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MMPEIMCJ/IOBHE K TPETBEMY HU3JAHHIO

Ilpu moaroroBke TpeThero M3LaHUS YYUTHIBAJIHCh TPeGo-
BaHHA Kypca «Aure6pa U TEOPHS UHCEN».

[lo cpaBHeHHIO CO BTOPBLIM H3JaHHEM OCYIIECTBJEHHI
cleAyolli¥e AONOJHEHHUs: BBeJeHbl YIpaXKHeHHS Ha TeMH
«Pelrenye Heonpene/leHHRIX ypaBHEHHA IepBOH CTENEHH C
ABYMSl HEH3BECTHBIMH B LeJBIX uHciaax» W «KoHeuHble mem-
Hble IpOGH»; NaHBl pasjJuuHble MeTOAbl 0GOCHOBaHHS MNpH-
3HAKOB JeJIMMOCTH YHCeJI; YBeJHUEeHO KOJHUECTBO YIIpaXKHe-
HU#l JJ1S1 CAMOCTOSATENbHOTO PelleHHus.

B ornnume OT npeqBIAyIMX H3ZaHUN 3afayHUK pas3CuT
Ha JIBe YaCTH. B mepBOfi YacTH AaH MHHHMYM YIpa*KHEHHH,
HEOOXOLUMBIH /151 NMOATOTOBKH CTYNEHTOB K BHIIOJHEHHIO
KOHTPOJIPHOH pabGoThl M K 3auyeTy (3THM yNpaKHeHHAM
NpeAlIecTBYIOT NPHMeEpHl C OJNPOGHEIMH pelieHHsIMH). Bto-
pas gacThb BKJIOYaeT GoJiee CJIOXKHLle 3a7aqH, KOTOpHle, BO3-
MOJXKHO, 3aHHTEPECYIOT CTYAEHTOB B IIpollecce H3yYeHHS
Kypca.

Bce nomosiHeHHs ¥ H3MeHeHHd, O KOTOPHIX LIJia pedb BHI-
Ie, OCYIIeCTBJAEHE BTOPEIM H3 aBTODOB.

C. I'opuwenuH.



BBEJIEHHE

Hacrosimu#i 3amauHUK-IPAaKTHKYM £BJASeTCA Y4eOHBIM
noco6ueM IJI5i CTYLEeHTOB-3a0UHHKOB MaTeMaTHUeCKHX CIie-
[[HaJbHOCTEl IeIaroryyeckKuX MHCTUTYTOB. B mocobum cTy-
IeHT HaifeT o6pasubl pellieHHs 3afay M MaTepHana IJas yI-
pPaKHeHHH 1O BceM OCHOBHBIM pasfenaM Kypca «Aarebpa H
TEODHUS YHCEJ».

Ilpucrynas k paGote ¢ 3a5ayHUKOM-NPaKTHKyMOM, CTY-
JIeHT [IpelBapHTENbHO NOJKeH U3YUYHTh HeOOXOAUMBIH Teope-
THYeCKMH Marepuas. B mpoumecce paboTh Halno o06paTUTb
0c060e BHUMaHHe Ha BbIGOp HaHboJiee pallHOHANbHBIX METO-
JoB pemleHus: ynpaxkHeHu#i. CkasaHHOe Ipexye BCEro OTHO-
CHTCS K pellleHHMIO CDaBHEHHH M CHCTEeM CpaBHeHHH MepBoi
CTereHH ¢ OLHHM HEeHM3BeCTHBIM, K HaXOXIEeHHIO KJacCOB YH-
ceJl, IPHUHAAJIeXKALIUX 10Ka3aTeJslo, 1epBOO6Pa3HbEIX KOpHeil
[0 IPOCTOMY MOJLYJNIO H Ip.

XoTs1 Ipu BHIOOPe palHOHAJLHBIX METOAOB DelleHHs Le-
JIOTO psifa 3ajad CTYAeHT yOeIMTCS, UTO HNpHMeHeHHe Tal-
JIUIL, UHIEKCOB 3HAUMTEJbHO YIPOIIaeT NyTb pelleHHs, eMy
HeoOXOAHMO OBJIaJiIeTh BCEMH INpelJiaraeMbIMH B 3aflayHHKe
MeTOJaMH, OCOOeHHO ec/H yuyecTb, YTO IpelBapHUTeIbHOE
cocTaBleHHe Ta6JHIL MHIEKCOB — BeCbMa TPYAOEMKHH Ipo-
mecc.

OnHuM H3 apubMeTHYECKHX NPHIONKEHHI TEOPHH CpaB-
HeHMH SIBJISIETCSI HaxOXIEeHHe OCTaTKa OT HeJeHHs LaHHOro
yncaa kR Ha YMCHO [; NPH BHINOJHEHHH YIpaXXHEHHH TaKOro
XapakTepa B 3aJauHHKe-IPAaKTHKyMe B OCHOBHOM HCIIOJIb3Y-
€TCsl CpaBHeHHe:

k=z(mod ),

Tlle 2 — HaUMEeHbIIHH HEOTPHULATEeJbHBIH BbIUET 110 MOLYJIO
{, KOTOpEIfl M SIBJsIETCS MCKOMBIM OCTATKOM.

B pasnene «Apudmernueckue NpPUIOKEHHUS TEOPUU CPaB-
HEeHUH» pacCMaTpHMBAIOTCS YNpa)KHeHHS, OTBeyalolllhe Cco-
IepXaHui 3TOro pasfena mnporpaMMbl. CTyIeHT-3a04HHK
JOJIXKeH YSCHHTb, YTO HM3YUYeHHEM 3TOrO pasfesa He HCUep-
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ObIBaeTcsl Kpyr apuMeTHYECKUX NPHIONKEHUH TEODHH 4H-
ces (OTYACTH U TEODHHU CpaBHEHMH). DTHUM Ke LM CIyKaT
IPUJIOKEHUS Pa3NYHBIX pacCMaTPUBAaeMBEIX B TEOPHH UHCeJ
YHUCJAOBBIX QYHKIHH, TeopeMbl Ditepa 0 CpaBHeHHAX, MaJoH
Teopuu Pepma, cHCTEMBI CPaBHEHHH C OJLHUM HEH3BECTHBIM
H Ip.

ITo xaxxpomy pasmeny nporpaMMbl B 3afauHHKe yKasa-
Ha COOTBETCTBYIOLLAS JHTePaTypa. B 0CHOBY NOJIOXKeHH! Clle-
Lyioliye KypChl:

1.00. X. MuxenoBuu. Teopus uucen, u3n. 2, nepepa-
6or. u mon. M., «Bricmias nmikodaa», 1967.

2. A. A. Byxwmrad. Teopusa umucen, H3g. 2, ucnp. M.,
«IlpocBemienune», 1966.



YACTb 1

3AJAYH C PEHIEHHUSIMHU.
3AJAYHU 459 CAMOCTOSMTEJNBbHOIO PEWLEHUSA

§ 1. KIIACCbl O JAHHOMY MOJYJIIO.
CPABHEHHSA U KJIACCbI

OI. X. MuxenoBuu. Teopus uucer, crp. 36—60.
A A ByxuwmTa6. Teopus uuces, crp. 72—99.

Bonpocsr 0as camonposepku

1. Korga nBa uncnia @ ¥ b cpaBHHUMEI IO MOAYJIO m?

2. CopmynupyliTe OCHOBHEIE CBOMCTBA CpaBHEHHH.

3. B uem 3akiiouaercs ycioBHe, HeOOGXOLNMOe H LOCTa-
TOYHOE [IJIfl TOT'O, YTOOB! IBa uucaa @& U b NpHHALJIeXKald K
OIHOMY KJacCy IO JaHHOMY MOZYJIO m?

4. Yro HasblBaeTcs NOJAHON CHCTEMON BHIUETOB IO LaH-
HOMY MOZLYJIO m?

5. Uro HasbBaeTcd NpHUBeNEHHOH CHCTEMOH BHIUETOB IO
LaHHOMY MOLYJIO m?

6. laitte onpenenenue ¢yHkuuu dinepa ¢(n).

7. ChopmynupyiiTe OCHOBHbIE CBOHCTBA GYHKIHH Iii-
Jaepa.

8. Kak unraercs teopema Diinepa?

9. Kak uuraercss manas reopema Pepma?

Pas6epure pelueHusl cleNyIOLIUX NPHMEPOB.

Ilpumep 1. Hauwl Tpu uucna: 78, 210 u 346. Cpapuu-
MBI Jiu oHH ¢ 27 no mopyuio 11?

Pemenue. Boutem u3 manuwpx uucen 27. [loayuum
gyucaa 51, 183 u 319. M3 atux Tpex umcen Ttosnbko 319 ne-
Jautca Ha 11, a nostomy Tosbko 346 cpaBHHMO c 27 mO Mo-
nyawo 11, 1. e.

346=27 (mod 11).

I[Ipumep 2. ITokasare, uto 32's=11 (mod 21).
Pemenwue. M3BecTHo, uTO, €CIH

a=b(mod m),

TO
(a, m) = (b, m).
B nauHOM ciyuae umeem:
(312, 21) =3,



wo (11, 21) =1, ciegoBaTtennbHoO,
3121z£11 (mod 21).
ITpumep 3. [lana COBOKYNHOCTb HHCEJ
(9, 2, 16, 20, 27, 39, 46, 85).

Mo2KHO /i paccMaTpHBaTh NAaHHYIO COBOKYMHOCTb Kak IIOJI-
HYIO CHCTEMY BBIYETOB IO MOZYJIO 8?

PemeHHue. B cOOTBETCTBHH C OIpeleleHHEM TNOJHOMA
CHCTEMBI BHIUETOB 110 MOIYJIIO 71 COBOKYNHOCTb COOTBETCTBY-

OIIKX YHCeJI TpU HeNEeHHUU Ha M AOJXKHA HaBaTb B OCTaTkKe
qgucaa

0,1,23,4,.., m—I1.

JIerko yCTaHOBUTB, OCYIIECTBJIS NOCJIELOBATENbHO [e-
JIeHHE YHces JaHHOH COBOKYIHOCTH Ha YHUCIO 8, YTO OCTATKH
6YyLyT paBHH YUCIAM

1,2,0,4,3,7,6, 5,

a cJllefOBaTeJbHO, HAHHYIO COBOKYIHOCTb MOXKHO paccMar-
pHBaTh KaK MOJHYIO CHCTEMY BBIYETOB IO MOZLYJIO 8.
I[Tpumep 4. JlaHa COBOKYIHOCTb YHCEJ

(9, 2, 16, 20, 27, 39, 46, 86).

OcyiiecTBUTh TaKyI0 3aMeHY YHCEJ 3TOH COBOKYIIHOCTH,
4TOGH! €€ MOXKHO GLIJIO MPHHATH 32 HOJIHYIO CHCTEMY BHIYETOB
no mMonyJio 8.

Pemenue. CpaBHHBasi HaHHYIO IOCJEIOBATENbHOCTh
C TOC/IeNOBATENbHOCTBIO B IpUMepe 3, 3aMeuaeM, 4TO OHH OT-
JIUYAIOTCH TOJNBKO IOCJENHHM YHCJIOM, M Tellepb yXKe JBa
yucsa (46 u 86) maloT B ocTaTKe npu AejieHHH Ha 8 unciao 6.
Uro6el TIOJNYYHTb HYXKHYIO COBOKYIHOCTb, HAZO0 3aMEHHTHb
OJHO U3 HHX, Hanpumep yucjo 86, JIOGEIM APYTHM YHCIOM,
LaloIUM B OCTaTKe NpHU LejeHuu Ha 8 umcio 5 (Hampumep,
yucaom 85).

ITpumep 5. HanucaTe mnojHBle CcHCTEMEl aGCOJIOTHO
HaMMEHBIIUX BHIYETOB MO MOAYJIAM 7 U 8.

Pemenue. Eciu MOLynb m — HeueTHOE YUCIO, TO B
HCKOMOH CHCTeMe BblUeTOB JONYCTHMO HauGoJbiiee mo a6co-

o m—1
JIIOTHOU BeJIUYHHE YHCJIO 5 ; €CJIH Nl — 9eTHOE YHCJIO,

m
T0 — —5-. VICKOMBIMH NONHBIMU CHCTeMaMH aGCOMIOTHO Hau-
MeHbIIHX BblueToB OyxyT cucrems: (—3, —2, —1, 0, 1, 2,3),
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ecin MomyJab paBen 7,u (—3, —2, —1, 0, 1, 2, 3, 4}
umn (—4, —3, —2, —1, 0, 1, 2, 3), ecnu Moxyab paBeH 8.

IIpumep 6. dana nosuas cucrema BuuetoB (9, 2, 16,
20, 27, 39, 46, 85) no mony.n0 8. BIGpaTh U3 3THX UHCE] Te,
KOTOpBle BXOJAAT B NPHUBEIEHHYIO CHCTEMY BbIUETOB IO MOLIY-
g0 8.

Pemenue. B coorBercTBuH C onpefeseHHeM U3 TaHHON
COBOKYIIHOCTH ClIeyeT BbIGpaTh BCe UHCJ/IA, KOTOPble B3auM-
HO IpOCTH ¢ MoayJieM. [I03TOMy npuBeleHHAasi CHCTeMa BHI-
YeTOB 110 MOAYJIO 8 GymeT uMmeTh emle Bux: (9, 27, 39, 85).

3aMeTuM, YTO NpHUBEIeHHAsl CHCTEMa BLIYETOB [0 MOXY-
JII0 M COmepKHUT @ (m) uucen; ¢(8) =4, T. e. HCKOMas CHCTe-
Ma JOJIKHA COJNEpPXKAaTh UeTHIpe YHUCHA.

IIpumep 7. [eBsitas crenekb OZHO3HAYHOTO 4MClia M
OKaHuHBaercs UUGPOH 7; HAHTH 3TO YHCJIO.

Pemenue. Tak Kak meBsiTasd CTeleHb YHCAA 1 OKAHUYH-
BaeTcs Lubpol 7, TO OCTAaTOK OT AedeHus uucaa n® Ha 10
JOJIKeH ObITh PaBeH 7, YTO pPaBHOCUJIBHO CIPaBeJIMBOCTH
CpaBHEHHs

n®=7(mod 10).
Taxk kak (7, 10) =1, To (n, 10) = 1. Bocnoab3oBaBIINCh
TeopeMoil Diyiepa, NOJYyUUM:
n*=1 (mod 10),
rae @ (10) =4.
Bossens o6e uwactH HOC/TeNHEro CpaBHEHHS B KBajpar,
npuzieM K cpaBHenuio: n8=1 (mod 10). Torna cpaBaeHue
n®=7(mod 10)
NIpUMET BHI:
n="7(mod 10),
cJaemoBaTeibHO, n=7.
IIpumep 8. Ilokasats, uTO
11842184318 418 L K181 618=—1 (mod 7).
Pewenne. Bocnonbsyemcst manofi Teopemoir @epma:
ecau (a, p) =1, T0
ar-'=1(mod p).
Uncna 1, 2, 3, 4, 5, 6 B3aumMHo npocthl ¢ uucaom 7. Ha ocHo-
BaHHUH YKa3aHHOH TeOpeMbl
a®=1(mod 7), (1)
rie a=1, 2, 3, 4, 5, 6.

8



Cpasuenune (1) nousneHHo BO3BefieM B KyO, NOJNYYHM:
a'8=1(mod 7). 2)
CkJafgpiBas MOWIeHHO cpaBHeHus Buia (2) mpu a=l, 2, 3,
4, 5, 6, uMeeM:
11842184 3184 418 4 5181 618=6=—1 (mod 7).

3amMeuaHue. PemeHne 3HaUUTEJbHO YyNpOIlaercs, ec-
JIM TI0Ka3aTesb CTelleHH eCThb HeueTHOe uuciao. Ilyctb Tpeby-
€TCs IM0Ka3aTh, UTO

1414211 4 344 44 =0(mod 5).

B .1eBOil yacTH CpaBHEHHS B KayeCTBe OCHOBaHHHU (QHrY-
pHpYeT NpHBeIeHHAas CHCTeMa HaUMEHBIIHX IOJI0OXKHTEIbHbIX
BBIUETOB 110 MOAYJIIO 5. B ciiyuae HeueTHHIX NOKasartesneil, He-
TIOJIb3Ysl CHCTEMY a6COJIOTHO HAaMMeHbIIHX BHIUETOB IO MO-
LYJI0 5, NOJY4YHUM:

111+211+311+4115111+211+ (_2) 11+
+ (—1)#=0(mod 5).

I[Ipumep 9. Hafitu ocraTox oT HAeneHus uuciaa 7402
Ha 101.

Pemenue. 10l —npocroe uncno. Uucna 7 u 101 B3a-
HMHO IIPOCTHI, a O3TOMY U3 MaJjoi TeopeMbl PepMa cieny-

€T, uTo
7'%0=1(mod 101).
Bo3BeneM 3TO CpaBHEHHE MOYIEHHO B YETBEPTYIO CTENEHb.

TTonyuum:
7400=1 (mod 101).

Kpome Toro, 72=49 (mod 101). [TepeMHOxXHUM 3TH CpaBHe-
HHS:
7492=49 (mod 101).

W3 nocienHero cpaBHeHHSI BBHITEKAeT, YTO HCKOMBIM OC-
TaTkoM GynmeT uuciao 49.

Ipumep 10. [Toka3aTph, 9TO KOJBLO KJIACCOB MO JMI0GO-
MY NPOCTOMY MOLYJIO p HE COREPIKHT AeJHTesJed HyJd.

Pemenue. V3 Bhiciie#l anre6psl H3BECTHO, YTO KOJIBIO
CONEPKHUT NENHTEJH HYJS, eclH NpPOoH3BeleHHe 3JeMeHTOB
KOJIbIla PaBHO HYJIO KOJIbIla, B TO BpeMd KaK HH OLMH H3
COMHOXHTeJIed He PaBeH HYJIO.

Ilycts @, b, 0 — KacCH MO IPOCTOMY MOAYJIO p; BO3b-
MeM DaBEHCTBO

a-b=0,



OTKyJa CJle[yeT CIPaBeIJHBOCTL CpaBHEHHS
a-b=0 (mod p).
Tax xak p — mpoctoe yucio, T0 160 a : p, aubo b : p, cie-

LOBaTebHO, COOTBETCTBEHHO a=0, b= 0 H B KOJIbIle KJjac-
COB 110 IPOCTOMY MOZLYJIO p OTCYTCTBYIOT IEJIHTENH HYJS.
ITpumep 11. Hafitu nocnemnue nBe wnuppsl uuc-
Jaa 243402,
Pemenune. OueBHAHO, JOCTATOYHO HAHTH OCTATOK, IIO-
JIy4eHHBIH [IpU AeJeHUH uucia 24342 ga 100.

243%02=4342(mod 100).
Ho (43, 100) =1, a nosatomy
43¢100 =1 (mod 100),

43%=1(mod 100).
Bo3sBeznieM nocienHee cpaBHeHHe NOYJIEHHO B HECATYIO CTe-

IIeHb:
43400=1 (mod 100).
Bosbmem CpaBHEHHE
432=49 (mod 100);
IepeMHoOxKasa NoCjaefHHe OABa CPaBHEHHSA, INOJYUYHM:
4342=49 (mod 100).

CrenoBaTre/sbHO, HCKOMBIH OCTAaTOK paBeH 49.
I[Tpumep 12. ITokasars, uro (73'>—1) gmenutca na 105.
Pemenue. KaHoHuyeckoe pasnoxenue uuciaa 105
Laert:

T. €.

105=3:5-7.
3ameuas, uro (73, 3) = (73, 5) =(73,7) =1 u 73 — mpoc-

TOe YHCJIO, IPUMeHHM Manylo Teopemy @Pepma K uucay 73
no MoAynsMm 3, 5, 7; MOJNYyYHM CpaBHEMHS:

732=1 (mod 3),

73*=1(mod 5),

735=1(mod 7).
ITyrem Bo3BeneHus1 06eux yacTeft CpaBHEHHH B COOTBETCTBY-
IOIHe CTeNeHH, MONYYHM CpPaBHEHHUS:

7312=1 (mod 3),
732=1 (mod 5),
7312=1(mod 7).
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Bocrnosnb3yeMcsi CBOXCTBOM: €CJIH HEKOTOPOEe CpaBHEHHE HMe-
€T MeCTO 110 HECKOJIbKHM MOZLYJSIM, TO OHO CIPpaBeIJIUBO IO
MOZLYJIIO, SIBJISIIOIEMYCSl HAaHMEHbUIHM OGIHM KpaTHHIM NaH-
HBIX MOJYJel; CJIeL0BaTeNbHO,

7312=1 (mod 105),

OTKyZa
(7312—1) : 105.
ITpumep 13. Ilokasath, YTO YHCJIO
13176—1

IeauTtcs Ha 89.

Pemenue. Bocnoabsyemcs ¢opmynofi pasnoxeHus
pa3HOCTU KBaJpaToB:

131761 = (1388—1) (1388+1).

Ecan xoTs 6bl OMH M3 COMHOXMUTeNEH, CTOSIUMX B IpaBoil
9acTH 3TOTO paBeHCTBa, Aeautrcss Ha 89, To MaHHOE YHUCJIO
Ieautcs Ha 89.

Taxk kak 89 — npocroe yucno u (13, 89) =1, To Ha ocHoO-
BaHHM MaJoil TeopeMbl PepMa cnpaBefJHBO CpaBHEHHE:

1383=1 (mod 89),
oTkyna (13%8—1) : 89, a cirenoearesbHo,
(13176—1) : 89.
[Tpumep 14. BriBecTH npusHak naenuMoctd uucia N

Ha MOJIOXKHUTENbHOE YHCJI0 d, OKaHUHMBaloUeecd efUHUIEH.
Pemenue 3anumem uucao N B Bule

N=10a+5b,

Tlle a— KOJIMUeCTBO AeCATKOB, b —nudpa emuHHN UHCaAa
N; monoxum d=10k+1.

[Tycte cnpaBenuBo cpaBHeHHe
10a+b6=0 (mod 10k+1),

3aMeTuM, uTo (k, 10k+1) =1. YmMHOKHUM 06e yacTH cpas-
HeHHsl Ha YUCJO R, IOJYYHM:

10ak+bk=0(mod 10k+1).

Boiuuras u3 neBoll yactu cpaBHeHHs uucio 10ak+a, kpar-
HOe MOMYJIO, TPHUXOAHM K CPaBHEHHIO

—a+bk=0(mod 10~+1),
11



OTKyZLa
a—bk=0(mod 10k+1).

O6partHo. IlycTb cnpaBefsuBO cpaBHEHHE

a—bk=0(mod 10k+1),
OTKYIa
—a+bk=0(mod 102+1).

[Ipu6aBuM K seBofi yacTH cpaBHeHus uucio 10ak+a,
KpaTHOe MOJYJIO, H B pe3yJbTaTe NMPHAEM K CPaBHEHHIO

10ak+bk=0(mod 10k+1).

Tax xak (&, 10k+1) =1, To, pasgenus o6e 4acTy MOCHeIHE-
ro CpaBHEHHSl Ha YHCJO R, MOJYyYHM:

10a+b=0(mod 102+1).

ITosyuen cienyomuil NpU3HaK HEJTUMOCTH: LIS TOTO 4TO-
6bl uncao N menunoch Ha umciao d=10k-+1, Heo6xXoguMo u
JOCTaTOYHO, YTOGB! PA3HOCTb MEXJAY KOJHYECTBOM HECSTKOB
yrcna N u nudpoit exuHun yucaa N, yMHOXKeHHOA Ha YHCIO
k, menunach Ha yucio d.

3ameruM, 4yTo ycjoBue (B, 10k+1)=1 wucnoabsyercst
JUIIb IPH JOKa3aTelbCTBe 0GPATHOTO MONOXKEHHUS.

ITpumep 15. HdoxasaTh, uTO ecau ¢ . a, ¢ : b, rae
(a, b) =1, 1o c-. ab.

Pemenne. Bymem momarats, 4To a u b — MOJIOXKHUTEND-
Hble UHCJIa; DIPUXOLUM K CpaBHEHHAM:

¢=0(mod a),

¢=0(mod b).
YuutsiBas, uto (@, b) =1, u TOT ¢akT, 4YTO €CaH OIHO H TO
JKe CDaBHEHHE MMeeT MECTO IO HEeCKOJbKHM MOIYJISIM, TO

OHO CIIpaBeJJIHBO 110 MOJLYJIIO, SIBJISIONEMYCS HAaHMEHbIIHNM
OGIIUM KDPAaTHBIM NaHHBIX MOXYJeH, MIPHXOAUM K CpaBHEHHIO
¢=0 (mod ab),

OTKyIa
c: ab.

I[Ipumep 16. YcraHOBHTb meamMocTh uncia 29463 Ha
yucao 183.
Pemenune. Pasnoxum 183 na MHOXKHUTENH:

183=3-61,
npu stoM (3, 61) =1. Jlerko ycraHoBHuTb, 4TO yKcI0 29463 3.
12



[IprMeHHM MOCJEe0BaTENbHO NPU3HAK AEJUMOCTH Ha YHCJO
61. ITonyuum: 2946—18=2928; 292—48=244; no 244 : 61,
cleroBaTtenbHo, 29463 [ 183.

3aMeTuM, YTO mpoliecc MOXKeT GBIThb NpomoaxKeH. Ecau
BHOBb NPMMEHMM NPHU3HAK NEJHMOCTH Ha 61, B pesyabrarte
nonyuum 24—24=0, 0 :61.

Ilpumep 17. BuiBecTu npusHak meauMoctu uyucaa N
Ha uucyao 19.

Pemenune. ITonoxum

N=10a+5.
ITycrs cipaBeiJIMBO cpaBHEHHe
10a+b=0(mod 19);
Tak Kak (2, 19) =1, 1o, ymMHOxasa Ha 2, MOJyYUM:
20a4-2b=0 (mod 19).

Briunras u3 JeBoi yactu yucao 19 a, KpaTHOe MOLYJIIC, NPH-
XOIMM K CPaBHEHHIO

a+2b=0 (mod 19), 7. e.
(a+2b) : 19.

O6parHo. IlycTs cnipaBeniuBo cpaBHeHHE
a+2b=0(mod 19).

Ilpu6GaBnsa x jeBolt uactu yuciao 19a, KpaTHoe MOAYJIO,
IPUXOLUM K CPaBHEHHIO

20a+2b=0(mod 19).

Tax xax (2, 19) =1, to pasgenum o6e 4acTH CpaBHEHHS HA
gucio 2. Tonyuum:

10a+b=0(mod 19),
T.e. N :19.
IMonyunnn chaepyomuii NpuUsHAK HEJHMOCTH umcaa N
Ha 19: yncso N Torna u TOJIBKO TOTZA AeNHTCs Ha yucao 19,
KOTZa CyMMa KOJHYECTBa HNECSATKOB LAHHOTO YMCJIA M YIBO-
eHHOI UH(PH eIUHUN, JaHHOTO YHCAa AeJuTcd Ha uucio 19.

Ynpaoicnenus

1. Cpenu uucen 216, 134, 214, 303, 21 nafitn Bce mnapnl
quces, CPaBHUMBIX Mexay co0ofi o Momydaio 5.

2. Cpenu uncen 135, 106, 181, 225, 167, 452 mafitu BCe
naphsl yHces, CPaBHHMBIX MeXAy co6oft no moxpymawoo 15.
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3. Cpenu uucen 217, 42, 182, 241 mafiT Bce mapsl yuceds,
CpaBHHMBIX MeXIy co6o# mo mMonyJio 12.

4. Naupl Tpu uucaa: 137, 343, 633. Kakue w3 qaHHBIX YH-
ceJl CpaBHHUMEI ¢ yucjaoM 13 mo moxyamio 312

5. launl Tpu uucaa: 217, 201, 186. Kakue u3 Hux cpaBHH-
MBI ¢ yucaom 11 mo momymio 19?

6. Hanbl Tpu uncaa: 234, 634, 104. Kakve M3 3THX yucen
CpaBHMMH Cc yHcaoM 9 mo monynawo 25?

7. Ilokasarte, YTO CpaBHEHHUS:

a) 1127=6(mod 27),

6) 6% =7(mod 16),

B) 13%=5(mod 30),

r) 7%=3(mod 35),

n) 819=7(mod 14)

He HMEIOT MecTa.

8. Hanucatp MOJHYIO CHCTEMY Ha¥MEHBIIHX TOJOXKHTE/b-
HBIX BBIYETOB IO MoAyJsiM: a) 6, 6) 11,B8) 9, 1) 13, n) 15.

9. HanucaTtp NONHYIO CHCTeMy HaWMEHBUINX HEOTpHIA-
TeJIbHBIX BBIYETOB 110 MOAYJIsAM: a) 5, 6) 7, B) 11, r) 12, n) 14.

10. HanucaTp nosHyio cucteMy aGCOMIOTHO HaMMEHbIIHX
BHIUETOB IO MoAyasm: a) 11, 6) 9, B8) 7, 1) 8, n) 12.

11. Hanucate npuBeJEHHYIO CHCTEMY BBIYETOB IO MOLY-
JISIM:
a) 5,6) 7,8) 9,r) 11, n) 12,e) 14, x) 15.

12. HaliTu HauMeHbIUKE MOJNIOXKHUTEJNbHbIE BbIUETHI:
a) gucen 113, 127, 41, 47, 53 no monyJo 11,

6) umcen 84, 123, 71, 83, 101 no moxmyJio 13,

B) uucen 75, 83, 103, 117, 201 no mony:io 15,

r) uuces 63, 88, 97, 105, 136 mo moxmyaio 12,

) uucea 107, 121, 132, 150, 161 o mony.io 17.

13. Hailitu HauMeHbIIHe HEOTPHUIIATEJbHEIE BBIYETHI:
a) umcen 115, 131, 57, 48, 83 no monyniwo 9,

6) uucen 82, 127, 73, 89, 107 no moxyJio 11,

B) uucen 87, 131, 97, 103, 111 no moxy.o 12,

r) uucea 69, 93, 100, 123, 141 no mMoxy.ro 13,

I) uucen 75, 89, 102, 137, 151 no monmy.io 15.

14. HadiTu aGCOJNIOTHO HaMMEHbLIHE BBLIYETHI:
a)uucen 108, 123, 201, 75, 83 no momyio 10,
6) uucen 97, 138, 61, 87, 151 no moxyaio 11,

B) umcexn 81, 102, 94, 107, 203 no moxymio 13,
r) gucesa 57, 115, 138, 69, 107 no mMoxy.o 12,
n) umcexn 41, 87, 105, 13, 127 no mony.io 14,

e) uucen 77, 91, 138, 121, 101 no momyJuio 17.
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15. HafiTH KOMHMYeCTBO HATypaJbHBIX 4YHCes], MEHDLUIHX
qucen:

a) 101, 6) 131, B) 270, r) 341, n) 600 u B3auUMHO IIPOCTHIX
C HHMH.

16. HafiTu xonuyecTBO HAaTypadbHBIX YHCeN, HE NpPEBHI-
INAIOMINX YHCIa:

a) 103, 6) 144, B) 152, r) 160, x) 720 u B3auMHO npoc-
THIX C HHM.

17. Tlokasars, yToO:

a) 116431647164 916=4(mod 10),

6) 11445144714+ 11%*=4(mod 12),

B) 11142144114 511 7114 811=((mod 9),

r) 1974317 45174917 11174 137=0(mod 14),

o) 1183451847134118=0(mod 12).

18. Haiita ocraTok OT meleHHs:

a) uwmcaa 11'201 ga yucao 1000,

B) uHcaa 7!''% ga ymcao 1000,

B) uncsaa 3'%7 ga yucio 100.

19. Hafitu yucno, cocraBneHHoe TpeMs nudpamu Mmiaag-
IIMX pPa3psamoB uuciaa 3798,

20. Hafitu nBe nocnennye H¥@pbl yuCes:

a) 1761, 6) 1979, B) 7'4, 1) 11203, x) 78302,

21. Ucxons u3 nmpencras/eHus: naHHOro unciaa N B BuIe
N=10a+b, rie a — KOIHUeCTBO HAeCATKOB, b — nudpa enu-
HUI yHcaa N, BbIBeCTH NPH3HAaKH JeJuMOCTH uucia N Ha
yucnaa:

a) 7, 6) 13, B) 39, r) 59.

22. Wcnonp3ysa COOTBETCTBYIOUIHE NPH3HAKH JIEeJHMOCTH,
YCTaHOBHTb JeJIHMOCTb

a) uncaa 9633 Ha uucao 39,

6) umncsna 8918 Ha yucmno 7,

B) umcaa 29148 Ha uucno 7,

r) uucna 7493 ua uucao 59,

I) umcsaa 9633 na uuciao 13.

§ 2. CPABHEHHA C HEU3BECTHOX BEJHYHHOHN

OI. X. MuxeanoBuu. Teopusa uucen, crp. 61—68, 82—
86, 87—94, 98—115.

A A Byxwmrta6. Teopus uucen, crp. 106—114, 120—
123, 126—131, 135—139.
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Bonpocst das camonposepru

1. HaHno cpaBHenue ax="b (mod m). IIpu kakux ycjoBu-
X OHO HMeeT eJMHCTBEHHOe pellleHHe, He HMeeT pellleHud,
HMeeT o.>1 pemeHui?

2. Kaxue BBl 3HaeTe MeTOJbl PelIeHHs CpaBHeHHUH NepBoi
CTeleHu?

3. Hanumure ¢opMyJbl pelleHus cpaBHEHHUS
ax=b(mod m), rae (a, m)=1.

4. Tlouemy cpaBHeHHe [(x) =0(mod m) umeer He GOJBb-
e 4eM M pelieHui?

5. Ilouemy pemrenus cpaBuenus f(x) =0 (mod m) nocra-
TOYHO McKaTb cpexu uucen 9, 1, 2, ..., m—1?

6. [lafiTe onpeneseHre KBaApaTHYHOTO BhIYETA U HEBbIUE-
Ta 10 JaHHOMY MOZYJIIO.

7. ChopMynupyiiTe 3aKOH B3aHUMHOCTH.

8. Ilepeuncnute cBoiicTBa cuMBosa JlexkaHzpa.

9. B uem 3akiaoyaeTcss HeOGXOLUMOE U JOCTAaTOUYHOE yC-
JIOBHE TOTO0, YTOGH cpaBHeHMe f(x) =0(mod p )umeno max-
CHMaJIbHOE YUCJIO pelleHH?

10. ChopmynupyiiTe Kpurtepuii Ditnepa AMsi KBaJIpaTHy-
HBIX BblYETOB M KBaJpPaTHUHBIX HEBBHIUETOB.

11. JaHo cpaBHenue f(x) =0(mod p), rae f(x) — MmHoroO-
yjleH cTeneHH n>=>p. Kak NOHU3UTH CTEeNeHb 3TOr0 CpaBHe-
HHS, He Hapymas 3KBHBAJIEHTHOCTH CPaBHEHUS?

12. Ilpu Kakux ycaoBusx cpaBHeHue f(x)=0(mod p)
VIOBJIETBOPHETCS TOXKAECTBEHHO?

13. [Ipu KaKuX YCJIOBHSIX MHOTOUJIEH f-H CTENEeHH MOXKeT
OBbITb PasJIOKEH MO IPOCTOMY MOAYJIO HA A Pa3IHUHBHIX JH-
HeHHBIX MHOXHTEJeH?

PasGepute peuleHus CaelyOIUX IPHMePOB.
[Ipumep 1. Pemuth cpaBHeHHs:

a) 5x=2(mod 8);
6) 7x=2(mod 13).

Pemenue. a) Tak kak (5, 8) =1, To cpaBHeHHe HMeeT
eIUMHCTBeHHOe penreHue. Halinem ero ¢ moMompio GopMyJibl
x=ba*™-1 (mod m).
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Torna
x=2.5¢®-1 (mod 8),

x=2-53=250=2(mod 8).

OTBeT: x=2(mod 8).
6) Tax xak (7, 13) =1, To cpaBHeHHE

7x=2(mod 13),

HMeeT eiMHCTBEHHOE pellieHHe.

PemnM 370 cpaBHeHHe MeTOfOM INpo0, OCHOBaHHHIM Ha
CBOHCTBe IOJHOM CHCTeMbl BHIUETOB, 3acTaBjisisl ¥ B dopwme
7x mpoGeraTh nocjiefoBaTesbHO 3Hauenus 0, 1, 2, ..., 12.

VYcranasauBaeM, 4TO 3HaueHus x, paBHble 0, 1, 2, 3, He
VIOBJAETBOPSIIOT JaHHOMY cpaBHeHuio. [Ipu x=4 umeem:

(7-4—2) : 13,

a CJIef0BaTe/bHO, ¥=4 eCcTb pellleHHe IaHHOTO CPaBHEHHS.
Tak Kak cpaBHeHHE HMeeT eJHHCTBEHHOE pelleHHe, TO HpO-
eCC HaXOXAEHHsI pelleHus1 3akoHUeH. CpaBHEHHIO yIOBJET-
BOpSieT LeJbIH KIacC YHCe] MO LaHHOMY MOZLYJIO; ClefoBa-
TEJIbHO, pellleHHe CPaBHEHHS IOJydyaeM B BHIE:

x=4(mod 13).

3ameuanue. OTMeTHM, UTO METOJ pelIeHHS CpaBHe-
HYsl, OCHOBAHHBIA Ha IPHUMEHEHUH TeOpeEMHl Dijepa H Mason
TeopeMbl PepMa, HEIb35 OTHECTH K PalHOHaNbHEIM MeTOLaM
pellleHHsl CpaBHEHU.

B psime ynpaxHeHHH pe3y/abTaT MOXKeT OBITb NOJYueH
OLICTpee, €CIM HCHOJAb30BaTh HCKYCCTBEHHHIH NpHEM, OCHO-
BaHHBIN Ha CIEeRYIONIEM CBOfCTBe cpaBHeHHUs: K JI060# yacTH
CpaBHeHHsI MOXHO npuGaBuUTh UHCIO, KpaTHOe Moxydio. ITo-
SICHUM 3TO Ha IIpHMepax.

a) 5x=2(mod 8).

[IpuGaBuM K MpPaBOH YacTH CpaBHEHHS YHCIO 8, paBHOe MO-
LYJII0, TIOJYYHM:

5x=10(mod 8);

Iensi 06e yacTH CpaBHeHHs Ha YHCIO 5, B3aUMHO IIPOCTOE C
MonyJsieM 8, IPUXONUM K pe3yJsbTary:

x=2(mod 8).
6) 7x=2(mod 13).
17



IlpuGaBum K mpaBoil uyacT uyucao 26=13-2, umeem:
7x=28(mod 13).

Tax xak (7, 13) =1, To nocsie menenuss o6enx wyacreil cpas-
HEHHd Ha 7 ToJyuaeM:

x=4(mod 13).

IIpumep 2. Pemuts cpaBuenue 115x=85 (mod 355).

Pemenune Tak xak (115, 355) =5 u 85 menurtcs Ha 5,
TO LAHHOe CDaBHEHHE HMeeT 5 peleHui.

Cokpamaem obe yacTu CpaBHEHHs U MOLYJb Ha 5:

23x=17(mod 71).
TTomyueHHOe cpaBHeHHe MMeET e[HHCTBEHHOE pelleHHe:

x=10(mod 71),
TaK Kak
23x=230(mod 71).

CJIelIOBaTeJIbHO, JaHHOe CpaBHEHHE HMeeT CJeNVIoLlHe pe-

LIEHHS
x=10(mod 355),
x=81 (mod 355),

=152 (mod 355),

x=223(mod 355),

x=294 (mod 355).

ITpumep 3. Hafitn unucia, KOTOpble NpH [eNEHHH Ha
7, 13, 17 mator B ocraTKe cooTBeTcTBeHHO 4, 9 u 1.

Pemenue. Mckomble 9nCcIa MOMKHEL yIOBJIETBOPHTH
CHCTeMe CpaBHEHHIH:

x=4(mod 7), (1
{ x=9(mod 13), 2)
x=1(mod 17). (3)

Tak kak Mony/nH CpaBHEHHH NONApPHO B3aHMHO IPOCTH,
TO 3Ta CHCTeMa HMeeT €IHHCTBEHHOE peIleHHe [0 MOMIYJIO
M=7-1317.

IlepBoe cpaBHeHHe HMeeT eJIMHCTBEHHOE DelleHHe:

x=Tt+4.
TloncrasuM B cpaBHeHHe (2) BMeCTO X BbIpaxeHHe 7¢-+4.

TTonyuum:
7t+4=9(mod 13),

7t=5(mod 13).
18



Tak xax (7, 13)=1, To mnocienHee cpaBHeHHE HMeEET
eRuHCcTBeHHOe pewenne f=10 (mod 13), 1. e. {=10+13u.
Otkyna x=7{10+13u) +4=91u+74.

Hafinem Te 3HaueHHs u, IPH KOTOPBIX X GYHeT yIOBJET-
BOPSITh U CpaBHeHHIO (3).

HUmeem: 9lu+74==1(mod 17) nau 6u=12 (mod 17).
Otkyna u=2(mod 17), cnenoBarenbno, u=2+17 k. HUrak,
x=91(2+17k) +74=256+1547k win x=256 (mod 1547).

ITpumep 4. Pemuth cucreMy cpaBHeHHI:

3x=5(mod 7),
2x=3(mod 5),
3x=3(mod 9).

Pemenune. Tak xak MOLYJIH JaHHBIX CpaBHeHHUl nonap-
HO B3aUMHO NIPOCThHIEe YHCJA, TO LaHHAs CHCTeMa HMeeT pe-
IIeHHe [0 MOLYJI0, SBJSIOLIEMYCS MPOU3BENEHHEM TaHHBIX
MozmyJed, T. e. mo MoxyJio 315. O6pamasce kK kKoabdunnen-
TaM IpH HEH3BECTHOM M COOTBETCTBYIOMIMM MOMLYJAM, [JIsI
NepBOTro CpaBHeHUs uMeeM (3, 7) =1, mns BToporo (2, 5) =1,
415 TpeTbero (3, 9) =3 u, Takum o6pasom, IepBOe H BTOpOe
CpaBHeHHSl NMEIOT eIMHCTBEHHOe pellleHHe, TPeThe CpaBHe-
HHe — 3 pelleHus. JIerko yCTaHOBHTb, YTO pellleHHe JaHHO
CHCTeMBbl €BOJHUTCS K PelIeHHI0 TPeX CHCTEM:

x=4(mod 7), x=4(mod 7), x=4(mod 7),
x=4(mod 5), x=4(mod 5), x=4(mod 5),
x=1(mod 9); x=4(mod 9); x=7(mod 9).

Ianee MOXXHO Ha#fiTH BCe pellleHHS MaHHOA CHCTEMBI, pe-
mas KaxJaylo U3 MOJYYeHHBIX TPEX CHCTeM CpaBHeHHH (cM.
pelileHHe Npepbifyiero npumepa). Ilonyuum HHXKecnenLylo-
LIHe PeuleHus:

x=4(mod 315), x=109(mod 315), x=214(mod 315).
Pemtenye HaHHOH CUCTEMBI MOXKET OLITb OCYLIECTBJIEHO

3HAYUTEJbHO NPOIIe, a UMEHHO: pelllasi IIepBOe U BTOPOe H3
IaHHBIX CpaBHEHHUH, MOJYUUM:

x=4(mod 7), x=4(mod 5).
3ameuas, 4TO JeBble U PaBble YaCTH CPaBHEHHH ONHHAKOBHI,
BOCIIOJIb3YEMCSI CBOMCTBOM: €CJIM CpPaBHEHNE HMeeT MECTO IO

HECKOJIbKHM MOAYJIfIM, TO 3TO CpaBHEHHe HMeeT MECTO II0
MOAYJIO, ABAAINEMYCS HAUMEHbIIHM o01IuM KpaTHHIM I aH-
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HbIX MOJ.I}’JIeI:I, T. €. CHCTéMa ABYX pacCMaTpPHBAEeMbIX CpaB-
HeHUHU PaBHOCHJ/IbHA CPpaBHEHHIO

x=4(mod 35).
Ianee MOxKHO, Halisl pellleHHe TPETbEro CpPaBHEHHS
x=1(mod9), x=4(mod 9), x=7(mod 9),
nepeiTH K HUXKeCJeLYIOUINM CHCTeMaM:

{ x=4(mod 35), { x=4(mod 35), { x==4(mod 35),
=1(mod 9); x=4(mod 9); x=7(mod 9).

Pemresne KaxXJI0# U3 3THX CHCTEM He BHI3LIBaeT 3aTpyaHe-
HUL. SaMeTI/IM, YTO CHCTEMA CpaBHeHHf"I

{ x==4(mod 35),
x=4(mod 9)

cpasy JaeT pelleHHe
x=4(mod 315).

MoOXHO NMOCTYNHTb HHAYe: K BhIE [OJYYEHHOMY pelile-
HHIO NIepBBIX ABYX CpPaBHEeHHUH B BHIE

x=4(mod 35),
TIPHCOEIMHUM TpeTbe H3 JaHHBIX CPaBHEHHH
3x=3(mod 9)

¥, 3aMeTHB, YTO HCKOMOE PellIeHHe TaHHOH CHCTEMBI JOJKHO
ObITHh NOJMyYeHO no Moxynaio 315, nociemoBarenbHO OyneM
UMeTh:

x=23bk+4, 3(35k+4) =3 (mod 9), 1052=0(mod 9),
6k=0(mod 9).

TlocnenHee cpaBHeHHe HMeET TPH pelIeHHs] MO MOLYJI0 9, a
HMEHHO:

k=0(mod 9), k=3 (mod 9), k=6 (mod 9).
ITonyuaem

x=35-9u+4=315u+4,
x=35(9u-+3) +4=315u+109,
x=35(9u+6) +4=315u+214,

HJIH COOTBETCTBEHHO
x=4(mod 315), x=109 (mod 315), x=214(mod 315).
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OcTaHOBHMCS ellle Ha ONHOM IpHeMe pelleHHS CHCTEeMbI
cpaBHeHH.

IIpumep 5. Pemnurb cucremy CpaBHEHHH:

{ x=2(mod 15),
x=7(mod 25).

Pemenue 3aMerTdM, yTO JaHHBIE MOLYJH, T.€. 4HCJIA
15 u 25, He ABJAIOTCA B3aHMHO NPOCTHIMH. B 3TOM cayuae
cllefyeT CHauajsa yGeIUThCs B CYIIECTBOBAHHH pellleHHH.
Ecnu nana cucrema cpaBHeHHH:

{ x=c; (mod m,),
x==co(mod my),

rae (m, mg) =0>1, TOo 3Ta cucreMa OyIeT HMeTb pelleHHe
IpH yCJIOBHH:

c1=c;(mod a).

OG6pamiasicb K [OaHHOA CHCTeME€ CpaBHEHHH, HMeeM:
(15, 25) =5, 2=7 (mod 5), T. e. IaHHasA CHCTeMa COBMeCTHA.
3 nepBOro cpaBHEHHS MOJyUaeM:

x=15¢t+2;

NMOACTaBHB 3TO 3HAYEHHE X BO BTOpPOE€ CpPAaBHEHHE, IIPHXO-
IHUM K CpaBHEHHIO

15¢4+2=7(mod 25),

15¢=>5(mod 25).

IMocne cokpamienns o6eux yacrTefl CpaBHEHUS H MOALYJsS Ha
5 nonyqum:

T. €.

3t=1(mod 5),

3t=6(mod 5),

t=2(mod 5),
t=5k+2;

Telepb HAaXOXJeHHe pellleHHs NAHHOH CHCTeMBbl CPaBHEHHH
He BBI3LIBAaeT 3aTPYAHEHHUH:

x=15t+2=15(5k+2) +2=75k+32,
x=32(mod 75).

HaiinenHnoe pelleHye ABJISETCS €IUHCTBEHHEIM, YTO BBITE-
KaeT U3 eIMHCTBEHHOCTH peLIeHHs KaXXJOT0 H3 CpaBHEHHUM
JaHHON CHCTEMHI.
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[TpaBUABHOCTb MOJYYEHHOTO PeLIeHHsT MOXKeT GBbIThb JIETKO
IpOBepeHa ero MOJACTAaHOBKOH B KaxJOe H3 CPaBHeHHH HaH-
HOH CHCTEMHI.

3amMeuaHue. PaccMOTpUM HpueM pellleHHS, KOTOPLIH,
Ha Haml B3IJIAJ, fBJASETCS palHOHAIbHBHIM B LeJIOM psane
clyyaes.

JaHa cucreMa cpaBHEHHH:

{ ayx=b,(mod m,), (1)
asx=b, (mod my,),

rae (my, mp) = (a;, m;) = (ag, mp) =1. DTy cucTeMy 3aMeHUM
SKBUBAJIEHTHOHR ef CHCTEMOIi:

{ x==c, (mod m;), (2)
x=cy(mod my),

Tlle NepBOe W BTOPOe M3 CPaBHEHHH CHCTeMbl (2) SIBASIOTCA
COOTBETCTBEHHO DeIleHHSMH [epBOro M BTOPOTO CpaBHEHHH
cucremsl (1).

Ot cuctemsl (2) nepefiieM K CHCTEMe

{ MoX=MmyC; (mod ml-mg), (3)
mix=mice(mod m,-my).

ITokaxeM 3KBHBAJeHTHOCTb CHCTEMBHI CpaBHEHHHA (2) H cu-
cTeMBbI cpaBHeHHH (3).

Ilycte x; — s1060€ pellieHHe CHCTEMBI CpaBHEHHH (2) mo
Monymio my-my. Torma cnpaBeanuBa clelyolnas CHCTeMa
CpaBHeHHH:

{ x1=c¢;(mod m,),
x1=c(mod my),

KOTOpas MocjJe YMHOXeHHsI 00euxX yacTed CpaBHEHHH M Mo-
JlyJefi COOTBETCTBEHHO Ha Mg U M NPHBOAHUT K CIpaBeJJIH-
BBIM CpPaBHEHHSAM:

{ MaX=myc (mod m, - my),
mix1=m;cy(mod m,-my),

OTKYZAa X; — pelLlieHHe CUCTeMbl cpaBHeHHH (3) IO MOZYJIIO
my-my. O6GpaTHO, eclu X, — JII060€ pelleHHe CHCTEMbI CPaB-
HeHHH (3) MO MOAYJIIO MMy, TO CIPaBeMJUBA CJIELYION[As
CHCTeMa CpaBHeHHH:

{ Mexo=mycC; (mod m;-my),
MiXe=mCy (mod ml-mg).
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CurefoBaTenbHO,

{ xe=c; (mod m,),
Xe=cy(mod my)

H Xp — pellleHHe CHUCTEeMBbl CPaBHeHHU#t (2) mo MOLYMI0 M M.

Takum oGpasom, cucrembl cpaBHeHu# (2) u (3) skBUBa-
JIEHTHBI, a TaK KakK CHCcTeMa cpaBHeHHH (2) HMeeT enuH-
CTBEHHOE pelleHHe 110 MOLYJIO /M- Mg, TO H CHCTEMa CpaB-
HeHHl (3) TOXKe MMeeT eJMHCTBEHHOE pelleHHe.

Ilpu pemeHuH CHCTEMEBI CDAaBHEHWH PacCMOTPEHHEIM CIIO-
coboM B ciyyae MONapHO B3aUMHO IIPOCTHIX MOLYJell HeT He-
06X0AMMOCTH 3aMeHsATb cucremy (1) cucremon (2).

IIpumep. Pemurbh cucreMy CpaBHeHHEH:

{ 3x=5(mod 7),
2x=1(mod 5).

Pemenne: Tak kak (3, 7) = (2, 5) =1, To Kaxpuoe u3

CpaBHeHHII UMeeT eIUMHCTBeHHOe pewenue; (7, 5) =1 u, cie-

JIOBaTesbHO, JaHHASl CHCTeMa HMeeT eIMHCTBEHHOe pelleHHe
mo MomyJo 35.

OT naHHOH CHCTeMBl IePEeXONUM K CHCTeMe CpaBHEHHH

{ 15x=25(mod 35),
14x=7(mod 35)

H, BbIYHTasg H3 II€ePBOro CpaBHEHHS BTOpOE, MOJyUYaeM HCKO-
MO€ pelieHHe:

x=18(mod 35).

[TpEMeHHM paccCMOTpeHHBI NPHEM K HEKOTOPHIM pelleH-
HBIM BhILE YIIPaXKHEHHSIM.

I[Tpumep. Pemurh cHCTEMY CpaBHEHHUN:

3x=>5(mod 7),
2x=3(mod 5),
3x=3(mod 9).
Pemenune. Kax ycraHOB/EHO BhIlle, CHCTEMA COBMECT-

Ha M UMeeT TpH pellleHHs no moxymio 315. Tlonyuaem cu-
cTeMy:

126x=189 (mod 315),
105x=105(mod 315).

[MepBEle ABa CpaBHEHHS HAIOT
9x=36 (mod 315).

[ 135x=225(mod 315),
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YMuoxasn obe uacTu cpaBHenus Ha 11, rae (11, 315) =1,
HMeeM:

99x==396 (mod 315).

BbiunTas mosyueHHOe CpaBHEHHe H3 CPaBHEHHA
105x=105(mod 315),
NPUXOJUM K CPaBHEHHIO:
6x=24(mod 315),
a Tak kax (2, 315) =1, To noayuaem:
3x=12(mod 315).
HcxoMble pemeHnus:
x=4(mod 315), x=109(mod 315), x=214(mod 315).
IIpuMep. Pemuts cucremy cpaBHeHHH:
{xE2(mod 15),
x=T7(mod 25).

Pemenue. Boime ycraHOBieHO, YTO JaHHAs CHCTeMa
HMEeT eAMHCTBEHHOE pelieHue [0 MOAYyJ 75.
ITepexonuM K CHCTeMe CpaBHEHH:

{ 5x=10(mod 75),
3x=21 (mod 75),

OTKyna
2x=—11(mod 75),
2x=64(mod 75),

Tak kKax (2, 75) =1, To
x=32(mod 75)

SIBJISIETCA HCKOMBIM DeIIeHHeM.
IIpumep 6. Pemnrs cpaBHenne 17x=7(mod 30).
Pemenue. MonyneM cpaBHeHHS SIBISIETCS COCTaBHOE

yucno 30, KaHOHMYECKMM pasjioKeHHeM KOTOporo Oyner:

30=2.3-5. CunemoBaTe/bHO, pelleHHe NAaHHOIO CpaBHEHHS

MOKHO CBECTH K pelIeHHI0 CHCTEMBI:

17x=7(mod 2),
17x=7(mod 3), (1)
17x=7(mod 5).
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Cucrema cpasHenuii (1) sSKkBHBaJeHTHa CleAyIOIled CHCTe-
Me:

x=1(mod 2),
2x==1(mod 3),
x=1(mod 5).

PellleHye mocaefHel CHCTEMBl NpeljaraeM HaATH uyHTa-
teato. Pemennem O6ymer x=11 (mod 30). Pekomenayem uwu-
TaTeNI0 PElINTh JaHHOe CPaBHEHMe, He CBOJS €ro K CHCTeMe
CpaBHeHHH.

Mpumep 7. C noMommpbio KpuTepusa dijaepa Cpeld Uu-
cea 3, 5,7 u 9 HaliTy KBaApaTHUHBIe BBIUETH 0 MoAy.1i0 13.

Pemenune. 3ameuaeMm, YTO Kaxkjoe H3 JaHHBIX YHCel
B3aWMHO NPOCTO C MOAYJEM, a NIO3TOMY KpHTepuii JiJepa

HIpPHUMEHHUM.

p—1
2
Kaxk ussectHo, ecau (a, p) =1 una =1 (mod p), TO

@ — KBaJIpaTHYHBI{ BBIYET IO MOAYJIO p.

B nanHoM nmpumepe HMeeM:

36=(27)2=1 (mod 13);
56=(25)%=(—1)3=—1 (mod 13);
76=(49)3=(—3)3=—1(mod 13);
9= (—4)6=16=3%=1 (mod 13).

Urak, yucna 3 u 9 gBASAI0OTCS KBaApPaTHUHBIMU BblUETaMH,
a b u 7— KBaJpaTUUHEIMH HeBBIUETaMU 110 Momyaio 13.

ITpumep 8. IlokasaTh, YTO HeueTHOE UHCJIO, B3aHMHO
npoctoe ¢ yucaoMm 10, Bo3BeleHHOe B TPUILATYIO CTeleHb,
MOXeT OKaHuHBaTbcs Jumb nudpamu 1 u 9.

Pemenne. Eciau x — ucKOMOe 4HCIIO, TO pellieHHe CBe-
JeTCsl K HaXOXJIEHHIO YHCJIa @ B KayeCTBe HAHMEHbIIEro He-
OTpHILATeJBHOr0 BblueTa IO MoAyJio 10 B cpaBHeHHU

x30=q(mod 10),

rae (x, 10) =1 (mo ycnosuio 3amaun), (a, 10) =1 (mo csoii-
CTBY CpaBHeHHl).

Tax kax (x, 10) =1, ¢ (10) =4, To Ha ocHOBaHHH TeoOpe-
MBI Diilepa CIpaBelJIHBO CpaBHEHHe

x*=1(mod 10).

Bossens o6e uacTu CpaBHEHHsS B CEIbMYIO CTeleHb, I[O-
JYYUM CpaBHEHHe:

x®=1(mod 10).
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Ha ocHoBaHuMHu nocnenHero cpaBHeHHS U CpaBHEHHS
x3%=ga(mod 10)
IPUXOJHUM K CpaBHEHHIO
x?=a(mod 10), rme (a, 10)=1.

Ocraercs Ha#iTH KBagpaTHYHble BBHIYETH 1O Moxydaio 10,
KOTOPBHIMH SIBJISIOTCS 4yHcaa 1, 9, B ueM MOXHO yOemuTbCH,
[IPOBEPHUB, YTO U3 CPaBHEHHUH

x2=1(mod 10),
x2=9(mod 10),
x2=3(mod 10),
x2=7(mod 10)
TOJIBKO HepBbie Ba UMEIOT pPellleHHsI COOTBETCTBEHHO:

x=1; 9(mod 10),
x==3; 7(mod 10).

IIpumep 9. Pemwnuts cpaBHeHHE:

5x2+x—4=0(mod 11).
Pemenne. YMHOXUM 06Ge 4acTH CPpaBHEHHs Ha YHCIO
20, roe (20, 11) =1. ITonyuum cpaBHeHHe:
100x2+20x—80=0(mod 11},
HITH
(10x+1)2=81 (mod 11).

O6o3nauum 10x+1 uyepes z. Utak 22=81 (mod 11), uin
22=4 (mod 11).

Peuium 310 cpaBHeHHe MeTOZOM Npo6. McnbiThHiBasi yHc-
aa 0, 1, 2, ..., 10, BUAHM, YTO CpaBHEHHEe MMeeT pelleHHs:
z=2 u 2=9, T. e. yloBaerBopsierca npu z2=2-t11f u
z=9+11z.

Tak kak z=10x+1, T0o x= z—1

o T
1141 _ 11t48,
1= 710 * “2— 710 °

npu t=9 umeem x;=10 u npu {=2 nmosyuaem xp=3.

CiienoBaresibHO, JaHHOE CpaBHEHHE HMeeT pellleHHs 3 H
10, T. e. eMy yIOBJETBOPSIOT LieJble Yucaa Bupa: x=3+11¢,
x=10+11¢.

OTBerT:
x=3(mod 11),
x=10(mod 11).
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S3ameuanune. [lpuas K HeO6XOIHMOCTH pelleHHs CPaB-
HeHHUs

2=8] (mod 11),

nosnyyaeM oueBHAHOe peiieHse z=9 (mod 11), a Ha ocHOBa-
HHH OJHOTO H3 CBOMCTB [ABYUJEHHBIX CpPaBHEHHH IOJydaeM
BTOpoe pemreHne z=11—9 (mod 11), T. e. 2=2 (mod 11).
Ianee, Xak yKa3aHO BHIMlIe.

Mpumep 10. C momompio cumBosa JlexkaHapa ycra-
HOBHTB, HMeeT JIH pellieHHe cpaBHeHHe: x2=22 (mod 13).

Pemenne. Ecau cumbon He}xannpa(%) =1, TO cpas-

a
HeHue x?=ga (mod p) uMeeT IBa pelleHHs, a €CIH (—p—) =

— —1, TO cpaBHeHHe pelleHHUII He UMeeT.
Takum o6pa3oM, pelleHHe CBEJETCS K BLIUHCJIEHHIO CHM-

22 o
BoOJia JIex(aHJJ.pa (—g) . BOCHO.TIb3yeMCﬂ CBOHCTBOM: €CJIH

a=b (mod p), TO(-—;—)= ( Z

Jajiee BOCIOJIb3YeMCsi CBOHCTBOM aT = -g—) , OTKyzaa
9) o (2 =
(13 =\T13 )2'2‘ .

Tax Kax( 3 ) =1, o cpaBHeHue x2=22 (mod 13) ume-

eT IBa pellleHHus.

[IpuMeHeHHe MCKYCCTBEHHBIX NMPHEMOB II03BOJISET B OT-
IeJbHBIX CJyyYasX He TOJbKO OTBETHTb Ha BONPOC O CYIie-
CTBOBAHHH pelIeHHH cpaBHEHHS, HO W HaHTH 3TH pelLleHus,
€CJIH OHH CYLIeCTBYIOT.

Ilpumep 11. Vmeer su pellleHHe CpaBHeHHe:
x?=19(mod 31)?

Pemenue. K npaBoil yactu cpaBHeHus npubaBuM yMuc-
J0 62, KpaTHOE MOJYJIIO, IIOJYyUHM:

x2=281 (mod 31).

Orcroga x=9 (mod 31) u x=22 (mod 31).
Paccmorpum aHasmoruussiil crioco6 peurenus 10-ro npumepa.

x2=22(mod 13),
x?2=9(mod 13).

CaepoBareabHo, x=3 (mod 13), x=10 (mod 13).

) CJIe10BaTeNbHO, (13) ( 2 ),
2



I[Tpumep 12. Pewnurs cpaBHeHHe:
x7T—3x8 4+ x5—x3 +4x2—4x+2=0(mod 5).
Pemenne. Tak Kak CTeneHb CpaBHeHHS A >p, TIe
p— MOIyJb CpaBHeHHS, TO JaHHOe CPaBHEHHe MOXKHO 3a-

MEHHTDb 3KBHBAJICHTHBIM €My CpaBHEHHEM, CTETNIEHb KOTOPOTC
MeEHbIIe MOAYJIA CpPABHEHHS. ,U;J'IH 3TOTO MHOIOYJIEH

xXT—3x8+x5—x34+-4x2—4x+2
pasjenuMm Ha x¥5—x; B OCTaTKe MOJYYHM MHOrOUJEH
x2—3x+2.

CJIeILOBaTeJIbHO, JaHHOe CpaBHEHHE 3KBHBAJEHTHO CpaB-
HEHHIO

x>—3x+2=0(mod 5).

Metonom Hp06 JIETKO I1I0Ka3aTb, UTO 3TO CpaBHEHHE HMe-
€T IBa pEeIIeHUs:

x=1(mod 5), x=2(mod 5).

3ameuaHnue. CpaBHenne x>—3x+2=0 (mod 5) mox-
HO mpefcTaBuTh B Bule (x—1):(x—2) =0 (mod 5), oTkyna
x=1 (mod 5), x=2 (mod 5).

IIpumep 13. CpaBuenne 7x*—9x3+8x2+10x—6=
=0 (mod 11) 3aMeHHTb PaBHOCHJIBHBIM €My CpPaBHEHHEM CO
CTapuiuM Ko3(QGHUHEHTOM, paBHbIM eIUHHUILE.

Pemenue. Tax Kak crapmuii Ko3GGUIHEHT TAHHOTO
cpaBHeHHA paBeH 7 U (7, 11) =1, To HaXoAUM eIHHCTBEHHOE
peuienre cpaBHeHusl 7a=1 (mod 11) B Bume a=38 (mod 11).

YunteiBas, yto (8, 11) =1, ymMHOXHUM 06e YacTH HCXO.-
HOTO CpaBHEHHUS Ha YHCIO 8, He MeHfs MOLY/S CpPaBHEHHS, H
HOJTYYHM

56x*—72x3+64x2480x—48=0(mod 11).
Iocne psma ynpoumeHHit IPUXOJUM K CPaBHEHHIO
x*45x3—2x2+3x—4 =0(mod 11),
KOTOPOe PaBHOCUJIBbHO NAHHOMY.
DTOT Ke IpHMeD MOXKeT OBITH pelleH HHaue. 3aMEHHUB
K03 GHLHEHThl NAaHHOTO CPaBHEHHUSl YHCJIaMH, CPaBHHMBIMH

C HUMH 110 MoAyJo 11, Ho MeHbIINMHE IO aGCONIOTHON BeJH-
YHHE, NIOJYYHM:

—4x*+2x8—3x2>—x+5=0(mod 11).
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YMHOKHMM 00e 4acTH CpPaBHEHHsI Ha —3, He MeHsd MOLY-
Jisl, TAK KaK YUCJI0 —3 B3aHMHO IPOCTO C MOAYJeM, UTO BhITe-
KaeT H3 CcJefylomux cooTHomeHu#i: —3=8(mod 11),
(8, 11) =1. Ilonyunm cpaBHeHue:

12x*—6x3+9x2+3x—15=0(mod 11),

PaBHOCHJIbHOE JaHHOMY.
IMocne ynpolueHust IPHXOMUM K CpaBHEHHIO

x4+ 5x8—2x%43x—4=0(mod 11).
MMpumep 14. Pa3noxuTb MHOTOWIEH
f(x) =x*+T7x3+x—9

Ha MHOXHTEJH 1o Moxyawo 13.
Pemenue. PaccmoTpuM cpaBHeHHe:

x4+7x3+x—9=0(mod 13).
JIerko 3aMeTHTh, YTO OHO HMEET pelleHHe
x=1(mod 13),
a M03TOMY CHPaBelJIHBO TOXKAECTBEHHOE CpaBHEHHE

2 +Tx34 x—9= (x—1) (x*+8x2+
+8x+9) (mod 13).

Jlanee paccMOTpHM cpaBHeHHe
x3+8x248x+9=0(mod 13).
Ono Takxke uMmeer peutenue x=1 (mod 13), a nostomy
x4+ 7x3 4+ x—9= (x—1)? (x24+9x+17) (mod 13),
HIH
x4+ 7x34+x—9= (x—1)2(x>—4x+4) (mod 13).
CrenoBaTenbHO, HCKOMOE pa3jOkKeHHe MWMeeT BHI:
x4+ 7x3+x—9= (x—1)2(¥x—2)2(mod 13).
[Tpumep 15. Pasnoxurh MHOrOWIEH
f(x) =x*—4x2+x+2

Ha MHOMKHTENH N0 MOAYJIO 7.
Pemenue. Paccmorpum cpaBHeHHe

x*—4x?+x+2=0(mod 7).

Jlerko ycTaHoBHTB, 4TO 3TO CpPaBHEHHE HMeeT HHIKeCIenyio-
ILHe pelIeHHs:

x=1(mod 7), x=—2(mod 7).
29



IIpumensia cxemy T'opHepa,

1 0 —4 1 2
1 1 1 —3 —2 0
—2 1 —1 —1 0

TOJYYHM:
(x—1) (x+2) (x>*~x—1)=0(mod 7).
Ocraercst 1u60 MONBITATHCS HAATH PelleHHs CPaBHeHHS
x?—x—1=0(mod 7),
160 YCTAHOBUTH, UTO HOCJEIHee CpaBHeHHe He HMeeT pe-
meHn .

MoxHO ObL10 OBI, HanpuMep, MOUTH IO MYTH OPOBEPKH
3HayeHUH NMOJIHOH CHCTEMBbl BBLIUETOB IO MOAYJIO 7, MNpHMe-
Hsis1 cxemy [opHepa.

Mbr BEIGepeM LpYrofl NyTb H IpeXJe BCEero BBISICHHM,

HMEET 3TO CPaBHEHHE pelleHHs] UM HeT.
ITpeo6Gpasyem cpaBHeHHe

x2—x—1=0(mod 7).
ITocsenoBaTebHO MOMYUHM:

x246x—1=0(mod 7),
(x+3)2=3(mod 7).

IMonoxum x+3=z, oTKyzna

2?2=3(mod 7).
IIpumensis cBoiicTBa cuMBoJa JlexaHapa, MOJydHM:
3
(—7-): — (%): — (-;13—) = — 1 ¥ COOTBETCTBEHHO CpaBHe-

HHe x>—x—1=0(mod 7) He uMeeT pelleHHI.
OKOHUaTeNbHO NOJyYaeM CJeLyIoLlee pasJoKeHHe NaH-
HOTO MHOTOuJIeHa

(x—1) (x+2) (x>—x—1) =0(mod 7).
IIpumep 16. BoisicHUTD, UMeeT /U CpaBHEHHE

3x3—x2+4x+1=0(mod 7)
TPH pelleHHUs.
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Pewenue. JlaHHOe cpaBHEeHHe HMeeT TPH pellleHHs, ec-
JIH IIPH [eJIeHUH X7—X Ha JIeBYI0 4acTh CPaBHEHHs [OJYYHM
0CTaToK, K03 dUIHeHTb KOTOPOTro KpaTHu Mopyawo. Ilpen-
BapHUTEJNbHO [MaHHOE CpaBHeHHE 3aMeHMM 3KBHMBaJEHTHBIM
eMy CpaBHEHHEM CO CTapiuM KO3 GHUIHEHTOM, DPaBHBIM
enuHHle (cMm. pemenue npumepa 13). Iloayuum cpaBHeHHe

x34+2x2—x—2=0(mod 7).
OcTaercsa HaliTH OCTATOK OT AejeHus xX7—x Ha X3+ 2x2—x—2
H yGenuTbCs, 4TO KO3(HUIHEHTH OCTaTKa KPaTHbl MOMYJIIO.
3ameuyaHnue. B oTmenbHHX caydafx yHaeTcs HE TOJb-

KO OTBETHTb Ha IMOCTaBJIEHHBIH BOIPOC, HO OIXHOBPEMEHHO

HaWTH M pelueHUs cpaBHeHHd. Tak B JaHHOM IpHMepe
HMeeM:

X34+ 2x2—x—2=0(mod 7),

x(x*—1) 4+2(x2—1) =0(mod 7),

(x2—1) (x+2) =0(mod 7),

(x—1) (x+1) (x+2) =0(mod 7),
ciepoBareapbto, x=1 (mod 7), x=—1(mod 7), x=
=—2 (mod 7) — pellleHus1 LaHHOTO CpPaBHEHHS.

Ilpumep 17. Hafith onHO3HAuHOe MOJOXHTEJIbHOE
yucso, 27-1 cTeneHb KOTOPOro oKaHuuBaercs mudpoi 7.
Pemenue. Ecau 0603HauuM HCKOMOe YHCJIO 4epes X,
TO /ISl HaXOXKJAeHHS ero norpebyercsi pellMTb CpaBHeHHe
x¥=7(mod 10),
rae (7, 10) =1.
Tlo oxHOMY M3 CBOHCTB CpaBHEHHSA
a=b(mod m),

(b, m)=(a, m), orcrona (x, 10)=1. IIpumenuB Teopemy
Siinepa, NONyuuM CpaBHEHHe

x*=1(mod 10),

TaK KaxK ¢(10) =4. Bo3Bemem 06e uacTH MOCHeIHErO CpaBHe-
Husl B 6-10 CTeMeHb, NOC/e Yero NpHaeM K CpPaBHEHHIO

x?*=1(mod 10).
Torna cpaBHeHHe
x?"=7(mod 10)
MOKHO npeo6pa3oBaTh CJIeLYIOIHUM 06pa3oM:
x"=x%.x3=x3%(mod 10),
x¥=7(mod 10).
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Tak kak (x, 10) =1, To, npoBepssl NOACTAHOBKOK B MOCHAEI-
Hee cpaBHeHHe uxcna 1, 3, 5, 7, 9, HAXOANM eIHHCTBEHHOE
pemenne x=3 (mod 10). CrenoBaTennHo,

3% =7 (mod 10).
IIpumep 18. Pemnts cpaBHeHHE
¥’=1 (mod 16).

Pemenune. Vcnonbsyem meron npo6, mojaBeprasi npo-
BepKe 4YHCJIa, B3aHMHO MPOCThIe C MOAYJeM, TaK Kak
(1,16)=1, 1. e.uncna 1, 3, 5, 7, 9, 11, 13, 15. Hckomsie pe-
LIEeHUS:

x=1(mod 16), x=7(mod 16), x=9(mod 16),
x=15(mod 16).
STO NOATBEpPKIAET MOJOKEHHe, UTO €CJIH MOALYJb — CO-

CTaBHOe YHCJIO, TO CPaBHEHHe CTelleHH 7 MO0 3TOMY MOAV.IIO0
MOXKeT UMeTb GoJiee # pelieHHI.

ITpumep 19. [ToxasaTe, YTO €CH 0 — HEUETHOE UHCJIO,
TO AJIST TOTO YTOGHI CpaBHEHHE
x2=qa(mod 8)

HMEJO pelIeHusd, HeoOXO0IHUMO M JOCTATOYHO BHIIOJHEHHE yce-
JIOBHA:

a=1(mod 8).
Pemenne. YcaoBue HEOOXOLZHMMOCTH.
ITycte
x=xp(mod 8)

eCcTh pellleHHe NAaHHOTO CPaBHeHHMd, TOTAA
2
x,=a(mod 8),
Tak Kax (@, 8) =1, To Xo-— HeueTHOe UHCI0, OOMUA BHA KO-
toporo 4k=+1. Jlerko BuIETh, UTO
(4k=1)2=1 (mod 8).

oTkyna a==1 (mod 8).

Vecaosue nocratousoctu. Ecau a=1 (mod 8),
TO NaHHOEe CPpaBHEHHE PaBHOCHJILHO CPaBHEHHIO

x2=1(mod 8),
KOTOPOMY YIOBJETBOPSIET JI0GOe HeYeTHOe YHCJIO, W JaHHOe
CpaBHeHMe HMeeT PelIeHHs.

[Tpumep 20. ITokasaTh, 4TO NPOHU3BEJEHHE ABYX KBal-
PaTHYHBIX BBIYETOB MO NPOCTOMY MOJYJIO €CTb KBaApaTHi-
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HbIJI BHIUET 110 TOMY XK€ MOXYJIO, a TpOou3BeleHHe KBagpa-
THYHOTO BhIUETA HA HEBHLIUET €CThb KBAJPATHUHBIH HEBBIUET
0 TOMY e IPOCTOMY MOAYJIO.
Pemenune. Eciu a u b—KBagparuuHbie BHIUETH II0
MOAYJIO p, TO HAa OCHOBAaHUM KpuUTepHA Diijepa:
p—1
a 2 =l(mod p),
p—1
b 2 =1(mod p).
[TepeMHOXKast 3TH CpaBHEHHUS, HMeeM:
p—1

(a-b) 2 =1(mod p)

I ab — KBajipaTHYHBI BBIUET O MOAVJIO p. Bo Bropom ciy-
qae
p—1
(ab) 2 =—1(mod p)
1 ab — KBafipaTHYHBbIH HEBHIYET MO MOAYJIO p.

[Ipumep 21. Hoxasatp, uto AnS cCUMBoJa JlexkaHxpa
CIpaBelJIHBO CBOHCTBO

() =(F)
p /T \p/”

Pemenne. Ha ocHOBaHHM OJHOTO U3 CBOHCTB CHMBOJIA
JlexxaHnpa cnpaBelJHBO:

(ety = () (4. (5] (4],
OcraeTcsl NOJIOXKUTh
a=b=c=..=k=g,

CYHTasl KOJNMYEeCTBO COMHOXKHTeNEHl B YHCIHTENIEe CHMBOJA
JlexxaHapa paBHBHIM 1.

Ynpasxcnenust

1. Pewinth cpaBHeHHS:

a) 2x=3(mod 5); n) 10x=15(mod 25);
6) 3x=4(mod 7); K) 9x=12(mod 21);
B)) 172)65 170((m051 1131)); 1) 28x=40(mod 44);
r) 12x=7(mo ; — .
1) 7x=11{mod 15): M) 24x:14(mod 26).,
e) 5XE3(m0d 17)’ H) 21x=33(mod 45),
K) 3x=5(mod 11); 0) 30x=18(mod 102);
3) 9x=2(mod 14); n) 21x=35(mod 77).
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2. PemiuTh cHCTEMBI CpaBHEHHI:

a) { x=3(mod 11), 7x=10(mod 11),
x=5(mod 7); I) l 12x=7 (mod 13)
6 xEG(mod 7), Tx=11 (mod 15)
) { x=2(mod 13); =13 (mod 16),
g) [ ¥=3(mod 17), e) { x=3(mod 10),
{ 3x=6(mod 9); x=9(mod 14);

x=3(mod 10), =1 (mod 12),
x=2(mod 3); x=7(mod 14).

3. Halitu umcia, kotopble npu geneHun Ha 13, 5 u 12
Jal0T COOTBETCTBEHHO B ocTtaTke 5, 1 u 7.

4. Hatitu uyucaa, KoTopble NpH JedeHun Ha 7, 11 m 13
IaloT COOTBETCTBEHHO B ocTaTkKe 3, 2 H 5.

5. Haiitu uncna, xotopsle npu pgeneHud Ha 7, 11 u 17
JalT COOTBETCTBEHHO B ocTaTKe 3, 5 u 13.

6. C nomompio Kputepusi Dfjepa yCTAaHOBUTb, KAKHe H3
gucea 3, 5, 7, 8 ABASIOTCS KBaJpPaTHYHBIMHM BbIYETAMH IIO
monmynio 13.

7. C nmoMombio KpuTepusi dijepa YCTAaHOBUTh, KaKHe H3
gHcesa 5, 6, 7, 8 ABAAIOTCS KBaJApATHYHEIMH HeBBIUETAMH IO
monayJaro 11,

8. C momMouibio Kputepusi diiepa yCTAHOBUTh, HMEIOT JH
pellleHNs1 CpaBHEHHS:

a) x?==3(mod 7); r) x2=>5(mod 7);
6) x2=>5(mod 11); n) x2=7(mod 11);
B) x>=6(mod 13); e) x?2=12(mod 13).
9. C nomompio cuMBoJa JlexaHapa yCTaHOBHTb, HMEIOT
JIH pellleHHUs] CpaBHEHHS:

a) x2=404 (mod 523); e) x2=33(mod 179);

x=7(mod 11), x=4(mod 15),
r) { x)) {

6) x2=99 (mod 601); X) x2=65(mod 193);
B) x?=219(mod 383); 3) x2=26(mod 241);
r) x2=47(mod 73); u) x?=30(mod 269);

o) x?=231(mod 101); K) x2=42(mod 251).
10. TIpocrefimum crnocoGoM HaAATH pellieHHs] CPaBHEHHI:
a) x>=20(mod 101);
0) x?=6(mod 47);
B) x?2=7(mod 59);
r) x2=12(mod 23);
n) x?=7(mod 31).
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11. 3aMeHHTh [aHHBle CPaBHEHHS DPaBHOCHJBLHBIMH MM
CPaBHEHHSIMH, CTENIEHH KOTOPBIX HHXKe p, e p— MOIYJIb:

a) x8—3x7+42x8+3x*—2x2—1=0(mod 5);
6) x'3—x34+x—3=0(mod 11);

B) x8—2x7+43x8+ x5—2x?—x—3=0(mod 5);
r) x%—3x4+2x3—x+3=0(mod 7).

a) x'043x5—4x34x2—3=0 (mod 7);

e) x"4—x1243x5—6x%2+x+1=0{mod 11).

12. PewuTs ciefyouiyue CpaBHeHHUS:

a) x8—x8+x5—x4+2x2—x+3=0(mod 5);
6) x°—x3+x—5=0(mod 7);

B) x8—x*4+2x—3=0 (mod 5);

r) x1242x1—2x—1=0(mod 11);

n) x"—4x3—x+6=0(mod 13).

13. CpaBHenus:

a) 7x5—2x*+45x3—x2+3x—2=0(mod 11);
6) 11x3—6x242x—5=0(mod 15);

B) 2x°—4x*+3x%—2x+3=0(mod 13);

r) 3x6—2x543x3+2x2—3=0(mod 7);

n) 5x*—3x%+2x2—x+5=0(mod 11)

3aMEHHTb PaBHOCHJIbHBIMH HM CPaBHEHHSIMH CO CTapLIUMH
Ko3(Q(dHIHeHTaMH, PaBHBIMH eJMHHUIlE.

14. PasnoxXuTh Ha MHOXKHUTEJH:

a) mHorouteH x3—8x2—x-+3 no momyme 11,

6) muorousneH x*—3x2—x+4 no Momynaw 7,

B) MHoOrouined x*—4x3+4x—1 no moaynwo 7,

r) mHorouseH x*+6x3—8x2+4+x+2 no momynio 13,

I) MHorouseH x3+2 no mMoay:o 5.

15. Vimeet 11 cpaBHeHHe

x3+3x—1=0(mod 5),

TPH pasJHYHBIX pelIeHus?
16. FimeeT 14 cpaBHeHHe

x4—5x2—3=0(mod 7)

yeThIPe PAa3JIMUHBIX pelleHHs?
17. iMeeT Ju cpaBHeHHe

x2+4+3=0(mod 7)
IBa pPa3/IHYHbIX pelleHHs?
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§ 3. CTENEHHBIE BbIYETbBI

.Muxenosuu. Teopus uucer, crp. 1256—146.

ol X
A. A.Byxmrab. Teopus uucen, crp. 139—167.

Bonpocel 043 camonposepku

1. dalite onpeneneHue moxkasaressi, KOTOPOMY NpHHAA-
JIEKUT YHCJIO @ IO MOAYJIO M.

2. Ha ocHOBaHMH Kakoifl TeOpeMbl MOXKHO YTBePXAaTh,
4YTO BCSIKOE YMCJIO @, B3aUMHO IIPOCTOE C MOAYJeM M, Ipl-
HaJJIeXXHUT TOMY HJIH HHOMY IIOKa3aTesio?

3. CKOJIBKO CyIIecTBYeT pa3iWYHBIX [OKasaTesel, KOTO-
PBIM MOTYT NpPHHAJJIeXKaThb YHCAA 0 MOAYJIIO m?

4. Jlafite onpefeseHHe NMepBOOGPAa3HOrO KOPHS MO JAaH-
HOMY MOZYJIIO M.

5. KakoMy noxasaTenio MPHHAIJMEXKHT YHCIO d— IEPBO-
06pa3Hblli KOpeHb N0 IPOCTOMY MOZAYJIO m?

6. CKOJIbKO cyllecTBYyeT NepBoO6pa3HbIX KOPHe#H 1o mpoc-
TOMY MOJIYJIO p?

7. Chopmynupyfite NpU3HAK NepBOOGPa3HOrO KOPHS IO
{IPOCTOMY MOZYJIIO p.

8. Jlns Kakoro BHIA YHCeN CYIIECTBYIOT NepBAO6pasHble
KODHH II0 COCTaBHOMY MOLYJIIO?

9. Jlafite onpefesneHHe HHAEKCA YHCIA IO MPOCTOMY MO-
AYJIO0.

10. ChopmynupyiiTe OCHOBHHIE CBONHCTBA HHIEKCOB.

Pa3s6epure pelieHus clefyIOHMIHX INPHMEPOB:

TIpumep 1. Kakomy nokasatesnio MpHHALIEKHUT YHCIO
5 no monmyso 12?

Pemenue. JOmKHB ObiTh BBIIOJHEHb CJELYIOUIHE
Tpe6OBaHHSA:

a) 4YHCJO, NpHHAaJJexallee [OKa3aTeNlo, LOJKHO ObITh
B3aHMHO IPOCTBIM C MOJIYJIEM;

6) HMCKOMBIH NOKa3aTeJb HalO0 MCKATh CPENM JAeJHTeNell
qyucaa @(m), rae m— MOLYJb;

B) HCKOMBIfi IIOKa3aTelb HOJKeH GbITb HaHMEHBIIMM H3
TIOJIOKMTENbHBIX [IOKa3areselH, YIOBJETBOPSIOUIHX CpaBHe-
HHio a?=1 (mod m), roe a — HCIBITyeMOE YHCJIO.
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B nannom cilydyae uMeeM:

6, 12)=1; s (12)=12- (1—=) - (1—) =4

nenutensaMu 4 aBasoOTCS wucaa l, 2, 4; nomyunm:

5=5(mod 12), 52=1(mod 12),
CIe0BATENbHO, YUCJA0 5 NMPHHAMJIEKHUT I0Ka3aTeai 2 1o
Monyawo 12.

[Ipumep 2. KakoMy mokaszaTeni0 NpHHANJIEKHUT HHC-
Jao0 4 no MmoxmyJio 12?

Pemenne. B paHHOM ciyuae HapylleHO OXHO M3 Tpe-
6oBaHHUl onpenefeHuss; yucaa 4 U 12 He ABAAIOTCS B3aHMHO
IPOCTHIMH, a CJIel0BaTeJbHO, CaMa IOCTAHOBKA BONPOCA SIB-
JIsIeTCSl OIIHOOYHOM.

ITpumep 3. 3Hasg, uTO 4HCIO 2 ecTb IepBOOGPAa3HEL
KOpeHb 10 MOAYJIO 37, IOKa3aTh CIPABEIJIHBOCTb CPaBHEHHS
218=62(mod 37).

Pemenne. Ha ocHoBanuum Mmaiofi teopembl PDepma
CripaBelIHBO CpaBHeHHe

2%6=1 (mod 37),
HJH
(218+1) (2'8—1) =0(mod 37),

(2184+1) (218—1) : 37.

Tak kak 2 — nepBooGpasHEIl KOPeHb 110 JaHHOMY MOIY-
JI0, TO

OTKYJia

(2'8—1) ue: 37
H CIpaBe[JMBO CDaBHEHHe:
2184 1=0(mod 37),
218=—1(mod 37).
[IpuGaBass X mpaBoff yacTH CpaBHeHHs 4uciao 37, pas-
HOEe MOLYJIO, HMeeM:

218=36 (mod 37),
218=62(mod 37).
Mpumep 4. Hafitnu HauMeHbIUNHA NepBOOGPasHbIl KO-
peHb N0 MOZYJIK0 7.

Pemenue. i1 HAaX0XIeHHS HaHMEHBIIETO0 NepBOOG-

PasHOro KOPHS IO IIPOCTOMY MOAYJIIO p HEOOXOMHMMO H IOC-
TaTO4YHO:
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a) HafiTu Bce pas/qHyHBle NPOCThle NeuTeNn yucaa p—I
(06o3HaUUM HX P, P2, ..y PR)S
6) noc/jefoBaTeNbHO NPOBEPUTH YHC/IA, B3aHMHO IIpPOC-
Thle C MOAYJIeM, HauuHasi C 4ucjaa l; mepBoe U3 uuces, KOTO-
poe He YIOBJIETBOPSIET HU OJZHOMY H3 CpaBHeHH:
p—1 p—1

g =1(mod p), ..., q e =1 (mod p)
6yneT HCKOMBIM N1epBOOGPa3HbIM KODHEM.

Hmeem 7—1=6=2.3; Taxum o6pa3om, ¢ Oynet nepBoo6-
pPa3HBIM KOpHEM, eC/JIH He HMeeT MeCTO HH OJHO H3 CpaBHe-
HHUH:

g*=1(mod 7), ¢>==1(mod 7).

Tak xak

12=1 (mod 7).

TO YHCaI0 | He ABJsieTCs MepBOOOPA3HEIM KOPHEM MO MOZY-
Jap 7;

22=4 (mod 7), 25=1 (mod 7), u uucio 2 He sBAsETCH
NepBOOOPA3HBIM KODHEM HO MOZLYJIO 7;

32=2 (mod 7), 33°=—1 (mod 7), ciefoBaTeabHO, YHC-
JIO 3 — HaHMeHbIIH{ NepBOOGPa3HbIH KOPeHb N0 MOAYJIO 7.

ITpumep 5. IlokasaTh, 4TO COCTaBHOE YHCIO 4 uUMeeT
nepBoo6GpasHble KOPHH,

Pemenue. Hapno nokasare, 4To o KpaliHelt Mepe 0HO
H3 YKCes, B3aUMHO IPOCTHIX ¢ MOLYJIEM /1, IPHHALJEXHUT IO-
Kasatenio @ (m).

BosbpMeM cpaBHeHHe

a*=1(mod m), roe (a, m)=1.

Jas nanHoro npumepa umeem: a?=1 (mod 4). Haxomum
¢(4) =2. Tak kax (3, 4) =1, To npoBepsieM yucaO 3, MOJY-
yaeMm 3'=3 (mod 4), 32=1 (mod 4), 1. e. uuc10 3 — nepso-
06pa3HbI KOPEeHb 10 MOAYJIO 4.

IIpumep 6. Ilokasatp, 4TO He CymlecTByeT IepBOOG-
pasHBIX KOpHe# Mo Monaynio 8.

Pemenue. IlpencraBuressiMu KIaccOB UYHCeJ, B3aHM-
HO IPOCTBIX C MOLYJeM, BosbMeM uHcia 1, 3, 5, 7: Tak Kak
¢ (8) =4, To nMoKa3zareasMH, KOTOPbHIM MOTYT NpPHHAAMEKATH
3TH 4YHCJa, SBASIOTCS AEJHTENH uucaa 4, T. e. 1, 2, 4.

Umeem: 1'=1 (mod 8), T. e. 1 npuHanjexuT nokasare-
JIIO eHHHLA, OCTaJbHble YHCJAA MPHHALJIeXaT MOKa3aTC/Io
2, Tak Kak
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32=1(mod 8),
52=(—3)2=1(mod 8),
7?=(—1)2=1(mod 8)

H NepBOOOpPa3HEIX KOPHeH M0 MOAYJMIO 8 He CYIIECTBYET.

[lpuBenem Gosee ussimuoe peinieHne. JIGoe HeueTiioe
YHC/IO, a TOJbKO HeYeTHhle YHCJIa B3aHMHO IIPOCTHI C MOAY-
JgeM 8=28 Moxer GBbITb IIPECTABJEHO B BHIE:

a=4n+1;
BO3BOZS 00e YacTH B KBaapar, MOJYYHM:
a?=2'n2+2%n+1,
OTKyZHa
a?=1(mod 8).
9 (8) =4,

TO, CJI€[0OBATEbHO, He CYILECTBYeT NepPBOOOpPA3HbIX KOpHel
0 MOAYJIIO 8.

Taxk Kak

[Ipumep 7. HaliTu HauMmeHblIHH U3 NEPBOO6GDPASHLIX
KOpHe# 1o MOnymio 37 M COCTaBHTh TaGJIMIY HHAEKCOB, IPH-
HSIB 3TOT KOPeHb 3a OCHOBAHHE HHIEKCOB; COCTAaBHTb TaG6JIH-
Iy 1Jisi HaXOXIeHHs YHCJa MO JaHHOMY HHIEKCY.

Pemenune. Haxonum HauMeHbwHH mepBOOGpas3HbIil
KOpeHb 110 MoAyJ10 37 (CM. pellleHHe NpuMepa 4).

YcTaHaBauBaeM, UTO HCKOMBIM KODHEM SIBJSETCS UHCJIO
2. DTO 4HCJIO IPUHHMAaEM 3a OCHOBaHMe HHIeKcoB. Haxomum
HaHMeHbLIMe MOJIOXKHTEJIbHEIE BBIYETHI IO MOAya0 37, 3a-

cTaB/afsg X npoberath NMOCHENOBATEIbHO 3HaYeHHs oT 0 10
35. Umeem:

20=1] 28=34 216=9 224=1( 22=7
21=2 29=3l1 217=18 225=2(0 233=14
22=4 210=25 218=36 22%6=3 234=298
23=38 2l=13 2!9=35 2%7=6 25=19
2¢=16 212=926 220=33 228=12

25=32 2B8=15 221=299 229=2924

26=27 214=30 222=2] 230=11

=17 26=93 2B=5 281=22
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Ta6anua

IS HAaXOXJAEHHs] 10 JaHHOMY YHCIY COOTBETCTBYIOIULETO
eMy HMHIeKca

N 0 1 l 2 ' 3 | 4 5 I 6 7 l 8 9
0 0 1 26 2 123 |27 |32 3 |16
1 24 (30 |28 |11 33 |13 4 7 17 | 35
2 25 |22 |31 15 129 {10 |12 6 |34 |21
3 14 9 5 120 8 19 18
Ta6auna
IJisT HaXOXWAEeHHA N0 NaHHOMY HHIEKCY COOTBETCTBYIOLLEro
eMy uyucia
I l 0 I 1 I 2 ‘ 3 I 4 | 5 6 l 7 8 9

1 2 4 8 |16 (32 (27 |17 134 |31
25 |13 |26 |15 |30 |23 9 |18 |36 |35
33 {29 |21 5 |10 |20 3 6 |12 |24
11 |22 7 (14 |28 |19

W N = O

SameuaHnue, B yueGHHKax U YyueOGHBIX NOCOOHAX
MOXHO BCTPETHTb TaOJHIbl HHIEKCOB, COCTABJEHHbIE 110 Pas-
JIMYHBIM NIepBOOGPAa3HBIM KOpHSIM JJIi OLHOIO H TOTO XKe
HPOCTOTO YHCJIA, YTO HEe BJHSET Ha OTBETHl YNParKHEHHH,
NPEeNJIOXKEHHBIX HHXKeE.

ITpumep 8 Halitu uncno peweHuii cpaBHeHHUH:

a) x'®=6(mod 37),
6) 3x*=2(mod 37).

Pemenue. Moayib IaHHBIX CPaBHEHHH SBJSETCS
IPOCTHIM YHCJIOM.

a) Bepem unaexcnl oT 00eux yacTrell CpaBHEHHS
x1%=6(mod 37)
U IoJiyyaeM CpaBHeHHe
15indx=ind 6 (mod 36).
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Tak kak ind 6=27(mod 36), To cpaBHeHHe NPHHHUMAET
BHI:

15ind x=27 (mod 36).

3TO cpaBHEHHe MEePBOH CTeNeHH OTHOCHTeNbHO ind x, u
3aMmeuas, yto (15, 36)=3 wu 27 .3, ycraHaBjaHBaeM, uTO
JaHHOe CpaBHEHHEe HMeeT 3 peLIeHHs.

6) BasaB mHIEKCH OT 006eux yacTell CpaBHEHHUS, NMONYyUUM
CpaBHeHHeE:

ind 3+3ind x= ind 2(mod 36),
3ind x=ind 2—ind 3(mod 36);

o Ta6JIHILe HHIEKCOB HAXOOUM:
ind 2=1(mod 36), ind 3=26(mod 36).
ITocne COOTBeTCTB}'iOHleﬁ 3aM€EHpl CpaBHEHHE INIpHHHMA-
€T BUL:

3ind x=1—26 (mod 36),
3ind x=11(mod 36).

Taxk kak (3, 36) =3, 11 He : 3, TO 3TO CpaBHeHHe, a cle-
IOBaTeJbHO, U JaHHOE CPaBHEHHEe He HMEIOT pellleHHH.

[Mpumep 9. C nonvonipio TabauIB MHAEKCOB pEIIHTh
CpaBHeHUe

13x3=24 (mod 37).

Pemenue. Bepen uHAeKcH OT 06enx uyacrel cpaBHe-
HHUS H, HCIIOJb3Ys CBOACTBA MHAEKCOB, UMeeM:
ind 13+3ind x=ind 24 (mod 36).
M3 tabauubl nHIEKCOB (mepBOf) AJaA mpoctoro yuchaa 37 Ha-
XOUM:
ind 13=11 (mod 36), ind 24=29(mod 36).

(Ta6auuer B3athl u3 kKuHuru . X. Muxemosuua. Teopus
YHCe.)
CaepnoBareabHo, 1143ind x=29(mod 36),

3ind x=18(mod 36).

Tak kak (3, 36) =3 u 18 3, T0 cpaBHeHHe HMeeT TpH
pelueHHus; mocjie ynpouenus umeeM: ind x=6(mod 12), or-
kyaa ind x;=6(mod 36), ind x,=18(mod 36), ind xz=
=30(mod 36), (cM. pelieHHe CpDaBHEHHH [ePBOH CTEleHH);
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1o Tabauie HHIEKCOB (IJIs HaXOXKIEHUs uHcjaa N0 JaHHOMY
HHIEKCY) HaXOoUM:

x1=27(mod 37), x,=36(mod 37), x3=11(mod 37),

ABJSIONIYECS] PelIeHUAMH NAaHHOTO CPaBHEHHS.
I[Ipumep 10. Pemurs cpaBHeHHe:

213*=215(mod 29).
Pemenue Bepem uugexce or obenx uactell cpaBHe-
HUSI Y, UCIOJBb3Yys CBONCTBA HHIEKCOB, HOJydYaeM:
3xind 21=>5ind 21 (mod 28);
o tabyulle HHJIEKCOB HAXOILUM:
ind 21=17 (mod 28)
Y CpaBHEHUe IPHHUMAaeT BHUL:
17 (3x—5) =0(mod 28).
Taxk kak (17, 28) =1, To IPUXOAUM K YCJOBHIO
(3x—5) |28,
KOTOpPO€e SKBHUBAJEHTHO CpaBHEHHIO
3x=5(mod 28),
pellleHHe KOTOPOTO
x=11(mod 28).

Paccmorpum apyro#i cmoco6 pemenus. Bocrnosbsyenca
CJIeAYIOIIUM CBOHCTBOM: €ClIM g — NepBOOODPA3HBIH KOpeHb
N0 MOAYJIO P U

gh=g'(mod p),
TO

k=I(mod p—1).
YcraHoBHB, uT0 21 — nepBoo6GpasHEIl KOpeHb IO MOIY-
J10 29, IPUXOIUM K pelIeHHUI0 CpaBHEHUS
3x=>5(mod 28),

OTKYZa
x=11(mod 28).

IMpumep 11. Haiitu Bce nepBoo6pasHbie KOPHU IO MO-
nymo 17; 3amucath WX B BHAe HAHMEHBIUHX IOJOMXKHUTENb-
HBIX BBIYETOB.
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Pemenne. 3agaua Moxer ObITb pemeHa pas/HYHBI-
MU npueMamyu. PaccMOTpHM HX.

1. M0KHO HCNOJb30BaTh NpHEM, IOCPEACTBOM KOTOPOTO
peuleH npumep 4.

2. Haxonum HauMeHbIIHH nepBoOOpasHBII KOpeHb IO
moaymo 17 (cM. pemeHne mpumepa 4), KOTOPHIE paBeH 3,
3aMeTHM, YTO eCJIM YHCJIO0 g NpHHAAJNIEXKHT I[0Ka3aTelio
p—1, tae p—MOAYyab, TO 3TOMY Ke moKasartemo Oyayr
npuHaniexaTtb uyucaa Bupa gk, ecan (R, p—1)=1 wm
1<<k<<p—1. BuinmuceiBaem uuciaa 2, 3, 4, 5,6,7, 8,9, 10,
11, 12, 13, 14, 15; cpenu HUX B3aHMHO NPOCTHIe C yHcjaIOM 16
gucaa 3, 5, 7, 9, 11, 13, 15; BoluMCAHM OCTaJIbHBIE MEPBOOG-
pasHble KOPHH B ()OpMe HaUMEHbIIHX IOJOXKHTEJIbHBIX Bbl-
YyeToB Mo MoOAyJo 17:

33=10(mod 17),
35=32.10=5(mod 17),
37=35.32=5-9=11(mod 17),
39=10:5:3= —3=14(mod 17),
3"=14.9=—3-9=7(mod 17),
38=7.9=12(mod 17),
315=12.9= (—5) -9=6(mod 17).

Takum 06pa3oM, nepBoOOpPA3HEIME KOPHAMH IO MOAY-
awo 17 asasioTcsa uucaa 3, 5, 6, 7, 10, 11, 12, 14.

IMTpumep 12. C momoupio TabJaMl, HHAEKCOB HaHTH
oKasarejib, KOTOPOMY MNpHHAIJEXUT uucao 13 mo Momay-
mo 79.

Pemenune. (13, 79)=1, a mo3ToMy HCKOMBIH IIOKa3sa-
Teslb JOJXKeH YAOBJETBOPATh cpaBHeHuto 13°=1(mod 79).

[IprMensisi CBOACTBO MHIEKCOB, HMEEM:

§ind 13=ind 1(mod 78).
IMoab3ysacek Tabauiell HHAEKCOB, HAXOLUM:
ind 13=34(mod 78), ind 1=0(mod 78),
¥ CpaBHEHHe NIPHHHUMAaeT BHI:
346=0(mod 78),
176=0(mod 39);

HauMeHblllee TTOJ0XKHUTENbHOE 3HaueHne § =39, ynoBJeTBOPS-

I0Ille€ 3TOMY CpaBHEHHIO, 6y,ELeT SABJSATbCS HCKOMBIM ITIOKa3a-
TEJEM.

[Ipumep 13. Ioar3ysice Tabauuell UHAEKCOB, paclpe-
HeJHTb Yhcja IO MOoKa3aTeslsM [0 NPOCTOMY MOAYJIO 7.
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Pemenue. Bo3bMeM cpaBHEHIie:
a®=1(mod 7),

rie (a, 7) =1. 3aMeuas, yto yucjao | NpHHAMIEKHUT ITOKa3a-
Tearo0 1, orpaHHYMMCSl 3HAYCHHSMHU

a=2,3,4,5,6.
Beps unpmekch ot 00enx yacTeil CpaBHeHHUS, HMEEM:
6 ind a=0(mod 6),

4 Hajgo HafiTH HauMeHbllee MOJIOXHTENbHOE §, YIOBAETBO-
psIIOIllee YCJIOBHIO

6ind a : 6.
ITo Tabuauile HHIEKCOB HaXOLHM:

ind 2=2(mod 6), ind 3=1 (mod 6),
ind 4=4(mod 6), ind 5=5(mod 6), ind 6=3(mod 6).

Tak, ecan a=2, To ycaoBue npuHuMaer sua: 6-2 6, or1-
kyna 6=3. Anajoruudo Haxomgum: 1-§ :6, 8=6, u uucio 3
NpPUHALJNEXUT MoKasaTenio 6 (mepBooOpasHBIE KODeHb IO
MonyJo 7); 48 © 6, 6=3, u yuca0 4 NpUHAAJEKHT NOKa3a-
teaio 3; 56 16, 6==6, u unca0 5 MpHHANNEKHUT NOKa3aTeo 6
(mepBoo6pasHEIl KOpeHb 0 MOLYJI0 7); 38: 6, §=2, u uuc-
J0 6 NpHHAAJEXKHUT NMOKa3aTeno 2 no monyJaio 7.

IMIpumep 14. 3Has, uto yHCIO 5 ecTb NepBOOGpA3HBLL
KOpEHb N0 MOAYJI0 7, HAalTH, KAKUM IOKa3aTeadaM NpHHAI-
Jexar uucaa 52, 53, 5% mo Tomy xe MOAYJIO.

Pemenue. Tak kKak uHcao 5, sBIsAsgch nepBooGpas-
HBIM KODHEM IO MOZLYJIO 7, IPHHAJIEKHUT NoKasaTelo 6, To
IJIg pellleHHs NOCTaBJCHHON 3a4ayl KOCTATOYHO HAATH yacT-
HOe OT JeJeHus yucaa 6 Ha HauGoabmui OOLHE AeaHuTeNb
yucjaa 6 W MMOKasaTess CTelleHH HCIBITyeMOoro uucia. Takuu

6
oGpasom, nas uncaa 52 uMeeM: 6.9 =3, aHAJOTHYHO IJIsI

6 6
3 2 e =
uhcaa 5 MOy THM: (55, 2, HaKOHeL, M YuCcIad .9 3.

CaenoBaTenbHO, JaHHblE YUCIa MPHHAMJNEKAT COOTBETCT-
BEHHO NMOKasatenasMm 3; 2; 3.

ITpumep 15. okasaTh, yTo mepBOOGPasHHIl KOpEHb
g 1O IPOCTOMY MOAYJIO p €CThb KBaJApPaTHUHBIH HEBHIYET IO
TOMY 2K€ MOJIYJIIO.

Pemenue. H3 onpeneneHus nepBooGpasHOro KOpHs

CJIeyeT, 4TO YHCJIO g NPHHAIJIEKHUT NOoKasatenio p—I1 1o
MORYJIIO p.
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HanumeM cpaBHeHHe:
gr-'=1(mod p), rne p>2,

H, npeo6pa3oBaB cpaBHeHHUE, NOJYUHM:
p—1 p=!
(g 2 —1)(g 2 +1)=0(mod p),

OTKYynHa
p—1

p—1
(€% —1)(g? +1:p
Tak kKak g — nepBoo6pasHblil KOPeHb, TO CpaBHEeHUE
p—1
g 2 —1=0(mod p)
HEeBO3MOKHO H, CJeL0BaTelbHO,
2t 1
g 2 +1=0(mod p), g 2 =—1(mod p),
ClIe0BATeNbHO, g — KBAJPATHUHBIH HEBHIYET TI0O MOAYJIO P.

ITpumep 16. Yuciao 43 — nepBooGpas3Hbiii KOpPeHb MO
Mozny.io 89; mokasaTh, YTO CpaBHeHHe

x?2=43(mod 89)
He MeeT pelieHHH.

Pemenune. Ha ocHOBaHHH NpeAnIAyHiero ynpaxKHeHUs
yCTaHaBJAHBaEeM, YTO YHCJI0 43 — KBaJpaTHYHBIH HEBHIUET MO
moxyaio 89, H, ciefoBaTeNbHO, cpaBHeHHe x?2=43(mod 89)
HE HMeeT pelleHHH.

IMpumep 17. Tlokasats, 4TO cpefn NepBOOOPA3HHIX
KODHeH IO MPOCTOMY MOZAYJIO p=>2 He MOXeT ObITb MOJHBIX
KBaJpaToB.

Pemenne. JomycTuM, uto 3TO He TaK H IepBooOpas-
Hblfi KopeHb g =Fk2. Torga cpaBHeHHe

x2=Fk?(mod p)
MMeeT OYeBHIHOE pelleHHe
x=k(mod p),

OTKyZHa g=k2——-xBa11paqublﬁ BBIYET NO MOAYJIK p, T. €.
IIPHXOJHM K CDABHEHHIO
p—1

g * =l(mod p),
YTO HEBO3MOXKHO, TaK KaK g — NepBoo6pasHbIfl KOPEeHb.
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Ynpaocnenus

1. KakoMy noxasarenio IpHHaAJexar:

a) 4uca0 2 0 MOLYJIO 5, I) uucao 5 no moay.awo 11,
6) uncao 3 no MonyJarwo 7, e) uHcso 6 mo monyao 13,
B) uHCJIO 5 1o MOAYJIO 8, X) uucao 7 mo moxyawo 15,
r) uucsao 7 no monyJaio 10, 3) uHca0 3 no monyJw 17.

2. Haith Bce nokasarend, KOTOPbIM INpHHALJEKAT YHUC-
Jaa:

a) mo MomyJao 7, o) no monyJio 11,
9) mo moxmyaio 8, e) mo mMomyJio 12,
B) mo monyJo 9, K) 1o monyJo 13,

r) mo moxymo 10, 3) mo momymo 15.
3. PacnpenenuTtb Kjacchl UKces MO MOKa3aTelsM:

a) mo Moayaio b, B) mo Moayaw 7, [X) mo Moay.awo 9,
6) mo Moxmynio 6, r) no mopyJawo 8,  e) no moayamwo 10.

4. HafiTn HauMeHbIIN# NepBoO6pa3HbIH KOPEHb:

a) no moxyaio 11, r) no Moamyaio 19, k) no momyao 41,
6) mo moayaio 13, 1) mo momyuaioo 23, 3) 1o MOAYJIO 43,
B) mo Moayaio 17, e) mo moxyaio 29, u) 1o Mopyai 47.

5. CoctaBuTb TabJUIy HHIEKCOB:
a) mo moayJawo 11, 6) mo mopyaio 19, B) mo moayao 29
6. Pemiuth cpaBHeHHUS:
a) 25*=32(mod 59),
6) 13*=24(mod 53),
B) 12+* =17 (mod 47),
r) 3* =23(mod 29).
7. OnpenenuTh YUCIO PEHIeHHH CPaBHEHUH:
a) x!'5=6(mod 37),
6) x3=2 (mod 37).
8. C moMompio TaGJHI HHAEKCOB PEIIHTh CPaBHEHHS:

a) 43x'7=65(mod 79),
6) 13x¢=17(mod 37),
B) 17x*=19(mod 73),
r) 23x3=58(mod 97),
n) 2x8=>5(mod 31),
e) 3x5=16(mod 31),
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K) Tx3=14 (mod 41),
3) 2x*=33(mod 43),
n) 5x3=38(mod 47).

9. Halitn BCce mepBOOOpasHble KOPHHU:

a) mo monyJio 13, r) mo mMomyJio 29,
6) mo mony.xio 19, 1) mo mony.Jio 31,
B) IO MOAYJIIO 23, e) no monyJwo 41.

10. C momoIipio TabJMI, MHIEKCOB HAHTH INOKa3aTesH,
KOTOPBIM IIPHHANJIEXKAT:

a) gucao 5 mo moxmydao 17, e) gucao 10 no monyaio 37,
6) uucao 7 no Moxmydio 19, K) uHcao 17 no momyamio 41,
B) uucyo 11 nmo mogynio 23, 3) uhcao 19 mo mony.io 43,
r) uucao 13 mo monysmio 29, u) uyucnao 15 no momyniw 47,
1) uucsao 8 no mony.aio 31, K) 4HCI0 23 no MOAYJIo 53.

§ 4 APUOPMETHYECKHE NMPHJO)XEHUSA TEOPHUHU CPABHEHUH

HI. X. MuxenoBuu Teopus uucen, ctp. 147—160.
A.A.ByxmTa6. Teopus uucen, crp. 201—209.

Bonpocer 048 camonposepku

1. Ha xakux CBOHCTBax CpaBHEHHSI OCHOBAaHO HaxOXKJe-
HHUe OCTaTKa NpH AeJeHWH Ha JaHHOe HHCJIO0?

2. ChopmynupyfiTe CBOHCTBA CpaBHEHHH, HAa KOTOPBIX
OCHOBAHBI BEIBOJB IPH3HAKOB [ €JHMOCTH.

3. Uemy paBHa AJuHA mepuona (4ucsao LUdp B NepHOLe)
YUCTOH NepHOoAuYecKol npobu?

4. CKoslbKO LMbp MeXKAY LesOof 4acThio YHC/Ia U NepPBHIM
NepHOJOM CMeIlaHHOH INepHOAHYeCKOH APOo6H?

5. ITonyueno 236-421=99536. Uem BBI3BaHO, YTO HpO-
BepKa C NOMOLIbIO yHcsaa 9 He oOHapyxXuBaeT OMIUOKH, HO-
NYIIEHHOH B pe3yJibTaTe NeHCTBUS?

Pas6epure peleHus CleLyIOLUHX IPUMepOB:

ITpumep 1. Haittu octaTok oT neneHus: uyucia 2087+5
Ha yHca0 9, The 7 — Leloe HeOTPHILATeNbHOE YHCIIO.

Pemenune 3ameuas, 4TO Ha OCHOBAaHHH MeTOZa CpaB-
HeHHUH MOXKHO BBLIYHTATb U NPHOGABIATE K J1060# yacTu cpas-
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HEeHUl yKcjia, KpaTHBIE MOAYJIO (3TO OTHOCHTCS M K OCHOBA-
HHUIO CTEIIEHH), pPaCCMOTPHUM JBa cjayudas, a UMEHHO:
a) n=0, Toria uMeem:

205=25=23.22=(—1) -22=5(mod 9),
6) ns~0, Toraa nNocJefOBaTEIbHO HMeEeM:
206n+5=26n+5= (28)2n.25= (—1)2n. 5=5(mod 9).

Vickomelil ocTaToK paBeH 5.

IIpumep 2. I[lokasats, uTo npu 060M LEJOM HEOTpPH-
natelbHOM n uncno 3-52n+ 4237+l nepurcsa Ha wmcao 17.

Pemenue. Kak ¥ B mpenpiaynmeM NIpHMEpPe paccMoT-
pUM IBa ciayuyas:

a) ecnu n=0, To oueBHAHO uucjao 17 menurca Ha 17;

6) ecan n==0, To mocaefOBaTEIbHO UMeEeM:

3.52n+l 4 93n+1=3.5. (52) n 4 Q%n+l =
= (—2) (52 n 4 23nH = (—2) (28) "+ 23n+1=0(mod 17),

T. €. JaHHOE YHCJO Aeaurtcsa Ha 17.

Ipumep 3. ITonbsysice OCHOBHBIMH CBOCTBaMH Cpas-
HeHHUM, HaliTH OCTATOK OT AeaeHusa 125-465 ua 61.

Pewmenue. Jlerko saMeTuth, UTO

125=3(mod 61); 465=38(mod 61).
[lepeMHOXHUM NOYJIeHHO 3TH cpaBHeHHs. [losyuum, uro
125.465=38-3 (mod 61),

125-465="53 (mod 61).

Hrak, HCKOMBIA OCTAaTOK paBeH 53.

IIpumep 4. Iokasath, yro uuciao 1376—1 pmenurcs
Ha 89.

Pemenne 13176—]1=(13%—1)(13%+41); 89 —uucio
MPOCTOE, a MOITOMY Ha OCHOBAaHHH MaJioil TeopeMnl depMa

13%8=1(mod 89),
T. €. (13%8—1) : 89. CaenoBarensno, (13176—1) . 89.

[Mpumep 5. Iokasarp, uto uuciao 1412°—1 penurcs
Ha 45.

Pemenue. (14, 45) =1, a mosToMy Ha OCHOBaHHH TeO-
peMel Ditnepa

T. €.

14¢ *9=1 (mod 45),
T. e. 142t = 1(mod 45), TaK KaK @(45) =24.
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BosBenem mocjenHee cpaBHeHHE MOYJIEHHO B MATYIO CTe-
neHb. Torga

14120=1 (mod 45).

D10 3HAYHT, yTo 14120—1 nmenurca Ha 45.
IMpumep 6. Haiitu nocaennue ne uudpsl yucaa 5%,
Pemenune Haifith nocnenuue ase uudpsl 4ucIa — 3T0
3HAYMUT HAfiTH OCTATOK, OJYUYEHHBIA NPH NeJIeHHH 3TOTO YHC-
Ja Ha 100.

5100 = 2550 =625%5=25% = 25.625!2=
=25.2512=25.6256=25.256=25.625=
=25.253=252=25(mod 100).

Mrak, uckoMeiii octatok ectb 25. CioemoBaTeqbHO, MO-
CJIeIHHMH AByMs uuppamu yucaa 5'9 6ymyr: 2 (mecsATKH)
U 5 (eIHHHLB).

IIpumep 7. C nomoupio Tabaul HHIEKCOB HARTH OC-
TaTOK OT AejeHus 1010 na 67.

Pemenue. O003HAUUM HCKOMEI OCTAaTOK uepes r,
T. €.

101%=r(mod 67).
BepeM uHAekchl OT 0GeHX 4acTefl cpaBHeHHUs:
10ind 10=ind r(mod 66).
Vi3 nepBoft Tabauubl HHAEKCOB AJS NpPOCTOro yucaa 67
HaxonuM, yto ind 10=16(mod 66), caexoBarenpHo, 160=

=ind r(mod 66), uau ind r=28(mod 66). Tenepp u3 BTO-
poii TaGJuIEl UHAEKCOB HAXONUM, UTO

r=23(mod 67).
Urak, uckoMbi#t ocTaToK paBeH 23.

3ameyaHnue DBeie 1aH ogUH U3 MeTOZOB 0GOCHOBA-
HHUSA NPH3HAKOB JeINMOCTH uyucesa. PaccmMoTpuM BTOpOH Me-
TOJ, OCHOBAHHBIH Ha CBOHCTBe cpaBHeHu#l. Ecau

f(x) =@o4+a;x+asx® +...+a,xn

MHOTOUJIEH C LeJBIMH Ko3QdHLHeHTaMy, TIe a, =0 (mod m),
x=y (mod m), 1o f(x)=f(y) (mod m).

ITocraBuM nepen coboit 3amauy B npouecce 060CHOBAHHUA
HCIIONBb30BaTh Ju60 cpaBHenue 10k=1(mod d), aubo cpas-
Henue 10h=—1(mod d) (cm. HuXKe), rae k& — 1en0e moJa0-
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XKHUTEJIbHOE YHCJIO, d —uenoe MOMOXKUTEIbHOE 4qucJao, O
JACJIHMOCTH Ha KOTOpPO€ HIAET peyb.

Ilpumep 8. VYcraHOBHTb NpPH3HAKH [EIMMOCTH Ha
gucao 11.

Pemenne PaccMoTpuM HeKOTOpHE W3 NPH3HAKOB.
1. Jannoe yucao N mpeacraBuM B BHIE

N=ao+a;-10+ay-102+a3-103+...,
rie 0<<a;<<9, d=11. CnpaBennuBo cpaBHeHHe
10=—1 (mod 11).
[IpuxoauM K cpaBHEHHIO
N=as—a,+as—az+... (mod 11).
BocrosbayeMcs CBORCTBOM: €CJIH
a=b(mod m),

to (a, m)=(b, m), caepoBateabHo, ecau N 11, To
(ap—a;+as—az+...) . 11, u obparno. IlonyueHHBEt mpu-
3HaK [JETHMOCTH MOXKHO chOpMyJHpPOBaTh B CjeylouleH
dopme: uncsno N meautcs Ha yucao 11 Torga u TOJIBKO TOT-
Ila, KOTJa PasHOCTh MeXIy cyMMoi uudp yucaa N, CTOSIIHX
Ha HeYeTHBIX MeCcTax, H CyMMo# nudp TOro xe 4uciaa, CTos-
IIHX Ha YETHBIX MecTax, Aeautcs Ha 1.

2. 3ameuas, yro 1001=11.7-13, npencraBum:
N=ao+a;-103+a,(103)24+a3(10%)3+...,
rae 0<<a;<<999, d=11. ConpaBenauso
103=—1 (mod 1001).
IIpuxoauM K cpaBHEHUIO
N=ay—a;+as—az+...(mod 1001).

CorJyacHO OLHOMY M3 CBOHCTB CpaBHeHHe, HMelollee MeC-
TO 0 HEKOTOPOMY MOAYJIO, CIpPaBeAJHBO H 1O MOAYJIO, fB-
JSONIEMYCs TIOJAOXKUTENbHBIM HeJNuTe]eM AaHHOIO MOAYJS.
IMosyuaem:

N=aqay—a,;+as—as+...(mod 11).

CrnpaBemJiHBOCTh 3TOTO NMpH3HAKa MOXKHO OGOCHOBAThb TakK
e, KaK U B NpeIblAyIleM NpHMepe, HO MOXHO BHIOpaTh H
MHO! MYTh: M3 MOCJEeJHEro CpaBHEHHs CJeLyeT, YTo

[N— (ao—a1 +as—as+ )] S11.
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H3BecTHO, 4TO ecqiu Pa3HOCTh U yMeHblllaeMoe MAeJasATCs Ha
11, To u BeuuTaeMoe neautcs Ha 11. A Tak ke, ecau pas-
HOCTh M BBHIUHTaeMoOe mensitcs Ha 11, To u yMeHbliaeMoe fe-
autcs Ha 11.

Tenepb M0OXHO cHOPMYJHPOBATL COOTBETCTBYIOIHH MpPH-
3HAK JeJMMOCTH: pa3buBaeM uucjao N Ha IpaHH CIpaBa Ha-
JeBo mo Tpu wudpbl B KaxHo# rpany; yucjio N genurcs Ha
yucsao 11 Torma W TOABKO TOrAA, KOrja pasHOCTb MeEXAY
CYMMO#t uHCeJl, CTOSIIIUX B YETHBIX I'PaHAX, U CYMMOH 4ucel,
CTOAIIMX B HEUETHBIX T'pPaHsaX, AenuTcs Ha 11.

3aMeTHM, 4TO MpPU3HAKH JeauMocTH Ha 7 u 13 aHajoruy-
HBI IpH3HaKaM Xeaumoctu Ha l1. [Insi mokasartesnbcTBa HO-
CTaTOYHO NOBTOPHTb BCe pAacCCyXXKAeHHs, 3aMeHuB uuciao 11
COOTBETCTBEHHO uMcaaMH 7 H 13.

[Tpumep 9. Mcnoab3ys MoOHATHE UMCJIA, NMPHHALJIEKA-
IIero MoKasaTeNio, HalTH JJIMHY IepHola Npu obpalleHu: B

IeCAATHYHYIO Tpo6b OGLIKHOBEHHO! 1pobu -

Pemenue. (10,17)=1, a nosatomy mJnuHA nepuozna me-
puonuueckoit Apo6u paBHa §, rle § ecTh IOKas3ateiab, KOTO-
pomy mpuHamaexuT uuciao 10 mo momymio 17. Halinem 6.

Hasa sTolt menu Bocmosb3yeMcsi Tabaullell HHIEKCOB IJf
npocroro yucaa 17. Yucno § MOJAXKHO yAOBJIETBOPATh CpaB-
HEHHIO

10®> =1(mod 17).
BepeM uHmexkcwl oT o6enx uacrell cpaBHEHHS:
§ind 10==ind 1(mod 16),

386=0(mod16).

HanMeHbliee MOJOXKUTEIbHOE UHCIO, YIOBJIETBOPSIOIIEe
3aTOMY cpaBHeHHI0, Oyzxer uucao 16. Cienosartenbno, §=16.
IIpumep 10. Hafitu nauny nepuoma u uuciao uudp
MeXKIy 3alsiTON M MEPHOJOM AeCATHYHOH Npo6H, B KOTOPYIO

17
obpamaercsi 0ObIKHOBeHHast Ap00b 555

Pemenue Kanonuueckum pasmoxkenueM uucia 220
oyner 22.5-11. Tak kak (11, 10) =1, To Has HaxOKIEHHUS
IJHHBL TepHoJa HafileM NokKasaTelb §, KOTOPOMY IIpHHAI-
Jaexut 10 mo moxmyJo 11:

10=—1I (mod 11),
10°=1(mod 11).

U
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CaenoBartenbHO, §=2.

Uncno uudp A MeXLy 3angTod U IEPBBIM IIEPHOLOM paB-
HO Hau6oJblIeMy [OKa3aTeNo, C KOTOPHIM BXOAST COMHOXH-
TeJu 2 1 5 B KAHOHHUECKOE pasJioKeHHe 3HaMeHaTeNs JaH-
HOMl npo6u.

CunenoBartenasHo, A=2.

IIpumep 11. IlpoBeputh pesynbTaThl HeHCTBHUH C IIO-
MOILBIO yucaa 9:

a) 246674 18265=42932;

6) 5433153:4371=1243.

Pemenue a) Cymmn nudp ciaraeMbix COOTBETCTBEH-
HO paBHH 25 u 22; cymma mudp cymmbl — 20. Jlerko 3ame-
TUTB, 4TO 25+22=20 (mod 9).

CienoBaTenbHO, B IEPBOM IIpUMEpe MOXKHO IOJaraTth,
YTO CJIOXKEHHE BBHIIIOJHEHO MPaBHJBHO.

6) Bo Bropom mpuMepe cyMMbl uudp AETHUTENS H YACT-
HOTO COOTBETCTBEeHHO paBHH 15 u 10; cymma mudp memumo-
ro 24. Tak xak 24=150(mod 9), To MOXHO moJaraTh, uTO
JleJIeHYe BBIIOJHEHO NMPaBUJIbHO.

Ilpumep 12. TloxasaTh, 4YTO OCTATOK OT AeJEHHS UHC-
na 319-%7—1 ya 19.37 paBen 1.

Pemenue. JlocraTouHo NOKasaTh, 4TO CHpPaBeNJIHBO
CpaBHeHHe

319371 =1 (mod 19-37).
[Ipeo6pasyem moxasaTenb CTENeHH:
19-37—1=(18+1) (36+1)—1=18-36+54.
Taxk xaxk (19, 37) =1, 10
@(19:37) = (19) -9 (37) =18-36.
Ha ochHoBanuu Teopemnl iiiepa
318:36=] (mod 19-37),

rae (3, 19:37) =1.
C nmpyro#i CTOPOHBI, HMeeM:

3 19-37—1 =3 18-36 . 3545354 (mOd 19. 37) .

Ha ocHoBanuu manoi teopeMn Depma 3'8=1(mod 19),
rie (3, 19)=1. HenocpencTBeHHEIM BHIUHCJIEHHEM JIETKO
yCTaHOBUTB, 4T0 3'8=1(mod 37) (cM.pemeHune nmpumepa 1).

Ha ocHoBaHuHM CBO#CTBa, 10 KOTOPOMY H3 CPaBHHMOCTH
JABYX 4YHCeJ IO HECKOJNBKUM MOJIYJSM BBITEKAeT WX CPaBHHU-
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MOCTb MO MOAYJIO, ABJAAIOMIEMYCSd HAUMEHbIIHUM obmuM
KPaTHBIM HCXOIHBIX MO,’.IYJIGI’I, HMeeMm:

318=1](mod 19.37).
Bo3Benst oGe yacTu cpaBHEHHsI B TPETBIO CTENEHb, MOJYUHM:

35%¢=1(mod 19-37).
Hraxk,
319-37—-1=1 (mod 19-37).

Ynpascuenus

1. Haiitu octaTok oT meienus uucia 48%7+3 ma 11, rnme
n— mo60e 1ejoe HeOTPUILATENbHOE YUCJIO.

2. Hafitu ocraTox ot jenenus uncaa 4857+% ma 11, rue
n — n000e Iea0e HeOTPHIATENbHOE YHCJIO.

3. Ilokasath, uTO NpH JOO6OM LEJOM HEOTPHIATENBHOM
n yucjao 7 - 3%+l 28+l nesures Ha 19.

4. TToxasatb, UTO NpH JI060M IE€JIOM HEOTPHULATEABHOM /1
yucyio 25.7%2n 4237+ nequtesa Ha 41.

5. ITokasaTb, yTo npu J060M ILENIOM HEOTPHLATENbHOM
n yucao 1135 +2.13%n+! nenurca Ha 37.

6. Hafitu nBe uudpul MaaAmux pa3psioB 4HCeN:

a) 5%, 6) 6%, B) 818, 1) 312, &) 233, ¢) 420,

7. Hafitu oCcTaTOK OT [eJIeHHUs1 YHces:

a) 11802, 6) 131602, B) 71203, I‘) 172001’ 11) 192402 Ha yYHC-
J0 1000.

8. BoiBectu u chopmMyaHpOBATh MPH3HAK HEJIMMOCTH Ha
yucyo 11, HCXORs U3 cpaBHEHHs

102=1 (mod 99);

HOPOMJIIIOCTPUPOBATh MPUMEHEHHe NpU3HAKA JBYMS YHCIO-
BBIMM NIPHMEpaMH.

9. BuiBect ¥ chopMyaupoBaTh NPH3HAK AEJMMOCTH Ha
yucto 33, HCXOAST U3 CPaBHEHHS

102=1 (mod 99);
TPOHJIIOCTPHPOBATh NPHMEHeHHe NMpU3HaKa [BYMS YHCJIO-
BBIMH NIPHMEPaMH.

10. BeiBectu ¥ chopMynIHpoBaTh NPHSHAKH HENHMOCTH
Ha ypcnaa 27 u 37, YUHTHIBAsA, UTO

999=27.37,
M HCIOJb3Yys CpaBHEHHE
103=1 (mod 999);
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NPOHJJIIOCTPUPOBATh NpPUMEHeHHe NPH3HAaKa [BYMS YHCJO-
BBIMH NIpHMeEpaMH.

11. Mcnoab3yss COOTBETCTBYIOIIMH NpH3HAK AEJMMOCTH,
TIPOBEPUTH NENHMOCTD YHCEJN:

a) 3038035, 3138135, 3539635 na uucao 11;

6) 4735731, 4739735 na uucao 11;

B) 3138135, 4735731 Ha uncmo 33;

r) 559013, 3038035 u 3138135 na uucsao 13;

o) 3038035 u 3539635 na uucmo 65;

e) 52434, 79974, 111888 na uucio 27;

k) 11934, 52434, 111888 na unciao 54;

3) 121878, 141858, 145854 Ha uucao 37;

n) 111888, 121878, 145854 na uucao 111;

K) 90585 u 254925 Ha umcao 165.

12. C nomompio Ta6/IHL HHIEKCOB HAHTH OCTATKH OT Je-
JIEeHHs:

a) uucaa 85-79 na yucyao 97,

6) uucaa 53-41-17 na yucao 59,

B) uucaa 89-78 nwa uucyo 61.

13. Mcnoab3yst TabauIBl HHAEKCOB HAHTH OCTATKH OT Je-
JIeHHS:

a) uucnaa 13!° ga uucio 31,

6) uucaa 29'7 na yucio 41,

B) uuncsaa 31'8 ya ymcao 37,

r) uncna 17! wa yucmo 53,

) uucgaa 7?8 Ha yucgao 59,

e) uucaa 1137 na yucno 61,

XK) uyucaa 1932 Ha uuncso 67.

14. Mcnonb3ys noHSITHE YMCJa, NPUHANJIEXKALIEr0 MOKa-
3arTesio, HaHTH AJHHY NepHoga MpPU oGpalieHHH B TeCSTHY-
Hble I1po6H OOBIKHOBEHHBIX HECOKPATHMBIX Hpobeit:

a) co 3HaMeHaTeseM 7, I) co 3HaMmeHaTeneM 29,
6) co 3HameHaTteseMm 11, e) co 3HameHateneM 31,
B) co 3HaMeHaTeseM 13, K) co 3HaMeHarejaeM 37,
T) co 3HaMeHaTenxeM 23, 3) co 3HaMeHaTejeM 43.

15. HafiTi IMMHYy nepuoia W KOJHYECTBO LHUDDP MexIy
3ansAToOd M NMEPHONOM JAecsiTHYHOH Apo6H, B KOTOpYIO obGpa-
maercss OObIKHOBEHHAst HeCOKpaTHMasi 1po6b:

a) co 3HameHaTeaeM 35, I) co sHamenartejeMm 208,
6) co sHameHnareneMm 110, e) co 3HaMmeHartesaeMm 620,
B) co 3HaMeHaTegeM 76, K) co 3HaMeHaTesjeM 85,

r) co 3HaMeHaTeneMm 210, 3) co 3HameHaTteaem 860.
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16. C momompio yncia 9 npoBepuTh pe3ynbTat apudme-
THYeCKHX JeHCTBUH:

a) 246674 18265= 42932, n) 4371-1243=5433153,
6) 1418114-17128=158932, e) 1042-1011=1053462,
B) 37918—13207=24711, XK) 421767:3429=123,
r) 42932—182656= 24667, 3) 115403365:23845=48417.

§ 5. HENNPEPBIBHbIE A POBH

OI. X. Muxenosuu. Teopus uucer, crp. 69—82,
161—176.
A. A. ByxmTta6. Teopus uucen, orp. 58—66.

Bonpocer 01 camonposepku

1. Uro BbI 3HaeTe O MpPeACTaBJEHHH JMIOO0Or0 panHoOHab-
HOTO YHC/1a HelmpepbBHOH Apobbio?

2. 3anumuTe CBOACTBA MOAXOAAIIUX Apobeii.

3. 3anuumure GopMyJy pelleHHs CpaBHEHHs

ax=b(mod m), rae (a, m)=1,

OCHOBAHHOTO Ha MeTOoJe NMOAXOASIIUX APOOeH.
Pasbepure pelieHust HHXECTEAYIOMHUX TPUMEPOB.

53
ITpumep 1. Pasnoxurp pauuoHaNbHOE YHCJIO <7 B

LeNHYI0 (HeIpephiBHYIO) Apobb; COCTaBUTh TaGJUIY ee NMOX-
x01siuux Apobell, HAATH NOAXOAAMILYI0 Apo6b BTOPOro MO-
psiaka.
Pewmenue. Haxoaum sneMeHTHl (HeNOJHbIE YaCTHBIE):
53 | 21
—42 7o
21T
1T
_ 11|10
10|71
10]
— 10|70
)

Cie1oBaTenbHoO, %=[2, 1,1, 10] — pasnoxeHue maH-

HOTO PAallMOHAJbHOI'O YHCJAA B KOHEYHYIO LeMHYI0 ApoOb.
Ias oTBetra Ha BTOPOH BONPOC COCTaBHM TabJHILY
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k 0 1 2 3

q, 2 1 1 10
Py 1 2 3 5 53
Qr 0 1 1 2 21

B arofi Tabanne R 03HauaeT MOPSIOK MOAXOMSIIEH APO-
64, @gr—>5JaeMeHT NOpsiika k; Pp, Qr — COOTBETCTBEHHO
YHUCJAUTEJNb H 3HAMeHaTeNb NOAXOAsAllelr npobu mopsika k.
Bo BTOpOM BepTHKaIbHOM CTO;16Ue Tabauub yuciaa 1 u 0
IIOCTOSIHHBI AJIs1 /060 TabJMLbI, B TPeTbeM CTOJOIE yuTe-
HO, uT0 Py=¢o m Qo=1; BhIUHCIEHHEe OCYIIECTBJISAETCS IO
¢dopmynam: Pp="Pp_;-qr+Pr, Qr=Qx—1gn—Qn—s.

W3 tabauusl cienyer, yTo

P 5
Q — 2 °
17
IIpumep 2. Pasnoxuth paunHoHaJbHOE YHCIIO 5= B

LENHYI0 Apo0b; COCTAaBUTb TAaGJHIy NOAXOAAMIMX Apo6eii;

HalTH NOAXOAAIIYI0 APOOb UETBEPTOro MOPANKA.
Pemenune Ilpoumecc anajoruueH pacCMOTPEHHOMY B

npensiiyileM npumepe, ITocneroBateqbHO Mosyyaewm:

__17)27
0o
27117
171
_ 17710
1071
_ 107
T
_ 71’8
6172

—

311
~ 373
0

1
CienoBaTeibHO, -2—;- =0, 1, 1, 1, 2, 3]. Hanee caenyer

COCTaBUTh TalJHIy MOAXOAAIMIMX Apobeli, MOCIe yero Jerko
Ha#TH, 4TO
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IIpumep 3. PasnoxuTte paunuoHanbHOE YHCIO — %;—

B IeNHYI0 AP00Ob; COCTaBUTh TabJHUIY MOAXOXAIMUX ApoGel;
Ha#iTH NOAXOASAIIYI0 Apo0b TPEThEro MOpsAKa.

Pemenue. IlpenBapurenbHo 3aMeTHM, 4TO B COOTBET-
CTBHH C ONpefieJleHHeM KOHEYHOHA ILemHO# ApPoOH JIMIIb go
MOKeT OBbITh JIIOOBIM LIEJBIM YHCJIOM, a OCTaJbHbIE §; — Ile-
JIBIe MOJIOXKHUTEJIbHBIE YHuca.

Hafinem ajleMeHTHl COOTBETCTBYIOIIEll LeNHOA ApoOu:

_ 3717
—51{—3
17] 14
— 147
_ 1478
1217
3|2
2T
21T
-5 l_2_
0
37
CiiefoBaTenbHO, -1 = [—3,1,4,1,2].
CocraBuM Tabmaumny:

k I ’ 0 | 1 I 2 | 3 | 4
e —3 1 4 1 2
Py 1| —3 —2 —11 | —13 | —37
Qe 0 1 1 5 6 17
OTtkyna

i W
Qs 6

Ilpumep 4. Pemnuts cpaBHeHHe
23x=17(mod 71).

Pemenue. (23, 71)=1, mostoMy cpaBHeHHEe HMeEET
e[lMHCTBEHHOE pelLIeHHE.
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HcnoapsyeM anmapar LenHbeix Apobeit. s atoro pasio-
UM B LENHYIO Apo6b YHCIIO0 57— , TIOMYYHM:

=13, 11, 2].

CocraBum Tabmuily 3HaueHHH YHUCIHTENSs p, MOAXOAA-
mux npobed:

s 3 | 1 2
Py 1 3| 34 | 7
Ep 1| —1 1

Ha ocHoBaHuM ¢opMysbl pelieHusi CpaBHeHHH IepBOil
CTENEHH C ONHHM HeusBeCTHBM X=FE, P, b(mod m),
HMeeM:

x=1-34-17 (mod 71),
HIIH
x=10(mod 71).
MMpumep 5 Pemnts cpaBuenue 115x=85(mod 355).
Pemenue. Taxk kak (115, 355) =5 u 85 meaurcs Ha 5,
TO NaHHOEe CpaBHeHHe HMeeT 5 pelleHuf.
Cokparum ofe 4acTH CpaBHEHHS] H MOAYJb Ha 5:

23x=17(mod 71).
ITonyyeHHOe cpaBHeHUEe MMeeT eIHHCTBEHHOE pelleHUe:
x=10(mod 71)

(cM. mpenbIAynIMA DpUMep).

CienoBaTesbHO, JaHHOE CpaBHEHHE HMEET CJeLyloliue
pelIeHus:

x=10(mod 355),
x=81 (mod 355),
x=152(mod 355),
x=223 (mod 355),
x=294 (mod 355).

IIpumep 6. Pemurp HeompeneneHHOe YpaBHEHHE

23x+91y=2.
Pemenue. Tak Kak
(23, 91) =1,
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TO ypaBHeHHe HMeEeT pelleHHe B LeNblX YHCAaX; YUHTHIBad,
4To 23 — 1es0e MOJIOXKHUTENbHOE YHUCJIO0, €70 MOXHO NPHHSATH
3a MOJYJb COOTBETCTBYIOLEr0 CpaBHEHHs, B pe3yJbTaTe ue-
TO MOJYYUM

91y=2(mod 23);
npubaBass K JeBOH YyacTH CpaBHeHHs uyucao —92y, Kpat-
HO€ MOAYJIO, NIPUXOIHUM K CPaBHEHHIO

—y=2(mod 23),
OTKy[1a
y=—2(mod 23), y=23{—2;

NOACTaBUB NOJy4YeHHOe 3HaueHHe y B [aHHOe YpaBHeHHe,
nocse npocrefiux npeo6pa3oBaHUR HAXOAUM, UTO

x=8—01%.
TTonyunau obiiee pemreHHe NAaHHOTO YpaBHEHHSA B BHIE
x=8—91¢, y=23¢t—2.
3ameyanus 1. Tak kak BTOpo#i Koaduiuenr, pas-

Hulft 91, — 1nen0e MOJOKHUTEIbHOE YHCJIO, TO MOXKHO HCXO-
IUTh U3 CPaBHEHHUS

23x=2(mod 91);
MocJe/JOBaTEJIbHO HMeeM:
23x=184(mod 91);
x=8(mod 91),
x=91¢+8,
23(91¢+8) +91y=2,
y=—2—23t.
2. Ecnu naHo ypaBHeHHe
ax+by=c,
rie (a, b) =1, b>>0, To, pewas cpaBHeHHe
ax=c(mod b),
nosyuaem
x=xy(mod b),
x=bt+xo.
MoxHo HaliTH 3HaueHHe y 10 dopMyJe
¢ —ax,
Yy=———at.
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Y, noaaras

cC—axy __
b _y01

noaydaem
y=yo—at.
8
IIpumep 7. Pasnoxurs ,U.p06b—77' Ha CyMMY HJH pas-

HOCTb ABYX ApoGefl COOTBETCTBEHHO CO 3HAMeHaTensaMu 7
ull.

Pemenue U3 yciaoBus mosayyaem:
X y __ 58
- tir =

otkyza 11x+47y=>58; rtak xak (11, 7)=1, To ypaBHeHHE
UMeeT pellleHHe B IeNbIX yucjaax. 3ameuas, 4To 7 — Ieloe
IOJIOKHUTEJNBHOE YHCJIO, IPUXOAUM K CPaBHEHHIO

11x=>58 (mod 7)
U MOCJEIOBATENbHO HMeeM:

4x=2(mod 7),
4x=16(mod 7),
x=4(mod 7),
x=Tt+4;
Iajee N0 YKa3aHHOH (QopMyJie HMeeM:
y= ——58_711.4 —11¢,
OTKyIa
y=2—11¢.
Hocratoyno nosoxutb {=0. IToayuyum
x=4, y=2
H OKOHYaTeJbHO
58

4 2
7 =7t
Ynpaocuenus

1. Huxecnenyromue pauuoHaJbHble YUCIa PA3JOKHUTD B
HelpepbIBHBIE APOOH:
83 121 163 19 23 41
a) 19 0) 573 B) =53 )37 A) 775 ©) =

17 37 19 83

37
K) 51 3) —lgrs B) — =3 K) — g ) — 7
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2. JaHb! HenpephiBHbIE APOOH:

a)l2,1,3,4,1,2], r) [0, 1, 2, 4, 5], x)[2, 1, 3,4, 1, 2],
0) 10, 3, 1, 2, 7], IL)[—2122 ,9] 3) [3, 1, 4, 2, 5],
B)[3,1,1,6,8], e)[—1,1, 9], u) |4, 1, 3, 2, 5].
HafiTu cooTBeTcTBEeHHO paBHbIE UM paLUOHAJbHBIE YHUC-
Jaa.
3. Pemuts cpaBHeHHS:

a) 97x=11(mod 41),
6) 41x=7(mod 101),
B) 8lx=14(mod 202),
r) 23x=5(mod 71),
o) 92x=20(mod 284),
e) llx=1(mod 567),
X)) 243x=271 (mod 317),
3) 37x=25(mod 107),
u) 486x=542(mod 634),
K) 111x=75(mod 321),
a) 101x=17(mod 113),
M) 505x==85(mod 565),
H) 7x=5(mod 72).
4. Vcnosb3yst MeTO[ CPABHEHMS, DEIIMTh HUKECAeNYIo-
IHe YpaBHEeHHus

a) 37x+1ly=1, ) 2977x+1469y=13,
6) 673x+103y=1, e) 1414x+406y=42,
B) 52x+23y=1, ) 4997x+4009y=3
r) 253x+1001y=22,

B LEJHBX YMCJaX.
13
5. Pa3noxuTh I[p06b Ha CyMMy HJH Da3HOCTh IBYX
Ipo6eli COOTBETCTBEHHO co SHaMQHaTeJIHMPI 3ub.

19
6. Pa3noxurb npobb =57 Ha CYMMy HJIM DasHOCTb [BYX
Jpo6efi COOTBETCTBEHHO CO 3HAMEHATeJasIMH 3 U 7.

3
7. Pa3noxurs npoéb <~ Ha CyMMYy HJH Pa3HOCTb IBYX
Ipo6eil COOTBETCTBEHHO CO SHaMeHaTeJIHMPI 5ull

8. Pa3noxuth n1pobb —= 35 Ha CyMMY HMJH PasHOCTb OBYX
Ipo6efi COOTBETCTBEHHO CO 3HAMEHATeJsIMH 5 H 7.

68
9. Pasnoxuth 1po6b {23~ Ha CYMMy HJIM PasHOCTb ABYX
Ipobefl COOTBETCTBEHHO CO 3HaMeHaTeasaMu 11 u 13.
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§ 6. YHCJIOBBIE #YHKUHH. MPOCTHIE YHUCJIA.

II. X. Muxeaosuu. Teopus uucen, crp. 49—50,
52—56, 229—232.

A. A. Byxmrta6. Teopus uucen, crp. 48—51, 92—95,
315—319, 355—358.

JI. 1. OxyueB. Kparkuii Kypc Teopuu yncea. M., Yu-
nexrus, 1956, crp. 89—91.

Bonpocer das camonposepku

1. Jlafite onpeneneHde (YHKIMH, BHIpakawolled Leayo
YacTb AEACTBHTENBHOTO YHCIA a, T. €. {a].

2. Iai#ite onpenenenne OyHKUUH B (X; p1, P2, .., Pr)-

3. Chopmynupyi#iTe OCHOBHble CBOHCTBA YHCJ0BOH (YHK-
nuu dinepa.

4. JlaiiTe onpeje/eHHe COBEPIIEHHBIX YHCE] H HAIMIIHTE
COOTBETCTBYIOILYIO GOPMYIY.

5. JlafiTe onmpeneneHHe APYKECTBEHHBIX YHCeJl H HamH-
IINTE COOTBETCTBYIOUIYIO popMyaTy.

6. Hanumure dopmynsl ans Beiuucienus S(n) u t(n).

7. Iafite onpenenenue yucen «O6au3HenoB». [IpuBenure
IpHMEpHL.

8. Chopmyaupyiite npobaemy I'onbpab6axa—Iinepa.

Pasbepute pemeHuss NpuMepoB, PacCMOTPEHHBIX HHXKe.

[Tpumep 1. HaliTi yncio HaTypajbHBIX YHCET B HHTEP-
BaJse oT 1 mo 103, mensiuuxcs Ha 7.
Pemenune. V3BectHo, 4TO cpedn BCeX HaATYpaJbHHIX

m
yuces ot 1 0 m uucen, mensiuiuxcs Ha b, Gyzmer [T] .
CrenoBaTe/bHO, B JaHHOM Cjydae Mbl JOJIKHBI BBIYHC-
103 o
JIUTh 3HaueHHe QYHKIUH [—7—] , T. e. HaNTH IEJYIO 9acTh

103
yHCIa —— .
OTtBerT. 14.

[Tpumep 2. Hafitu yucno HatypanbHBIX uHcen oT 120
1o 315, neasimuxcs Ha 11.

Pemenue. B COOTBETCTBHH C YKa3aHHAMHU K PelIEHHIO
npuMepa 1 Hafimem YHCJIO HaTypajbHBIX yHucen ot 1 mo 315,

315
measuuxcs Ha 11, moayuum [—”— = 28, aHAJOTHYHO OJS

1
guces, ot 1 mo 119 umeem: [%]= 10, u, ciaemoBaTebHO,
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YHCJIO HATypanbHBIX yuces oT 120 po 315, nensmuxca Ha 11,
6yIeT paBHO

28—10=18.
Ipumep 3. HaliTH KOJHYECTBO LEJBIX MOJOXKHUTENbHBIX
quCel1, He TIpeBOCXOAAMHUX yucaa 107 U He gensiiuxcs HH Ha
OJIHO M3 NpPOCTBIX yucena 3, 5 u 7.

PemeHnue. BosbMeM uncioByo ¢yHkuuio B(x; pi, pa,

.., Pr) ¥ NPHMEHHM K pacCMaTpHBaeMOMY YIIpaXKHEHHIO.
Tlonyuyum:

B(107; 3, 5, T)=[107]— g-| — [4g*] — [2]+

107 107 107 107 1
+[zs] + [a7] + [57) — [357)=
=107—35—21—154-7+5-+3—1=50.
Mpumep 4. Ucnoawsys cBoiictBa ¢dyukuuu [x], pas-

JIOZKHUTb Ha NIPOCTbIe MHOZKHUTEJIH YHCIO 30!,

Pemenune. HMckomoe pasioxeHHe, OUEeBHAHO, HMeeT
CleyIOLUH BHA:

30!1=2% . 3% . 5% . 7% . 11% . 13% . 7% . 19% . 23% . 29%o0,

Urak, peuieHHne 3aga4yu CBOAUTCA K HAX0XKIE€HHIO II0OKa3a-

Tesieff, ¢ KOTOPBIMH BXOJSAT NMPOCThie yucsia ot 2 1o 30 B pas-
JoxeHHe 30!.

B uncao 30! MHOXKHTeNb 2 BXOAUT C MOKa3aTeseM
om [ ]+ [2] 4[]+ [
MHoxuTen b 3 BXOAHUT ¢ MOKasaTeJaeM
Q=24 2] + [ 5]
MHoxuTenr 5— C mokasareseM
[ 2] 4[],

Takum ke 06pa3oMm JIeTKO [0Ka3aThb, YTO MHOXKHTENH 7,

11,13, 17, 19, 23 1 29 BXOAST COOTBETCTBEHHO C NMOKa3aTesi-
mMu4,2,2 1,1, 1, 1.
Urak, HCKOMOe pas3yoxKeHHe HMeeT BHULI:

301=2%.314.57.74.112.13%.17-19-23-29.
63



MMpumep 5. Hafitn nokasareiab, ¢ KOTOPHIM YHCIO 3
COIEPKUTCS B UHCIE

50!
251 . 25! °

Pemenne. HafimeM, c KakuM nokasarejeM BXOLHT 3 B
npousBesenue 50!:

50 [50 50 ]_ .
[‘3—]+ —9—] + [o]=22
aHaJOru4yHO HaxXoAHuM, C KakKHUM IIOKasaTejJeM BXOAUT 3 B

npousBefeHue 25!:
25 25
=]+ [5]=10.
CiiemoBaTesibHO, NIOKa3aTesb, ¢ KOTOPHIM UYHCJIO 3 colep-
JKHUTCS B 4HCJIe L aBed 22—2:-10=2
251. 251 » P .

30!
IIpumep 6. IlokasaTs, 4TO [z qgr AIHTCH HA MPOH3-
BepeHue 17-19-23.29.

o 2n)!
Pemenue. Bocnonbsyemcs CBOHCTBOM:L

Tl AGTHTCS
Ha npousBeneHue II,, Te p — NpocToe YHCIO; < p<2n.
B npemsoxensom npumepe n=1>5,
I1,=17-19-23-29.

CienoBaTelbHO, IT!%;_&" $17-19-23-29.

Ecnu He nmosnb30BaThCsl CBOUCTBOM B OKOHUATEJbHOM BH-
Ie, TO MNpPENJOXKEHHOE YIpa)KHEeHHe MOXKeT ObIThb pelleHO

30!
CJIeAYIOUIHM 06p330MZ SEEE MOXHO pacCMaTpHBaTb Kak

15
ko3t unuent C,; mnpu x!5 B pasnoxeHHH

(14x)%,

30!
H, CJIef0BaTeJdbHO, TE- 151 — I1eJ10€ IIOJIOKHUTEJNbHOE YHCJIO.

Taxk kak
30! :17-19-23.29,

Ha

a (15!, 17.19-23-29) =1, To yacTHOe OT AeseHHs l—sl—'l—sr

17-19-23-29 aBiseTcs LeJLIM UHCJIOM.
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Mpumep 7. HaliTu ynca0 HaTypaJbHEIX YHCE], He Npe-
Beimaomux 450 u uMenomux ¢ 450 HanGOMBIIHM OOILUM Je-
auteseM yucao 15.

Pemenune. HMcnonbpsyemM cBoficTBo GyHKIuH Ofepa:
ecny d — JeJHuTeNb YUCIa N, TO YHCIO HATypalbHBIX 4HCel,
He IPeBHIIIAONHUX 1 U HMEIOMHUX ¢ n 00IMHM HaHGOMbIINM

JEeJIUTEeJEM YHCJIO0 d, paBHO @ (%) .

Tak Kax——Z— = % =30, TO cp(-"—;—) = ¢ (30), rzne
¢(30) —uMci0 HaTypasNbHBIX YHCEN, He IMPEBBIIAIONIIHX
grcaa 30 u B3aumMHO npocthix ¢ 30. st Beruncaenus ¢(30)
BOCmosb3yeMcsi (OpMYJOf [Jsi BHIUKCIeHHS QYHKuuHM If-
Jepa:

ag—1 .

o (n)=pi~" . ppt . P T (P 1) (P—1) e (P2 —1),

The ppt - py’ -...-prk — KaHOHHUECKOE PaslOXKeHHe UHCHA M.

Taxk kak 30=2-3-5, 10 9(30) = (3—1) (5—1) =8.
I[Ipumep 8. Ilposepurh masi uyucia n==8 cHpaBeiIH-
BOCTb (DOpMYJIBI dZ/cp(d) =n, rie CyMMHpOBaHHe paclnpocTpa-
n

HEHO Ha BCe MOJIOXKHUTEJbHbBIE JEeJUTENH YHcaa Af.
Pemenue. BrIuIleM Bce NOJOXKHUTENbHblEe IEJAHTENH
ypcaa 8, a UMeHHO:

1, 2, 4, 8.

IIpuMeHss COOTBeTCTBYMOIIHe (OPMYJL, HAXOLHM, YTO
e(l)=1, ¢2)=1, @(4)=2, ¢(8)=4, cirenoBareinbHoO,
o(l)+o(2)+9(4) +o(8)=1+1+2+4=8, T. e. manHOMY
yHCITy.

IIpumep 9.Ha#itu cymmy u uuciao AenuTesed YHC-
aa 600.

Pemenue. Eciu xaHoHHYecKoe pasJjioxeHue AaHHOTO
YyHcJIa HMEET BHA

L. a. o
a=p;py ... Pk

TO CyMMa Jeauteliell BhIUHCIsieTcsl IO GopmyJe:

ay +1 ag+1 g, +1
S(a)=pll =l p 1 gt
n—l p—1 T pp—1 7

a ymcsao penurened t(a) mo dopmyne
(@) =(a41) (a4-1) ... (& +1).
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Ins naHHoro nmpuMepa HMeeM:
600=23.3.52,
24—1 32—1  53—1
2—1 3—1 5—1
7(600) = (3+1) (1+1) (2+1) =24.

IMpumep 10. Hafitu cymmy nenureneir uucna 496, or-
JINYHBIX OT HECOGCTBEHHOTO JeJIHTeJsl JAHHOIo 4YucJa.

Pemenune. IlocTymas, Kak npH pellleHHH NpenblAylle-
ro npuMepa, HMeeM:

S (600) =

= 1860,

496=2¢.31,
S(496)= 2=L . 2=l 990,

Heco6cTBeHHbIN nenuTeb JaHHOTO YHC/IA PaBeH CaMOMy
gHcay, T. e. 496, oTKyzna
S (496) —496 =992—496 = 496.

UYucno, ynosnerBopsouiee TpeGoanuio S(a)—a=a, Ha-
3blBaeTCsl coBepLieHHHIM. TakuM obpasoM, uucio 496 — co-
BeplLIeHHOe YHCJIO.

IIpumep 11. Hafitu cymmy nenurenefr umcen 220 u
284, OTJIMUHBIX OT HECOOGCTBEHHBIX HeJHTes el JaHHBIX YHCeJ.

Pemenune. a) 220=225:11,

251 52—l 112—1
2—1 " 5—=1 ~~ I1I—1

S (220) —220 =504—220 =284;
6) 284=22.71,

S (284) —284 = 504—284 = 220.

$(220) =

= 504,

Ecan nnst gByx uucen a u b BBINOJHAIOTCA YCJIOBHS
S(a)—a=b, S(b)—b=a, To Takue yucIa Ha3bLIBAIOTCA APY-
JKeCTBEHHBIMH.

CaepnoBarenbHo, 220 u 284 — xpy»KecTBeHHbIE YHCIIA.

IIpumep 12. Hafitn Bce meautenu uyucaa 90.

Pemenne. Bo3bMeM KaHOHHYECKOe pasjioKeHHe HeKO-
TOPOrO YHCJIa

Q. Q. a
a=p'py..pkE.



Torma mjist CyMMBI [eHTeNeH STOr0 YHCaIa MOTyYuM Gop-
MyJay:
S(a@)=(+pi+p}+.. +r2)- (1+pet+pi+
Foe P s (L4 patpp +op R)

Bocnoanb3yemcs 3Tofi GopMysiof AJs pellieHHs MpemJo-
’KeHHOTO IpuMepa:

90=2.32.5;

S90)=(142) (1+34+3?)(1+5);
nepeMHOXas IOWIEHHO, NOJYYMM BCe IEJHUTETH IaHHOTO
yucna: 1, 2, 3, 6,9, 18, 5, 10, 15, 30, 45, 90. Jlerko mnpose-
PHUTb, BCE JIH JEJIHTe]H HalfieHH, BOCIOJb30BaBUIHCH (OP-
MyJI0oH

1(90) =2.3.2=12.

ITpumep 13. Ecnu o6o3nauuth yepe3 Si(m) cymmy
k - crenmeneli Bcex menuTeNIeH yucaa

m=p*-q®-...-r7,
TO cIpaBeinnBa ¢opMmyJa:
S (m) — Py . ge* g o AE
k(m) - pk 1 qk—l .es P

(em. A. K. CymkeBuu. Teopus uuces. Xapokos, 1954,
cTp. 25, ynpaxkHenue 15). Ha ocHoBaHuHU 3TO# (HOPMYJIB! BHI-
YHCaUTh S2(24).

Pemenue. Tak kak

24=23.3,

24~2—l 32-2__1
S,(24) = 221 " T 31

ITpumep 14. Hafitu n(30).

Pemenune. Ha ocHOBaHHM onpeneseHHsl, YHCIOBas
¢GyHRIHEA 7(x) O3HAYaeT KOJNUYECTBO NPOCTHIX YHCEJ, He
NPeBOCXOASIMINX NeHCTBUTEABHOTO YHCcaa x> 1.

Bocnonbsyemcss nmpueMoM, H3BeCTHHIM NOJ Ha3BaHHeM
peiiera dpatocdeHa. BrnuIleM Bce HAaTypaJbHbIe YHCAaA OT
2 1o 30, a umeHHO: 2, 3,4,5,6,7,8,09, 10, 11, 12, 13, 14, 15,
16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30,
H, BbIYEPKHBAsi BCe COCTaBHBle YHCJIA (NPOLECC M3BECTEH U3
Kypca 3/leMEHTapHOH MaTeMaTHKH), COXPaHseM B 3TOH II0-

=85-10=850.
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cJIel0BaTeJbHOCTH TOJBKO IPOCTHe ymcaa: 2, 3, 5, 7, 11, 13,
17, 19, 23, 29.

ITopcuntaB KONIMYECTBO YHCE] B 3TOMH IocJe0BaTeJabHOC
TH, IOJIYYHM

71(30) =10.

Ilas peureHust 3TOro NMPHMepa MOXKHO BOCIOJB30BAThCS
dbopmyon:

nu(x) =B (x; p1, p2, .., Pr) +k—1,

rae p1, P2, .., Pr— NOCIELOBATENBHOCT IMPOCTHIX YHCEN
2,3, ..,u pe=Yx (cm. JI. 1. OryueB. Kpatkuii Kypc Teo-
pHH gHces, crp. 122, 3agaua 13). M3BecTHO, 4TO ecan gHCITIO,
He NpeBHlIIaloNiee YHCIA X, eCTh COCTABHOE, TO HaHMEHbUIH
ero mpocToi AenuTenb p<Vx; 3Hauur, hyuruus B(x;; pi,
P2, -.., Pr) HLaeT KOJHYECTEO MPOCTHIX YHCEN MOCcjeJ0BaTelb-
HOCTH HaTypanbHHX unces oT [Vx-+1] mo [x], ysennuennoe
Ha 1, T. e. BKJIIOYEHO YHCJIO €IHHHIA; IPUCOSLHUHSAS YUCIO R,
yMeHblIeHHOe Ha 1, MONyYnM yKasaHHYO Gopmymy.

[Tpumensis Gpopmys1y K paccMaTpuBaeMOMy NpPHMeEpY, MO-
JYYUM:

ey =io0-[] - [32] - [2] + [2] + [ ]+
+ [ ]~ [85] +5-1=10

IIpumep 15. Ilokasath, YTO CyuIeCTBYeT GeCKOHEUHOE
MHO2KeCTBO NPOCTHIX yHuces Bupa 3n—1.

Pemenne. Bce MHOXeCTBO HaTypasJbHBIX YHCeJ pa-
300beM Ha TPHU NOJMHOXKeCTBa ¢ o6umumu yneHamu: 3u, 3u+1,
3u-+2 (mam 3n—1); cpenu uHcesq NEpPBOro NOAMHOXKECTBa
HMeeTCs JIMIIb OXHO IPOCTOe YHCJO 3, OCTaJbHBble NPOCTHE
yucsaa BXOASAT B MOCJe[HHe ABa NOAMHOxecTBa. JomycTum,
uyr0 P — HauGoJsblIee IPOCTOE YHCIO BHAa 3n—I; HanmulleM
YUCJIO

N=3.2.5-8-11-17....- P—1,

rZle B IPOH3BeJleHHe BKIIOYEHO YHCJIO 3 U BCE NPOCTHIE UUCIa
Buna 3n—I1; oueBuznHO, ynucio N Gyzmer Buna 3n—I1 u, cieno-
BaTenbHO, N=3s—1.

Uncao N He MoxeT GHITh HPOCTHIM, TaK Kak N>P, HO
OHO HEe MOKeT UMeThb NPOCTHIMH AEJTHUTENSIMH YHUCIO 3 U YuC-
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Jga Bujga 3n—I1; ciemoBaTeNbHO, BCE €ro MPOCThle MeNUuTeNH
Bu1a 3u+1, orkyna N=3¢{-}-1, HoO paBeHCTBO

3t+1=3s—1

HEBO3MOXKHO HM IIDH KaKHX LEJbIX MOJOXKHTEJIbHBIX 3Haye-
HUSX U S, TaK Kak mocjenHee paBeHCTBO MOXKeET OHITH IIe-
penucaHo B BHIAE

3(s—t) =2,

e JeBas yacThb KpaTHa TpeM, a 2 He : 3. [lonyyennoe npo-
THBOpeUYHe NOKa3blBaeT CYLIeCTBOBaHHe OeCKOHeUYHOro MHO-
’KecTBa NPOCTHIX guces BuUpa 3n—1.

ITpumep 16. IToxasaTp, 4TO H3 CHPaBEeNJHBOCTH TeO-
peMBI O IPeCTaBIEHHH BCIKOTO HeYeTHOrO YHCIa, 60JbIIero
5, B BUIle CYMMBI TpeX IPOCTBHIX UMCe], NOKa3aHHOH aKafe-
mukom WM. M. BuHOrpanmoBbiM, BHITEKaeT CIpaBelJHBOCTb
TEOpeMbl O NpeJCTaBJIeHHH YeTHOrO 4Hcia, HauuHas c 10, B
BUJIE CYMMBI YeThIpeX NMPOCTHIX YHCEJI.

Pemenue Ha ocHOBaHMM HaHHOH TeOpeMbl HMeeM:

2n—1=p;+p2+ps,
OTKyna
2n+2=3+pi1+pz+ps.
IIpumep 17. TloxasaTh, 9TO TPOAKH YHCeJ BHIA

p,p+2,p+4
He MOTYT ObITb NPOCTLIMH.

Pemenue. Ectu p=2, 7o p+2=4— cocTaBHoe 4HCJIO;
HanumeMm dQopMyay HederHoro uucaa p=2k-1, Torma
p+2=2k+3, p+4=2k-+5, rae k npoGeraer Bce MHOXECTBO
HATypaJbHBIX YHCEN. DTO MHOXKECTBO MOXKeT ObITb pasGuTO
Ha TPH NOAMHOXKeCTBA C OOIIUMH wieHaMu: k=3u, k=3u+1,
k=3u+2; ecnu k=3u, To p+2=6u+3 u p+2:3; ecnu
kE=3u+1, To p=6u-3 u p ; 3, HakoHel, ecau k=3u+2, TO
p+4=6u+9u (p+4): 3.

3aMeuaHue YCTAaHOBJEHO CyLleCTBOBaHHE TPOEK IPOC-
THIX 4HcesJ BHAA p, p+2, p+6 U ueTBepOK INPOCTHIX UYHCE]
Buna p, p+2, p+6, p1-38.

Yupaxcrnenus

1. Hafitu KonmuecTBO HaTypasJbHLIX YHCEJ:

a) B uHTepBaje ot 1 po 177, nensmuxcs Ha 5,
6) B maTepBase ot 1 mo 239, mensmuxca Ha 11,
B) B HHTepBaJse oT | 10 241, menamuxca Ha 13,
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r) B unrepBajse ot | mo 307, mensmuxcsa Ha 17,

1) B uHTepBaJe oT 1 no 347, neasimuxcsa Ha 19.

2. HaliTu KOJIMYECTBO HaTypaJbHEIX UHCEJ:

a) B uHTepBaJe ot 141 mo 257, mensmuxcs Ha 5,

6) B unTepBaJe ot 80 ;o 280, nensmuxca Ha 7,

B) B uHTepBaje ot 100 mo 367, mensamuxca Ha 11,

r) B utepBaJte ot 200 mo 507, mensmuxcs Ha 13,

1) B uHTepBaJe ot 220 no 577, mensimuxcs Ha 19.

3. HafiTu KomnuecTBO HATypaJbHBIX UHCEJ:

a) He mpeBocXoxsiuiux uuciaa 1317 u He gessilUXCS HH Ha
OIHO M3 IPOCTHIX uucen 2, 3, 5;

6) He mpeBocxonAmux yucaa 1420 u He OENSIIHXCS HH
Ha OJHO U3 NIPOCTHIX uucena 2, 7, 11;

B) He IPeBOCXOASAIIMX YHcaa 721 U He HeasUIUXCH HH Ha
OJIHO M3 IPOCTHIX uuces 3, 11, 13;

I') He NPEBOCXOJSAIINX YHCTIa 423 U He HeNsALUXCA HU Ha
OIHO W3 NMPOCTHIX yHcesa 2, 3, 5, 7;

L) He NpPeBOCXOAAIMUX YHucaa 347 U He AeJNdIIUXCS HH HA
OJIHO M3 IPOCTHIX yHcen 2, 3, 7, 11;

€) He MpeBOCXOXSAUIUX yncaa 1215 u He mensmuxca HY Ha
OJIHO M3 NPOCTHIX YHucesa 3, 5, 7, 13.

4. HafiTu nokasareJjb, C KOTODbIM:

a) yucjao0 3 BXOILHUT B IpOU3BeleHHe 28!,

6) uHcJa0 7 BXOLUT B mpou3BeneHue 52!,

B) YHCJO D BXOLUT B npousBeneHue 50!,

I') 4HCI0 2 BXOJOHMT B mpou3sBenenue 33!,

I) uucao 11 Bxoxut B mpousBenenue 120!,

5. Ucnonb3ysi cBofictBa ¢yHkuuu [x], pasnoxute Ha
ImpocThle MHOXKUTeNH uucnaa: a) 131, 6) 15!, B) 17!, r) 18!,
n) 20!, e) 24!, x) 271.

6. HafiTu nokasarenb, C KOTOPLIM:

a) YHCJIO 2 CHepXKHUTCS B YHCTE TorTar

5 3 40!
) 4HCJIO 3 COEPKUTCSA B YHCIE 301-201°

50!
B) YHCJIO 5 CONEPKHUTCH B YHCIE ———25})"251 s
60!
I) YHCJIO 7 COLEPKHUTCA B UHCIE ~301.301 3(3 )
90!
I) uucyao 11 comepkurcsi B uncae 51457

7. HaliTn KOTH4YeCTBO HATypasbHBIX UMCEJ, He NpeBhilla-
omux yucaa 1000 u UMemKX ¢ HUM HaHGOJbILMM OGILHM
meaurenem uucao 20.
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8. Ha#iTH KOJIMUECTBO HATypaJbHBEIX YHCe], He MpeBbllla-
oKX yucna 1200 1 umeromux ¢ HUM HauGONBLIIMM OGIIHM
neauteneMm uuciao 30.

9. HafiTy KolM4yecTBO HATYpasibHBIX UHCEJN, He NMpeBhIIIa-
omux ygeaa 1800 u uMeromux ¢ HUM HaHOOJBIINM OGLIMM
Ie1uteneM yuciao 36.

10. Ha#iTi KO1M4eCTBO HATypaJbHEIX YHCEJ, HE IPeBhilIa-
omux yucna 2400 ¥ UMemUX C HUM HaHGOJBIINM OGIIHM
ZeauresneM uuciao 40.

11. HafiTu KOJIHYeCTBO HATYpPasNbHBIX YHCEJ, HE IpEBhI-
warmomHux gucaa 2600 1 uMelomuX ¢ HUM HaHOOJbIIUM 006-
MM JeJuTeseM YHCI0 52.

12. TIpoBepuTh crnpaBeAIHBOCTh GHOPMYJIBI

d}}lcp(d) =n,

rie CyMMHPOBaHHe PaclHpoOCTpaHEHO Ha BCe NMOJIOXKHTENbHBIE
JeJUTENH YUcia n, JJIsT UHCENT:

a) 16, 6) 20, B) 21, r) 30, n) 40.

13. HaliTu cyMMy H KOJIHYeCTBO HeJHUTENeH d4uces:

a) 300, 6) 420, B) 480, r) 560, x) 230, e) 290, k) 620.

14. Hafitn cymMMy, KONMHYeCTBO HeJHTeNeH H Bce JesHTe-
JIH 4HCeN:

a) 12, 6) 16, B) 20, r) 40, x) 60.

15. Betuncauts: a) w(40), 6) w(60), B) 7(90).

16. JokasaTp, YTO CYILIECTBYeT GeCKOHEUHOEe MHOXKECTBO
IPOCTHIX YHcea Buna 3n+1.

17. NokasaTh, 4TO CylIecTByeT GeCKOHEYHOe MHOMKECTBO
NpOCTHIX Yucea Bupa 4n+1.

18. dokasaTh, YTO cyllecTByeT OeCKOHEUHOe MHOXKECTBO
HOpPOCTHIX yuces Bupa 6n—1.

19. IokasaTh, 4TO CylIecTByeT GeCKOHeYHOe MHOXKEeCTBO
NpOCTHIX yHcesa Bupa 4n—I1.

20. Toka3athb, UTO CYILECTBYeT GECKOHEUHOE MHOXKECTBO
MPOCTHIX uHces Buna 6n+1.



YACTb I1

JOMNOJIHUTEJIbHBIE 3AJAYH
AJisE CAMOCTOATEJIbHOI'O PEWMEHHUSA

§ 1. KJIACCbl IO JAHHOMY MOJLYJIIO.
CPABHEHHA U KJIACCbI

1. Jokasarh, 4TO eclH n>=3, TO @(n) — YETHOE UYHUCJIO.

2. UsBecTHO, uTOo @(n) =252, KaHOHHYECKOEe pasJjio-
KeHHe YHC/IA 7L HMeeT BUL n=p* p;’, The o>1 1 ap>1;
Ha#iTu yucno n. OTBeT: 441.

3. KaHoHHYecKoe passoxKeH¥e YHCJIA 1 COAEPKHUT JIHIIb
npocthle uucaa 3, 5 u 11, ¢(n) =3600; waiitu yucio n. O1-
BeT: 7425.

4. [loxasaTb, UTO €CJU M KU 7 — JIOOBIE LEeJble MOJOKH-
TeJbHbIE YUCJA, TO IO KpafiHell Mepe OJHO M3 HUX, Ju6GO UX
cyMMa, Ju60 HX PasHOCTh, LEJHUTCS Ha YUCIO 3.

5. JloxasaTb, UTO €CJM YHCJIA @ U © B3ayIMHO HpPOCTHI,
ad—bc u a—b pmendarca Ha n, To d—c JenuTCA HA K.

6. Joxasats, yto a™m—b™, rue a=>b, m — 1eJj0e MOJOXKH-
TeJIbHOE YMCJIO, NeJUTCH Ha PasHOCTh a—b.

Yxaszaunue. [lpenBapurensHo noxkasaTh, YTO 4HCIa Q
u b, rne a>b, npu neNeHHU HA HX Pa3HOCTb a—b nalT onu-
HaKOBBIE OCTATKH,

7. JloxasaTh, YTO KBaJpaT IPOCTOTO UHCJIA P, YMEHbIIEH-
HBIH Ha eIUHHUIY, TIE p OTJIUYHO OT yuced 2 u 3, Jeaurcs Ha
Ha 12.

8. lokasarb, UTO €CJU p — IIPOCTOE YHCIO, TO

Cj_l = (—1)* (mod p).
Ykazaunue. Mcnoab3oBaTh CpaBHEHHA BHAA
p—k+i=—(k—i) (mod p).

9. [Tokasatp, 4TO €C/IH YHCJIO 2™m—1, Toe M — Iejioe To-
JIOXHTENbHOE YHCJIO, €CTh YHCJO IIPOCTOE, TO U M — IIPOCTOe
YHCIIO,

10. JlokasaTb, 9TO €CJU p — MPOCTOE YHCIO, TO
(a+d)p=ar+br(mod p).

Ykasanue. Bocnonb3oBatbcsi ¢Gopmysoi GuHOMa
HrloToHa.
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11. JoxkasaTb, uto ecau (a, m) =1, To yucna
a, 2a, ..., (m—1)a, ma

06pa3yioT MOJHYIO CUCTEMY BHIYETOB 110 MOZLYJIO 11,

12. JokasaTb, YTO CyMMa YHCeJ, COCTaBJSIOLHX NPHBE-
IHEHHYIO CHCTEMY HAaWMEHBIIUX IOJIOKHTENbHBIX BbIYETOB MO
MOZYJIIO M, KpaTHA M.

13. Tlokasate, uto (73'2—1) penurcsa Ha uuciao 105,

14. loxa3aTh, 4TO €CIH p — MPOCTOE YUCJIO, TO MPOU3Be-
nenne 2-3-...- (p—3) (p—2) npu feNeHUH HA YHUCJIO p NAET B
OCTaTKe eHMHUILY.

15. Hafitu ocraTok ot menenus uucaa 3%°! na uncao 1000.

Ykasauue. IlpencraBury 1000=8-125 u mpuMeHUTH
TeopeMy Difuiepa o cpaBHeHun. OTBeT: 3.

16. Iloxasatb, uto ecau (@, 42) =1, To a'®=1(mod 42).

Yxaszaunue. IlpencraBury 42=7-3-2, paccmaTpuBas
STH YHCJIa, KaK MOAYJH.

§ 2. CPABHEHHS C HEU3BECTHOM BEJHYHUHORN

1. TToxasarp, yto cpaBHeHHe (m—1)!+1=0(mod m),
TJle M — COCTaBHOE YHCJIO, HE HMEeT MecCTa.
2. JlokasaTb, 4TO €CJIH p — IPOCTOE YHCJIO, TO

(p—2)!=1 (mod p).

3. JlokasaTb, 4TO €CJIH p — NPOCTOe uucao, p=1(mod 4),
TO cpaBHeHHe x2=—1(mod p) uMeer pelieHHe.

YkaszaHnue. Bocrnonb3oBaTbcsi TeopeMoii Buabcona H
CpaBHeHHSIMH BUIA p—k=-—k(mod p).

4. JloxasaTp, 4To ecau QyHKUMA f(x) HempuBOAMMAa IO
MOJYJIIO p M CTEleHb ee BhLIlle epBOH, TO CpaBHeHuUe f(X) =
=0(mod p) He MMeeT pelIeHHH.

5. Tlokasatp, 4TO eClM MOAYJb €CThb HEUETHOE UHCJO, TO
CpaBHeHUe

ax?+bx+c=0(mod 2k+1)
MOJKHO CBECTH K CPaBHEHHIO
2?=I(mod 2ka+a).

6. ViccienoBaTh M pelINTh CpaBHeHHe x2=a(mod 4), ec-
JH a— HeueTHoe yMcao, OTBeT: x=1; 3(mod 4).

7. VccaenoBath M pelmIMTh cpaBHeHHe x?=a(mod 8),
€CJIH @ — YeTHOE YHCJIO.

73



8. Tloxasarp, uTO peumieHneM cpaBHeHHsi x2=a(mod p),
rae p=4m+3, (a, p) =1, asnserca x==amt! (mod p).
Yrasaunue. Cienyer pacCMOTpeTb CpaBHeHHE Q==

x2(mod p), a 3aTem Bo3BecTH 06e WacCTH CPaBHEHHS B CTe-

neHb p2_l =2m-1.

9. ITokasarp, uTO pelieHuem cpaBHeHH x?=a(mod p),
roe p=8m+5, (a, p) =1, aBasercsa au6o x= o™+ (mod p),
au6o x==42%"+1(mod p).

10. Ilokasartb, uto cpaBHenue x2=1(modp*), rie p—
IPOCTOE HEYETHOE YHCJIO0, k— HaATypajbHOE UYHCJIO, HMEeT
IBa Pa3JHYHBIX PelleHHs.

11. Tloxasath, UTO CpeiM BCEX YHCEJ, COCTaBISIOUIUX
MOJIHYIO CHCTEMY HAWMEHBUINX HEeOTPHLATENbHBIX BBHIUETOB
110 MOJYJIO M, CPaBHHUMBI C NIOJIHBIMH KBaJapaTaMy He GoJjee

m m+1
yem 2——[—1 YHCeJ, eCJIUd M — YeTHOe UHCJOo, H He OoJsee T

2
gHCeN, €CJAH M — HeYeTHOe UYHCJIO.
12. [lokasaTh, UTO CYMMa HaHMEHDbUIUX TOJNOXKHUTEJIbHBIX

KBaJIpaTHYHLIX HEBBIYETOB II0 INIPOCTOMY MOAyJAl0 p>>3
KpaTHa p.

13. IlokasaTh, UTO NPOU3BEIEHHE YHCe
a b, ..c

Jaer KBaJIpaTH‘{HbIﬁ BBIUET HJIH HEBLIYET II0 IMPOCTOMY MO-
AOYJAI0 p B 3aBUCHMOCTH OT YETHOCTH HJIH HEUYETHOCTH KOJIH-
HeCTBa BbIYETOB CpeAHn COMHOXKHUTENe .

Yxasauue. BocrnonbzoBatbes PaBEHCTBOM:

p=1 p=1 p=l p—l

(@-b-...cc)y2=a? -b? -...-.c?.
14. dasa xaxnporo npocroro umcia p==1(mod 4) cpas-
HeHHe x>=—1(mod p) uMeeT pelleHHe; 0Ka3aTh CIpaBel-

JIUBOCTb 3TOTO IMOJIOXKEHHS.
15. JlokasaTh HEBO3MOKHOCTh paBeHCTBa

() =—(%),
TIe (%) — 3HaK cumBoJa Jlexaunpa, g=gq,(mod p), rue

p — IpoCTOe 4ucyao, 6oJbliee 2,
16. JokasaTtb, 4TO

()= (5
p p/’
riae (%) — 3HaK CHMBOJIa JIe}KaHJ.[pa.
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17. Dokasats, uto ecau x2+ay?=0(mod p), (x, ay) =1,
TO 4HCIO —a ABJAETCS KBAJAPATHYHBIM BEIUETOM IO MOIY-
JII0 p.

18. TToxa3aTsb, 4TO

(_ 2_)__ +1, ecin p=1(mod 8), p=7(mod 8),
P’/ | —1, ecin p=3(mod 8), p=>5(mod 8).

§ 3. CTENEHHBIE BBIYETHI

1. Jloka3aThb, YTO €CIH YHUCJIO @& NPHUHALJIEKHUT I10Ka3a-
res0 § mo mpocTomy mony.aw p u (k, 8) =a, TO uncIo at

]
NpHHAJIEXKHUT 0KA3aTeN0 — [0 MOAYIIO p.

2. 3Has, yTo yucaa 12 u 23 npHHaAIeXaT COOTBETCTBEH-
HO nokasaTensMm 4 u 7 mo Moxynwo 29, HalTH, KaKOMY IOKa-
3aTeN0 NpHHAMJIEKHUT yucao 15 mo moxymo 29. OTBerT:
ITokazaTemo 28.

3. Unco @ npuHanJjexHuT MoKasateaio § MO IPOCTOMY
MoxyJo p, rae 6<<p—1. IlaHbl nocjaefoBaTeqbHOCTH:

1, a,a .., a*t, (1)
b, ba, ba?, ..., ba®!, (2)

rae (b, p) =1 u uucao b HecpaBHMMO IO MOAYJIO P HH C OX-
HUM M3 gHces nocienoBatenbHoct# (1). ITokasars, uTo uwmc-
Jla TOCJelOBaTeNbHOCTe!l ABJSIOTCS IPENCTaBHTEISMH pas-
JIMYHBIX KJIaCCOB IO MOLYJIO p H B3aHMHO IPOCTHL C p.

4. Tlokasars, urto ecau (@, p) =1, roe p — npocroe uuc-
J0,a**=1(mod p) u 4HCIO a NpPHHAMJIEKHUT [IOKa3arTeao 2k
No MOZyJIo p, To ak=—1(mod p).

Yxasanue. HccaemoBate cpaBHenue (ak—1) (ak+
+1) =0{mod p).

5. JlokasaTb, YTO €CJIH
a™ =1(mod m,), a® =1(mod my),..., a** =1(mod ms),
10 a® =1 (mod m), rae p—HauMeHbIlee 06lIee KPATHOE UH-
cel ay, @y, ..., Gr, @ YACJO M — HaHMeHbllee 00IIee KPAaTHOE
YHCeN My, My ..., Mp.

6. JJoxasaTb, UTO €CJIH YHCJIO @ — NepBOOGPA3HEI] KOPEHb
IPOCTOr0 MOAYJs p, TO a’, rae (k, p—1) =1,TaKkxe aBasAET-
¢l epBOOOPa3HbBIM KOpPHEM 0 MOLYJIIO p.

7. TToxa3arb, YTO €CU p — HPOCTOe UHCAO BUAa 4R+1 u
YUCJIO @ — NepBOOGPa3HbI KOPEeHb 10 MOIYJIO p, TO UHCIO
p—a Takxe nepBoo6pasHbIll KOpeHb 10 MOLYJIO p.

75



8. 3Hag, 4TO yHCI0 2 — NepBOOGPA3HBIH KOpeHb MO MO-
Lynaoo 37, TIOKas3aThb, YTO HMeEET MeCTO CpaBHeHHe
218=36 (mod 37).

9. [Toxasarsp, yTo mo MoAy/10 36 He CYIIECTBYET NEPBOOG-
pPasHBIX KOpHeH.

10. JoxasaTb, 4TO eC/IH YHCJIA a U b SABASIOTCS NepBOOG-
pPasHBIMH KODHAMH IO NIPOCTOMY MOZLYJIO p>>2, TO IpOH3-
BeJleHHe a-b He MOXKeT GBITb NePBOOGPA3HBHIM KOPHEM IO MO-
Rymio p,

11. 3Hasg, uTo YUCIO 2 — nepBOOGPA3HBIA KOPeHb [0 MO-
nymao 131, pemnts cpaBHenue x3=16(mod 131). OrBerT:
x=108 (mod 131).

12. Tloxkasatp, yTO

ind 14ind 24...4ind (p—2) =0(mod p—1).

13. 3nas, yro inds19=4(mod 30), ind;;3=13 (mod 30),
rie yuciaa 3 u 17 ABIAIOTCS NepBOOGPAa3HEIMH KOPHSAMH 10
moaymio 31, Hafitu ind;719. OTBeT: ind;719=22 (mod 30).

14. B3sB TabJaully UHIEKCOB IIPH OCHOBAHHWH, PAaBHOM 2,
naa Monyas 13 u 3Has, uto inde2=5(mod 12), cocraButh
Tabauly MHIEKCOB, IPUHAB 3a OCHOBaHHME INEepBOOGPA3HBIN
KOpeHb 6.

15. lokasarb, 4yTo nepBOOOpPa3Hble KOPHU 10 MOAYJIIO p*
(ecsiM OHHM CYILECTBYIOT) SIBJASIIOTCS OJHOBPEMEHHO epBOOG-
PasHLIMH KODHSMH II0 MOAYJIO p, Te p — IPOCTOe YHUCJIO.

Ykasaunue. Vcnoab3oBats paBenctso a® =1+pN, rae
N — nenoe yucio U 6 — nokasaTeab, KOTOPOMY IpUHAMJeE-
JKHUT YUCJIO @ 110 MOLYJIO P.

16. C nomo1bio TaGAHL HHAEKCOB HAATH KAaCChl BEIYETOB
yeTBepTOH cTenenu no monynawo 13. OrserT: 1, 3, 9.

17. YcraHOBUTD, ABJSETCS YHUCAO 3 BBIUYETOM MW HeBhIYe-
TOM IFTOH CTelleHH 110 MOAYJIIo 29,

Ykasanue. HMcxoautp us CpaBHeHI;Iﬁ x®=a(mod p),

p—
roe (a, p)=1; ecnu (n, p—1)=6ua® =1(mod p), T0
YHCIO0 @ BBIYET CTeNeHH 7 o Moaymaio p. O TBeT: BHIUET,

18. Ilonb3ysick Teopuell HHIEKCOB, BEIBECTH KDHTEpHH
diinepa IJ8 KBaIpaTUUHBIX BHIYETOB,

Ykaszanue. B xauecTBe HCXONHOrO CpaBHEHHSI B3STh
cpaBHeHue x’=a(mod p), rae (@, p) =1, U NPOHHAEKCUPO-
BaTbh 3TO CpPaBHEHHe,

19. OcHoBbIBasich Ha Teopeme: «Eciau g — nepBooGpas-
HBIHl KOpDEHb II0 NPOCTOMY MOAYJI0 p, To g2* u g2+l coot-
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BETCTBEHHO SIBJSIOTCS KBAAPaTHYHBIM BBIUETOM H KBajipa-
THYHBLIM HEBBHIYETOM 10 MOAYJIO p», MOKas3aTh, YTO CYLIECT-
—1 —1
ByeT p—i— KBaJpaTHYHBIX BBIYETOB H &2— HeBBIYETOB I10
MOZLYJIIO P,
Ykasanue. Eciu g — nepBooGpasHblil KOpeHb IO MO-
LyJi0 p, TO B KayecTBe NPHBeJEHHOH CHCTeMBl BBIYETOB IIO

MOlIy.IIIO p, B34Tb UHCJa
g', g% g .., grL.

§ 4. APUOPMETHYECKHE NPHUJIO)KEHUSI TEOPHH CPABHEHHUH

1. TTokasatp, yto pasHocte (a+1) (a+2)...(a+n)—n!
BCerna JIejuTCd Ha a.

2. Tlokasars, uTo ecu (a, 12) = (b, 12)=1, TO umcno
a%—b% nequrca ua 144,

3. Ilokasatb, uro ecau (a, 8) = (b, 8) =1, To uHcaO
a’—ab®+a®b—b?® nenutcs Ha 8.

4. Tlokasatb, uro ecnu (a, 7) = (b, 7)=1, T0 umcaO
a®b%—abb®—qa24-b? penwurcs Ha 7.

5. [JokaszaTb, YTO CyMMa JaHHOIO YHC/IA H YHCJIa, HalHCcaH-
HOTO TeMH Xe IHM(PpaMH, HO B3ATHIMH B 0GPAaTHOM MOpSifiKe,
JeJauTcs Ha yucao 11, ecnu KoauyecTBO nMbp TAHHOTO YHC-
Jla 4eTHoe.

6. JokasaTb, 4TO eCJH K JIOGOMY TPeX3HAYHOMY UHCHTY
IpUNHCaTh CIpaBa TaKoe e YHCJIO0, TO NOJNYUeHHOEe YHCJIO
6yleT meauTbcd Ha yMcna 7, 11 u 13.

7. Hanucath NATH3HAYHLIE YHCIA, cpefHue IHU(PHl KOTO-
pHX cocraBasioT uucao 809, nmemsmuecs Ha 55. OTBerT:
18095 u 68090.

8. IloxasaTh, UTO €C/IM YHCJIO Ga01Qg LEJHTCH Ha 27 uIu
37, To 4HCI0 @100 Oenutcs Ha 27 uau 37.

YKasanue. BocnonbsoBatbcsi cpaBHeHHeM 100a;+
+10a;4+a¢=0(mod 27) u cBoficTBaMH CpaBHEHHIL.

9. Tokasathb, uto ecau (@, b) =1 u u3 nByx uucen lla+
+2b u 18a+5b oxHo KpaTHO umcay 19, To (1la+26, 18a+
+5b) =19, .

10. Ha#itn uncno 4415 xy, nensmeecs Ha 999. OTBer:
441558.

11. Hafitu umcno 2485xyz, nensmeecs Ha 1001. Or-
BeT: 2485483,

12. Hafitu yucno Bupa lxy71, mensieecsa Ha 33.
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13. Hafitu uucno xy3242, nensmeecs Ha 198.

14, Bo3pMHTe MHOro3HayHOe YHCJIO, B JIOG0M MHOpAAKe
nepecTaBbTe €ro LHQPHl H U3 OOJbIIEro OTHUMHTE MEHbIlee;
B NIOJIY4eHHOH Pa3HOCTH 3auepKHHTe ORHY UH(DPY H NMOACUH-
TaliTe cymMy coxpanuBmuxcs nudp. Kax, suaa nociaegHoio,
YCTAaHOBHUTH, Kakas nudpa 3auepkayra? [lafite Teoperuue-
cKoe 060CHOBaHUE METOAY.

§ 5. HENNPEPBIBHBIE APOBH

1. loxasaTp, 4TO NpU 7 ==2 CripaBelJIUBO
Qn-oPn—Pn9Qn= (_l)ngn'

2. Ha ocHOBaHHH CBOHCTB NOAXOAALINX Apo6el A0Ka3aTh,
uTO ypaBHeHue ax+by=1, roe (a, b) =1, Bcerga uMeer pe-
HIeHHe B HEeJBIX YUcaax.

P, a
Yx a3 aHue. Bocnonb30BaTbCsl paBeHCTBOM 0, =7 1
n

CBOHCTBOM

Qn—l Pn_P‘n—lQn= (_._l)n—l'

3. Ha ocHOBaHMU CyLIeCTBOBaHUS pelleHUs B LEeJbIX YHC-
Jax ypaBHenus ax-+by=1, rue (a, b) =1, mokasaTtb, 4TO
ectu (a, b)=1,c:a,c : b, T0 Cc : ab.

4. Ha ocHOBaHHH CYLIECTBOBAHHUS pelIeHHs B LEJbIX YHC-
Jnax ypaBHeHus ax+by=1, rme (a, b) =1, moxasartb, 4TO
ecnu (a, ¢)=1, (b, ¢)=1, T0 (ab, c)=1.

5. CymMMa npomu3BefeHHH ABYX IeEJNbIX YHCEN COOTBETCT-
BeHHO Ha 7 ¥ Ha 3 paBHa 41; Ha#iTH 3TH yucaa.

6. Ha ocHOBaHHU CYLIECTBOBAHUS pelleHUs B LEJBbIX YHUC-
Jax ypaBHenus ax—by=1, rue (a, b) =1, nokasarp, uTo B
OKDPY2KHOCTb IIOCPEJCTBOM LUPKYJIA U JUHEHKH MOXHO BIH-
caTh NPaBUJBHBIN JBeHAAIaTHYTOJbHHUK.

§ 6. YUCJIOBbIE ®YHKILMH. NPOCTBIE YHCJIA

1. Cpenu uucen ot 1 10 n HalTH KOJHYECTBO YHCEJ], KO-
TOphIe HedsiTCA Ha p*, HO He HeasdTcd Ha phtl, roe p — mpoc-

Toe yncao ¥ p<n. OTBeT: [ik] — —:—_H .
p p

2. Cpenu uucen ot 1 10 41 naliTu KoHYeCTBO uHces, Oe-
JSALUXCA Ha 2, HO He JeJsiiuxcs Ha 28,
Yxasauue. [Ipumenurs ¢pyukiuo [x]. OrBet: 15.
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3. Halitu noxasaresb, ¢ KOTOpbIM uucjo (2 BXoguT B mpo-
n3BefeHue 37!.

4. HafiTu nokasartejb, ¢ KOTOPbIM UHCJIO 24 BXOIHT B IIPO-
usBegeHue 50!. OrBeT: 12.

5. IlpencraBuTrh npousBereHHe BceX HATYpasdbHBIX UHCes
oT 21 no 40 B BuIe NpoU3BeLeHHs NPOCTHIX YHCE.

6. Hafitu, mpy KakoM LeJOM IIOJIOKHTENbHOM 3HaueHUH
x ypaBHeHue [2,56x]=100 umeer pemenne. OTBeT: x=40.

7. [loxkasaTtb, 4TO eCad n=3, TO @ (n) — YETHOE YHCJIO.

8. Ha ocHoBanuu cBoiicTB uncioBoil pyHKuuu ditnepa no-
Ka3aTb, YTO B IIOCJIeLOBATEJbHOCTH HATYPaJbHBIX UHCeN CY-
mecTByeT 6eCKOHeYHOe MHOXKECTBO IIPOCTBIX UHCeJ.

Ykaszaunue. Honycrtus, uto pp— HauboJsiblllee Npoc-
TOe YHCJO, BOCIIOJIb30BAThCS PABEHCTBOM A= p|:Pa-...Pk.

9. HaHo: a) o(n)=48; n=22-3" .81 -75; 6) o(n)=
=320; n=2* - 3 . 51 . Halitu n. OtBeT: a) 210, 6) 1200.

10. ITpoBepuTh cCHpaBeANUBOCTbL paBeHCTBa @(240) =
=@ (160).

11. Hafitu ycuoBusi, npu KoTopeix ¢(3x)=¢(2x), rme
X — HaTypa’ibHOe YHCIIO.

12. TlokasaTb HeBO3MOXKHOCTb paBeHCTBa @ (2x) =¢(5x),
rae x — HaTypaJbHOe YHUCIIO.

13. Haititu 1(a®), ecnu v(a) = (ay+1) (a2 +1)...(aa+1).

14. Haifitu t(a®), ecnu a=p1 b5, t©(a®)=15, rme p, u
ps — mpoctble yucaa. OtBeT: 28.

15. HaiiTu KoJauuecTBO HenauTeledl uucaa nd, ecid n=
= p% pz p% u uucao n? umeeT 105 PasnUUHBIX LedHTeNeH.

OTtBeT: 280.

16. Hafitu HauMeHblllee HATypaJbHOE YHCJIO, HMelollee
BOCEMb TOJOXHTeNbHBIX Aeiuteneli. OTBeT: 24.

17. Hafitu HauMeHblllee HaTypajdbHOE YHCIO, HMelollee
IBEHaALATh MOJOXKHATENbHBIX fenuteneil. OTBeT: 60.

18. JJokasaTh, UTO CYLIECTBYeT OECKOHEYHOe MHOXKECTBO
NPOCTBIX YHCEJ B IOC/TeN0BATeNbHOCTH HATYPaJbHBIX YHCe,
HCXO[s M3 JOMYIIeHHsl CYIECTBOBAHHA HaHOOJbIIEro Mpoc-
TOTO UHCJIA P U HCCJAEHOBAHHS CyMMBI

S= (p1p2...pr) + (9192.--9s)»

rie B IPaBYI0 YacThb PaBEHCTBA BKJIOUEHHl BCE IPOCTble YH-
cia ot 2 Ao p.

19. [lokasaTb, 4TO BCAKOE YKHCI0 Buma 3k—1 1160 mpoc-
Toe, JIN6O CONEPIKUT HEUeTHOEe YHCJIO MNPOCTHIX MAeNIHTeNeH
3TOr0 BHEA.
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YkasaHue. YyecTb, UTO BCE MHOMKECTBO IPOCTBHIX YH-
ceJl IpeNCTaBIMO COBOKYIIHOCTSIME apH(pMeTHIeCKHX Iporpec-
cuii ¢ oOImUMH wieHamu 3n, 3n+1, 3n—1.

20. okasaTb, 4YTO KaxIOe HATypaJbHOE YHCJIO BHIAA
4k+3 uMmeeT 10 KpafiHell Mepe OIHH NPOCTOH NEJNHTE]Ib TOTO
2Ke BUIA.

21. 3uas, uTo cymecTByeT GeCKOHEYHOe MHOXKECTBO IIPOC-
THIX 4HceJ BHUAa 3n+ 1, JOoKa3aTh CYIIECTBOBAaHHE OECKOHEU-
HOTO MHOXKECTBa IPOCTHIX uHcesa BuUma 6k+1.

Ykasanue. Ilonoxurs n=2k u n=2~k+1.
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