, 2, 10 x1x9 = Xox].

Teopema 40. /[aa awoboix kosey K; umeem mecmo uzomoppusm
(Ki x Ko)* = K[ x K5

HokazaTesbcTso. JocTaTOUHO NMPOBEPHUTH, UTO (a, dg) NMpPHHAIL-
qexut (K; x Kg)* Torna u TosbKo Toraa, Koraa a; npuHamiexkutr K, i =1, 2,
¥ MPUMEHHTB Teopemy 39. O

@ Ynpaxnenue 52. JoKaxuTe, uTo NPOU3BEIEHHE N0JIel He sBJseTCS
10JIEM.
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Teopema 41. Ecau (m, n)=1, m, n>1, mo umerom mecmo u3omop-
PuUdM Lipn = Ly X Ly u uzomoppusm 2, ~ 7% x 7.

HokaszateanbcTBo. O603HaUNM @ Z — Zp TOMOMOP(U3IM KOJIELL,
3a/laBaeMblii paBeHCTBaMH @y (a) =7y, T 7'y — OCTATOK OT JeJIeHHsl a Ha k.
[omomophuam ¢, ecTecTBEHHbIM 06pPA30M OMpeNessieT TOMOMOPMU3M KoJlel]
Omn': Lmn — Ln TaK, UTO O = @mn(@ma) (MpoBepbTE!).

Paccemotpum otobpaxkenue : Zy,, — Ly X Zy, 3a1aBaeMOe PaBeHCTBAMU
V(@) = (pam (@), pma(a)). HenmocpenctBeHHo npoBepsieTcsi, UTO OHO SIBJISETCS
romomMopuamMom Kodgiell. JIokaxkeM ero B3auMHYI OJHO3HAUHOCTb.

Mycts (@) =1(b). Torma (é)=0, rne é=a—b. Ecim (&) =0,
10 @m, n(é) =0= @, m(€), T.e. e|n n e|m. Tak kak (m, n)=1, T0 oT-
clofia CJeiyet, uTo e|nm, T.e. &= (_), 3HAUUT, a = b. Hrak, umeer Mme-
CTO U30MOPOU3M Zy >~ Ly X L. V13 Teopembl 40 ciienyer usomopdusm
Ly =T X LY. O

Caencrue u3 teopemnl 41 (diaep). [aa awboix 83aumHo npo-
CMolX m, n cnpagedauso paseHcmao (MYAbMunAKamugHocme GyHKyuL
diirepa)

p(mn) = p(m)p(n).

HokaszateabcTBo. Ecoiu m=1 wm n=1, To popmysa oueBuHa.
Ecan m, n > 1, To oHa cienyer u3 toro, uto |Z%,| =|Z%| - |Z3). O

Ynpaxnenne 53. Jlokaxute, uto @(p")=p"—p" ' =p"Hp-1)
npu n > 1.

Teopema 42 (ditnep). Ecau m= p}"' ... p2' — KAHOHUUECKOE PA3AO-
JceHue m Ha npocmole MHONCUMEAU, MO

e(m)=¢ (p") ... (pgm) =

=P p,‘f"(l—%) (1—%):171(1—%) (1—%).

HdokasatenbcTso. MHayKuus no n ¢ ucnosb3oBaHUeM CJEACTBHS
13 TeopeMbl 41 M npeablAyLLero ynpaKHeHHus. O

Teopema 43 (kuraiickasa Teopema 00 ocratkax). Ecau my, ..., m,
NONApHO 83AUMMHO NMpOCMblL, MO cucmema cpasgrenuil x; =r; (mod m;),
i=1, ..., n, pagnocusora odHomy cpasHeruro x =r (mod m), ede m=
=my...m,, a r — Hekomopoe uucro, 0 <r<m—1.

HokasateabcTBo. Muaykuusi no n ¢ ucnosb3oannem teopemsl 41. [

Jlanee 1o koHua naparpaca peub TOHUAET TOJBKO O KOMMYTATHBHBIX
rpymnmnax.

Ecau H; < G, 1o onpenenum cymmy mrosxcecma H; paBeHCTBOM

Hy+Hy={hi+he: hy € H;}.
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JloKakeM HECKOJIbKO TeopeM, KOTOpble MOHAaN005ITCS B CJIe/lyIOLIHX Napa-
rpadax, HO MPEACTaBJSIIOT TAKXKE H CAMOCTOATE/bHbBIH HHTEpEC.

Teopema 44. Ecau G =H| + Ho, H N Hy ={0}, H; < G, mo
G~ H,| x Hs.

HokaszaTeabcTBo. Kaxkiablii a/eMeHT g € G eIMHCTBEHHBIM 0Opa-
30M NpejicTaB/sieTcs B BUuje g =h; +ho, hy e H;, i =1, 2.

HeiictBuTenbHo, ecan hy+hy=hy+hy, hj€H;, to h}—he€H,
hi — he € Hy, a Tak Kak k| — hy = hiy — ho, 10

Ky —hy=hy — hy € Hy N Hy = {0},

T.e. h = hy, hl = hy.
Conocrapassi Kaxaomy g€ G napy (hy, he) € Hy x Hy Takyio, urto
g = hy + hy, nosyuaem uzomopusm mexay G u Hy x Ho (nposepbre!). O

Ecau H < G, m — uesioe uncdio, To onpejaeum mH paBeHCTBOM
mH ={mh: he H} <G.

Teopema 45 (o pa3aoxkeHuu rpynnel B npousBenenue). Ecau {(G) =
=mn, (m, n) =1, mo

G=mG xnG, tmG)=n, tnG)=m.

JdokaszateanbctBo. Tak kak {(G)=mn, To mnG={0}, u ecqu
0<t<mn, o tG #{0}. 3nauur, {(mG)=n, t(nG)=m. 13 teopembl 32
CJIMlyeT, uTO HaHAyTCst Leble U, U, st KOTopbix mu + nov = 1. Jlasa mo6oro
sjieMenTa g W3 G CripaBe/yIMBbl PaBEHCTBA

g=(mu+nv)g =(mu)g+ (nv)g =m(ug) + n(vg) € mG + nG,

T.e. G =mG +nG.
Ecmu g e mG NnG, o

g = (mu)g + (n0) g = u(mg) + vlng) =u-0+v-0=0,
Tak Kak g € nG NmaG, t(nG) =m, t(mG)=n, otkyna mg =0=ng. Ocra-
eTcsl IPUMEHUTb Teopemy 44. a

Onpepnenenue b7. [pynna G HasbiBaeTcsl p-2pynnoii, eciiv ee Nepuoj —
MPOCTOE UUCJIO.

Cnencteue u3 teopembl 45. Jliobas KoHeuHas KOMMYmMamusHas
epynna noayuaemcs U3 c80UX p-nodepynn ¢ NOMOUWbIO onepayull nps-
MO20 npoussedenust.

7 Tawkon
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HoxkagateabcTBo. [lyete HG)=m=gq, ... s, qi=p{", pi—
npocthle uucsa, rpynmna G; = %G SIBJIsSIeTCsl  p;-TIOATPYNNo# rpymmel G,

L
HGi)=gq, i=1, ..., n. [IpuMeHss HHIYKUMIO IO 1 U TeopeMy 45, moJyua-
€M, uTo

G=G0G; xGyx...x G, |

Sameuatnue. Jliobasi KoHeuHasi p-TpyIra pasJjaraercs B npsimoe rnpo-
U3BelleHHe LUMKJIHUECKHX p-TPyIi, HO Mbl He OyleM 3TO J0Ka3blBaTh (M HC-
M0JIb30BAaTh).

Teopema 46 (xapakTepucTuka UMKAUYECKHUX rpynn). [Ipoussorvrasn
epynna G A642emca KOHEeUHOU YUKAUYeCKOl, ecall U MOAbKO eCAl Mo
KOMMYymamusHas epynna, nepuod KoOmopoii pasex ee nopaoxy.

HokaszaTteabcTso. [Ipamoe yrBepxkieHue (=) CJeLyeT U3 Teope-
mbl 31. JlokaxkeM o6paTHoe yTBep:KJieHHe (<=).

[Tycrs rpynna G kommytatueHa 1 £(G) = |G|. CorsacHo CeICTBHIO U3 Te-
opeMbl 45 crpaBeIHBO pa3ioxkKeHHe

G=0G x Gy x...x Gy,
rie 1(G;) = pi', pi —npocroe, i =1, ..., n, {(G)= p{" ... py. V3 yciosus
|G| =#(G) u Teopembl 33 ciieyer, uto
pit o ppr =G =G| ... |Gu| Z HGy) .. H(Gy) = pit o paT

sHauut, |G;| =1(G;) = p;, i =1, ..., n. [lpumensisi etie pa3 Teopemy 34, no-
JIyuaem, uTo AJisi HeKoTtoporo g; € G;

lgi|=1(G;)=|Gi|=p/, i=1,...n,

gHauut, G; =[g;], T.e. G; — uuknuueckas rpynna. M3 teopembl 41 ¢ nomo-
1bI0 HHAYKLHUHU [0 1 M0JIydaeM, 4To

G=G xGyx...xQG,
— TOKe LIMKJIMUecKasi rpyrnra. O

JlokaxkeM ellle CJIEyIOLLyI0 TEOpEMY.

Teopema 47 (o nmepuone npousBeaeHusi rpynn). /[aa aoboix epynn
Gy, Go cnpasedauso pasencmso (G x Go) = HOK(#(G)), 1(G2)).

JHokaszateabctBo. Ecau {(G) x Gg) =n, T0
{0} =n(G, x G9) =nG; x nGy,

otkyna nG; ={0} =nGo, 1.e. {(G;) | n,i =1, ..., n, 3HAUUT, CONJIACHO YIIpaXK-
Henuto 1 u3 §2.3 [#(Gy), {(Go)] nemur n. B Toxke Bpemsi, ecain 0603HAUUTD
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[t(Gy), t(Go)] uepe3 m, To
m(G x Gg) = mG| x mGy ={0} x {0} = {0},

Tak Kak {(G;) neaut m, i =1, 2. [lostromy m = n. O

Cunencrue u3 reopembl 47. Hzomopuam Z, X Ly ~= Limy umeem me-
cmo moeda u moavko moeoa, kozda (n, m) = 1.

3agauu ¥ ynpaxHeHus K § 2.6

1. Haiizute HaumeHblilee HaTypasbHOE UMCJI0, KOTOPOE TPH JIeJIeHHH Ha 1
JIaeT OCTaToOK 1 — 1, a mpu aejieHnu Ha 1+ 1| — ocTaTok A.

2. Yucno npu jaenenun Ha 2002 paer ocrartok 2001, a npu jese-
nun Ha 2001 —ocrarok 1901. Kakoit ocrartok paer oHO mNpu JejieHUd
Ha 2002 - 20017

3. HafinuTe uerblpexaHauHoe HaTypaJjibHOE YHCJIO, KOTOpPOE MPH JeJeHHH
Ha 131 naer B octatke 112, a npu nesenun Ha 132 naer B octatke 98.

4. OKpy»KHOCTb pasjie/ieHa 7 TOUKaMH Ha # paBHbIX Ayr. CKOJIbKO pas-
JIMUHBIX 3aMKHYTBIX JIOMaHbIX MOXKHO COCTaBUTb U3 /1 PABHBIX 3BEHLEB C BEP-
LIMHAMH B 3THX TOUKaX (JoMaHble, oJyyatolyecs Ipyr U3 Apyra noBOPOTOM,
CUMTAIOTCS OJIMHAKOBBIMH) ?

n
5. Hokaxure, uto /o06yl0 MpaBUJbHYIO 1poOb BHA s MOXKHO
1 o--- n

NpeCTaBUTh B BUJE aireOpanueckoil CyMMbl (T. €. CyMMbl, B KOTOPOH MOTYT
BCTpEUaThCsl cjaraemMble CO 3HAKOM MUHYC) MPaBHJIbHBIX ApoGeil Buaa n;/m;,
€CJIM YUCJIa 171; TI0MIapHO B3AUMHO MPOCTHI.

6. Haiinute cymMMy Bcex MpaBHJbHBIX HECOKPATHMBIX ApoOell co 3Hame-
HaTeJsIeM 1.

7. Jlokaxkute, 4TO YMCJO BCeX TMPAaBWJIbHBIX HECOKPATHMbIX JApobeil
CO 3HAMeHaTeJsIeM 1 YETHO.

8. JlokaxkuTe, 4TO UMCJO BCEX MPABUJbLHBIX HECOKPATHMBIX JApobed
co 3HameHaTesieM a' — 1 KpaTHo 1.

9. Iyctb m; nonapHo B3auMHO mpocTel, M; =my ... m,/m;, MfML- =
=1 (mod m;). lokaxute, uTo

x=b; (mod ny),

) x=xo (mod my...my,),
i=1,...,n

rae xo = blM/lMl +...+ bﬂMZMﬂ.
10. Ilyctb T — uuciio pellieHuit cpaBHeHUs

apnx"+...+a;x+ap=0 (mod m),

7%
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m=my ...m,, (m;,m;))=1 npu i#j,
a T; — 4ucJsI0 peleHni CpaBHeHHsT
apnx"+...+aix+ap=0 (mod m).

Hokaxure,uyto I' =T, ... T,.

11. Tlycts (my, mo)=d, a [my, mg] = HOK(m;, mo) = M. Jlokaxute,
UTO CJeJylollasi cucTeMa pa3pelidMa Torja U TOJIbKO TOrJa, Korjna d JejuT
bQ - b] H

x=xp (mod M), rue xg € Z.

x =b; (mod my),

12. JlokaxuTe, 4TO €CJH CHCTEMA paspelninma, TO

i=1,...,n
x=xg (mod [my, ..., my]), rie xo € Z.

13. leHepan-anuiedy PaeBckuil XxoueT MOCTPOUTbL CBOM BOHCKa /I Ma-
pajga B paBHble KBajpaTHble Kape. HeuspecTHoe eMy W BaM UMCJIO COJIIAT,
He npeBocxoslee, oiHako, 20, HaxoauTcs B jazapere. JloKkaxuTe, 4TO UUCJIO0
coJliaT y reHepas-asuieda MoxKeT ObITb TaKMM, UTO HE3aBUCUMO OT KOJIMUe-
CTBa HAXOJSIIMXCS HA MOMEHT Mapaja B CTPOI OH CMOKET BbITIOJHHTL CBOE
HaMepeHue.

14%*. JlokaxkuTe, uTo HalaeTcsl apudMeTHUeCKast TPOrpeccust MPOU3BOJIb-
HO KOHEUHOU JIJIMHBI U ¢ HEHYJIEBOH Pa3HOCTbI0, COCTOSIIIAS U3 HATYPAJIbHbBIX
uKceJs, BO3BEIEHHbIX B CTENeHH > 2.

15%. MHorousen F(n) ¢ ueabiMi Ko3puileHTaMu NP JI0O0M LeJIOM 1
JIEJIUTCS HA OJIHO U3 UUCEeN A1, ..., dp. JJOKaXKUTE, UTO JIJISt HEKOTOPOTO @; TIPH
JOGOM LIeJIOM 1 unucjo F(n) pendres Ha a;.

B caenyolux 3agauax p — npocToe UucJo.

16. Ecau p > 2, 10 Cg_l =(—1)* (mod p).

17%. Ecou p >2, 10 C}) = [n/p] (mod p).

18*. JlokaxuTe, 4TO eC/JiM KOHeUHast rpynna KOMMyTaTHBHA H BCE ee 3Jie-
MEHTbI, KpOM€e €IMHHUHOTO, UMEIOT OJIMHAKOBBIN MOPSJIOK, PaBHbIH p, TO OHA
ugomopHa rpynne 7.

19%. Jlio6as rpynna nopsaka p> KOMMyTaTHBHA H H30MopdHa an6o Z2,
JUG60 Z 3.

20%*. Jlio6ast KOMMyTaTHBHAsl TpyIna nopsiika 2p — LUMKJIdueckKas.

21%*. JlokaxkuTe, UTO KOHEUHasi KOMMYTAaTHBHas HeLMKJMUecKas rpymnrna
2
COJLEP2KHT TOArPYIIIY, H30MOPGHYIO Z7,.
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§ 2.7. KoHeuHble noJsi

Benem CJie/lyroliee ornpeaeseHue.

Onpenenenue 58. Xapaxmepucmuxoti 1eyoctHoro KoJblia K (0603Ha-
yeHue char K) HasbiBaeTcsi MOPSLIOK MOPOXKIEHHO! €ro elMHULIEH TOArPYIIIbI
rpynnsl (K, +). Ecau on GeckoHeuen, To rosopsT, uto char K =0. [pynna
(K, +) obbluHO Ha3bIiBaeTcsi addumusHrot epynnotl Koabla K.

CnpaBeninBa
Jlemma 10. Xapakmepucmurka koavya K (ecau oHa noaoicumesbHa)
cognadaem ¢ MUHumaroHoin ducaom m >0, daa komopoeo npu a #0
a+...+a=0.
m
Ykasannoe uucao m He 3agucum om soioopa a € K.

JHokaszateabctBo. [lycts char K =m > 0, Torna no onpejesneHuto
Il +...4+ 1 =0. CnenosaresnbHo, s jno6oro a # 0 cnpaBeyiiBo PaBeHCTBO
—_———

m
a+...+a=a(l+...+1)=0, a ms ;moboro n < m crnpaBeIMBO HepaBeH-
—_——

m m
cTBO @ +...+a#0,u60 I +...+1#0. O
N———— SN———r
n n
HMmeet mecTo Takxke
Jlemma 11. Omobpascenue xoavya Z, 6 uyerocmuoe koarvyo K,
char K = m, sadasaemoe npasuiomn

n—1+...+1,
—_———

n

asaaemcs uzomopghuamon, obpas Komopoeo cognadaem ¢ NOPOHCOeH-
Hoim edunuyel nodkoavyom koavya K.

HokasatesbcTBo. JlOCTATOUHO MPOBEPUTH, UTO NpH 71 € Zyy, \ {0}

(r.e. i#0)
I +...+1#£0,
N———

n

OTKyJla CJie[lyeT B3aUMHAs OJHO3HAUHOCTb PACCMATPUBAEMOTrO OTOOPAXKEHHUS,
160 NPH 71 7 M BHINOJHEHO HEPABEHCTBO

oot L£ L+ 1,
—_—

n m
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a Tak>Ke paBEHCTBO

(I+...+DUI+...+D)=0+...+ Dhe=1+...+1,
n e

n k

rie 0 < k<m, fi-&=ne =k (1pyruMH CJIOBAMH, M JeJIUT ne — k). |
Teneps Jierko nokasbiBaeTcs

Teopema 48 (o noakoabuax). Koaoyo xapaxkmepucmuxu m codep-
AHCUM NOOKOALYO, UBOMOPHHOE KOAbYY 8bl4emOo8 Ly, (a 8 cayuae m =0 —
Koabyy Z), a umerHo nodKoA6U0, NOpodcdenHoe edunuyel. Xapakmepu-
CMUKQ 4eA0CMHO20 KOAbYa Aubo Hyab, Aubo npocmoe 4iucio.

JHokaszateanbcTBo. [lepBoe yrBep:kiaenue ciaenyer U3 Jemmbl |1
B cayuae char K >0 u sierko nokasbiBaercsi B cayuae char K = 0.

BTopoe yTBepxkieHHe 10KaXKeM OT NPOTHBHOTO.

Ecim g ykasaHHoro kxoJbua K ero xapakrepuctvka char K >0
M cocrtaBHasi, T.e. m=n-Il, n<m, [<m, 0 aiga a=14+...+1#£0,

l+...+1=1+...4+1=0, uto npotusopeunt jsemme 10. k O
—_— Y——
l m
JloKaKeM CJIeflyoliyl0 HHTEPECHYIO Teopemy *.

Teopema 49 (o nmopsiakax KOHeuHbIX noJei). Korneurnoe yeaocmuoe
KOAbUO ABALEMCS NOACM, UMeem NPOCHYI0 XAPAKMepucmuKky u nops-
00K, pasHolil ee cmenenu.

JdokaszatenbctBo. Teopema BeITeKaeT U3 CJAEACTBUS TeopeMbl 36,
TeopeMbl 48, siemmMbl 10 U caenyolieil JeMMBl. O

Jlemma 12. Kouneunas abenesa epynna npocmoeo nepuoda p u3o-
MOPpPHA OeKapmosoil cmeneHu YUKAULECKOU epynnol p-e0 NOpAOKA.

HokaszaTteabcTBo. Boibepem B paccmaTtpuBaemoit rpynne G max-
CHMAaJIbHOE UHCJIO HEHYJIEBBIX 9IEMEHTOB d;, i = 1, ..., f1, TaK, utobbl a; ¢ G; =
=lai;]+...+[ai—1]. Torna G =G4, u6o unaue sjemeHt a € G\ G,
MOKHO Obl10 Obl 106aBUTb K CHCTEME {a;}.

M3 teopembl 35 caenyer, yto rpymmbl [a;] n3omopdHbl rpynne Zp.
13 reopembl 30 caenyer, uto [a;] N G; = {0}, Benb ecaun 661 0 £ a € [a;] N Gy,
to [a;] = [a] C G;, uero He MoxKeT 6bITh. Mcnosnbays Teopemy 44 u paccyxnast
M0 WHAYKUMH, nogydaeM, uTo G;y; u3omopdHa cymme [a;] + G; = [a;] +...

...+ [ai], B uactnoctu, G = G,y =7, -
* Otkpbitylo dBapuctoMm lanya (Evariste Galois, 1811—1832). Mbl He nuliem nocJie 3Toi

TEOPEMbI €ro uMs, Tak Kak HHaye npuujaochb Obl €ro MucaThb MOUTH MOCJ/Ie KaxK10i TEOPEMbI 3TOM
[JlaBbl, TaK KaK UMEHHO OH BBe€JI IOHSITHSI IPYMIbl U [0JIS1 U 3aJ102KWJI OCHOBbLI TE€OPHUU TIPYIIIT
U TEOpUH noJieil. KoHeuHble moJist GbLIN TaKxKe OTKPBITbI UM U 4aCTO HA3bIBAIOTCA TOJSIMH Faﬂya.
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Jlns nokasaTesibCTBa CJEMyIOlIeH TeopeMbl MOHAA0OUTCS

Jlemma 13. [Tycmo G — a0b6asa koneurnaa nodepynna epynnot K*. [1o-
padok G He npesocxodum ee nepuoda.

Hokaszarteabcrtso. [lyers{ay, ..., an} =G, n— nepuon rpynmsi G,
m > n. [Ipencrasum ais moboro x € K snemeHt x” — 1 B Bujie

x—ay)...x—ay)+bi(x—ay) ... x—a,_1)+...+b,_1(x —ay) + by,

rjie 3/JeMeHThl b; € K He 3aBucAT oT Xx. [as 9T0r0, paccyKuas no MHAyKLUHH,
noaGUpaeM 3aBHCSILLME TOJBKO OT dj, ..., 4, 3JEMEHTbl b; Tak, uToObl MpH
PaCKpBITHH CKOGOK B CyMMax

(x—ay)...(x—ay)+bi(x—ay)...(x—ay_1)+...+bi(x—ay) ... (x —a,—;)

OTCyTCTBOBa/H Obl CJaraeMble BUaa cx* npu k>n —i, k#n.

Tak kak snement a; € G umeer nepuoj, jenswuii n, To aff — 1 =0, 3na-
yut, b, =0, H60 cymMMa BCEX CjaraeMbix OOHYJISIETCsI, KPOME, ObITb MOJKET,
MOCJ/IE/IHETO, & 3HAUMT, U OH paBeH HyJt0. AHAJOMHUHO, MOACTABJSIST BMECTO X
NOCJe0BaTeNLHO Ao, .. ., Ay, NOJAyYaeM, uto b, | =...=b; =0, T. e. npu Bcex

xeK

X"—l=x—a)) ... (x—a,).
[TojcraBiisisi BMECTO X 3JIEMEHT Ay € G, TI0JyUaeM, uto
(ant1—ar) . (@np1r —an) =ay — 1=0,
a 9TO HEBO3MOXKHO B LIEJIOCTHOM KOJIbLIE. O

Tenepb JIETKO JOKa3bIBa€TCsl Cjeaytollast KpacuBas

Teopema 50 (Taycc). Korneuwas nodepynna myrvmunaukamusHol
epynnor K* yeaocmnoeo koavya K sasasemcs yuxkauueckoi. B wacm-
HOCMU, MYAbMUNAUKAMUBHASL ePYNNA KOHEYHO20 NOAL — YUKAUHECKAs.

HokagzaTeabcTBo. M3 rteopembl 34 1 iemmbl 13 caenyer, uto nopsi-
J0K rpynnbl G paBeH ee MepuoLy, a U3 TeopeMbl 46 caenyert, uro rpynna G —
UUKJIHUeCKasl. a

O6pagyiolle 3/1eMeHTbl STOH IPYMIbl B TEOPHH KOHEUHbIX MOJIeH MPHHATO
Ha3blBaTh NPUMUMUBHOIMU INCMEHITIAMLL.

Teopema 51 (0 uMcje NPUMUTHUBHBIX 3JeMeHTOB) . Yucio npumumus-
HObLX 3AeMeHmos 8 noae nopadka q pasHo o(q — 1), ede p — pynkyus
Jirepa.

JlokaszateanbcTBo. Bee cienyer uz reopem 31 u 50. O

B Teopuy ynces NPUMHTHBHbIE 3JIeMEHThI M0JIs1 BbIYETOB Z, 4acTO Ha3bl-
BalOT Nep8OOOPA3HOIMU KOPHAMU.
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Ynpaxnenue 54. [lposeputb, uto 3JeMeHT g € Z, §BJISETCS MepBO-
00pa3HbIM KOPHEM TOrJa M TOJIbKO TOrJa, KOTia AJIsl uhcja g HauMeHbLUHH
1noKasateJib CTernenu k, npu Kotopom g — 1 kpatHo p, pasen p — 1.

YacTHbIM CJaydyaeM T€OPEMbI 51 apasiercst

Teopema 52 (o mepBooOpa3HbIX KOPHAX). /19 2106020 npocmoeo p
cpedu uucea 1, ..., p—1 naiidemcsa posHo ¢(p — 1) nepsoobpazroix
KOpHel.

3 10Ka3aHHBIX TEOPEM JIETKO CJENYIOT TaKKe CJE/yIOlIHe YTBEPHKIEHHS.

Teopema 53 (manas Teopema Pepma 1jis KOHEUHbIX moJei). B ko-
HeUHOM noie nopsaodka q sulnoinero moacdecmso Pepma x4 —x =0.

HokaszateanbcTBo. [Ipu x =0 Bce oueBnano, a npu x # 0 u3 Teo-
pem 31 u 50 cnemyert, uTo xi—t=1, O

YacTHbIM c/lydaeM MpeJblyLlero yTBEep:KAeHHs sIBJsieTCs

Teopema 54 (manas Teopema ®Pepma). /[aa aw0boco npocmoeo p
u 106020 yeroeo a pasHocmo aP —a deaumcs Ha p.

3agauu v ynpaxkHeHus kK § 2.7

1. JlokaxKuTe, UTO BCE M0JIs1 U3 UETbIPEX JIEMEHTOB H30MOPHBI JIPYT APYTY.

2%, [lyctb K — UeNOCTHOE KOJIbLO XapakKTepUCTHKH p. JloKaKuTe, uTO
oTo6GpaxeHne x — o(x) =x” siBasercss uzomopduamom K — K, a MHOKe-
CTBO €r0 HeMOABHXKHLIX /1€MEHTOB 00pa3yeT MOJAIoJe, H30MOP(HOE MOJI0 Z ).
Ecau K — KoHeuHoe noJie nopsiika ¢ = p”, 70 0" — TOK1eCTBEHHbI H30MOp-
(H3M, a MHOMKECTBO HerNOJBHKHBIX 3JeMeHTOB M3oMophusma o npu k| n
SIBJISIETCS] MTOJNI0JIEM NOPsIAKA p.

3. Jlokaxkute, uTo Jijisi JIIOObIX LEJbIX X|, ..., X, UMEET MECTO CpaBHEHHE

(X1 + .. 4 x)"" Exlpm +...4+x/" (mod p).

BoiBenute otciona teopemy Pepma, a U3 Hee — Teopemy Jitsiepa.
4. JlokaxkuTe, UuTO NpH NMPOCTOM p =4m + | pelleHUsIMU CpaBHEHHUS
x24+1=0 (modp)
oyayt x = +(2m)! mod p.

5*. Jlokaxkure, UTo MpoCTbIX uuces Buaa 4m + | 6ecKoHeUHO MHOTO.
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6. Ilpu npoctom p = 4m + 3 pemmre cpasnenne x> =a (mod p).

7%. Ecnu p u g —npocteie, p>2, pla?+ 1, To mu6o p|a-+ 1, mbo
p=2qm+ 1, rie m — HaTypaJibHOE YHCJIO.

8*. Ilyerb pi, ..., pr — BCE pa3/MuHble MPOCThIE JeNUTeNH uncaa p — L.
Jokaxxute, 4To uncjao @ OyaeT nepBOOOPA3HbIM KOPHEM MO MPOCTOMY MO-
Jy/Mo p TOrAa M TosbKo Torda, Kora a'?~D/Pi pe paBHO eapHHIE MO MO-
IyJIIo p.

9*. Ilyctb py, ..., Pr — BCE pPa3JuuHble IPOCTbIE JenuTeNH uucyaa p* — 1.
JlokaxxuTe, UTO 3JE€MEHT @ KOHEUYHOTo MoJisi Mopsiika g = p" OyneT MpUMH-
THBHBIM TOTJIa M TOJILKO Torsia, Koraa a'?—"/Pi ne paBHo eunuLe mods.

10*. Mcnonb3ysi GUHApHBIH airopuTM BO3BeleHHsI B cTeneHb U3 § 3.6,

nposepbTe, uTo 10 — nepBooGpasHblil KopeHb o MoayJo 1913.
11%*, B nose nopsaxa 2" mo6oii TpexuieH x>
KOp€Hb.

— a UMeeT OJUH LLBpraTHbII'/JI

12. Jlokaxkute, uTO I1pH POCTOM p CHPABELINBO cpaBHeHue 17 4+ 2% 4 ...
.+ (p—=—D"=—-1(modp), eciu p— 1 neaur n,u 1"4+2"4+...+(p—1)"=
=0 (mod p), ecu p — 1 He nesur 1.

13*. JloKaxkuTe, uTo NPH NPOCTOM p ISl IOObIX X1, ..., Xop_| € Zj CyM-
Ma Bcex CQprl BbIpaXKeHHiT BUAa ((X;, + ...4—xl~p)p*1 — 1) paBHa
p _ =1 _Cp=1)...(p+]) _
C2p71:C2p71:W:1 (mod p).

Ykasanue Bunomuanbubiii kosdduument C* npu p+k>n>p,
k < p nemutcs Ha p.

14*. (A. A. Cycnun.) Ilokaxkute, UTO MpH MPOCTOM p s JIIOOBIX X[, ...
ceey Xop—1 € Zp Haijercs cymma Xip + ... —|—x,~ﬂ, paBHasi HyJI1O 110 MOAYJIIO p.

Ykazaunue [lpumenute npempiiyllylo 3ajauy d Majylo Teopemy
depma.

15%. (1O. 1. Monun.) [okaxure, uTo cpeiu JioObIX 21 — | urces MOXKHO
BBIOpATh /1 YKMCeJs, CyMMa KOTOPBIX JeJUTCS Ha Al.

Ykaszauue [IpuMeHHTe NpeablIylly0 3a1auy U UHAYKLMIO C 1IACOM,
OCHOBaHHbIM Ha rnepexojie ot A(n) u A(m) k A(nm).

16*. Jlns q1060ro HaTypasibHOTO UMCJIa 1 U IPOCTOrO p HAUJIYTCS LieJible
uMesaa X, y, z Takue, uto a) p | (x2 +y? —n); 6) p| (x3 +y3 +2° —n).
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§ 2.8. lepBooOpa3Hbie KOPHU

CnpaBeminBa cjeyrolasi Teopema.

Teopema 55 (Taycc). (i) Ipynna Z%, — yuxkauueckas, ecau p >2, p —
npocmoe.

(i) Tpynna L o — MOJICEe YUKMLUECKAS.

(iti)y ITpynna 73, — yukauneckans npu n<2 u u3omoppra epynne
Zy X Lgn—2 npu 0> 2, 3HAUUM, HEYUKAULECKAA.

(iv) Bce ocmaavroie epynnot 7, HeyuKkau4ecKue.

HokagzateabctBo. Jokaxem (i). B cuny teopem 37 u 31 nocra-
TOYHO JI0KA3aTh CYIIECTBOBAHUE 3JEMeHTa a € Zj,, nopsnka p(p").
a—bp"
a—>b
JlokaszaTeanbcTBo. Mcnonb3ys H3BeCTHOe TOXKIECTBO, MOJyda-
€M, UTo

Jlemma 14. Ecau a=b (mod m), mo =na""'=nb""' (mod m).

n n
a’—b _ _ _ _ _ _
Y =a" " +a" b+ +ab" 240" ' =na" =nb""" (mod m),
u60 a"*p*~1 ="' = p"! (mod m) cormacHo yca0BHIO JIEMMbI U TIPABHITY
NepeMHOXKEHHUST JIEMEHTOB B Zy,. a

—l_, (mod m) u m deaum

Jlemma 15. Ecau a=1 (mod m), mo 2 —

a’ —1

p— moeda u moavko moeaoa, Koeda m Oeium n.
JlokaszaTesabcTBo. [lepBoe yTBepKeHUe CjelyeT U3 Npebiayliei

JIeMMbl, a BTOpO€e — U3 MePBOro. |

Jlemma 16. Cywecmsyem yeaoe uucro g maxoe, umo gP~'#1
(mod p?) u nopadok saemenma g epynnovi Z, pasen p — 1.

HokaszaTenbcTso. M3 Teopembl 52 cieyer, uto js HEKOTOPO-
ro uesoro uucia A nopsinok siemenra A € Z, pasen p — 1. [HomycTum, uto

AP=1'=1 (mod p?). Torna nonoxum g = A -+ p u BbiBejeM U3 JieMMbl 14, uto
p—1 _ p—I
ST == a”FZ£0 (mod p),

OTKy/1a | 1

p=1 _ 4p—

g —ar = pE——% 20 (mod p?),
g—a

3HAUUT,

g’ ' —12a?"'=1=0 (mod p?). O
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Jlemma 17. /las wucaa g us aemmor 16 u 1106020 HamyparbHoeo n
g?" £ 1 (mod p™t), g#PV =1 (mod p")
u 04 1106020 noA0NHUMENbHO20 M < p(p™)

g"#1 (mod p").

Hokasareabcto. Munykuusi no n. basa (n = 1) nokazana B jiemme 16.
Iar ungykuuu: 7= (n 4 1). Iyets g™ =1 (mod p™*+'), Torna cornacho

NpenoJoKeH!I0 HHAYKIMU U TeopeMe 31 (i) uncio ¢(p™) nemurt m, oTKyna
g"—1
gelr™) — 1

m
TOTAa, KOTAA p AT — i [TocJsieHee BO3MOXKHO TOTNA M TOJBKO TO-
2
n
raa, korma o(p"t') menur m. Ho rtak xak p" neaur g®P) —1 u p't!
n
He genut g¥P) — 1 coryiacHo NpearnosoKeHnio HHayKuuu, To p"t! nenut

C NMOMOLIbIO JIEMMBbI 15 BbIBOJIMM, 4YTO p JOEJIUT Toraga M TOJIbKO

g™ — 1 Toraa n TosbKo Toraa, Koraa (p"+h) neaur m. 3uaunt, g#?" ) =1
(mod p"™*N), u npu so6eix 0 <m < (p"t!) cnpasemmso, uro g™ # 1
(mod p™*!). Ocranoch npoBepuTh, uToO

n+1
gso(p )%41 (mod p””).
st 3TOrO AOCTATOUHO YOEAUTCS B CIIPABEUIMBOCTH CPABHEHHS
n+])

g?r)

— n+1

e 1 = P (mod p),
TOr1a

g#P"h )

g — 1 #0 (mod p7),
CJIeZI0BATEeNBHO,

n+])
e _ = (g — 1) g?r -1 20 (mod p"+?).

ger") — 1

n
[Tosoxkus a = g7") 1 yuntbiBas, uto p" Aeaut a — 1, noJyyaem ¢ NoMOLLbIO
JeMMbl 15 cpaBHeHue

o(p"th _ p_

g ol el a4 g =

g‘P(P)—l a—1 9 bl
a—1 a7 =1\ _

=p+@@a-HI+2+...+p-1)=
=pt+@- 22D =y (mod pm),
k
1

=k (mod p), U TeM cambIM JieMMa J10Ka3aHa.
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B cayuae n > 2 tpebyemoe yTBepKIeHHE CIEyeT yKe U3 6oJiee POCTOTO
P

1
CpaBHeHHUS aa — =P (mod p"), cpasy BbITEKAIOLIEro U3 JIeMMbl 1. O

Jlokakem Ternepb Teopemy. YTBepxKieHue (i) cienyeT u3 semMmbl 17.
YTBepxkiaenue (i) ciaenyer U3 nyHkra (i) 4 TOro gakra, UTo COJIACHO Te-
opeme 41 umeer mMecto uzomopusm
* ~ TE * . 7k
Lypn =Ly X Lipgn =2 Lipn.
Jokaxewm yrBepxienue (iii). dust sToro norpedyercs

Jlemma 18. Cnpasedauso cpasrenue
52 = 14242 (mod 2¢13).
JNlokaszaTenabcTBo. Uuaykuus no k. basa (k=1): 5=1+22

(mod 23). Ilar unykumm: 527 = (5%)2 = (1 +26+2(2s + 1))2 = | + 2k+3
(mod 2+4). O

[Ipn n <2 yreepxpuenue (iii) ouesnano. Ilyctb n>2. W3 nemmb 18
CJIellyeT, UTO 3JeMeHT D € Z3, TOpOKAAeT LMKJINYECKYI0 MOATPYINIy HHIEK-

ca 2, Tak Kak Cons Zon—3 T
52 :l7 52 :1+2ﬂ71¢17

a |Z3| = 2" =2""1. Ho —1¢[5] (Ben 5% # —1 (mod 4)), nostomy co-
TJIACHO CJIEICTBHIO U3 TeopeMbl 47

Ly = [5]U(=1)- [5] ={1, =1} [B] = Zgy X Zigu— % Zigu-1.

Joxkaxewm (iv). Pasnaras m kaHonuueckum o6pa3oM Ha NpoCThbie

Qp

— Qg
m=py ... p,
¥ MPOBOJA MHJYKLHUIO MO 71 C IOMOLLbI0 TeopeMbl 41, nosyvyaem, uto
* * *
Ly = Loy X ... X Lo

M (i) u (iii) ¢ momolubio TeopeMbl 47 BBIBOAMM, UTO 1€PHOLL {(Z ,=i) UeTeH,
Kpome cayvasi p; =2, oy = 1.

Boruucass nepuon {(Z;,) ¢ nomoLibio TeopeMbl 47, 3ameuaeM, UTo

HLy) <] - 227"

w H(Z}) =|Z7,|, b korna n=1, p; >2 aubo p; =2, o <2 wiu Koraa
I”L:2, p1:2,a1:1. O

[Tycth nasee 1o koHua naparpada m= p" waiu m=2-p", p>2, p—
npocToe U « € Z, — nepBooOpasHblil KOpeHb (B APYroi TePMHHOJNOTHUH — MO-
POXKIAIOLLMI WM 06pa3ytoLLMi J1EMEHT) TpyNIbl Z,.
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Onpenenenue 59. Hnodexcom (Mn Quckpemroim r0eapughmon) sJie-
MeHTa X € Z}, 10 OCHOBAHWIO (¢ HA30BEM MHHUMAJIbHOE HEOTPULATEJbHOE 1
Takoe, uto " =x, 1 o6o3HauuM ero ind, x wiaM mpocto ind x.

Teopema 56 (diinep—Tlaycc). (i) Aaa aoboix x, y € Z,, cnpasediusol
cpasHerus
ind xy=ind x +ind y (mod ¢(m));
ind x/y =ind x —ind y (mod w(m));

(i) [yecmo 1 <n<p(m), (n, o(m)) =d. Asyuren x" —a € Zp[x] ume-
em 8 Zy posro d kopreil, ecau d |ind a, u ne umeem xopweii, ecau d
He deaum ind a. Bce kopru npunadaexcam 7}, u 8 cayuae a =1 ob6pasy-
1om yukauueckyo nodepynny nopaoka d, a 8 obuiem cayiae — CMentcHolL
Kaacc epynnol 7}, no amot epynne.

(ili) Mroawcecmso scex a € Z},, npu komopolx 08yurer x" — a € Zpy[x]
umeem 8 L, KOpHU, 0Opasyem yUKAUHECKYIO MOO0epynny nopaoka
w(m)/d 8 epynne 7}, a umenno epynny Kopret 08yuieHa

XM/ _ 1 e7,.[x].

(iv) llopsadok (8 dpyeoii mepmuroroeul — nepuod) 106020 INemer-
ma x € Z;, pasen o(m)/(p(m), ind x). B wacmuocmu, ssemenm x 6ydem
nepsoodpas3Holm KOpHem 8 7L, moeda u moavko moada, Koeoa

(ind x, p(m))=1.

(V) Yucao scex sremenmos 6 Z),, umeowux nopadok §, pasHo ¢(6).

B wacmrnocmu, uucao nepsoobpasnoix Koprei 8 Z,, pasro p(p(m)).
Hokaszateusnbctso. [{okaxem yrBep:xkienue (i). Tak kak
ind x ind
x =", y=a",
TO

1 —ind y
9

Yy =« xy=a, x/y=a,

rie s =ind x +ind y, t =ind x —ind y.
C npyroil cTopoHbl,

xy = amd xy’ X/y — amd x/y’
3HAUUT,
asfmd XY _ | = atfmd x/y’

[103TOMY
s=ind xy, t=ind x/y (mod p(m)).
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Hokaxem (ii). M3 BToporo c/ienctBust TeopeMbl 36 BbITEKAET, UTO BCE KOP-
HU ABYyuJeHa x" —a € Zy[x] npu a € Z}, nexart B Z,.
N3 teopem 52 u 31 (i), (V) caenyer, uto
dlindase{x:xe€Z,, x"=a}#9,
U BCE TakWe 3JeMeHTbl a 00pasyloT UMKJIMUECKY0 TMOArPYNy Mopsij-
ka p(m)/d. Ecim x"=a=y", 10 (x/y)" =1, u obpatho, ecau y" =a,
(x/y)* =1, 10 x" = a; kpome Toro, ecau x" =1, y" =1, 10 (xy)" = 1.
[TosTomy u3 Teopembl 30 BbiTEKaeT, uTo
{xelZ; «"=1}
SIBJIsSIETCS] MOArPYIIIOH, a
{x:x"=a} £ 0

— CMEXKHBIM KJ1aCCOM Tpymnbl Z), no 3Toit noarpymmne. K3 reopem 33, 31, 52

CJIEJly€eT, UTO €€ MOPSAOK AeJUT w(m) u n, T. e. nequt d = (p(m), n), a Tak Kak

MepuoJ| MOArpyMIibl nopsinka d rpynnbl 2%, paBed d u d | 7, TO MHOXKECTBO
{x:x"=1}

COBIAJIAET C Hell U SIBJISIETCS TeM CaMbIM LIMKJMUYECKOH MOArpYNoi nopsiji-
Ka d.
Hoxaxewm (iii). Ecan x"* = a, To cornacHo Teopeme 37

a?m/d — (emyn/d — |

b
3HAUMT, KAXKI0€ d, JJIsi KOTOPOro X" = @, MpUHAJIEKUT MHOXKECTBY
{x: xPm/d 1}
1 no3tomy yTBep:KjeHue (iii) caemyer us (ii) U y2ke 10Ka3aHHbIX YTBEPKJIEHHI.
YTBepxKaeHus (iv) u (v) caenyiot u3 teopem 55 u 31 (iii), (iv). a
Onpepnenenue 60. HexpaTtHoe p 1esi0e UKC/IO HA3bIBAETCS BbLUEMIOM

n-i cmenenu (NpU 1 =2 — KBAOPAMUYHbIM 8bL14EMOM) TIO MOLYJIO P, €CJII
cpaBHeHue x" =a (mod p) paszpeliumo.

Onpenenenne 61. Cumson Jleawcarndpa (%) paBeH |, ecnin a — kBaj-

. a a
paTHYHBIA BbIUET, H (f) = —1, ec/ii @ — HEBBIUET, a TaKKe (;) =0, ecau
a=0 (mod p).

CunenctBue u3 Teopembl 56 (kputepuii diaepa). Cnpasediuso cpas-
HeHue

(%) EapT71 (mod p).

B epynne 7%, ede p > 2, noposHy 8o14emos U Hesbiuemos.
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3agauu ¥ ynpaxHeHus K § 2.8

1. HaiinuTe Heo6X0MMOE U I0CTATOUHOE YCJOBHE TOTO, UTO apUpMeETHUE-
CKasi Iporpeccusi an + b comepKUT 6eCKOHEUHO MHOTO KBAJIPATOB HATypaJib-
HBIX YHCEJI.

2. Jlokaxkure, uTO

(;1>7 —1, ecau p=4k+3;
p/ 1, ecou p=4k+1.

Hanee p —npocroe, p > 2.

3. Jlokaxkute unaykuuer, uro (1 + p)f’k =1+ p* (mod p*t!).

4%, JlokaxkuTte, uTO 3JeMeHT |+ p € Z;n NMOPOXKAAET UMKJIHUECKYIO
noarpyny nopsiaka p=!
s=0,1,..., pr~ 1 —1.

5%, JloKaxkuTe, UTO €CJId HaTypaJbHOE g TAKOBO, UTO g — NepBOOOPAa3HbIi
KOpeHb rpynnbl Z*, T0 3/71eMeHtT gp™~! rpynmb Zy,n OPOKIAET LMKIHUECKYIO
noarpynmny nopsiaka p — 1.

6*. Jlokaxkute, UTO €CJid MOPSIAKK 3JEMEHTOB g W A B3aWMHO MNPOCTHI,
TO MOPSIIOK dJ1eMeHTa gh paBeH WX MPOU3BELEHUIO.

7%. Wcnosabaysi 3anaun 4, 5, 6, naiiTe elille 0JHO 0KA3aTesbCTBO Cyllle-
CTBOBAHHUsI IEPBOOOPAHOTO KOPHST B rpyrire Zj,.

, COCTOSLLYIO H3 BCEX 3JIEMEHTOB BH/d l—l-pS,

8. lokaxute, uto 2— n1epBooOpasHbiil KOPeHb B rpynnax Zg, u Z3,.
9. Jloxkaxkute, uTo 3JIeMeHT 3, TaK »Ke, KaK H D, MOpoXKaaeT B rpymnne Z3,
LMKTMYECKYIO TIOArpyYTy mopsika 22,
2" —2 2% 12

eJsioe, ToO U YUCJ0 W TOXKe

10. JTokaxKuTe, UTO €CJIM YUCJIO
LeJioe.

11%, JlokaxkuTe, 4to 51 JiIO6Oro HeueTHoro a u [ > 1 unciio a
LeJoe.

12%. Haiinure HauGoJbliee R, MPH KOTOPOM

a) uncio (3% —1)/2% — uenoe,

6) uncao (2% + 1) /3% — nesoe.

13. Jlokaxure, uro 3*T! | (4™ —4") Torma ¥ TOJNLKO TOrHa, KOrIa
3% | (m — n).

14. Yucna a, b, n — natypaJibhbie, n — HeueTHoe, a" + b" v a + b nensit-

cs1 Ha n. Jlokaxkute, 4yTo
a®+b"
a+b
TakxKe JIeJIUTCSI Ha 7.
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15%, Yucna a, b, a # b, n — narypasabHble, a” — b" nenurcst Ha 1. Jloka-
b

JKHTE, UTO
a® —b"

a—>b

TaK:Ke JeNUTCS Ha A.
16*. Ecsin a5t HeKoToporo esoro a

a"'£0,1 (mod n),

TO UHMCJIO /1 — COCTABHOE.

17%. Pewmte cpasHenue x> =1 (mod m) npu Npou3BoILHOM HATYpaJib-
HOM 1.

18. Jlokaxute, uto npu (2a, m) = 1 cpasnenne ax®+bx+c=0 (mod m)
PABHOCHJILHO HEKOTOPOMY cpaBHeHHIo x> = ¢ (mod m).

19%. JlokaxkuTe, 4To TPHU MPOCTOM p CpaBHeHHe

apx"+...+a1x+ay=0 (mod p)
PaBHOCH/ILHO HEKOTOPOMY CPABHEHHIO
by xP '+ bix+bp=0 (mod p).
20*. (Jlarpanx.) IlokaxkuTe, yTO MPH MPOCTOM p CpaBHEHHE
apx"+...+a1x+ay=0 (mod p)
uMeeT He GoJiee max (s, p) pelleHui.
21%*. Ecsm psis mo6oro npoctoro p, p | # — 1, Haljercs Takoe LeJsioe unuc-
710 a,, uto a7 £1 (mod n), al~'=1 (mod n), To wMcs0 N — npoctoe.
22%, Cpasnenne x> =a (mod p®), p >2—npoctoe, (a, p) =1, umeer
JIBa pelleHusi, ec/u (% =1, ¥ He VMeeT pellleHHH, eCJH (%) =-1.
23*%. Cpasuenre x”>=a (mod 2%) uMeerT pelleHde NpH JOOOM @, ec-
m a=1, npu a=1 (mod 4), eciu =2, npu a=1 (mod 8), eciiu o > 2.

B ocrasibHbIX c/yuasix OHO He uMeeT pelteHuil. Ecau x = x, (mod 2) — oxnHo
13 ero pelleHuil, TO BCe OCTaJbHbIE €ro PelieHust MPpU a > 2 UMEIOT BH

X=—Xq (mod 2%),
X= Xq+2°7" (mod 2%),
X=—Xo+271 (mod 2%).

24%, [lycTb \/a — 0ObIUHBIH KBaAPATHBIH KOPEHb, Z — PELleHHe CPaBHe-

nus 22 =a (mod p), rie p > 2—npocroe, (a, p) =1,

poCHVA VA" 5 VA e Va)°
2 ’ 2va '
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Jokaxkute, uTo sl JIOOBIX LesbIX udcesg P U ) CyLIeCTBYeT Takoe LeJoe
yucsio @/, uro Q' =1 (mod p®), u x =+PQ’ (mod p®) — peluenust cpa-
HeHHUsl

x>’=a (mod p®).

25. Jlokaxkure, uto cpesiu Jio6bIxX 6 uesioBeK HalayTCst MO0 TPOe MonapHo
3HAKOMBbIX, JIMGO TPOe MOMNapHO HE3HAKOMBIX.

26*. (Pamceii.) CemMHaaaTh yueHbIX MONApPHO TMEPENUCHIBAIOTCS MO TPEM
TemaM. [1oKaxkuTe, UTO Cpeiu HUX HAHAYTCs TPOE, MepernuchiBalOLLMECs 10 Ofl-
HOW TeMe.

YkazaHnue. [IpuMeHure npeabiayilyto 3agauy.

27*. (M. Wyp.) Yucaa or 1 no 16 packpauenbl B 3 pa3Hbix Upera (Jpy-
TMMU CJI0BaMH, pa3OUThl Ha 3 HerepeceKaloUXCsl HeMyCThIX MOJAMHOKECTBA).
JlokaxkuTe, UTO cpeid HUX HalayTCsl uuca X, y, 2 OJHOro LBeTa Takue, uTo
xX+y==z.

Y Ka3aHue. 3aHymepyeM yueHbIX U3 Npeblayllel 3a1aul YncaamMu ot 1
Jo 17 n nyctb kaxknas napa (i, j) nepenuchiBaercst o TeMe, CBI3aHHOH C 11Be-
TOM uHcaa |i — fl.

28%. B s1060M KOHEUHOM MoJie mopsiika 6oJiee 5 HaljyTCs TakKue HeHy-

JIeEBble 3JIEMEHTHI X, Y, 2, UTO x2 —I—yQ =22,

29%%, (A. lukcon.) Ins mob6oro mpocroro p > 13 HalmyTcsi Takue
HeKpaTHble p Lesible uheaa x, y, 2, uto p | x> +y3 — 23,

Yxaszanue. Bosbmure kakoil-HuOyIb MepBoOOpasHblil KOpeHb g
Y MoKpackTe JI060H HeHy/1eBOH 3/1eMeHT a noasi Z, B uset i =0, 1, 2, ecsn
a= g+

Jloka3zaTeqbCTBO KBaJPaTUYHOrO 3aKOHA B3aMMHOCTH
meToaom 3oJorapépa*

B stom TpynHOM uuKJe 3ajau ucrnosbadyercss BBeneHHoe B § 1.10 moHsi-
THE 3HAKA MEPECTAHOBKH 7, KOTOPbIH /sl KPAaTKOCTH 37iech OyneM 0003Ha-
uath (7). BHauasie HanomuuM oany 3azxauy u3 § 1.10. 3Hakom nepectaHOBKH
7 €S, HasbiBaetcs uncso e(m) = (—1)/" rne I(r) —uucao unBepcuil B .

1%, Jlokaxute, uto e(f o g) =e(f) - e(g).

2%, JlokaxuTe, uto £(m) = (— 1) rne d(m) — nekpemenr 7.

3%, JlokakuTe, 4TO LMK AJTMHBI R umeer 3nak (—1)F~1.

* 3onorapés Erop Mpanosuu (1847—1878) — Bblnatowuuiicst pyccKuil MateMaTHK, YUeHHK
A. H. Kopkuna u I1.J1. UeGbiéna.

8 Taukon
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4*, JlokaxKure, uTO

G-
Gy P —
[1 (=) —=()))

i<j
5. JlokaxkuTe, uTo

. (1 2 .. n) (< 1y,

n n—1 .. 1

6. IlpoBepbre, uTo O0TOGpaXKeHHe CMeHbI 3HaKA i: Z,; — Zy,, 3a1aBaeMoe
hopmysioit x — —x mod m, MeHsieT Nopsiiok B Zy, \ {0} Ha MPOTHBOMO/IOMKHDIE
H COOTBETCTBYIOLIAs NIEPECTAHOBKA UMeeT 3HaK (—1)"—D(1=2)/2,

7. IlpoBepbre, uto oToGpaxkeHue caABUra Zgy, — L, 3aiaBaemoe hopmy-
N0l X — x + k mod m, siBaseTcs nepectaHoBKOi M uMeeT 3Hak (—1)k=1D,

Yxaszaunue. [Ipumennre 3anaun | u 3.

8% Ilycts [=2,={0,1,2,....n—1}, J=Z,={0,1,2, ..., m—1}.
Ynopsaouum MHOXKecCTBO [ X J B Topsiike (Ha3blBaeMOM AeKkcukoepaguye-
CKUM)

{(0, 0), (0, 1), ..., (0, m— 1), (1, 0),
e (,m=1),...,(n—=1,0), ..., (n—1, m—1)}.

PaccmoTpuM rnepectaHoBKy, KOTopasi MEpPeBOJUT 3TOT MOPSAOK B MOPSIOK

{0, 0), (1,0), ..., (n—1, 0), (0, 1), ...
(=1 1), (0, m—1), ..., (n—1, m—1)}

(TO)Ke JIeKCI/IKOI‘pa(bI/I'-IECKI/IIjI). ﬂOKa)KI/ITe, YTO 3HAK TOU nepecTaHOBKH paBeH
nn—1) m(m—1)
(=12
9. nyCTb aaJiee 1, n — B3aUMHO MPOCTbI€ HEUETHbIE UHCJia. HpOBepre,

uTO OTOOpaKeHHe
Tnm: Ly — Ly,

3ajaBaemMoe paBeHCTBOM Ty, ., (x) = nx mod m (T.e. yMHOXKeHHe Ha 1 MO MO-
NyJII0 M), SABJSETCS NePEeCTAHOBKOH MHOXKECTBA Zy,.

3HaK NepecTaHOBKHU T, , HA30BEM CUMB0AOM 30a0mapésa 1 0603HAUUM
(| m).

10. [lokaxkuTe cJjeylollide CBOHCTBA CHMBOJIA 30J0Tapéna:

(i) eciu n=n' mod m, To (n|m)=(n"|m),

(i) (nn' | m) = (n | m) (' | m).

Yxaszanue. [Ipumennte 3anauy 1.

11. Tokaxure, uto (—1|m)=(—1)"m=1/2,

Yxaszaunue. [Ipumenure 3anauy 6.
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12%, Jlokaxute, uto (2 | m) = (—1)m"=D/8,

Y kazaHnue. [IpumeHure onpeseseHne 3Haka rnepecTaHOBKH.
13. Hokaxure, uto (n | p) =n'?=1/2 nna neuernoro npocroro p.
Ykasanue. [lpuvennute 3anauy 4 u 3amMeTbTe, UTO BbIUHC/IEHHE

I (ni—nj)
Isi<isp H n=nPP=0/2 = y(r=D/2
l_
1<i1<_[j<p( ]) I<i<j<p

ucnoJb3yollee Manyo teopemy depma, MOKHO NPoOJEIaTh B KOHEUHOM MO-
ne Zp.
14. Onpejiesinm JiBe MepecTaHOBKU o, T MHOxKecTBa [ X J paBeHCTBaMU

o(i, j)=((mi+j)modn, j), (i, j)= (i, (nj+i) mod m),
0<i<n, 0<j<m.

Hokaxute, uto e(o) = (m | n), e(1) = (n | m).

Ykaszanue. [lepectaHoBKa o Kaxa0e MoJAMHOXKeCTBO Buja [ x {j} mne-
peBOJMT B ce0si, U Ha HeM JEHCTBYeT TaK ke, KaK IepecTaHoBka o;(i) =
=mi+ jmodn Ha MHOXecTBe [, HO TOCJE/HsIS coracHo 3ajauam 1, 7
1 OTpesiesieHuto (11 | 11) uMeeT 3HaK

£o)) = (=D (m | n) = (m | n),

OTKyJla COoryiacHo 3anaue 1
m—1
(o) =[] elo)) =(m|n)" = (m|n).
j=0

15. (3akon B3aumHoctH B dopme 3osiotapépa.) [lokaxure, uTo
n(n—1) m(m—1)
(m|n)(n|m)=(=1)"72

Yxaszanue. Ecan o6o3naunts uepes @: [ X J =Zy X Ly — Lipm <Ki-
TalcKui» naomopduam, to (o (i, j)) =mi+ j, p(7(i, j)) =nj + i, nosTomy
JIJIS1 IEPECTAHOBKHU ) Zpym — ZLym, COOTBETCTBYIONIEH OMpeie/eHHON B 3aa-
ue 8 U MeHsitollell Hymepatuio (mi + j) =nj + i, cripaBeiIuBO PaBEHCTBO
poT =1 opoo, U3 KOTOPOTO CONIACHO 3aiaauaM 1, 8 ciieyeT paBeHCTBO

3
S
L
=
i

e(r) = (@) (= 1) T T — (o) (- 1) T T

16. BbiBeaute W3 3akoHa B3aWMHOCTH paBeHcTBO (1| m)(n|m') =
=n|mm'). Ykaszauue. [lpumenurs 3agauy 10.
17*. Tlycte m= py ... pp, TAe p; —NpOCTble UHcaa, He 0053aTeJbHO

n
pasJiMuyHbIE. OHPGZLGJII/IM cumson skobu (E) KakK Ipou3dBe/ieHHe CHMMBOJIOB

8%
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Jlexkanzpa, onpeiesieHHbIX B 9TOM naparpade:
(=)~ ()
m pi) T\ )

n .
Hokaxute, uto (n | m) = (E)’ T. €. CUMBOJIbI SIkoOU U 3osi0TapéBa coBnaja-

1oT. Tem cambiM GyjeT 10Ka3aH U 3aKOH B3auMHOCTH [aycca B dhopme SIko6u.
Yxaszaunue. [lpumenurs 3apaun 16, 13 u kpurepuit disiepa U3 3TOro

naparpada.

JlonojsHuTeabHbIE 3ala4M U YPAXKHEHHUS 1O TEOPHUU UUCE
M TE€opuu rpynn

1. Ilyctb uenste r;, S;, i =1, ..., p, TaKOBBI, UTO
{rit1<i<pt=i 1<i<p}=2Z,.

Hokaxure, uto {7;s;: 1 <i < p}#Z, npu npoctom p > 2.

2. Jlokaxute, uTo 7 | (2 — 1) NpH HeueTHbIX .

3. Jlokaxkute, uto n He neaut 2" — | npu n > 1.

4. Jlokaxkute, uto 1 He aeaut 3" + | npu HeueTHbIX 1 > 1.

5%, Jlokaxkute, uTo AJs JOOOr0 M MOXKHO YKa3aTb TaKoe f1, UTO CPelu
MOCJEHUX M UUDP JAECATHUHON 3anucu uucaa 2" Gyjer

a) 6oJiee TIOJOBUHBI JEBSTOK,

6) GoJsiee MOJIOBUHBI HyJIeH.

6*. Jlokaxkute, uTo CTeNeHb JABOMKHU MOXKET UMEThb MpH JI0OOM k Ha k-M
MecTe OT KOHLA JIeCSITHUHOM 3anucu Jio0yio 3ajaHHyto dpy (kpome mJaj-
11Iero paspsijia, KOTOPbIH U SIBJSIETCS KOHLIOM 3aMHCH).

7*. JlokaxkuTe, UTO CTeleHb JBOUKM MOXET HUMeTb TpH Jito6oM k >3
B paspsjax, HauuHas ¢ (kR 4 1)-ro 1o 3k BKJOUHTENbHO, 06y KOMOUHA-
LMIO JIECSATHUHBIX LHP.

8*. Jlokaxkute, uTO NpH JIOOOM 3aJaHHOM 11 TOCJIEI0BATE/IbHOCTh
2" (mod 10™), n=0, 1, 2, ..., nepHoaHueCcKasi ¢ NepPHOAOM AIHHBI 4 - 5!
U NpeJINePUOJIOM JUIUHbI 111,

9%. HenyneBble a/eMeHThl noas Z,, p > 2, pa3dutbl Ha MHOXecTBa A
1 B Tak, uto npousBeaeHue JOOLIX 3eMeHTOB A NpUHaIIEXUT A, nporusse-
JIeHHe JII0ObIX JIBYX 2JIeMEeHTOB B TakKe npuHamiexxut A. Jlokaxure, uto A —
MHOYKECTBO KBaJPATHUHbIX BbIUETOB, a B — KBaJPATHUHbIX HEBbIUETOB.

10%. Jlokaxkute, uTto JJ1s JIOOOrO 11 HAKAETCS JAESIIEeCs Ha #1 UMCJIO,
JIeCSITHUHAS 3aMMCh KOTOPOTO COJIEPAKHUT 71 €JIMHULL, a OCTaJbHble — HYJIH.

11*. [lokaxkute, 4To AJs Jt000ro 7> 1 CyllecTBYIOT HATypaJbHble UHC-
sna m, M rakue, uto x" 4+ y" =M (mod m).
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12%. Jloka)kuTe, UTO CTEMEeHb JABOHKH MOXKET HAUHHATLCS C JIIOOOH KOM-
O6uHaumu uudp.

13%. JlokaxkuTe, uTo

n n
(@"—b", n)= (%, rz),

rie a, b, n — HaTypaJibHble unucJa.

14*. Jloka)kuTe, UTO €CJIM NPU HATYpaJbHbIX @, 11 uucqo (a" —1)/(a — 1)
€CTb CTeleHb MPOCTOro UUc/a, TO 1 — TOXKe IPOCTOe YUCJIO.

15%. (/1. 3arup.) Ilycth p — npoctoe unciio Buna 4k + 1. Jlokaxure, uto
npeoO6pa3oBaHue

Qy—x,y,x—y+2), ecmmy—z<x<2y;
[(x,y,2) =9 (x =2y, x —y +2,y), ecmn 2y <x;
(x+22z, 2, y—x—2) B OCTaJbHBIX CJyuasix

SIBJISIETCS MEPECTAHOBKON TMOPsiIKa 2 HA MHOXECTBE BCEX HATypaJsibHbIX pe-
leHuil ypaBHeHusi x> + 4yz = p, UMeIoLIell JIMIIL OJHY HEMOABUAKHYIO TOUKY,
umenHo, (1, 1, k).

16%. (J1. 3arup.) Jlokaxkute, uto ypaBHeHue x° + 4yz = p uMeeT Heuer-
HOe YHCJIO HATypaJsibHbIX pelleHHi, U Tak Kak rnpeobpasoBaHue g(x, y, 2) =
= (x, 2, Y) TOXKe sIBJISIETCS 1€PECTAHOBKOM MOPsiiKa 2 Ha MHOXKECTBE BCEX €ro
HaTypaJibHbIX PellleHUH, OHO UMeeT XOTS Obl OJIHY HEMOJBHMKHYIO TOUKY, T. €.
Touky BUAA (X, y, y), rae x> +4y> = p.

17*. JlokaxkuTe, uTo npocrtoe Bujaa 4k + | npeacrtaBUMo B BUJIE CYMMbl
JIBYX KBaJpaTOB POBHO OJIHUM CIIOCOOOM (C TOUHOCTBIO 10 MEPECTaHOBKH CJla-
raembix), a MpocTble BUJa 4k + 3 HenpeacTaBUMbl TaKUM 06Pa30M.

18*. Tlyctb n= (2?7 —1)/3, p >3, —npoctoe uncno. Jlokaxure, uto
ayn|22° —1;6) 4p2P~'+1)|n—1;8) n|2" - 2.

19%. (Uebbiién.) [Ipumensass kBagpaTHUHbI 3aKOH B3aUMHOCTH, JIOKa-
JKUTE, UTO 2 — 11epBooOpa3Hblii KOPeHb M0 MOJYJIO MPOCTOr0 Uucia p BUIAA
4g + 1, rie g —npocToe, U M0 MOJYJII0 MIPOCTOTO uucyaa p Buaa 2q + 1, e
q =4k + 1 —npocroe. Ecau ke B nocsenHem ciyuae npocroe g =4k + 3,
TO MepBooGpas3HbIM KOPHEM MO MOJyqo p =2qg + 1 Gyner MuHyc nBa.

20%. (Yebbiién.) [1pumenss KBaapaTHUHbII 3aKOH B3aUMHOCTH, I0KAXKH-
Te, UTO 3 eCcTb NepBoOOPa3HbIi KOPeHb MO MOJAYJIO TpocToro uucia Pepma
22" 4 1. TlpuMeHsisi KBaAPaTHUHBII 32KOH B3aUMHOCTH, 0KaXKHTe, UTO 3 eCTh
nepBo0o6pa3HbIl KOPeHb MO MOJyJ0 MpoCcToro uucia Bupa 4 -2™N + 1, e
N >9%" /(4 -2™) —raKxke npocToe.

21. (UeoObién.) [lpumensisi npeapiayline 3aaauu, mpoBepbTe, uTo jBa 6y-
JIeT NepBooOpPa3HbIM KopHeM o Moayasm 11, 59, 83, 107, 123; Tpu Gyzer nep-
B0oOGpa3HbIM KopHeM 1o MojyJisim D, 17,89, 137,233,257, 569, 809, 857, 6737,
65537; MuHyc JBa OyJeT nepBooOpa3HbIM KOpPHEM MO MojayJsM 7, 13, 47.
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22%. MoHoToHHas (pyHKLMSA 00J1a1a€T CBOHCTBOM MYAbMUNAIUKAMUBHO-
cmu: 1Uist JIOObIX B3aMMHO TPOCTBIX /1 U A JUlsl €e 3HAUeHHH CHpaBelJInBO

paBeHCTBO
[(mn) = [(m) ().

Hokaxute, uto f(n) =n ais mo6Oro HaTypasbLHOTO UYHCJA 1.

23. Ilyerb ay, ..., @, —He 00653aTe/IbHO pasJIMUHbIE 3JIEMEHTbl PYIIbl
nopsiaka n. Jlokaxkure, uTo NPOU3BeJieHHe HECKOJIbKHUX MOAPSL HAYLIHX dJe-
MEHTOB PABHO €JIMHMIIE.

24. MOXXHO Jii TpYIITy MPEJICTaBUTh B BUjle 00 beIMHEHHUST IBYX COOCTBEH-
HBIX MOArpymnmn?

25%. Jliobasi KoHeuHasi rpynna 0oJiee ueM M3 JBYX 3JEMEHTOB HMeET
HETOXK/IECTBEHHBII aBTOMOP(U3M.

Ykaszanue. Ecau rpynna HeKOMMyTaTHBHA, TO OHAa MMeEET HETOX-
JleCTBeHHbIH  aBTOMOpGHU3M Buaa x — axa~'. Eciu oma KoMMyTaTHBHA
M He KaXKIblii KBajpaT B Hefl paBeH eJMHMLE, TO aBTOMOP(H3M x — x ' —
HETOXK/JeCTBEHHBII. B ocraBlinxes ciyuasx oHa uzomopcgHa rpynmne (Zo)".

26*. (C.B.Konsirun.) Ilycth 1 — HauMeHblllee UHCJIO 3JIEMEHTOB 4,
i=1, ..., n, B xoHeuHol abeseBoii rpynmne G, Takoe, uto M060H 3aeMeHT G
MOKHO NPEACTaBUTb B BUle £a; £ a;, £ ... JloKaxure, 4To

log; |G| < n <log, |G].

YkazaHnue. [na nojyueHuss BepxHeld OLEHKH BbiGepUTe MaKCUMaJb-
HOe MHOXKECTBO 3JIEMEHTOB a;, [ =1, ..., 1, Takoe, 4TO BCE UX CyMMbl OyIyT
MONAaPHO Pa3J/IMUHBbI.

27%*, JloKa)KuTe, 4TO CYLIECTBYET CKOJIb YTOJHO MHOTO MOAPSI MIYLIUX
HaTypaJibHbIX UMCeJl, He TPEACTaBUMbIX B BUJIE CyMMbl KBaJIpaToOB JBYX HATy-
paJIbHBIX YHCEJI.

§2.9. Anre6pa u KpunrtoJorus

UuTaresb yKe UMeeT MpeacTaBjeHHe, uTo Takoe ajnrebpa. A uto Takoe
KpunroJorus? Jlo HelaBHEro BPEMEHH 3TO CJOBO MOXKHO ObIO YCJbILIATH
TOJIBKO Ha ClelMaJlbHbIX Kypcax B HEKOTOPBIX CrelMalbHbIX yueOHbIX 3aBe-
neHusix. Ho ceiluac oHo crajio MesibKaTh Ha CTpaHMLAX HayUHbIX *KYpHaJsOB
U B Tpyldax KoHgepeHUWiA. Dbl OTKpbITO onyGiuKoBaH nepBbiii B Poccuu
yueGHHK 1o KpunTtorpaduu, HanucaHHblil npenogasaressmu akaaemun OCB.
Hauana nosiBaiTbcsl M MomnyJisipHasi JiUTepaTypa Mo 3TOMY BOMPOCY, B TOM
urcsie nepeBojl HanucanHo# ette B 1970-e roubl kuuru J1. Kana «Banomiukn
konoB» (M.: Llentpnoaurpad, 2000).
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Ham ka)keTcsi yMeCTHbIM JIaTh 3/1eCh KPATKUE, B OCHOBHOM MCTOPUUECKHI,
0030p Ha 3Ty TeMmy.

Kpunrosiorust nenurcsi Ha JBa HarpaBJ/ieHUst — KPUMTOrpaduio U KPUIITO-
aHanus. Kpunmoepadghusa * 3aumiaer tHGopmaluio ¢ noMollblo wughposa-
KU OTKPBITOTO TEKCTa, Ha »KaproHe KpUNTorpador Ha3biBaeMoOro (paHily3-
CKUM CJIOBOM K.ep.

Onpepnenenue 62. [llugposarue — 10 obpatmoe mnpeobpaszoBaHHe
kiaepa B wugppmexcm. OHO onpejessieTcss AByMs B3aUMHO 0OpaTHBIMH
orobpaxenusmu Ep: T — C u Dy: C — T, rne T — MHOXECTBO BCeX KJIEpOB,
C — MHO>KeCTBO BCeX LIU(PTEKCTOB, k — KA104, BbIOUpPaeMblil U3 APOCIPAH-
cmea kaodel K. Ecan o6o3Haunth uepes £ mHoxecTBO {£;: k € K} BCex
omobpancenuil sauugpposanus a uepes D mHoxecTBo {Dy: k € K} BCex
omobpacerutl pacuiugposarus, To 1s Joobix { € T, k € K BbinoJiHsier-
cs1 paBeHeTBO Dy (ER(f)) =t. Torma coBokynHocts (7, C, K, E, D) HazoBeMm
wugpom, uan wugp-cucmenod.

[TpocTefiInMU ¥ CTapelIlIMMU KJacCaMu H(POB ABJASIOTCS WHGPDI Te-
pecTaHOBKH U 1Mdpbl 3aMeHbl. B stux wmdpax C =T = A", rne A — andasur
TeKCTa, /1 — JJIMHA COOOLLEHHUSI.

Onpenenenue 63. Posb Kawoua B B wugpe nepecmaro8Ku Urpaer
MPOM3BOJIbHAST MepecTaHoBKa R € S,, W3 TIPyMNMbl MePecTaHOBOK MHOXKECTBA
{1, ..., n}; Takum oGpasom, MpPOCTPaHCTBO KJtoued K =S,, orobpaxkeHue
1k poBaHUsi OrpejiessieTcst PaBeHCTBOM

Ex(arag ... ay) = apnyaee) --- e,

a orobparkeHue pacindpoBaHusl OMpPeiessieTcs] PaBEHCTBOM

Dk(alag a,l) :akfl(l)akq@) ak—l(ﬂ).

Onpenenenue 64. Pousb kioua k B wiugpe 3amerol urpaetr npous-
BOJIbHAsI TIepeCcTaHOBKa R € S4 M3 TPYMIbI NepecTaHOBOK andaButa A; TakKuM
00pa3oM, NpocTpaHcTBo Katoueld K =Sy, oTobpaxkeHue LIMppoBaHus onpe-
JleJIsIeTCsl paBEeHCTBOM

Ep(aiag ... an) =k(ar)k(as) ... k(an),
a omobpadicerue pacuiugposaris onpeessieTcsi PABEHCTBOM
Dp(ajas ... ay) =k NaNk " (as) ... k= (a,).

YKe M3 3ITHX ONpelesieHUd BHIHA CBfI3b Kpunrorpaduu ¢ anreGpoi.
N3 caenyrounyx najnee npuMepoB Mbl YBUANM, YTO CTAPEHLIMMH NPUMEHEHH -
MH TPYIIbl MEPECTAHOBOK ajrebpa o6s3aHa UMEHHO KPUMTOrpaduH.

* TafiHomuch B MepeBojie ¢ TPeuecKoro.
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[Tpumepsl. 1. [lepsblil idp nepectaHoBKH, corsacHo [layrapxy, uc-
nosb3oBatu B Cnapre. Ha UM/IMHAP, KOTOPBIA HA3bIBAJICS CYumand, njaoTHoO
HamaTblBaJlach y3Kasl nepraMmeHTHasi JieHTa. Baosib OCH LMJIMHIpA 3aMHChi-
BaJicsl TeKCT. JIeHTa cMaTbiBaslach M MepefaBajach ajpecary, KOTOPblH YnTall
cooOllleHHe, HaMaTbiBasi JIEHTY Ha TaKylo ke cuurtasjy. KswouoMm kK 1mudpy
SBJISIETCS IMaMeTp clUUTa/bl. [1epBblil »Ke ychelHblii MEeTOJ BCKPBITHS 1IH(-
pa MpuIMcbiBaeTcst APUCTOTENIO0, KOTOPBI MPEeIONKUI HAMATHIBATH JIEHTY
Ha KOHYC, CIIBUTasl €e OT BEPLIMHbI K OCHOBAHHUIO KOHyca. Tam, riae auamerp
KOHMUECKOT0 CeueHHsl CoBNajaJl ¢ 1MaMeTpoM CLMTAJbl, HA JIEHTe NPOCTyNaJu
OCMbBICJIEHHbIE CJIOTH W CJIOBA, [10CJIe Yero M3roToBJslach CLMTala COOTBET-
CTBYIOLLETO JIMAMETPA.

2. Ilepsobii wndp 3amenbl uzoopes tOaui Llesapb. B kauectBe nepecra-
HOBKM OYKB aJsipaBUTa UCIOJIb30BaJach NepecTaHOBKA, KOTopas /s CoBpe-
MEHHOro aJjipaBUTa BLIMVISAUT TakK:

(abcdefghijklmnopqrstuvwxyz)
defghijklmnopgrstuvwxyzabc

— [IPOCTO LMKJMYECKUH CABUT Ha Tpu OykBbl. O6paTHasi nepecTaHoOBKa TO-
»Ke, €CTECTBEHHO, SIBJISIETCS LIMKJIMUEeCKUM cBUroM. B obuiem ciyuae B 3TOM
1ndpe UCrosb3oBasicst CABUN Buja i — (i + k) mod 26 u KjoUOM SBJSIOCH
unesio k. Tak Kak KJoueBoe MPOCTPAHCTBO HEBEJIUKO, aJITOPUTM UG POBAHUS
Lle3apb, BUAUMO, He 0c060 apuLINPOBAJL.

3. BoJbliiee kioueBoe MpPoOCTPaHCTBO Y ag@urHo2o wugppa, Tak Kak
B HEM HMCIOJIb3YIOTCS TlepecTaHOBKU Bujia [ — (ai + k) mod 26.

4. K kaaccy 1wMdpoB MepecTaHOBKH OTHOCATCS LWUMPbl MaAPUPYMHOL
nepecmarnosku. VUnea y uux takas. Coo6llleHre 3amuchbiBaeTCcst B TabJIHILY
Mo OJIHOMY MapuUIpyTy, HallpUMep M0 FOPU3OHTAJISAM, 8 CUMTBIBAETCS MO JPYy-
romy, HarpuMep 1o BepTHKassiM. st yBesnueHus KJIOUeBOro NpoCTpaHCTBa
UCI0JIb30BaJIaCh elle MepecTaHoBKa CTOJIOLOB TabJHLbI.

Kpome ykasaHHbIX ABYX KJaccoB LUM(POB, M3/laBHA M3BECTHbI M Jpyrue
MeTobl lwKrdpoBanusi. Hanpumep, BTOpbIM LIKPPOBaNLHBIM TPUCIIOCOO/1EHH -
eM B Cnapre Oblia mabauya Ines. Ha Hell TOpU30OHTaNLHO pacriosarajics
a/(aBuT, a 10 GOKOBLIM CTOPOHAM JIEJIAJIUCh BbIEMKH /1 HAMATbIBAHUS HU-
4. Hutb HamaTbiBasiach Ha Ta0JHLLy, IBUrasich M0 KaXKAO0H CTPOKE B OJHOM
HanpasJeHuH, U HanpoTUB OYKB COOOLUEHHS HA Hel 3aBsA3bIBAJUCH Y3€JKH,
KOTOpble W MPEeACTaBJsAIN cOO0H 1MPPTEKCT (PaKTHUECKH B ABOMUHOM aJl-
taBure). Jlaisi uTeHUsi cooOllleHUsT HUTh HaMaTbiBajiach Ha Ty »Ke TabJIHlLy,
KOTOpasi ¥ CJyxKujaa KJaouoMm K wugpy. Meropusi He coxpaHuia cooOlleHHi
0 BCKPBITHH 3TOTO LIKppa.

JpesHerpeueckuit ucropuk [TonuGuit onucas cienyouiuii crnocod mngpo-
BaHus. AJipaBUT 3anuchIBaJics B KBapaTHylo TabJHIy O X 5 U Kaxaas 6yKBa
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uiMdpoBasach napoil cBoux KoopauHat (i, j) (HoMepamu CTPOKH H CTOJIO-
1a), a nepeiaBaTbcsi COOOLIEHUST MOIVIM B TO BPeMsl C MOMOLIbIO (aKesoB —
i (akesioB B JIeBOH pyKe U j pakesioB B NpaBol o3Havasu napy (i, j).

Kcrary, stor wudp npeincrasisier, BEPOATHO, NEPBbIH NpUMep TaK Ha-
3bIBAEMOTO AP asuUmHo20 KOOUPOBAHUSL, KOTOPOE 3aKJIOUAETCsT B TOM, UTO
Kaxkaasi 6ykBa asihaBuTa COOOILEHHS] 3aMEHSIETCST Ha CJIOBO B O0Jiee KOPOTKOM
wugppoargpasume.

HasnbHefiliee pasBuTHe HeM ajiaBUTHOTO KOAMPOBAHHS MPHUHALJIEIKUT
3HAMEHHUTOMY aHIIMHCKOMY (busocody, 330TepuKy W nucatesto capy PpeH-
cucy B3KoHy, KOTOpbIH Haua/J HCMOJb30BaTh JBOMUHbBIA ajiaBUT B KauecTBe
wdpoandasurta. B kpunrorpacdun, npasaa, 3To He Halio 0cobOro Mpu-
MEHEHHs!, JIaBHbIM 00pa3oM H3-3a MATHKPATHOrO YIJHHEHUs] LIM(pTEKCTa
B CPaBHEHHH C KJIEPOM, HO 3aTO 3Ta Wes Jiersia B OCHOBY TeJierpadHbiX Ko-
10B (a3byka Mopse), KoTopble cefiuac BBILLIM U3 YNOTpeOJseHUsT U HX POJib
B KAKOM-TO CMbICJIE HIPAlOT KOMIbOTepHble Kojbl, Hanpumep, ASCII-koz,
a Takxe, HalpuMep, B OCHOBY KOJI0B Dpaii/isi, Ha KOTOPbIX MUIIYT KHUIH /15
CJIEMbIX, WJIH LITPUX-KOJOB HA TOBAPHbIX HakJelKax *.

BosBpauiasicb K UCTOPHH, CaellyeT cKasdaTb, UTO MePBble UeH KPUIITOrpa-
¢huu, Takue, KaKk 3aMeHa CUMBOJIOB, nosiBuMch B [{pesHem Erunte u [llymepe.
Ho ucnosibsoBanach oHa, BEepOsITHO, TOJLKO /1 LUH(POBAHUS PEJIUTHO3HbIX
TEKCTOB, MEIMLIMHCKUX pellenToB U np. Ee pasButue cliepKUBAIOCH CJAUIIKOM
GOJbLION CJ0KHOCTBIO HIEOTPA(HUECKOr0 MUChMA.

[lepBoe mnpuMeHeHHe B TIOJNMTHUECKMX LEJAsIX KpunTorpadud U xpun-
moaHaAu3a, T.€. HAyKHu O UTEHWH KPUITOrpaMM MPH HEH3BECTHOM LIH(pe
WIM KJoue K HeMy, BepOsITHO, MPHHAJIEKUT JpeBHUM HHAaycam. [Ipas-
Jla, He COXPaHWJIOCh WH(OPMAlMH, KaK W Kakdhe IHGPbl OHU yMeJu
BCKPbIBATh.

C rtex nop Kpunrorpadusi NpUMeHsiJiach B OCHOBHOM YK€ C MOJIMTHUECKH -
M LeasiMd. O TOM, KakK 3To JeJ1aJu IpekH, yxke ropopusock. [Tocse HUX, Kak
1 B MaTeMaTHke, scTadery NpuHsad apabol. Camo cj10BoO «WHpp» apabCKoro
npoucxoxaeHust. O TalHOMUCH yNOMHHAJIOCH Jlaxke B cKadkax « Thicsuu H o1-
HOM HOuM». [TepByl0 B MCTOPHH KHHUTY, MOCBSIIEHHYIO OMUCAHHIO HEKOTOPBIX
undpos, Hanucas B 855 . AGy Bakp Axmen 6en Asu an Habaru.

B 1412 r. lexa6 anp Kauwkanmu B cBoedl 14-TOMHOH 3SHUMKJIONEIHH
MOMECTHJ pasjiesl noj HazBaHueM «O COKpbITHH B OYKBax TalHbIX cooblle-
HUH», B KOTOPOM KpPOMe CEeMM pasHblX LWH(POB BIEPBble MOSIBUJIOCH OMNU-
caHue BCKPBITHS WH(POB memodom wacmomuoeo araausa. CTaTUCTHKY
BCTpeuaeMocTH OyKB M OWUrpaMMm OH cocTaBW/ Ha ocHoBe Tekcta Kopana.

* UepHble U GeJible IPOMEKYTKH B HHX COOTBETCTBYIOT NOCJIEI0BATENILHOCTSIM HYJIEH H eHHHLL
JUIHHBL OT 1 110 4.
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C 3TOr0 MOMEHTa HauUWHAET CBOIO UCTOPHUIO KpHUNTOaHa u3. KcTaTh, 3TM Me-
TOJIOM YCIIElIHO BCKpbIBAlOTCs ahrHHbIe MIHUDPHI, OMUCAHHbIE BHILLIE.

B Espore, nocse nepuojia 3actost B TeMHble BeKa H B PAHHEM CpPe/IHEBEKO-
Bbe, Kpunrorpadusi, Kak 1 MaTeMaTHka, HauaJsa 6ypHo pasBuBaTbes B Mrasnnu.
[TepBbiil 3alIMpPOBaHHBII TEKCT, XpaHsILMIcS B apxuBax BaTtukaHa, natupy-
erca XIV B., a nepBbiii npocrednii mngp — XII B.

B XIV B. cekperapb Pumckoro nanbl [a6pusiab ne JlaBunna, nomMmumo
uiMdpoasdasura ¢ NycThlllKaMd (HHUEro He 3HayalllUMU CHMBOJIAMH), HC-
M0J1b30BaJl TAKXKe CIUCOK 4acTO BCTPEUAIOLLHUXCS B MEPerUcKe CJI0B U UMEH,
KOTOpble 3aMeHsIUCh K0dogbimu caosamu. Booblle xodom HasblBaeTcs
3aMeHa Ha JIpyrue CHMBOJIbI He OTIE/bHBIX CHMBOJIOB, KaK B LIH(PE, a UeJbIX
cioB. CIHCOK KOJIUPYEMBIX CJOB M HX KOJOBbIX 9KBHBAJEHTOB Ha3blBaJjcs
HOMEHKAAmMOopoM. Tak xe cTaju Ha3blBaTbCs TMOPUIHbIE CUCTEMBI, COUeTa-
tolie B cebe cBocTBa U 1Mdpa, U koaa. Co Bpemen [abpusns ne JlaBunabl
MMEHHO HOMEHKJaTopbl cTajid Ha 450 JieT OCHOBOH IIM(POBAJIBLHOrO Jesa
B EBpore.

B 1401 r. B MaHTyaHCcKOM repuorcTBe Oblil BIE€pBble M300pEeTeH MepBblid
npeiacTaBuTesb WH(HPOB MHOLO3HAUHOL 3AMEHbL, UK OMOGDOHOS.

B 1474 r. nosiBunach kuura o tavHonucd Yuko CHMOHETTH, cekpeTaps
Musnanckoro repuora. ITo Obl, BEpoOsITHO, MEPBbI B MHUpe TpakraT, Mo-
CBSILIEHHDBIH KPUMTOAHAIN3Y. B HeM Wasarasuch npaBusa BCKPBITHS WHGPOB
NPOCTOH 3aMeHbl U BbICKa3blBaJlaCh ujesi M(POB NPONOPYUOHANbHOL 3a-
MeHbl, B KOTOPbIX UHCJIO PA3JIMUHBIX 3aMeH AJIsl KaxKa0i OyKBbl OblIO MPO-
MOPLUMOHAJBLHO YACTOTE €€ BCTPEUAEMOCTH B OTKPBITOM TEKCTe.

Bripatowumest kpunrorpacdom nposiBuil ce0si 3HaMEHHTBIA HTaJbsHCKHH
tdusocod, XynoxKHUK U apxutekrop Jleon Anbbeptu *. B 1466 . B cBoeM Tpy-
Jie 0 1Hdpax oH ONUCaN WUdpPOBaLbHbLI OUCK, KOTOPBIH COCTOSIT H3 HEMOo-
JIBU2KHOTO OOJIBLIOTO U TOJABHAKHOTO MAJIOTO COOCHBIX JIMCKOB, Ha KOTOPBIX
OblIM HAMMCaHbl CHMBOJIbI ajipaBuUTa, MpHUeM Ha GOJLLIOM JAMCKE yeTbipe
camble PeIKO HCIoJb3yeMble OYKBbI OblIM 3aMeHeHbl Ha MepBble ueTbipe Lud-
pbl. DTOT AMCK peasM30BbIBaJ LWIKGP NpocToil 3aMeHbl Llesaps, posb Kitoua
urpajia BhiGpaHHasi OyKBa Ha MOJBHXKHOM jaucke. Ho mocsie Toro, kak Obl-
Jla 3alIMpOBaHA UYACTb TEKCTA, KJIOU M0 ONpeeJIeHHOMY MPaBHJy MEHSJICS,
TakuM 06pa3oM, AJb6GepTH (haKTHUECKH MOJIOKUI HAYaslo MHO20aAPasum-
HolM WHpPaM, KOTOPble CTaJlM BIOCJEACTBMH OCHOBHBIM KJaCCOM LIM(POB,
MCIOJIb3YEMbIX C Cepbe3HbIMH LeisiMH. Kpome Toro, oH coctaBu/ 60JbLLIOKH
HOMEHKJIATOp, B KOTOPOM B KaueCTBe KOJOBbIX CJIOB HCIOJIb30BAJUCh UKC/IA
or 11 no 4444. Eciu c/0BO M3 HOMEHKJAaTOpa BCTPeUasoch B TEKCTe, OHO

* JI.b. AnbGeprn (Leon Battista Alberti, 1404—1472). CdopmyinpoBas 3akoHbl nepc-
TEKTHBBI.
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3aMEHSJI0Ch COOTBETCTBYIOIIMM KOJOM, a MOTOM LIH(POBANOCh C TOMOLIBIO
JINCKA HapaBHe ¢ JIPYruMH cjoBamu. Takum oGpasom, AnbGepTu H300pes Ko-
OvL ¢ nepewugposaruem, NoJyuuBLIHE LLIMPOKOE PACNPOCTPAHEHHE TOJBKO
B KoHlle XIX B. CBo# mudp oH HasBas «UMPOM, TOCTOHHBIM KOPOJIEH>.

Cuieyromuii 1ar B pa3BUTHH MHOT0aJI(paBUTHBIX IH(poB caenan B XVI B.
3HAMEHUTHIN (usocod U 330Tepuk ab6at Morann Tpurtemuil, Hanucapiluil
kuury «Creranorpagusi». B Hell BnepBble MosiBUjiach KBajpatHasi TaGJjiu-
ua s wdposanusi. B nepBoil ee cTpoke Obl1 HamucaH OObIUHbIN ajda-
BHUT, BO BTOPOH CTpoKe OH OblJl LMKJIHUECKH CABHHYT BJIEBO Ha OJHY OYKBY
u T. 1. [lepBas 6ykBa 1mmdpoBanack nepsbiM ajapaBHTOM, BTOPas — BTOPBIM
andaButoM u T. 1. Takum o6pa3om, mnudp TpuTemMus cTas nepBbIM MPUMEPOM
nepuoduueckoeo wugpa. OH UMes NPeuMylIecTBO nepen udpom Auib-
6epTH, Tak Kak WH(poandaBUTbl B HEM MEHSJIUCh MOCTOSIHHO, a He uepe3
HEKOTOpbIe TPOMEXYTKH, KaK y AsbbepTH.

B 1553 r. /IxxoBanuu bBarttucra Benazo nmpeisiorkus UCNosib30BaTh s
1M(POBAHUST KOPOTKHH, JIETKO 3arOMHHAEMBIH K.4/04, KOTOPBIH OH Ha3Bausl
napoaem. I1aposib NepHOJAMUECKH BbBIMUCBIBAJICA HAl LIH(GPYEMbIM TEKCTOM
1 ero OYKBbI YKa3blBaJIM HA TOT aJsihaBUT, KOTOPbIH UCMOJb30BAJICS s K-
pOBaHHUs COOTBETCTBYIOLLEH OYKBbI TEKCTa.

Uepes 10 ner 28-neruuii JlxkoBanun pessa [lopra ony6/ankoBan KHH-
ry «O rtaliHOH nepenucke», B KOTOPOH ycoBeplUeHCTBOBaJ Mieu Tpuremus
1 benaszo, a takke npemioxusn wudp npocmoti OuepamMmHol 3amMeHol.
B Hem c momouiblo crieuuasbHON TaGJMLbl 3aMEHSINCh Ha LUH(POCHMBO-
Jibl Mapbl OYKB OTKPBITOTO TeKCTa. IDTOT LWMp CcTaj NepBbIM M3 KJjacca
O10UHbIX WUGPO8, B KOTOPbIX TEKCT pa3buBaercsi Ha OJIOKH, KOTOpble
notom wudpytorcst. Iudpsl ¢ noOyKBeHHbIM LIKM(PPOBAHMEM Ha3blBAlOTCH
NOMOUHBIMU.

3HaMEeHHUTBI MaTeMaTHK, H3o0peTaTesib, Bpay, acTPoOJIOT, 330TE€PHK
u kpunrorpad xuposamo Kappano, umsi KoToporo euie BCTPETUTCS Ja-
Jiee, MPEeLJI0XKUI UCI0/b30BaTh B KauecTBe KJ/oua CaM OTKPbITbIH TEKCT.

Aty uzeto passua dpaniy3ckuil kpunrorpag 6apon bies ne Buxkenep,
KOTOPBIH TMPEANOXKUI TaKKe B Tabmule TpuTeMusi mepemelnBath ajdaBuT
B MEPBOH CTPOKE, U C TeX Mop ee HasbiBaloT Tabuinel Buxkenepa. B kauectse
CaMOKAIO4A OH TPELJIOXKUJ UCIOJb30BATh CaM OTKPbITbIA TEKCT, HO C J10-
OaBJIeHHON B €ro HauaJo CeKPeTHOW KJoueBOi OYKBOH, U3BECTHOH MoJyda-
TeJlo.

HeckosbKo oTBiekasich, 3aMeTHM, 4TO B CpeiHHe BeKa Kpunrorpagus
CBsI3bIBaJlach He CTOJIbKO C MaTeMaTHKOH, CKOJIbKO ¢ Marued. B cBoeil KHure
J1. Kan 1o cyliecTBy Ha3blBaeT 3T0 00bIBATENbCKUM MPEIPACCYIKOM H 00bsiC-
HSET ero MPOUCXOXKIEHHE TeM, UTO aJXUMHKH M aCTPOJIOTH YacTo 3aliudpo-
BbIBAJIH CBOM TEKCThI, a TaKXKe YAMBJIEHHEM OT CaMOH BO3MOXKHOCTH BCKPbLITHS
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abcdegfijkhklmnopqgrstuovwxysz
bcdeglijklmnopgrstuovwsxyza
cdeglijklmnopqgrstuovwxyzab
deglijklmnopqgrstuovwxyzabec
egfijklmnopgrstuvwxyzabcd
glfijklmnopgrstuvwxyzabcde
fijkhlimnopgrstuvwxyzabcecdeg
ijhkimnopgrstuvwxyzabcecdeg]
jklmnopgqgrstuvwxyzabcecdeg]|[i
klmnopgqgrstuvwxyzabcecdegf(fiij
Imnopgrstuvwxyzabcecdeg fiijhk
mnopqrstuvwxyzabcecdegfiijkl
nopgrstuvwxyzabcecdegfijklm
opqgrstuvwxyzabcecdeg lijklmn
pgrstuvwxyzabcecdegfijklmno
grstuvwxyzabcecdegfijklmnop
rstuvwxyzabecdegfijklmnopyg
stuvwxyzabcecdeglfijklmnopaqgr
tuvwxyzabcecdegfijklmnopaqgrs
uvwxyzabecdegfijklmnopgqgrst
vwxyzabcecdeg fijklmnopgqgrstu
wxyzabcecdegfijklmnopgqgrstuv
xyzabcecdeglijklmnopgqgrstuovw
yzabcdeglfijklmnopaqgrstuvwsx
zabcdeglijkhklmnopgrstuovwxy

Puc. 20. Ksanpar Buxkenepa

wundpa. Ho 310T npenpaccynok 102Ku/ MOUTH 10 HALIEro BPeMeHW, U B Ha-
nucanHor B 1928 r. kuure amepukanua Mauiau XoJia « DHUUKIIONENIUUECKOE
U3JI0’KeHUe MACOHCKOMH, repMeTHYecKol, Kab0a/MCTHUECKOH U po3eHKpekiie-
poBcKo# (husocoduu», nepeBenieHHol y Hac B 1992 1., ecTh pasien o KpHIi-
Torpaduu, HaMmMCaHHbIA OTHIONbL HE C HAyUHbIX MO3ULMH. 3aMETHUM ellle, UTO
TaK Ha3blBaeMasi eCTeCTBeHHas Marusi, aaentaMu KoTopoi Obuin M. ®uunHo,
[Tuko ne Mupannonna, Arpunna, [lapauenbc, xxopaano BpyHo u apyrue,
Oblyla LIMPOKO pacnpocTpaHeHa B cpenHeBekoBbe. M Tpuremuii, u Kapnano
NUcaJjii O Hell B TeX »Ke KHHUIaxX, B KOTOPbIX OHHM OMUCBIBAJH CBOM LIU(PbI *.

KapaaHo Takxke npeajioxKusl UCIoJb30BaTh sl LM(POBAHUS 1OBOPOM-
Hyto pewemky. OHa TmpencraB/sia coOOH TBepiblH TpadapeTHbId JIUCT,
B KOTOPOM OblIM MPOJEaHbl MPAMOYroJibHble mpopesu. JIUCT HakaaabiBajcs

* Cm. 06 s1om kuiry ®p. Meiite «JKopaano BpyHo H repMeTHyecKas TPajiiis».
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Ha Oymary TOro ke pasmepa, a B npopessix nucajnocb coobuieHue. [Tocie
CHATHUSA PELIeTKH Ha Oymare JOMUCHIBAJICS TEKCT, MAaCKUPYIOLMH CEKpeTHOe
cooOleHHe.

[TonoGHBIM MeTOIOM [10JIb30BaJIUCh, HANpUMep, KapiauHada Puiesbe
u A. C.Ipu6oenoB Bo BpeMsi CBOel IUMJIOMATHYECKOH paboThI.

DakTHUECKH 3TO ObI METOJL HE CTOJILKO 1IM(POBAHHUS, CKOJIBKO CrMeearo-
epaguu. [loa creraHorpadueil noHUMAIOTCS ceHuac METOMbl CKPbITHS CaMOT0
(hakTa rnepeiaul CEKPeTHOro cooOLIEHHS], UM OHA OTJIMUAETCS OT KPUIITOrpa-
(un, B KOTOPOH caMm (hakT nepejraud KpUITOrpaMMbl HMUKAaK He MaCKHpyeT-
cs. Kak creranorpaduueckuil MeTo MpUMeHsT CBOH ABOWUHBIN Kox PpeH-
cuc bakoH. Bmecto nBouuHbIX LMdp OH MCMOJB30Bad OObIUHBIH a/(aBuT,
HO cO WpHudTaMH IBYX THTIOB. TaKUM METOJOM MOXKHO ObLIO B JIIOGOM TEKCTe
CrpsATaTh WUMPOBKY, €cyi KOHEUHO, LWPUPTHI ObIM JOCTATOUHO MaJIO Pas/iu-
UMMBI.

WurepecHo, uto B XIX B., rjiaBHbIM 00pa3oM B Kpyrax, HHTepecyroLHX-
csl HacJIelieM BO3HHUKILIEro B CPeIHEBEKOBbE TAHHOIO MHUCTHUECKOTO OpjeHa
PO3€eHKpeillepoB, nosiBuach uiesi, uto Ppencuc BakoH, KoToporo cuuraJu
pO3€eHKpeillepoM, sIBJseTCs HacTosilMM aBTopoM mbec Lllekcnupa. Haua-
JIM UCKaTb MOATBEPXKIEHHE 3TOro B LIM(pax, KOTOpble MOl OCTaBUTb B3koH
B CBOMX KHHrax, a Takxke B [E€PBOM 3HaMeHHUTOM Hu3jaHuu nbec Ulexkcnupa.
Bblso, ecTecTBeHHO, HalIeHO MHOTO TaKMX, sIKOObI 3alH(POBaHHBIX, (par-
MeHTOB. Cepbe3Hble UCCJIe0BATE/ U, NTPaB/a, 3aMeuaJi, UTo B J060M JJIUH-
HOM TEKCTE MOXKHO MPH KeJIaHUH W HEKOTOPbIX HATSXKKAX HAHUTH KOPOTKHE
(hparMenTbl, HanoMuHaloume wWhgpbl. Ho y ctoponHnkoB aBTopetBa bako-
Ha CTpeMJIEHHEe J1I0Ka3aTb 3TO KPUNTOrpauuecKUM METOJIOM MPHHSIO0 dhopMy
MaHnH. AMepukanckuil munanonep ®Pabuan naxke cosman B Hauasme XX B.
Ha CBOH JleHbIH J1a00PaTOPHIO KPHIITOAHAJHM3a, KOTOpash 3aHUMaJlach TOJIbKO
NOMOOHBIMH UCCJIEI0BAHUSMH.

dabuaH HaHssl HA pabOTy AUIJIOMUPOBAHHOTO reHeTHKa YusibsimMa Dpuj-
MaHa, cblHa sMurpaHtoB u3 Poccuu. Uepes HekoTopoe BpeMst Ppuaman yxe
Bo3riapJsil y Pabuana W J1abopaToOpPUIO IeHETHKH, UMEBLUYIO MPHUKJALHYIO
CeJIbCKOXO03IHCTBEHHYIO HalpaBJ/IeHHOCTb, W JIaGOPaTOPUIO KPUITOAHAJIN3A.
JlokasaTb aBTOpcTBO B3KOHA OH He cMmor, 6oJiee TOTo, OH BIOCJIEACTBUH Oy -
JIMKOBAJI KHUTY, TJle OMpoBepraj BO3MOXKHOCTb TAKOTO KPUOTOrpaHuecKoro
Jl0KazaresbeTBa. Ho oH He Ha WyTKY yBJeKes Kpunrorpaduei i CBoel noauu-
HeHHOH Dsmzaber Cmut, ¢ Kotopo# o6Benuascst B 1917 r. Ouu cranu camoit
3HAMEHMTOH CyMpy»KecKOH mapoll B ucTopuM kpunrorpacuu. [locsae Beryn-
JieHust AMepUKU B BOHHY y HEro ¢ Cymnpyroil mnosiBuJach cepbe3Hasi pabGoTa
10 TPaBUTEJbCTBEHHBIM 3aKka3aM. [locJie BoiHbI OH yuien oT Paduana u crai
IJIaBHbIM KpunTorpadom BoicK cBs3u. Ppuaman ony6JMKoBas Bblaaiolle-
csl paboThl [0 KpHNTOaHa/u3y, yactblo y PabuaHa, yacTblo M03/Hee, Tie
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M3JI02KUJI CBOM MeTo/bl. CaM TepMHH «KpHUNTOaHaNU3» Obll BBeleH Ppuj-
MaHoM. [TocsielHUM ero KpynmHbIM JOCTHKEHHEM OblLJI0 BCKPbITHE SITOHCKOTO
«IypnypHoro wudpa» nepei Hadasom Bropoit MUpOBO# BOHHBL. Ycrniexu ame-
PHUKAHCKOTO KpHIITOAHAJ/MM3a ChilpaJjid €1Ba JIM He peLlaiolylo poJb B nobe-
Jie Hax SInoHued.

[lepexonst K UCTOPUM KPUMTOAHAJNM3A, CTOUT YNOMSHYTb CPEelU BblIalo-
LIMXCA KPUITOAHAJIMTHKOB cekpeTapsi no wwudpaM Beneuuanckoi pecny6-
Jukd JxkoBaHHu Copo — nepBoro KpUNnToaHaJUTHKA, MOJyYHBLLErO LLIMPOKYIO
usBectHocTh B X VI B., Bbinatoierocst marematuka ®@pancya Buera, ObiBiie-
ro ujeHom TtaiHoro cosera lenpuxa [V, ®ununna Ban Maphukca, aBropa
MeJiomuu rumMHa HunepsanaoB u npasoit pyku Busbrenbma OpaHcKoro, Ko-
TOPBIH BO BpeMsl BOCCTAHUS TOJUIAHILEB U (piaMaHALEB MPOTHB UCIIAHCKOTO
BJ1aJIblYECTBA C YCIEXOM BCKPbIBAJ HCMAHCKHE LIH(PBI, U EPBOro 3HAMeHH-
TOrO aHIVIMHCKOro KpunToaHaluTHKa Tomaca Pesunmeca, KOTOPbIH MpounTasl
uidpoBaHHoe micbkMo Mapuu CTioapT, HaXO/UBIIEHCs B TIJIEHY Y KOPOJIEBbI
E/usaBeTbl (M ciesall BCTaBKy). DTa UCTOPUS 3aKOHUMJIACh TParHuecKH st
Mapuu 1 noxasasna elie pas, uto cjaabblil WHGP ellle XyxKe, UeM OTCYTCTBHE
uidpa Boooblle.

Ho XVII B. kpunroanasua 6bu1 GopMasbHO JIeJI0M JI0OUTENEH, XOTS HHO-
IJla ¥ BBIMOJIHSIBLIMX BaxKHble rocynapctBentble nopydenus. B XVII B. B EB-
porie MosiBUJIKCL IepBble rocylapcTBeHHble AellndpoBalibHble Moapasiese-
HHUs1, Ha3blBaeMble HEOPUUMAILHO «UepHbIMH KaOuHeTamMu». [lepBblil Takoil
kabuHeT opranuzoBas Bo ®panuuu Puiienve. HavanbHukom kabuHera cras
nepBblil podeccuonanbHbiil Kpunrorpag ®panuun Autyan Poccrnbosib, Ko-
TOpPbIH BHeC GOJILIIOH BKJAJ B J1€JI0 COBEPLIEHCTBOBAHHS HOMEHKJIATOPOB.

[TosnHee Bo3HUK TaKo# KabuHeT U B AHrsvu. B Hem paoras KpymHeHmi
AHMVIMICKUI MaTeMaTHK Toro BpeMenu JIkoH Basue *.

Caienytoliiyii BeK He Jlajl HOBBIX Wjlell B KpUnTorpaduu, Ho Obll BpeMeHeM
pacuBeTa uepHbiX KabuHeToB. Bo Bpemst uapctBoBanus Iletpa I onu nosisu-
smch U B Poccuu. Cam [lerp nposiaisin uuTepec K Kpunrorpaduu u o6cyzkaad
9TH npobiiembl ¢ JleliGHuLeM, KoToporo npuriawan B Poccuto ais opranu-
sauuyn Akanemun Hayk. Jlefi6nui B Poccuio He moexas, Ho Axanemusi Bce
paBHo Obl1a codnaHa. ¥Yake nocie cmeptu [letpa B Heli ctanu paboratb dijep
u Hanuun Bepuynsu. I1pu EnuzaBete ¢ ycnexom paboTas yepHblil KaGUHET,
B KOTOPOM MrpaJsl BaxKHYI0 pOJib NpUsATesNb Dijepa, U3BECTHbIH MaTeMaTHK
akajneMuk Xpuctuat [onba6ax, nojsyuuBiuMi 3a oka3aHHble Poccuiickoi um-
Mepuy ycJslyrd 3BaHHe TalHOro COBeTHHKA. busiaronapst ero nesiTeJIbHOCTH UM-
Tajsach BCS UMJIOMATHUECKAs MeperucKa.

* JIxk. Bamme (John Wallis, 1616—1703) — anrsmifickuii MatemMaTHK M Kpunrorpad, oauH 13
ocHoBareseil JIOHIO0HCKOro KOpOJIeBCKOro 06IIeCTBa.
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dnoxa uepHbIX KaOMHETOB B OCHOBHOM 3aKOHUMJIACh B MEPHOJ PEBO-
mouponHHoro nogbeMa B XIX B. Ho torma ke, B XIX B., BO3HHUKJ/JIH HOBbLIE
uied B kpuntorpacuu. IlosiBuinch nepsble nuckosble wudparopbl. OnuH
13 HUX Obll H300peteH Gymyiium npesuaeHtom CIIA Tomacom Jxkeddep-
COHOM, HO He OblI NMpUMeHeH Ha npakThke. Ero omnucanue OblIo HaWaeHO
B ero 6ymarax B 1922 r. Kak pa3 B stom romy B apmuto CILIA cranu no-
cTynaTh WH(POBa/bHble MallWHbl, YCTPOEHHble MNPUOJHU3UTENLHO TaK Ke.
Jlpyrie BapuaHTbl JUCKOBBLIX HiMpaTopoB Obliu coszianbl 1. YoucBopTom
B 1817 . v usBecTHbIM (DU3UKOM M H306peraresieM Hapsb3oM YUTCTOHOM,
NokasaBlIMM cBOH 1HdpaTop B 1876 . Ha BeemupHo#i BeicTaBke B [lapuxke.
YUTCTOH TakXKe u3o06pes WHGP, Ha3biBaeMblil uHorna wugpom [lneiidepa,
Mo UMEHH 3aMeCcTUTe/sl npeicenaress najatbl OOUIMH K €ro Jpyra, BHELIHe
OU€Hb Ha HEro MOXOXKero.

Hlugpp [reiipepa—Yumcemona sipasiercst 6;0UHBIM GUrPAMMHbBIM HIH-
pOM TIPOCTOH 3aMeHbl. B KBajpaTHy WJH MPSIMOYTOJIbHYI0 pas3OUTYIO Ha
KJIETKH TaOJIUIy 3arucaHbl B MepeMelllaHHOM Buje OyKBbl ajiaBura. TekeT
pa3buBaercss Ha JBYOYKBEHHble OJIOKH — OUTPAMMbl, TIPOMEKYTKH MEXKY
CJOBAMM 3aMeHSIIOTCSl caMoil pejikol OykBo# aJjdasura. [IpousBosibHasi
6urpamma (a, b) 3ameHnsiercst Ha 6Gurpammy (¢, d) KOTopylo OMpeesitoT cJie-
aytoum o6pazom. Haxonar 6ykeel a, b B tabauue [lneiidepa. Ecau onu
He CTOSIT HA OJIHOK JIMHUH (CTPOKE WK CcTOJIOLE), TO GepeTcst MPsIMOYroJbHUK
C BeplLUMHAMH B UeTbIpeX KJjeTKaX TabJMlbl, B JBYX MPOTHBOMOJOXKHBIX BEp-
LIMHAX KOTOPOro CTOST OYKBbI Gurpammel (a, b). Torna 6ykBbl, o6pasyionine
BTOPYIO JIMaroHasib, COCTaBJSIOT GurpamMmy (c, d), npuuem JJisi onpejeseH-
HocTH OykBa ¢ Oepercsl C TOH »Ke BepTHKaJbHON JIMHUM, UTO U OyKBa 4.
Ecau ke OykBbl @, b CTOSIT HA OJHOW JIMHWH, TO, Hampumep, OYKBbI ¢, d
GepyTcsl ¢ TOH e JIMHUHM, HO C LMKJIHUECKHM CJIBHUIOM Ha COCEJIHION KJIETKY
M0 3TOH JIMHUK B (PUKCUPOBAHHOM HampaBJeHWH (BHU3 WJIM BIIPABO).

B kpunroaHa/suse KpyrnHoro ycriexa 106HIUCh HE3aBUCUMO APYT OT JIpyra
9KCLIEHTPUUHBIH aHTIMHCKUI MaTeMaTHK U u3obperarenb Hapiabn3 Ba6oumk *
¥ OTCTaBHOW Mailop npyccko# nexotsl Ppuapux Kasuecku. Mm ynanocs HailTh
MeTOJ BCKpBITHS Hdpa Brkenepa. Onnako be66umk He ony61MKoBas CBO-
UX Pe3yJbTaToOB, BO3MOXKHO, MOJL JIaBJE€HHEM aHTJIMACKOr0 YepHOro KabuHeTa
(B 370 Bpemd ww1a KpbiMcKasi BofiHa), H O HHX CTasl0 U3BECTHO JIMLIb HElaB-
Ho (ony6aukoBaHo B KHure CaiimoHna Cunrxa (Singh Simon, Code Book,
Doubleday, 1999)). Kasuccku ony6skoBas cBoto KHury B 1863 r., HO oHa
He Bbi3BaJsia TorJia GOJILIIOTO HHTEpPECa W OH IepecTas 3aHHMAThCs KPUMTO-
rpadueil. anbHeliliee ycoBeplleHCTBOBaHHe MeTojla Kasuccku—ba66umka
onyGJHKOBaJ B CBOMX JeKUMAX Mo KpunroaHanusy B 1920 r. Y. dpuaman.

* Y. Bs6umk (Charles Babbage, 1792—1871).
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B XIX B. kpuntorpacus BrepBble cTaja YIIOMHHATbCH M B XyHOXKe-
CTBEHHOH JiuTepaType. Bbiiatoumiics aMepukaHCKUil micaresib U NosT Jarap
[To, MacTep MHCTHUECKOH M TAaHHCTBEHHOH HOBEJUIbI, CO3JaTeJ/b »KaHpa Je-
TEKTHBA W JIUTEPATypbl Y:KAcOB, Halucajg 3HaMEHMTbIH pacckasd «30J10TOH
KyK», B KOTOPOM OIHCaJ TpOLECC BCKPBITHS LIH(pPa MPOCTONH 3aMeHBbI.
BriocsienncTBUM BCKpbITHE LIK(POB OMUCHIBAJIOCH TaKxkKe B pacckadax o Lllep-
snoke Xosamce A. Konau Jlo#nsi. darap [To 6wl Kpunrorpadom-JoouTesnem,
HEOJHOKPATHO MUcaJs 0 KpunTorpacuu B 2KypHaJaxX, ¢ yCHeXoM pasrajplBall
LIM(POBKH, MpHUCblIaeMble eMy uutaTessMd. OH Hamucasj TakkKe XOpPOLIYHo
nomnyJsipHyto cratbto  «Kpuntorpacusi», nepeBos KoTopo# omny6GJHKoBaH
B ero JByXTOMHHKe, usznaHHom B 1995 r. B Cankr-Ilerepbypre. B uacr-
HOCTH, B Hell WM3JI0)KE€Hbl HEKOTOpble CBelleHHsl, TIPUBE/IeHHble HAMH B 3TOM
pasuesne.

B XX B. kpuntorpadus passuBasach oueHb GypHo. B nBaauatbie rojpl
6ot B Tosnannun Koxom, B Tepmanun Ulpe6uycom, B CIIA XeGepHowm,
a B llIBeunn ammom u XareJuHbIM 3anaTeHTOBaHbl HECKOJbKO BapHuaH-
TOB KOAecHblx wugdpamopos. Ho tonbko bopucy XarenuHy, poauBlieMycs
B Poccun coiny llesapsi Xaresnuna, yrpaJsiolero HedTsiHOH KoMraHHei
Ho6enst, ynanoch 6aarojapst 3akazaM aMepUKaHCKOH apMHUU JI0GUTbCS KOM-
Mepueckoro ycrexa. OH cTaJl e IMHCTBEHHbIM Ye/I0BeKOM, 3apa0oTaBLUMM MHUJI-
JIMOHBI HA KPUMTOrpaduH.

Korna komnanusi, ocnoBanHas [lIpe6uycom, npekpaTtuiia CyleCTBOBAHHUE,
NPOU3BOAALLENCS €l0 LIMPPOBAJILHON MALIHHON « DHUIMA» 3aMHTEPECOBAJIUCD
B repMaHCKOH apMHM W OHA CTajla LIMPOKO MCMOJb30BaThbCsl, a €e MPOoU3-
BOJCTBO OblJ10 BO300HOBJIeHO. PaGoTaBlueMy Ha 3aBojie 110 ee NPOHU3BOJCTBY
NOJISIKY Y/1aJ0Ch BOCCTAHOBHTb €€ KOHCTPYKILHMIO, U 3Ta HH(opmMauus aouiia
JI0 oJibckux kpunrorpacgos. [Tocsie Hauasia BoiiHbl Mapuan PexeBckuii, oka-
3aBlIMiic B AHIIWM, yKasaj aHTJIMHCKUM KpHUNTorpadaM Ha BO3MOXKHOCTb
BCKPBITUSL HIHGPOB «DHUIMbI». B najbHediineil paGore yuacTBOBaJ MHOTrO-
TBICSAUHBIA KOJIIEKTHB, B KOTOPOM BbIIAIOLLYIOCS POJIb ChIrpajl 3HAMEHHTbIH
matematuK AsiaH Teiopunr. Ecsiu 6bl HeMellkde IIM(POBAJBIIMKH T10Jb30-
BaJIUCb «DHUIMOH» aKKypaTHO, ¢ COOJIIOJIEHHEM BCeX HHCTPYKUMH, TO UH-
TaTh UX LWKMPOBKU OblI0 Obl HEBO3MOXKHO. HO pasruibasiicTBO CBOHCTBEHHO
1 HEMLAM...

MHudopmauust o ToM, UTO aHMIMUaHAM YAAJ0Ch HAYUMTbCS UMTATh LIH(-
POBKH « DHUIMbI», Gbljia paccekpeueHa TosibKo B 1970-e roabl. OaHa us npu-
uiH OblJIa B TOM, YTO MocJe BOHHbI B EBpore oHa elle MCMOJb30BalaCh
B HEKOTOPbIX CTPaHax, MpUUeM aHIJIMUaHe ee Jlaxe MPojaBaJI.

YeneniHo pa3suBanach kpunrorpagus u B CLLIA. Bo Bpems [lepoit mu-
POBOH BOUHBI UepHbIH KAOUHET MO, PYKOBOACTBOM BbIIAIOILErOCS KPUIITOAHA-
JUTHKA Spaan pacindpoBas THICSYH JUIJIOMATHUECKHX TeJIerpaMM pasHbIX
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ctpaH. Ho sHamenutyio Teserpammy LluMmepmana, KoTopas Moc/ay:Kuja s
CIIA onHuM 13 popMasibHBIX TOBOIOB 06'bsIBIEHHS BOHHbBI [€pMaHuH, MPoUJIH
aHryIMuaHe (M0 HEKOTOPbIM BEPCHSIM, OHU CyMeJIM KaK-TO 3aMoJyuuTb HeMeLl-
kue mndpsl). OHAKO 1OCJe BOHHBI, BOTIPEKH OXKUJIAHUSIM S1paJiu, puHaAHCH-
pOBaHHe 3TOH AEATEJbHOCTH ObIO MPEKPAIIeHO W TOTJALIHUN TOCCEKPeTaph
CIIIA, BnepBble y3HaBILMH O CYLIECTBOBAHWM UEPHOrO KaGWHETa, MPOU3HEC
JereHiapiyto dpasy: «J[>KeHT/JIbMeHbl He UMTAlOT NUCceM JPYr Apyras. Spaiu
okazaJjicst 6e3 paboTbl U HamucasJ KHUTY O JesITeJbHOCTH UepHOro KabGuHe-
Ta, a BIOCJEACTBUM POMaH, Mo KOTOpoMy Obli CHAT ¢unbM. KHura umena
CKaHJa/IbHbIH ycreX W Oblaa repeBe/ieHa Ha HECKOJIbKO 3bIKOB, B TOM UMC-
Jie U SMOHCKUH. SIMOHLbI BHIBOJOB M3 Hee, OJIHAKO, HE CJeau U MOJHOCTbIO
NpourpaJji aMepukaHuaM cHauaja KpUunrorpaguueckyio, a NoToM 1 0ObIUHYIO
BoiiHy Ha Tuxom okeane. Bo Bpemsi Bropoii MupoBoii BoiiHbl Kpunrorpadueii
3aHUMavICsl Bbllatolnicsl aMmepukaHckuil kubepHetuk Kion Illennon. Mmen-
HO B 3TO BpeMsi OH 3aJI0¥KHJI OCHOBbI TEOPHH MH(OPMALUK U TEOPHH CBSI3H
B CEKPETHBIX CHCTEMaX.

B XX B. ellle akTHBHEE TEOPETHUECKOTO PA3BUBAJICS «TIPUKJIAJAHON KPHUII-
TOAHAJIM3», MIPOLLE TOBOPS, MOKYNKA UM BOPOBCTBO WH(POB U LIKM(DPOMALLHH.
O6 ycnexax B 3ToH 06J1aCTH COBETCKHX CIIELC/Y?KO MHOTO HAallMCaHO B KHHUIe
Kana u HenmaBHO Bbileallell y Hac Kuure b. AunHa. Bripouem, u amepukaH-
bl He otcTaBand. O6 ycrexax COBETCKOH TeopeTHueckol Kpunrtorpadun Kan
OT3bIBAETCS TaKxKe BBICOKO *, HO MO MOHATHBIM MPUUAHAM HMEH COBETCKHX
KpUNTOrpadoB, 3a UCKJIOUEHHEeM HEKOTOpbIX, paGoraBuinx B 20—30-e rojbi,
OH He Ha3biBaeT. BeposiTHO, oHUM ocTaHyTCsl B o6JiacTu JiereH **.

B 1970-e roapl mpousoiia Kpuntorpaduueckasi peBOJIOLMS, BbIBEJ-
uiasg Kpunrorpaduio u3 o6JacTi cekpeTHOCTH. BriepBble Gbli1 ony6/nKoBaH
wHpp B KauecTBe cTaHAapTa (paHblle 3TO CJIOBOCOUETaHHE ObLIO TPOCTO
HeJIeNnocThIo!) — 3T0 amepukaHcKas kpuntocucrema DES (nepBoe HaszBaHue
«Jliouudep»). Ona pekomenjaoBaHa jyisi WHUMPOBAHUS JAHHBIX B KOMITbIO-
Tepax M JAPYroi 3JeKTPOHHOH TexHUKe. B cekpere Hano XpaHUTb JHLIb

* B onHoli cBoeil KHHre OH JaJs Takoe orpeje/leHHe BeJHKOM Jlep:KaBbl: BesMKasl cTpaHa —
3TO CTpaHa, HMeloLLLast siIlepHOe OPYKHe, MEXKKOHTHHEHTAJIbHbIE PAKeTbl H KpHNTOrpadHio.

** Bripouem, HMeHa PYKOBOJHMTeJell OTIeJOB, B MOAYUHEHHH KOTODPbIX HAXOJIMJHCH KPHITO-
rpacduueckue cJyxO0bl, 10BOJBHO LIMPOKO H3BeCTHbI, Hanpumep, [ne6 Bokuil. [1. Kan nanucan
0 HeM JI0CTaToO4HO MOoAPOOHO, HO Aaseko He Bee. HenasHo Bokuit cras, Hanpumep, repoemM KHHIH
O. Uluuikuna «butsa 3a [umasian» ¢ noxzaronoskom « HKBJ1: marusi u mimnonax», ynoMmuHaer-
cs B kuure A. Bunorpanosa «Taiinble 6utbl XX crosietnsi» u p. Tam pacckasbiBaeTcst 0 TaifHbIX
OpraHH3aLUsIX MHCTHKO-MACOHCKOrO THIA, B KOTOPble OH Obl BXOXK, O CTPAHHBIX SKCIEIHLHSIX
B Tuber (Tubetom nouemy-To HHTEpecOBaNHCh U B THTJEPOBCKOH [epmMaHum), 0 MOAUMHABILMXCH
eMy J1a6opaTopHusxX, 3aHUMABLLUUXCS TeslenaTHel, THITHO30M U GHO3HEPreTHKOH, U MHOTOM JPYrOM.
Ho, Bo3moxHO, 310 BCe ToxKe Jierenjbl. J10cTOBEpHO M3BECTHO TOJIBKO, UTO OH GBI paccTpesisii
B 1937 .

9 Taukon
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56-6utHblil Kitou *. Hauanu nyGJuKoBaTbC B OTKPBITOH Meuatu U Jpyrue
HIKMGpbl, a TaKXKe BO3MOXKHble aTakd Ha HUX. HenaBHo npoties oTkpbiThiid (1)
KOHKYypC Ha 3aMeHy 3TOro CTaHIapTa, U Y:Ke yTBep:KJIeH HOBbIH CTaHaapT **.

Torna ke, B 70-e rojibl, 6bIH MpUAyMaHbl NePBble HIH(GPOBaJIbHbIE CHCTE-
Mbl C OTKPBITBIM KJIIOUOM, M HauaJlo Pa3BUBaThCS HEMBICJUMOE paHee HayuHoe
HanpaBJenve. Hauanu u3gaBathesi crienualsibHble »KYPHaJsbl U MPOBOJIUTHCS
KOH(epeHIIHH.

Onuiiem 0iHy U3 CaAMbIX MPOCTBIX U CAMBIX MOTMYJISIPHBIX CHCTEM OTKPbITO-
ro mwngposanus — cucremy RSA (Pusecra—Illamupa—Aniemana). Bes ma-
TeMaTHKa TOH CHCTEMbI OCHOBaHa Ha TeopeMe Dijepa, ¢ MOMOLIbIO KOTOPOH
JI0Ka3bIBaeTCsl CJeylollee yTBepKIeHHe.

Ynpaxuenue 55. Ilyctb n= pg, rie p, g — pasjuuHble MPOCThbIE,
S, te Z’;(ﬂ), St = 1. lokaxure, 4To 0TOOpaKeHust X — x5 U x — x! aBasor-
csl H30MOp(HU3MaMH TPYMIEl Z, B3aUMHO 0OPATHBIMU APYT APYTY.

OtoGpaxenue x — x° rpynmbsl Z; B ce6sl MOKHO HCIMOJb30BATh JJIsl TaK
Ha3bIBAEMOro OTKpbITOro LindpoBanus. Ludposka npousBoauTes oueHb Obli-
CTPO C TIOMOLLBIO KOMIIbIOTEPA, YHCJ/IA S U N MOXKHO COOOLUMTb BCEM »Ke-
gatowuM. elndpoBka Takxke NpoBOAUTCS OBLICTPO, €C/H M3BECTEeH KJou f.
[IpoBoasiniemy ataky Ha 3Ty CUCTeMy /Il HAXOXKAEHHs { U3 cpaBHeHus st = |
(mod ¢(n)) Hamo sHath p(n)=(p—1)(¢g—1)=n+1—p—gq, T.e. pugq.
Bbl BoiOMpaeTe p U ¢ oueHb GOJbLIMMH, COOOLIAETE BCEM 1= pg U MPOU3-
BoJIbHOE S, (S, (1)) =1, U MoxKeTe ObITb YBEPEHHBLIMH, UTO MOKa He GyjeT
M300peTeH aJropuT™M ObICTPOro pas/ioxKeHHs Ha MPOCTble, Balla CeKpeTHas
cucTeMa OyeT HaleKHOH.

Hexkoropbie 3ameuanusi 06 UCMOAb30BAHUH STOH CHCTEMBI M TIPUMEPbI JIpY-
TUX TOJ0GHBIX CUCTEM MPUBEIEHbI B CJENYIOUIMX JaJjee YIpaKHEHUSX.

3anauu v ynpaxkHenus kK § 2.9

1*. (Kpunrorpacduueckas jsiemma.) B ycJIOBUSIX MpeablIyLLEero yrnpakHe-
HHSsI JIOKAXKHTE, UTO OTOOPaXKeHust X — X° W X — x! ABJSIOTCS B3aMMHO OJIHO-
3HAYHBIMH H B3aUMHO OOpPATHBIMH He TOJILKO Ha MOATPYMMe Z), HO U Ha BCEM
KOJIbLIE BBIUETOB Zy,.

YkasaHnue. [lpumenure kuralickyto TeopeMy 06 ocTaTKax.

* PagpaGoTumku 3Toro ajroputma u3 IBM npejiaranyu Bauasne 128-GUTHbIH Kiiod, HO MOJL
nasnenneM AHD — ArentcerBa HalmoHasbHOH Ge30MaCHOCTH — JJIMHA KJlloua Oblia yMeHbLIeHa.
Hurepecho, nouemy?

** Boamoxno, B AHDB yxe cmupusich ¢ TeM, 4To KpUIITOrpadusi BBIXOIUT M3-T0J KOHTPO-
JISL CIELC/Y?KO, HO SKCIIOPT KaueCTBeHHbIX Kpunrorpaduueckux anroputmos uz CUIA B npyrue
CTpaHBI 3ampeliieH.
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2%, Jlokaxure, uto oTobpaxkeHue x — f(x) =x° mod n Bcerna umeer 4
HEMOJABHKHbBIX TOUKH B MHOXKECTBE Z) U JIeBATb HEMOJABHAKHBIX TOUEK B MHO-
KecTBe Zj, (HernoJABHKHAs TouKa 0TOOpaXKeHUs1 — 9TO TaKoe UHCJI0 a, KOTOpoe
nepexoJuT B cebsl NPU 3TOM OTOOPaAXKEHHH).

Yxaszanue. [Ipumennte kuraiickyio Teopemy 06 oCTaTKax.

3*. Hokaxure, uto ecan s — | Gyner obummMM KpaTHbIM uucen p — |
u g — 1, To oToGpaxkenue x — f(x) = x° mod 1 GyneT TOXKAECTBEHHBIM.

3amerum, uTo ISt MPEJOTBPALIEHHS] OUEBUHBIX aTaK Ha 3Ty CHCTEMY pe-
KOMEHJlyeTCst:

a) He BbIOMpATb UHCJIA p U ¢ CJAULIKOM OJU3KHMH JIPYT K IPyry (peko-
MeHJyeTcs, yTOObl UX JBOMUHbIE 3aMHCH OTJIMUAJIUCH MO JJIMHE HA HECKOJIbKO
paspsiioB), HHaue obJieryaeTcsi BO3MOXKHOCTb (DAKTOPH3ALMN UMCA 11;

6) cJeauThb 3a TeM, UToObl UHca0 p — | He ObIIO AenUTeNeM uucaa g — |
U HaoO0pOT, U BOOOIE UTOOBI 3TH YKCJIa He UMead Obl GOJbIIOTO O6IIEro
JleJIUTeNIs1, TaK KaK TOT/la BO3HHKAET BO3MOXKHOCTb HAUTH KJltou { nepeGopom;

B) He JIOMYCKAaTh TOr0, YTOObl B Pa3JI0KEHUH ¢(71) Ha MHOXKHUTEJH BCTpe-
yaJIUChb TOJIbKO MaJible POCTble Ynca (Mo TOH »Ke IpHUKHE).

JLJ1s1 Hale?KHOCTH MOXKHO 6blJ10 Obl HCI0/Ib30BATh TOJILKO TaK Ha3blBaeMble
6e3onacHole TIPOCTble YUC/Ia, T.€. TaKHe Yucaa p, A KOTOPBIX H UYHCJIO
(p — 1)/2 Toxe mpocroe. K coxasenuio, mpo6emMa reHepaiiy TaKuX YHced
TPY/IHA, U JI0 CUX TIOp HEU3BECTHO, KOHEUHO MJIH OECKOHEUHO MX KOJHUECTBO.

3ameTuM elle, 4To He PEKOMEH]LyeTCsl HCII0JIb30BATh CJMILIKOM MaJible UHC-
Ja s W ¢ (Tak Kak Torja onsiTb NOsIBJSIETCS BO3MOXKHOCTb HAX0XKJIEHHs KJltoua
nepe6OpoOM, HO B cjlydae MaJioro S jjsi 3TOro, Ipasjia, Hy?KHO CyMeTb Iepe-
XBaTHTb OJIMHAKOBOE COOOIIEHHE, MOCJTAaHHOE MHOTUM PA3HbIM TOJydyaTesisim),
a TakxKe Takue uucsa s, uto s — 1 6yaer o61uM KpaTHbiM uncesa p — lug — 1,
Hanpumep, s = p(n)/2 + 1, Tak Kak Torna 3auudpoBaHHbIA TEKCT BCEria Npo-
CTO coBMajaeT ¢ HesallMdpoBaHHbIM. Kpome Toro, Bo Bcex ciydasix Hauo
CJIeIUTh, UTOOBI CJydalHO He MOMacTb B «HEMOABHKHYIO TOUKY>.

4*, (O6uwmit cekpeTHblll KJiou.) HaxoxkneHue wuHIeKca MpPOU3BOJILHO-
ro 3JieMeHTa H3 Z, OTHOCHTEJLHO 3aJIdHHOIO MePBOOOPA3HOTO KOPHA a
(Ha3bIBaeMoe KOPOTKO ducKkpemHuoim roeapudmuposaruem) TpeGyeT Becb-
Ma TPOMO3IKHMX BbIUHCJIEHHH, U TIPU p, COCTOSLIEM M3 HECKOJbKHX COTEH
uucp, He mox cuay u cynepdBM. Jluub B cayuae, korma p — | umeer
TOJIbKO MaJlble MPOCTble MHOXKHTEJH, U3BECTEH CPABHUTEJIbHO ObICTPO pado-
TAIOUIMH aJITOPUTM JUCKPETHOTO JIOrapU(MHPOBaHHUS.

Ha npenrnoJioxeHud o TpyJHOPELIAEMOCTH 3a/laun IMCKPETHOTO Jlorapud-
MHUpPOBaHMs OCHOBaHa cJjeiytolias cucrema uddu—Xenamana * omxpot-
moeo pacnpedesenus xkaoyeti. donyctum, uto A U B XOTAT, NOJb3YysCh

* Y. Mudpn 1 M. Xesanman — coBpeMeHHble aMepPHKaHCKHE MaTeMaTHKH.

9%
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ny6GJUYHBIMH KaHaJlaMU CBsI3U (HAarpuMep, 3JIeKTPOHHOI 10uToi), BbipaboTaTh
o61iLyto cekpeTHyto uHbopmalnio (0buwui kaow). [IpoTUBHUK 3HaeT O 3aTe-
X A u B 1 MOXeT nepexBaThiBaTh BeChb UX 06MeH MH(OpMAaLHeN].

[IpensioxkuTe NPOTOKOJ BbIPaOOTKH 0OLLLEro KJioUa, poJib KOTOPOro UrpaeT
HEKOTOpBIH 3J1eMeHT U3 Z%, puueM JJisl ero BblpaboTKH TpebyeTrcst 0OMeHSATb-
Csl ABYMs1 9JleMeHTaMu U3 Zj,. Kax/blii u3 napTHepoB BBIYHCIISIET CBOW 3Jie-
MEHT, M0JIb3ysiCh CBOUM KJIIOUOM (CEKPETHBIM 3JIEMEHTOM), a MOTOM, MOJYUHB
BbIUMCJIEHHBIH MTAPTHEPOM 3JIEMEHT, C TIOMOLIbIO TOrO 2Ke KJoua BbIUMCJ/SET
oOLIMI KJou (OH, pasymeeTcs, JOJKEH MOJYYHTbCS OJAMHAKOBLIM Y 00OMX).
AJropuT™ BbIUHCJ/IEHHST OOLIEr0 KJoua JI0JKEeH ObIThb MPOCTbIM, a aJrOPUTM
B3JIOMa 3TOH CHCTeMbl (KOHEUHO, MPH OTCYTCTBMH MH(OPMALMH O KJjouyax
NapTHEPOB) — OUEHb TPYJLOEMKHM.

YKasauue. Bospmure B nosie Z, Kakoid-HUOYyb MepBooOpa3HbIA KO-
peHb g U BocroJb3yiTech ToxaecTBOM (g")" = (g™)".

5%, (Asroputm lenbdhonna auckpetHoro JorapudmupoBanus.) Juckper-
HbIi JIorapudM B KOHEUHOM M0J1€ MOPSIJIKA ¢ MOXKHO BbIUMCJINTD, C/le/1aB He 60-
nee C,/q logy q onepauuii nenenus u He 6osee C./q log, g onepaumii cpas-
HEHHUS JIEMEHTOB MOJIs.

6*. (PasneneHue cekpeTHOro kJjwoua Ha uyacTu.) JlomycTum, uto Bam no-
PYUHJI OPraHW30BaTh JOCTYN K CEKPETHOH MH(OPMALIMK Ha KOMIIbIOTEpe /s
TpeX COTPYAHUKOB HaHKa TakK, UTOObI OHH, TOJLKO COOPABLIMCH BTPOEM, CMOT-
Ju nosyuuth ee. Kaxkaomy Bbl coobLiaeTe KJou — HeKoTopoe 6oJblioe (Ha-
npuMep, CTO3HAUHOE) UMCJI0, KOTOPOE OH XPAaHUT B CEKPETe OT OCTaJbHbIX.
[TapoJsieM, KOTOpbIH OTKPBIBAET CEKPETHYIO HH(DOPMALIHIO, SBJSETCS HEH3BECT-
HOe HUKOMY H3 HUX YHCJI0, KOTOPOE, OJIHAKO, MOXKHO ObICTPO OMpeNesuTh (pa-
3yMeeTcsl, ¢ TIOMOLLbIO KOMITbIOTEpa) M0 TPeM YNOMSHYTbIM KJlouaM. B ciyuae
K€ OTCYTCTBHS OIHOIO U3 HUX JJIs1 ONPEeJIEHHS apoJisl IPUAETCS (1axKe 3Hast
aJrOPUTM ONpejlesieHnst naposs no Kiwouam) nepeépath 9 - 10% papnantos
BO3MOKHOI'O 3HaueHMsl HEM3BECTHOIO KJtoua (a TO 110Ka He JOCTYIHO JAaxe
cynepdBM). Kpome Toro, 1J1si Hale2KHOCTH Bbl MOXKETE MEPHOJIUUECKH MEHSTD
KJIOUM. DTO CMOTYT clesiaTh JaxKe caMd paboTHHKM OGaHKa (I10roBOPUBLIKCD
TOJIKO O pa3mepax KJtouei, 4uToObl TapaHTUPOBATh UX OTJHUME APYT OT APYra,
1 BLIGMpAs B KauecTBe KJouei, Hanpumep, uncia Buaa 22 + 1), 1 coxpanuTh
napoJib B TaliHe jaxe OT Bac.

[IpenyioxkuTe aJqropuT™ ornpeieseHdst napodisi no KJwouam, OCHOBAHHbIH
Ha MPUMEHEHHH KHTAHCKOH TeopeMbl 00 OCTATKaX.

Yxaszanue. Caenyouwmii aaroputm npunamiexut [amupy *. Bbi-
6epeM 3 OGOJIbLUMX [ONAPHO B3aMMHO [POCTbIX UYMCJA, HalpuUMep, uucia

. +1 on+2 PR
Depma a; =22 +1,a,=2"" +1,a3=22"" + 1. IlycTb i-ii <KOMNAHLOH>

* A.lllamup — coBpeMeHHbIHl H3PaHIbCKHI MaTeMaTHK.
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B KauecTBe KJIOua BbIOMPAET MPOM3BOJILHOE UMCJIO R; B mpeaenax ot |
jno a; — 1. Torpna, co6paBiiich BMeCTe, OHH MOTYT BbipaboTaTh NapoJib k,
B3sIB B KauecTBe Hero Takoe YUCJO B mpenesnax ot 1 no a — 1, a =a;aqas,
KOTOpOe MpH JIeJIeHHH Ha @; JaeT B octaTke k;. Kak 6bulo mokazaHo B 3TOM
naparpade, 4McJI0 k MOXKHO BBIUHCJIHTL Mo (opmyse k=k' — [k'/a]a, e

k' =kini+kong+kns, nim;—a;qi=1, mi=aa,, [#RFiF].

Jl1s BbIUMC/IEHUS 11; MOXKHO MpPUMEHUTb anroput™ EBkauga. HerpyaHo na-
nucaTh NporpaMmy jjsi KoMibloTepa, Kotopasi OyleT BbIUMC/ATL 11apoJb R
nocJie TOro, Kak «KOMMaHbOHbBI», TasiCh JAPYr OT APyra, BBEIYT B HEro CBOU
kimoud. [Tosoxkum N =2". Ecoiu JBoe, B TaliHe OT TPeTbero, 3aXOTsIT HAUTH
KJIOU R, TO UM MpUJeTcs nepeGpath Bce BO3MOXKHbIE BAPUAHTbI BbiGOpa Tpe-
Thero KJjioua (MoToMy U4TO pasHbIM crocobaMm BbIGOpa KJioueld COOTBETCTBYIOT
pasHble 3HaueHus k), T.e. nepebpath He Menee 2V BapuaHTOB.

7*. Tlpensioxkute ajsroput™m pasjieseHusi ceKpera CO CBOHCTBAMH, aHa-
JIOTHUHBIMH TMPEJbIAYLIEMY, HO OCHOBAHHBIN Ha JarpaH:KeBOH HHTEPMOJISILHH.
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§ 3.1. Koab1io MHOro4JIeHOB

BosbMeM npou3BoJibHOE KOJIbLLO K W HA30BEM MHO2OHACHOM HAJ STUM
KOJIbLIOM (DOPMaJIbHYI0 CYyMMY

—1
f(x)=a,x" +a,_1x" 7 +...+ax + ao,

e 3JIEMEHTBl g, Ay, ..., Ay_1, Ay, 1 =0, NpuHamIeRKaT KoJbly K, a x —

He BXOMSIINH B KOJIbIIO CHMBOJI HePeMeHHOL.

Onpenenenue 65. DjeMeHTbl KOJbLA Ay, - .., A, HA3bIBAIOTCS KOADhu-
yuexmamuy MHOrowieHa. Dynem paccmaTpuBaTh TOJBKO MHOTOUJIEHbI, Y KO-
TOPbIX CTApLIMH KODMUILMEHT a,, OMALUECH OM HYASL.

Cmenenbio MHO2OUACHA HA3BIBAETCS] B 3TOM CJyyae YHCJO 11, 0003Ha-
yaemoe Jasee Kak deg f(x).

DJiemeHThl KoJbla K, He paBHble 0, OyleM paccMaTpuBaTh Kak MHO-
eounenol Hyregoli cmenenu. Hynb takxke cuntaem mMuorouwieHoM. CreneHb
y HyJIEBOTO MHOTOUYJIEHA He onpedeseHa.

Onpenenenne 66. MuorouseHbl
_ n n—1
[x)=a,x"+a,_1x"" +...+a;x + ay,
g(X) = bpx™ + @ X"+ byx + by
Ha3bIBAIOTCS PABHLIMU, €CJH M =1 U PaBHbI BCe KOIDMULHMEHThI MTPH COOT-
BETCTBYIOLLMX CTEINeHsIX nepemMeHHoi, T.e. a; =b;, i =0, 1, ..., n.

Onpejesium apudmeTHuecKre ornepaiiu Ha MHOYKeCTBe MHOTouJIeHOB K[ x]
¢ Ko3(duureHramu U3 Kosblia K.

Onpepnenenune 67. HasoBeMm cymmoil MHOTOUIEHOB
J(¥) = anx" + an_1x" "'+ ...+ aix + ao,
8(x) = byx™ + a1 X" 4+ bix + by
MHOrou/ieH A(x), Ko3(hHULHeHT KOToporo npu x' pasen ¢; = a; + b; 115 Jio-
6oro i =0, 1, ..., max{n, m}.

Ec/in oMH WM HECKOJIbKO CTapLIMX KO3(D(UUMEHTOB y paccMaTpuBae-
MO CYMMbl PaBHbI HYJI10 (2 9TO BO3MOXKHO JIMLLUb NPH 7 = 11), TO OHH NPOCTO
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YAAJSIOTCS M3 Hee, Tak, uTOObl CTAPLIMH M3 OCTAaBLIMXCS KO3((PULHEHTOB
Obl1 OTJIMUEH OT HyJsl. MHOTOUJIEH, UMEIOLLMH TOJBLKO OJIMH HEHyJIeBOH KO-
(bMLIMEHT, HA3bIBAETCS OOHOYACHOM. AHAJOTHUHO OIPENessoTCsl IBYYJIEeHbI
U TPEXUJIeHbI.

Onpenenenne 68. [Ipoussedernuem MHOTOUTEHOB

f(x) =a,x" +an_1)€”71 +...+ax+ag,
glx) =bpux" +am,1xm’l + ...+ bix+ by

Ha3blBaeTCs MHOrousleH /(x), KosdhuuueHT KoToporo npy x! pasen

dl‘ = Z ajbk.

k=i

GaMeuaHue YKazaHHYI0O CyMMy MOXKHO TIOHMMATb U KaK CyMMY

n
di = Z ajb[_j,
=0

€CJIM YCJIOBUTHCS, UTO BCE BXOAALIME B Hee KOI((HUUMEHTbl C MHIEKCAMH,
He JieKalMMH B nipesiesiax oT O 110 71, paBHbl HY.JIIO.

Teopema 57. MHooxcecmso ecex mHO2ouAeHO8 HAO Koabuyom K —
KOAbYO.

,H OKa3aTeJdabCTBO. Hy.ﬂeBbIM 9JIEMEHTOM KOJIblLlda MHOT'OUYJIEHOB sIB-
JIFeTCsl HyﬂeBOﬂ MHOI'OYJIEH, OTOXKJIECTBJISIEMbBIN C HYyJieM KoJiblia K, a eau-
HUUHBIM — €JIMHULA KoJbla K.

Oépamubm NeMEHMOoM JIJI1 IPOU3BOJIbHOT'O MHOIroYJieHa

) =aux" +a,_ 1 x" '+ ... +ax+ao
OTHOCHTEJIbHO onepauuu CJIO2KEHUSA ABJFAETCHd MHOI'OUJIEH
— (%) = (—a)x" + (—an_ ) X"+ ...+ (—a))x + (—ag),

NOJIyuarolnics U3 UCXOJHOTO «CMEHOH 3Haka» y Bcex Koadduuunentos. [To-
3TOMY Bbl4UMAHUE MHOTOUJIEHOB OCYLLECTBJISIETCS TaK »Ke, KaK M CJI0KeHHe,
HO C 3aM€eHO# orepaLm cJoxKeHHs KO9(DULMEHTOB Ha ONepaltio BbIYHTAHHUS.

BeinosiHeHHe akCHOM KOMMYTATHBHOH TpYIIbl OTHOCHTENbLHO OMepaluu
CJIO’KEHUS] HEMOCPEACTBEHHO BBITEKAET U3 CIPABEMIMBOCTH 3THX aKCHOM IS
KOJIblla KO3(D(HUIIMEHTOB, KOTOPOE, KCTATH, MOXXHO CUMTATb COJepKalluMcs
B COOTBETCTBYIOILLIEM KOJIblle MHOTOUJIEHOB.

Jlerko BH/IETb, UTO KarK/Ibl MHOTOUJIEH paBeH CyMMe BCEX CBOMX OJHO-
4JICHOB.
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Axcroma 1MCTPpUOYTHBHOCTH (IPYTHMH CJIOBAMH, pacTipele/uTe/bHbIH 3a-
KOH YMHOXKEHHsI OTHOCHTEJILHO CJIOXKEHHS) /ISl KOJIbLld MHOTOUJIEHOB JIETKO
cJIe/lyeT U3 TOXKIECTB

Z aj(by+cp)= Z ajbe+ Z a;c,

jHhk=i jt+k=i jthk=i
a aKCHOMa acCOLMATHBHOCTH YMHOXKEHMs Ul KOJIbLA MHOTOUJIEHOB JIErKO
cJlelyeT U3 aKCHOMbl IUCTPUOYTHBHOCTH, €CJIM C €€ MOMOLLUbIO BbIMOJHATD
YMHOKEHHE MHOTOUJIEHOB, pa3buBasi HX Ha CYMMbl OJHOUJICHOB W CKJIa/blBasl
MOTOM MOJIYUUBIIHECH POU3BENIEHHsT OJHOUJIEHOB, Ui KOTOPBIX BbIMOJHEHHE
ACCOUMATHBHOTO 3aKOHA OTHOCHTEJIbHO YMHOXKEHHS OUEBHIHO. d

Teopema 58. Cmenenv cymmol, MHO2OUACHOB8 HAO KOAbUOM He npe-
gocxodum Hauboabuiell u3 cmenenell caaeaemolx.

HokaszaTeabcTBo. Jlus IByX cjaraeMbiX 3TO OUEBMIHO W3 OIpe-
JleJleHUs1 ornepauld cjaoxkeHus. [l cjyuasi MHOTHUX CJlaraeMblX 3TO JIETKO
JI0Ka3bIBaeTCs MO HHAYKUHH. d

HanomHum, uto obaacmoeto yeasocmnocmu HasblBaeTcs Kojblo 6e3 ne-
JINTEJICH HYJIsl.

YnpaxHenue 56. JlokaxkuTe, uTo

a) KOJIbLO LeJIbIX uMcel siBJsieTcsl 06J1acTblo LeJOCTHOCTH;

6) noboe noJie TakKe sBJAsSETCS 00JaCTbIO LEJOCTHOCTH.

Teopema 59. B koabye mHoeouseHO8 HAO 004ACMbIO YEAOCTIHOCMIL
cmenenb NPouU38e0eHUs HeHYAeBbLX MHOCOUACHO8 PABHA CymMMe cmene-
Hell comHoxcumeaetl.

JHokaszaTesabcTso. JlokazaTesbCTBO JJIS CyUasi IByX COMHOXKHTE-
Jiell caiellyeT U3 omnpesiesieHUsi YMHOXKEHUST MHOTOUWIEHOB: HauboJbliasi BO3-
MOXKHA$l CTeNeHb X B POU3BEICHHH MHOTOUIEHOB f(X) = aux™ + a,_x" "' +
+.odax+ay, a,#0, v GX)=bux"+ap_1x" V. 4 bix+ by,
bn #0, paBHa n+m, T.K. agbg# 0 corsacHo cBoHcTBY 06J1aCTH LJOCT-
HocTH. JIiisi cilyuasi HeCKOJIbKMX COMHOXMTeJIEH 3TO JIerKO J0Ka3blBaeTcs
M0 UHIYKLIHH. O

Ecsn B Kosiblie K ecTb Je/UTeH HyJis, TO TeopeMa 59 HeBepHa.

Ynpaxuenue 57. Hanpumep, eciu K =Zg, 10 3x-2x =0, u B 3T0M
cJlyuae cTereHb NPOU3Be/leHHsl MeHblle CyMMbl CTeneHell coMHoxKuTesel. s
MPOU3BOJILHOTO KOJIbLIA KOS(PMUUHUEHTOB CTeNeHb NPOou3BeleH s He GoJibliie
CYMMBbI CTEleHeH COMHOXKHTEJIeH.

Onpeneaenue 69. Ecau nyia muorousnenos f(x) u g(x) # 0 cnpaBennBo
passioxenue f(x)= g(x)-h(x) + r(x), rae A(x) u r(x) — HeKOTOpbIE Apyrue
MHorousieHbl, npuueM deg r(x) < deg g(x), To h(x) HasbIBaeTCs wacmHoLM,
a r(x) —ocmamkom.
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Teopema 60 (o aenenuu c ocratkom). [aa a1006ix MHO20UAHO8 [(X)
u g(x) # 0 nad npoussorvHoim nosem FF uacmnoe u ocmamox cywecmay-
om u onpedeservl 0OHO3HAUHO KAK MHO20UYAeHbL HAO men e noiem F.

Hokaszartennbctso. CyllecTBoBaHue YACTHOTO K OCTATKA OYEBUJIHO
B ciayuae deg f(x) < deg g(x).

B cayuae deg f(x) > deg g(x) npUMeHUM /ISl MX HAXOXKIEHHST CJAEMYIOLIHH
AJITCOPUTM JIeJIEHHsT C OCTaTKOM.

[Tpennonoxum, uto f(x) =a,x" +a,_1x" ' +...+ajx+ap u g(x)=
=buX™ 4+ @y X"+ +bix+ by, Torma [(x)— g—”x”*’”g(x) = h(x),
npuuem deg i(x) < n. 3atem noxgesum h(x) Ha g(x) u T.m[L. [Tpouenypa 3a-
KOHYHUTCS], TaK KaK Ha KaxKIOM Iuare GyleT TMOHMKATbCS CTeleHb PasHOCTH
JIO TeX Top, MoKa OHA He cTaHeT MeHblile m = deg g(x). Torna nosyuum, uyro
f(x) = g(x) - p(x) + r(x), npuuem deg r(x) < deg g(x).

Jloka3aresibCTBO €IMHCTBEHHOCTH MPOBEAEM OT MPOTHBHOTO. [1ycTh

[(x) = g(x) - by (x) + ri(x) = g(x) - ha(x) 4 ra(x),

torna  g(x) - (h(x) — ho(x)) =ro(x) — ri(x). Ecam 6b1 Aj(x) — ho(x) #0,
TO CTeleHb JieBOH 4YacTH Obuia Obl GoJibllie CTereHd npaBoi. To ecTb
hi(x)=ho(x), a 3HauuT, U ri(x) = ro(x). [IporrBopeune. O

Gameuanue. [ag n0okazaTeqbCTBa €IMHCTBEHHOCTH TpedyeTcsi, MO
KpaiHel Mepe, uToObl KOJIbLO KO3((UIMEHTOB OblI0 06J1ACThIO 1EJIOCTHOCTH.
st jokasaTesibCTBa CYLLECTBOBAHUS B cayuae, ecjid K He 1oJie, 10CTaTouHoO
CUMTaTh, UTO CTapLIMi KO3ppuLmeHT g(x) paBeH .

Hasiee y Hac uspejka OylyT BCTPEUATbCS U MHOCOUACHbL OM HECKOAbKUX
nepemerroix. OnpeseseHlsi OCHOBHBIX MOHSATHH B 9TOM CJyuae, KaK MpaBu-
J10, SIBJISIOTCS €CTECTBEHHBIMU 06001IEHUSIMH COOTBETCTBYIOLLMX ONpeeeH
JI/Is1 OJIHOW MepeMeHHOH.

HaszoBem mrocousenom nad koavyom K om nepemenuovlx xy, ..., X,
KOHEUHYI0 (POPMaJibHYI0 CyMMY

_ iy i
f(x) = E Qi i, Xy - Xy,
iy in >0
e Ko3(pPUUHEHTDI a;, . ;, TPUHaMJIeKAT KoJblly K, a Xy, ..., X, — He BXOJs-
11I1€e B KOJIbIIO CUMBOJIbI T€PEMEHHbIX.
Onpenenenne 70. MuorousieHbl
i i i i
f(x) = § ailmi”xll xg, gl = E bilmillel X
i],,.,,i,,}O i],,.,,i,,}()
Ha3bIBAIOTCS PABHbIMIU, €CJIM NIONAPHO PABHbI BCe UX KO DHULIMEHTDI

ai, i, =bi, i,
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Onpenenenue 71. MuorousieH, UMEIOUIME TOJLKO OJIMH HEHYJIEBOH KO-
aduuent, HasbiBaeTcss odHoUAeHoM. Cmenenvio 00HOUAeHA HA3bIBAETCS
CyMMa CTeleHel Bcex ero nepeMeHHblx. Cmenenvio MH0204AeHA HAa3bIBAETCS
MAKCUMAAbHA U3 CTelleHel BceX ero ojHouseHoB. OnHOUIeHbl ¢ MaKCH-
MaJIbHOH CTeNeHbl0 HA3bIBATCSA crmapuiumi o0Hourenamu. Tak ke Ha3bl-
BAIOTCS UX KOI(PPULHUEHTDI.

@ CTapmnx OJIHOYJIEHOB MO2KET ObITb HECKOJIBKO.

[Mpumepsl. 1. Muorousen x? 4 xjXo + X3 — HeNOMHbIA KBaLPAT CyMMbI.

2. Ec/in nepemMeHHbIX HEMHOTO, TO CTapalTcsi 06XOUTCS 6e3 WHJEKCOB:
x2 + xy +y°.

Bynem paccmaTpuBaTth TOJILKO MHOIOUJIEHBI, Y KOTOPbIX CTapuide Ko3g-
(ULIMEHTB OMAUUHOL O HYAS.

QuieMeHThl Kosiblia K, He paBHble 0, OyleM paccMaTpuUBaTh KakK MHO20-
ynrenol Hyaesoi cmenery. CreneHb y HyJeBOr0 MHOTOUJIEHA He OrpejiesieHa.

MHoKecTBO BCeX OIpe/iesleHHbIX Bblllleé MHOIOUJIEHOB OT [ePeMEHHbIX
X1, ..., X, o6osHauaT K[xi, ..., x,]. Onpenenum apudmeruueckue onepa-
IMM Ha 3TOM KOJIbLIE.

Onpenenenne 72. HasoBeM cymmoil MHOTOUJIEHOB

f(x) = Z Qi i X)X, g = Z biy Xl . xln

MHOTOYJIEH

[(0) + g(x) = Z (@i, i, + b, _,_i,,)xll'l xﬁl”,

wyin 20

a npoussederem — MHOTOUJIEH, TIOJyUalOUIMHACS U3 CYyMMbI

fog) = D> i b))

1,01 s insin 20

NpuBeACHHUEM MoJI00HBIX UJIEHOB.

Mpumepsn. 1. x> — y2—(x—y)(x+y).

2. x3 y3 (x — y)(x +xy + yQ)

3. 83 +yd = (x + y)(x? — xy +y?).

4ox" =yt = —y) " F 1" 2y 4 xyt Ry,

5. x 2n+1 _|_y2n+1 (x +y)( 2/1 _x2n71y 4= xy2nfl _|_y2n).

6. Elle npumepamMu MOryT C/Iy:KHTh GHHOMHAJLHASL M TOJMHOMHAJbHAS
TEOpeMbl.
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AHaJIOTHUHO CJlydyato OJHOH MepeMEeHHOH JI0Ka3bIBAETCs Celylollas Teo-
pema.

Teopema 61. Muoawcecmso mrnoeourenos Klxy, ..., x,| obpazyem ye-
AOCMHOe KOAbUO OMHOCUMENbHO ONePayull CAONEHUS U YMHONECHUA.

Hynesoim snemenmom Koavya MHOLOUACHOB ABAAEMCA HYACBOL MHO-
eouneH, omoscdecmeansemvitl ¢ Hysem Koavya K, a eQunuunoim — eduru-
ya koavya K.

ObpammHolm 3nemermom 041 NPOU3BONLHO20 MHO20UYAeHA [(X) omHO-
CUMENbHO ONnepayuu CAONCCHUS ABAAEMCA MHOSOUNCH, NOAYUAIOULICA
U3 UCX00H020 cMeHOll 3HaKa Y scex Koaghduyuernmos. Kancodoiii mrozo-
YNeH PABEH CYMMe 8Cex C80UX OOHOUNCHOS.

Cmenenv cymmor MHO20UACHOE HAOD KOAbYOM He Npesocxooum Hau-
boabulell U3 cmenerell caaeaemolx.

Teopema 62. B koavye mMHO20UACHOB8 HAOD 0OAACMbIO UEAOCMHOCTU
cmenenb NPOU3Be0eHUs HeHYACBLLX MHOCOUACHO8 DABHA CymMMme cmene-
Hell comHoNcumenet.

Bepna Takke

Teopema 63. Koaoya K[xy, ..., x,) u (K[x1, ..., Xn—1])[xn] usomopgor.

HokaszateabcTBo. Jlus ycTaHOBAEeHHS H30MOp(H3MA JOCTATOUHO
MPENCTABUTD JIOOOH MHOTOUJIEH

_ E i i
f(x) - ail -4-inx1 e xl’l”
ity ey in 20
KaK MHOTFOUJIEH OT OJHOH MepeMeHHOH X,
i in—1 i
flx) = E (E aj, i, Xy .- xﬂ”_l) X,
ill>0
HO ¢ Kod(duLmenTamMu 13 Koabua K[xj, ..., x,—1]. Hanpumep,
2 2 2 2
XX + X1Xo + x1x5 = X1 (X2 + x3) + x7(x2),
NpU 3TOM CTeleHb MOJYUEHHOTO MHOrOUJIeHa OT X, Ha3blBAETCS CTENeHbo
M0 X, UCXOJHOTO MHOTOUJIEHA OT MEPEMEHHBIX X[, ..., Xj,. O
Ynpaxnenue 58. JlokaxkuTe akKypaTHO MOCJeIHUE TPU TEOPEMBI.

JlesieHHe ¢ OCTATKOM Ha MHOTOUJIEHbI HECKOJIbKHX TEPEMEHHbIX TaK
MPOCTO He MEPEHOCHTCH.

3anauu ¥ ynpaxHenus K § 3.1

B sToMm wukie 3agau paccMaTpuBaeM TOJILKO MHOIOYJieHbl HAal IMOJIEM pa-
LHHMOHAJIbHbIX YHUCeJI.
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1. Haiizure cymmy kosdduumentos Maorouena (1 — 1998x 4 1999x2)2001

2. Cpasuutb Ko3hduumentsl npu x 994

a) (1 —1994x + 1993x2)2000 y (1 4 1994x 4 1993x2)2000;
6) (1 — 1994x2 + 1993x%)2000 1 (1 4+ 1994x2 + 199332000

3. Haiimure xosdduument npu x> B MHOrouseHe

B MHOIrouJieHax

(142" £ (142" + .+ x990 + x) + 100,

" n
4. Haiimure octatok oT gesenus x 4+ x> +x% +... +x% na: a) x — 1;
6)% x2— 1.
5. MHoroujien npu jieJleHuH Ha X — a JlaeT ocTaToK b, a MpH jeseHHu

Ha x — ¢ — ocraTok d. Kakoil octaTok Oy1eT npu jeieHud Ha (x — a)(x —¢)?

1994 1

6*. Haiinute kosduuuent npu x'* B uacTHoM oT mesnenus x Ha

a2+ L

Ykaszauue CHauana nogeantb ¢ ocTaTkoMm Ha x'2 — 1, a noTom ymHo-
»KUTb Ha MHOTOYJIeH

21

a3 2240+ 17

7*. Haiiure Bce MHOrousienbl P(x), JUisi KOTOPbIX CIPABEIJIMBO TOXKJIE-

CTBO
xP(x — 1) = (x — 26)P(x).

8%, Ilycts f(x) =14 x + x% 4+ x3 4+ x*. Haiimure octatox ot nenenus
fx®) na f(x).

9*. Muorousnien P(x) ¢ a) HaTypasibHbIMH; 6) LesibiMU KodhdUIHeHTaMU
npu JI060M 1 TpPUHUMAaeT HaTypasbHOe 3HaueHHe C CYMMOH JeCSTHUHBIX
undp s(n). Jlokaxute, 4To MOCJAEA0BATENLHOCTD S(11) CONEPIKUT GECKOHEUHO

MHOTI'O OJJMHAKOBBIX UHCeJI.

10. Muorousen ot asyx nepemennbix x4y 194 1| yennss npencrasuts

B BUAE MPOU3BEACHUSA ABYX MHOTOUJIEHOB OT MEPEMEHHBLIX X W lf COOTBETCT-
BE€HHO.

11. Pasnenutb MHOrousieH

a) (x4 12 —x?" —2x — 1 na x(x + 1)(2x + 1);

6) nx"t' —(n4+ 1)x" + 1 na (x — 1)%.

12. Eciu x — | penur P(x"), To x* — 1 penur P(x").

13*. Tlpu kakoM LesoM a MHorousied x '3+ x +90 nenures Ha x? — x +a?
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§ 3.2. Anroputm EBkauaa u teopema besy

Jlsist npocTOTh jlajiee Oy/leM CUHTATh, UTO KOJIbIO KO3 duiineHToB K ecTb
JM60 Z — KOJIbLO LeJIbIX uhces, Jubo [ — nouse.

[lyctb MHOTOUMEHBI f(x) U g(x) MpuHaLIexaT KoJbly K[x].

Onpenenenne 73. Muorounen f(x) deaumcs Ha g(x), ecau cyle-
CTByeT Takoil MHorowieH a(x) € K[x|, uto f(x)= g(x)-a(x) (o6osHauenue
g(x) | [(x)).

JlpyrumMu cjioBamH, MHOTrousieH f(x) Odeaumcs Ha g(X), e€CJd OCTaToOK
OT JIeJIEHHUSI paBeH HyJIIO.

CrnipaBeJIUBbI CJIEyIOlIHE OUeBUIHbIE CBOHCTBA OTHOLLIEHHS NEeJUMOCTH:

1) eciu f(x) nenutcsd Ha g(x), a g(x) menurcs Ha A(x), To f(x) meaurcs
Ha f(x);

2) ecmn f(x) u g(x) nensites Ha A(x), To w(x)f(x) + v(x)g(x) neaurcs
Ha h(x).

Onpenenenue 74. MuorouseH d(x) HasblBaeTCs Hauboabulum 0OWUM
deaumenem (HOJL) MHorouIeHOB f(X) M g(X), €C/M KaXK/Iblil U3 HUX JeJUTCS
Ha d(x) 1 o6oil UX o6LIMEH euTesb 1equT d(x), npuueM O6y1eM CUUTaTh JJIs1
OMNpeJie/IeHHOCTH cTaplinil Ko3hduimeHT d(x) paBHbIM 1.

Hast HOJL 6ynem ucnosib3oBath o603Hauenue d(x) = (f(x), g(x)).

Mcnosib3ysi TeopeMy O JIeJIEHHM C OCTaTKOM, MOXKHO [ HaXOXKJEHHsI
HOJI nByx MHOrouJIeHOB Haj 3ajlaHHbIM M0JieM KO3 (hHIIHEHTOB NPUMEHUTD
ajaroput™M EBK/HIA aHAJOTHUHO TOMY, KaK 3TO JAeNA0oCh JJs LeJbIX UMCes:

[(x) = g(x) - go(x) + r1(x), rae 0<deg ri(x) <deg g(x),
(J(x), g(x)) = (g(x), ri(x))
g(x) =ri(x) - q1(x) + ra(x), rae 0<deg ro(x) < deg ri(x),
(f(x), g(x)) = (g(x), ri(x)) = (ri(x), ra(x)),
ri(x) =ro(x) - q3(x) + r3(x), rae 0 <deg r3(x) <deg ro(x),

(I(x), g(x)) = (r1(x), r2(x)) = (r2(x), r3(x)),

(J(x), g(x)) = (ra—2(x), ra—1(x)) = (ra—1(x), ra(x)),
rn—1(x) = ry(x) - ga(x),
(J(x), g(x)) = (ra—1(x), ra(x)) = ra(x).

OCyLLLeCTB[/lMOCTb K OIHO3HAYHOCTbL 3TOrO Ipolecca 1nocjaeaoBaTe/JbHOro ae-
JleHusi 060CHOBbIBaeTCs TeopeMoﬁ O JeJIEHHWH C OCTATKOM.
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AmnajiornuHo cootBetctBytouledl Teopeme o HOJL umncen nokasbiBaetcs
cuenyiolasi Teopema o JuHeilHom npeacraienid HOJL MHOrouwsieHoB.

Teopema 64. /[1a aw0bbix mHo20ureH08 [(X), g(x) HaO npou3sosbHbLM
noaem F cywecmsyrom maxue mHoeousersl a(x), b(x) € Flx], umo

d(x) = a(x)[(x) + h(x) g(x).

HokaszaTtedabcTso. Mungykuuel no i nposepsieM, 4To

ri(x) = wi () [(x) + v; (x) g(x).

[Topo6Ho umcsI0BOMY CJlyualo, aaroputM EBKiMaa /st MHOTOUJIEHOB MOYKHO
pacIIMpUTL TaK, YTOObI OH BBIUHC/IS HE TOJBKO MOCJEN0BATENbHOCTD f;(X),
HO W MOCJIEOBATENbHOCTH U;(X), v;(X), @ 3HAUWUT, U JIMHEHHOe MpeacTaBJe-
nue HOJI. O

Onpenenenne 75. Kaxnomy muorouseny f(x) € K[x] moxHo conocra-
BUTb PEANU3yeMyI0 UM NOAUHOMUAAbHYIO hynKkyuio [: K — K, onpenensi-
eMYI0 PaBEHCTBOM

f(x) =a,x"+a, 1 x" '+ ... +ax+ao,

TIe Qu, Ap_y, ---, A1, Qo — €0 KOIPPULHEHTHI.

JIerko npoBepuTh, UTO CyMMe MHOTOUJIEHOB COOTBETCTBYET CyMMa peaJii-
3yeMbIX UMM MOJIMHOMHAJbHBIX (PYHKUHWH, a MPOU3BENEHHI0 — POU3BENEHHE
ITUX Ke (DYHKLHH.

Onpenenenue 76. Koprem muorousiena f(x) € K[x] HasbiBaeTcst 060
Takol s/emMeHT o € K, uto f(a) =0.

Teopema 65 (Besy). /laa awoboeo f(x) € K[x], deg f(x) = 1, u das ao-
6020 KopHa a € K danHoeo mHoeourena [(x) cnpasediuso pasencmso
[(x) = (x — o) g(x).

JokaszaTesnbcTBo. Boinosnss nejeHne ¢ 0CTaTKOM, MOJydaeM, uTo
st moboro f(x) € K[x], deg f(x) = 1, u nas mo6oro « € K crnpaBeiinBo pa-

BEHCTBO [(x) = (x — ) g(x) + 7, rne r € K. IloacTaBasisi B HEro x = «, UMeeM
r=0. O

Teopema 66 (o uucae kopHei). JIwoboli mHoeouren f(x) cmenenu n
nad obaacmoro yesocmunocmu K umeem ne 6oaee n Kopel.

JlokaszateabcTBo. baza unnykuuu (n=1) oueBuana. BoirnosHum
1Iar UHAYKLIHH.

[IycTb Teopema BepHa AJisi MHOTOWIEHOB cTeneHd n — 1. Ecin mHorousiexn
f(x) crenenu n He UMeeT KOpHe# B K, TO yTBepK/eHHE OUEBHIHO BEPHO.
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Ecau oy —xopenb  f(x), 10 [f(x)=(x —a)h(x) corjacHo Teopeme
bBesy. Ilycth g — KopeHb MHOrousieHa f(x) ¥ o) #ag, Torma f(ag)=
= (o —ap)h(ag) =0 n ag —a) #0, HO B 06J1aCTH 11€JIOCTHOCTH HET JlesIu-
Teslel HyJsl, cleloBaTesbHo, fA(ae) =0, a i(x) umeer He GoJiee n — | KopHeil
MO MPEANOJIOXKEHHIO MHIYKLIMH, 3HAUUT, MHOTOUJIeH f(x) nmeeT He GoJiee n
KODHEH. a

CaencrBue u3 teopembl 66. Ecau mrocouren [(x) cmenenu n ¢ Ko-
aphuyuenmanu us obaacmu yesocmuocmu K umeem 8 wHeil n kopreil,
mo e2o MOJHO npedcmasume 8 sude npoussedenus remenma u3 K
HA N AUHelHblx MHodcumeneli ¢ Koagpuyuernmanu us K.

SaMeuaHdue.

YTBepaK/ieHHe TeopeMbl HEBEPHO B TOM CJlyuae, ecyd KoJiblo K He s1B-
JisieTcst 06J1acTblo LeJIOCTHOCTH.

Ynpaxnenune 59. KpanpaThbiii asyusen x? — | umeer B KoJblie Zg ye-
Thipe Kophs (1, 3, 5, 7).

Teopema 67 (o moauHomMuanbHbIX GYHKUUAX). [Tycme obaacmo ye-
aocmuocmu K 6eckoneuna u 0sa mnoeourena [i(x) u fo(x) nao K npunu-
MQIOm 00UHAKOBbLe 3HAUEHUS npu 8cex ¢ € K, m. e. pasHol KAK (pyHKYULLL.
Toeda smu mHocourernvl cosnadarom opye ¢ Opyeon.

HokasatedsabcTBo. Paccyxknaem or npotuBHoro. [lycTh creneHb
MHorousieHa f(x) = f1(x) — fo(x) paBHa n. M3 yc/10BUST TEOPEMBI CaIEyET, UTO
MOXKHO BBEIOpaTh 141 3/1eMeHTOB M3 K, KOTOpbIe SIBJISIIOTCA KOPHSAMH 3TOTO
MHOTOUJIeHa. TeM cambIM MoJIyueHO MPOTHBOpeUHe ¢ TeopeMoi 66. O

N3 nokazaHHOH TeopeMbl BHITEKAET, UTO MO M3BECTHBIM 3HAUEHHSIM MHO-
rousieHa cTerneHd n B 7+ | pasqMuHBIX TOUKAX MHOTOUJIEH OTpesessieTcs
OJIHO3HAUHO.

OpHako He cpady $ICHO, KaK ero BblpasuTb B siBHOM Bue. Ecsn o6aactb
LIeJIOCTHOCTH SIBJISIETCS TM0JIeM, TO JUIsi TOTO MOXKHO HCIOJIb30BaTh MHTep-
NOJISILMOHHBII MHOTOUJIeH JlarpaHKa, 0 KOTOPOM IOHJET peub B CJELYIOLLEM

naparpade.

3anauu ¥ ynpaxHeHus K § 3.2

1. Muorounen x* € Zg[x] umeer B Zg ueTbipe KOPHSI H UeTbipe PasHbIX
pasJ/ioyKeHHsl Ha HEMpUBOJUMbIE (T.€. HepasJoXKUMble Jajiee) MHOXKHUTENH
B Zg[x].

2. Ecmu f(x) u g(x) € Fx], rne FF — noJie, u crenelb f(x) He MeHblle CTe-
neuu g(x), To f(x) ogHO3HAuHO npeacTaBuM B BUe [ = fo+ 1€ + ... + [4 g%,
TJle CTeNeHu f; MeHblle CTereHn g.
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3. Uucno xopHe#l MHorousena f(x) € F[x]| B nose [ He MPEeBOCXOAUT €ro
CTeIeHH, JlaXKe ecJid KaXKJIblii KOpeHb CUMTATh CTOJILKO pa3, KAKOBA €ro Kpar-
HOCTb.

4. Pasnoxute Ha MHOKUTeNH x° + x3 4+ x + | Hax nosiem Zs.

5. Haimure (x® 4+ x* + 1, x* + x> + 1) nan nonem Zs.

6. Haiimure (x° 4+ x* + 1, x* + x> + 1) nan nosem Q.

Jlasiee Bce MHOroujieHbl paccMaTpuBatoTest Haj nosieM Q.

7. Ilpumenss anroputm EBkimaa, Haiiiute Takue MHorousneHbl M| u Mo,
uro (x* — 4x3 + )M (x) + (x® — 3x? + )Mo(x) = 1.

8*. Ilpumensis asroputm EBkiuaa, Haiaute (x" 4+ a”, x™ + a™).

9. Ilpumenss anroputm EBkiunma, n1oKa)kure, 4To

(x" =1, x™— 1) =x"m 1,

10. Ilpumensisi anroputm EBkinna, nokaxure, uto npu k| (n, m)
=1 X" -1 xm
xk—1" xk—1 ) xk—1 "

11. (Taycc.) lokaxkuTe, 4To BCe palyoHa/bHble KOPHH MHOTOUJIEHA

fxy=aux"+...+ao
C 1eJILIMHE KOS HIMEHTaMI UMEIOT BUIL +p/q, T]1e

plao, qla, (p—mgq)|[(m).

§ 3.3. Unrepnoasuus

[IycTtb nana ta6auua 3HaueHUH MHOTOUJIeHA CTeNeHH 71 Haf noJem [

X Xo [ X1 | «vo | Xp | -ov | Xn=1 | Xn
T {yo |y | oo | Yo | oo | Yn—1 | Yn
rae X, ..., Xp — Pas3JjuuHble, a Yy, ..., Yp — HEOOSA3aTeJbHO Pa3JIMUHbIE dJie-

MeHTbI noJist F.
Onpenenenne 77. MHorouseHbl

(x =xp)(x —x1) ... (X = Xp )X = Xpyy) oo (X = Xy ) (X — Xn)
(k= x0) (X — X1) on (X — Xp— 1) (Xp = Xpge1) «-- (X — Xp—1) (X — Xn)’

IF(x) =

rne k=0, ..., n, HasbBawOTCA @QYHOAMEHMANOHOIMIL MHOCOUNCHAMU
Jlaepanica.
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CripaBe/inBa cJiejlyiolast jemma.
Jlemma 19. /laa x = xq, ..., X,

kion 1, ecau x = xp,
o =1,
,  ecau X # Xxp.
JlokasaTeuabcTBo. HenocpenacTBeHHo mpoBepsieTcst, UTo MpU X 7 Xj,
yhcsuTe b Po6H, ompenenisiionledl MHOrousieH, oGpalllaeTcsi B HyJb, a MpH
X = X}, 3TOT UUCJIUTEJb HE PABEH HYJII0 U COBIAJAeT CO 3HAMEHATeJIeM. O

Onpenenenne 78. MHorouseH cTeneHy n
J() = yol () + y1ly () + ..+ yal} (x)

HA3bIBACTCS UMMEPNOAAYUOHHOIM MHO20UAeHOM Jlaeparaca *, cOOTBET-
CTBYIOUIUM JIaHHOH Ta0Julle 3HAUeHHH.

Teopema 68 (uHTepnoasiuMoHHas dopmyna). HHmepnoisyuoHHoLil
MHOoeousen Jlaepanaca [(x) npurumaem 3HaveHus, YKA3aHHole 8 OaH-
HOU mabauye, m. e. pewaem 3a0a4y UHMEPROALUUU.

JHokaszaTeabcTBo. M3 jeMMbl CliellyeT, uto Mpu X = Xp,

k
Yily (X) = Y,
a BCe OCTaJIbHble cjiaraeMble OIpe/esiiolell MHOroUJIeH CyMMbl 06pallaloTcst
B HyJsb. [To3TOMY BCst cyMMa Torja paBHA yp, T.€. f(Xp) = Y. |
Ynpaxuenue 60. [lposepbre, uTo BHIUMC/IEHHE KO3(POHIMEHTOB HMH-

TEPIOJIIUMOHHOTO MHOTOU/IeHa no ¢opmyse Jlarpan:ka—Bapunra tpebyer n
caoxenuil, 2n% + 2n Bountanuil, 2n° +n — 1 ymMHOXeHui U 1+ 1 gesenuil.

JIJ1si MHOTOUJIEHOB HaJl KOHEUHBIMH TIOJISIMU TIOCJIEIHSISE TeOpeMa Tpe-
JbIIyliero naparpada HeBepHa.

[lycTb Z, — noJie BbIYETOB 10 MOJJII0 P, TJle p — NPOCTOE YHCJIO, 8 MHO-
rouwneH f(x) € Z,|x].

Torna cnpaBemvBa (npejnarasuiasicsi B § 2.8 B Bujie 3a1aun)

Teopema 69. Ypasnenue [(x)=0, [(x) €Z,[x], pasrocurvro ypas-
HeHuro cmenenu He soluie p — 1, dpyeumu caosamu, 0ia 1106020 MHO-
eounena [(x) € Z,|x] natidemcsa mnoeouren cmenenu He sviue p — 1,
3Hauenus Komopoeo 0aa 06020 X € L, co8nadaion co 3HAYeHUAMU
MHOcouAeHa [(X).

HokaszaTteabcTso. CoriacHo TeopemMe 0 JeJ€HHH C OCTATKOM MOK-
HO 3aMmMcarhb, 4To
[(¥) = (x" = x) g(x) + r(x), e degr(x)<p—1.

* DTOT MHOrouseH Obll OTKPHIT Takxke aHriuiickum Marematikom XVIII B. 9. Bapunrom
(Eduard Waring, 1734—1798).

10 TauikoB
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Ho x? —x =0 nnsa moboro x € Z, corsacHo maJjoil Teopeme Pepma. 3Ha-
yut, ypaBHenue f(x) =0 paBHOCHJIbHO ypaBHeHHIO r(x) =0, H CrpaBeIMBO
TOXKIECTBO [f(X) = r(x). O

HO9TOMy Hanx 1oJieMm Zp 3ajaya WHTEePNoJsdaUud OCMbICJ/I€HA TOJIbKO MJIs
MHOT'O4JIEHOB CTEIIe€HH, MeHblIel p. Ho nsist Takux MHOrouJieHoB oHa pela-
€TCs TOYHO TaK 2Ke, KakK U J1J1d 6ecKOoHeuHbIX roJied. B YaCTHOCTH, U3 TEOPEMbI
Harpamxa BbITEKAET CJe/lytollasli TeopemMa.

Teopema 70. /s awoboeo omobpascenus g: L, — L, natidemcs
MHOcouAeH [(x) cmenenu He 8viwe p — 1, peaiusyowui smy GyHk-
yuio, m.e. maxou, 4mo 01 06020 Xx € L, cnpasediuso pageHcmso
f(x)= g(x), npuuem amom mHocoureH onpedeser OOHOZHAUHO cpedu
MHO2OUACHO8 cmeneHu He goluie p — 1.

HokaszaTteabcTso. CyllecTBoBaHHE 3TOMO MHOrOUJEHA BbITeKa-
eT U3 TeopeMbl JlarpaHxa, a eIMHCTBEHHOCTb (paKTHueckHu Oblla JoKa3aHa
B Moc/ie/iHel TeopeMe Mpefplayliero naparpada. O

[Ipenpinyliyto TeopeMy MOKHO 000OLIMTD M Ha (PYHKLMH HECKOJIbKUX Te-
pEMEHHbIX.
B uacTHOCTH, CripaBeiINBa CJeyIOIIas TeopeMa.

Teopema 71. /las aoboii pyuxyuu g(xy, ..., xX,), nepemerHole U 3Ha-
HeHls KOMopPOoU NpUHAadAeNncam noo Z,, natioemes mHo2o04AeH f(xy, ...
..ey Xy) OM N nepemerHbLx crenenu He soluie p — 1, no kascdotl nepemer-
HOU peaiusyrowuii amy GQyHKyuro, m.e. maxkoi, 4mo 041 4106020 Habo-
pa (X1, ..., Xp) € Zj, cnpasedauso pagencmso [(Xy, ..., Xn) = g(X1, ..., Xn),
npuyem 3mMom MHo20uAeH onpedeser 00OHO3HAUHO cpedu MHO2OUAeHO8
YKa3aHHO020 8uda.

JlokaszatesabctBo. CHauajla peasjiudyeM YyKa3aHHbIMH MHOrouJie-
HaMH (YHKLHH, KOTOPbI€ BCIOLY paBHbl HYJIO, KpOMe OAHOH TOuKH. [1ycTb,
Hanpumep, QYHKUMS O, k, (X1, ..., X;) PABHA €IMHULE NP (X[, ..., X,) =
= (ky, ..., ky), @ B ocTa/bHBIX cayuasx paBHa HyJo. [l kaxaoroi =1, ..., n
BO3bMEM MHOTouJIeH ff" (x;) crenenu p — 1 OT mepeMeHHO# X;, KOTOPbIH pa-
BEH eJMHHULIE MPH X; = k; W HYJI0 B OCTaJbHBIX CJydasiX, CYIIECTBOBAaHHE
KOTOPOTO JI0KA3aHO B Mpeabiaylieid Teopeme. Torma MHOTOUJIEH, PABHBIH HX
MPOU3BEJIEHHIO

k
/c/el,...,/e,,(xh cey Xp) = 1]()51) f,/;"(xn)7

OyJleT paBeH eJMHHLIE MPU (X|, ..., X,) = (R, ..., ky) U HYJIO B OCTaJIbHBIX
cayyasix, T. €.

fkl,.“,k,l(xla sy xf’l) :5’21,.“,/2,1()(1’ sy xf’l)'
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Ecou xe pyHKUus dg, . p, (X1, ..., X,) B TOUKe (R, ..., k,) paBHa He eaU-
HHLE, a HeKOTOPOMY 3HAueHHIO a € Z,, a B OCTAJbHLIX TOUKAX paBHa HYJIO,
TO MHOTOUJIEH fp, 4, (X1, ..., X,) TIOC/IE YMHOXKEHHSI HA @ OMSITb OyJLET pea-
JIM30BbIBATH 3TY (PYHKLHUIO.

[IpousBoJsibHast pyHKUMA Z(X], ..., X,) PeaH3yeTCss MHOIOUJEHOM, paB-
HBIM CyMMe BCeX MHOTOUNeHOB g(ky, ..., Ry) fr,.  p, (X1, .oy Xp).

JeiicTBuTesbHO, st JtobGoro Hadopa (Ry, ..., k,) € ZY, npu (X1, --vy Xn),
paBHoMm Habopy (kp, ..., k,), B 3TOil cymMMe Bce cJiaraemble 0oOpallaloT-
csl B HyJb, M ToJibKO cJjaraemoe g(Ry, ..., Ry) e, . p, (X1, ..., X,) paBHO
g(ky, ..., ky), mosTOMYy ¥ Bcsi cymma npu (xy, ..., x,) = (ky, ..., k,) paBHa
g(ky, ..., k). YxazaHHass cymma $IBJSIETCS MHOTOUJIEHOM OT TepeMeH-
HbIX X1, ..., X, CTENEHH He Bbille p — | 1Mo Kajod U3 Hux. Tem cambim
CYLIeCTBOBaHUE peajiu3ylollero QyHKUU g(xy, ..., X,) MHOroujieHa JloKa-
3aHO.

Jlnsi nokazatesibCTBa €IMHCTBEHHOCTH 3aMETHM, UTO KaXIblil M3 MHO-
FOUJIEHOB OT 7 TEePEMEHHbIX CTeleHH, MeHblIed p N0 KakI0H M3 HHX,
OJIHO3HAUHO OnpejessieTcst HAG0POM KO3(PPULUHEHTOB PU CBOUX OJIHOUJIEHAX
xf” oo xk 0K R < p— 1. D1uX KO3(hDULKEHTOB, KaK M OJHOUJNEHOB, p”
LITYK, KaXIblH W3 HUX HE3aBHCUMO OT JPYrMX [PHHUMAaeT p 3HAuYeHHH,
M03TOMY UHCJIO BCEX TAKHX MHOTOUJIEHOB paBHO pP .

UHCa0 ke pasfMuHbIX peanusyeMblX (YHKLHME ToKe paBHO pP | Tak
KaK Ka)Klas M3 HUX OJHO3HAUHO orpejesseTcss HaGopoM CBOUX p” 3Haue-
HUH NpH

(X1, oo, x)=(R1, ..., k), O<ki<p—1L

[Tosromy corsacio npuHuuny Jupuxse kaxiaas u3 (QYyHKUME peasu3yer-

€l POBHO OJHMM MHOTIOUJIEHOM, HHAue MHOIOUJIEHOB He XBaTHJO Obl A4
peasiu3auun Bcex (PYHKLMH. a

HMcnosb3yst MHOrousIeHbl Hajl osieM Zp,, MOXKHO JaThb JPYroe J10Ka3aTeib-
CTBO TeopeMbl Busibcona: ecau p — npocmoe uucro, mo wucao (p — 1)l + 1
deaumcs Ha p.

HokaszateabcTBoO. [Ins1 p=2 5Ty TeopeMy MOKHO TPOBEPUTH
HenocpeacTseHHo. Ilyetb p > 2. CorsiacHo maJsioit Teopeme Pepma MHoro-
uten xP~' — 1 Hax mosem Z, vMeeT POBHO p — l KOpeHb 1,2 ..., p—1,
MO3TOMY 3TOT MHOTOUJIEH MOXKHO PA3JIOXKUTb Ha JIMHEHHble MHOXHUTEJIH

W l=(x=Dx=2) ... x = (p = 1)).

IToacTaBuM B rosyueHHoe Toxaectso 0 1 nosyunm, uto — 1 =(—1)7~1(p = 1)!,
a Tak Kak (p — 1) — umncgio uetHoe, 10 (p — 1)! + | nenurcs Ha p. O

B HekoTopbix ciaydasix 6oJiee ynoOHOW SIBISIETCS UHMEPHONLYUOHHASL
¢dopmyra Heromona.
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Teopema 72. /ina npoussorvrnozo mrnoeourerna f(x) € K[x] cmenenu n
U NPOUBBOAbHBLY Cy, ..., Cn € K cnpasedausa opmyra

[(x) = ao + a(x — co) + as(x — co)(x —c1) + ...+ an(x —co) ... (x —cae1),

ede a; =Fi(c;), i=0, ..., n, a nocaedosamenroHocmoy pyHKyLLL
Fl {607 AR Ci—27 Ciy ovny Cﬂ}_>K
onpedensemces opmyramu Fo(c;)= [(c;), i=0, ..., n,
Fi (%) = Fi_1(c;—1)
Fl(x): l xfc.l 1 l ’ xE{CO,...,C[72, Civ"‘vcﬂ}'
i

Hokaszateabctso. CyuecrsoBande (opMyJ/bl YKa3aHHOIO BHJA
MOXKHO JlOKa3aTb M0 WHAYKUWH, [TPH 9TOM B KauecTBe a, GepeTcs CTapLiuii
K03 HULHEHT MHOTOUIeHa [f(X).

EnnHCTBEHHOCTb KO (MHLMEHTOB @; TaKXKe C MOMOLIbIO HHIYKLIHH BbIBO-
JUTCsl U3 hopmyJl

f(co) = ao;
f(c1) =ao+ai(ci — co);
f(ca) =ap + ai(ca — co) + as(co — co)(c2 — ¢1);

f(Cn):a0+a1(cn _CO)+--~+an(Cn _CO) (Crz —Cﬂ,1),

KOTOpble MoJyuarTcst U3 (GopmyJdibl s f(x) MOACTAHOBKAMHM KOHCTAHT C;,
i=0,...,n

W3 onpenenenust pynkumit F;, i =0, ..., A, TaKxkKe 110 HHAYKIUH BbIBOJSITCS
hopmyJibl

Fo(x) = ao + Fi(x)(x — co),
Fo(x) =ao +ai(x —co) + Fa(x)(x — co)(x —c1),

[ToncraBasisi B HUX KOHCTAHTbI Cj, ..., Cy U T10Jb3YSCh IOKA3AHHOH €JHH-
CTBEHHOCTbIO Ko3uumreHToB a;, i =0, ..., n, nojaydaem GpopmyJbl
Cli:Fi(C[), i:O, R (B O

YnpaxHenue 61. IlpoBepbre, uto BhluMcieHHe KODMUIIMEHTOB UHTEP-
MOJISILIMOHHOTO MHOrOUJIeHa No opmyJe Hbiotona TpeGyer n? -+ n BbluHTaHHIl,
(n® + n)/2 nenenwi.

Ecau koadduumentst a;, i =0, ..., n, B dopmyse HbloToHa yxe Bbi-
YMCJIEHBl U HAM HY)KHO HalTH 3HaueHHe HHTEPIOJSLHOHHOTO MHOrouJeHa



§3.3. Hurepnonsims 149

B 3aJIaHHOH TOUKE X, TO JJIsl 3TOr0 YA00HO HCIOJIb30BaTh CJeylolLyto (op-
myJty (o6o6uiatoltyio cxemy [opHepa, KoTopasi MOSIBUTCS Y HAC JlaJiblile)

f(x)=ap+ai(x —co)+as(x—co)(x—ci)+...+an(x—co) ... (x—ch_1)=
=((an(x —cp—1)+an—1)(x —Cp—2)+...)(x —co) +ao.

Ynpaxuenue 62. IlpoBepbTe, uTO BblUKCJ/IEHHE 3HAYEHUS] UHTEPTOJMSILIH-
OHHOTO MHOTOUJIEHA 110 3TOH hopMyJie TPeOYeT A YMHOXKEHUH U 211 CJI0YKEHHUH.

3aMeTHbIM TIperMyllecTBOM (opmyJ/bl HbioToHa mpu o6paboTke sKcre-
PUMEHTAJIBHBIX JIAHHBIX SIBJISIETCS TO OOCTOSITENLCTBO, YTO €CJIH Mbl PELIHJIH
J0CABUTD elle OJHY TOUKY B (POPMYJY Uil MHTEPIOJSLMUH U COOTBETCTBEHHO
YBEJIMUMTL HA | CTereHb UHTEPIOJISILIHOHHOrO MHOCOUJIEHA, TO HE HAJI0 3aHO-
BO M€PeCUUTBLIBATL BCe ee KOIMMULIMEHThI, @ HY»KHO HAUTH TOJILKO MOCJIeAHUIH
(crapiuuit) Ko3hHUIHEHT.

Ho dopmyna HeloToHa He faet siBHO KO3 (HIHEHTOB HHTEPMTOJSLHOHHO-
ro MHorouJsieHa, Kak gopmyna Jlarpamka—Bapunra.

3anauu v ynpaxkHenus K § 3.3

Ilaﬂee paccMmaTpuBaemM TOJbKO MHOTOUJIEHBI HaJl IMOJieM JIEUCTBUTEJILHbBIX
yucedsi, eCJiM He OroBOpeHO MPOTHUBHOE.
1. l_[OCTpOl/ITb MHOTOUJIEH HAUMEHbIIIEeNH cTerneHu Mo TabJjuile 3HaUEeHUH

x| 11234
yl211]14|3

a) Haj nojem Q; 6) Hax noJiem Zs.
P(x) li(x)

2. Tlyctb P(x) = ﬁ (x —a)), li(x)= . JlokaxkuTe, 4o Z
=l X =1 lifai)

3*. Tlycrb P(x H(x — a;). lokaxkure, uto Z

=1.

):0 npu n > 1.

4*. Qopwmyse Harpamka MOXKHO TpUJaTh CJIe[LleLLLI/II/I 0oJiee 3J1eraHT-
HbIH BUJ

[(x)
(0 =xp) oo (X = xn) Zf()%(x—)%)

TJle cTosilas cjieBa Ipo6b — MpaBUJIbHAS.
5. Muorousen P(x) mpu JeseHHH Ha X —a JAaeT OCTAaTOK @ JJis BCeX
a=1,2,3,4. Haiinute octaTok oT fiesienusi ero Ha (x — 1) (x —2)(x — 3)(x —4).
6. [okaxkute, uTO €C/IM p(X) — MHOTOUJIEH CTENEHH A CO CTapLIUM KO3~
¢duurentom 1, To npu HekotopoM uesoM m € [0, ] ero Moaysib He MeHblle

nl/2".
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7. Jlokaxkute, u4To ecjau p(x) — MHOTOUJIEH CTENeHU 27 W TP KaXKIOM
uesiom k € [—n, n] crnpaBeminBo HepaBeHcTBO |p(k)| <1, To mpu so6om
X € [—n, n] cnpaBeIMBO HepaBeHCTBO | p(x)| < 227,

8. Tloctpouth MHOTOU/IEH HAWMEHbILEH CTerneHu Mo TabJuile 3HaAYEHHH

) x|{0]1]2|...] 9 6) x|1] 2 3 ... 99
a ;
yl1]2]|4)|...]512 y|1|1/2]1/3]...]1/99
9*. MHorousieH p(x) CTeNneHH 1 yJIOBJETBOPSIET PaBEHCTBY p(k) = f_ T
k=0, ..., n. Haiinure p(n+1). i
10*. MHOFOl[JleH p(x) cTeneHu n ylIoBJAETBOPSIET PaBeHCTRY p (k) = Y
k=0, ..., n. Haiinure p(n+1). n+1

MHorousieH Ha3bIBaeTCsl YEA03HAUHbIM, €CJAH OH TIPUHHMAeT BO BCEX
LIEJIBIX TOYKAX TOJILKO L€JIble 3HAUEHHS.
11%. JlokaxkuTe, UyTO LI€JI03HAUHBIH MHOIOUJIEH HMEeT BUJL
x(x—=1)...(x—n+1)
n!

act+aix+...+ay, ,
rae a; € Z.

Yxaszaunue. [lpumenuts dopmyny Helorona.

12. Jlokaxute, uto onepauust AP(x) = P(x + 1) — P(x) nepeBoauT Liesio-
3HAUHbIA MHOIOWIEH B LIeJIO3HAYHDBIN.

13*%. JlokaxkuTe, UTO MHOTOUJIEH CTENEHH 71, MPUHUMAIOLIKH B 11+ 1 moji-
PAIL UAYLIMX LEJAbIX TOUKAX TOJBbKO LieJible 3HAUEHHs, SIBAETCS 11eJ03HAUHBIM.

14*. ﬂoxamme YTO MHOMOUJIEH CTENeHH 7, MPUHUMAIOLWMA B TOUKax
0,1,4,....,n° TOJIbKO LeJible 3HauUeHUsl, MPUHUMAET LieJIble 3HaueHHs1 B JiloOoH
1esiol Touke Buaa m2, m € 7.

15%. MHoroueH crTereHd 1 co CTapiiuM KO3 HUIIMEHTOM | TpH LeJbIX
3HAUEHUsIX apryMeHTa NpUHUMAeET Liesible 3HaueHus1, aessiuecst Ha m. Jloka-
xure, uto m | nl.

16%*. MHuorouJieH cTerneHd 1 B J10OOH 11eJI0H TOUKe paBeH 11-H CTerneHu
1eJ10ro uncda. J1okaxkure, 4To OH paBeH 7-i CTeNeHH JIMHEHHOro MHOrou/ieHa
C L&JbIMU KO3 HUIIMEHTAMH.

§ 3.4. lpousBoaHbie U KpaTHbie KOPHU

PaccMOTpHM KOJIbLIO MHOTOUJIEHOB HAJl MPOU3BOJBHBIM MoJieM F .

Onpenenenue 79. [Ipouszsodwnoti MHOrOuIeHA
fX)=aox"+aix" '+ .. . +a,_1x+a,

HasbiBaercst MHorousied ['(x) = naox" ' 4+ (n — Dajx" 2 + ... 4+ a,_i.
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CrnpaBeyIUBbI CJEYIOLIHE YTBEPKIEHHST O MPOU3BOAHON MHOrOUJIEHA.

Teopema 73.

(i) Ipouszsodnas mHoeourena Hyresoil cmenenu pasra 0.

(ii) Haa a060e0 ¢ € F npouszsodnas mmHoeousena x — ¢ pasHa 1.

(iii) /1poussodnas cymmol 08Yx MHOCOUACHOB PABHA CYMME NPOUIBOOD-
HbLX.

(iv) Aas aoboix c € F, [ € F|x] cnpasedauso paserwcmso (cf) =cf’,
M. e. NOCMOAHHbLIL MHONCUMELb MONCHO BOLHOCUMb 30 3HAK NPO-
U3800HOU.

(V) [as aoboix mHoeourenos [ifo € Flx] cnpasedausa ¢opmyra

Jlelibnuya
(W) =TT+ s

(vi) daa awboix muocousenos [i € Flx],i=1, ..., n, cnpasediusa
obobwennas gopmyra Jleibrnuya

(v ) =Nl oo Tn+ Nlsls oo ot Tifo oo Jami [y
(vil) Jag ar060e0 mHoeourena [ € Flx]
(1 =k T
(viii) Jaa aoboeo ssemenma ¢ € F
(x =0 =k(x — o)1,

JokaszaTeanbcTBo. [lepBble ueThipe yTBEP)KAEHHS CJEIYIOT HEMO-
Cpe/CTBEeHHO U3 omnpesenenusi. Popmy.a JleitbHuua (v) Jerko nokasblBaeTcs
CHauaJ/ia B YaCTHOM cCJlydyae, a MOTOM [epexouM K OoJiee 00lleMy Cayualo:

(@) [i(x) =ax™,  Jo(x) = bx";

(©) fi(x) =aox" +a;x" "'+ .. a1 x+an, [o(x) =bx"

(B) f1(x) =aox" +a1x" "' + ...+ an_1x + ay,

fo(x) = box™ + b x™ '+ .. 4 by 1x + by

YTBepiKeHHe (Vi) JIerko BLIBOIUTCS U3 POpMYJibl JIeHOHHULIA 10 UHYKIIHH.
YTBep:kaeHue (vii) siBaseTcss yacTHbIM cjyuaem mnpeapiayutero. [Tocnennee
YTBEp:KJeHHE OUEBUIHO CJIEyeT U3 MPEeIblIyLIHX. O

EcTecTBeHHBIM 00Pa30M MOXKHO BBECTH TIOHSITHE MPOU3BOJHBIX BBICIIETO
nopsjka.

Onpepaeaenune 80. [IpousBonHast oT nepBoOii NPOU3BOAHON Ha3blBaeTCs
8mMopoii npou3so0Hol, NPOU3BOJHAS OT BTOPOH MPOU3BOMHONH Ha3bIBAET-
¢l mpemoeti npou3sooHol U T. 1., N-1 NPOU3BOJHAA — ITO MPOU3BOIHAS

ot (n — 1)-# npousBoaHoi. [1pousBoaHasi mopsiika /1 MHorousieHa [ 0603Ha-
yaercst o6bluHo [,
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CnpaBemnBo caenyollee 060611eHHe hopmyJbl JIelGHULIA.

Teopema 74. /1 a0bbix mHoeourenos [; € Flx]|, i =1, ..., n, u n060eo
HaAmMypaivHo2o k cnpasediuso pasgeHcmaso

(Fif)® =" Chp ",
k=0

ede [ o6osnauaem .

JlokasaTeJsabcTBo. JlokazaTeqbCTBO MPOBOAUTCS MO UHAYKIMH. Ba-
3a (n = 1) nokasana B npeapiayiieil Teopeme. Lllar unaykinu o6ocHOBbLIBaeTCS
C MOMOLIbIO TIpeiblIylIel TeopeMbl U ToxlecTBa [lackass (cm. c. 48). a

Paccmorpum noJsie F xapakrepucTikid 0 M KOJIbLLO MHOTOUJIEHOB HaJl HUM.

Onpenenenune 81. DnemeHT xo €[ Has3biBaeTcsl KOpHem KpamHo-
cmu n MHorousieHa f(x) € F[x], ecau f(x) nenurcsi 6e3 ocraTka Ha (x — xp)",
HO He fenuTest Ha (X — xo)"T!. Kopenb kpaTHocTH | HasblBaeTCs npoCHIbIM.

Teopema 75. Saemenm xg € F ssanemces koprem mroeousena [(x)
kpamrnocmu n (n>2) moeda u moavko moeda, koeda [(xg) =0 u on
a8a8emces. KopHem kpamuocmu n— 1 y npousdeodroli mHoeourena f(x).

HokaszateabcTBo. [lycTh Xo— KOpeHb KPaTHOCTH 1 MHOrouJjie-
Ha f(x), Torna mo omnpenenenuto f(x)=(x—xg)"-h(x), rae hA(x) He memutcs
Ha x — xo. [IpuMeHsisi MpeabIAyILyI0 TeOpeMy, OTCIOa HMEEM, UTO

F(x) =n(x —x0)" " - h(x) + (x —x0)" - h'(x) =
= (x = x0)""" - (- h(x) + (x — x0) - B (x)).

Caieioatenibho, f/(x) menutes Ha (X — xo)" !, HO He jeantes Ha (X — Xo)",
TaK Kak f1(x) He JeJUTCS HA X — X.

O6patHo, nyets f(xo) =0 u [/(x) memutes Ha (x — x0)"~'. Jlokaxem,
YTO Xo— KOPEHb KPAaTHOCTH 1 MHorousjeHa [(x). [Tpeanosoxum, uto f(x)=
= (x — x0)* - A(x), rne A(x) He nenutcs Ha x — xo. Torna

J'(x) = k(x = x0)* ™" - A(x) + (x = x0)* - ' (x) =
= (= x0) - (k- h(x) + (x = x0) - 1 (x)),

MHorousieH kA(x) + (x — xg) - A’ (x) He mesuTCsi HA X — Xo W, CJENOBATENb-
HO, X SIBJsieTCsl KOpHeM KpatHoctH k — 1 mnpousBoaHoil f'(x), oTkyna
k=n. O

JItoGoit MHOrousieH [ MOXKeT ObiTh €IMHCTBEHHBIM 00Pa30M paA3A0JCeH
no cmeneuam (x — c):

Jx)=bo(x — )"+ by(x —c)" "+ ...+ by_i(x —c)+ by,
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ITO JIETKO JI0KA3bIBAETCS UHAYKUMEN N0 CTENeHH MHOrouJieHa. [1elicTBUTe b~
HO, pasienum [(x) Ha x — ¢ ¢ octatkom. [Tosyunm

[(x) = (x =) [1(x) + bn,

rie b, —octatok, [i(x) — MHOrouwieH creneHu 7 — 1. B cuiy HHAyKTHBHOTO
PeINoNONKEHUsT

Fi(x) =bo(x — )" '+ by (x — )" 24+ ...+ by,

otkyna f(x) =bo(x —¢)" + ...+ b,.

OnuieM ajroput™ Jyist BbluvcjeHusi kosdduuuentoB b;. CBoGOJHBIN
ujieH b, passoxKeHHsl eCTb OCTATOK OT jejieHusi [ Ha X — ¢, b,_| eCTh 0CTAaTOK
TpU JIeJIeHUH HETIOJIHOTO YAaCTHOTO f| Ha X — ¢, ¥ BbIUMCJIEHHE MOCJeIyIOIHX
KO3 PUIHEHTOB TpeOYeT BbIUUCJIEHHS] HEMOJHOTO YACTHOTO fo MPH JeJeHHH [
Ha x — c. Jlanee, b, _o HaXOJUTCsI KAK OCTATOK IPH JIEJIEHHH fo HA X — C U T. L.
Kpacusbie hopmyibl 718 KO3PPUUHEHTOB b; YKa3bIBaET CJeylolllas TeopeMa.

Teopema 76 (Teitnop™). Jlroboii mHocouren [ cmenenu n MONHO
npedcmasumeo 8 sude

F'(e)

[ ()
fO)+ 7 (=) + ‘

I (C)(x—c)Q—i-...—i—T(x—c)”.

2!
HokaszateanbcTBo. [lycts

fx)=do+di(x —c)+do(x —c)* + ...+ d,(x — )"

[Tponuddepentmpyem k£ pa3 06e yactu 3T0r0 paBeHcTBa. KMcnonbays npasuia
JuddepeHpoBatmsi, OJydaeM, 4To

FOw) =Rl dy+(k+ D) dpp1(x—c)+...4n(n—1)...(n—k+1)d,(x —c)" "

[Tonaras x = c, umeem f®(c) = k! d,. O

3anauu U ynpaxHeHnus K § 3.4

1. Onpenenuts A u B Tak, utoonl (x — 1) | Ax"+! + Bx" + 1.

2. JlokakuTe, 4TO MHOTOUJIEHBI

(i) £ — nx"t' 4 nx" — 1,

(i) x> — 2n + D™ 4+ 2n+ Dx" — 1
MMEIOT OJIMH TPOHHOH KOPEHb.

3. Haiinute yc/oBue, npu KoTopom MHorousen x° 4 ax® + b umeer 1soii-
HOH HEeHyJIeBOH KOPEHb.

* B. Teiisiop (Brook Taylor, 1685—1731) — anraniickuii MmatremMaTuk, ujeH JIOHIO0HCKOrO Ko-
pOJIEBCKOTO 001eCTBa.



154 [nasa III. MuorouseHbl

4. Jlokaxkute, uto TpexusieH x”" + ax"~™ + b He MOXKeT UMeThb HeHyJIEBbIX
KOpPHeH KPaTHOCTH Bblllle BTOPOH.

5. Jlokaxkure, uTo k-ujieHHbIH MHOrousieH a;x™ + ...+ apx™ He MoOXKeT
MUMeTb HeHyJIeBbIX KOpHEH KpaTHOCTH Bhille (kR — 1)-H.

6. Iokaxure, uto MHorousen | +x + x2/2 + x3/3! + ... 4+ x"/n! ne ume-
€T KPATHLIX KOpPHEeH.

7*. Jlokaxute, uto MHorousien | + x + x2/2 4+ x3/3! + ... + x" /n! umeer
He 6oJiee OJIHOTO NEHCTBUTENBHOTO KOPHSI.

8%*. Jlokaxure, uto Muorounen 14x+x2/24x3/314...+x"/n! ne ume-
€T palMOHaJIbHBIX KOpHel. ¥ Ka 3 aH W e. [Ipumenuts popmyny Jlexxanapa
0 JIeJIMMOCTH (haKTOPHAJIOB.

9. Pasnoxute muorounen x® — 6x* — 4x3 4+ 9x% 4 12x + 4 na MHoKHTE-
JIM, He UMeIoLlHe KPATHBIX KOPHEH.

10. Ecsu mMHOrousieH ¢ UebIMH KO3(h(PULHMEHTaMH TPHHUMAET B UeTbipex
pasHbIX LeJIbIX TOUKAX 3HAUEHHe @, TO OH He MOXKET MPUHUMATb HH B OJHOM
1IeJIOH TOUKe 3HAueHue @ + p, Tae p — NPOCTOE YKCJIO.

11*, (diinep.) Muorounen n® +n+41 npu n=0, 1, ..., 39 npunumaer
TOJILKO MPOCThie 3HaueHusi, HO npu 1 = 40 — Het. JloKaxkuTe Teopemy: He Cy-
1LIECTBYET HEMOCTOSTHHOTO MHOTOUJIeHA, TPUHAMAIOLILETO TOJIBKO MPOCThIE 3HA-
UeHUsl NPU BCEX HATypaJsibHbIX 3HAUEHUSIX apryMeHTa.

12%. CyuiecTByeT MHOTOUJIEH f(X) n-# CTENEHH C LeJbIMH KO3(hhULeH-
tamu Tako#, uto f(0), ..., f(n) — pasanuHble NpoCTbie UUCIIA.

§ 3.5. Cxema lopHepa*

Jesienne Npou3BOJILHOIO MHOTOUJIEHA HA ABYUJIEH MOXKET ObIThb BBIOJHEHO
CYLLECTBEHHO TIPOLLE, YeM JieJIeHUe Ha MPOU3BOJIbHBIA MHOTOUJIEH.
JlelicTBUTE/IbHO, €C/IH HY?KHO PasfeNuTb MHOrOUJIeH

f(x) =aox" + arx"" + ...+ an_1x + a, € F[x]

Ha JByWIeH X —c¢, rae ¢ € F, T.e. HallTh Takue g(x) W r, uto g(x) € Fx],
reF,un [(x) = (x —c)g(x) + r, ecrectBenHo uckath g(x) B dpopme box" ! +
+b1x"2 4+ ...+ b,_;. Torna noJyuum paBeHcTBO

) =aox" +aix" '+ . 4a,_ix+a,=

=(x =) (box" M+ b x4 byy) +,

* B.Topuep (William George Horner, 1786—1837) — aHryniickuii MaTeMaTHK.
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PaBHOCHJIbHOE LEIMOYKEe PaBEHCTB

ap = b,

a) = b] — Cb(),

Q9 = bg — Cbl,

an—1 —bnfl Cbnf‘ ’

OTKyJla MOCJIE0BATENLHO ONPeesstoTesl KO9((HULMEHTbl ¢(X) M OCTaTOK 7t

by = ay,
by =ay + cby,
by =as + cby,

brz—l =ap—| + Cbn—Q’
r=a,+cb,_.

3ameTuM, 4TO OCTATOK /' paBeH 3HaueHHIo f(c) MHOTOuJIeHa [(X) MpH X = c.
JleficTBUTENIbHO, Mepexojisi B paBeHCTBe f(x) = (¥ — ¢)g(x) + r K 3HAUeHHsIM
npu x = ¢, noayuuM f(c) = (¢ — ¢)q(c) + r, otkyna r = f(c).

YKa3aHHbIi croco6 BblUMCIeHHs KOI(PPULMEHTOB UACTHOTO ¢(X) U ocTaT-
Ka r HOCUT Ha3BaHHe cxeMbl [opHepa (xoTs oHa Oblia, MO CYLIEeCTBY, H3BECTHA,
Hanpumep, U HotoTony, u Pydpdunu, u naxe B Kurae B XIII B.).

Hanee caoncrnocmoro areopumma OyneM Ha3bIBaThb YHCJO BbITOJIHAEMbIX
B HeM apuMeTHUECKHUX OorepaLuil.

B npuBeneHHOM Bbillle aaroputMe [opHepa HCMOJb30BANUCh TOJMLKO Ore-
palyd CJIOXKEHUS-BbIUUTAHHUS M YMHOXeEHHsS W (pakTHUeCKH Oblia JoKasaHa
cJeyonlas

Teopema 77. Yacmnoe u ocmamok om OeseHus MHOeO4AeHA [(X)

CMeneHnu N Ha X — ¢ HAXO0O0SMCs CO CAONHCHOCHIbIO 1 IAIOC HUCAO HEeHYAe-
8bLX KOIpguyuenmos y mHocourena f(x) munyc edunuya.

Ynpaxnenue 63. Haiiure HenosHoe 4acTHOE M OCTATOK MPH JeIeHUH
MHOTou/IeHa x5 Ha x — 2.

BhinuiueM nocJsie0BaTebHO KOI(MMHIMEHTHl MHOTOUJIEHA X
BepPTHKA/ILHOH YePThl, YHCI0 2:

100000/ 2.

[Tox 3Toil cTpOKO# 3anuiieM KO3 hHUIIMEHTbI HEMOJHOTO YACTHOTO M OCTATOK,
N0JIb3YysICh TOJBbKO UTO BbIBEJEHHBIMU (hOpMYJIaMH:

1 000 0 0 | 2

1 2 4 8 16 32
(ocTaTok — nopuepkHyTOoe uyncao). Mrak,

x° = (x — 2)(x* +2x3 4+ 4x + 8x + 16) + 32.

5 4, nocje
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3ameuanue. B cBAsM ¢ 3THM NpUMepoM oTMeTHM, uTo aesenue x !0

Ha x — 1000 Ha KoMIbIOTepe TaKMM CMOCOOOM BBIMOJHUTH 3aTPYJIHUTENLHO,
notoMy uTo octatok Oyser pasen 100 u BhisoBer nepenosnenue. He Bee, uTo
JIETKO B TEOPHUH, SIBJISIETCS] TAKUM M Ha MPaKTHKe.

OnucaHHOMY B MpejibliylileM naparpade ajropuTMy pas/ozKeHHsh MHOTO-
ujieHa 10 CTENeHsIM JIByuJieHa X — ¢ MOXKHO MPUAATh CJEAYIOUINH BUJL.

Teopema 78. Maadwue k+ 1 koagppuyuenmos mnoeourena f(x + c),

pasHoLe
f(©0), f'(c), ..., [®(c)/R),

MONUCHO 8bLuucAUmb cO caoxcHocmovio (k4 1)(2n — k), ede n=deg f(x).
B wacmwuocmu, 8ce k03hduyuenmol 8bLUUCALIOMCS CO CAOHCHOCHILIO
n(n+1).

HokaszateabctBo. O6o3Hauum G(n, &+ 1) CI0KHOCTb 3TOTO Bbi-
uncsieHus. C noMolllblo cxeMbl [opHepa co CJ0KHOCTBIO 271 BBIUMCIUM §(X)

u f(c), rae
[(x) = (x = )g(x) + [(c).

f(x +¢)=xq(x +c)+ p(c),

Torna

U JIJIsl BLIUKCJIEHHST OCTaJIbHBIX £ KOS(P(HUIMEHTOB JOCTATOUHO HAlTH k MJajl-
X kosduuuenToB y MuorousieHa g(x + c¢) crenenu n — 1. [Tostomy

Gn, k+1)<Gn—-1, k) +2n, G, 1)< 2n,
3HAUMT,
Gn,k+ 1) <2n+2n—1)+...42(n—k)y=(k+ 1)(2n — k).

[Tpu k = n nonyuaem G(n,n+1)=n(n+ 1), npuuem ucnonbayercsi n(n+1)/2
CJIOXKEHHH U CTOJILKO Ke YMHOXKEHHH Ha KOHCTaHTY C.
Tor dakr, uro Kosdduuuent npu x* B mHorounene f(x +c) pasen
[®(c)/R!, cnenyer us dopmyinl Teiiopa. O
Gameuanue Ecauc=1, 10 peanbHo yMHOXKeHHH BOOOLIE He MPOU3-
BouTes. B 06lieM ciyuae 1mouTH Bce YMHOXKEHHSI MOXKHO CIKOHOMHTD, €CJIH

npeaBapuTe/ibHO BbIYHUCJ/IUTD CQ, ey Cﬂ, KU OT MHOTOYJIeHa

fx)=ao+... +a,x"
NEePEeNTH K MHOTOUJIEHY

F(x) = f(x¢c)=ag+ ...+ a,c"x",

BBIUHUCJIMB €ro KO3 PULHEHTBI g, A1C, ..., A,C", 1ajiee TONyYUTh pasJioKeHue
F(x) no crenensim x — |

Flx)=bo+bi(x — 1)+ ...+ bu(x — 1)
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¢ momotpbio 71(n + 1)/2 cyoxenuit, OTKy1a Mpu y = x¢
b bn
J@)=bo+b1(y/c = 1) +...4+buly/c = 1)"=bo+ -y =) +...+ Z(y—)"

3HauuT, HyKHble Ham Kosdduiwentol [*¥)(c)/k! naxomares no dopmynam

by/c* ¢ nomoubio n nenenui.

5

Ynpaxunenue 64. Passoxum MHorowieH x° no crenensm x — 2. [pu-

MeHsist cxemy [opHepa, nosyuum:

1 0 0 0 0 0 | 2
1 2 4 8 16 32
1 4 12 32 80

1 6 24 80

1 8 40

I 10

1

rae ocraTku l'[OII‘{epKHyTbI. TaKl/lM o6pa30M,
0= —2)° +10(x —2)* +40(x — 2)> +80(x — 2)? +80(x — 2) + 32.

Jns npubIMKEHHOrO BbIUMCJEHUS] KOPHEH MHOrousieHa ObIBaeT HyXKHO
HaiTH ogHoBpeMeHHO f(c) u f/(c). BBINOJHUTD 5TO MOXKHO TIPH MTOMOILM CXEMbI
[opHepa, BbIUMC/UB JBa KO3((UIHEHTa pa3oxKeHUsl [ 1O CTereHsIM X — C.

Ynpaxnenue 65. Jlns Muorounena x3 — x — 1 soiuncanm f(1,2) u [/(1,2).

[Ipumenum cxemy [opHepa:

10 -1 -1 | 12
1 1,2 044 —0472
1 24 332

Urak, [(1,2)=-0,472 u ['(1,2) =3,32.

B kauecTBe ele oHOro npuMeHeHus cxeMbl [opHepa onuiiem areopuman
nepesoda u3 080U1HOU cucmemol 8 0ecamuuHyo 1 o6paTHo.

CHauaJia TiepeBe/ieM YHUC/I0 U3 JBOMUHOM CHCTEMbl B BOCbMepHuHyto. Jljisi
3TOro pa3buBaeM clipaBa HaJleBO ero LUQPbl Ha TPOUKKU (MOCJeHSsIsT TPOHKa
Ha CaMoM Jiesle MOXKeT ObITb NMapod WJM OJHOH LU(POH) U MepeBOJUM HX
B BOCbMEpPHUHY!0 cucTeMy cxeMol [opHepa (BbinoJiHsieMoil ycTHo). Hanpumep,

(1111110000) = (1.111.110.000)s = (1760)s.

BbinosHUM nepeBojl U3 BOCbMEPHUHOH CHUCTEMbl B jecsiTHUHyto. [lycTb
unesio u = (U, ... uy)s. Ha k-M miare BbIMoJiHSIEM HaJ| MOJIydUeHHOH Ha mpe-
JIbILYIIEM LlIare 3aMUChbI0 B IECSITUUHON apuMeTHKe JeiCTBHs

Uy o Up—p—1—2 Uy - Uy =Tptl -+ Op—p_1



158 [nasa III. MuorouseHbl

U 1oJiydyaem 3alucb

Untl +o- Unefp—1-Up—fp—9 ... U],

rie TOYKa HCMOJb3YeTCsl BMECTO JECSTHUHOW 3aMsiTOM, a cTaplive pa3psisibl
MOTYT 0Ka3aTbCsl HYJIEBBIMU U B peaJibHbIX BbIUUCJIEHUSX yuacTBOBAThL He Oy-
ayt. Ha (n — 1)-m wiare noJyyaem jecsiTHuHyto 3anuch udcga u. Hanpumep,
(1760)s = (1008)0:
(1.76 0)g
2
1560
30
126.0
252

(1008)10

Aneopumm nepesoda us decamuuHol cucmemsl 8 0BOUUHYIO TIOUTH Ta-
Koii »xe. CHauaJsia 1epeBoJIMM B BOCbMEPUUHYIO 3aruch. [1Jisi 9TOro, noJjib3y-
siCb BOCbMEPHUUHOK apu(hMeTUKOM, Ha £-M Llare BbIOJIHSIEM HaJl OJy4eHHOH
Ha MpejblIylIeM [are 3aNUChio TeHCTBUS:

Uy . Up_p1+2-U, ... Un—k =Unpgl -+ On—p—1

H 1oJiydyaeM 3alliucCb

Uptl oo Up—f—1-Up—f—2 ... U]

(moHauaJgty (1 + l)-e paspsijibl OKaxKyTCsl HyJIEBbIMU U B PeajibHbIX BblUHCJIE-
HUSIX ydacTBoBaTh He 6ynyt). Ha (n — l)-m 1iare nosiyuaem BOCbMEpHUHYIO
3anuch uncaa u. Hanpumep, (1945)10 = (3631)g:

(1.94 5)0
2

2345
T 46

3025
T 604

(363 1)s

+

31ech unca JieBee TOUKH 3arlicaHbl B BOCbMepUUHOil cucteme. [lasee nepe-
BOJIUM BOCbMEPHUHOE f1-3HAYHOE UMCJIO B JBOUUHOE (BBIUMCJISIS JUIST KAXKIOH
BOCbMEpPHUHON LU(Pbl IBYMsl AeJEHHSIMH Ha JBA C OCTATKOM €e IBOHUHYIO
3arnCh).
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3anauu u ynpaxHeHus K § 3.5

1. Yxaxure yCKOpeHHbII BapuaHT cxeMbl [opHepa, y10CHbIH A5 BbIUKC-
JIEHUSI YETHbIX M HEUETHbIX MHOTOUJIEHOB, W JIAHTE OLIEHKY €ro CJI0KHOCTH.

2. Tlepemenute U3 JIeCATHUHON B JBOHUHYI uucyo 12345678987654321.

3. IlepeBenute n3 nBouuHoil B pecsitnunyto uncsao 10101010101010101.

4. Jlawite noapo6bHoe 060CHOBaHHE M3JI0’KEHHBIX B 3TOM Naparpade aj-
FOPUTMOB TepeBOjia U3 JABOUUHOH B J€CATHUHYIO CUCTEMY H 0OpaTHO.

5. Ha onHOil M3 1IyMepcKUX KJMHOMHUCHBIX TaGJMueK HarmucaHo YHCJIOo
608 + 10 - 607. [TepeBeauTe €ro U3 MIECTHALCATEPHUHON CHCTEMbI B IECATHUHYIO.

6*. (ITapannenvHas cxema [opHepa.) Ecsn kommnbioTep umeer k2 napads-
JieJIbHO paboTaloNIMX MPOLECCOPOB, OMepalui o6MeHa MeXIy KOTOPbIMH 3a-
HUMAIOT MPEHeOPEKUMO MaJjioe BpeMsl, TO BbIUHCJIEHHEe 3HAUEHHS] MHOTOUJIEHA
CTeNeHH 1 B 3aJlaHHOl Touke TpebyeT He GoJsee

2n/k +max [(j) +logy, k+ O(1)

eJIMHULL BpeMeHH, e [(/m) — BpeMsi BblunuceHust x™
Ykaszanue. Tlonoxum n=mk+s, 0<s <k, u npeacraBum p(x)
B BHJIE

h—

|
j k
YSETIIIED DD SUTINCRE SFth yroe
j=0

j=0 i=0 j=s+1 i=0

Ha j-m npoueccope Bouncasiem x/ p;(x¥). Oast storo na (k — 1)-m npo-
Lieccope BLIUMCAETCS Co Ca0KHOCTBIO [(R) + O(1) crenenu x*~! u x* u no-
CJIeNIHsIsl TlepefiaeTcst Ha OCTaslbHble MPOILeCCOPbl, KOTOpPble TeM BpeMeHeM
BbluncJistioT crenenn x/. [Tocae 9T0ro Bee npoueccopsl Boruncasior x/ p;(x*)
co c10KHOCThIO 211 /k + O(1) Kax bl (Mcnosib3yst 06bluHyio cxemy TopHepa).

OcTaercst C/10XKUTb MOJyUeHHble pe3yJ/bTaThl 3a Bpems logy, & + O(1), ne-
M0JIb3ysl MapaJuIesbHO k/2 Npoleccopos.

7%. J11s1 OIHOBPEMEHHOIO BbIYHCJIEHHS] 3HAUEHHH MHOTOUJIEHA B HECKOJIb-
KHX TOuKax cxemy [opHepa MHOr[a MOXKHO HEMHOIO YCKOPHUTb.

Jlokakute, uTo Jyisl OIHOBPEMEHHOTO BbIYHCJ/IeHUsI 3HaUeHUH p(c) U p(—c)
JIOCTaTOUHO 21 + | onepauuu, rae n — cTeneHb MHOTOUJIeHa p(X).

Ykazauue. Pasnemum p(x) na x> — ¢, ITosyunm paBeHcTBO

p(x) = qx)(x* = %) + rix + ro,

[Tpeacrassisi p(x) B BHIE CYMMbl MHOTOUJIEHOB, COIEPKAILIMX TOJBKO YETHBIE
M TOJILKO HEUeTHble CTereHH MepeMeHHOl, MmoayuuM, uto p(x) = po(x?) +
+xpi(x?), rae cymma creneHeii MHOTOUJeHOB po(x) W py(x) pasHa n — 1.
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Tessi ux Ha x — ¢2

Po(x) = qo(x) (x — ) + ko, p1(x) = q1(x)(x = %) + ki

, HMeeM

Orciona
g(x)(x* — %) + rix +ro = p(x) = po(x?) + xpi(x?) =
= qgo(x})(x? = c?) + ko + x(q1 (x)) (x* — ) + ky) =
= (¢ — ¢%)(qo(x?) + xq1 (x*)) + kyx + ko,
3HAUMT,

=k, ro=ko, q(x)=qo(x*) + xq1(x*).

CJI02KHOCTD Jlesienns Ha X2 — ¢?
p(c)=q(c)(c® —c*)+rc+r=rc+r,

p(—c) = g(=c)(c® = ¢*) + ri(—c) + ro = —ric + 1o

HY>KHO JIOMIOJIHUTEJBHO 3 OrepaLuu.

He NpeBOCXoanT 21 — 2. JIns1 BblunC/eHus

§ 3.6. AnauTHBHbIE LENOYKH

Hasosem addumusroii yenouxou niobyio HaunHaolLylocs ¢ | nocsaeno-
BaTeJIbHOCTh HATypaJibHbIX ukcen ag = 1, ay, ..., y, B KOTOPOIl KaxXJ10€ YHCJIO
SIBJISIETCS] CYMMOLL KaKux-mo 08yx npedoldyujux quces (Wi yosoeruem
Kakoro-to npejbiiyuiero uncnaa). O6osHauum [(n) HaumeHvulyro 0AUHy aj-
JUTHBHOMN LIEMOYKH, 3aKaHUMBatoLlelcs uucaom 1. 11 onpenesieHHOCTH MO
JUIMHOW 1lenouku ap =1, ay, ..., a, MOHUMAeM UUCJIO /M.

[Tpumepsn. 1. [Mocnenosarenshocts 1, 2, 3, 4, 5, 6,7, 8,9, 10, 11,
12, 13, 14 — apauTUBHAS LEMOUKa.

2. [NocaiegoBarensHocts 1, 2, 3, 5, 7, 14 — MuHuMasibHas Lenouka s 14,
T.e. [(14) =5.

3. AJZIMTUBHBIE LEMOYKH MOXXHO H300pa)kaTb B BUJE OPUEHTHPOBAHHO-
ro rpacda, B KOTOPOM B BepLUHHY @; WIyT pe6pa OT BepPLIMH a;, Ak, €C/H
a; =a;+ap (B ciyyae, ecsiu Takoe NPeACTaBJieHHe HeOJIHO3HAYHO, BHIOUpa-
eM Jilo6oe U3 HUX U PUCYeM TOJILKO jiBa pebpa). Ecsin U3 Kakoii-To BepllnHb
BBIXOJIUT TOJILKO OJJHO pe6Gpo, TO JIJIsl KPATKOCTH MOXKHO «CKJIEMTb» 3Ty Bep-
LIMHY C TOH BEpIIMHOH, B KOTOPYIO BeleT 310 pebpo. [pad nast npeapiayinero
npumepa cm. puc. 21.
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MoxHo CUATaThb, UTO BCE UKUCJa B LUECMOUYKE paA3HbLe, TAK KaK 3TOr0 JIETKO
JOCTHUUbL, MPOCTO yAaJisis U3 HEE MOBTOPSIIOLIMECs YHMCJa U pacliojiaras ynhcJya
B LIeNOoYKe B MOPsAJKe BO3paCTaHHusl.

YnpaxneHue 66. [lokaxkuTe, UTO HaUMeHblllee YHCJO ONEepalnil YMHO-
YKeHus1, TpeOyIoLMXCsl JJIsi BO3BEJIEHUS] UMCJia X B CTeleHb 1, paBHO [(1).

Takum 06pasom, Bbiukcende x4 Tpedyer ne 13 yMHOMKeHHE, a TOJILKO 5.

O6Gosnaunm A(n) = |logy, n| ymeHowennyio Ha eOuHuyy OAUHY LBO-
WUHOH 3amucu uucaa n, a v(n) —cymmy yugp (IpyruMd CJIOBAMM, UHUCJIO
eJIMHULL) B HeH.

[Tpumepso. 1. Ilpu n=14, oueBunno, A(14) = 3.
2. Tak xak 14 = (1110)9, T0 v(14) = 3.

3anucbiBasi UMCJI0 1 B JBOMUYHOH CHCTEME W HCMoJb3ysl cxeMy [opHepa,
MOXKHO HamucaTh aJJIMTHBHYIO LEMOUKY /s uucaa 1 AauHbl A(n) + v(n) — 1
cJieyoiuM o6pa3om

n=2"by,+...+bg=1(.. Qb +byu_1)2+...+b1)2+ by,

ag=bny=1, ar=2a0=2, ay=a,+by_1, az=2ay, ..

*y
Aom—1 = 209,—2, Qom = A2m—1 + bo,

rJle UHUCJI0 YABOEHUH PaBHO m = A(1), a uncJio NpUGaBJIEHUH eIMHHUIIBI PABHO
v(n) — L.

Mpumepn. 1. Tak kak 14=(1110)p =22 422 +2=((1-24+1)-2+
+ 1) - 2, To nosyuaercs uenouka 1, 2, 3, 6, 7, 14.

2. DToll 1lenouKe COOTBETCTBYET TAKOH aJrOPUTM BO3BEJleHUS B CTEleHb!

2 3 2 6

x, 12, P=x2x, =032 k=48 i

o xT=x0x, kM= (T)2

3. Ilnd 3anoMHHAHMS MOCJE0BaTeNbHOCTH ONepallil B cjyyae ee MHO-
FOKPATHOrO MCIIOJIHEHHS MOXKHO 3aMEHHTb B JIBOWUHOH 3alUCH [OKa3aresis
crenend 14 = (1110)9 kaxkayio enuHully, HauMHas cJeBa (CO CTapUIMX pas-
psiioB), KpoMe camoil nepBo#, Ha cjor KV, a xaxnaplit Hysb —Ha O6ykBy K|
torna nosayuum cioso KYKVYK, B koropom 6yksbl K o3nauaior Bo3BeneHue
B KBaJpaT, a OYKBbl Y — YMHOXKEHHE Ha OCHOBAHHE CTETEHH.

Tem cambiM 10Ka3aHa
Teopema 79 (6uHapubiii MeTon). Cnpasedauso HepageHcmso
l(n) < An) +v(n) —1.

Wurepecto, uto GuHAPHBIA MeTOJ Obl1 (DAKTUUECKH H3BECTEH JPEBHUM
MHJycaM, a 3ajadya o HaxoxJeHuu (yHKuuu [(n) nosiBUJIach B OJHOM (paH-
1ly3CKOM 2KypHaJjie B 1894 1.

11 Tawkos
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B nokasaresnbcTBe caeytolileil TeopeMbl PaKTHUECKH TaKKe UCMOJb3YeTCs]
cxema [opuepa.

Teopema 80 (A.Bpayasp*). /Ipu k <log, log, n cnpasediuso nepa-
8eHCMB0
[(n) < (14 1/k)[logy n] + 21 —k+2.

HokasatedabcTBo. [IpencraBum n B 1BOUUHON 3aMUCH:

m
n= E Oqu,
i=0

rae a; =0 wmu 1, m = [log, n]. Paso6bem HaGop (ap, ..., tuy) He Goslee ueM

1 1 )
[m/—: W onokoB Ag, ..., As, s < [%—‘, KaXKIbli U3 KOTOPbIX, KpO-

Me TIOCJIe/IHEero, HauhHaeTcst ¢ 1, COCTOUT M3 MOAPSA MAyLMX LU(p U Mo-
CJIeHsIsl elMHUIA B HEM OTCTOMUT OT MepBoi He GoJiee ueM Ha k— 1 mno-
3ULMIO, a MOCJeJHUI GJIOK COCTOUT POBHO M3 R LUDp (HECKOJLKO MOJPsL
WIYLMX HyJIell, BO3MOXKHO, CTOSILUMX B HayaJsie, He BXOJST HU B OJMH U3 pac-
cMaTpuBaeMblx 6J10KOB). Hwucsia, JBOMYHLIMH 3aMMCSIMH KOTOPBIX SIBJISIIOT-
cst 5TH 6JI0KH, He mpeBocxoiaT 2F — 1 W, KpoMme, BO3MOXKHO, MOCJIEIHEro,
HeueTHbl. [lycTb 3TH uWcsa CyTb Qq, ..., Ag. 1OTJIA 1 MOXKHO TIPENCTABUTD
B BHUJIE

n=20@m" . (2s-2@25-1(25ay +as 1)+ as_9) +...+aj)+ag),

rie [; —jmHa 6moka A;, [y =kuls + 11+ ...+ lp=m+1— k. Bce unc-
1a ao, ..., Gg_| COAEpIKATCA B aIMTHUBHOI Lerouke 1, 2, 3,5, 7, ..., 28 — 1
qumnbl 2571 4 1. TToaToMy ulsl BLIUHCJIEHUS! 7 JIOCTATOUHO J00ABUTH K Heil
MOCJIeIOBATE/LHOCTD

as, 2as, 4as, ..., 2"a5, 2%as4a5,
Q(QISCZS +a571)7 4(215(1‘9 +as71)1 ey 2l871(2lsa5 +a571)’
21 28as +ac ) +ase, ., 2572251 Q%as 4 as1) +a),

(.. 22 @515 ay + as_y) + as_9) + ...+ ai1) +ao, ...,
2l @N(... 2228 1(25ay + as_ 1)+ as_9) + ...+ a1) + ap),

JUIHHA KOTOPOH paBHa

s+l +...+lhp+s+1l=m+2+s—k.

* A.Bpaysp nokasan sty teopemy B 30-x rogax XX B.



§3.6. AUIMTUBHBIE LIEMOUKH 163

[Tostomy
()< @'+ ) +(m+2+s—k)y<m+2+ [_mzl—‘ Lokl _p
MoxHo cuurats, uto n.# 2™ torna m+ 1 = [log, n] u
I(n) < [logy n](1+ 1/k) +2* " — k4 2. 0

Caeacreue u3 treopembl 80.
nlLrgo l(n)/ logy, n=1.
HokaszatenbctBo. [Ipumensiem noKkazaHHyio TeopeMy MpH
k= XMA(n)) — 2X(A(A(n))). O

Ec/in Hy»KHO OBbICTPO BBIUMCJHUTbL CPa3y HECKOJLKO CTeleHel, TO MOKHO
NOCTPOUTb depeso cmenerell TakuMm obpazom. Koprem nepesa sipasietcs 1,
e/IMHCTBEHHAs BepLIMHA MEePBOro YPOBHS, U3 Hee BLIXOJUT PeOpO B BEPLLIKHY 2
BTOPOI'O YPOBHS, H KOTJIA IE€PEBO Y2Ke MOCTPOEHO 110 £-TO YPOBHS, TO, BbIOpAB
J1060€ UKCJIO 11 U3 3TOTO YPOBHS U BbIMUCAB Bce uucaa a; = 1, ao, ..., a, =n,
JiezKallye Ha MyTH U3 KOPHS 10 BEPLUHHBI 71, COEJIMHSIEM 3TY BEpLUMHY C BEp-
UIMHAMH 1 + a7, ..., 1 + A}, KOTOPble noMelllaeM Ha (k 4+ 1)-M ypoBHe. B npo-
ecce MOCTPOEHHS MOBTOPHO OJIMHAKOBbIE BEPILUMHbBI B J€PEBO, €CTECTBEHHO,
He 3aHocATCs. DTa Mpolle/lypa Ha3bIBAETCS METOJIOM JlepeBa CTereHel.

3anauu ¥ ynpaxxHeHus K § 3.6

1. Jlokaxxure, uto v(1) MOXKHO PEKYPPEHTHO ONPEJEJHUTh CJEIYIOIIUM 00~
pasom
v(l)=1, v(@2n)=v(), v@2n+1)=v(n)+1,
a PyHKUHMIO A(71) MOXKHO PEKYPPEHTHO OMPENENUTh CJAEAYIOLMM 00pa3oM
A1)=0, X2n)=A2n+1)=A(n)+ 1.

2. JlokaxkuTe, uTO €CJIM aJUIMTUBHAS LENOUKa JIJIsl UMCJ/1a 11 HMEET JJIUHY 11,
To n < 2™,

3. Hloxkaxxute HepaBeHCTBO /(1) >logy, n W npuBenuTe NpUMEphl, Korja
OHO o0pallaercsl B PaBeHCTBO.

4. JlokaxKuTe, 4TO €CJIM B QJUIMTHBHOH LiENOUKe AJIs uucaa 1 umeercs R
VIBOEHUH U m HEYJIBOEHUH, TO 1 < 2’*_'Fm+3, rae F; — nocJjieoBaTebHOCTh
dubonauum.

5. Jlokaxure HepaBeHcTBO [(n) < 2 log, n.

6*. Jlokaxure HepaBeHnctBo [(nm)<I(n)+[(m)—1 (Meron MHOXKH-
Tesen).
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7*. Jlokaxute cjelCcTBUE U3 TeopeMbl bpayspa ¢ oleHKOH

1 C logy logy logy n)
logy logy n (logy logy n)?

log, n(l +

rae C > 0 — HeKoTOpast KOHCTAHTA.

8*. TTokaxute, npuBeasi IPUMEPDI, UTO HHOTAA METOJ MHOXKUTEJIEH Jyu-
1le, yeM OMHaApPHBIH METOJ, a HHoraa HaoO6opoT. [Tokaxure, UTO Takue npuMe-
pBl BCTpeuatoTest 6eCKOHEUHO YacTo.

9%, TTokaxuTe, NpUBENs MPUMEPDI, UTO METOJ JiepeBa cTereHell ObIBaeT
Jiyullle METOJla MHOXKHTEJIeH H OUHAPHOTO METOJA.

10*. [as GbicTporo BbluMcaeHust 60/bInX unces PuboHauuu MOKHO HC-
NoJIb30BaTh CJieylolni npueM. Eciin yxke Boluncsiena napa uucen (Fp, Fp_1),
to napy (Fx, Fpy1) HAXOAUM OJIHUM CJIOXKEHHEM, a napy

(Fok, Fop—1) = (F} +2FyFr_y, F} +FE_))

HaxolIuM ellle 6 ornepaulsiMi U MpUMeHsieM OUHAPHBIA METO/L.
Jlokaxkute, uTo CJI02KHOCTb BblUHC/eHHs [, He npeBocxoaut C log, n.
11*, TTokaxute, uto MHOrOUeH p,(x) =14 x + ... +x"~! MoKHO BbI-
UUCJIUTh C TIOMOLLbIO [(71) YMHOYKEHHH, OJIHOTO BbIUMTAHUS U OJIHOTO JIeJIeHHSI.
12*. [lokaxknuTe, UTO MHOTOUJIEH pP,(X) MOXKHO BBIUMCJIHUTL C TOMOIIbIO
2[(n) — 2 ymHOXKeHUH U [(1n) cJ0KeHUH.
Ykasanue. Ecax™=x*x/ — ouepenoii mar MUHHMA/ILHOH LENOUKH
JUISL BLIUMCIICHHST X", TO J1e1aeM War P, = ppx’! + p;.

13. TIposepsTe TokaeCTBO por(x) = (x2 + D(x2 "+ 1) ... (x + 1).

14*. Tlokaxure, uto [(2" — 1) <n+ 2 log, n.

[unomesa I[lloavya o ToMm, uto [(2" —1)<n+[l(n)—1, no cux nop
He J0KasaHa.

15. M0>HO 060OILUTD MOHSITHE aJUIMTUBHBIX LIenouekK, 100aBUB orepaluio
BbluuTanusi. J{okaxkure, uto st Takux uenouek /(2" — 1) < n + 1. Boinosus-
eTCsl JIM 3/1eCh PABEHCTBO?

JlokaszaHo, 0JIHAKO, UTO MpPH HCIOJb30BAHHH BbIUUTAHHSI BCE PABHO JJIsi
MOUTH BCEX 1 HHXKHSIST OLleHKa JUist [(1) UMeeT BHI

1—571
{(n) = log, rz(l + logy logy n)'

TJle €, CTPEMHUTCS K HYJIIO.

16*. Tlokaxkure, Kak ¢ MOMOILbI0 OUHAPHOTO METOJIa MOXKHO Ha MpOCTei-
lIeM KaJlbKyJsiTope ¢ onepauueli y/, Ho Ge3 orepauny Bo3peleHust B cTe-
TeHb, MPUGIKEHHO BBIYUCIATh (QYHKLUHMIO XY, Tle y — IBOUUHO-PALUOHAJIb-
HO€ YHCJIO.
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B caenyromux 3agauax 6e3 aJIMTUBHBIX 11€[10YEK BIOJHE MOXKHO 0O0HUTHUCD.
o 7

17. Haiiqure nocienuioo uudpy uncaa 77 .

18*. Haiinute nojacraHoBky

123456789\ "
451236897

A B caenyolieil 3ajaue 6e3 GMHAPHOTO METO/Ia BO3SHUKHYT TPYIHOCTH.
0
19%. Haiiawre 109" mod 1999.

§ 3.7. lpubauxkeHHoe BbIUUCTEHHE KOPHEH
MHOTOUJIEHOB

31ech Mbl KpaTKO OMMLIEM HEKOTOPble METO/bl MPUOJHAKEHHOTO BbIUHMC-
JieHUst KopHell ypaBHeHUi. X moJie3Ho 3HATh U yMeTh MPUMEHSAThb, HO 3HATh
JI0Ka3aTeIbCTBa COBCEM He 00si3aTeIbHO, TeM GoJiee UTO OHH CKOpee OTHO-
CATCA K aHasu3y, a He ajarebpe.

[IpocTeillinii U HauboJiee CTapblil METOJA BbIUUCJEHUS HA3bIBAETCS UHO-
raa «uudpa 3a uudpoii». B npuMeHeHUH K BBIUMCJEHHIO KBAJPaTHLIX KOPHEN
OH 6bl1 OTKPHIT ellle B [ peneit Mnmun. st npubiykeHHOro noucka KopHei
NPOU3BOJILHBIX areGpanueckux ypaBHeHHE ero nepBbiM npuMenus Buer. Oni-
HOH M3 BapHallMil 3TOr0 METO/A SBJSETCS TaK HA3bIBAEMbIH «METOJ BUJIKH>,
Ha3BaHHbIH TaK apTuJiepucTamMu. Kues ero TakoBa: ecsiv Mpu HEKOTOPOM Yr-
Jle HaKJIOHa opyaus 3aPUKCHPOBAH HEJ0JIET, a P O0JIbLIEM yIile — [epeJeT,
TO CJIEYIOLMI YroJl HaKJoOHa BBIOMPAIOT KaK cpejiHee apHMeTHUEeCKoe ABYX
9THX YIJIOB.

B npumeHeHun K moucKy KopHell ypaBHeHusi f(x) =0 Ha orpeske [a, b]
9TO BBINISIUT cJieaytolm o6pasom. [Tonoxum xg = a, yo = b, 1 ecyiu Ha n-M
11are BbIUUCJIEHHS] Mbl HALLLIK NPUOJIHKEHUST Xy, Y, Takue, uto f(x,) f(y,) <O,
TO BBIUKCHsIEM Z, = (X, + ¥4)/2, f(2,), u B cayuae f(z,)f(x,) <O nosaraem
Xn41=Xn, Ynt1=2n, a B CIyuae [(2,) [(y,) <0 nonaraem x,1=2u, Yny1=Yn

OueBUJHO, UTO TAKUM MyTeM MOXHO HAUTH BCE MPOCTble KOPHU JIIOOOTO
MHOTrouJIeHa ¢ JI000K 3aJ]aHHON TOYHOCTBIO. DTOT METOJL XOPOLLI €llle TEM, UTO
NPUrojIeH JUIsl MOUCKA KOPHeN y Jito6oil HerpepbIBHOM (hYHKIIMH, J1aXKe B YCJI0-
BUSX, KOTJIa HAM PO Hee HUYero He M3BECTHO, HO MO HalleMy TpeGOBaHHIO
BBIUMCJISIIOT JitoOble ee 3HaueHusl. B Takux ycJ/0BHSX 3TOT METOJ MOXKET CUH-
TaThCs ONTHUMAJIbHBIM.

Ec/in HauasibHble 3HAUEHHS X(, Yo LeJble, TO YKA3aHHbIH METOJ HAXOIUT
pasJ/ioyKeHHe KOpHS B JBOMUHYIO JApoOb. Ec/ Mbl XOTHM HalTH JeCATHUHOE
npubJIKEHHe, HAJIO KaXblil 0TPe3oK [X,, Y,] pasdbuBath Ha 10 paBHbIX ua-
CTell M UCKATh X,11, Yny1 TAKHMH, UTO Yuy — Xqi1 = (Yn — X,)/10. WHorna
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JUISl IOMCKA ouepeiHoro NpubJ/nKeHus BMecTo ypaBHenus f(x) =0 Ha oTpes-
Ke [x,, Y] pacematpusaior ypasuenue g(y)=0, g(y)= f(x,+ (4, —xn)y/10)
Ha orpeske [0, 10], 1 Tak MOXKHO JieJIaTh Ha Ka)K[OM Luare BbluducjeHus. [1pn
9TOM Mbl U30aBJisieMcst OT Apobeii, HO CTalKuBaeMcsl ¢ ObICTPbIM POCTOM KO-
3 (HULMEHTOB Y TIOCJEI0BATEbHOCTH YPaBHEHUI.

st yckopeHdsi paGoTbl HET HeOOXOAMMOCTH BBIUMCJ/IATL MPH ITOM BCe
11 snauennii g(0), ..., g(10), Tak KaK MOXKHO, IPUMEHUB METOJ BUJIKH, CJle-
JIaTh 3TO 3a 3 WK 4 BbluMCJeHUs 3HaYeHUd g(y).

B sTOM MeTONe ISt BbluMcJeHHs1 f(x,) npumeHsieTcsi cxema [opHepa. Ee
UCIOJIb30BaHUE BJIOXHYJIO HOBYIO XKHU3Hb B 3TOT METOJI, IOUEMY €r0 CTaJIH J1axe
MHOTJIA Ha3blBaTh Memodom [oprepa *.

CambIM 3¢ heKTHBHBIM METOIOM NPUOJIHKEHHOTO BbIUMCJ/IEHHS KOPHEH sB-
asietcst memod Heromorna. K 10CTOMHCTBAM 3TOr0 METOJa OTHOCHTCS TO, UTO
OH [PUMEHHM HE TOJILKO K MHOTOUJIEHAM, HO U K J1I0ObIM AuddepeHHpyeMbiM
(hYHKLMSAM, ¥ TO, UTO OH JIOMYCKAeT HIHPOKHe 0OO0OIIEHHs, HANPUMeEp, C €ro
MOMOLIbIO MOXKHO PELlIaTh CUCTEMbI YpaBHEHUI, B TOM UHUCJIE H B KOMIJIEKCHbBIX
uncsiax. Maes, Ha KOTOpOH OH OCHOBAH, HMEET TaKKe BaKHble TPUJI0KEHHUS,
HO Mbl He Oy/leM 3/leCb X pacCMaTPUBAThb, 4 OTPAHUUHUMCS TOJIBKO pellieHHeM
ajre6panuyecKux ypaBHEHHUH.

Jpyrum ero J0CTOMHCTBOM $IBJISIETCSl OUeHb ObICTpasi CXOAUMOCTb.

TpeTbe €ro JOCTOMHCTBO — TO, UTO OH SIBJISETCH UMEPAUUOHHLLM METO-
JIOM, a 3TH METOJbl YCTOWUMBbI OTHOCHTEJNbHO OLIMOOK BbIUMCJICHHH: €CJU
ouepesiHasi UTepaLMs BbIOJHEHA ¢ OLIMOKOMH, TO 1OBOJILHO 4aCcTO TO HE MpHU-
BOJIMT K OLIHOKe B OTBeTe.

HbloToHOBa HTepalusl aejaercs CJelyloluM o0pa3oM: ecy X, — MoJy-
ueHHOe MPUOJMKEHHE K KOpHIO ypaBHeHus f(x) =0, To HOBoe MpHOJIHKeHHE
HaXoAUTCs Mo opmyJe **

T Gy

rne ['(x,) — npousBoaHasi GpyHKIMH [ B TOUKe X,. [eomMeTpuuecKuil CMbICJ
9TOH (pOpPMyJibl TAKOB: HYXKHO uepe3 TOUKY (X, f(x,)) rpaduka ¢yHKUMH
y = [(x) npoBecTH KacaTesibHyl0, TOrJa OHa mnepecekaer ocb Ox B TOU-
K€ X1

YnpaxHenue 67. JlokaxkuTe npejbliyliiee yTBEPKIEHHE.

* Jlo TopHepa 06'beM BbIUHC/ICHHI TIPH HCIOJb30BAHHH 3TOrO MeToJa Obll HACTOJNBLKO Be-
JIMK, 4TO OfMH U3 MaTeMaTkoB XVII B. HasBas npuOJ/MKeHHOE BbIUHC/IEHHE KOPHEl ypaBHEHHI
paboToil, HeIOCTOHHON XPUCTHAHMHA.

## Cama sta hopmyJia npuHaaieKuT Padeony u B Auriuu n3sectha Kak gopmysa Holotona—
Padgcona.
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C nomotpio MeToa HbioToHa oueHb ObICTPO BBIUHCJSIOTCS KBajpaTHble
KOPHH U KOpHU 6oJiee BBLICOKOH CTeleHH.

IMMpumeps. 1. s kBagpatHoro KopHsi /N HbIOTOHOBA MTepalius *
MIMeeT BUJ

X _! (x + N)
n+1 — 9 n ¥n .
o m
2. st KOPHS$ 171-U CTEIEHU V' N HbloTOHOBA uTepaumsi UMEET BUJL

1 N
Xpyl = E((m— D)x, + x’”l).

n

YnpaxHenue 68. [lokaxure, uTo 3TO JEHCTBUTEJLHO HbIOTOHOBBI HTE-
pauKd B MpUMEHEHHH K ypaBHeHuto x™ — N =0, N > 0.

Mo2xHO 10Ka3aTh, 4TO OHM OYIyT MOUYTH BCErAA CXOJAUTCS K KOPHIO He3a-
BHUCHMO OT Bbl6Opa HauyaJbHOrO 3HAuYeHHs1 xg. Ilasi KBagpaTHOro KOPHSI 3TO
MOXKHO C/le/1aTh COBCEM 3JIEMEHTapPHO.

Ynpaxuenue 69. 1. Jlokaxkute jjisi HbIOTOHOBBIX MpUOJIXKeHU K vV N

TOXKJECTBO o
Xn— VN (xQ\/N)
xn+ VN Xo+ VN
— VN .
2. Jloka)kure, 4TO €CJH M <1, To lim x,=+N, a ecau
\/N xﬂ+\/N n—o00
Xn — .
————|>1,10 lim x,=—vN.
)Cn-f—W/N n—oo n

OpnHako /sl yCKOpeHHsl BbIUHCJIEHUH JIyullle B3sITh X( KakK MOXKHO OJIxKe
K KopHio. Hanpumep, eciin 1/2 << N <1, To npocreiiiiiee Hausyuiiee npu-
omikenne ectb 0,0903N + 0,4173. Tlocsie 3TOro yxKe JBe UTEpaLUH AT
9 ecATHUHBIX 3HAKOB MOCJE 3aMsATOM.

Ynpaxuenue 70. Ilposepbre 3T0.

Ecian 0,1 <N < 10, To B KauecTBe MPUOJTHKEHHS C TOUHOCTBIO 1/12 MOXK-
HO B351Tb (1 +4N)/(4 + N).

B ofuiem ciyuae HensBeCTHbI yI0OHblE HEOOXOJAHMMbIE W JIOCTATOUHbIE
YCJIOBUST CXOAMMOCTH MeTojna HbloTOHA NMpH JaHHOH HauaJbHOH TOUKe X.
[TpuBenem 6e3 aoKazaTesbCTBA HEKOTOPBIE JOCTATOYHBIE YCJIOBHSI €0 CXO-
JIUMOCTH.

Teopema 81 (®Pypbe*™*). [Tycmo ¢yuxyus [(x) onpedesena na om-
peske |a, b], Ha eeco konuax umeem pasuvie 3naxku (m.e. [(a)f(b) <0),

* Kaskercst, u3BecTHasl ellle JpeBHerpeueckoM MaTeMaTHKy [epony AJiekcaHIpHIACKOMY.
K. dypoe (Jean Baptiste Joseph Fourier, 1768—1830) — snamenutslit paniysckuii ma-
TeMaTHK. YuacTHUK Erunerckoii sxcnenuuun Hanoseona.
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umeem Ha Hem eOUHCMBEHHbLL KOpeHb i 08e Npou3sooHble, npuvem
gezde ['(x)f"(x) #0, u f(a)["(a) > 0. Toeda npu xy = a HLIOMOHOBbL UNMe-
payUL X, CXOO0SMCSA K KOPHIO, NPUYeM eCAl BbIINOAHUMG ewje Wmepayull
no gopmynre

Ynv1 =Yn— [Wa)/ [ (xn),  yo="0
(noxoocell Ha HOLIOMOHOBLL UMepPayLLl, HO BMECO Y, 8 0OHOM Mectme

UCNOAb3YEeMCA X,), MO Y, modice bydem cxo0umces K KOPHIO, HO ¢ Opyeoll
cmoponst. Ecau ["(x) nenpepoisna na ompeske |a, b], mo

[" ()
1'(c)

. [Ynt1 — Xngi
lim = -
n—oo  (Yn — xn)? 2

’

ede ¢ — UCKOMbLI KOpeHb.

Sameuanue CyoBamu J0kaszaHHylo (Gopmysy (OpMyJaUPYIOT Tak:
paccTosiHue MeXIy X, H Yy, yObIBaeT 10 KBaJpaTHUHOMY 3aKOHY. DTO OUeHb
6BICTPO, TOpasfio GbicTpee, UeM B MeTojle BUIKH. Ho mocsenoBaTensHoCTb ¥,
JIAeT TOpas3no Xyjilee MpUOJKEHHe K KOPHIO, UeM X,, a UMEHHO, J0Ka3a-

HO, UTO
Yn — ¢
Xn —C

lim

n—o0

= +o00.

[Tostomy B KauecTBe MpUO/HKEHHST OEPYT Xy, & Y, UCIOJb3YIOT TOJLKO JJIst
KOHTPOJIsI JOCTUTHYTOH TOUHOCTH (MHOTJA MOXKHO 0GOHTHCHL U 6e3 BblUuHCJ/Ie-
HUS Yp).

J171s1 yCKOpeHHsT CXOIMMOCTH TMOCJ/Iel0BaTeNbHOCTH ¥, Jlannenen * mpen-
JIOXKHJT UCTIOJIb30BATh UTEPALMH

_ o Yn — Xn
Yn+1 =Yn f(yrz) [(yn) — J(xn)”

BbIUHCJISITE HX HEMHOTO CJIOXKHEe, HO 3aTO CIpaBelInBa
Teopema 82 (Jaupenen). Ecau soinoanersl ycaosus Pypoe, mo
lim ’y” ‘ =
—c

n—oo

g(yo),
20e g — HeKOmopas MOHOMOHHAS PYHKYUS, npudem

lim g(yo) =0
[yo—xo|—0
B kauectBe oTBeTa 06bIUHO GepyT cpejiHee apU(PMETHUECKOE X, U Y, NPH
nocsenHer urepauuu. [pu peuiennu anre6panuecKux ypaBHeHHH /sl BbIUMC-
JIeHUst 3HaueHui f(x) ucnosb3yroT cxemy [opHepa.

* K. Nanpenen (Germinal Pierre Dandelin, 1794—1847) — Gesibruiickuii MaTeMaTHK U HH-
JKeHep.
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Bameuanue. [lpu Bcex ero gocrouHcrBax meroa HoioToHa n0BosibHO
Karpu3eH, OH MOXET U He CXOAHMTCS, U M0JIb30BATHCS UM HYKHO YMEJIO.

B ciyuae, ecsin ypaBHeHue JaHO B BHJe f(X) =x (a K 3TOMY BHIy MOXKHO
NPUBECTH JI060€ ypaBHEHHE), MOXKHO JUIsl €0 pellleHds] MCT0JIb30BaTh MPO-
CTeHINH umepayuornolii npoyecc: x,11 = f(x,). OueBHIHO, UTO €U y —
KOpEeHb yPaBHEHHsI, TO TPU Xo = 4 MOCJENOBATENLHOCTb CTAOH/bHA: X, = Y.

Ecmu f(a) >a, a<b, f(b)<b, byukuusi f(x) HempepbiBHA, MOHOTOHHO
BO3pacTaer, U ypaBHeHHe [(X) =X HMeeT POBHO OJMH KOpPeHb Ha OTpe3Ke
[a, b], To nocaenoBaTebHOCTD X,y = [f(X,) TpH MtOGOM HaYaJILHOM 3HAUEHHH
CXOJIUTCS K 3TOMY KOPHIO.

JleficTBUTENIBHO, €CJIH, HAMpUMep, Xo TaKoBO, 4To [f(xg) > Xo, TO mocJe-
JIOBATEJbHOCTb X,4+1 = f(X,) MOHOTOHHO BO3pacTaeT, OorpaHuueHa (mouemy?)
U T03TOMY MMeeT TIpejiesi, KOTOPbIl B CHJy HEIPePbIBHOCTH COBMAJAET
C KOpHEM.

MOXXHO JI0Ka3aTh, UTO €CJIM B OKPECTHOCTH KOPHS MPOU3BOJIHAS (PYHKIHUH
MO0 MOJYJII0 MeHbllle €UHHILIbI, TO B 3TOH OKPECTHOCTH YKa3aHHasi MOCJeN0-
BATEJIbHOCTb CXOIUTCSI K KOPHIO.

OpHako, ecJii, HarpUMep, B OKPECTHOCTH KOPHsI BBITIOJIHSIETCS] HEPABEeH-
ctBo |[/(x)| > 1, To 3Ta MOC/NENO0BATENLHOCTD YAAJSETCS OT KOPHSI.

[Tpumeps. L. Ecau x,q; =sin x,, xo=1, T0 x, — 0.
2. Ecmu x,41 =tg x4, X0 =1, TO X, HE CTPEMUTCS K HYJIIO.

Ecsin ypaBHeHHe He UMeeT BUIA f(X) = X, TO €r0 MOXKHO TIPUBECTH K 3TOMY
BUIy Mo-pa3HoMy. MHoraa nocsie 3TOro Meros WTepauui AaeT OTBET, HHO-
713 HeT.

Mpumeps. 1. Ecau ypasnenue x?=x + 1, noJ0KHTebHBIH KOpeHb

kotoporo (1 +1/5)/2 sBnsieTcs TaK HA3LIBAEM 30J10THIM CEUeHHEM, TeperH-
cath B Bujle X° — | = x, TO UTepalMOHHAs! [10CAeI0BATEILHOCTb Xy = X2 — |
Oyjer JubO pPacXoAUTCs, JUOO 3alMKJIMBATLCS, TaK KAk 4eTHasi (QPyHKLHUs
f(x) = x? — 1, yOuiBasi, nepeoaut otpesok [—1, 0] B cebs1, MeHsisi MecTamu
€ro KOHIIbl, MO3TOMY 4YeTHbIH MHorowieH [,(x)= f(f,_i(x)) npu ueTHoM n
6yzet, Bogpacrasi, 0To6pakaTb 3TOT OTPe30K B cels, a MPH HEUETHOM 71 OYJIET,
yObIBasi, 0TOOpaxKaTb 3TOT OTPe30K B cebs, U B MEPBOM CJjyuae ypaBHeHHe
[(x) = x umeet Ha Hem kopun 0, (1 — 1/5)/2, —1, a Bo BTopoM cJiyuae — ouH
KOpeHb BHYTPH OTpe3Ka, KOTOPbIM MOXeT GbiTh TOJbKO (1 — \/_)/2 Ha or-
peske [0, 1] KopHeii HeT, a BHe 0Tpe3Ka ecThb ToJbKO KopeHb (1 +v/5)/2.

2. Ecau ypaBHeHHe x2 =x + | nepenncats B Buje x =1 + 1/x, T0 uTe-
palMOHHAsT OCJEN0BATEJBHOCTD X,1 | = | + 1 /x, npu xo > 0 Gyner cxoaurest
K KopHio (1 4++/5)/2. Ecan BodbMeM X = 1, TO N0J1yueHHas 0CAe10BATE b
HOCTb COBIAJIET C YK€ 3HAKOMbIM HaM Pa3J/i0yKeHHEM 30J10TOr0 CeUeHHUs! B LM~
HYy10 1pOOb.
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3. Ecan ypasuenne x? = x + | nepenucath B Buge x =+/1 + x, To ure-

paLKMOHHASA MOCJE0BATEJBHOCTD Xyt | = /1 + X, 1IpH Xo > 0 OyzneT cxonutes
K kKopHio (1 +1/5)/2. Ec/iu Bo3bMeM xo = |, To noJiyunM KpacHBylo, HO Gec-
MOJIE3HYIO C BbIUMCJIUTEIbHOH TOUKH 3peHus (hopMyJly

”T*/g_\/H\/lH/HW.

Wrepatumontbie nocJenoBareibHoctd Buja f,(x) = f(f,—1(x)), B ocobeH-
HOCTH He CXOJsILIMeCs W 3alMKJUBAIOLIHECS, BbI3BIBAIOT B HACTOsILLEE BPeMs
6osbLIoi uHTepec. X nceseoBaHie HETPUBHAJBHO Jlaxe B CJlyuae KBajipar-
HOro TpexuJeHa.

Paccmorpum nipoctoii pumep. Ilyets f(x) =2x? — 1, torna f,(x) — uer-
HbIH MHOrouJieH creneHu 2", coBnajawolluil ¢ MHocoureHom Heboviuésa *
Ton (x). DTOT MHOTOUJIEH NepeBOMUT OTpe3oK [—1, 1] B cebs, npoGeras ero 2"
pas, TouHee, €ro MOXKHO pa3OWUTb Ha 2" OTPe3KOB MOHOTOHHOCTH, KarKMIbli
13 KOTOPbIX 0TOOpakaercst Ha oTpe3ok [—1, 1], MHOrousieH umeer 2" KopHeil
Ha TOM OTpe3Ke M Ha eUHHLY 0oJblie YepeayoLHXCcsl SKCTPEMYMOB.

YnpaxHenue 71. Jlokaxkute 3TO.

Brnpouewm, To ke camoe BepHO ¥ AJist MHOrousieHa YeObiiéBa Jito6o# cTe-
TeHH.

M3 npuBeneHHbIX (aAKTOB CJELyeT, uTo ypaBHeHHe [,(x)=x umeer 2"
KOpHEH.

JIto6oit KopeHb y ypaBHeHHs [,(x) = x, He ABJSIOLIMICS KOPHEM MOI00-
HbIX YPaBHEHWH MeHblllell CTeNeHH, MOPOXKIAET UTEPALMOHHYIO TOCJAe0Ba-
TEJILHOCTb MepHoja 1.

Ynpaxuenue 72. 1. JlokaxknuTe npeaplayliee yTBepKAEHHUE.
2. Vcnoaibys popmydty T, (x) = cos(n arccos x) U NpUMeHsist TPUrOHOMET-
pHlo, HailjiuTe Bce KOPHU ypaBHeHus T, (x) = x.

Hecnosb3oBanue Hjen UTepallM MO3BOJISIET WHOTZA PeliaTh HE TOJIbKO
HeTpUBHAJIbHbIE YPaBHEHHS], HO U CUCTEMbI, HallpuMep, CUCcTeMa

f(x1) = xo;
[(x9) = x3;
f(x3) = x|

cBOJUTCS K ypaBHeHuto [3(x) = f(f(f(x))) = x.

* OO6liee onpesiesieHHe STHX MHOTOUJEHOB OyaeT naHo B §4.17.
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Metoj uTepaumrii MOXKHO TIPUMEHHTb K PELIEHUI0 CHCTEM W JIPYTHUM CIO-
cobom. Hanpumep, ecsiu umeem cucremy

x1 = [1(x1, x2);
xo = fa(x1, X2),

rie otoOpaxenue F(xy, xo) = (1, f2) oToGparkaeT npsiMOyroJibHUK B ceosl,
F:lay, b1] x [ag, bo] — [ay, bi] x [ag, be],
MPHUEM BCErJA BbIMOJIHSIETCS HEPABEHCTBO

[[1(x1, x2) = [i(y1, yo)| + [ fo(x1, x2) — fa(y1, y2)| < |x1 — y1| + |x2 — yo,

TO MeTOJI UTepalui, HauUuHas ¢ JOO0H TOUKM NMPAMOYroJbHUKA, OyleT cXo-
JIATCS K PEIlIeHUI0 CUCTeMbI, KOTOpoe 0053aTeabHO OyeT eTUHCTBEHHbIM.

YnpaxHenue 73. JlokaxkuTe npejbljiyliiee yTBEPKIEHHE.

Sameuanue MOoOXHO JI0OKa3aTh, UTO pellleHHe Yy MOJ0OHONH CHCTEMBbI
OyleT cyulecTBoBaTh W 6e3 BbINNOJHEHUS YKa3aHHOrO HEPaBEHCTBA, HO BOT
MEeTOJl UTepaLMil B 3TOM CJydyae NPUMEHHTb He y/aeTcsl.

[Tpumensist MeTO] UTEpalLMi, peluTe CJelyloulyio 3aaauy.

Ynpaxnenue 74. Ha kapty MoCKBbI MOJI0KUJIN CBEPXY TAKYIO 2Ke KapTy,
HO BISITEPO MeHbllero macluraba. Jlokaxkute, yTo MOKHO 06e KapTbl Mpo-
TKHYTb WIJIOH Tak, 4ToObl OTBepCTHe M300pakaso Ha 0OOHUX KapTax OJHY
U Ty K€ TOUKY.

3anauu ¥ ynpaxxHenus K § 3.7

AHrIMACKUI MaTeMaTHK U JIOTHK e Mopran nucas, 4To mocje Toro Kak
Bajuic npojieMoHcTpUpoBas npuMeHeHue Merona HbloTOHA K ypaBHEHHIO
x3 —2x —5=10, OHO CTAJIO CJIyKUTb IPUMEPOM KaKAOMy M300peTaTeslio Ho-
BOTO MeTOJ[a UMCJIEHHOTO PelleHnsT YpaBHEeHHI.

1. Haiinure Tpu 3HaKa rocJie 3amnsiToil y KOPHsi 3TOT0 ypaBHEHHsT METOI0M
BHJIKH.

JlpyrimM 3HaMeHHTBIM ypaBHEHHEM, BEPOSITHO, MEPBBIM KyOHUECKHM ypaB-
HeHHeM, UHCJIEHHO pellleHHbIM B EBpore, siBisiercsi y:Ke yNoMHHaBlieecs
B 970l KHure ypasHenne ®ubonauun x3 + 2x? + 10x = 20.

2. Haiinute peinenne ®ubonauun x = 1° 26" 77 42" meronom lophepa.
EcrecTBeHHO, PEKOMEH/IyeTCs HCMOJb30BATh KAJbKYJISITOP, TPUUEM JJIs TAKUX
3ajau I0CTaTOUHO MPOCTEHIIEro.

3. Haiiute neBsith 3HAKOB rocJie 3amnsiToll y KOpHsi ypaBHeHuil BaJuinca
u dubonayuu meronom Jlanmesnena.
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4*. (Basnuce.) Meronom HbloToHa oKa)kuTe, 4TO KOpeHb ypaBHEHHS
> 4ab+a)x—b>—2a>=0
TMpU JI0CTaTOYHO MasoM b paBeH

i _g+b_2+131b3
B 64a ' 57242

5% Ecmu 0,1 <N <10, To
VN — (1 +4N)/(4 4+ N)| < 1/12.

6*. Jloxkaxure, uto VN MOKHO BBIUHUCJHUTH C MOMOLUIbIO UTepallil 6e3
nenenust, ecan unucao M =1/(2N) Bbluncanth 3apanee. A UMEHHO, MOXKHO
UCI0JIb30BATh UTEpaLH

xn+1—xn( -M-x )

CKOpOCTb CXOAMMOCTH HMTepaluii HbI0TOHa X0pollo 1eMoHCTpUpYyeT cJie-
Jylolast 3ajaua.
7. Ecmi xy1 =1, xy01 =x,/2 4 1/x,, TO

0<x;0—V2< 10737,

A caenylolasi 3ajaua MokasblBaeT, KaK Ba)KHO BbIOMpaTh Xopollee Ha-
yasibHOE NPUOHIKEHHUE.

8. Ecan x9=10,9, ¥ = x,/2 + 1/x,, 10 0 < x36 — V2 < 1077,

9. IlposepbTe, uto, NpuMeHss Metoa HbloToHa K ypaBHenuio x2 = x + 1,
MOKHO BBIUMCJISITD JIeCATHUHbIE 3HAKH 30J10TOrO ceyeHusi ObicTpee, UeM ¢ Mo-
MOLIbIO LEMHBIX ApoOei.

10*. TIposepbTe, uTo npuMensis MeTon HbioTona K ypashenuio x? = x + 1,
HAuMHAs C Xo = Po/qo, Po=2, Go = |, NoJydyaem UTepaLMOHHYIO NOCIEI0BA~

TEJIbHOCTb 9 9 9
Punyl _ Xp+ 1 pp+ay

dn+1 C 20— 1 2Pnqn 7‘]%,
2 2 2
Pot1 = Py +qns Guit =2PnaGn — Gy

ﬂoxamme o MHAYKLHH, UTO

pn="Foq1, Gun=Fon, pg_pn‘]n_qszl'

[Toxaxkute, YTO CJIOKHOCTL OAHOBPEMEHHOTO BLIUMC/IEHHS For M Fony
He npeBocxomuT Cr.

MuTepecHo, 4To MOMyTHO MOJyYHIach GeCKOHeUHas MoC/e0BaTe bHOCTD
Le/bIX pelenuii ypapHenns x> — xy — y> = 1. [Togo6Hble ypaBHeHHs pella-
I0TCS CBEJIEHHEM K TaK HasblBaeMoMy ypaBHeHHto [lesis.
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11%*, IlycTh oo — KOpeHb ypaBHEHHUS ¢ LIebIMU KO3 HLIEHTAMH
apx"+...+ap=0

(Takde uMcsia Ha3bIBAOTCS adeeOpauueckumu uuciamu). Yucao r Hazo-
BeM e-TNPUOJIIKEHHEM K «, ecal |r — o] < e. Jlokaxkute, uto meTojoM Hbio-
TOHA MOXKHO BBIUHCJIUTb PalMOHAJIbHOE E-TIPUOJIMKEHHE K ( CO CJI02KHOCTbBIO
C log, log, 1/e. TTox CJI0XKHOCTBIO TOHUMAETCST YHCJIO aPHPMETHUECKHX OTle-
pauui, HeoOX0AUMOE /ISl €r0 BbIYUCJIEHHS.

12. Pewte MeTOfOM HTepaUMil ypaBHEHME COS X =X C TOUHOCTbIO
710 D 3HAKOB [10CJIe 3alATOH.

13. Pewmre ypapnenns: (i) 2(2x2 — 1)2 — 1 =x; (ii) (x> —2)> —2=x;
(i) (x> = 1) =1 =x.

14. Pewmte npu so6om 7 ypasHenue [,(x) =x, rae (i) [(x) =x>—2;
(i) f(x) =x% —1; (iii) f(x) =2x%— 1.

15. Peuute cucremsbl

COS X1 = Xo; _ 2o y=2*—1, y=x2—1;
1) < cos xo=ux3; 2) i: 2_2’ ) z=2y2-1, 4 z=y>—1;
COS X3 =X|, y ’ x=222 -1, x=22-1.

§ 3.8. Pa3noxeHue Ha MHOXHUTEJIHU

Haunem ¢ onpenesnenusi.

Onpenenenue 82. MHorousneH f(x) € K[x] Ha3blBaeTcsi HenpusoOuUMbLM
Had Koavyom K, ecan ero crerneHb HeHyJeBasi U €ro HeJb3sl MPEICTABUTh
B BUJI€ NPOU3BEJIEHUsS] MHOIOUJIEHOB HaJl KOJIbLOM K cTereHell, MEeHbIIUX 11.

Teopema 83. [Tycmo F — noae, moeda pasirodcerue Ha Henpusoou-
mole mHoscumeru 8 Flx] sceeda cyuiecmsyem u 00HO3HAHUHO C MOU-
HOCMbIO 00 NepecmarHoB80K COMHONCUMeNel U YMHONCHUSL UX HA KOH-
cmanmeol.

ﬂ OKa3aTeJdbCTBO. CyLU.eCTBOBaHMe pasJioKeHus JIerko 10Ka3bliBa-
€TCs 10 MHAYKLHH Mo 106HO J0Ka3aTeJbCTBY CYLIECTBOBAHUSA B TEOpEME 2. 0O

ﬂﬂﬂ JIOKasaTeJIbCTBa €IMHCTBEHHOCTH HOTp€6y€TCﬂ

Jlemma 20. Ecau muoeouren p(x) Henpugsodum nao nosem F u deaum
npoussedenue mHozousenos fg(x), f(x), g(x) € Flx], mo p(x) deaum aubo
MHO2oUAeH [(X), Ab0 MHOOUACH G(X).

JHokaszateanbcTBo. [lycth MHOrouwieH p He aeguT g, 3HAYMT,
(p, g =1, nosTOMy I HEKOTOPBIX MHOTOUJIEHOB 4, U COIJIACHO TeopeMe
o JitHeliHoM mnipenctaBjiennn HOJ[ crpaBeninBo paBeHcTBO up +vg =1,
HO TOTJA MHOTOUJIEH [ = fup + vfg nenuTcst Ha MHOTOUIEH p. O
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M3 3T0i1 IeMMbl HHAYKUMEH 0 11 JIETKO BbIBOJUTCS

Caencreue us aemmbl 20. Ecau mHoeouren p(x) Henpusooum u deaum
npoussederie
q1(X)q2(x) ... gn(x),

mo ox deaum xoms 6vL. 00UH U3 cOMmHONcumenei q;(x).

Jokazamenbcmao eIMHCTBEHHOCTH B TeopeMe 83 MPOBOJANUTCS HHYKLIHe
N0 MUHUMaJILHOW JUIMHE pasJsioXkeHusl. baza uHAyKIMH oueBUHA. BbinosHum
11ar UHILyKLHH.

[lycth MHOrousieHbl, pasjaraiolyecss B Npou3BeleHHe He OoJjee UeM 1
HENMpUBOJAUMBIX MHOTOUJIEHOB, WMEIOT OJHO3HAYHOE pa3JjoxKeHhe, a MHOTO-
ujieH p(X) UMeeT JiBa Pa3JjioxKeHusl

p() = pr(¥)p2(X) ... Pry1(¥) = q1(x)qa(X) ... Gu(x).
[TpuMeHsisi cyieficTBUE U3 JIeMMbI K MHOTOUJIeHaM G (x)Go(x) ... Gu(x) u pi(x),
noJiyuaeM, 4To jJ1si HEKOTOPOro i MHOTOUJIEH pj(X) AEJHUT g;(X), a TaK KaK OHH
HENPUBOJUMBI, TO pi(X) = cq;(X), Tle ¢ — KOHCTaHTa U3 TOoJIst KO3PpULmeH-
toB. Toraa, cokpaiasi Ha pj(x), oJyyaem JBa pPasHbIX PasJ/ioKeHHs OJHOIO
MHOTOUJIeHa, MPUUYEM MepBOe U3 HUX UMeeT AJuHY 7. [losyueHHOe MPOTHBO-
peure 3aBepLIAET BbINOJHEHHE 1Ara HHAYKLHH. O

B cnenytoieli Teopeme nonano6ures

_Jlemma 21 (Taycc). HOI koappuyuenmos npoussedenus Pi(x),
Po(x) pasen eduwnuye, ecau HOJL xoagduyuenmos comroncumeaneti
paser eduruye.

JokaszaTeusnbcTBo. [loka3aTeglbCTBO MPOBENEM METOJOM OT IpPO-
tuBHOTO. [lyCcTh
Pi(x)-Po(x)=ao+ajx +... +a,x",
Pi(x)=co+cix+...+cux™,  Po(x)=by+bix+...+bpx"

U MYCTb MPOCTOE UUCJIO p JIEJHUT KO3 DHUIIMEHTHI TpousBesienust Py (x) - Po(x).
Jonyctum, uto ¢; — nepsblil U3 TeX KO((hHULUHUEHTOB, UTO HE AEJATCS Ha p.

Anajnornuno BeiGepeM bg aisi Po(x). Torna
A5y =bocs1i +bicsyi—1 +...+bsyico=s ¢, (mod p),

1 TI03TOMY p A&NUT bgcy, 3HAUUT, p NeJUT Ji60 by, 6O ¢; — MPOTUBOPEUHE.

Teopema 84 (Taycc). ¥ npoussorvroeo mHoeousena p(x) ¢ yeavimu
Koaghpuyuenmanu umeemes pasroicerue Ha MHONCUMEAL ¢ pAYUOHALb-
HolMU KO3ghduyuenmany moeda u moavko moeda, koeda p(x) pasia-
eaemces Ha MHONCUMel ¢ yeablmu Koapuyuenmamu.
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HokaszaTeabcTBo. M3 paznoxkumMocTd B Z[x] BbiTeKaeT pas/ioxKu-
MocTb B Q[x], Tak Kak KoJblO Z cojep:kutcsi B noJie Q.

Hokaxxem Teopemy B 06paTHyt0 CTOpoHy. OUeBHIHO, 10CTATOUHO PACCMOT-
peTb cayuali, Korjga MHorousieH P(x) ecTb pou3BeaeHHe IBYX COMHOXKHTE/EN
(o6mm# cayuail mpoBepsiercst no MHayKuuu). [lycts P(x) = Pi(x) - Po(x) —
pasJsioxkenue B Q[x]. [IpeacraBum MHOTOUJIEHDBI B BUJIE

Pi(x) = ‘;—l‘f)l (), Pa(x) = 22 Py(x),

rie P (%), Po(x) € Z[x] n HOJI k03(h(pHLIMEHTOB y KAXKJIOr0 W3 MHOTOUJIEHOB
Pi(x), Po(x) paBen 1. Torna
P(x) = =P (x)Ps(x),
biby
rae % € Z, noToMy uto Ko3(duimeHTsl MHOrouseHa P(x) uenbie, a HOJI
102
K03 PULIMEHTOB MHOTOUIEHOB Pj(x), Po(x) paBeH | corniacHO mpejbiiyllei
JIeMMe. O

CaenctBue u3 reopembl 84. Muoeouser ¢ yeavinu Kodghduyuenmanu
Henpusooum 8 Koavye Z[x] moeda u moavko moeda, K0ed0a OH HENPUBO-
dun 6 koavye Q[x]. Pasaroscerue Ha Henpusooumoble MHONUMEAL 8 KONb-
ye Z[x] 00HO3HAUHO ¢ MOYHOCMbIO 00 NEepPecmaHOB8KU MHONCUMEerel
U UX YMHONCCHUS HA KOHCMAHMbL.

Jls1s1 GBICTPOrO TECTHPOBAHUST HEMPUBOAUMOCTH B HEKOTOPBIX CJyuasix Mo-
JIe3Hbl caleflyloline docmamounole NPUIHAKU HEenPU8oOUMOCMU.

Teopema 85 (peayKTUBHbBII NPU3HAK HEMPUBOAUMOCTH) . MHO2OUACH
fx)=a,+a1x+ ...+ a,x" € Z|x]
HenpusoouM, ecau d, He KpamHo p U MHOCOYACH
fx)=ao+arx+...+a,x",
ede a; =a; mod p, nenpusodum Haod norem Zp.

Hoxkasatenbcrtpo. [lyeth  f(x) = g(x) - A(x) — pasnoxenre Ha

MHOXKUTeNH B KoJiblle Z[x]. Torna f(x) = g(x) - h(x) — pas/iokeHne B KOJib-
ue Zp. O

Teopema 86 (npusHak dizeHwreitHa*). [1ycmo mroeouren

fx) =ao+aix + ...+ a,x" € Z[x]

* @. Ouzenwreitn  (Ferdinand Gotthold Max Eisenstein, 1823—1852) — Bbinatowuiicst
HeMeLIKHH MaTeMaTHK.
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MaKos, 4mo a, He KpamHao npocmomy Hucay p, u p 0eaun ocmaibHole
Koaghpuyenmol ag, ay, ..., a,_1, HO p> He deaum ag. Toeda [(x) Henpu-
800UM.

HokaszateanbcTBo. [lycts
f(x) = g(x) - h(x), g(x):bo+b1x+...+bkxk,
h(x)=co+c1x+...+cmx™,

3HAYUT, p He JeJUT bpc, = ay,, a boco = ag NEJUTCS Ha p, HO He JeJHUTCS
Ha p?, TO3TOMy OJHO M3 HMX He JeJMTCS Ha p, Hampumep by, a TOraa co
JIEJTUTCST Ha p.

3amerum, uto p aejut c;. B camom jnene, p neaut a; = byoc) + coby,
csiefoBaTeNbHO, p | bocy, a 3Hauurt, corsacHo jemme 1 § 1.2 p | ¢;. Anasornu-
HO p nesuT ag = bocg + bicy + baco, clieloBaTesbHO, p | Co 1 T. JI. H, HAKOHEL,
plam=>bocm+bicm—i+...4 bpco, cienoBaTesnbHO, p | ¢y, UTO HEBO3MOMK-
HO, TaK KaK TOTJla p JeJUT bypCp = ay. O

YnpaxHenue 75. 1. MHorousennl x™ — p, rie p —npocroe, U x" —
— P1 ... Pk, DA€ p; — PasJHuHble NPOCTbIE, HEMPHUBOAUMbBI COIVIACHO KPUTEPHIO
DiizeHLITelHa (M, Ce0BaTENbHO, YHCI0 1Y/ D HPPALUMOHAJBLHO).

2. MHorouJieH JesieHusi Kpyra

Fo)=x""' 42?2 4 4 x+1=0

P
. xP =
HenpupoauM. HefictButesibHo, f,(x) =

1
I HENpUBOAUM TOrJa U TOJIbKO

Torza, koraa f,(x 4+ 1) Henpusonum. Ho

(x+ 1P -1

P =x""'+Ch PP L+ Cox 4+ C),

[p(x+1)=
BCe ero KO3 HUIMEeHTbI C’;, k> 1, kpaTHbl p, a cBOOOJHbBIH uJjieH C}, =p
He KpaTeH p2, 3HAUNT, COIMIACHO KPHTEPHIO Jii3eHIUTefiHa, MHOrouJieH
[p(x + 1) HenpusoauM.

YKasaHHble MPU3HAKH HEMPUBOIUMOCTH XOTsSI M MPOCTHI, HO HEe BCeraa
npuMenumbl. OTHIIEM aJrOpUTM, HasbiBaeMblil areopummom Kpouekepa,
KOTOPbIE MO3BOJISIET J/Isl JIFOGOr0 MHOTOUJIEHA HAJl T10JIEM PALHOHANBHBIX YH-
ceJl He TOJIbKO BBISICHUTb, SIBJISIETCSI JIK OH HENPHUBOAMMbBIM, HO W yKa3aTb
pasJioXKeHHe €ro Ha MHOXKHTEJH, ecyd OH npuBojuM. OjHako, Kak Gyner
BHJIHO, 3TOT AJITOPHUTM MPUBOJUT K OUEHb FPOMO3JIKHM BbIUMCJIEHHSIM, XOTsI
B OTJIEJIbHBIX CJIydasiX €ro MOXKHO MPUMEHSITh C YCIEXOM.

Ecuau nan muorownen f(x) € Z[x], deg f = n, To TecTHpOBaHKe €ro HeMpU-
BOJIMMOCTH W PA3JIOXKEHHE HA MHOXUTEJIM CBOJATCS K MOUCKY JesuTeNs g(x)
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3ajaHHol crenenu k. B ciyuae k£ = | 5TOT ajroput yxke Oblj H3JIOXKEH B 3a-
naue 11 uz §3.2. MoxHo cunrtath, uto k < n/2, TaK Kak B ciyuae k> n/2
BMECTO g MOXKHO uckath A= f/g, deg h=n—k<n/2.

[Tycrb Tako# nenuress cyuiectByer. CorniacHo TeopemMe 84 MOXKHO MoJia-
ratb, uto f, g, h=f/g € Z[x]. Bo3bMeM MpOH3BOJILHBIN HAGOP PASTHUHBIX

ueabix uuces {ag, ..., ax} ¥ BoiuucanM f(a;) €Z, i =0, ..., k. Torna
glai), h(a;) € Z,  [(a;) = glaiph(ai), i=0,..., k&,
nosromy g(a;) | f(a;), i=0, ..., k. dnsi kaxnoro uucaa f(a;), i=0, ..., k

COCTaBUM CIUCOK D; BCEX €ro yeaovix AeJuTeseH.

st kaxknoro i BbibepeM d; € D; 1, pelinB 3a1auy HHTEPIOJISILHH, HAXO-
1M MHorousleH g; € Q[x]. Ecin g; € Z[x], To npoepsiem, aeautcs Ju f(x)
Ha g;(x). Ecau net, To BeiGupaeM Apyrof Habop 3HaueHu#

(do, dl, cee dk)EDox ... X Dy,

1 JU151 HEro TIOBTOPSIEM Ty »Ke TPOLELypy, NoKa He HakIeM AenuTesb. B cayuae
Hey/laul MOXKHO CJIe/1aTh BbIBOJL 00 OTCYTCTBUH JICJIUTES CTENEHH R U epelTH
K [OUCKY JiesiuTeisi cTernedd 2 + 1 u 1. 1. Ecau nenurtesnb He OylieT HakJieH,
3HAUMT, MHOTOUJIEH HETNPUBOIUM.

OueBKaHO, UTO Nepe6op BapHaHTOB

(do, dy, ..., dk)EDo X ... x Dy

MO2KHO OTpaHUYUTh ToJbKO Habopamu ¢ HOJI, paBHbIM enuHulle, nipuuem d
MO2KHO BBIOMPATb TOJBKO MOJOMKHTENbHBIM.

YroObl yMEHBILIHTL TOT MepeGop, MOXKHO BbIOGHPATh MHOXKECTBO {ay, ...
..., Qg} TaK, uTOOHI uucaa f(a;) € Z,i =0, ..., k, uMesu Gbl IO BO3MOXKHOCTH
MeHblllee YHCJIO PA3JIMUHBIX JIeJIUTe e, HarpuMep, Oblid Gbl TIPOCTHIMH YHC-
JIaMM WM ellle Jiyullle MJoc-MUHyC efuHuiamu. C Lesblo yrnpolleHus 1ajib-
Hellllell HHTEPNOJSALNU YI06HO BEIOUpaTh uncaa {ao, ..., Ap} 0 BO3MOXKHOCTH
MaJibIMH, B JydllleM cjydae 6path {ao, ..., ap} =10, £1, £2, ...}. MoxHo
N0JIb30BATbCSl MHTEPIOJISILIMOHHBIMUA (popMyamMud Kak HbiotoHa, tak u Jla-
rpaHxa.

Ynpaxuenue 76. Pasznoxure Ha MHOXKMTEJM MHOTOUJIEH
2%+ 8x* — 7x3 — 35x2 4+ 12x — 1.
Ykasanue Haxoaum, uto f(0)=—1, f(2)=19, f(—=3)=—1. Torna
do=1;, di==Il,£19; do==1.
Niem g(x) B BUIE co + c1X + cox(x — 2). Torna
co=1, 142 =d;, 1—=3ci+1bcg=dy==I,

12 TauwikoB
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otkyna de =1, ¢; =bco, dy =—19, ¢; =—10, cog = —2 (cayuait dy =1 naer
c; =0=c9), 3naunt, g(x)=1—10x — 2x(x —2) = —2x% — 6x + | — esun-
CTBEHHOE HeTpMBHaJIbHOE pellienre. BbilosiHss jie/ieHte, HaX0UM, UTo

2x% +8xt —7x3 —35x% +12x — 1 = (242 +6x — 1)(x® + x> — 6x + 1).

CpaBHUTE/IbHO HeaBHO OblJ Ha#leH * JO0CTaTOUHO ObICTPLIH aJrOPUTM
pasJioXKeHUs] Ha MHOXKHUTEJM Hall KOJIbLOM LEJbIX UMCes], CJOKHOCTb KOTO-
pOro OrpaHUUYHUBAETCS MHOTOUJIEHOM OT CyMMAapHOro KoJiMuecTBa LU(p €ro
KO3(D(PUUUEHTOB, HO OH CJIMIIKOM CJIOXKEH Ui MOHUMAaHHUS, UTOObI M3J1arath
€ro 3J1eCh.

BoJiee npoctble 115t noHUMaHust U GoJsiee ObICTPbIE aJTOPUTMbI PasJioxKe-
HUs (MK, Kak ellle TOBOPAT, pakmopusayuu) euie B 60-e roapl XX B. 6blu
HaiileHbl ** 111 MHOTOUJIEHOB HAJl KOHEUHBIMH MOJSIMH. DTH aJITOPUTMbI HMe-
I0T BaXKHble MMPUJIOXKEHHUS, B YACTHOCTH B TEOPUH KOJUPOBAHHUS.

3agaum ¥ ynpaxHeHus kK § 3.8

1. Ilokaxkute ¢ MOMOLIbIO KpUTEepUs Dil3eHIITeHa HEMPUBOIUMOCTD HaJl
noJieM palMOHaJbHBIX UMCeJ] MHOTOUJIEHOB

a) x* —8x3 +12x% —6x+2; B) x* —x3 4+ 20+ 1;
6) x5 — 12x% 4+ 36x — 12; r) x° — 3x* 4+ 6x3 — 3x% + 9x — 6.

2. CocraBbTe T36JII/ILLy HEMPUBOJAUMbBIX MHOTOYJIEHOB Ha/l TOJIEM ZQ J10 Jie-
CSITOHM CTereHW BKJOUMTEbHO.

3. CocraBbTe Ta6.m/1uy HEMpUBOAUMbIX MHOTOUJIEHOB Hal TOJIEM Zg J0 Id-
TOH CTENEeHH BKJIIOUHUTEJLHO.

4. JlokaxKuTe ¢ TTOMOLIbIO PEYKLMH MO MOJIYJ/II0 2 HEMPUBOAUMOCTb Hal Q
mHorounena x° 4 2x® 4+ 3x? — 6x — 5.

5. JlokaxkuTe ¢ TOMOLIBIO PEYKLMH MO MOAYJSAM 2 U 3 HEMPUBOAMMOCTb
Hag Q MHorousiena x° — 6x3 4+ 2x2 — 4x + 5.

6. Muorounen x* +ax®+bx>+cx +d c uenbiMu KosdduuMeHTaMU
HenpHBOMM Hajl Q, ec/iu OH He MMeeT Lie/IbIX KOPHei H He JIeJINTCs HH Ha OJIMH
M3 MHOrousieHoB Buaa x2 + x(cm —am?)/(d — m?) +m, rne m|d (mnoro-
u/leHbl ¢ APOOHBIMH KO(MHUIMEHTAMH MOKHO He TPUHHMATh BO BHHMAHHUE).
VcK/loueHHe MOTYT COCTAB/IATL MHOTOUJIEHD, Y KoTopbiX d = k2, ¢ = ak.

* JI. Jlosacom u X. Jlencrpoii.
** 9. bepaekammnom.
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7. Muorounen x® + ax* 4+ bx? + cx +dx + e ¢ uenbiMu KosduuMenTa-
MH HenpuBoAMM Hal Q, eciM OH He MMeeT Le/bIX KOpHell M He JesuTcs
HH HA OJIMH M3 MHOTOUJICHOB C LieIbIMH Koo UIeHTaMu Bua

am® — cm? — dn + be

md3 —n?+ae—dm

X2+ x +m,
rne mle, n=e/m.

8. TpuMensist peblIyllye 3a1auH, Pas/JoKUTe HA MHOXKUTEH Hal Q Hjiu
JIOKaXKUTe HEeNpPUBOAMMOCTb MHOTOUJIEHOB

a) x* —3x% +2x? +2x —6; B) x°+x? —4x3 +9x% — 6x + 6.
6) xt — 3x3 + 2x% + 2x — 6;

9. Ilpu kakoMm 3HaueHnu a MHorousen x '3 +x +90 neaurcs na x% —x +a?

YkazaHnue. [Ipumenurs Teopemy l[aycca u anroputm Kponekepa.

10*. JlokaxkuTe HEMPUBOAMMOCTb Haja (Q MHOrousieHOB MpH pasMUHbIX
a; €7

a) (x—aj) ... (x—ay) —1;

6) (x —a;)? ... (x —a,)’>+1;

B) (x —aj) ... (x —a,) + 1, 3a uckiouenviem ciyuaeB n =4, ag =a; + 1,
as=as+ 1, a4=a3+1un=2 as=a; +2.

Ykazanue. [Ipumenurs anroputm Kponekepa.

11. Ecau f(x) € Z|x] v ypaBHeHHe f(x) = | uMeeT He MeHee UeThbIpex lie-
JIbIX KOpHEH, TO ypaBHeHHe f(x) = —1 He MMeeT Le/bIX KOpHEH.

Yxaszanue. [Ipumenuts anroputm Kponekepa.

12*. Ecu [(x) € Z[x] u ypasHenue [%(x) = | umeer Gosiee uem n/2 ue-
JIbIX KOpHEH, To npu 1 > 12 MHorousied f(x) HenpuBoauMm Hanx Q.

Yxaszanue. [lpumennts anroputm Kponekepa.

13*. Ecom f(x) € Z[x], To Halizercsi Takoil MHOrowieH g(x) € Z[x], uto
MHorousieH f(g(x)) NpUBOJMM HaJl KOJbLOM Z.

14*. Haiinute Bce n, TpU KOTOPbIX MHoOrouseH x" 44 pasnaraercs

Ha MHOXKHTEJIM C LeJIbIMU KO3 hHIIHeHTaMH.
mn

xM—1
15%. JlokaxkuTe, uToO B KoJiblie Z[X] MHOTrOUJIEH T JeJMTCS Ha MHO-
n

rovJieH

7 CCUIM MM 1L B3AMMHO MPOCTHI.
. g™ _ pmn a — pn
16%. JlokaxkuTe, UTO UYUCJIO o JIeJIUTCST Ha YHCJI0

W 1 B3aUMHO IMPOCTHI.

, €CJIH M

12%
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§ 3.9. B3aumMHble MHOrOuUJIEHbI

Jasee paccMaTpruBaeM MHOTOWIEHbI HAJl IPOU3BOJILHBIM MOJIEM.

Onpenenenue 83. [Ia mHorouwneHa f(x), g(x) paBHO# cTerneHH 1 Ha30-
BEM B3AUMMbIMU, €CJIU UX KOIPDULIMEHTbI CBsI3aHbl PABEHCTBAMHU A = b, _p,
k=0, ..., n. B sToM ciyuae Gynem nucath [ = g* wiu g = [*.

[Ipumeps. 1. Muorounenst 1 +x + 2x2, 2+ x + x> B3aumuble.

2. Muorounensl 1 4+ x 4 2x? + 3x3, 3 + 2x + x% 4+ x3 Toxe B3aumMubl Apyr
JpYTY.

3. OueBupHo, [** = .

Ynpaxnenue 77. 1. [Iposepbre, uto [ = g* <= [(x) = g(1/x)x€ &,

2. Ecmm deg f=deg g, 0 (f+ @) =[*+ g*.

3. Eciin deg [ # deg g, To npenbiayliiee yTBepK/eHHE HEBEPHO.

Onpenenenue 84. MHorousieH [ Ha3bIBaeTCsl BO3BPAMHbLM, €Cu [=[*.

[Tpumeps. 1. Muorounen 1 +x + x? + ... + x" BO3BPATHBLIi.

2. Muorounten 1 4 x + 2x? + x> 4 x* Toxe.

3. Koncranra — Bo3BpaTHbIil MHOTOUJIEH.

CrnipaBeminBa cJieyoliias oueBuaiHas

Teopema 87.

(i) Cnpasedauso moacdecmso (fg)* = [*g*.

(i) /Ipoussederue 8038pAMHOLIX MHOSOUAECHOB — BO3BPAMHOLIL MHO-

2OUNCH.
(iil) BaaumHore mHocoUAeHbBL OOHOBPEMEHHO AUOO Henpusodumsl, ALOO
npusoouMmol.

JHokaszaTeabcTBo. YTBepxkieHue (i) ciaeayeT U3 TOXKAECTBA
X1 TT(1/x)x % 8 g(1/x) = x ™€ THIEEf(1/x) g(1/2) = % [ g (1 /).

YrBepxkaenue (ii) caenyer u3 (i). YrBep:kaenue (iii) Toxke caenyer u3 (i). O
Jlemma 22. Cywecmsyem eduncmeenmolii mrnoeouren P,(x) makoii,
umo Puy(x + 1/x) =x"+x~".
JokaszateusnbcTBo. baza unaykuuu (n=1, 2) oueBujaHa, Tak Kak
Py(x) = x%> — 2. 11lar uHAYKUMH 0GOCHOBBLIBAETCS TOXKIECTBOM

anrl _’_xfnfl _ (xn —&—x’”)(x —|—x’l) _xnfl _"_xfnJrl’
€CJIM OIpeAe/IMTb IMMOCJAeA0BaATE/IbHOCTb P,l(x) PEKYPPEHTHLIM COOTHOLLIEHHEM

Pn+1 :)CPH()C) _Pnfl(x)- 0



§3.9. BsaumHble MHOIOUJIEHDI 181

Teopema 88 (MyaBp). (i) Ecau [ — s8o3spamuelii MHO2OUACH cimene-
HU 2n, mo

X7 J(x) = Fu(x + )
ede F, — mHoeouren cmenenu n. ()
(i) Ecau [ — sosspammolii mrocouren cmenenu 2n+ 1, mo G

BOSBpClIngLLZ MHO2OUNCH Ccmeneri 21.

JlokasaTeJsabcTBo. JlokazaTesbecTBO (i) OCHOBaHO HAa TOXKJIECTBE

n

) = apF T =D Pyl + %),
k=0

k=0

U B KauecTBe [, Gepem

n
E a,Pr(x)
k=0
JlokazaTesibeTBo (ii) OCHOBAHO Ha TOXKJECTBE
f(x) . X +x2rz+l— B 4
x+1 Z U e l4+x Z kk
¥ 3aMeuaHuH, UTO, XOTs MHOTOUJIEHbI §;, U HE BO3BpATHbIE, HO
k| 2n+1—k
X" +x b _
=71y R A L R

1 UX KO3 (ULHMEHTbI YAOBJIETBOPAIOT PABEHCTBAM ), = A9y—j, 3HAUUT, H MHO-
rousieH g(x) Toxe yI0BJETBOPSIET STUM PABEHCTBAM H SIBJISIETCS] BO3BPATHbIM,
TaK KakK ero cTeneHb paBHa 211. O

CaencrBue u3 teopembl 88. Bosspamuoe ypasHenue n-ii cmenenu
ceodumes K ypagHenuio cmenenu [n/2].

Onpenenenue 85. MHorousieH p(x) Ha3blBAeTCsl YeMHbLM, €CJIH OH YJI0-
BJIETBOPSIET TOXKIECTBY p(x) = p(—X), U HeuemHoiM, €CJIH OH YJIOBJIETBOPSIET
TOXECTBY p(x) = —p(—x)

Ynpaxuenue 78. 1. Jlio60ii MHOTrOUJIEH OJIHO3HAYHO MPEJICTABUM B BUJIE
CYMMbI UETHOIO U HEUETHOTO MHOTOUJICHOB.

2. YeTHblil MHOTOUJIEH CTeNeHH 7 NIpecTaBuM B Busie f(x?), rie [ — MHOro-
uJleH CTEMeHH 1/2 U CONEPIKUT TOMBKO YETHbIE CTEMEHH, a HEUETHBIH — B BUJIE
xf(x?), Tae f — MHOrOUJIeH CTerneHn (1 — 1)/2 n comepKuT TONBLKO HEUETHBIE
CTeMNeHH.

3. UeTHoe WM HeueTHOe ypaBHEHHE rn-H CTeNeHH CBOJUTCS K YpaBHEHHIO
crenenu [n/2].
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3anauu ¥ ynpaxHenus K § 3.9

1. Peuvre ypaBHeHus

(i) x> +3x> = bx +3x +1=0;

(i) x* 4+ 2x% —4x> +2x + 1 =0.

2. MHorouieHbl YeOblléBa ONpPeNeNsilOTC pPaBeHCTBOM 1,(cos x) =
= cos nx. [lokaxure, uto P,(x) =2T,(x/2).

[TocsienoBaTesibHOCTD P;(X) MOXKHO (POPMAJILHO TMPOJOJIKUTL U JIJIsi OTPH-
LaTe/bHbIX UH/EKCOB, TIPU 3TOM, oueBUIHO P_;(x) = P;(x).

3. MHorouJieHbl P, ¢ UETHbIMM HOMEpPAMH CaMH UETHble, a MHOTOUJIEHbI
C HEUETHBIMH HOMepaMu — camu HeueTHble. [109TOMY UX yn06HO MPeCTaBIIsITh

B BUIE
s /2]

Pi(x) =" a;j(~1)x'2.

j=0

4. Jlnsa nocsenoBaTesqbHOCTH P, (X) CripaBe/IiBO TOXKJIECTBO
Pum(x) = Pu(Pp(x)) = Pr(Pn(x)).

Ykazauue. [Monoxure x =2+ 2z~ ! Ttorna

Py(Pu(z+2" ) =P,(2" +27™) =2"" 427" =P, (z+ 27 1.

5. s nocsenoBatesbHOCTH Py (X) ClpaBeiiBO TOXKIECTBO
Prgm(X) 4 Pn—m(x) = Pp(x) P (x).

YKasanue. JleficTBUTENLHO,

T T T T = (2 2T (2 2T,

6*. [lnist mocsiefoBatebHOCTH Py (X) cripaBeyUBbI CJe/IyIolIHe PABEHCTBA

Li/2] o ‘ .
(i) Pi(x) = Zo aij(—D)/xi=%, e =Cl +Cl7
i=
L2l
(i) x'= > Cl-]Pi,gj, e st yro6eTBa nosioxum Py = 1.
j=0

Y ka3aHue. basa MHIyKUMH NTpoBepsieTcsl HerocpeacTBeHHo. s 06-
OCHOBAHHS L1ara MHIYKLHH BBHJY TOXKIECTBA

P,‘+1()C) = )CP,‘()C) — Pi,l(x)

JIOCTATOYHO MPOBEPHUTb, YTO BCErAA Qjyij =@ + Qi1 j—1, @ 9TO BbITEKaeT
u3 Toxkaecrsa I[lackaJst:

- ol i—1 i—1 =2 _ i =t _
Qij+ai—1,j-1 —C,;j "‘Ci_j_l "‘Cl;j +Ci—j—1 _C1+i—j +Ci—j =djy1,j-
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Jlaisi nokazatesbetBa (ii) JI0CTATOUHO YMHOXHUTb 06e €ro uacTd Ha X
1 ONSIThb NPUMEHUTD ToXKaecTBO [Tackass:

_ _ Li/2) L/2)
xit = xxf = Z CL»JXP,‘,Q/' = Z C,-](Pi—QjJrl +Pi,2/‘,1) =
=0 =0

Li/2) Li/2)

=P+ Y (Clj + Cijil) Pisjo1=>_ ClL Pi_gjs1.
=1 =0

§ 3.10. CummeTpUUEeCKHE MHOTOYJEHbI

[Tyets K — kosibio. Hanomuum, uro uepes K[xi, ..., x,] o6o3Hauaercs
KOJIbII0 MHOTOUJIEHOB OT MEPEMEHHBIX X, ..., X, C KO3(MMHIHMEHTAMH U3 KOJIb-
ua K.

HYCTb JaH MHOI'O4JieH

fxi, ooy xn) = Z Qi XXl e Klxy, ., X
if.in

¥ MepecTaHoBKa a € Sy, rie S, — rpyrmna nepectaHoBok cumpoJios {1, 2, ... n}.

Onpepnenenue 86. Onpenennm JelicTBYE MePeCTaHOBKH v HA MHOTO-
ujieH [ paBeHCTBOM

_ iy i
JalX1, .o, Xp) = E Qi iK1 (gy -+ xa’,l(n).
i ...in

Onpenenenue 87. MuorouneH f(xy, ..., x,) € K[xy, ..., X,] Ha3biBaeTcs
CUMMEMPUUEcKUM, eCTH IJIsT JI0GOH MepecTaHOBKU o € S, CMpaBeIuBO pa-
BEHCTBO

fa(X1, ooy Xn) = [(x1, -0y Xn).

Onpenenenne 88. Iaemenmaproie cummempuueckue MHO2OUACHbL —

3TO0 MHOTOYJIEHBI

o(Xy, ooy Xp) =X+ ..+ Xy,
09(X1, «vy Xg) =X1Xo + X1 X3+ ...+ XX, + XoXg + ...+ Xy Xy,
Or(X1y ooy Xp) =X1X0 oo XpF oo+ Xy p ] --- Xpy
n(X1, vy Xp) = X1 .o Xp

Ynpaxuenue 79. CuMMerpHuecKHid MHOTOUJIEH MOXKHO 3arUChbiBaTh B

BUJIE . l,
fxp, oo, xp) = Z Q. g, (X x4,

i1<i2<' . 'gin
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rie MOCJEIHHM 3HAKOM «...» OTMeueHbl BCE OJHOUJIEHbI, MOJyYaiolinecs
M3 X|' ... Xy mepecTaHOBKAMH (HHKHHUX MHIEKCOB) MepEMEeHHbIX.

Teopema 89 (Buer*). Mrocousen
[R)=z2"+a ;12" '+ ... +a,

umeem n (He 0043aMEAbHO PASAUUHOLY) KOPHEW X1, ..., Xy M020a U Mob-
KO moeda, Ko20a 8blNOAHACMCA CUCMeMA PABEHCME

ay=—o1(x1, ..., Xu);
as =o9(xy, ..., Xn);
ap, = (—1)"o,(x1, ) Xn)

JlokazaTesbCTBO 3aK/II0UYAeTCsl B PACKPBITHH CKOGOK B MPOU3Be-
neHun f(2) = (z — x1)(2 — x2) ... (2 — x,). [losiyuaem paBeHCTBO

a2 b g = = ()2 T L (=D XK L X,

Ecsin Ba MHOrousieHa paBHbl, TO paBHbI UX KO3 huureHTbl. [TosTomy

X1+ ...+ x,=0ay,
................... O

Teopema 90 (o cuMmeTpuueckux MHoroujeHax). /Ipednoaosxcun,

umo [f(xy, ..., xXy) — cummempuueckuil mHoeouren. Toeda cyujecmayem
U LPUMOM MOALKO 00UH MHO204YACH (Y], ..., Y,) MAKOL, YIMO
fCer, oo, xp) =ploy(xy, oovy Xn), oo, OnlXy, ooy Xp)).

JloxkasaTeabcTBo. JlokaxkeM CyllIeCTBOBAaHHE TaKOr0 MHOTOUJIe-
Ha. JlocTaTOuHO chenaTh 3TO [/ CHMMETPHUYECKMX MHOTOUJEHOB BHJA
xy! .. x4 . Beioy B nasbHeiiiiem GyjieM BbIUCHIBATD TOJLKO OJHO CJia-
raemoe, MpejroJiarasi, 4To B CyMMYy BKJIOU€Hbl H BCe Jpyrve cJjaraemble,
noJiy4yatolidecs: U3 Hero rnepecTaHoBKaMM MepeMeHHbIX.

MoxkHO cuuTath, uTO i} >i9 >...>i,. Dynem roBoputb, uTO OAHOUJEH
il ... xln crapiie onnousiena x|' ... x;' (MMeeT GOJIbIIMIl Bec), eC/H BbINOJ-
HsIEeTCsl HepaaBeHCTBO

l1++ln>]1++]n

* @.Buer (Frangois Viete, 1540—1603) — Bblnatoumiicss (hpaHIly3CcKHil MaTeMaTHK, MpH-
NBOPHBIH KpunToaHanutHk [enpuxa 1V, mo ocHoBHO# mpodeccnu — IOPUCT.
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WJIH BBIMIOJTHSIETCS PABEHCTBO
i+ bip=j1 4t
M OJIHO M3 CJIeIYIOLUIMX YCJAOBHII:
i1>j1;
=7, l2>]o
W T. . 3anMchiBaeM OTHOLIEHHe CTAapPLIMHCTBA B BUJE
. ‘ ) ‘
Xt oxl>adt L xl

BysieM BbIpaskaTh cMMMeTpHUECKHEe MHOTOUJIeHbI X' ... Xin 4 ... uepes sJie-
MEHTapHble CHMMETPHYECKHe MHOTOUJIeHbl M CHMMeTpHYeCKHe MHOTOUJIeHbI
Bua x{' ... xy' + ..., oae xi' x> x'. L xi. Bamernm, uTo npu packpbITHI
CKOBGOK B IIPOU3BEICHUH

B cymMMe OyleT MpUCYTCTBOBATb OAHOUJIEH BHAA xi' ... XIn (u BCe oaHOUsIE-
Hbl, MOJIyUalolecst U3 HEero repecTaHoBKaMu rnepeMmeHHbiX). [1pu atom cpean
OJTHOUJIEHOB B 3TOH CyMMe OH OyaeT cTapuiuM. Torna y CUMMETPHUECKOTO
MHOTOYJIeHA _ _ o , S
X' x4 =0 T Peg T L ail”_’i*l”aﬁz”

BCE OJJHOUJIEHBbI UMEIOT MeHbIUUi Bec. JI1s1 KaXKA0ro U3 HUX MPUMEHUM Ty Ke
npouenypy. [Ipono/mkas 3ToT mpouecc, Mbl BbIpa3uM Hall MHOTOUJIEH uepe3
3JleMeHTapHble CHMMETPUUECKHE MHOTOUJIEHbI 32 KOHEYHOE YHCJIO 11aroB.

JloKa3aTesbCTBO €IMHCTBEHHOCTH 3TOTO BbIPaXKEHHsI TPOBEJEM OT Ipo-
tuBHOTO. [lyCcTh

gal(al(xl,...,x,,),...,a,,(xl,...,x,z)) 158 gag(al(xl,...,x,,),...,a,,(xl,...,x,z))

— JIBa pa3JIMUHbIX BbIpaXKeHus st f(xy, ..., X,). Toraa HeHyJieBO# MHOrOUJIeH

@(ylv BERE) !/n):@l(!/ly R yﬂ)_@Q(ylv EERX) yﬂ)

NpH MOJCTaHOBKe y; = 0;(x| ... X,) oOpaiaercs B Hysb. [Ipu sTo0ii nojcra-
HOBKE OfIHOWIEH ay| 'y} ... yi' B MHOrOWIEHE Q(Y) ... Y,) C HEHYJEBBIM KO-
5hPHUMEHTOM @ TepeliieT B CyMMy OJHOUJIEHOB, B KOTOPOK CTapiiuM OyjeT

OJIHOUJIEH X . . .
Jit..Fin Jn—1+in

I
ax N SR 7

YnpaxHeHnue. Jlokaxute 3T0.
M3 Beex 0HOUIEHOB ayi' ... yj' MHOTOUJIEHA V(Y ... Y,) BBIGEPEM TaKOIi,

4YTO OJHOUJIEH

ax{1++/n . jﬁ71+jll

6yueT CaMbIM CTaplIUM H3 BCEX BO3MO2KHbIX.
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Ynpaxnenue. Jlokaxkure, 4To TaKOH BbIOOP BO3MOXKEH.

TOFﬂa Mpu TNOACTAaHOBKE 3JeMEHTAaPHbIX CUMMETPHUYECKUX MHOTOUJICHOB

B MHOrowieH @(Yi, ..., Yn) ITOT ONHOUJEH OyIeT CTAPLUIUM B MOJYYEHHOM
MHorouJsieHe. [ToaTomy emy He ¢ uem GyjieT COKpaTuThes U (o, ..., 0,) # 0.
[1poruBopeune. O

CHMMeTpHYecKre MHOTOUJIEHB! U I0Ka3aHHast TeopeMa HMeIOT MHOTO TIpH-
Joxxenuil. Hanpumep, ee ucrosb3oBanne obJjeryaer pelleHue CUMMeTpHue-
CKHX CUCTEM ypaBHeHHﬁ.

Onpepnenenue 89. Cucrema Ha3bIBAETCS CUMMEMPUUECKOLU, €CIU ee
JIETKO ﬂpeO6paSOBaTb K BULY, COCTOsALIEMY U3 CUMMETPHUUECKHX MHOTOYJIEHOB.

C nomolbIo yITOMHUHABLIENCS TEOPEMbl CUMMETPHUECKYIO CHCTEMY MOXKHO
CBECTH MyTeM 3aMeHbl NepeMeHHbIX K HECHMMETPHUECKOH, HO, KaK MpaBuJIo,
6oJiee IPOCTOH CHCTeMe, a ISl HAXO0XK/IEHHS UCXO/HBIX MepPeMEeHHbIX PeltTh
cucreMy Buera, Kotopasi B c/lyyae JABYX IepeMeHHbIX BbIIVISIHUT Tak:

X+y=u,
XYy =1,

a B cJiyyae, HarpHMmep, Tpex MepeMeHHbIX BbIVISIHT Tak:

X+yt+tz=u
Xy +xz+yz=v,
XYz = w.

Ee pelueHue ¢ nomolibio TeopemMbl Bueta cBOAUTCS K pellieHHI0 COOTBETCTBY-
foLLero ajre6panyeckoro ypaBHeHHsI.

B kxauecTBe elile 0IHOrO MPUJIOKEHUS] CHMMETPHUECKUX MHOTOUJIEHOB pac-
CMOTPHUM METOJ1 MPUOJIHKEHHOTO HAXO0XK/IEHUsI KOPHEH ypaBHEHUH, H3BECTHbIN
VHOTJIA TOJl HEe BIIOJIHE BPa3yMHTEJbHbIM, HO KOPOTKMM Ha3BaHHEM METO-
Jla KBaJpaTHOro KOpHs. DTOT METOJ He3aBUCUMO Obll OTKPHIT JlaHneneHom,
Jlo6aueckum *, Ipecddpe u Duke. OH NPUIIOKHUM TOJNLKO K ajirebpanueckum
ypaBHEHHUSIM U TpeOyeT GoJibliuero o6beMa BbIUHCJ/IEHHH, yeM MeTo HbtoToHa,
HO 3aTO BBIUMCJISIET CPaA3y BCe KOPHHU YpaBHEHHUS, B TOM UMCJIe U KOMIIJIEKCHbIE,
1 Jla’ke MOXKeT OMNpelesMTh MX KPAaTHOCTb, MpUueM He TpeGyeT MpeiBapu-
TeJIbHOTO pasjiesieHusl KOPHEH W HAaXO0XKAEeHUs] UX MPUOJIHKEHUH C HEBbICOKOH
TOUHOCTbIO, KaK MeToj HbloToHa.

OcHoBHas M€l 3aKJIOUAETCsl B TOM, UTO Mbl MOXKEM, UCIIOJIb3Ysl TEOpeMy
Buera u TeopeMy 0 CUMMETPHUECKHX MHOTOUWJIEHaX, MOCTPOUTH JJist JioGOro

* JloGaueBCKHUIl M3/IOXKHJ €r0 B CBOeM yueOHHKe «AsireGpa, WM BbIUHCJIEHHE KOHEUHBIX»,
usnanHoM B Kasanu B 1834 1.
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ypaBHEHHUs!
ax" '+ +a,=0

HOBOE ypaBHeHI/Ie
b 4+ 4+ b, =0,

y KOTOPOTO BCE KOPHHU SIBJISIIOTCS 3aJJaHHOM 1711-H CTeNEeHbI0 KOPHEH UCXOIHOTO
ypaBHeHHst. 1151 TPpOCTOThI NPEAIIONOKHUM, UTO MOJLYJIH BCEX €ro KOpHeH pas-
JIUUHBIL:

lxr| > |xo| > ... > |x4].

BripoueM, ecsiu Mbl MpeiABAPUTEJbHO MPOBEAEM OT/eJNEHHE KPATHbIX KOPHEH,
Kak OyJeT nokKasaHo B § 3.12, BeposiTHOCTb MOsIBJIEHHS paBHbIX MOJyJiel Oy1eT
OueHb MaJla.

Ecm m jpocraTouno Benvko, To |x{'| OymeT 3HauntesnbHO Goblie |x4!
MO3TOMY MOXKHO CUHTATh, UTO

[b1] = lon(xy", ... X))

)

npUOIHAKEHHO paBHO |x{"|, OTKy1a uMeeM MPUOIHKeHHYIO (hopMy.Ty
1
| ~— | .
n fxi| % - n [b]

AHaJIOTHUHO HAXOAMM MOJYJIH OCTaJIbHBIX KOPHEH, Harpumep, 4Jsi HaX0x/1e-
HUSI |Xo| 3aMeuaeM, UTo ecJii /M J0CTaTOUHO BeJHKO, To |x{'x]'| OyaeT 3Haum-
TeJIbHO OOJIbLIE BCEX OCTaJIbHBIX |x£"x;”\, M09TOMY MOXKHO CUMTaTh, UTO

|b2] = [oa(xf", ..., x|

m,.m
NPUOGJIHKEHHO PaBHO |X['x[!|, OTKy1a UMeeM NPUOJIHKEHHYIO (pOPMYITY
| =L
n |xxo| = —In [bal,
a Tak Kak |x|| yKe HafijieH, TO PUOIHKEHHO

In 2] = - (I [ba] 1 [b])

U T. L

O/HaKO HAXOAUTb yKA3aHHOE YPABHEHHE JJIsi OUeHb GOJIbIINUX /1 UPE3BbI-
yaiHo TPYLOEMKO, U KaXKeTcsi, uTo 310 obecueHnBaet uaero. Ho MoxHo nenath
310 ToNbKO st m = 2% k pa3 noBTOpsist MIPoLelypy NOCTPOEHHs ypaBHEHHs],
KOPHH KOTOPOTO paBHBI KBaJpaTaM KOpHel UCXOAHOTO (TpUMeHsieM GHHapHBIH
meroa!). Eule HekoTopoe ympollleHHe BbIUHUCIEHHH JOCTHraercsl BBeIEHHEM
NOHATUA KOpHell IHKe.

Onpenenenue 90. Kopuamu IHke HA30BeM KOPHHU ypaBHEHHUsl, B3sITble
¢ 06paTHBIM 3HAKOM.
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OueBHHO, UTO KBaJpPaThl KOPHEH DHKE COBMAAAIOT ¢ KBaApaTaMu 0Oblu-
HbIX KOpHeil, a TeopemMa Buera st KopHeil DHKe npuoOperaer oCoOEHHO
NPOCTOH BUJ, TaK KaK B HEll MOXKHO He CJIeIMThb 38 3HAKAMH KO3((ULIMEHTOB.

Ha kaxnom 1uare urepauuu OyeM 1o UCXOAHOMY ypaBHEHHIO

o'+ +a,=0
CTPOUTH HOBOE ypaBHEHHE
X"+ b x" N +b,=0,

y KOTOPOro KOPHH IDHKe SIBJSIIOTCS KBajpaTaMH KOpHeH IDHKe HMCXOJHOro
ypaBHenusi. [{jis1 3TOro B MCXOJHOM ypaBHEHHH TMepeHeceM HeueTHble CTerne-
HU B TIPaBYIO YacCTb, BO3BEJEM TOJyUeHHOE ypaBHeHHe MOYJeHHO B KBajpaT
(masiee B BbIKJaAKaX JJIsl OMPENESEHHOCTH MOJI0KHM, UTO /1 — UETHO)

(X" 4+ aox" 2+ agx"t + ...)2 = (ax" " agx" 7+ ...)2
1 BBEJIEM HOBYIO MepeMeHHylo, noJiaras iy = —x2, OTKy/la UMeeM
y" + (aF = 2a9)y" ! + (a3 — 2a1a3 + 2a4)y" 2 +...=0.

Y MoJlydeHHOTO ypaBHEHHS1 KOPHH DHKe KaK pa3 U paBHbl KBaJpaTam KOpHeH
IHKe MCXOJIHOTO YpaBHEHHUS.

Ynpaxnenue 80. IIpoBepbre, uto OCTa/bHBlE KO(MHUIIMEHTHI HOBOTO
ypaBHEHHs! BBIUUCJSIIOTCS 110 (hopMyJiam

bs = a% —2as0a4 + 2a a5 — 2as,

by = LZZ — 2asas + 2asa¢ — 2a,1a7 + 2ag,

2
b, =ay,

1 MOKa)KHUTe, UTO CJOXKHOCTb BBIUHCJIEHHS KOS (DHUIIMEHTOB OlLIEHUBAETCS Kak
3112/2 + Cn onepauyil CJ0XKeHUsI-BbIUUTAHUS U YMHOXKeHHs1 uucels, rae C —
HEKOTOpasi KOHCTAHTA.

[IpaBusio BbluncyeHUsI KOI(DMUIIHEHTOB MOXKET ObITh BbIPAXKEHO CJOBECHO
cJlelyrouliM 00pa3oM: i-il Koa(h(HULMEHT HOBOTO yPaBHEHHUS MOJydaeTcs pu-
6aBJieHUEM K KBaJApaTy i-ro Ko puLHeHTa HCXOAHOTO YpaBHEHHS YABOEHHO-
ro Mpou3BeleHns KaxKa10i napbl KO3((HULUHEHTOB, PABHOOTCTOSLIMX OT HEro
¢ 006eHX CTOPOH U B3STBbIX C UEPEIYIIIMMHCS 3HAKaAMH.

Ecau Hy»KHO HaWTH KOPHH ypaBHeHWsl, HarnpuMmep, C YeThIpbMs 3HAKaMH
nocJe 3ansiTod, HO JIOMyCKaeTcsl, YTO TOUHOCTb BbIUHCJIEHHSI MOXKeT ObIThb
M MeHbllle, TO MOXKHO BCE BbIYHCJIEHHSI JeaTh C YeTbIPbMSI 3HAKAMHU W /151
KPaTKOCTH 3aMMCbIBATh MoJyyatolyecs: oueHb 60Jbline KO3PPULUHEHTbI B BU-
ne, Harpumep, 2002”7 Bmecto 2002 - 10”.
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I[puBenem mpumep * BoluMc/IeHUs KOpHeil ypasHenus [(x) = x> 4 9x? +
+ 23x + 14 =0. Jlnsi KpaTKOCTH ypaBHEHHe, MOJydeHHOe M3 [ OJHHM Ila-
roM uTepallu, o6o3HauaeM [, cieyoliee ypapHenue o6o3nadaem [ u T. 1.
Bbiusc/ieHnst peKpaLlaeM, Korja Ksaiparbl KospQuLHeHToB ypasHetus 2
COBMajaoT (NMpH TNPUMeHsIeMOli TOUHOCTH BbIUMCJICHHH) ¢ Ko(dHIMeHTamMu
ypastennst 2.

Pacroio:knum cHauasia Ko3(hdULHEHTh ypaBHEHHS B CJIelyIolIeM MopsiKe:

3 2 1 0

X
1 | 90002 | 2300~2 | 14002

X X X

Ha kaxjioM 1iare BblUHCJIEHUST BO3BOJMM B KBaJpaT 3TH KO3(D(UIHEHTbI
1 npubaB/isieM yIBOEHHbIE MPOU3BEIEHHUsT COMVIACHO MPUBEIEHHOMY MpaBHIY,
pacroJiarasi BeluMcJeHust B TabJuLy *.

8 2 6 6

1 810072 529071 196071 f 1 32428 391816 147615

4600 | 9590 1| 1051% | 1535' |2179
—0078

FA(1| 3500% | 27707 |1960~" 5 g o =

1 12250 76731 38421 f 1 097318 153535 217933

o551 | 1379 1| 9467 | 2356% |4748

—0031
9436' | 23567 |4748%
89040 | 55517 |225470

0671° | 6301' |3842' =
45022 | 3970° |1476° | |/
—1260 |—0052 o4

—_—

/c4

—_—
—_—

—_—

Ha stom uiare Bblunc/enve 3akanuubaercst. Haxonnum tenepb Mojysin KopHel
COIVIACHO yKa3aHHbIM BblllIe MPaBUJIAM:

x| =4,861, |xs]=3,254, |xs|=0,8851.

3HaKH KOPHEH MOXKHO OIMpe/lesIuTh, MOJCTaB/sAs 00a BapHaHTa B ypaBHeHHe
(Mcrosib3yst ipu 3TOM cxemy [opHepa).

3ameTuM, 4TO B MPUBEAEHHBIX PACCYKIEHHSX MOXKHO CUUTATh KOPHH TaK-
K€ W KOMIUIEKCHBIMH UHCJIAMH, MPH 3TOM NPHOJHAKEHHO BBIYHUC/AIOTCA HX
Mojy/ii. MeToz KBaipaTHOTO KOPHSI MOXKHO MPUCMIOCOOUTD U JI/IsT HAXO0XKIEHHUST
APryMEHTOB KOMIIJIEKCHbIX KOpPHEH, MPU 3TOM KOPHU OYayT HaKJeHbl MOJIHO-
CTbIO.

* 3alMCTBOBaHHBIA M3 MpekpacHoil KHurk J. Yurtkepa u . Po6uncona «Maremarnueckast
obpabotka pesyJsbratoB HabmoneHui» (OHTH, 1935).

* Panblile JJi51 3TOr0 HCNOJIb30BAJIH TaOJHLbI BO3BEICHHS B KBAaAPAT H TaGJIHLb! JIOTapH(MOB
WJIH JIorapu(MHUecKHe JIMHERKH, a ceffuac X 3aMeHsIeT KaJbKyJsTop.
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3agauu v ynpaxHenus K § 3.10

1. Beipasute uepes ajieMeHTapHble CHMMeTPUUECKHEe (DYHKIUH

a) x® +y3 +2° — 3xyz; B) Y, I/xiu > 1/x%,

0) (x =yl =2y —2)% 1) X 7.

2. IlycTb x; —KopHUM ypaBHeHusi ax>+ bx +c=0. Buipasure uepes
a, b, ¢ Beqnunnbl X3 + x5 1 x4 xy 0

3. Ilyctb  x; —kopuu ypaBuenusi x* —7x3 4+ 1=0. CocraBbTe 151
i=1, ..., 4 ypasnenue ¢ kopusmu (i) x2, (i) x#, (iii) x%, (iv) x/°.

4. Pemnte MeTo10M KBaJpaTHOTO KOPHA ypaBHeHHe x° — 3x + 2 =0.

5%, Perunre MeTOIOM KBaIPATHOTO KOPHSI ypaBHEHHE C KPATHBIMH KOPHSI-
M x3 +7x? + 16x + 12 =0.

6%. IlycThb x; — KOPHH ypaBHeHHs 30J10Toro ceuenns x> — x — 1 =0. Co-
cTaBbTe ypaBHeHne ¢ Kophsimu x7 i =1, 2.

7%. TlycThb Xx; — KOpHU ypaBHenus x290°
2005
S X203,
=1

8. Peuure cucreMy ypaBHEeHHI

—7x% 4+ 1=0. Haiinute cymmy

3y 4+ x3y? +2x2y% + x%y? + xy? = 30;
Py+xy+x+y+xy>=11.

9. Pewre cucremy ypaBHeHUH

x+y 5,
l+xy 4
Ayt 257
1+xiyt ™ 327

10*. O6o3HaunM uepes sk:xf—i—...—l—x,/j CTeNeHHble CyMMbl M uepe3
Opr=Y_X|...Xp 3JIEMEHTapHble CHMMETpPHUECKHe MHOrouseHbl. Jlokaxure
tdopmy.ibl Hbrorona:

Sk —Sp_101+ ...+ (=1)"'sp_,0,=0 npu k > n,
Sp—Sp—101 + ... + (=D tsjop_y + (=1)* ko, =0 npn k< n.
11*. Tlyctb pj — CUMMeTPHUECKMH MHOTOUJIEH OT /1 TIEpEMEHHBIX CTere-

HU R, U MHOTOUJIEHbI Py, ..., P, ajreOpanuecku He3aBUCUMbI, T.€. He Cyllle-
CTBYeT HeHyJIeBOro MHorousieHa Q(xjy, ..., X,) TaKOro, 4to

Q(pla Tty pl’l):O

JloKaxkurte, uTo JI0O0H CUMMETPHUECKHH MHOTOUJIEH OT /1 NepPeMEHHBIX BbIpa-
’KaeTcsl yepes MHOTOWIEHBI P, ..., Dp.
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12. JlokaxuTe, 4YTO MHOXKECTBO CHMMETPHUECKHX MHOTOUJIEHOB 06pasyer
NOJIKOJIBLIO B KoJiblle K[x|, ..., X,].

13. MHorousieH HasblBaeTcsi Kococummempuueckum (WM aHmMucum-
MmempuuecKkum), ecJAd OH MeHsleT 3HaK NpH JoOOH TPaHCMNO3WLMM Nepe-
MeHHbIX. [IpoBepbTe, 4TO KOCOCHMMETpPUUECKHH MHOTOUJEH MEHsIeT 3HakK
NPH HEYeTHbIX M He MEeHsieT 3HAK TP UETHbIX MepecTaHOBKAax MepeMeHHbIX.

14. lokaxxuTe, 4TO CyMMa M pPa3HOCTb KOCOCHMMETPHUECKHX MHOrouse-
HOB — KOCOCHMMETPHUECKHH MHOTOUJIEH, a NPOU3Be/leHHe — CUMMEeTPHUECKH
MHOTOUJIEH.

15. JlokaxuTe, uTo J1t0OOH MHOIOUJIEH OT JABYX MEPEMEHHBIX MPeACTaBJIsi-
€TCsl B BUJIE CYMMbl CHMMETPHUECKOTO H KOCOCUMMETPHUECKOT0 MHOTOUJIEHOB,
NpUUEM €IMHCTBEHHBIM 00PA30OM.

16. JlokaxkuTe, 4TO MHOIOUYJIeH

D(xy, ..., xp) = H (xi —x;)

I1<i<j<n
— KOCOCHMMETPHYECKHHI.

17. Joxaxure, uTo jt060H KOCOCHMMETPUUECKHH MHOTOUJIEH MPEACTABUM
B BUJle npousBenenust D(xy, ..., X,;) HA CHMMETPUUECKUI MHOTOUJIEH.

18%. JlokaxkuTe, uTo 0TOOparkeHHe
fx1, .oy xq) — Z fa(X1, .0y Xp)
a€csS,
NEepeBOJIUT JI0OOH MHOIOUJIeH B CUMMETPUUECKHH, a oToOpaxKeHue
Jer, o xa) = > (@) falx, oy Xp)
a€S,

(rze e(a) — 3HaK MepecTaHOBKH &) — B KOCOCHMMETPUUECKHH.

19%. JlokaknTe, 4TO €CJIM MHOTOUJIEH HE MeHSIeTCS MPH UETHBIX MepecTa-
HOBKaX, TO €ro MOXKHO TMPEJICTaBHTb KaK CYyMMY CHMMETPHUECKOTO H KOCO-
CUMMETPHUECKOTO MHOTOUJIEHOB.

§ 3.11. BbicTpoe ymHOXeHHe

[lepBbIM npuaymas GLICTPBIF aAropuT™M yMHOXKeHHsI B 1962 1. A. A. Kapa-
y6a *.

* Tornma on 6bl1 acniupanToM Mexmarta. B 1963—64 rr. npenonasan B @MILL Ne 18 npu MIY.
Bosee 30 sier siBasiercst npodeccopom mexmara MIY. Beinatowuiics crneunasueT no aHajauTi-
YeCKOH TEOpHUH UHCell.
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Npeto ero metosia MOXKHO MOSICHUTB Ha cJeytoliieM npumepe. [Tyctb nepe-
MHO2KAlOTCsl BocbMU3HauHble udcaa U =uy ... ug u V =0y ... vg. [Ipencra-
BHM X KaK JBy3HauHble yhcaa B 10*-3uaunoii cucreme cuncienus: U = U Us,
V =V, V. Torna ux npousBelieHre MOXKHO TPEJICTABUThL B CJIEYIOLIEM BHJIE:

UV =U Vi 108 + (U, — Ug) (Vo — Vi) 4+ U Vi 4 Ug Vo) 10* + Uy Vs.

Ara dhopMy/a CBOAUT YMHOXKEHHE 8-3HAUHBIX UMCE] K TPEM orepauysm
YMHOXKEHHSI M LIECTH OMNepalusiM CJ0KEHUS-BbIUHTAHUS 4-3HAUHBIX UHCEJ
(c yuetoMm mepeHocOB B ciienyioliye paspsifbl). O6bluHbIE criocob Tpebyer
yeTblpeX YMHOXKEHMH M TpeX CJI0XKEeHWH-BblUMTAHHH, HO TakK KaK TPH pasa
CJ0XKHUTb 4-3HauHble UhCa MOXKHO ObICTpee, ueM OJMH Pa3 MepeMHOXKHTh,
To Meroj KapailyObl y:ke 8-3HauHble uucsa nepeMHOxkKaeT ObicTpee. B 06-
eM ciiydae oH TpeGyeT Jisi MepeMHOXKEHHS 1-3HAaUHbIX UMCes MO MOPSIKY
He GoJiblle

nlog 3 o ;1585
omnepauuii Haa LMdpamMH, 115 MIKOJLHOTO JKe MeToa TpebyeTcs 1o MopsiaKy 1’
ornepaumi.

PaccemoTpum Bompoc o C/I0:KHOCTH YMHOXKeHUs1 GoJiee noapobHo. Haunem
C YMHOKEHUS] MHOTOUJIEHOB.

Jlemma 23. Yunoowernue 08yx mHo204ACHOB8 cmeneHell, MeHbUUx 2,
MOICHO CBECIMIL K YMHONCCHIIO MPex Nap MHO20UACHOB Cinenerell, MeHb-
WLUX 1, U CAOMCCHUIO Hemblpex Nap MHOCOUACHO8 CImeneHell, MeHbuux 1,
U BOLUUMARLIO 0BYX NAP MHOCOUYACHOB CIEeNerell, MeHbUuux 21, ¢ NOMO-
woio moycdecmaa

(fix" + Jo)(g1x" + go) =
= fi@x® + (i + fo) (g1 + Qo) — [1 &1 — Jogo)x" + o Lo.

O6o3Hauum uepe3 M(n) HavuMeHblllee KOJMUYECTBO OMEpPaLMH CJOXKEHHS,
BbIUMTAHUS U YMHOXKEHHS (BBIMOJHAEMbIX HaJl KOSPPULHEHTAME MHOTOUJIEHOB
¥ TIPOMEXKYTOUHBIMH UHCJIOBBIMH Pe3yJIbTaTaMK), TPEOYIOLIUXCS /151 TePEMHO-
»KEHHsl JIByX MHOTOUJIEHOB CTereHel, MEeHbLIUX 11.

Jlemma 24. Cnpasedausol Hepaserncmsa
M(n) <2M([n/2]) + M(|n/2]) +4|n/2] +2n — 4.
JokaszaTeabcTBo. [I[puMeHHM paBeHCTBO
(i) fo) (@) + go) =
= g™+ ((Fi + o) (g1 + g0) = frgr — fogo)x " + fogo,
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r7ie CTereHH MHOTOUJIEHOB f| W @) MeHblie [71/2], a cTeneHr MHOTOUJIEHOB [
U go MeHblle |7/2], U 3aMeTHM, UTO JUIsl BbIUKCJIEHHSI NIPOU3BEIEHUE [| g),
fogo Tpedyercs ne Gosee M([n/2]) + M(|n/2]) onepaumii, 151 BbIYHCIECHHST
cymm i + fo, @1+ go, [1€1+ fogo nyxuo He Gosee 2|n/2] +2|n/2| — 1
onepaiuii (Tak Kak YucJio orepatuii paBHO HAUMEHbIIEMY U3 KOJIMYECTB HEHY -
JIEBBIX KO3(PMHULMEHTOB Yy CKJAJbIBAEMbIX MHOTOUJIEHOB), JJIsl BbIUHCJICHHS
npoussenenus (fi + fo)(g1 + Qo) ucnoabsyerest ve Gosee M([n/2]) onepa-
LM, 1J1s1 BblukcsieHust pasHocth (f1 + fo) (g1 + go) — [1 81 — Jogo nocratouna
n — | onepauwsi, Tak Kak

(/i + Jo)(g1+ go) — [181 — fogo= 180 + o g1,
3HAUMT, CTereHb TOr0 MHOTouJeHa paBHa [1/2] + [n/2] —2=n—2, cio-
JKeHHe MHOTou/IeHoB o go U [i @1x21/2) Bhinonusiercst «GecniaTho», Tak Kak
OHH He HMEIOT MOJ00HBIX UJCHOB, MPHUEM B HX CyMMe OTCYTCTBYET UjleH BH-
na x221=1 nosTOoMy IS CII0KEHHST MHOTOUJICHOB
2n/2 2
fogo+ higix® ™2 (Figo+ fogi)x?

JIOCTaTOuHO 7 — 2 omepaiuwmu. B utore tpeGyercs nonognutensuo 4[n/2] +
+ 2n — 4 onepauuu. O

Teopema 91. Ecau 2% deaum n, mo cnpasedaiuso nepasencmso
M(n) < 3%(M(n/2%) + 8n /2% —2) — 8n + 2,
a npu 10boM 1N — HepaseHcmaso
M(n) < (35/3)n'% ®.
NokaszaTeabcTso. [lyers 28m =n. Torna HepaBeHCTBO
M(n) < 3%(M(m) +8m —2) —8n+2

JIoKasbiBaeTcst unjaykuuen no k. basa (k= 1) nokasana B semme 2. Illar un-
JIyKILIMK 0G0CHOBbLIBAETCSI TEM YK€ HEPABEHCTBOM.
BriGepem k Tak, uto6wl 28 < n < 2%t!. Torna ecm 3 -2~ < n, 10

lg, 3
M(n)<M(2k+‘)<3k—l(M(4)+30)<3k—1.55<55.(%) ® 35 s

Ecin xe n < 3-281 1o
M(n) < M(3- 2871 < 3F=1(M(3) + 22) < 3¥1. 35 < (35/3)n'%: 3. O

[TepefinemM K yMHOXKEHHIO YHCEJL.

[Tyctb Tenepb M(n) o603HauUaeT HaUMeHbIlIee KOJUUECTBO OMepPaldi CI0-
YKEHUs, BbIUUTAHUS U YMHOXKEHUS, BbIMOJHSAEMbIX HAJl YHCTAMH, MEHbLIUMHU 4,
TpeGYIOLMXCS 151 EPEMHOXKEHHUS IBYX 11-3HAUHBIX UMCEJI, 3alIUCAHHbIX B MO-
3ULIMOHHOH CHCTEME CUMCJIEHHS 110 OCHOBAHMIO d.

13 TauwikoB
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Jlemma 25. Cnpasedausor Hepagerncmsa
M@2n) <3M(n)+ 191, M@2n+1)<2M(n+ 1)+ M(n)+ 177+ 10.

HokasaTedsabcTso. [Ipumenum ToxKaecTBa

(ho™2 4 Jo) (16T + go) =
=h @b’ (Frgi+ fogo— (Fi — fo) (g1 — go)b "™ + fogo,

rae uucaa fi u gy — |n/2]-paspsinHbie, a unmcaa fy ¥ gy COOTBETCTBEH-
HO [n/2]-paspsiaHble, W 3aMETHM, UTO JUISl BbIUMCJIEHHS POU3BENEHHUE [| g)
u fogo Tpebyercs M([n/2]) + M(|n/2]) onepauwmii, 1Jist BHIYMCJEHUS] PA3HO-
creit u cymmbl fo — fi, go — g1, [181 + JogQo Tpebyercs He Gosee

n(l+ [n/2) = [n/2]) +2(1n/2) + [n/2] = 1) + 2([n/2] + [n/2]) = 1 =
=4n -3 +n(l + [n/2] — [n/2])

omepaluii, Tak Kak uucaa fi g u fogo umeiot He Gogiee uem 2(n/2] u 2[n/2]
paspsiloB COOTBETCTBEHHO, a B CJlyuae UETHOTO A HYXHO elle 2[n/2] =n
onepauuil JJisi TPeJBAPUTEJILHOTO CPABHEHHsT uuces (UToGbl He BbIUMTATH
13 MeHbliero GoJibliee). 3aMeTHM jlajiee, UTo J/Ist BBIUWCJIEHHST IPOU3BE/IEHHS
(f1 — fo)(g1 — Qo) Tpebyetcst He 6osee M([n/2]) + 1 onepaumii (oaHa ore-
patysi sl BHIUMCJICHHUST 3HAKA Y TIPOU3BEJICHHST), /15T BBIYHCJICHHST PA3HOCTH

f1g1+ Jogo— (J1 — Jo)(g1 — go) =180+ Jog&

TpeGyercsi He Gosee 2[n/2] + 1 +2[n/2] — 1 =4[n/2] onepauwuii, cioxeHue
amcent fogo u [1 @622 ocyiectBasieTes: «GecnatHo» (3aMiUCH THX YkCe)
MPOCTO 0GLEMHAITCA B OJIHY 3aTIHCh), a Ul CJ0XKeHus uucen fy g b2 +
+ fogo u (f1 g0+ fog1)b!™?! tpebyerca ne Gonee 2n — [n/2] +n+1—1=
=21+ |n/2| onepaimii (Tak Kak uncao fi gy + fogr umeer e Gogee n+ |
paspsiia, a miajiiue |1/2| paspsiios uucaa fogo He y4aCTBYIOT B OMEPALIHSIX).
B urtore tpebyeTcsl AOMOJHUTENLHO

4n—3+n(l+ [n/2] — [n/2]) + 1 +4[n/2] + 2n+ |n/2| =
=7n+3[n/2] +n(l+|n/2] —[n/2]) -2

orepaumi. O

3anauu v ynpaxHenus K § 3.11

B caenyoummm nykie 3aaau peub MAET O TOM, KaK M0 BO3MOXKHOCTH Obl-
CTpee MPOU3BOAUTbL apUhMeTHUECKHE onepallii ¢ ApoOsIMH, CBOIS UX K orle-
pauusM HaJ LeJbIMU uMcjaMi (M MHOTOUJIEHAMH).
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1. Homyctum, uto apo6u a/b u c¢/d uecokparumsl. Ilyers (a, d) = gy,
(b, ¢) = go. Hokaxure, uTo

((a/g1)(c/g2), (d/g1)(b/g2)) = 1.

2. Jonyctum, uto apo6u a/b v ¢/d necokpatnmbl 1 ukcaa a, b, ¢, d MeHb-
ute 10", ITpensioxkure cnocoG yMHOXKEHHUS U Jle/IeHUs] 3TUX 1pobeit, B KOTOPOM
BCe MPOMEXYTOuHble pe3dysibTaThl 6yayT MeHblie 107, ecii B OKOHUATEIbHOM
OTBETE UMCJ/IUTE/b U 3HaMeHaTesb MeHblue 107,

3. ycts (a,b)=(c,d)=1, (b,d)=g, t=ad/g+bc/g, (I, g1)=go.

Jlokakure, 4TO
(d/gi,b/g))=(t,d/g)=(t b/g)=1,
g =(t, g1)=(t, (d/g)(b/g)g) = (t, bd/g1),
(g2, d/g1) =1, b nennrcsi na go u
(t/ g2, (d/g1)(b/g2)) = 1.

4. ITonyctum, uto 1poGu a/b w ¢/d wecokpaTuMbl W uucaa a, b, ¢, d
menblie 10%. Tlpenyoxkute crnoco6 c/oXKeHUS W BbIUMTAHUSI 3THX ApoOeH,
B KOTOPOM BCe MPOMEXYTOUHble pe3yJbraTbl GyayT MeHblie 10", kpome oji-
HOTO, KOTOpbIi OyzeT Menble 102, e/t B OKOHUATEILHOM OTBETE UHCJUTED
W 3HaMeHaTeJ b MeHblie 107,

OTMeTHM, UTO YTBEp:KJIEHHUST ITUX 3ajay MOKHO MEepeHeCTH U Ha MHOTO-
4JIEHB.

5. IlpoBepbre, uTO OOBIUHBIH CMOCOG YMHOXKEHHS MHOTOUWJIEHOB JA€T

OLLeHKY e )
M(n) < Mg(n) =n? + (n — 1)

6. st yMHOXKEHHS] MHOTOUJIEHOB HAlJWTe HaUMeHbLiee 11, P KOTOPOM
M(n) < Mg (n).

7. JloKaxKuTe, UTO CJIOXKEHHME JIBYX f1-3HAYHbIX UMCeJ MOXKHO BBINOJI-
HUTb 3a 2n — | onepauuio, BblUUTAHHE MeHblIero U3 GoJibliero —3a 31 — |
omnepaLHio, BEIUMTAHHE C ONpeJieJieHHeM 3HaKa pasHocTH — 3a 4n — | onepa-
1110, a CJIOXKeHHe (A + M11)-3HAUHOTO YHCJIa C f1-3HAYHBIM MOKHO BBIMTOJIHHTh
3a 2n+m — 1 onepauuto.

8. Jloxkaxure, uTo 0ObIYHbIH CI10CO0 YMHOXKEHHsI UHCeJ JaeT OLEHKY

M(n) < 5n’.

O603Hauum uepe3 K(rn1) CNOXKHOCTb BO3BEJIEHUS] 1-Pa3PSAHOTO UUCJIA
B KBaJpaT M Takoe ke oOo3HaueHue OyIeM HCIOJb30BATb /s CJOKHOCTH
BO3BeJleHHs] B KBaJpaT MHOrOUJIeHa cTeneHu 1 — 1.

13+
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9. Mcnosib3ysi TOXKIECTBO
(a+b)> — (a—b)?
4 b
JIOKAXKUTE ISl CJyuast Ofepaluil ¢ YUCJaMu HePaBeHCTBO
M(n) <2K(n)+ 13n+ O(1),

a ]I cJiydast onepauui ¢ MHOrouJeHaMH — HepaBeHCTBO

M(n) < 2K(n) +6n + 4.

ab =

§ 3.12. Pa3noxeHue Ha GecKBajpaTHble MHOXUTEJIHU

,HJIH MHOIO4JIEHOB Hal MPOHU3BOJIbHBLIM IOJIEM Ja/IMM CJIeyIolllee

Onpenenenne 91. PasjoxkeHne MHOrouJieHa

P=qq5 ... qf

TaKoe, YTO COMHOXKUTEJH §; He UMEIOT KPaTHbIX KOpHeH M ToMapHO B3aUM-
HO MPOCThI, Ha3blBaeTcsi Oecksadpamnoii hakmopusayueti nepsoeo muna
MHoOroujieHa P.

O603HauuM
Qi=qiqit1 --- Gp,
Toraa
P:QI'Q’Z’ Q1|Ql+1a LZI,.,k_l,
1 MHOTOUJIeHbl ); He UMEIOT KpaTHbIX KopHell. Takyto paKkTopH3alliio Ha3oBeM
HeckBaspaTHOH (hakTOpH3alllell BTOPOro THIA.

¥Ynpaxuenue 81. [lposepbre, uto 06a Tna GeckBaapaTHol akTopH3a-
MM OJIHO3HAYHO BOCCTAHABJNBAIOTCS OJUH MO JAPYroMy C TOMOLIbIO (hopMydT

_ _ _ 9 ki1

i =Qi/Qiv1, Qi=Pi/Piy1, Pi=qqi, ... q, .
[ycts P=qq3 ... gF, — OeckBanpatnas dakropusalys NepBoro THIa.
CJieflylolias JieMMa CripaBe/lyInBa Jljisi MHOTOUJIEHOB HaJl JIOGbIM MoJleM HyJie-

. dpr
BOH xapakTepucTUkH. [IpousBonHyo MHOrousieHa P o603HauaeM I

Jlemma 26. /[1s nocaedosamenrvHocmu MHOS0UACHOB P;, HauuHato-
. } dp;
wetics ¢ Py =P u onpedeasemoii pasencmeanu Piy) = | P;, x> cnpa-
804180 MONOECmB0

Pi=qigl, ... ¢ =QiQip1 ... Qr (i=1, ..., k),
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ede Qi =qiqiy1 --- Gr, 0OMKyda

R Y
< P T Q0
u makum obpasom oba suda ¢axmopusayuu cywecmayiom u onpede-
AeHbl 00HOZHAUHO.

(i=1,.., k),

HdokaszateabcTBo. CoracHo MpernoioKeHHIo HHAYKLMH U (op-
myJie JleliGHuLA

dpP; _ dg; i1 dé7+1 k—i+]
T Li)ClQL+l. qk’ +qi2qip1—— ... g T+

poid
-+Qi0z‘2+1- qk 1(k_L+1)qk [ (ik

dg; dqp
:PiJrl(EQiJrl e Qe T GiGign e Qe (R— DA T) )
CyMMa, crodllasd B CKO6K3X, B3auMHO HpOCTa C gi, IOTOMY UYTO BCe€ CJlarae-
Mble, KpOMe nepBOI‘o, KpaTHbl gi,a nepBoe cJjlaraeMoe B3auMHO HpOCTO C HUM.

JleficTBUTE/ILHO BCE €ro COMHOXKHTENH B3aUMHO MPOCTHI C ¢;, TaK KaK §; B3a-
MMHO MPOCTBI JIPYT C JIPYroM M He UMeIOT KpaTHbIX KOpPHEH, M03TOMY

(qA @) —1

Ly dx .

AmnaJsiornuHbiM 06pa30M MpPoBepsieM, UTo CyMMa, CTOsillast B CKOOKaX, B3AUMHO
npocra c¢ ¢4, ---, gr, @ 3HAYUT, U C IIPOU3BEICHUEM Q,‘ =4q4iqi+1 --- k. ITo-
3TOMY 4P

i i
(Ea Pz) z+1( /Plv Ql) z+1a
4yeM W JO0KadaH lar MHAyKIHH. O

B cranpaptHom ajroputMe GeckBalpaTHOH (DaKTOpPHU3aLMH PEKYPPEHTHO
BBLIUMCJISIETCS  MT0CJIEI0OBATEIbHOCTh MHOTOUJIEHOB MO  opmysnam Py =

dP;
= (P, ) rje, Kak TOJbKO 4TO J0Ka3aHo,

Pi=qigt ) .. qF T = QiQis1 ... Qp,
TocJIe Yero HaXoJISATCs JeleHeM MHOTOYJIeHbI
Qi = i TS %
Piy Qit1
Mznoxum anropurm OcTporpaickoro * GeckBaapaTHOH (PaKTOpU3aLUU

B 0603HaueHusix camoro OCTPOrpajickoro M OLEHHM €ro CJO0XKHOCTb (T.e.
UMCJIO BBIMOJIHSIEMBIX UM OTI€paLMii).

* Ocrporpanckuit Muxansn Bacunbesuu (1801—1862) — Bbinatowuiicst pycckuil MateMaTink
1 MexaHuK. OJIMH U3 ocHOBaTesel NeTepOypreKoii MaTeMaTHYeCKOH LIKOJIbI.
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[Tycth P = P — (hakTopU3yeMblil MHOTOUJIEH, MOJIOXKUM

dP,
dP P dx d
Po= (P ). @i=ph Ri=45 g (QuR- D),
Q R - dQ
Q=Y Ry=—dc C]QZ(Q& Ro — 2)
qi qi
U TaK jaJee, okKa He IMOJYyYHUM Rk+l ?ikH Torna P= QI% C],f — HUC-

KOMO€ pasJjioXKeHHe, MOTOMY UTO §; HE HMEIOT KPATHbIX KOPHEH U B3anM-
HO TPOCThI. OTMeTI/IM UTO TIOMYTHO HaijleHo pasJsoxkenue P = Q| Qg ... Qp,
rie Qi =q; ... qr (i=1, ..., k) Toxke 6eckBajpaTHble MHOXKHUTEJH, HO YyxKe
He B3aHMHO npocrble, a MocJsie/IoBaTeNIbHO JeJIsIlIe IPYT Ipyra.

O6ocHoBbIBaercst aaroputM OCTpPOrpajackoro ¢ MOMOLIbIO €ro 3ameua-
TEJIbHBIX TOXKJIECTB.

Teopema 92 (Octporpanckuit). /J[ias onpedesenrolx goiuie nocaedo-
samenvHocmel MHOSOUACHOB CNPABEOAUBLL MONIECMBA

dPipi Qi .0
L .
Ry = —dx  _ dx .:( R — 1).
T P gi gi =W Ri= 77,
JokaszaTeuabcTBo. [IpumMensiss MHAYKLMIO, MTOJydaeM, 4To
dp; dPiqy dPiy) dPiiy
R dQi _ dx _ d(Pi/Piy) _ Pi— = _ Qi—, _ Qit19:i—
Lo Py dx Py Piti Piyy 7
OTKylla UMeeM
dQ; sz+1 dPiy
R4+1:R’7 dx Q‘H __dx
l qi Pz+1 Pito
Tak kak
ap;
Pi:‘h’QiQJrl . C//’ee LHv Ri:pc.l—x, Qi=gqi ... g,
i+1

M3 TEOPEMBI O MOHWKEHHH KPATHOCTH KOPHS MpH JU(dEpeHIIHPOBAHUH BbITE-
Kaet, uto (R;, @;) =1, oTKyzna cjenyer y:ke 6€30 BCSIKOH HHIYKLUH, YTO

dQ;

(sz R; — ) (Qis Rit19i) = (Qit14i, Rix19:) = (Qix19i, Riy19:) =

=qi(Qit1, Rix1) =qi
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3amerum elile, uto U3 Hopmy.J

dpP;
dx P
R- = y L=
b Py " Py
BbiTekaeT, uto deg R; =deg P; —deg Py — 1 =deg Q; — 1. |

[peumyiiectBo anropurma OCTpOrpaackoro nepeji CTaHAAPTHBIM aJiro-
PUTMOM OYeBHMIHO BBHIY TOrO, YTO Ha Ka)KJIOM Lliare WUTepalld OH Tpeby-
er Haxoxaenuss HOJl MHOrouseHOB MeHbIIeH CTereHH, YeM B CTaHAAPTHOM
aJIrOPUTMe, U BMECTO JBYX JeJIeHHH HCMOJb3yeT TOJbKO OJHO, MPUYeM JJIsi
MHOTOUJIEHOB OMSAThb K€ MeHbllel cTerneHd. Kpome TOro, oH J0MycKaeT Xo-
POLIYIO OLIEHKY CJIOXKHOCTU MPH UCMOJIb30BAHHUU B HEM ObICTPLIX aJrOPUTMOB
YMHOKeHHUs1, JlejieHust U Bbiuncsennss HOJL.

Ouenka cJjoxHoctd asnroputMa OCTpOrpaickoro noJyyaercsi I10BOJbHO
MPOCTO, €CJIM BOCIOJIL30BATHLCS CJEIYIOIIUM 3aMeyaHHeM.

[Tycts M(n) — mo6ast oleHKa CJA0XKHOCTH YMHOYKEHHS IBYX MHOTOUJIEHOB
CTeMNeHH 11, YIOBJIETBOPSAIOLIAS YCJAOBHIO cynepaaauTuBHocT: M(x) + M(y) <
< M(x + y), u G(n) — takas ke oueHKa cjoxkHocTd Bbluncaenus HOJL nByx
MHorousienoB. Hanpumep, B kauectBe M(n) moxHO B3aTh Cn'°%3, a B ka-
uectBe G(n) MoxkHo B3sitb CM(n) Ig n npu Gosbuio# koHcranre C (370 Mbl
He 6yJeM JI0Ka3biBaTh).

[Tosoxum deg Q; = n;, deg g; = m;, deg Po = p =ng + ... np, TOrna m; =
=n; — N1, deg R; =n; — 1. CioxkHOCTb jleieHusi 6e3 ocTaTKa MHOrouJieHa
CTENeHH 1M HAa MHOTOUJIEH CTeneHu 71 oleHuM Kak 3(M(m —n)+m —n) +
-+ M(m), 3HAUWT, CJIOXKHOCTb JeJeHHsl ABYX Pa3HbIX MHOTOUJIEHOB CTereHH
He BbIIE /1 HAa OJMH H TOT K€ MHOTOUJIEH CTeleHH 71 OlleHHBAeTCsl Kak
3(M(m — n) 4+ m—n)+ 2M(m), Torna Hy:KHasi OLleHKA UMeeT BHUJL

k
n+ G(n) +3M(n — p)+3n—3p + 2M(n) + Z(G(m) +2M(n;) + 2n;) +
i=1

k
+ ) _BM(m) +3n) <n+ G(n) + 3(M(n — p)+n— p) +2M(n) +
i=2
+ G(n) +2M(n) + 2n+ 3(M(p) + p) < 2G(n) + 7M(n) + 6.

[TosyueHHast olleHKa MOKAa3bIBAET, UTO CJI0KHOCTh ajroputMma Octporpaj-
cKoro GecKBajpaTHOH (haKTOpPHU3allMd MHOTOUJIEHA CTENEeHU 1 ACUMAMOMu-
yecku Auub 8 08a pas3a NMPEeBOCXOAUT CJIOKHOCTb aJrOPUTMa HAXOXKIEHHUS
HOJI 1Byx MHOTOUJIEHOB CTEMEHH 1.

HutepecHo oTMeTHTh, uTo OCTPOrpajaCcKuil MpeyioxKuJ elile OJIuH BapHaHT
.dQ )

anroputMa (hakTOpPH3aLMK, OCHOBAHHBIH HA TOXIECTBE §; = (Q, R — Iy
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rae
dP,
_o, PP _p, _ dx 7(dﬂ )
Q_QI_PQ_PQ’ R—R1—P2, Py = dx,Pl»

JlokazaTesibCTBO BbITEKAeT U3 LEMOUKH PABEHCTB (B KOTOPOM MUIsi KpaTKO-
ctu uddepeHpoBaHre 0603HAUYAETCS LITPUXOM)

k

Py (qig3 ... g , )
R: = — i 0 . ) ’
Py go .- qf_, Z qr - qi—1(q:i) qit1 - Gr

i=l

k
QU= g1 qi1G) qis1 - G,

i=1

k
R—jQ = (i—qr - qi1(q)qis1 - qr,

i=1

000CHOBbBIBaeMO# TpaBuiioM auddepeHiupoBanus JleibGHua, U 3aMeuaHus
0 TOM, UTO B MOCJIEHEH CyMMe BCe cjiaraeMble, KpoMe S-Tro, NeasTcs Ha (s,
a OHO B3aMMHO MPOCTO C MHOTOUJIEHOM (s (TaK KaK BCE €ro COMHOXKHTe-
JIM C HUM B3aUMHO [MPOCThI), cJefoBartesbto, (R — jQ’, gs)=1 npu s # j,
H, OUEBHJHO, MHOro4/IeH R — j() J@JUTCS Ha MHOTOUJIEH ¢, .

Ykasanuble opmysiel OcTporpaackoro 6oJee 3J€raHTHBI, YeM MPeIblay-
1111€, HO CJIOXKHOCTb TOCJIEJIHETO AJITOPUTMA OUEBUIHO OOJIbLIE, UEM MTPEIbLLY-
11IeT0, TAK KAK B HEM CTETEHH MHOTOUJIEHOB MOCJ/IEN10BATENLHOCTH, Y KOTOPbIX
npuxoautes Bbluucasts HOJL, He yMeHbLIalOTCS, U OH He JOMYyCKaeT oue-
BUJHOH Xopoluell BepxHel oleHKH. OJHAKO eC/IH HY»KHO BBbIUMCJIHUTb He BCe
MHOKUTEJH ¢;, a TOJbKO JI060H OJMH M3 HUX, TO 3TOT AJATOPHUTM, BEPOSITHO,
ABJIAETCS ObICTPEHLLUM.

3anauu v ynpaxkHenus kK § 3.12

1. OGocHy#iTe cTaHAapTHBIA aJropuTM OecKBajpaTHON (haKTopU3aluu
CO BCEMH MOJPOOHOCTSIMH.

2. O6ocHyiiTe BTOpo# ajgroputm GeckBajpaTHol (akropusdauun Octpo-
rpajiCKOro co BCeMH MOAPOOHOCTSIMH.

3. Bbinosinure GeckBaipaTHyto (pakTOPU3aLIMIO MHOTOUJIEHA CTaHIAPTHBIM
MeTooM U MeToaoM OcTporpaiackoro

1104+ 3x% —5x8 — 21x7 4+ x0 +45x% + 17x* — 39x% — 2242 + 12x + 8

W HaWauTe ero KOPHH.
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4%%  JloKaXKUTE, UTO CJIOXKHOCTH JeJeHHs1 6e3 OCTaTKa MHOroujieHa CTe-
MeHH M Ha MHOTOUJIEH CTEIeHHU 11 OlleHMBaeTcsl Kak

3M(m —n)+m—n)+ M(m).

5%, ﬂoxamme, UTO CJIO2KHOCTb JAeJIEHUs1 IByX pa3HbIX MHOIOYJIEHOB CTE-
I[I€HHW He BbllIe /77 Ha OJHWH W TOT 2K€ MHOI'OYJIEH CTEII€HH 711 OLlEHMBAETCHd KaK

3(M(m —n)+m—n)+2M(m).

6. JlokakuTe, 4TO CJI0XKHOCTb JIeJIEHHSI C OCTAaTKOM MHOrouJjieHa cTere-
HU 17 Ha MHOTOUJIEH CTEMEHH /1 CO CTaplIUM Ko3dduuueHToM 1 oueHuBaetcs
Kak (m—n+1)(2n+ 1), a 6e3 ocratka — Kak (m — n)(2n + 1).

7. Ilokaxkure, 4To 0ObIYHBIH ajaroput™M EBK/MIA V1S MHOrOUJIEHOB CTere-
HU He BbILIE 11 UMEET OLIEHKY CJIOXKHOCTH

G(n) < an + §n.
2 2

Ykazanue Hano yyecTb He0OXONMMOCTb HA KaXKJOM Llare ajroputMa
BBIMIOJIHATL TPUBEJIEHHE MOJYUEHHOTO OCTaTKa K BHIY, B KOTOPOM CTapLUMid
KO3(ULHEHT OyeT paBeH eIUHHLIE.

8. JlokaxkuTe, uTo 0ObIUHBIN aaropuT™ EBKJKIA /1St MHOTOUJIEHOB CTere-

7
HU He BBILIE /1 UMEET OLIEHKY CJI02KHOCTH §(fl2 — m?) 4+ O(n), re m — cTerneHb

Bblykcsiennoro HOJIL.
9%, JloKa)kuTe, UTO MPebLAYLLYIO OLIEHKY HeJb3s1 CYLIECTBEHHO YIyULUTD,
paccmotrpes Boluncsenne HOA(T,, T,,—), rne T,, — mHorouwienbl Yebbiiéna.
10%*. JlokaxkuTe, UTO OOBIUHBIN aJrOpPUTM EBKJIMA JJIsT MHOTOUJIEHOB CTe-

1 5 5
MeHU 1 U M UMeeT OLeHKY cioxHoctd G(n) < 2nm + §m2 + 5

Ykaszanue CHauana pacCMOTpUTE CJlydaid, KOTJA HA KaXKJIOM llare
aJropuT™Ma CTeneHb yMeHbllaeTcsl Ha eauHully. [loTom nokaxure, uto B 06-
lLleM cJlyyae OLeHKa He Bblllle, YeM B 3TOM YaCTHOM CJyyae.

11. doxaxure, 4To CJ0XKHOCTb J€JIEHUsT C OCTATKOM f1-pa3psiiHOTO UHuCJ/Ia
Ha m-pas3psaHoe UMeeT oleHKy caoxHoctd C(n — m)m, rae C >0 — KoH-
CTaHTa.

12*. JlokaxkuTe, uTo OOBIYHBIH alroput™ EBK/IMIA /151 11-pa3psiAHbIX YH-
ceJl UMeeT OlleHKy coxkHocTH G (1) < Cn?.

YkazaHnue. [IpuMeHure npeabiayllyto 3aaauy.

13. JloKaxuTe, UTO CJIOXKHOCTb BbIUMCJIEHHS 10CJAe10BaTEIbHOCTH MHO-
rounieHoB Q;, g; no dopmynam Q; =P;/Piy1, g;i = Q;i/Qi+1 NpH HU3BECTHON
MOC/EI0BATEJNBHOCTH P; ¢ TOMOLIBIO IIKOJBHOTO aJrOPUTMa OLEHUBAETCS KaK
2(n® +n?), tne n=deg P =deg Py, n; = deg Q.

Yxaszaunue. [Ipumenure 3anauy 6.
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14. JlokaxKuTe, UTO CJIOXKHOCTb BBIUHCJIEHHSI MOCJE10BATENbHOCTH MHO-
rousieHoB P; cTaHIapPTHBIM aJrOPUTMOM 110 (hopMyJsiam
dp;
P = (P )
i+1 b iy
otennsaercsa Kak 4n’ + O(n).
Yxaszanue. [Ipumennre 3anauy 8.
15. JlokaxKuTe, UTO CJIO?KHOCTb CTAHJAPTHOTO aJiropuTMa GecKBajipaTHOM
(haKTOpH3aLMK MHOTOUJIEHa CTeNeHH 7 olleHuBaeTcst Kak 8n” + O(n).
YkasaHnue. [lpumeHute npebyllyo 3ajaauy.



ImaBa IV. Anre6panueckue ypaBHeHuUs

§4.1. PeweHnune KyOuueCcKUX ypaBHeHUM

3HauuTeNbHO CJIOXKHEE, UeM KBaJIPATHOE, PELIUTh KyOUUecKoe ypaBHEHHe
2 4+ax?+bx+c=0.

OHo 6bL10 pelieHo TobKo B X VI B. utanbsaxuamu aenb @eppo * u Tapranbs.

Bkpartie ucTopusi 3TOro 3ameuaTesbHOr0 OTKPBITHSI TakoBa. [lepBbiM Ha-
LIesl pelleHHe B HECKOJIbKHX BaXKHbIX YACTHBIX CJyyasix npodeccop mMarema-
THKH U3 Bosionbu nenb Peppo. Tlepen cmepTbio nox 60MbLIMM CEKPETOM OH
nepenaJj TaiiHy cBoeMy GJM3KOMY JIPYTy WJH POACTBEHHUKY DHope, KOTOpPbIH,
Oy/1yud MOCPEACTBEHHBIM MATEMATHKOM, T1OCJIE ITOTO JIETKO BLIMIPbIBAJ MOy~
JISIpHbIE B TO BpeMsl HayuHble IUCIYTbI, NpeaJiarasi ornnoHeHTam isi pelueHus
3ajauu, CBOAsALLMECS K KYOHUECKUM YpaBHEHHSIM.

Hukkosio TapTasbsi B ieTcTBe BO BpeMsi BOHHbI Obl/1 CUJIbHO HAaNyraH M, Ka-
JKETCs1, pPaHeH B JIULO, H TO3TOMY OH BOLIIE/] B HCTOPHIO He T10]l CBOMM HMEHEM,
a noJ npo3suileM Taprasbs, B MepeBojie O3HAUAIOUIUM «3auKa». A36yKy OH
BbIyUMJI MO/l PYKOBOJACTBOM YUHTEJs TOJIbKO 10 OYKBbl «K» (Ha nasbHefiliee
y MaTepd He XBaTWJIO JIeHer), U Bce OCTajbHOE €My MPHULIJIOCH MOCTHraTh
camoyukoii. [ToB3pocJieB, oH noppabaTbiBas HaydyHbIM KOHCyJbTaHTOM B Be-
HeLHaHCKOM apceHasie (M Obll OJIHUM K3 MepBbIX MaTeMaTHKOB-TPHKJIAIHH-
KOB **). 3a HeJleJ110 10 AMCIyTa 10 HEro JOLLJIa MOJIBA, UTO OIIIOHEHT BJlajieeT
CEKPETOM pelleHHsl KyOUUeCKUX YpaBHEHHUII. .

Ha nucnyre Taprasbs pewins Bce MpPeiJIoyKeHHble eMy 3aJauu, a olle-
JIOMJIEHHBIH IPOTHBHUK HE CyMeJ PELUTb B OTBET HH OJIHOM, axKe OCHOBaH-
HOM Ha M3BECTHBIX €My CJydasiX pas3peliMMOCTH, TOJydeHHbIX B HACJIEACTBO
ot aesb Peppo.

Tor BapuaHT pellieHuss KyOUUECKOTO YpaBHEHHS, KOTOPbIH Mbl ceHuac
U3JI02KUM, TpuHaaiexkut [ynne ***. [lpexkue Bcero, BblIeIHB MOJHBIA KyO,

* 1. nenb Peppo (Scipion del Ferro, 1465—1526) — utanbsinckuii Matematik. Hates cno-
006 pelleHHsi KyOHUeCKHX ypaBHeHHH THna x° 4 mx = n.
#% Jlerenua ryiacut, uTo OH NePBLIM 0ObSICHUI aPTH/JIEPHCTAM, UTO JUISl MAKCHMAJILHON Jla/lb-
HOOOMHOCTH OPY/Hsl HAJO TIOJHSATb €ro CTBOJ MOJ yrioM 45°.
##4 W, Tynne (Johann Hudde, 1633—1704) — roanannckuit Marematik. OTKpbLI NPaBUJIO Ha-
XO2KJIeHHs1 KPATHBIX KOPHeii.
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u3baBuMcs 0T KoshduumenTa npu x2:

B tax’+bx+c=

B nepenucanHom TakuM 00pa3oM ypaBHEHMH B KauecTBE€ HEM3BECTHOrO

ynooHo paccmatpuBath X + a/3. Tlocse HaxoxjueHHsi KOpHeH ypaBHEHHsI

x3 + Ax + B, BbluTeM M3 HUX @/3 W MOJYYUM KOPHH HCXOJHOIO ypaBHEHMS..
CaMmblil POCTOli MyTh K Pellie o ypaBHeHHs TpeTheil cTenenu x> + Ax + B

COCTOMT B cJleflylollieM. Bynem uckaTb pelueHue B BUle CyMMbl 08yx caaea-

emoix (M) x =u+ v, Ha KOTOpPbIE TOTOM HAJI0XKMM HEKOTOPbIE YCJIOBHS.
[ToncraBum x = + v B ypaBHeHHE:

O=w+v)>’+Au~+v)+B=u’+0>+3uvw+v)+Au+v)+B=
= +u®+ B)+ (u+0)(3uv + A).
[TycThb 1 mepBoe, ¥ BTOPOE cjiaraeMble 10 OTAEJbHOCTH PaBHbI HYJIO:
{u3 +03+B=0;
(u+0)(Buv + A)=0.

3amerum, uto ecau B #0, To x =0 He siBjisieTcsi KOpHeM ypaBHeHUsi (MIpu
B =0 ypaBHeHHe CTAHOBUTCS TPUBHAJbHBIM). 3HAYUT, X = U + v # 0, u, ynpo-
11as BTOpOe ypaBHEHUE, MPUXOJUM K CHCTEME

w4+ v3=—B; )
*
3uv = —A.
dta cucrtema Jierko peruaercsi. BeipasuM M3 BTOPOro ypaBHEHHS MepeMeH-
HYIO U uepes u opmysoil v = —A/(3u), ¥ MOACTaBUM ee B MEPBOE ypaBHEHHE:
u3 A
27u3
[ToslyuaeM KBajpaTHO® OTHOCHTENLHO HEeH3BECTHOrO 4> ypaBHeHHe
3
(u?)? + Bu® — = =0.

27
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DopmyJibl 1151 KBaPATHOTO ypaBHEHHUS 1AIOT PellieHHe

U’ = 1\ &5+ —

s B A% B?
2 27 " 4

OTKyla

AS
03:— = —

B A% B?
27<—§:|: ﬁ-‘rT)

3 2
B .
OTMeTHM, UTO MpH 97 + e < 0 xBajpaTHOe ypaBHeHHE HEe UMeeT pelleHHH.
A% B2
n o + Ve > 0 ucxoaHoe KyOHUeCKoe ypaBHEHHE UMeeT pelleHHe

3/ B A3 B 3] B A3 B2
X =u+uv= —§+ E+T+ 5 = ﬁ"‘_,

rae paavkad é/ 03HauaeT eJMHCTBEHHBIH HeOTpHL[aTeJIbeIﬂ BellleCTBEHHbIH
KOpEHb TpeTbel;l CTEIIeHW U3 BEUIECTBEHHOI'0 4HCJia. BbIBeﬂeHHaﬂ (joopMyﬂa

HasbiBaeTcsl (MCTOPUUECKH HE COBCEM CIpaBelyiuBo) dopmyJsioi Kapnaxo *.
3

HecnoxxHo nokasaTb, 4to 1pu 57t >0 1pyrux BeLIeCTBEHHbIX pe-

| s
w

:F

2o o

BQ
27 "4

[Tp

wenuil Her. JInsl JloKasaTesbeTBa paccMOTPUM rpaduk GyHKUMH y = x° +
+ Ax = x(x?> + A). BeuectBennsle KopHu ypaBHenusi x> + Ax + B =0 cytb
abclUucChl TOYEK TepeceueHtsi 3TOro rpaduka ¢ ro-
pusoHTanbHON mpsimoit y =—B. Tlpu A >0 ¢yHk-
uus y =x3+ Ax BO3pacTaeT (Tak Kak MPOU3BOAHAs Y = -B
y'(x) =3x2 + A >0).

SHauut, npy A >0 W npu JwboMm B npsimasi .

A

y = —B nepecexkaer rpabuk y=x>+Ax B oaHoil
TOUKE, T.€. €CThb TOJIbKO OJIMH BeleCTBEHHbIH KOpEeHb Puc. 99
(puc. 22).
[pu A <0 rpadux bynkuun y = x>+ Ax nmeer Bu, H306parKeHHbIN
Ha puc. 23.

McxoaHoe ypaBHeHMe HMeEET POBHO TPH pelleHus npu B, Haxoasiemcs
MEeXJy JIOKaJbHbIM MHUHHMYMOM Ymin M JIOKAJbHBIM MAaKCUMYMOM Ymax STOH
¢dyHkuun. Haiinem stu ypaBHenusi. Tak Kak

y'(x)=3x*+A=0,

* B uecrb [Ix. Kapnano (Girolamo Cardano, 1501—1576), utanabsinckoro Bpaua, acTpoJio-
ra, OKKyJIbTHCTa, MaTeMaTHka W u3obperarelisi, BriepBble ee onybJuKoBasuiero. 1o npexanuio
MOKOHUMJI ¢ cOGOM, YTOObI HCTIOJHUJICS UM CAMHM COCTaBJIEHHBII TOPOCKOTT.
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A

Ymax

Zmin

ZITIHX

ymin

Puc. 23

[ A
TO 3KCTpeMaJibHbl€ TOUKH X = + —g, a 9KCTpeMaJibHble 3HaUCHUA

A 2./ A A 2 A
ymin:y\/;:gA 73> ylnax:y<_ _g):—gA -3

3H8'-II/IT, B TOYHOCTH TIpH

2 A 2 A
gAV_g <B<—§A\/—§, A<O

mi60 npu A >0 ypaBHeHHe TpPEeTbel CTereHH HMEeET €IMHCTBEHHbIH Belle-
CTBGHHbe/] KOpeHb. SHMGTMM, YTO 5TH yC./lOB[/lﬂ SKBHBaAJIEHTHbI e,B,HHCTBeHHOMy
A3 B2
CJIOBUIO — + — > 0.
y 27 4

3agauu v ynpaxkHenus kK § 4.1

1. Ecam Bce Kophu ypaBHenus x® + px + ¢ = 0 nefictButenbhbl, 10 p < 0.

2. HUcnoabsys dopmyny Kapnano—®Peppo—Tapranbu, pelinre ypaBHe-
Hus: a) x5 +3x2 —3x — 14=0; 6) x> — 12x + 16 =0.

3. Haiinute cymmy Ky6oB Beex KopHeil ypasHenus ax® +bx? +cx +d =0.

4. Tlyctb a, b, ¢ —Kopuu ypaBHenus x° + px + g = 0. Hanuwute ypas-
HeHHe, KOPHSIMH KOTOPOTro GyIyT yncsa

b+c¢ a+c¢ b+a
a2’ b2’ 2 -

5. JloKa)kuTe, U4TO C MOMOIIBIO MOJCTAHOBKH X =Y + @ MOXHO CBECTH

JMo0oe ypaBHeHHe 71-H CTeleHU K ypaBHEHHIO C HYJEBbIM KO3(P(HULHUEHTOM

npu x" 1,
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6. Ilyctb ypaBHeHue a,x" + ...+ ag=0 umeer KopHu x;, i =1, ..., n.
Pelunte ypaBHeHust
a) Apx" — ap X"+ a,_ox,_o — ... Fag=0;

6) apx"+...+a,=0;

B) anX" + a,_1bx"" '+ .. +aph" =0.

7. C 1oMoLIbI0 3aMeHbl MEPEMEHHBIX X = I + U peLIuTe, MOJ00HO KyOH-
yeckoMmy, ypaBHenne Myaepa x° — 5ax? 4+ 5a’x — 2b = 0.

8. Tpu kakux a, b, ¢ Kopuu ypasHenusi x> + ax? + bx + ¢ = 0 o6pasyior

a) apUpMEeTHUECKYIO;

6) reoMeTPHUECKYIO MPOTPECCHIO?

§ 4.2. HenpuBoaumblii cayuai

Kak caienyer u3 nccienoBanusi, NpOBEEHHOrO B MPebILyLLeM MyHKTe, MPH

A3 B

57 + T <0

ypasuenue x> + Ax + B = 0 uMeeT poBHO TPU JAefCTBUTENLHBIX petnenns. O
HAaKO MOKHO 10Ka3aTh, UTO HAUTH TH PELIEHHUs C TIOMOLIbIO UEThIPEX MPaBHJI
ApUPMETHKH U U3BJIeUEHHST apUPMETHUECKUX KOPHEH MPOU3BOJIbHBIX CTENeHel
HeBO3MOKHO. [ToaToMy nepBooTKpbiBaTenu GopMyJ1 Uisl pelllieHnsl ypaBHeHHs
TpeTbell CTerneHH cTapaTesibHO OOXOAWJN 3TOT TaK Ha3blBaeMblH HENPHBOIM-
MbIH CJlyuail ypaBHEHHs TpeTbell CTeIeHH.

B konue XVI B. Buer caenasn oTKpbiTHE, MO3BOJMBILIEE €My PELIHTb 3TO
ypaBHEHHE B HENPUBOAMMOM CJjlyyae B TPUTOHOMETpUUecKUX (pyHKUMsAX. OH
o0paTu/ BHUMaHHE Ha TO, 4To (hOpMyJia KOCHHYCA TPOMHOIO aprymeHTa uMmeeT
BUJL HEKOTOPOT'O YPABHEHHS TPETbeH CTeNeHHu:

cos3p =4 cos® ¢ — 3 cos .

¥Ynpaxuenue 82. Jlokaxute 31y hopmyJy.

Mo3KHO MOMBITATLCA CBECTH YpaBHeHHe TpeThell cTenenu x> + Ax + B =0
K Buty 4x® — 3x = C 3aMeHoil nepeMeHHOl. DTO JOCTHraeTcs yKe NpocTeii-
lIeil 3aMeHol BUaA X = kf:

WP+ Ax+B=0 < Ft>’+Akt+B=0.

[ToTpeGyem, uto6bl KO(hULMeHT NpH {2 oTHOCHACA K KO3(HLMEeHTY npH [
Kak 4 K —3, T.e.

OTKyla
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(3ameTuM, uTo A MeHbllle HyJsl). YpaBHEHHE MepenuileM B BUE

1/—ﬁt3+A1/—ﬁt+B 0,

WJIH, UTO PABHOCHJILHO,

g V3B _
2Av/—A
3ameTuM, u4To
A® B2
ICl<]l <= 57 T < 0.

[TosioxuB ¢ = cos ¢, uMeeM

cos3p =4 cos’ o —3 cosp=C,
3HAYMT,

= =+ arccos C+27rTn, nez.

Otclofa HaxoUM TPH 3HaUeHus s !

t :COS(% arccos C), ty :cos(é arccos C + §7T>,

1 2
t3= cos(g arccos C — §7T)’

M, COOTBETCTBEHHO, TPH BELIECTBEHHbIX KOpHsl ypaBHeHus x° 4 Ax + B =0
npH

A3 BQ
57 +—<0
paBHbI
X = _ cos (1 arccos 3v38 )
] A 3V3B
= r V —=A n( r )
X9 = 5 C ( arccos ) si arccos YW
A 3V3B
X3 = -3¢ ( arccos QA\/_) +v-A sm( arccos QAM)'

3anauu v ynpaxkHenus kK § 4.2

1. Peumre ypasuenne x> — 19x + 30 = 0 «yraaniBaniemM» KopHeii 1 yGe-

JIUTECH B TOM, UTO 3TO HEMPHUBOAMMBIN cayuail. Halimure Tpuronomerpuueckoe
peleHue MeTonom Buera.

2. SBasiercst v yucII0 %/\/5—1- 2— {’/\/5 — 2 pauuoHaJbHbIM?
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3. Peuinte HeNnpUBOAMMBIH Cayuai, HCIO/bL3Ys (GOPMYJTy CHHYCa TPOHHOTO
yria.

4. Peure ypasuenne x°—3(a’?+ 1)x —2a(a®+1)=0, wucnonbays
(hopMyJTy TaHreHca TPOMHOTO yrJa.

5. Pewnre no dopmyse Kapnano ypaBHeHust

a) x> —3abx +a®+ b3 =0;

6) x> — 3abcdx + c*da® + cd?b3 = 0.

6%. MuorousieH f(x) TakoB, 4To [Isi JIEOOOTO JOCTATOUHO GoJibloro 1 € N
ypaBHeHHe f(x) = n nMeeT paLlMOHa/bHble KOPHH. JlOKaXKUTe, UTO ero CTerneHb
paBHa 1.

7. Halizure pauroHabHble KOPHH MHOTOUJIEHOB

a) x° +xt—6x3 - 14x% — 11x = 3;

6) x® —6x° + 11x* —x3 — 18x? +20x — &;

B) 24x° 4+ 10x* — x3 — 19x% — 5x + 6.

8. MHorouJieH f(x) ¢ UeJbIMH KOSPPUIHEHTAMY HE HMEET 1Ie/IbIX KOPHEH,
eca f(0) u f(1) — HeueTHble uncJa.

9. MHorouieH f(x) ¢ UeabIMH KO3(PPULIHEHTAMH He UMeeT PaliOHANbHbIX
KopHeil, ecqin f(x;) ==£1, f(xo) = %1 npu xy, xo € Z, |x; — x2| > 2. Ecsn ke
|x; — x9] <2, TO paloHAIBHBIM KOPHEM MOXKET GbITh TOJILKO (X + Xo)/2.

10*. JlokaxuTe, uto cos 27/7 sBasieTcst KopHeM ypaBHenust 8x3 4+ 4x? —
—4x — 1 =0. Jokaxure, 4To 3TO UMCJIO0 HUPPALMOHAJIBHOE.

11. ¥Y6enurech, uto A5 NpeablIyllero ypapHenus Mmeroaom Kapnaxo no-
JIy4aeTCst HEPUBOIUMbIH CJIyuaH, a €r0 TPUTOHOMETPHUECKOE PellieHHe TPYIHO
WIEHTUDULUPYETCST C YKa3aHHLIM BbILIIE.

§ 4.3. KomnaekcHbie yncaa

dopwmyJibl s pettiennsi ypasHenusi x3 + Ax + B = 0 u3 npebiayiyx na-
parpacoB UMEIOT COBEPLIEHHO Pa3/IMUHbIN BUJ: B OJHOM CJIyuae HCIOJb3YI0T-
csl ajqre6panueckle, B 1pyroM TPUTOHOMETPHUECKHe BbIpaxKeHHs. Tem He Me-
Hee, pellieHHe 3TOro ypaBHEHHs, Npe/UloKeHHOe B MpejblaylieM naparpade,
MOZKHO JIOBECTH JI0 KOHLIA M B HENPHUBOAUMOM cJjiyyae. JlJist 5Toro Heo6xoMMo
NPUAATbL CMbICJI OHSATHIO PELLIeHHsT KBaPATHOIO ypaBHEHHS! C OTPULLATE/IbHBIM
JUCKPUMHHAHTOM. Mbl CIIOTKHYJIHCh MMEHHO Ha KBAJPaTHOM OTHOCHTE/LHO U3
ypaBHEHHH:

OnHako pellieHHe TaKUX YPAaBHEHHH SKBMBAJIEHTHO H3BJIEUEHHIO KBAJPATHOTO
KOpHSI U3 OTpULATeJbHOrO uncjaa. B camom nese, BCsIKoe KBaapaTHOE ypaB-
HeHHe 3KBHBAJEHTHO ypaBHeHHIO BUAA X2 =c (10CTATOUHO BbIAGJIHTb T0JI-
bl kBajpar). Ecau ¢ <0, To NMOJOKHM pelieHus MU ypaBHeHus x> = ¢ Jipa

14 Tawkon
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UHCTO MHHMBIX uucaa X =+/|cli, xo = —+/|cli, T.e. \/c ==x+/|c|i. 3nech
UMCJIO | — MHUMAst eIHULA — 00J1a1aeT CBOHCTBOM i2 =i -i = —1, T. e. sIBJIsI-
eTcs OJIHMM M3 pellieH il KBaJpaTHOro ypaBHeHUs x> = — 1 (Ipyrum pelieHHem

JIOJKHO OBITh uHca0 —i). UToObl paccMaTpuBaTh pelleHHs! TPOU3BOJIBbHBIX
KBaJIpaTHbIX YPABHEHHH C OTPULIATENLHBIM JTUCKPUMHHAHTOM, HY>KHO BBECTH
B pacCMOTPeHHe CyMMbl Buja 2 =a + bi, rie a u b — neficTBUTEbHbIE YKC-
Jia. JleficTBUTENIbHO, Mbl MEpPeLIH OT MPOU3BOJILHOIO KBAJPATHOTO YpaBHEHHSI
K ypaBHeHHIO X% = ¢ TpU MOMOLIM 3aMeHbl repeMeHHol x' = x +d, rie d —
JIEFICTBUTENILHOE YHCJIO.

OkasbiBaeTcs, UTo JJist BbIpAaXKEHUH BUAA 2 = @ + bi, Ha3bIBaeMbIX KOM-
NAGKCHOIMU Y4UCAAMU, MOXKHO MOCTPOUThH CBOIO apU(METHKY.

Onpepenenue 92. Onpenennm cAoxceHue U YMHONMCEHUE KOMNACKCHOLX
yucen UMces 2y, 29 CAENYIIUMH HOpMYJIaMu:

21+ 29 =(a; + bii) + (ag + bei) = (a) + ag) + (b1 + bo)i,
2129 =(ay + byi)(ag + bai) = ajas — byby + (a1by + azby)i,

rue ap, as, by, by — gefcTBUTE/IbHDIE UHCJIA.

3aMeTnM, uTO MpPU CJOMKEHUU Mbl MOUJIEHHO CKJIa/bIBAEM «J1E€HCTBUTE/Ib-
Hble» YacTH @ + A9 U «MHUMbIe» yacTh by + bg. TIpu yMHOXKeHHU Mbl pac-
KpbIBaeM CKOOKHM M, Kak OObIYHO, TepeMHOXKAeM UJieHbl, M0JIb3YsICh TOJbKO
CBOHCTBOM MHUMOH €JMHHLbI i - i = —1.

[MTpumepsn. 1. (14+i)+(2—-3i))=3—-2i.

2.1+ +(-1-i)=0.

3.1+l —-i)=1 —i2=2.

Onpenenenne 93. Y KOMILJIEKCHOrO YKcsa 2 = a + bi 4HC/I0 @ Ha3biBa-

eTcst dellcmaumenvioll wacmoro U o6o3Hauaercss Re z, a uncjio b HasbiBa-
eTcsl MHUMOIL Yyacmoro U obo3Hauyaercst Im 2.

[Tpumepsn. 1. Re(l1+i)=1.
2. Im(l —i)=—1.

¥Ynpaxuenue 83. Ilposepbre ToxkaecTBo Re(iz) =—Im z.

OueBH/IHO, UTO IS JIDOOrO KOMIIEKCHOrO uKcaa 2 = a + bi ecTh NpoTH-
BOMOJIOXKHOEe —2 = —a — bi: 2+ (—2) =04 0i =0.
Menee oueBuaHo, uto s 2 #0 ecTb o6paTHOE UHUCAO (OTHOCUTENLHO

YMHOXKEHHST)
—1 a b

= 5~ 5l
az+b2  aZ+b2

Z

Ynpaxnenue 84. Ilposepbre, uto z-2~- ' =1+0i = 1.
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o3 4
[Tpumepsor. 11. ('3;4—41) =5 "5
2. (1+i)7 "= [

=5 —3i.
2 2

Onpenenenne 94. O6Go3HauUM uepes |2| HEOTPULIATEILHOE NEHCTBUTEN b~

HOE UHCJIO

i

VRe 22 +1Im 22=+/a2 + b2,

HA3bIBAEMOE MOOYAeM KOMIUIEKCHOro uncia z. Ueped Z 0603HAUMM KOM-
nyiekcHoe uucao Re z —i Im z=a — ib, nasbiBaeMoe CONPANCEHHbIM K Z
KOMIIJIEKCHBIM UHCJIOM.

[Tpumepsnl 1. [344i|=v3>+4>=5.

2.3+4i=3—4i.

Ynpaxnenue 85. Ilposepbte, uto

oz B} _ 1
= — = :2 —_ —
z o 1Z|=1z|, z+2=2a, [27| E

, |2|2=2-é.

[TpoBepbTe, UTO ypaBHeHHE 290 = 2| C KOMIUIEKCHOH HEM3BECTHOH W MpH
29 # (0 VMeeT eIMHCTBEHHOE pelleHne W = 2| -22_1. Haiinure sto pelnenue
HENnoCpeJICTBEHHO.

Onpepenenne 95. Yucio 2, -22_1 HA3BLIBACTCST YACIIHbIM UUCEN 2, 29
U o603HauyaeTcs 2—1.
29
1 3 4,
Hpnmepbl. 1. m—%+%l
(3+4i) (i i.)__l 24 .
2. G-1) =(3+4i) 95 + 55l ) =~ 55 + o5t
| _
3. Eciu |2] =1, 1O =2
4. MHorna nejieHne KOMILJIEKCHBIX UACEI MOXKHO BBITOJNIHUTL ObICTpee, ueM
N0JIb3ysICh HEMOCPEJICTBEHHBIM OTIpeJie/IeHHEM:
8—27i 22433 o L. .
51— og3 2 bi-9=-5-60

I[aJlee MHONMCECMBO BCEX KOMNACKCHbLX ducens obo3Havyaetcs C.

Ynpaxuenue 86. Ilposepbre, uto s mobbix 2, w € C

ztw=z+w, Zw=2zZ @ z/w=Z/O,
rjle B MOCJIEJIHEM TOXKJIECTBE, ecTeCTBeHHO, @ # (.

Ha asnreGpaunueckom xKaproue npejbiayliee yTBepKieH1e chopmyaupoBa-
Ju Obl TaK: onepayus conpsadcenus asasemes agmomopguzmonm noas C.
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AT0 yTBepKIeHHEe 00001IAETCS B CJEYIOLIEH TeopeMe.

Teopema 93. [Tycmo [(2) — npou3sorbHbLL MHOCOUACH ¢ KOMNACKCHbL~
MU KO3 puyuenmamu, a MHo2oUreH [*(2) noayuaemcsa us Heeo 3amMeHol
scex koagpuyuenmos na conpsacennoie. Toeda [*(Z) = [(z) u, 6 wacm-
Hocmu, ecau sce Koagguyuenmeor f(z) deticmsumensroie, mo f(Z) = f(2).

HokagzateabctBo. [lyets f(2) =a,z" + ...+ ag, TOTIA, IPUMEHSS
UHJIYKLMIO U TOXKJIECTBA yrpaxkKHeHHs1 86, uMeem

2"+ . +a0=0,2"+...+a0=0,2"+...+a0=a,(2)"+...+ao=/"(z). O

Caencteue us Teopembl 93. [Tycmo [(2) — npoussorvtulii MHOOUACH
C KOMNAEKCHbIMU KOdghduyuenmanu, a mHoeousen [*(2) noayuaemcs
u3 He2o 3ameHoll scex Koaghduyuenmos na conpancerrnoe. Toeda

[F@=0 < [z)=0
U, 8 YacmHocmu, ecau 8ce Koagguyuenmol f(2) delicmsumenvroie, mo
(=0 < [(Z)=0.

Onpenenenne 96. Ckaaapuoim npoussederuem uucen z=a-+ib
1 @ =c + id HazoBeM uncio (w, z) = Re(wZ)=ac + bd.

Ynpaxuenue 87. [1poBepbTe cieyioline cBOHCTBA CKaJIsIPHOTO MPOU3-
BEJIEHHS:

a) CHMMeTpHUHOCTh: (W, 2) = (2, w);

6) oaHopoaHOCTb: a({w, 2) = (aw, 2) Ajs Jaboro a € R;

B) aUIMTUBHOCTDb (0| + w9, 2) = (W), 2) + (we, 2);

) HeOTPULATEJbHOCTh KBajparta (TOJIOXKUTENbHAS  OTPeleeHHOCTh)
(z,2) =|z)* > 0.

Onpeneaenne 97. Uncia 2z 1 @ HA30BEM OPMOCOHAALHLIMU, €CJIH
(w, 2)=0.

Ynpaxuenue 88. [IpoBepbre, uTo
a) udcJia 2 W {2 Bcerjaa OpTOroHaJbHbl,
0) uMc/a 2 U @ OPTOrOHaNbHBl & 2 =iaw, e a € R.

YnpaxHenue 89. BoiBenure u3 ynpaxkHenus: 86, uTo MOJyJIM KOM-
MJIEKCHBIX YHCEJ YAOBJETBOPSIOT CJEAYIOLIUM TOXKJeCTBaM: |zw|=|z]|-|w]|,
z|_ I2
sl=rer
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Ynpaxunenue 90. a) 3anuuiure nepBoe U3 ABYX MPEbIIYIIMX TOXKIECTB,
3aMeHsIsl MOJIyJIH MX BbIpa)KEeHHSIMH Uepe3 JeHCTBUTE/bHbIE U MHUMBIE YaCTH.
[TostyuenHoe ToxK/1eCTBO HasbIBaeTCst mookdecmsom Puborauyu v GbIIO OT-
KPBITO 33/10JIT0 JIO T105IBJIEHHS] KOMITIEKCHbIX UHCell.

6) Iokaxkute ero HernocpeacTBEHHO.

B) HatypasibHoe unciio Ha30BeM wiymepckum, €Ciii OHO SIBJISIETCS CYMMOR
JIBYX KBaJ|paToB HaTypaJsibHbIX uncels. JIoKa)uTe, 4To Npon3BeIeHHE LIyMep-
CKHX UHCEJl — LLIyMEPCKOe YHCJIO.

r) Tlposepsre TOXIECTBO (w, 2)? + (iw, 2)% = |z|*|w]®>. VYkasza-
Hue. Tak kak Re(iz)=—1m 2, 1o (iw, 2) = Re(iwZz) = — Im(wZ), 3Hauur,

(w, 2)* + (iw, 2)? =Re(w2)? + Im(w2)® = |wz* = |z]*|w|*.
1) [TpoBepbTe, uTo Mpenblyliee TOKAECTBO — 3TO MPOCTO JApyrasi 3amuch
toxkaectsa PuboHauuu.

N3 ToxknectBa PuboHauuu HeMeJIEHHO CJlellyeT YacTHbIH cJyuai Hepa-
BeHctBa Koum—Dbynsikosekoro—IllBapua [(w, 2)| < |z] - |w].

Ynpaxuenue 91. TlpoBepbTe, uTO B paBeHCTBO OHO oOpallaercs Toraa
1 TOJIbKO TOTJA, Korja 2 = aw, rae a € R.

M3 HepaBenctBa |(w, 2)| < |2|-|w| HeMemwieHHO ciielyeT HepaBeHCTBO
TpeyroJibHuKa |2| + |w| > |z + w|. [lelicTBUTeNbHO, COMIACHO YNpaKHe-
Huto 87 u HepaBeHcTBy Kown—byHnsakoBckoro

2+ wP=(w+z ©w+2)=(w ©)+(z 2) + 2w, 2) <
<lwl + |2 + 2l2|w| = (2] + [w])*.
ﬂﬂﬂ KOMIIJICGKCHBIX 4YHCeJI €CTb y[[O6Haﬂ FQOMeTpI/meCKaH I/IHTepnpeTa—

1ust * — ux u306paxkaloT TOUKaMH MJIOCKOCTH ¢ KoopauHaTamu (a, b).
DKBUBaJIEHTHBIM 06PA30M, UX MOYKHO H300-

Im z z(a, b)
paxkaTb BEKTOPaMHM, BLIXOJSLIMMH M3 Hauasa
KOODPJIMHAT U C KOHIIOM B TouKe (a, b) (puc. 24).
MHOXKeCTBO BCEX JIEHCTBUTE/bHBIX UMCEJN TMPH
5TOM H306paskaeTcs OJIHOM U3 OCeli KOOP/MHAT, Re z
HasblBaeMoll dellcmBumenrbHotll 0cbio, a MHO- Duc. 24
HC.

JKECTBO BCEX UUCTO MHHUMBIX UMCEJ, T.€. Uhcel
C HyJIeBOH JIeICTBUTENBbHON YacTblo, H300paXKaeTcsl IPyroil 0Cblo KOOPJAUHAT,
HazblBaeMOH MHUMOL 0Cbl0. MojysieM KOMIJIEKCHOTO UHCJIa SBJsIEeTCS JUIMHA
1300pakalollero ero BeKTopa.

* [lpemnoxkennast B Hauajte XIX B. HesaBucumo dpaniy3om JK. ApraHom M JaTUaHHHOM
K. Beccenem, Ho Bowe/as Bo Bceoblee ynorpebiaenue 6aaroaaps layccey.
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4 2(2, 1) OueBMHO, HANPUMeEp, UTO HAa KOMILIEKCHOM
MJIOCKOCTH UMCJIA 2 U Z PACIIOJIOKEHBI CUMMETPHY -
HO OTHOCHTEJIbHO JIEHCTBUTEJIbHOH ocH (puc. 25).

Onepauusi c/10:KeHUsT KOMITIEKCHBIX UMCeJT HH-
TepIpeTHpyeTCs KaK CJI02KEeHHe BEKTOPOB (puc. 26).

Onpeneaenne 98. VYron ¢, o6paszoBaHHbIH
BEKTOPOM 2 W TMOJIOXKHTEJbHBIM HamnpaBjieHHeM
nercTBuTeNlbHON ocH Ox, Ha3bIBAeTCS apeymeH-

z(2, —1
( ) MOoM KOMILJIEKCHOTO UncJ/1a 2 1 0003Hauaercs arg 2.
Puc. 25. Onepauus ApryMeHT onpesiesisieTcst TOJNbKO JJIst HEHy-
COTpPsIKEHHs] JIEBBIX udcesl M 0O0blYHO OepeTcss B Mpeaenax
0<arg z < 2m.
4 2(3,2) =2+ 22 , (a, b)
2l /|
2o(1, 1) 212, 1)
4
a
Puc. 26. CioxeHHe KOMIIEKCHbBIX Puc. 27. Tpuronomerpuueckast
uucels thopma

Mpumepsn 1. arg(l +i)=n/4. 2. arg(l —i)=7n/4. 3. arg(—1 — i) =
— 5 /4. 4. arg(—1 + i) = 31 /4.

M3 TpeyrosibHUKa, H306paxKeHHOro Ha pUC. 27, JIETKO BbIPAa3HTh TPUTOHO-
MeTpHueckre QYHKIHH OT apryMeHTa (:

COS = —ee,  SiN P = e, tggo:g.
21 b2 a® + b2 ¢
Orciona a=a%+ b2 cos v =|z| cos ¢,
b=+/a?+b2 sin p=|z| sin ¢,
3HAUUT,

z=a+bi =|z|(cos ¢+ i sin ).

[TosnyuuBiuasicsi (Tak Ha3biBaeMasi TPUroHOMeTpUUecKast) popMa 3anucH uuc-
Ja z ynoGHa TpH YMHOMKEHHH.
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Ynpaxunenue 92. Hcnosib3ys TPUTOHOMETPHUECKHE TEOPEMbBI CJI02KEHHUS,
NpoBepbTe, UTO €CJIH

2= ‘21|(COS 1+ -sin Lp]), 29 = |22‘(COS 9 41 -sin (pQ),

TO
21 - 22 = |21 - 22/(cos(p1 + w2) + i sin(pr + 2)),
2 P4 ..
L= u(COS(% — o) + i sin(p; — p2)).
29 |29
B nocJsieJHEM paBeHCTBe ﬂpeﬂHOJIaFaeTCﬂ, KOHEYHO, UTO 29 7é 0

Ynpaxuenue 93. VI3 npenbinyuinx paBeHCTB BbIBEAUTE, YTO
arg (z129) = (arg 2| + arg 29) mod 27, arg i—l = (arg 2| — arg 29) mod 27.
2

Hpume}mﬂ I/IH[lyKLLl/I}O, JIOKa>kKurte, 4To
arg(z129 ... 2,) = (arg 2| + arg 29 + ... + arg z,) mod 2.

Ynpaxuenue 94. Jlokaxure, UTO MPU YMHOKe-
HUM uMCesl 2; Bceraa Ha auarpamme Beccensi—Aprana 2(2, 6) = 2129
(puc. 28) TpeyrosibHUKH ¢ BepiirHamu B Toukax (0, 0), !
(1, 0), 2z; u (0, 0), 29, z MOOGHBDI.

Ynpaxuenue 95. [locTpofiTe LUpPKy/IeM H JH- P
HEHKOH CYMMy, Pa3HOCTb, NPOM3BEAECHUE M UYaCTHOE
JIBYX JIAHHBIX KOMIIJIEKCHBIX uKceJ (eMHULA MaCLlITa-
6a, JleficTBUTE/IbHASI 1 MHUMasi ocH 3ajiaHbl). [Torpo-
OyHTe ce1aTh 3TO CaAMbIM 9KOHOMHBIM 00Pa3oM.

CkaJsisipHoe NPOU3BEIEHHE UMCe 2 U W Terepb,
OKa3bIBAeTCsl, COBMALAET CO CKaJISIPHbIM MPOU3Be-
JIeHMeM BEKTOPOB 2 M W@, KOTOpPOe TeoMeTpHUECKH
oripejie/IsieTcsl KaK Mpou3Be/ieHHe JIIHH BEKTOPOB Ha
KOCHHYC YIJ1a MeXIy HHMH. 212, 1)

122(2, 2)

Ynpaxnenue 96. [IpoBepbTe, UTO NEHCTBUTEb-
HO JIJ/I51 HEHYJIEBBIX BEKTOPOB % v

|z||w| cos arg(w/z) = Re (wZ) = (w, 2). 1

Puc. 28. Ymuoxenue
KOMITJIEKCHBIX YHCEJI

Tenepb Mbl MOKEM HCIOJIb30BATh KOMIJIEKCHbBIE
yhcsa sl J10Ka3aTesbCTBa eOMETPHUECKHX Teo-
pem. Hanpumep, Teopemy o BbICOTax TpPeyroJibHH-
Ka MOXHO JI0Ka3aTh cJiefytolum obpasoM. [lyctb nan tpeyrosbHuk ABC
(cm. puc. 29). BbiGepem cucteMy KOOPAMHAT Tak, uToObl OcHOBaHue AB
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JIeXKAJIO HA JCHCTBUTEJLHOW OCH, a MHHU- ic
Masi ocb npoxojuiia no Beicote CO, rae O
coBnajaer ¢ Hauajsom KoopauHat. Torma
BeplIMHbI TpeyrosibHuka A, B uzobpaxa-
I0TCSl 1EACTBUTENBHBIMH UHCIaMH a, b,
a BepuiMHa C — UMCTO MHUMBIM UHCJIOM iC.
Torna oprouentpy H (Touke mepeceue-
HUsi BbicoT) TpeyrobHuka ABC otBeua-

€T YUCTO MHHMOE€ YHCJIO

b .

. HeiictBu-
TeJIbHO, BeKTop AH COOTBETCTBYET uncy
a+ (iab)/c, a Bekrop BC —uuncay b — ic,
a CONIacHO yrpaxkHeHHIO 88 3TH BeK-
TOpa OPTOrOHaJ/IbHbI (MEpPTIEeHUKYJISPHBI),
TaK Kak a + (iab)/c = (b —ic)ia/c, ana-
gornudo BH oproronasen AC, Tak Kak gq 9] b
b+ (iab)/c = (a —ic)ib/c, a opToronanb-  pye. 99, Teopema 06 opTouenTpe
Hocth OH u AB sicHa U3 ycJIoBUS.

HepasenctBa |2)| — |22| < |21 £ 22| < |21| + |22| MOxHO HHTeprpeTHPO-
BaTb Ha KOMIIEKCHOH MJIOCKOCTH KakK HepaBeHCTBa TpeyrosbHuKa. [lepoe
U3 HUX y:Ke OblI0 J1I0Ka3aHo. Bropoe HepaBeHCTBO cJeflyeT U3 MepBOro Mpu
CMeHe 3HaKa y 2o.

—iab/c

Ynpaxuenue 97. a) Haiinure ycsioBue obpaliieHnst HepaBeHCTBA Tpe-
YroJIbHHKA B PaBEHCTBO C OMOLLBI0 KOMIJIEKCHBIX UHCEUI.
6) Jlokaxkure HepaBeHCTBO |2) + 29| < |zi|+|22| ¢ ucnosb3oBaHHEM

JIefiCTBUTeNILHBIX UHCeJI, CBeJld ero K HepaBeHcTBY V7 + y7 + V3 +y3 >

>/ (01 +22)% + (91 + y2)°.
B) Jlokaxure HepaBeHCTBO |2] ...+ 2,| < |21+ ... + 24|

C noMmollLblo TPUTOHOMETPHUECKOH (POPMBI JI0Ka3blBaeTCs Cjeytoas Te-
opema.

Teopema 94 (dhopmyna MyaBpa). Ecau z =r (cos a+i sin a), mo npu
M06OM HAMYPANGHOM 1

2" =r"(cos na+ i sin na).

JokasaTeJsabcTBo. JlokazaTesbCTBO MPOBOAUTCS MO UHAYKIMH. Ba-
3a unaykuun (n = 1) oueBujna. lllar unaykimu o60CHOBBIBAETCS C MOMOIILBIO
ynpaxkHenusi 92. Jlerko Buneth, uto opmysna MyaBpa BepHa W JJisi OTpHULIA-
TeJIbHbIX LEJIbIX 1. O
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B(-2.2)  |2220)
21, 1) 24(16,0)
24(—4, 0)
25(—4, —4)
705 278, —8)

Puc. 30. BosBenenune B cTerneHb KOMILJIEKCHBIX YHCEJ

Ha puc. 30 BuaHO, 4TO TOUKM @" yKJIabIBAIOTCA HA CIUPAJIBbHYIO JIMHHUIO,
COCTOSILLYI0 M3 TOYEK W, YIOBJETBOPSAIOUINX YCJIOBHIO

‘w| — Carg UU.
Ynpaxuenue 98. Haiinure 3Ty KOHCTaHTY ¢, COOTBETCTBYIOLILYIO H306-
PaKeHHbIM UHCJIAM.

CBOHCTBO 3TOH CrUpalii He U3MEHSITHCS TIPU MPeobpa3oBaHusiX M0A06H s
TaK norpsiciio Slko6a BepHyJsuu *, uTo corylacHO 3aBellaHHIO ee H300pa3uiIn
Ha ero MorusibHOH muMte B basenbckom cob6ope ¢ Haanuckio «Eadem mutata
resurgo» **. Kpome BepHyniu, ee ugdyuann panee lekapt u Topuuennu. Jlio-
GOIBITHO, YTO JIOrapupMUUecKasi CIHPaJib UCIOJIb3YETCsl B TEXHUKE U JIAXKe
BCTpeuaercsi B XKUBOH MpUpoje (ee MOXKHO YBHJETb Ha PAKOBHHE MOJUIIOC-
ka Haliotis splendis, a TakKe BHUMAaTeJIbHO PasrJisiiblBasi PacIioJioKeHHe
ceMeuek B IMOJCOJIHYXE).

3anauu v ynpaxkHenus kK § 4.3

1. Bouncsure (29 + 23i) /(1 + 5i).
2. Jlokaxkure, 4To:

a) Toukd | +4i, 2+ 7i, 3+ 10i nexar Ha OJIHON TNPSIMOK;
6) Touku 2+ i, 4+ 4i, 6+ 9i, 8 + 16i sexkar Ha oaHOU napabodie.

* 1. Bepuyasn (Jacob Bernoulli, 1654—1705) — 3HaMeHUTBIA 1LIBEHLIAPCKUI MaTeMaTHK.
Bpar ne menee suamenuroro Morauna Bepuy.iu.
** ll3ameHeHHasl, BocKpecalo NpexHedn (zam.).
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3. JloKa)kuTe HepaBeHCTBO TPEYroJibHUKA ¢ MOMOLIbI0 TPUTOHOMETpUUE-
CKOH (pOpMBI.

Ykagzanue. Ilycts 2 =r|(cosy;+ising;), 29=re(cos po+i sin ps),
TOTAA 2| + 29 =7 COS | + Iy COS o + i(r] sin ) + ro sin ), oTKy1A

|21 +22\2 = (r] cos @ + ry coS @2)2 + (ry sin ¢y + 19 sin @2)2 =
=i +2rir5 cos(p) — o) + 3 < (r1 +r2)* = (|21] + |22])°.

4. Kakue vactu KommieKCHOH MJ0CKOCTH C BBIAEASIOTCH YCJOBHSMHU:
Re 2>0, Re 220, Re 2=0, a<Im 2<b, |z—2)|=R, |z—20| <R,
R<|z|<R',Re 1/z=1/R?

5. Haiinmure mHOXxKECTBO TOUeK Ha KommjekcHoi miockoctd C, ymosiie-
TBOPSIIOLILEE YCJIOBUSIM:

a) |z —a| + |z — b| =k (3umnc);

0) [z —a|l+]z—-b|<k;

) |2 —a| — |z — b| =k (runep6oaa);
) |2 —al/|z — b] = k (okpy)HoCcTb Anosionusi);

n |z —al/|l —az| <

e) |z —a|/|l —az|>1.

6. Otob6paxkeHue KommnJekcHo# miockoctd C B cebs1, 3agaBaemoe dop-
MYJIOH @ = iz, ecTb MIOBOPOT BOKPYT Hauasja KoopauHaT Ha yroa 90°.

7. OtoGpaxkenue kommyekcHoil miockoet C B cebs, 3anaBaemoe op-
MyJIoll @ = az, |a| =1, ecTb MOBOPOT BOKPYr Hauaja KOOPIAUHAT.

8. OrobpaxkeHue KommnekcHo# maockoctd C B cebsi, 3agaBaemoe ¢op-
mynoi w =az+b, a, b €C, ectb nogobue nepsoro pona (He MeHsiolLee
opueHTauuu), npu |a| =1 — aBrKeHue (T.e. npeo6Gpa3oBaHue, He MeHsIIOLIEe
pacCTOSIHUST MeXKy TOYKaMH), MpH @ = | — napaJuiesibHbIHA nepeHoc.

9*. OroOpakeHHe KOMIJIEKCHOH TUIOCKOCTH B celsi, 3ajaBaeMoe (op-
Mysioli @ = 1/Z, ectb uHBepcHusi ¢ 1eHTPOM B O OTHOCHTEJILHO OKDPYXKHOCTH
|z] = 1.

10. Haiinure MakCuMyM W MHHEMYM |2| [IpH yCJIOBUH

=

‘24—1’:&
z

11. Oro6paxenune C B C, 3agaBaemoe popmysioi

az+b
w = ,
cz+d
MePEeBOJUT MPSIMYIO U OKPY2KHOCTb B MPSIMYIO WJIM OKPY’KHOCTb M COXpaHsieT
YILJIbI MEXKJly HUMH.
12. Ecsiv TOUKH 2 JIeKAT HA OJHON MpPsIMOil, TO (2] — 29)/(29 — 23) ER,
1 06paTHo.

a,b,c,deC, ad-—bc#0,
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13. Ecau TOUKH 2, JiexKaT HA OJHOH OKPYXKHOCTH, TO

((z1 — 23)/(22 — 23)) / ((21 — 24) /(22 — 24)) €,

1 06paTHo.
14*. Hatinure Han6oJbliiee HaTypasibHOE /1 TAKOE, UTO CYLIECTBYIOT YHCJIa
21, ..., 2y € C, 115 KOTOPBIX rr;n |z; — 2;| > max |2;|. Hafinure 1 uncna.
i#j i

15. Ec/u cTOpOHBI TpeyroibHUKA yI0BJETBOPSIOT PABEHCTBY
a?+b%>+c*=ab +bc +ac,

TO TPeyroJIbHUK MPaBHJIbHBIN.
16. Ecsu BeplIMHAMH TpeyroJibHUKa Ha KOMIJIEKCHOM TJIOCKOCTH $IBJISI-
I0TCA UHCaIa U, U, @, YAOBJETBOPSAIOLLINE PABEHCTBY

u2+02+w2:uv+vw+uw,

TO TPEYroJIbHUK MPaBUJbHbIH.

17. Ecau BeplMHAMHU TPEYroJbHUKA Ha KOMIJIEKCHON MJIOCKOCTH SIBJISI-
I0TCSl uMcaa U, U, W, TO €ro LEHTP TSKECTH (TouKa repeceueHHst MeauaH)
u3o6paxaercst uucaom (4 + v + w)/3.

18. loxaxute HepaBeHcTBO [ITosiemest: mis sto- D
60ro uetblpexyrosbiuka ABCD

IAD||BC| < |BD||AC| +|CD||AB|.

B
Ykaszanue. [IpumMeHuTe ToKIECTBO /151 KOMIJIEKC-
HbBIX UHCes
(a—d)c—b)+b-—dya—c)+(c—d)(b—a)=0 ¢
¥ BbIBEJMTE H3 HEro ¢ MOMOIIbIO HepaBeHcTBa Tpe- A
YroJibHHKa, 4To Puc. 31. Teopema
la—d|lb—c|<|b—d|la—c|+]|c—dla-Db|. Hronemes

19. JloxkaxuTte, uto JJisi yeTbipexyronbiuka ABCD paBeHCTBO
|AD||BC|=|BD||AC|+ |CD||AB|

CTpaBeIUBO TOTJA M TOJNbKO TOTJA, KOTJA BOKPYT HEro MOXKHO OMNHCATh
OKPY>KHOCTb.

Yxaszanue. [Ipumennte ykazanue K 3anaue 18 u 3anauy 13.

20. JlokaxKuTe TOXKIECTBA M MPEJIONKUTE Uil HUX F€OMETPUUECKYIO HH-
TepIipeTaluio:

a) lz+w)?+ |z —w]?=2(z]* + |@]?),

0) |z|+|w|=|(z +w)/2 — Vzw| + |(z + w) /2 + Vzw].

Ykaszanue. Ja=b, ecin b’ =a.
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21. okaxute, uto otoOpaxkenue w = (1 +iz)/(1 — iz) nepeBoaut noJy-
miockocTh Im 2 > 0 B kpyr |w| < 1.
22, Tlycts |2| = |u| = |w|. dokaxuTe, uTo
22U+ uw + zw _ Zl
z+tu+w |70

Jlokaxxute, uto nmpu ycJaoBuu |2| = |u| = |w| caenyoiine yTBepKieH st SKBU-
BaJICHTHBbI:

a) TOUKH 2, U, w 00pa3yloT MpaBHJbHbLII TPEyrosbHUK, T.€. |2 —w|=
=z —u|l=|u—w|,

6) cnpaBeUIMBO paBeHCTBO 2 + U + w =0,

B) UMCJA Z, U, W SABJSIOTCS KOPHSIMM ypaBHeHust Bua x> =o, v € C.

23. Tlycts |21| = |22| = |23] = |24]. lokaxKuTe, UTO CIleyIOLIHE YTBEPKIE-
HHUSl SKBHUBAJIEHTHBI:

a) TOUKH 2; 06PA3YIOT MPSIMOYTOJbHHK,

6) cnpaBeJIMBO PaBEHCTBO 2| + 29 + 23 + 24 =0,

B) UHCJIA 2; SIBJSIOTCS KOPHSIMM YpaBHEHHs BUA

(2* —a*)(2® = b*) =0, |a|=|b|#0.

z—1

_ 24|
~ al
25%, Pewiure B 1€HCTBUTE/LHBIX U KOMIIEKCHBIX YMCJIAX CUCTEMBI

24. Tlyctb |2| = 1. lokaxure, uto

X3 o PR R e - Y
%2+y2_’ y3 P12 O
x+y x4y
Sty g, 2 =3
iy 2 Xy + 7142

26. MoXHO B KauecTBe OCHOBAHWSI MO3ULMOHHOH CHCTEMbl CUMCJIEHHS
BbIOHpATh Ja)Ke KOMIUIEKCHbIe YHCJIa, HAlpUMep, MpH BbIOOpe OCHOBAHMUS
b =2i nosayuaercsi «MHUMOUeTBepHUUHasi» cucTeMa. B KauecTBe 1udp B Heil
ucronbaytores 0, 1, 2, 3, u 3anuce (ag, ..., @o, a—i, ..., A_p)y; O3HAUAET

n
> as- (20,
S=—k
[1poBepbre, uToO

(@on ... o, a—y ... A_gp)oi =
=(agy ... a9, a_9 ... A_9p) 4+ 2i(Qop—1 ... A1, A_ ... A_9%11)_4.

B sT1oit cucreme yt060e KOMIJIEKCHOE UHCJIO C JABOHWYHO-palOHaJbHBIMA
KOMITOHEHTAMH MOXKHO 3anucath 6e3 3Haka U 6e3 pasaesieHus Ha JNedCTBU-
TE€JbHYIO U MHHUMYIO 4aCTb.
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27. Moauduuupyiite aJroput™M yMHOMKEHHSI CTOJNOHKOM, UTOObI OH MO3-
BOJISIJ1 YMHOXKATh UMCJIA H B MHAMOUYETBEPUUHON CHCTEME.
3amerbTe, UTO 3TOT AJTOPUTM YMHOXKAET KOMILJIEKCHble uncsa 6e3 pasje-
JIEHUs! 1€ACTBUTE/bHBIX U MHUMBIX YacTeH.
n
28*. Jlano, uto Y 2z; =0. JlokaxKuTe, uTo CyLIECTBYIOT i, j TAKHE, UTO
i=1
27

larg z; —arg z;| > 5

29%. Ecsn touky a € C MOXKHO OTAGJNMTb HEKOTOPOH MPSIMOH OT TOueK
n
21, .., 2,€C, 10 > 1/ (2 —a) #0.
i=1
30*. (Taycc—Jlioka.) JlokaxkuTe, 4TO KOPHH T[POU3BOJHON MHOroujeHa
JIeKAT BHYTPH HAWMEHBLIETO BbIMYKJIOIO MHOIOYIOJIbHHKA, COJEPrKaLlero Bee
KOPHH 3TOr0 MHOTOUJIeHa.
31. Ilpumenute dopmysy MyaBpa /s BbIBOJA TPUTOHOMETPHUECKHX
(hopMyJ1 IBOMHOTO W TPOHHOTO yrJia.
32. Tlpumenute dpopmysny MyaBpa Jijis BbIpaXKeHHs Sin 71X U COS 11X B BUJIE
MHOTIOYJIEHOB OT Sin X, COS X.

n
33*. Boiuncsure Y. g* cos (kx + ).
k=0

n
34*, Boiuncsure > cos® kx.
k=0
35%, Bplumcsure Y CF r=0, 1, 2.
k

36%*. Jlokakure, 4TO

Z(—l)”cgk =22 cos nm/4, z:(—l)"’C,%/‘HLI =22 sin nr /4.
k k

n
37*. Jlokaxure HepaBeHCTBO Y, cos(xp —x;) > 0.
ki=1

§ 4.4. BbluucieHus Ha KajabKyJasTope

Jlaxke Ha MHOTMX XOPOLIMX KaJsbKyJaTOpaX OTCYTCTBYeT MpsiMas BO3-
MOKHOCTb BbIUHCJIEHUH C KOMIIJIEKCHBIMHM UMcaaMHu. TeM He MeHee MOKaxKeM
Ha TIpUMepe oTeuecTBeHHOro KasbKyastopa MK-71 HeckosbKO ymnoGHBIX
€rnoco6oB paGoThl ¢ KOMIJIEKCHBIMH UHCJIAMH.

HauHeM co cJ10)KeHHs -BbIUMTAHKS HECKOJILKUX UKces. DTa onepalus cBO-
JIUTCSl K CJIOXKEHUIO-BbIUMTAHUIO JBYX uuces (a 4+ ib) & (¢ + id). IeiictBu-
TeJIbHble W MHHUMbl€ YacCTH 3THX YHCeJ MPUIETCS] BBOAUTb B KaJjbKYJSTOP
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M0 OT/Je/IbHOCTH. [1/151 TOro 4T0Ob! MOJMYUEHHbIH Pe3yJ/IbTaT MOXKHO ObLIO He re-
penucbiBaTh Ha Oymary ¥ 3aHOBO BBOJMTb B KaJIbKYJSATOP, HY2KHO COXPaHHUTb
JeHCTBUTENILHYIO Y4acTb pesyJibTaTa @ + ¢ Ha MHAMKATOpe, a MHHUMYIO YacTb
3allOMHHTb B MaMsTH.

Slueiiky mamsiTu U ee cojepKuMoe o6o3Havyaem nasee I, 3anuch unchaa
C UHAMKATOpa B NMaMmsiTh 0003HaYaeM, Kak U Ha KHOTIKe KaJbKyJsaTopa, x — I1,
BbI30B UHCJIA U3 MaMSITH Ha UHAUKATOp o6o3HauaeM II — x, o6MeH conepKu-
MBIM MeXKJy NaMsTbI0 U KaJbKYJISTOPOM BbIMOJIHSETCS KHOMKOH =, HO TOJIbKO
nocJie NpeaBapuTesbHOIO HaXKaTHsl Ha ClleldaJibHyo KHOMKY I, BBOa uncaa a
Ha MHIMKaTOp 0603HauaeM MpocTo a.

Caoxenue-Bbluntanue (a + ib) £ (¢ + id) MOXHO C BbITIOJHEHHEM YKa-
3aHHOTO YCJIOBHSI BBIMOJIHUTD CJIEYIOLIEH MOCJ/e10BaTe/NbHOCTbIO OMepaumi
(B 3amMCH OHHM 3aJAIOTCS HA3BAHUSIMHM COOTBETCTBYIOLIMX KHOTIOK M pasiessi-
toTcst yist ylo6CTBa 3ansThiMH):

a,+, ¢, x—1II, b, £, d, F, —.

Ecau nocsie BbIMOJIHEHHST 5TOH onepalyy Mbl XOTHM K pesyJbTaTy npuba-
BUTD ellle UUCJIo e + fi, TO, TaK Kak 1ocJje o6MeHa <> Ha HHAMKATOpE OIMSITh
BO3HHKJIA I€HCTBUTE/bHAS YACTh pe3yJ/ibTaTa, JOCTaTOUHO BBIMOJHUTD CJIely-
IOLLYIO TTOCJ/IeA0BATENbHOCTD OMepaLHi

+?67F7 HV—’—V f’F7H

¥ Jlasiee ee TIOBTOPSITh, NTOKA BBIMOJHSIEM CJIOXKEHHS-BbIUUTAHHSI.

3amerum, uTO B 3TOM criocoGe HaM TIPUXOJUTCS KaxK[I0e W3 3ajJaHHbIX
UKcesl BBOAUTh TOJNLKO OJIMH Pa3, a MPOMEKYTOUHbIE Pe3yJIbTaThl 3aMIOMUHAET
caM KaJsibKyJIsiTop.

OjnHako yMHOXKUTL JiBa uncsa (a + ib)(c + id) 6e3 3anucu U NOBTOPHOTO
BBOJIa TIPOMEXKYTOUHBIX Pe3yJ/IbTaTOB TaK MPOCTO He ynaercsi. MoKHO, KOHeu-
HO, CZleslaTh 3TO TaK:

a, - ¢ —b, -, d b, - c + a,-d,

NoJIb3YsICh TE€M, UTO MPU BbIUUCJIEHUH BbIPaXKEHHI THIA CKAJIIPHBIX MPOU3BE-
JIeHH# ac — bd npoMeXKyTouHble pe3yJibTaThl 3aMIOMHHATH HE HYXKHO, HO €CJIH
Mbl 3alIOMHUM JIEHCTBUTEJIbHYIO UaCTh pedyJbraTta ac — bd, 1o uucna d, b, c,
@ TIPUETCs] BBOJUTb BTOPOH pas.

Eue xyxe nesio o6CTouT ¢ feseHneM. Tak Kak

Z_a—f—ib_ac—i—bd bc—adl.
Cce+id 2 4d? 0 24d?7

HernocpeJICTBEHHOE UCIO0JIb30BaHUe 3TO (opmyJibl Tpebyer 11 apudmernue-
CKHX Ollepauuil.
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EcJ/id BLIUMCATD 110 CXeMe
r=d/c, s=c+dr, Rez=(a—br)/s, Imz=(b-ar)/s,

To joctatouHo 9 onepaunil. Ho W 3pech uucsia a, b, r npuuaercss BBOAMTb
1o JiBa pasa.

MOoKHO 710Ka3aTh, UTO MEHbLIWM YHCJIOM Ofepauyil 0O0HTHUCH HeJb3s.

Ho ecsiu comHOXKHTeNM 3ajaHbl B TPUrOHOMETPHUECKOH (hopMe, TO aHa-
JIOTHUHO CJIOXKEHUIO-BBIUNTAHHIO MOXKHO BBIYHCJUTL JIIOOYIO KOMIJIEKCHYIO
Ipobb BHIA 2 =2]0...02,, TIe 3HAK «o» 0003HayaeT yMHOXKEHHE HJIH
JlesleHne 6e3 JIMIIHKUX OfepalHil BBOAA YHCE.

Kak ke Ha KasbKyJsiTope npeoGpa3oBaTh KOMILIEKCHOE YHCJO B TPUTO-
HOMeTpUueckylo (hopMy? IDTO MOXKHO ClieJlaTh ¢ MOMOLIbI0 KHONKM R — P,
KOTOpasi MpejHa3HaueHa JJisl repeBojia 1eKapTOBbIX KOOPAUHAT B MOJISIPHbIE.
[Tocsie nocseoBaTe/IbHOCTH OTEpPaLIHil

Re z, F, P—R, Im z, =

Ha MHIUMKATOpE MOSIBJsieTCst |2|, eCid MOTOM HaaThb KHonku F, < (wim
x —1II), To |2| okaxKeTcsi B MaMSITH, HO €CJIH MOCJe 3TOr0 HaxaTb KHOIKY
— 6e3 npeIBapHUTeJLHOTO HaXAaTHsl KHOTKU F, TO Ha HHIMKATOpe MOsIBUTCS
TOJISIPHBIE YTOJl, @ YACJIO B TIaMsTH He U3MeHHUTCst. MOXKHO UM He 3arOMHHATh
TNpe/BAPUTEILHO |2|, @ cpasy HaKaTh KHOIMKY <>, TOT/Ia Ha HHAMKATOPe TOXKe
MOSIBUTCST MOJISIPHBIHA YroJ1, HO |2| Ge3BO3BpPATHO MPOMAJET.

[Tonsipblil yros coBnajaer ¢ aprymentom, eciu Im z <0, u paBeH
arg z — 2, ecqim Im 2z <0, HO Tak Kak MO MOJYJIO 27 OHH COBNAJAIOT,
TO TIOJISIPHBIE YTOJ MOXKHO HCIOJIb30BATh NPH YMHOXKEHHH-JeJIeHHH YHhces
BMECTO apryMeHTa C TeM K€ YCTIEXOM.

Jlnsi oGpatHoro nepexoja OT MOJISIPHBIX KOOPJAMHAT K JIEKAPTOBBIM HY>KHO
BBIMOJIHUTD [OCJ/IEI0BATEILHOCTD ONepalui

‘2|7 F! R_)Py 80, =,

nocJie yero Ha HHAMKaTope MnosiBUTCA Re 2, a eciM HaxaTb KHONKY <,
TO Ha MHAMKaTope nosisurcst Im z. Jlaist Toro uto6bl He nponaljo uucio Re z,
ero MpeiBapuTeNbHO MOXKHO 3aHECTH B namsTtb. Ecsu opHo u3 uucen |z|,
( HaxXOJUTCSl B MaMSITH, €ro OTTyJa HaJ0 MpeJBapHTe]bHO M3BJeub, HAXKAB
kHornKy IT — x. 3ameTuM, uTO ec/ii BMECTO MOJISIPHOTO Yrja BBECTH Jo6oe
paBHOE eMy 0 MOJYJIIO 27 UMCJI0, TO Pe3yJbTaT He MeHseTCsl.

EcJi uncasia B 1po6u BUja 21 o ... 0 2, 3a/laHbl He B NOJISIPHBIX, a B JleKap-
TOBBIX KOOPJAMHATAX, TO HEYAOOHO MX MPeBAPUTEIBHO MEePEBOAUTL B MOJMSP-
Hble KOOPAUHATLI Nlepe] BblurucyeHueM 1poOUH. MoKHO BbIUMCJIUTD 110 OTAEIb-
HOCTH MOJlyJ/1b U apryMeHT NPOU3Be/eHHs], a MOTOM NpeoOpas3oBaTh pesyJibTar
K CTaHJapTHOMY BH]Y.
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BHauasie MOXKHO BBIUHCJUTB (110 MOAYJII0 27T) arg 2 ¢ NOMOLIbIO NOCJe0-
BaTeJIbHOCTH ONepauui

Re 217 Fv R_)pv Im Zla =, (_1 )H+v Re 227 F7 R—>p7 Im 227 =, <, (_7)
I+, ..., Re 2, F, R—=P,Im 2|, =, 0, Re 290, F, R—P, Im 29, =, o, ...,

NpH 3TOM BHauaje Hajo OOHyJAHTb namsaTtb. [locse kaxkmo# onepaunn F,
R — P HaxumaeM KHOMKY <, uToGbl BbI3BAaTh HA WHAMKATOP BbIUHCJIEHHbIH
arg z;, MOTOM, €CJIM HaJlo, MEHsSIEM y HEro 3HaK KHOIMKOH «—» W NpHbaBJsieM
K UMCJly B NaMATH KHONKO# IT4-.

[TotoMm BbluncIisieM |2| MOCJI€10BATENLHOCTBIO ONepaluii

Re z;, F, R—P,Im z|, =, 0, Re 29, F, R—P, Im 29, =, o, ...

Jli1st BO3BelleHUsl B 11-10 CTelleHb Yhcsa 2 ecTb 6oJiee ObICTPbIH aJrOpUTM.
JLs1s1 3TOTO BBIMOJIHSIEM CJEYyIOLLYI0 MOCJIe/I0BATeIbHOCTh ONepalui:

Re z, F,R—P,Im z,=,F, <, <, n, = F < F, y*, n = F P—R,
II—x, <, x—1I, <,

Npu 3TOM Ha HHAUKaTope nosiButcsl Re 2", a B namsitu okaxkercs Im 2".
PaccMoTpuM Tenepb BONpOC O pelleHUH KyOMUeCKUX ypaBHEHHH ¢ jefi-
CTBHTEJIbHBIMU KO9(D(DHUIIMEHTAMH HA KaJlbKYJISATOPE.
Hauath ecTecTBeHHO ¢ npeo6pasoBanus ypasHenns x° + ax? + bx +¢ =0
K Buay x> 4 px + g =0. Jlenaerca sto 3amenoii x’ = x + a/3, Torna

p=b—a’/3, q=2a/27—ab/3+c.
yﬂ06l‘[blﬁ aJITOPUTM /11 BbIUMCJIEHUA p, ¢ HA KaJIbKYJATOPE TaKOB:
ava_)]:[v'v/v_37+7b1F7<_>7.7/791H+7\/:_7'7]:[_))(1—'—16-

Uucs0 g oKasblBaeTcsi Ha UHAMKATOPE, a P OCTAETCS B MaMSTH.

Hcnosb3oBats dopmyay Kapnano—Taprasbi 1yist BblUMCJIeHUH HeY106HO,
Tak Kak TPUIETCs] HEOJHOKPATHO 3aIMChIBATH POMEKYTOUHbIE PE3YJbTaThl.
[Tostomy npeoGpasyem ypasHenue x° + px +¢q =0 k Buay 4x> +3x +r=0
samenoit x = 2./|p|/3x’, Torna r =v/27q/(2|p|*/?).

PaccMOTpUM TPH BO3MOXKHBIX CJIyuas.

1. Tlyerb 4x3 —3x+r=0, |r|<1. DTo paccMOTpeHHbIll HaMH paHee
HETPUBOMMMBII CJyual, U TOrA KOPHH HaXomsTcsi o dhopmysiaM (paHee Mbl
MCIIO/Ib30BAJIH KOCHHYCHI, HO C TE€M K€ YCIIEXOM TFOJISATCS U CHHYCHI)

Xy =sin ¢, x93 =sin(p +27/3),
rie r =sin 3.
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Ha kasbkyJisitope 9T KOPHH BBIYHCJISIIOTCST CJIEIYIOLIMM 00pa30M:
r, F,sin, /, 3, x = 11, sin(=xy), «, -, 2, /, 3, +,
H_>xv Sln(: XQ), T _27 /7 3a +a HHX, Sln(: XS)

2. Tyetb 4x3 —3x +r=0, |r| > 1.
Onpenenenue 99. Hazosem cunepboauueckum KoCUHYcom PyHKIUHUIO
ef +e~%

5
a eunepboaLeckum CuUHYcom — QyHKIHIO

ch p=

ef —e¥

2

Kasbkysisitop Bbiuncasier gyHkiumio sh ¢, ecsin Haxkath KHOMNKY hyp, a no-
TOM KHOIKY sin. [1ist Kpatkoctu OyaeM 0603HauaTh 3Ty KOMOUHALUIO KHOTMIOK
Kak sinh, aHasornuno Gyiem nucatb cosh st rUNepOOIHUECKOTO KOCHHYCA.

sh o=

YnpaxHenue 99.

a) OyHkuys sh ¢ HeueTHast U CTPOrO MOHOTOHHO BO3pACTalOILAS.

6) ®yukuus ch ¢ uerHas.

[Tostomy dyHkums sh ¢ umeer o6paTHyt0 (HYHKIHIO, KOTOPYIO KaJbKYJIsi-
TOD BBIUKCJISIET, €CJIM HaXKaTh KHOMKK F, moTom hyp, a motom KHOMKy sin.

MoxHO cuurtaTh, uTOo (QyHKUMA ch ¢ ToxKe uMeeT oOpaTHylo, H B Kaue-
CTBe ee 3HaUeHHUsl BLIOUPAETCS NOAOJNCUMEAbHOE 3HAUEHHE @, VIS KOTOPOTO
ch p=x. B orsnure ot o6GpatHoro runepOGOJIUUECKOr0 CHHYca, 0OpaTHbIN
KOCHHYC OIpeJleieH TOJIbKO NMpH X > 1. BbluncssieTcss oH Ha KaJjbKyJsiTope
aHaJIOTHYHO 06PAaTHOMY CHHYCY.

Torna, ecau r = (sign r) ch 3¢, rae sign r=1 npu r >0 u sign r =—1
npu r < 0, To KOPHH YpaBHEHUs HaxonATCs 1o GhopMyJsam

x;p=—(signr) che, x93= %(sign r)(ch ¢ £ iV3 sh ®).
Hanpumep, B ciydae r > 0 KOPHH BBIUHCJSIIOTCS CJEIyIOLIMM 00Pa3oM:

r, F, cosh, /, 3, x =TI, cosh, —, (= x;), Il — x,
cosh, /, 2, 3, \/_, /, 2, , Il — x, sinh, —.

3. Tyets 4x3 + 3x + r = 0. Torza, ecan r = — sh 3¢, To KOpHH ypaBHeHHs
HaXoJAATCst o popmyJam

1 .
xy=sh ¢, x93= —§(sh (p:l:l\/g ch ).
Ha ka/bKyJsisiTope OHH BBIUHCJISIIOTCS Cletyiolim obpasom: r, —, F, sinh, /,

3, x — II, sinh(= x;), I — x, sinh, /, =2, 3, \/, /, 2, II—x, cosh, —.

15 TauikoB
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3agaum ¥ ynpaxHenus k § 4.4

1. TlpoBeputh U 060CHOBATH yKa3aHHble B 3TOM Naparpade ajropuTMbl.

2. BobiBenute dopmydibl 15 p, g uepes a, b, ¢ B npeobpa3oBaHUH ypaB-
nennst x3 + ax? +bx +¢c =0« suny x> + px +q =0.

3. Iokaxure dopmyay r =+/27q/(2|p|*/?).

4. TlokaxkuTe, KaK HUCMOJb30BATh B pellleHHH HEMPUBOAMMOIrO cJiydyasi Ko-
CHHYC BMECTO CHHyca.

5. Jlokaxute, uto ch w— sh? p=1

6. Bripasute o6partHble runepbosiyeckie QyHKIMH Yepe3 JIorapugMmbl.

7. BbiBenuTe TeopeMbl CI0KEHUS IJis1 TUNepOONHUECKUX CHHYCca U KOCH-
Hyca.

8. BbiBenute (opmyJibl TPOHHOrO yraa s TUnepOoJUUecKUX CHHyca
1 KOCHHYcCa.

9%, BoiBenure hopMysibl 1Jisi pellieHHs] KyOUUeCKUX YPaBHEHHIH B oCTaJjlb-
HBIX JIBYX CJyuasix.

10*. Kak nepeMHOXXHUTb /IBa KOMIJIEKCHBIX UMCJIa, HCII0JIb3Y5 TOJIBKO TPH
JIEHCTBUTE/IbHBIX YMHOKEHHUS?

§4.5. KopHu U3 KOMNJIEKCHBIX YnceJ

C nomoliblo opmysibl MyaBpa MOKHO M3BJIEKATb KOPHH H3 KOMILIEKC-
HbIX ynces. [1ycTb 2 — 3alaHHOe KOMIJIEKCHOE UMCJ/10, OTJaHUHOE oT O, 1 @ —
HEKOTOpbIi KOpeHb cTereHu 1 u3 z, T.e. w" = z. [losnoxus

z=r(cos a+isin a), w=s(cos F+i sin F),
no dopmysae MyaBpa nosyuum
s"(cos nB+i sin nf) =r(cos a+i sin ).

Tem caMbIM uKCIIO 2 IBYMS COCOOAMH MPEACTABAECHO B TPUTOHOMETPHUECKON
tdopme, oTKyIa o
o+ 2
s=r, 5:7, keZ.

TaKI/IM 06p330M, BCHKI/II'/JI KOpeHb CTEIIeHH 1 U3 4YucJa 2 UMEET BU:
a+2km . . a+2krm
Wy = {W(cos — +i sin T) keZ.

EcTecTBeHHO, UTO JI51 OMUCAHUST BCEX KOPHEH /1-H CTeneHH U3 KOMIJIEKCHOTO
ypcsa w jgocraroydo B3t k=0, 1, ..., n— 1.
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N3 dopmysibl MyaBpa ciielyer u 0OpaTHOe YTBEpPHKIeHHE, UTO BCSIKOE UHC-
JIO TAKOT'O BHJA SIBJISIETCS] KOPHEM CTEMeHH /1 U3 UMc/a 2, H, CJIEI0BATENbHO,
3Ta opMmysa ONUCHIBAET BCE MHOXKECTBO
KOpHeil u3 z. 2(—=1, 1) zi1(1, 1)
Ynpaxuenue 100. Jlokaxkute, uTo AJsi
J0GOr0  PalMOHAJNLHOTO YHCaa p/g OJHO ;}(_‘4 (‘])
u3 snauenmi (r(cos o+ i sin ))”/? pasmo ’

rPla (cos Ba—H sin Ea)
q q

z3(—1, —1) z4(1, —=1)

Puc. 32. WsBneuenne kopue#
(o6o6ennas popmyna Myaspa). UETBEPTOl CTENEHH M3 UMCIIA W
Paccmotpum ypashenue 2" = 1. Ilo BbI-
11€e JIOKa3aHHOMY KaXX/Iblii U3 11 KOPHEH TOr0 ypaBHEHUsS] UMEeT BHUJL

2k . . 2km
€ =CO0S — +i sin —, (1)
n n

rne k=0,1,...,n—1.

Ha komriekCHOH MJIOCKOCTH KOpHM n-# cTeneHu u3 | pacnosaratorcst
B BepLUMHAX NPABUJBbHOTO 11-yroJibHUKa ¢ LeHTpoM B Touke (0, 0) u BeplHOH,
COOTBETCTBYIOLLEH €, B Touke (1, 0).

Teopema 95. Mroacecmso kopreil n-ii cmenexu U3 eOUHULbL — YUK~
AUHECKAS 2pYnna nopsaoKka N OMHOCUMEAbHO YMHONCHUA.

HokasaTeJsabcTBso. Jloka3aTb, UTO MHOXKECTBO KOPHEH 11-# cTerneHn
13 1 oGpasyer rpyimy, MOXKHO HEMOCPEACTBEHHO! MPOBEPKOH € HCMOJb30BA-
Huem dopmyJibl (1). Ilpyro# crnoco6 nokazaTenbCTBa MCMOJb3yeT TOT (AKT,
UTO KOPHH M1-H CTeNeHH U3 eIMHULbI YAOBJIETBOPSIOT yCa0BHIO 2" = 1, a 3Ha-
UWUT, UX MPOU3BEJEHHE, OOPATHBIN JIEMEHT W €IMHHULIA TOXKE YIOBJIETBOPSIOT
TOMY YCJIOBHIO.

Ll Toro 4To6bl 10KA3aTh UMKJIUUHOCTb IPYMIbI, 1OCTATOUHO yKa3aTh 00-
pasytoiuii 371emenT. OueBUAHO, UTO 10 KpailHel Mepe OJJHUM U3 06pa3yIolinX

2r . . 27w Y
OyzeT €] = C0s 7 + i sin o JleficTBUTENbHO, A1 iioGoro k=0, 1, ..., n— 1

Ep = e’f. g
Hatinem Bce o6pasytolye 3TOH Ipymbl.

Teopema 96. Yucao e, asasemcs obpasyouwell yukauveckou epyn-
nel KOpHei n-ti cmenenu u3 eOuHuyol moeda u mMoabKo moeda, Koeoa
YUCAQ N U M 83QAUMHO NPOCIIbL.

HokaszaTedabcTso. JloKka3aresbCTBO MOXKET ObITb OCHOBAHO Ha JIH-
HeiiHoM nipencraBienun HOJL uucen n u m: (n, m) =an + bm, rne a, b € Z.
Ho MoxkHO npocTo cocnaTbes Ha Teopemy 31. O



228 [napa 1V. Asnre6Gpanueckde ypaBHeHHsI

Teopema 97. Bece kopHu ypasHenus
w'=2z 2z#0, 2)

Mo2ym 6oLMmob NOAYUEHbL O POPMYLe W; =€, - Wy, 20€ £ — KOPEHb Ypas-
nenus " =1, k=0,1, ..., n—1, w, —odun u3 kopreli ypagrenus (2).

JHokasarteabcTBso. Tak Kak

a+2mm . a+2ﬂ17r)
n

wm:|w\(cos T—i—zy , m=0,1,...,n—1,

TO

(oe—i—n2m7r Qkﬂ') e Sin(a—&—ﬂ?mn‘ i 2/&))

wm~sk:\w|(cos + = p

:|w|-(cos o+ 2w(m+ k) 4 isin a—|—27r(m—|—k))
B — —_— ),

n

npudueM m + k npoGeraer nOAHYIO cuUCmeMy 8bl4enos no Mouyno n (T.e.
JIIOOYI0 CHCTEMY M3 1 UHCeJl, TIONAapPHO HE CPAaBHUMBIX MO MOJYJIO 1), €CJH
TO K€ BEpHO JIs1 k. O

z3(0, 1)

z5(—1, 0) zi1(1,0)

3-‘!;

( 1
2
27(0, —1)

Puc. 33. Kopuu BocbMoil cTenenu U3 eIuHULbI

OO0DBsCHAM Ternepb, UTO MOHUMAIOT MOJL MOJSIPHOH W NoKadaTesabHOH (op-
MaMM 3aMHCH KOMIJIEKCHBIX uuces. Fcrnonbays Tpuronomerpuueckyto dpopmy
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3aMucH KOMIUIEKCHBIX UHCEJ, Mbl MOXKEM BBECTH Ui uucaa 2z =r (cos ¢ +
+ i sin ) nossipuyto dopmy 3anucu (r, ). [loasipuas dopma 3anucu coor-
BETCTBYET MOJISIPHOH CHCTEMEe KOOPJMHAT, KOr/la 3a/1aHo Havyasio KoopauHat O,
ayu OB, a Touka A, 3ajaBaemMasi KOMIJIEKCHBIM UMCJIOM (7, ), MOJyYaeTcs,
€CJIM OT 3TOrO Jiyya OTJIOXKHTh yron ZBOA = ¢, npuuem ainHa otpeska OA
paBHa r, rae r > 0. Hucsio 0 B 3T0il cHcTeMe KOOPJMHAT COOTBETCTBYET HauaJly
KoopauHat Touke O.

B noka3saresibHoil hopMme 3anmucud KOMILJIEKCHOTO uucga z, T.e. B ¢op-
Me ¥ 1% = eX(cos ¢ +i sin ), re x =In(|z|) =In r, opmysa ymMHOKeHHUSs!
npHoOpeTeT 0COOEHHO KPACHBBIH BH/L

eitipr | pativs _ pxitxe  p(pitwe)i — pxitxeti(pites)

3anauu v ynpaxHenus kK § 4.5

1. Jlokaxkute, 4TO

Ny [ /o2 p2_
Va+ib=+ varrotTa +2b +a—|—isignb va o —a +2b a

rie sign b — 3uak uucaa b € R.

2. TlocTpoiiTe KBaapaTHble KOPHU M3 JAHHOTO UMCJIA C TIOMOLIbIO LIUPKYJIsI
U JIMHEHKK HauboJjiee SKOHOMHBIM CIIOCO6OM.

3. TlocTpoiiTe KOpHM YeTBEPTOH CTeMeHH W3 JAHHOTO UMCJa C MOMOIIBIO
LUMPKYJIs U JIMHEHKH HauOoJiee SKOHOMHBIM CITOCOOOM.

4. V3o6pasute U3BJIeUEHHE KOPHS LIECTOH CTENEeHH U3 eIUHHUIIbI C TIOMO-
LIbIO CITHUEK.

5. M3o6pasute BosBenenne Bo 2, 3, 4, 5-10 crenenn uucnaa 3/2 +i\/§/2
C TIOMOLIBIO CITHUEK.

6. Ha niiockoctu naubl na kBaaparta A;B;C;D;, i =1, 2. Bekropbl OA,
OB, OC, OD paghbl BektopaM A|Ag, B1Bg, CCe, D;Dy COOTBETCTBEHHO.
Joxkaxure, uto ABCD — kBajpar.

7. Haiinure cymmy BceX KOpHEH fn-H CTENEHH U3 eIMHHLBI.
8. Haiinute npousBesieHne Bcex KOpHeNH n-i cTerneHn U3 eIUHHIIBI.
9. Haiinute cymmy k-Xx crereHeil Bcex KOpHeH 1-il CTerleHH U3 eJIMHULIbI.

10. TokaxkuTe paBeHCTBO
a—1 a—1

(a’ b) — Z Z éeQm‘bnm/a.

m=0 n=0
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11. Peunte B NefiCTBUTENBHBIX UHCJIAX CUCTEMY

sin x +sin y +sin z=0;
cos x +cos y +cos z=0.

12. Peuinte B NelCTBUTENLHBIX UUCJIAX CUCTEMY

sin x +sin y +sin z = 1;
cos x +cos y +cos z=0.

13. Tyetsb |2|, |u|, |w] < 1. dokaxure, uto |(z —u)(z —w)(u—w)|> <27.

14%*. [lpaBu/bHBIN 1-YroJbHUK BIMCAH B €IMHUUYHYIO OKPY»KHOCTb. Jlo-
Ka)KUTe, uTo

a) CyMMa KBaJpaToB BCEX €ro CTOPOH W JMaroHalseil paBHa 71;

6) cymMMa BCex ero CTOpPOH W juaroHased paBHa n ctg m/2n;

B) MPOM3BEIEHHE BCEX €r0 CTOPOH W AHaroHajeil paBHo n'/2.

15*%. O6o3HauMM BepIIMHbI TPABUJILHOTO 71-yroJIbHUKA, BIHUCAHHOTO
B €JIMHUUHYIO OKPYXXHOCTb, uepe3 Ay, ..., A, ¥ TIPOJO/LKUM HyMepaLuio
no Kpyry nasnee, Tak uto A, | = Ay, Ayyo = Ag u T. 1. JloKaxure Jjid Heuer-
Horo 11, uto |OA| + OAy + OAg + ...+ OA,2| = /1, tiie O — UeHTp n-yroJib-
HHUKa.

16*. BepiuuHbl npaBu/bHOrO 7-YroJbHUKAa packpalleHbl B HECKOJIbKO
IIBETOB TaK, UTO BCE OJHOLIBETHblE BEPIIMHbI 0OPA3YT TaKxKe MpPaBHJIb-
Hble MHOrOYroJIbHUKH. JlOKaXKuTe, UTO Cpelud HUX HalmyTcs XoTsi Obl 1Ba
OJIMHAKOBBIX.

17%. O603Hauum [,(x) MHOTOYJIEH CO CTapiiuM Kos(hdHireHTom 1, Kop-
HAMH KOTOPOTO SIBJISIOTCSI epBO0OpasHble KOPHH 71-H cTeredd U3 1 B nose C
¥ TOJIbKO OHH. DTOT MHOTOUJIEH Ha3bIBAETCS N-M KPYeOBbIM MHOCOUYACHOM.
Hokaxute, uto [,(x) € Z[x], deg [.(x) =p(n) u

= 1=]] fa.
d|n
18. IlposepbTe, uTO

hy=x—1, fhEx)=x+1, f3x)=x"+x+1,

B =x+1, o=+ 3+ 40 +1, fg=x?—x+1,
o) =x+x5+x* + 3 +x2+x+1,  fs(x)=x"+1,
fo)=x+x3+1, fio)=x*—x+x>—x+1.

19. Paznoxure na muoxutemu: (i) 14+x5 (i) 14+x% (i) 1+ x5
(iv) 14 x5
20%. Pasjyoxkurte Ha MHOKUTeIH 1 + x™.
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21%. (MyJbTUIUIMKATUBHBIA BapuaHT (opMyJbl obpalleHus Mébuyca.)
Jlokaxkute, 4To ec/u npu JaboM 71

gn) =TT i@,
TO aln
i) =T gn/ay.
d|n

22%, JloKaxKute, 4To

[ax) = [T (e = 1y

d|n

23*. JlokaxkuTe, UTO CymMMa MepBOOOpa3HbIX KOpHEH n-ii crerneHd U3 |
B nosie C pasna p(n), a npoussesente ux papuo (—1)?™ u, snauut,

fa(x) = x" — p(n)x" '+ . 4+ 1.
24*.  JloKa)kuTe, 4TO MPH MPOCTOM P
Fp(0)=xP ' P24 41,

¥ 3TOT MHOTOYJIEH HEMPUBOJAUM Hall TI0JIEM PaLMOHAJBHBIX YHCEJ.
25%.  Jlokaxkute, uTo Mpu npoctoM p u k> 1

k— — h—
[oel) = fp(x? "y = 2P0 =2y

¥ 3TOT MHOTOYJIEH HEMPUBOJIUM HaJl TI0JIEM PaLMOHAJBHBIX YHCEJ.

26%*. Jlokaxute, uTo fo,(x) = f,(—x), ecan n HeueTHO.

27*%. lokaxure, uto [p,(x) = [,(x”)/[.(x), ecu p npoctoe u n He Kpar-
HO p.

28%. JlokaxuTe, uTo [, (X) = [,(x™), ecain Kax/iblii NPOCTOH JeJUTENb 1
JIEJIUT TaKKe /1.

29**, JlokaxkuTe, 4To Jito6Oil KPYroBOH MHOTOUJIEH HEMPUBOJUM HaJ| MO-
JIeM palLyoHaJbHBIX YHCeT.

30%. (BbICTPbIH aJrOPUTM BBIUUCJIEHHSI KPYroBOro MHorousieHa f,(x).)
Haxomum Bce npocTble IeJUTENH Py, ..., Py Y UHCJIA 11 U BHIYKCJISIEM T1OCJIe-
JI0BaTe&JIbHO MHOTOUJIEHBI IO (hOpMyJiaM

Q) =x—1,  g)=g_1")/g-1(x), i=1 ..., m,
fn(x) — gm(xn/(pl-“pm)).
O6ocHyfiTe 3TOT aJrOPUTM.

31. TTocrpoiite U3 0Tpe3KOB AIHHLI 1, 2, ..., 6 BbINYKJIbIH PpABHOYTOJLHbII
ILIECTUYTOJIbHHK.
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32%, JlokaxuTe, UTO U3 OTPE3KOB JJIMHbI 1, 2, ..., 1 HeJb3si COCTaBUTh
BBIMYKJIbIA PABHOYTOJIbHBIE 11-YrOJIbHUK TMPH 71, PABHOM CTENEeHH MPOCTOro,
¥ MOXKHO €ro MOCTPOUTb BO BCEX OCTAJbHBIX CJyyasix.

YKaszanue. 3a1aua paBHOCHJIbHA CJIEJYIOLIEH: CYLLIECTBYET JIK MHOTO-
unen f(x) =ag+ajx +...+a,_1x""', y Kotoporo KoshduLMeHTb ABIAOT-
Csl MEePeCTaHOBKON MocJeoBaTe/bHOCTH 1, ..., 1, Takoil, uto f(e,) =0, rae
£, = 2™/ Tlpumenure 3agaun 24, 25 u 29.

Ecau (m, n) =1, o

(I4+2x + ... 4+nx"" (1 +x" +x2 4 4 x4

+(nx + ...+ a(m—Dx™ (1 4 x™ 4+ x4 Dy =

—1

=ap+ax+ ...+ a1 x™,

rJie yncJa nocaenoBaTe/ibHOCTH A AAlOT MPU IACJE€HUH Ha 1 U M pa3Hble Ma-

pbl OCTATKOB, TaK KakK OCTAaTKW IO MOAYJIO /1 MOBTOPSAIOTCs C INEpUOAOM 11,

a OCTAaTKW MO MOJYJII0 111 TIOBTOPSIIOTCSI C TIePUOJIOM 11, ¥ 06a nepuoja co-

CTOSIT M3 pasHbIX UUCEJI, TI0ITOMY, COIJIACHO KUTAMCKOH TeopeMe, BCe uucJia

rnocJie10BaTeJiIbHOCTH ap 6yILyT Ppa3HbIMH 110 MOJYJIIO 11171, 4 3HAUYHUT, O6p83y}OT
epeCcTaHoBKY MOCJACI0BATE/bHOCTH 1, Lo, M.

§ 4.6. Ky6uueckue ypaBHeHUs1 Haj noJiemM
KOMIJIEKCHBIX UHCe

TPI/IFOHOMeTpl/I'-IECKaH cpopma 3alrcu KOMIIJIEKCHOI'O 4YHucJia I103BOJIAET
YCTAaHOBHUTL CBfI3b MEXKAY PCLICHHUSIMH YpaBHEHHUS Tpe’l‘beﬁ CTEINEeHU U3 TIpe-
JbLLYHINX naparpaq()OB. IIJTH 9TOTO BEPHEMCs K HalleMy YpaBHEHHIO

A3
312 3_ A
(u’)* + Bu 2770.
I1
yCTh o
Torna

B . B .
w=—=+|Ali, *=-2FV|Ai
2 2
— COHpH)KeHHbIe [prl‘ [prl‘y KOMIIJICGKCHbIE YHCJla.
Ham Hy»KHO M3BJieub W3 HHX KOpPEHb TPETbeH CTereHH .

Onpenenenue 100. HasoBem kopHem n-ii cmenexu U3 KOMIJIEKCHOTO
yncsia Z 1 0003HaUMM {/Z MHOXKECTBO BCeX KOMIUIEKCHBIX YMCEJI, [IPH BO3BE-
JIEHHH B 1-10 CTeMNeHb AAMOLINX 2.
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M3 teopembl 97 ciieayeT, UTO ITUX YUCEJ 7 LITYK U UTO OHU UMEIOT CJe-
JNYIOUHMA BUIL

\ﬂ/|2|(COS L2kﬁ+i sin %Qkﬂ) npu k=0,1,...,n—1.

n

B cuny Toro, uto u 3 = (3) 73, MOXKHO CUMTATB, UTO YMC/IA 4 U U COMpSIKe-
Hbl. 3HAUUT, HX CyMMa BellleCTBEHHa. DTO 03HAUaeT, UTO Mbl MOJYUYHJH TPH
BellleCTBEHHBIX peleHus ypasHenus x> 4+ Ax + B =0 B Buze

u+v—7_§+@+3—§-¢z.

Ynpaxuenue 101. BoiBenure U3 3108 hopmyJibl TPUTOHOMETPUUECKOE
pellieHHe KyOHUeCKOTO YpaBHEHHSI.

[TostyueHHOE BbIpaXKeHHE MOXKET HMeThb, BOoOlle ToBopsi, 36 3HaueHHH:
KaK/Ibli M3 IBYX pPaJMKaJsoB %/ NPUHUMAET MO 3 3HAUEHUS] U KaXKIbIH U3 IBYX
panvKaJoB \/— NPUHUMAET 10 2 3HaueHHsl. A HaM HYXHBbI TOJLKO TPH U3 HHX.

C KBajipaTHBIMH pajiIiKajaMH CIIPABUTHCS JIETKO, TaK KaK U3BJEKaeTCsl KO-
peHb U3 OJIHOTO W TOro »Ke BbipaxkeHuss A. [t 3TOro ycJoBUMCS, UTO €CJd
B HEKOTOPOH (pOpMyJie HECKOJIBKO pa3 BCTPEUAETCs pajiiKaJ U3 OJIHOTO U TO-
ro »Ke BbIPaKEHHsl, TO 3TOMY pajJHKaJy MPUAAETCs OJIHO U TO K€ 3HAauYeHHe.
Hatue BeIpaykeHne u + 0 He MEHsIeTCs PH OIHOBPEMEHHOI CMeHe 3HaKa y v/ A
B ByX MecTax. [loatomy octaercs jimuib 9 3HaueHHH J7isi KOPHEH, 3aBUCSIIINX
OT BbIOOpA 3HAUEHUH JIBYX PaAuKaJOB 3-H CTEreHH.

Jlnist yeTpaHeHust 3TOH TPYAHOCTH 3aMeTHM, UTO BTOpPOE ypaBHEHHE CHCTe-
Mbl U3 TpelpblaylIero naparpada UMeeT BUIL UY = —73, T.€ Npou3Besienne uv
BCerja JedcTBUTe/IbHO. Bribepem npousBosibHOe 3HaueHue u . Torna us dop-
MyJIbl JIJIs1 TIPOM3BEEHHST KOMIIEKCHBIX YHCEJ B TPUTOHOMETPUUECKOH hopMe

CJIeJlyeT, uTo BCe JIpyrve 3HaueHHs u| CyTh Up W U)p>, rie

or . . 2m I V3,
p =Cos ?—H sin 3 =739 + 71
(HanomuuM, uto p3 = 1). Kax1oMy 3HaueHuio u = iy, tp, t)p> CONOCTABUM

V=g Torna v PUHUMAET 3HAUCHHS Uy, V| p°, Up.

B pesyJsibTare nokasana
Teopema 98. Bce sewjecmsentole KOpHU YypasHeHus

W4+ Ax+B=0
npu sewecmsennolx A u B naxodames cpedu mpex ducen

Xi=u+o;; xe=wptoip;  x3=up+01p% (3)



234 [napa 1V. Asnre6Gpanueckde ypaBHeHHsI

ede uy —npou380abHoe U3 BHAYEeHUL KOpPHA

| B
; -5 +VA,
_3Ll1.

[Tpuuem ecau A >0, mo posHO 00HO U3 HUX BeUjeCMBEHHO, eCcAl
A <0, mo s8ce mpu uucia 8ewjecmsaerHol.

a v =

Crnenaem Ternepb cJjeayouidi mwar B 060611eHUH: 6yeM CuuTaTh KO3d-
(PULMEHTbl UCXOJHOIO YPaBHEHMsl KOMIJIEKCHbIMM uucsamu. [lpu peluenuu
HHAUYEro MO CYTH He MEHSIeTCSl: Mbl MPUXOAWM K CHCTeMe, pelliasi KOTOpYyIo,
nosiyuaeM opmyJy Ui KOpHell KyOHUeCcKOro ypaBHeHHs B pajukaJjax. Tpu

KOpHsI OrpejiesisieM, KaK U BbIlle: BbIOMPaeM MPOU3BOJILHO U], TOTOM GepeM
U1 = —5 — H BHIMHCbIBAEM bopmy.bl (3).
up
Torna nosyuaem KOMIJIEKCHbBIH BapuaHT opmyJibl KapaaHo:

Teopema 99. Bce kopru ypasnenus
x4+ Ax+B=0
npu npoussosvHulx Komniekcrolx A u B 3adaromces ¢opmyramu
Xi=uj+0v, Xo=wip+oip, X3=uip’+0ip%

ede Uy —npou380abHOe U3 3HAUEHUI KOPHA

3/ B
A —§+\/Z,

a 01:—%.

Jlerko BUIeTb M3 opMmyJ WISl pelleHHss KyOHUECKOTo ypaBHEHHsl, UTO
A =0 Torza u TOJbKO TOTJA, KOTJA Yy HCXOAHOTO ypaBHEHHUSI €CTb KpaTHble
KOPHH.

B nasnbHeiiliem, ecjii He OrOBOPEHO MPOTHBHOE, Mbl OYJIEM CUHTATh KO3(-
(bULMEHTBI alre0panuecKuX YpaBHEHHH KOMIJIEKCHBIMH UMCJIaMHU.

3anauu v ynpaxHeHnus K § 4.6

1. Ilokaxkute, uTo TIpU pellleHHH YPaBHEHUH C pallMOHAJbHBIMH KO3(dHu-
uuentamu no dopmysae KapnaHo Bce KopHu B popmyJie W3BJIEKAIOTCS TOr/A
1 TOJILKO TOIJIA, KOTJIa pellieHdsl ypaBHEeHUsl UMeloT BUL 2a, —a T biv/3 npu
pauMoHaJbHbIX @ U b.
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2. JlokaxkuTe, 4TO
u(a + bi) + W’

2aVa®+ b2’

rie u — KopeHb ypasHenus u® — 3(a® + b%)u — 2b(a® + b%) =0

a+bi=

3. Peuunre no dopmysie Kapnano ypaBuenusi:

a) x> —6x +9=0; 1) x4+ 6x +2=0;
6) x3 + 12x + 63 =0; e) x% 4+ 3x? —6x +4=0;
B) x3 +9x% + 18x +28=0; x) x>+ 3x —2i =0;
r) x3+6x2+30x+25=0; 3)x*—3ax+a®>+1=0.

4. Ecan Bce KOpHH ypaBHenusi 2° 4 az® + bz +c¢ =0 no momy/io pap-
Hbl 1, TO MOJLyJiH @ U b paBHbI.

§4.7. YpaBHeHUSsI YeTBEpPTOi cTeneHHU

O611ee ypaBHEHHE UETBEPTOH CTENEHU UMEET BUJL
x4+ ax® +bx® +cx+d=0.
Kak 1 paHblile, yHHUTOXKUM KO3(PPUUMEHT @, BbIIEJSS MOJHYI UETBEPTYIO
crenenb. JlJst 3TOTO c/ie/laeM 3aMeHy rnepemeHHOH X' = x + a/4.

Ynpaxuenue 102. TlpoBepbTe, uTO MOC/€E 3TON 3aMeHbl ypaBHeHHE MPH-
met Bua x* 4+ Ax? + Bx +C =0.

[TonpobyeM pasJyioKUThb ero B Npou3BejieHHe ABYX KBAAPATHbIX YPABHEHHH:
X Ax? 4 Bx 4+ C = (X 4+ uyx +01) (0 + ugx + vg).
PackpbiBast CKOOKU U MpupaBHUBasi KOI(MULHMEHTDI, 10JydaeM CUCTEMY
Uy +ue=0;
U vt uuy = A;

U1V + Uov| = B;
UIUQ:C.

3amensis U9 HA —U| = —U, IPUXOIUM K CUCTEME C TpeMsl HEM3BECTHLIMHU!

U1+ 0o =A+ u?;
u(vy —vy) = B;
0102:(3,
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KOTOpasi paBHOCHUJIbHA CUCTEME

v +ug=A+u?

B.
02—01:?

vy =C,
a MnocJieJHdaAsa — CUCTEME

B
vo=A+ u? + E;
c B
20, =A+u®— -
4u,v9 =4C.
Orcioga nmeem
2
= = 5y, B 2y _ B\ _ 22 BY
4C = 4vjvy = ((A+u )+ u)((A—HL ) u) = A+t - =
WJIH
u® +24u* + (A2 —4C)u* — B2 =0.
PelnB 310 KyGHUeCcKoe OTHOCHTeJILHO > ypaBHEHHe, HA3biBAEMOe Pe30db-
senmoil Peppapu*, Hailnem pelleHdst cUcTeMbl. [1oc/ie 3TOro, pelius Apa
KBaJPATHBIX YPaBHEHHsI, IOJYUUM pellieHds ypaBHeHust 4-i cTenenw.

3anauu v ynpaxHenus kK § 4.7

1. BbIpa3ute uepe3 KOpHU ypaBHEHHs! UETBEPTOH CTeNEeHH KOPHU ero pe-
3os1bBeHTbl PeppapH.

2, Pemme ypaBHEHUS

a) x* —2x3 +2x%2 +4x —8=0; ) x* —3x3+ x> 4+4x-6=0;
6)x +2x 2x +6x—15=0; e)x*—2x>+4x? —2x +3=0;
) x x24+2x —2=0; K)* dxt 4+ 1242 4+ 16x —3=0;
r) x 4x +3x +2x—1=0; 3)*4x*+4x+3=0.

w

§ 4.8. Pewenune KyOuueckoro ypaBHeHus
metonom Jlarpanxka

[1puBeneHHbIe BbIllle pellieHUsT ypaBHeHUH 2, 3 1 4-i1 cTereHn OCTaBJSIOT
UyBCTBO HeyjloBJieTBOpeHHOCTH. Co3laeTcsi BreuaTJieHHe, UTO OHU HaJieHbl
NpH MOMOIIM MCKYCCTBEHHbIX, He 0600IIaeMbIX HA BbICLIHE CTEMEHH, NpHe-
MOB. B Kako#-To Mepe 3T0 NelCTBUTENbHO TakK. OHAKO MOXKHO TPEIONKHUTD

* JI. ®eppapu (Lodovico Ferrari, 1522—1565) — utasbsiHckuil MatemMaTuK, yueHuk KappuaHo,
TepBBIM PELIMBLIHI ypaBHEHHE YETBEPTOH CTENeHH.
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CUCTEMATHUHBIH METOJ PELICHUs] YPABHEHHUI TPETbEH M UETBEPTON CTereHeH.
OH oCHOBaH Ha U3yueHHH CBOMCTB MHOTOUJIEHOB OT KOPHEH MCXOIHOTO ypaB-
HEHHs B 3aBHCHMOCTH OT [€PeCTaHOBOK KOPHEH.

[lycTb Xy, ..., X, —BCE KOPHH YpaBHEHUS

" +ax" '+ +a,=0.

Ynpaxnenue 103. Bcromuute, kak jokasbiBaiorcsi dopmysibl Bueta
(31€Ch MBI y2Ke MOYKEM CUHTATh, UTO KOPHU ypaBHEHHs] — MPOU3BOJIbHBIE KOM-
TNJIeKCHbIE UHCJIa)

ar=—Xx1+...+ X4,
a9 =X1Xo + ... Xp_1Xn,

¥Ynpaxuenue 104. Bcriomuute, Kak peliaercsi cucrema

u+v=a;
uv =b.
JlarpaHx npeaioxKu/ CaAeyIOHE METO HAXOXK/EHHsT KOPHEH X|, Xo, X3

ypasrenus x° + ax + b = 0.
[Tpexx /e Bcero 3ameTHm, UTo CyMMa X| + X2 + X3 paBHa HyJI10 (TaK Kak OHa

oTaMuaeTcs oT Kos(QHIMeHTa NP X% HCXOIHOrO ypaBHEHHs JIHIIL 3HAKOM).
1 V-3 .
[lyets p= —g + ~5— — KOEHb TpeTheit CTeneHn 3 eIMHHLbL.

Ynpaxunenue 105. Ilposepbre, uto 1 + p+ p? =0.
Hanuiiewm elle Be CyMMbI:
(p, X)=x1+pxa+p°xs  u (p, x)=x1 + p’xo + pxs.

SaMeTl/lM, UTO, UMKJIHUYECKHU IMepecTaBJisigd NnepeMeHHble B HUX, MMOJYyYHM IPO-
MNopuroHaJibHbI€ UM BbIpaKeHHU !

Xo 4 pxs + pPxi = pP(p, X),  Xo+pxi+pPas=p(p, x) uT L

Kpome Toro, MeHsis mMectamu napy MepeMeHHbIX OJHOH H3 CyMM B (p, X)
u (p?, X), NOJYUHM BbIpakeHHe, NPONOpPLHOHAIbHOE APYTofi CyMMe:

Xo 4 pxi + pPxs=p(p?, X),  Xo+pPxi +px3=p*(p, x) MT L

ITpu yKasaHHLIX 3aMeHAX NepeMeHHbIX KoI(M(ULIHEHTb PONOPLHOHANLHOCTH
BCeria CyThb KOPHH TPETbell CTENeHH M3 eIMHHLIbI, TaK UTO TPH BO3BELCHHH
B Ky0 OHHM paBHbI euHulie. [Tostomy Bhipakenue (p, x)° + (p?, x)® He Mensi-
eTcsi MpH TepecTaHoBKaX MepeMeHHbIX.
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OTMeTHM, uTO KO3(h(PULIMEHTI NPONOPLMOHAJIBLHOCTH Y BbIpaxKeHHi (p, x)
W (p?, X) NpH OJHOM 1 TOil Ke NepecTaHoBKe NMepeMeHHbIX B3aHMHO 06pPATHbI.
[Tostomy BhipaskeHue (p, x) - (p°, X) Take He MeHsieTcsl [IPH 3aMeHax fepe-
MEHHBIX.

Bripasum ux uepes kosdpduimentsl @ U b. [Ipexkae Bcero 3aMeTiM, uTo

(P, 07+ (0%, 0 = ((p, ) + (0%, D (((p, ¥) + (%, 0))* = 3(p, X)(p*, X)),

(0, %)+ (0, %) = (X1 + pxa + p7x3) + (X1 + p’x2 + px3) =
=2x1 + (p+ p?)(x2 + x3) = 2x1 — (X2 + x3) =
=3x; — (x; +x2 4+ x3) =3x; — 0=3x,
(tak Kak p+p>=—1) u

(p, X)(p*, x) = (X1 + pxo + p°X3) (X1 + p X2 + pX3) = X] + X5 + X5 +
+ (p+ p7) (X122 + Xox + X3X1) = X1 + X + X3 — (X1 X9 + Xox3 + X3%1) =
= (X1 + X9 + x3)% — 3(x1 X0 + Xox3 + x3x,) =0 — 3a = —3a

(Tak Kak x| + x9 + x3 =0).
[Tostomy

(p, X)> + (p%, x)® =3x1 (97 + 9a) = 27(x3 + ax)).

OJnHaKo X| — KOpeHb HCXOJHOTO ypaBHEHWsl, 3HAUMT, x13 +ax; +b=0,
oTKyaa x; +ax; = —b.
[TosTomy B pesysbTaTe roJiyuaem, uto

(p’ .)C)3 + (p27 x)S = _27[7’
(p’ X) : (pQ’ )C) =—3a.

[TosiyueHHasi cucTeMa JIETKO peliaeTcsi OTHOCHTEJIbHO HEU3BECTHHIX (p, X)
u (p?, x). JleficTBUTE/ILHO,

-3
0=
103TOMY '
(p, )% +27b(p, x)> — 27a®> =0,
3HAYMT, 5
(b, 0° =27(~3 + VA); "
b
(02, %) = 27(—§ - \/K),
riue

&
97 4°
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UJIn
(p, x)* = 274;
(0%, x)® = 27B,
e b b
A=-LiVE B=-t V&

Buipasum xy, X, X3 U3 (p, x) U (p?, X), MOCJEA0BATENLHO HCK/IIOUAS HEH3-
BECTHbIE U3 CHCTEMBIL:

X1+ xo+x3=0;
X1+ px + p?x = 3V/A;
X1 + p2x + px = 3V/B.

CkJiajbiBasi Bee TPH ypaBHeHHsi ¢ yueToM pasenctsa | + p + p® =0 u cokpa-

1last TPOHKY, HAXOUM 5 ;
x1 = VA+ VB.

AHaﬂOI‘H'—lHO, YMHO2Kasi BTOPO€ YpaBHEHHE Ha pz, TPETbE Ha p U CKJaAbIBas
UX C MEePBbIM, MOCJE COKpalleHHsI HAa TPHU HAXOJAUM

xszQ\S/Z—l—p\PVE.

A ymHOKast BTOpoe ypaBHEHHe Ha p, TPeThe Ha p° U CKJajAblBast X ¢ rep-

BbIM, HMeeM 5 s
x3=pVA+p*VB.

B pesysbrate Mbl nostyunsin dpopmydsibl Kapiano (3) u3 teopembt 98 ¢ Tou-
HOCTBIO JI0 MOpSIAKA CAE0BAHUS X, X9, X3.
3 5Tix QopMmMyJ BLITEKAET BhIpaXKeHHe

((p, 07 = (0%, %) = ((p, 0> + (0, ¥)°)° = 4(p, 0)°(p*, 0)° =
= (—=27b)? + 4(27a%) = 27(4a® + 27b%) = 27 - 108A.
Ynpaxnenue 106. BoiBenurte 13 npeblayllero paBeHCTBa, UTo
108A = (xo — x1)% (x5 — x2)(x3 — x1)°,

HCIOJb3Ysl paBeHCTBA

w — 0P = (u—v)(u—po)(u—p*v), (1-p)(l—-pH=3.

Onpepaeaenune 101. Boipaxenue
D = (xg — x1)° (x3 — X9)° (x3 — x1)°

Ha3bIBArOT aLtCI{puMLLHCleOM Ky6l,t"i€CKO€O ypasHeHus.
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Boobiue, duckpumunanmonm ypagrerus n-t cmenenu

X" a,_ X" Haix+ag=0

HA3LIBAIOT CUMMETPHUECKHIT MHOFOUJIeH OT KOPHeil X|, X3, ..., X, 3TOr0 ypaB-
nenust D = [ (x; — x;)°.
i>j

3anauu ¥ ynpaxHenus K § 4.8

1. BbipasuTb auckpumuHanT D uepe3 kKo3pdumeHTsl Jijisi 0611ero ypas-
HEHUs TPETbeH U UETBEPTON CTEleHH.

2. Peunre ofliee ypaBHeHHE TpeTbel CTENEHH B CJjyuyae HyJeBOrO JIHC-
KPUMMHAHTA.

3*. Pelwnre ypaBHeHHe

(x3 = 3gx + p* = 3pg)* — 4(px +q)* =0.
YKaszanue. PaccMoTpuTe ypaBHeHHE OTHOCHTENBHO 2
22— Bpx+q)z+x>—3gx+p>—3pg=0

C HYJIEBbIM JIMCKPUMHHAHTOM W BBIHECHTE B HEM 3a CKOOKH MHOXKHTEJb
zZ2+x+p.

4. Peluure ypaBHeHHUS:

a) (x? +3)/(x +3)> =26/343; 6) x® +1=0; B) (x> +x)* = 1.

5. Uncna a, b, ¢ — Tpu U3 ueThipex KopHeii MHorounena x* —ax® —bx 4.
Hatinure 911 uncaa.

6. Haiimute Bce p u ¢, 1pu KOTOPBIX UYETbIpE KOPHS MHOTOUJIEHa
x* + px? + g neiicTBUTENLHBI U 06PA3yIOT apH(PMETHUECKYIO NPOrPecCHIo.

§4.9. Pewenune metoaom JlarpaH:xa ypaBHeHUH
YeTBEPTOH CTENMeHU

[TonbiTaemest 06061IMTL METOJ MpeblAYLero naparpada Ha cayuai 4-i
crenend. PaccMmoTpum BeipaxkeHue
— 2 3
H(x1, Xo, X3, X4) = X| + axo + X3 + Xy,
rie « =i —KopeHb 4-ii cremenu u3 l, a xy, ..., X4 — KOPHU YypaBHEHHUS
xt*+ax?4+bx+c=0, 10 ectb
t=x1 — x3+ (x9 — x4)i.

CKOJIbKO 3HaueHWl MpUHUMAeT BbipaxkeHue { MPU Pa3JUUHbIX MepecTa-
HOBKax KopHe#? OueBujHO, 24 3HAUEHHS] — CTOJIbKO 2Ke, CKOJIbKO BCEX BO3-
MOKHbBIX MepecTaHOBOK.
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OnHAKO 3aMeTHM, UTO HEKOTOPbIe TMepecTaHOBKH AAIOT BbIPAXKEHHUs], TIPO-
NOPUMOHA/LHBIE £, TIPHYeM KO3(MHIMEHTh! MPONOPLHOHAILHOCTH ABJSIOTCS
KOPHSIMH UeTBepTOil CTereHH u3 1.

DT0 NMPOMCXOAUT MPH LMKJIHUECKOl nepectanoBke IT= x| — X9 — X3 —
— X4 — X| W, CJIeJOBATE/bHO, ellle NPH ABYX MepecTaHoBKax, sBJSIOLIMXCS]
ee CTereHsMH, a IMeHHO TIpu nepectanoBkax 112, II% (nepecranoska IT* yxke
SABJISIETCS TOMKIECTBEHHOH). MOXKHO 9TO NPOBEPUTL M HEMOCPEACTBEHHO, Ha-
npyUMep, 3aMeTHB, UTO rNepecTaHoBKa II2 MeHsieT MecTaMM NepeMeHHble X|
W X3, a TAKXKe TlepeMeHHble Xo M X4, M BbIDAa)KeHHe [ TPH 9TOM MeHsieT 3HaK
Ha MIPOTHBOMOMOKHDIH.

3aMeTuM, 4TO MpH 3THX MepecTaHOBKax Bhpakenue [+ BooOle He MeHsi-
eTcs.

Ynpaxuenue 107. [Iposepbre, uto Jat06asi Apyras rnepectaHoBKa He 06-
J1aJJaeT 9TUM CBOHCTBOM.

Ynpaxnenue 108. I[lpoBepbre, uto npu Bcex 24 nepectaHoBKax Bblpa-
xenue 14 npunumaer posHo 24/4 = 6 snauenuii:

=101 —xo) + (x3 — xg)ilh;  t3=[(x1 — x3) + (x2 — x4)i]%;
15 =[(x1 —xg) + (xo — x3)il*; £ =[(x1 — x2) + (x4 — x3)i]";
12 =[x —x3) + (eg — xo)ilh;  td=[(r1 — x4) + (13 — x0)i]".

ITU 3HAUEHHUS SABJSIOTCS KOPHAMHU yPABHEHHUS LIECTOH CTeneHH, Koaddu-
LMEHTbl KOTOPOTO MOJHHOMHAJIBLHO BbIpaXKaloTcs uepe3 Ko3(M@UUHEHTbl HC-
X0JHOro ypaBHeHus. [TosyunBLieecsi ypaBHEHHE LIECTON CTENEHH MOXKHO pas-
JIOXKUTb Ha ABa KyOuueckux. OaHaKo 3TOT cnocob TpeOyeT CJMLIKOM MHOro
BbIUHCJIEHUH.

[Tonbitaemest HatiTh GoJiee y10GHbIE BhIpaXKeHHsi, ueM £(x1, Xo, X3, X4). st
9TOr0 PACCMOTPUM NoApoGHee METOJ Pas/ioxKeHHsl Ha 1BAa MHOXKHUTEJs, TIpU-
MeHeHHbIT DeppapH.

Ero uaess cocTouT B TOM, UTOOBI MPEACTaBUTH JIEBYIO YacTb ypaBHEHHS
x*+ax® +bx>+cx+d=0 B Buge pasHoctH 1ByX Kpaapartos. Torma ee
MOXKHO OYyJIeT pas/ioxKWTb Ha JiBA MHOXKHTEJSl BTOPOH CTENEeHH, W pelleHHe
ypaBHEHUS MPUBEIETCS K PELIEeHUI0 IBYX KBaJpATHbIX ypaBHeHUH. 115 9TOTO
JIEBYIO UaCTb NPEJICTaBUM B BUJE

2
2,4 YN
(*+5¢+5)
2

(et gen ) =[5m0 (e (5 0]

e y — BCIoMoraTesbHasi HeM3BEeCTHasl, KOTOPYIo rnojabepeM Tak, 4ToObl Bbl-
pakeHHe B KBaJIpaTHbIX CKOOKAX 0Ka3aJl0Ch KBaJpaToOM JIMHEHHOTO JIBYUJIeHa.

2
S Ly b fox+d =

16 Tauikos
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ILHH 3TOro He0OXOJUMO U JOCTATOUHO BbIMNOJHEHUS yCJaoBud

(%) ~4(F o) (5 -a)=0

IT0 ycJ/I0BHE eCcTh KyOHUeCcKoe ypaBHEHHE OTHOCUTENBHO Y. OHO Ha3biBaeTcs
pesoavsermoii Peppapu.
[Tocsie packpbITHsi CKOOOK ypaBHeHUe npeoOpasyercs K BUY

35— by? + (ac —4d)y — (c® + a’d — 4bd) =

[Tycth y; —onuu W3 KopHe# storo ypaBHenusi. Torma npu y =y; ycJjoBHe
Oy/JIeT BbINOJHEHO, TAK UTO HMEET MeCTO

(Zbgi—b)e s (=Yt (U= ) = (x4 17

npu HeKoTopbiX k U [. MlcxoaHoe ypaBHEHHe MTPUMET BUJL

2
2 4 Y1 2 _

WK
(x +2x+—+kx+l) (x +2x+——kx—l) 0.
[TpupaBHSIB K HY/IO KaXK/Iblli U3 COMHOXHUTEJIEH, HAXOUM UETbIpe KOPHS HC-
XOJHOTO ypaBHEHHS.
[TycTb X1 U X9 — KOPHH [EPBOTO COMHOMXHTEJISI, X3 ¥ X4 — KOPHH BTOPOTO.

Torna x;xo = ‘%1 + 1, x3x4 = %

— [. CloXKMB 3TH paBEHCTBA, MOJYUYHUM, UTO
Y1 = X1x9 + x3x4. TakuM 06pa3om, Mbl MOJIyUUM BbIpaxkKeHHe KOPHS Y| BCIO-
MOraTeJIbHOTO KYOHUECKOTO ypaBHEHHs uepe3 KOPHH MCXOJHOTO ypaBHEHHs
UeTBEPTOH CTEleHH.

JIpyruMH KOopHsSIMH KyOHUECKOro ypaBHeHHst GyIyT
Yo = XoX3 + X1X4, Y3 =XoX4+ X1X3.

Takum 06pa3oM, Mbl HAIILJIK TAKOE BbIPAXKEHHUE Y| = X| X9 + X3X4 OT KOPHEH X[,
X9, X3, X4, UTO TPH HX BCEBO3MOXKHBIX MEPECTAHOBKAX MOJy4yaercs TOJb-
KO JIBa HOBbIX BblpaxkKeHHs. [103TOMy 3TH BbIpa)KeHHsl SIBJSIIOTCS KOPHSMH
ypaBHEHUs TpeTbell cTeneHH, Ko3((hHLUHEHTbl KOTOPOTo MOJHHOMHANBHO Bbl-
paxkarTcs uepe3 KoIP(PULUHUEHT HCXOJHOTO YPABHEHHS UETBEPTOH CTENeHH.

JlaHHbIH pe3yJsibTaT MOXKHO OBIJIO MOJNYUHTb M JIBUTAsICh OT 3THX Bblpake-
HHMI K yPABHEHMIO TPETbeH CTENEeHH.

IeiicTBUTeINBHO, Y1 + Yo + Y3 =y, X;X; = b corsacHo Teopeme Buera st
ypasrennst x* + ax?® + bx% +cx +d =0.



§4.9. Peuenne meronom Jlarpan:ka ypaBHeHH# ueTBepToil crenenn 243

AHaJsioruuHo
2 2 2 2
Y1y + Yoys + Ysy = XiXoXx3 + X1 X5 X4 + X1 X5X4 + XoX3Xi + ... =
= (X1 + Xo + x3 4+ x4) (X XoX3 + X[ X3X4 + XoX3X4 + X XoXy) — 4X | XoX3Xy =

=ac—4d
U TakxKe

Y1yoys = (X} XoXsXy + X1 X5X3X4 + X1 X2X5 X4 + X1 XoX3x]) +
+ (a3 xd + xixdad + xPxdxad + x5 xd) =
= X1 Xox3x4(x? 4+ x5 + x% + x2)% 4 (x1X9x3 + X1 XoX4 + X XoX3 4 Xox3Xx4)? —
— 2(X1 X9 4+ X1 X3 + X1 X4 + XoX3 + XoX4 + X3X4) X XoX3X4 =
=d(a® — 2b) + (¢* — 2bd) = c* + a’d — 4bd.
3HauuT, Y1, Y2, Y3 — KOPHU ypaBHEHUS
y> —by? + (ca —4d)y — (¢* + a*d — 4bd) =0.

[TocJie pellieHUst 9TOTO ypaBHEHHUST OCTAETCS CIIPABUTHCS C CHCTEMON

X1Xo + X3X4 = Y1,

X1X3 + XoX4 = Yo;

X1X4 + XoX3 = Y3.
Ynpaxuenue 109. Peiuure 31y cucremy.

PaccMOTpUM ellle OJMH MeTOJ pellleHHs ypaBHeHus 4-ii ctenenn x?* +
+ax?+bx+c=0.

BosbMeM Jpyroe BblpaxkeHHe OT KOPHel Xi, X, X3, X4, KOTOpOe TOxKe
NPUHUMAET TIPH TIePeCTaB/IeHHH KOPHEl BCEro 3 3HAUEHHS:

01 =(x1 +x2)(x3 +x4), bo=(x1+x3)(x2 +x4), 05=(x1 +x4)(x2 + x3).

Haiinem ky6Guueckoe ypaBHeHne ¢ KopHsMH 6, 6o, O3. pyrumu cioBa-
MH, BbIpa3uM ero kKosgphuureHtol A = —0; — 0y — 03, B = 0109 + 0205 + 050,
C = —0,0905 uepes kKoshpuLMeHTb @, b, C:

01 + 09 + 05 = 2(x 1 X9 + X3x4 + XoXx3 + X1 X3 + X1 X4 + Xoxg) = 2a,
0,05 + 065 + 0360, = a® —4c, 60,0905 = —b>.
Hcnoubayst Teopemy Buera, nmeem
(x — 0))(x — 09)(x — 03) = x> — 2ax> + (a — 4c)x + b°.

Hatinsg u3 storo ypaBHenus 6y, 6y, 03, MOXHO OMpPENeNUTb U KOPHU X, Xo,
X3, x4. JIns 3TOTO MCTOJb3yeM PaBEHCTBO X| + Xo + X3 + X4 = 0, us KOTOPO-
ro cjenyet, uto (x; + xo) = —(x3 + x4), (x] + x3) = —(x2 + x4), (x; +x4) =
= —()CQ + )Cg).

16+
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3uauur,

Xi+xe=+—01;  Xz+x4=—+/—0;
X1+ x3=+/—03; Xo + x4 = —+/—0y;
X1+ x4 =+/—053; Xo + x3=1/—03.

OTcro1a MOXKHO BbIPa3uTh X1, Xo, X3, X4.
Ynpaxuenue 110. Crenaiire 370.

JI1060MBITHO, UTO TUCKPUMUHAHT HalEHHOrO Bblllle KyOUUECKOro ypaBHe-
HUSl paBeH IMCKPUMHUHAHTY ypaBHeHHMsl 4-#i cTerneHn ais x. B camom nede,

0y — 0y = —(x; — xq)(x2 — x3);
01 — 03 = —(x; — x3)(x2 — x4);
o — 03 = —(x1 — x2)(x3 — X4).

YnpaxHenue 111. Bbiunciute 3TOT TMCKPUMHHAHT.

3anauu v ynpaxHenus kK § 4.9

1. Pewre 6MKBaspaTHOE ypaBHeHHE MeTOJIOM Jlarpauka.
2. Pemme ypaBHeHl/lH
a) x* —2(a® + bz)x + (a® = b%)? =0;
6) x* —a(a+b)x +a®b =0;
) (22 + 1) 4(2x—1),
r) ()c2 —16)(x — 3) +9x% =0;
1) x*—12x +323=0;
e) (6x +5)2(3x +2)(x + 1) = 35;
K) xt+ 23+ x4+ 1 =4x%
3) (1+x) =2(1 +x)*;
") 45(x +x+1)?2= 49(x+1) (x + 1)Z
K) (x2—10x + 15)(x? — 8x + 15) = 3(x? — 6x + 15)x.
3. CocraButb ypaBHeHue 4-i cTenenn ¢ Kopusamu «, 1/a, —a, —1/a.
4. Tlyctb a u b — 1Ba U3 yeTbIpex KopHeii MHorounena x* + x3 — 1. Jlo-
Kaxkute, 4To ab — Kopenb MHorousena x® + x* 4 x% — x? — 1.

=]

§4.10. PeweHue metoaom Jiinepa ypaBHeHUI
YeTBEPTOH CTEeNMeHu

CylI1eCTBYIOT U JIpyrie cnocoObl pellieHusl ypaBHEHUS] UeTBEPTOH CTENeHH.
OnuH 13 HaubGoJiee W3SILHBIX MPUHAUIEKUT Dilepy. DTOT Crocod COCTOUT
B CJIE/yIOILEM.
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[TosHoe ypaBHEHHE UETBEPTON CTEMeHH
v+ Ay  + By +Cy+D=0 (5)
MOJICTAHOBKOH Y = X — % NPUBOIUTCS K GoJiee MPOCTOMY BHUJLY:

x* +ax? 4 bx +c=0. (6)
[Tonaraem:
2x=u+v+w. (7)

B paBenctBo (7) BBesieHO TpU HeW3BeCTHBIX. UTOOLI ONpeiesnTb UX, Hy»KHO
OyleT 1aTb TPH ypaBHEHHS.
BosBojsi 06e uactu paBeHcTBa (7) JBa pa3a B KBajpar, MoJydaem:

4x® = u® +v* + w? + 2(uv + uw + vw),
16x* = (1 + 0 + @*)? + 4(uv + uw + vw)(u® + v* + w?) +
+ 4(u?0? + v?w? + v*w?) + Suvw(u + v +w). (8)
[Toncraass B ypasHenne (6) BMecto x, x> u x* uX BbIpaxkeHus u3 pa-
BeHCTB (7) u (8), mocJie yrnpolleHHs MoJyurM:
(u? + 0% + 0°)? + 4(uv + uw + vw) (4 + 0% + w? 4 2a) +
+4a(u® + v? 4+ w?) + 8(uvw + b)(u + v + w) +
+4(u?0? + ?0® + 0®w?) + 16c =0. (9)
Jl/1st TOro uToOGbI BBIMOJIHSIOCH PABEHCTBO 2X = U + U + W, 1€ X — KOpPeHb
ypaBHeHust (6), He0OOXOJJUMO U JIOCTATOUHO BbiroJiHeHHe ypaBHeHus (9). OHo
COJIEP2KUT TPU HEU3BeCTHBIX. YUTOOHI OMpenenuTh UX, HYXKHBI ellle Ba ypaB-
HEeHHsl, KOTOpble MOXKHO BbIOpaTh Mpou3BoJibHO. CBOGOI0M BhIGOpA CJIeLyeT

BOCIOJIb30BAaTbCA /11 HAUOOJIbLIErO YIPOLLEHHS YPABHEHHUS.
PyKkoBoaCTBySICh 3THM, TOJI0XKUM

W+l +wd=—-2a ww=-b. (10)

[1pu sTom BbiGope BesiMuMH U, U U @ ypaBHeHue (9) obpaliiaercsi B ypaBHeHHe
u?o? + u*w? + v’w? =a — 4c. (11)

M3 (10) u (11) 3ak/aouaem, uto ¢, U U @ YAOBJETBOPSIOT CUCTEME YpaBHEHHH

u? + 0?4+ w?=-2a;
u?v? + u?w? + v*w? = a® — 4c; (12)

u?olw? = b2,
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2 02 u w? ABAAIOTCS KOPHAMM ypaBHEHHSI:

0% 4 2a0% + (a® — 4c) — b? =0. (13)

Otciona caenyert, uto uucaa u

Ono conazaer ¢ pesosbBenToil Geppap, nosydeHHOH paHee.

[lycth 0y, 09, 03 —KOPHH pe3oJbBeHTHl. [lonokum u? =0y, v’ =0y,

2

w* = o3. M3BJekas KopHH, UMeeM
u==+\/o), v==%\/o9, w==%./03. (14)
[1pu stom, B cuity paBeHctBa (10), BbinoJiHAETCS paBEHCTBO
(/01) - (£y/32) - (+£/73) = 0. (15)

Y 1Byx paaukasoB B paBeHCTBax (14) MOKHO B3siThb Jito60€e M3 MX 3HAYEHMH.
[Tocsie 3TOrO 3HAUEHHE TPETHErO pajKKaja CJedyeT B3siTb ONpeleseHHoe —
OHO HaXOAUTCSsl U3 paBeHcTBa (15).

[ToncraBJssi nosyueHHble BbIpaXKEHUs A8 U, U, @ B ypaBHeHue (7), npu-
XOJUM K CJlellytollell TeopeMe.

Teopema 100 (diinep). Kopru npusedenroco ypasHenus yemsep-
moii cmenenu (
strax’+bx+c=0

8bLPAIICAIOMCSL uepe3 KOpHU pe3onbsermol Peppapu
03+ 2a0® + (a® —4c)o — b2 =0
no gopmyram:
201 = /3T + /71 + V5, 20 = /3T — /71 — V%,
2x3 = —\/01 + /09 — \/03; 2x4 = —\Jo| — /o2 + \/03.

[Ipu amom 3HaueHus padukanos /oy, /oo U /T3 00A)HCHLL ObLML BbL-
b6parbl Mmak, 4mobvl BbLNOAHIAOCL PABEHCIMBO:

VIENCANCEE

3agauu v ynpaxkHenus kK §4.10

1. Peunre GuKBazpaTHOE ypaBHEHHE METOJIOM JDiljiepa.
2. Pelunre ypaBHeHuUs:
a) x4+2x+g:0;
417 L
6) x g ¥ + 10x 6=
B) x* —12x% —24x — 14=0.
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3. Pasjioxkure HAa MHOXKHUTEJH Haz rnoJieM JIeACTBUTEJIbHDBIX UHCEJ

a) (x? +x +4)? +8x(x? + x +4)%> + 15x;
6) (x+ D)(x+3)(x+5)(x+7)+15

B) 4(x +5)(x +6)(x + 10)(x + 12) — 3x?;
r) x*+4,

1) 4 4x?+ 4041,

§4.11. OcHoBHasg Teopema aaredpbl

BaxkHbIM 111aroM B Pa3BUTHH TEOPHH ajreGpanuecKUX ypaBHEHHE CTajio
UCI0J/Ib30BAHHE KOMIIJIEKCHBIX UMCEJl B KaueCTBe KOI(PPUIUEHTOB ypaBHEHHUII.
B 1799 r. Taycc nas nepBoe cTporoe j0Ka3aTesbCTBO CYLIECTBOBAHHS KOM-
TUIEKCHBIX pelleHHi /151 JTI060ro ajnre6paniyeckoro ypaBHeHus (3TOT akT Gbll
M3BeCTEH U paHee U OblI J0KasaH [lanambepoM *, mpaBaia, ¢ HEKOTOPBIM MPo-
6es10M).

Teopema 101 (Hanambep—laycc). Bceakuii mHocouren cmenewu
n>1 umeem KOMRACKCHbLIL KOPEHb.

HokaszaTeabcTBo. I MOHUMAHUS HIEH OJHOTO M3 CaMbIX Ha-
[JISIHBIX JIOKA3aTeJNbCTB 9TOH TEOPEMbl MOXKHO TMPEJIOKHTh CJIELYIOLHe
HeopMasibHble pacCyXIeHnsi. IJTO J0Ka3aTeJbCTBO, HOCsIEe Ha3BaHHe
«Jlama ¢ coBaukoii», pacckasbiBasioch A. H. Kosmoroposbim B 1930-¢ rojpl
Ha JIEKUMH 151 LIKOJbHHUKOB B MI'Y.

PacemoTpum muorousien f(2) =2" +a12" ' + ...+ a, ¢ KOMIIeKCHbIMU
Ko3(uLpeHTamMu U a, # 0. 3aMmeTHM, UTO BCe €ro KOPHHU (€CJM OHH Cylle-
CTBYIOT) JIeXKar B Kpyre paauyca R = n - max |a;|. lefictBurensto, npu |z| > R

L

12" > |a12" ' + .. 4 an,

1 nostomy f(z) #0. B Toxe BpeMst NpH MaJibiX 10 MOJYJIO 2 3HaueHue f(2)
OJIN3KO K ;.

[IpenctaBum [(2) B BHme CyMMbl ABYX uacTeil 2" n g(z)=a;2" ' +...
...+ a,, KoTopble HA30BEM COOTBETCTBEHHO «JaMOH» W «cobaukoi». Pac-
CMOTPUM 006pasbl OKPYKHOCTEH pasJjIMuHbIX PajMyCcoB C LEHTpaMHu B Touke O
npu otoGpaxkeHnu f(z) (puc. 34).

st panyca R NMpu JABU2KEHHH 110 OKPY>KHOCTH

{R(cos ¢ +i sin p): 0 < < 27}

* K. JI. Hanam6ep (Jean Le Rond d’Alembert, 1717—1783) — Bbiatoimiicst hpanily3ckHii
MaTeMaTHK M MeXaHHK, OJMH M3 OPTaHM3aTOPOB H3/laHHs 3HAMEHUTO! « DHLUKJIONEIHH .
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2(n)

NV G

Puc. 34

Jnama OyjieT IBUrathesi B 06pase co CKOPOCTbIO, B 11 pa3 O0JiblIeid, M0 OKPYXK-
HocTH paauyca R". Cobauka g(z) = f(z) — 2" Gyner MaJjia 1o MOJYJIIO U He 3a-
nenet 3a Touky (0, 0), kak 6bl10 ToKa3aHo Bbilie. [1pu Masbix paguycax o6pas
OyneT «6eraTh» HeMoAaJeKy OT TOUKH a, # 0.

HauHem HenpepbIBHO yMeHbLIATh Paauyc OKpyKHOCTH oT R j1o 0. B HauaJse
touka (0, 0) Oblna BHYTPH, a B KOHLE CTaja HAXOAMTbCS BHE MHOXKECTBA,
OrpaHHUEHHOr0 06pa30M OKPYKHOCTH. B cusy HerpepblBHOCTH OyJeT MOMEHT
MPOXOXKJIEHHS Uepe3 3Ty TOUKy. DTO O3HAUAET, uTo B 3TOT MOMeHT f(2) =0,
T.€. y MHOTOUJIEHA f(Z) eCTb KOMIJIEKCHbIH KOPEHb. O

Caienytolie TeopeMbl SIBJSIIOTCS CJIEACTBUSIMH OCHOBHOH TeOpeMbl aJi-
reOpbl.

Teopema 102 (o pa3/ioKeHUM HA JUHEHHbIe MHOXHUTeNW). Beaxui
muoeourern f(x) € Clx], deg f(x) =n>1, Haod noirem KomMnieKcHobLX Huces
packaadelsaemcs 8 npoudsedenie N MHeLHbLX MHONMCUmenel.

HokaszateabcTBo. Munykuusa no n. Ilpu n=1 MHorousnen sB-
JsieTcst JUHeldHbIM. [lpeanosnoxKum, uTo yTBepxKIeHHE YxKe JI0Ka3aHo sl
MHOTOUWJIEHOB CTeleHH £, U MycTh f(x) — MHorouseH crenenu n+ 1. Torna
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f(x) umeer HekoTopblil KopeHb «) € C, U no teopeme besy f(x) npencras-
asietcst B Buae [(x) = (x — ay)fi(x). Ho mHorounen f[i(x) vumeer crenenb #,
Y 10 MPEJTOJI0KEHHIO HHIYKLMH pacK/ajibiBaeTcs B POU3BeIeHHE 11 JINHEH -
HbIX MHO>KUTeJsiel. Ho Torna f(x) siBisieTcsi npousBesieHreM 7 + 1 JinHelHOTO
MHOXKUTEJIS. O

Teopema 103 (o uucne KopHeit). Besakuil mHoeouren cmenenu n > 1
C KOMNAGKCHOIMU KOIuyuenmany umeem n KopHeil, ecal CLumanio
Kaooblil KOpeHs CMOAbKO pa3, KAKO8a €20 KPammHocib.

HokaszaTenbcTBo. Kak Mbl TOJIbKO UTO JI0KA3aJ/H, MHOTOUWJIEH CTe-
neHd n > 1 pack/ianpiBaercsi B TPOM3BeJleHHE £ JIUHEHHBIX MHOXKHTEJeH:
f(x)=ap(x —ay)(x — o) ... (x — ). SlcHo, uto @, ..., Oty —3TO KOPHH
MHorouJieHa [(x).

OObenuHsisi paBHble COMHOXKHUTEIH B CTeNeHH, f(X) MOXKHO NpeNCTaBUTh
B BHUJE

— ky ko ks
J(x) =ao(x — o)™ (x —ag)™ ... (X — )™,

rJle KOPHH (v, ..., (rg YK€ BCE PA3JIMUHbI, a oKasaTesu ky, ..., kg — 3T0 Kpar-
HOCTH 3THX KOpHEH.

[TockoJsibKy CTeNeHH MHOTOUJIEHOB B JIEBOH M MPABOK YacTsiX 3TOTO paBeH-
CTBa OJMHAKOBBI, TO 1 =Fk| + ko + ... + k;. O

Ynpaxnenue 112. MuorousieH f(x) jesuTcsi Ha MHOrousieH g(x) Torna
1 TOJIbKO TOTJA, KOTJA BCAKHUE KOpeHb f(x) siBJsieTCs KOpHeM g(x) W Kpar-
HOCTb €ro B g(x) He 0oJiblile KDATHOCTH B f(x).

Ykaszanue Vcnosb3yidTe passiokeHue MHOrousieHoB f(x) u g(x)
Ha JIHHEHHbIe MHOXKHTEJIH.

Teopema 104 (Buert). [Iycmo
f)=aox" +a;x" ' +. . +a,_1x+a, ap#0,

— MHO20UACH € KOMNACKCHOIMU KO3 duyuenmamu. Toeda daa awbo-
eo k=1, ..., ncymma 8ceB03MONHbLY NPOU3BEOCHIL KOPHEL MHO2O0YAe-
Ha [(x), cocmosawux us k comnoncumeneil, pasna (—1)*a,/ag. B uacm-
HOCMLL, CYMMA Bcex KOpHel mMHoeousena f(x) pasna —ay/ay, cymma no-
RapHbLX NPoUssedenull pagHa as/ay, npoussedenue 8cex KOpHell PaBHO
(—1)"a,/a.

JHokaszatenabctso. [lpencraum f(x) B Buje:

f(x)=ao(x —ay)(x —ag) ... (x —ap).
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Torna nocJse packpbiTHst CKOGOK B MPABOK YaCTH MMeeM:

apx"+ax" '+ ... +a,=
=aox" —aglag + ... +a)x" '+ .+ (=D"apxi0n ... ap.
EcJsii 1Ba MHOroOuJieHa paBHbI, TO paBHbI X KO3 dHIKeHTbI. [ToaTomy
—apla) +...+ay) =ay, ..., (—1)”a0a1 s Oy = Ay O

Teopema 105 (0 pa3/ioKeHUH JEHCTBUTEIbHbBIX MHOTOUYJEHOB). Bcs-
Kuii mHoeousen cmenenu n > 1 ¢ deiicmeumenvroimu K03 puyuenmanu
packiadolsaemcs 8 npoussederue MHetlHoLx 08YUAeHO8 U KBAOPAMHbLY
MPexyAeHO8 ¢ OMPUUAMEAbHOIMU OUCKPUMUHAKMAMU, UMelouwuml oetl-
cmaumenvrole KoIgpuyuermol.

HokaszaTteusnbcTBo. Uuaykuusa no n. Ilis MHOrousieHoOB creneHd |
U 2 yTBepKjeHHe BepHO. [1pearnosioxkum, 4To OHO CIpaBeIMBO JIst JIIOObIX
MHOTOUJIEHOB CTereHH, He GoJibliel 71, U nycTb f(x) umeer crernenb 1+ 1.

MHorouJsien f(x) umeeT KoMIJIeKCHbIH KopeHb . [lo Teopeme Besy

[(x) = (x — a) g(x), (16)

1 €CJIM UMUCJIO (v JEHCTBUTENbHOE, TO g(X) — MHOTOWIEH C JeACTBUTEJNbHBIMU
Koadulmentamu. Toria 1o NpeinoJioXKeHUio MHAYKIMH g(x) packJajplBa-
eTcsi B npousBesieHne Tpebyemoro Bujna. Ho torna B cuny (16) Takoe pasgo-
»KeHHe CYLIeCTBYeT U JUlsi MHOTouJIeHa f(x).

[lycTb Tenepb o — unco He JeHCTBUTENBHOE, T. €. & # a. [lo caencrsuio
13 TeopeMbl 93 uHCIO & TaKkKe fBJsieTCs KopHeM MHorousieHa f(x). Torna
13 (16) npu x =& nosydaem, uto f(a) = (& — ) g(@&), H, CJaEIOBATE/bHO,
g(a) = 0. CHoBa npumensist Teopemy beay, umeem g(x) = (x — a)h(x), a rorna
u3 (16) cuenyer, uro

f(x) = (x — @) (x — @)h(x) = (x* — (o + &)x + ad)h(x). (17)

Tak Kak & + & U a@ — uncaa AeHCTBUTeNbHBIE, TO TpexuaeH x2 — (a + a)x +
+ o UMeeT JIeHCTBUTE/bHbIE KOI(D(MHUIIMEHTBI (H, OUEBHIHO, OTPULIATE/bHbIN
JIUCKPUMHUHAHT), 3HAYUT, U MHOTOUJieH fi(X) uMeeT nelcTBUTE/bHbIE KO3(DPU-
LIMEHTbl KaK 4aCcTHOE JBYX MHOTOUJIEHOB C JEHCTBUTEJNbHBIMH KO3(PHULHEH-
TaMH.

Ho muorousien fi(x) uMeer crerneHb MeHbllle /1, TaK YTO K HEMY TpUMe-
HUMO TpeJroJioxKeHre HHAYKLKU. [Tocse aToro TpebyeMoe yTBep:KIeHHE s
MHOrousieHa f(x) BbiTekaeT u3 paBeHcTBa (17). O

[IpuBenem npuMepbl NMPHUMEHEHUs! JIOKA3aHHBIX TeopeM MpH peLIeHHH
3azad.
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Ynpaxuenue 113.

1. Jlokaskute, 4To NpH JIOGLIX HATYPaJbHLIX p U ¢ uncao (p + 1)%+1 4+
+ p?t2 nenurcsa na p?+ p + 1.

Pemenue Paccvorpum MHorounen f(x)= (x + 1)%7+! 4+ x9+2 y no-
KayKeM, UTO OH JIeJIUTCS Ha KBaJpaTHbI TpexuaeH X2 4+ x + 1. DToT TpexuseH
MMeeT JIBa Pas/MuHbIX KOPHS « U (3 U MOITOMY B CHJy JOKA3aHHOTO Bhillie
CJIEICTBHUST JIOCTATOUHO MOKA3aTh, YTO YMCJIa o U (3 SBJSIIOTCS KOPHSAMH [(X).

3aMeTuM, UTO UMCJIO « MO OIpeJeJeHUI0 TaKoBO, 4TO a?=—a—1,
3

. 2 a’ 1 3
U, C IPYyroil CTopoHsl, a” +a+ 1= o rakuto a” = 1. ITosTomy

fe)=(a+ 1) 4ot = (—a?)?1 T 402 = —(a®) 2 H! 4o T2 =

= a2 4 o2 =121 - 09) =0.

Anasiornuno nokasbiBaetcs, uto f(6) =0, Tak uto f(x) nelcTBUTENLHO Je-
mtest Ha x2 4+ x 4+ 1. Cnoco6 neseHuss yrioM MOKasbBaeT MpPH 3TOM, UTO
yacTHoe g(x) umeeT Uesible KO3((ULHMEHTbI, 3HAUUT, BbITOJHSAETCS PABEHCTBO

f(p)=(p>+ p+1)g(p), B KoTOpoM g(p) — Les0e YKucIo.

2. Ipu kakux n € Z uucao n** +n + 1 npocroe?

Pewenue. Ilpun=0un=—1 370 uncjio paBHo | U MpocTbIM He SIB-
Jisiercsi, npu n =1 oHo paBHO 3.

JlokaxkeM, UTO MpH BCexX OCTaJIbHBIX 71 UHCJI0 OyIeT COCTaBHBIM.

Paccemorpum MHorousien f(x) = x* +x 4+ 1 u 1oKaxem, uTo OH JeJuT-
csl Ha KBajpaTHbIil Tpexused x> + x + 1. TIycTb a 1 3 — KOpPHU KBagpaTHOTO
tpexuseHa. Torna

)= +a+1=a®+a+1=0,

anasiornuto f(5) =0. B cuiy 1okazaHHOH Bblllle TEOPEMbI
Mrx+ 1= +x+1)-P),

rie P(x) — MHOTOUJIEH C LIEJILIMH KO3 PULHEHTAMH.
Tak xak npu n€Z, n#0, n#1, n#—1 ouesumno n**+n+1>
>n?+n+1,710 n>+n+ | — HeTPUBUA/BLHLI ICJIHTEb.

3. Pas/ioxuTh Ha MHOXKHTEIH MHOTOUseHbl x° 4+ x + 1 u x10 + x5 + 1.
Peurenue 3amerum, 4To ec/u « SIBJSIETCS KOPHEM KBaJPaTHOTO TPeX-
unena x2+x+ 1, 10 o® =1, 1 Torza

Pra+l=a+a+1=0, o'+’ +1=a+a°+1=0.

CaenoBarebHo, muorousiennl x°+x+1 u x4+ x5+ 1 nensres va x2 +x + 1.
YacTHble OT JeJeHHsT HAHAUTE CaMOCTOSITENbHO.
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3anauu u ynpaxHenus k §4.11

1. Pewmre ypasHenus: a) x% +27=0; 6) x>" —2x" +2=0.

2. Tloctpoiite MHorousien U3 R[x] HauMeHbllIel CTENEHH C TPEXKPATHBIM
KopHeM 2 + 3i.

3. CocraBbre ypaBHenHne 6-ii crenenu ¢ Kopusmu o, 1/a, 1 —a, 1 — 1/«
/(1 —a), 1/(1 —1/a).

4. Pas/oxKnuTe Ha MHOXKUTEJIH HaJl MOJISIMH JIEHCTBUTE/LHBIX H KOMIIJIEKC-
HBIX uMcesl MHOrousieHbl: a) X — 1; 6) x4+ 1; B) x2" + x" + 1.

5. Peuinre ypaBHeHus:

a) (WX —x+ 1P —ax?—x)? npua=(a?—a+1)>/(c®—a);

6) (x+1)"—(x—1)"=0;

B) (x+i)"—(x—1i)"=0.

6. Jlokaxmure, uto ecau |a| =1, To Bce KOpHH ypaBHeHus (ix + 1)" =
=a(l —ix)" nelicTBUTEJbHDI.

7. Ilokaxure, uto MHOrousieH x> + x3m+1 4 3842 nenyrest na 1+ x + x2.

8. Ilpn kakux 3HaueHusix m MHorouseH (x 4+ 1)" +x™ + 1 npenutes
Ha 1 +x +x2?

9. Ecan F(x) = [1(x?) + xf2(x®) menntca na 14 x 4+ x2, 10 [; nenurcs
Ha x — |.

10*. Ecsau mHorowren f(x) € R[x] u He npuHuMaer npu x € R orpuua-
TeJIbHBIX 3HAUeHHH, TO OH MPEICTaBUM B BUIE CYyMMbl KBAJpaTOB ABYX MHO-
rousieHoB u3 R[x].

11%. Tlyctb My (X, Yi) — TOUKM HA TIOCKOCTH, 4 >0 npu e <mu y, <0
npu k£ > m. Ha ocu abcuuce pacnosioxkenbl Touku A;, 1 <1 <n+ 1, tak, uto

1151 Jiro6oro [ ;

m
Z ZMkAIOO: Z leA[OO,
k=1 k=m+1

rie ZMpA;00 —yron Mexiy BeKTopoM A; My ¥ NOJIOXKUTEIbHBIM HampasJie-
HUeM ocH abeucc. JloKaxuTe, UTO MHOXKECTBO BeeX Touek My, CUMMETPUUHO
OTHOCHTEJIbHO OCH abclucc.

12. Ecau ay, ..., @, — BeplIMHbl NPABUJILHOIO 71-YroJibHUKA C LEHTPOM
B a, TO sl Jito6oro MHorousieHa f(x) € Clx] creneHu, MeHblieil 1,

Hai) + ...+ [(aq) = nf(a).

13. JlpoGHo-paimoHanbHasi (yHKUMST HA3bIBAETCS: APABUALHOLU, €CJH
CTeNeHb UMCJIUTEJIS] MeHbllle CTeNeHn 3HAMeHATeIsl; ApUMAPHOL HaJl JaHHBIM
T0JIeM, €CJIM 3HAMeHaTeslb SIBJASIETCS CTENEeHbI0 HEMPUBOAMMOrO Hajl AaHHBIM
10JIeM MHOTOUJIeHa; npocmetiuieti, ecii OHa PUMapHa U CTeNeHb UUC/UTes]
MeHbllLIe CTEMEHH TOro MHorouseHa. Jlokaxkure, 4uto cymMMa M NpoH3BesieHHe
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MPaBUJIbHBIX P00l — NpaBuiibHbe, 1 J100asi 1poOb €CTb CyMMa MHOTOUJIEHA
¥ NPaBWIbLHON IPOGH, PHUUYEM 3TO MpeacTaBjieHne — OJHO3HAUHO.

14*. [lpaBusbHas 1po6b passaraercsi B cyMMy NpUMapHbIX ipo6el ¢ B3a-
VMHO TIPOCTHIMHM 3HAMeHATeJIsIMH, TIPUUEM 3TO TpeJCTaBjeHHe OJHO3HAUHO.

15%. Tlpumapnas 1poOb pasJjaraercs B CyMMy MPOCTEHILINX APoOe, Npu-
ueM 3TO MpeACTaBJeHHE OJHO3HAUHO.

16*. Pasnoxure nan nossmu C u R 1po6b 1/(x?" 4 1) na npocrefiuiue.

§ 4.12. Kak pewatb ypaBHeHHUs] Ha 3K3aMeHax

B sToM naparpade Ha OCHOBe HM3JI0)KEHHOTO MaTtepuaJa JajluM CBOJKY
OCHOBHBIX TPHEMOB pellleHUs ajre0panueckuX W CBOJSIIMXCS K HUM ypaB-
HEeHHUH.

YpaBHeHHUS1 NepBON CTereHH, HaJeeMcsl, uuTaTelb yMmeeT peliatb. Kpau-
paTHble ypaBHeHHs1 ob6cyxkaanuch B §1.5. TpyaHocTH BO3HHKAIOT TOJIBKO
C YPaBHEHUSIMH BBICOKHX CTEIeHeH.

JlaquM HecKoJIbKO COBETOB, OTCbLIAs 38 MOAPOGHOCTAMH K COOTBETCTBY-
I0LIMM Taparpadam KHUTH.

Bhnavasie Hano npoBepuTb, HE MMEET JiM ypaBHEHHE CHEeLHaNbHbI BUI,
JUISl KOTOPOTO €CThb CBOH MeToJ pelleHusi. Hanpumep, He sBjseTcs JH OHO
GMKBaJPaTHLIM, WM ypaBHeHueM Buaa af(x)? + bf(x) +c =0, coasammes
K KBaJ|paTHOMY Kako#-HUOY/b 3aMeHOM nepeMeHHbIX y = f(x). [Tocsie 3TOTO
NpUJETCS pellaTh OJHO WJIK JIBa ypaBHEHHUS BIIBOE MeHbliiel cTeneHu. [1ono6-
Hble MPUEMbI PellieHUs] HA3bIBAIOTCS MOHMKEHUEM CTENeHH ypaBHEHHS.

JIerko noHuKaeTcst cTerneHb YETHbIX MM HeUeTHbIX ypaBHeHHH. Eciin MHO-
rousieH p(x) He siBJIsieTCSl HH T€M, HU JPYTMM, HO YIOBJIETBOPSIET PABEHCTBY
p(x) = p(a — x) npu HEKOTOPOIl KOHCTaHTe a, TO Y ypaBHeHUs1 p(x) =0 MoXK-
HO TIOHU3UTH CTeNeHb C MOMOIIbIO 3aMeHbl § = x(a — X).

Ynpaxuenue 114. Jloka)kuTe 3T0 U pelInTe ypaBHEHHE
xt—2x% —2x% +3x4+2=0.

B § 3.9 nokasano, kak MoHWKaTb CTeNeHb y BO3BPATHbIX YpaBHEHUH ¢ MO-
MOILIbIO 3aMeHbl i = X + 1 /x.

Ynpaxnenue 115. Pewnte ypaBHeHue

20— 10x* —12¢* — 10x% + 1 =0.

Ecau ypaBHenue umeer Bua f(f(x)) =x uan noaoGHbBINA, TO MOXKHO €ro
pelIUTh MpUEMaMH, YKa3aHHbIMH B § 3.7, MOCBSILEHHOM HTepalUsM W TpU-
OJINKEHHBIM METOIAM.

Ecau »Ke HU OZIMH U3 YKa3aHHBIX TPHEMOB He paboTaeT, TO MbITaeMcsl Mo-
HU3UTb CTeleHb yPaBHEHHUS!, PA3JI0KUB €ro Ha MHOXKHUTENH. Ecii oueBUAHbIM
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06pa3oM OHO He pas/araercsi, TO MPUCTYIAEM K CHCTEMATHUECKOMY MOUCKY
passoxenusi. Hauatb Jiyuiie Bcero ¢ HauGoJsiee MPOCTbIX U 3HAKOMBIX BaM
npueMoB. Hampumep, ¢ TpocToro moucka paluroHaNbHBIX KOPHEH MeTOI0M
[aycca, onucanubiM B 3ajgaue 11 u3 §3.2. OH npuUMeHUM TOJLKO K ypaB-
HEHUSIM C PAlMOHAJbHBIMU KO3(PQPULIHUEHTAMH, NPUUEM TPEIABAPUTENBHO HX
KO3((HUUMEHTbl HANO CHENATh LEJbIMA YTeM YMHOXKEHHsI Ha MOIXOJsIee
11eJ10€ YHCJIO.

YnpaxHenue 116. . Peure ypaBHeHue bxackapb *
x* —2x? —400x — 9999 = 0.

2. Peuute ypasnenue BomGesnn ** x3 = 15x + 4.

Ecau paumoHa/ibHbIX KOpHeHl HalTH He Y1aJoch, TO HAJl0 UCKATh PasJfio-
JKeHHe Ha MHOXKUTeJIM 6oJiee BhICOKUX cTeneneil. B § 3.8 6bio nokasaHo, uto
ecJsii Ko3(uleHTbl MHOTOUJIEHA 11eJIble, TO €r0 pasJioyKeHHe MOXKHO HCKATh
Cpelr TaKHUX K& MHOTOUJIEHOB, MPUUEM OHO OrpejeseH0 (haKTHUECKH OJIHO-
3HauHo. OJIHAKO MHOTOUJIEH MOXKET 0KAa3aThCsl U HENMPUBOIUMbIM. UTOObI 3psi
He TPaTHTb BPEMsi HAa MOUCK €ro pasJioxkKeHHsl, MOXKET ObITb MOJIE3HO TpHU-
MEHUTb OJIMH M3 NPHU3HAKOB HerpuBogumoctd u3 §3.8. Ho 310 coBer st
MeCCHMHUCTOB.

Jliisi ypaBHeHUH 4eTBEPTOH CTereHH MOUCK Pas/ioXKeHHs MOXKHO TMpoBe-
CTH MemoOdoM HeonpedeseHHblx Kodpuyuernmos. ITOT METOJ, TPENJIO-
JKeHHbIH JlekapToM, 3aKJrouaeTcsi B TOM, UTO B MCKOMOM PasJIoXKeHHH HeH3-
BeCTHble KO3((HUIMEHTb 0003HAYAIOTCS UEThIpbMsi OYKBAMHU, BbIUUCJISIOTCS
OyKBeHHble Bblpa)KeHHs KO3(h(UIIMEHTOB NPOU3BEJEHHUs] U TIPUPABHUBAIOTCS
K M3BeCTHbIM KOo3(dHuIMeHTaM ypaBHEHHsI, TI0CJIe Uero MoJiyueHHasi cucteMa
peliaercst noAGOPOM 1eJbIX 3HAUeHHH KO3((UIMEHTOB. YKa3aHHbIH NpHeM
He sIBJISIeTCS, KOHEUHO, aJITOPUTMOM, HO MHOTJIA YCKOPSIET MOMCK pa3jioxKe-
Hust. OiHAaKO ero rnpuMeHeHue JiJisi ypaBHEHUH CTENeHH Bblllle UeTBEPTOM, Kak
NPaBUJIO, 3aTPYIHUTENLHO.

Ynpaxuenue 117. Pewnre ypasHenue Jlyku [Tauosn *#*

xt 243 + 3x% + 2x — 81600 =0.

[apaHTHPOBaHHO HAWTH Pa3JI0XKEHHE MOXKHO, NIPUMeHsisi aaroputM Kpone-
Kepa (cM. §3.8), X0Ts1 3TO OUeHb TPyJLOEMKas MpoLeLypa.

* Bxackapa Auapbst (1114—1178) — MHIMIACKHIT MATEMATHK U aCTPOHOM.
** P Bombesn (Raffaele Bombélli, 1530—1572) — urasbsiHckuil MateMaTnk 1 uHKeHep. [Tep-
BbIM OTKPBIJI KOMIJIEKCHbIE UHCJIa.
### J1. [Mavosu (Luca Pacioli, 1445—1517) — uranbsinckuit maTematuk. Hanucan tpakrar o 30-
snotoM ceuennu. Jpyr Jleonapno na Bunum.
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Ynpaxnenue 118. Peute Metonom KpoHekepa ypaBHeHue

X +x+1=0.

Ha npakTtuke ypaBHeHHsI ¢ KpATHBIMH KOPHSIMH BCTpeYaroTcsi pPeiKo,
a B 3aJayHHKax M Ha 3K3aMeHaX — JIOBOJbHO yacto. Ecsu ecThb monospe-
HHe O HAJMUMH KPaTHbIX KOpHeH, HHOTJA Jiyullle Cpa3y HUX OTASJNUTb OJHUM
13 MeTo/10B OeckBaapaTHOH hakTopusauuu (cm. §3.12).

Ynpaxuenune 119. Pewuute ypaBHenue

WO+ x5 —3x% —4x? —3x—1=0.

Mertozbl 3TH TPYLOEMKH, TaK Kak MpH MPUMEHEHHH aJropuTma EBK/anaa
ObICTPO pacTyT Ko3duumeHTbl (60pbba ¢ 3TUM SIBJEHHEM, KOTOPOE BCTpe-
YaeTCsl U B IPYTHX CHTYaLUsIX, — OJIHA U3 MPobJieM KOMIbIOTEPHOH asreGpbl).
Ho 3aT0 oHM NpUMEHHUMBI HE TOJILKO K MHOIOUJIEHAM C LeJbIMH KO3(dHLmM-
€HTaMH.

Yupaxuenne 120. Pemmnre ypashenne x° + 6x = (3x2 + 2)v/2.

Brnipouem, 3T0 ypaBHeHHe MOXKHO pellHTb, NPOCTO YrajaB KOPEHb.
YrajbiBaHHe KOpHEl — BIOJIHE 3aKOHHbIH 1pUeM. /151 HeKOTOpbIX Heasre-
OpanuecKux (TpaHCIEHAEHTHBIX) YPaBHEHHUH 3TO €IMHCTBEHHOE, YTO OCTAETCS.

4
YnpaxHenue 121. VYrajaiite KopeHb ypaBHeHusi x* = 4.

[Tocsie TOro Kak KopeHb yrajaaH, MO>KHO MOMbITATLCS 10KA3aTh, UTO APYTHUX
KopHe# HeT. OObIYHO ISl 3TOTO HCMOJb3YIOT TEXHUKY HEPABEHCTB, B UACTHO-
CTH COOOpaKeHHsI MOHOTOHHOCTH.

4
Ynpaxnenue 122. Jlokaxute, uTo ypaBHeHHe X* = 4 UMeeT elMHCTBEH-
HbI KOPEeHb.

st anreGpanueckux ypaBHEHHH Pa3BUTbl pa3JiMuHble METO/bI J/1s OTpe-
JleJIeHHsl Ydcsla KOPHeH B JIaHHbIX MHTepBajaX, Ui UX OUEHKM W JJIs Tak
Ha3bIBAEMOr'o pasjiesieH1st KOPHEH, CJlyKallero nepBbIM 3TaroM nepes ux rnpu-
OJ112KEHHbIM BbluMcieHHeM. Mbl He coGupaeMcsl HaJaraTh 3€Cb 9TH METO/b,
a OrpaHUUMMCSl HEKOTOPBLIM MPEACTABJIEHHEM O HHX, KOTOPOE MOXKHO MOJIy-
unth B §4.1 u B 3anauax us §4.18. 3ameTum, uTo MeTOabI MPUOIUAKEHHOTO
BbIUMCJIEHHST KOPHEH MOXKHO MCMOJb30BATh W JIJIS1 UX yraJblBaHusl, 0COOEHHO
€CJIM TI0J1 PYKOH eCTb KaJbKyJsTop.

A Korna ke Hano NPUMEHSTb (HOPMYJbI 1JIsT pellleHHsi YpaBHEHHH Tpe-
Thbe# W uerBepToil cTenenn? TosbKo TOTZA, KOrja yNmOMSIHYThble Bbllle 3Je-
MeHTapHble NpHeMbl He Jaju peaysbTata. Hanpumep, eciu Bbl J10KasalH,
YTO KyOMUeCKOe ypaBHEHHE ¢ palMOHAJbHBIMH KOd(P(pULIMEHTAMH HE HUMeeT
paLMOHAJbHBIX KOPHEH, TO OCTaercsl TOJbKO NpUMeHHTb (opmyny Kapna-
HO, @ B HENPUBOIMMOM cJlyyae cjleslaTb TPUIOHOMETPUUECKYIO M0JICTAHOBKY
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¥ MOJyUUTb TPUTOHOMETPHUUECKOE pellleHHe. 3aMeTHM, UTO €CJIM ypaBHeHHe
He HMeeT KaHOHMYeCKOro Buaa x° -+ px + g =0, To uHorna 6oJjiee Kpacupble
TPUIOHOMETPHUECKHE PELLEHHUs MOJYUalTCsl, €CJIM PUMEHHTb KaKoH-HUOY b
UCKYCCTBEHHBIH MpHeM, Kak, HanpuMep, B 3aaade 10 u3 §4.2.

B §4.19 6yner nmokasano, uto ecau KyOHueckoe ypaBHEHHE C palHlo-
HaJIbHBIMH KO3(pULHEHTAMU HEe HMEET pallMOHAJIbHBIX KOPHEH, TO €ro KOPHH
HeJIb351 BbIPa3UTh TOJIbKO Uepe3 KBaJpaTHble PAIUKAJIbL, T. €. PELIUTb «LIKOJb-
HbIM>» METOJIOM.

EcJ/in ypaBHeHHe UeTBEPTOH CTENEHH C palMOHaNbHBIMU KO3(duLIMeHTaMu
He YJaJloCh PElIUTb JIEMEHTapHO, TO MOXKHO, HAlpUMep, MPUMEHUTb METOJ
®eppapu, HallTH KYyOUUECKYIO PE30JIbBEHTY, NOTOM KaKOU-HUOY/Ib OJIMH €€ KO-
pEeHb U Pa3J/ioKUTb ypaBHEHHE HA KBaJpaTHbIE MHOXKUTENH. Ecu pe3osibBeHTa
MMeeT pallMOHaJIbHBII KOPEHb, TO €ro MPOLLE BCEro HCKaTh yrajibiBaHueM (HJu
METOJIOM MOMCKa palMOHaJbHBIX KopHei). Torma noJyueHHoe passioxKeHHe
OyJeT UMeTh 1leJible KO3((MHUIIMEHTh], H BCe KOPHH BbIPaXKAIOTCS uepe3 KBajl-
paTtHble pajuKaJbl. Haiins peliieHne, MOKHO €ro NpecTaBUTh Kak MoJyueHHOe
«IKOJIbHBIM» METOJIOM, HATIpUMep, yrablBAHUEM PA3JI0KEHUS Ha MHOXKHTEJIH.

Ecsan ke kyOuuecKkass pe3oJibBeHTa He HMeET pallMOHaJIbHbIX KOpHEH,
TO MOXKHO JIOKa3aTb, UTO KOPHM MCXOJHOIO ypaBHEHHSI UETBEPTOH CTeNeHH
HeJIb3s BbIPA3UTh TOJIbKO Uepe3 KBajpaTHble pajukasbl (cM. §4.19), a 3Hauur,
U PELLNUTh IIKOJbHBIM» METOJIOM.

Ec/in Mbl XOTHM B 3TOM CJlyuae Hamucatb siBHble (QOPMYyJibl B pajlkasax,
Jlydiue McnoJib3oBath He Meton Peppapu, a merox JlarpanKa uin disepa.

PaccMoTpuM KpaTKo MpueMbl pelleHHsl HeajreOpanuecKuX ypaBHEHHH.
[Ipocrefiline U3 HUX — 3TO paLMOHAJIbHbIE YPABHEHHUS, T. €. ypaBHEHHUS, B 00e-
UX 4acTAX KOTOPBIX CTOSIT palMoHaJjibHble NpoOu. PauuoHasbHasi 1pobb —
9TO 4aCTHOE JIByX MHOrouwjieHOB. Mbl He u3Jaraju CTPOTOro MOCTPOEHUS
pauMoHasibHbIX ApoOei, noJsarasi, YTO CBEIEHUH W3 CPEIHUX KJACCOB LIKO-
Jbl 06 3TOM J0cTaTouHo. PauuoHasnbHble ypaBHEeHMsl, KaK H3BECTHO, JIETKO
CBOAATCSl K ajreOpauyeckuM, €cJii BbIIOJHUTL BCE ONepalyu Hajl APoOsIMH
B HeHyJIeBOH yacTd ypaBHeHus. HyxKHa TOJIbKO HEeKOTOpasi BHUMATeJbHOCTb,
TaK Kak, PUPABHUBAsS K HYJIIO UMCJWTEb IPOOU B HEHYJIEBOK UaCTH ypaBHe-
HHUS1, Mbl MT0JlydaeM ajreGpanueckoe ypaBHeHHe, He PABHOCHJIbHOE HCXOJHOMY,
MOTOMY UTO OHO MOXKET UMETb KOPHH, He BXOJsLIHe B 00JIaCTb ONpeeseHus
MCXOJHOTO ypaBHeHHsl. Takue KOPHHM Ha3bIBAIOTCS MOCTOPOHHUMH M HX HAO0
oTOpachbIBaTh.

3ameTuM, OJJHAKO, UTO He BCErja Haj0 TOPONHTLCS MPUBOIUTHL palUO-
HaJlbHOe ypaBHeHHe K asreGpanueckomy Buiy. Ec/u pelieHHe MOJyueHHOTO
ypaBHEHUs BbI3bIBAET TPYAHOCTH U TPeOYeT HCKYCCTBEHHBIX PUEMOB, TO UMe-
€T CMbICJI BEPHYTbCS K HCXOJIHOMY YPaBHEHHUIO, TAK KaK /sl HEro HHOTJA Jierue
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YBUJIETb UCKOMBIH UCKYCCTBEHHbIH npueM. Hanpumep, ypaBHeHHe
1/x?+2/x +2x +x*=5

MO2KHO CBE€CTH K 8JTI‘€6p8H'—I€CKOMy BO3BpAaTHOMY, HO CTOMT JIK 3ITO Jie/1aTb,
Korjga aJigd Hero 3ameHa nepeMeHHoﬁ Yy=x-—+ 1/)6 BHJHA elle Jyduie.

Ynpaxuenue 123. Peuure 370 ypaBHeHue.
A B caenyrolleM npuMepe JIErko YrajblBaloTCs KOPHH.
Ynpaxuenue 124. Peiuure ypaBHeHue

x—a x—-b b a
5 TTa Tx—atizs
He Bcerna Hano packpbiBaTh CKOOKH JaKe B are6panueckoM ypaBHEHHH.
B caenyioliiem ypaBHeHnu 3ameny y = x/12 y1o6HO fesiath, WX He paCKpPbIBasi.

YnpaxHenue 125. Peiure ypaBHeHue
(I12x — 1)(6x — 1)(4x — 1)(3x — 1) = 5.

BoJiee c/10:KHBIMU JJIs1 PellIEHUs SIBJISIOTCH UPPAUUOHAAbHbLE YPABHE-
nusi. Ilo cyulecTBy 3T0 TOXKe ajrebpavueckue ypaBHEHHs, HO cojlepKallye
paaukasbl. MX MoxKHO paccMaTpuBaTb M Haj MOJEM KOMIJIEKCHBIX UYMCed,
HO TOIJla OHH CTAHOBATCSI MHOTO3HAUHBIMH W HYXKHbl CreLHalbHble 10ro-
BOPEHHOCTH O TOM, YTO TOHHUMaercsl Moja UX peleHusiMd. OObIUHO Takne
ypaBHEHUs] pACCMATPUBAIOT TOJIbKO B T0JIE JIE€HCTBUTENbHBIX UHCEJ, TOITOMY
pellleHHe HX MPUXOAMTCS HAYHHATbL C OfNpeleseHdss 00J1aCcTH AOMYyCTUMbIX
3HAueHWH ypaBHeHWs. [ljist 3TOro pellaeTcs cHCTeMa HepaBeHCTB, KOTOpas
BbIPAXKAET HEOTPULATENLHOCTb BCEX BbIPAXKEHWH 0]l pajMKajaMH UYeTHOro
nopsiiika. ¥YaKe sra cucteMa MoxKeT OblTb caMa UpPaLMOHAJIbHOM U ee pelleHue
MHorza OblBaeT 3aTpyaHuTe/bHbIM. [To3TOMy uacTo ee Booflle He pellaloT,
a CTapaloTcsl BBIMOJHATH MPU PELIEHUH YPABHEHHS TOJbKO KBHBAJIEHTHbIE
npeobpazoBanusi, n006aBJsis B cjayyae HEOOXOAUMOCTH COOTBETCTBYIOLLME
HepaBeHCTBa K NpeoOpa3oBaHHOMY ypaBHeHHI0. [IpeoOGpasoBanusi, Kak npa-
BWJIO, NIPEJCTABJSIOT U3 ce0sl BO3BeleHHe 00eUX yacTell ypaBHEHHsl B OJHY
U Ty JKe CTeleHb C Lesblo U30aB/eHusl OT HEKOTOPbIX PaauKaJoB. B cjox-
HbIX YPaBHEHHSX TMPUXOJAUTCS JeNaThb HECKOJbKO TaKUX NpeobpasoBaHUid
J10 MOJIHOTO YHUUTOXKEHHUST PaMKaJIOB.

[TosiHast Teopusi pelleHust MPPALUOHA/BLHBIX YPABHEHHH 10CTATOUHO CJI0XK-
Ha M HMeET MaJlo peaJsibHbIX IPUMEHEHHI, T03TOMY 06bIUHO HUTJIE He H3JlaraeT-
csl. B noco6usix st aGUTypHEHTOB paccMaTpuBatoT HauboJiee UCIoJIb3yeMble
npueMbl UX pelleHus. Mbl TOXKe OrpaHHUUMCS HECKOJIbKUMH 3aMeuyaHHsMH.

Kak npaBuJ/io, nepej BbIOJHEHHEM TaKOro 1peoGpa3oBaHus B OJHOH ua-
CTH ypaBHEHHSI OCTABJSIOT OJMH PajMKaJ, a OCTajbHble COOUPAIOT B IPYroM
YacTH (TOT IpUEM Ha3bIBAETCSs yeHHEHHEM pajilKaJa). 3aMeTHM, UTO HHOr/A

17 Taukos
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nocJie TaKoro npeo6pa3oBaHus YMCJO0 PaMKaNOB HE yMEHbLIAeTCsl, a BO3pac-
taeT. Hanpumep, ecsin Bo BTOPO# 4acTH CTOMT CyMMa YeTblpex KBajpaTHbIX
pajuKaJoB, TO MocJe BO3BEIEHUs B KBAaJpaT UX CTaHeT liecTb. B Takux no-
BOJIbHO PEIKHX CJydasix MHOTJA Jydlle paclpelesuTb pajuKaJjbl MexXy dya-
CTSIMH ypaBHeHHUs 6oJ1ee PABHOMEPHO, HAlIpUMep, B pacCMaTPUBAEMOM CJlyuae
JIBA pajiuKasa ¢ OJHOW CTOPOHBI, & TPH C APYroOH.

Ho u 310 He Bcerna nomoraer. Hanpumep, paccMOTpUM ypaBHEHHe BHAA

Vai+ay + Va3 = vai + Vas + Vae.

31ech KaK HU pacripeesiid paidkadbl, ocjie BO3BEAEeHUs B KBAJPaT UX CTaHeT
ewle GoJiblie. UToObl MOJMyUHTb NpeAcTaBjaeHre 00 o0LLeM MeTOJe CBeLeHHs
UppaLMOHAJbHbIX YPaBHEHUN K asreOpanuyeckuM, MOKaKeM, Kak U30aBUThbCS
OT pajiMKaJioB B ypaBHEHHH BHJA

Var + /@ + @ =b,

He MepeHocCs paJuKaJibl B IpaBylO CTOPOHY. ,HJIH 9TOI'0 3aM€THUM, 4UYTO €CJIH
pacKpbITb CKOOKH B MPOU3BEICHUHU BCEX BOCbMH Bpra)KeHl/lﬁ BHJ1a

X —o1/a) —o9/as —o3v/as, oy==x1, o9==+1, o3==I,

TO MOJIYUMTCSI MHOTOUJIEH OT X BOCbMOH cTeneHH, Ko3(pULHEHTbl KOTOPOTO
OyyT MHOrOUJIEHAMH OT MEPEMEHHbIX @; M He OyIyT COojepKaTb pajMKaJoB.
B sTOoM MOXHO y6enuTcst HermocpeACTBEHHO, pa3buBasi COMHOXKHUTENN Ha Ta-
pol Buaa (A +./az) n (A —,/az) v nepemHoKas MX 110 NPABUJIY PAa3HOCTH
kBaapatos. Takum ob6pasom usbaBjsieMcsl OT /@3, MOCJE YEro MOJy4yuTCsl
4 npousBejienust (KBajpaTHble TpexusieHbl 0T X ), KOTOpble pa3bruBaeM Ha Mapbl
aHaJIoTMUHbIM 00pa3oM, U T. 1. [loactaBum BMecTo X B MOJyUeHHbIH MHOTO-

YJIEH BbIpa>K€HHe
b=+/as+ +/as+ +/as

1 packpoeM ckoOKH. [Tosiyuntest cymma BOCbMH CJlaraeMbiX BHJIA
« a9 Q9 — 5 —
bajasasVay'agtag”, o;=0,1, i=1,23,

rie ba, ayq; ABASIOTCS MHOrOUIEHAMH OT MEpPeMeHHbIX a;, [ =1, ..., 6. D10
YTBEP2KIEHHE CTAHOBUTCS] OUEBHIHBIM, €CJIH 3AMETUTb, YTO MHO2KECTBO [ BCex
CyMM YK43aHHOTO BMJid 3aMKHYTO OTHOCHTEJBHO CJIOKEHHsS M YMHOXKEHHS.
Hare ypaBHeHue nepenucblBaeTcsl Telepb Kak PaBeHCTBO HYJIIO T10JIy4eHHOI
cymmbl. [lepenuiiem ero B Buae

“bogo= " 3 baymaVaiiaTay =]

(ap,09,03)#(0,0,0)
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rie booo # 0. Bouneanm crenenu f2, ..., f8 u 3ameTum, uto Bce OHM MpH-
HajiexkaT MHOXKecTBY F. [IpuHumasi npousBeaeHus

Va g% g o .
a,'ag’ag?, o;=0,1, i=1,23,

33 HOBbl€ HEH3BECTHBIE Yu, an.asy & =0, 1, i =1, 2, 3, MoxHO, noc/ien0Ba-
TeJIbHO MCKJI0uasi nepeMeHHble W3 MOJIyUeHHOH JIMHEHHON CUCTeMbl *, Bblpa-
3uTb | =yo 00 B BUIE

af+...+csf,

e ¢; — ApoOHO-palMOHaJ/bHbIE BbIpAXKEHHs OT MepeMeHHbIX a;, i =1, ..., 6.
3amensisi f Ha MHOTOUJIEH —bo o OT TeX Ke MepeMeHHbIX, CBOIUM T10JydeH-
HOe pallMoHa/IbHOE YpaBHEHHE K aire6panueckoMy YpaBHEHHIO OTHOCUTENbHO
nepemMeHHbIX @;, i =1, ..., 6. [loacraBsisisi B Hero BMeCTo a; 3aJaHHble Bbl-
paXKeHHUs1 U3 UCXOJHOTO ypaBHEHHUS], MOJyuaeM ypaBHeHHe, KOTOPOe sIBJISeTCs
€ro CJIeJCTBUEM, HO HE COJEPXKHUT YKA3aHHbBIX LIECTH PaJHKAJIOB.

Pasymeetcsi, nosyueHHoe ypaBHeHHe (MM TO YpaBHEHHE, K KOTOPOMY €ro
NPHUJIETCS Jlajiee CBOUTh) OYNIET Co/lepKaTh Maccy NMOCTOPOHHUX KOPHEH, KO-
TOpble MPUJIETCS OTOPACKHIBATh MOCJE MTPOBEPKH.

CBeJieHHe MPpaALMOHA/ILHOTO YpaBHEHHS K areGpanuecKoi cucTeMe ypas-
HEeHHH M HEPaBEHCTB JaKe B HECJIOXKHBbIX HA BUJ YPABHEHHSIX MOXKET ObITb
JIOCTaTOUHO POMO3IAKHUM. B 3THX ciydasix ecTecTBEHHO Monpo6oBaTh MOMC-
KaTb KaKOH-HUOY/1b UCKYCCTBEHHbIH [IPUEM J/Isl PELLIEHHS], BPOJE TeX, KOTOpPble
NPUMEHSIIUCh K asre6pandeckuM ypaBHeHusiM. Hanpumep, yragate KopeHb
1 BOCIOJIb30BATHCS MOHOTOHHOCTBIO MJIM KAKUM-HUOY/b MOJAXOMSAIIUM Hepa-
BEHCTBOM JIM0O clie/laTh 3aMeHy TepeMeHHbIX, HHOT/A JaKe JIBe.

YnpaxHenue 126. Peiuure ypaBHeHue \3/6x + 28 — ?/6)( —28=2.

Ynpaxunenne 127. Pewmre ypasnenne \/x — 1/x +4/1 — 1/x =x.

YpaBHeHHS] C MOJYJISIMH TOXK€ BXOJAT B KJACC MPpalMOHAJbHBIX ypaB-
HeHUH, TakK KaK KaxKAblii MOJyJlb MOXKHO 3aMEHHTb Ha pajiukaJs no dopmyse
|x| = Vx2. Vicniosib3ysi 9TOT NpHeM, MOXKHO H3GABHTLCS OT MOJYJIei ¢ MOMO-
111bl0 BO3Be/leHUH B kBaapaT. MHorna 1o nomoraer, Ho yatle npotuie H3bas-
JIITbCSL OT MOJLyJIEH TIPOCTHIM 1epe6opoM Cilydaes.

HekoTopbie npremMbl MO3BOJSIIOT YMEHbIINTh KOJHUECTBO paccMaTpHBae-
MbIX BapuaHTOB. Hanpumep, rnpu pellieHnH ypaBHEHHH BUJA

[x —aj|+...+|x—a,|=0b

(hopMasibHO HAJ0 PACCMOTPETb NPH PACKPBITHH MojyJel 2" BapuaHTOB,
a Ha camMoM JeJie JI0OCTaTOUHO 3aMeTHTb, YTO Ha KaxKIOM H3 OTPE3KOB

* Kak 3To aenaTb, OMKMcaHO B cJjejylolleM naparpade.
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[ai, ai11] paccmarpuBaemas (yHKUMSA JHHEHHA, ¥ uTOOBI, HAarpUMep, Ha-
pucoBath ee rpacuK, I0CTATOYHO BBIYKUCJUTL €e 3HAUEHHs] B TOUKAX @;, UTO
TpeGyeT nopsiika 1% onepauuii CI0KeHHs U BbIUHTAHHSI.

Cuenyrolmil Kiacce ypaBHEHME HasblBaeTCsl KJIACCOM MpaHcyeHoerm-
HolX YPABHEHHH M BKJIOUAET BCe OCTasbHble ypaBHeHUs. B HeM BbleasioT
MOJIKJIACCHI JIOTaPU(PMUUECKUX, TOKA3ATEIbHbIX i TPUTOHOMETPHUECKUX YPaB-
HEHHH, HO YacTO BCTPEUYAIOTCsl TAKKe M CMellaHHble YpaBHEHHsl, B KOTOPbIX
YUaCTBYIOT BCe 3JieMeHTapHble (PYHKIHH, B TOM UHCJe U paadKasbl, U 06paT-
Hble TPUTOHOMETPHUUECKHE, a MHOTIA JlaxKe W 3HAKH 1llesoll yactu. [loHsTHo,
yTO OOLLEH TEOPHH TAKUX YPABHEHHUI HE CYLIIECTBYET, OJIHAKO MPUOJIHIKEHHO HX
KOPHH MOXKHO BbIUHCJISITh, HAPUMEDP METOJIOM BUJIKH MM MeTOJIOM HbloToHa.

Jlast uX pelleHdsi MPUMEHSIIOTCSI CaMble PAa3HOOOPa3Hble UCKYCCTBEHHbIE
npueMbl (TPIOKH), HAMIPUMep, yrajlblBaHHe KOpHeH W Mp.

YnpaxHenue 128. Peuuure ypaBHenue 16* =log | x.
16

YnpaxHenue 129. Peiuure ypaBHenue 3 4 4* = 5*.

Ho Ha 3K3ameHax OObIUHO MPEAIaraloTcsi ypaBHEHHUs, KOTOPbIE JIEKO
(M1 He ouveHb) CBOAATCS K ajre0paHyecKUM YpPaBHEHMSIM, Kak [PaBHJIO,
KBaJpaTHbLIM.

Kak 370 ie1aTh /1151 HEKOTOPbIX KJ1aCCOB TPUTOHOMETPUUECKHX YPABHEHHUH,
Oynet sicHo nocJie npoutenus §4.17. OnHako aasi pellieHUsi TPUTOHOMETPHU -
YecKMX YpaBHEHMH eCcTb Macca CBOMX COOCTBEHHbIX MPHEMOB, B OCHOBHOM
CB$SI3aHHBIX C Pa3J/IoKEHHEM Ha MHOXKHUTEJH, KOTOPbIE TI03BOJISIOT IOCTHUD Lie-
Jin 6bIcTpee, ueM MeTolbl U3 §4.17. 31ech Mbl He OGyneM MX M3JaraTh.

3anauu v ynpaxHenus K §4.12

Pelunte ypaBHeHust

1. (Xappuor.) x® —3x —52=0.

2. (Creun.) Px3 —6x —40=0.

3. OKupap.) (i) x® — 13x — 12=0; (i) x> —4x +3=0.

4. (Mexapr.) (i) x*—8x2—x+8=0; (i) x*—9x%+26x —24=0;
(ifi) x* — 4x% — 19x% 4 106x — 120 = 0.

5. (Kapnano.) x* +2x3 4+ 2x + 1 = 13x2.

6. (Mondeppbe.) x5+ 3x% +2x* —2x% —3x — 1 =0.
b2 B2

X
(Qn)!+...+§+2—!+x+lf0 He UMeeT

7. JlokaxKuTte, UTO ypaBHEHHE
JIEUCTBUTENbHBIX KOPHEH.
8. Peunre ypaBHenue

(—1)”;((;(—1).'..(x—n+1)+'..+x(x+l) X
n! 2! I!
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§4.13. Cucrembl ypaBHeHUH

CucTeMbl ypaBHeHHMI, BCTpeuaBLilecs: paHee, OblIH B OCHOBHOM CHMMeT-
pUYecKUMHU. AJITOPUTM HX perieHust 6611 H310kKeH B § 3.10 0 cHMMeTpHYeCcKHX
MHOIOYJIeHax.

3aMeTHM, OIHAKO, UTO He CJIeyeT TOPOMUTCS CBOJAUTb CHCTEMY K Teope-
Me Buera, kak pekomeH10BaHO B 3ToM naparpade. MHorna npotie yrajgatb
pelleHre, a 0TOM J0Ka3aTb, UTO JPYTHX peLleHHI HeT.

YnpaxHenue 130. Peuure cucremy

x+y+z+w=10;
x2+y? + 22 + w? =30;
13+ y® 4+ 2% + w3 =100;
xyzw = 24.

[Tocsie Toro Kak Bbl yrajaju OJHO pelleHHe, MOXKHO TOJYUYHTb H OCTa/lb-
Hble pelleHus, BbITOJHUB Bce 24 nepecTaHoBKH €ro KOMMoHeHT. OTcyTcTBHe
JIPYTHX pelleHHi BbiTeKaeT, HanpuMep, U3 TeopeMbl bedy o Tom, uto cucrema
ajareOpanuyecKUx ypaBHEHHI HMeeT UMCJIO pellleHHi, He GoJbliiee NMPOoU3Beie-
HHS CTeMeHel ee ypaBHEHUH, eCJii, KOHEUHO, OHA He SIBJISAETCS HeolpeieJseH-
HOH W UMelollell nosToMy OecKoHeuHo MHoro peuieHui. Ho noxaszatenbcTBo
9TOH TEOPEMBI CJIOXKHO, U Mbl He OyjieM ero NpuBoAuTh. [TosTomy syulie npes-
CTaBHM, UTO Mbl CBEJIM BCe-TAKH CHCTEMY K cHCTeMe Buera, n 3ametum, uTo
cuctema Buera n-ro nopsiaka uMmeer He OoJiee r! pelleHHH, MpUYeM HMeeT
poBHO n! pelleHHH, eCJiM COOTBETCTBYIOllEe ypaBHEeHHe He HMeeT KpaTHbIX
KopHeil. Bripouem, cuctemMa MoKeT He UMETb pelleHHi, eC/ii He BCe KOPHH
ypaBHeHHsl IPUHAIEXKAT PacCMaTPUBAEMOMY MOJIIO.

[Ipy pelleHHH HECHMMETPHYHBIX CHUCTEM 4acTo MPHMEHSIIOT pa3HooOpas-
Hble HCKYCCTBEHHbIE [TPHEMbI, HalIpUMep, UTepaluH, Kak B §3.7.

Ynpaxuenue 131. Peuuure cucremy us §3.7

y=x>—1
z=y*—1;
x=22-1.

Mcnosib3ytoT uieH, 3aMMCTBOBaHHbIE H3 KOMIJIEKCHBIX uMcel, Kak B §4.3.
Ynpaxnenue 132. Pewute cuctemy us §4.3
x—3y
x2+y?

3x+y
—|——:3‘
VT ety

)

le/lMeHﬂlOT HEPaBEHCTBA, KaK B CJIeILyIO].LLeﬁ CUCTEME.
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Ynpaxnenue 133. Pewute cucremy
2002 4 2002 _ |
2 4+yr=1.
XoTsi OHA U CHMMETPHUHAsI, TPUMEHSITD JIJIsl €€ PellieHns: OOLIHI METOL pe-
ILIEHUsT TAKKX CHCTEM Hepa3yMHO. HepaBeHCTBA MOMOraioT peliaTh U CUCTEMBI,

B KOTOPbIX YHCJIO yPaBHEHUH MeHbLe YUCJIa HEU3BECTHBIX, HATTPUMED, CJIely-
I0LLLY10, KOTOPY!O, NPaBia, MOKHO PELINTb W KaK CHMMETPHUECKYIO CHCTEMY.

Ynpaxnenue 134. Pewute cucremy

xyz =38;
P+t =12.

MHoryia nomoraet pasJioxeHHe Ha MHOMKHUTEJH.
YnpaxHenue 135. Peuuure cucremy

2x% 4+ 3xy — 2y? — 6x + 3y =0;
3x? +7xy +2y*> —Tx +y —6=0.

Ho HauGoJiee pacrnpocTpaHeHHble NPUEMbl — 3TO BCEBO3MOXKHbIE 3aMeHbl
nepeMeHHbIX. Hanpumep, 3ToT nprem xopoio paboTaeT st CHMMETPHUECKHX
CHCTEM.

[IpocTeiiiinii ero BapuaHT — 3TO BbIpaKeHHE U3 OJIHOTO YPaBHEHHUS OJHOMN
HEeHW3BeCTHO uepe3 Jpyrue M MOoJCTAHOBKA 3TOr0 BbIPaXKeHUsl B OCTaBLIHECs
yYPaBHEHHUsl, MOCJIe Yero MoJiyyaeTcsi CHCTeMa C MeHbLIMM YHCJIOM HEH3BEeCT-
HBIX WJIM JaxKe OJIHO ypaBHeHue. [lnsi ero mpuMmeHeHHs Haa0 HaWTH OJHO
13 YpaBHEHHH CHUCTEMbI, pa3pelinMoe OTHOCUTENbHO OJHOH W3 HEM3BECTHbIX.
TeopeTnueckn 3TO BO3MOXKHO, €CJIM 3Ta HEU3BECTHAsl BXOJAWUT B ypaBHEHHE
B CTENEHH He BbIlIe YeTBepPTOH, OJHAKO eCJIM MoJlydeHHOe BblpakeHHue OyeT
COJlepKaTh pajvKaJbl, BPSIA JM OHO BaM nomoxkeT. Ho nonpo6Gosath Bceraa
MMeeT CMbICJ, TaK Kak pajuKaJjbl MOIYT W He rosiBUTbesl. Hanpumep, eciu
OJIHO M3 ypaBHEHWH OJHOPOJHOE C JIByMSl HEM3BECTHbIMH W C HYJEBOH Mpa-
BOW 4acTblO, TO OTHOLLEHHE HEH3BECTHBIX MOXKHO HAWTH, peluasi ypaBHeHHE
C MOCTOSIHHBIMU KO3((HUIIEeHTaMH.

Ynpaxuenue 136. Peuure cucremy
xt + kxPy — 6x2y? — kxy® 4+ yt =0;
x24+y?=1.
Hasnuuue B cucreMe napameTpa He J0JKHO BacC CMYLLATb — OT HETO OTBET
3aBHCeTb He Oy/eT, XOTsl B 00llleM CJyuae 3aBHCHT, U ellle Kak.

CaMmblil TPOCTOM, HO B TOXKE BpeMsl U CaMblil Ba’KHbIH KJ1acC CUCTEM ypaB-
HEHHIl — 3TO CHUCTEMbl MEPBOH CTENEHH, WM AuHeliHble cucTeMbl. BoJblias
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yacTb CHCTEM YpaBHEHHH, KOTOpPble MPUXOAUTCS peliaTb BO BHEMaTeMaTHue-
CKHX TPHUJIOXKEHHSIX, KaK pa3 W COCTaBJSIOT JIHHEHHble cucTeMbl. KX Teopus
paspaboTaHa Jiyullle BCEro 1 JIEKUT B OCHOBE BaXKHOTO pasjiesia anre6pbl — Tak
Ha3blBaeMoOH AuHeliHol areebpol. VI3yueHne 371eMeHTOB JIMHEHHOH aJsre6pbl
MepUOAMUECKH BKJOUanoch B Kypebl anredpbl B @MII MI'Y, Ho B nocsentee
BpeMsl 3TO JeJ1a/J10Ch OUeHb PEJKO, B OCHOBHOM I10 MPHUMHE HeXKeNaHUs Jy-
6JIMpOBaTh YHUBEPCUTETCKUH Kypc. Mbl 3/1ech MO3TOMY OrpaHHUMMCST TOJBKO
HayaJIbHbIMH CBEJIEHUSIMH O JIMHEHHbIX CHCTEMaXx.

[Ipuem, KOTOPBIM OHHM pellalTCs, — BCE TO XKe HCKJIOUeHHEe HEM3BECTHBIX,
¥ JleJlaeTcsl OHO /11 HUX 0COOEHHO NpocTo. B nepBoM ypaBHeHMH Bblpaka-
eTCsl MepBasi »Ke HEW3BECTHAsl uepe3 OCTajibHble (KaK FOBOPSAT B JIMHEHHOM
anredpe, B BUJE AUHELHOU KOMOUHAYUU OCTAJIbHBIX HEU3BECTHbIX), €€ Bbl-
pakeHHe MOJCTaBJIIeTCsl B OCTaJbHble YpaBHEHHs W TMoJyvyaercs JIMHeHHas
cUCTeMa ¢ MEHbLUMM YHCJIOM YPaBHEHHH W HeM3BeCTHbIX. K Hell mpumMeHsieTcs
TOT 2Ke [PHeM, [I0Ka He MOJYUUTCS OJHO ypaBHEHHe.

34ech MOTYT BO3HUKHYTb TPH cJjyudast. B nepsom ciyuae, HauboJiee 4acTo
BCTPEUAIOILIEMCS] B CUCTEMaXx, B3SIThIX M3 3aJaYHUKOB, MOJydyaercsl JMHeHHOoe
ypaBHeHHe C OJIHOH HEM3BECTHOMH, KOTOpPOeE JIeTKO pelaercs *.

Bo BTopom ciyuae noJsiyuaercst ypaBHeHHe ¢ HECKOJIbKHMH HEH3BECTHBIMH.
B sToMm ciyuae roBopsr, UTo cHcTeMa HeonpedeieHHas, Tak Kak oHa UMeeT
6ecKOHeUHO MHOro petueHHi. UToObl UX Bce HAUTH, HALO NPUHATL BCE HEU3-
BECTHbIE U3 MOCJIEIHET0 YPaBHEHHsI, KPOMe OJIHOTO, 3 MapaMeTpbl H BbIPA3UTh
uepe3 HUX (B BUJE JHHEHHOH KOMOMHALMKM) BCE OCTABIUMECS HEU3BECTHBbIE.
EcJii unc/io napamMeTpoB paBHO R, TO FOBOPST, UTO CUCTEMA UMEET k-mepHoe
APOCMParHcmeo peuerull.

B tpeTbem ciyuae noJsyuaercst He ypaBHeHHe, a IPOCTO HEBEPHOE paBeH-
CTBO, KOTOPO€ 0O3HAuaeT, YTO CHUCTeMa He MMeeT pelleHHUs (CHcTeMa Hecos-
MecmHa).

Peluath JinHelHble CHCTEMbI HAYUHJIMCh JABHO, HO 3TOT METO/1 10 TPaAULHH
CBsI3bIBAIOT ¢ HMeHeM [aycca.

Ynpaxuenue 137. Peuure cucremy $SImpinxa **
X +y=2(z+u);

x+z=3(y +u);
x+u=4(y+=z).

* Bripouewm, J1erko TOJIBKO JUIsl TOTO, KTO 3HAET, UTO Takoe ApoGH. [IpeBHHE erUMTsHe, KOTO-
pble, BHAMMO, MeEPBbIMH HAYUHJHCb PeLlaTh TaKHe ypaBHEHHsl, MOCTPOMIIH JUIsl STOTO JIOBOJILHO
9K30THUECKYIO, C COBPEMEHHOMH TOUKH 3PEHHS], TEOPHIO PALMOHA/IBHBIX APOGei.

## SIMBJIMX — JpeBHerpeyecKuii MaTeMaTHK, GUI0CO(h 1 MHCTHK, HANHCABLUHI KHUTY 06 DJieB-
CHHCKHX MHCTEDHSIX.
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Ha npaxruke meto [aycca MoKeT IpUBECTH K FPOMO3AKUM BbIUUCJ/ICHUSIM.
O6beM BbIUHCJEHHI MOXKET CHJIbHO 3aBHMCEeTb OT BblOOpPA MOPSAKA HCKJIIO-
ueHHsl Heu3BecTHbIX. KpoMe Toro, oH He jaeT sIBHbIX (OpPMYyJ JIsi PeLLeHUs
1 He Bceria yn00eH NpU TeOPETHUECKUX UCCJIeI0BAHUSX.

B nuneiinoit anre6pe BblpaGoTaHbl crieliManbHble y100Hble c110co6bl pato-
Tbl C JIMHeHHbIMU cucTeMaMU. [TponsBosibHas cuctema npeacTabisieTes B BUIe

ayixy+...+ayax, =by;

AmaX1 + -+ QmpXn = b,

rJle HEH3BECTHbIE H KO PULMEHTbI 0003HAUAIOTCS C MOMOLLbIO UHAeKCcOB. Ta-
6JiMlla paamepa f1 X 11, cocTaBJjeHHast U3 KO3(UIMEHTOB CUCTEMBI,

Has3blBaeTCsl mampuyeti CUCTEMBI.

Meton Taycca MoxKHO nepeopMy/nHMpoOBaTh B TEPMHHAX 3JI€MEHTAPHbIX
npeo6pas3oBaHuil. IremenmapHolm nPeobpa308arnuem CUCTEMbl Ha3blBaeT-
Csl 3aMeHa OJIHOTO M3 ee YpaBHEHHMH Ha CyMMYy 3TOTO YpaBHEHMsI C JPYTrHM
YPaBHEHHEM CHCTEMbI, YMHOKEHHBIM Ha MPOHM3BOJIbHOE UHCJIO.

Ynpaxuenue 138. Jlokaxure, uTo rocJie 3jeMeHTapHOro npeobpa3oBa-
HU$I CUCTEMbI OHA OCTAETCSl PABHOCHJbHOW MCXOJHOH.

DJieMeHTapHOMY MPeoOPA30BAHUIO CHCTEMbI COOTBETCTBYET 3J1€MEHTAPHOE
npeobpas3oBaHue ee MaTpHUllbl, KOTOPOE 3aKJ/oyaeTcsi B TOM, UTO K OJHOH ee
CTpOKe npubaBJsiercs Apyras, yMHOXKEHHAsl Ha TPOU3BOJIbBHOE JAHHOE UMCJIO.

B uactHocTH, noaxonsiiasi NOC/AeN0BaTe/NbHOCTL JIeMEHTapHbIX 11peod-
pa3oBaHWH MPUBOJAUT K TAKOMY 4acTO HCMOJb3yeMOMYy MpeoGpa3oBaHuIo, Kak
CJIO’KEHHE BCeX YPABHEHHIH CHCTEMbI H 3aMeHa Ha MoJyueHHOe ypaBHEHHE OJ1-
HOTO M3 ypaBHEHUH CHCTEMBI.

Yno6HO ellle OTHECTH K UMCJY 3JieMEeHTapHbIX MpeoOpa3oBaHUi nepecra-
HOBKH CTPOK M NepecTaHOBKH CTOJIOLLOB MaTPHLbl (MM COOTBETCTBYIOT Iepe-
CTaHOBKH YPaBHEHHH U TepeMeHHbIX B CHCTEME).

Ynpaxnenue 139. Peuuure cucremy

x+y+z+u=1;
y+z+uv+u=>;
xt+u+ov+z=2
x+ut+v+y=4
v+x+z+y=_8.
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DJieMeHTapHble MPeoOpa30BaHUs MOXKHO NPUMEHSTH HE TOJLKO K JIMHEH-
HbIM cucTeMaM. MOXKHO Jyisl TIPOM3BOJIbHBIX CUCTEM B OMPEeeHUN 3J1eMeH-
TapHbIX Pe00pPa30BaHUil pa3peLiuTb YMHOXKEHHE He Ha KOHCTaHTY, a Ha Mpo-
M3BOJIbHOE BblpaKeHHeE.

Ynpaxuenue 140. Peure cucremy

x —y=x*y%
g2+ xty +yte=0.

B TepmuHax sseMeHTapHbIX peoOpasoBaHuil MeTos [aycca MoxHO npef-
CTaBUThb CJeyloUIUM 06pa3oM. BhinosiHsieTesi Mocse0BaTe/IbHOCTb dJeMeH-
TapHbIX Mpeo6pa3oBaHuil, KOTOpasi MPUBOAUT CHCTEMY K TPEYTrOJbHOH WJIH
TpaneLueByHON.

Cucrema ¢ KBaJpaTHOH MaTpHULIEl HA3BIBAETCS MpeyeoabHOl, eClii B ee
MaTpULE 71 X 11 BCE 3JEMEHTbI a; j, [ > j, PACNOJIOKEHHbIE HHXKE JHarOHaJH,
PaBHbI HYJIO, HO a1 ... Qmm#0.

Cucrema HasblBaeTcst mpaneyuesioHol, eCid B ee MaTpule ay g ... dp i 7
#0, B ctpokax (k + 1)-ii 1 HHKe (€CJIM OHU €CTb) CTOSIT TOJBbKO HYJIH U HUXKE
JIMarOHAJIM — TOXKe HyJH.

Ynpaxnenue 141. Ecau cucrema TpeyrosbHas, TO OHAa HMEET €IHH-
CTBEHHOE pellleHre, KOTOpoe MOXKHO HaTH 3a rn(n — 1) onepauuii.

YnpaxHenue 142. Ecsiu cucrema TpareuueBuiHasi, To oHa JUOO He UMe-
eT peLleHHH, ecyi HyJeBOH CTPOKe MaTpHLbl CHCTEMbl COOTBETCTBYET HEHy-
JIeBOH KO3(D(UUMEHT B TPaBOH YaCTH COOTBETCTBYIOLIEr0 ypaBHeHHs, JHGO
B MPOTHUBHOM CJlyuae UMeeT (1 — k)-MepHOe MPOCTPAHCTBO pelleHUH.

Ynpaxnenue 143. CioxHocTb anroputrma l[aycca olieHHBaeTcs CBEpXy
3
kak Cn”.

B npumenenuu anroput™a l[aycca K 60JbLIMM CUCTEMAM Ha KOMIIbIOTe-
pax BO3HMKAeT MHOIO NpobJieM, CBSI3aHHbIX KaK ¢ BOSHUKHOBEHHEM CJIMLLKOM
60JbIIMX KO3(PPULMEHTOB (nepenoaxerue), Tak U C JleJleHHeM Ha CJIHILI-
KOM MaJible uucnia (mawurHbli Hyav). B pedysbrate uccienoBaHHH 3ITHX
BOIMPOCOB MOSIBUIMCH MHOTO Pa3HbIX KOMITbIOTEPHBIX aJrOPUTMOB JI/IS pelie-
HUS JIMHEHHBIX CUCTEM, M3JI0XKEHHIO KOTOPBIX MOCBSALLEHbI Lesble KHUIH. Mbl
He Oy/leM 371eCb KacaTbCsl 3TUX MHTEPECHBIX BOMPOCOB.

PelleHne TeopeTHuecKUX BONPOCOB, CBA3AHHBIX C JIMHEHHBIMH CHCTEMa-
MH, Obl1o 3asepwieHo B XIX B. B pesysbrarte NosiBUJIMCL TEOpUst MaTPHLL
1 TEOpHUs OMpeJlesIUTeNeld, KOTOPble, KaK BbISICHWIOCH CO BPEMEHEM, UrpatoT
BAXKHYIO POJIb B MaTeMaTHKe U 0e3 NPAMON CBfI3H C JIMHEHHLIMH CUCTEMaMH.
Mbl He MOXKeM 31ech M3J1araTb 3TH TEOPUH, YKaXKeM JIHllb KPAaTKO TeOMEeTpHU-
YECKYI0 HHTEpIpeTaLHio JIMHEHHbIX CHCTEM.
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Kaknoe 13 ypaBHeHHH cHCTEMbl BTOPOTO MOpsiaKa

ap x| +ajgxo = by;
a9 1 X1 + agoxe = by
MOZKHO HpeILCTaBI/ITb KaKk anMy}O JIMHWIO Ha TIJIOCKOCTHU C ypaBHeHl/leM
a;1Xxi +a[’2)€2:b[', i=1, 2.

MHoxecTBO Beex pemeHm”l CHUCTEMbI COBIMAAAET C NNepeCceyeHueM 3TUX MPAMbIX
aunui. Ecin auHun napaJJesbHbl U HE COBIaaalT, TO CUCTEMa HEeCOBMECTHaA.
Ec/u oHM coBNajaloT — a 3T0 03HAUAET, UTO UX KO3 UIHEHTbI MPONOPLHO-
HaJIbHbI:

a) _ a2 _ by

agy ase by’
— TO CHCTEMa HeolpejeseHa U UMeeT OJHOMEpPHOEe MPOCTPAHCTBO PEeLIeHHH.
Ecau npsiMble He mapaJiiesibHbl, TO CUCTEMa MMeeT eIMHCTBEHHOE pellieHue,
KOTOpPO€ COOTBETCTBYET TOUKE MepeceueHusi STUX MPSMBbIX.

B cayuae siMHeHOH cCHCTEMbl ¢ TpeMsl HEM3BECTHBIMU YPaBHEHHSIM COOT-
BETCTBYIOT IJIOCKOCTH B TPEXMEpPHOM MpocTpaHcTBe. Eciu cpeny HUX ecTb
napaJjijieJibHble U HeCOBMaAIolIMe, TO CHCTEMA HECOBMeCTHA. Ecin ecTh cOB-
najaiolie, To COOTBETCTBYIOLIME yPABHEHUS] MOXKHO W3 CHCTEMbl YAaJHTh,
He MeHsisi MHO)KecTBa ee pelueHuid. [lapa HermapaJiiesibHbIX MJIOCKOCTeH Me-
pecekaercsl o npsiMol JiMHuK. Ecsin 3Ta npsiMasi napaJJenbHa ocTajbHbIM
MJIOCKOCTSIM, TO CHCTeMa HECOBMECTHA, a €CJIM OHa COBIAJiaeT C NepeceyeHHt-
€M OCTaJIbHBIX MJIOCKOCTEH, TO MPOCTPAHCTBO PELIEHHH CHCTEMBI OJTHOMEPHO.
Ecsau Bce niockocTH COBMAjaloT APyr ¢ JPYrom, TO MPOCTPAHCTBO pelleHHH
CHCTeMbl JIByMepHO. B ocraBliemcsi cjydae rnepeceueHne Tpex MJI0CKOCTeH
sBJsieTcsl oJHOM Toukod. Ecsin GoJibliie YypaBHEHUH HET, TO CUCTeMa HUMeeT
OJIHO pelleHHe, TaK Ke KaK W B CJyyae, Korja ocTajibHble MJIOCKOCTH TOXKe
NPOXOJAT yepe3 3Ty TOUKy. B mpoTHBHOM ciydae cucTeMa HeCOBMECTHA.

[TonbiTKa #aTh TEOMETPHUUECKYIO HWHTEpPNPETALUI0 JHHEHHBIX CHCTEM
n-ro TOpsiiKa MpHUBea K CO3JaHHI0 TeOMETPHH N-MEPHOr0 MPOCTPAHCTBA,
KOTOpPOH Mbl He Oy/ieM 3/1eCb 3aHUMaThCSl.

Jlais1 cucteMbl BTOPOTO MopsijiKa

a1 X| +ajoxe =by;
Qg X| + agoxe =bo
HETPYJIHO BBIBECTH M SIBHbIE (DOPMYJIbI J/I5 PELLCHUI, UMEHHO

X = brags —boay o Yo = brag ) —boay
ajjags —asars’ ajjags —asags’
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el @) ag9 — ag1a12 # 0. [logo6uble hopMyJibl yxKe AJIsT CHCTEM TPETbEro
nopsiika TPOMO3JIKH, a jajiee CTAHOBSTCSl MPOCTO HeoGo3puMbIMU. [TosTOMy
JlelitbHWLL BBEJ TOHSATHE ONPENENTesl KBAPATHOW MATPHLIbl 1 X 1.

Onpenenenue 102. Onpedeaumenem (Wi demepmuHarmom) MaTpu-
bl A pasmepa n X n ¢ 3/1eMeHTaMHu a; ; HasblBaeTcs cymma scex nl npousse-
Oetuil BUNA A x(1) --- Apx(n), KAXKI0€ H3 KOTOPLIX COOTBETCTBYET OJHOK M3 11!
pa3JIMUHbIX [IEPECTAHOBOK T U GepeTcsi cO 3HAKOM (), PABHbIM 3HAKY TOH
nepectaHoBkd. COKpallleHHO OnpeaeuTe]b MaTpullbl o6o3Hauaetcs det(A),
a uHorza u npocto |Al.

Dopmyaor Kpamepa njst pellieHusi CHCTeMbl YpaBHeHHH ¢ matpuueil A

1 CTOJIGLOM CBOOOJIHBIX UJIEHOB b, KOTOpble Mbl He Oy/leM JI0Ka3blBaTb, UMe-
10T BUJL

P det(A;)

T det(A)”
rie A; —wmarpuua, Kortopasi noJydaercsi, ecju B MaTpuile A 3aMeHUTb
i-# cTosbel, COCTOSALUMH M3 4HCeN ajj, ..., Ay, HA CTOJOEL, COCTOSLINA

U3 uuced by, ..., b,.

Ho uTo6bl untaTe/ib MoMydns1 Bce XKe HEKOTOpoe NpeCTaBJeHHe 0 TEOPHH
onpejenuTesiell, npealaraeM eMy HeCKOJIbKO yIpaKHeHHH.

Ynpaxuenue 144. Tlposepbre, uTO ONpele/uTe/b MEHSET 3HAK MPH Ie-
pecTaHoBKe JIIOOBIX ABYX CTPOK HJIM JIOOBIX ABYX CTOJIOLOB M He MEHSIeTCsl
NPU OCTAJIbHBIX 3JIeMEHTapHbIX NPe0OPA30BAHUSIX €r0 MaTpPHLIbl, BbIIOJHEH-
HbIX KK CO CTPOKaMH, TaK M CO CTOJIOLAMH.

YnpaxHenue 145. Hanuiure siBHble hopMyJibl ONpeieUTeNER BTOPOTO
1 TpeTbero nopsiikoB. Jlokaxkute (opMysibl 1JIsi pelleHus] JIMHEHHbBIX CHCTeM
BTOPOTO U TPETHEr0o MOPSIIKOB.

Ynpaxuenue 146. Onpenenntenb TPeyrojabHOH MaTpPHILbl paBeH NMPOU3-
BeJIEHUIO JIMaroHalibHbIX 3JeMeHToB. OnpenesuTe/b TpaneuueBUaIHOH MaTpU-
bl PaBeH HYJIIO.

Ynpaxuenue 147. HenocpenctBeHHoe BbUHUC/IEHHE OTIPEENUTENS 11-TO
nopsaka Tpebyer 7 - n! — | yMHOXKEHHH U CJIOKEHUI-BbIUHTAHUH.

[Tostomy siBHYI0 hOPMYJTy UCMOJB3YIOT /1S BBIUMCJEHHE TOJMBKO TIpU 11 < 3
¥ HHorja mpu n=4. A BbIUMC/ISIOT onpeaeauTesn Metojgom [aycca, npeo6-
pas3oBbIBast MATPULY K TPEYroJbHON (MJIM TpaneLreBUIHON).

Ynpaxunenue 148. JlokaxxkuTe, UTO ONPEACIUTEINb 11-T0 MOPSAKA MOXKHO
BBIUMCIUTL 32 Cn® apudmeTHuecknx onepaumii B noJjie, HaJ KOTOPLIM pac-
CMaTpUBaeTcsl MaTpHlla.

Gopmysbl Kpamepa HMEIOT MO3TOMY TOJBKO TEOPETHUECKOE 3HAUEHHE,
W OpU 1 > 3 ISl PellieHust CUCTeM UcroJib3yercst MeTol [aycca 6e3 npensa-
PUTEJIBHOTO BBIYHCJIEHHUS ONpeaesUTeNeH.
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Onpenenuresb MOKHO FeOMETPHUECKH UHTEPIPETHPOBATh KAK OPHEHTHPO-
BaHHbIA 06'beM MapaJjiiesienuresia, HaTSHYTOro Ha ee CTOJOLb! (MM CTPOKH).
Mbl MOSICHUM 3TO yTBepxKJeHHe TOJbKO B JAByMepHOM cJjyuae. Ilpu n=2
ap  ape
ag,1 Qg2
TSIHYTOTO Ha BeKTopa (a;,1a2), (a2,1as2), KoTOpasi 6epeTcst CO 3HAKOM ILIIOC,
€CJIM T1epBbIil BEKTOP MEPEXOAMT BO BTOPOH MPH MOBOPOTE MPOTHB YaCOBOH
CTPEJIKH.

st nokazaresnbCTBa COBMAJIeHUs] OPUEHTHPOBAHHOM MJIOLIAMM U OTIpe/e-
JIUTEJISE MOXKHO TIPOBEPHUTD, UTO OPUEHTHPOBAHHAS TUIOLIA/b 06JIA/IAET TEMH 2Ke
CBOWCTBAMH, UTO U ONpPeNeNUTe/b, YKa3aHHBIMU B MPEbIAyLLIHX yIparKHEH -
sx. OcTaercst TOJbKO 3aMETUTb, UTO ONpPeNe/MTeb e0UHULHOL MAmpULbL
(MaTpullbl ¢ eIMHUIIAMM Ha TJIABHOW JIMAaroHaJu a; W HyJIIMH BHE e€e) paBeH
elIMHHULIE, TaK K€ KaK U COOTBETCTBYIOLIAS OPUEHTHPOBAHHAS MJIOLIA/b.

XoTs1 B OCHOBHOM JiMHeHHas1 anrebpa Oblia coznaHa B XIX B., ee pas-
BUTHE NpoJoJ/KaeTcs U ceiluac. Hanpumep, Hemelikuii matemartuk Lltpaccen
B 1967 rony npensioxKua aaropuT™ Jisi pellieHnst JJUHEHHbIX CHCTEM f1-TO T0-
pAZIKa M COOTBETCTBYIOLLMX ONpejesuTeseil co caokHocTbio Cn'°% 7. dtor
pe3yJibTaT BbI3BaJl CEHCALIMIO, HO, K coxKaJsleHHto, ajaroputm Lltpaccena Hauu-
HaeT NMPEBOCXOUThb aJropuT™ [aycca ToJbKO Ui MATPULL NOPSAKA HECKOJb-
KUX coTeH. B nasbHefiniem ouenka Lltpaccena ycHaUsiMU €ro caMoro u Apyrux
MaTeMaTHKOB HEOJHOKPATHO yJyullasiach U 0BeleHa cefuac 10 oleHkn Cn',
e 7 < 2,35, opHako runotesa LLtpaccena o ToM, UTO MOXKHO MOJYUHUTh OLLEH-
Ky, B KOTOPOH T — 2, ellle He JIOKa3aHa, a TOoJIyueHHble HOBbIE aJrOPUTMbI
npeBocxoadtr aaroputm LlTpacceHa ToabKO /it MATPULL KOJIOCCAJIBHBIX pPa3-
MEpOB H He UMEIOT MPAKTHUECKOro 3HAUEHHUS.

Hexotopble HesMHENHHble CHCTEMBI JIETKO CBOAATCS K JHHelHbIM. [IpuBe-
JIeM MpoCTelle MPUMEPbl, B KOTOPbIX CBEEHHE OCYLIECTBJSETCS Jorapud-
MupoBaHueM. Pagymeercsi, MOXKHO Jiorapu)MUPOBaHHUs He JleslaTh, a MOBTO-
PUTb Ha MYJBTHUTJIMKATMBHOM $I3blKe TO, UTO JIeJIa€TCS C COOTBETCTBYIOLIEH
JIMHEHHOHN CHCTEMOH Ha aJJIuTHBHOM.

onpeae/iMTe/ib MaTpHULbI paBeH MJiolla/y MapaJijiejiorpamma, Ha-

Xy =75;
Ynpaxunenue 149. Pewute cucremy ¢ yz =6;
xz=T.
xixg =1
xox3 =1,
Ynpaxuenue 150. Peumte cucremy < ...........
Xn—1Xp =1
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B cneﬂy}omeﬁ CUCTEeME HaJ0 BHauaJie BbIMNOJHHUTL pa3J/io2KeHHe Ha MHO-
2KHUTEJIH, TTOTOM IMOAXOASALLYO0 ﬂMHGﬁHy}O 3aMeHy, 1ocJie yero cuctema rnpumet
BH], aHaJIOTHUHBIH npeabliyunMm.

Ynpaxuenue 151. Pewute cucremy

P=a+(y 2%
=b+(z—x)?%
2Z=c+(y—x>
[Tepexoast K cucTemam OGIIEr0 BHJA, H3JOXKHM KPAaTKO TEOPETHUECKHH

METO/J UCKJIIOUEeHHUS HEU3BECTHLIX AJ15 aﬂreépamecm{x CHUCTEM C IBYMsI HEU3-
BE€CTHbLIMHU. HyCTb JlaHa CHUCTeMa

f(x, y) =0;
gx, y)=0

Bynem paccmatpuBath f(x, y) ¥ g(x, y) Kak MHorousensl F(x), G(x), Ko-
3 PUIHEHTBI KOTOPBIX SIBJSIOTCS MHOTOUJIEHAMH OT 4, epeMEHHYI0 § MOXKHO
paccMaTpuBaTh Kak napamerp. Torna 3agaua perieHHst CUCTEMbI PABHOCHJIb-
Ha 3ajJlaue HaX0XK/eHHs1 3HAaUEHUI TapamMeTpa, MPH KOTOPbIX MHOTOUJIEHbI F(X),
G(x) umeroT obu1He KOPHH.

Kpurepuem Hajinuusi 06X KOPHEH y IBYX MHOTOUWIEHOB SIBJISIETCST 06pa-
lLleHHe B HyJIb HX pe3yrbmarma.

Onpenenenue 103. Pesyromanmom res(f, g) nByX (KOMIJIEKCHDIX)
MHOI'O4YJIEHOB

f(xX)=a,x"+...+ag, gX)=bux"+...+ b

Ha3blBaeTCs unucao aly g(xy) ... g(x,), rae Xy, ..., X, — KOPHH MHOTOousleHa f
C YU€TOM KPATHOCTH.

Ynpaxuenue 152. Jlokaxkute GpopmyJbl

res ([, @)= '”b"HH —yp)=(=1)""res (g N=(=1)"b}, [(1) - [(>m),

i=1j=I
rae Yy, ..., Ym — KOPHH MHOTOUJIEHA g C YUE€TOM KPAaTHOCTH.

M3 nosyueHHbIX GopmyJ cpady CJjelyeT Hy:KHOe HaM CBOHCTBO pe3yJib-
tanta: res(f, g) =0<= [ u g nmeroT o6 KopeHb. Ho moJb3bl OT Hero
HHUKAKOM, €CJIM He YMETb BbIUMCJ/IATL PE3YJbTAaHT, He 3HAs KOpHEH MHOTrouJe-
HOB. OKa3bIBaeTCs 3TO C/IeJaTh MOXKHO, 1 MHOTHMMH PA3HbIMH CIOCOGAMH.

CaMmblil MPOCTON W3 HUX JJIsi MOHUMAHWSI OCHOBAH Ha TOM OOCTOSITEJb-
CTBE, UTO COMNJIACHO MOJIydeHHOH (hOpMyJie pe3ysibTaHT He MeHsieTesl PH 06Ok
repecTaHOBKe KOPHEH KaxK[10ro M3 THX MHOTOUJIEHOB, 3HAUHT, OH sIBJIsIeTCS
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CHMMETPHUECKHM MHOTOWIEHOM OT MEePeMEHHbIX X; ¢ KOd(duLreHTamu, 3a-
BUCSILLMMU OT Y, 3HAUUT, COIVIACHO TeopeMe O CUMMETPHUECKUX MHOTOUJIeHax
1 TeopeMe Bueta, oH sIBJISIeTCS MHOTOUJIEHOM OT KOS((ULHEHTOB @; U OT KOP-
Hell y;, IpHYeM TOXKe CUMMETPHUECKHM OTHOCHTEJIbHO 3THX KOPHEH, 03ToMy
OH aHAJIOTHYHO MOXKeT ObITh BhIPA’KEH He uepe3 KOPHH ¥;, a uepe3 Kovdhdu-
ueHThl b; (BMecTe ¢ KoadduLMeHTaMu a;).

Ynpaxuenue 153. Haiinure pesysnbrant

res (x* + p1x +q1, ¥° + pax +qo).

YKa3aHHbIH aJrOpUTM BbIUMCJIEHUS] pe3ysibTaHTa MPaKTHUECKH HMKOra
He TipuMeHsieTcsl. [IpUMeHSIOTCS aJropUTMbl, GJIM3KHE K Pa3HbIM BapHaly-
M ajqropuTMa EBK/HJa, MCMOJb3YIOTCS pasJjvuHble sBHble (OpPMYJbl /s
pe3yJibTaHTa, HCMOJIb3YIOLIKME ONpPEeIUTeIH, HO Mbl HE MOXeM 31eChb HX
13J1arath.

Bripaxas res (F, G) yepes kosdduumenTsl a;, b; MmHorousenos F(x), G(x),
noJlyuaeM MHOTrouJieH oT y. Ero crerneHb MOXKHO OLEHMTb CBEpPXY Kak MpPOU3-
BeJleHUe cTerneHell MHorousieHoB f(x, y), g(x, y). Haxons ero kopHu u noju-
CTaBJIsIA UX B 00a ypaBHEHHSI CUCTEMbI, M0JIydaeM J[Ba MHOTOUJIEHA ¢ OOLIMMH
KOPHSIMM, KOTOPble MOXKHO HaTH, BbluMc/sis BHavyase ux HOJL anropurMom
EBkanpa. OTciona MOXKHO BblBeCTH TeopeMy besy mnsi ciyuasi nByx Heus-
BECTHBIX.

Ynpaxuenue 154. Jlokaxure teopemy besy mjisi cucteM M3 JBYX ypaB-
HEeHHWH C JIByMsl HEM3BECTHBbIMH, a HMEHHO, UTO TaKas chucTema JIMOo Heorpe-
JleJieHa U UMeeT GECKOHEUHO MHOTO pelIeHHH, MO0 HMeeT He GoJjiee yeTbipex
peLIeHHH.

Ho pelath cucTeMbl U3 ABYX ypaBHeHHH C IBYMsi HEH3BECTHBIMH Jyullle
crenyolM mpreMoM. [lpumensist moaxossiiee sneMeHTapHoOe npeoHpasoBa-
HHe, ycTpaHsieM x° M3 OJHOTO M3 yPaBHEHHil, M MOCJe 3TOro, BblpaXkas X
uepe3 y W MOJACTABJIsIst BO BTOPOE YPaBHEHHE, M0JIy4aeM ypaBHEHHE OTHOCH-
TeJIbHO X He BbIlIe YeTBEPTOH CTEeleHH.

2 2 _1.
YnpaxHenue 155. Peuure cucremy N . 2y° + 20y =1L
2x2 4 y? —xy —x +2y =3.

3apauu v ynpaxHenus K § 4.13

Peluurte cucrembi:
x+y+z=aq

Lo ¢x?+y2+22=a%
Gyt =ad

X+y+=aq
(X% + y?) (x> + y?) = 2a°.
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2x? o
xy = 10; i
’ 2
3. (Kapxu, XI B..) { xz =y 4. 2y _ .
I+y2 7
x4 y? =22
2z —
1422 7

X1 +2x0+...4+2x,=1;
X1+ 3x0+4x3+...+4x,=2;

B
X1+ 3x0+ ...+ 2k — V)xp 4+ 2kxpy 1 + ...+ 2kx, =k
X1 +3x0+0x3+...+2n—=3)x—1 +(2n—1)x,=n.
x1 — 3xg + 2x3 2 0;
Xo —3x3+2x4 2 0; yz/(y +2)=a;

6. ¢ . 7. { xz/(x +2)=0;
Xg9 — 3X100 + 2x1 = 0; yx/(y +x)=c.
X100 — 3x1 + 2x2 2 0.
o Kt ye=2a

8. 1X3 --- Xp/ X2 = A2, 9. x2+y2—22:a2;
................... Sxyz — xb— g — P = b,
X1 oow Xno1/Xn = an

§4.14. louemy ypaBHeHHsI MOTYT ObIThb HEOTPAHUYEHHO
TPYAHBIMHU

Kak yxxe uutaresnb 3Haer, asrebpanueckie W UppaLMOHaJ/IbHble ypaBHe-
HHS1, HEPABEHCTBA U CHCTEMbI MPEJICTABJSIOT He NPUHLUUIHAJbHbIE, @ TONBKO
TeXHHUYEeCKHe TPYAHOCTH, TaK KaK OHH MOIyT ObITb CBelleHbl K ajrebpanye-
CKHM YpaBHEHMsIM, KOTOpbl€ €CJIH M He BCerja MOXKHO pellHTb B pajuKaJax,
TO M0 KpalHeH Mepe MOXKHO PellHTb YHCJEHHO CKOJIb YTOAHO TOYHO.

YpaBHeHUs1 mpaHcyeH0enmHble J0BOJbHO PELKO YAAETCsl CBECTH K aJl-
re6panueckuM, U Torna npuberatoT K UMCJEeHHOMY pelleHHIo, Harpumep, Me-
TOAOM HTepauuil uiu merogoM HbioToHa.

[Tokaxkem, uTo, BoOOLIe roBOPs, pelleHHe TPaHCLEHAEHTHbIX YpaBHEHHH
MOKET BbI3bIBATb MPUHUMIHKAJBHbIE 3aTPyAHeHHs. BHauase s mpocToTbl
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paspelluM HCOJIb30BATh B YPABHEHHSIX LEYI0 YACTh |X| M MOJyYaKoLLylo-
csl U3 Hee 1poGHYI0 yacTh {x} =x — | x|. Paccmorpum cucremy

XY —z2t=1;
x=4+x}+x+x2+x3
y=yi+ys+y3+yi
z=2+z2}+23+25+z2;
t=t}+ 15+t + 15
{x1}=0;

{x4}=0;

{y1}=0;

{y4} =0;

{z1}=0;

{z4}=0;

{t|}=0;

{t;}=0

Ecau sta cucrtema uMeeT pelleHHsl, TO MepeMeHHble X;, Y;, 2, 1; BJs-
I0TCS 1IeIbIMU UMCJAMHU, a TaK Kak COrJacHo TeopeMe JlarpaH:ka o ueThlpex
KBajpaTax Jilo0oe HaTypajibHOe UHUCJIO MPEACTABUMO B BHIE CYMMbl UEThi-
pex KBaJpaToB LEJbiX UYHUCEJ, TO NepeMeHHble X, Yy, 2, [ TpU 3TOM MOTYT
NPUHUMATh JitoOble HATypalibHble 3HAueHusi, rnpuuem x >4, z > 2. ITosromy
3aJlaua CBOJIUTCSI K PELIEHUI0 B HAMYpaibHblx Yucaax ypaBHenust Katanana
x¥ —z! = 1. Ho y 31010 ypaBHeHus, Kak npeanooxui Karanan u noka ere
HUKTO He J0Ka3aJj, eCTb TOJbKO OJHO pelieHue (x =3,y =2, 2=2, { =3),
KOTOpOE He YIOBJIETBOPSieT HepaBeHCTBY x > 4. [TosToMy Heu3BecTHO, HMe-
eT JIM JlaHHasl cucTeMa pelieHust *,

KoneuHo, M0KHO Hanucathb MoJo6HYI0 cucteMy Jyist jito6oro duoghamnmo-
8a ypasHeHus, T.e. ypaBHenus Buja P(xy, ..., x,) =0, rie P — npousBoJib-
HbIH MHOTOUJIEH C LEJbIMH KO3((HIIMEHTAMH, KOTOpPOe TOXKe Haj0 pelliaTh
B Le/bIX udcaax. [1pu aTom, KeTaTH, MOXKHO He MCIOJb30BaTh Teopemy Jla-
rpaHa M HanucaTb 6oJiee MPOCTYI0 CUCTEMY

P(xy, ..., x,) =0;
{x1}=0;
{6 =0

* CpaBHHUTe/IbHO HellaBHO TaiiiemMaH j10Kasal, uTo ypaBHeHue KatasaHa umMeeT KoHeuHoe unc-
J10 peLIeHHH.



§4.14. Tlouemy ypaBHeHHSI MOTYT GbITh HEOTPAHHUEHHO TPyAHbIMH 273

MtHorue nuodaHTOBbl ypaBHEHHsI 10 CUX NOpP He pelieHbl. Bosee Toro,
B 1970 rony acniupant JIT'Y, Boinyckuuk @MII Ne 18 npu MI'Y IOpuit Ma-
THsIceBUY * J10KasaJl, 4To npobsema pacrio3HaBaHHsl TOTO, UMEET JIH pelleHHus]
MPOM3BOJIbHOE JHO(AHTOBO ypaBHEHHE, AA2OPUMMULECKI Hepaspeuwuma.
[TosTomMy ¥ HeET ajroput™a Jijisi pellieHUsi MPOU3BOJIbHBIX TPAHCLEHIEHTHbBIX
CHCTEM.

3ameTuM, uTo JIIOGYI0 CHCTEMY MOXKHO 3aMEHHUTb Ha OJHO YpaBHEHHe, TaK

KaK cucrema
filxr, <oy Xa) =0;

paBHOCI/IJTbHa ypaBHeHmo
Fixt, oo, x0)2 H oo o, oo x)? =0,

KcraTn, nporn3BoJibHYI0 CHCTEMY HepaBEHCTB

Fi(xi, ..., xn) = 0;

MO2KHO 3aME€HHUTb Ha OJHO YpaBHEHHE

(Fr(xty oo X)) — D2+ o+ (X ooy x0) — y2)2 =0,

cojieprKalliee 0MOJHUTEIbHbIE HEU3BECTHbIE, HO PABHOCUJIBHOE HCXOJHOH CH-
creme.

Ecau BamM He HpaBUTCS, UTO y TAKUX YPaBHEHWH MHOTO HEU3BECTHBIX,
TO MOKHO BCe HeU3BeCTHbIe X;, i = 1, ..., 1, NIPUHUMAIOLLIME HATYPaJIbHbIe 3HA-
UeHMsl, 3aMEHUTb Ha OJIHO HaTypaJibHOe HEH3BECTHOE X TaKOe€, UTO X; = Cp i (X),
Te ¢,i(x) —Takue (YHKUMH, uTo JJisi Jio6oro HaGopa HaTypaJsbHBIX 3Ha-
ueHudl x;, i =1, ..., n, HaWJIeTCs €IMHCTBEHHOE HATypaJibHOE X TaKoe, UTo
Xi = Cni(X).

Takue (hyHKIHH MOXKHO BbIPA3UTh Uepe3 (DYHKIHIO | 4/X |, KOTOPYIO MOXKHO,
KOHEYHO, CUNTAThb JIeMEHTAapHOH, eC/Ii PellUThb CJelylolue YIpaKHeHHs .

YnpaxHenue 156. JlokaxkuTe, uTo ypaBHEHHE
cx, )=x+y)x+y+1)/2+x=n,

riue I’l—HaTypaJIbHOe 4yHucJ0, uMeeT €IMHCTBEHHOe pELLIEHI/Ie B HaTypaJIbeIX
yucJgax
x=cy1(n)=1Un), y=coo(n)=r(n),

* 10. B. Marusicenu (poa. 1947), un.-kopp. PAH, npodeccop marmexa CII6IY.

18 TauikoB
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rue

l(n):n—% {HNSHW {L\/&l—;lJ—IJ ’

e

3HAUWT, 3TH (YHKLUMH YIOBJETBOPSOT ToxKaectBam 1 =c(l(n), r(n)), x=
=lcx, ), y =r(c(x, y)).

Ykasanue. Tak Kak
2n=(x+y’+3x+y, 8n+1=(2x+2y+3)?—-8y—38,
BbITTOJIHAKOTCHA HepaBeHCTBa
2%+ 2y + 1 < [V8n+ 1] < 2x +2y +3,

VBT T) 41
x+y+1<{%J <x+y+2

Onpenesum Mo MHAYKUMH (DYHKIUH

c"(xy, oeey Xp) :c”_l(c(xl, X9), X3y +ny Xn),
Cat(x)y=1(l ... l(x) ..)),
Cno(X)y=r(l(l ... l(x) ...)),

Ynpaxnenue 157. JlokaxuTe TOXeCTBa

" (Ca1(X), ooy Can(X) =X, cai(c (X1, e Xn)) = X;.

Baiaromapst 3THM TOXKIECTBAM MOXKHO HArMCcaTh CHCTEMY C OJHHM HeH3-
BECTHBIM
P(cni1(x), ..., can(x)) =0;
{x}=0,

a MoTOM TIepesiesiaTh €€ B OJIHO YpaBHEHHE.

Ecuiu ke BaM He HPABUTCSI UCMO/L30BAHUE B ITHX CHUCTEMAX LEJOH 4acTH
(oHa XOTb M OueHb TpocTast YHKIMsI, HO BCE »Ke pa3pbiBHAsI), TO €e BIIOJIHE
MOKHO 3aMeHHTb CHHYCOM, HO CHCTeMbl OyIyT HEMHOTO CJIOXKHEe.
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Ynpaxuenue 158. Jlokaxure, 4yTo cUCTEMA

P(xy, ..., x,) =0;
sin (w) = 0;
w>3;

w<4;

sin (wxy) =0;

sin (wx,) =0
paBHOCH/IbHA THO(AHTOBY ypaBHEHHIO

P(x1, ..., x,) =0.
YkaszaHue w=m, nosromy sin (wx;) =0 o3Hauaer, uto x; — UeJ0e
YHCJIO.
YKasaHHYyIO CHCTeMY JIETKO 3aMeHHUTb Ha OJIHO ypaBHeHHe

Pxi, oo X))’ +(w—=3-y?) P+ 4 -w-2%"+
+sin (w)? 4 sin (wx)? + ... 4 sin (wx,)? =0.

MoxKHO, HO 3TO CJIO)KHee, 3aMEHHTb OJIHO YpaBHEHHE Ha PaBHOCHJIbHOE
yPaBHeHHEe U JaXKe HEPABEHCTBO C OJIHOK HEM3BECTHOH, COAeprKallee Kpome
apU(pMeTHUECKHUX OMepalyil TOJMbKO CHHYC.

3ajnauu v ynpaxHenus K § 4.14

1. Ecsn no6aButh K unc/y HCnoJib3yeMbix QYHKUME | x|, TO s060e Hepa-
BEHCTBO MOXKHO 3aMEHHTb Ha 3IKBUBaJsIeHTHOe ToxKjaecTBo. [lostomy 3anaua
pacrno3HaBaHus, sIBJSIETCS JIM JaHHOE PABEHCTBO TOXK/AECTBOM, aJrOPUTMHYE-
CKHM HepaspeLuuma.

§4.15. Anre6pa u reomeTpus

M3 3Toit He0603pUMON TeMbl Mbl KOCHEMCSI TOJIbKO BOIMPOCA O TeOMET-
pUUECKOH WHTEeprpeTaludu CHCTEM BTOPOro nopsaxa. [eomerpuueckylo HH-
TeprpeTallio CUCTEM TEPBOTO MOpsiKa Mbl yxKe paccMarpuBaiu B §4.13.
Kaxnoe 13 ypaBHeHMH TakoH cUCTeMbl 3ajaeT Ha KOOPAMHATHOH MJIOCKO-
CTH KPHUBYIO BTOPOTO Mopsijika. PellnTb cUcTeMy 03HauaeT HalTH repeceueHne
THX KPHBBIX.

Teopema 106. Hesgoiposcdennas kpusas 8mopoeo nopsaoka feasem-
¢ abo arauncom, aubo eunepboaoli, abo napaboroii. Boiposcdenras



276 [napa 1V. Asnre6Gpanueckde ypaBHeHHsI

Kpusas sasasiemcs aubo obveduneruem 08yx npamolx, ALOO npocmo nps-
MOLL, b0 MOUKOL U MOdHCem OblMb NYCMIbIM MHOUCECITIBOM.

Teopema 107 (bBesy). /lgse kpusoie 8mopoeo nopadxka aubo codep-
acam odbuwyro npamyio, abo umerom He 6oaee wemoipex obuux mouex.

Mubl He 6yneM naBaTh (POPMaIbLHOTO J0KA3aTeAbCTBA 3THX TEOPEM, HO Jla-
JUM BCe e HEeKOTOpble MOsICHEHHUSI.

Onpepnenenue 104. Saauncom Ha3biBaeTcsi MHOXKECTBO (MJIH, KaK MUca-
JIM B CTapbiX yueGHHKaX, TeOMETPUUECKOe MECTO) TOUueK, CyMMa pacCTOSHUE
OT KOTOPbIX JIO JIBYX J@HHBIX TOUueK ((hoKycos 3Jurca) nocTOsHHO.

Onpenenenue 105. [unep6oaoii Ha3bIBAETCS MHOXKECTBO TOUEK, pas-
HOCTb PACcCTOSIHUE OT KOTOPbIX JIO JBYX JAHHBIX TOUeK ((hoKkycos runepOoJibl)
MMOCTOAHHA.

Onpenenenue 106. [lapaboaoli Ha3bIBAeTCs MHOXECTBO TOUEK, pas-
HOCTb PACcCTOSIHUE OT KOTOPbBIX JI0 TaHHOH TOUKH (¢hokyca napaboJibl) U 1aH-
HOMl npsiMolt (Qupexkmpucol, He Ipoxosllel uepe3 (OKyc) MOCTOSHHA.

DTH KpHUBbIE, U3BECTHBIE C IJIYOOKOH IPEBHOCTH, ObLIM MOAPOOGHO OTIHCAHBI
AnoJsuionuem * B ero Tpyje «Konuueckue ceuenusi». Onu 06J1afialoT Maccoi
UHTEPECHBbIX TEOMETPHUUECKHUX CBOHCTB, KOTOPbIE Mbl HE MOXKEM 3/1eChb H3Ja-
rath, B YaCTHOCTH, OHH JEUCTBUTEJbHO SBJSIOTCS CEUCHUSIMH KOHYyCa.

UuraTesio npensaraercs Bejes 3a JleKkapToM BbIBECTH HX ypaBHEHHUS.

Ynpaxuenue 159. Ecuu npoBectu och Ox uepe3 QoOKyChl 3JUIMIICA, @ OCh
Oy uepe3 ero UeHTp (cepeinHy poKarbHO20 Ompe3Ka), TO ypaBHEHHE 3J1-

JIIca NpUMET BHJL
2 2
x_ + y_ =1
a? = b2 ‘
Ynpaxunenue 160. Ecau nposectu och Ox uepe3 hoKychl rUnepOoJbl,
a ocb Oy uepe3 ero LeHTp (cepenuHy ¢hokarbHoeo ompeska), To ee ypaB-
HeHHe NPUMeT BHJL
2 2
¥
a? b2
Ynpaxuenue 161. Ecuau nposectu ocb Ox uepe3 aiupeKkTpucy napaso.isl,
a ocb Oy uepes ee OKyC, TO ee ypaBHEHHe NPUMET BUJ § = aX>.

Ecsin ke BbIOpaTb OCH KOOPJAMHAT MPOM3BOJIBLHO, TO YIS 3THX KPHMBBIX
noJyvarcst 6oJiee CJ0XKHbIe YpaBHEHHs, HO OHH OYIyT ypaBHEHUSIMH BTOPOTO
nopsizika. BepHo u o6parHoe.

JLi1st ernodsib30BaHUsi TeOMETPUYECKON HHTEPIPETALMH B PELLIEHUH CUCTEM
HY>KHO YMeTb ObICTPO MOHUMATb, KAKOTO THMA KPUBYIO 3a1aeT KaxKjioe ypaB-
HeHHe.

* Anosutonuit [leprekuit (Ano)\)\éwog 6 Tlepyarog, III-II B. 10 H.3.) — OfMH U3 BeJMKHX
MaTeMaTHKOB JIPEBHOCTH.
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Jla1st 3TOro 10CTaTOUHO 3HATH TOJLKO KBAAPATHUHYIO UACTh YpaBHEHHs
KpUBO# — k8adpamuunyto opmy ax® + 2bxy + cy®. Ecau oua nyJnesas,
TO KPHBasl BBIPOXKIAETCsI B MIPsIMyI0. B MpoTHBHOM cJlyuae MOKHO MocJie cMe-
Hbl 3HaKa cuuTath, uyto a >0 wiau sta dopma umeer BUL 2bxy. [locaennuii
cJlyuail MOXKHO CBECTH K T€PBOMY 3aMeHOil MepeMeHHbIX BH1a

X'=(x +y)/VZ
y'=(x—y/V2

(KkoTOpast reoMeTpHUeCKH O3HauyaeT MOBOPOT CHCTEMbl KOOPAMHAT Ha 45°),
TaK Kak B HOBbIX TepeMeHHbIX KBajpaTHuHas hopma npumet Bua b(x? — y2).
HaJsiee BblaesisieM MOJIHbIA KBaapat

ax® + 2bxy + cy? = a(x + by/a)® + y*(c — b%/a)
W TI0CJIe 3aMeHbl MepPeMeHHbIX

x'=x+by/a;
Y=y

(KoTOpasi reoMeTpUUYECKH 03HAYaeT MepekoC CUCTEMbl KOOPJMHAT) KBaapaTHu-
Hasi hopMa ypaBHeHHsl MPHHUMAeT BuA ax’ + by?, a JuHeiinas yacTb ypas-
HeHusi ocTaeTcs JuHekHOoH. [lasee nenaem 3ameHy repemMeHHbIX

x'=x4+co:
y'=y+a

(reOMeTpPHUECKH 03HAUAIOLLYI0 MapaJie/bHblil ePeHOC CHCTeMbl KOOPIMHAT)
W MoJTyuyaeM ypaBHeHHe KpHBOH B BuAe ax® + by’ =c, uan B Buje ax’ =y,
win B Buae ax®=c. B npeanocjeanem ciydae Kpupasi siBisieTcsi napa6o-
JOH, a B MNOC/JEIHEM BBIPOXKIAETCS JMO0 B Mapy NapaslesibHbiX MPSMbIX
x =+/c/a, mb60 B oany mpsmyto x =0, MO0 B MycTOe MHOMKECTBO MPH
c/a<0.

B nepsom cayuae a®+ b2 >0, u ecan ¢ =0, To KpuBas BBIPOKIAETCH
B 00beMHEeHHe JBYX NMpsMbIX \/ax ++v/—by =0 npu b <0 WM B TOUKy
(0, 0), ecin b >0. Ecam ke ¢#0, to npu b <0 nosyyaercss runep6o-
Ja, Tak Kak runepbo/a OTJMYaercst OT 3/JMrca M napaGoJibl HaJuuveM
acuMnMOM — NPSIMbIX, K KOTOPbIM OHAa HEOrpaHHueHO MPHOJHKAETCS, X
He Tepecekas (B JAHHOM cJydae 3TO mpsiMble \/ax ++/—by =0), a npu
b >0 moayuaercst NGO JIMIIC, TAK KAK /IMIC OTJIMYAETCS OT rUrep6o-
Jbl M NapaGoJibl CBOEl OrpaHMuYeHHOCTHIO, JIMOO MyCTOe MHOXKECTBO, ec/H
¢ <0.
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Mbl He OyzieM 31ech UCKaTb NPAMOY20AbHYIO CUCTEMY KOOPJHUHAT, B KO-
TOPOH ypaBHEHHE KPUBOH NPUHUMAET YKA3aHHbIK B YIPAXKHEHUSIX KAHOHU-
yeckull BUJ, TaK KakK AJIl TOHUMaHHsl B3aUMHOTO PacroJ/IoXKeHUsT KPUBBIX 3TO
He Hy’KHO, HO pacCMOTpHUM OoJiee NPOCThIE U MOJIE3HbIe Ha MPaKTHKe BOIMPO-
Cbl O TOM, Kak ObICTPO PHCOBATb KPHUBbIE BTOPOTO MOPSAKA AJIS HEKOTOPBIX
crielasibHbIX BUAOB HX ypaBHEHHI.

J1asi TOro uTo6bl GLICTPO HAPHCOBAThL ICKU3 NapaboJibl y = ax’ + bx + ¢,
He HY)KHO BblJe/sITh MOJHBIH KBaJApaT, pucoBaTh napacosy y = x> v CIBH-
raTb ee, KaK yuaT B pasJIMUHbIX NOCOOUSIX. DTO BCe NPABUIILHO, HO ME/JIEHHO.
Tax kak Mbl y)Ke 3HaeMm, 4To mMoJydaercss rnapadoga, A0CTaTOYHO HAHTH ee
TPU yl0OHble TOUKH, Harmpumep, (0, ¢) — TOUKY nepeceueHdsi ¢ OCbl0 OpIHu-
nar, (1, a+b+c¢), (-1, a—b +¢) 1 MJaBHO NPOBECTH uepe3 HUX KPHUBYIO,
CUMMETPHUHYIO OTHOCHTE/IbHO NpsiMoil x = —b/2a. Ecsu y Hee ecTh KOpHH,
TO Jiyulle WX ObICTPO HAHTH 1M0A6OPOM 10 TeopeMe Buera W yuecTb npu npo-
BesleHuH KpuBol. Torna ocb napa6oJibl IPOBOAMTCS Uepe3 Cepe/iiHy OTpe3Ka,
coenuHsiollero KopHu. Hanpassenne BeTBeill mapabGosibl (BBepX WJH BHU3)
oripeJie/IsieTCst TOJIbKO M0 3HaKy a.

Ynpaxnenue 162. Kax no Buay rpacduka y = ax® + bx +c ¢ JaHHBIMH
OCSIMH KOOPJIMHAT OTIPEIeNUTh 3HAKH BCEX KOI(PPUIHEHTOB?

UyTb Gosiee CJI0XKHDBI TPHEM UCI0J/b3yeTCs Ul ObICTPOrO PUCOBAHUS M-
nep6oJibl, 3a]aHHON ypaBHeHUEM BUJa

ax +b
Yy="7
cx+d
JIjis1 5100 Ccpasdy pUCYIOTCS aCUMOTOTH X = —d /¢ (OHA BO3HUKAeT H3-3a 00-

pallieHusi B HyJIb 3HAMeHAaTeis IPo6H) U i = a/c (OHA BO3HUKAET TIPH CTPEM-
JIEHUH X K O€CKOHEUHOCTH, TaK KaK MpH OOJbIIUX X YKa3aHHAsl 1poOb MpUbIU-
3UTEJIbHO paBHA ax/bx =a/b) v TOUKH ee MepecedeHust ¢ OCSMH KOOPIHHAT
(0, b/d), (—b/a, 0). TTo HUM TIaBHO MPOBOAATCST 06€ BETBH THITEPGOJIBL.

Ynpaxnenue 163. Kak no suay rpaduka y = —?jj__g

KOOpAMWHAT ONPEAC/JUTh 3HAKH BCEX KOSqﬁ)(i)I/ILU/IeHTOB?

C JaHHbIMH OCSAMH

Ecan ypaBuenue umeet Buj ax’ + ay? +bx +cy +d =0, a >0, 10 oHo
3a1aeT OKPYKHOCTb, TOUKY MJIH MyCTOe MHOXKecTBO. UTOGbI ero HapucoBaTh,
HY’KHO Npeo6pasoBaTth ero K Buay (x — o) + (y — c1)? = R?, rne co = b/2a,
c1 =c/2a, R?=—(4da + b%+ c?)/4a®>. OxpyKHOCTb HMeeT LeHTp (co, C1)
v paauyc R.

MHorna ypaBHeHMe OKDYKHOCTH 3aMacKMpPOBaHO pajukaiamu. OT HHX
cJiefyeT u30aBUThCS.

Ynpaxuenue 164. [IpoBectu uepe3 Touky (4, D) KacaresbHble K KDUBOU

y=v2x — x2.
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Oco6eHHO MoJie3Ha reoMeTpuuecKas MHTeprpeTalys CUCTeM ypaBHEHHI
(He 06s13aTeIbHO BTOPOTO MOPSiKA) MPH PelleHUH CUCTEM W YpaBHEHMH ¢ ma-
pamerpamu. Ecsu 1aHO OJHO ypaBHeHHe C MapaMeTpoM, TO [0JIe3HO Ha-
pUcOBaTh €ro Kak KpHMBYIO Ha IJIOCKOCTH — B 3TOM 3aKJ/ouaeTcs ujes Tak
HasbiBaemoro «merona Oxa».

Ynpaxnenue 165. Pewute ypapnenue ¢ napamerpom x> + 2ax + 5a” —
—4a—-8=0.

2=,
Ynpaxunenue 166. [lpu kakux a cucrema ’ UMeeT pe-
LeHHe? ax+y=1

MoxkHo I/1306pa)KaTb Ha TIJIOCKOCTH U CUCTEMbI HEPABEHCTB.

Ynpaxunenue 167. Haiinure Bce a, npu KOTOPBIX pa3pelinma cucrema

2 4+4x+34+a<0;
2x+a+6>0.

[Tosnesno njist 3TOrO Pa3J/io2KUThL UX JIeBbl€ HaCTH HAa MHOXKHTEJIH.

¥Ynpaxuenue 168. Hapucosarb Ha njockocTH pellieHHe CUCTEMbI Hepa-
BEHCTB
(Z +y* = D(x —y) <O
(x4 4y? —4)(xy — 1) > 0.

3anauu u ynpaxHenus k §4.15

1. JlokaxuTe, uTo Bee napaGosbl y = ax? + bx + ¢ 10106HbI APYr APYry
(B 3/1eMEHTapHO-TeOMETPHUECKOM CMbICJIE).

ax+b
2. Jloka)kuTe, 4To BCe runepboJibl y = o d TMOJIOGHBI JIPYT JIPYTY.

3. DJurncel MOTyT ObITh He MoJA06HBIMU ApYT Apyry. [unep6oJbl, Booblile
roBOpSi, TOXKe.
4. Tlapa6ona y = ax? + bx + ¢ 0HO3HAUHO ONpesieseTCs JOOLIMU Tpe-

ax+b
Msi CBOMMH TouKamu. [unepbosa y =
cx+d

5. IlpousBosibHast KpuBasi BTOPOro MOPsiIKA OJHO3HAYHO OIpeessieTcs
JIIOOBIMHU TISITbIO CBOUMH TOUKAMH.
6. Ilpu kakux a cucrema

TO2KeE.

l—a
2 _ Q> .
X2y =Ty >

3x% + 10xy — 5y* < -2

MMeeT pellieHne?
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7. (BerynurenbHblil sk3amen Ha Mexmat MI'Y.) Perure cucremy
2 —y?=0;
(x—a)P+y*=1.

8. ﬂOKa}KI/ITe 4yTo HpOI/ISBOJIbeIIjI BbII‘IyKJIbIIjI M-YroJIbHUK MO2KHO 3aJ1aTb
CHCTEMON HEpaBeHCTB BHJa

arx +biy+c 20;
asx +boy +c2 >0

’

anx +byy +c, =2 0.
9. Haiiaure MakcumyMm 2x + 3y npH yCJ0BUH

3x+4y+5=0;
—2x4+7y—3=0;
—3x+9y —16<0.
10*. (A. A. BosiotoB.) TlosioxkuTeIbHBIE YHCAA X, Y, 2 YAOBJETBOPSIOT
CHUCTeMe ypaBHEHHI
x? +xy + y?/3 = 25;
22 +y?/3=09;
x?+xz +22=16.
Hatinure xy + 2yz + 3zx.

§ 4.16. KomnaekcHasi TpuroHomMeTpus

31ech Mbl MpefrnoJiaraeM 3HaKOMCTBO UHTaTesisl ¢ HaTypaJibHBIMM JIOTa-
pucdmamu.

Onpepnenenue 107. Hazoem xomnaexcroil akcnonernmoti hyHKUHMIO
(kommiiekcHoro nepemenHoro) e*: C — C, onpejesisieMylo paBeHCTBOM

e =e*e =e*(cos y +1i sin y),

mez=x+iy, x=Re z,y=Im z.

dra pyHKUMS PaKTHUECKH YKe MCI0Jb30BajJach HAMH B MOKa3aTesbHOH
(hopme 3anucu KoMIieKcHoro urcsa. Tam e 6blJ10 NPOBEPEHO OCHOBHOE TOXK -
JIECTBO JIJIST KOMIJIEKCHOUH 3IKCTOHEHTbI, KOTOpoe (hOpMasibHO He OTJHUAEeTCS
OT TAKOI'0 K€ TOXKIECTBA JJis1 OObIUHON AEHCTBUTEJbHON KCIIOHEHTDI:

et — pXitxe pllyity2) — oX1 X2 piY1 pll2 — p21 o220
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Eule onHO# NpUuHHOM, roueMy 3Ta (QYHKUMS 3aCJyKUBAET 3BAHHS KOM-

TMJIEKCHON 9KCITOHEHTbI, CJIY2KUT TO, UTO NPH JIEHCTBUTENBHOM 2 OHA COBIAJIaeT
C JIEHCTBUTEBHOM KCMOHEHTOI: e? = eXel = e*.

1% TpeTbsl IIpUYUHA B TOM, UYTO, Kak WU B JIEUCTBUTEIbLHOM cJiyyae,

eZ

. -1
lim =1, HO Mbl He GyaeM 3/1eCb 3TO N0KA3bIBATh.

z—0
He 6ynem TakKe N0Ka3blBaTb, UTO YKa3aHHble TOXKIECTBO W Ipejes Of-
HO3HAUHO OTPeJeISIIOT YI0BAETBOPSIOLLYI0 UM (PYHKIIHIO KaK B KOMIJIEKCHOM,
Tak U B 1eHCTBUTEJIbLHOM CJyyasix.
3amerum, uto u3 GopMyJbl ¥ =cos x + i sin x CJAEIYIOT COOTHOLIEHHUS
Sin e el}f —lX oS £ — X “1’(371)(
2 B 2
3aMeHsisi B HUX X Ha KOMIUIEKCHYIO TlepeMeHHYI0 2, MOXKHO PaclpoCTPaHUTh
9TU QYHKIUHM HA KOMIJIEKCHYIO TJIOCKOCTb PaBEHCTBAMU
Sin . iz —liz cos 7 — iz + 8—12
2i ’ 2
Uuratesto npeayaraercst yoeIuTbCcst B TOM, UTO TEOPEMBI CJI0KEHHST CTIPaBel-
JIUBbl U B KOMIIJIEKCHOM CJlydyae, MpUUEM BbIBOAATCS OHU U3 TEOPEMbI CJI0XKE-
HUS JJ11 KOMIIJIEKCHOH 3KCIIOHEHTBbI JlaxKe MpoLle, YeM TPUTOHOMETPHUYECKHE
TeopeMbl CJIOKEeHHUS B IECTBUTEILHOM CJlydae.

YnpaxHenue 169. Jlokaxkure TOXKIeCTBa

a) sin(z) 4+ 29) = sin 2| cos 29 + cos 2| sin 2o,
cos(z] + 2z9) =cos 2| cos 29 — sin 2 sin 2o;

6) cos? z +sin’ z = 1.

MO02KHO J10Ka3aTh TaK»Ke B KOMIIJIEKCHOM cJiyyae u 3aMeyaTeJibHbIH npeaesa

. sin z
lim =1,

z—0 P4

a TakXKe TOT (PAKT, UTO TPH MPEbLIYIIMX PABEHCTBA U ITOT Mpejes OJHO-

3HAUHO OMPENEJSIOT TPUTOHOMETPHUECKHE (PYHKIIMU KaK B KOMILJIEKCHOM, Tak

M B JIEHCTBUTENILHOM BapHaHTaX, HO Mbl 371eCh He GyJeM 3TO JesaTh.
[unep6osinueckrie QyHKIMH TOXKE MOTYT ObITh paclpoCTpaHeHbl Ha KOM-

JIeKCHyto o6JacTb. 1j1s 3TOro ucnosibayeMm Gpopmydibl

e —e ? ef4e?

chz=

shz= g 3

JIJ1s1 HUX TeopeMbl CJIOXKEHUS U CBA3M MEX1y (PYHKLUHSAMH TaK:Ke NepeHocsTes
B KOMIIJIEKCHYIO 00J1aCTh, MpHueM 6e3 U3MeHEHHH B JI0Ka3aTesbCTBax.
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Ynpaxuenue 170. [lokaxure Tox1ecTBa
a) sh(z; + 29) =sh z; ch 29 +ch z; sh 2o,
ch(z; + 29) =ch z; ch 29+ sh z; sh 2y;

0) ch? z—sh® z=1.

OpHoll U3 BaxkKHEHINMH WIeH B MaTeMaTHKe siBJjsieTcsi obpalleHne (yHK-
uui v onepauni. B pesynbrate obpallieHnsi CJOKEHHS MOJYYUIOCh BbIYH-
TaHWe W BCJE 32 HUM — OTpHULIATE/bHblE uhcjaa. B pesysnbrate oOpalleHusi
YMHOXKEHHS TMOJYUYHJIOCh JIeJIeHHe W BCJIe]l 38 HUM — paldOHaJbHble UHCJa.
O6palileHneM cTerneHHOH (PyHKUMH ¢ HATYpaJibHbIM [TOKA3aTe/1eM MOJyUHJIUCh
KBaJpaTHble U MPOUYHE KOPHHU W T. IL.

[TorpoGyeM 06paTHTh KOMIJIEKCHYIO SKCTOHEHTY e?. OOpaTHasi PyHKUUs
K JIeHCTBUTE/NbHON SKCIOHEHTE HAM H3BECTHA — 3TO HATypaJsibHbIA Jorapudm
In x. IIna obpallleHuss KOMIJIEKCHONH IKCIOHEHTbl HALO pellaTh ypaBHeHHe
e =z # 0 oTHOCUTENIbHO Hen3BeCcTHOH @ = x + iy. Tak Kak

z=e"TW =¢%(cos y +sin iy), |z|=e*, argz=y mod2r,

0 x =1n |2|, y =y =arg 2 + 2nk, k € Z. [Nonyunnach GeckoHeuHast cepusi
peLueHui
wp=wo+27ki, k€Z, wy=Inlz|+i argz,

YTO He YIMBHUTEJbHO, TaK KaK KOMIUIEKCHAsl SKCIIOHEHTa UMeeT Mepuoi 2mwi,
JefICTBUTE/ILHO, CTIPABEIHBO TOKIECTBO e 27T = ¢

OyHKUMIO, TPUHUMAIOLLYIO 3HAUEHHE W(, €CTeCTBEHHO 0603HAuuThH In 2.
SlcHo, uTO MpU NEHCTBUTENHLHOM MOJIOKUTEILHOM 2 OHA COBIAIAET C OObIYHLIM
JeMCTBUTENLHBIM JIOrapU(OMOM.

Ho kak 6bITb ¢ ocTasnbHbIMU 3HaYeHusiMu? [lo mpuunHam, KoTopble 31ech
HET BO3MOXKHOCTH 0O'bSICHSATh, YIOOHO BBECTH B pacCMOTpeHHe hyHKLHI0 Ln 2,
MPUHUMAIOIILYI0 OeCKOHEUHOe MHOXKECTBO 3HAUEHHH W, — OeCKOHeUHO3HA Y-
Hyto dyHkuuio. CTporasi Teopusi TakuxX (DYHKUMHA CJIOXKHA, H Mbl HE MOXKEM
U3JaraThb ee 3/1€eCh.

Ho ecsin uuTartesio HempusTHO HMETb €0 C MHOTO3HAYHOH (DYHKIMeEI,
€e MOKHO NPeBPaTUTh B OJHO3HAUHYIO, HO MPUHUMAIOLLYIO B KauecTBe 3Ha-
UeHHH He KOMIJIEKCHBIE UHCJA, & KAACCHL IKBUBANCHMHOCMU TAKUX UHCE
1o MoJyJito 27i.

Onpepnenenue 108. Yucna z, @ Ha30BeM 3KBUBANCHMHbOIMU O MO-
dyno 2mi (o6o3HaveHue z = w mod 27i), ecan 2 — w = 2wki, k € Z. Krac-
COM IKBUBANCHMHOCU YUCAQ Z HA30BEM MHOXKECTBO BCEX HKBHBAJEHTHBIX
eMy uuces (o603HaueHue 2 mod 27i). MHOXKECTBO BCeX TaKMX KAQACCO8 K-
susasernmuocmi 0603HauuM G. MHOXKECTBO KAQCCO8 IKBUBANCHIMHOCHILL
delicmsumenvrolx duces no moodyiro 2w o6o3Hauum T.
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Ha BBelleHHbIX MHOXKECTBAX MOXKHO OMPEEJNUTh ONEPaLMH CJ0KEHHUS,
¥ OHH MPEBPATATCS B IPYIIbL.

Onpeneaenune 109. [lyctb nanbl A =a mod 27i u B = b mod 2wi — npa
KJacca sKBHUBajieHTHoCcTH. HasoBeM cymmori A + B TOT Knacc 3KBHUBaJsIeHT-
HOCTH, KOTOPBIH COAEPKHUT YHCI0 a + b, T.e. (a + b) mod 2mi.

Jlnsi 060CHOBAHUSI KOPPEKTHOCTH 3TOTO ONpeJleieHHsl TIOHAJI00UTCs

Ynpaxuenue 171. Ecan a mod 27i = ¢ mod 27 u b mod 27i = d mod
27i, 10 (a + b) mod 27i = (¢ + d) mod 27i.

B cnenyiouiem ynpaxkHeHuu npoepsiercs, uTo MHoxkecTBO R X T ¢ BBe-
JIEHHOH orepauuei cJjioxKeHus 06pasyeT KOMMYMAamusHyro epynny.

YnpaxHenue 172. [IpoBepbTe, uTo BBeJIeHHAs Orlepallysl CJI0XKEHHsT 06-
JIaJlaeT CBOMCTBAMH aCCOLMATUBHOCTH H KOMMYTaTHBHOCTH, HYJIEBBIM KJIaCCOM
OTHOCHTEJIBHO 3TOTO CJoXKeHHs siBasieTcst knace 0 mod 27i, a Takke crpa-
BEJIJIMBO PABEHCTBO

(—a mod 27i) + (a mod 27i) =0 mod 27i.

AHasoruHbiM 06pa3oM ornpesessieTcsi KOMMyTaTHBHASI TPYyIINa U Ha MHO-
xectBe T.

Panblile Mbl y2Ke NPOBEPSI/IH, UTO U [0JI€ TIEHCTBUTE/NbHBIX uncesa R oTHO-
CUTEJILHO OMepaliy CJIoXkKeHUs 00pa3yeT KOMMYTATHBHYIO IpyIy.

Teopema 108. /pynna G usomopgra npamomy npoussedeniio epynmn
RuT, me. epynne R xT.

HokaszaTeabcTBo. ConoctaBUM MPOU3BOJBHOMY KJaccy 2 mod
27i w3 rpynnel G ynopsiouennyto napy (Re z, Im z mod 27), nepasi kom-
MOHEHTa KOTOPOH eCTb JeHCTBUTesNbHOE uucsao Re z, a BTopas — kjacc
9KBHUBAJIEHTHOCTH 110 MOJYJIIO 27, colepxKalluil JeHcTBUTeNbHOE uhcso Im 2.

Torna
(Re 2z, Im 2 mod 27) e R x T.

YKazaHHOe COOTBETCTBHE SIBJSIETCS] B3AUMHO OJHO3HAUHBIM COOTBETCTBH-
eM Mexkny rpynnamd G u R x T.
Tak Kak jJist JJIOObIX KOMITJIEKCHBIX YHUCEJI 2, 29

Re(zi +29)=Re zj+ Re 29, Im(z;+29)=Im 2y +Im 29,
Im(z; + 29) mod 27 = (Im 2; +Im 29) mod 27 =
= (Im 2, mod 27) 4+ (Im 29 mod 27),
TO CyMMe KJaccoB (2] + 29) mod 27 GyleT COMOCTaBJSTLCS YHNOPSIOUEH-

Has napa (Re z; + Re 29, (Im z; mod 27) + (Im 29 mod 27)), kKoTopas, 1o
OINpPEJIEJIEHHUIO CJIOKEHUS B NPSAMOM NpousBeaenuu rpynn R u T, paBua cymme

(Re 21, Im z; mod 27) + (Re 29, Im 29 mod 27),

UTO U JI0Ka3biBaeT 06'bsiBJAEHHbBIH H30MOP(DHU3M. a
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Terepb Mbl MOXKeM paccmaTpuBath (yHKIMIO Ln 2 kKak oToGpakeHue
13 IPYIIbl HEHYJIEBbIX KOMIJIEKCHBIX YHCEJ OTHOCHTENbHO YMHOXKEHHUS (MYyab-
munaukamueroii epynnot) B rpynny R x T. 3HaueHue Ln 2 onpenennm kak
Ln z=1In z mod 27i = (In |z|, arg 2 mod 27). Tlpu stoM crnpaBeIuBO J0-
rapudmudeckoe ToxaecTBO Ln(2)29) = Ln 2; 4+ Ln 29. JleficTBUTENBHO, ecan
In z; = w;, To e¥ = z;, 3HauuT, %1 T2 = W12 = 7,29 £ 0, oTKyna

Ln(z,29) =In(z129) mod 27i = (w) + we) mod 27i =
= (w; mod 27i) 4+ (w9 mod 27i) =
= (In z; mod 27i) + (In 29 mod 27i) =Ln z; + Ln zo.

Ynpaxunenue 173. [lpoBepbTe, UTO eIMHHUHASA OKPYAKHOCTb HA KOM-
TUIEKCHOM TMJIOCKOCTH |2| = 1 OTHOCHTE/LHO ONepalin YMHOXeHHs1 o6pasyer
rpyrmnmy.

Dyukuus e orobpaxaer AeHCTBUTEbHYIO OCh (rpymny R 0THOCHTEILHO
CJIO’KEHHUS1) B 3Ty IPYIIy, MPUUEM CIPABEIJIUBO TOXKIECTBO

pllxitx2) ix

= eiet*2,

I10 oTobparkeHue He B3AUMHO OJHO3HAUHO, TOTOMY OHO He SIBJISIETCST M30-
MOpP(HU3MOM 3THUX TPYMN (KM OHH JeHCTBUTENLHO HendoMopdHbl). Ho oTo6pa-
xenre x mod 27 — e™ u3 rpynnbl T B €IMHMUHYIO OKPYXKHOCTH KOPPEKTHO
ONpeJie/IeHO, B3aUMHO OJIHO3HAUHO M SIBJISIETCS M30MOP(MHU3MOM YKa3aHHbIX
TPy, TaK Kak

(x mod 27) 4 (y mod 27) = (x + y) mod 27 — ' T = g™V

Tem cambiM n0Ka3aHa

Teopema 109. Mysomuniukamussas epynna KOMHAGKCHOLX 4UCel,
no moodyso pagHolx edunuye, uzomoppra epynne T Odelicmsumenvrolx
yucenr o MOOYA0 2 OMHOCUMEAbHO CAONCEHUSL.

Ha camom nese, KoHeuHo, B 3TOH (DOPMYJIMPOBKE MOXKHO 3aMEHHUTb 27
Ha JI060e MOJIOKUTEJIbHOE UUCJIO.

JlokazaHHast TeopeMa KayKeTcsi OUEBHIHOM, HO B Hell (paKTHUECKH 3amac-
KHpOBaHa BCsl TPUTOHOMETPHUSI, @ CTPOTOro MOCTPOEHH ST TEOPHH TPUTOHOMETPH -
yecKMX (PYHKLUMI Mbl He aBajii. Eciiu xKe nonbiTaTbest 10Ka3aTb 3Ty TEOPEMY,
He M0Jb3YsICh TPUTOHOMETPHUECKUMH (PYHKLUSMHU, TO 9TO CTaHET TPYIAHOH 3a-
Jlauel, Mo CYLIECTBY SKBHBAJIEHTHOH CTPOrOMY IOCTPOEHHIO TPUTOHOMETPHH.

OO6paTHble TPUrOHOMETpHUECKHe (DYHKIIUH MOXKHO OTIPENeIUTh aHaJ0THY -
HbIM JiorapucmMy 00pa3oM, U OHH TOXKE OKa3bIBAIOTCS GECKOHEUHO3HAUHbBIMH.
Ho Tak kak TpuroHomeTpuueckue (pyHKLHH BbIPAXKAIOTCS Uepe3 IKCIOHEHTY,
TO W 00paTHble K HUM (PYHKLIMH MOXKHO BbIPAa3UTb Uepe3 KOMIIJIEKCHbIN Jiora-

pucm.
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YnpaxHenue 174. Jloxaxkute TOXKJIeCTBa
a) arcsin z = —i Ln (iz+ V1 — 2%); 6) arccos z=—i Ln(z++v2%Z - 1),
i 1 —iz
— Lﬂ —_— .
2 1 +iz
®yHKUMH, 06paTHble K TUrep6oJMYecKuM, MOXKHO BbIPa3UTh uepe3 Jjiora-
PU(MBI, HE UCTOJIL3YS] MHUMYIO €HHHUILLY.

B) arctg 2z =

YnpaxHenue 175. JloKaxkKuTe TOXKIeCTBa

a) Arsh z=Ln(z++V1+22%); 6)Archz=Ln(z+Vv22-1);
1 1+2
B) Arth z=- Ln ——.
) 2 |-z
C momollpbio JiorapruhmMa MOXKHO ONPEeNeNUTh U KOMIUIEKCHYIO CTeleHHYI0
dyukuuo. Jlast mobbix koMmnsiekcHbiX A £ 0, B MoJoXKUM 10 onpeesieH|o
AB =eB A 3r1a hynkums Takke Oyner, pasymeercs, GeCKOHEYHO3HAUHOII.

Ho ecain A — neficTBUTENbHOE T0JIOXKHUTENBbHOE, TO A? MOXKHO CYMTATH OJ1-

HozHauHol dynkimed e? " 4. O6patHas k A? dyHKuMSA Log, z= II;I]—AZ Oynert,
€CTeCTBEHHO, GECKOHEUHO3HAUHOH.

[Tpumepsl 1. CnpaBeainso paBeHcTBo e™ = —1. Dta dopmyna Jiine-
pa CHMBOJIM3UPYET €IMHCTBO BCell MaTeMaTHKU. UUCJI0 e Mpe/cTaBIseT B Hell
aHasmua, i — anare6py, —1 — apudmernky, a ™ — reomerpuio. C onpeneseHHON
TOUKH 3PEHHS1 OHA MPEJACTaBJsET cOOOH CKOopee ONpejlesieHHe, UeM TeOpeMmy.

2. Cnpasemnso pasenctBo (—1)' =e™!+2% ke 7. JlefictButensHo,
e™ 200 — 1 spauur, Ln(—1) = 7(1 4 2k)i, oTkyna
(_l)i _ ei Ln(—=1) _ e—Tr(l—i—Qk) _ eTr(H—Qk)

UMeeT OECKOHEUHYIO Cepulo JeHCTBUTE/bHbIX 3HaueHUH. [naBHOe U3 HUX e™.
TpaHcLeHAeHTHOCTD (T. €. HeaJreGpPanyHOCTb) TOrO UMCJa BIEpBble 10Ka3all
B 1929 . aciupant MI'Y A. O.lenbdhona, pelB TeM caMbIM CeIbMYyIO MPO-
6semy [nabbepra.

3agauu v ynpaxkHenus kK §4.16

1. Bbluucaure \‘/—_1

2. Onpenenute B KOMIJIEKCHOH 00/1aCTH TaHT'€HC, NPOBEPBLTE, UTO Ha Jlek-
CTBUTEJIBHOH OCH OH COBMAAAET ¢ OOLIUHBIM TAHI€HCOM, U IOKAXKUTE 15l HErO
TeopeMy CJIOXKEHHSI.

3. JlokaxkuTe Jijisi KOMIJIEKCHBIX TPUTOHOMETPUUECKUX (DYHKIIME hOpMYJIbl
NPUBEJIEHHUS U CBOHCTBA Y€THOCTH-HEUETHOCTH.

4. Haiinute nepuoabl KOMIJIEKCHBIX TPUTOHOMETPHUECKUX —(YyHKLHMH
1 yOenuTech, UYTO OHU TaKHe XKe, KaK U y JeHCTBUTE/bHbIX.
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5. KommiekcHast 9KCroHeHTa, B OTJHUME OT JEHCTBUTEJbHOM, — MEPUO-
juueckasi pynkuusi. Ee nepuop paen 2mi. [unep6osinueckue yHKIHU TOXKe
TIePHOJIUUECKHE C TTEPHOIOM 27ri.

6. Hoxaxure hopMyJibl, CBsI3bIBAIOLIME IPYT C IPYrOM pasHble TPHUIOHO-
MeTpHUecKye (HyHKLHH.

7. Tloxkaxure, uto J0b6asi (B pa3yMHOM TMOHUMaHUH) opmyJia 1eHCTBH-
TEJILHOH TPUTOHOMETPHH CIPABE/IMBA U B KOMIIIEKCHOH TPUTOHOMETPHH.

8. JloxkaxkuTe, uTo

sin (x + yi) =sin x chy +i cos x shy,
cos (x +yi) =cos x chy —i sinx shy.

9. Jlokaxure hOpMyJibl CBSI3M MEXKIY OOBIUHBIMH M THIEPOOJIHUECKUMH
DYHKUMAMU

shiz=isinz, chiz=cosz siniz=ishz cosiz=chz.

10. BohiBemure ¢ NMoMolLbIO 3TUX (HOPMYJI CBSI3U U3 TPUTOHOMETPUUECKUX
TEOpeM CJIOXKEHHUSI THIepPOOJIMUECKHE TEOPEMbI CJ0XKEHUST U HA0GOPOT.
11. Jlokaxkure, 4To

sh (x +yi)=sh x cosy +i ch x siny,
ch (x + yi) =ch x cosy +i sh x sin y.
12*. OnpenenuM QyHKUHIO (HA3bIBAEMYIO eydepMaHUaHOM)

z_ T

gd z=2 arctg e

5
w T
Jokaxure, uto ecsin w =gd 2, To z=Ln (tg (— + Z))’ H

2
shz=tgw, chz=secw, thz=sinuw,
cth z=cosec w, cschz=ctgw, schz=cosw

(runep6osiMueckue PyHKLHH NepexoisT B TPUTOHOMETPHUECKHE H Ha000poT!).

§4.17. TpuroHomeTpUUYEeCKHME MHOTOUJIEHbI

Onpenenenne 110. HaszoBem mpuconomempuueckum mroeoureqHom
CTerneHu n (WM Mnopsifika 1) BbipaykeHue BUja

ag+ (ay sin z+ by cos 2) + ...+ (a, sin nz + b, cos nz).

Ecau ero xkoadduumentsl a;, b; KOMILJIEKCHbIE, TO TPUIOHOMETPHUECKUN
MHOTOUWJIEH Ha3blBaeM KOMMACKCHbLM, a €CJIM OHU JIeHCTBHUTE/bHbIE, TO €ro
Ha3blBaeM delcmeumensroim, TIPU 3TOM €CTECTBEHHO MpeNroJaratb, uTo
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1 repemMeHHas z JelcTBUTEbHASA, H 0603HauaTh ee x. [Ipennonaraem Takxke,
uto a, #0 uau b, #0.

JL71st Toro uToGbl AaTh elile 1Ba YKBUBAJEHTHBIX ONPEIEIeHHs TPUTOHOMET-
PUUECKHX MHOTOUJIEHOB, MOHA0OUTCS HHTEpECHAsk U cama Mo cebe jemMma.

Jlemma 27. Cnpasedausor moscdecmsa:.
e —emn? ! 2k+1 ko 2k+1 2k—1
N _ . n_9k—1 _.
(i) sinnz=—-g—— E Crm (—1)*sin z cos z;
k=0

inz e—mz Ln/2]

(ii) cosnz= 3 E C2k(—1)* sin®* z cos" 2 z;
k=0

i —i i —i k=n+m
(iii) Sin”zcosmz—(elz_e lz)ﬂ(elz+e lz)m_ creih —
N 2i 2 - E : kE =

k=—n—m

k=n+m
= § asinkz+by cos kz,
k=0

ede koaghpuyuernmeor ay, by 6yoym deiicmeumenvronu u as ., +b?2,,, >0.
HokaszaTenabcTso. s nokasaresbctBa (i) ucnosb3yem hopmyay
Myaspa
inz _g=inz (cos z+i sin 2)" — (cos z — i sin 2)"
2 2
U Jlasiee Ba pasa Gopmysy GHHOMA, YUHTBIBAS, UTO B HUX UETHbIE CJaraeMble

COKpallaloTCs, a HeUeTHbIe CJlaraemMble yABanuBalOTCs, U 3aMEHsIs B HUX i2k+1

Ha i(—1)%.

®dopmyaa (ii) m0Ka3bIBA€TCSl aHAJOTUUHO, TOJLKO B HEH MPU PACKPbLITHH
OHHOMOB COKPALLAIOTCsl HEUETHbIE CJlaraeMble.

Jlnst nokaszatenberBa opmysibl (iii) 10CTaTOUHO PaCKpbITh CKOOKH B CO-

MHOXKHTEJISX . » . .
(elZ_e lZ)n(elZ+e lZ)m
2i 2

no ¢opmysnam OUHOMA, a MOTOM 3aMEHHTb KaxKioe cJlaraeMoe Cpe
ap sin kz + by cos kz. SlcHo, uTO Cpym # 0.

3amerum, uTO MPH 3aMeHe B 0OOMX COMHOXKHTENAX [ Ha —i 06a OHH He
MEHSII0TCSl, a 3HAUUT, He MEHsIeTCs U UX TPOU3BeJIeHHe, HO MpeJICTaBJIeHHe ero
B BH/JlE

sin nz =

ikz Ha

k=n+m
§ Cketkz
k=—n—m

€JIMHCTBEHHO COIJIACHO WM3BECTHOMY CBOWCTBY MOJIMHOMMAJbLHBIX (PYHKLHM.
CuiesicBaresibHO, cymMma cpet®? 4+ c_ e~ ye mensieTcst Npy 3aMeHe [ Ha —i.
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[1pu 3T0it 3ameHe ¢; npeBpallaeTcs B KOMIUIEKCHO-COIPSKEHHOE C;, M03TO-
MY Cp U C_p CONPSIKEHBI APYT APYTY, T. €.

cp=Ap+iBp, c_p=A,—iBp,
3HAYUT,

Ckeikz + Cikefikz -9 Re Ckeikz —
=2 Re(Ap +iBg)(cos kz +i sin kz) =2(Ay cos kz — By, sin k2)

M OCTAETCSl CJIOXKHUTh T0JyueHHble PaBEHCTBA. O
N3 370l sleMMBI JIeTKo cJeyeT

Teopema 110 (o TpUroHoMeTpUYECKUX MHOTOUYJIEHAX).
(i) Jlroboii mpuecoromempuueckuiL. MHOLOUACH CMENeHi N MONCHO
npedcmasume eOUHCMBEeHHbLM 00pa3om 8 sude

C_pe ™t e+ gt e+ ..+ et =em Py, (e"),

ede Py, — mHO2OUNCH cmenenu He 8biule 21, a 8 0elicmMBUMeNbHOM CAY-
yae — MHO2OUYACH 8 MOUHOCHIL cmeneHi 2n, K03 guyuenmos. KOmopo-
20 YO00B8ACMBOPSION PABCHCMBAM Cp =C_f, U 0OpamHo, aoboe solpa-
acenue e~ Py, (e?), ede Py, — mHO2OUNCH cmenenu 2n, npedcmasumo
e0UHCMBEeHHbIM 00PA30M 8 BUOe MPULOHOMEMPULECKO2O MHO20UNCHA
cmenenu n, a ecal Koaghguyuenmo, MHO2OUYACHA YOOBACMBOPAIOM PA-
BEHCMBAM Cp =T_p, MO MPULOHOMEMPUHECKILIL MHO2OYACH UMeem Oeli-
cmaumenvrole Koagpuyuermol.

s 106020 OelicmsumerbHoe0 mpueoHOMempuuecko0eo mMHocouie-
HQ cmeneHnu n coomsemcmsayroujuii mHo2ousen Po,(2) ydosiemsopsaem

moocdecmasy )
PQn(Z) =z "P2ﬂ(1/§)

U ec0 KOpHIL, OMALYHble OM HYAsl U eOUHUYbl, PACNAdaiomcs Ha napol
suda (z;, 1/z).

(i) Jlroboti mpueonomempuueckuil MHOCOUACH CMENneHu 1 MONCHO
npedcmasumes (HO He eQuHcmBeHHbIM 00pa3om) 8 B8ude MHOL0UACHA
om sin x, Cos X cmeneuu n

Z Cij sin x cos/ X,

i+j<n
u obpammuo, 1060l MHOeOUAeH OMm Sin X, COS X cmenenu n npedcma-
BUM e0UHCMBEHHbLIM 00PA30M 8 BLLOE MPUSOHOMEMPULECKO20 MHO2OYAe-
Ha cmenexu n, npudem 0eticmsumenrbHolll mpueoHomMempuuecKutl MHo-
eounen npedcmasum 8 sude O0elicmBuUmMesbHO020 MHO201AeHA Om Sin x,
CoS X.
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HokazarenbcTBo. Jlsi npeacTaBjieHnsi TPUrOHOMETPHUECKOTO MHO-
roujiena cTerneHu 7 B BUje ApoGH e "% Py, (e?) uau B Buie Q,(sin z, cos z),
rie @, (x, y) — MHOTOUJIEH CTEIeHH £, IOCTATOYHO BOCIOJ/b30BAThHCS (POPMY-
saamu (i), (ii) npeabiayliel JeMMbl, YMHOXUTb UX HA KO3(DUUMEHTH ay, by
U CJIOXKHUTh, 100aBUB ellle KOHCTAHTY ag.

[lepBoe yTBepxKIEHHE O NEHCTBUTE/ILHBIX TPUTOHOMETPHUECKUX MHOTOUJIE~
Hax BbITEKAeT U3 paBeHCTBa

Ckeikz +§€_ik2 =92 Re Ckeikz _
=2 Re(Ap +iB)(cos kz +i sin kz) =2(A, cos kz — By, sin kz).

ﬂOKa)KeM ONHO3HAYHOCTL MPEACTaBJI€HUA B BHUAE TPUTOHOMETPHUUECKOI'O
MHOrouJieHa U B BUIE [1p061/1. W3 coorHolenust
ani + by ani — by _;
n n emz n n e inz

_|_

a, sin nz + b, cos nz = 3 3

CJIeJIyeT, UTO €CJH d,, b, OTHOBPEMEHHO He PaBHbI HYJIIO, TO B MHOTOUJIEHE Py,
CBOOOJIHBIN UJIeH W CTaplIMi KO3(P(HUIMEHT OJHOBPEMEHHO HE PaBHbI HYJIIO,
MO3TOMY HEHYJIEBOK TPUTOHOMETPHUUECKHI MHOTOUJIEH TTPEJCTABJISIETCS B BUJIE
e~ Py, (%), rae Po, — HeHyJIeBOI MHOTOUJIEH CTerneHHu He Bhile 2r1. Tak Kak
HeHyJIeBOH MHOTOUJIEH HAJl MOJISIMU HYJIEBOH XapaKTepUCTHKU HMeeT KOHeu-
HOe UMCJIO KOpHeH, HeHyJIeBOH TPUIOHOMETPHUECKHH MHOTOUJIEH peajsin3yeT
HeHyJIEBYIO (DYHKILHIO, TO3TOMY MpeCTaBleHHe B BUJE TPUTOHOMETPHUECKOTO
MHOrouJsieHa 00J1aJlaeT CBOHUCTBOM €JMHCTBEHHOCTH.

Ecau xe a,, b, nefictBUTeIbHBL, TO Ayl + b, # 0, U 109TOMY CTereHb MHO-
rowneHa Py, paBHA B TOUHOCTU 211.

[TocsienHee yTBepk/ieHHe O JIEHCTBUTEbHBIX TPUTOHOMETPUUECKHX MHO-
rousieHax BbITEKAET W3 COOTHOLIEHUH Cp = C_j W CBOWCTBA OTepalldH Corpsi-
YKEHHSI.

Jlaisi o6patHoro npeoOpa3oBaHUsi MOXKHO BOCIOJIL30BAThCs (opmyJia-
mu (iii) npeablayLei JeMMbl

k=n+m k=n+m
sinz cos™ z = Z cpett? = Z (ay sin kz + by, cos kz),
k=—n—m k=0

YMHOKHTb MX Ha MOAXOJsilIHe KOI(DPUIMEHThI U CJIOXKHUTh, 106aBUB €lile KOH-
CTaHTYy Q.

EnuncTBeHHOCTH A1 MpeACTaB/ieHuss B BHAe (), (sin 2, cos z2), ecre-
CTBEHHO, ObITh HEe MOXKET B CHJY TOXKI€ECTBA sin? z4cos? z=1. Ho pasHble
NpeJICTaBIeH sl JIO/KHbI HMETh OJIMHAKOBYIO CTeleHb, TaK Kak B MPOTUBHOM
cJlyyae pasHble TPUTOHOMETPHUECKHe MHOTOUJIeHbl PeaiM3yloT OJIMHAKOBbIE
(DYHKLHH. O

19 TauikoB
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Ynpaxunenue 176. Jlokaxute, uTo NPOU3BEIEHHE TPUTOHOMETPUUECKHUX
MHOTOUJIEHOB MOPSIIKOB 11 U 71 €CTb TPUTOHOMETPHUECKUE MHOTOUJIEH NOPsIAKA
n—+m.

HanomHum, uto yHKLMS Ha3bIBa€TCA YETHOM, €CJIH OHA He MeHsIeTCs MpU
CMeHe 3Haka y NMepeMeHHOH, H HeueTHOH, eC/IM OHa MPU 3TOM MEHseT 3HaK.

Ynpaxuenue 177. TpuroHomerprHuecKuii MHOTOUJIEH Ye€TEH TOT/IA U TOJIb-
KO TOT/a, KOTJIa OH COCTOHMT U3 OJHUX KOCHHYCOB, U HEUeTeH, eCJIM OH COCTOUT
TOJIbKO U3 CHHYCOB.

Jlemma 28. Cnpasedausor moscdecmsa:
(i) sin nx =sin x - U, (cos x) =
L(n—1)/2]
=sinx Y. CHFH(—1)*(1 —cos® x)* cos" 2! x;
k=0
Ln/2]
(ii) cos nx =T,(cos x) Z C2k( 1)*(1 — cos? x)* cos" 2k x,

npuuem Oelicmaumenvrole Mrtoeormeubt T, ulU,_; cmeneneii n un—1
onpedeastomcs 00HO3HAUHO.

HokaszaTteusnbcTtso. CynecrBoBanue MHorouneHoB T, u U,_1, yno-
BJIETBOPSIIOIIMX YKA3aHHBIM TOXKJECTBAM, cJjeyeT U3 gopmyda (i), (i) mpemubi-
nyuiel JeMMbl. EJHHCTBEHHOCTb BbiTeKaeT U3 M. (i) Mpeabliylieli TeopeMbl.

|

Muorousiennbl T, u U,_| HasbiBaloTcsi MHOcOUureHamu Heboiuésa nep-
8020 U 8BMOPO2O poOa COOTBETCTBEHHO.

Teopema 111 (0 4eTHbIX U HEYETHbIX TPUTOHOMETPUYECKUX MHO-
rounenax). (i) Jlobol uemnoili mpucoHomempuyeckuii. MHOSOUNCH
Cmenenu n MOJNCHO npedcmasums eOUHCMBeHHuLM 00pas3oMm 8 sude
MHO20UACHA OM COS Z cmenexu n, u obpammuo, 0060l MHOCOUAEH
Om CoS 2 cmeneHu n npedcmasum eOuUHCMBeHHbM 00pa3om 8 8ude
YemmMuoeo MpueoHOMempuU1ecKko20 MHO2OUACHA CIMeneHu n, npuiem oeii-
CMBUMEAbHOMY MPULOHOMEMPULECKOMY MHO2OUACHY COOMBEMCMBYen
delicmBumenbHblll MHOCOUACH O COS Z.

(ii) JTrioboti HeuemMoLl MpucoOHOMeMpPUULECKUL MHO2OUACH CIMeneHU 1
MONMCHO Npedcmasums eOUHCMBEeHHbIM 00pA30M 8 BuUde MHOCOUACHA
om cos z cmenenu n— 1, ymroacernHo2o Ha sin z, u obpammuo, 0601
MHO204YACH OM COS Z cmenenu n — |, ymHodcer oLl Ha sin 2, npedcmasum
eO0uHCcmBeH LM 00pa3om 8 8ude HewuemHo2o0 MpUueoOHOMempu1ecKoeo
MHO2OUACHA CMeneHl n, npuyem O0eiicmsumesbHoOMy mpueoHomMempu-
YeCKOMY MHO20UAeHYy coomeemcmayem O0elcmBuUmerbHolli. MHO20UAEH
om cos 2.
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HokagdaTeabctso. CylecTBoBaHHe MHOrOUWIeHOB B M. (i), (ii) BbI-
tekaeT u3 1. (i), (i) npeaplayiei semmbl. st joKa3aTebCTBa CyllleCTBOBA-
HHUs1 06paTHOTO TPeoOpPa30BaHUs I0CTATOUHO 3aMETHTD, UTO

cos"x — A sin(n+ l)x/sinx u cos"x — B cos nx

npu noaxoasumx A, B ABJSIOTCS MHOTOUJIEHAMH OT COS X CTeNeHH, MeHbllel
n — 1, 1 IPUMEHHUTb HHIYKLHIO.

E/MHCTBEHHOCTb BBITEKAET U3 TOrO, UTO JBAa MHOrOUJeHa C J1eHCTBUTE/b-
HbIMH KO3(hULHEHTAMH COBIAJAIOT, €CJIM OHH IPUHUMAIOT paBHble 3HAUECHUS
Ha 0eCKOHEUHOM MHOXKECTBE TOYeK. O

Tak Kak TpUroHOMeTpHUeCKHe MHOTOUJIEHB! peaiu3yloT (PYHKLHH C Mepu-
OJIOM 27, eCTeCTBEHHO CUMTATh Y HUX KOPHHM C TOUHOCTHbIO 10 SKBHUBAJIEHT-
HOCTH MO MOJYJIO 27, T.€. JIBa KOPHSl 2| W 29 CUMTAeM SKBHBaJIEHTHBIMH,
ecs 2] = 29 (mod27). KpaTHOCTbIO KOPHS TPUTOHOMETPHUECKOTO MHOTOUJIE-
Ha HAa30BeM KPATHOCTb 3TOTO K€ KOPHSI Y COOTBETCTBYIOLIEr0 3TOMY TPHIO-
HOMETPHUECKOMY MHOTOUJIEHY ajreGpanueckoro MHOrowieHa BBoe GoJbliel
CTereHH.

Teopema 112 (0 uucyie KOpHENd TPUTOHOMETPUYECKUX MHOTOUJIEHOB) .

(i) Komnaekcrolli mpucoHomempuueckuii MHO2OUACH CENneHU 1 ume-
em He 6oaee 2n KOMNACKCHOLX KOPHell C Y14emom KpamHocmu.

(ii) Heiicmsumenvrolii mpueoOHOMempPUIeCcKuil MHO2OUACH CIMeneru n
umeem e 6oaee 2n dellcmsBumenvHolx KOPHell ¢ yuemom KpamHOoCmiL.

JdokaszatenabcTBo. [I1a n0KazareqbcTBa AOCTATOUHO BOCIMOJB30-
BaTbCs MIPECTABIEHUEM TPUTOHOMETPUUECKOTO MHOTOUJIEHA CTENEHH 11 B BUJIE
e~i"2 Py (e?) u 3ametuth, uto e £ 0. O

[Ipenbiayiias TeopeMa 1oJie3Ha Mpu pelieHn TPUTOHOMETPUUECKHX YpaB-
HeHUH, OOJIBIIMHCTBO U3 KOTOPBIX CBOJMUTCS K MOUCKY KOpPHEH NeHCTBUTEb-
HbIX TPUTOHOMETPUUYECKUX MHOTOUIEHOB. [10Ka3aTe/bCTBO 9TOH TeopeMbl 1aeT
M METOJL IOHCKA KOPHeil: CBejleHHe K anrebpauueckoMy ypaBHenuio Po,(e'?),
oTOOpY €ro KOpHeH, UMEILLMX MOJyJlb, PaBHbIH €IMHULE, U HAXOXKIEHHIO HX
apryMeHTOB.

MHorna ynoGHee He HCMOJIb30BAaTh SIBHO KOMIUIEKCHbIE UMCJia, a BOC-
M0JIb30BaTbCs MPEACTABJAEHUEM TPUTOHOMETPUUYECKOTO MHOroujeHa B BHJE
@n(cos x, sin x) ¥ BbIPAa3uTh, HarpuMmep, Sin X uepe3 COS X, YTO MOTpe-
OyeT, 0JHaKO, U30aBJieHHsl OT MOSIBUBLUErOCS pajuKaJja MyTeM BO3BEICHHS
B KBAJpaT U TPUBEJIET K YIBOEHHIO CTEMEHH YPaBHEHHUS.

MoxxHo u36exKaThb yKa3aHHOH MPOLEAYPbl, €CJU MPUMEHUTh TaK Ha3bl-
BAEMYI0 YHHBEPCAJbHYIO MOJICTAHOBKY, BbIpaxKalollylo Sin X U COS X uepe3
tg(x/2). [1pu 3TOM CTereHb MoJyuHBLIErocst ypaBHEHUs] OTHOCHTEbHO tg(x/2)
TaKxKe yJ1BauBaeTcs.
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Ynpaxuenue 178. IlposepbTe hopmyJibl

2 tg(x/2) . 1 —tg?(x/2)
1 +tg2(x/2)’ 1 +tg2(x/2)

B HekoTopbIx chyuasix, HanpuMep, Koria MHorousieH @, (cos x, sin x) oj-
HOPOJIHBII, T.€. COCTOMT TOJILKO M3 OJHOUJIEHOB BHia sin® x cos* x, co-
OTBETCTBYIOlIlEE YPABHEHHE MOYKHO CBECTH K YpaBHEHHMIO OTHOCHTEJbHO tg X,
He MOBbILIAs MPU ITOM €ro CTENEeHH.

Ecau TpuroHomMeTpruueckuil MHOTOUJIEH UETHBIH WJIM HEUETHBIH, TO COOT-
BETCTBYIOLLIEE YPABHEHHE MOXKHO CBECTH K ypaBHEHHIO OTHOCHTENBHO COS X,
He TOBbBILIAs IPH 9TOM €ro CTerNeHH .

a) sin x = 6) cos x =

3anauu ¥ ynpaxHenus K §4.17

3anaud B 3ToM naparpade, Kak MpaBu/o, TPYAHbl, HO OHM CTAHOBSATCS
BIOJIHE JIOCTYNHBIMH, €CJIM pellaTh MX B YACTHBIX cjydasix n=2, 3, 4, ...

[TepBblil LKKJ 3a7au MocBsileH MHorouwleHaMm Heobiéna. [TonoOHbIX 3a-
Jlay U3BECTHO KOJIOCCAJIbHOE KOJIMYECTBO, M Mbl 3/1€Ch IPUBOJUM TOJLKO HEKO-
TOpbIE H3 HUX.

1. Jlokaxkute pekyppeHTHble COOTHOLIEHHSI M MPOBEPbTe HauyaJjbHblE yC-
JIOBHSI

Ta(x) = 2xT,—1(x) — T—2(x), To(x)
Urz(x) = QXUnfl ()C) - Un72 ()C), UO(X)

I, Ti(x)=x,
I, Uj(x)=2x.

2. DTH MoCeN0BATENBLHOCTH MOYKHO MPOJIO/IKUTD U JIJIST OTPHIIATENbHBIX
uHpekcoB. Jlokaxute cootHowenus T, =T_,, U, =—-U_, _o.

3. Jlokaxkute npu 1 # —1 TOXK1eCTBO

1

Un(x):n—H

T,;H (x).

4. JlokaxKUTe TOXKIeCTBa:
a) Tp(—=x) = (=1)"Ty(x);  6) Un(=x) = (=1)"Up(x).

5. JlokaxknuTe paBeHCTBa:
Ln/2] (
a) To()= > CHxm (e —
k=0
Ln/21 Q%41 ,n—2k(,.2 k
0) Unl)= 3 CHb = = 1)
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[n/2] (— )

B Ta) =5 % (pCh 0
/2]

D Ui = Y (~DFCE_ @202,
k=0

6. okaxure npu |x| < 1 ToxaecTsa:

a) T,(x)=cos (n arccos x);
6) Un(x) =sin ((n+ 1) arccos x)/ sin (arccos x).

7. ﬂoxamme npu |x| > | Toxnecrsa:

1) = 5 (e VT (= VT,

w(x) = h (n Arch x);
1

a
6

) T,
)
B)
r) U,(x) =sh ((n + 1) Arch x)/ sh (Arch x).

T,
Unta) = e (e VT = VR T,

8. Haiinzute KopHM M 3KcTpeMyMbl MHorowieHoB YeOblléBa MepBoro

h BTOpPOro poja.

9. IIOKam/lTe peKyppeHTHbIE COOTHOLIEHHS:

a) T,T,= (Tm n+ Tmsn);
6) UnT, = E(Um—n + Ungn);
B) Tn(0)Ty(x) £ (1 = x2)Up— 1 Up— 1 (x) = Tppn (x);

I‘) Un—1(x )T ( )iTmUnfl(x):Um:I:nfl(x);
1) Tu(Tn) = Tinn(x);

e) Um—l(Tn):Umn—l/Un—l;
)K) T,= %(Un - Urz—Q);

3) Tu(x)=Uy(x) = xU,—1;

n) To(x) =xUp—1(x) = Up—s.

10%*, Jloka)KuTe, UTO CJIOKHOCTb COBMECTHOIO BBLIUHCJICHHS]
Huit T, (x), U, (x) He 6osblie C logy n, rne C — KOHCTaHTA.

11%. Jlns q1060ro TpPUroHOMETPHUUECKOTO MHOTOUJIeHA

th(x)=ap+ Z(ak cos kx + by, sin kx)
k=1
Npu 1 > m > 1/3 CnpaBeyiiBoO TOXKIECTBO

tn(x)_tn<x+%) +tn<x+2%) —...—tﬂ(x+m

m

3Haye-

=a, cos mx + b,, sin mx.
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12*. HaszoBem nopmoi v 0603HauuM ||¢,|| Makcumym MOLysisi TPHIOHO-
METPHUECKOro MHorousieHa f,. Jlokaxure ajsi jtoGoro m, n>m>n/3, He-

paBEHCTBO
ltall = /a2, + 02,

13. loka)kuTe, UTO Cpei BCEX TPUTOHOMETPHUUECKHX MHOTOUJIEHOB
CTEreHH 1 ¢ JaHHBIMK CTaplUUMK KO3 (PULHEHTAMH a,, b, HaUMeHbLIYIO
HopMy ||Z,|| MMeeT TpuroHoMeTpHUeCKHEl MHOTOUNEH @, oS 11X + b, sin nx
U TOJILKO OH.

14*. HazoBem Hopmoii u 0603HauUUM || p,|| MakCHMyM MOJyJisi MHOTO-
ujieHa p, Ha orpe3ke [—1, |]. JlokaxkuTe, 4TO Ccpell BCeX MHOTOUJIEHOB pj,
CTeNeHH /1 C AaHHBIM CTapIINM KO3((HULHUEHTOM @, HAUMEHbIIYI0 HOPMY HMe-
er MHorousien Uebbiésa a,2' =" T, (x).

15*. a) Ina moo6oro n €N cyliectByer MHorouneH P,(x) € Z[x] ra-
KoM, uto 2 cos nt = P,(2 cos ).

6) BoiBeaure u3 a), uto npu mobom g € Q uan cos gw € {0, F1/2, Fl},
WJIH UHCJIO COS 7T HPPALMOHAJIBHO.

n
16%. Boiuucaure Y. g* cos(kx + a).
k=0

n
17%. Boiuucaure Y cos? kx.
k=0

18*. Peuiute ypaBHeHUe

cos o+ C} cos(p + a)x 4 ...+ C" cos(p + an)x" =0.

19. JlokaxuTe TOXKAECTBA U HAUIUTE KOPHH TPUTOHOMETPHUECKUX MHOTO-
4JIeHOB

C 2n+1
1 Sin ) X
5 T COS X +...+Cos X =——""3— (f0po Hupuxae);
2 sin =
2
.n n+1
Sin §XCOSTX
CoS X +...4+cos nx = T ;
sin =
2
cosx+c033x+...+cos(2n—l)x:M;
2 sin x
n . n+1
sin §)CSII’I p) X
sin x +sin 2x + ...+ sin nx = = ;
sin =

2
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2
sin x+sin3x+...+sin(2n — )x = sin ﬂx,
sin x
sinn+1x ’
1
n—;— —|—ncosx—|—(n—1)0052x+...—|—cosnx:§ QX
sin =
2

(20dpo Deliepa).
20%. JlokaxkuTe, UTO TPUTOHOMETPUUECKHH MHOTOUJIEH

n

Z(ak cos kx + by, sin kx)
k=1

BCerjga uMeeT KOpHHU.

21%*. a) CocTaBbTe ypaBHEHHE C KOPHAMH cth <2nkj_ ] >, I<k<n.

6) Jlokaxkute, 4To

: 9 km . . é 9 km . )
thg (2n+1)—n(2n 1)/3 u ;cos (2n+1>—2n(n+1)/3,

k=0

1
B) BbiBennte 13 6) 1 HepaBeHeTBa ctg av < — < cosec «, UTO
«

2n(2n — 1)

1 2n(2n + 2)
ST 1+ st

L 7”_
6 @2n+1)2 6°
OTKyla cJeyer gopmysaa Jisiepa
S| . T
Zlﬁ—nh“;o(” totog) =T
n—=

22*. (M. Pucc *.) [lokaxure, uTo jJsi JI06Or0 HEOTPULATEIBHOTO TPUTO-
HOMETPHUECKOTO MHOTOUJIEHA

th(x)=ao+ Z(ak cos kx + by, sin kx)
k=1

CIIpaBeJINBO TOXKIECTBO

_ ‘hn(ezx 2

rie h, — MHOrousieH n-ii crenenu. Ecsin k Tomy e f, ueTHbI, TO /1, MOXHO
noso6paTh Tak, YToObl OH UMEJ TOJILKO JEHCTBUTE/bHbIE KOIPPULIUEHTHI.

* M. Pucc (Marsel Riesz, 1886—1969) — Benrepckuii marematuk. Pa6oras B LlIBenuu.
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23*. JlokaxkuTe, uTo M/ J0GOrO HEOTPULATENbHOTO TPUIOHOMETpUUE-
CKOT0 MHOTOUJIeHa

n
th(x)=aop+ Z(ak cos kx + by, sin kx)

k=1
CrpaBeIiBO HEPABEHCTBO

Ln(x) < (n+ 1ao,

KoTopoe oOpalllaeTcsi B paBeHCTBO JiHlib Wi siapa Peitepa.
24*. Tlyctb t,(x) — TPUrOHOMETPUUECKHUI MHOTOUJIEH 11~ CTeleHH,

m=min t,(x), M=max t,(x).
x€R x€R

JloKaxkuTe, uTO

2
M—-m 1 M—-m
< — = < —
m+ P \QW/tﬂ(x)dx ag <M P
0
25%. Jlokaxkure, 4To
2n
_ . x—0k _Qk—l .
a) COSﬂX—Akl;[lSlﬂ 3 , TIe O,= PR
cosnxsinm
(m) oy COSAX x—@m: yml 9
6) Q" (1) =S (~ 1y etg T = (1) —2
2n sin 5

€CTb TpI/II‘OHOMeTpI/I‘-IeCKI/IIjI MHOTIOUJIEH A1-H CTeleHu TaKOIZ, 4yTo

QU (6;) = {0’ ket m

I, k=m.

26%*. JlokaxkuTe, UTO /51 JIIOOOTO TPUTOHOMETPHUUECKOTO MHOTOUJIEHA

th(x)=ao+ Z(ak cos kx + by, sin kx)

k=1
CrpaBeyIMBbl paBeHCTBa
% P
l.(x) =a, cos nx + CO;nnx ;(—l)k ctg x; kt.(0p),
%

1
t/ 0)=— —1 k41 tn 9,):
20 4n kz:;( ) sin® 0,/2 (6e);
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topmysia M. Pucca 1yis IpOM3BOJIHON TPUTOHOMETPHUECKOTO MHOTOUJIEHA

2n

1 1
1(0)=— — 1, (x — ),
n( ) An ;( ) Siﬂ2 ek/Q ()C k)a

HepaseHctBo C. H. BepHuureiina *

t/ < ¢ .
max [t (0] <n max |20 ()]

§ 4.18. Pacuuupenus nogei

PaciuupeHnue rnoJist nyTem NpuCoeiMHEH sl KOPHS HElPUBOAMMOrO Hajl HUM
MHOTOUJIEHA — 3TO BaKHeHIas ¥ NpocTeriiasi KOHCTPYKLMS TEOPUH ToJieH,
npUUYeM eMHCTBEHHAs!, KOTOPYIO Mbl GyJ1eM H3ydaTh.

Paccmotpum noJie F 1 KOJIbLIO MHOTOUJIEHOB Hal HUM fx]. [lycth MHOTO-
unen f(x) = aox" +a;x""' 4+ ... 4+ a,_ X + a, HENPUBOIUM HAJ STHM TOJIEM.
OkasbiBaercsl, MOXKHO JIONOJHHUTL T0Jle 7 HOBBIM 3JIEMEHTOM < TaKUM, UTO
JUISl HErO BBIMOJIHSIETCS] TOKIAECTBO

() =aoa" +aja" ' + ... +a,_1a+a,=0. (+)

Onepauuu Ha MHOXKeCTBe (DOPMAJIbHbLIX BbIPaXKEHHE («MHOIOUJIEHOBY )
BHJA
() =boad™ + b1+ by i+ by,

rie b; € F, 0 < m < n, onpenesnm ciaeiyloliuMm o6pasom.

Onpepnenenue 111. Caoocenue ornpenensieTcsi Tak ke, Kak U CJoxKe-
HHEe MHOTOUJIEHOB (MIPH 3TOM BBIMOJIHAIOTCS BCe aKCHOMbI abesieBOl TPyl
N0 CJOXKEHHIO), YMHOJNCeHUe ONPEJeNISieTCsl KaK YMHOXKEHHE MHOTOUJIEHOB,
HO C MOCJIEYIOUMM HCMOJb30BAHUEM TOXKAECTBA (%), T.e. nocse 0ObIYHOTO
YMHOKEHHsI MHOTOUJIEHOB W JIeJIEHUs1 Mpou3BeaeHus: Ha [(a) ¢ octaTkoM Oy-
JIEM CUHTaThb npousdsedertiem 3TOT OCTATOK.

OueBuyiHO, CTereHb MPOM3BENEHUS] HE TMPEBOCXOAUT 1 — | 1 onepauus
YMHOKEHHsI TI0X0Ka Ha yMHOXKEHHe B M0Jie BbIUETOB MO MPOCTOMY MOJLYJIIO.
Heiimpanaoroin snemennmom st yMHOXKeHUs! sijsieTcst .

JlokaxkeM cyllecTBOBaHHE OOPAMHO20 3IAeMEHMA TO YMHOXKEHHIO.
[lo ycsioBHIO MHOTOUJIEH f(x) HEMPUBOAMM, MTOSTOMY JIFOOOH He paBHbBIH HYJIIO

* Bepuureiin Cepreit Haranosuu (1880—1968) — coBerckuil MaTeMaTHK, aKaleMHK, HHO-
cTpaHHbIll el [lapiKcKoli akajieMuu HayK.
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MHOTOWIEH ((X) CTereHH, MEeHbLIEH /1, B3BAUMHO TPOCT C HUM, a 3HAUHT, MOXK-
HO Moa06paTh Takue MHOTOUJIEHbI X(X) H p(x), uto f(x)x(x) + pu(x)p(x) = 1.
[ToncraBnsst x = a, noayunm p(a)e(a) = 1.

Ynpaxuenue 179. TlokasaTb, uto il BBeleHHbIX ONepaLMil BbINOJIHS -
I0TCS1 BCe aKCHOMBbI M0JIsl.

Onpenenenue 112. [locTpoeHHoe noJie HA3bIBAETCS] paculipeHuem no-
Jst [ ¢ moMolliblo KOpHst MHOTOUJIeHa f(x) u o6o3Hauaercs F(a).

Ynpaxuenue 180. [lyctb /' — nosie BbIUETOB M0 MOAYJIO 2, MHOTOUJIEH
x? + x + | nenpusoaum Hax 5tuM nosiem. O603HAUNM Uepe3 o KOPeHb ITOro
MHorousieHa, tTorna o +a + 1 =0. [TposepbTe, uto F(a) COCTOMT U3 3Je-
mentoB 0, 1, o, @+ 1 W onepauuu Cl0XKEHUS] U YMHOXKEHHSI B 3TOM ToJie
13 4 3J1eMEHTOB ONpeledsIoTCs Mo caeayolnm Tabauuam Kaou:

+ 0 1 « a+1 0 1 « a+1
0 0 1 « a+1 0 0 0 0 0
1 1 0 a+1 « 1 0 1 « a+1
o o a+1 0 1 o 0 « a+1 l
a+l|a+1 « 1 0 a+1]|0 a4+l 1 o

Ynpaxuenue 181. [lpoBepbre, UCOJBL3Ys 3TH TAGJHULbI, UTO BBIMTOJIHSI-
I0TCSl BCe aKCHOMBbI MOJIsl.

Ynpaxunenue 182. PaccmorpuMm noJse paefcTBUTE/bHbIX uMces R
U HENPUBOAMMbBIA HAJ, HUM MHOTOYJIEH x2 4+ 1. O603Haunm OYyKBOH i KO-
peHb 3Toro MHorousena: i> + 1 =0. [ToJyunTe yKazaHHBIM Bbillle COCOGOM
pacluMpeHre noJst JeHCTBUTEeNbHbIX YHCes C MOMOLbI0 KOPHSI paccMaTpUBa-
emoro MHorouJsieHa R[] u npoBepbTe, UTO 3TO pacCLIMPEHHEe €CTb HE UTO HHOE,
KaK I10J1e KOMIJIEKCHBIX UHCeJl.

Onpepnenenue 113. MuoxectBo K KOMILIEKCHBIX uuces (He 0o06si3a-
TEJIbHO BCEX) HA3bIBAETCS YUCAOBLLM NOAEM, €CJU JIJISi HErO BBIMOJIHSAKOTCS
YCJIOBHS:

a) a, feEK=at+peK,

6) o, BEK=a-B€K u (npu ycaosuu 8+#0) a/B €K,

B) noje K COJIEPKHUT HE MeHee NBYX 3JIEMEHTOB.

Teopema 113. Beakoe uucrosoe nose K codepacum ace payuonaro-
Hole qucaq.

HokaszaTeabcTBo. Bo-nepsbix, nosne K comepkut O u 1. B camom
Jeqie, nycThb a, (3 — 1Ba pasJuutblx sjementa K, torna 0=a—a u |l =a/a,
rjie o cuutaeM He pasHbiM 0.
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Bo-Bropeix, mose K comepxKUT Bce lejble uuchaa. JleldcTBUTENBHO,

ecsii n€Z v n>0, o n=1+...+41€K. Eciu xe n€Z u n<0,
n pas

10 —n>0=-neK. Ho torna n=0—(—n) € K. Ocrajocb 3aMeTHTb,

UTO BCSIKOE PALMOHAJLHOE UHCJIO €CTh YacTHOE JBYX LeNbIX 111 /g € K. O

Onpenenenue 114. Ecuu nose K| cojpepkuT mnojie Ky, TO TOBOPSIT,
uto K siBasiercsi pacuiuperuem K.

[Ipumepom paciuupenus noJjst K c/ay:KuT 1oJe, noJyuarolieecs npucoein-
HeHMeM K noJiio K HeKOTOpPbIX Uhces aj, ao, ..., a, € C. OHo o6o3HauaeTcs
K(ay, ag, ..., a,). [1o onpenenenuio nose K(ay, g, ..., ;) €CTb HaUMEHb-
wiee W3 MoJiel, collepakalllee Bce udcsaa us nodist K v uncaa (o, ag, ..., o).

Teopema 114. [lose K(ay, ag, ..., a,) ecmo MHOMECMB0 4ucer 8u0a

Play, ag, ..., an)
Q(alv g, ..., Oén)’

ede P(ay, ag, ..., ap), Q(ag, ag, ..., ay) — MHOCOUACHbL ONL 1 NEPEMEHHbLX
¢ koagppuyuenmanu us noira K u Q(ay, ao, ..., ay) #0.

HokaszateabcTBo. [lo onpenenenuto noasi K(ay, ao, ..., a,) OHO
COJIEP2KUT BCe uucsa Buja P(ay, ag, ..., a,) U Q(ay, ao, ..., ay), a 3HAUHT,

N 4yaCTHbIE
Play, ag, ..., an)

Qay, ag, ..., an)’
OcraJ/ioch 3aMeTUTDb, UTO MHOXKECTBO TAKUX YACTHLIX SIBJISIETCSI YUUCJIOBLIM I10-

JIeM, TaK KaK CymMMa, pa3HOCTb, MPOU3BEJCHHE U YaCTHOE UHUCEJ TaKOTO BHUIa
TOXKe fBJIFeTCd YUCJIOM BHAA

F(ay, ag, ..., an)
G(ay, ag, ..., an)
JUIsl HEKOTOPBIX MHOTOUJIeHOB F(ay, au, ..., ay) u G(ay, ag, ..., ay) #0. O

[ITpumepsn. 1. Ecmu K =C, 10 K(p, o, ..., ay) =C.

2. Eciu K=Q, a=+?2, 10 Q(\/§) — KsadpamuuHroe paculuperue
noas Q.

3.Ecm K =Q, a; (=1, ..., n) — pa3jnuHble KOPHU 11-i CTENEHH U3 eJU-
HHULIbI, TO paclIMpeHHe MoJs paluoHaNbHbIX uncean Q(ay, o, ..., ay) Hasbi-
BaeTCs noAem 0elerus Kpyea Ha 1 uacTedl.

Ynpaxuenue 183. [Iposepbre, uto

K(ay, ag, ..., ay) =K(ay)(ag, ..., ay) = K(ay, ag)(as, ..., a,) =
:K(Oél, g, ..., al’l—l)(aﬂ)'
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Onpeneaenue 115. [Ipocmown pacwuperuen nois K HasbBalOT noJe
Buaa K(a), rie a € C.

Jls1s1 IPOCTBIX paclIMpeHHH CYLIECTBEHHO, SIBJSETCS JIM o KOPHEM HEKO-
TOPOro MHorousieHa f(x) ¢ KoshhHIHeHTaMH U3 MoJsi K UM HeT.

Onpenenenue 116. Yucso a € C nasniBaercs arcebpauueckum naa K,
ecJi cyllecTByetT MHorouwten f(x) € K[x] Takoil, uto f(a) =0. AsreGpanue-
ckoe HaJ Q uncyio HasbiBaercst (MPOCTO) areebpauyeckum YUCIOM.

Hanomuum, uto mMHorousien [ Henpusodum Haj nojem K, ecu oH pas-
JlaraeTcsl B MPOM3Be/leHHe MHOroueHoB Haja K TOJbKO TpHUBHAJbHBIM 06-
pa3oM, a MHOTOUJIEH C LeJbIMU KOo3(dHULMeHTaMH [ Ha3blBaeTCsl Henpuso-
Jumoim Had 7Z, ecau u3 toro, uto f=g-h u g, h € Z|x], caenyer, uto
(deg g)(deg h) =0.

Teopema 115. [Iycmo K — uucaosoe nose, [(x) — Henpusodumolii
Had K muoeounen. Toeda, ecau [,(a) =0, a € C, mo npocmoe pacuiupe-
Hue K(a) noaa K cosnadaem c mHoscecmson

{ag +a o+ ... +a,_1a" " ag, ..., ay_ €K}
HokaszateabcTBo. [lycts = % € K(or) — Npou3BOJIbHBII 3J1€e-

MeHT 3Toro noJs. [IpencraBuM ero B ykazaHHOM BHJIE.

3amerum cHauasia, 4To MHOrousieH f(x) B3auMHO mpoct ¢ @(x). B camom
JieJle, TIO YCJIOBHIO, Y MHOTOUJIEHA f(x) HET HETPUBUAJBHBIX JIeJIUTeNeH, a ecou
f(x) — nenurens Q(x), To Q(a) =0, uero He MoXKeT ObITb.

Bocrnosib3dyemest  Terepb H3BECTHBIM HAM JIMHEHHBIM [PeACTABJIEHHEM
HO/, t.e. toxmectBom Q(x)u(x)+ f(x)v(x)=1, rme MmHorouseHbl u(x),
v(x) € K[x]. TToxcTaBuB B Hero x = a, MoOJIy4uM, 4TO

I=u(a)-0+0v(a)- Q) =v(a)- Qa).

3Hauurt, 1 =v(a) u L) = P(a)v(cr). [TosTomy uncsa us nogs K(cw)

Q) Q)

TMPeJICTABJISIIOTCST KaK 3HAUeHHs1 MHOTOUIEHOB ¢ Ko3(hduileHTaMu U3 nosisi K.

OcTajioch 10Kas3aTh, 4TO JUIs TOTO MOXKHO 6paTb MHOTOUJIEHBI CTere-
Hell MeHbILUX, ueM 1. IlefictBuTenbHo, nycth 0 = F(a) € K(a). [Tonennum F(x)
Ha f(x) ¢ 0CTATKOM W MOJIyUMM PaBEHCTBO

F(x) = [(x)g(x) + r(x), rtme deg r(x)<deg f(x)=n.

[ToncraBuB B Hero x = a, HaiaeM, uto B =F(a) =0-g(a) + r(a) =r(a). O
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Jlemma 29 (06 aHHyaupylouiem MHorouseHe). [Tycmeo f(x) — nenpu-
s8odumoLii mroeourer, f(a) =q(a) =0, moeda q(x) deaumcs Ha f(x).

Hokaszarteabctro. [lyers [ He aenut ¢, Torna HO(f(x), g(x)) =1,
3HAUMT, COMVIACHO JieMMe O JiHHelHOM mpeactaienun HOJL jisi HeKoTOpbIX
MHOTOWIEHOB 4, U BbIMoJHsieTcsi paBeHctBo | = fu + qu. Ho torma, noacras-
Jisisl B 3TO PABEHCTBO X = v, MoJiyuaem rnpotusopeune: 1 = 0. O

Teopema 116 (06 aHHyJaupylouleM MHOroujeHe). /19 8ciK0e0 ai-
eebpauueckoeo yucaa o (Had nosem K) cywecmsyem edurcmeeHHolil
nenpusodumsili mroeouren [(x) € K[x] ¢ edunuunoin cmapuium Koagh-
Guyuernmon maxoti, umo f(a) =0.

HokasareabcTtBo. CyuecrsoBanue. OueBUaHO, CyLIECTBYET g(X) €
€ K[x] rakoii, utro g(a) =0. CoryacHo TeopeMe 83 3TOT MHOIOUJIEH OLHO-
3HAUHO PA3/iaraeTcsi Ha HEMPUBOAUMbIE MHOXKHUTEMH. Ynesao o Oymer KopHeM
OJIHOTO M3 TAKUX MHOXKHUTEJIEL.

EmunerBenHocTs. [lyets [ (o) = fo(a) =0, MHOrousiensl fi, fo HenmpuBo-
JUMbl HaJl K ¥ UMeIOT eMHHUHble crapiive KoshduuuenTtsl. Torna no npe-
abiyuieit aemmve [y | fo u fo| [1, 3Hauurt, fi = fo. O

3anauu v ynpaxxHenus K §4.18

1. Tokaxure, uto Q(v2) = {a + b\/2: a, b € Q} — noJte, B KOTOPOM MHO-
rousien x? — 2 UMeeT KOpeHb.

2. JlokaxkuTe, 4TO (@(3/5) ={a+b V24 c V4 a, b, c € Q} —noute, B KO-
TOPOM MHOTOUJIeH X — 2 UMeeT KOpeHb.
3. YcTpaHuTe HPPaLMOHAJBHOCTD B 3HAMeHaTessAX Apobeil
1 a+1
1+ 3% 4+a+l’

rie o —a—1=0.
4*. Ycrpanute uppaurdoHaJbHOCTb B 3HaMeHarese 1po6u

1
3 33"
1+ V24 V3
5¥*. YcrpaHuTte UppalMOHAJIbHOCTL B 3HaMeHareJsie Ipo6u

2
Vi-3¥51ev5- Vs

6. CocraButh ypaBHeHHE C LeJbIMH KO3(dUIMEHTAMH C KOpHEM A=
=a’+a+l,mea®—a—1=0.
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7. CocTaBUTb ypaBHeHHE C LIEJbIMH KOI(P(PHULHEHTAMH C KOPHEM
a) V2 +3; B) V2 + V/3;
) V2+V3+VE 1) V24 V3 + V5.
8. JloxkaxkuTe MppaLHOHANBHOCTD YHCE
a) V2 +3; B) V2 + V/3;
6) V2+V3+V5 1) V2+ V3+ V5.

9. ITocTpouTh paciunpente nost Zz ¢ NoMOLIbI0 MHOroujiena x> + 1.

10. JlokakuTe cyliecTBoBaHHe noJieii nopsiaka p> u po.

11%, TlycTb B HEKOTOPOM moJie F XapaKTepPUCTHKH p MHOrouseH x” — x
paCKJabIBAETCS HA JIMHEHHble MHOXKUTEMH. JIOKaXKUTe, UTO BCe KOPHHU 3TOTO
MHOrouJieHa pasJ/HuHbl H o6pa3y}0T noJie Mopsijika p"

12%. JlokaxkuTe, 4TO xP" — x neaut xP" — x TOrmA H TOJBKO TOraa, Ko-
ria m JeJUT 1.

13*. Tlyctb FF — KoHeuHoe noJie nopsiika p”. Jlokaxkure, uTo BCe 3/1eMeH-
Thl o F, yl0B/eTBOPAIOLIMe ypaBHeH o xP — x =0, rie m — JeauTen 1,
00pasyloT nojrnoJe nopsaka p™, npuuem MOANOJe TaKOro Mopsiika eIuH-
CTBEHHO.

14*. JlokaxkuTe, uto Ji060e MojroJe MoJjs Mopsiika p” uMeeT mnopsi-
JOK p™, rie m — JeUTedb 1.

15%. Tlyctb [(x) — HenpUBOAMMbIN MHOTOUWIEH CTeNeHH m Haj rnojem Z,
Jokaxute, uto f(x) neant x?" — x.

16%*. O6o3HaunM uepes [, (x) Npou3BelieHHe BCeX HEMPUBOAUMbBIX MHO-
rOwIeHOB CTeMeHH /M Haj nosem Z,. lokaxkure, uto

X —x= H Ja(x).
dln

17*. Haiinute [, (x) npu npocrom .

18*. Haiigure [,(x) npu p=2un=4, 6, 8.

19%. Haiinure [, (x) npu sro6om m.

20**. Jloka)knTe CyllleCTBOBaHUeE MoJiel rnopsiaxka p'.

21%. Yucno a € C HasbiBaeTcs aneebpauieckum, eCiu sBAsETCS KOPHEM
MHOTOUJIEHA C LEJNbIMH KO3((ULMEHTAMH, U yeabim areedpauieckum, ecu
CTapluil KO3(hUIMEHT 3TOro MHOrOUJIeHa paBeH eiuHuLe. JlokaxKure, uto aJ-
ajrebpanueckue uucsia o6pasyloT rnoJie, a LeJsble rebpanieckue — KOJbLo B HEM.

22*. ConpsasjcernHoimu K anre6panueckoMy UHMCJy Ha3blBAlOTCS KOPHH
MHOrouJlieHa C 11e/1bIMH KO3((ULIMEHTaMH MHHUMAJIbHOH CTeNeHH, aHHYJIHpY-
folLero 310 uncyo. [1pou3sBenenye 3Toro uncsa Ha BCe COMPsSKEHHbIE K HEMY
HasblBaercsl ero Hopmoti. JlokaxkuTe, 4To HOpMa ajre6panueckoro uyucaa —
pauKoHaJbHOE, a HOpMa LeJIoro anreGpanueckoro ynucsa — LeJjioe Ynucaa.

23*. JlokaxuTe, uTo Jil060 MHOrouJieH ¢ ajre6panueckuMu Koshduim-
€HTaMH MMeET TOJIbKO asirebpanuyeckie KOpHH.
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ﬂOHOJlHPlTCJlebIe 3ajJda44 O MHOrouJieHax

1*. Jlio6oit mHorouwsen uz C[x] npu Jwo6om n € N MOXKHO MpPeACTaBUTh
B BUJIE CYMMbI 71-X cTeneHeidl MHorouseHoB u3 C[x].

2*. (O6o6uiennast Teopema Posisi.) Ecan muorousen f(x) € R[x] umeer
Ha oTpe3ke [a, b] n JeliCTBUTEJbHBIX KOPHEH C YUeTOM KpPaTHOCTH, TO TpH
Mo6oM k < n TIPOU3BOAHAST R-TO MOPSIAKA OT f(x) HA 3TOM OTpe3Ke HUMeeT
He MeHee 1 — k KOpHEH ¢ y4eTOM KPaTHOCTH.

3. (Ponsb *.) Ecam Bce kopuu Muorousiena f(x) € R[x] mefcTBHTEbHBI,
TO TpHU JIIOGOM & < 71 IPOU3BOJIHAST k-T0 MOPsiAKa OT f(X) UMeET TOJbKO Heki-
CTBHUTEJIbHbIE KOPHHU.

4*. Ecau Bce KopHM MHorouseHa f(x) € R[x] nefcTBUTeNbHBI, TO TNpH
A €R Bce kopuu f(x) + A[/(x) TakxKe IEHCTBUTE/LHBI.

Ykasanue. Paccmorperb e [(x) u npumenntsb Teopemy Podis.

5*. Ecan Bce xopuu f(x), g(x) € R[x] nefictButenbhbl, g(x)=a,x" +
+ ... 4 agp, T0 y MHOrousiena F(x) = a, [(x)™ + ... 4 ao[(x) Bce KOpHU TaKKe
JEFICTBUTENbHBI.

Ykasaunue 3ameruts, uto g(x)=a, [[(x — «;), paccmorperb mo-

L
CJIeNIOBATEIBHOCTL Fo(X) = ay f(x), Frp(x) = Fp1(x) + X\ef(x), Fu(x) =F(x)
¥ TIPUMEHHTD TIPeJIbIIYILYI0 3a1auy.

6*. Ecan Bce KopHH MHorowneHoB f(x), g(x) € R[x] meficTBUTe/bHbIE,
HEKPaTHbIe U PA3JEJSIIOTCs], T. €. MEXKJy COCEJIHHMH KOPHSIMH OJHOTO BCEraa
JIEXKHUT KOPeHb APYroro, To npu Jiobeix a u b € Ry MHorowiena a g(x) + b f(x)
BCE KOPHHU A€HCTBUTEJIbHBI.

7. Ecau mHorounen f(x) € R[x] umeer KpaTHbIl KOpeHb, TO MPH H0CTa-
TOUHO MaJsioM  Jiu6o f(x) + ¢, 6o f(x) — f UMeeT HeleHCTBUTE/bLHbIE KOPHH.

8*. Ecsn mHorousiensl f(x), g(x) € R[x] B3aUMHO TIPOCTHI, U NPH JIIOOBIX
1 b € Ry mHorousiena a g(x) + b f(x) Bce KOpHU I€HCTBUTENbHBI, TO BCE KOPHH
MHOrowieHoB f(x), g(x) € R[x] neificTBUTE/IbHbIE, HEKPATHBIE U PA3IEISIIOTCSI.

9*. Ecan Bce KOpHH MHOrouwseHoB f(x), g(x) € R[x] neficTBUTE/bHbIE,
HeKpaTHble M Pa3JeJsOTCs, TO KOPHH HMX MPOU3BOJHBIX NEHCTBUTEJNbHBI,
HEKPATHbI U Pa3JIesOTCS.

10*. Ecsu Bce KopHu muorousenos f(x) —a, f(x) —b eR|x], a, b €R,
JefiCTBUTeNbHBIE, @ < ¢ < b, TO Bce KOPHH MHOrowieHa f(x) —c neACTBH-
TeJIbHbIE.

* M. Posub (Michel Rolle, 1652—1719) — dpatniysckuii MatreMaTHK, ObIBLIHI NPOTHBHHKOM
nrddepeHnanbHOro i HHTErpabHOrO HCUHC/ICHHS.
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*. OnpeiesiuTb YHCJIO JIEHCTBUTEIbHBIX KOPHEH MHOTOUJIEHOB

B LN S P e S e
" xnfl xQ
=4 ot St
n n—1 2

12. Jlokakurte, 4TO MHOrOUJIEH

2n2

Aon x> + y_o + . 4ax® faix+ag

uMeeT He GoJiee IBYX JEHCTBUTEJIbHBIX KOpHEH, ecsd ap > 0 npu & > 1.

13*. (Maksopen *.) Ecuan koadduimentsl y f(x) HeoTpHLIATEbHBI, TO BCE
JefiCTBUTeNbHbIE KOPHU He GoJiblie 0.

14*. (MakJjiopeHn.) EcJ/in HecKoJsibKo cTapiinx KoshOUIMEHTOB HeOTpULIA-
TeJIbHBI, a MocJeaHue m + 1 oTpULATeNbHbl, TO BCe JeHCTBUTE/bHbIE KOPHH
MHOTOUJIEHA

gx)=ax"+ ...+ ap
He MPEeBOCXOMST

a) p+ max =R |ar/a,pm*| npu moéom p >0,
ap<
6) 2 max "—£/ay|/a,,
ap<
B) "%/ |am/an] + m_k\/ |akl/am.

15*. (Ouenkn MakJjopena.) KopHu npousBoJsibHOr0 MHOTOUJIEHA
g(x)=aux"+...4+ap € Clx]

M0 MOJLyJII0 He MPEBOCXOJSIT

a) 1+ r}?ax ‘ak/aVZ'; B) 2 Tax ﬂik\/ |ak/an|;
<n <n
0) - max /a4 s 1) sl + ma "*kx‘/_m/a_n_n.
16*. (Hototon.) Ecin [(x) € R[x], f(a) > 0 f( ) > . [™W(a) >0,

deg f(x) =n, To BCe NelCTBUTENbHbIE KOPHH MHOTOUJIEHA f( ) He TPeBOCXO0-
JST a.

17*. Muorounen x"* — pix"~ ' — ... — p, npu p; =0, p1+...+ p, >0,
UMeeT eIMHCTBEHHbIN M0JIOKUTE/bHbIH KOPEHb.

18. JlioGoii kopenb MHorousena 2" +a;2"~! + ...+ a, € C[z] ue npe-
BOCXOJIUT 110 MOJIYJIIO €IHHCTBEHHOTO MOJIOKHTENLHOIO KOPHSI MHOTOUJIeHa

—ay|x" = = a).

* MakJsopen (Colin Maclaurin, 1698—1746) — miotnanackuii MaTeMaTHK.
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19. Ilyetb po> p1>...> p, > 0. Hokaxute, uto BHyTpH Kpyra |2] < 1
HeT HyJiell MHorousieHa po + pi12 + ...+ pu2".

20. Iyets  po>pi1>...>p,>0, a=min(pi/po, pe/Pis---s Pn/Pu-1)-
Jlokaxkute, uto MHOTouJIeH po2” 4+ p12"~' + ...+ p, He UMeeT HyJsiell B Kpy-
re [z] < a.

21*. Ilyets po=pr=...2pn =0, [(2)=poz"+ pi2" '+ ...+ pa,
f(A) =0, |A| = 1. lokaxuTe, uTo A eCTb HEKOTOPbIH KOpeHb 13 1.

22*. EcJiu MHOTOUJIEH

f(x, 9) = apx" + ap 1 X"y + o+ axy" "+ agy™ €R[x, y]

. 0 0
passiaraetcsi Ha JIMHEHHbIE MHOXHTEJH, TO 3TO K€ BEPHO JJIst 8_)]: u 8_f
Ykaszanue PaccMoTperb MHOrOUJeHbI Y
g)=ax"+...4+ap u hx)=apx"+...+a,

¥ MPUMEHUTb Teopemy Posist.

23. Ecau tpexusien

=ax’+b ZeR
[(x, y) = ax” + bxy + cy” € R[x, y]

pas/iaraeTcsi Ha JIMHelHble MHOXKHTENH, To b% > ac, u o6patHo.

24*. Tlyets @y, ..., @y >0, 0p=> @i, ... @;, — 3JEMeHTapHbIH

CHMMETPHUECKHIl MHOrOWeH OT NepeMeHHbiX a;, pj=o0y/Ck. Torna p? >
2 Pi—1Pk+1 TpH 2< R <n— 1.

n
Y kasauue. Paccmorpers mHorousied f(x, y) = [] (x — apy), ero npo-
8!1—2 k=1
m W NIPUMEHUTDL MPEAbIAYLLYIO 3a1auy.

25*. (HepamenctBa Hblotona—Makisopena.) Jlokaxkute, uto B 0603Ha-
UeHUSAX Npeablayllel 3a1aun

U3BOJIHYIO

pr=pt= =i

2k ko ok
Ykasanue. [lepeMHOKHTb HEPABEHCTBA P}" = Py Py -
26*. (Ouenka llaccenxaysa.) Kopuu nponsBosibHOro MHOrouJieHa

gx) =x"+a,_1x"" +...+ayeClx]

110 MOJIYJIIO HE MPEBOCXOST
1 [lak] —k

a) max ———— "F/ =2 6) 2 max T/ |agl.

) k<n 21/ —1 ck ) k<n el

20 TauikoB
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llOl'lOJlHl/lTeJlebIe 3aJa41 0 KOMIIJIEKCHbIX YHUCJdaX

1*. a) Jlokaxute, uTo MHOXeCTBO (G BCEX KOMIIIEKCHBIX UMCEJ] C 11eJIbl-
MH JEeHCTBUTENbHBIMA W MHHMBbIMH YaCTSIMH SIBJISIETCS LEJIOCTHBIM KOJIbLIOM
(Koabyom eayccosulx yeavlx yucen).

6) Ilycts w — rayccoBo unco. JlokaxkuTe, 4To

wEZL — |w|=+w,
w ofpaTtumo B Kosiblle G < |w|=1 & w e {1, +i}.

B) [lyctb @w — rayccoso unciio, [w| = /p, p — npocroe uncio. Torna w —
(npocmoti) snement B G (npocmoe 2aycco8o 4ucao).

2. MHO0XeCTBO BCeX rayCCOBBIX UKCes, KpaTHbiX B G AHHOMY UMCJY W,
1U306pakaeTcst Ha KOMILJIEKCHON MJIOCKOCTH KBAJPATHON pelleTKOM.

3. Jlnst obbix @ v 2 € G, z #0, nainyrest 4 U v € G Takue, uTo

w=zu+v, Jv|<]z|

(Oenernue ¢ ocmamkonm).

4*. Ecsin npocToil 3JieMeHT @ JeJUT MpousBejieHde 2 U u B G, TO OH
JIeqiT Jinbo 2, Jnubo u.

5. [lokaxkute, uTo JUIst KOJIbLA LEJIbIX TAyCCOBBIX UMCEN CIPABENINBA Te-
opema 00 OJJHO3HAUHOM PA3JIOXKEHHH HA MPOCTble MHOXKHUTEJH.

6*. C TouHOCTbIO 10 YMHOXeHUs Ha £1, =i Bce mpocTbie 3JjieMeHThbl B G
MCUeprbIBalOTCS cJieflyloliumMu: 1, o6bluHble MpocTble Buaa 4k + 3 W uucia
BHJa X + yi, TJle X — UeTHo, § — HeueTHo U x2 + y? — o6bluHOe npocToe.

7*. TlonoGHO omnpese/ieHnIo Kosibla BblueToB Z/pZ =7, onpenenure
Koabllo G, W JIOKaXKHTe, uTo OHO GyJeT MosieM Mopsiaka p> mpH mpocTom
p =4k + 3 v He Gyzer nosiem nipu npoctoM p =4k + 1. Ykazaunue. Ilpu
p =4k + | Bomonnsiercs ((2k!)? + 1) mod p = 0.

8*. Ilokaxkute, uto npoctoe Buaa 4k + 1 npeacraBUMo B BHJlE CyMMbl
KBaJpaToB JBYX LeJIbIX UMCEJI.

9*. Jlokaxkute, uTo Jt0O0O€ HATypaJbHOe 1 MPEJICTABUMO B BUJE CYMMbI
KBaJpaToB JBYX LleJIbIX UMCeJ TOrJa W TOJbKO TOrja, Korjaa MmpocTble BUIA
4k + 3 BXOIAT B €ro pas/ioyKeHUe B UETHBIX CTENEeHsIX.

10*. Pelnre B 1eJIbIX UHCIaX YpaBHeHHE

4y?=z", n>1.

Yrkazanue. x2+y?=(x+yi)(x — yi.
11*. Peunre B Uesnbix uucjax ypaBHeHHe

x2+4=2z°
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12*. Jloka)kuTe, UTO Mpu MPoOCTOM p, p > 2,
(I=)P=1-i"” (mod p),
W, UCMoJb3ys paBeHcTBO (1 — i)? = —2i, 10Ka)KuTe, uto

otp-n/2 = L=17
=1

(mod p).

13*. lokaxure, uTo MpU NPOCTOM p, p > 2, cuMBOJ Jlexanipa (%)

2
p~—1 -2
paBeH (—1) 8 . Bbiuucsure cumBoa Jlexkanapa (7)

14*. Jlokaxkute, uTo NPOCThIX BUJA 81 — | GECKOHEUHO MHOTO U MPOCTHIX
BUla 81 + 3 Takxke 6ECKOHEYHO MHOTO.

§4.19. locTpoeHus UMPKyJAeM U JUHEUKOM

[Tox noctpoenuem Mbl GyeM [IOHUMATh BbIIIOJHEHHE [10C/1e10BaTeJIbHOCTH
CJIlYIOUIMX Ollepalui:

1) mpoBeznenue npsiMoil uepes ABe 3aAaHHbIE TOUKH;

2) nocrpoeHHe OKPY:KHOCTH 3aJaHHOTO pajuyca U ¢ 3aJaHHbIM LIEHTPOM.

IIpu sTOM CumTaercsi, UTO ¢ caMoro HauaJja HaM 3aJaH €IMHMUHbLIH OT-
pe3ok. OTK/azibBasi ero Mocje0BaTelbHO, Mbl MOJYYHM OTPE30K, PaBHBIHA
33J]aHHOMY HATypaJIbHOMY UMCJy. 3aMeTHM, YTO Mbl MOXKeM MOCTPOUTb OT-
pe30K, IJIMHa KOTOPOIrO paBHAa OTHOLUEHMIO JJIMH JABYX 3aJaHHbIX OTPe3KOB.
[ToaTOMY MOXKHO CUMTATb, UTO C CAMOI0 HauaJja HaM JaHbl BCe OTPE3KH, UIU-
Hbl KOTOPBIX ABJSIIOTCS I10JI02KUTEJbHBIMH PaLHOHAJbHBIMH UMCJIaMH.

3ajaua Ha TOCTPOEHHE eCTb 3ajaua, B KOTOPOH TpeOyeTcsi MOCTPOUTH,
OTIIPaBJIsIsiCh OT 3alJaHHbIX OTPE3KOB, HEKOTOPbIH HOBbLIH OTpe3ok. Muorue
3ajayy Ha I10CTPOeHHEe reoMeTPHUECKHX 00pa3oB CBOASATCA K TAKUM 3ajadyaM.
Hanpumep, paccMoTpuM TpH KaccHUeCKHe 3ajaud APEBHOCTH.

1. IToctpouts Ky6, umetowui o6beM B Aa pasa 0oJblle, YeM 3a/laHHbIH
Ky6. Bynem cuurath cropoHy 3amanHoro ky6a eaMHHUHBIM OTpe3koM. Torna
3ajaya CBOJMTCS K IOCTPOEHHUIO OTPe3Ka, MMEIOLLEero AJIMHY V2.

2. TTo 3ajaHHOMY YTJIy v IOCTPOUTD YTOJ BeJHUHHBI v/3. OUeBHIHO, 3Ty
3ajiayy MOXKHO CBECTH K MOCTPOEHHIO OTpe3Ka Cos a/3, MpH yCJIOBHH, UTO,
KpoMe eJIMHMUHOIO OTpe3Ka, 3aJaH OTPe30K JJIMHbI COS (.

3. TlocTpouTh MNpaBU/IbHBII CEMHYrOJbHUK, BIHCAHHBIH B OKPYXKHOCTb
C paaMycoM eIMHHYHOH JuHbl. OUueBHJHO, HOCTATOUHO IOCTPOMTL YroJ

T 2r
BEJIMUHUHBI 7 HUJIn OTPQSOK JJIMHBI COS 7

20*
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Jlnist Toro, 4ToObl MOMBITATHCS PELIUTb 3TH MPOOJIEMbl M J0Ka3aTbh MX
HepaspeLMMOoCTb, CBEIEeM 3ajlauy MOCTPOEHHSI OTPE3KOB K ajirefpanuecKum
3ajayam.

[Ipexkzie Bcero 3ameTuMm, 4To €CJ/Id Mbl IOCTPOUJIH OTPE30K JJHHBI &, TO MO-
JKEM TMOCTPOUTD 000K OTPE30K, AJIMHA KOTOPOro MpeacTaBiseT co6oh Jodoe
NOJIOXKUTENbHOE uncyo U3 nodisi Q(a). B camom nene, mo 3agaHHbIM OTpe3-
KaM X Uy MOXKHO TIOCTPOUTb X + Yy, X -y, X/y. Bynem Toraa roBoputh, uto
Mbl MOXKEM TOCTPOUTh 1osie Q(a).

M3BecTHO M3 Kypca reOMeTpHH, UTO MOCPEACTBOM LMPKYJs M JIMHEHKH
10 OTPE3KY d MOXKHO TOCTPOHTL OTPE30K +/d TPH YCJOBHH, €CJIH 3a1aH e/IH-
HUUHBIA OTpe30K. L 3TOro CTPOUM OKPY:KHOCTb jJMaMeTpoM a + 1 u Boc-
CTaHOBUM MEPTIEHUKYAP K AMaMeTPy Ha paccTosiHUU | OT ero KoHua.

Takum o6pa3oM, Mbl MOXKEM CTPOMTb W KBaJpaTHUHble pacClLIMpeHHs]

Q(Va).

Onpenenenne 117. HazoBem nocsenoBaTesbHOCTh paciliipeHui
KoCKi CKy...CK,

nugaeoposom pacuwiupenuenm, ecan Ko=Q un K;=K;_; (\/ES), rae
as € Ks—y, va,¢Ks_1, ag>0. Tlone K, B 3TOM ciydae CcTaHeM TaKxke
Ha3bIBaTh MUQAropoBbiM paciuupeHdeM. Yucna, npuHaaiexaliye nugharopo-
By pacllMpeHuto, Oy/ileM Ha3blBaTh NUPAOPOBLIMI HUCAAMU.

Teopema 117 (o nudaropoBsix uucaax). Yucio a moxcHo nocmpoume
moeda u Mmoavko mozda, K02o0a OHO A8A1eMmcs nuga2opossim.

JlokaszaTesabcTBO. JIOCTATOUHOCTb Mbl YK€ J0Ka3aJ/u: Mbl yMeeM
NPOU3BOJUTL UETbIpe apudMeTHUeCKHe Orepalld W W3BJeKaTb KBajpaTHbIi
KOpeHb MPH MOMOLLM LMPKYJIS U JIMHEHKH.

JokaxxeM Heo6X0AUMOCTb. 115l TOro BOCMOJ/b3yeMcsi KOOPAHHATHBIM Me-
TonoM. [TpoBenem mpsimyio u el nepreHauKyJsSpHYIO NPSMYIO (T. €. OCTPOUM
cucreMy KoopauHat). Ha 3THX mpsiMbIX Mbl MOXKEM OTJIOXKHTh JI0OYIO palu-
OHAJIbHYIO TOUKY, TaK UTO C CAMOTO Hauaja Mbl MOXKEM CUHUTATh 3aJaHHBIMH
TOUKHM MJIOCKOCTH, MMelolle palydoHasbHble KoopAuHAThl. [Ipu Hawmx no-
CTPOEHHSX Mbl MOXKEM paccMaTpuBaTh aOCLMCChl M OPAMHATHI BHOBb [OCTPO-
€HHbIX TOYEK — BeJlb 9TO TOXKE «IOCTPOEHHbIE OTPE3KH».

HoBble ToukH moJiyyatoTcst TOMBKO CJeAyIolHM 06pa3oMm:

(i) xak mepeceueHue JBYX MOCTPOEHHBIX MPSAMBbIX;

(i) xak nepeceueHue MOCTPOEHHOH MPSIMON W MOCTPOEHHONH OKPYKHOCTH;
(iii) kak rnepeceueHue ABYyX MOCTPOEHHBIX OKPYXKHOCTEH;
(iv) mpou3BoJsibHO BblOpaHHbIE TOUKH.
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[To3TOMY KOOPAMHATBI TUX TOUEK MOJIYYAIOTCST KAK PELIeHHsT CJELYIOIIHUX Ch-
CTeM ypaBHEHHH C yxKe MOCTPOEHHLIMU KO3 hHIIHEHTaAMHU:

aix+biy+c =0

—0 (D
asx + boy 4+ c9 =0;

ajx +byy+c =0;

I1
x% 4 y? + agx + bay + co = 0; b

2ty tax+by+e =0

11
224+ y? +asx + boy + o =0. (i

Mbl cuntaem oueBHAHBIM YTBEPKAEHHE O TOM, UTO y yPaBHEHHH MOCTPOEHHBIX
NPSIMbIX ¥ OKPYXKHOCTEH KOI((HULMEHThI TOXKE MOYKHO CUUTATh MOCTPOEHHBIMH
(npoBepbTe 3TO camu).

JlokaxkeM Hallly TeopeMy MHIYKLHMEH N0 YHUCJY 3JeMEHTapHbIX olepalui,
Ha KOTopble packjajbiBaeTcs Jioboe noctpoeHre. C caMoro Hauaja 3afaHbl
pauMoHaJbHble YHca, T.e. ydcsaa u3 nojs Q = Ky. DjemeHTapHOe MOCTPO-
eHhe — 370 j00aBJjieHHe KOOPAMHAT TOUKM, MoJydatolledicss onepauusamu (i),
(i), (iii), x noctpoenHbiM uncgaam. OaHaKO, KaK BUAHO W3 ypaBHEHUH MJIsi
9THX KOOPJMHAT, OHU (3TH KOOPJHMHATbI) MOJNYUAIOTCS U3 KOSPPULHEHTOB (T. €.
U3 yKe MOCTPOEHHbIX YWces1) TP MOMOLLM YeTbipeX ornepauuii apudMeTHKH
1 u3BJsieueHusi KopHs. Peienue cucrembl (II) cBomuTCcs K HAX0XKIEHHIO KOp-
Hell KBaJpaTHOro ypaBHeHHUs (M3 11epBOT0 YpaBHEHHsl CHCTEMbI BbIPA3HM OJHY
KOOpJHMHATY uepe3 Apyryto U MOoACTABHM BO BTOpoe ypaBHeHHe). Pellenue cu-
ctembl (III) 5KBUBaJIEHTHO pellIeHUIO CHCTEMBI

4y’ ax+biy+c =0;
(a; —ag)x + (by — ba)y + (c1 — ¢2) =0.

O

Teopema 118. Ecau kybuueckuii MmHO2OUACH C PAUUOHAALHUIMU KO-
Guyuenmanu He umeem payULoHAaALbHOLY KOPHEeL, MO HeAb3s NOCMPOUnb
HU 00H02O U3 eeo KOpHell.

HokasatedabcTBo. Paccyxknaem ot mnpotuBnoro. [lyctb xi, xo,
X3 — KOPHM MHorousieHa f(x) u cyllecTByeT nudaropoBo paciuuperue Q=
=Ky CK, C...CK, takoe, uto x| € K,, X1, xo, x3 & K,_. Torna uncjo x;
umeer Bui x| =a+bvVd, e a, b, d € K1, Vd € K,_1, b #0.

3amerum, uto ¥ =a — bv/d € K, — roxe Kopenb f(x). B camom nere,
orepatusi CONpsixKeHUsi B KBaJpaTHUHOM paciuupenun K, | C K, umeer BuJ

a+bvd=a—bvd. Bemonusiores caeyiolye cBoiicTBa 9TOi oMepaLyu:

Z1+20=214+20 M Z[Z9=229.
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[TpuMeHsisi MHOFOKPATHO 3TH TOXJECTBA, MOXKHO MPOBEPHUTH, uTo f(2) = f(2)
st 2 € K. 3Hauur, 11 KopHs x| € K,

J(x1) = [(x1)=0=0,

MO3TOMY X| — TOKEe KopeHb MHorouseHa f(x). [lyctb ¥ =x9. Torna x3=
=—b; —x] — X9, 1he [(X)=x3+bx>+box+b3, b;cQ. 3nauut, x3=
=—b; —2a € K,—;. IIpotuBopeune. O

YnpaxHeHus

1. [laiiTe reomeTpuuecKre MoCTPOEHUs JUIsl UUCes

V2, \24V2, \/2+/2+ V2

2. TlpoBepbTe MPaBUILHOCTb CJIEYIOLIErO MOCTPOEHUS] KOPHEH KBaapaT-
HOro ypaBHenusi ax” + bx + ¢ =0: Bo3bMeM eJMHHUHBI 0Tpe3oK AB, npo-
BenieM BC = —b/a nepnenukyasipuo Kk AB u CD = c¢/a nepreHankyaspHo
K BC B HanpaBsienun BA, Ha nuameTpe AD mocTpouM OKpY»KHOCTb, Tepece-
katowyto BC B toukax X, V. Torna BX u BY — KopHU ypaBHEHHS.

3*. JlokaxKuTe, UTO KOPHH KyOMUECKOTro YpaBHEHHUS ¢ paLlMOHAJbHBIMH KO-
s(puIMeHTaMH SBJISIOTCS TH(AropoBLIMM UHCAAMH TOTJa H TOJNBKO TOTAA,
KOTJIa OHO HMeEeT palliOHaJIbHBIE KOPEHb.

4*. JlokaxkuTe, 4TO KOPHH YpaBHEHHsI UETBEPTON CTeMeHH C palloHalb-
HbIMH KO3(D(DULIHEHTAMHU SIBJIAIOTCA MU(ArOpOBLIMH UHCJIAMH TOTAA U TOJBKO
TOI/1a, KOTJla ero KyGuuecKast pe3oJibBeHTa HMeeT pallMoHaJbHbIli KopeHb. Ky-
O6UUYeCcKOl pe30JibBEeHTOH ypaBHEHUS

trax’ +bx+c=0
SIBJISIETCST ypaBHeHKe

2% 4+ 2az% + (a® — 4c)z — b? =0.

5*. JlokaxxuTe Hepa3peluMOCTb LMPKYJIeM H JIMHEHKOH cllelyolluX 3a1au
Ha MOCTPOEHHE!

a) MOCTPOUThL TPEYrOJNbHUK 10 TPEM AaHHbIM OHCCEKTpHUCaM,;

6) MOCTPOUTH TPEYroJIbHUK 110 JABYM OHCCEKTPHUCAM H BBICOTE;

B) MOCTPOUTb TPEYTOJbHUK MO JABYM OUCCEKTPUCAM M MeHaHe, BbIXOMs-
LLIMM M3 TPeX Pa3HblX BEPLUIHH;

I) NOCTPOUTb KBAJpaT, y KOTOPOro JIBe COCEHHE BEPLIMHBI JIeXKAT Ha Ofi-
HOU JJAaHHOH OKPYKHOCTH, a JIBe JApPYrue — Ha APYroi NaHHOH OKPYAKHOCTH.
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BBenem moHsiTHE CJI0XKHOCTH MOCTPOEHHUS LUPKyJAeM U JuHelkou. Jlomy-
CTHUM, UTO Ha MJIOCKOCTH JIAHO HEKOTOPOE MHOYKECTBO TOUEK, MPSAMbBIX U OKPYXK -
HOCTeH, KoTopoe o6o3HauumM M.

Onpepnenenue 118. Hasosem nocmpoenuem yupkyrem u aurelixoll
npu 3agaHHoM Mg Jio6yio nocJenoBaTeNbHOCTb MHOXKeCTB Mo, My, ..., My,
HauMHatolylocst ¢ Mo ¥ Takylo, U4To Kaxkjioe cJjelyollee MHOXKecTBO M,
noJiyyaercsl U3 Npeplayllero MuoxectBa M; jo6aBjeHneM Ju60 HEKOTOPOi
NpsIMOM, MPOXOJIsillell Yepe3 Kakue-TO JIBe TOUKM U3 MHOxKectBa M;, Jn60
OKPY>XKHOCTH C LIEHTPOM B KaKOH-TO M3 TOoueK MHOxKecTBa M; M paauycom,
paBHbIM JI/IMHE HEKOTOPOro OTpPe3Ka C KOHLAMHU B Toukax M3 M;, a Takxe
BCeX TOUek rnepeceuerusi 106aBJEHHON JUHUK CO BCEMHU JIMHUSIMH U3 MHOXe-
crBa M;. HucJio L HAa3oBeM €2021cHOCbI0 3TOTO NocTpoeHust. CA0XHCHOCTbIO
nocmpoerus MHOXKecTBa M TOueK, OTPe3KOB, OKPY:KHOCTEH W MPSMbIX MPH
3ajlaHHOM My HA30BEM MUHUMANbHYIO CJOXKHOCTb TAKOTO moctpoenust My,
My, ..., My, nis KoToporo MHOXKeCTBO M; COnep:KUT BCE MPSIMbIe U OKPYXK-
HocTH U3 M, Bce Touku U3 M M KOHIbI BCeX OTpe3koB U3 M.

Awnasioruuno orpenessieTcss CJA0KHOCTb MOCTPOCHHUST OITHUM LIMPKYJIEM.

Calenytoliiie HeCKOJIbKO 3aj1au MPUHAMIEKAT UTaNbSHCKOMY MaTeMaTHKY
Mackeponu *.

3anaun MackepoHu

1. JaHa elMHUYHAsT OKPY’KHOCTb C IMaMETPOM M OTPe30K JUIUHBI X, x < 1.
[TocTpoiite Ha 9TOM JAMaMeTpe OTPe3OK JJMHbI X2 OJHHM LIUPKYJIEM CO CJIOK-
HOCTbIO 2.

2. Peunte npebylyto 3ajauy cO CJ0XKHOCTbIO 3, €C/Id JHaMeTp 3allaH
TOJIbKO OJIHUM CBOWUM KOHLIOM, a He HauepueH LEJHUKOM.

3. JlaHa elMHUYHAST OKPY2KHOCTb U OTPE30K JJIMHbI X > | ¢ Hauajom B ee
uentpe. [TocTpoiite 0TPE3OK MIHHBI X~ OJHHUM LIUPKYJIEM CO CI0KHOCTbIO 2.
[TocTpoiite 0TPe3OK JUIMHBI X' OJHUM LMPKYJIEM CO CJOXKHOCTBIO 3, €CJiu
OTPE30K JUIMHBI X 3aJiaH TOJbKO CBOMMH KOHILIAMH, a He HauepueH LEJHKOM.

4. JlaHbl OTpe3Kd ¢ JUIMHAMHU a, b, ¢, e b, ¢ < 2a. IlocTpoiite onHUM
LMPKYJIEM CO CJIOKHOCTbIO 3 OTPE30K JJIMHBbI X TaKOH, uTo a:b =c: x.

5. JlaHbl eiMHUUHAST OKPYXKHOCTb, OTPE30K MJIMHBI ¢ < 2 ¢ HauajoM B ee
LIeHTpe U elle 0Tpe3oK JUIMHbL b < 1. [TocTpolTe OHUM LIUPKYJIEM CO CJIOXK-
HOCTbIO 2 OTpe30K JIHHBI be.

6. TlocTpoiiTe OIHUM LIUPKYJIEM CO CJIOKHOCTBIO 3 OJIHOBPEMEHHO OTPE3KH
JUIMHBL 2 1 3, JiexKalllde Ha OJIHOH TPSIMOH C JIAHHBIM €IMHHUHBIM OTPE3KOM.

* JI. Mackeponu (Lorenzo Mascheroni, 1750—1800). Coto kuury «leomeTpust LUPKyJisi» OH
nocsitua Hanoseony.
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7. Tlonmenure nomnoJiam OTPE30K OJHUM LIUPKYJIEM:

a) CO CJI0XKHOCThIO 4, ec/id aHa MpsiMasi, HA KOTOPOH JIEXKUT OTPE30K,

6) CO CJIOXKHOCTbIO O, €CJIM JIaH TOJIbKO CaM OTPE3OK,

B) CO CJIOXKHOCTbIO O, €CJIM JAaHbl TOJLKO €ro KOHLbI.

8. IlonenuTe Ha TpU paBHbIE YACTH OTPE3OK OAHHUM LIUPKYJEM:

a) CO CJIOXKHOCTBIO O, eC/M JlaHa MpsiMasi, Ha KOTOPOH JIEKHUT OTPe3oK,

6) CO CJIOKHOCTBIO 8, ecJii JIaH TOJIbKO caM OTPe30K,

B) CO CJI0XKHOCTbIO 11, ecsii JaHbl TOJBKO €ro KOHIBI.

9. Paspesnute UMPKYJEM U JUHEHKOH OTPE30K MOMOJAM CO CJI0KHOCTHIO 3
1 Ha yeTbipe PaBHbIE YACTH CO CJIOKHOCTbIO O.

10. Paspenute UMpKyJieM W JHHEHKOH OTPE30K Ha LLECTb PaBHbLIX yacTel
CO CJIOXKHOCTBIO 8.

11. IlpoBenute yepe3 TOUKy BHe MpPSAMOH NapaJsulesibHyl0 efl npsiMyto
CO CJI02KHOCTBIO 3.

12. Ha ctopoHax yrJia OTJ10’KeHbI OT €ro BEepLIMHbI OTPE3KH AJIHHBL a, b 1 1
(1Ba M3 HUX — Ha OJIHOK CTOpPOHE, a OJIMH — Ha Jipyro#). [TocTpoiiTe co coxk-
HOCTbIO 3 OTPE30K JJIMHBI ab Ha OIHOH U3 CTOPOH yrJa.

Caenytouilt LMK 3a7au MPUHAVIEKHUT JaTCKOMy MatemMatiky Mopy *.

3apgauu Mopa

1. TlocTpoiite cO CIOKHOCTBIO D OHHM LIHPKYJIEM OJTHOBPEMEHHO OTPE3KH
kbl Va2 — b2, 2v/a% — b2, 2b, 3b, \/3b, ecan otpesku a u b, a > b, 3a-
JIaHbI.

2. TlocTtpoiiTe CO CAOKHOCTBIO D OJHUM IIUPKYJIEM OJHOBPEMEHHO OTPE3KH
bl V2a, V3a, V8a, 2a, 3a, eca OTPE30K JJIMHBI @ 3aJIaH.

3. Tloctpoiite co cioxkHocTbio 11 OIHUM LIMPKyJieM OJHOBPEMEHHO OT-
pesku aaunbl Va2 + b2, 2v/a? + b2, Va2 — b2, 2v/a? — b2, \/2a, V/3a, V/8a,
2a, 3a, 2b, 3b, \/3b, ecan oTpe3ku a u b, a > b, 3anambi.

4. TlocTpoiiTe CO CJIOKHOCTBIO 15 OJHUM LIMPKYJIEM OJHOBPEMEHHO OT-
peskn JuHbl a + b, a —b, ab/Va®+ b2, Va? + b2, 2va? + b2, Va? — b2,
2v/a? — b2,v/2a, V/3a, V/8a, 2a, 3a, 2b, 3b, /3b, ecan otpesku a u b, a > b,
3ajlaHbl.

5. Ecsin oTpe3ku JJHHBI @ W b 3ajaHbl Ha OJHOH MpPSIMOM, TO OTPE30OK
JUIMHBI @ + b MOX<HO TIOCTPOUTL OJHHM LIUPKYJIEM CO CJIOXKHOCTbIO 2.

6. Jlaubl oTpe3ku ajuHbl 1 U a <1 ¢ 06GLIMM KOHIIOM, BJIOXKEHHbIE OJIMH
B 1pyroi. [TocTpoiiTe Co CI0XKHOCTbIO 7 OLHUM LIMPKYJ/IEM OTPE3OK JIUHbI /a.

* I.Mop (George Mohr, 1640—1697). B nanucannoit um kuure «/larckuii EBkann» oH
Ha CTOJIeTHe paHblie MacKepoHH JI0Ka3as BO3MOXKHOCTb TPOBEJICHHsI BCEX eOMETPHUECKHX M0~
CTPOEHHI OJIHUM JIHLIb LUPKYJIEM.
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B cayuyae a>1 nono6Hoe MoCTpoeHHE MOYKHO OCYHIECTBMTb CO CJIOXKHO-
CTbiO 9.

7**. Jlokaxkute Teopemy Mopa—MackepoHH 0 MOCTPOEHUSIX OJJHUM LIUP-
KyJieM: Jilo60e MOCTPOeHHE, BBINOJIHUMOE LUPKYJIEM U JIMHEHKOH, MOXKeT ObITb
BBITIOJIHEHO H OJIHUM LIUPKYJIEM.

§ 4.20. Teopema Adeassi—Pyddunu

Teopema 119. Obujee ypasHenue cmenenu svlule nAmoi Hepaspe-
WuUMo 8 paduKkaiax, m.e. He cyujecmsyem opmyaol, suLpaicaroujeti eco
KOpHU uepes3 Koagguuyuermot, 8 Komopoil bvl Kpome yemolpex apughme-
muueckux onepayuil Lcnoab308a10Ch Dbl MOALKO U3BACHECHIE KOMNACKC-
HbLX KOpHell NpouU3BOAbHbLX CmeneHell.

JokaszateanbcTBo. [Ipexkae Bcero 3amerum, uTo Teopemy J0CTa-
TOUHO J0Ka3aTb sl OOLLEro ypaBHeHHsl NATOH crerneHd. B camom nede,
ecsit Obl UMedsach obuiast opMyJsa JJis pelleHHsl ypaBHEHUs! n-H CTereHH,
TO OHa Obl JaBaJja pelleHre B paauKagax v JJis ypaBHEHHUS:

—1 -2 — —4 —
X @y X" x4y X T a5x0 =0,
[Ipennonoxum, uto obluee ypaBHeHHE MATOH CTEleHH
2O+ agxt +ase® +aoxt +ax+ap=0

uMeeT pellleHde B pajaukajax. Jljisi Toro ytoObl Aath YAOGHYIO JUIsi HALIHX
uesiell nepeopMyJIMPOBKY, BBEIEM TMOHSTHE PAOUKAALHOCO PACUUUPeHIUS
K (¥/a) nonst K (a € K).

O6o3Haunm uepes K ({/a) muoxectBo Beex Bhipaxennil uma [({/a),
rie [ — pauuoHasibHasi PYHKUMS ¢ KOdDPUIMeHTaMu U3 noJisi K, a s/eMeHT
{/a ynonersopsier cootnowennio ({/a)" = a.

Ecin nosie K — moJie Bcex palMoOHabHbIX (DYHKLHE, TO ¢ 3j1eMeHToM {/a
noast K({/a) toxke MOXKHO CBsi3aThb HekoTOpyro (yHkumio. OQHako cTporoe
060CHOBAHHE 3TOrO MPUBOJKUT K MOHATHIO PUMAHOBOI MOBEPXHOCTH, KOTOPOE
He sIBJISIeTCsT JIeMeHTapHbIM. Mbl GyieM BHIGHPATh OJHO 3HaueHHe KOpHsT /a
¥ He BJIAaBATbCsl B TeXHHYeckue nertain. OTMeTHM, 4To (opmysa, T0CTaBJIsi-
[OLLAsT PELIEHUsT YPABHEeHUs], JIEXKUT B MoJie (YHKIHEA, KOTOPOE MOJIydaercst
paJiKAJIbHBIMU PACILIMPEHUSIMHE H3 MOJIsl PALMOHAJbHBIX (DYHKIIHEL.

PaccMoTpUM HEKOTOpbIE MPUMEPHL.

Jlist o61iiero ypaBHeHust BTopoil ctenenn x? + ajx + ag = 0 dopmyJia ast

peLleHui JiexKUT B noJie K (\/ a% —4ay ), KOTOpOe COBIMAJaeT C MoJieM Bcex

palMroOHaJIbHbIX (byHKU,HFI OT [NIEPEMEHHBIX X| U X9, IJIs1 KOTOPbIX X| + X9 = —aj,
X1X9 = Q.
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B o61iem cayuae, hopmyaia ist pelieHHs ypaBHEHHs f-1 CTENeHH 10CTaB-
Jisiia Obl MOCJE0BATEIbHOCTD PaHKAIbHbIX pACIIMPEHHE, KOTOpasi Obl HAUK-
Hanacso ¢ nosst Ky = C(ag, ay, ..., a4) Bcex palMoHabHbIX PYHKIIHUI, a 3aKaH-
uMBaJach 6bl M0JieM Bcex paluoHatbHbix QyHkumil K, = C(x|, xo, X3, X4, X5)
WM HEKOTOPBIM €ro pacilipeHHeM.

KoCKiCKyC...CK,.

[1pu sTOoM mogsie Ky Bblaessiioch Obl B K, KaK MHOXKECTBO BCEX CHMMET-
pUUECKHX palUMOHa/NbHbIX (DYHKLMH, T.K. 10 TeopeMme Buera a; = —a; (x|, X9,
X3, X4, X5), 0<i <4, a Bcsikasi CUMMeTpUuecKasi pallMoHasibHast (PyHKIMS
BbIpAXKAETCsl uepe3 3jieMeHTapHble CHMMeTpUuecKHe (DYHKUMHM KakK paluo-
HaJbHasi Apo6b OT HHX.

MHTepeceH BOMPOC: MOXKEM JIH Mbl MPUHTH K HEKOTOPOMY pPacCUIHPEHHIO
noss C(xy, x9, X3, X4, X5) IPH NOCAENOBATEJNBHOM PAJMKAILHOM PACLIMPEHUH
nossg Kp 1o opmysiam, BbIpaXKalolMM X; 4epe3 dg, ..., a4? OTBET Ha 3TOT
BOMPOC OTpULIATEbHDBIN. Mbl NaauM 31ech TOJNBLKO 3CKHM3 J0KA3aTe/bCTBA.
Paccmotpum BHauasie mpuMep pacllMpeHHsi, COOTBETCTBYIOLIEro (hopMyJiam
Kapnano. Ilycte naHo obliee ypaBHeHHe TPETbel CTerneHn

3+ asx® +a1x +ag=0.

3aMena MepeMeHHbIX X — X + ag/3 NPUBOMUT ero K Buay Xx° -+ ax + b =0.
Torza pesosbBenThl JIarpamKa p; =X +exo 423 U pg = X| + €2 X9 + €X3,

1 V3,
rae € = —3 + 7[, YAOBJIETBOPSIIOT YCJIOBUSIM:

2 2 2
Pl P2 =X+ X5+ X3 — X[ X2 — XoX3 — X3X| =

=(x] +xo+ X3)2 — 3(x1 X9 + xox3 + x3x1) = —3a,

P+ 03 = (p1 + p2)[(p1 + p2)* — 3p1p2] = 3x1[9x] + 9a] =
= 27(x3 + ax,) = —27b,
P =5 =(p1 = p2) (i +p1p2+p3) =
=V3(xg —x3)(xF 42X +ex2 +x7 +exi +e2x3 + 2ex X+ 2 X X3+
+2x9x54 2% X9 + 26X X3 +2xQX3+x%+x§+x§—x1xQ—xQx3—x3x1):
:i\/g(XQ—XS)(SXIQ—3X1XQ—3)C1X3+3X2)C3):
= iV27(x1 = x3) (x2 — x3) (1 — x2).

[TosTomy

(0} — p3)? = —27(x1 — x2)2(x2 — x3)° (x3 — x1)? = 27(4a® + 27b7).
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3HaAuuT, MOXKHO BbIOpPATb CJEAYIOULYIO 1IEMOUKY PpajMKajbHbIX pacllu-
peHuit:

KoCKo(\/m) C Ky :\3/—%-1-

3ameTnm, uTo nocJeaHee noJie conajaer ¢ nojem C(xy, xo, X3).

AHAJIOrHUHO MOXKHO MOCTYMUTb U C YPaBHEHUEM UETBEPTOH CTENEHH.

[TycTb ymanoch mpojenath aHaJOTHYHbIE BBIKJIAAKH U JJIsT OGIIEr0 ypaB-
HEHHsI MSITOE CTENEeHH, U UMEETCsl 1IeNouKa pajlKajbHbIX pacilipeHHui:

Clao, ai, az, as, as) =Ko C Ky C ... C Ky =C(xy, x9, X3, X4, X5).
Jlemma 30. Cnpasedauso pasencmso Ky = Ko(v/D), ede

D = (x; — x9)*(x1 — x3)% ... (x4 — x5)*

— OUCKDUMUHAHM YPABHEHUS NAMOLL CIeneHiL.
Hokaszarteabcrtso. [lyers K ZKO({/E) uaekKy, r=2mu

Va= [(xi, x9, X3, x4, x5) € C(x1, X9, X3, X4, X5).

Torna nJist Besiko# MepecTaHOBKU «v € S5 HMeeT MeCTO PaBeHCTBO af =&, f,
rie €4 € V/a, a af — PyHKUMS [ ¢ nepecTaBJIeHHBIME B COOTBETCTBUH C €~
PECTAHOBKOH (v NEPEMEHHBIMH.
HeiictBurensho, (af) =a(fy=aa=a=}", tak kak a € C(oy, oy, ...
., 04) (MBI BOCIOJIb30BAJMCh CBOHCTBOM [1€DECTAHOBKH [€PeMEHHbIX
a(hy - ho) = ahy - ahe). Kpome Toro, misi no60d (QyHKUHUH A BBIMOJHSET-
cst coiictBo af(h) = a(6h), N3 KOTOPOTO BLITEKAET TOXKAECTBO Eq8 = Eq - €3
st o, 3 € S5 W TOXKIECTB

af(h) =caph, a(Bh)=alegh) =cglah)=cp-eah.

Kak n3BeCTHO, BCSKYIO TE€PEeCTaHOBKY MOXKHO TMPEACTABUTb B BHJE KOM-
TO3ULMH TPAHCIIO3HLMA. 3aMeThM, uTo ;) = %1, Tak Kak (if) - (ij) — Toxe-
CTBEHHasl MepeCcTaHOBKA.

Jlerko BuieTb, uTo isi JiOOBIX ABYX mnepectaHoBok (i'j') u (ij) Bbi-
nosisiercst Toxpectso (i'j) = (ii")(jj)(ij)(jj)(ii’). Otciona wmeeM, 4TO
(j) =€) [1o3TOMY, ecsiu pacliMpeHHe HeTPHBHAJIbHOE, TO £(;) = —1 114
BCexX TpaHcno3uuui (i) € Ss. 3HAUMT, €, COBMANAET CO 3HAKOM () mepe-
CTAHOBKH o ]Il BceX « € Ss.

Paccemorpum muorouned D = [ (x; — X;). BolnosHsieTest TOXK1€CTBO

i<j
VD =e(a)VD

st o € Ss.
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3ameTHM, uTo

of _ e _ T

ol _ -
a\/ﬁ_a\/ﬁ e()VD VD’

[TosTomy
€ C(oy, o0y, 09, 03, O
= \/— (00, 01, 02, 03, 04),
anaunt, Ko(f) = Ko(fvD) = Ko (VD). O
JaJsiee noHagoOUTCs elie
Jlemma 31. [Toae
K :KO(\/B) C C(xy, x9, ..., )C5)
cosnadaemn ¢ MHONECMBOM 8CeX PAUUOHAAbHbLY QYHKYUL, He U3MeHs-

HOWUXCA NPU 4eniHblx nepecmarosKkax nepemerHolx.

HokaszateabcTso. [IpoBepuM, uTo pauuoHasbHas GYHKUUS [
HE W3MEHSIETCsI MPU YETHLIX [EePEeCTAHOBKAX MEPEMEHHBIX TOTAa M TOJbKO
TOr/a, KOTA OHA MPEJACTABJISIETCS] B BUJE CyMMbl CHMMETPUUECKOH (DYHKIMH
fi u anTHcuMMeTpuuecKo# QyHKUMH fo (T.e. Tako#, uto af =c(a)f mis
a € S5). B onHy cTOpoHY 3TO 0UeBHIHO.

Jlokaxkem ob6paTHoe yTBepKaeHHe. B camom nere,

=5+ DN+ 37— (2D. fi=g(F+(2D.  h=g(7— (2.

[TpoBeprM CHMMETPHYHOCTD [i, T.e. paBeHcTBO af) = [. Ecau v — uer-
Was, 0 afj = %(af +a(12)f) = %(f +(12)(12)a(12)f), Ho nepectaHoBKa
(12)a(12) — uetnasi, snaumr, (12)a(12)f = f, otkyna af :%(f—l—(lQ)f): fi.

AHaJIorHuHoO NpoBepsieM paBeHCTBO «fo = fo:

afy=g(af o) = 3] - $(12(12)a(2)) = 5(f ~ 12)) = o

Eciu rnepecraHoBka v — HEUeTHasi, TO

afi = l(af+a(12)f)— 5((12)(12)a] +a(12)]) = 1((12)/°+ n=h.

T. K. niepectanoBKH (12)a u a(12) — uetHbie. Kpome Toro,

afy= (af—a 12)f)— 5((12)(12)af —a(12)]) = = o

[Tostomy, ecin [ — pauroHasibHast PyHKIHMs, HE MEHSIIOLIAsICST TIPH YETHBIX
nepecraHoBkax, To [ = fi + fo, rie [, — cummeTpuueckasi, a fo — aHTHCHM-
MeTpHuecKasi QyHKLLHS.
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Ecau [y — aHTHCHMMeTpUuecKass (yHKUUs, TO [fo = %\/5 = [ov/D,

rie Jo — cummerpuueckas dyukuus. [lostomy [ = fi + fo/D, re fi n fo —
cUMMeTpHueckue QYHKLHUH, U [ € Ko(\/ﬁ) =K.

O6partto, ecu [ € Ko(VD) =Ky, 10 [ = [i + [oV/D, tae [y u [ — cum-
MeTpHuecKHe (YHKIMH, 3HAYHT, [ He MeHsieTCsl MPHU YeTHbIX Mepecra-
HOBKaXx. a

Hy»kHbl OynyT eliie 1Be JieMMbl O epecTaHOBKaX.

Jlemma 32. Jliobas wemmnas nepecmano8Ka pasia2aemcs 8 npousge-
denue mpoliHobLX YUKAO0S.

HokaszaTeJsabcTBo. Pa3oxKuM UeTHYIO [EPECTAHOBKY B MPOU3Be-
JIEHUsT YETHOTO YMCJIa TPAHCMO3WLMH, pa3obbeM 3TO MPOU3BELEHHE HA Maphbl,
a rnapbl 3aMeHUM Ha TPOUHbIE LMKJbl COMJIACHO TOXKAECTBY

(@, D, ')y = @ji")Gi'j"). .
Jlemma 33. Ecau nepecmawnoska (iy, ..., is) pasioxcuma, mo cnpaseo-
AUBO MOKHCOecmao

(i1, io, i3) = (4, i3, i1) (i1, i5)(i2, i4)(i3, ia)(i1, i5)(i1, i3, i4).

HokaszateabcTBo. i 10oKazartesbcTBa JOCTAaTOUHO MPOBEPHUTH,
YTO TIOJ| IEHCTBHEM MPOU3BE/ICHUS TI€PECTAHOBOK 3JIEMEHTbI TepeiBUraloTCs
cJeayloluM o6pasom:

| —i3—ig— iy, ig—iy— i3,
i3 — iy —ig— iy, I4—10] —i5— 0] — 4. O

3aKoHUHM JI0Ka3aTebCcTBO TeopeMbl. [lycts Ko = K| ({/5), a€eK,
r=2,u
Va= [(xi, x9, X3, x4, x5) € C(x1, X9, X3, X4, X5).

Torna aisi BCsKOH nepecTaHOBKH « € S5 UMeeT MeCTO PaBeHCTBO af =&, f,

TIe €4 € V/a.
3amerum, uto ecau {ijyn{i'j'} =@, 10 €4jijy==E1, TaK Kak

er g2
[(i/)(i"j")]” — ToxknecTBeHHAs IePECTAHOBKA.
[Tpumensisi jeMmy 33 ¥ yUUTbIBasi, UTO

Elininin) " Eininis) = Elininit) " E(iainin—' T Ls
UMeemM

Eiv.inyis) = E(in,is,i1) E(iris,ia) € (i1,i5) (i2,ia) € (i3,ia) (i1,i5) >

OTKYIA € (j,iyiy) = 1.

Opanako (i1i2i3)3—TO)K[LeCTBeHHaH nepecTaHOBKA, 3HAUMT, sf’ +1.

iisi)
[TostoMy €, iy.i5) = 1.

i1,i2,i3
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M3 nemmbl 32 Tenepb caenyet, UTo £, = | /15 BCAKOH UeTHOH mepecra-
HOBKH .

N3 nemmbl 31 Torna ciaenyer, uro Ko = K ({/E) =Ki(f), [ €Ki, otkyna
Ko = K. [loBTOpsisi 3TH paccyXjieHusi, MoJayuaem, uTo

Ki=Ky=Ks=...=Ky.

Opnako, corsiacHo JiemMme 31, noJie K| eCTb MHOXKECTBO pallMOHAJbLHBIX
yHKUME OT (X, X9, X3, X4, X5), HE MEHSIIOLIUXCS TIPU YETHDIX TlepecTaHOBKaX
nepeMeHHbIX, CJIeJl0BaTeNbHO, OHO He COBIMAJAET C M0JIeM BCEX PallMOHAIbHBIX
byukuuit C(xy, X9, X3, X4, X5). 3HAUUT, UICKOMAasl 1IeMOUKa paclllMpeHHil HeBO3-
MO>KHA. O

3agauu v ynpaxkHenus k § 4.20

1. Pewnre ypasnenue x° — 5ax3 + 5a%x +a® + 1 =0.
2. C noMolibio 3aMeHbI MePEMEHHbIX X = i + U pellinTe MoJg00H0 KyOH-
4ecKOMy ypaBHeHHIO ypaBHeHHe x° — 5ax? + 5a’x — 2b = 0.



[lIpunoxenune. O6pa3ubl KOHTPOJbHBLIX PaboT
pa3HbIX JIET, 9K3aMEeHALMOHHBIX BOMPOCOB
v 3ajau

KoHTpoabHas pabora 1

1. Paz/osuTe Ha MHOMKHTEH (C AefiCTBUTeNLHEIMH Koddhduuuentamu) (i) x*+9; (ii) x*425.
2. Jlokaxure, uto uncaa (i) v2 +v/3; (i) v3+ V5 — UppaLUOHAJIbHbI.

3. Peunre ypaBHeHus:

(i) x* —4x% —2x2 + 12x + 8 =0; (i) x* — 10x3 + 4x2 + 8 =0.

4. JlokaxKuTe HepaBeHCTBA:
135 2n—1 [P
Dois "o v W3

2n — 1 1

35 21 1
16 2n ~2yn

KouTpoabHasa pa6ora 2

n n
1. Haiimure cymmbi: (i) > k(3k+ 1); (i) > (k% + 2k — 1).
k=1 k=1

2. C nowmoublo anropurma Eskmmpa naiiinre HOJL uncen a u b v npeacrasbre ero B Buje
au+ bv, rae u u v — uennie: (i) a =24, b = 30; (i) a =36, b = 20.

3. Haiigire uncsio u cymmy Beex HaTypasibHbIX Jesutesiedl y uncedn (i) 2772; (i) 5940.

4. Bobluncsurte 3HaueHne GyHKUMH Dilepa oT unceds (i) 65; (i) 72.

5. B pasnoxenusx (i) (x4 1/x)'2; (ii) (x/3 — 3/x)'? naitnure kospduunent npu (i) x8;
(i) x*.

6. Haiimure cymmbr: (i) CO+C2 4+ ... 4+ C* + .. (i) 1 —CLl4+C2—-C3+...

KoHTpoabHas pabora 3

l. HaIL/'I,UJ/ITe HOPH[[OK MOJCTAHOBKH 7T U OHpeﬂe.}]l/ITe ee 3HakK:
O (19345). o (123456

() m=(12212): i == (13248)-

2. B npousBoJibHOI rpynne G onpejie/ieHa HOBasi olepalist

(.gl=7"'¢ g

Jokaxare Tomaectea: () [/, g1~ =[g. fl. (i) Jelg. 1= fg.

3. Pente ypaBHenus:

(i) x* —5x2 —2x +3=0; (i) x* —5x2 +2x +3=0.

4. Jlokaxkute /st JiIOObIX HEOTPHLATEIBHBIX @ U b HepaBeHCTBA!

(i) a® + b3 > ab(a + b); (i) (a® 4+ b3)(a + b) > (a® + b2)2.

5. Jlokaxkure, uto ypaBHeHue x5 —3x + 1 =0 uMeeT TPU KOpHs, W HAlIuTe CYyMMy HX
(i) kBampatos; (ii) KyOOB, a TakxKe ypaBHeHHe, OJHHUM M3 KOpHeil KoToporo siBjsercst (i) cym-
Ma; (ii) nponsBesieHue JIBYX KOPHEH MCXOLHOTO ypaBHEHHSI.
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6. Bbiukcimre
n

n
() > kCE: (i) Y _(n—k)CE.
k=1 k=1

7. Haifigure rpynmy caMOCOBMELLEHMII MHOrowleHa MpH IepecTaHOBKAX IepeMeHHbIX
(xz + yt)2 + (xy — 21)2 ¥ PasNOKHTE €ro HA MHOKHTEJH.

8. TlepBencTBo uHTepHaTa N0 GyTOONY MPOBOAUIOCH HACTOILKO HEPETYJSIPHO, UTO B KOHLE
ceMecTpa BhISICHHJIOCh, UTO BCe KOMaHIbl ChIFPa/IN pasHoe unucio Matuefl. JlokaxkuTe, uTo Kakue-
TO KOMaH/Ibl YCIIeJIH ChIrpaTh Mex1y co6oil 6o/iee 0J1HOTO pasa.

Bonpocsbl k 3k3ameHny B 10-x kaaccax (1999 ron)

1. WMuaykums u npumepnl ee npuMeHennst. @opmyJibl CyMMHPOBaHHS apH(pMETHUECKOF U reo-
MEeTPHUYECKOH TPOrpecCcHi.

2. Uucna dubonauun. Popmyna bune.

3. PekyppeHTHbIe 10C/I€I0BATEILHOCTH BTOPOTO TOPSIIKA.

4. Tlpoctble uncia. BeckoneuHocTh MHOXKeCTBA MPOCTBIX uuces. Hanbosbimi obmmi ge-
JINTE/Ib 1 HauMeHbliee ofliee KPaTHoe.

5. Asaroputm EBknuza. JluHefiHoe npejicTaBiieHne HaHOOIbILEro 06LIEro aeuTess. JleMMbl
0 JIeTMMOCTH.

6. OcHoBHasi TeopeMa apudMETHKH.

7. IlepecTaHoBKM U pa3MellleHHs.

8. IlepecTaHoBKH C MOBTOPEHHSIMH.

9. BunomuasnbHas Teopema. Tpeyrosmbhuk [lackans. Toxnectso [Tackads.

10. BunomHanbHasA U TOJHHOMHANBHAS TEOPEMbI.

11. Coueranusi ¢ NOBTOPEHHSIMH.

12. Onpenenenne KommieKcHblX uuces. Omnepauuy HaJl HUMH. [eomeTpuueckas MHTeprpe-
Talusl KOMIUIEKCHBIX UHCElI.

13. MuorousieHbl U onepaliy HaJ HUMH. JlesieHHe ¢ ocTaTKoM.

14. Cxema lopuepa. Teopema Besy. Teopema o umnciie KopHeil y ypaBHEHHH MPOU3BOJILHOM
CTereHH.

15. IlpousBoamble U KpaTHble KOPHHU.

16. Teopema Buera /st ypaBHeHHi IPOU3BOJILHOI CTENEHH.

17. Anropurm EBkinaa uist MHorousieHoB. JInHeliHOe npeacTaB/ene Hanboibliero ob1ero
nenurens. JleMMbl 0 e/ IMMOCTH MHOTOU/IeHOB. [ToHsTHE HeMmPHBOAMMOr0 MHOTOUJIEHA.

18. O1HO3HAUHOCTL PA3J/IOKEHHS] HA MHOXKMTEJIH MHOTOWIEHOB HAJl MOJIeM PalHOHAJIbHBIX
umced.

19. Onepauust conpsiKeHUst B CBOHCTBA KOMIJIEKCHBIX KOPHEH MHOTOUJIEHOB C JIeCTBHTE/Ib-
HBIMH KO3 (PHLIHEHTAMH.

20. PazsioxkeHne Ha MHOKHTEJIH MHOTOUJIEHOB HaJl MOJISIMH JIEACTBUTE/IbHBIX M KOMIIEKCHBIX
umced.

21. YMHOXeHHe U JleNeHHe KOMILIEKCHBIX Uuces B TpUroHoMmerpuueckoil gopme. Teopembr
CJIOKEHHS ISl CHHYCa W KOCHHYyCa.

22. ®opmyasl Myaspa u Diiiepa. PopmyJibl /s CHHYCOB, KOCHHYCOB M TAHT€HCOB KpaT-
HBIX JIyT.

23. M3sBieueHne KopHeil n-ii CTereHH W3 KOMILIEKCHbIX uKces. [eomeTprueckast HHTeprpe-
TaLusl.

24. AsreGpanuecKuil MeToJ| U3BJIeUeHHsT KBaPaTHbIX KOpHEH W3 KOMIJIEKCHBIX unces. Pe-
lLIeHHe KBaJPaTHbIX YPaBHEHUI B 10JIe KOMIUIEKCHBIX UHCeI.

25. Ipynna kopeil n-it crenenn u3 eaunuipl. [lepooGpasuble kKophu. Pyukuus Jiiiepa
1 ee MyJILTHIIMKATHBHOE cBoicTBO. Popmyna Jitnepa.
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O6pa3ubl 3K3aMeHalMOHHBbIX 3aJau

1. Boluncaute asyms crnoco6amu (1 + i)"” U HamuIIUTE COOTBETCTBYIOLINE TOXKIECTBA C OU-
HOMHaJIbHBIMH KO3(hULIHEHTAMH.
2. Hatfizure uncsio Bcex mepBooOpasHbIX KopHel rpymnme KopHeil 1999-# crenenu u3 enu-

HHLBI.
Z2—a

3. Hapucyiite Ha KOMIJIEKCHOH MJIOCKOCTH MHOKECTBO TOUEK 2 TaKHX, UTO ‘ = ’ <l
—az
4. Haiimure kosdduunent npu x'0 y muorounena (1 4+ x + x2)10.
5. Haiinure cymmy kosdduimentos muorousena (1 — x 4+ x2)10.
6. Haiimure cymmy Bcex HaTypaJibHBIX JequTesel uncaa 19997,
7. Peumre ypasnenne (x2 4 x + 4)% 4 8x(x2 + x + 4)2 + 15x =0.
8. Pemnte ypasHenue 4(x 4+ 5)(x + 6)(x + 10)(x + 12) — 3x2 =0.
9. Jlokaxkurte, uTo
in 2
cos x +cos 3x + ... +cos(2n — )x = M
2 sin x

10. Paszjioxkure Ha MHOXKHUTEJNH MHOTOYJIEH HaJl noJjiemM [Lel'jICTBI/ITeJ'IbeIX qyuceJI. 2)64 — X3 -

—9x% 4+ 13x — 5.

11. PasionTe Ha MHOXKHUTENM MHOTOUIEH HAl MOJeM AeHCTBUTEJNBHBIX uHCesq: x° +
+9x2 4+ 11x —21.

12. Jlokaxkure, uTo

sin? nx

sin x 4+sin 3x 4+ ... +sin(2n — 1)x = ——.
sin nx

W w Z2—a
13. HapMcyHTe Ha KOMIIJIEKCHOH TJIOCKOCTH MHOXKECTBO TOUEK 2 TaKHuX, 4TO 7[}‘ <2.
z —

14. PasnoxuTe Ha MHOMKHTEH MHOTOUJIEH HaJ ToJleM JeHCTBHTeIbHIX uncen: x4 4+ 2x3 —
— 16x2 — 2x + 15.

15. Pewmre ypasnenne (x> 4 x)* = 1 B nosie KOMIJIeKCHBIX uKced.

16. Haiimure max |z| mpu |2 + 1/2| = a.

17. Pewmre ypasnenne x® 4+ 1 =0.

18. Ecsi OKpy»KHOCTb MOCTpOeHa Ha oTpeske [i, —b/a + ic/a] Kak Ha oHameTpe, TO OHa
nepeceKaeT JEACTBHTE/IbHYIO OCbh B KOPHAX ypasHennsi ax® 4+ bx +c¢ =0 u He mepecekaer ee,
€cJ/IM 9TO ypaBHeHHe He UMeeT IeHCTBUTENbHBIX KOPHEH.

19. UssJiekure anre6panuecki KOpeHb MMSTOH CTENeHH U3 eMHULbI U TIOCTPOHTE MPaBHIIb-
HBIH MATHYTOJMbHUK LHPKYJIEM U JIHHERKOH.

20. Xop cocrout u3 10 yuactHukoB. CKOJLKMMH CIIOCOOAMH MOXKHO BBbIOHpATh B TeueHHe
Tpex JiHell 1Mo 6 yuacTHMKOB XOpa Tak, YTOObI KaXK/blil JeHb OblIH pa3Hble COCTaBbI?

21. lkonbHuUK uMeeT 6 npyseil n B Teuenne 20 nHell mpuryaiiaer K cebe Tpex U3 HUX Tak,
4TO KOMMaHMsi HU pasy He nosropsiercst. CKOMbKUMH CIOCOGAMH OH MOXKET 3TO CJIe/aTh?

22. B typnoxon otnpaBuinch 92 yuennka. Byrep6ponbl ¢ konbacoi B3siin 47 yueHHKOB,
¢ cblpoM — 38, ¢ BeTurHON — 42, U ¢ cbIpoM, U ¢ Kosbacoi — 28, u ¢ Koabacoil, H ¢ BeTUHHON —
26, 1 ¢ CbIPOM, U ¢ BeTuHHOI — 17. Bee Tpu Biia GyTepGpooB B3sliM 26 yUeHHKOB, a HECKOJIBKO
YUEHHKOB B3sUIH ¢ c000i MUPOKKH. CKOJNLKO GbIIO MOCHEAHHX?

23. CkoJ/IbKHMH criocoG6aMK MOXKHO pasienntb 10 KHUr Ha 5 GaujepoJieil o 2 B KaxK10i?

24. CKOJIbKUMH €croco6aMi MOKHO BbIOpaTh HEUeTHOE UHCJIO MPEMETOB U3 NaHHbIX 20?

25. Haiire cpemnii uen paznoxenus (1 — x2/2)14.

26. Haitnure koshduiment npu x8 B pasnoxennn (2 + x — x2)°.

21 TauikoB
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[Tpusoxkenne

27

28.

yCJIOBH
40
MeTpHY
41

YCJIOBH

. JlokaxuTe, 4TO
C,?+C§+CS+...:% (2”+2cos %ﬂ) .

JloKaxKuTe, uTo
1 _ ’ ™
C,?—&-Ci—&-CS—i—...:é(Q” P4 9% cos T>

. Haiigure uncsa, conpsikenHble cBoemMy Kyoy.
. Boiuncsure \4/ 2 —iv12.
of 1—i
1+iV3
. Bripasute tg 6¢ uepes tg ¢.

. Bbluncisiure

sin
. Bripasute uepes cos .
sin

. Tlpescrasere cos® x B Bujie JMHEIHOl KOMGUHALMH KOCHHYCOB KPATHBIX JIyT.

. Hokaxmure, uto ecqn 2 + 1 /2 =2 cos x, 10 2" + 27" =2 cos nx.

. Pemmre ypasuenne (x3 — 3gx 4+ p® — 3pg)? — 4(px + ) =0.

. Pemmre ypasuenne x° — 3abx + a3 + b3 =0.

. CocTaBbTe ypaBHeHHe, KOPHH KOTOPOTO paBHLI Ky6aM KopHeli ypaBHennst x5 + px +¢ =0.
. Peuure ypasuenue ax® 4 bx? 4+ cx +d =0, ec/iu ero Ko3hhUIHMEHT! YIOBAETBOPSIOT
10 ad =bc.

. Peumre ypasuenne ax3 + bx? 4 cx 4+ d = 0, ecat ero Ko3hBUIMEHTH COCTABISIOT Feo-
€CKYIO MPOrPeccHio ¢ JaHHbIM 3HAMEHATE/IEM ¢ .

. Pemmre ypasuenue x° 4 ax? 4+ bx 4+ ¢ =0, ecan ero KoshhHUHEHTH! YIOBJIETBOPSIOT
10 ab=c.
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