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IIpeauciiosue

B 3Toii KHIKKE pacCMOTPEHBI HEKOTOPBIE BOIIPOCHI, OTHO-
csIUecs K OCHOBaM 3JIEMEHTapHON TEOPHH UTP M MpPEACTaBIIs-
IOIUECs aBTOPaM HEAOCTAaTOYHO OCBEIIEHHBIMHU B JINTEPATYpE.
OcHOBHOE BHHUMaHHE y/IEJICHO BBIYHCIICHHIO TTEPHOJIa B MOCIIe-
JIOBAaTEIIbHOCTU BBIUTPHIMIHBIX W MPOUTPHIIIHBIX CTpaTeruii B
UTpe «KaMEIIKW», TNPUBEICHO KOMIIAKTHOE OMHCAHUE BBIUT-
PBILIHBIX CTPAaTETHH B UIpax «IOJI3YHOK» U <«JIOMaHas», pac-
CMOTpEHBI HEKOTOpble Apyrue Wrpbl. KHmkka MoxeT OBITH
TOJIE3HA CTYACHTaM IEAarorH4eCKUX BY30B M CTAPIIUM IIKOIb-
HUKaM.

ABTops! npusHaTenbHbl W.B. Py6neBy 3a nmonesnsie o0Cyx-
TEeHMS.

Asemopuwi,
Mockea, 2021



§ 1. O nepuoguvecKnx pemieHUsIX
B UI'Pe «KaMeIIKm»

B astom maparpade (comepkaHue KOTOPOTO B OCHOBHOM
B3TO U3 [3]) MBI pacCMOTPUM OJIMH KJacC HECIOXXHBIX 3a/ad,
BCTPEUAIONINICS B TEOPUU WIP (TaK HA3bIBAEMYIO HIPY «Ka-
memkn»). [lycTs uMeeTcs Kydya KaMHeH (KOJIMYECTBO KaMHEH B
Kyde paBHO M) U TBOE UTPAIOIINX, KOTOPHIE ITO OYEPEIN MOTYT
B3SITh U3 KYYU @; UU a3 ... UTU 4, KaMHEU. 371ech

a1<a2<...<a,,<M (11)

HpOI/IFpBIBaeT TOT, KTO HE MOXET CACIAaTh XOJ4a. B yactHO-
CTHU, €CJIM OJWH U3 UT'POKOB B KaKoOH-TO MOMEHT 3a6paJ1 BCC
OCTaBIIHMECA KaMHH, TO €ro MapTHEP HE MOXKET CACIATh X04a U,
CJICOOBATCIIbHO, ITPOUTPAJIL.

KommuectBo kamHel, ocraromieecs B Kyde IOCIe KaKOro-
a100 XOJa OJTHOTO U3 MapTHEPOB, Mbl OyJieM Ha3bIBaTh HO3U-
yuei. llo3unmio OyneM Ha3bIBaTh HPOUZPBIUIHON, €CITA UTPOK,
KOTOPOMY OHa JIOCTallach, HEN30€KHO MPOUTPaeT MPHU HEKOTO-
poM (omTHManTkEHOM) Crioco0e MeicTBUi ero mapTHepa. Huubnux
B JAaHHOW UTpe, 0O4eBUIHO, He ObBaeT. [loaTOMyY KaXkimas 1mo3u-
ous, He SBIAIOMIASCS TPOUTPHIIIHON, OYAET 6bluzpblUiHOIL.
A WMEHHO, UTPOK, KOTOPOMY JOCTajach BBIMIPBIIIHAS TTO3HU-
[IHs, TIPU HEKOTOPOM (ONTHUMAIBHOM) cIocobe AeHCTBHUM 00s-
3aTeJIbHO BBIUTPAET Y CBOETO MapTHEPA.

HerpyaHo BHIEeTh, 94TO CHpaBeUIMBEI CIEAYIOIINE BA HC-
KJIFOUUTETHHO TOJIE3HbIE YTBEPXKICHUS (CM., Harpumep, [1, 2]):

Yr1Bep:knenue 1. Ilo3umus, w3 KOTOpOH €CTh XOTSA Obl
OJIMH XOJ1 B IIPOUTPHITITHYI0, — BRITPHITITHAS.

YrBepaxaenue 2. Ilo3unus, U3 KOTOpOl Bce XOJbl BEIyT
B BEIMTPHITIHBIE TIO3UIUH, CaMa SIBIISICTCS TIPOUTPHIIITHOM.



3ameuanue. OOBIYHO B TCOPUH UTP MPUHATO 33/1aBATh CliC-
noytoumid Bompoc. IlycTs 3amaHbl KOHKpETHbBIE YHMCIIOBBIE 3HA-
yeHus g a,, da, ..., d,, M. KTO BeIMIpaeT mpu npaBUIbHOMN
(onTUMaNBEHON AN KaXKI0TO U3 YYAaCTHUKOB) UTPE — HAYMHAIO-
it win ero naptaep? [Ipoie Bcero pemars Takyro 3a1aqy «c
KOHI[a», ONupasch Ha YTBepkAeHUsA | u 2. A UMEHHO, CTPOST
MOCTIeIOBAaTEIbHOCTh LENBIX HEOTPUIATENBHBIX 4YHcen (Tae
Ka)XZ10€ YMCII0 — KOJIMYECTBO KaMHEH, OCTaBIIMXCS B Kyde, T.€.
HEKOTOpast MO3ULU B pacCMaTpUBAEMON UTPE), U MOJA KaXKA0H
Takoil mosunueil muuryt 6ykBy Il (mpourpeimnas) unu B (BbI-
urpsimHas). Hampumep, ecnu U3 Kydn KamHEH pasperuaercs
Opatb TOJNBKO 10 J1BA KaMHs, TO MOJy4yaeTcs Tabiauua BUIa:

012345678 ...
[IIBBIIII BBIT ...

HetpyaHo BHIETh, 4TO MoOcCiea0BaTeIbHOCTh OykB IT u B
B PaccMaTpHBacMOM YaCTHOM CITydae UMeeT epros 4.

Teopema 1. Ilycmo 6vinoaneno ycaosue (1.1). Kpome moeo,
O0y0em cuyumamos, umo Koauvecmeo M kammuel 6 Kyue cCKoab
y200Ho eenuxo. Toeda nocredosamenvnocms 6yke Il u B, 060-
SHAUAWUX NPOUSPLIUUHBIE U GbIUSPBILUHbIE NO3UYUU 6 PAcC-
CMampugaemoll uzpe, OKa3vl8aemcs nepuoouUteckol HauuHas ¢
HeKomopozo HoMepa.

JoxazareabcTBo TeopeMsl. IlycTs X — npou3BoabHas 110-
3UIHA (T.€. YUCIIO OCTAIOIINUXCS KaMHEH B Ky4e), Takas, 94To X >
a, Bmenem oOo3Hauenume fX) ansg QyHKIHH, TMPUHUMAOIICH
3HaueHus I1 nim B, B 3aBUCHMOCTH OT TOTO, SIBJISIETCS MTO3UIUS
X OpOUTpHIIIHONW WM BRIMTpBIIHOW. B cunmy YtBepxkaeHuit 1
u 2 3HadeHwe f(X) ONHO3HAYHO OMpEIeNsAeTCS 3HAUYCHUSIMHU
X - a)), iAX - ay), ..., AX — a,). O4eBUOHO, YTO MBI MOXKEM
0ocabWTh TOJNBKO YTO CHEIaHHOE YTBEp)KICHUE, NMPHUIAB eMy
CIIeIy oIy Io hopMy:



s moboeo X, yoosremagopsiowezo yeaosuio X > a, 3uave-
nue f(X) o0Ho3Hauno onpedensiemcs 3HAYEHUAMU

AX-1), AX-2), .., iX-ay). (1.2)
I[anee, 3aMCTHM, 4YTO BCECrAa MOZKHO HalTH TakKue pa3ian4-
Hble X 1 Y, YTO BBIIIOJIHCHBI paBCHCTBA:

SX-1) =AY-1),
fX-2)=AY-2), (1.3)
fX-a,)=AY-a,).

([mst ompeieIeHHOCTH CUUTaeM 371eCh, 9To ¥ > X))
JlelicTBUTENbHO, pa3NUYHbIX cocTaBieHHbIX u3 OykB I1 u B
YHOPSIIOYEHHBIX HaOOPOB JIMHBI @, UMEETCS] BCEro JIUIIb KO-

HeuHoe KoludecTBo (a mMenHo, 27). Tak kak paccMaTpuBae-
Mas TociieoBarenbHOCTh OykB II m B Oeckoneuna (1o MBI
ycTpeMmiin M K OECKOHEYHOCTH), TO CyIIecTBOBaHHE X U Y ¢
TpeOyeMbIMHU CBOHCTBAaMH OYEBHIHO.

Teneps B cumy (1.2) MBI MOXXEM TNPOJOKUTH pPaBEHCTBA
(1.3), Hammcas:

SX) =AD),
fX+1) =AY +1), (1.4)
fX+2)=AY+2),

X+ k=AY +k)

IToxaxkem, YTO M3 ITHX PABEHCTB CIELyeT NEPUOJUYHOCTD
(maumHas ¢ Homepa X) paccMaTpUBAaEMOMN MOCJIE0BATENbHOCTH
MIPOUTPHIIEH U BEIMTPHIIEH. JleficTBUTENhHO, OT0KHM B (1.4)

k=Y-X (1.5)



B PE3YJIbTATE IOITYIHM:
X+ (Y- X)) =Y + (Y- X)).
Hcnonb3ys TOXKAECTBO
Y=X+(Y-X), (1.6)

MpEeABIAYIee COOTHOIICHUE, OYEBHIHO, MOXKHO TEpPENUCaTh B
BUJIE

X+ (Y-X) =AX +2(Y - X)). (1.7)
C yuerom (1.4) u (1.6) momy4aeM orcroaa:
JX) =X + (Y = X)) = fIX +2(Y = X)), (1.8)
[Tomoxxum Teneps B (1.4)
k=2(Y-X). (1.9)

CHoBa moJyb3ysich ToxaecTBOM (1.6), moMydaeM COOTHOIIIE-
Hue, anaoruynoe (1.7):
X+ 2(Y - X)) =X + 3(Y - X)).
[Iponomxkas mporiecc, JIErko NPUXOAUM K OECKOHEYHOH Iie-
[TOYKE PABCHCTB:

SX) =X + (Y= X) =AX +2(Y - X)) = AX +3(Y - X)) = ...
(1.10)

Amnamornynas LOCIIOYKa PaBCHCTB, OUCBHUAHO, MOKCT OBITH
YCTAHOBJICHA IJIsA 000ro HaTypaJbHOTO i

X+ =fX+i+(Y-X)=
=X +i +2(Y- X)) = (1.11)
fX+i+3(Y-X) = ..

N3 (1.10) u (1.11) u cnemyet yTBEpKICHUE TEOPEMBI.

3ameuanue. [lokazaHHasi TeopemMa MO3BOJISET JaTh IPyOyrO
OTICHKY JUTS JJIMHBI 1" HAMMEHBIIIETO TIEPHOJa MOCIICIOBATEb-
HOCTH TPOUTPHIITHBIX M BBIUTPBIIIHBIX MMO3UIUI B paccMaTpH-
BaeMoii 3aaye.
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IIpexxne Bcero, 3aMeTUM, 4TO, IOCKOJBKY Y — X siBIseTcs
JUTMHOM OJHOTO M3 IEPUOJIOB HAIlleW IOCJIeI0BaTEIbHOCTH,
cnpaBe/uiBa oneHka 7 < Y — X. Jlanee, kak ObUIO 3aMeU€HO
IpU JTOKA3aTEeIbCTBE TEOPEMBI 1, PA3IMUHBIX COCTABIICHHBIX
u3 Oyke Il u B ymopsgodeHHBIX HAOOPOB NJIUHBI d, UMEETCS
Bcero 2“7 . PaccMOTpUM Temeph MOCIENOBATENLHOCTh YIOPS-
JIOYCHHBIX HAOOPOB MO3UIIMIA;

[1,2,..,a,1,12,3,...,a, +11, [3,4, ...,a, + 2], ...,
ey [1 420 242 a, + 297, (1.12)
OTHx HabOpOB MO3WNKH B TochenoBarensHocTH (1.12) Bee-
ro 1 + 2“ mryk. CnemoBatebHO, 10 KpaiiHell Mepe Juisl IByX
HaboOpoB Tmo3unuid w3 mocieqoBaTenbHOCTH (1.12) cooTBeT-

CTBYIOIIME MM YyHopsnodeHHble Habopsl Oyke II u B Oymyr
onuHakoBsl. OTCI0/1a, OYEBUIHO, CIEAYET OLIEHKA

Y—X< 2%,

CnenoBaTesbHO, JUIs JJIMHBI 1 HAUMEHBILETO MepUoIa TEM
Oomee OyIeT crpaBeIiBa OIICHKA

<2 (1.12°)

Ota oueHka, Oe3yCIIOBHO, SIBIAETCS YPE3BBIYaHO TPyOOil.
Opnako a7st o0Iero ciydasi aBTOpaM HEW3BECTHa Oojiee TOY-
Has OIIEHKa JJIMHBI eprojaa. Brpouem, s JOCTaTOYHO MIUPO-
KOTo KJjacca 3a1ad, B (JOPMYJIMPOBKE KOTOPBIX IPUCYTCTBYET
cBoeoOpa3Hasi «UCHTpajbHAs CHUMMETpUS», AJIMHY IEpHona
yAaeTcsl BBIYUCIUTH TOUHO.

Jlemma. [lycmo 6 ycnosusx npedvioyujeti meopemvt n =2.
s ynpowenus 0603Hauenull nOa0JCUM meneps a; =a, d; = C.
Toeoa nocaedosamenvrocmo 0yxe Il u B, obosnauaowux npo-
USpbIUHbLE U BbIUSPIUHbIE HOZUYUL 8 PACCMAMPUBAEMOU Uzpe,
oKazvleaemcs nepuooUtecKoll ¢ camoeo Havana (npeonepuoou-
yeckas ywacmov omcymcemeyem) u 00aadaem nepuooom, OAUHA
KOmopozo pagna a + c.



JokazareabcTBo. PaccMOTpUM HEKOTOPYIO TPOU3BOJIBHYIO
MTO3UIMIO X Hamed urpsl (MHBIMU CJIOBaMH, IIyCTh X — 3TO YHC-
J0 ocTarommxcs kKaMHel B Kyde). CHOBa Bocmolsbzyemcs: 000-
3HaueHueM f(X) ans GyHKUUM, TpuHUMatouel 3HaueHus [1 nnn
B, B 3aBUCHMMOCTH OT TOTO, SBISAETCS MO3ULUA X TPOUTPHIIIHOMN
WY BBIUTPBINIHOM. 3aMETHM TETEph, UYTO

ecmu (X)) =I, mo (X +a+c)=1II (1.13)

JeiCTBUTENBHO, TyCTh UTPOK A, HAXOISAIIMICS B MO3ULUU
X + a + ¢, beper a xaMHeH, T.e. CTAaBUT CBOETO IMapTHepa B I10-
summto X + ¢. Ho Torma ero mapTHep MMeeT BO3MOXHOCTH
B3STh ¢ KAMHEH U TEM CaMbIM MOCTaBUTh UIrpoKa A B IPOUT-
poiHyto no3unuio X. Ecnu ke urpok A, HaxoAsimuiics B mo-
3unud X + a + ¢, BO3bMET ¢ KaMHeM, TO ero napTHep BO3bMET
a KaMHEN M CHOBa MOCTaBUT UTPOKA A B MPOUTPHILIHYIO MO3U-
uuto X. Utak, cootnomenue (1.13) ycranosneHo.

ITokaxkeM Temephb, YTO UMEET MECTO CIEIYIONIEe COOTHO-
menue, anamorunysoe (1.13):

ecnu fiX) =B, mo X +a+c)=B. (1.14)
Cayuaii 1. X>c.

Wrak, mycTh st HeKOTOporo X (Takoro, 9ro X > ¢) uMeeM
AX) =B. Torna B cuty YTBepxaeHUs | TOJDKHO BBIMOTHATHCS
10 KpailHe#l Mepe OJTHO U3 ABYX PABEHCTB!

fX—a)=1I,
fX-co) =11,

otkyaa B cuny (1.13) cienyer, 4To AOMKHO BBIOTHATHCS TIO
KpaifHell Mepe 0JJHO U3 IBYX IPYIUX PABEHCTB:

AX+0) =11
fX+a)=1L
B cuny Y1Bepxkaenus 1 oTcroia, 04€BUIIHO, CIEAYET, YTO
fiX+a+c)=B.
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Tem cambim cooTHOMeHue (1.14) B cirygae X > ¢ mokaszaHo.

Caywaii 2.a<X<c

[ycte fAX) =B. B34Th ¢ KaMHEH U3 Ky4H, HAXOJSICh B IO3U-
nuu X, OYEBUIHO, HEBO3MOXKHO. [109TOMY JOKHO BBITIOJIHATE-
cst cootHoteHue X —a) = I1.

B cuny (1.13) orcrona cnenyer, 4To
fX+c)=1II
Bcnomunas Y1eepxaenue 1, 3akitouaeM, 4To
fX+a+c)=8B.
Tewm cambim (1.14) ycraHoBieHO B ciydae a < X < ¢.

Haxkownen, B ciiydae 0 < X < g paBeHcTBO f{X) =B, oueBHI-
HO, HEBO3MOJKHO.

Urak, (1.14) momuocteio nokazano. M3 (1.13) u (1.14) BoI-
TEKaeT YTBEPKICHHUE JIEMMEI.

IIpumep. IlycTh B yCIOBUAX NpeAbIAyIIEH JIEMMBI a = 2,
¢ = 9. [loctpouM TabAMIly, CONOCTABIISIFONIYIO KaX IO MO3UIIUU
X B urpe 3Hadenue f(X):

012 345678 910 11121314 1516171819 20 21...
NINBBINNBBINOB B I INB BIIl BBIl BB..

W3 mpuBeneHHON TaONMIIBI BUIHO, YTO MEPHOJ MOCIIEI0Ba-
teapHOCTH OyKB Il 11 B paBen 2 + 9 =11.

U3 pesynpTara 1eMMEI cpa3y ciemyeT BaxHas

Teopema 2 (ocHoBHan). [[ycms vlnonHeHbl NPeONnonodice-
Husi meopemvl 1 u nycmo, Kpome mo2o, 05l 603MOI’CHBIX BAPU-
AHMOB X00a UMeem MeCmo YeHMPANbHAs CUMMEMPUSL:

ata,=ata, 1=azta, ,=..=85,

20e S — Hexomopoe unamypanvroe wucno. Tozcoa nocredosa-
menvHocmy Oyke Il u B, obo3nauarowux npoucpuluinvie U bi-
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uepbluble NOUYUU 8 PACCMAMPUBAEMOL Uepe, OKA3bl8AemCs
nepuoouneckou ¢ camoeo Hauaia (npednepuoouteckas 4acmo
omcymemeyem) u obnadaem nepuooom, OIUHA KOMOPo2o pas-
Ha S.

Jloka3aTenbCTBO 3TOM TEOPEMBI MOJIHOCTBIO AaHAJIOTUYHO
JIOKa3aTeNbCTBY MPEIbITYIIEH TEMMBI.

§ 2. buenus 1 yCTOHYHUBOCTD
B nociaeaosareabHocTu I u B B urpe «kamemkm».
MyabTHIUIMKATHBHOCTD MEPUOAA

PaccmoTpuM Teneps B Ka4eCTBE NIPUMEPA UTPY «KAMEILIKH»
CO CIEAYIOIIMMH BapuaHTaMH XOAa: U3 Ky4yd KaMHEW HIPOKU
[0 oYepeny MOTryT Oparhb [1Ba, AE€BATH WK cTO KamHel. [Ipour-
pBIBaeT (Kak OOBIYHO) TOT, KTO HE MOXKET C/ENATh XO/a.

N300pa3uM mocnenoBaTeIbHOCTh BBIMTPBIIIHBIX U TPOHT-
PHIIIHBIX TTO3UIANA B COOTBETCTBYIOIICH TA0JIAIIC:
012 345678 910 11 121314151617 1819 20 21...
HIOBBHONBBINB BININB BHNIBBIO BB

8990 91 92 93 94 95 96 97 98 99 100 101 102 103 104 105 106 107 108 109 110
nHNInONBBIOIONBBIIBB B B B B II I'B B II II B

MB&I BUANM, YTO IIOCIIEAOBATEIBHOCTD MPOUTPHIMIEH U BBI-
WTpHIIIEH B Hamied 3amade BIUIOTH 10 MO3UIWU 99 (BKIIOUH-
TEJIBHO) MPOUCXOAUT C MepuogoM 11 B MOJTHOM COOTBETCTBUU
C OCHOBHOH Teopemoit 2. Ograko HaunHas ¢ mo3uruu 100 sta
MIEPHOANYHOCT «cOMBaeTcs»: mo3uus 100, oueBUIHO, CTaHO-
BUTCS BBIMTPBIIIHOM, TO e BepHO U 1y no3unuu 101. Onnako
no3uius 102 He mpeBpaiiaercsi B MPOUTPHINTHYIO, MOCKOIBKY
102 — 9 = 93, a no3unus 93 npourpsimHas. Koporko 3anuiem
ato B Bufe: 102 = B, mockoneky 93 = I1. Ananoruyno, 103 = B,

12



nockobky 94 = II. Ilpomomxkasi B TOM K€ IyXe, 3aloiHsIeM
tabmuiy musa nosunwmic 104, 105,... 110. Mbe1 Bugum, 9to Ha
npomexyTke [100; 110] mo cpaBHEHHIO ¢ MpEeABIAYIIMMHU MPO-
MEXYTKaMH TOH e UIMHBI «PHUCYHOK» TIOCIIEeI0BATEIHLHOCTH
MIPOUTPHINIEH M BBIMTPHINIEH MOTHOCTRIO M3MeHmics. [locMoT-
PHUM, KaK 3TOT PUCYHOK OyJeT BUAOU3MEHATHCA Aajblle:

111 112 113 114 115 116 117 118 119 120 121
B B B B B B B B B i -

Mp&1 BUAMM, YTO HOBAs MEPUOJUYHOCTh HE YCTAHABIHBACT-
cs1 cpasy xke. bonee Toro, Ha mpoMexyTke [200; 210] «B urpy»,
OUYEBUIHO, BCTYIAT U3MEHEHUS, TPOU3OIIEAIINE HA TPOMEXKYT-
ke [100; 110]. B pe3ynbrare Bo3HUKAIOT cBOeoOpa3Hble «Oue-
HUS», U3-32 KOTOPBIX OKOHYATEIBHBIN MEpUO/I MOCIEI0BATEb-
HOCTH TIPOWTPHIMIEH W  BBIUTPBINIEH MOXET OKa3aThCs
0O0JIBIINM.

3ameuanne 1. CymecTByIoT, OIHAKO, CUTyallH, Koraa A0-
OaBleHUE JONOJIHUTEIBLHOIO BapUaHTa XOJa He MeHsem ycTa-
HOBHBLIETOCS TTepHoaa B nocnenosarensHocty [1 1 B.

Utak, paccMOTpUM B KayecTBE OYEPEAHOTO NMPHMEpPa UTPY
«KaMelIKW», B KOTOpOH M3 Ky4H KaMHel ABoe Mo ouepean Oe-
pyT 1 mnm 2 kamHs (Kak OOBIYHO, IPOUTPBIBACT TOT, KTO HE
MOJKET CAEIATh XO/a).

B sToMm CJIydac NnocCjaCeA0BATCIbHOCTb IPOUTPBIIIHBIX W BbI-
UT'PBIITHBIX THO3UIHI HUMECT, OUCBUIHO, BU:

0 1 2 3 4 S 6 7 8 9 10
I B B i B B i B B i B

2.1)

Takum 00pa3oM, BCe MPOUTPHIIIHBIC MO3UIMUA HUMEIOT HO-
Mepa, KpaTHbie 3. Eciiu B KauecTBe BO3MOKHOTO BapuaHTa Xoja
n00aBHUTH TI000€ HATypaiabHOE YHCIO, Oonbmmee 1 u He mens-
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mieecs Ha 3, TO MOCJENOBAaTEIbHOCTh BBIMTPBIIIHBIX U TPOUT-
PBILIHBIX TMO3ULMH, OYEBUIHO, HE U3MeHuTca. Hampumep, Tab-
muna (2.1) mo-mpexxHeMy OyIeT ONMCHIBATH IOCIIEAOBATEIb-
HOCTh TIPOUTPBIIIHBIX W BBIUTPHIIIHBIX MO3UIMH B Wrpe, TAe
WTpOKaM paspemiaercs Oparthb 1, 2 wim 7 kaMHeH. AHAIOTHYHOE
YTBEP)KACHUE CIPaBEeUIMBO U B elle Oosnee oOuield cuTyarud,
KOTJla BapHaHTOB XOJa HECKOJbKO: HalpHUMeEp, pa3pelaeTcs
Opath 32 oguH xo1 1, 2, 13, 17 nnum 25 xamHEH.

3ameuanue 2. Bor eme oauH mpumep, Koraa A00aBlIeHUE
HOBOI'O BapUaHTa XOJa HE MEHSAET yCTaHOBUBILIEroCs NepHoia
urpel. Utak, mycTh B Urpe «KaMEIIKW» UTPOKH MO ouepenu Oe-
pYT U3 Kyuu KamHe# 2, 3 unu 4 kamHs. B 3TOM cinyuae, Kak Mbl
MOKEM Cpa3y CKa3aTh, OINHPAsACh Ha OCHOBHYIO TEOpeMy 2 W3
§ 1, mmHa nepuoa B mocienoBatenbHoctu I1 u B OyneT paBHa
2 +4 = 6. [IpuBeaeM COOTBETCTBYIOIIYO TAOIHUILY:

10 11 12 13

0 1 2 3 4 S5 6 7 8 9
n n B B B B II I B B B B I I ™
2.2)
Jlo6aBuM Temepp B Urpy B KauecTBE BapHaHTa XOAa BO3-
MOXKHOCTb B35Th 8 KaMHeH. 3aMeTuM, uyTto 8 = 6 + 2, 1.¢. 8 Ha 2
MIPEBBIIIAET AIUHY MEepHoAa UCXOTHON urpsl (2.2). O4yeBUIHO,
YTO B3ATHE 8§ KaMHEH U3 JTI000U MPOUTPHIITHOMN TO3UITHH B (2.2)
00513aTEeTIbHO BEeIET K BBIMTPHIIIHON MO3ULMH MapTHepa. B pe-
3yJbTaTe MPUXOIUM K BBIBOJY, YTO J00aBIEHHE HOBOTO X0/a B
UTPYy HE U3MEHMJIO MOCIEJ0BATEIbHOCTH IPOUTPHIIIEH U BBIUT-
poiieii. (AHanornusblii 3¢gdekt npoussena Obl J0OAaBIEHHAS B

UTPY BO3MOKHOCTB B3sITh 9 nnn 10 kamHeit.)

3ameuanue 3. B 3axmioueHue atoro naparpadga mnpoJeMoH-
CTpPHpYEM ellle OJTHO 3aMedaTesIbHOe CBOMCTBO MepHoa Mmocie-
JOBaTENbHOCTEH MPOUTPHILIEH W BBIMTPHILICH B UIPe «KaMel-
Ki». DTO CBOICTBO MOXHO Ha3BaTb MYIbMUNIUKAMUBHOCTBIO
nepuooa, U Mbl €T0 TMPOJEMOHCTPUPYEM Ha ITPUMEPaAX.
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Wrak, paccMOTpUM UIpy, B KOTOPOH M3 Ky4H KaMHEH pas-
pemraercs B3ATh 2 WK 8 kKaMHel. Takyro urpy Mel OyieMm Ha3bl-
BaTh {2; 8}-urpoii. HetpyaHo mpoBepuTh, 4TO B 3TOM UTpe Te-
PHOA MOCIIEIOBATENBHOCTY IPOUTPHIIIEH U BBIUTPHIIIECH UMEET
sup [ITIBBIITIBBBB.

VYaBouM Tenepb KOJIMYECTBa KaMHEH, KOTOpBIE pa3periaeT-
csl B3STh U3 Ky4H, T.€. PaCCMOTpUM {4; 16}-urpy. DnemeHTap-
HBIA IIO/ICYET IO3BOJISIET BBIYMCIUTH MEPHOJ U B ITOW WIpE;
3TOT NEPUOJ UMEET TEIEePhb BU]

MIITITIBBBBIIIIIIIIBBBBBBBB.

Ms1 BuAEM, 4TO MO cpaBHEeHHUIO ¢ (2; 8)-urpoii B (4; 16)-
urpe mepuox mocienoBarensHocTd 1 u B yanununcs Basoe
C COXpaHEeHHEM ‘“BHYTPEHHHX MPOTIOPLIUA~.

[IpoBeprM 0OHapyKEHHYIO 3aKOHOMEPHOCTH B Ooiee
CJIOKHOM, HE CUMMETPUYHOM Cllydae, KOrja U3 Kydd KaMHel
MepBOHAYaNIbHO paspemaercss Opatb 1, 2 wau 6 KaMHeW, T.e.
paccmotpuMm {1; 2; 6}-urpy. HerpymHo mpoBepuTh, 9TO B 3TOM
Urpe NMEePUOJ MOCIE0BATEIBHOCTH IPOUTPHIIICH U BHIMTPHILIEH
HMEET JJIUHY 7 U, COOTBETCTBEHHO, Bu: [IBBIIBBB.

VY ABOMM KONMUYECTBAa KaMHEH, KOTOpbIE pa3zpeniaercs: OpaTh
"3 Ky4H, T.e. paccMotpuM {2; 4; 12}-urpy. Kak n oxxumanoch,
niepuoA nocienoarenbHocTd [1 u B yanmuHMcs suBoe (Temnepnb
ero JJMHa cTaja paBHal4) U coxpaHHWI CBOM “‘BHYTPEHHHUE MPO-
ropww”’. BOT Kak BRITJISAUT 3TOT HOBBIN TIEPHUO;

IITIBBBBIIIIBBBBBB.

ABTOpBI MIPOBEJH €Ille HECKOJIbKO aHAJOTHYHBIX IKCIEepH-
MEHTOB, B KOTOPBIX COXPAHSIOCh OOHAPYKEHHOE CBOMCTBO IIe-
pHoOAa B UTPe «KaMELIKW»: NpHu mepexone oT {a, b, c}-urpsl K
{ka, kb, k c}-urpe nepuon mocnemoBatenpHocTy [1 1 B ymmm-
HSUJICS B k pa3 ¢ COXpaHEHUEM “‘BHYTPEHHUX MPOTIOPITHIA”.
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3anaua 1. BeisicHuTE, CIpaBEIMBO JIM CBOMCTBO MYJIBTH-
IUIMKaTHBHOCTH TepHoja B oOmmeM ciydae {a; di, ..., d,}-
WTPHI.

3agaua 2. [lonpoOyiiTe npuayMarh alropuT™M, BOCCTaHAB-
JMBAIOUIMN WIPY «KAMEIIKW» IO IMOCIEeI0BATEILHOCTH TPOHT-
PHILIHBIX U BEIMTPHITIHEIX o3unui (Oyks 1 u B).

§ 3. [lepnoaAUYHOCTH MPOUTPHINTHBIX
U BBIMTPBIIIHBIX MO3ULHI B HTPe «KKAMEIIKN»
(1Be Ky4u KamMHeM)

[TormpoGyem 0600mUTE pe3yJabTAT OCHOBHOM TEOPEMBI 2
3 § 1 Ha caydai, Korja KaMHHA OepyTCs HE U3 OJTHON Ky49H, a U3
JIBYX.

Tounee, mocTaBuM 3a7ady cleAyonmM oopazoM. Mimerorcs
JIB€ Ky4M KaMHEH, B KOTOPBIX COOTBETCTBEHHO M u N kamHel.
Hrparot asoe. Ilo odepenu OepyT M3 KaKOH-IMOO OIHON KydH
1 umu 2 xamHs. TpeOyercss COCTaBUTH TAOIUIYy U3 MPOUTPHIII-
HBIX U BBIMTPBINIHBIX HO3I/IHI/II>1.

B Tabn. 1 npuBeneH yrioBoil ¢pparMeHT 3Toi TabIuIbI, T
HaJl BEpXHEW CTPOKOHW MO TOPHU3OHTAIM OTJIOXKEHO YHUCIIO
OCTaBINMXCS KaMHel B Kyde Ne 1, a 1o BepTHKalu cIipaBa OT
KpalHeTo MpaBoro CTONOIA — YHCIIO OCTABIIUXCS KaMHEH B Ky-
ge No 2. B xa70¥ KJIIeTKe IPUBEACHHOTO (hparMeHTa TaOIUIThI
3anucana Oyksa [1 unu B, B 3aBHCHUMOCTH OT TOTO, ABJISCTCS JTU
IIPOUTPBIITHOA WJIM BBIUTPBIINIHON MO3ULMS C COOTBETCTBYIO-
ITUMH KOOpAWHATaMH. (3aroTHeHNE TaOIHITBI OCYIIECTBIIACTCS
€JIMHCTBEHHBIM 00pa30M IMPH JABIKESHUH BJICBO U BHU3 OT BEpPX-
HETOo MPABOTO yIJIa.)
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Tabauya 1. VI3 110601l 00HOU KyUU MONCHO Opamsb 00UH Uil 08d
KAMHS

SISISISEISISIEICISEE
SISIEISISISIEISIEIEIE:
SISISISEISISIEIEISIE
S EISIEEA IS IS
SIS EISISIEICISES
SISIEINISISISISEIEES
W || ||| | | & =
SIBIEISEISISIEIEISIE
(R (I N[ RN -=D

o | oo | | o | oo | oo | o | | |

NMSINSISSISISIEIEIE

[ycts (X, Y) — mpousBonbHas UrpoBasi mo3unus (T.e. mapa
yHuces, OO0O3HAYarOMMX KOJUYECTBA OCTAIOUIMXCSH KaMHeH
B ky4dax Ne 1 u Ne 2 coorBercTBeHHO). BBemem o0Oo3HaueHue
F(X, Y) nna ¢ynkuuu, npunumaroniei 3Hauenus I1 wim B, B
3aBUCHUMOCTH OT TOTO, SIBJIseTCA MO3ULIMA (X, ) NpOUrphIIHON
WiH BeIMTPBITHON. W3 Tabi. 1 sicHo, uro ¢pynkums F(X, Y) oka-
3bIBAETCS MEPUOANYECKON C MEpHUOAOM 3 MO KaXaAoMy apry-
MeHTY. boyiee Toro, Bce CTONOIEI (M COOTBETCTBEHHO, BCE CTPO-
Kd) B TaOnuLe MNPOUIPHIMLIHBIX M BBIMTPHIMLIHBIX ITO3ULIUN
(pparmenTom 3TON OEcKOHEUHOH TaOMUIBI sBJIseTCS Tadu. 1)
MOJIy4al0TCs APYT M3 JpyTa B pe3yJbTaTe CIBUIA, TaK YTO IIe-
PHOA BAOJIb KXIOro cToj0na (M KaXJoH CTPOKH) UMEET OIUH
u ToT ke Bux: [IBB. [loguepkHeM, 4TO UIMEHHO TaKOB IIEPUOJ B
[10CJIEJ0BATEIbHOCTH NIPOUTPBIIIEH U BBIMIPBILICH, KOTJa OIUH
WM 1B KaMHsI OepyTCsl U3 €ANHCTBEHHON Ky4H.

Paccmotpum Teneph aApyroil mpuMep, cierka BUIOM3MEHUB
MIpeIbIIyIyI0 TTOCTAaHOBKY 3anadd. llycTe Temepp u3 mro6oit
OJTHOM Ky4M KaMHEW WTPOKH MOTYT IO odepeaw Oparh 2 WiIn
3 KaMH3L.
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B atom cityuae pesynbrarsl Beruucienuii pynknuu F(X, Y)
OKaXKyTcCsl 0oJiee HHTEPECHBIMH (CM. TabII. 2).

Tabnuya 2. VI3 110601 00HOU Kyuu MONACHO Opamsv 08a Uiy mpu
KAMH3

SIBEICIEISEIEIEIES
SN EIEE
M ITNINEICISISISE
NSIBCICIEISIEIEIEIEES
SMNSIBIEISISSEIE
SMNSICIESISSEIES
||| | | | =
NMNISIEICISINIEE
| XA NN B[ W -=D

SNSRI

M ININIEICIE SIS

U na arot pa3 pynkuusa F(X, Y) okazanach nmeprHoanvecKoi
[0 KaXKAOMY apryMEHTY, IPHYeM JJIMHA 3TOro Mepuoja CHOBa
COBIIAJIa C JUIMHOW MepHoja B 3afaye, TAe KaMHH OepyTcs U3
eIMHCTBEHHOW Kyuu. OIHAKO Ha 3TOT pa3 CTOJOIEI (M, COOT-
BETCTBEHHO, CTPOKH) TaOJMHUIbl BBIMIPHIIEH W HPOWUIPHILICH
y’Ke HEe OJIHOTHUIIHBI, 8 ECTECTBEHHBIM 00pa3oM pa30HMBalOTCs Ha
IBa Kiacca: a) ¢ nepuogom BBBBII; 6) ¢ nepuonom BBBIIIL

I'mnore3a. MMerorcs 1Be Ky4d KamMHEH, B KOTOPBIX COOT-
BerctBeHHO M u N kamueil. Urpator asoe. Ilo ouepenau GepyT
13 KaKOW-JIM0O0 OJTHOM KYUH a; UU dy ... UTU &, KAMHEH,

3neck a1 < a; < ... < a, < min(M, N). [lycts, Kpome TOTO,
JUIS BO3MOXHBIX BapHaHTOB XOJa MMEET MECTO IEHTpajbHas
CUMMETPHSL:

ata,=at+a, =azta, ,=..=8.

Torma dbynkmus F(X, Y), BBeJeHHAs BHIIIE, OyJET MEpPHO-
JIMYHA TI0 Ka)/I0M U3 CBOUX MEPEMEHHBIX C IIEPHOAOM S.
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§ 4. Urpa «mmoy13yHoK»

Oty npeBocxonHyto urpy mzoopen [l. Cuneepman (1971).
Bort ee npasua.

HrpoBoe mose cocTOUT U3 y37I0B MPSIMOYTOJIBHOM PEIIeTKH
pa3smepa mxn. WUrpator nsoe. Buawane IlepBolli coenuHseT
€IMHUYHBIM (TOPU30HTAIBHBIM WM BEPTHKAIBHBIM) OTPE3KOM
JIBa COCETHUX y37a. 3aTeM BTopoll coequHseT eNMHUYHBIM OT-
pPe3KOM (TOPU3OHTAIBHBIM FUTH BEPTUKAIHHBIM) OJWH M3 KOH-
LIOB OTpE3Ka, MpOoBeACHHOro IlepBbIM, ¢ OAHUM U3 COCEIHUX
y310B. 3amem Ilepsviti coeduHsiem eOUHUYHbIM OMPE3KOM 0OUH
U3 KOHYO8 00paA306a8UICliCa TOMAHOU C OOHUM U3 COCEOHUX
y3no6. U tak panee. [IpourpsiBaer TOT, y KOTO MOJIYYUTCS 3a-
MKHYTBIN KOHTYP.

B cimydae, koraa XoTs ObI OTHO U3 YHCEN M, N YETHO, CyIIe-
CTBYET OYEBHIHAS BBIUTPHINIHAS cTparerus y [lepBoro urpoka.
Ota cTpaTerusi OCHOBaHA HA WCIOJIB30BAaHUH OCEBOH CHMMET-
puu (3epKaJbHOM IOBTOPEHMH X0J0B BToporo urpoka). Pac-
CMOTpPHM, HallpUMep, UTPOBOE MOJIe pazmepoM 3%4 (cM. puc. 1).

/

Puc. 1

3necy HeueTHBIMH HHppaMu o6o3HaueHbl xoabl [lepBoro
UTPOKA, a YSTHBIMU HU(PpaMu — Xoabl Broporo. 3epkaibHO OT-
paxast (OTHOCHTENBHO TpsiMoii /) xoxel Broporo urpoka, Ilep-
BBII oOecrieunBaet cede modeny.
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Takum 00pa3om, UrpaTh HA TOJIE pa3MEpPoOM mXn B Cllydae,
KOTZ1a XOTsI OBl OJTHO M3 YMCEIN M, 1 YETHO — HEMHTEPECHO, TI0-
CKOJIBKY BBIMTPBIIITHAS cTpaTerusi [lepBoro oueBHHa C caMoOro
Hayvana.

O003puMBIM H, BMECTE C TEM, HE BIIOJHE TPHBHAIBHBIM
SIBIISIETCSL CIIydai, KOIZla UTPOBOE IOJIE MMEET pasMepbl 3%3.
PaccmotpennemM atoro ciydas Mbl 31ech U orpaHuuumcs. [lo-
Ka)XeM, 4YTO 3[eCh CyILECTBYeT YJOOHas U JIETKO 3allOMUHAI0-
LIascsl BBIMTPBIIIHAS cTpaTerus 1 Broporo urpoxa.

[Ipexxne Bcero, 3amerum, uto y IlepBoro urpoka cyie-
CTBYIOT BCETO JIMIIb /IBa CYIIECTBEHHO Pa3IMYHBIX MEPBIX XO-
na (ocTaJbHBIE CBOASTCS K HUM B pe3yJIbTaTe IOBOPOTOB U OT-
pakeHuH).

BoT 3TH BO3MOXHBIC TiepBbie XOJbI I[lepBOro HUrpoka
(cm. puc. 2).

1
1
L] L] L] *r—s
a) 0)
Puc. 2

B cnyuae a) meHTpanbHO-CHMMETpPHYHAS CTpATeTrdsl HEU3-
0exHO BeneT Broporo urpoka k ycnexy (cm. puc. 3).

Bnpouewm, B cirydae a) y Broporo urpoka nMeercs emie oj-
Ha (4yTh OoJiee omacHas) CTpaTerus, TakKe Beayllas K BEIWT-
peiy (cMm. puc. 4). Ecau IlepBriii urpok He genaet xona “3”,
T0 Mobexa Broporo urpoka obecneveHa.
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6 2 7
8 1 5
4
Puc. 3
3 > 3
y .
©) 1 1
2 - 2

HBHpaEHHBHB{ﬁ X0

“4” — mpaBUIBHBIH X0/
Broporo urpoxa

Broporo urpoka
Puc. 4

Ecnu xe IlepBblii nenmaeT 3TOT X0, TO ajs Broporo xon
“4” 0OBEICHHBIN KPYKKOM Ha PHUCYHKE, SBIIICTCS €IWHCTBEH-
HBIM, BeAylIMM K BeIMrpbinly. He genmas atoro xoma, Bropoit
HTPOK TPEIOCTaBIIET BO3MOKHOCTE IlepBOoMy HIpOKy chenaTh
X0 “5” (cM. mpaByr KapTHHKY Ha puUC. 4), TapaHTHPYIOIIUI
IIepBomMy BeIATpBILI.

[epetinem Teneps k pa3dopy ciydas 0), U300paKEHHOTO Ha
puc. 2. B sTom cnydae mpaBUIIbHBIM X0JI0M BToporo urpoka
OyZIer Xoa K IEHTPY UTpoBOro mous (cM. puc 5). 3arem, mpu
NpaBUIBHOW Urpe BToOporo urpoka, cuTyanusi MOXET pa3BU-
BaThCs 1O OTHOMY 13 Tpex creHapues (b, B wimu I).
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A) HesepHsiii xoz “4” Broporo urpoka
nocne xona “3” Ilepsoro urpoka

1

L ]

b) Bepugiii xon “4” Broporo urpoka
nocie xoxa “3” [Tepsoro urpoka

3
. —e
2
1
. —

B) BecrnporrpeliiHas MO3HLHA
y Broporo urpoka

I') Bropoii HrpoK BEIMTPBLIBAET, NPHMEHSs
MEHTPATEHO-CHMMETPHYHYIO CTPaTETHIO

Puc. 5

OOmmM It BCEX 3THX CICHAPHEB SIBICTCS «BUXPB», 3a-
KPYYHUBAIOLTUICS BOKPYT IIEHTPA UTPOBOTO TT0JIS (CM. puc. 6).

8 7 6 5
3 6 7 3 4
4 2 | 5 8 2. '
B) B)
4
6 3 8
7 2 5
)
Puc. 6
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[onsTHO, uTO ecnu xox IlepBoro Oyzaer OTIOXKEH OT cpel-
HETO HIDKHETO y3J1a He BIIPaBoO, a BJIEBO, TO COOTBETCTBYIOLINE
BUXPH OYIyT 3aKpyYUBATHCS B IPYTYIO CTOPOHY.

§ 5. Urpa «iomanas»

Ota urpa B3saTa Hamu U3 KHIDKKU A. lllens «Urpsl u crpa-
TErMU C TOYKH 3PSHUS MaTEeMaTUKW», TJIe Iocie (GOpMyITHPOBKU
YCIIOBUSI CaMOW UTPbI MpeJjiaraeTcs Jaokaszarh, 4yto y IlepBoro
WUTPOKA BCETJla UMEETCsS BBIUTPHINIHAS cTpaTerus. BoT gopmy-
JUPOBKA 3TOH Urpsel (cM. [1], 3aga4a 29):

«Hdanvl n mouex Ha NIOCKOCMU, HUKAKUe 3 U3 KOMOPLIX He
Jedrcam Ha oOHOU npamoll. [eoe uzpaiom 6 maxyio uepy. Hauas
C HEeKOMOpOU MOYKU, N0 o4epedu NOCAeO08AMENbHO COCOUHS -
tom ux ompeskamu. llepgviii npogooum ompe3ox AB u3 ucxoo-
Hoti mouxku A, emopoii — ompesox BC, nepeswiti — CD u max oa-
nee. ([lomanas ABCD... moscem bdvimb camonepecexkarouelics
U NPOXOOUMb HECKOAbKO pa3 uepes OOHY U my Jice MOUKY, HO
08a2ICcObl NPOXOOUMb NO OOHOMY OMpe3K)y Heabss.) Tom, kmo ne
Modicem coenams X00 (6ce OmpesKu U3 e20 MouKu yiice npoge-
Oenvl), npouzpvisaem. [Jokadxcume, 4mo nepeviii UepoK ModlCem
BbIUSPATND Y.

3aMeTuM, 4TO cloBa «/{oxasicume, Yumo nepewvili Uepox Mo-
Jrcem evlucpamo», PUBENIEHHBIE TIOCe (HOPMYITUPOBKH yCIIO-
BHS WTPHI, CAMH TI0 ce0e SIBISIOTCS MOACKA3KOM, 3HAYNTEINBHO
o0JIeryaroneii MOuCK ONTUMAIIEHOM CTPATETr vy,

OBpHCTHYECKAs] CTpaTerusi, KOTOPYI0 MBI CyMeJId OOHapy-
KHUTb, POPMYITUPYETCS] OUEHB MPOCTO: APU KAANCOOM CBOEM X0O0e
Ilepeuiii uzpox O0oadicen npogooums C60l OMpPE30K 6 MOUKY,
yotce COCOUHEHHYIO ¢ OpYeUuMU MOUYKAMU MAKCUMANBHBIM YUC-
oM ompeskoe. Eciu maxkux mouex Heckonvko, mo be3pasiuy-
HO, KAKYI0 U3 HUX 8b1Opamo.
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Ha puc. 7 1 8 uzo0paxkeH Xox Urpsl B cirydae n =4 un = 5.
(Kak u BbImIe, xompl [lepBoro urpoka mpoHyMepoBaHbl HEYET-
HBIMHU YUCIIAMH, a X0AbI BTOpOro — 4eTHBIMH. )

Puc. 7 (n=4) Puc. 8 (n=5)

UTo KacaeTcs CTPOTOro J0Ka3aTeNbCTBAa MPEATIOKEHHOTO
A. llleHeM yTBEpXIEHHUS, TO OHO MOXXET OBITH IPOBEICHO IIO
WHAYKIIWY.

§ 6. Maruvecknii kBaapat u crparerus Lllens

(em. [3])

B srom maparpade MBI paccMOTPUM OJHY KpPacHBYIO
WUJICI0, CBS3BIBAIOIIYI0 MarMyeckuil KBaapaTr ¢ UIpOd B Kpe-
CTUKHU-HOJMUKU. Wped »5Ta, NO-BUAUMOMY, HPHUHAMIEKUT
A. Ilento [1, c. 19-20].

HamomuuM, mpexnae Bcero, 4To Mazuueckum Keaopamom
n-TO TIOpSAIKA Ha3bIBACTCS KBaJpaTHas TaONMuUIla pa3Mepa nxn,
3amoJIHEHHAs uMcIaMu 1, 2, ... n°, mpHYeM Tak, 4To CyMMa ITHX
YUCEN BIONb KaKIOH CTPOKH, KaXKIOTO CTOJONA M KaKIOH U3
JIBYX IuaroHainedl omHa W Ta ke. PaccMOoTpuMm Marmueckuit
KBaJpaT TPETHETO mopsiaka (cM. puc. 9).
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6 1 8

Puc. 9

Mo>kHO TIOKa3aTh, YTO BCE OCTAIbHBIC MarH4eCcKue KBajpa-
THI pa3Mepa 3X3, 3aN0JHEHHBIE ACBITHIO PA3IMYHBIMU HEHYIIe-
BBIMU LU paMU, TOIYyYaIOTCs U3 KBaJpaTa, H300pakeHHOTo Ha
puc. 9, npu TOMOIIM OTPAKEHUI OTHOCUTEIBHO TOPU30HTAb-
HOM W/WIIM BEPTUKAIBHON CpelnHell JWHWU, a TakKe OTHOCH-
TEJIBHO JAMAroHaJIel 3TOro KBajparta. (3aMeTuM, 4TO CYTepIIo-
3UNAA OTPAKEHUS OTHOCUTENFHO KaKOW-IIMOO CpeaHed JIMHUHU
KBaJpara M OTPaXCHUS OTHOCHTEIBHO [HArOHAIX KBajpaTa
npeacTaBisieT co0oi moBopor Ha 90 rpagycoB C IIEHTPOM B
IIEHTpE KBajpara.)

A. lllews B [1] IpeasIoxXui CIETYIONIYIO HTPY:

Ha cmone svinosicensvt kapmouxu ¢ Homepamu om 1 0o 9.
Heoe uepaiowux no ouepedu bGepym Kapmouku, Gvlucpuléaem

mom, Kmo nepevim cobepem Mpu Kapmouku ¢ oouel cymmou
15.

Kak 3ameTtun A. llleHb, eciiu pacroyio)KUTh 3TH KapTOUKHU B
BUJIE Maru4eckoro kBaapata (cM. puc. 9), mpeasoKeHHass UM
urpa cBeleTcs K OOBIYHON urpe B KpecTHKH-HOmuku! Jlemo
3[1eCh B TOM, YTO CYIIECTBYET B TOYHOCTH BOCEMb Pa3IHIHBIX
KOMOWHAIU{ U3 TpeX HEHYJEBBIX LU(P, KOTOPBIE B CyMME Ja-
10T 15, 1 Bce 3T KOMOUWHAIMK TIPpeACTaBiieHbl Ha puc. 9. (O0-
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IIEU3BECTHO, YTO IIPHU HpaBHHLHOﬁ HUrpe B KPECTUKNU-HOJIMKH Ha
KkBazpare 3x3 Hen30exHa HUYbsI.)

Hwxe mpennaraercs crnemyromast 1-1 Moau(pUKaUS UTPHI
[ens.

Ha cmone evinosicenvl decsams Kapmouex ¢ HANUCAHHBIMU
Ha Hux Homepamu: 1, 2, 3, 3,4, 5, 6, 7, 9 (Homep «mpuy ecmpe-
yaemces 08adcovl). /[oe ueparowux no owepeou bGepym Kap-
MOYKU, BbIUSPHIBAC MO, KO REPELIM CMOICEm COCMABUNb

U3 Kakux-1ubo mpex ceoux Kapmouex Habop c obwell cymmou
15.

Ipumep.
Tabnuya 3
Koz 5 8 4 7 9
[TepBoro urpoka
Koz 3 2 6 3 1
Broporo urpoka

Kax BumHO 13 Tabi. 3, pe3ynbTar MPOBEACHHONW UTPHI — HU-
4bsl (HM OJWH W3 WTPOKOB HE MOXKET M3 CBOMX ISTH KapTOYEK
BBIOpaTh TpH ¢ 001Iel cymMmMmoii 15).

3apaua 1. [IpoBoautcs 1-1 moaudunupoBanHas urpa Lle-
Ha. KakuM Oymer ee uror, eciau o0a UTpoOKa MEHCTBYIOT OITH-
MaJIbHO?

Pemenue. IlokaxeMm, uro npu npaBuibHOM urpe Ilepbiit
WUTrpoK BeIMIpbIBaeT. MTak, nepsriii xoxn IlepBoro urpoka — 3to
KapTo4ka ¢ 4uciioM 5. UTOoOBI MpeaoTBpaTUTh HEMEIJICHHBIH
Borpeil IlepBoro, Bropoit urpok nomkeH B3STh KapTOUKY C
yuciIoM 7. B mpoTHBHOM cilydae CBOUM CIEAYIOIUM XOA0M 3Ty
KapTOouKy Bo3bMeT llepBblii UTPOK, a 3aTeM, KaK Obl HU OTBETHII
eMy BTopoii, BO3bMET KapTOUKy C YHUCIIOM 3.
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ITocne Toro, kak BTopoii UTPOK BO3BMET KapTOUKY C YHC-
noMm 7, IlepBbiid MOXKET B34Th, HAIPUMED, KAPTOUKY C YUCIOM 2.
HanpHelne XoIpl MpU ONTHMANBHOW UTpe 00OMX HMIPOKOB
OTIPENIEIISIIOTCS. OTHO3HAYHO (CM. puc. 9 1 Tabi. 4).

Tabnuya 4
Rzt 5 2 4 9
ITepBoro urpoka
XoJb1 7 ] 6
Broporo urpoka

Urak, 2 + 4 + 9 = 15; [lepBslit UTPOK BBIMTpaJ.
Paccmotpum Temeps 2-10 Moaudukaiuio urpsl Llens:

Ha cmone evinooicenvl decsamv kKapmouex ¢ HANUCAHHBIMU
Ha Hux Homepamu.: 1, 2, 3, 4, 5, 6, 6, 7, 9 (Homep «wecmoy
ecmpeyaemcs: 08axcovl). /[goe uepaiowux no ouepeou bepym
KapmouKuy, evluzpuleaent mom, Kmo HePEbIM CMONCEN COCA-
8UMb U3 KAKUX-TUOO MPex c8oux xapmouex Habop ¢ obwell
cymmoti 15.

3apgaua 2. [IpoBoautcs 2-1 moauduupoBanHas urpa Lle-
Ha. Kakum Oynet ee uror, ecnu o6a Urpoka JIEHCTBYIOT ONTH-
MajbHO?

§ 7. Urpa ¢ 4yacoBbIMU CTPeJIKaMH

Bor eme omna 3amada, B moxoxei (GpopMyIHpoOBKe MpHBE-
JeHHas B [1].

3anaua 1. Cmpenxu Ha yugeporame nokazvléarom NOIHOUb.
Ilepsbiii u Bmopoti uepoxku no ouepeou nepesodsim cmpenxu ua-
co6 na 3 unu 4 uaca eneped. Bviuepvisaem mom, kmo nepsvim
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nOCmasum CmpenKku 6 ucxoomoe nonodicenue. Kmo evluepaem
npu onmumanvrot uepe — llepewiti unu Bmopoti uepox?

Pemenne. IlocraHoBKka 3amauyn, Ha NEPBBIA B3MVIAM, JIHILIb
HECYILIECTBEHHO OTJIMYAETCA OT TOCTAHOBKH 33J]a4M B UTPE «Ka-
MeImKu». Hike, pu MoucKe ONTUMAIbHON CTPATETHH, MBI yYBH-
IIM, OJIHAaKO, JOBOJIbHO 3HAYUTEIIbHBIE OTIIHYHS ATUX JBYX UTP.

Kak u B ciydae urpsl «kamMewku», OyIeM aHalIu3HpOBaTh
[IOCTaBJICHHYIO 33J1a4y «C KOHIa». [Ipeanoaoxkum, 4To CTpenKu
yAaJOCh YCTaHOBUTh B MCXOJHOE TOJOXEHHE CITYCTS CYTKH,
TaK 4YTO 4YacoBas CTpeJiKa clenana Ha 1udepodiaTe nBa MOIHBIX
obopota. U300pasum Teneps (He Ha nudepOmaTe, a Ha YUCIIO-
BOI OCH) MOCTIe0BAaTENbHOCTD BEIUTPBIIIHBIX M TPOUTPHILITHBIX
TIOJIO’KEHUH YaCOBOH CTPENKH; CM. TalII. 5:

Tabauya 5

(cmpenxu mosicno nepesodumsv na 3 unu Ha 4 uaca enepeo)

01 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 15 20 21 22 23 24
B?2?2mDT?? BB ??2 IOI? 2 B B ? 2?0 ? ? B B ? ?1II

Wrtak, aHanu3 3afaum «C KOHIA» yJaJoch IPOBECTH U OOHa-
PYXHUTb BBIUTPBILIHYIO cTpaTeruio Wi IlepBoro urpoxa.

3aMeTI/IM, 4TO, B OTJIMYHC OT aHAJIU3a «C KOHLa» B UTPC «Ka-
MCIIKKW», OTHOCHUTCIIBHO MHOI'MX HOBI/ILII/Iﬁ MBI HC CyMEJIU Y3HATh,
ABJISIFOTCA JIM OHU BBIUTPBIIITHBIMHA HUJIA ITPOUT' PBINTHBIMH.

W3 cnenyromeli 3amaun OymeT sICHO, YTO aHAJIA3 «C KOHIIa»
HE SBIIIETCS YHHUBEPCAIBHBIM CpPEJCTBOM, ITO3BOJISIOIIUM
OTBICKATh ONITUMAJIbHYIO CTPATCIUIO.

3anaua 2. Cmpenku nHa yughepbaame noxazvléaom nOIHOHL.
Ilepeuiii u Bmopoti uepoxu no ouepedu nepegodsam cmpenku 4a-
coé Ha 1 unu 5 uacoe enepeo. Bviuzpvieaem mom, Kmo nepevim
nocmasum Cmpenku 6 ucxoouoe nonodicenue. Kmo eviuzpaem
npu onmumanvrol uepe — llepeswiti unu Bmopoti uzpox?

28



BoTt k kakoMy pe3ynbTaTy NPUBOAMUT HA 3TOT pa3 MOMbITKA
MIPOAHAIM3UPOBATH 3a]]ady «C KOHIIA»; CM. Ta0Il. 6:

Tabnruya 6

(cmpenxu mosaicno nepesodums Ha 1 unu Ha 5 uacos eneped)

01 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
22222222222 22?2272 2 27?22 2 B ? ? ? B I

Takum 00pa3oM, BBISICHUTH, KaK CIEAYET AEHCTBOBATH WI-
pokam, TIpH MOMOIIM aHajlu3a 33Javd «C KOHIA» He yJaeTcs.
Croco0, K KOTOpPOMY OCTaeTcsl MPUOETHYTh, YTOOBI PELINTh
3ajauy — IOCTPOEHHE JIepeBa BCEBO3MOKHBIX XOA0B 000MX HUT-
POKOB.

§ 8. 3apaua o Tpex kyuax koHder

B atom maparpade Mbl paccMoTpuM MOAU(UKAIINIO OTHON
npeBocxoAHOM wurpel, npuBeaeHHod B kHure H.H. Iletposa;
cM. [2, c. 119]. (Monudukanus 3akiIr09aeTcs B TOM, 4TO Y Hac
TPU Ky4d KOH(QeT, a He ABe, Kak B [2].) OTa KHMKKa yke Oblia
C/laHa B TIeYaTh, KOTJ[a aBTOPBI OOHAPYKWIIH, YTO TIpejiaraeMas
3agada pazoOpana B [7, c. 124]. Hamr aHanmm3, oqHaKo, HECKOIBKO
OTJIMYAETCS OT MPOBEICHHOTO B [7].

Wrak, mycTh UMEIOTCS TPU Ky4yHd KOH(DET: B OJTHON Kyue —
TpUALATh, B Apyroil — 25, B Tpetheit — 17. Urpatot asoe: Ilers
u Bacsa. Xox urpoka 3akirodaeTcs B CIEIYIOIIEM: OH CheIaeT
LIETMKOM OJIHY M3 KyU, a JIFOOYI0 U3 IByX OCTABIIUXCS JICIIUT Ha
IBe (HEIyCThIe) YacTH MPOU3BOJIEHEIM 00pa3oM. Torma mocie
OUYEPEeTHOr0 X0J]a UTPOKa CHOBA MOJYYAIOTCS TPU Kydd KOH(QET.
[IpourpsiBaeT TOT, KTO HE MOXKET CEIaTh X0/a.

OueBuiHO, YTO cIeNaTh XOJ] HE yIaeTCsl, €CIIH BO BCEX TPEX
Kydax OCTaJIOCh IO OJHOU KoH(peTe.

29



Kto xe Biurpaet B 310# urpe — Ilers (0H XOIUT MEPBHIM)
WU ero NpoTUBHUK Bacs? OTBeT Ha 3TOT BOIPOC MBI ceifuac
MOJIyYHM, PACCMOTPEB 3aauy B OoJiee o0IeM BUE:

Umeromes mpu kyuu konghem: 6 00HOU Kyue m, 6 Opyeoll n,
6 mpemuveil k wmyx. Hepaiom 0eoe. X00 uepoxa 3axiovaemcsi 8
cnedyoujem: OH cveoaem Yeaukom OOHy u3 Kyu, a nodyio u3
08yX ocmasuiuxcs Oeium Ha 08e (Henycmovle) 4acmu npous-
sonbHbIM 00pazom. Toeda nocie ouepednozo x00a uespoka CHo-
6a noxyuaromes mpu Kyyu xoughem. Ilpouepvisaem mom, xkmo
He Modicem coenams xXood.

Cayuaii A. Ilokaxxem, 4TO €CIIM OJHO U3 4YuCeN m, n, k —
4YeTHOe, a JIBa APYTMX — HEYeTHBIE, TO BBIMrpbIBaeT [lepBbiii
urpok. [leicTBuTenbHO, B 3TOM ciiyuae nerctBus [lepBoro ur-
poka MoryT ObITh cienyromuMu. OH ChefaeT OJHY U3 «HEYeT-
HBIX» Ky4, a HEIyCTYI0 «UYETHYIO» Kydy HIEIHT Ha JBE HOBBIE
«HeYeTHbIe» Ky4n. Takum oOpa3oM, Bropomy urpoky mocra-
IOTCSl TPU «He4YeTHbIe» Kyud. OHY U3 HUX OH CheIaeT, a OIHY
W3 OCTABIMHMXCSA (€CITM 3TO BO3MOXKHO!) JENTUT Ha JBE YacTH.
[Ipu 5TOM OfHA M3 ABYX OOpa30BaBIIMXCS HOBBIX Kyd 00s3a-
TENBHO OYAET «4ETHOI», a Apyras — «KHEYETHON.

B pesynbprate IlepBoMy HrpoKy AOCTaHETCS Ta ke camas
CUTYyaIusi, C KOTOPOH OH YK€ WMEI JeJ0: OJIHA «YEeTHas» Kyda
U JIB€ «HEYETHBIX». JIeHCTBYS yIOMSHYTHIM BBIIIE CITIOCOOOM,
3a KOHEYHOE 4YuCiIO0 X0A0B llepBhIif UTPOK CO3AACT CUTYALHUIO,
KOTZIa BO BCEX TpeX 00pa30BaBIIMXCS Kydax JIEKHUT IO OTHOMN
koH(eTe, 1 BTopoif He MOXeT cAenaTh Xo/1a.

Cayuaii B. IlycTts Tenepp Bce Tpu uucna m, n, k — HedeT-
Hble. O4EeBUIHO, YTO MO CPABHEHHIO C MPENBIIYIINM CIy4daeMm
ITepBsiit 1 BTOpoil UTPOK MPOCTO-HAMIPOCTO MOMEHSUIUCH POJIS-
MH, U BBIUTPBILI gocTaeTcsa Bropomy urpoky.

Cayuaii C. PaccMoTpuM, aanee, ciayyaii, Koraa cpeiy 4uces
m, n, k TBa 4ETHBIX, a OTHO — HedeTHOE. B aToM ciydae [lepBsrit

30



UTPOK CHOBAa MOXET oOecneunth cebe mobeny. ExamHcTBeHHOE
OTJIMYHE OT CIydast A COCTOUT B TOM, YTO Ha CBOEM IIEPBOM XOJIE
[lepBrIit UTPOK TOTDKEH CHECTh OAHY M3 «UETHBIX» KyU.

Cayuaii D. [lycTs, HakoHell, Bce TpU uucia m, n, k — ger-
HbIe. B 3TOM cily4ae onTuMaibHast CTPATETHs YXKE HE SBISETCS
Takod mpocTol, kak B ciaydasx A, B u C. IlonsarHo, uro Ilep-
BOMY HTPOKY HEBBITOJTHO Pa3JIENIATh OJHY U3 HE ChEICHHBIX UM
UYETHBIX» KyY Ha JIBE «HEUETHBIC». Tem cambiM [lepBhIit UTrpok
MTHOBEHHO YCTYNUJ OBl BBIMTPHII BTOopomy; cM. cirydaif A.
Taxum o6pazom, IlepBrlif HTPOK OYIET CTPEMHUTHCS Pa3ACIATh
«UYETHYIO» Kydy Ha JIB€ «4YETHBIe»; HO TO K& caMoe OyJIeT cTa-
paThest aenarh (Ioka 3To Bo3MOxkHO!) u Bropoit urpok. (Ouye-
BHJTHO, YTO TO3MIIHS, KOT/Ia BO BCEX TPEX Kydax OCTalIoCh 1O 2
KOH(ETHI, IBJISACTCS MPOUTPHITITHOM. )

Hpumep 1. PaccmMoTpuM B KauecTBE MpuUMepa Ciydaid, Ko-
r1a B OMHOM W3 Ky4 6 KoH(eT, a B 1ByX Apyrux — 1o 4. [Tops-
JIOK PAacIONIOKEHUSI Kyd, OYEBHUIHO, HE WMEeT 3HaueHUs.
(HavyanpHyto mo3ummio, a Takxke KKAYIO MOCIeAYIOUIYI0 MO3H-
LU0, MBI OyJaeM 00O03HayaTh KakK YHCIOBOE MHOXECTBO, dJie-
MEHTBHI KOTOPOT'O TIEPEUUCIICHBI B PUTYPHBIX cKoOKax. ) C yue-
TOM CKa3aHHOTO BHINIE, MMAPTHs B HalleM IMPUMEpPE MOXKET
Pa3BUBATHCS 110 OAHOMY M3 CIEAYIONINX CLEHAPHEB!

{6:4;,4} = {6;2;2} — {4,2;2} — {2;2;2} —> {1, 1; 2}
—{L; 1; 1}

(Borurpei IlepBoro urpoka), 1modo

{6:4:4} > {424} - {2,2,2} > {L K2} > {1, 1; 1}
(BearpBI BTOporo urpoka). Takum oOpa3om, B paccMaTpuBa-
€MOM IIpUMepe MpH NpaBuiIbHON urpe [lepBriii MoxkeT obecrie-
quTh cebe mobemy.

Hpumep 2. PaccMoTpuM Ternepb BaXXHBIN 1T TOHUMaHUS
3a/1a9u CiIy4ai, Korjga BO BCEX TpeX Kydax 1o 4 KOH(ETEHI.
Torma ¢ yderom cooOpakeHWH, BBHICKA3aHHBIX BBINIE, TIPU pa-
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3YMHBIX JICHCTBUSIX 00OMX MI'POKOB MapTusi OyJEeT pa3BUBATHCS
CIIeIYIONUM 00pa3oM:
444 > {422 > {222 > (L L 2j - {1 15 1}

Takum 00pa3om, MapTus 3aKaHIMBACTCS BHIUTPHIIIEM BTO-
poro urpoka, T.e. {4; 4; 4} — mpOUTPHIIIHAS TO3UIHSA (KaK U
no3urmu {2; 2; 2} u {1; 1; 1}).

[Tepeitnem Teneps Kk pa3bopy obmieii cutyanuu B ciaydae D.
[TycTs HauanbHAS TO3WIINS UMEET BU {2m; 2n; 2k}; nis ompe-
JICICHHOCTH OYyJIeM CUMTaTh, YTO YHCIA M U N — HEYCTHBIC, a
k — getHoe (k = 2q). Kak MbI 3HaeM, mpu Jt000i pa3zyMHOMN
CTpaTeruy UIPOKH OYIyT cTapaThcs pa30MBATh «YETHBIC» Kydd
CHOBa Ha «4YeTHBIE» Ky4d. [loaToMy urpa OyJeT MPOXOAWTH
noumu 1O TOMY € CIIEHApHIO, YTO ¥ NPU HAYaIbHOW ITO3UIHN
{m; n; k}. 3T0 O3HAUACT, YTO MPU CACITAHHBIX MPEIIOIOKCHIIX
MpaBuiibHAs Wrpa obecrieunBacT [IepBOMY WUIPOKY BBIMIPBIII
(cM. pa3o0paHHbIi BBIIIE CITy4aid A).

JelcTBUTENbHO, TPU CAEIAHHBIX MPEANONIOKEHHUSIX Hrpa
HA4YHET IPOTEKATh TaK:

{2m; 2n; 4q} — {2n; 4q — 2; 2} (310 OBLT TIEPBHIHA X011 [lepBoTO
UTPOKA).

3arem BTopoil urpok momkeH: 1100 1) YHHYTOXKHUTH Kydy,
COCTOSIIIYI0 W3 ABYX KOH(eT; Ju00 2) YHHUTOXUTH OAHY H3
IOBYX IOPYTHX «4eTHBIX» Kyd. B mepBom cimyuae maprus, ode-
BUHO, IPOJOJKUATCS CIEAYIOIIMM 00pa3oM:

{2m; 2n; 4q} — {2m; 4q —2; 2} — {2my; 2ny; 4q.}
(toe my v ny — HEYETHBIC YHCTIA).

Bo BTOPOM CiIy4da€ MPOAOJKCHUC UT'PBL 6YZ[CT BBITJIAACTH
TaK:

{2m; 2n; 4q} — {2n;4q —2; 2} — {2my; 4ny; 2}

(rme m, HeYeTHO).
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B 06oux cioyuasx mocie xomga Broporo urpoka nepen Ilep-
BbIM OKa3bIBaeTcs (Kak M B Hayalle MIPhl) Kyya KOH(ET C YHc-
JIEHHOCTbhIO, KpaTHOH 4. Oty Kkyuy IlepBbIil urpok Bcerma mo-
JKET pa3elUTh Ha BE «YETHBIE» KY4H, YHCICHHOCTH KOTOPBIX
He nensatcs Ha 4. B pesynbrare B Kakod-TO MOMEHT BTopomy
UTPOKY MPUAETCS UMETh JeNo ¢ mo3ulmei {2; 2; 2}, a 370, Kak
MBI 3HaeM, — IPOUTPHILITHAS TO3UITHSL.

3ameuanue. lIpoBeneHue NOTHOTO aHAIM3a WUIPHl MBI
NPEIOCTABIIIEM YUTATEIIO.

3apgaua. Hmeromcs uemvipe Kyuu KOHGem, @ KOMOPbIX
cooeporcumes coomeemcmeenno 25, 26, 27 u 28 kongpem.
Hepaiom 0soe. Xo0 uepoka (kax u eviuie) 3axKmiouaemcs 8 cie-
oyrowjem: OH cvedaem YemukoM O00HY U3 Kyu, a Jiobylo u3
ocmaswiuxcs oeaum Ha 08e (Henmycmole) 4acmu NPOU380IbHbIM
obpazom. Ilpoucpvieaem mom, Kmo He MOdiCem COenams X00d.
Kmo eviuepaem npu npasunvhou uepe — Ilepgviii ucpox unu
Bmopoii?

§ 9. Urpa ¢ Mmunycamu

PaCCMOTpI/IM e ABC IIPOCThIC, HO TF0OOIBITHEIC 3aga4du.

3agaua 1. Boonw npsamoil uepes pasHvle NPOMeANCYmKU pac-
cmasnerno 100 munycos. Ueparom 0seoe. 3a ooun xo0 paspeuia-
emcsi 3a4epKHYmb O0OUH MUHYC UAU MPU COCEOHUX MUHYCA.
Ipoucpvieaem mom, kmo He Mmodcem coeramv xoda (Heuez2o
3ayepKusams, 6ce MUHyCwvl yoice 3auepkHymel). Kmo eviucpaem
npu npagunvrol uepe — Ilepsviii uepox unu Bmopoti?

OOBIYHO 3amady PO 3ad4epKUBAHHEC MHUHYCOB (hOPMYITHPY-
FOT HECKOJIBKO WHA4Ye — B YCJIOBUH TOBOPUTCS, YTO 3a4CPKHBATH
MOXHO OJIMH WJIH JBa PsIAOM cTosux MuHyca. [Ipu Takoi mo-
cranoBke IlepBbIii urpok obOecrmeunBaeT ceOe BBIUTPHIINI, 3a-
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YepKHYB €IWHCTBEHHBIN CpeAHUN MUHYC (€CIH HCXOJHOE YKC-
JI0 MMHYCOB HEYETHO) WJIHM [Ba CPEIHUX MUHYCA (ECIId MCXOA-
HOE YKCJI0 MUHYCOB 4eTHO). 3aTeM [lepBblif HTPOK OTBEYaeT Ha
X061 Broporo cuMMeTpruIHBIM 00pazom.

B Hamieil nocraHoBKe, OJHAKO, IIPU MPAaBUIIBHON UIPE BBI-
urpeiBaeT Bropoii urpok. [leiictBurenpHo, 0003HaunM yepes O
CepeaNHy OTpe3Ka, Ha KOTOPOM PAacCIHOJIOKEHBI YIOMSHYTHIE B
YCIIOBUY 3a]la4U CTO MUHYCOB.

Torpa ecau IlepBelii UIpOK NEPEUEPKUBAET MUHYCHI, JIE-
kKallpe Mo OJHYy cTOpoHy oT Touku O, To BTOpOoii oTBeuaeT
€My, IEepEeYEPKUBAasi MHHYCBI, PACIOJIOKCHHBIE CUMMETPUYHO
OTHOCHUTENBHO TOUYKH O.

Ecnu ke IlepBblif UTPOK CBOUM XOJOM IIEPEYEPKUBAET TPU
COCEHUX MHUHYCA, JISKAIIUX M0 Pa3HbIE CTOPOHBI OT TO4KH O
(manpumep, nBa — nesee Touku O, a 01MH — Mpasee), To Bropoii
HUTPOK TEPEUYEPKUBAET OAWH MHUHYC, COCEIHHN C NEpPEUEpKHY-
TBIM MHHYCOM, JexaumuM crnpaBa oT O. B pesynsrate Habop
OCTaBILINXCS HE NMEPEYEPKHYTHIMH MUHYCOB OKa3bIBAE€TCS CHUM-
METPUUYHBIM OTHOCUTENbHO Touku O. Teneps Ha KakablLil cie-
nytouit xon IlepBoro urpoka BTopoil MOXET OTBETUTH CHM-
METPHUYHO.

3anaua 2. Booab npsamoil yepe3 pasHvie NPOMed’CYmKu pac-
cmaenero 100 munycos. Heparom 0eoe. 3a ooun xo00 paspewa-
emcs 3a4epKkHyms 00UH MUHYC UTU NAMb COCEOHUX MUHYCOS.
Ipoucpvieaem mom, kmo He Mmodcem cderamv xoda (Heueeo
3auepKusams, 6ce MUHycol yce 3auepkuymot). Kmo eviuepaem
npu npasunvrol uepe- Ilepawiti uepok unu Bmopou?

Pemenwue sToit 3aavy MbI IPCAOCTABJISIEM YHUTATCIIIO.
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§ 10. Urpa «kajgeHaapb»

Ora urpa NpUHAIICKHUT MATEMATHUECKOMY (DOJIBKIIOPY; ee
oApoOHBIN pa3dop copepxkurcs B [7, ¢. 60—61]. Hamm popmy-
JIMPOBKA M aHAJIN3, OJHAKO, HECKOJIBKO OTIMYAIOTCS OT MPUBO-
JIUMBIX B [7].

Hraxk,

Hrpa «xanennapw». Hepaiom 0soe, no ouepedu Hasvisas
6ce bonee u bonee no3oHUe damvl mexkywe2o 200d. llpu smom
cobodarom credyrougue YCiosus.

1) céoum nHauanvuvim xooom Illepsviii uepox Hazvieaem nio-
oyt oamy aneaps, 3a uckuovenuem 20 aneaps;

2) 3amem KanHcOblll UZPOK MOdcem TUOO YEeaUdUBAMY YUCTO
Mecaya, 1ubo Homep mecaya, Ho damy 20 AHeaps HUKMO U3 ue-
POKO8 HA3bIBANNb HE MONCEN,

3) eviuepviaem mom, Kmo cymeem Hazeamv oamy 31 Oe-
Kaopsi.

Kmo eviucpaem npu npasuivnoii uepe — Ilepsulii uzpox unu
Bmopoii?
3aMeTuM, MPEXJe BCETO, YTO MEPEUUCICHHBIC YCIOBUS O~

YTH COBMNAJAIOT C YCIOBHUSAMHM CIEAYIONIEH XOPOILIO U3BECTHOU
UTPBI:

Bcnomorarennnas 3agava. Ha cmone nexcam 08e Kyuu
KamHel, 8 komopuvlx coomgemcmeenHo M u N kammueti, npuuem
M nue pasno N. Uepaiom 0soe — no ouepedu bepym npoussoiv-
HOe KOIUYecmeo KamHell U3 Kakou-mo o0Hou Kyuu. Bviuepuvisa-
em mom, Kmo 603bMem NoCAeOHULl KaAMEHb.

Pemienne BcnmomorarteibHoW 3agaum. B 3Toil urpe, xak
HETPYJHO BHUAETh, NMPU MPABUIBHOW CTpPaTErdu BBIMTPHIBAECT
[TepBb1it urpok. JlelcTBUTENBbHO, CBOUM HAayalbHBIM XOJIOM OH
JIOJDKEH YPaBHATH KOJIMYECTBO KaMHEH B 00enX KydaX. A 3aTteM

35



«KOTIMPOBATh» XOJbl MPOTHBHHUKA, WCIOJB3YS CUMMETPHUYHYIO
CTpaTeruio (M TeM CaMbIM KaKIbIH pa3 ypaBHHBAs KOJIUYECTBO
KaMHeH B Kyuax).

BCpHeMCﬂ TCICPDb K paCCManHBaCMOfI HUIrpe «KaJCHAAphb».

B sr1oit urpe “xamum u3 kyum Ne 1” — 310 HarypaibHbIE
gucna 1, 2, 3, ..., 31, a “kaman u3 kyuu Ne 2 — MecsIIIpI roja:
SITHBaph, PeBpab, ...., 1eKaOPhb.

Kak MbI 3HaeM M3 peleHust BCIIOMOTaTeNbHON 3aa4uH, CBO-
VM HayaJlbHBIM X0/0M [lepBblii UTPOK JOKEH YpaBHATH KOJU-
4yecTBO “KamHei” B o0eux kydyax. Ilo ycioButo urpsl, IlepBorit
UTPOK CBOMM HAavajJbHBIM XOAOM JOJDKEH Ha3BaTh KaKylO-TO
SIHBapCKYIO JIaTy M TeM caMbIM 3a0paTh OAWH Mecdl (SHBaph)
U3 Ky4Hd, coaepkarieii 12 mecsien. B pe3ynbrare YuCIeHHOCTh
Kyuu Ne 2 ctanoBurcs paBHoi 11.

Tenepb, 4TOOBI YpaBHATH YUCIEHHOCTH 00enx Ky4, [lepBbIit
WUTPOK JOJKEeH Ha3BaTh uncio 20. JleiicTBUTensHO, TOTAA B Kyde
No 1 ocranyTcsi TOoJIbKO HaTypalibHble umcia 21, 22, 23, ... 31
(Bcero 11 mrTyk).

Ho naty 20 sHBaps Ha3wiBaTh 3ampemieHo! [loatomy B pe-
LIEHHE BCIIOMOTATENbHON 3a/1a4l He0O0X0AUMO BHECTH KOPPEK-
TUBBL. A HMMEHHO, CBOMM HadaJbHbIM XOJ0M IlepBbIil UTpoOK
JNOJDKeH Has3BaTh Aary 19 sHBaps. Tak Kak 3ampeT HasbIBaTh
naty 20 sHBapsi OTHOCHTCSL K 000MM HTpokam, To BTopoii Oyaer
BBIHY)KIICH YBEIHYNATH JUOO YHCIIO Mecsma (sHBaps), 0o
Ha3BaTh OJUH U3 CIEIYIOLINX MECSLEB, coXpaHuB yucio 19. B
oboux cnyyasx IlepBblii MIPOK CMOXKET MPUMEHSTH CUMMET-
PHUUHYIO CTPATETHIO, ypPaBHUBASA YHCICHHOCTh 00EHX Ky, YTO U
obecrnieunBaeT eMy oOemy B UTpe.

3ameuanue 1.

[Tocne mHavanpHOTO X042 “19 sHBaps”, IlepBoIit UTPOK MO-
JKEeT JIeTKO (He COCTaBJsAsl TaONWIBI BBIUTPHIIIHBIX W TIPOUT-
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PBILIHBIX MTO3UINI) ONpenensTh, KAKUM JOJKEH OBITh €ro cie-
OyroIui XoA. JleMCTBUTENBHO, paBHOUMCIEHHOCTh Kyd O3Ha-
YaeT BBIOIHEHUE PABEHCTBA:

31 — “gncno” = 12 — “Homep mecsna”,

T.C.

’

“yucno” = 19 + “nomep mecaya’. (10.1)

DTO paBEHCTBO MOXKET UCTONB30BaThCs [IepBhIM UTPOKOM B
JIBYX Pa3IUYHBIX (M, B HEKOTOPOM CMEICIIE, MPOTHUBOIOJIONK-
HBIX) CUTYaIlHsX.

A) B ciiyuae, ecnu “HOMep Mecsia” coxpansieTcs, [1epBblit
WTPOK Ha3bIBaeT ompenensemoe u3 paBeHcrsa (10.1) HOBOE
“qucno”.

B) B ciryuae, ecnin coxpansiercs “aucio”, (10.1) mo3Bosser
BBIYMCIUTH HOBBIH “HOMep Mecsia’:

“nHomep mecaya” = “yucio” — 19. (10.2)

Hampumep, ecmu Bropoii urpok Hazsan gary “25 despanst”,
TO nucnonb3oBath (10.1) i onpeneneHus HOBOTo “dricna’ He-
BO3MOXKHO, T.K. MOJYYHM, YTO HOBOE ‘‘UMCIIO” JOJKHO OBITh
paBHo 19 + 2 =21. OgHako ABUTATHCS 110 BpEMEHHU B 00paTHYIO
CTOPOHY 3ampelieHo yciIoBUSIMH WTphL. [loaTomy mombp3yemcs
(10.2) 1 momyuaem HOBBIH “HOMep Mecsna”: 25 — 19 = 6. Takum
obpazom, B oTBeT Ha ‘25 ¢eBpana” IlepBblii UrpoK IOJKEH
Ha3BaTh ‘25 UIoHA .

3amMeuanue 2.

3aMeTHM clieAyroniee JOO0ONBITHOE OOCTOSTENHCTBO, Mac-
KHPYIOIIee CUMMETPHUIO UTPBI «KAJCHAAph». A UMEHHO, TO,
YTO B Pa3HBIX MeECAIaX — Pa3HOe KOJMYECTBO JTHEH, MpUYEeM B
(deBpasie Moxer ObITh MUOO 28 nHeit, ymbo 29. Ha mepssrii
B3IUIS, KaXKETCsl, YTO ATH JCTAIU MPHUBEAYT K BEChbMa CIIOKHOMN
ONITUMAJIBHOM CTPAaTEruu, OJJHAKO OHU, KaK HETPYJHO YOeIUTh-
csl, HA Hee BOBCE HE BIHUAIOT. Jle7o B TOM, YTO VIS OCYIIECTB-
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JIeHWs BBIMTPHIIMIHON cTparerun IlepBoMy UTpoKy HE0OXOAMMO
U JIOCTaTOYHO CHeNaTh HECKOJBKO XOJIIOB, BHIOpAB MX U3 Cle-
LYIOLIETO MHOYKECTBA:

{“19 aueapa”, “21 ¢eeparn”, “22 mapma”, “23 anpens’”,
“24 maa”, “25 wwona”, “26 wonn’, “27 aseycma”, “28 cen-
maopsa’”, “29 okmabpsa”, “30 nosabpsa”, “31 dexabps’}.

Bce ot XO0IbI, OYEBUIHO, BO3SMOKHbBI, U Pa3IMYHOC KOJIU-
4C€CTBO ,Z[Heﬁ B MCCiAllaX HC HAKIAAbIBACT HA HUX OCYHICCTBH-
MOCTH HUKAKHX OI‘paHH‘lCHHﬁ.

Yto KacaeTcs BO3MOXKHOCTEH I XO040B BTOpOI‘O HUIrpokKa,
TO HX, HeﬁCTBHTCHBHO, CTAaHOBHUTCs MCHBIIIC, HO 3TO HHKAK HC
BJIMSACT HA BBIMTPBIIIHYHO CTPATCTIUIO Hepsoro.

3agaya. 3aMEHHUM B UIpe «KAJIEHAAPh» 3alpEIleHHYI0 ATy
“20 siHBaps” Ha “21 ¢eBpaysa”, a OCTaJbHBIE YCIOBUS OCTABUM
B cuiie. KTo Bburpaer npu npaBuiibHOM urpe — [lepBblil Urpok
unu Bropoit?

§ 11. loxa3aTe1bCcTBO MYJIbTHILIHKATHBHOCTH
NepHoAa B HIPe «KAMEIIKI)

31ech MBI MPUBEAEM KPaTKOE IOKA3aTelbCTBO TUIIOTE3bI,
cOpMYIMPOBaHHOM B §2.

Teopema 3. Paccmampusaemcs (ai, ay, ... , ay)-uepa «xa-
mewkuy. Ilepuod nocredosamenvHocmu npoucpuvliiell U Gvlie-
pouweti (I1,B-nocredosamenvrocmu) 8 3mou uepe 0003HAYUUM
uepes T.

Oonogpemenno ¢ smoti uepou paccmampugaemcss (kay,
k ay ..., ka,)-uepa «kamewxuy, eoe k — npousgonvroe Hamy-
PpanvHoe qucio, Oonvulee eOUHUYbl, NEPUOd COOMBEMCMEYIO-
weti 11, B-nocneoosamenvrnocmu obosnauum yepes Ty.. Toeoa
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1) onuna nepuooa T, 6ydem 6 k paz borvue Onunvl nepuo-
6a T1,'

2) “enympennue nponopyuu’ nepuooa T, 6yoym maxumu
arce, kax u 'y nepuooa T.

3ameuanne. [losicHUM, YTO MBI OHHMMAaeM MOJ “BHYTpEH-
HUMH TIPOTNIOPUUAMHU” JTIOO00H KOHEUHOM IOCIIe0BATEIHHOCTH
oyks [l u B.

PaccmoTtpum, HanpuMep, CIIEIYONIYIO TIOCIEeI0BATEILHOCTh
JUIAHBL 7:

[IIIBBBIIB; ee “BHyTpeHHHME NPONOPUHN”~ — 3TO CEPUS OT-
HOILIEHUI JUIMH ee MOoCJel0BaTeNbHBIX YacTel, COCTOSAIINX W3
OykB ogHOTO THIa. A IMeHHO, 2 : 3 : 1 : 1.

PaCCMOTpI/IM TCICPh MOCICA0OBATCIBHOCTD JJINHbBL 14:

[IITITIBBBBBBIIIIBB; ee BHyTpeHHHE MPOMOPLHUU — 3TO
cepusi oTHOIIEHU!A 4 :6:2: 2.

Coxpariiast Ha OOLIUI MHOXKHUTENB 2, TTOTyYaeM:
4:6:2:2=2:3:1:1.
Jloka3aTeJbCTBO TeopeMbl. MBI OrpaHHUYMMCS TEM, YTO

pazbepeM OAWH IIPOCTOM TpHMeEp, W3 KOTOpOoro OyAeT sicHa
ujes A0Ka3aTeabCcTBa B OOIIEM Cllydae.

Wtak, pacCMOTPUM HUIPY «KaMEIIKW», B KOTOPOH U3 Ky4H
KaMHe# paspermaercst 6path 2 Wi 3 KaMHs, T.€.

(2; 3)-urpy. Ilepmon mnocnemoBaTeIbHOCTH MPOUTPHILIEH
U BBIUTPBIIIEH B 3TOH HMrpe, KaKk HETPYAHO IPOBEPUTH, UMEET
Buz: [IIIBBB. YaBouwm miwHy 3TOi MOCIeN0BaTENEHOCTH OYKB,
coxpaHuB ee “BHyTpeHHue nponopuun’: IITIIIIIBBBBBB. U3
JyarpamM, mnpejcraBieHHbX Ha puc. 10 u 11, sicHo, modyemy
HOBasl MTOCTPOCHHAS MOCIEIOBATEILHOCTh HEU30EKHO OKaXKeT-
cs mepuonoM (4; 6)-urpel «kamemkn». Bece nemo B ToM, 4TO
JUIMHBI BO3MOXKHBIX XOJIOB BO3POCIH BO CTOJIBKO X€ a3, BO

39



CKOJIBKO YBEJIMYIIIUCH PACCTOSHUSA MEXAY COOTBETCTBYIOLIMMHU
OykBamu. OOIHii cyyail paccMaTpUBaeTCsl aHAIOTUYHO.

01234 0123456789
IIITBBB IIIIBBBIIIIBB B

'}J‘:—' (Bepen 2 kamns) :Uj_l (6epem 2 kammusn)
M (Gepem 3 kamns M (Gepem 3 xauns)

Puc. 10. (2; 3)-urpa

0123456789
NNNIBBBBBB

ub—l (6epem 4 xammna)
m:—' (6epem 6 kamueil)

01234567891011121314 ...
NUNIBBBBBB II O O I B

’L‘t'f + e g (bepen 4 xauna)
’L‘t’H‘ e (bepem 6 kamueti)

Puc. 11. (4; 6)-urpa

B 3akmroueHue npuBeneM MPUMEDP UIPHI «KaMEIIKK», B KO-
topoil y II,B-mocnenoBaTeabHOCTH UMeEETCS TpeIepruoande-
ckas 4acth (mpumep B3aT u3 Kypca A.Jl. CemeHoBa, ynTaBIe-
rocs 8 MIIT'Y).

A wumenHo, peub uzaer o (3; 7; 8)-urpe. [Jdns wee I1,B-mo-
CIIEIOBATEIHHOCTh, KAaK HETPYOHO NPOBEPUTH, HMEET BUJ
(Hawao MOCIEeqOBaTEIBPHOCTH COOTBETCTBYET HYJEBOW MO3H-
LMY, KOTJIa B Ky4ye HE OCTAIOCh KAMHEM):

TIIT1 BBB 11 BBBB I1I1 BBB I1I1 BBB I111 BBB I111 BBB II1...
(11.1)
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A BOT kak BRINISAUT Hauajo I1,B-mocienoBaTeIbHOCTH IJIsS
(6; 14; 16)-urpsr:
I BBBBBB I1I1 BBBBBBBB IIIIIIII BBBBBB IIIIIIII...
(11.2)
Kax u cnenoBano oxugaTh, BHyTPEHHUE TMPOMOPLUU MPE-
nepruoandecKux yacreil y mocnenonarensHoctedt (11.1) u (11.2)
(xak ¥ BHYTpEHHHE MPOTIOPIINN TIEPHOJIOB) OTNHAKOBBL.
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