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BeepeHue

«ITu-nu-nu-u-u, —nena ckpunka, u Exnux daxe npu-
KpbiL 21038 — MaK emy Obiao XOPOULO U NeYanbHO»

Cepreit KosnoB. Becennsasa ckaska

Cpeau OeCKOHEYHOro pasHoOOOpa3ud YMCceJ YMCA0 T NMOJb3YeTCA OCO-
0oit cimaBoil. O HeM NUIIYT CTHMXHM, O HEM COYHUHAIOT adOPHU3MBI, €ro
n300pa)kaloT Ha MOJIOTHaX M — O, BedHHe BpeMeHM! —cerozHsa Bo Bce-
MMpPHOII KOMNBIOTEPHO!1 cetn Internet eMy nocBamaioT caiiTel (CM. riIaBy
«Takoe pasHOe T»).

A 4r0 xxe camu maTeMaTnkn? He ynono6asiores 1 0HM U3BECTHOMY
CamoXXHNKY, KOTOPHI1 xoauT Ge3 camor? —HeT: B mocyiegHee BpeMsa 41CI0
TCTaJIO MpUBJeKaTh X X (cM. riasy «Kparkada ,,6uorpadma® yucaa m»).

IIpuHNManAck, 3a HanucaHue 3TOH KHHUTHM, aBTOD MOCTaBMJ Iepen
coboii ciaokHeimyo 3agady. C oxHOM CTOPOHBI, 0 YHCJe T ceiiyac OcBe-
JOMJIEHH!, 10 KpaiiHeil Mepe, y)Ke HIeCTHKJIaCCHUKHU. C APYroi CTOPOHHI,
n106as MaJIo-MaJIbCKasl MONBITKa Pa3o0paThCA ¢ KAKMM-JING0 CBOMCTBOM
HMJH JaXkKe C CaMHUM NOHATHEM 4YMCjia T Hen30e’KHO BBIBOAUT 3a IpejeJsibl
LIKOJBHOTO Kypca MaTeMaTUKH. Ha orpoMHBie TPYAHOCTH B NOCTHIKEHUN
YHCjla T CCBHIJAIOTCA M CHeINaJMCTHI-MaTeMaTMKH — NpO¢ecCHOHABI,
paGoTalomue B 06/1aCTH TEOPHH YHCEJ.

ITocTmikeHMe YNCIa T MOXKHO CPaBHUTH C-IMPOLECCOM GeCKOHeYHOro
npunbankeHna K npegeny. C KasKABIM HOBHIM LIaroM MBI Bce OauMiKe u
O6amoke npubGaMIKaeMca K 3aBeTHOI 1esiv, OMHAKO BOXKAEJIEHHBII npexes
No-NpeXHeMYy IIPOJOJIXKaeT OCTaBaTHCA OT HAC Ha PacCTOSIHMU GeCKOHed-
HOr0 KOJIMYeCTBa LIaroB.

HWan — Goslee pOMaHTMYHO — YHCJIO T MOYKHO CPaBHUTBH C KyCTOM
BeJIMKOJIENTHBIX PO3: CjlerKa KOJBILIYUIMMCSA Ha BeTPY, C MPO3padyHbLIMM
KaneJbKaMH{ OT TOJBKO YTO NPOLIYMEBIIEro AOXKAA Ha YYAECHBIX JIenecT-
KaX, — OH HaXOJAWUTCS PAJOM, ero XOpOLIO BHAHO, HO MPUOIMU3UTHECA K
HeMY BIIJIOTHYIO, 4YTOGBI B IIOJIHOM Mepe OL[YTHTh M 0CA3aTh BCe NpeJjecTH
apoMaTa ¥ MATKOIO LIejiecTa ero, HeBO3MOYKHO, IIOCKOJBKY pacnojaraer-
Csl OH Ha APYroM Kpalio NpoIacTH.



O cTpyKtype KHHUTH

Kuura nMeer ABa IJlaHa NIOBECTBOBAHHMA. B OCHOBHOI 4aCTH KHHTH
M3JIaraloTCs CBeJEeHUsA, AOCTYNHLIe IIMPOKOMY Kpyry JwobuTeieil marte-
MaTHMKH. B JOIMOJHMTENILHOM YaCTH KHHUTH, Ha3BaHHOH «MarTemaTuue-
CKMiII aKKOMMaHEeMEeHT» M 3aHMMallleil BTOpoil miaH NIOBeCTBOBaHMA,
MoMelleHEl OTBETHI M PellleHMs 3ajay M3 OCHOBHOM YacTH. 3AeCh TaKiKe
NPUBOAATCA AOMOJHHUTEJbHEIE CBeAeHUA M KOMMEHTApUM, BHIXOASANINE
3a PaMKH LIKOJBbHOM IIPpOrpaMmsbl, OAHAKO AOCTYIIHBIE «MAaTeMaTHYeCKUM
rypMaHaM», 3HAKOMBIM C BHICLIe}l MaTeMaTHKOI B paMKaX CTaAaHAAPTHOIO
Kypca MaTeMaTH4eCKOT'O aHaJIn3a.

VcaoBubie 0603HAYEHN A:

(:}_b — CCBLJIKA Ha MAaTepHaJl, COAepKalUIUiicsa B AOIOJHUTEIbHOM
yacTn «MaTeMaTHUeCKMil aKKOMIIaHEMEHT »
@}D — CCBUIKA C NOPAAKOBEIM HOMEpOM Ha JOIIOJIHNTEJbHBINA Ma-

TepHaJl, KOTOPHI! pacmosokeH B «MaTeMaTH4YeCKOM akK-
KOMIIaHEMEeHTe» PALOM CO CCBLIKOI C TAKMM JKe HOMEpOM

@ — «MaremaTuyecKuit Kpy>KoK».
ITonpasnen 3afa™ U ynpaxxHeHni

7/, — «Boxkpyr xa oxkoJo T».
~ IOMop, 3a0aBHBIE M CMEIIHEIE NCTOPHH, AHEKZOTHI



Fnasa 1

KPATKAA «BUOrPA®UA» YUCNA TT

A 6ydy 2080pumv Ha A3biKe 4acos
U 00BACHAMBCA YUCIAMU.

Baagumup Kasaxos.
OmubKa KUBBIX

§ 1. Kto npuayman uucno ©?

MHorue noJjaraiT, YTO pa3 Yucjao 7 o0o3Hayaercsa OyKBOM rpedyecko-
ro andasnTa, TO NPUAYMANN €ro HempeMeHHO ApesBHUe rpexu. KoHeuHo
JKe, TAKO apryMeHT HeCOCTOATEeJLHEIA — MaJjo Ju 4YTO ceroAnsa o6o3Ha-
YaeTca GYKBaMM rpedeckoro aindasmra: a-iayum (pusmka), o-opburTamn
(xumusa), B-peuentopu (6mosorusd)... JIpeBHue 3JIMHBI OCTAaBHJIM HC-
KJIOYHTEJBHO TIYOOKHMI ciel B MCTOPMHU 4YeJOoBe4ecKOH LMBHJIN3ALNHM,
HO NPUIXCHIBATE BCE UCKJIIOYUTENLHO UM OBLIO OLI He B COTJIACHM C MICTO-
puYecKoii MpaBRoii.

Me1 cerofHA MPeKPacHO OCBeAOMJIEHBI O TOM, KTO IIOCTPOMJ IIep-
BHIIT camoJjieT, NPHUAYMaJ pafuO M TEJEeBM30p, OCTABMJ IEPBHIA ciaen
NOAOIIBEI Ha mOoBepXHOCTH JIYHEI. A BOT KTO NEPBHIi Joragajica o 3aMe-
yaTeJbHONM CBASH JJAMHBI OKPY)KHOCTH U €€ AuaMeTpa — YBHI, He 3HaeT
HuKTro. BosMoxHO, 06 3TOM Joragajicia Kakoi-HMOyAb AOTOLIHBIM Ma-
cTep, U3rOTABIMBAIOUINI KOJECO AJA JEerKoi KOJEeCHUALBI, MM 3€MJIEKOII,
0o0ycTparBaOIMil KPYIJAbIA KoJoZen. A, MoxkeT GHITh, FOHYAp, Jecopys,
CTPONTENB... — KTO OHI 3TO HM OHLI, MMA 3TOro NeHMs MCTOPHMSA HaM
He cGeperia.

A BOT KOrjia mosiBMJIOCH IEpPBOE 0003HAYeHUe 3HAMEHHUTOro 4ucja
GYKBOII ™ MBI MOXKEM CKasaTh ¢ GOJBLIOH cTemeHbIO yBepeHHOCTH. Ero
MBI HaxoauM B pabore “Synopsis Palmoriorum Matheseos” («OGoape-
HUe NOCTHKEHHI MaTeMaTHKM») aHIJIMICKOro mpenojasaTesis YHUILAMA
Hxonca (1675-1749), Bumenmeit B 1706 rogy. Heckonrko paHrle,
B 1647 rony, anrauiickuit maremaruk Oyrpen (1574—-1660) (kcraTu, as-
TOp 3HAKOMOro HaM 3HAKa YMHOMKEHHA «X») OYKBY T HPUMEHHJ AAdA
0603HaYeHNA OAuHbL OKPYKHOCTH. Ilo-BuANMOMY, K 3TOMY 0603HAYEHMIO
€ro MOABHUIJIA TepBasA GYKBa I'PEYECKOro CJI0OBA TEPLPEPLA — OKPYIKHOCTH
(oTciona Hame: nepugepus).

O0o3zHauenue T AAA OTBJeYeHHOro umenaa 3,141592... mupoxo pac-
NPOCTPAaHMJIOCH M, IO CYTH, CTAJNO MEXKAYHADOAHBIM CTAHZAPTOM IIOCJ]E



§ 2. Bce okpysxcHocmu noxoxcu 1

TOro, KaK €ro cTaj IPHUMEHATH BHIAAIOLINICA MaTeMaTHuK JleoHapa Oii-
aep (1707-1783) B cBoux MoJy4UBIINX BCEMUPHYIO M3BECTHOCTb TPYAAX.
K aromy oGo3nauenuio Jleonapsn iinep, ckopee Bcero, Ipuiies He3aBH-
cumo ot I»xoHca.

§ 2. Bce OKpY>XHOCTH NOXOXXH

— Bom u a zoeopw, — ckasaxn IlTanmaii-Box-
maii. — Bce na 00no auyo: dsa znasa, ...6 cepedune
HoC, @ nod Hum — pom. Y acex o0no u mo xe!

JIviouc Ksppoar.
Asuca B 3asepKraine

B omTinypme OT NPOU3BOJBHHEIX (uryp, paAgyomux Ham ria3 Go-
raTcTBOM U pa3HooOpasmem (OpPM, BCe OKPYKHOCTH YAMBHTEIBHBIM
oGpa3om IOXOKM ApPYr Ha Jpyra. Kakaas mn3 OKpYKHOCTeHl ABJA-
eTca aubGo yBeJNMYeHHOH, JMGO yMeHbUIEHHOM, Jau6GO0 mpocTo Kommei
11000 APYroif OKPY’KHOCTH. ITO IIpocToe HAGAIOAEHHNE €CTECTBEeHHBIM
o6pasoM NPUBOAUT Hac K ujee MNPOIOPUMOHAJBHOCTM JIJHUH OKDPYK-
HOCTefl MX AMaMeTpaM C OJHHM U TeM Ke K03¢h(dDHUMeHTOM NpoIop-
IAOHAJIBHOCTH.

EcTecTBeHHO MpEAIOJOKUTH, YTO Yy IOXOXKHUX PUIYD COOTBETCTBY-
ole JUHEHbIe pa3Mephl JOJIKHB! OBITH IPOIOPUMOHAJBHBIMH: €CJIH
AMaMeTp OKPY’KHOCTH YBeJIHYMBAeTCA B KaKoe-TO KOJUYECTBO pas, TO
¥ ee JJIMHA JOJKHA YBEJINYUTHCA B TAKoe »Ke KojJuyecTBo pas. IlycTe
ZIBe NPOuU360.bHble OKPYKHOCTY UMEIOT AJNHY cooTBercTBeHHO C) u Ca,
a namamerp d; u dg, Tak uto C; : Cp = d; : dy. Ilo u3BeCTHOMY CBOMCTBY
NPONMOPIUMHA OTCIOAA 3aKJII0YaeM:

C; C;

d dy’

0OGo3HauuM 3TO0 OTHOIIEeHHE 6yKBoit . OTClona ciefyeT 3aMedaTeabHBII
BBIBOJ: AJIs1 0G0 OKPYXKHOCTH ee AjJmHA C IPONOPIMOHAJIbHA JUaMe-
Tpy d C ONHMM U TeM Ke, He 3aBUCSIIUM OT OKPYKHOCTH K03 bUIHEeHTOM
npomopuuoraassocTn: C = nd, nnu C = 2R, ecinu suaMerp d BHIPa3uTh
yepes paauyc R okpyxkHoctn d = 2R.

KoneuHo, 310 coolpa’keHue HOCHT JMIIb IPaBAONOAOGHBIM Xapak-
Tep, IOCKOJBKY OCHOBAHO Ha HHTYMTHMBHOM - IIPEJCTAaBJIE€HMH O IJIHUHE
OKPY>KHOCTH.
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§ 3. Npepaxbs crapuHbl rnybokoi

TIockoaBKY BCE OKPY’KHOCTH TaKHe 3aMedaTejJbHBIe, YTO JIUHY Ka-
KO M3 HUX MOXKHO HAWTH, YMHOXKMB ee AMaMeTP Ha OJHO M TO XKe
YHCJIO, TO YeMy PaBHO 3TO YHHMBepCaJbHOE YHCJIO — eAMHBIH JJIA BCexX
OKpYyXHOCTell K03(pGUIUEHT NPONOPIUOHAIBHOCTH ?

IIpencrapieHus o Yucie T IpeTepIeay YAUBUTEIbHYIO BOJIOIMIO —
OT CMYTHBIX IIPe/ICTABJEHNI APEBHUX, 9KCIIEPUMEHTAIBHO — GyKBaJIbHO
OLIYIBIO OTKPHIBABIINX KOJHUYECTBEHHble 3aKOHOMEDPHOCTH OKpPYXKalo-
mero MHpa O 4Ype3BBIYaifHO ITy0OKHMX MaTeMaTHMYeCKHMX TEeOpHil coB-
PEMEHHOCTH. '

Mexxay Turpom u Ecpparom

— Yp xandees, — craszan IIpogeccop. —
Boavwiue Ovliu Yymruku, A06UIL 6ce Kpyzaoe
u 3naau wucao 7. OHO Yy HUX DABHANOCL mpem.
He oyenv mouno, 3amo nezko evbtyvume.

H.TepH. HoBble NpUKIIOUEeHNA
mucTepa TomnkuHCca

Haruck 3bpI6yunX meckoB 3a0BeHHsA BBIJEPIKAIH BeJIUYeCTBeHHEIE
«CKaJIBI-OCTaHIBI» — IAMATHUK APEBHEH I1yMepPo-BaBUJIOHCKO-aCCHPHIi-
CKOI KYJbTYpHI KoHIa IV TeicadesneTHsa Ao Hamiei 5pHl — HAYasa Haluei
3pbel. Bo3aMoKHO, OHHM yuesnenu mop 0e3KaJOCTHBIMU BETPAMH HCTODHUM
JINIIB IIOTOMY, YTO «CJIOXKEHBI» ObBLIM M3 O0GOKIKEHHBEIX HA OrHe KJH-
HOIHUCHBIX IJIMHAHBIX Tabiandex. VI3 HMX MBI y3HaeM O MHOrOrpaHHBIX
TaJAaHTaX M YMEHUAX JPEBHUX xuTeineilt Mexaypeusd. [IpeBane Macrepa
yiKe JejaJ¥ MHOroe M3 TOrO, YeM MOXKEM II0XBacTaThCA MBI, JleseHHeM
roga Ha 12 MecsleB — IO YHCJy 3HAKOB 304MaKa, a TaKXe CYTOK —
Ha 24 vaca MH 00s3aHBI JpeBHUM XajgesaM. IIpUKIagbBasg NIKOJLHEIR
TPAHCIOPTUP K YIJAYy U OIpefesAs ero BeJHYUHY B IPagycax, MBI TaK-
’Ke OTJAaeM [aHb IaMATU BABUJIOHCKUM YYeHBIM, BIepPBHIE pas3/e]UBIINX
Kpyr Ha 360 paBHBEIX yacrTeii.

Kax aBCcTByeT M3 KJIMHONMNCHBIX TalGJIN4YeK, BO3PACT KOTOPHIX —
HHM MHOr0, HM Maji0 — HEeCKOJBKO THICAY JeT! — KUTean Mexaypeubs
MOIJIM M3BJIEKATh KBaJpaTHble M KyOHMUeCcKHMe KODHM, peliaTh KBaApaT-
HBble YPaBHEHHUSA, PACCUUTHIBATH O00BEMEI ILJIOTHH M OCAAHBIX HachImeif,
MMEIOIINX JOBOJBHO CIOXHbIe FeOMeTPUYEeCKNe OUepTaHu.

Ho BOT 4TO yAUBUTENBHO: OYyAYYN HCKYCHBIMH MacTePaMH M HHXKe-
HepaMH, KUTeJau MeXaypeubd NpUMEHSJIN AOBOJBHO rpyboe 3HaueHHe
Juas uuciaa w. Kak ciaegyer w3 ApeBHHX pellleHMil psaja 3azad, B CBOHX
pacueTax OHM HeSBHO IIOJIB30BAJUCH 3HAUEHHEM T = 3.
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CioBecHBIe pellen T APeBHUX BaBUJIOHAH JJIST BBIYNCJIEHUA ILIOIIATK

Kpyra MOXKHO BBIPa3HTL COBPEeMEHHOH (opMyJIoit

CZ

S =—

12’
rae S — mwIomaas Kpyra, a C — JJIMHA OrPaHUYMBAIOIIEH ero OKPYXKHO-
ct. Crroco6, nmpuMeHABIINICA AJA BBIBOAA 3TOM (POPMYJIBI, HEM3BECTEH.
Ecin B Hee NMOACTaBUTH 3HAKOMBIE COBPEMEHHOMY IIKOJBHUKY BHIpa-
JKeHMdA IUIOIAAN Kpyra S = 7r? u ganHbI okpyxHoctTn*C = 27r, TO

. (2mr)?
U3 paBeHCTBa MT° = ETH
Caepyromas 3ajaya COREPIKUTCA B OJHOM M3 KIMHOMMUCHBIX TEKCTOB,
npuHaanexamux Bpuranckomy myseio ([Baii], c. 134):
«60 1IMHA OKPY>KHOCTHU. 2, HA CKOJIb-
Ko A cnycTricda. Yro ects xopga?» Peup c
B 3TOM 3afade UAET O BEIYUCJICHUH AJIUHBI / \
xopasl AB, crpeaka koropoit CD pas-
Ha 2, mpuYeM JAJINHA OKPY)XHOCTH paBHA A B
60 (puc. 1.1). D

Bor kak HaM npejJiaraeT pemarb 3Ty
3a7la4yy HEHM3BEeCTHBIN BaBHJIOHCKUI MaTe-
MaTUK (YUCJIa 3aIlMCaHbl B yAO0HOM Ais
HAC JeCATHYHON CHCTeMe CUMCJIeHHA, KO-
TOpoit B Mexxaypeune He NOJb30BAINCH):

«Tol Bo3Bexy 2 B KBajapaT, 4 THl BH-
auwmb. 4 ot 20, nmamerpa, OTHUMH, 16 THI
sugumn. 20, AuaMeTp, BO3BeAM B KBa- Puc. 1.1
apar, 400 TeI BuAUIIE, 16 Bo3BeAH B KBaj-
pat, 256 TeI Buanmse, 256 or 400 oTHuMM, 144 TH BuAMIIB. YTO ecTh
KBaJpaTHBIH KopeHb U3 144? 12, kBasgpaTHbIil KOpeHb, 3TO Xopaa. Takos
crroco6».

Ecan He ofpamaTh BHUMAHUA HA OAHY BBIYUCJIUTEJBLHYIO IIOrDelI-
HOCTb, TO IIpDUBEJEHHBIH penenT HaXOXAEHHS XOpABI COOTBETCTBYET
tdopmyne a = 1/d? — (d — 2h)?, KOTOPYIO MOKET BEIBECTH COBDEMEHHEII
IIKOJBHUK (3fech @ = AB, h = CD, d — guaMeTp OKPYXHOCTH).

IIpnmedaTessHO, YTO B IPUBEAEHHOM TEKCTE IIpHM AJIUHE OKPYKHO-
cru C = 60 auamerp d monydaerca paBHHIM 20 — 3TO COOTBETCTBYET
sHaueumio m = 3, ToT dakT, YTO paaMyc IIOMeIaeTCd B OKPYXHOCTH
B KaudecTBe XopAbl 6 pa3s, OCTaBMJ HEMSIJIaAMMBIA OTIEYATOK B MUPO-
BO33peHNHU kuTeteir Mexxaypeuba. Ouu pasgenunm rox Ha 360 ameit
u coobpa3Ho aToMy Kpyr (Buaumyio op6urty Connua) na 360 rpaaycos.

B opHOIl W3 rIMHAHBIX TabJM4YeK, HaMAEHHBIX IIPH DPACKOIKAax
1936 roga ropoga Cyssl, 6osee yem B 200 MuUIAX K BOCTOKY OT BaBuiona,
o6Hapy>KeHbI pacdyeThl, MCIOJb3yloue 6ojiee ToUHOe NpHUGAMIKEeHNe NIA

HOoJyYuM T = 3,
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1
yucaa 7: ® & 3— ([Heit], c. 61). sBecTHEII UcTOPUK HayKH npodeccop

Otro HeiireGaysp mosaraer, 4TO APEBHUM MECONMOTAMCKHM BEIYHCJIHTE-
JAM OGBIJIO M3BECTHO Jyulllee MPpUOJMKEHUe IJA T, NMpPUMeHsSBlIeecsd B
Tex ciaydyadX, xorja rpyboe npubauikenue m & 3 OPUBOANJIO K ABHO He-
npasuabHEIM pesyabsrataM ([Heit], c. 60). OxHako He Bce CIIEIMATUCTHI
pasfesasiioT ero To4ky apeHus. Hanpumep, Aitsux A6pamosuu Baiiman

1
CUYHTAeT, YTO B «MaTeMaTUYECKHUX 3a/jadaxX 3HaueHUe T = 3— oOHapyKeHo
JIMIOb B OAHOM CJy4yae, M TO COMHuUTeabHoM» ([Baii], c. 134).

Ha npesHux 6eperax Huna

Bonee TouHoe 3HaYeHHMe AJA T MCHOJL30BAIM APEBHHUE ETHITH-
He. B Jlonmone u Hplo-Vlopke XpaHATCA XBe 4ACTH ApDEBHEETHIIETCKO-
ro nammpyca, KOTOPBI# LUTHDYIOT Kak «mamupyc Punpa (unm Paiin-
na)» — no umenu Henry Rhind Menenara, npuobperinero aToT manupyc
B 1858 roay. I'opasgo sormuHee Obl10 OB HA3BIBATH JOKYMEHT HMe-
HeM nucua AxMmeca, COCTABHBIIEro ero B NpoMeXyTKe Mexay 2000
u 1700 rogaMu fo Hamleil spel. 9TOT nanupyc GHI HaiineH B 1858 roxy,
pacmiudpoBan u ony6aukoBaH A, OiizeHsopoM B 1877 roay [Eis].

Crunp H3JN0XKeHUA AxMeca GIM30K K CTHJIIO APEeBHEBABHJOHCKUX
Tabandexk. B ero samucAX MBI TakKe HAXOAUM PelENTHl PellleHus pas-
JINYHBIX MPAKTAYECKUX 3a7a4. B OXHOM 13 TAKUX 3ajay4 Nanupyca gaercs
«HACTaBJIeHME, KAK BBHIYMCINTH KPYTJbIA XJeOHBIA aMbap», MMeoInit
¢opMy KPyrjoro mUIMHApPA C ANAMETPOM Y OCHOBaHHSA 9 JOKTeil (n10-
Kombv — CTApMHHAA Mepa JJIWHLI, HeMHOruM MeHee 0,5 Merpa). Hna
BBIYHCJIEHUS IJIOLIAAY OCHOBAHUS IpeAJaraeTca TaKoi peuent:

1 .
«0O1 9 oTHUMHU 5, To ecTh 1. ITonyuurcsa 8. YMHOXkE 8 Ha 8. CMoTDH:

370 64. TH DpPaBUJBHO HAIIEI».
B nanHOM pelnenTe COAEPKUTCA CIEAYIOIIee NPABUJIO AJA onpejeJie-
HUA IUIOAAY Kpyra. 9Ta IJIowaAb S paBHa IUIOLIaAN KBaJpaTra, CTOpOHA
1

KOTOPOro paBHA AHaMeTPy Kpyra d, YyMeHBLIIEHHOMY Ha ry CBOeil JIVHEL:

2
S = (gd) . 1)

W3 xakux coobpaxeHmit moaydyeHa ata ¢opmyaa? — HewussecTHo.
TeMm He MeHee, COBPeMeHHEIE HCCJIeAOBATENN NMBITAIOTCA HAWUTHU TeOopeTH-
YecKHe 000CHOBAHMSA, KOTOPBIMHU MOTIH OBl PYKOBOACTBOBATHCS APEBHHE
npy ee BEIBOZE. MBI OCTAHOBHMCA HA ABYX COBPEMEHHBIX DEKOHCTPYKIIH-
SIX BBIBOJA 3TOi1 (GOPMYJIBI, He JUIIEHHBIX M3SAIIeCTBA.
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1. Pexoncrpykund A. E. Pank ([Xpe], c. 180).

OnwuizeM BOKPYr Kpyra auaMerpa d KBajpar.

W3 3T0r0 KBafipaTa yAAJHM 4YeThIpe YIJIOBBIX KBa-
d

JApaTa ¢0 CTOPOHOI ry M BoCeMb ee GoJiee MEJIKMX

KBaJApaTOB CO CTOPOHOM ry (puc. 1.2). Torna ocras+

masca 4acTh OOJIBIIOrO KBajpaTa NMPHUOJIHMKEHHO
paBHa Kpyry, U ee IJIOIAaAbL BEIYUCIAETCA 10 GHop-
myae (1). Puc. 1.2

2. Pexoncrpyrkuna A. Jaan-Hansmeauxo v K. Ileitpdep ([Hdaal,
¢. 170).

BouuieM B KBafipaT ¢ AJNHON CTOPOHHI d BOCh-
MUYTOJbHHK, BEPIIMHBI KOTOPOr'0 AEJAT CTOPOHBI
KBagpaTa Ha 3 paBHHe 4YacTH (puc. 1.3). Ilnomazns
9TOro BOCEMMYT'OJbHNKA NPUGINIKEeHHO paBHA IJIO-
IaAy BIMCAHHOI'O B KBajgpaT Kpyra AuaMmerpa d
H BpIYMcaAeTca no popmy.e (1).

N3 dopmyan (1) cneayeT ZOBOJBLHO TOYHAS
OLIeHKa JJIA Yucjaa 7:

a2 64, d d d
S=rrrg® 3 3 3
Puc. 1.3

162
OTKyAa T &5 3 ~ 3,16.

Haxopgka npodeccopa lneisepa

OaHo ¥3 pPaHHUX TIPUGAMIKEHUIH AJA YUCIA T MOXKHO M3BJIeYb U3 Ka-
HOHUYECKOro Tekcra Bubauu, aatupyemoro mpumepHo X-V BekaMmMu
no Hameil spel. B TpeTwheil kHure IlapcTB moapoOHO paccKasbIBaeTcs
0 TOM, Kak MacTep XupaM CoOpy»aj N0 3aka3y npasureins Hyaeiicko-
ro Mapaunasckoro napcrsa CosloMOHa XpaM. 9TO KYJBTOBOE COOPY’KeHHe
yKpamaya Goasluoit 6acceifH AJIT OMOBeHMs CBALIEHHOCHYKHTeJeil mop
Ha3BaHMEM «MeXHOI'0 MOPS»:

«/ caenan nuToe U3 MeaH Mope — OT Kpas ero M J0 Kpas ero
JIeCATD JIOKTeil, — COBceM KPYyTrJjioe, BHIILIUHOIO B IATH JIOKTeH, 1 CHYpOK
B TPHALATH JIOKTe# OOHUMAJ ero Kpyrom»

Tpersa kHura Ilapers. T'n. 7, ctux 23.

HeTrpyaHo moacuuTaTh, YTO B AAHHOM CJydYae HCIOJIb3yeTCA IpuOIm-
JKeHUe pid uuciaa T = 30/10 = 3.

Axanemux Poccuiickoit akageMun o6pasoBanus npodeccop I'. I'ieit-
3ep CPaBHUTEJIBbHO HeflaBHO MCCJEAOBAJ MePBOMCTOYHUK IIPOIHTHDOBAaH-
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HOro BBHIIIE TeKCTa. Ml BOT K KAaKMM yAUBUTEILHBIM BHIBOAAM: IIDHILEI
(moucTHHE: YANBUTEILHOE PAAOM, TOJBKO He HYXXHO 3aKPhIBATh Ha Hero
riasal)

B opuruHaILHOM TeKCTe BeTxoro 3aBeTa CJI0BO THHHSA (CHYPOK) MMe-
eT ABa 3HaYeHMA. PagoM ¢ aTMM cioBOM IpHmucaHa GykBa TEH, npo
KOTOPYIO HMHCTPYKIMA Ha NOJAX YKa3mBaeT, YTo dTa GyKBa He Ipo-
u3HOCHTCA. [IpeBHMM HyAeAM OBLIO CBONCTBEHHO HMpUAaBaTh GykBaM'
HBPUTCKOTO ajihaBUTa OIpefeJieHHbEIe YNCJIOBble 3HAUCHN A (TaK HA3LIBA-
eMoe «y4YeHHe O reMaTpPHUH CJOB»). EcaM mOACYHUTATH CYMMY 3HAYEHH
6yxB ymJIHHeHHOro cjiosa (¢ GykBOIf TEN), n ykopouenHoro (6ea aToit
OYKBHI), TO OTHOIIEHHE ABYX IOJYYEHHHIX YMCEN OKA3HIBAETCS PABHBIM
% =1,0471698 ... IIpodeccop I'. 'neitseép npexmosaraer, YTO ynonm-
HAeMYIO B TeKCTe AJUHY CHYpPKa 30 JIOKTeit HY)KHO YMHOMKHTH Ha a'ro'r
KoadduumenTt, Torga 60jiee TOUHOE 3HAUEHHE JIMHBI OKPYXKHOCTH um'ro-
ro MOps» OKaxkercs paBHEIM 31,415094... COQTBETCTBEHHO STOMY HOBOMY
3HAYEHHUIO AJHMHHI CHYpKa nojyuaem 7T = 3,1415094..., uTo coBmagaer
¢ TOYHBIM 3HaueHHMeM T = 3,141592... B mepBEIX YeTHIpex 3HAKaX. ITO
Aaio- noBog npodeccopy I'. I'neftsepy BHIABHHYTH CEHCAMOHHYIO THIIO-
Te3y: eéme B JlpeBHeM Mupe BpeMeH raps COJOMOHA BHATIM O UHCIe T
€ TOYHOCTHIO 0 4—5 3nakoB [[ae].

HaunsHbi nepuop B UCTOPUK uYKuCna T

B wucaax mmnozo muozozo.

Braagumup Kasakos.
OmubKa KUBBIX

B momefmInx Ko HAC C He3aIIAMATHLIX BPeMeH MaTeMaTHUYEeCKHX TeK-
cTax nc'rpeqalo"rca npuOJIMIKeHNs AJIA 4YNCJIAa T Pa3JHYHOM TOUHOCTH.
Bce nx MoXHO oxapakTepu30oBaTh OAHOIT (pasoii: 3HaUeHHMe AJNA T eCTh,
HO M3 KaKuX coobpaxenuii ono GLII0 mOJdydeHo — HemsBecTHO. CKopee
BCEro, ApeBHME TIATENbHO AHAJHNSHDOBAIM M COIOCTABJIAIM pe3yJhTa-
TH N3MEPEHNI OKPYKaoIMX UX InpeAMeToB. JI1060i 3xpasoMBICaAIIML
YeJIOBeK, CTOJKHYBIINCH C IIPAKTHYECKOH mpoOieMoil M3MepeHuUs AJIH-
HBl OKDYKHOCTH, MOKeT NIPeAJOXHTE MHOXECTBO CIIOCOGOB, KaK 3TO
cesaTh: «IIOMEePUTb» OKPY’XHOCTh HUTOYKOM, «00OKaTATh» ee JMHENKOHI
nIN, HaoBOPOT, «IPOKATUTH» OKPYKHOCTD BAOJL JMHEHKHN. B 3T0i1 cBA3HN
He BBHI3HIBaeT YAMBJIEHHA cIoco0 cpeaHeBexkoBoro Marmcrpa dpaHkoma
n3 JIpexxka, KOTOPHI AOrajajcsa CpaBHMBATh ILUIOIIAAM Kpyra M KBajpa-
Ta B3BemrmBanneM ¢Guryp Ha Becax ([KviM], c. 64). OnmlT, npakTuka,
SMIHUpHYECKHe [NaHHBIe HIPAOT BaXHYIO POJb B OCMBICJEHHH 3aKO-
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HOMEPHOCTEH OKPY’Kaiollero MUpa M NOMOraioT BHIABHUTATh I'MIIOTE3HI,
OTHOCALIIMECS K MUDPY HAeif U abCTPaKIuit — MHPYy MAaTeMaTHKH.

Huxe npuBOAATCA HEKOTOPHIE CBEJEHHA O HAHJEHHBIX APEBHUMH
MaTeMaTHKaMH NPUOIMKEeHUAX A yucia 7. IIponcxoxaeHne UX HEU3-
BECTHO.

IIpubnuxenna m:

Mexaypeuse, 2 THIC. 0 H. 3. 3
O pesunit Eruner, 2 TeIC. 40 H. 3. 3,16
HOpesunit Kurait, XII 8. g0 H. 3. 3
HOpepuasa Uyaea, X~V B. 1o H. 3. 3 .
(runoresa I'. 'neitsepa: 3,1415094...)
’ Ipesuas Ungusa, VII-V 8. fo H.5. 3,088
JIio Cuns, Kurai, I B. 10 H. 3. 3,1547
1
Burpysuit, - Hramms, 14 r. g0 H. 5. 3§ = 3,125
Uman Xon,  Kurait, II 5. "~ V10=3,162...
;o 355
sy Yyn-woxkun  Kuraii, V B. 113 =3,1415929...
Bpaxmarynra, HWuans, 598 r. V10 =3,162...

 JI1060mBITHO, YTO KMBIUUI B PAaHHEXPHCTHAHCKYIO 3MOXY PHUMCKHU
apxiTexkTop BUTpDYyBHMil MONB30BaJICA KOCTATOYHO rPYOBIM NMPHUGIMIKEHH-
eM Aja uncaa 7. OH NpoeKTHPOBaJ BHYIINTEABHEIX PasMepoB Pumckmit

TeaTp M AaKe paspabaTeIBaJ NpoeKThl ropoxos. Ho TouHoCTH 3-8- bif)

ypcja T ero BrnoJjiHe yxoBierBopuial (C GoablIOHK CTENEeHBIO YBEepPeHHO-
CTH MOXXHO NPeANOJIOXHUTh, YTO MCIOJb3yeMoe MM rpyboe 3Ha4eHHe T
NPUBOANJIO K HEZOYETAM B CTPOUTEIBCTEE.)

B mpuBefeHHOIl BbIle Tabiumile 0OHAPY'KMBAIOTCA M YANBUTEJBHO
TOYHBIe 3HAYeHHUA. Pesysbrar KHTAWCKOro MaTeMaTHKa M acTPoOHOMa
IIsy YyH-4:KM OTJINYAETCA OT TOYHOro 3HayeHHdA m = 3,14159265...
JIMIIb B CEAbMOM 3HAKE ITOCJIe 3aTATOi!

QueHnb foaro (BmwiIoTh Ao pedopm Ilerpa-I) MaTemaTHuecKas MBICIb
Poccun Haxommiack B riIyGOKOM JieTapruiyeckoM cHe. B oxHoit u3 Ge-
pecranblx rpamor XVII Beka «UYra kKakoe MecTo IO OKpyre BeAaTh
BAOJIb M IIONIEper» MBI HAXOAMM Pas3nN4YHBIE NPHUGIMIKEHHBIe CIIOCOOHI
onpeAesieHns IJIomaxeil Kpyrasix nojeit. Hanpumep, ais pemieRus sa-
naun: «Bpimo mosme xpyrom 1488 caxkeH. I THI CKaXH: YTO B TOM
6yReT 4eTBEPOYrOJIBHOM CaXXeH M 4YTO BCPeAH Kpyra B JOJ M momeper
B[O OKOJBLHOM Mephl Mepolo» IIpejjaraeTcid TAKOW pelenT: «... BO3BMH
MepHI, YTO KPYroM eBO GYAeT CaXeH M Ty OKPYKHYIO Mepy- pasfenu
Ha YeThIPe YaCTH; a4 YeTBEePTHIM I1aeM TaKOBOXKB YUCJIO YMHOKB: CTOJBKO
B TOM IIOJle YeTBePOYTrOJBHHEIX caeH OyAeT, eAMHYIO cakeH He IOTe-
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pAemb.» B Hameil CHMMBOJIMKe 3TOT pelenT MOXKHO 3amMcaTh B BHAe

dopmynbl: .
2R
Sxpyra = (WT) , OTKyAa 7 =4,

«B 1897 200y 6 zenepaavmyo accambiero amepuKanckozo wmama
9/9 Huduana no npedcmasnenuro 3deuna . 'ydmena Ovin 8necen 3a-
Kononpoexm N2 246, 8 komopom noeenesanocy: ,,...npusnameo, ¥mo de-
10pe wucao ‘nu’ pasuno 4“. B nepsom umenuu amom 3axoronpoexm Gvtn
npunam. O9HaKo nocie 6mopozo wMmerHua noxyeécmeosasuiue nodeox
AUKYP2U PEWUIU €20 — Hem, He OMMEHUMD, ... OMAOKUMb. B omao-
HCEHHOM COCTMOARUU OR Haxodumcea 00 cux nop».

3uanue — cuna. 1992. No10. C. 102.

§ 4. Yto Takoe AnvHa OKpPYXXHOCTH?

Haitmu odno nayuroe dorxazamenbcmeo On8 MeHA
eaxcree,uem osaademsv 6cem nepcudCKuM Yapcmaeom.

JeMoxpuT

Iusnausanua ApPeBHUX 3JIJHHOB NOAapHJIa MUDY OAMH M3 CaMbIX
3HAYNTEBLHLIX NOXAPKOB B HICTOPUY YeJI0BeYeCTBa — AOKa3aTeNbHYIO Ma-
remaTuKy. Ha cMeHy Heu3BeCTHO OTKYZa B3ABIIMMCSH BBIYHCJINTEILHBIM
pellenTaM APeBHUX YMeNblleB ¥ MacTePOB IPHIILJIK CTPOrHe PACCYKACHUSA
MaTeMaTHKOB.

KoHctpykuus AHtudoHa

Jenars 000CHOBaHHBIE CYXAEHHUS O UNCJIEe T MOYKHO JHUIIL B TOM
ciiy4dae, eCJIX XOPOLIO IIPeAiCTaBaATh cebe, YTO Takoe AJUHA OKPYKHOCTH.
IlonHITKY OCMBICINTHL 3TO MOHATHE OAHHM U3 MePBHIX NpeANpH-
Han ¢unocod AntnudoH, xupmuii B I'periun B V Beke A0 Hamiell 3phl.
B «Hcropum reomerpuu» EBgema (IV B. A0 H.3.)
TaK OMNMCHIBAETCH €ro IOILITKA ONpeAeUTh AJUHY

OKPYXHOCTH:
«HauepTus kpyr, OH BIucaj B Hero Takoii mpa-
BHJIBHBL MHOTOYTOJIBHMK, KOTOPHIA Mbl yMeeM BIIU-
catb. IlycTs aT0 6yAeT kBagpar. IIoToM OH pasaenni
KaX/AYI0 CTOPOHY KBajpaTa IIOIMOJaM M 4Yepe3 TO4Y-
KM JeJleHUA NPOBeJ OpsMble, MepNeHAUKYJIAPHbBIE
Puc. 1.4 K CTOPOHAM A0 NepecedeHUA C OKPY:KHoCThIO. Oue-
BUAHO, OHU JEJAT CerMeHThl Kpyra Ha ABe paBHBIe



§ 4. Ymo makoe dnuna okpyxcrHocmu? 19

yactu (puc. 1.4). 3aTeM OH CoeAMHMJI MOJYIEHHBIE TOUKH C KOHIIAMH CTO-
POH KBaJpaTa TaK, YTO MOJIYYHJHNCh YeTHIpe TPEYroJbHHKA M BCA 00pa-
3oBaBIIagcsa ¢urypa craja NpaBHJIBHBIM BOCBMHYTOJBHHKOM...» IIpo-
JoJKasg dTOT Ipouecc Aanblme, AHTHDOH mosydaer 16-yroasHuk, 32-
yroabHNK, 64-yroapHuk U T. K. «IlocTymaeT oH Tak, MOKa He MCYEpIaer
Bech Kpyr, — mnumeT EBgeM. — U AnTHGOH 3aKjII09aeT, YTO TAKHUM
o6pa3oM GyZeT BIUCAH MHOTOYTOJBHHUK, IIepHUMETP KOTOPOro MOKHO pac-
CMAaTPUBATh KaK AJIMHY OKPY’KHOCTU» (muTHpyerca no [Bex], c. 15).

Takoit NOAXOA K ONpeAeeHNI0O AJMUHBI OKPYKHOCTH BHI3BAJ XKapKue
criophl cpeau ydyeHnnix IpeBHeit I'peumu. Cummiaukuit (VI B.) B KOMMeH-
Tapuax K «Hcropuu reomerpun» Epfema mucan mo 3ToMy IOBOAY, YTO
«Mu1 HUKOTZa HE AOCTUTHEM OKPYKHOCTH Kpyra, Jake ecjiyt ObI AejleHue
poAoJKanoch Ao Geckoneynocru» ([Ben], c. 59).

Yro ke cMyTHyi0 CHMIUIMKHUSA ¥ €r0 eANHOMBIILIEHHNKOB?

Mapanokcbl HeckoHeuHoCTH

Ecau na xnemie caona npoumewv nadnuco
«6Yiléon», He 8epb 21A3aM CEOUM.

Kossma IIpyTkoB. Murcan u adopuamser, 106

HNaTyNTHBHOE IOHATHE NIpeesia, Ha KOTOPOM OCHOBAHA KOHCTPYKIU S
AntrdoHa, YpeBaTa XUTPOYMHEIMM JIOBYIIKAMH, O UYeM CBHAETEILCTBYIOT
ciaeAyomue copuaMbl (X ONMHCAHME MOYKHO HailTH, HATIpUMED, B KHHUTIE
E. ®yppe «'eoMeTpnueckue rojIOBOJIOMKH ¥ NapajlorM3Mbl», M3AAHHOM
opecckuM magarennctsoM “Mathesis” B 1912 roay, oAHAKO OHH MMEIOT
ropaszo GoJiee paHee npoucxoxaenue. He nuckioueHo, 410 3TH COPU3MEI
MOTJIN BOITH B yTepsaHHYI0 KHUTry EBkanpa «IIceBrapus»).

1. «Buo6GoM TpeyronibHUKe OAHA U3 CTOPOH 4
PaBHA CyMMe ABYX APYTHUX».

IIyers B paccMAaTpUBaeMOM TpPeYyrOJBHA- (G
ke ABC Touku D, E,F- cepefMHH CTOPOH D
(puc. 1.5). Ilo cBoiicTBY cpefHHX JHMHUIT Tpe- H

yromeuuka DF = =BC u EF = —AB, tak 410 I L

muaa jgomanoit ADFEC paBHa cymMe RIuH
cropor AB u BC. Ecau janee B3ATh CpeAHHE B E J C
Touku G, H, I, J cTOPOH ABYX HOBHIX TPEYroJb- Puc. 1.5

HnKoB ADF u FEC, T0 TOYHO TaK Xe MOKHO

TMOKa3arh, 4To AjauHa JioManoit AGKHFILJC paBHa AauHe JIOMaHOM
ADFEC u, cnegosaTenbHo, paBHa CyMMe AauH cTopoH AB u BC. Takoit
Tpolece U3MeNbYeHUs JOMAHOK MOXXHO NMPOAOJI’KATh CKOJbL YTOAHO AOJ-

K
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ro, HoO Ha KaXX/IOM Iare 3TOro mpouecca AJWHA BCeX IMOCJeXOBATEIBHO
o6pa3oBaHHBIX JoMaHBIX paBHa AB + BC. JlnuHa OTPe3KOB, COCTAaBJIA-
IOIIMX JIOMaHBIEe JIMHUH, IOCTOSHHO YMeHbINaeTcsd, UX KOHIB! Bce Goee
u Gostee npuKUMAIOTCA K ocHoBaHuIoO AC, U B npefiesie MEpUMETP JiOoMa-
HBIX cauBaercs ¢ orpeskom AC. CaenoBarensHo, AB + BC = AC.

2. «JlnuHa OKPYXHOCTH DABHA ee JUAMETPY».

Ha puc. 1.6 nokasaH cUMBOJ gpeBHeKuTaiickoit puaocodpun «Hub
u SHB», ONMLETBOPAOINNI efUHEHHe ABYX NPOTHBOGOPCTBYIOLIMX Ha-
YaJ: AHA M HOYM, JKEHCKOTO M MYIKCKOro, mob6pa u 3iaa. KoHtyp
BHYTDEHHeH AyTH 3TO-
ro cuMBoJa o6pasoBaH
U3 ABYX TIIOJYOKPYXK-
HOCTe#l, paguyc KOTO-
PHIX BABOE MeHbIIIe pa-
auyca GOJBIIOro Kpy-
ra, a UEHTPHl UX BMe-
CTe C IeHTpoM G6OoJb-
moil OKPYKHOCTH pac-
1oJIaraloTCs Ha Juame- Puc. 1.6
Tpe, Aend ero Ha 4 paB-
Hble yacTu (puc. 1.7). HeTpyaHo moacuuTaTh, 4TO AJHHA «3Ur3aroo6pas-
HO#» AYTM BHYTPHU KPyTa paBHA IOJOBHHE AJMHBI GOJIBIION OKPYHHOCTH.
Janee Mul NpuMeHUM OECKOHEUYHBIH IPOIECC BUAOM3MEHEHUS ITOH Ay-
'Y, aHAJOTUYHBI# MN3MeJbYEeHUIO CTOPOH TPEYroJbHMKa B IpeABIAYIIEM
copusme.

Puc. 1.7

Puc. 1.8

Ha puc. 1.8 noxasaHb! fBa CJIeAyIOMINX 1mara aToro npouecca. Cymma
AJINH COCTaBHHIX yacTeil HOBOil «3Ura3aroo6pas3Hoii» JYrH IO-IIpeKHEMY
paBHA IOJIOBMHE AJIUHBI GOJBINOH OKPYKHOCTH. EciM MPOXOIKATE 3TOT
IIpoLecC HeOrpaHUYEHHO JOJIrO, TO B KOHIE-KOHIIOB «3Ur3arooGpasHad»
KpHUBaA COJBETCHA C AUaMeTpoM GOJBIIOH OKPYKHOCTH, M B MTOre MBI
«IIOJTYYMM», YTO JJIMHA NOJYOKPY’KHOCTH paBHa ee AuaMeTpy (oTcioza,
KCTaTH, CjleAyeT NapajOKCAJIbHBIA BEIBOJ, YTO T = 2).
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Npes Bpusona

HUrak, 0ECKOHEYHOCTH NOBOJIBHO JIOBKO «0GBOAMT BOKPYr IAJbIla»
HalM HarjAAHble NpeACTaBjdeHusA o Hei. Kaxkymimecss MHTYMTHBHO scC-
HBIMM BHIBOABI O pe3yjbTaTaXx 0eCKOHEUYHOro Ipolecca MOryT OTCTOATH
OT UCTHHEI JOBOJIBHO JaJIEKO.

JpeBunit yyeHHBIi, 3agyMaBmMuiica 06 U3MEPeHUH AJIWHBI OKPY2KHO-
CTH €e AMaMeTPOM, CTOJKHYJICA ¢ Beamyaiinei npobiaeMoit, cpogHm Toi,
KOTOPYIO BHIPA3WJI IO3T: «HEM3MepMMOe M3MEePHUTh, Ji00BY 6e36perxHoit
nath npegea» (M. IO. JlepmonroB). «Heusmepnmoe» B RaHHOM clyyae —
HM3BOPOTJINBasA, YCKOJb3awolasa, U3rnbaomasaca B KaXJ0i cBoeil Touke
OKPY’KHOCTb; M3MEpMTENb — MNPAMOJHHEHHBIH, KaK COJHEeYHBIH Jyd4,
AAaMeTp.

eficTBUTENBHO I CTPEMHUTCA K KAKOMY-HUGYAL Ipeaeny Mmocjaeno-
BATEJBHOCTD [IEPUMETPOB BIMCAHHBIX B OKPY’KHOCTH IIPABUJIBHBIX MHOTO-
YTOAbHUKOB? A eCJM CTPEMHTCHA, TO I'le TAPAHTHUA TOrO, YTO ITOT Ipexe
HelIpeMEeHHO COBIAAET ¢ AJMHOM oKpyxHocTu? He cay4yuTca v Tak, 4To
NepUMeTPhl MHOTOYTOJBHUKOB CTPEMATCA K KAKOMY-TO IIpeAeny, a AJAuHa
OKPYXXKHOCTH IIPH 3TOM OCTAHETCA YEM-TO HeAOCATAeMBIM?

Ha »Tnn HempocThIe BONIPOCH KOpPPEKTHBIE OTBETHI OLIIM AAHEI CpaB-
HUTEJbHO HeJaBHO, KOT/|A IOABUJINUCH CTPOTYE METOAbl MATEMATHYECKOI'0
aHanmu3a (XVII-XVIII BB.). YANBUTENABHO, YTO 38 HECKOJIBKO THICAYEJE-
THit 0 3TOrO, Ha caMoif 3ape CTAHOBJIEHUA TOYHOro 3HAHUA, YUYEHEIE YiKe
NBITAJNCHh <«HAIYIILIBATE» NPUEMBI, O0y3ABIBAIOLINE HOPOB KOBapHOIt
6eCKOHEYHOCTH.

OaHy M3 IIOMOTBOPHBIX MAEH B 3TOM HANPABJIE€HWH BBICKA3aJl NU-

daropeer; Bpusor (V B. a0 H.3.). OH HpeANOXHMA AJA HAXOMKAESHHUA
IJIMHBl OKPYKHOCTH He TOJIBKO BIMCHIBATH B KpPYyr (mo croco6y AxTudo-
Ha), HO K ONHCHLIBATH OKOJIO HEro COOTBETCTBYIOILIWE IIPaBHJIBLHBIE MHO-
royroasHuk# (puc. 1.9). J[auHa OKPY’KHOCTH BCersa '
OyaeT 3aKJIOYEHA MeXAYy NepuMeTpaMd BIOMCAHHO-
ro M ONMCAaHHOI'O MHOTOYIOJIBHUKOB, U MOKET GHITh
yCTaHOBJIeHa TeM ToyHee, yeM GoJble CTOPOH OyaeT
Yy 3THX MHOTOYTOJBHHUKOB.

Ecau nmepuMeTprl BIMCAHHBIX MHOTOYTOJBHUKOB
CTPEMATCA K BeauyuHe A, a mepUMeTpHl ONUCAH- Puc.1.9
HBIX MHOTOYTOJBHMKOB — K BeJuuwHe B, To anuua
oKpy:kHOCTH C ROJKHA HAXOAMTHCA MEXKAY STHMH ABYMA YHCIAMM:
A < C < B. Ecau Bapyr okaskercs, uto A = B, 1o ‘nauHe okpyxHoct C
HHMYero He OCTAeTCA AejaTh, KaK COBINACTHh ¢ YKA3aHHBIMM IIpeAesaMu:
O:D A = C = B. CoBpeMeHHbIe METObI AHAJIN3A [IO3BOJIAIOT AAaTh 3THM

paccy:XAeHuAM CTporoe 0GOCHOBaHME,

Hy, a Koab CKOPO MAEs BepHA, TO 3a OlIpeAesieHue AJANHBI OKPY/KHO-
CTH MOJKHO NIPUHATH CJeAyIolee:
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OJIMHOM OKPYIXHOCTHM HA3LIBAETCS IIpejes NepUMeTpPOB NPaBUJIBHBIX
BIIMCAHHEIX B OKPYXHOCTH MHOT'OYTOJBbHIUKOB IIPH HEOTPAHNYEHHOM
BO3PACTAHUM KOJHYECTBA UX CTOPOH.

Nnu rakoe:

AJUHON OKPY>KHOCTH HA3bLIBA€TCA NIpeaeJ NepUMeTPOB NPaBUJIBHBIX
OIIMCAHHBIX OKOJIO OKPY>XHOCTH MHOIOYroJIBHHMKOB IIpDH HeOrpaHH-
YeHHOM BO3pacTaHNM KOJIHYECTBa MX CTOPOH.

Huuto He MeInaeT Takxe 06'BGAHHHTB 3TH ABa oIlpeAesyIeHuA B OXHO.

MaTteMaTHueckui akkoMnaHemeHT

Jna 060CHOBAHU A KOPPEKTHOCTH AaHHOTO B OCHOBHOM pasjieJie onpejesieHus
JJIHHBI OKPYXHOCTH JOKAXKEM CJIeAyIomue yTBepxaeHu, caenya [380].

1. CymecTByeT npeses nocJef0BaTeILHOCTH EPUMETPOB NPAaBUJILHBIX MHOTO-
YTOJILHUKOB, BIMCAHHBIX B OKPYXHOCThL 3alaHHOr0 paguyca R, npu Heorpa-
HUYEeHHOM BO3PACTAHHM KOJHMYECTBAa UX CTOPOH.

2. CymecTByeT npeaes NOCIeA0BATEILHOCTH MEPUMETPOB NPABUILHEIX MHOrO-
YroJLHUKOB, OMUCAHHLIX OKOJIO OKPYIXKHOCTH 3afaHHOro paamyca R, npm
HeOorpaHWYeHHOM BO3pAacTAHMU KOJMYECTBA UX CTOPOH.

3. OTH npenessl COBNAKAIOT.

Jns noKas3aTenbCTBa MEPBOrO YTBEPXKAEHUA (BTOpOe yTBepXaeHHe JOKa3bl-
BaeTCA AHAJIOTMYHO) BOCMOJIb3yeMCA NOCTATOYHO OYEeBUAHLIM KPUTEPHEM cyle-
CTBOBAHUA MpejeJsia YUCJIOBOI MOCIeA0BATEILHOCTH: BCAKAA MOHOTOHHASA U Orpa-
HUYeHHAs YUCJIOBaA IOCJIeAOBATEIHLHOCTL UMeeT nmpenes. B Gosee crporoit dop-
MYJHPOBKe, €NpaBefJNBa cJefylomas TeopeMa.

TeopeMma. IlycTs uncioBas mociefoBarennHocTs {Z,}, n = 1,2,... Bo3pa-
cTaer (yGuIBaeT), TO eCTh €e UJIEeHHl YAOBJETBOPAIOT YCJIOBHIO Tp < Ty (COOT-
BETCTBEHHO T, > Tq41) AJA a1060ro n =1, 2, ... [IpeAnosoxuM, oHa OTpaHHYEHA
cBepXy (cHM3Y), TO ecTh T, < B (coorsercTBeHuo z, > A), rne A, B — Heko-
Topsie ynucaa. Torpa y 3roit mocef0BaTEILHOCTH CYILECTBYET NPEeAes, PABHBIHA
HEKOTOpPOMY uucay M (COOTBETCTBEHHO M), YAOBJIETBOPAIOIUI HePABEHCTBY
M < B(coorBercTBeHHO A < m).

JloKasaTesbCTBO 3TOH MHTYMTHBHO OYEBUAHONH TeopeMbl O MOHOTOHHOM
¥ OrpaHWYeHHOI MOCIeR0BATEILHOCTH MOXKHO HallTH B CTAHAADTHOM Kypce Mare-
MaTHyecKoro aHanusa (cM., HanpuMep, [Dux], T.1, c. 71).

YaocroBepuMcaA B TOM, YTO MOCJE€AOBATEIHLHOCTh NEPUMETPOB NPaBUILHLIX
BIKCAHHBIX B OKPY’KHOCTH Pazinyca R MHOroyroJinHUKOB YAOBJIETBOPAET YCJIOBH-
AM 3701 TeopeMsl. OG03HAYNM JJIHHBI CTOPOH NPABUJIBLHBIX N-YyrOILHUKA U n+1-
YroJbHUKA, BIKCAHHBIX B AAHHYIO OKPYXHOCTh, COOTBETCTBEMHO Yepes @y ¥ Gpip,
TOrja KX NEPUMETPHl PABHH COOTBETCTBEHHO 7 @, Y (N + 1)a,.;. JokaxeM, 4To

na, < (n+1)an, 1)

Ha pwuc. 1.10 nokasanul cropount AB u A,B(4,B,||AB) coorBeTcTBeHHO
MNPaBUJILHBIX N-YrOJLHUKA U N+ 1-yroInHUKA, BIKCAHHBIX B OKPYXXHOCTb C IleH-
TpoM O, panuyc OA,,) epeceKkaer CTOPOHY AB B ee cpeauHHOi Touke Cp.1, TAK
410 ACph4 = an/2.
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n
Jyra oxkpyxkHocTH A;A,4; COCTaBiAeT 1-10 YacTh OT Ayru AAq4r.

Pasgenum yron AOAn,; Ha n + 1 paBHBIX uacTe#t, M IyCTh pasfendio-
e paguycsl IepecexkaloT Ayry AA,;; B TOu-

/>A Kax A;,A,...,Apy. ONycTHM M3 3THMX TOYeK
CiIAA, NepHeHANKYIApsl Ha AB — moayuum cooTer-
C;; A, ctBeHHo Touku Cy,Cy, ..., Chyy. Hecnosxkno y6Ge-
el A JUTHCA B CIpaBe#JMBOCTH HepaBencTs AC,

n b= n C1C; < C3C3 < ... < C,Cpyy (orpesxu AC), C,C;,

CyCs, ... s CyCrey ABAAIOTCA NPOEKIMAMU Ha AB
(0] Coni Apey xopn paBHOlM AMMHBI AA;, A1Ag, AgAsy ..., ApAnn
¢ IOCTENOBATeNLHO YMEHBIIAIOUIMMCA YIJIOM Ha-

KioHa).Orciona aamnoqaem, 410 ACl< AC,,+1 .
/B, Ho AC, = a? = AC, + —2—, I03TOMY

B a, 1 a, a,
n +1
Puc. 1.10 2 <n+12+ 2
OTKYyZA cJenyeTr HepaBeHCTBO (1).
Hrak, mocsenoBaTelbHOCTL NEPUMETPOB Ipa-
BWIbHHX BIMCAHHLIX B OKPY’KHOCThL 3aJaHHOr'O pa-
JUyca N-yrOJbHUKOB C yBeJM4eHMeM KOJIHUYecTBa UX
BepIIMH 1 MOHOTOHHO BO3pacTaeT. ITa IIOCIENOBA- v
TeJIbHOCTD ABJIAETCA TaK¥e orpaHMYeHHoit. HelicTBu- "‘
TeJIbHO, 100011 BIMCAHHEIA N -YTOJIBLHUK JIEKUT BHY- \
TPM OMMCAHHOTO OKOJIO 3aJAHHON OKDY'KHOCTM KBa- |3l
apara. Eciu ske BBINYKJIEIH MHOrOYTOJbHHK JIEHKUT
BHYTPH JIPYroro, To €ro nepuMeTp 3aBeOMO MeHbIle
nepuMeTpa 06'HEMIIIONIEr0 MHOTOYI'OJbHUKA. \
HUnea noxasaTesbcTBA IOCJHEAHEro YTBepXKie- -4 \
HUA BUAHA K3 puc. 1.11. IIpu KaxaoM «oTpesanum»
nepUMeTpP BHEUIHEr0 MHOTOYTOJBHMKA YMEHbLIaeT- Puc. 1.1
cs, TAK KaK JIoMaHasd 3aMeHAeTCHA OTPe3KOM. YTBep-
xpenne 1 foxazao.
Jlna DOKa3aTeNbCTBA YTBepXKAeHUA 3 BHIPA3UM uepe3 PaguyC OKPYIKHOCTH
IepUMeTPHl BIIMCAHHOTO B OKPYYKHOCTh M OIIMCAHHOTO OKOJIO Hee IIPaBUJIBLHBIX
N-yroJbHUKOB.

|
|}
)
|}
\

o

ITepuMeTp BOIMCAHHOIO N-yroJbHHUKA: Pn=2Rn-sin
. n

180°

nepuMeTp OIIMCAHHOIO N-yroJIbHUKAS P, =2Rn.tg

o

OTHollleHMe B3TUX BeJIUYUH COST apu Heorpaﬁuqennom yBeaude-

.

HuU n crpemurcd K 1: lim p_ =1, Ilo cBOficTBY Ipesiela OTCIOfA CleRyeT
n—oc
lim p, = lim P,.
n—00 n=—00
Kak ciemcTBue OTClofa IOJy4YaeM BrIpaskeHHe IJIMHBI OKPyXXHocTH C =

lim p, = lim P, uepea ee paguyc C = 27 R, rae yepe3 m 0603HaYeH Ipene
n—00 n—00
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. . 180° . 180°
lim nsin —— = lim n tg ——.
n=00 n n=00 n .
Onpexenus niomazh Kpyra Kak Npefes IUomageit BIMCAHHBIX B KDYT
WIM ONUCAHHLIX OKOJIO HEr0 MPAaBHJILHBIX N -YTOJLHUKOB DM HEOTPAaHWYEHHOM
yBeINYEHNH KOJUYECTBAa UX CTODOH 7, aHAJOTMYHBIM 06Pa30M MOXKHO BBIBECTH
dopmyny Ans naomanu kpyra S = TRE.

§ 5. Mo cronam Apxumepga
«ApxuMegoBO» YUCNO

B xonece e nponopyus Apxumedosa duamempa
K0 oxpyxcrocmu kax T x 22.

JleonTnit Maruunkuii. Apudpmeruxa (1703)

22
— Kaxoe u3 deyx wucen Gorvuse: L unu 3,147
— OHu paerbt.
— ITowemy?!
— Kaxcdoe us Hux pasno .

A.A. Brnacos. I/Islaxaamenamaonnux OTBETOB //
Ksanr. 1986. Ne 2. C. 24

22
MHorue HaCOBIIAHB O NPUGIMMKEHMH YMCJIa T APoGbIO 7 Ya-

CTO OIINGOYHO OTOXKAECTBIAA MEXAY co0oil aTH ABa 3HaueHudA. K yxe
NpHUBeJleHHOMY oLIMGOYHOMY OTBeTy Ha 3K3aMeHe (cM. anurpad) MoXK-
HO A00aBHUTh M peIleHHe TAKOH roJIOBOJIOMKM (CM. CaiiT B MHTepHeTe:
www.joyofpi.com).

IlepenoxuTe OAHY CHMYKY TaK, YTOGHI PABEHCTBO CTAJIO BEPHBIM
(cM. puc. 1.12).

OkassiBaercs, OAHY M3 BEPTHKAJIBHBIX CIIUYEK B 3HaMEHaTeJse cCje-
AyeT yOpaTh U cAesaTh U3 Hee «KPHIIIEYKY» B JeBOH UaCTH PaBeHCTBA.
TakuM oGpas3oM, cjesa o0pasyeTca CTHJIN30BaHHOe n3obpakenme 6y-
KBHI T.

B ueM npuumHa OMIKMGOYHOrO OTOMKAECTBJIEHHA UHCIA T C APOOBIO

2

7 nnu 3,14? Ilo Bceil BUAUMOCTH, MPUYMHY HY>XHO HCKaTh B KpHU-

BOM 3epKajle MonyJsSpHOCTH. MHOrme HacJBIIIAHEI O TOM, YTO mpuGiIn-
22

XXeHHNe T N 7 HaleJsl BeJuUYaillInil MaTeMaTHK APEBHOCTH ADXKMGJI
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Puc. 1.12

(287-212 o H.3.), B YeCcTh KoTOpOoro orHomenne 22 K 7 4acTO HA3KIBAIOT
«ApxnmenoBeM» unciaoM. Ha camMoM genie Apxmmeny yAanoch He TOJBKO
HallT! 3TO JOBOJBHO XOpoIlee NPHGIMKeHWe NJIA 4mClIa T, HO M, —
YTO ropasfo BaxHee, ONPeAeJNTh TOYHOCTh 3TOro NpulIMIKeHns, TO ecTh
yKasaTh Y3KMii NPOMEXYTOK UNCJIOBOH OCH, KOTOPOMY NDMHAJJIEKHT
OTHOILIEeBNE IJMHBLI OKPY;KHOCTH K ee AuaMerpy.

«Namepenune kpyra»

B aToif paGore, uyzoM momexmeit xo Hac Gaarozaps cTapaEMAM
MHOT'OYMCJEHHLIX NEepeNncYnKoB, ApXuMe/ AOKA3hIBaeT LIENMOYKYy Hepa-
BeHCTB, KOTOpas B COBPEMEHHBLIX 0603BaUeHNAX BBIIVIAAUT TaK:...

10 < 6 336 <r< 14 688 < 31
o 1 1 ey
1 2017 46735 7

nian
3,140909... <7< 3,1428265...

CBom BrIBOgEI ApxuMen HOpMyJInpyeT B BHAE TEOPEMEI:

. «IlepaMeTp BCAKOro Kpyra paBeH YTPOEHHOMY AHMaMeTpPy C¢ m30BIT-
KOM, KOTOPHIA MeHbIIe OAHON cefbMOl YacTm aAmameTpa, HO OoJble
gecarn ceMbiecAaT nepsrix» ([Xpe], c. 12825-191). .

Kax BIANM, «apXAMeN0BO» YHCJI0 — NPHOJMIKaeT YACHO T ¢ H30LIT-

KOM, M TOYHOCTBL TaKoro mpmOam:xeHmsa passa 0,002. Apxmmen mamen
TPM TOYBBIX 3HaKa umeciaa 7: 7 = 3,14... IMeHHO 3Tm Tpm 3HaKa vale
BCEro HaMM WMCIOJL3YIOTCA B HECJOXKHBIX IIOBCEAHEBHEIX pacyerax.
CaenaTh TOYHBIE BHIBOAK ApPXMMEAY IIOMOIVIM BIHCAHHEIE W ONHA-
CaHHBIE MHOrOyroinbHmKW. OTHpaBiAssach OT BIHCAHHOTO B 3aJaHHYIO
OKPY’KHOCTb W OIIMCAHHOI'O OKOJIO Hee IPABUJIbHBIX MIECTHYTOJbHHKOB,
Apxnmeq 3aTeM HCClefyeT NMpaBUJbHEbIE 12-yroabENKH, 24-yrOJbHHKH,
48-yronsEuKu, 96-yronppukn. Ilpm aToM ApxmMmen mposiBasieT dypeca
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nsobperareabHocTH. Tak, AJA OLUEHKH OTHOUIEHHMS JUaMeTPa OKPYIK-

HOCTH d K CTOPOHEe Gg NPAaBUJIBHOIO OINKMCAHHOTO ILIECTHYTOJBHHUKA OH

265
NpUBJIEKaeT HePABEHCTBO - > 153 C BBICOTHI CEroAHAIIHEH 3pyANIHUM
6

d
MBI 3HaeM, 4YTO P =ctg30° = V3 , HO BO BpeMeHa Apxmnmeza emie He ObI-

6
JI0 TpUTrOHOMeTpHYecKuX dyHKuuii. ITosyuaercs, 4To B CBOUX pacyerax
ApxXuMex AJIA YHCja V3 noao6pan npubanKeHne B BHe 0OLIKHOBEHHOM

265
Apoon 153 [OPa3MTeJIbHO BBICOKOH TOUHOCTH: V3 — 153 < 0,000025.
35
B apyrom MecTe OH BOCIOJIB30BAJICA OLEHKOH ———, eme GoJiee TOYHO

351

- /3 < 0,000001. .

Kax Apxumea Mor MoJIyduTh TaKue TouHble Npubauxenua? O6 aTom
MO HO TOJBKO JorafniBathesa. AxageMuk C. H. BepumTeitn B KOMMeHTa-
pusax kK paGore Apxumena ([Pyxa], c. 224) oGpamaer BHUMaHe, HallpuMep,
Ha Takoi ¢akT. 3anuimeM 4YuciIo V3 B BHAe menHoit Apobnu (cM. ogHO-
MMEHHYIO CTaThIO B 9TOif KHHre):

1
V3=1+

1+ 1
1

npubauixaomeit dncao V3 ¢ 3GHITKOM:

2+

1
1

4 ——
2+...

Ecan oGopBaTh GeCKOHEYHYIO IENOYKY B 3TOM BHIDaXeHMH Ha 9 3Be-

He, a 3aTeM mnpeoOpa3oBaTh ero K OGHIKHOBEHHOIl Apo6M, TO no.uy3'mm
265 1351
153" Ecau xe o0opsaTh umenouyky Ha 12 3BeHe, TO MOJyYHM 780
VausuTeNbHOE COBIANEHME!

ApxuMe[ AOCTOMH BOCXMIEHHA eme MU IOTOMY, YTO CBOM BHICOKO-
TOYHBIE pacyersl ¢ APOGAMM, & TaKKe BBHIKJAAKH 10 M3BJIEYEHMIO KBa-
JAPaTHBIX KODHeH M3 GOJIbIIMX YHCceJ OH NMPOBOANJ B HEYAOOHOH C TOUKH
3peHNs COBPeMEHHOTO0 YejjoBeKa OYKBEeHHOI cucreMe HyMmepanuu. Kakum
CrocoGoM I10JIb30BANICA APXUMe] AJA NPUGIHKEeHHOro U3BJIeYeHAA KBa-
APATHBIX KOPHeil — Hen3BecTHO. B CI0MHBIX BBIKJIaLKaX, NPOBEJEHHBIX
ApxumMezoM, JIETKO MOXKET 3alyTaThbCA M COBPEMEHHEIN IIKOJBbHUK.

lMonpo6yime noBmopums paccyxcdenus Apxumeda 8 peweruu cnedyro-

@ wel 3adawu. Ha puc 1.13 usobpaxcena dyza okpyiHocmMu ¢ ueHmpom
8 mouke E u duamempom AC. BC — cmopora npaBuaetiozo BnucaHHozo

8 3amy okpyxcHocme wecmuyeonstuxka, a DC — cmopona npaBuastozo

OD BnucarHozo 0BeHadyamuyzonsruka. Apxumed nodbupaem Beauvury dua-

AB
MEempPa OKPYICHOCMU Maxum o6pasom, Ymobbl ona Benudursl BC 6bina
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c E A
Puc.1.13

AB 1351
cnpaBednuBa AoBoabHO MOYHAA OUEHKa BC < 780 Ana amozo on

nonazaem AC = 1560 (y6edumece, ymo npu maxkom 3ﬁaqeﬂuu dua-

351
B
780 C) Bcezo

mempa Beausua AB® omauvaemcs om Beauwuwer (

Ha eduruuy!).
Hexods uz smux yucnoBuix aaHHblx, Ooxaxcume HepaBercmBo

AC < 3 0132

CD 780
(yumume, ymo Apxumed mpueouomempwec«umu PyHKyuAMU He nosb3o-
Bancs). L

Marematuueckui akkoMnaHeMeHT

Cravana foxaxkeM, yto TpeyronbHuk ADC mnoxoben Tpeyroavuuxy CDG,
rge G — TouKa nepecedenus orpeaxkoB AD u CB (puc. 1.14).

Heiicrsurensno, ZBAD = /DCB no csoii- B
CTBY BIMCAHHBIX YIJIOB, ONMPAIOI(HXCA HA OXHY
u ty xe ayry. Ho ZBAD = /ZDAC, noaromy

£4DCB = £ZDAC. Kpome TOro, y TPEyroJIbHUKOB D
ADC u €DG o6muit yron D. CnexoBaTennHo, G
3TH TPEYroJbHUKHK nofo0Hbl. Toraa
AD AC . C. E A
DC_ CG : . Puc. 1.14
AC AB
Ilo cmoitcTBy GHCCekTpuCH AG B TpeyronmbHuke ABC —— = —. Ilpu-

BJIeKas Jajiee CBOMCTBO NPOIIOPUMHU U yuurthiBag, 4ro CG + GB = BC, umeem:
AC AC+AB AC+AB

CG CG+BG ~_BC

. Bozspamasce k paBeHCTBY (1), oTcIoza 3akaiouaeM

AD AC+AB

DC_ ~ BC @
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.- 1 AB 1351
Tlockonsky £LBAC =30°, To BC = EAC = 780. Kpome Toro, BC < =80’
cvsa (2) AD < 2911 O AD? < 8473921
N03TOMY M3 PABEHCTBA JefyeT e 780 " cloaa Doz 508 400 "

AD?* + DC? < 9082 321
Dc? 608 400 °

Ho AD? + DC? = AC?, nosromy

3
AC? 9082321 Ac 30137

cD? < 608400 " CD < 780

JnvHa OKpY>XHOCTH W nnoluafab Kpyra

«Ecnu dan duamemp u nyxcHo naiimu cyneppuyuio,
Mo YMHONMHL YUDKYM@DPEPEHUUI URU OKPYNEeHUue uepe3
duamemp u npouseedenue pazdeau na 4. H no pasdene-
HUM0 npudem cyneppuyua».

JleonTnit Mareunkmuit. Apudmernxa. (1703)

IIpasuJbHHIA 7-yroJbHUK MOXKHO pasbuTh
HAa TPeyroJbHUKHM C o0lieil BepIIMHOHE B LeHTpe
n-yroabHukKa (puc. 1.15). Ilnomaas n-yrogbHu-
Ka S mpeacrasaser coboii cymmy miomiaeit
3THX TPEYToJbHUKOB, OTKyJa Hojyuaerca dop-

MyJaa
ah h M
s = n * — = -
2 Py
Iie @ — CTOpPOHA N-yroJbHMKA, h — amodema
Puc. 1.15 (BBHICOTA, ONYIIIEHHAA M3 IEHTPA MHOTOYrOJbHHU-

Ka Ha ero CTropoHy), p — IEPUMETP 7-yrojb-
Huka. IIpubiauikas Kpyr npaBMJbHBIMM BIMCAHHBIMM M ONMCAHHBIMH
MHOTOYTOJIBHMKAMM, MBI BIIpaBe OXKMAATH, YTO IPH HEOrpaHMYEeHHOM
BO3pPACTaHUM KOJHMYECTBA CTOPOH 3TUX MHOTOYTOJIBHMKOB OHM B IIpeaese
CONBIOTCA C KPYT'OM, ¥ TOTAa IJIOIAAb KPYra MOXKHO GBIJIO OB BHIYMCIATH
no dopmyse, aHasorudHoi (1):

5 r
§=C-3, 2

rge C — AaAMHA OKPYKHOCTH, T — €e paguyc.
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O:{> IIpaBuasHOCTE 3TOM hopMybl ApXxnMeZ 0G0CHOBLIBAEeT B pa-
6ote «H3mepenue xpyras ([Xpe], c. 185-186):

«Kaxaplil Kpyr paBHOBEJINK NPAMOYroJbHOMY TPEYTOJIbHUKY, OAUH
KaTeT KOTOPOro paBeH paguycy, a Apyroi — OKPYKHOCTH Kpyras.

Hpes Apxmmeza BBIpaXaTh IJIOLIaAb Kpyra depes Impezges IJomia-
Jell NMpaBUJIBHBIX BIOMCAHHBIX M OIIMCAHHBIX MHOTOYIOJbHUKOB ITIOJY-
YmIa JajbHeiilee pasBUTHe NIPH ONpeResieHMH o0beMa IIapa, MpHYeM
He TOJIBKO B TPeXMEPHOM IIPOCTPAHCTBE, HO M B IIPOCTPAHCTBAX MHOTMX
naMepennit (cM. «7 B MHOromepuns).

Maremaruyeckuit akkomnaHeMeHT

IIpusegem npeio nokasaTelbcTBa ApXHMeaa, 3a MOAPOGHOCTAMM OTCHLIAA
K [Xpe], c. 185-186.

IIpeanonoxumM, miIomanb kpyra Gosblne MJIOIIAJH NPAMOYrOJBLHOTO Tpe-
yrojlbHuKa ¢ kareramd r ®¥ C — 3TOT TpeyroJbHuK Apxumes oGo3HavaeT
6yksoit E. Toraa, BmuchiBag B KPyr NpaBmJIbHEIE MHOTOYTOJLHMKU C IIOCJIe-
JIOBATEJHO YBEJUYUBAIOLIUMCH KOJMYECTBOM CTOPOH, MBI JOCTUTHEM TOrO MO-
MEHTAa, Korja IUIomaib OAHOrO M3 HUX IPEBRICHT IJIOaAb TpeyroiabHuka E.
Orpesok h, coequHAIOmMMIA cepefNHY CTODOHHI TAKOTO MHOrOYrOJIbHHUKA C LEH-
TPOM KpyTa, MeHbIlle pajuyca Kpyra r, a IepuMeTp MHOTOYTrOJIbHUKA P MEHbIIe

AuHE oKpyxHOCTH C. OTCI0Ma Synoroyronsunxa = -2-ph < -2-Cr. IIpoTusopeune.

JomnycTuM Teneps, 4TO IUIOMAAL KPYra MeHbIlle IJIOINany TpeyroabHuka E.
IlpoBeas aHAJNOTMYHBIE PACCYXAEHMA A MOCTEAOBATEBHOCTH OMMCHLIBAEMBIX
OKOJIO OKPYXHOCTH MHOTOYTOJIbBHUKOB, TaK)Xe MIPUXOAUM K MPOTHBOPEYHUIO.

«3HaYuT, KPyr GyaeT paseH TpeyroabHuUKy E» — 3akiaiouaeT Apxumes.

§ 6. Apa BNUCAHHDbIX U ONUCAHHbBIX
MHOTOYyrosnbHHKOB

CospanHslit ApeBHErpeveCKMMM MATEMATHKAMM METOA BLIYMCIEHHS
AJMHBI OKPYKHOCTH IOCPEACTBOM BIMCAHHBIX 1 OMMMCAHHEIX MHOTOYI0JIb-
HHMKOB OCTaBAJICSI OCHOBHBIM Ha MPOTS)KEHUU MOYTH ABYX THICAY JIET.

Kiaasauit Iltonemeit (ox. 87-165) ansa npaBUIBLHOrO BIHMCAHHO-

ro 720-yronpHMKA IONTyYaeT T = 120 ~ 3,14166. Kuraiickuii mare-

matuk JIio Xysit (III B.) ana BnucanHoro 3 072-yrosbHUKa HAXOAUT
T =~ 3,14159. Camapranacknii marematnk I'msac ag-Mun MTxeMmng an-
Kamu (XIV-XV BB.) B «TpakTaTe 06 okpy»xHOCTH» (1 424) cTaBUT 3aga4y
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C MHTPHUTYIOUINM YCJIOBHEM: BHIPA3UTh OKPY’KHOCTb Yepe3 AUaMeTp ¢ Ta-
KO TOYHOCTBIO, YTOGH NOT'PEIIHOCTD B AJIMHE OKPY’KHOCTH, JTHAMETP KO-
Topoit paBeH 600 000 guamMeTpoB 3eMJIH, He IIPEBOCXOANMJIA TOJUIMHEL BO-
Jsoca (mpumepHo 0,5 MMm). Jl71s1 3TOM 1€/ OH ONpeAessieT YHCIO T € TOYHO-
cThI0 70 16 BepHEIX JecATHMYHEIX 3HAKOB: T ~ 3,14159265358979325...,
HONYTHO YKa3HBafd, UYTO «BCedl MCTHHEI 3TOro (TO €CTh TOYHOrO 3HAUe-
HAA T — A.JK.) He 3HaeT HHKTO, Kpome Aunaxas [FOm1]. An-Kamnu
MOCJeA0BaTeIbHO PACCYMTHIBAET BIMCAaHHbIe MHOTOYTOJbHHKHU, HAYUHASA
¢ TpeyroJbHMKa M noiAsa xo 3 - 228 = 805 306 368-yroaeHuka. B cBonx
BHIYMCJIEHUSX OH HUCMOJB3YET CAeAyollee CBOMCTBO XOPA.

B

hn

c E A
Puc. 1.16

Ilycre BC — pnuHA CTOPOHEI NPAaBUJIBHOTO BIIMCARHHOIO B OKDYXK-
HOCTb ¢ aunamerpoM AC = 2r n-yroabHmka, a DC — paJamHa CTOPOHEHI
NPaBAJBLHOTO BIIMCAHHOrO 2n-yrojabHuKRa (puc. 1.16). Toraa aAnnHb X0pa
hy, = AB n hy, = AD cBA3aHbI COOTHOIIEHHEM:

Ilonyuennas an-Kamm TOYHOCT, B M3MEpPEeHHMH OKDPYKHOCTH Gblja
JOCTUTHYTa M NPEB30ieHa eBPONEeiiCKMMNA MAaTEMAaTHKAMM JHIIb B KOH-
ue XVI Bera. B 1597 roay ronnanackuit mateMaTuxk Agpuad saH PoomeH
(1561-1615) nyGaukyeT cBOoM pe3yJbTATHI IO BhIYMCAEHHNIO 17 mecarny-
HEIX BHAKOB 4MCJIa T, A1a uero mpamenser 230 = 1073 741 824 -yrons-
HuK. Ha ckpynynesnble BrIMMCIEHHS AjpmaH BaH Poomen morpaTui
HECKOJBKO JIeT. ’

OpHako peKopa haHTaCTUYECKOro NMPHUJIEIKAHUA X HEMMOBEPHOI Tou-
HOCTH nodnJ npodeccop MaTeMaTHYeCKHX M BOEHHEIX Hayk JleitIeHCKoro
yanpepcutera Jlyaoned BaH Ileitnen (1539-1610). Ha npors:xkesHnn ae-
CATH JIeT, YABAMBas II0 MeTOAY ApXHMeJa 4YHCJIO CTOPDOH BIHMCAHHBIX
M OIIMCAHHBIX MHOTOYTOJILHMKOB M goiiaa g0 32 512 254 720-yronpHnka,
OH BeIYHCANI 20 TOYHBIX JeCATHYHBIX 3HAKOB yucjaa 7. CBoe cOUMHenue
¢ u3JI0’KeHueM pes3yabraToB B 1596 roay npodeccop 3aBepluaeT maTeTu-
yecKoil ppasoii: «¥Y Koro ecTb 0xora, MycTh HOKAET Aanbiie». U Kax Obl
B OKa3aTeJbCTBO TOTO, YTO «0XOTa Myllle HEBOJHM » M JIYYIIEro OXOTHHKA,
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YyeM OH caM, BO BCeM MHpe He ChICKaTh, Jlymonbd Bam Ieitnen omaTs
PHHYJICA BBIYMCJIATh OYepeAHble TOYHBIE 3HAKH YMCJa T, BIOCJIEACTBUH
IOoBeAs MX KOJHYeCTBO 40 35. OTH 3HAKM OH 3aBelaj BHIGHNTL HA CBOEM
HaarpoGHOM KaMHe. B maMATh 0 HEOPAMHADHOM BBIYHCINTEJE COBPEMEH-
HHKH elIle £0JIroe BpeMs Has3hIBaIN T yucaonm Jlydoavgpa ([Pyx], c. 54-55).

OTzxaBas JOMKHOE MACTEPCTBY M MOMCTHHE CAMOOTBEDKEHHOMY TPY-
Iy MaTeMATHKOB 3TOr0 NNepHoAa, MOCBAIABIINX IOAbI CBOE KU3HHU, HJIHN
Jlake BCIO KV3Hb, BLIYMCJIEHHIO TOYHBIX 3HAKOB YHCJa T, BCe JKe HYXHO
NPU3HATh, YTO UX Pe3yJbTAThl HOCUJIM CKOPee CIIOPTUBHEII, YeM Hay4HBIIT
xapakrep. Ecin, Hanpumep, paccYUTaTs AJUHY 3KBaTOpa cdepsl, BMelia-
omeii n3pecTHyIo Ham 4YacTb BeenenHoit (paguyc cdepst 5 - 10%¢ MeTpOB),
uCnosbL3yd Npm 9TOM HalgenHoe JlynonbghoM 3HayeHHWe 7, TO IOrpem-
HOCTH He IPEBRICHUT OJHOI MHJIJIMOHHON NOJX MHJIHMeETpal '

MeTox BNIMCAHHHIX M ONMCAHHBIX MHOTOYTOJBHMKOB ZOCTHI CBOEro
HAWBLICLIEro Pa3BUTHUA B pa6oTax roJJIaHACKMUX MareMaTHKOB BesneGpo-
na Cuennna (1580-1626) n Xpucrnana I'oitrerca (1629-1695). Toakue
reoMeTpHYeCKHe PACCYKJAeHUA MO3BOJHMIM UM NOJYYUTH GoJiee TOYHEIE
pe3yJIbTATHl IPH MEHBIUEM YMCJIe CTOPOH MCIO0Jb3YyeMBIX MHOTOYroJbHU-
KoB. PeaysbTaT Apxumesna — TpH TOYHBIX 3HaKa 7 — CHeJutmii nosaydaer
y’Ke AJiA BIMCAHHOTO ¥ ONHMCAHHOTO LIECTHYTOJbHUKOB, a 96-yroJbHUKH
NOMOTralOT eMy pacCYHMTaTh { TOYHBIX 3HaKOB 7. XpucrumaH I'ioiireHc
B counHeHnn «O HaiiaenHo# BeanunHe Kpyra» (1654) moxasviBaeT pAx
TeopeM O COOTHOLIEHUAX MEXAY AINHAMHI XODPJ 1 CTArnBaeMbIX MM LyT,
KOTOpHIe ITO3BOJIMJIM €My BHIYMCAUTL 10 TOYHEIX 3HAKOB YHCJA T YXKe
nas 60-yrospHNKA.

Odun u3 «moHKkux» 2eomempuueckuX ¢pakmoB, obrapyxcennsix lodeen-
@ com, cocmoum 8 caedyrowem. Omaoxcum Ha qucnoBod ocu 3HaveHue
nepumempa p, npaBuavtozo BnucanHo2o 8 oKpyxcHocme duamempa 1
O:D n-y2onbHUKA U 3HaveHue P, npaBuabHO20 0NUCAHH020 OKOAO Hee N-y20/1b-
Huka. Paszdeaum ompesok [p,, P,] Ha mpu paBueie vacmu. fokaxcume,
umo Ana mobo2o n yucao ™ npuHadaexum nepBol u3 3mux yacmed, Mo

ecms

2 1
Pn<7r<§Pn+§Pn°

MaremaTuyeckni akkoMnaHeMeHT

C opurunanbuoif paGotoii Xpuctuana Iioiirenca MOMHO ITOSHAKOMHUTHLCA
B cbopHuke [Pyx], c. 105-166. Huxe npusBoguTca Apyroe pelleHHe 3ajadqy,
HMCIOJIL3YIOLllee U3BECTHBIE COBPEMEHHOMY IIKOJBHUKY (aKTLl TPUrOHOMETDUH.
HepagencrBo p, < T 04€BUAHO, HO3TOMY MBI COCPEXOTOYMM CBOM YCHUJIUS HA HO-

2p, + P,
Ka3aTeJILCTBe HepaBeHCTBA T < P, I'ie p = —
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Hcnoan3yeM cieAylomie ABa HePABEHCTBA:

t >+ 23 i > za
X x — Hu sSin T - -
g 3 6

0<z< z @
< —.
2
28
3ameTruM, YTO npousBoaHad dyskuuu f(z) =tgzr— (z+ ?) IIOJIOXKHUTEN b
Ha:
' 2 2 2
= -Q+z°)=t - 0,
f@= sy -+ =tg s 2" >

NOCKOJBKY tg £ > T — B 3TOM MOKHO y0eAUTLCS, CPaBHUB mIomanu cekropa OAB
OKPY’KHOCTH €RAMHUYHOTO PAfHyca C LEeHTPAJbHEM YIJIOM £ M NPSIMOYTOJBHOTO
Tpeyronsuuka OAC, karer AC KOTOpPOro KacaeTcs Ayru aroro cekropa (puc. 1.17).
310 osnavaer, 4To pyHKnua f Bospactaer. Otciona ciaeayer f(x) > f(0) =0 —
nepsoe u3 HepaBeHcTs (1).

HokasaTeasCcTBO an'roporo HepaBeHcTBa (1) Heckoabko cioxxHee. ITomoxxum

z°
g(z)=sinz- |z - 5/ HAmeem:

2

g@)=cosz—1+ Z;—,

g'x)=—sinz+z>0
A (cM. puc. 1.17, anuna ayru AB = z Goabmie

AIUHH nepuneHAuKyaapa AD = sin z). IToaTo-
My ¢'(z) — Bospacralomas GyHKnus. 3HavuT,

1 gz g'(z) > ¢'(0) = 0. Amanoruuno 3axmovaeM,
sin ¢ uro g(z) > g(0)=0.
BepremMca K A0OKa3aTeJILCTBY HepaBeH-
T crea m < p. Hcnonssys HepaBeHcTBa (1),
o D B c UMeeM: . .
2n-sin—+n-tg —
Puc. 1.17 p= n smn " gn N
3
2n T x +n T + =
> n 6n3 n  3nd
3
B craTtse [BaB] oGocHOBHIBaeTcs emme Gosee « TOHKHiT» paKT:
P,-n
lim —— =2,
n—oo T — Py

H3 gero cienyeT, YTO YHCJIO T, HAXOAACH NPH JI060M 1 > 3 B uHTepBase (p,, p),
npu BCeX AOCTATOYHO GOMBIIMX 3HAYEHHAX n OaMKe K NPABOMY KOHIy 3TOrO
HHTEpBaJa, YeM K JIeBOMY.
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§ 7. «Kpenknii opewex»:
3ajjaua o KBagparype Kpyra

B amom ecmb c60a nozuxa, cé6oe npo-
CMpancmMeo, Kakoe-mo CmMpawHoe “yeé-
cmeo — Keadpamypa JIyHot.

Hanpunmep, 3akon Kpvlus u 36e30: on
He pacnpocmpansemca HU HA KpbLuu,
HU Ha 36e30bL.

Braaumup Kasakos.
OT rosnoBsl A0 3Be3x

MpeppicTopua 3agauu

OnHy u3 nepBBIX HAYYHBIX IIK0J B [lpeBreir I'penyun cosgan ITudarop
(VI B. mo H.3.). 3agauaM reoMeTpuuYeCKuUX mocTpoeHuit yuernku Ilnuda-
ropa yaeaaiayx MHOro BHUMaHusa. C MOMOINBIO NUPKYAA M, JUHEHKH OHH
CTPOMJIM NpaBUJILHbIE QUIypHl, HAXOAHUJIM CIIOCOGH! NIpeBpalleHus ORHUX
npaMoiauHedHHIX uryp B apyrue. EcrecTBeHHHIM 06pasoM BO3HHUKJA
3ajaua npeBpaleHns Kpyra B KBaapar.

IIo cBHAETEJBCTBY BHAHOrO ApeBHerpevyeckoro mcTopuka ILayrap-
xa (ox. 46—-ok. 127), mexuit Anakcarop u3 Kiaasomern (500-428 rr.
X0 H.3.), CHAA B TIOpbMe 3a Geaborkue, «HAUepTaJ KBagpaTypy Kpy-
ra». BEuMaruneM o6GpasoBaBHEBIX Jiogeil I'penum 3agaua o KBagpaType
Kpyra 3asaagena B V-IV BB. o H. 3. K aromy BpemMeHH oHa npuoGpera-
eT YeTKYI0 QOpMYyJIMPOBKY GJarogapd CTapaHWAM HOCJIeRoBaTesel ApY-
roro M3BeCTHOro ApeBHerpeueckoro émiaocoda Ilnarona (428-347 rr.
IO H.3.): NOCTPOMTH MPAMOJMHEHHYI0 PUIYPY, ILIOIIAAL KOTOpOi GhbI-
Ja OBl paBHA IUIOIIAAM AAHHOIO Kpyra (MjaM, B pOACTBeHHOH dopmy-
JMPOBKE — IMOCTPOMUTH OTPE30K NPAMOH JMHHH, AJIMHA KOTOPOro CO-
BOafaeT ¢ MJIMHON JaHHOIN OKpyKHocTH). lla He NpPOCTO IOCTPOUTH,
a NOCTPOMTH HENpeMEHHO JHIIb C IOMOINBI0 KJIACCHYECKUX HHCTDY-
MEHTOB: IMPKYJas M JuHeiiku Ge3 nenenuii. ITocaemosarenn IlnaTrona
OTBEpraju BCe reoMeTPMUYeCKHMe MOCTPOEHHA C IIOMOINBI0 KaKMUX-IuGo
APYrUX MeXaHMYeCKHMX NPHUCHOCOOJEeHUi, «IIOCPEeACTBOM KOTOPHIX OJia-
ro reoOMeTpMH YCTpaHAETCS U paspylraercs, H60 MBI CHOBAa HHU3BOAUM
ee K YYBCTBEHHOMY MHDPY, BMECTO TOro, 4ToGbl IMOAHMMATh €e M Ha-
CHIIIATh HEBEILUEeCTBEHHLIMHM MBICJIEHHEIMM 00pasaMH TaK TOYHO, Kak
nenaeT 3To Bor, mo xakoBoii npuumne OH u ocraerca Bcerga Bo-
rom» (ILnaton).
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[pesHenHaunckui peuent

B npennenmmﬁclcoiu counnennu «Illane-
Bacyrpa» («IIpaBmina BepeBkm») (VII-V BB.
B K c 0 H.3.) AaercA Takoil cmocob mocTpoeHHs

H Kpyra, paBHOBEJMKOTO JaHHOMY KBajpary.

OnuiueM BOKPYT 3a/laHHOrO KBajpara
ABCD xpyr, u nyctb paguyc OP xpyra nep-
neHAMKYyJasapeH cropone BC, ator paguyc me-
peceuer cropory BC B Touxke H (puc.1.18).
Orpesokx HP penutrcs Ha 3 paBHBIe 4acTH,

HK = §H P. B counHennu 6e3 nOKasaTelb-

cTBa yTBepsKAaercs, 4ro Kpyr pagmyca OK
Puc.1.18 paBHOBeanK kBaapaTy ABCD. Onennte 3Ha-
YeHHe T, HCXOAA U3 3TOM TMIOTE3Hl.

JlyHouku Mnnokpara

HexoTopylo HagexAy AJA MCKaTelel
KBaApaTypbl Kpyra BCeJAJHN Pe3yJbTaThl
T'unnoxpara Xmnocckoro (V B. f0o H.3.).
OH HalueJ KBaApaTypy HEKOTOPHIX Jy-
HOYeKk — Guryp, orpaHn4YeHHBIX AyraMmu
IBYX OKpy:xkHOcTeii. Eciim B ImOJNYyOKpYK-
HOCTH BNHCATH PaBHOOEAPEHHBIH NpPAMO-
yroawvublit TpeyroabEnk ABC u Ha ero
karerax AB um BC mnocTpouTh ABe mO-
JyoKpy»xkHOCTH (puc.1.19), To MBI moay-
YuM JBe IpocTeiflume JYHOYKH, M3YYEH-
Hele 'mnmokparoMm. IlycTs mx miaomanu
PaBHH 0, a JIOIAAL Tpeyroabauka ABC
pasHa S.

IInomans nonykpyra, MOCTPOEHHOroO Ha KaTeTax, o6o3naumm s. Ilo-
CKOJIBKY IIJIOIAJAM KPYTOB OTHOCATCA KaK KBAaJApaThl MX AHaMeTPOB, TO
nJ0maAb NOCTPOEHHOrO Ha runoTeny3e AC moJiyKkpyra BABOe NIPeBHIIAeT
mIowwaAb MOJyKpyTa, mocTpoerHoro Ha Karere AB unn AC. O6pasosan-
HyI0 Ha puc. 1.19 durypy, ¢ 0OAHOI CTOPOHLI, MOKHO PAaCCMATPMBATDh KaK
TpeyronbHuKk ABC, Ha Karerax KOTOPOTO IOCTPOEHHI ABAa IOJYKDPYra,
C ApPyroil CTOPOHBI — KaK IOJIYKPYr C HaCca>kKeHHBIMHM Ha HEro ABYMsA
ayHoukamu. I3 paBeHCTBA miomageit

Puc. 1.19

S+28=2s8+20c BsBmBOAUM S =20.

Taxnm o6pa3oM, ABe JIYHOUYKH, OTPAaHMYEHHbIE KPHBHIMHA JHHAAMH,
Tunnoxpaty yAanoch IpeBpPaTUTh B PABHOBEJIHMKHI TPEYrOJNbHHUK,
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O"D Hpaxckulii mamemamux H6H an-lai-
mam (X 8.) o606wun pesyasmam lun-
nokpama Ha npou3BonvHLIi NPAMO-
yeonoHol mpeyaonvHuk. [Joxaxcume
meopemy M6+ an-laiimama:

S=o 1+ 03,
2de S — naowade npou3BonsHo20 npsA-
MOY20/16H02a MPEY20AbHUKG, 0, O3 —
naowadu coomBemcmByrowUUL AYHO- Puc.1.20

YeK, NOCMPOEHHbIX HA €20 Kamemax
(puc. 1.20).

MareMarMyeckuin akkoMnaHeMeHT

Teopemy HN6u an-TalitamMa MOSKHO paccMaTpuBaTh KaK 0000IIeHUe TeOpeMbL
IIudaropa Ha caydail, KOrZa Ha CTOPOHAaX MPAMOYLOJLHOTO TPEYTOJbHUKA IO-
CTpPOeHH He KBajpaThl, 8 KaKue-TO Apyrue
noaoGHbIe Apyr aApyry éurypsi. IloBTopasa
paccy;xaenna I'unnokpara AnA noKa3aH-
Hoit Ha puc. 1.21 puryprr, nmeem:

ra®  wb® wc?

SA+T+—8—=—8—-+0'1+02.

Braroaapa Tomy, 4o a? + b® = ¢2, orciona
Puc. 1.21 nonydyaeM Sp = 0 +03.

HeBonbHoe paspyleHue KaHoHa

— A amo kmo?

— OH co muolt, — omeemuana Jlourads.

— CO COHOM HeAb3A, — CKA3aN KOHMpOReEp.

— A ¢ aowadvmu moxcno? — cnpocun Caou.

— C nowadbmu MOKHHO, — OMEemus KOHMpPoaep.

— Ona co muoit, — cxasan Caon u npoutes Ha unnodpon.

Baaum JleBun. CioH u Jomajgb

Ouens GEICTDO APeBHErPeYeCKHe MaTeMaTHKM 3aMETHJIH, UTO 3a5a4a
KBaApaTypH Kpyra B ee KJIaCCHYeCKOil IIOCTAHOBKE He MoAJaeTCs pellle-
HMIO. Y s3BJleHHad MaTeMaruyecKas ropfoCTh He IO3BOJIAJIA UM CMUPUTH-
cA C HaAyYHBIM BHI30BOM, GPOIIIEHHBIM 31Ol 3ajaueil, 1 OHU CTAJIM UCKATh
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o6xoaHbie nyTH. [Io BHIpA)KEHUIO OTEYECTBEHHOro MaTemaTHKa EjeHm
CepreeBHEl BeHTIenb, OHM IPHHAJNCH pelIaTh CYry0o NpaKTHYEeCKYIO
3ajavy, jejas «TO, YTO Hy’KHO, TaK, KaK MOJKHO» (B OTJIMYHE OT HOAXO0AA
«YHUCTHIX» TEOPETHUKOB AeJaTh «TO, YTO MOYKHO, TAK, KaK HYXKHO»).

KBadpampuca JurHocmpama

HpesHerpeueckuit matremaTuk Ilanm (III B.) B cBoeM coumHeHHUH
«MaTtemarnyeckoe cobpanmne» nucai: «Ja1a ocymecTsleHNA KBaJpaTypPsl
kpyra JImuaocrpar (IV B. mo H.3.), Hukomen u apyrue Gojee mosgHue
MaTeMaTUKHU II0Jb3YIOTCA HEKOTOPO KPHBOM, KOTOpPad B CHJY 3TOrO
HasbiBaeTcA KBaaparpucoii». ([Apx], c. 539).

A B KBaapaTpuca nonydaercs Kak reome-
Tpudyeckoe MecTo ToueK F mnepeceuenus
E IBYX PaBHOMEDHO ABMIKYIIHUXCHA OTPE3KOB:
paauyca okpyskHocT CF, paBHOMEpPHO Bpa-
A p' naoomerocs noxpyr"rc')tnm C, u ropusoH-
F TaJbHOTO oTpe3ka A B', paBHOMEepHO Iepe-
Mellfafouierocd cBepxy BHHU3. B HavasbHBIN
MomeHT paaguyc CFE 3aHMMaeT IOJIOXKeHHe
CA croponwl kBagpata CABD, a orpesok
c M D A'B' — nonoxenue croporst AB aToro KBa-
Puc. 1.22 Apata. B koHne aBuskenma orpesku CFE

n A'B' opHOBpeMEHHO COBMEIAIOTCA C OT-

pesakom CD (puc. 1.22). o
ITycte M — Touka ImepeceyeHUs KBaApaTPUCH co cTopoHoit CD. Tu-
HOCTpAT yKasaJ Ha cjefylolee 3aMeyaTeJbHOe CBOMCTBO KBAZPATPHUCHI:

N -
AED CD b
CD CM’ (
C» Orcioza cienyeT, YTO AJNHA BCeil OKPY’KHOCTH paBHA
~ cDp?
4-AED=4-——.
4 CM

Pacnonaras orpeskamu CD u CM, ¢ noMompio QUPKYJIA M JHHEHAKH
2

y2Ke HeCJOXKHO IOCTPOMTHL OTPE30K AJHUHE 4 - Vel vk ¥, 3HAYUT, MOYKET
OBITH HAif/eH OTPEe30K NPAMOIi, PaBHBIN AJUHE OKPYXHOCTH.

MaremaTtuyeckun akkomnaHeMeHT

BBegeMm oGo3HaueHus, MOKa3aHHEIe Ha puc. 1.23. 3nece AFM — xBagpa-
Tpuca, CA = AB=BD =CD =R; ZMCF =¢p; FGLCD; FH1AC. 3anagum
YrI0BYIO CKOpOCTE Bpamenus paguyca CE 1panuaH B CeKyHRy, TaK 4To ero me-

peMelieHNe OT HavyaabHOro nojaoxenua CA o koneunoro CD 3aiimer 3 CeKYHAX.
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A p Tlpu aroM paBHOMepHOe mepemelieHHe Touku F
KBaAPaTPUCHI 110 BEePTHKAJH IPOUCXOAUT CO CKO-
2

POCTBIO "y eANHNL B CeKyHAY. B moboit MmomeHT

.
H pe==—===XF Bpemern t, 0 <t < 3 MeeM:

T 2R
<p=—2-—t, AH=—1—r—t,

Pue. 1.23 “CHIZR i
CF = B 4

sing T sing’

4
ITOCKOABKY NPH CTPEMJEHUH ¢ K HYJIO OTHOLIEHHe CTPEMUTCA K eAu-
sin

2R
Hune, To CM = limCF = - OTclona HEC/IOKHO BHIBOANTCA npomopuua (1)

—0

B OCHOBHOM pa3ziejie KHUru.
Hpu.nettanue. B IIPUBEJEHHOM JOKa3aTeJIbCTBe HMCIOJNb3yeTCa 3aMevaTelb

in
AOB B xpyre paguyca R; AB — xopaa, AC — KacaTeabHass K KPYry B TOY-

Ke A (puc. 1.24). Toraa, cpaBHHBas MexAy coGoit niaouaau rpeyroasauka AOB,
cextopa AOB u Tpeyroabuuka AOC, noinyyaeM 1ENOYKY HEPaBEHCTB:

HBl mpegen lim = 1, ina ero o60CHOBaHMSA DPACCMOTPHUM OCTDBHIH Yroi
=0

1 1 1
ERz sing < Ethp < -2-Rz tg p.

1

CoxpaTuB Ha ERz, OTCIOAa MOJyYaeM A

sinp < p <tgyp,
158/9

1 "4
1< 2« —,
sing ~ cosyp -
Hockoabky limcosy = 1, To orcioga crepyer o B c
#=0 Puc. 1.24
lim =1,
¢—o0 sinp
Cnupane Apxumeda

O=D 9ra «MexaHHYecKad KpHUBasg», TaK Xe KaKk U KBajpaTpu-

ca JIuHocTpaTa, NoJydaeTCd B pe3yJbTaTe HAJOMEHUA ABYX
3JleMeHTapHBIX nepememenuii. IIpeacTaBum, 4YTO B IJIOCKOCTH BO-
Kpyr 3afjaHHOi Touku O paBHOMEpHO BpamiaeTca Jy4, a BAOJIBL Jyda
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ot Touku O PaBHOMEPHO yAaJAeTcs CBeTIAY0K. Tpaek-
TOPHS 3TOTO CBETJISAYKA BHICBETHT CIUpaJb Apxumezna
(puc. 1.25). ApxuMe/ pelIus JO0BOJbHO TPYAHBIE 3a/a-
YM 0 BHIYUCJECHHUIO IIOIAaAN GUryphl, OrPAHMYEHHOK
NepBLIM BUTKOM CIIHPAJIH, X IOCTPOEHUIO KacaTeAbHO
K crnupasu B JqI060it ee Touke. M3 pe3yabraToB, mO-
Jy4eHHHX APXHMeAOM, CJIeA0BajO, B YaCTHOCTH, 4YTO
€CJIM MPOBECTH B TOUKe A, 3aBepliaolleil mepBhlil BU-
TOK CIIMPAJH, KaCaTeJbHYIO U B TouKe O BOCCTAHOBHTDH
neprnesAUKyaap OB k orpesky OA, B — Touka nepe-
CeyeHU s MEPHeHAHKYNAPa U KacaTeJbHOil), TO AJUHA
orpe3aka OB OyaeT paBHa AJHHe OKPYXKHOCTH paauy-

-ca OA.

B [
Puc. 1.25

MareMaTHyecKknit akkoMnaHeMeHT

. YpaBHenue cnupanun Apxumena B NOJAPHOM

cucreme KOOpAMHAT r = ky, rae r — paccTosHHue

A OT TOYKM CIIMpany LO HOJNI0Ca, ¢ — NOJXAPHBIA
yroa, k — mnapamerp. BeeaeM npaMOyrojanHyo

Puc. 1.26

cHCTeMy KOOpAMHAT, IIOKa3aHHyI0 Ha puc. 1,26,
¥ HalileM ypaBHEHME KacaTeJabHOH B TOuke A,
sapeplIaloeil meprblil BUTOK CIIMpaan Apxumeaa.

KoopauuaTs Touxku A: (27k; 0);
VpaBHeHMe KacaTeJabHOIt: y = a(z - 27k),

rAe a — TaHTeHC yrija HakjoHa K ocu Ox Kaca-
TeJLHOM B TOuke A.

OnpepenuM cHauasa TaHreHC yrija HaKJOHA
B IPOU3BOJILHOM TOYKE CIIMPAIH C NOAAPHBIMHU KO-
opauHaTami (1, ). JI1a 3TOro pacCMOTPUM TOYKY
(r, p) 1 6M3KYIO K Hell Touky (r+dr, o +dyp). IIpa-
MOYTOJbHEIE KOODAMHATHI 3THX TOYEK DaBHEI COOT-
BETCTBEHHO (r COS @, r sin p) u ((r+dr) cos (p+dyp),
(r +dr)sin (p + dyp)). Tarrenc yria HakJOHA K OCH
Oz upawmoii, Npoxoasmeil uepes 3TH ABe TOYKH,
paBer

(r +dr)sin(p + dp) — rsingp

(r+dr)cos(p+dp)—rcosep’

B npepnene, yerpemasa dy K HYJIIO ¥ YYUTHIBadA, 4To © = kpn dr = kdyp, Haligem
TAaHreHC HakJIOHa K ocu OT KacaTenbHOI:

(r+dr)sin(p+dp)—rsing pcosp+sing

' do—0 (r+dr)cos(p+dp) —rcosp cosp—psing’
IIpuMeRNTeLHO K PacCCMATPMBAEMOMY COyHalo ¢ = 27, OTCIofa a = 27.
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Hrak, ypaBHeHHe KacaTeabHOU K ciupaian ApXxuMesa B TOUKe A umeeT BUA:
y = 2m(z — 27k). Ora npamasa mepecekaer ocs Oy B Touke B ¢ koopamHaTa-
mu (0, —472k). Bernunna 47’k B TOYHOCTH COBNAjaeT C AJIMHON OKDYXHOCTH
pazuyca OA = 27k.

KsaapatypHble cTpact

Ha xpyzavix dypaxos wucao ©
He pacnpocmpansemcs.

Buxkrop IllenaepoBuy. Cemeukn

HUHTepec K 3afaue O KBagpaType Kpyra ¢ HOHON M YAMBHUTEJBHOM
CHJION BCIBIXHYJ B npo6yXxparomieiica OT cpefHeBEeKOBOro CHa 3amnagHoit
Espone. Haunuaa c VIII Beka B eBponeiiCKMX MOHacTBHIpAX, a ¢ XII Be-
K& — B NepBHIX YHHHeDPCHUTeTaX, KpPynuIa 3a Kpynuuei cralm BOC-
CTaHAaBJMBAThCA 3HAHUSA, AOOHITHIE B NpoceemieHHoit I'penun, a s3areMm
yTpayeHHBIe BADBAapPCKUMH LUBHIN3anuAMH. BodposkaeHne MaTeMaTHKH
NPOMCXOAMJIO TPYAHO — B AYINHON aTMocdepe KOCTPOB MHKBUBHIIMU,
B YCJIOBHAX HUAECOJOTHMYECKOro 3aCHJIbS PEIUTHO3HOro ZOTMaTU3Ma U CXO0-
nacTuKu. MHOorne MmaTeMaTuyeckue GaKkThl IPUXOANIOCH IEPEOTKPLIBATH
3aHOoBO. HepeaKo NP 3TOM CJIYYaJNCh 3a0ayKASHUA ¥ OMIUGKHU,

HcTopuyecKyio naHOpPaMy 3TOro lepuoja oYeHb KMBO ONHcajia Npo-
tdeccop fcckoro yuusepcutera (Pymuiausa) ®nopuka KbiMnan B KHUTe
«Uctopusa yucaa 7» [Keim]. Ha cTparunax aToit KHUIrM Iepef YnTaTeaeM
NIPOXOAUT rajieped YyAAKOBaTBIX M IIOPOI CaMOyYBEpPeHHBIX HCKaTeei
KBagpaTyphl Kpyra, He NPHUBBIKIINX CYHMTATHCA C MHEHHEM CBOHX OII-
noneHToB. Muorue n3 Hux (Hopzan Cakconckuit (XIII B.), IlxoBaHHM
Kamnano (XIII u.), Tomac BpaBapaun (1290-1349), Ans6epr Cakcon-
ckuit (1326-1390)) GeapokasaTesbHO NoJarajiu, YToO KBaapaTypa Kpyra
B ee KJIaCCHYeCKOil ITOCTaHOBKe BO3MOXHA. UMCIO «KBaApaTYPHCTOB»
0CO0EHHO YMHOXKHJIAE CIOyX, Oyaro umMmnepatop Kapn V HasHauma Kpyr-
JyI0 CYMMY DPHIAPIO, KOTOPHI CyMeeT NMOPa3UTh KOBapHBIM KPYr CBOMM
uupkKyJjaeM u auHeiikoir. [llnara u Meyu Gu111 Goslee NPUBEIYHEIMU HHCTPY-
MEHTaMH B Teé CMyTHbEIe BpeMeHa, Korga yYeHbIM MYKeM MOr' HasBaThCH
KakAbli, yMmeromuit 3a ce0d IOCTOATHL M HMelomuil o cebe ZoKHOE
MHeHHUe,

®paunysckuit marematuk Cumon iomeH, »xkuBmuit B Ionnanguu
noxa umeneM Cumona Bau fep OJiika, Brickasanx B 1584 roay yreep:xae-
gge, OyAaTo GBI KPYT PaBHOBEJIMK KBaApaTy, CTOPOHA KOTOPOIO COCTABJIAET

u auaMerpa. Heckonbko paubie dpannysckuit dusrocodp u cBAMEHHO-

cayxxutens lllapabs ae Bosean (1470-1533) yumia, uro AMaMeTp Kpyra
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8 ,
paBeH 16 JAUaroHaJX PaBHOBEJMKOro eMy KBajgpaTa. KaG6anucTnueckad

apryMeHTaUMs B NOJAb3y KBaZApaTypHl Kpyra, uaaoxkeHHas B 1644 roxy
npodeccopom KomenrareHckoro yHusepcurera XpuctuanoM CeBepHHOM
Jlouromonranom (1562-1647) B TpakTare «Kpyrioe B miaockoM HiIm
AGcoamoTHAs Mepa Kpyra» IOJYYHJa CapKaCTU4YeCKHil OT3HIB €ro co-
BPeMeHHHKA: «... Hal0 MMeTh KPHUBOJMHEHAHBIA yM, YTOOHI AONYCTHTH
HeJIeNOCTH, COAEePIKamuecd B JIO’KHOM TDAKTaTe O KPHUBBIX JIMHUAX»
(uurupyerca no [Krim], c. 211).

K cepegmne XVIII croneTms moBajJibHOe YBJIeueHHe KBaJpaTypoii
Kpyra nproGpejio xapakTep «HHTEJNJEKTyajdbHoil snuaemum». Ha coe-
Hy BBILLIH HOBHIE AeMCTByIOIIMe JHIA — KoMMepcaHTH. B 1728 rogy
¢dabpuxkantT u3 Jimona rocmoAuH MAaTIOJOH BO BCeyCJHILIAHbBE 3aSBWII,
yTo AepkUT napu Ha 3 000 ¢ppaHKoB c TeM, KTO CyMeeT HaiTH OMIUOKY
B €ro reoMeTpPHYeCKHX ImocrpoeHuax. Ilapm seimrpan akagemux Ppanc-
ya Hukoab, BIOCAEACTBMM OTKA3aBIIMICA OT NPK3a B NOJABL3Y JIMOHCKOIM
GoapHuUNBl. K 3TOMy BpeMeHH MOTOK IICeBAOPeLIeHn HAaCTONIBKO 3aXJIeCT~
Hya [TapMIKCKYIO akaleMHuI0 HayK, YTO OHA BHIHYKJAeHA Obula 00BABHTH
0 nmpeKpaleHny npueMa paboT 0 KBazpaType Kpyra ¥ pocmycke paccMa-
TpuBaBamei 3T paboThl crienUaJILHO# KOMHCCHU.

BnocieacTBUH BHIAICHUAOCH, YTO 3afiada 0 KBagpaType Kpyra B CBOeil
KJIaCCHYeCKOI NOCTAaHOBKE Hepas3pewiuma. ITOT YPe3BHIYAHHO r1yGokmii
pesyabTaT CBA3aH ¢ anrebpamyeckoil NMpMpogoil umciaa T, U €ro yaa-
JIOCH A0OKA3aTh JHIIb KOJJIEKTUBHBIMH YCHJINAMM MHOTHX BBIZAIOIIUXCSH
Y4YEHBIX, CIIOCOOCTBOBABLIMX PasBUTHIO IIOYTH BCEX OCHOBHHIX PasfesoB
BHICHIEl MaTeMaTHMKH: aHAJIUTHYECKOH IeOMeTPHM, BHICHIEH aireOpH,
MaTeMaTH4YeCKOro aHajausa, Teopuu yucei. IlocaeaHIO TOYKY B 3TOM IIO-
MCTHHE IPaHAMO3HOM MAaCCHMPOBAHHOM HACTYILUIEHMH Ha BCeX MaTeMaTH-
YeCKHX (GPOHTAX IIOCTABUJ HeMern KMt MaTeMaTuK Pepannany JIuugeman
(1852-1939) B 1882 roay. Ho, npesxze ueM nepeTuCTHYTh 3Ty CTPAHNYKY
U3 HCTOPMH YMCJA T, 3a4ePKMMCH Ha HEKOTOPHIX M3 reOMeTPHYECKHX
KOHCTPYKIMil, IPUAYMAHHEIX M306peTaTeIbHEIMU KBaJpaTypHUCTaMH.

Koncmpyrxyusa Ilapas de Boseas, 1542 e,

C B OKPY2KHOCTH C LIeHTPOM B Touke F mpo-

Be/leHBI IBa B3AUMHO IIePIeHANKYIAPHBIX Auna-
o merpa BD u AC (puc. 1.27). IIpogaus paguyc

B E D E A Ha yeTBepTbH CBOEi JIMHBI, NIOTYYUM TOUKY
H.W3 H, kaK u3 neHTpa, OIUIIIeM JYTY OKPYK-

F A G mocrm pagmyca HB. Ilycts oHa B Toukax F
H u G mnepecekaeT KacaTeJbHYIO, IIPOBEJEHHYIO

K HMCXOAHOI oKpykHOCTH B Touke A. Illapasp

Puc. 1.27 ne Bosenrs ObLI yBepeH, uTo aauua ayru AD

B TOYHOCTH paBHa jgamHe oTpeska AG. IToxna-
ras aauny ayru AD npubGausuTessHO PaBHOM



§ 7. «Kpenkui opewex»: 3adaya o kBadpamype kpyza 1

aauHe oTpe3ska AG, MOKa)KUTe, YTO YHUCJIO T OTCIOAA MOXKeT OBITh BHIYM-
CJIeHO no npubauKeHHoi popmyae 1 & V10.

Konempyryus Cumona ean Oep diike, 1584 2. Ilycts GD — kaca-
TeAbHAadA K Kpyry c auamerpoM SD B Touxke D (puc.1.28), SC = DG.
IMonarasa aauny orpeska SC NpuGIHAKEHHO paBnon YeTBEPTH AJNHBI
OKDY’KHOCTH, BBIBEAHMTE OTCIOAA, YTO

G
c 7~ 24/2(V5-1).
JIro6onbITHO, YTO HaiinenHas CUMOHOM
Ban zep Jiike npocTad KOHCTPYKIMA II03BO-
JsIeT OLEHUTH YUCJIO 7 C TOYHOCTHIO, He YCTY-
naroieii apxuMeAoBOii.
SU

D CnocoGoB ocTPOeHU ¢ IOMOIIBIO KJac-
CHYECKMX MHCTPYMEHTOB KBafpaTa, noumu
PABHOBEJHKOrO JAHHOMY KPYTY, CEeroAHS U3~
BECTHO OTPOMHOE KOJHMYeCTBO. BoT HeKoTO-
Pphle U3 HUX, OTJIMYAIOLIUECH NNPOCTOTOH 3a-

Puc. 1.28 MeIcJIa u udsmectsoM (puc. 1.29; 1.30).
\ 3
Puc. 1.29 Puc. 1.30
3adavei cnpamnenus dyau oKkpyxsc- D

Hocmu (nocmpoenus ¢ NOMOWLIO YUPKY-
1A U nuxelku ompesxa, paBnozo daure
Oyau oxpyxcrHocmu) unmepecoBancsa Xpu-
cmuar Molzenc, Bnpoyem, omdaBas cebe
omuem, ¥mo makoe NocmpoeHue Moxem B G H c
OZD 6eime  BoiNONHEHO AUWE NPUGAUNCEHHO.
Ouyerume npubnuxcerue ona wuecaa @, Ko-
mopoe cnedyem u3 KoHCMPYKYuU, nped-
noxcennol Modzencom.

Aana oxpyxcrocms ¢ duamempom
BC; mouka D deaum dyzy BDC nono- Puc. 1.31
nam; mouku E,F Odenam dysy BEFC

(S
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Ha mpu paGroie Oyeu; G, H — mouku nepecevenus duamempa BC coom-
BemcmBenno ¢ xopdamu DE u DF. Cymma Onun ompesxoB DG + GH
(unu DH + GH ) npu6ausumeneto paBra daune dyeu BD. ’

MarteMaTHyeckMn akkomMnaHeMeHT

1+\/2—\/§)
Verva /'

Ilpupasuas cymMmMy piuH orpeskos DG + GH , pasHy10 2R(

TR
AJMHHE YeTBEePTH Kpyra = noayuum T = 3,142349.....

§ 8. [lanbHelilwee nocTHIXeHHe YKUCNA T

Boobpaxcerue 30aXHO onupambvca Ha delicmeumeny-
HOCMb — maxie, Kax OHA OnuUpaemca Ha eoobpaxceHue.

Baagumup Kaszakos. Baynen

PaunoHanbHo v yucno m?

MHorde KBagpaTypHUCTHl TIIETHO NBITAJMHCH HAMTH panHOHANBHYIO
Apo6b, B TOYHOCTH PABHYI0 OTHOILIEHHUIO AJIMHBI OKPYKHOCTH K ee Aua-
MeTpy. OTH HONBITKHM He IpeKpallajich Aake IOCJHe TOTo, KAK CTaJIU
M3BeCTHHI Pe3yNbTATH BBIUMCJIEHMI GOjiee TPHALATH TOUHBIX JECATHY-
HBIX 3HAaKOB uucia T Jlynonbdom. Hemenxnii matematnk Horanu lenpux
JlamGept (1728-1777) B crathe «IIpeaBapuTeNbHBIE CBEACHUS AJIA HUILY-
INMX KBAAPATypy ¥ cIpAMJIeHKHe KPyra» B 3TOM CBA3Y IHCAJ: «... €CJIH GBI
OTHOIIleHWe AMaMeTpa K OKDPYKHOCTH BEIPAXaJoCh TOYHO IOCPEACTBOM

IeJIBIX YHCeJI, TO 3TH YKCJIa HeoOXOAMMO NoJIKHBI GBIIN GbI GLITH GoJible

e, X K3 YKa3aHHEIX 37leChb 324 521 540 032 945 ITH IBa 4 a
nocJeIHHu HH : . O NCI
ocen y AeCh: 1010514486090 146" '~

mator yuciao Jlynoanda no 25-ro gecarruHoro sHaka. Haxke ecan 6 oHHM

6GBLIN BIOJIHE TOYHBI, TO JN€rKO BHAETH, UTO GbLIo GBI CIAUINKOM AJHHHO
M 3aTPYAHHUTEJIBHO NOJB30BATHCA MU npy BHUKcaeHuax» ([Pyxal, c. 185).
Kak xapakTepHbIif Kypbe3, JlamGepT OTMeuaeT MOBUIMIO IMITETTHHCKOTO
npocdeccopa Bumoda, nsnaBmero Hekylo paloTy o KBazpaType Kpyra
B 1765 roay. Ilocneguuit mosaraj, 4To JyXoJb(PoBO YHCIO He BIOJIHE
TOYHO OIpeAesAeT ng%xﬁmb Kpyra, IIOCKOJBKY HAa CAMOM JeJie CIipaBe.-

1225°

JIUBO 3HaAYEeHUe T =
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CymiecTBYIOT JIN TaKHe Liejble YHUCIa M U N, 4TO T = —73-? Jdpyrumu
€JIOBaMH, PAIOHAJLHO JH YUCIO T?

Ha stor Bompoc orBerus JlamGepr, zaB B 1766 roxy mepBoe Xxo-
Ka3aTeJbCTBO HPPALIMOHAIBHOCTH UHcia T, JlaMGepTOBY KOKA3ATENBCTBY
HeJOCTABAJIO AJIf MOJIHOM CTPOrOCTH OLHOM JIEeMMEl, KOTOPYIO IO32Ke A0KAa-
3an Aapuar Mapusa Jlexanap (1752-1833). HokasaTenscrBa JlamGepra
un Jlexxanapa OCHOBaHBI Ha CBOMCTBAX TAK Ha3BIBAEMBIX UYENHbLX, HIHA
Henpepvi8HbLX, APOGeii.

LlenHbie gpobu

Konv naeepxy, max naeepxy,
A Koab 6nu3y, max yx enusy!

AMepukaHCKasA CUUTANIOUKA

Mmu BKpaTIle OCTAHOBHMCH HAa OCHOBHBIX Pe3yJILTATAX TEOPHH IIem-
HBIX ApoGeii, MMEIOINX K IepOI0 HAIIEro NMOBECTBOBAHUA — YHCIY T —
HenocpeACTBEHHOE OTHOLIEHHE.

enwroit, nan HeNmpepHIBHOM, ApoGbIO HasLIBaeTCH BHIpasKeHHe BHAA

b
ag +
ba
a; +
bs

\ ag + ———

. azg+...
rae ag,a;,a...; bg, b1, b2..., — KOHeuHBle HJIH GeCKOHEUHEHIE I10-
CJIEAOBATEJBHOCTHA REeHACTBUTENBHBIX uHces. Ecam uucna ag, a;, ag,...;
bo, b1, b ..., — HaTypajJbHBIE, KpPOMe, OLITH MOXKeT, Leyoro ag = O,
npuyeM by = by = by =... =1, To HenpepLIBHAA APO6HL HA3BIBAETCH KAHO-

Huyeckoil. Pasioxenne B KAHOHNYECKYI0 HempPepHIBHYIO Apo6L 4Hcaa 7

uMeeT BUJ:
1

1

T=3+

7+ i

1

292 +...

Ero MoxHO IOJYYHTH, NIPDUMEHHB OZHOOGPA3HHIH IIpomecc, COCTOSIHIA
U3 IBYX MHOIOKPATHO NOBTOPAIOIIMXCA M UePeAyIOLIUXCHA APYr C ApPY-
roM AeiicTBHI: «IMOJIyYeHHMe ANOCTATKa» U «obGpamienue ocraTka». CHa-
Yajla NPpeACTaBJAeM MoAJIekallee PasIOKEHHIO B IENHYH APOOhL 4H-
CJI0O B BHJAe CYMMEI Lejoi dactH (JocTaTka) M ApoGHOM (ocTaTka):
7 = 3+0,14159265 ... Ecoit OCTATOK OTJIMYEH OT HYJIfA, KAK B JAHHOM CJIY-

15+
1+

Yae, TO €ro MOYKHO 3alKcaTh B Buge apo6u 0,14159265 ... = W
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(o6pameHne ocraTka). IIpuuem sHaMeHaTeN b 3TOM ApobH BCeraa Gosplile
eAUHUILI, © ¢ HIM MOXHO NOCTYNHTh TOYHO TaK ’Ke, KaK M B IIpeAkI-
AyILIeM cJy4ae: BHAEJINUTH AOCTATOK, OOpPaTHTH OCTATOK M T.x. B mrore
NOJIy4aeM <«MHOTONOABAJILHYIO» APOOBb, KOJMYECTBO NIOABAJIOB KOTOPOIt
MOXKeT IPOCTHPATHCA CKOJIb YrOAHO IIyGOKO.

Ecau oGopBaTh KAHOHMYECKYIO LIENTHYIO APO0Ob HA KAKOM-TO arame
ee pOpMHpPOBAHUSA, TO MBI MOJYYNM PAIMOHAJBHYIO, TAK HA3HIBAEMYIO
nodxodauyyio dpobs. Iloaxopsiue APOGH HPEACTABJSIOT cO6OM M3ymu-
TEJBHO XOpolnee HNpHOJMMKeHHe K TOMY YHCJY, AJA KOTOPOro HIETCS
NpeACTaBIeHNE B BHAe ILeNMHONH ApoOu: OKaskIBaeTcA, Kaxjaas Takas
nodxodawas Apo6h AaeT camoe Jiyylnee HNPUGIMMKEHHEe, KAKOT0 TOJb-
KO BO3MOJKHO JOCTUTHYTH, He YBeJNUYNBas 3HaMeHATe ST NPUOINKEeHHOM
apo6u (cMm., Hanpumep, [ XuH]). BoT sanuce nepBuX nmogxoaAmux apodei
ypcJja T B BUAE ACCATHUYHBIX Apobeii:

3;
1 22 .
+ 7 = 2 = 3,14285... (npubanxkenune, npunucriBaemoe Apxumeay);
3+ —1—— = ﬁ =3,141509...;
7 1 106
+ —
15
1 355
3+ —g = 113 = 3,14159292 ... (npubanxenne 13y YyH-uxu).
7+ —T
15+ — 3

1

ITocnexoBaTeNBLHOCTS NOAXOAALINX APOoGEeil MOMKHO BHIMKUCATDL U AJA JIIO:
60if He KAHOHMYECKON IemHOH ApoGu. Ecam ara mociieaoBaTeJbLHOCTH
CTPEMHTCA K HEKOTOPOMY UMCJY, TO 9TO IpeAesbHOe YNCJIO €CTeCTBEHHO
paccMaTpuBaTh B KauecTBe 3HAYEHHUS LEeITHOI Apoou.

§ 9. T — uncno nppauynoHanbHoe

Yuenvim 3adanu eonpoc: «9emy pagro w».,

1
Hncenep omeevaem: «3mo npubausumenbro 37 ».

Duszux z06opum: «Imo 3,14159».
Mamemamuxk (nocae He6onvwozo pa3dymva): «3mo pagro m».

Anexaor

IlenHEie ApoGU 061aAAIOT CJAEAYIOIIUM 3aMEYaTEeJLHBIM CBOMCTBOM.
ITycts @ — unca0, KOTOpPOe HY2KHO Pa3JIOKUTh B KAHOHUYECKYIO LIETHYIO
apo6s. Ecau o — pamMoHajbHOE YMCJIO, TO IPOIECC PasoKEeHUs ero
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B KAHOHHMYECKYIO LIeNHYI0 Apo0b OCpHIBaeTCS I0cjie KOHEYHOro 4ducia
CTYIeHell, ecJi JKe & eCTh MPPAUMOHAJILHOE YHCJIO, TO IPOIece MPOXOJI-
KaeTca 6eCKOHeuHO. ITOT pedyasTaT Axpuan-Mapusa Jlexxarap o606y
Ha cJydyail HeKAaHOHUYECKUX LEeNHBIX ApoGeii: ecan B mpocTupamomeics
B GeCKOHEYHOCTH LIENHOM ApobH.

m
a= y
N m
n
, mll
n + ——
n +...
m,n,m,n',m",n" um T.0. — CyTH LeJble IONOKMTeJbHbIE MJIN OTPH-
I n
m'| |m
naTesbHbIE YMCIa, IpuYeM, Apo6u |—|, (—|, |—-| # T. A. Bce MenbmIe
n n
eIMHUIbI, TO 3HAYeHMe IeNHOH APOGM Q eCTh MPPALMOHAJILHOE YHCIO.
1 "
m m' m
9TOT pesy/BTAT CIIPABEAJMB U TOTAA, KOTAA —, —, — M T. k. IO MOZY-
n’ o’ n

JII0 MeHbllle 'efMHUILI He CAMOT0 Havaja, a TOJbKO HaYMHAA C KaKoro-
HuGyas 3BeHa ([Pyxa], c. 203—-208).

Horanny I'enpuxy JlamGepTy yAajoch HaWTH pasjioxeHHe, yAOBJe-
TBOpSAIOLee YCJOBUAM TeopeMbl Jlexxanapa. B o6o3Hauennax Jlexxasnapa
JlamGepT mosryam

m m

t —
gn m2

m
OTKYZAA CJeAyeT, UTO NpH IeJbiXx m U n,m # 0 3HaueHue tg — Mppanu-
n
oHanbHO. Ecsin OB1 yKcJI0 7 GBIJIO panMOHAJBHBEIM, TO CYIIECTBOBANHN OBl
m T

TaKHe HaTypaJIbHble YHCJIa T H k, 4yTo T = ?. Toraa uuciao Z TaKxe

T m

OBLIO GBI paMOHANLHBIM: 1 = —, rae n = 4k, ¥ BeJUYHUHA
n

T

4

s
OKasaJsach GBI MppanuoHaNbHOM. OZHAKO 3TO He TaK, MOCKOJILKY tg i 1.

m
n

IIpoTuBoOpeune.
B macrosiee BpeMs M3BeCTHHI M JpPYTHe AOKA3aTeJbCTBa HpPpaIuoO-
HaJLHOCTH 4Yucia 7 (cM., Hanpumep, [Byx], ¢. 69-72).

? «ITocmoanno mperupyaco u udsa 6 3MoOM HANPABAEHUU OM NPOCTNOZO
/5‘ K caoxcromy, cmydenmixa MI'Y T.Caonenxo, Hava8 ¢ 3anomMurHanus
decamu yudp 6 mevenue dsyx munym, dobuaacb mozo, ¥mo moxcem
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eocnpouseecmu 6 npamom u obpamrom nopadxe dee moicaxu (!) yupp
8 wucne ™ nocae 3anamou».

Jaruna I'. «Ditdemurxa meopum uwydeca» [ « Knuxcroe o6o3penue»,
Ne 29 om 22.07.97. C. 25.

§ 10. Jpa maremaTHueckoro aHanusa

dze! H mym cudum cobakxa, zaa3a
Ymo MelbHUYHbLE Koreca.

T'. X. Aupgepces. OranBo

C KOHIIa CEMHAALIATOrO CTOJIeTUA GYPHASA PeKa YeJ0BeYeCKOM NbIT/Iu-
BOCTH BBIILJIA U3 GeperoB 3JIeMEHTAapHOM MaTeMaTMKH — HAavajach 3pa
MaTeMaTHYeCKOro aHanu3a. DecKOHeuHbIe IOCJER0BATEJILHOCTH U PAABI
CTaJI1 NPUBBIYHBIMM O0BEKTaMM HCCJIEAOBAHUI MaTeMaTHKQB. Bo3Hu-
KJI0 aunddepeHnnaNibsHOe M HHTETPAJILHOE MCUYMCJeHMne, Gasupyomeecs
Ha CTPOro OnpejesieHHOM NOHATHM Npeaesa. HoBbie MHCTPYMEHTH HcCCIe-
JOBaHM MO3BOJIMJIN B3rJIAHYTH HA YMCJO T C COBEPIIEHHO HEOKUAAHHOM
CTOPOHBI.

Jleibnuu, Mperopun n gpyrue

— Kaxaa caedyrowas yugpa 6 nocaedosamenvhocmu
78539816339744830961566084581987...2
— ITo-6udumomy, 30ecv Kaxue-mo cayyaiiHvie Yuppot.
— A Kkaxoe caedyoujee wucno 6 nocredosamenvrocmu

1 11 11 1 1 1

8’5 7797 11°713° 15”77

1
— Ha amom @onpoc omeemumsb nezKo: A
— A kak ebi omuecemech Kk momy, wmo obe amu nocedo-

s
eamenvbHOCMU npedcmasnawom o0HO U Mo e HUCAO Z?

Jauch J.M., Are Quanta Real? Bloomington, Ind.
Indiana University Press, 1973

OnHuM n3 DepBBIX HEOXKHUAAHHBIX U KDACHUBBIX Pe3yJIbTATOB CTAJI PAL

L 1 1 + 1 1 + 1 1 + o
4 3 5 7 9 11 7
Ha3BaHHBINA B 4YeCTh OTKPBIBIIEro ero B 1673 roxy Hemenkoro MaTreMaTuka

Tordpuaa Buasrensma Jleii6Euna (1646—1716) padom Jeiibhuya. Tpu
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TOYKH, IIOCTABJIEHHBIE cCIpaBa OT 3HaKa <«+» B ¢dopmyae (1), ciaexyer
NoHUMaTh Tak. UeM OoJbllle caraeMbIX B3ATh B NPaBOM YaCTH 3TOr0
PaBeHCTBa, TeM MeHbIIe UX ainredpamyeckad cymMma GyJeT OTAMYATHCA

s
OT YmMCJIa 1 910 AaeT, o KpaiiHeil Mepe, NPUHIMINAIBHYIO BO3MOXKHOCTD

BBIUUCJIATH T CO CKOJBb YroAHO GOMBIIOI TOYHOCTHIO.

Pap Jleitbunna sABiaseTca YaCTHHIM ciaydaeMm Gosee obuiero psafa,
OTKPHITOTO aHrJuMACKUM MaTeMaTuKoM Jketimcom I'peropu (1638—-1675)
B 1670 rogy:

3 25 7

arctgz=2z—- —+—— —+... (3mecs |z|] < 1) (2)
3 5 7
I'peropu He 3aMeTHJ, YTO 3TOT PAA MMeeT OTHOLUIEHHE K YHCHy 7. Pap
Jleit6uHuna (1) noayuaerca us paga I'peropu (2) npu ¢ = 1.

Kous ckopo mosiBuiicsa yA0GHBIM MHCTPYMEHT, BHIYUCANTENN He Ope-
MMHYJZ MM BOCHOJB30BaThcA. Pag (1) He oyeHb yA0GeH A PacyeTOB:
YroOBl MOJYYUTHh T C ABYMS BepHBHIMM 3HAKaMM IIOCJe 3amsATON, HAJO.
cnoxuThk 50 WiIeHOB pAZa, a AIA TPeX ACATHYHHIX 3HAKOB IOHAKOOUTCS

Gostee 300 neﬁéwnnfi. Ecan xxe B dopmysie (2) NOJIOKUTh T = —3-, TO
NOJIYYUTCA DAL,

‘\/§.<1111 1 )

1——4 — - — _— —

+...
9 45 189 729 2673

T 3
6= 3 3)
¢ ropasgo Gosee GnICTpOit cxoamMOCTHIO (00paTuTe BHMMAaHMe, KAK GbI-
CTPO 3JeCh yBEeJIMUYMBAIOTCA 3HaMeHaTenu). VIMEHHO aTMM pas3joKeHU-
eM (3) Bocmoab3oBasica ABpaam Ilapnm (1651-1742) pas BoIuMCIeHUS
B 1699 roay pekopAHOro KoauuecTsa u3 71 TOYHOro AECATUYHOrO 3HAKA
yucsaa m. .

Crneayomas «XUTPOCTh», KOTOPOil BOCHOJIb30BAIUCH BEIYMCIUTENH,
cocTossa B moAGope KOMOMHAIIMII apKTAHIeHCOB, KaXXIBIN U3 KOTOPHIX
BBIpa’KaeTcs pAAoM ¢ Gosee OBICTPOI CXOAMMOCTBIO, UeM paAx JleiGHu-
na (1):

1 1
arctg 1 = 4 arctg 5~ arctg 239 (Jxon Mauusn (1680-1751));

1 1
arctg 1 = arctg 3 + arctg 3 (JIeonapp itnep (1707-1783));

1 1 1 . (Axeiimc CTupauHr,
arctg 1 = 4 arctg — — arctg — + arctg — Tomac Cumncon,
5 70 99 VYunbsam Pesepdopn);

1 1 1
arctg 1 = arctg 3 + arctg : + arctg 3 (VI.K.Illyas1).



48 Fnasa 1. Kpamkas «6uozpagpua» yucna ©

IIponepm'b 3T GOPMYJIBI MOXKHO, UCXOASA U3 U3BECTHBIX TPUTOHOMETPHU-
YeCKUX TOXIeCTB:

z+y
arctg ¢ + arctg y = arctg H (3mecs zy < 1);

1l-zy
rct arct, rct i (3zecb Ty > —1)
ctg T — =arc H -1);
arctg cigy=a g1+a:y fech TY
T
2 arctg ¢ = arctg Pt (amecs |z| < 1).

1 1
PacknagpiBad KaXXAbli 13 apKTaHTeHCOB arctg 5’ arctg 239 B pax I'pe-
ropu, MOJYIUM

T 4 1 1 + 1 1 + 1 1 +

4 5 8.5 5.55 7.57 ' 239 3.239% "7)°
Ilocnenuee pasnoxenne nos3soanio Jxony Mauuny Beruncantb 100 ge-
CATHYHBIX 3HAKOB uMcya 7. Ero pesyasrar 6bln ony6iaukosan B8 1706 ro-
ny V. JxoucoMm B y:xe ymomuuaslleiica pa6ore «OGo3peHre JOCTHXKEeHMI

MaTeMaTHKH», rjae BlnepBbie 3aperucTpupoOBaHO MCIIOJIB30BaHNE GYKBBI T
Ias 0603HaYeHN A OTHOIIEHUSA AJNMHBI OKDYXHOCTH K AHaMeTpy.

Hcnonesys pad fledbnuya (1), dokaxume gopmyny:

_1_0_24 1 _ 1 + 1
3 1-2-3-4-5 3.4.5-6-7 5-6.-7-8.9 '°)°
OD Axc. benenmaiin, [H36], c. 40.

MatemaTtuueckui AKKOMNAHEMEHT

IIpeacTaBUM n-bIfi YWIEeH CTOALErO B KPYIJIBIX CKOOKAX pAfga B BHAE CyM-
MBI 3JIeMeHTapHBIX apobeii. J[na 3TOro BBefeM HEM3BECTHHIE KOIPPUIIMEHTHL
a, b, c,d, e u 3anumem:
24

(@n—-1)2n(2n + 1)(2n + 220+ 3)

a + b + c + d + e
2n—1 2n 2n+1 2n+2 2n+3°
IIpupasHuBas K03pPUIMEHTH IPK OAMHAKOBLIX CTENEHAX N B NPaBOM M JIeBOH
YaCTH 3TOr'0 ypaBHEHMA NIOCJIe NPUBEAEHUA K OTHOMY 3HAMEHATEJIO U YIIPOLeHU
BHIpA’KE€HHUI, IOJYyYUM CHCTEMY YPaBHEHUI OTHOCUTENLHO a, b, C, d, €

a+b+c+d+e=0,
6a+50+4c+3d+2e=0,
11a+50+c—-d-e=0,
6a—5b—6c—3d—2e=0,
-b=4.
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Ee pemense: a=1, b= -4, c=6, d= -4, e = 1. lIpeacraBaasa kaxaslil 4ieH
pAna B BUJie CYMMEI dJIeMEHTapHBIX Apobeit, nosydaem:

_ 24 1+4 6+4 1
1-2-3-4-5 1 2 3 4 5
24 1 4 6 4 1
—_— e - —— 4 —
3:4-5-6-7 3 4 5 6 7
24 __ 1,4 6,21
5-6-7-8-9 5 6 7 8 9

. 24 1 4 6 4 1

= e = - — o —

7-8-9-10-11 7 8 9 10 11

CyMMHpys, HAXOMM:

24 1 1 + 1
1.2-3:4.5 3:4-5:6-7 5-6-7-8-9
5 4 1 1 1
=1-2-4+= —S -4l
3 4+3+4(1 3¥s 77 )

™ 1 1
IIpusrekaa dopmyay JleitGHuna Z =1==+ g -

3 + ..., oTciofa MoOJy4YaeM
TpeGyeMbl# pe3ysasTar.

2 -

TaiHa asapra

ITu cmexa! ITu nodroe u 6eza uckpoi!

Besmmup Xne6HnkoB. 3aHre3u

Venexu [llerkca ¥ MauMHa OKPHIIMIIM APYTUX BHIUHcAUTENEH, M OHA
¢ a3apTOM NIPHCOEAUHHUIUCH K YAUBUTEIHLHOMY COPEBHOBAHMIO, HAUATOMY
MaTeMaTHKAMH 9MI0XM BIMCAHHBIX M OMMHMCAHHBIX MHOIOYTrOJbHUKOB.

He Jlansu (1660-1734), ucmonwsdys meron Illapma, B 1719 roay
BeIuncaAeT 127 TOYHBIX JAECATMYHHIX 3HAKOB umcja 7. Bcekope Jleo-
HapA diJep APYrMM CIOCOGOM IpoBepHJ peayabrar JlaHbHM M 0GHapY-
skua omrm6ky B 113 3make. B 1794 rogy Bera ykasan 3HaueHue T
C TOYHOCTHIO 10 140 mecATHYHBIX 3HAKOB, M3 KOTOPBIX TOYHBLIMHM OKa-
sanuch 136. B 1841 roay Vunbam Pesepdopza coobmaer 208 mecaruu-
HBIX 3HaKOB. Ero pesyJsbTar nepenpoBepus TaJaHTIUBHIA raMGyprcKuii
BberyucauTeab 3axapusa Iase. lase mokasain, uto Pesepdopn omubes,
HauyuHasg co 153 smaka. B 1844 rogy Mase nosen TounocTs g0 205 3Ha-
KOB, U3 KoTopbix 200 6blnu BEUMCJIeHbI BepHo. B 1847 roay Tomac
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Kinaysen npoasuuyica fo 250 3HakoB, U3 KOTOPBIX 248 ObLIM TOYHBI.
B 1853 roay Pesepdopa yseamums cBoe gocTHxkeHHe no 440 mecaTuy-
HBIX 3HaKOB. PexopZ aroro roga ycraHasiupaeT Yuiabam Illenxkc —
530 sHakoB (M3 Hux 527 BepHHIX). B mociaegyiomem IIleHkc ymopHO
paboraeT Haj BBLIYHCJIEHHMSIMHM HOBBIX 3HAKOB, JOBeAA HMX KOJHUYECTBO
mo 707, Ho omubka B 528 3Hake cBeJla He HeT BCe ero JajbHeilIue
yenius.,

B 3TOM cocTA3aHMHM IPUHENMAIN yYacTHe OTHIOADL He PAZOBLIE «CIIOPT-
CMeHBI». 3ac/y’KeHHOM CJIaBOil BHIZAIOIIEroCA BBIYHCINTENA MIOJIb30Ba-
ca Jleonapa ditnep. Korza B 1735 rogy Poccumitickaa Akagemuss mosy-
Yynjla OT IPABUTENBCTBA CPOYHBIM 3aKa3 HA BBHINOJHEHHE TPYAOEMKHX
pacueToB, AJIA UX BBINOJHEHUA COTPYAHUKM aKaJeMHMH 3anpOCHJIH He-
CKOJIBKO MecHAIeB. Jiijep e BHI3BAJICA BHIIOJIHHTH 3TO NOpYyYeHne BCero
3a Tpu gHA. Ko BceoOmemy yamBieHHMIo, Jiljlep AeHCTBHTEJBHO crnpa-
BIWJICA C 3aaHHMEM B YKa3aHHBIA uM cpok. Pacuers! Jlanbn, Tpebyromue
OT OGBIYHOTO BEIYMCJINTEJS MecAla HerpepHBHOI paGoTel, Diljiep npose-
pux 3a 80 yacos.

deHOMEHANBHEIM BBIYMCANTENEM cablI 1 MoranH Maprul 3axapus
Hase (1824-1861). YmHOMXeHHe ABYX BOCBMH3HAYHBIX YHCEJ OH BBIITOJI-
HAJ B yMe B TeueHHe OQHOM MMHYTBI. B yme ke, HO 3a Goslee AauTeJbHOE
BpeMs, OH MOT M3BJIeKaTh KBajpaTHble KOpHM u3 100 3HAYHBIX ymces
([Boa], c. 396-398).

§ 11. HeBo3MoO)XHOCTb KBagpaTypbl Kpyra

Cpedu niodeit npu6blynozo MHe KpY2a
(A y Mena KyavmypHbvie Opy3va)

Ecmb mrenue, ymo xeadpamypy kpyza,
Kax mot ne Oeiica, doxazambe Heav3a.

Esrenuit CazoHos

TecHbIt MUP LMPKYNS U NHHENKH

CoMHEHNS O BO3MOXXHOCTHM KBaApaTyphl Kpyra ¢ IIOMOIIBIO IIMP-
KyJs U JuHeifKH, B CBOe BpeMsa OJo0JIeBaBIINe MaTeMaTHKOB llpeBHelt
Ipeunn, eme Gojiee ycHIXINCH IO Mepe YyIIyGiaeHMs MaTeMaTHYECKUX
M3BICKAHNH yuYeHHIMM 310XU BospoxxaeHna m Gosiee mosaHero mepmoja.
MHeHMe O HEBO3MOYXHOCTHM KBAaJApaTyphl Kpyra BHICKa3wniBaam JleoHap-
To pa Buuum (1452-1519), H. K. IlItypm (1635-1703), X. I'oiirenc,
(1629-1695), O.I'peropu (1638-1675), 1. HeroTon (1643-1727) u apy-
rue. Hemenxunit maremaruk Muxens HItungens (1487-1567) B «O6meit
apupmeture» (1545) yTBepakAan, 4TO «KBagpaTypa Kpyra IIpeBOCXO-
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AUT pa3yM BHYMCJINTEJS M3 CMePTHHIX mmoaeii». Ha To, 4Tro umcno =
He BHIpaXXaeTcsl <«OGHIKHOBEHHHIMM MPPallMOHAJBHOCTAMH»,. 8 AOJKHO
6GBITE OTHECEHO K «ropaszao Gosiee BLICOKOMY POAY MPPallMOHATBHOCTEM »,
ykasbiBan Jleonapn Jitnep ([FOm2], c.187).

MaremaTukn 0ojee NPHCTANBHO CTAAW NPUCMATPMBATBCA K Ieo-
MeTpHUYeCKUM OGBeKTaM, IIOPOKIAEMBIM KJIACCUYECKMMM MHCTPYMEHTA-
MH, ¥ IIOCTEMEeHHO NPUINAM K BBIBOAY, YTO MHMD LIUPKYAS M JHUHEHKH
He CTONBb Yy GoraT M pasHooOpaseH, KaK IPeACTaBAANOCH IOCJHeaAOBaTe-
aam IlnaroHa.

TIycTs KPYT 3aJlaH CBOMM PaZlyCcOM, KOTOPHIii 1A IPOCTOTH MOXHO
NPUHATH 3a efuHNNY. Kakne oTpe3km BO3MOKHO MOCTPOMUTH LIMPKYIeM
M IMHENKOM, OTIPaBAsAACh OT 3TOTO OTPE3KAa eAUHHUYHOMN JJINHBI?

M3 mKoNBHOro Kypca reOMeTPHH MEI D
3HaeM, KaK IIPOM3BOJBLHBIH OTDPe30K yAIH-

HUTH MM YMEHBIUMTD B LleJl0e YHUCJIO pas,
a M3 Tpex OTPe3KOB m(xznnu 1, a, b mocTpo- '

UTH OTPE30K IANHH 3 Kpome Toro, Mur Va
3HaeM, KaK COODY’KAaTb OTPe3KH, ANMHA ]

KOTODHIX BHIpAXKaeTca ¢ IoMOmBIO KBa- A a ¢c 1 B
ADATHHIX PAAMKATOB M3 ANKH ADYTHX, Pa- Puc.1.32

Hee NOCTPOEHHEBIX OTPe3KoB (puc. 1.32).

KoMGuHENDYS 9TH BO3MOXXHOCTH, MOKHO CTPOMTH OTPE3KH, ANMHA KO-
TOPBIX NPEACTABJSAETCA NOBOJBHHO 3aMBICIOBATON KOHCTPYKIIMeil apobeit
¥ pajuKanos, Hanpumep, :

—————‘;:Z);l, \/6+V\/\/1+x/§+\/§+\/§ uT.n

OD OfHaKO NpH BCEM CBOEM BINEYATJSIONIEM Da3HOOOpa3uM TaKue
KOHCTDYKIIMM IOJABEP>KeHBl OAHOMY CYIeCTBEHHOMY OrpaHHue-

HHMI0O — B HMX MOTYT YYacCTBOBATb OAHM JNHIIb KBAOPAMHbLE PARUKAIEI.
OTpe3kaM [JJIHHBI Vi, %, V6 u .o s MHpe UMPKYNAA M JMHEHAKH
MecTa HeT.

A Kak e GbITH ¢ 0Tpe3KoM AnuHE T ? Eciin 61l ¢ MOMOIIBLIO HUPKY IS
M JUHeHKH yAajJoch NOCTPOMUTH TAKOil OTPE30K, TO MOXKHO ObInO GEI
OOCTPOMTbL M OTPEe3OK JAWHBL /T, M, 3HAUMT, — CTOPOHY KBajpaTa,
PaBHOBEJMKOrO KPyry ¢ paguycoM 1. 3agaua KBagpaTyphl Kpyra Ob11a Gul
pewuenal

VBH, OTPE3KY ANMHBI T B MMPe IMDKYIA M JHHEHKH TaKXXe He Cy-
K AeHO oKa3aTecA. OqHAKO 0GOCHOBATH 3TOT (hAKT OKA3aJI0Ch HEe TaK YK
pocTo.

3xech MBI BHIHYKIeHBI Ha BDeMs OCTAaBUTh BJAAJEHMSA dJIeMEeHTapHOM
MaTeMaTHKH ¥ OCTOPOXXHO NepPecTyIMTh NpeAeNbl MaTeMaTHKH, YCIAOBHO
Ha3bIBaeMoOMi BHICIUEH.
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MaTtemaTnyeckuit akkomMnaHeMeHT

OTHECEM K MHOXECTBY KOHCMPYKMUBHbLX YNCEJ, T€ BelleCTBEHHLIE YnCa,
KOTOpble NOJyYaloTCA M3 PalMOHAMBHEIX YHMCEJ C IOMOILILI0 KOHEYHOro Ymcja
omepanmii CIOKeHNs, BBIYNTAHNA, YMHOXKEHHNA, leAeHnd (pasymeeTcs, B caydae
OTANYHOrO OT HYJA AeJNTENs) M N3BJeYeHNA KBaJPATHOr0 KOPHA N3 HEOTPULA-
TeJbHBIX YHCeJ. :

IlockonbKy BCAKMIA OTPE3OK 3afaeTCs ABYMA TOYKAMH — €ro KOHIAMH,
npAMas 3ajaeTcA ABYMsA TOYKAMH HA Heil, a OKPYXHOCTh — CBOHM NEHTPOM
¥ OPOM3IBOJNBHOI TOYKOW Ha Heif, TO mPOIECC reOMETPHYECKOrO CTPOMTEIBCTBA
¢ ITOMOIIBIO MUPKYJIA H JHHEHKN npeAcTaBuM cefe KaK Iponece Nocjaef0oBaTeb-
HOr0 HAPAUIMBAHMA HEKOTOPOI COBOKYIIHOCTH CIIe[[HaJbHO IOCTPOEHHBIX /MOYeK.
B nponecce mocTpoeHnii K HCXOAHOMY HaGopy To4eK 06aBIAIOTCA ApYyrie TOYKH,
K DOJy4eHHBIM TOYKAaM — HOBbIe TOYKH, M TaK Jajee, IOKA He MOJy4YiTca HaGop,
COAepIKaIM il HCKOMbIE€ TOYKH (KOHI[BI MICKOMBIX OTPE3KOB). * - N

Tenepr mepeKnHeM MOCTHK M3 reOMeTpuH B aarefpy: COOPyAHM Ha ILIOC-
KOCTHM CHCTEMY JAEeKapTOBBIX NPAMOYTOJBHBIX KOODAMHAT, BHIOpaB ee HAvaJoO
B OJHOM M3 KOHIIOB 3aJJaHHOr0 OTPe3Ka efMHMYHON AJUHB M HampaBuB ock OX
BAOJB 3TOro orpeska. Takum 06pa3om, OfHA N3 3aJaHHBIX 110 YCJIOBHIO TOYEK Oy-
zet HMeTh KoopanHaTH (0,0), a Apyraa — (1,0). [Ipon3sonbHasA TOYKA IIOCKOCTH
XapaKTepHu3yeTca ABYMs KOOpAMHaTaMmu (I, y).

3aMeTHM, YTO KOOPAMHATH TOYEK, 3aJal0OLINX KOHILI HICXOAHOTO eAMHUYHO:
ro OTpe3Ka, — 4YHCJa KOHCTPYKTHBHBIE, «

PaccMoTpuM caenyouiiie 31eMeHTapHbIe Ollepanyn:

a) HOBasA IpAMasg CTPOMTCA C IIOMOIIBIO JHUHEHAKH, NPHUJIOKEHHOH K ABYM
IIOCTPOEHHBLIM paHee TOYKAaM;

6) HOBaA OKPY’KHOCTH CTPOHUTCS C MOMOIIBIO UPKYJIA, ORHA HOXKKA KOTOPOro
TIOMemIaeTCs B IOCTPOEHHYIO paHee TOYKY, a JJANHA pacTBopa (Paguyc) paBHa
PACCTOSHUIO MeXKAY ABYMS INOCTPOEHHEIMU PaHee TOYKAMH;

B) HOBAd TOYKA CTPOMTCA KAK IepecedyeHre ABYX IIOCTPOSHHLIX MPAMEIX;

r) HOBas TOYKA CTPOMTCA KAK IlepecedeHye NOCTPOEHHBIX IIPAMOM H OKPY»KHO-
cTH;

K) HOBas TOYKA CTPOHMTCA KAK ImepecedeHNe ABYX ITOCTPOEHHBIX OKPYXHOCTENR.

IlokaxeM, 4TO mepeynceHHbIe B MYHKTAX a)—A) 3JeMeHTapHule Ollepanyn,
npMMEHEeHHble K MCXOAHOMY Ha6opy TO4YeK, KOOPAMHATHI KOTODPHIX BBLIDAXAIOT-
¢ KOHCTPYKTHBHBIMH YHCJaMH, MOTYT DODOAHTHL MOJIbKO TaKOit HaGop HOBBLIX
TOYeK, KOODAMHATH KOTOPHIX TaKXXe BBIPA’KalOTCA KOHCTPYKTHBHBIMH 4YHCJIA-
Mu. JlokasaTenbCTBO OCHOBAHO HA AKKYDATHOM BBIUMCJIEHMH KOODAMHAT HOBBIX
Touek. PasGepem, Hanpumep, HanboJjiee CAOXKHBIA A aHANN3a ciaydait x). Koop-
AMHATH (T, Y) TOYEK NepecedyeHNs ABYX OKPYKHOCTEH YAOBJIETBOPAIOT CHCTEME
YPaBHEHHH :

{(z—zl)’ﬂy—yo’frf,
(@ -2 +(y— )’ =13,

K03bGHIMEHTE KOTOPO — KOHCTPYKTHBHBIe 4Yncjaa. Belunras BTOpOe ypas-
HeHMe CHCTeMBI YpaBHEHHiH M3 mepBOro, NPHMXOAMM K 3KBHBAJNEHTHOU cCHCTeMe
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YPaBHEHMIA:
{ 20(zs — 21) + 2y(y2 — 1) = 13 — 13 + 75 — 2} +y; — ui,
(= —22)* +(y - y2)* = 13-

Bripa3us 3aTeM U3 IEepPBOTO YPABHEHUSA IOJYYEHHOH CHCTEMHI MEepeMeHHYI0 Y
yepe3 IEepeMEHHYI0 T M NOACTABUB 3TO BhIpa)XeHHUe BO BTOpOe ypaBHeHHe, IO-
Jy49uM KBAXPATHOE ypaBHeHWe OTHOCHTENbHO nepeMennoil x. Ero pemenue u,
ClIeROBATENBHO, 3HAUEHNE Y — KOHCTPYKTHBHBIE UMCJIA.

Xopomro, a KaK ke OBITh C ellle OZHON AOBOJBHO «XUTPOLi» anemen'rap-
HOii omepauuei, ZOMYCTUMONA NPH reOMeTPUUYECKHUX IIOCTPOEHHUAX C IOMOILIBIO
IUpKYJAA U JuHeiikun? VMa aToit onepauun — BHIGOD npou3goabHOU TOYKH.

‘Ecnu KaK0e-TO IIOCTPOEHNE BO3MOMHO OCYI€CTBUTh, BHIOMDAS IPON3BOJL-
HbI€ TOUKH, TO €r0 MOXXHO TAKKe OCYI[eCTBUTh, BHIGUpAA NMPOU3BOJBLHBIE TOUKH
C PAIMOHANBLHEIMY (U, CJIEZOBATENLHO, C KOHCTDYKTHBHBIMU) KOODAUHATAMH.

Ecnu Hy>XHO BHIGpATh IPOU3BOJILHYIO TOYKY HA IIOCTPOEHHOM MpAMOoii ! niau
OKPYKHOCTH $, BHIOEpeM ABe NPOM3BOJIbHBIE TOYKM P u @ ¢ pannoHaJbHBIMMK
KOODAWHATAMM Ha ILJIOCKOCTH M HaliieM TOYKy nepeceueHns npamoit PQ c npa-
Moit | nam oxkpyXHOCThIO S. IIo JOKA3aHHOMY paHee, aTa TOUKa OyAeT AMETh
KOHCTPYKTUBHBIE KOODANHATHI, ABJIAACH, TEM He MeHee, IPOU3BOJILHOM.

TaxuM 0Gpa3oM, B nmpouecce HAIIMX TOCTPOEHUH GyAyT ONYyJaThCA TOYKH,
“MeoIHe UCKIIOYUTEIPHO KOHCTPYKTH BHBIE KOODAWHATEI. '

Mup anrebpaunueckux uucen

JI1060e uncio, BEIpa)Kammeeca B KBaAPATHHIX PaAUKaiax, eCTh Ko-
PeHb HEKOTOPOr0o MHOIOYJIeHa ¢ IeJbIMH Koaddunuenramu. (JocrymHoe
IoKa3aTeJbCTBO 3Toro dakTa MoxxkHo Halitm B kHure [IIpa], c. 166-177).
ITokasxem, HaIpuMep, KaK NOCTPOMTHh MHOTOYJIeH C IeJBIMH K0addumu-
eHTaMM, KODHEM KOTODOTO ABJIAETCH Yuclo V2 + V3.

HauHeM C Toro, 4To mpeACTABMM UHCI0 V2 + V3 kax KOpeHb ypasB-

HeHUA 4
-V2-V3=o0.
CHavasia 136aBIMCS OT pagHKaia V3 » AJIA 3TOTO U30JIPYyeM ero B IpaBoki
YacTH: .
-V2= V3.

BosseseM 00e 4aCTH 3Toro paBeHCTBA B YeTBePTYIO CTENeHb:
‘—42°VZ2+122% - 8zV2+4=3.

Tenepr 0CTaJOCh MPUBECTH MOAOGHBIe YjeHH M H30JHPOBATH B IpAaBoii
4acTH cJaraeMble ¢ OGIIMM MHOXKHTeJeM V/2:

zt+1222+1 = \/5(43:34-89:).
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Eme pa3s Bo3BoaAuM 06e 4aCTH 3TOr0 PABEHCTBA B KBajpaT U IPYIIIUpYeM
cnaraemble. OKOHYATEJIBHO MOJIyIaeM OTBET:

z8 — 82% + 182* - 10422 +1 =0.

Croco6 «u3onAnmuu» B NpaBoil YaCTHU PABEHCTBA paguKasa, NOAJe-
JKAMIEro «yYHHUUYTOXKEHUIO», MMeeT o0Imii xapakTep. Ecau pasiandHeix
PaAMKAaJIOB MHOTO — C HHMH pacupaBJAIOTCA NMooAMHOYKe. B ciyuae,
eCJH pajMKajibl BCTPedYaloTCA B 3HaMeHaTele ApoGH, IpeABapUTEIBbHO
n36aBJIAIOTCA OT MPPAIVIOHAJBHOCTH B 3HaMEHaTeJIe.

Yucaa, ABAAOMNECA KODHAMU MHOIOYJEHOB C NEJBIMH Koabdu-
OUeHTaMH, NPUHATO HA3BIBATH aazefpauveckumu. Bce apyrue umcrna
Jleonapn Oitnep B 1775 roay mpeasio’KmJy Ha3LIBATH MpaHcyeHdenm-
noutmu (oT matuHCKoOro transcendens (transcendentis) — BeIXoasmmii
3a npexekl).

Takum o6pasoM, MUp HUPKYJIA ¥ JUHEHKH BHICTYNAeT YacThio GoJee
OGLIMPHOTO MUpa ajJrefpanvecKUX 4uces: ecJV OTPE3OK IIOCTPOEH C Io-
MOIIBIO IHUPKYJIA U JIVHEHKH ICXOAA U3 3aJaHHOr0 eAMHUYHOr0 OTpe3Ka,
TO €ro AJUHA BHIPaXKaeTCA B KBAJPATHHIX PafviKajax U, CJEeAOBATeJILHO,
3aBeIOMO ABJIAETCA aJre6payeCKUM 4uCJIOM.

Yucno e

I-i uzpox: Kax mpydno npudymamsv Karoe-Hu-
6ydv HoBoe wucao!

II- uzpox: Hy umo evt, HoBble wucaa caedyom
cpa3sy e 8caed 3a cmapoimu!

Brnagumup Kaszakos. JKuaus nposs

JanbHeiilllee MOCTHXKEHNE YNUCIA T CTAJO BO3MOXHEIM Ojarogaps
ero HEOKHTAHHOMY <«COIOSHMKY» -— YHCHAYy e. 9TO UNCIO BHpAaKaeT
coGoii npeges, K KOTOPOMY CKOJIb YrogHO 0JIM3K0 MPUGINIKAIOTCA YJIEHEI
nocJes0BaTeIbHOCTH

1\! 1\?2 1\3 1\"
1+=),(1+=), (1+=),..., (1+=),...
(1) (1#3)» (1#5) e (1+3)

TIPU HEeOrPaHUYEHHOM BO3PaCTaHUU HaTYpaJbHOro 7. ITo uucio B 1736 r.
BBeJI U NpeAJoxkus o603HavaTh GyKBoii e JleoHaps dityep.
@_.> Tax 2Ke, KaK X YHUCJIO T, YUCJIO € MPPAIMOHAILHO, OHO
BHIpa)kaeTcA OeCKOHEUYHOI HeNepHuOANUYECKOil AeCATHUYHOI Apo-
6p10. C moMoOmbI0 BHEIYMCIHMTEJLHEIX MAIIMH CEerofHA HaiifeHo 06oJiee
MIJUTHOHA nudp umucia e. BoT mepBble 3HAKM ero AeCATHYHON APOOH:
e=2,718281828459045...(ya0o6HOe mpaBWIO AJNA 3aNOMMHAHUA: 2 K 7,
a nanee — nBaxc bl rof poxaenuda Jibsa Hukonaesnua Tosctoro 1828).
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Yucno e 3amMeyaTeJbHO BO MHOTHX OTHOLIEeHMAX. Il Hero cymie-
CTBYIOT KpacHBhble Pa3jIoxKeHHusd, YKasaHHble DiiepoM B BHAe pAza:
1 1 1 1

1 4
=l+=+—+—+—=+...+—+... =1-2-3-4-...-n),
e tataty o (Baece nl=1-2-3-4 n)

B BHJe LeNHOoH Apobu:

1
1
2
3
4

5+...

OyHKOUA €° egUHCTBEHHAA Cpefy BCeX «IIKOJBHBIX» (DYHKI{Mif
(3a HCKIIOYEeHHEM, KOHEYHO, PYHKIIUH, TOXKAECTBEHHO paBHON HyII0 —
HO CTOHT JIX ee NMPUHHUMATh B pacyer?), KOTOpasd HMeeT IIPOM3BOLHYIO,
COBIAZAIOILYIO C Hell caMoii. '

Jitiepy mpUHAAJIEKUT U3YMUTEIbHAA MO KpacoTe ¢opMya, cobupa-
owas B ofuH «0yKeT» MpUMeyaTesbHbIe MaTeMaTHYeCKHe KOHCTAHTH 1,
T, enmi=+v-1:

@&

BerpeTuBieecs B 3Toi ¢opMyJte YUCHO © (MHUMAA e0uHUYA) — TIABHEIH
MePCOHAMX TEOPHUH KoMmnJaeKcHuix yucer. OHO oOmazaeT TeM 3aMeyaTeb-
HBIM CBOICTBOM, YTO i2=-1, H, CJIeA0BaTeJbHO, ABsieTcA ajaredpanye-
CKHM 4HCJIOM — KOpHeM MHorodusiesa > +1=0.

ToxnecTBo Jitnepa (1) Ovl10 onmybaukosasHo uMm B 1748 rogy. Heine
OHO BBICEYEHO HAJ ABEPHI0 MaTeMaTHYeCKOro OTAEJNEeHUA MapHKCKOro
JBopua OTKpHITHIA.

e=2+
: 1+

2+
3+
4+

e =-1 )

Maremartuueckuit akkoMnaHeMeHT

1 n
CymecrBoBaHue npeaena e = lim (1 + ;) NOKAa3bIBAaeTCA B CTAH-

N—00
JapTHOM Kypce MaTeMaTH4eCKOTo aHayumu3a (cM., HanpuMep, [®Pnx], T.1,
c.78-82), = - ‘ ‘
IIpuBeneM M3SI[HOE NOKA3aTeJbCTBO MPPAIMOHANLHOCTH YMCJA e, JAHHOE
JKanom Barucrom Hosepom Pypre (1768—1830) B 1815 roay.
JomycTnM, 4To 9mcno '
1 1

1 1
=1+t —t—F =t —+...
e=l+i+atatattat
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PaBHO HEKOTOPOH panMOHAJIbHO ApooH ‘—’. IlepeneceM B JIeBYIO YaCTh PaBEHCTBA
q

BCe YIeHBI pAaja A0 —! BKJIIOYHTEJbHO ¥ YMHOXXHM PaBeHCTBO Ha ¢ 1. Torpa B eBoit
q

YacCTH MOJNYYAeTCHA He PABHOE HYJNIO HeJoe MOJOXKUTENLHOe YUCIO, B IPaBoif xke
YacTH — AR
1 1

7+1 @ D+
KOTOprﬁ MeeT 3HaYyeHNe, MeHbIllee, YeM
1 + 1 + 1 +
g+1 @+ g+1y

cjaenoBaTeNIbHO, HEe MOXKEeT PaBHATHCA LIEJIOMY NOJOXHUTEJIbHOMY YHCTY.
,D;JUI pacyeTa TOYHBIX 3HAKOB YHMCJA € YAOOHO IOJb30BaThLCA PAKOM

cesy

cee

1
qa

0

> 1 87 1
' efa“"z_o:(n+1xn+2)(n+2)x 32 £st (n+d)n + 5)(n + 5)”

YacTUYHBIE CYMMBI KOTOPOrO CXOAATCHA K € HAMHOrO GhICTpee YACTHYHBIX CYMM
pana

1 1 1 1 1
R P e s U ek Copl.
Hitatata nl [Cop].
@zb ToxpecTso Diinepa e’ = -1 npeacTaBafeT coGOil YacTHBIN caygait

Gostee o6ieit dopmyns! Jitnepa
e®=cosz+isinz mpu zT=m.

ITo ananorum ¢ pagom Teitnopa Ans GyHKIMM € BelleCTBEHHOTO IEpEeMEHHO"
ro x Diinep paccMaTpHBaeT PAX AiA QYHKOUM e’ KOMIIJIEKCHOTO IepeMeHHOro % :

zZ za zd n

z
E=l+-+—+—+—+...+—+....
. 1 21 3 4 n!
IloacTaBass CIOfa BMECTO Z 3MaYeHUe iT, TAe T — BEIEeCTBEHHOe YHCIO0, ¥ YuU-
THIBaf, YTO NOCJEA0BATENbHBIMY CTENEHAMH ¢ ABAAOTCA Yucha i, —1, i, 1, noay-

yaeM:
e’ 1 zz+zq ze+ +il = z”+z5 z1+
= -——t———+... ile—-—+——-—+... ).
21 41 6! 3 5 7
BeipaxeHus, cTogiue B KPYrabix cKo6Kkax — 5To paasl Teitnopa Ana ¢gyHxouit
cosz msinz.

Ewe 3870410 10 CTaHOBJEHUA TEOPUH GYHKIMIA KOMILJIEKCHOTO IepeMeHHO-
ro, co3nannoil B XIX cTonernu B nmepsyo ouepeab Giaaromaps paéoram O. Komn
(1789-1857), I'. Pumana (1826—1866), K. Beitepmurpacca (1815-1897), Ditnep
BBOAMUT HOBBle MaTeMaTH4YeCKMe OGBEKTHI M ¢ JErKOCTHIO NMPOM3BONUT HaJ HU-
MH GopMaNbHBEIEe NPeoGpa3oBaHMs, 3aKOHHOCTL KOTOPHIX CO Beeil Hajexcaneit
CTPOrocThio Gbl1a 0GOCHOBaHA JUIID B AajJbHeHeM.
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T — YUCNO TpaHCUEHAEeHTHOoe

Juyo ™ 6vino cxpuumo mackoii. Bce nonumanu, xmo
copeamp ee, 0cMasULUC RPU IMOM 8 HUBLLX, He CMOdNcem
Hukmo. CK803b npope3u macku nPoH3umMenvHo, 6e3xca-

. . OCMHO, XONOOHO U 3a2a00¥HO cmompenu 2aa3a.

Beprpan Paccen (1872-1970).
: " ITurupyerca mno ['ap]

Mne ecmpawrno! IMu-nu-nu! — sanuwanr Mviwonor
u 10PKHYA nod KPLLALYO.

B. Cyrees. Ko ckasan may?

«He noboiocy, eii-6ozy ne noboiocv/» — ckKasan ow
u, 0Yepmuewu no-npexcremy OKONO cebA Kpyz, Ha¥an
npunoOMuramb 6ce C60U 3AKAUHAHUA.

H. B. I'oroas. Buit

B 1873 roay, OCHOBHIBaACh Ha CBOMCTBAX ONpeAeJIeHHHIX HHTErpa-
n0B, Gpannysckuit Maremarnk Illapas Opmur (1822-1943) mokasan
TPAHCIeHAEHTHOCTH YNCJAa €.’ YCHINB MeToA DPMUTA, HeMeKuil MaTeMa-
ruK PepanHang Jinaaeman (1852-1939) B 1882 roay aoxasay TeopeMy:

ITycts aq, a1,..., @n — He DaBHHEIe HYJIO anrebpaHyecKue 4McCiIa,
Aoy ALy eves An — nonapno paanmmue anre6panueckne umcaa. Toraa
paBeHCTBO age™ + aje™ + axe’® + ... + a,e™ = 0 HeBO3MOKHO.

C Aoka3aTejILCTBOM YaCTHOTO CJIyuas TeopeMsl JIungeMaHa, KOTOpoe,
BMeCTe C TeM, 3aKjiiouaer B cefe H JOKA3aTENBCTBO TPAHCIEHAEHTHOCTH
uucha T, MOMKHO IIO3HAKOMUThCA 1o KHure [Kie].

U3 teopems! Jlunaemana ciegyer, 4ro paseHCTBO 1 + e = 0 He-
BOBMOXKHO, ecIH A — airebGpandeckoe uucao. Ho B Takom ciyuae He-
BO3MOJKHO M paBeHCTBO 1 + e" = 0, ecim iT— anreGpanmueckoe YHCJIO.
Iponssefenue aare6pandecKnx YMCeN BCETAa ABAAETCH anre6panqecme
YHCIIOM (3TOT paKT JOKA3BIBAETCA B Kypcax BhIcIIel aareGpul — CM., Ha-
npumep, [Kyp], c.350-364) Ecau 651 4nca0 7 GHUIO aareGpandecKmM,
TO 4 €ro nponanenenue Ha anreGpanyecKoe JuCII0 i Takoxe GbL0 GBI aJire-
GpamuecKuM, HO 'rorna Pe3yJIbTaT TEeOPEMEI . JInngeMaHa MPOTUBOPEY M OB
ToxaecTBy Jitnepa €' = -1,

CrnemoBaTeNbHO, YUCIO T 'rpancn;en,qen'mo, M, KaK CJeACTBHe, MOJy-
yaeM: 3afaya KBaApaTypHl KPyra B ee KJAcCHYECKOH IOCTAHOBKE aepaa-
penrama.

B naMaTh 06 OTKPHITHH CBOiCTBA TPAHCHEHAGHTHOCTH YUCHA T 6100'1‘
®Pepannanga JlunaemMana ycTaHOBJeH B 3aje MIOHXEHCKOTO YHUBEDCHUTE-
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Ta. Ilox ero mmMeneM HauepTaH Kpyr, IepPeceYEeHHBIl KBafpaToM DPaBHOM
IJI0IaAHN, BHYTPH KOTOPOro u3obpakeHa OykBa 7.

§ 12. HoBas 3pa: Ha apeHy copeBHOBaHHH
BbIXOAAT KOMMbIOTEpPbI

Mnaxka pPeKopAoB B3MblBaeT BBbICb

IIpo ymo mur xouveww? ITpo drunnoe w2 Tax
A mebe maxoe ™ nodapio, LMo ¢ HuM MbL MONCEULL
denamp 6ce, wmo xoveusb,

Cepreit BoGpoB. BoameOHbii ABypOr

Bneuaraalonue pesyastaThl Yunbsama Illenkca BosriaaBiaaau Tabiau-
1y peKopaoB BIUIOTh 10 cepenurbl XX Bexa. Brruucaenusre Illerkcom
707 necATUYHBIX 3HAKOB YHCJIA T CTAIN KPaCOBAaThCA Ha CTDAHMIIAX HAy4-
HO-TIOMYJAPHBIX H3mKaHuN. ADXHTEeKTopaM IMOHPAaBHMJIOCh YKpallaTh UMU
cBou coopykeHuda. menno atu 707 nudp OblIu pasmelieHHl B BUje T'i-
TICOBOTO (hpM3a Mo MOTOJIKOM «IU(PUPHOI NasaTel» B JloMe 3aHUMATEJb-
Holt Hayku Ha ®oHTaHKe (JIeHMHrpazx), OPraHN30BaHHOM 10 HHHUIIHATHBE
AxoBa NcupopoBuua Ilepensmana B 1934 roay. 3tumu ke 707 nudpamu
Yuaeam Tosern B 1937 roay yKpacHy KyIloJ LMKJIHYECKON rajepeu
napukckoro J[Bopna OTkprITHIL.

JBaguaThlii BeK BOIIeJ B HCTOPHUIO YeJIOBEYECKOH IMBHIM3AIUH
He TOJIBKO CBOMMH pa3pyIIHTENbHBIMH BoiHamu. OH O3HAMEHOBAJICH
3HATMTETLHBIMH JOCTHIKEHHAMM 4YelNoBeYeCKOTO AyXa, B YaCTHOCTH,
KOMIIBIOTEDHOii peBoJIOLMel. YKke NepBHle MMPOBEPKH Ha ITOABUBIIMX-
ca B 1945 roay 3J1eKTPOHHO-BBIYHUCIMUTEJIBHBIX MalIMHAX ITOKA3ajlH, YTO
Vunwam Illenxc B cBOUX pacueTax omubesa, HayuHaA ¢ 528 sHaKa, TaK 4TO
Bech ITOCJIeYIOIHNiA «XBoCcT» 13 180 3HaKOB OKa3aJCA HeBePHBIM. ITO fa-
Jo nmoBog KaHanckoMmy mateMaTury I'. Kokcerepy (1907-2003) ¢ ropeusnio
KoHcTaTHpoBaTh: HesnnsAa Ge3 rpycTH AymaTb O TOM, UTO BHEIYHCJIEHHA,
Ha KoTophle GepHblil IlleHKC MOTPATHII 3HAYMTEIBHYIO YaCTh CBoell xu3s-
HU, coBpemeHHaA OBM moxxeT BocrponaBecTH (6e3 ero poKkoBoi onIuOKu)
BCETO 32 HECKOJBKO CEKYHJ IMPOCTO ANA «pasMUHKK» ([Boux], ¢.379).

C moABJNeHNeM KOMNBIOTEPOB Te€MIbI IIOTOHHM 32 TOYHBIMHM AeCATHY-
HBIMH 3HAKAMH YHCJIA T Pe3KO YCKOPMIIHCh.

B uione 1949 roga Ixon ¢por Heitman (1903-1957) u ero coTpya-
HUKY Bhruucanayu 2037 3HaKOB Ha OAHOH U3 NIEPBBIX BBHIYMCHAHTEIBHEIX
mamud ENIAC. PyGex B 10 000 sHakos Owin gocTurHyT B 1958 roay
D, Heniou ¢ nomompbio komnesiorepa IBM 704. CTo TeICAY 3HAKOB T BHI-
yucauau B 1961 roay Mauwnau lllenkc (ogHodpammien ¥Yuabama lllenkca)
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u Jxon Penu ¢ momompbio KommbioTepa IBM 7090. B 1973 roay Hau
I'nity 1 M. Byiie npeogonean ormerky B 1 000 000 3naxoB, 4TO 3aHAJO
MeHbIlIe OJHOro0 AHA paGoTs KoMnbiorepa CDC-7600.

Kazanocy, 6bl, 3pa KOMIBIOTEPOB OKOHYATEJBHO M 0e3BO3BPaTHO
yCTPaHHJIA 4YeIOBeKa C apeHbl copeBHOBaHMIi. JIaBphel moGexuTteseii-pe-
KOPACMEHOB CTaJX JEJUTh MeXAY co00il poGoThl. ¥ KOro TaKToBaf da-
cToTa mporueccopa GoJbine, TOT U MOGegHII.

Ho ne TyT-To OBLO! OKa3ajsoch, paHO CIUCHIBATL BUHOBHHKA Bceii
3TOi1 KyTepbMBI C BLIYUCIEHHAMH yucaa 7. OH cTaJl IpUAYMEIBATh He IIpo-
CTO CXeMBbl YMHOKE€HUA MHOTO3HAYHBIX YHUCEJI, & CXeMEI caepx Oblcmpozo
YMHOXKEHHUS, He IPOCTO aJTOPUTMEI BHIYUCJIEHUS YUCIA T, a C8epx Ip-
dexmuerbie aNTOPDUTMEL. ..

CxeMbl cBepx ObICTPOro YMHOXEHUS

Croco6 yMHOMXKEHUA «B CTOJOHK », KOTOPLIM MBI OGLIMHO ITOJIb3yeMCH,
C «TOYKH 3PEHHsI» COBPEMEHHOI0 KOMIIbIOTepa AOBOJILHO PAaCTOYHTEJIEeH.
Y7100B IIEPEMHOMXHUTH TAKUM CIIOCOGOM ABa HATYPAJBHBIX 7 -paspARXHBIX
4HCiIa, HYMXHO IPOM3BECTH N2 IOMapHBIX YMHOMEHHUIt nudp u eue He-
KOTOpOe KOJUYECTBO cloxeHUi. O6beM 3Toii BBIYUCIUTENbHONH pPaGoThI
MOXKHO CYLUECTBEHHO YMEHBIIUTH, €CJIH DAIMOHANBHO PaCIOPARUTHCH
IIPOMEXKYTOUHLIMHA BHIYUCIEHUAMH.

Ha ogHO M3 «panMoOHAIN3aTOPCKUX» YCOBEPIIEHCTBOBaHMI MOA0G-
HOrO0 poja OGpaTHJ BHMMAaHHE OTEeYeCTBEHHBIM MaTeMaTHK AHATONUH
Anexceesnu Kapamny6a B 1962 roxy (cm., mampumep, cratsio [BT]).
IIpeamonoxxum, KaXAblif M3 COMHOXHUTeneit £ m y umeer 2n nudp.
Paso6bem ux Ha 2 Giaoka mo n nudp:

z=10"z, +zo; y=10"y; + yo,
3mech Ty, Lo, Y1, Yo — N-3HAUHBIE YKCIA. BOCIIOIB30BABIINCE TOXKAECTBOM

(1 — 20)(Yo — Y1) = —T1Y1 — ToYo + T1Yo + ToYr,

MNpONU3BeJeHHEe TY MOMKHO 3allNCaTh TaK:
zy=(10"z1+20) (10"y; +30) = (10 +10") 213, +

+10" (z1 - 2o) (¥o— 1) + (10" + 1)zoyo.

Takum o6Gpa3om, 3afaua YMHOMEHHUA 2N—paspARHLIX 4YHCeJ cBeJach
K TPEM oIepanuaM AJs N — PaspAgHBIX yuceld 1Yy, (T3 — Zo)(Yo — ¥1)»
ToYo U ellle K oIepanusaM CJIOXKeHUd U caBura. Bmecto 4n° onepanuii mo-
PAa3pAAHOro YMHOMEHHA OGEIYHEIM criocoGoM 3zech TpeGyercs Bcero 3n’
omepanuii. Beiurpein, kasajsocs Obl, HeGOIHLION, HO Belb U BOSHUKIIIHE
37ieCchb 7 — 3HAYHbIE YUCJA TAKIKe MOXKHO IIePEMHOXKATh MOAOGHEIM 0Gpa-
30M, UX COCTaBHBIE YaCTH — TOXKe, U TakK jaJjee. IIo Mepe ynennqenna n
9KOHOMUS BBHIYHMCJIEHHI MOXKET OKa3aThCsA CYIeCTBEHHOI.
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CoBpeMeHHbIe aJIrOPUTMEI «CBepPXGHICTPOTO» YMHOMKEHUS HCIIOIB3Y-
10T enge GoJlee M3OLPEHHYIO TEXHUKY Bhluncaenuii. Hanpumep, aaropurm
Ilenxare—IlITpaccena (1971) yMHOMXeHHSA IeNBIX YHCEJ HCIOJB3YeT
VHTEPHNOJAMIO IOJMHOMOB 1 TaK HashiBaeMoe «OBICTPoe mpeoGpasoBa-
aue dypre» (cM., Hanpumep, [Axo], c. 304-310). O6beM BEMUCIEHUMH
10 3TOMY QJITOPUTMY ABYX HENBIX N — Pa3pAAHBIX YHUCe] MO c%annenmo

€ METOZOM YMHOMKEHHUS «B CTOJOUK» yMeHblIaeTcd B
logy n - log, logy n

pa3. Hanpumep, mOMCK NIpOMU3BeJEeHUS ABYX 216 _paspAHEIX COMHOMM-
TeNeit O 3TOMY AJIrOPUTMY yCKopsieTcs Gosnee deM B Thicauy pas (20)
10 CPABHEHUIO ¢ OGBIYHBIM CIOCOGOM YMHOMKEHUA,

JIOBOJILHO CYLIeCTBEHHAA SKOHOMHUSA AJISA 3JEKTPOHHBIX AOGHITYMKOB
TOYHEIX 3HAKOB YHCJa 7]

CeepxachhekTuBHbIM anroputm [xoHaTtaHa
u Murepa BopeeliHos

® udym, 2r udym, 3r udym.Cmaau
Yxe nonadamovca U30KIUHYL.

Kak Tpu BekTOpa ofAMH
JIeTEPMUHAHT B HyJb o6paTnau [Pus]

Kanaackue marematuxu [xonatan u IIutep BopBeituer B 1987 roxy
HAalLIH YAUBUTEJNBHBIN pax:

1 12 bl {(— 1)*(6n)![212175 710912v61 + 1 657 145277 365 +

3
(n)*(3n)! [5 280 (236 674 + 30303v/61)] "
+n(13 773 980 892 672v61) + 107 578 229 802 750] }

(n1)*(3n)! [5 280 (236 674 + 30 303vBT) | ™"*?

riren!l=1-2-3...-n; 0!=1.

IlocienoBaTENILHOCTE CTOAIUX IIOA 3HAKOM CYMMEI ClaraeMbIX MpH
n = 0,1, 2,...n06aBasseT 0OKONO 25 TOYHHIX HUGDD YNCIA T C K&KABIM
HOBBIM u4JieHOM. IlepBElif uieH (cooTBercTBylommit n = 0) maer umcio,
coBmajgaiomiee ¢ ™ B 24 KecATUYHBIX 3HaKax [Bop].

Ixonaran u IIurep BopBeiiHLI mpeIoKUIN TaKXKe aJIrOPUTM pac-
YyeTa JeCATHUYHEIX 3HAKOB YuCJa T, MMewmuii ¢hanTacTuyeckyo addex-
THBHOCTB: KaXKAbI# HOBHIi IIar BHIMOJHEHUSA 3TOr0 AJITOPUTMA YTOYHAET
KOJIMYeCTBO BEpHBIX HuGp B pasjoKeHHH 4YHCAA T Gojlee, YeM BUeTBe-
po! [Bop]. BoT 3ToT yAUBUTENBHEINA aIrOPUTM:

n=0
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Brauase moJIOKHM Yo = V2 - 1, ap =6 — 4\/5, a 3aTeM Kaxpmoe
HOBOE 3HaYeHUe Y, OyaeM HAXOAUTH, OTHPABJIAACH OT IPeABLIAYIIETO
3HaueHUd 1o dopmye:

_1-Vi-w
y'l+l 1 + {/l___ﬁ’

IToxoxuM o6pasoM GyaeM HAaXOZMTH YJEHHI MOCHef0BATENbLHOCTH dg, 41,
ag, ..., BRIYUCJIAA UX Mo dopMyJte:

n=0,1,2,...

ans1 = (1 + Yns1) an — 223900 (1 + Yor1 + 92400),

n=0,1,2,...

Oxaamnae’rca, II0 Mepe YBeJINUeHH s HOMEpAa 11ara 7 BeJIHN4YHHA — OYeHb
an
GEICTPO npu6numae'rca K m. Tak, yxe HNpH N = 4 KOJHUYECTBO BEPHBIX

3HAKOB paBHO 694.

ABTOpHI 3TOr0 MOPA3UTENLHOr0 AJITOPUTMA YTBEPIKAAIOT, UYTO Y -UCTO-
KOB HX OTKPHITHA JIeXKAJIH UJeH MeHHANILHOr0 MHAMICKOro MaTeMaTHKa
CpunuBassl Pamanypxana (1887-1920). (HJanbHeitmee oGcyxaeHne Te-
MbI cM. B § 33.)

leHnn PamanymkaHa

CpunauBaza PamanymxaH poguics B He-
Goratoit ceMpe GyxrajarTepa B MecCTeuke IJpox
Ha ore Uuanu. B oHoLIecTBEe, CAMOCTOATENb-
HO M3y4yasa MaTeMaTHUKY, PaMaHyaxaH HACTOJb-
KO YBJIEKCA COGCTBEHHEIMH U3BICKAHUAMH, 4TO
ABAXKIbl TPOBAJMNJICA Ha 3K3aMeHax B Map-
PacCKoM Kojilexxe. B mouckax 3apaGoTka oH
yerpomica Gyxraatepom B TpecT MazpaccKoro
nopTra. HensBecTHO, KaK cioxuiaach OBl najib-
Helimasa cyas6a PamanypxaHa, ecau 6ol Apy3ba
He YTOBOPHMJH €ro COOGIIMTH CBOM pe3yJbTa-
THI TpeM BHIAHBIM AHTJIMHACKUM MaTeMaTHKaM.
JBoe U3 HUX He COUJIN HYKHBIM OTBeYaTh Ha Ma-
TeMaTHYeCKHe (AaHTA3UH NAIEKOro MHAUMKCKO-
ro auneranra. IlepBoHavYaJLHOE HEZOBEPUYMBO-
CKeNTHYEeCKOoe OTHOLIEHHe Y TPeThero Marema-
Tuka, 'ordpu Xapoasaa Xapau (1877-1947),
CMEHHMJIOCh BOCXHIUEHHHIM INOTPACEHHEM, KO-
rga OH BMeECTe CO CBOMM KoJuleroil I»xoHoM
WUpensopom JIutasyaom (1885-1977) nonsrtan-
CA MPOBEPUTH HeCKOJBKO U3 120 dopmya, npu-
JIO}KEeHHLIX PaMaHyI:xaHOM K CBOeMY HHCBHMY.
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HBoe BHIZAIOIIMXCA CIENMAJNCTOB B MaTeMaTHYeCKOM aHajln3e M Te-
opuHM umcesJ OGHAPYKHMJIM IEJYI0 POCCHINb HEM3BECTHHIX MM KpacH-
BIX M ray6okmx ¢opmya. Ilo cmosam Xapau, 3TOT 3mM304 H TO,
YTO 3a HHM IIOCJIEOBAJIO, OBLIO €AMHCTBEHHHIM POMAHTHYECKHM CO-
6uITHEM B ero XU3HH. Xapau npuriaacun Pamanyxjnana B KeMGpuaik.
U xorma TOT cmycTa rox moaBmica Ha Oeperax TymanHoro AnbGuo-
Ha, OTKPBLJIACh HOBaA SpKafA CTPAHHUIA B TBOPYECTBE ABYX IPEKPACHBIX
MaTeMaTHKOB.

Ilo cBUaeTeJbCTBY WMIKOJBHBIX TOBapumeil, Pamanyaskan 3Hal
OrpoOMHOE YHCJI0O 3HAKOB B PA3JOXKEeHHAX e, T M APYrMX 4YucesJ B Ae-
cATAYHBIe Apo6u. Hrpaioyncs, OH CTPOMJI NPUOIMIKEeHNA )

19 - (92+192)5 63 (17+15\/§)
16 22/’ 25 \7+15V5

4ypesia T ¢ TOYHOCTBIO A0 3, 8, 9 3HaKOB mocse 3anaToil. C orpoMHBIMH
YypcjaMu oH obpamanca Ge3 NMOMOIM KakKoil GBI TO HH GbLJIO BHIYMCJIH-
TEeJBHON TEeXHWKHU. YAUBJIEHUA AOCTONHH, HAIIpHMep, BePeHHuusl nudp,
BBIIIEAIINE U3-II0J ero Jerkoili pyKu:

e"V16% — 262537 412 640 768 743,9999999999992 ... .

K unciam y Pamanymxana oTHoumeHHMe ObLIO IO ocoGeHHOMY Tpe-
nersoe. OnHa)kasl, HaBemaa PamaHymxana B OoabHHne, Xapaud co-
o0mma eMy, 4YTO ImpHMexajJ Ha TAKCH CO «CKYYHHIM» HOMepom 1729,
PamaHy )KaH DasBOJIHOBAJICA M OTBeTWJ: «XapaW, HY Kak e, Xap-
AM, 3TO K€ YMCJIO — HAHMEeHblleeé HATYPajJbHOe YHCJIO, HPeiCTaBH-
Moe B BHAe CYMMBI KyGOB ABYMS pasaHYHBIMH crocobamml». Brocien-
CTBHHM B CBOMX MeMyapax XapAHM ¢ HOCTAIbLIMYeCcKOH TeIIoToil oTMe-
YaeT, YTO «KaKJoe HATypaJlbHOe YMCJIO0 OhlJIO JHYHBIM aApyroM Pama-
HyI)KaHa».

PaMaHya)KaH mmeJ HENPOTOPEHHBIMHU IIYTAMH, IPOKJAaAbIBal CBOH,
opurnHagbuble MapmpyTel. Ilo ciaoBam mnpodeccopa C. I'. T'muauxu-
Ha ['mH], ero dopMynsl HeaB3A cnyTaTh ¢ GopMyJaMH APYrHX MaTe-
MAaTHKOB:

1\3 1-3\3 1-3-5\2 2
1-5-{=) +9-(—) -13. .=
(2) (2-4) 13 (2-4-6) T
1 5+4v5 V5+1 .
e 2 2
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1 1 1 1 1 em
1+—+ + + +...+ =/
1-3 1.3:5 1-3-57 1-3-5:7-9 1 1 2
/s
1+

1+

4

1+

1+...

IIpumeyaTessHO, YTO B nocjiefHed dbopmyse Hu GecKOHeYHBIN! paAx,
HM IenHas ApoOb B OTAEJLHOCTH He BBIDaXKAlOTCA yepe3 ymcja € U T,
a B CyMMe OHH RAlOT IIOPasUTeJbHYyI0 KoMOHHanuIo!

¥YausurensHo npo3peHne PamaHya:kaHa B oueHke ducyaa p(n) pasdu-
eHHl HATYpaJILHOTO YHMcjia 1 HAa HaTypajbHble cjaaraembre. Jlisa HeGosb-
X n 4Kcio p(n) HailTh HecJ0XKHO, Hanmpumep, p(4) = 5, Tak KaK

4=3+1=2+2=2+1+1=1+1+1+1,

Ilpu Gospmux n, coraacHo Tepeme Xapau-Pamanymxana, BeIudury p(n)
MOXKHO OLI€HUTH N0 NpuGIMKeHHoi dopmye:

pmym e |1 LS Vi) |

.4acTh 2,”\/'2_ \/é(n_ i) 2( 1 ) %

24 "2

9ra npubnmxeHHas ¢opMysa UMeeT MOPa3UTEJbHYI0 TOYHOCTh, HAIIDH-
mep, npu 7 = 200 oHa xaeT TouHbIA oTBer P(200) = 3 972 999 029 388.
BoT Kak aToT pakT npokommeHTHpOoBaJ npodeccop C. I'. Tunaukun [Tun):

«HaunGosee sarasouHa B ¢opmyse anda p(n) MajeHbKas ,,[omnpa-

BOYKa“ —-22- , npm{ymannaﬂ Pamanyaxanom. Huxkto —Hu Xapau,

HM gake caM PamaHya:xan —He cyMeJ 00bACHUTD, OTKY/Ja OHA B3SJIach»,
OanH 43 pe3yJbTaToB PaMaHyZKaHa B TEOPHM TaK Ha3bIBAEMBIX
MOBYAAPHLLX PYHKYUL CETOAHSA HCIIOIb3YeTCA B PEKOPAHO 6BICprIx an-
ropuTMax BEIYMCJIEHHS KECATHYHBIX 3HAKOB YHCJIA 7.
Tak, QyHKIIUA

@ m. 1+22\® /1+2%\® /1+2%\8
m = w . . .
y 1+ 1+23 \14gb
2 @
06.113}.'(&0’1‘ TeM 3ameqa're.ubm>m CBOHCTBOM qToO Bbxpamex-me —_——— ln —_

JP 4’

rae ky = 1/y (€7"V?), uMeeT MHOrO MEPBBIX AECATHYHBIX SHAKOB, 0OIIMX
C T, TpUYeM, HX YMCJIO TeM Gojble, 4eM GoJblle 3HAYEHHE p. Pama-
HyZ’KaH NopakaJjl CBOelf CIIOCOGHOCTBIO «yTajpIBaTh» 3Ha4YeHHA kp. Emy
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YAABAJIOCh COOPYKATh COBEPINEHHO (GaHTACTHUECKME KOHCTPYKIIMY BHAA:
kaio = (V2 - 1)%(2 - V3) (V7 - v6)* (8 - 3v7) (V10 - 3)% x
x (V15 - v14) (4 - V15)*(6 - v/35).

BupTyo3Ho mcmoan3ya cBoicTBa MOAYJAAPHLIX GyHKuMHE, Pamanymxan
IIOCTPOMJ MHOTO 3aMevdaTejJbHbIX PAROB AJA UMCIa T, HaIpUMep,

1 V8 i (4n)!(1 103 + 26 390n)
T 9801 & (n1)1396%n ’

IIo cnosam . Y. JIuTnsyna, oTkpHTHA PaMaHym:xaHa MOrIH GHITH
IIOJIyYeHbl JMIUb B pe3yabTaTe MCKJIIOYUTEIbHO GJIECTAINMX IIpo3pe-
Huii reEus. Bonee moapoGHEIe 06cy:xAeHNA pe3yasTaToB PaMaHyAxaHa
cm. B kHMrax [Xap), [Onz].

MpoponkeHue mapacdoHa

Jwdosux XV: Hlyasenv, Hazosume nopadxoestil
HOMeD MZHOBEHUA.

ITyaseav: Cup, 3mo He603MONCHO U3-3a N0200bL.
Jodosux XV: Kax?!

IITyaseaw: Yucao 60 6cio dauny sempa.

Bragumup Kasakos. Koposab-npaBHyk

VausnrenvHblili «MapadoH», HAYATHIM C BHIUMCJIEHMSA ApPXHMeIOM
TpexX TOYHBIX 3HAKOB YMCJA T, CEFOAHA TaK JKe AaJleK OT 3aBepLUeHMdd,
KaK ¥ Be THICAYM JIeT Has3afg.

IIo anropurmy JIxonarana u IIntepa BopseiiHos B auBape 1986 roga
Hesup X. Beitan monyuna 29 360 000 mecATHYHBIX 3HAKOB THaA Cylep-
koMnseiorepe Cray-2, a B 1987 roay fi. Kanaga m ero coTpymHMKM —
134 217000 3maxoB Ha cymepkommbiorepe NEC SX-2. Peayasrar Ha-
mux 3emaaxoB dasuga u I'peropn Yyanosckm u3 Koaymbuiickoro yHu-
Bepcutera B ropome Huwo-HMopke (CIIIA), surumcamsmux B 1989 roay
1011 196,691 3nak umcaa w, moman Raxxe B Kuury pexopaos I'muneca.
Jlna cBoMX pacueToB OHM MCIIOJB30BaJM cyneprkomuborep Cray-2 u ceTsb
koMnboTepoB IBM-3090. K oxTabpio 1995 roga corpyauukamu Toxuii-
ckoro yHumepcurera flcymacoit Kananoit m Iaiicyke Taxaxamu 6blio
BBIYMCJIEHO cBhlme 6 MuiaamapaoB uudp. Ouu ke B 1999 rogy Ha KOM-
nsiorepe HITACHI SR 8000 Buruucauan 206 158 430 000 nudp uucaa m
(cM., HanpumMmep, [PiR]).

Korga sTa xHura rorosuyacs K usganumo (2003 r.), Ha caitre «KnyGa
apy3seit IIn» www.astro.univie.ac.at/wasi/Pl/ nosasuiocs cooGuienue o
HeoNINAILHO YCTAaHOBJIEHHOM peKOpAe BHIUMCIeHMA uudp uucaa IIu
Hcymacoit Kanazmoit — 1242100 000 000 3uakxoB.
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MnhaHeta — komnbloTep

ITpownoe — @cezda c Hamu, cmoum moavKo no3éams,
a 6ydyuee e6ce omdarsemca u omoansemca.

Bragumup Kasakos. dKusHb npossr

B koHIIe mpomoro CToseTHd moceTUTENH calita www.cecm.sfu.ca/
projects/pihex BcTpeuanu o6bsABIEHAE, IPUTJIAIIAIOLIEE UX IPUHATD y4a-
cTHe B riobansaoM npoekTe “Pi-Hex”. JIo6oit :xutenp 3eMJaH, MOAKJIIO-
yuB CBOl KoMmbioTep K ceTH Internet, Mor cTaThb yYaCTHMKOM KOJ-
JIEKTMBHEBIX BBIYMCJIEHHI OTAENbHBIX LMGP ABOMYHOM 3alMcH YMCJIa 7.
KoopauHaTOpPOM 3TOro riio6ajbHOr0 NPOEeKTa BHICTYNHJI CTYAEeHT YHUBED-
cuteta Cumona Ppesepa (CIIIA) Konun IlepcuBan. B npoexrte npuHAI0O
yuactue okoso 2 000 zoGpoBoJbleB. Beruucaenns Ha KaXKJ0M OTAeJIbHOM
KOMIBbIOTepe B IJI0GaJbHOM CeTH IMIPOBOAUIIMCH B TAK Ha3BIBAEMOM «(OHO-
BOM» peXHMMe, KOrja y4aCTBYIOIIHMII B COBMECTHBIX PaGoTaX KOMIIBIOTED
He 3aHMMAJICA pellleHMeM KaKMX-TO CBOMX COOCTBEHHBIX 3asa4d. B ocHoBy
pac4YeTHOro aJropurMa GbUIH IOJI0XKeHEI GopMyJinl Pebpaiica Buanepaa.
OD O6neauHeHHada OOCIUMM IPOEKTOM KOMaHAA Hauweil mia-

HeTel B 1998 u 1999 rozax BeluMcauMJa HUGPBI, CTOALHE
Ha 5000000000000 1 Ha 40000 000000000 MecTax ZBOMYHOI ApO-
6u uncaa 7. IMu okasanuch nyau (ZaHHBIE caiiTa Www.geom.com).

OcTaHOBUTCA JIM KOrga-auGo yAMBHUTEIbHAA IOTOHA 34 HCYE3aouId-
MM B GeCKOHEYHOCTH 3HaKaMu uucjaa 7? — Ilo-BHAMMOMY, 3TOT BOIpPOC
MOXKHO IepedOpMYyJIMpOBATh TaK: MPEKPATHUT JH Korpa-aubo cBoe cyie-
CTBOBaHME YeJIoBeUeCKasaA MUBHIN3AUAT

Maremarvuyeckmi akkoMnaHeMeHT

B ocuoBy npoekra PiHex 6rinm monoxxeHr! pacueTHbre cooTHoureHus Pe-
6paitica Busurepaa (Fabrice Bellard, 1997). I1o3HaKOMMMCA C BBIBOAOM OAHOM
u3 GopMyJ, KOTOPHI NMOYyYUTENeH C TOYKH 3PeHUA HCIOJIL30BAHMA KOMILIEKC-
HHIx uncen [Bel]. )

PaccMOTpPHM KOMILJIEKCHOE YHCIO

z=gz+1iy, rae a:=1—;, y=—;,

@ — HeKOTOpHIil BellleCTBeHHbIi mapamerp, a > V2. AprymeHT ¢ 2TOrO WmcIa,
C OAHOI CTOPOHBI, paBeH MHMMOiIl yacTH ¢yHKuMH In z (3TO BUAHO M3 3aNMUCH
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uMCNA Z B IIOKA3ATENbHOI hopMe z = re'?); ¢ Apyrol CTOPOHEI, 110 OIIpeJeNeHHIO
y

OH pasBeH arctg —.
T

Hraxk, arctg% = Im (In z), oTkyZAa, Belpa)kaa T | Yy 4Yepe3 IapaMeTrp a,

noJyy4yaeM:
sretg —— = Im [~ 1n (1= 129)]
r =Im|~Iln{l1-——])]|.
ga—l a

TlockoabKy AN M060r0 KOMIJIEKCHOTO Ynca ¢ Takoro, uto [t| < 1, cipasegamso

pasJyoKeHune
oo t"
-1 -t = E :._.'
n (1-%) n

n=1

1+1¢
T0, NIostarasa ¢ = ———, OTCIOZa BHIBOJMM:
a

o L N2t o 20 2 )
el 1 ain+d 4n+1 4n+2 4n+3)°

n=0

3aech NCIONBL3OBAHMLI PE3YIBTATHI:

2i 26 - 1) 4 4G +1)

2 3 4 5

t° = ;-2-’ t® = o N t" = .—.a_4’ t = - po ,
8¢ 8(1—1) 16

6 7 8

t = _.a—s., t' - _.aT_’ t = 7.? HT. A

Ecan B popmyse (*) IONOKUTH @ = 2, TO MOMYYHM OLICTPO CXOAAILMitCA PALK

00
-1 [ 2 2 1
=3 T \am+i T m+2 " m+3)

Pacuerhl, aHaJOrMUHbIe NpPEALIAYINMM, AAIOT OBICTpee CXOAAIMMMCA pAX, IIO-
nyqyennstit B 1995 roay Hssmaom Beitnn, Ilerepom Bopseitnom u CaliMmonom
Ilnaydom [Bei]:

“_i 4 2 11 1)"
—\8n1+1 8n+4 8n+5 8n+6 167 °
n

deGpaitc Bunepa B [Bel] npusogur eme 6osee 6b1CTPO CXOaAMMECA PAL: .

1 X 1\ 5 8
w-_z(l) IS S
26 -y 2100 4n+1 4n+3 10n+1
n

28 22 22 1 )

“In+3 10n+5 10n+7 10n+9
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§ 13. HepewenHbie npobnembl

Cmaan cuumamb u cOunca Ha GeCKOHeYHOCMU.

Baagumup Kasakos. JXu3Hb npo3st

HopmanbHo nu uucno 7?2

C ToukM 3peHMA 34PABOr0 CMBICJIa YHMCJIO 7 BIOJHE HOPMAJBHO,
HAYEM He XYy:Ke APYrux umces (IpaBja, MMEIOTCA M IIATOJIOTHH TaKO-
ro BOCIPMATHA, HO 00 3TOM peub MOiifeTr B mocjeAHei riase). 3Aech
MEI [TOBHAKOMHMCA C ONpeAeseHNeM HOPMAaJLHOCTH YHMCja, KOTOpoe JAaji
dpannysckuii maremaruk 3. Bopeas B 1909 roay. I'py6o rosops, mosoxu-
TeJbHOE MeHbIllee eAUHHUIB! YKCI0 Ha3plBaeTCA HOPMAJIbLHLIM, €CJIM B €ro
ReCATUYHOMN 3ammcH Jjio6as KoMOGuHauus nudp BCTpeuaeTcsas OAUHAKOBO
yacTo. IJTO ompeieleHMe MOKHO PacCIpPOCTPaHMUTHL M Ha Apyrue, Heje-
CATHUYHBIE CHCTEMBI cuucieHuA. Bor Gosnee TounHoe onmpepenenue [Cre].
paccMOTPHUM NIOCJIeA0BATEILHOCTE AECATUYHEIX NUQP APoGHOI YacTH 4u-
cia

1,4,1,5,9,2,6,5,... 1)

SagaguMca Kakoid-HHGYAb ofHOM nmdpoii, HanmpuMep 9, ¥ MOACYHMTaEM
KOJINYeCTBO IOABJEHHI 3TOH LUGPH CPeAM NEepPBHIX 7 WIeHOB Iocje-
nosaresabHocTH (1). OGo3Hauum 3To konmuectBo ueped N(9,n). Ume-
em: N(9,1) = 0; N(9,2) =0; N(9,3) =0; N(9,4) =0; N(9,5) = 1;
N(9,6) =1 u . 1. Ecn B cpegnem cpeau 10 nudp nocregoBaTensHO-
cru (1) oxkaspiBaeTCs OfHA AeBATKA, TO NPM GOJBIIKX 3HAYEHHUAX T ecTe-

N9, n) 1
CTBEHHO OXKHMAATH NOABJIEHUA NPUGINIKEHHOr0 PaBeHCTBA ——— = E ,
uiam, 6ojiee TOUHO:
N(9, n) 1
lim — = — 2
n—oo n 10 @

Ecau 661 aHanornunoe (2) paBeHCTBO BHINOJHAJNOCH He TOJBKO AJISA
AEeBATKH, HO M JJaA Jo60i nudpu 0, 1, ..., 9, To B 3T0M ciayuae xpobGHaA
YacTh YMCJa T, N0 TepMuHojoruum 3. Bopensa, aBnasma 6wl coboif Bemre-
CTBEHHOE 4MCJIO0, C1a00 HOpMmanbHoe K ochosanuio 10. EcrectBenHo, uTo
YHCJIO T MOYKHO IIPEACTABUTH B CHCTEME CUMCIIEHUA ¢ APYTUM OCHOBAHM -
eM ¢ (HanpuMmep, B ABOMUYHOIt (¢ = 2) uiau B TpouyHoit (¢ = 3) cucreme).
Torga MOXKHO paccMaTpuBaTh HOBBIE IM@PPEI §B 3TOl HOBOM cucTeMe
M MCCJIENOBATH BHINOJHUMOCTL PaBeHCTBA

N@,n) 1
m —>2 —

n—oo n g
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ABJAIOIIETOCA aHaJIoroM paseHcTBa (2), saecs 0 < 8 < g. Ecam 6n1 BAPYT
OKas3aJIoCh, YTO AJA J060if cucTeMsl cunciaernd (a4 joboro g > 2) u gasa
moboit muppsr § B 3TOM cucTeMe MOCJIeAOBATENbHOCT: LMGp ApobGHOM
YacTH YMCJa T YAOBJETBOPAJA paBeHCTBY (3), TO B 3TOM caydae ApoGHAA
YACTh YNCJa T npeAcTaBaaia 6b1 co6oit crabo HopmanvHOe YUCHO.
Haxomen, YToGH BBeCTH NMOHATHE HOPMAJBLHOTO YMCJA, PACCMOTPUM
He OZMHOYHEIe IU(}PHI, &8 MPOU3BOJbHEIE KopTexu m3 nudp. Ilpexacra-
BHM, 4TO B k-MeCTHBIe caHM Aas GoGeaes (k— noGoe HaTypasbHOe YHMCJIO)
APYT 3a APYroM caaATCA npou3BoJbHEIE k nudp (61, b2, ..., 8;) g-muHO
CHCTEMBl CUMCJIeHUS, & 3aT€M 3TH CAaHM NPOHOCATCS BAOJL IIOCIEROBa-
TeJbHOCTH
Oy, A2, A3y .oy Opy ..y 4)

noayuyapmelica npu pasyioxeHHHN AeficTBUTeNbHOrO unciaa a; 0 < a <1
B OECKOHEYHYIO g-WYHYIO APO0HL

a a a a
a=—Z+ 22+ 2t
g g g9 g9
Ilycrs N(8, n)-uncyo coBnagenuit CKoOkM (8, bz, . . . , 6;) CPeAH NePBLIX N
cko6Gok nociaenosatensHocTH (4). Toraa, ecan

. N@6,n) 1
lim —— —
n—00 n g
TO YHMCJIO & Ha3hIBACTCA HOPMANLHLLM.

B macrosmee BpeMsa HeM3BEeCTHO Aaxke, ABJIAETCH JH APOOHAs 4acTh
yueiaa T ¢iaabo HoOpMaabHOM K ocHoBaHMIO 10 mam K Kakomy-amubGo Apy-
roMy ocHOBaHMIO. IHEIMH CJIOBAMH, HEHM3BECTHO, OAMHAKOBO JIA YacTO
BCTpeYaloTCA Bce HU@PPH! B 3anucu 7. MMeomueca B HacTosAmee BpeMa
JaHHbIe BHIYHUCJIUTEILHOTO 9KCNEPHMEHTa CBHETEIBCTBYIOT O TOM, YTO
cpean nepsuix 200 000 000 000 gecATHYHBIX 3HAKOB uncjaa 7 (He cuuras
1eJI0if YacTH) Bce IU@PEI BCTPEYAIOTCA NPUMMEPHO OAMHAKOBO:

mudpa CKOJBKO pa3 NnoABAAETCA

20000 030 841
19999914711
20 000013697
20000069 393
19999921 691
19999917053
19999881515
19999 967 594
20000291044
19999869 180 (zannsie [PiR]).

OO WO

Kak BupgHO M3 3TO# TAGAMIBI, AOJA MOABJEHMHA KaXIOM HECATHYHOH
nudps OPEMEPHO PaBHa OZHOM AecATOH (MOrpelIHOCTH TAKOTO NPHUGJIH-
sxeHusa He npesbimaer 0,0015 %).
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Jlro0onbITHLEIE CTATHCTHYECKHE NaHHBIE NPDUBOAATCA Ha caliTe
www.angio.net/pi/piquery. ABTop aroro caiira J[siiB AraepceH pa3paGo-
TaJl IporpaMMy mnoucka cpeau nepsbix 100 000 000 nudp uncaa 7 npo-
M3BOJIBHOr0 BBOAVIMOrO MOCETUTENeM caiiTa HaTypaJbpHOro yuciaa (u co-
00IIAIOLLYIO MOJb30BATENIO O Pe3yJIbTaTaX 3TOr0 MOMCKA):

KOJINYEeCTBO LUDD JI0JIS YCIIeINHBIX
NIOMCKOBOI0 UMCIa Pe3yJbTaTOB ITOMCKA
1-5 100 %

6 6au3ko K 100 %
7 99,995 %

8 63 %

9 9,5%
10 0,995 %
11 0,09995 %

IIpeanonoseHne 0 PABHOM «IIPEACTABUTENBCTBEe» IMGP B AeCATHY-
HOM PA3JIOKEHHH 7 ObLJO BHIABUHYTO YK€ IIpM BBIYMCJIEHMH NEPBBIX
coTeH ero 3HakoB B Havaje XIX Beka. AHrianiickoro maremaTnka e Mop-
rada (1806-1871) B cBoe BpeMsa OyeHb YAUBHUJA TOT GHaKT, uTo cpean 700
nudp AecATHYHOM ApoOM YMcia T, BLIYMCAEHHBIX Yuabamom Illenxcom,
mudpa 7 okasasacey Ha oco6oM mosoxkennu. Ecim mobaa apyras nudpa
BCTpeYajach NPUMEPHO OQUHAKOBO — OK0JIO 70 pas, To nudpa 7 — Bcero
53 pasa. «Ecam 6Bl Bce IMKJOMETPHUCTH! ¥ AIIOKAJHIICHUCTHI 00beANHMIIN
cBoi pa3yM, — nucai Ae Moprad, — M J0 Tex Nop, NOKA OHU He MPUAYT
K eAVHOMY MHEHMIO OTHOCHTEJLHO NPHYUH ITOro ABJEHHUS, HE meyara-
a1 GBI HM e AUHOM CTPOKH, TO OHM GBI 3aCJIYKMJIM NPU3HATEIBHOCTE BCEro
yesoBeuecTBa» (muTnpyerca no [I'ap], c. 426).

IIpuunHa 3TOroO ABJIEHUA, KAK MHI yKe 3HaeM, CKPHIBAE€TCA B HeBep-
HO BhIuKCJeHHBIX IlleHkcoM sHakax w, HauumHasa ¢ 528-ro. Ilociexy:o-
mee ycTpaHeHHNe 3ToH OmMOKN YCTPAHUJO U « IMCKPUMUHAIINIO» IMNGpHI
7 — Bce HejoCTAIOUINE CEMEPKH 3aHAJIM mogo6aolee UM PaBHONPABHOE
MecTo.

Bupouem, — mnogobariee au? — ITOT BOIPOC CErOAHSA OCTAETCH
OTKPBITHIM. '

«TOHKas CTpyKTypa» uicna o

Kaxue komGuHanmuu nudp BO3MOKHEI, a KaKNe HeBO3MOKHBI B Jlecs-
THYHOM pasJiokeHum umcia 7?7 J[o HefaBHero BpeMeHHU Ha 3TOT CYET He-
JNb3s GBLJIO CKa3aTh HNYero spasymureabHoro. Ho BoT 3a6pes3sxus nepsolit
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npocser. Pe3yJbTaT, 0 KOTOPOM MOiJeT peub HMKe, cooOIuI mpodec-
cop BocTouno-Nnnunoiicckoro yuusepcurera I'puropuii AsiekcaHapoBuy
lanbnepus. )

PaccmoTpuM moGele m mudp 4Yuciaa T, MAYLIHE MOAPAA, HaYMHASA
¢ camoro Havaja: 314.... Ascrpanuiickuii MaTeMaTuK Anbd BaH aep Ilo-
opTeH pokasan [Alf], uro cpa3y ke 3a 3TUMHU M MUbPaMH B LECATUIHOM
PasyIoKeHNH 4YHcJa T He MOXeT MATH Habop u3 Tm AeBATOK: 3a IMepBOH
nudpoit 3 He uzer 7 KeBATOK; 3a nuudpamu 31 He uayT 14 KEBATOK U TaK
Rajee.

I'puropuit Anexcanaposuu lajbnepuH BHIABHUraeT rUNoTe3y, 4YTO
cpasy e 3a M NepBLIMM UudpaMy Yucja T He MOKET MATH HaGop U3 m
IEeBATOK. JTa rumoTe3a BepHa mo KpaifHeil Mepe nia Tex uudp yucia m,
KOTOpHle B HACTOJIee BpeMs BHIYMCJIEHHl C MOMOIIBI0 KOMIIBIOTEPOB.
Bepna jau 3Ta rumore3a B o0IeM ciyyae — HEHM3BECTHO. «A aasblie
A He 3HAI0, I HUKTO He 3HaeT — yBhIl» — 3akmiouaeT I'puropuit Asex-
cauaposud. ([anpHeiilee o6cyxcenue TeMsl cM. B § 37, samavua 7; §44.)

PomaHTtHueckas runotesa

3naeme awbumyro uzpy GeckorevHocmu?
Mepyambv Ha pecruyax.

Bragumup Kasakos. O6beMnul

Mp&I ocTaeMca B HeBeIeHUH OTHOCHTEJILHO TOTr0, KaKue KOMOMHAIM KA
nudp MOTYT BCTPETUTHCA B AECATUYHOM PA3JIOKEHHHM uucjia 7. ITO He-
3HaHHUe JIeIKUT B OCHOBe cJeayromeil Kpacusoii runoress! ([T'ap], c.427).

3akogupyeM HMCHOJb3yeMble mpu HaGope aTod KHUrM TUmorpadckue
CUMBOJIB KoMOnHanuamMu uudp ot 0 xo 9. Hanpumep, KaxaoMy CUMBOIY
MOYKHO COITOCTABUTH YHUKAJBHBIN aecATHLM(GPOBHIA KOX, B KOTOPOM 3a-
AeiicTBoOBaHBI pasnuyHble nHGpsl, BcA KHUra Torxza NpeacTaBUTCH AJHUH-
HBIM IUGPOBEHIM KOAOM, B KOTOPOM OAWHAKOBBIE IMGPH MOI'YT CTOATH
He OoJee YeM Ha JBYX COCeJHHX MecTax (Ha rpaHMUAax KOAOB ABYX CO-
ceJHUX CHMMBOJIOB). OueBHHO, BCe HEIHE N3BeCTHBIE OrpaHUYEHNs, CBOM-
CTBEHHBIE «TOHKOIl CTPYKType» YucJja 7, npH 3ToM OyayT cobiroaeHb!.

T'umore3a cocTOMT B TOM, UTO rae-TO Ha «0ecKpallHMX mpocTopax»
JAEeCATUYHOTrO Pa3jIOKEHUSA YHNCIAa T MOXKET BCTPETHTHCH NOCTPOEHHBIN
HaMu Koj. fIcHO, 4TO BMeCTO AaHHOI (He OYeHb «TOJICTOM » ) KHMTH MOXHO
3aKOAVPOBATh M COJHUAHBIEe counmHeHus: pomaH JI. H. Toscroro «Boitna
U MUD», « BpUTaHCKYI0O DHIUKJIOMEANIO», U BOOOIe, KaK (aHTa3upyeT
Maprus I'apatep, «1:00y10 KHUrY, KOTOopas Oblia, OyaeT mau Moryaa GhITE
HamucaHa».

IloucTHHe, YNCJIO T — 3TO OTKPHITASL KHHMTA, KOTOpadA elle HUKeM
He NpOYMTaHa A0 KOHIA.



Fnhasa 2

HA NPOCTOPAX N'EOMETPUUN

Yva pyka amom xpyz poxoeoi pasopsem?
Kmo xoney u navano y kpyza nHaitdem?

Omap-Xaitam

§ 14. XXuretckasa ucropus

9Ty HCTOPHIO MHE paccKas3ajl 3HaKOMBIH,

«my a Kak-TO Ha PHIHKEe NMPHUJHYHBIe 000M, BBIOMpAaIO, H TYT BO3-
HUKaeT mepefio MHOH MY’KUYOK, XUTPHII Takoit. ,,Kynu, rosopur, atu
muKapHble o6ou. MeunreBo nmpogaM.“ A B pyKaxX AepXKUT TAKO# TOLIMiA-
TOLIUI PYJIOHYUK, HY, NajIKa, OQHUM CJIOBOM, U BCe.

— CKOJIBKO K€ B HeM ITOFOHHBIX MeTPOB? — TaK, Ha BCAKMIA ciyuaii,
CIpauIMBaIo,

— Kaxk cxkoapko? Bce gecats u 6yzaert!

— Jla Heyx-TO?

— MoKelp MIOBEepUTh MJIK NPOBEPHUTH.

Hy, npoBepuTs—aT0 mpocto. HTak, auaMeTp pPyJIoOHa IPHUMEPHO
6 caHTHMeTpPOB, a TOJIMHA ¢JIOoA GyMaru oxkoJyio 1 MuaInMerpa. 3HA4YHUT,
PYJIOH MOKHO NPEeACTABUTH B BH/l€ COBOKYITHOCTH IUJIUHAPHYECKHX CJI0EB
6ymaru ¢ paguycamu 1, 2,..., 30 muaaumerpos. OTciona oGmana AJTHHA
pynoHa 2m(1+2+ ...+ 30) = 27 - 31 : 15 MUAIUMETPOB, TO €CTh I'AE-TO
OKOJIO 3 MeTpOB. OmmM CJIOBOM, OOpesoK, a He HOPMaJbHBIHA pynon.
ITanka — OHa W eCTh MaJIKa.

@ Bor Tak unciao 7 yOeperysio MeHs OT ITOAJIOTA. »

Martemarnueckmi akkoMnaHeMeHT

Hpnnenemms B pAaccKase 3HaKOMOro OLIeHKa JJINWHEI 060eB HOCHT npu-

Gmxennnlit xapakrep. Bojee Tounas Mojenb pyJiona o6GoeB B Bmae n = o
UMIMHADHYECKHX cloeB Gymarn, rae D — auamerp pyJioHa, h — ToiamuHa ciosd,

1
¢ paguycaMu cioeB r; = h (i + 5) ,t=0,1,...,n— 1 fgaeT ClIeAyIOmMYIO OLIEHKY

ansa aaunsl | Gymaru B pyJioHe:
n-1 2

D
l=21rZr,—1rhn _”27{° . (*)
i=0
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9Ty e OUEHKY MOMHO NMOJYYUTH M3 Gonee NMPOCTHIX CooGpakeHHit, mpH-
2

paBHsAB 06beM GyMary B UMIMHAPUUYECKOM DYJIOHE wfrT (3mecr w — mMMpPUHA

pyJsioHa) o6beMy whl NIOCKOro NMPSIMOYrOJBHOTO TNapaisenenumesa, KOTOPHIM
MpeACTABJAsAET PAa3BEPHYTHIN NUCT PYJIOHA.

Jlr060mbITHO, YTO OUEHKA mo ¢opmyre mpu h =1 mm, D = 600 MM gaer
TaKoe ke NpUGAMKeHHOe 3HaAYeHHe ANUHbI 060€eB | X 3 M, KOTOpOE GBLIO MOTYYEeHO
3HAKOMBIM M3 Gosee rpy6bix coobparkeHu .

§ 15. Ko3a, 6auHbI M nnaHeTbl

C n06GonBITHOM! «TeOopHell roNoZHOM KO3EI» MOXHO IMO3HAKOMHTHCH
B crarbe [Kpy]. Kossl, 10 onpefeleHNI0 aBTOPOB 3TOM CTAThH, «IIPOXKOP-
JUBBLIE CO3JAHHUA, KOTOPHIE CHEJAIOT BCe, O YEro MOTYT AOTAHYTHCH».
Ecain NIpuBA3aTh K03y K KOJLIIIKY HA JIYTy, TO
oHAa 06'beCT BCIO TPAaBy BOKPYT 3TOT0 KOJIBIIIIKA
B Kpyre pagnyca R, rae R— AnuHA BEepPeBKH.
Ecan Xe BMeCTO KOJIBIIIKA HATAHYTb IIPOBO-
JIOKY, & Ha KOHII€ BEPEBKH CAeJIaTh NeTII0
Puc. 2.1 M HafleThb ee Ha NIPOBOJIOKY, TO Ko3a oGBecT
Y4acTOK Jyra, MOKa3aHHBIIA Ha puc. 2.1.
ILnomaas atoro yuacTka pasHa 7 RZ+2RL, rae L— AnuHa NpoBOAOKH.
Ecian 3aKpenuTh MPOBOJIOKY TaK, KaK IEIJIAIOT «YCHKH» TPOJLIEHGYCcoB
K 3JIEKTPUYECKNM IIPOBOAAM, ¥ MPOTAHYTh HANIPABAAIOIINA TPOBOJ BAOJIb
epuMeTPa MHOTOYTOJIbHUKA, TO KO03a OOGIUMILIET TPABKY B OKPECTHO-
CTH 3TOTO MHOrOYroJibHMKA. llAHMHA JNHHH,
orpaHMYMBaOIIeil ANNHY 3TOI OKPECTHOCTH
C HAPYKHOMK CTOPOHLI MHOT'OYTOJLHHMKA, paB-
Ha P+ 27 R, rae P—mnepuMerp MHOIOYroJjib-
mnka. Ilo aToit ke dopMyse paccuMThIBaeT-
cA ANMHA NPUBOAHOrO PeMHS, HACAXKEHHOTO +
HA cHCTeMy IIKHBOB paamyca R (pumc. 2.2).
B manHOM ciyuae nmepuMeTp P pasen cymMme Puc. 2.2
PACCTOAHUN MeXAY OCAMH IIKHBOB. o
B ofmeM ciayuae, eClim KaXAyi0 TOYKY
BBINYKJIOH 3aMKHYTOH JHHMHK ANUHE | cABH-
R HYTb HADYXY B NePHeHAMKYJAPHOM JHHHH
HanpasjeHHH Ha paccToaunue R (puc. 2.3), To
AnnHa L TONy4eHHOl JMHHM BBIYMCIAETCA
no dopMyie:
Puc.2.3 L=1+27R

("MMHMA HA3LIBAETCA BHINYKJON, €CAM OTPE30K, CoeAMHAIOIMIL 1oGhle ee
JBe TOYKH, IIOJHOCTHIO HAXOAUTCA BHYTPH QUIYPHI, OTPAHMYEHHON 3TOH
JINHMEH).

]
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Ilpeanono:xuM, BHINYKJaA ¢urypa nepuMerpa ! u njomazu S
CILJIOIIDb IIOKPHITA CBeTAIUMHUCA GaKTepUAMH, IpUYEM Kaxaasa 6axkTepus
ocpemjaeT Kpyr paauyca R. OcsemeHHas BceMH GaKTepHAMH NJIOm[aAb
BHIYHCAAETCA N0 popMyie: '

S+ Rl + 7R,

ITocTponm BceBO3MOXKHBIE IDaphl paguyca R c meHTpaMH BHYTPHM OIH-
caHHOM BrImme ¢urypbl. IloayunmTcas HEKOTOpPOEe TreOMeTpPHUYECKOe TeJo,
KOTOpOEe YCJOBHO MOYKXHO Ha3BaTh «GJuHOM». O0BeM «GiaMHA» BBIYMCIA-
ercs no popmyie:

TR 4

2RS + + §1rR‘°’.

B HekoTOpOit 3Be3gHOI cHCTeMe OOHApY)KEeHbl OAMHAKOBBIE IJIAHETHI—
mrapbl OZHOT'O M TOro e paamyca R. Ha kaxpmo# M3 3THX mnjaHer
OTMETHM MHOYKECTBO BCeX TOUYEK, M3 KOTOPHIX He BHAHA HU OXHA Apyras
mradera. CymMMa njomafeit oTMeYeHHBIX 4YacTeil paBHA 47 R? (To ecTh
paBHA ILUIOIAAX IOBEPXHOCTHM OAHOII niaaneTs!) [IIpa].

§ 16. Y3aKkoHeHHble HepaBeHCTBA

C yucIOM 7 CBA3aHO MHOXKECTBO 3aMEUYATENbHBIX IeOMETPUYECKHX
HepaBeHCTB. HamGosiee u3BecTHOe M3 HUX — TaK HasblBaeMoe u30nepu-
Mempuyeckoe Hepagerncmeo, CBA3BIBAIOIIEe ILIOMIAAL S M NEepUMeTp P
mo6oit nmockoit purypsi:

478 < p°, (4))

IpUYeM DaBEHCTBO JOCTHTAeTCS TOJNHLKO B TOM Caydae, eCM dHrypa—
kpyr. HHBIMU croBaMM, KPYr M3 Bcex GUryp ¢ 3afaHHBIM IIepPHMETPOM
uMeeT HanGosbmyio miaomanab. CrpaBeAauB ¥ NPOCTPAHCTBEHHBI aHAIOT
3TOr0 YTBEPKACHHUA: IIap U3 BCeX TeJ C 3aJaHHON MJIOMaABI0 IOBEPXHO-
cTu uMeeT HanGouabmmnii 06beM. COOTBETCTBEHHO, U3 BCEX TeJ 3aXaHHOTrO
o6beMa HAMMEHBIIYI0 IIOImAanb GOKOBOM MOBEPXHOCTH MMeeT Ioap. 9To
00BACHSET, B YaCTHOCTH, II0YeMY MEBLIbHEIE IIY3LIPH IPHOGPeTaoT GopMy
mapa, a KOIIKHK B XOJOAHYIO ITOTOAY MBITAIOTCA CBEPHYTHCA KIYGOUKOM.,

BoaMoxkHO, 3HaHHE HU30IE€PUMETPUUYECKOTO HEPaBEeHCTBA IIO3BOJHJIO
¢duuukmiickoit mapesHe J[MIZOHE JIOBKO DEeNINT: B CBOK IOJB3Y BaK-
HyI0 NPaKTHYeCKYIo 3axauy. Ilo mperanuio, cnacaschk OT mpecjefoBaHMit
Opata, JlufoHa oxasajach BO BJIAAEHHAX HYMUIHHCKOTO Kopoas fp6a.
Kapusiit fIp6 corsacuics eil BHIAEAUTH TAKOH KJIOYOK 3€MJIH, KOTOPbIi
«MOXKHO OKPYXHUTb Oblubelt mikypoii». Haxoaunsaa [{nxoHa n3roTosuia
u3 Oblubed MIKYphl AJIMHHBEI TOHKMII peMelIOK M OKPYXKHJa UM TEeppH-
TOPHIO OTPOMHBIX pa3mepos. Ilo nerenne, Ha 3TOM MecTe BOZHMK rOPOJ,
Kapdaren [Axe].
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Jna BBINYKJBIX ¢uryp HepaBeHCTBO (1) mosyyaeTcsa KaK YacTHBIHM
cayydail Gosee o6GmMuUX HepaBeHCTB, KokasdaHHBIX T.Bonnesenom ([Ix.],
c. 68):

PP — 478 > (p - 2n7)3,
P’ —4x8 > (27R-p)’,

3hech T— pajgdyc BIIMCAHHOTO B GUTYpPy Kpyra (To ecTb paguyc HanOoJIb-
IIero Kpyra, IOJHOCTBIO COAepIKAIerocsa B JaHHOI ¢urype), a R— paguyc
OIIMCAaHHOTO BOKPYT (UTypPHI Kpyra (TO eCTh pagnyc HaMMeHbIIero Kpyra,
3aKJIOYaOmero GuUrypy BHyTpu cebs).
HdunameTrpoM ¢buUrypsl Ha3sIiBaeTCA HamOoJbIIee U3 PACCTOIHUN MeXK-
Ry nByMA ee Toukamu. OKasplBaeTcA, NepUMeTp P M IIOMazs S Ipo-
HM3BOJBHON IUIOCKOH BEHIMYKJOH ¢Gurypsl amamerpa d yAOBJIETBOPAIOT
HepaBeHCTBaM:
2d < p £ 7d;
dz
0<S<nw -Z',
NpUYeM U3 BCeX- BBIMYKJBIX ¢uryp auamerpa d HauGOJALIIYIO IJIOMAAL
2
wd
—— HMeeT JUIIEL KPYr, HO HamGoJBIIUi mepuMeTrp md MOIYT HMeEThb

GecKOHeYHO MHOro pasHbIx ¢uryp. Ecam xe ¢purypa He 00s3aTesbHO
2

BBIIYKJIadA, TO mo-mpexkHeMy O < S < T—, OAHAKO B 3TOM cJyyae

iepuMeTp p GUrypsl yiKe MOXkKeT GBITH CKOJB yrogHo GoasmumM [fri).

HecMoTpsa Ha TO, YTO MHOTHMe I'eOMETPpMYECKHe HepaBeHCTBA AOIyC-
KAaloT NpocTy0 GOpMYyIHpPOBKY, ZOKA3aTEILCTBO UX TpebyeT He3aypAXHOM
n306peTaTeNbCKO# CHOPOBKH.

§ 17. «Mucc-nokpbiwka»

Mooxer GBITH, BaM yAACTCA CIIPABUTHCA C HepelIeHHOH npoGieMoii,
Koropyio chopmyaupoBan Aupu JleGer (1875-1941) B 1914 roxy.

HagoBeM yrugepcabroil nokpbiwtkoil TaKkyio GUTypy, KOTOPOH MO -
HO TIOKPBITH JII060e MHOXKECTBO TOYEK Ha IJIOCKOCTH, HUKaKUe aBe U3 KO-
TOPBIX He HAXOAATCA APYT OT Apyra Ha paccTosHuu, Goapmem 1. 3agaua
JleGera cocTOUT B TOM, 4TOOBI HAHTH ynnnepca.nmylo NOKPBLIMKY Hau-
MeHbIIe#l BO3MOXxKHOI IIomanu.

Kpyr amamerpa 1, BonpeKH Hameil MHTYMIIUM, He MOXKeT IIpeTeH-
JOBATH HA NMPH30BOE MECTO B 3TOM KOHKYpCe, IIOCKOJABKY He B COCTO-
AHAM NOKPBITH JaXKe NPABMJBHBLIA TPEYroNIbHMK C AJAMHON cTOpOHHI 1.
B 1920 rozy Benrepckuii maremarux Mosxed IMax (p. 1881) aokasai, uro
MHHHMAJbHAA INIOMaAb S yHMBEPCAJIbHOH NOKDPBIMIKHU, €CJIN TaKoBas
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) T V3 2 (3 - \/5)
CYIIEeCTBYeT, AOJIKHA JIeXKaTh B IIpefesax 3 + vy S —/mm=,
OZHAKO BBIAEIUTH OAHY MM HECKOJBKO GUIYD, KOTOPhIE TOJBKO U MOTYT
ABNATHCA UCKOMBIMHM «MHHMMAJIbHBIMU» IMOKPHIIIKAMU, HUKOMY A0 CHX
Top He yAajoCh.
®urypsl, yyacTsylomue B KOHKypce «Mucc-IIokpsilika», ciaexyo-
mme.

.
--v’""\'-.

.
P —— D
’

K

Puc.2.4 Pnc.2.5

durypa, «HaTAHyTad» HA NPABUJIBHBIA TPEYrOJbHUK C AJMHOM CTO-
poHEI 1 1 Kpyr guamMerpa 1 ¢ oGmuM HeETPOM (CM. puc. 2.4).

durypa, o6pasoBaHHas U3 NIPABUJIBHOIO LIECTHYTOJbHUKA JUaMeTpa
1 orceuenmeM ABYX YIVIOBBIX yacTell IO KacaTeJbHBIM K BIMCAHHOMY
kpyry ([IIxx], c. 86—88) (cm. puc. 2.5).

§ 18. Bouku, 6y6nuku u apyrue tena BpaiieHus

B 1615 rogy BHIILIA KHUTAa HEMEIKOTO MaTeMaTHKa M aCTPOHOMA
Horamra Kemmepa (1571-1630), crirpaBmas 3aMeTHYIO pOJbL B CTAaHO-
BieHUHN AnddepeHnuaNbHOr0O M WHTErpaJbHOro ucyucaesusa. Haswipa-
sack oHa «HoBas crepeoMeTpus BMHHEIX GoueK». 3amHTEpECOBABIINCH
TeM, KaK TOproBsell BUHOM u3MmepseTr o6beM O0OYKH, Ren.nep nposen
OoOLIMPHEIE MCCIEROBAHUA IO BHIYMCIIE-
HUI0 00beMoB Tes Bpamenusa. O pac-
cMorpen 92 pasNIMYHBIX TeJa, KOTOPLIM
TMPUAYMAaJ 3allOMHHAIOIIKECA Ha3BaHUA:
«JIAMOH», «fAGJIOKO», «PyLIa», «CAUBA», -
«aiiBa», «Typenkas yajma»,... Ilpu mox-
cuere.00beMa OH pa3duBaj TeJO0 Ha MHO- .
JKeCTBO 3jleMeHTapHBIX 4Yacreii. Tak, Top!
(MaTeMaTuyecKyio Moaeab 6y6auka) Kemn-
Jiep pa3buJi ero MEPUANOHAIBHBIMY Ceyer
HUAMHU Ha KpPYXKKH (puc. 2.6). Kaxawrir . Puc.2.6
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N3 KPYKKOB MOKeT OBIThb NPUGIMIKEH IMAMHAPOM — TOYHOCTH TAKOI'0
npuGIMIKeHUA TeM BhHILIe, YeM MEHbIe BHICOTA IMIUHAPOB. B mpexeine,
KOTAla KOJIMYECTBO KPYKKOB CTPEMHTCA K OecKoHeuHOCTH (M, 3HAYMT,
BBICOTA KQXKAOI0 3JIEMEHTAPHOTO IMUJMHAPA CTPEMUTCA K HYJIO), 00beM
TOpa coBmagaeT ¢ 06'beMOM LMJIMHAPA, ¥ KOTOPOTO ILIOLIaAb OCHOBAHMA
paBHA IUIOLUAAM KpPYyra $ B MEPHAMOHAJILHOM CEYEHHH, a BHICOTA PaBHA
OJINHE OKPYKHOCTH, KOTOPYIO OIIMCHLIBAET I[EHTD 3TOTO CEYEHUSA IPH ero
BpallléHNs BOKPYT OCH Topa (cM. puc. 2.6):

V =27R-s.

Ecau pagnyc BpaIamIerocs Kkpyra pases r, ro V = 2n%Rr2.

B 1635-1641 rogax Brimes Tpakrar «O IleHTpe TAMXKECTHU» IIBeii-
napckoro maremaruka Ilayna I'onsaena (1577-1643). Bo Bropoit kHure
3roro TpakTata I'IoNbaeH U3JI0XKU CIAeYIOe TeOPEMEL.

Teopema nepsas lNonbvaeHa. ITaowade S nogepxrHocmu meaa, o6pa-
308AHHO020 8PALCHUEM NAOCKOL JUHUL (3aMKHYMOIL UAL He3aMKHY-
moil) 8okpyz ocu, Aexaweil 8 NAOCKOCMU 3MOil NUHUU U He nepe-
cexaoweil ee, pagen npousgedenuiro drunvt L apawanoweiica aunuu
Ha ORuUHY OKpYMHOCMU, Paduyc T KOMOPOi DPagen DAacCcmMoOAHUIO
om ocu 8pawjenus 00 yewmpa Macc, PaGHOMEPHO pacnpedeleHHblx
8001 amol tunUY:
S=L-2xr

Teopema Btopas lonbgeHa. O6zem V mena, ob6pasoeanrozo epa-

ujeHuem naockoil puzypvl 80KpYy2 ocu, Aexcaueil 8 NAOCKOCMU Imoil

duzypet u He nepecexaloweil ee, pager npousgederuro naowadu S du-
2ypbt HA OLURY OKPYHCHOCMU, paduyc T KOmMopoll pager PaccmoAHU0
om ocu épawjeHus 00 yewmpa Macc, paGHOMEPHO pacnpedeseHHbLX
no guzype:

V=25 2rr.

Bo MHOrmMx mpocredmux CJIydyadax HEeHTDP MacC JMHUN MJIN GHUTYDH
ompeAesIUTh HeCN0kKHO, I[eHTpOM Macc OTpe3Ka SBJIAETCA €r0 CepefuHA.
Ilomewas B cepeaviHe KaXXAOro 3BeHA JIOMAHOM JIMHUM Maccy, YUCJIEHHO
PaBHYIO AJINHE 3TOTO 3BE€HA, MOXKHO ONpeAeJUTh IEHTP MacC JIOMaHOM
JIMHUH (B YaCTHOCTH, KOHTYpPa MHOTOYIOJIbHMKA). IIeHTp Macc OKPY’KHO-
CTH HAXOAHUTCA B ee FeOMETPUYECKOM IeHTpe. I[eHTp Macc IeHTpaJbHO-
CMMMETPHYHOM IJIOCKON (UTypHI: Kpyra, NPaBHJIBLHOIO MHOTOYTOJBHU-
Ka, mapajjleJIorpaMMa—HaXOJUTCA B ee IleHTpe cuMMerpun. LlenTp Mace
TPeyroJbHUKA COBIIANAeT C TOYKOI mepeceueHus ero Meauad. Ilocneguumit
daKT no3BoJgeT HAXOAUTH IEHTP MACC IPOU3BOJBLHOTO MHOTOYTOJIBHUKA,
pa3buBasi ero Ha TPeYTrOJbHUKH.

3HaHue teopeM I'loJbJeHA MO3BOJIAET YHPOCTHTH pellieHHe MHOTHX
reoMeTprYecKMx 3ajay. XoTa B OPaKTHKe IIKOJHI MJIM dK3aMeHa MX
HMCIOJB30BaTh He NMPUHATO, OZHAKO 3TH TeOPEMBI MOTYT IMOMOYb OBICTPO
HalTH NpaBUJILHBIA oTBer [Omm].
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@ 1. Monssysace Bmopoi meopemoii lonvdena, Haiddume o6bemw cnedyro-
wux men:

a) kpyeoBoeo yunundpa paduyca R u Beicomer H;
O:D 6) KpyaoBo2o0 Konyca c paduycom octoBanus R u Beicomod H.
2. lonbaysce meopemamu lonsdena, Haiddume yeHmp macc:
a) nonyxpyea paduyca R;
6) nonyoxpyxrocmu paduyca R.

Maremaruueckui akkoMnaHeMeHT

1. a) Kpyrosoii uumaunap mnony-
yaercA BpaleHHeM OPSAMO-
yroasunka niomaau H R Bo-
KPyr OAHON M3 €ro CTOpPOH
(puc. 2.7). IleHTp TAkKECTH
OpAMOYroJbHHKA (TOYKa Ie-
peceueHns ero AuaroHaieif)
HAXOAMTCA HA PACCTOAHMH

2 oT ocu Bpamenud. ITo Bro-

poii reopeme I'ionbaena o06s-
eM OUINHADPA PaBeH

R
V=HR- o = ~RH.

6) Kpyrosoit konyc nonydyaercs
BpameHHeM NIPAMOYTONbLHO- Pnc. 2.7 Puc.2.8
ro Tpeyromsenka ABD so-
Kpyr Katera BD (puc. 2.8). golgxonmy AB = R; BD = H, To naomazs

'3TOr0 TPEyroJbHHMKA paBHA -5 Ileutp Macc Tpeyronbuuxa ABD ma-

xoAuTca B Touke M mnepeceuenus ero MepmadH. Eciu AC — Meamana,
M NLBD, 10

MN CM 1 R

aB " ac "y °mvAe MN=3.

RH i R RzH
2 3 3
TR?
2, a) Bpam;aa OOJNYKPYT nJaomanu —2— BOKPYr ero nxame'rpa, no.uyan

4
map oﬁ'bema §1rR3 ITo BTopoit Teopeme I'tonbAena aroT 06'5eM paBeH
2 . .
ru 27r, TAe r — DPacCTOAHME OT OCH BPAmeHMS KO LEHTPa MAacc Mmoiay-
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kpyra. M3 paBeHCTBa ABYX BbIpa)Ke€HMI AJaA

4R
o6beMa caegyer r = 3 IlenTp monykpyra

HAXOAUTCA HA €ro OCH CMMMeTPHUM Ha yjaie-
HUH T OT AuaMeTpa (puc. 2.9).

6) AHaJIOrMYyHO, OPHBJEKasaA OEPBYIO TeopeMy
T'onbaeHa, HAXOAUM, YTO LEHTP Macc HOJy-
OKPY’KHOCTH pacnonara%'ll'ga Ha ee OCH CUMMe-

TPUM HA YAAJIEeHUH T = — OT ee AuamMeTpa.

O HekoTophIX 06o6IIeHnAx Teopembl [ronbae- Puc.2.9
Ha MOXXHO IPOUMTATh B cTaThe [Box].

§ 19. Kak 3anyrarb uutatenss KypuHbIM AHLIOM

Tax moit omey, dexan JIemaes,
npomoneuUs: UKMezpan u3 nu,
836UXpUMCA U 83]lemum, pacmaas,
83nemas 8 20ayboli cmenu.

A.T.Posenbepr,
A.M. OPunkens,
3. C.IlanepHas.

Hapnag AbIGOM

OpUryHaJbHEIA CIIOCOG 3amyr¥BaHUA CBOMX YMUTaTeNel NMpUAyMau
B pejaknuy xypHaua «Hayka u xusHb». B fecsaToM HoMepe 3TOro »xKyp-
Hana 3a 1983 rog (c. 122-123) MoxHO yBUETh 3aMEeTKY, HAUMHAIOIYIOCA
CO «CTPALIUJIKHU»:

¢ B MACTEPCKOM
IPUPOJIEL IIPOCTO, KAK A0

9T He CTOJABL YK IpoO- 1. 14 211/2
CThl€ YPABHEHUA BBIBEJ aH- Y==b [— - (a:’ - - ]
IIUACKKH  MccllefOBaTENb 4 2

T. K. Kaprep. Ouu onu- 1 d 2
CBHIBAIOT BCEeM MH3BECTHYIO S= | xa¥+/1+ _Z .dX
M IPOCTYI0, Kas3ajoch ObI, dX
Belllb — KypHHOe SHI0. 0

Hasaiire, BCe ke, He Oy/ieM nyraTsCs, a MonbITaeMCs pa3o6paTsCA B 3TUX
yCTpamaimero Buja BRIKJIagKaX.

Kypunoe aiino — kjaaccuyeckuii o6pasuuk Teja BpameHus. Paccmo-
TPMM CHavuajla B JeKapTOBOH NPAMOYrOJBHOI cucTeMe KoopAaumHat Oy
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AyTYy MOJYOKpykHOCTH (puc. 2.10), 3agaHHOl ypaBHEHHEM:

4 2

Bpamasa orpaHuYeHHBI 3TOM AYroil NOAYKPYT BOKPyr ocu O, moay-

2
y= .1__(3_1) 0zl (1)

1
MM IIap pagmnyca E » HEHTP KOTOPOro pacmoJjaraerca B TO4YKe C KOOpamu-

1
Y HaTaMu (E’ 0 ) . 3aTeM cierka «IOAIOPTHM»

dyrknmio (1), BBogA B Hee HEKOTOPELIE BCIIO-

1 MoraTeJbHbIE€ KOHCTAHTHL b U p (370 OGHIYHBIA
2 pueM MaTeMaTH4YEeCKOro MOfeJMPOBAHUA):
0| | Le b 1 P 1\ 0<zK1 2
= - - - = T
Puc.2.10 y 4 z) ©@sz<sD) @
IlogOupass uymcjaoBhle 3HAYEHHA KOHC- y
TaHT b # P, MOXHO ROGUTBLCS TOro, YTOOBI
rpabuk byHKnUHM (2) HanoMuHA)X nOpodHUIBL
«moaysitna» — puc. 2.11. Bpamasa orpanmn-
YeHHYI0 UM 006JIacTh BOKPYT ocu O, IOJTyYUM —%
TeJIO BPalleHusi, HAIOMHUHAoLee Ao, + z
Bce, Ha 3TOM MOXHO OBLIO OBI M ocTa- OI 2-% 1
HoBUThCA. OnHako B 3aMeTKe «IIpocro, Kak
A0» IPHBENEH TaKXKe YCTPAIIAIOIIero BUAa Pue. 2.11

uHTerpan. OTKyzna OH B3sjacA?

B MareMaTHYeCKOM aHajJM3e ¢ MOMOLIBI0 MHTErpajioB BHIPAKAIOTCA
pasauYHbIe FeOMeTpUYeCKHe XapaKTePUCTHKH Tejla BpalleHus (BIpodeM,
¥ He TOJILKO — BpamieHMs): ero IIOLaAb nopepxHocTH U oonveM. Ilpen-
TOJIOYKHM, TeJIO BPAIIEHUA TOJYYEHO IOCPEeACTBOM BpaIeHHs KPHBOJIH-
HeifHOM TpaIlenMy, OrpaHMYEHHOH OChi0 OT, IPAMBIMA £ =a U T = b
u rpapukom byuknum y = f(z) > 0. Torga miowags S ero 60KOBOIM
TIOBEPXHOCTH BBIpaKaeTca GopmyJroi

b
S=2r / yV1+ (') de, © ()
a
a ero oobeM V — dopmyaoit:
b
V=r / v dz )
a

HoxaszarenscTBo 3TUX GOPMYJ MOXKHO HANUTH B JIOO0OM CTAHZADTHOM
Kypce MaTeMAaTHYeCKOro aHaam3a, a TaKKe B KHure: Paddees [. K.
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Huxyaun M.C. Coronoeckuit H.®P. IneMeHTH BhHICIIEl MaTeMaTHMKH
oas wkoaNbHUKOB. M.: Hayka, 1987. I'm. 6 (c. 219-275). ®opmyioii (4)
TI0JIL30BaJICA aHTIMIICKHIT uccaegoBaTens T. K. Kaprep ans onpegenenns
YMCJIOBEIX TapaMeTpoB b 1 p B MaTeMaTHueckoil Moaeny aitna. OH nsme-
psin 06beMbl GOIBIIOrO KOJIMYECTBA KYPHHBIX AN, OMyCKasd MX B BOAY.
3aTeM CpaBHMBaJ NOJyYeHHBIe SKCIIePMMEHTAJbHBIE 3HAYeHUA € 00B-
€MOM, BHIYMCJIEHHEIM 1o popmyute (4), crapasch mogo6paTh KOHCTAHTEHI b
H p TaKMM oGpa3oM, YTOGE! paccorjiacoBaHHe TEOPHHU C MPAKTHKOI GLIIO
MM HHMAJbHBIM,

§ 20. m B MHoromepum

Tem, KMo X0pOULO 3HAKOM C NAMBIM U3MEDEHUEM,
HUYez0 He cmoum pa3deunymb nomeusenue 0o xHeaa-
meavrbvix npedenos. Cxaxy Bam Oonvuie, yeaxnaeman
2ocnodca, o wepm 3naem Kaxux npedenoa!

Muxaua Byaraxkos. Macrep u Maprapura

...a maMm, 3a 02padoil, HAYURANOCH npocmpancmeo.
Bragumup Kasakos. Paas

B kHure «®jarnasausa» (ee Ha3BaHWE MPOMUCXOAMUT OT AHIVIMICKO-
ro caoBa flat — naockuil) aurnuiickoro mucarens XIX Beka 9pBHHA
9. 006oTTa OomMCcaHa CKa3oYHadA CTPaHAa, B KOTOPOI 00MTAIOT OAyIIEBJIEH-
Hble reoMeTpuyecKkre ¢urypsl. IloBecTrBoBaHMe B Heil BeZeTCA OT HMEHH
KBazpara, cuuramoulero cefs He MOCAeAHNM MaremaTHkom Piaarian-
aun. MbI y3HaeM, 4TO HENPaBUJIbHOCTH GUTYyPH B CO3HAHNH QIIaTiaHALA
accondupyerca C MOPaJbHON HEYHMCTONJOTHOCTHIO, TOMPaHHEM HpaB-
CTBEHHEIX YCTOEB M COBEPIIeHHEM YroJIOBHOrO npecrymiennsa. CroanamMu
u xpanunrenamu KoHcturynunm ®nartaasauu BeicTynanT OKpPYKHOCTH,
npupaBHUBaeMble K JKPelaM.

IIpeacraBbTe cebGe maymyenue Kmagpara, Korga poBHO B IOJHOYbB
31 mexaGpa 1999 roxa B ero xuaumre nossujiock Heuro, HanoMuHa-
10II[ee OXHOBPEMEHHO M «0Oronofo0Hy0» OKPYXKHOCTH M «Mep3eiflyo»
HenpaBUJbHYIO urypy. Coxpausas ¢opmy, Heuro Gblaio cnmocoGHO n3-
MeHATh cBoM paamepbl! Hesmaxkomen goGpocoBecTHO mpounTtan Ksaapa-
Ty NONYJSAPHYIO JIEKIMIO O TPEThbeM H3MEPEeHHH M NPOAEMOHCTPHPOBAJ
HECKOJIBKO reomerpuuecknx cdoxycoB. Ilocieauue, ogHaKo, BO3BIMENH
HeoXKMJaHHHH a¢pderT. C kpukamu: «Inynen! Besymen! HenpaBuasras
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¢urypal» Ksagpar nabpocniacs Ha nmponoseaHuka, u Coepe (a aro Gelaa
OHA) MPHIIJIOCHh CPOYHO PETHPOBaThCA N3 PraTiaaHIuu.

Hda, mopoil HeJerko GHIBAET NOCTHUYHL I'E€OMETPHI0 YMO3PHUTEJHHOro
Mupa. BMecre ¢ TeM, KOJNYeCTBEHHBIe XaPAKTEPUCTHKN MHOTOMEPHBIX
0G'BEKTOB, MOJIYYAIOIIUXCA B pe3yabTare 0600LeHNs ZBYMEePHBIX X TpeX-
MEpDHBIX AHAJIOrOB, JIETKO IOCTHUralTCA Hameil jgorukoit. Hanpmmep,
paccMaTpHBag YpaBHEHHe OKPYsKHOCTH Pasmyca T ¢ IIEHTPOM B Hayaje
CHCTEMBI KOOPAUHAT

22 +y? =12,
a 3aTeM aHAJOTMYHOe ypaBHeHHe ceprl B TPeXMepPHOM IPOCTPAHCTBE
22+ P+ 22 =12,
MeI 6e3 TPyZAa MOXKeM HamuCATh BHIDAYKEHUE
2+ + 22 +d? =

u OOBABHUTH ero ypaBHEHHEM HEKOTOpOil zunepcgepv. (OT rpedyecKoro
UTEP — NOSblULeHUe, YPe3MEePHOCTb) B YeTHIPEXMEPHOM NIPOCTPAHCTBe.
Boaee Toro, Mel HanumeM

Bzl +al= (89)]
M CKa)KeM, 4YTO 3TO — ypaBHeHHe runepcdepsl paguyca r ¢ LeHTPOM B Ha-
yajie 7-MepHOii CHCTeMEBI KOOPAMHAT O T3 ... T, 7-MePHOTO MPOCTPAH-
crBa. Ilo aHAJOrMH ¢ TPEXMEpPHHIM IPOCTPAHCTBOM, WAPOM paguyca T
C IEHTPOM B HaYaJle CHCTEMEI KOODAMHAT B 7.-MePHOM IIPOCTPAHCTBE ABJIA-
eTcst MHOMKECTBO TO‘IeK c xoopnnna'ramn L1y Ty ... 5 Lyn), YIOBIETBOPA-
IOIMMU HEPABEHCTBY .'cl +mz +... +.'c,, < r°. Byayun nmocJenoBaTeJbHLIM,
MBI MOK€eM 00'bABUTH ABYMEPHLIM IIAPOM KPYT, 8 OZHOMEPHBIM —. OTpe-
30K AauHB 27, O6BbeMbl mapos V,(T) mo Mepe yBeJHYEHHs PA3MEPHOCTH
n=1,2,3,... ONNCHIBAIOTCA PAAOM

P ' L Vi) =2r;
Va(r) = 71’
Va( 2
3 1') 37”' ’
1
Vi) = =xrt :

Vs(r) = — 25
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u Boobmie V,(r) = w,r", rge w,— ob6meM miapa. eAMHUTIHOTO pajuyca
B N-MEpPHOM IIPOCTPAHCTBE; N > 2:

2§w§
2:4:6-...-(n-2)-n

n+l -1
2 %

1-3-5-...-(n-2)-

Taxum o6pasoM, 06beM JI060TO N-MepPHOrO IIapa Npu N > 2 BHIpa-
JKaeTcs yepes YUCJIO T,

ITocneanoo GopMyJy MOKHO 3allMCATH MPOILE, NPHUBJEKAA TAK HA-
3LIBAEMYIO.

I'-byrkunno ditnepa:

NpH YETHOM 7;

Wy =

(2

IpH HEYEeTHOM 1.

n/2
Va(r) = n—r". . 3)
r(z+1)
2
Takasa 3amMeHa 0GOCHOBaHa CJleAyOLMMH cBoiicrBaMu ¢yrkumuu I'(z),

KOTOpEIE MEI 3/iech mpusefeM Ge3 gokasarenscrsa (cM. [Pux]). Iaa Bcex
BEeIIECTBEHHHIX T > 0 U HaTYpPaJbHEIX N COPABEAJUBH DABEHCTBA:

'l + z) = zl(x);
D(n) = (n - 1)};
N'z+n)=(@+n-1)(z+n-2)-... - (z+ 1)zI'(z).

‘Kpome Toro, I'(1) = 1; I‘(%) = /7.

I-dbynkuna dinepa o61aKaeT MHOTMMHU 3aMevaTeNLHEIMIA CBOMCTBA-
MM, B YACTHOCTH, OHA OmpeAesieHa He TOJBKO IJA LeNHX 3HAaYeHHi
aprymMeHnTa, HoO M AadA ApoOHEIX. IlocneaHee 06GCTOATENBCTBO IIO3BOJA-
eT ompefenuTb, HampuMmep, o6beM 7-MepHOro mapa mo dopmye (3),
TIOJI0)KMB B HEA n = T, ‘ ‘

TouHO TaK Ke, KAK M B 2-MEPHOM M 3-MEepHOM IIPOCTPAHCTBAaX,
YHUCJO T (PUrypHPYeT B BHIDAXKEHUM AJA IUIOLIAAU MOBEPXHOCTH Chephl
(runepcdepsl) B MHOrOMEPHOM HpocTpaHcTBe. PopMyNy JJIA ILIOINAAK
NOBEPXHOCTH TaKOil cepHl Jierue BCEero IMOJYYHUTH, oGpaTHB BHMMAHME
HAa CBA3b NM-MepHOro obobema mapa ¢ (n — 1)-MepHOI IJIOIIAABIO HO-
BePXHOCTH orpaHm4uBaomeii ero chepsl. B 3ToM HaM Xopomyo CJIyXK-
Oy cocaykaT Teja, HashkIBaeMble cumnJaexcamu (OT JATHHCKOro Bim-
plex — npocmoii). IlogEnMasack Bce BHIUE MO IIKajJe DasMepHOCTEi
npu n=1,2,3,..., MEH IOCJEZOBATEJbHO BCTPEUAEMCH CO CHEAYIOIXMU
CHMILIEKCAMH: OTPE30K, TPEYrOJbHUK, TeTPadap, ... KaykabIil HOBLIM cHUM-
ILIeKC 3TOro psAja NoJy4aeTca U3 NpeJbIAYIero CUMIIeKca Jo0aBIeHueM
OAHOM BepIUIMHEI, BLIGMPAEeMOii BHe ero «IoAnpocrpaHcrsas. Becmomunas
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’

1
BEIpAJKEHME IJIA IIJIOMAAU TPeyroJbHuHKa S = Eah, o0'beMa TeTpasgpa

1 . .
= gsh (3mech @ — pJIMHA OCHOBAHMSA TPEYroJbHUKA, i — COOTBETCTBY-

I0lIaA BHICOTA), MBI BIPaBe OXXHUAATE (M 3TO MOXKHO CTPOro 060CHOBATh —
cM., Hanpumep, [Poal]), uTo u B o6iiem carydae o6'beM . — MEPHOTO CHM-
mnexca V BelpakaeTcs Yepe3 o0beM ero (n — 1)-MepHOro ocHoBaHUS S

1
no ¢dopmyse V = —Sh. Tenepb, pa3duBas MOBEPXHOCTH (N — 1)-MepHOIt

chepbl Ha GoJbmuoe YUCIO (N — 1)-MEPHBIX CHMIJIEKCOB M COEAMHAS MX
BEPIIHHBI C IEHTPOM chephl, MBI TOJYYMM HEKOTOPOe NPNGIMKe e Iuapa
COBOKYITHOCTBIO 3JIeMEHTAPHBIX 7-MEePHHIX CHMILIEKCOB. T-MEPHBIA 00'b-
em mapa V,(r) nopu aTom GyaeT npuOGIMIKEHHO DaBeH CyMMe 7-MePHBIX
06'beMOB 3JIEMEHTAPHBEIX CHMILIEKCOB. IIpM HeorpaHMYeHHOM yBeJHde-
HHH KOJIMYECTBA 3JIEMEHTAPHLIX CHMILIEKCOB «IIOIIAAL MX OCHOBAHHUSM»
DOKpoeT miomanb cdepsl, BHICOTA KAMXKAOrO M3 HHUX OyAaeT CTPEMHTHCA
K pajuycy mapa 7, a UX CyMMapHEIl 06beM GyaeT CTPeMHTHECA K 06beMy

mapa. Torga V,, = . w17, TOE V, — 00BeM m-mepHOro mapa, Sp-; —
ILUIOWAb OrpaHMYMBaOUie ero mosepxHocTu. OTCIORA:

n -1
Sp-1= _Vn =nr" Wn,

rae w, — 06'beM n-MepHOro mapa eAMHUYHOrO pajuyca, onpeaeeHHbIH
B (2).

IIpuBenennsie GOPMYJIEI cnu,zxe'rensc'rnyro'r 0 TOM, UTO THMeEeT IIO-
CTOSIHHY10 ponucKy B Muoromepun!

B npocTpaHCTBa MHOI'MX M3MEPEHMH MEPEeHOCATCS PasJMYHbIE reo-
MeTpHYeCKHe CBOMCTBA, B YACTHOCTH, 3HAMEHUTOE M30IIEPUMETPHYECKOe
HepaBeHCTBO. Ecim GBI mapesHe JIMAoHe MPHMINJIOCH OrPAHMYHNTH KYCO-
YyeK n-MepHoro o6bema (n — 1)-MepHO# MOBEPXHOCTHIO 3aJaHHOM MJIoma-
JAH, TO HECOMHEHHO, YTO OHa mocTapajach Gbl BeIGpaTh cebe 7-MepHBIi
map. UmMenHo map n3 Bcex Tesl ¢ GMKCHPOBAHHOM MJIOMIAABIO TOBEPXHO-
¢t Sp—1 B N-MepHOM NPOCTPAHCTBe MMeeT MHHMMAJBHBIA 00beM. ITO
cJeayeT n3 0600UIEHHOr0 « M30MepMMeTPHYECKOro» HepaseHcTBa [Xan]:

Sn-1 > nup/" VI,

rae V, — o6sem 7-MepHOro TeJla, IPUYeM PaBEHCTBO AOCTUTAETCH TOJBKO
B TOM CJIy4ae, €CJIM 3TO TEJO — MIap.

MaremaTHyeckmMi akKoMnaHeMeHT

IlpusenenHad B mepBoit yacTH KHMrH dopmysa (2) NPpUHAAJNEHKUT HeMel-
KoMy maTeMaTHKy Kapay Iycrasy fIkoGu (1804-1851). agum KomMMeHTapuit
110 OBOAY BHIBOZAA 3TOM hopMmynl, cienys [Pos].
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dz HOna o6vema V,(r) n-mepHoOro ma-
pa pajuyca r CymecTByeT DPeKyppeHT-
Haf 3aBUCHMOCTD:

Va(r) = / Va-1 (\/ r2 - xz) dz,

-r
n=1,23,...,

cBA3BIBAIOIIAA 00beMbl IIAPOB B NPO-
CTPAHCTBAaX COCEAHMX pasMepHocTedl n
¥ n— 1. n-MepHHii map paguyca r
MOXHO NPEACTABUTH B BUJE COBOKYITHO-
cTH GOJIBIIOTO YMCJIA MUIMHAPUYECKHUX
«JI0JIeK» MaJIeHbKOM TOMMUHMI dT ¥ pa-
auyca Vr2 — 22 (cm. puc. 2.12). Cymma

Puc.2.12 06eMOB TaKMX «ROJeK» npu dr — O
KaK pa3 M JaeT MHTerpajg B NpaBoi ua-
cTH (*).
3uas Vi(r) = 2r, u3 (*) nocjaenosarenpHo BhruncageM Vy(r) = wr2, Vy(r) =
3
—7r® U T.A.
3

IlJUI NONYTHOTO BHIYMCIEHUA HHTErpajloB BMAA

/(\/ r2 —22)"Vdz, (n>1)

ZenaeM 3aMeHy I = r COS &, TOTAA

r r
/ (Vr2- :tz)”-l dz =2 / (Vri-22)""dz
-r 0

0
= -2r" / |sin a|"! sin a da = 2 - (-1)"r" / sin” ada = 2r"1,,

-x/2 -x/2
/2
rae I, = / sin” ada.
I/Ix-rrerpnpya nocjeaHee BhIpasKeHHe 1o YacTaAM, HaxoguM: I, = (n - 1)I;,_5 —
(n-1)I,, orkyaa I, = - I_s.
Tax kak I = %, I =1, T0
<3 . (2k-1) L
B =52 4 6 (2k 2)-2k 2’ k=12..) ()
Loss = 2-4- 6 .- (2k - 2)2k
#1135 (2k 1)-2k+1)
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ITonydennsie BHIpa’keHUS HeNOCPeACTBEHHO yqac'rsyxo-r B BeiBOZie GopmyuHl (2)
B OCHOBHOI{ 9acTH IJaBhl.
JI1060NBITHO, UTO C MX MOMOIIbLIO MOYKHO TaKKe BHIBECTHU U popmyay Barruca

T
(eM. raBy «B Mupe uqucens). HeitcTBUTENbHO, 3aMeTHM, 4TO npu 0 < ¢ < 2
cnpaBefJinBbl HePaBeHCTBA

. 2k . 2% 2
sin®* 'z > sin®* z > sin®** g,

H, cjienoBaTeJIbHO,

I I
Incr > I > Iy mmm 2225 225,
D 7 Igen

IoacraBnsas ciofa BEIpaXKeHUd (*+), Moaydyaem:
2k+1 1-3:3:5:5-...-(2k+1)2k+1) =w

2k 2.2.4-4-...-(2k)- (2k) ke
nepexoAs K npejenay npu k — 0o, 0TCIOAa BHIBoAUM (dopmyay Bamauca:
™ 2-2-4-4-...-(2k)-(2k)- ...

2713855 ..2k-1)-2k-1)-(2k+1)-...

§ 21. Ksappatrypa gokrtopa llapageka

Ecau ozpanuwumov #u3nb GOMAWHUM KDY-
20M, mo Keadpamypy Kpyza naiimu nempyano.

IIon-Ammap;o Hossrit Kosbsma pr'rxon

Ecau BHI He 3HaKOMH ¢ JoKTopoM IllapasekoM, To 1 C YAOBOJBCTBH-
€M ero npeAcTaBiio: «JlokTOp BceX MaTreMaTHYecKuX Hayks» CHIBBECTD
Illapagek, riaBHEIA Tepoil YBIEKATEIbHBIX 3aad M3BECTHOTO MOJbCKOTO
marematuKa I'yro IllreitHraysa (1929-1972) PasMpimias napy Mare-
MaTHYEeCKHMH Npo6JieMaMH KapTorpaduH, nox'rop Ilapanex npuaymai
caepyromyio sagauy ([Ire], c. 102):

IIpeacraBumM ceGe ocTpoB, Geperosad JUHuA KOTOPOro UMeeT GopmMy
naeaqpHOil OKpPYy:XHocTH. KaKk HauepTHTL KBagpaTHYIO KapTy TaKoro
ocrpoBa? OToGpaskeHne oCTPoBa AOJKHO OLITH TAKMM, 4ToOBI Geperosas
JIMHUA Nepexognja B KOHTYP KBajpaTa M Maciural TouHo coxpaHsaicd,
TO €CTh BCe YACTH OCTPOBa, MMEIOIIHNE OAMHAKOBYIO IIJIOIIAAb, AOJKHEI
TIEPeXOANTh B PABHOBEJIMKHE 00JaCTH Ha Kapre.

BoT Kak oH ee pemraer.
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c
/ B B

A
\0/ -
7
(0]
A
a) 6)
y (o
%(pr ............... .P
. x
0
r 4
6)
Pnc. 2.13

ITocTpoum oToGpaskeHne Kpyra Ha OMMCAHHBIM BOKPYr Hero KBajpar.
Cnocob6 Takoro oToGpakeHMs CTAaHET MOHATHHIM, €CJM MEI PACCMOTPHMM
oTo6paxxeHue ceKTopa OAB Ha TpeyronsHUK OAC (puc. 2.13). Touke P
CeKTOpa Kpyra ¢ IOJAPHBIMU KOOPAMHATAMH (T, ) COmMOCTABUM TOUKY P’
TPeyrojJbHUKAa ¢ KOOpAHHATAMM (T, ¥) TaK, YTOGH

4 T
T=17; =;gor, rae OS(psZ; 0<7r<R;
R — paauyc kpyra. IIpn TakoM oTo6GpasKeHHM BCe TOYKH ,uym
AB cexTopa C NOJSAPHHEIMM KoopAuHataMu (R, @) nepeiifyT B TOYKH

4 )
¢ IPAMOYTOJbHBIMHU KoopauHaTramu (R, ;qu). Taxum oGpasoM, gyra AB
nepexoaur B orpe3ok AC. HerpyaHo yGeaurncs, 4To aeMeHT S; CeKTOpa

P1EPp<Kpe; ST

orobpaskaerca B Tpamenuo Ss:

4 4
e Sy< 2T T Sz <1y (puc.2.14).
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Puc.2.14

OGo3HaYNB IJIOLIARM 3JIEMEHTA CEKTOpa M TpamelnH TaK 2Ke, KaK
u caMy GUrypsel, Haitiem:

1
S = 5(502 - 1) (7‘3 - 7‘%);

s _1[/4 4 + 4 4 ( )=
2—2 xsozrz x%"z ﬂ,‘»"z"l ﬂ,%"l T2 —T1
2
= ;(802 - 'Pl)("%_ - Tf)

Sl ™
Orcrozna 3. = 1 TO €CTh YKa3aHHOe OTOGpa’KeHne coxXxpaHAeT Mac-
2

mTadsl.
Caerka moampasmB oToOpaskeHme gokrTopa Illapaneka, a MMeHHO
T 4 ' .
IOJIOXKNB T = \/;r; Y= \/:sor, MOXXHO JOOMTHLCA TOrO, YTOOBI KPYroBoit

T ;

CEeKTOp Iepelliesl B PABHOBEJIMKNI €My IPAMOYTOJbHBIA TPEYrONbHIK.

L g
Puc.2.15
OkasblBaeTcs, MPON3BOJNBLHYI 061acTh A MOMKHO TaK OTOGDAsSHTHL

Ha 3apaHee 3aaHHYIO o6nacTs B (puc. 2.15), uTo6HI Mankle uacti o6na-
CTH A IpH 0TOGPAXKEHNN MePexXoAuan B Moxo0HBIe MM 4YacTH obnacTn B
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u rpanuna L o6Gnactu A mepexoamna B rpaHuny S obmactu B. 3t0
nokasan Bepuxapa Puman (1826-1866) B 1851 rogy.

z «Mbvt ozpanunusu cpox nodaxu mamepuano8 HavanoM 3mozo zoda,
\7£ HO nomox nucem He npexpauiaemcs 0o cux nop. Toavko Kozda ux
Konuxecmeo nepesanuno 3a 2R, 20e R — naw mupaxc, mbl nowsau,

Y¥mo Kpyz wumamedeil UCLepnan U HeKomopbie no8MmopAIOMCA».

Pedaryus scyprana «Xumus u wusner, 1992, 12.C.5

§ 22. HeeBKNMAOBbLI, HO FrEOMETPHUH

Tenepv y 6cex ceou dena-3abomeut,
€601t Onbim Hee6KaAudosbLX Ha%al.

Maprua Menoases

3N0KNIOYEHUS NATOrO nocrtynara

HeeBKAUJOBHIMM HA3LIBAIOT BCe reOMeTpHYeCKUe CHCTEMBI, OTJIHY-
Hele oT reomerpuu EsBkamaa (III B. go H.3.). 3mecp MBI ocyue-
CTBHM KpATKHil BU3NT.B reomerpnio Hukonasa UBanoBuuya JloGaueBcKkoro
(1792-1856) n reomerpuio Bepaxapzaa Pumana (1826-1866). Pasnoria-
cHe 3THX reOMeTPHIt BLI3BAHO PA3JIMYHOI TPAaKTOBKOI BOIIPOCA: CKOJIBKO
IPAMEIX (B IIOCKOCTH) MOYXHO TPOBECTH UePe3 AaHHYIO TOUKy A mapai-
JleJbHO ZaHHOM npsamoi ! (cama Touka A He mpuHALIeXHUT npamoi 1)?
B reomerpun EBKanga mocTyJmpyeTcA eZMHCTBEHHOCTH NapaljiebHOI
npamoit (V mocryiaar), B reomeTpuu PuMaHa — TaKHX NPAMBIX HeT
BOBCe, a B reomerpuu Jlo6aueBCKOro BO3MOXKHO CymIeCTBOBaHWe Ooee
OAHOI mapaJlyIeJIbHON NMPAMOM.

Cyasba narToro nocryaata EBkauja 4eM-To cpoAHM cyan0e 3amaum
0 KBajgpaType Kpyra. HTYMTHBBO YYBCTBYSl €r0 HEOUEBHUIHOCTH, MHO-
rme MaTE€MATHUKHU NLITAIHUCH BEHIBECTH 3TOT HOCTYJAT U3 JPYTHMX AKCHOM,
HO TmieTHO. Cpein U3BECTHHIX YYEHHBIX, 6€3yCNeNIHO NHTABIINXCA MITYD-
MOBAaTHh HENPHUCTYNHYIO KpeIocTh, Onlim Apxumen (ok. 287 — ok. 212
Zo H.3.), Omap Xaiiam (ok. 1048-1131),... PpaHny3cKuUii MaTeMaTUK
A. M. Jlexauap (1752-1833) 14 pa3s nepeusgaBan cBoit yueOnmx «Ha-
qajla TEOMETPMM», KaKAbId Da3 MeHAS AOKasaTeJIbCTBO V mocTyJsara
M KaXXJblil pa3 OGHAPYKHABAs HOBYIO OIIMOKY B OIy0JJMKOBAHHOM JOKAa3a-
tenascree. A o ero cospemennuke JK. JI. Jlarpamxe (1736-1813) paccka-
3HIBAIOT, YTO, BBHICTYNAsA C JOKA3ATEJBCTBOM V moCTysjaTa B aKaJeMuH,
OH OCTaHOBHMJICA M ckasan: «HyxxHo, 4ToGH A emre nogyMas 06 3TOM».
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He3aBHCHMMOCTH IATOro IOCTYJaTa OT OCTAJBHEIX aKcmoM EBKauza
Buepsrle ocosuas Kapa ®@puapnx I'ayce (1777-1855). 13 ero pykonmuc-
HOTO HAYYHOTO HACJeANs SBCTBYET, UTO O HEeBKJMAOBOII FreOMETPHM OH
¥MMeJ TOYHOe mpeAcTaBieHMe yxke B 1816 roxy, xora mudero o6 3ToMm
He onyGamukoBajy. IlepBoie omyGauKoBaHHEIEe PaGOTHI IO HEEBKJIMAOBOM
reomerpru Hanucanu H. U. JloGaueBcknit (1829) n fuom Boan (1832),
KOTOPEIE HAIIJIM 3TH Pe3yJAbTATH HE3aBMCHUMO OJUH OT APYTOro.

Hpen H. Y. JloGauesckoro 1 f. Bosau He cpasy noJayduan NpU3HaHUE
oburecrBennocT. B 1834 roay B skypuane «Crir OTeuecTBa» NoABMIACH
aHOHMMHAas peneH3ua Ha pa6ory Jlo6aueBCKOro, B KOTOPOif, B YaCTHOCTH,
mucajock: «Kaxk MoxxHO mogymars, 4To0sI rocrroauH Jlo6aueBcKiit, opau-
HapHbeIfl mpodeccop MaTeMaTHKH, HAaIKCAJI C KaKOH-HHGYAb Cepbe3HOI0
OeJVi0 KHUTY, KOTOpad He MHOr0O IOpHHecaa Gl YeCTH W IOCJIeAHEMY
mpuxojckomy yunremo?» [Cuia]. Muorne cospemennnkn JloGaueBcKoro
OHIM yBepeHHI, YTO €ro reoMeTpHMA ONIMGOYHA, BHYTPEHHE IPOTHBODe-
ypBa. Jlaxxe Jr0qH, BeCbMa JajIeKHe OT MATEMATHKH, NEITAJUCH IPHUBHE-
CTH CBOM roJjioc B o6miuii xop o6cTpyKnuM M Xyanl. O0pasoBaHHelnmi
H.T. Yepusiescknit B nucbMe K CHIHOBBAM reomerpuio JloGaueBCKoro
CPaBHMJI C «BO3BEeLEHHEM Callor B KBAAPATBHI» H «M3BJICUEHMEM KOpHeil
¥3 FOJICHHII» .

leomeTpusa BennkaHoB

Ecau Gbl BeTMKAHBI—IePOM BOJINEOHBIX CKA30K JKMJHM HAABY, OHH
HABEPHAKA NPHUAYMAaIK OBl APYryI0 reOMeTPHIO, OTIMYHYIO OT TOM, KO-
TOPYIO MHI ceiidac m3ydaeM B IIKoJie. VcroauHbl ropasao OwicTpee, ueM
MBI, 3aMeTHJM OBbI, YTO HOBEPXHOCTh 3eMJIM — He IJIOCKOCThL, a o6ia-
JaeT HeKOTOopoil KpMBM3HOII. Tak e, KAK M MBI, OHM IIPOBOAMJIM OBI
KpaTuaiiimne JUHUN MEXKAY ABYMA TOYKAMM HA IOBEPXHOCTM IJIaHETHI,
M JOBOJBHO GBICTPO OOHAPYKHMJIM GBI, YTO CyMMa BHYTDEHHHX YIJIOB
TPEYTOJbHHUKA, OGPA30BAHHOIO TAKMMH JIHHHUAMHM, OTianMdaeTca oT 180
rpagycoB. Beankanma-yunTeabHRna 3ToMy dakTy moria OBl AaTh TaKoe
00bfACHEeHNe: <«MPAMEIe» JUHHMU HAa chepe — HM YTO MHOE, KaK 0601b-
wue OKPYNHCHOCMU, HEHTPH KOTOPHIX COBHAafaiot ¢ medTpoM cheprbl. Oun
BIOJIHE MOTYT IepeceKaThCsA NOJ IPAMBIM YrioM (TaKoB yroj, HampH-
Mep, MeXAYy JIGHIM MepHAMAHOM M 3KBaTopoM). Ecim ABe BepPIIMHEL
TPeyTOJbHMKA BHIOpATH HA IKBATODE, a4 TPeThio — HA CeBEepHOM IOJIO-
ce, TO CyMMa BHYTPEHHHX YTJIOB TAKOTO TPEYroJbHMKA 3aBeZOMO OyAeT
Goapmie 180 rpagycos.

Hrak, nmpuriamas Ha pojb NPAMBIX JUHHNK G0JbIlINe OKPYXHOCTH
cdepbl, MBI CTPOMM HHYIO reOMETPHIO, OTJIMYHYIO OT reoMeTpuu EBKinga.
HMmeHHO HA TaKOM MOAXOAe OCHOBAHA FeOMETPHUA HEMEKOro MaTeMaTHuKa
Beprxapza Pumana.

Boapmme oKpykHOCTH cdephbl NEpeceKaloTcsa B ABYX IPOTHBOIO-
JIOXKHHIX TOYKaX cdepsl. CrefoBaTeNbHO, AKCHOMA: «Uepe3 KaXKIble ABe
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Puc.2.16 Puc.2.17 Puc.2.18

TOYKH NMPOXOANT €JUHCTBEHHAs IpsMaf» B TaKOi HHTepIpeTalUN y:Ke
He BepHa. OfHAKO HamMy MOAeJb MOXXHO HEMHOTIO «IIOAIIPABUTL», KaK 3TO
caenan PrMaH, ¢ TAKAM pacyeToM, YTOOBI BhIIMIENPpHBEAEHHAS aKCHOMA
6GpLIa cIIpaBeAJIMBOM.

IInockocTs PuMaHa MOXKHO IIPEACTABUTL KaK moaycdepy, B KOTOpoii
OTOXKAECTBJIAIOTCA JUAMETPAJLHO IIPOTHBOIOJIOMHLIE TOYKH OrpaHNYN-
Balouelt ee oKpyxHocTH (puc. 2.16).

Hecnoxno y6eauTscs, 4To B IJOCKoCcTH PrMaHa uepes TOUKY, B3sf-
TyI0 BHe 33JJaHHOMU IIpsMOM, Heab3s IIPOBECTH IIPAMYIO, KOTOpas He Ie-
pecekana Gbl 3agaHHYyI0 npsaMylo. B reomerpnn PuMmana He cymecTsyer
napajjeasHeIX NpAMBIX! 3JeCh BHIIOJHAETCS aKcHoMa: «Bcaxkme gase
IIpAMbIe IIepeceKaTCca B TOYKe M IIPUTOM TOJLKO B OQHOM» .

ITox paccToAHNEM MEXAY ABYMS TOYKAMM B IUIOCKOCTH PumaHa mo-
HHMaeTcs AJHUHA COOTBETCTBYIONEH AyrH 60JIbIIOH OKPYKHOCTH Ha NOJy-
cdepe. 3agaBmucey paguycom noaychepst R = 1, oTcioga moay4um, 4TO
JJINHA IPAMBIX B reomerpuu Pumana orparnuena unciaom 7! Bosaee Toro,
IJIOMaAb BCel HEEeBKJIMIOBOM IIJIOCKOCTH PHMaHa orpaHWuYeHa 4HCJIOM
27 (IoCKOJABbKY momans cdepsl paguyca R = 1 pasna 47). ILroniaas
ao6oro TpeyroasEnKa ABC B maockoct Pnmana para A+ B +C —,
rae A, B, C — BeanuYMHBI COOTBETCTBYION[UX YIJIOB, BHIDA’KE€HHBIE B pa-
ananax. ITociegrnii pakT, o0OHAPYXKeHHBIH FOJIAaHACKHM MATEMATHKOM
Ans6epoM JKupapom (1595-1632) moxkeT GbITH IOJYYEH CIEAYIOUIMMHA
N3AIHBIMA COO0pasKeHNAMM U3 00JACTH chepruIecKoil reOMeTpHH,

IIpeanosoxuM, chepa eAMHUYHOrO pPaaNyca paspesaeTcs IIPOXOns-
ImIMHI Yepe3 ee IEHTP ABYMA IUIOCKOCTAMH TaKHM 00pa3oM, YTO yroia
MeXAy AyraMu GOJbIIMX OKPYKHOCTEi, BHIpE3aeMBIX 3THMMH ILIOCKO-
cTAMH Ha chepe, paBeR a (puc. 2.17). IlmockocTH BeIpesaoT Ha ciepe
YacTp miomansio 4a (Ha puc. 2.18 ara wacTe 3akpalreHa). 9To ciaeayer
M3 TOro, YTO ILIOUIaAhL BHIPE3aeMoOii YacTH IpPOIOPHMOHANLHA &, 4 ILIO-
Iagb OCTAJBbHOI YaCTH NPOIOPLUNOHAJILHA YHCTY T—a, IUIOIAAS e Beeit
cdeps! paBHa 47,

Tpu Takux obsacTn Ha pucyHKe 2.18 HoKprIBaOT BCIO chepy, IpuyeM
TpeyrontsHUK ABC n uneHTpajapsHO CHMMETDHUYHEIH €My TPeyroJbHHK
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A;B;C; arn o6aacTn nMokprBaoOT Tpn pasa. OTcioaa
4A+ 4B+ 4C =47 + 4S50,

i Sypc=A+B+C-—m.
HOPICTKHe, YHCJIO T B reOMeTpHHA Pnmana BBICTYIIa€T «3aKOHOZAaTe-
JIEM MOZ». g

®antactuka? — Her, reomeTtpus

— Hanv, xomopas 3decv, u danv, Komopas mam,
nepexauxawomcs.

— ITpocmume, 2 Ke paccaviuian 8onpoca.

— Hem, nem, ohu nepexauKaOMca e 60npocamu.

Baagumup Kasaxos. 3urnuasa

Hemenxomy mateMarnky HaBnay I'manGepry (1862-1943) npnuan-
JIESKHUT CJIeAYIOmAaa XapaKTePHCTHKA, JaEHAA M OHOMY CBOeMY GhiBIe-
My YYEHHKY:

— Ax, aror? Ha, A nmpekpacHo NOMHIO ero. Ilo-BHaAmMOMY, IIs
3aHATHI MaTeMaTHMKON eMy He XBaTajo (aHBTA3MH, IO3TOMY OH CTAJ
IO3TOM.

JHelicTBATEIHHO, MATEMATHKHA NOPOii IPAAYMEIBAIOT TAKHE N30I[PER-
HBIe KOHCTPYKIIMHA, KOTOPHIM MOIJIX OBl IIO3aBHAOBATH H300peTaTe IbHei!-
mue nucaTean-PasTacCTh.

H3yyas reoMeTpuIO B IIKOJE, MH IIPABLIKJIM K TOMY, 9YTO YPABHEHHE
z?+ y2 +22=1
onnc¢eBaeT chepy €AHHUYHOrO pagHyca B TPEXMEPHOM IIPOCTPAHCTBeE.
CoBpeMeRREI e MaTeMaTHK, IJIAAA Ba YPaBHEHAE
2?4+t +2% =1,

BIIOJIHE MOMKET CKAa3aTh, YTO OHO ONMACHIBaeT chepy MHHMOro paguyca
i=v-1,

Paccroanne Mexay asymsa rtoukamm A(xi, y1,21) B B(za, Y2, 23)
B TPEXMEDPHOM IPOCTPAHCTBE MBI IPABHIKJAN BHYHCJIATH, HCXOAA H3 CO-
OTHOLIEHHA.

AB®= 24 24 2 1
=(@z2-z1)" +(W2—y1) +(22-2)". 1

HMasaiiTe modanTasnpyem, u BMecTo popmyasl (1) BoasMeM apyroe coor-
HOLIEHNe, HatpAMep,

AB? = (z3 - 1)’ + (Y2 — 11)® — (22 — 21)%. 2)
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e PO DIPEN N
TakuM oGpa3oM MBI Aonycxaem, qTO0 o-rpeaxn npamux MOI‘YT HMeTs
TOJIOKUTEJbHYIO, HYJIEBYIO HJIM Jayke OTPMIlATeJILHYIO AJuHY. PaHTa-
cruxa? — Koneuno. Ho, BMecTe ¢ TeM, u peaisHOCTE. OKa3biBaeTcH, 4TO
TaK HaseiBaeMoe nceedoesxaudoeo npocmparcmeo, B KOTOPOM,BBeJieHa
«anTacTrveckas» dopmyna (2) AJA H3MepeHHA PACCTOSHHIA, HAXOJUT
BIIOJIHE pPeaJjibHOe IIPUJIO)KeHHEe B COBpPeMeHHOIk -reopnn OTHOCHUTEJILHO-
cru [Pos2].

B nCeBAOEBKINAOBOI TEOMETPHH CYILIECTBYET- y,uoﬁnaa MOJAEND IJIA
uiocTpanu niaaHEuMerpum Jlo6avueBckoro. UToGHl ee NpeACTaBHUTD,
HY’KHO XOPOIIO HAPAYL CBOE BOOGPaskeHue.

Tak ke KaKk 4 B OOBIYHOM e€BKJIMAOBOM IIpocTpaHCTBe cdepoit nces-
JOeBKJHMAOBAa IIPOCTPAaHCTBAa HAa30BeM MHOYKECTBO BCeX €ro TOYeK, paB-
HOYJAAJIEHHBIX OT OJHOI TOYKHM, HA3bIBaeMOI IEHTPOM, Ha IIOCTOSHHOE
paccrosaHue, HasbiBaeMoe paamycoM. (HamoMHMM, AN pacuera paccTo-
AHHHA B IICEBAOEBKJMAOBOM IIPOCTPAHCTBEe HMCIOJBL3yeTcsa dopmyraa (2)).
VpaBHeHNe TaKol chephl eAMHUYHOrO pasuyca:

z+yt-zt=1. : " @3)

A Temepb IIpeACTaBHUM, YTO PaAMYC—BeIMINHA MEMMAS, paBHag § = vV—1.
Toraa ypaBHeHue (3) mepenumeTcs TaK: .

z?+y? -2 =1, h @

B 0GBIYHOM €BKJIHUAOBOM IIPOCTpaH-
cTBe ypaBHeHHe (4) ODMCHIBaeT TaK Ha-
3bIBaeMblif 8YnonocHbLil.zunepbonoud —
NOBepPXHOCTH, . KOTOPaA no.nyqae'rcﬂ Bpa-
meHneM runepGoan &2 — z2 = —1 Bokpyr
‘ee ocu cummerpun Oz (puc. 2.19).

Tlepsriit cropnpua: cdepa B nceBnoes-
KJHUZOBOM IPOCTPAHCTBE COCTOUT. U3 ABYX
0 HeCBA3AHHEIX YacTel, KaAaA H3 HHUX
pacnoJiaraeTcd BHYTPH KOHyca, 3aJaHHO-
o ypaBHeHHeM 2 +y?-22=0.

‘ IIo anamorum ¢ pauee pachO'rpexmou
reomeTpueit Pumana Ha nosaycgepe, reo-
MeTpuio JIoGayeBcKoro npeACTaBMM Ha 10-
aycdepe MHHUMOro paguyca B fICEBAQEB-
Puc.2.19 KJHAOBOM IPOCTDAHCTBE. IIonpoc'ry roBo-
pA — Ha OAHOIi M3 HacTeil ABYNOJIOCHOTO
mnepﬁonouna, TIOKa3aHHOTO Ha puc. 2.19. Taxk e, KaK U B reOMETPHA
Pumana, ‘TI0Z NPAMEIME B nJaockocmu Jlo6aveeckozo OyaeM mMOHMMATH
Ayra GoJbmMHMX OKPY’KHOCTell Ha cdepe MHHMOro pagmyca, APYTHMHA
cJIOBaMHM — CeYeHMs OAHOI M3 moJocTeil rmmepGosionsa MJIOCKOCTAMH,
NPOXOAAIMIMMHE Yepe3 Hayaslo CHCTeMBl KOOpAUHAT (1eHTp cdepsl).
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Puc. 2.20 Puc.2.21

B miockoctu Jlo6aueBCKOro CnparefivBa QKCHOMA: «depe3 TOUYKY
BHe IIPAMOI1 MOKHO IIpOBECTH (B INIOCKOCTH 3TUX TOYKM U NPAMOIt) 6Gosee
OZHOI NPAMOIi, He IepeceKaIoUX JaHHYIO NPAMYIO». UT0oGH! yoeauTscs
B ee CIpaBefJHMBOCTH, CIPDOEKTHPYEM H3 Hayajla KOODAMHAT BEPXHIOIO
oJIOCTH runepGosionaa (4) Ha eBKIU0BY MIOCKOCTE 2 = 1, Kacaolyoca
runepGonounza B Touke (0, 0, 1) (puc. 2.20).

IIpn sTOM MexxAy TOUKaMu BepxHeil monocTu runepbojonfa u To4-
Kamn BHYTPEHHOCTH Kpyra ) . .

B +y’=l .
. z=l N ',‘ H . i

YCTAHOBUTCH B3aMMHO-OLHO3HAYHOE COOTBETCTBHE. IIpAMEIE’ IIJIOCKOCTH
JloGaueBckoro mepeiixyT B Xopart kpyra. Ha puc. 2.21, nokasaHs! mpo-
€KIM B KPYr HeKoTopoil mpamoii AB n TOYKH M, nexameii BHe ee.
U3 pucyHKa BHAHO, YTO BCe XOPABI, IIPOXOAAINME dYepe3d TOuKy M BHe
yrna AMB, ne nepecexaior xopay AB, CiemoBaTelnHo, Wepe3 TOYKY
IUIOCKOCTH JIoﬁa‘leBcrzoro, He NPUHAJJIEKAYIO AAHHOW NMpPAMOI, MQXK-
HO IIpOBECTH 6ec1cone‘mo MHOTO OpSAMEIX, . He IlePeceKajouux ,mannylo
NpAMYIO. - o .
IonmynapHoe na.no»celme reomerpnu JIo6aqeqcmro MOYKHO, HalTH
BO MHOrMX ny6aukanuax (cM., Hanpumep, [Po32], [Tyr], [Inp] u ap.).
OKassIBaeTcd, B 3TOH reOMeTpUM BHOBb BCTPEYaIOTCA 3HAMEHHThIE KOH-
cTanTHl 7 ¥ e. Eciin B oGo3paieHuax pucynka 2.21 us rouxun M onycTuTtsb
nepnesaukynap MC ua npamy:o AB, To yro.n BMC ynosnerBopAeT
ypaBHenu1o Jlobayesckoro: . . ) . .

ZBMC S

tg;———z,— =e?, . . (5)
rie p — ximEa’ nepnenaukynapa, Us (5) B wacTHOCTH c.nez(ye'r, qTo

IpH CTPeMJIEHUH ITapaMeTpa P K HYJIO BeJIUYNHA yIia BM C CTpeMHUTCH
b

K 3HQYEeHHI0 5.
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Becerpa nu 7 =3,14...7

— Bcezda! — eocmopicenno omeemuan IToaecos.
. Unkd, E. Herpos. dsenajiuars cryases

Oxsamenayuonnsie 3gdavu Oydym nodobrvt
men, xomopuie mvt o6cyduau 8 aydumopuu. Ko-
Heuno, vucaa mozym pasauvamsca. Ho ne ece. «
no-npexcrnenmy 6ydem paeno 3,14159...

Anerpor

Ha asmopa xupnuy ynaa na cmpotixe.
H ¢mano ® Hamno20 6onrvie mpoliKu.

A. . Baituux

Paccroanne p xak GyHKUuA ABYX Touek A u B B eBKIUIOBOM
NMPOCTPAHCTBE YAOBIETBOPAET OUEBUAHBIM AKCHOMAM:
1) p(A, B) = p(B, 4);
2) p(A,B) 2 0 n p(4,B) = 0 aums B TOM caydae, ecnu Touka A
coBnafaer ¢ Touxoi B;
3) p(4,B)+p(B,C)> p(A,C) nna mobux rouek A, B, C.
VYcsoBuMces cYUTATh, YTO BRAOAL JO00H NPsSiMOil eBKIAMAOBONM NNOC-
KOCTH PACCTOABMA H3MeEPAIOTCS KAk OOLIYHO ¢ Toil JMUIb pasHMUeil,
YTO eAMHMHA ANMHH pPas3IWYHA [AJA IPAMBIX DA3HLIX HanpasJeHuUiA,
HO OAMHAKOBA ANA HDApaidfielbHHIX NPAMEIX. OTO COrJIALIEHME JEXKUT
B OCHOBE NMPMYYAJHBOII reoMeTpHu, NpUAYMAHHOI I'epmanoM Munxos-
ckum (1864-1909) u Crepanom Banaxom (1892-1945) V.
BribepeM PuKcHPOBaHHEYIO TouKy O NIOCKOCTH H OTJOMKMM OT Hee
BO BCEX HANPABNEHUAX OTPEIKM €AMHMYHON ANMHEI. MK HOXYYHM HeKo-
TOPYIO 3aMKHYTYIO KDIBYIO - eQUHUYHYIO OKPYNHHOCMb, ITa eANHHYHAA
OKPY>KHOCTH MO3KeT OLITh COBCEM He MOXOXKeil HA NMPUBEIYHYIO HaM ¢u-
Iypy, 0 KOTOpOi1 moarecca Penara Myxa ckasana: «fI HuKoraa ne sugena
OKPYXHOCTH TaKo#l 6e3yKOpHM3HEeHHOII BHapyKHocTH». Mo)XHO moKasaTh
(cM., nanpumep, [Po32), c. 465-469), uTo ecau Touka O JNeXKHT BHYTPH
€IMHHYHON OKDPYKHOCTH, NPUYEM OrPAHMYEHHBIH ITOH OKPYKHOCTBIO
eduruyHblil Kpyz sABASETCA BHOYKJIOK (Urypoil, TO BCe IepedyMCJIeH-
HEle BHIE aKCHOMH paccroaHus 1)-3) smnonusiorca. B pajipmeiimem
HANNYUe ITHX ycaoBmil Mil GyaeM npeanonaraTs.

4

DHnes sroft reoMeTpnm BmOAME MOFA BOSHMKHYTh NPH OGAYMLIBAMMM oTBera Ma
pompoc: «Ilouemy BCE KBAZPATHI MOXOXKR APYP OT APYrals.
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O0o3HauuM JAJHHY eAWHWY-
HO#t oOkpyxHocTH 27. Caexys L.
[Po32], nokaxeM, uYTO B reo-
Merpux MuHKOBCKOro—BaHaxa
3 < 7 £ 4, npuyeM, YUCIO T MO-
JKeT NPUHUMATS JIO0bIe 3HAUEeHNA
B YKa3aHHOM IPOMEXKYTKE.

ITyctre A — npomsBonbHaA 4
TOYKA €AUHNYHON OKpPYKHOCTH S
c uentpom O, A; — AuaMeTpaib-
HO IIPOTHBOMOJOXKHAA e Tou-
Ka OKpyXHoctH S (puc. 2:22).
IIpn HenmpephiBHOM 06HOCE BeK- C~~— B,

ropa AQ Broms Kpuso#r S, mpu Puc.2.22

KOTOpPOM HA4aJI0 A 3TOro BEKTOpa

onuceiBaer ayry AA;, ero Koer

O onuieT HEKOTOPYIO HENPEPHBHYIO JUHUIO, HAUMHAIOUIYIOCH 8HYMPU

S, a 3BaKaHYHNBaIOIIYIOCA cHapyxu S B Takoil Touke Oq, uto 4;0; = 40.
CnenoBaTeabHO, HANAETCA TAKOE MOJIOXKEHUe
BC »3Toro BekTopa, IpX KOTOPOM M €ro Ha-
yano B u ero xonen, C GyAyT NpuHaAIeXKaTh
okpy:kHOCTH S. Tak KaK YeTHIPEeXyroJbHUKHA
OABC u OA,CB — napannejnorpaMMmel, To

P(4,B)=p(0,C)=1;
p(B, C) = pl4, 0) = 1;
p(41,C) = p(0, B) = 1.

Orciofia BhIT€KAeT, YTO NEPHUMETD IeH-
TPaJbHO CHMMETPHYHOTO BBINYKJIOT0 LIECTH-
yroasauka ABCA, B;C,, BOUCAHHOrO B efH-
HUYHYIO OKPYXHOCTh S, B reomerpuu MwuH-
KOBCKOro—BaHaxa paBeH 6, moaromy nepm-
MeTp 27T OKpyXHoctm S He MeHbIne 6 m,
3Ha4uT, T 2> 3.

A renepp noKaxxeM, uro T K 4.

PaccMOTpUM BCeBO3MOXKHBIE BHOMCAHHBIE B S MapaaiesorpaMMel
¢ nerrpoM O u BeiGepeM cpeau HuUX napannenorpamm MNM;N; uan-

: GoJsibmedf BO3MOXKHOII (€BKJIMIOBOIA) ILIOIIA-
@ ..... feee . Onumem Bokpyr MNM;N; napanie-
; norpamm PQRT, cTOpPOHBI KOTOPOTO Hapai-

JNesqbHB! aAuaroHanaM MM; u NN;. Ecan 6ol
a 0) 6) kpuBag S cojepXajna HeKOTOpyio Touky U,
Puc.2.24 PacnoNoXeHHyIo jajabmie oT npamoit MM,,

-]

-
e
~—

feacens,
232
-
~———




96

lnasa 2. Ha npocmopax eeomempuu

yem npamada PQ (puc. 2.23), To napannenorpamm MUM,U; umen 6u
6oJbIIyIO ILIOmMAAb, yeM MNM;N;, 4TO HeBO3MOHO. MTak, Kpu-

Bad S IEeJMKOM 3aKJIOYeHa BHYTpH
napaanenorpamma PQRT. C npy-
roit croponsl, p(P,Q)=p(M,M;)=2;
p(Q, R)=p(N,N;)=2, nosromy ne-
puMeTp mnapannenorpamma PQRT
B reoMeTpun MUHKOBCKOoro—BaHa-
Xa C eAUHUYHOH OKPYIKHOCTBIO S
paBeH 8, U, 3HauuT, 27 < 8, TO eCTH
T < 4.

Herpyauo yGeguTbCs, YTO YU-
CJIO T MOXKeT NPUHUMATL JIO0BIe
3HAYeHNA B IPOMEXYTKe OT 3
Ao 4. PaseHctBo ® = 3 BbIIOJ-
HAeTCA, ecau S TNpeACTABASAET CO-
60if, HampuMep, IIPABUJBHBIA Iie-
CTHYTrOJNbHUK (puc. 2.24a), ™ = 4,
ecsm S mpeacraBiaser coboit Ksa-
apat (puc. 2.246), ecsim S coBnaga-
eT ¢ OGBHIKHOBEHHOI (eBKJHNI0BOII)
OKPY’KHOCTBIO, TO T = 3,14159...

Puc. 2.25. «7w-mepHbie waxmarbi» (2002).
(Nybnukyetca ¢ paspeweHus asTopa,
TatbsaHbr BoHu-OcMonoBckoii)

§ 23. CywecTtBylOT 14 06bEKTbI pasmepHOCTH T2

Bbi, 6e3 comnenus, 3naeme, ¥mo mamemamuyeckas au-
HUA, AURUA 6e3 MOAWUHbL, 6000pANaAEMA U PEALHO He CYue-
cmeyem... But 3naeme, umo He cywecmeyem makice u ma-
memamuyeckoll naockocmu.

Bce amo wucmoie abempaxyuu.

— Cosepwenno sepro, — nodmeepdun IlTcuxonoe.

— Ho 6edv mouno mak e He umeem peanvHOzO Cyuje-
cmeosanus u kyb, obaadamwwuil moavko GAuHOll, WUPUHOU

u evicomotit...

TepGepr Vannc. Mamuua BpeMenu

Yembipe cmenbt: nepsas, 8mopas u dee mpemwux.

Brnagumup Kasaxos. Omu6Ka sKuBbIX

o cux mop (cM., Hampumep, «T B MHOroMepMHM» IO pasMep-
HOCTBI0O MBI NMOHUMAJM HAMMEHbLIee YHCJIO KOOPAWHAT, HeoGXOAMMoe
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AN ORHOBHAUHOIO ONpeKeJeHHUS IIOJOMKEHHS TOYKM B IIPOCTDAHCTBE
(omHa xoopaMHATA ZJA YMCJIOBOM NPSAMOM, ABe — JAJNSA KOODAMHAT-
HOH IUIOCKOCTM M Tak jajee). B arom cayuae pa3mepHOCTH 3ajaer-
cf HATYDANBHEIM YMCJOM, M OTBeT HA BOIIPOC, BHIHECEHHHI B 3aro-
JIOBOK TIIYHKTA&, oTpunareieH. OAHAKO CYIeCTBYIOT ApPYr¥e ompegene-
HUA pa3MepHOCTH, Cyadlje HeMajo clopnpu3oB. PaccmoTpum onHO
M3 HHUX, BOCXOAfIlee K HeMeIlKOMy MaTeMaTHKy Penuxcy Xaycaopdy
(1868-1942).

Pa3spesas KBaApaT Ha OAMHAKOBBIE COCTABJIAIONINE er0 KBaJPAaTUKH,
MBl TIONYYMM KONM4ecTBO N 3THX KBAJAPATHKOB, NPONOPIUOHATLHOE

1
BeJIUYUHE — W’ rae k — KoadpdunmenT moao6KuA MANeHEKOrO KBaApaTuKa

paspe3aeMoMy KBaapary. Paspesas Ky6 Ha OAMHAKOBBEIe COCTABJAIOIINE
ero Ky6uKm, MBI NOJyYaeM KOJUYeCTBO KyouKkoB N, MpONOPIHOHANBbHOE

BeJINYKHEe 7c3' rae k — xoadpdunuent moao6uA MAaJEHLKOro Ky6uka

JaHHOMY KYOy.

ITockonpKy M B ofLIeM cayyae AJA N — MePHOro Kyba cymecTByeTr
anasoruyHas cBasp Nk" = 1, To nociesHee COOTHOILIeHUE NPH 3aJaHHBIX
3HauYeHMAX N U k MOXKeT CIYKUT AJIa OnpejeeHUs pa3MepHOCTH N-Mep-
HOrO Kyba:

=—1 1)

B xHure dppanmysckoro maremaTuka (HeHe paGoramomero B CIIIA) Benya
Masgens6pora [Man] onpegenenue pasmepHoct: (1) pacmpocTpaHeHO
He TOJbKO HA MHOroMepHble KyOBl, HO M HA IPHUYYAJNBHE OOBEKTHI,
HasbIBaeMble camonodobuuimu gpaxmanamu. Cnoso ¢ppakTan Impoucxo-
guT or JaTmHCKoro fractus — dpo6nutii. CamonoaoGHHI dpaxkTan —
MHOKeCTBO, KOTOpOe NpeACTaBJieHO B BHJe O0beAHHeHHA Helepece-
KAaMOIUXCA MOAMHOXKECTB, IOJYYEHHEIX MAaciTaGUpoBaHHEM OpHUTHHA-
aga. Echxu N — 4ucjio TakHX NOAMHOMKECTB, & k — KoaddHmueHT
nogobus (maciiTaGUpOBaHUSA), TO XAPAKTEePHUCTHKA 7. CAMOIIOAOGHOrO
¢paxrana, BHuYKcIeHHad no Gopmyse (1), HA3EIBaeTCs ero Hpaxmans-
Hoill pasmeprocmbsio. B obuieM ciayyae Takas pa3MepHOCTH He 06s3a-
Ha OBITH IIEJBIM YMCJIOM, IIO3TOMY ee MHOTJa HAa3hIBAIOT elle OpolHoil
Pa3MepHOCTBIO.

CymecTByeT HeckoJbKO caMonoao6HEIX GpaKkTanos, JOCTORHEIX YMO-
3puTeJbHOro Mysesa M3ALIHOH MaTeMaTHUKH,

IIpumep camomogoGHOro ¢paxrana GBI IOCTPOEH IIBEACKHM Ma-
Temarukom leasroit dox Kox B 1904 roagy. OH moayuyns HasBaHHMe
coexunxa Kox (puc. 2.26).

Ee rpanuna cocrasieHa u3 TPexX ofMHAKOBEIX dpakTanos. Kaxmuiit
M3 HUX CTPOUTCSH HTepaTUsHO (puc. 2.27).
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H3 navansHoro orpesxka Ky BriGpachiBaeTcsi CpegHAS TPETbS YACTh
¥ po6aBidAOTCA ABa HOBBIX OTPe3Ka TAKO# e JJIUHEI (CTOPOHBI pas-
HOCTOPOHHEr0 TPeyroJbHUKA, 110~

CTPOEHHOTO Ha BEIOPOLIEHHOM OT-

pe3ke — cM. puc. 2.27). B urore

nosay4yaercs MHoxkecTBo K;. C ka-

JKABIM 3BeHOM Gurypsl K npous-

BOAMTCA TaKas Ke onepanus —

oGpasyerca ¢urypa Kz, u Tak

nanee. ITocnexoBaTeIbHOCTD KPU-

Bux {K,} cxomurca K HeKoTO-

poit npexpensHoit Kpusoit K. Ecim

B3ATh Komuio K, yMeHBbIIeHHYIO

1
B Tpu pa3a (k = 5), TO Bce

MHO2KecTBO K MOJKHO coCcTaBHTh
u3 N = 4 rakux xonuii. Orciona
pa3MepHOCTH MHOXecTBa K paBHa

1
Puc.2.26 n=2% 12618
In3
> /\ =N _/\j/\z_/\_ 2 .Amﬁm
K, K, K, K,
Puc.2.27

@ Y6edumeco 8 mom, umo epanuua cHexcurku Kox umeem 6GeckoHeuHyio
Onuny.

Kosep Bannasa Cepmuasckoro (1882-1969) (puc. 2.28).
Kosep npeacraBader coboit 06 bregunerne N = 3 HenepeceKalOUMXCA
YMeHBbIIeHHHX B 2 pa3a kKonuii. Ero pasmepHocTs

In3
=—=1, 0.
n n2 585

I'y6xa Kapia Menrepa (p. 1902) (puc. 2.29).
T'y6ka npexcrasader coboit o6veaunenre N = 20 HellepeceKarOLnX-
csl yMeHbIIeHRBIX B 3 pa3a konuii. Ee pasmepHocTh

_ In 20

~ 2,7268.
" 3

Koab ckopo cymecTByioT caMonofzoOHele GppaKkTalnl JpoGHOM pasMep-
HOCTH, TO He HCKJIIOYEHO, YTO MOXKeT CYLIeCTBOBATh U HeKHil 3arafo4yHbIi
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v

42

Puc.2.28

dpakTan pasmeproct# 7. CyniecTByer Ju oH Ha camoM Zeje? — Hens-
BecTHO. MosKer GBITH, €r0 YAacTCA CKOHCTPYHPOBATh BaM?

Ecnn He orpaHMYMBATHLCA CaMOMOZOGHBIMUA GpPaKTajlaMH, TO OGLEKT
PasMepHOCTH T MOXKHO yKas3aTb. Takmm o6heKkToM, HampuMep, ABJSET-
cs1 T — MePHBIA map, 0 KOTOPoM OBLIIO CKa3aHO B cTaThe «T B MHoOrome-
pumn».

HNmes B By pasMepHocTh Xaycmopda, MOMKHO IOCTABUTH BOHPOC
0 CYILIEeCTBOBAaHMM TaKUX HaTypadbHbiXx N 1 k, uto

InN
W——-i——’? ——logkN

Kpyr mogoGHBIX BOIIPOCOB MOJKHO PaclINPATh 1 gajablie. Hanpumep,
1

CYILECTBYET JIX TaKOe HATypPaJbHOE YMCJIO 7, YTO sinn = —?
T

| 7

Puc. 2.29
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MaTtemaTnueckuit akkoMnaHeMeHT

Ecnu otpesok K, umeeT eAMHUYHYIO AAUHY, TO AAUHA Kpusoit K,, moiay-
n

YeHHOIi nocje n uTepauuii us orpesxka Ky, passa 3) B npezgene npu n — 00
3Ta JJIXNHA CTPEMUTCA K 6ECKOHEYHOCTH.

§ 24. BeHok 3apau

— Bom sonpocumeansHuiil 3Hax, gom déa-mpu cioéa.
I'de xe saw omsem?

Baagumup Kasakos. Teopus nay3ss

O_,> 1. a) BooGOpasum, uTo 3eMHOIt mIap oOTAHYT mo dKBaTopy 0o6py-
yeM, M 4TO NOZOOHEIM ke 06pa3oM OOGTAHYT U ameJbCHH IIO €ro
GoabioMy Kpyry. Hanee Boo6pasumM, uTo AJNHa KaKkaoro obpyya yseau-
yuJach Ha 1 MeTp, B pe3yabTaTe uero o6py4u paBHOMEPHO NIPUIIOAHAINCH
HaJ NMOBePXHOCTAMM CTATMBaeMbIX UMH Tesl. B KaKoM cilyuae nu3MeHeHUe
paauyca OyzeT Goablile — B cjiydae ¢ 3eMJIei UK B cJydae C aneabCUHOM?
6) IIpeacraBuM, uTo BMecTo 0Opyda 3eMHOII I1ap IO 9KBATOPYy O6OTA-
HYT HepaCTS)KUMbIM KaHaToM. Ilocie Toro, kak KaHar yAJuMHMICA Ha 1
MeTp, €ro B3SANd B OAHOM TouKe U OTTAHYJNU OT NMOBEPXHOCTH 3eMJM
Ha MaKkCHUMaJIbHO BO3MOXKHOe paccTosinue. YeMy oHO paBHO?

2. ¥V Kakux usobpakeHHHX Ha puc. 2.30 monyoKpyKHOCTEHl cyMMa
AJNUH GOJIbllle — Y BePXHUX, WA Y HIIKHUX?

(Paiisyanaes FO. Kpant. 1987. Ne 5. C. 31).

Puc.2.30

3. — UYepes 3TOT JleC Hy?KHO NPONOKUTH Kabenb. — KoManaup poTH!
pa3BepHyYJ Nepel CBA3UCTOM TomorpadpuuecKyo Kapry. — IanHa npaMoii
JIMHUM 110 KapTe OZUH KNJIOMEeTP, HO 34eCh OYeHb MHOTO JepeBLeB, TaK UTO
GepuTe MOTOK NPOBOJIOKH I00oJbIle, KMJIOMeTpa ABa-ABa C MOJOBUHOI.
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— Iloxkanyit, MOXKHO OGOMTHCH MOTKOM M MeHbIUeH AJUHEI, —
NPEAOIOKUI CBA3UCT.

Kaxkoit gauHpl Kabeas HYXXHO B3ATH ¢ c060# CBA3HCTY, YTOGH BBI-
MOJIHUTL NPUKAa3 ¥, BMeCTe C TeM, He OGpeMeHATh ceGa JUMIHUM rpy3om?

(A. Anvmwyanep).

4. MaranrodpoHHas JIeHTa IepeMaThIBa- D
eTCH ¢ JIeBOi KATYIIKM HA MPABYIO, KaK MOKa- |
3aHo Ha puc. 2.31. IIpu kKakom paccTosHuM [
MeXKAY OCAMM ITHUX KaTyIIeK JeHTa CMOKeT
MOJIHOCTBIO mepeMoTraTeca? PaszMepsl mosHOM
¥ MyCTO KaTylIeK MOKa3aHhl Ha PUCYHKe.

(Casun A.II. TIpoBosioka, MarHnToQOH,
numynas MalInHKa 1 Marematnka // KpaHT.
1990. Ne 4. C. 44-45).

" 5. Uranpauckuii maremaTuk JlopeHio
Mackepouu (1750-1800) B cBoeit mosyyus-
meil MMPOKYI0 M3BECTHOCTh KHure «I'eome- Puc. 2.31
Tpua nupryaa» (1797) moxasan, 4To BCAKaA
3ajaya Ha MOCTPOEHMe, pellaeMas C MOMOILILIO LUDKYJAA ¥ JuHEHKH,
paspemMa ¥ ¢ OMOLILIO TOJABKO mUpKyad. Huxxe onncriBaercsa cnoco6
npuOIUKEHHOTO CHIPAMIEHUA OKPYIKHOCTH, NPEAJIOKeHHbII MacKkepoHHU
(IpH 3TOM UCHOJb3YeTCA TOJLKO OAUH IVPKYJIb).

E OnuceiBaeM OKPYXXHOCTHL pajuyca r = 1

B PN C (puc. 2.32). OTuM XKe pacTBODOM UMDKYJIA,

HauMHAA OT HEKOTOPOi#l TOuKH A, fesaeM 3a-

ceuxkn B, C, D, Toraa Touxku A, B,C, D 6y-

AYT BepPUIMHAMM NPaBUJIBHOTO IIECTHYIOJb-

HuKa. U3 Touek A n D, KaK n3 neHTpos, pa-

A p Auycom AC = DB nposoaum ayru CE u BE.

3arem u3 Touku B, Kax U3 neuTpa, paguy-

com BE nposogum ayry EF, rae F — Touka

nepece4YeHNs 3TOM AYrH C OCHOBHOM OKpYXK-

HocThIO. [InuHa orpedka AF npuGauKeHHO
PaBHA YeTBEPTH OKPYKHOCTH paauyca 1.

KaxkoBa TOYHOCTBb TAKOr0 NPNGIMKEHNA?

Puc. 2.32

6. Ha puc. 2.33 npexcras-
JseHa GuUrypa, o CBUAETENLCTBY
Cabura nou-Kopper (836-901)
nocrpoeHHaa Apxumenom. OHa
HA3LIBAETCHA QP6ESOHOM WU Ca-
noxcHuiM Hoxom. JloKaxkuTe,
yTo miIomanb ap6esona S pasHa Puc. 2.33
IIOIAAN Kpyra, OTHOCUTEJNb-
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HBle pa3Mephl KOTOPOTO M CII0COG ITOCTPOEHHA NMOKA3aHBI HA PHUCYHKeE.
Iycts A, B,C — TOYKM, AeldAlyue NOIOJAM COOTBETCTBYIOLIUE IOJY-
SaaBc )

‘okpyskHOCTH. J[OKaXKHTE, YTO T.

(Bepesun B. H. Jlynouxu 'unnokpara // Ksanr. 1971,
Ne 5. C.17-21).

7. 3onomoim Ky6oudom HA3HIBAIOT NPAMOYTONLHEIH napaJuieseny-

1 N
nex ¢ pe6pamu @, 1, —, rge D = %3 — uyucao Pugusa (cM. «Hucao

T ¥ 30JI0TOE CedeHHe», ruaasa 3). Ilycts S;p — miomazs IOBEPXHOCTH

3oJoToro Kyboupma, a S — nomaabr ONMMCAHHON OKOJIO Hero cdepsl.
S

T
Joxkakure, 4T0 — = —.
’ S (e 2]

E .
(Casun A.II. 3ameuartensHble uuciaa // Ksant. 1987, Ne 4. C. 33)

8. Haitaure omubOKy B CHEAYIOIIUX PpaccyXAeHUAX. PaccMoTpum
noaycdepy c¢ moaiocom O U pa3feNMM ee IKBATOp HA N PaBHHIX 4Ya-
c creit. Ilnomazs monycdepsl B n

pa3 Oosplle IJIOIaZM KamIo0-
ro M3 MajJeHbKMX ChepHYecKHX
TPEYroJbLHUKOB, H300paKeHHBIX
Ha puc. 2.34. PaccmoTpuMm Ta-
Koii TpeyroasHuK. Ero ocuoBanue

. 2rR
paBHO - a BHICOTA CTPEMMT-

TR
Puc.2.34 ca K — 1npu n — oo. Ciregona-
TEeJBHO, €ro IUIOAaAb CTPEMHUTCS
7°R? *R* =’R?
K —5——, TI03TOMY ILIOmAZ%E nonycdepsl papHa 7 - =— s amio

mans cheper — 2R3,
(Qy6oe A.C. Omubku B reoMmeTpuueckux Aokasareascrsax. M.: Toc.
HU3A-BO TeXHUKO-TeopeTHd. Jur-pel, 1955. C. 58).

9. [Isa NpAMBIX KPYroBBIX IMJIHH- AN
Apa MEpeceKalTCs IOk MNPAMBIM YIJIOM
(puc. 2.85). Paguycel 060MX LMIMHAPOB —
paBHH eguHuIe. Yemy paBeH o6beM dury-
pHl, o6pa3oBaHHON NepeceYyeHHUEM IHIUH-
Apos? lll II

10. PaccMOTpHM ILIOCKYIO IIACTHHY, "
COCTaBJIEHHYIO U3 6eCKOHEYHOro Y CJa cIe- =]
LHUAJBLHO NOAOOPAHHEIX INPAMOYTOJbHUKOB
(puc. 2.36). Ilycte n» — mIif IO cueTy nNpA-
MOYTOJBHUK uMeeT amuEy 2" ! u mmpu- N—
uy 2'™ camrumerpos, n = 1,2,3,... Ta- Puc.2.35
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. Puc.2 35

KNM oﬁpaaoM, IUIOIIAAL BCeil IJIACTMHEL, . .

cocToAmel N3 GeCKOHEeUHOro 4mciaa npamoyronumuoa (pmccnpoaannoﬁ
wromaau 1 cmz, GecKOHEYHaA. Cnenona'rensno, anE ee OKpaIHBAHNA
I0Tpe6yeTcs GeCKOHEUHOE KOJMYeCTBO Kpacku..C APYToil CTOPOHKI, pac:
CMOTPHM cHCTeMy HUJIHHAPOB -(puc. 2,37), moaydeHHYyIO. B pe3yJbTare
BpAIEHNA OJACTHHE BOKPYT OrpaHNYMBAONIEro ee ayya. [ad uuanuapa
C HOMEpOM 1 NMeeM T, = 27" oM, h, = 2"°! cm, IO3TOMY .ero 00'beM
V,=m-2'"" cm3, a o6Bem Beeit cuCTeMBl NIMHADOB

11 3
' Vfw(1+2+§+ )=27l’CM.

3ainB B cucTeMy 27T CM® Kpackm, IOrpysuM B Hee nnac'mny Ona

OKpacmuTcs, IpuYeM gaske He ¢ ORHOI, & ¢ JBYX CTODOH!
T'ne ke 6plua nonymeHa ommnoka?
(ITanos A.A. Manapuriii napajgoxkc // Keanr. 1986. No 8. C. 13).

"Pue. 2.37

11. HsBecTHO, YTO 3a maomagb cgpepu npuanmae'rca IIPOU3BOAHAA
byHKIMN V(R) mo R

. 4 5 ' 2
‘S= §1rR =47R".

AHasoruuHoe onpenenerme MOXKHO AATh 1 AJSA II0oIanu GOKOBOil moBepx-
HocTn umauHApa: S = (R? H) = 2nRH. OpHako, ecau aHANOrWYHOe
onpesieleHue AaTh MIOMAAN 601coson IOBEPXHOCTH Roayca, noxyynTes
HeBepHEBI{1 PeayIbTaT:

¢

N ! 2
lezﬂ) = —#RH #7RL
3 . 3

. 2 - . )
(§H COBCeM He 0613aTeJIbHO PABHO L) . I

ITouemy Tak?
(Cmonsakoe A. Tlouemy Tak? // Ksant. 1982. Ne 8. C. 59)
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MaTteMaTHyecKui aKkkoMnaHeMeHT

1. a) Ora sagaua, noxxanyit, MOXKeT CYMTATHCA PEKOPACMEHKOI MO umcIy
ny6aukanui B nonyJaapHLIX U34aHUAX, YTO, BIPOYEM, He MeEIIaeT eil YTUCAUTHCA
PEKODACMEMKOH N0 YHCAy HeBEepHbIX DeIlleHWii, NpejjaraeMbiX JYHUTATeNAMH.

B oGoux cayuadx yajauuenue paguyca o6pyda paBHO e MeTpa.

6) Janunlit BADHAHT KJIACCHYeCKON 3afauy NpeAsIoxKuI npodeccop AHa-
ronu¥t [Imurpuesnd MBIIKHC HA OLHOI M3 CBOMX JekDuii., Bonpexm mameit
MHTYHIUH, OTBET B 3TOi 3a1a49e AOBOJLHO HEOXKHUAAHHBIA.

Bsesem 06o3HaueHMsA, NOKa3aHHbIe HA puc. 2.38: AB =a; AD =h; OB =

OD = R~ 6371 000 M (cpeaumit pannyc 3eman), gaunry ayru BC oGosnauum I,
LAOB = a.
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Puc.2.38 TocJjieilHee COOTHOIIEHHe 3aNMNIIeM TaK:
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IIpeHeGperasa MajbiM claraeMbiM, OTCIOAA MOJyyaeM

a 3 3
Rm 3F (%)

Tunorenysy OA u3s npamoyrosibHoro rpeyronsHnxka OAB HailizieM no Teopeme

ITudaropa:
a\? 1/2
A=R|1+| = .
ou-r[i+(3)

Bocnonn3osaBmuces nepBhiMU pasnoxenuamu Gyuxknuu (1 + x)” B pag Teitnopa:
(1+z) = 1+ pz, nocnesHee BLIpAXKeHHe 3ANUIIEM TAK:

oumafto3(3)]
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a npuBJeKas (**), OTCIOAA BHIBOAUM D
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Hrak, paccTossHne, Ha KOTOpOo€ OTTAruBaeTCA KAaHAT OT NMOBEPXHOCTH 3€eMJaH,

npuGnu3uUTENBHO PABHO
1, /9
—i/-R= .
2 4R 120 meTpos

2.°CyMMBEI JIMH Y BePXHUX U HHKHHUX TONYOKPYKHOCTel OAMHAKOBH 1 PaB-

wl
HHL 2 rae | — nnuHa otpeska AB.

3. ECTeCTBEMHO NMPEATIONONUTH, UTO B JeCYy PACTYT AeDeBbA, CTBONB KO-
TODHIX Y OCHOBAHHA MMeIOT LUMIMHAPHYecKyio dopmy. Torza ana mpoxknagku
kabens Mexay AByMa TouxkaMu A u B, pacc-roal-me MesKAY KOTOPHIMH panx-to i,

AOOT&TO‘IHO B3ATHh MOTOK NMPOBOJIOKH AJIHHOﬁ 2 . IToxaxem aro.

 Tam, rae npamas AB nepecexaer KOHTYD Kxaxoro-nu6o gepena, nponon crne-
AyeT MyCTUTH IO MeHbIIek U3 ABYX AYT OKPYKHOCTH, OrPaHNUMBAIOIeil CeueHUe
CTBOJIA NMEPNEHAMKYNADPHON CTBONY mockocThio. Eciau -AuaMeTpHl mepecexaio-
mux auunio AB nepeBbeB paBHH d, da, ..., dy, TO CyMMAa AJNH YKA3AHHLIX YT
He GoJsbllre, 4eM .

l1r(d,+dz+...+d,,)<

1
=ml.

2

Ech AB =1 KM, TO CBSSHCTY Aoc'ra-rovmo B3ATH ¢ coboit MOTO!( IPOBONOKH
nnnnonlﬁxm. .o .

4. OGosnauuM p TomuHy JeHThl. ITocre Toro, kax Ha npanylo KATYIIKY Ha-
MoTae'rcs JIenTa JUIHHOM T, NIOmMALE JeBOH KATYIIKK yMeasmmca Ha nenwmay
2

g .
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B YeM MOXKHO y6eauTbCS, MCCNIE0BAB €e IPOU3BOAHYIO

'

-1 -1
, p[(D® =zp\2 a zp\?
AL 5;[(7‘7) “(7*7) ]

D2+ 42
2

B aT0i1 Toure frin(z) =1 -

D2+ d?

«CnepoBarensuo, ecau BeaunuuHa ! Goapine, uem , TO MArHUTO-

(hOHHYIO JIEHTY YAACTCA MPOCHYIIATD, & €CJIM HET — TO YBbI...» (A.II. Casun).
5. Orser:

AF = \/%(5-~/6+ V6v6-9) =1,5711995...,

npu aToM g ~ 1,570796 ...

8. Huxaroii chepruecKuii TpeyroJsHUK He MOXKeT GbITh PA3BEPHYT Ha mroc-
KOCTb, IIOCKOMLKY Y HEro ABA OIPAMBIX yria. )

9. Drta 3azaya MOKeT OBITH pellleHA OCTPOYMHBIM cITOCOGOM, IIPEAJIOKEeH-
HBIM MTAILAHCKUM MaTeMaTHKROM Bonasentypoit KaBanrbepu (1598-1647) (cxo-
co6 Bocxoaur eme K Apxumeny). PaccMoTpuM map
paauyca 1 ¢ HeHTPOM B TOUKe IepecedeHus Oceit 1u-
nueApoB. Jlo60e ceueHHe MIOCKOCTHIO 11apa M 06-
meil 4acTH LMIMHADOB, IAPANIENbHOM HMX OCAM,
JlaeT KBaApaT, OIIUCAHHBIA OK0JO Kpyra (puc. 2.39).
\ Jnsa mo6oro rakoro ceueHUA OTHOLUEHMe IIomanek

4
KBajpaTa ¥ Kpyra paBHO — . 3HAYHT, TAaKUM xKe 6y-

AeT ¥ OTHOLIeHHue 06 beMoB o6uieil yuacTH IMAUHAPOB
u mapa (o6beM mapa paBeH «CyMMes BCEX Kpyro-
BBIX ceueHuit, a o6bem obimeit yacTH HUINHAPOB —
«CyMMe» BceX KBaapaToB). IIocKONbKRY 06beM mapa

Puc.2.39

paBeH §1r, TO qmem HMCKOMOTO TeJIa PaBeH 3
10. HecMoTpss Ha TO, YTO TeNO KOHEYHOro of’beMa IONYYEHO BpameHHEM
mrockoit Gurypsl GeckOHe4HOI miIomaxmu, mapagokca B 3TOM HeT (Xora Gaxr,
KOHEYHO, yAMBHTENbHBIN). PasHuna B orseTax moxydaerca Ua-3a TOro, 4To B mep-
BOM CJIyyae OKpACKA IJACTHHBLI NpPeANoNaraeTcs PABHOMEPHBIM cjoeM (X Toraa,
KOHEYHO ke, noTpefyerca 6eCKOHeYHOe KOJIMYEeCTBO KDACKH), & BO BTOPOM ClIy4ae

TONIMHA CJI0S KPACKM II0 Mepe YMEHbUIeHU s TONIIKHEI WHIHHApPa y6bIBaeT,

11, na xoxyca 3a niaomaznk 60KOBOI IOBEPXHOCTH HeO6XOAMMO NPHHATH
npejie]l OTHOLIEHUS NpuUpalneHus o6beMa KOHyca K IpHpameHuIo 60KoBOii BbICO-
THI A (cM. puc. 2.40). ITockoasKy

2 3
V(h)-%rRzH-lw( ") h _1__m

T —
3 \sina/ cosa 8sinlacosa’
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TO
2
S(h) =Ty = mRL,
sin” a cos a
rae
H h

sina sinacosa’
Hnes onpefeneHus IIOIALHN TOBEPXHOCTH He-

V(6
pes npeaen liin(} %, rae V(§) — o6beM Tak Ha-

3bIBAEMOI §-OKPECTHOCTH Tesa (CNOA, «OKYThIBAIO-
1Mero» MOBEPXHOCTh X HMEIOIIEro NOCTOAHHYIO TOJI-
muHy §) npuHaANeXUT HeMelKOMY GH3HKY M Ma-
TeMaTKy I'epmany MuHKoBcKOMY (1864-1909).
Ioapo6HO 06 3TOM MOKHO NMPOYMTATH, HANIPUMED,

B craTne [[Iy6].

Puc.2.40




Fnasa 3 .

B MUPE YHCEN

ITycmb 6emep ynecem aucmevt 3namoie wucaa...
Baagumup Kasakos. OT rosoBs! A0 3Be3f

§ 25. 7 B KOnnexTUBE LENbIX YHCEN

9mo 6vLn0 00HaH oL —
Caywumes u d6axovt
A Mmoxem, u mpuxcdvl
A moxcem, u T-x0vl.

13 nppanmoHaIBbHOrO YMCIa T MOXHO ‘HOJYYHTH Ilejioe dmcio 3,
€CJIN BOCHOJIB30BATHCHA Omepanmeil BhIAENEHHS IeJIofl YacTM 4ymucjiaa —
Tak Ha3biBaeMoit dyHkuuelt anmve (0T ppaHumysckoro entier — yeawtir).
Ilesnas yacThb unCJa & 3aNUCHBaeTcs [ ] 1 BrIpakaeT HauGoubinee nejoe
YHnCJI0, KOTOpoe He npesocxoaut &. Takum oGpasom, [7] = 3.

Heckosbko cI0XKHee NPUAYMAaTh BHPa’K€HHUA, KOTOPLIE U3 YHUCIA T
C IOMOUIBIO OIepaluii CI0XKeHNs, BHIYNTAHNA, YMHOXKEHUs, NeJICHHI,
HM3BJIEYEHNsT KBAJAPATHOTO KOPHA M (GYHKIMM aHThe NO3BOJIAIOT MONy-
4aTh Apyrue uejsle unciaa. VI3secTHHI Donyssipm3aTop Hayku MapTm
Tapauep B kuure [[ap], c. 43, IpUBOAUT PeKOPAHBIE PE3YILTATH, COAEP-
JKalnue HauMeHbllee KOJMYECTBO MCIONb3YyEeMBIX YHCEI T M YKa3aHHBIX
MaTeMaTH4YeCKMX olepaltmii:

1: [V7]; 2: —[-V7); 3: [r];

4: —[-7); 5: [t x /7]; 6: [r +7];

7: [rV7); 8: —[-]-[-7) 9: [x x xJ;
10: —[-7 x 7]; 11: [(—[—11'])‘/;]; 12: [—7 x [-7]];
13: —[r x [-=]1}; 14: [[7] x (x + V/7)]; 15: [x] % [* x V/71;
16: [—w] x [-7]; 17: [« >: T X /T]; 18: [r] x [r + 7];

.S

19: [ X (7 + 7)]; 20: [ﬁ] .

B HexoTOpBIX CAy4YasaX KOJHYEeCTBO 3HAKOB YHCJIA T MOXXKHO YMEHBIINTD,
€CJIH ZOIOJIHMUTEJIbPHO MCIOJIB30BATh APYIHe MaTeMaTHYEeCKHe onepanuu.
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HanpuMep, npuBiekas SHAK MOAYAA M SHaR tbax'ropna,na ypcao 10
MOXKHO BLIDA3UTH C,[IOMOIBIO OBHOTO, ennnc'rneunero 3HaKa 7:

1o=[\/ -\ VIl |q. 1)

3ajauya npeACTABICHUA LEJBIX YHCEJN ¢ MOMOIIBLIO 3HAKOB YHCIA T
POACTBEHHA APYroil M3BeCTHOH 3afadve, NMPHUINCHIBaeMoll aHramiicKoMy
dusuky ITomo Jgupary (1902-1984) [Man]: kak npeacTaBuUTH JI060€
exoe YUCIQ ABOMKAaMHU M MATEeMAaTUYECKUMHM 3HAKaMu?

OxagspiBaeTcA, 3TO MOXKHO CAesaTh TaK:

0 = log,(log; 2); '
x1 =:F logg ( logg \/-2-); 1

£2 = Flog, (logz o, x/_) 7 Tax Aance.

CosepuenHo’ OHEBHIHO, YTO mvxec'ro ABOMKM 3/leCh MOXeT 61:1’1‘5 HCIIOJB-
30BAHO UNCIIO 10 . !

0=1g(lg10);

a

ﬂ=:g(m V10 ); Lo

':i:'2='=|=lg(lg ...VIO) ‘M Tak nanee.

7 xopHeit

MEI npEXOnUM K 3aMedYaTeIbHOMY BEIBOAY: €CJIM B KaXKZ0M TAKOM IipeA-
craBieHHM yucio 10 3aMeHUTH HA PAaBHOCHJIBLHOE eMy BrIpaskenue (1), To
B KTOre JI000oe 1eJI0€ YHCHAO BHIPASUTCA C IOMOIILIO onnoro-egnnc'raen-
HOro 3HaKa !l
(M. E. Anossm) Jokaxcume moxdecmaa:
a) cos3=—cos{r};

6) cos % =sinl, - ' ,

O:D 30ece ghueypHoiMu CKO6KOMU obo3HaveHa 6po6ﬁaﬁ yacme wucna:
m=[z]+{m} . . .

i - . £

MaremaTuuyeckuit akkoMnaHeMeHT

a) cos 3 = cos[r] = — cos(m —{w}) = — cos {7}.

o en{5} o G [3]) o ] o
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§ 26. MNpepnouTutenbHbie YKcna
U NpubnuXKeHHe uucna o

I'na3 ne xmyps,

OzaaHume wucen a0M.
Bedv ysice mpenewem 6yps,
ITonrynoumana wucaom

BenuMup Xne6HuUKOB., 3Beph + YUCIO

C 1957 roga B Hameil cTpaHe ReiiCTByeT rOCyRapCTBeHHBIH CTaH+
zapt (IF'OCT 8032-56), pexoMeHAyIOINII PY BBeJeHUM HOBHIX KOJHMYe-
CTBEHHBIX XapPAKTePHUCTHK M3ReJIHil DIPOMBILIJIEHHOCTH IPUAEPKUBATHCH
npednowmumenvubix wucea [Huk]. Tak HasbIBaIOTCA OKpyTJIEHHBIE 3HA-
YeHHus 4uces BUIA 10%/» opu k=0,1,2,...,n - 1,n — HaTypaabHoE.
Hanpumep, npu n = 5 noaydaemM paxn pexkomenzyembix 'OCTom mpea-
nouyrTuTeaLHHX ymcea 1,00;1,60; 2,50; 4,00;6,30, a npu n = 10 —
pax 1,00; 1,25;1,60; 2,00; 2,50; 3,15; 4,00; 5,00; 6,30; 8,00. Tauuomy
CTaHAApTy CAEeRYIOT, HanpHMep, MOILIHOCTH 3JEeKTPHYECKHX JIaMIOYeK,
npoxaBaeMbIX B MarasvHax 3JeKTpoToBapoB: 25 w; 40w; 60 w; 100 w;
150 w — 3T0 cierka moAanpaBJIeHHBIN NEPBHI paHee BLINMCAHHLIN pAX.

B uem npenmyiecTsa npeAnoYTUTEABHBIX uucen? Ecan oTkasaTsca
OT CJIMIIKOM BHICOKMX TPeOOBaHMII K TOYHOCTHM BBHIYMCIEHMIA, TO MOXHO
CYMTATBH, YTO NPOM3BeAeHUE MNPEANOYTHUTENBHBIX YHCeNl TaKXe ABJA-
€TCA NOPeXNOYTHTENBHBLIM YMCIOM (HPH YMHOXKEHHHM 4HCes BHAA 10/
B pe3yJbTaTe NOJYYaeTCA YHCIO Takoro ke Buaa). Iloaromy npepmo-
4YTUTeABHBIME OyAyT miomaau (o6beMbl) NPAMOYTOJLHMKOB (mapasiie-
JleNMNeR0B), €CIH TOJLKO HX pasMepHl BHIPA’KEHB! NPEeANOYTHTEIbHBIMU
YHCJIaMM.

Xopomro, a Kakoe OTHOMIEHNE K NPEeAMOYTUTENBHBIM YUCJIaM MMeeT
repoii Hamero NOBeCTBOBAHUA — YHCJO 7?7

Camoe HemoecpeacTBeHHOe. Cpeay NpeRNOYTHTEIBHBIX YMCea yKa-
3aHHOTO paHee BTODOTO pAZa ecTs uMcao 3,15 =~ 10%1° = v/10. 3ro
npubéanIKeHne YMCla T, U3BECTHOE ellle APEBHEUHAUIICKOMY MaTeMATUKY
Bpaxmarynre (p. 598 r.). BansocTs uncna T K KOANEKTHBY OpeAnodYTH-
TeJBbHBIX YHCEJ FapaHTHPYeT, YTO ILIOWIAAL Kpyra M o0beM HUJIHHADPA
C pagMycaMy NpeRNOYTHTENBHONM BEJHMUYHMHBI TaKKe GYAYT (B HEKOTOPOM
npubIMKeHNN) NPeAIOYTHTEIbHBIMHY YU CIAMH.

@ (1. CaneHukoB) He nonviysce mabauuamu, dokaxume paBercmBo:

G 11

+
loga,®  logsw

>2.
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MaTteMaTHyecKnit akKoMnaHeMeHT

1 1 lg2+lg5 1 1

—_—— = —_—
log,® logsm lgm lgwm lg1r>lgvm

=2

§27. Yvcnamwue

B «nu» yu@poL He nepecuumamy,
«e» 6eCKOHEeLHO CTOAb Je.

A ecau ux ¢ KOHYa nucamb,
KaKxoe 6ydem Goavwe?

[Tap], c.61

IIpodeccop: «Baw omaem 3achycu-
8aem oyenKu z0e-mo Mexdy e u T».

Cayuaii Ha aK3aMeHe

B peaaknum HayYHO-HONYJSAPHEIX YKYPHANOB MOCTOSHHO IPUXOAAT
OMCHEMA, B KOTOPHIX YMTATEIN JeIATCA CBOMMM HAaXOAKAMM TAXHCTBEHHO#H
CBA3M MEXAY YHACJIAMH T M €:

«3apaBcTBYH, ,,KBaHT“!» — mumer yyeHHk 10 Kjacca u3 ropoga
Hiopriomt Cepreit P. B pegakiuio GU3HKO-MaTeMaTHYECKOr0 JKypHa-
Ja AJNS MKOJBHHKOB M CTyAeHTOB. — «Ha Auax, 6anyach Ha CBoeM
MHMKDOKANBKYJIATOPE ,,JNIeKTpoHuKa MK-60%, Mue yaanoch coc'ranmb
YAHUBHUTEIBHO KPACUBYIO xou6unanmo uMCeN T H €

[

e =%+ 7,
Hazeroch, 4To BB OTKJIHKHETECh Ha MOIO GopMyJy».
W3 oTBeTa pejakuum:

«CHayana Mbl MOCYNTANH JIEBYIO ¥ IPABYIO YACTh HA MUKDPOKAJb-
KyJaarope u noayunau 403,428775 u 403,428793. 3aTeM nocyHTanuU
T0 e camoe Ha KommbioTepe IBM / AT H nmoayuyumu 403,42897

u 403,4289%: (Ksant. 1991. Ne7. C.54).

MpoBepsme, ymo €° > 7t + 1r"’. I7pu KGKOM HOUBONbUWIEM HAMYPANLHOM Tt

@ Bvinonnaemea nepaBencmBo €8 — 14 = 1° < 107 2 Yucna T u e danwt ¢ 15
MOYHbIMU 3HAKAMU NOCAE 3aNAMOL:

e= 2,718281828459045..., = =3, 141592653589793
(X! Bcepocculickaa onumnuada wxonsHuxko8 no momemamuke, 1985 z.)
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Eiwme oAHO muCbMO B ynOMMHaBIIHMIiCA Bhlmle xkypHaa (Keanr. 1992,
Ne 7. C. 72). B pepaxkuuio numer Pupzaayc Hlaburyniua:

«BpIChLIIa0 BaM ABa GECKOHEYHBIX PAAA, COUMHEHHBIX MHOM HH-
TYUTHUBHO. mecmm pansl Ha Kaiabkyaarope MK-51, s xoxoaun
zo norpemsocts 10”7 aaa oboux PAXOB 1 noayvan uucjao 7. OgHako
npouy nNpoBepuTh pe3yabrar Ha O9BM.

-1/4
=2+ (ln \/':lle +1/ et + 3/ elle + ., ) ,
~1/4
1r=-2+(ln (l+\/e‘/"—\/el/‘—\/el/‘—...’) . »

IlepBoe, uTO caenanu B peJaKIMU, 3TO OCBOOOAMINCH OT Heo6GXo-
OUMOCTH DPacCMATPUBATH B IEPBOM BHIDAYKEHMH GECKOHEYHYIO IOCJEeH0-
BaTEJBLHOCTh IOJ 3HAKOM Jorapudma. OGo3HayUB 3TO YMCJIO 4Yepe3 I,

1
noxydyaeM & = V ee + &, oTKyaa
Vielle +1+1

$=—2——.

AHaJOTHYHO BHIYHCJIAETCA IOCJIe0BATEJHLHOCTh KODHE! BO B'ropor@ BHI-
Pa’KeHUU, OHA PaBHAETCA

Vaelle+1-1

3 .
TakuMm o6pa3oM, B 060MX BBIPQXKEHUSX INOJA 3HaKOM Jorapupma (u,
CJIeA0BATEJILHO, B IPABBIX YACTAX DPABEHCTB) CTOAT OAMHAKOBBIE YMCJIA.

Hanvueitmee cpaBHeHue unuciaa m = 3,141592653589... co 3naueHueM
BBEIPaXXE€HUA

V1+4el +1
+(In 3

-1/4
) =3,141592758733...

yKe He BBISHIBAET TPYAHOCTEH M IOKAa3bIBaeT NPUOGIMIKEHHBIN XapaKTep
Haligennbix Pupaaycom IladuryninHeIM paBeHCTB.

Cienpyromee mucbmo A. fIMnoJsnsckoro onyﬁmeonaHo B JKypHaJe
«Hayxa ¥ KU3HB», 1983, 3, c.150:

“« Heommxannoc’m B of6aacTi HPPAUHOHAJBLHBLIX . YHCea

I/Ippatmoua.ubnme YHUCJA T U € OKA3bIBAIOTCA CBA3AHHBIMH MEXAY
co60it faseko He OUeBUAHBIMHU U AOBOJBHO HEOKUAAHHBIMM 3aBUCUMO-
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cTaMA, -
x=e",
) rn-e=e",
a2+e? _
——— R e A,
m-ed 2’ Sy
. ' VEr+ve =1, ,

. Kpowme Toro, uncio 7 cBggaHo ¢ HEKOTOPHIMU PUBHIECKUMM BeIH~
YMHAMH, HanpUMep, #° = g (c rownocTso 70 0,6% , rie:g8 — yCKOpeRue
cBoBoaHOro NAjeHHA), Moxer 6L, THTATENAM YAacTeA qaﬁ'm M ApY-
rie HHTepeCHbIe aauouomepuoc'm?» Y

Koneuro, BCTPeTATE TOUHLIe PABEHCTBA HA TOM MecCTe, TAe JOJMKHEI
cToATh NPUOIMKEHHBle — ZOBOJBHO HEOXKHMAAHHO (C AOBOAAMH H3YMHB-
mMUXcA YATATENell PeflaKIuA KypHada «Hayka M KH3HBs COINIACHIACH
B 0AHOM M3 CJIeZYIOLINX HOMepPOB).

IIpubnnmxennoe paBeHCTBO, CBA3LIBAIQIIEE UHCJIO T W KOHCTAHTY
3eMHOr0 TATOTEHUA g, yKasaHHOE A, AMIOILCKNM, AJIA MHOTHX TaKkKe
npeacrasasercs 3a64aBHEIM KyphesoM. OgHako 0HQ mMeer mop coGoii ce-
PBE3HYIO €CTECTBeHHO-HAYUHYIO NOAOIIIEKY — 06 aToM GyAer pacckas3aHO
B rnase «4ucno 7 U HayKa O NPHPOZe».

Hokaxume nepaBencmBo

e >

(B. Apo3doB) Y6edumece B cnpaBedauBocmu paBencms:
[x]+[x°] = [e] + ["]};
(77 + [e] = [e]™ + [x); -
2r +e = [n)’.

@
Cd
@

Maremaruueckuit akkoMNaHeMeHT

Mpuz>e (gynxnua f(z) = 2 — eln  EMeeT NONOKUTENBHYIO TIPOUIBOA-
Hyio f'(z) = 1 — — > 0 u, crexoBaTenbHO, Ha MHTePBANe (€, 00) OHA ABRACTCA

soapacraiomeit. Ilockonbky f(e) = 0, T0 B cuy HempephiBHOCTH yHKIMH f(Z),
f(z) > 0 npu = > e. Tpe6yeMblit pe3ynbTaT BHBOAUTCS U3 HepaBeHCTBA f(z)>o0,
€C/I NONTOK AT BHeM T =T.
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§ 28. Yucna 7 M e — ob6BeKTBI HCKyccTBa

Nankun A. @. «Teomerpyn B3aUMOAENHCTBUA
YUCEeN T U € B TPEXMEPHOM fIPOCTPaHCTBEY,
2001r. -

Yucna ™ u e npusnexan
BHUMAaHNE MOCKOBCKOIO XYKOMK-
HuKa, wieHa Coi03a Apxurexro-
pos Poccun u npodeccruonansuo-
TEXHMYECKOIO COI03a XYROMKHU-
koB Pocenn u MexayrapoaHoit
Penepanun XyRoHUKOB Asek-
canapa Pexoposrya Iankuxa (p,
1938). Huxxe npusenens HekoTo-
pble M3 ero NpousBeAeHui, repo-
fAIMU KOTOPHIX BHICTYIAIOT 3HAMe-
HHUTEHIe MaTeMaTHYeCKHe KOHCTaH-
Th. B ocHOBe Bcex Tpex xommg.
SHUIMH JIeXKUT eAUHBI/ 3aMbIce,

BLIPAKAIOIMMI YeTKHUE KOIMYECTBEHHEIE 3aBUCHMOCTH (xaxue HMeHHO0?).

ITo HoMuHaguy UTanbaHCcKoro kypHana «LUXURY Style of life» Anex-

CaHAD d)e,noponuq HasKnH TOJIYYHJI TUTYJ «AJIEKCAHAD T ».
(N3o6pasuTenbHre MaTepHalbl IYGINKYIOTCA C paspeleHus as-

Topa).

/7«"mxuu A @. «Metachusmuuecxuit
obvekt», 2000 r.

@%i{iﬁ.‘n’iﬁg’w

frenesy //07 /!l

!u, o
w0 |

2 l§ .m‘ ks ‘»‘m\\

PycyHoK, BbINONHEHHBI € KapTH-

Hot A, @. MankuHa «Baanumopeiicteme

4UCeN T W € B IByMEPHOM NPOCTPaH-
ctee», 2000 r.
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§ 29. 7™ nomoraer BblYMCAATL haKTOpHANDI

Bedv ITossua, Kpuvanrxku — 3mo He maxue sewu,
xomopbie 8vt Haxodume, Kozda xomume, 3mo 8eusu, Ko-
mopvie Hax0dam Ha aac.

A. Munu. Bunan-IIyx u Bce-Bce-Bce

PacckaabIBaloT, OZHAXKABI HA 9K3aMeHe aOUTypHEeHTa HONPOCUJIA
NPUBECTH BhIPAXKEHHeE I GMHOMHMAJBHBIX K03hPHUIHUEHTOB

n!
o L —
kl(n — k)!
NDONYy4YaKIUXCA NIPN CTENEeHAX I B pa3yIOKEeHNH 6nnoma HL!OTOH&:
QA+ =C+Clz+C22+...+ C 2",

3ariaHYB B LImaprajJky u HaOpaB moGoJibllle Bo3gyXa, aGUMTYpPHEHT 3a-
KpHUyYa: '

— 9u! Pasgenuts na Kal 1 Ha 9 Mmunyc Kal

— Tuure, moyeMy BHI Tak Kpuunte? — Vsymuica aksamenarop.

— Hy krax e, 31eCh JKe PACCTaBJeHbl BOCKJIHNIATEJIbHBIE 3HAKH...
O6o3navyenve 7! A OPOHM3BEAEHUS IOCJELOBATENBHBIX HATYPANBLHBIX
yucean 1:2-3:...----n npeanoxxux B 1808 rogy HeMenkuit marema-
Tuk K. Kpamno. C Tex mop Takas COKpalleHHas 3aMuCh TPAgUIMOHHO
npUMeHAETCA BO MHOIHMX MaTeMaTHueckux c¢dopmynax. IIpousBesenue
rmocJieJOBATEAbHBIX HATYPaNbHLIX 4Hcea no mpeanoxkeHuio JI. Apbora-
cra (1800) umenyloT Takxke axmopuansom (or narunckoro factor —
deaatowuil, npouseodawyuit). Takum o6pa3oM, COKPaUIeHAYIO 3aNMUCH AJA
6uHOMHANBHOrO Ko3ddunuenra

nl
ch-_——
" kl(n - k)
MOJKHO NPeACTABUTL B PA3BEPHYTOM BHAE:

1-2-...-'n _
Q-2-...k)-(1-2-...-(n—k)
n-(n-1)(n-2)-...-(n—k+1)
- 1-2-...k
IOJma M3 N3YMUTEJBHLIX (OPMYJI, CBASHIBAIOIIUX N] U T, IPUHAAIE-
KUT aAmINiickoMy MaremaTuky »xeitmcy Crupaunry (1616-1703):

+1 _
nlxV2r-n"Tze™

Cr=

.
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npu 6oABMINX 3HAYEHUAX N UJIH
. nl
lim ————— =1.
n—=00 /Qrpttae—n

IOas O3BHAKOMJEHMA C JOKA3aTENIbCTBOM 3TOH (OPMYJAbI OTCHI-
Jasg K CTAaHAZAPTHHIM KypcaM MaTeMaTUYeCKOro aHajausa (CM., Hampu-
mep, [Pux], 1.2, c.369-371), samerum, uro mo ¢opmyne Crupamera
OoYeHb YA06HO BHIUMCAATH haKTOpPHaIb! GOABIINX yncea. OTHOCHTeAbHASA
omrnfKa BHIYMCIEHHS (aKTopHasa MPH 3TOM UMEeT BEJUYUHY MOPAAKA
—;—n-. Bosiee TOYHYIO 3aBHCHMOCTb PACCYMTaNX (PPAHIY3CKUII MAaTEMATHK

IIrep Cumon Jlaniac (1749-1817) B 1812 rogy:

1 1 139 571
=V2rn™tie 14—+ - -
n! 2rn ze (1 12n  288n2 5184n3 2488 320n4 *

npu n — oo,

Jleonapx Qitnep (1707-1783) BBen B paccMmoTperne pyaxkuuo I'(z) (cam-
Ma-QyHKyua Jiaepa), B HEKOTOPOM CMbicie 06o6LialolIy0 MOHATHE
daxrTopuana. IIpu HATYpaJbHOM 3HAYEHMM apryMeHTa & = 71 raMma-
¢yuKuua npuEuMaeT 3avyenue I'(n) = (n — 1)! (mo onpenenenuo mosaa-
raerca 0! = 1). Ecau £ — He nesoe 4yucio, TO 3HaYeHUA raMMa-QyHEKIUU
YAOBJIETBOPAIOT GYHKIUOHAILHOMY YPaBHEHUIO

F'@ri-=)=

sinwz’

1
OTKyZa, B YaCTHOCTH, cJaeayeT, 4yro I' (5) =47,

B o6mem cayuae ramma-pysEKnua 3anaerca paBeHcTBoM (dopmysa
Beitepmitpacca):

res et (1 2) et (14 2) e (14 D)

B KOTOPYIO BXOZUT He TOJbKO 3HAMEHHTOEe YHUCJIO €, HO ¥ TaK HagblBaeMasa
nocmosaxHaa diirepa

C=lim (1+ 1 + 1 +...+ l —lnn) =0,577215664901532. ..
n—00 2 3 n
CyuecTByIOT 1 aApyrue cnocoGel onpeneseHus ramma-bysxkgun [Pux].
JIroGonbIiTHAA CBA3L MEXAY aKkTOpHanraMu HATypPaJbHBIX YHCe] U
yucaoM T 3agaerca ¢bopmynoil, SKBUBaJIEHTHOH ¢opmysne Banauca (cm.
Popmyaa Barauca):

221! !2
V7 = lim (n])

ni @n)a *)
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Ina ee BuiBosa 3anuiueM ¢opmyay Bannuca B Buae

T 22n.12.22.32. .p?
2 Mm@ Dkt
- lim 2°%(n)? 12.22.42.....2n)%
ns032-52....-(2n—1)2-(2n+1) 1.22-.42.... -(2n)
24n(nl)4

= l. N
noto (2RO - (21 + 1)
OTKY/Zia HeIloCPeACTBEHHO cieayer (*).

§ 30. YausurenbHoe peluero

Xomume, & naso8y pad wucea?.. Bv. cmpanno cmo-
mpume. Pad nasean, a avi moavume...

Baagumup Kazakos. Pagnut

HUropr ®Pepoposuy AKyJuUuy — HU3BECTHBI aBTOpP 3aHHMATEJBHBIX
3aay ¥ MAaTEeMATHYECKUX CIOKETOB, HEOAHOKPATHO ITyOJMKOBABIIMX-
ca B xypHane «KBaut». B crarbe «¥YM xopomio, a maTe — Jydiue»
(KBanT. 1998. Ne 6. C. 10—16) on pacckasbIBaeT 0 CBOUX BBHIYUCIHUTEND-
HEIX 9KCIIePHMEHTAX HA KOMIBIOTepe Pentium U AeqnTcs MHTEpECHBLIMU
HaGIIOAEHNAMY HAJ CAeAYIOIUM PAAOM UYUCEJI.

BrinuiueM mocjiefoBaTeNbHble YU CAa HATYPAJIBHOTO PAAA:
1,2,3,4,5,6,7,... BoopyxuMca JACTUKOM M HAYHEM CTHDPATh HEKO-
TOpBIe YHUCJA 11O ONPEAEIECHHOMY npaBuiy. CHauasna coTpeM Bce WMCIA,
crodmye Ha YeTHBIX MecTax (TO eCTh Bce ueTHhle yucia). ITocne aroit
onepaunuy MOJYyIUTCH MOCIEZ0BATENBHOCTD

,3,5,7,9,11,13,15,...

B HOBOIT mocsenoBaTENIBHOCTH COTPEM BCe yHCJa, CTOAIUE HAa MeCcTax,
HOMeEpAa KOTODHIX AeJATCHA Ha TPH. HOJIY‘IHM:

1,3,7,9,13,15,19,21, 25, ...

IToToM coTpeM Bce uMciia, CTOSINE HA MeCTaX, HOMepa KOTOPHIX AendaTca
Ha 4:
1,3, 7, 13, 15,19, 25, ...

U Tax panee. B urore o6pasyercsd nocnaegoBaTeIbHOCTh, HAUNHAIOI[AACH
YUCIaAMYU '

1,3,17,13, 19, 27, 39, 49, 63, 79, 91, 109, 133, 147, ... 1)
OBosnauum ee {a,},n=1,2,3,....
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N Ha puc. 3.1 mokasan rpadpux
n 3aBUCHUMOCTH BEJIMYUHEI /A, OT 7.

2001 IToctpous ero, Mrops Pexsoposuy
nuurer:

150+ «Tenepr MOKHO BHOJIHE yBe-
PEHHO IpeAmnoJaraTh, 4To @, C po-

1004 CTOM T aCHMITOTHYECKH mpubau-

sxaercs K kn?. Gro x, geno 3a ma-
504 JeIM — Hait™u k. CHauvana, Ko-
HEYHO, BBIYMCJIUM €ro ¢ BO3MOXK-
0 - . . . Ho GoJjblreil ToYHOCTHIO. 3amycKa-
0 50 100 150 200 n em mporpammy...T'orosol ITonyuaem
k =0,785398... I'ocnoau, uTo XKe
Puc.3.1 9aro? IIpoHumaTenbHBIit YMTaTEND
yKe gporafancs, a oOCTaJdbHBIeé OycTh yMHOKAaT Ha 4. O yxkac —
noaydaerca 7! 3to mouunine 30s0Toro cedeHus! Takoil pesyJanbTaT CIoco-
6eH CBAJIMTDH C HOT JajKe HOPMAJLHOTO YeJI0BEKa, He FOBOPA O JobuTene
MaTeMaTHKU» .
O HeKOTOpHIX CBOMCTBaX mocjegoBaTesabHOCTH (1), mosyuuBiueit B
MaTeMaTHYeCKOil TuTepaType HasBaHUe «perueTo dabuycar, MOSKHO mpo-
yuraTh B craThe [Baal, a Takxke B [Act].

§ 31. Hucno 7 u «3onoroe ceyeHue»

Buicoko HaO HuM CMOAAU YUCAQ, ONUPAACH
Ha pyKoamu u3 36e3a.

Baagumup Kazakxos. OT rososst 0 38€31

3osnomoe ceveHue, WA 3010MasA NPONOPYUA, — ZHeJeHUEe OTpe3Ka
Ha [ABe HEPaBHBIE YaCTH TaK, YTO AJWHA Gojblueif yacTu NpeBBINIAET
JJIMHY MEHbIlleii 4acTH POBHO BO CTOJIbKO Da3, BO CKOJBKO pa3 BeChb
OTpe30K MpeBBIIIAeT AJUHY OoJsbiueit yactu. Eciu 0603HAYUTL JJIMHY
GoJsiblreit yacTH uepe3 @, a AJWHY MeHbuIelt — uepesd b, To 3o0Ji0TAH
Npomopnus 3amAIIETCA:

a_a+bd a
b a
a 1 2
IIycTs :v-—-i’-, Torza us (1) mosyyaem paBeHCTBO m=l+; wim z°-z-1=0.

1+V5
Boasmuit 1 KopeHb NOCHeAHEr0 YPaBHEHUS pPaBEH — 910 UMCIO
yacTo 0603HavaoT 6yKBoit @ — B 4eCTh APEBHETPEYECKOro CKYJLITOpa
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duaua (a4, V B. 10 H.3. — oK. 431 fo H.3.), IPUMEHHUBIIEr0 30J0TYIO
NMpPOHOPLMIO NPH NMPOEKTHPOBAHMM BCEMHPHO M3BECTHOro Xpama AQHHBI
«ITapderon» (puc. 3.2).

TIpUHLUNOBL 30JI0TOTO CEYEeHNSA MONOMXKEHbl B OCHOBY KOMIIO3MIIMOH-
HOT'O NOCTPOEHMS MHOTHX NMPOU3BeJeHU MIPOBOro HCKYCCTBA, IIIaBHEIM
0o6pa3soM apXUTeKTYpPHl aHTHMYHOCTH W 3moxu Boaposkaenma. Jleomapao
na Bunum (1452-1519) Haxozmn
ypcno & B NponopHUAAX 4YegoBe-
YeCcKOro Tela, a HeMemKHil yde-
et 1leitsuHr, UccaenoBaB B ce-
pesune XIX Beka ThICAYM HeJo-
BeYeCKHX Tel, MpHIuen K BHIBO-
Iy, 4TO 30JI0TOE CeYeHne 3aHuMa-
eT BaXKHeiinrlee MecTO B cCHCTeMe
MpOMOPLUMOHAIBHBIX OTHOIIEHHUH
OTHEJBLHBIX 4YacTell Tela XOpOoIIo
CHIa’KeHHOTO 4YeloBeKa., 301I0TO-
MY CeYEeHMIO MOCBslleHa obup-
Haa Jaureparypa. (Cm., Hampu-
mep, [Bac], [Ben], [IIes], [Kop]).

Yucno <P obmagaer Jio-

GONMBITHEIMH MaTEeMaTHYECKHMHU Puc.3.2
CBOMCTBaMHU: 1
D=1+ —;
<D
a>=\/1+\/1+v1+...; D= 2+\/2—\/2+\/2—...;
1 1
<D=1+—1—; CD=2_—_1——’
1+ ——— 2t —3—
1+— 2—- ——
1+... 2+...

Un+1

Yucmo @ sBrsercs npezeyioM nNpu N — 00 OTHOLIEHHA

ABYX

n
CMEXHBIX 4YJIeHOB nocaedosamenvhocmu Pubonauyu (CM. «T U YHACAA

dubonauun»).

B 1957 roay amepukaHckuit mMarematnk Ik Beprman nocrpoun
CHCTeMy CUMCJIeHHUS, Ha3BAHHYIO MM «CHCTeMO# CYUCIEHHS ¢ MUPpPaIHo-
HaJILHBIM OCHOBaHMEM THIIA 30JI0TOM Mpomopuuu» . B aT0it cucreMe m06oe
HATypaJIbHO€ YMCIIO NMPeACTaBMMO B BHJe CyMMBbI creneHeit uucna &d:

1= '+ 7% 2=D+ D
3=+ D% 4=P?*+ D+ D72
5=+ D1+ d74;...
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I>x. BeprMaH oTHecCs K CBOEMY Pe3yJIbTATY KaK K Kypbesy, Henpu-
TOAHOMY AJIs HPAKTHYECKOro npuMeHeHnd. OJHAKO BCKOpEe BBIACHUJIIOCE,
YTO CHCTEMA CUMCIEHHUS C OCHOBaHUEeM D MoKeT GHITH C yCIEXOM HCIOJIb-

A 30BaHA AJIA MOBHIIIEHUA IOMEXOYCTONIU-
BOCTM BBIYHCIMTENbHOM TexHUKH [Cra].

Ynucna 7 u @ mexay coboit TecHo
CBA3aHBEI. JTa CBA3b BEITEKAET M3 TO*
ro ¢axra, 4yro uucio <@ paBHO pa-
OUYyCY OKPYXXHOCTH, ONMCAHHOH OKOJIO
NPaBUJBHOTO JAECATUYrOJbHUKA C JJIU-
(0] 1 C D B mnoit cropount 1. ITokaxem aro. Cropo-

Puc. 3.3 Ha AB(AB = 1) Takoro AeCATHYTOJbHUKA:

) I BUAHA U3 UeHTpa O ONMCAHHON OKDYK-

HocTH mop yriaom 36° (puc. 3.3). IIposexnem orpesoxk AC, AC = AB,
rouxka C npunaanexur OB. Torxa, B CHIy paBeHCTBa YIJIOB

ZABO= LOAB = LACB =12°,

nojiy4aem .
ZOAC =/LCOA=36° u OC=AC=AB=1,

Iycts OA = OB = x. Tak Kak tpeyroiasHuk AOB nogoGen Tpeyrd.ns-
CAB OA AC T 1

, — = —,unu - =

HHEy ™ AB " CB 1 z-1

MOJIy4YeHHOT'0 YPABHEHU S COBHAJAET C 30JI0TOi nponopuueir .

ITocKOJNBKY ImEPUMETP TAKOI0 AECATUYTOJBHUKA C XOpOMIeld TOYHO-
CTHI0O MpUONMIKAeT AJIUHY OKPYXHOCTH, TO 27D = 10, unu 7d ~ 5.
Tounyio cBa3b uucen ™ u P HaiiieM U3 NPAMOYTrOJIBFHOI0 TPEYroJbHUKA

. IlomoxuTenbHOE pemenue

ADO: oD
ZAOD = — = _1.
cos LAO 04 3
‘ T ™ &
D=—, ==,
IMockonsxky £ZAO 5 TO COS 5= 2

O rapMOHNYECKOM COI03€ KOH-
CcTaHT @ M T CBHJETEJILCTBYIOT
¢axTel MHOrO poja. Tak, nnsa Be-
JINYECTBEHHOro maMaTHUKa J[pes-
Hero Erunra nupamupger Xeomca
C BBICOKOH TOYHOCTBIO BBLINOJIHA-
10TcA cooTHomeHuA [Bac]:

2H 2L

—r D, —=m,

I 7"
sgecse L — pnauHa ocHoBaHUA,

Puc. 3.4 a H — BreicOTa nupaMuasl. 3a-



§31. Yucsno 7 u ,30n0moe ceverue” 121

KOH pocra KpacuBeiimeit paxosunsl Nautilus (puc. 3.4) onuceiBaeTcs
ypaBHeHUeM 3oJjoToi crupanu [Illes]:

R=VTe

o0 beauHsAONell B IPeKPACHbIi GYKeT HeCKOJBKO 3aMedYaTeNdbHBIX KOH-
craut P, e u 7!

OxasniBaeTcs, o 3aKOHY 30JI0TOM CIIMPAJIH IOCTPOEHA KOMIIO3ULUS
rpaBIOpHl UTaNbHCKOrO rpadpuka MapkanTonuo Paiimonzu (ok. 1480 —
oK. 1534) «H3buenue miageHues» (puc.3.5). 06 3aToM Ha CTpaHMLAxX
sxypuana «KBanT» pacckasan A. U. IlpoxopoB [IIpo]. Csoio rpasoopy
MapkaHTOHNO PaifMOHAM BBINMOJIHMJI IO 3CKHU3y 3HaMeHHTOro Padasnsa
(1483-1520).

SosoTas coupans 6eper Hauajio B CMBICJOBOM I[€HTPe KOMITOSUI[MY —
«...TOYKe, I'le NaJIbIbl BONHA COMKHYJIUCh BOKPYT JIOABIKKY peGeHKa, —~—
BAOJb ¢uUTryp peGeHKa, YXeHU[MHBI, NpHKHUMawomeil ero K cebe, BouHA
C 3aHECEHHBIM MEYOM U 3aTeM BAOJb PUIryp Takroit )xe rpynns! B MpaBoit
vacTu ackusa» [IIpo]. PasBopoT cniupany NoAYEePKUBAIOT TaKKe 3JIEMEHTHI
KOMIIO3UIIUH, KaK «apKa MOCTa, NAYIAS OT I'OJIOBBI KEHIIMHEI, — B Jie-
BOIf YaCTH KOMIIO3UIIMM U Jlerkaliee Tejlo pebeHKa — B ee menTpe» [IIpo].
Ecau 30J10T0e CeueHMe BBHI3BIBAET Y 3PUTEJA OLyIIeHUEe rapMOHHH, TO
cnupaJlb — HaIPOTUB, BHISBIBAET OLIYIIleHNe AMHAMUKU U BOJHEHUA.
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§ 32. T ¥ UHCNO «CUACTAHUBBIX» OBUneTos

— Bdecv, Hasepxy, 6ce HU HA ¥MO He NOXOXe, — CKA3AN
Manviu, xoz0a Kapacon npu3emauaca ¢ Hum Ha Kpoi-
Jevkxe caoezo doma.

— Ma, k cvacmovio, — omeemua Kapacon.

Actpug JInuarper. Kapiacox, KoTophiil :xuBeT
Ha KphIlle, ONATH IPHUJIETeN

«fl exan B TpamBae no JIeHMHrpagy co CBOMM IJeMSAHHUKomM Mu-
meif» — TAaK HEBUHHO HAYMHAJIACh aJpecOBaHHAS MJAAIINM IIKOJIBHH-
Kam cratba A. Il. CaBuna u JI. M. Punka B ceAbMOM HOMEpE KYpHaja
«KBanT» 3a 1975 roa [CaB], HEBOJILHO BLI3BaBIIas BOJIHY OyOauKanuit
€O CCBITKAMU Ha QYHKIMOHAJNLHEIA aHAINU3, AHAJUTUYECKYIO TEOPHIO YU~
ceJl U BemlecTBEeHHYIO aiarebpanueckyio reomerpuio [®Pun], [Boxa], [[yp],
[UaT], [CHO].

Bo BceM «BHHOBaT» OKasajica MaJdbYuK Muima, morpeGoBaBmmuit
cebe cuacTauBHI Ouiaer, To ecTh OHMJIeT ¢ IIEeCTU3HAYHLIM HOMEpPOM,
CyMMa NepBHX LU(PP KOTOPOro COBMAafaeT ¢ CyMO# TpeX OCTAaJbHHIX.
Cpasy pasropejcs CIop — KaK 4acTO BCTPedYaloTcA TaKue OuieTH, MM
CKOJIBKO CYINECTBYET «CYACTJMBEIX» INeCTHU3HAUYHBIX umucesa or 000 000
no 999 999. PasroBop B TpamMBae ¢ MaJdbuMKoM Mmuimeil 3aKOHUHJICA
oneHKoil koaudectBa C cuacTiauBHx OuiaeroB: 1000 < C < 90910.
Brino ykasano Takike, 4To Ha camom peile C = 55252, HO BHIYHMCIUTH
3TO YUCJIO «HA XOAY» He NPeACTABJIAIOCH BOMOMKHEIM.

KoHeuHO e, KOJIUYECTBO CYACTAUBHIX GHMIETOB MOMKHO ONpPENeIUTh
NpOCTHIM nepebopoM Beex yucesa oT 0 o 999 999 (aTo, KcTaTH, U npenia-
raj caeixaTb MajJb4uK Muima), Ho KOMY, KpoMe KOMIBIOTEpa, HHTEPECHO
3aHMMAThCA TaKoil pyTuHHOM paboToit? B cieayiomeit ny6aukanuu [Pun]
nosBuUjach ynoOHas dopmyaa, obrerqaiomas MoACYET:

Cr(k)=Cro1(k)+ Cpi(k—1)+...+ Cpr_1(k = 9). 1)

3neck C,(k) — KoauuecTBO N-3HAYHBIX HOMEPOB, cymMMa nudp Ka-
JKJOT0 U3 KOTOpHIX paBHA k; 0 < k < 9n. Ecrectsenno, Cy(k) = 1, ecau
0 < k <9 u Ci(k) = 0 npu apyrux snayenusx k. Kpome roro, C,(0) = 1.
9THX JaHHHIX BOOJHE JOCTATOYHO, YTOOBI, OTHPABAAACH OT M3BECTHHIX
spauenuit C;(0), C3(0), C1(k), mo ¢opmyne (1) nocreaoBaTeabHO BBIYM-
caute Cy(k), C3(k). Toraa 4mMcio CYACTAMBHIX OUJIETOB MOMKHO HATH
no gopmyre

C =[Cs0F +[Cs(V)F +[C3(@) + ... + [Cs(2NT. 2

DTOT MOACUET yiKe HeCJOKHO BHIIOJHUTEL U BPYYHYIO,
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YcranasanBaerca cooTHomeHRue (1) NpoCTEHIMI KOMOMHATOPHEIMHE CO-
obpakeHHAMHM: N -3HAYHBIe HOMepa ¢ cymMMoii uudp, paBHo k, moay4yalor-
cq u3 (n— 1)-3HaYHEIX HOMEPOB ¢ CyMMoit nudp, paBHoil k, Jo6aBaeHNeM
nudput «0», u3 (n —~ 1)-3HaUHBEIX HOMEPOB ¢ CyMMoit nuudp, pasroit k - 1,
nobasnenneM pudps 1, ¥ T. A. IIoCKONBKY KOJUYECTBO TPEX3HAUHBIX
yucen ¢ cymmoit nudp k pasao Cs(k), To B3 HHUX, KAK U3 I0JOBMHOK,
MOYKHO COCTaBHThH [C;,(lc)]2 LIECTH3HAYHBIX HOMEPOB CHaCTINBLIX GHIEeTOB
¢ cymmoit nudp k. Orciopa monyyaerca dopmyna(2).

B 3ameuarensHoit kHure Hayma fikosneBnua Buaenxuna «Ionynap-
Hafg KoMmOuHaTopukas [Buia] u3 aApyrnx KOMOMHATODHEIX cooGpaxeHHil
BLIBOAUTCA PopMyaa

C=-C%h+CiCly - CiCg = 55252,
3neck Tak Ha3nIBaeMBle 0000WjeHHble KOMOUHAMOpHbLEe KOIPPUYUeH-
mut C* ompenenaorea paBencTBaMu
C: - a(a - 1)(a~ 2)”'.(“-’“'1)
1:2:83-...-k
HmeroTca ¥ Apyre pacueTHble COOTHOmMERMA (CM., HanpuwMep, [Boxl,

[Typ)). Ho nanGonee Bneuarasaiomeit, KoHeuHo, oKa3anack dopMyaa ana
KoanyecTsa C CUACTIMBREIX OHJIETOB, B KOTOPOH HMCIIOJIL3YeTCH YUCIO T3

1 [ [(sin10t\®
Cs;,o/( sint ) dt @

Ee Hamnu uurateny XypHaia <KBant» M. Muanakauan, A. Menukan
u P. Ailinarynos [MuT]. B aroit 3ameuatenbHoit ¢opmyse unciao 6 mo-
Ka3kIBaeT, YTO BHIYHCIAETCA KOJMYECTBO WECMUIHAYHLLX CUACTIMBBHIX
GusneToB, a uncno 10 yka3eiBaeT Ha JeCAMULHYI0 CHCTEMY CUHCIIeHH.
HHTerpan MOXHO BRIYMCINTD IO KaKOH-HUOYAbL MPUGANIKEHHON dopmy-
ne, HATIpHUMeP, ‘

x
1 1
7 [10@x 2 (sen+ fea+...+ 1), @
0
sin10t\® ,
rae f(t)= Sint , aty,ta,...,t; — TOukM ReneHusa uHTEpBaia (0, 7)

km
HA N PaBHBIX OTpe3koB: & ={+ —, k=1,2,8,...,n.

C ny6ankanyeit dopmMyJsl (3) clOpIpH3sl He KORYMIKUCE. YnTaTenu
«KBanTas I'. A.Tansnepusn u A, B. Kopmokos [CHo] HeokuaauHo o0GHa-
PYXUIH, 94TO paBeHcTBO (4) npu M06oM n > 28 M xioboM i) Ha caMoM
Aenie He npubausienHoe, a Toynoe! (s GHNeTOB AMUHE 25 U P-HUHOM
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x

CHCTEMBI CUNCIEHHS panenc'rno (4) TOYHOE npn n>1 +S(p 1), upu 9'rom'_

sin pt 25
f@®) = 7). 910 Haﬁmonenue, KaK aame'rwm B pe,uaxnml xcyp-

sint
Ha.ua «Rna.n'r», OTKPEIBaeT nononun-penbume Boamoxcnocm -AnA Buao,ua
HMHTEPeCHEIX cooruomeunﬁ . .

3adadumes a/ru”ou 6unema 2(8 = 1) 8 aec;:mutmoﬁ (p = 10)' .cu-!
. ameme, cwucnenux u Boibepem n = 10 moyex na unmepBane (0, ©):
: 22 Zg X =T} 0 ., fMockonoky HepaBetcmBo n > 1 +S(p 1) 8 6a/4ﬁom'
cayyae BvinonHaemces, mo ona wucna C cuacmauBolix’ 6unemoB cnpaBea-
nuBa gpopmyna:

@ . SRT I T ;197 -

sin® = sin® — sin? —
c-L 2 4 2 4 f—2. : .
10 | sin? 2 2 sinza—ﬂ- sin? 2 197
C\ 20 T g0 20
BuiBedume u3 3mozo paBeHcmBa moxcdecmBo:
1. 1 . e

= -
< .10 10" v

MaTeMaTquCKMﬁ aKKOMNaHeMeHT

@:{) Jlna BEBOAA (bopmym.l 3) Bocno.nbayemca PaBeHCTBOM (2) Cnatxana
3aMeTHM, YTO

(L+z+...+2°)° =Cy(0) + Cs)z +... + Ca@x?

(npw pasnoxenuu. nomuroma (2 +z*2 + ... + 2" ) ‘IO CTeNeHAM T xoa(quuw

€HTOM IIpH -‘DN OKa3hiBaeTCA 4MCJO, BhIpaXkalomiee YUCJIO cnoco6oB lpeAcTaBie-

Hua N B BuJe CYMMH N cjlaraeMbiX, KaMaoe U3 KOTOPhIX PABHO OXHOMY M3 Yucen
kl’ k2t ceey m)

IonoxuM T = e, rae i = V- 'rax 4yTo T = cos 2t +.isin 2t. Ilepeiaa k
HOBOI NepeMeHHOM ¢, 3anumem:

e®)=1+z+...+2°=1+e*

t
+. +e18‘;

9(®) = [p®)]° = Co(0) + Co(M)e™ + ... + Co(2Te™.

CrepoBaTesbHO, i/)(t)l/)( t)y = 2 a; eIt ¢ HEKOTOPhIMU cumme'rpuqumm Koa(b-
. j=-27
PUOMEHTaAMH G, =a_n; m =1,2,...,27, npudeM lconc'ram‘a Go paBHA YHCIY
C = [C3(0)E+[Cs(1)P +...+ [Ca(27)]2 CYaCTANBBIX 6usieros. Iocrennee aaMeua-
HHe [03BOJIAET JAMUCATL -
27

CoYW(-t)= >  2a;cos2j+C. *)

j=1
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Ocranoch yGeAUTHCS: B TOM, YTO.

o . ‘6
PPt = (s"f wt) . (+%)

int

Ina noxasaTéibcTBa NocaenHero’ paBeHCTBa nocuonbayemca cpopmynamn (anon
3TuX GopMyJs cM., Hanpimep,'B [HIka]):

. sin(@) +sin(a+f) +sin(a+2p) +... +sin(a + np)j.

L (DB . np
SIRT_S.IR (a+ 2)

) sin g ,
cos (a) + cos (_a + B) +cos(a+208) +... + cos(a + np) =

sin (n+21),6 (a+ : )

(* * %)

. P )
| sin )
9tu dopmynsl BepHH npu B # 27m; m € N.
HUnmeem:
sin 10t cos 9t .sin 10t sin 9¢
p@t) = - +i - H
sint sint
sin 10t cos 9t  _sin 10t sin 9t
p(=t)= = — -1 - H
sint + sint

(t')' iy~ (10 cos 0t '2‘+ sin10tsin9t\?  [sin10t)?
LA sint sint sint

OTKYZa CJIefyeT CHpaBeANHBOCTD (+*) npu t # wm. PopMyna (*+) BepHa ¥ mpu

(sin 10t
t = wm, ecan pyHKUIUIO
sint

) AOOHIpENENIUTDL IO Henpepmnnoc'rn B 3TUX

Toukax sHawemmenm 108, . - . gl m TG el e :
CooTHoIeHue (*) MO3BOJAET OTBETUTh M Ha BONPOC, noqemy ynoMuHaeMoe
B OCHOBHOM 4acT! KHUIH panenc'rno

r
/f(t)dt'—Zf(tk)»_ tk=t0+_ .

k=1
nﬁu,n 28 He npn6.macennoe, a TOYyHoe. ..:© .- t-,_'
HUmeem:
1< 2N o kr
; Z f(te) ﬂ; Z aj-z CcOos 2j(to + ?) +C
k=1 j=1 k=1

Cornacuo BTopoii bopMye (% * %),

i : ; knr
D cos 2 (io + T) =0,

k=1"
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OTKYAA CJeRyeT

n "
L3 pey == 2 [ g
— - B — .
n k T
k=1 4
OTH BHIKJAAKH [IPOAEMONCTPHPOBAJH NI0GONBITHOE ABNeHKe. Ynciao 7, Kak
ckasounas ded, NOABUIOCH, CAEJIAIO JOGPOE Aesi0 M, OCTABMUB CYACTIIMBOE BOCIIO-
MUHaHUe o cebe, HCUe3JIO0. X
® Koanuectso 6uneroB ¢ AByMa nudpaMu-jJerko noacuuteisaerca: C = 10.
Hanee saMeuaeM, 4TO sinz(IOtk) = 1 gn1a Bcex BHIGPAHHBIX TOYEK

re . (20-r)m
t. . Kpome Toro, sin 20 sin 20

HMCXOAHOE PaBeHCTBO NpeoGpasyeTca K BUAY:

,raer=1,3,5,7,9, tak uro

50 = 1 ! + ——-——-1
Sinzl"'SinzéE'.’... sng_”.
20 20 20
ITockoabKy
sin® 5T -l-, sin-gl = cos 1—, sinE = cos 3—”,
20 2 -20 20 20 20
T0
1 1 1 1
48 = + =4 + ,
sin? 5”6 cos? ‘210 sin? 2—g cos® -Z—g sin? -1”—0 sin? ::—g

OTKYAAa cjeayeT TpebGyeMoe CBOMCTBO.

§ 33. Knaccuueckune cpegHHue W YHCNo T

«CeMp pa3 OTMeph, ONMH pPa3 OTPEXKb» — IJIACUT HM3BECTHAA IO-
roBopka. [{na daTanbHOrO OTpesaHHUs, OUEBUAHO, HYIKHO HCIOJBL30BATH
cPeAHIOI BEeJIMYMHY BceX M3MepeHMit —MNoJiydyeHHBIe pe3yJbTaThl CJO-
KUTH ¥ pa3fenuTh Ha UX obmee KoaudecTBo. Hapaay ¢ noayuarommumes
TaKUM 0Gpa3oM CpedHum apudpmemuyecKum B MATEMATHKE HUCIOJb3Y-
JOTCA U Apyrue cpeaHue. MBI MX oNpeaeauMM Ans ABYX NPOHU3BOJBLHBIX
TIOJIOXKUTENBHBIX Yucesx @ U b:

a+b
cpeaHee apudMeTnyeckoe: A(a, b) = T;

cpeanee reomerpnyeckoe: G(a, b) = Vab;
2ab

cpeaHee rapMoHunyeckoe; H(a, b)) = ——.
a+ b
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ITycTh OKOJIO OKPYKHOCTH €IMHHYHOrO PafNyca ONKCAH U BIKCAH B Hee
NpaBHJILHLIA N-yroJbHUK; 0003HAYNM KX NEPUMETPHI COOTBETCTBEHHO P,
¥ Py, . MCIIONB3ya COOTHOLICHUS

T .
P,.=2n~tg;, p,.=2n~sm;,

a TaK)Ke OCHOBHBIE TPHIOHOMETPHYECKHE TOXKAECTBa, MOXKHO yOeauThCa
B TOM, 4YTO
P2n =H(Pn’pn); Pzn = G(p”’Pzn) (1)’
3T HOPMYJIH NO3BOJAIOT, OTHPABIAACH, CKaXKeM, OT Ps n D6, Nocae-
OBATENBHO BHIYUCTUTE Py, P12, Pads P24s Pis, P4ss Pogs Po6s ... ¥, TAKHM
o6pa3oM, OIIEHATH YUCJIO T CO CKOJb YTORHO GONbINO# TOYHOCTHIO.
Knaccuueckue CpegHHE M YHCJIO T PONHHT HE TOJBKO 3Ta CBA3B.

IIycTh ai,@2,...08n,---5b1,02,..., by — nBe mocienoBaTensHOCTH MO-
JIOKHTENbHBIX YHCE], BHIYACAIEMEIX 10 hopMye
ans1 = A(@n» b2)s  bnt1 =G(an+1,0n), m=1,2,.... 2)

HavanbsHble 3HAUEHHUS YJIEHOB IOCTEAOBATENbHOCTEH a1 M b; MoryT GuITh

NpON3BOJBHBIME 3a TeM JHIIb HCKJIIOUeHHeM, 4To a; < b;. Torma, Kak

noxasann HeMmenkme maTeMaTukm IIIBa6 m IlleGepr [Kpe], o6e sTu
ocJIef0BaTEeIbHOCTH UMEIOT OOLIMil mpejes, paBHEIR

— 2

bi—a

arccos a;/b;

1 2
Basas a; = b = 7—.2., B KauecTBE TAKOro Ipefesya MOJYYHM YHCI0 —.
T

E:

OCTaHOBHMBIIKUCH, HATIPUMED, Ha AEBATOM IIare BBIYMCIEHHI 1o ¢opmy-

naM (2) npu 3TUX HavyalbHEIX JaHHBIX, HAXOAUM ajg9 = 0,6366196475 ...,
2 .

byo = 0,6366198348.... Ilonaraga sateM — X by, NONyuaeM OLEHKY AId

ympeaa T ¢ TOYHOCTHIO 0 ceMH 3HaKoB: 3,14159234557 ... IIpouece BeI-
YHCJeHHS YHCJIa TC MOMOINBIO HTEPAIIOHHOrO mpoiecca (2) AOBOIBHO
GBICTPO CXORUTCS.

Ecan peKypPpEeHTHBIE COOTHOINEHHUS (2) HEMHOTO NOANPABUTE:

Gns1 = A(@n, by),  bay1=G(an, b,), n=1,2,..., 3)
TO mocJefnoBaTeNbHOCTH {ay}, {b,}mo-npexuemy Gynyr cxoamToesa K 06-
meMy npeaeay — TaKk HA3KIBAEMOMY apUBMemuKo-zeomMempuiecKomy
cpedremy, OQHAKO ITOT NIpefe] yXxe He BhHIpaXKaeTcs Yepe3 dJeMeHTap-
uule pyuxnuu. ITocnenunit pakt obmapyxua K. . Tayce (1777-1855)
B 1799 roay. OkasnIBaeTcs, B 3TOM cjydae npefes paBeH

T
/2 *

dz
2/
4 \/bf sin? z + a? cos? =
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B smaMeHaTese 3T0il ApO6H CTOMT TAK Ha3KIBAEMHI SJIUNTUYECKU I NHTe-
rpai. Teopus 3/LTMOTHYECKUX HHTETPATOB OKa3a1ach BECbMa IPOXYKTUB-
Hoil Ha aJTOPUTMH BHYMCIEHUS Yucia 7. Mccrenosanus B aroi obnacru,
a TakyKe B GJIM3K0 IPMMHIKAIONEl K Heit TeopuM mema-pyHKYuil npuseIu
KaHaAcKux MareMaTtnkoB Jlxxonarana u Ilurepa BopseifHOB K OTKPHITHIO
CBepPXGHICTPHIX AITOPUTMOB BEIYUC/IEHUS 3HAKOB uuciaa 7 [Bor] (cm. Tak-
sxe «KpaTkas ,,6uorpadusa® qucna m»).

cmuiHe, npednoxcenHvix npopeccopom IIpuncmonciozo ynusepcumema
I'.IIemapdom, umeemca u maxoit ([Pus], c.262-263 ).

«Paccmompum 1b6a KAK GHAAUMUYECKYIO QYHKYUIO KOOpAunam
f(x) u Hanuwem unmezpan

1
1 f1®
2mi T—7
c

7 /3, Cpedu wymouHbLX CLOCO008 «MAMeMAMULECKOl 0XOMbLY HA AbEA 6 NY-
N——"

’

20e C — KOHMYP, 02PAHUNUBAIOWUL NYCMbLHIO, @ Y — MOYKa, 6 KOmo-
poit Haxodumca Kaemka. ITocae 8blHucieHUA UHMezpANA NOAYHAEMCA
f(v), mo ecmb ne6 6 Kaemke.»

MartemaTyeckui akkoMnaHeMeHT

MeToAOM MaTeMATHYECKOH MHAYKIINK NIOKA3bIBAETCH, YTO YIEHB! YUCIOBBIX
[IOCIe0BATEIbHOCTEH, 3a4aBaeMbIX ¢opmyiamMu (2) ¢ HAYANBHBIMM JAHHBIMU
ao=a> 0; bp=>b> a, npu n > 0 yROBIETBOPAOT HEPABEHCTBAM:

@y < g4y < bn+l < bn*

OTciofa CIeAyeT, 4To MOCJHef0BaTeIbHOCTh {a,} orpaHMyeHa cBepXy, a mocie-
noBarenbHocTh {b,} —cCHHU3Y. B cHIy MOHOTOHHOCTH, Ka)KJad M3 ITHUX IOCITe-
noBaTedbHOCTeH uMeer npesel. ITycTb IpeAes orpaHMYEHHOH CBepXy IIOCTeRO-
o BarteasHocTH {a,} paBeH a, a nmpeaen

J 2p OrpPaHHYEHHOM CHU3Y MOCIeI0BATENb-

noctu {b,} paBen B. Paccmorpum pa-

a,+b,
BEHCTBO Qpyy = — Yerpemnas K

npeaeny obe ero 4acTH HpH N — 00,
a+

NONy4uM Q = , OTKYAa CJEAy-

er, uro a = B. Urak, obe paccma-

TpuBaeMble IOCIe0BaTeILHOCTH NMe-

IOT OAMH M TOT ke IpeaeN. OTOT

C npexen HasbiBaeTcs cpepHum IlIBaGa-

Illen6epra. OnpeaeauTh €ro MOMKHO

Puc.3.6 M3 NPOCTHIX TreoMeTPHYEeCKHX c006-
paxeHmit,
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Ha puc. 3.6 u3oGpaxeH paBHOGeApeHHEL TpeyronsHuk AOB ¢ 60oKko-

BoIMM cTopoHaMu AO = BO = b u Bricoroit OD = a. Yrosn npu Bepmuse

AOB o6osHaueH uepe3 2¢. Ilpomosxenue BricoThl OD nepecekaeT Aay-.

ry AB oKpy:XHOCTH ¢ ueHTpom B Touke O u paauyca b B Touxke C. OTpe3ok

A,B, —cpenuasa aunua B TpeyronsHuxke ACB. Tpeyronsnuk A4,;0B; BechMma
npByMeyareabHblid. Ero eicora OD; pasHa

DC b—a a+d
OD+DDy,=a+—=a+ =—,
1T 2 2
A 3T0 Kak pa3 paBHO NEepBOMY 3HAUEHHIO @; MOCIERO- o

patensHOCTH {a,}, 3agaBaeMoii PeKYppPeHTHHIMHU (opmy-
namu (2). Hanee, ero 6okoBass cTopoHa OA,; paBHa mep-
BOMy 3HAYEHUIO b; NOCIEf0BATENLHOCTH {b,}, samaBae-
Moit Temu xe dopmyaamu (2). delicTBUTENBHO, TPEYTOJb-
HuK OA;C npaMoyroJsHEIA, TaKk KaK B paBHOGEAPEHHOM
TpeyroasHuke AOC orpesoxk OA, saBiserca mexmanoif,
caenoBaTebHO — GucceKTpucoit m BeicoTOil. IToaTomy
04, = VOT-0D; = Vba; = b;.

Urak, u3 oxHoro TpeyroabHuka AOB MBI nocTpou-
au apyroit OA,B,;, 3JeMEHTH KOTOPOro CBA3AHHI C CO-
OTBETCTBEHHHEIMM 3JIeMEHTaMM IMEPBOTO TPEYroJbHHKA 3a-
NaHHBIMH PEKYPPEHTHHIMHU 3aBucHMocTAMu. IIpoxoskasa
AHAJIOTMYHLIA NMPOLECC CTPOMTENLCTBA TPEYTOJLHUKOB M
Janslle, ME MOCJIEROBaTeNbHO OyaeM NOJydaTh TPEyroab-

HUKH OA3;B;, OA3B; u t.n. Ha n-oM mare Mel nojsy4yum 4, D, B,
TpeyroabHuK OA, B, (puc. 3.7) co cienyomumMu XapaKTe- Puc.3.7
DHCTHKAMU: ’
1 .
LA, OB, = 2n_1 s AgB,= FAB; b,=04,; a,=0D,.
o /2¢ Teneps NOCTPOUM AYTY OKPYHKHOCTH

paguyca b, ¢ LeHTpPaJbHBIM YIJIOM
2¢ u pasgenum ee Ha 2" paBHEIX AyT
(puc. 3.8). ITocnenosarensuo coeqnt-
HAA TOYKH JeJIeHUd X0pAaMu, MoJy-
YMM NPaBHIBLHYIO 2" -3BeHHYIO JIOMA-
HYIO IMHHUIO, BMUCAHHYIO B 3Ty AYTY.
JlmiHa JjoMaHoi paBHA

L1
2 ‘2—nAB=AB.

Puc.3.8 _ 9Ta JomaHHAA ABJIAETCA BNUCAHHOM

B AYTY OKPYKHOCTH paguyca b, H

OMNHUCAaHHOI AJIA AYTHM OKPYIKHOCTH pajguyca a, ¢ TeMm xe neHTpoM O. ITockoasky

nepUMeTp JIOMAHOM 3aKJI0YEH MEKAY AJTHHAMHU 3TUX AYT, TO CIpPaBeAJIUBO Hepa-

BEeHCTBO: 2¢a, < AB < 2pb, . Ilepexonsa k npeaeny Npu n — 0O ¥ YUUTHIBAA, YTO

nocaenoparensHocty {a,} u {b,} uMelor o6muii mpeges a, oTciona MOJYIUM:
nga < AB < 2ypa, To ecTh AB = 2pa. CirenoBaTenasHo,

AB Vb2 — a2
—a°



130 Mnasa 3. B mupe yucen

@}D IIpuBeseM ABa CBepXOGRICTPRIX aJropuMTMa, mocrpoenHnie oHara-
HoM u ITurepomM BopseitHaMH HAa OCHOBE HCCIEAOBAHMA apu(METHKO-
reoMeTpUYecKHX cpefHMX [Bor].

Anropurtm 1.
Ton0XUM To = V2; Ty = 2+v2; = V2 u OIpejeJ UM NOCAeA0BATEIbHOCTH
{2} {yn}, {mn} cneayrommumu pexyppenTHEIMU 3aBHCHMOCTAMM:

: (v 72)
Tor1 = = VT + —— )3 n>0; i
n+l 2 n \/z—" ’ z ( )
1
Yny/Tp + —
o VF sy )
n+1 Un +1 ’ Zz 4
T, +1
”u"“n-l’y"+l; n21. (iif)
Toraa 3HaueHus T, MOHOTOHHO YMEHBIIAIOTCA, 0YeHb ORICTPO NPUOIHIKAACL K T3
1
Tty =T 1—0(1r,.-1r)z Hom-w< ooy, 32
Euge 6osee GRICTPRIM ABJSAETCA CAEAYIOIIUI AJITOPUTM.
Anroput™ 2.
1
Honoxum ag = 1; by = —2- M oIlpefieIuM
2a2
T = ”n-n s
1-3 2k
k=0
rae

2

Cp-1
cu-va?i-bizt= ’

4a,
a BeJIUYMHEI Gy, b, BHIYNCJIEHRI MO AITOPMTMY apudMETHKO-reOMeTPUYECKUX

cpearux. TorRa 3sHaYeHUs T, MOHOTOHHO YBeJIMYMBAIOTCA, O4eHb ORICTPO Mpu-
GIMKaAAChH K T3

g-(n+1). ’ rigntie-T 2
T=Tan S —— @ -m) u 7-m ——,
T 1
M2{1, —
V2

rae

z .

2

1 2 / de
M@1,z) 7J \/1-@1-z%sin?0
0
JoxkasaTeabCTBa CXOXMMOCTH 3THX QJITOPMTMOB OCHOBAaHK Ha TEOPUH 3JLIH-

nTuyeckux pyakuuii [Bor]. IlpnseseHH i BhIllle ANropuTM 2 GhIJI KCROIB30BAK

Aada KOHTDOJIBHOﬁ NPOBEPKH DEKOPAHBIX BBIYMCJIEHNI YNCa T B KOHIE NOPOLIJIOro
CTOJIeTHA AaMEePHKAHCKHMH U ANOHCKHMH HCCJIeA0BaTeJaAMH.
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§ 34. Kpacota — B chopMynax nio6awmmx

«Ha BKycC M 1BeT ToBapHIleil HeT» — IJIacUT nmorosopka. M Bce e,
CYILEeCTBYIOT 00BEKTHl, OTHOCUMBbIe GOJIBITMHCTBOM U3 HAC K KaTeropuu
npexpacHbIX. Cpeiu UBAITHBIX YeJOBeYeCKUX TBOPEHHIl — He TOJIBKO
obIenpu3HaHHble NPON3BEJeHNs UCKYCCTBA, K HUM 0e3 BCAKOro COMHe-
HUA MOXKHO OTHECTM M KpacuBble MareMaTuyecKue ¢opmyisl. Passe
He cofepskuT pap JleldGHuna

T 1 1 + 1 1 + 1 1 + 1 1 +

4 3 5 7 9 11 13 15
U3AM{HBIA MOTUB: OT TAKTa K TaKTY (OT OJHOrO 3JIeMEeHTAa PAAA K JPYroMy)
NOBTOPAIOILYIOCA CyMMY (aHAJIOT OPHAMEHTAa C IepeHOCHOM cuMMeTpueid)?
B aTomM mMaremMaTH4ueCKOM «3BYKOpsAe» TEeCHO mepenjerainrcsa ABe IIPo-
THBOGOPCTBYIOILME MeJIOAUN — OfHA COOTBETCTBYET 3HAKY +, Apyrasa —
3Harky —. H3amHas 3aKOHOMEPHOCTb, KOTOPOH MOAUYMHAIOTCA 3HAMEHa-
Team ApoGeil 6eCKOHEYHOH BepeHMIBI —— elle OJHAa NpeKpacHaf JeTalb,
noAYepKUBAaIOIad KPpacoTy OCHOBHOIO OPHaMEHTAJNbHOr0O MOTHBA...

Komnoauunn Apuabxartbl

Uuguitcknit matremaTux u acTpoHom VI B. ApuaGxara ssjsercs
aBTOPOM CJEAYIOINMX 3aMedaTeJbHbIX KOMIO3UIMIA (3€Ch HATypajbHOE
n 2> 2; nogc4yeT pagjUKajioB MPOMCXOAUT CJeBa Hapaso):

O

T2t 2-\/2+\/2+\/2+...+~/§ (1)

n—1 pagukaiaos

T2 342 2+\/2+\/2+...+\/2+x/§ 2)

~

n paguKanoB

B YACTHOCTH, py 7 = 7 u3 BTOpoil dopmMynsl Apuabxara nojydaer:

T192-4]2-4]2+ 2+\/2+\/2+\/2+\/§z3,14156

— pesyJbTaT, 0ojiee TOUHHIA, YeM y Apxumezna u Iltonemes.
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" MatemMaTHYeCKHit aKKOMNaHEMEHT

®opmyas (1) 1 (2) Apuabxara IONyYH, YCTAHOBUB CBA3D Meacny CTOpOHAMH
Gy ¥ G BIMCAHHBIX B KDYT eAMHHYHOro pagmyca npanmmmx 2k- yro:u.nmca H
k-yronsHuka:

Az = 2—\/4—03 )k>3- . . ‘(*)
Ha puc. 3.9 mso6paskeHa OKDY’KHOCTb €fH-
HHUYHOrO Pasinyca ¢ LeHTPOM B Touke O}
AC ;s AB = a2ks OD.LAB OD = h.
Hocxonucy 'rpeyronmmm OBD u ABE mopo6-

a;
HEI, TO — = » OTKyna 2h = — IIo 'reopeme
h /2 ag

ITudaropa aAns TpeyroabHUKA ADO

Hs ABYX IIOCHEAHHX PABEHCTB CJlexyeT

aj— 405, +ai=0 m aj =2+ /4-a2 -

Puc.3.9 OrpanndeHus az, < a; < V3 N03BONAIOT OTGPO-
cuTh GOAbIINI KOPeHb, OTKYAA IOJIy4YaeTca Tpedy-
eMbIif pesysabTar (*).

Bri6pas B KayecTBe HCXOAHOr0 BIIMCAHHOTO MHOroyrojJbHMKa KBaJparT,
ay = V2, o dopmyse (*) mOCNEeROBATEIBHO HAXOAMM:

ag = 2"\/5;

2 -
a32=\/2—\/,2+\/_2+\/§ n T.A

Buﬁpan B KadecTBe MCXOAHOTO MHOI'OYroJIbHHKAa NPaBUAbHBINR IIeCTUYTONAbHHUK,
ag = 1, TOYHO TaK Ke ImoJy4aeM:

a;z=V2-V3;
Qa4 = 2- 2+\/§;

a43=v2— 2+v2+V3 u T.JX.

IIpupaBHAB MePNMeTPH! IOTYYaeMbIX MHOTOYTOJIBHUKOB AJINHE OKPYXXHOCTH 27,
OTCIORA BRIBOAMM dopmynsr Apuabxars! (1) u (2).
Bonee M3AmMHBIA cII0CO6 BHIBOAA 3THX HOPMYJ OCHOBAH HA CBOMCTBAX TPH-

a
ronomerpudeckux dynknuii. 13 popmyas cos 3 = 2 2+ 2 cosa JIErKo BBIBO-
AUTCA COOTHOIIEHME .

cos—=—V2+\/2+\/2+ +Vv2+2cosa

2k
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(B npaBoif yacTu 3anucano k paauxanos, k > 1), a 3aTeM M3 Hero, HCHOJbL3YS
a 1
cBA3b sin 7= §v2 — 2cos a, hopmyna

1
sin%--é\/z—\/2+ \/2+...+v2+2005a

(B mpaBoit yacru 3anucaHo k paaukanos, k > 2). ITocrenHeit popmysIoit MOMXHO
BOCIIOJb30BAThHCA NP MOACYeTe NepuMeTpa P, BIHCAHHOIO B OKPYXXHOCTh AHa-
0

mMeTpa 1 npaBuiabHOro Mm-yronsuuxa: P, = m-sin ——. ITonaraa m = 2" uan
m

m = 3-2" u yuurniBag, 4yro P, X 7, orciona noxydaem dopmyast Apuabxars! (1)
n (2).

MNpousseaeHune Bueta

dpaHnysckoMy MareMaTuKy Ppancya Buery (1540-1603) ynanocs
BHIPA3UTh YMCJI0 T GECKOHEUHBIM IPOM3BEAeHNEM PaJHKaJIOB:

2 vﬁ 1+1¢T 1.1 1+1VG /1,
= V2 V2 2V2 2 2V2"2V2 V2 "

«Jl1o6onriTHa" dopmynal — KomMeHTHpyeT ee diopnmka Kmmnan
([KeiM], c. 109-110), — oHa noxoauT Ha GaHTaCTHuecKHil JaGUPUHT
¢ ThICAYaMM KOMHAT, B KOTOPHIX NpPAYETCA Yucao 7. Ecan Mbl ero nigem
noj NePBBIM PAfiNKaIoM, TO OOHAPY)KHMBae€M ABephb, BEAYMYI0 KO BTOPO-
My pajmKainy, depe3 KOTopYIO OHO yAapajo oT Hac. Ecam mpecienoBaTs
€ro faJjbllle, OHO HAXOAMT yOeKHIIe rnofi TPeTbMM PaAnKajioM, KaK OB

OXPaHAEMBIM IPOOBIO 5' H Tak jajee».

MaremMaTuyeckut akkoMnaHeMeHT

IIpn BmIBOpse cBoeit opMyani BueTr HCXOAMA M3 ClepyIoOm(ero CBOMCTBA
NPaBHJIbHBIX BIHCAHHBIX B KPYT eANHUYHOI'O PAAXYCA MHOTOYTOJbHHKOB:

S 1
Se  h’ @

rae Sy, S —IIOMAAN NPABUJIBLHBIX BIIMCAHHBIX B KPYI efHHHYHOrO pagmnyca
k-yronpunka u 2k-yronapauka; h; —anodema k-yroasHuxa. Orcioza
Szn Sg- Szn-l Sz:i 1 1 1

PP - . S . 2
Szz Szn~l Sza—? Szz hzu-l hzt-z hzz ( )
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Mexay anodemamm hy. u h; NpaBUALHBIX BIOHMCAHHBEIX B KPYr eAMHHYHOrO
paanyca 2k- 1 k-yroJbHuKa CyIIecTBYeT ClAeAYIoman CBA3b:

1 1
hor =/ =+ =h. 3
| n=1/3+35m ®)
Ee Mo2xHO nmosayuuTh, Hanpumep, u3 ¢bopmyJsl (*) npearigymero nynkTa ("Kom-
2
a
nosuuuy ApnabxaTh’) M cooTHowmeHMs h = 4/1— Y Mexay amodemoit h u

c'roponoﬁ @ NPaBHJbLHOrO BIIMCAHHOrO B KPYr eINHUYHOTO pagnyca MHOroyroJb-

1
2 TOo u3 (3) moayuaem

uuka. [Tockoasky hy =

h3=

DO -
+
[

*7\

1
§+§\/; H T.A.

s = 2, lim S = 7 u (2) moayvaerca
n=—00

SIS
+
DN =
N =
+
Y

haz=\

W3 3Tux COOTHOINEHMII COBMECTHO C

n

¢opmysa Buera.

C TOYKH 3peHNd MaTeMaTHYeCKOro anannsa GakT CXOQMMOCTH 6€CKOHEYHOTO
NpoM3BeIeHNA, CTOANIEro B MpaBoil yacTu ¢opmyanl Buera, gomxen GuITh 060-
CHOBaH. JTO Ipome cAeNaTh, OOPaTHBINNCH K TPUIOHOMETPUIECKNM QYHKIMAM,

MHuorokpaTso npuMenss GopMyay AAf CHHYcCa YIBOEHHOrO yraa sin 2a =
2sin a cos a, nmeem:

. 25i z z 9% si z z z
sinz = 2sin —cos — = 2°sin —cos —cos — =...
2 2 4 4

2
g 3 T 3 T
= 2" sin — €08 — €08 —— ... COS —.
2" 2" 2n-1 2
Orciona
z
T T T sinc sinc gn
€COS — €0S —— *... ' CO0S — = = . .
2n o2t 2 sin — T gin =
2" 2"
T
. on .
Ho lim 7 = 1 (3amMeuarenbHmIil npefen), Mo3TOMY
n=00 :
sin —
2»

i T T r sinz
im cos — cos —-...:Ccos — = .
n—+00 2" 2n-1 2
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Hrax,
sin 2 z
—_—= cos —. 4
z 2k ( )
k=1
T 2 T T T
B wacTHOCTH, IpK T = 3 OTCIOfia IoJyyaem p = COS — COS 3 cos o

ITockonsky

s \/T a l+1
cos g 7 cos3 \/2 5 CoS Qs

TO U3 IOCJeANero Pa3joKeHUA HemocpeACTBEHHO ciaefyer dopmyna Buera. Ilo-
naras B (4) ¢ = 3;— » MOYXHO IOJNYYNTH APYroe KpacHBOEe PasoiKenue:

i _1 /11 11 /i 11
2V 2 2 2 27

4 2

N =
+
N -
(YR
+
+
[ 7]
(Y
+
[
o) =

®opmyna Bannuca

B 1665 200y Banauc noaywun amy @opmyny.
B mom sce 200y popmyna noaywunra umsa Barnuca.

H3 crynenueckoro ¢goaskaopa MOTH

. — ——

2 1335 7 2n-1 2n+1 "7 M

C noxasaTenscTBOM popMyan Bananca MoxkHo nosHakomutscd B [Dux],
[Kyp] (cM. Takke KOMMeHTapHil K «T B MHOrOMepum»).

U3 (1) mosyuaroTcs Apyrue KpacHBEIe PasyIOXKEeHU:
§= (1—-;-) : (1+%) : (1—%) : (1+%)
1 1
(1o 52) (1) e
1 1
(-3 (o) (D))
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KoHctpykuus BpoyHkepa u apobu Jiinepa

J[1000nBITHOE Pa3jIoXKEHHe B LENHYI0O Jpo0b Hamesx JopA ¥YHJIbAM
Bpoyukep (1620-1684) B 1665 roay:

2+

9
25
49
81
2+
2+

HokasareabcTBo 3TOi1 dopmyasl gan Jleonapa itnep (1707-1783)
B 1785 roay, nonyTHO yKasaB APyrue uenHbie Apo6H, CBA3aHHEIE C YUCJIOM
7. Hanpumep:

2+
2+

T 2 .4 2
§'1+3+ 13 ; ;=1+7+ 13
35 35
4 —— 8+ ——
it —5 8+ —=3
4+ 8+
— 4+... 8+...

MarematHyeckuin akkomMnaHeMeHT

Pan ao + a, + a,a; + a,aza; + ... Jiljyep npeacTaBUs HenpepsIBHOM Apo6bio

ay
aop + @z
1- @
l+a; - —m
l+az—...
Bsas, HanpuMep, pa3oxeHue GpyHkuun arctg ¢ B pas Teitaopa
3 5 7
arctgz=z——+i-—z—+
3 5 7 "
OTCIOfIa UMeeM:
z? 3z?
a6 =0; a ==z; 8= =35 83T~ 5.
TaxuMm o6pasom,
T
arctgx = —
T
1+ Py
F 7
3-z2+ 2527
7
5—3z2+

7T-522+...
KoncTpyknua BpoysEkepa BHIBOAMTCA M3 IOCTEAHEr0 COOTHOLIEHUS IIPH
z=1
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T W yucna OuboHauuu

Jleonapao IImsanckuii mo npospumy PuGonayum (celH Bomau-
yn) (1180-1240), cxopee Bcero, He MOAO3peBaJl, YTO OfHA M3 3ajxady,
ony6anKoBaHHBIX B ero KHure “Liber Abacci” (1228), o6eccmepTrur
ero uma. Peur B aTOil 3ajaue mja O Pa3MHOMKAIIIMXCA KPOJMKAX,
KOJIMYEeCTBO KOTOPHIX OGPa30BHIBAET 3aMeYaTeJbHYIO IOCJIE€LOBATENb-
Hoers: 1,1, 2,3,5, 8, 13, 21, 34, 55, 89, 144, 233, 377, ... Kaxnaslii HO-
BRI# YjieH 3TOH mocJeA0BaTEbHOCTH, HAUMHASA C TPETHLEr0, PAaBEH CyMMe
ABYX npeAbiaymiux. Byaem HaseiBaTh wucaamu PDubonawyu 4yucaa mo-
cnegosarenbHocTn {U,}, 3aaBaeMoil PEKYPPEHTHO: Upiy = Up + Up_1,
n=2,3,4,..., 0px 3TOM noJjlaras u; = ug = 1.

IlocnemoBaresnbHOCTs Yucena PuGoOHAYYM YAUBUTENBHEIM OGpasoM
BO3HUKAET B CaMBIX HEOXKMAAHHBIX INPUJOKEHUAX, U € nocBsAlleHa 006-
mupHaa JuTeparypa (cM., HanpuMmep, [Bop]). Oana u3 npumMedyaTenbHBIX
daxToB cBA3aH C pelleHNeM AecAToi npo6aemsl I'nmasGepra (1862-1943).
TIpoGaeMa Kacanach BO3MOXKHOCTH NOCTPOEHUA AJITOPUTMA, KOTOPHIH IO~
3o Obl AjdA so6oro anre6panyecKoro ypaBHeHUS € J0GBIM YHMCIOM
HEM3BECTHRIX M IEJOYMCJEHHBIMUA KO3(pOdDHUIMEeHTaMN BRIACHUTH, MMe-
eT Ju 3TO YpaBHEHHE MO KpaiiHeil Mepe OAHO IIEJIOUMCJIEHHOE pelIeHue.
9ty npobaeMmy pemun acnupanT JleHuHrpaackoro yHusepcutera IOpumit
Baagumuposnuy Matuscesnd (p. 1947) B 1970 rogy. Ero BeiBox oxasancs
HEOXKHAAHHLIM: TPeGyeMOoro ajiropuTMa He cymiecTByeT. J[oxkasaTh 3TO
noMorJy yucia Puborauuu (cM., Hanpumep, [Bap]).

ITocrepoBaTensHOCTH Ynces PuGoHaTuM ¢ YUCAOM T POSHUT GopMy-
na JI. X. Jlemepa ([H36), cTp. 44; cM. Takxke [Mic]):
> x 1 1 1 1
— = arctg — +arctg — +arctg — +arctg — +...
4 ug Us U7 Ug

MareMaTHyYecKUH aKkKOMnaHemMeHT

CHavana aoxaxeMm PaBeHCTBO

1 1
arctg — = arctg + arctg , n=1,2,... (x)
Uzn Uzn+1 Ugn+2
I 3TOro BOCIONL3yeMCS BCIIOMOTATEILHBIM TOXKAESCTBOM
Ugn+1Uznsz — UznU2nss = 1, (%)

KOTOpPO€ MOMHO NOKa3aTh Me‘l'OIlOM MaTeMaTHUYeCcKoii HHAYKI.[HH.
Ilocnenuee paBeBc'rno MOXKHO 3anucaThk B BUJe

1 1
+
1 - U2n+3 - Ugn+1 + Ugns2 __Ugpn Uan+2
Uge  UsnlUgnez =1 Uganillomz—1 1 1

U2n+1  U2n+2
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IIpuBnexas TPUrOHOMETPHUYECKOE TOMXKAECTBO

¢ T+
arc
g1

yy = arctgz +arctgy aaa zy<l1,

OTCIOZA TOJIyYaeM (*).
Hanee, MOCKOJBKY

N

1
= arctgl = arctg —,
Uz

1
TO, MHOTOKDATHO NPHMMeHdAd (*) K BBIpaenHsM arctg — nmpu n=1,2,...,
U2n

1
HAYMHAadA ¢ arctg ;—, HaXOAMM:
2

Tax xkak lim arctg
k-0 U2k+2

«leHepaTopbi» KpacuBbiX PasNoXeHUH

B MaremMaTHYeCKOM aHaJN3e CydleCTBYeT pan o6mux ¢opmy., copa-
BeRJIUBHIX ANA MIKPOKOro Kiacca QYHKIHI ¢ 3aaHHBIM HaGopoM CBOMCTB.
M=uI paccMOTPHM HEKOTOPHle M3 3THX ¢opmya. Iloabupaa B HUX pa3nuy-
Hble QYHKINH, MOXXHO CTPOHUTEL KpacHBBle GeCKOHeuHbIe PALHI.

Psdei Tednopa

o WLNLO YUCKO

Anexcanfp BeefeHCKHii.
®daxT, Teopud, Bor

Panel, 0 KOTOPBIX NOiZeT peub HH)Ke, HOCAT UMA ydeHMKa Vcaaka
HeoToHa (1643—-1727) — Bpyka Teitnopa (1685—-1731). Cam HsioTon
3HAJ ¥ HCKYCHO NPMMEHSNX 3TH COOTHOMIEHMS, YTO MOCJYXKHJIO MOBOZOM
naa abopusma axkagemMnka Baagumupa Uropesnua Apuonpga: «HbeloToH
u3oOpen paawu Teitnopa» [ApH].

Ecau npousBoabHad PyHknusa f(r) B mpomexyrke [a,a + H] nan
[a — H, a] nMeeT mpou3BOAHBIe BCeX MOPAAKOB, TO MOJKHO COCTaBHUTH
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dopmansubil pag (pad Teiiropa):

n (n)
f(a)+f—(—)(z )+f2() —a)2+...+%(z—a)”+... (*)

B Kypcax MaTeMaTHYeCKOro aHaju3a JOKaswiBaercs (CM., Hampwu-
mep, [Pux], 1.1, c.246-263), 4TO ecam BCe IPOM3BOAHBIE GYHKIMHI
f(z) Ha yxa3aHHOM IIPOMeXKYTKe OTPAaHMYEHBI ONHUM M TEM Ke YHCJIOM,
TO YKasaHHBIN PAJ cOBNajaeT co 3HaueHueM dynkunu f(z):

n (n)
1@ =@+ L0 -+ Loy LD gy

Tak nOoJy4alTCA BajKHBIe pa3jioiXeHud, ClipaBeajJuBole Ha BCel YMCI0BOH
ocH:

-1+$+z2+ +zn+ ( f@)=¢",a=0); (1
e’ TR T 3neckf(z) =€, a = 0); )

3 5 21
inzg=z- —+——... +(-1)" —m— +...,
sine 3l Bl @n-1)

(3necvf(z) =sinz, a = 0); (2)

o L z2+a:4 (1) 2n
cose a4 e "

(3mecpf(z) = cosz, a = 0); (3)

Crneayiomue pasioyKeHUd CIPaBeIMBE ML HA YKA3aHHEIX CIIpaBa
NMPOMEXKYTKAX:

(1+z.)’=1+p:c+p(’1’ 5 )z2+p(p112)(1; 2., Clzl<1; (@)
tgz=¢+£+2—z5+£+... -|a:|<1; (5)

3 15 315 2
arcsinz=z+—~z—3+1.—-£5-+l.35~£+ H lz|<1;  (6)

2 3 245 246 7 7 =
arccosm--’i—(z+l-$—3+ﬁ-fj+l'3.5'£+...); lz|<1; (7)

2 2 3 2 5 246 7
arctgz= _13__'_:1:_5_ +-l”z2n-l+ ; lz]<1; (8
gT=zx 373 ( )znl..., =l (8)
ln(l+z)=z—£2-+£—...+(—l) ‘1£+...; (-1,11. (9)
. 2 3 n

IIpoMexxyTKH, yKazaHHBle CIpaBa, MIpPalOT TaKYI0 JKe pOJib, Kak
¥ o6sacTe onpeneneHna GYHKIUM — BHE 3TUX IPOMEXXYTKOB BHIIIMCAH-
HBIMH cjIeBa HOpMyJaMM NOJL30BATHCA HeNbss. HanpuMep, xorsa GbyHK-
nuna arctgx npm |z| > 1 ompenenena, Ho ee pax Teiinopa IpM Takux
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3HAYECHNAX apryMEHTAa PACXOAUTCA (IOCIEeNOBATEIBHOCTD €r0 YaCTHYHBIX
CYMM CTPeMHTCH K 6eCKOHEeUHOCTH). AHAJIOTHYHOE 3aMeYaHue OTHOCHTCA
U K OCTAJIBHBIM QYHKIIUAM.,
BrinncaHHBIe BHIIIE PAALI CIAYKAT HCTOUYHMKOM MHOXKECTBA M3AIL~
HBIX Pa3JIOXKEeHMI ¢ yJacTHeM 4Yucia 7:
T 1(2 n

T
Teld ot bt =)
e =1 TR o (dopmyna (1), x = 7)

T x x® i

T atE Tt
l-I-1.3-1+1.3.5~1+... (dopmyaa (6), = =1)
3 2.4 5 246 T ’ :

BenoMHUM CBA3b MeXAY T 1 yuciaoM Puana @ (cM. «Ynciao 7 1 30a0TO0E

1=

(dopmyna (2), x = g);

—1+2
2

rol 3

T & :
Ce4YeHHUEe»): COoS 3 = —. Bocnoab3oBaBmuch pasnokeHneM (3) pyHKuun

2
cos = B pax Teitnopa, oTciofa nmMeeM:
db_l 2 l+ nt 8 . x8
2 52.21 5%.41 56.6!1 58.81 77

Ecau ke Bocmoab3oBaThbcA pAxoM Teitnopa (7) ana ¢yHKnum arccos T,
TO MOJYUHUM:
10 (P 1 o? L13 o L1385 7 .
ﬂ' = w— ——— - . . P
g 2 2 2%3.3 2.4 25.5 2.4-6 27-7

Pagw Teitnopa, moxainyil, OAUH U3 CAMBIX NONYJIAPHBIX HHCTPYMEHTOB
B MaTeMaTH4ecKoM aHasiuse. IIpuBeneM eife ogHy KpacuUByI0o GopMyay,
KOTOPYI0O MOXKHO JOKAa3aTh ¢ moMmomiplo panoB Teitmopa. Ee aBrop —
aMepukaHckuit maTremaTnk Jloxor ¢on Heitman (1903-1957):

lim n sin (27enl) = 27,
n—00

Psder Qypse

«Qucao ™ aersemca 0co60 3HAMEHUMbBIM YUCIOM.
Ha nem Oepawcumcsa zeomempus, mpuzonomempusa. Ha
mpuzonomempuu depacamca padv Pypve.

Ha padax Pypve deprmcumca ¢usuxa (cnexmpany-
HbLll aHaAU3 ), HeOeCHAA MeXAHUKA U MeopUA CUZHAN08,
Y KOmopoit T npucymcmeyem Ha Kaxdoii. cmpanuye».

II. B. Makosenknit. CMOTpH B KOpeRns]

HexoTopsle QYHKIHMH MOTryT OHITH NpPEeACTABIEHHEI OECKOHEYHLIMH
CyMMaMM CHHYCOB M KOCHHYCOB (MJIM CHMHYCOB M KOCHHYCOB) KPaTHBIX
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apryMeHToB. OTH CYMMEI IIOJYYMNIU HadBaHHe paAoB Dypbe B 4eCTh BIep-
BBle MceJiefioBaBltero X ¢paHiysckoro matemaruka sloszedpa Barucra
dDypbe (1768-1830). Hanpumep, cnipaBe auBEI CAEeAYIOINE PA3IOXKEHUA:

L +sin3:c+sin5m+sin7z+ ©O<z<m): (1)
7 sinz 3 5 7 cees z ;
T—T s_nz+sin2z+sin3z+s’m4z+ (0<:z:<7r)° @
3 i 3 3 1 cees <m);
2
2 T cos2z | cos3x  cos4zx
T —-3—-4cos:z:+4 22 -4 3 +4 P +... (-r<z<<T) (3)

u apyrue. Ot GopMyssl cHpaBefJUBHl AJA BceX BellleCTBEHHBIX 3HA-
YeHH# aprymMeHTa T, YKa3aHHBIX CIpaBa B KPYIVIBIX CKOOkKax. 3amaBas
KOHKPETHBle 3HAYEHHMA apryMeHTy T, M3 HHX MOXKHO INOJYYHUTH pas-
JNYHble KPacuBble pa3ioKeHud, CBA3aHHBIe ¢ uuciaoM 7. Hanpumep,
n3 dopmyas (1) unu (2) npu T = % noay4aeM pag JleliGunna:

T 1 1 1 1 1
iTlTstsRts Tt
npu = -g 13 bopMyan (2) HaxoaUM
2r _ge ot 1,11 1 1.
3v3 2 4 5 7 8 10 11 ’
u3 popmyasl (3) monyuyaem npu T = 0:
?_, 1,1 1.1 1
12 22 32 42 52 62 77
npu T =7 :
m 1 1 1 1 1

+ +...

=+t —=+—=+—=+—
6 22 32 42 52 @2
H TaK nzajee.

MaremaTtuuecknit akkoMnaHeMeHT

Ona oyexuun f(z), sagaHHOi Ha ImpomexyTke [—=, w], ee dopmManbHBIL
pan @ypve nmeer BUA:

a
-2-0-+a|cosz+blsinz+a20032z+b2sin2z+aacos3z+basin3z+...,

rae Ko3$PUIMEHTHI Gg, Gy, b, BEIYHCAAIOTCA ITO hOPMYyTaM:
x k4 x
1 1 1 .
ap = p f(@)ydz; a,= p f(x)cosnzdr; b, = p f(z)sinnz d=z;
-t - -

n=1,23,...



142 Fnasa 3. B mupe yucen

Taxk Boiyuciel pax (3) ana dysxkuun f(z) = z2, saganHo# Ha NPOMEXKYTKe
[-m, 7]. IIpu Bhrumcnenun paga (1) saganHas Ha uHTepBase (0, 7) PyHKUMA

f(z) = 1 NpOAOJIYKeHa Ha OTPe3oK [—7, 7] kak HeueTHad:

™
1 ecin 0<zgm;
f(x)= 0, ecan z=0;
—%, ecJu -T<z<0

AHAaJOrMYHLIM 06pa3oM J0 HeueTHOH GYHKIUM Ha mpoMexkyTke [—m, m] mpoxos-

z
npHu BuIYNCIeHUHU paxa Pypee (2).

xKaerca pyHkuusa f(z) = il

HecMoTps Ha TO, YTO AJNa BCAKON MHTErpMpyeMoil Ha MHTepBaje (—m, T)
GYHKIMM MOXXHO COCTaBUThb pax Pdypbe, MeKAY GyHKuMeil M 3TUM DAXOM He
BCErza MOYKHO MOCTAaBUTh 3HAK PABeHCTBA. Y CJIOBUA AJIA Pa3IOKUMOCTH GYHKIIUN
B pag Pypne HCCHAEAYIOTCA B KypCcaX MaTeMaTH4eCKOro aHaausa (CM., Hanpumep,
[®ux], r. 3, c. 414-630).

@opmyner 3inepa

CHHYC KaK MHOrOuneH 6eCKOHeUHON CTeneHH

«Ceaoilcmea wucen, uszsecmuvie cezod0Ha, no 6onvuleil
yacmu OuLal OMKPbLMbl nymem HAONIO0eHUR U 0K PbLMbL
3adonz0 do mozo, Kax ux ucmurrocms 6vina nodmeepicde-
Ha cmpozumu doxazamenvcmeamu. Hmeemca daxe mnozo
€80ilcme yucen, ¢ KOMOPHIMU Mbl XOPOULO 3HAKOMbL, HO KO-
mopvie MbL 8Ce euje He 8 COCMOAHUU JoKa3amb; MONLKO
HaOnI00eHUA NPUBELU HAC K UX NOZHAHUIO».

Jleonapa Jitnep. Opera Omnia

OgxHaxawl mBeiinapckuii maremaruk Axkos Beprym (1654-1705),
OTKPHIBIINIT CYMMBI HeCKOJIBKNX OeCKOHEYHBIX PANOB, CTONKHYJICS C He-
NPeoROJMMBIM NPENATCTBHEM — €My HUKAK He yJaBajoCh HAATH CyMMY
paza:

1+1+1+1+1+1+
4 9 16 25 36
OTyasBIINCh, COPAaBUThCA C 3afiaueil caMOCTOATeNbHO, IKOB BepHysau
o6paTHJICA 3a MOMOLIBI0 KO BCEM 3HAKOMBIM eMy MareMaTukaM. Ha ero
3anpoc oTKJIUKHyJIcA Jleonapn Oditnep. OH 0GHAPYKHUI CYMMY He TOJIBKO
3TOro psifia, HO U MHOXKECTBa APYrux psagos. O6 ncTopuu 3TOr0 OTKPHITHA
diinepa oueHs NOAPOGHO paccKas3biBaeTcs B KHUre «MaTemMarHKa u mpas-
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JomonoOHEIe DAaCCy>KACHUS» 3aMedaTeJbHOr0O MATEeMATHKA M Iejarora
IOeepas Iloiia (1887-1985) ([IIoit], c. 39—-55).

B ocHOBe MpOHMNATENBHOH ROTafKU Jiijiepa JeKalo OJHO «O4YeHb
ZJep3Koe» IPeANOJNIOMKeHHe, KaKk ero oxapakrepmsosays Hbepap Iloiia.
B yem ero cyTs?

B anre6Gpe Joka3sIBaeTCA, YTO €CJINU Y MHOTOUJIEHA

p(x) = bo — byz® + byz? — byz® + ... + (-1)"buz™

uMmeerca 2n pasnudHBIX KOpHe# By, —fi1, B2, —P2, ... Pns —Pn, TO ero
MOKHO Pa3JIOMKUTh HA MHOXMKHTEJIH:

zz zz mz
P‘”"="°(“B?)(“ﬂ—:)’~~'(“Ee)'

IIpeacraBum dyrxnuio sin x B Buae pazxa Teitaopa

3 8 27

sinz=2- —+— - —
31 5 17
M B3IJIAHEM HA BbIpa’KeHHMe B NPABOl 4YAaCTH 3TOro paBeHCTBA Kak
Ha ¢MHOrOWIeH GeCKOHEYHOHl CTeleHM», MMEIONMil pasjndHble KOPHU
o,n, =, 27, -2m, 3w, —3m, ... (Hyau GYHKOUHU sin x). Jitjep oTGpPackHI-
BaeT KOpeHb 0 U MO aHAJOrMHM ¢ MHOTOYJIEHAMH 3aKJIOYaeT, 4To

. 2 2 2
sing x T X
= — — — — — — "“. 1
z (1 w2>(1 4vr2>(1 9«2) W

«Pemaromumit mar iiepa Gbli1 Aep3KUM, — KOMMEHTHDPYET 3TOT (paxT
Heepapr Iloita. — Ditep NPUMEHNN NPABMJIO K TAKOMY ciaydalo, NS
KOTOpOTO NIPaBUJIO He GHIJIO YCTAHOBJIEHO; NIPABUJIO, OTHOCALIEeCA K ajl-
refpanyecKkUM ypaBHEHHAM, OH IPUMEHMUJ K YPaBHeHUAM HeanreGpaude-
ckuM. C TOYKHM 3peHHA CTPOroii Joruku mar Jitjepa He GHIJ ONPaBAAH»
([Moii], c.43).

HeiicTBuTeNbHO, AeHCTBUA ¢ GeCKOHEUHBIMM OOBEKTAMHU TadAT B ce-
6e Hemaso onacHocTeil. XpeCTOMATHIHEIN NIPUMED CBA3AH C MOACYETOM
CyMMBEI 6eckorHeynoro paga 1—1+1—-1+1-1+.... Ecan npu noacuere
CYMMBI 9TOr0 pAAa 00BEAUHATH WieHH Tak: (1-1)+(1-1)+(1-1)+...,
TO CyMMa PAAa OKa'keTCsa paBHOI Hymo. Ecau ke uieHbl 06beAUHATH
rak: 1+(-1+1)+(-1+1)+(-1+1)+..., To cymMma pajga OoxaxeTcs
pasnoit 1. ITapagoxc!

OD Y reM He MeHee, dopMmya Jitnepa (1) BepHa. Bi'mep y6eauiacsa
B ee CIpaBeXJIMBOCTH, CHAYAJIA MCNBITAB CBOl MeTOX Ha APYTHX
npuMepax. VMccienosaB MHOMKECTBO PANOB, OH BO BCeX CIyYadX HaxXo-
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Iun coriacue. B nocaexylomiem Jiinep nmpuBen yxe He 3BPUCTHYECKOE,
a cTporoe AoKasaTeJsCTBO Gopmydrsl (1).

MareMaTHyeCKHit aKKOMNaHeMeHT

O6GocHoBBEIBass HCTHHHOCTD GHopmyst (1), Ditylep paccMOTpesr MHOrO4JIeH

po-1[(1+2) - (-2,

B IIpefieJie IPU n — 0O cOBHaAaomiuil ¢ GyHKuMel
iz -iz

e’ —e
- =sinz.
2i

Kopuu 3Toro MHOroujeHa HaXoOAATCA U3 ypaBHeHUA
iz\" iz\"
1+—) =(1-—),
n n
ia: 2ikx

iz
1+—-eT(1——), re k=0,1,2,...,n—1.
n n

Hpﬂ HEYeTHOM N U3 NOCJIeAHEero ypaBHeHHUA NMeeM
E) ™
i"-"_” =n-tg ‘;-.

1
» TO, PA3JIOXKHUB MHOTO-

n —
Ecau npu HeueTHOM n B3aTh k =0,+1,+2,...,+

P (x)
4jIeH up4 z # 0 Ha MHOMKUTE/H, NOaydaeM
P,(x) z?
z H 1- km
k=1 n2tg® —
n
Iockonsky
P,(x) sinz km '
lim ﬁ._-_ =, limn®tg® — = k1%,
n=00 x z n—00 n

TO OTCIOAA nunonn-rca dopmyaa (1). C apyrum oﬁocnonax—mem 3Toit GhopMyIH
MOXHO MO3HAKOMHTRCA B {Pux], 1. 2, c. 374-377.
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«Byker» pasnoxxeHui

O:{) U3 ¢opmyast (1) Ditnep NOXYyINI MHOMKECTBO 3aMedaTeIbHbIX
COOTHOLLUEHUI, CBA3aHHBIX C YMCJIOM T3
7[2—1+1.+1+1+1+
6 22 32 42 52 7
”4—1+1+1+1+1+
9 2¢ 3t 44 54 7
2t 1 1 1 1 1
— ==l =+ —+...
7 3 26 36 46 56 @
HP R JPUE SE SRS T B
9 5 28 38 48 58
2% % 1 1 1 -1
-25'76977927% =1+ﬁ+§§+m+-5%+...

.........

U3 dopmyast

o 1_4_$2> 1_43:2) L 42 ‘ 3
cosT = 72 ont 2572 cees (3)

aHasornynoit (1), Jityep moxyuaeM pAxbl, 3HAMEHATEM KOTOPHIX IIpex-
CTABJAIOT CTENleHH HeYETHBIX YUCel:

7r_2.=1+l+_1_+_1_+l+

8 32 52 72 92 7

nt 1 1 1 1

E=l+§+—5-z+~7-z+§-z+...
16 1 1 1 1 1 4
—5~7~w6=1+§+¥+ﬁ+$+... “)
272 1 1 1 1 1
—7T‘F’ﬂ'=l+'3—8+g§+-7—a'+$+...

.........

.
Jlio6onwiTHO, UTO, ITOJNArad B dopmyine (1) z = re TOJIyYUM

()R (e TR) -
2 () (D) (-9 ()
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1 1
el 1= — +—)-...,
(1 Zm)(l 2m)

OTKYAa HEIOCPeACTBEHHO BHITEKaeT ¢opmyaa Barruca. ®opmyna Bai-
sauca GbljIa XOpOIIO M3BeCTHa Jitnepy.

Martematuyeckuit akkoMnaHeMeHT

Oitnep B pabote «BBesenne B anaaH3 GeckoOHeuHO MaibIx» [Jita] samevaer,
YTO €CJIM PaCKPHITh CKOOKM B mMpouaBegeHun ABywIeHOB (1+az)(1+62z)(1+y2)(1+
62)..., TO NOJYIUTCA DAL

1+A2+B22+C2+D* +Ez°+F% + ...,

rae xoabdunuentst 4, B,C, D, ... obpasyoorca u3 uucen a, 3,7,6,... TakuM
obpasoM:
A=a+f+y+6+... (cyMMa Bcex IO OKHOMY)
B=oaf+ay+ad+py+p6+... (cymMma npousBefieHHil IO ABa)
C=afy+aBd+... (cyMma npousBeaeHui 0 TPH)
..... M TaK jgajee.
Koapduunenrn 4, B, C, D, ..., B cBOIO o4epeab, MOTYT GHITh HCMOJb30BAKBI A

BBIYNCJEHNA CUMMETPUYHBIX CTENIEHHbIX CYyMM:
P=a+fB+v+6+...,
Q-a2+pz+72+62+...,
R=a’+p+7"+6+...,
S=a'+p +y +64+ ...,
T=a"+8+4°+6°+...,
V=a®+p+7°+06°+... unrak nanee

ciaeayiomumM o6pasom:

P=A;

Q =AP -2B;

R=AQ -BP+3C;

S=AR-BQ+CP-4D;
T=AS—BR+CQ—-DP+5F;

V=AT -BS+CR-DQ+EP-6F n Tak nanee.

(*)

9t KOMGHMHATODHBIE COOTHOWIEHHUs, u3BecTHhle eme A. JKupapy (1629) u
H. Huiotony (1707), sexaT B OCHOBE MHOruX OpMyJ, CBA3AHHBIX C YUCIOM T X
BBIBEZIEHHEBIX Jilnepom. '
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Ins BeBOAA cooTHOmeRusA (2) Ditep B dopmyne (1) monaraer z2 = —w2z, a
¢yHkuuMIo sin ¢ packinagbiBaer B paj Teitnopa. B pesyabTaTe oH nojydaer:
2 4 6
T T

T
1+§?z+512 +—77z +.
1+z 1 1 1+ 1 1+ 1
ez )\1te? 16~ 25’ :
w2 !
8,nec5A=F;B=Ea;C 5040 ;D= 362880 M T.A. , OTKYAAQ o GopMysamM

(*) BHIYHCAAIOTCA 3HAYEHUSA CYMM

1 1 1 1
P= 1+22 3z+Z§+¥+...;

1 1 1 1
Q=1+— o 34-0- 54 . HT.A.,
YKasaHHHIX B (2).
Jns BoIBOAA coOTHOWIEHMH (4) DitNep aHANIOrMYHO UCHOJIb3YeT CBA3D

1+1f-z+—1-r—‘—2 —Ee—z +...=(1+2) 1+-1-z 1+-—1—z 1+iz .
2147 4142 6143 9 25 49

2
wz
BBITEeKaIONyio u3 dhopmyJuant (3) npu z? = -7 M pa3jyioykeHusas QyHKIUU COS T B

paxn Teitnopa.
Olinep Takyke 3aMevyaeT, YTO coo'momemm (4) MOTryT GHITH NOJYYeHbl u3 (2)

CJIEAYIOIINM cIIocoGoM. YMHOXKUB pag M = Z — Ha 51-, nMeeM
k=1
M 1 1 1 1
2—'.-54';4-3;4-54‘....
Ecnu 3TOT psaj BeiYeCTh U3 NPeAbIAYIIETO, TO HOJYYUM
2" — 1 1 1 1

o1 M 1+§+5n+~7—;+'&'+....

M
«Ecu ke BoluecTh U3 M yABOEHHBII PAX 7 —yKaasIBaeT Aajee Jiijgep, —
TO IOJIYyYaTCA MepeMeKalonuecs 3HaKu, u 6yzer

am1 - 1 1 1 1
T ol o111
2n—l on 3» 4n 57
Ha ocnoBanuu VKa3aHHBIX IPDABHJI MOTYT OBITH CYMMMPDOBAHBI CAeAYIOHIHe PAABI:

1 1 1 1
1+ o + 3 + 4—n 5 — .
1 1 1 1
1+5+5—n+?;+6—...,
ecaM TOJbKO 1 Gyzer uuciaoMm yerHbhiM. Cymma 6Gyazer paBa An", rge 4 —
PanoOHAJIbHOE YUCIIO».
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Pa6ora Oiinepa «BBefeHue B aHANMM3 6ECKOHEYHO MAJBIX» COXEPHKHMT Poc-
ChINM H3yMHUTeNbHBIX Gopmys. ITompoGHee ocraHOBMMCH emle Ha HEKOTOPHIX
3aBHCHMMOCTAX, YKa3aHHBIX JiijepoM:

osv+t gsinv
cosgriggsing

-(1+—v ) (1——” ) (1+ hd ) (1— bt ),
] n+g 3r—-g 3r+g -
(x)

coav+ct gsinv
2 TC83sny

(3) (535) o) () ()

v v
Pa3noxuB B mepBOM COOTHOMIEHUH (*%) GYHKIHU COS 3 n sin 3 B PAABI

Teiinopa U cienaB MOACTAHOBKY
T mn
v 9T

mr
k=tg o’ ditnep mosayvaer

T T T
1+ 1- 1+ X
n-m n+m 3n-m
T T T
x ({1~ 1+ 1- .=
3n+m Sn—-m Sn+m

T n2z? nizd k4 it

2n 2-4n2 2.4-6-nd 2-4-6-8-nt
IIpexbiayIMe PacCy>KAeHUA 37eCh MO3BOJIAIOT BLIMMCATE CIEAYIONIMe 3aBMCHMO-
cTH:

+....

kn n? =k xt
A= B3 O 3aew PTraesan
24681075
HOnsa panos \
1 1 1 1 1
Pzn—m_n+m+3n-—m_3n+m+5n-m_'“;
Q= r L, .t .1 .1 ..
(n-m)2 (n+m)® (8n-m)2 (Bn+m) (5n-—m)? ’
Ro_ 1 v .t .1 .1
m-mP (m+m)P Bn-mBP @Bn+mpP Gn-mpP
1 1 1 1 1

= (n — m)* +(n+m)‘ +(3n—m)‘ +(3n+m)‘ +(5n—m)4 tee

.........
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C y4eToM (*) oTCIOZa NOJIYYalOTCA CYMMBI:

pokr. Q- @K’ +2)r® (6K° +6k)r°
2n’ 2-4n2 ° 2-4-6-n%"
(24k* + 32k* + 8)r*
T 24680

B uvacTHocTH, mpu m = 1, n = 2, Tak 4To k = 1, Diinep momydaer yxKe
HU3BeCTHHIE Pa3yoKeHud (4), HO, KpOMe HUX, HOBble GOPMYJIBL:

ﬁ=1_l+l_l+l_ o
32 3 5 738 98 7
51r5=1 1.1 1.1
15_36 —'ég gg—?‘,; 9—5— U T.A.
Tonoxus m=1, n =3, TaKk 4yro k = 7‘5, Diinep HaXoANT:
T 1 1 1 1 1 .
s TEtiTstrTet
éﬁ=1+l+.].'_+l+_l_+i+ .
27 22 42 52 73 g2 "’
47® 1 1 1 1 1

—_— =l =t ==+ == —+...
81\/5 22 42 53 73 83
(3mech B 3HAMeHATeNAX HEZOCTaeT BCeX YHcel, AeJAlIUXca Ha 3).

TIpuMeHHB aHaNOrHYHBIE DACCYKJAEHHA KO BTOpoil dopmyne (%), Ditnep
nosaydaeT, B MaCTHOCTH,

1

|2

1 1 1 1
=1— —

5 TR TIETART I
i,r, .. 1.
52 72 112 132 172 192 7’
g 1 1 1 1 1 1
m"l-g‘;*‘;{;—l—ls—*‘ﬁ—ﬁ-ﬁl—ga—... H T.4.
CKnanpiBasg WIn BRIYHTAA HalifleHHbIe paHee PAAbI, Jillep BHIBOAUT MHOKECTBO
IADYTHX Da3JIoMeHUH, «TOCTOMHBIX BHHMAHUAS:

1
4+ ==
7

3

-1+

“‘DI"»

T 1+ 1 1 1 +
—.ﬁ-ﬁ--— — - — —
nsin—n- m n-m n+m 2n-m

LI 1 .
2n+m 3n-m 3n+m
mnr
meos T 1 1 1 1
—mr =~ + -3 +
nein 22 m n-m n+m n—m
1 1 1

+ - + -
2n+m 3n-m 3n+m ’
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L 1 1 1 1 1
+

2qsinq1r.-2_112-:=1-q2.-4—q2 9-¢ 16-¢°
1 L - 1 + 1 + 1 + 1
2 2q-tgqmr 1-¢° 4-¢ 9-¢* 16-¢
BaaBas napaMeTpaM m, N¥ ¢ PaSAMYHbIE 3HAYCHHUA, OH IOIYyYaeT OTCIOAa OTPOM-
HO€ KOJINYeCTBO COOTHOmeHHﬁ, HalpumMmep,

+...3

+... HT.A.

T 1+1 1 1+1 1 1 1 .
2v2 3 5 7 9 1 13 15 7
n 11 1 1 1

—_— =14+ —t =t —=—...
23 779 15 17 23
1

+ 1 1+1+1 HT
avJ2ivz 8 5 11 18 19 =21 " MTA

PaGora Oitnepa «BBeaeHue B aHaiu3 GeCKOHEYHO MAJIBIX® — BEJIMYECTBEHHBIH
NaMATHUK, [TIOCBALIEHHBIN Yucay 7 (aa U He TOJNBKO T, KOHEYHO).

®opmyna + popmMyna = opmyna

Yumaiime, wvumaiime dilnepa: amo naw
odwuil yuumednv.

II. C. Jlaninac (1749-1827)

B pa6ore «Bsemenue B aHanu3 6eCKOHeYHO MAJBIX» Jfijep AEMOH-
ctpupyeT 3¢ GeKTUBHYIO TEXHUKY IIpeoOpa3oBaHmMil pAXOB U 6€CKOHEYHBIX
npousBefienuit. Yynuble GOPMYJBI ¢ yYacTHeM YUCIA T HM3-TIOJ €ro Jer-
KO PYKM BBHICKAKHMBAIOT, KAK PA3HOLIEPCTHbIe KPOJMKH U3 Ge3XoHHO
LILIANL MI03uoHNCTa. C HEeKOTOPBIMM mpHeMaMu (GOPMAJBHBIX Tpe-
oGpasoBaHuit Jitjlepa M ¢ HHUYTOKHO MAJNOIl YACTHIO MOJYYEHHBIX KM
Pe3yJabTaTOB MBI ceifyac MO3HAKOMUMCH.

Mpeo6pasosaHie paga B npousBefeHHe

PaccmoTpuM npoM3BONIBHBIN DAX, BHIDAXKAIOMIMI YMCIO T, HANPH-
mep, pax JleitGauna

] 1 111 1 1 1 1 1 1

1
-—=1—— — — — — — — — — a— — — —
7

4 3 5 9 11 13 15 17 19+21
¥ mpeo6pasdyeM ero B NpOM3BeXeHHe. 3aMeTHM, YTO €CJIM YMHOMHTH
ciaraeMele 9TOr0 psfa Ha %, a 3aTeM CJI0Xumb NOJMYYeHHBIN DAX ¢ HUC-
XOZHBIM DAJAOM, TO B GECKOHEYHOM Da3JIOMEHMH HCYE3HYT cJaraeMele,
3HAMEHATeJH KOTOPHIX KPATHHI 3:
T 1 1 1 1 1 1 1 1 1 1

=. e D I g =
1 (“3) A A TRE TR T AR TR TR TR T
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Ecau Temepp ciiaraeMble HOBOro pAfa YMHOMHTH Ha %, a 3aTeM

évliecms no.nyqennmﬁ pPAX M3 3TOro pAAa, TO B HOBOM GECKOHEYHOM
Pa3jyIoKeHN N NCYE3HYT cjlaraeMbie, 3HaMeHaTeJN KOTOPBIX KpaTHBI 5:

T 1+ 1 1 1 1 1 1 + 1 + 1 1 1 +1 1 1 + 1
4 3 5 7 11 13 17 19 23 29 31 87 °°
IIpoxonxas 3TOT Npomecc Aajbllle, B NpaBoil dYacTu u3baBUMCA

oT Bcex Apo6ell — OCTAHETCA TOJBLKO eJUHHUIA, 3aTO B JEBOH UacTu
obpasyercs HeKoTOpoe GeCKOHeYHOe Impou3sseente. B utore nonyuaem

T \ 1

NOIGIGICICHE

3 5§ 7 11 13 17 19 23

TE e o e o e o e o e ¢ e e— —

4 4 8 12 12 16 20 24 ~~°

IIpumMenns 310T cnocol K paHee HaiIeHHBIM UM pAAaM, Jilep HOMYYHI
MHOXXeCTBO QOpMyJ, CPEAN KOTOPBIX

i 1+1+1+1+1+
6 32 52 7
1

- 1 1 1 1 B
(-2) (-5) (%) (%)

22 32 5 72

Z1'3%-1 5-112-1 """

w2 1 1 1 1

i
[y
+
+
+
+
+

|

I et m o e o 4 e o em— ——

2 Apyrue.

YMHOXUM, nogenum
Paanenun o0e yacTH paBeHCTBA
w2 4 3% 52 72 11° m 35711 13 17

6 32446681.12 ° ™ 17148121216 "
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diinep mosydaer HOBYIO popMyay:

1r357111317

e e m— . —— . —

2 266 10 14 18

re B YUCJIHUTEJe CTOAT MPOCThIE YHUCJA, 4 3HAMEHATENU ABJIAIOTCS YHCJIA-
MH He4eTHO-4YeTHHIMHM (TO ecTh uMeloT Bux 2(2k + 1)) n OT/IMYAIOTCH HA 1
OT YHCJIATEJ e,
YMHOXHUB 06e yacTu paBeHCTBA B popmyne Bannuca

2-4-4-6-6-8-8-10-10-...
3-83:5:5-7-7-9-9-11-11-13-.

™
4
Ha

e I e T S S ——

Oitnep monyvaer

7 8:10-14:16-20-22-24-26-.

32 9.9-15-15-21-21-25-25-.

nprYeM B 3HAMEHAaTejie BCTPEYAIOTCH BCe HEYETHHIE COCTABHBLIE YMCJA.
Kom6uuupys mocjeaHee Mpou3BefeHUE C

= 3 5° 7° 11° 13°
960 3%5-1 56—-1 76—-1 116—1 136—-1 7’

Oitnep monyuyaer:
= 3 5° 7 11° 13°
30 3-1 5%+1 73-1 113-1 133+1

¥ TaK jgajee.

MNpeobpasosanue npousseeHHus B pag

B npexpiayiieM NyHKTe ObLIO MOJyYeHO GeCKoHeYHOe Ipou3BeneHne

= 3 5 7 11 13 17

— T e ¢ = 4 e e e ¢ —— e o

2 2 6 6 10 14; 18
1

(CICIE e

Kak npeo6pasoBaTh ero B pan?
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Bocnonrssyemest popmynoi paA cyMMB! GecKOHEYHOI reomerpuyec-
KOM mporpeccum:

1 l+l+1 l+l+
PREE SR R TR TR
3
1t _ 1,1 1.1
1T T 575 5 5 ;
141 5 5 5 5
5
1 1,1 11
P AR TR T TR
1 —1+1+1+1+1+
-1 1 112 113 114
11

¥ TaK gajee.

IlepeMHOXHB 3TH pasiokeHus (Jitjep Ha3blBaeT 3Ty OMmEPAIHIO
paseepmuiéaruem), MOTYUNM:

«37ech BCTPEYAIOTCS HEYeTHbIe YHMCJa; — NuileT Jiijiep, UMes B BHAY
3HaMeHaTeJn Apobeit, — 3HAKM JKe yepeayIoTcA TaK, YTO IPOCTHIE YHcaa
Buaga 4m — 1 UMelOT 3HAK ,,+“, IpocThie Yncja Buaa 4m + 1- 3nax ,, —*;
OTCIOfIa ONHOBPEMEHHO ONPEAENAIOTCA 3HAKH YHCeJ COCTABHBIX».

Ecau ke ucxonHoe OecKOHeUHOe IPON3BeieHHe 3aIIMCATL B BHJE

1

IGRICRICDIER

TO IIOCJIe AHAJIOTHYHOI'0 Pa3BePTHIBAHUSA IIOJNYYHUM

3nech uucao0 2 MMeeT 3HAK «-+», NPOCTHIe uMciaa Buxa 4m — 1 —
3HaK «+», MPOCThIe ke uucaa Buga 4m +1 — 3HaK «—» — yKasbIBaeT
Jitnep.
Diinep Tak’ke YKA3bIBAET, YTO €CJIM HOZOGHEIM 06pa3oM PasBepPHYTH
nIpou3BeieHUe
‘ 1 1 1 1 1
1 1 1 1 1
-5 1-55 1-5 1= 1-753%
2 3 5 7 11
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1 .
(B SHAMeHAaTeJdX Ccoep)XaTcd 4YucjJa BHAA l1-— rge p npoﬁerae'r

k’
P
MHOJKeCTBO BCeX INpPOCTBIX 4YHces, k — Ha'rypanbnoe), TO MBI HOJI}{}{HM
pan
1 1 1 1 1
1+?€'+§+i+§c‘+...+n—?+....
B yacTHOCTH, OpH k = 2 moNTyuYnM
1 —
1 1 1 1 T
(1_53)(1-3_2)(1_.5_2)(1,_5)...
—1+1+1+1+1+1+ —wz-
22 32 42 52 62 7 g’
1 —
1 1 1 1\
1—§ 1—3—4 1—; I_F
—1+l+1+1+1+1+ T
2¢ 34 44 54 6t T 90

U Tax fanee (cM. «BykeT pasnosxeHuii»).

Jleonapd 3inep

Jleonapg ditnep poauicsa 4 an-
pexns 1707 roza B mBeiIIapCKOM ro-
poze Bazene. Ero HayuHasa geaTens-
HOCTB mpoTekanac 1727 mo 1741 rr.
B IlerepOyprckoii AkaieMuu Hayk;
¢ 1741 mo 1766 rr. — B Bep-
JMHCKOM AKaJeMHH HayK, a 3aTeM
¢ 1766 roga mo 1783 rox (rog koHuu-
HBI) — CHOBa B creHax IleTep6ypr-
ckoit Axagemun. OUH U3 OPOAYK-
THBHEHIINX YYeHBIX, Jiljep TOJb-
KO IIPH YKNU3HYU ONyGINKOBAJ OKOJQ
550 kHur u crareii. Cnucok ero Tpy-
OB comep»xUT npuMepHO 850 Ha3Ba-
HUI ¥ OXBATBIBAE€T BCEe COBpEMeH-
HBle eMy pasfiesbl MaTeMaTHKHI, Me-
XaHWUKH, CONPOTHBJIEHUS MaTepua-
JIOB, ONTHKM, aCTPOHOMHH, KOpa-
61ecTpoeHus, TEOPHMM MAIKH, T'M-
IpaBIUKH, MOPCKOTO Zesa, KapTo-
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rpadpuu, apTHIEPUHU, CTPAXOBOIO Jiejla, TEOPUH MY3BIKM M JDYTHX OT-
pacJjeil 3Hanus. Jiijiep SBUJ NpUMep caMO3a0BEHHOTO CJAYKeHHS HayKe.
Ilorepsas B 1738 roxy oauH rias, a 8 1766 roay ocaennys Ha o6a riasa, oH,
TeM He MeHee, IPOJOJIXKAJ IPOAYKTHBHO PaGOTaTh, AUKTYS pe3y/bTaThl
CBOMX MHOTOYHCJIEHHBIX MCCJEJOBaHUI ceKpeTapsaM M yYeHHKaM.

«O Beauuuy Jifepa KaK MaTeMAaTHKA MOMKHO CYAUTbL XOTS GBI
o TOMY, YTO IPM M3y4YEeHUU TEOPHU YUCeJ CO37aeTcCHA BIedareHue,
qro JiiJiep B OCHOBHOM HMHTEPECOBAJICA TeOPMeil 4MCel; eClM e u3y-
Yaelllb pacxonsmuecs psaabl uiau auddepeHnUatbHEe YPABHEHUS, TO
KaeTcd, 4TO MMEHHO PacXoxsmuecs pAAsl uiau auddepeHIuaIbHBle
ypaBHeHMA ObLIM AasA Jiisiepa JOOMMEIM MPEIMETOM MCCJIEIOBAHUS
U T.O.%.

Tapoasn dasapac

«OH BBIYMCJSAT TaK CBOGOJHO, KAK JIOAY ABIIIAT, KAK OPJIbI MAPAT
B BO3AYXE».

®pancya Aparo
«M3yuenue paor ditiepa ocTaeTcA HAMJIyYIeid IIKOJIOK B pasIud-

HBIX 06JIaCTAX MATEMATHUKHU, 1 HUYTO APYTOe He MOMKET 3TO 3aMEHUTDH» .,
K. ®.Tl'ayce

IxcnoHamer «myses uzsuHOd Mamemamuxu »

Ecan 6B cyliecTBOBaJ TaKOil My3eif, To B HEM HApPAAY CO MHOTMMH
_ApyruMH dopMyJiaMHu, YoKe BCTPEYABIIMMHCS B 3TOIl KHHUre, HaBepHAKA
HamIu 6bI ce6e JOCTOHOEe MECTO U TaKHe 3KCIOHATHI.
dopmyaa >xepoma K. P. JIn:

2 o2 2 o3 2 o4 2 o5
L2t @2’ @nfoet @2t
3! 51 T 9!

([Aa6], c. 113)

n C2\! 2\ 2 2\3 2\*
—=(1+=) - (1+=) (1+=) - (1+=]) -...
2e(+1)( 2) ( 3)(4)
((IIpy}, c. 757)
®opmyaa J. X. Knapka:

1 + 1 + 1 +...=-1-(ln2-—)
1-2-3-4 5:6-7-8 9-10-11-12 4 6
(["36], c. 311)
el 12+lc2)2 4
([IIpy], c. 751)
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dopmyna X. D, Congxema:

1+1 * 1+1+1 ’
. N 2 3| 4. =X (ue6), c.78)
2 3 360

dopmyant Mxonarana u ITurepa BopBeitHoB:

00 00

SR s Y il ((Bor}, p. 384)
= ; — T e— . s} y p.
n=1 g" n=1 nng" 18

dopmyana . Cangoy (19 97):

T= = 1 ([Son))
n=1 4n2 -1
dopmyaa M. Bunaxepa (1972):
oQ
T nl - 1 1.2 1-2-3 1-2-3-4
—=) ———=1+-+ + +...
2 ;(2n+l)ll 3735 3573579 ((Bel)
®opmyiaa P.B.T'ocnepa (1972):
n 1 & (i1)?
—_— = _—_ B
sVd+2 2 ’2_; D% . (27 + 1) ((BelD
1+V5

B nocinexneit ¢opMyJse yyacTsyeT Takke KoHcTaHTa dugus &P = 2
(cM. YHCI0O T M «30JI0TOE CeUYeHHe» ).

§ 35. Kak 7 oT 60nbliKX BbIYUCNEHHUH cnacaer

Tex, kmo noaazaem, 6yodmo 8blYUCAUMENLHAIL MAWU-
Ha cnoco0Ha 3aMEHUMb MAMEMAMUKA, MONHO Cblao Gb
CPABHUMb ¢ meMu, Kmo ciumaem, ¥mo cKopocmpenbrbLil
Kapabun 3amensem HavalvHuka wmaoba.

T'yro lllTeiinrays. 3agauu X pasMbILIIeHUA

Bo BTOpoM HoMepe ’kypHama <«Hayka u »xu3Hb» 3a 1984 rop,
¢.66-67, ony6auxoBana cratbsl «'apMorus chep». Ee aBTOpH BEICKA3HI-
BAIOT MHTEPECHbIE CYXKJEHHUS O CBS3M PEe30HAHCHBIX SABJCHUI B MPHPOJe
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M TeXHHKe C OTHOIIeHHMEeM 30J0TOro cedeHus. Cpeiy IIpoYMX BOIIPOCOB
B cTaThe OBLJI paccMOTpeH M Takoii: «KakoBa BepoATHOCTH TOro, 4YTO
HayZauy B3ATasd Apobs HecoKpaTuMa?»

m

Paccmorpum apobu —, I
YUCAUTENb M 3HAMEHATeJb
KOTOPHIX He HOPEeBOCXOAUT () 700
HEKOTOPOr0 YMcJja 7 o

1<mg<n; 1<k<gn.

Beero Takmx ApoGeit nZ.
O6GosnauuM f(n) Koamue- 0,650
CTBO HECOKPATHMEIX JpO-
Gell yKa3aHHOTO BHJA, TOTAA
MCKOMAs BEPOATHOCTb €CTh ) ¢1g
npefiesl NMPH HEOTPAHMYEH-
HOM BO3paCTAaHMM 7 OTHO- 20 40 60

n
— f(2 . Puc.3.10

AB'rgi)u «I'apMonnu cdep» numyT: «PacueTsl Ha MUKPOKAIBKYNA-
TOpe (BBIGOPOYHO MBI IIPOBOAMJIMN MX AJA 7, AOCTHUraBIIMX TPHJLIMOHA,
¢M. puc. 3.10), no3BONAIOT IPEANIONOMKHUTH, YTO 3TO OTHOIIEHNe CTPEMHUT-
cax—\/iz—l=0,618...» '

A celtuac MBI MbIcJIeHHO nnepeHeceMcs B XIX Bek. Enie HeT HU cymep-
KOMIBIOTEPOB, HI MHUKPOKAJIBKYJIATOPOB, HO Y Ke IIOCTPoeH apudMoMeTp
BnesaIlackans (1623-1662), apudmometp I'. B. Jleit6unna (1646-1716),
yoKe flaxe coO3JaH NPOeKT rpaHANO3HOI BBHIYNCINUTENbHOM Mamuuel Yap-
ab3a Ba6ounxka (1792-1871), npusoadamieiica B AelicTBHe MAPOBHIM JABH-
ratejgeM, y»Ke, BIOXHOBJEHHAS 3TUM IIPOEKTOM, HallcaHa nepsas pa6ora
IO IpOrpaMMHPOBAHMIO AOYEPhIO M3BECTHOrO aHIIMICKOTO nmoata Jkop-
mxa Baitpona (1788-1824) Anoit Jlasneiic (1815-1852)...B ato nonxoe
NPeAYyBCTBUI OYAYyIlleil KOMIIBIOTEPHOI 9Pl BpeMs IIPeACTaBUTENb 3HA-
menuToit IleTep6yprckoil MaTeMaTHYeCKOH IIKOJKL, Gepylueil Ha4aso
ot Jleonapao ditnepa, ITaduyruit JIssosnu YeGrimen (1821-1894) dop-
MYJHpYeT ¥ pelaeT 3afady...: « KakoBa BepoOATHOCTH TOrO, UTO HAYAQUY
B3ATasA Apob6pr HeCcOKpaTHMa?»

3azaBlINCh, ZOCTATOYHO OOJIBINMMM YHCJIOM 7© M HEKOTOPHIM IIpO-
cTEIM p; 2< P < 7711, 3aMeTHM, YTO KOJHYeCTBO YHceJl, AeJAnUXca Ha P,

YUCIANUTCIDb

e ¢ ¢ o o o o
® O » O ® O e
e ¢ O ® ¢ O o
® O ® 0O & O @
e &6 & o O & o
® 0 O O ¢ O e

e & & ¢ o Q

3HaMCHaTEeIb

3

pUMepHO paBHO —. ITpumepro, HOTOMY YTO YHMCJIO o MOMKET He JeJIUTh-
p

cS HaIeJIO Ha P, OGHAKO IO Mepe pocTa n omubKa IpH 3aMeHe TOYHOTO
n

BBIpaskeHUs [HanbGosblee mesoe YMCJI0, HE IIpeBOCcXoAsAIee —] Ha BeJu-
p

n
YHHY — CTAHOBHUTCH HECYII€CTBEHHOM. Toraa uucno COKpaTHMBIX HA D
P .
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2
n v
Ipobeit — (;) , & UX JI0JA cpeau Bcex apobeit yKasaHHOrO BUAA

n\? 1 1
p) n* p¥’

1
CJIeZOBATeJbHO, HOJA HECOKPATHUMEIX Ha P Apobeil pasHa 1 — - B yacT-
S p

HOCTH, JOJIA HECOKPATHMBIX Ha 2 xpobeit pasHa 1 — 22 a IoJisl HeCOKpa-

TUMBIX Ha 3 npobeiif paBHa 1 — 3
EcTeCTBEeHHO NIPEAIIONOMKUTE, YTO APOGH, KOTOPhIe HeJIb3s COKPAaTUTh
Ha 3, 6yAyT ¢ OAMHAKOBOIT 4YaCTOTOH BCTPeYaThCA CPeAH Tex Apobeit, Ko-
TOPBLIE MOYKHO COKPATUTh HA 2, TaK M CpeaH Tex apobeil, KOTOpLIE HEJb3sA
cokpaTuTsh Ha 2. IloaTomy noJis xpoGeit, KOTOPbIe HeJb3A COKPATUTD Ha 3,
cpenu apoGeif, KOTOpPHIe HeJb3sA COKPATHTH Ha 2, TOXKe pasBHa 1 — -3—2
TaxkuM o6pasom, Koas ApolOeil, He COKPATUMBIX HM Ha 2, HH Ha 3, cpeau
1 1
BCeXx apobeit 6yzeT (1 -3 1- 3% )"
Paccyxxpas aHanorm4Ho, NMPUXOZMM K BEIBOAY, YTO A0Js Apoleii,
KOTOpHIEe HeJb3s COKPATHTh HM HAa OJHO NPOCTOE YHCJIO, BHIPAXKAETCH
NpoK3BeeHNuEeM

(4 (-3) (-3) - (-3)-

Vnobuee, ogHaKo, HAXOAUTH He CaMO 4MCcJa0 A, a o6paTHOe K HeMy:
1. 1

AR

Oxnun 13 pesynbTaToB Jitjaepa (cM. «Popmysl Jitsiepar) CBUAETEILCTBYET
0 TOM, 4TO

1_, 1t o1 1 o
A 22 32 42 52 77 6
6
3Hauur, A = F =0,6079.... 910 ¥ ecTh OTBeT B 3afaue Yelbrimena. Ox

o4yeHb OJIM30K K rHnoTeTudeckoMy 3Hadenuwo 0,618 ..., npeanosxeHHOMY
B ctaThe «'apMoHuA chep».
Kak BHAMM, IPOBOANTE BHIYMCJIEHUSA C TPHJUINOHAMH YuCeJ COBCEM
HeT Heo0X0OAMMOCTH, Ja ¥ Pe3yJIbTaT, BCe-TAKH, HEMHOXKKO He TOT...
BoT 1 monyuyaercs, YTO «HA KOMIILIOTED HajelicdA, a caM He ILIoLaiil»

Ot) Haidume BeposmrHocms mozo, Ymo yemvipe Hay2ad B3ambix HaMypPabLHLIX
yucna 6ydym umems obwuli desumens, omauyrerd om 1.
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MaTteMaTHyeckun akkomMnaHeMeHT

i

Vkasarue. ITokaxuTe, 4TO XOJS YETBEPOK HATYPANLHBIX 4YHCeJ, He HMMe-
oIUX OOmMM AeJNTeNeM HM OJHO M3 NPOCTHIX YMCE], CPeAH BCeX YeTBepOK
HATYpAJILHBIX YHCeJ paBHA

e

1
BocnonsayiiTech CBA3HI0O MEX Y YHCIaMH B U T, yKasaHHo# JleoHapaom Jiise-
poM (cM. «PopMyasl Diirepas).

§ 36. Papeii u cBoiicTBa Aapobeit

B omeemHnoit muwune,
Kax 6 nayse omeemnoil,
Has yoxawuwux dneil
Ecmb dpoGruix wucen pad.

Baagumup Kasakos

Crpouka HeCOKPATHMBIX Apobeit %, y koropeix 1 < m < k < n,
PACIIOJIOMKEHHEIX B BO3PACTAIOIEM IOPSAKe, HMeeT B TEODHM YHCEN
cnenuanbHoe Haspauue: pad Papes n oboszmauaercs F,. AHramiickuii
marematuk Papeit B 1816 rogy Ges goxazaresbcTBa OmyGauMKoBan 006-
HADY’KE€HHble MM HMHTEepeCHLIe 3aKOHOMEDPHOCTH B 3TOM paxy apobeii,
HanpuMep:

a
a) nua Jo0bIX IBYX COCeAHMX Apobeit > BEIIIOJIHSAETCS

PaBEHCTBO

alo

be—ad=1; '

6) xaxzaas apoOb moJy4aercss M3 CoceHUX ¢ Heil AByx apobeii caexgyio-
muM 00pa3oM: HALO CJIOMKHUTh UX YNUCJINTEIHM U DA3AENUTh MMOJyYeH-
HOe YKCJI0 HA CYMMY 3HaMeHaTejeit u apyrue [Bar).

OGoznaunM & (n) KOJIMUECTBO YJEeHOB n-oro psaga Papes F,. Ha-

npumep, P(7) = 17, mockoasvky psg F; npeacrapisfercd caeaylOIUM
oOpasomM:

11112 1231432534256
765 4735 72 75 37 45 6 7
B 1874 roay aBcTpuiicknit MaTemaTuk . MapreHc JoKasajl, YTO OTHOLIIE-

n
HHE 3 P HEOTpaHM4YE€HHOM BO3PAaCTaHUM 7t CTPEMHTCH K BEJIHYNHE
n
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— . He HaxoAuTcs au 3TOT DE3yJbTAT B KaKOM-TO CBA3M ¢ 3ajadeil
tIe61>1me13a (cM. «Kak moT Gonpmiux BeIYMCIEHHI cracaer»)?

§ 37. Basouka 3agay .

Cman dymamb, Kax A 30ecb O¥ymuacs.
Oxa3saaoce: cman dymame,

Bragumup Kasakop. Omubxa »KuBLIX

1. Huxce cumBonom [x] o0603HaueHa yeras vacmov yucaa * — Haubono-
wee yenoe yucao, He npeBocxodaujee .

O:> Yemy paBro snauernue Bvipaxncenus w: [w: [...[n: [#]]...], 8 xomo-
pom yucno ® yyocmByem [r] X [ X [w X ...[* x [*]]...] pa3?

2. fuonoe nocne 3kzameHa.

— CkonvKo nonyyun?

— Yemoipe 6ana.

— [louemy? Toi He pewun kokylo-mo 3adaqy? o

— Aeaa, a HenpaBunbro omBemun Ha, Bonpoc: «llonoxcumensto unu
ompuyamensro Yucao sin 10 000 ?» . : .

10000 ~ lg (1)20 =3184,7.... 3nayum,

31847 < 10000 < 31857 u, credoBamensro, curyc 10 000 nonoxcu-
mensHbil, .

— Jze, umeHHo mak A u omBemun.

— A 4ymo — amo HenpaBuneHo?

— Kowneuno!

— [louemy?...

— Tok 3mo xe npocmo:

3. lMocnedoBamenvHocme yucen a, 3adawa ycaoBuamu:

1 1-4/1-a2
Ga=g5 ¥ Gm=\—(p—

ana kaxdozo n. fokoxcume, ymo cymma nio6020 KonuvecmBa yucen a,

T+3
He npeBviusaem o

(Axynuy M. 3ad04a M 1208 // KBarm. 1990. Me 7. C. 32)
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4. Bepuo nu paBencmBo:

ﬂ,lg tg1°1g tg2°1g tg3°-...-lg tg60° _ eln ctg 11°In ctg12°-...:In ctg 60°?

(Bunenkun A. H., lTempoBa T. C. Cnem yyawuxes OMLL //
KBawm. 1972. Ne 5. C. 58)

5. foxaxcume, ymo gpyrkyus y(x), paBuas 0 048 poyuoNansHelx 3Haye-
HUl T U 1 ONA UPPAUUOHANLHLIX 3HOYEHU T, MoXcem Ebimb npedcmaBaena
8 Bude
y(z) = lim sign {sin’(n!rz)},
n—00

2de ¢ynryuAa sign () {om namuxckoeo signum — 3nak) onpedensemcs
cnedyrowum o6pazom:

1, eev >0
sign (z) = 0, ecw zz=0
-1, eew <0

(dpyzoe onpedenenue pyHKyuu sign (), ucnoassyowee Yucao T:
2
sign(z) = lim — arctg (m<)).
m—oo T

(Xapou I., [Xap], c. 168)

6. Mycmo a,b — dnuner kamemoB, o ¢ — AnUHG eunomeny3vi nPou3BoNs-
HO20 NPAMOY20/1bHO20 Mpey20bHUKa. [okaxume credyrouue HepaBen-
cmBo:

o) a"+b* <,
b) ecrue>1, moa™ +b""! > 2% "qb,
7. foxaxcume HepaBercmBa:
g
< [——] - [r-10"] <1,
= larctg (10'” ) [ ] =
20e N — npousBonsHoe HamMypasneHoe Yucno.
(. A. lanenepun)

Martemarnuecku akkoMnaHeMeHT

1. Vxasanue. 3amersTe, uTo 7: [7: [F]] = 7.

2, JIna mpaBHJIBHOTO MOACYETA CJIEAYET BOCIOJNb3OBAThCA OLIEHKOM uMcaa T
6oJiee BLICOKOM TOYHOCTH:

_ 10000 < 10 000 < 10 000
3,1416 m 3,1415
oTkyza 3 1837 < 10 000 < 3 184w, u, crezosarensHo, sin 10000 < 0.

3183,0...

=3183,1...,
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3.

b)

g
CnrenaeM MOACTAHOBKY @, =sina; 0 < a < E , TOrAa

1-1/1-sina \/l—co'sa_ . a
3 5 —sin.

. Qpy1 =

. 1 T T
ITo ycaoBuIO @) = 3 = sin —, noaTomy @, =sin —. Ilockoabky sinz < &

6 3.2
T
npu0<z<§,'ro
1 07 ) g
al+ag+...+a,,=§+sm3‘22+...+sm3.2"<
1 b v 14T 1 T8
3.22 "7 g.2n 3 2 6 °

Tockonbky lg tg 45° =1n ctg 45° = 0, To UCXOAHOE PABEHCTBO SKBUBAJICHT-
HO UCTHHHOMY TOXAeCTBY 1 = 1.

Ecau z panuoRansRo, To sin’(nlrz) =0 u sign { sin’(nlm)} = 0 pida Bcex
3HAYEHNIt n, HAUMHAS C HEKOTOPOTO; eCIM £ MPPAMMOHANBHO, To sin(nirz)
Bcerjia MmoJIOKUTeJbHO, U, CJeOBaTeJbHO, Sign { sin"'(n!#z)} =1,

a b
a) ITockoJbKy Ka)AbIil M3 KATETOB MeHbIIE FMIOTeHY3Hl, TO — < 1; - < 1.
c c

a\* a\2% /b\~ b\?2
CaenoBaTesbHO, (:) < (z) H (-) < (;) . Cnoxus aBa mociegRue

c
HepaBeHCTBAa, MOJYyIlM

a\”* b\~ a 2 b 2
GG <@ +Q) -+
c c c c
a\* b\*
HomHAOXHUB 06e YacTM HepaBEeHCTBa (z) + (Z) < 1ma ¢", noayumM
TpebyeMBblil pe3yJbTaT.
1

q)yn‘}cnna f(x)=27—1 npu z > 0 aBnAeTCA BHINYKJOH, MOCKOJBKY Ha
YKa3aHHOM NIPOMEXYTKe ee BTopas mpou3BoAHAA

J

1 1 1
(@)= (;_—1 - 1)3;'11 ?  orTpumarenbHa.

m—1
B cuay atoro

f(zl +2z) S J(21) + f(22)

2 Z 2
AJA HPOM3BOAbLHBIX MOJOKUTENbHEIX 3HAUCHMH APTYMEHTOB T, ¥ Tp. Ilo-
JIOKUB T, =a""'; £, =b""), rae a ¥ b —KaTeTH TPeyroJbHNKA, a C —€ro
FUNOTeHy3a, MMeeM:

' -1 r~1, L
+b i T~ +b
(a 1 S a+y N

[+4
2 27 72

OTKYAa moJjydaem

a™! +b™! c\*! —2( -1 -1 -1
— (E) , nmm 27 (a +b" )>c .
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Ho, o ycaxosuio, ¢ > 1, moatomy
1> c?=a%+b% > 20b.

Hrak,
2% (a" ' +0"!) > ab,

OTKYZa HenocpeACTBEHHO MOJy4YaeTcA TpebyeMrulil pe3yabTar.

T
. ITockoabky mpn 0 < & < E BHINIOJIHAETCA HEepaBeHCTBO tgz > z, TO

107" = tg (arctg (107Y)) > arctg (107")
W >x-10",
Ilamee, pacCMOTPUM BCIIOMOTATENbHYI0 GYHKIHUIO
f@ = (1+5") arctgz -2z, 0<z< 3.
ITockoabKy ‘
f(z)=2z-arctgz>0 mpn z>0 u f(0)=0,

.1 z
To f(z) > 0 pada Bcex T € (0, E) . B yacTHOCTH, arctgz > 1722 ¥ Opu

z =107 orcioga monywaem

L N -N
—_— <107 471077,
arctg (10’” )
OKoHYaTeaAbHO UMeeM:
T
710 ¢ ——— <710 +7.107",

arctg (10-V)

OTKYZAA M cJefyeT yTBepKAeHUEe 3aJauu.
B pa6ore {Gal] I'.A. l'anpnepuH BHIABMTraeT NMpPeANONOXKEHHE, YTO HA CAMOM
JeJie cripaBefiauB Gosee CUNBHEINA Pe3yabTaT:

[arctg 210'”)] = [1r-101v]

OTa runoreaa MoXKeT GLITH OMPOBEPIHYTA JHUINB B TOM CJlydYae, eClIH B Aecs-
THYHOM Pa3JOKEHHM YKCIA T CHEeJOM 3a HEKOTODHIMH Kk + 1 mecATHUHHMHU
nudpaMy OGHAPYKUTCA HOCTEZOBATENLHOCTD, COCTOAMAA 13 k — 1 neaTKM;

3,1415...a;,99...99...
h—v—/‘ﬂ-’
k undp k-1 undpa

- JTo cHX 1O 3Ta «9K30TUYECKAS» CUTYyAn s He OOHApYKeHa, XOTA ¢ IOMOIIbI0
KOMIBIOTEPOB PACCUUTAHH MHMJINAPABI JeCATUYHLIX 3HAKOB YMUCAA 7.
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§ 38. CnyuaiiHble BCcTpeun

— ITouemy onu éce mena Haxodam? dmo daxe Kak-mo
npomueoecmecmaeerto!

— IIpomueoecmecmeerno. Ho 3amo Heusbexro, wmo
zopasdo eadxcree.

PoGept Illexan. O6MeH pasymoB

YuraTens yaKe, HAaBEpHoOe, ycrel yOeAUTHCH, YTo YNCJIO M BCTpeda-
eTCA Ha Ka)XaoM mary. Bojee Toro, He ToJbKO BCTPEYAeTCH HEOXKULAHHO
M, Kasajdoch Obl, ClIyyailHo, HO ¥ B HEKOTOPHIX CJIy4YadAX CaMO MOJKET
CHYKHUTH Mepoii CIy4yailHOCTH, KaK 3To 0Kas3ajoCh, HalIpUMED, IIPH OIpe-
JIeJIEHNHM BEPOATHOCTH B3ATH Hayraf HECOKPATHMYIO APoOhb (cMm. «Kak
T oT GOJBINMX BHEIYMCJEHHI crlacaeT»). 9TO He €AMHCTBEHHBIH ciayuai
«106PHIX YCIYr» YNCJIa T TeOPUM BepPoATHOCTeM: mpu Gosiee GIM3KOM 3HA-
KOMCTBE C HMM OKa3blBaeTcsd, YTo M CKopee INTATHHIH COTPYAHHK, UYeM
cayyaifabplii paGoTHHK, BHIITOJHAOIINI MeJIKHE MOPYYEHUA Mo BLIBECKO
aToit upMBI,

3apava broddona

Cronvio anzenos pasme-
cmumca Ha ocmpue uzav?

3HaMeHuTHIH (paHny3cKuif ecrecTBoucnuTareas JKopx Brodbdon
(1707-1788) B 1777 rogy onybankoBaa paGoTy, BHI3BABIIYIO oYepegHO
BCILIECK CTpacTeil BOKPYr umcia 7. Biodpdhon mpeasokus OleHMBATH
Yucao T, Opocas HTrOJIKY Ha CIEIHAJIBHO Pa3PHCOBAHHYIO MOBEPXHOCTB,
IIpeanosokuM, MI0CKOCTH pasrpadena nmapauieJbHbIMH NPAMBIMH, OT*
CTOAIMMH JPYT OoT Apyra Ha paccrogumm 2a. Ha maockocTh Haygmauy
6pocaerca uriaa anunbl 2l(l < a). KakoBa BepoATHOCTb TOro, 4TO MIJa
nepecevyeT Kakyo-HUOYAB NpaAMyio?
@D WKopx Broddor mokasai, 4To 3Ta BEPOSATHOCTH PaBHA
2!
— ¢y
am

ITockonbKY BepOATHOCTH P €CTh To 3HAYEHHE, 0KO0JIO KOTOPOTro KosebaeTcs
YacTOTa HCCJIEAYEMOro COOLITHSA B JOCTATOUHO JJIMHHBIX CEPHAX OMBITOB,
TO ee MOYKHO OI€HHTDb SKCIIepHMEHTAIbHbIM nyTeM. Ecau B n 6pocanuax

m
M pa3 urja nepeceKaer KaKyo-HUOyAb NpAMYIO, To MoJlaraeM p X —.
n
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OueHnB TaKUM 06pa30M P, 13 dopmMyas! (1) MOXKHO MOAYYNTh U OLEHKY
AAA YUCHa T3

TR —-— (2).

IlocnexHee COOTHOLIEHHE JIeTJ0 B OCHOBY MHOTOYMCJEHHBIX 3KCIepH-
MEHTOB, IIPOBOAMMEIX HEKOTOPBIMH AOOPOBOJbLIAMH. BHOBH BCHEIXHYN
ajKMOTaXK: KOMY YAACTCA TOYHee OLEHHUTH YMCIO T, MHOTOKPAaTHO Gpo-
caa uroaky? Husxe npmBoaMTCAa 4acTh TabAMIBl dKCIEPHMEHTANBHBIX
JaHHLIX, M03aMMCTBOBaHHAA N3 [I‘He],'c_. 39:

SKCTIEpHMERTATOD rox qucnon?‘ﬁt;:auni‘l 3xcne;::;1{zz':[a:bnoe
Boasd ' 1850 5000 3,1596

Cmut 1855 3204 3,1553

®oxc 1884 | 1120 03,1419
Jlanuapunu 1901 3408 3,1415929

9ra Tabanna — He CTONBKO dKpaH HAYYHBIX AOCTMMKEHHIl, CKOJb-
KO 3epKajlo dMoImii, o6yaBmmnx uriaobpocareneii. Eciu nepBHM ABYM
9KCIEPMMEHTATOPAM AJAA ONpeRENIeHMA OBYX TOYHHIX 3HAKOB YHCIA T
npuuuiocs 6pocats Mroaky csblme 3 000 pas, To TperbeMy 3KCIIEpHMEH-
TAaTOPY YAAJOCH MOAYYUTH Gojiee TOYHYIO OLIEHKY IIPHM ropasgo MeHb-
mieM KOJHMyecTBe GpocaHMil, 4TO ygnnmenmo. U coscem yx HemMO-
BepHBII pedynbrar (TouHoCcTh 2 - 107°) IOKasan mocieAHMil SKCHepH-
meHTaTop — Jlammapmuu. 3TOT pe3yNbTaT KOMMEHTHpDYeT AOKTOp ¢u-
3uKo-MaTemaTHMuyecKnx Hayk A, H. 3aiigenn B crarwse [3aif]: «...muHorpa
sKeJlaHNe INepeInerojaTh CBOMX NpPEeALIECTBEHHMKOB YBJEKaeT MCCJeno-
BaTend M 3acTaBjideT NPUHMUMATH ’KejaeMoe 3a meilcTBUTenpHoe. Pac-
yeThl MOKA3BIBAIOT: AJA TOTO, 4TOOB! HMOJYYUTH pedyabraT Jlannapuum,
NOTpelIHOCT, KoToporo cocrasiader Bcero 0,0000002, my:xuo GpocaTh
nriny okono 4000000 ner!.. Tak yro HauaB cBoil omelT B 1901 ro-
Iy M OGpocad RO cerogHAIHero xHA, Jlaumapmem Oela OBl TakK Xe
@{) Jajex OT ONMyOGJIMKOBAHHOTO UM Pe3yJbTaTa, KaK U B feHb Hayaaa

OIIBITA».

MatemMaTHueckui aKkkomnaHemeHT

®:{> HckomasdA BepOATHOCTh HAXOAMUTCHA M3 reOMeTPUUYECKHMX coobpase-
uuit. Eciu pe3ysibTaTsl HEKOTOPBIX 3KCIIEPMMEHTOB M306paKaIOTCA TOY-
xaMmu obmactu §} Ha IUIOCKOCTH, mMpUYeM Bce TOUKHM §! DPaBHOBO3ZMOMK-

HbI, TO BEPOATHOCTH MONajaHNUA TOYKH, M300parkalomeil pe3yJbTaT HEKOTOPOTD
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SKClepUMeHTa, B nogobiacts G obmact ) pasma %g—)), rge S(G), S(N) —
COOTBETCTBEHHO Iomanu obaacreit G u ).
¥, 06o3HaunM T paccTOsSsHHe OT LeHTpa MIJIEI A0
6mmkaitmredt mapajrenpHoil npamoit, a ¢ —yrou,
00pa3oBaHHEINA MTOJNKOM ¢ 3TOi nMpAmoil, Benuyunnr
2a | . 2 T U § MOJHOCTBIO ONIPEAeAIOT IONO¥KEHHEe UTONKHU,
Jna nepeceueHNS MTIJLI C NMPAMON, KAK BHA-
HO u3 puc.3.11, HeoGXOAMMO U AOCTATOYHO BBHIIOJ-
HeHue HepaBeHcTBa lsin¢g > z. Hckomas BepoaT-
Puc.3.11 HOCTb PABHA OTHOIIEHHUIO IJIOLIANM IO AYroi CHHY-
COMAnl, 3alITPNXOBAHHOM Ha puc. 3.12, k nomaan x4
NpAMOYroALHUKA CO CTODOHAMH G K T a

L3
1 . 2l
p—;/lsmgodgo pwt
. (]

®:{> KoauuecTBo GpocaHuii MTJIBI N AJIA AOCTHKE-
HNUA 3aJaHHO# TOYHOCTH (& OLIeHHM COrJjac- Puc.3.12
HO NPUGIMIKEeHHOMY HepaBeHCTBY

P( e ga)z2¢><a\/z>,
Pq

n p
BBITeKAalOllleMy M3 IeHTPAJbHOI NpefelbHOI Teope-
3necs

Mmut [T'He].
m

. m

— BepOATHOCTb TOT0, YTO YAaCTOTa — COGLITHA IlepecedeHNn A UTOJKOM KaKoi-au60
. n

NpAMOit OTKJIOHAETCA OT MCTHHHON BePOATHOCTH P He GoJjee, UeM Ha Q;

z
x2
cb(z)-\/-%/e'sz
0

— ¢yuxuua Jlannaca; ¢ =1 - p.

m
n P

e (a\/z) = 0,499995.
pg

Ifls‘ f&ﬁnn'n J.I.Jla dyurunu D(x) ara 3HadeHua D(z) = 0,499995 maxomum

3agaguMca 3HaYeHUEM P( Sa) paBueiM 0,99999, Tak

4To

a, |2~ 4,4699, orkyaa
Pq

., 20pg

n .
a?

*)
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Tlonarasa gnuny uroaku 2! paBHo# paccTofgHMIO 2a MeXJy HauePYeHHBIMU npA-
MbIMM, U3 GopMyasl (1) noaydaem p = ;; qg=1- ; Ecau 3agaTscs TOY-

HocTbI0 @ = 2+ 1077 (TouHOCTH, O6BABNEHHAA JlamuapuHEHU), TO U3 (*) cneayer
n = 1,156675-10'. ITpunss, uTo OAHO HCILITAHME B CPEAHEM 3aHNMAET 5 CeKYHA,
monyuaeM, UTO AJA AOCTHIKEHHA 3afaHHOM TounocTH & = 2 - 1077 Jlanmapunn
noTpe6oBanoch GbI HelpepLIBHO 6pocaTs uroaky 3,6 - 10° ner.

Bpocatb MOXHO He TO/IbKO UrOJIKY...

Kyxapra 6 zepyozunio memuyana: 6aHKY, CKAAH-
KY, 6ULKY, JONKY U HEOLUWEHHYIO KAPMOWKY.

N3 3agaun

Hodo: Pucyem na semne kpye...Tax, cmano-
sumecw cmpozo 8 Gecnopadke!

W3 myabikanbHOI cKadku «Anuca B CTpane
, yygmec»

3agaua Bioddona gonyckaer ob6oGmienue. Oxa3piBaeTcd, YHCI0 T
MOJKHO ONPEeAEeNUTh TaKXKe, 6pocas Ha pa3rpadieHHYI0 NapajjielbHbI-
MM NMPAMBIMH IJIOCKOCTh HE TOJbKO HIOJKY, HO M KBaapaT, TPeyroab-
HHUK U Ja)Ke Kakyo-TO Apyryio ¢urypy. Ecin HanGonsiee paccTosHne
MeXJAy ABYMsS TOYKAMM 3aMKHyTO# BBINYKJIOH (GMIyphl He NPEBHILIAET
PacCTOAHUA MeXAY NapaijebHEIMKU NPAMBIME 24, a IepuMeTp GUTyDHI
paBeH 2!, TO BEPOATHOCTL mePecedeHHA KOHTYPOM 3TOf QUrypHI KaKoii-
J100 M3 NapajneabHbIX NPAMEIX NPH ee GpocaHUM Hayrajx paBHa
l

P=E

(cM, Hanpumep, [Can]). a4 DpaBUIBHOTO TPEYyroJbHUKA C NJIMHOMK cTO-
3

POHB!I 2a yKa3aHHad BEPOATHOCTb paBHa —, a AJA KBajpaTa C AJIHHOHN
T

2v2
AuaroHanu 2a oHa paBHa ——. Jlio60e M3 3TMX 3HAYEHMI MOKHO HcC-
T

MOJb30BATh AJSA SKCNEPUMEHTAIBLHOM OLEHKU yucja 7.

MoxxHOo BooOOLIEe OTKa3aThbcA OT NapajIeJbHBIX OPAMBEIX. OaHO
M3 HpaBOy4YeHU u3BecTHOro ¢unocoda u noara Kossmsr IIpyTrosa ria-
cutr: «Bpocasa B BoAy KaMeIIKHM, CMOTPM Ha KPyru, UMu oGpasyeMnle;
HWHaye Taxkoe GpocaHmue GyaeT nycrolo 3a6aBoo» («Muican u ahpopuaMEl»,
156). Ha sToTr pa3 MuI Kamelnku GyaeM GpocaTh He B BOAY, a HA CIIeUAb-
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HBI reoMeTpMyecKmii pucyHok (pmc.3.13), HauepueHHHIt HA CIIOPTHB-
Hoii mnomaznxe. Ecau mocrapatsca GpocaTh KaMemIKM TakK, 4TOGH OHU
PaBHOMEPHO DaclpeReJHJINCh 10 IJIOMAAN KBaapaTa, TO Pe3yJbTaT 3TOo-
IO 3KCIePHMEHTa TaKKe MOXKeT OBIThH MC-

NOoJL30BaH AJA OIEeHKM umcaa 7. Ilycts
13 n GPOLIEHHHX KaMEIIKOB M KaMell-
KOB IIOIIaJIN BHYTPB BIIMCAHHOT'O B KBaApaT
Kpyra. Torga oueBHAHO, UTO

m Skpyra
— pg ——NpYTa_

’
n SKBMpB’I‘A
rae 6ykBoii S o603HavYaeTcd IJIOIMIAAb CO-
oTBeTcTBYIOINEl durypni. Orcrona
m T
— z -

n 4
Puc.3.13 OueHb npocTas Gopmyal

Bpocars kamMenIKn He OYeH) YBIEKATEIbHOE 3aHATHE, OCOGEHHO €CIU
KaMeNIKOB JJIA XOCTUIKEHNA BHICOKOU TOYHOCTH IOTpebyeTcA AOCTAaTOd-
HO MHOro (BCIIOMHHMM medaJbHHI onuiT Jlanmapuun)., OgHako B HameM
NpeabIAYIEM OIIBITeé KaMEUIKHM HAC MHTEPECOBAJM He KAK MACCHBHEIE
yBecucThie IIpefMeTHl, a IIpeXkae BCEro KaK MOAENM HEKMX TOYeK, Io-
nagamimmux B o0gactTe Kpyra. ToukmM ke «BHOpachBaThb» — NpHUUYEM
¢ daHTaCcTHYECKOH CKOPOCTBIO — yMeeT KOMNbIoTep. A KOMIBLIOTEPA
TOYKA IIJIOCKOCTH — 3TO Ha0Op 3ajalolliux ee IIOJIOMKEHHME ABYX KOOP-
znHaT., 'eHepupysa ABa COydallHRIX YHCJ4, OH TeHEpHUpYeT CIAYHAHHYIO
Touxky. Vliead MCIIOJB30BATL KOMIBIOTED AJNA «BLIOpACKIBAHUA» Clydaii-
HBIX TOYEK, IIpMYEM He TOJBbKO Ha IIJIOCKOCTH, & M B IPOCTPAHCTBAX
NIPOM3BOJILHEIX pPasMePHOCTEe, a TaKKe Ha BPEMEHHOH OCH IJIA MoJe-
JUPOBAHNA BpPEMEHM IIOABJEHMA CAYHANHBLIX COOBITHIA, Jerjia B OCHOBY
COBPEMEHHOT'0 MeTOAa CTaTMCTHYECKUX MCIKTaHnii — metona MoHTe —
Kapsao. CBonM OpOCKMM HasBaHNEM MeTOJ 00A3aH CTOJMILE KAPJIMKOBOTO
rocyaapcrsa MoHako Ha iore PpaHnum, npociaBMBuUIEHCA Ha BeCb MHUD
MTOPHLIMH 3aBeeHNAMN. BOBHNKHOBEHNE METOAA CBA3KIBAIOT C pafoTamMu
aMepHMKaHCKUX MaTeMaTnkoB [»xoHa Heitmana (1903-1957) n Cranncina-
Ba Yaama (1909-1984), BnepBrie IpUMEHNBIINX €TI0 AJA MOAEIUPOBaHNA
NIPOIIECCOB B aTOMHEIX PEAKTOPax.

WU naxe He obs3atenbHo yto-TO Hpocarb

B npeanAyIIEM OIILITE MBI [10JIArAJIH ILJIOINAAL BIMCAHHOTO B KBaApaT
Kpyra npolopnMOHAJLHON KOJNYECTBY IIONABIINX B Hero Todexk. Tax aun
Yy Heo6xXoAMMO OpaTh AJA 3TOr0 MMEHHOQ caydaitanie Toukn? — Koneuno
xe, HeT! TOUKHM MOryT GBHITH M HecJaydJailHRIMH, TJIaBHOE, YTOOLI OHM pas-
HOMePHO 3aII0JHAIN HUCCAeAyeMYIO 00J1acThb. ITO NAeei BOCHIOAL30BAJICA
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K. ®.Taycc (1777-1855). On onpegensn uucao f(r) To4eKk KBaxpaTHOM
pellIeTKM, PACMOJIOMKEHHBIX Ha IUIOIIAAM Kpyra pagdyca T C I€HTPOM
B OZHOM M3 TOYEK pellleTKH, I — mesoe yuciao. Ilmomans Kaxxaoro ae-
MEHTApHOro KBaApaTa DelIeTKM NPHHMMAeTCA paBHOit eamnmne. Iaycc
SMIMPUYECKH Hawmes Benuduny f(r) naa muorux r ([Tun], c. 42):

r 10 20 30 100 200 300
fm 317 1257 2821 31417 125629 282697

9TH naHHBIe TaK)Ke IMO3BOJAIOT OLEHHUTH umciao 7. Cneaya [[mi],
J(r)
NOKaXkeM, YTO NPU BO3PACTAHHMU T YaCTHOE —;~ CTPEMUTCA K YUCIY 7.
. s
3ameuaem, uro f(r) paBHO niomanu F, cocTaBieHHOH M3 BCeX TeX
KBaJPATOB, Y KOTOPHIX HUKHAA BePIIMHA JISKUT BHYTPH MJIU Ha TPaHULIE
R;)yra (puc. 3.14). Takum o6pa3om, f(r) oraudaercsa OT IJIOIWIAAU Kpyra
r°m He 6oJiee YeM Ha BeIMYUHY IIOIAAN A(T) occocococococoococoo
Tex AOGABJIEHHEIX MJM ONyINeHHBIX KBagpa- ©-°°°°°°ff°°°°°°:

© 0o 00
TOB, KOTODbIE II€peCEeKaIOTCA OKPYXXHOCTBIO:

,,-2 ,,.2'

°
°
o
°

°
A N

y

°
o
o
o]

|7 = rPx| < ACr); 7| <

Jnsa ouenku A(T) 3aMeTHM, YTO BCe KBa-
ApaThl, IEepPeCceKaloueca C OKPYKHOCTBIO,
pacImoyIosKeHbl B KPYroBOM KOJblie HMIMPUHOMK
2V/2, BHeLIHMIt U BHYTPEHHMIA PAIyChl KOTO-
poro pasHH 7 +v2u r — V2. ILnomans sroro Puc. 3.14
KpPYTroBOro KOJIbIla PaBHa

B(r) = [(r +V2)’ = (r - V2)’] 7 = 4V2rr.
ITockonesky A(r) < B(r), To

N\ 4
£ °

°
o o0 o % 00 o
©000¢c 006000

0000000000000

9 00 © o O
© 0 0 9 0 00 0= 0 00O
600006 00000 O0COO

0 06 0 9

°
°
o
°

f(r) - 44/2m
— 7 < .
r r
J(r)
Orciofa BUAHO, YTO NPX BO3PACTAHUM T Pa3HOCTH =z = 7| Moser crath

CKOJIb YTOXHO MAaJIOii.

J(r)
IIpu r = 300 BesimuMHA —;— COBIAJAET C YUCJIOM T C TOYHOCTHIO

7.2
IO 4 3HAKOB:

£(300)°
=~ = 3,14107.
90 000 3,14107
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T W NCEBROCNYYaKHbIE YUcna

' Coenuanuctsl, '3aHATHIE CTATMCTHYECKOR 00paboTKOM XaHHBIX, XO-
pOIUO 3HAIOT, YTO TaKoe ncesdocayvaiinvie uucia. IlpucraBka ncesdo
o3HayaeT kak Ovt. Takum oGpasoM, NceBROCIYYailHEle YnCIa — 3TO Kax
Obl caydaitHele umcya. TaOaunbl «Kak ObI CJIYyYaMHBIX» YHCEJ MOXKHO
HaiiTH B HEKOTOPHIX PYKOBOACTBaX IO TeOpHH BEpPOATHOCTEH M MaTeMa-
THYecKoi crarucruke. Hanpumep, Takaa Tabauna npuBefeHa Ha c. 397
kHuru ['my]. BoT ee dparmeHT: -

10 09 73 25 33 76 52 01 35 86 34 673548 76... 1)

Ecin Beimmcars B pax 100 mepBrIX HATYpPaJbHBIX YHMCEJ M NO-TIIOPAXKY
OoTMeYaTh B HMX 4YJIEHHI IOCJIeX0oBaTeJbHOCTH (1), TO HOJYYMTCHA UTO-TO
BpOZie MOJE/H NajaloUX Kamesb JOXKAA, KOTOPHeE clydaiiHEIM 06pa3oM
momajaoT TO HAa OXHO, TO Ha APYyroe 4YMCJIO, IOCTENEHHO OTMeYas Bce
Yyciia BEIIMCAHHOrO pAJa. ’

IT03BOJIBTE, HO O KAKOM CIy4ailHOCTH MOXET MATH pedb, €CIM Mbl
HallepeX 3HaeM, KaKoe 41CJI0 6yxeT OTMeYeHO BCJIe 3a NPeRbIAyImuM? —
BoT UMEHHO OTOMY M MOABMJIACH NPUCTABKA Ncesdo B Ha3BaHUM ICEB-
JocaydaidHEIX ynces. KoHeYHO, 3TO He HacTosAIue CiaydaiiHble (Hempex-
CKasyeMble) YMcJa, HO, BMeCTe C TeM, OHM XOpOIUO MOZEJIHPYIOT Xaoc,
M, 3HAYUT, MOTYT GHITH IOJIE3HEIMH IIPH NPOBEAEHUU BEIYMCIMTEIbHBIX
9KCIIePUMEHTOB.

Hapsaay ¢ Ta6auMmaMu NCeBAOCIYYaNHBIX UHCEN CYIIECTBYIOT ajro-
PUTMB M KOMIBLIOTEPHBIE NPOTPaMMEI, KOTOpHIE IO3BOJIAIOT IOJYYaTb
noxo6Hble Yncaa. OZHUM M3 MEePBHX AJIrOPUTMOB IOAOGHOrO pofa OBl
anroput™ JxoHa ¢poH Heiimana (1903—-1957). CyTs ero cocTour B cieny-
omeM. 3agaanMca KaKUM-HUOYAb YeThIPeX3HAYHEIM YHCJIOM, HalpuMep,
3141. 3o 6ymeT mepBoe NCeBAOCIYyUYailHOE YHCJIO a3 . Bo3BeAeM ero B KBa-
AparT: af = 09 865 881 (cmepeau ponucaH O Aas TOro, YTOGH MOJTYUYNJIOCH
BOCbMHU3Ha4YHOE 4Yncio). CleAYIOIMNM ICEBROCAYYAMHBIM YMCJIOM a2 00b-
ABUM CepeZHMHY dYHcJa af: as; = 8658. BoaBeaa umciio az B KBajpaT
M «BBIPE3aB» Yy HEro CepPefANHYy, IOJYYHM HOBOE ICEeBAOCIYYaiHOEe YHCIIO0
az = 9 609, 3a HUM aHAJOTMYHO MoJy4yaeM a4 = 3 328 u Tak gmanee. ITo-
CJeA0BaTeNLHOCTD a1, A3, @3, ..., XOPOIIO MOAEJNDYET CAydaliHbIe YUCJIa,
PaBHOMEDPHO pacnpefie/IeHHble B mpoMekyTKe oT 0 1o 9999.

B Hacrosdmee BpeMs NPHAYMAHO MHOXKECTBO NOAOGHEIX AaJrOPHT-
MoB. OHHM peaJn30BaHHl B IPOrpaMMHOM 06eCIeYeHNH BCEX COBPEMEHHEIX
KOMINBIOTEPOB (HampuMmep, B A3blke Object Pascal coBpeMeHHOI cucTeMBI
nporpaMmmupoBaEus Delphi remepaTop nceBzociydyailHEIX 4YMCeN Ipex-
cTaBJIeH CTaHAApPTHOM dyHKIMel random).

ITo-BugnMOMYy, «reHepaTOPOM» IICEBROCTAYUYANHBIX YBCEJ MOXKET CJIy-
JKHMTb M umcio 7. Ecin, ckaxeM, Hac MHTepPeCYIOT YuCJia, PABHOMEPHO
pacnpefesieHHbIe Ha mpoMekyTKe oT 0 Ko 9999, paso6reM APOGHYIO YacTh
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yucaa T Ha TeTPajhl:
1415; 9265; 3589; 7932; 3846; 2643; 3832 wu r.1.

9Ta mocaef0BaTEBHOCTD HUYEM He XY2Ke APYTMX AaHAJOTMYHBIX ITOCJIe-
JOBaTeJbHOCTEN NCeBROCAYYANRHBIX YuCe.

CnyuaiiHbie 6nyxaaHus

IIpennono’kuM, B HEKOTOPOi# Touke OeCKOHeWHOro B 06e CTOPOHEI
TpoTyapa HaXxoxuTca GoHaph, a Bo3Jle Hero — NbAHLIMA, KOTOPHI ¢ paBHO
BEPOATHOCTBIO MOXKET JeJlaTh mar To B OXHOM, TO B IIPOTHBONOJIOMKHOM
HalpaBJIeHUH BHAOJb TPOTyapa. B HEKOTODHI# MOMEHT BpeMeHHU NbSAHHIA
OoTHpaBiAseTCA B NyTeiecTBue. KakoBa BePOATHOCTH TOTO, 4YTO M3 271
aroB, rae N — RKOCTATOYHO OOJIBIIOE YHMCJO0, MBAHLIN CAeJlaeT 1 MIArOB
TI0O OZIHY CTOPOHY OT (POHAPA, & T — MO APYryw0?

Kasanocs 6B, 3170 COOBITHE AJA GOJBIIOro N IIOYTH KOCTOBEPHOE
(ero BepoATHOCTL OJM3KA K €AWHHUIE). YBHI, Hailla HHTYMIUS TOXe
He BCerga TPe3BO ONEHMBAeT CUTYAIMIO, cpa3y U Ge30mubG0YHO HAXOAUT
NyTh B JaOMPHHTE MAaTeMAaTHYECKHX cbazn'raanﬁ. Vckomasa BepOATHOCTH

C POCTOM 7 CTPEMUTCA K BeJMYUHEe —, TO €CTh, (PAKTHUUYECKH, NPHU

n — 0o — K Hymo! ([Pea], r. 1, c. 96-11672").

OTOT JOBOJBHO HEOXKUAAHHBIH Pe3ybTaT IOYYUTE/IEH HE TOJBKO KaK
HarJAxHAA aTUTALNUsA O BpeAe aJKOrojd, HO U Kak IpeRynpexaeHne Jio-
OnrenaM azaprHEX urp. Takux, HanpuMep, K4K Urpa B «0OpJia U PenIKy»,
rae nmobesa 3aCYUTHIBAETCA TOMY UIPOKY, KOTOPHI, IOCTaBUB Ha «0OpJa»
(a ero mapTHep — Ha «peLIKY»), HaGepeT 6oJibllee KOJMYECTBO OYKOB
NpH MHOTOKPATHOM moxdpachiBaHMHM MoHeTHl. B 9Toit urpe ¢ pocrom uu-
cJ1a noaGpackIBaHUit MOHETH GOJIBLIYIO YaCTh BPeMeHHU OyAeT JUAUDPOBATE
OZMH 13 UTPOKOB, 2 BTOPOMY OCTaeTCA JIMIIbL F'OPLKO CETOBATH HA KAlIPHU3BI
HH B YeM He BHHOBaTOit POpTYyHHI.

Mop 3Hakom 7

Bbr nosnaéme ® moavko mozda, kozda
do sac doxodum, umo T HeEnOCMUICUMO.

AHOHUM

MHorue ABJeHIUA OKPY’KAIOLEr0 HAC MUpa HeCyT Ha ceGe OTIIeYaTOK
yucjaa 7, KOTOPHII MH 3a4acTyi0 M He 3aMedaeM. XapaKTepeH B 9TOi
CBA3U IPUMep, NPHUBeAeHHNI JaypeaToM HoGeneBcKoit npeMuu GU3NKOM
IOaxxuaOM Buraepom ([Bur], c. 182):



172

Fnasa 3. B mupe wucen

«PacckasriBaloT Takylo ucTopuio. BeTpeTHincs Kak-To ABa NpUA-
TeJs, 3HABIINE APYT APYra elle cO CTYAeHYeCKO# CKaMby, ¥ Pa3roBOpH-
JINCh O TOM, KTO YeM 3aHMMaeTca. OaUH M3 NpUATeNeil CTaX CTaTUCTH-
KoM M paboTay B 061acTH NPOrHO3MPOBAHUA U3MEHEHUA UUCIEHUOCTH
HapogoHacesleHUA. OTTUCK OAHO# M3 cBOMX pPaboOT CTATHCTHUK IOKa3as
6biBmIeMy coyueHuMKy. HauuHanache paGora, kak o6HYHO, ¢ rayccosa
pacnpezenenus. CTaTUCTHUK PaCTONIKOBAJ CBOEMY NPUATENIO CMBICI MC-
NMOJAB3yeMBIX B paGoTe 0603HaUeHM T AR UCTHHHLIX OKasaTeeil Hapo-
JIOHACeJIeHU s, IJIA cpeAHUX U T. . IIpusaTens GblJI HEMHOroO HeJOBEPUUB
¥ OTHIOAB He GLLJI YBEPEH B TOM, YTO CTATHCTUK ero He pPas3nirpniBaer.

— OTkyza TeGe M3BECTHO, UTO BCe OGCTOMT UMEHHO TaK, a He UHa-
ye? — CIpOCHJ OH. — A 3TO 4YTO 3a CUMBOJ?

— A uT0 0HO o3HauaeT?

Ax, 3TO, — OTBETHJI CTATUCTHK. — JTO YHUCIO T,

OTHOIIeHMEe OKPYKHOCTH K ee AUaMeTpy.
Hy, sHaems, roBopu Aa He 3arosapuBaiics, — oGugescs npu-

ATeNb CTaTUCTHKA. — Kakoe OTHOIIEHMe MMeeT YMCIEHHOCTh HapOAO-
HaceNeHUS K AJIMHE OKPYXKHOCTU? »

IIpeamonoxxuM, MoHeTrKa ImoaGpacnhisaerca N pa3. Kakopa BeposaT-
HOCTb TOLO, YTO TouHO k pa3 (k < n) seinager opena? Koanuyectro crmoco-

60B, KOTODEIMH MOXKHO BEIGPATH

k npeameTos M3 7, paBHO C,'f, 0.3
BCEro ke UCXOA0B 0,2
Cl+cl+... +Ch=2", 01 — [ 1
0 [ l l 1

IToaroMy mckomad BePOATHOCTH
k

paua P(n,k) = -2—":- Ecin Ha-

pHcOBaTh CTOJOMKH HIMPHHOHK 1
u Beicotoit P(n, k) ana pasauy-

0123456728910
Puc.3.15

HeiX k=0,1,2,...,7n, TO DOJYYUM HEKOTOPYIO KOJOKOJI006Pa3HYIO JIO-
Manyio (Ha puc. 3.15 npeacrapien caydait n = 10).

B 1730 roay auramiickmit MatemMaTuk AGpaxam pe Myasp
(1667-1754) mokasan, YTO e€CJIM PHUCOBATH CTOJOMKHM TaKHUM 00pasoM,

y YTOOBI IPH YBEJINYEeHHUH Tt UX BbI-
n

0.3 COTa YBEIMYHBAIACh B — Dpa3,
’

02 a IINPHHA YMEHbIIANAch B TOY-
»

0.1 HO TaKoe ’Xe KOJHYEeCTBO pa3, TO
’

-2 -1 0 1 2 3
Puc.3.16

1 _
y(z) = Worh

B IIPeAieJie IPH T — 0000pas3yeTcsa
KpacuBasg CHMMETPUYHAS KpH-
Bas (puc. 3.16). Oua onuckiBaer-
cA YPaBHEHHEM

of%

(03]
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U HA3bIBAETCA 2aYccO60l, UMM HOPMANbHOU KPHBOH. Jra Ke 3aBUCH-
MocTh mosBuiaack y K.®.Taycca B 1809 roay, a raksxe y II. Jlamnaca
B 1812 roay B ccaeaoBaHUAX IO TEOpHHM OIIMOOK HaGaoaenuit, HassiBaTh
KPHUBYIO HOpMaJIbHOM Npefjoxul amepukanckuit marematuk K. ITupcon
(1857-1936), KOTOPHII1, MO-BUAMMOMY, X0TeJ HOAYEPKHYTH TAKUM 06pa-
30M Ype3BLIYAHO BA’KHYIO POJb 3aKoHa (1) B Teopuu BeposaTHOCTEH U ee
npuioxeHusax. PyHkuwmeit Buaa (1) Xopoiro omuchHIBaeTCA HE TOJBKO
pacnpezeneHne omuGOK u3MepeHua GU3NUECKUX BeJIUYMH, HO U pacmpe-
JeJIeHUe YacTHIL rasda Mo CKOPOCTAM, pacnpefesieHe JKeHIIUH ¥ MY>XUYHH
0 pOCTy, pacmpeaejeHue B3POCJOro HaceJieHUA 3eMJIM IO Becy M Jpy-
rue 3aBUCUMOCTH B ¢u3NKe, GMOJOrHHU, COLMOJOTHMU U MHOTMX-MHOTHMX
Apyrux chepax YerOBEIECKOI AeATeNbHOCTH.

Puc. 3.17. PucyHok npod. MI'Y A.T.DomeHko.
«...XONMbI W FOPbl, HANOMMHAIOWME HOPMANbHOE pacnpeaeneHue»
Hcmounuk: Harnspnas reometpus u Tononorus. Marematuueckue
obpasbl B peansHoM mupe. M.: Usa-o MIY, 1992
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MaremaTuyeckuit aKkOMNaHeMeHT

1
MHoxHTEND Tos B dopmyre (1) cBouM nMpoucxoxAeHreM 0643aH YCIOBHIO
T

<.

HOPMUPOBKH / y(z) dz = 1 nnoTHOCTH pacnpefesyeHnd y(T) U PABEHCTBY
-00

/ ¢ ¥ dz = V3T, (*)

-=00

IIpuBesieM M3AIIHOE AOKA3ATEILCTBO GOPMYJHI (*), nmpuHagiIexamee CuMeoHy
Heun ITyaccony (1781-1840). «H3j0MHHKa» 3TOro AOKA3aTeIbCTBA COCTOHT B
TOM, 4YTOGH! MepeiiTH 0T OAMHAPHOTO HHTErpaja K ABOMHOMY.

BRIYHCIUTH HHTErpas
00
_22
I= ] e 2dx
-00

HaM NOMOXKeT ABOMHOM MHTErpan

00 00
22492
p-//e-—h,dy.

-00 =00

C 0AHOI CTOPOHBEI, TEPEXOAA K MOJAPHBIM KOODAMHATAM, NOJydaeM

2xr o 00
v‘2 d '2 fz bt
D-//e'TrdrdO-Zﬂ'/— —e 7 |)dr=2r|-e 2| =27
dr °
0o o . 0

C apyroit cTOpOHEI,

0o 00 00 2
_z? 2 22
// “Te dzdy / 2dz /e'z dy-(/e'?dz) =12
-00 =00 -00 ~00 -00

Orciona caenyeT dopmyna (*).



Fnasa 4

YUCNO 7T U HAYKA O NPUPOAE

H3syvaem usux w-me30HbL,
H, nasepno, 6 amom ecmv pe3om...

Esrennii Casonos

...CTAJN0 ACHO, YLIMO MONHO 86eCcMU eOUHCMEEHKbLL «no-
npaeounblit KoIPPuyuenm», 6 KOMOPLil npavemca He3na-
Hue paxmopos, He yumenrvLx 6 meopuu (uUru Hexceranue
dymamv o Hux danee). Hy, Kxoneuno, puauky npusamuo
pas3denumbsv meopemuyueckue dannvie He ha Suau 4,a na T
uau 2w — 8 Imom ecmdb ¥mo-mo gyndamenmanvnoe.

A. Cracerko. Bauem anunero necoununa // Ksanr.
2001. Ne 3. C.42-44

Kpyr n map npeacTaBasaioT co60oil naeaJbHO COBepIIEeHHBIe U, BMe-
CTe C TeM, AOCTATOUHO CJIOXKHBIE FeOMeTPHYECKHMe OGHLeKTHI — TOYHoe
ompeaeNeHNe MX XapaKTEPUCTHK (AJMHBI OKPYKHOCTH, MJIOLIAAM KPY-
ra, mmomaau chpepsl 1 o6reMa mapa) TpeGyer IpHUBJIEYEHMA MOHATHI
MaTeMaTH4YecKoro aHaamnsa. Tem Gosiee yAUBHTEIBHO, YTO 3TH CJIOMKHBIE
reoMeTpuYecKre OOBEKTHI B TO K€ BpeMs BRICTYMAIOT NpOCTEHAIINMH
MOAEJAMI MHOTHX (HU3NYECKNX OOBEKTOB U SABJIEHHUIL.

Bo Bce cTopoHbl KocMoca M3nyuaeT CoJiHIEe IJIa3My — «COJIHeY-
HHIT BeTep». CKODPOCTh 3TOr0 BeTpa, a TaK)Ke TeMIepaTypa, IJIOTHOCTH
M [pyrue XapakTepPUCTHKHM MEHAIOTCA B PA3HAIX TOYKAX IPOCTPAHCTBA.
OnHaKo eCTECTBEHHO MPEANIOJI0KUTE, YTO IIPOIECC NCTEUEHU I COTHEUHOTO
BeTPa CHYXKHUT oTpakeHneM reomerpun CosHua, 061asaeT neHTPATbLHOM
cummerpueit. OTCIONa B MOJieNId ABMIKEHHUA CONHEYHOI IJIA3MBI BMECTO
TPeX IPOCTPAHCTBEHHBIX KOOPAUHAT JOCTATOYHO PACCMOTPETH ORHY: T —
paccrosHue ao uenrpa ConHua. YpaBHeHMs, ONMCHIBAIOIIME AUHAMHUKY
mpoiecca, P! 3TOM CYLIECTBEHHO YIPOILIAIOTCH.

Yucao ™ B pU3MKe He MeHee IONMYJAPHO, YeM B MaTeMaTuke. OHO
BOSHMKAET NIPH OlleHKe 00beMOB M ILjIolIaaeil IMIMHZPUYECKHUX TeJ:
Tpy0, LMCTEPH, pPe3epByapoOB; NPH pacueTe IJIOTHOCTH IIOTOKA H3JIy-
YeHUS OT TOYEYHOr0 HMCTOYHHMKA HJIHU IUIMHAPHYECKOrOo IPOBOAHMKA,
IpM OLIeHKEe KBAHTOBHIX COCTOAHUII aroMa, NPHM BEIYMCJIEHUU IapaMme-
TPOB FapMOHMYECKNX KOJeGaHNil 1 BO MHOTMX-MHOTHX APYTHX CJIydasX.
Orceinaa uuraTens 3a Gosee moAPOGHOI CHpaBKOl K DYKOBOACTBAM,
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JeKIUAM H CIIPAaBOYHHUKAM IO (PHU3HUKe, 3A€Ch Mbl OCTAHOBHMCH JIMIIb
Ha HEeKOTOPBIX 3IM30j4ax «Guorpadmuu» 7, MMEIOIMX OTHOLIEHUE K 3TOH
TIpeKpacHOi HayKe.

§ 39. w-teopema

c
<Dop.uy.ﬂa T = E 2080pum O mom, Y¥mo “ucao m

npAMO NPONOPYUOHANLHO OAUHE OKPYHCHOCMU U 00PAMHO
nponopyuoHaLbHO ee duamempy.

U3 oTBeTOB Ha 9K3aMeHe

Tak, CBUAETEJILCTBYA CBOM CHMIATHH K YHUCAY 7T, GU3MKHN Ha3BaIn
TeopeMy TeopuM pasMepHocreit [IBo]. Peub B m-TeopemMe HAET 0 MOCTPO-
€HHUM TaKHX KOMOUMHauuili pasMepHbIX GHU3UYECKHUX BEJUYUH, KOTODHIE
CaMH, KaK M 4YMCJO T, ABJAAJMCH Obl GeapasMepHHIMH. BcAkoe cOOTHO-
INeHHe MeXXAY N pasMepHHIMHM BeJIHYMHAMH, JJsA MU3MEPEHHs KOTOPHIX
MCIIOJIL30BAHO Kk OCHOBHBIX €AMHMI[ M3MEDPEHHS, MOYKHO IIPeACTaBUTh
B BU/Jl¢ COOTHOIIIEHUA MeXAY N — k 0e3pasMepHBIMM KOMOMHAIMAMHU 3TUX
BEJIMYHUH.

C:D IIycrs, HampuMep, TpebyeTcsa HAlTH HOPMYay ANA LHUKINYEC-

1
KOI 4acTOTHI KoJIe0aHUIl CTPYHBI W, NMeIoIeil pa3MepHOCTh [— .
c

OueBHAHO, YTO YACTOTA KONeGAHUIT 3aBUCHT OT JJIUHEI [ CTPYHHI pa3Mep-
HoctH [M], ee Macchl m pasMepHOCTH [Kr] M CHJIHI HATAMXEHUS CTPYHBI
r M

F pasmepHocTH . Jlna u3aMepeHUA 3THX BeJMYNH HUCHOJL3YETCH

2
c
TPH OCHOBHBIX E€AVHMUBI: Memp, KULOZpaMM, ceKyrnda, ClefOBATEIbHO,
COOTHOLIEHHE MEXXAY YeTBIpbMsA BeJHYHHAMM W, l, m, F MoxHO npen-

CTaBUThL B BUAe OXHOH Geapa3dMepHOil KoMOGUHaMH , CTaJO OBITH,

F
w?lm
/ F
w=k i rae k — Hexnit 6GeapaamepHsbIil KoaddunueHT. TOUHBIH TOA-

CUeT NOKAa3bIBaeT, YTO AJA KoJieGaHMA OCHOBHOI'O TOHA CTPYHH k = T
(X HeOXKMJAHHOMY MOABJEHHUIO 7 Ha CTPAHUIAX 3TOM KHHUTH MBI yiKe
NPUBBIKJIN).

Marematuueckui akkoMnaHeMeHT

TouHas IIOCTaHOBKA 38/a4H 0 KOJeGaHUU CTPYHBI AJUHEI | (popmy.mpye'rcx
ciegyomuM o6pasoM: HAUTH PelIeHue 801H08020 YDABHEHUR

u  ,0%
ot? oz?
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VAOBJIETBOPAIONIEe HAYANbHbLM Yycaosuam: u(z, 0) = f(z); u/(z, 0) = g(z) u zpa-
Huukoim ycaosuam: u(0,t) = 0; u(l,t) = 0, rae ¢ — BpemMa; £ — KoopAUHATA
TOYKM CTPYHbl B IOJIOKEHMU paBHOBecusa; u(z,!) — HeussecTHaa GYHKIHUSA,
BBIPAXKAIONIas OTKJIOHEHHE TOUYKH % KOODJAWHATOW T B MOMEHT BpeMeHH { oT mo-

2

m
JIOKEeHUS paBHOBECHUA; a° = ; = T — k03hdUIUEeHT NPOoNoOPIMOHAILHOCTH,

XapaKTepU3yIOIIMil yIpyrue cBoiicTsa CTpyHbl; F' — cuja HaTsaKeHUA CTPYHHI,
p — JNuHeflHaA IUIOTHOCTHL CTPYHBI; M — Macca CTPYHBI.
Peiuenue aToit 3agauu umeer Bug [Bia]:

oo
Uz, )= Y (@, 8),
n=1
rae ‘
u,(z, t) = sin "lﬁ (a,, cos ?t +b, sin n—:m—t) : (*)
] ' ]
2 nre 2 nre
= — 1) e d : b _-— . d .
@ =7 / f(z)sin T4 b= — g(z)sin -4
0 0

U3 (*) cneayer, 4TO OCHOBHOM TOH u;(Z,t) cTpyHH (n = 1) HMeer yacToTy
KoneGaHMit

§ 40. «3aKkoH coxpaHeHHa» T

— Cmpannoe senenue, — cxasar Ha-Ha. —
Imo moii GoMm u A cam nocmpoun e2o mam, 20e 8 2060pu...
Budumo, éemep neperec €20 npamo wepes powyy u mym
onycmua. H on cmoum 30ecv yenwiii u Hespedumbtil.
IToxcanyii, mecmamu on daxce ayvwe!

A. Muasn. Bunsu-Ilyx u Bce-Bce-Bce

Ceiluac 6bire3ym nunononambst.
OpHaxAabl Ha aeKuuy (Oykaer MPTHU)

«30J10TO€ TMpaBMJIO» MeXaHMKH: «HacKoJBKO BHIMIpaells B CHJIE,
HACTOJILKO MpOUTpaellb B PACCTOAHUU» XOPOIIO 3HAKOMO He TOJBKO
TEOPeTUKAaM, HO M YCIEIIHO YCBOEHO MpaKTUKaMM, O0Co0eHHO TeMH, KO-
My OPUXOAMUJIOCH HOCHUTH M IIepeMelIaTh YeMOJAHBI, CYMKHN M DOSAJIH.
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C ApyruM 3aKOHOM — 3aKOHOM COXPAHEHMA IHEPrHH — BEYHO GOpIoTCA
3HEpruYHbIe H306peTaTe I « BeYHOrO ABUTATEIIA».

3aKoH COXpaHEeHMsS MAaCChl, 3aKOH COXPaHEHMA 3apAna, 3aKOH CO-
XpaHEeHUs KOJHMYEeCTBA ABMIKEHUA... — ITOT PAX MOYKHO IPOAOIKHUTE,
BKJIIOYMB B Hero He MeHee QYHAAMEHTANLHBIA «3aKOH COXPAHEHUA» T.
OTOT 3aKOH I'JIaCHT:

«Ecau MBI H3rOHMM 4YHCJIO T K3 OAHOIL (OPMYNEI, TO OHO HEM3GEXKHO
NOABUTCA B APYTOM».

B cnpaBeAIMBOCTH 9TOr0 3aKOHA MOYKHO yOeAHUTHCH, AaXKe HE MOKHU-
afd «POAHBIX YEepPTOTOB» YHCJa T — MaremaTukH. Hampumep, mocrapa-
eMcA «H3THATHL» T U3 TPUTOHOMETPMH. ITO CAEJATH MpOIIle IPOCTOro: Aa-
BaiiTe GyieM M3MepATH YIJIbI HE B paiaHaX, KaK 3TO IPEATIOXKUI Jiliep,
a B rpajycax, Kak 3TO TPAaANULMOHHO Aejajau B ApeBreit Mecomoramum.
Tenepp BMeCTO TOro, 4ToGBl 3aMMCHIBATEH pellleHHe ypaBHeHMA sinT ='1

T
BBHge T = — +2mn, n=0,1,2,..., 6yaem oucars = = 90° £ 360°n,

n=0,1,2,.... Touro Tak ke NMPMMEHHUM 3TO COIJIAIIEHHEe K APYTUM
TPUTOHOMETPHUYECKMM QYHKUMAM. B pesyabraTe OT T B TPUMOHOMETPHUH
He OCTaHeTCA U cjefa. Biaropars!...

Oxrako paHo Npa3saAHOBATHL HOGeAy: T HEM30EIKHO NOABUTCS B ADYTHUX
dopmysnax — TaM, rjge passle ero He 6su10. Tak, GopMysna AIUHE AyTH
okpysxnocTH | = Ra papmyca R ¢ LIeHTPaJbHEBIM YIJIOM (¢ DafANaH Tenephb

npumer BuA l = 180°° rae a° yxe, eCTeCTBEHHO, U3MEPAETCS B rpagycax.
aR?

IInomans ceKTopa, OrpaHMYEHHOTO 3TOH Ayroit, BMecTo S = —2—- (yron
a u3MepdAeTcs B PafMaHAX) Temeph 3alULIETCH:

s rR%a®

180°

(yron o’ usmepsercs B rpaaycax). He cmacer u mepexos K MHEIM eJUHH-
naM uameperusa. Eciau BMecTo rpagycoB, HapuMep, UCIOJb30OBATh AOJIH
noJHOro yria (OoJHLIA yros npuanMaercd 3a 1), ToO AJKMHA AYTH OKDPYXK-

HocTH ¢ yrioM a gpoxeit (0 € a < 1) npumer Bua: | = 2Rra, a Wiomass
cekropa — S = arR2.

Hansme — Gonbme. B MareMaTH4eCKOM aHanuse ¢opmyna
lim sha_ 1 (a B pagnanax) npeoOpa3yeTcs B
a—0 «
i sina® w
@m0 a0 180°

sina :
(a° — B rpaaycax), lin‘} = 27 (a@ — B A0JAX NOJHOro yria). Pan
a—

Teitnopa ana ¢yEKUUM sinZ B Touke T = 0, MMEBIINH# KOMIAKTHYIO
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3amMch NP PAgUaHHOI Mepe T:

Ternepb MPUMET I'POMO3AKHUI BUA:
05

03
1;r0°m° - (1t;.r0°)3 msx + (i%)s zs_'+

(z° — B rpagycax);

~ 7/

. o
sing’ =

(2rzx)® . @2rz)®  (2rz) .
. 3! 5! 7!
(z — B AONAX IOJHOrO yria).

U rak naiee.

B nayke o mpupoZie CHTyanmusa ¢ 4HCJIOM 7 He Jydmre, IIpexmoso-
JKHM, MBI OTCTYIIMM OT CTAHAApPTOB MEXAYHAPOAHOH CHCTEMBI €JUHUI]
CH n sanumem 3akon KymoHa o cuie B3amMOJEHCTBHMSA TOYEUHBIX 3a-
pARoB N 6e3. YMCIOBOr0 MHOMXKHUTEJA -l-: ql—q%.

4Ameeor? 4 gor?
B cucteMe CH HANpAXXEeHHOCTH 3JEKTPUYECKOrO IOJIA IIJOCKOro KOHJEeH-

sinx = 27z —

“ee

U uro xe? Ecan

g , . €€Q
caTopa 6b171a ——, & €ero 3JeKTpu4YecKas eMKOCTh , TO Teleps 3TH
€€,

0
o 470 €€0S
BBIDAYKEHUS NPUMYT BHA: —e—e— — AJIA NOJA M nd OJIA €MKOCTH
0 ™

KOHJeHCcaTopa. Ecan Hanmpsi’keHHOCTDH 9JIEKTPUYECKOro moas GeckoHeu-
a

HOH 3apsKeHHOHN MmjocKocTH GhLIa 2—88—-, TO TEemeph OHA CTAHET paBHOI
0

2no

-~ €cIH oGTeMHaR IIOTHOCTS PHEDTHH DJIEKTPUEECKOTO MO GLLIa
€€o

ceoE? ceoE?

, TO Tenepp — , A T.A. 34€Ch YMBIILIEHHO He 00BACHAIOTCA

HA3BAHMSA BXOAAMIUX B 3TH (GOPMYJIEI GU3NIECKNX BeJHUYHUH, IOCKOJLKY
OHU MCHOJIB3YIOTCA TOJBKO AJA AEMOHCTPALUM «3aKOHA COXPAHEHUA» T
(bm3nkaM OHM XOPOIIO U3BECTHHI).

Ha «3ak0oH coXpaHeHHA» T, HO-BUAMMOMY, IEPBHIM OGPATHJ BHH-
MaHMe aHIIMiickuil pusnk Osmsep Xesucaitn (1850-1925), naiiga emy
OYeHb OCTPOYMHOe NpuMeHeHMe. «Pas T Bce paBHO M3 (U3MYECKUX
¢dopMys He M3roHUNIL, — IPUMEPHO TAK paccyxkzaan Xesucaitfn, — TO
RaBaiiTe MBI €0 M3TOHUM XOTA GBI M3 Tex GOPMYJI, KOTOPHIe Yalie BCero
BCTpeYaloTCA Ha npakTuKe». Mges Xesucaiina Gelia moanep:kana Apy-
ruM aBTOPUTETHHIM ¢uaukom I'. A, Jlopentnem (1853-1928). Bor Tak
u nossuica B cucreme CH B 3anucu 3akoHa Kysoua, a Takie apyro-
ro paxxHoro 3akoHa Buo—Casapa—Jlamnaca MHOXHTEND —1-—, C IIEPBOTO

4
B3MVIAJa He MMEOMUI K 3THM 3aKOHAM HHKAKOrO OTHOLIEHMA. 3aTo T
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COBCEM HCYe3JjIo B APYyrux ¢opMyJax, B YaCTHOCTH, B 3HAMEHHUTHIX ypaB-
HeHuax Muxeitmca Knepka Makcsesna (1831-1897), nesxauux B ocHOBe
COBPEMEHHOI TeOpHH pPacIpOCTPaHEHN s 3JIEKTPOMarHMTHBIX BOJIH — CTa-
JI0 OBITH, BO BCEX CBA3aHHEIX C 3TOH TeopHeil mMpaKTHYeCKHMX BOIpocax
PafvoBellaHU s, TeJEeBUACHUA ¥ PagNOJOKAUH,

? o «Ipynne ppanyysckux pusukos-axcnepumenmamopos 6o zrase ¢ ox-
/\ mopom de Mazozom ydanoch uamepums YUCAO T C MOYHOCMbIO A0 00-
— HOU MUMAUOHHOU npoyenma. OHu uamepuau nocmosnnvie ITranxa h

uh-= P onpedeaus maxum obpazom 2. Ocmanvroe Ovlnio denom

MmexHuKu.»
Keanm. 1986. M2 11. C.59.

? P «Boennvie noavayiomcea eduruyeil UIMEPEHUA Y2a08, HA3bl8AeMOU
N—"

»mbicaunaa”. ITo onpedenenu1o, movicAYHaA — 3Mo paseepnymo-

1
000
20 yzaq.... emy pa6ro LUCAO T NO MHEHUIO B0EHHBLX? »

Tenvgpand H.M., JTveoackuii C. M., Toom A.JI.
Tpuzonomempusa. MITHMO, 2000. C.17.

§ 41. ™ n PU3NUECKHEe KOHCTaHTDI

Jumaveyd o0HaiO0bt 60CKAUKHYA HA NEeKYuu OAA

cmydernmoé Buckoncunckozo ynuéepcumema: «Kax Ovi-
1

20 Ot 300p080, ecau Obt 6¢ce IMU MHONUMENU o Ovtau

eduHuyell, Mne max nadoeno nucamy uxi» — u mym xe
3abvin 00 UX cywecmeo6anuu.

JI. SAur [fxr]

Ppannysckuii xusonucen Iloxs Cesann (1839-1906) yrBepsxaai,
4YTO «BCe B MHpe JIEeNMUTCA M3 Ilapa, KoHyca M nujiuHApa». HekoTopre
JobuTen GUINKH U Jaxke IpodecCHOHANE! NEITAIOTCA «JIENUTh» byHaa-
MeHTaJbHBEIE (HU3NYeCKHe MOCTOTHHEE U3 ynucia m. Tak, Xeppu YoTcoH
BRIPA3MJI C MOMOIIBIO YMCJIAa T OTHOLIEHHMEe MAacC IPOTOHA M 3JIeKTPOHA:

1 2
41r(47r - —) (47r - —) = 1836,15...
g T

(manubIe caiiTa www. astro.univie.ac.at/~wasi/PI).
Mocksuy Opnii IBaHoBUY PorosuH Hauies AOBOJBHO TOYHYIO KOM-
6MHAIMIO KOHCTAHT T, € U P (vucao Pudus — cm. «Hucao 7 u ,,30710TOE
- 1
ceuenne“», I'si. 3), npubnmxkaomyio BeIUYARY —, rde a — Gusnzec-
256e
nd

Kasd NOCTOAHHAS TOHKOM CTPYKTYpHI: — & . Eme Gosee TouHylo
a
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annpokcumanuio (¢ TouHoctbio 0,002 %) oGHAPYKHMI ZOKTOP XMMHYeC-

1
kux Hayxk M. M. lllepmeprops [Ilep]: 2 = -5-1r2e'. OyeHp GAN3KOE K T

ynciao 3,14153 MoxxHO moayyuTs, oOpaTuB BeauuunHy +/0,101325, rae
ojJi 3HAKOM KOPHA COAEPXXHUTCA 3HAUYeHMe CTAHZAPTHOro aTMochepHOro
NaBJIeHU s, BEIpaskeHHOro B Meranackaiax ([:xonaran Bpagmoy, nanHsie
caitra www.joyof pi.com).

" [Tomo6HbIe MaHMOYJAANMH C YHUCJIAMH MOXKHO OTHECTH K Daspany
«nudpoBoit IKBUIMGPUCTUKU» . ApudMeTnKa U ajrebpa IpefoCTaBAAIOT
B Hallle pacIIopAKeHNe JOCTATOYHKIN apceHas YmuceJ U omepaumii, 4To6bl
C UX MOMOLUBIO, PacIojiarag BpeMeHeM M IPUJIeKaHHEeM, ¢ IPOU3BOJIBHO
BBICOKOH TOYHOCTBIO NMPUOJIUSNTH OTHU KOHCTAHTHI Uepe3 KOMOHHAIIMIO
Apyrux. CKpeIBaeTcd JIA B 3THX IPUOIHIKEHNAX CKOJIb-HNOYAb 3HAYU MBIt
cmbica? — ComHHNTENbHO. CKOpDEe Bcero, 3To Hekas 3a6aBa, Urpa ¢ YncJja-
MH C BCEHENPEMEHHBLIM YYaCTHMKOM IOJOGHOro poja mpeAcTaBJIEHHUH —
YUCJIOM 7.

Huxe [Pu3s], daem wymouHbvie co8emyi, KAK 8 2]a3ax wumamens
nodnampy ceoili nayunwviii npecmux. Odun u3 cnoco6o8 — ucnonbv3o-
eamb obwenpuramuie mamemamuieckue Cumeonv. 0ni 0603HAYEHUS
OMBNEHEHHBLX BENUNUN:

«Kaxcovtii wxonrvrhukx 3naem, wmo maxoe ®, U 3MO noOMOlcem
8am omopsamuca om npomusHuxa. Bednsaza wumamenwv G6ydem doazo
asmomamuyecku ymroxamov 6ce na 3,1416, npexcde uwem noitmem,
ymo ® — 3amo ocmomuuecxoe dasaenue. Ecau 6wt 6ydeme ocmopoxc-
Hbl U He npozosopumech panbuie 6pemenu, 3mo obolidemca emy waca
8 noamopa».

9 ﬁ H. Bancepz, asmop uporuyecxoit cmambyu «Mamemamu3ayus» 6 c60p-
N——”

§ 42. Mouemy w2 ~ g7

Yydax-mamemamux
B I'epmanuu xuan.
On xae6 ¢ Koabacorw
Cayuaitho croxcu.
3amem pesyromam
ITonoxcun cebe 6 pom.
Bom max

Yenosex

H3o6pen

Bymep6pod.

Tenpux Canrup. Byrep6pox

B XVII sexe Xpucruan I'oitrenc (1629-1695) ycranosua ¢popmy.ty
mia nepuoga T MajbIX KoJieOaHMI MaTeMaTHYeCKOro MasTHUKA — Ma-
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TepPMANBHOM TOYKM, IOABEIIEHHOH Ha HEBeCOMOH HepacTAXKMMOH HMTH
hitize:s S

l
T =274/ —,
g

g — YCKOpeHHEe 3eMHOi TskecTH. ['loiireHC He TOJBKO IMOJYYHUI 3ITY
dopMysIy, HO M NPEANOK M MCIOJB30BaTh €e AJA OIpPeAeJeHUs 3TAJIOHA
eAMHUNE! AINHEL. B kadecTBe aTasoHa IioiireHc npeanarai B3aTh AJMMHY
HUTH | MATeMaTH4YeCKOro MAfTHHKA, COBEPIIAIOLIEro OAHO KoJeGaHHe
POBHO 3a 2 CeKYHABI. ¥100CTBO TAKOTO MOAX0AA OYEBHAHO — MHI B J1I060i
MOMEHT MOX€M H3TFOTOBUTh MMIIPOBH3MPOBAHHBIM MASATHUK, IOABECHUB
Ha HUTH HeGoJblmoe MaccuBHoe Tedo. TakuMm oOpasom, npuGop ANA
HM3rOTOBJIEHHUS 3TAJOHA IPAKTUYECKH BCErJa HaXOAUTCA NOJA PYKOI.

Ecnn 681 npepnosxenue Ioiirerca o BI60pe eAMHHMIIL! AJIMHEI GBHLIO
NPHUHATO, TO NpH AiduHe | = 1 u nepuoge T = 2, Kak caeayer M3 ero
dopMyasl, MBI UMM OBl 72 = g — Tounoe pasencrso! Ho, k coxanenuo
Jno6uTeNeit HEOKUAAHHOCTEH M K CUACTHIO OCTANBHEIX XKuTenei 3emuu,
Hama poAHafA IUIaHeTa — He HAeaJbHbIHM 1map. MaJjo Toro, 4To OHa CILIIOC-
HYTa C IOJIIOCOB, TaK AONOJHHMTEJIBHO K 3TOMY OHA eille M B3GOpOKAeHA
BBHICOKMMU ropaMy M rIyGOKMMH OKeaHamMu. B uTOre mosywaercs, 4To
KOHCTAHTAa & — He «YUCTOKPOBHAS» KOHCTAHTA, OHA 3aBMCHUT KaK OT I'eo~
rpadHYeCKO# IIMPOTH], TAK M OT HEOAHOPOAHOCTH 3aJIeralolux B 3eMJje
nopoz. Takum 06pa3oM, BMECTO TOYHOT'O PABEHCTBA T2 = g Ha NPOCTOPAx
Hameit IIaHETH Gy/AeT BHIOIHATHCA JHUIIL NPUGIMIKEHHOE T2 & g.

ITocroiiTe, HO BeAb Y HAC ceifuac NPUHAT APYToil 3TAJIOH AJIUHK, IPU
yeM 3zeck popmya Ioitrenca?

PeBu3unio MeTpHUYeCKOH CHCTeMB! Mep NMpeANpHHAJNA MOJoAas PpaH-
ny3ckas pecnybauka nocie Benuxoit pepontonuu 1789 roga. Jise xomuc-
cuu, Bo3raaBiademsle JK. JI. Jlarpamxkem (1736-1813) u II. C. Jlannacom
(1749-1827), paccMoTpeau IMPOEeKT pedOpPMBI CHCTEeME! Mep. ITOT IIpo-
eKT COAepIKaJl npeaoxeHue GYyAyIero H3BeCTHOrO AUIJIOMATa eMMCKoNa
Taneitpana (1754—1838): Bri6paTs B KayeCTBe €AUHHUB! AJIHHE! JIHHY
MasgTHHUKA C nepuofoM KonebGammit T = 2 cexyHgs! Ha mupore 45°.
Jlannac ke HacTaMmBaJl Ha TOM, YTOGH pasMeps! 3eMJH, pacCYUTaHHbIE
HMCXOAA K3 NPHHMMAEMOro 3TajJOHA AJMHHEI, GLIIM KPATHH CTENeHAM
AecATH. B pe3ysJnTare KOMIOPOMHCCA PEIIMIM 33 €QAUHUIY AJUHE IIPH-
mare 1/10000000 yacTe yeTBepTH MAPHKCKOIO MepPMAMAHA, OTIHYA-
joinylocsa Bcero Ha 0,6 % or sHavenmus eauHMn®! anuHb! Taneiipana—
Ioiirenca.

9TOT 3TAJOH NPOAEPIKAICA KOCTATOUHO JOJITO, Jumb B 1960 roxy ero
3aMeHMJIH Ha 0oJiee COBEepPIIEeHHEbi, CBA3AHHbI C BOJHOBLIMHU CBOMCTBAMH
cBera. OfHAKO Ha NPUGIMIKEHHOE PABEHCTBO T2 X g 3TH HOBILIECTBA yIKe
HMKaK He nopiauanu [Kot).
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?/6\ H3 ax3ameHayuoHHbLX Omeemos:
N—"

 «ITepuod rKonebanuii mamemamuueckozo MaamHuKa npu nepee3de
u3 Mockewt Ha Ce6epHbLil NOMIOC USMEHUMCA, NOMOMY YMO USMEHUMCA

yucao Tr.

Keanm. 1982. Ne 11. C.25

j_[j «ITocae MHOZOUUCACHHbLX MEOPEMUYECKUX U IKCNEePUMEHMANb-
Hbix uccaedosanuii compydnuru uncmumyma BHHHITIOYEMy ycma-
HOBUNU 3amewamenbhblii paxm — wucao ITu u ycrxoperue c60603Ho0z20
nadenus g ceéa3anvt ¢ GONbLULOIL MOYLHOCMbIO COOMHOWeHUEM T = g.

.« H3eecmno, ymo ycxoperue c606001020 nadenua 3asucum om wupo-
mut. B Hacmoawee pema gedymca 3KcnepuMenmbv. no onpedenerHuio

3asucumocmu yucaa 1Tu oin mozo xe napamempar.

1 anpeas // Keawm. 1978. Ne 4. C.60

§ 43. ™ u mogenb napaouwero 6yrepbpoaa

Ha puc. 4.1 nokasan 6yTepOopoA B BepTUKAJIbHOM
MOJIOKeHHH, OOHAPY KeHHBII1 Ha BEIcoTe H OT ypoBHA
nona. B MoMeHT oGHapykeHus: GyTepGpoJ MMes Bep-
THKAJBHYIO CKOPOCTh U M NOCTOAHHYIO YIJIOBYIO CKO-
POCTh BpallleHUA & BOKPYT OCH, NepHeHAUKYIAPHOK
IJIOCKOCTH PUCYHKA M MPOXOAAIeil yepe3 EeHTD T4-
sxecT OyTepGpoga. IlpegnosiaraeM, 4TO 3TOT LEHTP
HAXOAMTCA HA OAMHAKOBOM YAAJEHUM OT BEPXHETO
M HMOKEero kpaeB Oyrep6poaa. Hy 1 KoneuHo ke, Kak
BOAUTCA B NOAOGHBIX GU3NUYECKHUX MOAEIAX, CONpPO-
TUBJIEHHEM Bo3fyxa npeneGperaem. Kakoit cToponoit
6yTepOpoA LUJIENHEeTCA HA nmoja?

OTBeTUTH HA 3TOT BOMPOC HaM IIOMOXKET HEKO-
TOpHI# pacueTHHIH cm;rx'rp paccroanumii. PaccMoTpum

KBaHT BpEMEHH T = = 3a KOTOpHIit GyTepOpox co-
BepmaeT mnox-oGopora. IIpoHymepyeM 3TH KBaHTH
BpeMeHH no-nopsagxky n =1, 2, 3, ..., HaunHAaA ¢ MO-
MeHTa oGHapyxeHHA GyTep6posa, U paCCMOTPHM pac-

CTosiHHe, IpoJjieTaeMoe OyTep6poOM B 7 -bIif IO CUETY
KBaHT BPeMeHHU. JTO PaCCTOSHHE PaBHO

L gy’ g D)

L,,2. 2

TSI
Puc.4.1

-v(n-l)r-g—;—.(zn—l)wr,

31eCh § — YCKOpeHHMe cHibl TaxecTH. Kpome Toro, monoxum Lo = 0.
Hrak, ecau JJis HEKOTOPOro HATYPAJbHOrO k BHIIOJHSAETCS HEpaBeHCTBO
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Li_1 < H < L;, npuuyeM k— HedeTHOE, TO GyTepGpOA IJIEIIHETCA MACIOM
BBEpPX, €CJM Xe k — dYeTHoe — HY 4YTO ’Ke, Toraa He moBesjol —
macyom BHu3. Ecau cayuutca paBeHcTBo H = L, To 6yTep6poa MOMKET
3aBAJINTHCA KAK B OfHY, TaK M B APYTYIO CTOPOHY, HO, CKOpee BCero,
MAacJIOM BHH3 B CHJIY ero NMpUINUNaHNuA. )

KoneuHO, NPOrHOCTHYECKYIO eHHOCTH HAIlla MOJIeJIb MMeJia Obl B TOM
cJaydae, ecJu OBl MBI IPeAJIOMKHUIN TAK)Ke PaCUYeTHBIe COOTHOINEHMS A
BXOJHEIX NapaMeTPOB w M ¥, HO 3TO YxKe APyras MHTePecHas 3ajaua,
BREIXOAAMIAA 38 PAMKH 3TO{l KHUTH.

§ 44. lnnamuueckaa 6unnuappHas cucrema
. A.TanbnepuHa

Omo 6eauKuil 3aKoH HebeCHbLX mea: YeMm
Oonvie, mem euje Goavule.

Braaumup KasakoB. OmuGKa AHBBIX

Ha npamoii TMHENH MeX Ay mMapoM Macchl

M n aGcomoTHO ympyroii CTeHKoi pacmoJio-
JKeH map Mmaccel m, m < M (puc. 4.2). Paame-
PH LIaPOB HeCcyHmIeCTBEHHHI, U AJS MPOCTOTHI
Puc. 4.2 MX MOXHO CYUTATH TOYEYHHIMU YACTHIAMHU.

ITycTh B HEKOTODHII MOMEHT BpeMeHH Gojee

MAaCCHUBHBII Iap HA4YaJ ABHraThCA € IPOU3BOJBHON IOCTOSAHHON CKO-
pPOCTBIO B CTOPOHY MeHee MAaCCHBHOrO IIapa M, YIPYTO CTOJKHYBIINCH
¢ HMM, IPUBOAUT ero B ABm:xkeHue. ITocae aTOoro MeHee MacCMBHHIH miap
COBEpLIAET CEPHIO NOOYEePEeAHBIX CTOJKHOBEHMII CO CTeHKOHl M ¢ Gojee
MACCHUBHEIM m1apoM. Eciau 3aAaThCSi HEKOTOPHIM HATYPAJIBLHEIM YHCJIOM
N u nopo6paTh MAcCH IIAPOB TAKHUM 06Pa3oM, YTOOH! BHIOJHSAJIOCH pa-

M
BEHCTBO — = IOON, TO o0mIee KOJMYECTBO YAApPOB B cHcTeMme (TO ecThb
m

YHCJIO CTOJKHOBEHMII MKy IIapaM¥ ILTIOC YUCJO OTPaXKeHWil mapa m
OT cTeHKH) paBHoO [T"ax]

314159265358979323 ..,
N pecaATHUHBIX ;;alcon qucna ¥

ITIo cOCTOAHMIO MCCJIENOBAaHMii «TOHKON CTDYKTYphI» 4YHMCJIa T Ha
2003 roa, 3ToT pe3yJabTAT CIpaBeAJUB IO KpaifHeii Mmepe ana N < 10,
Cornacuo [Gal], TouHoe 4YMCJIO CyMMapHEIX CTOJNKHOBEHMWil B cHCTeMe

T
aBHO |-————-
P arctg (10-7)

B 3agave 7 §37.

. CBA3b 3TOi BEIMYMHEI C YUCJIAGM T OGCYKAaeTCH
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§ 45. Ix Bbl CAaHW, MOH CaAHM...

Ona 6cezda nossasemcsa, ecau ee Hemy.
Bnaanmup Kasakos. Omu6ka suBBIX

HeTr HMYero yAUBHUTENABHOrO B TOM, YTO YMCJIO T BOSHMKAET BCAKMIA
pas, Korga Mbl MEITAEMCA AaTh MaTeMaTHYecKoe OM1caHue Mapoo6pasHbIX
dopM u BpamaTeabHeIX ABMoKeHU. Ho Kak He H3YyMHMTBCA HEOXKMAAHHO-
My HOSBJEHHIO Yucjia T B GopMyJsax, Ha mepBBIH B3rJaAL He MMEIOLIUM
HMKAKOr0o OTHOIIEHHMA K Kpyry?

PaccmorpuMm dparment 3agaun D872 mpodeccopa Ceprea Cepree-
Bnua Kporosa (KBaut. 1984. Ne 4. C. 33). IIpeamosoxkumM, mo riagjKoMy
JBAY CO CKOPOCTBIO Vg CKOJB3AT CAHM Maccoil m u anunoii !. Ha ceoem
nyTM CaHM BCTpedyaloT achaiabT M, YacTHY- Y
HO BBEXaB Ha HEro, OT Pe3KOro TOPMOKeHUSA -,
ocraHaBauBaloTca. TpebGyeTca HaiiTM Bpems 0
to OT HayaJla TOPMOXKEHUA OO TMOJHOI ocTa- acdansr
HOBKHM caHeii. KoaddunueHT tpeHnsa caHeii Puc.4.3
06 acdaypT p.

BBeseM cucTeMy KOOpAMHAT, KaK Ha puc. 4.3. Bropoii sakon HioTona
JJISl caHeil B MPOeKnMHU Ha OCh & 3amuINeTCA:

Fpp =ma",
3pech Fy,p— cuila TpeHus, ReHCTBYIOIIASA HA CAHM NPH MX TOPMOMKEHHH.
Macca Haxopameiica Ha acdanbTe YacTH caHeil ajauHOl  paBHA _'IT;_:D’
IO3TOMY %ei'xc'rnylomaa Ha CaHM B 3TOT MOMEHT CHMJa TPeHUS paBHa

Fnp = —p—zg. TloacTaBaAA 3TO BHIpAXKEHHE B NMPeALIAYIEe DABEHCTBO,
MOJIyYMM ypaBHEHMe

" m _
mz + p-l—g:c =0. 1)

Pemrenue aroro auddepeHnuaibHOro ypaBHeHusa GyaeM HCKaTh B BUIE
z(t) = zosin (Wi + ), 2)

r'Ae T, W,  — HeKOTOphIe NOCTOSHHEIE, MogIeXalnue onpeaenenuio. He-

MocpeACTBEeHHAA NMOACTAHOBKA pellleHHMs (2) B ypaBHeHMe (1) mosBoiseT

: g
onpefesuTh W = uT IIna HaXOMJEHHSA MOCTOAHHLIX Zo M { BCIO-

MHHM, 4TO B MOMeHT ¢ = 0, KOrjia CaH¥ HAUMHAIOT MEePEeXOXMTh CO JbAA
Ha acdansT, £(0) = 0 u z'(0) = vy, To ecThb
zosinp =0,
Zow COS P = vg.
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L

Yo
Orciona ¢ =0; zp = - Hrak,

/ l [pe
t)= — si —t.
z(t) = vo Py sin 1

Hac nHTepecyeT MOMEHT BpeMeHHM tg, KOTAA CKOPOCTD 06paIiaeTcsa B HYJIb:
z'(ty) = 0, caemoBaTeNBLHO, Vo cos wiy = 0. 3mauur,

7i'_7r‘l
T2 2\ ue

Tak He)XJaHHO-HErafaHHO YUCJIO W HOABJIAETCH B Bmpa'mermn st
BpeMeHH TopMo3HOro nyTH. CoriacuTech: He 3Has Teopuwu, JOTafaThCA
06 3TOM MOYKHO, paane 4T0 Ky6apeM CKAaTHIBasCh C caHeil Ha acq:a.nyrl

§46. prrurca-aepmrca,_ XouerT... HbIPHYTb

Yem nHuxe MOA 200106a, meM 21Y0He MOU MbLCIL.
JIsiouc Kapposnsa. Anuca B 3azepKayibe

o

JlioGonuiTHOEe onmMcaHue (duaudeckoro mpubopa AJNA 3IKCIEPHMEH-
TaJILHOTO pellleHHdA anrefpandecKkux ypaBreHu# Hamuau I'. HoBuHCK Ui
u B. XoMa3HIOK B CTapoM XypHaye «BeCTHUK onmITHOM GH3UKK M 3Je-
MeHTapHO# MaTemaTuxu» Ne 348 3a 1903 rox. Sroit HaXOAKOH OHH
DOJeIMJIMCE C- YMTaTeNAMM xypHata «Ksaut» [Hos]. Mmea mpuGopa,
NOJYYMBIIEro Ha3BaHUe Mauwukbi Mecaura o UMeHH NPUAYMABIIETO €€
u3oGperaTesia BeCbMa OCTPOYMHA ¥ OCHOBaHA Ha MCIOJIbL3OBAHUU CHENHU:
a/lLHO M3TOTOBIEHHHIX Tea BpameHnsa T . Bpamasa Ayry KpuBoii

kz*!
= , k=1,2,...
y T

Bokpyr ocu Oz npu 0 < z < X, moayuum (cM. dopmyay (4) B «Kax
3anyrath YMTaTensdA KYPUHBIM ainom») tejao T; o6semom X'. Ecau aTc
TéJIO NOXBECUTH HA PHIYAKHBIX BecaxX Ha PACCTOAHUM a4 OT TOYKHU OIODH
(opu ap < 0 — eneBa, a mpu a > 0 — cnpasa), To IPH ONYCKAHUM €r¢
B BOoAY Ha rayOoury X IOABUTCA BRITAIKHBAIOLIAS CHJIA, MOMEHT KOTODOI
paBeH a; X" . IToaToMy BrIpaxceHue

@ X" +a, X" 1+ +.. +a1X+ap=0 Q@

.

MOKHO DaCCMaTPHMBATHL K&K YCJIOBHE PABEHCTBA HYJIO ajlreGpaMy4ecKoii
CYMMBI MOMEHTOB BBITAJIKMBAIOIHUX cHJ Ha tema T, k= 1,2,...,n.
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NoABeNIeHHbIX COOTBETCTBEHHO HA PACCTOSHHUAX G1,dg,..., 0, U OTHO"
BPEeMEHHO ONYLIeHHHIX B BOAY Ha riy6uny X . Borraskusaommii MOMEHT,
COOTBETCTBYIOMHI CBOGOAHOMY UJIEHY @g, MMUTHPYETCA CHelAaIbHO OX-
BEIIeHHBIM IPY3HKOM. J[ONOJHHUTENHHBIM IPY30M, CO3RAIONMIMM HYMKHBIH
MOMEHT, MOYXHO JOOMTBECA TAKIKE TOro, 4TOGHI BeChl MIEPBOHAYAJLHO HA-
XOAUJINCH B PABHOBECHH.

-

[Lammmm—3
Puc.4.4

PaGory mammnHe MecinmHa MOKHO CPaBHHMTH C IOrpy)KeHmem GaTu-
ckada (puc. 4.4). OnyckaeM cucTeMy MOABEHIEHHBIX Ha Becax Tea Ty
Bce rayGike. Kaxxanlit pas, Korjga HaGaiogaeTcd paBHOBeCHE IIJIEUHKOB,
dukrcupyem ray6uny norpyxenns X, KOTOpPYio oGBABIAEM peleHUEM
ypaBHeRus (1).

§ 47. Kakoe Hebo rony6oe!

H adpye yeudeau: nem neba!
Baagumup Kasakos. Omubxa »KuBBIX

Yucao T MOXKHO OOHAPY’KHUTH BO MHOrnmx dmsmdeckux dopmyiax,
ONUCHIBAIOIMX Te UJIHN MHbIE pusndeckue asieHnsa. O6paTuM BHUMaHNe
Ha OARY U3 TaKMX GOPMYJI, CIOYKAINYI0 MCTOYHMKOM PACIpPOCTPAHEHHOT'O
3a0IyKaeHnd.

3axkon Crperra I»xoHa Panesa (1842-1919) onucriBaeT ¢BA3b MeXK-
Ay MHTEHCHUBHOCTBHIO Iyuka cBeta a0 (Ip) u mocue (Ip) ero pacceanms
eAVHUYHEIM 00beMOM MeaIbHOTO rasa C IOKasaTesleM NpeJIOMJIeRn: o,
HaXOAAIMMCA Ha paccTosEnu R oT Toukn HabmopeHuda [Bo):

(a—1)?

-EZN_X‘(I + cos? NI,.

Io = 2‘)!'2
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3pecs § — yroa Mexay HampaBJeHHEM IyYKa CBeTa M HanpaBieHNeM
HabJII0eHn, k

N — qucso MoJIeKyJI rasa B eJMHUYHOM oGbeMe, A— AJIMHA CBETOBOM
BOJIHHI, .

Ha 3ToT 3aKOH OGBIYHO CCHLIAIOTCS, OTBeYas HAa CTAHAAPTHHIA ger-
ckuit Bonpoc: «ITouemy HeGo roayGoe? ». CTaHZAPHTHBIA B3POCJBL OTBET
NpHM 3TOM TaKoii:

«PaccesiHHe COJIHEYHOro cBeTa IO 3aKOHY PoaJied o0paTHO mpo-
NOPUMOHAJILHO AJIAHE CBETOBOA BOJIHHI B YeTBEPTOil cTemenu. CmHmit
LBeT paccemBaeTca NpAMepHO B 16 pa3 cmiabHee KpacHoro. Orroro HeGo
cnuee, ronxy6oe» [Xum];

«Tony6oil CEeT, 4acTOTa KOTOPOrO IPHMEPHO BABOE BhHILIE Ua-
CTOTHI CBeTa Y KPACHOIo KOHIA CHEeKTpa, paccemBaeTCad 3HAYUTENLHO
MHTEHCHBHee, YeM KpAacHbiii uBeT. VI, B3ridaHyB Ha HeGO, MEl BAXUM
M3yMUTeabHYIO cuHeBYy!» [Deii].

OnHaKoO e JJIMHA BOJHH (PHOAEeTOBOro IBeta A X 4 - 1077 M menb-
me AJHAHE roayGoro usera A X 4,7 - 10~7 M. CorznacHo saxory Panes
ay4yu ¢(HoJeToBoro mBeTa AOoJIKHBI pacceMBaThbcA NpHMepHo B 2 pasa
uHTeHCcHBHee ronyosix. IToueMy ke Torga HeGo Haj roJIoBoOi He MCCHHSA-
duoneroBoe, a pagyioleii cepane 1 rjia3 MArKo-roayGoil pacuBeTku?

Tomy MMeeTcs ABe NPHUYMHEL. Bo-nepBbIX, B CIeKTPe COJHEYHOTO
cBeTa (PHOJIETOBHIX Jyueil ropasno MeHbIlle, YeM CHHHX, & BO-BTOPHIX,
Ha GHoseTOBBle JYYM IJIa3 dYejioBeKa pearmpyer npumepHo B 3 pasa
cinaGee, ueM Ha rouy6sie [Bap].

§ 48. OcBeweHHOCTb U YHCNIO TT

— A a 3HG10, KaK noaywume 0eCKOHELHOCmb:
HYNHHO 00HO 3epKano nocmasums Kanpomuae dpy2020.

Tausa ., 8 ner

B crapuny OBl HonynasipeH cJexylommii cmoco6 rajanms. Menas
yBHJETh KaKHUe-To TAaHHCTBeHHBIe o0pasHble accouuanuu (6yaymiero cy-
npyra, noru6Iero poaCTBEHHUKA M T. II.), Fafalonuii coopysxana npuéop,
COCTOAIIMI M3 ABYX napajjelbHbIX 3epKaj, POBHO NoCEPeAUHE MeXAY
KOTOPDHIMH YyCTaHaBJMBaJach ropsamas ceeqa (cM. puc. 4.5). Eciu goi-
ro ¥ NPHCTAJIBHO BIISABIBATECA B KAaCKaJ OTpPaKeHWil CBeyH, TO NpH
HeKOTOPOM INCHXOJOTMYECKOM HACTPOe B 3epKajJbHOl Iiry0MHe MOXKeT
NOYYAUTBCA HeKOe TYMaHHoe u3o0paskenne.
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Biikrop Bopucosnu J[po3gos us Pasanu
0GHApy»MJ, YTO OCBENIEHHOCTh B Touke O
(oCHOBaHMHK IEepHeHAUKYJIApPA, OMYIIEeHHOro
13 OroHbKAa CBEeYM Ha IUIOCKOCTh 3epKaja) uy- a\l, a
JeCHBIM 00pa3oM BHIPa)KaeTCA Yepe3 YucJo 7.
Ilycre cuna cBera cBeyu paBHa J, pac-
CTOSIHME OT Hee A0 3epkain paBHo a . Torga
ocBeileHHOCTh F B Touke O n3-3a MHOTrOKpaT-
HEIX NIepeoTpa’KeHuil B ABYX 3ePKajaxX paBHA: Puc.4.5

A A S
a2 (3a)2 (5a)2 (Ta)?

E==

INCAY RN SR SN U 72
a? 32 52 12 7 8a?

(o BBIpasKeHNH CYMMEI OGPATHEIX CTeNeHeil HeyeTHBIX YMCeJl Yepes3 YHCJIo
T CM. «,,Byker* passmoxxenuii» ri. 3, dopmyia (4)).

§ 49. T ¥ TeopHa OTHOCHUTENBHOCTH

— Tpu mapmuiwku 6 mponuuecrco.u aecy —
amo MHO20 uIu mMaao?

— Mauao.

— A mpu mapmuiwxu Ha eaweil KyxHe?

— 0, amo mHozo!

AHeKxoT

PaspaGoTka Teopum OTHOCHTEJLHOCTH IIPHHECJa BCEMHUPHYIO Cja-
By AnbGepry JitHmreitny (1879-1955). 13 pesynasTaToB 2TOil TeopuH,
B YaCTHOCTH, CJeAYyeT, YTO CTeP>XeHb AJIUHH |, ABHIKYIIHIACA CO CKOPO-
CTBIO U OTHOCHTEJILHO HEeITOABHKHOT0 HabII0aTeNA, COKPALaeTcs 10 pas-
Mepa

2
U=1/1- %2— 1)

rae ¢ — CKOPOCTb CBeTa B BakyyMe (npudausureabHo 300000 kM / c).

B mayuHo-monynapHoit Tpuxornu «IIpuxmouerna mucrepa Tomm-
kuHca» [['am] apyroro sameuaTtenabHoro dusmxa-reopetnxa I'eoprusa Ia-
moBa (1904-1968) MoxkHO HaliTm ommcaHue JIOGONEBEITHOrO MBICJIEHHOrO
9KCIIePHMMEHTa, nponmaalomero HOBBIil CBEeT Ha Pe3yJbTaThl H3MEpPEeHHA
yucaa .
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IIpeacTaBMM pAaBHOMEpPHO BpAalIAOIYIOCA BOKPYT cBoeil ocu 6oJib-
Iy Kpyraym njaardopMmy, Ha KOTOPOil ABa 3KCIepMMeHTAaTopa NBITa-
I0TCA NPOU3BECTH HM3MEePEeHUs /JIMH C IOMOIIBI0 HEKOTOPOro 3TalioHa
JJIMHB — HeGOJBIIOro MepHOro crep:Ha. Ha MepHEI cTep:keHb 3KcIe-
PHMMEHTaToOpa, W3MepAIOIero MIMHY AnameTpa IJIaTGOPMEI, BpalleHHe
He BJIMSET, NMOCKOJBbKY OBHM)KEHHE CTEpP)KHA BCerja NnepneHAUKYJISPHO
ero aauHe. C apyroifi CTOpOHBI, MEPHHI CTepXeHb 3KCIePHMMEHTaTopa,
M3MepAIONIero AJNUHY OKPY’KHOCTH NiaaThopMel, Bcerga GymeT COKpa-
1IIeH B COOTBETCTBHM ¢ 3aKoHOM (1). (Cama miardopMa npeamonaraercs
Hen3MeHHOi1.) B pesysbTaTe 3Ha4YeHHe IJIMHBI OKPY’KHOCTH IOJYYHTCHA
HECKOJIBKO 3aBHIIIEHHBEIM, YeM B cjydyae HeBpallawineiics. niaatdopMmel.
CiemoBaTeNbHO, HECKOJIBKO yBeJIMYEeHHBIM OKAaXKeTCA M 3HaUYeHHue T Kak
YacTHOE OT AeJIeHU S ABYX N3MEePEeHHHIX 3HAYeHHH — JJIUHBI OKPY>KHOCTH
nixaTdopMEl U ee AuaMeTpa.

Ouyexnume 3gpgpexm yBenpuuenus yucna m, cBA3AHHbIT ¢ PEAAMUBUCMCKUM
@ COKpaweHuem MmepHoea 3manoHa Oauxel B coomBemcmBuu ¢ @opmy-
nod (1), nonvaysce cnedyrouwumu ucxodnsimu Aanneimu. Paduyc naam-
O:[> ¢popms! paBer paduycy opbumer 3emnu; AUHETHAA CKOPOCMb 3KCNEPUMEH-
mamopa Ha Kparo Bpawarowelics naam ¢hopmel paBHa cxopocmu SBUNCeHUA

3emnu no opbume Bokpye Connya u paBua npumepro 30 000 xm /c.

? «Hedasno 3amevamenvruiii amepurxancruii pusux P.Deilinman 6bl-
ﬁ CKA3a] 8AHHYI0 KOCMONOZULECKYIO 2UNOMe3y:

1200 = - 10 cex, 1)

20e ™ — yucao Apxumeda. [loxaxmem cnpagedaueocmsv amoil unmepec-
Holl zunome3but.

Hszeecmhno, umo 3eman deuwmemca eoxpyz Connya no kpyzoeoii
opbume, paduyc komopoii paéen R = 150 man.km. Opbumanvras cKo-
pocmb 3emau pasna v = 30 km/cex. Ecau 6. ¢ maxoil nocmosannoil
ckopocmbio 3eman dauzanacy He no camoii opbume, a no ee duamempy,
mo ora npowaa 6b. om 001020 ,.kpasa“ opbumbt o Apy2020 3a 6pema

¢ 2:150-10°
30

ITo onpedenenuio odun 200 ecmpb 6pems o6paweHus 3emau no ee opéume
aoxpyz Coanya. ITonamno, ¥mo amo 6pema OMHOCUMCA K HallOeHHOMY
ébiue epemenu t Kax dauna oxkpyacHocmu opbumul k ee duamempy.
ITocnednee omuousenue dns 6CAKOL OKPYIHOCMU, CO2ZNACHO ApXUuMedY,
paeno w. Omcioda caedyem, wumo 1 rog = =nt. ITodcmaenas ciwoda
3navenue t us (2), npuxodum x popmyae (1)...

Hdaa nposepxu cnpasedausocmu zunomesvt Peiinmana Ovln no-
cmaéaen caedyoujuil 3KCnepuMeRm: ¢ NOMOUbI0 HACMEHHbLLX 4aco8
~Maax“ mvt onpedenunu npodoaxcumensvnocms 1975 20da, Ona oxasa-
aace paenoil 3,15 107 cexynd. Popmyna (1) daem 3,14 10" cexynd.
Mui ckaonHb JyMamsb, wmo noayerHoe pacxoxdenue meopemuywecKux
u Habawdaemvix daHHbLX ecmb pe3yabmam 0dH0z0 u3 d8yx caedyowux

107 cex. 2)
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adexmos: a ) opbuma 3emau omauraemecs om Kpyz080ii; 6) npocmpan-
CMeo-6pema UCKPUBIEHO. .. .»

1976 200, aneapv, Biopakarnckas obcepsamopusa [/
Keanm. 1976. Ne 2. C. 27.

MartemaTHueckui akKoMrnaHemeHT

«PeJIATHBUCTCKOE» 3HAYEeHHe T B AaHHOM cJiyyae paBHO

10
TN —nr=x~3,157....

V99

§ 50. BHe3eMHble LUBUNU3ALHUK U HYUCNO TT

Mamemamuk yeepen, Lmo Kax camo “ucao
T, maK u ezo 080ULHAA 3aNUCL CYMb OpZAHUYEC-
KUe KOMNOHEHMbL MUDPOB020 ROPAIKA.

D, Iasuc, P. Xepm. MaremMaTuuecKuil onsIT

Ecau 2 npunuMaio cuznaa T, MHe yie He Ha-
90 ecnoMunamo, Yemy pasHo Imo m.

T'enpn Karraep. Mackuposka

— MHhe au Opunauarnmos we 3namsy, — om-
sewana Annywka.

Muxana Bynraxos. Macrep n Maprapura

H.pennonoxcﬂm, H€ TOJIBKO MBI XOTHM YCTaHOBHTH KOHTAKT C pa-

3yMHBIMH CYyLIeCTBAMHM APDYTUX 3Be3XHBIX CHCTEM, HO M OHM C HaMH.
Ha Kakyio 4acTory cjeAyeT HaCTPOUTh HAIllM IPUEeMHHUKM, YTOOH IIAHCH
Ha KOHTaKT GLLIM MaKCHMAJbHBIMU?

Ilerp BacunbeBnu MakoBeIKHil B OCTPOYMHOH M YBJIEKATEJIbHOM

KHure «CMoTpm B KopeHb!» [Mak] nmokasmiBaeT, YTO MCKOMas 4YacCTOTa
JOJI’KHA PABHATHCA

. f=nfg=4462336274,9288...Tn,
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rae fg =1420405751,7864 ... 'y — uacrora HeliTPaJIBLHOIO BOZOPOAA.
Hcnoassosars YyacToTy fy BOepBhle mpefioxkuiau B 1959 roxy Ix. Koxk-
KoHU u P. MoppucoH. BEIGop ee IPOANKTOBAH TEM, YTO BOXOPOA AOJLKEH
OBITH 3HAKOM KaXJOMY MHOILIAHETSHHHY, IMOCKOJBKY 3aIlOJIHAET BCIO
namy IamakTtuky. IIpaBra, mocjaefHee mpuMedaTeJbHOe 0GCTOSTEILCTBO
co3zaer M ompefAeseHHBIe moMmexu. BoJsiee Toro, u3-3za pasaNYUA B ABHU-
KeHHU OTHAEJBHBIX 06JIAKOB BOAOPOAA YAaCTOTA MEXK3Be3THOTO BOZOpOAA
pasmasana mo ocu 4dactoT Ha +200 k' Bokpyr fy. Iloaromy Kokkonu
1 MOppHCOH COBETYIOT OCYIECTBJIATH MOMCKM HE TOYHO Ha uacrore fg,
a B ee OKpecTHOCTH mopsaxa 1 MTI.

IIpeanaras yacrory f, II. B. MakoBelnkuii BEIABUTaeT OCHOBOIIOJIAra-
ronuii resuc: «IIpupoja He yMeeT YMHOMKATH YaCTOTY HAa UPPAIMOHAIBHOE
ynciol». Ho atoro mano: «Uucio 7 — OAMH U3 IJIaBHBIX IPU3HAKOB Ha-
meil HUBMIM3AUM M HaM OOAOGHEIX. OTO MapoJb pasyma, Hog0GHOTO
HameMmy. luBuiansanusd, He 3Hamom@ad T, He UMeeT MaTeMATHKH U pa-
auorexHuKy. OHa He MOXKET CerofHA BCTYIHUTh C HAMHU B KOHTAKT, Aa
C Helo IIOKA YTO HaM, BUAMMO, U He 0 yeM roBoputh» ([Mak]. C. 352).

B 1997 roay amepukanckas ¢upma Artizen BEImycTHIa XyZOKe-
cTBeHHO-GaHTacTHYEeCKU ¢uapM pexuccepa Japana PanoBcku «IIu».
®duapM Ha3BaH TaK He CAYYAHO — YMCJO T B HEM UIPaeT POJb «IapoJs
pasyMa» Opy YCTAHOBJIEHUS KOHTAKTa C HEKOTOPOIl 3arafiouHoit BHe3eM-
HOIi uBUIN3anueii. AHAJOTHYHRII CIOXKET JIeT B OCHOBY (paHTaCTHYECKOit
noBectu Kapsna Carana « KoHTakT».

§ 51. ™ n putmMbl BceneHHoOM

A ecmampusatocs 6 eac, o wucaa,

H 6vL mHe sudumecw ofemvinu 8 36epu, 6 ux wWKypax,
Pyxkoii onuparowumucs na evipeartbie JyobL,

Bt depaicume eduncmeo mexdy 3meeobpasnvim deuxrerbem
Xpebma Bcenenhoil u naackoil Kopombvicaa.

Beaumup Xne6rukon. Yncaa

Bcenennas navanace ¢ m.

Kapa Caran

Yucao T He CHAYYAilHBEIA rOCTh B KOCMOJIOTMM — HayKe O CTPOEHUU
u aBosonuu Beesnernnoit. B 1923 roay nenuHrpaackuii ¢usuk Ajnexcasap
Anexcanaposuy ®puaman (1888—-1925), ocHoBHIBasich Ha o0lneit Teopuu
OTHOCHTEJBHOCTH DUHIITEeHA ¥ UCCIeAYs YPABHEHUS OPOCTPAHCTBEHHO-
BPeMeHHOI AMHAMUKHU BcesleHHOI, mMOJyYaeT CAEAYIOMIYIO CBA3h MEXAY
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paamycoMm sakjioyaiomero Bcenemmyio mapa R 1 Bpemenem ¢ ([Beii],
c.516):

R = Ry(1 - cos n);
t= ‘g-(n - sin 7).

Ilepemennas 7) 3gech — mnapamerp (DHM3MKHM HA3HIBAIOT ero dyzogbim
apemenem), Ro — Texkymee 3HaueHnme paaumyca mapa, KoadpdummeHnt
a 6ma Beiumcaen B 1929 roxy 9. Xa66som, ¢ = 13 - 10° xer. Dt
COOTHOIIEHMA — He YTO MHOe, KaK IapaMeTpuiecKas 3amuch yuraoudst.
'Ha pmuc. 4.6 noxasan ¢par- g
MenT ee rpaduka. IIpumeuarens-
HO, YTO YHMCJIO T HMrpaeT He IO-
CJIEAHIOI DPOJAb TO BO BCIBIXH-
Bamomeii, To B yracawoomeil xus-
Hn BcesenHoii: corsacHo Moze-
au Ppuamana, Beenensad nynn- Puc.4.6
cHpYyeT, nIocJeA0BATENBHO PACIIN-
pAAch ¥ CKHMMafACh B MOMEHTH BpeMeHM a7, 2aw, 3aw,... B mMomesnr,
Korja HaM NOCYACTJMBMJIOCH CO3epLATh 3Be3AHOE He6O, ACTPOHOMEI Ha-
Gmonaior «pasberanne» rajJakTHUK, M 3TO JaeT UM IIOBOA 3aKJIIOUYUTh, YTO
BceneHHad MOKA HAXOAWTCA HA CTAAMM DACIINpeHMs (TEKyIquii Bo3pacT
Bcenernoit MoxkHO pacuuTars oo dopmyaam (1), nosarasa B HUX R = Ry).
B 3aBepmienne «KOCMHUYECKOIi» TeMBI 9YHMCJa T— BHIAEPIKKA N3 ApeB-
HUX CTaHIl, IOPMBJEKIIMX BHUMaHNE EieHnl He'rponnu Baasarckoii
(1831-1891):

«N3 JIyuesaprocTu CBeta — Jlyua Beunoit ThMBI — yCTpeMHIKCH
B IIPOCTPAaHCTBe JHEPruM, BHOBL Ipobysxaennble: Exunsblit us fiina,
Illects u IlaTte. 3atem Tpu, Oann, YeThipe, Omm, IIats, IBakabl
Cemn, Cymma Bcero» 2,

0 aw 2am t

Psap passaEmMii uuodp B atoit nurare: 3,1,4,1,5 — He uTO HHOE,
KaK pAj KeCATHYHOr'O P3O EHNUA T C TOYHOCTHIO, OTMEUEHHOMH mpodec-
copoM I'. I'neiizepom B ApeBHMX TeKcTax Bubamu. O sHaueHMH, KOTOpOE
OpUJABAJIOCh ITOMY DALY 930TEPUYECKMM CHHTE30M HAYKHU, PeJIUTHH
n dunocodun, CBUAETENALCTBYET MPOAOJIKEeHNe Bce Toii ke Cramnsl IV:
«Hfl atm cyrs EctecrBa, Ilnamena, Hauana, Crpourenn, Yucaa, Apy-
Ha, Pyra u Cuina mum xe BoxxecrBemmniii Yesnosek—Cymma—DBcero.
¥ or Boxecrsennoro Yenoseka npomsowman Popmel, Uckprl, Ceamen-
Hele JKXuBoTHBIE M BecTHMKM CAmensnx OTIOB...»

2 Brasamexas E.IT. Taitnas nmokrpusa, T.1. 4. .l. Kocuuiecxasi apomonHa. JI.: 1991.
C. 67. ITognuuuocTs HETHPYeMoOit CTaniu IV, Kak H ee APEeBHOCTL, TPEGYIOT HCCIEROBAHUS.
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Cusuana, noxcesasd rucmbvs Juwpa, ena.na
6 mpaHc u omeemuara cmuxa.nu. «3aﬁﬁtu0b Ma'
memamuxoi u .uyabmou.

Topuron Vaitagep. Teodna Hopr

§ 52. T-uenoBeK

Havaavhuk moxem nocmasumsv 60kpy2
aazepsa 2R uenosex.

Ha pemrennii, mpuchlIaeMbIX
B ¢«3anayHuK ,,KBanTa“»

«IIn-Yenopex» — Tax Ha3HIBAaeTC DPACCKa3 COBPEMEHHOrO aMepu-
KaHCKOro daHTacra Ansdpena Becrepa [Bec). I'masuklif repoii aToro pac-
CcKasa BeJI ce0A CTpaHHO 10 OTHOMIEHRHIO K uucaam. Cymmy B 57 075 nonna-
poB 94 neHTa OH BHIGPOCHJ M3 OKHA, IPOKOMMEHTHPOBAB CBOi MOCTYIIOK
Tak: «57 075 — uaymuTensHOE YN0, HO 94 menrTa... Dy! Ypoayor Bech
Gananc». B caepyromuii pas oH moaydaer caavy 1997 poanapos: «¥Yx!
BriGpachiBaio miecTh AOJJIADOB M3 OKHA M HaCJa)XAAlOCh OCTaBIIMMU-
ca 1991».

Iloxoskee moBeAeHUe JiereHAA IPUMMCHIBAET NOCHeA0BATENAM IIKO-
JBl gpeBHerpeveckoro dusocoda u MareMmaTuka Iludaropa (ox. 570-500
no H.2.). Ilo npexanuio, nudaropeiinsl BHIOpocHaH 3a GOpT Kopabasa
Hekoero 'mnnasusa ua MeTranoHTa IOcCJie TOro, KaK OH BBIBeJ UX M3 AY-
LIEBHOTO DPABHOBECUSA CBOMM OTKDHITHEM HUPPALMOHAJBHBLIX YHUCEJI. ITO
OTKDPBITHE L0 Bpaspe3d ¢ nudaropeiicKkUM y4eHHEeM O CBOAMMOCTM BCeX
ABJNEHUI IPUPOAB! K I[eJBIM YUCJJAM MJIH UX OTHOLIEHUSM.

B cpenane Beka HapAay co cJOBOM irrationalis mo oTHomenmo k un-
cJaM B XoAy GBI U APYroi npupaBHNBaeMBlil K HeMy TepMuH: surdus —
eayxoii, nax nemoi. Cyns mo TakoMy Ha3BaHMIO, MPPALMOHAJbHEIE Y-
cJla cpeJHeBEKOBBIE Mar¥CTPhl CYUTAIN Y€M-TO TAKHM HeCypa3HBIM, UTO
OyKBaJIbHO «HU BHICKAa3aTh, HU BHICJAYIIATH»... MUCTHKa, a U TOJBKO...

He yansuTeabH0, YTO MPPAIMOHANLHOE YHUCJIO T aMEPUKAHCKMIL haH-
TacT BbIGpaJ CHMBOJIOM CBOEro dKCTpaBaraHTHOIrO IlepcoHa)ka. B Gecenme
CO cJlef0oBaTeJeM T -4eJIOBeK NPU3HAeTCH:

«— BoOT roBopAT: 3KCTpaceHCOpHOe BOCIPUATHE, IICH, A KaK Ha3BaTh
aKcTpadopMernnoe BocupuaTue? IIn?
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— TIux? Kakoit nuk?

— Illectragmaras GykBa rpedeckoro ajdaBura, 0003HAYaeT OT-
HOIIeHHe AJUHBI OKPYXXHOCTHM K ee - auamerpy. 3,141592... Ywuciao
GECKOHEYHO... 6ECKOHEYHO MYUYEHHE AJIA MEHA... »

TpaHCOeHAEHTHOE YHUCJIO T CIYXKHT TaKKe CHMBOJIOM HeOPAUHAPHO-
ctu (BcnoMuuM: transcendens — 8bix0dauuil 3a npedensvt). IToi aHANIO-
rueii, KOHEYHO e, He NPEMHUHYJIH BOCNOJb30BATHLCA JuTeparoprl. Tak,
HanmpuMep, IOMOPMCTHI NMOJBCKOro KypHaja «Ilmexpyii» Gparba Poek
nmpuaymanu KHuUry adopusmoB ¢ Gpockum HassaHueM «IIu». Bor oaun
13 ux adpopusmoB: «OTnyck B manaTke ouYeHb XBaJXAT KoMaphul» («Hayka
M XKH3Hb», 1966, 8. C. 124).

B mmpoxkom cMpICie T-4eJ0BeKOM MOXKHO HA3BaTh M Ji06oro ma-
TemaTtuka. Y. Y. Coitep B npexkpacHoii xaure «IIpenoaus x maremaru-
ke» [Coii] cpeau kadecTs, KOTOPBIMH, 110 €r0 MHEHMIO, JOJiEH o6IazaTh
CHAyKHUTeJb «OapMOLl HAYK», Ha IEepBOe MECTO CTABHUT JEP30CTh yMa,
HEOPAMHAPHOCTH MBICJIM M PACKPEOIeHHOCTh haHTa3uu,

§ 53. Uenosek-unpkynp

H evipocau neped Gpamvamu cmendvi zpada eauxo-
20, no0o6HO momy, Kax ebipacmaem zpadux maHzeHnca
T

¢ apzymenmom, 6aUIKUM K 7

[Dna]

CornacHO 3HaMEHHUTOMY Ka-
HoRy Jleomapno aa Bumum, pocrt
YeJIOBeKa NPMHATO NPUPaBHUBATH
K pasmaxy ero pyk (pmc. 5.1).
IToar, nucaTeas U ucciieioBaTesb
crapuHbl AHApeit YepHOB moJa-
raeT 3T0 pacnpoCTPaHEHHBIM 3a-
Gny:xnerueM. Ha camom pene
pasmax pyk Bcerja GoJbile po-
CTa 4eJIOBEKa, YTO BUAHO, HALIpU-
Mep, Ha TpaBiope APYroro 3Ha-
MEHHUTOTr0 XYAOXKHHKA: «Boiee
M3ANHO MOCTYNHJ MeXaHTHYHBINA
Idiopep: OH BCero JUIIb COTHYJ
najsnbl HA 000MX DYKax CBOEro
,»00pasmoBoro ueyoseka“» [Yep]. Puc.5.1
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Bt = ITo muenuro Auapes Yepuo-
Ba, OTHOIlIEHUE pasdMaxa pyK de-
JIOBEKa K ero pocTy PaBHO

E2=1,03...,
™

i rae @ —yucao Pupus (cMm. «Un-
! CJI0 T U 30JI0TO€ ceyeHue» ). A pas
+——| TaK, TO YHMCIO0 T HeM36eKHO IPOo-
Z HHMKaeT B CHCTeMy JpeBHepyc-
; CKMX caykeHell — Mep IJIMHEI,
i noA0OpaHHBIX COPA3MEpPHO YeJIo-
. seky. Tak, manpumep, mMaxosas
; caxcenb, paBHasA pasMaxy pYK,

wwnona B — pa3 GoJsbnie pocmosoil ca-
Awopopa

scenu (pocra). Bausxoe K aro-

Puc.5.2 My cooTHomenue AHapeii Yep-
HOB 00HAPY’KHJI B IPDONIOPIU X aHresja, U306 pakeHHOro Ha IJIaHe IePKBHA
Vcnenus B Crapoit Jlagore (XII Bek). Mcnoasayst aTo ngobpaxenue B Ka-
YecTBE MEPHOIrO 3TAJIOHA, UCCJAEAOBATENb HAIIIEJN U Apyrue JI0OONBEITHHIE
nponopuuu. Hanpumep, caxenv 6onvwas (poct zqe.noneica ¢ IOAHATOMH

PYKOIf) TAK OTHOCUTCS K POCTOBOI CayKeHH, KaK —+ 1; xoca eenukas ca-
T

HEHD B

2 pas GoJbIle KOCOoll H0820p0ICKOlL RO MPOCMU CANHCEHU U T. 1.

Kax uM3BecTHO, CHMCTEeMOii caKeHeil MOAb30BaIUCh APEBHUE 3044YMe,
BO3BOAA Xpambl Ha Pycu. B wacTHOCTH, CKpHIBAIOL{ME YHUCJIO T PONOPIMHU
CONEPIKUT YIKe YINOMHMHABIIAACA CTAPOJANOMKCKASA LEPKOBb YCIEHUA.
Hanpumep, BHyTpeHHU# pasMep XpaMa OT 3amaJHOI CTEHBI KO aJTapHOI
ancuAel B T pad GoJbllle AHAMEeTpa MoAKynoabHoro Gapabaua [Yepl.

§ 54. CepebpaHoe ceueHne U «MeaHbIW BCagHUK»

«Tonvio M020 U MONCHO CHLUMAMDb YUBU-
AU30BAHHBIM, KMO 3HAEM YUCRO T .»

I1. B. MakoBenxuii. CMOTpH B KOpeHb!

Ilo anamormu c 30J0THIM ceuenneM AHzapeii YepuoB mpeasaraer
MOMMEHOBATH IPOIIOPIMIO, B OCHOBE KOTOPOIL JIGKUT YUCIO . A MMEHHO:
Touka M penut orpesok AB B nponopyuu cepe6pan0zo ceueHUA, eCIu
AM [Uep]

—— = [Yep].
MB
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K cBOMM apXHMTEeKTYPHHIM HAaXOAKAM cepeOpAHOro cedyeHWs AH-
Apeit YepHoB n00aBUI auTepaTypoBefueckue. OH 3aMeTHJ, YTO B IIO3Me
A. C.IIymuxkuna «Menubiit BcagHuk» 477 ctpok. Ecam 3710 yuciao pas-
AeIUTh Ha KOJUYECTBO CTPOK BO BTOPOil 4acTM HO3MBI, TO MOJYUYUTCH
3,16 — uwucio, oueHs Gamskoe Kk 7. «o 3,14 He xBaTaer oAHOI cTpO-
Ku» — numer A. Yepuos. U nanee: «Ilo3soasTe, HO BeAb TaM €CTh OAMH
He3apuU(MOBAHHBIH CTHX:

- Iloroaa myiie cBupenena,
Hesa B3ayBajach U peBeJa,
KoTsoM KJI0OKOYA M KIY0ACSH,
M Bapyr, xak 3Bepb OCTEPBEHACH,
Ha ropog xunynaacs. IIpen Hero
Bce nmoGesxano, Bce BOKpPYT
Bapyr onycresno — BOABI BADYT...
T'ne pudma k ,,mepes Hewo“? MoikeT, ee TOXKe CMBLIJIO HABOAHEHUEM,
Kak gqomuk ITapamm?
IIpoBepsio o uepHosoMy u GexoBomy asrorpadam. EcTs cTrpoka! Ee
HeT TOJNBKO B IIMCApPCKOM KOIIMM, KOTOPYIO, BOpoueM, IIymkun ycepaHO
npaBui. Bery B IlyInkunckuit oM CBepPATHCA ¢ OPUTHHAJIOM.

Co Bcelo CHJIOIO CBOEIO
ITomra Ha mpuctyn. Ilepen Helo...

IToTepannyio nucapeM crpoky Ilymkun, Koneuno, samern. Ho Boc-
CTaHABJAWBATH He cTaj. Bes Hee ayume». [Yep].

§ 55. w-33usa

..A Hy-xa, npoaepio, nomHio A mo, ¥mo 3Haua,
unu Hem..3Hawum max: vembipexndv. namv — Oeexa-
dyampb, wemvipesncdb. wecmb — mpuxnadyambsb, vembipe-
wOul cemv...Tax a 0o deadyamu nuxozda He doidy!

JIsionc Kappoan. Anuca B Ctpane uyaec

9mo mHe HanomHuro 00Uk cayyail, Opy-
20il, mpemuit...

Baagumup Kasakos. OmuGka sKUBBIX

Jna samoMuHaHMA Kakux-jau6o ¢dopmyn Hiau daxroB yacro ofpa-
WIAI0TCA K MHeMOMeXHUKe — CHUCTeMe crnocoGoB, 00Jeryaromux 3amo-
MuHaHue. MHOrMM, HaBepHOe, M3BECTHHI IOrOBOPKHU AJIA 3allOMUHAHUSA
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HOCJIEeAOBATEIBHOCTHA IIBETOB paxyru (KPpacHBI, OpaHMKeBHIi, JHeJTHI,
3esqeHnlil, zony6oit, cuHUM, (pUOMETOBRIH): «Ka)ABIiI OXOTHUK Jcesaer
3HATh, 2Ae CUJAAT (hazaHbl», UM (HA MOTHB JeTckoii mecenkn «Kak oa-
HARABI NOJA ropoi...») <«Kax ofna)kAnl Jak-3BOHAPH 20JIOBOIl cjoMai
¢onaps». Ilepseie GyKBHI cJ0B B 3THX (ppasax coBmajaioT ¢ IepBHIMU
6yKBaMU Ha3BaHMIi IIBETOB.

B martemaTHyeckoM (oJILKJOpPE TaKiKe CYLIeCTBYeT MHOXKECTBO IIO-
RoGHEIX pudmM-nomomuukoB. Hanpumep, ana sanoMmunannsa nudp yucaa
T MOXKeT IPUTrOAUTHLCA TaKOe YeTBEPOCTHIINE:

Hapo ToapKko0 mocrapateCa

¥ 3anoMHUTH BCe, KaK €CTh:

Tpu, YyeTHIpHAANATH, OATHAANATD,
JleBAHOCTO ABA U LIECTh.

Boobpos C., [BoG]

Boapmyio KoJIeKnuo pudM, B KOTOPHIX KOJHUYECTBO GYKB B CJI0BaX
NM03BOJIAET BOCCTAHABIMBATL MOCJHEAOBATEJLHOCTh HAYAJNBHBIX AECATHY-
HEIX 3HAKOB yHcJja T, cobpan <mpodeccop 3aHMMATEJLHBIX HayK» SIKOB
Wcunoposuy Ilepearman. B xuure [Ilep] on mpusoguT momoGubie cTH-
XOTBOPEHUS HE TOJHLKO HA PYCCKOM, HO M HA aHIJIMICKOM, HeMeI[KOM,
¢paHIy3cKOM A3BIKaX. B 4acTHOCTH, OH YKa3HIBA€T HA OAHY U3 pudm,
KOTOPYIO IPHUAYMAJ YYUTeJb MaTEeMAaTNKN MOCKOBCKOI1 IKoisl E. f1. Tep-

CKOB:
9To A 3HAI0 U IOMHIO IIPEKPACHO.

31 4 1 5 9.

Ero yyennna 9ca UYepukosep COUYMHHUJIA HPOHUYECKOE IIPOLOJIAKE-
HME:
IIu MpOrMe 3HAKM MHe JMIIHH, HANPACHBI

2 6 5 3 5 8.
W3 3THX ABYX CTPOK BOCCTAHABJMBAIOTCA 12 3HAKOB yMcia 7@
m=3,14159265358 ...

ITouTH Takyio e BHICOKYIO TOYHOCTHL JA€T CTADMHHAA pudmMa

KTo » myTa u cCKOpo moxxejgaers
IIu y3HaTh YMCJI0 — YK'b 3HAETH!

(OyAbTe BHUMATEJILHBI: B AOPEBOJIONMOHHOM opdorpaduu pycckoro
SI3BIKA BCTPEYAIOTCH «JHUIIHME» TBEPAble 3HAKHU).
ABTOD cjeayIolero NomyJIAPHOro ABYCTHININSA TAKXKe He YCTAHOBJIEH:

Vun u 3nait B yucJsie NU3BECTHOM
3a nudpoit nudpy, Kak yaady, IpuMeyaTsh.
B nHacTosamee BpeMA 0Gpasubl PasIUYHON «7T-33UM» MOMKHO HAWTH
B cetd Internet (6onpmunacTBo prdM Ha aHraNiicKoM A3bIKe). B 3akmioye-
HHUE aBTOP IpeAJsIaraer CBOM «M3LICKAHMA» B 3TOM HANPABJICHUHU:
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— Bor u 3Ha0 a1 yKucao, nMernyemoe Ilu.
— Mounogzen,.

Xora pudMH 37ech HHKAKOH, HO pUTMHYecKHH CTpoi, Kak MHe
Ka)kercs, BhIep)kaH. IIo 3Toif MOroBopke BOCCTAHABJIWBAIOTCA BOCEMb
3HAKOB yucja 7 (IocJefHUIl 3HAK — C OKPYIJIEHHEM), YTO COOTBETCTBYET
MaHTHCCe GOJBIIHHCTBA COBPEMEHHEIX MHKPOKAJBKYJIATOPOB.

§ 56. «Mu» nuwem — 7 B yme

ITucrosmer — 1o6uJeif N3BECTHO KOHCTAHTHI;
ITyxoH — MHOTrOXKeHell, Y KOTOPOTO KOJHMYEeCTBO JKEeH PaBHO T;
IIuToH — Da3SHOBHIHOCTH TPHTOHA;
IInpor — BosmeGHKI 3Bepsb, NpUpaBHUBaeMblii k 3,14 ... equHo-
poram;
IIvacTpH — OCEHHHe IBETHI C KOJMYECTBOM JIENIECTKOB OT 3 10 4;
YourasHbil — OCBEJOMJIEHHBIMH 0 7.

§ 57. w-wapagbl
Yac X u wac 7 cosnaau.
IMTredpan Mapuan. OdopT

Kaxue ciaoBa 3nech 3ammnpoBaHkI?

@ l.7np

2. Iy
3. (m k)
4. @

Omeem: 1. IIup; 2. Haanun; 3. ITuck; 4. ITuso.

§ 58. Bokpyr pa okono 7

ITu paeno 3,14, no 3,14 ne paaro ITu.
A.H. Bepr

o «B 1799 ropy uranbaHckuin matemaruk Maono Pyduuu ucnonblosan cumson
Ana o6o3HaueHus cakropuanos (oH nucan ,,m=1-2:3-...-m*). Co speMeHeM
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nponucHan Byksa rpeyeckoro andasura NPUHANA HauepTaHWe 3arnasHoON GyKsbl.
B 1811 rody laycc, fikobu u Bebep npoussefeHHe NepsbiX 7 HATYPANbHbIX
uncen obosHauanu I1(n). Bnocneacrsuu layce pacnpoctpanun 3to obosHauenue
Ha GeckoHeuHble NpoU3BeaeHUs. 3TO HOBOBBEAEHHE COXPaHMNOCH U NO Cel AeHb»

N ) David Blatner, “Joy of w”, Walker and Company,

' New York, 1997, p. 78.
«BaHbiM cpeacTsom NOBBIWEHHA CTeneH: AOCTOBEPHOCTH xaxoro-nuﬁo yraep-
MAEHHA CNYKUT NPUBEAEHHE K NPOTUBOPEUHIO YTBEPXAEHHH, NONHOCTbIO HECOBME-
CTHMbIX C paccMarpusaembiM. [IpH 3TOM CYWECTBEHHO, YTO €CAU YTBEPKAEHHE,
HEBO3MOXXHOCTb KOTOPOrO Mbl XOTUM NOKa3aTb, NO. CBOEMY CMbICNY BbINOAHSETCA
NUWb NPUOAUKEHHO, TO W AOKA3ATENbCTBO €ro HEeBOSMOXKHOCTH [OMKHO BbiTb
ybeautenbHbiM Ha BbiGpaHHOM yposHe npubauxkeHus. He nioboe paccywpeHue
YAOBNETBOPRET 3TOMY TpebOoBaHWIO: HanpUMep, HeNb3f, UCXOAA M3 YTBEPKACHHA
m = 3,14, nepeHect npasyio yacTb Haneso: T — 3,14 = 0 u, pasgenvs nocne
atoro obe yactM paseHcrsa Ha T — 3,14 = 0,00159..., 3aBuTb, YTO HCXOA-
HOE yTBEpXKAEHHE NPUBEAEHO K NPOTUBOPEUMIO, IOCKOAIBKY MONYYEHHOE PaBeHCTBO
1 = 0 HeBO3MOXHO.»

bnexman U. U., Menukuc A. 4., ManoBko A. I,

MexaHuKa 1 NpuKnagHas maremarvka:

NOTUKA ¥ OCOBEHHOCTH NPUNOXKEHUH MATEMATUKK.

M.: Hayka, 1990. C.'122.

CospemenHbii cpaHuyackui noat Xak BeHc npegnaraer counHaTb UppayuoHab-

Hbi€ COHETb, T.e. CTUXH U3 14 cTPOK (Kak Y OBbIuHbIX COHETOB), HO CO CTPYKTYPOH,

onupaioweiica Ha uucno 7. CTPOKK AensTca no crpodam B COOTBETCTBMM C Aecs-

TUUHOM 3anucblio yucna m: 3—1~4—1—5, npu 3TOM KONHUECTBO CTPOK B COHETE

coxpaHsietca: 3+1+4+1+5 = 14. Pudmbl pacnpeasnsiorcs cnepyoiwmm obpa-

3oM: AAb C bAAb C CdCCd (pechpen — uersepras crpoka). Xak Berc Hanucan
TP CTHXOTBOPEHHS, YAOBNETBOPAIOWMX TAKOH CXeMe.

Bony-OcmonoBekaa T. YAIUNO wu gpyrve

(Annnom chpaHuy3CKOro yHWBepcUTeTCKOro konnemka, 2001).

B kHure «AHTONOrMA PYyCCKOro NanuHApOMa, KOMOMHATOPHOM W PYKONMCHOM no-

a3uu» (CocrasneHue W kommentapuu [.T. Jlykomuukosa u C.H. QeauHa, KoH-

cynbtant [l E. Asanauu — M.: «lenmoc APB», 2002) Ha c. 181 npusogutcs

wapaga:
qm 7q,

npuMMevaTenbHas TeM, YTO OHa ABASETCA NANMHAPOMOM, ABTOP 3TOrO NANHHAPOMA
Cepreit DeauH pycCcKHe TEKCTbl € HHOA3bIHBIMK BKPANNEHUAMU WMeHyeT «Ouasa-
MU». OYEBHAHO, YTO B aHHOM C/lyyae Mbl HMeeM AEN0 C «T A30M».,
He Bce NO3Tbl B Nafax ¢ MareMaTMKOW, KaK, HanpuMep, asTop CTPOK:

«— Mnowapp xkpyra... Mnowaas kpyra... [sa nu 3p.

— [ae bl cnyxure, nogpyra?

— B AlMH.»

(ANH — Arencreo neuatn «Hosoctus CCCP. — A, JK)

K yectu npepcrasurtenei NO3TMYECKOro KOPNyca, Ha MaTeMaTHueckylo OwHbKy B
3TOM TeKCTe yKa3an M3BECTHbIH NO3T U napoaucT AnekcaHap MeaHos:

«loBopuT MOA noapyra, uyTb Apiwa:

Tae yuunca 1), rony6a, s LMLL?
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Yawy 3HaHUH OCywun Tbl He AO AHA,
[ea nu 3p — He nnowapb Kpyra, a ANMHa,
U He Kpyra, a OKPY)XHOCTH nputoM;  *
Yuar B Knacce 310, KKeTcs, B Wwectom!»
(LWL — yeprosHo-npuxofickas wkona. — A, J.) o
- 3va napoaus ¢ yKasaHWeM WMeHH NapoAMPYEMOro aBTopa HaneuaraHa Ha cTparuue
65 cbopHuka A. A. UsaHoBa «l‘lnop,u auoxnosennm, M.: Cosetckuit nucatens,
1983. 224 c. C
. . «MaremMartuk 1 Koanm( . s
Denunu nupor.
Ko3nuk ckpomHo ckaszan:
— Paspgenu ero sponb!
— TpusnansHo! — ckasan Maremaruk, —
Mossonb,
A yx nyuwe
Ero pa3genio nonepek! —
MepsbiM OH yxBaTUN
Mepsbiii Kyc nupora.
Ho He nnaubre,
Bbin TyT e HakasaH nopok:
»W“ pocranoch emy
(A xakoit 8 3Tom npok?!)
A Koanehky...
Ko3anexky pocranucn
Poral»

3axodep b. Ctuxu v ckasku.
o i M.: flercan nuteparypa, 1991. C.574.
o [lsoe epyT B noesae. OauH rosoput:
. — CTpaHHO, Koneca Kpyrnble, penbcbi nNpsmbie, oTkyaa Cryk? :
.— Kax otkypa? Koneca-to xpymbla, a nnowaab Kpyra nu 3p xaa,qpar. ‘Bor Ksap.par-
TO U CTYumT! .. .

o Npenoaasatenio 0aHOro U3 BY308 CTPaHbI NPUAYMaNH WyTAMBOe Npa3enie «Munax.
" Knuuka oTpaxcaeT OiHy 0COBEHHOCTb BHeluHero Buaa npenonasarenn Kakyio?

(Orser: Hu:n(uu poct. 3nble A3blkH ytsepxq;a»o*r, uto poct «Munbi» paseH -125, TO
ectb, npumepHo 1 m 57 cm). :
lepman O. B., fexuciox P. }1, Kysomuna H, B. Paaauaaem UHTeNNexT,
Mumcx.: Ausarin NPO, 1998. C.81.
" & «— [ana, cnpawusaeT CbiH OTUa, — NOYEMY UbINNATA NUWAT ,NHU-NKU-NK”, a Korpa
" BbIpacTyT, TO ,,KO-KO-KO“ UAM ,,Ky-Ka-pe-Ky“?
-~ HasepHoe, NOTOMy, uTO NOKA OHW CHAENH B KPYr/IOM SIiAUE, OHW MOrU paccy-
WAATH TONBKO O HeM M OTKPbINU ana cebsa ucno w, a norom Y HuX nousmmcu
Apyrue umepecm.
e - CaGUHA.ﬂ Yueno m // Keant. 1996. Ne 6. C. 33.
¢ B 0iHOM U3 CTapbix CNPaBO4HHKOB N0 KMTOBOHHOMY NPOMBICNY NpUBoAMAack chop-
Myna ANA BbiuMC/IeHHA o6beMa KuTa No pesynbTatam ero uamepenuid. Ecrecteento,
8 3704 hopMyne NPUCYTCTBOBANG YWCAO T. npumeuanue K d)opmyne rnacmw'
«Ana rpsHNAHACKUX KUTOB ‘T = 3,14 ». .
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Mo apyron BepcuM, ANA rpeHNaHackux kutoe 7 = 3 (cM. ApHoaed B. M. Uro
takoe maremaruka. MUHMO, 2002. C.9 — no MHenuio aBTopa, ctatba «O ¢om-
TaHupyloulel [EATENbHOCTU KMTOB» C W3NOXEHMEM AAHHOrO pesynbTara Obina
onybnukosana B «[loknapax Axasemun nayk CCCP»).

o «[laBHbiM paeHo, o BpeMeHa HukuThl Xpyweea, non-autpa eoaku ctouna 2,87 py6
(YectHoe cnosol), a ueteepturka — 1,49 py6. HeussectHo kTo nogMmertun, uto
1,49%%7 paer xopouwee npubmnkenne ana uncna . (370 MOXKHO pPaccMarpuBars
KaK A0Ka3aTeNbeTso c6aNnaHCMPOBAHHOCTH COBETCKON 3KOHOMUKM TOFO NEPHOAA). »

' Ulapweun N, @. MaTematnueckuit BuHerper.
M.: Mup, 2002. C. 117.

hd «Tpu, yeTbipHapuartb... Ypa!
Hy, a panbwe? — Ox, gbipa...
Ckonbko 3xaxos 6e3 konual..
He nocnatb au Ham roxua?
Hert. EMy ux He porsarb —
MoXHO XM3Hb TaK noTepATb...
Jlyuwe, gpyr, suHa kynu —
TocTt noabimeM Mbi 3a Mul»
lasun C. O uncne NMu
(www.stihi.ru/author.htmi?merisarov)

§ 59. 7 B cetH Internet

Huxe NpUBOAATCA ajgpeca HEKOTOPHIX NMONYJASPHBIX CAiiTOB B CeTH
Internet, mocBameHHEIX yucay 7. TaM e MOMXHO HANTH MHOMXeCTBO
CCBHIJIOK HA Apyrue aHAJOTUYHbIE CANTH.

mathworld.wolfram.com — «Mup marematuku». Web-pecype, coaepxa-
Ui OGIIMPHYIO 3eKTPOHHYIO 3HIMKJONEeANIo no maremaruke. Ilocro-
SIHHO OOHOBJSIIOI[MECST MaTepPHakbl JHIUKJONEAMH BKAIOYAIOT CCHUIKH
Ha mocjlefHKe HayYHble NyOAMKaNUK O Yucae 7.

www.astro.univie.ac.at/~wasi/Pl — kay6 Apyseit 7. AHPJ0A3LIYHBIA
caifT, CHHTeTNYeCKH BOGpaBIINiI B ceGsl MaTepHAaJkl HA padHble BKYCHI.
31ech MOXKHO IOCMOTPETh Cephe3Hble MaTeMAaTHYeCKHe CTAThu (HaIpu-
Mep, MO3HAKOMUTBCA C AOKA3aTENBCTBOM HPPANUOHAILHOCTH YHCAA ),
a TaK)Ke HEMHOro pasBieybcsl. Hampumep, MOXKHO «NOCAYIIATB» YKCIIO
7 —— 3aNyCTHTh MPOTPaAMMY, KOTOPAS BOCIIPOM3BOAUT 3ByYaHNe AECITHI-
HBIX 3HAKOB YHCJA 7T, 3AKOAMPOBAHHBIX B HOTHI ClleIIMAJbHEIM 0GpPa3oM.

www.geom.umn.edu/~huberty/math5337/groupe — C aToro caiira
MOKHO NepenucaTh Ha cBoii KomnbioTep 100 000 3RaKoB yucaa 7.

www.cecm.sfu,ca/pi — «Crpauuns! 7 ». Ha caiiTe npusoaurces noapobuasa
Tabanna peKOpAHBIX BHIYMCAEHUH yucaa .,
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pi314.at/links.html — crpanuna na caiire pi314.at conepmnf obmmup-
HBII1 CIIHCOK CCBHIJIOK HA Apyrue Marepuajst o0 yucie 7 B Internet.

www.com2com.ru/alexzen — «ApTucTudeckas 7-rajepesa» mpodeccopa
Anexcarapa AjekcanfpoBuya 3eHKUHA.

Ha pwuc. 5.3 ua arToii rajepeu mnpeacraBieH ¢parMeHT «IyTellle-
CTBUA B 3BEe3AHLIX MHUPax» — HMEHHO TaKue BO3HMKAIOT acCOIMaIluM,
Korja HaGaopaelllh AWHAMHMYECKH H3MEHAIOIIYIOCA KapTUHY, Ha KO-

TOpOii ompejAeseHHble 3HAKH YH-
cjla T TNpeACTABAAIOTCA B BHZE
CBEeTJBIX TOYeK Ha TeMHOM ¢oHe
Tabauusl. Puc. 5.4 unaocrpupyer
o0pa3pl «coBe3quii», YBHUAEHHBIX
JeTbMH B Xaoce CKOIUJIEHHIT dTHUX
TOYEK.

ToukH rpynnupylorca B «co-
3Be3AUA», « TYMAHHOCTU», «TajlaK-
THKH» HJIHW, KaK JI06AT roBo-
PUTh CIELUANNCTHI, KJacTepHl.
Takue KjacTephl, 3aKpacuB HX
omnpeAeJeHHBIM IIBETOM, BBIAEJINJ
npodeccop Kamuns UoparumoBuy
Baxtnapos (puc. 5.5) (Baxmus-
posé K.H. OkHO B mapaJjuleJbHEBIE
MHUPHl TPaHCUEHAEHTHHX OO0BeK-
T0B // WNndopmatuka u obGpa-
gosanme. 2000. Ne 10. C. 19-25,

S

Fa_ _—

Puc.5.5
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cM. Takae caiiT math.child.ru, pasgen «Orpoxun»). IloguunsgioTca Jau
3TH KJacTepbl KaKUM-1n6o saxkoHomepHocTaM? OTaHyalOTCHd JU «KoC-
MHYeCKHe KApTUHBI» GMCJA T OT AHAJOMMYHBLIX KAPTHH A APYTHX
MpPpalMOHAIBHBIX KOHCTAHT? \ =

3.14 — max na 3anade npednovumaim 3anucviéams damy: cHavara

?ﬁ .HOMeDp Mecaya, a 3amem — Homep OraA. Omcioda noHAMHO, novemy
«Jenv m», excezo0no ommevaemuiii Internet-coobuecmaom, npuxodum-
ca na 14 mapma.

(Oannvie caima www.astro.univie.ac.at/~wasi/PI)

§ 60. «MoprTperbi» uncna =

Ha puc. 5.6, 5.7 npeacraBneHs! 130cioKeThl « HepHo-6eioe moje uu-
caa T» U «CKpBITad CHMMETPHA YUCIAA T », BHIIOJIHEHHEBIE ¢ PparMeHTOB
TPUITHXA MOCKOBCKOI'0 XyAOKHUKaA AJsekcanapa Peaoposuya Ilankuna
«MaremaTtnyeckuii 06bekT Asexcanapa 3eHkuHa» (1999 r.). B macroa-
1lee BpeMs 3TOT TPUNTHUX XpaHuUTcAd B MyseifHoM menrpe Poccmiickoro
locymapcTBeHHOr0 ryMaHNTapHOrO0 YHHBEpPCHTETA.

Ilo nBeTy KBafApaTMKOB MO3aMKM Ha puc. 5.6, paccMaTpuBaeMBIX
cJjleBa HampaBO M CBepXy BHM3, MOXKHO BOCCTaHOBUTH nepshie 100 3HaKOB
yucna 7. BTopoil pHCYHOK OTJIMYaeTcA OT NEpPBOro TeM, 4TO0 IuGpH
0,1, 2, 3, 4 Ha HeM npeJCTaBAEHbI OAUHAKOBHIM OeJILIM IIBETOM, a UPPHI
5,6,7,8,9 - oAMHAKOBHIM YEepHBHIM HBeTOM. IIpMeyaTenbHO, YTO YHCJIO
6esbIX KBaApaTHKOB Ha puc. 5.7 coBnagaeT ¢ YMCJIOM YepPHLIX. JTO OZHO
3 NIOGONBITHEIX DPOABNEHUI CBOMCTBA HOPMAJBHOCTH 4Yuchaa (CM. 1.
«HopManbHO nu 4ucno0 7 ?» mepBOii raaBsbI).

t

Puc.5.6 Puc.5.7
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ABTOp ciaegyoLero pucyH-
ka (puc.5.8) — wu3sBecTHBHI
OTE€YECTBEHHBI reoMeTp, npo-
deccop MI'Y Amnarommit Tu-
modeeBny Pomenko. C nepso-
ro B3rJAsAga Ka)XeTcs, 4YTO Ha
HeM BOCIPOM3BEAEHBLI KaKye-TO
NopuCThle Tejla, HO mnpu 0o-
Jlee OeTaJbHOM PacCMOTpPEHMU
Ha mnepegHeii CTOPOHE YXOAA-
mero B rJayOMHY «HeGOCKpe-
6a» MOXHO OOHAPYXWUTBH IEp-
Bble JecATUYHBIE B3HAKW 4YU-
cla T — OHU U300paXKeHBI
B BUJe KPYXOYKOB (Ha Apyroi
rpasy n300paskeHbl HAYaJIbHEIE
nudpsl Apyroii 3ameyaTeanpHOR
KOHCTaHThI — KaKoii UMeHHO?).

H3so6pasuTenpHble MATEPU-
anbl NyOJMKYIOTCA C paspelie-
HHUS UX aBTOPOB.

§ 61.

Puc.5.8

Pasmbikas kpyr

T — 3a2adouroe Hucno, Komopoe ne3em 6 dgepb,
OKHO U uepe3 KpbluLy.

Asrycr e Moprau. CoGpanue mapagoxkcos

Bce yucna ecmpemames x 6eckonewHocmu.

Baagumup Kasakos. Cayualinsiit Boux

Bor u 3aBepluaeTcsa HECKOJBKO TPAHCUEHAEHTHOE IIOBECTBOBaHUIE

O 4yHucJje 7.

3aBeprraerca? Iloxxanyil, 10 OTHOIIEHMIO K T 3TO BHICKA3bIBaHUE

HEyMeCTHO.
HsBecTHO JM1 BaM, 4TO

V' ...pasHocme mexcOy 4ucnomu V399550 v 22 coBnadaem ¢ T ¢ MOYHOCMbIO

0o Bocomozo 3xaka? [Kyn]
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...C MAKOU Je MOYHOCMbIO YUCAO T npubnuxcaem pobo ————
2206v2
(D. Wells, 1972)
... €NOYMU Yenbie» yucaa oaiom caedyiouue KoMOUHAUUY € YuacmueM Jucna m:
e’ — 1 =19,999099979...;
cos (In (7 + 20)) % —0,9999999992; [Wei]
cos (r cos ( cos (In (7 + 20)))) ~ —1 + 3,93 - 107552
...018 1106020 UPPAUUOHANBLHO20 YUCAA O cyuwecmByem HaMypPanbLHoe Yucao n,
85 komopozo cos (nar) > 0, 9997 [Bon]
1
..uucna w u arctg 3 Hecousmepumor? [Ez0]
1\ 7+
(1 + ;) ~ 3,14097 < 77 [Wei]
...4nenbl nocnedoBamensHocmu a,, 3a0aBaemol pexyppenmrol gopmynol

e, =a,_, +sinag,_,, n=1,2,..., npuvem a, = N, 2de N — nexomopoe
HAMYPANbLHOE YUCAO, NPU N — OO0 CmMpPeMAMCA K Beauyure kmw, 20e k —
yenoe makoe, ymo kw — G6nuxcadwee xk N wucno (Hanpumep, npu N = 23
nocnedoBamensHocme G, HEOZPAHUYEHHO npubnuxcaemcs K Benuyure Tm =
21,99114858...)? (M. Beeler, R. W. Gosper, R. Schroeppel, 1972)

...KOUYECMBo NPAMOY20NbHLIZ MPEY20AbHUKOB, BAUHLI CMOPOH KOMOPLIX Bbi-
paxcaromca B3auMHO NPOCMbIMU YuCnamu (MaK HA36I0eMelZ NPUMUMUBHbLX
mpeyaonsHuxkoB) u 2unomenysa Komopslx meHowe T, npubnuxceHHo Boipa-

waemcs 0pobeo o ; KoauuecmBo npumumuBHelx mpeyaonbHuKoB, nepumemp

zln2
KOmopuix MeHowe &, NPubAUNCeHHO PpaBHO 2 ? (4. llemep, 1900)

2
M . n
<. WUCNIO PASNUYHHIZ NOKPLIMUU WAXMAMHOU docku PasmMepom n X n KN1emoxK —

Kocmawkamu Adomuro paimepa 1 X 2 npu weozpanuveHHom Bo3pacmanuu n

cmpemumea K Benuwune €°™, 2de Kpome Kowcmawm e u T ucnonb3yem-
cA nocmosnnas Kamanana G = 0,91596556 ...2 (M. E. Quwep, [1. B. Kecmu-
Audn, 1961).

...u3s mo6oli coBokynHocmu BexmopoB Ha naockocmu ¢ cymmou dnun 1 Bceeda
MONHO Bbi6pame HecKonbko BekmopoB, OnuHa CYMMbI KOMOPHIX HE MEHb-

we — ? [Hon]
«.€CAu AnuHa no6o20 ompesKa, coedurAuie2o Bepwury BbiNYKAO20 MHO20-
Y20/1bHUKA ¢ HEKOMOPOU MoyKol e20 2panuybl u denswye2o e2o naowade nono-
T
nam, He npeBocxodum 1, mo naousade MHO20Y20/bHUKG MEHbWE 1 ?  [Awu)
«.0NIUHG 3A7UNCA € MANbIM 3KCUCHMPUCUMEMOM € XOPowo npubauxcaemcs
4rmae

tge +arcsine”
gopmyna ydobra npu pacyemax Ha MUKPOKAAbKYASMOpe. (B. b. lpo3908)

3HaveHuem 20e a — dnuwa Gonvbwod nonyocu 3nnunca. Ima
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V' ...ecnu Ha cepepe paduyca 1 npoBederna kpuBas, AnuHa Komopol MeHbwe T, MO
cywecmByem npoxodawas yepes uermp cghepb! NIOCKOCMb, HE NEPECEKAIOUWAA
npoBedenrol kpuBoii? [lan]

V' ...u3 npamonuneidHol GymMaxcHol NonocKu, omHowerue AnuHbl Komopol K ee
T

wupuHe MeHoWwe =, HE CMUHAA €€ B «2apMOWKY», HENb3A CKAECUMb AeHmy

Mebuyca? [Dyk]

V' ...3Hamenumblli npumep HenpepviBHoU GyHKyuu, He umerowiel npou3BodHol
00

Hu 8 o0HolU movuxe, umeem Bud f(z) = Z a" cos (b"7z), 20e b — Hewemroe

n=1
3
yenoe, 6onvwee eduruysr, 0 <a<1l,ab>1+ =77
(Kapn Belepwmpacc, 1872)
vV ..ecru N 21753, mo uucno dnei 8 N -om 200y Haweil 3por paBHo

1 » 1 » 1 n
i 2 el ad 2 — 2 —
m{365+(cos 4N1r) (cos 100N1r) +(cos 400N1r) }? [Xap]

1 1
dz .
vV o.1= / =4 / V1 ~2z2dz? (cmandapmneni kypc mamemamuyvec-
i—s (cmandapmueil ke
-1 0 :

K020 aHanu3a)
v ..npugt)=0

7 gt <V 7 L) .u}% { f [te®)) dt}%,
] (1]

1]
ecau Bmopol usmeepan 8 npaBod yacmu cywecmByem (nepasencmeo Kapa-

cona) [bex]
V' ...HauGonbwul obwui denumens AByxr HamypansHelr 4ucen a u b moxcHo
a-1 e¢-1
1 2zibimn N
~e o Mosep, [H.
npedcmaBume B Bude z; Eo ae 7 (/leo Mosep, [H36])
m=0 n= .

V' ...«llpu pybke Kkanycmor ceuKkoli NOAYYAIOMCA MHO0Y20MbHUKU € PASHOIM Yu-
cnom BepwuH, pasHozo pasmepa u ¢popmer OdHako omroweHue kBadpama
ux cpedrezo nepumempa K cpednel naowadu paBuo 4r. 3ma 3adava Bos-
HUKAG KaK pe3ynsmam mozo, Ymo A pybun kanycmy, nomoaasa xcexe denamo

nupoeu. » Axademux CaxapoB A. . KBanm. 1991. Ne 5. C. 11—12.
V2

V' ...mbun0, codepxcauee mernee (1 - —-6—-) - 100 % 6ensuna, 6esonacHo 8 do-

mawrem obuxode? [Wme]

V' ...3nexmpocmamuveckas emxocms C mena u e2o o6vem V cBazanel HepaBen-
cmBom

3V < 42C*? (A. Myarkape, 1903)
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v ...moxHo dobumscs ycnexa 8 /nemauuu momazaBka, ecau omoldmu om yenu
Ha paccmosHue (21m + arctg — )V02 +12, 2de | — paccmosnue om yenmpa

Bpawenus pyku 8 nokmeBom-cycmaBe. Ao MoyKu Ha monopulie, 20e Mol OepICUM
monop; & — paccmosrue om BolweyKasanrol mouku do yewmpa macc monaopa,
n — npou3BosnbHoe HamypansHoe Yucao. [AaB]

V' ...nadenue yenoBexa, NocKonb3HyBwWe20CA Ha CKoNb3CKol noBepxHocmu, dnum-

m [h M
cA Bpema 21 ;, 20e h — pocm yenoBexa 8 Mempax, g = 9,8; — ycKopeHue
cB0600H020 naderus. (B. b. fipo3doB)

§ 62. Bceobbvemnioujasn KHUra o Yyucne o

OTKpoiiTe NPOM3BOJILHYIO KHATY IIO BEIlleCTBEHHOMY MJIH KOMILIEKC-
HOMY aHAJIN3y, aHAJIUTHYECKOH TEOPHM 4YHuCeJl, TEOPHH BePOSATHOCTEIA,
reoMeTPHH ...- YBJeKaTeJbHBI paccKas 0 Yucje 7 Ha X CTpaHMIax Gy-
ZeT npoaosxeH. IToxkanyii, He CyIeCTByeT MaTeMaTH4YeCKOro yueGHHIKaA,
M3y4aeMoro CTyAeHTaMM, rje Obl He YIOMHHAJIOCH YHUCJO 7.

Bropouem, MaTeMaTHKH y)Xe AABHO IIOTePSJM MOHOIOJHIO HA 3TO
Be3fecyllee YMCJIO — BMeCTe C APYIMMH 3HAYMMBIMH AOCTHKEHHSIMH
YeJIOBeYEeCKOM MBICJIM OHO NpPeBPATHJIOCH B OGIUEKYJBTYPHOE AOCTOSHHIE.
Bo BceM cBoeM MHOrooGpasuy NpOSBJAEHUI YMCJIO0 M HEHMCCAKAEeMO, M
JN0003HaTeJLHBINA YUTaTe b ellle He pa3 GyAeT BCTpeyaTsCsa ¢ HUM, YUNTAA
CBOIO COOCTBEHHYIO KHUTY OBITHA.

Ms1 gonxHBI OBITH GJIarofapHbl MHpPY 3a TO, YTO BCeoObeMJIOILas
KHHTa O YHuCjie T HUKOrAA He GyAeT HAMCAHA...
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