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MPEIUCIIOBUE

DTa KHHTA MOCBSIUICHA TOCTPOCHUTIO CUCTEM LICJIBIX HEOTPULIATE b=
HBIX, LCITBIX ¥ NMOJIOXKHUTENBHBIX PALIMOHANBHBIX YMCeT. ABTOp NONBI-
TAJICH U3JI0XKUTh OCHOBBI TEOPHH TaK, YTOOHI [10 BO3MOXHOCTH NPOsIC-
HUTH ce Gr3nueckne KOpHH.

B rin. | BHUMaHMIO YUTATENS TIPEIJIATacTCSt KOWICCTREHHBIH, WU
TCOPETUKO-MHOXECTBCHHBINA, MOAXOX K MOCTPOCHUIO CUCTEMBI N
HETBIX HEOTPHLIATEBHBIX YHCEN (1.H.4.). DTOT MOAXO] NpUBIEKaTe-
JICH B MEPBYIO o4cpenb croeli HarmsigHocTh0. K coxanenuto, ero rnoc-
JACAOBATENBHOC ITPOBEICHHE HATAIKUBACTCSH Ha CEPbe3HbBIE TPYAHOCTH,
KOTOPBIC, HACKONBLKO 3TO M3BECTHO aBTOPY, MOTYT OBITH mpeojoie-
HB! TOJIBKO C TIOMOLUBIO MOPSIIKOBOTO, WIHM aKCUOMATHYIECKOTO, 10oA-
xoma, uanaracMmoro B . 2. [lostoMy B DONBIIMHCTBE COBPCMEHHBIX
PYKOBOJACTB MPEANOYTEHHE OTAACTCS MMCHHO MOPSAKOBOMY MOJIXO-
Ay, B pAMKaX KOTOPOTO TEOPUIO 1I.H.4. YACTCH U3JNIOXKUTD B JIOTHUEC-
K¢ BesynpeuHoM Buae (cM., Hampumep, [1], [2]).

- OnHaxo, Ha B3TIAA aBTOpA, HATIAAHOCTb KOJTMYCCTBEHHOTO O]~
XO/Ia OTPaXacT Cro HEMOCPEACTBEHHYI CBi3b ¢ GU3MKOW U Acnaer
MMCHHO 3TOT noaxox 6a30BBIM, HEB3Upad Ha TEXHWYECKUC TPYAHO-
ctu. (CxonHasi TOUKa 3peHHS oTpaxeHa B [3], [4].)

B 1. 2, TOCBAIICHHON B OCHOBHOM MOPSIKOBOMY TIOAXOMY, TiO-
Ka3aHO, YTO MHOXCCTBO Ny, ITOCTPOCHHOE B 1. 1 B paMKax Koauye-
CTBEHHOTO TMOAX0AA, YIAETCS OTOXACCTBUTD C YUCAOBOMH cCUCTEeMOi P,
3MIEMEHTHI KOTOPOi yAOBIETBOPSIOT akcuoMam [leaHo. B kauecrse
CIEACTBUSA TAKOTO OTOXICCTBACHUS MBI ITOIY4aeM, ITO BCE AKCHOMEI
[Teano okaswIBalOTCA TEOPEMaMH KOJIHUCCTBEHHOM Teopuu Ny, B 4a-
CTHOCTH, TaKo¥ TCOpeMO# OKasbBacTCd aKCMOMa MHAYKUHMHW, YTO
ITO3BOJIACT B UTOFC CYMTATh MCTOX MAaTCMaTHUYCCKON WHIYKIIUK yTBEP-
KACHUEM, HEIABUCHMEBIM OT 3TOM aKCHOMEI ¥ JIOKA3BIBAEMBIM CpPEI-
CTBAMM «HAaWBHOM» TEOPUH MHOXECTB.

Hanee B 1. 3 CTPOATCSA Pa3IMYHbBIC HHTEPIIPETALUY MHOXECTBA Z
Becex mensx gucen. OCHOBHOMN yIOp B U3JIOXCHHUM JCIACTCS HA TO,
4YTO6BI TOHAT, OTKYAA OepyTcs apudMeTHIECKIE 3aKOHB! U NTPaBUIIA,
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IeHCTBYIOIIME Ha MHOXECTBE Z. B 9aCTHOCTH, NOKa3aHo, YTO, HHTEP-
TIPETHPYS. LieJible YNCJIA KaK ONepaTophl, AeHCTBYIOIME HA OXHOMED-
HBI€ BEKTOPA, YAaeTcs AaTh Hanboiee ecTeCTBEHHOE 0OBCHEHUE TIpa-
BUJIy YMHOXEHHS HENIbIX YHUCE.

HakoHen, B r1. 4 npemioxeHa onepaTopHas HHTEPIIPETAIMA MHO-
xecTBa O, MOTOXUTENBHBIX PALIMOHANBHBIX YHCEN. A HMEHHO, KaXI0e
YHCJIO U3 Q+ paccMaTpUBaAE€TCA KaK IIPOU3BEICHUEC OTIEPATOPa PACTIXKe-
HHA ¥ ollepaTopa cXaTvd (B LEeNI0e YUCHO0 pa3), AEUCTBYIOLHX, KAK U B
m1. 3, Ha onHOMepHBIe BeKTOpa. CYIIECTBEHHO, UTO IIPH TAKOM IOIXO-
Ie U3JI0XKEHHUE NAHHOW TeMB! 3HAUMTENBHO YIIPOLIAETCs, a IIKOJIBHAs
TEPMHHOJIOTHSI ¥ IMKOJIBHBIE 0603HAYEHUS OKA3LIBAIOTCH B ITOMHOM
COITaCHH C MPHUHATHIMU B BBHICIICH MaTeMaTHKe. ‘
) Asmop
Mockea, 2005 e.

e

IJIABA 1

KOJIMYECTBEHHBIN NOJX0/]1 K IIOCTPOEHUIO
CUCTEMBI IIEJIBIX HEOTPUIATEJIBHBIX YVCEJ

B aroit rmaBe Ha ocHOBE mpennoxeHHoro P. lexeKMHAOM MOHS-
THA KOHEYHOTO MHOXECTBA CTPOHTCS CHCTEMA LIENBIX HEOTPHLIATENb-
HBIX YHCeN (IL.H.Y.); TAKOM MOAXOL, KaK YX€ YIIOMHHAIOCH B MIPE/IVIC-
JIOBMH, Ha3BIBAETCS KOMMUECTBEHHBIM. VI3/10XEHHE B 3TOI1 IJ1aBe [MOYTH
3aMKHYTO€, OJHAKO PeLICHUE BAXHOTO BOIPOCA O KOHEYHOCTH JeKap-
TOBa NMPOMU3BEAEHHA ABYX KOHEYHBIX MHOXECTB OTIOXEHO 10 I, 2.

§ 1. KoHeuynbie MHOXKeCTBA

[Ipexnae yeM MBI CMOXEM HENOCPEACTBEHHO MEPENHTH K MOCTPO-
€HMIO CHCTEMBI KOMTUYECTBEHHBIX 1.H. 4., HAM MPHAETCS NO3HAKOMHTh-
Cfl C TaK Ha3BIBAEMBIMU KOHEYHBIMH MHOXECTBAMH.

Hanomuum BHauane, 4To 1Ba MHOXecTBa A M B HA3HIBAIOTCSH pae-
HOMOWHMY, €CTTH MEXIY HUMHM MOXHO YCTAHOBHTEH B3aMMHO-OXHO-
3HAYHOE COOTBETCTBHE. PaBHOMOILHOCTL MHOXECTB A 1 B 0603Haua-
eTCs TaK:

A~ B.

ONPENENTEHUE (P. fenexkunn). Hemycroe MHOXeCTBO A Ha3HI-
BAETCA KOHe4HbIM, €CIIA OHO He PABHOMOIIIHO HUKAKOMY CBOEMY IIOXI-
MHOXECTBY B, HE cCOBMamalomeMy ¢ A.

3ameuaHme. [IycTOe MHOXECTBO & CUMTAETCS KOHEUHDIM.

YcraHoBMM TE€NEPb HECKOIBKO PE3YJbTATOB, OTHOCSIIHUXCA K KO-
HEYHBIM MHOXECTBaM.

Teopema 1.1. [Tyeme muoxcecmeo A xoneuko, u nycms A ~ B. Toe-
0a MHoxcecmeo B maxace koneuHo.

AHoxazameascmeo. FIpennonoxuM NpOTUBHOE, a2 HMEHHO, 9TO

B~B' B chB
(3HaK c o6o3HauaeT cTporoe BKiatoueHue). Janee, nycTh
A—L 5B B8 _,p

— B3aHMHO-OJJHO3HAYHBIE OTOOpaXeHMs, CYI[ECTBYIOLUIME B CHIY
CHENaHHBIX NpeAnonoxXeHu. O6o3Haunm yepes ' oTrobpaxeHue,




6 Thaea 1. Kosunecmeaennoiii nooxo0 ¢ co30anuio cucmemot 4.4.4.

obparHoe f. OueBUAHO, YTO NMpH OTOOpaxeHHn f ! mHoxecTeO B!
nmepeiaeT B HEKOTOPOE MHOXECTBO A', A' ¢ A C npyroit CTOpOHBI,
TaK KaK BCE TPH OTOOGpaxeHus f, g M f~' BIAHMHO-OXHO3HAYHHI, TO
pE3yABTAT MX TMOC/IEN0BATENBHOTO NIPUMEHEHUA

A—/t ,p_& gl S 4
GyleT CHOBA NPEACTABIATh COGOH B3aHMHO-OHO3HAaYHOE OTOGpaXe-
ume MHoXxecTBa A Ha A' ¢ A (cM. puc. 1).

Puc. 1

A B B A
OOHAKO 3TO NPOTHBOPEYUT HALIEMY TIPEANMONOXEHHIO O TOM, 4TO
MHOXeCTBO 4 KOHevyHO. I

Teopema 1.2. [Tycmb muoxcecmeo A koneuno, u nycmos B  A. Toeda
B makowe xoneuno.

Hoxazameavcmeo. IIpeanonoxuM MpoTHBHOE, a HMEHHO, 410
B~ B!, rne B' ¢ B; nycTb g — B3aMMHO-OJHO3HAYHOE OTOGpaxe-
Hue MHOXecTBa B Ha B'. OueBHIHO, 4YTO MHOXECTBO

, Al = (A\ B)U B!
ABJISETCS MOAMHOXECTBOM MHOXECTBA A M He COBIAJAeT C HHUM.
IToctpoum Temeps oToGpakeHHe !

, A—L 4,
MNOJIOXHB X NpH X € A \ &
flx)=
g(x) npuxe B
Hetpynso BumeTh, YTO IOCTPOEHHOE OTOOpaXEHME ABNSIETCS B3aAUM-
HO-OXHO3HAYHBIM (CM. puc. 2).

T

A A
TeM camMblM MBI HONYYHIAH HMCKOMOe IpoTuBopedne. M

§ 1. Koneunbie mnoxcecmsa 7

Teopema 1.3. ITycmo mHowecmea A u B koneunwvi. Toz0a ux obve-
OuHeHue moxce KOHe1Ho. :

Jokxazameavscmeo. He orpannuuBast oOLIHOCTH, MBI MOXeM CUH-
TaTh KOHEUHBIE MHOXeCTBa A U B Henepecekatomumuca. (B nporus-
HOM CJIy4ae MBI BCETZa MOXEM BMECTO MHOXECTBa A pacCMaTpHBaTh
muoxectBo A\ B, xoropoe ABnfeTCs KOHEYHBIM B CHUIY IpeabiIy-
weit Teopemsr.) s 6onbluei HarngaHocTy 6yaeM MPeACTaBIATh cebe
371eMEHTH MHOXeCTBa A Kak Oeyibie LIaphl, a 3JTe€MEeHTB MHOXECTBa
B — Kkak 4yepHble mapsl. Bee maps 6yqeM cudTaTh HMCIOIUMHU OlH-
HaKOBBI#A paguyc (cM. puc. 3).

Puc. 3

B

ByneM J0Ka3sBATH TEOPEMY OT IPOTHBHOrO. A HMEHHO, IIPEANo-
noxuM, 4to ana Hekortoporo C ¢ AU B MOXHO NOCTPOUTH B3aHM-
HO-OAHO3HAYHOE OTOOPaXXeHHE .

c—L—-4UB

Hawm Oyzet yanobHO peacTaBnsaTh cebe, uTo AeiicTBHE OTOGpaXe-
HUS f OCYLIECTBIISIETCS CIEAYIOIUM 06pasoM.

MNpeacrasum cebe, YyTO CIIpaBa OT MHOXecTBa A B nomemena
ero ¢ororpadus U MpH OTOOPaXEHUH fKaXIbidl LIap M3 MHOXECTBA C
riepeMeNiaeTcs BAOJIb COOTBETCTBYIOMIEH CTPENKH, HAYLIEH OT STOTO
mapa K HEKOTOpOMY HOBOMY MeCTy Ha doTorpadpuu MHOXeCTBa
AU B. Torna, nocne npuMeHeHHs 0TOOpaXeHHUs / KO BCeMY MHOXe-
ctBy C, mapst u3 C 3aiiMyT 6ce MecTa Ha (oTorpa@uu MHOXECTBA

AU B; npu 3ToM, IIOCKOJBKY K IIapaM M3 HENYyCTOr0 MHOXECTBa

(AU B)\C orobpaxenue f He TIPUMEHLNIOCh, 5TH IIAPH OKaXyTcsd
«IAHEMA» (CM. puc. 4).

T 7
000w

«JIMIHHUE LIAPhI»

Puc. 4 %/. |
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Janee, 0603HAYUM Yepe3 A MHOXecTBO, 06pa3oBaBlieecs Ha Me-
cre (ororpaduyu MHOXecTBa A, a uepes B — MHOXeCTBO, 06pa3o-
BaBIlIeecs Ha MecTe (oTorpadum MHOXeCTBa B.

PaccMOTpHM Temepb MHOXecTBO ‘I, cocrosinee U3 epHBIX LIa-
POB, COJEPXALUMUXCH B A M MHOXecCTBO B, cocrosiiee u3 6elbIX Lia-
pOB, COACPXALIUXCH B B., QOpgHaxo 4TOORI ABUraThCS JaJbli€, HaM II0-
TpeGyeTcs CleAyoiLee TeOPeTUKO-MHOXECTBECTBEHHOE YTBEPXKACHHE,
KOTOpOe Mbl [pUBeieM 6e3 N0Ka3aTebCTBa.

YTBEPXJIEHHME 1.1 (cm., HanpuMep, [6]). Kakosbi 6bt nu Gbiau
08a MHOXCECMBA, NO Kpatinel mepe OOHO U3 HUX PAGHOMOWHO HeKomo-
POMY HOOMHOXCECMEBY Opy2020.

BepHeMcs K I0Ka3aTeIbCTBY HALIEH TEOPEMBI. ByneM IS O1Ipe-
JeJIEeHHOCTH CUMTaTh, YTO MHOXecTBO Y panuomomuo HEKOTOPOMY
MTOIMHOXECTBY MHOXECTBA b.

B 9TOM ciryyae MBI MOXeM OOMEHSATD 6Ce YEPHBIE IAPh! U3 A Ha
Hexomopble Oenple Iaphl U3 B. MmuoxecTsa, 06pa30BaBIIHECH TOC-
jIe YKa3aHHOH IMpOLEAYPE Ha MECTe A HB 0003HaYUM qepesA U
B coorpeTcTBeHHO. ['eOMETPUYECKH OYEBHIHO, UTO

A~ A4, ,(1.-1)'

a Takxe, 4T0
* .
B -~ B. (1.1

PasbepeM Tenepp TP Ciiydasi:

a) Cpeln «IMIIHMX» WApoB HMeloTcA Oenbie. B aToM caydae,
OYEeBHAHO, UMEET MECTO CTPOTOE BKIIOYECHUE ‘ ;

A c A (1.2)

U3 (1.1) u (1.2) nony4aeM HCKOMO€ POTHBOPEIHE C NPELTIOIO-
XeHUeM O TOM, 4TO A — KOHEYHOE MHOXECTBO;

6) Bce «iMuIHKHe» Waphl — YepHbBIE, HO Geble LIAphl OCTAIOTCA B
MHOXecTBe B, momyumsmemcst U3 B_B pesynbrate obMeHa yepHBIt
MH M GeJIBIMH ILIapaMu MeXAy A u B. Ouesuano, uro Torma (1.2)
mo-npexHemy umeer mMecto, u (1.1), (1.2) cHOBa MPUBOAAT HAC K
IIPOTUBOPEUHIO;

B) Bce «IHIIHHME» MIapbl YePHBIE U B’ COCTOMT TONBKO U3 YEPHBIX
wapoB. B 3TOM ciydae, O4€BUIHO, HMEEM i

B < B (1.3)

Opuako cooTHowenus (1.1') u (1.3) mpoTUBOpeYaT NMPEATIONOXE;

HHUIO O TOM, 9TO MHOXecTBO B koHeuHO. Teopema gokasaHa. B

$ ~2. Oppeaeﬂeﬂue muoxecmea Ny 9

3ameuaHue. TlycTh MHOXeCTBO B OOHOIJEMEHTHO, T.€.
B ={x}. B 3ToM ciydae HOKa3aTeibCTBO TeOpeMBl 1.3, OYEBHIHO,
He TpebyeT ccrinkyM Ha yreepxkaeHue 1.1. Kax Mel yBUIAM B cieny-
IolleH IaBe, caydyaldl OMHOSJEMEHTHOrO MHOXECTBA B oKa3blBaeTcCs
IUIs1 HaC €IMHCTBEHHO BaXXHBIM.

B 3akmioueHue aroro maparpada npuBeneM eille OQUH Pe3yiIbTaT,
OTHOCSIUUHACSA K TEOPUM KOHEUHBIX MHOXecTB. Ho BHauane Hamom-
HUM CIIeAyIoLIee

- OMIPENENEHUE. Jexapmoeoim npouseedenuem AX B MHOXecTB
A M B Ha3bIBaeTCs MHOXECTBO, COCTOSIIIEE M3 BCEBO3MOXHBIX YIIO-

PALOYEHHBIX ITap BHIA (a b) roe ae A, be B. W

Teopema 1.4. [Tycmo muoxcecmea A u B ICOHe'{Hbl Toeda ux 6elcap
moeo npouseedenue AX B makxce Koneuno.

Hoxa3aren5c1‘30 3TOW TEOpPEMBI MBI OTJIOXHUM IO ciaeaymouen
TJ1aBBhI.

3agaum

1. Mpusectn nipuMep GeCcKOHEYHOro (T.€. HE ABJISIOIIErOCH KO-
HEUHBIM) MHOXECTBA. : .

2. ITycTh A — GeckoHeYHOE, a B — KOHEYHOE MHOXECTBO. Hdoka-
3aTh, 4TO

a) MHOXECTBO AU B 6eckoHEYHO;

6) MHOXECTBO A\ B 6ecxoHeuHO;

B) MHOXeCTBO B\ A KOHEJHO.

§ 2. Onpenesnenne MHOKecTBa Ny

PaccmoTpuM kmace K BCexX TAKHX HEMYCTHIX KOHEYHBIX MHOXECTB,
9TO KaXJA0€ U3 HHX MOXET OBTh B3aUMHO-OJHO3HAYHO OTOGPAXEHO
Ha n060€e Jpyroe MHOXECTBO U3 9TOr0 KiIacca.

OITPEJEJIEHUE. CpoiicTBo MHOXecTB U3 K, o6ecnednBawiiee
¥X NPUHAJIEXHOCTh Kiaccy K, Ha3bIBAECTCA HAMYPANLHBIM YUCAOM.

BT0 XK€ CBOICTBO, OTHECEHHOE K KOHKPETHOMY MHOXECTBY A € -K,
HA3BIBACTCH YUCAEHHOCMbIO MHOXeCTBA A U 06o3Havaercst n(A). Ta-
KM 06pa3oM, uucrennocmo muoscecmea A — 3mo wucno, xapakmepu-
3yI0uiee Kaace, cooepicauulli mHoxcecmeao A.

Knaccy, cocrosiieMy U3 MyCTOrO MHOXECTBA &, COIIOCTaBAsAET-
ca gucno 0 (Hoas).




10 Tnaga 1. Koauuecmeennuili no0xo0d ¢ CO30GHUID CUCMeMbl Y.H.4.

Muoycecmso écex HamypaabHbix vucen obo3Hayaercs depe3 N.
Muoxucecmeo :

Ny = NU{0} 2.1

HA3BIBACTCS MHONCECMEOM UEALIX HEOMPULUAMENbHOIX Yucen (4.H.4.).

JlBa ILH.9. @ U b cUMTAIOTCS pasHbimu (a = b), ecnm OHM Xapak-
TepU3YIOT ONUH M TOT X€ KJIACC KOHEYHBIX MHOXECTB. Takum obpa-
30M, PaBEHCTBO LI.H.4. — 3TO HX COBMAACHUE.

§ 3. Cnoxenue L.H.49.

MycTs Teneps A ¥ B — [Ba KOHEYHBIX MHOXECTBA TAKHX, UTO
ANB=0 (3.1

n(A)=a, n(B)=b. (3.2)
O603uauuM yepe3 K Kiacc, KOTOpOMY NpHHALIEXAT AU B.

OIIPEJEJEHHE. CaoiicTBo, obecnednuBaplice NpUHALTCK-
HOCTh KOHeuHOTo MHoxectBa AU B xmaccy K, Ha3mBaeTcsa cymmou
ymcen a 1 b 1 060o3HavaeTcsa 4+ b.

3aMeuaHue. TakuM oOpa3oM, PaBEHCTBO
a+b=c,
rae a,b,c € N,, o3HauaeT B TOYHOCTH, 4TO HAMAYTCA 1Ba KOHETHBIX
MHOXecTBa A U B, ynonneTBopﬁIomue ycaosusaM (3.1) u (3.2) u Ta-
KHe, 4TO 4McIeHHOCTh MHOXecTBa C = AU B pasHa c.

OIPEAEJEHUE. Onepanus, CONOCTABNAONIAA YIOPSIOIeHHONU
nape 1I.H.4. (@,b) UX CyMMy, Ha3bIBACTCS CAONCEHUEM.

Mouemy 9Ta omepanus Bceraa ocyurectsuMa? B [3] maetcs Ha 9TOT
BOTPOC CHAEAYIOLINiT OTBET: BBUAY H0raTcTBa 1 pasHoobpa3ua MaTepH-
AJILHOTO MHUpA, IAe BCera MOXHO HalTH B2 HENIEPECEKAI0MXCs KO-
HEUHBIX MHOXECTBA HYXHBIX YMCIEHHOCTEH.

TIpenIOXEHHBIH OTBET, HECOMHEHHO, HHTEPECEH C TOYKHU 3PeHMs
“GBA3M MaTeMaTHKH ¢ Gu3MKoii. BO3MOXEH, ONHAKO, N TaKOA Bapu-
jl;kTaTBeTa: ecay MHOXecTBa A U B ¢ HYXHBIMU YHMCIEHHOCTAMMU Ka-

KMM-TO 0BGpa3oM MOCTPOEHBI, TO BCErJa MOXHO MBICTICHHO INpeX-
CTaBUTH ce6e MHOXecTBo B’ paBHOMoOUIHOE B Y HE nepeceKaroleecs
¢ A (cM. no 3Tomy nosony [7, ¢. 233]).

Teopema 3.1. Onpedenenue cymmbi 08yX Y.K.4. a U b ne 3asucum
om evibopa Koneunsix mHoxcecms A u B, ecau cobniodenst ycaosus (3.1)
u(3.2).

§ 3. Caoxcenue u.n.4. ' 11

JHokaszameabcmeo. [JeCTBUTEIBHO, MYCTh KOHEYHBIE MHOXECTBA
A wn B ynosnerBopsioT ycaoBusM (3.1) u (3.2), u ycTh OBa OPYTHX

KOHEYHBIX MHOXeCTBAa A ¥ B’ yIOBIETBODAIOT TAKHM X€ YCIIO-
BUSAM: :
ANB =2,

n(A)=b, n(B)=b.
Paf:CL:IOTpPIM.BHa‘-IaJIe clydaif, KOTAa BCe YeThIpe MHOXECTBa
A, B, A, B noriapHo He nepecekaTcs (CM. pHc. 5).

Puc. §

HUs CIOEJIAHHBIX BHIILE HpeImOJIO)KeHI/Ifi, O4YE€BHIAHO, CACAYET, 4YTO
CYIIECTBYET B3AUMHO-OAHO3HAYHOE COOTBETCTBUE MEXNy MHOXECTBa-
Mu Au A'(A ~ A), arakxe mexay MmHOXectBamu Bu B'(B ~ B'). Te-
neph M3 PHC. 5 TEOMETPHYECKH OYEBHAHO, YTO

AUB -~ A UB,
¥, CIeJOBATENBHO,
n(AUB)=n(4UB), (3.4)
T.€. HE3aBUCUMOCTh CyMMEL @ + b OT 3aMeHbl MHOXecTB A ¥ B Ha A’
U B’ ycTaHOBNeHa.

Bo3MoxHa, ogHaKO, CUTyallus, KOTAa He IepeceKaloliuecs Apyr
¢ ApyroM MHoxecTBa A’ M B’ nepecexaloTcs ¢ MHoXecTBaMH A u B
(cM. puc. 6).

Puc. 6
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B 3TOM ciyuae CIpaBe[UTMBOCTh cooTHomeHus (3.3) Hemoc-

peACTBEHHO He oueBUAHA. ONHAKO YTPaYeHHYIO TEOMETPUIECKYIO
OYEeBUIHOCTh JOKa3bIBaeMoit (hOpMynbl HETPYAHO BOCCTAHOBHTB.
JI1s1 9TOro paccMOTPXM Napy BCIIOMOTATEIbHBIX MHOXECTB A"u B’
TaKUX, 4YTO AOB -0,
n(A") = a, n(B”) =b,
1 YIOBNETBOPAIOLUIMX TOMY HONOJHHUTENBHOMY YCIOBUIO, YTO HU OIHO
U3 HUX HE MIEPECEKAeTCs C OGLGJJ,HHCHPICM AUBU AU B (cwm. puc. 6).
(Takue MHoXecTBa A” M B” Taxxe BCEr1a MOXHO HAATH BBUIY MHO-
roobpasus Mupa.) 'eoMeTprHyecKu O4€BUAHO, YTO TOTAA

A” U Bn = AU B
A” U B// - A/ U B/‘
OTKYHa clienyeT (3.3), a TeM CaMBIM ¥ HCKOMOe cooTHoueHue (3.4). B

"

Cnencrsue. Cmea IBYX LI.H.4. OIlpeieIeHa ONHO3HAYHO.
BrisicHuM Ternepb, KAKOBBL OCHOBHBIE CBOMCTBA CJIOXEHHA II.H. Y.

§ 4. KoOMMYTATHBHOCTb H ACCOHMATHBHOCTh CIOXEHHSA

KOMMyTaTI/IBHOCTB 1 aCCOLMATHBHOCTDL OII€paluH 00BeAUHEHUS
MHOXECTB, T.C. pPaB€HCTBA

u (AUB)UC =AU (BUC), 4.2)

CBSI3BIBAIOLINE NPOU3BOJbHBIE MHOXecTBa A, B, C, oGecnenuBaoT
AHAJOTMYHBIE CBOMCTBA OMEpPAllUY CAOXEHNA I.H.4. A HMEHHO, CIIpa-
BEUTHBA ClIeayloulas

Teopema 4.1. ITycms a, b, ¢ — npousgoavhsie y.H.4. Tozda umeiom me-
Ccmo paseHcmeq:

a+b=b+a C4.3)
(KOMMYmamueHOCMb CAONCEHUR); .
(a+b)+c=a+(b+c) (4.4)

(GccouuamueHocms CA0HCEHUR). ”

Jloxazameavcmeo. Jloxaxem, HanpuMep, paBeHCTBO (4.3). IlycTs
Ay B — nBa HemepecekKalMWMNXCcss KOHEIHBIX MHOXECTBA C YUCJIEH-
HOCTSMM a W b COOTBETCTBEHHO; UMeeM TOrAa ¢ yueToM (4.1):

a+b=n(A)+n(B)=n(AUB)=n(BUA)=n(B)+n(4)=b+a,
4TO ¥ TpeOGOBAIOCH YCTAHOBHUTD.

Papenctso (4.4) noxaspisaetcs aHajsoruyxo. B

(R

-
f 4

AUB=BUA @

§ 5. OmHowenue «meHnbwe» U e20 C8A3b CO CAONCCHUEM 13

WITak, KOMMYTATHBHOCTD H ACCOUMATHBHOCTh CTOKEHUS IL.H. Y, —
IPSIMOE CJIEACTBHE KOMMYTATHBHOCTH U aCCOLIMAaTHUBHOCTH ONEPALIHHU
0OBbeAMHEHNI MHOXECTB. 3aMETUM, YTO CHPABEITHBOCTh PABEHCTB
(4.1) u (4.2) B cBOIO OYEPEND CIEAYET U3 KOMMYTATHBHOCTH M 4CCO-
LHATUBHOCTH JIOTHYECKOTO COI03a «HJIU».

JedcTBUTENBHO, YTBEPXIATE

«xe A wiu x€ B» (4.5)
— 3TO TO Xe caMoe, YTO YTBEpXIaTh
«x€ B mm xe A». (4.6)

SIcHO, YTO cCOBNageHue CMHBICIOB npemtoxennii (4.5) u (4.6) u o3Ha-
yaer coBrageHne MHoXectB AU B u BU A

AHAJIOTMYHO, YTBEPXIaTh
«xe A uwm xe Bynm xeC» 4.7

"— 9TO TO Xe caMoe, YTO YTBEepPXIAaTh

«xe A anu (xe B wm xe C)», : (4.8)

OJHAKO COBIaJeHHe CMBICIOB mpemnoxenuit (4.7) u (4.8) u o3Haua-
er comageHue MEOXecTB (AUB)UC u AU(BUC).

Takum 06pa3oM, KOMMYTaTHBHOCTb ¥ aCCOLIMATHBHOCTH CIIOXE-
HHS 1.H.4. OKa3bIBAETCS [IPAMBIM CJIEICTBUEM 3aKOHOB JIOTHYECKOIO
MBILIUTEHUS. '

B 3akimoueHHne 3T0ro naparpada OTMETHM, YTO IS 110600 MHO-
XecTBa A, OYEBUAHO, UMEEM

AN =0, AvD = A

IToaTOMY M3 OnpeneNeHHs CYMMBI LI.LH.U. Cpa3y Xe€ CJIeAyeT, YTo

114 moboro ae N
a+0=a. : , (4.9)

§ 5. OTHolleHHe «MeHbiIEe» H ero CBA3b CO CJIOXKEHHEM

TIocne Toro Kak onepanys CIOXECHHA Ha NO 6bL1a BBEICHA, MOX-
Ho ONpenenInTh Ha 9TOM MHOXECTBC OTHOHICHHE «MCHBLIC» MEXIY
YnucCiaaMy, MOJOXHB

E a<beo b=a+c, toe ce N. 5.1
it 3amevanue 1. [lycte A B — KOHe4HbIEe MHOXECTBA TaKHUE,
97O ,

Ac B, n(A)=a, n(B)=>b. (5.2)
~Toraa

a< b. (5.3)
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JefcTBUTENBHO, NIPEJCTABUM MHOXECTBO B B BHIE
B=AU(B\ A).

Teneps, nockonbky B\A Henycro, (5.3) cpa3y cneayeT u3 ompe-
JeNIeHMS CYMMHI IL.H.4. U OTIpeNeNeHNAs OTHOLEHHUs «MeHble». O6-
paTHO, eciu (5.3) BBIMOJIHEHO, TO, OYEBHUAHO, HAMAYTCA KOHEYHBIE
MHOXecTBa A ¥ B, ynoenerBopsomue ycnosusim (5.2).

3ameuaunue 2. U3 1TaHHOTO BBILIE OMPENEIEHUS Cpa3y Cleny-
eT, uTo
O<a, (5.4)
KakoBo Obl H¥ 68110 @ € N. JleficTBuTensHO, uMeeM 0 + a = @, OTKY-
xa B cuny (5.1) u cneayer (5.4). ‘

HeTpyaHo mpoBepuTh TAKXKeE, YTO BBEIEHHOE HAMU OTHOIIEHHE
«MEHbIlIe» 00TaNaeT CACAYIOIUMY CBOMCTBAMH:
a) s moboro a € Ny HEBepHO, YTO 4 < d
(anmupepaexcusnocme);,
6) 1 no0BIX a,b € Ny Takux, YT0 @ # b, HIMeeT MECTO 110 Kpai-
Hell Mepe OJHO M3 COOTHOINEHHH
a<b umm b<a
(cenasnocmy);
B) 07151 Mo6HIX a,be Ny TaKHMX, YTO a # b, HE MOTYT OMHOBPEMEH-
HO BBHIITONHATHCH COOTHOLIEHUS
a<bmubza
(acummempuyrnocmp);
r) mus obsix a,b,ce Ny

-

a<b b<c=a<c
(mpan3umuenocms).

JlokaxeM, HalpuMep, CIPaBelIMBOCT yTBepxaeHus 6). ITycts
Au B— KoHeuHbIe MHOXeCTBa Takue, uto n(A)=a, n(B)= b.B cuny
yrBepxaenus 1.1 o KpaitHeil Mepe OXHO M3 3THX MHOXECTB PaBHO-
MOIHO HEKOTOPOMY NOAMHOXECTBY Apyroro. ITycTs, HanpuMep,

A~F, rne B cB " (5.5)

OnHako B’ # B, n60 B IPOTHBHOM CJIy4yae MHOXeCTBa A i B rpu-
HaJUIeXaiy OBl OMHOMY KJIACCY M MBI UMeNH OBl @ = b, 9TO MPOTHUBO-
PEYHUT IPEANOIOXEHHUIO.

Urak, B c B. CnenosatensHo, B\ B’ HEIycTO; KPOMeE TOTO, MHO-
xectBa Bu B\ B oueBunHO, He nepecekalorcsa. M3 onpeneneHus cio-
XeHUS M0ITOMY MMEEM

uTO atc<b+d.

§ 5. OmHowenue «menbe» u e20 Cs13b CO CAONCEHUEM

n(B)=n(B)+n(B\B),
rae n(B)=a Bcuny (5.5), n(B\ B)e N.
WITaK, MBI IPUILTH B PACCMATPHBAEMOM CIIy4ae K PABEHCTBY BHIA

b=a+c, ce N,

OTKYla B CHJIy ONPEICICHUS OTHOLIEHHS «MEHBUIE» MONTYYaeM, 94TO
a<b.

Cayuait, koraa BMecTo (5.5) cnpaBelIMBO COOTHOLIEHHE

4 ’
B~ A, tne A c A,
paccMaTpHBaeTCs aHAJIOTHYHO.
Tem cambiM yTBepXieHue 0) AOK43aHO.

3aMeuaHue 3. BMecto TOro, YTo6H FOBOPUTE IO OTAEIBHOCTH
0 KaXJOM U3 CBOICTB a)-T), TOBOPSAT, YTO OTHOUIEHHUE «MEHbIIE» Ha
Ny AIBNSIETCS OTHOWEHUEM CMP02020 AUHEUH020 ROPADKA.
3aMmeqgaHnue 4. [locne TOro Kak OTHONIEHUE «MEHbBLIC> BBEIE-
HO, OTHOIIEHHUST «MEHBIIIE WIX PABHO», «60NblIes», «60JbIIE WIH paB-
HO» MOTYT OBITb BBEIEHH Ha N O4eBMIHBIM 006pa3oM:;
asbeoa<bh wim a=b;
- a>beb<a; (5.6)
azbeoa>b mm a=b.
HNanbHeiyio cB3b MeXAY OTHOIIEHHEM «MEHbLUE» H ONepaLy-
€ cloxeHus Ha N, yCTaHABIHBAeET CleAYIOIIAs
Teopema 5.1 (MOHOTOHHOCTH CIOXEHHS).
IIyemo a,b,c e Ny. Toeoa

a<b=a+c<b+ec (5.7)

Aokxaszameavcmeo. Ilycts a < b, Torma B cuny (5.1) Havzercs Ta-
koe de N, yro b =a+d. CienoBareisHo,

b+c=(a+d)+c,
OTKYJIa, NIONb3YACh aCCOLMAaTUBHOCTBIO M KOMMYTaTHBHOCTBIO CIIOXE-

HUS, TIOTydaeM
b+c=(a+c)+d,

T.e. @a+c<b+c, 4yTO M TPEGOBATOCH YCTAHOBHTH. M
3amaua. Ilycts a,b,c,d e Ny u nycte a < b, ¢ <d. JlokazaTs,

B 3axmiouenune 31oro maparpaa yCTaHOBHM C MOMOIIBIO TEOpE-
MBI 5.1 elle OZHO BaXHOE CBOMCTBO OIEpalUd CIOXEHH.
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Teopema 5.2 (COKPaTHMMOCTB CTIOXEHUA).
ycms a,b,c,d € Ny. Tozda
atc=b+c=>a=b (5.8)

Jlokazameascmeo. Bynem paccyxaaTe oT mporueHoro. IlycTs
a+c=b+c, HO HEBEPHO, 4To a = b. Toraa nubo b < a, 1ubo 4 < b
(B CHILy YCTAHOBJIEHHBIX paHee CBOWMCTB OTHOIUICHUS «MeHblie»). B
IIEPBOM Cilydae, IIOJB3YACh TEOPEMOH 5.1, momydaemM, 4T0

b+c<a+ec,

YTO IIPOTHBOPEYHUT YCIOBHIO.
Bo BTOPOM cly4dae, OY€BUAHO, NOJIYIHUM

a+c< b+ec,

YTO TAKXe NMPOTHBOPEYHT ycroBuoo. M

§ 6. BolunTaHHe W.H.Y.

ONIPENEJEHME. Mycts a,be Ny. Pasnocmoerw a— b Hasbinaer-
s Takoe 9ucio ¢ € Ny, yTo ¢ = ¢+ b. YHCNO @ Ha3bBaeTCs IIPH 3TOM
yMeHbuiaeMbiM, @ YUCIO b — guivumaemvim. Onepanus, CONOCTABNA-
10LI1as YIIOPAAOYEHHON Hape W.H.4. (a, b) MX pa3HOCTh, HA3KIBAETCS
GbIYUMAHUEM. :

WrtaK, 1o onpejeneHuio 1s To6ux 4,b,ce Ny ]

a-b=cea=c+b 6.1)

VHBIMH CJIOBaMH, BblYUTaHHEe Ha MHOXeCTBe Ny -— ATO Omepa-
nudg, obpamuaa CIOXEHHIO. N

OueBHIHO, YTO Pa3sHOCTh 4 — b cyuiecTByeT B N B TOM U TOJIbKO
TOM cIydae, Korga b < a (cM. ompefesieHust OTHOIUCHHUM «MEHbILIE»
U «MeHbllie WIH PaBHO»).

HeTpyaHO BUAETH TAKXKE, YTO €CJIM Pa3HOCTH ABYX LLH.4. cyuie#
CTBYET, TO OHA OTIpe/e/ieHa OLHO3HAYHO. JIeUCTBUTENBbHO, OyaeM pac-
CyXIaThk OT npomanoro Nycte b<a, n nycTb CYILIECTBYIOT TaKHe
ABA ILHY. CH ¢, ¢#C', uaTo a=c+b u a=c +b Torma, npupas:
HUBas IpaBble YaCTH IBYX MOCJHEAHHUX PAaBEHCTB, NMEEM

. c+b=c"+b,
OTKyZa B CWJIY COKDPAaTHMOCTH CIIOXEHMS MOTyYaeM
c=c",
T.e. MBI IPHUUTH K IIPOTHBOPEYHIO. N

YCTaHOBMM TEIeph HECKONBKO NMPOCTHIX, HO BajHBIX pesynw‘af-

TOB, XapaKTePHU3YONIUX BHIYHUTaHUE B N

§ 6. Botwumanue y.i.u. 17

Teopema 6.1. /Tycms a,be N,. Tozda

(a+b)-b=a (6.2)
Kpome moeo, ecau b < a, mo
(a-b)+b=a. (6.3)

AHokazamenscmeo. JJoxkaxeM BHauane paBeHCTBO (6.2). MMeem B
CHUIly ONPeAENeHUs] Pa3HOCTH:
_ (a+b)-b=ae a+b=a+b,
T.€. YTBEPXKACHHE O CIPaBEMIMBOCTH (6.2) OKa3amoch SKBUBAIEHTHBIM
YTBEPX/ACHHUIO O CHpPaBEIIMBOCTH 3aBEIOMO BEPHOIO PaBEHCTBA
a+b=a+b Tem cambim (6.2) YCTAaHOBJIEHO.
AHanorano B CHIY OnNpefeNieHHs Pa3HOCTH:

(@-b)+b=awa-b=a-b,
OTKy#a u cienyet (6.3). B

Teopema. 6.2 (MOHOTOHHOCTL BLIYHUTAHHS).
flycmv a,b,c€ Ny u nycmes, kpome moeo, ¢ < a. Toeda, ecau

a<b, (6.4)

a-c<b-c ’ (6.5)

AHoxazameavcmeo. ByneM paccyxaats oT nipotusHoro. IIpexmnono-
XHM, YTO YCNOBHS TEOPEMEI BEIIIONHEHHI, HO (6.5) HeBepHO. DTO 3Ha-
YHUT, YTO HAWNYTCA H.H.4. dy, by, Gy, VIOBIETBOPSIONIUE HEPABEHCTBAM

Cosao, 00<b0

mo

U Takue, YTo
’ —q=by—¢ M ay—cy > by—q.

Ilpu6aBnss temeps €K 006enM YacTSIM KaXIOro u3 ABYX I1OCHE]-
HUX COOTHOLIEHHUH, ITOJIYy4aeM B CHIIY TEOpeMEI 6.1, 4TO JOIXHO OBITH
dy = by umm ay > by,

T.€. MBI IIPULIIK K NPOTHBOPEYHIO C YCIOBHEM a4y < by. M

3amava. Ilycts a.b,c,de Ny unycrea < b, ¢ >d.
Mloka3aTh, 4TO TOIAA UMEET MECTO HEPABEHCTBO
a-c<b-d
(mpenmonaraercst, 4T0 BCe pacCMATPHBAEMBIE PA3HOCTH CYILECTBYIOT).
Teopema 6.3. [Iycmo a,b,ce N,. Tozda cnpasednuas caedyowue
MpPU COOMHOWECHUA; :
(a+b)-c=a+(b-¢c) = - (6.6)

(npednonazaemcs, umo b2 c); .
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-(b+c)=(a-b)-c (6.7)
(npednonazaemca, yma a2 b+c);
a-(b-c)=(a+c)-b (6.8)

(npednonazaemca, wmo a+c=hb=c).
3ameuanue. Croictsa (6.6)-(6.8) Haubo€ee ecTeCTBEHHBIM 00-
pa3oM JOKa3bIBAIOTCH HE B TEOPUH N, 8 B TEOPHMH LIEJBIX YHUCEN, TIPH
3TOM HEOb6XOIHUMOCTh B JOMOJHUTEIbHBIX OIPAHUYEHHUSIX THUIIA HEPa-
BEHCTB oTmazaer. s Hac, OMHAKO, NPEACTaBIsAeT HHTEpeC JOKa3a-
TENLCTBO 3THX CBOWCTB, HE BHIBOASIIEE 32 DPAMKH TeOpHU N,
Jloxazameavcmeo meopemst 6.3. Mbl OrpaHMYMMCST JOKa3aTeb-
CcTBOM cooTHouieHHs (6.8), mamGonee Tpymuoro u3 tpex. Ilpexne
BCEro, 3aMETHM, 4TO B CHJIY OIpeldeNeHHs Pa3sHOCTH CHpaBelId-
BOCTH (6.8) 3KBHBaNEeHTHA cnpanezmnaocm paBeHCTBA
[a ] +b=a+c.
Hanee, B cuny (6.6) cnpaBeJmnBoc‘TL TIPeABIAYIIETO PABEHCTBA
SKBHMBAJICHTHA TOMY, UTO :
(a+b)-(b-c)=a+c.
OIHAKO B CHJIy ONpeMIeNieHus! Pa3HOCTH CIPABELIMBOCTh 3TOTO
PaBEHCTBa 9KBHBAJICHTHA CIIPaBeUIMBOCTH PAaBEHCTBA
a+b=(a+c)+(b-c).
Ho cripaBediMBOCTE TTOCELHET0 PaBEeHCTBA B cUy (6.6) S5KBHBa-
JIEHTHA CIIPaBeJIMBOCTH PaBEHCTBA
at+b=[(a+c)+ b]-c

KOTOpO€, O4YeBHAHO, 3KBUBANCHTHO TOMY, YTO

a+b=[(a+b)+c]-c

T.€.
a+b=a+b.

TeMm caMBIM CIIpaBeIHBOCTh IIPOBEPAEMOro cooTHoueHus (6.8) yc-
taHoBneHA. Il

§ 7. IlonbITKa ABHOTO ONHCAHUA MHOXecTBa N

O603HaYeHHe sl OOHOTrO II.H.4. MBI yX€ BBeJIW paHbllIe, I10-

JIOXXUB 0= n(@) (7.1)
Beenem Tereph enie oxHO o603HaYEHUE:!
1=n({0}). (7.2)

§ 7. lHonumxa aen020 onucanus muoxecmea N, 19

STHX ABYX YHCJIOBBIX CHMBOJIOB HaM JOCTATOYHO, YTOOBI C I10-
MOMIBIO ONEPALNK CIOXEHUS o6pa3ona1'1> MHOXECTBO

M={0; L, 1+5; 1+1+1; .} (7.3)

Onpenenenne MHOXecTBa M ¢ noMousio paseHcTBa (7.3) crneny-
€T TIOHMMATh KaK COKDPAlEHHYIO 3alUCh CIEAYIOMIUX TpeOoBaHMIL,
KOTODPEIM JOJIXHO YIOBJIETBODPSITH 9TO MHQOXECTBO:

a) 0Oe M,

6) ectm ae M, 10 a+le M,

B) M sBnsiercs HaMMEHbIUUM U3 MHOXECTB, ynonnemopmomux
Tpe6OBAHUAM a) U 6).

Onupasch Ha CBOMCTBA CIOXEHHs, HETPYIHO MOKA3ATh, YTO, Ka-
KOBO Obl HH 6BIIO a € N;, He CyulecTByeT Takoro be N,, xoropoe
OTHOBPEMEHHO YIOBJIETBOPSIIO OBl HEPABEHCTBAM

a<bsa+l. (7.4)
JefACTBUTENBHO, NPEATIONOXHEM TIPOTHBHOE, 3 UMEHHO, ITO JUIA

HEKOTOpOro a € N, Haixetcst Takoe be N, 4ro UMeet Mecro (7.4).
Torna B cuny MOHOTOHHOCTH BBIYMTAHHS, OYEBHIHO, 6yIEM MMeTh

O0<ec<l, - (1.5)

rae 0603HaYeHo ¢ = b - g. [lanee, 10T dakr, uto ¢ # 0, O3HAYaeT, YTO
c¢=n(A), rne A — HEKOTOPOE HENYCTOE KOHEYHOE MHOXecTBo. Ho
TOrAa HAUAETCS 37EMEHT X € A, U MBI MOXeM TIPEACTABUTE A B BUIE

A={x}U(4\ {x}). (7.6)

O6a MHOXecTBa, BXOXALINE B NpaByio 4acTh (7.6), OYEBUIHO,
KOHEYHHl U He mepecekawrcs. [IosToMy, BcnoMuHas onpeaeneHue
CIoXeHUs, rtonydaeM u3 (7.6), uyro :

c=1+n(A\{x}). 7.7

Paccmorpum Temeps mBa ciyyast:

1) AN{x}=2 u2) A\{x}z0.

B mepsom cnyuae us (7.7) cnenyer, 94T0 ¢ =1, ¥ MBI MONyYaeM
IPOTHBOPEYHUE C MPABBIM HepaBeHCTBOM U3 (7.5). Bo-BropoMm ciayuae
uMeeM n(A \ {x})e N, mostomy u3 (7.7) u OnpeneneHust OTHOLIEHUS
«MEHBLIE» CIenyeT, 4To 1< ¢. OXHAKO U 3TO HEPABEHCTBO IMPOTHBO-
PEYHT IIpaBOMY HepaBeHCTBY u3 (7.5).

Wrak, MBI IOKa3aJM, YTO HE CYLIECTBYET Uncaa b e Ny, ymoBner-
Bopstowero (7.4). B 9acTHOCTH, 5TO 03HAYAET, YTO MEXAY ABYMS JIIO-
OBIMH COCETHMMHM YHCIAMHU U3 M HEBO3MOXHO BCTABHTb HM OJHOTO
IL.H.9. TaK, 9TOOH He HAPYWIMIACh LIEMIOYKA CTPOTMX HEPAaBEHCTB.
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OxHAKO OCTaeTCsl HEBLIACHEHHBIM BOMPOC, COAEPXUT TU MHOXE-
c¢TBO M BCe II.LH.4., T.€. BEPHO IIH, YTO

M =N, (7.8)

OTBETHTh HAa 3TOT BONPOC MBI II0KA HE B COCTOSIHMM. Bripouem,

3TO HE MelaeT HaM HayaTh [OJIb30BAThCs OOLIEIPUHATEIME 00603Ha-

YEeHUAMMU: :
1+1=2, (1+1)+1=3 HUTA

§ 8. YMHoXkeHHE II.H.Y.

OIIPEOEIEHMUE. Ilycts @, b — nBa u.H.4: UX npoussedenuem
a-b Ha3BIBaeTCA YUCTEHHOCTH MHOXecTBa AX B, rie Au B — xo-
HEUHBIE MHOXECTBA, YUCIEHHOCTH KOTOPBIX PABHBI COOTBETCTBEHHO
a v b. TakuM 00pa3oM,

a-b=n(AxB). 8.1)

Ornepauys, CONOCTaBIAIIAs YIOPSIAOYeHHOH Mape I.H.4. (a, b)
HX [IPOU3BEAEHHUE, HA3KIBACTCS YMHONCCHUEM.
Hetpynuo BUAETH, UTO €CNH

A~ A,B~B,
AxB ~ AxB,

IMosTOMy OomnpeieneHne MPOM3BENEHUS ABYX IL.H.4. ¢ U b He 3a-
BHCHT OT BHIGOPA KOHKPETHBIX KOHEYHBIX MHOXECTB A U B, y1oBieT-
Bopstowux ycaopuam n(A)=a, n(B)=b. (Tem cambiM npoussene-
HME ABYX ILI.H.4. OIIPELeIeHO OJHO3HAYHO.) !

TO

3ameuyanue |. KakoBo Gbl HH OBIIO KOHEYHOE MHOXECTBO A,
HMeeM Ax @ =, noaromy mis aoboro ae N

a-0=0. - (8.2)
3aMeuaHue 2. Huxe ang cokpallieHUs 3aKHCH MBI OyneM, Kak
NpPABKIIO, OIYCKaTh TOYKY, 0603HaYas MPOU3BENCHIE IBYX YHCE.

YcranoBuM TeNI€EPb HECKOJIBKO BaXXHEWIIUX CBOMCTB, XapaKTepu-
3YIOIHUX YMHOXCHHUEC.

Teopema 8.1. ITycms a,be Ny. Toeda cnpasedaussi pasencmea:

ab = ba (8.3)
(KOMMYMAMUueHOCMbs YMHONCEHUS),
(ab)c = a(bc) (8.4)

(accouuamueHocmo YMHOMICEHUR).
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Joxazameavcmeo. JlokaxeM, HaNpUMep, COOTHOLIEHUE (8.3).
Oycte n(A)=a,n(B)=b v nycts xe A,ye B. Torna no ompe-
IeNeHHIO IeKapTOBa IPOU3BEAEHHUS ABYX MHOXECTB YIOPSAOYEH-
Hast 1apa (X, ) NpUHAIeXUT MHOXECTBY AX B, a yHOpsIoueHHas
mapa (,X) — MHOXeCTBY Bx A. 3acTaBUM Temeph 37€MEHTBI X H y
npoGeraTh MHOXeCTBA A U B COOTBETCTBEHHO.

Ou4eBHIHO, 9TO COOTBETCTBHE

(%)= (5x)
ABJISIETCS. B3AMMHO OJIHO3HAYHBIM, OTKYAA U CJIefyeT, 4to n(Ax B) =
=n(BxA), T.e. paBeHctso (8.3). ‘
CooTtHowenue (8.4) noka3uBaeTcA aHanornuyxo. M

Teopema 8.2 (nMCTPHGYTUBHOCTE YMHOXEHMST OTHOCHTENBHO CIIO-
xenus). llyems a,b,ce N,. Toeda cnpagedauswt pagencmea

a(b+c)=ab+ac,

(b+c)a=ba+ca. (8.5)

Hokasameabcmeo. YcTaHOBHM BHaYalle TIepBOE M3 paBeHCTs (8.5).
ITycts A, By C— KOHE4YHBIE MHOXECTB2, YUCTEHHOCTH KOTOPBIX PaB-
HBl @, b ¥ ¢ COOTBETCTBEHHO, M niycTh B\ C = @. HeTpyaHo BumeTs,
4TO

Ax(BUC)=(AxB)U(AxC); (8.6)
SICHO TaKXe, YTo
(AxB)N(AxC)=2.

Iepexons B (8.6) K YMCAEHHOCTAM COOTBETCTBYIOIMX MHOXECTB,
IoJiy4aeM TpebyeMblil pe3ynbTar.

Bropoe paseHcTBO (8.5) cienyeT U3 NEPBOrO U KOMMYTATMBHOC
™™ ymMHOXeHMs. ll :

Jlemma 8.1. Ilycme a,be N. Tozda abe N.
Joka3atensCTBO oueBuaHO. M
3anaua

a) Hoxkasars, uto a-1= a npu moboM ae N,
6) HdoxkazaTb, yTO 1pH NI06bIX a€ Ny, be N

ab=a+..+a.
b pas
Teopema 8.3 (MOHOTOHHOCTE YMHOXEHHS ).
Ilycme a,be Ny, a < b. Toeda das aw6o2o0 Hamyparvrozo ¢ umeem

ac < be. 8.7)
Hoxazameavcmeo. TlockonbKy a < b, cywecTByeT HaTypaibHOEe d
TaKkoe, 4yTo a+ d = b.
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CrenoBaTelbHO,
(a+d)c = b, (8.8)

OTKyla B CHJIY TeopeMbi 8.2
ac +dc = be.

OnHaxo, Kak cieayet u3 geMMsl 8.1, dc — HaTypajibHOE YHCIIO.
Teneps (8.7) BriTekaer u3 (8.8) 1 onpeneneHNs OTHOLIEHUS «MEHb-
we». B

CIEOCTBHUE (cokpaTHMOCTh YMHOXEHHSA).

a) IIycte a,b,ce Ny, ¢ = 0. Torxa

ac=bc= a=b. (8.9)
6) Ilycts a,b,ce N,. Torma
ac<bc= a<b. (8.10)

3anauva. Ilycts a,b,c,d € N, npudem a < b, ¢ < d. JJoka3ars,
uro ac < bd.

Teopema 8.4 (ArCTPUOYTHBHOCTE YMHOXKEHUS OTHOCUTENBHO BBI-
YUTAHUA).

Hyems a,b,ce Ny, npuuem ¢ <b. Tozda cnpagedaugst coomuo-

WeHUA:
a(b-c)=ab-ac (8.11)

(b-c)a =ba -ca. (8.12)
Joxazameavcmeso. Tlpexne Bcero 3aMeTUM, YTO BCIEICTBUE Mpe-
Ibigyuei Teopemsl obe gactu (8.11), a Taxke obe gactu (8.12), om-
penenensl. Jokaxem cootHouenne (8.11). B cuny onpenenenus pas-
HOCTH CIIpaBeXnuBoCTh (8.11) 5KBHBaJeHTHA TOMY, YTO '
‘ a(b-c)+ac = ab. (8.13)
IMomyepkHEM, YTO «PaCKPEITh CKOOKH» B JIeBOi yacTH (8.13) Mbl
ceifyac He HMEEM IIpaBa — MMEHHO 3Ty BO3MOXHOCTb MBI 1 060CHO-
poiBaeM. OIHAKO MBI MOXEM BOCIIOJNIB30BATHCA AUCTPHOYTHBHOCTHIO
YMHOXEHHSI OTHOCUTEIBHO CI0XeHus, Hanucas (8.13) B sxBuBaIEHT-

HOM BHIe ,
al(b-c)+ ¢] = ab,
9TO B CHJIy OOPaTHOCTH BEIYMTAHHUS K CIOXEHMIO 3KBUBAJEHTHO
ab = ab.

Tem cameiM crpaBemTuBocTh (8.11) noxaszana.
PasencrBo (8.12) cmexyer u3 (8.11) 1 KOMMYTaTUBHOCTH YMHO-
Xenus. W
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§ 9. deaenne u.u.4.

OIIPENENEHHE. Ilycts a,be Ny, npuaem b = 0. Yacmuoim om
denenus a Ha b Ha3pIBaeTCA Takoe YHCNo ce Ny, uto a = ch. (Yacrt-
HOe OT ie/leHust g Ha b 06o3Havaercs a : b.) Yucno a HasbiBaeTcs mpu
3TOM OeAuMbiM, A YUCIO b — deaumenem.

Takum o6pazom, ipu b = 0
a:b=co a=ch 9.1)

Onepaiusi, conocrasngoNas yHOpsIoYeHHOM! nape uncen (a, b)
HX 4acTHOe, HaspiBaeTcs desenuem. (Kak caemyer m3 (9.1), nenenue
SBNAETCA olepauueii, o0paTHOM 110 OTHOLUIEHHIO K YMHOXEHHIO.)

Henenne (mono6HO BEIYMTAHMIO) BHITONHUMO B Nj He Beeraa. [To-
KaxeM, Hampumep, 4to yucio 1 He nenmrcs Ha 2. Bynem paccyxnars
oT npotuBHOro. IlpeamonoxumM, 4T0 cymecTByer Takoe ce N, 4ro
1:2=c Torma B cu1y ONpeIeNeHHs YaCTHOTO ITONYIUM

1=2c
OueBuaHO, uto ¢ # 0. Cnenonaienbﬂo, KaK Mbl 3HaeM,
O<e 9.2)
Hanee, tak xak ¢ # 0, o, oueBuaHO, .
l=c um l<ec 9.3)

Teneps, cknageipas (9.2) ¢ KaxasM U3 cooTHomeEHMi (9.3), mo-
Jy4aeM B 060MX cny4yasxX 1< 2¢, 9YTO DPOTHBOPEUYNT UCXONHOMY IIpei-
ITOJIOXEHHIO.

B npuBOIMMEIX HUXE TeOpeMaX Mbl YCTAHOBHM OCHOBHBIE CBOii-
CTBa NeJeHH.

Teopema 9.1 (eAMHCTBEHHOCTD NENEHHUS).
Ilyems a,b,c,ci e Ny, b# 0. Toz0a, ecau
ab=cu a:b=c, (5.4)
mo
Cc= q.

Aloxazamenscmeo. IIpeanonoXnuM NPOTHBHOE, T.€. YTO YCIIOBHS Te-
ODEMBI BRITIONHEHHI, HO ¢ # ¢;. OnHako u3 (9.4) U onpeneneHUs 4a-
CTHOTO CJIEAYET, YTO

a=ch, a=qb,
OTKYyza
ch = ¢b.

Ionb3ysck Teneps COKPATHMOCTBIO YMHOXEHHUS, 3aKTIOTAEM, UTO

¢ = ¢. WTaKk, MBI IpULITH K NPOTHBOPEYHIO C NPEANOTOXeHHEM. Hl
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Crenyowas TeopeMa BIIOJIHE aHANOTHYHA Teopeme 6.1, M MBI
OIlyCKAEM €€ 10Ka3aTeNbCTBO. '

Teopema 9.2. [lycms a,be Ny, b= 0.

Tozda
(ab): b=a, 9.5)
Kpome mozo, ecau Hacmuoe a: b cywecmeyem 6 Ny, mo -
(@a:b)b=a. (9.6)

B npuBOOMMOH HHXe TeOpeMe Mbi YCTaHaBJIUBAEM T CBOMCTBA
HeneHnA B Ny, aHaIOTH KOTOPBIX BCTPETATCA HaM B I 4 TIpH U3yue-
HUM TIPAaBWJI JAEHCTBUA HAL APOOAMH. _ ¥

Teopema 9.3. [Tycmsb a,b,ce Ny. Tozoa, 6 npednonoxcenuu, 4mo éce
yuacmeyioujue Huxce pasHocmu u yacmuvie cywecmeyiom é Ny, chpageo-
UGl pAGEHCMEA - \

‘ (a:c)A:r_(b:c)z(a,tb):c’; ‘ o 9.7)
(a:c)-(b:d)=(ab):(cd), - +(9.8)
(a:b):(c:d)=(ad): (bc)'." o 9.9

Jlokazameavcmeo. CripasernusocTs (9.7) u (9.8) Aoka3piBaeTcs

COBCEM NPOCTO; NPOBEJIeHHE COOTBETCTBYIOLIMX BHIKIAJOK IPERO-
craBiaercs yuraremo. Jlokaxem (9.9). B cuny onpeneneHus 4aCTHO-
ro BMecTO (9.9) KOCTaTOYHO YCTAHOBHUTH PABEHCTBO

a:b=[(ad): (be)]-(c:d). !

Opuako B cuny (9.8) npasas 4acTh IpeAbIAyUIed GOPMYIEL MO-

KeT OBITh NMPeINCTaBIcHa B BUAE [(ad )c] bc)d] , WJIH, 4TO TO Xe ca-
moe, B Bute [a(cd)]:[b(cd)]. Taxum 0bpasom, AOCTAaTOUHO NpOBe-

PHUTH, 4TO
b=[a(cd)]:[6(cd)]-
Ho cnpaBeUIMBOCTb TOCIESAHEro PaBEHCTBA JIETKO CHENYET U3
9.8). 1
3apaua. Ilycts a,b,c, de Ny, Jloxa3aTs, 4TO TOrHA
(a:b)t(c:d)=(ad tbc): bd. (9.10)

(Bce eiCTBMSA TPEANONAraloTcst OCYIECTBUMBIMA B N ).

IJIABA 2
MHO)KECTBO N; KAK CUCTEMA IIEAHO

JlaHHaA I71aBa MOCBANIEHA H3NOXEHHIO OCHOB TEOPHHU TaK Ha3bl-
BaeMbIx cucreM IleaHo. IlokasaHo, 4TO Ha MHOXecTBe N, omeparus
npubaBieHUs] eIMHUIB! IOPOXAAET OTHOWEHME «HENOCPEJCTBEHHOTO
ClIeIOBaHUsA>, yaOBIeTBOpsiomee akcnomam Ileano. 91o obcroarens-
CTBO I103BOJsIET 0O0CHOBAaTH HEKOTOPHIE YTBepXIeHHs H3 I, 1, oc-
TaBIIMECSd HEJOKa3aHHBIMU (B YaCTHOCTH, TEOPEMY O KOHEYHOCTH
JEKapToBa TIPOM3BENECHUSA IBYX KOHEYHHIX MHOXECTB), aTh HE3aBU-
CUMO€ JOKA3aTEJIbCTBO TEOPEMBI O KOHEYHOCTH OOBEAMHEHUS IBYX
KOHEYHBIX MHOXECTB U, KDOME TOTO, IPMBECTH GOJNee IBHOE OMMCA-
HHE MHOXecTBa Nj.

§ 1. Akcnomsr ITeano
Cucmenmoii I[leano Mbl OylleM Ha3BIBaTh BCAKOE MHOXECTEO P, Ha
KOTOPOM 3aIaHO OTHOMICHHE Henocpedcmeennozo cnedoeanus, 060-
3Ha4aeMoe HITPUXOM M YIOBJIETBOPAIOLIEE NPUBOIMMBIM HHXE aK-
CHOMAaM, KOTOpHIE MBI, CIEAYsl TPAAMIUAM, OyIeM Ha3bIBATh AKCUO-
mamu Ileano (cM. [2]). (Ha caMoM fete 3TH aKCHOMBI GbUTH BIIEPBbIE
NpennoXeHsl JenexnHaom.)

Axcuoma 1. [ns kaxcdoeo snemenma a c P cywecmeyem eduncmeen-

Hbll HENnOCpeOCMeeHHO cAedYIoWu 3a HuM 31emenm d.

Axkcuoma 2. Cywiecmeyem HavansHulid 21emenm Q & P, komopotii ne-
nocpedcmeenno He caedyem Hu 3@ Kakum snemenmom uz P.

Akcuoma 3. Kaxoeot Obi Hu Oblau a,be P, pasencmeo a’ = b ene-
yem a = b.

Akcuoma 4 (akcuoma MHAYKuHH). fIycms M ecmb nodmuoucecmao
Muodcecmsa P, codepacawee Q u makoe, umo ecau a€ M, mo u
aeM. Tozda M= P.

3amernM, uto akcuomsl Ileano camu no ceGe He obecneduBa-
10T €AUHCTBEHHOCTh MHOXECTBA P M 3aJaHHOrO Ha HEM OTHOUIe-
HHUA cnefoBaHUsA. OMHAKO 3TO OOCTOATENBCTBO HAM HUCKOJIBKO HE
rnoMeniaer.




26 Inaea 2. Mroxcecmeo Ny kak cucmema Ileano

§ 2. Meroa MaTeMaTHYECKOH HHAYKLMM B CHCTEMaX Tleano

B aToM maparpade Mbl cOPMYIHDPYEM H JTOKaXeM TEOPEMY O
MeTOJe MaTeMaTH4eCKOi MHAYKIMY NPUMEHUTETBHO K MPOU3BOJIL-
Ho BasiToit cucteMe Teano. st Toro 4To6bl 9TOT METOI NPEBPATHI-
¢S B MOLIHOE MATEMaTHYECKOe OPYANE, MO3BOJIAIOLICE pElIaTh, Ka3a-
n0ch 6B, HepelllaeMble 3ajauM, HaM elle MPeICTOUT /0Ka3aTh, YTO
MHOXeCTBO Ny MOXHO MPEBPATHTD B CHCTEMY TleaHo, MOJIOXUB

: 0=Q,
a+l=d, aeN,.
(DTOoMy GyRyT MOCBALICHB! CTEAYIOLIKE naparpadbl AaHHOM I7IABHL.)

Wrak, BepHEMCS K TIPOU3BONBHON cHCTEME ITeano P. Crpasen-
JNIMBA clenyonias ’

Teopema 2.1 (0 MeTO[e MaTEMAaTUYCCKOH MHIAYKIMH 1S IIPOU3-
BOTIBHOM cucTeMbl [Teano). Mycms A (k) — nexomopoe ymeaepicdenue,
sasucawee om ke P. Ilycms, danee, ussecmio, ¥mo

a) A(Q) — ucmunnoe ymeepcoenue;

6) Kaxoeo Gbi Hu 6bin0 me P, u3 ucmunnocmu A(m)caedyem uc-
muntocms A(m’).

Toeda A(k) ucmunno npu écex k € P.

Jlokaszamenscmeo. PaccMOTPHM MHOXECTBO, COCTOALIEE U3 BCEX
taxux k e P, uro A(k) — ncTUHHOE YTBEPXICHUE. W3 ycnosuii Teo-
peMsl 1 ueTBepTOit akcrombl [TeaHo ClefyeT Toraa, ¥To paccMaTpu-
paeMOe MHOXECTBO COBIafaer co BceM P. Ho MMEHHO 3TO H Tpebo-
panock yctaHosuTh. M

Ha npaxTHKe METOJ MaTEMAaTH4eCKOM HHIYKIIMU NIPUMEHSIOT TaK:

1. IlokassiBaioT yrBepxaenne A(Q). '

2. JlenanoT NpeanoIoXeHne O TOM, YTOo A(m)BepHO TIPU HEKOTO-
POM TIPOM3BOIBHOM, HO (PUKCHPOBAHHOM M € P.

3. JlokasbiBamoT, UTO TOTAa A (m’) Takxe BepHO, KakOBO Gbl HA
obio me P.

CylLIecTBYIOT U MHBIE Pa3HOBHIHOCTH METOAA MaTeMAaTH4eCKOM
uHIyKIun (cM., HanpuMep, (2], [5]); Haubornee pacnpoCTpPaHeH Ba-
PHAHT, B KOTOPOM MHOXECTBO P 3aMeHsieTCs Ha P\{Q}, a pom Q
urpaer Q.

YacTo MCHONB3YETCSl TAKXKE TOT BADUAHT METOAa MAaTeMATU4CC-
Koif MHIYKLHMM, B KOTOPOM MHOXecTBO P 3amensercsa Ha P\ {7},
a ponp Q wmrpaer Q.

(dnst Toro 9TO6H 0GOCHOBATH CIPABEIUTMBOCTE MEPBOTO U3 ABYX
TOJIBKO YTO YIIOMSIHYTHIX BADHAHTOB METO/Ia MATEMAaTHYECKOH HHAYK-
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MU, JOCTATOYHO JoompenenuTb A(k)npu k =Q, B3AB B KayecTBe
A(Q) kakoe-HHOYIb MCTHHHOE yTBepXaeHue. [lnd BTOPOro u3s 1ByX
YHOMSAHYTHIX BADHAHTOB METONA CUTYallusl [IONHOCTHIO AHAJIOTM4HA:
HyXHO noonpenenutsA(k)npu k =Q u mpu k =Q’, B3sB B Kade-
cree A(Q) u A(Q’) KaKHe-HUOYIb MCTUHHbIE YTBEPXKICHHA.).

VCTaHOBUM TEIEPh C TIOMOILBIO METOJa MATEMATHIECKOU HHAYK-
HHUH CleAyollre ABa MOJIE3HHX Pe3yNbTaTa.

Jlemma 2.1. Kakoeo 661 Hu 66120 k € P,
k' #k. 2.1
Joxazameascmso. Bynem paccyxaars no uaaykuus. Ilycts BHa-
yane k= Q. B 3TOM cilydae yTBEPXAEHHE JIEMMBI, OUEBUIHO, BEP-
HO, T.€.
Q #Q
(cM. BrOpylo akcuomy Ileano).
IIpeanonoxuM Temepb, YTO YTBEPXKIEHHE JIEMMBI CIIPABELTHBO
npu k =m, T.e. 4TO
m #m, .2)
1 IOKaXeM, YTO TOTJa OHO CTPaBeLINBO M LI Kk = m’, KakoBo Obl
HM 6bUI0 m € P. A MMeHHO, MOKaXeM, YT0

(m') = m'. " (2.3)
MpeanonoxuM NPOTHBHOE, T.€. TOIMYCTHM, 4TO (m’)' =m'.
Torza B cuay TpeTheli akcMoMbl IIeaHo JOMKHO ObITE m’ = m, OfHa-

KO 9TO MPOTHBOpPEYNT fpexnonoxenuo (2.2). Tem camsim (2.3) ye-
TaHOBJIEHO, U JleMMa aoka3aHa. W

BeeneM Tenepp OAHO ITOJE3HOE

ONIPEAEJEHHME. Hycre s,te P u mycTs
s'=1,
T.e. 3JIEMEHT ! HEMOCPEACTBEHHO CJENYeT 32 31eMEHTOM s. Mul 6y-
JeM B 3TOM CIy4ae TOBOPHUTb, YTO HIEMEHT S HeNocpedcmeeHHo npeo-
wecmayem 3IEMEHTY ! U 3alIHCHIBATh 3TO B BUJE

t="s. 2.4)

Jlemma 2.2. Ilycms k € P, k # Q. Tozda cywecmeyem eduHcmeen-
Hbtii anemenm 'k € P.

Joxazameabcmeo. CHOBa BOCIIONB3YEMCS METONOM HHAYKIWH.
Tpu k = & yTBEepXaeHMe JEMMBI, 0ueBUaHO, BepHO. (Tor ¢axr, 4TO
Q gBnsieTcs eIUHCTBEHHBIM 3JIEMEHTOM, HETTOCPEACTBCHHO IIpeLIe-
cTBYIOIMM €, ciefyeT U3 TpeTheit akcuomnl Ileano.)
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IlpeanonoxumM Teneph, YTO YTBEPXIAECHHE JIEMMElI BEPHO MpPU
k =m, ¥ DOKaXeM, YTO OHO OKa3bIBAaeTCS TOrZa BEPHLIM U MpH
k = m’. O@HAaKO m’ HEIOCPEICTBEHHO CIELYET 3a m; CJELOBATENbHO,
m HENOCPEICTBEHHO IpEILecTBYeT m'. JIpyrux 3J€MEeHTOB, HEIOC-
PEACTBEHHO NPEALIECTBYIOIIMX /', He CYLEeCTBYET B CHIY TpeThel ak-
cuomsl ITeano. M

3aMeqaHue. HeTpyaHO NpOBEpATH, YTO CIPABEITIHUBE HOPMYIIE

(k) =k, keP\{Q}; (2.5)
‘(K)=k, keP (2.6)

§ 3. OTHolDeHUe «MeHble» HA MHOXKecTBe P

B 5TOM maparpace MBI YBUIMM, YTO OTHOIIEHUE HETIOCPEACTBEH-
HOTO CJTeOBAaHMSA, BBEACHHOE MPY IOMOIIK aKCHOM I1eaHo, no3sonseT
onpeneTuTh HA MHOXeCTBE P OTHOLIEHHE «MeHblle», obnanaolee
TEMH X¢ CBOMCTBAMH, YTO M OTHOLIEHHE «MEHbIE» Ha MHOXeCTBe N

IIpexae Bcero, ONMpeNENnM 10 HHAYKUMY MHOXecTBa T, k € P,
MOJIOXHB '

Ty = {Q}’
Te =T, U{k'}. (3.1)
3aMmevyanue MHOxectBa 7, MBI OyneM Ha3bIBATE HAYUAbHBIMU
ompeskamu MHOXecTBa P. ,

H

JeicTByd MO HHAYKIMH, MOXHO TI0Ka3aTh, YTO CIIPaBeUTHBEI Clie-
AYIOLIYE YTBEPXICHUS. ' |

Jemma 3.1. [ns kaxncdozo k € P nauassnuiii ompesox T, sensemcs
noomuoxcecmeom mroxcecmaa P u onpedenen eduncmeennsim o6pasom.

Jlemma 3.2. [an aroboeo ke P

T, N{k}=02. (3.2)
Teopema 3.1. [Tyems k,me P. Toeda
T, cT, mbo T, cT,, mubo k=m. (3.3)

OmnpenenumM Terneps OTHOLIEHNE «MEHbIIe» HA MHOXECTBE P, 11o-
JIOXHUB JId NI00BIX a,be P

a<bo T, cT,. (3.4

$§ 4. Yemanoenenue. 83.-00H03H. cooma-us mexcdy muoxcecmeamu P u Ny 29

W3 teopemst 3.1, o4eBUAHO, ClIeAyeT, YTO BBEAEHHOE Ha P OTHO-
IIeHHE «MEHbllle» OKa3bhlBAETCS OTHOIIEHUEM CTPOTOro JIMHEMHOIo
nopsigka (Kak M OTHOILIEHHE «MeHbllle», BBeleHHoe B § 5 rn. 1 Ha
MHOXeCTBE Nj). .

CrpaBeyinBa cregymoias

Teopema 3.2 (cM., Hanpumep, [2]). llyemo T < P, T # . Tocdae T
Halidemca HauMeHbWUil 31eMenm.

§ 4. YcTanoBienne B3aMMHO-OXHO3HAYHOTO COOTBETCTBHS
Mexay MHoxKecTBaMH P u N

B sTOM maparpade MBI YCTAHOBHMM TaKO€ B3aMMHO-OJHO3HAYHOE
COOTBETCTBHE MEXY 2JIEMEHTaMH MHOXecTB P u Ny, KoTopoe coxpa-
HSIET OTHOLLEHNE «MEHbLIIe», 91eMeHT Q € P NepeBOIMT B HOMIb, 4 ONe-
PALMIO «UITPHX» MEPEBOJMT B ONepauuio NpubasieHus eAMHUIE. B
CHIly B3aMMHOM OJHO3HAYHOCTH 3TOTO COOTBETCTBHS MBI CMOXEM 3aK-
TIOYUTE, YTO BCe aKCHOMBI IleaHo cripaBesIMBHI (yKe B Ka4eCTBE Te-
OpEM) U A1 MHOXECTBA N, €CIIH «HEIIOCPEICTBEHHOE CleJOBaHME»
MOHHUMATh KaK «BO3PACTAHHE HAa CIMHHIY», a HOJIb BHIOpaTh B Kaye-
CTBE HA4YaJIbHOIO 37ieMeHTa. TeM CaMBbIM Y Hac MOSBUTCS BO3MOXHOCTD
HOJB30BaThCS METOJOM MaTeMaTH4eCKOW MHIYKLHMH B apu(pMeTH-
YeCKMX 3aJa4ax, cGOpMYTHPOBAHHBIX Ha SA3bIKE KONHYECTBEHHOM Te-
opun N;.

YCTaHOBHM TeNEPh HECKONBKO BCIIOMOTATENbHBIX PE3YAbTATOB.

Jlemma 4.1. [Jaa awboeo k € P muowecmeo T, koneuno.

 Jloxazameascmeo. Bocronb3yemcs uHayKuuei no k. IIpexue Bee-
ro, O4eBHIHO, 4TO MHOXecTBO Ty, = {Q} xoHeuno. [lanee, npeamnono-
KHMM, UTO YTBEPXAEHHUE JIEMMBI CITPaBEUTHBO TIPX HEKOTOPOM kK = mu
ZOoKaxeM ero npu &k = m’. OgHAKO B CHIY CBOETO ONpeleIeHUss MHO-
xectBo T, npeacrasaser coboii o6venunenne 7, U {m’} H, CeJ0Ba-
TENBHO, KOHEYHO, B CHIY 3aMedaHus K TeopeMe 1.3 us . 1. W

Jlemma 4.2, Muoxecmeo P beckoHeuHo (m.e. He A8AsAemMCA KO-
HEYHBIM). ’

okazamenscmeo. PaccMoTpuM oTOOpaXxeHHe
[P - P\{Q},

3agaBaeMoe (opMynoit

fk)=k
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(3mech k mpobGeraeT Bce P). B cuny 1eMMEl 2.2 y mo6oro 31eMeHTa
me P\ {Q} cymecTByeT HenoCPeACTBEHHO ApeALeCcTBYIOINA eMy
sneMmeHT ‘m e P. IlosToMy uMeeM
' f(tm)=(m)’ =m,

T.e. f oToOpaxaer P Ha Bce P\ {Q}. B3zauMHast ONHO3HAYHOCTD ITO-
ro OTOGpaxeHUs CNeayeT U3 TEOPEMB 3.1. Tenepp O€CKOHEYHOCTD
MHOXeCTBa P BHITEKAeT U3 ONpelelieHHst KOHEYHOro MHoxecTsa.

ycTs Tenieps A — HEKOTOPOE HeMyCTOE MHOXECTBO; 0603HaYUM
gepe3 S, COBOKYIIHOCTB BCEX IIOAMHOXECTB MHOXECTBA A, pABHOMOLL-
HBIX KaKAM-HUOynb Ty

Jlemma 4.3. Henycmoe mnoxcecmeo A codepxcum NnOOMHOXNCECMEBO,
pasnomowsnoe P, mozda u moavko mozda, Kk020a s 106020 Ay € Sy

A\ A %D 4.1)

lokazameascmeo.

Heo6xodumocms. ByneM pacCyXaaTb OT IIPOTHBHOIO. Iycts A
COZEPXKMT MOAMHOXECTBO B, paBHOMOIIHOE P (1 Tem caMbiM 6ecKo-
HeyHOe B CHJIy jieMMH 4.2), HO HailIeTcs TaKoe Ay €84, UTO

A\A, =0. (4.2)

TTocKOMBKY B cHuy TeMMbi 4.1 A, KOHedHo, U3 (4.2) cnenyer, 4T0
7 A KoHeuHo. OIHAKO MHOXECTBO A HE MOXET ObITh KOHEUHBIM, TaK
KaK y HETo uMeeTcsl 6eCKOHEYHOE MOAMHOXECTBO B. ITak, MBI TIpH-
LUK K IIPOTUBOPEYHIO. ,

Jocmamounocms., I1ycTh BHIIOTHEHO YCIOBHE (4.1) past KaXaA0ro
Ay € S4. Tlokaxkem, 4TO TOTAA KAXKAOMY k € P MOXHO COIOCTABHTb
37EMEHT X; € A, MpUYeM TaK, 4TO

Xy, # Xy, €CIH k < ky. 4.3)

JleACTBUTENBHO, TIOCKOJIEKY MHOXECTBO A HEMYCTO, BCErAa MOXHO
BEIGPAaTh B HEM KaKOH-HUOYNb JEMEHT; 0603HaYMM 3TOT IJIEMEHT
yepes X M 0GpasyeM MHOXECTBO Ag = {xo }. Ouenunko, 4o Ag ~ Ty

Creayoume 3JeMEeHThl ONPeAeTHM HHIYKTHBHBIM 00pa3oM.

TTycTh HAMH yXe€ IOCTPOEHbI JIEMEHT X, M MHOXECTBO A cA
takoe, uto A4, ~ T;. B cuny (4.1) MHOXeECTBO A\ A, HemycTo, BbIOE-
peM B HeM KaKoi-HUOYIOb 2IEMEHT, KOTOPBIi1 0603HAYUM depe3 Xy,
rnocie yero o6pasyeM MHOXECTBO

Ak' = Ak U {xk:}.
Acno, uto Ay ~ Ty

§ 4. Yemanosgnenue 63.-00HO3H. COOME-Us MeHCOY MHONCECMBAMUY PuNy; 31

HeTpyaHo BAAETH, YTO B CHIY CBOETO [IOCTPOEHMs SMEMEHTHI Xy
yaoBneTBOpAKT yerosuio (4.3). OxHako u3 (4.3) cpa3y Xe BBITEKAeT
u ¢opmaibHO 0osice CHIBHOE YCIOBHE:!

# X, ecnun ki # ky. 4.3)
DTO U 03HAYAET, YTO B A CYIECTBYET MOAMHOXECTBO
{xk ‘ k € P},

xkl

pasHoMoinHoe P. W

3ameyanue. OcyuiecTsiss BBIOOD 3JIEMEHTA B KaXAOM U3 MHO-
xectB A\ A, MBI GaKTHIECKH MCIIONB30BANY TAK HA3BIBAEMYIO aKCU-
omy esibopa (cM., HanpuMep, [14]).

Jlemma 4.4. [Tycmv A — nenycmoe muoxcecmeo, He codepycaiyee
nodmHoxcecmea, pagnomouozo P. Toz0a A pasHOMOWHO HEKOMOPOMY
T;, ke P.

Jokazameavcmeo. B crny neMMBl 4.3 JOJDKHO HAHTHUCH TAKOE A,
4YTO
A\ Ay =D u, TeM campiM, A = A,.
(3mech, Kax ¥ B npexsiayines nemme, 4, — MOIMHOXECTBO MHOXe-
crBa A, papHOMOLIHOe HeKoTopoMy 7;.) Orciona u ciemyer Tpedye-
Mmoe yreepxaeHue. Wl ,
TIpuBeneM TeIeph OCHOBHOW pPe3yNbTaT 9TOro maparpada.

Teopema 4.1. Henycmoe muoxncecmeo A Koneuno mozda u moabko
mozda, K0e0a OHO PAGHOMOWHO HEKOMOPOMY HAYANbHOMY OMpPe3Ky T,
MHoxcecmea P. ‘

Jloxazamenscmgo. JloCTaTOYHOCTh yXe OblTa YCTAHOBJICHA B
nemMme 4.1.

Heo6xodumocme. TycTh HemycToe MHOXecTBO A xoHeuHo. Toraa -
OHO He MOXET COAepXaTh MOAMHOXecTBa B, paBHOMolHoro P. lei-
CTBHTEBHO, B CHIY JIeMMEI 4.2 Takoe MOAMHOXECTBO B, O4eBUIHO,
6bUIO 6B GECKOHEYHBIM, YTO IIPOTHBOPEYUT CBOMCTBAM KOHEYHBIX
muoxecTs. Terepb TpeGyeMoe yTBepXAeHUE CIeayeT us neMMbl 4.4. W

Hauwa crexyiomas 3aaaya — YCTAHOBUTH B3aMMHO-OJHO3HAYHOE
cooTBeTCTBHE Mexny P u Nj; 3TO MO3BOMUT HAM 3aTEM NEPEHECTH
Ha N, cBoiicTBa cucteM IleaHo.

OnpenennM OTOOpaXeHHE

P—5 N, (4.4)

VIHI!YKTI/IBHL]MPI COOTHOUICHHUAMU:
¢(Q)=0,
o (k') = o(k)+1 (4.5)
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(3necy ke P TIPOM3BOJIBHO) H: IOKAXEM BHAYaJle 1Ba BCIIOMOraTe/lb-
HBIX YTBEPXICHUS.

Jlemma 4.5. Ilycmb ke P. Toeda

o(k) =n(Ti)-1. , (4.6)

(3mecn uepes n(Tk) 0603HaUeHA YUCIEHHOCTh MHOXeCTBa Ti.)

Jloxazameascmeo. Kak 0OBIMHO, AEHCTBYEM IO MHIYKIHAH. IIpu
k = Q yTBepXIEHHE JIEMMBI O4YEBHAHO. Jonyctum, yto (4.6) BepHO
npu k =m, T.¢. 4TO

¢(m)=n(T,)-1, @
¥ JOKaXeM, 4To Torna (4.6) BepHO M mpu k = m’, T.e.
o(n) = n(Tyy) - 1. (4.8)
Onuako u3 (4.5) cnenyer, 410
o(m)=o(m)+1; (4.9)

KPOME TOTO, U3 OTpeNeNeH!s MHOXECTBA T,, W NeMMBI 3.2 NMeeM
T, =T,U{m}, T, N{m} =2,
OTKYIa BBITEKAET, UTO W) = {Ta) 41 @a10)

Teneps (4.8) cneayer u3 (4.7), (4.9) n (4.10). m

Jlemma 4.6. Coomeemcmeue mexcdy mHoxcecmeéamu P u ¢(P), onpe-
densiemoe popmyaamu (4.5), @3aUMHO-00HO3HAYHO.

Jokazameascmeo. Tlycte k,s€ P, k # s. TloxaxeM, 4TO TOrAa
¢(k) # ¢(s). JIeWCTBUTENBHO, B CHIY TEOPEMBI 3.1 nmeem T, c T}
wm T, c T,. Tycts, nanpumep, T < T,. Ho ToTIa, 04EBHIHO,

o(s) <o (k)
Tak 9o @(s) # (k). (OGpaTHM BHMMaHME HA TO, 4TO CBASHOCTBIO
OTHOLIEHHs «MeHblle» Ha Ny MBI 31eCh He MOJIb30BANACD.)

B To e BpeMs Kaxjoe k € P yMeeT eNMHCTBEHHBI! 06pas ¢(k)
B CHJIY TOTO, YTO MHOXeCTBO T}, OIpeneneHo OXHO3HAYHO. Tem ca-
MBIM yTBEpXJEHUE TeMMBI foKazaHo. M ,

Teneph ¢ TIOMOIUBIO TeOpeMBl 4.1 yIaeTCs YCTAHOBUTH CIEAYIO-
Uil BAXXHBIN pe3y/bTaT.

Teopema 4.2. Omobpancenue @, 3adasaemoe gopmyaamu (4.5), yc-
manasaueaem 63aumno-o0no3nauHoe coomeemcmeue mexcoy P u No.

JNlokazamenscmeo. YIUTBIBast PE3YNIBTAT JIEMMBI 4.6, HaM OCTaeT-
cg JOKAa34aTh TOJBKO, 4TO ¢ oToOpaxkaer P Ha Bce Ny, T.€. 4TO

o(P) = Ny.

§ 4. Yemanosaenue 63.-001031. coome:-us mexcdy muoxcecmeamu P u Ny 33

JleiCTBHUTENBHO, NYCTh A — KOHEYHOE MHOXECTBO TaKOe, YTO
n(A) =a. B cuiy npenbiaylie# TeopeMbl CyliecTByeT k€ P Takoe,
aro n(A)=n(T,), oTkyna

a=¢(k),

4TO U JOKA3HBAET YTBepXIcHHE TeopeMbl. M

3ameuanune 1. HetpynHo BuaeTh, uto otobpaxenue (4.5) coxpa-
HSeT OTHOILlIEHHUE «MeHbllle»., MHBIMHU CIIOBaMH,

k<me o(k) < ¢(m) (4.11)
(3mecw k,me P). '

JIloxaxeM BHayajle, YTO M3 JieBOro HepaseHcTBa (4.11) cmenyer
‘ipaBoe. JleHCTBUTENBHO, HEPABEHCTBO K < m O3Ha4aeT IO ONpene-
nenmo, uto T, c T,,, orkyna umeem n(T,) < n(T,) (cM. § S . 1)
u, cnefopatensHo, ¢(k)< @(m).

O6paTHO, NYCTh BHIIONHEHO MpPaBOE HepaBeHCTBO (4.11); mo-
KaXeM, YTO TOFAa JeBoe HepaBeHCTBO (4.11) Takxe cupaBellIHBO.
JeiCTBUTENBHO, B CUIY JIeMMEI 4.5 '

ok)=n(Te)-1,  ¢(m)=n(T,)-1,
MO3TOMY M3 mpaBoro HepaBeHcTBa (4.11) caenyer, yro
n(T) < n(Ty).

VuuTeIBas pe3yjbTaT TeopeMsl 3.1, cpa3dy nmoaydaeM OTCIoAa, 4TO
T, Ty,

H, CIIENOBATENbHO,
k< m,

YTO K TpeOoBalIOCH YCTAaHOBUTL. M

3ameuaHue 2. U3 teopem 3.2, 4.2 u cootHoweHus (4.11), oue-
BUJHO, CIELYET, YTO B KaXIOM HEMYCTOM IOIMHOXECTBE MHOXECT-
Ba N, IMeeTcsl HaUMeHBbIlee YHCTIo.

3aMmevaHnue 3. KpoMme Toro, u3 reopemsl 4.2, COOTHOWEHUS
(4.11) ¥ CBA3HOCTH OTHOIIEHMA «MEHbille» Ha MHOXecTBe P crnelyer
HEe3aBHCHMOE JJOKa3aTeJbCTBO CBSI3HOCTH OTHOUICHHS «MEHbLIE» Ha N,

3aMedaHue 4. OueBHIHO, 9TO IIPH B3AUMHO-OTHO3HAYHOM OTO-
6paxeHun : ‘
P—L N,
oIepaliHu «IITPUX», 3aJaHHOM Ha P, COOTBETCTBYET OIlePALAS TIPH-
GaB/ieHMs eIMHHUIIB, 3afaHHAas HA Nj. TaxuM o6pa3oM, caMO MHO-
*ecTBO N, MOXHO PaccMaTpHBaTh Kak cucTeMy IleaHO, B KOTOpOi
3JIEMEHTOM, «HEINOCPEICTBEHHO CIEYIOILNM» 332 JAHHEIM, SIBASETCS




34 Tasa 2. Muowecmao Ny kak cucmema Ileano

HIeMeHT, GONBUIK HA eIMHHULY, a HYIb UTPACT poib Ha4aJIbHOIO
sneMeHTa Q. OUEeBHIHO TAKXE, YTO BCC aKCHOMBI TleaHo OKa3biBAIOT-
s TeM CAMBIM TEOPEMaMH KOJIMHEeCTBEHHOM TEOPHH N,. Ipu 3TOM HO-
BBIM, HEW3BECTHBIM HaM paHee, OKa3blBaeTCs CICAYIolee yTBEPXKAE-
H1e, COOTBETCTBYIONIEE AKCHOME HHIYKIIHH.

Teopema 4.3. Ilycms M — nodmnoxcecmeo mroxcecmea Ny, y0os-
Aemeoparouee yCao8uim:

a) 0e M,
6) ecau se M, mo s+1¢€ M.
Tozda M = N,.

Wrak, MBI TIONy4HIIH, HAKOHENL, OTBET Ha BOTIPOC, HOCTABJIEHHBIH
B § 6 r1. | OTHOCHUTENBHO CHPABEUIHBOCTH PaBEHCTEA (6.8) u3 3TOM
IJ1aBbl.

§ 5. HekoTopbie BapHaHThbI MeTOAA MaTeMaTHYeCKOi HHIAYKIHH.
JloKa3aTelbCTBO TEOPEMbl 0 KOHETHOCTH
[IeKapToBa NPOM3BEIEHNs IBYX KOHEUHBIX MHOXKECTE

IIpexne Beero, chopMynupyeM elle OIuH BapUaHT TEOPEMEI O Me-
TOJEe MaTeMaTIHIECKON HHIYKIMH, ONUPAIOUMIACS Ha 3TOT pa3 Ha Te-
opemy 4.3. , -

Teopema 5.1. ITycms A (k) — nexomopoe ymeepxcoerue, 3asucaiyee
om Homepa ke Ny, k 2 k. Hycme, Oaaee, uzgecmHo, 4mo:

a) A(ky) — ucmunnoe ymeepcoenue; '

6) kakoeo 6bl nu Gbino me Ny, m2 k. u3 ucmunnocmu A(m)cae-
dyem ucmunnocms A(m+1). ‘

Tozda A(k) ucmunno npu ecex k& Ny, k 2 k.

Jokazamenscmeo. OTMpeneInM CEpUIo yrBepxneHuii B(s), s € Ny
paBeHCTBaMU
) B(s)= A(k +5)

M ={se Ny | B(s) nctuo}.
HeTpyaHo BHAETh, YTO MHOXECTBO M ynosieTBOpsieT 000UM
ycnousiM, cOpMYyIHPOBaHHEIM B teopeme 4.3. CrexoBaTelbHO,
M = N, 9TO M HOKa3BIBAET TCOPEMY. ]

1 IMOJOXUM

3ameuaHue 1. [JogyepKHEM, UTO BCE PE3YNBTATHI 3TOM TJIaBhHI
(1 TeopeMy 5.1, B YACTHOCTH) MBI [TOJIYMIIH, HE OIUPAsACh Ha TEOPE-
TMKO-MHOXeCTBeHHOE yTBepxaeHue 1.1 W3 I 1, mpuBedECHHOE TaM
6e3 AOKA3aTeIbCTBA.

§ 5. Hexomopuie sapuanmyl memooa Mamemamu4eckoi uHOYK{UU. .. 35

3ameuanue 2. Tenepb ¢ NOMOLIBIO TeOPEME! 5.1 MBI MOXeM
JIOKa3aTh, 9TO OOBEIHHEHHE JBYX KOHEUHBIX MHOXECTB KOHEIHO, HE *
ACTIONB3ys yTBepxneHus 1.1 u3 . L.

JeiictBuTensHo, nycTh C U D — KOHeYHBIE MHOXECTBA, HE OT-
paHuYMBast OGU[HOCTH, CYHUTAEM, UTO Cu D ue nepecekaiorcsi. 060-

3HAYHM
n(D)=d

¥ BOCTIONB3yeMcs uuayKuuedt o d. Tlpu d =1 caenaHHOe yTBepXae-
HHe, OYEBIIHO, BEPHO, IOCKONBKY O6beINHEHHE KOHEYHOTO MHOXE-
ctBa C ¢ OJHUM HOBBIM 3JIEMEHTOM I1O-TIPEXKHEMY KOHETHO. (dnsa no-
Ka3aTenbCTBa OTOTO (PaxTa He TpeOyeTCs MPUBJIEKaTh YTBEPKACHHE 1.1
. 1; cM. 3aMeuanue K TeopeMe 1.3 U3 1. 1)

JlOMycTHM Temeps, YTO Halle YTBEPXACHHE BEPHO MPH d=mu
nokaxeMm ero ipu d = m+ 1. OnHako nobasneHue OXHOTO HOBOTO M€~
MEHTA TIO-NIPEXHEMY OCTaBIAeT KOHEYHOE MHOXECTBO KOHEYHBIM, HTO
¥ 3aBeplIaeT A0Ka3aTeNBCTBO.

3ameuaHue 3. TOUHO TaK Xe, OMUPasCh Ha TeopeMy 5.1, Te-
mepb MBI CYMeeM J0Ka3aTk TEOPEMY 1.4 w3 rn. 1 (0 KOHEUHOCTH I€-
KapToBa IPOM3BENEHUSA ABYX KOHEUHBIX MHOXECTB).

Jloxaszameascmeo TeopeMsi 1.4, . 1. Tlyers Cu D — aBa npo-
M3BONbHEIX KOHEYHBIX MHOXeCTBa; 0603HauuM n (D) = d. JlokaxeM,
yTo nexapToBo mpoussegeHue Cx D KOHEYHO, MOIB3YICH HHIYK-
uueit no d.

Hawm 6yner yao6Ho 0603HaYaTh YHCIEHHOCTb MHOXECTBA Dc
oMolbio uHAeKkca. A umenHo, n(D)=1n(D)=2,....

[ycts BHavane d =1; B 9TOM ciydae, OUEBHIHO, UMEEM

CxD,~C,
YTO ¥ JOKA3HIBaeT KOHEYHOCTh MHOXecTBa Cx D).
T[IpeHONOXHM TeNephb, YTO yTBEPXAeHHE TEOPEMEl BEPHO I1pH
d = m, T.e. uTo MHOXecTBO C X D), KOHEYHO, 1 IOKAXEM, 4TO TOT1a
yTBEpXIeHNE TEOPEMBI OCTAeTCs CMIPABEANTUBBIM ¥ NPH d=m+1.
HeTpyaHo BHIETH, OXHAKO, YTO

Cx Dy, = (CxDy)U(CxDy).
Teneps KoHeuHOCTb MHOXecTBa Cx D, CEXYET U3 MPELIIONO-

XeHUsl HHIYKIMYA B CHIY TEOPEMBl O KOHEYHOCTH o0BeTHHEeHUS IBYX
koneyHeix MHOXecTB. l
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Jagadm

1. Joxa3aTe, 4TO n({l, 2,...,k}) = k.

2. Ilycte A(k) — yTBepXIeHHUE, 3aBHUCSLIEE OT HOMepa K € N,.
IycTh, Hanee, H3BECTHO YTO:

a) A(0) — ucTHHHOE yTBepXIeHUE;

6) kakoBo Ok HH 6bl10 me Ny, u3 ucrunnoctn A(0),...,A(m)
clenyeT UCTHHHOCTD A (m +1). ‘

Joxkasats, yto Toraa A(k) ucTuHHO 1pH Beex K € Nj.

3. Mycre cuoBa A(k) — yrBepXxneHme, 3aBHCslIEE OT HOMEpaA
k € N;. Tlycte, KxpoMe TOro, M3BECTHO, YTO!

a) yreepxnenua A(0)u A (1) uctunHI;

6) KakoBo 6bl HH 6bLT0 me N, u3 uctuHaoctu A(m) cnenyer
HCTHHHOCTD A (m +2).

Joka3aTs, uro Torxa A(k)uctusHo npu Beex k e Nj.

§ 6. ITpocTsie yncaa. OcHOBHas TeopeMa apudMeTHKH

Marepuan storo naparpacda 6yner B JaJbHEAIEM HUCIONB30BAH
B I'1. 4 OIMH-eIMHCTBEHHBIN pa3 IpH ONpele/leHUH HECOKPATUMEIX
Ipobeii.

IIpexne Bcero Ham moTpebyeTcs cienywoliee

OIIPEAEJIEHME 1. llycts k,m e N. Uncno m Ha3BIBACTCS MHO-
Hcumenem ducHa k, eciau
k = mgq (6.1)
17151 HEKOTOPOro g e N.
M3 (6.1), 04eBUIHO, BHTEKAET, YTO ‘
k:m=q, (6.1)
[09TOMY YHC/IO M HHOTIA Ha3bIBAIOT TAKXKe desumenem ducia k.

.

3aMeuaHue. OUeBUIHO, YTO Y KAXKAOTO HATYPATBHOTO k, OOJB-
LIETO eXMHULBI, MMEIOTCS 10 KpalHell Mepe IBa MHOXHTENAS: 3T0 1 u
CaMo 4MCIO K.

Cnenyioliiee onpene/ieHUue ABISETCA OCHOBHHIM B JAHHOM T1apa-
rpade.

OIMPEAEJNEHUE 2. HatypansHoe 9HCIO p, GONBIIEE eIMHMULIEL,

Ha3bIBACTCHA npocmbvim, €CIIA Y HETO HET APYTUX MHOXWTENEH, KpOME
1n p. B MNPOTHBHOM CJIyda€ YUCHIO p HA3BIBAETCS COCMABHLIM.

3amMedaHue. Yuciao 1 Mo onpeseneHuio He OTHOCAT HH K IPO-
CTBIM, HA K COCTaBHBIM.

§ 6. IIpocmete yucaa. Ocroenas meopema apupmemuiu 37

IIpuBenem eure OQHO BaXHOE

ONPEJEJIEHUE 3. HatypansHeie uncna K ¥ m Ha3BIBAIOTCS
83auMHO npocmbimy, €CIIM Y HAX HET OOLIMX MHOXHTENEH, OTINY-
HBIX OT 1.

3aMevyaHue. B3amMHO mPOCThIe YKCIA CaMH He 0653aTeIBHO
SABAAIOTCA npocThiMu. Hanpumep, cocraBubie yucaa 8 U 9 B3auMHO
TIPOCTHL,

YcnoBumcs TakXke O TOM, YTO BCAKOE MPOM3BENEHHE BHIA
k ...k,, toe uncna k; e N He 00sa3aTeNbHO BCE MONAPHO Pa3lTHYHH,
MBI OyZ€M Ha3BIBATh KOHEYHbLIM.

CdopMynupyeM Teneps U JOKAXEM YTBEPXIEHHE, KOTOPOE IPH-
HATO Ha3BIBaTh «OCHOBHOM Teopemoii apudMeruxu». (Hare gokasa-
TeJNLCTBO OyneT B 06mMx yeprax ciaegoBarts [11].)

Teopema 6.1. Kaxcdoe namypaavnoe wucao k, 6oaswee edunuybi,
eduHcmeeHnbim 06pazom (¢ MO4HOCMbIO 00 NepecmaHo8Ku COMHONCU-
mesneil) npedcmaguMo 8 eude KOHEUH020 NPOU36edeHUs NPOCMBIX YUCen.

3ameuaHue. B cnyyae mpoctoro k& Mt 6ymeM 1o onpeleIeHHIo
CYMTATh, YTO k = k U €CTh UCKOMOE TIpEACTaBlIEHHE YUCIa K.

Joxazamenscmgo TeOpEMEL.

Cywecmgogéanue. ByneM paccyxnath OT NPOTUBHOIC. A MMEHHO,
MPENNONOXUM, YTO CYIHECTBYIOT HATYPAILHBIC YUCNA, GONbIINE efU-
HHLH ¥ HE NPEICTaBUMbIE B BUIE KOHEYHOTO MPOU3BEIEHHS TIPOCTHIX
MHOXHTelNe#. MHOXecTBO BCeX TAKUX YUceN 0003HaAYMM uepe3 M. U3
3aMeuaHHs 2 K TeopeMe 4.1 crepyer Toraa, uro 8 M (ubo M, no npea-
TIONIOXEHHMIO, HEMYCTO) HOIKHO HAWTHUCH HamMeHbinee yncno. 060-
3HAYMM 3TO YHCIIO Yepe3 Ky; OUEBUIHO, YTO Ky > 1.

Eciu ponyctuTs, 4TO k) — MPOCTOE, TO MBI CPA3y NPHUXOILUM
K [IPOTHBOPEYHIO C TeM, 4To kye M..

IMo3ToMy MBI BrIpaBe CUMTaTh, YTO YUCIO ky — cocraBHOE. Of-
HaKo B 3TOM CJTyyae U3 OTIpeAeIeHHUs COCTABHOTO YKCA CIeIyeT, YTO

ky = ki, (6.2)

rae kK, U k, — HaTypaJdbHBIE YMCJa, H3 KOTODHIX 10 KpaliHel Mepe
OZHO OTIMYHO OT 1 M oT k. IlycTh, HanpuMep,

ki # 1, k. (6.3)
Onnaxo u3 (6.2), (6.3) sicHO, 9TO U WISt APYTOTG MHOXMTEIS CIIpa-

BE€AIHBO aHAJIOTMYHOC YTBEPXKICHHE!

ky # 1, k. (6.4)
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Hanee, u3 (6.2)-(6.4) nerko ciuenyer, 910 LOMKHBI BEITIOJHATHCS
HepPaBEHCTBA
1 < kl, I\'Q < k(),

M3 KOTOPHIX, B CBOKO OY€PEIb, BRITEKAET, YTO YUCNHA k| H ky HE MOTYT
NpUHALIEXaTh MHOXECTBY M. CiienoBaTeNbHO, JUIA k| U &, CylIecTBY-
10T IIPENCTaBIEHUS B BUAE KOHEYHHIX [IPOU3BENCHUI

ki=ppy by, k=010 Gy, (6.5)
rae BCE P 44 q_/ — IIPOCTHIC HHUCIIA.
U3 (6.2) u (6.5) nmeeM Temeps
ky = PiPy .- Pudid2 -+ > (6.6)

OHAKO OGHAapyXXeHHasA BO3ZMOXHOCTS NIPENCTABUTH K B BHJE NIPOU3-
BenieHUs (6.6) IPOTHBOPEYHT TOMY, 4T0 kye M.

Eduncmesennocme. Bynem, kax M NpU NOKA3ATENBCTBE CYLIECTBO-
BaHUs, PACCYXIATh OT IIPOTUBHOTO. A UMEHHO, IPEANONOKHUM, ITO
CYIIECTBYIOT HATYPAJbHHIE YHCIA, OGIbLINE €IHHHUIIBI H TIPEICTaBH-
MBbI€ B BUJI¢ KOHEUHOI'O ITPOU3BEAECHHS IIPOCTBIX YHMCENI IO KpalHeit
Mepe nByMs criocobamu. ITycte my — HauMeHbllee Cpeid TAKUX UH-
CeJl; OYEBHMAHO, YTO my > 1.
Hanee, nmyctp

5
my = did, ... d, (6.8)
— 71Ba Pa3MTUYHBIX (T.€. OTIMYAIOLUMXCH HE TOTBKO MOPSIAKOM COMHO-
XHTeNIeH) IPEACTABACHMS YMCIA My B BUIE KOHEYHOIO IPOU3BEIEHUS
npocTeIX Yucesn. HeTpyAHO BUIETB, YTO HU OXHO U3 ¢; He MPXKET CO-
BIIAJlaTh HU C OXHAM M3 d;. JleACTBUTENbHO, ey GBI, HalIpHMep,
36 () ¢ =dy,
TO YHCJIO M . €, OYEBUAHO, PA3jarajock 6B B MPOU3BENEHHUE MPO-
CTHIX MHOXHUTENIEH ABYMs PasiMYHBIMHU criocobamu, Oynydm npu
9TOM MEHBIIE, YEM my. '
HMrtak, MBI YCTaHOBWIHM, YTO KAaXIO€ C; HONXHO OTIMYATHCA OT
kaxjgoro d;. Ilycts, Hampumep,
dy <. : (6.9)
PaccMmoTpuM npousseneHue
m=(¢-d)c..c. (6.10)
3aMeTHM Telnepb, 9TO MHOXHUTEND ¢ — d; MOXET GbITh COCTABHBIM
YHCJIOM, ONHAKO (| —d; He MOXET MMeTh d; B KA4eCTBE NPOCTOTO

MHOZKHTCJIA.

my =66y ...¢ (67)

§ 6. Illpocmue wucna. Ocnoenas meopema apudpmemuru 39

JleHCTBHTEIbHO, €CIH OB GBLIO:
C]—d1=d]b, bE N,

YTO IPOTHBOPEYMT IpocTOTe Yucna ¢;. IToaToMy, pasnaras ¢, —d; Ha
TIPOCTBIC MHOXHTENM M IOJCTABIAA 3TO pasioxeHue B (6.10), Merl,
OYEBH/HO, NOJIY4MM IIPEACTABIEHUE YHCIA m B BUJE MPOU3BEACHUS
TIPOCTBIX MHOXHTEJIEH, CPEAH KOTOPBIX HE CONEPXUTCS d).

C npyroit cTopoHs, packpbiBas B (6.10) ckoGKH u MOJIB3YACh TEM,
4710 B cmiy (6.7), (6.8)

TO MBI OB UMeIH

a6 ...¢ Zdldz...ds,
IONIYIHUM: '
ms=ccy...—dey...co=dd,y...d, - dc,...c, =
=d| (dz...ds—Q...C,). (611)

W3 (6.11), ogeBuaHo, crenyer, 4T0 m IPEACTABUMO B BHJIE TAKO-
TO NPOM3BENCHUS IPOCTHIX MHOXHUTENEH, B KOTOPOE BXOLHT IPOCTOE
aucino d,. Kpome Toro, u3s (6.9)-(6.11) scuo, uro m > 1.

Wrtak, uucno m yranock pasnoXuTs Ha HPOCTbIE MHOXHTEIH IBY-
M3 Pa3THIHBIMU CNOCO6aMH (OTIMYAIOMIMMHUCS HE TOIBKO MOPSAKOM
COMHOXUTEeNt). :

HerpyaHo BHIETH, OLHAKO, YTO

m<m,

¥ MBI IPUXOAHM K MPOTHBOPEYHIO C MPEATIONOXEHNEM O TOM, 4TO
my — HAHMECHbIIEE HATYPaJIbHOE YUCIIO, OOTbILEe eAMHHULB, KOTO-
PO€ pacCKIaabpIBaeTCAd Ha MPOCTHE MHOXHTENM 6OJee YeM ONHMM
crnocoboMm. B :

C RanbHeHIIMMM CBENCHHAMH, KaCAIOMMMUCS NPOCTHIX qucel,
MOXHO MO3HAKOMMTECS, HAIpUMEP, MO y4eGHUKY [1].




ITIABA 3

TPH NMOJXOJA K NIOCTPOEHHUIO
MHOXECTBA HEJIBIX YUCEJ

B sroii rimaBe u3naraloTcs TPY pasiMyYHbBIX MONXOAa K NOMOJHE-
HHUIO MHOXeCTBa N LENbIMU OTPUUATENbHBIMH YHCIAMH H, TEM Ca-
MEIM, K MTOCTPOECHHUIO MHOXECTBA Z BCeX LeJIbIX YHUCel.

ITepBbIit OAXOH ABNAETCS YUCTO aNTeOpaMYECKUM; OH OCHOBAH
Ha €CTECTBEHHOM IS MaTeMATHKA XeJIaHHM CIeNaTh ONepPanyio BHI-
YUTAHUS BCErAa BHIIIOJHHUMOMN M OJHOBPEMEHHO COXPAHHUTH «XOPO-
1IVe CBOMCTBA» OIlepalu, 3afaHHBIX Ha Ny, OXHAKO MPH TAKOM I1O-

X0J€ NpUpoaa Heaoro Yucjiaa yCcKojab3aeT OT MOHUMAHUS U OCTAETCS -

HESICHBIM, OTPAXaloT 1M BBEAEHHEIE HAMU YUCIA KaKylo-HUOYAb pe-
aNbHOCTb.

ITpu BTOPOM mOAXOAE — rEOMETPUIECKOM — LENIbIC YHUCIA YNO-
A0GNA0TCA HANPABIEHHBIM OTPE3KaM C KPATHBIMM IJIMHAMM, pac-
[IONIOXEHHBIM Ha MPAMOW M MCXONAIMM M3 (PUKCHPOBAHHOMU TOY-
KM, BHIODaHHOM B KaueCTBe Hauana KoopauwHaT. Kak Mbl YBHAMM
HUXE, TaKasd HHTEPIPEeTaLUA LENbIX YUCENT IIO3BOSIET JaTh [IPEBOC-
X0[HOE O0BACHEHHE apU(PMETHYECKUM 3aKOHAM, AEHCTBYIOIIMM Ha
MHOXECTBE Z.

OnHAaKO reOMeTPHYECKHUi TOAXO HEAOCTATOYHO m601< H C ero:
MOMOILBIO HEYNOOGHO 000CHOBHIBATH apuMETHIECKHE 3aK6Hm IeH-;
CTBYIOIIINE Ha MHOXECTBE BCEX PAllMOHANBHEIX YHCEII. }

TlosTOMy MBI PACCMOTPHMM TaKKe TPETHMH IOAXOM, IIPH KOTOPOM
YHCNIA U3 Z UHTEPIPETUPYIOTCA KaK IIPOU3BEACHUS ONEPATOPOB OT-
PaXeHHUs U KPATHOTO PACTSIXEHHMS, AEMCTBYIOIIMX HA HANPABJIIeHHbBIE
OTpe3KM. B crnenylomeil rmaBe aHaNOTWYHASI MHTEPIIPETALIUS GyLeT
JaHa MOJIOXMTEIPHBIM PAllMOHATBHBIM YHCIIAM.

§ 1. Pacmmpenne MHoxecTBa Ny 10 Z.
AsrreOpanyecKuii Moaxox.
B stoM maparpacde MBI 3aliMeMcs paclIIpeHHeM MHOXecTBa N
[0 Z UCXONs U3 COOOPaXEeHUM, JIeXKalUUX BHYTPU CAMO MaTeMaTHKH .

A HUMEHHO, MBI MOCTAPACMCSI IPUCOCTUHUTD K NO HOBBI€ 3JIEMEHTBI TAK::;

4TOOBI 3t
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1) omepauus BEIMTAHHS CTala BCErAa BBHIOTHHMOIA;

2) Hamnbonee obIHe 3aKOHBI ApU(PMETUKH, AeCTBOBABIINE Ha Ny,
COXPaHMJIM CBOIO CHJIy U NPHU CHETAHHOM pacCIlMpEeHHH.

Eme onHO TpeGopatue (Takke YHCTO MATEMATHYECKOE), KOTOPO-
MY MBI XOTHM YROBJIETBOPUTH, TAKOBO:

3) mocTpoeHHOE paclIMpeHHe MHOXecTBa N, He JOJIKHO conmep-
XaTh «IMLIHUX» 3JIEMEHTOB, 6€3 KOTOPHIX MOXHO OGOMTHCH, YHOB-
netBopuB TpeboBanmnaM 1) u 2). (IlocneqHee TpeGoBaHME HA3BIBAIOT
ycaosuem mMunumaivHocmu.) '

Wrak, mycTs @ ¥ b — 1Ba MPOM3BOJNBHBIX IL.H.4., ¥ MYCTh

b-a=c

— HX Pa3HOCTb, yXe He o6s3atensHo npuHamiexawas Ny. [To-npex-
HEMY CYMTasl BBIYHTaHHUE OlepalMeii, 06paTHOM K CIOXEHHIO, nepe-
NUIIEM IPEeABIAYLIee PABEHCTBO B 9KBUBAJEHTHOM BHIE:

b=c+a.
Honoxum snech b =0 u mepeo6o3HAUMM c Yepe3 —a; B pedylib-

TaTe IMONYYHM, YTO, KAKOBO OBl HU OBIIO @ € N, B paclIMpeHUH MHO-
XecTBa N IOIXEH HAUTUCH 3JIEMEHT —a TaKOMH, 4TO
0=-a+a. (1.1)

Htax, xenas cienaTh onepamyio BEIYUTAHAA BCETAA BEIIOTHUMOI,
Mbl MPUULIHA K HEOOXOAMMOCTH NIONONHHUTE MHOXECTBO N, 31eMeH-
TaMH BUIA -d, YIOBIETBOPsIOMUMH cooTHomeHuo (1.1). Kak Mul
YBUAUM Hajiee, YKa3aHHOTO MONOMHEHUs AOCTATOYHO, YTOOHI yIOB-
NMETBOPUTE TpeboBaHUAM 1) M 2), chOpMYIHPOBAHHEIM Brile. Oye-
BHIHO, 9TO Te€M CaMBIM YCJIOBME MHHHMAJIBHOCTH [N HAUIero pac-
IMHPEHHUA TAKXe OKa3bIBA€TCS COOMIONEHHBIM.

IIpucTynuM Tenepp HEMOCPEACTBEHHO K MOCTPOEHHIO CHCTEMBI
LIeJIBIX qucen Z.

B.cOOTBETCTBHM CO CKa3aHHBIM BBILIE, COMOCTABUM KaXIoMy
qucny ae€ Ny npomugonosoxnnoe IUCIO ~a, KOTOPOE OyaeM CUH-
T4aTh 3JIEMEHTOM HEKOTOPOTO a6CTpakTHOrO MHoXecTBa Ny. Takum
obpasoM,

Nj ={-a|ae Ny}.
3aTeM IO ONpEeAENEHHUIO MONIOXUM
‘ Z=NyUNy (1.2)
7 ICTaHEM HA3BIBaTh Z MHoXcecmaom yeasix tuces. KoneuHo, 3ro on-
peneneHue He GYXeT conepXaTeNbHBIM, HOKA MBI He BBEJIM Ha Z apud-
METHYECKHE OIEpPalUH.
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[Mpexpne Bcero, oINpeieauM Ha Z ONEPAIUIO CAONCEHUA C TIOMO-
HIBIO CIENYONINX YCIOBHIM!

a) caoxcenue Ha MHoxcecmee Z A6asemca 6crody 00HO3HAUHO- onpe-
deneHnoll, KOMMymamueHol u accoyuamugHoll onepayueii, KOmopas Ha
noomuoxcecmee Ny C Z cosnadaem co cioxceruem, 66e0eHHbLM 8 meo-
puu Ny panee;

6) dna mobozo A€ Z

0+a=a (1.3)

8) 014 moboeo a€ Ny cnpasedauso pagencmeo (1.1).

JlokaxeM Tenephb CEPHIO IIPOCTHIX YTBEPXKACHUHA, KOTOPHIE HalyT
HaM JOMOJHUTENBHYIO MHGOPMAIHIO O TOM, K4K YCTPOEHO MHOXe-
CTBO Z.

VTBEPXIEHME 1.1. ITycms a,be N;. Tozda, ecau a+ b, mo
~a # =b.
Hoxaszameavcmeo. Bynem paccyxaats ot nporusHoro. Ilycts

a#b, HO
—-a =-bh.

Ipu6asuM K 06€MM YaCTIM 3TOTO PABEHCTBA BHIPAXEHHE. a + b.

HOJII)3Y}ICI> KOMMYTATUBHOCTBIO M ACCOLIMATUBHOCTBIO CIIOXEHUSA HaA |

MHOXECTBE Z, JIETKO MOJIYYHM, 4TO
a=b,

T.. MBI IPHILTH K mpoTuBopednio. M
VTBEPXIEHME 1.2. Hycmo a,be Ny, b#0. Tozda —a # b.

Joxazameavcmeo. OT ipoTHBHOTro. I1ycTh BRIMONHEHH! Bee cdop-
MyJIUpOBaHHBIE YCIOBHS, HO !
-a=b.
Mpu6aBuM K o6euM YacTAM 3TOro paBeHCTBA 4HcaI0 4 € Ny;
TIONYYNM
O=a+b,

OTKyIa CJIedyeT, YTO
0256>0,

T.€. MBI IPHULUUTH K npoTuBopeyno. I
YTBEPXIEHUE 1.3.

0=0. (1.4)

Hoxazamenvcmeo. Umeem u3 (1.1), (1.3) ¢ yuieroM KOMMYTaTHB-
HOCTH CJIOXKEHHS Ha MHOXCECTBE Z.
-0=0+(-0)=0,
yTo ¥ TpeboBasioch ycTaHOBHUTH: M
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TakuM 06pa3oM, B COOTBETCTBHH C Hallleil TEPMHUHOIOIHEN, HYJIb
TMIPOTHUBOMOJIOKEH CaM cebe.
W3 noKa3aHHBIX YTBEPXICHHM, OUEBUAHO, CAENYET, UTO
Ny N Ny ={0}.
O6o3HaYNM
N~ =Ny \ {0}; (1.5)
MHOXeCTBO N~ MbI 6ylieM B JadbHeUNIeM Ha3BIBATH MHOXCECNEOM
Uenblx ompuyamenbHblx Yucen. HCHO, 4ToO

NNN =0. (1.6)
Temnepb, o4eBHIHO, MOXHO Iepenucarts (1.2) ciaeayouum o6-
pa3zoM:
Z=NU{0}UN". (1.7)
3aMmeuanwue. [To avanorun ¢ N~ MHoXecTBO N MHOTJa HA3HI-
BAIOT MHOMCECMBOM UEABIX NOAONCUMENbHBIX HUCEN.

YTBEPXIAEHWE 1.4. [Tyems a,be Z, u nycmo
a+b=0. (1.8)

Toeda aubo ae N, b=-a,aub0 be N, a=-b, abo a=b=0.

Hoxasameavcmeo. JocTaTOYHO paccMOTpeTh ciydaid, Koraa: a # 0.
ITycts, HanpuMep, ae N™. Torna a = ¢, raie ce N (npu4YeM B CHIY
yrBepxkaeHus 1.1 Takoe mpexctaBieHue eXWHCTBeHHO). [Ipubapnss
¢ K 06euM gacTaM paBeHcTBa (-¢)+ b = 0, noayunm b = ¢. Cienosa-
TeNBHO, a = —b.

Cnyuyait ae N paccMmaTtpuBaercs aHanorudso. Ml

3amevaHnue. TakuM o6pa3oM, KaKkoBO Obl HU OBUIO a € Z, Cy-
LIECTBYET €AUHCTBEHHOE b e Z Takoe, 4TO BHIIONHseTcs (1.8). Y-
JIOBUMCS B TOM CIIydae ITHCaTh:

b=-a.

IIpn ae N, BBencHHBIE 0003HAYCHHSA, OYEBUIHO, COBIARAIOT C
npexHuMu (cM. (1.1)). Ecnun xe a=-c,ce N, 10 (1.8) npuobpe-
TaeT BHJ

(-c)+b=0, (1.8
7 B HOBBIX OGO3HAYEHUAX UMEEM
b=—(-c).
B 1o Xe BpeMsi U3 yTBepXHeHHsA 1.4 clenyer, 4To IpH 3aaHHOM
ce N eIMHCTBEHHBIM pelicHUeM ypaBHeHus (1.8') asnsercsa
b=c
W3 aByx mocieiHUX PaBEHCTB, OYEBUIHO, IOJY4aEM, 9TO

-(-c)=c.
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(Ilpu BeiBOZE (1.9) MBI CYMTANM, YTO c e N, OZHAKO 3TO paBeH-
CTBO, KaK HETPYAHO BHUAETH, OCTAETCS CHOPABEMIHBHIM NPH MO60M
ce Z.) .
YTBEPXIAEHHME 1.5. flycms a,be Ny, a > b. Tozda

a+(-b)=a-b, ' (1.10)
e0e a—b — pasnocms uucen a u b, evivucnennas e N,

Jokasameascmeo. UMeeMm
a=(a-b)+b
npubasnaa (-b) K 0GenM dacTam 3TOTO PaBEHCTBA, OTy4aeM Tpeby-
eMbil pesyiabrar.
OnpenenuM tenepb modyas YUCNA d € Z, TIONOXHUB

a,ae N,
| = aae N (1.11)
TakuM o6pa3om, B cuny (1.9)
: |-¢} = ¢ ana seaxoro ce N,
CropaBemnuBa cienyiomas
Teopema 1.1. IIycmo a,be Z. Toeda
a) ecau a,be Ny, mo '
a+be Ny u|a+b=|d+|b;
6) ecau ae Ny,be N u |a| 2|4, mo
a+be Ny u |a+b|=|a|-|b|;
6) ecau ae Ny, be N™u |f >|d|, mo
a+be N u|a+b|=|b-|d;
2) ecau a,be N™, mo
a+be N u|a+b|=|d+|q.
Hokxazameavcmso. TIpoBepuM, HanpuMep, yTBEPXIEHHE B). Iycrs
ae Ny, b=—c, rne ce N. UMeem Torna

[a+(=c)]+[c+(-a)]=0
(MBI BOCIIO/IB30BAJTHCh aCCOLMATUBHOCTHIO CIIOXEHHA Ha MHOXECTBE Z
u cooTHoweHusAMH (1.1), (1.3)). YuuteiBas yTBepxiueHue L5, Mox;
HO mepenucaTth NocjeHee PpaBEeHCTBO B BHIE

[a+(-c)]+[c-‘—a] =0,

OTKyZIa B CWIy yTBepxaeHus 1.4
a+(-c)=-(c-a)e N".

-
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s TNIOCIEAHETO COOTHOIWICHUA U onpeneneHus MORYIs UMeeM

TaKXe :
la+(—c)| =c-a=|d-|d,

4TO H 3aBePUIACT NOKA3ATENBCTBO YTBEPXAEHUA B). OCTANBHEIE YTBEp-

XAECHHUSA TEOPEMBI JOKA3BIBAIOTCS aHANOTHYIHO. Il

Onpenenum Teneps ebiuumanue Ha MHOXeCTBE Z KAk ollepaumIo,
06paTHYIO CIOXEHUI.
HHEIMHE cioBaMu, TIOMOXHUM IS MIOGEIX a,b,ce Z
a-b=cea=c+b 1.12
7 (1.12)
Hpubasnsas (-b) x obeum yacTsam npasoro paseHcTBa u3 (1.12),
OJTYIUM ‘

a=c+be a+(-b)=c - (112)

Teneps u3 (1.12), (1,12, oueBunno, umeem
a-b=a+(-b), 11
Z (1.13)

T.C. VIS HEJIBIX YMCEeT BEIYUTAHUE CBOIUTCA K CIOXEHHIO C YHCIIOM,
IIPOTHBOMONOXHEIM BeruMTaemMoMy. M3 (1.13) cmenyer TaKXe, 4To
BHIYMTAHHME HAa MHOXECTBE Z ABNIAETCS BCIOAY ONHO3HAYHO OIpefe-
JIEHHOM omepaumeii.

3aMevaHHue. U3 00HO3HAYHOCTH Onepanuy BEIYUTAHMS [IETBIX
9Mcen M TOro (akKTa, YTO BHIYUTAHHME HA MHOXECTBE Ny 66110 Takxe
OTIpERENCHO KaK ONepauus, 06paTHas K CIOXEHMIO, OYE€BUAHO, BBHI-
TEKAeT, 9TO 15t MOBBIX a,be N;, Takux, 94To. a = b, uMeem
a-b=a-b.
Ny
Bsenem teneps oTHOMIEHHE «MeHBIE» HA MHOXKECTEE Z, A uMeH-
O, NONOXHUM LIS MOBHX a,be Z

a<b@b%aeN. (1.14)
- * Ha MHOXecTBe Ny BBEICHHOE OTHOILEHUE «MEHbIIE», OYEBHIHO,
COBMANAET ¢ OTHOLIEHHEM “MCHBIUIE», BBEICHHBIM PaHee B Teopun Nj.
MoxHOo nokasats, 4To OTHOIIEHME «MEHbBIIE» Ha Z ABNSACTCA OT-
HOLIEHHEM CTPOTOro NUHEHHOTO Mopsaka. HeTpyaHo BuxeTs Takxe,
4TO ecnn ae N, TO u3 ompeneneHusa (1.14) cnenyer, uro
0<aq,
~a < 0.
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Yro KacaeTcsd OTHOLISHWI «MEHBIle WM PaBHO», «bojplue»,
«6ONbLIC WIK PAaBHO», TO OHH BBOAATCA Ha Z C IOMOLIBIO OTHOIIE-
HHsl «MEHBIIe» TOYHO TaK Xe€, KaK 3To ObUIo cliefaHo B Teopud N
(cm. . 1, §5).

OnpenenuM Teleph ONepPaniio YMHOXCEHUA HA MHOXECTBE Z
FIOMOILBIO CJEAYIOLINX YCIOBHMA:

a) YMHOJCEHUe UeAbIX YlUcen A61Aemcs 6cr00y 0OHO3HA4HO onpede-
ACHHOI, KOMMYMAMUEHOU U ACCOUUAMUBHOL onepayuet;

6) yMHOXNCEHUE UeablX Huces OUCMPUBYMUBHO OMHOCUMEALHO CAO-
HCEHUS;

B) Ha nodmuoxcecmee Ny C Z sma onepayus cognadaem ¢ YMHO-
JHceHueM, agedernbiM panee 8 meopuu Ny;

r) Oas écex a€ Z

l-a=a (1.15)
1) Ons 6cex ae Z
0-a=a (1.16)
VTBEPXIEHMWE 1.6. ITycms ac Z. Tozda ,
-1-a=-a (1.17)

Jloxazamenscmso.

. MimeeM 1+ (-1) = 0, oTkyna B cuny (1.16) [1+( 1)]0 0. Honsay-
SCh TMCTPUOYTHBHOCTBIO YMHOXEHHUA OTHOCUTEIBHO CIOXEHHUS, [10-
JIy4aeM U3 IOCTIeTHEr0 PaBEHCTBA C YIECPOM (1.15):

a+(-1)a=0,
orkyaa u crexyer (1.17) (cM. 3aMeyaHue K YTBEPXKACHHUIO 1.4). 1

[IpuBeneM Temepb OCHOBHOM Pe3y/bTaT, XapaKTePHU3YIOIUH yM-
HOXEHME Ha MHOXECTBE Z. ’

Teopema 1.2 («tpaBuio 3HaKoB»). [lycme a,be N, Tozda

(-a)b=a-(-b)=—(ab) (1.18)
(-a)-(=b) = ab. (1.19)

Jokazamenscmeo. JJokaxeM, Hanpumep, COOTHOUICHUE (1.19).
WMeeM, yuuThbiBas yreepxaenue 1.6

(~a)- (-b) =[(-Da]-[(-1)6] = (-1)-(-1)ab =
= (—1)-(—ab)=.—(—ab)= ab, (1'29)
uTo B TpeboBanoCch ycTaHOBUTE. M A

3ameuanue 1. B (1.20) Mbl ucrionp3opany anucs (~1)-(~1)ab,
B KOTOpO# 060oLUIKCH 6€3 JUIMHUX CKOOOK, YYHTBIBAS aCCOLHATHB-
HOCTH YMHOXEHHs LEIBIX YHUCeIL. K
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3ameuanue 2. U3 Teopemsl 1.2 ICHO, YTO YMHOXEHHE B Z
(B oTIMYME OT YMHOXeHHUs B IN)) He MOHOTOHHO. I efCTBUTENBHO, 2 < 5
u-2<-1,H0 2-(-2)>5-(-1).

Crnencrsue us Teopemsl 1.2. [Tycmo a,be Ny. Toeda

|ab| = |a] - [8]- (1.21)

Terepb Mbl MOX€eM, HAaKOHEI, ONPEAENUTh JedeHue HA MHOXe-
cTBE Z KaK ONepaluio, 0GPaTHYI0 YMHOXEHHIO. A HMEHHO, ITOJIOXHM
ig Mo0LX a,b,ce Z,b#0:

a:b=cea=ch. (1.22)
zZ - ’

HerpyaHOo BHAETH, YTO Ha NOIAMHOXECTBC Ny € Z TONBKO 4TO
BBEIXCHHAs OMepalHst COBIANAET C ACIEHHEM, BBEICHHBIM B TEOPUH Ny
paHee.

3aMeTHM TAKXe, UTO M3 paBeHCTBa @ = ch cnenyet, uto |a| =|| -|4]

¥, 3HAYMT,
lel = la] : |8l

T.6. MOOYAb YACMHO20 PAGEH HACMHOMY OMm OeAeHUs mooyaei.
Yr0 KacaeTcs 3HaKa YaCTHOTC, TO OH, O4EBUIHO; ONPEACIACTCA
110 TIPaBUITY, BHITEKAIOUIEMY U3 «IIPaBWJIa 3HAKOB» I YMHOXCHUA:

a:b>0, ecru a u b oonozo 3naxa,
a:b<0, ecau a u b pasnvix 3naxos

(31€Ch MPEATIONAraeTCsi, 4T0 He TONBKO b, HO H @ OTIMYHO OT HyIA);
SICHO TaKXe, YTO
0:6=0.
W3 cKa3aHHOTO BHIIE ICHO, 9TO €C/IM 9acTHOE OT Jie/IeHUs IBYX
ypces U3 Z CYUIECTBYET, TO OHO ONpeNeNeHO eNHHCTBCHHBIM 06-
pas’oM.

- Wrak, Mbl B OOMIMX 4epTax OMMCATH neicTBHEe apHOMETHYECKHUX
omeparMif Ha MHOXECTBE LIEJIBIX IUCCI.
OnHaxo y HAC OCTAIKCH 6e3 OTBETa HEKOTOPLIE BaXHbIE BOIPO-
cel. Hanpumep, rakme:

... TTodyeMy cresl0BaO PaCpOCTPAHSTE C MHOXecTBa Ny Ha Bce Z
JMeMCTBIE KAXIOT0 U3 BEIOPaHHEIX HAMM 33KOHOB apudmetuxu? ITo-
YeMy MOHOTOHHOCTBIO YMHOXEHHS GBUIO Le1eco06pasHO MOXePTBO-
parb? Te /1M 9UClIa MBI TOCTPOMIIN, KOTOPBIE HYXHEI «Ha CAMOM nene»?

- B cnenyromux naparpadax MBI IIOMBITAEMCsl TIOTY4HTD OTBETHI Ha
3TH BOTIPOCHL.




48 TInasa 3. Tpu nodxoda Kk nocmpoeHuto MHOMNECMBA KeAbX Yucen

§ 2. Pacuupenne MHoxKecTBa Ny 10 Z. I'eoMerpuyecknii noaxon

Ilonpo6yeM Teneps MOOOHTH K BOIPOCY O PacClIMPEHUH MHOXe-
CTBa 1I.H.4. HECKOJIbKO MHadve. ByaeM HMCXoouTe U3 MOIENIH, B KOTO-
POt IieTbie MOJOXUTENbHBIE U OTPUIATENbHbIE YUCTa 0603HAYAIOT
H3MEeHEeHHe HEKOTOPOH ANMCKPETHON BEIMYHHBI C YKa3aHHEM Ha OJTHO
13 IBYX BO3MOXHBIX HAIIPABICHUN 3TOrO M3MEHEHUS.

O6umenpunaTas (4 caMas ynobHas) MOaensb TakoBa. HapucyeM
npsaMmylo / ¥ BeIGepeM Ha Hell B KayecTBe Hayana oTcuera (Havaaa
KOOpPIMHAT) IIPOU3BOJIBHYIO TOuKYy O (cM. puc. 7).

0 M
} } + 4- } t -
-2 -1 0 1 2 3 /
Puc. 7

IIpaBee Touku O BrIGepeM Ha Hallleil NIPAMOI HEKOTOPYIO TOYKY
M; otpesok OM Gynem cuurath edunuynsim. Tenepb, MOCACIOBATENb-
HO OTKJIaJbIBasi OTPE30K OM BNPaBO OT TOYKH O HEOrPAHMYEHHOE
YUCTI0 pa3, 6yreM OTMeYaTh U HYMEePOBAThH KOHI{H IMOJYYAIOIIMXCS OT-
Pe3KoB uucnaMu 1, 2, .... AHATOTHYHO, OTKIAMBIBAS OTPE30K OM

BJIEBO OT TOYKH O, OyaeM oTMe4aTh M MOCIEIOBATEABHO HYyMEpOBaTh

KOHIBI 00pa3ylomuxcs OTPe3KOB ¢ ITOMOINBIO CUMBOJIOB —1, -2,
Haxonen, psagnoMm ¢ toakoir O HamumeM cumpon 0 (HoOmp).

Temnepp ecny MbI CKaXeM, HAIPUMEP, YTO KOOPIUHATA TOYKH A
Ha 1psiMoit / paBHa -3, To 3T0 OyleT O3HA4aTh, 4TO TOYKa A Haxo-
OUTCA JIeBee TOYKH O Ha PaCCTOSHUM, PABHOM YTPOEHHOM ANTHUHE OT-
peska OM.

HTak, TO4uKH, OTMEYEHHbIE HAMH Ha MIPSMOI /, 14306pd>l(ar0T MHO-
XEeCTBO Z, OOHAKO STOro HaM sBHO HeaocTaTouHo. IIpexne Bcero,
clenyeT YKa3aTh, IO KaKOMY TIPABUITY CKJIANBIBAIOTCST H300paxXeHHbIE
HaMu 4yucna us3 Z.

Ilycts A — HeKOTOpas TOYKA M3 YHCJIa OTMEYEHHBIX HAMH Ha
npsiMoit /. 3aMeTHUM, YTO 3TOH TOYKE COOTBETCTBYET HE TOJDBKO €€
KOOpANHATA (T.€. CTOAUAs PAAOM YHUCIOBASE OTMETKA), HO ¥ HATIPAB-
NEeHHBIK 0Tpe30K OA (C HavanoM B Touke O M KOHIIOM B TO4Ke A).

CdopMynupyeM Tenepsb U3BECTHOE NPAGUAD CAONCEHUS HANPAGAEH-
HbIX OMPE3K06.

Mycts OA u OB — HAIpaBIEeHHbIE OTPE3KH, PACMIONOXEHHbIE Ha
upsiMoii . Cymmoii OA + OB Hasosem otpesok OC, rie C— TouKa Ha
TIPSIMOIA /, B KOTODYIO HEPEIeT KOHEN OTpe3Ka OB, €CIIH ero Hagasno
COBMECTHTD C TOYKOI A NMPU MTOMOLIN NapaJlIeNIbHOro IepeHoca.
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. Taxoe onpeneneHHe CIOXEHHS XOPOLIO COIIACyeTCs C €ro UHTY-
WTHBHBIM TMOHUMaHUEM: cyMMa OA + OB npejacTaBaser cobon Ha-
MpaBICHHOE U3MEHEHHUE BEJTHYHMHEI OA Ha Bennauny OB.

Tenepb 3aMeTUM, 9TO MBI (PAKTHYECKH HANHA OMpPeNeNeHHe Ole-
paluy CIOXEHUSA LENBIX YHCeN: ecau k,me Z u ecau k ecmv Koopou-
Hama mouyku A, a m — KoopOuHama mouku B na naweii npamoi, mo,
umoGsr croxcums yucaa k u m, wyxcno naimu cymmy OC = OA+ OB u
nocmompems Ha Koopounamy mouku C. (s uucen u3 N; 310 omnpene-
JIEeHHE, OYEBHIHO, COBIIALAET C ONpPeXEICHHEM CIOXEHHS, U3BECTHBIM
HaM U3 KOJIMYECTBEHHOM TEOpH.)

TTokaxeM Tenepsb, YTO ONpeNelIeHHOe HaMH CIOXEHHE YHCeN H3
Z KOMMYTaTHBHO. [eiCTBHTENBHO, NyCTh a,be N u mycTh, HAanpu-
Mep, a < b. Ham cnenyer mpoBepUTh, YTO

a+(-b)=(-b)+a.
OnHAKO CIpaBeiIMBOCTh ITOIO PABEHCTBA PEOMETPUYECKH Ode-
BHJHA U3 pucC. 8.

B c 0 A
t { >
-b ; b @ /
v ': . Puc. 3
B ¢ 0 A
-6 1 a i
:<—a——>'

OcransHBIE CIIy4ad pPacCMaTpUBalOTCH AHATOTHIHO.

ToyHO TaK Xe JOKa3BIBACTCSA aCCOUMATHBHOCTH CIIOXECHHS,; 6e3
TpyJa BBOLMUTCS ¥ BRIYMTAHUE KaK OIlepalys, o0paTHas K CIOXEHHUIO.

Hrax, omepaius CJIOXEHUS YUCE] U3 Z YIAYHO MOAETHPYETCS C.
TIOMOIIBIO CIOXEHUS HallPaBIEHHBIX OTPE3KOB (IIMHEI KOTOPHIX KpaT-
HBI JUTMHE HEKOTOPOro «eAMHUYHOro» orpe3ka). Ho kak onpeaenurs
[IPOM3BENeHNE ABYX YMCeN M3 Z C MOMOLIbIO 3Toi Momenu? 3xech
TPUXOAMT Ha MOMOIIb CIEAYIOlEE pacCyXIeHHE (CM. IO ITOMY IIO-
BOLY, Hampumep, [10]).

® t 0 M
4 + % + 7 -t =t >
~ ~ Y
~ N\ V4 ”
\—2 ~1\ 0 /1 2 - !
N ’
\\\ \\ \ : / // /,/ Puc. 9
SN \ / e
<N 17, -
R, V227
7
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PaccmoTpum wachl, B KoTOpBIX TIpsiMast / urpaet poss nudepbaarta
(cM. puC. 9) U TIPENIIONOXUM, YTO BCAKHMIA pa3, KOTIA 4acoBast CTpeNKa
IepeMemaercs Ha OHO LeJeHHe, MaTepHalbHasl YaCTUIA, PACIIONO-
XEHHAsl Ha IPSIMOM, CKAYKOM IIepeMeLIaeTcs] U3 TOYKH C LIEJI0YUC-
JICHHOH KOOpPAMHATOM X B TOYKY C LIETOYHUCIEHHOMN KOOpAMHATOM
x+c¢ (ce Z). B Ka4ecTBe HOPMUPYIOWETO YCTOBUS IPUMEM, 4TO B
MOMEHT BpeMeHH ¢ = () yacTuua npuobperaet XOOpaUHATY x = 0.

I[Tycts BHavane ¢ € N. Torna B MOMEHT BpeMeHH f € N, ouepun-
HO, OyneM uMeTh

' X =ct (2.1)

Takum 06pa3oM, A1 HATYPaNbHBIX ¢ U f OTOGPAXEHHUE, TiepeBo-
AsIee YIOPAROYCHHYIO Mapy (c, ) B COOTBETCTBYIOLLYIO KOOPIHHATY
X YACTHHBI CBOAUTCS K IEPEMHOXEHHIO YHCEN ¢ U /, \

EcrectBeHHO mosToMy M st MOGBIX ¢, t € Z Ha3BaTh orobpa-
HeHmE (e,t) - x 2.1
YMHOXCEHUEM TUCTIA € HA YUCIO { W 3anMChIBaTh (2.1') mo-nmpexHeMmy
B Buze (2.1).

IIpoBepuM, mpuBeneT U 3TO ONpeseNeHHE YMHOXEHHS YHCeN
U3 Z K TOMY Xe «IIPaBuiy 3HaKoB», 9to u B § 1. ITycrs, Hanpumep,

c= =, t= —t], (22)

TAe ¢ U I} — HaTypaJbHbIC YHCIIA. SJICMCHTapHBIﬁ MOJACYET MOKa3bl-
BAaeT, YTO B 3TOM CHIy4ae KOOPIMHATA YACTHULEI OKA3BIBAETCS paBHOMI

X = C]tl,
TaK 4TO ¢ y4eToM (2.1) u (2.2) noayuaem:
(~a)(-t) = city.
HeicTBYs aHaMOTrMYHBLIM O6Pa3oM, HETPYIHO MPUIATH K BBIBOZAY, 9TO
IOpY HALIEM OINpeleNeHUH YMHOXEHUS

(=)t = =(cy),

a(-t)=-(et)
(3zeck, Kak u BHIIE, c},f € N).
HTaK, «1IpaBuio 3HaKOB»> [P BHILIETIPUBEIEHHOM ONPELeIeHHHU

-

YMHOXEHHUSA COXpPaHIeTCsl.
PaccMoTpeHHas MOIENb NPEACTABAAETCA JOCTATOYHO ybenuTes-
HOH U, 10 cyTH, 3aBepiuaeT 060CHOBaHNE CHOPMYIUPOBAHHHIX B § 1
apupMeTUIECKIX 3aKOHOB I YHuCe] u3 Z.
M Bce xe npobieMa 0GOCHOBAHAS yHOMSHYTHIX apH(PMETHYECKUX
3aKOHOB HACTOJIBKO BaXHa, YTO MH pa3bepeM ellle OIHO €€ pelleHMe.
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Mg 3Toro Ham mpuAeTCsA B3MISIHYTH HA YMCJIA H3 Z C COBEPILIEHHO
HHO¥ — OIEepaTOPHOK — TOYKHU 3PEHUA.

§ 3. BcnoMoraTe mHbie CBeJeHHMs H3 TEOPHH ONEPATOPOB

B cneayromux nmaparpagax MEl pacCMOTPHM ONEPAaTOPHYIO MOIETb
9UCIIOBOM cHcTeMBI Z. ONHAKO UIS 9TOTO HaM NPUAETCA CAenaTh ceil-
Yac HeOONBILOEe OTCTYIUIEHHE OT OCHOBHOH TeMHB NAHHOM ITaBHl M
U3JIOXUTh NEPBOHAYABHBIE CBENECHHUS U3 TEOPDHH OIEPAaTOPOB.

ITycts X — MHOXECTBO, Ha KOTOPOM 3aJaHa KOMMYTaTUBHAas M
4CCOLMATHBHASA ONEPALHs CIOXEHHS, ¥ MyCTh

L:X->X (3.1

— 0TOOpaxeHUue MHOXeCTBa X B cebd, T.€. 3aKOH, COITIaCHO KOTOPO-
MY KaX/JBIH 2JIEMEHT Xx € X IHEPEXOAUT B HEKOTOPHIA IPYroi 3ie-
MEHT TOro xe MHoXectBa X. Oro6paxenue (3.1) Mul 6yneM Ha3wBaTh
onepamopom, 3alaHHEIM Ha X, a pe3ynabTaT NPHMEHEHHsS OIEpaTo-
pa L x aneMeHTy xe X Oymem o6o3Hauats 4yepes Lx.

Mycts L) n L, — nBa oneparopa, 3afaHuble Ha X; MBI OyneM Ha-
3BIBAaTh 3TH ONEPATOPHI PAGHLIMU YU ITHCATh

L =L,
ecnn Lix = Lyx nns Beex xe X.
Hanee, mycts L — omnepatop, 3agaHHsIi Ha X. Hazosem omepa-
TOp L adoumueneim, ecnu Iist MOGHIX X|,X, € X
L(Xl +XQ)= Lx, +LXT (3.2)
MHoxecTBO BCeX 3afaHHBIX Ha X aJIUTHUBHBIX ONEPATOPOB MBI
OyneM oGo3Havath depe3 A (X, X).
Cymmoii onepatopos L, L, e A(X,X)Mbl GyneM Ha3HBATH OIle-
patop L, onpepensieMblil paBEHCTBOM

Lx = Lix + Lyx, (3.3)

a npou3sgedenuem onepatopos L, u L, — omeparop M, onpenensemsiii
PaBEeHCTBOM

»

Mx = L (Lx). (3.4)
(B (3.3) n (3.4) x npobGeraer Bce MHOXECTBO X.)
Kopotko coorsomenus (3.3) u (3.4) 3anHCHIBAIOTCA B BHIE

L=L+1, (3.3)
M=LL, (3.4

n

COOTBETCTBEHHO.
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3ameuanue 1. Ilyers L, i =123,4 — onepatopsl, 3agaHHbIe
Ha X. Torma, ecan

L=0L, L=L,
TO :

L+L=L+I1,
! Ly = Lyl

CripaBeanMBOCTb CKA3aHHOIO CPasy CIEAYET U3 OTpPeNeIeHHs Pa-
BEHCTBA OIIEPATOPOB.

CrenaHHoe 3aMedaHue IIPEACTABIACTCA BIIOJTHE OYEBUIHBIM, OU-
HAaKO OHO HaM O4Y€Hb NPUTOAHUTCH B IT. 4.

3aMeuaHue 2. U3 NpUBEaeHHBIX BHILIE ONIPeAeIeHUM, O4€BHI-
HO, CNIE/lyeT, YTO CyMMa M IIPOM3BEIECHHE aJIUTHBHBIX OTIEPaTOPOB,
3aJaHHBIX Ha X, TaKKe ABNAIOTCA alMTHBHBIMH ONIEPATOPAMH, 33aH-
HBIMH Ha X.

WTaK, MBI ONIPENENMIIM COXEHHE H YMHOXEHHE HA MHOXECTBE
A(X,X). Cnpasennupa crenyrowas

Teopema 3.1 llyems L, L, Lye A(X,X). Toaaa

L+L=IL+1 (3.9)
(KomMMymamuenocme cr0XCeHUs Onepamopos); -
(Li+b)+ Ly =L +(L + L) (3.6
(accoyuamusnocms croxnceHus onepamopos);
(L)L = L (LL) (37

( ACCOUUAMUBHOCMb YMHONCCHUA onepamopoe);
L(L+L)=LL,+ L,
(L+ L)L =LL+LL (3:8)

(Qucmpubymuerocmo yMHONCEHUA adOUMUBHbIX
0Nepamopos OMHOCUMENLHO CAOHCEHUR).

Hoxaszameavcmeo. PaBeHCTBO (3.5) clenyer U3 onpeneneHus CyM-
MBI OTIEPAaTOPOB M KOMMYTATHBHOCTH CIOXEHHS Ha X, AHanoru4Ho,
paBeHCTBO (3.6) crenyeT M3 ompenesieHUs] CYMMBI OITEPATOPOB U ac-
COLIMATHBHOCTH CJIOXeHMA Ha X. [lanee, paBenctBo (3.7) cieayer
HENOCPEACTBEHHO M3 OlPEAEICHUS MPOU3BEACHUS onmepaTopos. Ha-
KOHeU, paBeHCTBa (3.8) ClenyroT U3 aliUTUBHOCTH PACCMATPHBAEMBIX
ONEpaTopoB, a TAKXe U3 ONpeeIeHHs CYMMBI M TIPOU3BEIeHUS OIle-
patopos. B
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-3ameyvanne l. [ToguepkHeM, YTO IIPH AOKA3ATEILCTBE COOTHO-
weHu#t (3.5)-(3.7) aAnUTUBHOCTD YYACTBYIOLIMX B HHX ONEPAaTOPOB
He urpana HUKako# poru. Ocobo OTMETHM, 4TO IUIS JOKA3aTeNbCTBA
aCCOLMATUBHOCTY YMHOXEHHS OIEpaTOpoOB HaM He MOTpe6oBanach
TaKXe HM KOMMYTaTMBHOCTb, HU aCCOLMATHBHOCTD CJIOXEHHUS Ha X.

3aMegaHue 2. O6paTUM BHUMaHHe YUTATENT TAKKE Ha TO, YTO
B o0weM ciydae L[, = 1,1, T.e., BoOG1IE rosops, yMHoerne orme-
patopos u3 A(X,X) He KOMMyTaTHBHO.

OTMCTHM HaKOHel, 4To onepatop / e A(X,X) Ttakoit, 4o
' Ix =x nns Beex xe X (3.9)
HA3BIBACTCA eduHu4Hoim. HeTpynHo BHReTH, UTO
IL=LI=L (3.10)
Ans Kaxjaoro oneparopa Le A(X,X).

§ 4. HatypasibHoe YACJIO KaK aJIUTHBHbIA onepaTop

PacuMpum cHCTeMy HanpaBleHHBIX OTPE3KOB, BBEAECHHYIO B § 2,
PaccMOTPEB COBOKYNHOCTh E BCeX HAanpaBJIeHHRIX OTPE3KOB Ha Mps-
MOH /, Ha4yaJlo KOTOPHIX COBHANAeT C BhiZEJIEHHOH Touko# O. Ilpu
3TOM HaM 6yzeT yno6HO CYUTATh, YTO B CUCTeMY E BXOIMT U «HyJe-
BOM» 0TPE30K 00, KOTOPOMY MOXHO TIPHITHCATE JI060€ 13 IBYX HMe-

TOLIMXCS HAa NpAMO# / HampaBleHUit.

Mu 6yneM no-npexHeMy IpeAnoaraTs, YTO HAMPABIeHHEIE OT-
PE3KH N3 CUCTEMH E CKIanbBalOTCS B COOTBETCTBMM C IPaBHIIOM,
c(OPMYNHUPOBAHHKIM B § 2.

ConocraBuM Teneps KaXIOMY HATYPAIBHOMY YUCHY k OmepaTop

k:E> E,
KOTODHIH YATHHAET OTPE3KH U3 PACCMaTPUBAEMOM CHCTEMBI B k pas,
COXpaHss NPU 3TOM WX HanpaBleHHs. MHOXECTBO BCex OmepaTopoB
Buma k, tme ke N, Mbl GyneM 06o3HadaTh Yepes N (E,E).

Ipumep. Paccmorpum Touku 4, B, C u D Ha npamoit /
(CM puc. 10). B cooTBETCTBMM C JaHHEIM BHIIIE ONpPeAETIeHHEM MBI,
OYEBHJHO, MOXEM HaNHCATh!

\
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3aMevganue. O4eBUAHO, YTO Ui «HYAEBOro» OTpe3ka 00

6yneM uMeTn
o k00 =00 (4.1)
npu kaxaoM ke N(E,E).

HTak, HaTypalnpHOMY YMCIY OKa3aloCh BO3MOXHBIM COMOCTA-
BUTh oneparop. IlogyepkHeM, 4TO 3Ta BO3IMOXHOCTh OABHIACE Y
HAac MOTOMY, 9TO MEI PACCMOTPENH CUCTEMY £ OTHODOIHBIX OOBEK-
TOB (HanmpaBIeHHBIX OTPE3KOB), 06J1aJaomuX CAEAYOUHM CBOI-
CTBOM: KaKOB OBl HU 651 0Tpe30K OA€ E u KakoBo 6bl HU GBIIO
k € N, naiperca orpesoxk OBe F TaKOH, YTO €ro HampaBIeHHe
COBIIAla€T C HaNpapieHueM oTpe3ka OA, a 1IuHA B Kk pa3 IpEBHI-
WaeT JTHHY OA.

(B npuHummne, MpI MOrIH 6Bl BMECTO HANpPaBIEHHHIX OTPE3KOB
paccMaTpUBaTh K APYIYI0 CHCTEMY OGBEKTOB — HAampUMep, Habop
THPb, KOTOPhIE MOXHO CTaBHTh Ha OAHY W3 ABYX yam BecoB. Toraa
oreparop k yBEIUYHMBAN OBl BeC rupu B k pas.)

[IpuBenem Teneps ABa MPOCTHIX YTBEPXACHUSA, XapaKTePHU3YIOLINX
BBEICHHbIE HaMH ONEPaTOPH.

YTBEPXIEHUE 4.1. Uycmb ke N(E E). Toz0a a5 nobeix deyx -.

Hanpasaennvix ompeskoe OA, OB ¢ E CNpaseosuso paeeHcmeo

k(04 +0B)=k0A+kOB, (4.2)
m.e. onepamop k addumusen.
J0Ka3aTensCTBO 3TOrO YTBEPXKIEHUS reOMETPHYECKH OYEBHIHO.

VYTBEPXIEHME 4.2. llycms ki,k2 e N(E, E). Tozda

’
H

ki+k= m (4.3)
u
kiky = k/,.k\z : 4.4)

Joxaszamenscmeo. Tlycts OA — NPOU3BOBHEIA HAalPaBJEHHBIN
OTPe30K M3 cucTeMsl E. 'eoMeTpHuecKH OYEBHAHO, YTO TOrIA

k1OA + k204 = (%1172)62,
a TaKKe 4To o o
k1 (k204) = (kik; ) 04,
OTKyZa U BHITEKAlOT COOTHOLICHHUs (4.3), (4.4). M

3aMmevanue. U3 (4.3), (4.4) cnenyer, B YaCTHOCTH, YTO Ha MHO-
xectBe N (E,E):

a) CJIOXEHUEe KOMMYTAaTHBHO,

0) crnoxXeHue acCOLUATHBHO;

§ 5. Onepamop «munyc». Llea. omp. wucaa Kax npouseedenue onepamopos 55

B) YMHOXEHHUE KOMMYTATHBHO,
I) YMHOXEHHE aCCOUMATHUBHO;
1) YMHOXE€HHE AUCTPUOYTUBHO OTHOCHUTENBHO CIOXEHHUS.

BnpoueM, Bce 3TH CBOWCTBa Omepaluit Ha MHOXECTBE N (E,E)
(33 MCKIIOYEHHEM KOMMYTATABHOCTH YMHOXEHHA) ObUIM HaM yXe U3-
BECTHEI M3 obOuieil TeopeMul 3.1.

Hakonewn, 3aMeTuM, YTO COOTBETCTBHE

k= k

MeXIy 3neMeHTaMu MHOoXecTB Nu N(E, F ) IBJIsSiETCSt B3AMMHO-O{HO-
3HAYHBIM, NIpUYEM ollepaTop | OoKa3bIBaeTCH €IMHHYHBIM, TAK YTO

~ -

ik=k (4.5)
i moboro k e IAV(E, E).

DakTHYECKH MBI IPHXOAUM K TOMY, 9TO BBEJICHHOE HAMH MHO-
xecTBo onepatopos N(E,E) yCTPOEHO TOYHO TAaK Xe KAaK MHOXe-
CTBO HATYDANbHBIX 4ucell. [T03TOMY €CTECTBEHHO OTOXIECTBHTS Ole-
patopsi u3 N(E, E) ¢ COOTBETCTBYIOLMMHE HATYPAIBHEIMHU THCTAMH,
a camo mHoxectBo N(E,E) — c muoxectsom N. Haunnas ¢ storo
MOMEHTA MBI GyIeM CUHTATh TAKOE OTOXIECTBIEHNE IPOV3BE/IeHHBIM
M BMECTO & GyaeM BCIOLY MHCATb MPOCTO K.

§ 5. Onepatop «Munyc». Llenbie OTpHIATEIbHBIC YHCAA
KaK MpOH3BeJeHHS ONEepaToOpoB

BBeneM Temepb B PACCMOTPEHUE ONEpAmMop «MuHyc», NeiCTBHE

KOTOPOro 3aKJIIOYaeTCs B TOM, YTO OH MEHSIET HallpaBlieHue J1oboro .

oTpe3ka U3 £ Ha IIPOTUBOIOJNIOXHOE.

ITycts OA — NPOM3BONBHBIA HATPABIEHHBIN OTPE30K U3 COBO-
kynHocta E. Toraa B cOOTBETCTBMH C JaHHBIM BhIlIE ONpENeICHIEM
-0A 6yner 0603HaYaTh OTPe30K, paBHBIN OA To mmuHE U HaIlpaB-
JeHHBINA U3 TOUK® O B IPOTHBOINOJOXHYIO CTOPOHY. SICHO, 4TO ABY-
KPaTHOe NPUMEHEHHE OIEPATOPa «<MHHYC» BO3BPALIAET OTPE3OK OA
Ha MeCTO:

~(-04)=04 (5.1)
OueBHIHO TaKXe, 9TO IS JIOGBIX ABYX 0Tpe3koB OA,0B e E
umeeM

(0 + OB) = (-0A) + (-0B), (52)

T.€. OIIepaTOp «MHHYC» aAIUTHBCH.
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3aMeTuM Temeps, YTO M M0OGOr0 ke N MBI MOXEM PACCMOT-
peTb omeparTop —k, ONpPENENTHB er0 KaK NpPOU3BEXEHHE. (cynepnoan-
LIUIO) OIIepaTopa «MHHYC» M omeparopa k, Tak 9ro -

(-k)0A =—(kOA), OAec E. (5.3)

Maiee, HETPYAHO BUAETH, YTO OMEPATOPH U3 N U ONEPATOP «MH-
HyC» TIEPECTaHOBOYHbI MEXAY COGOH, OTKYyAa, YIHTHIBAS ACCOLUATUB-

HOCTBP YMHOXCHHS OIIepaTOpPOB, [IOJIy4YaeM ONEPATOPHOE PAaBEHCTBO

k(-p)=-(kp); (5.4)
KpoMe TOro, B CHIIY aCCOIIMAaTUBHOCTH YMHO)KﬂPIHH OHCpaTOpOB o4e-
BHIHO, UM€EEM
: (-k)p = -(kp)- - (5.5)

Hakonen, acCOLMAaTHBHOCTL YMHOXEHHS OIEPATOPOB, nmepecra-
HOBOYHOCTE OIIEPaTOPa «MHHYC» C ONEPaTopaMe U3 N U COOTHOLIe-
Hue (5.1) pawoTr

(k) (-p) = kp. (5.6)
(3mech k,pe N.)

Hrak, ¢ noMomso (5.3) ME (akTHYECKH BBEIU B paccMmoTpe-
HUE IeNEIE OTPHLATENbHBIE YHCNA, ONPESENUB UX KaK ONepaTOPHHIE
NpOou3BeNieHUst BUAA —k, rne Kk € N. COBOKYIHOCTb ONpeeNeHHbIX
TAKUM 06Pa30M LeJIbIX OTPHLIATENBHBIX YUCENT MBI 6yNeM 0603HAYAT
gyepe3 N~ (noao6Ho ToMy, Kak MBI 310 Aenanu B § 1). Yto kacaercs
COOTHOUIEHMH (5.4)-(5.6), TO OHH, OUEBHIHO, MPEACTABISIOT COBOMH
YX€ 3HaKOMOE HaM «IIPaBIIO 3HAKOB», KOTOPOE TeNephb YAANOoCh 060-

CHOBATh C IIOMOWIBIO COBEPIICHHO MHBIX cCOOOpaxkeHunit yeM B § 2.

§ 6. MHOXecTBO Z KaK COBOKYNHOCTE ONepaTopoB

HOCKOJIBKY Hala 1eab — NOCTPOSHUE MHOXECTBA Z BCEX HEJBIX .

YHCeINl, HaM He 060HTHCH 6e3 Hynsa. Ompenenum _JeACTBHE OIEpaTo-

pa 0 Ha IPOM3BONBHBIH HaIpaBIeHHE 0TPe3ok OA e E paBeHCTBOM

004 =00, 6.1)
rae 00 — «HYNIeBOM» oTpe3ok. [anee, HeTpyaHOo BmieTb, 4TO

004 =00, (6.2)
u U3 (6.1) u (6.2) BBITEKAET ONEPATOPHOE PABEHCTBO

-0=0

~

OueBuaHo Takxke, 9T0 () — aLLHTHBHBIHA OMEPATOP.

§ 6. Muoxcecmao Z kak co8oKynHocmes onepamopoe 57

3aMeTuM Jajee, 4T0, MOZOOHO TOMY KaK MBI OTOXIECTBUIH Olle- -

paTophI U3 N (£,E) c HarypanbHBIMH YHCIaMK, 3a1aHHBIH Ha E orne-
paTop 0 MOXHO OTOXAECTBATH ¢ YnciIoM 0 € N,. Bcrony Huxe Ml 6y-
JIeM CYUTATh TAKOE OTOXAECTBIEHNE IPON3BEIEHHBIM U IUCATH BMECTO
f) npocro 0.

Kak u B § 1, onpenennM Tenepb MHOXECTBO LEJIBIX YHCEN Z KaK

obbeMHeHUE
NU{0}JUN;

ceiiyac, OJHAKO, NIEMEHTH MHOXECTBA Z MOHMMAIOTCA KaK OIepa-
TOpHI, 3alaHHbIe Ha E.

Ha 5TOM DOCTPOCHHE CUCTEMEBI LIEJIBIX YMCENl 3aKAaHYHMBAETCH,
IOCKOJBKY CHELMANbHO AaBaTh ONPEAENEHHs TOMY, KaK B3aUMOJEil-
CTBYIOT SNIEMEHTH ONePaTOpHBIX MHOXeCTB N, {0} u N™mpu croxe-
HUM ¥ YMHOXEHHH, OYEBUAHO, He HYXHO. '

N3 reopembl 3.1 n pesynpTaToB § 5 HemocpeaCTBEHHO ClEAyeT,
YTO BCE CBOMCTBA CIOXEHHA Y YMHOXEHMS LETBIX YUCEN TIPH UX OIle-
paTOpHOI MHTEPIPETAIlMH OKA3bIBAIOTCS TOYHO TAKHMH X€, KaK M Ipu
IIOCTPOEHHUAX, IpoBeneHHbIX B §§ 1 1 2.

B03MOXHOCTh IIOKa3aTh, YTO CBOMCTBA BEIYHUTAHUS U AeNeHUSA
TaKXe COBMAAAIOT IIPU BCEX YIIOMSHYTHIX MOAXOaX, MPeAOCTaBIsET-
Cs1 YHTATENIO.




T/I4ABA 4

MHOXECTBO @, ITOJTIOXUTENBHBIX
PAITUOHAJIBHBIX YUCEJL '

§ 1. Obpamumvie onepamoper u ux ceoiicmsa 59

B s7oit rnase npemmoxena OIepaTOpHAs MHTEPIPETALMS CHCTe-
Mbl , TONOXHTEIbHBIX PauroHanbHEIX grcen. IIpn TakoM noaxoze
H3JIOXCHIE CTAHOBUTCS KOMIIAKTHBIM M, 4TO HEMAJIOBAXHO, WKOJIb-
HbIe 0003HAYEHNS | IKOTbHAS TEPMUHOJIOTHA (KOTOPbIE IPUHATO CUH-
TaTb HE BUOJIHE KOPPEKTHBIMHU) NPUXOAAT B COOTBETCTBHE ¢ 0603Ha-
HCHHAMY 1 TEPMUHONOTHEH, TIDUHATHIMY B BHICIIEH MaTeMaTHuKe.

§ 1. OGpaTumsre ONepaTophl U UX CBOICTBA
lpexne wem npucrynars x TOCTpOCHUI0 MHOXecTBa Q,, M3110-
XH1M HEKOTOPEIE 3]IEMEHTAPHbIE CBENCHH, KacalOIUecss 06paTHMBIX
OIEepaTopoB.
Hrak, nycts, xaxk u B §3rmm 3, X — MHOXECTBO, Ha KOTODOM
SallaHa KOMMYTaTMBHAasi M aCCOLMATHBHAN omepanus CIIOXEHHs, U

NYCTh TeNeps

L: X5 Xx
— B3AUMHO-OTHO3HAYHOE OTOGpaXeHHe MHOXecTBa X Ha cebGs. B
STOM ciy4yae MBI 6yneM Takxe TOBOPHTH, YTO Ha MHOXeCTBe X 3a-
IaH oGpamumeii onepamop L. !

WM306pasum rpadmaecku AEHCTBHE omeparopa L ¢ moMompio cTpe-
7oK (cM. puc. 11).

N

Puc. 11

X X

O6paias nHanpaenenns CTPEJIOK Ha pHc. 11, MBI, O4eBHAHO, MO-
JTY4HM HOBO€ B3aMMHO-OXHO3HAYHOE oTofpaxenue MHOXecTBa X Ha
cebst (cM. puc. 12).

Puc. 12

X X

ITocTpoeHHoe TakuM cIocobom OTOOpaxeHue ME Ha30BEM ofpan-
HbiM TI0 OTHOLIEHUIO K L 1 0603HauuM uepes L', B stom caydae Mul
OyxeM roBopHThH TakXe, 4To Ha X 3a4aH onepamop L', obpamuwiii no
omnowenuto K L. SIcHo, uro omeparop L~! (npu 3agannom L) onpe-
AENAETCS eAMHCTBEHHBIM 06pa3oM.

3aMevanmue 1. OueBuaHo, uto ecnum L — 00paTHMBIit omepa-
TOp, 3afaHHBIM Ha X, TO
L =1 (1.1)
"
r'r=1, . (L)
rae / — eIMHHYHBEIA onepaTop (T.6. TOXAECTBEHHOE oTobpaxeHue
MHOXecTBa X Ha ce6a). HeTpynso Buaets Takxe, uTo Kaxmaoe H3 pa-
BeHCTB (1.1), (1.1') BreYeT APyroe U mMoIHOCTHIO XapaKTepH3YeT olle-
parop L. .
IToxaxeM, HampuMep, KaK M3 COOTHOIIEHHUS (1.1) BeiBectH (1.1').
Hmeem u3 (1.1) mis mo6oro x e X:

Ll 'x =x.
IlpuMeHuM K 06eMM 9acTsM 3TOro paBeHCTBa onepatop L™ 1 060-

3HaYUM

Lx=y;

B pe3ynbTare NONYYHM |
: 'Ly =y.

OnHaKo ecnu 3aCTaBUTEL X npoberats Bce X, TO OYeBHAHO, y G-

AeT Takxe nmpoberath Bee X. Tem caMbIM NOCTENHee paBEHCTBO OKa-
SBIBACTCA SKBUBAIEHTHBIM (1.1'), T.e. Ml BEiBenu (1.1') u3 ( 1.1).

SaMeuanue 2. OTMETHM TaKxe OYEBHUIHOE PaBEHCTBO
=1 (1.2)

IlpuBeneM Temeps yeThipe BaXHblE ANA JanbHEHMIEro VTBEPX-
OEeHHs.
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TeopeMa 1.1. [lycms L — o6pamumviii onepamop, 3adannwii na X.
Toeda i
1Y

(') =L (1.3)

J0Ka3aTeNbCTBO reOMETPUIECKH 0YeBUAHO. M

Teopema 1.2. [Tycme L, u L, — oBpamumsie onepamopsi, 3adannsie
na X. Toeda ux npoussedenue maxice oGpamumo, npuqu

(LL)'=5'L. (1.4)
Hoxazameavcmeo. B cuny 3aMedaHust 1 10CTaTOYHO MOKA34Th, YTO
(B'G) (L) = 1.

Onuaxo nocnexHee paBeHCTBO cpa3y cienyer u3 (1,1') W acconua-
THBHOCTH YMHOXEHHS onepaTopos. W

Teopema 1.3. [Tycmb L u L,— obpamumsie onepamopst, 3adannbie
Ha X, u nycmo u3gecmmno, ¥mo 3mu onepamopsl KOMMymupyom, m.e.

L, = LI, (1.5)
Toeda sce yemoipe onepamopa L, Ll , Ly, Lz Kommymupyiom opye ¢
dpyeaom.

Hokazamenvcmeo. lIOKa)KeM Hanpumep, 4TO

LL' = L', e

Hpexne Bcero, u3 (1.5) umeem
Ll = Lx

(3m€ch X — TIPOM3BOJNBHEIN 3/IeMEHT U3 X).
TpuMeHNM K TpeNBIAYIIEMY PABEHCTBY ONEpaTop L, ‘a satem
MONOXHM X = [Q ¥, B Pe3ybTaTe MOJNYYHUM

| L'LLL'Yy = ' LLL'Y. |
OueBHAHO, YTO 3TO PABEHCTBO MOXHO MEPENUCATh TAK:
L'L(LG")y = (G'L)LL'Yy,
oTKyna ¢ yderoM (1.1), (1.1') uMeeM

L'Ly = 13'y.

ITycte Tenepp x nmpoberaer Bce X, Tora y tTakxe npoberaer Bce X'
TE€M CaMbIM M3 MOCJIeAHEro paBeHcTBa ciueayer (1.6). OcraabHueE yT-
BEPXKACHHS TEOPEMbI AOKA3bIBAIOTCA aHAIOTHYHO. M

Teopema 1.4. [Tycme L — obpamumeiii addumusnuiii onepamop, 3a-
dannwiii Ha X. Tozda onepamop L' makace addumueen.

§ 2. Onpedenenue nOAOHUMENbHO20 PAUUOHAALHOZ0 HUCAQ 61

Hokaszameavcmeo. meeM mins nobsix x,y € X:
L (x+y)=x+y,

L(L"x + L“’y) =LL'x+ L'y =x+y.
Hrax, LY (x+y)= L(L'lx + L"y).
Temneps, NpuMeHss onepatop L™ K 06enM YacTsM MOCIENHEro pa-
BEHCTBa, OKOHYATEJIBHO MOJTy4aeM

CHx+ y)=Llx+ Ly,
41O U TpebOBaNOCH YCTAaHOBUTH. M

§ 2. Onpenenenne MOJOKHTENLHOIO PAIHOHAILHOTO YHCIA

bynem teneps, kak u B § 4 rn. 3, paccMaTpUBaTh MHOXeCTBO £,
COCTOsIlIee M3 BCEX HAMPABIECHHBIX OTPE3KOB, PACMONOXEHHEIX Ha
NpAMOY / ¥ TaKKX, YTO MX Ha4aj0 COBHAAAET C HEKOTOpPO# Toykoi O
Ha 3Toif npsiMoil. MBI IO-TIpeXHEMY CYHUTAaEM, UTO OTPe3KH U3 F cxina-
JBIBAIOTCS MO TpaBWiy, copmynupoBaHHOMY B § 2 ri1. 3.

B mpensinyie#t rnase yxe roBOPWIOCH O TOM, 4TO Kaxnoe ke N
MOXHO PAacCMATPUBATh KaK OIepaTop, YBEIHUMBAOINIA JTHHY OTpe3-
KOB 13 E B k pa3 u He MeHAIOIUI UX HaNpaBieHUs. TeM caMbIM, KaK
MBI YX€ OTMe4alH, | okaselBaeTCs eAMHUIHBIM OIlepaTopoM. I'eoMeT-
pHYECKHM OYEBHMIHO, 4TO ONepaTop k 3agaeT B3aHMHO-OJHO3HAYHOE
oTo6paxeHre MHOXecTBa £ Ha cebs U, CIeqOBaTeNbHO, CYLIECTBYET
omepartop k!, Taxxe 3ananHbt Ha E. HeTpyXHO NOHATB, UTO Omepa-
TOp k™! comocTaBnseT KaxmoMy oTpe3Ky u3 E Ipyroif oTpesox, Tak-
X€ NpuHamnexawuii £, IIMHa KOTOPOro B K pa3 MeHbllle, a Hanpap- -
JIeHHEe COBIIAZAET C HallpaBIeHHEM MCXOJHOTO OTpe3Kd.

Janee, kak MBI 3Ha€M U3 NPENBIAYIUEH TIaBHI,

kp = pk, (2.1)
KaKOBBl OBl HM OBIIM omepaTopsl k,pe N. Otcioga B cHIy Teope-

MBI 1.3 cienyer, 4TO 4 -
kp™ = pk (2.2)

UIst MOGEIX omepaTopoB k, pe N.
WnpiMu coBaMy, cripaBeJIHBa CIeNyIOIIAs

Teopema 2.1. Bce onepamopui, npunadaexcawue cemeiicmey

{523,523 (2.3)

-y
xommymupyiom 0pyz ¢ Opyeom.
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HpHBelIeM TENEPb OCHOBHOE OIIpeieieHuEe NJaHHOU IJIaBHbI.

OIIPEAEJIEHHE. Onepartop, 3axaussiit Ha E U npeacTaBUMBbiiL
B Buge kp~' (rme k, p € N), Ha3HIBAETCS NOAONCUMENLHBIM DAUUOHALL-
HBLM HUCAOM.

MHOXeCTBO BCeX MONOXUTENBHBIX PALMOHATBHBIX YHCEN MBI 6y-
aeM obo3HauaTs 9epe3 Q.

IMonuyepkHeM, YTO MONOXUTENBHBIM PAIIMOHANBHBIM YHCIOM MbI
Ha3BaNMn He GUKCHPOBAHHOE NMPOW3BENCHUE BUAa kp~', a omeparop,
HpEeACTaBUMBII B BHAE TAKOTrO Mpou3beneHus. CeHyac MBI YBHANM,
4TO NPEICTaBICHHUE ONepaTopoB u3 O, B BUAE kp ' He eXMHCTBEHHO.

Teopema 2.2. ITycms ki, p, ky, p, € N. Tozda onepamoproe pasen-
cmeo _ ;

~1 -1
ko = kp (2.4)
UmMeem mecmao 6 MoM U MOAbKO MOM cayyae, eciu
klpl = kzpl (25)

Joxazamenvscmeo.

Heobxodumocms. Iycts (2.4) cripaBeiuBo. YMHOXHM 3TO paBeH-
CTBO CJIEBa HA p, p,. [10JB3yaCh KOMMYTaTHBHOCTBIO YMHOXEHHUS Olle-
paTopoB U3 ceMeMCTBA (2.3), a TaKXe BCEraa MMeIoLIed MeCTO acco-
IHATUBHOCTHIO YMHOXEHHUA ONEPaTOpoOB, nmonydaeM (2.5).

Hocmamounocms. Ilycts (2.5) cipaBeTHBO. YMHOXEM 3TO Ofe-
PaTOpPHOE PABEHCTBO CJIEBA Ha p,‘l Py 1 IMone3ysck KOMMyTaTHBHOC-

ThIO U aCCOLIMATHBHOCTHIO YMHOXEHUA pacCMaTpUBACMBIX OIepaTo-

poB, npuxogum K (2.4). B ,
Cnencrsue. IIycTs B yCIoBHAX TeopeMsl 2.2 P=p = p. Toraa B
CHTY COKPaTUMOCTH YMHOXeHHUA B N, oueBUIHO, u3 (2.4); (2.5) uMmeeM

o' =k &k =k (2.6)
3amevanue. Kak Mbl 3HaeM,
=1

BTO0 06CTOATENBCTBO JaeT HAM BO3ZMOXHOCTD paccMaTpuBaTh Ha-
TYPaJIbHBIC YHCJIA KaK ITONOXHUTENbHEIE PAlIMOHAIbHEIE. [eliCTBUTE N b-
HO, yCTh k € N, HMeeM TOoraa

k=k-1"eQ,. 2.7
Ipencrasnenne (2.7) HarypanbHOroO gucna u3 Q,, OYEBULHO, HE
CIHHCTBEHHOe. bonee obiilee mpeacTaBIcHUE UMEET BHI

§ 3. Apobu 63

k=(kp)p, peN(2.8)
(cM. mo 3TOMY HOBOAY TaKXKe CleAyIOIuii maparpad).

§ 3. dpobu

Hns Hampx nenei 6yAeT Moje3HO MOMHUMO ONepaTOPHEIX 0603Ha-
YeHHUH, YXe IPUMEHABIIUXCA B § 2, BBECTH TaKXe MPUBEIYHEIE IIKOJb-
Hele 0603HaYEHNA, IOJIOXKMB Ul HATYPAIbHBIX k U p

=k 3.1

P
Kpome Toro, HaM motpeGyerca ciaeayomee

k
OMNPENEJEHUE. Bripaxkenue Buga — rme k, pe N, Ha3hBa-
P
ETCSA HOAONCUMENBHOU PAYUOHANLHOU Opobbio; TIpK 5TOM k Ha3BIBaeTCs
yucaumenem Zpobu, a p — 3namenamenem IPoGH.
k
Takum 06pa3oM, MOTOXUTENbHAS PAMOHAIBHASA APO6h — — 3TO
OJHO U3 BO3MOXHBIX BHIPAXEHHUH JJIs1 COOTBETCTBYIOLIETO ONeparopa
(TIOIOXUTENBHOTO PAallMOHANBHOTrO 4YKcia). Teopema 2,2 maeT HaM

HEOOXOMUMOE M JOCTATOYHOE YCTIOBHE ISl TOTO, YTOGH ABE ApOOH
obo3Hayalu OAUH M TOT XE€ OIepaTop:

E‘.:ﬁ.@ klPZ = k2p1' 3.2)
P '

3aMmeuyaHnue. Ilycte k,pe N. Mul 6yneM mucats -Ife 0, (mo-
N0OGHO TOMY KaK PaHbIIE ITUCATH Icp‘1 € (,), TOHUMas 2Ty 3aITHCh cne;
IYIOIMM 00pa3oM: ONepaTop, NPeACTABUMBIN B BHIE Ipo6H E, npu-
HaUIeXUT MHOXeCTBY Q.. p

ONPEOEJNEHUE. IMonoxurenpHas: palMoHaabHAasA IpoOb L3

Ha3BIBAETCA Hecokpamumol, eCli HaTypaJlbHEle YHCIa K U p BSaHMHpO
MPOCTHI, A _

CripaBefniBa ClELyIOIas BaXHas

Teopema 3.1. Kaxcdoe wucno uz Q. eduncmeennvim obpasom npeo-
cmaeumo 6 sude Hecokpamumou Opobu.

HoKa3aTensCTBO 3TOM TEOPEMBI CPa3y CIEAYET U3 CYIIeCTBOBAHMS
¥ eINHCTBEHHOCTH PA3JI0XCHHsT HATYPAILHOTO YHCIa (GOMBIIEro exu-
HMIIBI) HA TMPOCTBIC MHOXHUTENH. I
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k .
Cnencrsue. ITycts o€ (,, M IyCTh — — MPEACTABIECHUE IUCAA O

B BUJIe HecOKpaTHMO# apobu. Torga Bce ocTanbHEIE MPEACTABIEHUS
YHCa 0. B BUJE MOJIOXHTENBbHON pALIMOHANBHOM APOOGH TAKOBHI:

2k 3k

2p > 3p ’ .

§ 4. Cnoxenne Ha MHOXecTBe Q.

Ilpy onepaTopHO# HHTEPIPETALMH TIONOXHUTENBHBIX PALIMOHAIb-
HBIX YHMCEN CIIOXEHUE HE HYXIAeTCH B CHEIMATLHOM ONpele/ieHHH,
[IOCKONIBKY CyMMa JIBYX OIepaTopoB OBLIa yXKe HaMH OTPENENeHA B
CcaMOM 001eM ciydae.

M3 cka3aHHOTO, OZHAKO, elle He CIeAYeT, 4TO s JIOOGBIX
o,p e, ux cyMMa TakXe NpEACTaBIAeT coboi omeparop M3 O,
(a He sABNsETCS KAKHM-TO OmepaTopoM Goiee oOuiero BUAa, 3alaH-
HBIM Ha FE).

3aMeTHM, YTO €CITH

a=kp, B=kp;' (4.1)

(rne ki, ky, pi 1 p, — HaTypaJbHbIE YUCIIA), TO HMEIOT MECTO OYEBUA-"

HEI€ OIepaTOPHLIE paBEeHCTBA ;
- _ -1 -1
a+B=kpt +hops' = kg (pp)” +hop (pp)” =

= (kupy +kopy) (pip2) ™' € Q.

WTtax, MBI I0Ka3a1H, YTO CYMMa JBYX JIIOGEIX ITOJOXMTENLHBIX PALIHO-

HaNBHBIX YHCENI TAKXKe SIBIAETCS IOJIOXHMTENbHbIM PallOHAIbHBIM
YUCIIOM. _

Ilepexons B (4.2) X TPAaIUIHOHHBIM 0003HAYEHHUAM (BBENEHHBIM

B § 3), noryyaeM H3BECTHOE U3 LIKOJIB! «[IPABHIIO CIIOXEHHSA APOBEiis:

ki ke _faptln

IS ) 14V2] ‘

3aMevanue 1. IIpu omepaTopHOit HHTEPNIPETALIMM TIOTOXHUTENb-

HBIX PalMOHAJIBHBIX YHCENI HAM, OYE€BUIHO, HE TPeOyeTCA Crenunans-

HO IOKa3bIBaTh, YTO MOJIOKUTEIBHOE PAMOHANBHOE YHCIIO o+ He

3aBHCHT OT BEIGOpa npeAcTaBieHui o 1 [ B Buze (4.1) (cM. mo 3ToMy
nosony § 3 1. 3).

(4.2)

(4.2)

3aMevaHHne 2. O4YEBUIHO TAKXe, YTO KOMMYTATUBHOCTH M aC-
COLIMATMBHOCTD CJIOXECHUSA 9UCeN U3 (J, TADAHTUPYIOTCH HaM oblueit
oneparopHoit Teopemoit 3.1. u3 ra. 3.

§ 5. Omnowenue «<meHblue» U €20 CE:A3b CO CAONCEHUEM 65

" § 5. OTHOmeHHe «MeHbIIe» H €ro CBA3b CO CJIOKEHHEM

OIPEAEJEHHE. Mycts a 1 P — uncna u3 Q,. CKaxeM, 170
O MeHbte, 9eM B, eciM CYLIECTBYeT Takoe Y € ,, 4TO
o+y=p (5.1
3aMeuaHue. OTHOLIEHNE «MEHblIIe» OIpeLeIeHO HAMU KOPPEKT-
HO, T.¢. He 3aBMCHT OT BbIOOpa npexcTapneHuit suaa (4.1) ans yncen
o 1 B. deficTBUTENBHO, MYCTh
a=a, B=B.
Torza n3 (5.1), o4eBUAHO, CAEQYET, YTO
o +y=p
(cM. mo 3ToMy moBody Takxe § 3 ri. 3).
C¢opMynupyeM Teneps OCHOBHOM pe3yabTaT 3TOro maparpada.
Teopema 5.1. [Tycms k, p, ky u p, — namypanvusie yucaa. Toeda

LI L ® kp, < kp. (5.2)
- P :
Hoxazamenvcmso. .
Heo6xodumocme. TIycTh BHIIONHEHO JIEBOE HEPABEHCTBO H3 (5.2),
TOTAa, B CHJIY JAHHOTO BBILIE ONPEeICHUS U OTHOLEHUS «<MEHBIIE»

r
HaitpeTcss Y =— (rae r,s € N) Takoe, 4To
. s k
r
kh,r_k
n s hn
IMpusonsa apo6u K obuieMy 3HaMEHATENIO, TIOTYyIaeM OTCI0a, YTO
(ks+m)py _ kyps '
- 3
hDSs pps
H, 3HA4UT, B CHJIY CJIEACTBUA K3 TEOpeMHl 2.2
(kas + ;) P2 = kypis.
U3 nociensero paseHcTBa, MOAB3YSICh ONpeeIeHNEM OTHOIEHHS
«MeHblle» Ha MHOXecTBe N, UMeeM
kip,s < kypis;

coKpalias obe yaCTH ITOr0 HEPABEHCTBA Ha §, TIONIy4aeM TpeGyeMbli

pe3ynbTar.
Jlocmamowunocms. IIyCTh BEIMONHEHO NPaBOE HEPABEHCTBO M3 (5.2).

Toraa cyuIecTBYeT TAKOE HATYPAIBHOE /M, YTO
kip, + m=kyp,.
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-1

VYMHOXasd 3TO ONepPATOPHOE PABEHCTBO HA (mpy)", nerko mony-
yaeM, 4TO - -1 -l
ko' +m(ppy) =kapys
OTKYIa W CledyeT CIIPaBeINIMBOCTH JICBOTO HEPABEHCTBA B (5.2). m

Cnexcrene. IIycTs B YCIOBMSIX TIPENBIAYILEH TEOPEMBI Py = Py = P.
Torga u3 (5.2) ¥ CJIEICTBHS M3 TEOPEMbl O MOHOTOHHOCTH YMHOXe-
HUS B N, OU€BHIHO, BBITEKAET, YTO )

k k
2R ok<k 3
p P (5.3)

Jameyanue. C moMomsIo TEOPEMBI 5.1 HETPYAHO MMOKa3aTh, YTO

OTHOLIeHUe «MeHblIe» Ha Q, SBIACTCS OTHOLIEHHEM CTPOroro Jin-

HeWHOro TopsAaKa, T.€. AHTHPEeQIEKCUBHO, TPAH3UTHBHO, aCUMMET-
pUYHO ¥ CBA3HO (cM. L. 1, § 5).

ITocie TOro Kak OTHOLIEHHE «MEHbIIe» Ha O OMpelesieHo, MOX-
HO OIIpefeNuTh TAKXKE OTHOIICHUSA «MCHBIIE MIIH PABHO», «Bonblue»
1 «60JIblIe WK PABHO», TOXOGHO TOMY KaK 3TO ObUIO CIeNaHO B I 1
JUTSI MHOXECTBA LIEJIBIX HEOTPHLATENbHEIX YUCe.

W3 TeopeMbl 5.1 BEITEKaeT TakXe CIeAYIOLAA BaXHast

Teopema 5.2.

a) B muoxcecmee Q. omcymcmeyem HaQUMeHbWUL dneMenm;

6) 6 muoxecmee Q. omcymemeyem HAUOOALWUL INeMEHM;

6) Mexcdy noboimu d6ymsa Inemenmamu o,f € Q,; codepucumcs bec-
KOHeYHO MHO20 Opyzux dnemenmoe u3 Q..

Jloxazamenvcmeo. YTBepXIeHNUs a) U 6) TeOpeMBbI ferko g0xasbl-
BAIOTCS METOAOM OT IIPOTUBHOIO; NIPOBEAEHME COOTBETCTBYIOMIHX pac-
CYXIeHUI MPeIoCTaBIAETCA YUTATEIIIO.

Ilokaxem yreepxaenue B). Ilycts «,p € 0, W mycTs, 1is Ompe-
JIeJIeHHOCTH,

: a<B. ' (5.4)

He orpaHnuMBast OGLIHOCTH, MBI, O4EBUIHO, MOXEM CIUTATH, 1ITO
NONIOXUTENbHBIE PpallMOHATIbHBIE IPOOH, MPEACTABIAIOIIME YUCIa O
¥ B, UMEIOT ONHHAKOBLIE 3HAMEHATEIH:

o= —k—‘, B= l—cz—;
p P
TIpH 3TOM B CHIY (5.3), (5.4)

ki < ky. (5.5)

§ 6. Bouumanue na muoxcecmsge Q. 67

Tenepb, TIOMB3YSACh MOHOTOHHOCTBIO CNIOXEHHS HAaTyPAbHBIX HH-
cen1, JI€rKO mnosnydaeM u3 (5.5), 410
2k, < ky + ky < 2ks,
oTKyza B cuny (5.3) '
2k, K+ 2k
L M Ky <
2p 2
HTak, Mbl TIONYYHIH, YTO MOTOXUTEIBHOE PALIHOHATEHOE HHUCIO0
Y= kithk saxmoueno mexay o u B.

2p \
Tlanee, C IOMOIBIO AHATOTHYHOH NIPOLEAYPBl MOKHO IOCTPOUTE

[IOJIOXHATENbHOE PALMOHAIBHOE THCIO Y, 33KII0YEHHOe MEXIy O
¥ Y, 2 TaKXe TONOXHTEIbHOE PAlIMOHANBHOE HHUCIO Y3, 3aKITI0YEH-
Hoe Mexny Y # P. IIpononxkas mponecc, noiaydacMm yTBEPXICHHE B)
teopeMsl. Bl -

B 3axioueHne 3Toro mnaparpaga mpuBefeM €lie ABE TCOPEMBI,
aHaIOrMyHbie TeopeMaM 5.1 u 5.2 m3 . 1.

Teopema 5.3 (MOHOTOHHOCTD CIIOXEHMST).
Iycms o,B,y € Q,. Tozda

a<Pp=2a+y<P+y. ’ (5.6)
Teopema 5.4 (COKPaTUMOCTH CHIOXEHUSA).
IMyems B,y € Q,. Toeda

a+y=B+y=0a=0 (5.7
JloKa3aTeIbCTBa ITHX TEOPEM CXOIHBI ¢ I0KA3ATENLCTBAMH COOT-

BETCTBYIOUIAX TEODEM U3 TJI. 1, M MBI HX OITyCKaeM.

§ 6. BoiuWTaHHe Ha MHOXKeCTBE Q.

OmnpenenuM Ternepb BHMATAHAC 1 YACET U3 Q. KaxK orepaluio,
o6patHyo K cioxenuio. MHpIMU croBamu, IUIA mobeix o,B,y €Q,,
CUMTaEM

a-B=yeoa=y+p. ‘ (6.1)

HeTpyaHo BHAETH, YTO Pa3HOCTE O -B cywectByer B 0, BTOM H

TONBKO TOM Clydae, Koraa
B<o. 6.2)

M3 COKpaTHMOCTH CIIOXEHHs! CIIEiyeT TaKkKe, ITO eC/H Pa3HOCTD
o —P cymectByeT B Oy, TO OHA OTPENETIEHA OJHOIHATHO.
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TMoxaxeM, Kax BHIYUCIISIETCA Pa3HOCTS o, —fB B Ciiyyae, KOrja 3a-
JAaHBI TPEACTABIEHHUS YMCEN O M B B Bue PAllIOHANBHBIX Apobeit:

ki ky
o=—, = 6.3
4] P 15} (6.3)
rae
kaypy < ki py (6.4)

B cuny ycaosus (6.2) u TeopeMsl 5.1.
[T0oB3ysACh «IIPABWIOM CIIOXEHHS Apobeit» U3 § 4, HETPYAHO MPO-
BEPHUTDH, UTO
‘ k _ ke —kap K
2 am B (6.5)
4 Py 1]
OoTKyaa B cuiy (6.1) ciexyer, 9ro
k_k _kp-knp iy
P M pp (6.6)
T.e. MBI TIPHIIJIM K M3BECTHOMY M3 IUKOJBl «NPABUIY BHIYUTAHUSA
Apobeii».

Wrak, ecniv o 1 B mpeacraBumsl B Bune (6.3), To HX pa:moc*rb

npeacTaBHMa B BUAE
w-p= ke ~-kop 0..
hbh

(He3aBuCHMOCTD Pa3SHOCTH oO.—B OT BBIOOpa IpexCTaBICHHI
YHCeN O. ¥ B B BHAE MOJOXWUTEIbHBIX PaliHOHAIBHBIX Apo0eii crnenyer
M3 yXe YIIOMHHABILENCSA eJUHCTBEHHOCTH Pa3HOCTH.)

Haxoneu, HETPYAHO MPOBEPUTD, YTO ISt BHIUUTAHUA B O, cnpa-
BEUIWBHI YTBepXAeHUs, aHATIOTHUIHEIe TeopeMaM 6.1-6.3 u3 . 1; npo-
BeleHHEe COOTBETCTBYIOIMX BBIKIANOK IPEIOCTABAACTCA YMTATEN.

§ 7. YMHoXeHHMe Ha MHOXecTBe (0, T

MycTs 0. ¥ B — JBa TTONOXHUTENBHBIX PALMOHANBHBIX Yucia. IIpn
OIlepaTOPHOI MHTEPNPETALMA MHOXeCTBa (J, NMPOU3BEAECHHE 3THX
9HCEN CHEUMaNBHO ONMpenensaTh He HYXHO, W00 MBI pacCMaTpHUBaeEM
o KaKk OOBITHOE MPOM3BeAeHHE onepaTopoB. CUTyauus 31eCh MO Cy-
LIECTBY HUYEM HE OTIMYAETCS OT PaCCMOTPEHHOM B § 4, rie Mbl uMe-
JIH AEJIO CO CIOXEHHEM.

OnHaxko IIs Hac, KaK M B cliyyae CyMMBI o + 3, BaXHO npenc'ra-
BUTB MpoM3BeNeHHe off B Buae kp~' (rme k,pe N), 4TOOBI MBI MOT-
JIM yTBEPXAATH, YTO MIPOU3BeJeHUE IBYX ONepaTopoB U3 J, CHOBA fAB-
nseTca oneparopoM u3 (., a He KaKMM-TO OTlepaTopoM OoJiee obuiero

$ 8. Mesenue na muowecmse Q. 69

Buja. CIenath 3T0 ynaeTcsl B CHITy KOMMYTaTHUBHOCTH YMHOXEHUA OTe-
paTOpOB U3 CEMENCTBA
{L23 3, -
4CCONMATUBHOCTH YMHOXEHMS (1110651)() OIIepaTOPOB U TEOpEMHI 1.2,
COIVIACHO KOTOpO# ,
- -1 -l
(pg) =q"'p
ans 100X p,ge N.

JleACTBUTENBHO, TONb3YSICh YIIOMSIHYTHIMH PE3YIBTATAMH, JIETKO
HOMY4aeM, UTO €CIH

a=kp', B=kps, (7.1)
of = (k,p,")(kngl) = (klkfz).(l’ll’z)—l eQ,. (7.2)

Iepexons 30eck K TPaOULIHUOHHBIM 0003HAYEHNAM, MPUXOLHUM K
IIKOJILHOMY «IIPABUJIY YMHOXEHUSA JIpo6eii»:

TO

non onn 02

3ameuanue 1. IIpu onepaTopHOil HHTEPIIPETALIHH TONOXH-
TeNbHBIX PAMOHANBLHBIX YHCET HAM, OYEBUIHO, He Tpebyercs cie-
HHAIBHO JOKAa3HIBaTh, YTO NPOU3BeieHHE off He 3aBUCHUT OT BHIGOpa
npeacTaBieHMit I o 1 B B BUAe Apobeit.

3ameuanne 2 Usteopemsl 3.1 1. 3, a Takxe Teopem 1.4 u 2.1
9TOW I7IaBH BRITEKAET, YTO YMHOXeHUE B (), KOMMYTaTUBHO, aCCOLIH-
ATHUBHO M IUCTPUOYTHBHO OTHOCHTEIBHO cloXeHus. [Juctpubyrus-
HOCTh YMHOXEHHS OTHOCHTENBHO BHIYHTAHUS BEITEKAET U3 NHCTPH-
BYTUBHOCTH YMHOXEHHA OTHOCHTEIBHO CIIOXEHHA U ONpENeNeHHA
BBIYMTaHUsA. MOHOTOHHOCTE YMHOXEHHSA B O, Cpa3y ClIeAyeT U3 Oll-
pefleieHHsI OTHOUIEHUSI «MEHBILE» U TUCTPUOYTHBHOCTH YMHOXECHHSA
OTHOCHTENILHO clloXeHHusA. HakoHel, COKpaTUMOCTh YMHOXEHHSA B O,
ClIenyeT U3 MOHOTOHHOCTH YMHOXCHHS.

iy

§ 8. /lenenne Ha MHOXKeCTBe Q+

' TIpexne ueM AaBaTh OMpeleeHHe ONEPALMH eNeHHS HA MHO-
XECTBE MONOXHTENBHBIX PalMOHAJIbHBIX YHCEJ, YCTAHOBUM CIIEAYIO-
uu»m BCIIOMOTAaTeIbHBIN peaym,TaT

- Jlemma 8.1. ITycms kp™' € Q,. Tozoa
( (k)" = sk < 0., (8.1)
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§ 9. Cousmepumocms u mepa ¢ onepamopHoli Mo4KU 3perus 71

Joxazamenscmeo. 3aMmeTuM, 4TO ONEpaTOp kp"l oOpaTuM, Tak Kax
NpeACTaBnAeT cO60 MpousBeJeHHEe ABYX OOPATHMEBIX ONEPATOPOB.
HUmeem nostomy B cuiy teopem 1.2 m 1.1

-1 -1
RN
9TO ¥ Tpe6OBaNOCH YCTAHOBUTH. M

TenepL MBI IOZITOTOBJICHBI K TOMY, 9TOOBI OIIPpEACIUTD OIIePainIo
ACJICHHUA HAa MHOXECTBEC ITONOXHUTEAbHBIX PAIUOHATLHBIX YUCET.

ONIPEAENEHMUE. fenenuem Ha MHOXecTBE (. HAa3EIBAETCA OIle-
pauus, obparHass YMHOXEHHIO.

Hrak, nycts o,B,y € Q,. Torma B CHIY JTaHHOTO BBIILE ONpeee-
HUA

a:B=yeoa=78 (8.2)
3aMeTuM, OJHAKO, 4TO
a=ypeop =1
Orcrona u 13 (8.2), O4EBUAHO, CIEAYET, YTO
oa:B=op. (8.3)
B wactHocTH, 13 (8.3) BHITEKAET, YTO AENEHUE Ha MHOXECTBE 0.

BCETJa OCYIIECTBMMO M IIPHUTOM €JHHCTBEHHBIM oﬁpasom.

IIycts Temepn
b gk

41 P

tae ky, ky, py 1 p, — HatypanbHsle yncaa. Toraa ¢ ygetem (8.1) ume-
eM u3 (8.3):

a

ki ky _ kpy
— S E ==, 8.4
o p kp (8.4)

T.€. MBl IIPUIUTH K XOPOLIO U3BECTHOMY IKONEHOMY <«IIPaBHIIY Jelie-
HUsA Apobeit». .

3ameuanue 1. [Tycts pe N. Torza nmeeM us (8.4):

- ®3)

Bonee toro, ecnu k, pe N, 10 (8.4) maer

1 i
p 1 p k

p

(cM. nemmy 8.1). Tem camuiM yroTpebaeHre OTPUIATEILHOM CTEIIE-
HU -1 npu 0603HaYCHAH 00PaTHOrO oNepaTopa cornacyefcst ¢ obre-
IIPHHSATHIM 0603HAYCHHEM:
l:a=a.

3amevaHue 2. B sagioueHue 3Toro nmaparpaga OTMETHM, 4TO
B paMKaXx OIIepaTOPHOTO MOAX0Aa pacuiMpeHre MHOXeCcTBa (J, 10 MHO-
XecTBa () BCEX PAlTMOHANBHBIX YHCEJI MOXET ObITh [IPOBEAECHO TOUHO
TaK Xe, KaK 3TO OBUIO CIEJIaHO B NpeRbIAYyLIEH IJIaBe B CIyYae MHO-
xecTB Ny 1 Z. Yucro anrebpandecKuil Moaxon K MOCTPOEHUIO MHO-
XecTBa PallMOHANBHEIX YHCEN MPEeBOCXOMHO U3IoXeH B [13].

§ 9. ConsmepnuMoCTh M Mepa C ONEPATOPHOIM TOYKH 3pPEHHS

PaccMoTpuM Teneps npouenypy U3MepeHus BeTHIUH, ONHPAsCh
Ha MOCTPOEHHUS Npeablaylux maparpados.

Ham 6yaer ynoOHO MO-IpeXHEMY HMETh /IO ¢ OTPE3KAMH, TaK
YTO HAllY U3MEPEHMs OydyT U3MEPEHUAMU AMUHEL. OXHAKO C TEM Xe
yCIIEXOM MBI MOIJIH OB M3MepATH IUIOLAXH, OOBEMBI HJIM Beca Ka-
KMX-HUOYIb WHBIX, OAXOASIIKX AJIS1 9TOTO OOBEKTOB (CM. MO 3TOMY
nosony [12, c. 28}).

H3amepsig oTpesku, MBI COBEPIIEHHO He 063aHBI 06PallaTh BHHU-
MaHMe Hd UX HalpaBleHMe U pacIlONoXeHUue B MpocTpaHcTBe. OxHa-
KO JUIst TOro, 9TOOBI CBA3aTh MPOLENYPY U3MEPEHHS C ONepaTOpPHOi
HHTeprpeTauuei yucea u3 (., MBI OTPAHUYHMCST BHaYajae U3Mepe-
HUSIMA OTPE3KOB M3 CUCTeMHl F, a 3aTeM yKaXeM, KaK HepPedTH K
obueMy ciydao.

Hrak, nycte 04 — NPOU3BONIBHBIA HEHYNIEBOI OTPE30K, MPUHA-
nexammuit cucteme E. PaccMoTpum Temeps otpe3ok OB e E Takoi,
4ro :
‘ O_B-—-aO_A, aeQ,. 9.1)

PapeHcTBO (9.1), O4eBHAHO, 3KBUBATIEHTHO CleAyIOLIEMY:

rﬁe B= al,
OITPEAEJIEHME 1. Henynessie oTpesku 52, OBc E TaKue, YTo
BBITIONHEHO (9.1) Ipu HEKOTOPOM o € Q,, HA3BIBAIOTCS COUIMEPUMBIMU.

s.3amevanue 1. Us (9.1), oueBunHO, CiIedyeT, YTO OTPE3KH 04
u OB HanpaBNeHH! B OfHY U Ty Xe CTOPOHY.

O4=B0B, BeQ, 9.2)-
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3ameuanue 2. Ilycts O4,0B u OC — HEHyJIeBbIE OTPE3KH
M3 cUcTeMHI E. HeprnHo BHETH, YTO €CJIA 04 A consmepum ¢ OB, a
OB couamepuM ¢ OC, 1o 04 cousmepuM ¢ OC. UHpimMu CIIOBaMH,
OTHOIIEHNE COU3MEPHUMOCTH Ha MHOXecTBe E TPaH3UTHUBHO.

Cnpapenntusa cienyomas

Jlemma 9.1. Tycme OA — Henyneaou ompeszok us cucmemo E.
Iycme, Oanee,

OB =0,04, OB, =a,04, 9.3)

ede o,,0y € Q,. Tozda ompesok 0-_13l Kopoue ompe3ska O_B2 6 mom u
moAbko mom cay4ae, ecau 0y < o,.

Joxazamenscmeo. Tpencraum ancna o u 03 B BHIE [I0JIOKUTENB-
HBIX pallMOHANBHHIX apobeil:

Torna u3 (9.3) uMeem ! 2
0B, =504 = 1p,[ L 0d)
P 142!

4V}
M3 1ByX mocnenHuX paBEeHCTB IeOMETPHYECKH OYEBHMIHO, UTO
OBI Kopoue OBZ B TOM M TOJIBKO TOM CJIy4ae, eCiu

kpy <kp. !
Onnaxo nocnenHee HepaBeHCTBO PABHOCHIILHO TOMY, 9TO O < O
(cM. Teopemy 5.1). JlemMa mpokasana. B

08, - 257 - 1, (_l-m]
)

Cnencreue. Iycte 04 = 0,04. Torna a; = d,.
YuuTHBas pe3ynbTaT eMMHI 9.1, BBelleM Temeph cleayiomies
OITPENENTEHME 2. Mycts OB = 00A, tne a € Q,, OA — neny-
NIeBOU OTPe30K M3 cucTemnl E. Torma ckaxeM, uTo o ecmb 3nauenue
Onunv: (mepa) ompeska OB npu edunuunom ompeske OA. 3anucsBaTs
3T0 OyneM Tax:
mOA (-O—E) = (94)

3aMedaHue. B cnyyae, ecnu equHUYHbIN otpe3ox OA cumta-
eTCs pa3 M HaBceraa QUKCHPOBAHHBIM, MBI GYIeM TOBOPHTE NPOCTO
0 Oaune o oTpe3ka OB u nmcats:

m(OB) =q. (9:4")
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BBeneHHas HaMU Mepa JUisl OTPE3KOB H3 £, com3MepuMBix ¢ O,
obajaeT ceayIoWMM BaXHBIM CBOMCTBOM, KOTOPOE HA3LIBAIOT addu-
mugHocmoio. A uMerHo, myctb OB, ¥ OB, — 1Ba 0Tpe3Ka, IpUHAL-
nexamue cucreme £ u cousmepumbie ¢ OA. Torna umeer MecTo pa-

BCHCTBO - - .
~mo, (OB, + 0B,) = my, (OB,) + my, (08B). 9.5)

JleCTBUTENBHO, BRIpaXasi OTPE3KH 032 u OBl gepes OA B Buge
(9.3) u monB3yACh ONpeneneHNEM CyMMBI onepaTopoB u3 ., nMeeM

OBl +OB2 = a|0A+0L20A = ((X] +(12)0A,
OTKyJa U caenyert (9.5).

3amevanue. llonsepkuem, uto B (9.5) otpesku OB, u OB,
MMEIOT ONHO M TO Xe HampapneHHe (cM. (9.3)), moaToMy ux cymmy
OC = 0B + OB, MOXHO paccMaTpuBaTh Kak OObeaMHEHHE HBYX He
HaNeraoluX APyr Ha Apyra OTPE3KOB OBl U B,C I¢ OTPEe30K B,C
paBeH OTpe3Ky OB2 BT0 06CTOATENBCTBO MO3BOJAET AATh OYEBH-
HYIO TEOPDETHKO-MHOXECTBEHHYIO MHTEPIPETALHMIO PABCHCTBY (9.5) B
BaXHOM YaCTHOM ClIy4yae, KOrfa OTpe3KHd OBl Hu 082 KpaTHBI 04
(r.e. koraa B (9.3) o; M 0, — HaTypanbHbIE yucna). eficTBurensHo,
B 3TOM CJIy4a€ MEpPhl BCEX OTPE3KOB, Y4acTBYIOIIHX B (9.5), MOXHO
paccMaTpuBaTh KaK YHCJIEHHOCTH MHOXECTB, COCTABIEHHBIX M3 He
HaJIETAIOWMX APYT Ha APyra OTPE3KOB, PaBHEIX OA.

[lepeiinem Teneps K PacCMOTPEHUIO IPYTOro BaXHOTO CBOMCTBA
MCPbI, TIPOABIAIOLErOCs IMPH NePEXone OT UCXOAHOMN eAMHUIIBI H3Me-
PEHHS K HOBOMA.

Hrak, Bo3sMeM B KauecTBe HOBOM €IMHHUILI U3MEPEHNAS OTpe30K

0,41 € E Ttakoi, uto

O0A=v04,, veQ,. 9.6)
- Toraa, mons3ysick onpeneeHHeM MPOU3BEIEHHUS ONepaTopoB
u3 Oy, B cuy (9.1), (9.6) umeem
OB = oy 04,

Moy, (OB) = mo, (OB)- moy, (OA). ©.7)
71 DTO CBOMCTBO MEDH! OTPE3KOB U3 E HA3BIBAETCS MyAbmukamus-
HOCMbI0.
3ameuyaHnwue. B cnyae, xorna meps mp, (OB) M mg, (OB)
HaTypaanLIe 4yHucnia, paBeHCTBO (9.7) KOmyCKaeT, nogobHo (9 5), oue-
BMIHYIO TEOPETHKO-MHOXECTBEHHYIO MHTEPIIPETALNIO, Ha KOTOPO#t MEI
He OyIeM OCTaHaBIUBATHCS.

§Txyna
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B 3akmouenue 3Toro naparpada nokaxem, 4To BBeZeHHEIE HaMH
ONpPENCACHUS COMIMEPHMOCTH U MEPHI JIETKO MOTYT GbITh 0606 IIeHE!
Ha CNy4ail OTPE3KOB, MPOM3BOILHEIM 06pazom OPHUEHTHPOBAHHEIX B
TIPOCTPAHCTRE.

A UMeHHO, npuMeM

OIPEAEJIEHME I'. iBa npou3BonbHbIX orpeska CC, u DD,
COMSMEPHUMEL, €CIT OHHM COOTBETCTBEHHO PABHBI ABYM COM3MEPHMBIM
OTpe3KaM U3 CHCTEMH F.

Hetpynno mposepurs, uto 310 onpenenenue PAaBHOCHMIBHO Clle-
AYIOLIEMY.

OIIPELEJIEHUE 1". JIpa npousBonbHbIX OTpe3Ka C~Cl 5 -DTI
COUIMEpUMbL, ECITH CYIIECTBYET OTPE3OK, YRK/IAABIBAIOIIMIACH LIEJI0E YKC-
JI0 pa3 B KaXIOM H3 HHX.

To KacaeTcs Mepsl OTPE3KOB, NMPOU3BONBHBIM obpasoM opueH-
THPOBAHHBIX B NPOCTPAHCTBE, TO €€ NPOILE BCErO ONMpPENETHTD Clie-
OYIOIHUM 06pa3oM.

__ ONIPENENEHHE 2. Tlycts CC, — NpOM3BONBHEINA OTPE3OK,
OAe E. TNlonoxum

moa(CC)) = o, (9.8)
ecnu otpesok CC, pasen oTpesky OB e E Takomy, uto

0B=004, acQ,.

O‘{CBI/II[HO, 4YTO MPHU TAKOM OTIPCACIIEHUN MEPEI €€ MYJIBTHUILIN-
KaTUBHOCTb COXpaHSIETCA, T.e€.

Moa, (-CT;) = Moy (C_Cl) Moy, (62> 9.9)

(BCce MepH IpennonaraoTcs CymecTByowuMy). JelcTBUTENbHO, U3
OnpeneneHnus 2' BHITEKAET, YTO

moa (CCy) = my, (OB),
Moy, (-C?l) = Moy, (55)’

orcrona u u3 (9.7) ciemyer (9.9).
YUro xacaeTcst alAUTHBHOCTH MepHl, TO OHa, OYEBUIHO, TOXE CO-
XPaHHTCS, HO B Clenylolledl BUAOM3MEHEHHOM dopMe.
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Iycts CD — NpOM3BO/IbHEII OTPE3OK, C, — Touka, IpHHAIEXa-
1Uas STOMY OTPE3Ky M He COBIAAAIONIAs HA C ONHHUM M3 €ro KOHLIOB,
Torna

m(CD): m(CC,)+m(C,D) (9.10)
(MepEI BCEX OTPE3KOB MPEANIONATAIOTCA CYIIECTBYIOMNAMH).

3ameuanue l. Mbl CleLUaNTbHO HCKITIOYMIN U3 PacCMOTPEHUS
TOT ciyyaht, xoraa C = C uau C, = D, 91065 He UMETD [EN0 C Me-
po¥ HyneBoro orpeska. [Ipu nanpHeiiieM pa3BuTHH TeopuUH 9Ty Mepy
CHIe0BAN0 OB MOJOXMTH PABHOH HYIIO.

3aMmeuaHue 2. B 3akmodenne oTMeTHM, 9TO JAJIEKO HE BCE OT-
PE3KM COU3MEPHMEI IpYT ¢ ApyroM. Harmpumep MOXHO N10Ka3aTh, 4TO
AHAaroHanb KBaApaTa HECOM3MePHUMa C €To cTOpoHOH. C pasNuYHHI-
MH TEOMETPHIECKUMHE JA0Ka3aTeIbCTBAMH 3TOro (PakTa MOXHO MO3HA-
KOMHUTBCA 110 KHHraMm [7], [12].
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JekaproBo NIPOU3BENCHHE MHOXECTB 9
Omneparop
alIUTHBHBIA 51
eNMMHUYHBIH 53
ob6patuMelii = 58
oOpaTHBIN 59
OTHOLIEHHEe HA MHOXECTBE
aHtupediekcupHoe 14
acuMMeTpuuHoe 1[4
CBA3HOEe 14
CTPOroro JUHEMHOro nmopanka 15
TPaH3UTHBHOE 14
Otobpaxenue 5
IMpaBuno 3HaKoB
NP4 YMHOXeHUU 46
CJIOXEHHS HANpaBICHHBIX OTPE3KOB = 48
Cucrema
IMeano P 25
HATIpaBNIeHHBIX OTPe3KOB E 53
YucneHHOCTh MHOXECTBA 9




