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IIpexncaoBue

B 10l ManeHbKOM KHUXKKE MBI MOMBITAIUCH U3JIOKUTH OC-
HOBBI KOJTMYECTBEHHON TEOPHUH HATYypPAIbHBIX YHCE, CIeNIaB TIPH
9TOM aKIEHT Ha OOOCHOBaHWHU apU(PMETHUIECKUX AITOPUTMOB —
CJIOKEHUH Y BBIYUTAHUU CTOJIOMKOM, YMHOXXEHHU CTOJIOMKOM M
neneHun  yrokoM. OOBIYHO 00OCHOBaHHE JTHX aJITOPUTMOB
IIPOBOJUTCS HE HA «SI3BIKE MHOXKECTBY», a YHCTO apu(METHIECKH,
C OTOPO¥ HA KOMMYTaTHBHOCTh M aCCOITMATHUBHOCTH CIIOXKECHUS U
YMHOXKEHHSI, AUCTPUOYTHBHOCTh YMHOXEHHS OTHOCHUTEIHHO
CJIO’KEHVISI M BBIYUTAHUS U JpyTUe apu(hMETHIECKHE 3aKOHBI.

Takoi moIxo/l MpeACTaBISETCS HaM U3JIMILIHE TPOMO3IKUM
U HE BIIOJIHE OTBEYAIOIIUM CYIIECTBY JIeJia, MOCKOJIBKY apud-
METHYECKHE BBIKIAIKH JUIIb MPHOIU3UTEIHHO CIEIYIOT 32 IIa-
ramMy yIOMSIHYTHIX aJITOPUTMOB,

Ha wam B3misn, Oojee MONE3HBIM Ui Tiefarora, Oolee
HarJsIAHBIM U Y6eIlI/ITeHI)HBIM SIBIISIETCSI M3JIaracMbIi HIDKE moa-
X0JlT K 000CHOBaHHWIO apH(PMETHIESCKHX aJITOPUTMOB, OIHPAFO-
IIHMIACS Ha 3JIEMEHTAPHYIO («HAMBHYIO)») TEOPHIO MHOXKECTB.

Kumxkka anpecoBaHa cTyI€HTaM MEAarormueCKuxX MHCTUTY-
TOB — OYAyUIUM YYIHUTEISIM Ha4aJbHBIX KJIACCOB, a TAKXKE POIH-
TEJIIM MIIAIINAX NIKOJIBHAKOB.

Bo BTOpOM m3ganumn no6aBieH MaTepHual, KacaloLUIUKCs Te-
peBoaia OOBIKHOBEHHBIX APOOEH B IECATHYHBIE, a TaKKe mepe-
BOJIa HATYpaJbHOI'O YHCIa U3 OJHON CHCTEMBI CUMCICHHS B
IpYyTYIO.

Astopsl npuzHatenbHbl U.B. PyOneBy 3a mose3Hbie 00Cyxk-
JCHMUSL.

Asmopui
Mockesa, sineapo 2019



1. KoHeuHbIe MHOKECTBA

[loHsATHE KOHEYHOTO MHOXECTBA JIGKUT B OCHOBE TakK
Ha3bIBa€MON KOJINYECTBEHHOW TEOPHM HATYPaJbHBIX YHCET —
HanboJiee eCTECTBEHHOTO CIOco0a O3HAKOMJICHHUS C MOHSATHEM
HaTypaJbHOI'O YUCIIA.

[Ipu >TOM, HE MONB3YySICh MOHATHEM HATYpPAIBLHOTO YHCIIA,
OTIPEENNTh, YTO TaKOE KOHEYHOE MHOXECTBO, OKa3ajoCh He-
MIPOCTO.

B xonme XIX Beka H3BECTHBIM HEMELKHM MaTeMaTHK
P. lenekun npenyoxXui cleayroliee 3aMedaTesibHoe Omnpee-
JIEHHE:

Omnpenenenue 1.1. HazoBem HemycToe MHOXECTBO A
KOHEYHbIM, €CII1 OHO HE PaBHOMOIIHO HUKAaKOMY CBOEMY IIOJ-
MHOXECTBY, OTIINYHOMY OT A.

Omupasice Ha ompenenenne 1.1, HeTpymHO TOKa3aTh (CM.,
HampuMmep, [1]), 9To crpaBeATUBO clenyomiee

YrBep:kaenne 1.1. KaoicOooe Henycmoe noOMHONMCECMEO
KOHEUHO020 MHONCECTBA KOHEYHO.

Onnako, ommpasch Ha ompeneneHue 1.1, yxke HeEIerko mo-
Ka3aTh, YTO CIIPABETUBO TAKXKE CIIEIYIOIIee

YrBep:kaenne 1.2. Obvedunenue 08yx Henycmuix Henepe-
CeKarouUxcsi KOHeUHbIX MHOJICECHE KOHEYHO.

Eme tpynnee mokaszaTh (Mcxonas U3 JEACKUHIOBA OIpene-
JIEHUSI KOHEYHOTO MHOXECTBA), YTO CIIPABEIINBO

Yreep:xkaenue 1.3. [exapmoeo npouszsederniue 08yx KoHeu-
HbIX MHOJCECME KOHEUHO.

Takum oOpa3oMm, omupasicb Ha IEICKHUHIOBO OIpenesne-
Hue 1.1, He ymaercs (1o KpaifHeil Mepe, B HACTOSIIEE BpeMs)
[I0CJIEJOBATENbHO IIPOBECTU AJIEMEHTAPHOE U3JI0KEHUE KOJIM-
YECTBEHHOM TEOPHUU HATypalbHBIX YHCEIL.



B pesynprate, B mHTEpECaxX MPOCTOTHI M HATIIATHOCTH, TPH-
XOJUTCS B OIPEJIEIICHHON Mepe KePTBOBATh CTPOTOCTHIO H3JIO-
JKEHUSL.

Hamre w3noxenue OyneT OCHOBAaHO HE Ha JCIEKUHIOBOM
onpeneneanu 1.1, BMecTo Hero Mbl OyJeM OmMUpaThbes Ha Ciie-
Iyro1nee

Omnpepenenue 1.2. Ilycte A — HEKoTOpOEe MHOXeCTBO. Co-
MOCTaBMM B3aMMHO-OJHO3HAYHBIM 0Opa3oM Ka)KAOMY 3JIEMEH-
Ty @ MHOXKECTBa A €IMHUYHBIN OTPE30K €, (pa3HBIM 3JIEeMEHTaM
MHOXECTBa A CONOCTaBISIOTCA pa3Hble eIWHUYHBIE OTPE3KH,
KOTOpBIE MOTYT MEpeMelaTbCcsl HE3aBUCUMO JAPYT OT Apyra).
Ecnm, ymorpeOuB Bce 37IEMEHTHI M3 COBOKYIHOCTH {€,}, yIa-
€TCsS COCTaBUTb EIUHBIH OTPE30K, TO HA30BEM MHOXXECTBO A
KOHEYHbIM.

3ameuanue. Cocmasums U3 HECKOIBKUX OTPE3KOB €IMHBII
OTPE30K — 3TO 3HAYMT PACITOJIONKHUTH WX (0€3 HajeraHus) Ha He-
KOTOPO# MPSIMOi Tak, YTOOBI MEXY PACTIONOKEHHBIMH OTPE3-
KaMH HE OCTaBaJIOCh IPOMEKYTKOB.

3ameuanue. OYEeBUIHO, YTO MHOMKECTBO, PaBHOMOIIHOE
KOHEYHOMY, TaKke KOHEYHO (KaK B CMBICIIE omnpeaesieHus 1.2,
TaK U B CMEBICIIe oripenenenus 1.1).

3ameuanue. B otiinuue ot onpeneneHus 1.1, onpeneneHue
1.2 mo3BoIIsIeT cpa3y 3aKIIIOYUTh, 4TO YTBEpXkKAECHKE 1.2 BEpHO.

JlefiCTBUTENBHO, €CIM HEMEPECEKaIoNIuecs: MHOXKECTBa A
1 B KOHEYHBI, TO B HAIlIEM PaclOpsHKEHUN WMEIOTCS 1Ba Helle-
pecekaromuxcs oTpe3ka A u B, cocTaBIeHHBIX COOTBETCTBEHHO
n3 HabopoB {e,} m {e,}. M3 3THX ABYX OTPE3KOB, OUYEBUIHO,
MOXHO BCETJ]a COCTAaBUTh €IUHBIN OTpe30K (cM. puc. 1.1).

A B

Puc. 1.1



3ameuanue. Pacronoxenne Habopa OTpe3KOB {¢,} B BHIE
eJIMHOTO OTpe3Ka A OueBHIHBIM 00Pa30M 3a/aeT yHOPSAI0UECHHE
JJIEMEHTOB MHOKECTBa A. MBI OyZieM CUHTATh eeomempuiecki
OYEeBUOHBIM, ITO NpU JHOOM YTIOPSJOYSHHH DJIIEMEHTOB MHO-
JKECTBA A pe3ylbTHPYIOIIHMII OTpe30K A OCTaHeTCs TeM e ca-
MbIM. OTcroga aemaem BbiBoJ, uTo eciu C € A (C sBasercs
MOJIMHOKECTBOM MHOXKecTBa A, mpuuem C # A), To Bcerma
MOKHO CUHTATh, 4TO CYIIECTBYET OTpe30K C, 00pa3oBaHHBIH U3
Habopa {e.} u sBIAIONMiicA YacThiO oTpeska A (cM. puc. 1.2).
TeM caMbIM MPUXOJUM K BBIBOJLY, UTO yTBepKJaeHue 1.1 BepHo.

A

C
Puc. 1.2

3ameuanue. [Iycts MHOXecTBa A U B KOHEUHBI B CMBICIIC
onpenenennst 1.2. Ilokaxkem, 9TO TOTHA CIPaBEIIUBO yTBEP-
xkaenue 1.3. JlelicTBUTENbHO, MYCTh M3 CHUCTEMBI OTPE3KOB
{e,} MOXKHO COCTaBUTb €IUHBIH OTPE30K A, a U3 CHCTEMBI {€;} —
eNuHbI 0Tpe3ok B. [eoMeTpHuecKH 04eBUIHO, YTO, 3AMEHUB B
cucteMe {e,}e/IMHUYHBIE OTPE3KM HA OTPE3KH, PaBHbIE B, MbI
HOJIYy4HM HOBYIO CHCTEMY OTpe3KoB {B,}, W3 KoTopoii mo-
MPEKHEMY MOXHO COCTAaBUTH €IUHBIA OTpe3ok (cMm. puc. 1.3).
OTcrofa JIETKO CIIeIyeT CIPaBeIINBOCTh YTBep K aeHHS 1.3.




YrBep:xkaenne 1.4. [Ipeononoscum, umo muodicecmso A a6-
Js1emcsl Koneunvim 8 cmbiciie onpedenenus 1.2. Toeoa ono a615-
emcsi makdice KoHeuHviM no JleOekumndy (m.e. KOHEUHbIM 6
cmuicae onpedenenus 1.1).

HokazatenbcrBo. IlpeamnonoxuM NPOTHBHOE, a HMMEHHO,
YTO HEKOTOPOE HEMyCTOe KOHEUHOE (B CMBICIIE onpezenienns 1.2)
MHOKECTBO A pPaBHOMOIIHO HEKOTOPOMY CBOEMY ITOJIMHOMKeE-
ctBy C Takomy, uto C # A. B 3TOM cityyae OKaxeTcsi, YTO OT-
pe30K A, COCTaBIIEHHBIH U3 BCEX SIEMEHTOB MHOKECTBA {€,},
00s3aH UMETh Ty € JJIMHY, 4TO U OTpe30K C, COCTaBIIEHHBIH He
u3 6cex snemenmos muodcecmea {e,}. llocnennee, oueBUIHO,

HCBO3MOXXHO.

Ha sTom MbI 3akaHuMBaeM Haille (MaTeMaTH4ecKy He BIIOJIHE
CTporoe) o0CyKIeHHEe TIOHSTHSI KOHEYHOTO MHOXKECTBa U Tiepe-
XOZMM K OIPEIETICHHUIO HAaTypaJIbHOTO YHCIIa.

2. OnpenesnieHue HATYPAJIBHOTO YHCJIA

[Ipesxxne yem naBaTh MaTeMaTUYECKOE OINpEACNiCHHUE HaTy-
PaNBHOTO YHUCIIA, 3aMETHM, YTO YeJIOBEYECTBO IO K OCO3HA-
HUIO ATOTO MOHATHS B TeUeHHE ThIcsiueneTuid. 1 3To coBepieH-
HO He ciydaiHo. [loHSTHEe HaTypaJbHOTO YHCIA SIBISETCA
JOCTATOYHO TPYIHBIM M TpeOyeT 3HAYUTENFHOW KOHIIEHTPAITUU
BHUMaHUS IJIsI CBOCIrO OCO3HAaHMUA.

HTaK, AaauM COOTBETCTBYIOIIEC OMMPEACIICHHUC.

Omnpenenenue 2.1 (cMm., mampumep, [2]). Hamyparvhsim
YUCIOM Ha3bIBAETCS KIJIACC PABHOMOIIHBIX JAPYT IPYTy KOHEY-
HBIX MHOXKECTB.

[pumep. Hanpumep, unciom 2 Ha3bIBaeTCs KJAcC, COCTO-
AMMNA U3 BCEX MHOXKECTB, PABHOMOIIHBIX MHOXECTBY PYyK Ye-
noBeka (cM. puc. 2.1).

8



2
Puc. 2.1

Hukakoro «0onee mpocToro» ompeneieHus s 4ucia 2
IaTh HE YyHmaeTcs. AHAJOTHYHBIM O00pa3oM OIPEIeIIIOTCS
OCTaJbHBIE HATypaIbHbIEC YHCIIA.

Jns ynoOcTBa yMTaTeNns Mbl MPHUBENW elle KapTHHKY, Ha
KoTopoii u3o0paxeHo uucio 1 (cm. puc. 2.2). Kiacc, Ha3BaH-
HbIII MMEHEM «1» COIEp>KUT BCE MHOMKECTBA, PABHOMOLIHBIC
MHOXXECTBY, HE COJAEpXKalleMy HHUKAKHX APYTUX 3JIEMEHTOB,
KpOME JIEBO! PYKH YEJIOBEKA.

Puc. 2.2



3. Yncao «HOJIbY

Bplme MBI UMeNH J1eNI0 TOJBKO ¢ HEMyCTHIMH KOHCYHBIMU
MHOXecTBaMH. Ham Oynmer ymoOHO NpPHHSATH COTJIAIICHHE, CO-
[JIACHO KOTOPOMY MYCTO€ MHOXECTBO @ MbI TOXe OyJeM CUM-
TaTh KOHEYHBIM.

OueBUIHO, UTO HU B OJUH M3 KJIACCOB C UMEHAMHU « 1», «2»,
«3», ... MBI ITyCTOE€ MHOXKECTBO MTOMECTUTH HE MOxeM. [loaTo-
My TPUXOIUTCS 3aBOJUTH VISl IMyCTOTO MHOXKECTBA CIICITHATH-
HBI OTAEIBHBIN KJIACC, HEMOXOKUI Ha IpPyrue, B KOTOPOM HH-
KaKHUX MHBIX MHOXXECTB, OTJIMYHBIX OT @, HAXOIUTHCS HE OyIeT
(cm. puc. 3.1).

yos

0
Puc. 3.1
JTO0T KJ1acc Mbl 0003Ha4aeM CUMBOJIOM «0» (HOJIB).
3ameuanne. Yucno 0 He cuuTaeTCs HATYPaIbHBIM.
Bot oOmenpuHsaThie 0003HAYEHUST M TSPMUHBL:

Mmnooacecmso ecex namypanvuwix uucen {1, 2, 3, ...} 06o-
3Ha4yaroT oObyHO uepe3 N, a mHoxkectBo {0, 1, 2, 3, ...} =
= NU{0} Ha3bIBAIOT MHONCECTNEOM YENbIX HEOMPUYAMETbHBIX
yycen M 0003HAYAIOT uepe3 Ny .

3ameuanne. Ilycts a — 1ienoe HEOTPULIATENBHOE YUCIO, U
MyCTh MHOXKECTBO A MPHHAMICSKUT Kiaccy a (T.e. A€ a). Toraa
TOBOPST, UTO YUCIEHHOCMb MHOXECTBA A paBHA a M 3aIHCHI-
BAalOT 3TO B Buze: n(A) = a.

10



4. OTHOLIEHNE «MEHBIIEe»

Onpenesienne 4.1. 'oBoOpAT, 4TO YHCIO a MeHbute Ynucaa b
(a < b), ecmn HaWIYTCSI MHOXKECTBO A € a M MHOXeCTBO B € b,
TaKue, 4To A paBHOMOIIHO HeKoTopoMy B, rae B; C B.

IIpumep. B xoMHaTy BOLUIM JIFOAM, HO CTYJIBEB JUISI BCEX
He xBatuno. O6o3HaunM uepe3 C MHOKECTBO CTYJBEB, a yepes
JI — MHOK€eCTBO BOLIENIIMX B KOMHATy jojed. Torna onucas-
Has BBIIIE CHTyalusd o3HadaeT, yTo C paBHOMOIIHO HEKOTOPO-
my JI;, tme JI; < JI (em. puc. 4.1).

Puc. 4.1

Takum o6pazom, n(C) < n(JI).

MoXHO MOKa3aTh, YTO OTHOIICHHE «MEHBIIEY, 3aJaHHOE
Ha Ny, SABISETCS OTHOLICHUEM CHIPO2020 JNUHEUH020 NOpAOKa
(cMm., HanpuMmep, [1]). MbI He OyneM ocTaHaBIUBATHCS 37Ie€Ch Ha
(hopMyIMpOBKE ¥ BBIBOJIE CBONCTB OTHOIICHUS «MEHBIIE),
CUHTasi BCE 3TH CBOWCTBA H3BECTHBIMH.

11



5. Ciaoxxenue

Omnpenenenue 5.1. /[ Toro, 9To0BI crodxcums aBa TETBIX
HEOTPHIIATEIbHBIX YUCIIA @ W b, HYXKHO BHIOpAaTh JBa MPOU3-
BOJIBHBIX HEIEepeceKarolxcs MHOkecTBa A € a U B € b u pac-
CMOTpETh KIJIACC BCEX PABHOMOIIHBIX JAPYT IPYTy KOHEUHBIX
MHOXECTB, cofepskanuii MHOxkecTBO AUB. IlonyuenHslii kiace
MHOJKECTB Ha3bIBACTCSA CYyMMOU 4uceln a U b u obo3HadaeTcs
atb.

Takum o6pazom,

a+b =n(AUB),
eciiu

n(A)=a,n(B)=bu ANB=0.

Puc. 5.1 unmoctpupyer 310 onpeseneHue.

(& -

Puc. 5.1

3ameuanne. MOXHO TOKa3aTh, YTO OMPEICICHUE CYMMBI
4yucenl @ U b He 3aBHCUT OT BBHIOOpa HEMEPECEKAIOIIUXCS MHO-
KecTBA€eauBeb.

W3 ompenenenust 5.1 jerxko ciemyroT BaXKHEWIINE 3aKOHBI
apuPMETUKH:

atb=b+a 5.1

(KOMMYTaTUBHOCTD CIOXKEHUS)

(a+b)tc=a+(b+c) (5.2)
(acCOMAaTHBHOCTD CIIOKCHU);

CM. 110 3TOMY MOBOZlY, Hampumep, [1].

12



3ameuanue. [Ipy TOMOIITHN OTIepaITiy CIOKEHHUS MBI MOYKEM
VIOPSIOYUTE BCE TEIbIe HEOTPHUTIATEIbHBIC YMCIIA;

0+1=1;1+1=2;2+1=3; ..

6. Boiuutanue

Onpenenenne 6.1. [Iycts a u b — nenple HEOTPHULIATEIEHEIE
yucia, npuueM a < b. BeibepeM 1Ba NMPOU3BOJIBHBIX MHOXE-
ctBa A € a u B € b u paccMoTpuM I000€ paBHOMOIIIHOE MHO-
)kecTBy A moamHoxkectBo By © B. Torma mo ompeneneHuto
pasHocms yuceln b u a paBHa

b—a=n(B\B)).

3ameuanne. MOXHO MOKa3aTh, YTO Pa3HOCTb b — a HE 3a-
BHCHUT OT BhIOOpa KOHKPETHBIX MHOXecTB A, B, B;, mepeuuc-
JICHHBIX B omnpezeneHuu 6.1.

CrpaBeyIHBEI CIIETYIONINE Ba)KHEHIITNE CBONCTBA BBIUMTA-
HHS HAa MHOXXECTBE IICNIBIX HEOTPHUIATSIBHBIX YUCEN (TIPeIIo-
JaraeTcsi, YTO BCEe y4acTBYIOMHE B (popMyliaXx pa3HOCTH CyIile-
CTBYIOT, T.€. IpuHaaiexat Ny):

(a+tb)-c=a+ (-0 (6.1)
(BBIUMTAHUE YHCIIA U3 CYMMBI);
a-(b+c)y=(a-b)—c (6.2)
(BBIUMTAHUE CYMMBI U3 YUCIIA);
a-(b-c)y=(a-b)+c (6.3)

(BBIYMTaHNE PA3HOCTH U3 YHUCIIA).

Bce atu opmynbl MOkHO O€3 Tpyaa BBIBECTH W3 OIperie-
seHus 6.1.

Oopmymamu (6.1)—(6.3) MOAB3YIOTCS YICHUKH B HA9aTLHOM
HIKoJje, mpeobpasys apudmeTHueckue BoipakeHus. (B crapmux
KJIACCaX NMTOMHUTh 3T COOTHOIICHUS yiKe HE HY)KHO, IOCKOJIBKY
BCE OHH CJICIYIOT M3 MPABUJ JCHCTBHS C LEJIBIMU, & HE TOJBKO
[EJILIMA HEOTPHIIATEILHBIME YHCIIAMHU. )
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N3 onpenenenuit 5.1 u 6.1 jnerko ciueayer Takxke, 4YTo CIO-
JKEHHE W BBIYMTAHHUE SBISIOTCS B3aUMHO OOpaTHBIMHU OIEpal-
SIMH, @ IMEHHO:

a + b = ¢ mozda u monvko mozoa, kocoa a =c —b (6.4)
(cm. puc. 6.1).

C
Puc. 6.1

3ameuanue. Kak ye TOBOPHIIOCH BEITIE, CBOMCTBA BHIUH-
taHus (6.1)—(6.3) MoryT OBITH BBHIBEJCHBI HETIOCPEICTBEHHO H3
omnpenencuus 6.1, T.e. «C onmopoil Ha MHO)ecTBay». HerpymHo
[0Ka3aTh, YTO 3TH K€ CBOMCTBA MOTYT OBITh MOJIYYCHBI IIyTEM
npeoOpazoBanus GopMmya (T.e. YUCTO apUPMETHIECKH, Oe3
«OTIOpPBI HA MHOXKECTBA»), UCXOJIS U3 CBOWCTB CIIOXEHUS U 00-
PATHOCTH BBIYMTAHUS K CIIOKEHUIO.

7. YMHOKeHHe

Omnpenenenue 7.1. [Iycts a u b — 1enpie HEOTPHUIIATEITHLHEIE
yrcaa. Toraa ux npouszeedenue a-b omnpenensercs COOTHOILIE-
HUSMH:

ab =a +a+ ... + a(bcnaraemsix), ecimu b > 1; (7.1)
a0 = 0. (7.2)

(B manbHeiimeM TOYKY — 3HAaK YMHOXEHHS — MBI Oynem
OITyCKaTh, €CJIM 3TO HE MPUBOJUT K JIBYCMBICIEHHOCTH.)

W3 onpenencuus 7.1 cnemyer, 4To Ui HATYPAIbHBIX a U b
UX TPOU3BECHNE MOYKET OBITH TAKXKe 3a7aH0 (HOpMyJIOi:

ab=n(A;UA,U .. UA,), (7.3)
rae

A;NAj=@npui#un(A)=a. (7.4)
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N3 (7.3), (7.4) HETpyIHO BBHIBECTH 3aKOHBI YMHOKCHUS:

ab =ba (7.5)
(KOMMYTaTHBHOCTh YMHOXCHHS);

(ab)c = a(bc) (7.6)
(acconMaTHBHOCTD YMHOKEHH);

(a £ b)c = ac * bc (7.7)

(mpaBast AUCTPUOYTHUBHOCTH YMHOXKEHHUSI OTHOCHTEIIEHO
CJIOKEHHS Y BHIYATAHUA);

claxb)=caxcb (7.8)
(;eBast AUCTPUOYTUBHOCTh YMHOXECHHS OTHOCUTEIHLHO
CJIOKCHUS Y BBIYUTAHUA).

8. Jlesienue

Onpenenenne 8.1. Ilycte a u b — HaTypallbHBIE 4YHCIIA.
Pazoenums a na b ¢ ocmamxom — 3TO 3HAYUT TPEJCTABUTH d
B BHJE

a=qgb+r 0<r<b. (8.1)

30ecv Henoanoe wacmuoe ¢ U OCMamox r — Tefibie HeOTPH-
HaTeabHbIE YHCTIA.

3ameuanue. Bmecto (8.1) nHOr1a MONMB3YIOTCS 3aITUCHIO

a: b =q(ocr.r) (8.1")

MOoHO TOKa3aTh, YTO YHCTO apuMeTHdeckoe («He OITu-
paroreecss Ha MHOXKECTBay) ompeneiacHue 8.1 3KBHBAIICHTHO
CIIEyIOIIEMY.

Onpenenenne 8.2. Ilycteb @ u b — HaTypanbHBIE YHCIA.
[IpencraBuM HEKOTOPOE MHOYKECTBO A € a B BUIE

A= A1UA2U UAbUR’ (82)
r7Ie MHOXKECTBa A; IOMApHO HE MepeceKaroTcs APYT ¢ IPYyTroM, a
TaK)Ke ¢ MHOYKECTBOM R, mpruem
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n(A;) =n(Az) = ... = n(Ay), (8.3)
n(R) <b. (8.4)
Torma 4MCIEHHOCTH TFOOOr0 M3 MHOKECTB A; Ha3BIBAETCS

HenoIHbIM YACMHbIM, 4 YACIEHHOCTh MHOXeCTBa R — ocmam-
KoM OT AeJeHud a na b.

3ameuanue. XoTa ompeneneHue 8.2 KaxkeTcs Oonee rpo-
MO3IIKHM, YeM «JHCTO apudmeTrmdeckoe» ompeneneHue 8.1,
HMEHHO UM YyJOOHEee IOJIb30BaThCsl IPU OOBSCHEHUHU alTOpUT-
Ma JIETICHUS «YTOJIKOM.

3ameuanue. B cnyuae, korna B (8.1) » = 0, ToBOpAT, 4TO @
JIEJIMTCS HAIleJIO Ha b ¥ 3aIHMCHIBAIOT 3TO B BHJIE

a:b=gq (8.5)
(g B 3TOM cityuae Ha3bIBAIOT YACMHbIM OT JICNICHUS a Ha b).

3ameuanue. /lenrenue Hayeno OOBIYHO HA3BIBAIOT IPOCTO
Oenenuem. HeTpyHO BHIIETh, UTO ONepalys ACJICHUS SBISCTCS
00paTHOM MO0 OTHOIICHUIO K YMHOXCHHIO:

a : b =q mozoa u monvko moeda, kozoa a = qb. (8.6)

Ms&1 He OyneM 371ech MepednciaTh CBOWCTBA ONEPAINH JIe-
JIeHWs, BEIBOJUMBIE M3 OOPAaTHOCTH JETEHHS 110 OTHOIICHHIO K
YMHOKEHHIO; CM. B 3TOH CBsi3H [1].

OTMeTUM TOJIBKO, YTO (B OTJIMYHME OT YMHOXCHHUS) OIepa-
LS IeNeHusl 00J1agaeT JUIlb OJHOCTOPOHHEH JUCTPUOYTHBHO-
CTBIO OTHOCHUTEJILHO CIIOKEHHUS U BEIYUTAHUS:

(axb)ic=arc*b:c (8.6)
HO

c(axb)#catchd
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9. lecATHYHAS CHCTEMA

PaccmoTtpumM kakoe-HHOYIb HATYypaIbHOE YHCIO B MPUBHIU-
HOM HaMm JiecsiTuyHOM 3anvcu. Hanpumep, uncino
457. ©.1)

Takas TpuUBBIYHAS HaM 3alUCh HA3BIBACTCS KPAMKOU.
(B 9roit 3ammcu MPUCYTCTBYET 7 €IUHUIL nepsozo paspsaod,
5 eOVHHIL 8MOPo2o paspaoa u 4 eqUHALIBI mpembe2o pa3psaod.)

HOOpO6HCl}Z decsamuynas 3anucb 3TOTO Ke Yuciaa BBITJTIAOUT
TaK:

4-10°+5-10"+7 - 10°. 9.2)

[Tockonbky 10°= 1, 10" = 10, BMecTo 3amucu Buaa (9.2) uc-
MIOJIE3YIOT OOBIYHO 3aITHUCh

4-10*+5-10+7 9.3)
(¥ 3Ty 3amuCh TOKE HA3BIBAIOT TIOAPOOHO).

B O6IJ.I€M ClIydace HO,Z[p06Ha$I ACCIATUYHAsA 3alliuCb HATy-
PaAIBbHOI'O YKCJia d BBITTIAANUT TaK:

a=al0"+a_; 10 '+ ... +a;10 + aq, 9.4)

COOTBCTCTBYIOI]_IaSI KpaTKasg 3alliuCb BBITTIAAAUT COOTBCT-
CTBCHHO TaK:

a = agdg1 ...a14y (95)

(duepta Hajx BEIpakeHHEM B TpaBoii yactu (9.5) HyKHa TSI TO-
ro, 4ToObl HE TeperyTaTh 3TO BBHIPAKEHHE C 00O03HAUYCHHEM
MIPOU3BEACHHUS).

[Moguepkuem, uto B (9.4) u (9.5) ax ax.1, ....a1, ap — TADPHI,
T.e. mpuHamnexxat MHoxkectBy {0, 1, 2, 3, ..., 9}, mpuuem
ay# 0.
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10. CymecTBoBaHMeE 1eCATUYHON 3aNMCH
HATYPAJbHOI0 YUCJIA

Bonpoc o ToM, Kaxgoe M HaTypaJlbHOE YHUCIO MOXHO
MIPEICTaBUTh B ICCATUYHOM 3amucH, BIOJIHE paBoMepeH. Ceil-
4ac Mbl MOJYyYUM Ha HETO YTBEPAUTENbHBIN OTBET, ONUPAsICh HA
KOPOTKO H3JI0’KEHHYIO BBIIIE TEOPUIO HATYPAJIBHBIX YUCEN.

Utak, mycTh a — IpOU3BOIBLHO B35TOE HATYpPaJIbHOE YUCIO.
Kax MBI 3HaeM, 3TO 4HCIO TpeACTaBIseT coO0M YHCIEHHOCTh
HEKOTOPOT'0 KOHEYHOTO MHOXECTBa A, HMpUYEeM MIPHUpPOJA dJie-
MEHTOB MHOKECTBa A COBEPIIICHHO HE Ba)kKHA.

Ham OGyner ynoOHO cunTath, 4TO MHOXKECTBO A TpeACTaB-
JsieT co0Oi COBOKYITHOCTh CHETHBIX Majioyek (OT ATOro Halie
paccMOTpeHHEe HE CTaHeT «0ojiee NMPUMUTHBHBIM» M «MEHEe
CTPOTUMY).

Pacmonoxum Termeps mepen co0oil MMOCIIETOBATEIBHOCTH
SIIIAKOB, TI0J] KOTOPEIME OyIyT (CIIpaBa HAJIEBO) MOIIMHCAHBI HX
HOMEpa, HaYMHAas C HyJIEBOTO HOMepa.

Mb1 MoxeM cyuTarb, 4TO C CaMOro Haydalia (Ha HYJICBOM
STBHG) Hallly CYCTHBIC ITAJIOYKH BCC JICXKAINM B SAINIHUKE Ne O;

cM. puc. 10.1.
H I
l //HH\\

Haunem Temepb CBA3BIBaTH 3TH CUETHBIC MATOYKH Oecsim-
Kamu ¥ TIepeKiajbplBaTh CBSA3aHHBIC NECSATKH B siquk No 1.
(Herpynno BuzmeTbh, 4TO (haKTHUECKH MBI OCYLIECTBIISIEM JIelie-
Hue 1o 10 B cMbIciIe AETICHUS «II0 COACPIKaHUIO»; TOAPOOHOCTH
cm. B [1].) Ilocne Toro, kak 3TOT (NMEpPBHIiT) 3TAll 3aBEpIINTCS, B
smmke Ne 0 ocraHercs He Oonblle 9 CUSTHBIX IANOYEK; MBI
0003HaYMM YHCJIO CUETHBIX MaJIOYEK, OCTABIIMXCS B SIIUKE

Ne3 Ne2
Puc. 10.1
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Ne 0, gepes ao 3arem mepeiimeM k smmky Ne 1 ¥ moBTOpUM
MpOLEaYPY, CBA3bIBas TENEpb ACCATKH CUETHBIX NaJO4YeK B
comnu. Ilocne Toro, Kak 3TOT (BTOPOMH ) 3Tarm 3aKOHYUTCSI, YHC-
JI0 ECATKOB CUETHBIX Majlo4yeK, OCTaBIIMUXCs B Auuke Ne 1, He
rpeBbICUT 9. O003HAYMM 3TO YHCIIO Yepe3 a;. 3aTeM IMeperieMm
K sAmuKy Ne 2 1 HayHEM CBSI3bIBaTh COTHM MajO4YeK B THICAYU.
U Tak manee. B cuiry TOro, 94To0 MHOXECTBO A HAIIMX CYETHBIX
MaJIOYEK KOHEYHO, MPOLECC Ha KaKOM-TO 3Tame (Ui ompere-
JICHHOCTH — Ha k-OM 3Tarne) 3aKOHYHTCS.

Ne3 Ne2 Nel NeQ
Puc. 10.2

[MoxcuntaeM Temeps KOJUYECTBO @ BCEX CUCTHBIX MATOYEK
A3 MHOYECTBA A.

W3 ompenenenus CIoKeHUs cpa3y cleayer, 4To
a = cymme YucieHHOCmell CUemHbIX NALOYEK 8 KAHCOOM
U3 AUWUKOS. (10.1)
OcCTamoch COCUMTATh YHCICHHOCTh CYETHBIX I1all0YeK B
KaX70M OTJEIBLHO B35TOM SIIHKE.
Jis oTIpeieIeHHOCTH PacCMOTPUM CHTYAIIHI0, N300pakeH-
Hyto Ha puc. 10.2.
B HyneBoMm simuke, Kak MbI BUIMM, HAXOAUTCS 6 TTAIOYEK.
B smuke Nel umeercst 4 monxux ceazku no 10 mITyK B Kax-
noii. Takum oOpa3oM, oOIIee KOJMYECTBO MAIIOYEK B 3TOM
SIIUKE PABHO
10+10+10+10=10-4=4-10,
(MBI BOCITOJIB30BAIIUCH OTIPEIICIICHUEM CIIOKCHHSI, OTIPEICIICHI-

€M YMHOXCEHHUS KaK KPaTHOTO CJIOKCHHS U KOMMYTaTHBHOCTBIO
YMHOXEHHS).
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B smuke Ne 2 mmeercst 3 moncmoix c8sa3Ku, Kaxaass U3 KO-
TOpPBIX coAepX HUT 1Mo 10 TOHKMX CBSI30K. BwiscHuM, mpexnae
BCEro, KaKOBa YHUCICHHOCTb OJHOM TOJCTOU CBs3KH. [lonb3ysch
OTPEJICIICHUEM CIOXKEHUS, a TAKXKe ONpeAeICHUEM YMHOXEHUS
KaK KpaTHOTO CJIOXEHHS, TIOydaeM, YTO

YUCTIEHHOCTb MOJICTNOU CBA3KU =
(uucnennocmo momuxoti ceéasku) - 10 =10 - 10,

OTKYJ1a JUIsl YUCICHHOCTH suKa Ne 2 umeem:
10-10+10-10+10-10=
(10-10) -3=3-(10-10)=3-10%
AHAJIOTUYHO, BBIYUCIISEM YHUCICHHOCTH simuka Ne 3, B Ko-
TOPOM COJIEPIKATCSI OUeHb MOJICHble CEAZKU:

10-10 10+ 10-10 -10=(10-10 -10)-2=2-10".

Takum 00pa3om, YHCIIO CYETHBIX Najodek Ha puc. 10.2
paBHO

2-10°+3-10°+4- 10+ 6 = 2346.

B o0miem ciyyae, 0O4€BHIIHO, MbI IIPUXOJUM K PaBEHCTBY
(9.4). Tem cambpiM MBI TIOKA3aJlH, YTO ISl IPOU3BOJIBHO B3f-
TOr0 HATYpaJbHOT'O YHCIA 4 CYUIECTBYET €ro AecATUYHAS
3aIUCh.

11. CpaBHeHHne HATYPAJIbHBIX YK Ce]
B 1eCSITHYHOM 3alIUCH

ITycTs UMerOTCA N1Ba YKcia, 3aJaHHBIC CBOUMHU JCCATHYHbI-
MH 3aIUCIMU: 9HCIIo a (cM. (9.4)) 1 uucio

b = by10°+ by 107" + ...+ b, 10 + by, (11.1)

He orpanmumBas OOLIHOCTH, MBI MOXXEM CYUTATh, YTO B
(11.1) p = k. [lelicTBuTensHO, Bceraa MOKHO 0oliee KOPOTKYIO
n3 nByX 3amuceit (9.4), (11.1) TOTOIHATE CTIepeIn HYJISIMH.
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Hrak, cpaBHUBaeM JiBa YyuCa:

a=a 10"+ a 10 '+ ...+ a10 + ay;

b =b 10"+ b 10"+ ... + b 10 + by, (11.2)
Haunewm Teneps cpaBHMBaTH KO3()PUIUEHTH IPH OJUHAKO-

BBIX CTENEHSX ACCSATKH, HAUMHAS CO CTApIUUX pa3psaoB M Ipo-
JBUTasiCh CIE€Ba HAIIPABO (B CTOPOHY MIJIAJIINX Pa3psiioB).

IlycTs, Hanpumep,
ax= by, ax.1= by, ..., as1= byy1, as> by, (11.3)

T.€. 6nepavle, IPU IBIKEHUH B CTOPOHY MIIAIIINX Pa3psioB,
paspsiiHbIE cllaraeMble YUCell a U b OKa3aJuch HE PABHBI B S-OM
paspsizie, OpUYeM COOTBETCTBYIOIIEE PA3pPSIHOEC ClIaracMoe B
3aIKCH YUCIIA ¢ 0Ka3aJIoCh OOJIbIIIE.

[Toxaxkem, uro u3 (11.3) cnemyeT, 9aTo
a>b. (11.4)

I[J'IH O9TOro CHOBa an6erHeM K UHTCPIPETALIUN YHUCCII KaK
YHUCIICHHOCTEH MHOKECTB CUCTHBIX MaJI0YECK.

Brauane paccmoTtpum uncio a. O603Ha4uM uepes
Ak, Ak—l, Ak—Z) ] AS‘H, AS, e Al) AO
MHOXXECTBA CUCTHBIX ITAJIOUYCK, OKA3aBIIMXCA B sANIMKaX IIOCJIC

3aBepILIeHUs NpoLeayphl, onrucaHHoi B 1. 10. Takum oOpazom,
HMeeM:

A A Ag1 A A A

| | [ .. | l... | | | | (1L.5)
k k-1 s+1 S 1 0

AHanornyHo, OyJeM HHTEpPIPETHUPOBAThL YHUCIO b Kak
YUCJIICHHOCTh MHOXECTBa B CUETHBIX Mmalio4eK, ¢ KOTOPBIMHU
MIPOBEJIEM TY K€ MPOLEIypy, YTO U C MMall0YKaMH U3 MHOXKe-
cTBa A.

21



0O0603Ha9YMM Yepe3

Bk7 Bk-l, Bk_2, ceey Bs+l, Bs, ceey B17 B()
MHOKECTBA CUETHBIX MATOYEK, OKA3aBIINXCS B COOTBETCTBYIO-
IIUX SIIIAKaX MOCTIe 3aBEepIICHUs YITOMSHYTOU mpouenypsl. Ta-
KHM 00pa3oM, UMeeM:

By Bk Bs1  Bg B, Byg

| | [ ... ] | [...] || | (11.6)
k k-1 s+1 S 1 0

Haumnas ¢ 3Toro MOMeHTa, SIIUKH, B KOTOPBIX PaccopTH-
pPOBaHO MHOECTBO A, OyZleM Ha3bIBaTh «BEPXHUMUY, a aHAJIO-
TUYHBIE UM SIITUKH, 10 KOTOPBIM Pa3ioKeHO MHOXKECTBO B, —
CHIDKHUMID.

VYuutsiBas cootHomrenus (11.3), pa3BsikeM B MHOKECTBE A
00my CBSI3KY, cojepskaniyto 10° CUETHBIX MaloveK, U MPEBPATUM
5Ty cBs3Ky B 10 cBsi30K, comepkammx mo 105! cyerHsIx maso-
yek. Bee ot 10 cBs30K mepeHeceM B (BEPXHHUIA) SIIUK ¢ HOME-
pom s-1. B (BepxHeM) smuke ¢ HOMepoM s — 1 TipojieraeM aHa-
JOTHYHYIO TPOLEAYPY: Pa3BsDKEM O0OH) CBS3KY, COIEPKALIyIo
107" cueTHBIX manouek, u mpeBpaTEM ee B 10 cBa3ok mo 10°°
CUYCTHBIX Tajouek B Kaxkmaoi. 3aTteM Bce 3T 10 CBA30K IepeHe-
ceM B (BepxHHI) sSmmK ¢ HOMepoM s-2. IIpogomxkas mporiecc,
6e3 Tpy/ia MOIy4IHM, YTO

1) B KaXJIOM BEpXHEM SIIUKE HE MEHbIIE CUETHBIX MaJlo-
YeK, YeM B COOTBETCTBYIOIIEM HIDKHEM SIIUKE (T.€. B HIKHEM
SITAKE C TEM K€ HOMEPOM);

2) B BEpXHEM SIIHKE ¢ HOMEpoM () HEe MEHBIIE ACCITH CUET-
HBIX TaJI0YeK, B TO BpeMs KaK B HMKHEM SIIHKE C TEM K€ HO-
MEpPOM CUETHBIX NaJo4YeK He OOJbILe IEBSTH.

B pesynbTaTe 3akiatouaeM, 4TO YMCIEHHOCTh MHOXKECTBA A
CTporo OoJbIlIe YHCICHHOCTH MHOXecTBa B, T.e. (11.4) ycra-
HOBJICHO.
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12. EAMHCTBEHHOCTH AeCATUYHON 3aNUCH
HATYPAJbHOI0 YUCJIA

Tot akT, yTO HaTypaTBEHOE YUCIIO MOXKET OBITH TPEICTaB-
JIEHO B JECSTHYHOW 3allMCH €IWHCTBEHHBIM 00pa3oM, JIETKO
JIOKa3bIBAETCS OT MPOTUBHOTO. J[eHCTBUTEIBHO, IPEAIOIONKUM,
YTO HEKOTOpPOE HATypaJbHOE YUCIIO @ MOXKET OBITH INpE/ICTaB-
JICHO B JICCATUYHOM BHJIE IIByMs pa3iHuHbIMU criocobamu. To-
I/1a B CHJTy Pe3yJbTaToB MPEAbIAYIIETo MMyHKTa MBI, OY€BHIHO,
JIOJDKHBI ObLTH OBI 3aKJIIOYHTh, YTO @ > @ (WM, 9TO TO XKE ca-
Moe, 9To a < a). OTHAKO ATO MPOTHBOPEUUT CBOMCTBAM OTHO-
LICHUST «MEHBIIIEe» (CM. IO 3TOMY MOBOJY, Hampumep, [1]).

13. AJIropuT™ CJI0KeHHsI CTOJIOMKOM
(o0ocHOBaHHE «C ONIOPO HA MHOKECTBA»)

Temneps MBI, HAKOHETI, MOJONUIN K M€ BCETO HAIIETO W3-
JIOXEHHSI — 0OOCHOBAHUIO BAXKHEHUITUX apH()PMETUUESCKHUX alro-
PHUTMOB.

Haunem ¢ anroputMa cioskeHHs CTOJIOMKOM, 00OOCHOBaHWE
KOTOPOTO MPOBEJIEM «C OMOPOH Ha MHOXKECTBa» Ha KOHKPETHOM
npuMepe.

[Tycte Tpebyercst BeIYMCINTE cymmy 247 + 365. Mmeem,
IOJIL3YSCh AITOPUTMOM CIIOKEHHUSI CTOJIOMKOM:

[N NS T
N e
|9 BN |

=
[y
[\ ]

(13.1)

Hns obocHoBanus (13.1) BCHOMHUM OIpe/ieieHHne CIIOXKe-
HUS HaTypaJbHBIX YUCeN. PacCMOTpUM JBa HETIEPECEKAOIIUXCS
MHOECTBA, COCTOSIIMX W3 CUCTHBIX MANOYEK: MHOXKECTBO A,
MIpUHAJUIeKAIee Kiaccy 247, 1 MHOXKeCTBO B, mpuHaiexaiee
kimaccy 365. Cymmoit kmaccoB 247 u 365 OymeT Kiacc, comep-
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xammii AUB. UucierHocts MHOXecTBA AUB (T.e. Kiacc, xo-
TOPOMY TPUHAIJIEKUAT 3TO MHOXKECTBO) HUKAaK HE 3aBUCHUT OT
TOT0, HaJIeIWJIN MBI MHOKeCTBa A 1 B kakol-HHOYAb BHYTPEH-
HeHl CTPYKTypoH, uiu HeT. [loaToMy MBI HMeeM TOJHOE MPaBo
CUHUTaTh, YTO CUCTHBIC ITAJIOYKH B MHOXKECTBAX A u B cBa3anbl
JECSITKaMH, a AECATKH CBSI3aHBI TOXKE TIO IECATH MTYK (TaK 9TO
MOJyYMJINCh COTHH, COCTOSIINE M3 CBS3aHHBIX JICCATKOB);
cM. puc. 13.1.

Muo:kecTBO A

MH=oxecTEO B III ””” H‘H
O0bennHeHHE ‘ ‘ ‘ H ‘ ‘
MHOKeCTE AUB I I

Puc. 13.1

Wrak, mHOXEeCTBO AUB MBI pacnonoXuiu B TpeX HIDKHHUX
SIIUKax, u300paxkeHHbIX Ha puc. 13.1. Paccmorpum Temepn
(B TIOJTHOM COOTBETCTBHH C aJITOPUTMOM CIIOKCHHSI CTOJIOMKOM)
CUETHBIE TTAJIOYKHU B ITPAaBOM HIIKHEM SIITUKE; cM. puc. 13.1.

OTUX MaJ04YeK, KaK MBI BUJIUM, POBHO JBECHAJIIATh IITYK;
cBskeM 10 W3 HUX W TIEpEHECeM IONYYHBIIYIOCS CBSI3KY B
CPeIHUI HWXHHHA SAOMK. Takux CBS30K B CPeIHEM HUKHEM
SITAKE OKAXETCS TOT/Ia OJMHHAIATH IITYK. B MOIHOM COOT-
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BETCTBHUHU C aJITOPUTMOM CJIOKEHHUS CTOJIOMKOM, cBsbkeM 10 Ta-
KHUX CBSI30K B OJIHY COTHIO U MEPEHECEM MOIYUYECHHYIO TOJICTYIO
CBSI3KY B JIEBbII HUKHUU SALLIUK.

B pesynbraTe MHOXKECTBO AUB oKkaxercs paccopTHpoBaH-
HBIM 10 fAIMKaM TakK, Kak 3TO MoKa3aHo Ha puc. 10.2.

OGBennHeHHE I
MHOEECTE AU B I I

Puc. 13.2

(lloouepxnem, umo npu npoyeodypax cea3vleaHUs NATOYEK U
NEePeHOCa NOTYYEHHBIX CEA30K U3 00HO020 AWUKA 6 OpYeoUl Huc-
JeHHoCcmb MHodicecmea AUB Hukak He MeHAACY.)

Hrak, u3 puc. 13.2 o4eBUIHO, 4TO
n(AUB) =612,

Tem cambiM 000CHOBaHHE MpaBHiIa CIOKEHUS CTOJIOUKOM B
HallleM KOHKPETHOM IpuMepe 3aBepiieHo. [Ipu 3toM Bce Hamu
JEUCTBUSI CO CUETHBIMH TMajo4YKaMu (DaKTHUECKH TPEACTABIISIIN
co00ii «ompeamMedrBanuey maros anroputma (13.1).

HeTpynHo BHIETH Takke, YTO MPEIUIOKEHHBIA MOIXOM C
TEM XK€ YCIIEXOM paboTaeT B 00IIeM clirydae.

3ameuanue. llomuepkHeM, UYTO HHUKAaKUMH CBONCTBAMU
apuMeTHvYecKol omepanuu CIOXKCHHS MBI B IPOBEIACHHOM
000CHOBaHUY HE TIOJIH30BAIIUCH.

3ameuanue. [IpemmoxeHHBIA MOAX0M K 000CHOBAHHUIO aJl-
TOPUTMA CJIOKEHHUSI CTOJIOMKOM OYEBHIHBIM 00pa3oM paboTaeT
HE TOJIBKO B CJjiy4yac )Z[GCSITI/I'—IHOﬁ CHUCTCMBI CUHUCJIICHHA, HO U B
cinydae mo0oit p-muHON. Kak MBI yBHIUM HHXKE, JUISI OCTalTb-
HBIX apu(METHIECKHUX alITOPUTMOB CHTYyaIHs aHAIOTUYHA.
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14. AJropuTtm cJI0:KeHHsI CTOJIOMKOM
(apudmMeTnyeckoe 000CHOBAHNE)

[Mompobyem Temepsp obocHoBath (13.1), omupasch HCKIIO-
YUTEIHHO Ha apU(PMETHUECKUE 3aKOHBI.

Nmeem:
247 + 365 = (210 + 4:10 + 7) + (310 + 6:10 + 5) = [(2-10* +
4:10) + (3-10° + 6:10)] + (7 + 5) = [(2:10* + 4-10) + (3-10* +
6:10)] + (1- 10 + 2) =
= {[(2:10* + 4-10) + (3-10> + 6:10)] + 1- 10} + 2 =
= {(2:10> +3-10°) + [(4-10 + 6:10) + 1- 10]} +2 =
= {(2:10> +3:10%) + [(4 + 6)10) + 1- 10]} +2 =
= {(2:10° +3-10%) + [1-10> + 1- 10]} +2 =
= {2 +3)10°+[1-10*+ 1-10]} +2 =
= {5:10*+[1-10*+ 1- 10]} +2 =
={(5+1)10°+1-10} 2 =
=610+ 1-10 +2 =
=612.

B xone mpoBeneHHBIX MPeoOpa3oBaHUl MBI MOJIL30BATUCH
aCCOIMAaTHUBHOCTBI0 M KOMMYTaTUBHOCTBIO CIOXKEHHSA, JUCTPH-
OyTHBHOCTBIO YMHOXKEHHSI OTHOCHTEIBHO CIOXKEHUS, a TaKKe
TabauLel cI0KEeHUs] OAHO3HAYHBIX YHCEN W MPaBHIOM 3alich
4HCell B IECATUIHOM CUCTEME.

HerpynHo 3ameTuTh, OAHAKO, YTO aprUpMETHIECKOE 000C-
HOBaHHE (B OTIMYME OT OOOCHOBAHHS «C OMOpPO HAa MHOXe-
CTBa») JIUIIb NPUOIU3UTEIHPHO UMHUTUPYET JIOTHKY ajiropurMa
CJIIOXKEHUSI CTOJNOMKOM. J|eHCTBUTENHHO, STOT aITOpPUTM OO0JIb-
IIMHCTBOM YYE€HWKOB BOCIIPHHHUMAETCS KaK €CTECTBEHHBIA, HO
HU O Kakoil JUCTpUOYTHBHOCTH YMHOXEHHSI OTHOCHUTEIIEHO
CJIOKEHHUSL MPH €CTECTBEHHOM BOCIPHATHUA 3TOrO ajiropurMa

26



pe€un HEC HUACT. J%03080%478 CJIOBaMH, TCOPETHUKO-MHOXCECTBCHHOC
000CHOBaHHWE YIOMSHYTOTO alropuTMa o0jamaeT, Ha Hail
B3IJISA/], 3HAYUTENLHBIMH MTPEUMYIIICCTBAMH.

15. AIrOopuT™M BBIYMTAHHUSA CTOJIOMKOM
(o0ocHOBaHHE «C OMOPO HA MHOKECTBA»)

Kak u BBIIII€, MBI OI'paHUYHUMCA pPAaCCMOTPCHHUEM KOHKPET-
HOTO TIpUMepa.

[Tycts TpeOyeTcs BBIMHCINTH pa3sHOCTh 612-365. Mmeewm,

MOJIB3YSICh AJITOPUTMOM BbIYUTAHUA CTOJIOUKOM:
. 1010

612
365

247 (15.1)

Msr OyneM neiicTBOBaTh NMPUMEPHO TakK ke, Kak B I 13,
MIPUBHECS B MPOLEAYPY HEKOTOPbIE HE3HAYUTENbHBIE OTINYHS.
Urak, paccmotpum mMHoxkecTBo C Takoe, yro n(C) = 612, u He
TepeceKaroIieecs ¢ HUM MHOXecTBO B Takoe, uto n(B;) = 365.
O06a mHOxecTBa OyleM CUMTaTh COCTOSIIUMH W3 CUETHBIX IIa-
JOYEeK U CTPYKTYPHUPOBAHHBIMH ONHMCAHHBIM BBIILIE OOpPa3OM.
(EnuHn4HBIE TAJOYKH CBSI3aHBI B JECATKH, ACCATKU NECATKOB
CBSI3aHBI B COTHH; BCE CBA3KH Pa3l0XKEHbI B COOTBETCTBYIOLIHE
SITAKA; M. pHUC. 15.1.)

MHO®KecTBO C I

MHO."—KGCTBOBl III ”"” H‘H

Puc. 15.1
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Hama Onmxaiimast 11ejb — BeIaeauTs B C MOJIMHOXKECTBO,
PaBHOMOIIIHOE MHOXECTBY Bj, mpuueM crienath 5TO TakuM 00-
pa3oM, 4TOOBI 3a0[HO CTajla SICHA TEOPETHKO-MHOKECTBEHHAS
ocHoBa anropurma (15.1). CoBepIIeHHO OYEBHIHO, YTO HYKHO
B3SITh OJIHY TOJICTYIO CBSI3KY M3 JIEBOI'O BEPXHETO SIIHKA, H300-
pakeHHOTro Ha puc. 15.1, mepeHecTH B CpeIHUIN BEPXHUM SIIIUK,
pa3BsizaTh HAa TOHKUE CBS3KH ([ECATKH) U OIHY M3 TOHKHUX CBS-
30K TEPEHECTH B MPAaBblii BEPXHHUH SIIMK U TaM pPa3Bs3aTh.
Pesynprar nzobpaxken Ha puc. 15.2. (Ouesuono, umo onucan-
Hasi npoyeodypa HUKAK He NOGAUSALA HA YUCTEHHOCHb MHOJICe-
cmea C.)

MHO#ecTBO C;
€ro NOOMHOKECTBO B CcocTOHT H3 || ”
Tpex dacTeil, koTOpble 0GBeIeHEI I I

e @ || | | ‘ ‘ ‘ ‘
MHOKECTBO B1

MHO%ecTRO C \ B II‘ ‘ ”” ‘ ‘ HHH‘

Puc. 15.2

Wrak, uncnernnocts MHOXKecTBa C \ B = 247. Takum o0Opa-
30M, BBIYHCJIEHHAs B CTPOIOM COOTBETCTBUM C ONpPECICHUEM
BBIUMTAHUS pa3HOCTh 612-365 coBmana co 3Haue€HHUEM, BbIYHC-
JICHHBIM IIPU TIOMOIIY aJrOPUTMa BBIUUTAHUS cTOIOuKOM. [Ipn
9TOM MBI (PAKTUYECKH Jald TEOPETHKO-MHOKECTBEHHOE 000C-
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HOBaHHE YIOMSHYTOTO aJiTOPUTMa B PAaCCMOTPEHHOM IPUMEpE.
[lepenoc Hammx paccMOTpeHH Ha OO ciydall HE COCTaB-
JSeT TpyAda.

3ameuanune. Apudmernueckoe 0OOCHOBAHHE aIropuTMa
BBIYATAHUS CTOJOMKOM OKa3bIBaeTCs emle 0ojee TPOMO3IKUM,
4YeM aHaJIOTUYHAs MPOoIeaypa I ONepaluil CIO0XKEHUS, U MBI
3TOr0 00OCHOBAHUS HE MTPUBOIIM.

16. O6ocHOBaHNe AJITOPUTMA YMHOKEHHS CTOJTOMKOM

16.1. O6ocHOBaHHE AJATOPUTMA YMHOKEHUS
MHOTI'03HAYHOI'0 YHCJIA HA OIHO3HAYHOE

TeopeTHKO-MHOXKECTBEHHOE 00OCHOBAaHUE ITOTO AJTOPHUT-
Ma MO CYIIECTBY HHYEM HE OTJIMYACTCS OT TEOPETHUKO-
MHOECTBEHHOTO OOOCHOBAHHUS ANTOPUTMA CIIOXKEHHUS CTOJIOU-
KOM (HE3HAYUTENFHOE OTIIMYME 3aKIF0YAETCs B UCTIONB30BAaHUN
TaOJHILI YMHOXEHHS B KayecTBE BCIIOMOTATEILHOTO CpPE-
CTBa).

PaccmoTrpum npumep:
247
_3
741 (16.1)

[IpuBenem obGocHoBanme mpoueaypsl (16.1) «c omopoit Ha
MHOKecTBay. U3 onpenenenus ymHoxkeHus cienyer (cum. (7.3)),
4TO

247 -3 =n(AUBUC),
rie MHOXecTBa A, B, C momapHo He nepecekaroTcs U
n(A) =n(B) =n(C) =247.

Bribepem B kauectBe mMHOXKecTB A, B, C coBokymHOCTH
CYCTHBIX MAJOYEK, COOTBETCTBYIOIIMM OOpPa30M CBSI3aHHBIX B
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JecaTtkd U cotHH. Torma o0begunenue AUBUC, oueBuaHoO,
OyIleT UMETh BUJ, IPEACTABICHHBIN Ha puc. 16.1.

MHOKECTBO A " ”” HHH‘
MHOKEeCTBO B I I "” H H‘
MHO®ecTEO C I I "" ‘ ‘

00LeNHHeHHE " ”" HHH ‘ ‘H ‘
MHOKECTB A.BuC I I ””

Puc. 16.1

[IpumeHss cTaHOAPTHYIO NPOLEAYPY CBSI3BIBAHHUSA CUETHBIX
NaJIoueK JEeCSITKAMHU U COTHSIMHM (IeCATKaMH JIECATKOB) U Iepe-
KJIaJbIBasi UX B COOTBETCTBYIOIIHME SIIMKH, JIETKO MOJy4Yaem,
4yTo 00beauHeHne MHOXeCTB A, B, C MoxeT ObITh pencTaBe-
HO B BHUJE, H300pakeHHOM Ha puc. 16.2. Wtak, Mbl NOTYy4HIIH,
4TO

n(AUBUC) = 741,

MOJTBEPAUB TeM caMbIM pe3ynbraT u3 (16.1). bomee Toro,
HAIllM [IPpeMETHBIC JCHCTBHSI CO CYCTHBIMHU MAIOYKaMH (aKTH-
YEeCKH MOBTOPSUIM 1IAr 3a IAroM ajJrOpUTM, UCTIOJIb30BAHHBIN B
(16.1). Tem caMbIM 3TOT ajITrOPUTM MOIYYHUI CBOE TEOPETUKO-
MHOXECTBEHHOE OOBSICHEHHE.
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[Tepexon oT pa3oOpaHHOTO BEHIMIE MpUMEpa K OOIIeMy CIIy-
Yar HE COCTABJISACT TPYA.

3ameuanue. [IpuBeneHHbIN BBIIIE TOAXO0] BOBCE HE OyIeT
TPOMO3JIKHM, €CIIU TO3BOJMTH ce0€ MpPU CBSA3BIBAHUM U TIEpe-
KJIQJBIBAHUH CUCTHBIX MAJIOYEK TOJIH30BaThCA TAOIUIIEH yMHO-
JKEHHUS U TaOJIHUIIEH CIIOKEHUS OTHO3HAYHBIX YHCE.

MHOEECTEO A II ”" HHH‘

MHOKECTBO B II "” HHH‘

MHO:KecTBO C “ ”” HHH‘
—

o0benHHEHHE I I I

MHOM®ECTB A, Bu C I I "” ‘

Puc. 16.2

3ameuanue. Uto kacaercst apuMeTHIECKOro 000CHOBAHUS
anroput™a (16.1), To 0HO omupaercs Ha KOMMYTaTUBHOCTb U
aCCOLIMATUBHOCTD CIIOXKEHUS, HA KOMMYTAaTUBHOCTh M accolua-
TUBHOCTh YMHOXXEHHSA, a TAaKXKe Ha TUCTPHUOYTUBHOCTH YMHO-
KCHUSI OTHOCHUTEIBHO CIOXCHHUS (M, KOHEYHO, Ha TaOJIUIy
yMHOeHHs). [IpuBeaeM COOTBETCTBYIOIINE BBIKIAIKH:

247-3=(210*+410+7)-3 =
=(2:10*+4-10)-3+7-3=
=(2:10°+410)-3+(2-10+1) =
31



=[(2:10° + 4:10)- 3+2- 10] +1 =
={(2:10") - 3+ [(4'10)- 3 +2-10]} +1 =
={(2:10) -3+ [4 (10-3)+2-10]} +1 =
={(2:10) -3+ [4 (3 - 10)+2-10]} +1 =
={(2:10) - 3+[(43)10+2-10]} +1 =
={(2:10) -3+ [(1-10+2)-10+2-10]} +1 =
={(2:10) -3+ [(1-10+2)-10+2-10]} +1 =
={(2:10) -3+ [(1-10-10 + 2-10) + 2 - 10]} +1 =
={(2:10) -3+ [1-10-10 + (2:10+2- 10)]} +1 =
={(2:10) - 3+[1-10-10 + (2 +2) - 10)]} +1 =
={(2:10) -3+ [1-10° + 4 - 10]} +1 =
={[(2:10) -3+ 1-10°] + 4 - 10} +1 =
= {[2:(10*- 3) + 1-10*] + 4 - 10} +1 =
= {[2:(3-10%) + 1-10*] 4+ 4 - 10} +1 =
= {[(2:3):10* + 1-10°] + 4 - 10} +1 =
={[6:10*+ 1-10°] + 4 - 10} +1 =
={(6+1)10°+4-10} +1 =
= {7-10° + 4 - 10} +1 = 741.
16.2. O0ocHOBaHUE AJTOPUTMA YMHOKEHUS
MHOT03HAYHOr0 yncja Ha 10° (s — HaTypaibHoe)

[Tokaxkem, 4TO YMHOXCHHE HaTypaibHOro ymcia Ha 10°
CBOAMTCS K IPUIIMCBIBAHUIO S HYyJIEW cIpaBa K KpaTKOW Jaecs-
TUYHOH 3alMCH YHCTA.

JTO0, KCTAaTH, CIUHCTBCHHBIN Cllydali, Koraa apudpmernye-
CKoe 00OCHOBaHHE OKa3bIBACTCS IPOIINE, YeM OOOCHOBAHUE «C
OTMOPOW HA MHOXKECTBAY.
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JledcTBUTENBHO, PACCMOTPUM MPUMED:

247-10° = (2:10* + 4:10 + 7)- 10° = 2:10° + 4:10* + 7- 10° =
=247 000.

AHaJIOTHIHO pacCMaTPHUBACTCS OOIIHIA CITydJai.

OO00CHOBaHKE alropuTMa YMHOKEHHUSI HATYPAIIBHOTO YHCIIa
Ha 10° «C OMopoi Ha MHOXECTBa» TAaK)Ke BO3MOXKHO; TPH 3TOM
yIOOHO CHavaja OTPaHHYUTHCS CIIy4aeM, KOr/ia TOoKas3aTelb
CTeTNeH! S =1, a 3aTeM MepelTH K cITydaro o0Iero HaTypaabHO-
ro s. IIpoBeieHne COOTBETCTBYIONINX BBHIKIIAJOK MBI OCTABIISIEM
YUTATEINIO.

16.3. O0ocHOBaHUE AJTOPUTMA YMHOKEHUS
MHOI03HAYHOT'0 YMCJIA HA MHOTO3HAYHOE

(akTuuecku He TpeOyercs, MOCKONBKY B CHIYy IUCTPHOY-
THBHOCTH YMHOXKEHHUS OTHOCHTEIHHO CIIOKCHHSI 3TOT aITOPHTM
CBOAUTCS K YK€ pa300paHHBIM paHee alfOpUTMaM YMHOXKEHUS
MHOTO3HAYHOTO 4YHWCJIa HAa OXHO3HauyHOoe M Ha 10°, a Takke K
AITOPUTMY CIIOXKEHHUSI MHOTO3HAYHBIX YHCEI.

17. O6ocHOBaHME AJTOPUTMA JIeJIeHUS
YIOJIKOM («C OMOPOii HA MHOKECTBAY)

Maz1 OrpaHUYUMCA ClIydacM JCJICHUSA MHOT'O3HAYHOTO YUCJIa
Ha OAHO3HAYHOC M, KaK M BBIIIC, BCC HAIIK PACCMOTPCHUA 6y-
ACM IMMPOBOJUTH HAa KOHKPETHOM IIpHUMEPC.

Wrak, mycTth Tpebyercs mogenuts 217 Ha 5 (C ocTaTKOM).
HNmeewm:
21715

20 43
17

roln

(17.1)
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[lepeiinem Temephr k oOOCHOBaHHIO TpoleAaypsl (17.1), a
JUIS 3TOTO BCIIOMHHUM OMNpENeNICHHE JCNCHUs KakK JCJCHUS Ha
paBHBIE YacTH (C OCTaTKOM).

Wrak, paccmorpum MHOXecTBO A, n(A) = 217, cocrosiee
U3 CUETHBIX MAJIOYEK, CBA3AHHBIX NIECSITKAMHU M JIECSITKAMU Jie-
CSAITKOB (COTHAMH); cM. puc. 17.1.

COTHH OeCATOK  OOWHOYHLIE

MHo}KecTBO A, n(A) = 217
Puc. 17.1

Tenepp Hamia 3ajada — pa3jaokKUTh MHOXKECTBO A MO MSTH
SIIIUKaM TIOPOBHY (C OCTATKOM).

PaccmoTpuMm BHayane COTHU MajoyeK; MO ISITH SIIUKaM
Pa3oXHUTh UX MOPOBHY, HE Pa3BA3bIBas, HEBO3MOXKHO. [103TO-
My pa3BsOKeM 00€ dTH COTHH, NMPEBpaTHM HX B 20 IECATKOB; Y
HAaC OKa)kKeTcs B pe3ysbrate 21 JecsTok CYeTHBIX majodek. Bot
HUX Mbl U HAYHEM pacCKJIaAbIBaTb IIOPOBHY IIO IIATH SAlIUKaM, B
KaKIOM U3 KOTOPBIX HaM OyZeT yJZOOHO MMETh JIBE ITOJIKH —
BEPXHIOK IS CBS3AHHBIX JIECATKAMHU MaJIOUeK, a HIDKHIOW —
JUTSL OTAENBHBIX (OJMHOYHBIX) majouek. [Ipu 3ToM, TONIB3ysch
TaONMUIE YMHOXXEHHUS, MBI MOXEM Cpa3y pacKIaablBaTh II0
4 nmecsiTKa Ha BEPXHUE TOJKH MSATH ABYXBSPYCHBIX SIHKOB.

Wtak, Mbl oTy4aeM Cleayomyto KapTuHy (cM. puc. 17.2).

Kax BugHO 13 puc. 17.2, oauH CBSI3aHHBIN AECITOK CUETHBIX
Majouek OKa3ajcsl JUIIHUM. Pa3BshkeM ero u, MpUCOEIWHHB K
OJIMHOYHBIM CUETHBIM TMajoukaM, H300pakeHHbIM Ha puc. 17.1,
HayHEM paCKIaJbIBaTh IOPOBHY HAa HUXKHHUE IMOJKHU IISITH

34



IBYXBSPYCHBIX SIIMKOB. [loNb3ysch, Kak W paHbIle, TaOIuIen
YMHOXEHHS, MBI MOKEM PACKIIAbIBATE Cpa3y MO 3 MaJIOYKH Ha
Ka)XJIy10 U3 HUKHUX IIOJIOK.

B[ECATKA |||| I|I| |||| |||| |||| |

oTAenbHble
Nano4kn

Puc. 17.2

B pesynbraTe nomy4yuM pacipeneneHie CUETHBIX IaI0ueK 1o
IISITH ABYXbBSPYCHBIM SIIHKaM, H300pakeHHOe Ha puc. 17.3, tae
BUJIHO, YTO JBE OT/ICJIbHBIE MATOYKH OKA3aJIUCh «JTUILIHUMM».

|| T L
cmerence | || LHL L] LU

nano4kun

Puc. 17.3

B momHOM COOTBETCTBHM C OIpeNeleHUEM JeNeHHUs C
OCTaTKOM, U3 puc. 17.3 ciexyert, 4To

217 : 5=43 (ocrT. 2),

T.€. Mbl IOATBEPAWIN DPE3YNbTaT, MOJYUYCHHBIH NPHU IIOMOIIH
anroputMma JneneHus yromkom B (17.1). Bomee Toro, Hamm
NpeJMETHBIE JCUCTBHUS CO CUETHBIMHU MAaNOYKaMU (DaKTHUIECKU
KOIIMPOBAIM TPOIEAYpY, HcHoias3oBaHHyI0 B (17.1). Tem ca-
MBIM OOOCHOBAaHHE ANTOPUTMa AEJICHUS YTOJIKOM B paccMaTpH-
BaeMOM IpuMepe 3aBepiieHo. [lepexon k obmemMy ciydaio He
COCTaBJISIET TPYAa.

3ameuanne. OQHUM M3 HECOMHEHHBIX JOCTOMHCTB ajiro-
pPHUTMa JICIIEHUS YTOJIKOM SIBIISIETCS TO, YTO HA KXKJOM €ro Iiare
B HEMOJHOM YacTHOM MOSBISAETCS Iudpa, a HE Kakoe-TuOo
YHUCIIO C ABYMS WM OOJIBIINM KOJHWYECTBOM 3HAKOB. [IpuBemem
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000CHOBaHHME ITOW BaKHOW OCOOCHHOCTH QJITOPUTMA JICICHUS
YTOJIKOM.

Utak, mycts TpeOyeTcs MOAETUTH YTOJKOM HaTypajbHOE
YHCIIO @ Ha HEKOTOpOe HaTypanbHoe D.

O06o3HaunM yepe3 R ocTarok, BO3HHKAIONIMI HAa KaKOM-
0O 1Iare aJIrOPUTMa; TOT/Ia 00sI3aTeIbHO

R <D. (17.2)

[TycTe, nanee, r — odepemHas CHocUMas IHdpa ASIUMOTO.
Torma Ha cnemyromieM Iiare anropuTMa HaM HYXKHO OyJeT ITo-
nenuTh (cHOBa ¢ octatkoM) uuciio 10R + r Ha D. [Tokaxkewm, uTo

I0R +r< 10D, (17.3)
OTKyJa ¥ OYJIET ClieJoBaTh TpeOyemMoe yTBEPKICHUE.

HerpynHo Bumets, omuako, 9to (17.3) paBHOCHIBLHO Hepa-
BEHCTBY

r<10(D - R), (17.4)

KOTOpOE, OYEBHUIHO, BhIIIONHsETCS B cuity (17.2) u Toro ¢akra,
yto 1 — udpa.

/lobasenenue 1. ]lenenne Ha paBHbIE YACTH
U PUMCKHI c1oco0 aesenns [6]

31ech MBI pa3zdepeM OUH JOBOJBHO SK30THUSCKHHA TIPUMED
MPUMEHEHHUS] TCOPUH MHOXKECTB K OOOCHOBAHHUIO TaK Ha3bIBac-
MOTO «PHMCKOTO CIIOCO0a JICICHUSD.

HamomuuM, 9TO pUMCKas CUCTEMa CUYHUCIICHUS, HE SBISSICH
TTO3UIIHOHHOM, WCTIOIB3YET MYJIBTHILNTUKATHBHBIA TPUHITATI 3a-
[MCU YUCEIl, PUYEM BEAYIIYIO POJIb UTPACT «YIECSITEPEHHE»
qucnoBbIX cuMBOJIOB (miepexon ot [ k X, ot X k C, ot C k M).

Crioco6 neneHus, MPUHATHI B PUMCKON CHUCTEME M OIH-
CaHHBINA B [4], HCKITIOYUTEIIEHO HHTEPECEH, HO HEYNOOCH U, TI0-
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BUIMMOMY, SIBJIAJICS OJHHMM M3 TOPMO3OB JJISI Pa3BUTHUS MaTe-
Matuku B JlpeBHeM Pume. (3amerum, uto B [peBHeM Pume cy-
LIECTBOBAJ M HMHOW cMoco0 IEJeHHus, CTONIb K€ TPOMO3IKHM,
OJIHAKO MEHEE MHTEPECHBIN C TOUKH 3PEHUS CBSA3U C MHOXKe-
CTBaMH; CM. [5].)

Cnenys, B OCHOBHOM, [4], paccMOTpUM ApPEBHEPUMCKYIO
MpoLeaypY AENEHUs ¢ OCTaTKoM. B memnsax ympoieHus mMbl Oy-
neM (Kak 1 B [4]) mOIB30BaThCA AECITHUYHBIMU 0003HAUYCHUSIMHA
IIPY OMHUCAHUH 3TOTO aJITOPUTMA.

[Tycte TpeOyercs momenuth 225 Ha 7. JlelicTBys, MOg00HO
TOMY, KaKk MBI IIOCTYIaJH Bblle B 1.17, Oynem cuuraTh, 4TO B
HaIlleM PacCIOPsDKEHUU MMeeTcs 225 CUYETHBIX Majouyek, KOTO-
pBle HY)XHO pacnpemenuTh no 7 xop3uHam. [nsg Toro, 4yToObI
clenaTh U3NoXKeHHe Oojiee HArJsAHBIM, HAM NPHICTCS B KaX-
JOH KOp3MHE Pa3MECTUTh HECKOJBKO IOJIOK, a CaMHUX KOP3HH
B3iITh He 7, a 10. HUTaxk,

1*) IIpexxne Bcero, menuM COTHH CUETHBHIX Taiiodek. Ho He
Ha 7, a Ha 10 (!).To ectp pacnpenensiem 200 cueTHBIX MalOYeK
[IOPOBHY HE II0 CEMH KOpP3UHaM, a 10 aecsatu. B aTom — nnTepec-
Helilllee OTJIMYME OT COBPEMEHHOIO aJrOpUTMa JENICHUS Yroj-
koM. (OcymiecTBisieTcsl 1eleHNe Ha paBHbIE YacTH, HO Ha TaKoe
KOJIMYECTBO PAaBHBIX YacTEH, KOTOpPOE HAa AAaHHOM JTale He Tpe-
Oyet oOparieHus K Tabivile yMHOXeHus.) B pe3ynbrate nmeem:

200:10 = 20, (1)
T.C. Ha BEPXHIOIO IOJIKY Ka)KI[Oﬁ KOP3HWHBI KJIaJIEM 110 20 maJo-
YCK.

2) Opnako, Tpu (3 = 10 — 7) mociegHuX U3 MOTYYUBIIUXCS
JIECSITH HAIIOJHEHHBIX CYETHBIMHU MaJOYKaMH KOP3WH HaM B Ta-
KOM BHJIC COBEPIICHHO He HYXHBI. [loaToMy coOupaem Bce co-
Jep)KUMOE 3TUX TPeX <JTUIITHUX» KOP3WH U BBIHUMAEM OTTY/Ia:

20:(10 -7) =203 = 60.
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3arem npobaBisieM K OTUM 60 CYETHBIM MAJIOYKAM TE
20 CYETHBIX MAJOUYEK, KOTOPhIC MBI €llle He Opaal U3 MCXOIHO-
ro Habopa B 225 nanouek. B pe3ynprare momyunm:

60+20 =80.

4*) YnomsHyThIe B IpeaplayneM myHkTe 80 mamoyek CHOBa
pactmipenenseM mopoBHy 1o 10 xop3uHaMm. B kaxmyio xKop3uHy
(Tenepb — Ha BTOPYIO MOJIKY CBEPXY) ITONAAAET 110 § MaJOYeK:

80:10 = 8. 2)

5) OnHako MajxoYKy, MOMABIINE B MIOCIEIHIE TPH KOP3UHEI,
TaM COBEPILIEHHO HEYMECTHBI (MBI K€ XOTHM OCYIIIECTBUTH Jie-
JIeHWE Ha 7 paBHBIX YacTei, a He Ha 10). BeiauMaeM ux oTTyaa;
BCET0 TaKUX MaJo4YeK HabepeTcs

8:(10 — 7) = 24.

6*) 20 u3 24-x manoyex, YHNOMSHYTHIX B TPEAbIAyIIeM
MyHKTE, CHOBa AenuM Ha 10 paBHBIX dacTeil:

20:10 =2. 3)

Temneps 1o 2 MaJIOYKK pacKiagblBaeM B Kaxayro u3 10 xop-
3WH, HO KJIaJIEM UX Ha TPETHIO MOJIKY CBEPXY.

7) B Tpex mocnenHuX KOp3UHAX JIEKHUT BCETO
2(10-7)=6

najoyek. BelHMMaeM HX OTTyjAa M M00aBIseM K HUM Tereph 4
HETPOHYThIC HAMU MAJIOYKU U3 24 1 5 He OpaBIIMXCS HAMU Ia-
JIOUEK M3 UX MCXOIHOr0o KoiuyecTBa 225.

B wurore y Hac HabupaeTcs
6 +4 + 5 =15 manoyex.

8*) 10 u3 aTux 15 mamouek pacmpezaersieM CHOBA IMOPOBHY
no 10 xop3uHam, HO KJaJeM Ternepb MajJOouyKu Ha 4-10 TOJKY
CBEPXY B K&KIOH KOp3UHE:!

10:10=1.
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9*) B Tpex mociaemHuX KOpP3WHAX BCErO HAXOIUTCS TEIeph
3 manoyku:

1-(10 - 7) = 3.
Brinumaem ux OTTyJa U ,I[O6aBJ'IHCM K OTUM TPEM IaJIOUYKaM

5 manouek u3 15 (cM. 1.7)), KOTOpBIE MBI HE paclpeaessuid 1o
Kop3uHaM. B pesynbrare y Hac HabepeTcs BCero

3+5=8
naiouek. Omgako 8 =7 + 1.

Teneps 7 W3 3TUX NANOYEK MBI MOPOBHY paclpeneaium
(maxoner!) o 7 mepBBIM KOpP3WHAM, a OJHA MAJIOYKa OCTAHETCS
TuHen. B coBpeMEHHOM 3aMKUCH 3TO BBITJISIUT TaK:

8:7=1(ocrt. 1). 4)

10) Urak, B Kaa0i U3 ceMU MEPBBIX (OCTABIIUXCS HEIy-
CTBIMH) KOP3UH JIEXKUT TIO

20+ 8 +2+ 1+ 1 =32 nanoyku u OJHA MAJIOYKA OCTAJIaCh
cHapyXu. MBI CyMMHpOBAJIM KOJIMYECTBA MaJOUYCK, MOJyUYCH-
Hble B cooTHOmEHHUsX (1) — (4) (COOTBETCTBYIOIIHE ITYHKTHI
HAaIIeTO aITOPUTMAa OBUIA OTMEYEHBI 3BE3/I0YKaMu). JTO UMEH-
HO T€ KOJMYECTBA ITaJIOYEK, KOTOPHIC MbI PACKIIaJbIBAIM 10
II0JIKaM B Ka)KI[Oﬁ n3 CEMU NEPBLIX KOP3UH.

B coBpemMeHHON 3amucu Hall pe3yiabTaT BBITVISIAUT ClIENy-
FOIIIAM 00pa3oM:

225:7 =32 (ocr. 1). (5)

[TomuepkHeM, UTO ATOT pe3yabTAT MOJHOCTHIO MaTeMaTHye-
CKHM OOOCHOBAaH, IOCKOJIBKY Ui HAC HEBa)KEH IYyThb, HPOMIL
KOTOpPBbIM, HAaM yAaJOCh MOPOBHY paclpeAciuTh 225 majouek
1o 7 Kop3uHaMm (U OAHY OCTaBUThH CHapyku). C TOUKU 3peHHs
METOJIUKH, 3TOT CIIOCOO [IeNeHHs MOKET NMpeACTaBIATh MHTe-
pec, IOCKOJIBKY OH IO3BOJIIET JIydlle MPOYyBCTBOBATH MeXa-
HU3M JIeJICHUS Ha paBHbBIC YaCTH U HE3aBUCHMOCTh €r0 pPe3yJb-
TaTa OT MPOMEXYTOUHBIX [IarOB AJITOPUTMA.
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oobaenenue 2. O nepeBoje 00bIKHOBEHHbIX JPo0ei
B JeCATHYHDbIE

AJNTOpUTM JEJCHUSI «YTOJKOM», MEPEeBOISIINN OOBIKHO-
BEHHBIE APOOH B JecATHUHBIE, 00Imen3BecTeH. OHAKO HATIISAA-
HOE 00BSICHEHHE TOXKIECTBA HCXOIHONH OOBIKHOBEHHOW APOOH U
ee JECATUYHOIO NPEICTAaBICHUS B YUYEOHHKAX OOBIYHO OTCYT-
CTBYET. 371ech Mbl COOHMpaeMCsl BOCIIOJIHUTD yKa3aHHBIA IpoOel.

Wrak, paccmoTpum npumep Ha nenenue 217 : 6. Teneps,
B OTJIMYME OT M. 17, MBI HE OrpaHUYMMCS MOJYyUYEHUEM HEMOJI-
HOTO YaCTHOTO M OCTaTKa, a HEOrPAaHWMYECHHO MPOAOJIKUM IPO-
LeAypy OEJCHUS YTOIKOM.

217
18
_37
36
1

=N

36,166...

Elgglgglmo

(4.1)
B pesympTaTe ocraercs HEKOTOpas HEICHOCTb: HOYeMy
217
OOBIKHOBEHHAS HETPAaBWIILHAS IPOOh — M TIOITyueHHas B (1.1)
JIeCATHYHAS 3amuch 36,166... — 3TO OJHO U TO kKe?

Bynem BHauvane neifctBoBath, kKak B 1. 17. Paccmorpum
MHOeCTBO A, cocrosiiiee 13 217 c4eTHBIX MajloveK, CBA3aHHBIX
B JICCATKH U COTHHU, M MOCTAPAEMCsl Pa3jOXHUTh UX MOPOBHY B
[IECTh OJMHAKOBBIX KOP3WHOK (B KXKION M3 KOTOPBIX UMEIOTCS
IBe TONKW). BHaudame pa3BshbkeM COTHH M PasjiokHM ITOPOBHY
(mo 3 mecsiTka) Ha BTOpPBIE (CUMTAst CHU3Y BBEPX) IOJKH KOP3H-
HOK; TIpY 3TOM TPH JECSITKA CUETHBIX NATOUYEK OKAXKYTCS IHLI-
HUMW». Pa3BsDKeM 3TH «JIMIITHHUE» NECSTKH, IPUCOSINHUM K HUM
OCTaBILIKUECS CEMb OJUHOYHBIX MAJOYEK M PasJIOKHUM IMTOPOBHY
(mo 6 mTYK) Ha TIEpBEIE MOJIKH KOP3UHOK; IIPH STOM OJTHA CUET-
Hasl aJlouKa OKakeTcs «iniHen» (cM. puc. J1.1).
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COTHH JECATOK QAMHOYHBIE

MHoxecTBO A, n(A) = 217 I I |

AECATKH ||| || ||| ||| | | |||

owenes ||| (VUL (OO

Puc. 1.1

Onnako Ha 3TOT pa3 (B OTIMYME OT HAIMX ACHCTBUI B
. 17) MBI HE OCTAaHOBUMCSI, COTIIACHBIIUCH C CYIIECTBOBAHUEM
«OCTaTOYHOI'O MHOXECTBa», COCTOSILIETO W3 «JIMIIHEW» CUeT-
HOW MAaN04YKH, a MPOAODKUM Hamry mpouenypy. C 3Toi 1enbio
OJ KaXXI0H U3 HIECTH KOP3UHOK YCTPOHMM BEIYLIYIO BHHU3 IIO-
CJICIOBATEIBHOCTh HUXKHHUX TIOJOK, KOTOpBIE OyneM HyMepo-
BaTh TOCJIEAOBATENFHO, CUMTAs TENEph CBEpPXy BHH3 (IepBas
HWKHSIS TI0JIKA, BTOpAst HIDKHSS TIOJIKa, U T.1.); cM. puc. J[.2.

LI
e LI il H/IH/ I

Nepsan HUHHAA NoKa

LeCATKN |

BTOPaA HUMKHAA NOAKA

TPeTBbA HUKHAA NONKA

Puc. 1.2
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o | LTI UEJLAD L
csmee | ) (L W/ W/ W

NEepBan HWUKHAA NONKa

BTOpan HUMHAA NOAKa 6 coTbix 6 coToix 6 coToix 6 coTbIx b coTbix 6 coTbix 4 coTbix

TPETLA HUKHAR NOAKE

Puc. J1.3

JanpHeimue Hamy aedcTBus moHATHH u3 puc. 1.2 u J1.3.
«JIuIHIO» TalouKy Mbl pasiambiBaeM Ha 10 OJMHaKOBBIX
yacTell ¥ AT AeCIThIe JOIU pacipenessieM MOpoBHY (0 OHOM
IITyKEe) Ha TepBble HIKHHUE MOJIKU; MPHU 3TOM 4 NEeCSThIX JOIH
OKQXYTCS «IHITHUMID - UX HEBO3MOXKHO Pa3JIOXKHUTh MMOPOBHY
[0 IIECTH BTOPHIM HUXHHUM MoyikaMm. [lo3Tomy paszmambiBaeM
KOKIYI0 M3 3TUX JECATHIX AoJel eme pa3 Ha 10 gacrei, momy-
gaeM 40 COTBIX HOJIeH, KOTOpBIE pacIpeneisieM MOpoBHY (110
IIECTh IITYK) [0 BTOPBIM HUXHHUM TIOJIKaM; TIPU 3TOM 4 COTBIX
JOJIX OCTAKOTCA «JITUIITHUMUN. Hx cuoBa pasjiaMbIBa€M, 1 T.I1.

Tenepb CTaHOBUTCS TEOMETPUYECKH OYEBHIHO, UYTO COJCP-
KUMOe JIF000i W3 KOp3WH (T.e. COBOKYIHOCTH IajO4YeK Ha
BEPXHHX TOJIKAaX M J0JIel MaJoueK Ha HIKHUX IOJKaX) Mpea-
CTaBIISIET COOOH B TOYHOCTH OJIHY ILIECTYIO OT UCXOAHOTO KOJIHU-
gyecTBa najodek (1.e. ot 217).

Urak, paBeHCTBO

217
ru 36, 166... (1.2)

MOJIYYHJIO CBOC r€OMETPUICCKOC NCTOJIKOBAHUC.
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Jlooasnenue 3. O necAITUHYHOM cUCTEMe COCYT0B
U MepeBojie U3 P-UYHOI CHCTEMBbI
CUMCJIEHUSI B (-MYHYIO

Brime MBI yOeIUIuCh B TOM, UTO TIOCTPOCHUE JECATUIHON
3alyCH HATYypadbHOTO YHCIa YAOOHO MPOBOIUTH, OMHPAsACh Ha
MpEeIMETHBIC JCHCTBUS — CBSI3bIBAHWE W PACKIAJbIBAHHUE I10
KOp3WHAM CUETHBIX Majiouek. [Ipm 3TOM moOCTpoeHHE ecTe-
CTBEHHBIM 00pa30M HAYMHAIUCH C MIIAJIIINX Pa3psIOB, a 3aTeM
Ha CIJIEAYIOUIMX Iarax Muio MPOJBUXKCHUE B CTOPOHY CTapIIUX
pa3psAIoB. A UMEHHO, IJISl YCTAHOBJICHHS NECATHYHOMN 3aIHCH
yucna (YMCICHHOCTH Habopa CUETHBIX MMajloyeK) cHadaja CBS-
3BIBAIM MAJIOYKH JIECATKAMH, MIPHYEM YUCICHHOCTh OCTaBIIIHX-
Cs HECBS3aHHBIMH ITaJIOYEK TIPEICTaBIUIA COOOW MIIAAIITyIO
uupy UCKOMOM JeCITUYHON 3alHCH. 3aTeM CBSA3BIBAIH JIECAT-
KU JIECATKOB, U T.]I.

JIro6ombITHO, 4TO HOPMUPOBAHUE NECATUUHOM 3aMUCH YKC-
na (Takke OMUpasCh Ha MPEIMETHBIC JICHCTBUS) B HEKOTOPBIX
CUTYyalusAX HE MPOCTO BO3MOXKHO, HO Jaxe yJoOHee HaYMHATH
CO CTapuIux pa3psaoB. Peub uaeT o GopMUpOBAHUM JECITUY-
HOH 3ammcH N3MEpeHHOTo0 (HampuMep, B IUTPaxX) 3apaHee Hen3-
BECTHOTO 00bEMa JKUAKOCTH.

Urak, mycTb uMeeTcs BeapO HEM3BECTHON €MKOCTH, HAIlOJI-
HEHHOe BojoW. (BHavane 1y onpeneaeHHOCTH CUUTAeM, YTO B
BeIpe HaXOIUTCA 1IeJI0€ YUCIIOo JUTPOoB Boasl.) IlycTs, nanee, B
HaIlleM PaCHOPSDKEHHH HMEETCsl JECATh JMTPOBBIX COCYIOB,
necsath 10-muTpoBBIX cocynoB, AecATh 100-TUTPOBBIX COCYIOB
U T.JI., pacrofOKEHHBIX, KaK MMoka3zaHo Ha puc. J1.4.

(Takyro cucteMy cocynoB MBI OyZeM Ha3bIBaTh «JECSITHY-
HOI».)

OmnpenenseM «Ha Tia3», YTO UMEIOMIAsACA B BeApe BoJa 3a-
MOJIHUT JIOBEPXY MO KpaitHel mepe oauH 100-1uTpoBbIit cocy,
HO HE 3anoJIHUT (JoBepXxy) HU oaHoro 1000-nmutposoro. Teneps
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HajnuBaeM Boay u3 Benpa B 100-1uTpoBBIE COCYABI, IO BO3ZMOXK-
HOCTH HANOJHsIS UX T0oBepxy (cwm. puc. /1.5).

BEAPO

C BOAOK

U LuUUL
U BUUUL susus

10-nuTpoBbLIE JIUTpOBbIE

100-nuTpOBbIE

Puc. /1.4

LTV o

100-nuTpoBbIE

Puc. 1.5
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Crnemyromnuii Hall IIar TaKOB: BOY M3 HE TOJHOCTHIO 3aI10JI-
HeHHoro 100-mutpoBoro cocyna mnepenuBaeM B 10-mUTpOBEIE,
CHOBa TI0 BO3MOXKHOCTH HAIOJHSAS UX AOBEpXY (cM. puc. /1.6).

IJ IJ ”U IJ Uy
U wuw
10-nuTpoBbIE NUTPOBLIE
Puc. J1.6

100-nuTpoBbLIE

Hakonen, Bogy u3 HE MOTHOCTBIO 3amojHeHHOTo 10-1mT-
POBOTO cOCya MEepPEeTMBaeM B JINTPOBBIC coCy bl (cM. puc. J1.7).

U uwwu
10-nuTpoBbIe JIMTPOBbIE

Puc. 1.7

100-nuTpOBLIE
Wrak, nepBoHayaIbHO B Belpe ObLIO 842 IuTpa BOJIBI.
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3ameuyanue. OTKa)xeMcs Tenepb OT MPEANONIOKEHUSI O TOM,
YTO MEPBOHAYAIBHO B BEIPE COMEPIKAIOCH IIETI0€ YUCIIO TUTPOB
Bobl. Torna Hairy npoueaypy Hy>KHO IPOIOJIKUTH, UCTIONIB3YS
cocyabl eMKoCThIO B 1/10 nutpa, 1/100 nutpa u T.1.

3ameuanue. [IpeanokeHHas BbIIIe MPOIEIypa OYEBUIHBIM
00pa3oM MOXET ObITb MOIU(HUIIMPOBAHA IS IIEPEBOAA P-UIHON
3aiCH HATYPAILHOTO YHCNIA B -UYHYIO, HE TOJIBKO MHUHYS JAECS-
TUYHYIO 3alllCh, HO M BOOOIIE 03 KaKUX-THOO BBIYUCICHUH.
(3meck p 1 q — MOOBIE HATYpaNIFHBIE YMCIIA, OOJBIINE €IHHUIIBL. )
J71s1 5TOr0 JOCTaTOYHO MMETH JIBE CUCTEMBI COCYAOB («P-HUHYIO»
U «Q-UYHYIO»), YCTPOCHHbIC aHAJIOTHYHO JECSITUYHOH CHUCTEME
COCYZIOB, PACCMOTPEHHOM BBIILIE.
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