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NPEAHCIIOBHE

[IpensiaraeMan KHHra BO3HHKila M3 JIEKIIHH, KOTOpble aBTOP UH-
Tal cTygeHTaM MocKoBcKoro ¢pH3HKO-TeXHHUYECKOTO HHCTHTYTa. 3a-
rJlaBHe KHHI'H COBNajJaeT ¢ Ha3BaHHEM COOTBETCTBYIOLLEro Kypca,
006fA3aTeNbHOr0 AJA CTYAEHTOB, CNelHaJH3HPYWIIHXCA B 06JacTH
NPHKJIagHOH MaTeMaTHKH.

CrangapTHblii Kype AnddepeHUHaNbHbBIX ypaBHeHHH 3HAKOMHT
CTyJIEeHTa JIHWb C OCHOBAMH 3TOH TeOPHH. B TO e BpeMsl NMPaKTH-
dyeckas JeATeNbHOCTb MaTeMaTHKa, 3aHHMalOLIerocsi NPHKJaIHLIMH
3ajJauaMH, o6bIYHO TpeGyeT 3HAHHA LENOro pfjaa BONPOCOB, 1a/ieKO
BbIXOAALIHX 32 PaMKH nporpaMMbl. K HX uHcny OoTHOCSTCA npexje
BCero pa3Hoo6pa3Hble BOMPOCbI ACHMNTOTHUECKOTO MNOBEJIEHHS pe-
weHnui. [losToMy, KOria crasna 0OuYeBHIHOH HeoGXOAHMMOCTb YTEHHS
Kypca JONONHHTE/IbHbIX TMaB OObIKHOBEHHbIX AH(depeHIHaNbHBIX
ypaBHeHHH, TO GblI0 pelleHO OCHOBHOe BHHMaHHe COCPeJdOTOYHTb HA
H3JI0XKEHHH MeTOM0B ACHMNTOTHYECKOro aHanausa. Jlw6buie Hceaeno-
BaHHSA HMEIOT AeJO C MOJEJIAMH peasibHbIX MPONECCOB. DTO 3HAYMT,
4TO YypaBHeHHs, OKa3blBallHeci B pacnopsXXeHWH MaTeMaTHKa,
AT JHWDb NPHOJHXKEHHOe ONHCAHHe fBNEHHH, KOTOpPbLie MpeiacTa-
BAAT cobol 06bekT uayueHus... MecneqoBarenb scermga «ynpoiiaer
3ajauy», otbpacbiBas cjaraeMble H NOHHXaf NOPSAJAOK CHCTEMBI,
BO3MOXHOCTD TaKOro ynpolleHHs OObIUHO ONpaBAbIBAETCA MaJio-
CTbIO TOTO WJH Apyroro napamerpa. OnHaKo He BCAKYWO Manayio Be-
JHYHHY MOXHO OTOPOCHTb, He HCKa)Kas cMblcia 3agaud. [losTomy
MaTeMaTHK, KOTOPbIH 3aHHMaeTrcsi NOJOGHHIMH BOMPOCAMH, JOMKed
BJlafieTb MeTOJaMH, NO3BOJNAKIIHMH H3y4aTh 3aBHCHMOCTb pelleHHM
0T napaMeTpoOB 3aJaud H NpexX[e BCero acHMNTOTHYECKOe nopeje-
HHe pellleHHH NMPH HX MaJblX 3HaueHHAX. C nogo6HBIMH BOMpPOCaMH
MaTeMaTHKY NPHXOAHMTCH CTAJKHBATbCS HE3aBHCHMO OT TOro, B Ka-
KOH 06s1aCTH OH NMPHMEHAET MaTeMaTHUeCKHe METOMbI HCCJled0BaHHs.
OHu B paBHOH cTeneHH akTya/bHbl B (H3HKe H B Ga/NIHCTHKE, Teo-
PHH KoseGaHHH M S5KOHOMHKE H T. JI.

3HaueHHe aCHMNTOTHYECKHX METOJIOB BO3POCAO B MOCJEIHHE [e-
CATHJIETHS! B CBfI3H C Da3BUTHEM BLIUHCAHTENbHHX MallHH. OueHb
YaCcTO BBLICKA3bIBaeTCA MBIC/Ab, 4TO GJjarojapfi pa3BHTHIO BhIUHC-
JHTENbHOH TeXHHKH H MeTONOB BLIUHCJAHTENbHOA MaTeMaTHKR



8 APEAUCJOBUE

VMeHblllaeTcsl 3HaueHHe aHaJHWTHUECKHX MeTOLOB. ABTOpP 3TOH KHHIR
SBJASIETC KATErOPHUYECKUM NDPOTHBHHKOM NMOJOGHOM TOUKH 3peHHs H
y6exaeH, uto 3¢ eKTUBHble BHIUHCJIUTENbHbIC METOAL pelleHHs TOH
HJH HHOH 3ajlauH, KOHOMHbIE ¢ TOUKH 3PEHHA 3aTpaThl MALIWHHOIO
BpeMeHH, Bcerja J0.KHBE HCHOJAb30BaTh HHGoOpMalHio 06 aHaAJWTH-
yeckoi npupoje 3anauu. IlpuseneM oauH npuMep. Ilyctb peun uier
o 3aaaue Kowwu Ansi cucteMbl 0ObiKHOBEHHBIX AH(depeHIHa bHbIX
ypaBHeHuH. Ecau HaM u3BecTHO 3apaHee, uTo pellleHHE NpeAcTa-
BAsieT cOO0H MEMJNECHHO MeHSoULyocs, GYHKIHIO, To N1000HA YHC/IeH-
Hbli MeroJ peweHus 3amaud Komrn, HanpuMmep Metoa Pyxre —
KyTTa, oka3biBaeTcs yAOBJETBOPHTEAbHBIM. [lpeanonoxHM Teneps,
4TO peleHHe — ObicTpokoaebaomascs ¢yHkius, s ee oTbicKa-
HHs popMaJjbHO MOXKeT ObITb NPHUMEHEH Ji000H UHCJAEeHHBbIH METO.L.
Oanako 1war pasHoCcTHOR cXeMbl AJjsi obGecneueHHsl 3aAaHHOH TOU-
HOCTH Jo/KeH ObITe BHIODAH OoueHb MaJbIM, T. €. AJas ofecnedeHHs
3a]aHHOM TOYHOCTH MBI AOJI)KHBI pa30HTb H3yuaeMblil HHTEpBaJ He-
3aBHCHMOTO NEPEMEHHOrO Ha OueHb 6OJbIIOE YHCJAO LIaroB. B T0
Ke BpeMs 6oJblloe KOJHUYECTBO IIAroB B CBOIO ouepelb NPHBOAHT
K HaKOIJIEHHI0O OIUHOKH H, CJelOBATEJbHO, MNOHHXKAET TOYHOCTh
OKOHUaTelbHOro pesyanrara. KpoMe roro, apo6./eline mara sHauu-
TeJBHO YBeJHUHBaeT MAlIHHHOE BpeMsl, 3aTpPAuHMBaEMoOe Ha pellcHHe
3afaun. BbIXoA u3 3TOro nNOMOXKEHHS] COCTOHT B HCHOJAb30BAHHH
4CHMOTOTHUECKHX MeToaoB. OHH NO3BOJSIOT NPOH3BECTH NpeABapH-
TesqbHYI0 06pab0OTKY ypaBHeHHH, OTOPOCHTL HEKOTOPbIE «MaJble cia-
raeMble» ¥ BBECTH HOBLIE nepeMeHHble, DTH NepeMeHHble GYAYT yXKe
MeAJeHHO H3MEHSIOWHUMHCS (QYHKUMSMH H MOryT OBbITb TOYHO H
6bICTpO BLIYHCJICHBI HA MAalIHHE.

HcceaenoBaHus aCHMNTOTHUECKHX pelleHHH OOBIKHOBEHHBIX AHG-
tepeHUHaNbHEIX YDAaBHEHHH HPEACTaBASIIOT coO0l OOLIHPHOE W pas3-
BHTOE HampapJeHHe 3TOH TeopHu. [loatoMy npH paspaorTke Kypca
aCHMINITOTHUYECKHX METOAOB cTaj Bonpoc o6 ot1fope MartepuaJa.
3/1ect BO3MOMEH UEJbld psij pellieHHH, W OKOHYATeJNbHbIH BApHAHT,
BEpPOSITHO, HOCHT JOCTATOYHO CYObEKTHBHBIA Xapakrep.

ITpexcie Bcero npeAcTaB/sioch HeOOXOAHMBIM NO3HAKOMHTD CTY-
JleHTa, creliHaau3upyloulerocs B 001acTH NPHKAAAHOH MaTeMaTHKH,
C OCHOBaMH TEOPHH MaJoro mnapaMerpa Jlsmyuosa — I[lyankape.
Sta TeopHs JeXKHT B OCHOBE LEJI0ro psija METOA0B B aCTPOHOMEHH,
TeopHH KosieGaHui u T. 1. Ee 3HaueHHEe COCTOMT He TOJBbKO B TOM,
YTO OHa JAaeT METOJA OThICKAHHS MEPHOAHYECKHX PEIIeHHH KBa3UJH-
HedHBIX ypaBHeHui. [lasi uesnoro psjga sajgau, KOTOphle pellaloTcs
B paMKaX 3TOH TeopuH, ceduac uMmeiorcss Gojee 3pQPeKTHBHbiC Me-
TOJbI, MPUTOAHBIE, KDOMe TOro, AJaa OoJiee MIHPOKOTO KJjacca ypas-
HeHuil. [les1o 3aKkniouaercsi B APYyroM: 3Ta TEOPHs [1aeT OYeHb MHOTO
I8 MOHHMAaHHsl TOTO, KakK JOJKHbBl CTPOUTbCA METOABl HCCJeN0Ba-
HHSl HOBBIX 3ajau. M3yueHue reHesuca UeJOro psjia COBPEMEHHBIX
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HCC/Ie/IOBAHHH MOXET MOKa3aTb, YTO Y MX MCTOKOB HAXOAATCS HAEH
¥ MeTOJbl, BrepBble cHOPMYJIHPOBAHHBIE B TeopuM JlsnmyHoBa —
[Tyaukape. 3dbdheKTHBHBIM MOATBEPKAEHUEM 3TOH MBICAH ABJSIETCS
meton Jladtxuana — ['o B rasoBoil auHamuke. Teopuu Jlsnynosa —
[lyankape mocBsilieHa BrOpas rjaBa MpeAJaraeMoil KHHULH.

B Tperbeli riaBe CONEPIKUTCS U3N0KEHHE «ACHMIOTOTHYECKHX Me-
TOLOB pasjieienusl JIBHXKeHuH». B Hauaje nABaanaTeiX rofdoB 3TOr0
Beka roJJaHiackuil uHxeHep Ban-mep-Iloab oTKpB KauecTBeHHO
HOBBIM MOJAXOJA K H3Y4YeHHIO KoJjeOaTeNbHbIX ABHXKEHHH M MOJJOXKHI
HayaJ/jo HOBOH M Ba)XKHOH 00.aacTH B Teopuu Kosaebanui. H. M. Kpni:
qaoB 1 H. H. Boronio6oB cyMenu moCMOTDPETb Ha BeCb MPeiMET C CO-
BepILEeHHO HOBO# TOYKM 3peHHs. ITO MO3BOMUJIO UM paspaboTaTth
ACHMIOTOTHYECKHH METOJ, KOTOPbIH B KauecTBe MEPBOro cjaaraemMoro
JaBaJ pelleHne, KOTOPOe MOXKHO OblIO MOJYYHTH MeToAoM BaH-gep-
[ToJ1s1, HOCHBIIHM 3BPHCTHYECKHH XapakTep. STH paGOThl MOJOKHIY
'Haualo HOBOMY OOJBLIOMY HampaB/eHHIO B TEOPHH aCHMITOTHYE:
CKHX MeTo0B. OHO ry6oKO NMPOHHUKJO B pasjHYHble 0GJACTH Teo-
peTHuecKoil ®H3MKH, B NMPHKJIATHYIO acCTPOHOMMIO, JHHAMHKY KOC-
MHMYECKHUX amnmapaTtoB U T. A. B mocienHee BpeMs crajna OY€BH/HOf
€ro cBsi3b ¢ Teopuell aguabaTHUEeCKUX HHBApHAHTOB, KOTOpas pa3BH-
Bajacb He3aBHCHMO.

[Tocneqnsisi ryaBa KHHMH COJEPIKHUT H3J0:KeHHe Teopud 0oiib-
IOro MapaMeTpa — KJACCHUECKOH TeOpHH, BeAylued cBoe HAYaglo OT
pabotel Jlnysuanaa 1837 r. Ilocne pabor Buprxodpda u . H. Ta:
MapkdHa mpo6JeMa acHMITOTHUYECKOrO MOBEJEHHsT HHTErpaJsioB CH-
cTeM JIHHeHHBIX YpaBHeHHH, cojep:kaliux Oosbmofl mNapamerp,
npeBpaTHack B OOMHPHYIO MaTEMaTHUECKYIO TEOpHIO, IIHPOKO
MCIOJb3yEMYI0 B pPA3/HUHLIX NpUaoKeHUax. Meton WBKJ sasasetcs
OOHUM M3 ee HeOOJbIIMX Pa3fenoB. DTa TEOpHs MO3BOJSIET HPOBO-
AUTh 3h(eKTHBHOEe H3yuyeHHe JIHHEHAHBIX CHCTEM C MeJJIEHHO Me-
HAIIHUMHCS KO3 dUIHEeHTaMu.

[TepeuncieHHble BONPOCHl COCT2BJ/SIOT OCHOBHOE conepx{aﬂue
kuurd. MM mpeamnoceinaercs HefoJablias riaBa, cojAepiKallast Bo-
[IpOCHI BCIOMOTraTeJbHOr0 HJAH BBOJAHOrO XapakTtepa: MeTol (ha3oBoil
MJIOCKOCTH, MPUMeEpPLl HeJHHeHHbIX ypaBHeHuil, Teopema Ilyaukape
06 aHaAJMTHYECKOH 3aBHCHMOCTH DCIUEHHS! OT NMapaMeTPOB M HeEKo-
TOpble TeopeMbl 06 OrpaHHYEHHOCTH pelleHHH JHHEHHBIX ypaBHEHH
C mepeMeHHBIMH KO3 dHliHeHTaMu.

[lepeuncyieHHble BONPOCH COBEPIICHHO HE HCYEPMLIBAIOT COAEp-
JKaHMsi TIPeAMeTa, CToAllero B 3aronoBke Kuurd. lleabiit psag Baxk-
HBIX BOTPOCOB, K COJKAJEHHIO, HE HalleJ CBoero Mecra. K Ux umcny
OTHOCHTCSl Tpex/je Bcero mpobiemMa mapaMeTPUYECKOr0 pe3oHaHca,
TeopHsl ypaBHeHHl THMa XWJJaa H TeOpHs peLIeHHH THTa NOrpaHuy-
Horo cjosi. OrpaddueHHBIi O6GBbEM KHUTH HCKJIOYAJ CAMY MBIGIE
‘0 BO3MOXKHOCTH MPHJATb €d PHUMKJIONEIHYECKHH XapakTep.
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Kak 3TO BUAHO W3 IIPHBEJEHHOTrO INlepeyHC/eHHs, Npelaaraemas
KHHTa TNOCBALIeHA JONOJHHTENBHBIM I1aBaM 0GbLIKHOBEHHBIX NUG(e-
peHIuabHbIX YpaBHeHHH. TeM He MeHee B ee 3aT/IaBHH CTOSIT CJIOBa
«HelHueliHass MexaHHKa». JIJisi 9TOTO eCTb HecKoJabKo mpuyuH. [lep-
Basi M3 HUX COCTOMT B TOM, 4TO (GOpMaJbHO 3HaYMTE]IbHAH YacTh
H3YYaeMBbIX BOMPOCOB COBMajaeT C TPAAMLUHOHHBIM MOHATHEM <HEJH-
HellHasi MexaHHka». Jlajnee (¥ 3To OoJiee BaxKHO), KHHra DaccuH-
TaHa Ha JHl, KOTOpble MNpPHJIATalT CBOH YCHJAHS B TPHUKIAAHOH
cdepe. ITosToMy BCe H3J0KEHHE BeJleTCsl HA $I3blKe HeJHHEHHOH
MeXaHHKH M W/IJAIOCTPHpYyeTcs NmpuMepamu H3 MexaHuku. M, naxo-
Hell, nocaedHee. B Kuure ucnosb3dyercs «PUauueckuil ypoBeHb CTpoO-
roctu». [IpHBOAMTCH MA0Ka3aTeabCTBO TOJBKO HeOOJBLIOrO 4YHCaa
caMbix npocTbiXx TeopeM, OcHOBHOe BHHMaHHe YAeNserTcs CTPYKTYpe
BBIUHCJHTEIBHOTO aJropuTMa. Bompocel CXOMHMOCTH HJH OLEHOK
To1bKO ynomuHawooTcA. ITo kaxkaomy u3 pasfenoB 3Toll KHHIH Ha-
MHCAHO MHOTO IEePBOK/JIACCHBIX HCCAeNOBaHUM, cojepxallux o6-
CTOSITENIbHOE H3JI03KeHHe TPYAHBIX BOIPOCOB MaTeMaTHYECKOro Xxa-
paktepa. K HUM aBTOp W OTChlIaeT YuUTAaTesdsi, ¥ KOTOPOro BO3HHK-
HeT XeJaHHe Gosiee ry0OKO M3YUHTb H3JaraeMble BOIIDOCHI.

OnHako JaHHAs KHHTA 3HAUYMTENbHO OTJIHYAETCs OT M3BECTHHIX
KypcoB HeJuHeHHONl MexaHHKH. Ilpexje Bcero oHa COAEPXKHUT Ie-
JBIH Psii BONPOCOB, 0OBIUHO He BKJIOYaeMBIX B KYPCHL. DTO BONPOCHI
ACHMIOTOTHKH 0OJBLIOTO NapaMeTpa, NPUJIOKEHHE K BapHALHOHHBIM
3ajayaM u Hekoropble Apyrue. OCHOBHOe XKe OTJHYHe, KAK HAM Ka-
JKeTCsl, COCTOMT B caMoM jJyXe H3JoxeHus. ABTop H3beraer 6oJib-
1I0TO YHCJa IPUMEPOB U He TPATUT BPeMeHU Ha UX JeTaJbHbI{ aHa-
au3. He 3agauy Teopun HequHeHHBIX KoJeOGaHuil, a METOIBI ABJSIOT-
csi 00 bEKTOM aHaH3a.

Hacrosiulasi KHHTa 00 3aMbICAY aBTopa AOJMXKHA CAYXKUTh yuel-
HBIM PYKOBOJACTBOM, KOTOpoe C HeGoJIbLUOH 3aTPaTod BpeMeHH Io-
3BOJIMT BBeCTH YMTaTedsi B KPYr U3yuaeMbIX BOIPOCOB W IIOKA3aThb
BO3MOKHOCTH H3JaraeMblX MeTOJ0B.

HdyMasn o uuTaTensix, aBTOp NpeXJe BCET0 HMeJ B BUIY CBOHX
caymartenell — cTyaeHTOoB (DPH3UKO-TEXHHYECKOTO HHCTHTYTA W Clle-
MaJUCTOB AaHAJOTHYHOrO NPOQHJ/sL, KOTOPble 3aHUMAKOTCH NpHUMe-
HeHMeM MaTeMaTHYeCKHX METOJOB B eCTeCTBO3HAHHH, TEXHHKe W
3KOoHOMHKe. ABTOp HaJleeTcsl, YTO NpejAsaraeMasl KHHra Moxer OBITh
noje3Ha WHXKeHepaM M (QHU3HKaM, MOCKOJIbKY YHCTO MaTeMaTHye-
CKHEe BONPOCH B Hell HaXojsdTcsd Ha BTOPOM IIaHE W H3JOXKeHHe
BIIOJIHE 3JeMeHTapHO.

ABTop wucKpeHHe OGaaromaper Buaamumupy Mapkosuuy Boso-
COBY, BHHMAaTeJbHO NPOYHTABLUEMY DYKONHUCh H ClelaBlieMy MHOro
3aMeyaHuiH, KOTOPble MO3BOJH/IN YCTPAHUTDh PAJ HETOUHOCTEH H yco-
BEpPLIEHCTBOBATh H3JIOXKEHHE,
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HEKOTOPBIE BOITPOCHI
BCIMOMOTATEJIbHOTO XAPAKTEPA

B sTofl rsaBe, Hocsllell BBOAHBIH Xapakrep, paccMaTpHBaIOTCS
HECKOJIbKO TPHMEPOB, HJJIOCTPUPYIOIIMX ©OOTraTcTs80 BO3MOMKHBIX
$OpM BUXKEHHS, ONHCHIBAEMbIX He/NHHEHHBIMH YPaBHEHHSIMH H
ypaBHeHHSIMU C TlepeMeHHbIMH Ko3¢pduuuedramu. Hekoropble u3
HHX HaM OyAYT CJAYXKHTb B JajbHelllleM B KaueCTBe MPHMEpPOB, Ha
KOTOPHIX Mbl OygeM AeMOHCTPHpPOBaTh 3P(EKTHBHOCTD H3YUaeMBIX
MeTOMOB.

OnHoBpeMeHHO Ha 5THX MOpUMepaX Mbl H3jaraeM Merox da-
30BOil NJOCKOCTH — MeToj, HMMeloluil 0oJbilioe MPHKJIAJHOE 3Ha-
yeHHe,

B stoif kHure oH Oyner HMMeTb BCIOMOTaTedbHBIE XapakTep
rJaBHBIM 00pa3oM /s MOSICHEHHIl MOJyYeHHBIX Pe3yJbTAaTOB.

Heckonbko mpuMepoB M3 TeopHM JNHHEHHBIX KoseGaHuil cucTeM
C TMepeMeHHbIMH NapaMeTpaMM HMeer CBOeH Le/bio MOKa3aTb UHTa-
TeNI0, HayHHAIOUleMy H3ydaTb MpeMeT, HOBble KauecTBeHHBbIE OCO-
GeHHOCTU ABHKEHHs CHCTEM, BO3HHKAIOUIMe B TeX cJydasiX, Korja
ee mapaMerpbl CTAHOBATCA (PYHKIHAMH BpeMeHH.

[Tocnennuit maparpad BBOAHOH TIJiaBbl COAEPXKHT H3/10KEHHE
teopeMbl Ilyankape o0 aHaJMTHYECKOH 3aBHCHMOCTH peIUEHHSI OT
napaMerpa. JTOT (YHIAMEHTAJbHBIA pe3yabTaT aHaJHTHUYECKOH
TeopuH AuddepeHnHaNbHbIX ypaBHeHHil OygeT MHOro pas HCIIOJb-
30BaTbCsl B KHHUTE.

§ 1. Meton ¢a30BOii MIOCKOCTH H HEKOTOPble CBOHUCTBA
HeJHHEHHBIX KOJeGaHHuil

. ®azoBbie TpaekTopud. PaccMoTpuM ypaBHEHHe BTOPOro Mo-

psiaKa
d d?
o(x, 5, G =0. (L.1)

O603HaUHUM &=y U BBIUHCJAHM

4% _dy _ dy
az T dt T dx v
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Torpa ypaBhenine (1.1) MOXXHO NpPeACTABUTD B BHJE
' d
©(x; 43 GLy)=0
HJH
. d
@ (x, Y, d_z) =0.
O61uil HHTerpan 3Toro ypaBHeHHs
¥(x 4 O=0 (12)

ONMHCBIBAET B IJOCKOCTH (X, Y) HEKOTOpoe OJHOMapaMeTpRUecKoe
€eMeHCTBO KPHBHIX

y=o¢(x, C).

[Tnockocte (x, y) GydeM Ha3biBaTbh (Ha30BOH IVIOCKOCTBIO ypaBHe-
Huss (1.1), a kpuByw y=¢(x, C) — $asoBcl TpaekTOpHEeH 3TOro
ypaBuenHsi. Peiwienue ypaBHenus (1.1) — Touka {x(f); y(f)} — 6y-
JeT Ha3biBaTbcsl H3o6pakalollell ToukoH. Ecau. ypaBHenune (1.1)
7 TPaKTOBaTb. Kak  ypaBHeHHe,
¥, OIHCBIBaIOlllee JBH)KeHHe Mare-
. puaJbHod  TOUKH, TO H300pa-
)Karmlllas TOUKa Omnpefenser B
\ , KaX/JblH MOMEHT BpeMeHH [ 1o-
z JIOXKeHHe H CKOpPOCTb 3TOH TOU-
KH. [lpy H3MeHeHHH aprymesra
{ usobpaxaioulas Touka Oyner
. JABHTaTtecs BAOJb (a30BOH Tpa-
p eKTopHH (pHc. 1).

ue. L. o
Tak kak B BepxHe#l nosymJo-
CKOCTH dx/dt=1%>0, 10 u306pa-
J&Kampollasg ToWKa B BepXHeH NOJYMJIOCKOCTH NepeMellaeTcs B CTOpO-
HYy BO3pPAaCTAlOUIMX 3HAUEHHH X, a B HHXHell MOJYIJIOCKOCTH
(£<<0) — B cTopony y6uiBalouux 3nauenuil x. CjegoBaTenpHo, pa-
Avyc-BeKTOp H306pakaioiied TOUKH B ciyuyae (pa3oBOH TpaeKTOPHH,
NOKa3aHHOH Ha pHuc. |, B NepBOM KBajJpaHTe BpallaeTcs MPOTHB

YacoBOH CTPeJ/IKH, a B UETBEPTOM -— MO YACOBOH CTpeJKe,

Ecniu pBuxenue, onuceiBaeMoe ypaBHenueM (1.1), mepHomuye-
CKO€, TO COOTBETCTBYyoLlasi €My ¢a3oBas TpaeKkTopHus Gy/IeT 3aMk-
Hyto#. [Tpunasasa napamerpy C B ¢dopmyse (1.2) BceBo3MOXKHBIE
AeHCTBHTE/IbHbIE 3HAaUeHHs, MBI TOJYYHM BCIO COBOKYNHOCTb BO3-
MOXKHBIX [BHIKEHHH, ONMHcbiBaeMbix ypaBuenuem (1.1).

2. Jluneiinbie cucrembl. HanoMHHUM Tenmepb HEKOTOpbie CBOMCTBA
JUHEHHHX ypaBHeHHH BTOpPOro nopsiika. PaccMOTpUM CHauafla
YPaBHEHHe rapMOHHUYECKOro OCIHJISATOpA

i+ wx=0. (1.3)
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Boinutem ass Hero uHterpan (1.2), xoropwit 6yneM HasblBaTh HH-
TErpajoM 3HepruH

2, @¥ix?

5 t—5—= C. (1.4)
3neck C HOCHT Ha3BaHue MOCTOSTHHON 3Hepruy.

Tak kak ypasHeuue (1.3) jonyckaer rpynny npeo6pasoBaHui
casura t'=t4+h, 10 6e3 orpaHHueHHH OOGHIHOCTH MOXKHO MPHHATH,
yro au6o x(0) =0, mu6o £(0) =0 *). IlosTOMY B KauecTBe MOCTOSH~
HOl 3Heprux 6yaeM NMpHHHMaTb JHGO HaualbHOe 3HaY€HHE KHHETH-

o | N
YeCKOH 3HEepPrHH C=T(0)=7x2(0), a160 HavaJbHOe 3HAuyeHHe MOo-

2,2
TEHUHANbHON 3HEPTHH C=H(0)=ﬂx_2ﬂ)_

CHTEJNBHO &, MOJYUYUM

. Paapewas (1.4), orHo-

=+ }/2C —F (x), (1.4)
rage

F(x)=2 '[ o%x dx = 022,

PaccmotpumM ¢asosylo miockoctb ypasHeHus (1.3). ®dazosne
TPaeKTOPDHH 3TOr0 ypaBHEeHHS ONpelensioTcs H3 HHTerpasa 3Hep-
ruu. Kak yxe ykaswiBasoch, oHH o6pa3yloT HEKOTOpPOe ojHomapa-
MeTpHYeCKoe CeMeHCTBO KPHBLIX, 3aBHCH-
wux ot nocrosHHon C. B niockoctu (F, x) £ Fe28
HauepTHM cHauaja KpuBylo F=F(x). ITpo- I\_ /) f.”
BefleM 3arteM npsamyw F=2C, pasuocth |
2C — F(x) Gyner pasHa 2, Ilopsamok mo- 1 |
CTPOEHHSi 3THX KpHBHIX sceH H3 puc. 2. | |
Jlerko y6enutbecsi B TOM, uto (pa3oBbie Tpa- { : 'y

I

€KTOPHH LEJHKOM 3aNoJHAIT [JOCKOCTh
(x, y=2) — kaxpo#l mape 3HaueHHH X H Y
OTBeYaeT eJHHCTBEHHOEe 3Ha4YeHHe MOCTOSIH- =~ z
Ho# sHepruu C.

Mbl BHAMM, uTO Bce (Ga3oBHE TPAeKTo-
pHH — 3aMKHyThle KpHUBble. 3ITO 3HAUYMT, Puc. 2.
4yTo BCE pelueHHs ypapHenuss (1.3) mepwo-
AuueckHe. [losicHHM ele pa3 3710 o6cToATENbCTBO. JIBHrasich BAOJL
¢azoBoil TpaekTopHH, H30OpaxkaloLlas TOYKA uepe3 HEKOTOPoe Bpe-
Msl CHOB& BEDHETCS B HCXOJHOE COCTOSIHE X=X¢, £=Yo. [10CKONbKY
ypaBHeHue (1.3) He cOmepXHT BpPeMeHH, TO YC/IOBHA X= ¥ E=Yo
GyayT mopoxnath TO Xe IBHXKEHHE, KOTOPOE TOJBKO UTO 3aKOHUH-
aock B 3Toli Touxke. Tak Kak M3o6paxalqjiass TOuka B BepxHei

*) MNocnennee oanauaer, 4to NwGoe ABUKEHHE C 3a1auHol suepruefi C, onu-
cbisaemoe ypapHenuem (1.3), MOXHO NOAYYHTb W3 HafAeHHOro MpPOCTOi: 3ameuoﬂ
{—>t+h, rae h — rekolopas moctosuuas.
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NOJYNJOCKOCTH JBHXeTcss (IpH HM3MeHeHHH [) B CTOPOHY BO3pa-
CTAIOILMX 3HAUYEHUIl NEPEMEHHOro X, a B HHXHeil — B CTOpOHY yObl-
BaWIIMX X, TO BJoJb $Ha30Bofl TpaeKTOpUH HM300paxamlias TOUKa
JBUKETCS B HampaBJeHUH, YKa3aHHOM CTpeJKoil (cM. puc. 2).

Ilns maHHOro 3HaueHust HocTOsIHHOM 3Hepruu C AeHCTBUTENbHHE
BeTBU KpuBO# (1.4) CyILeCTBY(OT TOJbKO AJs TeX X, M KOTOPHIX
F(x)>2C. Touka x=x£=0 onpejenser noJoXeHue paBHOBECHS.
B camoMm jpene, nockoabky npu x=0 yckopeHue £=0 Takke paBHO
HyJ10, TO TOYKA, MMeEIOLAs CKOPOCTb, PaBHYIO HYJI0, H 3aHHMAaIo-
Iasi B HEKOTOpbll MOMeHT moJoxeHue x=0, OyleT oCTaBaThCsl
BCEerjaa B 3TOM HOJIOXEeHUHU.

Touka x=£=0 6ymer ocoboit Toukolt anas ypasHeHus (l.3), no-
CKOIbKY B Helf He ONpefiesleHO 3HaueHHe KacaTeqbHOH K (ha3oBoi
TPaeKTOpUHU

Ocobas Touka, B Jw06OH JOCTATOUHO MaJOH OKPECTHOCTH KOTOpOH
Bce (hasoBble TPAEKTOPUM 3aMKHYTHI, Ha3biBaeTcsl LEHTPOM, CJelo-
BaTeJbHO, Touka x=z£=0 4B-
£, Jasetess oco6Goit  Touko# THUma

UEHTp.

M3 onpepeseHuss chaemyer,
UTO BCerga MOXHO 3ajaTh Ha-
yajbHOE HOJOXKeHHe H3o00pa-
Kawluell ToukH (He coBmajawo-
medl ¢ EHTPOM) Tak, 4uTOOH B
Jo6oif MOMEHT BpeMeHH 3Ta
TOYKa ocTaJjach Gbl B 3aJaHHOH
okpecTHocTH ueHTpa. IloaToMy

N‘/
UeHTp fBJseTcsl  ycToHuuBoOH

_é 0co60il TOUKOH.
Ecau B ypaBHeHuu (1.3) Ml
U3MEHUM 3HaK mepel BTOPHM

4JeHOM, TO 3TO NPUBEAET K H3-
MeHeHHI0 3Haka ¢GyHKUMH F(x).
Puc. 3. dazoBasg NJOCKOCTb HJSl 3TOroO

cayyasi u300paKeHa Ha pHC. 3.

Mbl BUAUM, YTO Bce TPaeKTOpHH OYyAyT HE3AMKHYTHIMH, T.€. COOT-
BETCTBYIOIME MM [BHXKeHHUs — anepHonuueckue. Touka x=2=0
Takxke Oylger ocoboil Toukol ypaBHeHus (1.3) W GyaeT onpenessThb
nosoxenve pasHoBecus. Oco6asi TOYKa, B OKPECTHOCTH KOTODOH
dasoBble TpaeKTOpUH BeAyT cels MOA0GHO TOMY, KaK 3TO IIOKa3aHo
Ha pHc. 3, HasbiBaeTcs cejfyoM. Pa3oBbie TPAEeKTOPHH, OTBeYalollMe
anauenuio C=C,, NpOXOAAT uepe3 HauaJo KOOPAMHAT (uepes cex-

/_1
‘)\%té\& &

DY
W)
Sqae S

§
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J0oByl0 TOuKy). OHH 06pa3yloT KpHBYIO, Ha3blBaeMyl0 cenapaTpH-
coii (ot (paHIy3CKOro cioBa séparer — pasjensiTb). BeTBu cemna-
paTpHChl OTAe/A0T (a3oBble TPaeKTOPHH, NepeceKalollide Och afc-
nMcc, oT 06/acTH, 3aHATOH (Ha30BBIMH TPAeKTOPHAMH, KOTOphie 0Ch
ab6cuHucc He nepecekawor. M3o6paxkaloilas Touka, He Jjexallas Ha
cernapaTpHCe H HayaJ/bHOE NOJOXeHHe KOTOPOH CKOJIb yrojHO 6JH3-
KO K 0cO60H TOUKe THIA celJa, 3a JOCTATOYHO GOJBIIOH NpoMexy-
TOK BpPeMeHH BCerfia BBbIHJeT H3 JI060H OKPeCTHOCTH 3TOH TOUKH.
TTosaTOMy cenno ABasieTcsl HeycTOHYHUBOH 0co60o#H TOukoH. Mrak, B
3aBHCHMOCTH OT 3HaKa nepeJ w’x ypaBHeHHe

it wx=0 (1.5)

uMeeT nu60 3aMKHYTble (a3oBble TPaeKTOPUH (JHOpPALMOHHBIE MM
IepHOJHYeCKHe [BHXKeHHs), JU60 HeorpaHHueHHble (arnepHOIHYE-
CKHE),

Pasymeercs, 3TOT pe3y/abTaT MOXKHO MOJYUHTh HENOCPEACTBEHHO,
MOCKOJIbKY pellleHue YpaBHeHHA (1.5) BHINHCbIBaeTcs B IBHOM BHIE

x=A cos (ot +h)
B cJyuae, ec/H Ilepe] BTOPbIM cCjaraeMblM CTOHT 3HaK ILIIOC, WIH
x=Ceot 4 Creo!

B cayuae 3Haka MuHyc. Otcloga and KoneGaTesNbHBIX IBHXKEHHH Ile-
puon T=2m/w, T. €. OH ONpeNesAETCS TOJNbKO HHTEHCHBHOCTbIO BO3-
Bpallaloledl CUBl @ H He 3aBUCHT OT IHEPTUH CHCTEMHBI,

Takum o6pasoM, aMIVIHTyAa — MaKCHMaJlbHOE OTKJOHEHHEe Of
II0JIOKEHHS PABHOBECHA W TepHOJA KoJeGaHHH B JHHEHHBIX CHCTe-
Max ApPYr OT Apyra He 3aBUCHT. Kak caenyer usz (1.4), MakcuMaJb-
HOe OTKJOHEHHE OT TOJOXEHHA PAaBHOBECHS ONpeessaerTcd TOJbKO
HNOCTOSIHHOH 3Heprud (npd 3ajlaHHOM ®). B camMoM jene, Makcu-
MaJbHOE OTKJOHEeHHe H300paXKalolled TOYKH OT IOJIOXKEHHsS paB-
HoBecHs 6yner npu £=0. CienoBarenbHo,

aC

Xmax = @F

TakuMm o6pa3oM, nepuol Kosebanuil T W MaKCHMaJbHOE OTKJOHe-
HHe (aMIVIMTYAa) He cBA3aHbl MexAy co6oii. Takoe cBoHCTBO JH-
HeHHBIX KoJe6aTe/bHbIX CHCTeM (HE3aBHCHMOCTb MEPHOAA OT 3IHEp-
THH) Ha3blBaeTcsl H30XPOHHOCTHIO.

HanoMHuM elile O XapakTepe BBIHYXKIEHHbIX KoJaeGaHHH JuHeH-
HOTO OCLHJAIATOpAa. PacCMOTPUM ypaBHeHHe

F+wix=pcosoct, (1.6)
ofliee pelllciie KOTOPOTO HMeeT BHL
x=62l_1_—02cos ot + Acos(of + h). (1.6")
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Otciona caeayer, 4To NpH ¢ — @ AJA J1060r0 GHUKCHPOBAHHOTO 3HA-
yeHHs1 BpeMeHH { crauuoHapHoe pemteHde (1.6”) crpemurcst kK Gecko-
HEYHOCTH. JTO 3HAYMT, YTO NPH o=« pellenuit suga (1.6") ypas-
HeHne (1.6) He momyckaer. M3BecTHO, YTO B 3TOM cjydae pelleHHE
ypaBHeHusa (1.6) comepxKur craraemoe
) - B
X =5 sin ot

M, C/eloBaTeNbHO, OyleT HeOrpaHWYEeHHO BO3pacTaTh NpH [ — oo,

3. ®a3zosas naockocts ypasHenus Mwoddunra. PaccMmotpum Te-
nepb NpocTellllee HeMHHEHHOe ypaBHeHHe — TaK Ha3blBaeMoe ypaB-

HeHue Hioddunra
—r
P
|
|
|

F4+ 02+ pnx3=0. (1.7)
]
I
|
I
|

M3yuuM cTpykTypy ero ¢asopoii nuo-
ckoctd. MHTerpan sHeprum IJs. ypaBHe-
Hus (1.7) uUMeeT BHA

L oo -
7x +H—C,

AR

4

Vi

rae II — noteHuuanbHasn 3Heprud

_ olk? pxt
= 2 4 L2

m

CanepoBaTtesbHO,
x=+ Y2(C—TI).

TakuM o6pdsoM, (asoBass Tpaekropus ypaBHeHHs (l.7) cocTouT M3
IBYX BeTBell, npuueM JeificTBUTE/NbHBIE YyyacTKH BeTBell GymyT cy-
1[eCTBOBATh TOJBKO [/ TeX 3HaueHuH ¥, aas Kotopbix [I<C. [Tyctsb
u>0 u w2>0. IIasa storo cayuas dasoBas NJOCKOCTb H30GpaxKeHa
Ha puc. 4. I'padpuueckoe mocTpoeHHe HaM HOKAa3bIBaeT, 4TO Bce ¢a-
30BBle TPAEKTOPUM 3aMKHYTHI, T. €. BCe pelleHHA ypaBHeHus (1.7)
neprHonuueckue. Takum obpasom, ¢aszoBasa maockoctb (1.7) Gymer
HIeHTHYHa (as30BOil MJIOCKOCTH JHHEeHHoro ocuuaasropa. OmHaxo,
'KaK Mbl YBUIHM HHKe, KojeGaHusA, onuchiBaeMble ypaBHeHuem (1.7),
‘0obsagaoT ONHHM CBOMCTBOM, KaueCTBEHHO OTJHYAIOLUIUM 3TH IBH-
JKEHHl OT JHHeHlHbIX KoJeGaHWil: mepuoj] ABHKeHHil, u306paKeH-
HBIX Ha pHC. 4, 3aBHCHT OT aMIIUTYHBL

" Ecnu p<0, T0 ¢hasoBas MIOCKOCTb TNepectaeT ObITh MOXOXKel
Ha (a30BYIO MJIOCKOCTb JHHelHOro ocuuansatopa. OHa HzoGpaxeHa
Ha puc. 5. MbBl BUIHM, 4YTO MaJbIM 3HEpPrusiM CHCTCMBI COOTBeT-
CTBYIOT NMEPHOJHYECKHE IBHXKEHHA B OKPECTHOCTH IOJIOXKEHHMA paB-
HOBeCHsl H JIBHKeHHEe B 3TOM CJyyae KaueCTBEHHO HallOMHMHaerT rap-
MOHHYeCKHe KoneGaHusa. DTOro MOXHO ObLIO OXHAATh 3apadee,
MOCKOMBKY A/ MafbiX OTKJOHEeHHH po/b cjaraemoro px® maga.

Puc. 4.



§ 11 METOL ®A30BO¥ TWIOCK. U CBOMETBA HEJMHEMHBIX KOJEBAHHA 17

T1pn yBenHueHHH HAyaJbHOH SHEPrHH CHCTEMBl, 3aMKHYTas KpH-
Ban B (a30BOM IJIOCKOCTH Bce Gosblue OyneT OTJHYATbCs OT 3i-
aunca. CyilecTByeT KpuTHUeCKoe 3HaueHHe 3Heprun C* Takoe, UTO
A5 11060i HauasnbHo# 3Heprdu C>C* B cHcTeMe, KOTOpasl OIMHCH-
Baercsi ypaBuennem (1.7), He MOryT CyHIeCTBOBATb NEPHOLHYECKHE

ABHXKeHHS. 3HiueHHe C* HeTPyAHO BBIUHCAHTb. OHO paBHO MakCH-

mymy II. DTOT MaKCHMYM JOCTHTAeTCsl IIPH X = % V—(‘f_ H paBeH
i
C'= 4‘;" - Ecau C>C*, To [IBHXEHHs CTAHOBSITCS HeOrpaHHYeH-
n b

HBIMH: |X| — oo mpu ¢ — co. Kak 3To BUAHO H3 uepTexa, Heorpa-
HHUYCHHBIE [BHXEHHS MOryT CyllecT-

BOBAaTh TakXe H TpH 3HayeHHsx C, v/
MEHBIUHX KpHTHYecKoro. B camoMm je- e e
Je, aas moboro C<C* MOXHO yKa- —-
aaTb TaKoe X, uto pasHoctb C—II(x) 7
Gyzer moJoxHTeapHOH. Ho 3THM 1BH-
KeHHsM TpH £=0 COOTBETCTBYIOT |

|
GOJiblIHe HaYaJbHBEIE OTKJIOHEHHS Xo, — | | |
T.e. mofie, HAMPSKEHHOCT KOTOPOTO MW
paBHa o2t — |p|*%,  BbITaNKHBaeT W
TOUKY, €CJH OHa HAXOAMTCA LOCTa-
_/\_l_/\

BHHH

TOYHO AaJieKO OT Hayaja KOOpIHHAT.
3Hayenuo C=C* cooTBeTCTBYET

¢dasoBasi TpaeKTOpHsA, KOTopas sBJs-

erca cemapatpucoil. Cenapartpuca, B

YACTHOCTH, OTAeJsieT 06JacTb Hauab- Puc. 5.

HHX COCTOfIHHHA, KOTOPBIM COOTBETCT- :

BYIOT NepHOJAHYECKMe JBHXEHHA, OT 00/1aCTH HayaJbHBIX YCJOBHI,

KOTOPHIM COOTBETCTBYIOT HEOrDAHHUYEHHBIE ABHXKEHHS.

Cenapatpuca mnepecekaer ocb (X, TOUKa MepeceyeHHs cemapa-
TPHCBI C OCblO aGCUUCC TaKXe SABJAETCH MOJIGKEHHEM paBHOBECHS
(=0 u £=0). Kak 310 BHAHO H3 yepTexa, 3Ta TOYKA sABJAETCA
celJ/IOM, T. € B €e OKPeCTHOCTH CHCTEMa, ONHChIBaeMasi HeJTHHeHHHM
ypaBHeHHeM (1.7), Befer ce6s, Kak JHHEHHBIH OCUHJJIATOP, Y KOTO-
poro H3MeHeH 3HAK BHEIIHEH CHJIBL.

PaccMoTpuM ellle OlHO BHIOH3MeHeHHe ypaBHeHHsl [liodduura

¥ — w?x+px=0, (1.8)

ride p>0, a @? UO-TIPeXHEMY MNOJOXKHTeabHO. PasoBas MmI0CKOCTDb
3TOro ypaBHEeHHs1 H3o0pakeHa Ha pHc. 6.
Mpbl BH.IMM, UTO B 3TOM cJjyuyae (a30Bas IVIOCKOCTb COMEPKHUT IBa

TOJIOKEHHS! YCTOHYHBOIO PAaBHOBECHA — 3TO TOUKH O,(— —Vi_, O)
m
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(O]
H Oz(ﬁ, 0),B OKPECTHOCTH = KOTOPbIX (ha3oBble TPAEKTOPHH

HMEIOT GopMy, 6aU3KYI0 K saauncy. Kpome Toro, Ha ¢dasoBoit mio-
CKOCTH eCTb ellle OJHO TMOJOMXKEeHHe pPaBHOBECHA. DTO HayaJo Ko-
opaunar. Touka O onpegensieT HEYCTOHYHBOE TMOJOXKEHHE PaBHOBE-
cud. HefictButenbHO, H306paskaloulas TOYKa, KOTopast B HayaJbHBIH
MOMEHT HaXOAHTCsl CKOJMb YrogHo OJH3KO K HauaJdy KOOpIMHAr,
C TeYeHHEM BPeMeHH YAAJHTCS OT HayaJa KOOPAHHAT Ha KOHeyHoe

paccrosnde. Ilycts, Hanpumep,
. __.__.__4 ~~~~~ . H3o0paxalwlas. ToYka B HayaJb-
N Vi z HblH MOMEHT HMeeT KOOpJIHHATHl
(0, 8). DTa Touka Oymer NBHUraTh-
cAd BAOJb (Pa30BOH TpPaeKTOPHH, H
€e paccTOsiHHe [0 Hayaja KOOpIH-
HaT Oy/leT NPeBOCXOJHUTb B OTJAENb-
Hble  OTPE3KH BpEMEeHH  YHCJIO

_22 , Kak 6bl MaJio § HH OblLIo.

n
O'-XEBH,U.HO, YTO TaKo€ [JBHIKEHHE

HeycToHiuHBo. PazoBas TpaekTo-

pus, KOTopasi MpOXOJHT uepe3 Ha-

Puc. 6. yaJao KOOpJHHAT ABJAETCS Cema-

patpucoii. B 3ToM cayuae oHa oT-

feqaser oJHy obJacTb NMEpUHOLHYECKHX ABHKEHHH OT Jpyro# objacTu

JNBHXKEHHH, TakXe TNepHOJAHUYECKHX, TaK Kak cucrema (1.8) pomy-
CKaeT TOJbKO TePHOJHYECKHE IBHAKEHHS.

4. NMpumep nepunoauuyeckod ¢$a3zopoil NMJIOCKOCTH. B 3axkiioueHre

pPaccMOTpPHM €lle OJHH MpHMep

& +sin x=0. (1.9)

¥YpaBuenue {(1.9) onucelBaeT [BHIKEeHHE MaTeMaTHYECKOrO MasiT-
Huka. MHTerpan sHepruu ypaBHeHHs (1.9) MoxkHo 3anucathb Tak:

l |2_ _
?x—C H,

rae
II=1—cos x.

dasoBasi mI0CKOCTb ypaBHeHusi (1.9), uzoOpaxkeHHass Ha pHC. 7, B
3TOM cayyae OyneT HMeTb MEPHOAMYECKYIO CTPYKTYpy. B okpecrHo-
cTax Touek X;=2mj (j=0x1, =2, ...) ABHUKeHHS OyAyT NMepHOIH-
yeckuMH. Yepes Touku Xp=~km (kR= =1, *3, ...) NpoXoduT cena-
patpuca, Kotopasi oTaensier o61acTH MePHOIHYECKHX [IBHAKEHHH OT
obJsacTell HEOrpaHHUEHHBIX [BHIKEHHH.

®a30B0f TJAOCKOCTbIO PacCMOTPEHHOro THMa OyJer, OYeBHIHO,
o6mnanate Jio6as KoseOaTesbHAss CHCTEMA, KOTOpPast OMHCbIEAETCS
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ypaBHEHHEM BHa
&+f(x) =0,

rie f(x) — nepuoauyeckas ¢yHKuua x mepuoia I u Takas, yTo

T
f=-‘T—ff(x)dx=o.

PaccMoTpeHHBIX MPHMEPOB AOCTaTOYHO, UYTOObI YOEAHTbCA B OrpoM-
HOM pa3HOOOpa3HH BO3MOXHbLIX THIOB JBHXXEHHH, OMHCHIBAEMBIX
HeJIHHEAHBIMH YpaBHEHHSAMH.

Puc. 7.

[Tpumeuanune Mb paccMorpenu MeToA $asoBoi MJIOCKOCTH
Ha mpuMepax JuHeHHOro ypaBHeHusl u ypaBHeHusa [{ioddunra. dror
MEeTOJ MPHMEHHM IPH HCCJAEJOBAaHHH IIHPOKOro kiaacca Au¢pdepeH-
[HaJbHBIX YpaBHEHHH BTOPOro MOpfAAKa, BKJAKOYAS YPABHEHHA C pas-
pPHIBHBIMH MpPaBHIMH dacTsaMH. B caMoM Jene, Bce paccy:K/AeHHS
storo maparpaga MOryT ObiTb MPOBejeHBHl A YPaBHCHHA

E+f(x) =0

NpH €AHHCTBEHHOM YCJIOBHH CYLICCTBOBAHHA HHTErpaJsia

n=ff(x)dx.

§ 2. NaabHeiimee u3ydyeHue ypasHeHus Hioddunra

B arom maparpade Mbl DPOAOMKUM H3YYeHHe ypaBHeHus [lio¢-
dunra, 3amuiuem ero B BHAE

£+ w?x — px3=0, (2.1)
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B oTsinuue oT npeabiayutero naparpada, rie usyyelue npoBOAHJIOCH
KauecTBEHHbIMH METOJaMH, B 3TOM naparpade ycTaHOBHM HEKOTO-
pble KOJHYeCcTBEHHble 3aKOHOMepHOCTH. Mul  BocmosbsyeMcs MpH
3TOM TeM 06CTOATENbCTBOM, UTO HHTerpas ypabHeHus (2.1) MOXHO
3allHCaTh B 3JVIHNITHYECKHX DYHKIUHAX.

1. HexoTopbie cBeeHMSI M3 TEOPHM SJJIHNTHYECKHX GYHKIHA.
BoeinuuieM HeKOTOpble BOCTOMOrartesbHble GOPMYJbl M3 TEOPHH 3J1-
JUNTHUYECKHX DYHKUHEA JKOOH.

a) ®ynkuns z=sn (u, k) (3AAUNTHYECKHI CHHYC) Onpeaeasiercs
TakK:

2=sn (u, k) =sin ¢(k) =sin am ,

rje aMIJiHTyda @g=amm u OlpeaesieTca Kak oﬁpameﬂue JIJTHIITHYE-
CKOro uHrerpaJa

Q
| a
”'Of VT=wsmE (2.2)

3gech k — uuci0, KOTOpOe HasbiBaeTCs MOAYJEM 3JIHITHYCCKOH
byHKUHH, SiN ¢ — nepHoAHYecKasa GYHKUHA nepuoda 2m. Ilpu us3-
2R

i d
MEHEHHH ¢ Ha 27 BeJMYHHA U4 U3MeHslercsd Ha T, = ] %

g Y1—k2sin?t
M o6paTHO: NpH H3MeHeHMH u Ha T, aMIIMTYAa ¢ H3Meusercs
Ha 2n. CaenoBareqbHo, su (4, R) — nepuoauueckass GyHKuMA u ne-

puoaa T. Benauuuna
/2

= — 9
“k)_of Vi—FkEsin?E (2'3)

Ha3blBAETCA NOJNHBIM 3/JIHITHYECKHM HHTErPajioM IMEepBOro poja.
Tak kak
/2

f_Ld f___d;.__=

; = Fk%sin? § o YVi—krsinrg
T0 :
T,=4K (k). (2.4)

6) dynkuusa z=cn (4, k) — 3MJHNTHYECKHUH KOCHHYC, ompee-
JIIeTCSl PaBEHCTBOM

z=cn(u, k)=cosp=cos am u.
B) CDyHKilaﬂ Je/bTa aMIVIHTYAbL
z=dn(u, k)=Ag= VY 1 =Fk*sinfo=V 1 —k?sinamu.
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DINHNTHYECKHH CHHYC, KOCHHYC H [JeqbTa aMIIMTYAbl Ha3blBaloTCA
IMNTHYECKHMH QYHKUMAMH SIKOOH.
r) Csssb Mexn1y GyHKuuAMH JIKoOu

sn?u+cn?u=1, dn?u+tk®sn?u=1. (2.5)
1) @opMyasl pubbdepeHIHPOBaHHS
Edgsnu=cnu-dnu, %dnu=—k2snucnu,|
d { (2.6)
G enu= —snudnu.

2. Beipaxenue o6umero uHTerpasa ypasHenus [loddunra. He-
MOJb3ysl BHINHCAHHBIE (GOPMYJBl, NMOKa)KeM, 4TO OOMIHHA HHTerpaJ
ypaBHeHHs1 (2.1) MOXHO mpeJCTaBUTb B BHJe

x=Csnle(t+h), k] 2.7)

B 3To BuipaxkeHHe BXOAAT uYeTbipe nocrosinHble C, o, o u k. OpHa
M3 MOCTOSAHHBIX, KOTOpas BXOAHT B OOLIMHA HHTerpaJ 3TOro ypasHe-
HHSA, JOJKHa ObITb afJUTHBHOH. B caMoM nene, ecan GyHKuua x(f)
yIOBJETBOPSET ypaBHEHHIO, TO, KAKOBO Obl HH OBIIO uuCiIO g, HYHK-
mua x(f{4+g) Takke sBasercs pewendHeM. B Boipaxkenuu (2.7) ax-
IMTHBHYIO MOCTOSHHYIO Mul 0603Hauuiu GykBo# A. Tpu apyrue mo-
CTOSIHHBIE ONpeJe/sAloTcess JBYMsl UHCAAMH ® H f. ITO 3HAUHT, UTO
OHH JOJKHBL ObITb CBA3aHB AByMA cooTHoumeHusiMH. CieloBaTedb-
HO, B HX OIpeJieleHHH HMeeTcs ellle OJHH NpoH3BoJ. MTak, B Bhipa-
XeHHH (2.7) UMeloTcsl JHWb JBe NOCTOsIHHbIE, KOTOPble MOTYT GbiTb

BbIGpaHbl MO NPOH3BOJY, NPHUEM OJHA M3 HHX aJAAHTHBHAs NOCTOSH-
Haa h.

Brulugcaum Tenepb & H &:

dx

—Et——Cocnu dn u,

d3x 2 2 2 2
—z = — Co’(snu dn’u + k®snucn®u).

Hcnoabays (2.5), npeoGpasyeM nosyueHHOe BLIpaXeHHe K BHLY
—Z%= — Co?[(1 —k2?sn’u)ysnu+ k2 (1 —sn?u)snu]=
= — Co?(1 + k) snu+2Co%?snu.
Hakonen, BcmoMMHas, uTo
Csnu=x,
NOJNYYUM OKOHYATEJbHO

242
At + )~ 2 s, (2.8)
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Conocraeasis 3T0 ypaBHeHue ¢ ypaBHeHueM (2.1), MBI BHAUM, YTO
€ro pelleHHe MOXKHO mpeacTaBUTh B dopMe (2.7), ecsiu mapameTpH
0, C 4 k£ NOAYUHUTD ABYM YCJIOBUAM

o2 (1 + k) =’ 2.9)
2k2
o =u. (2.10)

Takum ob6pasoMm, MB MOKasaju, uto OOWIMH WHHTerpasJ ypasHe-
Hus (2.1) umeer dopmy (2.7), ecau Tonbko mapamerpsl C, ¢ H
yIOBIETBOPAIOT cooTHoWeHuAM (2.9) u (2.10).

[TocrosinHas s saHuMaeT ocofoe MECTO CPeLH NMPOU3BONbHBIX MO-
CTOSIHHBEIX, B caMoM JeJie, MpeANOJOKHM, UTO Mbl HALLIU HEKOTOPOE
yacTHoe pelleHue ypaBHeHusa (2.1), 3aBucqlilee OT OJHOH TNpou3-
BOJIBHOH TOCTOAHHOM

x=X(C, 1);

TOrda MBI Cpady MoXxeM BHMHCaTh oflilee pelleHHe 3TOro ypas-
HeHus
x=X(C, t+h).

Takum o6pa3oM, B cJydyae CUCTEM, DapaMeTpbl KOTOPBIX He 3aBUCAT
OT BpeMeHH, HaM JOCTAaTOYHO H3YUUThb TOJbKO HEKOTOpBIHl OJHOMAapa-
METPHUECKHI KJacCc 4acTHbIX peweHuil. Ilonb3ysick atum obcros-
TeJbCTBOM, PACCMOTPHUM pelileHue ypasHeHusa (2.1) Buna

x=C sn(ot, k).

[To aHaJoruu ¢ JuHelHbIMU cucTeMaMu uucaa C u ¢ OyleM Hash-
BAaTb «aMILIMTYLOl» U «uacrorolts. Tak kKak of=u, To mpu =0,
u=0 ", celoBaTeNbHO,

x(0) =0.

O6osHauum #(0) =A, rue A — mpousBoJbHOe uucsao. M Tak kaxk

cn(0) =dn(0) =1,
TO MOJYUYUM
£#(0) =A=0C. (2.11)

CootHouleHde (2.11) ycranaB/iuBaeT 3aBUCHMOCTb «aMIUIUTYAb» C
U «Y4CTOTHI» G OT HauanbHO# sHepruu T = 3/2. CoorHowenus (2.9),

(2.10) u (2.11) nospoasilOT onpeaesHTb MapaMerps o, B u C.

3. ®opmyaa aaa nepuoaa. s 1toro utofbl HarjsijHee NMpeiacTa-
BUTb QU3UUECKUH CMBICH U3YyYaeMOro fBJEHHA # DOJb Pa3IUUHBIX
nmapaMerpoB, yao6hO mepefiTu K 6e3pasMepHBHIM NepeMeHHBIM. as.
3TOTO HaJ0 TpeXle BCero BHOPaTh ONpelesaiollie MacwTalh.
B KauecTBe TA4KUX BEJTUYHH MOMKHO BbIOpaTh, HalpUMep, HauasbHYIQ
SHEPTHIO H OTKJOHEHHe OT MOJoXehHs paBHOBecus. Toria sech
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npouecc GYAeT ONpPeleNsiTbCS TOJbKO XapaKT€PHCTHKAMH CHJIOBOTO
noss, T. e. yHCaAaMH o ¥ p. OfHako Takol BbIGop MacluTaboB He-
ynoG6eH, Tak KakK, BapbHPYs MapaMeTpbl » H [, Mbl Oyj1eM Bce BpeMs
nosyyaTh pas/iuuHble (asoBble MIocKocTH. [1oaTomy B KavecTBe om-
pelesIOlHX MacluTaboB yAo6Hee BbIOpaTh CaMH BEJHYHHB © H W.
ITycth GespasMepuoe oTKJOHeHHe § H GespasMepHOe BpeMs T omlpe-
JlesieTcsl paBeHCTBAMH

x= —l% ;g t= % :
B 3THX nepeMeHHbIX ypaBHeHHe (2.1) OyldeT uMeTb BHI
g+E — 8 =0. (2.12)
YpaBHeHusi A1s onpefedeHus o, B 1 C GyAyT Tenepb TaKHMH:
' ?(l +£)=1, (2.13)
o TE 1, (2.14)
oC =1, (2.15)

rie l=%, Orciofa BHAHO, 4YTO XapakTep Ipolecca ompeje-
[0

JsieTcsl TOJbKO OJHOH Oe3pa3MepHOfl BeJHUYHHOH — Ge3paszMepHOH
sueprueit (2. Haiizem 3aBucuMoCTb nepuoia xosebGauuii T oT 3TOH
BeJHUHHBL, MOJY/b 3AJHOTHYECKOH (PYHKIHH Kk TakXe OnpejessieTcs
Tonbko uncioM [ CHauasa HaigeM 3Ty cBasb. M3 (2.14) u (2.15)
HaXOLHM

12
T2t

B2
IloacTaBasis sTo sHaueHue k B (2.13), HaXogHM
l2
ot—o’+5 =0,
OTKYAa
—9J2
2o LE Vi—2 .
2
B 3TOM BbIpaXeHHH clefyeT BbIOHpaTb onpejejeHHbIM o0pasoMm
3Hak mepej KopHeM. Bbpi6upaem 3HakK +, NOCKOAbLKY mpu [ —0
(1. e. £(0) =0 w1 u— 0, WiH © — oo0) 3ajaya JOJKHa MEpexo-
JHUTb B JHHelHYO *), T. e.
limo (f)=1.

>0

*) Hcnoabsys nepHOJHYROCTb 3AMHNTHYECKHX (YHKUHH, HeTPYJHO MOKa3arth,
4To pellleHHe, KOTOpOE COOTBETCTBYeT TOMY CJydaio, KOTJa Iepejl KOopHeM B3sT
3uaK — (MHUHYC), MOJyYyaeTcs M3 HCCJefyeMoro cABHTOM Ha nepioft T..
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HO[LCTEBJTHH 3TO 3HAQUYEHHE ¢ B BbIpAaXKeHHe ] kz, OKOHYaTeJbHO
nonayudaem
- 202

S+ VT=2?’

Tenepb Mbl MOXKEM ONpeNENHThL 3aBHCHMOCTD EPHOA OT HauyaflbHOH
suepruu. Ha ocHoBaHHH dopMynl (2.3) noayuum
2

(2.16)

. d(p
Tu=4f ]/1 - —. (2.17)
’ “Txvice ot ©

W3 dopmyanl (2.17) Jerko Ha#iTH mepHol mo BpeMeHH T, Tak Kak
B HalleM ciayyae u=of, 1. e. Ty=—=T,

_ /2
T 4V32 f do
t— T
VisVi—2z g 1/1_ 225’ @
(1 +yT—2ey

®opmyna (2.18) colepHT OCHOBHOH pe3yabTaT [IaHHOFO Mapa-
rpada — oHa B SIBHOM BHJe JaeT 3aBHCHMOCTb IepHOoAa KolebGaHHi

OT HayaNbHOH 3Hepruu /%, T. e, Jaer Ko-
T JIHYECTBEHHOE BBEIDAXKeHHe OJHOMY H3
OCHOBHBIX CBOHCTB HeJIHHEHHBIX KoJjebHa-
HHH — ero - HEH30XPOHHOCTH.  3aBHCH-
Moctb T:(l) npuBeneHa Ha puc. 8. [lpu
u=0 Mbl HMeeM JHHEHHYIO 3alauy H

an 6e3pasMeprm nepHol KosaeGaHHH pa-
Ben 2n. TakuM o6Gpasom,
limT = 2x.
¢ 1>0
Puc. 8. Mpu {—1/V'2 neprox T, crpemurcsi K

6ecKoHeUHOCTH. MasiTHHK, KOTODBIH OMH-
cbiBaeTcsi ypaBHeHueM (2.12), of.jamaeT TeM CBOHCTBOM, 4TO IIpH
HEKOTOPOM 3HaueHHH HayaJbHOH 3HEePrHH [BHIKeHHe H306pazkalo-
wed TOYKH B (Ha3oBOA IJIOCKOCTH IMPOHCXOJMT MO CemapaTpHce.
Kak 6b10 noxasaHo B TpelbliyllleM naparpade, 3T0 KpPHTH-
yeckoe 3HauyeHHe 3HEPrHH JOCTHraercs 1JdA ypaBHeHus (1.7) mpwu
x==0/)p u paBHo 0*/4|n|. B HameMm cayuae o=I, p=—Il4u
KpHTHUECKOe 3HaueHHe 3HepruH C=10?/2. Otcona [ = l/V2. Takum
06pa3oM, MOMYTHO Mbl YCTAHOBHJH, UTO JBHXEHHE IO CeNapaTpHce,
ec/lH ero pacCMaTpHBAaTb KaK KoJeGaTenbHOe, HMeeT GeCKOHEUHBIH
nepHo/.
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B npeabiaymem naparpage kauecTBeHHbIMH MeTOJaMH Mbl yCTa-
HOBHJIH, UTO ypaBHeHHe HiocdduHra, NOMUMO NEPHOJHUECKHX pelle-
HHH, JAONYCKaeT TaKXKe pellieHHs1 anepHojHYecKLe. XapaKTep KoJe-
GaHHl onpefessieTcsl TONbKO HadyajdbHOH 3Heprueil. Ecau HauanbHan
3Heprus MeHblue C*, TO npouecc, ONHCLIBaeMblil YpaBHEHUEM, HOCHT
KonebaTeNbHbll XapaKTep, B NPOTHBHOM c/y4yae — anepHOAHYECKHH.
Takum oGpasoM, yKe KauecTBEHHOE pacCMOTPeHHe MO3BOJHIO HAM
YCTAHOBHTb OTCYTCTBHE H30XPOHHOCTH KoJebaTesbHOro Npolecca,
onucbiBaeMoro ypaBHeHdeM diwoddunra. Teneps Mbl yCTAHOBHIH Xa-
pakTep 3TOH 3aKOHOMEPHOCTH M A0 KOHLA peliuaH Bonpoc 06 3ToM
BaXKHOM CBOHCTBe HEJHHeHHBIX KoJeOaHHH, ONHCbIBaeMblX YypaBHe-
nuem Hdiodduura.

Mbl BUAMM, UTO CYLIECTBYIOT TAKHE HeJHHEHHble CHCTEMBI, ¥ KO-
TOPbIX XapaKTep ABHXKEHHA OueHb HAaNOMHHAeT TapMOHHUYECKHE KO-
neGanus. OnHAaKO 3TH KoleGaHHsl 0Ka3ajHCh HEH30XPOHHKBIMH: C H3-
MeHeHHeM aMIIMTYAbl M3MeHWJachb M 4acToTa. Mbl OGHapYXH/IH
TaKXke, UTO CYHIeCTBYIOT ABHXKEHHsl H KauyeCTBEHHO HeNoXOoXue Ha
JIHHeHHBle KoJieGaHus.

CylillecTBYyeT d elle Ueablii paja ABJEHHH, B KOTOPbIX NPOsABAsAETCA
KauyeCTBeHHOe Da3/HuHe JHHeHdHbIX M HeJqHHelAHbIX KoseGauui. Ha-
npuMep, NoBejeHHe NpH pesoHaHce. Jlaxe caMo NoHATHE pe3oHaHCa
B HeJHHEHHbIX CHCTeMaX, CTPOro roBops, He HMeeT cMbicaa. B ca-
MOM JeJe, B JIHHEAHbIX CHCTeMaX Pe30HaHCOM HasblBalOT SIBJIEHHA,
BO3HHKaIOUIHe B JHHEeHHOMA cHCTeMe NOJ AeHCTBHEM BHELUHEH NepHo-
JHUYECKOH CHJIbI, HaCTOTa KOTOPOIl coBnajfaer ¢ 4acToToi cBOOOMAHBIX
KoneGaHuil cucTeMbl. B ycioBHSIX pesoHaHca aMIuTylda KoJeGaHHH
JHHEHHOH cCHCTeMbl HenpephBHO Bo3pacraer. Takum o6pa3oM, BHell-
HAsl Bo30yXKjawulasi Cuia B 3THX YCJOBHAX HENpPepbiBHO BHOCHT
SHEPruI0 B JMHEHHYIO cHcTeMy, B HenuHelHOH cHcTeMe ¢ H3Mede-
HHeM AaMIJIUTYAbl HeMeAJeHHO H3MeHsleTcsl 4acToTa cOoOCTBEHHBIX
kojebannfi. CiegoBaTelbHO, «pPe30HAHCHAfA» CHTyalHs, eclH OHa
HMeJla MecTO, HeMeNJIeHHO pas3pyLIHTCsl, IDTH pacCyXKIeHHA HaBo-
JAT Ha MbICJb O TOM, UTO MOTYT CYILECTBOBaTb HeJHHeHHbIe CH-
CTEMBbI, ¥ KOTOPbIX [Jis1 JIOOBIX 4aCTOT BO3MYLLAIOIIMX BO3AefCTBHI
MOTYT CYLIeCTBOBATb YCTaHOBHBIUHECS KoseGaTesbible PEKHMb! KO-
HEeYHOH aMIVIMTYIbl. Y2Ke B cjelyioulefl TiaBe Mbl yGeaHMcsa B
clpaBeJIHBOCTH NO106HOTO NPOTHO3a H H3YYHM METO/bl, N03BOJAI0-
Hide ONpeJe/HTb Pe30HAHCHble PeXHMbl B HeJHHEAHBIX CHCTEMAax.

§ 3. Npumepbl Konedanuii CHCTEM C MepEeMEHHBIMH napaMeTpaMu

1. Npensapurenbhble 3aMeyanus. PaccMOTpHM Tenepb HeCKOJb-
KO NPHMEPOB KoJleOaHHH CHCTeM, llapaMeTpbl KOTOPBIX MEHSIOTCS CO
BpeMeHeM. Mbl GyaeM paccMaTpHBAThb TOJBKO NPOCTEAWIMHA cayyail
KoseOaHHH CHCTeMbl OJJHOH cTeNeHH CBOGOMABI, KOTOPbIE ONHCHIBAKOTCH
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JUHEHHBIM ypaBHEHHeM BHJA
E+f(6)x=0, (3.1

rie f(¢) — HekoTopas 3ajnanHas QyHKUHS BpeMeHH. MOXKHO roBo-
PHTb, YTO ypaBHeHHe (3.1) omuchiBaeT MaJsible KoJaeOaHHUS MPYKUH-
HOTO MAasITHUKA, KECTKOCTb KOTOPOTO U3MEHSETCS CO BpPEMEHeM,

ITycrs f(¢) 2 0 aas awboro ¢>0; Toraa, paccyxaas mo aHaljo-
TMH ¢ JIHHEHHBIMU KOJeGaHUAMH, MOXKHO Obljio Obl BBECTH MOHSATHE
MFHOBEHHOH 4acTOTHI

o(t)=Vi{®) (3.2)

W yTrBepxKaTh, UTO KoseOaHUsa Hallero MasiTHUKa MPeACTaBasOT CO-
60 B Ka)XAblH MOMEHT BPeMEHH rapMOHHYeCKHUe KoseGaHus W Mpo-
UCXOAAT ¢ MrHoBeHHOH uactoToll (3.2). Takoro Tuma paccyxjeHus
WHOTJa BCTPEYalOTCA NpPUH pelleHHH WHXKeHepHbiX 3ajauy. MoxHo
yKasaTb UedbId psAj 3ajay, KOTAa TakKOH YMOPOILeHHBIH MNOAXOA,
UMEHYyeMblH WHOrAa NPUHUUIOM 3aMOpaxKuBaHUf Ko3I(pdULUEHTOB,
JaeT pe3yJabTaThl, TOYHOCTb KOTOPbIX BIOJIHE YAOBJETBOPHTENbHA
¢ mpakTHyYeckofl Toukd 3peHus., OpHako B oflleM ciyyae CYAUTh
O CBOHCTBAX CHUCTEMHl C MePEeMEeHHbIMU MapaMeTPaMH MO CBOMCTBaM
CHCTEMbl C 3aMOPOXKEHHBIMU KO3Q(PHLUEHTAMU Helb3d. DTO MONKET
NPUBECTH He TOJBKO K KOJHUECTBEHHBIM, HO H K IPYObIM KauecTBeH-
HBIM OIIHOKaM. :

2. Cayyail, Koria BO3Bpamtalomiasi CHJAAQ CTPEMHTCS K HYJIO,
PaccMorpum MaATHHK, KoaebJoLuica nojA AefiCTBUEM BO3Bpalllalo-
meil cuabl, o6paTHO NMPONOPUHUOHAJIBHON KBaApaTy BpeMeHH

.- X

+z= 0. (3.3)
PasbickuBas pellleHde B BHAe X=1* U MOACTaBJAA 3TO BhIPAXKEHHS
B (3.3), nonyuaeM XxapaKTepHUCTHUYECKOE yDaBHEHUE

A2 —A41=0,
OTKYZAa

1 i Y
=5 x5V3.

Takum 0o6pa3oM, JWHEAHO He3aBHCUMble pelleHHs ypaBHeHusa (3.3)
HMEIOT BHJ

x1=CIexp{1nt[1§+%l/§]},

x2=C2exp{1nt[%—%V§]}
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HJIH, epexonsa K JeHCTBHTENBHBIM BeJIHYHHAM, IOJYUHM

x‘;=A]1/7cos(—V2—?—lnt), l

V3 (3.4)
x,=A, V't sin (Q—In t),
rae Ay, Ay u C;, Co — NpOH3BOJIbHBEIE TOCTOSHHBIE,
Takum o6pasoM, KoseGaTeJbHBIH TpolecC, OMHCHIBAeMblH ypas-
HenueM (3.3), MOXHO NMPEACTAaBHTb KakK CYNEPIO3HIHIO ABYX KoJe-
faTesqbHBIX TPOLECCOB, Ompejedse-
Mbix dopmyaamu (3.4). Xapaxrtep Vi
Kosie6aTeJbHOro Tpolecca, KOTOpPHIH -
OMHCHIBaeTCs ypaBHeHHeM (3.3), H30- -~
OpazkeH Ha puc. 9. s
DTOT npHMep HarAsAHO MOKa3bl- k

A

BAeT, HACKO/IBKO Jla/leko OT HCTHHH -
Hac MOXET yBeCTH pacCyX/eHHe <«IOo ”Hj

MOCTOsIHHBIE TapaMeTrpbr». HecMotps N

aHAJIOTHH™ ¢ CHCTeMaMH, HMEIOLHMH ~

Ha TO, YTO BO3Bpallallllas CHJa -
MasiTHHKa Bcerja OTpHUATeNbHA,T. e, -
BCErfa HampaBJ/eHa NPOTHB OTKJOHe- Puc. 9.

HHSl X B CTOPOHY MOJIOXKEHHs paBHO-
BecHs, aMNAuTylda KoneOauHH MasiTHHKAa (BeJHYHHA, MPOIOPIHO-
HanbHas)/ ) HeorpaHHYeHHO BO3paCTaer.

Ecsin MBL BBe/IeM NMOHATHE MIHOBEHHO! YaCTOTHI

0= _V_-_E’Qtlf_l_i’ (35)

TO YBHAHM, UTO YacTOTa ) C TCUEHHEM BPeMEHHM yMeHbIIaeTcs H
CTPEMHTCH K HYJI0 NPH [ — 00, a aMIVIUTYla HEOrpPaHMYEHHO YyBe-
JIHUHBAETCA.

3. KonieGaHWs ¢ AMCCHMATHBHBLIMH -cHAaMH. [IpenmosioxuM Te-
nepb, uTo Ha MasTHHK (3.3) JeHCTByeT AMCCHMATHBHas CHJa, Npo-
nopuMoHanbHas |/f. YpaBHeHHe, OMHCHIBaWOlllee ABH:KEHHE ManT-
HHKa OYJeT Tenepb TAKHM:

i+E+ %o (3.6)

PasbickuBas ero pellleHHe cHOBa B BHAe x={f*, HalieM, 4To A yj0-
B/E€TBOPSIET CAEAYIOIEMY YPABHEHHIO: '

A+1=0,
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TakuM o6Gpasom, ofllee pellleHHe ypaBHeHHa (3.6) MoOXKHO mpeA-
CTABHUTb B BHJE
x=A,coslnt+Asinlnt. 3.7)

Xapakrtep KoJgeGartenbHOro mnpouecca JJs 3TOro ciydyas H3oGpaxed

Ha puc. 10. MBI BUAHM, 4TO, HECMOTPS Ha JeHCTBHE AHCCHMATHBHBIX

cHal, Koje6aHne MAasITHHKA MPOHCXOAHT € TOCTOSTHHOH aMIITHTYIOH,

a He 3aTyxaer, Kak Ob1o Obl B TOM cJaydae, eCjqH Obl MapaMeTphl

CHCTEMBI OBbLTH OB MOCTOSIHHBI. «MrHoBeHHasi» yacToTa KoJeGaHHi

(3.7), TOUHO TaK XK€ KAaK W B INpeJblAylIeM cJyyae, CTPEeMHTCS
K HYJIO TPH HEOrpaHHUYEHHOM BO3pacra-
HHH BpEMEHH.

MoxXHO IpHBECTH TpPHMEpHI . CHCTEM,

' / KoJebaTeJbHOE [BHXKEHHE KOTOPHIX MpO-
HCXOJAHT TpPH HAJHYHH JTHCCHIATHBHBIX

| CHJl H TEM He MeHee aMIIHTYyAa KoJebGa-
HHA HEOrpaHHYeHHO pacTeT CO BpeMe-

— —_N/__ __  HeM. K uHCJIy TaKHX NpPHMEpPOB OTHOCAT-

¢l KosebaHHsl HeympaBJsieMOH omepeH-

Puc. 10, HOH pakKeThl, IBHXYUIEHCS BepTHKAaJbHO

BBEPX C NOCTOSIHHOH cKopocTblo. Hasau-

yHe OMEpeHUs CcO3JaeT BO3BPaALLAIOHH

a’poJHHaMHuecKHit MoMmeHT. Takum o6pasoM, Takas pakera, Kakx

roBOPAT B JHHAMHKe MOJeTa, HMeeT 3alac CTATHUYECKOH ycToiuH-

BocTH. KpoMe BOCCTaHAaB/IHMBAIOIIEr0 a3pOJAHHAMHUYECKOr0 MOMEHTA,

Ha pakery AeHCTByeT AeMNOHPYIOWHHA a5POAHHAMHYECKHH MOMEHT.

HecMoTpsl Ha 3TH OGCTOATENBbCTBA, JABHXXEHHE TAaKOH paKeThl He-

ycTOHUHBO: aMIIUTYAd KoJjeGaHHIl HeorpaHHYeHHO BO3pacTaer Co

BpeMeHeM. [lpHuHHa COCTOMT B TOM, UYTO C YBEJHYEHHEM BBHICOTHI

noJeta MJOTHOCTb BO3AyXa p KCMOHEHUHaJbHO yOGHIBaeT, a cJaefo-

BaTeJIbHO, HEOrpaHHYeHHO YOBIBalOT H 062 MOMEHTa a3pOJAHHAMHue-

cKkux cHy. PasyMeercsd, B moAoGHOH 3alaye MeTOJ «3aMOpaxKHBa-

HHsg» KO3(h(PHUUHEHTOB HHKAKOH MOJe3HOH HHGPOpPMALMH O moBele-
HHH pakeTbl 1aTb He MOXeT.

B caenyioiuem naparpagé Mbl NpHBEJEM HEKOTOPBIE YCJOBHS,
KOTOpble HAf0 HAJNOXHTb HA MapaMeTpbl CHCTEMBI, JOCTATOUHbIE A4
Toro, utoGbl aMIUTHTYAA KojeGaHHH MasiTHHKA, MapaMeTphl KOTO-
poro H3MeHSIIOTCS cO BpeMeHeM, OBITH OrpaHHueHb BO BCE MOMEHTH
BpEMEHH.

4. Cayuait, korpa BO3Bpallaroulas cHaa orpaHuueHa. Mp pac-
cMOTpesqH KosneOaHHA MasTHHKA, Y KOTOPOro BO3Bpallawllas CHaIa
¢ TedyeHHEM BpEMEHH CTPEMHTCH K HYJIO, H YCTAHOBMJIH, UTO 3TO 006-
CTOATENBCTBO MOXET CJIYXKHTb NPHUHHOH HEYCTOHYMBOCTH (Heorpa-
HMUEHHOro BO3pacTaHusl aMIIHTYAbl). ONHAKO HeorpaHHYeHHOe BO3-
PacTaHHE aMILTHTYABl MOXET HMETh MECTO W AJIs KONCOAHUH Takoro



§ 3] MPUMEPH KOJIEBAHHUM CHCTEM C NEPEMEHHBIMU MAPAMETPAMHU 29

MasiTHHKA, Y KOTOPOTO HHTEHCHBHOCTb BO3Bpalllalouiedl CHAbI orpa-
HHUYEeHa CHH3Y AJs J11060ro MOMeHTa BPEMeHH .
PaccMOTpHM MNpHMep MasiTHHKA, Ko/Je6aHHe KOTODOTO OMHCHI-

BHETCH YpaBHEHHEM
i+ (1+¢(t))x=0. | (3.8)

[TocraBuM BOMpOC O TOM, KaKHe YC/MOBHfl HalO HaJOXHTb Ha (yHK-
uuio @(f), utoGbl pemenne ypaBHeHus (3.8) GHUIO OrpaHHYeHo.
Kaxercs, yTo AJ8 3TOrO AOCTAaTOYHO, HampHMep, noipe6oBarh,

YyToOHbI
limg (f) =0. (3.9
t>co

OaHako 3TO MpeanosoXeHHe HeBepHo. Bosee Toro, ecim ojaHoBpe-
MeHHO ¢ ycsioBHeM (3.9) BHINOJHEHO ellie YC/I0BHE

im <20 (e>1), (3.10)

> co dtk

TO U 3TO He ABJfAETCHA rapaHTHell OTpaHHYEHHOCTH DelleHHf ypaBHe-
Hua (3.8).
IMpeanonoxum, uto ¢ (f) HMeeT BHA

¢=3g sint — g cos t — gZcos?t, (3.11)
rae g(t) — npoussoabHas ¢ynkuua. Herpyano yGeputbest npsiMbMm
BLIYHC/IEHHEM, YTO QYHKUHA

. .
X =exp fg(r)cosrdr cost (3.12)
0

sBasercA peinedueM ypasueHus (3.8), ecan @ umeer Bua (3.11).
Kosne6atenbHblit npouecc (3.12) M0OXKHO 3amucaTh- B BHJE

x=A(¢) cos t,
rae

t
A=exp f g (t) cos T dx.
0

Benuuuny A(f) 6yfeM Ha3bBaTh aMIVIHTY/AOH.
ITpumem Tenepb, uto

Toraa aMn/iuTy/la UMeeT BHJ
t

A=exp | T s, (3.13)
0
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Ho BennuuHa uHTerpaja B BbipaxeHHH (3.13) HeorpaHHueHHO pa-
CTeT BMeCTe ¢ BEPXHUM NpeLeoM.

[IpuMeuanne 3aMETHM, YTO B PacCMOTPEHHOM MpHMepe He
TOJMbKO caMa ¢GyHKuUHA ¢ — 0 npH {— oo, HO H JwGaA ee NMPOHU3-
BOJHAA CTPEMHTCSl K HYJNIO NPH HeOrpaHHUEHHOM BO3paCTaHHH Bpe-
MEeHH.

MoxHO mpuBecTH eme wenbli paAg momgoOHBIX npuMepos. Oco-
6eHHO HHTepeceH NPHMep MaTeMaTHUECKOTO MafTHHKA, Y KOTOPOro
TOYKa MOABeca Koaebjercsl MO MEPHOAMUECKOMY 3aKOHY. JBHKeHHE
3TOr0 MaATHHKA ONHCHIBAETCSl ypaBHEHHEM ‘

#+ (w?+e cos pt)x=0, (3.14)

rie o=const, p —uacrota, a & — aMIJHTyZa KoJeOaHHH TOUKH
nojBeca MasiTHHKA.

YpasHenue (3.14) nasbiBaercs ypaBHeHHeM Marbe. Ero Teopus
3HAYHTEIbHO CJIOKHEe TEODHH TeX ypaBHeHHH, KOTOpble GBUIH pac-
CMOTpeHbl B 3TOM naparpade. 371ech Mbl He MOXEM pPacCMOTPETb
ypaBHeHHe MaTbe H 3a BCeMH MOAPOOGHOCTSAMH OTCHJIAEM YHTATENd
K TEM PYKOBOACTBAM, TJ€ H3J0XKEeHa TEOpHA 3TOr0 ypaBHeHHsA *)-.
31ecb Mbl YKameM TOJbKO Ha OQHO H3 3aMedaTeJbHBIX CBOHCTB KO-
nebaHuit 3TOr0 MasTHHKA.

IIpu onpeneneHHBIX COOTHOIEHHAX MEKIY BEIHUHHAMH €, P H @
koneOaHua MasATHHKa (3.14) ycrofiunBbl. OHH. MPOHCXOAAT ¢ orpa-
HHYeHHOH aMmnutyRoi. OnHako npH QHKCHPOBAHHOM  CYILECTBYET
cueTHOe YHCJ0 obnacTeft B MIOCKOCTH (e, p), Kaxmas ToUKa KOTO-
PHX OIpeleNisieT Takoe COOTHOIIEHHe MapaMeTPOB MasATHHKA, IPH
KOTOpOM €ro kosjeGaHus HEYCTOHUHBH, T. €. MPOHUCXONAT C HEOrpa-
HHYEHHO BO3pacralolliefi aMIAHTYAOM.

§ 4. O HeKOTOpPHIX AOCTATOYHBIX YCJOBHAX
OrpaHHYEHHOCTH KoJieOaHwuii

1. Kputepuit ycTofiuuBoCTH AJsi cldysas, Korja BO3Bpalamowwas
CHJia M3MeHsieTcsl MOHOTOHHO. B mpeapiayuieM maparpade Mbl pac-
CMOTpEJH JBa MpHMepa HeyCTOHUHBbIX KoseOaHHH MaATHHKOB. I1po-
GneMa YCTOHUHMBOCTH KoseOGaTesbHbIX IBHXEHHH CHCTEM C mepe-
MEHHBIMH TapaMeTpaMH B oO0lieM cJjydae odeHb cJoXkHa. Ho cux
Mop He CyLIeCTBYeT YCJIOBHH, KOTOPHIM OOJXKHBI YIOBJAETBOPATH KO-
3(ppHUHEHTHl YDARHEHUA ~— HEOOXOAHMbIe H NOCTATOUYHBIE AJA YCTOM-
YHBOCTH €ro HYyJNeBoro pemieHus. Pe3dyibTaThl, KOTOpHE 3[€Chb CY-
ILECTBYIOT, OTHOCATCA TOJNbKO K HEKOTOPHIM CIE€UHaJbHBIM KjlaccaM
ypaBHeHHH. Mbl NpHBeAeM [Ba NPOCTHIX KPHTEPUA, COOTBETCTBYIO-

*) Cwm., uwanpumep, k. C1okep, Heaunefinbie Koneb6anns B MEXaHHUECKHX
4 3MeKTPRYeCKuX cHcTemax, MJ1, Mocksa, 1952.
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LMX O6OHM THIIAM YpaBHEHHH, PACCMOTPEHHBIM B NpeAblAyLieM ma-
parpade. OHH ABJSIOTCA TOJIbKO AOCTATOYHHIMH KpHUTepHAMH. He-
CMOTPsA Ha 3TO, OHH TNPEACTaBJAKTCA IOJe3HbIMH C NPHKJaAHOH
TOUKH 3PeHHsI.

PaccMOTpHM MasiTHHK, ONHCbIBaeMbIH YpaBHEHHeM
E+g(t) 2+ w2 (t)x=0, (4.1

H TPeANoJNOXKHM, 4TO QYHKUHA o (f) NMOJOXKHTENbHAA H MOHOTOHHO
H3MeHdolIasdco.

B ypaBHeHHH (4.l) cnenaeM 3aMeHy He3aBHCHMOTO II€PEMEHHOrd

T= f O)(S)ds; 4.9

0
Tlocne samenst (4.2) ypaBueHue (4.1) npumer Bup

d*x 1 dx .
d12+(; do 12 )E+x=0. (4.3)

O6o3HauyHM 4Yepe3

3HeprHIo KojebaTe/bHOrO ABHXeHHS MasiTHHKa (4.3) H BBIYMCIHM
ee NPOH3BOJHYIO B CHIY ypaBHeHHs (4.3)

dE  dx d dx dx\2 [ do 1 '
T drdeE xﬁ——(d—r) [F"‘g]E' (4.4)

M3 paBenctBa (4.4) BuAHO, YTO AJs TOro, YToOH BeqHYMHA £ He
BO3pacrasa, AocTaTouHo, yroObl KBajpaTHas CKoGKa B Bbipaxe-
HUH (4.4) Obla He OTPHILATENbHA, HJH
In
L1018 >0, (4.5)
Ecau BenuunHa E octaercs orpaHHuYeHHOH, TO H Ka)XJas H3 BesH-
uykH dx/dt u |x| ocTaercsa OrpaHMUeHHOH NpH T—»oco. Tak Kakx
T — MOHOTOHHasl (DYHKUHUS f, TO ITO YTBEPAKIEHHE COXPAHSET CHIY
H OTHOCHTE/bHO NepeMeHHOf £,
Hrtak, Bo3Bpaulasicb K NMepeMEHHOMY f, Mbl MOXeM CQpOpPMYJIH-
poBaTh CJIeNYIOLUIYIO TEOPEMY.
Teopewma. [lia ocpanudennocTu pewenusi ypasHeHus (4.1)
docrarouno, 4robor 0aa 2106020 MOMEHT 8pemeru KO3gpguyLuenTol
ypasnenus (4.1) yoosarersopaiu nepaseHcrsy

dlne

o te=o. (4.6)
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Jlerko npoBepHuThb, uT0 K03 duHeHTbl YpaBHeHus (3.6) ymos.e-
TBOPSIIOT 3TOMY YC/I0BHIO. B caMoM jnee, BeJuuYuHBl @ M g B 5TOM
YPaBHEHUU TaKHe:

g)=71  e)=7

H, CJIeJ0BaTe/bHO, .
dino
—r— tg=0.

TouHo Tak e Jerko nokasaTb, 4TO KoJebaTesbHOe ABHIKEHHE Olle-
PeHHOH pakeTbl, B3JjeTawlleli BepTHKAJbHO BBEpPX C MOCTOSHHOM
CKOPOCTbIO, He YAOBJNETBOPSIET YCJAOBHIO ycToHuuBocTH  (4.6).

2. YcroituuBocTs KoaeGanuit pakerTnl. [ljgockue KogeGaHusi ome-
PEeHHOH paKeTbl OKOJIO CBOEro LIECHTPA THIKECTH ¢ ONpejeeHHOl cTe-
NeHbl0 TOYHOCTH MOXHO CX€MaTH3UPOBaTh KaK xojebaHue MasiT-

HMKa, MPOHCXOAsilliee MNoA AeHCTBHEM

M, ABYX a3pOJHHAMHYECKHX MOMEHTOB: BOC-
CTaHaBJHBawlLero My u aemnoupymoue-

/v ro M, (puc. 11). MomenT M, Bceraa Ha-

Y npaBleH TaK, 4TO CO3JaBaeMoe MM ycC-

KODeHHe CTPEMHTCS BepHYTb pakKeTy B

% NOJIOXKeHHe PaBHOBECHs, NPH  KOTOPOM
ee OCh CMMMETPHH COBMajaer ¢ Hampa-

BjIeHHEM CKOPOCTH LEHTpa THXKeCTH U:

My= —kx. 4.7)

HeficTBue peMndupyoniero MoMeHTa My yMeHbLUaeT CKOPOCTb KO-
Jne6aTe/JbHOr0 JABHKEHHs

Puc. 11.

My= —kyi. (4.8)

TakuM o6pa3oM, Majble KoeGaHusl pakeTbl, LEHTP THAMKECTH KOTO-
pofi ABHXKeTCS! MPAMOJHHEAHO, MOXKHO OMUCATh YpaBHEHHEM

Ji= — kyi — hyx. (4.9)

Benuuuna x B Bmpaxenusax (4.7) u (4.9), xapakrepusymouias or-
KJIOHEHHe PaKeTbl OT ee MOJIOMKEHHs: PaBHOBECHS, HAa3blBaeTCA YIIOM
araki. Kosdduuuentol £y u R, 3aBHCAT OT KOHCTPYKTHUBHBIX mapa-
METPOB paKeThl, €e CKOPOCTH [IBHXKEHHs1 H JHHeAHbIM o6Gpasom or
NJIOTHOCTH aTMocdeph p. (3aMeTHM, YTO [UNOTe3a MPSIMOJHHEHHOr0
JIBUXKEHHs] LEHTpa TAMECTH paKeThl OKa3blBaeTcsl cnpaBelJHBOH B
cjlyyae BEPTHKAJNBHOI'O B3JleTa PaKeThl.)

YcnoBuMes,, KpOMe TOro, CYMTATh, YTO LEHTP TAMKECTH paKeThl
JNBHXKETCSl C NMOCTOSAKHOH CKopocThio. Toraa Bce mapaMeTpol, KpoMe
NJIOTHOCTH aTMoc(epbl, 0Ka3blBalOTCS NOCTOSHHBIMHU, @ MJAOTHOCTh —
SKCMOHEHUHAJbHOH (YHKuHel BbICOTH (a Cnel0BaTENbHO, U Bpe-
MeHH, NOCKOJIbKY CKOpPOCTb BE€PTHKa/AbHOIO B3J€Ta Nocrosinna). Ha
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3TOM OCHOBaHHH Qopmyabl (4.7) u (4.9) MOXKHO mepenucarb B cje-
JIYIOULEM BH/E:
M,=—Jb%e%tx, My=—Jae*g,

rie pa3mMepHbie BeJHYHHB @ W b2 CUHTAIOTCA MOCTOAHHBIMH, J — MoO-
MeHT HHEPLUHH DaKeTbl — TaKXe YCJAOBUMCHA CYHTATh BEJHYHHOH MO-
ctosHHoH., M1ak, B mpocteiiliedl cxeMaTH3aUMH KosneGaTeNbHOrO
JBHXKEHHSA ONEPEHHOH pakeTbl Mbl NMPHLLIH K HCCAEIOBAHHIO CJAE/VIO-
uero AHQQepeHiIHaNbHOrO YpaBHellHs BTOPOro nopaaka:

£+ae*i+ bl *x=0.

Tak kKak B JaHHOM cjayydae

Iat

@o=be 2 g =ae™,
TO JleBasi yacTh HepaBeHcTBa (4.6) HMeeT B pacCMaTpHBaeMOM CJy-
yae cAelylOUlHH BHI:

- —;—a + ae~®, (4.10)

1 v
HauynHasi ¢ HEKOTOPOTO MOMEHTA BpPEMEHH 1= ry In 5 Bbipaxe-

Hue (4.10) Bcerga cTaHOBHTCA oOTpHuaTedbHbIM. Takum o0pasoM,
B 3TOM C/ydae JOCTATOYHOE YCNOBHE YCTOHYHBOCTH OKa3biBaercst
HEBBIMOJHEHHBIM,

3. OcHoBHasa nemma. PaccMoTpuM Tenepb ypaBHeHHe (3.8) u mo-
CTaBHM BOMDPOC O TOM, KaKHe YCJOBHA CJelyeT HaJlOXHUTh Ha (YHK-
unio @(¢f) Ans Toro, utoObl rapaHTHPOBATb OFPAaHHYEHHOCTb KOJe-
GaHHil, OMHCBIBAEMBbIX 3THM YypaBHeHHeM. JlokaxeMm cHauana aan
3TOr0 OJHY BCIIOMOTAaTe/bHYIO JeMMYy, KOTOpasi HaM MOHad0GHTCA
ellle H B flaJibHEHLLIEM,

Jemma. [lycro u u v — neorpuyaresvuvie pyukyuu, a C — no-
A0MCUTEAbHAA NOCTOARKAA, npudem 043 aoboeo t 2> 0 goinoansercsa
-HepaseHcTs80

t
u<C+ [uvat, (4.11)
0
Tozda
t
u<L Cexp f vdt. (4.12)
0

Jins mokasare/bcTBa YMHOXHM HepaBeHcTBO (4.11) Ha v M nepe-
[HILEM €ro B CJERYIOLIEM BHJIE:
uv

— <
c+fuudt
0
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HJH

t
d
E(C+J.uvdt)

0

; <v. (4.13)
C+ J‘ uv dt
0

VYmHoxan (4.13) Ha dt u UHTErpUpys, MONYYHM
t

t
In (C+J.uvdt)—1nC<J‘vdt,
0 0

OTKy 2
t J t ]
C+J.uvdt<Cexp J.vdt}. (4.14)
6 &
Cornacto (4.11) MBI TOABKO ycuauM HepaBeHCTBO (4.14), ecan ero

JeBYIO uacTb 3ameHuM ¢yHkuueii 4. HMrak, cnpaBemauBocTb Hepa-
BedcTBa (4.12) gokasana.

4. Kputepnii ycroiiuuBoctu aas ypastenus (3.8). Bepuemcs te-

nepb K ypaBHeHuo (3.8), cuuras |@|<l. YMHOXUM ero Ha & u ne-
penuiieM B CleAyllieM BULE:

2 LA exk. (4.15)

[Tpounrerpupyem ypaBHeHue (4.15):

t
B4t oexrft 1. o
7 b= "2 b t2 !q’x dt
HJIH
t
%2 x2 , 1 .9
7+T(1+®)=C+5 Px* dt, (4.16)
0
rjge

2 x?
C=(5+50+9) >0

Tak xaxk BeawuuHa &#? Bcerja HeoTpulaTenbHa, TO u3 (4.16) cae-
AyeT, uTo
.
= | lol122dt. (4.17)

0
(TpeanonoxuM, uto @(f) — 0 npu {-—> oo, Toraa s AOCTATOYHO
Gonbluoro sHaueHus ¢ Oyger HMeTb MeCTO HepaBeHCTBO

1+q>>%.

Zl+p<C+
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CnepoBaTe/bHO, MBI TOJBKO YCHIUM HepaBeHCTBO (4.17), ecau me-
peluuIeM ero Tak:

t
2 4 . 2
"T<c+7f|cp|—’f4—dt. (4.18)
0

Ecnu B HepaBencTBe (4.18) Mbl mosioxkum x*/4=u, 2|¢|=v, To OKa-
MeMcsi B YCJIOBHAX, KOrja MOXeT ObITh MpUMeHeHa JOKa3aHHas
HaMH JieMMa, YTO Aaer

t
2—2<Cepr‘2|¢ldt.
0

Orciofa BHITEKaeT CJeyIOMuil pe3y/abrar.
TeopeMa. Haa oepanudenHocTy pewenus ypasrenus (3.8)
docTarouno, 4Tobol UHTEZPaL

t
[1o1at
0
cxoduacs.

§ 5. Teopema Ilyankape

1. ®opmyaunpoBka. TeopeMa [lyaHkape OTHOCHTCA K YHCJAY OC-
HOBHBIX pe3yJIbTATOB AHAJHUTHYECKOH TeOpHH Au(pdpepeHlHaNbHBLX
ypapHeHuil. OaHOBpeMeHHO OHa HMeerT O6o0J/blloe 3HaueHue H A5
NPHJIOKEHHUH, MOCKOJBKY BBISICHIET OCHOBHblE CBOHCTBa ypaBHEHH
B Bapuauusx. B oTaeabHBIX clyyasXx OHa caMa MOXKET ABJATHCA
HCTOYHUKOM 3(P(HEKTUBHBIX BBIUMCIUTENhLHBIX aJITOPUTMOB.

PaccmotrpuMm cucteMy auddepeHUUHaNbHBIX YpaBHEHUH mnepBoro

nopsaka
=f(x, t, €), (5.1)

rie X — BEKTOP pasMepHOCTH £, ¢ — CKaJfAPHBIE apryMeHT —
BpeMsi, a & — Maablii mapaMerp. Ilpepmonaraercs, uro ¢yHKuus |
SIBJISIETCSl aHaJUTHUECKOH (YHKLMel mepeMeHHOH X W MapaMeTpa e.

st cucteMbl (5.1) mocraBum 3agauy Kowu: ompepenutb ¢yHK-
uuio x (¢, e), ynosaersopsawiyo cucteMe (5.1) U HauaJNbHBIM YCJI0-

BUAM
% (o) =Xo. (5.2)

Has toro utoObl 3anaua (5.2) pas ypaBhenus (5.1) uMenaa cMbich,
HaM HeT HeoOXOAHMOCTH TPeB6OBATH AHAJNMUTHYHOCTH IO HEpeMeH-
Hoit {. Dyaem mpeamonaratbh, 4To mpaBasi 4acTb ypaBHeHHs1 (5.1)
VAOBJIETBOPSIET YCJIOBHUAM, FapaHTHPYIOLIHM CYIIECTBOBAaHHE pelile-
HUs JOKaJbHOH 3anaud Kowwu. Hampumep, nycts f(x, £, €) Gyaer
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V/J0BJETBOPATE YyCJ0BHIO Jlumiminua 10 nepemeHHoMy x. Hapsaay
¢ ypaBHeHueM (5.1) 6yneM paccMaTpHBaTb ypaBHeHHe

¢ =f(z10). (5.3)

YpaBuenue (5.3) yciosuMcs Has3plBaTh MOPOXKAAMILUM. diaa o60uX
ypaBHeHuii OyleM paccMaTpuBaTe OfHY H Ty e 3amauy Komu
(5.2).

B ypaBHeHuu (5.1) clenaeM 3aMeHy nmepeMeHHbIX

x=z+y.
Bektop y GyneT yAOBJIETBOPATH YPAaBHEHHIO
y=Hz+y, t, e)—f(z 1, 0) (5.4)
H HYJI€eBBIM HAYaJbHBIM YCIOBHAM
y(0) =0. (5.5)

Tak Kak npaBas 4YacTe ypaBHeHus (5.4) — aHamuTH4yeckas GYHK-
L[HS TMepeMeHHBIX ¥ H €& TO Mbl MOXEM ee Da3joXuTb B pai Ted-
Jlopa MO THM NepeMeHHLIM, CYHTast HX AOCTAaTOYHO MaJIbIMH Mo a0-
COMIOTHOH BelHuiHe. DTO TMO3BOJHT HaM INepenucatb ypaBHeHHE
(5.4) B cnepyiolmeM BHJE:

g= Ay+e( f)—l—B(J,et) : (5.6)
3nech A=(g—£\)0 — KBajApaTHasi MaTpHlUa MepBHX YaCTHBIX NpoH3-
(55)
ax’ /o
fi 1 x{ —i-a KOMNOHEHTa BEKTOPOB [ W X COOTBETCTBEHHO, (6—” -

de /0
{
BeKTOp (Marpuila-crosbel) ¢ KOMIOHEHTaMu (%f?)o, By, e, t)—

BOJAHBIX

COBOKYIHOCTb YjleHOB GoJsiee BBICOKOTO MOPSiAKa: pasJokeHue ¢yHK-
uud B(y, e, f) HaunHaercs CO BTODPLIX CTeneHeil ee apTyMeHTOB,
(F)o o6o3HauaeT, yTOo 3HaueHHs1 GyHKUHK F (X, €) BBIUKCJIEHB! NpH
yc1oBuH x=2, e=0.

Byaem cuuraTh, 4To pemleHde 3adaun Koww Ana mopoxaato-

ero ypaBHeHusi udbectHo. Toraa A u iGYAYT H3BECTHBIMK (DYHK-

IEHAMH BPEMeEHH,
Bynem uckate peutenue ypapuenus (5.6) B suae psaa

y=§m& A (5.7)
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[NoncraBaas psan (5.7) B ypasHeHHe (5.6) W cpaBHHBasi Ko3ddu-
LUHEHTHl NpH OJHHAKOBHX CTENMEHSAX MapaMmeTpa g, MOJYYHM CJAeNYIO-
ILYIO -CHCTEMY YpaBHEHHHl JJs ompejesieHHs HEM3BECTHHIX (yHK-
uHi y;:

y! = A!/! + D!v ]
.1/2 = Aya+4 Do,

(5.8)
.l//z = A.l/k + Dk,

ce )

of
B 3tHX ypaBHeHHaX D,= B¢ ), H3BeCTHAsA (OYHKUHA BpPEMeHH.

®yukuus Dy CONEPKHUT KBAAPATHYHEE YIeHbl Pa3JoXeHHs (YHKUHH
B(y, e, t) mo y u g, T. €. B Hee BXOAUT TOJNbKO (YHKUHA ¥y H He
BXoAAT QYHKUHH y; Aaa (>1. B camoMm nene, ¢pyHRuuio B(y, e, f)
MOXXHO NMPEACTABHTDH B BHJE '

B(y, &, t)=DBowy?+Buye+ By e+ ...
[Noxpctapass B 3TO BbipaXeHue psAx (5.7), mpHBeleM ero K BHAY
B(y, €, t)=¢€*(Byy2+ Byyy, + By) +e*(....)+ ...

OueBuaHO, 4TO H M06asg GyHKUHA Dp 3aBHCHT TONBKO OT TeX (yHK-
uMil y;, LS KOTOpHIX [ <k,

TakuMm o6pa3oM, ecqH pellaTb HOC/A€LOBaTeIbHO YpaBHEHHS
(5.8), To dyskuud D, ciesyeT CYHTATb H3BECTHBIMH (YHKUHSIMH
BpeMeHH. PYHKUHH y; YJAOBJETBOPSIOT HYJEBBIM HadajbHBIM YCJ0-

BHSIM
Yi(to) =0. (59)

Takum 06pasoM, onpeneneHHe KO3(h(HIHEHTOB pa3/oXKeHHs pelle-
Husi y(f)y T. e. QyHKUME y;(f), CBOAMTCA K MOC/eNOBATEJIBHOMY
pewenuto 3agay Kowu aas cucreMsl (5.8).

Temepb Mbl MOXeM CHOPMYNHPOBATH TeopeMy [lyankape. Ona
COCTOHMT M3 JBYX YTBEPXKACHHH:

1. Ecau obwuii untezpar nopoxcoaroujeti CucTembl (5 3) uase-
cTen, TO peuwterue cucTemst (5.8) moxer Oute Haiideno npu no-
mowyu onepayuii Jupdepenyuposanus u 83aTus keadparyp.

11. Pewenue ypasrenun (5.1) — anasuruveckas ¢pyuxyus napa-
Mmerpa €, T. e. padet (5.7) cxo0ATca npu OOCTATOYHO MAAbIX NO
a6comomou BeAutlHe 3HAYEHUAX € U, CA1eJ08ATEAbHO, npeé‘cm-
BAsI0T cO00L unTEéZpaAbL YpasHenus (5 ), padaroxcernnoie no cre-
nexam napamerpa e.
~ Bynem HasbiBaTh HEKOTOPHIA Psid YOPMANbHBIM EICHHEM, eClH
OH YNOBJIETBOpsieT cucTeMe AH(GdepeHUHAIbHHX ypaBHEHHH. Sror
pan OyneM HasbiBaTb pDellleHHeM, eCJH OH CXOJHTCA B HEKOTOPOH
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ob/slacTH 3HaueHHW napaMeTtpa. Takum o6pa3oM, nepsas 4acCTh TeO-
peMbl GOpMYAHPYET HEKOTOPble CYXAEHHs O CTPYKTYpe alropuTMa
noctpoenust hopmanbHoOro perienHst. Bropas yacTe TeopeMbi yTBep-
XKJ4eT, yTo GopMasbHOe pelleHue (5.7) ABASETCA pelleHHEM.

2. loxasateabctso yTBepxaenus l. [lokaxkeM TosbKo nepsoe
M3 3THX yTBepx/AaeHuH. [Joka3aTeAbCTBO BTOPOr0O YTBEPKAEHHS NPH-
BOAMTL He OyaeM, Tak KaK OHO [JOCTAaTOYHO FPOMO3AKO *).

[Tyctn

z=F(t, C), (5.9)

rie C — npou3BoJbHas MOCTOAHHAA (BEKTOP pa3MepHOCTH n) ecThb
ofuluil MHTerpaj nopoxjawoouero ypasHeHus (5.3). Drto 3HauuT,
yTo (hyHKUHMA F ynoBaeTBOpsieT ypaBHeHHo (5.3)

A _JIF(t ), 1, 0] (5.10)

npu awoGom 3HaueHuH noctosHHo# C. Yepes &; 0603HaUHM BEKTOP
aF (¢, C)

=200 5.11
5=~ (5.11)
rae C'—i-n KoMmmoHenta BekTopa C. Bhiuncaum
d _ d OF _ o _dF
dt dt oct  9C! dt”
Ucnoabzyem toxaecrso (5.10)
dt, d af OF df
e~ acr VIEW )t O =Fnom =or b
3nech Of/0F — xBaspaTHasi MaTpHila, NPHYEM OYEBHAHO, YTO
of
OF =A.

Takum 06pa3om, BeKTOpP-®OYHKUHA E; YAOBJETBOPSIET CHCTEME JH-
HeliHbiX AHDdepeHHaIbHbIX YpaBHEHHH

Ei =AE‘L
CucteMa ypaBHeHHH
i=Au (5.12)

Ha3biBaeTCsl ypaBHEHHAMH B BapHaUMsaX AJa cucTeMb (5.1) u npen-
CTaBJsieT COOOH CHCTEMY JIMHEHHBIX VpaBHEHHH C NepeMeHHbIMH KO-
sppHuHenTaMH. HUKaKkux oOUIMX pelenToB UHTErPHPOBAHHS TAKUX
ypaBHeHHiT HeT. OHAKO ypaBHeHHS B BapHauUsiX oOnafaloT OJHHM

. *) Cm., wanpumep, B. B. FonyGeB Jlekuun 100 aHaJHTHYeCKOH TeopHH
nuq)cpepeﬂuuaanbxx ypasHenu#, usg. 2, Mocksa, 1950.
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3aMeyaTeqbHbIM CBOHCTBOM, KOTOPOE MbI TOJIBKO YTO AOKa3aju. JTO
CBOUCTBO MOXHO C(OPMYJHPOBATb B BHAE CJAENYIOLUEH JeMMbi.

Jlemma. Ecau obuwuii untespasr nopoxcoarowezo YypasHeHus
u38ecTex, TO HACTHbIE peulerus YypasHerull 8 sapuayusx mocyr 6oiro
8bINUCAHLL 8 ABHOM 8ude npu nomouwu 00HoU onepayuu Oudgepen-
yuposarus 8 coorgercreuu ¢ gopmyramu (5.11).

Hrak, dopmyar (5.11) onpegeasior cucteMy ¢yHAaMeHTaJ bHBIX
pelieHUl ypaBHeHHH B Bapuauuax. Temepb pelierune 3agaud Kouuu
(5.9) nas cucTeMbl ypaBHeHHH (5.8) MOXKHO IIOJYUHTb B KBajgparty-
pax, HCMO/Nb3ysl METOA BapHalMH NMPOM3BOJALHBIX MOCTOAHHBIX. [lpH-
BefeM 3TH BbiudciaeHud. CucreMa ypaBHeHuit (5.8) uHMeeT BHA

y=Ay+D, (5.13)
rae D — u3BectHas ¢yHKUMSI BpeMeHu. PeweHne ypaBHeHusa (5.13)

6yneM HCKaTb B BHJeE ’
y=Ya, (5.14)

rie o — HeKOTOpbii HeH3BecTHHIH BeKTop, a Y — Mmatpuia d¢yH-
JAaMeHTaJbHbIX pellieHHH ypaBHeHHH B BapHaUHAX

Y = (g},
rge &/ — koMnoHeHTa BekTopa §; HOMep KOTOpO# paBeH j. Takum
o6pasoMm,

4 - ay. (5.15)
Huddepenuupys (5.14) u noacrasasas B (5.13), nonyunm
Y&=D. (5.16)
Tpu BeiBOAe (5.16) Mbl ucnoab3oBanu (5.15). Hrak,
=YD,

OTKyJa OKOHYaTe/IbHO MOJYYHM

t
y=Y(t)!j Y (t)D(v)dv+C

s

IOas toro 4tco6bl yAOBJETBOPHTbL HayaJbHbBIM ycaoBuaMm (5.9), mpo-
H3BOJIbHYIO NocTosAHHYI0 C* caeldyeT npuHATH paBHO#M Hyaio. Mrak,

t
y=[ YO Y (@)D (). (5.17)
0

Marpuua Y (f) Y-!'(r) HaswBaerca matpuuei I'puna. Ilepasi uacrs
Teopemnl [lyankape HOkKa3aHa MOMHOCTBIO, MOCKOJBbKY BBbipaXKeHHe
(5.17) moayueno nyreMm AuddepeHuUHpOBaHHS H B3ATHA KBaApaTyp.



40 HEKOTOPBIE BOTPOCbHbI BCIIOMOTATEJBbHOI'O XAPAKTEPA [T 1

3. 3ameuyanue 06 aHAJMTHYHOCTH MPAaBbIX 4acreil. Bo Bcex pac-
CYXKJEHHAX, KOTOpble OblAH NPHBENEHbl, OCHOBHBIM MpEANOJO0NKe-
HueM OBIIO nNpeAnofnoeHHe 06 AHAJHTHYHOCTH MOpaBHIX YacTell
ypaBHenus (5.1) no mapameTtpy e U PpyHKUHHU X.

[TocnenHee npeanonoxenne ouelb cyllectBedHo. Teopema Ilyan-
kape nepecraer OblTh BepHoii Aas ypaBHenu#i (5.1), ecau mnapa-
MeTp & BXOJHT B ee MPaBYI YacThb HeaHaJWTHUecKH. [lokaxKeM 3TO
06CTOATENbCTBO Ha npuMepe, PaccMOTpHM ypaBHeHHe BTOPOro mo-
pAaka
e+1

€

x‘:

. X
x—-—-
e
HJH
eXx=(e+ 1) x—x. (5.18)

[Topoxnpatoliee ypaBHeHHe GyaeT TaKUM:
i=z,

a ero o6LUHil HHTErpan HMeeT BHJ

2=_Ce!, (5.19)
O6wwuii uHrerpan ypaBHeHus (5.18) Jsierko BbimHcaTb B ABHOM BHAE
x=Cete4 Cyet, : (5.20)

Mbl BuauM, uto Gynkuus (5.20) He MoxKeT GbITb pa3noxeHa B psn
[0 TOJOMKUTENbHBLIM CTENEHSM NapaMeTpa & B OKPECTHOCTH TOYKH
&£=0. Bonee toro, pewenne (5.20) npn & —0 BooGLie He CTPeMHUTCH
K PelIeHHIO MOPOXKAAIOUIero ypaBHeHUs HH A KAKHX I, OTJHUHBIX
OT HYJf.



rv1ABA I
METOL JIANYHOBA—NYAHKAPE

Hacrosiutasi rmaBa NmocBsilieHa H3NOMKEHHIO OCHOB KJaCCHUYECKOM
TEOPHH NEPHOJAHUECKHX pelleHHH AHdepeHIHANbHBIX YpaBHEHHH,
mpaBble YaCTH KOTOPBIX ABAAIOTCA aHAJHTHUECKHMH (YHKUHSAMH
CBOMX MEpPEeMEHHBIX. JTa TeopHs BO3HWKAA M3 pabor JlsanyHoBa H
[TyaHnkape B KOHIle MpOLIIOro BeKa H B MOCJAEAYIOLIHE NeCATHETHS
nonyuyuia AdajibHedlllee pa3BUTHe. B Hell NOSABHAHCL HOBbIE TOUYKH
3peHHsl, PACUIHPHJCA KPYr H3yyaeMmblx BonpocoB. Hapsiny ¢ uccae-
JOBaHHAMH TEOPETHUYECKOro XapakKTepa NpoAOaXKaJjach AaJbHeflias
paspa6GoTka MerofoB 3QQEeKTHBHOrO NOCTPOEHHA MEPHOAHYECKHX
peleHH .

Haunnas c pBapuathix rogo Teopusi JlsanyHosa — Iyankape
Gnaronaps paGoram AngpoHoBa H MaHJe/bluTaMa HaXOAHT ILIHPO-
Koe NpHMeHeHHe B TeOpHH KosebaHuii. Boabuwiodl BKIajg B Aafb-
Hedllee Pa3BHTHe KNaCCHYECKOH TEODHH MNEPHOAHYECKHX pelIeHHH
clesla/ld HallH COOTEUeCTBEHHHKH. 3/]eCb NpexJae BCEero caeayer
Ha3paTtb UMeHa M. I'. Mankuna u T, B. KaMenkoBa.

B Hacrosie#t rnase Mbl paccMaTpHBaeM TOJbKO HEKOTOpble H3-
GpaHHBIe BOMPOCHI, KOTOpble, KaK HaM KalKeTcs, NPeACTaBAsIOT HaH-
GONbUIMH HHTEpec AJS NPHJIONKEHHH, mpPHYEM OCHOBHOE BHHMaHHe
COCPEIOTOYEHO Ha H3JIOXKEHHH CcaMHX aJrOPHTMOB MOCTPOEHHA me-
PHOAHYECKHX pelleHni.

§ 1. Cucrema JlsnyHosa —- cayuait onHoii creneHn csoGoani

- ‘1. KoHcepBaTHBHBE CHCTeMB. B mpenbiaylied riase Mbl pac-
CMOTPEe/IH HECKONbKO MNPHMEPOB KOHCEPBATHBHBIX CHCTEM C OMHOH
CTeneHbio. cBOGOALI H YOeJHNHCb, YTO MPH H3BECTHHIX YCJAOBHAX
¢da3oBble TPAEKTOPHH B OKPECTHOCTH MOJNOMEHHS] PaBHOBECHs Mpej-
CTaBAAIOT COO0A 3aMKHYTble KPHBBIE, T.€. [IBHXKEHHs, KOTOPHe OHH
OMHCHIBAIOT, ABJAIOTCA NepHoJHyeckuMH. HecMoTpa Ha To, uTo 3Tor
¢akT Obl1 MPOAEMOHCTPHPOBAH Ha YaCTHBIX NMPHMepax, OH HMeeT
BnoJsHe o6IUHH XapaKrep.
Paccmorpum ypasHenue

£+f(2) =0,
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rie ¢yukuus f(2) TakoBa, uto f(0) =0, a moTeHUHaNbHAsi SHEPTHs
= J' f(2)dz

B Touke 2=0 HMeeT H3OJNHPOBAHHbLIH MHHUMYM. Torga u3 HHTe-
rpajia 5HepPrid Mbl HAXOJAHM

z=V2(C—TI),

rie C— nocrosinnasi sHepruu. [IpuMeHsis MeTox (a3oBOH MJOCKO-

CTH, cpa3y ybexjaeMcsi, 410 TP4EKTOPHH 3TOM CHCTEMH B J0CTa-

A TOYHO MaJOH OKDECTHOCTH TMOJIOXKEeHHSt paB-
12

TS HOBeCHsI 3aMKHyThie. B caMoM nene, QpyHKuus
II(2) uMeeT B OKpPecTHOCTH TOYKH 2=0 BH],

| | u3o0paxKeHHbIH Ha puc. 12, Tae MoKasaHa
| | TaKxKe CTPYKTypa (asoBoH MNJOCKOCTH 3TOTO

| | ypaBHeHHUsi. TakuM o6pasoM, Bce peLieHHs
——-—f—-—t2 B OKpPECTHOCTH MHHHMyMa MOTEHLHAJIbHO
| ! 3HeprHH NepHoAHueckHe. IToT (akT GbiJi 10-
| ! JyyeH TpPH BecbMa OOGLIUX TNpeAIOJOXKeHHsIX
| | O QyHKUHH f(z): ona ponxHa GbiTh HHTE-
| | TpPHPYEMOH.
2. Cucrema JlanynoBa. B 3tom maparpade
OyneT H3yueH KJjacC CHCTeM, Ha3biBaeMhiX
cucreMaMu Jlsimynora. OHU o6safaloT MHO-
THMH CBOHCTBAaMH KOHCEPBATHBHLIX CHCTEM,
Puc, 12. KOTOpbi€ SIBASIIOTCSI HX BeCbMa YAaCTHBIM CJay-
yaeM. Tak e Kak U KOHCEpBATHBHbie CHCTe-
Mbl, B OKDECTHOCTH TMNOJIOXEHHSI PaBHOBECHH TpPH H3BECTHBIX YCJO-
BHSIX OHH OMUCHIBAIOT MEPUCAHYECKHE ABHKEHHS.
Hans stux cuctem A. M. JIsnyHOBBIM pa3paGoTaH 3(p(eKTHBHbIH
aHaJTUTHYECKHA MeTOJ] OTbICKaHHSI TIeDPHOJHYECKHX JABHIKEHHM.
PaccMoTpuM cucreMy Au(depeHUanbHbBIX ypaBHEHHH

%= ang+ apn+ X", n), ]|

! (1.1)
L;—‘;] = aglg =+ aaoM -+ Y. (E» 'ﬂ)’ ]

rie X*(&, n) u Y*(E, n) — aHaauTHYeckHe (QYHKIMHM CBOMX mepe-
MEeHHbIX B OKPeCTHOCTH TOYKH E=m1=0 H TakHue, YTO UX Pas/OXKeHHE
IO CcTeneHsiM £ W 1 HaYMHaeTcss C YJeHOB, TOPSI/IOK KOTOPHIX He
HHXXe BTOpPOro:

X" (&, M) = booE2+ b + byyEn + byB + ..., }

Y (&, M) =doE + don® + dyikn +dgE + ., (1.2)
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Cucremy (l.1) 6yneM HaswiBaTb cucteMoil JlanyHoBa, ecaiu BbIMO-
HeHbl CyedYIoliue Ba YCIOBHSA:
a) ypaBHeHHe

an—Y ap

=0 1.3
Q) Qg — Y (1.3)

HMeeT YHUCTO MHHMble KOPHH i)
6) cucrema (l.l) momyckaer aHanHTHYeCKUH TepBHll MHTErpan

H(E, n)=const, (1.4)
passioxKeHHe KOTOPOTro MO CTeNeHsAM MepeMeHHbIX § W 1) HauuHaeTcs
C 4JIEeHOB BTOPOrO MOpsiJKa MaJoOCTH, T.e. ¢yHKuusa H B okpecr-

HOCTH TOYKH E=m=0 gBAfleTcAd aHaJUTHUECKOH (YHKIUHell CBOHX
repeMeHHbIX Y NpeJACTaBUMa B CIeAYIOLIEM BHJIE:

H=ay+ ay8 + apn* + ajEn+ ...

Cucrema JIsinyHoBa Kak 4YacTHBI CJayuyafl COJEpXKHT KOHCepBma-
THBHBe cHcTeMbl. Hanpumep, ypaBHeHue

2+f(@=0,
rie f(z)=o0%+a2?+ ... sameHoit §= — an, 2=% npuso-
aurea K Buay (l1.1)
§= - on,

. a3 oo
n=of+—§+ ...

Ecnu ¢yHkuusa f(2) aHanuTuyeckas, TO HHTerpaJ sHepruu u Gyjer
aHaJIUTHYeCKUM MHTerpajioM (1.4).

OaHako K uucay cHCcTeM JIAMyHOBa OTHOCATCHA TakXXe MHOTHE
BCTpeualoniuecss B TeXHHKe H (U3HKe HEKOHCEepBAaTHUBHbie CHCTEMbI.
B oaHoM H3 caedaylolux mnaparpadoB Mbl PacCMOTPUM TPHMED
cucteMbl JIfinyHoBa, He sABJAIOILeficd KOHCEPBAaTHBHOM.

3. MNMpHBeleHHe K KaHOHHYeCKOMY BH1y. PaccMoTpuM Bcromora-
TeIbHYIO CHCTEMY ypaBHeHHH

€=ang+ apn, }
N = ag§ + apn.

Cucrema (l1.5) omuceiBaer kKosnebaHue C NOCTOSHHOH aAMIVIHTYAOH,
MOCKOJIbKY €€ XapaKTePUCTHUECKOe YpaBHeHHe MMeeT Mapy YHCTO
MHHMbIX KOpHeil.

Hcknouas u3 ypasHeHus (l.5) mepeMeHHYIO 1, MOJyuHM

£ —E(au+az) +E(aean — azap) =0. (1.6)

(1.5)



44 METOJI, JISINMYHOBA — ITYAHKAPE (TJ1. 11

[as Toro 4To6bl YAOBJETBOPHTb YCJOBHIO a), KO3 dHUIHEHT mpH
& noaKeH OBITb paBeH HYJIO, T. €. JO/KHO OBITb @y =—day H, KPO-
Me TOTO, JI0J2KHO HMETb MEeCTO HepaBeHCTBO

A2=agnay — a2012>0.
Crenaem 3aMeHy
E=x, I=—A\Y, (1.7)

Fﬂ,e A‘_apﬂq)MeTquCKoe 3HauyeHHue KOpHA ‘/a22a“—a2|a|2. an
noMoiuy 3amenbol (1.7) ypaBHenu#e (1.6) cBoAMTCS K 3KBHBaJeHT-

HOH cHcTeMe JByX YpaBHEHHH
'=_Ay, y:hx,

IMostomy, ecan B ucxopHo#i cucreMe (1.1) cmenats 3ameny (1.7),
TO 3Ta cucTeMa OyJAeT NpHBeAeHa K BHAY

x=—hg+X(x, 4), }
g=l‘x +'Y(x9 y):

Tae X H Y — ananuTHueckHe (GYHKLHH CBOHX MepeMeHHbIX, paaJo-
JKeHHSl KOTOpPBbIX HAaYHHAITCH C YJIEHOB BTOPOro MOPSiAKa MaJOCTH.
Takum ob6pasom, Bmecto cuctembl (l.1) Ham mocraTouHo paccMo-
Tpetb cucteMy (1.8).

4. MNpeoGpasosanne uuterpasa . OcraHoBHMCA eiue Ha Bbipa-
XKeHuu unterpana . CornacHo mpeanosoxeHuio 6) ero mpeacra-
BJIE€HHE HMEeeT BUA

H= Ax24+ By*+Cxy+...=,

(1.8)

rie [L — HekoTopas mocTosiHHas. Tak kak H — nepBHIii uHTerpan,
o dH
TO B cuay ypasHeHui (1.8) ——~=0, 4TO mO3BO/SET BHYHCIHMTH

ko3¢ puunents A, B, C u 1. a. Hafinem
L~ @Ar+Cy+ ... )(—hy+X(x, y)) + _
+(2By+Cx+ ...)(ax +Y (x, y)).
CpaBuuBasi ko3ppUuIHeHTH NpH ¥2, y? U Xy, NONYUHM
Cr=0, —24Ar+2BAr=0.

Orciona A=B, C=0. He nHapymas onHocm, MOXKHO TNPHHAITh

A=B=I.
Hrak, HVHTerpa.n H MOXHO NpeAcTaBHTb B BHIE L
H=x24+y2+W(x, y) =p? (1.9)

rae W — anaauTuueckas (YHKUHS CBOMX NEpPeMEHHBIX, pasjioXxe-
HHEe KOTOPOM HauWHaeTcs C 4YIeHOB He HUXKe TpeTbero mnopsiaxa
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MallocTH, n?— HEeKOTopasi NOCTOAHHAsA, KOTOPYIO Bcerjga Mbl Mo-
JKeM CUHTaThb NOJOXHTENbHOH AAS AOCTATOUHO Manblx |x| H {yl.

5. MepuoanuHocTh pewieHHit cucrembl JlsimyHoBa. [lokaxeM Te-
nepb, uro peilenusi cucreMnl (1.8) Ans AocTaToyHO MaJlbiX 3Haue:
HHH @ — nmepHoaHueckue ¢yHkuun f. Has 3Toro AocratouHo A0:
Ka3aTb, 4t0 ¢a3oBble TPAGKTOPHH B MJOCKOCTH (X, ¥) 3aMKHYTHE
H O coxpausit 3HaK.

BBeseM nonsipHble KOOPAHHATHI

x=p cos 6; y=psin@

M 3aMeTHM, uTo J106as 3aMKHyTasa TpaeKTopus p(0) noaxHa GbiTh
nepHoauueckoil QyHkuueii aprymeHta 0. CocTaBHM BbIpaKeHHe
ansg H

H592(1+% W(pcose,psine))=u2. (1.10)

3aecb W — anHaauTHueckas (YHKUHS p, pasJioXKeHHE KOTOPOH
HMEeT BHA

W(x, y) =0y +oyx?y+ ... +a,x"y"+ ... =
= p3 (039 0SB + ay; cos? B sin O + a5 cos Osin?0 + agsin®0) + ...
cer F O™ (O, 0€OS™T O+ L. F 0y, ey SINTTTO) 4 L,

CaepnosatesbHo, B ¢opmyne (1.10) dyHkuHs %W(p, 0) MoxXer
ObiTh NpejcTaBJ/JeHa B BHAe DPAAa

= W (e, 0)=pa,(0) + 0 (0)+ ...,

npuueM Bce Ko3(pduuueHTH a;(0) — nmonuHOMBl OoT Sin O H cos 6,
T.e. mepHoanueckHe ¢yHkuun 0. Takum o6pa3oM, BblpaxeHHe
(1.10) MoXHO nepenucaTb Tak:

o(l+pa,(®)+ ...)"=p.

3To paBeHCTBO Mbl MOXeM paccMaTpHBaTbh KaK YpaBHeHHe /A
onpesenenus p(0). Mcnoap3ys aHaiuTHYHOCTb (YHKUHiH, KOTOpbIE
B Hero BxoasaT, 6yneM (QYyHKUHIO p pa3biCKHBAaTbh B BHAE psija

p=p+b2(0) p2+b3(0) p3+. . . (1.11)

[TpsiMbIM BbluHCJEHHEM Y6exjiaeMcs B TOM, 4YTO KO3(pGdHUHEHTHI
B pasnoxeHun (l.11) sBasitorcs nmojuHOMaMH ot sin® u cos 0. Tak,
HarnpHuMep,

1
=02 - —
a, by=ai—3ay ...
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Takum o6paszom, koaduuueHTH b; — creneHHble (QYHKUMH KO3D-
tdbuUHeHTOB a@;, a nocJeJHHe B CBOIO Ouepelb SBJASIOTCA NOJHHO-
MaMu ot sin 0 u cos 0. BeneactBue Tako#t C1pYKTYypel Ko3d uiiHeH-
toB psaa (l.11) onpelleasier nepHoiuyeckyilo QyHxuuio 0 nepuoja
21, T. €. IPH H3MeHeHHH O HA 27 BeJHYHHA p BO3BpallaeTcs K CBOe-
MY HCXOAHOMY 3HaueHuto. Ecau npu 3TOM Okaxercd, uto 6 coxpa-
HAeT 3HakK, TO 310 U OyJder o3HayaTh, 4To (a3oBas TPAEKTOPHA
3aMkHyTas. Huxe mbl B 3TOoM yGeaumcs (cM. dpopmyay (1.16)).

Takum o6pasoM, peiueHus cHcTeMbl (1.8) — pynkuuun x(f) u
y(t) — 6yAyT nepHOJHYECKHMH (D YHKUMAMH BPeMeHH.

@yukuud x(¢f) u y(f) ABAAIOTCA aHaJHTHYECKMMHM HO napa-
Merpy p. B camom Jdede, B CHJY aHaJMTHYHOCTH NpaBbIX 4YacTeH
cucreMel (1.8) ee peilleHus OyAyT aHaJIMTHYECKUMH (YHKUHAMH
HayaJbHBIX 3HayeHHH

x(0) =c, y(0) =b.

[ToctosanHasi p Takxe omnpedensercs 3THMH 3HauyeHHUSAMH

ni=c2+ b2+ W(c, b). (1.12)
Tak kax npaBble yacTH cucteMbl (1.8) He 3aBHCAT OT BpPeMEHH, TO
0e3 orpaHuyeHHil OGI(HOCTH HayaJIbHbE YCJIOBHSI MOXHO NPHHATb
B BH/IE

x(0) =c, y(0) =0. (1.13)
Orciona BuAHO, uTO pelleHHs cucreMmbl (1.8) mpeacrasasioT coboit
aHaJHTHYECKHE DYHKUHH €, a Tak¥Ke H p, NockoJbKy u3 (1.12) cae-
JlyeT, UTO p — aHaJuTHYecKas PpyHKuUHA C:

p=c+psc2+. .. (1.14)
6. Boiuuciaenue nepHopa. [lisi BHUHC/eHHA NepHOAA COCTABHM

AuddepeHuHasbHble YPaBHEHHA, KOTOPHM YIOBJETBOPAIT Mepe-
MeHHble p H 0. Bbiuncaum

£=pcos0 —pOsinh, y=psinO+pHcosb. (1.15)

3amensas B cucteme (1.15) npousBoAHble £ H § HX BHpPaXXeHHAMH
u3 ypapHenu#l (1.8) u paspeiwras nOJYUYEHHYIO CHCTeMY OTHOCH-
TeJbHO MPOH3BOAHLIX £ H Jj, HaHJeM HCKOMble ypaBHEHHS

%-=X(pcos 0, psin®) cos 0+ Y (pcos O, psinB)sind, (1.16)
j—?=h+%{Y(pcose, psin 0) cos 0 — X (pcos 6, p sin 6) sin 6}.

Hs BToporo ypaBHeHusi onpejenum f:
[}
t=f pdd_ s+t (1.17)

Ap+7Y (pcos 0, psinB) cos8— X (p cos 0, p sin 0) sin
0
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Hnsi toro u4To6bl yAOBReTBOPHTH YycaoBusaM (1.13), Heob6xoaumo
KoHcTaHTy B (1.17) npuHsATb paBHOM Hya0. HMcnoab3yem Tenmepb
TOT $akKT, YTO p — aHaluTHYeckKass GPYHKUUA P (CM. NpeAcTaBleHHe
u B Buae paaa (1.11)). 1o no3BOAUT Pas3NoOXKHUTb NMOABLIHTErPab-
Hylo (yHKUu0 B BbipaxeHuu (1.17) B psAd mo cremeHsAM p

[}
t=%{e+J (w9, (6) + 2, (8) + ...]de}, (1.17)

rie 9;(0) — nepuoanueckHe ¢yukuHu O nepuoja 2xn. Cnenosa-
TeNbHO, MoAblHTerpanbHas ¢yHkuua B (1.177) TakXke nepuoauve-
ckasi GpyHkuus 0 nepuosa 2m. CnenoBaTenbHO, HHTErpad

6,421

I= [ [48,(8)+u%0:(6)+ ...]1d0
6,

He 3aBHCHT OT Q) M €ro MOXHO 3aNMHCaThb B BH[E
I'=2n(ph +pPho+ ...),

rae h; — BnoJHe onpejeseHHbie yucaa. Takum o6pasoM, NpH H3Me-
HeHWH O Ha 21 BpeMs f noayuyaeT mpHpamieHue T

T =25 (1+phy +uho+ ...), (1.18)

He 3aBucsilee ot 0. [lyctb Temepp D (0) — HekoTOpas nepHoauve-
ckasi GpyHKuus O nepuona 2m, Toraa

O(0+2a) =D (0). (1.19)
PaccmartpuBas ee kak ¢yHkuuio f, 6yieM UMeThb
O(t+T)=D(¢). (1.20)

PaBenctBo (1.19) cnpaBedsiuBo ansa Jobbix 0, clegoBartenbHO, H
paBeHcTBo (1.20) cnpaBegnuBo ags mobbix £, T.e. @(f) — nepuo-
avyeckasi GyHKuus f. 3uauut, BenuunHa T, onpeneneHnas dopmy-
jgoit (1.18) kak PYHKUHA W, H €CTb NePHOA pellieHHs.

Hcnonb3yss (1.17), Mbl MOXeM 3anucatbh €ro B ClAeAyROLIEM
BHE:

6,421
p db .

T (, 80 = ef Ap+Y (pcosH, psinB) cos8—~X (pcos6, psinB)sinB ’

' (1.17")

npu p— O nepuoa T CTpPeMHTCS K NepHOAY JHHeHHBIX KosaebGaHui
2n/h, 7. €. x nepuony konebanuil B cucteMe (1.8) npu X=0,Y=0,
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7. Onno cBoiictBo nepuoja. [lokaxem Tenepb, uro T — yeTHas
dynruus p. BepHemcs cHoBa k uHterpany (1.10). Paccmatpuan
ero Kak ypaBHeHHE OTHOCHTEJbHO p, Mbl MOJYyYaeM B OKPeCTHOCTH
toukn p=0 nBa peuteHus. OaHo u3 HHUX AaercA pagom (l.11)

p=pn+ba(0)p2+bs(0)pi+.. ;
K ApYyroMy pellleHdl0 npuxoaum, ecau B (1.11) 3aMeHuTb p Ha —u:

Tenmepb 3aMeTHM, uTO JMeBas uyactb ypaBHedua (1.10) He uaMeHurcA,
ecid 3aMeHHM p Ha —p U 0 Ha 6+4n. CrenoBatesbHO, Ha OCHOBa-
Huu (1.11) 6ynem umertnb

—p=pn+b2(0+n)u2+b3(0+n) u3+. .. (1.22)

3HayeHue p, onpeaeneHHoe psaaoM (1.22), 6yaer KopHeM ypaBHeHHS
(1.10), ne copnapawowuM ¢ (l.11) (xora 6bI MOTOMY, UTO IJIA Ma-
avix p u3 (1.11) cneayer p=p+0(p?), a u3 (1.22) p=—p+0 (p?).
CaenoBaTenbHO, OHO Gyner ompenenatbcsi psgom (1. 21) CpasHu-
Bas (1.21) u (1.22), nonyuyaem

b2 (0) =—bs(0+m), b3(8) =b3(0+m)
HT. 1
Orcrona cnenyer, uto eciu B BoipaxkeHud (1.11) asaMmeHutb p Ha
—u, a 0 Ha 6+, TO BeIMYHHA O NMPUMET CBOe 3HayeHHe ¢ obpar-
HbiM 3HAKOM:
p(—n, 8+n) =—p(p, 0).

Buinuuiem Ttenepb BblpaxkeHHe aaf nepuoaa 7. Ha ocHoBanuu
(1.17) umeeMm
2
- p do
T, 0)= J. Ap+Y(pcosH psinB)cos@— X (pcos B psinB)sind * (1'23,)
0

Caenaem B (1.23) 3ameny p Ha —p, a 0 Ha O+mn. Torna nonyuum

BEIHYHHY
T+21

[ p(—m 0+m)do
T(—p m= J. Ap(—m8+m)+Ycos(B+a)~Xsin(@+m) °
n

CornacHo J10Ka3aHHOMY BeJHYHHBI pcos® u psin® coxpaHawT
cBod 3HayeHus. Cre0BaTeNbHO, TO XKe CaMOe MOXKHO CKa3aTh H
o pynkuuax X u Y. B To Xe BpeMmsi p, cos 0 u sin O u3MeHAT cBod
sHaku. CregoBaTe/bHO, 3HaMeHaTe/lb H3MEHHT 3HAK Ha OGpaTHBIH,
HO M UMCJHMTE]b H3MEHHT 3Hak Ha o6GpartHblil. ClenoBaTenbHoO,

T(w, 0)=T(—p, =n).
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Ho noapbiHterpanbHas (yHKuusi B BbipaxKeHdHH (1.23) — mepuoau-
yeckan QyHKUMA nepeMeHHo# O mepuoaa 2m, H, CJAeI0BATE]bHO,

T(—p, n)=T(—p, 0).

T. €. MepHoJ — 4eTHasn GYHKUHS BeJHUYHHBI .

8. dopmynnpoBka Teopemnl JismyHora. Mhul nokasanu caenyio-
YO TeopeMy.

Teopema Jlanynosa. Ecau nocroswHas p 00cTATO4HO
mana, 10 gce peuwienun cucremst ypasuenus (1.8) — nepuoduueckue
pynryuu t, npuuem nepuod — 4eTHAA PYHKYUS BEAUHUHbL | U npU
u—0 crpemurca xk 2nf/h. Pewenus cucremsnr (1.8) asasiorcs ana-
AUTUHECKUMU QDYRKUYUAMU BEAUYUHbL C — HAYAAOHOZ0 OTKAOHEHIS
nepemenHoll x.

HUmesa B Buay dopmyny (1.14), BeipaxeHue nepuoga (1.18)
MOXKHO MepenucaTth B CAelylolleM BHie:

T=2T“(1+c2h2+c3h3+ ). (1.24)

Hrak,

§ 2. YcnoBHs CyHIeCTBOBAHHS NMEPHOJHUECKHX pPeLICHHH

1. Mpenmer uccaenoranust. Bee paccyx/IeHHs 3TOf raaBbl SyayT
TaK HJH HHaye CBA3aHbl ¢ YMeHHEM pellaTh BOIPOC O CYILIECTBOBA-
HHH NEePHOJAHYECKHX pelUeHHH B CHCTEeMe JHHEHHBIX OGBIKHOBEHHBIX
JuddepeHuHaNbHBIX YPABHEHHH BTOPOro mopsaaka

X=ayx-+apy+ F (), } @.1)

§=agx + axpy + F, (1),
rie a;; U F; — HekoTopble nepuoinueckie (GYHKUHH BpPEMeHH ne-
puoaa 2n. B 3ToM maparpade Mbl PacCMOTPHM YC/AOBHS, KOTOpbie
JOMKHBI 6bITh HasioXKeHbl Ha GyHKUHH F{ u Fy, Heo6xoauMble U a0o-
cTaTouHble A4 TOro, 4roObl cHCTeMa ypaBHeHHH (2.1) momyckana
nepHogHYecKHe pelteHusa nepuofa 2n. OcobGoe BHHMaHHE MPH ITOM
MBl yIeJHM TOMY CHEeLHaJbHOMY C/aYyualo, Korja ypaBHEHHA

X=a;x+ ay, }

. 2.2
Y =ayx + axny 2.2

npeacTaBAfAOT cOOOH CHCTEMY YpaBHeHHH B BapHauMsax 18 CH-
creMbl JlanyHoBa, 0 KOTOPO# Liia peub B mpegblaylieM naparpade.
Bonpocsl, koTopble paccmMartpuBaloTcs B 3TOM naparpade, HOCAT
BCIIOMOraTe/NbHbIl XapaKTep, OJHAKO OHH HMEIOT H CaMOCTOATENb-
HBIfl nHTepec. TI0O3TOMY MBI HX PaCCMOTPHM HECKOJbKO MOApOGHee,
HeXXenH 3TO Heo6XOAHMO A5 JajbHeHALuerQ H3JoXKeHus, '
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2. HeoGxonumbie U AOCTAaTOUHbIE YCJAOBHUA NMEPHOAHUHOCTH, Pac-
cMOTpHM cucteMy (2.1), He genas cHayaja HHKAaKHX TPEANOJoxKe-
HUH O npHpoae Ko3QQHUUHEHTOB a;;(f), KpoMe mpeamnosoxeHus ob
UX NEPUOJHYHOCTH 1O f.

IMycty x(f) u y(f) — peulenne cucreMbl (2.1), yaoBreTBOpAIO-
ulee caeayiouluM faHiubiM Kouiu:

x(0)=xo,  y(0)=4yo

Has toro uto6nl 3T0 pellieHue OBUIO MEPHOJHUECKHM C TNEPHOAOM
27n, He06X0AUMO M JOCTATOYHO, YTOGBl OHO YAOBJETBOPAJO Cledyio-
UIMM YCJOBHSM:

x(2n)=x0, y(21) =yo. (2.3)

OueBuano, uto ycaoBHa (2.3) HeoO6XOAMMBI, TaK KaK (DYHKUHA Ha-
3piBaeTcsl NEepHOIHYECKOH, ec/H OHa Y/AOBJETBOPSeT YCJIOBHAM

x(fo+2n) =x(t), y(fot+2n)=y(l), (2.3")

KakoBo Obl He Oblio fp. YeaoBua (2.3) ABJAAIOTCA YaCTHEIM cJyuaeMm
(2.3") npu f,=0. ITH ycJOBHA SIBASAIOTCA TaKXKe H JOCTAaTOYHBIMH.
B camom pmene, mnpaBee YacTH cHcTeMbl (2.1) — mepHogHuecKkHe
($YHKUHM BPeMeHH NnepHoja 2m W, Cle0BaTelbHO, OHH HHBapHaHT-
Hbl OTHOCHTEJNLHO 3aMeHbl mepeMeHHoro f—1'42m;, Torma B CcHIy
(23) no { u ¥ mb GyneM uMeTb OAHY W TY ke 3agauy Komwu u,

c/leloBaTeNbHO, '
x(t)=x(t); y()=y(t)

(U 42m) =x(F);  y(+2m) =y(P).

HJ/IH

Tak Kak 3TO paBeHCTBO CNpaBeAJHBO AJs JI06bIX !/, TO OHO cOBma-
paer ¢ (2.3') u, crenoBarenbHo, QyHRUMM X(f) W y(f) — nepHOaH-
YeCcKHe.

[TpeanosoXuM gasee, YTO CHCTEMA (QYHAaMeHTAJbHBIX pelleHui
cucteMbl (2.2) nHaM usBectHa. O6G03HayuM 3TH QYHKUMH depes Xy,
X2, Y4 M Yo U pelleHHe cHcTeMbl (2.1) GyleM HCKaTb MeTOAOM Ba-
PHAUMH TPOH3BOJbHBIX MOCTOAHHBIX, NONAras

x=Ax\+Bx,, y=Ay,+Bys,, (2.4)

rie A 1 B — HekoTOpble QYHKUHH BpeMeHH, NMOAJexalllue onpese-
JIEHHIO.

IMoacraBum BuipaxeHusi (2.4) B (2.1). IlpuHuMasi BO BHHMaHHe,
yTo QYHKUHH X\, X2, Y1 H Yo YAOBJAETBOPAIT cHcTeMe (2.2), Mbl 1OJTY-
YEM cJeAyIOUlMe ypaBHeHHsl AJs1 onpefeneHHs ¢yHRuuid A u B;

Axj+Bry=Fy,  Ays+By=Fy,
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OTKYAa

t
A=J Fly2ZF2x2 dt+C,
0
, (2.5)
B=J F2leFlyl dt+D,
o

rne C u D — HOBble MPOH3BOJIbHbIE MOCTOSHHbIE, a A — ompeje/u-
Te b BpoHckoro

X X
Y2

[locrosinHbie C w D onpefensiioTcsi U3 HadalbHbIX YCJIOBHH X=X,
Yy=yo npu {=0. Tak Kak uHTErpa/bHble cjlaraeMble B BblpaxKeHHAX
(2.5) npu {=0 obpaluaoTcsi B HYJb, TO NocTossHHble C W D onpene-
JSIOTCA M3 ypPaBHEHHUH

Cx.(0) + Dx,(0) = x,, }
Cy1(0) + Dy2(0) = y,.

Wcnonbsys mnonyueHHble BblpaKeHHs, BHIIHUIEM TeNepb YCJAOBHUSA
nepuogHuYHoCcTH (2.3)

(2.6)

2n 2
s [ D Fon gy g o [ B gy
0 0

-+ Cxl (23'[) + Dx2 (23'[) = X0, (2.7)

21 2n
yl(Qn)j Fly2XF2x2 dt+y2(2n)f F2xl;F1yl dt +
0 0

+ Cy, (2m) + Dy, (2m) = yo.

Has toro uro6bl cucremMa (2.1) Jonyckanla nepuHojHYecKHe pelle-
HHUs, HEOOXOAUMO H JOCTATOYHO, 4TOObl GyHKUHH Fi u Fy ynosmer-
BOpAJH ycaoBHaM (2.7).

HM3yunm Tenepb 3TH YCJAOBHS A/ HEKOTOPbIX CHelHaJbHBIX cay-
yaesB.

3. Cayuaii, korga dyHAaMeHTaJbHbie pelIEHHUA YPaBHEHHUs
(2.2) — nepuoavueckue ¢yHKUMH BpeMeHu. PaccMOTpUM cHagana
TOT YacTHbIi cayyall, Koria ¢yHIaMeHTa/lbHbBlE pelleHHA Xp(f),
x2(f), y1(tf) u yo(f) — nepuoanueckue QYHKUHH. 3aMeTHM, UTO
-YpaBHeHHS B BapHaALlUAX, OTBeyalOllHe U3OXPOHHLIM CHCTEMaM, T. e,
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CHCTEMAM, NepHOA KoJeOaHHH KOTOPbHIX He 3aBHCHT OT HayaJbHBIX
YCJIOBHH, BCerja HMeloT MepPHOAHYECKHE PelUeHus.

Tak kak € u D — nocTofiHHble YHCAA, TO B CHAY MEPHOIHYHOCTH
GYHKUHA X; ¥ y; u3 (2.6), Mbl mOAy4YaeM C/AeyIOLIHe YCJAOBHA:

Cx,(2n) + Dx, (271) = x,, }

9 (2.6")
Cy; (2n) + Dy, (2n) = yo.
PapeHctBa (2.6") mo3BoJfIOT YNPOCTHTH cHCTeMy (2.7), KOTOpPVIO
MOXHO Tellepb pacCMaTPHBATb KAK CHCTEMY OJAHOPOJHHIX aiareGpau-
YeCKHX YPaBHEHHH OTHOCHTENbHO HHTErpaJioB

2n 2n

” »
Fiy,~F Fox,—

= | Pty = | ATy

0

IlepenuilieM 3Ty CHCTEMY B CAEAYIOLIEM BHIE:
xydy+x203=0, yili+yal,=0. (2.8)

Onpenennrens cucremol (2.8) ectb onpelenutenb BpoHckoro
Ias1 GYHKUMEH Xy, X2, Y1 U Yo. B culy He3aBUCHMOCTH 3THX (pyHKUHI
OH oTJHueH oT Hyas. Takum oGpasom, cucteMa (2.8) uMeeT TONBKO
TpHUBHa/AbHOe pelueHne. [Toatomy

2n

[l=f Fl!/zZszz dt=0,
[(]

2n

o= [ £zbm g,
0

(2.9)

Hrak, MH NpHLH K CleAylolleMy pe3yJbTaTy: eclH (yHaaMeH-
TajbHOe pelleHHe cHcTeMbl (2.2) BHpaXaeTcsi NepPHOJHYECKHMH
GOYHKUHAMH, TO Aas Toro, 4robel ni06oe pelleHHe cucTteMbl (2.1)
65110 NepHOAHYECKHM, HeOOXOAMMO H JAOCTAaTOYHO, YTOOBl (YHKLHH
Fiu Fy ynosnerBopsiau ycaosuam (2.9).

~ 4. lNpumep. PaccMOTpUM TOT 4acTHHIH cJayyail, Korga cucteMa
(2.1) umeer BHA

g=—ytFult),  g=x+Fa(t). (2.10)

Cucrema (2.10) cBoauTCA K YypaBHeHHI0O KonebGaHHii MaTeMaTHue-
CKOro MasiTHHKa noJ AeACTBHeM MepHOAHYECKOH BHELIHEH CHJBI
i+ x=F"(),
r e
F' = Fl ‘+ Fg.
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JluHeliHo He3aBHCHMEle peileHMss cHcTeMbr (2.10) umeroT BHA

xy=cosf, x,=sint,
(2.11)

yy=sint, yo= — cost.

BpoHcknaH 3TuX (PYHKUHH paBeH efHHHUE, NO3TOMY YcjaoBHs (2.9)
6yAyT NpUBEAEHBl K TAKOMY BHAY:

2n
f(Flcost+ngmt) dt=0 l

. (2.12)
[ (Facost — Fysint)dt =o. I

Ycaosue (2.12) 6ygmer urpaTh B AajbHeHIIEM H3J0XeHHH 0Co0Yio
poJb. '

5. OaHo ypasHeHue BTOporo mopsifka. [Ipeanosioxum, 4To Mbl
paccMaTpHuBaeM OJHO ypaBHeHHe BTOPOro mopsijika BHAA

I+o(t)x=F(D), ' (2.13)

rae ¢(f), F(f) — nepuoauueckue ¢yHKHUHH nepuoaa 2rn u X((f),
X3(f) — dynaaMeHTaNbHAA cucTeMa pellleHHH OJHOPOJAHOFO Ypab-
HeHHs

E+o(f)x=0. (2.14)

Pewenue cucremb (2.13) 6yaeM cHOBa HCKaTh MeTOAOM BapHalMH
NPOH3BOJIbHBIX NOCTOAHHBIX. I/ 3TOrO NOJOXHM
x=Ax,+Bx,,  &=Adi +Bi; (2.15)
Huddepenuupys nepsoe H3 ycaoBui (2.15) W nmpupaBHHBas BTO-
pOMYy, NoJy4aeM ycjloBHe COBMecTHOCTH (popmya (2.15)
Ax(+Bx,=0. ' (2.16)

[Moacrasasia BTOpoe M3 yciaoBHi B (2.13) W yuutbiBas (2.14), no-
JgydyaeM

Az +Bz,=F(t). (2.17)
BaMeTHM, 4YTO B JAHHOM-Cjay4dyae onpeaejHTe]b

Xy Xg
A=

£ %

ecTb BeJHYMHA TMOCTOSHHARA, UYTO SIBJAAETCA CAEACTBHEM H3BECTHOM
Teopembl JInyBHANA W Toro ¢akTa, uTO ypaBHehue (2.13) ne
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COlEpKHUT NepBOH MPoH3BOAHOH. K3 cHcreMbl ypasmenuit (2.16),
(2.17) naxomum

t
A=——2J‘Fx2dt+C1, B=_A_J‘Fxldt+c2'
0 0

TakuM o6pa3oM, B OKOHUaTeNbHOM (opMme pelieHHe cucTembl (2.13)
3aMHILEM TaK:

t 2
x=—;—{—x1J‘szdt+x2J‘ Fx,dt + Cx, +C2x2}. (2.18)
0 0

Tak kak, coryacHo BTopoil u3 dopmya (2.15),

t ] t
x=x1{——i—fo.2dt+C1j+x2 %ffxldwrcg},
0 0

TO HeOGXOlIHMbIe H JA0CTaToOUYHble YCJOBHS NEPHOAHUHOCTH
x(2n) =x(0),  &(2n) =2 (0)

MOryT 6bLITb 3aMHCAHLI B caeaylolleMm Buae:

(2.19)

2n

)
x1(2n){ foth'i‘C +x2(2n){ foldt+C2}=x0,
l

x,(2n){——fo2dt+c }+x2(2n) %foldtJr cgj_xo
0

Haa onpeneneﬂuﬂ nocrosiHubtX C; n C, HMeeM clelylOliHe ycJo-

BHA: :
x1(0) C; + x2(0) Co = xo, }

#0)C, + #5(0) Co = o, (2.20)
YcnoBuf, KoTopble HAAO0 HaJOXKHTb Ha QyHKUHIO F ans Toro, 4tobbl
peleHus ypaBHeHus (2.13) ObiaiH NEePHOJAHYECKHMH (YHKUHAMH
BpEMeHH, CYLIeCTBEHHO 3aBHCAT OT TOTO, ABAAIOTCA WIH HeT ¢yHia-
MeHTaJbHble pEIUEeHHs Xy U Xy MEePHOJAHYeCKMMH (yHKuusaMH. Ecau
Xy H X; — NepHOJHYeCKHe (YHKUHH, TO, cornacHo (2.20),

x1(2m) C + x4 (27) Cy = Xy,
)21 (21'5) C1 "I" /\::2 (21'5) C2 = .X',‘O
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¥ ypaBHeHHs (2.19) mpHHUMAIOT BUA
on o5t

— %, (2m) [ Fxydt + x, (2n) [ Fxat=o,
0 0

. . (2.21)

— i1 (2m) [ Fxpdt + iy (2n) [ Fxydt =0,
0 0

Cucrema (2.21) MoXKeT paccMaTpHBATbCH KaK CHCTeMa OAhOPOI-
HbIX YpaBHEHHH OTHOCHTENbHO JBYX HEH3BECTHHIX

2n 21
— j Fxpdt u j Fx, dt.
0 0

Ee onpegenurenb — 3To AeTepMUHAHT BpoHcKOro QyHKuUMi X3 W Yo,
oTiHuHblil or Hyas. CnegoBaTesnbHo, cucTeMa (2.21) uMeeT TOJbKO
HyJeBble peweHusi. Hrak, eciu ¢yHaaMeHTa/lbHble pellleHHsi ypaB-
Henus (2.14) — nepuonnueckue QYHKUMH, TO AJA CYLLECTBOBAHHA
nepHOJHUYECKHX pelleHuil ypaBueHHs (2.13) Heob6xonuMo H jgocra-
TOYHO, uTOGH (GYHKUHA F y1oBJeTBOpA/JAa CAEAYIOLHM COOTHOLUE-
HUAM:

2n 25
[ Fxyat=o, [ Frpat=o, (2.22)
0 0

T.e. yToObl (GYHKUHSA, CcTOfLLas B NpaBoll 4acTH ypaBHeHHsa (2.13)
O6ba OPTOTOHaJbHA YACTHbIM pelleHHAM cHcTeMbl (2.14).

6. OnHo ypaBHeHue BTOpOro nopsaka. Cayuaii HEMEPHOAMYECKHX
(hyHIAMEHTaNbHbIX PelieHHH. B Teopun koseGaHHil HEH3OXPOHHHIX
CHCTEM Mbl OOBIUHO CTaJKHBaeMcsi ¢ ropasfio 0osee CJOXKHBIM CJy-
yaeM, Korja OfHO H3 QYHAAMEHTAJbHbIX pelleHHH ypaBHEHHS B Ba-
pHallMAX He sBJsieTCs mepuojHuecKoll yHKUMel BpeMeHH. B 3ToM
cyuae YCJOBHS paspeliuMocTH OYAYT BBIMJISIAETh COBCEM HHAye.

Mrak, paccMmoTpuM ypaBHeHue (2.13) M NpeANoJOXKHM, UTO OHO
fIBJIeTCsl YPaBHEHHEM B BapUalUAX AJA YpaBHeHHUSA

#+f(2) =0. (2.23)

O6wnit HHTErpan ypaBHeHua (2.23), corsacHo TeopeMe npejblay-
uwero maparpada, AgA AOCTATOYHO MAaJblX 3HEPrHi, ABJAETCA Me-
pHoaMueckoll (GYHKLHeH BpeMeHH HeKotoporo nepuona T =2m/w(c)
H aHaJHMTHUECKOH QYHKUHeH BeTHUHHB =X (0) =X;:

z=0q1 () + g2 () +. .., (2:24)
v=0(c) (t-+1),

rae
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o (c) HasbiBaercAa uacToToH. Drta (GYHKUMA onpelensieTcs TaKHM
ob6pa3oM, uto QYHKUMH @;(P) OKa3bIBAIOTCA NepHOJHYECKHMH QYHK-
LIHAMH apryMeHTa 1 ¢ NepHOJAOM, paBHbiM 2m.

CorsiacHo s1eMMe, loKa3aHHO#N B nocaeianeM naparpade riasbl [,
YacTHble peleHHs ypaBHeHHH (2.13) HUMEIOT BHJ

X = @ (c) 2 a¢ ,

s 02 oz dz dw
X9 = dc ~ dc + o de £,
rie 0z/dc o3Hauaer AuddepeHuHpOBaHHe N0 SABHO BXOAsIlEMY ap-
ryMmeHTy ¢. 9Tta dyHkuus 6yaer nepHoauvecKol yHKuueh BPEMEHH.
Tak kak GyHKuus 0z/0p — nepuopuveckas QyHKuus, To H X} () —
TaKXKe NMepHoaHuecKas QYHKUMA NEpPHOAa 27 MO apryMeHTy \p‘ UYro
Kacaercs GYHKIHH X, (f), TO oHa Oyaer nepHoaMuecKod ¢yHKuHeh

TOrjJa M TOJBKO TOrAa, Korja dojdc=w’ == 0. Beeaem o6o3HayeHHs

N
L. g1
u_(p P T o dc

H BBEJEM HOBYIO CHCTEMY JIHHEAHO HE3aBHCHMBIX pelIeHHH ypas-
HeHus (2.13) B BuIe

[0}
(2.25)

1 o«
x2=—m—,x2=v+ut,

. e, g e s’

rfle 4 H U-— NepHoAHuecKHe OGYHKIHH BPEMEHH. IMepenuinem re-
nepb YCJ0BUS NepHOAHUYHOCTH (2.19)

-

u (2n) -—lAJ.F(v+ut)dt+Cl +
0

2n

+ (v (2n) + 2nu (2n)) %J. Fudt+ Cy { = xo,
0
o (2.19)
lz(2n){-ﬂf(v+ut)dt+c,]>+
i 0

+(6(2ﬂ)+2nﬁ(2n)+u(2n))ll J. Fudt+ Cy { = %.

1% !
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Boinuiem eme ycaoBds (2.20)
b Ci+0v(0)Co=x0 }
2(0)C,+ (9(0) + u(0)) Co= .

Tak Kak JpYHKLUHH 4 H U NMepPHOAHYeCKHe, TO ycaosHa (2.26) coxpa-
HAIOT CBOW CHJY NPH H3MEeHEHHH apryMeHTa Ha 2m

u(2n) Cy + v(2n) Cy, = xy,
2 (2n) Cy + (6 (2n) + u (2n) ) Cy = x,.

(2.26)

3To 103BOJIAET YHPOCTHTb ycaoBHA (2.19).

on om
— 2O [ (o 4 utyar+ LENI2ED. [ gy gy
0 1]

= — Cy2nu (2m),

2n
—£8n) f F(o+ ut)di + @.27)
[}

o .
- 9 (2m) + u (22) + 2na (2m) f Fudt= _(,‘21;(2:5) . 2m,
- 0 e Lt -

Paspemnm cucteMy ypaBHeHHA (2.27) OTHOCHTE/NBHO HHTErpaJios,
KOTOpble BXOAAT B ee JeBYyl0 uacTb. [IpuHaMas Bo BHHMaHHe, uTO
A — BpoHcKkHaH OQYHKUHA Xi=u v Xo=U-+ut ecTb BeJIHYHHA MO
CTOSIHHAsl, HaXOIHM

2n

f F(H)(v )+ tu(f)) dt = 2:1AC2,

(2.28)
f F(u(t)dt=0.

Takum oGpasom, dpynkuus F, Tak Xe Kak wB npeablaylleM ciayuae,
Ho/KHa ObITb OPTOrOHATLHON TOMY “hyHAaMeHTaJbHOMY pelIeHHIO,
+KOTOpOe AIBJfeTCA NepPHoAHUeCKOH QyHKIMeA BpeMeHH.

Beanunna Cj, Tak Xe Kak H A, onpefesstercsi HayaibHLIMH
3HaYEeHHAMH (pyHKuHH WHUHYU HallaJIbeIMH JHa4YeHHAMH X9 H o
lda ypaBHeHu# (2.20) HaXOJlHM

Xoxy (0) — xo%) (0)
C,= 2802 xh O
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Hrak, okonuarenbHo ycioBuA (2.28) MOXKHO mepenHcatb B BHJE

-
j F(t)yu()dt =0,
‘ (2.29)

2n

j F(8){v (8) + tu (£)} dt = 25 (%01 (0) + xot (0)).
0

§ 3. Merop JianyHora

1. Mpumep. B § 1 3Toil raaBbl Mbl YCTAHOBWJH Psij OGIIHX pe-
3yJbTATOB, OTHOCHALIHXCA K CHCTeMaM JlsnyHoBa. MBI yCTaHOBHJIH,
B 4aCTHOCTH, YTO JJISl AOCTATOYHO MAaJblX 3HAaUEHHH NOCTOSIHHOH ¢
peuieHusi cucreMbl (1.8) — mepuoanueckue ¢yHrRunn ¢ OpaHako
MOKa elle MBI HHYEro He TOBOPHJIH O METOAAX MOCTPOEHHS 3THX
NepHOJAHYECKHX pelleHHA. JIAnyHOB npeasoXKH/ [POCTOH H OYEHb
3(¢eKTHBHbIA aJrOPHTM MOCTPOEHHS 3THX pelleHui. Anroputm Jla-
NMYHOBA HCNOJb3yeT aHaJHTHYHOCTL HCKOMBIX pelleHHH 0o napa-
MEeTpPy ¢ H JAaeT NPaBHWIO MOCTPOEHHs pelleHHH B ¢opMe psaoB
CNEeUHaJbHOrO BHA4, PacCRONOKEHHBIX [O CTENEHAM 3TOro napa-
MeTpa.

Hrak, Ha ocHOBaHHH TeopeMbl, JoKa3aHHOH B § 1, pelueHue cu-
creMbl ypaBHeHu# (1.8) MoXkHO HCKaTb B BHAe

x(t)= g} cFxrp(t),  y(h)= kZ ctys (). (3.1)

[To pokasaHHOMY AJisi JOCTATOYHO MaJibiX 3HaueHH# |¢| psawl (3.1)
CXOASITCA H onpepensilor pellieHne cucreMbl (1.8). Omnako ucnodb-
3oBaTb peleHuss B ¢opme (3.1) okasbiBaetcs Heyao6HBIM. [Tosic-
HHM 3T0 06CTOATENBLCTBO.

Kak yxe 6GblIO YCTAaHOBJIEHO /S JOCTATOYHO MaJblX 3HaueHHH
p (HaH, YTO TO Xe camoe, /s JOCTATOYHO MaJjblX 3HaueHHH |c|),
Bce pelueHHs cHcteMbl (1.8) — nepuoanueckue nepuoga T (c). Cie-
JoBaTtenbHo, (YHKUHH, onpejesieHHble psagamu (3.1), yaosierso-
PAIOT COOTHOLUEHHAM

x({t+T)= i i, (t+T)= i ctx, (B) = x (1),
k;l k(:l‘ (3.2)
yt+T)= kgl cFy, t+T)= kgl cty (1) =y (1)

PaBeHctBa (3.2) cnpaBednuBbl as Jio6bIX (HO JOCTATOYHO Ma-
aux) sHaueHuii |c¢|. OHAKO H3 ITOrO NHeJIb3s CAE/1ATh 3aKJIOUEHHS,
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yTO (PYHKUHMH X;({) u y;(!) HepHOAHUECKHE, T. €. UYTO

_ x(t+T)=x:(),  ye(t+T) =y:(0).

B camom nese, nepuoa T B ofuiem ciydyae TakkKe fABJseTcd (QYHK-
udeil napamerpa ¢. CienoBatesnbHO, XOTA npeiacrasjieHue (3.1) u
onpeje/sieT NePHOAHYECKYI0 DYHKUHUIO, UIeHbl 3THX PAJNOB IEPHOIH-

YeCKHMH QPYHKUHAMH B 0OLIEM Caydae He SIBJAAITCH.
a5 nosicHeHusi paCCMOTPHUM NPHMEpP CHCTEMEI

E=—y, y=x+x : (3.3)

[Moncrabasiss B 3Ty cucteMy psasl (3.1) u cpaBHuBas Ko3dpdu-
LHEeHTbl NMpPH OJMHAKOBBIX CTENEeHAX ¢, MOJyuaeM CcJaeaylolllHe CH-
CTeMbl YpaBHeHHH AJs onpenejeHHs QYHKUMHA X; H Y;:

Y1=—1Y, Yi=Xp (3.4)
o= — Yo Yo = X3; (3.5)
Xy= =Y Yy=x,+ 3 (3.6)

HT. 1.
HauanbHbiMH ycl0BHAMEH AJA cuctembl (3.3) 6yayr ycJaoBuA
(1.13). Ha 3TOM OCHOBAHHH HauaJbHble YCJAOBHS JAJ5 CHCTEMHB
(3.4), (3.5), (3.6) Mbl MOXKEeM NpPHHSATb B BHAE
t=0: xl=l, yl=0, }
x1=0, y1=0 (l=2, 3,...).
Ycnosua (3.7) eAuHCTBEHHBIM 06pa3oM oONpefesiioT (QYHKIHH X,
X2, Y1 H Y2

(3.7)

xy=cost, yy=sint, xo=0, y.=0. (3.8)
[Tepenuiuem tenepn cucremy (3.6) ¢ yuerom (3.8)
T3=—1Ys, y3=X3+COS3 L (39)

Hckniouas u3 (3.9) GYHKUHIO Y3, Mbl IIPHAEM K CJeLYIOUleMY ypas-
HEeHHIO BTOPOro NOpfAlKa:
g+ xg3=cos®¢

HJIH, 3aMeHAA cos®t ero pasJyIOKEHHEM NO KOCHHYCaM KpaTHBIX YT,

3 [
7 C0s ¢+ cos 3. (3.10)

O6uiee peiueHde cuctemul (3.10) 6yner

.£3+x3=

xy=Acost+ Bsint+ 3 tsint — cos 3L, @3.11)

3nech nocrosinHble A U B po/XHBl 6bITh BEIGPAHBL TaK, uTO6H yi0-
BJIETBOPHTb YCIOBHAM (3.7).

Hrtak, Mbl BHAHM, YTO (YHKLUHA X3 CONEPKHT BEKOBOe cCJarae-
Moe fsint W, caeqoBaTeNbHO, He fiBJseTCA nepuoAnueckoil. Jlerko
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yOeaHTbCsA, YTO H MOC/TENYIOLUIHe Y/leHbl psgoB (3.1) GyayT Takke
sin
t.

cojJlepXaTb 4Y/JeHbl BHJA t"

Takum obpasowm, nocrpoeHne pewenuss B ¢opme pamoB (3.1)
NPUBOIMT K TOMY, UTO NMepHOJHYecKHe PYHKUHH x(f) H y(f) npen-
€TaBJAITCA B BHJIe PAJOB MO HemepHoauyeckHM ¢yHkuuam. Takoe
npeicTaBieHHe HeYyHo6GHO BO MHOTHX OTHOLIEHHAX H He MOXET ObITb
HCIIOJNIb30BAaHO B MPHKAAIHBIX LeaaXx. B camMoM Jese, Ha NMpaKTHKe
Mbl HE HMEEM BO3MOXHOCTH ONMEpPHPOBaTb ¢ OGECKOHEUHbIMH psAJLaMH
H BbIHYXKJIEHB 3aMeHAITb HX KOHEUHbIMH oTpeskaMH. Ho 3TH KoHeu-
Hble . OTpe3kH He OyAyT NEpHOAHYECKHMH (PYHKIHAMH H, CJe1oBa-
TeabHO, Aa)e npubanxKeHHO He O6ynyT comepXKatb Heo6xozmmoi'1
HHpOpMalHH, TakKOH, HampPHMep, KaK 3aBHCHMOCTb mepuoga I oOT
KAMIUVITHTYABL» C.

2. OOcyxnenne aaroputma. Mol yxe BHJE/H, YTO MpHYHHA He-
yIauH, KOTOpasi Hac MOCTHI/a MPH MOMBbITKE Pas3blCKaTh MEPHOAHYE-
ckue peuieHus B Qopme pamos (3.1), cocTosaa B TOM, UTO MEPHOA
pewwennss T 3aBucen ot ¢. Ilostomy, ecrecTBeHHO, BO3HHKaeT BO-
mpec: HeJb3fl M BHJIOH3MEHHTb Macluta6 BpeMeHH: Tak, 4ToObl pe-
IIEHHS MOJYYEeHHOH CHCTEMbl HMeNH (PHKCHPOBAHHBIH MNEPHOJA, He
3aBHCAIME OT ¢ (HanmpuMep, paBHBIH 2m).

O6paTiM BHHMaHHe Ha (bopmyny (1.24). OHa nokasblBaer, YTO
€CilH ClleN1aTh 3aMeHy

t=(l+chy+ s+ .. ), (3.12)

TO MepHoA KoneGaHui 1o mepeMeHHoi t 6yner pased 2n. Chenas
B CHCTEME ypaBHeHHﬁ (1.8) aameny (3.12), monyunm

1 2h 3h
2 ~ [ hy+ X (x, )] 1EE S - |
| (3.13)
BtV (x, ) e

Tak kak mpasble yacTH cHCTeMBl (3.13) MBI YMHOXHJH Ha aHa/H-
THYEeCKHe -PYHKUHH HapaMeTpa -C, TO PeLIeHHs 3TOH CHCTEMBI, Tak
*Ke kak u cucreMbl (1.8), aHanuTHUeCcKHe mo ¢ W A5 mawoboro 1o-
CTATOYHO MaJoro |c¢| meproAuyeckde mo t. Ho mepuox mo HesaBH-
cHMoOl nepeMeHHOH Temepb yxe (GHKCHDOBaH, OH paBeH 2m.

INepronnueckne peweHHa cHcTeMbl (3.13) Oylem HckaTb B BHZe
pALoB

= Bchx® @), y= Dy ). (3.14)

[MoxcraBum psanbl (3.14) B cHcremy ypaBHeHu#t (3.13) u cpaBHHM
K03 QHIHEHTb NPH OJHHAKOBHIX CTeNeHfAX napamerpa ¢. PyHKUHH
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x<‘>(~c) u yM(r) GyAyT yAOBJETBOPATH clleAylolled CuCTeMe ypaB-
HEHHH:

( (
DD o), Ty, (3.15)

B camom paene, ¢pyukuuu X u Y, 6yayuyd aHAJHTHYECKHMH GYHK-
HHAMH CBOHX MepPeMeHHBIX, TAKOBbl, 4TO HX pa3/oKeHHe HauYH-
HaeTca ¢ uJeHOB BTOporo mopaaka ManoctH. CnefoBareNbHO, MpH
NoACTaHOBKe B 3TH GYHKUWH panoB (3.14) dyHkuun X u Y He Oy-
OYT COAEP}KATb UYJEHOB, JHHEHHBIX OTHOCHTeNbHO ¢. HauanbHble
3HaueHHs Ans cucreMbl (3.13) onpeaeneHsbl paBeHCTBaMH (1.13)

t=0: x=¢, y=0.

CuenoBatrensto, ¢pyukupn x w y) GyayT cOOTBETCTBOBATL CJje-
AYIOUIMM HaYaJbHHM YCIOBHAM: '

v=0: xO=1, yO=0. (3.16)
®Oyukunn x® u y@ OGynyT yHOBJETBOPATb CHCTEMe YPaBHEHHi

dx® _ oyl yo )

el A -

d‘yi:’) —x® 4 % Y@, ) ,)

rae X@ p Y® — gkBajgpaTHuHble UJieHbl pasjokeHHa Gynkuui X
u Y no crenenam mnapaMerpa ¢. Tak Kak X u Y — amaauTHyeckue
GYHKIHA nepeMelHbIX X H Y, NMPHUYEM HX pasnoXKeHHe HaYHHAaeTCs
¢ KBalApaTHYHBIX uJeHo8, T0 X@ u Y@ gapnsiorca KBaApaTHYHBIMH
dbopmMaMH nepeMeHHBIX 0y yo.

TouHo Tak Xe Kaxjaas napa ¢>yHKmm ™y y®, Bxoaauias
B pasnoxenue (3.14), onpesnensierca cHCTeMOR ypaBHEHHH .

dx %) 1
';T = — !/(k)‘*‘TX(k’)_hk—l!/m, ]
(k) » ' (3.18)
_‘ildr=x(k)+_i.y(k)'+hk_]x(l), i

npuueM ¢yHKuun X® u Y® Gynyt cogepxkartb BeauuuHol ¥ g yi
TOMILKO T€X HOMEPOB f, KOTOpble MeHbllIe YeM k.

Kpome toro, dynkunn X® u Y® Gynyr comep:kaTb BeJTHUHHBI
h;, npuuem j=2, 3, , B — 2. 3aMeTnM, uTO BeTHYHHB A BXOAAT
B mMpaBble YacTH (3 18) "TOIbKO ypaBHeHnn OTHOCHTEIbHO () § Yy,
I KOTOPbIX § 2> 3:

dx® _
dx

= —y® 4 X(s) — hpy®,
—yt—=x<3>+1-Y<3’+h2x0> | -

HT. O
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M3 ycnosnit (1.13) cnenyer, uto pyHkuun x® u y® npu k>1
YAOBMETBOPAIOT HauaJlbHbIM YCJAOBHAM

W (0)=0, y®(0)=0. (3.20)

BepHeMcs cHoBa K ypaBHeHusiM (3.13). Xora uucna h; HaM Heus-
BeCTHH 3apaHee, HO OHH Ha OCHOBaHWHM TeopeMul JlsnyHoea (m. 8
§ 1 aToii rmaBbl) onpenenfnoTcs OJAHO3HAYHO [JA AAHHOH CHCTEMb
H He 3aBHCAT HH OT MapaMeTpa ¢, HH OT Haya/jbHbIX YCJOBHI.

Hanee unensl panos (3.14) TakKe ompenensiorcss OAHO3HAUHO,
npuueM x®)(t) u y®(tr) — nepHogHuecKHe GYHKIUHH MepeMeHHOro
T nepuoaa 2mx. B camoMm gene, x(t) H y(1) ——nepuonuqecxue dhyHK-
1IHH, Ccle0BaTeNbHO,

D xP(r+2n)=x(t+2n)=x(1) = D c*x® (1),
2 cty® (v 4 2m) = y (v + 2m) = y (1) = X *y™ (1)
Tak kak ¢pyHkuun x® u y*) He 3aBHUCAT OT NapaMerpa ¢, a paBeH-
ctBa (3.2]1) cnpaBeldsuBbl 415 A1060ro Manoro ¢, To
B (1+2m) =xM (1), Yy®)(t+2n) =y® (7).

TakuM o6pa3oMm, Mbl MOXeM YTBepXKJaTb 3apaHee, UTO GYHKIHM
x® (1) n y® (1), KOTOpble ONpeAeNsOTCsl KaK pelleHHe 3afau:
Kown (3.20) ansa cucteMmbl ypaBHeHuh (3.18), 6yayt nepuonHue-
CKUMH GYHKLHSAMH BpeMeHH mepuoia 2m. C ApPYrod CTOPOHLI, ypaBs-
HeHusa (3.18) otHocatca k Buay (2.10), rae

1 1
F = TX(k) _ hk_]y(l), Fy= T VA% + hk_lx(l)

(3.21)

IBJAAIOTCA  NMEPHOJHYECKHMH =~ (QYHKUHAMH BpeMeHH, TOCKOJbKY
OHH OMNpefeasioTCs NepHOAHYECKHMH dyHkuhamu x(O), . | xtk-1),
y", ..., y®b. Mbl ycraHoBuJH, 4TO cHcTeMa BHAa (2.10) umeer
MepHOHUECKOE pellleHHe TOMa H TOJNbKO TOTAA, Koraa GyHKuuu Fj
yoOBAETBOPAIOT = ycaoBHsAM (2.12). Ha 3ToM OCHOBaHHH MOXHO
chopMyNHpOBaTL CleRyiolllee  BCIOOMOraTe/bHOE  yTBEPKIEHHE:
dyakunn X®, Y® 4y ypcna hy—y BCerfa yAOBJETBOPAIOT YC/JAOBHAM

2n
J Ficos tdt+ J Fosin t dt = % J {(X® — Ak 1y®) cos t +
0 0 0

+(Y® 4+ ah,_xW)sin £} dt =0,

251

JFgcostdt - J Fysintdt = J {(Y® + Ak xW)cos t —

(3.22)

— (X(k) — Ay sin t} dt =
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3. Pacyer npubJaunxeHHoro pemienus. PaccMOTpHM Tenepb NoJ-
po6Hee mnpoueAypy pacdyera Ko3((HLHEHTOB pasoXeHHs psiA0B
(3.14). Ycaopus (3.16) BblAeaflOT €AHHCTBEHHOE pelUEeHHE YpaBHe-
Hui (3.15)

xN=rcos T, yH=sin 1. (3.23)

Jlanee paccMotpuMm cHcteMy ypasHeHuit (3.17). @yukuun X@ u
Y® 6yayr kBaapaTHuHbiMH (opMaMHu oT sint u cost. Ha ocHoBa-
HHH NpEAbIAYIIEr0 3Ta CHCTEMAa HMeEeT IMEPHOMHUECKOe pelleHHE,
KOTOpOoe MOXKeT ObiTb NMOCTPOEHO OJHHM H3 H3BECTHBIX crnoco6oB
WIH, HamnpHMep, METOJOM BapHAalMH MPOH3BOJBHBIX MOCTOSIHHbBIX
HJIH TpeAcTaBJEHHEM pelleHHsi B BHAe OoTpe3ka psaaa dypbe

x@=Acost+ Bsint+ g,
y?» = Asint— Bcost + ¢, } (3.24)
rie QyHKLHH @1 H @2 HMEIOT BHA
@, =0+ a;;cos 2t +ap s?n 2, } (3.25)
Qg = Gy + Gy COS 27 + @y, Sin 27.

B camom aene, tak Kak dyHkudd X@ u Y@ cojepat TOJbKO BTO-
poie ctenend ¢yukuuit x u x®, To pasnoxenne X& y YO B pax
Oypbe He GyAeT COAepXKaTb NEePBbIX rapMOHHK. Ko3pdHUHEHTH a;j
B pa3jioxeHuu (3.25) onHO3HAUHO ONMPEAESAIOTCS KO3DPHLHEHTAMH
pasnoxenust ¢yHkuuii X@® u YO, Uycna A n B B BbipaxKeHHAX
(3.24) onpegensitoTcs HauadbHBIMH ycaoBHsaMH (3.20). AHajoruuso
BBIUHMCJIAIOTCH W OCTaJibHble u/leHbl pasjoxedus (3.14).

Paccmotrpum Tenepb 6osee noapobHo ycmosus (3.22). [puuu-
Mas BO BHHMaHue BsipaxenHs (3.23) mas xM u x®, MoxHO 3ri
YCJOBHSl MepenucaTh Tak:

2n b

J {X® (H)cost + Y® (¢)sin ) dt =0,
0
o (3.26)
1 .
hey= T f {X® (tysint — Y® (f) cos £} dt.
¢

BTopoe H3 3THX paBeHCTB NO3BOJfAET BbIUHCIAHTL NMOMPABKY Ha 4a-
ctoty hp—1. M3n0XeHHan npolueaypa pacuera nokasblBaer, uTo AJsl
onpefeneHds NEPBOH MOMPABKH HA 4acTOTy HEOGXOAHMO MPOBECTH
BHIUHCJEHHS NEPBbIX Tpex NpubJKeHuil,

[IpumMeuanune. B npeapiayiieM nyHKTe ObLUIO yCTAHOBJIEHO,
yro ¢yHkuun X® g Y™ 1akoBH, UTO OHM BCeriaa Y/AOBJIETBOPSIOT
YCAOBHAM CYUIECTBOBAaHHA MEPHOAHUECKHX PpeileHHd, 3T1oT ¢akT
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JIETKO TPOBEPHTb, HEMOCPEACTBEHHO TMOJb3YACh CTPYKTYPOR .3THX
¢yHkuuii. Tak, Hanpumep, GyHkuHH X@ u Y@ pumeior mpeacrasJe-
Hua tuna (3.25). Toacrasasas nmono6HOe Bhipaxkenue B (3.26), yoOe-
XAaeMcs B TOM, YTO OHO Y/AOBJETBOPAETCA TOXKAECTBEHHO MO Oj.

Mbl mokasanu, urto psaabl (3.14) aBasoTcs GopMaibHLIM pellle-
HHEM CHCTeMH ypaBHeHHit (3.13), Ho, corjacHo Teopeme JIsimyHoBa,
pelleHHe 3TOH CHCTEMbl SIBAAETCA aHaJMTHUeCKOH (YHKUHell mapa-
MeTpa ¢ B OKPECTHOCTH TOukH ¢=0. 3To 3HauuT, YTO AJA AOCTa-
TOYHO MaJablX 3HaueHudl |c¢| paaw (3.14) CXOAATCA H AalOT pe-
lIEHHE,

Urtak, Meron JIsinyHOBa MO3BOJSIET MOCTPOHUThL pellleHHE B BHAE
panoB (3.14). BosBpaumasch kK mepeMeHHOMY £, MOJIYYHM

- A (t +to) 2 (2)( A (t+ to) ) 3 1
x—ccos(1+hzcz+m)+cx TFhe?+ .. +3(.)+..., -
s A (E+to) ) 2 (2)( A (¢4 14) ) 3 -
y-csm(1+h2c2+... Y T her ) TG F e
rae #9 u y® — nepHoauueckue (YHKLHH CBOETO apryMeHTa
AL+ )
[T he?s ... Mepuora 2x.

JI1060f OTpe30K, COCTOALHH H3 KOHEUYHOro YHC/Ja YJIEHOB pANOB
(3.27), Mbl MOXKeM HCNOJb30BaTb AJA NPUOJIHIKEHHOrO OMHCAaHIs
KoseGaTeNbHOrO mpoiecca. 3aMeTHM OJHOBPEMEHHO, UTO, MOCKOJb-
KY YacTOTY Mb! BCerfa Olpefie/isieM ¢ HEKOTOPOH MOrpelIHOCTbIo, TO
¢ yBeJH4YeHHeM BpeMeHH { OolIHOKa B BbIUHCIAEeHHH ¢a3bl 6yaer Bce
BpeMs HakamauBatbca. Meton JlsinyHoBa He naer, Takum o6pa3om,
BO3MOXXHOCTH TIOJNYUHTb paBHOMepHOe TNpHOMHKeHHe mo ¢ase Ha
BceM GeCKOHEUHOM HHTepBaJjle BpeMeHH. :

BeipaxeHue (3.27) naer obuwmil uHTerpan cucteMsl JIsmyHoBa,
MOCKOJbKY TpaBble uacTH (3.27) comepXkaT ABe TMPOH3BOJBHbBIE MO~
CTOSIHHblE: aMILIUTYAY ¢ M aJJAHTHBHYIO MOCTOsAHHYIO %, Cueposa-
TesbHO, Meron JIAmyHOBa TO3BOJSieT HCCAEA0BaTb 3TH CHCTEMbl
B OKDECTHOCTH TMOJOXeHHUA PpaBHOBECHA C HCYepNHBalolled moJ-
HOTOH.

B 3akJ/J0UeHHe pacCMOTPHM JiBa IpuMepa.

4, Ypapuenue Jlwddunra. B 6e3pzsmepublx KOOpAHHATAX ypas-
nenne Jliodpduura nmeetr sua

i+x—x2=0. o (3.28)
d1o0 ypaBHeHWe H3yuanocb B raase l; Torila Mbl TMOCTPOHJIH ero
TOYHOe pellleHHe B SJJIHITHYECKHX (pyHKunﬂx Meton JlanyHosa
MO3BOJAET JIerKO HafTH ero npuéJmmeHHoe pemeﬂue B TPHIOHQ-
METPHMECKHX (pYHKLHAX.

HauaabHble ycaoBua 3alaiuM B BUAe

t=0: x=c¢, y=0. - (3.28)



§ 3] METOJ JANYHOBA 65

YpaeHenue iodduHra omucbiBaer KojeOaHHe HEKOTOPOH KOHCEp-
BAaTHBHOM CHCTEMBI, a MOCKOAbKY MOC/JEAHAA SBJASETCS UYaCTHbIM
clyyaeM cHcTeMbl JIsnyHoBa, TO AAA ee HCCAeJOBaHHA MOXKHO HC-
nonb3oBaTh MeTo] JIsnyHoBa.

[Tpu pelleHHH 3ajay, CBOASILHUXCA K OJAHOMY YypaBHEHHIO BTO-
poro mopsiiKa, HeT HEOOXOAMMOCTH MepPeXOAHTb K CHCTEMe YypaB-
HEHHH mepBOro mopsaika.

B ypaBHenuu (3.28) caenaem 3ameny (3.12), nocne uero OHO
NpHUMET BHJI

d%x
dx?

=(x3—x)(1 +2hoc®+ .. .).

TMonoxum
x=cxM4c2x@ 4,

®Gyuruud x ya0BAETBOPAIOT CJAEAYIOLIHM YPaBHEHHAM:

a0 oy @D o )

d<? ’ dt? ’ \ (3.29)
dzx(” ‘
- — x® _ m a1
PED x 2hoxD) 4 x j
HT IO
HauaabHble YCJAOBHA AJd 3THX CHCTEeM OnpelensioTcd Tak:

t=0: =1, FV=x@=7A=_  =0. (3.30)

TlepBoe H BrOopoe VpaBHeHHf cHcTeMbl (3.21) ¢ yueroM HadanbHBIX
ycaosuit (3.30) Ham panyT

xM=cos1, x@=0.

Torma Tperbe yparHeHHe cHcTeMbl (3.29) npumer BUA

dz (3)
dxrz = — x® — 2k, cos T + cos’ 1.
Tak Kak
3 1
cosit = - C0S T+ 7 cos 3T,
TO ©
d2x 3 3 3 1
= —x()—cosr(2h2— 71—)+—4-cos 31, (3.31)

Has toro uto6bl ypaBHeHHe (3.3]1) HMeN0 MepHOAHYECKOE pellieHHe
nepuoja 2m;, HEOOXOAMMO H JAOCTAaTOYHO, u4TOObI B MPaBOH uacTi
3TOr0 ypaBHEeHHs He OBLIO CJaraemblX, COAEpXKalUMX COS T HJH
sin 1. Otcoaa

hy =

o] w

Hrak,
d2x(3)
dt?

1
= —x® — 2 cos 3t.

—

-
;
<

X
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ITepuoauyeckum pelrenneM ypaBHeHus (3.32), yAOBAETBOPSIOLIHM
HadyaabHbIM ycaoBuaM (3.30), Oyaer dyHKuuUA

I I
(B) —
X 35 COS T ~ 35 COS 3t.

Cobupasi mosyuyeHHble pe3yJbTaThl, oO6llee pelleHHe YpaBHEHHs
Hiodpdunra mbl MOXKeM 3anucatb B popMe

t4+t¢ 1 t+t
X =ccos %—— +c3 35 €OS ~—~—3—°— -
[+ —c2+... l+—=—c2+ ...
8 8
1 3+t
—gycos [—2EEO_N )y sp 4. (333)
I+§02+..-

5. Nlpumep HekoHcepBaTHBHOMN cHcTembl. Kiace cuctem JlsnyHo-
Ba 3HAYHTEJIbHO IUMpe KJacca KOHCEPBATHBHBIX CHCTEM, H B MpPH-
KJaJHbIX 3ajayax MOAOOHblE CHCTeMbl BCTPEYAlOTCA AOBOJbHO Ya-
cto. PaccMoTpuM ypaBHeHHE, KOTODOe BCTpeYaercsi B TEODHH BOJH,
BO3HHKAWOWHX HaA MOBEDPXHOCTH TSKENOH BA3KOH KHAKOCTH, CTe-
Kalolilell Mo HaKJOHHOMY JIOTKY,

& — pxzd+A%x=0. (3.34)

Touka x=4=0 siBnAeTCA MOJOXKEHHEM paBHOBecHs. YOGemauMcs, YTo
ypaBHeHue (3.34) oTHOcHTCA K YHCay cHcTeM JlamyHoBa. [last 3Toro
HaM Hafgo NPOBEPHTb [Ba YCJOBHA: NMePBOE — KOPHH XapaKTEepH-
CTHYECKOTO YPAaBHEHHA JHHEaPH30BAHHOH CHCTEMbl JOJKHbl GbITb
YHCTO MHHUMBIMH; BTOpOe — cucTeMa (3.34) mo/aKHa HMeTb MepBHIH
HHTErpaJl, aHaJHUTHYECKHH B OKPECTHOCTH NOJOXKeHHs PaBHOBECH.

Ileppoe M3 3THX ycnoBui o4eBHAHO. /s BBIICHEHHST BTOPOTO
0003HayHM

=y
U nepenHmeM ypaBHenue (3.34) B caeaylolleM BHje:
=By — M) x. (3.35)

B srom YpaBHCHHH NEPEMEHHbIE pa3fe/sloTcs, H IMOCAE€ HHTErpHpoO-
BaHHA Mbl no.nyqaeM

23y+ ﬂz In By — 43 = 2+ C,, y>7g—2,}
vl (330

2y —
ﬁ+ 1(7»—ﬁy) x?+ C,, y<F-]

BbipaxeHus (3.36) moKasblBalOT, YTO MepBbIA HHTErpas, KOTO-
pblil gomyckaer ypaBHeHue (3.34), 6ymer aHaJHTHYECKHM B OKpecT-
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HocTH Toukd x¥=y=0. Utak, ypaBHeHue (3.34), coriacHo Teopeme
JlsinyHoBa, ©MeeT B OKPECTHOCTH MOJIOXKEHHsI PaBHOBECHS! MEPHOMH-
yecKHe pelleHusi. B 3ToM MOXHO yG6elHTbCs TaKKe H aHaJH3HPYs
¢azoByto miockoctb. O6o3Hauas

2y, 2M Y
5 T8 In(By —2?)
2
AJs1 y>%,
Uly)=
H o S in(2—y)

2
i _l/<_hﬂ“ i

Mbl MOXeM 3amicaTb MepBbid HHTe-
rpaJ B BHIE

x==x=VU({y)—C. (3.37)

Buipaxenue (3.37) HaMm mo3BoJs-
. eT MOCTPOHUTb OGBIYHBIMH crocoba-
MH a30Byl0 MJOCKOCTb ypaBHe-
uus (3.34). Puc. 13 HQKza3blBaeT,

A
YTO MOJYIJIOCKOCTb Yy < —— 3amoJi-

i Puc. 13.
HeéHa 3aMKHYTbIMH TpaeKTOpHﬂMH,

KOTOPbie PacloyioKeHbl HECHMMETPHYHO OTHOCHTeNbHO ocH Ox. [las
HaXOMXJeHHsl 3THX pelieHHH MOmxeT GbITb HCMOJIL30BaH Meron Jlsi-
nyHoBa. BbiuMciieHus npoBefieM, CJelys TOl XKe cXeMe, KOTOPYIO
Mbl HMCIOJIbL30BAJIK TPH TMOCTPOEHHM pelleHHH ypaBHeHuil [iod-
¢uHra.

§ 4. Cucrema JIsanyHosa. Ciydyaii npoH3BOJIBHOIO YHCIa
cTeneHedl ¢BoOOAB!

B mpenbiaymwiux maparpadax paccMaTpHBaJHCh HEKOTOpbIE CBOH-
cTBa OGOOLIEHHBIX KOHCEePBATHBHbIX CHCTEM, HJIM, KaK Mbl HX Ha-
3BaJid, cucteM JlsanyHosa. [Ipu 3TOM Mbl OrpaHHUMJHCH H3YUEeHHEM
TOJBKO CHCTEM BTOporo mopsinka. OoHaKO H3JMOXKeHHble MeTOLbI
NO3BOJISIIOT H3YUYHThb HEKOTOpble CBOHCTBA CHCTEM TPOH3BOJILHOIO
nopsinka. B dacTHocTH, Meton JIamyHoBa moxxeT ObiTh pacmpocTtpa-
HeH W Ha o6GWMi cayyal cucteM JlsimyHoBa. OnHaKO ero BO3MOX-
HOCTH TPH 3TOM CTaHOBsiTcs OoJiee orpaHHueHHbIMH. B ciyuae cu-
¢T€M BTOpPOrO mopsiiKa MeTOoA JIAnyHOoRra NO3BOJIsSIET MOJYYHTb MC-
YepnbiBalOUYl HHGOpPMALMIO O MOBeleHHH cHcTeMbl. Kak Mbl
3TO YBMAHM HHXe, B CJiyuae CHCTEM MPOH3BOJLHONO MOpsiAKa 3TOT
MeTON MO3BOJIsIET OTbICKHBaTb TOJbKO ONpeAesieHHBIA  KJjace
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nepHoaHyecKHx pelueHHi. HecMOTps Ha orpaHHueHHBI XapakTep,
MeToa JIsanyHoBa B psiie cJayvyaes sIBJSETCS €lBa JIH He eIHHCTBEH-
HBIM cloco6OM, KOTOpPHI HMeeTCs B pyKaX HcchaegoBaTtenst AJs
3(pPEeKTHBHOrO TNOCTPOeHHS NEPHOAHYECKHX pellleHHA HeJHHeHHBIX
KoNe6aTeabHbIX CHCTEM CO MHOTHMH CTeleHSIMH CcBOGOMbI.

1. Onpenesienne. CHcTeMy OH(QepeHLHANbHbIX YpaBHeHHH

TLi=F(%:, ..., %) (i=1,2 ..., n) (4.1
6yleM Ha3bBaTb CHCTEMO# JIsinyHOBa, ec/AH OHa YAOBJAeTBOpsIeT
CJAEAYIOIIHM YCJAOBHAM:

a) Dynkuuu F; — aHaluTHYeCKHe (QYHKLIHH CBOHX apryMeHTOB
B OKPEeCTHOCTH TOYKH Z;=0

F,= ,Zl a, %+ Fi(%, ..., £), (4.2)

31€Chb Q;; — NOCTOSAHHblE YHCAA, F; — aHa/IHTHYeCKHe (YHKIHH, pa3-
JioXKeHHe KOTOPHX HaYHHaercs ¢ Y/1eHOBR BTOPOro nopsika

00

F,= py alfv Swe e SREER, L, B,
{ sl+52+...+sn=2 ¢ 172 "
6) YpaBHeHHe .
DM=|a;—nol[=0 (4.3)

HMeeT N0 KpafiHeH Mepe OAHY mapy YHCTO MHHMBIX KOpHeH =i,
BeJHUYHHA O} — CHMBOJ KpoHekepa; 8 =1, ecan i=j n 8=0,
€ClH [ F |.

B) KopHu =i)A mpocTbie H, KpOMe TOrO, CpeiH KOpHeH ypaBHe-
Husi (4.3) Her KOpHell BHAA =ip), rAe p — NPOH3BOJBHOE IeJ0C
YHCTO.

r) Cucrema (4.1) nMeeT aHaJHTHYECKHH NepBbI HHTerpauJ

H(f[, T2, ov., .fn) =const. (44)

2. TNpuBeaeHne K KAHOHHYECKOMY BHRY. Bripeab BMecTo cHCTeMH
(4.1) Mp OyleM paccMaTpHBATb CHCTEMY CJEAYIOUIErO BHAA:

x=—ky+X(x, Yy 1y oo ey Zm), I

g=Ax+Y(x, y, 21, --., Zp),

zs=1§ byzi+Zs(x, y, 21, ...y 2p)
(s=1,2, ..., my m=n-—2). |}

Paccmotpenne cucteMs (4.5) Bmecto (4.1) He Hapywaer ofu-
HOCTH, Tak Kak cucreMma (4.1) Moxer OblTb Bcerja npuBejfeHa
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K BHALY (4.5) nuHeliHbiM npeobpa3oBaHHeM nepeMeHHblX. Has Toro
4yTo6bl 3TO NOKA3aTb, PACCMOTPHM CHCTEMY YpaBHEHHI

g = % a;&; (4.6)
H BBEJEM HOBYIO MEpeMEHHYIO
n= 21 Ak (4.7)
P

anecb A; — HekoTOpble YHc/aa, BbIGpaHHble TakKMM 0Gpa3oM, 4TOGbI
071 1106bIX E; HMeJ0 MeCTO paBeHCTBO

E A = ‘:f E Ajay sk, (4.8)
i if

rae | — HEKOTOpoe, creudalbHbM 06pa3soM nono6paHHOE YHCTO.
CnenoBaTenbHO, Bejqu4HHbl A; YIOBJETBOPSIOT CHCTeMe anareGpau-
YeCKHX ypaBHEHHUH

SaGsl-a)=0 (=120, (49)

rae 8] —cumBon Kpouexepa. Jlas Toro uto6bl cucrema (4.9) nony-
CKajsa HeTpPHBHAJ/bHbie pelleHHs, HeOOXOAUMO H AOCTATOYHO, YTOGHI
p O6Bl10 KOpHEM ypaBHeHHA (4.3).

BbluHCIHM Tenepb NPOH3BOAHYIO T B CHJIY ypaBHeHul (4.6)

n
n= 2 Ak,
i, =1
Ucnonbays (4.8), Haxonum
= 2 A = pn.
TakuM o6pa3oM, KaXKJOMY H3 YHCTO MHHMbIX KOPHEH YpaBHEHHS

(4.3) MOXHO NOCTaBHTb B COOTBETCTBHe (DYHKLHH My H 7, YAOBJE-
TBOPAIOUIHE yDaBHEHUAM

N = iAny, Mg = — iAnp,
MPHYEM BEJIHYHHBl 1y H Tg ONPEAENSIOTCH PaBeHCTBaAMH
n n
n = igl Ai'l)gi' N, = iﬂj A(iz)gi’

rae ncna AP u AP onpesenentt us ypawsuenuit (4.9) fipu p=ik
H p=—I) COOTBETCTBEHHO, BMeCTO nepeMeHHHIX 1; H T3, KOTOPLI
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YAOBJETBOPAIOT YpaBHEHHAM C MHHMBIMH Ko3dhdHlMEeHTaMH, yn06-
HO BBECTH APYrue mepeMeHHble

X=M+n;2 y=i(me— ).
STH BeJUUHHB YAOBJETBOPSIOT CHCTEME YPaBHEHHH
i=—M\y, J=Ax.

Ecan Ttemeph B cHcTeMe ypaBHeHuit (4.1) clenath 3aMeHy mepe-
MEHHBIX :
n
)] @) =
x= 2 (4" + AP) %,

=]

n
y=i2 (AP — A")x,

i=1

Zl=£l (j=l,2,...,n-—2),

To oHa Oyner mpuBeneHa K BHAY (4.5). ‘

©®opmy ypaBHeHu# (4.5) Mbl OyaeM HasbBaTb KaHOHHUYECKOH
tdopmoit cucrem JlsnyHoBa. :

[TepBuiit uuTerpan (4.4) B 3THX NmepeMeHHLIX MOXKeT OBITh MpH-
BeleH K BULY

2+y?+ Wz, ..., 22)+S(x, 4y, 24, ..., 2,) =n? (4.10)

rie W — kBaapatHunad (opMa CBOHX mepeMeHHBIX, a S — aHaJH-
Tuueckas (YHKIHUS, PasnoKeHHe KOTOPOH HauMHaeTCsd C UJeHOB
TpeTbero mops/jka MaJjoCTH.

3. Teopema Jianynosa. Ilycth TOUKa X =y =2=... =2, =0
aBAseTcs MojsoXeHHeM paBHoBecHs. [loBropsas nocnoBHO paccy-
XKIeHus, npuBefeHHble B § | 3TOH raaBbl, MPUXOAUM K CledyloLied
Teopeme.

Cucrema (4.5) donyckaer 8 OKpecTHOCTU Ha4daia KOOPOUHAT
x=y=z1=..,.=2,=0 nepuodudeckoe peuwieHue, aHAIUTU4ECKL 30-
gucauee 0T 00HO20 napamerpa. B kadectse Takozo napamerpa
moxcer GbiTb NPUHATO HA4AAbHOE 3HAtexHue seiudursl X: x(0) =c.
Hauanrvroe 3Ha4exue 8eAudUnbl Y MONET CHUTATLCA APU 3TOM pas-
Hoim Hyato. Hauwarvuoe 3navenus 6eaudun z; onpedeastorcs 00Ho-
BHAYHO U ABARNOTCA TAKNE AHAAUTUYECKUMU PYHKyusmu napamer-
pa c. [lepuod pewenus T — Towe anaiutTuueckas GYHKyus 3706
geaudqunsl, npudem pynkyus T umeer eud

= (14 hye+ b+ ) (4.11)
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u, c1edosaTeabHo,

. 2n
lim7 = =-.
c>0 A

Camo nepuodudeckoe petierue A8AAETCA AHAAUTUYECKOU DYHKYuell
napamerpa ¢ u obpawaerca 8 TpusuasbHoe npu ¢=0.

Takum o6pasoM, cucrema JIsimyHOBa NPOH3BOJIBLHOrO uMcaa CTe-
neneil cBoGoabl Takxe o006/JajaeT NEPUOAUUECKHMH pelleHHSMH
B OKPeCTHOCTH Hauana KoopiuHaT. OJHAKO B clyuae CHCTEMH C OJ-
HOH CTereHblo CBOGOJABI OHM HCUEpPNBLIBAIOT BCE BO3MOXKHbBIE JBHXKe-
HUsI, KOTOpHE ONHCBIBaeT cucTeMa JIsinyHoBa. B ciyuae npousBofb-
HOro 4Hcia cTeleHell cBOGOALI OHH BBIAEISIIOT TOJNbKO OJHOMAapa-
MeTpHueckoe ceMefcTBO Takux pelleHuil. [TonHbifi HaGop pelleHui
JOJIKeH 3aBHCeTb OT 7 — | mapaMerpa (IOCKOJMBLKY OAHA H3 IIo-
CTOSIHHBIX aAJMTHBHA), HO CBOHCTBA OCTaJbHbLIX pelUeHHH 3aBHCAT
ye OT APYrux TOUeK CrekTpa MaTpuusl [a;ll.

[Tpumeuanue. [lyctb Mbl ONpeleNuay OJHONApaMETPHUECKOR
ceMeficTBO MepHOAHUECKHX pelleHH

x(t, C)7 l/(t), 2l(t,c),---,2m(1, C)~
QueBuHO, UTO pellleHUeM OYyJdeT TakKxXKe M Takad cHcTeMa (QYHKIHUIN
x(t+h, ¢), y(i+h ), 2(({+h,c),...,2n(t+hc)

nast ato6oro A, Takum o6pasom, Meron JIsinyHOBa MO3BoJISieT BhlJe-
JIUTb JBYNapaMeTpHYeCKoe CeMeilCTBO NMepPHOAHYECKHX pelUeHHH.

4. Meron JlanyHora. Meroa, HCIOJNb30BAHHBIA AJS1 110CTPOEHHUS
NepHOAHUECKHX peilleHHH cucTeMbl (1.8), MoXer OLITH HCNOJb30-
BaH M AJs peuieHuss 6onee CJIOMHONH 3ajauu — OTBICKAHHSI HePHO-
Juueckux pellenuit cucrembl (4.1). Cnemaem cHauana craHaaprt-
HYI0 3aMeHY He3aBHCUMOH nepemeHHoH (3.12)

= (1 +hoc?+ hye® + .. ),

rae h; —ukcaa, noasexaiiue OonpeaeneHHIO.
Cucrtema (4.1) Torpa 3aMeHHTCs cjelayiomeil:

A B VRS (PN AP TR Ry
"Z‘g‘=[lx +Y(x, Y, 2, zm)]ﬂc;uj;,
\ (4.12)
‘Zs ‘_‘[]:21 bz + Zs(x, 4y, 21, ..., zm)]l_‘*‘h_zcg_h
s=1,2, ..., m) ‘
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[Mepuoayuueckue peuleHdss cHcteMbl (4.12) OymeM HckaTh B BHJE
psiioB ,

A o (4.13)

(s—l 2 ., m).
IMoncraBum psiabl (4.13) B cucremy (4.12) H cpaBHHM Ko03(¢H-

LMEHTbl TPH OJUHAKOBBIX cTemeHsx mnapamerpa c¢. Pyukuuu xV,
(1) (1
g u 2 Oymyr ynoBneTBOpsATH CHCTeMe JAH(depeHIHANbHBIX
ypaBHEHHH

"'ijf‘“‘)‘= — 4y, dg_m=x(1)

T T ’

dzm (4.14)
st,z“) (s=1, 2, ..., m).

j=1
Ons ¢yskuun x@, y@ u 2@ noayuum c/eAyloulylo CHCTEMY ypas-
HeHHi:

dx(2) | Ny 1
dy® @ 1 ywo 20
A b AU G AN
1 1 1
2 bslz(2) 'x' Z.(S) (x( )’ y ’ z.(s ))
(s= 1, 2, ..., m).

Beinuiiem emle CUCTEMY ypaBHEHHH TpeThero NMpHGJHIKeHHst

dx(3) 1

T = — y(3)+ TX(Q) (x(l)’ x(?)’ y(l)’ y(?)’ zgl)’ fo))—h2y(”,

dy® 1

o= X0 YO (x0, 1@, g0, Y@, 20, 20) 4 hx0),

429

2g st]zjff +—-Z(2)(x(1) x@, y, y@, z(l) z(g))+ (4.16)

j=1

m
+ BN (s=1 2 ..., m),
=1
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B KayecTBe HauaJbHbLIX 3HAUEHHH HJs onpegeneHus yHKuui x @
u Y npumem

=1, yh=x®=y®=0  (k£1). (4.17)

[Teprie 1Ba ypaBHeHHs cHCTeMH (4.14) W HauaJbHBIE YCJIOBHS
(4.17) enunctBenHniM o6pasoM omnpepensioT ¢ynkuuan x u y®

W =cost y?V=sinn. (4.18)

HauanpHee yesioBHs s 2V He 3axanel. MBI JIOJDKHB HX NOJO-
6patb TaK, uTo6H GYHKUHH 2 GLIH NepHOAHYECKHMH (YHK-

uusaMH T nepHosa 2m. Tak Kak, no Npe/noJOXeHHIo, CpelH cob-
CTBEHHLIX uYHcesq MaTpuubl |l b;;|| HeT KpaTHHX A, TO Cpemu He-
TPHBHAJIbHHIX PeuIeHHH CHCTEMB

dzé” I X
== Vb ) (s=12 ..., m (4.19)
I=1

HeT MepHOAHYECKHX HCKOMOro nepuojia. B camom jnene, nepHoanue-
CKHe pellleHusi cHcteMbl (4.19) mepuoja 2m JOJIXKHBI HMETb BHJ

(1) = plt
X e re

H, clepoBateabio, (4.19) cBoAHTCH K chaeayollel aJjre6padHuecKol
cHcTEME:!

;2 byri=ikry  (s=1,2, ..., m). (4.20)
=1

Ho paBenctBo (4.20) BO3MOXKHO TOrla M TOJBKO TOTJa, Koriaa
i% — co6cTBeHHOe YHCIo MaTpHun ||b;;ll.
Takum o6pa3som,

M =
25 0.

CrnenoBaTesbHO, pa3jioxeHHs GYHKUHA 25 MO CTeNeHsiM MapaMeTpa
€ HayHHaeTcs C YJeHOB BTOPOro [IOPsJKa MaJOCTH.

[Tepeiinem rtenepn kK cucteMe (4.15). Ee npaBnle uacTH, ecau
B HHX MOJACTaBHTL pelleHus (4.18) u mosoxuts 2{"=0, Gynyr He-

KOTODHIMH H3BECTHBIMH NEPHOJHYECKHMH DYHKUHSMH T.
PaccMoTpuM mepBble ABa ypaBHeHHsl 3TOi cHcTeMH. OHH HMeIOT
topmy ypaBHenuit (3.17) u, ciegoBaTesbHO, AJA CYILECTBOBAHHA
nepropHuecknHx peuleHud xP(t) u y@(tr) Heo6XOAMMO H LOCTATOYHO
BolmosiHeHHs1 ycoBui (3.22). OpHako B CHJIY TeOpeMBl O cylie-
CTBOBAHHH  TEPHOJHUECKHX  peuleHHH 3TH  yC/OBHA  JIOJDKHHI
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BBHIIOJHATBCA AaBTOMAaTHUECKH. HOSTOM_V HCKOMOe MnepHoguyYeckoe
pemeHue HMeeT BHI

x® = Acost+ Bsint+ g, (7), }

y?P = Asint — B cos T+ @, (1), (4.21)

rie ¢; U Q — YaCTHble pelleHUs cucTeMbl (4.15), KoTopble CTpPOAT-
csl U3BeCTHHIM crnoco6oM, a umcaa A u B BoiGupaloTcsi Tak, 4ToGHI
oyukuud x? u y® ynoBneTBOPAIM HYJIEBHM HayasJbHbIM YCJO-
BHSIM.

PaccMOTPUM Ty 4YacTb cucrembt (4.15), KoTopas omuchbiBaer us-
MeHeHHe QYHKuuH 22

dz? 1§ |
e Wb kP Z0 () (s=1,2, ..., m), (422
i=1

rae ZY — uasectubie nepuoiuueckHe GYHKUHH T mepuoia 2m. Tak
KaK CpedH COGCTBEHHBIX uucesn MaTpuubl ||b;;il Her xpaTHHIX A, TO
y cucteMbl (4.22) cyluecTByeT eIHHCTBEHHOe NMEPHOAHYECKOe pelle-
HHe TepHoAa 2m. 3TO pelleHHe CTPOMTCS H3BECTHLIMH METOLAaMH
(HanpuMep, MeTOAOM HeompelesieHHbX K03(DGhHUHEHTOB), IpHYEM
AN HayaNbHbIX 3HaueHHH 2P noJayuaioTcs BIOJHE ONpeje/eHHble
3HaAYeHHs.

[Tocne Toro xak Mbl moctpounu pewenue x®, y@ u 2@, B nep-
BbIX JBYX ypaBHeHusx cuctembi (4.16) dyHruuu X@ u Y@ 6ynyr
H3BECTHHIMH MepHOAHYECKHMH (YHKUHAMH nepuoga 2m. YcJa0BHUS
(3.22) cymecTBOBaHUS MePHOAHYECKHX pelIeHHH 3alHLIyTcA B BHIE

n 2n

J. X® costdr+ J. Y®sintdr=0,
0 0

. . (4.23)
— hy+ 2—;{0]. X®sintdr — 2—;1—0]. Y@ costdr=0.

[lepBoe M3 3THX YCJAOBHH MAOJIKHO BBIMOJHATLCS ABTOMATHYECKH.
Bropoe u3 ycaoBuil (4.23) mo3BosseT BBIUHCJAUTb 4HCa0 Hy Ecun
YuCsIO M BHIGpAHO HaagexalluM o6pa3oM, NepBbie JBa ypaBHEHHs
cucremsl (4.16) momyckaloT NepHoiHYecKue pemleHus tuna (4.21).
Uro xacaercs QyHKuuii 2%, TO OHH YIOBIETBOPAIOT CHCTEMe YypaB-
HeHufi tuma (4.22), Kotopas B CBOIO ouepelb AONMYCKAET €JHHCTBEH-
Hoe mepuojuyeckoe pemenHe 2% (t), mpuueM HayajbHbie 3HAYEHHS
3THX QYHKUHMHA MOTYyYaioTcs BHOJHE OnpejeseHHbIMH. JIerko BHIET,
YTO MpolleCC MOXKeT GbTb HeOrpaHHYeHHO NPOJOJXKEH H .JI06ble
ygeHpl pagoB (4.13) moryr OblTb BblYHCAEHBl. 3aMeTUM, 4TO Ha
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KaX/JOM Illare HaM TPHUXOAMTCS omnpefensath uucao h,. Tak kax
ypaBHeHHe Is1 onpejefeHus A nuHelHHoe, TO Ay ompelensTcs H
MPHTOM OAHO3HAUHO.

Hrak, H3N10XKeHHBIHl METOZ MO3BOJAET MOCTPOUTh MEPHOJAHUECKHE
pelieHusi cucTeMbl JIsimyHoBa mpoW3Bo/MbHOrO mMOpsAfka. B cayuae
CHCTEM BTOPOro MOPSAJKa 3TOT METOXA JaeT BO3MOXKHOCTb MOCTPOHTH
OGIIHI HHTErpaJs CHCTEMB, T. €. 15 JOCTATOYHO MasblX 3HaueHHi C
M03BOJISIET MPOBOAMTL HCUEpNbIBalOllee HCC/Aef0OBaHHE 3aauH.

B cnyuae cHcTeM n-ro mopsnka metoh JIanyHoBa JaeT BO3MOXK-
HOCThb MOCTPOHTh TOJBKO CEMEHCTBO UaCTHBIX PelleHHH, 3aBHCALIHX
OT ABVX MPOH3BOJBHBIX TOCTOSIHHBIX: MapaMmeTpa ¢ H aJJIHTHBHOR
noctosnHoi A. HecMoTps Ha To, uTo Meron JlamyHoBa mosBoJisier
B CJAyuae CHCTEM MPOHM3BONBLHOTO MOPAJAKa MOJYYHTb Ha TNepBbIH
B3I/l Pe3yJbTaT OueHb OrpaHHuUEHHBIl, TeM He MeHee €ro 3Haue-
HHe MJA TEOPHH KoneGaHMH BecbMa BelHKO. [I1s mosicHeHHs cKa-
3aHHOTO PAaCcCMOTPHM KOHCEPBATHBHbBIE CHCTEMBI.

5. KoHcepBaTHBHblE CHCTEMbl MPOH3BOJBLHOTO YHCAA CTeneHed
cBoGoabl. PaccMoTpHM KosneGaHHSI KOHCEPBATHBHOM CHCTEMBI OKOJIO
noJoXKeHHs paBHOBecHs. [IpeAmono’KuM, 4TO MOJNOXKEHHEM paBHO-
BecHs fBJSeTCH HauasJo KOOPAMHAT. B 3TOM ciyuae KHHETHuecKas
¥ MOTEHIHaJbHAs SHEPrHs MOTYT GBITh 3allMCaHbl B BHJE

T = Z a”fif],

i,/
4.24
M= X b,%5,+¥Y (&, ..., x)li (4:24)
i, 7

rae a;;=aj, bi;=bj; U pasnoxenne ¢ynkuun W HauuHaercs C Be-
NHYHH TPeThero mopsigka MaJgocTH. (Mbl paccMaTpHBaeM 3anaud
TOJNBKO C AHAJHTHUECKHMH (YHKIHSAMH.) YpaBHEHHS JABHXKEHHA
3TOH CHCTEMbl MOTYT ObiTh 3amucaHbl B ¢opme Jlarpanxka

St = (4.25)
HJIH B PACKPHITOM BHJE
éai,.é,-+]:21b,-,f,-+¢i=o (i=1,2, ..., n), (426
rge 1; — KOMIIOHEHTH BekTOpa VW
P = 3‘;2

ABJAAIOTCA HeJHHEHHBIMH (YHKUHMAMH CBOHX apryMeHTOB, pasJoxe-
HHe KOTOPbIX HAauMHaeTcss C WIEHOB BTOPOro MOPsAAKa MaJoCTH.
OGo3HauuM uepe3 Ay, Az, . . ., An KOPHH YPaBHEHHS

| —Aai;+bij| =0. (4.27)
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YpaBHeHne (4.27) Ha3biBaercsi 8exoseim. Tak Kak KBajpaTHuHas
tdopma Za”xix, NOJIOXKHTENbHO ONpefeNeHHasi, TO, COIJAacHO H3-
i

BECTHOH T€opeMe, KOPHH BEKOBOIO ypaBHEHHsS JeHCTBHTENbHbL Umnc-
Ja A; MOTyT OBITh KaK MOJIOXHTENbHBIMH, TaK H OTPHLATEIbHBIMH.
[ToBropHM Tenepb pacCyJeHHSl, KOTOPble HAac MpPHBENH K CHCTE-
Me (4.5).

BBeneM HoBble mepeMeHHbIe

xp= 2 APay%,, (4.28)
iy ]

k
rae uncaa AY onpepensiorcs Tak, uTOGHl PaBEHCTBO

\Y 4B o 1 k) =
ZA,- )ai,-x,- = -X—k—E b[jAﬁ‘ Xj
i] i

HMEJO MecTo Ads MOGHX %5, T. e. uto6n AP YAOBJIETBOPSAJIH
cHCTeMe OJAHOPOAHBIX ypaBHEHHH

MR APay =2 AP0 (=12, ..., n). (4.29)
Cucrema ypaBHeHHil (4.29) paspelinMa, TakK KakK Ap — KOpPeHb
ypaBHeHHs (4.27). ‘

Urak, A KaKAOrO KOPHs Ap MBI ONpPeNeNsieM CHCTEMY 4YHCel

(3 |
AP u HOBYIO NepeMeHHYI0 x,. PaccmarpuBan paBeHcTBa (4.28) Kak
CHCTEMY YPaBHeHHH OTHOCHTENbHO ¥;, MOJYYHM

’fl' =’§la,‘kxk (]= ]» 2» ey f'l). (430)

MoxHO mnoKasaTh, uTO0 cHcTeMb (4.28)— (4.30) HeBHIPOXKJEHHbIE.
CocrtaBuM Tenepb AHGbGepeHUHANbHble yPaBHEHHs, KOTOPHIM Y10+
BJIETBOPAIOT HOBbIE MEPEMeHHbIe
X, = ZAﬁk)ai,§f= - Z(k)A(,.k)bi,-f-‘*'@k(fl’ cees )
i

- i
L)
— AN k
rae §,= — ZIJAi )\pi.

HUcnonbaysn onpenenenus uncend A¥ u nenas sameny (4.30),
NONYUYHM i ‘
Xp+ApXy =@ (G (4.31)
rie
q)k(xl,..., x,,)=('i)k(fj(x;,..., x,,),..., f,,(xl,..., x,,))

npeactasasior co6oil aHaAMTHUECKHe (GYHKLHH CBOHUX NEPEMEHHbLIX,
pasnoxeHue KOTOPLIX HaYHHAeTCA C 4JeHOB BTOPOro Nopsiika Ma-
JIOCTH.
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®yHkuUWH x(f) Ha3bLIBAalOTCA TIV1aBHBIMH KOOPJAMHATAMH CHCTe-
Mol (4.26), a uHcna @, = VA, (A9 Ay>0) — COGCTBEHHBIMHU (unH
[JIaBHBIMH) uYacToraMH. Ecau orpaHHuUHTbes JIMHEHHBIMH uieHaMH,
TO cHcreMa (4.31) npumer BuA

Enthaxe=0  (k=1,2, ..., n). (4.32)

®opmMa cucteMbl (4.32) mokasbiBaeT, UTO JHHEHHBIE KoJeGaHHA KOH-
CepBaTHBHBIX CHCTEM MOXKHO NPEJCTaBHTb KaK CYNEPHNO3HLUHIO KO-
JebGaHuH MaTeMaTHUeCKHX MasiTHHKOB (4.32).

KuHeTruueckas H noreHuuanbHasi 3Hepris cuctembl (4.32) HMeer
BHJ

T=§x‘;;, n=§xkx';;. (4.33)
Takum o6pa3soM, npH noMollH npeoGpazoBaHus (4.30) dopmbl
T= Zai;fo n =23 b,%%
i

npHBeJeHbl OJHOBPEMEHHO K HarOHA/lbHOMY BHAY.

Bripaxenue ans sHepruit (4.33) nokasbiBaeT, 4TO 3HEprus Ka-
XKJOr0o M3 MasiTHHKOB (4.32) ocraercs Bce BpeMs noctosHHoH. Hu-
Kakoro o0MeHa 3HEePruH MeXN1Y IJ1aBHBIMH KOJeGaHHAMH JHHeHHBIX
cHCTeM He cyulecTByeT. B HesuHefiHbIX cHcteMax (4.31) curyamus
3HAaYHTEJNbHO GoJsiee ClOXKHaf,

6. Meron JlsnyHora B HeJMHEHbIX KOHCEPBARTUBHBIX CHCTEMAaX.
3TOT Meroji MOo3BOJSET ONpPeAeNHuTb KojJeGaHHsl CHCTeMbl, GaH3KHE
K rinaBHbIM kKoneGaHuaM. IToBTOpHM paccyxieHus n. 3 3Toro napa-
rpacda AnA caydas KOHCEPBATHBHBIX CHCTEM.

DuUKCHPYEM HEKOTOPOe UHC/AO R, A4Sl KOToporo Ax>0, H clenaeM
3aMeHy He3aBHCHMOi nepemeﬂﬂoﬁ (3.12) ‘

t= 2h2+C3h3 ...)

V

rje ¢ — 31o sHaueHHe xg(0).
Cucrema (4.31) npumer BHJ

1 L0J)2
Lot rp (14 Oyt P =gl o, xy) Sl
d? I+c2hy+...)2
d:; __xs(l+Ch2 ---)2=(Ps(x1, R xn)(_—c—;;—) (434)
(s k).
Peitense HileM B BHAE PAJOB
X, = > e (t) i=1,2, ..., n). (4.35)

r=}
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IMoncraBass psaas (4.35) B ypaBueHus (4.34), monyuaeMm ypaBHe-
Hus pas xP

d2x(i” .
- +xP=0, ecmn i=k,
20 (4.36)
dr; +ﬁx(‘.’)=0, ecau iR,
d2x(-2) 1
o HAP =P (),  ecam i=k,
d%P A, ! (4.37)
i S ( e ;
dv? + Ar x(") = Y (xi))’ ecan i<k,
2.(3)
TE e L oo@(x® £V 2kl ecan =k
dt? i xkq)i(i' i) oy s =R,
2.3 (4.38)
i TR SN N -\ VA £ b
‘s e 5= 7 O (s, x®) AW, ecam  iF~k,

H 1. 4. 3gech @™ —kosdduIHeHTH pPasoKeHHss QYHKUHH @,
B PsifbL. ,
HauaJbHble yc/oBHst /151 X HMEIOT BHJ

£ (0) =1, x;;>(0)=0,}

£ (0)= £ (0) =0, (4.39)
ecan r> 1.

HauasnbHbie ycaoBust gast x§ ({~k) NOMKHH GbITh HaJeXalluM
0o6pa3oM noao6paHH.

YenoBuMcsi paccMaTpHBaTh CJAy4al OTCYTCTBHS KPaTHBIX KOp-
Heft, T. e. 6yneM npennosaratb, 4TO As¥Ax, ecau k+#s. Torna enus-
CTBEHHBIM MEPUOJUYECKAM pelleHHeM nepuofa 2m cucreMbl (4.36),
yAOBJeTBOpsioled ycaoBuam (4.39), 6yner

xg) =CO0S T,

£ =0
5

} (sk). (4.40)

IMoncrasasisi ¢opmynnl (4.40) B npaBble yactu cucteMbl (4.37) u
pasnarast ¢pyHkuuu @V B psap dypbe, noaydyaem npu SR

252
*k @
o+ X =0, + o, co8 27,
2D
s S (@ —
. W +Tk—x§) = GSO+052C052T.

[Tepuosnyeckue pellieHHst 3TOH CHCTEMbl, YIAOBJETBOPSIOLINE YCAO-
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BusM (4.39), onpenensitotcss ofHo3HauHo. OHH HMeIOT NpH S#X BHA

a Q,
xP=a, — (ako — %) COST — % cos 2r,
@ — Osohy Ax
x§ » yrve— cos 27.

[lepBoe u3 ypaBHeHuil cHcTeMbl (4.38) MoKeT GBITH MpeACTaBIEHO
B topme

dzxg)
o+ x =B,,+ B, cos T+ B, cos 27 + B, cos 3t — 2A, cos 7.

dt

[das toro 4tobbl 3TO ypaBHeHHe HMEIO NepHONHYECKOe pelleHHe,
HeoOXOMHMO H JOCTAaTOYHO, uTOGHhl mocTodHHas h, ompenessach

PaBeHCTBOM
2n

1 1
b= b= i | 9 W cos (Bt (1.41)

0
Ilpononxkasi aHanoOrHuHbIe BBHIKAANKH, Mbl CMOXXEM BBIYHCJIHTb JIO-
60l uneH B pa3noxkeHusx (4.35).

Taxkum o6pasom, meron JIAmyHoBa naeT EO3MOKHOCTb PasbiCKH-
BaTh MepPHOJAHUYECKHe pelleHHsl, OJH3KHE K IJIaBHBIM KoJebGaHHIM
AuHefHOA cHcTeMBl. IDTH KosneGaHHS HeJHHEHHBIX CHCTEM ecTe-
CTBEHHO MO aHaJOrHH ¢ JUHEHHBIMH KosMeGaHHSAMH TaKKe Has3blBaTh
rJ1aBHBIMH KOTeGaHHAMH.

[lpeanonoxum rtenepb, yTo BCe Ax>0, TOrmia Mbl MOXKeM pasbl-
CKHBaTh BCe rJaBHble KojebaHus H3yuyaeMoil HeJlHHEHHOH CHCTEMHI,
Ecau Gbl peub 11a O JHHEHHBHIX KoJeGaHHSX, TO pelleHHe 3ajauH
0 IJaBHBIX KoJe6aHHAX Hcueprago 6wl BClo mpobaeMy, IMOCKOJBKY
no6oe ABHKeHHe JHHEHHOH CHCTEMbl MOXKHO MOJYUHTh CYIEpPHO3H-
uHell rnaBHBIX Koje6aHHH. B HeauHefiHBIX Kos1eGaHHSAX TPHHIMIT
cyneprnosdnud orcyrcTByer. ITosToMy, HecMOTpPsl Ha TO, UYTO MU
yMeeM CTPOHTb fi OJAHONMapaMeTPHYECKHX ceMefiCTB YacTHBIX pelle-
HHH, MBl ellle OYeHb AAJNeKH OT MOJHOro pelleHus 3anaud. Hampu-
Mep, B paMKax TeopHH JIAnmyHoBa Mbl He MOXKeM OTBETHTb Ha BO-
poc O TOM, CYUIECTBYIOT JIH, KPOMe PaCCMOTPEHHbIX, APYTHe MepHO-
JHUECKHEe pelleHHs AaHHOH KOHCepBATHBHOH CHCTEMBl, ¥ HaXOIHTh
peltetine 3aaauyd Komwn ¢ GpHKCHPOBAaHHLIMH HAaUYaJbHBIMH [ aHHBIMH.

§ 5. ABTOoKOJeGaHus

1. Mpumep aBTOKOAeOaHHil. PaccMoTpuM ypaBHeHHe
E+f(x) =0, (5.1
B KOTOPOM (YHKUHA [ YAOBIETBOPSET YCAOBHAM

F0)=0 u (%)x-o >0.
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YpasHenue (5.1) onmucbiBaeT ABHKEHHE HEKOTOPOH KOHCEpBAaTHBHOM
CHCTEMBI C OJHOH cTeneHblo cBo6OAbl. B Masoll OKpPEeCTHOCTH MoJO-
XeHus paBHoBecusn (x=£=0) ypaBHeHue (5.1) ompenmensier Ko.e-
GaTesbHble IBHIKEHHS, KOTOpbie MPOHCXOAAT C MOCTOSAHHOH aMILIH-
tynoi. Pa3oBas NJAOCKOCTb 3TOr0 YPaBHEHHF B OKPECTHOCTH 3TOH
TOYKH LEJHKOM 3anoJHeHa 3aMKHYTBIMH KpHBBIMH. Byaem HaselBaTh
HEKOTOPYIO CHIY @{(£), 3aBUCAILYID TOJNBKO OT CKOPOCTH, JHCCHMA-
THBHOH, ec/u Ajas Jwoboro £5+0 oHa yA0OBJIETBOpAET YCJAOBHIO

e (x)2<0. (5.2)

[MpennonoXuM Tenepb, uTO KosJeGaHua MafATHHKAa MPOHUCXOAAT MHOX
NeHCTBHEM KOHCEPBATHBHOH CHJBI — f(X) H JIUCCMNATHBHOH CHJIBI
ep(£), rae & — HeKOTOpBbIH MaJblii ma-

z| paMetp

F+F(x) =eq(2). (5.3)

Ecau tenepp yMHOXHTb (5.3) Ha #, To
OHO MPHMET BHJ

//;Q % =29 (%) %,
N

_J Z  rne E —noJHas 3Heprus MasTHHKA
2
' E=x7+[f(x)dx.

Tak KaK HMeeT MecTO HepaBeHCTBO
(5.2), 10 B 1:1060i MOMEHT BpeMeHH

Puc. 14. %go’
fipHUEeM paBEHCTBO MMeET MECTO TOJIbKO IJIfA TeX 3HauyeHHH {, aas
kotopblx #=0. Takum o6pa3oM, kosebaHHAl, NMPOHUCXOASILHE MOX
JeficTBHEM KOHCEpBATHBHOH M JMCCHMAaTUBHON CHJBI 3aTyXawT. Pac-
cMOTpHUM ¢ a30BYIO MJIOCKOCTb ypaBHeHHs (5.3).

IMycTb B HEKOTOpPBHIH MOMEHT BpPeMeHH f=/[; CHCTeMa HaXOAHTCH
B coctosHun x=0, £=ao>0. HauanbHoe 3HaueHue sHepruu Oyner
E0=)'c‘g/2. [To mpoirecTBHH HEKOTOPOrO BpeMeHH H3o6paxalollas

TOYKa, ABUrafCch BAOJb (a30BOH TPAEKTOPHH, COBEPIUHT MOJIHBIHA
0o6OpOT BOKPYr Hauasia KOOPJAHHAT H CHOBZ MepeceyeT OCb OpAHHAT
B HEKOTOpOH Touke &;, npuueM E,<E, CaenoBarenbno, # <. 3a-
METHM ellle, YTO JBe ¢ a3oBble TPAaEKTOPHH HE MOTYT MmepeceKkaTbes —
yepe3 KaxAylo TOYKY (a30BOH MNJIOCKOCTH, KOTOpas He sBJseTCS
0coGoi, MPOXOAHT TOJbKO onaHa ¢pa3oBas Tpaektopusa. Cucrema
(5.3) uMeeT TONBLKO OAHY 0cOOYyl0 TOYKY — HauaJjo KoopAHHat. Ta-
KHM 06pa3oM, da30Bblil NOPTPeT ypaBHeHHA (5.3) HMeeT BHI, M30-
6paxeHHblii Ha puc. 14. Hauano koopauHat saBaserca ocoboit Tou-
koit Tuna ¢okyc. Mzo6paxatolas Touka ABHXETCA B HaNpaBJeHHH,
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YKa3aHHOM cTpesKoil. ®a30oBbe TpaeKTOPHH HaMaThIBalOTCA Ha (o-
kyc. CnenoBateNbHO, B paccMaTpHBaeMoM ciyyae dokyc Oyaer
YCTOHUHBOH 0COG0OH TOUKOH.

PaccMoTpuMm Tenepb HeckosibKo 6oJiee CNOXKHBIH npuMep. Ycio-
BUMCA JONOJHHTENbHO, YTO |@(s£)| — MOHOTOHHO BO3pacrarLLas
dyHkuHa (puc. 15), H NpeanoNOXKHUM, YTO Ha TOUKY AEHCTBYeT He-
KOoTopas aKkTHBHasA cHaa Y (x, £), npuuem (0, 0) =0. [lyctp 3Ta
cusia 061anaer TeM CBOHCTBOM, YTO 3a KaxXKAbIH mepHola KoJeOaHHH
OHa BHOCHT B CHCTEMY HEKOTOPYIO HOPLHIO 3HeprHH. Takum obpa-
30M, NIPH OTCYTCTBHH AMCCHNATHBHOH CHJBbl 3HEPTHA B CHCTEMe BCe

Af
Itz

Puc. 15. Puc. 16.

BpeMsi Bospactana Obl H, C1el0BaTe1bHO, HHKAKHE CTallHOHapHBle
peXKHMbl, KPOME COCTOSIHHSl TIOKOsH, B HeH ObliH OBl HEBO3MOXKHEL.
[Tonpobyem Tenepb mpeacTaBuTh cefe Xapakrep KoJeOaHHUH B
TAaKOH CHCTEME:
E+[(x) =elp(2) +¥(x, 2)], (5.4)

npeanonaras, 4YTo CHla Y TeM CHJIbHee «PaCKaUHBAaeT» MasiTHHK,
yeM OJHXKe €ro COCTOSIHHE K IOJOXEHHIO paBHOBECHs, T. €. UeM
MeHbllle amnauTyaa x. Ha puc. 16 usobpakeHa 3aBHCHMOCTh HOP-
UHH 3Heprud AE, noctynawouiei B CHCTeMy 3a OJHH TepHON, OT
aMIJIUTYABl KoneGaHuH.

TakuM 06pa3oM, koleGaHHe TPOHCXOIOUT NOJA JeHCTBHEM CHJ,
OJlHA H3 KOTOPBIX fIBJSIETCS KOHCEPBATHBHOH, BTOpasi JHCCHIATHB-
Hasi — OHA PacCeMBaeT 3HEPTHH 3a OAHH NepuoA TeM OoJblie, yeM
GoJibllie aMIJIKTYAA, H TPeTbsl, KOTOpPAasi BHOCHT TeM 60Jblle 3HEeprHU
B CHCTEMY, UeM MeHblle aMIVIHTYAA.

[TonoxeHne paBHOBeCHsI 3TOH CHCTeMH HAaXOAMTCS B TOYKe
(£*, 0), rae x* — KOpeHb ypaBHEHHS,

f(x*) =ep (x*, 0),

1 NycTb BHauajde H3o0paxKamooulas TOYKa HaxOAHTCs BOAH3M TOA0-
XKeHHsl paBHOBecHA. B 3ToM ciyuae aHeprus, KOTopasi pacceHsaercs
3a OAMH 00opoT, OyneT MeHblle 3HEPrHH, KOTOpas MOCTYNaeT B CH-
creMy. CnenoBatenbHO, B HENOCPEICTBEHHOH OJH30CTH TONOXKEHHS
PaBHOBECHs aMIJIHTyHa KosaebGaHul ¢ OynerT yBeJHYHBAaTbCd,
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ITpeanonoxuM Ttenepb, 4yTO B HauajbHbBi MOMeHT H306paxkalo-
I{asg TOYKa HAXOAHTCA JOCTATOUHO JajleKo OT Hadaja KOOPAHHAT.
Torna sa oamnH 06GopoT OyAeT pacceHBaTbCs 3HEPrHH 6OJblie, yeM
nocTynath B cHcTeMy. B 3ToM cayuae aMmnautyna ¢ Gyner yMeHb-
HaThbes.

Takum o6pasom, ecyH HavaJbHAd aMIJAHTYAa KoJebGaHuil 6oJb-
mas, To KoJqeOaHHs 3aTYXaloOT, T. €. aMIJIMTyAa YyGHBaer, a ecau
BeJHUYMHA aMIUVIMHTYAH MaJiad, TO OHa ¢ TedeHHeM BpeMeHH Bo3pac-
TaeT. DTO JlaeT OCHOBAaHHE AyMaTb, YTO B CHCTEME MOXET YCTaHOo-

. BHTbCA TAaKOH pexHM KosaeGaHHH (c Ta-

z KOH TNOCTOSHHOH aMIJIHTYyAOH c¢*), mpwu

KOTOPDOM 3Heprus, NOCTYyNHBIIAs B CH-
CTeMy 3a OJHO KosjebaHHe, 6yleT paBHa
3HePTHH, KOTOpas 3a 3TO Xe BpPeMs pac-
CEeHBAeTCsA JAMCCHMATHBHOH CcHJIOH. ITOT
peXXHM HasbiBaeTcss  aBTOKOJebaTelb-
HeiM. Ha ¢asoBoil miockoctH emMy coot-
BETCTBYET HEKOTOpas 3aMKHYyTas KpH-
Basi, Ha3bBaeMasi npedesbHbIM YUKAOM.
®a3oBasg MJIOCKOCTb aBTOKOJeOaTeNbHOH
chcTeMbl (5.4) H3o6paxkeHa Ha puc. 17.
i Crpenika nokasbiBaeT HanpaBJjeHHE JBH-
Puc. 17. XKeHHsa H3o0paxamouleli Toukd. [Tosoxe-

HHe paBHOBecHA OyneT HeyCTOHUHBLIM

¢dokycom. PaszoBble TpaekTopHH OYAYT cMaThiBaTbesi € (GOKyca H
HaMaTblBaTbCs H3HYTPH Ha MNpejlejbHbll UHKJA. TpaekTropuu, KOTO-
pble HaXoAATcA BHe MNpeleJbHOro LHKJa, Takke OyAyT HaMarThl-
BaThCs (H3BHe) Ha mpejeibHbll uuk/a. Takum o6pasoM, aBTOKOJe-
6aTesbHBIH pPEXXHM B PAacCMaTpHBAEMOM cJiydae OyAeT YCTOHUHBBIM.

2. ®opMyaHpOBKAa MaTeMaTHYECKOH 3anaud. PaccmarpuBaemblit
NpUMep ABAAeTCS O4YeHb YACTHBIM CJIy4aeM aBTOKOJeGaTeNbHbIX CH-
CTeM, HMEIOLIMX OJHO IMOJIOXKeHHe PaBHOBECHS H OAMH OMNpefesieH-
Hblil UMK, CyIIecTBYIOT CHCTEMBl, 3HAUHTEJNbHO OoOJiee CJO0XKHbBIE,
HalpHMep TakHe, KOTOpble HMeloT OecuUHCIE€HHOE MHOXECTBO [pe-
JleJIbHBIX LHKJIOB.

MaremaTtHyeckas 3ajaua NOCTPOEHHS aBTOKOJeOaTeJbHBIX pe-
KHMOB B CHCTEMAX C OJHOH CTeneHbi0 CBOOOABI CBOAMTCS K OTHICKa-
HMIO BO3MOKHBIX NEPHOAHYECKHX pellleHHH ypaBHeHHA

E+f(x)=eF(x, %), (5.5)

rie ¢ — napaMerp. PyHkunn F u [ GyleM cuHTaTb aHaJHTHUECKHMH
GYHKUMAMH CBOHX MepeMeHHbIX. B 3ToH KHHre Mbl OrpaHHUYHMMCH
H3yUeHHEM TOJIbKO TeéX MNepHOAHYECKHX pelleiHi, KOTOpble MpH
e=0 nepexoAsaT B NMEPHOJHYECKHe DelleHHs NOPOXKJAaiollero ypas-
HeHus (5.1).
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Ecau 3Heprusi CHCTeMBl JOCTAaTOYHO MaJja, TO, Kak MBI 3HaeM,
aio6oe peniedue cucteMsl (5.1) aBnsierca nepuoaudeckuM. Ho npu-
Mep, paccMOTPeHHBIi B Hayase naparpada, MoKa3biBaeT, yTO He
BCAIKOE pEelleHHE MOPOXKAAIOILEero YpaBHEHHs BJSETC <HOPOoKAalo-
mum». B obilem ciyuae CyIecTBYIOT TOJBKO HCKJ/IOUHTENbHBIE pe-
weHnst ypaBHeHus (5.1), koropsle sABAsoTCs mpenedoM (npu e=0)
nepHOAMYECKHX pelleHHil ypaBHeHHsa (5.5). Mx To MBI n Oynem Ha-
3bIBaTh MOpOXKAaloiluMH. B paccMOTpeHHOM mNpuMepe CYILECTBO-
BaJlO TONbKO €IMHCTBEHHOE pellleHHe NOPOXKJAIoUIEero ypaBHeHHs!
(5.1), xapakrepusyeMoe napaMmerpoM c*, B OKPECTHOCTH KOTOPOro
CyulecTBOBa/H MEPHOAHYECKHe pellleHHs ypaBHeHusi (5.5).

Takum oGpasoM, 3afla4ya, KOTOpasi pacCMaTpHBaeTCsl B 3TOM Na-
parpade, COCTOMT B TOM, 4TO Mbl JOJI2KHbI OJHOBPEMEHHO Pa3bicKaTh
MepuoHYecKue pellleHHst ypaBHeHus (5.5) Kak (PYHKIHH BpeMeHH
M mapaMeTpa & H Te M3 MepUOJHYECKHX pellleHuii ypaBHeHus (5.1),
B KOTOpbie MEPEeXOAsIT MePHOAMYECKHe pelleHus YpaBHeHHs (5.5)
npu e — 0. CyulecTByeT MHOTO MeTOJOB pellleHHsl 3TOH 3anauH.
B nacrosmem naparpage Mbl OyfeM H3y4aTb METOJH, NPEeNsONKeH-
upift [Tyangape. C HeKOTOpPBIMM M3 APYTHX METOLOB MBI MO3HAKO-
MUMCsl TO3[Hee.

3. AropHTM nNOCTPOEHHS aBTOKOJeGaTeNbHBIX PEXKHMOB B CJy-
yae KBasuaHHelRHbIX cHcTem (MeTon flyankape). Haunuem usyuenue
3()eKTUBHBIX METOJOB MOCTPOEHHS] aBTOKOJMeOaTe/bHBIX PeXHMOB -
¢ HCC/e0BaHuUs KBAa3UJIHHEHHBIX YpPaBHeHHS BHIa

E4+22x=elF(x, ). (5.6)

CnenyeT 03KM1aTh, 4TO MEPHOL aBTOKOJeGaTeNbHOTO pe:KHMa 3aBH-
CHT OT MapaMeTpa &:

o (g)’

npuueM o(e) YycI10BHMcs HasbiBaTh uacToTcil. ByldeMm wuckatbh pe-
KHMBI, 4acTOTa KOTOPbIX o6JajaeT cjAelYIOILHM CBOHCTBOM:

lim o (e) = A.

£->0

Ha 3ToM ocHOBaHMM MOJOXKHM

A
I+ g8+ go82+ ... ©.7)

o(e) =
H clesaeM 3aMeHY He3aBHCHMOI'O NMEePEeMEHHOro

= (l+ge+ge+...). (5.8)
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3uauenuio {=T oTBeuaeT 3HaueHHe T=2m, T. €. MePHOA HCKOMOIO
pelLleHHs] OTHOCHTEIbHO HOBOH MMepeMeHHOi Telmepb CHOBA (PHKCH-
poBaH — oH paBeH 2n. Uucsia g; AOMXKHBE ObiTh ONpefeNeHb B Mpo-
uecce mocTpoeHusi peilenus. Ilepemvumem ypaBHenue (5.6), caesas
B HeM 3aMeHy (5.7):

2
Zé +x(1+ge+...0°=¢F

(x dx A )(l+g,a+...)2
odt T4 ge4 .. A2 )

(5.9)

[MTockoabky ypaBHenusi (5.6) u (5.9) He comepxkaT BpeMeHH H ypas-
HeHye (5.9) MHBapHAHTHO OTHOCHTENBHO MpeobpasoBaHus t—t+h,
HaM JOCTATOUHO PaccMOTpeTh cJeiyiowyio 3agauy Komu: ‘

t=0.  x=ux,), %:0. (5.10)

3aMeTHM, YTO BeJHUHHA Xo(e) Takxke 3apaHee HeusBecTHa. Mrak,
MBl MpHLLIM K 3ajiaye OTBICKaHHs YHCaa Xo(e) H MEPHOLHYECKOro
peleHusi ypaBHeHus (5.9) mepHoia 25, KOTOpPOe ONMpejessieTcs 3THM
yucaoM. PellieHue Takoft 3ajpauu GydeM HCKaTh B BHAe psjia, pac-
MOJIOXKEHHOro 10 CTeNeHsIM NnapaMeTpa &,

1=xO4exM (1) + 2@ (1) + . .. (5.11)
@yHKUMA x() YAOBIETBOPAIOT CJEAYIOUIHM YPaBHEHHSIM:
AT,
x4 X =0, (5.12)
d2x W dx@
S x = F (20, S - 20 (5.13)

PO s e

BuinuieM obliee peleHHe ypaBHeHHs (5.12)

@ =¢cost+dsinw,
Ho B cuay (5.10) d=10, 1. e.
: . x®@=ccost. (5.14)

BesyuyHa ¢ — aMIUIHTYJa MOPOXAAIOULEro pelleHHS — HaM HeHs-
pecTHa Ha 3ToM wmare ajJropiTMa OHa oOcTaeTcs HeompejeseHHOH.
PaccMotpuM Tenepb YypaBHeHune (5.13). Ero MoxHo mnepenucath
B BHIE
dzx(
dt?

+xW =F1 _2g,ccosT, (5.15)
rie

1 .
F(1)=FF(CCOST, —AcsinT)

ABJsSIeTCS HEeKOTOpPOil MepHOAMYeCKOol (yHKIHeHA T mepHoaa 2. Han
toro utoOnl ypasHeHHe (5.15) nomyckajo mepHOAHYECKHE DelleHHd,
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Heo6X0AMMa H AOCTaTOYHA OPTOroHaJibHOCTb npaBou YacTH 3TOrO
ypaBHeHHs1 GYHKLUHAM Sin T H COS T:

21

I(C)Ef F(ccost, —Acsint)sintdt =0, (5.16)
0
an

g (0)= 2mm f F(ccost, — Acsint)costdt. (5.17)

[TepBoe u3 3THX ypaBHeHHH npeactaB/ser co6oii HeKoTopoe TpaHc-
LleHAEeHTHOe YpaBHeHHe [Js1 OmMpefeJeHHs ¢ — aMIJUTYAbB MOPOK-
Jatoliero pelieHus. YpasHeHue (5.16) MoxkeT BooOlie He HMeTb pe-
weHuii. dto Gyaer B TOM ciaydae, Korfla cucrema (5.5) He pomy-
cKaeT aBToKoJeGaTeNbHBIX pEXHMOB, HalmpuMep B TOM cJayuae,
koria cuna F apisiercsa AMcCHMaTHBHOH. YpaBueHue (5.16) Moxer
HMeTh KOHEUHOe UYHCJIO pelueHuil, Kak 3To OblIo B NpHMeEpe, pac-
cMoTpeHHOM B 1. | 3toro maparpada. Ypasrenue (5.16) moxer oka-
3aTbCsl TOXKJECTBOM, CIpaBeTUBBIM A Jioboro aHavenus ¢. Takas
CHTYallHsl MMeeT MeCTO BCAKHH pas, KOrja «BO3Myliatoliasi» (pyHK-
uua F aBasercs KoHcepBaTuBHOil. B camoM geme, myctb F=F(x);
TOr/a

an

I(c)= f F(ccost)sintdr.
0

®yukuus F(ccost) —uerHass nepuoauyeckas (QyHKUMA T Tle-
puona 2n. CrnenoBaTesbHO, OHa pasjaraercs B pad ®Pypbe, cofep-
Kalluil TOTbKO €OS BT M, C/e0BATE/NbHO, B CHY OPTOrOHANbHOCTH
sin t H cos kt g5 M060r0 k

I(e)=

YenoBuMcs B JajbHeHIIEM CYHTATb, YTO € — 3TO OTVIMYHBLIHA OT HYJs
KopeHb ypaBHeHus (5.16) kpatHoctH eaunuunb *). Torma ypasHe-
nue (5.17) onpesensier eAHHCTBeHHOe 3HayeHHe gq(¢). Takum obpa-
30M, Ha 3TOM llare ajrOpHUTM [MO3BOJsAET ONpeAeSHTb aMITHTYAY
MOPOXK/AaIolIero pelleHHss U MEepBYIO MONPaBKy Ha yacToTy, T. e.
MOJMHOCTBIO PaccYUTaTh HyJeBoe MpuOAuKeHHe. Eciu orpaHHYHTbCA
HyJeBblM NpHOGIUKEHHeM, TO Mbl MOJYYHM NPHOJHKEeHHOe pelueHHe
B BH/E

x‘°)=ccos%. (5.18)
i

*) Moryr 6HTb pachoTpeHbl u Gosaee obiue cayuan. OnHako npu 3ToMm
MOXeT OKa3aTbCA, UYTO pellelHe Hedb3s TpeacTaBHTh B Buae pagoB (5.11):
dyukuus x(c) n0AKHA ObITb TNpeACTaBjeHa B BHAE PAAA, PAacMOJIOKEHHOro Mo
ApPOGHbIM CTeneHsM NnapameTpa C.
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BepueMcs Temepn cHoBa K ypaBHeHHio (5.13). Onpegenus ¢ u gy
M3 ypaBHeHH# (5.16) u (5.17), MBI NpHILIK K ypaBHeHHIO, B KOTO-
poM mpaBasi yacThb — 3TO NEPHOJAHYECKas (YHKUHA BpPeMeHH. Ira
¢yHkuns obnagaer TeM CBOHCTBOM, UTO OHA He COJEPIKHT I€pPBHIX
YJIeHOB pasnoxeHHs B pag Pyprbe. YpapHenne (5.13) tenepn MOXKHO
nepenHcaTh B BHJE

2, (1)
d;ﬂ +xW = Foo+ Foyc08 2t + Fipsin 2t 4+ Fiacos 3t + . . .,

rae F;; — HEKOTODble H3BECTHbIE UHCJA.
Ero pelleHue uMeer BHJ,

M =q;(t) +M; cos T+ N, sint, (5.19)

rae ¢i(t) — mepHoguyeckas QYHKUHS, Pa3/ioKeHHE KOTOPOH He CO-
JePXKHT SiN T U COS T;

F F F
(1) — — 02 _ 12 ¢ — _ on —
@Y = Foy——3- €08 2T ——*sin2v— ... — = cosnt
Fln .
——gsinnt—...
Oynkuns ¥V ynoBJeTBOPSIET YCJAOBHIO
(4o
T /v=0
KOTOPOE NMO3BOJsAET BLIUHCAHTL MOCTOAHHYIO N
2 3 n
N1="3‘F12+§F13+...+‘mF1n+... (5.20)

[TocTosinHaa M; B 3TOM NpUONHXKeHHH onpefiesieHa ObITh He MOXKET.
CJiefioBaTenbHO, A TOrO 4TOOBl OHpefesnTh pelleHle ¢ TOYHOCThIO
JIO usieHOB, CoJepXKalllHX &2, HeoOXOJHMO pPacCMOTpeTh BTOPOE MpPH-
O/HAKEeHHe.

Ypapuenue ana x@ umeer BHI

2,(2)
d;TZ +x® =F® —9g,cosT, (5.21)
rae 1 oF 1 OF dx
@ _ _ L9 Ly, o oF ax’’ (@)
F& = lex + A2 ox X+ A ox dt +EC

npuyeM Fff)—qoyﬂxuuﬂ, He cojepxKalllasg BeJHYHH gy H £
1 oF 9x 1

@ = _ y0p2_ - OF L Ox , 1 .

FP=— ¢~ 578 5+ P28

3nech x’ 03HayaeT NpPOM3BOAHYIO MO apryMeHTy T. ®ynkuwu F,

OF|0x u OF/0x’ BhluHcaeHH npH x =x(©,
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TIpeoGpasyem ypasuenue (5.21), 3amenuB B HeM BeauuuHs x(©
1 x© ux supaxenusamu (5.14) n (5.19):

dix @ @) Vs
7 x¥=—2g,ccost—2g M, cost—2g N;sint+
+%g—f(M,cosr+N15inr)+
1 aF . )
+Fa—x,(—Mlsmr+N1cosr)+F**, (5.22)
rie
" 1 oF 1 OF 9y
@ = F® — __or - 0F 0%
FQ=F) =20+ 3 5,0+ 5 57 5

SABJISleTCS] M3BeCTHOH (YHKUHeHd BpeMeHH. 3aMeTHM, 4TO BelH4HHA
N,, Bxojsluaa B ypaBHeHue (D.22), TakKe HM3BecTHa; OHa oOIpeje-
asietest popmydoi (5.20).

BoinulleM Tenepb YCJAOBHS CYLUECTBOBAHHSl NEPHOAMYECKHX pe-
weHHH. X MOXHO MpeACTaBHTb B CJAELYIOLIEM BHAE:

2n

—2g,—2g M+ =5 :W f (—g—f—cosr—hg—;sinr)cosrdr+
0

2n

Ny aF
+W f (6 1nr+h6 - cosr)cosrdr+

on
1 @
+7J‘ F"COSTdT = 0,
0

(5.23)

2n

M, aF aF . .
—2g,N, +—5}7f (Fx—cosr—hw-sm r)smrd‘t+
0

2n

+ Ny f (ﬁ inr+h———cosr)sinrdr+

A2 0x

2n

+%f Fsinvdr =0.

0

[peoGpasyem ypaBuenus (5.23). CHauana paccMOTPHM BTOPOH HH-
Terpas, BXOJSLUHH B MepBOe H3 3THX ypaBHEHHH, U NPOHHTErPHPYEM
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€ro no yacrtsM:

Ny oF . OF ) _
Y f (Wsmt+ A 57 cost)cos Tdt =
0
2n

N, ( dF (c cos T, — Ac sin 1)
A dt

costdt=

2n

=— n:l,"’ f F{ccost, —Acsint)sintdr=10

NOCKOJbKY aMIUIUTYJAA ¢ ABJAAETCA KOpHeM ypaBHeHHs (5.16). Ilpe-
o6pazyeM Tenepb NepBbll M3 HHTErpajoB, BXOJSILIHX B 3TO ypaB-

HEHHE:
n

M, oF oF .
I =—3 f (F;COST—KWSIUT)COSIG'T.
0

B,J'lﬂ 3TOro 3aMeTHM CHavaJa, 4TO

OF (c cos T, — Ac sin 1) aF OF .
=——C0ST—A3=sinT,
dc dx ox

T. €. BBIpaXeHHe I MmoxHO nepenucaTtb Tak:

on

M, [ oF
hh=—m f s cos T dt.
0

PaccMOTpHM Tenmepb paBeHCTBO (5.17) W HepenHiieM ero B cjeayio-
ueir gopme:
2n

]M;:T f Fcostdt=2g,cM,.

0

Juddepenunpyn 310 Bbipa)KeHHe MO ¢, NONYYHM
Iy=2g:M; +2cM, 281,

Takum o6Gpa3zom, mepBoe H3 ypaBHeHHH (5.23) B OKOHUYaTeNBHOM
BHjle GyJeT HMeTh caeayollyio Gopmy:

2n

4o f F? cos vy, (5.24)

2m:
0

8= IWI dgl



§ 5 ABTOKOJIEBAHHS 89

[Tpeo6pasyeM Tenepb BTOpoe ypaBHeHHe (5.23). [Ipexae Bcero me-
penuiieM €ro B Buje

2n 2n
M, [ oF . N fa_F .
—2g N, + oy J 5 Sin tdt e EE sintdt +
0 0

*%

2n
+%J‘ FPsintdv=0.
0

Ucnoabsys (5.16), noayuum
2n
aF . dl
f 27 sint dt = e
0
Janee
2n

2n
1 f OF sintdv= c_lz f Fcostdr= — 2g,.
0

cnd? T ni
0
Takum o6pa3oM, B OKOHYaTeJbHOM BHJAe 3TO YypaBHeHHe Oyler
HMeTb CAEAYIOLIHA BHA:

on
dl .
Mg 5=~ 5[ F2 sinvdr. (5.25)

Tak kak ¢ — npoctoit Hyab dyHkuuu I(c), 1o dl/dc#0, u ypaBHe-
Hue (5.21) ompeaensier eAHHCcTBeHHOoe 3HaueHue M;. [Tocne ompepe-
JeHHs M; BeJHUHMHa gp ONmpelessieTCs TakKe eAMHCTBEHHHM 00pa-
3om 1o dpopMmyae (5.24).

Onpenenus M; u g cormacio (5.24) n (5.25), Mbl oGecrmeynm
paspeulnMocTb ypaBHeHus (5.21):

x® =qa(t) +M; cos T4 Ny sin T,

rae @g(t) — HekOTOpas nepuoAnyeckas PyHkuHa t nepuoia 2m. [lo-
cTosiiHasn N onpeaensieTcsi U3 YCJIOBH#A

dx®
=0.
( dv )1:=0

[loctoanHas M, B 3TOM NPUGAHNKEHHUH OCTaeTcsi HeompeAe/eHHOH,
Eciu Mbl XOTHM IOCTPOHTb pelleHHe, YUHTHIBAlOLlee BTOpOE MpPH-
GJHMKeHHe, TO HYKHO pacCMOTpeTb TaKXe H TpeTbe NpuUOIHKeHHe
HT. A

Jlerko BHAeTb, YTO 3TOT MPOLECC MOXKHO HEOrpaHHYEHHO Mpo-
JIOJIKHTb M BBIUHCAHTL /10600 uned pasnoxeHus (5.11). 3aMertum,
YTO TOJIBKO Ha MepPBOM llare HaM NPHXOAUTCA pelaTh HeJHHelHoe
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ypaBHeHHe [(c) =0, koTOpOe HMeeT, BOOGILE rOBOpPS, MPOH3BOIBHOE
KOJMHUecTBO peweHHH. Ho onpelennB aMminTyAy ROpOXKAaioLUEro
peleHHs, Mbl B JaJjbHeHIIEM HMeeM JeJ0 TOJAbKO C JHHEHHBIMH
YpaBHEHHAMH H BCE OCTajbHble HCKOMBIE BEJHUHHBI ONpeAeasiTCs
OJIHO3HaUHO. 3aMETHM ellle, UTO HAHJEHHOE pELIEHHe YO0BJeTBOPSET
C/IelYIOLIHM HauaJbHbIM YCJIOBHAM:

%=0, x(0)=c+e(p (0)+ M) +e2(g, (0)+ M)+ ...,

rle ¢—3T0 KopeHnb ypaBHeHHs [(c)=0. dto peleHHe npH e=0
NEPEXOJHT B PelIEHHE YPaBHEHHS

E+Ax=0, (5.6")
onpeaeeHHOe HaUYalbHbIMH YCJAOBHSIMH
:t':():o, Xo=¢C,
T. €. B pELUEHHE
X=c cos AL

Psaabt (5.11), kak 310 mokasaa IlyaHkape, cxoasres mias jocra-
TOUHO MaJIbIX 3HAUYEeHHH mapamerTpa e.

4. AJropHMTM NOCTPOEHHS aBTOKOJeGaTelbHbIX PEXKHMOB B Cay-
yae CHCTeM, OJAM3KHX K KOHCePBATHBHbLIM. PaccMOTpHM Tenepb
obwmit cayuai vparnenus (5.5). [Tepuon uckoMoro pemenus 6yper
cHoBa QyHKUMeHA MaJjoro napamerpa e. Kpome Toro, o 6yner 3a-
BHCETb OT TOrO, KaKOH OKaXKeTCs aMIIHTYJAa MOPOXKIAIOUIEro pe-
meHusa ¢, 1. e. T=T(c,e). Ilepuon u uyacrora 3TOro KoJeGaHHSs
GyAyT aHaAIMUTHYECKHMMH (YHKUMAMH 3THX napaMeTpoB. lTonoxum

A (c)
l4+egi(c)+e3g(c)+ ...

wlc, &)=

rie A{c) — dacrtora KojeOGaHHH «nopoxpaatouiero» pemenus. Cre-
JaeM aajnee 3aMeHY HE3aBHCHMOIO NEPEMEHHOTO

t= (L +ge+ .. )

VYpaBHeHHe (5.5) nmpHUMeT Tenmepb BHA
d?x (1+g18+)2f(x)=8F( : ﬁ ?‘I(C) )(1+g18+...)2

dr? A% (c) dt 1+gie+... A2 (c) .
(5.26)
[Tpn e=0 ypaBuenne (5.26) nepexoHT B ciaeayloliee:
d2x(0) f(xlohy .
e tTarg = 0. (5.27)

3aMeTHM, UTO ANA [JOCTATOUHO MaJjibiX 3HaYE€HHH C BCE pPelieHHs
ypaBHeHHs (5.27) NepHOAHYECKHE, MPHUEM MEPHON 3THX perlleHHH
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paBeH 2; M He 3aBHCHT OT aMmautyabl ¢. CoriacHo pe3ynbraraM
§ 3 aToil rmaBbl pellieHHe ypaBHeHHsi (5.27) MOXHO NpeaCTaBHTb

B BHJIeE
xO=ccost+ (1) + ..., (5.28)

rae ¢;(tr) — nepuoauueckne ¢yHkuuH T nmepuoda 2m. O6Ge mpous-
BOJIHbIE

(0)
b (5.29)
(0)
$? (c, 1) = ag; =— csinr+c2——d¢;1(1) +...

6ynyT mepHOAMYECKHMH (QYHKUHAMH T nmepuoja 2m. Hcnmoab3ysa sto
06CTOATENbCTBO, MBIl MOXEM IOCTPOHTE aJFOPHTM BLIUHC/IEHHS Me-
PHOJHUECKHX pelleHHH, caIelys cXeMe, KOTopas Oblia HCMOJAb30BaHa
B NpelbAYLieM MYHKTe 3TOro naparpada.

[Tepuomnueckoe pemlenue cucteMbl (5.26) GyaeM uUCKaTh B BHAE
paaa (5.11). INoroxum

oo
x= 2 elx®,
i=0

Oas dynkuui x@ GymeM uMeTb CJenyloilde YpaBHEHHS:

d?x© 1 ,
== [ (5.27")

d2x® I d 1 dx© I
Gt ()2 = (0 ) - e 0 )
(5.30)

H T I

Dyukuuu x@ ynosaersopsoor yeaosusM (5.10). INepuoguueckoe
pelienye ypaBHeHHs (5.27) nepuofa 2m, yHoBJeTBOpsAIolliee YcJo-
BHIO (5.10), 0603HaUHM uepe3

x0=Q(c, 1),

rfle NOCTOSIHHAS ¢ B 3TOM NpPHOGJHXKEHHH OCTaeTcsi HeompeaedeHHOH.
Paccmorpum Tenepb ypaBHeHHe (5.30). Tak kak QyHKuus
Q(c, ¥) saBaserca nmepHoaHuecKoil QyHKIHeH T mepuona 2m, TO mpa-
df (x)
dx
JSIIOTCS NePHOJHUECKUMH QYHKUUSAMH T mepHoga 2.
YpaBHeHHe

BasAg 4acCTb 3TOr0 YypaBHEHHA H prHK[lP[ﬂ ( ) TAK¥Xe s§B-
x=x°

d2x v 1 df
— £ 1) —
dt? A? ( dx )xgxo * 0
ABJseTCA YpPaBHEHHEM B BapHauuaX AAs ypaBHeHHs (5.27), u ero
tdynaaMeHTaJbHble pellieHusd — HyHKUHH YO H  P@ — HIBECTHHI
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Onu onpenensiiorca dopmynaMu (5.29) ¥ ABAAIOTCA HepHOAMYE-
CKHMH QYHKUHAMH T NepHoaa 2.

Hasa toro utobu ypaBHeHue (5.30) HMeno mepHOJHUYECKHE pe-
eHHs, HeoOXOJHMO H JOCTATOYHO, 4TOOBI MpaBas 4acCTb 3TOrO
ypaBHeHHs1 Oblia oproroHasbHa GyHKuMAM P u @, 1. e. yrobHl
OHa YJOBJeTBOpAJaa yCIoBHAM (2.22)

21

c)ff Qv -r)d-r—f F(Q 3 %2) 4 () ax,
3 ' (5.31)
c)f f@w?@ar= | Fle 1524 @ e

[lonyueHa cHcTeMa JBYX TpaHCUeHIEHTHHX ypaBHeHud (5.31) or-
HOCHTE/NbHO [JBYX HCKOMHX BEJHUMH: «AMINIHTYABI» ¢ H <IONPaBKH
Ha 4dacroty» gi. OnpelenuB 3TH BeJHYHHBI, MBI MOXeM HaHTH pe-
leHHe Halllel 3a/laud B HYJIEBOM NPHOJIHKEHHH

) At
X = Q (C, mm) . (5.32)
Jaa toro uro6bl monyuutb QyHkuuw (5.32), Mbl JOJMKHH ObLTIH pe-
IIWTh CHCTEMY [BYX YDaBHEHHH, B KOTOpble g; BXOAHT JHHEHHO.
HckaounB 3Ty BeJTHUHHY, MBI MPHXOJHM K HEKOTOPOMY TpPAaHCIIEH-
JeHTHOMY ypaBHeHH!0. KaX/ oMy KOpHIO 3TOTO ypaBHEHHs OTBedaer
OJHO BIOJIHE OMpejefeHHOe 3HaueHHe MOMpPaBKH Ha uactotry gi(e).

Ilpoueaypa mocTpoeHus mNOCHAEAYIOUIHX TNpuUOMHXKEHHH COBep-
IIEHHO $ICHA, OHAa SBJSETCA MOYTH JAOCJHOBHHIM IOBTOPEHHEM IIpO-
LeAYypH, pacCMOTPEHHOH B mpeiblaylieM [OyHKTe 3TOro naparpada.
Ecnu ¢ ABAsieTCs NPOCTHIM M OTJHUYHBIM OT HYJISi KOPHEM YpaBHEHHS
(5.31), To pacuer KaxJ0ro mocJaeAywoulero npubIHKEHHs CBOAMUTCA
K pellleHHIO JIHHEHHBIX YpaBHEHHH M 3TH ypaBHeHHs BCerja paspe-
LIAMEL,

HpumeuaHue YcioBHe, 4TO ¢ SABJASIETCH NPOCTHM KOPHEM,
cywectBeHHo. OTKa3 OT 3TOr0 YCJOBHS PE3KO YCJIOXHSIET TEOPHIO H
JenaeT H3JOXKEHHYI CXeMy pacueta B ofuleM ciaydae OpPOCTO He-
BepHo#. Pa3anoxenus rtuma (5.11) nepecraior ObITH crnpaBemJH-
BbiMH. PellleHHs] MPeACTaBHMbI B 3THX C/IydasiX B BHAE DAJOB, pac-
NOJOXKEHHBIX MO JApOOHBIM CTemeHAM HNapaMertpa e. Hanoxenue
noJ06HEIX TEOPHH Aa/1eKO BBIXOJAHT 3a PAMKH 3J€MeHTapHOro yueo-
HHKa, KAKHM SIBJIIeTCA 3Ta KHHTa.

5. Mpumep. B kauecTBe npuMepa A5l NPHJIOKEHHH MeTOJ0B
JLaHHOTO naparpaqpa paccMoTpuM u3BectHoe ypaBHeHHe Bawu-gep-
Ho.rm

F+rx=g(l = ax?)a (5.33)
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M MOCTPOHM €ro BO3MOXKHble NEePHOJHYECKHE PEXKHMbl B HYJ€BOM
npubnuxenuu. Tlocne npeo6pasoBanus (5.7) ypaBHeHue (5.33)
npHMeT BUJ,

42 dx 1+ + ...
d—f’§+x(1+2gle+ ...)———e(l—axz)g%—g—‘%——. (5.34)

PasbickuBasi pewieHue B Buie psfaa (5.11), rae ¢ynxuun x@ yno-
BieTBopsiioT yeaoBusm (5.10), Mbl HaiifeM, 4To

@ =ccosm,
a xV ynoBieTBOpsieT ypaBHEHHIO

d2x)
dt?

+xM=— LA (1 —ac?cos?t) csint —2g,ccost.  (5.34)

PacknianbiBasi npaByio dacTb ypaBHeHHs (5.34') B paa @ypoe,
NOJaY4YUM

(1) —
dz; 4+ xV) = — %{sin 1(1 af) sin 3t af } 2gccosT.
(5.35)

Has toro uto6bl ypaBHeHHe (5.35) HMesO mepUOAHUECKUE DelleHHS
nepuoja 2w, He06XOAMMO H AOCTATOUHO, YTOOB! passoKeHHe MmpaBoH
yactd B pax DPypbe He cojepkaso 1epBbIX FaPMOHHK, T. €. UYTOGBI
KO3(QUUMEHTHl OPH SimT M cOST ObIM PaBHbl HYJTI0. JTO Jaer
IBa YpaBHEHHUA JJA oNpejedeHHs ¢ U g1, OTKYAa

[Cl=0,
gi=0, c¢=}{ _ 2
lCz—VE.

Takum 06pa3oM, ypaBHeHHe (5.35) MMeeT ABa CTAaLHOHAPHBIX pe-

KHMaA

x =0, x2=727cos T. (5.36)

[lepBblii U3 cTallHOHAPHBIX PEXXHUMOB — 3TO COCTOSIHHE NoKosA. Bro-
poit cTalMOHADHBIH peXXHM — 3TO DEXHM aBTOKOJebGaHHH.

Mbl BMaMM, uTO ypaBHeHHe (5.33) momyckaer aBTOKOJeGaTeNb-
HBIH peXXHM TOJbKO B TOM cJydae, KOrAa @ MOJ0XKHTEJbHO.

6. AsToxone6aHus B KBa3HJIHHEHHBIX CHCTEMaX CO MHOTHMH
creneHaAMH CBoGoabl. MccnenoBaHue aBTOKOJAe6aHHH B CcHCTeMax
6osblloro yycaa creneHelt cBo6OAb CTAJTKHBAETCH C LEJABIM PAJIOM
1pynnocredt. Ilpexnae Bcero, sta Teopus o4YeHb rpomosnka. Kpome
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TOro, J10CTaTOYHO O6llee H3JOXKEHHE TaKoi TeopHu TpebyeT mpejBa-
PHTE/IbHOTO H3YUeHHsl psia BOMPOCOB TEOPHH JIHHEHHBIX ypaBHEeHHUI.
[TosToMy 3jech Mbl OFpaHHYHMCA PacCMOTPeHHeM OAHOH uYacTHOH
3a/laud 3TOH TEOPHH — 3ajaud 06 aBTOKoJeOaHHAX KBa3HJIHHEHHOH
CHCTEMbI B TOM CJYyuae, Korja MOopoXjamlowas CHCTeEMa KOHcepBa-
THBHA.

Ucnonb3oBaHHe KaHOHHYECKHX MEPEMEHHBIX [03BOJSET OrpaHu-
YUTbCA DPACCMOTPEHHEM CJEAYIOLUIEH CHCTEMBl YPaBHEHHI:

2,+k§xi=eFi(xl, RS T T xn)
i=1, 2, ..., n). (56.37)

[Tpu e=0 B 3TOH cHCTeMe CYILECTBYIOT MEPHOJHUECKHE DELICHHT —
riaBHble KojiebaHUA ¢ 4aCTOTaMH A;, MO3TOMY B paMKax TEOPHH
MaJloro mapaMeTpa HMeeT CMbIC/ ciejylollas 3ajada: ONPEAeNHTb
BO3MOXKHble MepHOAHYECKHe pellieHHs cucTeMbl (5.37), KOTOphle MpPH
e — 0 mepexoAsiT B OJHO H3 IV1aBHbIX KoJeGaHHH CHCTEMbI

£, +2Ak,=0 i=1, 2, ..., n). (5.38)
Jlast ompenesieHHOCTH YCJOBUMCS Pa3biCKHBaTb MEPHOAHUECKOE pe-
mweHHe cHcTeMbl (5.37), mepexojsilee B mepBoe TIJjaBHOe KoJse6a-
Hue cHceteMbl (5.38). YcnoBHMCA NpH 3TOM, YTO BC€ A; B3aHMHO

npocTble.
CnenaeM 3aMeHy He3aBHCHMMOro mepeMeHHoro (5.8):

t=;~l(l+gle+g282+ co)

[Tocsie sToil 3aMeHbl cucTeMa ypapHeHu#l (5.37) nmpumer BuA

d2
T tn(l+20e+ ...)=
_ 1 dx, A.]
=eFixn o o G T
dxn Ay 14+2ge+ ... 1 (5.39)
"dr l+ge+t ... A2 ’
d2xs Li 1+2ge+ ...
+—x,=¢eF; s ———— s=2,3,4,..., n).
i A2 s A? ( )

Peurenne cucrembl (5.39) 6yneM HcKaTb B BHAE DPAJIOB

x,=x0 +ex® +elP+ ... (5.40)
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®ynxuuu x® ynoBreTBopAIOT CAEAYIOUIHM CHCTEMAM ypaBHEHHH:

a2
d112 +xP=0, ]
20 a2 i (5.41)
= ZS @ — -
dT2 },? s ’
d%{) 1 dx©®
D= — 0) ©
e +x{h = 2 F ix0, ..., xO0, — Ay o
dxﬁ?’
0
P odt A _2g1x§)’
P A 1 Ax©® (5.42)
st = (x“”, o 59, =y,
dn? A2 s 7‘21 s\l » X, 2 M
dx©
ooy =i My =280 (s=2,3,..., n)

T I

Hauanbuble ycoBusa A8 QYHKIMA X; MBI JOJKHBI HaJ/deXKallHM
ob6pasoM nopobpatp., OJHako, HCOOAb3ys TOT (aKT, YTO MpaBble
yacTH cHcTeMbl (5.39) He 3aBHCAT OT BpeMeHH, Mbl MOMKeM MOTpe-
6oBaTb, uToOBl npu =0

dn _
dt
Orciofa HaxoguM, uto npu t=0
| i (=0, 1, 2,...). (5.43)
it , L2, 000 .

[lepuonnueckoe peurenue cucremn (5.41), yaoBaerBopsiiOllee HAa-
YaJbHBIM YCIOBHUAM (5.43), €1HHCTBEHHO H HMEET BHJ

x®=ccost, x0=0 (s=2,3,..., n), (5.44)

rie ¢ -— NPOH3BOJBHASA MOCTOAHHAS, KOTODAs omnpejessiercs B Clle-
AvIolleM NpPUOJIHKEHHH.

Cucrema (5.42) c yuerom (5.44) Moxer ObiTb mepenucaHa B
cnenywouwed dopme:

i 1

D —
= + x§ " Fi(ccost, 0, ..., 0,

—ch;sint, 0, ..., 0)—2g,ccosT,
d2x(1) }’2 1 (545)
d; —xV=— F(ccost, 0, ..., 0,
T Al A
~chsint, 0, ..., 00 (s=2,3, ..., n). |
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Ona Toro utodSbl cucrema (5.45) uMena MepHOAHYECKHE DeLleHHs,
Heo6X0JHMO H AOCTAaTOUHO, UTOOHI

2n
'[ F,(ccost, 0, ..., 0, —cAysinT, 0, ..., O)sintdt=0
0
J~ (5.46)
.. 0,
g, = 2M}u2 Fi(ccost, 0O, ,
~cAsint, 0, ..., 0)cos tdrT.

[lepBoe U3 3THX ypaBHEHHH CJAYXHT AAs. ONpeleNeHHst aMIIHTY/bl
NopoXKAalllero r1aBHOrO KojeGaHHs, BTOpPOe OMpejefnsieT NepByIo
nonpaBky Ha uactory. OmpefequB 3TH BeNHYHHBI, Mbl HaXOJHUM
dyukunio x{" B Buge (5.19), npuuem N, moxer GbTb onpejeseHa,
TaK Kak 3Ta (QYHKIHA JONXKHa YIOBAETBOPATbL YycaoBHIO (5.43).
Urak,

¥ =g, (1) 4+ M, cost+ N sinr,

rie (QyHKUHSI @y — HEKOTOpasi BMOJIHE ONpeiedeHHAs MepHOJHYe-
ckasi GyHKuusl, M; — nocTosiHHasl, KOTOpasi ONpejensieTcsi M3 cJae-
AyIolLero npubanKeHus,

Peuienne ypaBHeHHs JJ1si x“) HMeeT BHJ

x{ =g (1),

rie @s(t) — BNONHE oOnpejeNeHHble NEPHOAHYECKHE (YHKUHH mne-
proga 2m. AHa/NOTHYHO BHIYHCASIOTCS H OCTaJbHble UYjeHbl pasno-
XKeHHs psigoB (5.40).

MMpumeuanHue. [lng nocTpoeHHsi NEPHOAUYECKHX DPEIICHHH Mbl
HCMONbL30BaJH KAHOHHUYECKOe NpeACTaB/eHHe MOpoXKalollel cH-
creMbl. B takoil opme BCe BbIYHCAEHHS 3HAYUTENBHO YHPOLLAIOTCA.
PasymeeTcsl npH pelleHHH KOHKPeTHBLIX 3ajfay B npoleaype npejpa-
pHTeNbHOro BLIOOpA KAHOHHYECKHX NMepeMeHHbIX HeoOGXO04HMOCTH HeT.

§ 6. Meton I'. B. Kamenkosa

B npeabiayuiux naparpagax OblM H3.10KeHbl METOABI OTbICKA-
HUSl MePHOAHYECKHX PelleHHH; HCMOb3YIOIHe Pa3JloXKeHHe B PAfbL
CrMelHaNbHOro BHAA, PacloONOXKEHHble N0 CTeNeHsM MaJoro mnapa-
meTpa. DTH MeTolbl Oblid pa3paboTaHbl B KOHIE NPOLLIOTO Beka
JIanyHoBbeIM W IlyaHkape W MOCAYKHAH HCTOYHHKOM MHOTOUHCJEH-
HBIX HccaenoBanuii. MIHOA MOAXOA K peleHHIO 3THX Ke 3aiay Gbl
npeanoxeHn cosceM HegasHo I'. B. KaMeHkoBbIM. 10T MeTon o6na-
JaeT BBICOKOH 3(@ekTHBHOCTbIO. Ero BO3MOXKHOCTH, NMO-BHAHMOMY,
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He HCHepPNbIBAIOTCS TeMH 3aflayaMH, A8 KOTOPHIX oH Gbia co3jaH.
Haa unmoctpansn metofa I'. B. KamenkoBa paccMoTpuM ase mpo-
CTeiilliMe 3ajlayd OTHICKAHHS [EPHOAHYECKHX peLleHHH, OrpaHHuH-
BasCb NPH 3TOM H3J0XKeHHEM TOJbKO (OpPMaSbHOH CTOPOHH BO-
npoca.
1. Ksasnauneiinas teopus, Teopema I'. B. Kamenxosa. Paccmor-
PHM cHcTeMy auddepeHnHaNpHEX YpaBHEHHH BHAa
= —hy+pXi(x, ) +0Xo(x, 9) + ..., }

g=Ax+uY (x, y) +u(x, y)+ ..., 6.0

rie p — MaJuii napamerp, X; u Y; — OAHOPOJAHBbIE TOJHHOMBI OT-
HOCHTE/NbHO NEPEMEHHBIX X H Y.

Ilycte x=0 u y=0 — enuHcTBeHHass ocobas TOUKA CHCTEMBHI
(6.1) mns poctaTouHo MasbiX 3HaueHHil mapaMerpa W.

BeeneM noJssipHble KOOPAHHATHI

xX=r cos 6, y=rsin0 (6.2)

M cocTaBUM AHddepeHnIHaNbHBE YPaBHEHHS, KOTOPbIM YAOBJIETBO-
pAIOT HOBble He3aBHCHMble nepeMeHHble r W 0. luddepenunpys
(6.2) u ucnonw3ysa (6.1), nonyuum

fcos®—rfsin®= —Arsin@+ pX,(rcos 0, rsin0) +

+ u2Xy(rcos®, rsin®)+ ...,
Fsin®+r6cos®=~rcos 0+ uY,(rcos6, rsinf)+

+p?Ys(rcos o, rsin®)+ ....

Pasperiasi 5TH ypaBHEHHsl OTHOCHTENbHO /' H 6, MH TpPHAEM K cH-
cTeMe YpaBHEHHH CJeJYllero BHjAA:

f=p'Rl(r’ 6)+p.2R2(r, e)+~'-’ }

O=A4uF;(r, 0) 4+ p?Fy(r, 0)+ ..., (6.3)

rae
R, =X,(rcos®, rsinB)cosB+ Y,(rcos 8, rsinb)sind,

Fp,= —:— [Yep(rcos®, rsinB)cos 6 — X, (rcos 8, rsin 0)sin @],

¢GbyHKUHMH R, H Fp— NOJHHOMbI OT r HEKOTOPOH CTENeHH my

R, =rRY (®)+"RY (B) + ... +r™eR{"™) (8),
o ) My p(myel (6.4)
Fk=Fk (e)+ka ®+ ... +r k“F’(zk )(6)
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3peck GYHKIHH RY u Fg)—HeKOTOpre MOJIMHOMBI OTHOCHTEJIbHO

sin® u cos 6.
Onpegenum ¢yuxiuuio V (r, 6) npH moMouiH paBeHCTBA

r=V+pWUP+VUP+ VU 4
+lEVUL+VUR + ... +V™UT) ..., (6.5)

Tae U‘,-”— HEKOTOpble MOJHHOMBI OTHOCHTEJBHO Sifl 6 M cos 0, KoTo-
pPbIMH Mbl OyoeM pacmopsxkKaTbCsl B MpOIECCe pPelleHHs 3aZauH.
3aMeruM, UTO AJs AOCTATOYHO Manblx u ¢yHkuus V, onpeme-
JleHHast IpH moMoulu paBeHcTBa (6.5), 6yner onpeleneHHO MOMOXKH-
TeNbHOH PyHKIHEH r, KaKkoBO Obl HH Obl10 6.
Paspewns ypaBHeHnue (6.5) orHocutenabHo V, monyuum

V=r+uVi(r, 8)+p2Vy(r, 6)+ ... (6.5)

Tak kak U; — monuHoMbl OT sin® u cos 0, to u o¢yHkuuu V;—
TaKXe MOJHHOMbI OT TeX e BenuuuH. B 3ToM nerko ybenutbest He-
nocpelcTBeHHOH npoBepkol, paccMatpuBas (6.5) Kak ypaBHeHHe
oTHOcHTeNbHO V M pasbickuBasi ero peuleHust B ¢dopme psaaa (6.57).
Takum obGpasoM, dyukuus V(r, 8) B obluem ciayuyae 6yaer mepUOIH-
yeckol ¢yHK1Hell O nepuona 2m.

BepHeMcst tenepb K Bblpa)keHHo (6.5) u mojgoxuM B HeM V=c,
IJle ¢ — 3a/laHHasi OCTOsIHHAS, TOTJa Mbl MOJNYYHM

r=®(c, p O=c+plcU"+ ... +™U™)+u*( j+ ..., (6.6)

rae @ — nepuofnyeckasi ¢pyHKuHsi O mepHonaa 2;. YpaBuenue (6.6)
JMpefieNisieT B 3TOM cayuyae B (a3oBOit MNOCKOCTH HEKOTOPYIO 3aM-
KHYTYI0 KpPHBYIO — LMK, Takum 06pa3oM, Ans NaHHOW KOHKPETHOH
cHCcTeMbl QYHKIHHA v KaXJIoMYy 3HaueHHI0 ¢ popmyna (6.6) craBur
"B COOTBeTCTBUE B ()a30BOii MIOCKOCTH HEKOTOPYIO 3aMKHYTYIO TPaeK-
topuio. Ha ocHoBaHHM 3aMeuaHHsl, KOTOpPOe Mbl CAeNalH MPH BbI-
Bojie (6.5°), Mbl MOXKeM YTBEPXKIAaTb, YTO AJISl AOCTATOYHO MaJbiX g,
JIBYM pas/uuHbIM 3HaueHHUsIM MOCTOSHHOH ¢ OTBEUalT [Ba Hemepe-
CeKaloIUXCsl LHKJa, TpPUYeM LHKJ, KOTOPbIH OTBeuaer MeHbLIEMY
3HAUYEHHIO TOCTOSIHHOM, JIEXKUT BHYTPH APYroro IHkJa.

Upesn, nexxamas B ocHose Metona I'. B. Kamenkosa, cocTouT B
caenytouteM. ITpeanonoxkum, 4to Ham yaanocb nofo6parb nepHOAH-
yeckne oynkunn UY (8) Takum obpazom, uto npoussoanas dV/dt,
BBIUHC/IEHHAS B CHNY YypaBHeHu#i (6.3), Gymer pasHa O, 1. e. V Oy-

- leT WHTEerpanoM JABHXeHHs. Torja KpuBas, 3allaHHas ypaBHeHHEM
(6.5), 6yner UCKOMbIM NEPUOJHYECKHM PELIEHHEM.
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[Tponud depennnpyem (6.5) B cuay ypaBHeHuil (6.3)
plrRO @) + ... +rmRM@)] + W [rREO @)+ ...+ ™R (0)] +

av [ a® . au? - dU(m‘)]
au) du‘m dug
2 m
+H[VW“F;+.+V 40 1 4 d6+
(mz) 7
V™ J+u [...]1+ ..., 6D
rne
H=1+p(U0"+2vU?, ..., myv™'u™)+
+p(UP+ L+ mV ™) )+ L. (68)

3aMeTuM, 4YTO O JOCTATOYHO MaJblXx p BedwunHa H crporo
6oablle HYJA. 3aMeHUM B paBeHcTBe (6.7) BeJHYHHY r OpH- NO-
MOLLLH (6‘5); torga (6.7) MOXHO MPHUBECTH K CJAEAYIOILEeMY BHAY:

JdV du(l) du(Q)
H7=u] [ “’(e)—x—']w [ 7 (9) — A —~]+

dU{m\) ] ' ) dU(”
"’[R‘,"’"(e)—x },+£!V[R”(e) ]+

du(mz)
) +Vm2[R(2m2)(e)_}"—a26—]}+ (69)

Hcnonbayem Tenepb npousBot QyHkuui UY u pacnopsaaumes umu
TaK, YTOOGH BbIpaKeHHs, CTOsILHe B KBaJApaTHbIX cKOOKax, OblIH
HEKOTOPBIMH MOCTOSIHHBIMU YHCAaMH. DTO 3HAYHUT, 4TO QyHKuUHH [

JOJIZKHBI YIOBJAETBOPATL YPaBHEHHUAM
aud
A —g— =RV (0) — g, (6.10)

rie g\ —HekoTopble MOCTOSHHbBIE, KOTOPble MOJXKHBI ObITb HaMH

ompeflefieHbl TaK, 4TOOB (GYHKUHH UY 6bin nepHOIHYeCKHMH-
Oaa $yHKuHHA Vi (>1) Mb uMeeM ypaBHEHHs, aHaJOrHYHblE
(6.10), rme BMecTo mepHOAHYECKOH DYHKUHH RY crout HeKoTopas
cyMMa QyHKLHH R (6) u HEKOTOPOH APYroii nepHoaHYeCcKoH YHK-
LIMH, KOTOPast MOXKeT ObITb BBIYHC/EHA.

CDyHKIIHH UY  LoMKHBE! y/iOBIETBOPATH ypaBuenusim (6.10). Ho
C_JpYroil CTOPOHbI, OHH JOJNKHbl ObiTb MEPHOAHYECKHMH, a Jsl
3TOr0 HeoGXOJAMMO M AOCTATOUYHO, YTOGBI CpeliHee 3HaYeHHE MPaBoOi



100 METOL JIATNIYHOBA — [MYAHKAPE [TJI. 11

YacTH 3a nepHoi 2x GbUI0 PABHO HYJK. ITO YCIOBHE €/IHHCTBEHHBIM
o6pa3om onpesessier mocTosiHHYO gl B BHAe

2n

g = f R (6) a6 (6.11)
0
W3 aHaslorHuHbix coobpaxKeHH BBIYHCJALIOTCS H JApPyrHe MOCTOSIH-
Hoe g (£=2, 3, ...). ®ynkuun U{ onpepensiorcs Tenepb KBaj-
patypoi
1 . ’
U= [ [RP(8) — ] o+ ), (6.12)
0

rie nocTosiHHble ci nmpousBo/ibHEL. He orpannunBasi oGmHOCTH, MbI
MOXKeM MOJIOXKHTb HX paBHBIMH HyJO. 310 6yaeT 03Ha4aTh, YTO

sce UV (0) =0. Urak, aas npousBognoii ¢dyukuuu dV/d¢ Ml nosy-
yaeM CJieAYlolee BhIpakeHHe:

HE = pL (V) + 2L (V) + ..., (6.13)
riae
LV)=Vg"+Vgl+ ... +V™g™,
L(V)=Vg+ .. v"“g‘"”’

PaccMoTpuM ypaBHeHHe .
L(V)=0. (6.14)

I'. B. KaMeHKOBHM J10OKaszaHa cJjenyloiiass Teopema *).

Ecau cucrema ypasnenud (6.1) taxkosa, 4ro ypasHerue (6.14)
umeer k NOAOHUTEAbHBIX KOPHeLl He4eTHOL KPATHOCTU, TO Ka#oomy
u3 atTux KopHei O6yodeT cOOTBETCTBOBATL NO Kpalineld mepe 0OHO ne-
puoduueckoe pewerue cuctemst (6.1).

Hrak, cyllectBoBaHHe NMEPHOZHYECKHX pellleHHH B cJaydyae Kop-
Hell HeueTHOH KpaTHOCTH ypaBHeHHs1 (6.14) onpefensieTcsi HCKJIOYH-
TeJbHO CcBOMCTBaMH moauHoMa Li(V) M He 3aBHCHT OT CTPYKTYpHI
noauHoMoB L; (i>1). Ecin e kopHu ypaBHeHus (6.14) umeior
YyeTHYI0 KpaTHOCTh, TO, Kak nmokasan I'. B. KameHnkos, /15 pelteHus
BOIpOCa O CYHIECTBOBAHHH LHMKJIOB HeobxoauMa OGoJiee MOJHAs HH-
dopMauus o npHpoAe NMpPaBOH YacTH ypaBHeHHs (6.13).

*y Cm. I. B. Kamenkos, HUcenenobasne HenuHefiHbix KoneGanufi ¢ mo-
mowsbio ¢pyHkunf JisnyHosa, Tpyaw YuuBepcutera ApyKObi napopos uM. [latpu-
cd Jlymym6a, 1. XV, 1966, ctp, 3—35.
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2. Kpa3nauHeiliHas Tteopusi. Pacuer mNepHOJHYeCKHX pellieHHik.
Mertoa I'. B. KamMeHkoBa mo3BoJisieT He TOJABKO HCCAEROBATh BOMPOC
0 CYILECTBOBAHHH MEPHOJIHYECKHX pelueHHH, HO H jAaeT cnocob 3¢-
(GEKTHBHOTO MOCTpPOeHHsi mepuoguyeckux pewieHHi. [lokaxeM, Kak
3TO MOXHO cAeJaTthb B NMpocTeflieM caydae MPOCTbIX KOpHei ypas-
HeHus (6.14).

OGosnaunm vepe3 V* xopeHb ypaBHeHus (6.14) u KopeHb ypas-
HeHHsl

Li(V) +plo(V)+ ... =0 (6.15)

6leeM HCKATb B BHJE pﬂﬂ.a
V=V*+uVi+u2Vot ...

Torga V, Gyder yIOBAETBOPATh JHHEHHOMY anre6paHyeckoOMy ypaBs-

HEHHIO

Vi L (v) (6.16)

i dV 2 . .

[NpousBonHas B ypaBHeHHH (6.16) BbluucieHa Aas 3HaveHus V=V*

Tak kax V¥, 0o mpeamosoxKeHHIO, NPOCTOH KOPeHb YpaBHEHHS

(6.14), To dL,/dV+0 u ypaBHeHHe (6.16) 0AHO3HAYHO pa3peliHMO.
Jlerko y6eiuTbCH B TOM, 4TO W OCTaJbHble claraemble V; yno-

BJETBOPSIIOT ypaBHeHH0 THIa (6.16)

dL] T

ViW:’Li,

rae L; — HeKOTOpoe M3BeCTHOe YHCI0, 3aBHCslllee OT BeJHYHH
Ve, Vi, oo, Ve

HUtak, nycTh ¢ HEKOTOPOH TOYHOCTBIO MBI ONpEIENHIH KODeHb
ypaBHeHnus: (6.15). O6o3HauuM ero yepes V**

Vr=V'4+ iZl Vol (6.17)

[Moacrasass Tenepb BolpaxKeHde (6.17) B ypaBHenus (6.5), Mbl M0O-
JYYHM C OMpELeNeHHOH TOYHOCTbIO HCKOMOE MepHOJHYecKoe pelle-
HHe

=V 4 n VUL +VIUR 4 L))+ .

rae Ko3bdHIHeHTH UY (0) onpexeasitorcs popmyaamu (6.12).
B 3akjwoueHHe 3aMeTHM, 4TO ypaBHeHu10 (6.14) MOXHO mpHAaTh
HeCKOJIbKO HHO# BHA. PaccMOTpHM HHTErpas

0
I= [ [X,(V cos, V sin @) cos 8+ ¥, (V cos®, V sin 8) sin 8] dt.
o .
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CorslacHo 0603HaueHHAM, BBeJeHHBIM B ypaBHeHusx (6.3), ator
HHTErpaJ/ Mbl MOXKEM Iepenucath B BHIE

2 2

I={ R(v,0)d0=[ (VRO ®)+VRP©®)+ ... +V™R™ (6)} db
0

0

WJIH, IPHHHMaf BO BHHMaHHe paBeHcTBo (6.11),
I=2n(V g’ +Veg?+ ... +V™g™)=2aL (V).

Takum o6pa3oM, ypaBHeHue (6.14) 3KBHBAJEHTHO c.nenylomeiv[y:
2r

J. [X,(V cos®, VsinB)cos®+ ¥, (V cos 0, V sin 0)sin0]d6 = 0. (6.18)
0

B cieayiouedl riiaBe Mbl YCTAHOBHM, YTO ypaBHeHue (6.15) Ham
JacT 3HauyeHHe CTAliHOHADHOM aMILIUTYIHl, €CJH €e ONpelessiTh Me-
TOJOM OCpelHEeHHS H OrpaHHUYHTBLCA
NpH 3TOM IEPBBIM MNpPUOIHXKEHHEM
(npubaukenneM Bau-nep-Ilosn).

Hres merona . B. Kamenkosa
uMeer NpocTol reOMeTPHYeCKHH
CMBIC. MBI yKe 3HaeM, 4TO KaXaA0MYy
IIOCTOAHHOMY 3HauY€HWIO BEJHUYHHB V
B ($a30BOH INJOCKOCTH OTBE4YaeT 3aM-
rHyTas kpuBasa (puc. 18). Ilyctb MBI
WMeeM J[Be TakHe KpHBLIE, OTBeuao-
ue V, u Vo<V, u ob6aajamowue
TeM CBOHCTBOM, UYTO IPOH3BOJHbLIE
dV/dt, Bbiuncaendtie npu V=V, wu
V=V, B cuny ypaBHenuii (6.1) ume-

Puc. 18, 10T pasHbie 3HAaKH. DTO 03HAyYaeT, 4To

tbasoBble TpaeKTOpPHH cHcTeMbi (6.1)

nepecekaloT BHeUIHHH 3aMKHYTbIH KOHTYp H3BHE BHYTPb, a BHY-

TPeHHHH KOHTYp H3HYTPH BO BHe, KakK 53TO [I0Ka3aHO CTPeJKaMH

wa puc. 18. Toruna, cormacHo TeopeMe DeneankcoHa, cyule-

CTBYeT N0 KpalHeH Mepe OJHH TAKON 3aMKHYTBIH KoHTyp V=V**,

KOTOpHIH ABJSETC NpelefbHbIM LHKJIOM ypaBHeHus (6.1). Ou Jje-

KHT Mexly Koutypamu V=V, u V=V, Ha puc. 18 oH nokasan

nynktHpoMm. . B. KamenkoB ykasan sddektuBHblii crnoco6 onpe-
JeJleHHs BeTHYHHBL V**,

Hrak, npoueiypa pacyeTa NeDHOAHUYECKHX PpelleHHH B MeToje
KaMeHKOBa COCTOHT B pelleHAH TPaHCHEHAEHTHOTO YpaBHeHHS
(6.18), KoTepoe no3BoaAeT ONpefeTHTb 3HaueHue V*, u BhiuMcIeHHH
kBajsipatyp (6.11) u (6.12).
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B naHHOll KHHre MBI paccMOTpesnH TONbLKO OAHY H3 3ajau, KOTO-
pas MoxeT ObITb M3yyeHa B paMkax Meroia I. B. KameHkoma, —
3ajauy pacyeTa MepHOMYECKOTO pellieHHs] B KBa3HJHHEHHbIX CHCTe-
max. I'. B. KameHKoB B cBoeii ctaTbe, UHTHpPOBaHHOH Ha cTp. 109,
paccMoTpes ellle Uedbll psAj 3ajay, B TOM UHCJe 3ajauy MOCTpoe-
HHSl TIEPHOJHUECKOTO peliieHHs B cHCTeMaX, GJH3KHX K HeKOTopo#l
KOHcepBaTHBHOMH. Ero MeTo] TO3BOJsieT TakXKe HCC/AeNOBaThb. HEKO-
TOpLIE 34J1a4H TEOPHH HEABTOHOMHBIX CHCTEM.

§ 7. HeaBTOHOMHbIe KBA3HJHHEHHbIE CHCTEMBI.
Merton IMyaHkape

H3yueHHe HeaBTOHOMHBIX CHCTEM Mbl HauHeM C P&CCMOTPEHHs
KBa3HJHHelAHbIX cHcTeM. OHH HMeloT HeKoTophle 0cOGRHHOCTH, KpOMe
TOTO, 3a/la4a H3YUYeHHs] KBa3HJHHeHHLIX CHCTEM Tropasjo Mnpoile 06-
el 3alaul H TOITOMY MOXKeT GLITH H3yUeHa CO 3HAUHTENbHO $0ilb-
el TOJNHOTOM,

1. 3ameyaHue o JHHeHHbIX CHcTeMax. PaccMOTpHM JHHe#lHbiil
OCLH/IATOP, TOABEPKEHHBI JeHCTBHIO BHEUIHHX MepHOJHYECKHX
CHJ:

I+ox=F(t). (7.1)
Iepnon dyukunn F (%), He orpaHHuHBasi OGILHOCTH, Mbl MOXeM TpH-
HATb paBHbIM 27. ®yHkumus F(f) pa3naraerca B psag Pypwe

F(t)=ay+ X aycos kt+ D) b, sin kt. (7.2)
k=1 k=1

YcioBAMCsA, UTO UHCIO o He ecTb wenoe. Perledne ypaBHenus (7.1)
MOXKHO TNPEJCTarHThL B BHJE
x:£+x*1
rae ¥ — obulee peilledye OAHOPOJHOIO YPABHEHHS,
F=A cos wt-+ B sin wf, (7.3)

a x* —yacTHoe peliieHHe ypaBHehHsi (7.1). DTa QyHRUMA HMCceT
nepHoj BHellHel cuawl F(f),

=, +k2]l cp cos kt + X dysin kt. (7.4)
= k=1

IMoacraBnsis Boipaxeiue (7.4) B ypaBHeHHe (7.1) H ncroabsys
(7.2), nerko HaxomhM KO3 HUHEHTH! Cp H d,:

b
CO:.@_ ck;—ﬁ_' dk=—(02—__k52_ (k:[' 2, '..-)- (7-5)
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Tak e mpocto paccMmartpuBaeTcs M OOWIMA caydyall JUHEHHBIX CH-
CTeM IPOHM3BOJBHOTO UHcaa cTeneHell cBOGOAbI

n
J'c',-—l-]gla,-jxj:F, (i=1,2,..., n), (7.6)
rae F;(f) npeacraBumel B BHae psaoB Pypbe
Fi()=ad + X af cos kt + X b sin kt.
E=1 E=1

Jlns oTbicKaHHA 4aCTHOrO pelleHHS cuUcTeMbl (7.6), MEPHOA KOTO-
poro paBeH 2m, noJaraem

xi=c" 4+ X i cos kt + X di sin kt. (7.7)
k=1 k=1

Onsa onpenenenus Ko3pdUUUeHTOB pasaoxkeHuit (7.7) mnosayyaeMm
cIeAyIolle CHCTeMBI JHHeHHbIX ypaBHeHHN:

n
Na,.. = gld
ng cPa,, = af,

n
z c (aij ~ 8k = o, (7.8)

n
Zldfz”(a,-,-—é’,-kz)=b§§) (i=1,2, ..., n),
rie ! — cumson Kponekepa. B nanbneiitiem Mbpl GyleM paccMa-
TPUBATb TOJbKO TaKHe CHCTeMbl Buaa (7.6), kotopble mpu F;==0
npeBpalllaloTcsl B KoHcepBaT#BHble cucTeMbl. Ho B 3TOM ciydae B
CHCTEMe CYILECTBYIOT IJ1aBHble KOOPJAMHATbl U BMeCTO M3YYeHHUA CH-
creMbl BUaa (7.6) LOCTATOYHO pacCMOTDPeETb CHCTEMY

B0k, =F,(t) (=12 ..., n) (7.9)

rae F;(f) — o6o0lieHHas BHeWHAs cUJIa, OTHeceHHAad K TIJ1aBHOM
KoopaAuHaTe X;. PelleHne 3TUX cucreM uMeeT BUA (7.4), mpuuem Ko-
3pduunentsl pasnoxenuit onpeneasiorcs dopmynamu (7.5).
Pelnenve JqHHelAHO# CHCTEMbl NpeACTaBUMO B BHAE CYMMbl JABYX
byukuuil. ITepas u3 37uX GYHKUHHA MMeeT NepHOAL BHeELIHeH cHJbI,
a apyras siBJfieTCs Cyleprnosuuueil raaBHbIX KojeGanuil. Hanbonb-
KA TpaKTHYECKHH MHTepec TMpeAcTaBJAseT H3yuyeHHe NMepBOH (yHK-
uuu. B caMom gene, XoTs Mbl paccMaTpPHUBaeM KOHCEPBATHBHYIO CH-
CTeMy, HO NIpH 3TOM MOHHUMAaeM, YTO peub HAET O HEKOTOPOH Mojeny
peaJbHOM CHCTEMBI, T. €. CUCTeMbi, KOTOPasi HaXOJHUTCA Bceraa moi
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AeACTBHEM HEKOTOPbIX (MyCTb OYeHb MaJibiX) CHJ, PacCeHBalOILHX
sHepruio. CiefoBaTesbHO, CBOGOAHBIE KoJeGaHHs CHCTeMbl HEHs-
6eXXHO 3aTYXHYT C TeyeHHeM BpeMeHH. UTO KacaerCsi BHIHYXKJEHHBIX
KoJiebaHul, To OHH Bce BpeMsi OyAYT MOAJEPKHBATbCA JelcTBUEM
BHEIIHHX CHJI M, CJ1eJ0BaTe/IbHO, Uepe3 HEKOTOPbIA MPOMeXYTOK Bpe-
MeHH Habgawjarenb GyJdeT oTMeyaTh B CHCTeMe TOJbKO Te Kojeba-
HUsI, KOTOpble TreHepHDOBaHbl BHEWIHHM Bo3jaeiicTsHeM. IloaToMy
OCHOBHOe BHHMaHHe B JafbHeHlIeM Mbl MOCBATHM H3YYEHHIO 4acT-
HBIX pelleHH# cucteM BuAa (7.6) uau (7.9), MMeILHX NepHOA
BHELIHHX BO3JeHCTBHH (KOTOpLIH, MO MPEANONONKEHHIO, pPaBeH 2m).
@opmyabl (7.5) u (7.8) MUMEKT CMBICA JHUIb TOTAA, KOTJAa Cpead
coOCTBEHHBIX YaCTOT OTCYTCTBYIOT YaCTOTH, PaBHbIE€ LEJBIM HaTy-
pajbHbiM 4ucjaaM. B npotHBHOM ciydae B cHcreMe (7.6) He MOryr
ObiTb HHAYUHPOBaHBI MEePHOJHYECKHE KoJeGaHHsi: YaCcTHble pelleHHst
cucTeMbl OYAYT cojaepKaTb BEKOBBIE cJaraeMmble. JTO 3HAUYHT, UYTO
aMIJuTyda KosebGaHHH, KOTOpble BO3OYXKAAOTCH, HEOrpaHHYEHHO
Bo3pacTaer. B 3TOM c/ydae roBopsAT O ABJEHHH Pe30HAHCA B JHHEH-
HbIX caydasix. Ilepexodsi K H3y4eHHIO KBa3UJHHEHHBIX CHCTEM, ecTe-
CTBEHHO MOCTABUTh C/eAYIOLlHe BOMPOCH,

a) TlycTb cpesH COOCTBEHHBIX YAaCTOT HET YacTOT, PABHBIX LEIBIM
yHcaaM. ITOT cayyail HasHBaeTcs Hepe3OHaHCHBIM. Kakoil B 3THX
yc10BHAX Oyder hopMa kosebGaHUl, reHePHPYEMBbIX BHELUHHMH BO3-
JEeACTBHAMU?

6) TlpeanosoXHM, YTO HMeeT MeCTO pe30HaHC, T. €. CPeaH Ccob-
CTBeHHHX KoJieGaHHH eCTb KoneGaHHs, NePUOJ KOTOPBIX paBeH (HJH
KpaTeH) 2n. MoKer Jd cyulecTBOBaHHe MaJlOH HeJlMHeHHOCTH mpH-
BeCTH K BO3MOMKHOCTH TeHePHUDOBaHHf B CHCTeMe KoseGaHHi ne-
puoaa 2n?

- B) Kakue apyrue GopMbl nepHOAHYECKHX ABHIKEHHH MOryT BO3-
HHKaTb B KBa3HJIHHEHHOH CHCTeMe MO JeHCTBHEM BHELIHHUX MEPHO-
JHYECKHX CHJI?

2, KosneGanusa spany or pesoHanca. HaudeM u3yuyeHHe KBa3HJH-
HelfHbIX cucTeM C HauboJee mpocroro Bompoca a. Has 3Ttoro pac-
CMOTPHM CHCTEMY C OJHOH CTeneHbIO CBOGOAHI

F+a?x=F(f) +eqp(x, #). (7.9")
Dynkuuio F(f) yenouMmcs 6path B BHe

F(ty=acost.

He npeicraBisier HUKAKOro Tpyaa paccMoTperb W OGLIHH cJaydail.
MsnaraeMblii MeTol MO3BoJIsieT QYHKLHIO ¢ TaKkKe CUHTATH MEPHO-
JHueckol dyHKUHeH BpeMeHH  nmepuoaa 2n

p=9(x & f).
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Bynem paccMartpuBaTh pelleHuss ypaBHedus (7.97), koropbie MpH
¢ — 0 nepexoAAT B pelieHHA NMOPOXKAAIOLIErOo ypaBHEHHUS

i= — o’x+acost (7.10)
nepuoaa 2.
[Tonoxum
X=XO+BX1+82XQ+.... (711)

[Toactasass paa (7.11) B ypaBHenue (7.9°), packaaasiBas
¢ynkuuio @ B psig Teilnopa mo creneHsm napamerpa e

e (x, X)=ep(x, L)+ e [o.x + 5]+ ... =eq,+e%p + ...

M cpaBHMBas Ko3(pGHUUHEHTH MPH OAUHAKOBBIX CTENeHsAX & Mbl MO-
JyuaeM clAelyiollHe YypaBHEeHWs [AJAf ONpefeneHHs HeH3BeCTHBIX
dbynkuuit x; (i=1,2,...):

¥y+ o’xy=acost, |
¥+ 0% = qq, I

o (7.12)
xk+(‘)xk_q)k s |

Jlerko y6eautbcsi B TOM, YTO BeJHUMHA, CTOSILIAS B MPaBON 4acTH
ypaBHeHHsi HoMepa k, 3aBUCHUT oT GyHKuuil x;(f), npuuem i=
= 1,2, ..., B— 1. CiregoBate1bHO, pelias NOCJAEAOBATEAbHO ypaB-
Henua (7.12). Mbl MoOxXeM oOMNpeAeadTb JaOGOH uJeH pasaoxKeHus
(7.11).

Tak Kak mo ycaoBHIO ® 5= |, TO €IMHCTBEHHOe MepHOAHUeCKoe
pelieHHe nepuojia 2m. KOTOPOE AONYCKaeT MepBoe M3 ypaBHeHHUH CH-
crembl (7.12), uMeeT BUI

a
o?—1

Xo= cos £. (7.13)

[ToacraBasas ¢yHkuuio (7.13) B BhipaxkeHHe AMA o, yOexaaeM:-
cAA, uTo QYHKUUA @y OyAeT nepuHoaiudecKoll nepHoaa 2m H, ciaeloBa-
TeNbHO, MpeacTaBHMa B Buje paga dypoe

Po = Poo +k2l o cOs kt +k21 @, sin k.

CahenoBatenbHo, BTOpOe ypaBHeHHe cucteMbl (7.12) takxke pomy-
CKaeT pelleHHe NepuHoaa 2n

E ek cos kit + V e sinkt,  (7.14)

k=1

nockoabky o’s=k (k=1,2, ...).
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PellleHHs1 ocTaJbHBIX ypaBHeHHH cHcreMbl (7.12) moryr GbiThb
AOJIYUEHBl [0 3TOH XKe cxeMe.

Urak, pewenue ypaBHeHusi (7.9") MoxKer OHITDH HpeﬂCTaBﬂeHO B
CeAyIoLIeM BHIE:

W

Poo Pok

=m‘2a_lcost+s{lm +‘_‘m2 o7 cos ki +
+2 k2smkt}+s{ J+ .. (7.15)
k=1

Aro pewleHHe yA0GHO mepemnucaTb B Gopme
x=Ay+Ajcos({+0)+ Agcos 2t +0)+ ...,
Fae
1 2
Ag= -7 {ePo+ &P+ .. 4

{a+epy+e2(...)+ ...},

.Al.= ®2—1

1 > '
M=gtm Vo +e o+ L L s

ﬁ1=arctg{s%91-+62(...)+ },

*

ﬁk—arctg{ — +&(...)+ }

®opmyab (7.15") noka3blBalOT, YTO B HEPE3OHAHCHOM  cJyuae
BCE OTJIHYHE BBHIHYXKAEHHBIX KONeOaHHH KBaswiuHeHHOH CHCTEMBl OT
KoneOaHHH JIHHeHHOH CHCTEMBl, BBI3BaHHBIX TOH e CHJOH, CBO-
OUTCA K CIeAyIoleMy:

1. BennunHa ammautyasl A; OCHOBHOH TapMOHHKH H3MeHSeTCS
Ha BeJHYHHBI mopsaaka 0(e).

2. BosHukaer pasHoctb a3 ¥ BHIHYK/AEHHBIX KoseGaHHi o
CpaBHEHHIO ¢ ¢a30fi BHellHe# CHUNB. 3TOT CABHI TaKXKe UMeeT fo-
panok O(e).

3. Mmeer mecTo cucTeMaTHueckoe cMelleHHe Ay, T. e. Koseba-
HUSl MPOHCXOAAT OKOJNO IMOJNOMKEHHs, CMELUIEHHOr0 OTHOCHTENBHO [Mo-
JIO}KEHHS PaBHOBECHs. DTO CMELlleHHe TaKxKe HMeeT MepBbliil MopsAI0K
MaJIOCTH. , ' '

4. TlosiBNSAIOTCS BBICLIHE FaPMOHHKH, aMILTHTYAa KOTOPBIX HMeeT
nopsfox O(e).

WTak, Mbl BHAHM, YTO B HEPE30HAHCHOM CJyuyae MaJsas HeJH-
HeAHOCTb BHOCHT B XapaKTep KoJeOGaHHH CHCTeMBl JIHIIb MaJible
KOMHUeCTBEHHble H3MeHeHHs. [To3ToMy B paccMaTpuBaeMOM cJjyuae
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JIHHeHHasi TPAKTOBKA 3aJaud NPHBOJHT TOJbKO K HeGOJbIIHM KOJH-
YeCTBEHHBIM OINHGKAaM: KaueCTBEHHBIH XapaKTep KBa3HJIHHEHHBIX
KoJle6aHHil GyAeT TaKHM Ke, KaK U B JHHeHAHOM cayuae. Ha nepBHii
BOTIPOC, TIOCTaBJEHHBA B TpeiblAylleM NMyHKTe, Mbl OTBETHJH IOJ-
HOCTBIO.

Mbl paccmotpend KonebaHuA B CHCTEME C ONHOH CTEMeHbIO CBO-
Goxbl. OaHako serko yb6eJHTbCSI B TOM, UTO H3JOXKEHHAs CXxeMa Mo-
KeT GbITh MCMOJb30BaHa JIJsl HCC/AeLOBaHHS KoseGaHHH CHCTEM MPo-
H3BOJILHOTO UHCJia creneHeidl CBOGOMBI, €C/AH TONBKO CPelH KOPHeH
XapaKTePHCTHUECKOTO YDaBHEHHs HET LeJbiX UHCe.

3. PesonancHble xojeGanua. Ciayuair oJHOH cTeneHH CBOGOABL.
PaccMoTpuM cHoBa cHcteMbl (7.9°) M NpPeNNONOXKHM, UTO =1,
B npeanbiayllieM pasjesie Mbl pacCMaTpPHBaJH 3afauy OTbICKAHHSA Me-
PHOJHUECKHX pelleHH# cucteMbl (7.9°), kotopsle npH & — 0 mepe-
XOIAT B MIEPHOLHUECKOE pelileHHe NOopoXAamllero ypasHenusa (7.10).
B TOoM cayuae, Korga o=1, TaKasl NOCTaHOBKA He HMEET CMBICIA,
MOCKOJIbKY MOpOXKJAalolliee YpaBHeHHe He HMeeT MEePHOJHUECKHX pe-
wenuii. [lostomy B Teopeme [lyaHkape paccMaTpHBAIOTCH TOJbBKO
Te 3aJiauH, B KOTOPBIX HHTEHCHBHOCTb BHelHero Bo36yxAeHUs MaJa.

ByneM paccMaTpuBaTh ypaBHEHHe

ito2x=cacost+eq(x, ) (7.16)
H MPeANoJIoKHM, UTO
w?=1— &d.
[Tpumeuanue Meron, KoTOphH GYAeT H3JMOXKEH, MOXKeT ObITh
6e3 KakHX-THGO OIOBOPOK NepeHeceH Ha caydyall ypaBHeHHs

itox=clacos nt+o(x, £)]+F(?), (7.16")
rae
o’ = n? — g9,
F(t)=Fo+ 2 Fi'coskt+ 3 F{lsinkt.
ks=n ksn

B caMoM jefe, IJs 3TOr0 JOCTAaTOYHO MPHHATh X=F+Xx*, rae x* —
YyacTHOe pellleHHe ypaBHEHHUS

E+o=F(1),
uMewolllee nepHoi 2n. OyHKUHA F nocse Takod 3aMeHnbl Oyzer yno-

BAETBOPATb ypaBHeHHIO THNA (7.16).
PaccMOTpHM mopoXzamliee ypaBHeHHe

i+ x=0. (7.17)

YpaBuenue (7.17) nomyckaeT JBynapaMeTPHUECKOe CEeMEHCTBO me-
PHOJMUECKHX pelleHHi nepuoia 2m

x=M cos t+N sin ¢. (7.18)
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B npenplayliem ciayuae mopoxjiatoliee ypaBHeHHE HMENO TO/IbKO
OJIHO MEePHOAHYECKOe pelicHHe YKa3aHHOro mepuoja. B panHoM cay-
yae n060e e€ro pellieHHE NEPHOIHUECKOE.

ITonpo6yeM OTBICKATb MEPHOJHYECKOE pelleHHe YypaBHEHHA
(7.16), xotopoe npu & — 0 MmepexoAHT B OAHO H3 pelieHUll ceMed-
ctBa (7.18)y. Hpyrumu cnoBamu, cudtas M u N BenuuuMHaMH, KOTO-
pPbIMH MBI MOXKeM pachopsxKaTbCsl, moctapaeMess HX noao6paTth Tak,
ytoObl B OKpecTHOcTH peliieHus (7.18) ypaBHeHus (7.17) obecne-
YUTb CYUIECTBOBAHHE HCKOMOrO MEPHOMUYECKOTO DelieHUsl ypaBHe-
Hust (7.16).

PeuieHne GyneM HCKaTh B BHAE pAAa

Xx=xO 4 ex)fe2x@4 (7.19)
rie x©@ — ogHa W3 GyHkuuil cemeiictsa (7.18). ®yuxkuua ¥ yno-
BJIETBOPSAET YpPaBHEHHIO

#W4+x=a cos t+@(Mcost+Nsint, — Msin £+ N cos £) +
+8M cos t+ 8N sin ¢, (7.20)
Has toro urto6ul ypaBHeHue (7.20) nomyckano MepHOAHYECKHE pe-
nieHHs, HeoOXOJHMO H AOCTATOYHO, YTOOH pasjoXeHHe MpaBoii ya-
cti B pag DPypoe He coaepxalo uieHoB BUAa A cos i+ Bsint. dtu

yCI0BHA HaM AaloT ABa YPaBHEHHA [J/1sl ONpe/efeHHs HeU3BeCTHBIX
yucea M u N

PM, N)=a+Md+

2n

+?1{f @(Mcost+ Nsint; —Msint+ N cost)cos ¢ df =0,
0

QM, N)=Nb+ (7.21)

2n

+—:1t—f @e(Mcost+ Nsint; —Msint+ Ncost)sint dt=0.
0

Taxum ofpasom, A/s toro utobbl ypaBHeHHe (7.20) umeno ne-
pHOAMYECKHe pelieHHs mepuofa 2m, HeodXoAMMO, 4TOObl ypaBHe-
Hus (7.21) uMenu aelicTBUTENbHblE KOPHU M U N.

B 3Tom cnyuae dyHkuus

x=Mcost+Nsint

MoXeT OhIThb MpefeJOM MEPHOAHUECKHX DellieHUH ypaBHeHHs (7.16)
npu ¢ — 0.

Ecau M=M u N=N, 10 nepHoAuueckdHe pelLiIeHHA YpaBHEHHA
(7.20) umeroT BUA

V=DM + M, cos £+ N, cos t. (7.22)
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rae M, u N;— npousBoabHblie uHcna, a O — yactHoe pellieHHe,
KoTopoe ompefensercd no ¢opmynaM n. 1 stvoro maparpada, no-
CKOJbKY pasnoxKeHne QyHKLUHH

acost+ 6(Mcost+ Nsint)+@(Mcost+ Nsint,
~Msint+Ncost)= X (@ cos kt + @@ sin kt) (7.22)
k1

B pan ®ypsbe, B cuny Bbi6opa Besinuud M u N, He COfepKHT nepBbIX
rapMoHHK.
PaccMoTpuM ypaBHeHHe ans x

D4 x@ = § (DD + M, cost+ N;sint)+
+ 22 (M, cos t + Nysint + DO) +
+ 2% (— Mysint+ N cos t + D). (7.23)

I 9 . 99 § x = g
POM3BOJHBIE —5~ H - BLIUHCJIEHbl LIl 3HAYEHHA X=X
%=x; takum o6pasoM, NpaBasi 4acTb 3TOr0 ypaBHeHHs sBJseTCs
nepHoAuueckoil ¢yHKuHell BpemeHu nepHofa 2m. CnenoBaTesbHO,
NS CyUIecTBOBAHHA TNEPHOAMUECKHX pelleHHi 3TOH cHcTeMbl He-
06X0OAHMO M JocTaTouHo, ytoObl noctrosinibie M, u N, 6bid BbI-
GpaHbl Tak, uToGbl pasjoXkeHHe NpaBoi yacTH ypasHeHHa (7.23)
B pan ®ypbe He comepxkano 1epBblx rapMonHk. Takum o6pasowm,
nocrosunbie M, u N, yIOBAETBOPSIOT cJeayloulell cucrteMe JHHed-
HbIX anre6pauuecKHx ypaBHeHHI:

n
Ml[a+lf "—"’cos2t—g—§costsint}dt]+
0

21

H

f smtcost+—cos2t}dt=
0

n
1 {19 404 9% po) —
- f 122 g 4 2290} cos tat =", (1),
on ° (7.24)
| ) ., 09 oo
Ml—J {-O}—costsmt a% smt}dt+
n

+N||:6+% {%%sm2t+g—?costsint}dt]=

0

1
)/

n
f 9 O + 3¢ e @‘1’}51ntdt_‘F2(t)
0
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Ilpu cocraBieHuu cucteMbl (7.24) GLITIO YyYTEHO, YTO Pas3sIOKeHHE
¢ynkunu @D B pan Pypbe He COAEPKHUT MEPBBIX FapPMOHHK.
Cucreme (7.24) MOXHO mpuAaTh CJAeAYIOMHUA BHA:

|
M 0M+N'6N Yo 795
My 55 +N, -

Jasi paspemrumoctH cHcTeMbl (7.25) HeoOXOAHMO H AOCTaTOYHO,
yToOHl ee JeTepMHHAHT

9P 0P
oM ON _D(PP,Q
4Q 0Q | DM, N)

oM oN

(7.26)

GBI OTJIHYEH OT HYJ.

D/ileMeHTH 3TOrO onpejenuTe’si BuluucaeHsl npy M=48# u N=N.
CrenoBaTenbHo,- ycaoBue (7.26) osnauaer, yto Benuyunsl M u N
SIBASIIOTCA TMPOCTBIMH KOPHAMHM CHCTeMBl ypaBHeHuil (7.21).

Urak, aas toro yto6bl ypaBHeHUe BTOPoro npubiamKeHus aomy-
CKaJo TMepHOJHYECKHe pellleHHs AOCTAaTOYHO BHINOJHEHHS HepaBeH-
ctBa (7.26). B stom ciyuyae nocrosnuble M; u Ny 6ynyr ompene-
JIeHbl W3 ypaBHeHHH (7.25), xkorophie 06pa3yloT JHHEHHYIO CHCTEMY
anre0panueckux ypasHeHuH. PyHkuua x@ B 3TOM caydyae Oyner
onpeaesneda GopMmysaoi Tuna (7.22)

¥D=DA+ M, cos t+ Ny sin £, (7.27)

rie My, u N,-— npou3BoJbHBIe MOCTOSIHHBlE, KOTOPble MOTYT OHTh
olpefeseHbl TOJBKO B TPeTbeM MPHOTHKEHHH.

IMpoBefieHHble paccyXKAeHHS HETPYAHO MPOAOMANKHTL IO HHAYK-
LHH H IOKa3aTb, YTO 3a/laYa MOCTPOEHHUS NEPHOAHYECKOTO PelleHHs
ypaBHeHHs HOMepa £ CBOJIHMTCA K pelleHHI0 ajJre6paHyeckOH cH-
CTeMBbl BHJA

d

P
Mys b+ Nt o =20, |

M t (7.28)
9Q 99 ® )
Me-1535 + Ne-t gy =12 J
Cucrema (7.28) Bcerpa paspemruMa, ecau Toabko M wu ]V-—-npo-
CThle KOPHH CHCTEMBI ypaBHeHu# (7.21).
HUtak, Mp TpuUXOoAMM K caedylolleMy pesyabTaty (Ilyanka-
pe). Ecau cHcTema ypaBHenuit' (7.21) HMeeT npocThie KODHH, TO
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KaxJ0oH cHcTeMe mpocThix Kopued M u N coorsercTByer pal
(7.19), Kaxabii uned KOTOPOro MoOXKeT GbiTh 3(hGEeKTHBHO BbIYHC-
JieH MPH NOMOIH H3J0XKEHHOH TpoLeLyphl.

[lyaHkape n0Kasan Takxe, 4YTO MpPH YCJAOBHH aHAJMTHYHOCTH
npaBo# yacTH ypaBHeHus (7.16) paas (7.19) cxoasarca ana jpocra-
TOYHO MaJblX 3HauyeHHH e&. B 3ToM cayuae ypaBHeHue (7.16) jgo-
NyCcKaeT TpelesbHbiH UHKA (mepuoauveckoe pelieHue). Hucao me-
DPHOJHYECKHX PeIleHHH COOTBETCTBYET YHCJAY MPOCThIX KOPHEH CH-
creMbl (7.21).

[Tpumeuanue. Tor cayuahr, Korga ypasHeHue (7.21) umeer
KpPaTHbIE KOPHH, HeckolbkKo OoJiee cjaoxen a/asa u3yueHuda. OpHako
OH TaKXKe TLWATENbHO H3yuanca pAAOM aBTopoB. B ofuieM cayuae
pAldbl, KOTODbie NPEACTABAAIOT MEPHOLHYECKHE DEUIEHHA, JOJIMKHbI
ObITb pacro/loxeHbl yxe He MO LEAbIM, a MO ,LIpOGHbIM CTeneHAM
napamerpa *).

BepHeMmcs cHOBa K ypaBHeHHIo (7.16). Ecau w#1, To Mbl HMeeM
Hepe3OHAHCHBIH CAy4yaH H aMNJAHTYAbl BbIHYXKJAEHHBIX KoJeGaHuH,
KaK Mbl 3TO BH/JE/]H, HMEIOT NOPAJOK BHEUIHed BO3MYLAIOLEH CHIbI,
T. e. mopsadoK O(e). Ecau o ~ 1, To aMninTyaa BbIHYXK/IEHHDLIX KO-
JebaHui uMeeT mopanok l. [ToaToMy fABleHHeM pe3oHaHca B HeJH-
HelfHbIX CHCTeMaX eCcTeCTBeHHO Ha3BaTb BO3HHKHOBEHHE HHTEHCHB-
HbIX BbIHYXJAEHHbIX KOoneOaHHWA NpH YCJAOBHH, YTO YacTOTa BO3MY-
watoulefi cuabl 6JH3Ka K COOCTBEHHOH YacToTe JHHEHHBIX KoJe-
GaHui.

B 3ak/loyeHHe HanoOMHHUM elle Pa3, YTO B JIHHEHHBbIX CHCTEMAX
BAaJH OT De30HaHCa aMmAHTYAa BbIHYXAEHHBIX KoJeOaHuH Takxke
uMeet nopanok O(e). CyulecTBeHHOE BAHAHHE MaJoH HeJHHEHHOCTH
NPOABAAETCA TOAbKO B YCAOBHSIX, OJH3KHX K Pe3OHaHCY.

4. Mpumep: ypasnenne Ban-mep-Tlons. B kauecTBe npuMepa
pPacCMOTPHM CHCTEMY, KOTOPaf onHcbiBaeTc ypaBHeHHeM BaH-aep-
[ons

I+ wix=¢P cos f+ (o — yx?) z, (7.29)

¥ H3yYyuM ee KosieGaHWA nojJ AelCTBHEM BHELWIHHX MepPHOAHYECKHX
CHN. YCAOBHMCA paccMaTpPHBaTh pe3OHaHCHble KonebGaHus, T. e.
NPeANnoNoKHM, YTO BBITIONHEHO YC/I0BUE

=] — &d.

PelueHHe mopoXaalOlEero ypaBHeHHA /s 3TOH CUCTEMbl HMeeT BH]
(7.18), rae noctosHHble M u N onpenensiorca u3 ypaBueHud (7.21),

*) Cm., uanpumep, A. Il. TIpockypakos, [lepHoanveckne pemeHus ue-
JHHEAHBIX CHCTEM B BHAe pAA0B MO JpOGHbIM cTenmeHAM mnapaMetpa, [IMM,
1. XXV, B. 5 (1961).
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KOTOpble B JNaHHOM CJyyae MNPHHHMAIT CJIeﬂ}"lOLU.P[lj[ BH:

21

P(M, N)=M6+%f [ — y2(M cos ¢ + N sin £)7] X
0
X[— Msint+ Ncost]costdt=0,

QM, N)EN6+~:£—I [ — y2 (M cos ¢ + N sin £)] X
0
X [—Msint+ N cos t]sin tdt =0.

[1poBoas oueBHJHbIE BHIKIAJAKH, Mbl NPHAEM K CJeAYIOLLEH CHCTeMe
ABYX KVOHYECKHX YDaBHEHHH:

p+Mo+ N [a— M2+ N2 =0, |
' (7.30)
No—M[a—T (M2 N?)]=o0. Jl

B ypaBHeHuu (7.30) crenaeM 3aMeHy
M=A cos o, N=Asin q. (7.31)

Du3uuecKHH CMbIC/ BeJHYHHBI A OYEBHIEH — 3TO aAMIVIMTYAA I10-
poxaatollero pemweHHsa. Takum o6pas3oM, HAac HHTEPECYIOT TOJbKO
MOJIOXKHUTEJNbHbBIE 3HAUeHHS 3TOH BEJHYHHBI.

[Tocne saMennl (7.31) ypaBHeHue (7.30) mpuMeT BuI

A{Gcosq3+sinq3(a—3’4iA2)}= —B.
A{Gsian—cosq)(a—-‘;iAQ)}=0.

Bo3BoJs B KBaapaTr H CKJaJbiBas 3TH yDaBHEHHs, Mbl HCKJIOYHM
basy @ \

A2{62 + (a- 2 }=ﬁ2. (7.32)
Takum o6pa3om, BeiuunHa A? yjnoBrerBopsieT KyOHYeCKOMY ypag-
HeHHlo. Tak kak KybHueckoe ypaBHeHHe HMeeT Bceria xoTs Obl OAUH
KopeHb, TO cHcreMa Bau-mep-ITons pgonyckaer mo KpafiHeil Mepe
OJHH PE30HAHCHBIH PeXUM (MCKIIOYas Te COYeTaHHA MapaMeTpoB o,
B, vy 1 8, npu KOTOPHIX ypaBHeHHe (7.32) HMMeeT KpaTHble KODHH).
MoxeT 0Ka3aTbcsl, B YaCTHOCTH, YTO ypaBHeHHe (7.32) HMeer TpH
NeHdCTBHTEbHBIX KOpHA. B 3TOM cayuae B cHcTeMe (7.29) Bo3-
MOXHO CYLIECTBOBaHHE TpeX pe30HaHCHHIX pexxHMOB. McciaenoBaHue
3THX BomNpocoB Tpebyer GoJsiee AeTasbHOrOo aHajdH3a YpaBHeHHS

(7.32).
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5. Oauu cneunanabhbii caydai. Oco6eHHOCTh 3aJayu OTHICKAHHSA
PEe30HAHCHBIX PEXHMOB COCTOHT B TOM, YTO NOPOXKAaiollee pelleHHe
3apaHee Heu3BecTHO. MHOXecTBO pellleHHHl NMOpPOXKJAIollero ypas-
HeHHsl o6pasyeT ceMeHCTBO, 3aBHCAILlee OT HECKOJIbKHX MapaMeTpoB.
(B ciyuae, KOTOPHH paccMaTpuBaJjcs B m. 3 3Toro maparpada, ce-
MeHCTBO MOPOXKJAAIOUIUX pellleHHil 3aBHCeN0 OT JBYX NapaMeTpoB).
B npouecce pellleHHs 3aJa4d Mbl JOJIXKHBI OTBICKATb Te 3HAYEHHS
napaMeTpoB, KOTOpble OMNpejelsioT IOpPOXKJAAIoHiHe peLleHHs.

PaccMoTpuM oAHY cnenuasbHYIO 3371a4y, KOTOpasi HHOrAa BCTpe-
YaeTcfl B NMPHUJIOXKEHHH: ONpefeNHTh NMepHoJAHYeCKHe pelleHHsl ypaB-
HeHHf

i=e@(x, %, I, &), (7.33)

rie @ — nepuoauyeckass (PYHKUHS BpeMeHU nepuHoja 2m, aHaNUTH-
yeckasi MO NepeMeHHBIM X, £ u & [loAcTaBUM 3ajauy OTBLICKAHHUA
epuoJHYeCKOro pelleHus ypasHeHus (7.33) nepuoma 2r.

O6inee pelleHdHe NOPOKAAOUIEro YpaBHeHHS

=0 (7.34)
UMeeT BHJ, '
x=M+Nt. (7.35)

U, caemoBatenbHo, tosbko mpu N=0 peuenne (7.35) Gymer me-
puoauueckuM nepuoja 2m. Takum o6pa3oM, QYHKIUH, CPelH KOTO-
PbIX MBl MOXEM PasbIlCKHBATH NMOPOKAAIOIIHE pelleHHs YpaBHeHHS
(7.35), 6yayr oGpa3oBbBaThb OAHONAapaMeTpHUYeCKOe CeMeHCTBO

xO=M.

B 3TOM ¥ COCTOMT OCHOBHOE OT/IHYHE pacCMaTpHBaeMoOH 3ajaud OT
3ajaud, KOTopas HM3yyalachb B NpeAbAYUIMX NYHKTaX 3TOr0 Napa-
rpatda. OnHako, HeCMOTPSl Ha 3TO, METOAbI, Pa3BHTble paHee, MOCYT
ObITh MCNOJB30BAHBl [/l OTHICKAHHUA TMEePHOJHYECKOrOo peileHHs]
ypaBHeHus (7.33).
ITonoxum
x=M4ex(t) +e2x@(f) + ...

®yukuua x(V 6yger YAOBJETBOPATb AubdepeHHaJbHOMY YpaBHe-
HHIO '

i=g(t, M, 0, 0), (7.36)

rie @ — nepHoAHYecKas QYHKUHS L.
Jasa rtoro uro6ul ypaBHeHue (7.36) Jomyckajo nepHoiHUYecKOe
pellleHHe ITepHoAa 2r, HEOGXOAHMO H J0CTATOYHO, YTOOH
2on

- |
¢=Ef@mMJJM#Q (7.37)
0
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~ B camom pene, nycte 0, Torna GQyHKUHSA ¢ MoOXeT ObiTb pa3-
JoxeHa B pajg Pypee Buaa

= + ) (a,cos kt + by sin kf),
k=1

rie ¢ -— HeKoTopas TNOCTOsIHHAs, OTJNHYHAs OT HYJs, H, CJelJoBa-
TeJbHO, oflllee pellleHHe ypaBHeHHs1 (7.36) Oyaer HMeTb BHJ

oo
ni2
x® = xW(0)+¢, () + —q—;t—+ Ezlz— (b, sin £t — a,, cos kt), . (7.38)
k=1
T. €. 0HO OyJeT COfepKaTb BEKOBble cjlaraeMble He3aBHCHMO OT BBHI-
60pa HauaJbHBLIX YCJIOBHH.

Hrak, pjas cylleCTBOBaHMsI NMEPHOJHYECKOro peLIeHHs YpaBHe-
Hus (7.36), a cjefoBaTenpHO, H AJsl CYLIECTBOBaHHS NepPHOAHYE-
CKOro pellleHHsi ypaBHeHus (7.33), aHaJHTHYecKOro mo g, Heo6xo-
auMo, utoGbl HeMsBecTHas mocTosiHHass M Oblia KOpHeM YypaBHe-
Husa (7.37).

M3 Bupa obuiero pemieHusi (7.38) cpasy ciaeiyer, UTO YCJOBHE
¢=0 nmocTaToyHo JJsi CYLIECTBOBaHHs [E€PHOAHYECKOTO pellleHus
ypaBHeHusi (7.34). B caMom pene, Mbl Bcerna MoxeM nopo6patb
HauaJbHOe ycioBHe £(1(0)

oo

i)=Y, 2,
k=1
KoTopoe mnpu Jiobom xN(0) =M, rapanrupyer ycaoue ¢;=0.
Hrak, ¢pyukuus x() onpelensiercs dpopmyJioi
O =M+, (f), (7.39)

rie P, — nepuojnyeckas (PyHKUHs BpeMeHH TpebyeMmoro mnepuojaa,
a M| — nocTosiHHas, KOTOpas AoJKHa OBITb onpejeneHa B caelyio-
mieM TPHGJIHKEHHH.

CocraBuM Tenepb ypaBHeHHe IJis1 onpeneneﬂnﬂ X (%)

50 =28 (M, oy (O] + Ly + ST (7.40)

[TpousBoaubie dp/0x u O@/O% BbIYHCIEHBl NPH YCJOBHH, YTO Xx=M,
e=0, rie M — kopeHnb ypaBHeHus (7.37):

(M) =0. (7.37)

Ias cylliecTBOBaHHA IePHOAHYECKOTQ pellleHHs1 ypaBHeHHsA Xx® He-
06X0IMMO H JOCTAaTOYHO, YTOOHI
2n

2—2,—[{ M+ o 01+ 2 b+ 22 Var =0, (ran)
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Jlerko BuAeThb, 4TO ypaBHeHHO (7.41) MOXKHO mpuAaTh CJAeAYIOLIHH
BHA: 9
? _
M5 =Fy, (7.42)
rae

2n
—_ L {9 99 a_w)
Fi= znf‘\ax‘p‘+ax‘p' O dt.
0

YpaBueHue (7.40) — 310 NHHefiHOe ypaBHeHHe OTHOCHTEJbHO HEH3:
BecTHO# moctositHHO# M. Eciin d¢/0M == 0, To OHO UMeeT eAHHCTBEH-
Hoe pelueHHe. Ycaosue 0§/OM = 0 osHauaer, yTO nocrosinHaa M
ABJAETCA NPOCTHIM KOpHeM ypaBHeHus (7.37). ®yHkuua x® B 5TOM
clydyae UMeeT BHJ

x®=My+2(2),

rae Ms — NOCTOsIHHASA, KOTOpas Ompejeserca B CJAeAYIOIEM NpH-
GJIMKEHHH, a Yo () — neprodnuecKas GyHKUHUA.

Jlerko npojofXKKHThb pacCyXKAeHHWs W NoKasaTb, 4To B JIOGOM
npubaAHKeHHH NePHOLHYECKOe DellieHHe HMEEeT BH/

X (t) =Mp+pu (),
rae M, — pelieine ypaBHeHHS

09
Me 535 = Fos

npuuyem yucao Fy onpenensercsa no nepsbiM k — 1 npubiauxkeHusM.
1 A0CTAaTOYHO MaJblX & PS/Abl, KOTOpble MPeACTaBJAIOT pelleHHe,
CXOJSATCH.

HTak, Mbl NpHULIM K CleAyioueMy peayabraty. Has cyuyecrso-
ganus nepuoduyeckoeo peuwenusn ypasrerus (7.33), aHAAUTULECKO20
no napamerpy e, Heo6x00umo u 00CTATOUHO, 4TOObL YpasHerue

(M) =0
UMEAO NPOCThle KOPHU.

MpumevaHnwue. ManoxeHHblt MeTol Ge3 KakuX-1HGO H3MeHe-

HHP 1MO3BOJIAET M3YYaTh NEPHOJHUECKHE DEUIEHHsS] CHCTEMbI

Fi=eQi(xy, ..., Xn, 1, €)

NpOM3BOJBLHOrO MOpAAKa, ecau ¢yukuua ¢; (i=1, 2,...,n) — aHa-
JUTHUECKHE (DYHKIHMH NO €, X; U NepHOJMYECKHe GYHKUHMK no ! ne-
puoaa 2.

6. O pesoHaHce n-ro popa. B pamMkax KBasH/JHHEHHOR TeopHn
yaaercs yCTAHOBHTb OJHY 3aMedaTenbHYI0 OCOGEHHOCTb HesHHeR-
HbIX CHCTEM —— BO3MOXKHOCTb CYILECTBOBAHHMsA pPE30OHAHCA N-TO poja.
Mbl y:XKe 3HaeM, 4TO B TeX cJydasax, KOria Ha KBa3WJMHEHHBIH
OCLM/JATOP AeHCTBYET BHELIHee MepHOAHYECKOe BO30YKIeHHE HH-
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tTeHcuBHOCTBIO O (&), B OCUM/IJSITOpPE MOTYT BO3HHKHYTh BBIHYXKJEH-
Hble KoJeGaHHsA, aMIUIMTYJbl KOTOPBIX HMeloT mopsijok 1. Bo3HHk-
HOBEHHE HHTEHCHBHBIX KosieGaHui, Kak 3T0 OblIO MOKa3aHO, MOXKeT
OCYILLECTBHTBCSI, €CJAH 4acToTa BHeIIHeH B030yXkjiaiouled CHJIBI
6an3ka Kk coOCTBEHHOH uactoTe. DTO SIBJEHHE Mbl Ha3bIBaJH De€30-
HaHCOM. YCJOBHMCS Telmepb Ha3blBaTb €r0 TJ1aBHBIM ~PE30HaHCOM.
J10 yrouHeHHe HeOOXOLHMO TOTOMY, YTO HHTEHCHBHBIE BBIHYXKJEH-
Hble Kosie6anusi (aMIinTyaa KoTopeix paBha O (1)) KBasuauHed-
HOTO OCHHJIJIATOPA BO3MOXKHO H TOTAAa, KOTAA 4YacToTa BO3MyLLalo-
el CHIbl (MHTEHCHBHOCTb KOTOpOH HMeeT Ttenepb mnopsaaok O(e))
6/M3Ka K Nw, TAe o — coOCcTBeHHAas 4acTOTa, a N — HEKOTOpoe Iie-
Jloe UYHCIIO.

PaccMoTpuM CHOBa KBasW/HHeliHoe ypaBHeHue (7.9) u ana ym-
POLUEHHS BCEX PacCyXKAEHHH OrpaHHYHMCS H3y4eHHEM €ro 4acTHOro
cay4das )

i+x=acosnt+eq(x, & 1), (7.43)

rae A4 — ueaoe 4HCJI0, a (YHKUMS ¢ — NepHoAHuecKas (PyHKUHA
BpeMeHH mepuoaa 2m. CornacHo TepMHHOJMOTHH, KOTOpas Oblia HaMH
IpHHSITA, COOTHOIIEHHE YacTOT BO3MYyLlaiolledl CHAB H cobcTBeH-
HHX KoseOGaHHi ompelenseT Hepe3oHaHCHBIH caydai. Eciu, cienys
H3JTOXKeHHON MeTOJHKe, Mbl HauHeM pa3bICKHBATb DeLIeHHs YpaB-
HeHus (7.43), mepuoja 2m, TO MBI JOMKHB OygeM HCKaTbh 3TO pe-
1eHue B popMme psala

x=xO+GX1+82x2+ ey

rle Xo — pellleHHe MOPOKAaI0LLero ypaBHEHHs

Xg= — n2'_1_1 cos nt. (7.44)

Pewenue, kotopoe 6yjeT HalaeHO 3THM cnocoGom, Oyner UMeThb me-
puoa T*=2m/n. OpHako moMHMO pelleHHsi (7.44), mopoxkpalollee
ypaBHeHHEe

i¥+x=acos nt

JIONyCKaeT ellle 1ByNapaMeTpHYecKoe ceMeliCTBO mepHOJHUYECKHX pe-
IIeHHH TmepHoaa 21

F=M cos t+ N sin t+(?), (7.45)

rae P (f) ompenensercs gopmyaoit (7.44). 310 06CTOATENBCTBO MO-
3BOJIS€T MPEANOIOXKHTb, 4TO CPeAH MEePHOJHYeCKHX pelleHHH ypaB-
HeHHn (7.43) nepuoja 2m;, KpOMe pellleHHH, oOlpefeNsieMblX aJro-
PHTMOM II. 2 3TOTO maparpaga, MOryT ObITb DelIeHHs TaKXKe H ApY-
roro tHna. [lonmpoGyeM paasickaTb pelleHHsl YypaBHeHusi (7.43),
Kotopble TpH &€ —0 mepexoaaT B pelleHHs (7.45) IpH yCJOBHH, UTO
XOTs OBl OAHO M3 uHced M Wi N OTJHUHO OT HyJ.
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. J1J1s1 3TOrO MOJOKHUM
x=%4+ex;4+ ... (746)

[Ipouenypa oTbicKaHHA pellleHHAa BHAa (7.46) HuueM He. OTJH-
yaercs OT MPOLeNypPbl OTHICKAHHS pellleHHs B OKPEeCTHOCTH TJIaBHOTO
pesonaHca. Iloacraensas pax (7.46) B ypaBHenue (7.43), Mbl moJy-
yaeM ypaBHeHHs s X;, OyHKUHA X; YIOBJETBOpPSAET ypaBHEHHIO

E@+x=9(F i, ). (7.47)

Hnsi Toro uro6ul ypaBHeHue (7.47) AOMyCKaNo MEPHOTHYECKHE pe-
LIeHHs1 mepHoja 2m, Heo6xoAuMo, yTo6b uucia M u N ygosierBo-
psiM clefyloulell CHCTeMe TpPaHCUEHAEHTHBIX YpaBHEHHH:
25
P(N, M)= [ @(Mcost+Nsint+1;
0
—Msint+ N cost+; t)cos tdt =0,
on (7.48)

QM; N)Ef o (Mcost+ Nsint+;
0

—Msint+ Ncost+, f)sintdt=0.

[ycte Teneppb M u N — npoctele kopHH cucreMnl (7.48), Torna,
KaK 3TO CJlellyeT H3 TEOPHH, H3JTOXKEHHOH B M. 3 HacTosillero mapa-
rpada, onpeleseHHe NOCAEAYIOUIHX NPHOIHKeHHH noTpebyer pe-
LIEHHS YXKe TOJbKO JHHEHHBIX ypaBHeHHA THMma (7.25):

M,—S—%+N,£= (1),]
Q. 0 a i (7.25)

Mipr+ Nigp = ) ]

rae W@ y @) — HeKOTOpble H3BECTHBIE YHCIA.

B cuiy clenaHHBIX NPeANONOXKeHHH O NMPHPOAE KOpHeH cHCTEeMBbl
ypaBHeHu# (7.48) cucrema (7.25") Bceraa paspeiuma.

Cucrema ypasHeHHH (7.48) aHaJOTHYHA CHCTeMe YypaBHeHHUH
(7.21) H MOXeT pacCMaTPHBATBCA KaK YaCTHBIHR Cayvuall TakoH cH-
creMbl. OHa o6najaer ciepylouleli, 0COGEHHOCTBIO: eClTH ¢ YHKUHSA
¢@(x,%,¢) umeer mo ¢ nepuon T=2n/n, T0 cucrema (7.48) Bceraa
Jomyckaer TpuBHaJbHOe pemieHHe M = N=0

- B caMoM meJe, MOCKOJBKY B 3TOM cJjaydae, T. e. npu M=N=0
dbyukuusa (7.45) 6ydger B KauyecTBe CBOero HaHMeHbILEro nepuona
UMeTb MePHOJ T*=.2n/n, TO TaKHM Xe nepuoioM 6yner obiamathb
H ¢yHkuua @(F, %, f), u ciaenoBaTeqbHO, €e Das/iokKeHHe B psf
®ypbe Oyder coaepKAaThb TOJBKO FAPMOHHKH, HMEIOLIHe 4YacToTy,
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KPaTHYIO A, T. €. YCJIOBHE OPTOTOHAJNBHOCTH (7.48) BbIOJHAETCH aB-
TOMaTHYECKH.

Ato 06cTOATENBCTBO MOXHO HCI107b30BaTh A/ COKpallleHHs! Bbi-
KJ1agoK npu 3¢GdeKTHBHOM OIpejeNeHHH HHTEPeCYIOIMX Hac pe-
HIeHHH.

3aMeTHM, UTO BCe pacCyXJeHHs OCTAlOTCS B CHJe H AJA TOro
YacTHOro cJydas, KOTJa aMIUIMTyla BO3MYILalolledl cuJABl HMeeT
nopsaaock O(e). TakuMm o6pa3om, faxe maJjble BO3JeHCTBHA Ha KBa-
3WIHHEHHYIO CHCTEMY NEPUOJHYECKHMH BO3MYIIAIOIIHMH CHJIaMH
KpaTHOH 4acTOTBl MOTYT BO30yAHTb B Hell HHTEHCHBHbIe KoJebaHus,
IPOHCXOAALLHEe C YacToTOH cOOGCTBeHHbIX Kosebanui. Takoe sB.e-
HHe Ha3blBaeTcsl pe3oHaHCOM n-ro poia. BrepBole ucciefoBaHHAMHU
NOAOGHBIX Ko.neéamm sanuManuch JI1. U. Mangensmram u H. 1. I1a-
naJeKCH.

7. O KBa3WJHHEHHON TPAKTOBKe HeJHHEHHBIX YpaBHeHuH. B du-
3MKe W TeXHHKe MMEIOT LIMPOKOe pacnpocTpaHeHHe MeTOAbl, KOTO-
phHle OCHOBAaHbl Ha INPEANOJOXKEHHH, YTO HCCaelyeMoe HelHHeHHoe
ypaBHeHHe B HEKOTOPOM cMBIcje GIH3KO K JauHefiHomy. M B Haeros-
ieM maparpacde Mbl H3yyaaH ypaBHeHHS BHAA

it+o?x=eq(x, £ ¢t &), (7.49)

KOTOpble TNpH e=0 mepexoifiT B JHHEHHBle U I MaJjblX 3Haye-
Hull mapaMeTpa € pa3BHBalM MeTOHBI, MO3BOJSIOLIHE 3(PGEKTHBHO
BHIUHCJAATH MEPHOLHUECKHE ABHXEHHS.

Takasf TouKa 3peHHs, KaK Mbl 3TO BHAeNH, 6orata pasHooOpa3-
HBIMH BO3MOXKHOCTAIMH: OHa He TOJbKO MO3BOJHET «YTOUHHTb» IO-
poxjaiolilee pellleHHe, HO H [aeT BO3MOKHOCTb OGHAPYXKHTb TaKHe
csoiicTBa ypaBHeHH# (7.49), KoTopble NOJHOCTbIO YTPAauyHBaloTCA,
ecnu npuHATh £=0.

B TexHuke u (HU3HKe Jafneko He BCeraa ypaBHeHHs OKa3bl-
BalOTCA B «FOTOBOM KBa3MJHHeliHOM Buae» Tuma (7.49). Pasymeer-
cf, JOCTAaTOYHO YacTO BCTpeYalOTCA 3ajfauyl € MaJblMH BO3Myllle-
HHAAMH H MaJibiMH HenuHeliHocTsMH. Ho oueHb YacTo MBI yMbIll-
JEeHHO TpaKTyeM Hally 3ajlauy Kak KBa3WJIHHeHHYlo, Npeanosaras
HCIOJb30BAaTh MOILHBIE cpelcTBa aHaiau3a nmofoOHHX 3ajgay. [lo-
npoGyeM Ha NPOCTOM IpPHMepe NOSACHHTb CMbICA PEAYKIHH 3afadyu
K KBasWJuHeliHOH W o0sacTh NPUMEHHMOCTH NOZOOHOH TPaKTOBKH.

PaccMoTpuM ypaBHeHue

| j+Q(y) =ep(y, §., ). (7.50)

TIpenmosioXuM, 4T0 TOUKA Y=g = =0 onpe;le.nﬂeT MOJI0OXKEHHEe paBHO-
BecHAl H (pyHKuml Q(y) B OKpeCTHOCTH 3TOH TOYKH fABJSIETCS aHa-
JUTHUECKOH

Q(y) =% — bay? — bayy®+...
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[Mpu e — 0 310 HeNMHefHOE YypaBHeHUE MEPEXOJUT CHOBA B HEKOTO-
poe HenuHeiiHoe ypaBHeHue. [nas Toro uto6u ypaBHenue (7.50)
MOXKHO OHIJIO TPAKTOBATh KaK KBasWJHHeHHOe, clejJaeM 3aMeHy
nepeMeHHBIX

y=Vex, e=pl (7.51)
YpaBuenue (7.50) nmepeiiner tenepb B caeayoillee:
it+olx=pe*(x, 4, t, p), (7.52)

rmne »
e*=(ux, pi, 1) +box24ubsxd+. ..

YpaBHeHne (7.52) yiKe OTHOCHTCA K PAacCMOTPEHHOMY THNY ypas-
HeHu#l (7.49).

Kak 310 BuaHO W3 ¢opMysr (7.51), BO3MOKHOCTb KBa3HIMHea-
pU3allid OCHOBAaHA Ha MPEANOJOXKEeHUM, UTO OTKJIOHEHHE OT MoJo-
XeHusi paBHoBecHf Mano. Takum o6pa3oM, KBasujauHelHad Tpak-
TOBKa MOXeT ObITb HCMOJb30BaHa AJS M3YUeHHA TOJNbKO MaJbiX
KoseGaHui HeJlHMHeHHON cHc1eMbl. a5 uayueHUs KoJeGaHHH ¢ 60/1b-
WHMH aMIJIUTYJAaMU H3J0XKEeHHbIH MOJXOJ He HMeeT CMbICJ]a.

OnHako MOXeT OKasaTbCfl, YTO KBa3WUIUHeHHad TPAKTOBKa He
Oyner MpuroiHa jaxe AJaf HCCAeJOBaHUA MaJsblX KosebaHuil. B ca-
MOM Jene, Mbl clenanau 3ameny (7.51). Ho yxe oaHuM 3TUM Mbl
HaJ0K WM H3BECTHblE OrpaHMuYeHHA Ha KjaacC (QYHKIHiI, BHYTPH KO-
TOPOrO Mbl Pa3biCKMBaeM HHTepecywillee Hac peuleHde. V1 moxer
C/YYUTBbCA, UTO MEPHOAHUECKOe pellieHHe, KOTOPOoe JOMYyCKaeT ypas-
HeHue (7.50), He coAepKHUTCA BHYTPH 3TOTO KJjacca H, Clell0BaTelb-
HO, B MOAOGHOH CUTyauHM KBa3WNHHeHAHAA TPAKTOBKa He JaeT HH-
KaKoi moJie3Holt HHpopMaluu.

PaccMorpuM npocteduuit npuMep. [TocTraBUM 3ajsauy oOThiCKa-
HUSl PE3OHAHCHBIX pelleHHll ypaBHEHUA

ij+y— a’y?=¢g cos . (7.53)

PaccmaTpuBass 3TO ypaBHeHHMe KaK KBasu/JHHeillHOe, 3aMeHOH
(7.51), Mbl NPUBOJAUM €ro K BULY

E+x=p (cos t+a2x?), (7.54)

[TpuMeHuM K ypaBHeHHIO (7.54) MeTON OTbICKaHHA MEPUOJMUYECKHX
pelleHHni, M3J0XKeHHBI B 3TOM naparpade. a8 3TOro moJoxum

x=M cos t+ N sin {4+ px;+ p2xs+. . . (7.55)
~®yHKUMA Xy YIAOBIETBOPAET C/EAYIOWEMY YPaBHEHHIO:
¥+ x =cost+ az{—;—(M2+N2)+(M2—N2)c052t+ MN sin Qt}s
=f(M, N, t). (7.56)
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Has Toro uto6b ypaBHeHHe (7.56) HMeJNO NepHOAHYECKOe pelile-
HHE, HeOOX0aHMO Tak BeIGpath napaMmeTpsl M u N, uto6bl npaBas
YyacTbh 3TOrO ypaBHeHHs Oblia opToronaJdbHa sinf u cos f. Ho zerko
BHIIE€Tb, YTO 3TOTO cAenaTh Heab3s. B caMoMm zene,

2n :

J. f(M, N, costdt=n
0

H He 3aBHCHT or M u N. ,

Takum o06pa3oM, Ha OCHOBAaHHH KBa3HJIHHEHHOH TEOPHH Mbl
HOJKHBI YTBEPXKAATb, 4TO ypaBHeHHe (7.53) He pgonyckaer ne-
pHOLHYecKHX pelreHHi. TeM He MeHee, KAK MBI 3TO YBHIHM B CJle-
AywoleM naparpade, NepHOJHYECKHE pelieHHs1 3TOro ypaBHEHHS
CYLIECTBYIOT B OKPECTHOCTH MNOJIOXKEeHHs paBHOBecHsi. TOJBKO 3TH
pellleHHs1 Heb3sl NpeAcTaBHTL B ¢opMe psina (7.55). Hrak, ecau
KBasHJHHeHHAas TeOPHA He JaeT BO3MOXHOCTH ONpelNeNHTh MepHo-
JHYEeCKHEe DellleHHs HeJHHEHHOro ypaBHEHHs, TO 3TO elle He 3HAUMNT,
YTO HCXOOHOE YypaBHeHHe He HMeeT NOLOGHBIX pelleHHH.

Otkas oT KBa3HNHHeHHOH TPaKTOBKH 3ajayud NPHBOAHT K pe3-
KOMY YCIOXKHeHHI0 3agaud. CylllecTByeT OuYeHb HEMHOrO METOJOB,
NO3BOJAIOMIHX B OTAEJNbHHIX C1YyY4asiXx pPaccMOTPeTh JAPYrHe KJacchl
HeTHHeAHHX ypaBHeHHH. OJHH H3 TakKHX METOOB NPHHALJEKHT
nokoiiHoMy npogeccopy Ceepuiobckoro yHusepcurera U. I'. Maj-
kuHy. Merox, kotopuii paspaboran M. I'. MankuH, no3sosser pac-
NpPoOCTPpaHHTb MeTodoJoTHIO [lyankape Ha H3yueHHe LIHPOKOro
KJacca cucTeM, 6JH3KHX K cHcTeMaM JlsanyHoBa *),

§ 8. HeaBroHOMHbIe cHCTEMBI BTOpOro mnopsika,
Gau3kHe K cuctemam JlsnyHora. Meron MaJakuna

1. lpeasaputeabhbiit anaaus. B npeabinyuiem naparpace mul
H3yuyaJH KBa3WJHHeHHble cHcTeMbl. [IpH NOCTPOEHHH BBIYHCAHTEJb-
HBIX aJTOPHTMOB CYLIECTBEHHBIM 06pPa30OM HCMNONbL30BAJOCh TO 06-
CTOSITEJIbCTBO, YTO MOPOXKAAWollee VpaBHEHHe JIHHEHHO M, CjaeoBa-
TeJbHO, HAM H3BECTE€H BeCh BO3MOXKHBIH Habop ero pelleHHH.

OcHoBHas uepra Meroma [lyankape, a H JI06BIX METONOB He-
JHHEAHOH MEeXaHHKH COCTOMT B TOM, YTO PacCMaTPHBAIOTCS Ypab-
HEHHS, KOTOPble B TOM HJH HHOM cMblcje GJH3KH K ypaBHeHHSIM
¢ uU3BecTHhIMH pelieHHAMH. [ToaToMy, OTKa3kIBasich OT KBa3uJHHe-
HOH TPAKTOBKH, Mbl AOJKHBI paccCMaTpHBATL ypaBHeHHs!, GJH3KHe
HE K JIHHEHHbIM YDaBHEHHSIM, a K HEKOTOPbIM APYTHM, IJs H3yue-
HHSl KOTODBIX Mbl HMeeM HeoOXOAMMYIo pelenTypy. MissecTHo ouenb

*) U. T. Manakun, HeKkoTopble 3agayd TEOpPHH HenHHeNHBIX KoaeGaHuf,
Mockea, 1956.
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HEMHOr0 THIIOB ypaBHeHHH, [J/5 KOTOPBIX CyllecTBYIOT 3¢ (peKTHBHbIE
aHaJHTHYECKHE MeTO/bl TOCTpoeHHs1 pemieHHd. K HuM oTHOCcATCA
npexje Bcero cucteMbl JIamyHoBa. EcTecTBeHHO, uTO CJeldylOIHM
nocje H3yueHHs KBa3HJAHHEHHOH TEOPHH AOAKHO OblThb H3yuyeHHe
cHCTEM, OJU3KHX K JAMYHOBCKHM. Kak Mbl YBHJIHM HHIKe, 5TOT HIar
npuBeleT K 3HAYHTENbHOMY PACHIHDEHHIO BO3MOXHBIX THIIOB YCTa-
HOBHBUIHXCS] PEKHMOB HeJHHEHHBIX CHCTEM.
Hrak, B 3TOoM naparpade Mbl 6yleM H3yyaThb CHCTEMbI BH/A

X=—ht+ X(x, y)+uFi(x, g 1), }
y=hrx+Y(x, y)+uF:(x, y, 1),

rie F; — GyHKIMK, aHAMHTHYECKHE 110 X H Y U MEePHOJHYEeCKHe No ¢

mepuoga I. He orpannuuBas o6GLIHOCTH, MOXKeM NpuHATh I =2gx.

[Tpu p=0 cucreMa nepexout B cucteMy JlnnyHosa
E=—M+X(E ), }
n=Ar+YE 1)

[ToctaBHM 3ajadyy OTHICKAHUS MEPHOJHUECKHX pPelleHH# CHCTeMBbl

(8.1), mepuHoA KOTOPHIX paBeH MEPHOAY BO3Mywawomux cua Fyu Fo

¥ KOTopble mpH p— 0 NepexojAdT B MePHOJHYECKHE PeHIeHHs MOopo-

xaaioulero ypaHeHus (8.2). Tlopoxaaloulee ypaBHeHHe, COrJAacHO
teopeMe JIsimyHoBa, uMeeT CeMeHCTBO MEPHOJAMYECKHX PpeELIeHHH

E=E(c, t+h), n=n(c, t+h),
3aBucCslllee OT JBYX MapaMeTpPOB: <«aMIUIMTYIAbl» ¢ H «CJABHTra

¢daswi» ~—— k. CorsacHo TeopeMe JlanyHoBa MepHOJ 3TOrO pellieHHA
HMeeT BHJ

(8.1)

(8.2)

T =25 (1 hoc + hye2 + ),

rje yepe3 A, Mbl 0003Hauunu nepsbifi U3 KosgdHUHEHTOB B paafo-
KEHHH IMepPHOjla, KOTOPBI OTJHueH oT Hyasd. M3 Teopemsl Jlsuy-
HOBa MBI 3HaeM, YTO Mjajulas cTeleHb aMIIHTYAbl ¢ B pa3Joxe-
HHH MepHona Bcerjaa Oyjaer yeTHas.

Mbl 6yneM H3yuath 3a/lauy OTLICKAHHS MEPHOJHYECKOro petle-
nua cucreMbl (8.1), xoropoe mnpu JA1000M, L0OCTATOYHO MajloM L
HMeeT Mepuof, paBHblil 2m. CiejloBaTeNbHO, U TIpelelbHOe pellieHue
npu p=0 OyaeT Takxe HMeTb nepuoi 2m AU 27/p, rile p — HeKo-
Topoe uenoe uucao. TakuM o6pa3oMm, MEpPHOA IMOPOKA&IOILETO pe-
LeHHsl, TaK e Kak H B KBa3WJHIEHAHO! TeOPHH, Mbl 3HaeM 3apaHee:

27“~=-2,—f-(1 Ryt b g L), (8.3)

_OnHako cootHowenxne (8.3) no3sonsier onpele]uTh TakXe W napa-
MeTp € — aMIVIMTYAY MOPOXKaalollero pellenus. IT0 00CTOATENb:
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CTBO KaYeCTBEHHO OT/JHYaeT H3yyaeMyl0 3afadyy oT 3ajay KBasH-
JHHEHHBIX, B KBasuAHHEHHBIX 3allauaXx O0OBLEKTOM HCCAeAOBaHHA
Kak pa3 H sBJseTcs aMIIHTYAa MOPOXKAAKLIEro pellleHHs, 3Jech
’)Ke OHa H3BecTHa 3apaHee. OJHakKo, Kak Mbl YBHIMM HH¥Ke, 3TOT
(aKT OTHIOAb HEe MPUBOJIUT K YIPOLIEHHIO 3a/]ayH.

Pasnuune o6eux TeopHii — KBa3HWJIHHEHHOH W paccMartpuBae-
Mol — B 3TOM maparpade COCTOMT B TOM, YTO B HEPBOH pelleHHs
MOpOXKAAOUIero ypaBHeHHS H30XpoHHBL. [lopoxnawulee pelieHue
B pacCMaTPHBAeMOlH TeOpHH sBJsieTCS] HeNHHEHHBIM H [O3TOMY B
obl1eM cayuae yxKe He SBJASETCS H30XPOHHBIM.

YpaeHeHue (8.3) MBI MOxKeM NpeACTaBHTb B C/edYIOLLEM BHIE:

A—
L R N T
WJIH, M3BJIeKasl KOpeHb 2k-H CTeleHH, NMOJYUYHM
b ———
hs o _i/-x‘“l’
c+ Shhy; © + .= T (8.4)

YpaBHeHHe (8.4) Aasa KaxKAOTO 3HAUEHHA p H 51 KaXI0ro 3Ha-
YeHHs KOPHA uMeeT OeCKOHEUHOe KOJHUECTBO KOMILJIEKCHBIX pe-
mweHHd. Cpelu 3THX pellleHHH MOXKeT OKasaTbCsd W OecuHc/aeHHoe
KOJIHYECTBO AEHCTBHUTENBHBIX pelleHHi. KaxnoMy W3 3THX HeHCTBH-
TeJbHBIX KOpHe#H MoxKeT, BOoGLle TrOBOpsi, OTBEYaTb HEKOTOPOE
HCKOMOE MEpPHOAHUYECKOe pelleHHe HCXOAHOH cHcTeMbl (8.7). Yxke
3TO OJHO TOKa3blBaeT CKOJIb CJAOXKHOH SBJAsIeTCH .MOCTaBJeHHast 3a-
paua.

Ecau hy >0, To ypaBHeHHe (8.4) nas kKaxuaoro p < A HMeer
TOJBKO JBa NEHCTBHTEJbHBIX pelleHHs, OJAHO H3 KOTOPHIX TOJ0XKH-
TeJdbHOE, a JPYroe — oTpHilaTeqbHoe. Ecau Ay < 0, To nBa AefCTBH-
TeJbHBIX pelleHHs] CYIIeCTBYIOT AJs J0oro p.> A ITH pelleHHS
cucrembl (8.1) 6ymem oGosHauath x(P) u y®. Ilopoxnaloiine pe:
ILEHHSI, COOTBETCTBYWOLIHe WM, o603HauuM uepe3 E®) (¢, [+A) W
n®(c, t-+h). ,

[Topoxnatonias cucrema (8.2) Bcerja HMeeT TPHBHAJBHOE pe-
IleHHe, KOTOPOe MBl MOXKEeM CUMTAThH MEpPHOAHUYECKHM J06oro me-
puoga T. TlosTomy Moxer oxasartbcs, 4YTo cucreMa (8.1) pomy-
CKaeT TaKHe TNepHOJUYecKHe pellleHHsl, KOTcpele mpu p—0 mepe-
XOAAT B TPUBHaJBbHble pelleHHsi NOpoxKAalolled cHcreMbl (8.2). ITH
pellieHHs yciaoBHMcs 0603Hauate x@ y y©,

2. Pewenns x© n y©. HepesonaHncusii cayyaih. PaccmoTpum
cHayasa pemenus x© y y©. Tak kak 3TH pelleHusi npH p—0 me-
pexolAT B TpPHBHa/AbHble, TO OyleM HX HcKaTb B (opMe psiioB

X0 =px@ 4 p2x0 + .,

YO = py® +p2y0 + ... (8.5)
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Tak kak pasnoxenusi GyHKuuit X 0 Y HaUMHAIOTCS C UNEHOB BTO-
poro mopsiika MaJocTH, To ¢YHKuHH x¥ u y©® Gynyr ynoBnerso-

PﬂTb CleAYIOLIHM CHCTEMAM!
| 0= — Ay 4+ F, (0, 0, 1),

y(IO) — AfoO) + F2 (0’ 0, t), (8.6)

xéo) = — A’y(zm + X2 (x(lo)’ y(lo)) +

aF o o
o OF1 y§o)_a_lE_Ay;0>+F12(f), 8.7)

0 6F2

+ xf

. aF
U =1+ Yy (30, )+ 20 T+ ) FE=AD + Py ()
HT. A.

3necy F;; — nepuosnyeckue QYHKIHH mnepuoja 2m. Bo3aMoXHbI
jaBa caydasi. [lepBeIfl ciyuali — 370 TOT, KOrAa A He paBHO LEIOMY

uhcay. B saTom caydae ofHOpoAHAst CHCTeMa

20 = — ayo), JO = Ax©

He HMeeT pelileHHil mepwoaa 2x (A%-p) H, CleOBaTeNbHO, NEPHOIH-
yeckoe pelleHHe cHCTeMbl (8.6) Mbl MOXKeM TOCTPOHTb OGBIYHBIMH
meronamu. Bce nocnenyiomnye uneHsl pasnoxenuit (8.5) ynoBnerso-
psloT cucteMaM AuddepeHHaNbHBIX YpaBHeHHH, cOBepIIeHHO HJeH-
THYHBIM cHcTeMe (8.6). Takum o6pasoMm, B TOM caydae, Korja A
He paBHO LIeJOMY YHCHY, BBIUHC/IeHHe peuleHns X@ u y© He mpen-
cTaBisieT TpyAa.

Ecau A=p (p=1, 2, ...), T. e. paBHO UeJOMY YHCAY, TO CYIie-
CTBOBaHHS MEPHOJHYECKHX pelleHHA Heo6XOAMMO H JOCTaTOYHO,
yto6bl GyHKRUMHE Fy u Fy yAOBAeTBOPSJIH CJIEAYIOINM YCIOBHAM:

2
I, (Fy, F)= | F\(0, 0, tycos ptdt +
0
2
+ [ Fa(0, 0, tysin ptdt =0
’ (8.8}

2n

Io(F,, Fa)= [ F1(0, 0, t)sin ptdt —
0

2n

~ [ F2(0, 0, f)cos ptat =0. |
0
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Ecnu yenoBus (8.8) Buimosnens, T.e. ¢dydHkuun F; u F, oproro-
HanbHBl sin pf M cos pf, To pelieHuss cucteMul (8.8) HaxoasATca on-
HHM H3 CTaHIapTHBEIX cMoco6oB, HampuMmep MeToAoM Pypbe.

Tor cayual, koria GyHKuuH Fy 0 Fy yIOBACTBOPAIOT YCJOBHAM
(8.8), siBasiercsi HCKmounTenbHbIM. CrieloBaTesNbHO, B OOLIEM CJy-
yae npH A=p cucreMa (8.6) He Gyder HMeThb MEPHOAHYECKHX pelle-
uuit Buda (8.5). Takum o6pasoM, ecau peuieHHs X u y© cHcTeMmbl
(8.1) cymecTBylOT, TO HX ClelyeT pasbicKHBaTb B ¢opme, OTJIHY-
Ho#t ot (8.5).

[MepBoil cnyyai, Korga As~p (HIH Koraa BHINONHEHH ofa yelo-
BusA (8.8)), ycnoBHMCS Ha3blBaThb Hepe3OHaHCHBIM. B 3ToM ciaydae
yuer 4ieHoB nopsjaka u? B ypaBHeHHu (8.1) NPHBOAMT TOJBKO K KO-
JUUYECTBEHHbIM yTOuHeHHsiM. PeiileHne cucteMbl (8.1) oxasbiBaercs
«KAYeCTBEHHO OJH3KHM» COOTBETCTBYIOUIEMY pELIeHHIO YpaBHeHHH
JlanyHoBa, KoTopoe (OPManbHO TaKXKe MOXKHO Pa3biCKUBATh B BHIE
pangoB (8.5).

HoBble KauyecTBeHHble OCOOEHHOCTH BO3HHKAlOT BO BTODOM CJly-
yae, KOraa A=p H XO0TA OB OJHH H3 GVHKUHOHaNoB [y uiu I, He
paBHsieTcsl HYJ0. IDTOT caydali Mbl YCIOBHMCSl Ha3BIBaThb pe3o-
HaHCHEBIM.

3. Mpumep pacueta Hepe3oHaHCHbIX peweHwid. [IpoBenem pac-
yeT Hepe3OHAHCHBHIX pelleHHi x© nna ypaBHeHHH

%+ o?x =psinf + axs, (8.9)
i+ o?¢ =psin f + ax? (8.10)

npH ycnoBuu, 4To 0 1. CorslacHO H3JIOXKeHHOH TEOPHH MEPHOIH-
yeckHe peliledHs nepHoia 2r ypaBHenu#t (8.9) u (8.10), o6pamato-
IHeCs B TPHBHAJbHLHE pellleHHsl MOPOXKAAIoIlero ypaBHeHHs IPH
u— 0, cnenyet uckatb B BUJe pAdOB

x=p,x1+p,2x2+p,3x3+. ..
OyuKIHS X; B 060HX clydyasx YAOBJETBOPAET ypPaBHEHHIO
#1+ w2 =sint. (8.11)

Tak kak w=1, TO eIHHCTBEHHOe MepHOAHYECKOe pelleHHe YpaBHe-
Hus (8.11), uMeroniee nepuon 2x, 6yner

sin £. (8.12)

Y1

YpaBHeHue 118 X2 B ciydae (8.9) umeer BHI

Fa+ w2, =0. (8.13)
Ypasuenne (8.13) He JomycKaeT MEpPHOMHYECKOTO pellleHHs MepHo-
na 2m, kpome TpuBHanabHoro. Mrak, xo=0. YpaBHenusn 1ns Xz

g3+w2x3={%sint—%sin3t}m7£1—)s



196 METOJ, JISTYHOBA — MIYAHKAPE [FJL 11

HMEET pelIeHHe

3a .
. x3={ 1@ =1 sint — Y|

1
(0 —=1)*

sin Bt}

a
@?—9)

HT. I
Hrtak, nepHopHueckoe pellleHHsi ypaBHeHHs (8.9) umeer Bup

_np . 3§ 3asint a . l
x__m2—151nt+”{4(mz—l) 1@ =9) 51n3t}—(mz_l)3+

(8.14)

[lepuoanueckoe peileHHe ypaBHeHHs (8.10) HaXomHMTCA CTOIb XKe
MpOCTO

C 2 a a t

,\¢=—(D2”Tlsmt+(mzt])2 {7—2(0:;)5_24) }+ (8.15)

Ecau MB clie/laeM MONBITKY NOCTPOUTH Hepe3OHAHCHbIE MepHOJHYE-
ckie peiuieHnst ypaBHenuil (8.9) u (8.10) meromom IlyaHkape, pac-
cmatpuBas ypaBHeHus (8.9) u (8.10) kak xkBa3u/auHelHble, TO, KaK
HeTPYAHO YOelHThbCH, MBI TMpPHIEM K TeM e pe3yJbrataM. TakuM
o6pa3oM, B paccMaTpuBaeMOM cJyuae ofe TPaKTOBKH <KBa3HJ/H-
HeHHaA» H «KBa3W/IANYHOBCKas», OKa3bIBAIOTCA, TAIOT OAHO H TO Ke.
4. Pe3oHaHCHBIE peXHUMbl B cHCTeMax, GJM3Kux K cucreme Jla-
nyHosa. PaccMOTpHM Temepb cayuall pe3oHaHCHHX KoJaeGaHHW#l B CH-
creme (8.1), T. e. GyaeM cuuTaTh, uTO A OJH3KO K LEJOMYy YHCJIY
p: A=p+pk. CucreMa (8.1) tTorma Moxer GBITb MpPHBENEHA K BHAY

x=—py+X(x, y) +p0,(x, y, 1), }

) 8.16
g=px+Y(x, y)+pDy(x, y, 1), (8.16)
rie

©i=F, —ky, ©y=Fy+kx.

Mbl yclOBHJHCH paccMaTpHBaTh pe30HAHCHHH ciydait. DT1o 3Ha-
YUT, YTO XOTA OB 0JAHO M3 cooTHolleHult (8.8) He BHmoansercs, Ta-
KHM . o6pa3om, OyaemM cuWTaTh, 4YTO OJMH M3 (GYHKIUOHAJOB
11 (D4, ©y) uau [o(Dy, @) OTJIHUEH OT HYJIA.

CaenaeM HeCKOJBKO MpeBapHTE/NbHEX 3aMeyaHHi:

a) I[Ipu p=0 nopoxnawumas cucrteMa (8.2) monyckaer mepHo-
JUUYECKHEe pelleHHA, MepHo] KOTOPHX I sABJAETCH YeTHOH aHaJHTH-
yecKOil GyHKUHeH <IOCTOAHHON 3Hepruu» H

+yP+W(x,y)=H.

Hanomuum, uto W(x, y) — aHanuTHueckas GYHKUHSA CBOHX Mepe-
MeHHHX, pa3/joXeHHe KOTOPOH HauHHAeTCHA C Y/IeHOB TPeTbero IMo-
psaka. Hrtak,

T2 (14 bt 4+ ...), 8.17)
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NpHYEM, KAK Mbl 3TO BHIAENH B M. 4, nocTosHHAA Ay B Pa3/ioKeHHH
(8.17) ta Xe, uTo U B pasnoxeHud (8.3).

6) 3apmaya onpeneseHHs BO3MOXKHDBIX MEPHOJHUECKHX pelleHH#H
cucreMbl (8.16) cocroHT B ompesneseHHH NMOCTOAHHBIX @ W b — Ha-
YaJibHbIX 3HAUEeHHH MepeMeHHbIX X H Y

x(0)=a,  y(0)=b, (8.18)
KOTOpBIE YJOBJETBOPSIOT CJAEAYIOUIHM YCJAOBHAM:
x(23’[, ay by “') =a’ !/= (231:’ av b’ “') =by (8.19)

NOCKONMbKY ycnoBHa (8.19) HeoOXoAuMbl H JOCTATOYHB! AJA cylie-
CTBOBAHHSA NEPHOAHUECKHX PEHIEHHH MCXOLHOMH CHCTEMBL.

[Ipu u=0 nwbasa napa yucen a U b, ZOCTATOUHO MaJblX no ab-
COMIOTHOH BeNHUHHe, OYZET OMNpejeNsaTb HEKOTOpPOe MNepHOZHUYECKOoe
peutenre. [lepuon atoro pemenus Symer T (cM. (8.17)). Crnenoa-
TeJbHO,

x(T, a, b, 0)=a, y(T, a, b, 0)=b.

OueBHHO, UTO 3TH COOTHOIIEHHSI COXPaHAIOT CHAY, €CH 3aMEHHTb
T Ha qT, roe g — nwo6oe Lenoe YHCIO

x(gT, a, b, 0)=a, y(q7T, a, b, 0)=b. (8.20)

Hcnoab3zys obo3Hauenusa (8.18) v npuHHHUMas BO BHHMaHHe, 4TO
passnoxeHne pyukunu W(a, b) HauMHaeTcsl C UIEHOB TpPETbEro Mo-
pAlKa MaJoCTH, BbipaxkeHHe Ana T MOXHO nepenucatb B CJefylo-
IieM BHAe:

T=%ﬂ+wﬂﬁ+ﬁf+.“% (8.21)

rge HeBbIMHCAHHblE WIeHbl HMET MOPAJOK MaJocTH GoJsee BbICO-
kuit, yem O (a?*) u O (b2H).

B) PYHKUHH X H Y — aHAJHTHUeCKHe (PYHKUMH a, b u p, T.e.
OHH Moryt ObITb MpeacraBJ/eHbi B GopMe pALOB clenYIOILero BHAA:

x(t, a, b,W=A4a+Bb+Cp+ ...,
y(t, a, b, Wy=4dsa+ Byb+ Cou+ ... } (8.22)
Paab (8.22) MOXKHO 3anHcaTh emie H Tak:
x(t a, b, w)=x(t, a, b, 0)+p(C,+¥),
S i o B

rie ¥, u W — aHanHTHUECKHe (QYHKUHH MePeMeHHBIX a, b W p,
obpawamomuxcs B Hy1b NpH a=b=p=0; A, 4, B;... — pyuk-
uHH BpeMenu. ILna WX cnpeneneHds Hajpo paabt (8.23) nogcrasuthb
‘B cucteMy ypaBHeHuH (8.16) u npHpaBHATb KO3(PQHUUHEHTH MpH
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O/IHHAKOBBIX CTeNeHsiX Heu3BeCTHbIX a, b u p. Hanpumep, ans Cy u
C, Mbl IONYYHM CJIEAYIOULYIO CHCTeMY YPaBHeHHI:

dd—ctlz_p62+®l (0) 0) t)v ]!
(8.24)
=0+ ®:0,0,0. |

Tak kak x(0) =a u y(0) =b, To pyHkunu C, u C, HOJKHBI yI0OBJe-
TBOPATb HYJIEBBIM HaUaabHbIM YCJIOBHAM

C,(0) =0, Cy(0) =0. (8.25)
Onpenenum C; 1 Cy MeTONOM BapHalUMH TNPOH3BOJIbHBIX TOCTOSIH-
HBIX, MOJIOKHR
C,=a cos pt+ 8 sin pt, Cy=a sin pt — B cos pt.
Cyurasi oo M } HOBLIMH HEH3BECTHBIMH, ONpeleJHM HX H3 ypaBHe-

nuit (8.24). HMcnonbsyss HauyanabHble ycoBHA (8.25), NOJAYYHM OKOH-
yaTeNnbHO CJeAYIOLLHe BblpayKeHHs 1Js HCKOMBIX QyHkuuit Cyu Co:

t t

Cl=cospt{{ f @, cos ptdt + f @,sin ptdt}+

’ ’ t t

+sinpt{f®,sin ptdt — f ®2cosptdt},
0 0
[/ ‘ ]

C,=sin pt{l f @, cos ptdt + f @, sin ptdti+

0 0

t t
+cospt{{ f @, cos ptdt — f @, sin ptdt}.
0 0

Briuncaum eute 3qadenun C,(2n) u Cy(2n). Jlerko BHAETH, YTO
C,(2n) =1(Dy, Do), Co(2n) =15 (D4, Dy). (8.26)

MBI yCJIOBHJHCH, YTO XOTS1 6bl OOHO M3 YHcea /| wiau I, He paBHO
uyJio. [oatomy su6o C,(2n), mubo Co(2n) He paBHO HYJIO.

[Tocse 3THX NpeABapHTEIbHBIX DacCMOTpPeHHH nNepefigeM K f0-
KasaTeJbCTBY CYUIeCTBOBAHHA Pe30HAHCHBIX pemleHHH x© u y©® u
HaXOXAEeHHIO HX CTPYKTypbl. [sas 3TOro paccMOTpPHM CHOBa CH-
cremy ypasHenHd (8.19). TlepenuimieM 3TH ypaBHEHHS, HCNOJb3Ys
npeacrasaexusa (8.23):

x(2n, a, b, 0)+1[C,2n)+ ¥ ] =qa, }

y(2n, a, b, 0)+p[C,(2m) + ¥y = b. (8.27)
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PaBenctBo (8.21) Mmoxer ObiTh népenucaHo B caelywolled ¢opme:
2n=pT (1 — hy(a?+ 62" +...).
Chenaem TOXAecTBeHHOe npeoGpa3oBaHHe
2n=pT — pThy(a2+b2)r+...=pT — 2nhy(a2+b2)h 4. ..

Takum o6pasom, Beauuuny x(2m, a, b, 0) MBl MOXeM NpeACTaBUTh
B GopMe caeayiollero pajia:
x(2m, a, b, 0)=x(pT — 2nhy (a2 + b2*+ ..., a, b, 0)=

= x(pT, a, b, 0)—2nhy(a? + b9* 25 + Dy, (8.28)

*
rie @;—cyMma ujeHoB Gosee BBICOKOro mopsiika. Bocmosbayemcs
Tenepb paBedcTBaMu (8.20) u TeM 06CTOATENBCTBOM, HTO

dx
(7)11_0 =—py+X(x, y)
H, C/Ief0BATeJbHO,

(—~)u=0 — —pb+X(a, b).
t=pT

1o noapoJaser pasJjoxenue (8.28) npeactasuTe B popme
x(2n, a, b, 0)=a + 2nhypb (a® + b)° + @,

*% :
rae @ —cymMma useHoB 6GoJsiee BHICOKOrO NOPs/iKa MO OTHOLIEHHIO
a u b. TlonobHoe pasnoxeHue MOXHO HalucaThb H AJAA (YHKIHH
y(2x, a, b, 0):

y@n, a, b, 0)=b—2uhypalad® + 6°)° + @y .

OTH paBeHCTBa MO3BOJAIOT Tenepb cucremy (8.27) 3anucarh
B (popme

2hapb (a* + 6°)° + @) + u[C1 (2n) + ¥1] =0,
— onhepa(a® + 6% + @5 + p[Ca(2n) + Wa] = 0.

Urak, cucteMy ypaBHeHHH, KOTOpas NO3BOJISIET ONpPEAEIHTb Ha-
yaJpHble 3HAUEHHs MEPEMEHHBIX X M Y, NOPOXKAAIOlLlHE NMEePHOAHYe-
ckue petleHus cHcteMmbl (8.1), mbl npuBenu k Buay (8.29), rae
BHIJIeJIeHbl HM3ILUHe CTelIeHH OTHOCHTEJNbHO HCKOMBIX uHcen a u b.
CoorHouenus (8.29) nokasblBaloT, 4TO AJSA NEPHOAMYECKHX pelie-
HHMH 3TH YMCJa JO/DKHBI 3aBHUCETb OT U M- N0 YC/IOBHIO oOpallaThbed
B Hysab npu w=0, NOCKONBKY Mbl HIleM pelleHHe, KOTOPOE MpH
u — 0 mpeBpalllaeTcsi B TPHBHAJBHOE,

} (8.29)
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Tak kak HaMMeHbluass cremehb uucen a M b pasHa 2k+1, TO
pSABbl, KOTOpble ONMpelensioT 4 H b uepes u AOMXKHH GHTH pacro-
1

JOXKEHBl MO CTeneHsM mapaMerpa v=p 2%+, Tlosromy caenaem
ellle O/HY 3aMeHY nmepeMeHHbIX
a=av, b=pv. (8.30)

Torna cucrema (8.29) mpumet cilenyIOIMH BHL:

2rthypf (0? + B)F + C1 (20) + o O + ¥ =0, ‘}
- (8.31)
J

HanomHuM, 4TO uepes (Dl", (D;. u ¥, ¥, o6osHauenbl COBOKYI-
HOCTH WJIEHOB, MOPAJLOK KOTOPBIX Gosiee BBICOKHH CTHOCHTENBHO ab
u p. CrnenoBaTtesbHO, Mbl MOXEM YTBepPXIaTh, YTO OHH 06pallaloT-
ca B Hyab npu v=0. M3 aHanutauHocTdH 3THX GYHKUMH caenyer,
YTO Pa3oKeHHS 3TUX (PYHKIMA HAUMHAIOTCA C YJEHOB MEPBOro MOo-
pAJKa MaJOCTH IO v

. = 2nhypa (@2 + B2t + C2 (20) + -:; @+ ¥y =0.

I L] N
SO+ =V 4 (=1, 2

JleBple uacTu ypaBHeHuH (8.31) — aHanmuTHYecKHEe YHKIIHH
cBouX mepeMmeHHBIX, [lo3ToMy pellleHus 3TOH cHcTeMBl G6yAyT aHa/H-
THYECKMMH QYHKIUAMU MapaMeTpa v

a=a0+va1+v2az+”..., 1
B=po+ vBi+ vPo+ ... }

YpaBHenusa (8.31) 6yayr uMeTb TOJNbKO OJHO HEHCTBHTEJBHOE
pelleHue, MpHUeM oo H o B 3TOM Cjyuae YIOBJIETBODPSAIOT CHCTEME
anrebpanuecKuX ypasHeHuH

2nh,B, (a2 + B = — C,(2n), ;
2nh0, (024 BY)* = C, (2n). - }

(8.32)

(8.33)
Pasnenus nepsoe 3 ypasHenu# (8.33) Ha BTOpOe, HafileM
C
ao=—c‘f“ﬁo-

[ToncraBu 3aTeM 3TO BbIpaXKeHHe BO BTOPOE, H3 yPaBHEHH CH-
creMbl (8.33) HaiineM BenuuuHy fo:

Ci(2
By = — . (8.34)

V onnyp [ci+cy)*
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AnanornaHbiM 06pasoM MBI HalAeM H BEJHYHHY aq

C, (2
o= gr—2 (8.35)

V2nh2p [ci+cy*

B pasenctBax (8.34) u (8.35) Gepercs apudMeTHyeCKOe 3HAYEHHE
kopusi. CpelH 4HCeNn o H Po MO KpaiiHell Mepe OAHO OTJIHYHO OT
HYJ, TAK KaK MBI yXKe YCTAHOBWJIH, 4YTO OfAHAa u3 KoHcraHT Cy(2m)
wid Cy(2n) Heo6XOOHMO OT/NHYHA OT HY/IA. YpaBHEHHA AJS Ompe-
JEJNeHHs1 MOCTEAYIOIUHX YMeHOB pasnoxeHuid (8.32) 6yayr JnHeH-
HBIMH M BCeraa paspeliuMbiMu. MTak, MBl NpHOLTH K CJAeAYOLIEMY
dyHAaMEHTaTbHOMY pe3y/bTaTy.

Teopema (M. I'. Mankun). [Tycre 4ucao 2k — maraduias cre-
nerb 8eAUHUNHbL C 8 PA3AOKHCEHUY nepuooa

T=—2§‘—(1+h2c2’=+ )

noposcdarowezo pewenus. Tozda npu 21a8HOM PE3OHAHCE Cyuje-
cT8yeT 00HO U TOAbKO OOHO nepuoouxecKoe peulerue cuctemol (8.1),
Koropoe obpawjaerca 8 Hyat npu p=0. 10 peuienue 18A3eTCA aHa-

! .

AuTudeckoll gyrxyuell napamerpa v=p#+1
Ara TeopeMa siBisercd (yHJaMEHTaJbHOH TEOPEMOH TEODHH pe-
3oHaHcHBIX peliendii. OHa He TOJNBKO YyCTaHaB/iHBaeT ¢akT cylle-
CTBOBAHHSl Pe30HAHCHBIX pelleHHH, HO M YKasblBaeT NMyTb HX IO-
CTPOEHHS. DTH peliieHHs, KaK IBCTBYeT H3 TEOPEMH, CIeyeT HCKaTh
B BHJE PAJOB, PACIONOXKEHHBIX IO CTeNleHAM NapaMerpa
1

v=p 2,

5. Mpumepnl pacyera Pe30HAHCHBIX pelleHHH ypaBHenus Jod-
¢unra. BepueMmcs Temepp K pacyeTy YCTAHOBHBIIHXCSl DEXHMOB
B MpHMepax, PacCMOTPeHHBIX B I. 3 Hactosllero maparpada. Pac-
CMOTpHM CHayasna ypaBHeHHe (8.9) nmpu o=1. D10 ypaBHeHHe J10-
NYyCKaeT Pe30HAHCHOe pellieHHe BHAA .

x=M cos t+N sin {4 pxi+p2e+. .. (8.36)

Penienne (8.36) MoxeT OHITh NOCTPOEHO METOAOM, H3JIOKEHHBIM
B npeAbiayllem maparpade. OnHako, cornacHo teopeMe MaJikuHa,
kKpoMe pellieHHs (8.36) ypaBHenne (8.9) MoXeT AONMYyCKaThb TaKXe
H pelleHHe BHAA ]

X=X W+ Xop¥r 4. .. (8.37)

Peietine (8.37) moxer OHITH 10CTPOEHO, cnenyg" H3JIOXEHHOMY Me-
tony. 1A 3TOro mpexie BCero Hajio OMpelenyTh ~MoKasateds r
B Pa3/iOXKeHHH (8.37).

9*
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PaccMoTpuM nopoxkaaolilee ypaBHEHHE
Et+x=oaxd . (8.38)

Pewenune ypaBHeHus (8.38) mbl 6yaeM HCKatb, clelys Meroay Jla-
nyHoBa. ChenaeM cHayaja 3aMeHy He3aBHCHMOIO IepeMeHHOro

t=v(l+hC?+hyed+.. ).

Toraa ypaBHeHue (8.38) npuMer BHJ
B b x(L+2he+ .. )=axd(1+2hc+ ... (8.39)

CornacHo Meroay JlanmyHoBa pellleHHe 3TOTO YPaBHEHHs CJeAyeT
HCKAaTb B BHJE
X=¢C0S T+ 2%+ C3%3+. ..

Dyukuua xz(f) OylerT YIAOBAETBOPAThH CAEAYIOLIEMY YpaBHEHHIO:

d2X2
dt?

+XQ=O.

Tak KaK QYHKIHH Xz LOMKHBI YIOBJAETBOPATH YCAOBHAM (cM. § 2)

2(0=0; (7= =0,

TO OYEBHAHO, UTO X ==0. [I1a X3 mOJAYYHM CJedyiolllee ypaBHEHHE:

d’x

7+ X3 =0cos?t—2hcos T. (8.40)
Ilnsa toro uto6bl ypaBHeHHe (8.40) nomycKalo MNepHOAHUYECKHE pe-
IleHHs, Heo6XOAHMO H AOCTaTOYHO BHIOGpPaThb NOCTOAHHYIO Ay Tak,:
yToObl MpaBas YacTb ITOTO ypaBHEHHs He coAepikKasa cos f. Jlerko
BHETh, UTO

Urak, hy#0. CornacHo teopeMe ManknHa

|

= e+1

rie 2k — MJajllas CTENEHb BEJIHUYHMHBI ¢ B PasJOXEHHH MEePHOAA.
B HauleM cayuae 3TO MOKasaTeldb CTENEHH IIPH € B CJaraeMowm, co-
JepxkalluM A, T.e. r=1/3. Tenepb peiuenue ypasHeHnsa (8.9) 6y-
JeM HCKaTb B BHIE pAla

X=X W B xpB+. ., (8.41)
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st yHKUHE x; HMeeM clelyollHe ypaBHEHHS:

£1+x1=0, l
Fa+ x2=0, (8.42)
£y + x,=sint + ax}

HT. I
W3 mepBHX 1BYX ypaBHeHH# (8.42) Haxomnum

x,=Mjcost+ N,sint,
Xo=Mscost+ Nysint,

rae M; u N; — uncia, KOTOpEIMH MBI HMeeM NPaBO pacmopsikKaThbes.
Jnst yHRUHHE X3 MBl 6YIeM HMeTb CAelyiollee ypaBHEHHE:

X3+ xy=sint+a {M3cos®t + 3M3IN, cos? ¢ sin ¢ + 3M N3 cos £ sin® ).
(8.43)

[Toctosiuubie My u Ny MBI JOMXKHB moAGHpaTh Tak, UTOObI mpaBas
yacth ypaBHeHHs1 (8.43) He cojepXkasna mepBHX rapMoHHuk. Ilpo-
BOJs1 OUEBHHHIE BHIKI2IKH, HAX01HM

M, =0, N1=]7-—§.

Pacuer mocieqylomIMX UYJeHOB pasjaoxeHHsi (8.41) nposoaurcs
aHaJOTHYHO.

Urtak, B yc/IOBHAX IM1aBHOTO pe3OHaHCa, KOrjJa 4YacTroTa BHell-
Hero BO30YXKJeHHsl COBHaZaeT ¢ COGCTBEHHOH UacTOTOM, ypaBHEHHE
Hioddunra (8.9) pomyckaer mo MeHblIed Mepe ABa pelleHHs, MO-
JyuyaeMBX H3 KBasHAHHeHHOH Teopuu [lyaHkape u Teopun Mai-
KuHa, ecnu a<0. ‘

6. Eme onun npuMep pewenuii x©. PaccMoTpuM Teneps ypas-
Henue (8.10). B npeabiayimleM maparpade Mbl yCTAHOBHJH, uTO
B paMKax KBa3W/JHHeHHOH TEOPHH He ylaeTcsi MOCTPOHTh Pe30HaHC-
HOro pellleHHsi ypaBHeHus (8.10). DTo 3HAuMT, UTO HE CYylLIlECTBYET
pewreHufi Buaa (8.36). IlonpobyeM temepb ompefieuTh pe3oHaHC:
Hble pellleHHsT MeToAOM MaskuHa.

[ns sToro Hajo B MEPBYIO oOuepelb ONpEJeHTb CTemeHb r
B pasnoxenuu (8.37). PaccMatpuBas mnpenwiayiiee ypaBHeHHe H
MOBTOPAS BBHIYHC/IEHHS MPEJBIYLIEr0 MYyHKTa, MBI CHQB3 YCTaHO-
BuM, 4T r=1/3. MTak, nonyuum '

X=pBx+ p g+ pxg+. (8.44)
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Ans unenoB pasioxeHHs (8.44) Mbl moJyYaeM ciaeayioliye ypas-
HeHHS:

i+ x = 0,("
By + Xy =ax}, (8.45)
Hy 4 x5 =2x x5+ sin ¢

W3 nepBoro ypaBHeHHst HaX0AHUM
xy=M; cos t+N,sint.
Torxa Bropoe ypaBHeHue (8.45) npuMéT BH]
Xyt x, =0 {M2cos?t +2M N, cos tsin f + N2sin%t}.  (8.46)
PassioxeHue npaBoH qacTH B pan Pypbe HMeeT BHI v
. CAg(My; Ny) +A(My, Ny) cos 2¢t+B(M;,‘N1) sin 2¢,
rie -
A= (Mi+ND), A=G(MI-ND,  B=aMiN..
Takum o6pasoM, ypaBHeHHe 4(8.'46) zfonycxaer nepHoAHYECKHe pe-

weHHs npH Jo6bX My u Ny OOluee peuieHHe 3TOro ypaBHEHHS
NpPHMeET BHJ

Xo= Ay — % [A cos 2t + B sin 2¢] + My cos ¢ + N, sin ¢,

- rae M, u-Np —4nc/ia, KOTOPBIMH MBI HMeeM IIPaBO paclopsiKaThes.
TpeTbe u3 ypaBHeHHW#i (8.45) MOXKHO Tellepb NHepenHcatb B GopMe

%5+ x5 = sin £ 4 2 (M, cos £+ N, sin t){ A= (Acos 2t+ Bsin 26) b+
' +2(M, cos t + N, sin ) (Mycos f + Npsint).  (8.47)

Tak kak pasnoxenue B psiag Pypbe mocaeqHero ciaraeMoro mpa-
BOH yacTH ypaBHeHHsi (8.47) He 6yler coaepKaTb NEePBBIX rapMo-
HYK, TO BONPOC O CYIIEeCTBOBaHHH NePHOJHYECKHX pelleHHH ypaB-
HenHsa (8.47) Gymer pewlaTbcsl He3aBUCHMO OT BeduuuH M, u N,

Ilasi cyluecTBOBaHHS MEPHOAHYECKHX pellleHHH mepHojaa 2m ypaB-
genus (8.47) Heo6XOAMMO W AOCTATOYHO, UTOGH pa3soxeHUe B psj
dypre nmpaBoli uactH ypaBHeHHs (8.47) He coJepxXKasno IepBHIX
rapMoHHK. DTO JaeT JBa KyOHUECKHX YDaBHEHHs] OTHOCHTEe/BHO UH-
cen1 My u N;. OHH Bcerga HMelT XOoTsl 6 OJHO JeHCTBHTENBHOE
pewenye. Hampumep, B omnom u3 pewennit Beeraa My=Q. Torpa

1

Ny = Ve




§ 8 HEABTOHOMHBIE CTHCTEMbI BTOPOTO [OPAIKA 135

Hrak, Teopusi MaikuHa mo3BoJsieT 00HAPYXHTh NepHOAHYECKHEe pe-
WeHHst B TeX CY4asX, KOTAa NMpPH NMOMOILH KBa3W/IHHEHHOH TeOopHH
3TOTO cAeJiaTh He yjpaercs. )

7. O pemieHHAX, GJIM3KHX K HETPHBHAJbHBIM pelIEHHAM CHCTEME
JlanyHoBa. Mbl paccmoTpenn Tosbko peutenns X9 u y@, 'Ho B Ha-
yase naparpada 6bLUIO MOKa3aHO, YTO, MOMUMO pellleHHH, KOTOpHe
npu p— 0 obpalaioTcs B TOXAECTBEHHBIH HYJAb, B CHCTEME MOTYT
CYLLECTBOBAThL pelleHHs, KOTopble NpH pu—( nepexoisiT B HETPH-
BHa/bHBIE PELIeHHA NOPOXKAAIolLeld CHCTEMBL. ' '

O61as TeOpHs TaKMX pelleHHH AOCTAaTOYHO cjoxHa. Yuratens,
HHTEpecylolerocss MOAPOOGHOCTAMH 3TOH TEOPHH, MOXKHO OTOC/A&Th
K yXe HEONHOKpaTHO uuTHpoBasueiics kuure M. T'. Manxuna *).
3xech Mbl orpaHMYMMcs 0OCYKAEHHEM MPOCTeHllled H3 3anay 3TOrO
Kaacca. ’

PaccMOTpUM ypaBHeHHe .

#+f(x)=pcost, (8.48)
TAe f(x)' — aHaJMTHUEeCKas PYHKIUA, HMelolllad BHL
f(x) =A2x+asx?+ a3+ ..

Takum o6GpasoM, npd u— 0 MB NoJy4aeM MOpoxKjaiollee ypaBHe-
HHe, KOTOPOe fBJSIeTCS. YaCTHbIM cJayyaeM YpaBHeHuh JlsnyHosa.
[locTaBuM 3afauy OTHICKAHHA MEPHOAHYECKHX PelIeHHH ypaBHEHHS
(8.48) nepuoja
r=2%,
: p
rie p — leJdoe YHCJI0, Nepexoisliee B HETPHBHAJNBHOE peIIEHHE MOo-
pOoXKAallero ypaBHeHUs '
" &g+ (x0) =0. (8.49)
Bce peweHHst ypaBHeHHs1 (8.49) B 10CTaTOYHO MaJsloH OKpecT-
HOCTH NOAOXKEHHA paBHOBecHs Xo=Zo=0 ABIAIOTCA NepHOAHUE-
ckuMu. OHH NpeicTaBHMB! B BHAe psilia

xo=0q1($) + Q2 () +- .. = Xo(c, V), (8.50)

p=0(c) (t+h),

h — npousBoJbHaA MNOCTOAHHAA, @;(P)=cos P, w(c¢) — 4acTora KO-
JeGaHHH, cayXamas HOPMHPYIOLUHM MHOXHTE/E€M, KOTOPLIH BhIGH-
Paercsl M3 TeX YCAOBHH, YTOOb QYHKLUHH @; OBUIH MePHOLHYECKHMH
dbynknuamu nepemennoit . Takum ob6pasom, nepuon T* no nepe-
MeHHoil { onpefensierca GOpMYJI0H

* 2n
r=2, (851)

Tae

¥) Cm. cHOCKY Ha cTp. 121
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Ias @(c), cornacHo TeopuH JIAmyHoBa, MB HMeeM BbIpa’KeHHe

A (8.52)

o(e)= T+t bt + ... "

IMockoabKy mepuon (pewieHusi ypasHeHus (8.48)) T saman, To 3a-
JlaH H TIepHOA MOPOXK/AalOlIero pelleHHs, TaK KakK

T=T*,

4TO MO3BOJSIET, corlacHO (8.4), mony4YuTh ypaBHeHHe AJA onpejese-
HHA «aMIVIHTYAB» ¢ TIOPOXK AAIOUIErO PelleHHs

hs
¢+ 3, 1/ ph2

Takum o6pasom, M CYIECTBOBaHHSl JAelHCTBHUTEBHBIX pemex—mu
Heo6X0AHMO, UTOGH

sign (A — p) =sign h,.

[MpeanonoxuM, 4TO 3TO YCJAOBHE BHIMOJIHEHO: OTpaHUYHBAACH MNpPoO-
crefiluuM caydyaeM p=1, 3adpukcupyeM OAUH H3 JeHCTBHTEJBHEIX
KopHeit ypaBHeHus (8.4). Torpa nepuosuueckoe pelleHHe YpaBHe-
nusl (8.48) ecTecTBEHHO HCKaTh B BHJle psAja

Xx=Xo+ px1+ n2xe+. .. (8.53)

MMoacraeass pax (8.53) B ypaBHeHue (8.48), MBI mnpuieM K cie-
AYIOILMM YPaBHEHHSIM OTHOCHTENBbHO HEH3BECTHHIX Xi, Xa, ...

i+ (—‘i) x; = cos t, (8.54)
Xy + ( dec ) X2 =y (f) (8.55)
H T,
B;Ier (%)0 03HayaeT, UTO MPOM3BOJHAA BHUMCJEHA MPH X=X,
(j—i)o =M+2ax,+3axi+ ...

[lpunumas Bo BHUMaHHe mnpeicrabieHue (8.50), MOXKHO HamucaTb
d
(df) F(c, t+h),

rie F — Hekoropasn mepHoiuveckas (yHkuua ! nepuwofa 2m, ¢ —
3aJlaHHOEe YHCJAO0, a A — MPOU3BOJIBHOE YHC/I0, KOTODBIM MBI MOXXEM
pacrnopaxarbcs. :

dynxuus @, onpenensiercs TONbKO QYHKUHAMH Xo H X1. Bce mo-
c/lefyiolliie YpaBHEeHHs HMEIOT BHJ

#+ () = 0 ),
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rie @; onpegenserca GYHKUHAMH Xy, X1, ..., %—1. CleloBaTelbHO,
ec1H 3TH GQYHKIHH omnpejeneHbl, To Bce ; MOTYT CUHTATBCA H3-
BECTHBIMH (DYHKIHSAMH BPEeMEHH. :

PaccmorpumM ypaBuenue (8.54), mpeictasasioitee coGofi ypas-
HeHHe ¢ MepHOJHUECKHMH Ko3dduunentaMu. [lonnas cucreMa ¢yH-
JaMeHTa/IbHbIX pellleHHA OJHOPOAHOTrO YpaBHEHHs

i+F(c, t+h)x=0 (8.56)

HaM H3BeCTHa, Tak Kak YypaBHeHHe (8.56) sBuasiercsi ypaBHeHHEM
B BapHalUAX AJs NopoxAaiouero ypaBHeHusa (8.49). Otu peruenus,
Kak OblIO mokasaHo (cM. (opMynb (2.25)), MOXHO mpeicTaBHTb
B BHAE

= dx, (c,

f= 2208 (e, 00+ 1)), |

1 %o W) _ ot fu ¢ (8.57)
27 do/de dc ’ l

rje 4 H U NOpH AaHHOM ¢ — NMepHoAHdYecKHe (YHKIHH BpPEMEHH ne-
puona 2m.

Iasi toro uto6wl ypaBHeHHe (8.54) nomyckalo NepHOAMYECKHE
pellileHHs,, He0OX0AHMO H AOCTATOYHO BHINOJNHEHHEe YCaoBHE (2.29),
KOTOpHIe A5 HHTepecyIlllero Hac ciayuyas OYAYT HMeTb CleAYLHi
BHJ:

%

on

j u(c, o(c)(t+ h)) cos tdt =0, (8.58)
0

2n

f{v(c, ole)(t+h))+tulc, @l(c)(t+h))}costdt=

0 =2n (x.lou (0) - xlO’l (0) )’ (8'59)

rie Xip H Z10 — 3HaueHHe HCKOMOH GYHKUHH X;(f) W ee NMPOHM3BOA-
Ho#t npu {=0.

YpaBHenne (8.58) — 3T0 HeKOTOpOe TpaHCUEHIEHTHOE YpaBHe-
HHe [J5 onpejefeHHs aJAAHTHBHOH nocrosiHHo# A. OHO MoXeT BO-
BCe He HMeTb pellleHHH, HMeTb KOHeuHOe H/JIH GecKOHeuHoe YHCIO
pelLeHH .

[Tyctb Tenepb h — kopeHb ypasHeHHs (8.58). Torpa mopoxaaio-
llee pelleHHe Xo(f), Kotopoe omuchHBaercs ¢opmyaoi (8.50), cra-
HOBHTCS TIOJHOCTBIO ONpe/eleHHbIM.

Pemenne ypaBHenus (8.54) — QYHKUHIO X; — MOXKHO mpejacTa-
BHTb KaK

x1=C“u(t)+C12(U+tu) +y1 (t), (8.60)

rae yYi1(f) —3to Hekotopas ¢GYHKUHA, MOJyYeHHAas MeTOAOM Ba-
pHAaUWH NPOH3BOJbHEIX mocToAHHBIX. [loctosiuHble Cyy u Cig BbIpa-
XKalOTCA JHHeAHbIM 00pa3som uepes HavaJbHble 3HAUEHHA (YHKUHH
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Xy9 M ee NPOM3BOAHOH #£19. HO 3TH BeTHUHHBI HaM 3apaHee He H3-
secTHbl. i MX ompefeeHUs MBl MMeeM TOJbKO OJHO ypaBHEHHE
(8.59), moaToMy Ha 3TOM 3Tale NPOLEAYDPHl JajbHellllee YTOUHEHHE
pelleHus Xy () HeBO3MOXKHO. PaccMOTPHM Tenepb ypaBHeHue (8.55).

st Toro 4TOo6BI: OHO MMeJNO MePHOAHYECKOe pellleHHe, He06XO-
IHMO M JOCTATOUHO BHIMOJHEHHe ycJaoBHA THNa (8.58)

2n

[ @uat=0. (8.61)
0

Tak kak Qg 3aBHCHT OT Xig U Z19, TO BHpaxKeHHe (8.61) MoxkHO pac-
CMaTpHBaTh KaK ypaBHeHHe AJs ONpefeieHHs 3THX BeJHUYHH. Bme-
cre ¢ ypaBHeHnueM (8.59) oHu aawr CHCTEMY JBYX ypaBHeHuH A
onpeleneHHs IBYX HCKOMBIX BEJHUMH Xy H Ty M T. A

Mu paccMOTPeNH CXeMy BBHIYHCTEHHH MEPHOIHYECKOTO puxuMa
HeaBTOHOMHO# cHcTeMbl, OAH3KOH K HEKOTOPOH ~KOHCEPBATHBHOM.
[Ipu 3TOoM MBI OTPAHHUYHJIHCH CJAyuyaeM OJHOH CTeleHH CBOGOMIHL
[Tepexon k GoJee o6ilell 3ajavye — OTBICKAHUIO MEPHOJHUECKHX pe-
KHMOB B CHCTeMax ¢ OOJbUIHM UYHCJAOM CTemeHell cBOOOAB — He-
TpuBHaAbHO. leso B ToM, uTO, paccMaTPHUBas CHCTEMY MepBOTO I0-
pAKa, MBI BCETJa MOXKeM IMOCTPOHTh C MOMOUIbI0 MeTojda JlAmy-
HOBa (pyHIaMEHTAJbHYI0 CHCTEMY peUleHHH [Js YypaBHEHHH B
Bapuauuax. [lepexonsa k cucTeMe MPOM3BOJNILHOTO MOPAAKA, Mbl
CTaJKHBaeMcs €O c.neﬂyromeu TPYAHOCTbIO: /51 3(pdekTHBHOA pea-
JU3alMH BbIUHCIUTENLHOH MPOLEAYPbl MBI AOJKHB HMETh B CBOEM
pacnopsixKeHHH MOJHYI0O CHCTEMY HHTErpaJioB MOpOXKIAlOlieH CH-
CTEMHIL.

§ 9. 3akaouHTeJbHbIE 3aMeEYaHHUA

Teopusi, 31eMeHTbl KOTOPOH OBLIH H3JIOXKEHBI B 3TOH IJ1aBe, BO3-
HHKIa B koHIe XIX Beka. B Hacrosliee BpeMs ee ammapaT pa3spa-
6oTaH BecbMa [JeTajqbHO, UTO MO3BOJIfAET pellaTh pa3HooGpasHble
$ajayM, B TOM YHCJIe H IIUPOKHH KPYr 3ajJay, BO3HUKAIOLUIHX B MpPHU-
KJ1aJHOH HayKe M TexHHKe. HecMoTpsi Ha TO, 4TO B MNOCJAEIHHe
JeCATHAETHS MOSBHIHCh HOBble MOAXOAB H Gojiee CHJIbHbiE METOAb,
3HaueHUe H3/10KEHHOH TEOPHH [JOCTAaTOUHO BENHKO: MOXKHO yKas3aTh
uenblii pAx 3ajad, AJsS KOTOPHX MeToab JlamyHoBa — [lyaHkape
ABJAIOTCA H [0 CHX [Op elBa JHU He eIHHCTBEHHBIM CpPEICTBOM [O-
ydeHusi 3G dbeKTHBHOTrO pellleHUs1, TeM He MeHee paMKH TeopHH Jls-
nyHoBa — [lyaHkape BecbMa orpaHHuYeHB. DTa TeOPHA CTABHT cefe
OJHYy 3aJauy — 3afayy OTBICKAHUA MEPHOAMYECKHX pewleHud. [Ipu
BCeH ee BAaXKHOCTH 3Ta 3ajaua SIBJASETCA BCe-TaKH OUEHb CHeHHAaJb-
Holt, TeM He MeHee TeopuS NMEPHOAMYECKHX DellleHHH HMeeT BHYTPH
ce0s ellle QueHb MHOTO MpoGJeM (B 3TOH KHUL€ PacCMOTPEHBI TOJMb-
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KO caMble mpocThle 3ajauu). M Bce BpeMs MOABJIAIOTCS HCC/IEN0BA-
HHfAA, KOTOpble oboraiuaior TeopHio JisinynoBa — IlyaHkape, He Bbl-
BOJA €e H3 KPyra nepBoHaua/bHbIX HAed. OJZHOBpEeMEHHO JenaloTcs
NONBbITKH PAaCIPOCTPAHHTb HJAEOJOTHIO H MeToJAbl TeopHu JIAnyHe-
Ba — [lyaHkape Ha Goslee IWIMPOKHH KPYr 3ajfauy H MpeXAe BCero
Ha OTBICKaHHE MOYTH MepPHOAHYECKHX pelieHHH. OHAKO UeJbIHd pAX
OYeHb BAXKHBLIX 3aJa4 TEOPHH KoNAeOaHHH H TeOPHH HeJHHeHHBIX
AudepeHIHaNbHBIX YDaBHeHHH oOcTaeTcsi BHE TpPEAESOB €e HHTe-
pecoB. Cpeau Takux 3ajay, HMeOLHX 0co6oe MpaKTHUECKOe 3Haue-
HHE, MOXHO YyKasaTb, HalpuUMep, 3ajauy ONpeJejeHHs] 3aKOHA H3-
MeHeHHs1 aMINIUTYAbl KOJe6aHHH NOJ AeHCTBHEM BHEIIHHX BO3MY-
LWeHHH. JTa M APYTHe 3aJauH OTHICKAHHSI «NEPEXOAHBIX PEXHMOB»
B Ko/ie6aTe/bHBIX CHCTEMaX HACTOATENbHO TPeDYIOT pas3BHTHA Goee
YHHBepCaJlbHOH TEOPHH — aNnapara, KOTOPHH OAHOBPEMEHHO C OThI-
CKaHHeM MePHOAHYECKHX peKHUMOB 6bls: 6bI' mpHCIOCO6/eH A U3y-
YeHHsl IEPEeXOAHbIX DEXKHMOB B HEJHHEHHbIX CHCTeMaXx.

AnnapaT Teopun JianynoBa — ITyankapé GCHOBaH Ha HCIOJIb30-
BAHHH CBOHCTB aHAJHTHYHOCTH NpaBblX YacTel :M3yuaeMblXx AHdde-
peHUHaNbHbIX ypaBHeHHH. [luTaTe/bHOH cpefol, B KOTOPOH Co3la-
Bajgach 31a Teopus B XI1X Beke; 6bliH pasHooOpasHble MpOGSEMEL
HeGecHOH MeXaHHKH, B KOTOPBIX IPeNOJOXKeHHsA 06 aHAJHTHYHOCTH'
Obl1H ecTecTBeHHbIMH. OAHAKO B TEOPHH KoaeGaHHH PA3MMUYHLIX HH-
JKEHEePHbIX KOHCTPYKUHH, NPH H3YYeHHH CJHOXKHBIX (H3HUECKHX
AIBJeHHH W BO MHOTHX [PYrHX C/1ydasx INpeANoJNoxeHHe 00 aHa-
JUTHYHOCTH CTAHOBHUTCA BecbMa o6peMeHHTenbHbIM. B paMkax reo-
pHH MaJoro napaMmerpa [e/aloTcsl NMONBITKH OTKa3aTbCsl OT 3TOrO
ycaoBusi. Hekotopble u3 pe3yabTaToOB MOAOGHOr0 poAa NpHBeEIEHbI
B kHure M. I'. MankuHa, KOTOPYIO Mbl- HEOJHOKPATHO I HTHPOBAJIH.
BMecTo pas/ioXeHHs B pAAbl B 3TOM C/yuae NMPEANOJaraloTcs He-
KOTOpble clellHaJ/bHble CIOCOObl HCMOJNb30BAHHS MOC/AEL0BATENbHBIX
npubamkeduii. OZHAKO BBIYHC/AHTENbHBIE CXeMBI, KOTOpble 3Jech
BO3HHKAlOT, OKa3blBalOTCA BeCbMa CJOXKHBIMH, # GOJBIIOrO mpak-
THYECKOTO 3HAa4Y€HHsl MOAOGHbIE HCCIELOBaHHS, MI0-BHAHMOMY, He M0-
ayuusad. Takum 0Gpa3oM, «yHHBepca/dbHas TEOPHA» HOJNXKHa YyIO-
BIIETBOPATH ellie oJHOMY TpeGoBaHuio. OHa HonXKHa pacmpoctpa-
HATbCA Ha IWIHPOKHH Kaacc AU @epeHIHalbHbIX ypaBHeHﬂu He
cTecHeHHbI! Tpe6OBaHHEM aHAJHTHYHOCTH: ,

OIHHM H3 BO3MOXHBX NpPETEHJEHTOB Ha POJb TaKOH «ymeep-;
CaJbHOH TEODHH» SIBJIAETCA TEODHUS, HCNONB3YIOILasd HAEH yCpeaHe-:
HHH. dTa TeopHus npHobpeTaer Bce GOJbIIYIO H GOJBIIYIO NONYJAP--
HOCTb, H c()epa ee HCNO.Ib30BaHHA Bce 6oJee u GoJiee pacIUpseTc.
Ee u3/10:KeHHIO MOCBslleHa caeAyoouias riaasa.



raiAaBA I

ACHMIOTOTHYECKHE METO/JbI
PA3AEJIEHUSA OBH)XEHHH

BBenenue

B 3Tof rsaBe paccMaTpPHBAIOTCH ACHMITOTHUECKHE METOMbI, HC-
NoJb3YyIOLHe OCpelHeHHe NpaBbixX yacTel AHdPepeHHaabHbIX YpaB-
HEHHH 10 HEKOTOpbIM M3 MepeMeHHbIX. JTH MeTOJbl 4acTO Hasbl-
BAlOT METOLAMH OCPEIHEHHS HJIH METOJaMH Pa3je/eHHsl ABHXKEHHH.
Ouu wrpator 60JbIIYI0 POJb NPH H3YUEHHH ypaBHEHHH BHAA

i=eX(x, y, ), }

®
g="Yo(x, y) +e¥(x, y, &), (*)
rle X H Yy — HEeKOTOpble BEKTOPHI, a g -— MaJblit napamerp. [Tonob-
Hble YpaBHEHHs 4aCTO BCTPEYalOTCs B Pas3JHUHbIX 3afauax (PHIHKH
H MeXaHHKH. B yacTHOCTH, OHM THNHUYHBI AJS1 LIHPOKOrO KJjacca 3a-
gau Teopud KoJebaHuii. UXx oco6eHHOCTb COCTOMT B TOM, UTO 4acTb
nepeMeHHbIX (KOMMOHEHTHI BEKTOpa X) MeEHseTcsi MelJeHHO, a Apy-
ras yacTb MepeMeHHbIX (KOMTOHEHTHl BeKTopa ¥) — OblcTpo. ITH
nepeMeHHble Mbl GyJeM Ha3blBaTb COOTBETCTBEHHO MeJEHHbIMH H
6bICTPBIMH.

Teopusi, KoTOpas H3yuaercsl B 3TOH IJaBe, HMeeT CBOHM HCTO-
KOM paboThl rojaaHiackoro uHxenepa Bau-gep-Iloss, KoTOpbH pas-
pabotas J10BOJbHO 3¢eKTHBHBIH cnocob pelleHHsl HeJHHeHHBbIX
3ajlau TEOPHH KoJeGaHHH CHCTeM C OJHOH CTeleHbid CBOOOMIbL

Kak Mbl yBMAMM HHXe, OH, BO-IIePBbIX, NPEIJOXKHJI MNPOCTYIO
cXeMy PeIYKIHH 3allaud TEOPHH KoJeOaHMH K HCC/IeJOBaHHIO O~
HOFO YacTHOro cayuas ypasHeHus (*) H, BO-BTOpbIX, cucTeMy (*)
3aMeHHJ YNpoUleHHOH cHcTeMOH, moayueHHOH H3 (*) ycpeaHeHHeM
npasbix yacTeil mo «6nicTpoMy» mepemenHoMy. Jas dopmasbHoro
npumeHenns merona Ban-gep-Ilons e tpebGoBasnoch, B OT/IHYHE OT
METO/0B MNpeAwayliero naparpada, HHKaKHX OFPaHUUHTEJNbHBIX
npeAnoaoxeHHt o NPRPOde CHJ, NMOA AeHCTBHEM KOTOPBIX NpOHC-
XOIHT KOJAeOaTenbubldl mpollecc. B paBHOH creneHH OH MOr OBITH
HCIONB3IOBAH M JIIS1 HMCCTeJ10BAHHSI YCTAHOBHUBIUHXCA [ABHXKEHHH H
IS MCCAE0BaHUs TTePeXOIHLIX MPOLeCcCoB.

Meroa Ban-gep-TToas o6naman gk ToMy Xe 604blIOH Harasam-
HOCTbIO H OBl yaoOeH 1jsi npoBefeHHsl pacueroB. IToatomy oH Gbl-
CTPO 3aBOeBaJ MOMyJAsPHOCTL Yy HHxeHepoB. OIHako 3TOT MeToa
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HOCHJ1 YHCTO MHTYHTHBHBIH Xxapakrtep. Hu ero aBTop, HH ero mocie-
IOBaTe/NH Jaxe He clefafd MONBITKH AaTb Kakoe-1u6o 06OCHOBa-
HHe HOBOMY MeTony. [lostoMy oH nonaroe BpeMs (mojo6HO MeTodY
XeBHcalia) ocTaBascsl BHe MaTEMaTHKH *).

B tpuanatbix rogax H. M. Kpniios u H. H. Boroaiwo6os npex-
JIOXKHJIM HEKOTODHIH OOIMHH MOAX0on Al HCCJAeLOBaHHsl ypaBHEHHH
tuna (*). Ero ocHOBHOe cojepkKaHHe CBOAHTCS K MOCTPOEHHIO Ta-
KOH 3aMeHbl nepeMeHHHX, KOTODasl MO3BOJIAeT OTAETHTb «GBICTpHIE»
nepeMeHHble OT «MeJJAeHHbIX». JTa 3aMeHa MepPeMeHHLIX MO03BOJsAeT
TakXe NPEACTaBUTb pellleHHe B BHJAE aCHMITOTHUECKOTO Dsijia, nep-
BBl WIeH KOTOPOro COBMNajaeT ¢ pelleHHeM, NOJYYeHHbIM MO Me-
tony Ban-nep-Tlonsa (ana Tex 3ajau, KOTOpbie MOTYT GBHITh pElIEHH
3THM MetoioM). B nocrnenyiouine roast meron Kpsutosa — Boro-
Ji060Ba MOAYYHI, TJaBHBIM o6pa3oM- 6iarogaps paboTaM YyuYeHH-
koB H. H. boroaw6osa (10. A. Mutponoasckoro, . H. 3y6apesa
u 1p.) AajbHefillee pa3ButHe. OH 6L pacmpocTpaHeH Ha HOBHIE
THOB 3ajauy (HanpuMep, Ha 3ajJaud HCCJAEIOBAHHSA MOBELEHHS CH-
cTeMbl MoJ AeHCTBHEM NEPHOAHYECKHX BO3MYllleHHfi), 6GbLT HOKa3aH
Ueabli pAj TeopeM, NpeBPaTHBLIHA 3TOT METOAL B CTPOTYIO: MarTe-
MaTHYECKYI0 TeOpHIO. B moc/ieBoeHHoe BpeMsi MeTOX  pa3jefeHHS
IBHKEHHH HauyaJ HCHONb30BaTbCsl OUEHb WIHPOKO, HAaXOAs MpHMe-
HeHHe B CAMbIX Pa3/IHUHbIX 06J1acTAX HHXKEeHeDHOH MPAaKTHKH H (M-
3ukH. [laHHasi TiaBa MOXeT pacCMaTpHBAThbCA KaK BBEJleHHE B Teo-
PUIO aCHMNITOTHYECKHX METOJOB pa3fiefeHHs N1BHXKEHHH.

B Hacrosmlee BpeMsl CYIeCTBYeT HECKONbKO BapHAHTOB HHTED-
npeTalHd 3THX MeTodoB. Ta, KoTopas HCHOAb3yeTcss B JaHHOH
KHHTe, MO CYyLIeCTBY H/JEHTHUYHA HHTEDNDETALHH, MNpelaoXKeHHOH
B pabotax B. B. Boaocosa.

§ 1. Meron Ban-aep-Iloas

1. Mpeapapurenbubie 3aMedanus. Mcroku merona ycpeaHeHus
HaxonsaTcs B paborax Ban-nep-lTloas. TlostoMy H3/noXeHHe wnese-
co0o6pa3HO HauaTb C PacCMOTPEHHS MOCAeIHHX, TeM 6oJee, UTO
Meron Bau-mep-Tlons cam mo cebe HMeeT WHPOKY o6sactb mpu-
MeHEHHS,

B stom naparpade ™Mbl 6yneM HccaenoBaTh KosebaTesbHbIe
IBHXXEHHs], ONHCbiBaeMble OfHHM YpaBHEHHEeM BTOPOTO MOPAAKa

I+wi=¢p(2, 2). (L.1)

3nech @ — HeKOTOpasl NEHCTBHTENbHAsl MOCTOSIHHAS, a & — MaJbli
napamerp. ¥paBHeHHe (l.1) ycqoBHMCS Ha3biBaTb KBa3HJHHEHHBIM,

*) B konue apaguaTeix rofoB Mangesbiitam u Ilamasekcw fajau ouenku
TouHoctH Metoga Bau-gep-Tloas. Iloapobuee cM. Auaponos, XafikuuH H
Burr, Teopus xoneGanui. Guamarrus, Mocksa, 1961,
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a KoneGaHHA, KOTOpble OHO OMNHCLIBAET, — KBa3HJIMHEHAHBIMH KOJe-
GaHHAMH.
YpaBHeHHe
i+ 0?z2=0, (1.2)

KOTOpOE OllUCbiBaeT TrapMoOHHYecKHe KosebaHusA, OyAeM, KakK H
paHbllle, Ha3bIBaTh MOPOK AAIOIIHM.

OyHKIHA @ MoxeT ObiTh BecbMa oO0llero BHAA M, B YaCTHOCTH,
Jdaxe paspbiBHOH.. EcrectBeHHo norpeGoBarb, uToGbl OHa GblNa
OFpaHHUYEHHOH.

2, Mepemennpie Ban-pep-Iloas. OOGimee pellleHHe NOPOKAAI0-
Ilero YpaBHEHHS HMeeT BUJ

2=xcosy, (1.3)

rie y=o(t+1), x u fp— npousBonbHble mocrosiible. OHO OmH-
ChIBaeT HCKOTOPHI kojeOatenbHblil Nporecc, obnajaroliuii 4acro-
Tol . Yucno x HasbiBaercs aMmauTyaoH, .a ¢yHkuus y(f) —
tdasof.

EcrectBeHHO npeanonoXuTh, 4TO B Cjydyae MajblXx 3HauyeHHH &
peumienne ypasHeHusa (1.1) 6yaer onuchiBaTh TaKXKe HEKOTOPBIA Ko-
JeGarenbublii nponecc Buga (1.3). OaHako cienyer OXHAAThb, UYTO
aMILIMTYJa 3TOro mponecca x yxe He Oyaer (B oflleM cayvae)
NOCTOAHHBLIM YHC/IOM, a OyleT H3MEHATLCA, NMPHYEM TEM MejJieH-
Hee, YeM MeHblle uucao e CkopocTb H3MeHeHHs ¢asbl Takxke Oy-
JeT HM3MeHsrbcs co BpeMeHeM. TakuM 00pa3oM, ecnH B KaXKAblil
MOMEHT BPeMeHH HcCJelyeMbli Mpolecc HOCUT KoseGaTenbHBIH Xa-
paKrep, TO €ro NoJHOCTbIO ONPEAeasOT MIHOBEHHble 3HAUEHHA aM-
nauTyabnl x 4 ¢asnl y. [TosroMy B KauecTBe NepeMeHHBIX, ONHCHI-
BalOIIHX MpOlleCC, MOXKHO NPHHATb aMIVIMTYAy KonebaHuh u daasy.
Torpa oaHO U3 mepeMeHHBIX — aMMAHTYAa — OyJeT MeHSTbcA Mej-
JAEHHO.

Hrak, B 3aaave (1.1) OyaemM B KaueCTBe HOBbIX MepeMeHHBIX
paccMartpuBath ¢yHkiuu X(f) u y(¢). JAaa 1Toro 4to6bl ONpeaesuTh
3TH NepeMeHHble, K cooTHolIeHHI0 (1.3) Hamo A06GaBUTH ellle OAHO;

Hcnonbsya uael0 BapHalMH NPOH3BOJNBLHBIX MOCTOAHHBIX, MOTpe-
OyeM, 4ToObl X H y Obin cBA3anbi, KpoMe (1.3), eme ciaenyioniim
COOTHOLIEHHEM: :
i=—qxsiny, . (1.4)

KOTOpOe Beerja HMeeT MeCTO AJfl MOCTOSHHON aMIUIMTYAbL.

. CocraBum Tenepb aHbGepeHnHaNbHblE YDaBHEHHS, KOTODbIM
yioBJleTBOpAOT GyHKUHH Xx(f) u y(f). Huddepennupys (1.3) u
npupaBHuBas K (1.4), nonyuum '

2 cosy — x§siny+wx siny=0. (1.5)
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Yenosre (1.5) — 3TO yc/OBHE COBMECTHMOCTH ~(OPMY.l (1.3) u
(1.4). Nuddepenunpys nanee (1.4) u noacrasuB B (1.1), monyunm
ellle OJJHO ypaBHEHHe

—Zo sin y — oXxy cos Yy +xn? cos y=e‘q>\(x cos Yy, —oxsiny): (1.6)

‘CucremMa (1.5)—(1.6) —3T0 cucTeMa [BYX YpaBHeHHH mNepBOro
NnopsJaKa OTHOCHTE/NbHO JBYX HeH3BeCcTHBIX ¢GyHKuMA x H y. -Pas-
pelas ee OTHOCHTEJNbHO NIPOHU3BOJHBIX 2 U I, HMeeM

x=—%m(xcosy, —xmsiny)sinyE%%(x, 4), }
J} (1.7)

»g=m— st-(p(xcosy, —xmsiny)cosysm—%%(x, y).

Cucrema 1Byx ypaBHeHHH (1.7) MONHOCTbIO 3KBHBaJIeHTHA ypaBHe-
Huo (1.1).

CucreMa (1.7) sBnsiercsas 4acTHBIM caydaeM cuHcTeMbl (¥), npu-
BeleHHOM BO BBeJleHHH K JaHHoi#i riaBe. Posb MejaseHHOro mepe-
MEHHOrO Hrpaer aMIUIATyJa X, a poJb OBICTPOrO MepeMeHHOro —
dasa y.

3aMeTHM, 4TO NpaBble 4acTH CHCTEMB (1.7) ABJAAIOTCA MEPHOIH-
yeCKHMH (QYHKUHAMH ¢asbl y; KakoBa Obl HH Oblia QYHKUHSA
e(x, ¥).

3. Cxema B. M. BoaocoBa. Mrak, BBegeM nepeMennbie Bau-nep-
[Tons, amnautyny x U ¢a3y y, Mbl CBeNH 3ajady HCC/IeIOBaHHSA
OJHOTrO YpaBHEHHS BTOPOTO MOPSAAKA K HM3VUEHHIO CHCTEMbl IBYX
ypaBHenu#i nepsoro mopsaka (1.7). OcylecTBiasis 3Ty peIyKIHIO,
‘MBl' CJIEJIOBA/IH KJACCHYECKOH CXeMe MeToJa BapHalHH NpPOH3BOJb-
HBIX MOCTOSTHHBIX. , N

B. M. Bonocos npeanoxua Apyrofl cnocob sToH peayKIHH, aHa-

JIOTHYHBLE BBIBOJY YPaBHEHHH /s OCKYJIHDPYIOIUHX 3JEMEHTOB B He-
OecHoil MexaHHKe. [lepemennble Ban-gep-ITons ¢cBsizann ¢ Beanyu-
Hoii z paBenctBaMu (1.3) u (1.4), KoTOpble MOXKHO mepemHcaTb
B CJEAYIOIUEM BHIE:

x=]/z2 m2 , y= —arctg—j—z. (1.3)

Banaronapa BbGpaHHOH BapHallHH IPOH3BOJNBHBIX NMOCTOSIHHBIX 3TH
COOTHOLIEHHS CNPaBeVIHBbl B DABHOH CTENMeHH KaK JAJs NMOpPOXIaio-
Lero ypaBHEHHS, Tak H AJas ypaBHeHus (1.1). B mepBom ciayuae
Be/IHUHHA 2 MeHsiercs B cuay ypaBHeHuit (1.2) W npu sTtoMm Benu-
YHHa X OCTaeTcsl NMOCTOAHHOH, a y=w. Halinem Temepb 3akon Hame-
HeHHsl 3THX BeJHYRH B HHTepecyiolleM Hac ciydae. Ilpoanddepen-
Apyem paBedctBo (1.3°) B cuny ypaBHenus (l.1) u paccMoTpuM
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CHayaJia nepBoe U3 3THX PABCHCTB

i 22 2z _ 22 2(—o%2+ep) _
¥=———t —r ~ % T em -
Verk oy =4
eQ . e .
=iy = — 5 esiny,
T. €,
X:=%q>l(x, Y).

Takum 06pa3oM, Mbl NOYYHJIH NMEPBOE U3 ypaBHEHHH CHCTEMBb
(1.7). Muddepenuupys nomo6HbIM 06pa3oM BTOpOe H3 paBeHCTB
(1.3’), Mbl moJiyuHM BTOpPOEe M3 ypaBHEHHH 3TOH CHCTEMHI.

Paccyxnenus B. M. BosiocoBa MMeIOT TO MpeuMYILECTBO mepen
CTaHAapTHBIMH, YTO OHH HCK/IIOYalOT HeOOXOAMMOCTb paspelliaTh
cucremy ypasHenuit (1.5), (1.6) OTHOCHTe/NbHO MPOHU3BOAHBIX & H .

4. YKopoueHHble ypaBHeHMd. [lepBoe W3 ypaBHEeHMH CHCTEMB
(1.7) nokasbiBaer, 4TO NepeMeHHOE-x¥ MeHsleTCsl MeaJIeHHO, TaK Kak
ee NpOHM3BOJHAsl HMeeT Mopsapok &. CJefoBaTeqbHO, 32 OfHO KOJe-
6aHue (3a BpeMsl, B TeueHHe KOTOpPOro ¢asa y U3MEHHUTCS Ha BeJH-
YHHY, PaBHYIO 2n) aMIVIUTYAa H XapaKTep KoJeGaHHH HM3MeHATCs
Masno. [To3TOMy MOXKHO OXHJaTb, UTO MBI He ciuejlaeM Oosbilo#
oumHOKH, eC/IH 3aMeHHM MpaBble 4acTH cucTeMbl (1.7) HX cpefHHUMHU
3HaYeHUsIMH 3a NepHOJi, T.e. BMecTo cHCTeMbl (1.7) craHeM pac-
CMaTpHBaTb CHCTEMY

i (1.8)

rue
2n

P (x)= % f @ (xcosy, —xosiny)sinydy,
$ ‘
o (1.9)
G2 (x) = 7‘3— f @ (xcosy, — xasiny)cosy dy.
0

Ypasuenus: (1.8) OyaeM Ha3biBaTb YKOPOUEHHBIMH ypaBHeHHs-
MH WIH ypaBHeHusamu BaHn-gep-IToasi. OHu 3HauuTenbHO mpollte Mc-
XOonHOH cHcTeMbl (1.7), MOCKOJBKY mepBOe ypaBHeHHEe MOXeT 6biTb
TIPOHHTErPHPOBAHO He3aBHCHMO OT Broporo. B cucreme (1.8) mexn-
JIeHHble M OBICTDble JBHXXeHHWsi pa3fieieHbl. VHTerpupys mepsoe u3
ypaBHEeHHH 3TOH CHCTEMBbl, Mbl HaXOAHM 32KOH H3MEHEHHsS aMILJIH-
Tyabl. QueHb 4acTo B MPHKJIaJHHX 3ajayax OblBaeT A0CTaTOYHO
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HaHTH TOJNbKO 3aBHCHMOCTb AMIUIHTYABI OT BpeMenu. B paccmar-
pHBaeMOH TEOpHH AJS 3TOTO AOCTATOYHO HaHTH pellleHHe ypaBHe-
HHs NepBoro nopsika (B obuleM crnyuae HelduHeHHOro).

Omnpenenenne ¢asbl cBoautcs K kBajaparypaM. HauGoabmuil uu-
‘Tepec oOblYHO HpeAcTaBAsieT He caMa (ha3a, a CKOPOCTb ee H3Me-
HEHHSl B 3aBHCHMOCTH OT aMmauTyAbB. OTBer Ha 3TOT BONpoC AAET
HemocpeJCTBEHHO BTOPOe ypaBHeHHe cHcTeMbl (1.8).

Urak, Meron Bau-gep-Tlons peumenus ypaBHenus (1.1) cocTout
B MEPeXO/le OT MepeMeHHOH Z K NMepeMeHHBIM X H § (KOTOpble Mbi
O6yneM HasbiBaTb NepeMeHHbIMH BaH-aep-Tlons) u kK 3aMeHe TOU-
HBX ypaBHeHHH (1.7) ykopouenHo# cucremoft (1.8).

5. CrauuosapHbie pexumb. Cucrema ypasHeHu#i (1.8) mosBo-
JAeT HaHTH BO3MOXHble CTalHOHapHHE (aBTOKoJebaTelbHbIE) pe-
JKHMBI, T. €. PeXHMBbI, IPH KOTOPBIX AMIIHTYAA OCTaeTcs Heu3MeH-
Ho#t. [Tonaras £=0, HaxoAHM, YTO CTAallHOHAPHAs AMIJIHTYAA AOJIXK-
Ha GbITh KOpPHEM TPaHCIEHAEeHTHOrO ypaBHeHHUs

2n

fcp(xcosy, —oxsiny)sin ydy=0. (1.10)
0

3ametumM, uro ypaBHeHue (1.10) coBmajaer ¢ TeM ypaBHEHHEM,
KOTOpPOoe Mbl MOJydunu Obl, ecniu Obl pacCMaTpPHBAJH YpaBHEHHE
(1.1) kak KkBa3HJHHEHHOE H DA3bICKHBAJNH NepHOAHYECKHE pelleHHs
MetoaoM ITyaHkape.

Bropoe u3 ypaBHenuit (1.8) nosponsier HaliTH 3aBHCHMOCTb Yr-
JIOBOH CKOPOCTH § OT aMIIUTY]bl X

an
e

g=0—5— fcp(xcosy)cosydy. (1.11)
0

Paccmorpum B KauecTBe npuMepa ypasHenne [ioddunra
F+w2z=eazs, (1.12)
B stom cnyuae @(2) =a2? u ypaBHeHue (1.11) Ham paer

ont
3eax?

fxacos“ydy=m— fo (1.13)
0

=0 5eox

oTKyAa
x=Vv(e—3), (1.14)
8w

Y= Jeq *

rae
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-KpuBble, nalHe 3aBHCHMMOCTb. aMIUIATYAB OT 4YacTOTHl, ~Ha3hl-
‘BaIOTCA aMHJIHTy,[IHbIMH KpHBbIMH OHu uMeloT BHI, H306pa)KeHHbIH
Ha puc. 19.

- XapakTep KPUBOH 3aBHCHT OT 3HaKa y (1.e. 3Haka a). B cny-
yae o.<0 CHCTeMa Ha3HBAeTCs XeCTKOH. B NPOTHBHOM CJyYae CH-
cTeMa Has3blBaeTcsi MATKOH. DTH Ha3BaHHs CBSI3aHbl C TeM, 4TO
ypaBHeHHe (1.12) Mbl MoXeM HHTEepDIpPETHPOBATR KaK ypaBHeHHE,

omHchIBawIee KoJebGaHHe [Ipy)KHHHOl‘O
&z : ~ MasiTHHKa

rje BO3BpallaloHlas CHJAa OPYyXHHBI
F(2) TakoBa:

F(2) =w% — ez’

3

A S 4 TpaHcuennentHoe ypaBHeHue (1.10)
Puc. 19. MOXKeT COBCEM He HMeTb AEHCTBHTENb-
HbIX pelleHHA. D10 OyleT 03HAYaThb, YTO
B -CHCTEMe CTAUHOHAPHBIE. KOMeOaHHS HEeBO3MOXKHHBL. YpaBHeHHe
(1.10) MoxeT HMeTb OJHO HJH HECKOJNbKO DELIEHHH, B HEKOTOPBIX
clyyasix OHO YAOBJIETBOpsieTCA TOXAecTBeHHO. Tak, Hampumep, 06-
CTOHT fAeJlo, KOTJAa CHCTeMa KOHCepBaTHBHA. B caMom fene, B 3TOM
cnyyae QYHKUMS @ 3aBHCHT TOJBKO OT MEePEeMEHHOH 2, MO3TOMY

ypaBHenHe (1.10)-mpHMeT BHI

m
'jcp'(xcosy)sinydy=0. (1.15)
0 ‘ :

Tak. kak sinydy= —dcosy, TO noj 3HAKOM HHTerpasia CTOHT
‘nostHbI IHQdepeHuHa T

f @ (x cosy)sinydy = —'716— f @ (x cos y) d (x cos y).
0 [V
O6osnaunm uepe3 F (§) — Heompe/ie/IeHHbIH HHTer pa
' ‘ 3
= f @ () dn.
o 0
Torpa
on

2n
f@(xcosy)sfnydy= ———i—de =.——i—F(x Cos ) . =0,
0 0

T. €. ypaBHeHne (1.15) yaoBjerBopsieTcsl TOXKAECTBEHHO MO X,
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Hrak, teopus BaH-nep-Ilons nosBosisieT OTHCKHBATh MPHOJ/IH-
JKeHHble 3HaYeHHs aMIUVIMTYA CTalMOHAapHBIX pelleHHA H, B 4Yact-
HOCTH, pelIHTb 3aflayy 06 aBTOKoJe0aHHAX, NpHYeM 3HaueHHe aM-
WJIHTYAbl, HalileHHOE COorJlacHO 3ToH TeopuHu, GyleT TakHM Xe, KakK
H 3HauyeHHe aMMJIMTYAbl NepBOro mpub/HXKeHHS B TeopuH JlamyHo-
Ba — IlyaHkape, (ecau, pasyMeercs, Merol llyankape B stom cay-
yae npuMeHuM). Ecau a<0, To ¢ yBeqHueHHEM CMelleHHsST BO3Bpa-
mamuas CHja pacTeT (MeCTKOCTb NPYMXKHHBl Bo3pacraer). Ecan
>0, TO ¢ yBeJHUeHHEM CMeLIEHHsA BO3Bpallalollas CHJIa yMeHb-
waercd. B nmepBoM ciyyae cHcTeMa Ha3blBaeTCA KeCTKOH, BO BTO-
poM ciayyae — MATKOH.

Te e pe3ynbTaThl MBl MOJYYHJIH, HCCACAYS YypaBHEHHE ﬂrodp-
¢unra MerogoM JlanyHosa — IlyaHkape H orpaHHuHBafcb mep-
BHIMH TPeMA NPHO/IHKEHHAMH. o ‘

6. TpuMep paspbiBHLIX MpaBbix yacteit. HcnonbsoBanue Mertona
Bau-pep-Ilons pas uceaenoBaHus ypaBueHus HiodduHra Hac npu-
BeJO K pe3y/bTaTaM, KOTOPble MOTYT GbiTb MOJYYeHbl MeToaoM Jla-
nyHoBa. OaHako Mmeron JlanyHoBa NpHMeHHM TOJNbKO K TeM 3aja-
yaM, B KOTODPBIX [paBble YaCTH YpaBHeHHH — aHaJHTHUYECKHE

g(2)
£

/—d
-d : 4 -d d!

V4 : 2

z2+d

Puc. 20. " Puc. 21,

¢yukuud. Meron Ban-mep-Ilosis npuMeHHM K ypaBHeHHAM GoJee
obwero tHna. Jas Toro uroGul- 3T0 NOKA3aTh, PACCMOTPHM OJHH
npHMep, B KOTODOM BO3MYLIAIOWIasi CHJa ¢ He SBJASETCA aHaJH-
THYECKOH. 7 _ ) ) . .

PaccMOTpHM MasTHHK, onucbiBaeMblli ypaBHeHueM (1.1}, B ko=

TOpOM (.’pyHKunﬂ (p(Z z)=¢(2) HuMeer BHJ, H306paKeHHBIA Ha
puc. 20.

Bosapamaloulaﬂ cn.na—dpyHKunﬂ F(z)_ 2z—aq>(z)—nso-
Gpaxena Ha puc. 21. CoctaBHM AJs 3TOH CHUCTEMH YKOPOYEHHHIE
ypaBueHuss Ban-gep-ITons. Tak kak cucTeMa KOHCepBATHBHA, TO

+7

ch(_f)= fw(xcosy)SIHydy 0 | (1.16)

—:I'!

CienoBaTesNbHO, aMIJIMTYAA x==const.
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Brluncaum pagee

+
_Lf
_2

-7

[rJ. 1

(xcos y)cos y dy. (1.17)

PaccmoTpuM noapo6Hee HYHKUHIO

o*(y)

=@ (x cos y),

X =const.

[TpeanosioxkuM cHayaja, YTO aMIIHTYALI, KOTOPhle HAC HHTEPECYIOT,

npoctatouHo Magabl x<d. Toraa, Kak 3to BuAHO u3 puc. 20, ¢*(y)

=0 aas1 MOGLIX ¥, MOCKOJALKY B 3TOM cayyae |2| =x|cosy|< x < d.
CnegoBaTenbHo, Ha KoJeGaHHs € MaJjblMH aMIIMTYAaMH BO3MY-
lamliasi cuia ¢ He OyAeT OKasblBaTh BJAMSHHSA, U KoJeGaHHS Ha-

cosy

-
r T ¥
AN
[ |
I [ ] 'qol l |
I l | |a-d l I
‘ﬂ#yuyzl/“\! | g
|| . | I a-x
I Lol
Puc. 22.

Iero MasTHHKa 6yAyT COBMAaAaTh C
OOBIYHBIMH JTHHEHHBIMH KOJeGaHHA-
MH C TOCTOSIHHOH yacToTOoH j=a.

CoBceM HHaue GyAeT 06CTOSAThH
neqo aas kKoaeGauu#h ¢ Jocra-
TOYHO OGOJBIUHMH  aMIIHTYJaMH
x>d.

Kak 310 BHAHO W3 puc. 22,
¢yukuus ¢*(y) onpenensiercs cie-
JAYIOUIUMH COOTHOILEHHSIMH:

3neck 3HAUeHHsi apryMeHTa y; TaKHe:

»
[Tocsie TOro Kak COCTaBJEHO BHpaKeHHe 1Js @,

_ d
Yy = arccos(— - ),
_ d
Yo = arccos (-—x ),
_ d
Y3 = arccos (-—x ),

= I'CCOS(— ""i")
y4_a x /!

ye(—n y1) ¢ =d+ xcosy,
S, y) ¢ =0,
€ (ys, y3) ¢ =xcosy—d,
E(ys, y) 9 =0,
= (y;, M) ¢ =d+ xcosy.
1
yle(—ﬂ, _—2"”),
1
y2E(—§ﬂ, 0)}
Ly
ySE(O, '5312)',

JIEFTKO MOXKHO
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BHIUHCJHTB ¢g(X)
Ys

G2(x) = f(d+xcosy)cosydy+——f(xcosy d)cos ydy+

Y2

—l&— f (d + x cos y) cos ydy.
Y
ITpoBons BHIUHCJEHHSA, IOJYyUHM

éz(x) =—L { d[sin y,—sin y3+sin yo—sin y] +
5 [2n+y1+y3 Yo— Yl + 7 [5in 2y, + sin 2y, — sin 2y, — sin 2y,].

d
O603HaYHM arccos — =& Torag

p=—@—a) yp=-0 yp=0 y=n—a
IToatomy »
Yt Ys—yp—yy=—2n+4a= —2n+4arccos%.

JaJjee, ucIOJb3ysl BhHpaXeHHe y;, Mbl HalifieM, UTO

siny, = — i—lfxz—dz, sin gy = — % Vxi—d2,
. 1 . Y
sin gy =—V £*— %, sinyy=— Vx*—d?,

sin 2y, = i—f Vx2—d2 sin 2y, = — 2 V 22— &2,

x2
. 4
sin2y; =+ 5 Vai—d?, sin2y,=— “n sz— d2.
Cobupas BCe 3TH pesynb'ram MOJIYYHM OKOHYATEeJLHO

P2 (x) = { 2 VxF—d+ 2x arccos —} (1.18)

Takum o6pasoM, KojebGaHHe H3YUaeMOro HE/JTHHEHHOro OCIHJJATO-
pa B paMmkax Teopun Ban-mep-Iloas MoXHO paccMaTpHBaThb Kak
KoJeGaHHe rapMOHHUYECKOTO MasiTHHKA

z=x cos Qf

¢ noctosuHofi wactotoll Q. OT/JHYHE OT rapMOHHYECKOTO OCIMJIA-
TOpa COCTOMT JIMIIb B TOM, YTO 4acToTa

Q1) =0 — 5o (1), - (L19)
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corsiacHo (1.18), 3aBHCHT OT aMIJIHTYbl X

! © 1npH x<d, ,
Q(x) l ~ e [2x arccosi————l/ 2 — d2] npu x>d.
I'paduk 3Tokt 3aBHCHMOCTH NpPHBEJEH Ha pHC. 23.

" PaccMorpeHHasi’ HaMH CHCTeMa, COIVIaCHO BBEJEHHOMY ompejie-
JIEHHIO0, SABASETCH MATKOH — C yBe/IHUEHHEM aMIIUTYIbl YacTOTa ee
KoneGanmii yMeHblIaeTcs.

7. JluccunaTHBHAA CHCTEMA. HepepmeM Tenepb K nayqeﬂmo auc-

CHNIATHBHBIX CHCTEM, T.€. CHCTeM, B KOTOPBIX NPOHCXOAHT pPacceH-
BaHHE 3HEPTHH.

e : , PaccmoTtpum ypaBHenue thna (1.1)

it w2z=cp(z). (1.20)
w — — — — [llonHas 3sHeprus MasTHHKA, ABHXKeE-

HHE KOTOPOrO ONHCBHIBAE€T YpaBHENHE
(1:20), onpenensiercss dopmynoi

|
d z E= —;— (2% + 0%?).

Puc. 23. Hns toro utro6bl paccMaTpHBaeMas
. MeXaHHYecKasi cHcreMa Obljia AHCCH-
naTHBHoﬁ T. €. JAJs Toro uto6bl BAOJb TPAeKTOPHH NPOH3BOAHAS

6bma OTPHLATE/bHOH, AOCTATOYHO, UTOGHI prHKuHﬂ ¢(2) yno-
BneTBop;ma YCJIOBHIO
sign @(Z) =—sign 2. (1.21)

JIlns mokasaTenbcTBa BHIYHCAHM NPOH3BOAHYIO NOJIHOH SHepI‘HH
B CHJIy YPaBHEeHHS (1.20)

%?— =22+ o%z=¢ep(2)2.
Ha ocnoBauuu (1.21) nosayunm

L2

PaccmorpuM Tenepb Ans ypasHeHus (1.20) ykopoueHHble ypas-
geHus (1.8). OyHKUHA P2(X) HMeET BHA
2n

@2(x)=%fcp(—xmsiny)cosydyEO. (1.22)
P L
TakuM o6pa3oM, AHcCHNATHBHas cucteMa Buda (1.20) obnapaer

CBOACTBOM H30XPOHHOCTH — 4acTOTa KoOJeGaHHH HEe 3aBHCHT OT
aMIIUTYABL.



§11 v METO BAH-LEP-TIOJISt 151

- OTOT .pe3yJbTaT HOCHT NPHUOMHKEHHBII XapaKTep, MOCKOJbKY

OH MoJy4YeH He u3 noJaHoro ypasHeHus (1.20), a Ha oCHOBaHHH HC-

cl1eloBaHUA NpUOMMKeHHbIX ypaBHeHu#l Ban-nep-lloas.
BbiunciuM ellle GyHKUHIO @y (X).

2n

_ 1 . .
¢l(x)='ﬁf¢(_ xosin y)sin y dy.
0

Oyuxuusa ¢(u), cornacHo (1.21), ob61anaer cBORCTBOM
sign @ (—u) =sigm u.

Orclona cpasy cjelyer, YTO NMOJBbIHTErPajJbHOE BbIpaXKe€HHe BCeria
nonoxutenbHo. Mtak, QyHkuus §,-(x)- Bcerna monoxurenpHa. Cie-
IOBaTENBHO,

.dx

S=- % $1 (x) <0, (1.23)

Takum o6pa3oM, aMmiuTyna KoJjebOaHHH X — MOHOTOHHO YOBIBalo-
uas ¢yuxnusa. Jas onpeneneHds 3aBUHCUMOCTH X ({) MbI JOJXKHBI
NPOMHTEr PUPOBAThH ellie HeluHeHoe ypaBHeHHe (1.23).

B kauecTBe npuMepa pacCMOTPHM KosieGaHHe MasiTHHKA MPH Ha-
fIHYHH MAJIOTO BA3KOIO TPEHHA

¢ (2)= —kz.
Torna

2n .
_ __ kox ;9 __ kox
¢ () =~ 0J~sm ydy=——.

UHnTerpupys 3ateM ypaBHeHue (1.23), nonydum
’ ) ekt

x=xe %,

rie Xo — HayaJbHas aMIHTYAa. TakuM o6pasoM, ypaBHeHHs Ban-
zep-ITonsi mo3BONAIOT NpPEACTaBHTb KoJebaTeNbHBI Mpolecc, Onu-
chiBaeMblil ypapHeHueM (1.20), B cienyomeM Buje:

ekt -

x=xe 2 cosol. ' (1.24)
Has Toro cayyasi, korna @(zZ) =—k2, Xopoulo H3BeCTHO TOYHOE pe€-
uleHue C ' .
. - _ ekt ———F
2=1xe 2 cos ]/meEQTt. (1.25)

Conocrasass (1.24) u (1.25), mMbl B4AMM, 4TO oWHOKa, KOTOpas
‘BO3HHKAeT H3-3a 3aMEHbl TOYHBIX ypaBHEHHH YKOPOYEHHBIMH, HMeet
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BTOPOH MOPSJAO0K MaJOCTH N0 OTHOLUEHHIO K HHTEHCHBHOCTH BO3MY-
WeHHA e.

B KauecTBe BTOpPOro mpHMepa pacCMOTPHM 3ajlauy o Koaeba-
HHH MasiTHHKAa B CPejie, CONPOTHBJEHHE KOTOPOH MPOMOPLHOHAJNbHO
KBaJApaTy CKOPOCTH. YpaBHEHHe [BHXEHHSi B 3TOM CJyuae HMeeT
BHJL

it+ea|z|2+w22=0,
T. €.
o(2) =—a2|z|.

CocraBHM [epBOe H3 YKOpDOUEHHBIX YypaBHeHu#l Bau-gep-ITons,
[TpoBenst Heo6XOMHMEIE BHIKJAAKH, MOJYUHM

dax?m
3n

i=—c8

H, cjaefloBaTenbHO, GyfeM HMeTh CJAeAYION(Yi0 3aBHCHMOCTb aMILIH-
TYAbI OT BpeMEHH:
Xo
4deamx ¢
1+ ¢
3n

X =

8. ApTokoneGateanHas cucreMa. [TokaxeM, Kak mMeron Ban-aep-
[Tons MoXeT HCHONB30BAaTbCH AJS OTHICKAHHA ABTOKOJAEGATENBHBIX
pexuMoB. PaccMoTpuM ypaBHeHue Bau-nep-IToas

F+z=g(l — b2?):. (1.26)

ATo ypaBHeHHe Mbl yXe pacCMaTpHBAa/Jd B NMpefbIAYILEH riaBe Me-
tonoM [lyankape. [lpumeHum Ttenepr Merod Bau-gep-Ilona aas
OTBICKAHHSI €ro CTAalUHOHAPHBIX peieHHH., CoOraacHo H3J0KeHHOH
TEOPHH AJA 3TOr0 HaM JOCTaTOUHO BEIPA3HTh PyHKUHIO @ (X)

2n

¢l(x)=——;TJ‘(l—bx"’cos"’y)xsin"’ydy (1.27)
o

H ONpefeNuTb KOPHH ypaBHEHHS
¢1(x) =0.
Bruncasas (1.27), Haxoaum
@1(x)=§(—’3;‘—’_— 1). (1.28)
Kopnu ypasnenns (1.28) 6ynyt
x, =0, x2=21/§. (1.29)
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Takum obpasoM, ypaBHeHHe Bau-pep-Ilonsa nomyckaer npu 6>0
IBa CTallHOHApHBIX DeXXHMa: COCTOsIHHe MOoKoA X =0 M aBTOKOJe-
6aTe/bHBIH PEXHM ¢ aMIIMTYLOH

XQ=2‘I/%.

Eciu 5<0, TO elHHCTBEHHBIM CTAlLHOHAPHBIM pelleHHeM Gyaer co-
cTofHHe mokoda x = 0.

AHanoruuHblii pe3ynbTaT Mbl YCTAQHOBHJIH PaHee, HCIOJb3YS Me-
toR Ilyankape. Meron BaH-pep-lIlons nosBonsier MoONy4uTh TOT XKe
pe3yJabrart, Ho 60/e€ 3KOHOMHBIM cmoco6oM.

9. IkBHBaAJIEHTHASl AMHEAPH3aLMsA B KOHCEPBATHBHBIX CHCTEMaX.
Ho cux nmop Mel paccMaTpHBaJH Kose6GaTe/bHble CHCTEMH

i+F(z, 2)=0, (1.30)
rie ¢yukuus F(z, £) uMena BuA
F(z, 2)=0%2—¢eq(z, %). (1.31)

Meron pelleHHs 3ajau TeOpHH KoJeGaHHH CyllecTBeHHBIM o6pa-
30M HCMOJIb30BaJ TOT (akrt, uto QyHkuua F(z, ) 6iH3Ka K JHHeH-
Hoil. OHa oTiHuaercs OT ®?Z TONBKO WJIeHaMH, MOPAJOK KOTOPHX
paBeH O (e). Mmenno 3to o6crodATedb-

CTBO CJYXHJO HaM ONpaBlaHHeM AJA Frz)

npelcTaB/JeHHs pelleHAss B ¢opMe 2= y
=XCOSYy, rle X U Y — of — BEJHUHHH,
MeLJEeHHO MeHsAwLHecs. 3a]aud TeOpHH
KosieGaHuil, B KOTOpHX (yHkuus F(z,z) z
nMmeer ¢opmy (1.31), MBI YCJOBHJIHCH
Ha3bIBaTh KBa3HJHHEHHLIMH.,

KBa3n/iHHeflHas TpaKTOBKa 3amauy
BIOJIHE ONpaBJaHa, €CJH peub HIET O Prc. 24.
CHCTEMAX, JBHXKEHHE KOTOPBIX MPOHCXO-

AAT MOJA AEHCTBHEM CHJI, AIBJAIOLIAXCA aHAJHTHUECKHMH (YHKUMSA-
MH ¢asoBbix KoopauHar. Torna ¢yukumio F(z, 2) Bcerna MOXHO
MPEACTaBHTb B BHJE

F(z, i) =0%+ki+ap22+ay2®+... (1.32)

KBasuinHedHas TpakTOBKa (T.e. BO3MOXKHOCTb MPEACTaBHTb (¢YHK-
unio F B Bupe (1.31)) Oyner o3HauaTb B 3TOM cJyyae TOJBKO
OJIHO; MH OrpaHHYMBaeMCfi PacCMOTPEHHeM JH{lIb MaJHX KoJeba-
HHH, MpH AONMOJHHTENBHOM YCJAOBHH, YTO WMHTEHCHBHOCTb CHJ, pac-
CeHBaIOLHX SHEPrHI0, TaKXe MaJa.

[TpenmosiokuM Tenepb, UTO BO3Bpalllalollas CHAa HMeeT B/,
u3obpaxeHHblll Ha puc. 24. Pynruus F(2) He sABIfeTCA aHANHTH-
ueckoll. CuaepoBaTenbHO, AJsi Hee He CYLIECTBYET NpeacTaBJeHHs
(1.32). Ha nepBuit Barian KaXerca OecCMBIC/IEHHHM caM BONMpPOC

-d
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0 BO3MOXHOCTH H3YYeHHS Ko/JeOaHHH TaKoH cylllecTBEHHO HeJiHHe#-
HOM cHCTeMbl B pPaMKaXx KBa3sW/JHHeHHOH Teopuu. C apyroit cropo-

, ypaBHenHe (1.30) u B 3TOM cJyuae ONHCHIBaeT KoJebaTesbHHIH
npouecc. Iast Toro yto6bl B 3ToM YO€AHTbCA, AOCTATOYHO YCTaHO-
BHTb, YTO ypaBHeHHe (1.30) gomyckaer HHTerpaJj 3HepPTHH

= Lo, 1 -
E=5&+3 V(2)=
2
rie ¢ — MpPOH3BOJIbHAsl MOCTOsIHHasl, a V = QJF(z)dz H Ho-

CTPOHTL Ha30BYI0 MJIOCKOCTb (pHC. 25). Ml BMHM yto ¢a3oBHe
TPaeKTOPHH paccMaTpHBAaeMOH  CHCTeMBbl
3aMKHYTHIE, T.€. BCe pellleHHs ypaBHEHHUs

i+F(z)=0. (1.30")

nepuoauueckue. KauyecTBeHHBII XapaKTep
peuwendit ypaBHeHus1 (1.30), ecrtecrBeHHO,
HaBOAUT Ha MBICAb O 1€71eCO006Pa3HOCTH
anmnpoOKCHMHPOBaTb €ro pelleHHsl Bhlpaxe-
HHEM

2=x cos Qf, (1.33)

Tle X — HeKoTOopasi NocTosiHHas. BesHunHa

Q Takxe MOCTOSIHHAS, HO OHa JOJXKHA 3a-

Puec. 25. BUCeTb OT aMIUIHTYJbl X, TAK KakK CHCTeMa

(1.30") 'He H30XpOHHAa M BpeMsl MOJHOrO

o6xona u3zobpa)awlled TOUKH BOKPYr Hauyaja KOOPAHHAT BJAOJb

($a30BOH TPaeKTOPHH 32BHCHT OT MOJIOXKeHHs Ha30BOH TPAeKTOPHN.

IpyruMH cJIOBaMH, BelHYHHA € ROJXKHA CYHTATbCA QYHKUHeH aM-
MJTHTY ABI

Q=0Q(x). ‘ (1.34)
TakuM 06pa3oM, BOMOPOC O BO3MOXHOCTH - ANNPOKCHUMHPOBaTb pe-
wenne ypaBHeHuss (1.30) Bbipaxensnem (1.33) cBeics K BO3MOX-
HOCTH Orpeie/uTh HajjexalluMm obpaszom dyHkuuio (1.34).
®dyukuus (1.33) ynosaerBopsieT ypaBHEHHIO

, F4+Q22=0, . (1.35)
OfHCHIBalOlIEMY KosiefaTelbHble ABHXKXEHHSI MOA AeHCTBHEM BO3Bpa-

uLalolled CHAHI
Q2(x)2=Q2(x)x cos Q(x)1.

dyukuus F(2) B 3TOM cayuae uMeer BHA F(x cos Qf), 1. e. siBasier-
¢ yeTHOH mepuofHyeckoH G yHKIHeH BpeMeHH H MOXKeT OblTb pa3s-
JoxeHa B psi Pypbe

F(2) =a4(x) cos Qt+as(x) cos 2Qf+. . ., (1.36)
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rie
P 2n
f F(xcosy)cosydy. .
0
Tlonoxum Tenepb )
- ' F(z) =Q%(x)z—ep(2) (1.37)

u noabepeM ¢yHxuuio (x) Tak, 4TOOBL. pelUeHHEe = YKOPOUEHHBIX
ypaBHeHHH Ajs caydas, korja ¢yHkuus F(2) umeer sua (1.37),
coBnajagno 6bl c pemlenueM ypaBHeHus (1.35). Jlerko.Buaers, uro
JUIS1 3TOT'0 AOCTATOYHO MPUHSATH o

- Q2(x) cx=au(x), (138)

a()=)/ 2.

B caMoM jeJsié, B 3TOM CJyuae
ep(2) = —[ay(x)cos 2y + az(x)cos 3y + ...].

OTKYa

CiefoBaTeqbHoO,
2n
&Py (x) == fcp(xcosy )cosydy =0,
0

§=2Q(x).

I/ITaK qucnpyﬂ aMIVIHTYAY X, MBl HaXOAUM 4aCTOTY SKBHBAJIEHT-
HBIX JIHHEAHDIX ‘KoJsieGaHu# 1o (popmyJIe

Q () =

f F(x cos y)cos ydy. (I’.38’)7

2:1x

dta ¢dopmy/aa onpeiensieT 3aBHCHMOCTb 4YaCTOTH KoJeGaHHH OT
AMITHTY JIBI. ‘

Urak, Merof 3>KBHBAJ€HTHOH JIMHEADH3alliH COCTOHT B 3aMeHe
ypaBHeHus (1.30) suHelinbiM ypaBHenuem (1.35), rae Q(x) naercs
dopmyroi (1.38). Hanmomuum, 4To aMIJIHTYAa X 3[eCb CYHTaeTcs
3alaHHOl MOCTOSTHHOH.

MeToaL SKBHBaJeHTHOH JIHHeapH3alHH pa3paGoTaHH cefuac
HE TOJbBKO JJIS1 KOHCEPBATHBHHX cHCTeM. [loapoGHoe H3JMOKeHHe
STHX BOMPOCOB COACPXKHTCA B moHorpaduu H. H. Boronw6osa u-
0. A, Murponoasckoro *).

*) H. H. Boroaw6os, Q. A MHTpOHOJH:CKHﬂ AcHMRTOTHYECKHS
METOAH B TeopHuH HEHHERHBIX KOACCaHH, ‘Duamarrna, 1958,
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10. 3aMeyaHHe 06 HCCAeAOBaAHHM YycToHuusocTH. Meton Ban-
nep-TTosis mo3BOJAET HE TOMBKO OTBICKATH CTAlIHOHADHBIE PEXHMBI,
HO M M3YUHTb XapakTep KoJeOaHHH CHCTEMBI B OKPECTHOCTH 3THX
PeXHMOB.

[Tyctb x* — HeKOTOpPHIH CTallHOHApHBLIH PEXHM, H NYCTb B MO-
MeHT [=0 3HaueHHe aMIJIHTYAB He COBHIAajaer ¢ x¥; Torja BO3HH-
KaeT 3ajaya 06 HCCJIeOBAHHH MOBEJEeHHs aMIIHTYABI, eCJH OTKJO-
HeHHe aMIIHTYAbl 6X=X —— x* OT cTaluuOHapDHOrO 3HaYeHHSl HeBe-
JIHKO.

CocTraBUM YpaBHeHHE B BapHalMAX AJS YKOPOYeHHBIX ypaBHe-
Hui {1.8)

b= — 2 40 4 (1.39)

® dx

Orclofa cpasy cjaelyer, YTO XapakTep H3MeHEeHHs BeJHYHHH OX

. dpg(x o

Ol'IpeILeJTHeTCH TOJJBKO 3HAKOM l'IpOH3BOILHOH _—(_pdlx(_)’ BBIYHCJIEHHOH
dp, (x

IJf CTallMOHAPHOrO 3HayeHus aMIiauTyab x*. Ecau id‘x(—)>0, TO

aMILIHUTYyAa X yObIBAeT M CTPEMHTCH K CBOEMY CTallHOHapHOMY 3Ha-
YeHHIO, B IPOTHBHOM cllyuae X (£) pacrer.

[TpoBeneHHble paccyXJeHHS OYeHb YacTO Ha3blBAIOT HCCJ/IENOBa-
HueM ycrofiumBoctH. OnHAKO YKODOUYeHHble ypaBHeHHs BaH-gep-
[Tons saBasoTcA TPHOJHXKEHHBIMH, H MBI HCCJIeLyeM YCTOHUHBOCTb
He HCXOJHOro Npollecca, a HEKOTOPOro pelileHHs ypaBHeHui Ban-
nep-ITonsi. TeM He MeHee 3TO pacCyXJAeHHe MOXeT OHITb OYeHb MO-
JIE3HBIM U151 H3YUeHHs] TEHJEHIHH H3MEHeHHs X Ha HeKOTOPOM KO-
HeyHOM (M, BoOOlLe roBOps, AOCTATOYHO 6OJbLIOM) HHTepPBase Bpe-
MeHH.

Caenyer 3aMeTHTb, YTO NpejAsaraeMas NpoLELYpa <«HCCAeNOBa-
HHSI YCTOHYHBOCTH» OuYeHb mpocta. [1s pemenus Bompoca 06 ycToi-
YHBOCTH HaM JAOCTATOUHO BBLIYHCJIHTb NPOH3BOAHYIO B TOYKe X=Xx¥.

PaccMoTpuM, HanpuMep, ypaBHenHe (1.26). PyHRums ¢i(x)
onpeaensiercs GopMynoH

BrluHcauMm

491 _ 3 poo_ 1
=< b’ — . (1.40)

Mbl 3HaeM, uTO /BHXKEHHE, KOTOpPO€ OINHCHLIBAeTCA1 YpPaBHEHHEM
(1.26), nMeer fBe cTalHOHADHbIE TOUKA X¥=0 1 X =2 V1/b. Tak xax

a4\ __ 1
; ( dx )x-o”—' 2 <0,
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TO MOJNOXKEHHe paBHOBecHsl x=0 HeycToHuHBO. BolunciuM pajee

(d0) i

Takum o6pa3oM, mnpedeNbHBIH LHKI OKa3bBaeTcsl YCTOHYHMBBHIM.
YpaBrenne (1.39) nerko uuTerpupyercs

6x=6x0exp{—{;—ﬂ1‘x—m—t}. (1.41)

®opmyna (1.41) HaM faerT 3aKOH H3MeHEHHSl aMIUTHTYABI B CJydae
MaJsblX OTKJOHEHHH OT CTallHOHapHOro pexuma. CToib ke MPocTo
MOXKHO ONpEJeJHTb H3MEHEHHe YacCTOThl CO BpeMeHeM. JInHeapusys
BTOpOe H3 ypaBHeHHH (1.8), MBI onmpenenum

J=Q (' +6x)=Q(x")+ 86x° { %x(f L dq;;x(x) }exp{—%—dq";x(x)t},
(1.42)

rae
Q(x) =0 — —= ().

dopmyner (1.41) u (1.42) onHcbIBalOT nmepeXOAHBIH MPOLECC NPH
MaJIbIX HadaJbHBIX OTKJOHeHHAX. Jljfd H3yYeHHsl IPOH3BOJBLHOrO
[IEPEXOJIHOTO MPOLECCa MBI AOJMKHB HAHTH YHCIEHHOE PelleHHe mep-
Boro u3 ypaBHeHu# (1.8), 94TO HaM JacT 3aKOH H3MEHeHHA aMILIH-
Tyapl. BTopoe M3 3THX ypaBHEHHH IMO3BOJHUT TOIla B SIBHOM BHJE
BBIYHCJIHTB CKOPOCTb H3MeHeHHA ¢asbl = Q (7).

§ 2. Meron Bau-zgep-Tlons B cucremax,
GIH3KHX K KOHCEPBATHBHHIM

1. 3amena nepeMenHbix. Ban-gep-ITonb W ero mocnenoBarend
paspaboranu 3¢¢deKTHBHbIE METOJbl HCC/IEeJOBAHHS KBa3HJIHHEHHBIX
3ajau TeOpHH KosebaHui. B 3TOM Cclyuae moOpoXKAaIOIIHM fBJsETCA
JuHefiHoe ypaBHeHHe, OJHaKO He TMpeJACTaBAAET CYIECTBEHHOrO
TpyAa pacnpoctpaHuth Meron Ban-gep-ITons Ha Gomee obuiue 3a-
JlayH TeOPHH HeJqHHeHHBIX KoJsebanuil. B 3tom maparpade mbl 6y-
JeM H3ydyaTb KojeGaHHSI B CHCTeMaX, OJNH3KHX K MPOH3BOJBLHEIM
KOHCEpBAaTHBHBIM, KOIJla MOPOXKAAIILHM ABISAETCS YXKe HEKOTOpoe
HeJiMHeHHOe ypaBHeHHe. Mbl y6emuMcsi, 4TO B TOM cJjydyae, KoOIAa
ero ofllee pelleHHe H3BECTHO, pPellleHHe HCXOLHOTO ypaBHEHHs MO-
KeT ObITh MOJYYEHO NPH MOMOIIHM CTaHAAPTHBIX pacCyKAeHHH mpe-
abiayulero maparpada.

Wrak, paccMOTpHM ypaBHeHHe

i+f(2) =ep(2i), @1y
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rie e — Ma/blil napamerp. IlopoxpawouiuM ypaBHeHHeM fBIfieTCA
i+f(z) =0. ‘ 2.2)

OtHocuTeNbHO ypaBHeHHs (2.2). 6yaeM mpeamosaraTtb, uto ero 06-
LIHH HHTErpaj HaM H3BeCcTeH U MOXeT ObITh BHIMHCAH B SIBHOM BHJE

2=Q*(x, t+1), (23)

rie x u f, — NPOH3BO/IbHble mocTostHHBle, KpoMe Toro, mMbl GymeMm
cuHTaTh, uto f(0) =0, M paccMaTpuBaTh Ty 06/1aCTh (Pa30BHIX Nepe-
MEHHBIX, B KOTOPOH BCe pelleHHA ypaBHeHHs (2.2) — mepuonuue-
CKHe (byuxuna BpPEMEHH.

- Urak, dpynxuus Q* Oymer mepHonHueckonn (yHKuHeH ! mepHo-
na T. Hepnou Oyzer 3aBHceTb (B OOlleM c/aydyae) OT IOCTOSTHHOM
X, KOTOPYIO MBl YCIOBHMCSl HasblBaTb aMIHTYROH. a1 TOro 4yto6ul
HMeTb [e10 ¢ . (YHKIHEeH OfHOro mNepHona, BBEIEM HOBYIO mepe-
MEHHYIO

y=o(x) (t+h).

3necb MHOXHTeNb @ (x) BbIOpaH TakHM 00pa3oM, YTOGBHl (YHKIHS
Q(x, ¥) =Q*(x, t+1)

Oblia MEepHOAHYECKOH N0 Y mepHofa 21w. DTHM YCJIOBHEM BeJHYHHA
@{x) onpenensiercs oAHO3HauHO. OHa sABAseTC HOPMHPYIOIHUM
MHoxHTeJeM. Ilo ‘aHa/JorHH ¢ JHHEHHBIMH CHCTEMaMH YCJOBHMCS
Ha3blBaThb ee yacToToH, a ¥y — (dasof. ~

3ametum, uto BYHKIHA Q (X, y) TOXKIECTBEHHO, T. €. NPH JIOOHX
3HaYeHUSAX X H [fo,- YAOBJETBOPSieT HOPOXKIAIOUIEMY YpaBHEHHIO
(2.2). TakuM obpasoMm,

£+1(2) = 0*Qu+1(Q) =0. (24)

Tlepsbiit war npu peanusauuu Meroiaa Ban-mep-ITons cocrout
B'32MeHe OJIHOTO ypaBHEHHS BTOPOTO MOPALKA CHCTEMOH NBYX ypas-
HeHHH mepBoro mopsafka. JJIs 3TOro HCMONB3YeTcs KJacCHUECKHH
MeTO/l BaPHAIHH NPOH3BONbHBIX MOCTOSIHHBIX.

* B kauecTBe HOBBIX NMepeMeHHbIX B NpelblaylleM maparpade Mol
HCONb30BANH aMILIUTYAY. H ¢a3y. TouHo ‘Tak XKe Mbl MOXeM ToO-
CTYyNHTDb H B JlaHHOM ciyyae. Mtak, Mbl nMeeM

zZ= Q(x, ). (2.5)
[TonoxuM, KPOME TOrO,

i=0Qy (x, 1), (256)
PaBencrBa (2.5) # (2.6) OmpeNensoT 3aMeHy- flepeMeHHbiX.- CocTa-
BHM Telepb YpaBHEHHS, KOTOPBIM -YIOB/AETBOPSIOT -HOBbIE HepeMeH-
upie. Huddepenunpys (2,5) u NpHpaBHUBARK NONYYEHHOE BbIpaXKe-
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HHe BhIpaXeHHioo (2.6), cocTaBUM mepBoe H3 COOTHOLIEHHH MexXKay
[POU3BOAHEIMA HOBBIX MepeMEHHBIX

’ Q2+ Quy — 0Qy=0. , (2.7).
310 ypaBHeHHe NpelCTaBser co6Goit yc/ioBHE COBMECTHOCTH Ofpe-

zenenuit (2.5) u (2.6). Bropoe ypaBHeHHe MONyuHM, MOACTEBIAR
BoIpaxenue (2.6) B ypaBHeHue (2.1):

(Quo’ +0Qx) E+ 0y Quy+1(Q) =0 (Q, 0Q,), (2.8)

’ : - do (x)
rpe @ O3HauyaeTt npousBOAHYIO T .

‘Cucrema (2.7), (2.8) npexacrapiasier coboii cucreMy IBYX JHb-
(depeHlHANTBHEIX ypaBHeHH#l oTHocutenbHO (GyHkuMA x u y. Has
JajbHeldllero HaM HaJ0 pa3pellidTb 3TH ypaBHEHHUA OTHOCHUTE/BHO
Npou3BOJAHHIX & H j. [Tocse oueBHAHBIX npeoOpa3oBaHUA MOJYUHM

x {[Q¥ny - Qnyy] - (’)IQ.:?/} -
—{0%Q,, +1 QN Q, = —ep(Q, 0Q)) Q,,
{QQ(’) —m[Q Qu—Q Qxy]}
—{0Q,(0'Q, + 0Q,) +[(Q) Q}= —ep(Q, OJQ ) Qs
BBejeM 06o3HauEHHE
=[Q.Q,, — Qnyy] © — o'Qj.

Ianee 3aMeuaeM, 4To B.THJAY TOXJAecTBa (2.4) BTopas ¢urypHas
ckoOka B nepBoM U3 ypaBHeHuH (2.9) paBHa HyJi0. TouHo Tak Xe
MoXeT OHTb YOpOLIeHO BTOpOe C/araeMoe BO BTOPOM M3 YpaBHe-
Huit (2.9). Jlas 3toro Mbl 3aMeHHM (BYHKIHIO f(Q) ee Bblpamem{eM

24
e (24 f(Q) =0 ny,

(2.9)

TOrAa MOJYYHM
0Q,(@'Q +mQ,,y)+f<Q)Q ~o[o ’Q2+w(Qny -Q,Q,,)] = — oA

Hrak, cucrema (2.9) MoxeT GHITE Tenepb nepenueaHda B BHAE:

Cuctema JByX ypaBHeHHA mepBoro mopsanxka (2.10) IKBHBAJIEHTHY
HCXOJHOMY YpP4BHEHHIO BTOporo mopsiaxka (2.1) *)

2. ¥xkopoueHHbie ypaBHeHus. Cucrema (2.10) copepuieHHo aHa-
jgornuna cucreMe (1.7). Ilogo6HO efi oHa Tak:Ke MpENCTaBISET CO-
6ol cucTeMy ¢ Bpautaouleiica dasoi. Ee npabble dactu ABAAIOTCH

_*) Mu npeancsiaraau, uto ¢yHKuMs Q ssnsercss nepropuueckoi. Ias By-
sopa ypasnenuil (2.10) 3To npeanosokente ne Tpebyercs. 3amena (2.5), (2:6)
Hac npueefeT K ypasHenHsM (2.10), KakoBH G6u tu ObirH QyHKIHH Q H @.
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MEepUOTHYECKUMH (YHKUHSIMH y NMepHoJa 2m, MOCKOJBKY TaKOBBIMH,
IO MpeanoNoXKeHH IO, ABiasercs QYHKUHA Q U ee uaCTHbIE NPOU3BOA-
uue, CienoBaTeqNbHO, [/ HCCJeNOBaHHA 3TOH CHCTEMbl Mbl MOXKEM
NpHMeHHTL paccykaeHus Ban-nep-Tloss u 3aMeHuTh cHcteMy (2.10)
YKODOUEHHBIMH YPaBHEHHSIMH, KOTOpble B DacCMATPHBAaeMOM CJjyuae
6yayT HMeTb CJAeNYIOLHA BHA:

. e
X = — onA f‘Pde!/,
-0
(2.11)
. €
j=0k)+5x f 9Q. dy.
0
[lpu BHimucHIBaHHH cucTeMBbl (2.11) Mbl BHIHeC/HH (QYHKUHIO A H3-
IO 3HaKa HHTerpajta. Mbl He clenanu npH 3TOM OWIHGKH, IO-
CKOJIbKY, KaK MBIl ceHuac mokaxeM, GyHKUHSI A He 3aBHCHT OT Ile-
peMeHHOH Y.
JleMMa. Pynkyus A 3as8ucur ToAbKO OT OOHOU HE3a8ucUMOL
nepemenHol — oT amniutyos. Xx.

Hns nokasarenbcTBa BHINHUIEM BHIpAaXKEHHe IOJIHOH SHEPruH IO-
pOXKAalolled CHCTEMBI

E=%+ fzf(z)dz.
0

Wiu, ncnosb3ys oOWHMA HHTerpaj NOPOXKAAIOILEro ypaBHeHHs —
QJyHKumo Q(x, y), nonyunm

=5lm2Q§+ff(Q)dQ.
0

Ho ¢yukuua Q ynosJerBopsier ypaBHeHHIO (2.4)
m2ny+f(Q) =0

s Jio6ux x. [TosToMmy, Boiuucaas E,, OyneM HMeTb
Q
2 d aQ _ 2 -
E,=0'Q,Qu + 7 | [(QdQ4L =@, (07Q,, +1(Q)) =0
0

CnepnoBarenbHo, GyHKuusA F He 3aBHCHT OT ¢a3bl Yy, OHA 3aBHCHT
TONBKO OT aMIuTYAn X; E==E (x). OTclo4a cielyeT, 4To H A Takxe
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HE€ 3aBHCHT OT ¢)aSbl Y. B camom aese, nocjaeinsasa BEJHUHHA CBA-
3aHa C BeJHuYHHO#H E oueHb NPOCTLIM COOTHOWLICHHEM. Boluncaum

Q ;
E,= 2| 202+ [ 1(Q)dQ) = 0/0Q? +a%Q,Q,, + QF (Q).
0

3amenss f(Q) ero Bupaxeuuem Hu3z (2.4), NoayuHM
E,=-o {[Qnyy - QnyyJ ©— m’Qf/} = — o)A,

OTKYJa cpasy cleiyeT, UTO BeJHuHHa A -ABadercs GyHKUHed OAHOH
TOJNbKO aMIIHUTYABI X.

HUrak, Mbl nokasany, 4to A HelHHeHHOro ypaBHEHHS BTOPOro
. OpAZKA TaKXe MOTyT ObiTb COCTaBJeHBl YKOPOUEHHble YpaBHEHHA
Ban-gep-Iloas, ecny ToJAbKO B HallleM pacnOPSIXKEHHH €CTb HHTerpaJ
MOPOXK/JIAIOLIET0 YpaBHEeHHA (TOUHBIL WJAH NPUGIHKEHHDbIH).

3. Tpumep. PaccMOTPHM B KauecTBe NIpUMepa 3ajJayy O JHHeil-
HOM JeMI¢pHPOBaHHH HeJHHeHHbIX KosebaHuil. IlycTp IOBHXKeHHe
ONHKCHIBaeTCA ypaBHEHHEM

F+f(2) = — eci,

rie ¢-— HeKoTopas IOJIOXHTeNbHas TOCTOAHHaA. 3TO ypaBHeHHe
ABJAAETCA YACTHBIM CJyYyaeM pAaCCMOTPEHHOro Bblllie YpaBHEHHA
(2.1), korpa ¢yHKLHA @ (2, z')=—cé=———C(ng. Hanuwem gasa asrtoit
3aJauH NepBO€ H3 YKOPOUEHHBIX ypaBHeHHH

;;‘z f Q2 dy. (2.12)

B saBHOM BHIe Mbl He MOXKEM IPOMHTErpHPOBaTh B o6leM cjayuae
5TO ypaBHeHHe, HO MOXeM clellaTb HeKOTOpble 3akiaioueHHd. HHre-
rpan B ypaBHeHHH (2.12) — Bcerma noJoXHTeJbHOE YHCIO

2n

j Q2 dy = (x)>0.
g

Hanee, (x)>0 no cMblcay cBoero onpenefeHusi. Tenepb OTMeTHM,
YTO X — 3TO HEKOTOpOEe HOBOe NepeMeHHOe, Kotopoe mpH £=0 mpe-
BpalllaeTcsl B NOCTOAHHYIO HHTErPHPOBAaHHA MNOPOXKAAIOIIEro ypaBs-
HeHHs. Mbl Ha3BalH ee YCJOBHO aMIJIMTYJOH NO aHAaJOTHH C Teo-
pueit nAuHelHbIX KosMebaHuH. B 3TOM ecTb omnpeneseHHbIH CMBICJ.
B camoM se/e, Mbt TOJbKO UTO YCTAHOBHJIH, UTO NOJIHASl 3HEPrus
NOPOXK/JAlOLIero ypaBHEHHA 3aBHCHT TOJbKO OT 3ITOH IOCTOSHHOM.
3HauMT TOYHO TAK K€, KaK aMIVIMTYAa B JIMHeHHBbIX KoJeGaHusx,
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UMEHHO 3Ta MOCTOsIHHasa HJH Jio0as ee OJHO3HAuHaf (QYHKUHUA OIl-
penensiior 3Hepruio cucreMbl. CrefoBareAbHO, OHa Hrpaer Ty Xe
poJib, 4TO H aMIJIUTYAA.

[pennonoxuM tenepb, 4TO B HauaJbHHH MOMEHT BPEeMEHH 3Hep-
rua E B cucreMe Oblia paBHa HEKOTOPOMY 3HaueHuio £y, H mycTb
B TeueHHe HEKOTOPOTO BPeMeHH OHa HaxoJujach nojl AeficTBueM
JAMCCHMATHBHOH CHABl (= -— £CZ. BBIYUHCAHM NMPOU3BOAHYIO B CHJIY
YKOPOUEHHbIX YypaBHeHHH (2.12), npuHHMas Bo BHHMaHHe HaiijeH-
HOe Bblllle BbIpaxeHue Ey,= — o (x)A:

dE . . e
d—t—E,,x-—o)Ax—-

c®?
2D (x)<0. (2.13)

CrnenoBaTenbHo, NMOA A€HCTBHEM CHABl (= — gC7 3HEPTHS CHCTEMBI
HenpepblBHO yObIBaer. :
Popmyaa (2.13) mosBoafieT AAA KaXA0ro GPUKCHPOBAHHOTO 3Ha-
YeHHSl «AMIIATYABI» X ONpPeAedHTb CKOPOCTb YObIBaHHSI 3HEPTHH.
Yro kacaercfl BeJHYHHBl «aMIUVIUTYABI» X, TO OHa B 3TOM cJyyae
MOXKeT M He YObIBaTb. XapaKTep H3MeHeHHs 3TOH BEJHUYMHBI, KakK
3TO caeayer H3 ypaBHeHHsa (2.12), ompenensiercs TOABKO 3HAKOM
A(x). 3t0 06CTOATENHCTBO MOAYEPKHBAeT TOT (PakT, 4TO (pu3HUe-
CKHH CMBICJ «aMIUTHTY[Ibl» MOXeT He HMeTb HHKAKOTO OTHOLIEHUS
K MaKCHMa/JbHOMY OTKJOHEHHIO OT MOJOXKEHHs paBHOBeCHf, KOTO-

poe Bceria yObiBaeT moj AeACTBHEM JHCCHMATHBHOH CHJIBI.

4. lpyroit noaxoJ K peiwieHHIo Toi XKe 3agaud. B stom naparpa-
(e MBI H3J0XHJIH ecTecTBeHHOe 00001leHHe Metona Bau-mep-ITons
Ha KJacc 3afad, KOTOpPble MOXHO Ha3BaTh CYLIECTBEHHO HeJHHell-
HBIMH. MBI BBeJH aHaJOTH aMIVIMUTYABl U ()23bl H COCTABHJIH YpaB-
HeHHfl, KOTOPBIM JOJKHBl YJAOBJAETBOPSITb 3TH BedHuuHbl. [as
BBIBOJd HAUIHX YPaBHEHHH Mbl BOCMOJb30BAJUCh CTAHAAPTHOH MpO-
nexypoii BapbHpPOBaHHA NPOH3BOJNBHBIX MOCTOAHHBIX. Bee 3TH pac-
CYX/€eHHsS OCHOBBIBAJHCh Ha NPEANOJOXKEHHH O TOM, YTO HHTErpas
MOpOXKAAIoulero ypaBHEHHSI HaM H3BeCTeH B BHJE, Pa3pelieHHOM
OTHOCHTENBHO HEH3BECTHOH QYHKILHH

2=Q(x, t+1). (2.14)

ITopoxpaaoliee ypaBHeHHe (2.2) — 3710 oflllee HeAHHelHOe ypaBHe-
HHe BTOPOro MOpsifika, He colepxKaulee nmepBoil npousBogHoi. O6a
€ro HHTerpaia MOTYT OBITh BCerja BbINHCaHbl B ¢opMe KBaJpaTyp.
OnHako siBHoe BbipaxKkeHHe (2.14) MoxeT OBITH MOJYYEHO TOJBKO
B HCKJIOUHTENbHBIX CAYyYafX.

Bo3MoxHBI ABa NyTH MpeogoseHus 3TOH TpyAHOCTH. [lepBolil —
CTPOMTH TNpHOJHIKEeHHble NpeAcTaBiaeHus a8 ¢yHkuun Q(x, 1),
s storo Mbpl MOXeM, HanpHMep, pacCMaTpPHBATh MOpOXKAaloulee
ypaBHeHHe (2.2) KaK KBa3uJHHeflHoe W HaXOAUTb ero OOWHH HH-
TErpaj TeM HJAH HHBIM ¢rnocofoM, B YaCTHOCTH METOAOM ocpejHe-
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Hus. Takoll MOAXOJ NMPHro/JeH TOJMBKO AJMf CAyuasi MajdblX SHEPrHil.
Bropasi BO3MOXHOCTb COCTOHT B CJaeAylolleM (oHa MNpeAnoXeHa
B. M. BosiocoBbiM) *).

[Topoxaawouee ypaBHeHHe (2.2) aonmyckaeT claeayloUlHe HHTe-
rpanbi:

2+ U(2)=
1 dz .t ‘ _
Pz, a) = @ f Vite T + const = §,

U)=2 [ }(2) dz.

[IpuMeM B KauecTBe HOBBIX MepeMeHHbIX MPH H3YUeHHH ypaBHe-
Hua (2.1) BenuuuHbsl o u B. OHH XapakTepu3ylOoT KoJebaTesbHbIH
npouecc ¢ TOH ke MOJHOTOH, YTO U BEeJHYHHBl X H Y, NPHHATHIE B
stoMm maparpade. Ho, nuddepeHuupys (2.15), B cuay ypapHeHHA
(2.1) Mbl Bcerjla MOXEM COCTaBHTb ypaBHeHus aas o H P. Has
3TOrO, KaK YBH/HM, HaM He Ha/0 SBHOrO MpPE/CTaBjeHUS pelleHHs
B sufle 2=Q (x, t). Urax,

(2.15)

rpge

a=2s5+202

HO
t=— @D teplz 2 LL=27(),
O3TOMY
a=2eq(z, Va—U@2)) Va—U(z). (2.15)
AHa.noquo HaxoJuM
ﬁ—— z+a¢a— T(m)+2£01|J (z, Vo—U@)Va—-U{(2).

Hocxonbxy 2 sIBJseTCS MepHOJHYECKOH MO BPeMeHH, TO 3THM CBOH-
cteoM oOnajaer u BeauunHa f. [TosToMy MBI MOXeM MPOBECTH
ycpeJHeHHe NpaBblXx 4YacTed 3THX yPaBHEHHH no f:

Bt T
a=2 [0 Va-U@a,
X
bt (2.16)
1
ﬁ = T((l) T ((l.) ('p V(l — Z) dﬁ)

rae T(a) — nepuoa GpyHKUHH z(t+to, a).

*) B. M. Boaocos, Hekoropble Buiasl pacyeroB B TEODHH HeJnHeHHbIX
KoqeOanui, cBA3aHHBIX ¢ ycpemHenueM, JKypHan BBIMHCAMTENBHOH MaTeMaTHKH H
maTemaruueckol guauku, Ne 1, 1963,
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B toM BHje, B KAKOM MBH MOJNYYHIH CHCTEMY ypaBHenuit (2.16),
ee ellle Heslb3sl HEMOCPEACTBEHHO HCMO/B30BaTh [Jsl HCCJAE0BaHHA
ypaBHenns (2.1), Nocko/JbKY B MNpPaByl0 4acTb BXOAHT (YHKIIHS
2(x, B), uHTErpHpoBaHHe BejeTcd MO P, a CBA3b MeXKJAY 3THMH

BeJMUHHAMH B SIBHOM BHJAe HaM He 3aja-

4 Ha. Ho, Hcnoab3ys HHTErpas 3Hepriu

N7 T%  (2.15), Mbl MOXeM nepediTH B ypaBHEHHSX

| (2.16) or HHTErpHpoBaHHsa MO NepeMeHHO-

> MY B K HHTErpHPOBAHHIO MO NEpPeMEHHOMY

2. Has toro uro6wl npojenatb HeoGXOmH-
MBble BBIKJ21KH, 3aMETHM, UTO

dz=Va—U(z)ds —B Bepxueit mnoaymso-
CKOCTH (a30BOH MJIOCKOCTH

H
Z -
dz= — Va— U (2) dp — B HuxHelt noaynJo-
: CKOCTH.
Puc. 26. B camom nesne, (cM. pHc. 26), nsobpaxaio-

Hias TOYKa JBHXKEeTCA BAOJb $a30BOH
TPAaeKTOPHH MO YacOBOH CTpeJKe, H CJeI0BATENbHO, B BepXHeH mo-
JYyNJI0CKOCTH dz>0, a B HHXKHel dz<<0.
Hmes B BUAY 3TO 06cTOATENBLCTBO, NEpenHileM ypaBHeHHs (2.16)
B CJeAYIOUleM BHJeE: : :

a = TQ(Z) f(P(z, z)dZ—fqa(zz)dz ’

z

(2.17)

o % a9 D
= T T T fqa—adz—_fqa—adz .

ITepBEIit U3 HHTErpanoB GepeTca Mo BepXHell BETBH tdasoBoil Tpaek-
TOpHH (T. e. BHOJb TOH BETBH, TIe BelMynHa 2=} a— UU),
a BTOPOH — BJlO/Ib HHXHelt BeTBH (T. e.Tae 2 = — Va— U (z)).

B ypaBHeHHsfX (2.17) nOsIBHAHCb HOBBIE BEIHYUHHB 2 H 7 —

MaKCHMa/JbHOe H MHHHMaJbHOE OTKJIOHEHHs OT MO/IOXKEeHHs PaBHO-
BECHSl. 3aMeTHM MpexkJe BCEro, YTO 3TH BEJNHUHMHBI He He3aBHCHMbI;
HM OTBEYaeT QJHO H TO XKe 3HAUeHHe MOTeHUHaJbHOH 3Hepruu U(2)

U(@)=U(z)=a. : (2.18)



§ 2] METOA BAH-AEP-NIOJIA B CHCTEMAX, BJIM3KHUX K KOHCEPBATHBHDLIM |65

Ilanee BMecTO 3HEprHH o yAOGHO B3AThb B KauecTBe NEPEMEHHOro
OJHY M3 3THX BeJHYHH, HanpuMep z. Torga Ha ocHoBanuu (2.18)
. du = -z
= | —— = 2z
a (dz )zcéz 2f (2) =,

H MO3TOMY ypaBHeHHe i Z 6y,1eT TaKHUM:

z = - (2) f(fzf) f———"’(z' A gzt (2.19)

3amMeuasn ele, 4yTo

MH MOXKeM aHaJorHuHeIM o6pa3oM mnpeo6pa3oBaTh H BTOpOe H3
ypaBHenuii (2.17)

2e . r .
|3=1+W zfcp(z,z)dz—fcp(z,z)dz . (2.20)

B cucreme ypasnenu#i (2.19), (2.20) nepuon T(Z) Takxke ompele-
JisieTcs KBajJpaTypaMH

T ()=

dz f_ dz
— e, 21
JVa—U(z)_ J Va-U 22D

YpaBuenne (2.19) onpelenser HaM 3aKOH H3MeHEHHS MaKCHMaJb-
HOTO OTKJIOHEHHS CHCTEMBI OT NOJIOXKEeHHs paBHOBecusi. [ToJyuenHble
BbIpaJKEHHS NOKa3bIBAIOT, UTO 3Ta BaXXHAafl XapaKTEPHCTHKA MOXKET
6biTh HafileHa Ge3 3HaHHA 001Lero UHTEerpajga NOPOKAaloOILero ypas-
HeHH,

BhluncieHHs] 3HAUUTEJNBHO YNPOULAIOTCA, €CaH KojebaHHS CHM-
meTpHuHH. B 3TOM cayyae Het Heo6XOAHMOCTH ONpeNeNAThH pelle-
HHMe TpaHCUeHIeHTHOrO ypaBHeunusa (2.18), Tak Kak

2=z.

Hanomennas 3mech CxXeMa pacCyXJeHHH Y)Ke HCNOJb30Bajach B
§ | nns kBa3unHHeAHHX ypaBHennH. OJHaKO B 3TOM CJayuae OHa
NpHBOJMJIA TOJBKO K YNPOLIEGHHIO BbIBOJAa YpaBHeHHil Ban-mep-
IMoss, HHUEro He MeHfAs 1Mo cyuecTBy. B ofuem ciyuae Henuuei-
HBIX ypaBHeHH# paccyxjienns B. M. BonocoBa no3so/sior nonyunte
KaueCTBEHHO HOBblE Pe3yJbTaThl.
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5. Mpumeuanusn. 1) Mel npeanojoxuiu, uyro ¢ynkuus Q ne-
pHonHueckas. s mOCTpOeHHS YKODOUeHHBIX ypaBHeHHii Bau-nep-
[Tonst Mbl Hcnoab3oBaiu Gosee c1aboe NpennoJOXKEHHE O TOM, YTO
NepHOAHUYECKHMH OQYHKUHAMH (asbl — MepeMeHHOro Yy ABJIAITCA
npousBofHble Q. H Q. [To3TOMYy H3/OXKEHHBII METON MOMKeT GBITh
pacnpoctpaHeH Ha GoJjee CJOXKHBIE CAyYyaH H, B UaCTHOCTH, OH MO-
’KeT ObITb HCMOJb30BAH NMPH H3YUYEHHH HE TONBKO KoJaebaTeNbHBIX,
HO M, KaK Mbl YBHIHM HHXe, BpallaTeJ]bHBIX [IBHXKeHHH HeJHHeMH-
HOTO MasiTHHKa.

2) B stom naparpacde OblJIO MOKa3aHO, KaKUM 00pa3oM MeTo[
Ban-gep-ITons Moxer ObiThb HCNOJAb30BAH M5 H3YyYeHHs] Cyllle-
CTBEHHO HeJHHeHBbIX KojeGanuil. Mbl paccMOTpend ciayvyad KOH-
cepBaTUBHBIX cHcTeM. COBepUIEHHO aHAJOIMYHO MOXKeT ObITh pac-
CMOTpPeH H OOUIMH cayyaidl cucteM, OJH3KHX K cHcreMaM [aMHIBb-
TOHa, H elle Oosee WIMPOKHA K/1acc 3ajad, NONYCKAIOWIHX MepBLle
HHTErpaJjbl THA HHTErpaja 3HepTHH.

§ 3. CucrteMbl ¢ MELJNEHHBIM BpEMeHeM

B stom naparpade Mbl OyneM H3yuaTb CHCTEMBI C NePeMeHHBIMH
napamerpaMu. [lepBble cyllecTBeHHble pe3yJabTaThl 3TOH TEOPHH,
nosyuyeHHble MeTOAOM YycpenHeHus, mpuHaptexar 0. A, Mutpo-
NOJbCKOMY, KOTODOMY Tak:Ke NPUHANJIEKHT NepBoe MaTeMaTHYECKOe
H3JI0KeHHe TeOpHUH KojeOaHUH cuCTeM, MapaMeTPhl KOTOPBIX Mef-
JIEHHO H3MeHsIoTCA *).

1. BoiBoj YKOpOYEHHbIX ypaBHeHHi. PaccMoTpum Tenepb ypas-
HeHHe cJelyIolero Buja:

i+f(z, ©)=e0(2, 2, 1), (3.1
rie v — «MeljeHHoe BpeMa»: t=gl+const. Takum o6Gpasom, B o1-
auaue ot ypaBHeHHs (2.1) ypaBHenne (3.1) onucbiBaer KoJseGa-

TeNbHbIe MPOlECCH B CHCTEME C MeJJeHHO MeHSIOUHMHCS Napame-
rpaMu. [Ipu e=0 ypaBHeHue (3.1) npeBpalllaeTcs B nopoxKjamouiee

i+f(z, 1)=0, (3.2)
rie T -— HeKOTopasi NoCTOsIHHAaS.

Meronbl, pasBHTHe B npeablaylleM maparpade, 6e3 kakux-a16o
CYyLleCTBEHHbIX H3MEHeHHH MOTYT OBITh HCMOJIb30BaHBL AJS HCEIEN0-
BaHHS ypaBHeHus (3.1).

OOwuil HHTErpa/J NOPOXKAAIOWEro YPaBHEHHs, KaK H B Npejbl-
nyueM naparpage, OyneM CYUMTaTh H3BECTHBIM, OJHAKO Tenepb OH
Oy/1eT 3aBHCETb He TOJbKO OT X H Yy, HO H OT NapaMerpa T:

z2=Q(x, y, 1),

*) 0. A MuTponoabckuit, [Ipo6reMsl aCHMNTOTHYECKOA TEOPHH HecTa-
uroHapubix KoueGannii, «Hayka», M., 1964, .
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rie, Kak u palblie, y=w(x, t) ({+£f). 3aMeTUM npH 3TOM, YTO Te-
nepp yactora o OydeT (yHKUHeH He TOJBKO aMIUIMTYAbL X, HO H
MeJJIEHHOTO BpeMeHH T: w=w (X, T).

DyHkuusa Q 6ymeT yAOBAETBOPATh ypaBHEHHIO

032ny+i(Q) =0 (33)

TOMXKJIECTBEHHO 110 X H T.
Tak e, Kak v B npejblAyllleM naparpage, pelieHHe ypaBHeHHA
(3.1) 6yneMm uckatb B Buge (2.5)

z2=Q (x, y, 1), (2.5
t=o(r, 1Q, v 1. (2.6)
JpyriMH CJI0BaMH, BMECTO MepPeMEHHON 2 Mbl BBeleM HOBDLIE

nepeMeHHble X H Y NpH NOMOLIH paBeHcTB (2.57) u (2.6'). YpabHe-
upa (2.7) u (2.8) B HaueM caydyae OyAyT HMeTb CJAEAYIOLIHH BHI:

Qi+ Quy — 0Qy+eQ. =0,
(0,Qy+ Q) £+ 0JQ,, +f(Q, 7) + &(0.Q, + ©Q,.) = &q.

Paspeiiass 3TH ypaBHeHHsl OTHOCHTEJNbHO £ H Y H HCNOJIb3Ys OlNpe-
IoeseHua A B toxgectso (3.3), Mb MOJYyYHM

A+e (o, (Q.Q,, + Q,Q,;)—0.Q}} = —e9Q,,
- yA + oA+ 8{0) (Qery - Qnyt) + meer - merQy} = echx

HJIH OKOHYATEJbHO

i=— ={0Q, + & (x, y, 1)}, }
. { (3.4)
g =0 (x’ T) + A {CPQx + §2 (x’ Y T)}, ]

§= m(QTny - QyTQy) - mTQ!?I’
§2 =00 (Qery - Qnyr) + meer - merQy-

Cucrema (3.4) oranuaerca oT cucrembl (2.10) neib TeM, 4TO ee
npaBHe YaCTH 3aBHCAT He TOJBKO OT MEPEMEHHBIX X H Y, T. €. He -
TOJMbKO OT aMIVIHTYAbl H ¢asbl, HO U oT BpemeHu. CyllecTBeHHO,
0HaKO, YTO MNpaBble YaCTH ABJASAIOTCA 10 YCJAOBHIO MEIJEHHO H3-
MeHsAIOUWHMHUCsE cO BpeMeHeM. [loaToMy ocHoBHBle co0OGpakeHus
0 BO3MOXKHOCTH ycpe[lieHHsl MPaBblX yacTell MO MEPHOAY H3MEHeHHs
OblCTPOR MepeMEHHOH OCTaloTCsl B CHJE, TAaK KaK 3a BpeMsi, B Teye-
HHe KOTOporo ¢asa H3MeHAeTC Ha 27, BeJHUHHA T H3MeHseTc
MaJio,

rue
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Htak, 0 B 3TOM ciayuyae Mbl TAKXKe€ CMOXeM COCTaBHTb CHCTEMY
YKOpPOUEeHHbIX YpaBHeHHi

2n
= — ot [ (oQ, +8 dy,
° o (3.5)
=0l )+ o5 [ 0@+t dy.
0

Takum o6pasom, npoueaypa Bau-nep-IToas ¢opmabHO npHMeHHMA
K CHCTEMAM C MEJJICHHO MEHAIOIHMHCA NPaBbIMH 4acCTAMM IpPH yc-
JIOBHH, UTO GOYHKUHUA Q(X, ¥, T) ONHCHIBAET HEKOTOPHH KoJieGaTesb-
HBI{i mpouecc (T. e. NpaBble YaCTH CHCTeMH (3.4) ABAAIOTCH NMepHO-
JAH4eCKHMH QYHKUMAMH «6GbICTpOil» mepeMenHOl y). B 3ToM cayuae
Mbl MOXKE€M 3aMEHHTb HCXOJHOe ypaBHeHHe (3.l) yYKOpOUEHHBIMH —
cHcteMolt (3.5). ,

2. AnqnaGaTHyeckHe HHBapHaHTBl. B cHcTeMax ¢ MeJJIeHHO Me-
HAIOI{HMHCA MapaMeTPaMH pacCMAaTPHBAIOTCA BEJHYHMHBI, Ha3biBae-
Mble a0uabaruiecKkumu LHBAPUAHTAMU. _

ITpeanoJsioxuM, uTO HeKoTOpas BedHuHHa [ (X, y) ABJAAETCA HH-
TErpajioM MOPOXJalolliero ypaBHeHHA. DTO 3HAUYMT, YTO NMPOH3BOA-
Has dl/dl, BplukceHHan B CHJY NOPOXKAAIOWIEro ypaBHEHHs, paBHA
HYJ10.

ITpeamonoxuM, yto cucrema (3.1) He moxBepXKeHa [AeHCTBHIO
BHEUIHHX CHJ, T. €. ¢=0, H BBIUHCJIHM B 3TOM CJiyuae IPOH3BOL-
Hytlo dl/dl B cuny ykopoueHHHIX ypaBHeHuil Bau-gep-Tlona. B 06-
LieM cayyae 3Ta BelHYHHA OyAeT 3aBHCETh OT MEPEMEHHBIX X U T
H, CJel0BaTeNbHO, 6yJeT OTIHYHA OT HyaAs npu e+0.

YcanoBumcea nasbiBaTh GYHKUHIO [ (X, y) aaHa6aTHYECKHUM HHBa-
pHaHTOM cHCTeMH (3.1) OTHOCHTEJNbHO YKOPOYEHHHIX YpaBHEHHIl
Ban-gep-Ilonn, ecin ee mosHas mpoM3BOAHAs 10 BPeMeHH, BBIYHC-
JIeHHas B CHJY 3THX YPaBHeHHH, paBHA HYJIO.

Huxe 6yner mokasaHo, uto ypaBHeHHs Bau-pep-IlToans onpege-
JAIOT pelleHHe ¢ ToyHoCThbio A0 BesnuuH O (g). CaeloBatenbHo, Be-

Juuuny [(x, y, 1) Mb Ha3biBaeM aAHa6aTHYECKHM HHBAPHAHTOM,
€CJIH

dil
T=QE,  E>1

Jpyrumu cjoBamH, ajiHabaTHYeCKHA HHBapHAHT —— 3TO HEKOTOpas
GYHKUMS aMOJHTYAB H (ha3bl, KOTOpast H3MEHAETCH MeJJIeHHee, He-
JKeJH IapaMeTPhbl CHCTEMBbL. :
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3. Huterpan aeiicreun. Paccmorpum dyukuumio / (X, t), onpee-
JIEHHYI0 PABEHCTBOM
- 2n

10, D= [0 (5 ) Q25 51 7 (3.6)
0

Oyukuus (3.6) HasbiBaeTcs unreepasom Oeiicraus. Cpoe Ha3Ba-
HHe 3TO BbipaXeHHe onpapabiBaer TeM, uto /(X, t) sABAAeTCH HH-
TerpaJ/joM mopoxjaiollero ypapHeHus. B caMoM nene, npu t=const
«aMIVIHTYAa» — BE&JIHYHHA MNOCTOAHHAsA, mo3toMy H /(xX, 1) Takks
sIBJISIETCA MOCTOAHHOH.

[TokaxeMm, YTO HHTErpas HAeHCTBUS sIBJAfeTCA aJHa0aTHYECKHM
uiBapuaHToM. Jlia 3toro HafiieM NOJHYIO NPOH3BOAHYIO MO Bpe-
MeHH

L+l

BblupcauM YacTHble MPOH3BOAHBIE [, H [, H MOACTABHM HX B 3TO
BblpakeHHe. B pesysbrate Mbl NOTYYHM '

2n : 2n

it f (0,Q2+20Q,Q,,)dy + 5 f (Qe, +20Q,Q,.)dy. (3.7)
A

0

[Tpeo6pasyem BTOpoe ciiaraeMoe B ME€PBOM HHTerpaje, npOHHTErPH-
POBaB €ro Mo 4actsM

7 2n . . 2n
.[ Qngy dy: Qny y:én - .[ nyQx d.’/
0 0

Ho nepBoe cjaaraeMoe papHO HYJIO, NOCKOJIBKY Q — Nnepuoanyeckasn
(byHKU.Hﬂ; CJ/1€10BaTENbHO,

21 2?‘!
.[ Qy‘Qxy dy: - _[ nyQx d.’/-
0 0

Hcnons3yss 3TO BHIPaXXeHHEe, MBI MOXeM npeobpasoBaTh MNepBbIH
H3 HHTErpajioB, BXOASILIHX B NpaBylo uactb (3.7)
2n :

h=5 f (0,QF + 2®QyQ»y) dy =
o 0
, o

~

= % .J [mez - (D(QUny —Q,Q,,)} dy.

0
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Ho no onpepenenuio
0,Q -0(Q,Q,—-QQ,)=—A

Takum o6pasom,
2n

2n
%f(meng 20Q,Q,,) dy =~ % f Ady.
0 0

Besnnunna A or ¢dasbl y He 3aBUCHT, NOITOMY

2n

5 f (Qiex +20Q,Qxy) dy = — A,

0

Ananoruuno npoBeneM BbIYHCJAEHHE BTOPOTO CJaraeMoro

2n .
o= 2 | (000} +20Q,Q,0) dy =
0

2n

— 2 [ (0:Q} — 0Qu Qe + 0QuQu)dy = — £ f £ (5, 4, 7)dy.
0
HUrak, okoHuaTe bHO
dl .
E[—=—Ax—§i?j§,(x, y, 7)dy. (3.8
0

IToncrasaas B (3.8) BhipameHHe AJas X, KOTOPOe JHaeTCH MePBHIM
u3 ypasneHufi (3.4)

2n
. e e
X=“mJ¢de!J—moj§|d%
0

NOJYUHM
dt fCP(x y» VQ,dy.

Orciona cpasy caeiyer, uto ecad ¢=0, TO BeJHUHHA HHTErpana
JNefcTBHA coxpaHsieT cBoe 3HaueHue. Mrtak, uHTerpan aeficTBus fB-
Jasercs aauabaTHUeCKUM HHBApHAaHTOM NOPOXKIAIOLLETO yPaBHEHHS,

4. TNpumep wucnoJb30BaHMA  axnab0aTHYECKUX HHBAPHAHTOB,
Hcnonb3osaHue ajgnaGaTHUECKUX HHBAPHAHTOB MO3BOJSAET B HEKO-
TOPHIX CAy4YadAX MOJyuyaThb OTBEThl Ha HHTEPECYIOHlHe Hac BOMPOCHI,
MUHYS HHTEr PHUPOBaHHE CHCTEMBI.
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B kauecTBe npuMepa paccMOTPHM ypaBHeHHe

i+ g(et)z=0. (3.9)
B stom cayuae
Z=xcosy, i=—wowxsiny,
rie
o=Vgle).

TakuM ob6pasom,
Q(x, y)==xcosy, Q,= — xsiny.

CocraBum BbipaxKeHHe afgnabaTHyeckoro HHBapHaHTa

+1 +

1 1 . o (el x2?
I=5 | 0Q2dy=—- f Vg (et) x2sm2ydy=l/L§l)x—- (3.10)
-7

-7

Ha ocHoBaHMM cKasaHHOro Bbille Mbl HMeem [=/,=const. Takum
o6pa3om, eciH cTaBUTCA Bompoc o HeeJe/0BaHHH 3aBHCHMOCTH aM-
IJIATYAB X OT BpeMeHH, To H3 (3.10) Mbl cpa3y HaxoauM

const

x=7—~. (311)
Ve (el
STOT pe3yabTaT MoKeT ObiTb MOJYYyeH pa3HbIMH METOZAMH, HO
NpHMEHEHHe TeopHk a/naGaTHUECKHX HHBAPHAHTOB MO3BOJSAET €ro
NOJY4YHTb, NO-BUANMOMY, HanboJee MPOCTHIM cnoCOBOM.
5. Boiuuciaenue amnautyani u aHeprun. Gopmyaa (3.11) asaser-

cA Bblpa)KeHHeM 3HauHTesbHO Gosee obluero peayabrarta. Ilyctb Mbi
uMeeM NPON3BOJNbHOE HeJHHEiHOe ypaBHenye BUAa

i+f(z, et)=0, (3.12)
y KOTOPOTO pelileHHe
z2=Q(x, y, &) (3.13)

ABJfAeTCA nepHoanuyeckod QpyHkuHeil y mepuoga 2m. Torma 3aBucu-
MOCTb aMINVIUTY[bl OT BPEMEHH MoXkeT OblTb NoJyuyeHa 6e3 HHTe-
rpupoBanns ypasHenua (3.12). B caMmom jgene, aas ypaBHeHHs
(3.12) uurerpan pefictBua Oyger aAnabGaTHUECKHM HHBaPHAHTOM,
T. e, :
20 .

j o(x, et) Q% (x, y, et) dy = const. (3.14)
0

Boipaxkenne (3.14) sABAsieTcsi HEKOTOPbIM TPaHCLEHJAEHTHbIM
ypaBHEHHEM, KOTOpPOe CBA3bIBAET BEJHUHHbI X U {

O(x, 1)=0 (3.14")

H npeAcrasjserT coGofl HesBHoe 3ajdanne dyHKuuu X (f).
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IlonHas 3Heprusi CUCTEMBbl He sIBAsieTcA afHabaTHYECKUM HHBa-
pHaHTOM, XOTSl OHa OmpeleJseTcs TaK e, Kak M HHTerpas Jel-
CTBHA, TONbKO aMmauTyAod. OJHakKo, UMes B PACHOPSIXKEHHH 3aBH-
CHMOCTD X (&f) H HCMONBb3YS TO 0GCTOATENBCTBO, UTO

dE

TR —~Ax+ el

MBI MOXXEM JIeTKO MOACUHUTATbh M3MEHEHHe 3HEPruH CHCTeMBl BeJel-
CTBHe H3MeHeHus mnapaMerpos cucremsl. Herpymguo yGedutbes B
TOM, UT0 dE/d! uMeeT MOPATOK BEJIHUHHHI €.

Ilpouenypa BbluHC/AeHHS] 3HepruH Moxer ObHIThb M He CBsidaHa
€ HaXxomJeHHeM KODHell TpaHCLeHAeHTHOro ypaBHenus (3:.147). das
3TOH LeJH CNeAyeT HUCMOJNb30BaTh DaCCyXJAEHHs NpPEABbIAYIIero na-
parpacda. HaiiieM nponsBoAHYIO BeJHUHHB o=2F

a=32+U(z, 1),
rjae

Uz, 1)= f f(z, 1) dz.
Tak kak ®
= — f(Z, T),

TO mpousBoaHas do/df, BblUMCIEHHAs B CHJY 3TOTO YpaBHEHHS,
oyner

a=el,
HJH MoCJe yCpeoHeHUsA
ﬂo:—T 4 Z
) Uy d Ugdz
= — J U.(z, v)df = — f _ﬁ_—f A LA
T(@ g T | Ve=U, J Ve=T().
0 = z

TJie 2 U z ABASIOTCA KOpHAMH ypaBHenust U (2) =0.

6. Hekoropble o6oGmenns. Mbl paccMOTDeNIH Npoleaypy mpHMe-
Henusi cxeMbl Bau-mep-Ilonst ana HaxoXjaeHuss npubJIUKEHHBIX pe-
uwreHuit ypaBHenus (3.1). OHa moxer OblTb Jerko o0606llleHa Ha
IIHPOKHHA KJI4acC CHCTEM YypaBHeHMH, OMU3KUX K TaMHIbTOHOBCKHM.
O/iHUM H3 MpeAcTaBHTEJEH TAKHX CHCTEM SABJSETCS ypaBHEHHE

L(m@D+i(z V) =¢p (2 2 7). (3.15)

Jlasi 3TOr0 cJyuast MOBTOPHM BCe PacCyXJAEHHS AaHHOTO Mapa-
rpacda. Cuurasi, Kak M paHblie, UTO pelleHHe MOPOXKAAIOIIEro ypas-
HeHUs

mi+f(z, 1) =0, v=const,
HaM M3BEeCTHO:
z=Q(x, y, 7).
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cienaeM 3ameHy nepemenHoro (2.5) u (2.6”). Boinucas ypabHenue
COBMECTHOCTH M MNOACTaBHB 3TH (YHKUHH B ypaBHeHHe (3.15), mbl
NONYUHM

sz\.f‘l" le/ - mQy= - SQT’
mx (mey + mQxy) + meyyy + f(Q’ T)=
=ep—e{omQ, + omQ, + m.oQ,}.
Pasperias 3TH ypaBHEHHA OTHOCHTENBHO & H §j U HCNOAbL3YH BH-
paxenusa aasa A, & u Ep, Mbl NpuJEM K caelylollell cucTeMe ypas-
HeHuil:
. e e e 2
== e = ph b pmeQ | -
. e e e '
y=o+ -r.rTA_cPQx+_A_§2 - TnKmerny- J

Cucrema (3.16) coseplieHHO aHajnoruyHa cucreMme (3.4). Ipo-
BOJSl OMepaluio OCpPelHeHUsI, Mbl MOJYUHM CHCTEMY YKOPOUEHHBIX
ypaBHeHH#

2n 2n

e e
2nmA f@Qy dy_ 2nA J gld-/_l— QnmA me? dy’

2n

!J= o+ QJ'ImA f@Qrdy—I— SnA f'éz y_ 2nmA menydy

i=—

(3.17)

HeTpyaHno nposepuTb, uTO AJs ypaBHeHHus (3.15) Bbiparkenue

2n ’
1 =" [a(x, Q2 dy (3.18)
0

sBJIseTCS TAKXKe agHalaTHueCKUM HHBapHaHToM. HafneM aas srtoro

dl oy
o = X tel (3.19)
[ToBTOpsst BbIUHCAEHHS APeABIAYLIHX MYHKTOB 3TOTO Maparpada,

MhE MOJYUYHUM
n 2n

Xl ,=— xmA, l

el = — 2 [ g dy o f‘“Qid!/-J (3.20)

u
0
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3aMeHsis B 3THX BhIPaXKGHHSAX BeJHUYHHy # H3 cuctemul (3.17) H
nojacrapassa Beinuunbl (3.20) B paBeHcTBO (3.19), moayuum

2n 2n
r

dl
a;rlr J indy_
0

an
U2 ey + 2 | miay-
O i 0

Tt

n

n
[ 0Qzay =2 [ 9@, av.
0 0

on
em emy
~ o f §1dy+ -
0

Takum o6pasoM, NpH OTCYTCTBHH BHEIUIHUX BO3JeHCTBHH BeJHUYHHA
I, onpenensiemas ¢opmysaoi (3.18), ocraercss NOCTOSIHHOH, ecC/H
CUHTATh, YTO BeJHUHHA X H3MeHseTcs, cjelys ypaBHeHHsM (3.17).

7. 3apaya o MasiTHHKe nepeMeHHoil Macchl, PaccMoTpum Masbie
KOJeGaHUS MaTeMaTHUeCKOro MAasTHHKAa, Macca KOTOPOro H3aMe-
HAeTcsl cO BpeMeHeM. Eciu mpeano/ioXKHTb, YTO CKOPOCTb OTele-
HHUSA 4YacTHl GeCKOHeuyHO Maja (HJIH 4TO CHCTEMAa PeaKTHBHBIX CHJI
ofpasyer HysJeBOH 10pCOP), TO ypaBHeHHe [BHUKEHHS TAKOTO MasiT-
HHKa HMeeT BU

< (m(x) 2) + m (v) glz =0, (3.21)

rje g — HanpsiKeHHOCTb TPABHTAIIHOHHOrO noasi, ! — AJHHa MafT-
Huka. PaccuuraTth npuOIHXKeHHO H3MeHeHHs] aMIIHTYAb KolebaHui
TaKOro MasiTHHKa MOXHO, He HHTerpupys ypaBHeHus (3.21). Has

3TOr0 Haa0 BCIIOMHHTB, UTO BeJIHUHHA
2n

1= 252 | oy dy
0

ABJsIeTC aJHabaTHYeCKHM HHBAPHAHTOM.
B HaweM cJiyuae
o= \/gl , Q=xcosy, Q,=— xsiny.

[MoacTaBaisis 3TH BeJHYHHH B BhlpaxeHHe (3.18), Mbl moayunm
ypaBHeHHe /151 ONpeje/eHHs aMILUTY bl
mV gl
—lgg—x2=const,
OTKya
Xo

3aMeTHM, YTO 3aKOH H3MeHeHHs aMIIHTYAH (3.22) coxpaHser
CBOIO CHJIY Tak)Xe H JJis ypaBHEHHUS

dit(m (1) 2) + m (z) glz = e (2),

riae @ (2) — NpoH3BOJbHAS (YyHKIHS.
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B camom gnene, H3MeHEeHHe BeJHUHHBI ! nopuuHsercs YpaBHe-

HHIO
n

dl e
&= | o0 au
0 .
CnenoBarenbno, [/ coxpaHsieT cBoe 3HaueHHe He TOJbKO TOTIa,
korna =0, HO M NPH YCJIOBHH OPTOTOHAJBHOCTH @ H @, 4TO
B HallieM caydae cobsiogaercs
n 2n

j eQ,dy=—x j ¢(xcosy)sinydy=0.
0 0

MTak, Mbl MOKa3ajaH, KaK MoXeT ObITh HCMoJAb3oBaHa uiaes BaH-
nep-Tlosis 06 ocpeiHeHHH B 3ajauax HeJlHHeHHBIX KojebaHui. OHa
N03BOJIAET HCCJAeJOBaTh WIHPOKHHA KPYr BONPOCOB 3TOH TEOPHH IPH
NOMOLIH YKOPOYEHHBIX ypaBHEHHH.

Takum o6pasoM, Teopusi Ban-nep-Tlossi mosBosnsieT MOJYyYHTH
TOJIBKO HEKOTOPHle NpHOMHKEHHBle pellleHHs, IpHYeM OHa He conep-
JKHT HHKAKHX METOLOB, MO3BOJSIOUIHX OLEHHTb CTeleHb TOYHOCTH
noayueHHblX petieHull. TouHo Tak e B paMKax TeOpHH BaH-zmep-
[ToJs1 MBI lie MOXKeM YTOUHHTDH nmoaydyeHHBle pelneHus. HakoHen, ele
OJHHM CVYLIECTBEHHBIM HEJOCTaTKOM H3JO0XKEeHHOro MOAXOAa fB-
JsieTcst TO, UTO OH NmpHcnocobjeH Ajs HCCIeLOBaHHA TOJBKO OLHO-
MEpHBIX 3a/ay ¥ He NONYCKaeT HeNOoCPeACTBEHHOro 0606lLIeHHs Ha
MHOTOMEpHBIE 3aJayd B CHCTEMax C YHCJIOM cTeneHed cBOGOIB!
foJbliie 4eM OJHAa.

Jls mpeofoJieHHs1 BCeX YKa3aHHBIX TPY.IAHOCTel Heob6xoniuMa 60-
Jgee ofliasi Teopus, colepiKalllasi HOBBIH B3NIAL Ha npobJjeMy yc-
penHenusi. OHa BnepBhle Bo3HHKaeT B pabGorax H. M. Kpbliosa H
H. H. Boroaio6oBa, ony6auKoBaHHBX B TPHANATHIX rogax. K ee us-
JIOXKEHHIO MBl ceHuyac H NepexojHM.

§ 4. OnucaHHe aJrOpHTMa aCHMMNTOTHYECKOr0 WHTErPHPOBAHHS
AJs cayuas ofgHo#H GBICTPOHl mepeMeHHOH

1. Mpeo6GpaszoBaHue NepeMeHHbIX. BepHeMcs Temeps K 3ampaue,
NOCTaBJeHHOH BO BBelEeHHH. PaccCMOTPHM 4aCTHHBIH CJyuall CHCTEMBb
(*), KoTOpYyIO MBHl YCJOBHJIHCH Ha3biBaTh CHCTEMOH ¢ BpallaiolleHcs

thasoit:
1=eX(x, y, &), }

g=o(x)+eY(x, y, e),

rie X — BEKTOp pasMepHOCTH 7, a ¥ — cKaasap. Pynkuuu X u Y Gy-
JeM [MpeanojaraThb MNEePHOAHUYECKHMH (DYHKIHAMH MNepeMeHHCH Y
nepyoga T. He orpanHunBas oOIIHOCTH, MOXHO NpHHATH I =2m.

(4.1)
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[MoctaBuM 3ajauy OThICKaHHH TakKQH 3aMeHRl NEpeMeHHbIX, KO-
TOpas Mo3Baanaa Obl OTAENHTb GBICTpble ABHXKEHHS OT MeAJeHHBIX.
Jlns sToro BMeCTO ¥ W 4 BBEAEM HOBbLIE lepeMelHble ¥ H J NpH no-
- MouwH (opmya

= X 7 2 %, 7
£ =+ eu (%, y>+euz<x' y>+-~'} (4.2)

y=g+ev (% §)+e (% 9+ ...

Gyuxunn u; (%, §) ¥ v;(Z, J) noka elle HeH3BECTHbl H JOJIXKHH
6bITb onpeflesieHbl B Mpollecce peLlleHHdA 3aJayH.

[Torpe6yeM, uToGbl B pe3y/bTaTe 3aMeHbl NMepPeMeHHbIX, ONpese-
nAsiemait ¢popMmynamu (4.2), BekTop-PYHKUMA F(f) yAoBJaeTBOpAJa
CHCTeMe ypaBHEHHH, He cojepxkallel «ObicTpoii» nmepeMeHHO# ().
Touno Tak ke morpebyeM, uTobbl U cKansgpHaa GyHkuHa j(f) yno-
BJETBOpPS/Ia YpaBHEHHIO, IPaBas YaCTb KOTOPOTO He COAEPKHT § ()
JAPYTHMH cjaoBaMH, notpebyeM, yToObl HOBble MepeMeHHbe T H §
YJIOBJIETBOPSAJIM CUCTEMe YPaBHEHHH BHAa

x=eA(%, &) =eA, (%) + 24, (X) + ...,

. 4.3

J=0"(%, e)=0(X)+eB;(X)+ By (X)+ ... (*.3)

®dyHruuM A W ®, BXOAALIHE B 3TH ypaBHEeHHHA, a c/IeJ0BaTeJNbHO,

1 Ko3¢pdUUHEHTHl HX DasJOXKEHHH MO CTeNeHSAM & TaKXKe 3apaHee
HEeH3BeCTHHI.

Ecnu HaM yAacTcsi HaWTH MHTepecYIOLLYIO Hac 3aMeHy mepeMeH-
HbIX, TO Mbl MpPHAEM K CHCTeMe ypaBHeHuil (4.3), KoTopasf 3HauH-
TeNbHO Opolle HCXOAHoH, B caMom nene, B cucteMe (4.3) MepneH-
Hoe JBHKeHHe, CKOPOCTb KOTOPOTro uMeeT nopsifok O (&), NOJHOCTHIO
oT/eNieHO OT GbICTpPOro, cKopocTb Kotoporo HMeer nopsiiok 1. Ilo-
5TOMY CHCTeMa YypaBHeHHH, onpejenfoolias BEKTOp X, HHTerpH-
‘pyeTcsi He3aBHCHMO OT ypaBHEHHsl, onpefelsiowero ckansp y. Ilo-

CKOJIbKY TPOH3BOAHAas ¥ MaJsa, a NpaBble YaCTH 3TOTO BEKTOPHOTO
ypaBHeHHSl He 3aBHCAT OT j, TO OHO MOXeT HHTEerpHpOBaTbCcA
¢ 60ablMM 1iaroM no BpemeHu. OnpepenuB I (f), Mbl HalgeMm me-
peMeHHYIO 7 (), BbIYHCAUB KBaApaTypy.

Ilasi toro uto6bl caenath 3ajlauy OmpeNeNeHHOM, MOAYHHHM
GYHKUMKM 4; M U; AOMOJIHHTENIbHOMY OrpaHHYeHHIO: OydeM HX CUH-
TaTb OrPpaHHYeHHBIMH QYHKUHAMH j NpH § — oo, Takoe orpaHuue-
HHe Ha K/acC JOnYCTHMbIX (YHKUHI ecTeCTBeHHO, MOCKOJBbKY OHO
nospoJsier AAfA JIOOBIX [ CUMTATH BETHUHHB e*u;, H €"vU, MalbiMu
nopsiaka O (e?).

Urak, 3afaua oTbickaHusi npeobpasoBaHus (4.2) cOCTOHT B on-
pedeneHHH OYHRDME 4 (ZF, §), Vi(F, §), A:(F) u Bi(F). PyHruuu
Ai(T) u u;(ZT, §) —3T0 BeKTOp QYHKUHH CBOHX MepeMEeHHbIX,
a B;(x) uv(Z, §) — ckaagapsbl.
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2. Ompepenenne uneHoB pasaomennii. Bynem cuumtats X, ¥ 0 o
A depeHIHPYEMbIMH QYHKIHAMH CBOMX NEPEeMeHHBIX CTO/NRKO pas,
CKOJIbKO 4JIeHOB psiJioB (4.2) Mbl co6upaeMCsl BHIUHC/IHTh.

Hna onpejenenns GyHKUHMHA, BXOAALLHX B MNpaBble 4acTH pa-
peHcTB (4.2) M ypaBHenn# (4.3), HOIICTaBHM paasl (4.2) B cucremy
ypaBueHH# (4.]1) M 3aMeHHM NMPOH3BOAHbE ¥ H J HX BbIpaXKEeHHAMH
(4.3). Kpome Toro, 3aMeTHM, 4TO

duy au, : duy » = au,
ar - ar +——y (8A1+9A2+ )+

| + 5 (@ (B) + B+ 2By +...).
[Tlepenuiem Tenepp ypaBHeHus (4.1) c yueToM cHeNaHHHIX 3ame-

YaHHH

oA (B) + ey (B) + ... el (¢4 (1) +...)+

+e-0—ul(o)(x)+eB,(x)+e2BQ(x)+ D+

208 (oA () + )+e2—0§(m(x)+...)=
=eX(k+eu +etus+ ..., f+ev,+e¥v,+ ..., e8),

0 (%) +eB, (B) + 2By (D) + ... + ‘”'(eAl+ )+

+eﬂ<w<x)+e31<x)+e232<x)+ D+

002

+ €2 (A (R)+ ...)+ ¢ W(m(x)+ )=

—o)(x+eu,(x, )+ ety (x, )+ ...)+
+eY (X +eu +etu,+ ..., j+ev, +ev+ ..., e8)
[IpaBble uacTH 3THX YpaBHEHHH Da3JIOXXHM MO CTENEHSM Tapa-
MeTpa € H CPaBHUM KO3QQHIMEHTH TNpPH ONHHAKOBLIX CTENeHsiX

3TOro napaMerpa. B pesynbrate MH mpuHaeM K CAEAYOLIeHd cHCTeMe
ypaBHeHHH, onpele/isiiolied HCKOMble QYHKIHH:

gu_‘o)(x) X% g, 0)— A(x)—gl(x §) — A (%),
‘;”_l@(x) y(x 7, 0)+D.(ul)— () = hy (%, §)— B, (%),
S =Jrutgrot G- G A (4.4)
—0—“.' By — A (%) = g2 (%, §) — Az (),
0@ =L u+ 30+ %%‘—B,+
+Dl(u2)+Da(ul)—B(f)Eha(f. §) — B2 (%)
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O6wuil BHA CHCTeM YypaBHeHHH IJf1 onpeaeteHHn uy, U, A
u By, 6yner Ttakoii:

(4.5)

o () G2 =g, (% §) - 4 (), ‘1
m(2>a~=hk(x )= Be(®). |

Tak kax dyHkuMu g 4 hy ompenensioTcsA NpeNbIAYIIMMH NPHOJIH-
JKEHHAMH, TO OHH JOJJKHBl CUMTATbCA 3aJaHHBIMH (QYHKUHAMH
CBOHX mnepeMeHHbIX. HamoMHuM, 4TO BeqHuuHbl %, 4y U A, — Bek-
TOpbl ¢ KoMmoHeHTamu %, uf’ u AY’ COOTBEeTCTBeHHO, ¥, Up H
B, — ckaaapbl. TouHo Tak ke X — 310 BeKTOp-QYHKUHA CBOHX ap-
TyMeHTOB. a Y H o — cka/isapHble ¢pyHkunu. CaejpoBatesnbHo, 0u;/d7,
0X/dy, 0Y/0x — 310 BexkTOpBI C KOMmoHentamu OJulf)[0f, dXV/dj
u 0Y/0x) cooTBeTcTBeHHO, O0X/0TX — 3TO KBajapaTHas MaTpHLUa
¢ anemedTaMy dX/9x¥ u 1. 1. Kpome Toro, B ypaBHeHHAX ¢ury-
pupyior onepatopst Dy(u) ¥ Dy(u). OHH UMEIOT CeqyIOIUi CMbICT:

n
Jo o
= 0
D\(w) Z 5 W D)= Z EYCrrE
i=1

[TpucyTcTBHE 3THX Y/IEHOB CBSI3AHO C pasfomeHHeM (QYHKUHH w (%)
B pax Teinopa.

Bce npouspoaHble B ypaBHeHHAX (4.4) BblUHc/AeHbl mpH e=0.

PaccmoTpum mnepBoe W3 ypaBHeHuit (4.4). DTo ypaBHeHHe B
YacTHbIX MPOH3BOAHLIX MePBOr0 MNOPAAKa, paspelleHHOE OTHOCH-
TeJbHO MPOU3BONHON HeusBecTHOH ¢yHKuMU Ouy/0f, npuueM 3TO
ypaBHEHHe CONepXKHT ellle ONHY HeusBecTHY ¢yHkuuw A, (¥). Un-
TErPHPYS 3TO YpaBHeHHe, MOJYUHM

@y

— A ()} dy + (%), (4.6)

- - 1
Uy (x’ y)= ® (x)

rae ¢ () — npoHus3Bo/ibHas (QYHKUHA T.
Mbl ycsoBHAKCL pasbiCKHBaTbh pelieHHe B Kjaacce QyHKUHI, yio-
BJETBOPSAIOLIUX YCJOBHIO OTPaHHYEHHOCTH

lim | u; (%, §) [<oo.
F>oo
[Ton sHakoM HHTerpaja B BbIpaxxeHHd 143 #;(Z, J) CTOUT HEKOTO-

pas mepHojuueckas (YHKUHA J, MOCKOIbKY g1(ZE, §) — mepuHoauue-
ckan ¢yHKUMA y W BeauudHa A He 3aBucHT OoT y. [lepuoa 3toif
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¢byHkuun no y pased 2n. IlpeanonoXuM Temnepb, U4TO ee cpeiHee
3HayeHue 3a NEepPHOLL

Yot+2m
g A= | (@ - A®) dy=c(®) =0

Torpna

lim u; (%, jo+ 2nk) = lim 2nc (%) & =
k> oo ( )
BriGop 3Haka miloc HJIH MHHYC 3aBHCHT OT 3HakKa c¢(r). Takum 06-
pasoM, JJisi OrpaHHYEHHOCTH #y HeoOXOAMMO M LOCTaTOYHO, YTOGHI
c(x)=0 (4.7)

aas Jgoboro .

HHuTerpan B paBenctBe (4.6) comepXHT HeH3BeCTHYIO (QYHKUHIO
A(x). YcaoBus (4.7) nocraToyHo A5 ee OJNHO3HAYHOTO ompejese-
nua. B caMom nene, u3 paBencrBa (4.7) cpasy c/enyer, 4TO Cpel-

Hee 3HaueHHe QYHKUHUH &
2n

. L
g = | € D dy
0
JoKHO paBHATbes A (£). Urak,
Ay(Z) = g1(x) =X (x).

WHrerpupysi tTenepb nepsBoe U3 ypaBHeHHH (4.4), Mbl NOJYUHM BHI-
paxkeHue ana uy(¥, y) B BHAe KBaApaTyp OT M3BeCTHHIX (QYHKUMA

u (%, )= + @i(%). (4.8)

fX(x §)dy— Xg

L g

B BbipaxeHnue (4.8) BXoAHT (yHKuUHS @ (;E), ABJAIOWIASICS «IO-
CTOSIHHOH» HHTErpHpPOBaHUS H BEIOMpaeMas MO NMPOHU3BOJY.

CylecTBYIOT pa3/iHuHbe CNOCOOHE pallHOHAJbHOTO 3aJaHHs 3TOH
¢yukuuu. Hanpumep, eciu Mbl pelilaeM 3ajauy Kollu, T. e. OTBICKH-
BaeM pelleHHe cucteMmbl (4.1) no ycnoBusiM

®» (x)

X = xO,
npH t =t
L Y = Yo,
TO yacTto 6uiBaeT yno6HO notpe6oBaTh, 4TO6bl PYHKUMH £ U § YHO-
BJIETBOPSIIM TeM XKe YCIOBHAM, YTO U QYHKUHMH X U Yy, T. e, UuTOGHI

x(t)=Z(t), y(t)=¥(t).

Orciona cpasy cienyer, uto #1(Zs, Fo) =0, T. e. ¢1(Zo) =0. Ecan,
KpoMe Toro, norpeboBaTb, UTOGH NpH Y=}, HMEIO MECTO paBeH-
CTBO X=X, To GYyHKUHIO @¢(x) C/elyeT NMPHHATL PaBHOH HYJIIO.
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CyuiecTByIOT H Jpyrue cnoco6bl Bbi6Opa NMPOH3BOJbHBIX (YHK-
uuii. Hanpumep, npu ucciefoBaHHH cHcTeM ['aMuabToHa OblBaer
nenecoobpasno nortpe6oBatbh, 4ToObl cHcTeMa (4.3) Oblia TakXke
cuctemoit I'aMuabrona. 1o TpeGoBaHHe AACT ApPyroft cmnocob 3a-
aanusa ¢ynkuuu @ (x). B nanbhefiniem 6yner nokasaHo, Y4To TOY-
HOCTb MOCTPOEHHsI MPHOJIHKEHHOTO pellleHHsl He 3aBHCHT OT BblOopa
stux QyHkuui. TakuM o6pa3oM, npeoGpasoBanne (4.2) moxer GbiTb
peasH30BaHO He eJMHCTBEHHBIM 06Pa3oM.

[TpuMeuaHue 3Aecb Mbl BOepBble CTalKHBaeMcss ¢ TeM ¢ak-
TOM, U4TO peasiH3alHs MpOoUeAyPbl MOCTPOEHHS pellleHHs BO3MOXKHa
He eJHHCTBeHHbIM oGpa3oM. OfHaKO TaKas CHTyallHs THIHYHA A5
BCEX aCHMNTOTHYECKHX TEOPHH. Mbl 6yeM CTPOHTb KOHeuHble arpe-
raThl, KOoTopble H OyAeM Ha3blBaTb NPHOJHIKEHHBIMH pelleHHSMH.
VcraHoBAeHHAass HaMH HeeAMHCTBEHHOCTb peaJu3auHf oO3Hauaer
TOMBKO OJHO: CYLUECTBYeT Lesoe CeMefCTBO arperaTtoB, COCTOsiLLEe
M3 OJMHAKOBOTO KOJHUYECTBA CJaraeMblX, MPpuO/MIKaOUIUX pelleHune
¢ OJHOH M TOH XKe CTeNMeHbI0 TOUYHOCTH B TOM CMbIC/eE, YTO pa3HoOCTb
TOYHOTO H MNPHOJHMIKEHHOTO pelueHHS CTPEMHTCS K HYJNI0 BMecTe
¢ BEeJIMUHHON & HE3aBHCHMO OT TOTO, KaKoil H3 mpejcTaBHTeseji ce-
MeficTBa alNpOKCHMHPYIOLIMX arperaToB HaMH paccMaTpHBAeTcs.

TlepeiiieM Tenepb K HCCAeJOBAHHIO OCTaJbHbIX YPaBHEHHH CH-
creMbl (4.4). Paccyxjiasi coBepllleHHO aHaJIOTHYHO TOMY, KaK Mbl
3TO esajH MPH HCCAeJOBaHHH MEepBOTO M3 ypaBHeHHH (4.4), Hail-
J€eM, UTO o

B] (2)=ﬁ1 =_};+ D]ﬁ],
g
08 ) =gz | | (B A=) 7 [+ (3
o

rie YP;i(x) — TakKe npPOH3BOJbHaA (YHKIIHS CBOEro aprymeHra.
B o6ueM cayyae
Aj=g, Bi=h,

g )
w5 =i | | 815 D= g |+ i) o
Yo 4 .

o (%)

v; (%, g)=—1 J.hi(f, E) dg — hug [ + ¥ (%).

Buipaxenus (4.9) ucuepmbiBaloT 3asaqy, CQOpMyJHPOBAHHYIO B Ha-
yaje pasjeia: OHH AAlOT BO3MOMKHOCTb BbIUHCJAHTb BCe (YHKIHH,
BXoAfllHe B mnpeo6pazoBanue (4.2), 4 onpeieiuTb Npapble YacTH
ypaBHeHHil (4.3), -
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3. IocTpoeHne npHGIHKeHHOTO pellleHHA. MTaK, mpeanosoxum,
HTO MBI ONPENENHIH HCKOMBIEe GYHKUHH U;, U;, A; u B;. Tenepp mna
MOCTPOEHHS NPHOJHIKEHHOrO pelieHHsi MBI JAOMKHBI MOCTYNHTDL Cle-
AyOUHM o6pa3oM: BO3bMEM MepBbie M UNEHOB B NMepBOM H3 ypaB-
HeHHH cucTeMbl (4.3) W o6o3HauuM uepe3 Z, GYHKUHIO, KOTOpas
Gyner onpefe/seHa HeMHHEHHBIM ypaBHEHHEM

= gsz, (%,). (4.10)

Eciu MBI XOTHM moJyyuTb mpuOJHKeHHoe pelleHHe 3ajgauu Kourm,
TO cjieyeT TPOHHTErpHPOBaTb 3TO YpaBHeHue (HampumMep, 4HC-
aenHo). ITocne sToro QyHkuHio y,(f) Mbl onpeaesuM KBaiapaTypoi

Gn ()= g0t [ {0(%) +eBy (%) + ...}t (4.10%)
;)

OnpenenuB OYHKUHH Tn H o, MOACTABHM HX 3aTeM B pain (4.2);
B KOTOPHIX YJEPXKHM TaKXKe KOHEUHOe UHCJIO uJeHOB. BroipaxkeHus

N,
x(B) =%, () + 2 "y (%n, Fa),
o | (4.11)
Yy (t) = y—n (t) + mz-—-l smvm (sz yn)

MbBl NpHMEM B KayecTBe NpPUOJMIKEHHQrO peLIeHHsi HCXOJMHOH CH-
creMbl, Yucna Ny u Ny noaxHb GBITh TakKe BHIGPaHBI 1O onpene-
JIEHHBIM TPABHJIaM, O KOTOPHX peub Oyler HATH HHKe,

®opmyanl (4.11) npu onpefeseHHBIX YCJAOBHAX ABAAIOTCA aCHMII-
TOTHYECKHMH, T. €. (DYHKLUHH, KOTODHIE OHH OMPENeJAOT, CTPeMATCs

npu € — 0 K TOYHBIM pEeLIEHHAAM.’

[Tpumeuanue YpaBHenue (4.10) o6bLIYHO OKa3HIBaeTCs CJAOXK-
HBIM HeJHHEHHBIM YDAaBHEHHEM H TOJbKO B HCKJIOUHTENbHBIX CJYy-
Yyasx MoXeT GbHTh MPOWHTErPHPOBAHO B ABHOM BHJe. B obuiem ciy-
yae ero. MPHXOJUTCA UHTErPHPOBATb YHCAEHHO. 3aMETHM, UTO YHCJIEH-
Hoe HHTerpuposaHHe cucreMnl (4.10) (Z, — 3TO BeKTOp-(PyHKLHA)
3HAUHTEJBHO TMpOLLe HWHTErpHPOBaHHA HCXOJAHOH cHcreMbl (4.1).
Jeno paxe He B TOM, UYTO MOPAAOK cHcTeMbl (4.10) Ha eaunuuy
MeHbllle mopsaka cHcreMel (4.1). CucreMa ypasHenuit (4.10)
onpenensier MeLJEeHHO u3MeHsouluecss nepeMeHHule, Cienosa-
TeJbHO, €€ HMHTErpHpPOBaHHe MoOXeT OBITH mpoBeaeHo ¢ GoJbLIHM
I1aroM MO apryMEHTY H, C/efIOBATENBHO, ¢ MaJOH 3aTPAToil MallnH-
HOTO BpeMeHH, 3ameTHM TaKKe, YTO BO MHOTHX MPHKJAMHLIX 3ajia-
yax OKasplBaeTcl AOCTATOYHHIM BBIUHC/AHTL BEJHUHHH X, (/); BeaH-
YHHH Y, YACTO HE MPEACTaBJsIOT [IPAKTHYECKOTO HHTEpeca,



182 ACMMAOTOTHUYECKHUE METOOBl PA3NEJIEHUA OBUXEHHN {rJ1. 111

- PaccMoTpuM Tenmepb TOT 4acTHBI cayuwail, korma X — ckaJsp,
a o — BeJH4HHa nocrosHHas. OrpaHHYMMcA NMPH 3TOM paccMOTpe-
HHEM TOJIbKO NepBOro ujeHa pana (4.3); roraa

npHYEM ) _ ] B
X =xi=¢X, Ji=0=0o+¢eY. (4.12)

YpasHenus (4.12) c TOYHOCTbIO 10 0GO3HAYEHHII COBNAAAIOT C YKO-
poueHHbIMH ypaBHeHHAMH Bau-aep-[lons (1.8). HUrak, meroa Ban-
aep-Tlona ansa toro yacrHoro cayyas cucreM (4.1), koraa x — cka-
Jifp JaeT BO3MOXKHOCTb BBLIYMCJHTb [epBble UJeHbl PasoKeHHH
(4.3). Huxe Oynmer cpopmyiuporaHa Teopema, KOTOpas YyTBep-
XKJ@eT, 4TO Psfbl, MOCTPOEHHbIe B 3TOM Naparpade, sIBAAOTCS NpH
ONpELENEHHbIX YCIOBHAX ACHMITOTHYECKHMH: B OGIEM C/yyae OHH
pacxoAsTcs, HO HX KOHEeYHbIH OTpe3ok J1060H ANHHBL AaeT npubiu-
KeHHoe pelleHHe, T. €. PYHKUHA, KOTopas WM OMNpejessieTcs, cTpe-
MHTCA K TOYHOMY peuleHHo npu & — 0. [To3TOMy ycTaHOB/IEHHBIH
pesysnbraT BecbMa BaxeH. OH nokasbiBaer, 4To Merol Bau-mep-
IMons, BBEEHHbII YHCTO 3BPHCTHYECKHM 06GpasoM, fBAsETCs «mpa-
BHJIbHBIM»: B Te€X CJydYasdX, KOrja ajiTOPUTM, H3JIOXKEHHBIi B 3TOM
naparpade, naer npubaHKeHHOe pelleHHe, MerToAd BaH-nep-Ilons
TaKXKe qaeT NpHOJHIKEHHOe pelleHHe.

Takum oGpasom, Meron Bau-aep-Ilons mnossossieT mocTpouTh
npubJHKEHHOe pellleHHe, OJHAKO OH He J1aeT HHKaKHX YKa3aHHil Ha
TO, KaKHM 00pa3oM MOMKHO YTOUHHTb 3TO pelieHHe. M3nomeHHblil
aJrOPHTM MO3BOJIAET, KaK Mbl YBHAHM B CJAeAYIOILEM NYHKTe, C JIO-
60/i cTeneHblo TOYHOCTH MPOBOAMThL pacyer.

4. OueHka TOYHOCTH. PaccMOTPHM Temepb BONpPOC O TOYHOCTH
npuGJIHKEHHOTO pelleHHs, MOJYYEHHOTO H3/0KEeHHBIM CHocoGOoM.
CorntacHo obueii cxeme QYHKUHA T AONKHA GbITb 3aMeHeHa (yHK-
uueil ¥n, yhnosdersopsaioileit ypaBHenuio (4.10). 31y annpokcuma-
uHiO Mbl OyjseM paccMaTpuBaTh Ha GOJbLIOM HHTEPBaje BPeMeHH,
Anuna koroporo umeer nopsagok O(l/e). Tak kak B ypaBHeHHH
(4.10) orGpouieHbl usneHb, nopsafiok Koropbx O(e™t!), To npu Bhl-
YHCIEHHH TPOH3BOJHON. Mbl JONMYCTHM OWIMOKY TOFO Ke MopsaKa.
CaenosatebHO, NPH HHTETPHPOBaHUM ypaBHeHus (4.10) Ha uHTep-
BaJge IJIHHbI, paBHOH l/e, Mbl coBepiuM owHOKY nopsiaka O (e7)

Hrak,

f=f‘n+0(8n).
B uyacTHOM caydae
T=Z;+0/(e).

CnenoBaTe/bHO, eC/lM OFPAHHYHTbCS MEPBbLIM MNPHOJHIKEHHEM, TO
IIpH HHTErPHPOBAHHN Ha GOJBUIHX OTPe3Kax BpeMeHH owWwubka B on-
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peneneHuu BeKTOP-QYHKUMH x(f) GyneT uMeTb MOPAAOK ee MPOH3-
BOJIHOH.

O6patumcs tenepb K ypaBHeHHwo (4.10). Tlpeamonoxkum, urto
BEMUYUHY T MBl OMpefeNHJIH C MOTPeLIHOCTBIO MOPSiAKa e"; Toria
BeMHUHHA o (X) TaKXe ompeaenseTcs C MOrpeliHOCTLIO MOpPAIKa €",
T. €.

0(Z) =w(Z.) +0(e").

CnepoBaTenbHO, NMPH HHTETPUPOBAHHH 3TO{l BEJNHUMHBI Ha HHTEp-
Base, AAHHa KoToporo Hmeer nopsigok O(l/e), Mbl GyneM HMeThb
CNeAYIOYIO OUEHKY:

t t

[o@at=[ o) dt+0 ). (4.13)

0 0

CnenoBatenpHo, B MOABIHTErPaJbHOM BblpaxKeHuH Gopmyasl (4.10)
cnefyeT YAepXKaTh TOMBKO Te YJeHbl, MOPSA0K KOTOPHX MOCHe HH-
TerpupoBatus Gyaer pased O(e"2). CnenoBaTeNbHo, H B BbIpaxe-

HUM AAS § cnaraemoe €*B,(T) A0MKHO GbIThb OTOpOILEHO, TaK KaK
’ t
e [ Bu(2s)dt = O (),
0

T. €. OHO HMeeT MOPSAOK OWHGKH B (4.13).
Cnenosarenbno, kBaapatypy (4.10°) Mbl AOJXKHB MHCATb B Ta-
KOM BHJE: '

t
In)=y(0)+ [ {0+ 6B () + ... + &' Byy (B dt.  (4.14)
0

TouHo Tak Xe B psaax (4.2) Mbl AOMKHBE yAepXKaTb TONBKO Te
yjeHbl, MOPANOK KOTOPBIX He MPEBOCXOAHT MOpsAKa OwHOKH. Ta-
KHM 06pa3oM, ecid peub HAeT O hopMynax n-ro npubIHKeHHS, T. €.
ecnu I ompefensercs ¢ owuOko# mnopsaka e, a j — ¢ OWHGKOM
nopsiaka O (en~1), to dopmyaa (4.2) monkHa ObITh 3amHcaHa B Cle-
AylolleM BHAeE:

=Xtew(x, o)+ ... +e"u,, (%, §) }

_ Y 7 (4.15)
y=g+ev (% 5+ ... +e v, (%, 7).
Hrak, ecnu BeKTOp X OMpeaensieTcss C TOYHOCTBIO A0 BENHUHH IO-
paaka O(e™), To cKansp y, KOTOpbi Mbl GyleM Ha3blBaTh (a3oi,
onpenensiercs ¢ MeHbllIeil TOYHOCTbIO.

Paccmorpum wacTHHit cayuail, korga n=1, 1. e.

f=ft+0(6).
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Toraa Ha ocHopauuyn gopmyn (4.13) 6ynem umerh v
‘ x=% E+eX (%), (4.16)
[Tpumeuanue 1. PaccyXneHHss 3TOro pasiena nokasuBaioT,
YTO MNpPH COCTaBJEHHH YKOPOUYeHHbIX YpaBHeHuit Bau-zmep-Iloas
(2.11) ana HenuHeHHBIX ypaBHeHHH, OJHU3KHX K KOHCEPBATHBHBIM,
MBbl BKJIlOUaeM B NpaBble YaCTH c/laraeMble, NOPSAOK KOTOPHIX paBeil

nopsiiky OTGpPOLUEHHbIX 4NeHOB, Tenepe Mbl YCTAHOBW/IH, YTO Ypas-
HeHus (2.11) Ge3 moTepu TOYHOCTH MOrYT GbITb 3aMeHEHbl TaKHMH:

2n
. e
x——zaJQﬂ4% @.11)

y=o(x)

€CJTH TOJBKO YaCTOTa ® 3aBHCHT OT X.
CneunanbHoro paccMoTpeHHsi TpeGyeT TOT cayyai, Korja «ua-
: t

CTOTa» ® He 3aBHCHT OT X. B.sTOM cayuae Bennuuna J(o:dt=mt
0
BBIYHCJAAETCA TOYHO. DTO .AaeT. BO3MOXHOCTb BEJHYHMHY Y BbIYHC-
JHUTb C MeHbllefl MOrpelIHOCTbIO. B 3TOM 'ciiyyae Bce BeJHUHHBI
B;(F») Boluucasiorcs ¢ norpemHoctbio O (e”). CaenoBaTelbHO, Be-

JIMUHHA eJBl(x)dt BBIUMCJIsieTCst ¢ morpeiHocThio O (7). Bee

MpoYHe cjaraemble MOAbIHTETpajJbHOr0 BhIpaxeHus (4.11) 6Gyayr
BbIYHCJEHH ¢ eule OoJblied TowHoCcTbiO. B TOoM cayuae, koraa o
npeanonaranach QyHkUHell ¥, MakCHMaJibHas TOYHOCTb, KOTOPOH
Mbl MOTJTH JOGHTLCS, BHIYHC/AA BedHUYHHY §, Oblia O (e”~!), B cay-
yae w=const nopsaoKk OWIM6KH Ha eAMHHUY MeHblle., Crenona-
TeJIbHO, MBI JOJKHBI yiepxaTb B (4.11) Bce Te ‘wieHbl, mopsjpok
kotopbix O (er!). Tak Kak

- t
: &jBAﬂM=o@n_
0

TO B OTJIHYHE OT MPeAbIAYLIETO CJIyuasi TeNePb 3TO CJaraeMoe A0JXK-
HO 6bITh yAep¥KaHo. . T
Hrak, B cayuae o=const dopmynn (4.15) umeioT caepyomiuii
BHJ:
x=xX+ew(x, 5+ ... +eu,_ (% §),
y=g+ev(x, 5+ ... +e o, (%, §),
i=eA (R)+ ... +£"4, (%),

j=wo+eB(x)+ ... +&"B,(%).

(4.17)
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B uyacTHOM cayudae, Korga n=1, Mbl MOJIYYHM CJAEAYIOWHH aHaJOr
tdopmyn (4.16): _
x=x, I=eX(x). (4.18)

YpaBHeHns (4.18) B cayuae, Korja pa3MepHOCTb BeKTOpa X paBHa
eJMHHLE, COBNAAAIOT C YKOPOUeHHBIMH ypaBHeHHsiMH BaH-aep-IToas.

‘IIpuMeuyaHne 2. 3aMeTHM, 4YTO H3JIOXeHHas npouelaypa co-
XpaHsieT 4ieHbl 60Jiee BLICOKOro MopsijiKa, KoTopbie Oe3 MoTepH TOY-
HOCTH MoOrJiH Ob! ObiTL oTGpouieHbl. IloSicCHEM CKa3aHHOe Ha MpH-
Mepe pacuera Broporo npubamkenus *). Cucrema ypaBHeHHH Ans
BEKTOPAa T2 B 3TOM ¢Jayuae Gyler

%o = €A, (%)) + €24, (%) (4.19)

YpasHenue (4.19) nossoasier BHIYHCAHTD Tp ¢ owHOKoi O (e?) (Tak

KaK MpOH3BOJAHAasi Ty omnpeleneHa ¢ owubkolt O(e%)). Bennunna
e24,(%2) cama uMeer nopspok O(e?). CnenoBaTenbHO, BETHYHHY
A(x2) Mbl MOXeM BbIYHCAUTH ¢ norpemHocteio O(e). Takum obpa-
30M, BMecTO cHcTeMbl (4.19) MB!I MOXKeM paccMOTPeTb TaKymw:

Fo=2A,(T2) +e24,(Z1), (4.20)
vle T, OnpelensieTcsi ypaBHEHHEM
zy=eA(Z1). (4.21)

Takas 3aMeHa MOXeT B HEKOTODBIX CJAy4asaX 0Ka3aTbCA MNOJe3HOH
apu pa3paboTKe CXeMbl YHC/JEHHOrO HHTEPHPOBAHHS.

B #HekoTOpHIX cayyasx yA0GHO HCNOJNB30BaTh METOABI TEOPHH
BO3MYILEHHH, MON0XHB Tpo=T1+6Z. [loacTaBHB 5TO BbIpaKeHHe B
(4.19) u or6paceiBas mpousBefeHHs €28%, mockonbky 6x=0 (g),
MBI CBelleM 3ajauy K peliieHH ypaBHenus (4.21) W pelieHuio -
HeHHOro ypaBHeHHs

déz dA,)
Tdt (W

- Cox+ €Ay (x), (4.22)

rie dA/dx — npousBojHas onepatopa A B Touke x=x;. Bekrtop x
B pacCMaTPHBAaeMOM CJydyae MBI MOXeM 3amHcaTb B BHJe

x=§:]+6:f+eu1(x1, yl) (423)

Paccyxenus nojo6Horo poja MoryT ObITb NpOBeJeHbl H AJs aHa-
Jau3a Gonee oOLIHX Clyyaes. ' ’

5. He3aaBHCHMOCTb TOUHOCTH NMPHOGAHKEHHOro pelIeHHs OT BbI0O-
pa dynxumit @; u b**). BepHeMmcs Tenepb K Bonpocy o BbiGope npo-
H3BOJBHBIX QYHKUHH @; H ;, NOABAAOILHXCA NPH HHTErPHPOBAHHH

%) B.M Boaocos JKBM u M®, Ne | (1963)."
**) Cm. B.M.Bonocos, )KBM u M®, Ne 4 (1963).
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ypaBHeHHH (4.5), ¥ moKaXeM, YTo BbIGOP 3THX QYHKUHH HE BJAHAET
Ha TOYHOCTb NOJYy4YaeMblX NPHOJHAKEHHBIX dopMyna. Jror ¢pakr sAB-
JseTcad CJAeACTBHEM TOro OOGCTOATEJbLCTBA, UTO OMNpEAEJIEHHE BeJH-
yuH A;y1 U Biyy NPOH3BOAHTCA C YUeTOM BEJTHYHH @; H ;.

ITpoBejieM Bce paccyXaeHHsA Ha mpHMepe pacueTa BTOPOro MpH-
6mxenun. IlpeanonoXuM, uto MbBl HMeeM /[Ba pPa3/jHYHBIX BhIpa-
XKeHus 415 QYHKOHH uy (X, ) Uy H Uy, IPHUEM

uy=up+o(r), (4.24)

T. €. Mbl NIPEANO/aaraeM, YTO 3TH BEJIHYHHB! OTJHYAIOTCA Ha MPOH3-
BOJIbHYIO QYHKUHIO «MEAJEHHOr0» nepeMeHHoro x.

Tak kak BenHuHHa Uy He BXOAHT B BbipaKeHue NePBOro npHGIu-
JKeHHA, TO BHI6OP NPOH3BOJLHOH GYHKUIMH ¢(X) He BAHSET Ha TOY-
HOCTb mepBoro npubaHxeHHsa. OH MOXET CKa3arbCcs TOJNbKO Ha
3HauYeHHH BTOpOro NpH6aHXeHHA. B paMkax TOYHOCTH, rapaHTHpO-
BaHHOH 3THM npHO6JHXeHHeM, BbipaxeHHe (4.24) Mbl MOXeM 3a-
MEHHTb Yepes

uy=up+o(x), (4.24")
rae x) onpejesjsiercss ypaBHeHHeM
T1=cA(Z1).

PaccMoTpuM Tenepb Bbipa)KeHue Ajs A,. BbinuiieM B pasBepHyTOM
BHAe YpaBHeHHe (4.9), KoTOpoe onpedessieT 3TY HYHKIUHIO; COrJACHO
(4.4) Mbl 6yAeM HMETb

X ox X ou; )
Ag(x)=5?u,+ﬁv,+—£—%A,—a—‘;_'B,. (4.25)

[lonaraa B dopMmyte (4.25) OfHH pa3 u=u;o, a APYrol u=ty,,

Mbl HallleM BEJHUHHY
0As="A2 — Ago.
OHa onpenennercs paBeHCTBOM
04, =22 o) 22 X
2= oy PTG 4
Tenepb paccMotpuM dopmyny (4.23). Ilepenuiiem ee B cieaywiux
ABYX BapHaHTax:
F= B OF - euo (B, 1), ) } (4.26)
X =X + ox + Elo (xl, !/1) +3(p (xl)

H ycnoBuMces, uro X (0) =xz*(0). [lepsas u3s 3tux dbopmya onpese-
JfeT 3HaueHHEe ¥, COOTBETCTBYIOWlEE Uy=Uyy, a Bropas uUy=uy. [lo-
Ka)KeM, YTO C TOUHOCTbIO, KOTOPYIO FapaHTHpPyeT BTOpoe NpHOJHU-
XKenHe, x = x*, BBegeM 0603HaueHHn

2= Ox* — Ox.
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[Mpexpe Bcero 3aMeTuM, urto u3 ycJaoBHs x(0) =x*(0) cpasy cue-
Jyet, 4to
2(0)= —ep(x1(0)). (4.27)

Hanee, B paMKax TOYHOCTH BTOPOro npubJnXKeHHS BeJHYHHB OX H
0x*=06x-+2 ynoBAeTBOPSAIOT CJIeAYIOILHM ypaBHeHHAM (cM. (4.22)):

ddx dA =
——d; =e (———dx‘ ) 0% + €2 Ay, (4.28)
d (8x dA _
( Zt+ D _ e( dx‘ ) (0% + 2) + €2 (Ay + 6Ay). (4.29)

YuuteiBas (4.28) u npuHEMasi Bo BHHMaHHe BHpaXeHHe AJfA
8A,, MBl MoxeM cocTaBHTb JH(pdepeHLHaIbHOE YpaBHEHHE, KOTO-
pPOMY YIOBJIeTBOpsieT BeKTOP-QyHKIHA 2(£):

dz _ . (44 2 OX _e2x 4o
Tt'_e(dx )z+e o o(x) e’ X -, (4.30)
rie .
44 _ dX
de ~ dx’

cornacHo (4.27) ¢yHkuns 2(f) AOJMKHA YJIOBJETBOPAThL YCJAOBHIO
2(0) = — p(x(0)). 3amerum pnaJaee, 4to ypasHeHue (4.30) nmonmy-

CKaeT pelieHHe
2(t)= —ep(x). (4.31)

IIJIH Toro 4tobBl MOKa3aTh CIIpaBeAJIHBOCTb 3TOro paBeHCTBA,
BEIYHC/IHM

dz de dx d do -
=—ep i =— g - Sty (4.31)
Moacrasnsas (4.31) u (4.31") B ypaBHenue (4.30), MH yGexpaeMmcs,
yto (yHKIHA — e®(Z;) YAOBJETBOPAET 3TOMY ypaBHeHHI0. Tak Kak,
KpoMe Ttoro, ¢GyHkuus 2(f) yJdoBJIeTROPAeT Ha4YalbHOMY YCJOBHIO
(4.27), To Mb 3aknawoyaeM, 49to (4.31) —3TO H ecTb HCKOMOe pe-
nieHHe ypaBHeHHus (4.30).

[MoactaBnas teneps (4.31) Bo Bropoe u3 ypaBHeHu# (4.26), MbI
yGexgaeMCsl B TOXKIECTBEHHOCTH BeJHYHH I H T*. Mbl nokasanm,
yto BbIGOp GYHKIHH ¢y He BJHAET Ha TOYHOCTb pacyera BeJiH-
YHHBl X, €CJH HCOOJb30BaThb BTOpOe MpHO/HXKeHHe, T. e. x=x*4
+0(€?). AHasloTHUHO JI0Ka3bIBaeTCs H OGMHH aKT: BEIGOp yHK-
LHA @; H W; He BIHAET Ha TOYHOCTb ompe/leIeHHs BeKTOpa X H CKa-
Jpa Y, €M OHH onpenensiiores i+ 1 npubimxenuey.
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Hrak, BeiGop GYyHKUHA @; M P; ceBepuieHHOo mnpoussoseH. Cie-
J0BaTeNbHO, BONPOC O BBIOOPE 3THX (QYHKIHH YHCTO METONHYECKHH.
HUx cneayer BoiGHpaTh, HCXOAsl H3 YAOOGCTBA H Lesell HCClelOBaHHA.
Panee Mbl yXe ykasajiH HEKOTOpPble H3 CNOCO60OB BbIGOpa 3THX
D YHKUHH.

6. 3ameuanue o xapakTtepe npuOaAnKeHHuIX dopmya. Bonpocam
060CHOBAHHA H3JOXKEHHOr0 MeTojJa aCHMITOTHYECKOTO HHTErpHpo-
BaHHsl cHCcTeMHl (4.]1) noceslileH uenblfi psp uccaenosanuil. [Tepsele
pa6oTbl B 3TOM HamnpaBJeHHH npHHagtexatn H. M. KpouioBy u
H. H. boronto6oBy H OTHOCHIHCH K TOMY 4acTHOMY BHIY CHCTEM
(4.1), maa kotopeix w=1, Y=0 (cHcTeMa HOpMajbHOH (HOPMEI).
B npanpHefilleM uenbli p;m BaXKHbIX Pe3yJbTaToB ObLT MOJYYeH
IO. A. MutponoabckuM, B. M. BosocoBelM H apyriMu. B Hacros-
lllee BpeMsl TeOpHsS aJTrOPHTMOB, MOJOOHBIX TeM, KOTOpble H3Ja-
raloTes B 3TOM naparpade, npencrabasier co6oi OGIIMPHYIO [VIaBy
TeOpHH OOBIKHOBeHHBIX AWddepeHIHANbHBIX YpaBHEHHH, B KOTOpOH
MOSIBAAIOTCA BCe HOBBIE M HOBble pe3y/bTaThl. 3jech Mbl He Gyaem
u3naratb 3T0i TeopuH. OTMeTHM TOJBKO OJHH YAacTHHIH ciyuatf,
NO3BOJISIIOLIHA NMpeAcTaBUTh cefe KPYr BONMPOCOB, KOTOPbIM MOCBSI-
IieHa yka3aHHasi Teopus. bynem cumrats, yto X u Y — nepuoguue-
ckue ¢$YHKUHH y TNepHoJda 2m, mMpHYeM Kak (GYHKIHH X OHH orpa-
HHYeHH B HEeKOTOpO# obsacTH D BMecTe cO CBOHMH NMpPOH3BOAHBIMH
a0 mopsaka n-— 1 BkJAloYHTeabHO. Toraa TeopHs, pas3BHTas A

ypaBHeHuil Tuna ‘(4.1) mo3BosifeT yTBepKAaTb, YTO pelleHHe. X, H
Yn ABJASETCS ACHMNTOTUYECKHM B TOM CMbICJIe, 4TO IJisi jito6oro ¢
M3 HHTepBaJja JJHHOH mopsjaka l/e cnpaBeAnuBa oUeHKa

|x — x,|=0(e"), |y — yn]=0(e""),

rie X, H Y, onpelenstorcs popMmyiamu (4.15).

7. Meron nocaenoBaTeabHbX NPHOAHKEHHA. MeTol MocTpoeHus
ACHMIITOTHUECKHX PAJOB, KOTOpble HalT NPpHOIHKEHHOe pelleHHe
cucreMbl (4.1), onupaJjcsi Ha pasyioXXeHHe B psij ¢yHkuui X u Y,
H Cc1eIOBaTeIbHO, NPH €ro peajH3alMH NPelnosaranoch, UYTO 3TH .
(GYHKUHH MMeIOT NMPOH3BOJHbIE HYXHBIX mopsakoB. OKoHYaTe bHBIH
peayabTaT (HOPMYJIHPOBaJcA MPH 3TOM B ¢opMe HHTerpanos. Ilo-
3TOMY, €CTeCTBEHHO, BO3HHKaeT BONPOC O TOM, HACKOJBKO Heo6Xxo-
JIHMbl BBelleHHBle OrpaHHyeHHsi (NOCKOJbKY OHHM OBLTH CBSI3aHH
C CaMHM MeTOJOM NMOCTPOEHHS pellleHHsl, a He ¢ OKOHYaTe/JbHbIM pe-
ayabTaToM). Moxer ObTh, mpeanosoXeHus o guddepeHuupyemo-
ctH dyukuuit X u Y ssasiorcs aultHHMH? [leficTBHTeBHO, OKa3bl-
BaeTcsl, YTo NMPUOJIHIKEHHOe pelileilne MoXeT OGbITb NMOCTPOeHO 6e3
HCTIO1b30BaHHKs onepaluii anddepenunposanns. [is sToro Hamo
TOKO BMECTO Pa3/ioXKeHHs B PAABl HCMOJIB3QBATh METOJ MocaenQ-
Bare/bHbIX MPHOJMXKEHHH,
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PaccMoTtpum cHoBa cucteMy . (4.1), HO npeoGpasoBaHue (4.2)
3anulieM tenepb B hopMme

x=2+eu(2, .17’ 8), }
y=g+ev(x, 7, e).

TouHO Tak Xe ypaBHeHHA Al £ H Y, KCTOpbIE MBI XOTHM IOJY-
unth, OyaeM nucath B hopme

£=eA(%, o), }
_i7=<q(2)+eB(2, g).

[ToacraBum Ttenepp BoipaxeHus (4.32) u (4.31) B cucremy (4.1);
coKpauas g, OyJ1eM HMeThb

(4.32)

(4.33)

A, &)+ e 35 A, e)+—§-y‘_£(as(x)+e3(x, 7)) =
=X (X4 eu, J+ev; &),
m(x)+eB (%, e)+ e"’ A(x, g) + : T (4.34)

(m(x)+eB(x, D)=wo(x+eu)+

+ &Y (% -+eu, j+ev, e).

CucteMy ypasHeHuil (4.34) GyjneM H3yyaThb MeTOJOM IOCJe0Ba-
Te/NbHBIX NPHOJHXEHHH, HCIOJb3Yys A 3TOTO CJEAYIOLLYI0 HTepa-
LHOHHYIO CXeMYy:

(8)

du = &
0@ =g — A%,
4.35)
av® = k) (
0@ =hy— B, |
rue =
: k=1, S -
gi=X(x + eu®, j+eo® ", e)—e 2l _— A% _g % __ gt-v
ox ay
cted®™ Mo . :
hk=m(x+eue ) m(x)+Y,(x+eu(k D 54 eo® D, ¢) —
* D ey av(k D k-
—e—— A" - —5 B

CucremMa (4.35) cosepiienHo aHanorHuHa cucteMe (4.5). Canenopa-
TeJbHO, MOBTOPssl PacCCyX/eHHAi, Mbl CHOBa NpHIEM K (opMyJaaM
(4.9).

Ecau ¢yukunn X u Y JIOCTATOYHOE KOJHYECTBO pa3 mudpdepen-
LHPYEMBI, TO pelIeHHe, KOTOPOE NPH 3TOM MONYYaeTCs, OTAHYALTCH
QT pelleHusi, KOTOpoe Obl1Q HAHJEHO Bhille, TONbKO MaNbIMU GoJige
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BbicOKOro nmopsiaka. OfHaKoO B OTIHUHE OT MeTOAa MOCTPOEHHS, H3-
JIOXKEHHOTO BbIIE, NAHHBIH METO] HMeeT TO MPEeHMYILECTBO, UTO OH
He Tpebyer auddepeHnupyemoctd GYHKuHHE X H Y M npuMeHuM,
BOOGILE roBOPfA, K YPaBHEHHSM J[aXKe ¢ pa3pblBHBIMH MPaBbIMH ua-
CTSAMH.

8. Cucrema crangapTHoro Buia. H. H. Boroao60oBbIM H ero yue-
HHKAMH H3YYaJHCb CHCTEMBI

i=eX(x, t, ). (4.36)

Cucrembl (4.36) HasblBalOTCS CHCTeMaMH CTaHOapTHO20 Buaa. He-
TPYAHO BHIETL, YTO OHHM HPHBOAATCH K CHCTEMaM C Bpallarollefcs
thasoil *), npHueM ABAAIOTCA YacTHLIM cayyaeM mocienHux. [das mo-
Ka3aTe/]bCTBAa JOCTATOYUHO 3amHcaTb cHcTeMy (4.36) B BHIe

dx

= ]
dt =eX (x’ Y, 8), |} 137
o, | (4.37)
dt ‘

Cucrema (4.1) cosmanaer c¢ cucremoit (4.37), korma o==1, Y==0.
Ecnu BekTOp-hyHKUHSA X (x, f, £) — nepHoAndyecKas GpyHKIHA apry-
MeHTa f, TO MeTOJ, H3JIOXKEHHbIH B 5TOM maparpade, 6e3 Kakux-a1u60
OrOBOPOK MOXKeT ObITb MPHMeHeH [J5 HCC/IeJOBaHHA CHCTEM BHAA
(4.36).

Ilpumeuanue. IlpeacraBisier onpefeneHHbli HHTepec pac-
CMOTpeHHe CHCTEM, B KOTODHIX BEKTOp X He ecThb NepHOAHUYECKas
¢GyHkuHs apryMmenta y. [Ipu uaBecTHBIX ycl1oBHAX (HampuMep, eC/lH
¢yHkuus X nouTH neproguyeckas) npHONHKeHHOe pellleHHe MBI MO-
JYUHM, TPOBOAS ycpeldHeHHe N0 GECKOHEUHOMY OTPe3KY BpeMeHH.
Anajor ypaBHeHuH Ban-gep-Ilosis B 3TOM ciyuae HMeeT BHJ

a -» oo a

x=¢ lim L fX(x, y)dy,

+a

. . |
g=o+e lim — fY(x, y) dy.
a>o0 & -
—-a
9. O BO3MOXHbIX 0606menunx. EcrecTBeHHbIM 0606IEHHEM CH-
crembl (4.1) 6yaer cmcteMa, B KOTOPOH He TOJbKO Be/JIHYHHA X —
BeKTOP, HO H BeIHYHHA y — TaKxXe BekTop. Ele OoJee CJ0XKHHM
gBJsAeTcs TOT cJAydad, Korja H3MeHEeHHe BeKTOpa Y OIHCbIBaercs

CHCTEMOH
y=o(x, y)+e¥(x, y, e). (4.38)

*) Cuctempl c Bpawamomefica ¢agof Bhnepsbe HayaJl H3yuaTb YYeHHK
H. H. Boronw6opa JI. H. 3y6apes,
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Takde cayuau TakxKe u3ydajaucb. Pan pe3ynbTaToB, OTHOCALLHXCA
K cucremam (4.38), npunapnexur B. M. Bosocosy. Huxe wMu
OCTaHOBHMCS Ha HEKOTOPBIX YAaCTHBIX CJyyasix 3TOH 3alauH.

10. 3ameyanHe 06 HccAegOBaHHH CTALHOHAPHLIX PEXHMOB.
BepHemca cHOoBa kK cucteme (4.1). U3noxeHHBI MeTOA MO3BoJser
HceleqoBaTh NePHOAMYECKHE W CTAalUHOHapHBIEe pelleHHS 3TOH CH-
CTEMBI.

[Tpeanonoxum, uTo £, — KOpPeHb ypaBHeHHUS

A(Zn) +eA2(Tn) + ... +em1A(Zn) =0.
Torna (4.17) nam paer
;‘én=0, T. €. Xnp=const. (4.39)
Ina GyHKUHH ¥, 0ONYYHM

rae
0¥*=0(%,) +Ze"Br(Zs).

DyHKUMU 4;(Xn, Un) U Ui(Tn, §n) — NepHOAHUECKHEe (YHKUHU M€-
peMeHHOH J, cleoBaTeNbHO, B AAaHHOM clydae OHH TaKXe GyayT
NepHOJHYECKHMH (GYHKUHAMH BpeMeHH nepHoia 2n/w*. Takum 06-
pa3oM, pyHKUHA

Xx=Xx,+ Detu, (%, §=x,F Zekuk (%, y(0)+ 0" (%,) 1) (4.39)

6yaeT nepuOAHUYECKOH PYHKIHEH BpeMeHH.

B Hauase 3To#l raBbl MBI NOKasajd, YTO B TOM cJlyyae, Korjaa
HcC/eOBaHUA MPOBOAATCA B paMKaxX MNEPBOTO MNpPHUGJIHMKEHHS, H3
ypaBHeHHusi (4.39) ansi ¥ MBl mosyyaeMm CTalHOHAapHOE peLUEHHE.
B oflluem ciyyae 3TOT NPHEM MO3BOJAET MOCTPOHTHL HEKOTOpble me-
pHOAHUYeCcKHe pellleHHs. OHU MOr'YT ObLITb HCNOJb30BaHBLI AJs ammpo-
KCHMallHH CTALHOHAPHBIX PEXHMOB.

§ 5. AArOpHTM ACHMNTOTHYECKOTO HHTETPHPOBAHHS,
Cayyal HeCKOJABKHX OBICTPbIX MEePeMEeHHbiX

1. Cucrema ¢ aByMs Bpamaiomumuca $asamu. B npensiayuiem
naparpacde Gblia H3/10XKeHa NPoUeAyPa aCUMITOTHYECKOTO MHTEr PH-
pOBaHHA CHCTeM HeJHHeHHBIX JAH(depeHUHANLHbBIX YpaBHEHHH,
colepXKalMX OAHY OHICTPO H3MEHSIIOLLYIOCH MEepPEeMEeHHYI0 — OdHY
Bpaliatowiytoca ¢asy. Tam Mbl ykazaju Ha TO, UTO €CTECTBEHHHIM
0600lIeHHeM DPa3sBHTOH B HeM TeOpHH OGyAeT TeOpHA, H3yvalollas
CHCTEMBI, COJepxKalliHe HECKOJbKO OLICTPBIX NEepeMEeHHBIX, T. €. CH-
cTeMbl THNa (4.1), B KOTOPBLIX BEKTOPOM AIBIAETCA He TOJBKO mepe-
MeHilafs X, HO H nepeMeHHasa y. IlogoGHoe 060GLIEHHE, KaK Mbf
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YBHIHUM HHIKe, OTHIOAb He sBJAeTCs TPpUBHa/sbHbIM. CHCTEMBl BHAA
(4.1), B KOTOpHIX nepeMeHHasl y SIBJSIETCH BEKTOpPOM (pa3MepHOCTH
Gonbuefi yeM eAMHHUB), 06/1aal0T UENbIM PSJOM HOBBIX OCOGeH-
Hocrefl. TeopHsl. TAKHX CHCTeM OKa3blBaeTcs BechbMa CJAOXKHOH. B Ha-
CTOsllllee BpeMsl OHa eliie OYeHb JlajleKa OT 3aBeplUIeHHs.

-B naHnoMm naparpade Mbl yKa)keM JHIIb HEKOTOpble CIOCOGHI,
KOTOphle B OTIE/NbHBIX cAydadax (mpaBia, AOCTATOYHO BaXKHBIX C
MPUK/IAAHON TOYKH 3PEHHS) AAlOT BOSMOXKHOCTb MOCTPOHTb ACHMII-
TOTHUECKOe pellleHHe. JIns ompeneneHHOCTH GylaeM paccMaTpHBATh
CHCTEMY C ABYMs BpalllalOLIMMHCA da3aMH. STHM TEPMHHOM YCJO-
BUMCS HasblBaTb CUCTEMY BHAA o :

x=eX(x, y, 2, €),
g=o(x)+eY(x, y 2 ¢, (5.1)
2=A(x)+eZ(x, y, 2 &),

Tlie X — Mo-npexHeMY BEKTOPHAs MepeMeHHasi MPOU3BOJBHOH pas-
MEpPHOCTH, a Y (f) u 2(f) — cKansipHble QYHKUHUH.

Bynem cuutate X, Y u Z nepronuueckuMu QyHKUHAMH MepeMeH-
HBIX y 1 2 nepuodoB T,=2x/l u T,=2n/m cooTBercTBeHHO. 3adauu
tuna (5.1) yacTo BcTpeuaroTcs B TeXHMKe M ¢u3uke. Hampumep,
K HX YHCJY OTHOCHTCA 3ajlaia O MOBEJEHHH HEJMHEHHOro OCLHJJS-
TOpa, MapaMeTpbl KOTOPOTO 3aBHCSIT OT BpeMeHH H KOTOPHIH HaXo-
JAHTCA moj JeficTBUeM MNepHOJAHYECKOH BHelWHeld cHJbL. - JIBHXKeHHe
TaKOFO MasTHHKA OMUCBHIBAETCS YpaBHEHHEM

ito2z=eq(z 2, f),

rie @— nepdoauuyeckas QyHkiuus BpeMeHu f nepuoma T =2mn/m.
Hcnoab3ys nepeMentble Baun-nep-ITond, T. e. nonaras

Z=xcosy, 2= —owxsiny,

Mbl MOXK€M CBECTH YpaBHEHHe OCLH/JIATOPA K CHCTEME CJEAYIOLLETO
BHAA: )

x=eX(x, y, 5),
y=o+eY(x, y, s), (5.1,
§=1.

®yukuun X u Y 6yayr umerb nepuoa Ty=2x no nepemenHoll y u
nepuox To=2n/m no nepemenHo#t s. B cucreme (5.1’) nse 6bicTpole
nepeMeHHBIE § H S.

B oaHoM u3 mpeablayuiux naparpadoB Mbl Tak XK€ pacCMaTpH-
BaJH CHCTEMY, MapaMeTpbl KOTOPOH H3MeHSIOTCS CO BpeMeHeM. Ho
TaM Mbl NpeAnosaaralt, YTo HapaMeTpPhl CHCTEMbBl H3MEHSIIOTCS Mel-
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JIEHHO. JTO MO3BOJIUJIO CBECTH 3ajadyy K HM3y4YeHHK CHCTEMbl BHAA

1=eX(x, y, s),
i=o(x)+eY(x, y, s), (5.17)
$=e.

Crcrema (5.1”) comiepUT TONBKO OAHY OBICTPYIO NEpPEMEHHYIO H,
B OT/IH4He OT cHcteMbl (5.1'), Moxer GHTbH H3yYeHa MeTOJaMH, H3-
JIOX(€HHBIMH B NpeJbIAylueM Naparpade.

2. Merop ®ypne. Ha HekoTOpOe BpemMsi Mbl CHOBa BepHEMCs
K cucteme (4.1). B mpedpiaymem naparpade Gbl1 H3JOXKEH MeETOA
€e aCHMNTOTHYECKOro HHTerpupoBaHus. CYIIECTBEHHHM 3/1€MEHTOM
H3JI0KEHHOro aJroputmMa Oblla 3ajadya onpefeneHust QyHKUHH
F(x, y), ynoBnersopsioliedi chaeaylowemy auddepeHiHalbHOMY
YpaBHEHHUIO B YaCTHBIX NMPOU3BOJHBIX [tepBOro nopsijka:

288~y (x, 5) = D (0, (5.2)

rae V(x, y) — nepuoaudeckas ¢pyukuus y nepuoaa T. OcoBeHHOCTD
5TOH 3aja4H cocTosja B ToM, 4T0 $yHKuusA D (x) takxke Gblaa He-
H3BECTHOH H HAaXOAMJIAaChb M3 YCJAOBHS OTFPaHHYEHHOCTH (PYHKLHH
F(x, y) npu y — co. B npeapiayem naparpade Mbl H3JO0XKHIH CHIO-
co6 pemleHHs 3Tof 3ajauH. Ee MOXHO pelIHTh TakXe H METOJOM
®ypoe, K H3J0KEHHIO KOTOPOTO MBI IEPeX0HM.

Tak kak ¢yukuus V(x, y) nepHoinueckas no Y, ToO OHa MOXKeT
6blTh MpencTaBaeHa B BUAe psaiga Pypbe

ke +00

Vi o= 3 a(ne™,

a =00

il

rae ! = 2n/T, npuuem a0=% f Vix, v dy=l7 (x). Ypasuenne (5.2)
—~njl
nepenuinem Tenepb B cJe/yioLeM BHJe:

= Y} @ (x) ™ +V ()= D (x). (5.3)
B0

®yukuua F, npoussogHasi KOTOpoil mo y umeer BHA (5.3), Moxer
ObITh MpencTaB/ieHa B hopMe paja

k=+oo

F(x, y)= Z by (x) e””y+c(x)y (5.4)

Ecau noacraBute paf (5. 4) B ypaBHenus (5.3) H CPaBHHTH KO3(-
(bHLHeHTH NPH OJHMHAKOBHIX CTeMeHAX SKCHOHEHTHI, TO HaiiJeM He-
H3BeCTHbIe QYHKUHH by (x) U ¢(X)

by (x) = ”';T(f’ (k40), c()=V(¥)=D(x). (5.4)

01'
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dyHkuua bo(x) ompeleneHa OBITb He MOXET — 3TO [POH3BOJbHAS
NOCTOSAHHAS MHTErpHpPOBaHHS,

Uz npeacrasnenus (5.4) cpasy cleAyloT pe3yabTaThl, KOTOPHE
HaMH yXe OblIM MOJYYeHbl APYTHM NyTeM: AJs TOro uToOn! pelle-
HHe ypaBHeHHs (5.2) 6bl0 orpaHHYeHO NPH Y ~> * oo, He0OXOAHMO
H JI0CTaTO4HO, uTOOH ¢=0, T. €. uToOBbl MMEJNO MECTO pPaBEHCTBO

D(x) =V(x).

[1pu BHIMOJHEHHH 3TOrO YCJAOBHS pellleHHe ypaBHeHusa (5.2), T. e.
byukuua F(x, y), okasblBaeTcs NepHOAHYECKOH ¢YHKIHeH Y.

3. Onucanue ajroputTMa B HepPe3OHAHCHOM cJay4vae. [lepeiinem
Tenepb K PacCMOTPEHHIO CHCTEMBl ¢ JABYMSl Bpaulapouumuca o¢a-
3aMH. [Togo6HO TOMYy Kak Mbl 3TO JAesaJd B IpeablaylieM Napa-
rpade, cHoBa 6yjaeM pa3biCKHBaTb HEKOTOPYIO 3aMEHY NepeMeHHbIX

x=X+eu (%, 7, 2)+eu+ ...,
y=g+ev (% g, 2)+v,+ ..., (5.5)
z2=2+4¢ew (X, §, 2)+w,+ ...,
KOTOpasi IMO3BOJIAIET yPaBHEHHS AJAS MeAJNeHHBIX [IBHXKEHHH OTHe-
JUTH OT ypaBHeHHH JAas ObICTPHIX ABHXKeHHHl. JIpyruMH cloBaMH,

CHCTEMa OTHOCHTEJbHO HOBLIX NEePEMeHHBbIX X, § H Z AO/MXKHA HMeTb
BH[L

i=ed (X)+ @)+ ..., ]l
§=o (%) + eB, (%) + & By (%) + i (5.6)
=A%) +eC (®)+ Co(B)+ ....

dyukuun u;(Z, §,2), vil(Z, 7, Z) u w;(Z, y,z) 6yaem cUMTaTb Orpa-
HHYeHHBIMH (YHKUHAMH §J H Z NPH § —> % 00 K Z —> & oo,
[MoxcraBasas paasl (5.5) u (5.6) B ypaBuenus (5.1) u cpaBHH-
Basi KO3(QQHIUHEHTH NPH OJHHAKOBBIX CTENEHAX NMapaMerTpa e, NOJy-
YMM YpaBHEHHsi L5l ONpeJeleHHs] HEH3BeCTHHIX (YHKIHH, BXOAA-
wux B BeipaxkeHus (5.5) u (5.6).
BhiMHIlEM TOJNbKO ypaBHEHHS NMEPBOro NPHGIHXKeHHUs

% 0(1)+ AR =X (% g, 2 0= A (D),

g—‘;m(x)+%x(x)=}'(x, 7, 2 0)+
+ o,y (%, §, )= By (%), (5.7)
%‘Z_’—‘m()z)+%x(x)=zoz, g, 2 0)+

-+ A'.\’ul (2’ g, 2) - Cl (f)
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YpaBHeHHa MOCAeAYIOIIHX NpHOMHKEHHH HMeEIOT TakKoh »Xe BHA.
TakuM 0Gpa3soM, BHIUHCAEHHE KaXJOro H3 ujieHoB pAaoB (5.5) cBo-
JHTCA K HHTETPHPOBAHHIO ypaBHEHHSA

LD o(x)+ LELDn ()= Ux, 9, 2)-D (), (68)

o(x)+
rie U — (byHKuHﬂ MepHOJHYECKAasi O Y H 2 C nepnonaMH T,=2n/l
H T,=-— COOTBETCTBEHHO.

paCCMOTpHM nepBoe H3 ypaBHeHH# cHcreMbl (5.7). @yHriua X

0 YCJNOBHIO ABISETCA NMEPHOAHYECKOH Mo nmepeMeHHBIM § H Zz. Cre-
JOBaTeqbHO, ee MOXKHO MpeACTaBHTh B BHAe ABoOiHoro paga Pypoe

k=400 sg=+00

X% g, 2)= X 2 o (3)el Wirsmd, (5.9)

h==—00 §=—00

Ina oTICKaHHA OrpaHHUeHHOro pelleHuss ypaBHeHHs (5.8) MBI Mo-

JKeM BOCMOJIb30BaThcA MeToAoM Dypbe, cXxeMa KOTOPOro H3JOXKeHa

B TNpeAbIAYIiEM NYHKTe AaHHoro maparpada. [na atoro 3aMernm,

uyto GYHKRUMA Ui (X, §J, Z), KOTOpas YAOBJIETBOpsET 3TOMY YpaBHe-
HHIO, IpeJCTaBHMa B BHJE
k=+4o00 s=+00

u, (%, 7, 2)=k2 D bys(x)exp (kg +ism2Z) + ¢ (%) § + d (%) 2.
= =00 §==—=00

(5.10)

IMoxncrasasa BolpaxkeHus JisA X u 4y B mepBoe H3 ypaBHeHHH (5.7)

H CpaBHHBasl K03 GHIHEHTH! NPH 3KCNOHEHTaX C OJHHAKOBHIMH MO-
Ka3aTeNsAMH, TOJYUYHM

(x)
_ aps (%)
b4s(9) = 1o T sy * (5.11)

¢ (%) o (%) + d (%) & (%) = ago (%) — A, (%).
Bennunna bo(x) ocraerca HeonpejeneHHOH.
Kak nokaspiBaer BbipaxKeHHe (5.10), mif orpaHHu4eHHOCTH U,

Heo6xoauMo mnpuHATE ¢=0 H d=0. Ho 310 MBI MoXeM cjaenartb
JHIIb B TOM cJydyae, KOoTJa

A1=aoo=X_(f) .
31ech ycpeAHeHHe NMPOBOAHTCA IO obenm 6bICprIM nepeMeHHbIM
Ty T,

X®=7 | [ X 5 2 0apaz,
]
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AHanoruudo HcclefylOTCs M APYrHe YypaBHeHHs cHcreMbl (5.7).
Hrak, U3 paccMOTpeHHs NMepBOro NPHOIHMKEHHS MBI MOJyyaeM cie- .
LyIOUiHe BbIpaX{eHHH:

A|=—X,
B|=?+@xu|(2v g, 2),
C|=Z+ A:x()](x, y) Z),
Al aL"S) (3)
= Z —— 2 exp [ (kI + smZ) + a{? (%),

s’kqﬁoi(kl(s)+smk) (5.12)

Y a‘ys) (x) o B .
v = )‘ Om exp i (klj + smZ) + al¥ (¥),

s k#

@) (&
N\ ags (%) . s o
1= X g0 Farmy o0 {417 + sm2)+ aff ().

s, k¥

3nece a¥) u af) —kospduuMenTn pasnoxenuir B pap Dypoe
ynkunit ¥ — @,y B Z—Au; COOTBETCTBEHHO, af?, a¥ u o —
NMpou3BO/bHbIe (QYHKIHH. DTH GYHKIHH MOTYT GBITh BHOGpaHH IO
IPOH3BONY, H HX BHIGOp He OTpa)kaercs Ha TOUHocTH pemenus. Co-
BepIUIEHHO aHAJOCHUHO BBIYHCIASAIOTCH MOCAeLYIOlHe TNPHOIHKeHHS.

Ins toro urobel dopmynn (5.12), a Takxke H BcA mpoueaypa
HMEJNH CMHCJA, HeoGXONHMO, UTOGH . HH OAMH M3 3HaMeHaTesned He
ofpautanca B HYAb, T. €. UTOGLI HE CYLIECTBOBAJO LENHX uHcel R
H § TAKHX, 4TO

klo+ smA==0.

3TOT c1yvyall YCJOBHMCS HAa3bIBATh Hepe30HAHCHBIM. -

HTak, MBI H3/MOXKHIH cXeMy pacueTta NpHGIHXEHHOro pelleHHA
CHCTEMH, HMeoLleH [Be OGHICTPHE NepeMeHHbie B HepPe30HaHCHOM
cniyvae. Boinmuilem ypaBHeHHs, onpelefsiouiHe nepBoe mpHbauNKe-
HHE X=1I,

. . T, T, ’ -
= e - ~ = ~ =
x=-———-f fX(x, g, 2)dijdz. (5.13)
T\T,
0 0 :

YpaBnenne (5.13) ectecTBeHHO Ha3BaTh ypaBHeHHeM Bau-nep-ITons
B cJy4yae JIBYX OBICTpHIX nepeMeHHBIX. lnA ero cocraBieHusi Ham:
0Ka3a/loch JOCTAaTOYHBIM TNPUBECTH OCpeJHeHHe He3aBHCHMO MO
06eHM mepeMeHHHM.

OnpenenuB (HanpuMep, UMC/NEHHO) pelIeHHe HENHHEHHOro ypas-

Henna (5.13), Mbl MOMeM HaHTH HEH3BECTHblE § H Z, KaK ¥ B IpQ-



§ 5] AJITOPUTM ACHMIITOTHYECKOIO UHTETPUPOBAHUS 197

cTefillleM cjayyae OAHOH OBICTPOHl MepeMeHHOH, MPH MOMOUIH KBaj-
partyp.

4. Pe3oHaHCHHI cayvail. Mbl yxe 3aMeTH/H, UTO JJ1S peanH3a-
IIMH H3JIOKeHHOro cmoco6Ga pasfieseHHs1 ABHXKeHHH BO BCAKOM CJYy-
yae Heo6XoAHMO, uTOGbl HH OJHH H3 3HaMmeHaTenelt B dopmynax
(5.12) me o6pawajncs B Hyab. [pyruMu cJoBaMH, ajJrOPHTM I10-
CTPOEHUS aCHMINTOTHYECKOrO pelleHHs, CBOAAUIHICA K He3aBHCH-
MOMY OCpeJHEeHHI0 N0 OO6eHM GLICTPHIM MepeMeHHBIM, HMeeT CMBICI
TOJNILKO B TOM CJydae, ec/id B NMpolecce U3MeHEeHHs MeIJIeHHOH mne-
pEeMeHHOH X NMOCJe[HAs He OKaXKeTcsl KOpDHEM ypaBHEHHS .

klo (x) +smh(x) =0, - (5.14)-

rie X ¥ S — NPOH3BOJIbHBIE Ile/ible B3aHMHO MPOCTHle YHCIa — [10-
JOXHTeNbHble HIH OTpHuHAaTenbHble, Tak Kak 3apaHee HeNlb3sl OMNH-
caTb 3Ty o6JacTb H3MEHeHHs NepeMeHHOH X, TO B Ipolecce HHTe-
rpupoBaHusl ypaBHeHHs (5.13) MBI JOJIKHBl BCce BpeMs IPOBEPATH,
He OKaszaslach JIH BeJHYHHA X B OKPECTHOCTH KOPHSl ypaBHEHHf
(5.14). TonbKo B TOM HAaCTHOM c/Jyuae, KOTAa BEJHUHHBI ® H A He
3aBHCAAIT OT X, YCJOBHEe MPHMEHHMOCTH H3JOMXKEHHOro aJropHTMa
MOXHO NMPOBEPHTh A0 HHTErpHPOBaHHA cHCTeMbl (5.13).

Cnyuau, B KOTOPBIX MOXeT OBITh HCMOJNb30BaH HAHHBIH alro-
PUTM, Mbl YCJOBHJIHCh Ha3blBaThb Hepe3OHAaHCHBIMH. Pe3oHaHCHOI
Mbl 6yneM Ha3blBaThb CHTYalHIO, KOTOpasi BO3HHKAeT B TOM Ciayuae,
KOTJa «aMIUIHTYla» X OKa3blBaeTCA B OKPECTHOCTH KOpHS ypaBHe-
HHA (5.14). Ecn «uacToThl» @ H A He 3aBHCAT OT ¥, TO Pe30HAHCOM
YCIOBHMCA HasblBaTh sBJEHHs, BO3HHKAIOLHE B CHCTEMe TOrAa,
KOrJla 4yaCTOThl ® H A CBfI3aHHl YCJIOBHEM

klo +smAr=0,

rie & u s — mobble uenble YHC/a, MONOXHTeNbHEE HJIH OTpPHUA-
TelbHbIE,
CHuTyauHio, IPH KOTOPOH \k\—\s\ T. € Korjaa

loxmir=0,

6yneM Ha3blBaThb e2.1agHbim pe3oHaHcoM. Cnyuall MpOH3BOJNBHHIX &
M S HasblBaeTcsi OOBIUHO KOMOUHAUUOHHbIM pe3oHaHCOM (B YacT-
HOCTH, JIPOGHBIM HJTH KPaTHbIM).
5. HccaenoBaHWe IABHOIO pe3oHaHCa B CJy4ae MOCTOSTHHBIX
4acToT. Bennuuny ‘
h*=Fklo(x) +sm)(x)

06bIYHO Ha3bIBAIOT paccTpolikold. YcloBAMCS HasblBaTb OKPECTHO-
CTBIO PEe30HAHCA TaKoe COOTHOLIEHHE MapaMeTPoB, MPH KOTOPOM
BenyuuHa paccTpoiiky A* Mana: -h*=gh. B okpecTHocTH pesoHaHCa
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TdKXKe MOXKeT OhIThb MOCTPOEH MpOoLecC aCHMMATOTHYECKOro HHTErpH-
poBanusa. OHAKO B 3TOM C/lyyae aCHMITOTHKA OYJeT HHOM, HEXeNH
Ta, KoTopas jaerca ¢opMmynaMu (5.12) u (5.13).

Hrak, OyleM npeanosnaraTh, 4YTO Mbl H3ydaeM [IBHKEHHE B OK-
PECTHOCTH TOUKH X=x%*, rle x* — KopeHb ypaBHeHus (5.14), koro-
poe Mbl MOXKeM MHcaTh B popMe

o (") =272 (x"), (5.15)

MOCKOJIbKY B3aHMHO MPOCThie Ienble yucaa S H & Moryt ObiTh U HO-
JOXUTENbHBIMU U OTpHIATeNbHBIMH. M3yueHHe pesoHaHCHBIX sBie-
HHA HayHeM C aHa/Ju3a r/aBHOro pesoHaHca s=k=1 npH jomoa-
HHTE/NbHOM YCJOBHH, YTO YaCTOThl @ H A He 3aBHCAT OT «aMilJH-
TyAbl» x. Torga nmosoxum

= % +e -’%
H BBIMHIIEM HCXOJHYIO CHCTEMY YpaBHeHHH B BHIE
=eX (x, y, 2),
j=ow+eY(x, y, 2),

(5.16)
———+a{Z(x, Y, 2)+— }

rie X u Y ABAAIOTCS NePHOAHYECKHMH GOYHKLUMAMH Y H 2 nepuona
2n/l ¥ 2n/m COOTBETCTBEHHO.

B paccMaTpHBaeMOM cJyuae 4acToThl o H A YAOBJETBOPHIOT
ypaBHeHHIO (5.15) ToX/JeCcTBEHHO MO X, T. €. pe30HaHCHas CyTyallus
uMeeT MecTo Ans Ja060l «aMmautyabl» x. IIpsMoe Hcrmosb3oBaHHe
aJrOpMTMa AacCHMITOTHYECKOTO HHTErPHPOBAHHS, H3J0XKEHHOro B
TpeablIyiieM MyHKTe, cMbicia He uMeer. IToaToMy BMecTo nmepemMe-
HOH y BBejleM HOBOe NepeMeHHoe 6 (cABHT dasbl)

0= l;— z2—y.
Ono 6yjer yAOBIETBOPSTh YpaBHEHHUIO

6= —ed"(x, T2-06, 2), (5.17)
rge ' umeer BHA

4 (x, 6, z)=a{[Z(x, ill-z—ﬂ, z)+r—g]?—Y(x, —'ln-z—B, z)}

OcranbHble ypaBHeHHs CHCTeMbl (5.16) MEI mepenuuieM Tak:

x=eX(x, 22-0,2),

L) m h
Z—F+G{Z(x, —‘—2—6, z)+z}.
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Hrak, cucremy ypaBHeHu#l (5.16) MOXKHO Temepb MNpeiCTaBHTb B
CNefyolleM BHJE:

r=eX"(x, 0, 2),
0=2e0"(x, 0, 2),

o * h (5.18)
z"=—”7+e{Z (x, 0, z)—;},

rae cMblca o6o3HaveHui X*, 9* u Z* coBepmeHHo oueBueH. PYHK-
uud X*, 0% u Z* apasiorca nepuoinueckHMH no 2. [lepemennas z
BXOJHUT B MpaBble yacTH cucteMbl (5.18) nByMsa cnocoGamu. Bo-nep-
BHIX, C3AMOCTOATENbHO H, BO-BTOpPbIX, B KoMGHHauuu (m/l)z — 0.
HpaBbxe YaCTH CHCTEMBbI (5 18) 6yayr nmepHOJHUECKUMH (YHKUHAMH
nepeMeHHOH 2, BLICTYNAwllefi B CBOeM NEPBOM KauecTBe, NMEPHOJA
T,=2n/m, a TakXe TMNepHOAHYECKUMH (YHKUHUAMH KOMOHHALHH
(m/l)z — 0 nepuopa T,=2n/l. CrefoBaresbHO, OHH SBJIAIOTCA Tie-

pHOJHYECKHMH (YHKUHAMH TepeMeHHOH z, BHICTYNamlle#i BO BTO-
l 2n

pOM KauecTBe, MepHOAA T;=—’;1-Ty - . HUrak, okasbiBaercsi, 4ro
dbyHkuug X*, O* u Z* paccmMaTpuBaemble Kak (GYHKIHH NepeMeH-
HOH 2, HMEIOT Tepuoj, 2m/m.

CkansipHasi BeJHuHHA O sABJAseTCS MelJeHHO H3MeHsIoWeHcs ne-
pemenHoil. [Tostomy cucrema (5.18), B oriuune or cucremsl (5.16),
AIBJISIETCS CHCTEMOH C OJHOH, a He ABYMs BpalllaloliuMHucs ¢a3aMu
H, CJe10BaTeJbHO, €6 H3yueHHe MOXKeT OLITb NMPOBeAEHO METOAaMH
ofliell TeOpHH, H3/J0XKeHHOH B mpeablayliux naparpadax. Eciu mb
OTPaHHUHMCA H3yueHHeM NepBoro NpuOJIHKEHHS, TO JONKHB! BbINMH-
caThb YKOpoueHHble ypaBHeHus BaH-nmep-Ilons, koropbie HMeIOT cite-
NYIOLIIHA BHA:

(5.19)

Hasa onpepnenenus GbiCTPOil mepeMeHHOH cJefyeT BLIUHCIHTb KBaj-
patypy

t
z=2zy+ Al +e f 7' (%, 8, 2) dt. - (5.20)
.0

Ycpennenne B 3THX (GopMynax NPOU3BOAMTCA mo nepuony T, T. e.
2n/m
X" (x, B)=’2%f X (x, 0, 2)dz

0
HT. A
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I[IpumMeuanusda. 1. BaXHhM yacTHBIM cJyyaeM paccMOTpeH-
HOH 3ajauH fABAsAeTcs TOT, B KOTOpOoM w=A H T,=T,. 3ToT cayuah
6yner cmeuuajbHO paccMOTpeH Huxe. K HeMmy cBoauTca 3ajaua
0 IVIaBHOM pe30HaHce B KBasHJHHEHHBIX CHCTeMaXx,

2. JIBHXeHHA, KOTOpble OMHCHIBAIOTCA YpaBHeHuAMu (5.19) u
(5.20), nasbiBaloTcs pesoHaHCHbIMH. Cpeld 3THX ABHXKeHHH ocoboe
3HaueHHe MMEIOT YCTAaHOBHBIUHeCS pe3OHaHCHble JABHXKeHusA. Jlogo-
XHB £=0=0, Mbl NOJTYYUM CHCTEMY TPAHCUEHAEHTHBIX ypaBHEHHMH

X*(x, 0)=0, B*(x, 9)=0.

JleBble yacTH 3THX YpaBHEHHI 3aBHCAT OT NapaMeTpa A pacCTPOMKH.
I'naBHOe, uTO nMpefcTaBaAseT HHTEPEC AJS TEXHHKH, 3TO 3aBHCHMOCTb
CTallHOHApHBIX 3HAaueHUH X U O OT 3HaueHHss mapamerpa A.

Mbl paccMoTpenu siBJeHHe [VIaBHOrO pe3oHaHca /sl TOTO YacT-
HOTO C/yyasl, KOrja 4aCTOThl A H ® He 3aBHCAT OT aMIJIUTYAbI X.
OcHoBHasi ero 0COGEHHOCTb COCTOMT B TOM, YTO Pe3OHaHCHAafl CHTYya-
1M He U3MEHSeTCA NPH H3MEHEHHH aMILIHTYABl X.

6. OGwué cayyad raasHoro pesoHaHca. Paccmorpum Godgee
oOIuA cayyai, KOrjla 4acToThl @ H A 3aBHCAT OT X, T. €. o= (),
A=A(x). IlpeanonoXxuM cHayaja, YTO NMEPHOAH MO 06EHM GbICTPHIM
nepeMeHHbIM coBNnajfaloT. Torga yc/aoBHe IJIaBHOTO pe3oHaHca OY-
JleT HMEeTb BUA

Ax)=w(x) +eh(x).

O6o3Hauum yepe3 x* KopeHb 3TOro ypaBHeHHs npu A=0 u orpaHu-
YUMCSl PAacCMOTPEHHEM TOJbKO TOH OOJacTM H3MeHEHHS] aMITHTY/HI,
KOoTOpasi HaXOZMTCSl B OKPeCTHOCTH TOYKH x*. JIpyruMH cloBamuy,
pasHOCTh X — x* YC/JIOBUMCA CYHTaTb MaJod BeJHUHHOH NepBOro

nopsajaka.
PaccMoTpuUM cHCTEMY
1=eX(x, y, 2),
g=w(x)+eY(x, y, 2), (5.21)

2=Arlx)+eZ(x, y, 2)
U CHOBaA cenaem 3aMeny y==2 — 0. Toraa, noiaras
A(x) — o (x) =eh (x),
Mbl IpHAEM K CHCTeMe ypaBHeHHH BHJAA
i=eX"(x, 0, z'., .
6=2¢0"(x, 0, 2), (5.22)
2=A(x)+eZ"(x, 0, 2),
e cMbica oGosHauenuit X, 0* u Z* ouesnieH. Hanpumep,
O*=Z(x,2—0,2) —Y(x, 2— 0, 2) +-h(x).
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dopmanbHo cucteMa (5.22) coBepllleHHO aHaJOTHYHA CHCTEMe
(5.18), U AnA NOCTPOEHHS aCHMIITOTHUECKOrO PeIlleHHs HaM JlocTa-
TOYHO TPOBECTH YyCpelHeHHe Mo GhICTpoMy mepemeHHoMy 2. On-
HAKO MO CYLIECTBY 3TH 3aauH CYILIeCTBEHHO OTJIHYalTCA APYr OT
apyra. IlpeacraBuM cefe, uTo MBl pelliaeM 3ajnauy Koww aas cu-
crembl (5.22) u mycTh B HauaJbHbIH MOMEHT HMeJa MECTO pe3OHaHc-
Has CHTyalMs, T. €. myctb npH f =0 pasHoctb A(x(0))— w(x(0))
O6blia BeruuMHo#t MaJoil. OQHAaKO ¢ TeueHHeM BPEMEHH BeJHYHHA
3TOH Pa3HOCTH MOMKET KaK YroJHO M3MEHHUTbCH, H TOrJa BCE paccy-
XKJIEHHS TOTepAIOT CMBICA. TOT ¢dakT, YTO Bce HCCAeAOBaHHE NPOBO-
JIHTCA TOJBKO B €-OKPECTHOCTH TOUKM X*, MO3BOJSIET CAeNaTh HEKO-
TOpble ympolleHus. [1peAnonoxHM, 4TO MBI OrpaHHYHBAEeMCH pac-
CMOTpPeHHEM ypaBHeHHH mepBoro npHOGaHxeHusa. Toraa

t=eX' (x, 0),

0=ed"(x, 0)=e{Z"(x, 0)— V" (x, 0)} +eh(x), (5.23)

2=A(x)+¢Z"(x, 0).
Ycpennenne B cucreme (5.23) mpousBeneHo no mepeMeHHOH 2. MBI He
M3MEHHM TOUHOCTH TPHOIHKEHHS, eclii B BelHunHax nopsifka O (e)
aonyctum ownb6ky mopsigka O(e). TlosatoMy B paMKax NpHHATON

TOYHOCTH Mbl MOKEM MOJOXKHTb eh(x) = (X — x*) (A (X*) — 0y (x¥))
¥ 3aMeHuTb cucteMy (5.23) taxof:

i=eX'(x, 0),

0=(x—x)(A, () — 0, (x)) +e{Z*(x", O) =Y (", 0)}, (5.24)
2=A(x) +eZ"(x", 0).

Huxe Mbl elle He ofuH pa3 6yaeM Bo3Bpallathes K cucteMe (5.24)
H yGeauMca B ee mpeuMyllecTBax mepen cucreMoi (5.23).

B 3ak/aioueHHe ocTaHOBHMCA Ha oOlleM c/yuae TJIaBHOTO peso-
HaHca, Koraa nepuoabl I, u T, He paBHBl APYr Ipyry

T,=2, T.=2, i#m

m

B 3tom cayudae ycjaoOBHE TJ1aBHOI'O pe€3oHaHCa HMEET BHA

o) 4 th ;0.

m m

O6Go3naunm cHOBa uepes x* KOpeHb ypaBHeHUA

%k(x')—co(x')=0
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H BMecTo NepeMeHHOH y BBeAeM cABUr (a3 0. 3aMeHa nepeMeHHBIX
Ternepb 6yAeT HMETb BHA

b="2—y. (5.25)

CrnenosarenbHo, 3aBUCHMOCTD O (f) 6ydeT OMHCHIBATHCS C/AEAYIOIHM
ypaBHEHHEM:

omehelaln Semo, ) Fovn Feov, o)
=(x—x‘)(—'lﬁkx(x‘)—co(x‘))+e{Z(x, —'72—9, z)—';’—
—Y(x, Jz—0, z)}+0(e2)—eﬁ (x. 2, 0). (5.26)

[ocne 3amenn! (5.25) mepeMeHHasi 2 GyAeT BXOAMTb B MpaBble Ya-
cTH ypaBHenuil (5.21) caMocTosiTeNbHO H B KOMOuHauuu (m/l)z — 6.
[paBbie yacTH 6yAyT MepuOAHYECKHMH QYHKIHSAMH 2 NMepHoaa 2s/m
H MepPHOAHYeCKHMMH YHKUHAMH BeawuuHsl (m/l)z mepuona 2w/l
CnenoBaTenbHO, MepUOA MO apryMeHTY 2, BXOASLEMY B KOMOHHa-
uuio  (m/l)z—0, Takxe Oymer paseH 2;/m. Takum oOpasowm,
¢yukuuu X*, 0% u Z* Gynyr uMeTb MepuOA MO NMepeMeHHOMH 2, paB-
HBIA 2;/m, W TpH mepexojle K YKOPOYEeHHOHl CHCTeMe Mbl JOJXKHbI
yCpeAHATDb MO 3TOMY MEPHOIY.

7. Kom6HHauHOHHble pe3oHaHChl. Mbl paccMoTpenu cmocolel
MOCTPOEHUs ACHMNTOTHYECKHX YpaBHEHHHl B cjyyae IJ1aBHOTO peso-
HaHca. [locnenuuil siBasiercss HaubGosee BaXKHBIM C MPHKJaIHOH
TOUKH 3peHHsd. OJHAKO B TeopHH KoJeGaHHH H HEKOTOPBIX IPYIHX
obnacTsix (HU3UKM M MEXaHUKH Mbl CTaJIKHBaeMcsi ¢ HeoOXOAHUMO-
CTBIO H3YYEHHS] Takxe H KOMOHHAUHOHHBIX pe3oHaHcOB. B 3rtom
cydae COOTHOLIEHHE YacToT ® H A ompejaensercd (popmynou (5.15).
CrnenoBartesibHO, MBI 6yJeM CYUMTATh, UTO

ki

A =2 o (x) +e L0,

rjae kB H s — LeJble YMCJa MOJOXKUTENbHblE HJIH OTPUIlaTeTbHbIE.
H3yuenne KOMOHHAIMOHHBIX PE30HAHCOB MOXHO MPOBOAMThL MO
HanoxeHHoi cxeme. Ilpexnae Bcero caenaem 3aMeny THma (5.25)

sm
0=z ¥

o . (5.27)
o = = ) [ A () = 04



§ 5] AJITOPUTM ACHUMNOTOTHYECKOTO HHTETPHPOBAHUSA 203

YpaBHeHue (5.26) 6yner Tenepb TaKUM:
0= (x — ) (57 M (¥) — 00 (x) ) +

+e{%l"12(x, Sk—'[nz—e, z)—Y(x, ik'—;l-z—e, z)}=aﬁ‘(x, z, 0).
Takum obpasoM, nocne 3ameHbl (5.27) nepemeHHasi z GyAer BXO-
JUTb B npasble dacTd (5.21) pBaxAbl: Kak caMoOCTOsITe/NbHAs Iepe-
MeHHasi M 0[O 3TOH MepeMEeHHOH npaBHe yacTH OYyAYT NepHoaHue-
CKHMH (GYHKUMAMH nepuoga 7T,=2mn/m W B BHAe KOMOGHHAUMH
(smjkl)z — 0. TlpaBble yactu cucteMbl (5.21) 6yayT nepuoauue-
CKHMH (YHKUMAMH nepeMmenHoit (sm/kl)z nepuosa T,=2n/l. Cae-
JOBaTeNbHO, O NepeMeHHOM 2, KOTOpas BXOAHT B 3Ty KOMOHHALHIO,
¢dpyHKIHH OYAYT UMETb MEePHOA
T:=T [l 2n|k|

Ylslm ™ [s|m"

[Tepuon T, npaBbix yacteil cucreMbl (5.21) no mepeMeHHOH 2z Gyjer,
TaKMM 00pa3oM, paBeH HaHMeHbLIEMY KPAaTHOMY NEPHOAOB

2n * 2n\k

T,=2 gy 1=kl

m [s|m

3HauHT, npasble yacTH cHcTeMbl (5.21) nocae aaMenbl (5.25) ocra-
HYTCSl NEePHOJHYECKUMH (PYHKUUAMU ObICTPOH NepeMeHHOH 2, HO HX
nepuop T, 6yner Tenepb paBeH

=~ 2| k
7,= 2Lkl

’

H NpH nepexojle K YKOPOUYEHHHIM YpaBHEHHAM YCPeJHEeHHe CJelyeT
NpOBOAHTDL NO nepHony 7T,.

8. YcraHoBMBUIHECS PeXHMBI, B pamkax Teopuu nepsoro mnpu-
G1MXKEHHS PaCCMOTPHM 3ajayy 06 OTBbICKAHHM YCTAaHOBMBLIHXCS pe-
JKMMOB B CHCTeMax ¢ JBYMsa BpallalolluMHca ¢asamu. Ecau B cu-
creme (5.1) uwacToThl @(x) U A(x) He yIOBJETBOPSIOT COOTHOIUIEHHIO
pesoHaHca, TO COOTBETCTBYIOLLAf YKOpPOUEHHAasl CHCTeMa HMMEeeT BHJ
(cM. (5.13))

%= eX (x), |
y=0(x)+eY (x), (5.28)
2=Ax)+eZ(x), |

rae ycpeiHeHHe NPOBeJeHO MO 0GeHM GLICTPHIM MepeMeHHbIM ¥ H 2.
OrbickaHHe CTalHOHAPHBIX «AMIVIUTYA» & CBOAHTCH K OTHICKAaHHIO
pellleHHs TPAHCLEHJEHTHOTO ypaBHEHHs

X (&) =0. (5.29)
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Tak Kak x — BeKTopHasd BelHUYHHA, TO ypaBHeHHe (5.29) — 37O cH-
CcTeéMa TPAHCLUEHAEHTHHX YpPaBHeHHH, KOJHYECTBO KOTOPBIX pPaBHO
pasMepHOCTH BeKTopa x. Ilociennue ABa cKansipHBEIX ypaBHEHHS MO-
3BOJIAIOT ONPEJEJHTb CKOPOCTh BpauleHHs (a3 Kak (YHKUHIO aM-
IIATY 1Bl

Q ~ — ~ fod ~
(%)= o (%) + Y (%), } (5.30)

A (%)= MA(X) +eZ (%).
Takoit Xke cnoco6 paccyXJeHH NPHUMEHHM H B Pe30HAaHCHOM Cay-
Yae, TOMBKO K UHC/Y BeTHYHH, CTALLHOHAPHOE 3HAYEHHEe KOTOPHIX Mbl
JOJMKHEI GyJieM ONMpeleNuThb, Cle[lyeT TeNnepb OTHECTH TaKXKe H CABHUT
‘¢pasnl 6.
PaccMoTpuM o6uiHfi ciyyalh KOMOGHHALLMOHHOTO pe3oHaHca

@ (x) =7 A (x) (5.31)

H BBINHLIEM YPaBHEHHs, ONpefe/AOllHe CTAalHOHADHble PEXHMBI
X' (%, 6)=0,

- - (5.32)
Ea@—o@=e{V'E -5 Z°E 0]

Paspewn 3Ty cucteMy, Mbl 1o popmyaam (5.30) ompelensieM cko-
poctH BpauleHus ¢as Q(%) u A(F). 3amMeruM, yTO HaM AOCTAaTOYHO
BBIYHC/IHTb TOJBKO ONHY M3 3THX Be/NHYHH, TaK Kak cABHr ¢as mo-
CTOSIHEH B YCJOBHAX CTAllMOHAPHOTO pexxuMa. Tak Kak

sm . .

6= —k—l 22—y,
TO H3 3TOr0 paBeHCTBA Cpa3y CjaeayeT, uTo
Q%) ==7 A(R).

Urak, B obuieM ciydyae 3ajaya onpejeNeHHsl CTallHOHApHBIX pe3o-
HAHCHBIX PEXHMOB CBOJMTCH K OTbiCKAHHIO pelleHHsl cucteMsl A1
TPAHCLUEHAEHTHOTO YPaBHEHHS.

B ToM ciydyae, KOria CKOPOCTH BpauleHHA a3 w H A 3aBHCAT
OT X, Mbl JIOJIKHH HCKaThb YCTAHOBHBIUHACA DeXHM B OKPeCTHOCTH
BeMHYHHBl x*. DTO 0OCTOATENBCTBO AdeT BO3MOXKHOCTb HECKOJBKO
YIPOCTHTb NPOLEAYPY OTBICKAHHS CTallHOHapHOro pexkuma. C 3THM
06CTOATEILCTBOM Mbl MO3HAKOMHMCH 11a NMPHMepe,

9. BoiHyXaeHHbie KoJdeGaHHsd KBasHauHeHHBIX cucreM. PaccMor-
PHM TeNepb 3afady, KOTopas MOCAYXKHJAA TOJYKOM K CO3[aHHIO TEO-
PHH, H3JOXKEHHOH B 3TOM naparpage.
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PaccmoTpuM 3ajauy o koJeGaHHH KBa3HJIHHEHHOro OCHUM/AA-
TOPa, HOJBEPKEHHOTO XEHCTBHIO BHEIHHHX NEPHOAHYECKHX CHJ

E+o%=eq(E &) +ef (1), (5.33)

rie f(t) — nepuoandeckas GYHKUHA BpPeMeHH f.
[TonoXHM AN YyOPOLLEHHS BBIKJAAJIO0K

E=xcosy
cHerema (5.33), kak ussectHo (cM. dpopmyay (1.7)), okaxercs npH-
BeJleHHOH K C/eAYIOLLEMY BHAY:
x=——a)—‘(p(xcosy, — xo sin y) sin y——:—) f(#)siny, }
. . . i (5.34)
y=m—a(p(xcosy, ——xmsmy)cosy—mf(t)cosy.j
[TosoHM 1/1 YNIPOLIEHHS BBIKJaJ0K
. f(f)y=acos At ~ (5.35)
W nepennuieM cucremy (5.34) B Buje
(= —— psiny — — i
= —— @siny——=coszsin y,

L& _ ea (5.34)
J=0——(Ccosy — — cos2zcos y,

2=A.
I'naBHBIi pe3oHaHc Bo3HHKaeT B cHcreMe (5.34) B TOM ciyuae,
Korja A=q, T. €. 4acToTa BHellHero Bo36yXJeHHs1 coBnajaer C ua-
CTOTOH KoJeOaHHH JHHeapH30BaHHOH cHcTeMBl. PaccMOTpHM cna-

4yana 3TOT Caydai.
Wtak, nyctb A=w+¢eh. CienaeM cTaHIapTHYIO 3aMeHY

y=z2-—10

H COCTaBHM YKOpPOueHHble ypaBHeHHf. [loc/le oueBHAHBIX BBIKJIAJ0K
nonyyaem

f=— e f(p xcos(z—B) — xosin (2 - (6))><

X sin(z —8) dz— ansin 6},
on (5.36

[ p(xcos(z—0), —xesin(z—0)) X
c ,

_ &
2nmy

X cos(z—B)dz+ancosB}+ eh.
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[TockoabKy 2 HE BXOAHT B BbipaXkeHHsl @ Siny H @ COS Y, TO B 3THX
BHpaXKeHHsIX MOXKHO He JeaaTb 3aMeHbl ¥ =2 — 0 H, ¢/1e0BaTeNbHO,
3amucath ypaBHeHHs (5.36) Tak:

2n
~

b= — e ioj ¢ (xcosy, —xmsiny)sinydy—ansinej,

2n

ifq)(xcosy, —xosiny) cosydy+ancosej+eh.
0

e
2nxw

Ilns ompeneieHHs CTauHOHapHBIX DeXHMOB %, & 6ymeM uMeTb
CJIeqYIOULYI0 CHCTEMY TPHTOHOMETPHYECKHX YPaBHEHHM:

2n
. 1 .
sm9=?afq>smydy,
0
on (5.37)
cosG=—l[h+J‘chosydy .
0

J'Eal

CoBeplieHHO aHaJOTHYHO COCTABJSIOTCS YpaBHEHHSl B C/y4yae KOM-
6HHAaLHOHHBIX PE3OHAHCOB.

PaccmoTpuM Temepb ABa NpHMepa, HJJIOCTPHPYIOLIUX MPHMEHe-
HHe yKa3aHHOH mpouenyphl.

10. Pe3onancHsie pemnenns ypastenusa Jlwoddunra. Paccmorpum
ypaBHeHHe THna (5.33)

E+w%t= — ek3+ea cos Al, (5.38)
rie QyHKuus ‘
——
CocTaBHM ypaBHEHHf OTHOCHTEJIbHO aMIIHTYAB H asbi
1= ——;—{xi" cos? y sin y + a cos zsin y},
J=0— (—:; {x3cos*y + acoszcosy}, i (5.39)
2=h J

PaccMoTpuM cHayasa TJ1aBHBIH pe3oHaHC, MOJOXKHB

A=w-tceh, y=z—0. (5.40)
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Hckaouas nepeMeHHY0 y u3 ypaBHeHH# (5.39) u nposoas ycpea-
HEHHe, NOMYUHM
n
B= o j x3cosdpsinPdp+ ansin B i,

0

(5.41)

0=— {fxf‘cos“'\pd\p—an;cos 6}+eh.

2nox

Huterpansl, BXojsiine B ypaBHeHHe (5.41), Jierko BBIUMCIAIOTCA, H
MH NOJyuaeM OKOHYaTeldbHO

X=ansinb,
6=—-ﬁ{%x3—ancosﬂ}+eh. (5.42)

Jlns OTHICKAHHAl CTALHOHAPHBIX PeXHMOB nonoXuM z=6=0. Or-
cioja ciegyer, UTo
sin8=0, x3——§—:n:mhx—-g—a:n:c056=0. (5.43)

[Tpn H3yYeHHH Pe30OHAHCHBIX PeXXHMOB HAaHOOJBUIHA MHTEpeC mpei-
CTaBlfieT TaK HasbiBaeMasd pe3OHAHCHAs KpHBas, ompejensioilas
3aBHCHMOCTb AMILIMTYAH OT paccTpoiikH A. DTa KpHBas XapakxTe-
pH3yeT TNOBejeHHe KoJe6aTelbHOH CHCTEMbI
NpH NPOXOXKJEHHH yepe3 pe3OHaHC. 2

[Monoxum B cucreMe (5.43) 6=0. Toraa
HCKOMAasl 3aBHCHMOCTb MOXeT GBIThb Ompeje-
JeHa M3 KyGHUecKOro ypaBHEHHs

8 4
3.8 4 4
x*= nohx — 7 an=0. (5.44) £ -
HerpyaHno y6eaHTbCsA B TOM, UTO 3aBHCHMOCTb
x(h) B oKpecTHOCTH TOUKH h=0 HMeeT BHJ, Puc. 27.

u3o6paxennplii Ha pHc. 27. [To caMoMmy cCMbI-

CJy yCpeAHeHHs aMIUIHTYAbl BeJHYHHA X noJoxHrenbHa. [Tostomy
HaM JOCTAaTOYHO PacCMOTPETh TOJBKO Ty 4acCTb KPHBOH hA(x), KOTO-
pass usoOpaxeHa Ha uepTexke. Mbl BHAHM, 4TO NPH CTPeMJeHHH
paccTpofikH K HYJIO aMIVIHTYAA CTPEMHTCS K KOHEUHOMY 3HAUEHHIO

£(0) = ]7 —%T:n: (5.45)

Cayuait O=r, KOTOpPHIH TOXKe YAOBJerTBOopsier cucTeMe (5.45), MHI
paccMaTpuBaTh He OyieM, TaK Kak IPH MaJHX 3HAueHHAX pac-
CTPOHKH A MONYualoTCs OTPHIlAaTeNbHble 3HAUEHHs AJs aAMIJTHTYAHI.

11. O kpaTHbLIX pe3oHaHcax B KoJeGaTenbHbix cHcTeMax. Kpar-
HBIH Pe30HaHC — 3TO YACTHBIA C1yuaii KOMOMHAI[HOHHOTO Pe30HaHCa,
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Korjia oTtHouleHHe R/s B ¢opmyne (5.15) paBHo uenomy uucay. [To-
HAITHE O KPaTHOM pe30HaHCe Yy Hac yxke BCTpPeyaJoch He TOJbKO B
sToM maparpade. B mpeabinylieil rijaBe Mbl pacCMOTPEJSH HECKOJbKO
3ajad TAKOro POJa H HM3JOXKH/IH.CXeMY BbIUHCIEHHH MO MeTOAY
[Tyankape, KoTopas mo3BosasieT OGHAPYXHTb YCTaHOBMBLUMHACH pe-
XuM. B atoM naparpade MB CcHOBa Aaju onpeieleHHe KpaTHOroO
pesoHaHca. Herpyano yGeauTtbcsi B TOM, UTO OHO HECKOJbKO OTJH-
yaeTcsl OT BBEAEHHOIO B MpeAblAyllei riaBe.
PaccmoTpuM cHoBa ypaBHeHue tHma (5.33)

‘ E+ot=cq(E, £)+acosil (5.46)

[TIpeo6pasoBanne Ban-mep-Ilosnsi Hac mpuBemeT K cucTeMe ypaBHe-
HHUH : : '

x=_.§;q;5iny—%cosxtsiny, |
]} (5.47)

. e - a
y=m—acpcosy—a—cosktcosy.

B s3ToM maparpade Mbl roBopuiH, uTO B cHcTeMe (5.47) BO3HHKaer
KPaTHBIHl pe30HAaHC, eCJH BBIMOJHEHH CJAeAYIOIHE YCJOBHSA:

a) A=qo, § — 11eJ0e YHCTIO;

6) aMIJIHTYAa BHeLIHEro BO3MYILEHHS @ — MaJjasi BeTHYHHa I10-
paaka g a=0/(e).

[TocneaHee yrBepXaeHue Mbl He ¢OpMYJHPOBAJH B SIBHOM BHJE,
HO OHO MCNOJb30BAJOCh CAMBIM CYILIeCTBEHHBIM 06pa3oM. B caMom
Jese, BCS Mpolielypa OCpeJHEHHs, KaK Mbl 3HaeM, OCHOBaHAa Ha
NPeANONOXKEeHHH O MeJJIeHHOM H3MeHeHHH aMIIUTYIAbl. TakuM o06-
pasoM, Ay GOpMaJbHOTO MPHMEHEHHsSI TEOPHH, H3JOXKEHHOH B Mpe-
ABIAYIIHX NMYHKTax 3Toro naparpada, Mol o6s3aHBl MPeANOJOXKHTD
MaJoCTh aMILTHTYABI Q.

B rsnase 11 Mbl paccMaTpHBaJH CHTYalHIO, KOTOpast BO3HMKaeT
B cucreMe (5.46), Korma aMmauTyaa a KoHeuHa. [Iyctb A=gw. Torga
MBI TOBOPHJIH, UYTO HMEET MEeCTO Pe30HAHC ¢-ro poja, ecJd B CH-
cTeMe (5.46) Bo3MyllamIlas CHIa 4acTOTH A=¢® HHIYUHPYET KO-
JeGaHHs 4acToThl .

st Toro 4to6Bl HCCEOBATh 3TOT BONMPOC METOJAAMH, H3JOXKeH-
HEIMH B JaHHOM naparpade, HaM HaJO cHauaJa MpelICTaBUTb pe-
ueHde ypaBHeHHs (5.46) B BHIe

§=§0+n7
rae

a
Eo= — 7T gz €08 At.
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Torna HOBasi mepeMeHHasi 7 YAOBJETBOPSET YypPaBHEHHIO

.. . A . .
M+ m2n=aq>(n— A,’im’ cos A, 0 +-x,a_—m,sm t) =e¢ (n, 1, Af).
(5.47")

K ypaBHenuio (5.47') MBI MOXeM MPUMEHHTb CTaHAApPTHYIO METO-
AWKy, JLJs 3TOro moioXum

n=xcosy, A=go+eh.

YpaBHeHusi /s HOBBIX MepPeMEeHHbIX 6YAYT HMeTb CEAYIOUi BUA:
. e - . .
=—5q>(xcosy, —xosiny, 2)siny, ]

j=0— & ¢ (xcosy, —xosiny, 2)cosy, (5.48)

2=A

[IpaBble 4acTH 3TOH CHCTEMBbl SIBJASIOTCA NEPHOAMYECKUMH (YHK-
OMSMH Y U 2 mepuoda 2m. Jasi uccienoBaHusi cucteMbl (5.48)
MOXHO yXKe HCIONb30BAaTh METOAbl JaHHOro maparpadga. [loaaras

1
B—FZ—y,

MH [pHAEM K CJeAYyIollell CHCTeMe YpaBHEHHS OTHOCHTEJNbHO aM-
NJAUTYAbI X H pasiloctd $pas 6:

x=_%¢'(xcos(%—e); —xmsin(%—e); z\)cos(%-z—e), ]

9=a{(%q>‘(x cos (—2——9); — xosin (—Z— -—9); z)/sin(%—e) + h}. ]
(5.49)

[TpaBbie yacTu cHcteMbl (5.49) — mepuoduueckue ¢yHkuuu 2. He-
TPYAHO YCTAHOBHTb, YTO mepHoA paBeH 2ng. CaenoBaTenbHO, YKO-
poueHHble ypaBHeHusi Ban-aep-IToas 6yayt umerb Bua

2nq

2:;;(0 5[ ¢’ cos (% - 9) dz =¢eX (x, 0),

2ng

j- @' sin (% - 9) dz+eh=eb(x, 0).
0

_ e
T 2ngox

[Monaras £=06=0, Mbl NpuaeM, pa3yMeercs, K TeM XK€ pe3yJbTa-
TaM, KOTOpbie moJaydaroTcss MeroaoM [lyaHkape, eciu B HeM orpa-
HUYUTBCA BBIYHC/EHHEM HYJAEBOrO MPHOAHKEHMS,
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12. OnuH npuMep KoJeGaTeJbHOH CHCTEMbI ¢ GOJNBLWIHM YHCIAOM
cteneHeit cBoGoiani. PaccMOTpUM CHCTeMY YPaBHEHHH BTOPOro mo-
panka

i+ Fi(21, ..., 22)=0 (i=1, 2, ..., n) (5.50)

B KBa3HJHMHEHHOH NOCTAHOBKe, MpejamoJaras, YTo ToukKa 2;=0 saB-
JISIeTCS1 YCTOHUMBBIM MOJIO’KEHHeM paBHOBecHA. [l 3TOro MoXHO,
HanpuMmep, cHaua/a JuHeapu3oBaTbh cHcTeMy (5.50) M BBIYHCIHTL ee
rJaBHble KOOPRHHATH, KOTOPbIe CYLIECTBYIOT B CHJY MPHHATHIX Mpel-
nosoKeHuH. DTH BeJHUHHB GYAYT JHHEHHBIMH KOMOHHAUMAMH Mme-

pEeMeHHbIX 2;
g =02

TlpHHAB BeNHUYMHBI §; B KauecTBe HOBbIX MepeMeHHbIX, Mbl NOJYYHM
ypaBHEHHA CJeLYIOLero BHAA:

gi+m§§i=ecp(§,, e gn) (i=1, 2,..., n). (5.51)
B cucreme (5.51) nmpousBenem npeobpasoBaHne Bau-mep-Iloas
2;=Xx;COSYi,  Zi= — X;0; Siny;,

H TOrAa 3Ta CHCTEMa ypaBHeHHﬁ 3aMEHHUTCH CJIelIyIOULeﬁ:
. € . .
xi=_a‘q)i (xlCOS Y1y oo oy X, COS Yns —x,o),smyl ...)Slrl Yis

. e . .
Qi:-’/i:"’i__mix, P(x1co8yy, «.ny X, €08y, — xy@p8iny,, ...

., — X,0,sin y,)cos y;. ]
(5.52)

CucreMa (5.52) OTHOCHTCSI K TOMY THIY CHCTEM, KOTOPble H3YUaJHCh
B 3ToM naparpade. Ec/iH «coBcTBeHHbIE  4acTOTHI» HECOM3MEDPHMBI,
‘TO JJis MOJYyUeHHs YKOPOUEHHBIX YypaBHeHHH HaM J10CTaTOYHO Ocpel-
HUTL TIpaBble YacTH 3TOH CHCTEMbl MO BceM OBICTPLIM MepeMeH-
HBIM Yy, .- - Yn-

IpennonoxuM, 4To QYHKUHH @; HMEIOT BHIL

N AR zn)=§a§? 3 ]+ Z b(’)

Torxa HeTPYRHO 3aMeTHTb, YTO ypaBHeHHs MEPBOro MpHOIHMKeHHs
(ykopoueHHbIe YpaBHeHHA) Jd cHcTeMB (5.52) 6YRYT TaKMMH:
%=0,

— e N L) (1) bt
Q=0 - 20m<2‘ bijy + 2‘ bjiy + 3 biii
/

+1i i+i
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Takum o6pa3oM, /11060e KojaeGaTenbHoe ABHXKEHHE GYIeT MPOHCXO-
IHTb C MOCTOSIHHOH aMIVIMTYAOH, a 4acToTa KojeGaHHA KaXKAOoH W3
KOODJHHAT HHKaK He 3aBHCHT (B 3TOM npuOJHXKEeHHH) OT KBajpa-
THYHBIX 4JE€HOB Pa3jOXKeHHS.

§ 6. HccaenoBaHHe CTalMOHAPHBIX TOYEK H YCTOHYHBOCTH

B mnpeamaymux naparpadax 3To#l TJaBbl MBI YXKe HECKOJBKO
pa3 ofpaulaiu BHHMaHHE Ha BOINPOC MCC/€J0BaHMS CTAlHOHAPHHX
pexHMoB H mpobaeMy ycrofiuuBocTd. Torma MBI paccMaTpHBadu
TOJBKO HEKOTOpble clellHa/fbHble ciyyad. B jaHHOM naparpadge MBI
npuBejeM aHaiau3 OOLLero cayyas IPOH3BOJILHOTO YHCJ/JIa cremeHei
cBOGOADL.

1. Mpeapapureabnsie 3amMeyanus. byneM paccMaTpuBath cucre-

My ypaBHEHHH
x=eX(x, y, ®), }
g=o0(x)+eY (x, y, &),

rje X — BEeKTOp Pa3MepHOCTH f; Y — BeKTOp pasaMepHocTH m; X H
Y — nepuogunueckue ¢yuxkuuu y. OrpaHuyHMCS H3YYEHHEM TOJABKO
nepBoro NpHOJHXKeHHS H NpPeANOJ0XKHM cHadajla, YTO MBI HMeeM
Jlelo ¢ Hepe30OHaHCHHM ciaydyaeM. Torga BeKTOp X YAOBJETBOpSET
CHCTEMe ypaBHEHHH MepBOro mpuGIHKeHUS

i=eX(x, €), (6.2)

npHYeM ycpeJHeHHe NMPOH3BOJHTCS 110 BCeM KOMIOHEHTaM BeKTOpa Y
He3aBHCHMO JApyr ot apyra. TakuM o6pa3oM, MefneHHble MepeMeH-
Hble B Hepe30HAaHCHOM clyyae Y/JOBJETBOPSIOT cucTeMe AHGdepeH-
I{HaJbHBIX YPaBHEHHH IepBOro MopsjaKa.

(UepToYkH Haj mMepeMeHHBIMH B ypaBHeHHsaX (6.2) MBl He cTa-
BUM, TaK KaK B paMKaxX MEPBOrO NPHOJIHKEHHA X=X.)

[Ipeanonoxum Tenepb, YTO Mbl HMeEM J1e10 C Pe30HAHCHBIM Cay-
yaeM. B nmpexbinyuieM naparpade ObLIO MOKa3aHO, YTO TOTJa YHCIAO
MeJJleHHBIX MmepeMeHHBbIX Bo3pactaer. Tak, HallpHMep, eclH pa3Mep-
HOCTb BEKTOPA Y paBHAa 2, TO pa3MEPHOCTb BEKTOpa Me[JIEHHBIX Ie-
peMeHHBIX Bo3pacraeT Ha |. Bo BckoM ciyyae, H B yC/I0BHAX pe3o-
HaHCa 3ajlaya B MepPBOM NPUOJHIKEHHH CBOAMTCS K HCCJEJ0BAHHIO
cHcTeMbl ypaBHenud TtHna (6.2). Toibko B KayecTBe BeKTOpa X
3fech OyJeT BBICTYmaTh BeKTOp OoJjbliell pa3MepHOCTH: €ro KOM-
MOHEHTaMH, TOMHMO KOMIIOHEHT BEKTOPa X H3 ypaBHenuit (6.1), Gy-
JyT TaKxKe BeJHYHHBI, XapaKTepuaylolHe cABHI das.

B npukaaJHBIX 3ajfayaX OOBIYHO OCHOBHOH HHTEpec mpejcTa-
BJSeT M3yYeHHE «MEJJIEHHbIX» MEePEMEHHBIX H 3aKOH M3MEHEeHHs ya-
CTOTHI «GBICTPBIX» MepeMeHHbIX. JLJsl 3TOH LeaH J0CTaTOYHO H3yyaThb
TOJIbKO CHCTEMY yCpeJHeHHBIX ypaBHeHu# (6.2),

(6.1)
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Hrak, Mn OyzneM uayuatb cucteMy (6.2). YcioBuMcs Ha3blBaTb
ee CTallUOHAPHOH TOYKOH x* KOpeHb YpaBHEeHHA

X (x*, &) =0. (6.3)

3HayeHHe KOOpAMHATHI Xx=x* yHoraa OyJeM Ha3biBaTb CTaLHO-
HapHOH aMIUIMTYAOH, TaK ‘KaK NpPH H3ydyeHHH KojebaTelNbHBIX MpO-
LIeCCOB aMIIMTYAA ABAAETCA OAHOH M3 MeJIeHHbIX NepeMeHHBIX,

B cnyuae ctauuoHapHOH Touku «GHicTpas» repeMeHHas y* Gy-
JleT ABJAATbCA «paBHOMepHO Bpaulawlledca ¢dasoil». B caMom aene,
B 9TOM cay4yae y* =const 4, ciegoBaTebHO,

y*=yo+ [0 (x*) +eY (x*, e)}t=yo+Q1, (6.4)
r}le . .
Q=0 (x*) +e¥ (x*, &) =Q(x*).

BBenenHasi TepPMHHOJIOTHS, KAK Mbl 3TO BMJAEJNH NPH H3JO0XKEHHH
Mmeroja Ban-aep-lIlons, onpaBaaHa TeM, uTo BCe HCHOJb3yeMbie MO-
HATHA (TaK ’Ke, KaK U MeTOJ) BO3HHK/IH H3 TEOPHH KoseGaHHI.

Onpesnenenne cTalMOHAPHBIX COCTOSIHHH CBOAHMTCA K peLIEHHIO
CHCTEMbl TPaHCUEHJEHTHhX ypaBHeHuil. CucTeMa 3THX ypaBHEHHH
MOXKET He HME€Tb KOPHell — 3TO 3HA4uT, yTo cucTeMa (6.1) He HMeeT
CraudoHapHbX Toyek. CucreMa (6.3) MoXKeT HMeTb KOHEYHOe /M
GecKOHEeuHOe YHCJO pelleHHH, a Takke MOXKeT yAOBJEeTBOPATLCHA H
ToxaectBeHHo. IlocnenHee o3Hauaer, uto JN0GOE H3 COCTOAHHE CH-
crembl (6.1) crauuoHapHoe. C 3THM sBJEHHEM Mbl CTaJKMBaeMcs
BCAKMH pas, KOTJa H3ydaeMas CHCTeMa SIBASETCH KOHCEpPBaTHBHOM.

~2. Hccaenosanne ycroiunsocTH. OCHOBHOM BOMNPOC, KOTOPbif
BO3HHKaeT NPH H3ydeHHM CTALMOHAPHBIX COCTOSIHUE — 3TO BONPOC
06 uXx ycToiiuuBocTH. Mbl He 6yjaeM 3Jech JaBaTb Kakue-1ub0O CTpO-
rde onpejefeHus H OCTAHOBHMCS TOJNbKO Ha OJHOM MPOCTOM BO-
npoce. [IpeanonoxkuM, 4To HayaldbHOe COCTOSIHHE OTAHYAETCA OT

CTalHOHAPHOTO, T. €.
x(0) =x*+5x(0). (6.5)

Torpa ecrecTBeHHO MOCTaBHTL BOMPOC O TOM, KaK HCCJEA0BATHL
v3MeHeHHe BekTopa x(f), yaosJjerBopsioulero yciaosusam (6.5). Ecan
BekTop 0x(0) mOCTAaTO4YHO MaJs, TO Mbl MOXEM MOJOXHTb

xX=x*48x
M COCTaBHTb /ISl OX JHHEapH3OBaHHbie ypaBHEHUs, T. €. COCTaBHTb

Ans cucteMbl (6.2) ypaBHeHUS B BapualusiX.
Ilocne oueBUAHBIX BbIUUCAEHUH MOJAYUHM

d&=Ad%, (6.6)
rie A — marpuua

A=l i=(2) .
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AneMeHTH 3TOH MaTpHUBl GYAYT NMOCTOSTHHBIMH BEJIHUHHAMH

_ (9X: )
9= ( 0xj x=x

rie X; H X; — KOMIIOHEHTH BEeKTOPOB X H X COOTBeTCTBeHHO. TakuM
o6pasoM, noBeJeHHe yCPeJHEHHOH CHCTEMBl B OKPECTHOCTH CTallHo-
HapHOH TOYKH MOXeT OLITb H3YYEHO NPH NOMOIUM CHCTEMbl JIHHEH-
HHIX JH¢GepeHUHaNbHEX YPAaBHEHHH € NOCTOSHHBIMH KO3¢ G HUMeH-
TaMH.

B Hayane 3Toff ryiaBbl MBI paccMOTpedu 3ajauyy o6 yCTOHYHBO-
CTH [/l CHCTEMBI € OJHOH cTeNeHblo CBOOGOAH. B ToM cayuae BMecTo
BeKTOPHOH cHcTeMH (6.6) MBI HMeeM 0JHO CKaJsipHOe YypaBHEHHe

0 =qdx. (6.7)

Ilna acHMNTOTHYECKOH YCTOAYMBOCTH TPHBHAJbHONO pEIUeHHs ypaB-
HeHusa (6.7) Heo6XoAHMMO. M JOCTATOYHO BHINOJIHEHHS HepaBeHCTBA
dX
(% ) <0, (6.8)

T. e. JJf HCCleJOBaHHA YCTOHYHBOCTH HaM JAOCTAaTOYHO IIPOBEPHTH
TOJbKO 3HAK NPOH3BOJHOH (GYHKUHH X (X) B TOUKe X=x*
[TepefineM Tenepb K paccMOTpeHHIO OGLLEro cayyas.
3. ¥YcroityMBOCTh TPHBHAJIBHOrO pelieHHs cHcTeMbl (6.6). YMHO-
KHM 006e yactH ypaBHeHus (6.6) ckanspHo Ha Bekrop 8x. Tak kKak

. 1 d 1 d
(8% - 6x) = - 8x% = o - ¥ 82,
T0 ypaBHeHHe (6.6) MBI MOXXeM 3anHcaTh B BHIE
20" —9(Abx - o). (6.9)
3aech yepes p o603HaueH pajHyc cephl «BapHalHil»
p= VE dx2.
Ilanee saMeTuM, yto
2(Adx - 0x)= %q,iéxl-éx,-+ ;qil 0x;0x; =
i o e
= %r,iéxi6x1=(R6x , 6x),
[

rie R — yxe cHMMeTpHYHas MaTpHla, TaK KakK 7=+ q;;.
Hrak, soipaxenue (6.9) uMeer cienyouini sui:

20" — (Réx - b). (6.10)
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Orciofa BHIHO, YTO JJISl aCHMITOTHYECKOH YCTONYHBOCTH TPHBHAJIb-
Horo peileHus (6.6) (1. e. g1a Toro yToGbl p2 — 0 mpu f — oco) H0-
cTaTo4yHo, 4ToGBl KBajapaThuHas ¢opma (RdOx-dx) Obna 3sHakoomn-
penenenno otpuuarensHofi. CiefoBaTeNbHO, YCJAOBHAMH YCTOHYH-
BOCTH CT2IIHOHAPHOTO peleHHs 6ynyT yCJOBHA 3HAKOONpeleleHHOH
OTPHLATENBHOCTH 3TOH KBaApPaTHYHOH (HOPMBL

BcenomHuM teopemy CunbBectpa: 044 1020 4T06bL fceadparutmaﬂ

popma 2,, a;;x;x; Gblaa onpedesenno noaoxcuTeAbHol, Heob6x0dumo

u docmmtmo 4T06bl ee KOIPPuyuenTsl a;; yoosaersopaiu caedyio-
WUM Hepasencraam:

A1=au>01
~ | ay  ap
— >O’

Qap Qg2

6.11)
ay Qi ... Qg

A=|" >0
QApy QApo oo« Qpp

Hdasa toro uro6el kBagpaTHuHas ¢opma (Réx-6x) 6GHa 3HaKo-
onpeaeneHHO OTpPHLaTelbHOW, HEOOXOAUMO M JOCTATOYHO, UYTOGH
¢opma — (Réx - 6x) Obuia onpepeleHHO monoxHTenbHoll. Ho, ecan
NOJIOKHTb — r;;=0a;;, TO

~ ry el -
A[=fu="‘A[, A2= =N,y
Fop T
U BOoOOuIE
e~
Ap=(—1)*A,.

[TosTomy u3 ycnoBuii (6.11) MBI cpasy HaXxoAUM AOCTATOYHHE YCJIO-
BHA YCTOHYHBOCTH

A<O
A>0

(6.12)
{>O, ecqaH k yerTHoe,

<0, ecau k HeuyeTHoe,

riae 2 — pasMepHOCTb MaTpHUbl A,
[pu k=1 ycaoBusa (6.12) cBomsitca K omHOMY ycnosuio (6.8).
4. 3ameuanusa. a) HsioxeHHble paccyXAeHHf MOTYT OBITL HC-
NOJb30BaHbl H [/ H3YUeHHS YCTOHUHMBOCTH HeCTallHOHApPHHIX 3ajaau.
PaccmorpuM cHoBa cucreMy (6.2), M nycTh x* — HeKoTOpoe
yacTHOe pellleHHe 3Toil cucTeMbl. [TocTaBuM BOonpoc 06 YyCTOHUHBOCTH
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storo pelteHus. [logo6Hble BOMpPOCH BO3HHKAalOT BO MHOTHX [ipH-
K/JaJHBIX 3afayax, HanpuMep NpPH HCCAeJOBaHWH TNEPEXOJHBIX pe-
JKHMOB B KoJlebaTe/bHHX CHCTEMaX.

3aMena (6.5) Hac cHOBa NpPHUBOAHT K ypaBHeHnuw (6.6), Ho
TOJILKO Tenepb 3JeMeHTh MaTpulbl A 6yayT y:Ke He MOCTOSHHBIMH
YHCNAMH, 4 HEKOTOPBIMH H3BEeCTHHIMH (GYHKIHSIMH BDEMEHH.

[ToBTOpAA paccyX/eHHsl TaHHOTO pasjena, Mbl ONATb MOMKEM CO-
craBHTb ypaBHeHue (6.10). ®ynkuus p? urpaer poib GyHKIHH JId-
NyHOBA [/1f1 ypaBHEHHA C MepeMeHHbIMH Kos3(pdHuHeHTaMu

8z =A(t)dx. (6.6')

CornacHo TeopeMe JIsANyHOBa fAJs acHMNTOTHYECKOH YCTOHUHBO-
CTH TPUBHAJBHOrO pelilleHus ypaBHeHus (6.6’) nocraTtouHo cyiue-
CTBOBAHHSl TAaKOH ONpeeNeHHO MONOXKHTeNbHOH GyHKuuun W (6x),
He 3aBHCSILEH OT BpPEeMeHH, uTo AJig Jaoboro dx u A060r0 MOMEH-
Ta BPEMEHH { HMEET MECTO HEPABEHCTBO

—(R6x - 8x) 2> W (8x).
B kauectBe pyHkuun W Mbi MoKeM NpUHATH QYHKIHIO
W=n(ox- 6x),
rae p — J1060oe moa0XKHTeNbHOe uYucno. Torga Ansi yCTOHYHBOCTH
HaM JAOCTaTOYHO motpeboBaTh, UTOOB KBaApaTHYHasi dopMa
—(Rbx - 6x) — pn(dx - 8x)
6blla onpefeseHHO moJoxuTenbHOH. OTciola B CHIY HepaBeHCTBa

CunbBecTpa, MB MNOJyYaeM CJAeAYIOLUIHE JOCTAaTOYHbIE YCJOBHS
YCTOHYUBOCTH:

Ay=rp<—uy,
rn T2
A2= I‘-2,
Ta1 T
(6.13)
rn ri ...y |<—pf ecam kB ueuerHoe,
P
Tel Tz +o. Tap | >0F ecqH R 4YeTHoe.

6) Ycnoeus (6.12) ompelensior TpeGOBaHHA, KOTOPHIM AOJKHbI
YAOBNETBOPATL Ko3pduuueHTHl cucteMbl (6.6) Aas TOro, uto6Hl
ofecneynTb YCTOHYMBOCTb pewenus. Manoxenusi#i cnoco6 wuccae-
JAOBaHHA YCTOHUMBOCTH SABJAETCA BAapHAaHTOM TPAMOro MeToja
JlanynoBa, a ¢ynkuus %, Kak yKa3bBaJoch, fiBasieTcst GyHKIHeH
JlanyHoBa. :

B npuknaaneix 3ajauax WHPOKO HCMOJB3YIOTCS W APYrHe Me-
TOAB! HcclenoBaHusi ycrodunoctH. Hanpumep, ecan martpuna A
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MIOCTOSIHHAfA, TO MOXHO pa3bICKHUBaThb pellieHHe ypaBHenus (6.6) B
BUIE

dx=yer. (6.14)
IToncraensaa (6.14) B (6.6), ME mosydyaeM ypaBHeHHe AJaA A
|A —AE|=0.

Xapakrepuctuueckuit onpenenutend |A — AE| mpencrasasier coGoi
HEKOTOPHIT moAuHOM OT A. [lAs acHMOTOTHYeCKOH YCTOHYHBOCTH
peiienusi 6x=0 Heo6XOAHMO H JOCTATOYHO, UYTOOBI KOpHH 3TOrO MO-
JHUHOMAa HMeJH OTpHLAaTe/NbHble AeHCTBHTENbHblE YacTH. YCJIOBHS,
KOTOPBIM JIOJKHBI YAOBAETBOPATE KO3 GHUIHEHTH 3TOr0 MOJTHHOMA,
HeoOXoAMMElE M JOCTATOYHBlE A/s TOro, 4to6bl €ro KODHH HMelH
OTpHIlaTe/NbHble [efdCTBHTeNbHble uYacTH, AaloTca TeopeMoir [Typ-
Buua *). Mertoa, ucnoabaywouuii teopeMy [ypBuIa, cOBepLIEHHO
IKBHBAJIEHTEH H3/J0XeHHOMY C TOYKH 3peHHSl OKOHUaTeJNbHOrO pe-
3yabTarta.

B) Mbl COCTAaBUIH YCMOBHAI ACHMITOTHYECKOH YCTOHYHBOCTH TPH-
BHaJMbHOTO pelleHusi ypaBHeHus (6.6). Ilo Teopuu JlsanyHoBa u3
storo ¢akrta caeayetr H 6onee cuAbHBIN pesyabrat. Ecnu ycioBus
(6.13) uMeloT MecTo, TO MBI MOXEM YTBepXKAaTb, 4TO pellieHHe X*
HeMMHeHHo! cucteMbl (6.2) ycroituMBo B cMucae JlanyHoBa (HO He
aCHMITOTHYECKH YCTOHUMBO).

5. TpakTtoska pesyJabTaToB. B jgaHHOM maparpade M 0o6Cyx-
Jla/ld BO3MOXKHOCTH HCC/Ae[0BaHUA YCTOHYHBOCTH HEKOTOPOTrO pellle-
HMSl CHCTeMBl yCpeAHeHHBIX ypaBHeHMH (6.2). Mbl MOAOILIH K 3TOMY
BOIPOCY COBeplleHHO (opMaJbHO, OMHCAaB OGUIENPHHATHIH CcHocob
HCCAeA0BaHHSl YCTOHUMBOCTH pelIeHHH W NOHMMas MOJA YCTOHYHBO-
CTBI0 YCTOHUHBOCTH B CcMblcie JIAnyHoBa. YCTOHYHBOCTD B 3TOM
CMBbIC/Ie TpeAnoaaraer HecleoBaHHe MOBeJeHUs pellleHHs1 Ha GecKo-
HeuHOM HHTepBaJe BpeMeHH. Takoe HccaelOoBaHHe W GblIO MpoBe-
JaeHo agas cucreMbl (6.6). Ecnu pellieHue 3TOH CHCTEMBbl aCHMIITOTH-
YeCKH YCTOHYHBO, TO, COrMacHO TeopeMe JIANyHOBA, U3 YCTOHYHBOCTH
JMHeapu3oBaHHOTO YypaBHeHus (6.6) ciaepyer ycTOHYMBOCTL B
cMblcsie JlanyHoea pelenusa x* cucreMme (6.2). Ho cama cucrema
(6.2) aBasercs npuGamxkeHHoH. OHa ¢ HeKOTOPOH TOYHOCTBLIO (mO-
paaka O(e)) omHcbiBaeT pellleHHe HCXOAHOH cHcreMbl (6.1), u TO

'TONbKO Ha HEKOTOPDOM KOHEYHOM OTpe3ke BpeMeHH (mopsjka
O(1/e)).

B cuny nepeuncieHHbIX 06CTOATENbCTB §€3 IOMOMHHTENbHBIX HC-
c/lef0BaHHil HUKAKHX CyXJAeHHH o6 ycTofiuuBoCcTH B cMblciae Jlany-
HOBa pelleHHH HCXOAHOH cHcTeMBl (6.]1) M3 HallluX paccMOTpeHui
HEMOCPEICTBEHHO CAesaTh Henb3s. TeM He MeHee HCIOJNb30BaHHe

*) H. T. Uetaes, YcrofuuBocTb ABHXKeHHd. PaGoTel 1m0 aHAaNMTHYECKOR
mexaunke, AH CCCP, 1962.
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onmucaHHOrO cnocoba pacCyKAeHHst JaeT MHOro s TEXHHYECKHX
3ajau. Jleso B TOM, YUTO ACHMNTOTHYECKHH METOJ HCC/AEAOBaHHA
ypaBHEHHH WMEET CMBIC] MPHUMEHATh TOJABKO TOrAa, KOTjJ4a Mbl XOTHM
H3y4yaTb NOBEJeHHE CHCTEMBI Ha KOHEUHOM (XOTsl u 60JBLIOM) HH-
tepBase BpeMeHu. CienoBaTenbHO, HH(POpPMaLus, KOTOPYIO J0CTa-
BJIsIET NPHBEAEHHBIN crnoco6 paccyXk/aeHHsi, MOXKET 0Ka3aThbCs BIIOJIHE
JIOCTATOUHOM A/l pelleHHs TeX WJIM APYTHX TEXHHUECKHX 3ajady.

[Tpumeunanwue. Crepyer 3aMeTHTh, UYTO B HEKOTODHIX ChEUH-
aJbHBIX cayuasx, usyuaBmuxca H. H. Boronio6oBuiM K ero yueHu-
KaMH, N0 YCTONYHBOCTH pELUeHHA YCDPEeJHEHHBIX yDaBHEHHH YyAaeTcs
CYAHTb 06 YCTOWUHBOCTH pelleHHA HCXOJHHX YypaBHeHHH.

§ 7. BpamaTteabHble JBHIKEHHS MasiTHHKa

1. 3ameyaHug 06 H3yYeHHH KoJAeGaTEAbHBIX ABHKCHHA MasiTHH-
Ka. MafATHHKOM MBI YCJIOBHMCSl Ha3hIBaTb CHCTEMY, ABHXKEHHE KOTO-
poii ONHUCHIBAETCA YPaBHEHHEM

i+f(z) =0, (7.1)

rae [(z) — mepuognueckas $yHKuusi cBoero aprymenra. He orpa-
HUuMBas OGILIHOCTH, Mbl MOXE€M NPHHATb, YTO NEPHOJ, 3TOH (PYHKUHH
pasedn 2n u [(0)=0; kpome .

TOro, MH OYyA€M CUHTATh, UTO Z

cpeaHee 3HaueHHe f 6yaer

on
=5 ff(z)dz=o. (7.2)
0

Bce aBuXKeHHUSs, onuchIBae-
Mble ypaBHeHueMm (7.1), yc-
JIOBUMCSl Ha3bBaTb COGCTBEH-
HBIMH  JIBHXKEHHSIMH  MasT-
HHKa. :

KpoMe cOGCTBEHHBIX JBH- Puc. 28.

JKEHHH MasiTHHUKa, MH 6yaeM ‘

elle pacCMaTPpHBAThb BHIHYX/JEHHLIE JABHXXEHHA, NMPOHUCXOASILHE NOA
JleHCTBHEM BHEIUHUX BO3MyIleHHH. Takue JBHXKEHHA MBl GyleM
ONMUCHIBATH YpPaBHEHHEM

i+f(2) =ep(z, 2, 1), (7.3)

Tle & — MaJbi napamerp.

daszoBaa MJIOCKOCTb ypaBHeHus (7.1) umeer BHA, H306paxKeH-
HbIF Ha pHc. 28. 3aMKHYThie BETBH CenapaTPUCHi OrpaHUYUBalOT 06-
JlaCTH 3HaueHH# 2 W 2, COOTBETCTBYIOILHE NMepHOAHYECKUM (Kosieba-
TeJbHEIM) ABHXeHnAM. HezaMkHyTble a30BBle TPAEKTOPHH OMMCHI-
BalOT BpalllaTeAbHble ABHXEHHUS,
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Bo Bcex mpuMepax 3Toi IVaBbl Mbl paccMaTpHBadH KosebaTelb-
Hble ABHKeHHsA. MeTozbl, pa3BuTble B 3TOH IjaBe, MO3BOJAIOT pac-
CMOTpeTb cilefyloliHe 3afaun:

a) Ksasuauneiinoie korebanusa. B stoM ciyuae xoneGaHHA CUM-
TalOTCSl MaJbiMH, H ypaBHeHue (7.3) 3aMeHAeTCA TAKHM:

Fto=ep(z, i, ).

BbiGop MOCTOAHHON » B TOM Caydae, Koraa f(z) — aHaJHTH4eCKas
GyHKUMA, OUeBHAEH — 3TO KO3 GHIMEHT NPH MEePBOM YHCJeE TeHJO-
poBcKoro pasinoxeHusi dyukuun f(2). Ecau [(2) He ananutnyeckas
GYHKUHA, TO BEJIHYHHA © ONpefe/sieTcss MeTOJOM 3KBHBaJeHTHOH
JHHeapu3alHu. B 3TOM c/iyyae BelHYHHA © 3aBHCHT OT aMIUIH-
Tyabl x. PazHoctb

f(2) — o®2=e}*(2)

OTHOCHTCA K BO3MYILLAIOLIHM CHJIaM.

6) Koaebanus c¢ manrod sxepeueti. KasninHelHble KoneOaHHS
ABJAIOTCA YaCTHBIM ciy4yaeM Takux cHcreM. OJHako Ha 3Ty 3ajauy
MOXHO MOCMOTPeTh U ¢ GoJsee obuell Touky 3peHud. I1peanonoxum,
YyTO MBL CHOBa NpeJcTaBHaH (QYHKUHIO [(Z) B BHIe

f(Z) =’z — P«\P* (2)7

rie p — HeKOTOpbl MaJblil mapaMerp, He 3aBHCALIHA OT e. Toraa
M ypaBHeHHe BO3MYLIEHHOro ABHXKeHHA (7.3) Oyaer

I+ o’z — pp* (2) =ep(2, 2, 1). (7.4)

Ypaeuenue (7.4) comepXuT ABa Manablx napamerpa. [Ipu e=0 Mbl
nosiyyaeM nopoxjaalolliee ypaBHeHHe

I+ oPz=pP*(2). (7.5)

Ecau sHeprusi cucteMbl Maja, TO MOXHO MOCTPOHTb NPHO/IHKEHHOE
peuueHue (7.5) c 060 TOYHOCTBIO OTHOCHTEIBHO |

z=Q(x, o(x) (t+¢)). (7.6)

HUcnonbaysa peutenne (7.6), Mbl MOXKeM TeNepb MOCTPOMTD pelleHHe,
ACHMITOTHYECKOE MO €.

Taxoil MOAXOA K HccJeAoBaHuIo ypaBHeHHit (7.3) apadercs Gosee
ru6KHM, ueM TOT, KOTOpBIH paeT KBasuluHeHHasa rteopud. Mcnoap-
30BaHHe JABYX MaJjblX MapaMeTpOB M03BOJsAeT OOHapYXHTb B Heas-
TOHOMHBIX CHCTEMax TaKHe pelleHHs, KOTOpble Hesb3sl ONpelelHTb
MEeTOJO0M KBa3WIHHeHHOH TeopHH. TeM He MeHee ero BO3MOXHOCTH
orpaHuyYeHbl TONbKO MaJbiMH aMILIUTYAaMH.

B) B ToM caydae, eciu aMIMIHTYAB KosaeGaTeJbHOrO mpoiecca
BeJqHKH, (ha30Basfg TPaekTOpHsA YXKe OJHM3Ka K CenapaTpuce, H Mbl
LOJKHBl HCIONb30BATh AJISi NMOCTPOEHHS AaCHMITOTHKH 0OuiHe Me-
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TOJbI, KOTOPHIe OBIIH H3J0XKeHH B § 2 3TOH raaBH. 3aMeTHM, Of-
HAaKO, UTO €CJIH NMPH YBeJHYEHHH 3HEPrHH MepHoj KosneGaHHH Gymer
HEOrPAHHYEHHO YBEJNHUYHBATbCA (MePHOJ ABHXKEeHHS BAOJb cemapa-
TPHCBI GeCKOHeYHO GOJIbLIOH), TO TOYHOCTb ACHMITOTHYECKHX Mpes-
CTaBJeHHH OYyAeT yMeHbLIaThCH.

Takum o6pa3oM, MeTonbl AaHHOH TVIaBbl MO3BOJSIOT C 6OJbLIOH
TOYHOCTBIO H3YYHTb BCIO 00JaCTb KojebGaTeqbHHX ABHXKEHHH, 3a
HCKJIOUEHHEM Y3KOH IOJIOCHI, NPHMBIKAIOLEH K cemapaTpHce.

B nacrosiiuemM nmaparpacde Mbl pacCMOTPHM BpalllaTesbHble JBH-
XeHuss MaaTHHKa. OkaablBaeTcsi, UTO MeTOAbl OCpPeJHEHHS MO3BO-
JSIIOT M5 GONbIIHX 3HEPrHH NMOCTPOHTb TEODPHIO, IO MEHbIUEHd Mepe
He Gosee CJOXKHYIO, UeM H3J0XKeHHas TEOPHS HEeJHHEHHBIX KoJeba-
Huil. M3yyeHue BpalllaTe/bHbIX ABHXKEHHH MH HayHeM C paccMOTpe-
HH cOOCTBEHHBIX ABHKEHHH (¢ = 0).

- 2. Hosble HeaaBHcHMBIE nmepeMeHHBble. [lepeiieM Tenepb K H3y-
YEHHIO TeX IBHXKeHHH cHcTeMBbl (7.1), KoTopble H3oGpaxkaloTcs He-
3aMKHYTHIMH (a30BbIMH TpaekTopusaMH. OHH COOTBETCTBYIOT 6oJb-
IUIHM 3HaYeHHSIM HayaJbHOH JHEPrHH.

PaccMotpum cHOBa pHC. 28 H KaKyi-1H60 H3 KDHBEIX, OMHCHI-
BAWIIHX BpalilateabHoe ABHXeHue. OHa mepecekaer ocb OZ B Touke
{=Q, u ¢dasoBas T~ 1eKTOPHfA, COOTBETCTBYIOLLAs 3TOMY YpPOBHIO
3Heprui, MpeacTaBss I COO0H BOJHOOGDPA3HYIO KPHBYIO, JeXallyko
B OKpecTHOCTH mpsiMod Z=Q. Iloatomy B ypaBHeHuu (7.1) ecre-
CTBEHHO clle/laTh 3aMeHY nepeMeHHBIX

dz
T =Q+x. (7.7)

llonoxum eie f=es, rae e=1/Q. Torna ypasHeHne (7.7) 6ymer
TPHBEJEHO K CHCTeMe [IBYX yPaBHEHHI NMepBOro mopsjaka

’=—8f(2),}

2 =1+ex, (7.8)

Tle NpHHATO oGo3HaueHHe @' =dg/ds. DTa cucTeMa ypaBHeHHH OT-
HOCHTCSl K PacCMaTPHBAEMOMY THIy YDaBHeHHil: OHa COMEPKHT OJHY
Me/lJIEHHO H3MEHSIOIIYIOCS I[epeMeHHYI0 — YIJIOBYI0 CKOPOCTb Bpa-
IIeHHS] X H OfHY OBICTPO HU3MEHSIOILYIOCS MEPEMEHHYIO 2, KOTOPYIO
MOXHO HHTEPNPETHPOBATb KakK Yrosl MexXAy HHTbIO MasiTHHKAa M
HEKOTOPOfi NpsiMOH, GHKCHpOBaHHOH B mpocrpaHcTBe. Kpome Toro,
npaBble YaCTH SABJAITCA MEPHOAHYECKHMH (DYHKUHAMH «OBICTPOH»
nepeMeHHOH 2. TakuMm o6pasoM, Ans H3yueHHs cucTeMbl (7.8) Moryr
6bITh HCIOJB30BaHBl METOAbI, PA3BHTHIE B 3TOH rJaBe.

Hns cucremsl (7.1) ycioBHMCS pacCMaTpHBAaTh CJeAYIOLLYIO 33-
Aauy Kouwm: '

npu t=0: %%:Q, 2=
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HJH _
npu t=0: x=0 2=0. (7.9

Tak xaxk cucreMa (7.1) He comepXXHT IBHO BDEMEHH, TO pacCMoOTpe-
HHe TakOH crneuua’bHON 3ajaud Kol He orpaHHYHBaer oéumocm
Ecnu Mbl HafiieM ee peluenne

z=z(t, Q),
TO 061Kl HHTErpan ypaBHeHus (7.1) 3anulierca B ¢opme
z=2z(t+1, Q), (7.10)
rae Q H fy — MPOU3BOJbHBIE NMOCTOAHHHIE,
3. MocTpoeHHe acHMNTOTHKM mnopoxxjawouero pewenus. Ciaenys
oblieli cxeMe, MOJOXKHUM
x=x-+eu (%, 2)+eku,(x, 2)+ ...,
z2=2z+¢ev,(%, 2)+e%0,(%, 2)+ ..., }
rie OYHKUMH T H Z YJOBJAETBOPAIOT CJAEAYIOIHM ypaBHEHHUAM:
r=ed(D+eh@D+ ...,
Z=1+eB(X)+eBy(¥)+ ... }
Kax u BO Bcex APYrHX caydanX, Mbl OyfAeM cudrTaTh QYHKUMH U; H

v; orpaHuueHHbIMU. Hanee, pas Toro utobbl yJOBJAETBOPHUTbH YCIO-
BUAM (7.9), npuMeM

(7.11)

(7.12)

u; (%, 0) =0; (%, 0)=0. (7.13)

YpaBHenue ans onpefeneHus GYHKuuil u;, v;, A; u B; 6ynyr B stoH
3ajaye TaKUMH:

2 = f(2)= A (D), %=x—31<sc),

a a a a

%_ I~ 34~ 24 B~ A,(9), (7.14)
a a a _

’51;—-2=u1"— St A - v. B, — B,(%)

H T. A.
PaccMOTpHM NepBoe M3 ypaBHenuil cucreMul (7.14). Ilas orpa-
HUYEHHOCTH GYHKUHH #; HEOOXOAHMO H AOCTATOUHO, YTOOHI

Ay(x)=—F}
Ho, coraacno ycaosuw (7.2), f=0. TakuM o6pasom,
1,=0. (7.15):
Orcioaa

w(i 2)=— [ @) dz+C (3),
0
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rae C(¥) — npousBonbHaa ¢yukuusa . Onnako ycaosue (7.13) Ham
cpasy jaer

C(z)=0.
BBenemM 06o3HaueHHe
n n
[fyan=9¢@m), [¥mdn=2 (. (7.16)
0 0
Torna Mbl MOXKeM HaMHCaTb ‘ ‘
u(z) = — ¥ (2). (7.17)

[ToBTOpsia paccyXAeHHs [/  BTOPOrO M3 YPaBHEHHH CHCTEMBI
(7.14), noayunm o

Bi==z (7.18)
H, CJefloBaTeNbHO,

v, =0. (7.19)

Hcnoapays pesyabratsl (7.17), (7.18) u (7.19), nepenuiieM TpeTbe
ypaBHeHHe cucteMbl (7.14)

TR
OTKyna
Aa®=F 50 (7.20)
H, cJefoBarTeJbHO,
uy (%, 3)==x ff(z) dz=x¥ (3). (7.21)
. 0

[TepenuineM, HakoHel, nociejHee H3 YypaBHeHuW#l cucteMbl (7.14)
C YYETOM MOJYYEeHHBIX Pe3y/TbTaTOB

991 — W (3)— B,(%),

a9z
OTKYZAa .
B:(¥)= —V, (7.22)
H, cae0BaTeNbHO, HCMOAB3Ya 006o03HaueHus (7.16), mosyunm
v (%, )= —D(EF)+V 7 (7.23)

ITpononXKUB 3Ty NpOUEAYPY, A€rKo .Noayunth, yro A;=0, u T. 4.
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OrpanuuHBasicb B HalIHX BbIYHCJAEHHAX yneHaMu nopsinka O (e?),
npugaauM ypasHenusim (7.11) u (7.12) Bun

x=x—e¥Y (@) +ex¥(3)+ ...,
2=37—¢2(D(3)— ¥3),

X =0,

¥=14ex— ¥,

Hnterpupyst Tpetbe u3 ypaBHenui (7. 24) H YUYUTHIBasi HayaJibHble
ycaoBus (7.9), noayuum

(7.24)

¥=0 (7.25)

Ha ocnoBanuu paBeHcTBa (7.25) ocTajibHElE YDaBHEHHS! CHCTEMbI
(7.24) 6ynyT umMeTh CAeAYIOUIHH BHA:

x=—e¥(3),
2=3+e2(3¥ — D (3)), (7.26)
¥ =1—e?V,

IMepenumem dopmyanl (7.26), BosBpauasch K nepeMeHHOMY £=s/Q,
H MOJIOXHM €= 1/Q

2=(Q—%T)t,
z=(Q— 5 T)t+ é-{@(g—%@)t—w((g ——;T‘_I")t)} (7.27)
x=—5¥((2 —Elilf)t).

IpononxuB 3Ty mpoueaypy, Mbl MOMKeM MOJYYHTH pelleHHe ¢ Jio-
00#1 cTeneHbio TOYHOCTH OTHOCHTENbHO 1/Q.

Tak kak W sBasiercsl MOCTOSIHHOHM, He 3aBHcsillel oT Q, TO
yL06HO BBECTH HOBYIO IIOCTOSTHHYIO -

1 =5
A=Q—§‘I’.

Torana acuMnToTHuecKoe npejcrabieHHe o6Lero HHTerpasa ypabHe-
Hust (7.1) ans cnyuas GonblUX 3Hepruil 6yneT UMeTh BHA:

2=t 1)+ { T A+ 1) = QO+ )+ 0 (). (7.29)

Pemenne (7.28) conaepXHT /[ABe MPOU3BOJbHbIE NOCTOSIHHBIE A U fo

*) Ilpu BuiBoae (7.28) Mbl MCMOJL30BAAH TO OGCTOATE/ILCTBO, UTQ

1 1 1
2= O 5
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[Tpumevanusn. l. Urak, acuMnroTHueckoe mpeicTaBaeHHE
ofliero uurerpasa ypasHenHsa (7.1) jans ciayuasi GOMbLIMX 3HEPTHE
mMoxer ObiTh npuBefeHo B ¢opme KBaapatyp. Takum ofpasom, B
3TOM CJly4ae ME HMeeM TY e CaMyl0 CHTYalHIO, KOTOPYIO MBI
HMMEJNH JUI MaJeX 3HepPruil. B camMoM Jene, eciu paccMaTpuBath
ypaBHeHHe (7.1) Kak KBasu/JIHHelHOe

itokz=ep(2)=—(f(2)— %),
TO MBI JOJXKHH NPHHATD
2=xcosy, x=const.

Torna y yaoB/eTBOPSieT YpaBHEHHIO

2n
j=0+ Qnim f [f (x cos y) — @®x cos y] cos y dy,
0

2n
. 1
y=9(x)=%+mff(xcosy)cosydy
0

U aCHMITOTHYECKOe Ipe/ICTaBAeHHe O6liero HHTerpana Gyner
z2=xcos Q(x) (t+1), : (7.28)

rfe x U ty — JBe NPOU3BOJIbHbIE MOCTOSIHHBIE,

CnenoBarenbno, ¢opmyna (7.28) sBnsiercs aHamorom (7.28'),
a ¢dopmyna (7.7) urpaer Ty Ke poJib IPH H3YYEHHH BpalllaTeJbHHX
JABHXKEHHH MasiTHHKA, KaKylo Hrpaet npeobpasoBanue BaH-nep-Ilons
B cyuae KonebaTenbHbX JBHXKEHHI.

2. lns noctpoeHus ¢opmyn (7.28) Mbl UCIONB30BaNH pPa3Jaoxke-
ude QYHKIMH B psbl U CBA3aHHble C 3TOH HPONENYPOH ONepalHH
aupepennupoanus. B § 4 stoit rmasbl 6HJIO MOKa3aHo, 4TO ¢op-
myaa tuna (7.28) moxer ObITH MoJyueHa METOAOM IIOCJEN0BATENb-
HHX NPUOJAHXKeHHUH, peaqn3anus KoToporo He TpeGyeT mpeanosoxe-
HHA O Ju(pepeHIHpyeMOCTH (M JaXKe HeNmpepbiBHOCTH) MpaBoH
yacTH ypaBHenHs (7.1). CxeMa MeToJa NOC/IeNOBATENbHBX MPUOGIIH-
XeHHH TNPHUMEHHTEJNbHO K [aHHOMY CJYy4al CBOAMTCA K CJEAYIO-
1ieMy.

Bmecto 3aMennl nepeMeHHHX (7.11), (7.12) Mu nosnaraem

x=x+eu(x, z, e,
e I (7.11)
z=2%+¢ev(x, 2, &),

i=eA(%, ¢), }

j=1+eB (%, e). (7.12)
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Moacrasass (7.117) u (7.12') B ucxoauwle ypapHenusa (7.8), Mul
nojyiaem
A+t eusA+us;(1 +eB)=—f(Z+ev),

B+ev;B+u:(l+eB)=x+eu.

Penienne’ 370 CHCTeMB NPOBOAHMTCA MO CleAVIOHIeH HTepaLHOHHOH
cxeMme:

U = —f (2 + evt=D)— gulb-D A=) — golb-DBG-) — A®),

v = % + eult-) — gylk-D AG-1 — gyk-DB®-) _ B8
4 X ) F4

Herpyaso y6enutbecs B TOM, YTO, HCIOJMb30BAB 34ldaHHEE Haya/JbHbIE
YCJIOBHS, 4 TaKXe YCJIOBHSI OTPAaHHYEHHOCTH QYHKUHA ¥ H U H IpO-
BOJAS JBa Iara HTEpPalLHOHHOTO Ipolecca, Mbl NpHIeM K (opmyne
(7.28). Co ‘

4. BpamareabHble JBHXEHHS MaTeMATHYeCKOro MasATHHKA. B ka-
yecTBe NpOCTelllero nNpHMepa pacCMOTPHM BpaulaTesbHble ABHXKe-
HHS MaTeMaTHYeCKOro MasiTHHKa

Z+sin 2=0. (7.29)
B sToM cnyuae

f(2)=sin z
H, CJlefloBaTeNbHO,

¥(z)=1—cosz, W¥=I1, @®(2)=2z—sinz

Hcnonb3ysi 3TH BhIpa)KeHHs,, COCTaBHM BbipaXKeHue (7.28)
2=+ 57sindt+0 (55)- (7.30)

Pewienne ypaBHeHus (7.20) Bbipaxkaercs uepes 3JIJIHITHUYECKHE
GYHKLHH, TIO3TOMY ACHMIOTOTHKY YypaBHeHHsa (7.30) MOXHo mo-
CTPOUTDb, ONHPAsICh Ha CBOHCTBA 3JJIHNTHYECKHX (QYHKLHI.

INpuMmeuaHnue. Ecin npaBas vacth ypaBHenus (7.1) — aHa-
JuTHYecKas QPYHKUHUS 2, TO NpUONHAKEHHOE pellleHHe B Cydyae 6oJb-
IIMX 3HeprHii MoXeT ObITh IIOCTPOEHO M APYrHMH cnocobGamu. Ha-
npuMep, noJsaras B ypaBHeHuH (7.1)

2=0t+a, Qf=s, —¢

’

MBI IpHBEJEM €r0 K BHIY

d2
—ds—(;=—e2f(s+a).

HpaBaﬂ yacTbhb AJaHHOTO ypaBHeHHdA 3aBHCHT OT MaJIOro napaMerpa e,
npuyeM 3Ta 3aBHCHMOCTb aHaJIHTHYEeCKas, INO3TOMY ero peileHue
MO2KHO HCKaTb B BHJAE pflla MO CTENEHAM €, ONHpascCh Ha TeopeMy
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[Tyaukape. [1puMensia nofoGHble paccykJeHHs K ypaBHeHHIO (7.29),
MBI MOJYUHM o

z=Qt+sith{l—z——-5§z—+ L

+sin 20¢{ g0 + ..}+sin39t{4—819—6-+ }+ ... (7.31)

[lepBble uneHbl pasnoxenuit (7.30) u (7.31) coBnaaalor.

5. l'lpmwep MasiTHHKA, BO3BpalLaNOan CHJIA KOTOPOro pa3pnis-
Ha. B § 4 3r0#i raBbl MBI yxe 06CYXJa/H MPHMEHHMOCTb METOJ0B
ycpelHEHHst K TOMY chaydaioo, Korga GyHKuus f(2), BXoaslias B
ypaBHeHHe (7.l), He JomycKaeT pas/OXeHHA B PALBIL. HOKa)KeM Ha
npuMepe, KakHe pe3yJbTaTbl MOTYT
OLITb MOJyueHbl B TOM CJayuae, fe)
korfa ¢yHkuua f(2) paspbiBHA.

[Myers f(2) — nepuonnyeckas ) 2
(yHKIMA 2 nepHoma 27, NpHYEM a - Z
+1, 2<(0, n), —
f2)= { _
-1, z=(—=, 0). .
Fpaduxk ¢yHkuuH f(2) nzoGpaxeH Puc. 29.

Ha pHc. 29.

Tak kak f=0, to ¢daszoBas mrockocTb ypaBHeHus (7.1) Gymer
B 9TOM Cllyyae MepPHOAHYECKad, T. €. HMETb CTPYKTYpY, H300paxeH-
HYy10 Ha puc. 28.

Boiuncaum
2

}F(z)=ff(z)dz={

0

2, 2 (0, =),
—2z, 2€(—m, 0).

CaenoBaresibHO,
n 0
Tir 1 n
‘I’=2—{ fzdz— J.zdz}=?
0 -1t
Jlanee
22
T ’ E (Or n)r
' (Z) = 22
) o 2E (—ﬂ:, O).

Tenepb IS 3TOro cnyqaﬂ coctaBUM Bbipaxenue (7.28)

TRRNEIE = )

° u+—ﬁ[5m+T], te (-1 0).

(7.32)
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JBukeHun, Koropble onpelensiorca dopmynamu (7.32), usobpa-
JKeHbl Ha puc. 30, rae

A=1g ¢.

6. Cucrema c Bpamatomumcs 3BeHOM. MeroaHka, H3J0kKeHHaA

B 3TOM naparpade, Moxker ObiTb HCMONb30BaHA 6e3 KaKUX-1HGO Cy-
, lLleCTBEHHBbIX H3MeHEeHHH AJA HCClellOBAaHHS YPaBHEHHH 3HAUHTENbHO
O6onee oOuiero BHIAA, 4eM paccMo-

z TPEHHBIMH. «

/<\ [Ipeanonoxum  Temepb, 4TO
BMecTO ypaBHeHHa (7.1) Mbl pac-
CMaTpHBaeM Takoe:

F+f(z, ) =0,  (7.33)

| €

>y~
>|§—~\
|

2n
A _
TET
|

- rae E——-BeKTOp, H3MEHEeHHEe KOTO-

pd poro onMcbiBaercsa cHcreMoH Aud-
‘ thepeHUHaNbHBIX YpaBHEHHIE

E=R(E 2). (7.34)

[To-npexxneMy 6yaeM mpepmosarath, uto ¢pyHxuua f(2, ) nepuomu-
uyeckas no z nepuoaa 2x anas aAwboro §, npuuem

Pue. 30.

M= |1 Bdz=0,

KakoBo Obl Hu ObLIO E.

@yHkuHio R rtakkKe OyleM cunuTaTh MepHOAHUECKOH (yHKuHeh
nepeMeHHOH z nmepHolda 2n (B 4aCTHOCTH, He 3aBHcAlleH ot 2). By-
JleM npeanoJarath faJjee, 4To

2(0) =Q

ecTb HeKOTODPOe GOJbIIoe YHCJIO.

Cucremy (7.33), (7.34) npH 3THX YyCJOBHAX Mbl OyleM Hasbi-
BaTb CUCTeMOU ¢ 8pawjarowumes 38eHoM. TakHe CHCTeMBbl 4acTo
BCTPeualorcs B NpPHJIOKeHHAX. HanpuMep, kak Mbl 3TO YBHAHM B
clenywolieM naparpade, obuian 3agaua ABHKEHHS CIOYTHHKA, T. e.
3aflaua HCCAeIOBaHHA COBMECTHOTO J[BHXKEHHf I[eHTpa HHeDIHH
CNYTHHKA H ero ABHXKeHHS OTHOCHTEIbHO HEeHTPa HHEPUHH BO MHO-
rHX c/y4afX CBOAHMTCA HMEHHO K HCCJAEA0BaHHIO CHCTEMBI C Bpalllalo-
(IUMCS 3BEHOM (MJIH C BpallalOL{UMHCA 3BEHbAMHU).

[Tocsne 3ameHbl

t=¢gs, &= 2=0Q4+x
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Mbl npHBeleM cucteMy (7.33), (7.34) k cieaylollleMy BHAY:

¥=eR(, 2),
¥ =—cef, 2), (7.35)
2Z=1+4ex,

rie ' — wiTpux o3Hauaer AuddepeHIHPOBaHHE MO HOBOMY He3aBH-
CHMOMY NepeMeHHOMY S.
Hns cucrembt (7.35) paccMoTpuM 3agauy Koilld ¢ HauasibHbIMH
JlaHHBIMH ‘
E(0)=a, x(0)=0, =2(0)=0. (7.36)

Ata 3a4aua Moxer ObITh H3yueHa CTaHAAPTHBHIM MeToAoM. BeicTpas
nepeMeHHasi 2 NpPH 3TOM HCKJMOUAETCHA, H Mbl MPHXOAHM K CHCTeMe
ypaBHeHH#, NOpALOK KoTopoil paBeH n+41. OpHako B 3TOM cayuae
pe3yJbTaT yXKe He MOXeT OblTb MpeACTaB/aeH B CTOJb KOMMaKTHOM
thopMe, Kakylo HaM yAajocb MONYYHTb B 3ajaye O BpaulaTeqbHOM
JBHXEHHH MasiTHMKA. ,

7. MasiTHHK C nepeMeHHOH Bo3Bpallawmed cuaoi. YacTtHbiM
clydyaeM CHCTeM C BPaUlAIOLIUMCH 3BEHOM SBJAETCS MasiTHHK, JBH-
JKeHHe KOTOPOTO HMEET BUJI

F+f(z ) =0 (7.37)

NpH YCJIOBMM, UYTO €ro HauaJbHas 3HEPrHs BeauKa. 3Ta 3ajaua CBO-
nutcs K cucreme tuna (7.33), (7.34) 3ameHof

t=t, i=1.

Torga cucrema ypaBHeHui Tuna (7.35), cooTBeTCTBYIOLlas 3TOMY
ypaBHeHHIO, 6y1eT HMeThb CIelyollHi BHA:

gl =&,
x'=—e¢f(z, &), (7.38)
27=1+4¢ex.

[ToBTOpsis OCTOBHO BCE Te PACCYX/[EHHS, KOTOpble OBUIH NpHBE-
JeHpl B Hauane naparpada, Mbl JeTKO NOJAYUHM JAAsl 3TOTO cJydas
dopmyan THRa (7.15), (7.17)—(7.19), (7.20), (7.22) u (7.23).
BosBpaulasicb 3aTeM K CTaphiM NePEeMeHHBIM, HaliieM

2(t) = (9 —%T(to))t+ é{?(t)t(g _ %w(to)) _

—olt, (sz — 2 ¥ () t]}

WJIH, BBOJAS HOBOE o6o3HaueHue AJA HpOH3BOJIbHOﬁ NOCTOSIHHOM

1
A=Q— 2 F (L),
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MOJYUYHM OKOHUATEJbHO JJA BeJlHUHHbl OTK/JIOHEHHS MasTHHKa cJe-
JYIOULYI0 aCHMITOTHUYECKYIO (popmyny:

2(t) =M+ 35 LT (t)at— O (¢, Aty (7.39)

3aMeTHM, uTO acHMnToTHYeckas ¢opMyaa (7.39) Oblsa noJayuexa
6e3 kKakux-1u60 MpeinosoXeHHH O CKOPOCTH H3MeHeHHA mnapame-
TpoB MafiTHHKa (7.36). 310 06CTOATENLCTBO ABASETCA OTIHUHTENb-
HOH 0COOEHHOCTbIO 3ajlay aCHMNTOTHKH OoabliuX 3Hepruél. B 3THx
3ajlauax ycpejHeHHe MNPOH3BOAMTCA MO MNEePHOAY BpalllaTelbHOro
ABHXEHH#, KOTOpbii MaJ, H, cJaeJoBaTe/bHO, NapaMeTpbl CHCTEMb
3a BpeMsl 0jJHOro o60potra He YycneBaloOT MOJYYHTb 3HAUHTEJbHbIX
npupallleHuil, Jaxe ecaH HX l'lpOHSBOlIHble H He FBJAIOTCA MaJbIMH
B «peasibHoM MacliTaGe BpeMeHH».

B kauecTBe npHMepa paccMOTPHM BpalllaTe/ibHble ABHXEHHs Ma-
TEMATHUECKOr0 MAasiTHHKa B MoJe nepeMeHHOH rpaBuTanuu. Ero
ypaBHEHHe MOXHO 3aMHCATbh KakK

5+g(t)sin z=0. (7.29)

IMpumensa gopmyay (7.39), Mbl noayuuMm cieayrouuil anaaor ¢op-
Myab (7.30):

2=Al+

gl) (7.30)

IMMTpumeuanue Pemenue ypaBHeHusa (7.29) Mbl MOrJH MOJIY-
YHTb B IHNTHUECKUX QYHKIUAX, H Popmyny (7 30) MoxHO OblIO
BbIBECTH M M3 TOUHOrO pelleHHs, He npuberas K acHMNTOTHUYECKOH
TeopuH. ¥YpaBHeHHe (7.29°) yXe He UHTErpHPYyeTCs B 3JeMeHTaPHbIX
pyHKIHAX.

Kone6atenbHble JBHXEHHS, H3YUeHHbIe B MpeibIAYLHX Maparpa-
thax, — 3T0 HEKOTOPBIH KJjacc ABiKEeHH B OKPECTHOCTH MOJIOXEHH?
paBHOBecHs. JIBHXeHHHA, KOTOpble Mbl pacCMaTpHBaeM B 3TOM napa-
rpade, — 3T0 KJacc ABHXKeHHH, OJH3KHX K paBHOMepHOMY Bpallle-
HHIO H HMeIOIIHX TaKXe KoJebaTeabHblli xapakrep. I[ToaToMy u 31ech
YMECTHO BBECTH MOHATHE AMIJIHTYAB — MaKCHMaJbHOrO OTKJOHe-
HHS OT paBHOMepHOro BpallleHHs. B naHHOM cayuae, Kak 3TO cJae-
ayer u3 ¢opmyanl (7.30"), amnautryay a(f) MOXHO onpenenuTb
dopmyaoit '

1
a=-7 g ().
M3 storo Bblpa)XeHHs BHAHO, UTO AMIJIHTYAa NPU BpalllaTelbHOM

IBHXXEHHH pPaCTeT C YBeJHUEHHEM HanpsXXeHHOCTH FPaBHTAllHOHHOTO
noas. HanoMHuM, 4To B ciyuae KojeGaTe/NbHbIX ABHXEHHH aMmiu-
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Tyla ¢ yBe&JIHY€HHEM HHTEHCHBHOCTH TPABHTALHOHHOIO MNMOJfA yMeHb-
wanaach no 3aKOHy

4o
T
Vg©
ComnocraBnerne 3THX ABYX (opMys yKa3blBaeT Ha CyLIeCTBOBaHHe
KauecTBEHHbIX pas/iH4YHii B Xapakrtepe KoJebaTelbHbIX ABHXKEHHH B

OKPECTHOCTH MNOJIOXKEHHAI PAaBHOBECHSi H PaBHOMEPHOTO BpalueHHs.
8. Teopus BosmymeHHit. PaccMoTpHM Tenepb ypaBHeHHe

i+f(zy T)=H(P(z, Z.‘ t)y T=ut+T0 (7.40)

a=

H 6yleM npeanoJaraTb, YTo 3HEPrHs 3TOH CHCTEMB! JOCTATOYHO Be-
auka, Taxkum ob6pasoM, mpeanosaraercs, 4to npH p=0 ABHXKeHHE
MaaTHHKa (7.40) BpamarenbHoe.

[TapameTpbl Q, xapakTepH3yIOLUHH 3HEPTHIO CHCTEMbl, H |, Xa-
pakTepH3yiOlHHA BO3MYlLlaollHe BO3AeHCTBHSA, CUHTAIOTCA HE3aBHCH-
MbIMH; TIOITOMY AJS1 HCCJ€L0BAHHA ypaBHeHHA (7.39) MOXKHO rHo-
CTPOHTb TEOPHIO, aHaJOTHUHYIO TOH, KOoTOpas G6blla pa3BuTa B § 2
STOH TJ1aBbl, OMHPAasicb Ha aCHMNOTOTHYECKHe pellueHHs INOPOXAalo-
uiero ypaBHeHus (7.1)

f+f(2, To) =0.
Bynem cuHTaTbh, uTO peilleHHe NOPOXKJAAWOLIEro YypaBHeHHsa (7.1)
HMeeT BHJ
2=Q(x, y, 1),
rie
Q=y+Z(x, y, 1), (7.41)

3Jecb X — NPOH3BOJIbHAA NOCTOAHHAA, A
y=o(x, 1) (t+h),

®(x, tv) — HODMHpPYIOIUHA MHOXHTe/Nb, BBIOpPaHHBIA Tak, 4YTOGH
$yHKIHA Z Oblla NepHOAHYECKOH (YHKUHEH NepeMeHHOro y me-
proda 2n. Conocrasasas BblpaxieHHe (7.41) ¢ aCHMIOTOTHYECKHM
npeiacraBieHueM (7.28), Mbl MOMY4HM
' 1 1

o=k F=5 Ty

. _ | L)
Z(x, y, ©)=¥(1)y—D(y, T)+O(F)=Z(y» T)+O(7§)' [
TakuM_06pasoM, ¢ TouHocTsi0 10 O(1/A3) dyukums Z He 3aBHCHT -
or x. Onpenenum ewe Z: : -
Z=O.)Zy, (7'43)
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HJH, HCHOJIb3.y71 ¢dbopmyanl (7.42),

Z=— Vx z, (7.44)

Hcnodab3yss 3aMeHy mepeMeHHLIX, OoNpejeseHHyo dopMmyaamu (7.41)
H (7.44), cocTaBuM ypaBHEHHS OTHOCHTEJbHO HOBLIX MEPEMEHHLIX X
H y (cM. § 3 370l rnash):

f=—4 (00, + 8} =X (x, 4, D), ]

(7.45)
j=0+% Q. +E}=pY(x, y, 7),

rjie

E=—0 Q)+ (Qrny - QyTQy) o, ]
fo= —0,Q,Q;+0,Q,Q; + 0(Q:Q,y — QuQu) (7.486)
A=0(QQ,—Q,Q,)—0.Q}
Ucnonbaysa naJee kq)opMy.an (7.42), noayunm
Q=y+xZ(y, 1),

Q,=1+xZ, 2=1+2xZ +x°Z2,
Quy=xZyy Qiy=2, 0,=0,
Q1:=er» er=ny1:’

H, cJeJoBaTe]bHO, BHpameHHs (7.46) MOXHO mepemHcartbh B cJe-
LYIOILEM BHJE:

_1_1 = L\ 1
A= 2 Vit * (ZZ” 2 Z-") 2
g =Vx [— Zy+x(ZZyy~ 2,2 (7.47)

Z,Z,

- — +

§2 V‘ V (
Uz dopmyan (7.47) c.neﬂ,yeT 4To
A=— (03+ 0] ( )

1 1
S+ (ZZy —EZ';’,),

-~ ZZyT>.

HJH (7.48)

e e !

x). |
9. YpapHenue Bau-pep-Tloasn. B st0ii xuure Mbl He pa3 ofpa-

uJ,aJme’b K ypaBHeHnHio Bau-gep-Tloss
: 2+z=p(l—b2?)s. (7.49)
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Hcnonbsyem ero B KauecTBe mpHMepa MIA WIMIOCTPALMH H3jarae-
MbIx MeTojoB. HanoMHHM HekoTOpble pe3ynbTaTbl, -OTHOCSILHECH
K ypaBHeHHio (7.49).

Ecau pasbicKHBaTh pellleHHe 3TOTO YpaBHEHHS! B BHAE

z2=cos ¥,

TO NMEpPBOE U3 YKOPOUEHHBLIX YpaBHEHUH 6YAeT UMeTb BH/

x=”2—"(1—->”f), (7.50)

OTKYy/Jla cpa3sy c/elyeT, YTO CYLLECTBYIOT [Be CTallMOHA pHble aMILIH-
TYAbI

%, =0, x2=—2ﬁ—. (7.51)

HOns mpoBepkH YCTOHYHBOCTH CTAUHOHAPHBIX pelieHnii (7.51) Ham
JOCTaTOYHO ONPENeNHTb 3HAK NMPOH3BOAHON NMpaBoil uacTH ypasHe-

Hus (7.50)
(&l (1=20)0 = 1>0

Tx=0

(@ (=27, - %<

x=2/Vb

M3 3THX HepaBeHCTB cCiejyeT, YTO CTALlHOHAPHOE peIlleHHe Xi He-
YCTOHUHBO, a Xy YCTOHUHBO.

YpaBHenue (7.49) — sTo kBasunuHeliHoe ypaBHeHHe. Ero aHa-
JIOTOM /1 [IPOH3BOJIbHBIX OTK/JOHEHUH 2 €CTECTBEHHO CUHTATh Ypas-
HeHHe

Z+sinz=p(l — b sin22)z. (7.52)

lMopoxpalolliee ypaBHeHHe, KOTOpOe mnoJaydaercss nmpu p=0, HaMH
yxe usydeno. Ero obuiee pellleHne MOXHO NPEACTABHTb B BH/E

z=y+xZ(x, y), (7.53)

1 .
re y=of, 0= Ve Z — nepuHojHuecKkas GYHKUHS MepeMeHHO ¥
X

nepuona 2m. BenHMuMHY X — OTK/IOHEHHe 01 PaBHOMEPHOTO Bpalle-
HHs — GyneM Ha3blBaTb aMILJIUTYAOMN.

Peluenne (7.53) nonyckaer, KaK Mbl 3HaeM, aCHMIITOTHUECKOE
npeacTaBJeHHe

z(x, y)=siny+0(;la—).
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Bennuunbl x M y GyleM pacCMaTpHBaThb KaK HOBble NepeMeHHhie H,
NpPHMEHSs METO/JHKY NpelblAYLIero MyHKTa, ROJYYHM

Z:Q(x, y) =y+x5iﬂy,
2=mQy=VL;(l+xcosy), A=—— ,h

BuinuineM nepsoe H3 ypaBHenH#i cHcreMnl (7.45)
f=— %q’QU =—2ux{l — bsin?(y+ xsin y)} {l + xcosy}>. (7.54)

HpaBaﬂ yacTb ypaBHeHHsi (7.54) — nmepHoaHYecKas GYHKIHA nepe-
MeHHOM y nepuola 2n. [Tpex e ueM NpOBOAUTbL OCpeJHEHHE 1O 3TOH
nepeMeHHOH, MpeACTaBUM NpaBylo 4acTb ypaBHeHHs (7.54) B Buie
paja, pacnoJIOKeHHOro MO CTeNeHAM X: '

#= — 2ux{l — b sin? y+x(2cos y — 4b cos y sin? y) +
+x2(cos? y+b sin® y cos y — 6b sin? y cos2y) +x3(...) + .. .}.

YepeaHsisi IpaBYIO 4acTh 3TOTO ypaBHEHHS, HMEeM
x=——2p.x{l——%+x2(%—% b)+x4(...)+ }

Ynepxum B HHUTypHbIX CKOOKax TOJbKO BeNHYHHbI HYJEBOH H BTO-
pOﬁ CTENEeHH OTHOCHTEJNbHO aMIJIUTYAbl X
-__ b of1 3
- —oux {1 — 5+ (5 - 36} (7.55)

H B 3TOH NpHOMHKEHHOA MOCTAHOBKe HAM/eM CTAUHOHEPHbIE aMMIJIH-
TYIbI '

ST =p
n=0, n=)24o=%. (7.56)

Tak kak npH BeiBojAe ypaBHeHHsA (7.55) Mbl NPHHAIH MpeNNOJOXKe-
HHE O MAaJOCTH aMIVIHTYAbI, TO dopmyna (7.56) uMeeT CMbIC]
TOMbKO J/Ist 3HaueHHH Ko3ddHuuHenTa b, 61M3KHX K ABYM (Ho b<2).
s uccieoBaHHsl YCTORYHBOCTH BHIYHCIHM

Eerhi—tr (b2 o)) (1= )00 (-2,

Orcxona c/JelyeT, u4TO pelleHHe X; YCTOAYHBO, a pemeHue X2 He-
YCTOHYHBO.

10. OCoGEHHOCTH Pe30HAHCHBIX AIBJEHHIA B CHCTeMax C Bpauao-
(HMMUCH 3BeHbAMH. 3aJaud HCCAE0BaHHs PE30HAHCHBIX SIBJIeHIH
B CHCTEMAX C BpalllalOUIMMHCS 3BEHbSIMH HMEIOT Leablfl psaa ocobeH-
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Hocteil. [IponeMoHcTpupyeM 3TOT $aKT Ha OAHOM MPOCTOM IpH-
Mepe.
PaccMoTpum yacTHeI# cayuaii ypaBHeHu#l (7.39)

i+f(2)=0(z 1), (7.57)
oz 1) =y (ot) — 2v2,

rie

3lleCb v — HEKOTOpasi MOJNIOXKHTeJbHasi MOCTOAHHAA, a YHCIO ¢ IIO-
po6paHo Tak, 4yto PyHKuUHA ((of) ABAseTCA NMepHOAHYECKOH (YHK-
el nepuofa 2mx no nepemeHHoMy of. Ilpeanonoxum, kpoMe TOroO,
YTO CpeJHHe 3HayeHHs NepHOAHYeCKHX GYHKIMA ¢ U Z paBHB HYJIO

$=0, Z=0.

OrpaHuuuMcs pacCMOTpPeHHEM cJydasl TJ1aBHOTO pe3OHaHCa H BOC-
nonbayeMcs obuleii Metoaukoil § 5 3To#t rmasbl. s 3Toro caenaem
npex /e BCEro 3aMeHy

2=Q(x, N=y+xZ(y), é=mQy=——V%(l+ny)

u 3aMeHHM ypaBHeHHe (7.57) caenmyiomefi cucremoil (cM. ypaBHe-
uusa (7.45)):

£ =—%0Q,=—2men{ v )} +x2,),

2
=0+ LoQ=rhtoenlp@® -0 +xz)}z, 7.5
tE=o0.

Mpbl yc10BHJIHCE paccMaTpuBaTh Claydali IMaBHOTO pe3oHaHca.

AT0 3HAUMT, YTO AaMIIHTYAA X H3MEHSeTC B OKPECTHOCTH 3Haue-
HHS X0, ABJAIOLLErOCS KOPHEM YpaBHeHHS

=ag. (7.59)
[pu 3TOM nNpeano/oXKeHHH npeoGpa3yeM CHCTEMy YpaBHEHHII
(7.58), cnenap cTaHAapTHYIO 3aMeHY NepeMeHHbIX

y=t+6. - (7.60)

[Mocne samenn (7.60) mnpasble 4actH cucteMbl (7.59) okaxyTtcs
nepHoJAHYecKHMH (QYHKUHMAMH nepeMennoil { nepuona 2x. danee
npoBefieM YcpeiHeHHe Mo ObICTPOii nepeMeHHol §, B pesyabraTe
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NMONYYHM CJACAYIOIYI0 CHCTEMY ypaBHeHnﬁ rnepBoro I'lpHﬁJIH)KeHHﬂi

x=—2ux’/7{ B ~f\l)(’é)d’éJr f\b(é)z (& +6)dt —

2n

f 1 +2xZ (§+6)+x222(§+6))d§} (7.61)

=-,,%—a+2ux z{z—nfxp(g)zgw)dg—

gl

Cucrtemy (7.61) MoXHO 3HAUHUTENbHO YNPOCTHTb. Tak Kak B pac-
cMaTpHBaeMoli TeOpHM mpejnoJsaraercs, uto x — x°= O (p), TO

V_

L_ - x —x° 9
Ve o 2Vx—°3—+o(p)'

[TockosbKY Mbl H3yuyaeM YPaBHEHHUs] MepBOro NpPUOJUIKEHHS, TO
caaraemoe mopsgka O(p?) MoxHo or6pocuth. Ha 3TOM e ocHoO-
BaHUWM B NpaBbIX uacTaAX cHcreMbl (7.61) Mbl MOXeM 3aMeHHTb X
Ha x0. Jlanee mbl Gydem npeHeGperath BeJHUHHAMH X% MO CpaBHe-
HHIO C eHHHUIeH.

3aMeTUM, KpoMe TOro, 4TO:

1) no ycnoBHio

1 .
Q—Of $(©)dz=0;
2) B cuny Toro, uto GyHkuua Z(y) nepuopmyeckas, umeeM
| 1
o f Zy(§+6)d§=—2}—{2(2n+6)—2(0)}=0;
0

3) Ha TOM XKe OCHOBaHMH

n
-~ f Z,(5+0)Z(E+0)dg=0;
0
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4) 10 YCJIOBHIO H B CHJIy MepHOAHYHOCTH Z (y)
2n
1
o[ 2+ 0yaz=o.
0

BeejeM eule ciaeayolide 0603HayeHHA:

2n .
= [v@2,6+0dz=F0)
0

2
2 [v@zE+0a=r0.
0

HUcnosb3ys 3TH 3aMedaHHs W BBeJeHHbie 0003HAYEHHs, NepenullreM
cucteMy (7.61) B dopme

i=—2p VF{xOF, 0) — -2 }

Vo
b=— 2= Loy Vi?F,(0).

2 Vx"a
Bo03MOXHbIe CTallHOHAPHBIE PeXKHMBbl Pe30HAHCHBIX «KoJeOaHui»
x* u 0" onpenensaOTCs CHCTEMOH ypaBHeHHH

. 2v
Fl (e ) ===
Vo (7.63)
x" = x0+ 4ux®F, (6%,

Kotopas noayyaercs u3 (7.62) npu £=0=0.

[TepBoe u3 ypaBHeHu#t (7.63), ompenensioitiee caBur ¢as mnpH
pesoHaHce, ABJfeTCd HeJHHEHHbIM YpaBHeHHEM # MOXKET HMeTb
CKOJIBKO YrOIHO KOpHell (B TOM uucJje H HH oaHoro). Onpegenun 0%,
HaXO/JHM Pe30HaHCHYIO aMILTHTYLY X* O/HO3HAYHO.

B kauectBe mpuMepa paccMoTpuM ypaBHeHHe (7.57), B KOTOpPOM

f(z)=sinZ, +(ot)=sinot.

(7.62)

Toraa
Z=siny, Z,=cosy,
2n
Fi (6)=?ln- Jsin§cos(§+ 6)d§=—%sine,

0

2n
Fy(8) = 5= f sin g sin (§ + 0) dg =3 cos 6.
Q
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Beanunna x° ompeaensiercsi paBeHCTBOM

1
X0 =

g

COOTHOLUeHHﬂ, OnHUCbiBalOHlHe CTalHOHapHOEe pelleHne B JAaHHOM
cayuae, Mbl MOXKEM NpPEACTaBHTb B CJIEAYIOHUIEM BHAE:

sin 0° = — —— = — 4vo?,
" (7.64)
cos 0" = X=X =°—°<x'—i) .
oux0® 2u o2/’

Ilepsoe u3 ypaBHeHH# (7.64) HaM mokasbiBaeT, 4TO CYLIECTBYIOT
TOJbKO 1Ba DPE3OHAHCHBIX pexuMa 0] u 6, IDTH BelMuMHBI Jexar
BO BTOPOM H YeTBEPTOM KBaupaHTax T. e cos 6] u cosB, umewnT
pasnbie 3HakH. CiefoBaTelbHO, OfHA M3 DPE3OHAHCHBIX aMIJHTYA
6osbiie ueM x0, a BTopasi MeHbille.

paCCMOTpHM Tenepb YCTOHYHBOCTb CTAUHWOHADHBIX pellleHHd x*
u 0%, xoropbie ompeaeastorcs dopMmysamu (7.63). [dns atoro mbl
JO/KHBI COCTABHTb CHCTEMY yPaBHeHWHA B BapuauuaXx NS CHCTEMBI
(7.62).

[Tonoxum

x=x*+8x, 0=0%4486.

IMoacraBasa 31u BequuyuHs B (7.62) W JuHeapu3ys OTHOCHTEIbHO
papuauu# 6x u 80, nonyuaem

dx___zu]/—‘dl’ 167 4

2 Vx°

CocrtaBuM XapaKTepHCTHUYECKOE ypaBHECHHC 3TOHA CHCTEMB

LV L)

@ dF; (6°) =0. (7.65)
T d8

A—2p Vx

2 Vx°3

Briyncaum npousBoanyio dF./d0 nas 3nauennii 6 =6°, ynosaerso-
pAIOHINX TepBOMY M3 ypaBHeHuil (7.63):

2n
A p ST zE e a =L [ @2, 6+ 00 =F (@),
0 0
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3amenss nasnee F((8") mo dopmyaam (7.63), Mbl mpuBOgHM ypa-
BHeHHe (7.65) K Buay
dFl

A2 — 4pvd — px? 5 =0 (7.66)

Ias toro 4to6bl BHIUHCAHTL NPoH3BOAHYIO dF/dO, Heo6X0XHMO KOH-
KpeTH3upoBaTh 3ajauy. Hampumep, B TOM uacTHOM cayuae, KoToO-
pbiii MBI pacCMaTpHBaJH B KayecTBe MpPHMepa

dF, 1

40 =~—§~COSB,

u ypaBHeHHe (7.66) uMeeT caeaylOlWHH BUA:
A2 — dpvh + p‘—;o— cos 8°=0. (7.67)

. 3aMeTHM, OJHaKO, 4TO AJfA CYXJAeHHs 006 YCTOHYMBOCTH HET He-
'06X0AMMOCTH KOHKDeTH3HpoBaTh BUA GyHKuuu dF,/d0. KakoBb 6bl
HH OblIH BeJlH4YHHAa W 3Hak dF,/dB, o6a kopHs ypaBHeHus (7.66)
HMEIOT NMOJNOXHTeJIbHBE AeHCTBHTE/NbHBIE YacTH, T. €. Mhl HMeeM B
3TOM CJyHae COBCpDLIeHHO OOLIHH pe3y/abTaT: CTaLHOHAPHBIE pe3o-
HaHCHble DeXHMBl Yy Bpalllalollerocss MasTHHKA 0NpH HaJHYHH
TPEHHSI HEYCTOHUHBHI.

BnepBble 3TOT pe3yabTaT Ajs 4YacTHOTO CJAyuyas MaTeMaTHue-
CKOro MasiTHHKa, Korfa peilleHHe MoXeT OhITb MOJYYEHO B 3JJHI-
THYECKHX QYHKUHAX, 6HJ vcraHoBaeH ®. JI. UepHoychko. Ucnodb-
30BaHHe aCHMNOTOTHKH OOJBIIMX 3HePruil MOKa3blBaeT ero yHHBep-
caJIbHOCTb.

Ha ocHoBaHuM 06lLIMX coOGpaxceHHH Mbl MOXeM BbICKa3aTb
TOJIbKO CYyXK/JeHHe O HeycToHuuBOCTH. M3yueHue xapakTepa passH-
THA U3MEHeHHS aMIIUTYAH H (da3bl TpebGyeT HCoAb30BaHHS Gonee
JneTaJbHOH HHPOPMALHH.

PaccMoTpuM cHOBa mpHMep BpaulaTeJbHBIX [JBHXEHHH MaTeMa-
THUECKOTO MasATHHKa. MH 3HaeM, 4TO 3Ta CHCTEMa HMeeT JiBa CTa-
UHOHAPHBIX pexuMa x> x° u x,<x? TlepBoMy H3 3THX pexH-
MOB, COTVIacHO dopMynam (7.64), oTBeuaer Takoe 3HaueHHe 0;, uTO
cos 01 > 0.

CaenoBaTtesibHo, B 3TOM ciayuae

Ap, o= 2uvA 1/4;12\'2 - u—;i cos 0" .

B 3aBHCHMOCTH OT COOTHOILUEHHSI BEJIHUHH, BXOASLIHX B MOAKOPEH-
Hoe Bbipa’keHHe, HEYCTOHYHBOCTb MOXKeT GbITb JHGO KoaebGaTelbHOH,
au6o anepuoanyeckoi. Ecan

0
V< —‘% cos 0°,
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TO Ay, 2 GYAYT KOMIJIEKCHO COMPAXKEHHBIMH H Mbl HMeeM KoJjeba-
TeJbHYK HeyCTOHUHBOCTb. B npoTuBHOM cayyae HeycTOHYMBOCTL G-
JeT anepHOAHYECKOH.

PexxuMy x* oOTBeyaeT TaKoe 3HaueHHe CcTallHOHapHO# a3bl
6,, uto cos 0, <0. Jlerko BHAeTb, UTO 3TOMY CJyualo BCerja OTBe-
yaer alepHOAHYECKasd HEYCTOHYHBOCTD.

WUrak, pesonaHCHble PEXHMBl B yCJOBHAX BpalllaTebHOro MABH-
JKeHHsl MasiTHHKa BCerAda HeYCTOHUYMBBI, €CJH TOJbKO Ha MasTHHK
gefictByer auccunatvBHas cuaa (v>0). Ecau v=0, to Mb HmeeM
HeliTpanbHblil cayuail. O6a KOpPHA XapaKTEPUCTHUECKOro ypaBHEHHA
YHCTO MHHMBlE, DTO 3HAUMT, YTO AJsA CyXAeHHA 00 YCTOHUMBOCTH
Mbl JOJXKHBl paccMoTpeTb Gojlee CJAOXKHYIO 3ajauy o KoJebGaHHH
¢ yueToM HeqHHelinblX ujeHoB. Bo BcAKOM cayuae, H3 H3J0XKeHHOH
TEOPHH CJeAYyeT, YTO AHCCHMATHBHbIe claraeMble HrparmT Aectalbu-
JH3HPYIOLLYIO POJib. ITO OOCTOATENbCTBO yKa3hlBaeT Ha CYLUECTBO-
BaHHe Ka4yeCTBEHHBIX PasjHUYHH MeXAYy KojebaTe/bHbiM ABHXKEHHEM
OKOJIO MOJIOXKEHHSI paBHOBECHA H KoJebaTelbHbIM ABHXKEHHEM OKOJO
PaBHOMEPHOrO BpAaLUEHHA.

[IpuunHa sTOro pasnHuHa oueBHAHA. B nepBoM ciydae auccHna-
THBHble CHJIbl HHKaK HE BAMAIOT Ha CaM XapaKTep HEBO3MYLIEHHOTro
_IBHXeHHsi (COCTOSIHHE MOKOs), a BO BTOPOM CJyuae OHH pa3pyliaioT
CaMO HeBO3MYVILEeHHOe JBHXKEHHE.

Jlaa toro uto6nl OblTH MpPaBOMEPHO PacCMOTPeHbl aHaAJOrHH Me-
KAy 3THMH ABYMS THOAMH ABHXKEHHH, HeoOXOAHMO B cJyyae Bpa-
LIaTeNbHOIO [BHXKEHHS [PHJAOKHTL K MAasATHUKY HEKOTOPbIH [0O-
CTOAHHBII MOMEHT, KOMMEHCHPYIOLIHH B cpeAHeM [elCTBHe MHC-
CHOATHBHBIX CHii.

11. Metoa B. M. BoaocoBa B TeoOpUM BPalIATENbHbIX JBUXKEHUHA.
Jo cHX mop Bce HalllH pacCyXJeHHsi OCHOBbIBaAHCh Ha MPeanoJo-
JKEHHH, UTO SHEPrua BeJHKa H TeopHsA, Koropan Oblla pa3BHTa, —
3TO aCHMOTOTMYecKasi TeopHs Goabliux 3Hepruil. Ee BbIBOAbI Tem
TouHee, yeM GoJjiblie YrJoBasg CKOPOCTb BpallaTeJ]bHOro ABHMKEHHS.
[Toatomy H31araeMyio 34€Cb TEOPHIO MOXKHO €lle Ha3BaTb aCHMOTO-
THKOH OGBICTPBIX BpallleHHH.

Tenepn npeacraBHm cebe, 4TO peyb HAeT 06 HCCJeNOBaHHH Bpa-
llaTe/bHbIX ABHAKEHHH, Y KOTOPBIX YrJOBasf CKOPOCTb BpallleHHs el
He HACTOJAbKO BeJIHKa, YTOOL MOXKHO ObLIO MCHOAb30BATH aCHMMOTO-
THYECKYIO TeOpHIO ObICTpLIX BpallleHuil. B aToM cayuae MOXHO Boc-
noab3osatbc MetoaoM B. M. BojocoBa W Halitu npubinxkeHnHoe
BblpakKeHHe HHTErpajoB HeBO3MYLIEHHOro ABHXKeHHA. B § 2 stoh
r1aBel Mbl yXKe H3J0XKuau moaxoa B. M. Bosocosa ana usydenus
CyllecTBEHHO HenHHeHHBIX KoJebaTelbHBIX ABHXKEHHH. DTOT moaxon
MoxKeT OBbITb C yCIEeXOM MNpHMEHEeH H s HCCJelOBaHHA BpallaTesb-
HplX ABHXKeHHA. Bosee Toro, B TeopuM BpalllaTeNbHbIX NBHKCHHH
peaju3auda 9TOH cXeMbl AaXKe Mpolle, YeM B chaydae kosaeGarenb-
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Hbix nBuxkeHud. [loBropum paccyxaerus n. 4 § 2 3710 raasbl
C y4eTOM TeXx ocobeHHOCTeH, KOTOpbleé CBfI3aHbl C BpalllaTeNbHBIM
XapaKkTepoM HU3y4yaeMbIX JABHKEHUH.

Hrak, paccMOTpUM CHOBAa ypaBHeHHe

F+f(2) =eq(22), (7.68)

rae e>0— Manabiil mapaMerp, f(2) — nepuosuueckas ¢yHKUHA Me-
puona 2m.

Tak kKak Mbl paccMaTpHBaem
BpallaTtesbHble ABHXKEHUHA, TO
peub uger o6 H3yueHHH uyacTd
($a30Bo#l MJIOCKOCTH, 3aMOJIHEH-
HOl HeorpaHWYeHHHIMH JBUXKe-
Husimu  (puc. 31). Ilpn p=0
ypaBueHde (7.68) gomyckaet
cJenylOllde gBa UHTerpaJa:

24+U(2) =aq,

rae

UR)=2 j f(2) dz,
1 dz
LY (zy (l) =T (@) f V'a————-—__ U @) =

=+ const =f.

[IpuMeM B KauyecTBe HOBBIX Ile-
peMeHHBIX TPH H3y4YeHHH ypan-
HeHUsi (7.68) BeJHUWHBl o U P, H BHIMHCJIWM NMPOU3BOJHbIE 3THX Be-
JIMUUH B CUJYy ypaBHeHus (7.68) :

6=22(3+(2) =202 Va—-U(@))Ve—-U(z) =
=2¢’ (2, @) Ve —U (@), (7.69)
B—a—\bz+—\ba— za) + 2eq” (2, a)% Ve-U() .

[Mpasble yactu cucreMbl (7.69) ABAAIOTCA MePUOAHUYECKHMH (YHK-
uusiMmu ¢ nepuona T(a), a ciaegoBatenbHo, W nepeMmeHHoil f. Ilo-
3TOMY [Jsi TOro, 4ToObl MOJYYUTH YpaBHEHKsi MmepBoro mpubauxKe-
HHA, JAOCTATOYHO OCPEIHUTH MpaBble 4acTH cUcTeMHbl (7.69) mo me-

peMeHHO# P
T

¢=T2( f (z, o) Vo —U(2) ds,

0

(7.70)

T
1 2
6=T(a)+T(i)f (2, “)dw Va—U (2) dp.
[+]
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Ho muddepenunans dz H dff cBA3aHbH COOTHOLIEHHEM
dz==Va—U(2) dp, (7.71)
re MJC COOTBETCTBYET [BHXKEHHIO B BepXHEH MOJYMNIOCKOCTH, MH-

HYC — ABHXEHHIO B HHXKHeH MOJYNJOCKOCTH.
Ipoussoast B ypaBrenusax (7.70) sameny (7.71), noayuum

a) dz,

N

(7.72)

z
p= TT j —a%‘cp* (2, a)dz.
F4

WnrterpupoBaiHe B 3THX BbipPaXXeHHAX NPOH3BOAHTCA BIOJbL (haso-
BOH TPAeKTOPHH, OpJAHHATa KOTOPOH B Cjyvae BpalleHHA fABJsAETCA
nepHoaMuecKoii GyHKuHell mnepeMeHHo#i 2 nepuopa 2m. [loatomy
B KayecTBe Z MOXHO B3ATb 2=0, Toraa z==2m.

Boiuncnenue nepuoaa T (o) TakXKe CBOAHTCA K KBajipaTtype

2n

T (@)= f;/a

dz

T (7.73)

Jns BeAHUHHBI @ H B MOXHO MOJYYHTb H ApYrue npuOauHNKeH-
Hble HOPMYJBl, ONMKpasch Ha ypasHenus (7.69).

Tak Kak npaBble YaCTH 3THX YpaBHeHHH ABJAIOTCA B CJayuae
BpallaTeJbHBIX ABHAKEHHH NMePHOAHYECKHMH (QYHKUHSIMH 2 mepHoaa
27, TO, ycpelHsis MO 2, Mbl MOJNYYHM aHaJjor dbopmya (7.72)

)

n
%j 9 (2, o) Va=U(?) dz,
o (7.74)

1 T . ]
p= @) +~:”;J 9 (2, a);;"L Va—U(2)dz.

0

TToMHMO & M f, MOXKHO BHIYHCJHMTD €elle Ieabl pAJ BaXXHbIX Xapak-
tTepucTHK. Hanpumep, npeiacraBasier HHTepec 3HaTb H3MEHeHHS
MaKcHMaJbHO#N Besnunnbl 2=2(0). Tak kKak

L —ep—1(2)
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H, Mo npeianonoxeHuwo, f=0, T0, OcpelHsa MO 2, MoJyuaeM cle-
AYIOLYI0 9BHYI0 GopMyay:
2

dz e *
= = %J ¢ (2, a)dz. (7.75)

12. 3akaouenne. MUtak, Mbl BUAUM, UTO H3YUEHHE BPaLlaTEJbHBIX
JBHKEHHH MOXeT, HeCMOTpsi Ha HX CyLIeCTBEHHO HeJHHeHHbIH xa-
paktep, ObITb NpPOBEAEHO CTAHAAPTHBIMH MeToJaMH HeJHHeHHON
MexaHHKH. B HEeKOTOpOM OTHOILIEHHH H3yyeHHe BpallaTeNbHBIX JBH-
KeHHH naxe Jjerue, yeM KosebaTesbHBIX.

H3yuenue BpaliaTelbHbIX ABHXKEHHH B MOC/Je/]HHE roabl 3HAUH-
TeJbHO NMPOABHHYJIOCH: PAaCCMOTPEH IeAbld psAd NMPHKAaAHbIX 3ajau
4, B YaCTHOCTH, 3HAUHTENbHO YCOBEpIIEHCTBOBAHA METOAHKAa HX pe-
weHus. ITpoABHHYT BNepel W uUeNblH pAJ TEOPETHUECKHX BONMPOCOB,
YTO KacaeTrcs Mpexje BCEro TEOPHH PEe30HAHCHbIX pelleHHH. U3
YHCJa aBTOPOB, BHECIIMX CYLIECTBEHHBIH BKJAaA B 3Ty 006JacTh,
cilepyer npexae scero ynoMmaHyte B. M. Bomocosa, B. M. Mopry-
HoBa u P. JI. UepHoychbKo.

§ 8. TpHaoxkeHHs K 3ala4aM JTHHAMHKH
opOHTANbHLIX annaparos

1. MpeaBaputeapHbie 3aMedaHus. ACHMNTOTHYECKAS TEOPHA pPas-
JeseHHl ABHXEHHA BbIPOCa U3 TEOpHH KojeGaHui, kKoropas Aoa-
roe BpeMs Oblla e€IHHCTBEHHBIM IOCTABLIMKOM MaTepHazia /Ui ee
dopMuposanus. OgHako B Noc/AefHHe oAbl METOAbl H3JaraeMofl
TEOPHH NPOHHKJH B caMble pasHooOpasHble 061acTH GH3HKH H Me- .
xanHkH. Hacroawui naparpad uMeer cBoell uelbio MPOHJINIOCTPH-
poBaTL ee BO3MOKHOCTH B TaKOiH HOBOH 06/1aCTH MeXaHHKH, Ka-
KOH SABJAETCH JMHAMHKA KOCMHUYECKHX OpOHTa/bHbIX amnnaparos.
3anauH, KOTOpble 3[€Cb BO3HHKAIOT, MO CYLIECTBY ABJAIOTCH MHOTO-
MepHbIMH. I103TOMY OHH OUeHb TPYAHBI A5 KaKOro-1H60 KauecTBeH-
HOro aHa/jus3a. B JHHaMHKe KOCMHYECKHX anMmapaToB Mbl MpPaKTH-
UeCKH He HMeeM aHaJIUTHUeCKUX pelleHuii. [laxke B ciyuae Kemae-
POBCKOrO ABHXKEHHS B 10J1€ OAHOrO NMPHTAFHBAIOILErO UEHTPa CBA3b
KOOpAHMHAT H BpeMEHH CBOJAMTCA K TPOMO3[AKOHA KBaapatype. [lo-
3TOMY B AMHAaMHKE KOCMHYECKHX annapatoB 0co0Yi0 pOJb HrpPaioT
YyHCJeHHble METO[bl.

OjnHa M3 BaXHBIX 3aJa4, KOTOPYIO B TeOPHH KoJebaHuit peman
MEeTOA pasjiefieHHa JBHXKEHHH, — 3TO JAaThb TaKoe NpHOJIHXKeHHoe
onucaHue kKo/aebaTeNbHOro Mmpoluecca, KOTopoe obecneudnBano Gul
HarjsHoe npejacTaBieHHe o ero npupoje. ITockonbKy B AHHaMHUKe
KOCMHUYECKHX annapartoB noJoOHble 3aJayd He HrpaloT CYIlecTBeH-
UOH pOJH, TO METOAbl pasfeleHHst [BHXEHHS 3/eCb B MEPByIO
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oyepellb HCMOJNB3YIOTCA ANA NOCTPOEHHsS PalHOHAJBHBIX BBIYHCJIH-
TeJbHBIX CXeM.

B nannom maparpade paccMaTpHBaeTCsi psii MPOCTEHIIAX IAO-
CKHX 3ajay JHHAMHKH, BBIOOD KOTOPBIX OIpEeNsieTcsi HCKJIOUH-
TeJBbHO METOJHUECKHMH COOOpa’KeHHAMH. 3afaud, ¢ KOTOPBIMH
NPHXOJHTCA CTaJKHBATbCS HHXKeHepYy INpH pacueTe H MPOEKTHPO-
BaHHH OPOHT, 3HAUYHTENbHO CNOXHEE PAaCCMOTPEHHBIX 31ech. ABTOp
clefoBal B OCHOBHOM CBOeMy JokJany Ha XIV MexnayHaponnoM
KOHIpecce 10 acTpoHaBTHKe B I. Bapna B 1962 r., uenbio KoToporo
OblIO NPOHJ/ITIOCTPHPOBATb BO3MOXHOCTH METOJla YCPeIHEHHa AJsl
nocTpoeHus 3 (eKTHBHBIX BBHIYHCAHTENBHBIX CXeM Kak B IIpobJeMe
pacuera opOHT BHe aTMocthepbl, TaK M NPH HCCAEIOBAHHH AaTMO-
cepHOro yyactka TpaekTopuH *). B mocneanue rombl bl mOJY-
ueHbl HOBBI€ H BaXXHble pe3yabTaThl B 3TOH o6aacTH. B uMcnie aBTO-
pOB, BHECUIHX BKJajJ B 3Ty o0nacTb, B MEpPBYIO ouepelb Claeayer
Ha3BaTb uMeHa 0. M. Eprymenxko, I'. E. Kysmaka, ®. JI. YepHo-
YCBKO.

BO3MOMHOCTH H NMEePCNEeKTHBBl aCHMITOTHYECKHX METOJOB B 5TOH
TEODHH OCHOBBIBAIOTCH Ha clieAylollleM obcrositenbeTBe, CyllecTByer
Gonbllloe YHCAO 3aJay JHHAMHKH KOCMHUECKHX alNapaToB, B KO-
TOPbIX HMeeTcs M0 MeHblIeH Mepe ABa pa3/JHYHBIX XapaKTePHHX
Mmacwitaba BpeMeHH. Hanpumep, neficTBHe BO3MYILIAWLIHX CHI
BHEIIHHX NJIaHeT Majno, H pe3yabTaT HX JAeHCTBHS CTaHOBHTCA 3a-
MeTHBIM TOJDbKO IO NPOLIECTBHH 3HAYHTEJNBHOTO OTPe3Ka BpeMeHH,
B T€Y€HHe KOTOPOro CNYTHHK COBEPLIMT MHOIO BHTKOB IO CBOEH Op-
6ute. Takum o6pa3oM, B TeueHHE OJHOTO BHTKA MapaMeTpbl OpGHTHI
H3MeHSIIOTC O4YeHb He3HayHTebHO. JIpyroii ImpHMep: BCleICTBHE
cny4aHHbIX HMIYJbCHBIX MOMEHTOB, AeHCTBYIOIIMX Ha ammapaTr B
MOMEHT ero OT[eJeHHsl OT MOC/e[HeH CTYNeHH, JABHXXEHHe HecTalOu-
JU3HPOBAHHOIO aNmapaTta HOCHT BpalllaTelbHbIH Xapakrtep. Moxer
0Ka3aTbCs, UYTO NMEPHOJ 3TOTO BPalllaTeNbHOrO JBHXKEHHS BO MHOTO
JeCATKOB pa3 MeHbllle BpeMeHH [IOJHOTO of6xona opOuThl. Uucno
TaKHX NPHMEPOB MOXHO 3HAUHTENBHO YBEJIHUYHTD.

CylecTBOBaHHE HECKOJbKHX XapaKTepHHX MacliTaGoB BpeMeH
I03BOJIIET Pa3BUTb COOTBETCTBYIOIIHE ACHMITOTHYECKHE TEOPHH H,
CMeoBaTENbHO, BO MHOTHX C/ydasX NMOJAYYHTb MOJE3HYI0 HH(opMa-
M0 O TpHpPOAe ABHXKeHHs. KpoMe TOro, W 310 elle Gosiee BaXKHO,
C NOMOLIBI0 ACHMNTOTHYECKHX METOJOB YJaeTcsi IOCTPOHTH 3KO-
HOMHBIe H 6oJiee TOUHbIe CXeMbl UHCJEHHOrO pacuera.

2. BoaMmyuleHnsi KeMmJIepoBCKHX opOHT. PaccMOTpHM MJI0CKOe ABY-
>KeHHe MaTepHa/JbHOH TOUKH B IpaBHTAaLHOHHOM node 3emnaH. Ecau
ee JIBHXKeHHe NPOHCXOJHT BHe aTMmoc(epbl, TO OCHOBHOH CHJIOH, neit-

*) H. H. Moucees, Methods non-linear mechanics in the problems of the
dynamics of setellites, Trans of XIV-th Astronautical congress, 1962,
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CTBy}OLU.el‘:l Ha TOYKY, 6yneT CHJ1a MPHTAXKEHHSA 3eMJH. ﬂoaTomy
JBHXKEHHE paCCManHBaeMOﬁ TOYKH 6yneT OMUChbIBATbCA YypaBHe-
HHEM

d*r B
——dtz =—-rTr+8f, (8.1)

rie r— pajHyC-BeKTOpP TOUYKH, W — FPaBUTallHOHHAA MOCTOsIHHAA,
gf — BEKTOp BO3MYLIAIOUIMX CHJ, &— MaJsblii napamerp (o6o3Ha-
uyeHHa AaHbl na puc. 32). IlepBoe caaraemoe, CTosilliee B MpaBoM
YyacTH ypaBHeHHs (8.1}, — 3TO HanpsKEHHOCTb TPABHTALHOHHOTO
Mo/ OJHOTO MPHTATHBAIOUIEro HeHTpa. B AeHCTBHTE/NbHOCTH, CHJbI
MPHTAKEHUS 3€MJH HeCKOJbKO OTJHYa-
10TCA OT 3TOH BEJHYHHbI, TOCKOJABKY 3eM-
Js He rmpeacrasaser coGol TOUYEUHYIO
Mmaccy. PasHocTh BekTOpa HampsXKeH-
HOCTH peaJjibHOTO MoJsi 3eMJH -H BeJH-
ugHbl  (u/r3)r sABasieTcs OJHOH H3 CO-
craBasiiouix ekropa ef. Kpome Ttoro,
K YHCJYy COCTaBJSIOUIHX 3TOTO BeKTOpa
Mbl OTHeceM MpHTsKeHHe JIyHB W nJa-
HeT, COMpPOTHBJEeHHe aTMocdepn H T. I.
MoxkeT oKasaTbCsi TakKxe, YTO ammapar
(KOTOpHIl MBI CXeMaTH3HpPyeM Kak Ma-
TepHaJbHYIO TOYKY) HAXOAHTCS MoA Aeil: Puc. 32.
CTBHEM TSITH ABHraTesst «MaJjoH TATH».
B 3Tom caydyae ycKopeHHe, KOTOpPOe CO3/aeTCs 3THM J[IBHraTejeM,
Mbl TaKxXe OTHeCeM K UYHCJY BO3MYIIAIWHX CHJ.

[Tepennmem ypaBHeHue (8.1) B mpoekUHSAX Ha OCH MHOJSPHOM
CHCTEMB! KOOpAHHAT

r 9
a =~ teln
(8.2)
dv(p v, g
ar T T +ef,
3aech Uy H U, ~— MPOEKIUHH BEKTOPA CKOPOCTH
dr 0
V= ar =u "+ U(ppo (8'3)
Ha HampaBJ/JeHHe paAHyCa-BeKTOpa H TPaHCBepcaJb
_dr, . dae
v == Vo =T ;- (8.4)

Besnuunna k, onpeneneHnas paBeHCTBOM
h=V Xr,
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HOCHT Ha3BaHHe CEKTOPHaJbHOH CKOpOCTH. Mcnoabays paéeHCTBa
(8.3) u (8.4), nerko HaliieM, uTO
h=r"% (p° x r9).
BBoasi oGo3HaueHue
=t
MOXKHO BbIpayKeHHe YIJIOBCH CKOpocTH dg/df 3amucaTh TAaK:

d
¥ =u’h. (8.5)
PaccmorpuM mepeoe H3 ypaBHeHuH (8.2). 3aMeTuM mpexje Bcero,
uTO, HCHOAb3yA (8.5), ero MOXKHO NpeACTaBHTL B BHIE

d (dr

= dt)—u3h2—uu + ef,. (8.6)

CoctaBuM Temepb ypaBHeHHEe, KOTOPOMY YJOBJeTBOPAET (PYHKLHA
u(q). Haa storo npojenaeMm ciaefyioliie BHYHCAEHHA:

df_df 2 2 _(__ du

T h = u?h )= dq)’
i_.d_’___i du 2__2{ﬂé_“_ ﬂ}
dt(dt)_ dq)(h d(p)uh— wh{ g Go+h G5 |-

Hcnoabsys 3TH BCcmoMorarte/bHble BhipaXkeHus H ypaBHeHue (8.6),
MNOJYUHM
d’u 1 du dh o ef,
et dyde TS TE (8.7)
CocTaBuM JaJjee ypasHeHHe, KOTOPOMY YAOBJAeTBOpsieT BeJHYHHA A

Tak Kak
_ de _ _ dr . du
V=T = uh, V=g = 0’

TO BTOpOe M3 ypaBHeHu#l cHcteMbl (8.2) Mbl MOXKeM mepenucaTb
B BHJE

2 (uh) = S0+ of,,
INepexoad K MepeMeHHOMY @, HaiieM
d_( pye=[9% p 38 0,2
v (uh)_{dq) h+ Y u]u h.

M3 5THX ABYX BbIpaKeHHH MOAYYUM HCKOMOe ypaBHeHHe

dh efg

d_(P = uTh' (8.8’



§ 8]  NPUNONKEHUA K 3ANAYAM TUHAMHUKH OPBUTAMIbHBIX AMNITAPATOB 245

Wcnosibdys B cBOlO ouepenb ypaBHeHHe (8.8), Mbl MOXEM HCKJIO-
uyuTh U3 ypaBHeHHs (8.7) npousBoanyio dhfdy

d®u I fr L
o Fe= e\ g | (8.9)
Ypasuenns (8.8) u (8.9) 06pasyioT 3aMKHYTYIO CHCTEMY ypPaBHEHHIl
OTHOCHUTEe/NIbHO 4 W h. B pe3ysnbTaTe ee MHTErPHPOBAHHA Mbl MOJMY-
yaeM 3JjeMeHThl op6uTH Kak (ydHkuuH noasapHoro yraa . Haa
Toro yto6Gbl MmepefiTH K apryMedty !, HeOOGXOAHMO ellle BbIYHCIHTDb
KBaJpaTypy

9

| do
t= f h* (8.10)

0

ITpu e=0 cucrema ypasHeHuit (8.8), (8.9) uMeer TouHOe peleHHe

u(cp)=—hp'7+xcoscp, 8.11)

h = const = hy,

riae x U hg — HeKoTopble MOCTOSAHHDIE,
Crnenys ofiefi cxeMe MeTOfa YCpeAHeHHH, pelIeHHE CHCTeMb
(8.8), (8.9) 6ynem uckartb B BHIE

u=—;-:7+xcosy, Z—:=—xsiny, (8.12)

rie x H y — Heu3secTHble QYyHKUHU yriaa ¢. M3 (8.12) naxoaum

V(& en

= arctg qu o (8.14)

U——

h2

Huddepenuupys (8.13), B cuay ypasuenuit (8.8) u (8.9) moayuum
dx 1 d [n du fr du fg
d_qJ_—;[-.xcosyE(_hT)_d_qJ (u2h2 T uahz)]

=e{ 2ulgcos y =— +siny . fr 7 relngly 3
(h2+xcosy) ht [(e,%+xcosy) h? (—;:‘—2+xcosy) h"’:”
H OKOHYAaTeJbHO
d_x { 2ufoh? cos y fh8siny xfohtsin’ @ }
do (u + xh? cos y)3 (w4 xh?cos y)2 ~ ( + xA2 cos y)3

=eFy(x, h, y, ). (8.15)
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IlponuddepenunpyeM Tenepb paBeHCTBO (8.14)

fladiodly (YNNI I LA eied L
dy _ do? h? de dq)r h?
_— p. )2

de du 1 2
1+ {— ( —_
h2

OTKyJa nocJie 3ametnl (9.12) nosyunm

1
qog = g Xcosy[—xcosy—e L 5 —
(h—p;+xcosy) h?

x sin yf . . 2pef
- q)s +xsiny [ —xsiny— ¢ =
(h2+xcosy) h? h"(%+xcosy)
HJIH OKOHYAaTeJbHO

dy 1 { frh® cos y foht sin 2 2ufph? sin y
dp Te x(p+xhZcosy)? 2 (p + A% cos §)° x (@ + xh% cos y)? }
= 1+eF;(x, b oy 9. (8.16)

I

Cucrema ypasuennit (8.8), (8.15) u (8.16) Moxer GhiTb npeacra-
BleHa B BHJE

= Fl(x’ h, Y, q))r
dh
Tp-=8F

Ax
de

2%, b, 9, @), (8.17)

d

—d%= 1 +8F3(x, h; !/’ q))’
rae fq)h5
Fa=m'

Ecnu oyugunn fy, f, ABASIOTCS NepHONHYECKHMH GYHKUHAMH MO-

JAPHOrO yrjia ¢, TO CHCTeMa ypaBHeHHH (8.17) OTHOCHTCS K THIY
ypaBHeHHH, H3yyaeMOMY B 3TOfi riaBe. OHa COJePXKHT JiBe MejJeH-
Hble nepeMeHHble X H 7 U ABe OBICTPHle Yy H @, M03TOMY AJSI €€ HC-
c/e[loBaHHsT MOTYT OBITH HCIOJb30BaHbl H3JIOXKEHHBIE BbIIIE METO/bI
aHanu3a. [IpH H3yuyeHHH 3TOH CHCTeMbl MOXET BCTPETHTbCA BCA
raMMa ciayuyaeB, H3y4YeHHBIX B 3ToH rjaBe. B cucreme (8.17) moryr
BO3HHKATb pe30HAHCHBlE CHTYaIlHH.

B ToM cayuae, Korda Bo3MmyllaiollHe Cu/Ibl He 3aBHCAT OT MO-
JasipHoOro yria ¢, cucreMa (8.17) — 3To cucTeMa ¢ OJHOH Bpauiaio-
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weficsi ¢asoli. YkopoueHHble ypaBHeHHs DBan-pep-Ilonsi moxno
3anycaTh AJs Hee B CJEAYIOUIEM BHAE:

G =eFi(x, h),

’ B .

%= 1 +eFs(x, h), (8.18)
dh =

76=8F2 (x’_ h)'

[Mepexon ot cuctembl (8.17) k cucreme (8.18) cBsizan ¢ omepauuel
yCpeaHeHHH Mo ObICTPOH mepeMeHHOH y. 3ameTHM, 4TO F; B 06leM
cay4yae, Korja f; 3aBHCHT OT X, A M Yy, — 3TO HEKOTOpbie JOBOJbLHO
ClOXKHble KBaApaTypbl. TakuM o6pa3oM, nepexoa ot cucreMbl (8.17)
K (8.18) mNpHBOAHT K OTAEJEHHIO MEAJEHHbIX [ME€pPEMEHHbIX, UTO
MO3BOJIIET MPH TOH Ke TOYHOCTH MPOBOIUTb HHTErpHpPOBaHHE C
GONbIIHM 1IaroM H, CAeI0OBaTeNRHO, YMEHbIIWTh YHCJO LI1aroB YHC-
JIGHHOTO HHTErpHpoBaHHs. B To e BpeMsl Ha KaXJbifl war yucJjeH-
HOro HHTerpHpoBaHusi B cHcteMe (8.18) 3arpaunBaercsi 3HAYMTENb-
HO GoJblilee YMCIO MaIlMHHBIX OMepallud, MOCKOJbKY OH Tpebyer
Ha KaXAOM Liare BblYMCIeHWs1 KBajapatyp. Orciofa cieayer, uyTo
BOMPOC O 1ieneco06pasHOCTH Mepexofa OT OJHOH CHCTEMH K Jpyroi
B KAXJOM OTAE/NbHOM Cjy4ae AQJXKeH ObiTb MPEAMETOM CHNeHHalb-
HOTO HCCJEeAOBaHHS.

[Tpumeuanue MeToa UHC/IEHHOTO MHTErPHPOBAHHS, MO HAEE
OMH3KHH K H3JI0XKEHHOMY, HO He HCIOJb3YIOLIHH HEeMmoCpeACTBEHHO
NpHEMOB TEOPHH YCPeAHEHHH [BHXKeHus, Obl paspaboraH ellle
B 1960 r. . I1. TapareiHoBo#l *). Meroa ocpeidHeHHE B €ro craH-
JapTHOM BHJle B TpPaeKTOPHbIX 3aflayaX TEOPHH HCKYCCTBEHHbIX
CIYTHUKOB 3€MJIH, MO-BHAHMOMY, BIepBbie Obll MmpuMeHeH Jlaccom
u Jlopennom *¥*).

PaccMoTpum cHOBa cucteMy (8.17) W mpeamosioxum, yTo Tpe-
60BaHHS TOYHOCTH OMNpPEAE/SAOT BENHYHHY Miara mo ¢asoBbiM Ime-
pemennbiM. Tlyctb mar Ax~6, Ay ~9, Ah~8. Torga war no Bpe-
MeHH Af, eC/IH NPHHSITb NMPOCTEHINYIO PA3HOCTHYIO CXEMY, Ompefe-
JIUTCSl H3 paBeHCTBA

At =min{ Ax . Ak ;
! emax|F,(x, y, )| ' ‘emax|F(x, 4, B)]°®
Ay }= 8 ~b
l+emax|F3(x, y, h)| 1 + e max | Fs| ’

*) T.II. Tapartu HoBa, MeTosEl YHCAEHHOTO PEIIEHHS YPABHEHHS B KO-
HEYHEIX Pa3HOCTAX H HX NMPUMEHEHHe K pacuyeTaM OPGHT HCKYCCTBEHHHIX CHYTHHKOB
3eman, c6. «HMckycerBenntle cnyTHHKE 3eman», Ne 4, 1960.

**) H. Lass, J. Lorell, Low acceleration takcofi from a satellite
orbit, J. Amer Rocket, Soc,, vol. 31, Ne | (1961),
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KOTOpOe ChnpaBelJiHBO AJsl JOCTAaTOUYHO MaJblX 3Hauyeduil e. TakuMm
o6pa3oM, uucio waroB N, onpefenurcs Tak:

Nl =% ’
rie T — NpoMeKYTOK HHTErPHPOBaHHS,

O6GosHaunM uepe3 Ry YMC/O MAlUMHHBIX ONepalHil, HEO6XOdH-
MBIX /1S peajH3allUd OJHOrO lUara YUCJAEHHOrO HHTerPHPOBaHHs
cuctembl (8.17). Toraa R, — ofllee uyucao omepaiuii, HeoGXOAH-
MBbIX AJ151 BHIYHCJEHHUS X H A, 6yaeT

T
R1=—6'k|.

PaccMorpum tenepn cucremy (8.18) u nmocraBuM cefe Ty Xe 3a-
Jauy: Boludeautb x(T) u h(T).
Tenepbr BenHunHa Afy lara YHC/AEHHOTO HHTErpUpPOBaHUs Gyner

b
Al=3F
rae

F=max{F,(x, h), Fy(x, h)}.

OGosHauasi yepe3 k, 4MC/IO MALUMHHBIX Onepauuii, HeoGXOAHMHIX
AN pealM3alHd OAHOLO [ara YHC/JAEHHOr0 HHTErPHPOBAHMS CH-
creMb (8.18), MBIl monyyaeM Takylo oueHky Rp; — uhcia onepaiuit:

Ry =+ eFk,.

Bonpoc o nenecoo6pasHOCTH 3aMeHBl B MPOLECCe YHCJAEHHOrO HH-
TerpupoBaHus cucteMbl (8.17) cucremoit (8.18) moxker 6BITH B JaH-
HOM CJ1y4ae pellleH CpaBHeHHeM uucen Ry u R,.

[Tpumevanusa. 1. Jlna u3yuyeHus 3ajaud, paccCMOTpPEHHON
B JaHHOM maparpade, MB COCTaBH/H YpaBHEHHS JJsl BENHYHH X
M h, KoTOpble B ciyyae e=0 SABIAIOTCA HHTerpajaMud H3ydaeMol
cucteMnl ypaBHenud. Takue BenuuHHBl B HeGeCHOH MeXaHHKe HOCAT
Ha3BaHHe OCKY/IMPYIOLHX 3/1eMeHTOB. Bu6paHHBe OCKyAHpYIOlHe
3/71eMeHTH OblIH O4€Hb YAOOHBI A/si J€MOHCTPAlMH NPOUEAYPH NpH-
MeHeHHsi MeToJoB ocpeaHeHHsl. OJHAKO ypaBHeHHsl AJIA 3TUX 3Je-
MEHTOB OKa3a/iuCh JAOBOJNBHO CJOXHBHIMH: TPH YCPeAHEHHH BO3HH-
Kasa 1npo6JieMa BLIYHC/IEHHS CJAOXHLIX BCIOMOTATENbHBIX KBaj-
patyp. IlosToMy B DNpHKJAaJHBHX pacyeTax MHCINOJAB3YIOT OGBIYHO
ApyrHe OCKYJHPYIOLUHE 3JEMEHTHI,

2. 3aMeTuM, Y4TO €C/l1H BeJHYHHBI BO3MYIL AKX CHJ MOCTOAHHH
(unu He 3aBHCAT OT Y), TO KBaJApaTypnl B ypaBHeHHAX (8.18) BH-
YBCAAIQTCS] B IBHOM BHJE,
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3. 3apaua o TpancBepcaabHOA TaAre. PacCMOTpUM 3anayy O ABH-
JKeHHH KOCMHYECKOro alilapata MaJjoH TATH, CYHTasi, YTO CHJA JIBH-
ratesisi HanpaBjeHa MO TpaHCBepcaJd, T. €. NEpIeHAHKYJAsPHO pa-
IHYCY-BEKTOPY KOCMHYECKOro anflapara, KOTOPbIA cYHTaeTcsi Ma-
TepHaJbHOH ToOYKOH. DyaeM cuuTaTh, 4TO JBHXKeHHe amnapara
NPOHCXOJHUT B MoJie OJHOTO NPHTATHBAIOLLETO LEHTPa, T.€. eIHH-
CTBEHHOH BO3MYyLlaloLel cunoil siBasiercs: tara ABurateas. Cucrema
ypaBHeHuil (8.2) 6yneT B 3THX NPEeANOJOXKEHHUAX HMeTb CJAeLYIOLHH
BHA:

dr de Uy
a =% T T
dv, vﬁ, ‘ 1 dvq, U0 (8'19)
— e . — — T —— + ef
dt r r2 dt r ’

rie [ Tenepb o6o3HavyaeT BeJIHYHHY «MOTOPHOTO YCKOpeHHsS» — OT-
HOlleHHe CHJbI TATH IBHrarteisl K Macce aniapara.

B stoit 3amaue ynoGHee HCINOAb30BaTb OCKYJAHPYIOLLHE 3JeMeH-
Tbl, OTJIHYHbIE OT TeX, KOTOpble GblH BBeNEHH B MpeABlAylleM pas-
Jene, H Mbl MOJY4YHM TpUMep HHOH peasu3alHUH MPOLELYPbl OCpel-
nenusi. IlpoBefeM BblYHC/JEHHA, cjelysi B OCHOBHOM MoHorpaduu
B. H. JlebeneBa *).

B srofi 3anave Mbl NpHHAAH p=1, 4TO BCerja MOXHO CHenaTh
BbIGOPOM COOTBETCTBYIOLLUX MaciuiTabos.

B cucreme (8.19) nepeitzeM k aprymeHTy ¢; TOoria oHa IpHMeT
caelyolWui BHA:

dr _ ur du, 1

dp  ug dp "% rug’

dug rf dt r (8'20)
T T Uy W Ty

Bwmecto r, v, H Uq, BBE€AEM HOBbI€ 3aBHCHMbI€ NEpeMEHHbIe

A= T

2-—r(vf+v§,) ’
@ = rv, (v, cos @ + v, sin @) — cos @,
B =ruvg (v, sin @ — v, cos @) — sin @.

5

(8.21)

BBencHHble nepeMeHHbie HMEIOT ofpele/edHbll (HU3HYECKUN CMBbICA.
Kak nokaswiBaerca B Kypcax HeGecHOH MeXaHHKH, A — OTHOlIeHHe
60/1bIIOA MOJYOCH OCKVAHDPYIOIEro 3JJHIICa K €ro HadaabHOMY
3HayeHHIo, o H P — 3TO KOMMNOHeHTHl Bekropa Jlansaca, BecbMa

*) B. H. le6enes, Pacuer asHXKeHus KOCMHUECKOro anmapara ¢ Manoil
raroil, Han. BLL AH CCCP, 1967.
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MPOCTO CBAI3AHHBIE C BENHYHHOH 3KCUEHTDHCHTETA, MpuueM MJIs 3J1-
Jauntuueckoro ABHKeHHs o’+4p2<Il. Ecan Beauunusl A, o u B 3a-
JaHbl, TO pAaJHYyC-BEKTOD H BEMHUYHHBI CKODOCTEH JIerKo omnpeje-
JSIIOTCA TI0 C/leAyIolHM hopMyaam:

_ (a sin @ — P cos @)? )
"'_1/ A(l—a?—p7) °

0= (a co:1 c(pl—!;ﬁa:if gz-)!- 1) , (8.22)
re I —az2—p2 .

acos @+ PBsing+1
®opmyant (8.22) serko BuBogsTcs H3 dopmya (8.21). Buuncaum
npousBoiHbie A, & U B B cuay ypaBHenuil (8.20)

dr dr dv, dug
Edi=-gg[2—r(vf+v§,)]+r[dq)(v +v)+2r( dcp +vp—— 19 )J
dg [2—r(v,+vq,)]

dr ( du, dvq,)
2—d$ +2f Op —— d(P +v q; d(P
[2 - (v, + vg,)]z

INopcraBass 3HaueHHs NMPoU3BOAHbIX H3 (8.20), mosayunm

dA _ 2r3f
de [2 —-r (vf + v?p)]Q )
Hanee, nepBasi u3 cdopmya (8.21) Moxer GHTb mepemnucaHa B BHJE
2—r(v+vy) =
ITostomy
-Z—A = Zer A%f.

3amenss, HAKOHeH, BeJUUHHY 7 [0 nepBoil u3 dopmya (8.22), no-
JYYUM OKOHUATEJNbHO

dA 2f (1 — a? —§2) A3

Ez I—!f-((lcosq)+%)sinq) ’ (8.23)
AHaJOTHYHO COCTABAAIOTCA BhIpa)eHua anas da/de n dp/de
ﬂ_ f(l—a2—PB%)2(2cosp+acos?@+fsingcos ¢+ a)A?
dq)_ (I +acos @+psing)d ! ,
ap f(l—-a -62)22smtp+ﬁsm”cp+asmcpcoscp+ﬁ)A’ i (8.23)
dy (1 +acos @+ Bsing)? l

CucreMa (8.23), (823°) comepKHT TPH MeJJeHHbIe NepeMeHible
A, o M B uOAHY OLICTPYIO @.
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CocTaBHM /151 3TOH CHCTEMH YpaBHeHHS NMePBOro MpHOJHKEHHA

dA _Ean(l-az—ﬁz)J de
dp l+acos+Bsing *

21
ﬂ1_=efA2 (1l —a2—p2) 2coscp+ac052@+ﬁsincpcoscp+ad !
dg 2n (1 +acos ¢+ P sin ¢)® P
0

on
iﬂ___efAz(l—az—ﬁz) 2sin @+ psin®? @+ asin gcos ¢+ p
dp 2n (I +a cos @ + B sin B)° :
0

(8.24)

YcpenHenue 3gech 3aKOHHO, ecad (YHRuus [ -—— BelMuMHa MO-
CTOSIHHAf HJIH He 3aBHCHT OT ¢. OHO OoCTaerTcsi 3aKOHHBIM TaKKe
H B TOM cJiyyae, €C/IH [ — MeAJeHHO MeHsoomasca GyHKUUS noJasp-
Horo yrsa. [dejo oGCTOMT CJOoXKHee, eC/lH BeJTHUHHA TACH 3ajaHa
Kak MeNJeHHO H3MeHsoulasicsl (yHKuusa BpeMeHH. B 3ToM ciyuae
Mbl JOJIXKHBI €ille [pPHBJIeYb [OC/je/]Hee H3 YPaBHEHHH CHCTEMBI
(8.20). CucteMa ypaBHeHHH, moJyuyeHHasl MNPH TaKOM MNpPeAnoJo-
JKEHHMH, OKaXKeTcfl yxkKe 3HAUHTEJIbHO GoJsiee CJA0KHOH, MOCKOJIBKY
BpeMsi ! OTHOCHTCH K YHCJy OBICTpbIX nepeMeHHBIX. Takum obpa-
30M, OKaXeTCfl, YTO CHCTeMa YpaBHeHHH COAEpXKHUT ABe OLICTpHe
NepeMeHHble  H .

PaccMOTpHM TOJBKO TOT cayuda#l, Korga [ nocrosiHHa. HHre-
rpajbl’ B npaBod 4actH cucTeMbl (8.24) oTHocsiTca K uHcay Tab-
JIHUHBIX H BBIUMC/IAIOTCHA B sIBHOM BuJe. OmycKas BBIKJIajJKH, BHIIH-
1IeM OKOHYaTeJNbHBIH pe3y/bTar:

Z—A=23fA3V1—a2—ﬁ2, ]
%___ fR2YVT—@—F -q, (8.25)
To=— el VI F -p.

UhcieHHOe HHTErpHpoBaHHe 3TOH CHCTEMBl He MpeACTaB/ASeT HH-
KaKOro TpyZla H MoXKeT ObITh BBIMOJHEHO ¢ 6OMbLIMM LIAroM Mo ap-
ryMeHTy ¢. M3ayuHM HeKoTopble CBOHCTBa pelieHHii cucteMbl (8.25).
3aMeTHM mnpexje BCEro, UTO 3Ta CHCTEMa yDaBHEHHH JONYCKaeT
JIBa NepBHIX HHTerpajsa. B caMoM nesne, mepexoas K apryMeHty A,
MBIl -ONYYHM CJIelyiOllHe 1Ba YPaBHEHHA, KOTOpble He conepmaT
BO3MYUIatoLLeH CUHJIHI f;

da _
dA
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DTH ypaBHEHHs JIeTKO HHTETPHPYIOTCS, U MBI HaXOJAHM JBa MepBHIX
HHTErpaJa
a=apAN,  B=PpeA, (8.26)

rle oo H Bo — Haua/bHble 3HaYeHHS BEeJUYHH & H B COOTBETCTBEHHO.
Hcnonbays 3TH ¢opMyabl, Mbl /ierKo cBelleM HHTErpHpOBaHHE CH-
cTeMbl (8.25) K MHTErpHPOBaHHIO HeJHHEHHOro YpaBHEHHSI NEPBOrO
nopsjiKa

gg =2f AV 1 — (B +g) A" (8.27)

Ecnin ¢ynkuua f nocrosHHa wiu siBasieTcs ¢GYHKUHeR TOJBKO MO-
JISIPHOrO yryia ¢, To B ypaBHeHHH (8.27) mepeMeHHble pas3fensioTCs
W 3ajlaya CBOJMTCA K KBajpaTypaM.

PaccMoTpuM nojpobHee oaWH wacTHH cayuail. [1peanonoxum,
uto ap=Po=0. Toraa, kak 3to caeayer us (8.26), ToXJAecTBeHHO
43 aoboro ¢-

a=p=0.

dusnyeckoe cojepkanue 3toro ¢dakra caeaywoiuiee. Ecan a=
=f=0, To 310 03HauaeT, YTO 3KCUEHTPHCHTET e=0, T.e. ABHKeHHe
NPOMCXOAHT MO Kpyrosod opGure. Takum ob6pasoM, ecau craprt
anmapata NPOHCXOJAHT C KPYroBoi OPOHTHI, T.e. eclu oy=Po=0, 10
M B TeueHHe BCEro BpPEeMeHH [BHXXeHHWs anmapata oA AeAcCTBHEM
TpaHCBepCaJbHOH TArH OYAYT NPOHCXOAHTbL MO KPYroBOi opGHTe.

DTOT BBIBOA C/lelaH Ha OCHOBe HCC/IeJOBaHHA ypaBHEHHH mep-
Boro npubaiixkenus. CiefoBaTelbHO, Mbl MOXEM TOBOPHTb TOJBKO
O TOM, YTO B TeY€HHe OTHOCHTEJbHO GOJNBHIOrO MpPOMEXKYTKa Bpe-
MeHH mopsiika l/e ockynupylomas opGura anmaparta Gyaer 6au3ka
K KpYroBpo#.

YpaBHenue (8.27) B 3TOM ciyuae HpUMET BHA

dA
Go =2 A8, (8.28)

Ecau f— BennuuHa mnocTOsiHHAsi, TO YDaBHEHHE HHTErpHpyeTcs

B IBHOM BHJI¢E
1

=—, 8.29

Vi—e¢fp (8.29)
3aMeTHM,V'-lTO npu e=0 BeanunHa GOJABMIOH MONYOCH OCKYJHPYIO-
el opOMTBbI anmapata — 3TO INPOCTO paAHYC-BEKTOp - ammapara.
Taxum oGpasoM, ¢opmyaa (8.29) naer 3akoH W3MeHeHHs pajiHyca-
Bektopa (puc. 33). IIpu ¢=¢%*, rae
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paanyc-BekTOp obpalllaerca B GecKoHeuHoCTb. dTa dopMyna mepe-
cTaeT GHITb CHpaBeAMHBON NMPH @ — @*. 3aMeTHM Npexje BCero, uTo
¢* JocTaTouHO BeJHKo (mopsaaka l/e), a Bca Teopua ocpeAHeHHS
HMeeT CMBIC/J TOJNbKO Ha HHTEepBaJax H3MeHEHHs He3aBHCHMOro Ie-
peMeHHoro nopsaka i/e. TakuM o6pa3oM, yciloBue ¢=¢* 03Hauaer
TOJABKO TO, YTO MBI MOAXOJHM K I'paHHle AONYyCTHMOro HHTEpBaJa,
H, C/leloBaTeNbHO, TEOPHS B OKPECTHOCTH ¢=¢* TepsieT CMbICI.
Jlerko MoHATH Takxke U ¢u3HUecKoe cojepxKaHue 3TOro dakra.
C yBesnHueHHeM pajaunyca OpOGHTHI Bpe- :

Msl noaHOro o0opoTa HemnpephiBHO A

BO3pacTaer H, CJeJOBaTeNbHO, Te Be-

JUUMHBI, KOTOpbiE 3a OJHH 006X0A

OKPYKHOCTH MaJoro pajauyca He yc-

NeJH 3HAYHTEeNbHO H3MEHHTbCA, CHJb-

HO HM3MEHAITCS NpH. 00XoAe OpOHTHI

Gosblioro pajauyca. 9*
®opmyna (8.29) npaer 3aBHCH- :
mMoctb A(g). IlpeacraBnser omnpeze- Pre. 33.

JIEHHbIH HHTEpec HaHTH TaKXe 3aBH-
cumoctb A(f). Jns storo BepHeMcs cHauana K ¢opMmynaam (8.22).
[Ipn a=p=0 Mb HmeeM

r=A, vq,=A"/ﬂ, v,.=0.

Hcnonbays (8.30), MoXHO mepemncaThb mocjefHee W3 YypaBHeHHI
cHcreMnl (8.20) B BHAe

| dq) =A™ (8.30)

Jas Toro uTo6b MOJY4YHTb HHTEPECYIOLIYI0 HAC 3aBHCHMOCTD,

cJlelyeT HCKJIOUHTb M3 ypaBHeHu# (8.28) u (8.30) nepemenuyio ¢

dA 3,
w7 =2¢fA"

OTKYy/Ja NPH MOCTOSHHOM f monyuaem

1
A= (I—eft)**

PazyMeercs, KauecTBeHHHH XapakTep IOJYYEHHOH 3aBHCHMOCTH
TakoH ke, KakK M TOH, KoTopasa Aaerca dopmysaoi (8.29).

4., 3agava o HBHXKEHHM CNYTHHKA Ha MOCAeIHHMX oGoporax. 3a-
Jlaud, pacCMOTpPeHHbie B MepBblX pa3djenax 3TOro maparpada, OTHO-
CWIHCh K TEODHH BO3MYIIEHHI KemsepoBckoro ABwxeHus. IIpu co-
CTABJEHHH 3THX YyPaBHEHHH Mbl HTHOPHDOBAJH LeJblHl psii Bax-
Hoix ofcrostenbctB. Hanpumep, Mbl He NpuHHMann BO BHHMaHue
npucyTcTBHe atmocdeprn. Ha mocneannx o6oporax, Koropsle mpo-
HCXOAAT Ha BhicoTax nopaaxka 100 xkm Hal noBePXHOCTBLIO 3eMJH,

(8.31)
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BAHsHHE a3POMHAMHUUECKOTO COMPOTHBJEHHS IepecTaer Wrpartb
poJib BO3MyllaoLero ¢pakTopa U CTaHOBHTCA OJXHOH M3 CHJ, oNpe-
JENSI0LUMX BeCb XapaKkTep ABHUMKEHHs.

B 3THX YCJ0OBHSIX anmapat yXe Helb3Aa pacCMaTpHBaTbh KaK Ma-
TEPHAJbHYI0 TOUKY, NMOCKOJbKY BEJHYHHA a3POAHHAMHUYECKOH CHJBI,
TouHee. KO3(QGHUHEHT a3POAUHAMHYECKOTO CONMPOTHBAEHHUs, OYyIeT
CYILECTBEHHO 3aBUCETb OT OPHEHTAUMH CIYTHHKA OTHOCHTEJNBHO €ro
CKOPOCTH.

Ecap cnyriuk He craGuan3HpoBaH crneuuanbHbiM o6pasoM, TO
ohn Oymer HaAXOJAWTbCS B COCTOSIHHH BpallaTeNbHOTO JIBHXKEHHS.
PaccMoTpHM 3TOT KJacc ABHXKEHHH, Korja BpallleHHe MNPOHCXOAHT
¢ J0CTaTO4YHO OOJBLIOH YTJOBOH CKOpoCTbiO. B 3TO moHsiTHe BKJa-

’ JbIBAETCA CJEeAYIOIIMil CMbICJA: yr-
7 JoBass CKOpPOCTb BpalleHus CHyT-
. ‘ HHKa BO MHOro pas 6oJblue yrao-
P BOH CKOPOCTH BpallleHHsl CyTHHKA
A BOKpyr 3eMau. 3 3TOM cayuae B
8 3ajaue mnosBJsfeTcs MaJbd mnapa-
- MeTp — OTHOLIEHUe BPeMeHH Of-
Horo. o0opoTa CHYTHHKAa BOKpPYT
CBOEro LEeHTpa WHEPUHH KO BpeMe-
@ HH TOJHOTO 00X04a CHYTHHKOM
cBoell OpOHTHI

HUrak, 6yneM paccMaTpHBaTh

Puc. 34. NJOCKOe JBHXKEHHe anmnapara Inoa

JedCcTBHEM TPaBHTALMOHHOTO MOJS,

a3pOJAHHAMHUUYECKOH CHJABI M €€ MOMEHTA OTHOCHTEeNbHO UeHTpa
MHepUUH annapara.

JIBimkeHHe LeHTpa WHEPUMH annapara ONMUCHIBAETCS BEKTOPHBI-
MH ypaBHEHHSiMH

q

dr

ar av _
di

= b oo
=V, w = ar + F, (8.32)
rie r — pajHyc-BEKTOP LUEHTpa HHepPUMM anmnaparta, a V — ero cxo-
pOCTb.

Ins cocraBieHust CKaNsipHbIX YPaBHEHUH BBeJIeM CHCTEMY KOOP-
AuHAT, u3obpaxkeHHylo nHa puc. 34. Ilepenumewm nepBoe u3 ypaBue-
uuit (8.32) B Buae

ar o4 , 499 o_ ,yo0

ot p =oV?,
rae r°, p° VO 0603HaualOT eMHHUHbIE BEKTOPbl COOTBETCTBYIOLIHX
Hanpasjienuii. M3 puc. 34 cpasy HaXxoQuM BeJHUHHBI CKaJsipHbIX
NpOH3BeAeHHH

(F°VY) =sin®, (p°V°=—cos, (8.33)
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yroa 6 o603Hauaer yroa Hak/AOHA BEKTOPa CKOPOCTH K TFOPH3OHTY
B /1aHHOH TOYKe.
HUcnoabsys (8.33), noayuumM ckansipHbie YpaBHEHHs

& —ysing,  Z2=—Lcoso. (8.34)

YpaBuenun (8.34) GyneM Ha3blBaTb KHHEMaTHUYECKHMH COOTHO-
iweHusaMd. PaccMOTpUM Temepn BTOpoe H3 YypaBHEHHH CHCTEMBI
(8.32). [lpoekuun BexkTopa F Ha HampaBjleHHe CKOPOCTH Ha3bl-
BaeTcst 1060BbIM conpoTHBaenuem. [1poekiusa Bektopa F Ha Hampa-
BJIEHHE HOPMaJu K TPaeKTOpuH (BexkTopa n) HasbiBaeTcs MOLBEM-
HOIl cHJIOH. YcaoBMUMCA AJsl MPOCTOTHL, UTO BEJHYHHOH MOABEMHOH
CHJIbI MOXKHO npeHe6peus. Toria Bhipa-
JKeHHe AJs BekTopa F 3anuiieM B cJe-
JyloLeM BHAE:

F=——F(2-C,)niScx(v, r, a) Ve,

31echb p -— MJAOTHOCTb aTMocdepnl (0OHA
3aBHCUT OT BBICOTH OPGHTHI M, clejoBa-
TeJMbHO, OT BEJHYHHBI r), M — Macca
“anmaparta, S — xapaxTtepHas mJoWadb Puc. 35,
(HanpuMep, mnaowaib cedeHHs Mune-
Js1), ¢x — a’poAHHaMuueckuii ko3dpipuuuent. Kpome Apyrux Besu-
UHH, 3TOT KO3 GHHUHMEHT 3aBUCUT OT yrJia aTaku o — YIJa, KOTOphiii
cocTaBJssieT HekoTOopoe BHIGpaHHOe HamnpaBJeHHe Ha annaparte ¢
BEKTOPOM CKOPOCTH (pHC. 3D); Cx ABJASIETCS 4eTHOH PyHKUHeH yrja
aTaku a.
[Tlepenuiiem tenepn BTOpoe M3 ypaBHeHHH (8.32)

dVv

_ 49 yro av o_ B oo pv? 0
a =@ Ve g n=—gri—5-ScV.

3xeck A 0003HauaeT YroJ HakJOHA BEKTOPa CKOPOCTH K HEKOTO-
poMy (HUKCHPOBAaHHOMY B MPOCTPaHCTBE HanpasJeHHIO ~— ocd Ox
(cM. puc. 35). 3ameuas, 4To

(r°- n% =cos 0,

H Hcnonb3ys (8.33), nepenuileM 3TO ypaBHEHHME B MPOEKUHAX HAa
HanpasaeHue v° u n?

2
— == — —sinO——%Sch/‘l(r, v, 0, a),

]

|

b (8.35)
ar T T g COs 0. J
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Ons panbHefimero yao6HO HCKJIIOYHTb M3 ypaBHeHHi (8.35) Besn-
yuHy A. Jlna 3TOro 3aMeTuM, 4To (CM. pHC. 34)

0=A+ (g— - cp) )
OTKYJia cpa3y HaxoJuM

Z‘?=*c°59( : —%)E'fz(r, v, 0). (8.35")

riy

YPaBHEHHe, ONHUCbIBaWOLIeE ABHKEHHE anmnapaTta OTHOCHTE/JbHO LEH-
Tpa Macc, Mbl NIOJIYUUM, IDUMEHAA TEOPEMY MOMEHTOB

d%y

a7 = M (v, r, a), (8.36)

rie M o6o3sHauaeT a3poJAHMHAMHYECKHMH MOMEHT, OTHECEHHBIA K elH-
HHIle MacChl H TaKXkKe 3aBUCALUMA OT yria ataku. BennyuHa & Ha-
3bIBAETCA YIJIOM TaHraxa. JTO yroJ, noj KOTOPHIM OCb ammapara
HakjJoHeHa K ock Ox. M3 puc. 35 HaxoauM CBA3b

O=a+A
Hcnonbsys ypasuenus (8.34) u (8.35), BbluHcaum d2A/df?
d?A . .
—atT=—r%—sm6f2(r, v, 6)+%s1n26+r7':!—2—f1(r, v, 0, a).

[Toactasasass 3TO BhpaxeHHe B ypasHeHHe (8.36), Mb MoxKeMm
3anMcaTb €ro B BUAE

2 =h(r, v, 8, 0), (8.37)
TAae
fo=M(r, v, @)= {4-sin6f; (v, r, 0)+

+f’—asin26+—r2%fl(r, v, 0, a)}.

Urak, cucrema ypasHeHuii (8.34), (8.35) u (8.37) onucbisaer
mJ0CcKoe ABHXKEHHe ammapata. DTO CHCTeMa Wectoro nopsaaka. Oa-
HAKO B CHJY TOTO, YTO (PYHKIHS ¢ He BXOJHUT B MpaBble UacTH ypas-
HeHH#l 3TOH CHCTeMBl, HaM AOCTAaTOYHO pa3paloTaTb MeTOJ HHTe-
rPHPOBAHHS CHCTEMBbI NATOrO MOpPAAKA.

Baenem oGosnauenue

da

'E‘ == 0)0 + 2,
rge @g— yriaosas CKOpOCTb BpauleHHsi annapata B HEKOTOPBifi
¢dbHKCHPOBAHHBIH MOMEHT BPeMeHH fo.



§ 8] [PHJOXKEHHMS K 3AJIAUAM IMHAMMKH OPBHMTAJIbHBIX AIMMAPATOB 957

CorracHO HallleMy OCHOBHOMY IpeANoNOXeHHI0o BpeMs 1=
=2n/wg MaJo IO CPaBHEHHIO CO BpeMeHeM IMoJHoro o6xoja amia-
paToM cBoell OpOUTH BOKpPYr 3eMJaH (32 OJHH 06OpOT BOKpYT
3eMsiH anmapaT coBepimaeT MHOro o60pOTOB BOKPYr CBOEro LeHTpa
HHEpLHH), T. €. g BEJHKO.

BBenem Manbiii mapamerp

|

g=—

1)
H cjesiaeM 3aMeHY HE3aBHCHMOIO NepeMEHHOro
T=0)0t.

Torpa cucrtema ypaBhenuit (8.34), (8.35) u (8.37) npumer cie-
LYIOIIHH BHA:

d a0

g:—=8f|(r, U, 9’ a)’ T{T—=Sf2(r’ v, 9)’

d . d

d—;=svsm 0, d—:=5fs(f’ v, 6, ), (8.3¢)
da

o1tz

YpaBueHHe OTHOCHTEIbHO INOJAPHOrO yrjia @ B CHAY coobpaxeHHH,
BbICKA3aHHBIX paHee, MBI He BBIIIHCBIBAEM.

Cucrema (8.38) cozepxHr oaHy Bpallaiomylocs dhasy— yroa
¢t M YeTbipe MeJJIeHHBIX mepeMeHHBbIX. [l1s ee ucc/ieqoBaHHA Mo-
XeT 6LITh HCIIOAB30BaHa CTaHAapTHAA MpPOieaypa.

OcCTaHOBHMCS TONbKO Ha aHa/n3e ypaBHEHHH mepBOro npuosu-

XKEeHHUdA
dy

gr‘=ﬁf1 (r, v, 9),
dz
dt

(8.39)
—— =¢gfy(r, v, O).

¥ t—

OcTta/ibHble YpaBHEHHs MLl He BLIIHCBIBaeM, TaK KaK HX TpaBnle
YacTH He COlepXKAaT yIrjia aTakd ¢ H, CJAelOBaTeJbHO, NMOCHe OCcpel-
HeHHs ocTaHyTcs 6e3 H3MeHeHH.

PaccMoTpuM nepBoe u3 ypaBHeHHH cucteMbl (8.39). Benuuuna
fi uMeeT BHI

filr, o, 9)=—%sin9—§—fi$5x(r, v).

Tak KaK ¢x — OOblUHO uYeTHasl (PYHKIMA YrJda aTakd, TO BeJHUHHA
x 3aBElOMO He paBHA HYJIO.

Bennuuna MoMeHTta M (v, r, @) oObluHO ObiBaeT HeueTHOH (YHK-
IHel yrjia aTakd o, N03TOMY (GYHKUHIO f3 Mbl MOXEM 3amHcaTh
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8 C/e1YyIolleM BHIIE:

- B TR B

1 (r, v, e)=-—-{ L sinBf(r, v, 8)— &sin20+ L f,(r, o, e)}.
Takum o6pa3oM, B mepBoM MNPHOJHXKEHHM Mbl JOJXKHbI [POHHTE-
rpupoBaTh CHCTEMY TPeX ypaBHeHHH. BbimuilleM 3TH ypaBHeHus,
BO3BpaILasich K CTAPOMY MacliTaby BPeMeHH:

d do
_c-l-t/i=fl(r, v, e)) —(17=f2(ra v, e)’l oo
) (8.40)
?7=vsin 0. l

OnpenenuB 3TH BeJHYHHb, Mbl HaXOJHM OCTaBLIHECS MPH MOMOILH
KBaaparyp

& wfslr, v, 0), '!
i (8.41)
-lF =@y + 2. l

Hrak, B nepBoM npuOG/IHKEHHH YypaBHEHHA [BHXKEHHs LEHTpa
Macc MOryT ObiThb OTAE/NEHbl OT YpaBHeHHH JBH)XKEHH OTHOCHTE/bHO
tieHTpa Macc. TIpu 3TOM aspojHHaMHYeCKas CH/a, KOTOpasd BXOAMT
B 3TH YpaBHEHHs, MOJAYyyaeTcsl NMPOCTbIM YCPEJAHEHHEM ee Mo Yray
aTakd. i
" OmnpenenuB JIBHXKEHHe UEHTpPA Macc, M MOXeM 3aTeM pacCuH-
TaTb XapaKTep M3MeHeHMs BpaluateqbHoro JABHXeHus. Ocoben-
HOCTB -3TOT0 MPHOAUXKEHHS COCTOHT €llle H B TOM, UTO BeJHYHHA
yrjia aTaky M YIJ0Bas CKOPOCTb BpallleHHsl annapaTta He OKa3bl-
BalOT HHKAaKOTO BJMSIHHS Ha ABHXKeHHe LeHTpa Mmacc. B cBow oue-
peab XapakTep BpallaTe/lbHOTO [BHXEHHS ainaparta  LeJHKOM
onpefieasiercss 0COGEHHOCTAMH JABHXKEHHR UeHTpa Macc. [as Gonee
TOHKOTO H3YYeHHS B3aUMHOTO BAMSIHUS ABHXKEHHA LEHTPa Macc H
BpallleHHs: BOKPYr LEHTpPa Macc HeoOXOAHMO paccMoTperb Gosee
BBICOKHe MPHOJIHKEHHS.

[MpuMeuanue. Mb npeamonaraayu, 4To a3pojHHAMHuECKas
cuaa CBOJMTCH TOJbKO K CHJie J0GOBOrO COMPOTHBJAEHHA YueCTb
BiHAHHe TOAbEMHOH CH/B He mpeacTaBasier ocoboro Tpyaa (370
6yner cpesaHo B caeiyiolleM naparpage). Oanako B pamkax
nepsoro npubJHXKeHHUs ee yueT NpHBEAET K HyJeBOMYy 3¢dexry,
MOCKO/NbKY MOJBEMHasl cuaa sBAsieTcs HeueTHOH ¢GYyHKUHMeH yraa
aTaku H ee cpelHee 3HaueHue Gyaer HyneM. Takum obpasom, cHu-
creMa ypasHenuil (8.40) u (8.41) Moxer ObiTb HCNQ/Ib30BaHa /s
H3yueHUsl ABHXKelusd anmapata B atMocdepe, €C/H TONbKO Mbl CUH-
TaeM J0CTaTOYHO TOYHBIMH YpPaBHEHHsl MepPBOro MPHO/HXKeHHS.
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5. 3apaua o ABHIKEHHK CMYTHHKA B KOHUE mocJeAHero o6opord.
ByneM u3yuaTtb JBuUKeHHe OCECHMMETPHYHOIO CNYyTHHKA, ‘BXOAf-
1Iero B MJOTHHE CJOH aTMOochephl. YCIOBUMCA CYHTATh, YTO CNYT-
HHK HMeeT GosblLOW 3amac cTaTHYeckoi ycroduuBocTH. Kak Mbl 310
YBHAUM HHXe, JaHHOE NMPEeANOJOXKeHHe CYLIeCTBEHHO.

3ajnaya, paccmMaTpHBaeMas B 3TOM pasjese, OuYeHb OJH3Ka
K MpeablAyleii: TOYHO TaK e OCHOBHBIMH CHJaMH, AeHCTBYIO-
[IHMH Ha CNYTHHK, OyJer CHJa TAXKECTH H a3pOoJHHAMHYECKHE
cunbl. OfHako B 3TO#l 3ajaye ecTb OJHa CYlleCTBeHHas ocobeH-
HOCThb, Ka4eCTBEHHO OTJHYAIOLlasg XapaKTep H3yyaeMOro ABHMKEHHS
OT TOrO, KOTOpoe O6blI0 H3y4eHO B Mnpe- '
AbiaymeM pasfene. Ecan anmapar, 06- ¥
Jajaloliiii a3poAHHaMHYecKol cTabHH-
saudel, BXOAUT B NJOTHble CJIOH aTMO- . AE
cbhepbl, TO XaoTHUYeCKOe BpallleHHe nocTe- 7’ P4
MEeHHO 3aMeAsfieTCsl H MEepPeXOAHT B KO- v’
seGatenbHoe JABuXKeHHe. CieloBaTelb- 4
HO, B KOHle mnocjeiHero o6opora (npH
nojxoAe K 3eMJie) ABHXKeHHe CMyTHHKa
6yneT HOCHTb He BpalllaTeJbHbIH, a KO-
JeGaTtenbHBlE  xapakTep. 3To 06CTOfA~
TeJIbCTBO KayeCTBEHHO OTJHYaeT Oco-
6eHHOCTH aCHMNTOTHKH, KoTopas 6yjer Z
H3yyaTbcsl B 3TOM pasjese OT TOH, YTO Puc. 36.
6bl1a paccMoOTpeHa paHee.

YpaBHeHHe ABHXKEHHS Mbl CHOBa MOXeM -3alHcaTbh B BHJAe
(8.32). OaHako mocjeAHH# OTPe30K TPAaeKTOPUH ammapara, Mpoxo-
AALMHA B MJOTHBIX Cl0OAX aTMocdepbl, HeBeJHK, H MoJe TACOTEHHS
MOXKHO CYHTATb MOCTOAHHBIM, NI03TOMY HeT HeOOXOAHMOCTH HCMOJb-
30BaTb MOJSAPHYIO CHCTEMY KOODJAHHAT. '

Beeaem 06bIYHYIO AeKapTOBY CHCTeMY KoopAuuat (puc. 36), H
ypaBHeHUs [BHXeHHd 3anHulleM TOrja B BHAe

dar do 49

rle r W U, KAK U paHee, 0603HaYalOT PajaMyC-BEKTOP H, CKOPOCTb
lleHTpa MAaccC annapatra OTHOCHTeJbHO BLIGPAHHOFO Hauaja OTCYETa;
BeJHYMHA g — 3TO HaNpPSXKEHHOCTb rpaBHTALlHOHHOrO noas, a F —
aspofiuHaMHuuecKas cuia. KuHeMaTHUeCKHe YCJOBHS Mbl MOJYUHM,
3anucbiBasi NepBoe W3 ypaBHeHHH cucteMbl (8.42) B mpoekuusix Ha
OCH JeKapPTOBOH CHCTEMbl KOODAHHAT

dx dy

< = vcos 0, 47 =vsin6. (8.43)
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AsponnHaMuueckyo cuny F, JeHCTBYIOLLYI0 Ha ammapaT, Mbl Mpel-
CTaBHM B CJIEAYIOLLEM BHJE:

F=—29Y () Sc, (v, y, a)V°+p() Sc, (v, y, a)no.

[TepBoe cnaraemoe, cTofilllee B MPaBOH YaCTH, — 3TO YXKe H3BeCT-
Hoe HaM J060Boe cOMpOTHB/AeHue. B ero BblpaKeHHH COXpaHeHBb
o6o3HaueHHs1 mpejaplayllero NyHKTa. Bropoe cnaraeMoe — 310
nogbeMHas cuna, BenlHYHHa ¢, Ha3sblBaercs  Ko3dduuHeHTOM
noabeMHOH cuibl, DTy Ge3pa3MepHYIO BeJHUHHY GyleM CUHTATh He-
yeTHOH GyHKuHeH yraa ataku «. [logbeMHas cuila HampaB/ieHa Mo
HOpMaJIH K TPAeKTOPHH BAOJAb BekTOpa n®. Ha pHc. 36 nyHKTHPHBIN
BEeKTOp & JaeT HanpaBJ/ileHHe OCH a3DOAHHAMHYECKOH CHMMETPHH.
Ha 3Tom uepreke mnokasaHo TaKkXe Hanpas/JeHHe OTCYeTa yrJia
aTaku «; m, Kak H paHee, ob60o3HauaeT maccy anmapara. Tak Kak
B JlaHHOH 3ajJaye JIHHHA MECTHOTO TOPH30HTa COBMAJAaeT C HEMo-
JNBHXHO# ocblo Ox, TO

do _ dv
dt dt

Bno

o'+ 0 2
H, C/Jel0BaTeJbHO, JHHAMHUYeCKHe YpaBHEHHUs, KOTOpble MOJyyaioTcs
M3 BTOPOro ypaBHeHHA cHcteMnl (8.42), ecsu ero 3anucaThb B IPOEK-
uuax Ha ocu Ox u Oy, 6yAYT B 3TOM cJlyuae TaAKHMH:

d . 2 1
T‘;=—-gsme— %Scx(y, v, @)y =f(v, 8, 9, a), |
8.44)
de 8 (
=t e Se(y, v, ) =h(v, 8, y, @ >.,i
YpaBHeHHe MOMEHTOB aHaJorHuHo (8.36) sanuweM B BHje
d*d db
W=M(0y yaQ, -_l?t—). (8.45)

Otnuune ypaBHeHHs (8.45) or (8.36) cocToHT B TOM, uTO Te-
fiepb Mb HEOOXOAMMO JOJKHBI YYecTb 3aBHCHMOCTb a3POJHHAMH-
YeCKOro MOMeEHTa OT YIJIOBOH CKOPOCTH KoJieGaHHH, MOCKOMBbKY MO-
CAeJHAf BesHKa, a aTMocdepa JA0CTAaTOYHO MAOTHas.

B anKTIaILHOH a3pOAHHAMHKe BEIHYHMHY a3POJAMHAMHYECKOro
MoMeHTa oObluHO l'IpeIICTaBJIﬂlOT B BHAe NBYX Cjaraembix

do
Mp, 9, 0, G) =5 Sim. (v, y, ) +L2 Sim2 (0, ) 5. (8.46)
lMepBoe cnaraeMoe WHOrAa Ha3blBaeTCsl CTATHYECKHMM MOMEHTOM,
BTOpOE — neMndupyomwuM, J — NoJasApHbBIH MOMEHT HHEPUHH ammna-
pata, m.(v, y, @) — GeapaaMepHbli Ko3(¢HLHEHT a’poxHHaMHUe-
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CKOTO MOMeH1a, | — HEeKOTOpblHi XapakTepHBIH JHHeHHbIT pasMep
i)
(HanpuMep, AauHa annaparta). BennunHa m? (v, y)ﬁ onpene-

JIieT OCHOBHYIO XapaKTepHCTHKY AeMN(HUpPYIOLlero MoMeHTa. 3aBH-
CHMOCTb BeJHUHHBI AeMN(HPYIOILEr0O MOMEHTa OT YIVIOBO# CKOPOCTH
0ObIYHO cuHTaeTcsd JuHeHHOH. BennunHy & npHHATO Ha3biBaTh yr-
JIOM TaHraxa.

Tax xak yribt 9, o 1 0 cBs3aHbl KOHEUHBIM COOTHOLIEHHEM (CM.
puc. 36)

6=a+8, (8.47)
TO
d*0 d’a |, 40 _ d% da
=@t = o0 v e F),
rie

_d gcose pU __dfy
CP—F{ + Sy}== 7.

Hcnonbsys pasencrBa (8.46) u (8.47), nepenuilemM ypaBHeHHE MO-
MEHTOB B BHAE

dt2 +f3 2 +F0, v, y, A)=3d(v, 6, y), (8.48)
rae '

pv pv dcy
fo= o7 SIm3 = 50 S35 -

. Ppv? Sey . d
f4=781mz——2—”-l—{pgslr19—W(pv)},
. g%sin20

a=" -

CucremMa ypaBHeHH# wlectoro nopsiaka (8.43), (8.44) u (8.48)
flaeT MOJIHOE ONHCaHHE IJOCKOTO JABHXKeHusi. Mbl yCJOBHIHCL H3Y-
uaTb ABHXeHHe ammnapara, obsajawoulero GONbIUMM 3amacoM CTa-

*
THYecKOH ycToHuHBOCTH. B 3TOM ciyuae BeinuuHa f; Bcerma no-
JNoxkuTenbHa W Benuka. CieoBaTebHO, MBl MOXEM MOJIOXKHTb

* 92
f4 =X f4v
rie A2 — HeKOTOpbIf GOJBIIOH napaMerp.
Janee Mbl CHOBa cjenaeM 3aMeHy He3aBHCHMOH nepeMeHHOH

t=—}=e1:.

[Mocne atoft samennt cucrema (8.43), (8.44) u (8.48) npumer
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CJeXyIOLIUH BHA:

%ﬁ—=evcose, %=evsin6,

d do

—”=ef1(v 0, y, @), G-=¢f(v, 6, g, a), (8.49)
de +e fa +f4(U~, 8, y, a)=ed.

[Tpu e=0 u3 cHcreMu (8.49) nonyuaem

®+ 0, y, a = const = v,
d1:2 fa (v, !/ )= v = cons 0 (8.50)
8=const=06, y=const=y,.

ByneM cuutaTh, uTo pemlleHHe cucTeMbl (8.50) mpH YCJIOBHH, 4TO
BCE BEJHYHHBI U, 0 H y— HEKOTOpble MOCTOSIHHBIE, HAM H3BECTHO
H YTO OHO HUMEET BH]
a=q(c, ¥, v, 6, y),
rae
Y=wlc, v, 8, ¥) (t+10);

3Jecb ¢ — MOCTOSIHHAS MHTErpPHPOBAHHSA, KOTOpYIO Mbl OyaeM Ha3bl-
BaTb aMIVIMTYJAOH, To — aJJUTUBHAA NOCTOsiIHHAsl. Tak Kak JBHXe-
H{e, MO NpPeANOJONXKEHHIO, siBAsieTcsl KoJebaTeslbHbIM, TO QYHKUHSA §
Gyner mepuoauyeckoll ¢yHKIHeH NepeMeHHOHl T HEKOTOPOro MEPHO-
na T(c). BeanunHa w(¢, v, 8, y) CAYXKHT HOPMUPYIOLLHM MHOXHTE-
JeM: OYHKIUA ¢ 0O NepeMEHHOH ¢ HMeeT NEPHOA, PaBHBIH 2.
3HaHue 06lUero pewreHds CHCTEMb! B NPEANONOXKEHHH, 4TO U =const,
0=const U y=const no3poJsieT HCNOAb30BaTh CTAaHAApPTHYLO MpO-
Heaypy MeToja OCPeJHEHHs.

Hasi Toro yto6bl He YCNOMHATH H3J0XKEHHS, OrpaHHYHMCA H3Y-
HeHHEM TOJAbKO TOrO cayuyasi, Korja koje6aHHs Majbl H (pyHKumo
f« MOXXHO NpPEACTaBUTb B BHAE

fi(v, 6, y, &) =w?(v, B, y)a.
B 3ToM canyuae

a=ccosy, Y=w(v,0,y)(1+10), (8.51)
v ypaBHeHue (8.50) 6yleT Tenepb TaKuM:
% —:—ola. . ~ (8.500)

Tak kak y tena, obsnagawllero a3zpojnHaMuyeckod CHMMeTpHeH,
m, 1 ¢, — HeueTHble (DYHKIHUH yraa aTakH, TO JHHeapH3alHs 3THX
¢yHKUMH JOoNycTHMa W B TOM cJyuyae, Korjia Mbl paccMaTpuBaeM
KBaJpaTHYHYI0 TEOPHIO, MOCKO/AbKY, OTOpocHB B- ypaBHeHuH: (8.50)



§ 8] MPHUJONKEHUS K 3AZAUAM TUHAMUKHN OPBUTAJIbHBIX ATIMAPATOB 963

4IeHbl TPeTbero MOPSAKA MaJOCTH OTHOCHTENbHO Yrija aTakH a,
Mbl TeM He MeHee MPH/eM K YPaBHEHHIO (8.50").
B cucreme (8.49) nepéiinem Temepb OT nepeMeHHOH o K nepe-
MEHHBIM ¢ H ). ﬂnﬂ 3TOTO K paBeHCTBy (8.51) nob6asuM elle TaKoe:
: da

E——co(v, 0, siny, (©5)

7] paBeHGTB (8 51).u (8.52) naxoaum

C“V““*mf(uﬂﬁ( )]}
i
I

1]3—-———arctg{ o0 dv }

BbIUHC/IHM POH3BOAHYIO NMEPBOH H3 BEJHUHH, Onpene/iieMbiX paBeH-
cTBOM (8: 53) B CHJy ypaBHeHHH (8.49)

(8.53)

do, dod | _(da)fdedv, do b, do iy} |
de _ “ar T dr dv of dv dt ' 00 dt | dy dt | o° _
. . d[day
()

mf (et (deflde ) 20y % ogine) )=
=—ecsin21p{f3-l-i[avf1 09f2+ vsme]}

— e 51n¢a=—-ec sin2yf; (v, 0, y, ccosp).  (8.54)
FlponuddepennnpyeM BTOpOe H3 ypaBHeHHR (8.53)

e ma—(ﬂ)zm—eﬂa{ 02’ +ﬁf +Evsin6}
dy dt? dt dt gt 't o8 2T oy

dar T T 1 (da\q] ,,
[1+m2a2(—d?)]ma

1 . o g 2 .
=—W{—m202+—§f351n21p": czmz—ﬁ%?-51n2a[g—mf1+

06 f2+ vsmOJ}——acosw
H OKOHUYaTeJbHO
d . L [o
d—?=m—-§-sm21p{f3—'-;[ﬁf1 0 52t vsme]}
—%&coswEm"e{__fg(ﬂt O,Wyrggo_sap)srn21p+ﬁcicosap}.
(8.55)

Takum 06pasoM, pMecTo cHeTeMbl (8.49) Mbl NpHULIH K ApYyroi
CHCTEME, B _KOTOpO#i -[IOC/eAHee. ypaBHeHHe..BTOPOFO . MOPAIKA:



264 ACUMINITOTHYECKHE METOMbl PA3JEJIEHHUS JBHXEHWUM [CJ1. 111

3aMEHU/IM JIByMA ypPaBHEHHAMH MNepBoro nopsiaka (8.54) u (8.55),
a B MpaBBIX YacTAX BTOPOrO H TPETbEro YpaBHEHHH BMeCTO o MOA-
CTaBJ€HO €rc BbIpaXeHWe c¢ cos . [Ipeo6pasoBanHas cHcTeMa
BMOJIHE 3KBHBAJieHTHA HCXOJHOH, HO ABJIAETCH CHCTEMO# ¢ Bpa-
warwomeiica ¢a3of; OHa CONEPKHT MATb MeNJEeHHBIX IMepeMeHHBbIX
X, 4, v, 0, ¢ u oady OeicTpyro — . [IpaBrie yacTH 3TOH CHCTEMBI
NpeiACcTaBJAOT c060H nepuogHuYeckHe QYHKUMH 1 nepuHoda 2m.
3aMeTHM, Y4TO NepBOe ypaBHEHHE 3TOH CHCTEMbl MHTErpUpyeTcs He-
3aBHCHMO OT APYTHX, TaK Kak X He BXOJMT B NpaBble YaCTH OCTajlb-
HBIX ypaBHeHHMH. Tenepb ee Hcc/€NOBaHHE MOXKET OBITb MPOBEAEHO
C HCMNOJb30BAaHMEM CTaHAapTHOH MNpoUeAYpHl pasjefeHHs ABHXKe-
HuA. OrpaHHYHMCs PacCMOTPEHHEM TOJNbKO MEPBOrO NMPHOIHKEHHS;
ANl 3TOTO J0CTaTOYHO OCPEAHHTb MpaBble 4acTH Mo GBICTPOfi ne-
peMeHHOH .

[lepsbie n1Ba ypaBHeHHS He COAEpKAaT yrjia aTakH H OCTaHyTCA
6e3 u3MeHeHHA; UX YHO6HO 3amucaTb, BO3BpAllascCh K NEpPeMeH-
HOMY I: p p

G =vcosd, L =usine. (8.56)
PaccMorpum Tperbe ypaBHenue 3Toli cucTeMBl. Mcnonbsys Bhipa-
KeHHe AJA [y, Mocjie YCpeJHeHHA Mbl €ro NpHBeAeM K CieAyloiieMy
BUAY:

2n
-‘;—7=—gsin6— %i%f ¢, (y, v, ccos)di. (8.57)
0

KosdduuneHT nogbeMHOl Cuabl s ManiblX 3HaueHHH yria ata-
KH o BbIpaxKaeTcd Kak
Cx=Cxo+Ra?, k>0.

CrenoBaTenbHo, mnocle ycpeiHeHHs ypaBHeHue (8.57) npumer
$opmy

dv . pov2S kc?

—dT=—gsm6 _Tn_( x0 —2“') (8.58)
HJIM, €CJIH Mbl OrpaHHUHMBAaeMCs JIMHEHHOH Teopuei, TO

do . 028

r=—gsin0—E=c (v, y, 0). (8.58)

Paccmorpum Tenepb uerBeproe ypaBHeHue cuctembl (8.49), mo-

nlarasi B HeM ¢, =c; - 0. [locie ocpeaHeHHs OHO MPHMET BHA
do gcos 0

e, (8.59)

Hrak, eciy Mbl NPUHHMAaeM JIMHEHHYIO TEOPHIO, TO ABHXKEHHE
IeHTpa Macc B NepBoM NpubJMXKEHMH MOXKeT OHTb OMHCAHO Hesa-
BHCHMO OT [BHXXEHMSl OTHOCHTEJIbHO LEHTPAa Macc, MpUYEM YpaB-
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HeHHe B NPOEKUHAX Ha HopMmaab (8.59) 3anucbiBaercsl Tak, Kak
eciH Obl JIBHXKEHHe MPOHCXOAMIO B NYCTOTE W Bce AeHCTBHE a3po-
JHHAMHYECKHX CHJ CBOAMJOCH K JJOGOBOMY CONDPOTHB/EHHIO, BbIUHC-
JIIeMOMY AJIA HYJEBOTo yrja aTaki. B KBaJapaTHUHOH TEOpHH ypaB-
HeHHe M NpPOeKuHH Ha KacaTeqbHYI0O K TpaeKTopuu (8.58) co-
HepKHT KBajapatT amnautyisl. [lostoMy B 3TOM ciayuae yxKe B
nepBOM MNPHOJHIKEHHH Hesb3sl pasJe/uTb [BHXKEHHE HEeHTpa Mace
H JBHIKEHHE OTHOCHTEJbHO HEeHTpa Macc.

Paccmorpum ypasBHeHune (8.54). [Tocse ocpenHeHHsl OHO mpUMeT
CNeAYIOLHHA BHA:

d g
= h+ G+ S usine}.  (8.60)

[Tpu ocpeaHeHHH ciaraeMoro, conepmamero f1, 6bL1a mpuusita
JUHeHHasl TeopHsa: f; O3HauaeT, UTO B BbIpaXKEHHH JOGOBOTO CO-

. gcos O
MPOTHBJICHHA Mbl NPHHAMH Cx=Czo, [o=—=———. Takum oOpa-

o 1 do
30M, Be/JHuYHHa, cTrosilllasg B (HUIypHOH cKoOKe, paBHa T 4 TRe

NPOH3BOAHAS YIJIOBOH CKOPOCTH ® BBbIYHCJAEHA B CHAY YpaBHeHHH
(8.56), (8.58") u (8.59). Ha sToM ocHOBaHHH YypaBHeHHe (8.60)
Mbl NMepenHilleM B BHAe (BO3Bpalllafch K apryMeHTty !f)

— L __1 do
c dt 2137 99 4r °
B 3ToM ypaBHeHHH NepeMeHHble pasjesieHbl, H M0C/Je HHTErpHpo-
BaHHs Mbl OJyYaeM
t
_g [ oar
Co 0
Vm

Tle Co— NPOH3BONbHAS [OCTOSIHHAs — B JAHHOM cJyyae Hayab-
HOe 3HaYeHHe aMILIHTYAH Yrjia aTakH.

Takum 006pasoM, B JHHEHHOH TeOpHH MepBoe NPHOIHKeHHE
OCpeJHeHHbIX YPaBHEHHH MO3BOJIAET PACCUHTATH TPACKTOPHIO LEHT-
pa Macc He3aBHCHMO OT KoJe6GaTelbHOrO [BHXKEHHSl annaparta H
HaHTH, c/eloBaTe/bHO, 3aBHCHMOCTb o (f) u [a(f). Has pacuera
AMIIHTYAbl KOne6aTe/bHOrO ABHIKEHHS Mbl JOJKHBl TOJbKO BHI-

YHCJAHMThL OJHY KBaApaTypy jfsdt, noc/jge uero A aMILTHUTYABI

Koe6aHH# ¢ OJIYyuHM fIBHOE BhIpaXKeHHe.

B KBaJApaTHYHOH TEOPHH NepeMeHHble B ypaBHeHHH (8.60) yxke
He pasjensiorca. PaccMoTpum cHOBa ypaBHeHHe (8.59) u nepenu-
teM ero ¢ yyeToM YJeHOB BTOPOTO MOpsAKa

c= (8.61)

d in2 2
ke e{cf3sm21p+ csi’p do _ csin'd -pLSkc?cos%p},
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tle do/d{ no-npeXxHeMy O3HauyaeT IMPOM3BOAHYIO BEJIHYHHB ©
B cuny ypaBHeHHH (8.56), (8.58") u (8.59). [Tocae ocpenHenus 3To
ypaBHeHHe NDUHUMAET BUJL

de ey ¢ do & potSk
dt 237 20 df " 8@ 2m *

(8.62)

Mbl BHAMM, YTO B YypaBHeHHH (8.62) mepeMeHHble yme He pasge-
JAAI0TCA. I[Jm onpefeseHHs 3aKOHAa H3MeHeHHs aMIVIUTYAbl HaMm
ApUAETCA B 3TOM CJydyae WYHCJIEHHO HHTel‘pHpOBaTb ypaBHeHHe
(8.62).

PaccMoTpuM, HakoHel, nocjefHee, H3 YypaBHEHHH, OIHCHIBAIO-
WX JBHXEHHe annapata — ypaBHeHHe {8.55), Koropoe paer 3a-
KOH H3MeHeHHs1 ¢asbl. B snuHeliHOM cayyae OHO BBIVIAAHT OUYE€Hb
TIPOCTO

dy _ a
. ar ~ @
OTKyzaa
. t
P =+ [ o) dt. . (8.63)
; o

B paMKkax KBaJapaTHUHOH TeopHH BhipakeHHe (8.63) Heckoabko
YCIOXKHHUTCS 3a CYeT C1araeMoro B BbIPaXKeHHH [i, KOTOpPOe Cojep-
KUT MHOXKHTE/EM BeqHuuHy c2k2 cos? .

[Tonsenem Tenmeps HeKOTOpPHle HTOrH. [IpPeAmo/OMHM, UYTO MBI
OorpaHHYHBaeMcsl nepBbiM NpubauxenuweM. Torga B JHHEHHOH Teo-
PHH HaM JOCTATOYHO YHCJEHHO PacCUHTATh PelleHHe CHCTEMbI Tpex
ypaBHEHHH NepBOro Mopsiika (HaNOMHHM, YTO YDaBHEHHe, Ompeje-
Jawliee AajJbHOCTD X, HHTerPHPYETC He3aBHCHMO), IOCJe Yero pac-
YeT KoJeOaTe/IbHOrO : ABHMKEHHs MpPOU3BOJUTCA no dopMyaam
(8.61) u (8.63), TpebyowuM pacueta KBaipaTyp.

B kBajpaTHYHOH TeOPHH Mbl BHIHYXKJ€Hbl COEMECTHO HHTErpH-
pPOBaTb CUCTEMY UeThipeX YpaBHEHHH

dy _ « k

7 = ysin 6, ) ‘ ‘

dv . v?S kc?
ar=—esin0 =2 (o0t 1),

d6 _ gcosB ‘ . (8.64)
dr v !

dc e po?

ar - (f3 © dt)+8<n om Sk

I[aanOCTb X n dasa ¢y onpeleasTCs KBaApATyPaMH.
Haa uccnenoBaHus Gonee TOUHBIX 3DdeKTOB, Hampumep 11./1;{
H3YUYEHHA| BJHSAHHA MONBEMHON CHJbI Ha BEJIHUHHY NANbHOCTH B
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NpeinoJoXeHHH KosebaTenbHOTO [IBHIKEHHS, Mbl JOJKHBI H3YUHTh
enenyouiee npubankenne. 3aMeTHM TakKXKe, YTO MepBOe MpHOAH-
JKEHHe JNHHeHHOH TEODHH He MOXKeT faThb HHKaKoH HMHGbOpMaiuu
O pacceHBaHHH 3J1eMEHTOB TPAeKTOPHH BCJEACTBHE KoJeGaTensHOro
JNBHKEHHSl, MOCKOJbKY Cpe/Hee 3HaueHHe MOABEMHOH CHJBl B 3TOM
npu6nmxemm paBHO HyJ0. Bce nomoGHble BOMPOCHL ' 1OMKHbI pe-
WaThCsl B CAEAYIOLIEM NPHOIHKEHHH.

6. Pe3onaHcHble 3a71a4H B JHHAMHKE MCKYCCTBEHHBIX CIYTHHKOB.
B npeabinymux pasgenax storo naparpada Mbl paccMOTpetH Le-
JBIi psii 3a4ay JHHAMHKH HCKYCCTBEHHBIX CNYTHHKOB, KOTOpble
OIMCHIBAIOTCS CHCTEMOH YpaBHEHHH ¢ OJHOH Bpalllaiollleficsi dasoi.
OaHaKo CyIIEeCTBYeT MHOTO HHTEPECHBX 3aj1au, KOTOpble CBOAATCSA
K CHCTeMe C J[AByM#a BpalllaoliuMmHcsi ¢asamu. B Hauane 3toro
naparpada Mbl yXKe 3aMEeTHJIH, YTO €CJHH BO3MYIlalollasi Cuia 3a-
BHCHT OT BPeMeHH, TO Mbl NPHXOJAUM K CHCTEMe ypaBHEeHHi ¢ JBYMsl
6HICTPBIMH NepeMeHHbBIMH. TakHMe 3amauu ecTeCTBeHHbIM 06pasoM
BO3HHKAIOT B JHHAMHKE HCKYCCTBEHHBIX CHYTHHKOB 3emau. K ux
YHCJY OTHOCHTCS, HalpHMep, 3ajaya BO3MYIUEHHS OPOHT BBICOKHX
cnyTHUKOB JIyHolh. B 3To#i cuTyalluH BO3MYIUEHHsI, Bbi3biBaeMble
JlyHo#, 6YAYT HEKOTOPbIMH NEepPHOAHYECKHMH (YHKUMSMH BpeMeHu
H, CllelloBaTeNbHO, MOJHAasi CHCTeMa ypaBHeHHH OyleT colepXaTbhb
JBe ObICTpble mepeMeHHble. B TOoM cayuae, korga nepuop obpalie-
Hust cnytHuka T u Jlyusl T, 6yAyT cBsizaHbl COOTHOLIEHHEM

Tn= kT,

rie k — uenoe yucno, Mol 6yleM uMetb pe30HaHCHBI Cayuak.

MoXHO NpPHBECTH elle LB . Pl HHTEPECHBIX Pe30HaHCHBIX
3agay nojgo6Horo posa. MHOro HOBBIX 3ajay, B KOTOPbIX HMeeT
MeCTO De30HaHCHasi CHTyallHsl, HaM JOCTaB/sieT H3ydyeHHE OTHOCH-
TeNbHOTO JBHXKEHHSI CIYTHHKA B LIEHTPAJbHOM MoOJe.

Ecnn teno He obGnajaer cepHUecKOH CHMMETpHell, TO Ha Hero
B IIGHTPaJbHOM MoJe AeHCTBYET HEKOTOPbli MOMEHT, TaK HasblBae-
MBI TpaBHTalMOHHBIH MomeHT, [lox nelictBueM 3Toro MomeHTa
160, ABHXYllleecsi no op6uTe BOKpyr 3eMJiH, coBepiiaeT Koneba-
TeNbHOE JBUJKeHHe. DTO [BHKEHHE B IUVIOCKOM CJyyae MOXeT GBIThb
ONMHCAHO CAEAYIOIHM ypaBHEeHHeM *)'

2
(1 + ecosB) 392 2e sin 9 55 + 3a’sind=4esin 0.~ (8.65)
34ech NPUHHSTH C/e1YIoUIHe 0603Hai1eHuﬂ:

A-C
B b

a=

*) B. B. Beneuxui, O nubpaunu cnytuuka, c6. <HckycctseHdoe cnyr-
HRKH 3eman», No 3, 1959,
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B — MOMeHT HHepUMH amnnapaTa OTHOCHTEJNBHO OCH MNepreHAHKY.Isp-
HOH M/JIOCKOCTH OPOHTBI CYTHHKa, A u C— MOMeHTBl HHepLHMH aml-
napaTa OTHOCHTEJbHO OCefl MHEPLHH, JeXKalUUX B MIOCKOCTH OpOH-
o, npuieM A>C, T.e. a < 1; §=2¢y, rae Y — 3T0 yroa Mexnay
paauycoM-BEeKTOPOM LEHTpa HHEPLHH amnmapaTa H OCbI0O WHEpPLUH,
OTHOCHTEJbHO KOTOPOH MOMeHT HHepuuu pasBeH C, T.e. HauGosee
JaunMOg w3 oced uHepyud, JeXalluX B IUIOCKOCTH OpPOHT (cM.
puc. 37, rae AaHbl 0603HauyeHHs), O — Yra0Boe paccTofAHHE MeXAay
pPaAMyCOM-BEKTOPOM LEHTpa HHEpPUHH
anmapara M HampaB/JeHHEM Ha IepH-
refl, e — SKCUEHTPHCHTeT OPOHUTHI
CTyTHHKa.

3ametuM, uto ecad e=0, To ypaB-
HeHHe (8.6D) npuHHUMaeT Bu.I

28 .
oz T3a*sind=0. (8.66)

YpaBHenne (8.66) pomyckaeT ABa
cTalHOHapHbIX pexuMa 6=0 u dé=m.
YerofiuuBbiM - IBJAAETCA MepBHIA  pe-
KHM 8=0, cooTBeTcTBYIOLIHA TOMY c/ayualo, Koria HauboJsee IJHH-
Hasl OCb HHEpLHH KOJJHHeapHa paAHyCy-BeKTOpy. DTOT (akT Bmep-
Bble ObLT YCTAHOBJIEH H3BeCTHbIM (paHIly3CKHM acTpoHoMoMm Tuc-
cepaHoM. B cayuyae 6=n (uau p=rn/2) Goaee AAHHHAA OCh HHEp-
IIMH TepTeHAHKYIApHa paaHyCy-BEKTOpY.

[IpeamonoXuM Temepb, YTO 3KCLEHTPHCHTET € — BelHYHHA Ma-
Jlasi, Torpa ypaBHeHue (8.65) mepenuiueM Tak:

Puc. 37.

40+ 3a2 snn6—e(4sme+25me +3a2cosesma)+0( 2). (8.67)
YpaBHeHue (8.67) nonyqaerca u3 (8.65), ec1u caenatb zaMedy
ecos 22 d92 = e cos 0 (— 3a?sind + O (e)),

OHO mpejAcTaB/ferT cOOOM THMHYHBIH TMPHMEpP JIA TNPHIOKEHUS H3-
Jaraemoii teopuu. [Ipu e=0 oHo mepexoaur B ypaBHeHHe (8.66)
U MoxeT ObITb MPOUHTErPUPOBAHO B INIUNTHYECKHX (DYHKIHAX

d=q(x,y),

rle X — MakcuManbHOe OTKJIOHeHHe, a y — dasa; y=0-0, Bce
BbIYMC/IEHHST MoryT ObiTb HpoAesdaHbl, cleays oOOLIeH MeTOMMKe.
3aech Mbl OrpaHMYMMCA pacCMOTPEHHEM TOTO YacCTHOTo cJayyas,
KOrjla oCb HHEpLUHMH C MOMeHTOM HHepuudn C coBepwlaeT MaJsble
KosieGaHHsl OKOJIO CBOEro foJoxeHus pasHosecua (6=0). Iror cay-
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yal Obll NPOAHa/NU3HPOBAH B Yxe LHTHPOBaHHOH pabore B. B. Be-
JAenkoro *).

Jluneapuays ypasHeHue (8.67) u or6paceiBas MaJble, MOPHIOK
KOTOPHIX Bbillle MePBOro OTHOCHTENBHO €, Mbl MOJYYHUM

d?d
d0?

+od=e 4sin9+251n9—d§+m2c0596 , (8.68)
do

rue
0?=3a2

3aMeTHM, UTO 4YacToTad @ ONpejensieTcss HCKAIOYHTENAbHO Teo-
METPUYECKHUMH XapaKTePUCTHKAMH CNYTHHKA — COOTHOLIEHHEM ero
MOMEHTOB HHEDIHH.

[Tonaras kak o6BYHO

dd .
d=xcosy, —g — —exsiny,

3aMeHHM ypaBHenHe (8.68) caenyiouieit cucremoii:

%’:—= - %(4sin6-—25inesiny ox 4 cos 0 cos y @) sin g,

z—i=m— Eex—(4 sin 8—2sin @ sin y @x + cos B cos y w2x)cos y, { (8.69)
do
=l

Cucrema (8.69) — sTo cHcTeMa ¢ JByMs OLICTPHIMH MepeMeHHBIMH
0 u y. B 3aBHCMMOCTH OT 4acToThl ® (T.€. OT COOTHOLIEHHH MO-
MEHTOB HHEDUHH] B cHcreMe (8.69) MoXxeT BO3HHKAThb WJH He BO3-
HHKAaTh pE30HAHCHAs CHTyauus.

[Tpu orcyTecTBHH pe3oHaHca nepBoe NpHOMHMNKEHHE A CHCTEMB
{8.69), KoTOpoe nosyuaercs ycpeaHeHueM no ob6euM OblCTPHIM ne-
pEeMEHHBIM, HaM jaeT

x=const, Y=yo+ i,

T. €. C TOYHOCTbIO N0 BeJHuYHHBL Mopsaka O(e?) cayTHuk Gyaer co-
BeplliaTh rapMolHUeCKHe KoJeGaHHsi OKOJO MOJA0XKEeHHSi paBHOBe-
cusi §=0.

Ecan a= V_3/3, TO o=1, 1 Mbl HMeeM cly4yaii rJ1aBHOro pe-
soHaHca. HMccnenyem 3To siBienune. [as 3TOro npexjae Bcero cie-
JaeM CTaHAapTHYIO 3aMeHy

y=0+2z2, w=1+eh

*) B. B. Beneukui, [lpHxenHe HCKYCCTBEHHOTO CHYTHHKA OTHOCHTE/BLHO
uentpa Macc, «Hayka», 1965.
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H nepenuiieM cucremy (8.69)

%—::——:)—{4sinesin(6+z)—2mxsin2(6+z)sin6+ |

+ w? xcosBcos(9+z)51n(6+z)}
dz (8.70)
—3?=‘——~{4sm6cos(6+z) '

— 2wx sin 0 sin (6 4- 2) cos (6 + 2) + w?x cos B cos (0 + 2)}. |

Cuncrema (8. 70) CO/IEPXXHT Tenepb TONBKO OJHY OLICTPYIO MepeMeH-
Hyio 6, N0 3TOA nepeMeHHOA Mbi H JIOJKHbI MPOBECTH yCpeJHEHHe.

HpeoépasyeM npaBble uactH ypasHennit (8.70), mncnonb3ys
3aMeHy ,

sin 0 =sin (0 + 2) cos z — cos (0 + 2) sin 2,
cos 0 =cos(0 + 2)cos z + sin (0 + 2)sin 2.
ITonyunm

%= — % {4sin2(0 + 2) cos z—4 cos (0 + 2) sin (0 +2) sinz—

— 20x sin3(0 + 2) cos 2 + 20x cos (B + 2)sin?(0 + 2) sinz +
4+ &% cos?(0 + 2) sin (6 + 2) cos z + w?x sin? (8 + 2) cos (0 + 2) sin 2},
g—i= — —{4sm(9+z)cos(6+z)cosz—4cos2(6+z)smz—
— 2wx sin?(0 + 2) cos (6 + 2) cos 2 + 2w0x cos?(0 + 2) sin (0 + 2) cos z+ .
‘ + @2x cos? (6 + 2) cos 2 + @2x sin (0 + 2) cos? (0 + 2) sin 2} + eh.
Tak Kak
21+2

f«p(e+z)de_-— f ora

TO MBI MOXeM [pOBeCTH yCpejHEHHe MO NepeMeHHOH E=04 2,
B pesyJbTaTe MOJYUYHM

vi’f___.%_ |

dc cos 2, |

—d—z——~£ inz + eh. % ®7h
pe S e j .

Cucrema (8.71) jgonyckaer [Ba CTallHOHADHBIX PeXXKHMa:

n 2
Lz=3g. *=3p
n 2
llLz=—g. s=— o
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Mbi BuAMM, uto mpu hA=0 3TH pelieHHs TePAIOT CMBICJA: CHCTEMA
He JI0NYCKaeT YCTAHOBHBLIMXCH PEXHMOB. DTOT pPesyabTaT CJejfo-
BaJ0 O0XHAATh, MOCKOJbKY HCX0QHOe ypaBHeHHe (8.68) O6nlio au-
HeAHbIM, a' B paMKax JIHHefHOH TEOPHH HCC/IeNOBaTh MOBeleHHEe
CHCTEMbI B TOYKE Pe30HAHCa HeNb3sl.

Has toro uro6bl HccnefoBaThb XapaKTep KoseGaHHS npu Hy.ne-
BOH paccTpoHKe, NMpU YNPOUIeHHH ypaBHeHHs (8.67) Mbl AOMAKHbLI
vAepXaTb wieHbl Gojiee BLICOKOTO MOPS/KA OTHOCHTEJbHO 9. 3ame-
HHM B JI€BOH YaCTH 3TOTO ypaBHeHHs '

sin6=6——63.

B npaBoit yactH noJoxxkuM sin §=4 (3To 3HAUHMT, YTO MH IIpe-.
HeGperiH BeJHUHHOH ed® mo cpaBHeHHO ¢ &%) H npone.naeM,oébm-.
Hbhle JJa KBa3H/JHHEAHOH TeopHH mnpeoOha3oBaHHA, = MepenHcan
ypaBHenue (8.67) B ciieayioluleM BHle:.

%‘3—+m26—e(4sm9+2sm9——+m26c059+a63)
rae
(02
e

a =

B »1HX npeanosoxenusax cucrema (8.70) sanmumieTcs Tak:

-j—i: - i{4sinesin(9+z)—2(z)xsin95i'r12(9+z)+

+ m2x cos B.cos (8 + 2) sin (0 + 2) + ax? cos® (0 + 2)sin (0 + 2)},

%:— = — —{4sin0cos (0 +2)— (8:72)

— 20x sin 8 sin (0 + 2) cos (8 + 2) + w?x cos 0 cos? (0 + 2) +
' +ax3 cos* (0 + 2)} + eh.

[Tocne ycpelHenus CHCTEMBI (8.72) Mbl mosyuum cleayouLui aHa-
Jor cucreMbl (8.71): .

ds_ 2
TE = COos 2, (8 B

.73)
dz - 2e }
== —(;(smz+—ax3)+eh ,l

Cucrema (8.73), B oT/HYHe OT cucteMbl (8.71), nonmyckaeT cramuo-
HapHble PeXXHMbl 1 MPH HY/NeBOH paccTpoiike A=0:
378

3o
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Mrak, onun cayuail, korga ypaBHeHue (8.65) moxKer OBITb HC-
yepnblBalOUMM 06pa3oM H3y4eHC METOJaMHU aCHMOTOTHYECKOH Teo-
pHH, — 3TO CJyyall MaJiblX 3KCUEHTpHcHTeToB (e<k1). B kaaccuue-
CKOH JIHTepaType MO aCTPOHOMHH MOAPOOGHO H3yueH ciayuail e=0.
Cayuali ManblX 3KCUEHTPUCHTETOB OPOMTH,, KaK MOKa3aj BNEpPBbE,
no-suiumMomy, B. B. DBeneuxufi, He oOHapyKHBaeT HHKAKHX HO-
BBHIX KaYeCTBEHHBIX OCOGeHHOCTed. YueT 3KCLEeHTPHUYHOCTH OpOHTHI
HeCKOJIbKO H3MeHseT XapakTep NapaMeTpoB KoseGaTesbHOro JBH-
JKeHHs1 OpOHUTBI, He H3MeHsIss B CYLIHOCTH OCHOBHOrO Xapakrepa
aBmxenus. Tak, Hanpumep, B cayuyae e=0 ycrToiudBeiM Oyzer TO
NoJioXKeHHe Tena, NPH KOTOPOM ero nHaubGoJbiiasi OCh HHEPUHH KOJ-
JHHeapHa paluycy-BeKTopy. B cayuae e« | ycToluuBHIM BAsSIETCA
TO TOJIOXKeHHe DaBHOBeCHs, NPU KOTOPOM Haubogbiiasi OCh HHED-
ILHH KOJIJIMHEapHa paJdyCy-BeKTODY LEHTpPa HHepUUd B anoree H
nepuree. Bo Bcex ocTajdbHBIX THNAaX OPOUTH Och OyAeT COCTaBJAATH
HEKOTODBIH MaJbli Yyroa ¢ pajdyCOM-BEKTOPOM. IDTOT pPe3yJbTaT
CTNpaBelJHB, Pa3yMeeTcs, TOJABKO MJIS MAaJblX 3HAUEHHH KCLEHTDPH-
curera. MajoxkeHHas Teopusa 6e3 KaKHX-JIHO6O NPUHLUHUNHANBHBIX
TPYLHOCTEH MOXKET H3YyYUTb Cjayyal NPOHU3BOJBHBIX YIJIOB 8, OJHa-
KO MPH OLHOM YCJOBHH MaJIOCTH 3KCLEHTPHCHTETA.

®. JI. YUepHOoycbKO 0OpaTHJ BHHMaHHE, YTO aCHUMITOTHUECKHE
MeTOIbl ycPeJHeHHs! MOryT GblTb MCNOAb30BAHBL elle B OJHOM CJY-
yae, Korga a<l. B 3ToM cayuae coOcTBeHHble KoJjeGaHusl Tena
IPOUCXOJAT C OueHb MaJyod uacToTod. Ecau nepuon 3tux koseba-
HUH 3HAUHTEJbHO 0oJblle NMepuoja obpallleHusi Tena no opbure, TO
3a BpeMsi OfHOro 06xoja opOUTH ODHEHTALHS TeJa B MPOCTPAHCTBE
CYIIeCTBEHHO He H3MeHHTCHl. JTO 06CTOATENbCTBO H HCNOJNb3yercs
IJIA OCTPOEHHS] aCHMIITOTHUECKOH TeOPHH.

Cayuait a<! He COAepKUT OrpaHHUYEHH{l HAa BEJHUYHHY 3KCUEH-
TpUcuTeTa. B paMKax Takoro pacCMOTDPEHHS] MOTYT OBITh H3Y4eHbl
KoneOaHHsl Teja, JETSIEero MO OYeHb BBITAHYTOH 3JJIMIOTHYECKOH
op6ute. McenenoBaHue 3TOro ciayuast To3BojsieT OOHAPYXKHUTH Le-
JIBIH PSIl HOBBIX CBOMCTE JBHXKEHHSl, Ka4eCTBEHHO OTJIMYAIOLIUX €ro
OT cJy4as MaJblX 3KCUEHTPUCUTETOB, KOTODLIA OB H3yueH Bhllle.
Hanpumep, eciu e>€;=0,68, TO ycTOAUMBBIM MOJOXKEHHEM PaBHO-
BeCHsl 0Ka3blBaeTcs TO, IPH KOTOPOM B Mepuree U amoree HauboJib-
wasi OoCb HHEepUMH TepNeHAMKYJSADHA paaduyCy-BeKTOpy. Hamoxke-
HHME 3TOH HMHTEPeCHOH paboTbl BHIXOAMT [ajeKO 32 PAMKH JaHHOH
KHUIH. 32 NoAPOOHOCTAMH MBI OTChIaeM YHTATeIs K ODHTHHAMY *),

Mpl H3/10XKHIH HECKOJAbKO NPHMEPOB, NMOKa3blBAOWHX 3ddek-
THBHOCTb TPHMEHEHUS MEeTONOB YCDeIHeHHs B 3ajauyax JHHAMHUKH

*) ®. JI. HUepHoycbKo, Pe3oHaHCHbIE fABJEHHA NPH ABUKEHHH CNMYTHHKA
OTHOCHTEJILHO UEHTpa Macc, JKypHaJ BLIUMCAHTENIbHOH MATEMATHKM M MaTeMarH-
yéckol ¢uauku, T. 3, Ne 3 (1963), 528—538.
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KOCMHYeCKUX anmnapatoB. Uucao 3THX NMPUMEpPOB JIETKO YMHOXHTb.
Ho yxe u3/10XKeHHOro HOCTATOYHO AJs1 TOro, 4YToObl NPOAEMOH-
CTPUPOBaTb BO3MOXKHOCTHM HCIIOIb3yYeMOTO MaTeMaTH4ecKoro af-
napara.

§ 9. ACHMNTOTHYECKHE MEeTOJbI YCPEAHEHHsi B 3ajayax
TEOPHH ONTHMAJLHOro ynpaepieHus

1. YacTHuHoe ycpeaHeHHe. PacCMOTPUM CUCTEMY ypaBHeHHUN
Z=eX(x, ¢, u), (9.1)

rie X — nmepuojauveckass yHkuus BpeMeHu ! nepuona 2m, a U —
HEKOTOpasi MelJieHHO MeHswllascs GOyHKUuus x u ¢ (ynpaJeHue).
Ee nsmeHeHue MoxeT GbITh OMUCAHO YpaBHEHHEM

u=ep(x,t,u), (9.2)

3lecb X H 4 — 3TO HEKOTOPble BEKTOPbl Pa3MepHOCTell n ¥ m COOoT-
sercTBeHHo. st uccnenoBaHus cucreMbl (9.1)—(9.2) Moxer GbiTh
ucrnoab3osaH Mero] Bau-mep-Tloasi: Tak Kak 3a BpeMsi OIHOrO me-
puoJa INepeMeHHble X H 4 H3MEHSITCS MaJjo, TO ypaBHeHue (9.1)
MOXKHO 3aMEeHHTb yCpelHEeHHbIM

t=eX(x, u), (9.3)
rae
21
X (x, u)=§r—‘- ( X(x, t, u)dt,
P

u BMecto cuctembl (9.1), (9.2) paccmarpuBath cucremy (9.3),
9.2).

MoxHo (opManbHO MOCTPOUTL MPOLECC, AHAJNOTHYHBLIE TOMY,
KOTOpHlil OblT u3soxeH B § 4 HacToslllell ryaBbl; /151 3TOTO JOCTa-
TOYHO Clle/1aTb 3aMeHY

x=x+eli(x, {, u) +e%a(x, £, u)+...,
rae
g=eAi(x, u)+e2Ay(x, u)+...
Torna _
A1=Xa

0X 0 a
= gr 8 5 A= Gre,

t
qo= [ (X 1 w)— X(% )t
0

H T. O
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B nepsoM npHOMXKeHHH Mbl TOJYYHM CHCTEMY ypaBHEHHH
(9.2), (9.3). IOns BTOpOoro npuOJHKEeHHS Mbl MOJYYHM CHCTEMY
ypaBHeHHH

2.2 = GAI (22, Vu) + 82A2 (22, u), } (9.4)

s y
0TI u=ep(X+&, 1)

[IpencraBasier onpejeneHHBIl HHTEpPeC TaKXe pacCMOTPeHHe
cucreM U 6osee obuiero Buja, HanpuMep

x=eX (x, t, Yy, u), ‘
y=al(x, u, ) +e¥{x, ¢, y, u), (9.5)
fl:e‘P(x, t)1 :

rae npasble yacth X U Y — nepuonnueckue GYHKUHH CKaJaspHBIX
apryMeHToB [ u y. Takue cucreMbl colepXar yXe ABe OblcTpbie
nepeMenHble { u y. JIaa ux ucciaenoBanus Moxet OblTh popMaljibHO
MCII0JIb30BaH Bechb annapat JAaHHOH rmaBbl. B cuctemax ypasHe-
Huil Tuna (9.5) BO3MOXHO cylllecTBOBaHHE PEe3OHAHCHBIX PEXHMOB.

2. O BO3MOXHBIX MOCTAHOBKAX 3a1ay ONTHMAJbHOro ymnpasJje-
HHA 1J8 ypaBHeHHiA B cranaapTHod ¢opme. [locTpoeHue Teopuii,
NO3BOJAIOIIUX HalTH npubJHXKeHHOe pelleHHe 3aJay  ONTHMAJb-
HOrO ynpaBJeHHsl JJIS CUCTEM ypaBHeHHH, COAepXallluX MaJble na-
paMeTphl, npeicTaBisfieT UHTEPeC BO BCex OTHolleHusx. Ilpexne
BCero, cyliectsyer GosblION KJacc TeXHHYECKHX 3ajJay, B KOTOPBIX
aubdepeHuHanbHble YpaBHeHHsl, OMHCHIBAIOIHe [BHXeHHe ympa-
BJSIEMONl CHCTEMBl, COJEep»Kar MaJible napaMeTpb, U MOITOMY BO-
NpPoC O COOTBETCTBHH pellleHHsl, KOTOpOe MOJyyeHO NPH HYJeBBIX
3HayeHMsiX apaMeTPOB, TOUHOMY pelleHHIO Bcerja akrtyateH. Bo-
Jiee TOro, MPaKTHYECKH BCErJa Mbl HMeeM JeJo C HIealu3HpoBaH-
HBIMH MOJEJSIMH YNpaB/jseMblX CHCTEM, H TIO3TOMY Pa3BHTHE Teo-
PHH ONTHMAJbLHOTO YNpaB/ieHUs B TOM cJydae, Koria audodepen-
LlHaJbHble OTpPaHHUYEHUS] COJEPXKAaT MaJjble NapaMeTphl, NpeicTa-
BJASIeTCA BaXHbIM C TNPHKJAaAHO# Touku 3peHus. Jlanee, 3amaun
ONTHMAaJILHOTO YNpaBJeHUs] OTHOCATCA K YUCAY HEKOPPEKTHBIX 3a-
ngau. [To-BuaHMOMY, oTOpacbiBaHHe MaJblX BEJIHYHH B HEKOTOPBIX
clIydasix MOXeT MPHBECTH K TMOSBJIEHHIO HOBBIX KauyecTBEHHBIX OCO-
GeHnocreH. '

B nmauHoii pafore MBI paccMaTpuBaeM TOJbKO OAHMH MPOCTEH-
LIMH TNpHMeP TAKHX CHCTEM, KOTOPBIH OTHOCHTCH K YacTHOMY THIY
3ajlay, OXBaThiBaeMblX H3JaraeMoi Teopuen.

PaccMoTpuM 3amauy OTbiCKaHHsl Takod ¢yHkuuu u(f), Korto-
pasi AocTaBJ/sfieT MHHAMYM GYyHKUHOHAMy

T

I=[ F(x,u)yat (9.6)

0
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NpH CAENYIOIHX OrpaHHYeHHsX:
a) nuddeperunanbhisle CBA3N

2=eX(t, x, u), (9.7)

6) ¢a3oBble orpaHHueHHA

x=a,, (9.8)
B) OrpPaHHYEHHS Ha ynpasjeHHe
usG,. (9.9)

31ech ¥ H 4. — HEKOTOPbleé BEKTOPH Pa3MePHOCTEH 7 U M COOTRET-
CTBEHHO, BEKTOpP X Ha3blBaeTcA (a3oBblM BEKTOPOM, 4 — YN paBJIfIo-
IIUM BEKTOPOM HJH ynpaB.neHueu G, u G, — HeKoTOpbie MHO-
JKecTBa.

‘K nepeuncieHHHM YCJAOBHAM JOJKHbH GbiTb 106aBJEHb eme
ycaoBus npu =0 u {=T. YcaosuMca HX (QUKCHpOBaTb

t=0 x=ux, }

t=T X = xr. (9.10)

B ftaxofi nocraHoBKe paccMaTpuBaeMasi 3ajfaya JONMYyCKaeT Mpo-
CTYI0O MEeXaHHYeCKYI0 HHTeprnperalluio: HaHTH Takoe YynpasijeHue
u(t), Ko‘rop‘oe' NEepeBO/IUT CHCTEMY, JBHKEHHEe KOTOPOil OMHChiBaeTcs
cHcTeMoi ypaBneHudt (9.7), 3a BpeMsa T H3 cOCTOAHHA X3 B CO-
CTOfIHHE X Tak, 4TOOH QyHKUHMOHaA | (CTOMMOCTb Mepexoaa H3 X,
B xr) Obla MuHHManeH u 4TOGB ()a30Bdsi TPAaeKTOPHA 3ITOA CH-
CTEMBI He MOKHAa/Aa A0NYCTHMOM o6aacTu Gy. _ .
[Ipennonoxum Tenepb, ut0 MHOXKECTBO Gy BK/IIOYAET TOMBKO
Takde QyHxkunMH u(f), MPOM3BOAHAA KOTOpbIX MaJja, a bynxuus
X(t, x, u) ABIAETCH NMEPHOAHYECKOH (YHKUHER Bpemex-m { nepwuo-
Aa 2n. Toraa BO3HHKaeT Ta CHTyallHsi, O KOTOPOM TIOBOPHJOCH B,
npeabiayileM pasjede.
B 3TOM ciyuae Mbl MoXeM MOJYYHTb MPHOAHIKEHHOE pemeHne
3aJlau, 3aMeHnA ypaBHeHua (9.7) ocpenHeHHHIMH »

i=eX(x, u). (9.11)

[lpeanonoxuM, uto G, He COJEPXHT OrpaHHueHHd Ha MpPOH3-
BoAHyw ¢yHKunio u(f). Torma MeToabl yCpemHEHHA MOXKHO HC-
No/1b30BaTh OXHHM H3 CJAEAYIOUIMX croco60oB.

a) Pemaem 3ajauy, B KOTOPOH cHcTeMa ypaBHeHud (9.7) 3a-
MeHeHa cucremoit (9.11); B peayabrate HaxomnMm ¢yHkumuio u({).
Ecan okaxeTca anoctepuopu, 4TO NPOH3BOAHAA (yHKuus u(f)
Maja, TO y Hac €CTb HHTYHTHBHAaA YBEPEHHOCTb B TOM, 4YTO ym-
paB/ieHHe, HaiJeHHOe MpPH MOMOLUK MNPOUEAYPbl YCPEeIHEHHS CH-
crembl (9.7), ecTb HeKOTOpPoe HOMYCTHMOE ynpaBjeHHe, GJH3KOe
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K ONTHMaJbHOMY. 3aMEeTHM, 4TO /A LIHPOKOrO KJacca TEXHUUECKHX
3a/Jau TaKoe «pelieHHEe 3a/auH» OKa3blBAETCH JOCTATOUHLIM.

6) Ecau B pesynbraTe pelleHHs ONTHMasbHOH 3ajayl NpoHM3-
BoaHaA (YHKuMA u(f) okasbiBaetca 60/blOH (Hanpumep, ¢YHK-
uuA u(f) MOXKeT NPOCTO OKa3aThCsl Pa3pblBHOI), TO METOL Ycpen-
HEHH HenpuMeHHM. TeM He MeHee OMHCaHHasA MpoUEAypa MOXKeT
OKa3aTbCAd MOJME3HOH AJA MOCTPOEHHS BO3MOXKHBIX YIpaBJcHHUI.
[Tpeanonoxum, uto u aABAfercA ckansdpoMm. Baegem npu momouu
ypaBHEeHHA

u=e@(t), (9.12)

rie (@] < @* HoBoe ynpaBseHHe @(f), a QyHxkuuio u(f) oTHeceM

K uncny ¢asoBblX KOOpAMHAT, @©F — HEKOTOPOE 3ajJaHHOE YHCIO.

[Tpeanonoxum, uTO BapHauUHOHHYIO 3a-

y Jauy c orpaHuuenuamu (9.11), (9.12)

MBbl MOXeM pewHTh 3PPEKTHBHO ANA

~—— ato6oro 3Havenus @*. Toraa Kaxiaomy

3Ha4yeHHI0 @* GyleT OTBEUaThb HEKOTO-

poe 3HaueHue ¢yHkuuoHana [ (¢*). Ec-

., JIi 9Ta 3aBUCHMOCTb HMeeT B[, H306pa-

#7  keHHbIll Ha pHc. 38, T. €. BeIMUHHA NIPO-

Puc. 38. usBogHoil dl/de* okasbiBaeTcsi MaJoi,

TO B leJOM psjJle TeXHHYEeCKHX 3afay

3TOro (akta OKasbiBAeTCAd JOCTATOUHO AJA NOCTPOEHHS BO3MOXK-

HOTo ynpabneHHs;, GAH3KOrO K ONTHMaabHOMY (mo cbynxuuona.ng).

B) BpeneHue orpaHuueHus (9.12) cyxaer wmuoxecrBo U,

OcraHoBuMcs nojpo6Hee Ha TOM cJyvae, Korga MNOLOGHOE Cyxe-

e MHoKecTBa (G, coxpaHseT 3ajauy B Takoll ¢opme, uto ans

Hee OKa3blBaeTCcsd BO3MOXKHBIM HCMOJNB30BaTh NMPUHLMUN MaKCHMYyMa

JI. C. Ioutparuna.

CornacHo npuHUMOY MaKCHMyMa ONTHMaJbHOE YNpaBleHHe

onpenensercs H3 yCIOBHA MaKCHMYyMa (QYHKUHH

H=eX(x, u)p+epq — F(x,u), (9.13)

rie p W g — MHOXUTeNH JlarpaHxka (MMOY/Abcbl), KOTOpBlE Yi0-
BJETBOPAIOT clefylollell cucTeMe ypaBHeHHH:

. oH _ 0X(x,u) oF |
P=—%x = "8 5 p+ x’!
- (9.14)
__ o __  oXww . OF |
7= du du ou '}

U3 Buaa ¢yHxkuuu f caenyer, 4yTo HOBOE€ ynpaBsJeHHe @(f) Ao0J-
JKHO GbITh BEIOPAHO U3 YCJIOBHH

p=q", ecan ¢>0, }

¢=—¢, e ¢<O0. (9.15)
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Hrtak, B paccMaTpHBaeMOM cJjyuae 3ajfada CBOJUTCH K PELIeHHIO
HEKOTOPOH KpaeBOH 3ajaudl JAAd CcHCTeMbl ypaBHeHHH (9.11),
(9.12) u (9.13). KpaeBbie Yyca0BHA — 3TO YC/AOBHA TpaHCBepcasb-
Hoctd. Hanpumep, ecan paccMaTpuBaeTcs 3ajadya O MepexoJie CH-
CTEMbl H3 COCTOfIHHSl X, B COCTOfIHHE Xy, TO KpaeBas 3ajaua OGyaeT
dopMyaHpoBaTbhes caeaywiiuM o6pasoM:

¢ 0{x=x°’ ¢ T{x=x,, © (9.16
" lg=0, T lg=0. (9.18)

[Tpumeuanue. Ecaum HCxoAHas MOCTaHOBKA BapHaLHOHHOM
3ajaud AONYCKaeT NMpPHMEHeHHe MPHHLHIA MaKCHMYMa, TO MOXHO
CHauana BbIIMCATb BCIO CHCTEMY YpaBHeHHH COMPAXKEHHON 3ajauu

. X
p=—eg P 9.17)

T/Je ¢ oNpefeasieTcsi U3 YCAOBHA
H=max H (x, p, u, t)=max {eX (x, u, t)p— F(x, u)}. (9.18)
u u

[TpaBble yacTH mosyueHHOH cHCTEMBbl ypaBHeHHH GyAYyT mepHOAHde-
CKHMH GyHKUHAMH f. MHoxurtenu Jlarpawxka Gyaytr ¢yHKUHSIMH,
KOTOpble H3MEHAIOTCA MedJeHHO. YcaoBue (9.18) Ham mokaxker,
Oyner A GYyHKUHA «(f) TakXKe U3MEHATbCH MelJeHHO. B mocaen-
HeM cJayyae Mbl CMOXKeM MNPHMEHHTb MeTOJ YCPeZHeHHsl Hemocpej-
cTBeHHO K (9.7) u (9.17).

3. Mpumep. B kauecTBe NpHMepa pacCMOTPHM 3aJauy o ABHKe-
HHH KOCMHUECKOro amnmnaparta noj JeHCTBHEM TpaHCBepcaabHOM
Tard. TIpeanonouM [ONMOMHHTENbHO, YTO HauajdbHas opOHTa Koc-
MHUECKOro ammnaparta Oblna kpyrosod. B mpeabiayuieM naparpade
ObIO MOKa3aHO, UYTO YypaBHEHHe, ONpeje]sloniee H3MeHeHHe pa-
AHyca opOuThl A, mocne ocpefHeHust NpHMeT BHA (cM. (8.28)).

‘;—f‘; = 0ef A8, (9.19)
rae ef — tara asurateas. Bo Bce Bpems 3BosionuM opGura (kak
370 OblIO TMOKa3aHO) B NepBOM NPHOMHIKEHHH OCTAaeTCsi KPYroBOH.

[TocTaBuM caeayloulylo BapHaLHOHHYIO 3aJauy: ONPeAeNHTb
ynpasjeHHe — QYHKUHIO (@), KOTOpas NMepeBOAMT ammapaT ¢ Op-
GHTBI, pagnyc KoTopolt Ay, Ha opOuTYy paauyca A*, 3a Bpems, B Te-
yeHHe KOTOPOro apryMeHT ¢ H3MEHHTC Ha @, NPHUEM yNpaBieHHe
f(p) ROAMKHO HOCTABHTb MHHHMYM ¢ YHKIIHOHAMY

q)?

I=e [ fde.
0
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CocraBuM dyHkuHO "'aMHabTOHa H

H=2¢fA% — ¢f2, © (9.20)
rne p— MHOXHTeb JlarpaHKa, YAOBJETBOPAIOILHA YPaBHEHHIO
d oH
% = — 51 = — 6efA%p. (9.21)

U3 ycioBHA MakcHMyMa GYHKUHH H HaXOAHM YyIpaBieHHe
f=A3p. (9.22)

Paccmorpum Ttenepp ypaBHeHua (9.19) u (9.21). U3 3Tux ypas-
HEHHH JIerKO HaXOAHM

d _ _ 3
dA — A?
oTKyJa
C
p=_;4T9

Ille ¢ — HeKOTopas MNOcTosiHHAR: ¢= (p(9))y—o. [ToncTaBAAR mONY-
yeHHoe BbipaxkeHHe B (9.22), HaxoouM

f=c.

MTaK, ONTHMAJbHOE YyNpaBJAeHHE B 3TOM CJdyudya€ TMOCTOAHHO.
[TocTosHHAS ¢ onpeaensaerca U3 ycJOBHA

(A(®) )guq, =A™

Hurerpupya ypasHenue (9.19), Haxooum

A. = ———_L___2_— ,
V1 —efdle,
OTKY/a MoJyyaeM OKOHUaTeJlbHo
A*Q—Ag
f=—— (9.23)
eAyA “or

dtor mnpHMep HMesa CcBoefl Ilenbi0 MOKa3aTb, 4TO HCMO/Ab30BaHHe
yCpeJHeHHBIX ypaBHEHHH MO3BO/AET B OTAENbHBIX Cjaydasfx MoJy-
YHTb pellleHHe B ABHOM BHJAe. DTOT MPHMEP OueHb MPOCT H Pe3yJib-
TaT TpHBHaJeH. OgHaKO TeM XKe MPHEMOM MoXeT ObiTb pacCMOTpeH
H UHeablii psaf Gosee cJaOXKHBbIX 3agad. HekoTopble H3 HHX MpHRE-
genst B MoHorpaduu B. H. Jle6eneBa, uUHTHpOBaHHOH Bbillle Ha
cTp. 249.



rJiaBa i1v

ACUMNITOTHYECKHE METOA4bI
B TEOPUH JTHHEAHBIX YPABHEHHH,
COLEP)XAIUHUX BOJLUIOA NAPAMETP

B sTo#t rnase u3naraioTcsi acCHMNTOTHYECKHE METOABI HHTErph-
poBaHHA JHHEHHBIX YPaBHEHHH C NepeMEeHHbBIMH KO3¢hdHUHEeHTaMH,
colepXallMMn 60ablUON NapaMerp. JTa TeOPHA BO3HHK/JA B CBA3H
c obocHoBaHHeM MeTona Dypbe, KOTOpoe MoTpeGOBaJO H3YUeHHS
aCHMIITOTHYECKOro MOBeAeHHs cOOCTBEeHHBIX (DYHKUHA H cobGCTBeH-
HBIX UHCe] JHHEeAHBX AHppepeHUHANbHBIX onepaTopoB. YacTHHM
ciyyaeM 3TOH 3ajayd siBAsieTca 3ajaya O MOBEJEHHH pelleHus
ypaBHEeHHs

, i+ Mo (l)y=0, o>0 (%)
npH A— oo. [lepBble cHCTEMATHYECKHEe PacCMOTPEHHA 3THX 3ajau
Obl1H MpoBefeHH JIMyBH/JeM B TPHALATHlE [OAbI MNPOILJIOr0 BeKa.
B XX Beke Bonpochl NOBeJeHHs pellleHHH ypaBHeHHH THNa () mpu
A— oo OBIH NpEeIMETOM HCCJIeJOBAHHS PAZA BbIAAIOLIHAXCA MaTe-
MaTHKOB. OCHOBHBIE pe3yJbTaThl 3TOH TEOPHH CBA3BIBAIOT OGBLIUHO
c umeHamu bpukxobda n . 1. Tamapkuua *).

OnHOBpEMEHHO C 3ITHMH HCCJAEAOBAHHAMH YHCTO MaTeMaTHue
CKOTFO XapaKTepa M HE3aBHCHMO OT HHX H3YYaJHCb pa3/H4HBbIE CMO-
coGbl MPHOHXKEHHOrO MHTErpPHPOBAHHA ypaBHeHHil Buaa (=).Ilep
Boi M3 paboT 3TOro uMksaa Obl1 MeMyap KanuTaHa (paHIy3CcKOR
apruniepun ae Cnappa, KOTOpBIH MOCTPOMN NPHOMHIKEHHBIH CIO-
co6 UHTErpupoBaHHs ypaBHeHHii Ga/VIMCTHKH Bpallaioluerocs ap-
THanepuiickoro cHapaia. Jle Cnapp o6paTui1 BHHMaHHe Ha TO, 4TO
NpH HM3BECTHBIX HHTYHTHBHO ONPaBAAaHHBIX THNOTE3aX JABHXKEHHE
"apTH/JIEPHHACKOrO CHapsAJia OTHOCHTE/IbHO CBOEro UEeHTpa TAMXKEeCTH
MoxeT ObITb ONHCAHO ypaBHeHHeM THNA (x). DTO MO3BOJAWIO Je
Cnappy pasBHTb TEOPHIO, ONMHPAWOLLYIOCA Ha CNOCO6 MpHOIHIKEH-
HOrO HHTErPHPOBAaHMA YpaBHedHs (=) npu OGoabIIHX A. B nanb-
Hefimem moaxon ne Cnappa K nocTpoeHHIO Ga/JHCTHKH Bpallaio-
[Herocsl cHapsaa cTaJj TPaLHIHOHHBIM,

3HauuTeNbHOE Pa3BHTHE MOJA0OHAA KOHUENUHS MOAY4H/Ia 3aTeM
B paborax nokofiHoro mnpodeccopa AkazeMHH HM. JKykoBcKoro

*) 1. 1. Tamaprun, O HEKOTOpHX OGHIHX BONPOC2X TEODHHM auddepen-
LHaJbHHX YDABHEHHA H O pas/oKeHHH QyHKUMH B psagw, [lerporpan, 1917.
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. A. Benrtueas. B. C. Ilyrayes, onupasicb Ha pesysbTathl bpur-
xoppa — TamapkuHa, NpHAA] TEOPHH IBHXKEHHS apPTHAJIEPHHCKOTO
CHapsiia BMOJIHE COBPEMEHHBIH BHA M NPEBPATHJI MHTYHTHBHO OYe-
BHAHYI0 CXeMy B CTPOTYIO MaTeMaTHueckyio Teopuio. C HMeHeM
B. C. TlyraueBa cBSI3aHO TaK¥Ke MOSIBJEHHE TEODHH, MO3BOJAIOLLE
CTPOHTb aCHMNTOTHYECKHE MPEACTaBJEHHsI BecbMa 00IUero BHaa *).

B nmocsieBoeHHoe BpeMs nosiBHJIcs psig paGoT, B KOTOPLIX H3Y-
YaJHChb «CKBO3HBIE ACHMNTOTHKH» YPaBHEHHH Tuna (=) B cJayuae,
Koria QyHKUMH ®(f) MONIM B OTAEJBHBIX TOYKaxX 0OpallarTbes
B Hyab (cM., HanpuMmep, pabory A. A. JlopoAHHubIHa **). Boisic-
HHJ1aCb TaKXKe BO3MOXHOCTb HCNOJb30BAHHA  aCHMITOTHYECKHX
npeicTaB/ieHHH IS NMOCTPOEHUH PALHOHAJbHBIX YHCJIEHHBIX CXeM.

HesaBHcHMO OT 3THX HcciefoBaHHMil, HauuHas ¢ pa6or CTokca
B (H3MKe, NOAPOGHO H3yyascs Cayyall OJHOrO ypaBHEHHS BTOPOro
nopsinka Buaa («). PaspabGoraHHbii nmpHGauKeEHHBIH cnoco6 no.ay-
yH1 HasBanue Meroga WBKJ (Wentzel, Brillouin, Kramers, Jefi-
reys).

B pa6orax, nocesillenHblx meroay WBKJ, rnasHoe BHHMaHue
YAeNH10Ch H3YYEHHIO MOBEAEHHs pelleHHH ypaBHeHHA (=) B pas-
JIMYHBIX 06J1aCTSAX MJIOCKOCTH KOMILIEKCHOTO MEePEeMEHHOro A, orpa-
HUYeHHBIX JUHHsIMH CTOKCa

t
Im [ Vo {f) dt =0.
0

3HaUHTeNbHBIA BKJIAJ B PA3BHTHE aCHMITOTHYECKHX METOM0B pac-
CMaTPHBAEMOI0 THNA CAeJaH B MOCJAEBOEHHHE FOAbl YKPaHHCKHMH
matematHkaMd M. M. Pannonoprom, C. ®. ®emenko u ux yuenu-
KaMH.

KosnuecTBo paboT, MOCBSLUEHHBIX MeTrogaM GOJbLIOr0 mnapa-
METpa, OFPOMHO, H 3aMedaHHsl, KOTODHIE Mbl CA€JaJH, OTHIOAb HE
NpeTeHAylOT Ha poJb HayuHoro o63opa. Bosbiasi Gubauorpadus
novelteHa B MoHorpadusx M. M. Pannonopra ***) u C. ®, dewen-
Ko *#**) TlepeuneM ¢aMHJIHA aBTOPOB MBI NPOCTO OTMETHJH TOT
KPYr BONMPOCOB, KOTOPHIH HMeeT OTHOLIEHHE K TEOPHH, H3jaaraeMoil

*) B. C. lyraues, O6wasn 3agaua o ABUKEHHH BPALLAIOIIEroCs apTHI-
Jepuiickoro cHapsja B Bo3dyxe, Tpynsl Boenno-poapymuoil akagemun um JKy-
KoscKoro, Ne 70, (1940).

*#*) AL A Jlopoanuubii, ACMMOTOTHYUECKHe 3aKOHBI pacrpejesenus cob-
CTBEHHBIX 3HAUEHHH /Ifi HEKOTOPBIX 0oCOObiX BMAOB AM(depeHu#aNbHBIX YpaBHe-
Huf Broporo nopaaka, YMH, 1. VII, sumn. 6, (1952).

**) I. M. PannonopT, O HEKOTOPbIX AaCUMNTOTHUECKHX METOAAX B Teo-
pur auddepenunansueix ypasHenuit, MUan. AH YCCP, Kues, 1954.

*exx) C. ®. demenko, H W Mxunes u Jl. I Hrekoneuxkeo,
AcuMNTOTMYECKME METOAb B TEOPHM JIMHeHHBIX AH(QepeHuHalLHbiX ypasHeuui,
Kues, «<Haykopa aymka», 1966.
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B 3TOH rsaBe. BriGop BOmpocoB 3TOH TEOPHH, KOTOPbie paccMartpH-
BalOTC B AaHHOH MoHorpaduH, onpelejeH NpeXie BCEro HHTepe-
caMu 3azay auHaMuku. [lo3ToMy BCe paccMOTpeHHst Mbl 6yxeM Be-
CTH TOJBKO B JeHCTBHTEIbHOH 06/aCTH H3MEHEHHS MEPEMEHHOTO A.

§ 1. OnHo ypasHeuHe BTOPOro mopsiika

1. WBKJ-pemennsa. [logo6HO TOMY KaK H3yueHHe MeTOJOB
OCpellHEHHsI Mbl HayaJu € PacCMOTPEHHsA MPOCTEHIHX MPUMEPOB H
merona Bau-nep-[lons, wH3/s0XKeHHe aCHMNTOTHYECKMX  METOLOB
60JIbLIOTO MapaMeTpa Mbl HauHeM TaKXKe C pacCMOTPeHHs mpocTeii-
IHX ACHMITOTHYECKHX pelleHHA W NpPOBeJeM PpaccyXIeHHs, OMH-
pasicb Ha HHTYHTHBHbIE COOOpaXKeHHS.

Paccmorpum ypaBHeHHe (=)

§+ Mo?(f)y=0. (1.1)
3nech A>0 — Gosbilof- mapamMerp A > 1 u 0?(f) 2 a>0. Ecan

66 pyHKUUA o (£) OblIa MOCTOSAHHOH BEJHYHUHOH, TO pELIEHHA ypaB-
HeHdst (1.1) umenu 6bl BUI

Y1, 2=exp (*ilol).

KaxeTcs, 4To npd A0ocTaToOUYHO OOABLIOM A MOBejeHHe PellleHHH npu
o= (f) LONKHO XOpOLIO ONHChIBATbCA (pyHKUHEN

t
exp iixfm(t)dt )
0

B camom nene, eciH A JOCTaTOYHO BEJHKO, TO pELICHHSI YypaBHe-
Hust (1.1) 6yayT 6bICTPO OCUMJIHPYIOWHMH GYHKUHSIMH M 38 OAMH
NepHol OCUMANAUNHN (PYHKUHA o (f) OBICTPO H3IMEHHUTHCS HE CMOXKET.
3HauuT, B KaXIbll MOMEHT BpEMeHH JHHEHHO He3aBHCHMBle pellle-
HHSl MOJKHO aNnpOKCUMHPOBATh GYHKUHAMHU
Yy, 2 = exp(:i.:i}»d)t),

rie ® — cpelHee 3HayeHHe (YHKUHH ®(f), npuueM &f Majo OMIH-
qaeTcH oT .[m(t) dt.

Mcnonbsys 3TH HaBoAslllHe coobpakeHusi, 6y1eM HCKaTb pellle-
uus yparHeHus (1.1) B Bume

t _
yo=exp| = ir [ @) dt|z(t, ). (1.2)
0

JKCNOHEHUHANBHBIA MHOXKHTEIb B Bhipa)eHud (1.2) onucoiBaer
GLICTPYIO OCLUAAALHMI0. [TO3TOMY MOXHO OXHAaTh, YTO (GYHKLUSA
z(t, L) MeHsieTcst MELJEHHO,
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Huddepenuupys ABAXAbI (1.2), moacrasnss B (1.1) u cokpa-
as 3KCIOOHEHUHAaNbHbIi MHOXHTE/Ib, Mbl MOJYYHM YypaBHeHHe OT-
HOCHTeNIbHO Z (£, A)

2+ 2[Awz + (A@z=0
HJH

+ % = 2iot * ibz =0, (1.3)

INepBas npousBoanas GyHKuuH 2(f, A) MaJja, BTopas NPOU3BOAHaf,
no-BHAHMOMY, ACAXKHA ObITb ellle 6oJee MaJdoil BelHUHHOH; K TOMY
e oHa YMHOXaeTcs Ha BeqHuuHy l/A, KoTOpas MaJja no Yc/OBHIO.
CnenoBate/ibHO, Mbl He cienaeMm GOJbUIOH OWHOKH, eclH OTOPOCHM
B (1.3) cnaraemoe (1/1)z. Ypasuenue (1.3) nocie 3toil mpoueaypbl
npeBpallaeTcs B ypaBHeHHe mepBoro nopsigika. [lepeMeHunle B HeM
pasAensioTcsl, H Mbl NoAy4aeM

C
z(t)=
l/m(t
rae C — npousBoJsibHaA NOCTOSIHHAS.

TakuM o6pa3oM, Mbl MONYHHJIH CllelyiolHe npubauKeHHble Bbl-
pa)keHHs1 AAsl 060HX JHHEHHO He3aBHCHMbIX HHTErpaJsos ypaBHeHHs
g = Cyo2
L2 Ve®

(1.3):
[i iA.J‘ o(f) dt] (1.4)
0
HWJIH B TPUTOHOMETPpHUECKOH popMe

r t ‘
=—V—‘Ai:cos (A.J‘m(t)dty),‘
- .

0

o (1.5)

B . '
= ———=sin | A (0] (t) dt) y
Ve ( J

raie A u B — npousBofbHbIE NOCTOSHHbIE.

(DyHKI.lHPl (1.4) u (1.5) ob6biuno HasbiBaoTes WBKJ- pemeHuﬂmu
Mbl npeanoaarany, uto w?(f)2> a>0. Ho Bce paccyxaenus coxpa-
HAIOT CBOIO CHJy H B TOM ciyuae, Koraa o?(f)< a<0, T. e. Koraa
BMecTo ypaBHeHus (1.3) paccmaTpHBaeTcsl ypaBHeHHe

§—Mak(t)y=0

npH 0?(/)=a>0.
Ias atoro ypasHeuuss WBKJ-pewenuss 6yAyT nMeTb BHA

. t . .
Yo = Vr:)’(‘lt) exp (i A J‘ o (¢) dt) . (1.5%)

0
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2. CBa3b ¢ MeTONOM ycpenHeHHs. PaccyxIeHHsi, KOTOpble Mbl
HCNOMb30BaJH Aas BbiBoAa (opmya (1.5), He SABAAWOTCH CTPOrHMH.
B cneaywomem naparpade Mbl YCTaHOBHM NOTPeLIHOCTb 3THX ¢op-
myn. Janee Oyner mokasaHo, 4TO NpPHeEM, KOTOPbIH Mbl HCIOJb30-
Ba/JlH, ABJSETCS YacTHBIM cJayuaeM OOLIero MeToAa MNOCTPOEHHS
aCHMIITOTHYECKHX TMpeJcTaBJeHHiH pelleddid aHb¢epeHnHaIbHbIX
ypaBHeHHH, cojepzKallux 60JbLIOH napamerp.

3ameTuM elle, uto popMyan (1.5) Moryr 6biTb MmoJyueHbl MeTO-
oM ycpenHenuda. B camom nene, caenaem B (1.1) 3aMeHy He3aBH-
CHMOrO NepeMeHHOro

t=er, e=—;:.
Torna ypasHenue (1.1) nepeiiner B cienytouree:
d%y
d=?

+ o?(et)y =0. (1.6)

Kak Mbl 3HaeM, H3 TE€ODHM MeTOJa YCPeJIHEHHs CJeldyeT, YTO HH-
Terpaj AeHCTBHSA

b1 4
J=—2'§f o(er) Q3 dv (1.7)
0

Oyner agnabaTHYeCKMM HHBAPUAHTOM, T. €, €r0 NPON3BOJAHAH B CHAY
ypaBHeHHH nepBoro npubJuxKeHdus pasHa Hy/aw0. B Boipaxenun (1.7)
Q n Qy o3Hauaer pyHKIHH

Q=xcosP, Qu= —xsiny.

CienoBaresblio,
2n

J(x) = %)_ f x?sin®¢ dp = const,
0

OTKy /4
____const
Vo (ef) ’
JlaJsee, ypaBHeHHe MEPBOrO MpPHOJHKEHHS /5 $hasbl umeer BHI
ay _
e = o (e1),

H3 KOTOpPOro cJjenyer, 4to
14

y(t)=xcos¢=—VT£U7cosAJ o (¢) dt.
Q
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[TpuMeuyanne, M3 3T0r0 mpuMepa TeM He MeHee COBCEM He
CJIeyeT, YTO METOJL OCPeJHEHHS B KAKOM-TO CMbIC/J€ 3KBHBAJEHTEH
MEeTOj1aM, KOTOPbIM OyAeT MocBsilieHa 3Ta raBa. MeToa ycpelHeHHS
He CBSi3aH C JIHHEHHOCTBIO 3allaul: Tak Xe, Kak 0 Metox [lyankape,
OH MO3BOJISIET UCCAEL0BAaThb HEKOTOpble 3ajaiu AJAS HeJHHEHHBIX CH-
cTeM, OJHM3KHX K 3TaJOHHBIM (pelleHHe KOTOPbIX HaM H3BECTHO H
KOTOpble B CBOIO ouepelb TOXe MOTyT ObITb HesluHefiHbIMH). B TO
’Ke BpeMs METOJ yCpenHeHHs MOXeT ObITb HCMOJb30BaH JHIIbL AI1f
H3VUeHHS MPOHECCOB, GAH3KHX K MepUoAHUecKHM. MeTonbl, KOTOpBIE
paccMaTpPHBAIOTCS B 3TOH FiaBe, OTHOCATCH K JHHEeHHLIM 3ajayawm,
HO 3aTO HHMKAK He CBSI3aHbl C MPEANOJOXKEHHUAMH O MEePHOJAHMYHOCTH
peLIeHHH.

3. AcuMnToTHYeCKMil xapakTep NMpHOJAHKeHHbIX opmya. BruiBon
dopmya (1.5) u (1.5”) Obl1 OCHOBaH Ha NMPEANOJOXKEHHH O TOM, YTO
B ypaBHeHHH (1.3) MoxkHO orOpocutb caaraemoe (1/A)%, eciu A no-
CTATOYHO BeNNKO. DTO YpaBHEHHe OTHOCHTCS K KJacCy ypaBHEHHH,
COZepIKALIMX MaJblil mapaMeTp MPH cTaplIWX npousdBogHbX. OT6pa-
cblBaHHe WJIEHOB, COAepXKallHX MaJiblii mapaMerp, NPHBOAMT K MO-
. HHXKEHHIO MOPsiJKa CHCTeMBl. PellleHHe TakoH CHCTEMBl MEHbIIETrO
ypcsa creneHefl cBoboabl MoXeT, BooOllle TOBOps, He HMeTb HHKa-
KOTO OTHOIIEHHS K PELIeHHI0 HCXOLHOH 3alaud. TeM He MeHee, KdK
Mbl YBHJIHM HHXKE, DU U3BECTHBIX yca0BUAX popmyant (1.5) u (1.5)
JefiCTBHTE/NbHO SIBJASIOTCA XOpOLIell anmpoKcHMalueldl TOUHBIX pelle-
Hui ypaBHeHusa (1.1).

[Tpexkae 4eM mepeXoAUTb K JAOKa3aTe/lbCTBY 3TOro (pakra, BBe-
JIeM OJIHO OMpeleseHue.

dyuxknun 2(f, A) OydeM Ha3biBaTb A™-QCUMRTOTUHECKUM Dellle-
HHeM (WJH MpOCTO pellleHHeM, aCUMNTOTHUECKHM [0 MapaMeTpy i),
ecaun aaa qwboro t = [0, T] uckoMoe pellleHHe MOXKHO MPEACTaBUTh
B BHJe

yt, y=z2(t, 1+ LA (1.8)

rae P (f, A) orpadHHyeHa npu A — oo.
Hear namnoro maparpaga OyaeT cOCTOATb B 10OKAa3aTe/lbCTBE
CENVIOUIETO YTBEPXKAEHUSA
Teopema. ITycto pynryua w?(t) Osande Juddeperyupyema
na orpeske [0, T] u cywectsyer Taxas nocroannas o>Q0, 410 044
aro6020 t =10, {] ,
o(t)> a.

Tozda d0asn awbozo t<[0,T] ¢pynrkyusa (1.5) agaserca h acumnrto-
Tuneckum pewenuem ypasuenus (1.1).

JokasaTeqbCcTBO 3TOH TeOpeMbl OMHpaeTcs Ha JABa BCOOMora-
TeJIbHBIX YTBEPKJIEHHUSA.
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Jdemma L. llycts u u v — noaoxcuresrsvHole ¢%Hm4uu u C — no-
AoxcuTeabHas nocroannas. Ecau Oaa awboco t 20 umeer mecro
HepasencTao

!
<C+ [wodt, (1.9)

170 O0an awboeo =0

H
u<Cexp(J0dt). (1.10)

0

[okazatenbcTBO 3TOA JeMMbl npuBeseHo B § 4 raaswl L.

Nemma Il Ecau w2 a>0 daa awboix t [0, T}, 10 dan ato-
6020 A2> P >0 momHo yxasare Takyw nocroanuyo D >0, sasu-
CAUYIO TOABKO OT Ha4aabHeix ycaosull u wucer a, B u T, 4ro
npu arobom t < [0, T} pewenue 3a0auu Kowwu Oasn ypasnenus

J+re?(t)y=0 (1.11)
y0084eT80PAET HEPABEHCT8Y

ly| < D.

Hust nokasarenbcrBa ymMHoXKkuM (1.11) Ha y u npouHTErpUpyem B
npenenax ot 0 Ko f, B pe3y/ibrare NoNyuuM

—!);-+K2m2-g—2=fy2mcbdt+%?»2, (1.12)
0
rape

'2+A220 2
d=ﬂ)~%(-)ﬂ>o_

3amenuM pasenctBo (1.12) nepaBeHCTBOM

22022 < 02A2C + j 2% & |dt,

rine
g2 o?(0) y
C=—0p7 252 +'——‘1

HJIH

1
2<C+Jy23";2'§’3' dt. (1.13)
0
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HepaBenctBo (1.13) ynoBireTBopsier BCeM YCJIOBHAM JeMMBb I, rae
. 20 | @
u=y, v= a2l52‘ . CrenoBare/bHO, Mbl HMeEM OlLIEHKY

2<Cf2‘°2'ﬁ‘3'dt— (1.14)
0

JleMMa JoKasaHa.

TlepefiieM Temepp K J0Ka3aTeJbCTBY TeopeMbl. PaccMorpuMm
dyukunn (1.4)

- Cy, 2
Yy, 2= V_
H cocraBuM JAH¢GepeHHaJbHOe ypaBHeHHe, KOTOPOMY OHa YJO-
BJETBOpPsAET. BBIUHC/ISIS BTOPYIO NMPON3BOAHYIO, HaX0JHM
dyl 3
T _y

exp{l-*-z?»f mdti

1
— m-—;mm—?»?mz] i=1,2).

CaenoBareJbHO, q)yHKuHH Y; YAOBJIETBOPSIOT yPaBHEHHIO

& \
dt2 +(A2m2+q>(t))y,—0 (1.15)
rje ,
3
(p(t)——mm— T —g—z—

TakuM obpasoM, ypaBHeHuio (1.15) ynoBiaerBopsitor o6e ¢GyHKUHH
* *

Y, A Yy, 3HaUuT, 3TOMY YPaBHEHHIO YIOBJETBOPSeT TaKXKe HX MpO-
M3BOJIbHAS JIHHelfiHas KOMONHAlHA

Yy =Cy +Cyy,.

Ilycts Temepb y — TO 4YacTHOe pelleHie ypaBHeHus (l.11), koropoe
YAOBJETBOPSIET TE€M >Ke HAYaJbHBIM YCJiOBHAM, 4To U y*. O603Ha-
4HM :

U=y — y* (1.16)
H mepenuiieM ypaBHeHHe (1.11) Tak:
j+ (AMo’+o)y=qy. (1.17)

Boluntas w3 ypaBHeHus (1.17) ypaBHenue (1.15) u ucmoabsys
(1.16), mony4ynM ypaBHeHHe, KOTOPOMY YIOBJeTBOpseT PyHKUHA U:
i+ (Mo’+o)v=9(f)y. (1.18)

®DYHKUHS U [0 NOCTPOEHHIO YIOBJETBOPSIET HYJEBBIM HauaJbHbIM
YCIOBHAM

v(0) =5 (0) =0. (1.19)
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Ypaeuenne (1.18) MoxHO pacemMaTpHBaThb KaK HEOJHOPOAHOe ypas-
HeHHe OTHOCHTENbHO v. HacTHble pelleHHs OJHOPOAHOTO ypaBHEHHS
(np ¢y==0) HaMm u3BecTHbl — 3T0 GYHKUMH y| H y,. Caexosa-

TeNbHO, QYHKIIHIO U Mbl MOXEM BbIPa3HTb NPH NOMOLLH (HOpPMYJbl
JlarpaHixa

t
o= [ G(t, Vo y)dr, (1.20)
0

rae G (¢, T) —u3BecTHass HaM ¢yHKUHMA ['puHa

Gt )= (50 5,0~ 9} W 5},

A — onpeaeauteab Bporckoro afs GYHKUHE Yy, H y,:

*

Yy Y,
i di
Iupdepenuupysa (1.5), ybexgaemcs, 4To
' =0(M).
CaiefoBaTe/IbHO, HMEEM OLEHKY
A=0(),
OTKyjJa cpasy cjefyer W oueHka Aas ¢yHkuun [pHHa
G=0(@".

B camom gene, dopmyab (1.4) ﬂOKaBbIBa}OT, UTO (YHKLHH y'.
OorpaHHueHbl NPH A — oo.

~ PaccMotpum Teneps Bblpa}KeHHE (1.20). ®yHkuus @(f) orpaHu-
yeHa B CHY YCJOBHH, HaMOXeHHBIX Ha o(f). Has dyHkuuu y({)
anpdHopHas oneHka jpaHa aemmo# lI. CnepoBartenbHo, aas mo6oro

t=10, T)
0-of3).

y=y'+0(%), (1.21)

yTO H TpeboBasOCh 10Ka3aTh.

®opmyaa (1.21) naer oneHKY TOUHOCTH NPHOIHAKEHHOTO pelue-
HUfl, nocTpoeHHoro npu nomowu Qopmya (1.5). [TosxHee mbl yBH-
JHM, YTO 3TO pellleHHe MOxeT ObliTh YTOUHEHO, a caM METOJ onpee-
JeHHA NPHOMHNKEHHbIX pelleHHs MOXeT OblTb BUAOM3MEHEH TAKHM
06pa3oM, UTO OH OKaMKeTesi MPUTOAHBIM LIS TIOCTPORHUA ACHMNTOTH-
YeCKHX pelleHHii CHCTeM NMPOH3BOILHOTO NOPSAKA.

Hrak,
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4. Apyroi MeTox MOCTPOCHHA APHOIHKEHHBIX pewenni. Cyuie-
cTByeT cnocob noayuenus npubauxkeHHbX ¢opmyna (1.5), oTiHUHBIH
OT H3JIOXKEHHOTO B Hayalle maparpada. 3TOT cnocob OcCHOBaH Ha
CPaBHEHHH HCXOJAHOTO YPAaBHEHHSl ¢ HEKOTOPbIM 3TasoHHHM. Takoil
MOAXO/, KaK Mbl B 3TOM y6eauMcs, MO3BOJHT HAM IOCTPOHTb aCHM-
NTOTHYECKHE pelleHHs B TeX cJydyasax, korja $yHkuus o(f) obpa-
HiaeTcsi B HYJb.

B atomM naparpade Mbl paccMaTpHBaeM ypaBHeHHE

J+2f(t)y=0, (1.22)

rie A — Gosbluoi napaMerp, a GyHKuHus f(f) He MeHsieT 3Haka Ha
paccMaTpHBaeMOM HHTepBaJjie BpeMeHH. PellleHHe 3TOro ypaBHEHHS
. MH pa3bicKHBaJH B ¢opme (1.2), ApyruMu cioBamu, npeinoJsiara-
JIOCh, UTO HCKOMO€ pelleHHe OJH3KO K pelleHHI0 YpPaBHeHHs BHAA

x"+x=0,
rje WTPHX o3HayaeT AH¢depeHLHPOBaHHe O HEKOTOPOMY MepeMeH-

HOMY T(!). YpaBHeHHe
x+x=0 (1.23)

YCJIOBHMCSH Ha3bIBaThb 3TAJTOHHBIM.
CILEJIaEM 3aMeHYy He3aBHCHMOrI'O NepeMeHHOoro
t=t(1),
Toraa

. . Iltl_ tII
g= ‘;{, y=y—t,—2y—’—. (1.24)

Hcnonw3sys dopmyay (1.24), nepennmem ypapHeHHe (1.22)
y ="+ 457y =0. | (1.25)

CaenaeM Tenepb Takylo 3aMeHy 3aBHCHMOTrO lepeMeHHOT0, KOTopas
O3BOJIHT HCKJIOUHTD ¥’
y=Vtaz

IMTocne sToit 3amennl ypaBHenHe (1.25) mpuMer BHA
27+ M VF+o()]z=0, (1.26)

_awr 1
=3 T T

rape

IToTpe6yeM Tenepb, uTo6bl ypaBHeHHe (1.26), ecim oTGpPOCHTH
¢(f), coBnagano ¢ 3tajoHHeIM ypaBHeHHeM (1.23). Has storo mo-
cTaToyHo BBIGpaTh GYHKUHIO f(T) TAKHM 06pa3oM, YTOGH

Afywy=1, (1.27)
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OTKy 2 t
T=¢xf1/f"(t_)dt. (1.28)
0
Ouenum ¢ynkuuio @(t) Ha ocHoBanuu (1.27)
a1
dv AV

Hcnonb3ys 3TO PaBEHCTBO, Mbl MOXeM BBIPa3HTb (QYHKUHIO @(T)
yepe3 QyHKUHMIO f () M ee MPOHU3BOJHbIE

s ¥ 1

dTo BBHIpaXKeHHE MOKa3bIBaeT, 4TO ecan ¢yHKuHs [(t) usme-
HseTca MEOJEeHHO, T. €. €€ l'[pOPl3BOJleIe MHOIr0 MeHblIe eOHUHILLBI,
a ee 3HAaYEHHEe HA HCCJEAyeMOM HHTepBaJjie BpeMEHH He ofpatlaer-
csl B HYJb, TO
lel k1

v B ypaBHenuu (1.26) cnaraemoe, cofepxallee GYHKUHIO @(f),
MOXHO OTGPOCHTb, MOCKONBKY MepBoe cinaraeMmoe A% (f) ()2 umeer
nopsaok eaunuusl. Toraa ypasHenue (1.26) ympouaercs

2722 (1) () 22=0

¥ nocsae BuiGopa f(t), cormacHo ycaosuio (1.27), MBI monyuum 3Ta-
JonHoe ypaBHeHue (1.23). CaefoBatenbHo,

z=exp {*it}

WJH, BO3BPALLAsiCh K CTAPOMY NMEPEMEHHOMY,
t
z=exp{ + i?»f V)Tt)dt}.
0

Takum 06pasoM, Aast HeH3BecTHOH (YHKUMH y(f) MBI MoJyuaem

t
y= i(mSt exp ! + i?»f Vidty, (1.29)
Vi® 0

T. €. Mbl CHOBa NpHULIH K dopmyaam (1.5).

O6a cnocoba paccyXkJeHHs, KOTOpble Hac NPHBENH K dopMyaam
(1.5) uau (1.29), BO3HMKIAM NPH H3YYEHHH MNPHKIAAHBIX 3a7ay H
KaX bl H3 HUX UMEET CBOH JAOCTOHHCTBA.
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§ 2. OnHOpOJHBIE CHCTEMBI BTOPOro NMOpPAAKA.
Cayyai npocTbhiX KOpHeH

1. ACHMNTOTHYECKHe DelleHHs! JJs OJHOrO YPaBHEHWs BTOPOTO
nopaaka. B npenpiaylieM naparpage Mbl pacCMOTpPeSH ypaBHEHHE
(1.1)

j+A0?(t)y=0

npH yc1oBuH, uto 0?(f) (KoTOpasi MOXKeT GbiTb KakK IOJOMHTE/b-
HOH, Tak W OTpULlaTe/bHOH (YHKUHEH BpeMeHH) CcoXpaHseT 3HakK
asi u3ysdeMoro npomexyrtka BpeMeHu. asi 060MX YacTHBIX pellle-
HMH 3TOrO YpaBHEHHS Mbl BbIBeIH NpPUO/IHKeHHble dopMyant (1.5).
TakuM o6pa3oM, Mbl HayUMJHCh HaX0AHTb NpuUOJIHKEHHOE Mmpejacra-
BJeHHe 151 ofOlero pelueHusi ypaBHenusi ¢1.1). Hanee 'Mbl poka-
3aJM, 4TO 3TO pellleHHe HOCHT ACHMITOTHYECKHH XapakTep: OHO
CTPEMHTES K- TOUHOMY NpH A — oo, OnHospeMeHHo Obwia JaHa
OLIEHKA - OCTATOUHOrO “WieHa; Mbl I10Ka3a/H, UTO OH MMeeT MOpPsI0K
O(1/A). -Dror -naparpad 6yAeT MNOCBSLIEH H3JOXKEHHIO aJrOPUTMOB,
N03BOJISIIOLLHX OThICKHBATb pelIeHHS C IMPOH3BOJIbHOH TOYHOCTBHIO.

BepHeMcsi cHOBa K ypaBHenuw (l.1); ero pelueHue Mbl HCKaau
B Qopme

y}:‘ egpl A fp(z) dt’l -z(t,’ A), (2,1)
R [ ; |

rAe L — KOpeHb «XapaKTEPHUCTHYECKOTO ypaBHEHHSI»
p?4 02=0.
BbiGepem onpejefleHHOe 3HaueHHe KOPHA w, HaNpHMEP MOJOXKHUM
u= +iw. Torza a1 QyHKOMH 2 moJyuuMm ypaBHeHHe (cM. (1.3))
I+ 2iwri+iloz=0. (2.2)

EcTecTBeHHO MOMBITATLCH OTHICKATb pellleHHe 3TOr0 YpPaBHEHHSI B
BHJe psilia M0 06paTHLIM CTeMeHAM MapaMeTpa A

2(t, 1) =2o(t) + 320 (t) +A220(t) + . ... (2.3)

Tloxcrasasis psig (2.3) B ypaBHenue (2.2) cpaBHUBas Ko3(-
(GHLHEHTHl NPH OIHHAKOBLIX CTEMEHSX A, MOJyyaeM cjelylolue
ypaBlieHHs JJIsi ONpelesNeHHs] HEH3BECTHbIX GYHKUMH 2;(f):

20 (f) )+ 0z, =0,

2(1)(t)2'1+(b21=[20,
Coee (2.4)
20(f) 2,+

(i)Zs = iés—l’
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Wuterpupys nepsoe H3 ypaBHeHHfi cHcTeMbl (2.4), HaXoAHUM
2'0=C(1)—l/’,
rae C — npou3BOJbHAS NOCTOSHHAL. .

Mcnoab3yst Merom BapuHaluH nocrommou HaXOIUM pellieHHe
BTOPOro ypanHeHHUs1 cucTeMbl (2.4)

t
2 () = Cor'h [D0+ f ‘/z%m‘/zdt]

0

rae Dy — HoBasi NpoOU3BO/MbHASA NOCTOSHHASA, H T. 1.
TakuM o6pa3oM, YacTHOE peLIeHHEe, COOTBETCTBYIOLIEe KOPHIO
(+iw, MOXKHO NPEACTaBUTh B Bije

t

c® i g dE

O )= [1 + - (D‘“ +—;—fm“/zﬁm /zdt) +
0

1

+F(...)+...]exp[ihfm(t)dt}- (2.5)
|

Jlerko npoBepHuTb, UTO YacTHoe pellenue ypaBHeHus (l.1), coort-
BeTCTBYIOLLlee BTOPOMY KOPHIO XapaKTEPHCTHUECKOrO YpaBHEHHS,
uMeer ciaelymwollee npencrasneﬂue'

c? 2) .[ -t -t
D () = ——— _— o 4 ot
y2 () Ven [1 + - ( gz @ = dt

1

t
+oar () + ...]exp{—mfm(t)dt}. (2.6)
0

Boipaxenus (2.6) u (2.5) comepKaT «HONOJHUTENbHBIE» MPO-

H3BOMbHBlE MoCTOsHHble D, KOTOpble BO3HHKAIOT NMPH HHTErpHPO-
BaHUU cHCTeM YpaBHeHuH (2.4). DTHMH NOCTOSHHBIMK Mbl MOMKEM
pacnopsiMTbCs MO HalleMy YCMOTPEHHIO, MOCKOJAbKY KaxJao# co-
BOKYNHOCTH 3THX IapaMeTpoB OyJeT OTBeUaTb CBO€ YaCTHOe pellle-
HHe, T. e. psabl (2.5) U (2.6) 6yAyT aCUMNTOTHYECKMMH NpejacTaBJe-
HUSIMH TOrO MJIH APYroro pelleHust ypaBHeHus (1.3) B 3aBHCHMOCTH
OT 3HaueHHH mocTosiHHBIX D; . He orpaHuuusas o6umocm MBI MO-
JKeM MPHHSATb X PaBHBIMH Hymo

CocraBuM elle BblpayKeHHe AJs oOLIero HHTerpajga ypaBHGHHf
(1.1) mrs cayuas ©*>0. [Tpn 5TOM Mbl 3aMeHHM

exp{= it [ wdt | =cosn jmdt+ismxjmdt
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U BBeleM HoBble nocroanubie A=C;+Cy u B=i(C,— C,). Toraa
¢ . ¢ ¢ ]
y=i_{coskf(oa’t——;wsinkf(odtf(o“h%m“’/za’tH—
® i
0 0 0 J
e

|
smkfcoa’t—i— coskfcoa’tf o dt +O( )

©@.7)

TouxHo Tak ke npu momoun dopmya (2.6) Moxer Gbith MO-
CTpoeHo oflllee pelleHHe ITOTO YPaBHEHHA aas caydas 2<0. las
3TOr0 B 3THX (POpMYyJax AOCTATOYHO NMPHHATL @=Iiy, rie p=|w|.

$opmyaa (2.7) maer npubiaukKeHHoe peuleHHe ypaBHeHus (1.1)
y¥e ¢ Goabllell TouHocTblo, ueM WBKJ-pewenus. Ero morpeumnocrb

%

1
UMeeT nopAnoK O (F) PaccmarpuBas ciaenyiouie ypaBHEHHA CH-

creMbl (2.4), MBI MOXKEM TMOJYYHTb peUIeHHSA, MOrPEUIHOCTb KOTO-
pbix 6yJer UMeTb elile 6osee BbICOKHH MOPAAOK.
PaccMoTpuM Temepb Heckousibko 6oJjee obuiu# cayuaii

§+AF(t, A)y=0, (2.8)
rie

1
Fit, V=FO+5 1B+ ..-
Huxe Mbl CTOJKHEMCS C OJHHM Ba)KHBIM MPUMEHEHHEM ypaBHe-

nua (2.8). Ilogo6HOMY TOMy, KaK Mbl 3TO JeJaJji B MIpPebIAyIIeM
NyHKTe, 4acTHoe pellleHHe ypaBHeHHA (2.8) 6yiem HcKkaTb B BHfe

[ ) |
y(t, A)=exp{lk fp.(t)a’ti(zo (t)+wz[(t)+ ), (2.9
0

rae u(f)—onuH U3 ABYX KopHell ypaBHeHus
w () +fo (=0
KOTOpOe Mbl YCJOBHJ/HCbH Ha3blBaTb XapakTepHcTHYecKHM., Hrak,
p)==xi V5.
IMoxcrapaas pasnoxeHue (2.9) B ypaBHeHue (2.8), moayuum cue-
Iylolide ypaBHeHHA AJA onpereneHuAa QyHKUHR 20(f), 241(f) n 1. 4.
W+ 1o () 20=0,
M+ fo () 2y = —[220n + frzo + f120],
(w? +f0(t))22 Lz,

L] » L L3 ’ * ’ L3 * . L L ]

(2.10)
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rae uepe3 Lz; oGo3Hauen nuddepeHnHANbHBIH OmepaTop MNepBOTO
nopsilka OTHOCHTeNbHO OGOyHKUHA 2;. Ko3ddHuueHTs 3TOr0 BbIpa-
XKEHHSl SIBJASIIOTCSI M3BECTHHIMH (YHKUHAMH BpeMeHH: OHH oIpeje-
JAI0TCA NPeNbAYIIHMH TPHOIHAKEHHAMH.

Paccmorpum mepBoe W3 ypaBHeHui cucteMbl (2.10). Tak xax
pi+fo=0, To, AAs TOro 4TOGH 3TO ypaBHEHHE HMENO CMBIC/], BH-
pa)keHHe, CTosilllee B MPaBOH 4YaCTH, TaKXKe NOJXKHO o6pailaTthCs
B HyJab, T. €. QYHKUHUA Z, AONKHA YIOBJIETBOPATh NHDdepeHIHAb-
HOMY YPaBHEHHIO

22'0}L']'}lzo+]t120=0. (211)

JT10 ypaBHEHHEe OT/JHYaeTCs OT IMePBOr0 H3 YpABHEHHH CHCTEMbI
(2.4) cnaraeMbIM f2,. I/IH'rerppr;{ (2.11), nonyuum

20 () =~ V_ exp ——f h() dti (2.12)

Oyuxuua 24(¢f) 6yneT omnpeleneHa H3 BTOPOrO ypaBHEHHS CHCTEMbI
(2.10), xoTOpoe HaM JaeT
Lz,=0. (2.13)

YpapHenue (2.13) — 310 nuHelHOe AuddepeHUHATbHOE YpaBHEHHE
NepBOro MOpsAAKA C MepeMeHHBIMH KO3(hdHIHEeHTaMH, KOTOpble MOoJ-
HOCTBIO ONpeaesioTesl GYHKUMHAMH fo, f1 H [o.

DTOT NIpoUecC MOXHO NPOJA0NKATb HeorpaHHUEeHHO, M JI1060H
ufed pana (2.9) Moxer ObITh onpefeneH. TakuM 06pa3oM, KaxkI0OMY
H3 KOpDHeH XapaKTepPHCTHUECKOTO YPaBHEHHS Mbl MOXKeM IMOCTaBHTb
B cooTBeTcTBHE psaAn (2.9), koTophlii ompeneasier dopmanbHoe pe-
IleHHe. DTOT PAX ONpefieeH He eIHHCTBEHHBIM 06pa3oM. [Tockonbky
GYHKUHH 2; ONpeNeNAIoTCA KaK pelleHHs AHOdepeHIUanbHBIX ypaB-
HeHWH, 3TH PAABl COJepkKaT NPOH3BOJIbHbIE NMOCTOSIHHBIE, KOTOPBIMH
MOJKHO PacnopsiiHTBCS KaK YroJHO.

W3noxeHHbli MeTOIL MOCTPOEHHSI ACHMITOTHYECKHX pelleHHH
NIPHrOJeH B PaBHOH CTeleHAd AJS H3yueHHs ypaBHEHHH, HMEIOIHX H
koseGaiouuecs: peueHus (fo>>0) u HekoseGaoinecs (f,<0).

2. ¥YpaBHeHue NPOHU3BOJBLHOro panra, IIpeicTaBiasieT H3BECTHBIA
HHTEpeC pacCMOTpeThb ypaBHeHHe 6Godee o6llero BHa

G+ WPF(t, 3)y=0, (2.14)

rae gyuxuusa F(f, A) HMeeT TOT Xe BHA, YTO H paHblle. Y paBHeHHe
(2.14) ycmoBuMcsl Ha3biBaTh YypaBHEHHeM paHra p (p Bceria 6ynem
CUHTATh UEIBIM MOJOXKHTeJNbHBIM YHCIOM). COOTBETCTBEHHO NpHHA-
Toii TepMuHOJIOTHE ypaBHeHHs (l.1) u (2.8) 6ynyr ypaBHeHpsiMu
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nepBoro paHra. Paanoxenue (2.9) cienyer B 3ToM ciyuae 3aMe-
HUTb TaKUM:

y=exp [ (Zuo®)+ V7w O+ ...+ M () dE X
' X (2o + 2720 (D+ ... (2.15)

31ech po— MO-MPEKHEMY KOpPeHb XapaKTePHCTHUECKOTO ypaBHEeHHs.

IMoacraBass pasaoxenus (2.15) B (2.14), Mbl momyuum ypas-
HeHWs [Jis OMpejejieHds] HeH3BeCTHBIX (PYHKUMH Wi, M2, ..., Pp—t
29, 2y U T. 0. [lepBbie (p — 1) ypaBHeHWH 3TOH CHUCTEMbl ompese-
JA910T QYHKUHH p;. BbinuileM [7s MpUMepa NepBoe H3 3THX ypas-

HEHUH
M2+ fo) 2y = — (2ug, + 1)) 2 (2.16)

Jl1s Toro uTo6bl 3TO ypaBHeHHE HMeJO CMbICA MpPH 2,70, HeoOxo-
IMMO, UTOOBI ; .
1)
Wy (t) - 2}10 (t) .

OyHkUUA uz(f) ompejeaseTcs U3 CeNYIOLIero ypaBHEHHS H T. I.
3aMmerum, uto GyHKUUS 2Z(f) He onpenensiercss ypaBHéHuem (2.16).
B ocraJbHbIX ypaBHEHHSX, KOTOpDble onpelenfioT  (QYHKUHH
f2, W3 ..., Wp—1, MOCTENHHE TAKKE He MOTYT ObITb ONpEleseHLL.
DyHKUHA 29 ONMpeleNsierTcss U3 ypaBHerm KOTODO€ MBI MOJYYUM,
npupaBHUBasg Ko3(p¢HUHEHTH NpPH“NepBOf CTeNeHH MapaMeTpa A.
YpaBHenue nis 2,(f), Kak 3TO HETPYAHO MPOBEPUThb, Oyner nudde-
peHuuaJbHbIM ypaBHeHHeM [MePBOro MNOpPsAKa TUMA YypaBHEHUs
(2.11). OcranbHble GyHKUKWH 2;({) OYAYT HaXOAMTbCS M3 aHasoruy-
HHIX ypaBHEHHH MepBOro nopsaika.

, YpaBHeHuﬂ KOTOpble Mbl IO CHX MOpP PacCMaTpUBaJH, He COxep-
»KaJau nepsoil npousdBoaHoi. OnHaKo ypaBHeHHS Gosee obliero Buia

G+ 202D, A) g+ APF(E, Ay =0 (2.17).

JIerKO CBOISATCH K PACCMOTPEHHOMY CTaHAAPTHOH 3aMEHOH NepeMeH-
HOro

t
y=exp{[——}J’ j (Ddtix, (2:18)
| ¢
Ypaguenne aas x(f) Gyner .
FHAP LR ) -0 ) - O Wfr=0. (219

PaccMOTpHM 111 mpuMepa ypaBHeH :
i+ hp (B g + A () y =0, (2.20)
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TTocne mpeoGpasoBanus (2.18) oHo npumer Qopmy
" d
x+h2(f(t)—cp2(t)—7(f) x=0.

Has storo ypaBHenHss WBKJ-pemenne umeer Buf

X=—5

Vi-e—¢

CrnenoBatenbHO, NpHONHXKeHHble pelieHHs1 ypaBHenus (2.20) Gymyr
t

]
exp<f[cpii1/f-cp2—¢]dtj}. (2.21)

exp! iivamdt}.

y:

1
Vicg—s U
Bennuuny
t
- [ oat

. Ce 0

a=r __—_— (2.21")
T

B cayuae KosjebaTeabHbix ABHXeHHH (f — ¢? — ¢ >0) ectecTBeHHO
HasblBaTh ammautypoil. Takum obpasom, dopMmynaa (2.22) onpene-
JIsleT 3aKOH «3aTyXaHHA» aMIIHTYbI.

[Tpumeuanue [is 0OCTPOEHHS aCHMATOTHYECKOTrO pelleHHS
ypaBHerust (2.17) 3amena (2.18) He sBasiercs HeobGxomumoH. Ero
MOXHO pPa3blCKHBATh HeNOCPeACTBEHHO B Bufe (2.15).

3. Cucrema sToporo nopsaka. [lepeiileM Temepb K H3yUeHHIO
CHCTEeMbl BTOPOro Hopsifka, colep:Kalleil 00/bllIol mapaMerp

gi+ayt, My +ap(t Ay=0, }
Yo+ as (t, M)y +ax(t, A)y,=0.

Ilpenmonaraetrcs, uto (YHKUHH @;; TPeACTaBHMBL B CJaeAylolleH
tdopwme:

(2.22)

aif (4, M) =hai] (6)+ay () + ... +27hy;(E, A),

rae h;; — QYHKUHA orpaHHueHHAs mpH |A|-—> oo,
Y paBHeHHe

aff+u

=0 (2.23)

oY) (1
Qsy al) +p

GyldeM Ha3blBaTh XapaKTePHCTHUECKHM ypaBHeHHeM CHCTeMbl (2.22).
Ero xopeu py(f) u pe(f) OyZAeM cuHTaTh He PaBHBIMH HYJI H pas-
JHYHBIMH Ha BceM uHTepBaje [0, T], Ha KOTOpOM HpPOBOAATCA HC-
clelloBaHHA,
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YacrHble perieHns cucteMbl (2.22) O6yaeM uckaTbh B BHAE

t
Y= exp AJpMdt-aU,M}
’ ] ' (2.24)
yy=exp{AJ[1U)dti-ZQU,AL]

0

rae w(f) — oauH u3 KopHell ypaBHeHus (2.23), a 2; u 2, Mbl Open-
craBjasieM B GpopMe paa0B

z, (¢, M) = sz) "+ A“lzil) + ...,

o 21 (2.25)
2,(t, V=20 W) +2" 20+ ...

[NonacraBasas sbipaxedds (2.24) u (2.25) B cucTeMy YypaBHeHHH
(2.22) u cpaBHuBas K03)PHUHMEHTH NPH OAMHAKOBHIX CTEMEHAX Ma-
paMeTpa A, NPUXOAUM K CJIEAYIOIIHM CHCTeMaM ypaBHeHWH AJs on-
penenenns gpynkuui z{:

(aff + )20 + afe =0,

i s o=, 220
(el o) =D o )
afpell + (a + ) o) = — 20 — aapp —agep. | O

dz{&"D
(i + )20+ ey = —{ T+ atn +
+aQzfV+ ..+ a7 D20 + apfFDz)) },
e (2.28)
R e
+aQz{FD + ...+ aglthz + aglE-hz) } .

Paccmorpum cuctemy (2.26). Tak kKak @ — KOpeHb YypaBHEHHS
(2.23), To oHa mpeicTaBJsfeT COGOH- CHCTEMY JIMHEHHBIX OZHOPOA-
HbHX asrefpaHuyecKux YpaBHEHHH, ONpeAeJHTeNb KOTOPOH paBeH
Hyqio. CieI0BaTeNbHO, OHA MOXKET JOMYCKaTb HeHyJeBble pelleHus,
MpHYeM OJHA U3 HEH3BECTHBIX, HanpuMep dyHkuua 2, Moxer GbITh

3ajlaHa MPOH3BOJbHO, TorAa GyHKIMA 2 onpenensiercs OAHO3HAYHO

(0) — ol '
2y = k2,
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rae
[4)] +
p=_— (2.29)

(D
a2

Takum o6pasom, cucreMa (2.26) He MO3BO/SIET ONpeAeHTb (GYHK-
uuio 20, kotopas B 3TOM NPHONHIKEHHH OCTAETCS NPOH3BONbHOM.

PaccmorpuM Tenepb cucremy (3.27), npeacrapasiollyio cobof
CHCTEMY /JBYX HEOJHOPO/HbIX ypaBHEHHH OTHOCHTeNbHO 2{!), npHuem
onpeAenHTelb CHCTEMbl paBeH HyJat0. [l ee paspelwinMOCTH Heob-
XO/IHMO H JOCTaTOYHO, YTOOBl MEXKAY BeJIHUYHHAMH, CTOSILIHMH B
npaBblX yacTax cucreMbl (2.27), Oblia Takas e 3aBHCHMOCTb, Kak
U MEXAY 3JeMeHTaMH CTPOK MartpHubl (2.23). [IpyruMu cJoBaMH,
I/ ee pPa3spelinMOCTH HeOOXO0AHMO H AOCTATOYHO, YTOGH paHr pac-
IUIHPeHHOA MaTpuubl Obld paBeH paHry MaTtpuusl (2.23). 3to ycao-
BHe MOXKHO 3aMHCaThb B CJeAYIOLLEM BHAE:

dz{® dz
050 050 — -2 4 4020 1 400,
- H a0 +afz) = C\-—— + a2 + a2 ), (2.30)
Tie

(M (

aj tu ai3
C= =5 . (2.30")

s a tip

IlpuunMana Bo BHHMaHHe paBeHCTBO (2.29), mpeofGpasyeM ypasue-
Hie (2.30): '
dz(lo)
(1= Ck) — = F, (1) 20, 2.31)
rne
Fo(t)=Ck+ Cal) —al) + k(Cal) — ad).

Taknm oGpasom, ¢yHxkuna 2z ynoB/ieTBOpPsiET OLHOPOAHOMY JH-

HeHHOMY HH(depeHLHalbHOMY YDaBHEHHIO MEpPBOro MNOPsAKa H,
C/e/l0BaTeNbHO, peACTaBHMa B HopMe KBaapaTyphbl

t
20 =C{exp { 1;"_(_;::? } , (2.32)
0
rje C(lo)—HPOHSBOJIbHaH NOCTOsIHHAA.
Hrak, o6e dynkunn 20 u 2z onpenenessl. 3tu GyHKUHH AalOT
«HYJEBOH uleH» aCHMITOTHUECKOrO psija.
Onpenenus ¢dyukumo z{® no dopmyie (2.32), mb TeM cambiM

ofecrneynM paspellNMOCTE CHCTeMBbl (2.27). Tak xax onpefednTens
3TOH CHCTeMhl PaBEH HY.I0, TO 0JHa W3 HCKOMbIX BeqHUYHH (Hampu-
Mep, 2{") ocraercs Heonpe/e/eHHOH.
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[ToBTOpAA aHAJOTHYHBIE DACCyXASHHA M5 ypaBHEHHs CJeNyio-
UWHMX NpuGAnKeHuH, Mbl yb6expmaeMmcsl B BO3MOMXKHOCTH ONpPENeNHTh
a06oi ufen pasnoxennss (2.25). Ilpu sToM cnenyer uMmerb B BHLY,
uto GyHkuxx 2  HaxoaATca Kak pelledus AuddeperinanbHOTO

ypaBHEHHsl M, ClefloBaTesbHO, 6YAYT coaepKaTb NMPOU3BOJIbHLIE MO-
crosinnble. Tak kak ¢yHkuun C, B 1 3KCNOHEHUHANbHbI MHOXHTENb
B (2.24) 3aBMCAT OT 3HAuEHHs p, TO ABYM Das3/JHUHBIM 3HAYEHHAM
'KOpHSI XapaKTepHCTHUeCKOro ypaBHenusa OyayT OTBeyaTb 1Ba pas-
JIMUHBIX YaCTHHIX pellleHusi cucteMsl (2.22). CaenosaTenbho, Kes)x H
B C/lyyae OJHOTO ypaBHEeHHs BTOPOFO MOpPsJKa, MaHHbBIA MeTon Mo-
3BONISIET MOCTPOUTH OOUIMI HHTErpaJ, T. €. COCTaBHTh MaTpPuUy yH-
JaMeHTaNbHBIX pelleHHi. v

4. Hekotopsie uacTHeie cayuan. OcoGeHHo MpPOCTOi BHA NPHOO-
peTaloT BbipaXKeHHs IS ONMpelleNeHHs 4IeHOB pasjioxkeHui (2.24),
(2.25), ecnu matpuua |afy | muaronanbhas:

a) 0
Jai) |- -
=10 oy
Torna us (2.26) caenyer, uro aubo p=—afl), 6o p=—af) .

[ycTh, HampuMep, UMeeT MECTO MePBhIH cayuail, Toraa cpasy Haxo-
mm 2® =0, u cucrema (2.27) npuHUMaer ClEAYIOIMA BHA

20
—_ — A(0)~(0)
0= 7 a2,

) A1) o) = — 7(0x(0
(agz - afY)z B TCI

M3 nepBoro ypaBHehHs 3TOH cHCTeMbl HaxoauM 2\
t

20=Cexp} — [ afat ¥,
0

M3 BTOPOrO ypaBHeHHs *) onpegenseM 2{0:

©)
“21) 2] )

(I *

0 — ORI
ajy — dy

2

Tak Kak BCAKOE YpaBHeHHe BTODOTO MOpsiika MoxkeT ObITh CBEIEHO
K CHCTeMe [BYX YypaBHeHHH MepBOro mopsika, To (OpMyJbl, MOJY-
yeHHBle B HauaJe maparpada, Kak 4YaCTHHH ciy4all cjaeayioT H3

*) HanoMHuM, 4TO MO yCJOBHIO KOPHH XapaKTEPHCTHYECKOro ypaBHEHHs pas-
JHYHBL JJSI BCeX 3Ha4yeRHH ! M3 HCCJEAYEMOro NPOMEXYTKAa BpPEMEHM H B HYJb
ne obpamatorcess. CienoBaTesbHO, HAMHCZHHOE BLIPAXEHAE HUMEET CMBICA AAA JKg-
goro <0, T]. :
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¢opMyn, yCTaHOBJEHHBIX B mpedblayliem nyHkre. [Tokakem 3To Ha
npocreiilieM mpuMepe.
YpaBHeHHe
ii+A20ly=0

3KBHBaJIEHTHO CHCTEMeE
i+roty=0, g§—Arx=0.

CnefoBaTe/1bHO, XapaKTePHCTHUECKOE YDaBHEHHE 3TOH CHCTEMbI Ta-
Koe: ,

oo’

—1 p

[TonoXHM AJ ONpEeleNeHHOCTH W=py=im H BBINHIUEM CHCTEMY
(2.26)

(020 + 020 =0,
— 20 4 jz® =
20+ izl =0.
Hanee,

© — bl R
20 = k20, = <

Ina onpenenenus Qynkuun 2, corsacHo obuieil cxeMe, cilenyeT
onpenenuTb QYHKUHIO

©
ay; +
C=i._—_u_=—i(‘0‘
233
®ynkuua F, B ypaBHeHHH (2.31) umeeT BHJ F0=—%. HaJgee

Ck=—1. CnenoBarebHo,

t

0,0 [ @ | co cy
21 =Cj expiJ %dti= Pexp{—InVe) = V_.
S

Takum o6pa3oM, Mbl CHOBA MPHIUIH K pe3ysabTaTam § 1.
5. Cucrema npouspoJabHoro panra. CucreMbl ypaBHeHHH (2.22),
KO3 GUIHEHThl KOTOPBIX HMEIOT BHJ

-1 -1 0} -1 [
azl—Kp (o) 4+ AP a,, )+ ( +7\/ ( ) ey
OymeM HasbiBaTb chcreMaMu paHra p. IlocTpoenne acumnroTHye-
CKHX Pa3/IOXKEHHH pelueHHH TaKHX ypaBHeHHH TpeOyeT He3HaUHTEJb-
HOH MOJAH(HKALHH H3JOXKEHHOH CXEMbI,
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Yacrable pemledus cucteMol (2.22) GyaeMm ucKaTb B BHAE
t

y,=exp{ J [WPu+2"" + ... +App_,]dt}zl,

Ot (2.33)
y2= eXp { J [A’Pp + }\«p-IIJ.] + ... + }"l*"p—l] dt } 29,
0
rie GYHKIHMH 2; pasbicKuBaloTcs B opMe psja
1
2, =20 +Tz§.” + ... (2.34)

®yHkuua p 6yAeT KOpHEM XapaKTepPUCTHYECKOTO YpaBHEHMs, KOTO-
poe B 3TOM cayuae UMeeT BUJ

af i =0 (2.35)
af)  af | '
@ynkouu p; (i=1, 2, ..., p—1), BXoadiue B BeipaxeHue (2.33),

JO/IKHBI GbITh OTpe/e/]eHbl B IpoLecce pelleHus 3a1auH.

Has toro urobpl NMoKasaTb 0COGEHHOCTb 3TOH 3ajauyu MO CpaB-
HEHHIO C PacCMOTPeHHOH, HaM AOCTaTOYHO NMpPOAaHalH3UPOBAThb CIy-
yaii p=2. Cayuali p>2 u3yuaercs aHaJOTHUHO.

Hrak, nycts p=2. CocTaBuM nepBble TPH CHUCTEMBI YpaBHEHHi,
npupaBHUBasg Ko3(dHULHeHTH NpPU BTOPOH, NepBOil U HYJeBOH cre-
NeHU rapaMeTpa A

0 0) —
ot et i =0, oo
2) (0, 2) 0) — *
aPz® + (af +p) 2 =0.
2 1 Dy(l) — (1 0 1) (0
B A et
2) (! 2 N — 1) (0 1 (0 ‘
o200+ (0 + W) 2 = — (a0 + (d + ) 200,
dzfo)
2) 2 N2 — __ { 0) ~(0 0) »(0,
(0 + )2 + e = —{ S +alyap + aely +
! (1 (D) (1
+(a(11)+”1)21)+a12)z2)}’ (2.38)

0)
29

dt

@22 | (4@ @ = _ 020 4. O 0
afz? + (af + p)2P = { + af)2? + af)2P +

(1 1 i
+ a2l + (af) + p,)zg)}. J

Tak Xe, kak u B npeAblayluemM ciydae, us cucremsl (2.36) Mbl Mo-
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XKeM HaHTH TOJIbKO OTHOLIEHMEe HCKOMbIX OyHkuuit 20 u 2. Ta-

KuM o6Gpasom, dopmysa (2.29) ocraercs CnpaBeluBOil.
YcenoBue paspemuMocTH CHCTeMBl (2.37) MOXHO 3amucaTb Tak:

(@ + )20 + affel) = C [+ (af 1) D], @39)

rie MHOXutenb C onpejensiercs ¢opmynoit (2.30). Mcnonssys Bbl-
paxenue (2.29), mbl nepenulieM 3TO yCJIOBHE B BUJE

20 {af) +u, + kaf) — C [a) + £ (al +1,)]} =0. (2.40)

Tak kak 2% %= 0,10 paBeHcTBO (2.40) HaM mosBoasieT ompeje-
JUTb QYHKUHIO py (£): ] )
C (af) + kagg)) —af} — ka)

(= 22 e : (2.41)

Takum o6pasom, B 3ToM npubauxenun ¢pyHkuus 2z (f) Takxe He
onpejeasieTcd, OHa HaAXOAUTCA U3 CUCTeMbl (2.38).
[lepenumem ycioBue pa3peliUMOCTH YKA3aHHON CHCTEMBI ¢ yue-
TOM paBeHcTBa (2.39)
dz\ dz?
! 0)2(0) 0 = | Z22- 4 400 4 4050
- Taney +a2d) =C\——+afz +al)z0 |, (2.42)
PaBenctBo (2.42) — 310 AuddepeHunanbHoe ypaBHeHHE TNEPBOroO
MOpsJAKAa OTHOCUTENbHO HEHU3BECTHOH 2{,

YpaBHeHHsi OCTa/JbHbIX NPUGAHKEHUI onpelensiior ¢QYHKIMH
2% (i=1, 2; £>0).

Cayuaii MpOM3BOJBLHOrO paHra p>2 Majlo OTIMYaercs OT pac-
cMotpenHoro. [Toacrasnsas pasnoxeHuss (2.33) B UCXOAHYIO CHCTEMY
ypaBHEHHil, Mbl OJYYHM CHCTEMbl YPaBHEHHil, KOTOPble ONMpPEAENSOT
HCKOMble QYHKUHMH. JIErKO NpOBEpUTb, YTO NEpBble p ypaBHEHHIT oc-
TaBAsOT QyHkuun 20, 2, ..., 2D HeompeaeseHHBIMH, HO 3aTO
yC/IOBHE Da3pemHMOCTH 3THX CHCTEM HaM AaAyT ajareGpauyeckue
COOTHOWIEHUS, H3 KOTOPbIX MbI MOXeM HaHTH QyHKUUH 4 (f),
pz(f), ...,up—1(¢). TlepBass U3 cucTeM, MO3BOAIOILLAS BbHIYHUCJAUTH
¢ynkuuo 2%, 6yaer ta, Kotopas MnojydeHa CpaBHeHHeM K03(Ddu-
IIHEHTOB NP 3HAYECHHH NMapPaMETPOB B HYJEBOH CTEHeHH.

6. BosMoXHble MOIHHKALMH AJATOPHTMA MOCTPOEHHS ACHMITO-
THYECKHX PAROB. [TOMHMO H3/10XKEHHOTO, CYLIECTBYIOT pa3jHyHble
aApyrue MoAH(pHKalUH METO0B TNOCTPOEHHUS ACHUMITOTHUECKUX Pa3-
JIOXKEHHI pewieHHH auddepeHIHaNnbHbIX YpaBHEHHH, CoAePKallHX
Gosbwoi mapaMerp. PaccMorpuM oaHy U3 Takux MoauduKauuil Ha
NpUMepe CHCTEMBbl NMEPBOrO PaHra

g+ Aal) +a% + .. )y, +(Aal) + aQ + )Y, =0,
Yot (haly +afl + .. )y + (el +al + .. )y, =0.
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O6o3udunM yepes u(f) Kakoi-1160 H3 KOPHEH XapaKTepPHCTHUECKOTO
ypaBHeHHs H pellieHHe 6y1eM HCKaTb B dopme

t
Y= exp { f (A 4w+ 27wy + .. )dt } z (¢, A), ]l
’ i (2.43)
Yy, = exp { f (A +po+ 27"+ ... ) dt }ZQ(t, A), }
A .
rie QYHKUHH 2Z;(¢, A) 3ajaloTca B Buae pagos (2.11).
YpaBHeHus nepBoro npHbaHKeHust OYyT TAKHMH:
(@) + 1) 20 + =) =0,
et + ()00, @4

Gyuxknua 20(f) u 20 (f) cBsA3aHbl APYr ¢ IPYrOM COOTHOLIEHHEM
(2.29). Has toro 4to6bl ynoBaeTBOpUTh cHcTeMe (2.44), Mbl MOXKeM
COBEpLIeHHO MPOU3BOJIbHO 3aaTh OAHY U3 ¢pyHkuuil. Hanpumep, cu-
creMe (2.44) yZnOB/IeTBOPAIOT CJeAYIOllHE (DYHKIHH:

20 (t) = af2‘2’ +u, 20 =—afl. (2.45)
Paccmorpum Tenmepb cHcTeMy ypaBHEHHH BTOPOro MpHOGJIMIKEHH 51

dz0

1 1 Do(l) — 1 0 0 0) (0
(a} +u) 2 + a2 = — { < T (e + )20 + a2

o } (2.46)
dz
a2z + (af) +uyzP = — { —di— + a)2? + (a) +p)) 2P } .

YcaoBue paspemnMoctd cucteMbl (2.46) Ham gacT ypaBHeHHe /s
onpejieseHust QYHKUHH 1, TOCKOAbKY dyHkuun 20 (¢) u 20 (f) yxe
nopo6paHbl NPH MOMOILM cOOTHOIIEHUs (2.45). :

Tax kak ¢yHkmuo py(f) Mbl BoOpasiiu Tak, 4TOGH CHCTeMa
(245) Gbl1a paspewuma, TO, 3aiaB oAHY H3 ¢yHkuuit 2!V (f) uau
2)(f) mo npoM3BOJY, OLHO3HAYHO onpejiesIsieM . Apyryio (yHKIHIO
no gopmysae (2.29).

Paccyxnas nomobubim o6pasom, mbl yOexpaeMcss B BO3MOXKHO-
CTH Ompe/e/uTb BCe 4Y/ieHbl pa3sioxeHHuil (2.43): M3 TpeTbero npu-
6/HKeHHs Mbl HaxoAMM OQYHKIHMIO ps(f) (oHa GyneT OAHO3HAYHO
onpeneneda ¢ynkuuamu 20, 20, 20 u 2, u sarem MoxHO BbI-
4HCINTh GyHKIMH 22 H 2, OfHa M3 KOTOPbIX 34/aeTCsl 1O TPO-
M3BOJTY H T. A.

H3anoxenHblfi crnoco6 nocTpoeHHs aCHMITOTHYECKHX PSIZIOB MpPH-
BOJMT B 00lleM ciy4ae K JIpYroMy BbIpaXKeHHIO s NPHOJIHKeHHOTO
pelwenus. ITo OTpaxkaer TOT OOCIIMH (axT, YTO aCHMITOTHYECKHe
MpeacTaBJeHHsT OIPefedsiloTCsl He e/IHHCTBeHHBIM obpasom. OnHaxo
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OJHHAKOBBIE OTPE3KH ACHMIITOTHUECKHX DAAOB 06ECNeuHBAIOT OJAHY
H TY Xe TOUYHOCTb.

B § 1 31o#i rmaBbl MBI BbIBesM MpocTefiiide npubiauxeHuble ¢op-
MYJbl H YCTAHOBHJH A/ HEKOTOPBIX UACTHHIX CJYYaeB HX aCHMIITO-
THUecKHH Xapakrtep: OblJI0 NMOKa3aHO, 4TO oWHOGKa, KOTOPYIO OHU
nawot, uMmeer nopsagok O(1/A). B stom mnaparpade bl ganu ¢op-
MaJbHOE OMUCAHHE AJrOPHUTMA, MO3BOJAILIEro MOCTPOUTh: TI60e AP
aCHMNTOTHUECKOe pelledde. JloKa3aTenbCTBO  TeOPEMEL, - KOTOpas
060CHOBBIBAET ACHMIMTOTHUECKHH XapakTep MOCTPOEHHBIX psIJIOB,
MOKHO HaliTH B M3BecTHOH MoHorpaduu $. II. TamapkuHua; WHTHPO-
BaHHO} Ha cTp. 279.

§ 3. OllHOpO)lele CHCTEMBI BTOPOTO MOpSAAKA.
Cayyait KpaTHBHIX KOpHei

1.flpenBapurteasHsle 3ameyanus. Mbl u3yuaau cuctembl audde-
peHIIMaNbHBIX YpaBHEHUI BTOPOro nopsaka

g1+ any + apy. =0, }
Yo+ anyi + Ay =0,
Y KOTOPbIX KO3 (HIHMEHTbl @;; HMEIH CJeAYIOLIHe NPeACTaB/eHHUA:
aijt, ) =2aP O)+21""aF B+ ... +aF O+ ...

Pa3BUTBII MeTOJ CYIUECTBEHHBIM o6pa30M onupaJsca Ha MpearnoJo-
JKeHHe, UTO NPU U3MEHeHHH { B pacCMaTpHBaeMOM MHTepBaJe Bpe-
MeHH 06a KOpHS XapaKTePHUCTHUECKOro ypaBHeHHUs
aptu  ap
af o +u
6BLTH Pas/UHUHbl H He o6paliajuch B HYJb.

CyliecTBOBaHHE KPATHBIX KODHEH MOXET MPUBECTH K MOSABJICHHIO
BHYTPeHHHUX PE30HAHCOB; MPHU 3TOM HACTYMaeT KaueCTBeHHOe H3Me-
HeHHe TMOBeJeHHA pelleHUH: KoseGaioliuecss pelleHHs HauyHHAIoT
npHo6peTaTh BEKOBble U3MEHEHHS, Y alepHOAHUECKUX PelleHHH Me-
HseTcsl XapaKTep pocra H T. [L.

OnHako He BO BCeX CavyasgX KpaTHble KOPHH OBIBAIOT HUCTOYHH-
KOM MOsIBJeHHs BHYTDEHHHX pe3OHaHcoB. Moxer okasaTbesi, 4TO
CHCTeMa, UMelouiasi KpaTHble YyacToThl, BelleT ceba nmofo6HO cHCcTeMe
¢ HekpaTHbIMHM uacToTaMu. [IpuMepoM Takoli cHCTEeMBl sIBJgeTCA
chepuyecKHH MaATHHK: HaJAUYHe KPATHBLIX YaCTOT He NPHUBOJAMT K MO-
SABJEHHIO BEKOBBIX JBUKEHUH.

[Ipexae ueM MepexodUTb K U3M0XKEHHIO HEKOTOPHIX PE3Y/bTaTOB
3TOH TEOPHH, HANOMHUM DAl (BPaKTOB M3 JHHeHHOH anare6phl.

[TycTe Mbl HMeeM HEKOTODOe JHHellHOoe ReBBIPOKIEHHOE Npeol-

Pa3oBaNKe
' y=Ax, - (33)

(3.1)

-0 (3.2)
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Tle X U § — BEKTOPbI 7-MEPHOTO eBKJHAOBa npoctpancrea R,. O6o-
3HauHuM uyepe3 Ay, Ag, ..., Ap KOPHH XapaKTEDHCTHYECKOTrO ypaBHe-
HHSA

rie £ — eaunununas marpuua. Marpuuy [[A — AE| 6ynem nasuiBaTh
XapaKTepPHCTHUYECKOH,

B kypcax qiuneliHoii anreGpbl *) pokasblBaeTcs, 4TO B NPOCTpaH-
cTBe R, Bcerjia MOXHO BbIOpaTb CHCTEMY KOODAMHAT TaKHM ofpa-
30M, uTOObI MaTpHlla JHHeHHoro npeoGpasoBanus A umena B 3Tok
cHCTeMée KOOPAHHAT CaelYIOWUH BHA;

M1 0... 0
0 » 1 ...0
S; CTPOK 0
00 0...1
0 0 O0... A%
A L ... 0
0 A ... 0
Sy CTPOK
0 0 ...2 )
A, 1 0...0
0 O_ Ak‘ 1 Sk CTPOK
0 0 0...2

IpyruMH cJoBaMH, CYLIECTBYET TaKO€ HEBBIPOXKAEHHOE JHHEHHOe
npeo6pasoBanue C, uto marpuua C(A — AE)C-! umeer BHA

AI—A, 1 S|

| =2, 1] s

| =21 | s

*) Cm., manpumep, . M. Teasb¢danjg, Jlesuun no -aguefinohh asare6pe,
Mocksa, 1948,
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" rae
A, — A 1 0... 0
— 0 Ar—A 1 ... 0
K,—'Af, 1 sr= . . . . . . . . . . . . sr CTPOK.
R — 0. ..... ... 0
(R sy i |
3aech s;+S2+ ... +sy=n. Cpelu BeaHYHH )\, MOTYT GBITb paBHBIE,

MarTpHub! Takoro BHAa Mbl OyAeM Has3blBaThb XKOPAAHOBBIM SIIHKOM
HIH KopaaHoBo#i kKneTkod. HM3obpakenHasa ¢opma matpunsl A Ha-
3bIBaeTcsl HOpMaJbHOH XopraHoBo#l ¢opmoil. [IpeacraBnenue Mmart-
puust A B HOpManbHOI KOpAaHOBOH (opMe eHHCTBEHHO.
O6o3nauum uepe3 Dy (A) oOwui HauOOABIIHK AeNHTeNb MHHO-
pos Mmatpuubl |A — AEll nopsanka k. Ilyctb Tenepp Matpuua A

UMEeT p AUHKOB MOPAAKA My, Mg, ..., fp, COOTBETCTBYIOLIHX COG-
CTBEHHOMY 3HAUYEHHIO Ay (NpHUEM My 2> Ay 2> ... 2> Np), ¢ ALLHKOB
nOpsAaKa My, Ma, ..., Mq (M) 2> My 2> ... 2> My), COOTBETCTBYIOUIAX

COGCTBEHHOMY 3HaueHHIO Ap; M T. A. Toraa xopraHoBa ¢opMa Ma-
Tpuubl A Takas:

A ! } n; CTPOK

! A }n2 CTPOK

.

l A |}n,,, CTPOK

A= .

.

Ao }m, CTPOK

[TonnHoMBl Dy (A) HMeIOT B 3TOM cJjydae CAeAYIOLIHH BHI:
Dn (A{) — (A{ . k])nl+n2+ van +npl (A/] . K2)ml+m2+ +mp2Fn ()\‘)’
Doy (M) = (= A)™" (A — )™ TR (B),

L e I T L
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rie Fp(A) — HeKOTOpBlE MOJIMHOMBl OT A, He AeasiliMecss Ha A — A H
Ha A — As.

HokasatenbcTBO 3TOro (pakTa uMuTaTeSb MOXKeT HalTH, Hanpu-
Mep, B yKasaHHoOU Bblle kHure [enbdanna (A1s ero AokasaTenb-
CTBa UCHOIb3YETCS METOM UHAYKIHH) .

Bosnbuiyio posb urpalotT MHOrousaeHsl Ep(R), onpeﬂe.nﬂeMbIe npu
NIOMOIIM PaBeHCTBA
Dy (3)

B -2

Ex(A) HasbBaloTCsl MHBAPUAHTHBIMM  MHOXHUTEJNSIMH ~ MAaTpPHIEI
A — AE. B curyauuH, KOTopasi TOJbKO 4TO Oblla pacCMOTPEHA, UH-
BapHaHTHbIE MHOMKHTENU HMEIOT BUL

n=A =) (A —=2)™ ..
Epi=(A=2)"(A=2)™ ...,

[TocnenoBaTe/IbHOCT, WHBApPUAHTHBIX MHOXKUTEJNEH MOJTHOCTBIO
ompejiensieT XOpPAAaHOBY HOpMaJbHylo ¢GopMy matpuusl A, a pas-
Mepbl FUIMKOB, COOTBETCTBYIOUIMX COOCTBEHHOMY 3HAUEHHIO A,

paBHbI Ny, Ny, ... AHAJOrMYHO pa3MepHl SIUUKOB, COOTBETCTBYIOLINUX

COGCTBEHHOMY 3HAUEHWIO Ay, PaBHBI My, Mg, ... U T. A. BripaxeHus

A—A)%, (A—AY)™, ... W T. 1. Ha3bLIBAIOTCA 3J€MEHTapHBIMH
1 2 )

JEJHTENSIMY HHBAPUAHTHOTO MHOXKHUTENs £, (A).

PaccMoTpuM OJHH mpuMep, KOTOPHIH HaM moTpefyeTcst mpU HU3-
JMOXKEHUH OJHOTO W3 TOCJEAYIOLLUX PasjesoB 3TOH TIJaBHL.

IMycth )opnaHnoBa dopma Matpuupl A umeer BU

M L ... 0
A=10 A .o )
0 0 ... M
Torna aerko y6eautbesi, uto Dy= (A — A)®*, D,4=1 u, cienosa-

tenbHo, Ep= (A — A", Es=1 (s < n).

M3 ckasaHHOro Bbllle Mbl TOJyuaeM CJaedylollee BayKHOe Caej-
CTBHe. _

Jlns Toro 4To6bl MaTPHIY MOXHO ObLIO MPUBECTH K AMArOHAMb-
HOMY BMAY, HeoOXOAHMO M JOCTATOYHO, YTOGH MHBApUAHTHBIE MHO-
XKUTENH 3TOH MaTPUIbl HMeJNH MPOCThie KOpHH. B 3TOM cayuae aJe-
MeHTapHble AEJHTENH BCEX MHBADUAHTHBIX MHOXKHTEJIEH MaTpuulpl
6YAYT NPOCTBIMY, T. €. GYAyT HMETh BU]

(7‘1_}\!1)‘ (A—}vz),”,
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[Mocsie 3THX 3aMeuaHHi CNIPaBOYHOrO XapakTepa BepHEMCS CHOBA
K H3yuaeMOMY [peMeTy.

Bonpoc o toM, Kak Bejer ceGsi cucTeMa NMPH HaTHYMH KpaTHbIX
KOpHeH, 3aBHCHT OT TOro, SIBJISIOTCS JIH 3JeMEHTapHHe JeJHTeNH
MATPHILbI “aﬁ’;’ || KPaTHBIMH HJIH MPOCTBIMH, T. €. OT TOTO, KaKOH BHJ

HUMeeT XKoplaHoBa GOpPMA 3TOH MaTPHLBL.
Ec/id a/eMeHTapHble A€JUTENH MPOCTElE H HMEETCH KPaTHBIH KO-
peHb yi=1Yyz, TO MaTpPHLA \\ ap || UMeeT BUL,

|a® = (3.4)

0Y2

rle y; — KOPHH XapaKTepHCTHYecKoro ypasHeHHs (3.2).
Ec/i¥ KpaTHOCTb 3/1€eMEHTapHOro JeNuTessl paBHa ABYM, TO 2KOpP-
JaHosa (popMa HMeeT BUA

laip]=1 ¢ l | (3.5)

Xors B 06OHX caydasix, KOTAA yi=Ys=Y, KODeHb XapaKTePHCTH-
YeCKOI'0 YpaBHEHHsI HMeeT KPaTHOCTb, PaBHYIO IBYM, MOBeleHHe -pe-
meHHi cucTeMbl (3.1) M acHUMATOTHKA NMpPH A — oo OyAYyT pasiHy-
HBIMH.

OO6uwiee uccienoBavHe CHCTEM B TOM C/yuae, KOTAa XapaKTepH-
CTHUECKOE YpaBHeHHe MOXeT HMeTb KpaTHble¢ KODHH, NP2ACTaBJseTcs
He TOJbKO TPOMO3JKHM, HO H TPyAHBIM. [TockoabKYy K03 @HIHEHTH!
XapaKTePUCTHYECKOTO YDaBHEHHSA 3aBUCAT OT BPeMeHH, 3/leCb MOTYT
BO3HHKaTb pasHooOpasHHe cHTyalHH. B atoMm naparpade Mbl pac-
CMOTPHM TOJBKO CaMble MPOCTBIE CJAYYay, OTHOCSILIHECT K TOMY XKe
K CHCTEMaM BTOPOre nopsigka. HexkoTopble BONpPOCH, OTHOCSIIHECH
K oblueMy ciayuato, OYAYT PaCCMOTDPeHbl B KOHIle TJaBHl.

2. Cayva#i mpocrtbix 3JeMeHTapHbIX AeauTened. Ilpeanosoxum
¢HauaJsia, 4TO paHr cHcTeMul (3.1) paBeH enHHHILe.

Onass Toro 4toOBl He YCJIOXKHATL H3J0XKEHHS, MpPeANOJOXKHM
cpa3y, uTO He3aBHCHMble MepeMeHHble BbIODaHBl TakK, YTO MaTpHila
|ai?| yxe npuBeneHa K KOPAAHOBOH QopMe.

PaccMotpuM nocaenoBatenbHo caydad (3.4) u (3.5). [lockonbky
XapaKTep KOpHell, a cie]oBaTe/]bHO, H BHJ KOPAaHOBOH GOpPMHI 3a-
BUCST OT BPeMeHH, TO TaKOH MOAXOJ HMeeT CMBICJ TOJILKO B TOM
clyyae, €C/IM paccMaTpHBaeMasi CHTyallusi He M3MeHsieTcsi B Teve-
HHe BCEro HCCIelyeMoro NpoMeXKyTKa BPeMeHH.

Ecu xopuH KpaTHHe, HO 3/eMeHTapHbIe [e/HTeNH l'IpOCTbIC TO
cucreMy ypasHeHHH (3.1) MOXHO mepenHcaTb B ciepylomlelf dpopme:

gt ad+ oy @@ F )y, =0
{
gy +(afi + o)y (Mt aP + .. Y,=0. 3.6)
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ToukaMu 0603HAUYEHBl WIeHbl GoJiee BbICOKOrO MOpSIKa OTHOCHTE/b-
Ho 1/A.
ClenaeM 3aMeHYy nepeMeHHbIX

t t
-Afu(t) dt - f 0w dt
y=e * 2, Ya=e ° <9 (3.7)
Cucrema ypaBHeHuil (3.6) mocie Takoil 3aMeHbl yxe He Gyner co-
JepKaTb cjaraeMblX NEepBOro MOpsA/JAKa OTHOCHTEIbHO A
5 © O 4 =
2 +(@Q+ ..)z + (@ + ...)z,=0,
2,+(af) + )z T (aQ + e )2,=0.
Eciu 6b1 Ko3pdHIHEHTl a;; He COLepXaJsi ciaraeMblx nopaaka Al
u Gosee BLICOKOTO, TO 3ajauya NOCTPOEHHs aCHMITOTHKH Oblaa Obl

ucuepnaHa. B caMmom gene, cucrema (3.8) B 3ToM caydae Obiia Gbl
cIeqyIolero BHAA:

(3.8)

2 +affz, +afjz, =0, } 3.9

5 © 0y —
2,+ a2z, +afz,=0.

OGo3nauuM uepes 2y; U 2y (i=1, 2) dyHiaMenTaabHble pelleHHs
cucteMbl (3.8). DTH QYHKIMH MOTYT ObIThb MOJNY4YEHBl KaK pe3y/bTat
YHCJAEHHOTO pelleHHsi ABYX 3ajau KoM co clefyOIHMH Havalb-
HBIMH JaHHBIMH:

I {211(0)=0» 1 {212(0)=1,
" len(0)=1. "l 22(0)=0

Torga acHMOTOTHYECKHe INpeACTaBjeHUsd OOGILero HHTerpasna CH-
cteMbl (3.6) 6yLyT HMETb BHA

* ]
-A f p @ dt
y=e ° (Cizoa + Co2y2),
‘ (3.10)
p@dt
yo=e ° (C1221 + Co299).

Ecau pasioxeHua ko3(pPHIHEHTOB a;; colepkKaT OTpHIATENb-
Hble CTeNeHH NapaMeTpa A, TO VIS NOCTPOEHHS QYHKIMA 2; MOXKHO
HCNOJNb30BaTh METOALI TEOPHH BO3MYILEHHH, T. €. MHCKaTb pelleHHe
cucTeMbl (3.7) B BUe psALOB IO CTENEHAM A~L.

[IpuMmeuanue IlpeanonoXkuM, 4to 3JeMeHTapHble el HTeIH
He NpOCTble H KOpAaHOBA HOpMasbHas dopma umeer BUA (3.5),
T. e. cucreMa (3.6) Gynet Taxoil:

y1+(7»p+a(°)+ o)y (At a + ...)y2=0,
/
+@@+..)y, +(Mm+af+ ... )y,=0. (3.6
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Ecau pewende cucremnl (3.6’) Hckath B dopme (3.7), To cu-
cTeMa ypaBHeHHWil OTHocHMTeNbHO 2; OyjleT cojepXkaTb MepBbie CTe-
NneHH NapaMerpa A H, CJAedoBaTeNbHO, HNPEACTaBAATb pelLIeHHs B
¢dopme (3.10) B o6uieM cyuyae yxKe Henbss.

3. OguH mpuMep MeXaHHYECKOH CHCTEMbl C JABYMSl CTENeEHAMH
cBoGoanl. Cpenn 3ajauy AHHAMHKH MEXaHHYECKHX CHCTeM c OjHoil
CTeneHblo CBOGOABI TPYAHO HAHTH HHTEPECHbI NPHMED CHCTEMH,
Yy KOTOPOH KOpeHb XapaKTePHCTHUYECKOTO VPaBHEHHS [ABYKPAaTHbI,
a 3JeMeHTapHble JeNuTeNu NpocThle. B JHHaMHKe CHCTEM CO MHO-
THMH CTeleHsMH cBOOOABI NMPHMEPOB TAKHX CHCTEM OYE€Hb MHOrO.
Ilpexjae Bcero 310 J0oOble KOHCepBa-
THBHbIEe KoJeGaTesNbHble CHCTEMBl C
KPAaTHBIMH COGCTBEHHBIMH YacTOTaMH.

IlosToMy B KauecTBe mnpuMepa, HJ- go
JIIOCTPHPYIOLLEro IpHJIOKEeHHe pa3BH-
BaeMOil TEOpHH, MbI PacCMOTPHM
CJEAYIOLLYI0 CHCTEMY YPaBHEHHH: pr By

i+ 220?() x+ day=0,

y’+7\.2m2(t)y+7\.bx=0.} (3.11)
Cuctrema (3.11) BCcTpeuaercsa B pas-
HOOOpAa3HbBIX TeXHHUYECKHX 3ajauax. Puc. 39.
PaccMoTtpuM, Hanpumep, koJjebaTtenb-

HOe JBHXEHHe OlepeHHOro cHapsaa. Ecau Teso, n3aobpaxeHHoe Ha
puc. 39, NBHKeTCA B BO3AYyXe B HanpaBJeHHH BeKtopa 2% TO Ha
Hero JeHCTBYeT a’poAHHAMHuecKHil MOMeHT M. 3TOT MOMEHT npH
HaMHuYUH cTafUaM3aTOpa CO3J2eT BOCCTAHABJMBAIOIUHH a3pOJHHA-
MHYECKHil MOMEHT, JAEHCTBYIOIUHH B MJOCKOCTH YyIrJa aTakH v-yria,
3aK/JIOUEHHOro MeXJy BEKTOpPOM 2° H OCblo CHMMETPHH 3TOro Tena
£%, ecnu oHo e obOnajaer. YCJAOBHMCH CYHTaTb, YTO TENO He Bpa-
1aeTcss BOKpYr ocH £%; Torja paccmMaTpHBaeMas CHCTEMa HMeeT JBe
ctenenu cBobodbl. B KauecTBe 0GOGLIEHHBIX KOOpPAHHAT 3TOH CHCTe-
Mbl €CTECTBEHHO IPHHATbH HaNpaBJsOllHe KOCHHYChl BeKTopa £
x=cos (£%°) u y=cos (£%"°).

Ecnn teno obnajaer ocepoil CHMMeTpHeil, To B JHHe#HO# mo-
CTaHOBKe (IIPH MajblX yriaX aTakH v) CHCTeMa YpaBHeHu# [BH-
XKeHMsl paclajgaercsl Ha JBa HE3aBHCHMBIX ypaBHEHHS OTHOCHTENbHO
o0enx 00001eHHBIX KOOpJAHHAT

i+ 2e?(t)x=0,
} (3.12)
G+ Mo?(t)y=0.

31ecb A202 — OTHOILEHHE BOCCTAHABJMBAIOLLEIO MOMEHTa K 3KBa-
TOpPHATbHOMY MOMEHTY HHepUHMH. Bo MHOTHX ciyuasix 3TOT MOMeHT
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npeanosaraercs O6OJbLIHM, H Cle10BATeNbHO, JIBHIKEHHE 5BAACTCHA
BBICOKOYACTOTHBIM.

Ecan Tteno obnanaer Majoil acCHMMeTpHeH, TO Mbl JOJKHbBI y)Ke
paccMaTpHBaTb BMECTO CHCTEMbl (3.12) cucremy (3.11). O6o3Ha-
YHM

X=Xy, Y=x;3
H MepenuuieM 3Ty CHCTEMY B C/lelyIOnieM BUAE:
‘x'l = A’XQ, X’Q = — A,(DQXI —axs,
‘ . 9 (3:13)
X3 =AXy  Xy=—A0°X3— bx;.

Cucrema (3.13) siBasercs o6oG6lieHHeM PacCMOTPEHHOH: OHa HMeEET
JIBa KOPHfl, KPAaTHOCTb KaXKJ0TO M3 KOTOPHIX paBHa ABYM. [1pu 3TOM
3AeMEeHTapHble JeNUTEIH XapaKTEePUCTHUECKOH MATpPHIbLl MPOCThIE.

B 31OM MOXHO y6enuThcs cielyiolium obpasoM. Cnenaem B cH-
creMe (3.11) 3aMeHY mepeMeHHbIX

x=§+5&, x=ido (§ — &),
y=E+&  J=ilo(E—8).
Torna cucrema (3.11) npeo6pa3yercs Tak:

§i=iref + ...,

Eo = iA@Ey +

fa= —iheEs+ ..., (3.11)
£, = — iAok + ...

‘TouraMmu 3fech 0603HAUEHb WIEHDB, HE COlepKallue A. XapaKTepH-
CTHYECKas MaTpHIlAa 3TOH CHCTEMbl MNPHBEAEHAa K [HATOHANbHOM

dopme

—io—p
‘ —io—p
BepueMcsa cHoBa k cucreme (3.13), KoTopas yAoOHEe A1s MCIOMb-
30BaHHUAA, 4YeM CHCTEMA (3 11). Ee xapakTepucTHYeCKOe ypaBHeHHE
HMeeT BHL ‘
: : p =1 0 0
o w00 0 3.1
0 0 o 4
Kopsu ypaBHeHus (3.14) TakoBbl:

LA =i, pe=tiw, uz= —iw, = —in.
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WUrak, myctb p—onHMH M3 KopHeH 3Toro ypasHenus. Cienys o6-
mel cxeMe, clesaeM 3aMeHY NMepeMeHHbEX
t

x,-=exp{)‘u fp(z‘)dt}zi (=1, 2,3, 4). (3.15)
0
[Tocne 3amennl (3.15) cucrema (3.13) npumer dpopmy
|
U2y =22 — 37 2n
2 i . T
0)21"}‘]).22:—"}"[22"!‘ (12'3],
; - 1 (3.16)
W23 =24 = — 723,
0’23 +pz, = _'“];;“ [24+ bzy].

Pewenne cucrembl (3.16) 6yneM HckaTh B BHJe PSAI0B, pacmnofo-
JKEHHBIX TI0 OOpAaTHLIM CTENeHsAM mapamerpa A

z,-=z,-0+—;]:z“+ (317)

s GyHKROMEA 25 MBI MOY4aeM CHCTEMY
uzy — 290 =0,
2 .
®°2y9 + p2y =0,
(3.18)
Hzg — 240 =0,
0723+ uzy =0.
Tak xak p?>=w?, To cuctema (3.18) Bcerna paspemuMa, NpHYeM JBa

M3 YeTbIpeX HEH3BECTHBIX MOIYT ObITb BHIGPAHBI MO MPOM3BOTY.
YcnoBUMEs 115t OTpeleeHHOCTH, 49TO

p=Iio,
Torma L
Zop = i())zlo, 40 = i(!)230. (3. 19)

CocTaBHM Telepb YPaBHEHHS 1Js 2

W2y — 291 = — 249,

%2y + P2y = — 29y — a2y, . (3.20)
U5 — 2y = — 2y, ‘
02y + U2y = — 24— b2y

Cuctema (3.20) pacnazaercs Ha J1Be He3aBUCHMbIC CHCTEMBI ypaBb-
HEHYH, ONPEACNHTAb KaIOH H3 KOTOPBIX. paBeH HYJIIO. YCIOBHA



312 ACHMNOTOTHYECKHE METOABI B TEOPHH JIMHERHBIX YPABHEHHWM [[JL. IV

X DaspelIMMOCTH NPHBOAAT K CHcTeMe ABYX AHbdepeHIMa bHBIX
ypaBHEH Ui NepBOro nopsaixa

— 2,00% + pdy + apzy =0,
. 9 . (3.21)
— 2300° + Py + bp2p =0.
Henas sameny (3.19), moayuum
- 2é10(l)2 - (!)(;)Zlo + ia(0230 = 0,
- . . (3:22)
— 225)0° — 0023 + bz, =0.
CuaenaeM B 3TOM YpPAaBHEHHH elle OJHY 3aMEHY
E
2=
nocsie uero cucrema (3.22) 6yner BuIrAsifeTb Tak:
— 22,0 — 00z2) + avz,, =0,
. ) . 3.23
—22,0° — 002, — boz), = 0. (3.23)
Tenepb B ypaBHeHHH (3.21) monoxum
n=—io
H COOTBETCTBEHHO
290 = —i(s)Zm, 240 = -—-iO)Z30, (324)‘

B pe3ysibTare Mbl NOJy4HM
' — 22— 0@z — ibwzy =0,
— 223 — 0025 — bz, =0.
B 3THX ypaBHeHHsIX clenaeM TaKyi0 3aMeHy:
2y =— iz
Torna arta cucrema 6yner cHoBa cseleHa k cucteMe (3.23). Cu-

creMa ypaBHeHHit (3.23) — 3To cucTeMa NBYX JAHHEHHBIX ypaBHEHH
nepsoro nopsinka. O6osHauuM uepes

o) . *2) )
Zl ’ Z;(gl)y 21, 21(32

cHcTeMy ee dyHNaMeHTaJdbHBIX pelleHHil. B obuiem .cayuae sTH pe-
IIEHHA HeJb3sl MOJYUHTh HH B KBaApPaTypax, HH TeM 6ojiee B ABHOM
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Buge. OnHako peilieHuss cucteMbl (3.23) — 3To Me[JIEeHHO MeHsAI0-

iwHeca QYHKUHH, H HMX oOlpeleneHHe YHCJeHHbIMH METOAaMH He
npeAcTaBsieT Tpy.a.

[Toctpoum Temepb cHcTeMy GYyHAaMeHTaNAbHBIX pellleHAR aas
ypaBHenus (3.13). 3ameTuM cHayana, 4TO QYHKUHH

t
o} =iz} exp { i f o(t)dt ] ,
0

t
x;1=z§“ exp { iA J’ o (1) a't]
0

A (YHKIHH

4
«,=—iz{"exp { — A J' o(t)dt ] ’
0
t
x5, =20 exp { — A J’ m(t)a’t]
0

ABASIOTCA 4YacCTHbIMH penieHuAMH cuctembl (3.13). Bwmecto a3THX
GbyHKIME BBEJEM Apyrue

* ® !
X +x . .
x“=—“T’2=sm xfm(t)dt z?,
0
! t
X3+ x
x31=—¥=—coslem(t)a’t 2,
0
- » t
Xy — X
X =—5—= =cos xfm(t)dt z®,
0
+ s t
X31— X .
x32=—2—32=sm Ajm(t)a’t FA
0

Boluncasa nofoOHbiM crioco0oM ocCTa/ibHble YacTHble pelieHHd,
Mbl TIPHAEM K CJEAYIolleMYy BbipaKeHHI0 A5l aCHMITOTHYECKOTD
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npeacraBJCHHA ob1ero peleHns:

t t . .
% = Asin {xjm(t)d;}z;“’ (t) + B cos {xjm(t)dt}z;“’(t)+
t t
+ csin{xjm(t)dt}z;‘”(t)+1)cos{xjm(t)dt}z;“‘”(t),
gy "
x3=—Acos{Ajw(t)dt}zg"(t)+Bsin{Ajw(t)dt}zg”(t)-—-
t t’
—0cos{xjm(t)dt}zg2>(t)+1)sin{xjm(t)dt}zg» ).

0 0

(3.25)

Anasnoruunble BHIPaXKeHHs Mbl GyleM HMeTb H /5 NMepeMeHHbIX Xo
H x;. 3neck A, B, C u D — npoH3BOJIbHbBIE TOCTOSIHHBIE.

Hrak, npaMeHsisi aCHMITOTHYECKHE METOJIbl, YHC/IEHHOE HHTErpH-
poBaHHe cHCTeMbl 4eTBeproro mnopsiaka (3.11), pelueHune Kortoporo
GHICTPO OCLHJJIHPYET, Mbl CBEIH K YHCAEHHOMY pPelLUeHHIO CHCTEMb
BTOpPOro nopsitika (3.23) OTHOCHTENLHO «MeIJIEHHbLIX» MEPEMEHHBIX.

Ilpumeuvanue CHcreMy aByx ypaBHenuit (3.11) ™Mb 3a-
MEHHJ/H CHCTEMOH weTblpex ypaBHeHHH (3.13). PasyMeercst, Bce Bbl-
YHC/EHHA MOIJH OblTb NMPOBEAEHbl H AJAS HCXOJHOH CHCTEMBI.

4. CucteMbl NpPOH3BOJBLHOrO paHra. PaccCMOTPHM Tenepb CHCTEMY
NPOH3BOJILHOTO paHra p>1, mosnarasi mo-npexHeMy, YTO XapakTe-
PHCTHUYECKOE YpaBHEHHE CHCTEMbl HMeeT NMpPOCThie 3jeMeHTapHble je-
JIHTENH; MaTpHUy Ko3(QQHUHEHTOB, NOPSIIOK KOTOPLIX paBeH p, Gy-
J€M CUHTATb MPHBEAECHHOH K AHATOHAJLHOMY BHLY

G4 @A+ a2 L )+ @A L ) =0,

). p~ . (3.26)
y2+(a§’f Dyp ' ...)y1+(p}»p+a(2’§ Dpp-t 4 ...)y2=0. }

CrenaB 3aMeHy mepeMeHHbIX (3.7), MBl MOAYYHM CJAEAYIOULYIO CH-
CTEMY ypaBHeHUH OTHOCHTeAbHO GYHKUHH 2;(f):

H4+0 8+ L )+ (W e T+ L) ze=0,

3.27
é1+(}»”‘la§_’f-”+ ...)21+(}»”‘1a§’§'1’+ - .)22=0. } ( )

Dra cxereMa ypaBHEHHI HMEET yXKe PaHT, PaBHbIA p — 1; mpi 3TOM
MOXET HMETb MEeCTO OZHH U3 CJ/eAYIOIHX Tpex ciyuden. KopHw
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XapaKTepHCTH‘{eCKOFO ypaBHeHHﬂ .
afV+x  ap™?
=0 (3.28)

(p=D (p—1)
as, agp +x

MoryT GbiThb: a) Bce pa3jiHuHble, 6) KpaTHBle, HO 3JjeMeHTapHble jae-
JINTEJIM NPOCThble, B) KPATHBHIE H 371€eMEHTapHble JeJHTeNH HenpocThHe,

Ecau xopHH XapakTepucTHueckoro ypaBHenus (3.28) Bce pas-
JIMUHBI, TO AJMS NOCTPOEHHUS aCHMITOTHUECKHX pelleHHH CHCTEeMBbl
(3.27) Mbl MoXeM BOCMOJbL30OBATLCA TeOpHeH, KOTopas Oblla H3Jo-
JKeHa B NMpeAbAyILUX naparpadax sToii riaaBbl.

Ecnu KopHH KpaTHble, HO 3JeMeHTapHble JeJHTeIH MPOCThbie, TO
IJIS HceseoOBaHHA cHcTeMbl (3.27) MOXHO NOBTOPHTb yXKe mpoje-
JaHHYIO TpOueAypy: Mpou3BecTH 3aMeHy (3.7) H MOHH3HTL paHT
CHCTEMB! ellle HA eNHHHLY.

OGuiuii ciyuail cUcTeM, HMEIOUIHX KPaTHble KOPHH, 3JeMeHTap-
Hble IeJHTETH KOTOPBIX HEMpOCThle, IOKA OCTaBJseM B CTOPOHe,

5. MpuMep KoaeGaTebHOH CHCTEMBI, 3I€MEHTAPHbIE IEJHTENH KO-
Topoii Henpocteie. [l TOro 4ToGbI MPOAEMOHCTPHPOBATL HEKOTO-
pble 0COOEHHOCTH aCMMOTOTHYECKHX MPEACTaBJIeHHH; pellieHHid U BO3-
MOXKHOCTb HX MOCTPOeHHA B TOM OoJjee CJIOXKHOM Caydae, KOTAa
KOPHH CHCTEMB! KpaTHble, HO 3JeMeHTapHble NEJHTEeNH HempocThle,
paccMOTpPUM TpPHMep AMCCHIATHBHOH CHCTEMB! CJEAYIOLLero BHia:

§+2(hay+a) g+ (A% +1b)y=0. (3.29)
XapakTepHCTHUECKOe YpaBHEHHE 3TOoH KomeGaTenbHON CHCTEMbl =
2+ 2apn+a2=0 (3.30)
MMeeT ABA PaBHBLIX KOPHH
W, 2= — Qq.
JIerko npoBepHTb, UTO 3JIeMEHTapHbIE AeJUTeNH cHCTeMbl (3.29) He-

POCTHIE.
Hans 3TOTO JIOCTATOYHO B YPaBHEHHH (3.29) cnenats 3aMeny

y=xi+x5, y= —-kaox1+k(1—ao)x2
IlepeMeHHbIE X1 H X3 YIOBJETBOPSIOT CHCTEME
a R =—Aax, + Axg +
fy=—Nax,+ .

TDuKaMH 0603HAYCHDBI YJieHb!; NOPATOK, KO epblx HHXe A.
CnenaeM B ypaBHeHuH (3. 29) 3aMeH‘y népeMeHHOro

s e Jj:ao(t)._dt' 2 (0. (3.31)
R 4
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Oyukuua (3.31) y1oBreTBOpsieT ypaBHEHHIO
Z+2a1Z+A0?2=0, (3.32)

rae 0)2=d0+a1a0 — b1.

B cucreme (3.32) BO3MOXHBI [Be pa3jiHuHble CHTyauuH. Bo-
NePBbIX, MOXKET CAYUHTHCH TakK, uTo o == 0. Torna ypaBHenne (3.32)
MPHMET BHJ

£+2a42=0. (3.33)

O6uree pemeHne ypaBHeHHs (3.33) Moxer GLITL BbipaXKeHO uepes
JBe KBaJpaTyphl ‘

t 3
z=A+Bfexp{ —2J al(r)d'r}dg,
0

o

rie A u B — nmponsBoabHbBle MOCTOSIHHBIe. TakHM 06pa3oM, acHM-
NTOTHUECKOEe TMpeAcTaB/leHHe oflLlero pelleHHss ypaBHeHHs (3.29)
B 3TOM CJIyuae HMeeT BH]

t . t 3
y=exp{—k f ao(g)dg} . [A+Bfexp{—2 f a,(r)dt}d&,],
0 0 0
(3.34)

Takum 06pa3oM, B 3TOM HCKJIOUHTEJbHOM cayuae, korga o =0,
Npoueaypa IOCTPOEHH AaCHMITOTHUECKHX pelleHHH coBmajaer
¢ TOH, KOTOPYIO Mbl MPHMEHSIIH NPH OTHICKAHHH pelleHHH B cayuae
CHCTEM C NMPOCTHIMH 371€MEHTAPHBIMH JEJHTENAMH.

Ecau Tenepp o?(f) He obpauiaerca B Hyab ana t [0, T], 1o
IS MMOCTPOEHUS pellIeHHsT MOXET ObITh NMPHMEHEH METOMA, H3J10XKeH-
HHH B mepBbix naparpadax. Mbl 6Ge3 Tpyda HaxoduM, (monaras

A=A3), uTo 06a JHHEHHO HE3aBHCHMBIX pellleHHs ypaBHeHus (3.32)
BHpaxatorcs B hopme
t

2y, 9= V—_(Se p —J[al(t)iikl/’m(t)+ o ]dtt.

Utak, B 3ToM cayuae peilueHds ypaBHeHus (3.29) 6yayr

t
Ui, 9= e V = exp! ([ka0+a1iikllzm+ . Jdtf. (3.35)

| ¢

TaknM 06pa3oM, aCHMNTOTHUECKHE Pa3JOXKEHHs B 3TOM cayuae Oy-
AyT coaepxaTtbh APOGHble cTenmeHH mapameTrpa A. DToT dakrt, mo-BH-
AuMOMY, nepBuiM ycTaHoBHA . [I. TamapKHH.
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§ 4. HeopHopoRHbie ypaBHEHUS

1. OpHo ypaBHeHue BTOporo nopaaxa. [Ipenrinyiine naparpadel
3TOM IVIaBbl COJepKajii H3JO0XKeHHe crnoco00B, KOTOpble MO3BOJSAIOT
IIOCTPOHTb ACHMIITOTHUECKHE NMPeACTaBJeHHa 1A GyHIaMeHTalbHbIX
pellieHHH OJHOPOJAHOH CHCTEMbl H, CJI€A0BaTeNbHO, MOJNYUHTb IIPH-
OJHMKEeHHOe BBIpaXieHHe oflIero HHTerpana OJAHOPOJHOH YacTH 3THX
ypaBHEeHHH. Mbl MOXKeM MOCTPOHTb YacTHOE pelleHHe HeOAHOPOAHOH
CHCTEMBl, Clefys oOlLIeMYy MeTOAY BapHallMd TPOH3BOJBHBIX [O-
cTOAHHBIX. [IpuMeHeHHe Takoll NpoueAyphbl NMpPHBeAeT Hac K HeolXo-
JHMOCTH BBIUHCJIEHHSA KBaApaTyp.

OjaHako 3Ta npoueAypa Moxer ObITb YNpolleHa, ecJH Mbl Orpa-
HHUYMMCS OTbICKaHHeM MNpHOJNHIKEHHOrOo pellleHHsi B BHJAe OTpe3ka
aCHMIITOTHUECKOTO psjla, pAacHOJOXKEHHOro II0 CTelleHsiM MaJoro
napaMerpa. OkasbpiBaeTcs, UYTO aCHMITOTHYeCKOe IpeJcTaBJeHHe
HEKOTOPOr0 YACTHOTO pelLIeHHs HeOJHODOJHOrO YypaBHeHHA (HaH
CHCTEMbI YpaBHEHHH) MoxKeT OhTb HAHJEHO TOJbKO NPH MNOMOLIH
0JIHO# onmepauuu nUpdepeHIHPOBaHHUS.

PaccMOTpHM cHauana cayyall OJHOrO ypaBHEHHS BTOPOro IoO-

pAaka

i+ 2hay +A20%y =M (£). (4.1)
ByneM uckaThb pelleHHe B BHAe pAAa

y=A"2up+A3u + ... (4.2)

IMoacraBass paa (4.2) B ypaBHedHue (4.1) u cpaBHuBas ko3dpodu-
LIMeHTHI IPH OJIHHAKOBBIX CTENEHAX A, Cpa3y HaXxoAHM

L \

Uy = @?’
2[11‘!0
U= — Y
_ 2aiy + i (4.3)
Uy = ey’
_ 2aipey +iimes
Uy = — T .

Ecnu peub uiaer o6 ypaBHeHHH KoJebaHHi Ge3 neMndupoBaHHA

J+1e?y=»2 (1), (4.4)
TO YaCTHOe pellleHHe MOXHO 3allHCaTh B KOMIIAKTHOH ¢opMme
sy U @ (FN, 1 Tl & (]
y="~ 2{(02 Al@? df? (m2)+h4m2 dr? [FF(F)]_ }

(4.5)
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2. CucTeMa mpoH3BOJbHOro panra. ManoxenHas cxema mocrpoe-
HHsSI PANOB, KOTOPBle SIBASIOTCS (POPMaNbHBIMM YaCTHLIMM pellue-
HHSIMH, JIECKO PAClPOCTPaHSIOTCS Ha cayyal JUHEeAHBIX CHCTEM MpO-
M3BOJILHOTO paHra. PaccMoTpum cucremy

g, + (yPalp) + A7 1alf 0 + L )y, + (APaly) + A ale T + =
Asf(s) + As- lr(s - +
go+ (APa®) + 277 1af™ + )y, + (APal + APtalph - |
= ASf(S) + As'lf(s“” _|_
(4 6)

UacTHOe pelleHHe CHCTEMbI ypaBHeHHH (4.6) GyleM HCKaTb B BHIE
psiioB
= A P+ AP L, )
i s— i s~p-1 l { (47)
Yo=A""0o+ AP0 + ... ]

Jlerko BugeThb, uto QYHKUHH 4;(f) H ©;(f) ymIOBJAETBOPSIIOT CJAedYiO-
el cucTeMe anarefpaHyecKUX YpaBHEHUH:

auo + alf vy = f17,

(p) (p) (S)
asi’uo + aH vo=
p) (p) (s=1) -1 D
aRu + afvy = 7" — uealh )—Ua(p ,
1 -1
(p)u1+a(2§)v — gs ) — up a(p 1 an(?g )
H T. I.
Ecan marpuna “al)“ HEeBbIPOXEHHAS, TO 3a1aya omnpeaeaeHus

dbyHxkuui u;(f) 1 v;(!) cBOAHTCH K omepauuH auddepeHunpOBaHHS
H I0CJAeIOBATENbHOMY pellleHHI0 cHCTeM a/dreGpanyecKHX ypasHe-
HHA,

3. Ocnoeras Teopema. Psannl (4.2), (4.5) u (4.6) B obwem cay-
yae pacxoAsiTCsi, OJHAKO OHM HOCST aCHMITOTHYECKHH XapaKrep H
KOHEUHBIE OTPEe3KH 3THX PSIOB MOrYT OBITb HCIOJb30BAHB A5 MPH-
GJAHKEHHOrO MpPENCTABJAEHHS YAaCTHHIX pelieHHd, DTO YTBEPXKIeHHE
Jerko JoKasbiBaeTcst Iasi caMoro obutero cayyasi. OmHaKo AJsi TOro,
yTo6bl He 3arPOMOXKJATb H3J0XKeHHs, Mbl IMOCTYMHM TaK Xe, Kak
H OpH HCCAeJOBAHHH ONHODONHON 3alauH, ¥ MPOBEAEM J0Ka3aTesb-
CTBO TOJIBKO JJs CaMOro MPOCTOrO CJayuyasi — ypaBHeHHs1 (4.4).
Urak, nokaxeM CAeqYIOLYIO TEOPEMY.

Ecau pyukyuu f(t) u o(t) Oocrarounce koauwecrso pas ough-.
epenyupyemor na orpeske [0, T} u, kpome T0O20, CyULeCT8YeT TAKAA
NOAQICUTEAbHAS NOCTOAHHAS o, 4TO 0Af AH00LLX te [0, T]

w(l) Z a,
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10 ypasHenue (4.4) donyckaer 4acTHoe peluerue suda
y=2""2(ug () + A2, () + ... + A0, 0+ A (L, A)), (4.8)

ede ynrkyuu u;(t) onpederftoTcs pasencTeamu

1 a2 ( j ) (4.9)

a pynkyua (A, t) oeparnudena das moboeo t {0, T] npu 3 — co.

Has pokasarenbcTBa COCTaBHM ypaBHeHHe, KOTOPOMY YHAOBJe-
tBOpsieT byukuus n(A, {). [logcrasasas pan (4.8) B ypasHeHue (4.4)
H Hcnmoab3ysd dopmyast (4.9), noayuum

i)+ A%0%n = A%, (4.10}
rie ,
. d*uy_y
11’ (t) - dt?

s noxasaTelbCTBa TEOPeMbl HaM [OCTATOUHO IMOKa3aTb, UTO
n06oe uyacTHOe pelleHHe ypaBHeHUs (4.10) paBHOMEpPHO OrpaHu-
ueno Ha otpeske [0, T] npu A — oo,

3aMerum, uto GyHKuHa P{(f) He 3aBUCHT OT A: OHa Ompejesercs
MOJHOCTbIO DYHKUHAMH ®, [ U MX mponsBoiHbiMH, CieloBaTenbHO,
cylecTByeT Takas mocrosiHnas P >0, yto maa moboro ¢t [0, T)

()< .

O6o3Hauum depe3 A BpOHCKHAH OGOHX JIMHEHHO He3aBHCHMBIX
pelueHHd ypaBHEHHS

. | +A%0?n=0.
CJieoBaTesbHO,
A=‘ M M2
M Mo

DYHKUMH 1y H Mg, COTIACHO pe3y/bTaTaM NpPeABYLIMX maparpa-
¢$oB, UMEIOT caelyIolllue NMpeJCcTaBIeHHUs!

n(t, A)=sin {7» | mdt}}(Dl(t, Ml
p “ (4.11)
(¢, 4)=cos {xf wdt}qnz‘(t,x), '
. L. 0

rie GyHkudu. Oy u Dy orpaHUUEHbl TPU A — oo,
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Hcnonb3ysn nanee dopmyay Jlarpanxa, oinuuieM obiuee pelie-
Hue ypaeHeHus (4.10)

t

n=w 42 [ L@ —n@uO @O @12)
0

rae m* — pelieHHe OLHOPOJHOrO ypaBHEHHS.
[lpuHuMas BO BHUMaHHe paBeHcTBa (4.11), OLlEHHM Be/IHYHHDI,
proaauHe B (4.12). Boiunceanm

A=A(5 +ATF It ),

rae Fy(f, A) — OyHKLHA, OrpaHHUYEHHAA MPH A — 00, C/JI€A0BATE/BHO,
MOJKHO Ha3HAUYHTb TAaKOe Ag, UTO IS BCEX A>Aq

1 1
% [FyI< ST
Ha 3TOM OCHOBAaHHH MOyYyaeM OLEHKY
A

1 -
[A1ZM g 2R D> 5

®yHkIHA N* onpelenfeTcid HAYaJbHbIMH YCJIOBHSMH: OHAa 3aBHCHT
oT A, HO, corsacHo semme II § 1, nm. 3 cyuwecrByeT Takasa mocTosH-
Has C, He 3aBHCALLAA OT A, UTO

"< C

Tax xak QyHKUHU 1M1, Mo, Py, P2, ® H @ OrpaHHYEHHbIE CO CBOHMH
npou3BoAHbIMH NpH ¢ & [0, T] u A — 00, TO MOXKHO Ha3HaYHTb TAKOE
yhgcao D, uto aas Bcex A > Ag Oyaer

Ini|< D, ln21<D, |®|<D ur 5

Torga Ha ocHoBaHHH (4.12) OyneM HMeTb C/eLYIOLLYIO OLIEHKY:

¢ - —

_[sin xfmdtl
o

0 -

(I)l (T) dT +

t
I Ccos
0

|n|<c+2an{

— ¢ —_ —

A odt | @) do
L0 L .

+
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OueHuM HHTErpanbi, BXOJAIIHE B NMPaBYI0 YaCTb HePaBEHCTBA; HH-
TErpHpysa MO HacTAM, NOJAYUHM

H e H T
L=|{[sin|a[o@d|®@ar|-
0 L0 i
-, _
|1 D) , D0
7{——cos Abfmdg G + © (0) +
t e z T
+ f cos AJ o dE (Dm(;;md)dr} <
0 - 0

AnHanoruynylo OneHKy moJiyyaeM H IjsA BToporo HHrterpana. CoGu-
past 3TH OLEHKH, HAXOAHM CKOHYATENBHO

DT
|n|<c+81)2(1+7).
KoHcTaHTa, cToAlllas B NPaBOH YacTH HEPABEHCTB, HE 3aBHCHUT OT A.
Teopema nokasaHa mojHocTbio. MeTox goKasaTenbecTBa 6e3 KaKHX-
160 CYIleCTBEeHHBIX H3MeHEeHHH [epeHOCHTCA M Ha oOuMi cayyai.

4. Cayua#, xoraa BHEWIHHE CHJB OCUHJIJIHPYIOT. Paccmorpum

YpaBHeHHE
t

iA k@) dt
J+2ay+ A0’y =A¥ (e O . (4.13)

YpaBHeHHe (4.13) ABafAeTcA NpHUMepOM, Ha KOTOPOM JIeTKO Mpoje-
MOHCTPHPOBaTb BCE€ OCOGEHHOCTH aCHMOTOTHYECKHX MpEACTaBJeHHil
B TOM CJydyae, KOrja npasasi 4aCTb npelcTtaBnser coGoil GbicTpo
OCLUIHPYIOIYIO PYHKIHIO.

YacTtHoe pellleHHe ypaBHeHua (4.13) 6yleM HMCKaTh B BuIe

y==z(t, Mexp li}» fk(t)dt},
0

1 yHkuuu z(f, A) moJayuuM cJegyiouiee ypaBHeHHe:
2+ 2ikk ()2 + Mk (1) 2z — ARz +
+2a (2 +iMk (t) 2) + AP0’z = A% (f). (4.14)
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[Ipeanonoxum cHavana, uro 2(f, A) — QyHKuusA, KOTOpPas H3Me-
HaeTca MedJeHHO. JIpyruMH cloBaMH, npHMeM, uTo

2t N=2B+32O+... (4.15)

Torna ana oyskuui 2;(f) Mb HMeeM ClefyIOUHE YPaBHEHHS:

(@?(t) — B2 (1)) 20 = (1),
(@® () — k2(t)) 2, = —izy (k — 2ak), (4.16)

..................

@opmyabl  (4.15) N03BOIAIOT MOCTENOBAaTENbHO BHIYHCJAHTH BCE
4leHbl pasnoxkeHus (4.15), eciu TONbKO Ha pacCMaTpHBaeMOM HH-
TepBaJjie BpeMeHH

k(t)#Fo(t).

Ecau ectb x0T Obl 04Ha Touka {=1*, rae
k(t*)=w (t¥),

TO H3JI0XKeHHas mpoueaypa tepsier cMbica. CileloBaTesnbHO, B 3TOM
caydae QyHKUHIo 2(f, A) yKe HeNb3d CUHTATb MEAJEHHO H3MeHSIO-
uieics.

Ins nOCTpoeHHS aCHMNTOTHKH B 3TOM C/lydae pacCTpoiiky 6y-
IeM CUHTaTh MaJjoH. JIpyruMu cioBaMH, HONTO0KHM

w?(t) — R2(t) =171y (1), (4.17)
a QyHkuio 2 6yAeM HCKaTb B BHJIE
2(t, M) =Azo+2 A2+ ... (4.18)

[ToacraBasns (4.17) u (4.18) B ypaBHeHus (4.14) W cpaBHHBas Ko-

3¢ @HUHEHTb! IPH OJMHAKOBbIX CTENEHSX A, IPHXOJHM K CJAelYIOlHM

YpABHEHHAM, KOTOPbIE IO3BOJIAT ONPElNEeNHTh UJeHbl DasjoXKeHus

(4.18): :
2ikzy+ (iB + 3 + 2ak) 2=,

(4.19)

k3, + (ik +y + 2ak) 2, = — 3, + 2az,,

.....................

Kaxxjgoe M3 3THX yDaBHeHHH ABAAeTCA QOGbIKHOBEHHLIM JIHHeHHEIM
nupdepeHunalbHbiM ypaBHEHHEM NEPBOTO NOpPAAKa M ero pelueline
Moxker ObITb NoOJyueHO B KBajpatypax. Tak, Halmpumep, uyacTtHoe
pelieHHe NepBOro W3 ypaBHeHHH cucTeMbl (4.19) nmeer BuA

20— [ (@ exp {—— [o@ dc} dt, (4.20)
0 H . .
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rjge

) _ k@) +Y(E)+2a(E)kI(E)

Eciu orpaHHuuTbCs MEPBbIM UYJNEHOM pAa3/OXKeHHs, TO YacTHoe
pelleHue ypaBHeHus (4.13) Mbl NpeACTaBUM B BUJE

t
y =2z, (t) exp {ix j k() dt]. (4.21)

Ecau gyHkuuu, BXxoAsitune B ypaBHeHHe (4.13), 6yAyT NOCTOSIHHBIMII
BenuuuHamu, To gopMmyna (4.20) nmepexoJMT B H3BECTHOE BbIpaxKe-
HHe, OMHChIBAIOllee Pe30HAHCHBIE fIBAEHUS B KojJeOaTelbHbIX CHCTE-
Max ¢ MOCTOSIHHbIMH MapaMeTpaMHu.

Hanst Toro utobut B 370M yV6eauThCs, nonoxuM k=0. Kpome Toro,
npuMeM 1as npoctothl, uto =0, a=0. Torpa ¢=0 u, caenosa-
TebHO,

y == texplirkt. (4.21)
PaccMoTpuM Tenepe ypaBHeHHe
t
i+ 2ag + Moy = A% (#) cos {x [L1G) dt} :
0

IMonaras

, ~
1
cos {x f k(t)dt} =5
0 L
H HCHOJ]bSYH ﬂHHeﬁHOCTb 3ajdaud, MnoJoxKHUM

Y=yt ys
re y; W Yo — YACTHHE pPeUIeHHs YpaBHEeHHH

t ¢ 3
exp {ix j k(t)dt}+_exp {—ix j 10 dt} l

t
§+ 2ay + AMo?y = Af (t) exp {ik J. k(1) dt} ,
0

t
§+ 2ay + A%y = A*f* (t) exp { — i) J. k(1) dt} ,
0

F=1g

Mrak, Mbl MpoAeMOHCTPHPOBAIH NPOLEAYPY MOCTPOEHHS acCHM-
MTOTHYECKHX NPEICTABJAEHHH YacTHbIX pelleHHH HeOoJHOPOAHBIX
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ypaBHeHH#, KOrfia BHEIIHWHE CWJBl SBJASIOTCH OCLMJJHPYIOUIHMH
GYHKUUAMHM BpeMeHU. Mbl OrpaHMUMIMCD TOJBKO TEM CHAyUaeM,
KOrga CHCTEMa HMeeT OJHY cTeneHb cBoGoAbl. Bce nposenenHble
paccyxkKJaeHHsl pacnpoCTPaHSIOTCS M HA NPOU3BOJIbHBIE THHEHHBIE CH-
CTEMB! BHJA

t

G=RA(, Ny+f@expiin [k(Hatl, (4.22)

0
TIE Y H | — BEKTOPbl pa3MepHOCTH 1, A — MaTpHla
A(t, M) =A(t) +A1A(8) +22A () + ...
Ecau un pas kakoro ¢ = [0, T] k5=pi, e p; — KOpPeHb ypaBHEeHUS
{40 — pE| =0,

TO pacuer YacTHOro pellleHUss ypaBHeHus (4.22) cBOAMTCA K mocae-
JOBaTeJNbHOMY pellleHHIO CHCTEMBl ajireOpaHuecKuX ypaBHeHUH; ec/H
15 HekoTopulX ¢ = [0, T] k=p, To MBl HMeeM pe30HAHCHBIH -cayudai,
M pacueT aCHMNTOTHYECKHX MPeACTaBAeHUH NPUBOAUT K HEOOXOAH-
MOCTH UMCJEHHO pellaTbh HEKOTOPYI0 cHCTeMY AH¢depeHUHanbHBIX
ypaBHEHHH.

§ 5. O6mumii cayuall JTHHEHHOA CHCTEMbI MPOM3BOJBHOrO MOPSAIKa

1. O6mee peuieHHe OJHOPOAHOH CHCTEMBI B TOM CJy4ae, KOTAa
KopHH mpocTtble, [Ipensinyluiie naparpadbl COLepKaNH H3JN0KEHHE
METOJ0B NOCTPOEHHS ACHMITOTHUECKHUX pelleHHil aas auddepen-
LIMaNbHBIX ypaBHEHUH BTOPOro mopsjaka. Mbl nokasanu, 4TO Npu H3-
BECTHBIX OrpaHMUYEHUAX, HAJOKEHHBIX Ha KOG (OULUEHTH 3THX YpaB-
HEeHHH, HX oblllee pellleHHe MoXkeT ObITh BbINHCAHO B opMe KBajApa-
Typ. B HEKOTOpBIX clyuasix OHO MOXKeT OblTb BbIHCAHO Jaxe B
SIBHOM BHJE.

Takum o6pa3oM, MBl NOAYUUIH 3G (EeKTHBHOE CPEACTBO pellleHHs
szagaud Komu a1s cucrem Broporo mopsika. B oJHOM ciyuae Mbl
paccMOTPe/IH TAKXKe CHCTEMY YeTBEPTOro MopsijKa.

M3noxeHHass MeToAuka 6e3 KakKuX-1M60O OCN0XKHEHHH, nepeHo-
cuTCa M Ha o6luui caydail cucTeM JHHefHbIX OOBIKHOBEHHBIX AHG-
depeHUMANBHBIX ypaBHEHUH, cofepXallux Goabiuoi napamerp. [lo-
5TOMY IIPH M3J0KeHMM obliero cjyyas OrpaHMUMMCsl TONBKO Kpart-
KOl CBOIKOH NMpaBMJ MOCTPOeHUs TPHOJHKEHHBIX peleHui.

CucreMy n-1MHeHHBIX ypaBHEHHH MEPBOro MOPsAKa

y+Ay=0, , (5.1)
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rie y — BekTop-bVHKuHs pasmepHoctu n, a A=llal — kBagpar-
Hasg MaTpuua, YCJOBHMCSI Ha3blBaTh CHCTEMOH paHra: B, eciu Ma-
Tpuua A uMeer BHA

A(A, £) =2 (A®(E) +A1ABD(8) + . ..
e ASACT () A TH (8, M) (5.1)

afech A® — MaTpHUBI, 3/1€eMEHTbl KOTOPbIX 3aBHCAT TOJNBKO OT Bpe-
MeHH, a matpuua f(f, A) ocTaeTcs OrpaHHYEHHOH MpPH A — oo A4S
aioGoro ¢t [0, T]. IMpeanonaraercs, uro matpuua A® HeBhHIPOXK-
JleHHasl.

YactHble pemieHusi cucremnl (5.1) GyaeM ucKaTbh B BHJe

t
y=expl f V@ + A () + .. 4+ A (D] dEY 2 (1, 0), (5.1)
0 N

rle p — KOPeHb XapaKTePHCTHYECKOrO ypaBHEHHS
| AW+ pE| =0, (5.3)

E — epunuunas matpuua. Ilpeamonaraercs, uro ypasaenue (5.3)
umeer Ha BceM orpeske [0, T] pasnuunbie kopHd. HoBasa HckoMmasn
GYHKUHA 2 HILETCH B BHJIE

2(h, t) =2o(£) + A1z () + ... (5.4)

Lleab aroput™Ma COCTOHT B TOM, YTOGH yKa3aTh IPOLECC, KOTO-
polfi KaxKAOMY KOPHIO ypaBHeHHA (5.3) CTaBHT B COOTBETCTBHE MPH-
GanxKeHHOe (aCHMNTOTHYECKOE) BHIPAXKEHHE YACTHOrO pPELIEHHs CH-
cremul (5.1). '

[Tposenem BhiuucaeHus aaa cayuas k=2. [Toacrasass paado-
kenus (9.2) m (5.4) B (5.1), monyunm caeayiouiHe ypaBHeHHs
OTHOCHTE/NbHO HCKOMBHIX BEJHYHH:

(A(z) + P'E) 20 — 0,' (55)
(A(z) +[LE)Z(1)=—(A(1) +ME)Z(O), ) (56)
(AD+pE) 20 = — [0+ (AL 4 pE) 20+ A©z0) (5.7)

Tak Kak p(f) — KOpeHb XapaKTePHCTHYECKOTO YPaBHEHHS! 3TOH CH-
CTEMBI, TO OHa pa3pelidMa, H KOMIIOHEeHTH BekTopa 2™ MOryr GhiTh
onpejeseHbl ¢ TOYHOCTbIO A0 MPOH3BOJABHOrO MHOXHTeas. [locaen-
Hee 3KBHBAJ/JEHTHO TCMY, UTO OJHa H3 KOMMNOHEHT BekTopa 2©
OCTaeTCsl HeOMpe/e/NeHHON (HanmpHuMep, 2‘10)), a OCTa/JbHBIE MOTYT

OLITL uepe3 Hee BhIpaXeHHhl,
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B camom nene, cuctema (5.5) MoxeT GbITb Tenepb nepenucaHa
B CJelyIoUleM BHAE:

2 0) 2} ~(0) —_ 2) ~(0!
(a;; + )2l + a2y + ... = —aP2?,
@) (0) @ © — — @50
afzP +(a +p)2P + ... = — a2, (5.8)
2) (O @ 0 = — @20
a0+ ...+ (am1 + )20 = —a@20.

OGosHaunm uepes Aj; ajareGpaHyeckHe AOMOJTHEHHS 3J€MEHTOR Mep-
BOH CTPOKH onpedenutens (5.3); Ttoria pelleHus cucrtemb (5.8)
MOXKHO NpPeJICTaBUTh TaK:

2= —h20  (k=2,3,..., n). (5.9)

Paccmorpum Tenepb cucremy (5.6). [Tockoabky omnpefenutesb
3TOH CHCTeMbl PABEH HYJIO H PAHT ee MaTpHILb, MO MPeAnooKeHHIO
(XpaTHble KOPHH OTCYTCTBYIOT), paBeH 7 — |, TO 1151 pa3peliiMOCTH
cucteMbl (5.6) HeOOXOAHMO H [JOCTaTOUHO, uTOGbl paHr paclIHpeH-
HOH MaTpHubl (MaTpHubl ¢ 106aBJEHHBIM CTOJAGIOM MpaBbiX yacTel)
TakXe 6bla paBed (n— 1).

Paur matpuust A+pE pasen n— 1. CaegoBatenbHo, MeXay
3/eMEeHTaMH €ee CTPOK CYLLeCTBYeT JHHeHHAafd 3aBHCHMOCTb, KOTO-
PYIO, ec/M BOCHO/1b30BaTbCs pasdsnoxkenHeM onpejeantens |A@+4pul|
M0 3JeMeHTaM MNepBOH CTPOKH, MOXHO 3aldcaTtb, HalpHMep, cJje-
IYIOIHM 06pasoMm: '

a®+u=cad +c,a@+ ... +c,al, (5.10)

. Ay
Tae BEJHUHHBl ¢ = — 3.
1
CanefoBaTenbHO, AJs8 pa3pellHMOCTH cHCTeMbl (5.6) HeOOXOAHMO
M JOCTaTOYHO, UTO6B MeXAy 3JeMeHTaMH CcTo61a, CTOsIero B

1paBofl YacTH, TaKXKe HMe1a MeCTo 3aBHCHMOCTb (5.10)
(af} + 1)) 20 4+ aB20 4. ... +al2l0 = :
=c, (a2 +(af) +p )20 + ... +af)z?) + _
con Fe, {al20 + Ll () +0)20). (5.11)

Ecan tenepb samenuts B (5.11) Benuunnw 2, 290, ..., 20 ux
BoipaxkeHHAMH (5.9), To BeqnunHa 2{® moxeT GbiTb BblHeceHa 3a
CKOGKY H Ha Hee MOXHO COKDAaTHTb, MOCKOJbKY H4C HHTEPECyIor
HeHyJeBble pellleHHs. B pe3yiabrate Mbl NOJTYYHM COOTHOLUEHHE, KO-
TOopoe fBJsAeTc anreO6paHvyecKUM YpaBHeHHeM MepBOfi CTeleHH OT-
HOCHTEJbHO HEH3BECTHOH BEJHYHHB ). 3aMETHM, UTO (YHKUHA Oll-
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penensieTcst TONbKO KoshdHLUHEHTaMH MaTpHUBl W) (f) H He 3aBHCHT
oT BekTOpa 20,

OnpenenuB BeIM4HHY |, MBI MOXET Tellepb BBIPa3HTb KOMIO-
HeHTbl Bektopa 21 uepes ¢yHkuuio 2% (¢). TIpu 3TOM KOMMOHEHTH

BekTopa 2()(#) cHoBa Moryt ObITb ONpejeneHb C TOYHOCTLIO J0 Mpo-
H3BOJbHOH OQYHKUHH. B KauecTBe TaKOH MPOH3BOJNbLHOH (YHKUHH
MoXeT paccMatpuBatbest dyHkuus 2{(f). Ilepefirem Tenepb K cH-
creme (5.7). BpinumieM ycJjoBHe ee pa3peliiMOCTH

)
2]

0)5(0) 00 —
a— tapzy + ..o tape) =
2 ’
= {22 4 4050 )50
=Cy )\ T a2+ ... +a2nz§1)}+
©)
4o 18 L om0 4 + g0 zO
oo F a5 020+ .. 201,
(5.12)
HUckmouast 20, 20, ..., 2@ us (5.12) npu nomouw (5.9), noay-

yaeM OJIHO ypaBHEHHe OTHOCHTeNbHO HeHaBecTHON ¢yHkuun 20O (f).

910 ypaBHeHHe OyjeT AHHEHHBIM AHb(epeHUHANbHBIM ypaBHEHHEM
nepsoro nopsjaxa. CienoBaTteibHo, ero peuieHHe Gyaer cojaepkaThb
OJIHY NMPOU3BOJNbBHYIO MOCTOSTHHYIO.

YpaBHeHHS cae[yIOIHX NPHOMHKEHHA HaM AaAyT BO3MOXHOCTD
onpefiennts dyHkuuu 2V, 2@, ... u 1. 1. Jlas onpejeneHus 3THX
GyHKUHA MBI KaxAbil pa3 OyleM noayuaTh auddepeHunaibHbe
ypaBHeHHs nepsBoro nopsiaika. CjaefoBaTeNbHO, Ha KakjoMm Uiare
y Hac OYJyT MOSABASITbCS HOBble MPOH3BOJNbLHBIE MOCTOSHHbIE, KOTO-
pole MOryT ObITb BLIOPaHBl MO HallleMy YCMOTPEHHIO. 3aJaB HX Ol-
pefeneHHBIM 06pa3oM, MBI NpOcTO GUKCHPYEM HauyaJbHble 3HaYeHHs
IJ TOrO BeKTOPa 2, KOTODHLIH ONpeje/sieT 4acTHOE pellieHHe, COOT-
BETCTBYIOLIlee BbIGPAaHHOMY 3HAYEHHIO KOPHS XapaKTePHCTHYECKOrO
ypaBHEHHS.

Tak kax MojoOHbIe paccyX/eHHS MOXKHO MPOBECTH AJ5 JI0G0ro
KODHH XapaKTePHCTHYECKOro ypaBHEHHS M, [0 NPeANo/0oXKeHHIO, BCe
€ro KOPHH pas/MyYHBbI, TO H3/I0XKEeHHHI} MPoLece MO3BOJSET NOCTPOHTD
MOJIHYIO CHCTEMY JIHHEHHO HE3aBHCHMBIX peuleHHi cucremb (5.1).

2. Cayvaii kpaTHhIX KopHed., 3ajnaua CTAHOBHUTCS 3HAYHUTEJbHO
CI0’KHee, eC/IH CPeld KODHEH XaPaKTepUCTHUECKOrO YPaBHEHHS ecTb
KpaTHble. B 3TOM ciyuae MPHXOAHTCH HCMONbL30BaTb PacCYXJAEHHS,
aHa/JOrHYHbIe TeM, KOTOopble OblJIH NMpOBeJeHbl paHee AJs Cayuasi
ypaBHEHHS] BTOPOro MOpsijKa.

Ecnu Mbl HMeeM cHCTeMY paHra Rk u HekoTopas QYHKUus p(f)
IBASETCST KPATHBIM KODHEM XapaKTePHCTHUECKOrO YpaBHeHHS, HO
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TaKHM, U4TO €My COOTBETCTBYeT MPOCTOH 3JeMeHTapHbIA JeNHTENb,
TO peuleHHe ypaBHeHusi (5.1) Bcerga MOXKHO HCKaTh B ¢opme

g(t, H=e P ). (5.13)

Bektop z(f, A) Oymer yIOBIeTBOPSITH CHCTEME TOrO Ke IOPSAKA,
HO paHr cucTeMbl Oyaer Ha enuHuuy Huxe. Eciu xapakrepucrtuue-
CKO€ ypaBHeHHE 3TOH HOBOH CUCTeMH He GyAeT HMeTb KPaTHBIX KOp-
He#l, TO, HCMOJb3yst OOULYI0 METOAHKY, Mbl MOXKEM JOBEeCcTH 3ajauy
Ao koHua. Eciiu okaxercsi, uTo xapakTepHcTHUYECKOe YpaBHEHHE CH-
CTeMBI

i+B (L, t)z=0, . (5.14)

KOTOPO# y/OBJIETBOPSIET BEKTOP 2, HMEET KPaTHbIE KOPHH, TO MBI MO-
JKeM [OHH3MTb ee paHr, CHOBa NpHMeHsia npeobpasoBanue (5.13).
Takum o6pasoM, ecitd 3JeMeHTapHble JeIUTeNIH OCTAIOTCSl MPo-
CTBIMH, TO MOC/JeAOBaTelbHOE IpUMeHeHHe mpeobGpasoBanust (5.13)
ucuepnbiBaer fipobaemy.

Ecnu aneMeHTapuble JeIUTENH HE NPOCTHE, TO J€J0 MOMXKET 00-
CTOSITb COBeplleHHO HHaue. [IpuMep, KOTOpbIA OBLT paccMOTpeH B
KOHIe § 3, moKasbIBaeT, 4TO B 3TOM CJlyuae He Bce cjaraemble crap-
lero paHra OKa3bIBAalOTCS CKOMIIEHCHPOBaHHBIMH. B 3TOM ciayuae
MH CTaJKuBaeMCsl ¢ a/JbTepPHAaTHBOH: MH00 KO3 HIUHEHTH ypas-
HeHHs1 TaKOBBI, uTo mocje mnpeo6pasosadust (5.13) kospduUHEHTH
NpU 4WieHax cTapliero panra o6pallaloTcss B Hyab, JH6O OHH B HYJb
He o6pautaiorcsi. B mepBoM ciyuae paHr CHCTEMbl OKa3bIBAETCS IMO-
HUMKEHHBIM Ha €JMHULY U Mbl MOXeM MPOJOMKATh NPOLeCe Jabllle.
Bo BTOpOM cllyyae Mbl TaKiKe MOXEM IOCTPOUTb ACHMITOTHUECKHE
npejicTaB/IeHHs, HO DU 3TOM pellleHUsl YxKe MPeACTaB/SIIOTCH B BUJIE
PsOB, PACHOJIOKEHHBIX MO APoOHBIM cTemeHAM mnapamerpa A. He-
KOTOpPble BOMPOCHI TEOPHH [Js 3THX CHELHAJbHBIX cayuyaeB OYAYT
M3JI0KEHH B OJIHOM H3 CAEAYIOUIHX naparpacdos.

3. YacTHble pelleHHS HEOAHOPOJHBIX CHCTeM. PaccMoTpuM Te-
nepb HeOJHOPOAHYIO CHCTEMY

y+Ay=x, , (5.15)
rje x — BeKTOp-PyHKLHS BpeMeHH ' :
(8, A) =APxp (8) + AP Ixp () 4+ .. .,

a matpuua A umeer Bujg (5.1%).

Iasa Toro utoObl HafiTh oGllee peuleHde ypaBHeHus (5.15), Ham
HeoOXOAHUMO MOCTPOHTh ACHMITOTHUECKHE MpPeACTaBJAeHUs AJs YacT-
HOrO pellieHust 3TOro ypaBHeHusi. [lasi aToro mMoxer GBITb HCIONB3O-
BaHa cXeMa, H3JO0XKeHHas B mpeJbliylieM naparpade.
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Hinem pewenue B Bujge psja
y(t, A)=Ap~hzD4rp—h-lz@4
rie QpyHKiEH 2() yIOBJeTBOPSIOT CACAYIOLIHM CHCTEMaM ypaBHEeHHH:

k
APV = x
AR 2 = A1) 5D 4 Xpe1,
AR o (P=ke1) — {20+ AELP=B Yt xy,

B sTom mnaparpade Mbl OCTAHOBHJIHMCH TOMBKO Ha (opMaJ/bHOH
cropoHe Bonpoca. OAHAKO MOMXKHO AOKa3aTb, YTO IPH H3BECTHHIX
YCAOBHAX TJAAJKOCTH Martpulbl A Bce pacCyXJeHHs 3TOTO napa-
rpada MoryT OHITb C/ejaHBbl BIOJHe CTPOrHMH: IOJYyuUeHHbie PsbLl
ABJISIIOTCS AaCHMITOTHYECKHMH.

§ 6. 3apaua o NBHXKEHHH THPOCKONA MOJ AEHCTBHEM
MOMEHTA, H3MEHSIOIErocs 30 BpeMeHHU

1. Boison ypaBHeHHH. Ml yxKe roBOpHAM O TOM, YTO METOAbI,
HajaraeMble B 3TOH rJaaBe, HaXOASIT pasHoo6pasHble IIPUIOKEHUSR
8 ¢usuke n texiuke. OQHa H3 nNepBBIX 3a7ad MEXaHHKH, PaccMo-
TPEHHBIX ACHMITOTHUECKUMH METOAAMH, Oblja 3ajaua O JBHXKCHIH
rHpOCKONa ¢ JeficTBHEM ONPOKHALIBAIOLIETO MOMEHTa B IIPeAIro-
JIOXKEHHH, 4YTO 3TOT MOMEHT MeJJeH: 0 H3MEHSEeTCs CO BpeMeHeM. JTa
3allaya BO3HHKNa B cepeinHe XIX Bexa B CBSI3U C NOSIBASHHEM Ha-
pe3Hoil aptuasepuu. Hapesbl Ha BHyTpeHHeH MOBEPXHOCTH CTBOJA
NPHAAIT CHAPAAY BpalllaTeabHoe ABHXKEeHHE BOKPYT OCH CHMMETDHH.
Bnarojaps »ToMy cHapsifi npuobpeTaeT rHPOCKONUUECKYK CTabmiIH-
saymio. KpuBu3na TPaexTOpHM cHapsiia OOBIYHO MaJga, a H3MeHeHHe
VIJIOBOIl CKODOCTH BpalleHHsi 3@ CYeT TPeHHsT O BO3AyX He3HauH-
tenbho. Bor mnouemy agas ofbsfcHeHns pasIUYHBIX ocobeHHOCTEH
JBHXKEHHS apTHAAEPHIICKOrO CHapdaAa MOXKHO HCIIONb30BATh TEOPHIO
cBoGonHoro rupockona. [lepBasi TeOpUs JABUKEeHHS apTHIAJIEPHACKOrO
cHapsijia, HCIOJMb3YIOLIAs TaKyI0 KOHIENnuio, 6bl1a co3laHa B cepe-
J}He MPOINJOro BeKa DYCCKHM apTH/IEDUCKHM reHepasnom Mafies-
ckuM. OpHako © ero paorax mapaMeTphl rupockona (cHapsiia) BO
ace BPeMs ero JABHXXEHHS CYMTAIHCh nocTosiHubiMH. KanutaH dpan-
aysckoft apruaiaepun e Cmapp O6bla, [0-BHAUMOMY, NEPBBIM, KTO
nTKa3ancs OT 1e/106H0ro MPELNoNI0KEeHHs U Pa3Rui TeOpHIO, Mo CY-
mecTBy GAHBKYIO K TOH, KOTOpas Pa3BHBACTCH B 3TOH riaBe.

Mw 6yjieM paccMatpyBaTh KJ1aCCHUECKYIO 3ajavy Jlarpatka —
IyaccoHa © JIBHAKEHHI OCeCHMMETPHYHOrO BOJYKA, HENOJBHXKHAs
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TOYKA KOTOPOTO JIeXKHT Ha OCH COOCTBEHHOTO BpauleHus. [lpeanona-
raeTcsi, YTO ero JABHKEHHe MPOHCXOAHT MOoA AeHCTBHEM OMNpPOKH/BI-
Batollero MoMeHta M, HanpaBJeHHOTO MePNEHAHKYJSAPHO MJIOCKO-
CTH, MpOXOJsllell dYepe3 ero ochb
CHMMETPHH, HampaBJieHHe KOTO-
poil onpeaensieT eANHHYHBIH Bek-
€2 Top E® (puc. 40).

v OGo3HaunM uepes @ MrHo-
BEHHYIO YIJIOBYIO CKOPOCTb TI'H-
: pockoma, 4Yepe3 @ — CKOPOCTb

f Co6CTBEHHOTO BpallleHHs

o= (6.1)

zﬂ

J ¥  Tlonoxum
T 4 Q=0+o0;. (6.2)

Puc. 40. PaccMorpuM moapoGHee, uTo

co6oll MpelCTaBJsET BEKTOD ®).

BpauleHne rupockorna MOXHO paccMaTPUBATBL COCTOSILIHM H3 ABYX
BpallaTebHBIX [BHXKEHHH: cOGCTBEHHOro BpallleHHs BOKPYr BeK-
topa &® u BpauieHns Bekrtopa E’. TakuM o6pa3oM, @; — 3TO MrHO-
BEHHasi yrjioBsas CKOPocTb pekTopa E°. '

<co o
Beuanununa d&%/di— ckopocTs KoHUA BekTopa E°. a5
Tak kak E® — eAMHHUYHBIH BEKTOp, TO at
4z |
— ‘['0
ar = Ot |
rae Tt — eIHHHUYHBII BEeKTOp KacaTelnbHO#l K ropo- r°

rpady Bektopa & (puc. 41), a o — abcosoTHAs
BEJHUHHA BEKTOpa ®;. TaK Kak v° — eIUHHUHbI
BeKTOD, TO

|48

O =|—1. .
=] (6.3) .
BexkTop ®, MruoBeHHO! yrioBo#l CKOpPOCTH Bpalle-
HHs BeKTopa & mepmeHAMKYJsipeH MJIOCKOCTH, MpO- Puc. 41

xoAsued yepe3 BekTop §° H BeKTOp JNHHeHHOH CKO-
pocti ero koHua. CiefoBaTenbHO, HalpaB/eHHe BEKTOPA @; COBMa-

JAaer ¢ HanpaBJeHHeM BeKTopa ‘
d3 '

0y 290

€ it (6.4)
C npyroii cropoHsl, o6a BeKTopa, BXOJslllHe B 3TO MPOH3BELEHHE,
nepneHAHKYAAPHBL 1pyr Apyry. [Tostomy
dg° dg’
0 L5 | =45
IE X di
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ComocraBasis 370 paBeHCcTBO ¢ (6.3), Mbl ybexjgaeMcsi, 4To H [0
BeJMYHHE, H MO HANpaB/JEHHK BEKTOD @ COBIAJaeT C BEKTOPOM
(6.4). Urak,

dg’ ’
— B X - (6.4)

H, C/IeIoBaTeIbHO, BEKTOp Q MOXKeT ObiTh [peAcTaBJ/eH CJedyollel
bopMyaoH:
d
Q= o +5 x & (6.5)

CocraBum BblpaxKeHHe JJsd KHHETHYECKOI0O MOMEHTA IHpOocCKoIla
K=/Q,

rge J — teHsop uHepuud. OGozHauuM yepes A >KBATOPHAMbHBL,
a uyepes C — noJsAPHBIE MOMEHT HHEDIHH DAacCMATPHBAEMOrO CHM-
MeTPHUYHOTO rHpockona. Torga oueBHAHO, YTO

K=40,+Co.

OnucblBaTh ABHXEHHe THpockora OyAeM MpH NOMOLUH ypaBHEHHS
MOMEHTOB
dK
22 L

P (6.6)

rae L — moMenT BHeluHell cuabnl g(f). Dyaem cuumratb, yYto 3Ta
CHJla TOCTOSIHHA [10 HalpaB/JeHUIO, KOTODOE 3aJaeTcsi eIMHHUHLIM
BekTopoM 2°. Torja MOMEHT 3TOH CHJbl OTHOCHTEJNbHO HEMOABHUMKHOMN
touku 0 6yner

L=1g(t)(§° X —2% == (f)(2° X §9). (6.7)
Bbluncaum tenepsb d K /df. st 3T0ro 3aMeTum, uto
d(o d2§° do do dgo
ar =8 X G =g S te— (6.8)

Hcnoabaysi Boipaxenus (6.7) u (6.8), MOoXHO mepenucatb ypaBHe-
Hue (6.6) B BHue

AR x L) +c(pro )@ x8). 6.9

VYpasHeHue (6.9) — oflllee BeKTOpPHOEe ypzaBHEeHue, OMMCLIBalOliee
BpalllaTeJbHOe JBUKeHHe rupockona. CocTaBUM KBHUBAJEHTHYIO eMy
CHCTEMY CKaJsipHbIX ypaBHeHHUH.

O6o3HayHM uepes X, Y M 2 NPOeKUHH BekTopa E’ Ha HenojBHXK-
e ocd Ox, Oy u Oz (cM. puc. 40), cBsi3aHHble ¢ HENG/JABHMKHOI
toukoit O. Cucrema koopaunat Oxyz BBejeHa Tak, uto och Oz co-
Blajaer ¢ HallpaBieHueM AeHCTBYOLIEH CUbL
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YMHOXHM ypaBHeHHe (6.9) cxkansipHo cHauajna Ha eIMHHUHBIH
BeKTOp X°, a 3aTeM Ha y0:

A(y2 —zij)+ Cox+ Cax =—x(l) y, } (6.10)

A@RE—~x2)+ Coy+ Coy=x(t)x.

Henocralolilee Tperbe ypaBHEHHe MBIl MOIYYHM, YMHOXKHB CKafsipHO
ypaBHenune (6.9) Ha BekTOp &%

d®
C ek 0. 6.11)
HUs ypaBHenus (6.11) cpasy Haxoaum o=const. [TonyyeHHoe BHI-
paXeHHe SIBJASETCH HHTETPaJOM CHCTEMBl: CKOPOCTb COGCTBEHHOTO
BpallleHHs ' OCTaercsl MOCTOAHHONH He3aBHCHMO OT XapakTepa H3Me-
HEeHHS BHEUIHEro MOMeHTa.

Hrtak, samaua CBOAMTCS K HCCJAeNOBAHHIO CHCTEMBbl ABYX Au(de-
peHIlHaJAbHBIX YypaBHEHHHl OTHOCHTENbHO JBYX {EH3BECTHBIX (YyHK-
uuit x(t) u y(t). lepennwem ypabHenus (6.10) c yuerom (6.11)

A(yé~zy')+cmx=—x(t)y,} 6.12)

(28 —x2)+ Coy ==(t) x.

B cucremy (6.12) BxomuT elle ogHO HenspecTHoe 2. Ho tak kak x,
Yy U 2 — 3TO0 NMPOEKUHH eIHHHYHOro sektopa &, 1o QyHkuua 2(f)
ornpejensiercsl U3 COOTHOLIEHHS
z=V1—xT— 4~

Takum o6GpasoM, cucreMa (6.12) — 3To 3aMKHyTas cHcTeMa ABYX
HeJlMHEHHBIX ypaBHeHHH BTOpOro MOPs/AKAa OTHOCHTENbHO JBYX HeH3-
BECTHBIX BeJMYMH X W Yy, OHa mnpeicTaBaser cobofl TouHble ypas-
HeHusl, OMHChIBAWOIIHE [BHXeHHe OCeCHMMETPHYHOro THpOCKONa
BOKPYT HEMOJBHXKHOH TOUKH, JiexXallleil Ha OCH CHMMeTpHH. Ecain pe-
JUYHHA % [OCTOSIHHA, TO MOJiydeHHas CHUCTeMa MOXeT OblTb MPOUH-
TerpupoBaHa B 3aMKHyTOM BHAe (cayyait Jlarpanxka — [lyaccona).
3aMerumM, uyTto cuctema (6.12) Bcerga jomyckaeT TpHBHA/bHOe pe-
eHne x == y = (), COOTBETCTBYlOLleEe TOMY CJaYyYald, KOrAa OCb IU-
pocKona HarnpaBJjeHa BJOJb BeKTOopa BHeliHeil cHabl g({). B stom
cllyyae JBHXKeHHE THPOCKONA — 3TO pPaBHOMepHOe BpallieHne BOKPYT
ocn Oz, .

2. Jluneapusaumns. Mayunm 3anaudy 8 JLHeHHOHA NOCTaHOBKe, A3
3TOTO YCJOBHMCS CUYMTATh yrosa HyTauud v (yroJ, 3ak/0OYeHHbIN
MeXAy BekTopaMmu 20 i £%) Mauofi BesinuuHOHR nepBoro nopsiaka Ma-
JIOCTH -

v=0 (g).
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Torna BeJHUYHHB X U y — npoekunn E° Ha ocu Ox u Oy — Ml Takxke
JOMKHB CYUMTATh BEJHUMHAMH [I€DBOro MOpPAAKa MaJOCTH (CM.
puc. 42, na kotopom #306paXkeHa MJIOCKOCTb, MPOXOAAILAs qepes
pepiinny D Bekropa §° neprneHAHKyJIspHO OCH
0z)

x=0(e), y=0/(e).

Orciofa cnepyer, 4to
z=V1—-x*— =1-0(?).

IMpousBoaHbie & H j Takxe OyfeM CuHMTarh
MaJbiMH nepBoro nopsajka. Toraa

'=a_z,g+_g%y'=o(e2), Puc. 42.

Coxpansaa B ypaBHeHHsX (6.12) dieHBl mepBoro mopsiika MaJoCTH,
MBI PHXOJAHM K CJeAyiolled cucTeMe ABYX JHHeHAHbIX AuddepeHuH-
aJbHBIX YpaBHeHHH:

—Aj+ Cox+xy=0, }

A% + Coy —xx =0. (6.13)

Cucrema ypastennfi (6.13) sipasierca npubJuxKeHHOH, OnHchbIBas
JBHXKEHHE THPOCKOMAa MNpW Maablx yraax Hytauwd. Ecam yroa Hy-
TallHH paBeH HYJIO, TO TOBOPAT O CHOSILEM [OJOXKEHHH BOJUKA.
B 3TOM cayyae BHelIHWH MOMeHT paBeH Hyumio. ChaeloBaTenbHO,
ypaBHeHHs (6.13) omuchIBalOT ABHXKEeHHE THPOCKONA B OKPECTHOCTH
€ro «CMSALIEro MOJOXKEHHUS». .

Cucrema ypaBHeHuji (6.13) — ato cHcreMa ypaBHeHHH ueTBep-
toro nopsiaka. OgHako oHa CBOAHTCA K OAHOMY YPaBHEHHIO BTO-
poro mopsAka, HO ¢ KOMILIEKCHHIMH KO3(QQHUHEHTAMH W OTHOCH-
TEJBHO HEKOTOPOH KOMIJIEKCHO3HAYHOH (YHKUHH AeHCTBHTENbLHOrN
aprymenra.

BeeneM HoBOe HeH3BeCTHOe

L=x+iy (i=V—1)

YMHOXKHM nepBoe H3 ypaBHeHuil cucremnl (6.13)- Ha [ U CJI0XKHM CO
BTOPBIM

AL+ Co(y — ix) + %L =0.
Ho
k= — i+ i) =— L,
¥ NO3TOMY OKOHYaTelbHO cHcteMa (6.13) npuBoguTCcs K ciieayio-
leMy YpaBHEHHIO BTOPOTO MOpPsKa:

At — iCot — g =0. (6.14)
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OOG6hiuHO BBOAATCS 0603HaYeHHS
. . LI N .
a~" AT e
u ypaBHeHHe (4.14) 3anucbiBaeTcsi B CJEAYIOUIEM BHIE:
{— 2iewl — n2g =0. (6.15)
Hrak, nocraBieHHas 3alaya CBelleHa K H3YUYEHHIO YpaBHEHHs
(6.15).
3. Cayvaii nOCTOAHHBIX NapaMeTpoB. JDJeMEHTApHAs Teopys
rupockona. Ecin ¢ynkuus n(f) He 3aBHCHT OT BpEMeHH, TO ypaBHe-

HHe (4.14) — 3T0 ypaBHeHHe C NOCTOAHHBIMH KO3((HUHEHTaMH H
€ro pemeHHe ajaeMeHtapHo. [lonaras

{=2zeM,
MIOJy4HM XapaKTePHCTHUECKOE YpaBHeHHe
u2— 2iewp — n?=0,

OTKYyZa
n=iea + Vn?— el (6.16)
PapenctBo (6.16) mokasbiBaer, YyTo eC/lH yC/a0BHE »
e?w? 2> n? - (6.17)

He BBINOJHEHO, TO OJHMH M3 KOpHell XapaKTePHCTHUECKOro YypaBHe-
HUsl OyldeT HMeTb NOJIOXKHTENbHYIO AeACTBHTEJNbHYIO 4YacTh H, cJe-
J0BaTelbHO, «COsiLee NOJOXKEHHeY FHPOCKona 6yleT HeyCTOHUHBbLIM.
Ycnosue (6.17) HasbliBaeTcsi ycJOBHEM YCTOHYHBOCTH THpOCKOMA.

[1pennonoxuM, uto ycjoBue ycroHuuBoctd (6.17) BhINOJHEHO;
tTorfa ofluee pemeHue ypaBHeHHs (4.15) MoxKHO npelICTaBHTb B
BUlle

= C.exp{ (e(o+ Vme —nz)t}-} Czexp{ (em—l/me —n-’)t]

rae C, u C2 — NPOM3BOJbHBIE MOCTOSIHHLIE, ABJISIOLLHECS KOMILIEKC-
HBIMH YHCJIaMH
: Ci=Cy+iCys, Co=0Cy+iCy

Tak Kak {[=x+iy, T0O OOKI HHTerpas cucTeMb (4.13) MOXHO
NpeACTaBUThL B CAeyOLleM BHIE:

x=C,coslea+ Vela? —n?)t — Cypsinleo+ Ve2a—n?)t +
+Cy cos(ea— YV ePal—n?}t — Cysinleo — V2ol —n?)t,
y=Cy sinea + Ve?o? —n?)t + Cjycos (ea + Ve2o? — )t+

+ Cy sin(eo — y e®0? —n?)t + Cycos (ew — V 20? — n?)t.
' (6.18)
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®opmyabl (6.18) MoxHO nepenucaTth eLle H Tak:

x=xM0 4 x@, Y=y +y3,

£V = Acos {(eo + Ve2a?—n?)t + ¢}, |
yW = Asin {(eo + V2ol —n? )t + ¢},
x@ = Bcos {(e0 — V2ol —n?)t + 1},
y® = Bsin {{ea — Ve®0? — n? M + ),

sneck A, B, ¢ H 1 — NPOH3BOJIbHBIE MOCTOSIHHBIE, CBI3aHHbBE C MO-
cTosiHHBIMU Cj dhopMyaaMH

rae

(6.19)

Acos g=Cy, Asing=_Cy,
Bcosp=Cy, Bsinp=Cy.

®opmyabl (6.19) nokasbplBaloT, 4TO [BHXKEHHE TOYKH Mepeceye-
HHA E° ¢ NMJOCKOCTBIO, MepneHAHKYJaApHOH ocH Oz, ONHCHIBAIOT He-
KOTOPYIO KPHUBYIO, SBJSAIOULYIOCS CYMepPno3HUHeH ABYX BpallaTenb-
HbHIX [BHXeHHH. BpauiatenbHoe [BHKeHHE MO OKPYXKHOCTH C pa-
JAHYCOM, pPaBHHIM A, H yI0BOH CKOPOCTbIO M, = e + V e%e?—n?,
HMeHyeMmoe OblcTpoll MpeueccHell, MPOHCXOAHT BOKPYr TOYKH, KOTO-
pas B CBOIO ouepejib BpalllaeTcs BOKPYI Haudasja KOODAHHAT IO
OKPYKHOCTH pajinyca B ¢ yrioBoil CKOPOCTBIO Iy = ew — V e?a?—nZ.
[Tocneanee ABHXXeHHe Ha3blBaeTcs MEMJIEHHOH NpeneccHer. ‘

4, 'mpockon B mnoJge mepeMEHHON HanpsikeHHOCTH. [IpeamoJo-
KHM Tenepb, YTO HaNpPsKEHHOCTb BHELIHEH CHJBL g (C/ef0BaTeNbHO,
H BeJTHYHHBI 1) MeIJeHHO H3MEHSIeTCsl CO BpeMeHeM

n=n(set),

rjie € — MaJibli napamerp.
BBeseM HOBYIO He3aBUCHMYIO NEepEeMEHHYIO

T=¢t

W nepenuuieM ypaBHeHHe (6.15)

q2 . d
Tﬁ% — 2zem7\,d—$ —An?(1)5=0. (6.20)

D70 ypaBHEHHE HMEET HECKOJIbKO GoJsiee cJ10XKHBIA BHA, YEM Te ypaB-
HEHHs, KOTOpble OBbIIH PAacCMOTPeHbl B MePBBIX maparpadax 3Tol
rJ1aBbl, MOCKOJBKY { —— KOMIUIeKCHO3HauHasa QyHkuus. OnHako 06-
Hiasl CXeMa pacCyAeHHH ocTaeTcss HeH3MEHHOM.

[Tpexne Bcero B ypaBHeHun (6.20) chenaeM 3aMeHy mepemex-
HBIX

L=mexp{itent).
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[locne oueBuAHBIX nMpeobpa3oBaHHi A/ HOBOH HeH3BECTHOH MBI 1O-
JYUHM ypaBHEHHe, KOTOPOe YXKe He COJAePXKHT NepBOH MPOH3BOLHOH

L0 a2 (% — n)n =0. (6.21)

YpaBHenHe (6.21) oTHocHTCA K TOMY THINY ypaBHEHHH, KOTODHIM
OLLIH NMOCBSALIEHBl [ePBble naparpaq)bl 3TOH IaBHl:

L0 LW (@) =0.

Ero snuHeiiHO He3aBHCHMble PeIICHHA HMEIOT BHJ,

0= exp +LA.f V@) dv (¢t=12).
V f@
Tak Kak B HameMm cJjyuae
f=e’w?—n?>0,
T0 0o6lHKM pelleHHeM ypaBHeHHs Oyler

T
4] =—:l_(—:_‘—— 2 L},f ‘/32(!)2—ﬂ,2d17 +

]/ezmz_ n? 0

T
+ C: __ exp { — i J }/'02032 —n? dr] .

Y e2o? —a? 0

Teneppr Mbl MOXeM BHIHCaTh 06iliee pelteHHe ypaBHeHHs (6.20)

t= 7———0— exp i idew! + iA f Veal—nldui +
Vil — nt
+TC——exp L?»emt——zkf}/em"’—n?dr .
VY eto? —n? :

(6.22)

Umes B pacmopsizkeHHH dopmyny (6.22) H nmoBTOpAA paccyXieHus,
NpHBe/leHHbIe B KOHIe NpeAbIAYIIero NyHKTa, MBl JIETKO YCTAaHOBHM,
YTO, KaK H B CJydae MOCTOSAHHBIX KO3(HIHEHTOB, THPOCKOMN COBEp-
LiaeT CJA0XKHOe ABHXKEHHe, KOTOpoe IpejcTaBasier cO60H cyneprnosu-
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UHI©O MeAJeHHOH W GblcTpoil npeueccHH. Bosspauiasce oT nepemeH-
HOrO T K NCPEeMeHHOH f, Jlerko YCTaHOBHTb, YTO GHICTpasi NpeueccHs
B JaHHOM CJyuae OMHCHIBAETCS CAeAyoHUMH bopMyaamu:

x4 s eot + f Velol—ndt+oq,

Vew=w (6.23)

y(1)=~—4-——i~—-sin emt+fVe2m2—n2dt+¢ .
0

l/ezmz Y

J_-[Jlﬂ MeJJieHHOH npeueccHH Mbl NMoJayudaem cJjeayloimure Bhlpa*KeHHd:

@ =

———— co0s jent — fVe o —n?dt+P g,

]/ezmz T2

(6.24)

t
y(z):4—B._ sin { eof — fVe2m2—n2dt+¢ ,
Vel =n? 0

rae A, B, Y U ¢ — NPOU3BOJLHBIE NOCTOSIHHBIE,

B ornnune ot cayuasi, pacCMOTPEHHOro paHee, KaK 3TO NOKa3bl-
BatoT Gopmyan (6.23) u (6.24), ABHXKeHHe TMPOHUCXOAMT C mepe-
MeHHOH aMIIUTYIOH H NepeMeHHOH yacToToH,

Mpl paccmoTpesau caMylo MpOCTYIO 3ajauy o JABHXKEHHH THpPO-
CKolla MNPH YCJIOBHH, 4YTO €ro mapaMerpbl MeAJeHHO H3MEHSIIOTCS.
OnHako H3/J10XeHHBI MeTo] JonyckaeT pasHooGpasnblie 06061IeHH:
W TO3BOJISIET pelllaTb 3HAUMTENbHO 6Goslee CJOXKHbBle 3a]a4M, BO3HH-
KalolllHe B TEOPHH THPOCKOMNA, KOTJAa MOMEHTBl BHEIIHHX CHJ U ero
napamerpbl MelJeHHO U3MEeHSIIOTCS BO BpeMeHH. K ojHoll M3 Takux
3alay Mbl U NEePEXOAHUM.

5. YpasHeHus GanaucTHKH. PaccMOTpPUM NpoCTeilllylo U3 3ajnay
6anHCTHKHM BpaIllaloWerocs apTuiJiepHiickoro cHapsaa. Bynem
CYHTaTh, YTO Ha BPAIIAIOWMACA apTHIIEPHIACKHI CHApsI lleHCTByeT
eJMHCTBEHHbIl BHEILHUH MOMEHT — aspoiHHaMuueckuil. B Takoil mno-
CTAHOBKE 3Ta 3aJlaia sBJfAETCS MOJAeJbld OYeHb AaJieKoH oT jell-
crBUTebHOCTH. Halla eAMHCTBEHHasi Uesb — MOKa3aTh HEKOTOpble
YCTaHOBHBLIHECS! TMOJAXOABl 1Jisi pPelleHust NOJAOGHHIX 3alay, pauuo-
Ha/lbHOE COJlepKaHHe KOTOPbIX MOATBepXaeTcs MHOTOJNETHEH npak-
THKOH.

JBHXKeHHe apTHINEPHHCKOTO CHapsja OMHCbIBAETCS ABYMSl Bek-
TOPHBLIMH YPaBHEHUSIMH: YPaBHEHHEM KOJHUECTBA JBHXKEHUSI U ypaB-
HeHueM MOMeHTOB. IlepBoe M3 3THX ypaBHeHHH OnHcHIBAET ABUIKEHHE
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IHeHTpa MacC, a BTOpO€ ABHXKEHHE OTHOCHTEJbHO ILE€HTpa Macchl

d? R '

R (6.25)
d2
K- (6.26)

3aech r — pagHyc-BEKTOp 1IeHTPa Macchl CHapsijia, g — HampsiKeH-
HOCTh TPaBHTAUHOHHOTO MNOJsl, R — BEKTOp BHELIHHX CHJ, M —
Macca cHapsia, K— KHHeTHUeCKHH MOMeHT, L — MOMeHT BHeIl-
HHX CHJ.

BHenrsue cunbl  R— 3T0 a3pojAMHAMHUYECKHE CHJIbI, 3aBHCSIIHE
oT yria HyTauuu v. OcHOBHOH 3ajauell BHellHell GaJJHCTHKH Ha-
3plBaeTcsl 3ajaya ONpeleleHHs TPaeKTOPUH UEeHTpa Macc B Npel-
NOJOXKEHHH, UTO YroJ HYTallud paBeH HYJ10. DTa TPAaeKTOPHS BCeria
ABJAsieTCA NJOCKOH. BHellHsis 6alNHCTHKA HMCIOJAB3YeT CAeNYIOILYIO
THNOTe3Y: ABHXKEHWe OTHOCHTENBHO IEHTpPa THMKECTH MOXKeT ObiTh
u3y4eHo C OOJbIIOH CTeNeHbI0 TOYHOCTH, €CNH MPEANOJ0XKHTb, UTO
caM LEHTpP TSKECTH JBHUIKETCS! MO TPAEKTOPHH, HBJIH}OU.leﬁCH pelle-
HHeM OCHOBHOM 3a/llaui BHelIHel GaNJIHCTHKH.

OTa runoTe3a Hrpaer BaXKHYIO POJib, MOCKOJBKY OHA MO3BOJSIET
U3YUHTb ypasHeHHe (6.26) HezaBHcHMO oT (6.25).

Wrak, MBl NpHILTH K 3ajlaue HCCAEJOBAHHSI NBHUMKEHHS THPOCKO-
na B MOJABHXHOH CHCTEME KOODAHHAT OXyz. ATy CHCTEMY KOOPJAHHAT
CBSKEM C HamnpaB/leHHeM BEKTOpa CKOPOCTH IEHTpa Macchl (cM.
pac. 40). Baosab BekTopa CKOPOCTH HamnpaB/ieHa OCb 0Z, OCb OX Ha-
npaB/ieHa MO NepeceyeHHio BePTHKANbHOM miockoctH XOY u mio-
CKOCTH, HOpMaJ/bHOH K OCH 02. OcCb Oy JIeXHT, TakHM 00pasoM, B
ropusoHTanbHoii naockoctd YOZ. Cucrema koopaunat OXYZ ue-
NOJBHXKHAs!, CHCTéMa KOODAHHAT Oxyz BpalllaeTcsi C HEKOTOpPOM
MIHOBEHHOI yTJIOBOH CKOPOCTBIO @*.

O6o3Hauum uepes dK/di npousBoanyiwo Bektopa K  OTHOCH-
TeJbHO NOJABHXHOH CHCTeMBl KoopAuHaT. Torga ypaBHeHue (6.26)
MOXKHO 3alHCaTh B ClAeLyIOlleM BUAE:

K ro x K=L. (6.27)

CornacHo mnpeabaylieMy

K=Aw+Co, (6.28)
Tleé @) — MTHOBEHHasi YIrJoBasi CKOPOCTb BpAalUEHHs] BEKTOpa
o=0ot’. [losToMy /HHefiHasi CKOPOCTb KOHIa BeKTopa &0 Gyner

dg®

T X
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[NepefineM Tenmepn K Bpaiawoulelics cucteMe koopauHat. Toraa

ds +0 XE=a X8

O6e yactu 3TOro paBeHCTBA YMHOXKHM BEKTOPHO cjeBa Ha E°
X0 XE)=0"(E-5)-FE 0)=0"-FF. o),
X (0 XE) =0, -5 (E o).

Ho nocnennssi cko6ka paBHa HyJI0, NOCKOJBKY BEeKTOpH & H o
oproroHanbuble. Mrak, dopmyay (6.4”), kKoTopyio Mbl HMeeM B cJy-
Yyae HeNOABHXKHOH CHCTeMbl KOODAMHAT, MBI [0OJI2KHbl 3aMEHHTb Ta-
KO#:
dg? . .

=§0X—dt—+(0 '—EO(EO-(!)). (6.29)
Hcnonesys sbipaxkenus (6.28) u (6.29), npeobpasyem (6.27). [pu
3TOM Mbl YCJOBHMCSI CUHTAThb, YTO ONPOKHABIBAIOIUMH MOMeHT L
onpefeasierca ¢opmymaoit (6.7), rae x(f) — xapakTepucTHKa aspo-
JHHAMHYECKOH CHJBl, KOTODasi 3aBUCHT OT CKOPOCTH H, CJeloBa-

TeJbHO, MEAJEHHO H3MeHsieTcst co BpeMeHeM. B pesysabTate BMecTo
ypaBHeHHs1 (6.9) MBI MOJYUHM caeayioulee:

4780 gg . 450 L\ _
AEx G —d—t(g""”)—?’(d—t"”)
do* do*
— (B L) (B0 ) 2y (0 x B
— 0" X{CwB+ A §°xi§°——§°(§°.m‘) .
af
CoGupas n011061-n>1e YJIeHBl, MOJYUYHM OKOHYATEJbHO

2% 0
clLp+ralto@ ><§°))+A{§°><"d§2 -
dEY do*
_Qd_t(go'm) go(go dt ) T
— (8- 0") (0" X §) =x%(#)(2° X §). (6.30)
B ypasnenuu (6.30) GyHKUHH %(f) U w*(f) LOKHB CUHTATHCS H3-
BECTHBIMH, IOCKOJIbKY OHH ONpejeseHbl pellleHHeM OCHOBHOH 3a1auH

BHelHe# Ga/THCTHKH. TaK Xe, KaK M CHCTeMa (6.9), cucrema (6.30)
JOMYyCKaeT NepBbIfi HHTerpaJ

o=const. (6.31)

Hcnonb3yst 370 COOTHOLIEHHE, Mbl MOXEM YIPOCTHTb COOTHOLIEHHE
(6.30) u 3anucatb ero B npoekuusx Ha och Ox u Oy. I1poekununu
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d2~§° dgo

BekTopoB &% X —g;= M —j BbIUHC/IEHb paHee NP BbIBOJE Yypas-

Heuuil (6.12).

PaccMOoTpuM Temepp BEKTOpP @F; NMOJABHIKHASL CHCTEMa KOOP/IH-
HAT MOXeT COBepLIaTh BpalllaTeNbHOE JABHKEHHE TOJNBKO BOKPYT
oceii Ox u Oy

£ F * ()
o =0 X0+ oy

Bpamerme BOKPYTr ocH Ox NMPHBOJAMT K H3MeHEHHUIO yria 1 — yraa,
KoTopbiil ob6paayer ocb Oz ¢ BepTHKaJNbHOH MJIOCKOCTBIO. DTOT yrod
YCIIOBHMCsl OTCUHTBIBATH OT ocH Oz. Torna

mx=—1|3.

AHanoruuno

Urak,
o*= —px'+ 0y°.

Tenepe Mbl JIETKO BBIYHCJIHM NPOEKLUHH OCTAJbHBIX BEKTOPOB H
NpoH3BeJeHHs!, BXOAs1He B ypaBHeHne (6.30):

0 X %= 02x° + Ppzy° — (1hy + 6x) 29,

do* .
= — X0+ By,

(- 07) = — px+ 6y,
de* -
(EO-%)= — Ppx + 8y.
Mcnosnbayst aTH paBeHcTBa, mepenuilem ypasHeHHe (6.30) B mpoek-
uusix Ha ocH Ox u Oy
A(yz— j2) + Cox — 2Ax (0y — bx) — Ax By — Px) — ]
— Ap— Cabz — Abz (by — Ppx) = — = (D) y,
A(tz — 2x)+ Coy — 2Ay (6y — px) — Ay (By — Px) +
+ Ab + Copz — Az (0y — px) =% (¢) x.

(6.32)

dtu ABa ypaBHEHHsl COBMeCTHO ¢ HHTerpasoM (6.31) u ycioBuem
HOPMHPOBKH
24y 422=1

MOJTHOCTbIO ONTHCBIBAIOT JBHXXEHHE THPOCKONA B CHCTEMe KOOpPAHHAT,
KOTOpast ABHXKETCsl 3aJlaHHbIM 06pa3oM.

Teneps nuHeapusyeMm sty cucreMy. Ilpu stom Mbl 6ymem cuu-
TaTh, UTO H CHCTEMa KOOPJAHHAT OXyz Bpallaercss MeJJeHHO, T. €,
YTO BeJWUWHbL MPOU3BOAHBIX YIJIOBOH CKOPOCTH TaK:Ke MaJbl,
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Kpome toro, Mbl mpumem, uto ¢ == 0. [locreanee osnauaer, uto B
KauecTBe BEPTHKAJIbHOH I0CKOCTH. OZX HmpHHATA MJIOCKOCTb TPaek-
TODHH, HaHJAEHHON mpu pellleHHH OCHOBHOH 3ajaun. B peayabrare
Mbl [OJYYHM CJELYIOLLYI0 CHCTEMY YpaBHeHHH (cpaBHHM ¢ (6.13)):

Ak + Coy — % {t) x = A8, } (6.33)

Ajj — Cox —x(f) y= Cab.

Cucreéma (6.33) oranuaercss ot cucremsl (6.13) ToAbKO TeM, HTO
B €e 1IpaBoil YacTy CTOSIT HEKOTOPble H3ReCTHbie (DYHKIHH BPEMEHH,

6. Hccaeposanue cncrembl (6.33). Pemenne cucrembl (6.33)
MOKHO MPEeACTABHTb B BHAAE

x=F+x*  y=F+y*, (6.34)

rie ¥ U j — pellleHHe OJHOPOAHOH CHCTEMBl, onpefensieMoe Gopmy-
damMu (6.23) u (6.24); x* u y* — vacTHOe pelleHHe HEOAHOPOAHOMH
cucreMmbl (6.33). i oTbickaHHA 3THX QYHKUHHA CHOBA MOMKHO HC-
M0/1b30BATb METOJ aCHMITOTHYECKOro MHTerpupoBaHusa. B § 4 stoi
r1aBbl OblIH AaHbl NpUOAHKeHHble GOPMYJbL A8 OnpeiedeHHs YacT-
HbIX pelleHHH. Micnoabays 2tu GopMyasl, noayuum

. Ae * Cwb

x=—_—"€—(7)—’ y=—KU). (635)

HanbHeftllee HccledoBaHHE YpaBHEHHH Oa/VINCTHKH Bejercs
o6bIUHO MO cAenyolled cxeme. YpapHenns (6.25) BbimHcbiBalOTCH
B NPOEKUHAX Ha OCH HEMCABHXCHOH cHcTeMbl KoopauHat OXYZ u
Ha OCH MNOJBHKHOH CHCTEMbI KOOPAHHAT 0XYZ.

CucreMa CKa/lsipHbIX ypPaBHEHHH HMeeT NpPH 3TOM CJEYIOUIHIT
BHJ:

4 sineg— Rxu X)

77 = —gsind p ,
do gcos 0 Q: (x, y. X)
F=_ v + mu ’

' (6.36)
db _ Q0 X)  dX _ oY =
ar mo o dt = vsin®, F“Usmlp’

Z . : - -
{fj—t=v‘/l—(sln29+sm21p)=0Vcos29—sm21p,

rae X, ¥, Z — KoopauHaThi LeHTpa Macchl B HHEPUHAJbHOI CHCTEME
koopuHaT. [lepBble TpH ypaBHEHHsi 3TOH CHCTeMbl HOCAT Ha3BaHue
AMHAMHYECKHX K YDaBlHEHHH: OHH OMHCBIBAIOT H3MEHEHHEe BeKTopa
U — CKOPOCTH UE€HTpa Macc cHapaga. [locieaHue tpu ypasHeHus
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HOCAT Ha3BaHHE€ KHHEMAaTHYE€CKHUX: OHHUH NO3BOJAAIOT onpelejquThL I0-
JIO2KeHHEe LleHTpa Macc, €C/IH H3BeCTeH BEKTOP CKOPOCTH.

B nunaMuueckue ypaBHeHHS BXoAAT QyHKUHH R, Q, u Qz R —
cuna n1060BOro CONPOTHBJIEHHSA, 3aBHCALlAadA OT KBajapaTa yrja HY-
TAUHH

R=Ry+R*(x2+y?),

Q. 1 Q2— 3TO cocTaBJsipOlllHe BeKTOpa MojbeMHOH cuabl. C 6omb-
OH CTeneHblo TOYHOCTH MX MOXKHO CYHUTAThb JHHEHHbIMH (GYHK-
LHSIMH NMepeMeHHbIX X H Y

G, Loy (6.37)

m m

[Ipeanosnoxum Telepb, YTO B HalileM pacloOpsXKeHHH HMeeTcs pe-
lleHHe OCHOBHOH 3ajayd BHellHefl OaJIHCTHKH H pelleHHe 3ajayH
06 OTHOCHTEJIbHOM /BHXKEHHH OKOJO I€HTpa MaccChl, T. €. (QYHK-
UMM X H Y, onpejesneHHble dopMyiamu (6.34). Caenyouiuii sTan
peleHuss obiulefl 3anaud OaJJIMCTHKH COCTOHT B TOM, 4TOOBI ompe-
JIe/IMTh BJHSIHHE OTHOCHTEJbHOrO JBHXKEHHS Ha TPAeKTOPHIO LIeHTpa
Macchbl. ITOT BONpPOC MOAPOOHO H3yyeH B psifie KHHUT *). BecbMa 06-
WIMH TOAXOA K pelleHHi0 [OCTABJEHHOH 3ajlauyd M[pesoxKeH
B. C. IlyraueBniM **). PeieHue MoxeT ObIThb NPOBENEHO TAKKE B
paMKax TeopdHH Bo3MylleHHH. Ilasi 3TOro AOCTATOYHO NPHHATH

=0+ Av, 8=0°4+ A8, ="+ Avp,
v=0v"+ Av + ="+ AP } (6.38)

X=X+AX, Y=Y°+AY, Z=2°+AZ

[ToncraBuM BbIpaxKenus (6.38) B cucremy ypaBHeHH# (6.37) n
JHHEapU3yeM 3Ty CHCTeMY, CYHTasi MaJjbIMH BeJHYHHAMH NepPBOro
nopsjika Bce npupaienus Av, A8, Ay, AX, AY, AZ u cocraasio-
liHe yrJja HyTaluuW -— BeJUYHHB X u y. OrbpachiBasg Masble BTO-
poro nopsjka, Mbl NPHIEM K CHCTeMe JHHeHHBIX ypaBHeHHH OTHO-
CHTE/bHO 3THX MepeMeHHbIX. AHaNn3 MOJyYeHHbIX TaKHM crnocobom
ypaBHeHHH [O03BOJSET PACCUYUTATh BJHSAHHE OTHOCHTEJbHOrO JBH-
KEeHUA Bpallamllerocss cHapsija Ha ero rpackropuioo. CyllecTByioT
pasnoo6pasHble npub/nKeHHble cnocoObl MoAOOHLIX pacyeroB. 3a
BCeMH MOAPOGHOCTAIMH Mbl OTCHIIaeM 4YHTaTeqas] K ClelHa bHbIM
PYKOBOJCTBAM N0 Ga/UIHCTHKE, LUHTHPOBAHHBIM Bbille. 3]ecb Mbl
clles1aeM TOJIBKO HECKOJIbKO 3aMeyaHui.

*) CM., HanpuMep, . A. Benruenn, BHemnsas Ganractuka, M., 1940.

**) B. C. I[Tyraues, O6utas 3anaua 0 ABHIKEHHU BpalllaK)LLI“FOCﬂ apTin-
Aepufickoro cHapsja v Bo3ayxe, Tpyas BoeHHo-BO3aymiHoi aKajeMHH HM. }Ky-
koBckoro, Ne 70 (1940).
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PaccMOTPHM BHauvaJjie BeJHUMHBl A8 H Av; HX MOXKHO mpeiacra-
BHTb B BHJE

t
A8 = I Ko (2, ©) x (v) dr,
° (6.39)
Mp= [ Kyt )y (@) dr,
0

rie Ko u K,— 37emeHTH Matphusl I'pPuHa A/ JiHHeapH30BaHHOH
cucteMbl. @ynxkuun Ky u K, onpenensiiorcsi TOJbKO XapaKTepom
TPaeKTOPHH B OCHOBHOH 3ajaue BHelIHeid Ga/JIHCTHKH H He 3aBHCAT
oT Bo3MyuieHH#. Beguunanl x(f) u y(f) B 3THX BHIpa’KeHHSX OIpe-
nensiores popmynamu (6.34). OnpenesnB BesHUHHBI AG H A{p npH
noMouid ¢opmys tHna (6.39), Mbl MoXKeMm 3aTeM pacCuHTaTh Be-
anuuibl AX, AY u AZ, T. e. onpee/HTb NOJHOCTbIO Bee 3(deKThH,
cBsi3aHHble C BpallleHHeM cHapsja.

B paMKax H3JI0)KeHHOH TeOpHHM MoKeT OBIThb pellleH H elle OJHH
Ba)KHBIH BOIIPOC — KAaKOH [0JIXKHa BbIGHpaTbCsl yrjioBasi CKOPOCTb
coGCTBEHHOTrO BpallleHHs1 CHapsjga. Bo-mepBblX, OHa JOJMXKHA ObITh
JOCTAaTOUYHO BeJIHKa, YTOOBI, BO BCSIKOM CJyuae, YIOBAETBOPHUTDb YCJIO-
BHIO YCTOHUHBOCTH, TAK KaK B NPOTHBHOM cjlyuae cHapsii HauHeT
KYBHIPKAaTbhCSl HA TPAeKTOPHH H ero ABHXKeHHe OyJeT AaJjleKo OT pac-
cuerHoro. OQHaKO yrJjioBasi CKOPOCTb He J0JI’KHa OBITh H OCOGEHHO
Go/IbILIONA, TAK KaK B 3TOM Cjydyae YMIOBas CKOPOCTb M 2AJeHHOH
npemeccHi OyIeT CTO/b Majia, UTO CpeJHee 3HaueHHe KOOPDJAHHAT X
H y 6yJeT HMeThb HEKOTOpbie HeHYJeBble COCTABJSAIOILIHE H OCb CHa-
psifa OyJeT MI0XO CJeIHTb 338 KacaTeslbHOH K TPaeKTOPHH.

HMrak, Mbl BHAHM, YTO aCHMITOTHUECKHE MeTOJAbl GOJIBIIOro ma-
paMeTpa SIBJSIIOTCA €CTeCTBEHHBIM H OYeHb 3((deKTHBHBIM CPeACTBOM
IJISl pellieHHsl NMpPaKTHYECKHX 3ajau THNA 3ajad OaslIuCTHKH.

§ 7. OcoGbie cayyan (ACHMIITOTHKA M OKPECTHOCTH
TOYeK BO3BpaTa)

1. MpeasapurenpHble 3aMedanus. [1o cHX MOp Mbl H3YYaJH TOJb-
KO Te CHCTeMbl YpaBHEeHHH, Y KOTOPHIX KOPHH XapaKTE€PHCTHUECKOTO
ypaBHeHHs He 0o06paulaloTCs B HYJb BHYTPH PaCCMATPHBAEMOrO HH-
tepsana Bpemenn [0, 7]. KpoMe TOro, npuH H3yuyeHHH cjiyyasmi Kpart-
HbIX KOpHeH Mbl IpelrnoJaraju, YTO paccMaTpHBaeMasi CHTYyalus
(HampuMep, KPaTHOCTb KODHSl H CTPYKTypa 3J/IeMeHTapHBIX [eJHTe-
Jei) coxpaHsiercss Ha BceM oTpeske BpeMeHH [0, T). Touku, Jexa-
liHe BHYTPH HHTepBaJa HJIH Ha €ro KOHLAXx, Tie paccMaTpHBaeMasl
CHTyalHsi Hapyulaercs, YCJOBHMCS Has3blBaTh TOYKAMH BO3BparTa.
ACHMIOTOTHUECKOE MOBEJEHHE pellleHHH B OKPECTHOCTH 3THX TOUYEK
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yXKe He MOMKeT ONUCHIBATBCA (POPMYJaMH, KOTOpbie MBI BBIBEJIH B
NpeAbAYIMX naparpadax 3TOl ryaBbl.

Bonpoc o moctpoeHHH nomOGHBIX ACHMIOTOTHK TECHO CBsisaH
¢ ApyruM obuiuM BompocoM. o cHx mop MBI H3yYaaH aCHMITOTHYE-
CKHe MpeACTaBIeHHsl SKCMOHEeHUHANbHOTO THIA, HANPHMeED TaKHe

t

Yy ~exp Afpmdtdaxx (7.1)
0

rae 2(f, A) — HekoTOpasi BekTop-(YHKLHS, NpPeACTaBleHHAsl OTpe3-
KOM pfilla, PaclnoJOXKeHHOro N0 UedblM CTENeHAM BeJHYHHb /A
CrpykTypa BblpaxeHusi (7.1) mnokasplBaer, 4To MPHpOJAa pelIeHHH
H3ydaeMBIX CHCTeM TaKas Xe, KaK M y CHCTeM JIHHEHHBIX YpaBHeHHH
C MOCTOSIHHBIMH K03 HULHEeHTAMH, NOCKOAbKY QYHKLHA

exp {Aq} - 2,

rie 2 — NOCTOSIHHBIA BEKTOpP, a @ — JUHelHas (YHKUHUS BpeMeHH,
MOXKET PacCMaTPHBATBCA KaK YacTHOE pelieHHe HEKOTOPOH CHUCTEMBE
ypaBHEHHH C MOCTOAHHBIMHU KO3(P(HLHEHTaMH

dy _
25 = My, (7.2)

rae A — nocTosiHHAA MaTpHla.
EcTtecTBeHHO, BO3HHKaeT Bonpoc 00 HCCJAENOBAHMHM ACHMITOTH-
YyeCKHX NpeAcTasJ/eHil 6o/ee 001ero BUAa

y=0(AFp)z(t, A), (7.3)
rae £ — uucno, a @M (x) — pelienye «3TaJOHHOTO» YDaBHEHHA
dy
—c = By, (7.4)

B KOTOpOM MaTpuua B --3To HexoTopass YHKUMS BpeMeHH. Mul
YBHJAHM HHXKE, 4TO ACHMINTOTHYECKHE MpPEACTaBIEHHA peUleHuil B
OKPECTHOCTH TOYEK BO3BpPaTa OKaXKyTCsA CPedH NMpeAcTaBIeHHH BHA
7.3).
( B. C. IlyraueB 6bu1, NO-BUAHMOMY, MEPBbIM, KOTOPHIH Npeanpu-
HAJ CHCTEMaTHYecKoe H3yueHHe mnpeAcTaBieHud Buia (7.3) *). K
6blia pasBuTa obilas Teopusa npeicTaBiaeHuit Buaa (7.3) B mpen-.
NOMOMXKEHHH, YTO Ha pacCMaTPHBAEMOM OTpPE3Ke BpPEMEHH CHCTeMa
He MMeeT HH TOYeK BO3BpaTa, HH KPaTHBIX KOpPHeH.

B 1948 r. aBTOpoM 3TOi MoHOrpaduu ObIIM H3YYEeHBl HEKOTO-
pble CMELMaJbHOIO BHAA CHCTEMbl BTOPOrO W 4YeTBEPTOro MOpsiKa,

*) B. C. MMyrauen, O6 acHMNTOTHYECKHX TNPEICTABJEHHSX HHTETPAJIOB CH-
cTeM OGLIKHOBEHHBIX JiHHefAHbIX AuddepeliunalbHblX ypaBHeHHH, codepxauux na-
pamerp, MateMart. cGopHuk, T. 15 (57), Ne | (1944).
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Ho B oT/1Hude oT pabotsl B. C. [lyraueBa Oblna paccMOTpeHa CTPYK-
Typa 4CHMIOTOTHYECKHX [peACTaBJeHHH B OKPeCTHOCTH TOUeK
Bo3Bparta. IlosnHee HEKOTOpble H3 3THX Pe3YJIbTaTOB OBLIH HCIOJb-
30BaHBl AJs1 NOCTPOEHHS NPHOJHKEHHBIX MEeTOMOB UYHCJEHHOTO HH-
TerpupoBanus *).

B 1953 r. A. A. JoporHuubld onyGaHKoBaJd noapobHoe HCCe10-
BallHe AaCHMITOTHUECKOTO MoBeJeHHs cOOCTBEHHBIX (YHKIHH 15
sanauu llrypma — JluyBuas B Tex cayuasix, Korja paccMatpuBae-
Moe ypaBileHHe HMeeT TOUKH Bo3Bpata **). B srofi pabore paccMa-
TPHBAJICA TOT CIENHAJbHBIH cJayyal, KOrjla KOPHH XapaKTePHCTHYe-
CKOro ypaBHeHHs oO0painaloTcs B HYJb Ha TpPaHHIE HJIH BHYTPH
paccMaTpHBaeMOro OTpe3Ka BpeMeHH.

B 1954 r. Bomimsa MoHorpadus M. M. Pamnomopra ***). Dta
KHHra SIBHJAch NpeXJje BCEro CBOJAKOH pe3y/nbTaToB, B KOTOPOH MNO-
c/leloBaTeNbHO HPOBOJAHIACh HEKOTOpasl eqHHasl KOHIENIHS H3yue-
HHUA aCHMITOTHUYECKHX CBOHCTB pellleHHH; KpoMe TOro, OHa COJep-
JKaJjia IeJblH psj OpHTHHAJbHBIX Pe3yJabTaToB.

[TapannenbHo ¢ nepeuncaeHHHIMH pafoTaMH Ha 3amaje NOsSIBHJCS
pAl UCCNeOBAHHMH, NOCBSIIEHHBIX TE€M 3Ke BONPOCAM H COJepIKaLIHX
6nu3kde pe3yabTaThl. OTMETHM 31eChb TONBKO OJHY U3 pabOT 3TOro
HKJI1a — pabory Jlanrepa ****).

3a mnocJdenHee jgecsiTHIeTHe OnyGJHKOBAaHO JOBOJBHO MHOrO pa-
60T, NOCBAUIEHHBIX TEOPHH aCHMITOTHUECKHX TNpeAcTaBJeHHH pelle-
HuH OObIKHOBeHHbIX AH((depeHUHaNbHbIX ypaBHeHHH. B 3ToM mapa-
rpade MBl pacCMOTPHM TOJBKO CaMble NPOCTHIE CJYyuaH CHCTEM BTO-
poro nopsjika.

2. dtaNoHHOE ypaBHEHHe, (OPMaJbHOE NMOCTPOEHHE ACHMINTOTH-
YeCKHX PAJOB. YCJOBHMCH pacCMaTPHUBATh YPaBHEHHs BHJA

j+ra(t) +b(t)ly=0. (7.5)

MBI BUJENH, UTO K PACCMOTPEHHIO ypaBueHHA (7.5) CBOAHTCH IeJBbIH
pAl BaXHHX caydaeB. Hanpumep, ypaBHeHHe

j+[Aza+ably=0

NPHBOAHTCA K BHAY (7.5) 3aMeHoH t=1:/1/77 HA=23.

*) H. H. Moucees, O npu6anKeHHOM HHTErPHPOBAHHHM JHHEMHBHX UG-
¢epeHUHaIbHBIX YPABHEHHA BTOPOTO MOPSAAKA. YueHH® 3anuckH POCTOBCKOro yHH-
pepcutera, T. XVIII, B. 3 (1953). - -

*¥) A, A, Jlopo AHHIL B H, ACUMNTOTHUECKHE 3aKOHBI pacnpejfeieHHs co6-
CTBeHHBIX 3HAYEHHMH JJIA. HEKOTOPHIX 0COOHIX BHIOB AHG(depeHIHaNbHbIX YpaBHEHHI
p1oporo nopsiaka. YMH, r. V11, B. 6 (1952).

**+) U, M. PannonopT, O HEKOTOPBIX aCHMNTOTHYECKHX METOZAaX B Teo-
puu anddepeniinanpibix ypasuenni. Max. AH YCCP, Kues, 1954.

*x**¥) Langer R, The asymplotic solution of ordinary linear differential
equations of the second order with special reference to a turning point, Trans.
Amer. Math. Soc., 67 (1949),
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Beexem B paccMoTpenne ¢yHkuuio @D(x), ya0BAETBOPAIOILYIO
yPaBHEHHIO

Gt o= (7.6)

YpaBHenue (7.6) yci0BHMcs Has3blBaTb 3TaJIOHHBIM YPaBHEHHEM.
®yHguHs f(x) TaKkoBa, YTO HHTErpa/bl CHCTEMbl MOTYT GbiTb BHI-
nucaHbl yepe3 u3BecTHole GyHKUHH. BOo Bcex Tex cnyuasx, Koropble
y#e paccMaTpHBAJHCh B 3TOH r/aBe, 3TANOHHBIM YpaBHeHHeM GblIo
TaKogy

420

S+ =0 (7.7)

Peuienne 3TanoHHoro ypaBHeHHs OyaeM cuutaTbh H3BecTHbIM. Cre-
Aysi obliell cxeMe, pelieHHe ypaBHeHHs (7.5) HllieM B BHIe
y=0(x(t))z(t, A), (7.8)

rae M (x) — Kakoe-1H00 H3 YACTHHIX DelIeHHH 3TAJOHHOrO ypaBHe-

Hus (7.6). ®yHkuus x(f) Ham 3apaHee HeH3BecTHa. B Tex cayuasx,

KOTOpble y¥Ke GBblIH paccMOTpeHH, poab x(f) urpana ¢yHKUHA
t

i _[ undi, BbHIGOPOM KOTOPOH Mbl KOMIEHCHPOBAJH YJE€Hbl, COlepKa-
0

L[He CTapLIHe CTeNeHH mapaMeTpa A.
[TonctaBuB BoipaxeHHe (7.8) B ypaBHeHue (7.5), MBI HOJAY4HUM
v)aBHEHHEe OTHOCHTENbHO GYHKIHHU Z(f, A)

5D + 22D, + 2D xxd? + D + (A2 + ) D]=0.

[IpunnmMas Bo BHHMaHHe, 4TO QYHKUHs D(X) yNOBJETBOPSIET
ypaBHeHHIO (7.6), mosyunum

O+ 22D, 54 2{[— B2f (x) + Ma ()| P+ D%+ pD}=0. (7.9)

Mbl cKOMIEHCHpyeM WieHbl Mopsiika A%, eciu BbiGepeM (YHKIHIO
x(t) takuM o6Gpa3oM, yTOObl BbpaXkeHHe B KBaJpaTHbIX CKOOKax
06paTHIOCh B HYJIb, T. €.

SVIG =2Va®. (7.10)
FYpaBHeHue (7.10) B ToM cayuae, Korna f = 1 nepexodHT B ypaBHe-
HHE x%-M/Zz—. [Tonaras x=i7yfp,dt ans w(f), monayuum ypaBHe-
nie p+i)Ya =0, Koropoe MbOI Ha3blBaJH XapaKTepPHCTHUECKHM.

Ha stoM ocHoBauuH ypaBHeHHe (7.10) TakkKe YCJOBUMCs Ha3blBaTh
XapaKTepHCTHYECKHM.
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YpasHenue (7.10) B ofuieM cayyae — 3TO HEKOTOpPOe HesHHeH-
HOe ypaBHEHHe OTHOCHTEJbHO HeHW3BeCTHOH ¢yHKUHH X (£). [Ipeamo-
JIOKHM, YTO HAM YyJaJoCh €ro PelIHTb i NOJYUYHTb PelieHHe B BHIE

x () =rp(t),
TOrfa ypaBHeHHe (7.9) MoxHO OyieT mepemndcatb B ¢opme
@ 42D A5 + 2 [P A5+ dD]=0. (7.11)

Pemenne ypapHeHus (7.11) ecrecTBeHHO MOMBITATbCA Pas3bICKATh B
BHJIE pPsiJla, PACIOJNOXKEHHOrO MO OOpaTHBIM CTEMeHSAM BEJTHYHHBL AS

2=20(t) + A3z, (8) + A Z25(t) + ... (7.12)

[ToacraBasia atoT psaa B ypaBHeHHe (7.11), MBI moayuuM caenyiouiue
ypaBHeHHs A5 onpeleseHds PYHKIHA 2o, 21,. . .!

292, + 209 =0, (7.13)
22, + 2= — 20t 0B (7.14)
X
H T. I
Pemienne ypaBHeHHs (7.13) MoxKeT GbITb MOJNYYEHO B BHOM BHJE
1
20 = TrF==, 7.15

Peuienus ypaBHeHHA LJs 2j, 22 U T. . MOT'yT OBbITb MpeACTaB/EHbL B
tdopMme KBajapartyp.

O6osHauyuM yepe3 @; u @, yacTHbe pellieHHs YpaBHeHHA (7.6).
Torja BHIpa)KeHHE

yt, N=Ci (p(t)) [ + 2520 + ... ]+
+cgc132(7f )[R +1P+ ...], (7.16)

rae (yHKLHA 20(t) n 22 (1) YHOBAETBOPAIOT AH(PPepeHIHalbHbIM
ypaBHenusaM (7.13) u (7.14) mpu ycsioBHH, uTo D=0, 1 D= @,
COOTBETCTBEHHO, JaeT (opMaJjbHoe MpPeACTaB/leHHe AJs 0o6Lero pe-
lieHHs1 ypaBHeHHs (7.5).

B ofuweM cayusae pan (7.16) He TOJbKO He fIBJAsieTCH CXOJf-
LIMMCA, HO OH H He acHMnToTHuecKu#l. Usenbl 3TOro psina BooOGlle
MOryT He cyllecTBoBaThb. [IpHunHa 3TOro 06CTOATENLCTBA COCTOUT
B TOM, YTO B KauyeCTBE 3TaJOHHOIO yPaBHEHHS Mbl NPHUHSAH MPOH3-
BOJIbHOE YDaBHeHHe BTOPOro mopsaxa. EcTecTBeHHO NMpeaonoxHTh,
YTO H3JOXeHHas [polelypa HMeeT KaKOf-TO CMBICA JHIIb B TOM
ciaydae, KOrja pellieHHs 3TajlOHHOrO YpaBHEHH B HEKOTOPOM
cMbicae «OJH3KU» K pellieHHsAM H3ydaeMblx. Tak o6Gcrossao jgeno
B Tex maparpadax 3TOf I1aBbl, KOTJa H3YYalHUCb YpaBHEHHs, GJH3-
KHe K YpaBHEHHAM C MOCTOSHHBIMH KO3 HIHEHTaMH.
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3. ACcMMNTOTHKA pewieHHi B OKPECTHOCTH TOYEK BO3BPaTa, B KO-
TOPBIX KOPHH XapaKTePHCTHYECKOTO YPaBHEHHs 06pPainalorcs B HYJb.
PaccMoTpuM Temepb cHOBa YypaBHeHue (7.5), mnpeanosarasi, uTo
¢yukuusa a(f) obpamaercs B HyJab B Touke f=0. B sTom cayuae
XapaKTEPHCTHYECKOe YypaBHeHHe (B TOM CMBIC/IE, B KaKOM MBI €ro
MOHMMAJH B NepBLIX Naparpadax 3ToH riaBbi)

u+4a(t)=0

Oyner uMeTb HyJieBBle KOPHH, H CJeJ0BaTeNbHO, TEOPHS, pPasBHTas
B HauaJe 3TOH rjaBbl, HenpuMeHuMa. [lo3ToMy aasi nocTpoeHus
ACHMIOTOTHKH B OKPECTHOCTH TOUYKH [=0, Bocno/sb3yeMcsi coobpaxe-
HHAMH 3TOro naparpada.

B xauecTBe 3Ta/IOHHOrO ypaBHeHHS MBI moiGepeM ypaBHeHue,
KO3 PUUHEHTE KOTOPOro UMeWT B Touke f=0 Takyw xe 0colzH-
HOCTb, Kak H QyHKuus a(f). PaccMOTpuUM A onpeleneHHOCTH /ABa
cayuas:

A) a(t)=tq(t), q(0)=*0;

B) a(t)=1q (), q(0)=#0.
B kauecTBe 3TaOHHBIX YpaBHEHHHl €CTECTBEHHO HPHHATb CAELYIO-
flee:

L5 cayyas A)
d2®

— Tx®=0, (7.17)
ans cayvas B)
2
) (7.18)

XapakTepucTuueckde ypasHedusi (7.10) OyayT cOOTBETCTBEHHO
MMeTb CJAeYIOUHE BHI:

LYy =i, (7.19)
L=tV qD. (7.20)

PaccMoTpuM cHauana ypaBHeHHe (7.19); OHO JierKo HHTerpupyercs
B KBaJApaTypax, U Mbl HAaXOAUM PYHKUHIO

t 2y
x(t)=x”*(%f1/'tht)dt) . (7.21)
0

Taxum oGpasom, byHkuus P (f) OynerT Taxoii:
t

?s
V)= (—Z’— f Vig(t) dt) . (7.22)

0
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Buuncaum eue ¢yHruuo P (¢)

b(t)= Vig®@ (7.23)

t
%jlftq(t) dt
0

Takum o6pasoM, Ha ocHoBaHuM (opmyan (7.16) u (7.15) Mmul
MOXKeM HamHcaTb clefylolliee NpUOAHKEHHOe BbIpaKeHHe AJSl JIH-
HellHO He3aBHCHMBIX HHTErpaJioB ypaBHeHHsa (7.5) B TOM cJiyuae,
Korja a=iq(t):

e/ &

Y, 2= - @1,2(73/1(%.[1/mdt) ) (7.24)
0

Val() /

Ota dopMysa faer NMOTPelIHOCTD, MOPALOK KoTopoi pasen O (A7),

®yuxunn Oy2(X) — 3T0 JHHEAHO He3aBHCHMble pelleHHsl ypaB-
HeHust (7.17), KoTopoe Ha3biBaeTcs ypaBHeHHeM OJipH. DYHKIHH
®;(x) HasbiBarorca QyHKUuAMH O#ipu. OHH JOCTATOYHO XOpOIUO
H3yYeHbl, U HMeloTrcAa TalJHUBl 3HAUEHHH 3THX (YHKUMH, NOYTH
CTO/Ib XK€ nojpoOHble, KaK M TabaHua TPUrOHOMETPHYECKHX (YHK-
LHH.

OyHKUHH y;(f), onpefenenHble dopMynsamu (7.24), ato mpamoi
anajsor WBKJ-pemenuit, kotopbie paccMaTpuBaiuch B § 1 3TOH
1J1aBHL.

PaccMorpum teneps cayuait B). Tak xe, xak u B ciayuae A), xa-
pakTepHCTHYECKOe YypaBHeHHe (7.20) Jserko MHTErpHpyeTcs, H Mel
HaXoJAHM

/ova

xO=a0, vo=) 2[Va® a,
0

b= ) 0 .

2fl/mdt
0

OrGpaceiBasi usensl, nopaoK Kotopsix O(A™%), MBl mosyuaem cie-
RyollHe NpUOG/IHIKEHHble TNpejCcTaBjeHHs [Iis YACTHHIX pelleHHil
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ypaBHeHus (7.5) mnis Toro cayuas, koriaa a(f) =1t2g(f):

t
/[ Vaw a A
g 2=Ci.f O, 2(x"*|/2f Va(ty dt). (7.26)

a(t)

®yukuun @, (¢), xotopule BxomaT B dopmyay (7.26), sto Jau-
HeHHO He3aBHUCHMbIE pellleHust ypasHeHus (7.18). IlonyuenHoe ypas-
HeHHe B CBOI0 Ouepelb CBOJAHTCA K ypaBHeHuto Deccesnsi. Obuiee
pewenue ypasHenus (7.18) MoXHO npenctaBHTb B BHAE

D= C,®, (x)+ C,0, () = V52, (5 +?), (7.27)
rje
Zys (x) =Cd g (x) +CoN s (),

Jys 1 Nys— dyHkuun bBeccenss u HelimaHa cooTBeTcTBEHHO.
Hcnosnbaya pasenctso (7.27), Mbl MOXeM mepenucatb GopMyay
(7.26) B popme

Y [vaw « (
y=-—4————Zl,4
Va®

Mgl paccMoTpean ABa ypaBHeHust Tunma (7.5), m/s KOTOPBIX Gblj
BEIOpaH CHelHasbHBIH BHJ 3TaJOHHBIX YypaBHeHui. HerpyaHo no-
KasaTb, UTO B 3THX cjyuasx psiabl (7.16) SBJASOTCA ACHMIITOTHYE-
CKHMH.

4. ACMMNITOTHYECKHE Pa3JIOXKeHUs B OKPECTHOCTH TOYKH BO3Bpa-
Ta, A€ 3JeMEHTAPHBIE JeJuTeNn nepecTator GbiTh NPOCTHIMU. B og-
HOM H3 naparpadoB Mbl paccMaTpHBaJH ACHMNTOTHKY YDaBHEHHS

i+ 2Aaay+-A2by=0, (7.29)

t
A f Va(t) dt) ) (7.28)

0

npeanoJiarasi, 4to Ha BCEM HHTepBaJe BpeMeHu
b=a2. (7.30)

Ecau yciosue (7.30) BblMOJHEHO, TO XapaKTEPHCTHUECKOE YypaBHe-
Hie 6ydeT HMeTb KpaTHble KOPHH, a 3JeMeHTapHble AeJquTend He Oy-
AyT npocTeiMH. MIX KpaTHOCTb paBHa ABYM.

[MpennosoxkuM renepb, 4To ycaosue (7.30) BHINONHAETCA TOJbKO
B HEKOTOPO#l Touke f. He orpannunBas oOLIHOCTH, Mbi MOXKEM MNpH-
HSITb, YTO TaKoH Toukoi ABasiercss Touka ¢{=0. Jas ynpouiedus Bel-
K/1aJI0K MpPeANo/0KHM, UTO

a=const.
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B rako#i noctaHoBKe ypaBHeHHe (7.29) onHcbiBaeT KoJe6aHHE MasfiT-
HUKA B MepeMEHHOM TPaBHTAIlHOHHOM MOJe, HO C MOCTOSTHHBIM JleMI-
(upoBaHHEM.

Crenaem cHauasna 3aMeHy

y=2z(f, A)exp{—hrat};
torna aas 2(f, A) Mb OyleM HMeTb CJelymllee ypaBHEHHe:
F+ A2 (b — a?)z=0. (7.31)
[lpennonoxum Tenepn, 4ToO
b?=at+1q(1),
rae ¢(0)=<0. Torna ypasHenue (7.31) MOXKHO paccMaTpHBaTb Kak

OTHOCAIllleecs K cayuyaro A) MpeabiayLiero NyHKTa H Mbi Cpa3y Mo-
JKE€M BBITHCATb UKOHYATEJbHLIA pe3yabTaT

6/ t
J Vb—a? dt

2/3
yi,2=C,, 2exp{— at} 04 d)l,g{k/‘(%fl/b—aﬁit) }
Vo—a2

(7.32)

Mbl paccMOTpesH HeCcKOJbKO MPHMEPOB, KOTOpbie MOKa3biBaloT,
ut0 3 PeKTHBHOE NOCTPOEHHE aCHMNTOTHYECKHX MPeACTaBJeHHH Tpe-
O6yeT cyllecTBOBaHHA MOJAPOOGHHX TabJHL peuleHHH 3TaJOHHBIX
ypaBHeHHH.

3aMeTHM, YTO aCHMITOTHKa pacCMaTPHBAeMOro BH/Ja ABJAETCA
paBHOMEpHbIMH aCHMNTOTHKAMH Ha BCeM pacCMaTpHBaeMOM HHTep-
BaJjie BpeMeHH. [103TOMY HX Ha3BIBAIOT TakKe HHOTJAA «CKBO3HBIMH»
aCHMMTOTHKAMH, IMO3BOJSIOILHMH MOCTPOHTb aCHMNTOTHYECKHE Mpejl-
CTaBJIeHHSl Ha BCeM HHTEepBaJje, BKJIOYasi OKPECTHOCTb TOUKH BO3-
BpaTa.

§ 8. O Hekorophix cnocob6ax NMOCTPOEHHS
ACHMNTOTHYECKHX MPeJCTABAEHHH B cayuyae KpaTHBIX
3JIEMEHTAPHBIX JeJHTENEeH XapaKTePHCTHUECKOH MaTpPHIbI

B § 3 sTo#t raaBb MBI yXke HMeJH [J€J0 C TEM CJayyaeM, KOrja
3jleMeHTapHbie JEJNHTeNH XapPaKTEePHCTHYECKOH MAaTPHIbI KpaTHbie;
6HII0 PACCMOTPEHO HECKOMBbKO CJyyaeB, KOTOpble BCTPeYaloTCs MpH
HCCJIEIOBAHHH CHCTEM BTOPOrO MOPSAAKA.

B uncie paccMoTpeHHnix Obi1 npumep $. . Tamapkuua, koto-
pbifi HHTepeceH MpexK/Je BCero TeM, YTO OH BCKDBIBAT HOBbIE 0CO-
6eHHOCTH aCHMIITOTHKH, KOTOpble TIOABJAAIOTCA B CJYyyasix, Koria
3/eMeHTapHble JeJHTeIH KpaTHble, OKasbiBaercd, YTO PasioXKeHHs
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Tenepb yKe MOTYT COJepxkKaTb JpoOHble cTeneHn mapamerpa. Ha-
KOHell, y»Ke H3 NpPHBeJeHHOro NpUMepa CTaHOBHJIOCH SICHBIM, YTO NPH
H3YYeHHH ACHMNTOTHYECKOro TNOBeJeHHd, Mbl CTaJKHBaeMcs ¢ GoJb-
WM pa3Hoo6pa3ueM BO3MOMKHBIX CHTYyalHH, AJs KaxKAOH H3 KOTO-
PbiX BO3MOXE€H CBOHA THI AaCHMITOTHYECKHX MpeJCTaBJeHHH,

B Hacrosiliem naparpade Mbl pacCMOTPHM HEKOTOPHIH oOuluil
NOAXOA K HCCAEJOBAHHIO CAYyvyaeB KPATHbIX 3JeMEHTAPHbIX Ae/UTe-
Jlefi, oTpaHHYHBASICh NPH 3TOM aHAJH30M HECKOJbKHX NPHMepOB *).

1. CHcTeMa C OJHHM 3JEMEHTAPHBIM JEAHTENEM NPOH3BOJbHON
KPaTHOCTH. PaccMOTpHM cHCTeMY

m
X =Ap() x, + Ax, +i§ ay; (8) x4,

S 8.1)
Xt = Ma(8) Xy + AXp + Elam-l. () x;, )

: m
Kp=Au{) x,; + 21 Ay (£) x;.
l=l

XapakTrepHCcTHUecKasi MaTpulla cucTeMbl (8.1) HMeeT ONHH 3/1eMeH-
TapHbIA Jenutens w — p¥, U ero KpaTHOCTb paBHa m.

ITonoxkum :
- t
se=uy(h, Dexpl [Du()+o(t, Mdt . (8.2)
. 0
Torna HeusBectHble GYHKUMH 4, (R=1, 2, ..., m) u @(¢ A)

JOMKHBl YIOBIETBOPATL CAELYIOLIHM CHCTEMAM ypaBHeHHH:

m
&+ u @ = Au, +121 auyg,

m
. . 8.3
Upoy T um—lq)=l'um +l§ Am-1, jUj, ( )
m
Om + Un® =121 Amyldy.
Hpennonome, YTO MbI CTAJIH HCKAThb pemeHHe B BHOE
w,=awy(h, 8, =A@, 0, (8.4)

*)} Wanoxenue sroro naparpada cneayer zamerse H. H. Mouceesa, ony6.u-
kopantoii 8 JIAH CCCP.
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re u, ¥ @' OrpaHyyeHsl M He 06palNalOTCs B HYJb NPH A — oo.

[Torpe6yeM, uTOGHl uJieHbl, CTOSILIHE B INpPaBblX YacCTAX CHCTEMbl
(8.3) ¥ uMeiolHe BHICLIME CTENEHH A, KOMIEHCHPOBAJNHCh MPOU3Be-
JEeHUSIMH U;@.

[IpennonouM, HanpuMep, YTO B [E€PBOM YPaBHEHHH CHCTEMBI
(8.3) cnaraemblM, comepxallUM CTapllylo cTeneHb A, Gyner u/eH
Aly, TOTA 3TO BblpaKeHHe JOJKHO ObiTb KOMIEHCHPOBAHO cJ/arae-
MBbIM &, OTCIOZAa MBI IOJYYHM

ki+k=Fky+1.

Paccy}Knaﬂ aHaJOTHYHO, a4 BTOpOI‘O ypaBHEHHH HaﬂllEM
ko+hk=ky+1

4 T. 1. Ytak, Mbl IDHXOIZMM K CleldylOlLeld CHCTEMe PaBEHCTB:
ky—ky=1—k,
ko—Fky=1—k,

(8.5)
km—l_km=l_ka ’

km—kl=—k.

PapeHcrBa (8.5) 6yneM paccMaTpHBaTb KaK CHCTeMY YpaBHEHHH
OTHOCHTebHO k; OmnpesenuTtenb 3TOH CHCTEMbl, KaK JIEFKO NpOBe-
pHTb, paBeH HYJI0, a paHr MaTpuunl cucreMbl paBeH m — 1. Ilo-
TOMY I/1s TOTO 4TOOBl OHA HMeNa pellleHHe, HeOOXOAUMO M HOCTa-
TOYHO, YTOGbl PAHT paCLIMPEHHONH MaTpHUbl Tak¥Ke paHaaca m — L.
PacumigpenHasi MaTpHua B 3TOM c/iyuae HMeeT BHJ

1 -1 0 0... 0(l—k)
0 1 =1 0... O(l—4k
0 0 1 —1... O0(l—Fk)

0 0 0 0...—-1(1—k)
-1 0 0 0... 1—¢

Mbl BMIHMM, YTO CyMMa 3JIeMEHTOB KaxK[OTO H3 MepPBbIX m cTONG-
unoB paBHa HyJo. CienoBaTenbHO, 3TUM CBOHCTBOM J0JKeH o6Ja-
aatp # m+1 cronbey. M3 3T0ro yc/ioBHs HaXOAHM BeJHUYHHY K

m—1
k= m .

(8.6)
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He orpannunBas o6uHocTH, npuMeM £;=0. Torna

2
PRI

m—1
k= — —

k2=_ s k3=_

A
m
WUrak, cpenaB HEKOTOpble MPEAMONOKEHHA OTHOCHTENBHO CTPYK-
TypHl TpeActaBJjeHud (8.4) GYHKUMH 4; U @, Mbl NPHILJIH K CJe-
AYIOIUM BHIP aXXeHUAM Aasa GYHKUHE xp (£, A):
kL [/ m=1
5t =07 t)BXPif[ML(t)H» "y, ol
0
Mbl BHAMM, UYTO OHO COAEPXKUT Ue/ble CTENMeHH BeJHUHHBI A!/M.
[TockoabKy OYHKUMH #, M @* OrpaHHYeHB MPH A —»oo, GyieM HX
HCKaTb B (opMe PsAJLOB, PaCHoOJOXKEHHBIX MO OTPHUATE/NbHBIM CTeme-
HSIM 3TOTO Mapamerpa
1 2
ut, V=u,)+A mu (@)+r muy,b)+ ...,
1 2
O =g +2 ") +A ")+ ...

(8.7)

[MoncraBass psaabl (8.7) B ypaBHeHHs (8.3) U cpaBHHUBas Ko3(-
(GHUHEHTHl MPH OJAHHAKOBBLIX CTENMEHsAX A, MOJYUHM CJeayloluue ypas-
HeHHS AJs1 ompejeneHUs] GYHKUMH Uso H Qo

Uy — U =0, }

u20q)0_u30=0’
e e e (8.8)

Um-1, 0P0 — Um-0 =0,
UmoPo — Amittio = 0.

YcnoBuMcA cHauana paccMaTpUBaTh JHWb TOT cayvad, KOTrAa st
A106b1x 1[0, T] K03 DHUHEHT apmF0. Huxe MBIl yBHIMM, 4TO OTKa3
OT 3TOTO MPEANONOXKEHHs TPHBEAET K ADYTHM BLIPAXKEHHAM AJA
aCUMITOTHUECKHX MpPeACTABJEHHH.

Cuctrema (8.8)—3T0 cHCTeMa ORHOPOIHBIX a/Jre6paHyecKHX
vpasHenu#. [las toro uro6bl OoHa momycKaJja HeTPHUBHAJLHBIE pelie-
HHUs, HeOOXOAHUMO H JOCTaTOYHO, YTOOLl (YHKUHs @y Obl1a KOpHEM
ypaBHeHHsI : :

(po _1 0 vew 0
0 Qo -1... 0 =0, (8.9)

L ]

—am 0 0 ... @
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OTKYyJa
m»———-
Qo = V Q.
YpaBHenne (8.9) 6ynem Ha3biBaTb paspeLIaloliHM,
O6osHaunM uepes g5 (s=12,...,m) xaxo#t-1H60 H3 Xop-

Hed paspematoillero ypaBHeHHss H npuMeM ¢, =o¢{'. Ecau oany us

GynrkuHii (HanpuMep, u;0) OCTABHTb MPOH3BOJBLHOH, TO CHCTeMa
(8.8) nosBouisieT MpH TakoM BbiGope @ BLIPA3HTb BCE i Hepes i

m
Ugy = Poll1o = Vaml Uygs

m
Uy = Qouyo =V ai, %o (8.10)

e 4« e« e s e e o s .

m
— -1 — m=1 U, ..
=% %y Vaml 10

Has ¢ynxkuui u; OyseM HMeTb CJelyOILYI0 cHcTeMy ajreGpau-
YCCKHX ypaBHeHHH:

UnQo — Uy = — Uy, 1
Um-2, 10 — Um-1, 1= — Up-2, 0P1, (8.11)
Upa1, 190 — Um1 = — Up-1, o@1 T ey, 1105
UmniPo — Qmllyy = — UmoP) + Apalis.
OTHOCHTeNIbHO HCKOMBIX (YHKUMH Ui, U, ..., Um cHcTeMa (8.1]1)

6yaeT HeoAHOPOAHOH cHcTeMOH aJjreOpaHueckKHX ypaBHeHHH, omnpe-
JeqHTeb KOTOPOH paBeH HyJ0. [Isig Toro 4to6bl 3Ta cHcTeMa Gblia
COBMecTHa, HeOOXOAHMO H J0CTaTO4YHO, uTOGHl paHr pacllHpeHHOH
MaTpHUbl paBHAJACA PAHry MaTpHUbl cHcteMbl (8.11).

3aMeTHM, 4TO eCJ/IH NepBYIO CTPOKY onpeje/nHTe sl cuteMbl (8.11)
MB yMHOXHM Ha 1, BTOpylo — Ha @', TpeTbio —Ha @32 H T. 1., TO
CyMMa 3JeMeHTOB Kaxjoro croabua crtaHer pasHoi HyJawo, Caeno-
BaTe/JbHO, TOMY K€ YC/JIOBHIO JOJIKHBl YIOBJETBOPSTEL 3JeMeHThI
cro161a NpasbiXx YacTeld. YMHOXKas COOTHOUIEHHE, KOTOPOE MBI [10-
JYyYHM TaKHM 00pa3oM Ha @', NPHXOAHM K CJelyIOUIEMYy Bbipaixe-

HHIO:
-1 m=2 —
@ Qg g T O Uy + oo U )= a0 @yt Qg

KoTopoOe siB/feTcs ypaBHeHHeM OTHOCHTENbHO @,
[lpuauMas Bo BHHMaHHe paBeHcTBO (8.10), uMeem

g =it (8.12)

mey
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Ounpesenus ¢yHkuuio @; no ¢opmyae (8.12), MoxHO HailTH pelle-
Hue cucreMbl (8.11) ¢ TOYHOCTBbIO N0 MpOH3BOJbHOH PpyHKuMH. Cuu-
Tas NPOH3BOJbHOH (YHKUHIO u;;, H3 ypaBHeHHH (8.11), merko ompe-
JeJIUTb OCTaJibHble HeU3BECTHbIe

Uy = Uy Qo + Ui, }

= (8.1
ty = Q5 + 20,99, )
HT. A
Paccyxjas pganee, Ge3 Tpyda YCTaHOBHM, 4YTO g JOGOro
j=1, 2, ..., m—2
Am-j, 1+am..j+1, 2+ v +am, j+1 .
¢ = mq)gl_]_l . (8.13)

ITocsie TOro Kak BeJquUHHA @; ONpefieseHa, QYHKUHS Uy ONpejesser-
csl B sIBHOM BHJe.

PaccMoTpHM Temepb CHCTeMy [Jisi ONpPeAeNeHHS U;, m—i. JTa CH-
cTeMa HMeT BHJ

Uy, 190 — Uo, mo1 = = [+ L1 Qmo + U1 Qm-s+ ...
. F Uy, moo@l] +anu = By,
Uy, m-1Q0 — Uz, m-1 = — [0 + U @Prmr + UpoQp-3 + - (8.14)
oty meo®] + @iy + agliy = By,
Up, =190 = Gmil, m-1 = — [Zmo + Umi@pm-2 + U3+ - -
. g, meo1]F Amolts, oot Quslls, w3t + -« FAuplime==Bp.

VCJIOBHe pa3peliMMOCTH cHeTeMbr (8.14)
By '+ Bor?+ ... +B,=0
MOXHO TepenHcaTb B CJHeAYIOLIEM BHAE:
[q)l [(pgl-l”l, e T O My npt o U, m—2] -
= Aally, -2~ P0lm-1, 141, m-2) T+
+ [CP2 [(pgl—l”l, m-3t (P(')"_zuz, meat oo tU, m-—3] Apalls 3™
Rl 1, Mo, 3 T q’gam—z, 14y, m—3} + ...
P [ ey o Uy + L ) —a,
-+ ofRagt, + o ay, 11} (L'tlo—a“uw)cpg" -
— (trgy — QUi QT2 — ... — (0 — ammumo) =0. (8.15)

- Hicnosbayss dopmyant (8.13), Mbl ycTaHOBHM, 4TO BbipaKeHHs,
cTOsflllie B (DUTypHbIX CKOGKAax, paBHbl HY.JI0, H paBeHcTBO (8.15)

u u

uml



§8] O CIIOCOBAX IOCTPOEHHS ACHMIITOTHYECKHUX MNPEACTABJEHHH 357

MOXHO INepenucarth Tak:

. { po m~—1
LumEum“’;;um[a”'f‘azz‘f' ...+amm]+% p) u10=0. (8.16)

Takum 06pazoM, GYHKUHSA Uyp YAOBJETBOPSAET OOLIKHOBEHHOMY AM(-
(bepeHuHaNbHOMY ypaBHEHHIO MepBOro MOpsAKa H, C1€A0BATENbHO,
onpejenseTcsa KBaapaTypol

t
U= 1 exp{-,—;-f(a”+a22+ oo Fapy)dt ¢, (8.17)
0

<
Vg~
rae C — npou3BOJIbHAS NMOCTOAHHAA.

Onpenenus QyHKIUIO 4o 1o dopMyde (8.17), HaxoUM 3aTeM U
no ¢opmynam (8.10).

Ha cnenmyolileM mare Mbl OnpegesuM Uj;, KOTOpas YJAOBJETBO-
psieT ypaBHEHHIO BHAA

Luy = F (ty0)

H T A

Wrak, noxasaHo, 4To BCE uJieHbl pasqaoxeHHa (8.7) MoryT GHITb
3¢ (}eKTHBHO BBIUHCJAEHBH Ju60 B fBHOM BHAe, JHOO B (OpMe KBa-
aparyp. .

OnpenenuB N uneHos pasnoxeHHs (8.7), Mbl MOXeM MOCTPOHTh
cnenyoomue PyHKIHH:

{ gL
A =\Ak+ A" uif’N_,} X
4 1
X exp J. {ML + Akl + ... + A—"Tq)ﬁ,sz)_Q}dt, (8.18)
0

rae ¢ u ul) osHavaoT GYHKUMH, COOTBETCTBYIOLIHE KOPHIO ypaB-
neuus (8.9) Homepa s.
Martpuua
B2y (8.19)

MOXKeT ObITh MPHHATA B KaueCTBe NPHOJIMKEHHOTO NpeacTaBaeHHs
MaTpHLbl (PyHIaMeHTaAbHBIX pewleduil cucreMbl (8.1). OcHoBaHHEM
JJI1 3TOTO CJAYXKHUT CJeAylolilas TeopeMa,

Teopema, ITycto am (¢)#0 Oas awbozo t<[0,T], T020a Mma-
tpuya (8.19) Jdaer pasnomepnyro Ha [0, T] annpokcumayuio marpu-
uvt QyrndamentasvHolx pewenull cuctemvr (8.1) 8 caedyrowen
cMbicae: ecau 4acTHoe pewerue cuctemot (8.1) x;(¢) u ¢ynkyus x3)

y008.4eTBOPAIOT OOUHAKOBbIM HAYANbHOIM YCAOBUAM, TO OARL 2106020
t=f0, 7]

N
£ (t)— x5 (O] =0 (m— m ) (8.20)
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2. Mpumep 1. PaccmoTpum ypaBHeHHe
£+ A0 =20pd -+ ha*x.,
3ameHo#
x=x1, £=AXo+Apnxy

5TO ypaBHEHHE CBOJHTCA K CHCTeMe JBYX ypaBHEHH#l mepBoro mno-
paAKa
X = Apx; + Axy, } (8.21)
o= Auxs + axy, )
rpe
=a"—p.

Cucrema (8.21) OTHOCHTCS K PacCMOTPEHHOMY THIY, €CJH TOJABKO .
a*=p.

Cor/1acHO TEOpHH, H3JOXKEHHOH B 3TOM pa3jete, aCHMIOTOTHKY
pewenuft cHcrembl (8.21) caeayer HCKaTh B BHJE

t
X = (um + A’l/’u” + 2w+ .. J) exp I (A + A'/’qJO) dt,
0

t
Xo= (A_'/Zum + A"um + .. ) exp I (Mx + 7\4'/2(])0) dt,
. 0

riae o= =+ Va . »
Hnst QYHKUHE Uy B Ugg TOTYYAIOTCS BbIpaXKeHHs
const L
U= , Uy, = const Va(t).
Va(h
Takum o6pa3oM, nepsble 4YJeHhl pasjoxKeHHH O6OHX JHHEHHO
He3aBHCHMbIX pelLIeHHit 6YAYT HMETb CJAEAYIOWIHH BHA:

t
X = exp f (e (t) + 2"V a @) at,

Vaty 0
. ¢
x5 =C,Va() exp I (A t) + 7~]/2V a(t)) dt,
. (8.22)
X12= 7 ¢ exp f (@) —2"Va(®)) dt,
Va() 0

4 ¢
te=CoV/at) exp [ (wn(t)—2"Va(®) at.
0



§ & O CNOCOBAX MOCTPOEHUS ACHUMIITOTHUYECKHX NPEIACTABJEHUM 359

[Tpumeuanue Bupaxenus (8.22) MoryT okasaTbcs HeynoG-
HBIMH, €C/IH BeJHYHHA @ OTpHUaTeabHas. Toraa caeayer nepeitH K
NEHCTBUTE/bHbIM BblpaXceHHAM. Jlerko y6eluTbCs, 4TO B 3TOM CJy-
yae acCHMITOTHYEeCKOe npejcTaBjeHHe OOLIero MHTerpajia CHCTEMbI
(8.21) Gynmer Takum:

t
exp{?»fu(t)dt
0

x1=

t
1 {Mcos[}»%jl/a(t) dt}+
Va(t) 0

t
+Nsin[}»’/’jl/a(t) dt}},
0

rae M u N — npousBo/LHbBE IOCTOAHHEE,
B Hamux paccyXIeHHSIX GbIO CYILUeCTBEeHHBIM MpeAN0JIOKeHHe
0 ToM, uto a+0, T. e. p#a*. Idror cayyait GyseT pacCMOTPEH HHXKe.
3. NMpumep 2. PaccMoTpuM elle OAUH NpHMep NOAOGHBIN CH-
CTEMB
x.l =MUC1 + }\:xQ,

Ko = Mixs + Axy + bxy, b (8.23)
Xy =Maxs + ax; + cx,.

AcuMnToTHuecKue npeacrtaBJjgaeHus MOJXKHBI HMeTh BUJA

t
2y =0+ A uy + 27w+ L. )exp f (s + 2 "qy + A ")) at,
0
t
X9 = (A_l/aUQO + A /au21 + Aﬁxugg + .. .) exp f (Ml + }\:2/3(]'.)0 + Alla(pl) dt,
0

t
gy = (Vw0 + W7y +07u + )exp [ (b A%y + 1)) dt.
0

B stoM cayuae
go=a"
u ypasHenue (8.10) Ham pact ug=a'u, upz=au;, u 1. 8. Ypas-
HEeHHs OTHOCHTEJbHO NepeMeHHbIX Uiy, U M U3 OYAYT TAKHMH:
UnQo = Ug1 — UioPy,
U@ = Uy + bityg — @iy, (8.24)
U31@o = atlyy + Cligy — @iy
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YceaoBue paspentuMoctd chcreMbl (8.24)

@, (11005 T Uog®, + Ugg) = bit) @)+ Cliy

Jgacrt
b+c b+e¢
wl = = 3 .
3@, 3Va

CocTtaBUM Tenepb YypaBHEHHs, KOTOPBIM JOJIKHBI YAOBJETBOPSTH
GYHKUHH ;!

U9QPo = Uge — U 1P — Uy,
Ugpo = Ugy — Un @y — Lgg + buyy, (8.25)
U3o@o = Qg — Ug Q) — Ugg T ClUy;.

Ycaosue paspemnMoctd (8.25) BbipakaeTcsi COOTHOLIEHUEM
(s1,@f + @y + tg)) = buay @ + cuty) — 1) @2 — Ly Py — &
Py # Py T Uy @y T Uy 1% 21— U1o®Pp — UggPg — Usee
Ecin Tenepb NOACTaBHTbL B 3TO BbipayKeHHe 3HAUEeHHe ( U BEJHYHH
Ugy = Uun@o + UioPy,

Uy =y, Qg + 20,9, — bu,

M MpHBECTH NOAOGHBIE YJEeHBl, TO Mbl YBHAHM, YTO BCE Cllaraemhle,
He COjepiKalllie NMpPOHM3BOJHBIX, obparsTtcs B Hyab. Hrak, ycnosue
paspeuliMMOCTH OyaeT NPHBELEHO K cjaefylolleMy BHAY:

thgy + 116P5” + taghy = 0. (8.26)
3amensisi B ypaBHeHHH (8.26) ugo U 3 No GopMynam
| oy = U1oPp»
gy = U@

Mbl TOJAyuYdM ofHO JHpdepeHLHANbHOE YpAaBHEHHe NepBOro Io-
pSZIKa OTHOCHTEJbHO QYHKUHH Ujo

. i16Po + 1090 =0,
OTKyZa |

1
o 73
* viw

Hrtak, nepsele u4JeHbl Da3NOXKeHHH pelleHus cucteMbl (8.23) wmbl

Up=
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MOXeM INpeACTaBHTb B CieaylolleM BHIAE:

t
~ 3
xl=—3—1—epr RSy L RACUELION 7]
Vaiy 0 Va)
t
-y, . - . ,
x2=3?~__expf{xpqu’/a(t)“/ab_(g&_ﬂ'dt, (8.26")
V a? (1) 0 Va@
t
~h 241 1y, b (t ¢
x3=2“—(t)—exp J‘{hp+h’ Va(t)+h’—(—3%l}dt.
6 Va(®

lMpunasasi KopHIO H3 a(f) Bce ero TpPH BO3MOXHBIX 3HaUEHHs, Mb
MOJIYYHM MOJIHYIO CHCTeMY JIHHEHHO HE3aBHCHMbIX PeIeHHH CHCTeMLI
(8.23).

MMpumeuanue. Popmyanl (8.26) paior HaM TONLKO mepBbe
yjeHbl pasioxeHHH Kawjaol M3 ¢yHKmu# x;. s toro uro6bl Hc-
n0Jb30BaTh HX JJ/s pelleHHs KOHKDETHbIX 3ajady (HampHMmep, 3a-
jgaud Komu uau xpaeBolf 3ajaud), HAJAO0 BBINHCATbL BEJHUYHHHI X;
(i=1,2,3) ¢ oauHakoBoli morpewmHocTbio, Ecan Mbl yCAOBHJNCDH
yAepKHBATh UJIEHB! MOpsiAKA A~, TO B PA3/IOXKEHHH X| Mbl JOJIKHBI
BBIUKC/IHTh TPH NEpBBIX UJeHa, B X — ABa, a BbIPaX€HHe X3 3alH-
caTb B TOM BHJe, B KakoM oHO jaaHo cdopmynoii (8.26).

4. Cayuai, xoraa @,, = 0, no @, ¥ 0. Hccnenys cucremy (8.1),
Mbl [pPEANONAarajH, 4To am¥0. ITo nupeunosoxeHHe ObO BecbMa
cyuiecTBeHHbIM. Kaxk Mbl yBHAMM HHXKe, CTPYKTypa YacTHBIX pelle-
HHHA 1pH am =0 Oyaer, BooGule rosops, Apyras. Tem He MeHee HC-
N0/Ib30BaHHAs CXeMa pacCcyXjaeHHil 6e3 KakKHX-IHOO CyillecTBEHHHX
H3MeHEeHHH MMO3BOJINT HaM NOCTPOHTb CHCTEMY JIHHEHHO He3aBHCH-
MBbIX pellleHHH H B 9TOM caydyae. PacCMOTPHM A5 ompefe/leHHOCTH
TOT cayuaH, KOraa am =0, HO @me#0.

Hrak, paccMoTpuM cHcTeMy ypaBHeHHH (8.2), B KOTOpO#H @y =0:

m
xl=hp(t)xl+hx2+l_zlau(t)xj,

m
x2=hp(t)x2+hx3+]§agj(t)xj,

e ® ® e s 8 s o e e o 8 s o e @» 3 (8'11)
Emo1 =M (t) Xm-1+ AXp + ]Zl Am-1, j(t) X

m
Em=Au(f) x, + %amjxj.
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Peinenue 310t cucTeMbl Mbl cCHOBa GyjneM Hckath B Buae (8.2) u,
cJel0BaTeNbHO, 151 QYHKUME 4; H @; NONYyYHM CHOBA cucteMy (8.3).
Ozxnako B nocjaelHeM ypaBHEHHH 5TOH CHCTeMbl CTaplIMe cJjarae-
Mble B NpaBod 4YacTH OYAyT TeNepb QmgXe. CornacHo o6lleil cxeMme
OHO JIOJI)KHO GBbITb KOMNEHCHPOBAHO C/araeMblM Umg. JTO HaM Jact
cleayiolee COOTHOLIEHHE AJsi MOKa3aTtenell Rm, R H R

kyt-k=Fky.
Takum o6pasom, cucreMa ypaBHeHHil (8.5) Tenepb Oyner Takoii:
kl - k2 = 1 - k,
ky—k;=1—k,
(8.27)
km-l_km=l_k,
k,—ky=—F.
3aMeruM, uTo B 3TOfl CHCTEMe mepBOe ypaBHeHHe MOXeT ObITh pac-
CMOTpPEHO HEe3aBHCHMO OT JpYyrHX, KOTOpble 00pasyloT CcHCTeMy
m — 1-ro nopsAika OTHOCUTEJNbHO HEH3BECTHHIX Rg, R, ..., kpy. Onpe-
IeJuTelb 3TOfl CHCTEMH paBeH HYJIO. YCJOBHe ee pa3peliHMOCTH,
KaK MB BHJEJH Bblllie, NpU H3yyeHUH cHCTeMbl (8.5), cocToHT B
TOM, YTO CyMMa 4YJeHOB B MpaBoM cToJ0Le [OJXHA paBHATbCS
uyaio. Orcioa Mbl noJjyyaeMm 3HavyeHHe R
m—2
h=——".
m—1
[Tonarasa cHoBa k=0, Mbl HaXOAUM

1 2 m-—1
k2=—'m—_—], k3=—m—,..., km=——=—1.

Tenepp ana GyHKRUUM x, OyleM HMeTb caeAyloliHe NpeicTaBJeHHs:

AL ! m=2
xp=A ™=tuy (A, t) exp J' {A,p, &)+ 2rm1e*(a, t)}dt.
0

Has Gynkuuit uy ¥ ¢ nocTpoum pasnoxenus tuna (8.7). [loa-
cTaBJIfig 3TH BblpakKeHHsl B ypaBHeHHs (8.1'), MBI moayuuM caefyio-
ILyI0 CHCTEMY YPABHEHHH OTHOCHTEJIbHO (QYHKUHH Ugq:
UyoPy — Uz =0,
U@y — Uz = 0,
(8.28)
Um-1Qo — Umo =0,

UmoPo — Apatizy = 0.
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CocTtaBuM paspemarliee ypaBHeHHE

@ -1 0...0
0 Qo —l PP 0

0 —au 0 ... @
CeepThiBasi ompejenuTeNb, NOJAYUHM
@, (P} -1 — amQ) =0. (8.29)

Ypasuenne (8.29) umeer oauH HyJeBoll KopeHb @o=0 u m—1
HeHyJIeBHX KOpHe#

m-1
Po = Vam2 ().

Iycts cHauana gy = 0. Torpa, cuuras 4, Npou3Bo/bHOH GYHK-
IHel, HaXOAHM

— — m=1
oy = Uy @ps =+ - vs U= U@y

Kopuio ¢=0 oTBeuvaer caeaywollas cHcTeMa peLIeHHH ypaBHEHHUS
(8.28): ujo— mpousBonbHas QyHKUHSA, Uy =tz=...=0. Pacuer
MoC/eYIOMHX WICHOB pa3J/oXeHnsd MoXeT ObiTh IPOBEREH MO CxeMe,
KoTopas Obljla H3J0XKeHa Bhblllle,

5. Caywaii, kxorna @, =@,,=0, voa_ 0 npu §>2. IroT
cAyyall UMeeT HEKOTOphle OCOGEHHOCTH, [IOCKOJbKY NMPH $2>2 acuM-
NTOTHUECKHE PAa3JIOXKEHHs COLEpP:KaT «BeKOBbie» cjaaraeMsle. Pac-
CMOTPHM .51 OMPENEeNeHHOCTH TOT cayuvall, KOTAa Gma¥0.

Paspematoniee ypaBpHenHe 6yaeT TaKHM:

(P2 —a,,) =0. (8.29)

Ypasuenue (8.29°) uMeer m —2 pasJHUHBIX KOpPHS, COOTBETCTBYIO-
m-2

IHX 3HAUEHHAM KOPHA V @n,3(f). B 3TOM cnyuae BMecTo ypaBHe-
il (8.27) noayunm

kl—k2=l_k,
ky—k;=1—Fk,
ky,—ky=—k&,
oTKyna
m-—3 I m—1
k—m—" k=1, kz——m, cees km=_";.‘__—2~
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Tenepb m — 2 — pewrenusi, oTBeyarollHe HeHy/EeBbIM KODHSIM, pa3pe-
mapoulero ypaBHeHHsi (8.29°), Mbl MoOXeM WOJYYHTb CTaHAApTHOH
npoueaypoH, onycaHHOR B 3TOM maparpade,

Iast Toro yto6Bl NPOAEMOHCTPHPOBATh MPOUEAYPY MOCTPOEHUS
HCIOCTAIOIIHX YaCTHBIX pelleHHH, OrpaHUYHMCS PacCMOTPEHHeM
npuMepa

Xy = Mx,+ Axg, |

Xy = Apxg + Axg,

X3 = AMrxz + Axy, (8.30)
J'C4 = Mj.x4 + Axs,

X5 = Apxs + ax,.

Cucrema (8.30) OTHOCHTCS K paccMaTPHB&aeMOMY THIy CHCTEM.
3aMeTuM, 4TO CTaplIHe YJICHBl Pa3/0XeHHs HCXOAHOM CHCTeMBl Kak
pas x yposaersopsiior chHcteMe (8.20). [Tostomy Bce ocoGenHoctu
METOJIMKH TMOCTPOEHHsI aCHMNTOTHYECKHX pellleHHi B Clyuae H3yuae-
MOTO BHIPOXKJeHHsi OYAYT yxKe sICHH H3 PacCMOTPEHMsl JaHHOTO MPH-
Mepa.

3ameruM, uro (8.30) momyckaer CHCTeMy YACTHBIX pelIEHHH,
rae x3=x4=x;=0, a x| U Xy YIOBJETBOPSIOT CHCTEME BTOPOTO MO-
psiaka

Zi=Apx, + Axy, Lo=Apxs. (8.30")

Oano u3 yacTHeIX peureHuii cucteMsl (8.30°) nonyyaercs cpasy
t
%=0, x,=Ciexpih fp(t)dt .
0

Jpyroe yactHOe pelieHHe Mbl MOJYYHM, HHTETPHpPYst BTOpoe 3
ypaBHeHHH cHcTeMBbl (8.307)
- t

Xo=Cyexp Afp,(t)dt .

0

IToxcraBasii Temepb X2 B MepBOe H3 ypaBHeHHH, Mbl HOJYYHM
. t
J&l=hpx1+AC2exp{A [waty,
0

OTKyaa JIerKOo HaxOAHM
t

x;=MACot exp Afp,(t)dt .
0

TakuM o6pa3oM, MoJHAR CHCTeMa YAaCTHBHIX peilleHHH ompejeneHa,
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§ 9. ACHMNTOTHYECKHe MEeTOAW OoJbliOro napamerpa
H TeOpHS ONTHMAJbHOH KOPPEKUHH

B mpeabinymell rnaBe MBI yKe BCTPETH/AHCH C TPHIOMKEHHSIMH
aCHMIITOTHYECKHX MeTOJOB K 38ja4aM ONTHMAJbHOrO YHpaBJeHHs.
Meroabl, KoTopble pa3BUBalOTCA B 3TOH I[VaBe, MpeAHAa3HaueHbl WA
pellieHHs1 iHHeHHbIX 3afay. COOTBETCTBEHHO C 3THM Mbl 6yjaeM pac-
CMAaTpHBATb OJMH CHelHaNbHBI K/1acC 3aAay ONTHMAJbHOrO YIpaB-
JIeHHSl, KOTOPbIH CBOAMTCS K HCC/EJOBAHHIO CHCTEMbl MHHEHHBIX AH(-
¢depeHUHA/bHBIX YpaBHEHHH.

1. NMocranoska 3anauu. Npumepn. 3anaueli onTHManbHOH KOp-
PeKUHH Mbl GyleM HasblBaTb C/AEAYIOLLYIO 3afauy TEOPHH ONTHMalb-
Horo ympaBnJ/ernsi. Onpenennutb BekTopbl X ({) (hasoBbiii BeKTOp) H
u(t) (ympasnieHue), AOCTaBJAIOIIHE MHHHMYM HJH MaKCHMYM (YHK-
uvoHany J(x, u) mpH cJeAylOIHX OrpaHHYeHHAX:

a) nupdepeHLHaNbHble CBA3H

£=Ax+Du; (9.1)

6) ycnoBHs Ha KOHLAX

x(0) ey, x(T)eer, (9.2)

rje gy H er — HeKOTOpHle 3aJlaHHble MHOJKECTBa;
B) OTrpaHHYeHHs] Ha yNpasJ/eHHA

usG,, (9.3)

rae G, — TakKe HEKOTOPOE 3ajaliHoe MHOXKecTBO. B uacTHOCTH, OHO
MOKeT GbiTb OTKPHITHIM, COBNAaAaTh CO BCeM MPOCTPAHCTBOM, a MoO-
XKeT OblTb H 3aMKHYTBIM.

Bpemsa nporekanus npouecca T au6o ¢pHKCHpoBaHO, AHGO 3apa-
Hee He 3axaHo; A u D -—3To HeKoTOpble 3aJaHHble MaTpHIlH, 3Je-
MeHTbl KOTOPHIX B 06llleM c/yyae — (PYHKLUHH BPeMEHH.

Takum 06pasom, 3ajadyedl KOPPeKIMH Mbl Ha3blBaeM TOT YacT-
Hblfl cayuall 3ajayd ONTHMaJbHOTO YNpaBJleHHsA, B KOTopoM xudde-
peHLHa/nbHble CBSI3H -—3TO JIHHeHHble AH(QdepeHuHaNbHble YpaB-
HeHHs1.

B stoM maparpade paccMOTPHUM TOT CHellHaJbHHIH K/aacc 3ajzay
ONTHMAaJbHOH KOPPEKUHH, NS KOTOPHIX CHCTeMa AuddepeHUHaNb-
HbIX ypaBHeHMH, NMOJYYeHHbIX NPUMEHeHHeM LpHHIHIA MaKCHMyMa
JI. C. TloHTpsirHHa, TaKXKe sBASETCA JHHelHOH., DTO HaK/AaAblBaeT
ompeje/ieHHble OrpaHHYeHHs1 Ha BbIGop ¢yHKUHOHaNo0B. Ilpesxie
BCEro yCJNOBHMCA pacCMaTpHBaTb TOJbKO HHTerpajbHble (yHKLUHO-
HaJabl

T
I=[F(x, wat. (9.4)
0

Torza k Halleii 3ajaye NPHMEHHM NPHHIHI MAKCHMyMa,
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Ilas toro uto6nl BeKTOp-PyHKUHMA x(f) U ynpaBaende u(f) pea-
JH30BAJH MHHHMYM QyHKIHOHANa (9.4) npH ycaosusix (9.1)—(9.3),
HeGOXOAMMO CyllecTBOBaHHe GYHKUUH p(f)

R oH
p=—9L, (9.5)

rae QyHkuusa aMHABTOHA
H=(Ax-p)+ (Du-p)— F(x,u), (9.6)

a ynpasJeHHe u OnpeneiseTcs U3 YCJoBUA MakcumMyma H no u(f)
445 JIo0bIX X H p, T. €. u=u(x,p).

Takum oGpasom, 3azaua ONTHMAaJbHOH KOPPEKIHH CBOIHTCA K
pelleHHI0O HeKOTOpOH KpaeBOH 3ajayd AJAs CHCTEMbl YpaBHeHHH
(9.1) u (9.5). Jluneitnoctb cuctembl (9.1) He rapaHTHpyeT B o6lleM
caydae auHeiiHoctH cHcteMbl (9.1) u (9.5). Dty cucteMy ypaBHeHuH
MHl YCJOBHMCSl Ha3blBaTh f-CHCTEMOH.

Ecnu pasMepHOCTb BeKTOpa X paBHA 7, TO Pa3MEpPHOCTb f-CHETe-
Mbl paBHa 2n.

HerpyaHo y6ennTbesi, 4TO CyllecTByeT LWIMPOKHI Kaacc 3anad,
ISl KOTOpbIX T-CHCTeMa siBasiercs JHHeliHO#. TlpuBeaem HekoTophie
NpHUMEpHL

3anaua A. YnpaBieHue ¢ KBaApaTHYHBIM (DYHKIHOHAJOM

T
I=[(Cu—uat, (9.7)
0

rage C — HekoTopas MaTpuua., 3ajava ynpabJjeHusi ¢ KBaApPaTHUHBIM
(hYHKLHOHAJOM AOBOJbLHO YacTo BCTpeyaercsi B TexHHKke, MHTepec-
HbIM TIpUMEpOM sIBJSIeTCSl 3ajaya ONTHMAJbHOH KOppeKLHH KOCMH-
yecKoro amnnapara, CHaGKeHHOro HAeaJbHO PeryJHpyeMbIM siiepHbIM
JIBUraTeseM *),

CocraBum ¢yuxuuo H

H= (Ax-p)+H*,
rae
H*=(Du.p)—(Cu-u).

Cuurtas, yto G, coBiaaaer co BCeM NPOCTPAHCTBOM, MBI Jerko Hafl-
aem u(t) u3 ycaoBusa Makcumyma H mo u. 310 ycn0BHe MOXKHO 3a-
fMcaTh CAeAyLHM 00pasomM:

Dp=Wu,

*) O noctaHoBKe MOZOGHEIX 3amau cM. mogpoGuee I'. JI. Tpoxsosckup,
I0O. H. Usanos, B. B. ToxapeB, Mexadnka KOCMHUECKOro noJjeta ¢ MaJjod
Taro#t, n3j. «Hayka», Mocksa, 1966,
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rae W=C+C (D u C 0603Ha4al0T TPaHCIOHHPOBAHHKIE MATpPHILbI).
TakuM o6pasom,

u=W-1Dp.
BbII'lHI.LIeM Tenepb ﬂ:-CHCTeMy
¢ = Ax + Bp,
rE AT Ep } 9.8)
p=—Ap,
rjge -
B=DW™'D.

YcnoBHA TpaHCBepCaJbHOCTH HaM JAaAyT 2n KpaeBblX YCJOBH.
Hanpumep, 3anaua mepexola CHCTEMbI H3 TOYUKH B TOYKY 3a Bpe-
Ma T HaM facr caeaymwollee yc/aoBHe Tuma (9.2):

x(0)=xg, x(T)=xg. (9.9)

3apnaua Bb. PaccmorpuM 3amauy Maiiepa: onpefe/nuTb MHHH-
MyM (pyHKILHOHAAA
J=(e-x(T)), (9.10)

rle e—HeKOTOpblH 3aJaHHBIH BEKTOP.

Ecau G, coBnajgaer co BceM MPOCTPAHCTBOM, TO paccMaTpHBae-
Mas 3ajaya cMbicia He HMeeT. Ecau G, — 3aMKHYTOe MHOXECTBO,
TO ynpaBJieHHe HOCHT pesielHbli XapaKTep H 3ajaua OKa3sbiBaercd
HesHHelHOH, OaHako monoGHble 3aaud SABAAIOTCA HEKOPPEKTHbIMH
B cMblcie A, A, TuxoHoBa. D10 CBOMCTBO 3ajayH COCTOHT B TOM,
YTO MaJbiM H3MEHEHHAM (PYHKIHOHA/NA COOTBETCTBYIOT GOJbILIHE H3-
MeHeHHA ynpabJasiomtell ¢pyHkuuu u(f). Bmecto 3amaun B Gymem
paccmartpuBaTh 3anady B”: onpeneiHTb MHHHMYM ¢(yHKLHOHana

T
J=(e-x(T))+af(Cu-u)dt. (9.11)
0

IOaa sagauu (9.11) m-cucteMa Gymer JHHe{iHOH.
CocTaBuM (GYHKIHIO

H=(Ax-p)—(e- Ax)+ H*,
*=Du-p)—oa(Cu-u)—(e- Du).
Tenepb ynmpaBjieHHe MOXKeT OBITb ONPELEJIEHO H3 ypaBHEHHs
D(p—e)=aWu.
BhHinmuineM s-CHCTEMY
£=Ax+ Bp — Be,

T 9.12)
p=—Ap,
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rae

3aMeHolt p—e=gq 3anaua B’ npuBoauTcsa kK 3ajgaue A,

MO2KHO NpUBECTH elle LeJbl psa MOAOGHBIX MPUMEPOB, MOKa3bl-
BaIOLHX, YTO KJ1aCC BapHAllHOHHBIX 3aja4, CBONSILIHXCH K HCCJENO0-
BaHHIO m-cHcTeMbl THMa (9.8), 1OCTAaTOYHO IMIMPOK I/ TOTO, UTOGBI
cTaTh OOBEKTOM CHEUHaNBHOTO HCCJ/e10BaHHs.

Ecnu matpuust A U B nocrosiHHble, TO OGIIMH HHTErpas CHCTe-
Mul (9.8) MoxeT GbITh 3anHcaH B siBHOM BHje. [Tostomy peenue
KpaeBoil 3ajauH (y10OB/JETBOpEHHe YCIOBHH TpaHCBepCaJbHOCTH) H
BHIUHCJEHHE YNpPaBJSIOIEro BO3ACHCTBHS CBEJETCA K pellleHHIO He-
KOTOpOH CHCTeMbl JIHHEHHBIX aJre6paHyecKHX ypaBHEHHH.

Eciu koadduuments Matpuu A 4 B 3aBHCAT OT BpeMeHH, TO 3a-
Jaua CTAHOBHTCS 3HauuTenbHO GoJsee cioxHOH. B obiem BHae ee
pellleHHe MOKeT OBITb NMOJYYEHO TOJIbKO YHCJIEHHBIMH MeTOJaMHu.

Cayyaii cHCTeMBl ¢ NOCTOSHHBIMH Ko3(d¢hHUHeHTaMH OblLt Mpej-
METOM MHOTOYHCJEHHBIX HCCJe0BaHHI H SIBJASETCS XOPOLIO H3Y4YeH-
HHM, MeToapl, pa3BHTHe B 3TOH T/aBe, MO3BOJSIOT CTOJb Ke Je-
TaJbHO H3YYHTb TOT CJayuafl, korna Matpuua A u B 3aBHcAT ot
MeJJIEeHHOTO BpeMeHH &f=1: :

A=A(x), B=B(1).

10T cayuail 10CTaTOYHO pacNpoCTPaHeH H 3acCJayKHBaeT BHHMaHMA.
K Hemy cBOJSITCS, HanmpuMep, MHOTHe 3aJa4YH KODPEeKUHH OpOHT
MCKYCCTBEHHBIX CIYTHHKOB, 3aJlayd YNPAaBJeHHS B 3KOHOMHYECKHX
CHCTEMAax H T. A, M3yueHHio 3TOorO csaydyass H OyleTr NMOCBSILEH 3TOT
naparpag.

B cucreMe (9.8) cmenaeM 3aMmeHy

t=¢l (9.13)
H 110J0XKHM A=1/e. : ‘
[Tocae samennl (9.13) cucrema (9.8) NpHMET ciepylOIHiE BHA:

-Z—;f =AA(t)x +AB (1) p, ]
i : (9.14)

Cucrema (9.14) siBasieTcss 4aCTHBIM CJyyaeM CHCTEM, COIEpXKalLHX
6oJbIIOH MapaMeTp, — CHCTeMOH nepBoro panra. [lns mocTpoenus
ee oflLlero HHTErpa/ja MOryT GbITb HCNOJb30BaHbl acHMITOTHYECKHE
METOABI.
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PopMa acCHMNOTOTHYECKHX NMpeACTaBJeHHH oblLlero HHTerpana 3a-
BHCHT OT CTPYKTYpBI 3JleMeHTapHbIX AeqHTesNell maTpuubl I'— pFE

o

0o —4

[TosToMy cHayasa Mbl JOJHHBl YCTAHOBHTb HEKGTOpPHlE CBOHCTBA Ma-
Tpuubl I' B 3aBHcuMocTH ot cBoictB Matpuir A u B, Kpome Toro,
a1l yAO6CTBa NalbHeRIIHX HCCleOBaHHA npuBeaeM cucteMy (9.14)
K TOMY HJIH JPYroMy KaHOHHYeCKOMY BHAY.
3aMeTuM B 3akjawueHHe, uTo cHcTeMy (9.14) MoOXKHO nepemnucatb
B BHJE
dx
ar — Vol + By, l
9.15)
dp ©.
H=—MH, |
rae

(5}
H=(Ax-p), V=3
PaccMmorpumM Hekotopme cBofictBa MaTphubl I':
| A B ”

-3
0 —4

JlemMa. CogokynHocTe KOpHel xapaxkTepucTu4eckozo ypasHe-
nun |I'— nE| =0 npedcrasaser coGoii o6sedunerue cosokyntocrel
kopreti ypasrenuii |A —pE|=0 u |A+pnE|=0.

HoxasateabctBo. B camoM gerne, mo Teopeme Jlamnaca,
pasnaras onpenenuteab |I'—pE| no BCeBO3MOXHEIM MHHOpaM
nepBBHIX A CTONOLOB, MOJYYHM :

IT—pE|=|A—pE|-|— A—pE|=—|A—pE|| A+ pE|=
=—|A—pE||A+rE|, (9.16)

OTKYZa H CJeAyeT yTBepXKAEHHE JIEMMBL. ‘

OTMmeTHM HEKOTOpble OCOGEHHOCTH CNeKTpa MaTpuubl I', BbiTe-
Kawouiie u3 ypasHeHus (9.16).

1) Ilyerb ps— kopedb ypaBHenus |A —pE|=0 kpaTHocTH k.
Torna —p, siBasiercss KopueM ypasHenus |A+pE| =0 Toil xe Kpar-
HocTd. Ecain npu 3ToM HH ONMH H3 KopHeil ypaBreHHs |A —uFE|=0
He fABJseTc KOpHeM ypaBHeHHs |A+4pE|=0, To Mm 6yneM rogso-
PHTb, YTO HMeeT MeCTO YCJIOBHE o.

2) Tlyctb ycnoBue o He BHINOJNHEHO. B 3TOM cayuae cpenn KOp-
Hell p, XxapakrtepucTuueckoro ypaeHenus |A —pE|=0 naiayrca
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TakHe KOpHH WM., KpaTHOCTH 2 KaXAbl, uTO
l"'Sl =% usz'

Torpa p, u p, GyAyT KOPHAMH XapakKTEPHCTHYECKOTO ypaBHEHH:
|T'— nE| =0 kpaTHOCTH 2R KaXjBIH.

Bonpoc o npuBefeHHH MarpHubl ' K HOpMaJbHOH KOpAaHOBOH
dopme B 0O6lIeM ciayuae sIBASETCS C/AOXKHBIM, TaK KaK CTPYKTypa
3T0il OpMBbI ONpefensieTcss He TOJNBKO CBOHCTBAMH MaTpHUb A, HO H
cBodcTBaMH MaTpHub! B. [lokaxkeM Ha HEKOTOPBIX MPOCTHIX MpHMe-
pax, Kak MOXHO OCYLIECTBHTb TaKO€e NpPHBEJEHHE.

1) Iyctb ps— pasinunble KOpHH ypaBueHHs (A —pE|=0 u
cBofictBO o BhimosiHeHO (ps50). Torna I' Bcerna npuBoanTca K aua-
roHaabHOMy BHAay. ITokaxeM, Kak 3TO CAenaThb.

[Tyctb A yxe npHBefleHa K AHaroHasnbHoMy BHAy. Torga B Ho-
BHIX MepeMeHHBIX &; H 1; HMeeM

n
Ei=niE + z§1 dim;,
.. )
gn = p‘ngn + i§ dnini’ (917)
N = — Wn,
f]n = — U Np,
riae 1
ldi;ll=F BF,

sgech F —MaTpHua nepexoia OT CTaporo Gasuca K HOBOMY.
JluHeHHoe TipeoGpa3oBaHHe
n
dij
91=§i+2———’ﬂ1, n="

=1 /
NPUBOJAHT MaTPHLy cHcreMul (9.17) K AnaroHasabHOMy BHAy. Jle#-
CTBHTE/NBHO, HMeeM

n 4,4 n n d,um
.. Tall i* M
Pi=&; T wig; ijNj TR iPi
j=1 j=1 j=1
2) TlycTb CBOHCTBO ¢ He BBIMOJHEHO H CpPelH KOpHEH ps ypas-
peuns |A — pE|=0 umeerca napa xopHeH s, pp KPaTHOCTH €JIH-
HHLIA KaXXIblH, NpHYEM

Heyp = X0 (a+0).
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Marpuua T' B 3ToM cayuae uMmeeT jBa COOCTBeHHBbIX 3HAYEHHSI BTO-
poii KpaTHoctH Kaxpaoe. [IpH 3TOM B 3aBHCHMOCTH OT CTPYKTYpH
maTpuubl B matpuua ' moxer npHBOAHTCA JHOO K XKOpAaHOBOH
tdopme, conepxKaleil OfHY HJIM ABe KJETKH BTOPOro nopsajka, JuHo
K AMaroHaJbHOMY BHIY.

Cpenu ypaBHeHuil cuctemnl (9.17) Halifyrcs ciaefyloliHe yeTblpe:

§s= at, + 1_21 ds!'nf’

e = e . (9.18)
Ee=—ak, + I;[ dp s
Ns= — ans.
a) Ilyerb dg, %= 0, dps %= 0.
Torpa nuHefiHoe nmpeoGpa3oBaHHe
=&+ 2‘ a:_’?:j s Pe=E Tt 21 adi’?:
=

n=dm, m,=d,n, (9.19)

npusoauT (9.18) K caenywomeMy BHAY:

p,=ap,+m,, N0,=an,
b= —ap,+n, N;=—an,

Takum o6pasom, MaTpuua I', npuBeneHHass K HOpMaJbHOH Xopaa-
HOBOH (popMe, AOJKHA CONEPKATb B 3TOM CJAyuae JBe KJETKH BTO-
poro nopsajkKa.

6) Myctp dg=0, dp,#0. Torpa Bmecto (9.19) nonaraem
n, =7, B 3TOM ciyuyae, KaK HeTPyAHO BUMeTb, XKOpJaHOBa hopMa
ma1pulbl I' COAepXKHUT OQHY KJETKY BTOPOTO MOPAJKa. To xe Gyper,
ecan dps=0, dg50.

B) Ecau, HakoHel, dg,=dp,=0, TO, nosaras n,=n,, n,=n;,
npusedeM I' K AMAaroHajbHOMY BHAY. DTOT Clyuall MMeeT MecCTo,
nanpumep, torja, Korna B=yE. Torapa lld;ll=vyE, 1. e. Bce BHe-
JMaroHaJibHble 3J€eMeHTbl PaBHbI HYJIIO.

3) [lycTb ycsoBHe o BHITOJHEHO, a CpelH KOpHeld ypaBHeHUH
|A — uE|=0 umeetcs KopeHb w;#0 KpaTHOCTH ABa, MpHueM CTap-
Mt MHBADHAHTHBIH MHOXHTeNb MaTtpuubl A —pE  comepxur
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(p,-— p,|)2, a BCE OCTaJIbHbi€¢ HHBADHAHTHBIE MHOXXHTEJH paBHBI €l1H-
HHIe H Bce p; (i>1) pasnuune, B 9ToM cayuae BMecTo cHCTeMBbl
(9.17) umeem

n
Ei=mE +E+ IZI dimj

n
Eo=w + I§ dam;,

0
=t + El dimj, (9.20)
M= —um +
N2 = — WMz,
N = — UN;-

B 3tom cayuae xoppanoBa ¢opma MaTpuuwnl I' Takke cOAepKHUT
KJIETKH BTODOro mnopsiaka
0 W

” w1
0w
HeTpyaHo npoBepHTb, 4TO COOTBETCTBYIOllee JHHEHHOe UPeoGpaso- -
BaHHe, npusoasulee [ K KopAaaHOBOH GopMe, HMEET BH]

Y dij+a
O diytagg .
=8+ IR ="
j=1
rae
d .
ay=—-—"- a;=0 (i=2),
1 ( 2dy
ap=—-(dy — dp— 222},
2= (du—dy un)
_ dp .
ap=-- ((=2),
1

dyj ,
ayy = — p: (i=3).

D10 npeo6pazoBaHHe €IHHCTBEHHO.
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2. Hekoropble cBoHCTBa ynpaBJeHHS KOHCEPBATHBHLIMH CHCTe-
mamu. PaccMorpuMm cucremy

F=A*z4u*, (9.21)

rie A — cuMMmerpHuHast Matpuua. He orpannunBasi OGIIHOCTH, MBI
MOXK€M CYHTaTh, YTO MaTpHla A MMeeT BHA

A=A A5+ A+ ...,

rae Ao — JAHaroHaJibHas MaTpHila

(1) I
u (2)
A0= ‘ .
B, (8)
Hast Toro uToGhl MPHBECTH CHCTEMYy K BHAY (9.16), mosoxum
L=y Vip. - (929
Torpa i-e ypaBHenue cuctemnl (9.21) npumer sug
. e 1 . _1 1
y‘.=]/hp,-z,—3pp /zy,+2a,jzj+vx——*(...)+ Ceey (923)

rAe a; — 3JeMeHTH MaTpHubl Aj.
Tenepb BMeCTO 2; H y; BBeleM HOBbIE NEPeMeHHBIE Xo; H Xait|

Xoi-1=2:+ Y1, X2i=2Z; — Yi.

StH QyHKUHH GyAyT yIOBJETBOPATb CJEAYIOLIHM ypaBHEHHSIM:
Zoe = VAWt + e,

d=— VN wixg+ ...

Touku o6osnauawT ujens mopsaka O (1), O(l—/l}“:*) u 1. A. Iloao-

(9.24)

KHM A= V_A_; U 3anuuieM cuctemy (9.24) B BHOe

x; = (AA0+ A| + .. ) X, (925)
rae

Wy
-

— W
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Cucrema (9.25) yxke OTHOCHTCA K H3ydaeMoMy BHAy. Jlaxke ecau
BCe [; — MPOCThlE KOPHH XaP4KTEePHUCTHYECKOr0 ypaBHEHHS MaTpH-
ubl Ag, m-cucreMa

x = }\:on + }be,

p=—Adop

MOXKeT 06/1aaTb KPATHBIMH 3JeMeHTapHBIMU feaureasamu. [loctpoe-
HHe aCHMNTOTHYECKHX [MPpeACTaBJeHUH pelieHHR cucreMmbl (9.25)
MOKeT GbITb MPHBEAEHO MeTOAAMH, H3JOKEHHBLIMH B NMpeAblayLleM
naparpade. OfgHaKo A MPaKTHUECKOTO MOCTPOEHHSI Pa3/OKEeHHUH
pelneHuit cucreMel THna (9.21) MOXKHO pa3BHTb METOJIBI, He TPeGyIO-
IiHe CBeJeHHsA 3TOH cHUcTteMbl K BuHAy (9.25).

3. AcMMNTOTHUECKOEe MNpeiACTaBJCHHE DPCUICHHWA OJHOH YacTHOH
3ajauu KoppexuuH. [IpeanonoxuM, 4To peub HAET 06 ympaBJeHHH
CHCTEMOH

E=0Mx+Ax 42\, (9.26)
rae M — auaronasnbHas MaTpuua
ui (#)
w3 (%)
M= . ,
w2
a A=lla;;(t) || — npoussosbHasf MaTpHua,

YnpasneHue u(f), nepeBojsllee CHCTEMY H3 TNOCJOXKEHHUS Xp B
xr 3a Bpems T, BoiGupaeTcss M3 ycJa0BHiI MHHHMyMa (dyHKUHOHasa

T
T=w2 [ wat. (9.27)

0
115 cocTaB/ieHHsl R-CHCTEMbl MOJMOXKHM &=y, MHuoxurenu Jlarpan-
a (MMIyJAbCBI), COOTBETCTBYIOLIHE NepPeMeHHBIM X; 0O0O03HAUUM

4epe3 p;, a COOTBETCTBYIOUIHE MEPeMeHHbIM y; — 4epe3 ¢;. B aTux
6603Hauennsx Qyukuua H Gyner uMeTb caelywoUIH#l BHA:

H= 2 y,p, + A e g, +;ai1x1qi+h22uiqi—h2;u2. (9.28)
i i i . i

YeaoBue makcumyma H ycraHaBiHBaeT CBs3b MEXAy ynpaBJeHHs-

MK H UMIYJbCaMH

1
by=-3 q¢
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Hcenonbayst 2TH BeIpaKeHUst, BHIMHILEM CHCTEMY HEOOXOAHUMBIX yC/I0-
BHH

. oH \ )
pi= = G =~ Wulg,— Naya,
i
i ayi - Pi

[TocnenHee W3 3THX ypaBHeHHﬁ MO3BOJIAET HCKJ/IOUYUTL pP;

G, =Mu2q, + 2a,q, (9.29)
[Tepenumem eme ypapHeHHe (9.26)

%, = Mp2x, + Z a0+ (9.30)

Urak, B JaHHOM cJyuae J-CHCTEMa —3TO CHUCTEMa ypaBHeHHil
(9.29), (9.30).

OrpaHHuyuMcst pacCMOTPEHHEM TOJBbKO TOTO CJyuyas, KOTJa BCe
pi(f) ans mo6oro t<[0, T] pasnbie. Torga xapakrepucTuueckas Ma-

TpPHIA 3TOH cHCTeMbl GyaeT UMeTb ABYKpaTHble KOpHH. KpoMe Toro,
ypPaBHEHUst Mt §; He COLepXKAT KOMNOHEHT Bektopa % Cuegosa-
Te/IbHO, Mbl CTaJIKHBaeMcCsi 3/leCb ¢ OJHHM H3 CJyuyaeB BHIPOXKJAEHHS,
paccMOTpeHHBIX B mnpefblayliem naparpade. CorjacHo passBuTOH
TaM ofLlell TEOPHH MbI MOXeM HCKATb Y4aCTHble PELIeHHsI B BHUJe

t
xe=ve(t, Mexpia [t !
’ i (9.31)
ge=1e(t, Mexpia [p(at,
6 J

rge | COBMAJaeT C OJAHHM H3 3HAYEHHI Vi:?(_t) a Up U U Tpel-
CTaBMMbBI B BHJE DPsiJIOB, PACNONOXKEHHBIX MO OGDATHBLIM CTEMeHsSM
napamerpa l/A.

Jlnsi  ompenesieHHOCTH MOCTPOMM pellieHHe, COOTBETCTBYIOIiLee
KOPHIO 1, TyCTb, KpoMe TOro p2>0 u fo= + |u,|. Torga nepsoie
ypaBHenHs cucteM (9.29) u (9.30) nocne moacranoBku (9.31) mpi-
MYT BHA .

7‘).1+2A.l.l101+kl.1101=2 a”v]+;”7u1, (932)
i

by + 2Mugiy + Ay = ;} apty. (9.33)
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Ocra/ibHble YpaBHEHHS 3THX CHcTeM GydyT HMeTb TaKOH BH/:

.. . . A?
A2 (uy — pg) Us+ U5+ 2005 + A1y vs = 2 a;0;+ 5 ug (9.34)
/

AZ(g — W) s+ il + 2M 8 + Aflug = ? aju;. (9.35)

3aMeTHM, 4TO ypaBHEHHS (9.32)—(9.35) nmonmyckalT cHCTeMy yacT-
HbIX pelleHH#,, B KoTtopo#l us (s=1,2,...,n)=0. B 3stom cayusae
cucrema (9.32) u (9.34) npumer BUI

vl+2hpvl+huvl Z a”v,,
A (Pll - l"s) v+ vs + A'P"vs'l' 27vlws= Z a;;v;.
[Monoxum nagee

] (9.36)

Ue=Ug+ A0+ ...
M3 cucreMb (9.35) m/is CTapUIHX u/IEHOB pa3/OKEHHs MOJYYHM
20010+ R11010=0,
(1 — ps) vs0=0 (s=2,38,...,n).

Orclona cpasy caeayer

Cy
u10=_l/—_—, uSOEO (S=2) 3)"') n)'

23}
TakuM 06pa3oM, NepBHE YJIEHH PAas/IOKEHHs HCKOMOro 4acTHOTO
peleHust 6yAyT TaKHMH:

x1=c—_‘_exp AJ‘u(t)dt , x=0 (s=2,3,..., n),
VIH ¢

T. €. AJdf X; nojydaeM obbiunble ¢dopMmyan WBKJ-metoma, a Bce
IPOYHE KOOPAHHATHI TOXKAECTBEHHO PaBHBI HYJIO.

Jlnsi BbluKC/IEHHS MOCJAENYIOUIHX YIEHOB Pa3JOXKeHHS (QYHKUWH
u, nosyuyaeM OObLIKHOBEHHBlE JHHeHHble AH(depeHHaTbHbIE 'ypas-
HEHMs NEPBOTO MOpPSIKA

2uite+ ik =q9(f),

pellIeHHe KOTOPHIX HAXOAHTCA B KBaApaTypax.
[Mocnenyolyue ueHb pas3siokeHHOH QYHKUHH Us (5=2,3,...,N)
JAITCA KOHeuHHIMH ¢opmynamu. Hanpumep,
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Hrak, Mbl [IOyYHM OJHY CHCTEMY YACTHBIX PELIEHHH, COOTBETCTBY!IO-
KX KOpHIO W= + V p2. BTOpYIo CHCTEMY pellleHHHl MOKHO BBIUHC.
JIUTh TeM e cnocoO0oM, eC/IH MOJOMKHTb P=—H,.

JlBa ApYruX YacTHHX pelleHHs, COOTBETCTBYIOWHX i, Mbl MOJY-
ynM M3 paccMoTpeHds ypasHeHuit (9.33) u (9.35), koTtopbie aomy-
CKalOT Ba JIHHEAHO He3aBHCHMBLIX pelleHHs BHAA

1 -1
Uy=——+A ug+ ...,
TV "
__ =l ap iy -2 .
Ug=A ——un—us-H" (..0)+ ...

[Moacrasass 3aTeM 3TH BbIpaXXeHHs B MpPaBYIO 4acTb YypaBHEHHH
(9.32) u (9.34), HaiineM HeKOTOPYIO CHCTEMY HEONHOPOJHLIX ypaB-
HeHHH, yacTHOe pellleHHe KOTOPOH MO:KeT ObITb MOJYY€HO H3BECT-
HbIMH METOJaMH.

Hrak, Mbl yKasaau cnocoG, KOTOPhIH MO3BOJSET 15 KaxJI0ro M3
upces W2 MOCTPOMTL TPYMMY YeTbipeX YACTHbIX DelIeHHH,
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