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MPEAMUCIIOBUE

Hacrosmu# 3anayHuK-NIpaKTHKYM HAMUCaH B COOTBETCTBHH C JelcTBylowmed npo-
rpamMmoi Kypca «['eoMeTpusi» U npelHa3HauyaeTcs AJIS CTYJAEHTOB-320YHHKOB (PU3HKO-
MaTeMaTHYecKHX (aKyJbTeTOB MeJarornyecKHX HHCTHTYTOB. OH CONEpXKHUT 3alayu Mo
CJIeNYIOmUM pa3jiesiaM: 3JeMeHThl BeKTOPHOH a/ire6phl, MeTol KOOPJIHHAT Ha IJIOCKO-
CTH, NpeoGpasoBaHHUs MJIOCKOCTH, JIHHHM BTOPOTO MOpsAKa.

3ajayHHK COCTOHT M3 4YeThipex IJaB, Pa3CHTLIX Ha maparpadel, B KaXIOM H3
KOTOPHIX MPHBOASTCS MOAPOGHO pasoGpanHble NPHMEpHI, NpeAIaraloTcs 3aflaud AJs
CaMOCTOSITEJILHOTO  PellIeHHS.

INpexne ueM MPHCTYNHTb K Pa3Gopy H pelleHHIO 3afiay, cleflyeT O3HaKOMHTBCS
¢ HeOOXOHMBIM TEOPETHYECKHM MaTepHaloM (CCBUIKH Ha KOTOpBIH MPHBOAATCA B Ha-
yajle Kaxkaoro naparpada) mo ofHOMy H3 CJeLYIOMHUX yYeGHBIX MOCOOHH:

. basuaen B. T., Dyuuuen K. I., UBannuxkas B. [I. Teo-
Merpus. M., [IpocBewenne, 1974. Y. 1.

2. Atanacsau JI. C. Anaautuueckas reomerpusi. M., [Tpocsewenue, 1967.
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3. Aranacsan J. C. Teomerpusa. M., [Npocsewenue, 1973. U. 1.

4. Aprynos B. U, Baak M. B. DOnemenrapuas reomerpus. M., Ipo-
cBemenue, 1966.

5. UetBepyxun H ®. [IlpoextuBnas reomerpus. M., [lpocBemenne,
1969.

6. MastiopoB B. M, Crkomneun 3. A, BekropHoe pellleHHe reoMeTpuye-
ckux 3afau. M., [Tpocsemenue, 1968.

7.Capannen I. I C6opuuk 3agau Ha reoMeTpuyeckue NpeoGpasoBaHHS.
[Toco6ue mns yuureneii. M., [Npocsemenue, 1975.

8 Apryunos B, U [Ilpeo6pasoBanua miockoctd. M., IIpocsemenne, 1976.

Ilns 3amay u nmpEMepoB NpHHATA CKBO3HAast HyMepauwusi. CCBUIKH, IPHBORHMbIE
10 XOJly pelleHHsl MPHMEPOB, OTHOCATCS K MOCOGHSM, yKa3aHHBIM B Hauajle COOTBETCT-
BYIOIUX nalparpaQJoa.

[naset I, I u IV nmogroroBnenst B. Y. AprynossiM npu yuactur B. H. Jluteu-
HeHko. ['n1aBa I1I nanucana B. H. JlutBunenko coBmectno ¢ M. H. Oemuposoii. Ipuio-
Kenue moprorosiero B. H. JlutBuueHKo.

ABToprl GynyT 6narogapHel uHTaTeNsiM 3a KPHTHUECKHE 3aMeYaHHs H COBETEHI,
KOTOpLIe [POCHM MpHCHUIaTh mo anpecy: «109004, Mockea, B, Pajuuwesckas, 18,
MT3IMH, PenakuuoHHO-H3ATENLCKHH OT/E,
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BEKTOPHOWU AJTEBPLI

Jdurepartypa [t],rm I;[2], §1-3, §6 [3], §1-3, §6.

[Tpumep 1. [okaxeM, 4TO MelMaHBl TPeyroNbHHKA MepeceKa-
I0TCSl B OJIHOH TOUYKe, KOTOpasl AEJHT KaXIylo 3 MeJuaH B OTHOLLEHHH
2 : 1, cuuras or BEpIIHHEL.

Pewmewnune. I-dcnocob. I[Tyctre ABC — npousBOJIbHBIH TPeyToJib-
HHK (pHuc. 1) u nycTsb Mejana BB’ Mepecekaer MeHany AA’ B TOUKE M.

OGo3nauuM BEKTOp AB yepes b AC yepes c. Bripasum BekTop AM
IBYMsi crocobamu:

1) AM = MAA" = \(AB + §Zq=7»(%+l(2—7;))=lz?+_i pe

9) AM = AB—]—BM—b—\—uBB’.—b—i—p( c—b)-(l——p,)b—i—

AM BM
rne A= = p==
AA’ BB’

Taxum oBpasom, 3b + ?g= (11— p)—l; + % Z.

T. €. (—2———1—!—}1)5—!—(%—&)5:6.

2
8 Ho Tak kak BeKTOpH! b U CHe KOJLIH-
HeapHBI, TO
Z—14p=0,
q M_Pk_g
2 2 ’
M
2
OTKyza: A= p = s
A 8 ¢ 3uauut, meguana BB’ nepecekaer
Puec 1 mMenuany AA’ B Takod TOuKe M,



wo |AM| = 2 | AA'|n | BM|=
=% ll?é'l. Takum  obpasom

—_— —_— ’
|AM|:|MA'|=2:1 =u
— —_— '
|BM| :|MB'| = 2: 1.

Bepuunnet B u C paBHONpaBHHI,
NOSTOMY TaKoe Ke 3aKJIoueHHe
MOXKHO C/lelaTb W I/ MeJHaHbI
CC' (ona npo#jer uepes Ty e TOY- Puc. 2
Ky M menuanst AA’, u GyIeT Bbl-

—_— —,
HOJIHATBCS paBeHeTBo |CM| : [MC'|=2:1).
2-i cnocob. Tlyctb O — npou3BoJIbHAs TOYKa B NPOCTPAHCTBE
— —_—
(puc. 2), [AA’]l — mennana tpeyrosviuka ABC u AM = % AA'.

Obosnauas 04 yepes a, 0B gepes 3, oC yepes E, HOJTyYHM:
@1’4:@’4+1W=3+%ﬂ'=5+%(,4_5+ CAY=a+
+2(6—a4++b—d)=~@+5+9
3 ( 2 ) 3 '
BosbMem Tenepb Touky M’, Jexauiyio Ha MeauaHe BB’, Takyio, 4TO

_)I 2 Y: ’ _>I l > ._>
BM' = -3—BB . Torna anasnoruyxo noJayuyum, uro OM' = 3 c+a+

- — —_—

+ b). Takum o6pasom OM’ = OM, 1. e. Toukn M’ u M coBnajaioT
(anamoruuno s mexuansl CC’). CrnepoBatensHo, M — oflias TOYKa
BCeX TpeX MelIuaH TPeyroJbHHKA, OTCTOSIIAs NPH 3TOM OT KaXKIoH

BEPLIHHBI TPEYroJIbHHKA Ha -5 JAJINHBI COOTBeTCTBleH.leﬁ MeJHaHHl.

IIpumep 2. IlokaxkeM, 4TO BO BCSKOM TpeyroJbHHke

|BC|* = | ABI" + |ACPP — 2 | AB| - |AC| - cos &
(TeopemMa KOCHHYCOB).
Pemenue. Ilo onpereneHuio pasHOCTH BEKTOPOB HMeeM:

BC = 4C — AB.
BOSBC,H.EM o6e YyacTH 3TOTO BEKTOPHOI'0 paBeHCTBA B KBaJpar.
BC: = (AC — ABy = AC* — 24C - AB + AP,
OTKyJa: . . . N
| BC|> = |ABI> + |ACP — 2AB - AC
wi |BCE = |ABR + |ACE — 2 [AB| - |AC] - cos A, uro  Tpe-
060BaJIOCh J0KAa3aTh.



[Tpumep 3. Jokraxkem,
YTO ec/]H INpsiMasl a NepleHju-
KyJspHa K KaxHo#l M3 IBYX
nepeceKaroluxcs NpsaMeIX b H
¢, TO OHa TNeprHeHIUKYJsipHa K
Jo60# NpsIMO# m, NpOBeeHHOH
B IIOCKOCTH, OINpejessieMoit
npsiIMBIME b U c.

Pemenue. Ilycrs nps-

Puec 3 MEIE b H C IepeceKaioTcs B TOYU-
ke O. BribepeM mIpPOH3BOJIBLHO
toukn A, B, C v M Ha npamuix a, b, ¢ u m. PaccMoTpuM BeKTOpHI

0A u OM (puc. 3). Pasnoxum BekTOp OM 1o BEKTOpaM 0B u OC:

O—A)/I=oc-(_)_§+[5-0_>C.

PaccmotpuM ckassipHOe INpOH3BelieHHe 0A - OM: OA - OM =
=Q0A (e -0B+B-0C)=a: 0A-0B+4p-0A - OC.Ilo ycio-
Buio OA L. OB v OA 1 OC, takuto OA - 0B=0u OA - OC = 0.

—_— —_— —_ —
3uaunur, OA - OM = 0, a 310 o3Hauaer, uro 0A L OM, 1. e. a L m.
ITpumep 4. Hau tpeyronsuuk ABC u mpousBoJibHasi Touka M.
Jlokaxkem, 4TO HEOOXOAUMBIM M JOCTATOYHBEIM YCJOBHEM TOTO, YTOGHI
Toyka (G Obl1a LEHTPOUAOM TpeyrosnvHuKa ABC, siBJsieTcss paBeHCTBO:

3MG = MA + MB + MC.

Pewenune Heobxodumocms. IlycTs Touka G — LEHTPOHA Tpe-
yroabauka ABC; D, E, F — ocHoBanus Memuad (puc. 4). Torza:

MG = MA +—2§Zi5, MG = MB +-§-§E“, M_b:MZ‘+§C_15.
CKJIaI[bIBaH 3TH paBEHCTBA IIOYWICHHO U 3amMmeuas, 4To
AD = - (AB + AC), BE = (BA + BC), CF = -(CB + CA),

noJiyyaem:

2 (1 1 1
+ E(?AB + 5 AC +-BA+
+%?+l§+%CA

B ckob6Kkax mnosyyaercss HyJeBoH
BEKTOp, MO3TOMY

Puc. 4 3MG = MA + MB + MC.




Heo6xonumMocts m0KasaHa. M
—_
Hocmamounocme. Ilycrs SMG=

=A_/I—:4—I—AT§+ MC u nycts G' —
ueHTpoup TpeyroabHuka ABC.

Torma mo joxasaHHOMY 3MG =
=A;I—ﬁ + MB+ MC wu, ciaefoBa-
Teasto, 3 (MG — MG) =0, T.e.

—_—
GG’ = 0.CaegosatenbHo, G=G" c ©1
1 Touka G— LEHTPOHJ TpeyroJb- Puec 5

Huka ABC.

I[Tpumep 5. 3anaun nsa tpeyroasnuxka: ABC u A,B,C;, npu-
ueM A 5= A,, B %= B,, C == C,, a npsamele AA;, BB; u CC, napaJueip-
Hbl. JlokaxkeM, 4TO ecsii LeHTpouzsl G u G; NaHHBEIX TPEYTOJbHHUKOB He
coBnanaior, T0 (GG,) || (A4,).

Pemenwue. Ilyctb M — npousBosbHO BhiGpaHHAas TOYKa
(puc. 5). Torpma, xak MNOKasaHO B INpeNbIAyLIEM IpHMepe,

3MG = MA + MB + MC, 3MG, = MA, + MB, + MC,,
OTKyJa:

3 (MG — MG,) = (MA — MA,) + (MB —MB,)+(MC— MC)),
HJIU

GIG =

—_— e —

(4,4 + B,B + C,0).

C.OI-

—_— = _—

Ho no ycnosuio Bexkroput A;A, BB, C,C komnuseapHsl. [lycts B,B =
= BAA, C,C = yA,A. Torpa:

G,G = 5(1+ B +7) AA.

—_— —_—

310 03HAyYaeT, YTO HeHYJeBhle BeKTOphl G;G 1 A;A KonMuHeapHEHI, T. €.
npsimele GG; u AA, mnapasjenbHbl.

IIpumep 6. [Ipamas npoxomur uepes Touku P U Q — cepefuHE!
TNIPOTHBOIOJIOXKHBIX CTOpoH BC u
AD uernipexyronienika ABCD u 8 p c
uyepes TOYKY M — mepeceyeHHe 4 t
ero puaroHaJseil. JlokaxkeM, 4TO
ABCD — tpanenus (u1u mnapaJ-
JIeJIOTpaMM). ™M

Pemenue Ilycms MC =
= aMA u MD = BMB (puc. 6). 4 # #
Tak xak P u Q—cepefyHEl CTO-
POH YeThIpeXyTOJIbHHKA, Puc. 6




—_— —_— — —_—
—
B o MP MB—;MC =MB —1—2aMA

—_—

= WA MA + BMB
n Mo = MALMD _ M +BMB.
2 2
ITo ycnoBuio Bektopsl MP u MQ
KOJIIMHeapHbl, Tak uYto MP =
= AMQ. TloacraBasisi croaa moJy-
YeHHBle BbIpaXeHHsi A1 MP u
MQ, mosnyuuwm:
—_— — —_— J—

MB + aMA = A (MA + BMB),
OTKyJa ClelyeT, 4To

MB (1 — ) + MA (@ — A) = 0.

Ho Bekrophr MB u MA ue KOJI/IMHeapHbl, NMO3TOMY IOC/eHee paBeH-
1 —pr =0,
a—A=0.
Tak Kak o= 0, TO moaydaem B =

A M c
Pume. 7

CTBO BBINOJHSACTCA JIMIIb IPpH {

. Jasee umeeM:

Q |~

_— - —> -

CB = MB — MC = MB — aMA,DA = MA— MD = MA—pMB

1
A Tax Kak ff = —, 10
a

DA= MA—1MB= —la(m—am)= —XLawB—-Mc) =
a a
- —1CB.
a

3HAYUT, BEKTOPHI DA uCB KoJlJIMHeapHbl. Takum o6pasoM, YeThIpex-
yroabHuK ABCD — Tpaneuusi. B wacrHocru, ecnu o = —1, 10 D_A) =
=CBu yeTblpexyroibHUK ABCD — napaJjesnorpamM.

ITpumep 7. Ha croponax AC u BC tpeyronsHuka ABC B3sThI
ToukKH M u D, takue, uTO AW/I) = % A_C), B_D> = %B_Ci a Ha NpsMOH

m >

—_—
AD — touka N, Takas, 4ro AN= AD. JlokaxXeM, U4TO TOYKH

p+m—1
M, N u B nexaT Ha OJHOH NpSIMOH.

_  —

Pemen ue. Iloonpenenenuio passocty BektopoB MB = AB —

—AM=A4AB— L4l (puc. 7). C npyro#i cTOpOHHI,

MN=AN—AM=_—"_ _ip—1AC—-_—™ (4B + BD) —
p+m—1 P p+m—1

I
D>
< |-

8



152 Ly Ry T\ . A |
— —AC = B4+ = —AB)}|——AC = —
p p+m—1< +m(A )) p p+m—l(B
_L_é)
p
Ho ﬁ—LZé=[§—A_M>=AT§. Taxum o6pasom, M~7\7=
p
_ om—1

- lMB T. €. HeHyJIeBble BEKTOPbI MN u MB KOJITMHEeapHH, a
p+m—

Touku M, N u B sexar Ha oJHOH IpsIMOH.

3apaum

1. M3o6Gpasure Ha NJIOCKOCTH HEKOTOPHII BEKTOp v, a 3aTeM Io-
crpoiite BekTOpHl 20, —0, v V2, —v V3.
2. Jaunl tpu Toukt A, B u C. Touka D — cepepuna [BCl. [loka-
—_— —_— —_—
xute, yto AB 4+ AC = 2AD.
3. Tlocrpofite Ha NJIOCKOCTH NpaBUJIbHBIA mecTHyroabHuK ABCDEF,

JJiiHa CTOPOHBI KOTOPOrO paBHA €AHWHHUILE. Kakue us mrectu BEKTOpOB,
Hayajla M KOHIIbI KOTODPBIX JieKaT B BepUIMHAX INECTUYT'OJIbHHUKA, 6y-

—_—

IyT KOJJHMHeapHLIMH, Kakue paBHeMU? [locrpofite BekTOp AB +

—_— —_— — — —_ —

+ 2CD — 3EF. Bripasute Bektopsl AC, EC u AD uepes BekTopH AB,
— —_—
BC u CD.

4. Hailinute paBHOAEHCTBYIOILYIO TPEX CHJ, NMPHJIOXKEHHBIX K TOYKe

—_— —_—

iy
M u u3o0paxeHHBIX BekTopamu MA,, MA, u MA;, ecnu touku A,,
A, 1 A sBNSIOTCS BepLIMHAMM NPaBHJIBHOTO TPEYrOJbHHUKA, BIIHCAH-
HOTO B OKDYHOCTb C LIEHTPOM B Touke C.

5. ABCD — npou3BOJIbHBIH uYeThlpexyroJbHUK. Toukn M, N —
cepenuHbl ctopoH BC u DA cootBercTBeHHO. JloKaxHTe, 4TO

1 — —_—
== (BA + CD).
6. Jan napaJuiesnorpamm ABCD M — TOYKa_llepecetenus ero
zmaroaa.neu Bblpae,wre BEKTOPBI MA MB MC uMD yepe3 BEKTOPHI

AB=1au AD =b.

7. KakuM yc/nOBUSIM JOJIKHBI yJIOBJIETBOPSITh BEKTOPHl @ H b IJis
TOro, 4YTOGBHl HMEJH MeCTO COOTHOLUEHHS:

a) la—+ bl =|a—b|; 6) a+ b= A (a—b)

B) |a+ bl = |al + |b]; r) |a + b] = |a| — |b]?

8. JlokaxuTe, 4TO cyMMa BEKTOPOB, HauaJja KOTOPHIX HAXOAATCA

B LIEHTPe NPaBHJILHOIO MHOTOYTOJIbHUKA, @ KOHIIbI — B €ro BepLIHHAX,
paBHa HYJEBOMY BEKTOpY.



9. Ilyctb ABCDEF — npaBUJIbHBIA IUIECTHYTOJNBHUK, JJIHHA CTO-
POHBI KOTOPOTO paBHa eIWHHIE. Brrunciure:

—_— —> —_— —_—

a) npoexkuuu Bekropos BC, AB, FA u AE Ha ocb (AD);

6) cKaJsipHble NpPOM3BENEHHS:

—_— —_— —_— — —_— — _— —_—
AB - AE; AB - ED; AB - DE; AB - AD.

10. TIpumeHsisi BEKTOpHl, MHOKaXKUTe CJELYIOWIHe YTBEep:KIEHHUs:

a) ecJM JUaroHaJ/Ii YeTHIpeXyToJIbHHKA He/ATCS B TOYKe Nepeceue-
HHS TOMNOJIaM, TO STOT YETHIPEXYTOJbHHUK — NapaJliesorpamm;

6) cyMMa KBaIpaTOB JJIHH JHaroHasefl napaJsesnorpaMMa paBHa
CyMMe KBaJpaTOB JAJHH BCEX €ro CTOPOH;

B) CpeHsisl JIMHHSI TPEYroJbHHKa MapaJiiesibHa OCHOBAaHHIO, IJIH-
Ha ee paBHA IOJOBHHE MJHHE OCHOBaHHS,;

) CpelHsisi JIMHUS TpaleldH NapaJsjie/bHa OCHOBaHHUAM, a JJIHHA
ee paBHa MOJyCyMMe [IJIHH OCHOBaHHUH;

1) IMaroHajd pomM6a B3aUMHO MepNeHJUKYJsSPHBL.

11. [okaxuTe, YTO BCEria MOXKHO MNOCTPOHTb TPEYTOJIbHHK, CTO-
POHBEI KOTOPOTO COOTBETCTBEHHO KOHTDYSHTHBI M NapaJisiesIbHBl Me[ua-
HaM IaHHOTO TPeyTroJIbHUKA.

-

12. B kakom ciyuae -z—’l =23

| U1| I
N

- - T -
13. okaxure, yto Bekrtop b - (@ - ¢) — a - (b - ¢) oproroHaJseH
->
BEKTODPY C.

tE‘l

2
14. 3uas, uro la[ = 2, lbl =5, (a b) _ = , HaliluTe 3HayeHue a,

Ipu KOTOPOM BEKTOPHI p aa + 176 n q = 3a——- b OPTOTOHAJILHBL.
15. quncnme BEJIMYUHY YIJIa, o6pasoBaHHoro CAUHUIHBIMH BeK-

TOpamMu Su t, €CJIM U3BEeCTHO, YTO BEKTOPHI p s+ % u q Bs — 4t
OpTOTOHAJIBbHEL.
16. B PaBHOCTOPOHHEM TPeYTO/IbHHKE ABC ¢ IJIMHOH CTOPOH,

paBHOH emmnue, BC = q, CA b AB — ¢. Bouuciure a - b +
+ b-c + c-a

17. Hafinure BennuuHy yroia o NpH BepllMHe paBHOGEIPEHHOTO
TPeyroJibHHKa, €C/H H3BECTHO, YTO €ro KOHIDYSHTHbIE MeJHaHHl B3a-
MMHO TepIeHUKYJISPHBL.

18. [AA’ ]— BBICOTA TPEYTOJIbHHKA ABC. Bripasute BeKTOp A4’

yepes BEKTOPH! AB=buAC=c

19. oxkaxure, 4TO €CJay NpsiMas, Jexauas B IJIOCKOCTH, HepIlieH-
IMKyJISipHA NPOEKLUH HAKJIOHHOH, TO OHa MepHeHAHKYJSpHa U caMoi
HaKJIOHHOH.

20. [okaxkurte, 4TO CKpellHBaoliyecss pebpa NPaBHJBLHOTO TeTpa-
5Apa B3aUMHO MNepIeHAUKYJsPHBIL.

21. [Iokaxkute, YTO HpsIMble, COEAMHSIOLINE CEPeIUHBI CKpPeLlUBalo-
muxcs pebep TeTpasipa, IlepeceKaroTcss B OJHOH TOUKe.

10



- - -
22, BoisicuuTe, CKOJIBKO pelUeHHH HMeeT ypaBHeHHe a x = |al’.

[ToctpoiiTe st pelueHusi, cyuTas BEKTOp @ 3aJaHHLIM.

23. Ha nsiockocTd JaHBI YeThIpeXYroONbHUK M HeKotopasi Touka M.
JlokaxuTe, 4TO TOUKH, CUMMETPHUUHbIE TOUKe M OTHOCHTENBHO CepelHH
CTOPOH HYeThIpeXYroJIbHUKA, SIBJSIOTCS BepLIMHAMM NapaJJesorpamma.

24. Croponel BC, CA u AB tpeyronbuuka ABC paspieseHbl TOU-
Kamu A,, By, C; B paBHBIX OTHOLIEHUSX (IPH 3TOM BEIGPAHO HEKOTOpOE
HanpaBJieHHe 00Xoja TpeyroJbHHKa). JlOKaxKuTe, 4TO LEHTPOUMHI Tpe-
yromsHukoB ABC u A,B,C, coBmajaior.

25. Yepes Bepunnbl TpeyroabHuka ABC u ero nentpoun G npose-
JeHbl (B IJVIOCKOCTH TPeyroJibHHKd) MNapaJJleJbHble NpsiMble, Iepece-
Kajoue HeKoTopylo npsimylo g B Toukax A,, By, C;, G;. Ilokaxure,
4TO

—_— —_— —_— —
AA; + BB, 4+ CC, = 3GG,.

26. ITyctb G u G, — uentpousn TpeyronbHukos ABC u A,B,C;.
Hokaxute, uto AA; + BB, + CC, = 3GG,.

27. Jlokaxure, 4TO ecaH TOukH P U Q — cepenuHsl oTpeskoB AB

—_— —_— —_— —_— —_—
u CD, 10 2PQ = AC + BD = AD + BC.

28. Touku M u N sBasiorcs cepefuHamu cTopod AB u CD uerw-
pexyroabHika ABCD. JlokaxuTe, YTO CepelHHB! AMaroHaJjeH 4YeTkl-
pexyronbHUKOB AMND u BMNC 1160 SIBJISIOTCS BeplMHAMH HEKO-
TOpOro MHapaJuiejorpamMma, JuOO JexaT Ha ONHOH NpsIMOH.

29. Ha cropone AB tpeyronbuuka ABC naHa Touyka P, uepes Ko-

TOpYIO TNpOBeJieHa npsMas a, napaJjenbHas Meiuade CD. Jlokaxure,
4TO

P4, + PB, = AC + BC,
rae A, =a ) (BC)u B, =a (AC).
30. Cpemusisi suHHsi uerhlpexyrosbHuKa ABCD nepecekaer ero
JMaroHa/ju B pasiuyHLIX Toukax P u Q. [okaxute, 4to eciu MP =

= Q_Kl, rie M u N — cepeaunnl ctopoH AD u BC, TO YeThIpeXyroJb-
Huk ABCD — tpanenus.



Fa 454 METOJ, KOOPIMHAT

HA MJIOCKOCTH

§ 1. KoopaMHaTtbl BEKTOPa M TOUKM
Jdurepatypa: [1],7—8, § 10—I1; [2], §4—5, §7—10, § 25—26; [3],
§4,§09, §12
[Mpumep 8. Ilycts ABC — mpoH3BOJIBHEIR _TPEYTOJIBHHK, AA',
BB' u CC' — ero MeJHaHkL. I'IpHHHM:aa BekTopsl AB u AC COOTBET-
CTBEHHO 33 GasucHEIe €, M €, HAMHJEM KOODIHHATH BEKTOPOB AAI,

BBl, CCl.

Pemenue Ilo ycJIoBHIO AB = el, AC = e2 Torza (puc. 8)
CB=AB — AC = ¢, — e2 CorsiacHo omnpefesieHHI0 CYMMBl BeK-
TOPOB

m'=ﬁ+@=lﬁ+%&_§ =22+';‘(—;31—22)=‘;‘g1 _|__;_22_

A 1 1
Orcioza caenyer, uto AA' = (_2_; _2_),

Jlanee Takxe M0 OMpPENEEHHI0 CYMMEI BEKTOPOB
BB’ == BA+ AB' = — AB + —2—AC = —e —}-Eez.
—_—
CnenosatesnibHo, BB’ =(— 1; l?) AHAJIOrMYHO MOXKHO I10KA3aTh,
— 1
aro CC' = (3; - 1).

I[Tpumep 9. Haltnem apdpun-
Hble KOOpPJAMHATE TOYKH, CUMMET-
puuHoit Touke A (x;; y;) OTHOCH-
TENBHO TOYKU B (x5 ¥,).

Pewenue. [lyers C (x; y) —
uckomas Ttouka. [lo ycesoBuio
toukd A, B u C Jexxar Ha OJHOH

npsiMofl, mpuueMm |Z§I = IB—éI.
CJIep;OBaTeJleo, AC= — 2CB=
—_9B4. Ho BA =(xX—Xs; Y1 —
—Y¥,), I03TOMY AC = (2xy — 2145
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Puc 9 Pnec 10

2y, — 2y,) u Touka C umeer KoopauHatel C (2x, — 2x; + x;; 2y, —
—2y1+31), T e C(2% — x5 2y, — yi).
Ilns pellleHHsi MOXKHO OBbLIO BOCIOJIB30BATHCA OOIUMH QOpMyJa-
-_ —_
mu (3) (cm. [2], a. 67). Tak kak AC = —2CB, 10 A = —2, orciofa
X = 2% — X1, ¥ = 2¥p — ¥1.

[Tpumep 10. Onpenenum mosoxeHHe LEHTPA TSIKECTH OLHOPOA-
HOTO CTepXKHs, COTHYTOTO MOJ HEKOTOPBIM YIJIOM, €C/H IJIMHBL €ro ua-
CTell paBHBI COOTBETCTBEHHO a H b.

Pemernue YaobHee Bcero o6paTutbCsi K apdUHHOH CHCTeMe
KOOpJIMHAT, B KCTO]ZEEI BEKTOpHI 6a3Kca COBMAJAIOT CO 3BEHbSIMH CTEP K-

- - —_—
Hs (puc. 9): ¢, = OA, e, = OB.

s oTbICKaHHS LEHTpA TSXKECTH MOXKHO 3aMEHUTh KaxKAoe 3BEeHO
MaTepHa/bHOH TOYKOH, pacloJIOXKeHHOH B ero cepeluHe, MpHuyeM Mac-
CBl 3THX MaTepHa/bHBIX TOYEK IPOMOpPIHOHAJbHBEI IJHHAM COOTBET-
CTBYIOIMIHX 3BEHBEB.

Ilpu sTHX ycnoBHAX Macca m; = ka cocpeloTOYeHa B TOUKe
P, (%, 0|, macca m, = kb cocpenotoueHa B Touke P, (O; %) [To ¢op-
myaam (6) (cm. [2], c. 69) nosnyuaem:

1
_ ka . -2-+kb-0=
ka -+ kb 2@+0b)’
1
~ka~0—|—kb—2-= b
Y= Thrwm 2@+b)

[Ipumep 1l. Kaxnas us ocelt mpsiMoyro/ibHO# AeKapToBO#l CH-
cTeMbl KOODAMHAT [OBOPAyYMBaeTCss OKOJIO HauyasJa BHYTPb I€pBOro

KBaJipaHTa Ha % paauad (puc. 10). CocraBbre opMyJibl NpeoGpaszoBa-

HHUA KOOpAHHAT.

Pemenue Bocnonpsyemcss dopmynamu (7) (cm. [2], c. 214).
B nanHOM cayuae:

13



| | cos—==
Y wt _ |
= K3_, o, =] e cosZ = —,
2 2 3 2
2 1
1
g S — . B= cos= =—, Bz-cosﬁ=ﬁ
92“ /\3\‘ Q,I X 3 2 —6 2
CuefoBaresbHo, X = @ X+
0 e, X —I-iy',y=-l-x’+ﬁ',
Puec. 11 2 2 2

ITpuwmep 12. Hayano xoop-
IMHAT NpPSMOYTOJILHOH JeKapTo-
BOH CHCTeMBl pPaBHOMEpHO I[epe-
MelaeTcss no OGHCCeKTpHuce mep-
BOr0 KOOPJIHMHATHOTIO yTJia CO CKO-

poctbio v. B 1O e Bpems ocs Oy
N0BOpaYyUBaeTcsi NPOTHB YacoBOH
CTPEJIKH C IOCTOSIHHOH YIJ0BOH
cKopocTeio ®, a ock Ox coxpa-
Puec. 12 HfIeT NepBOHAYAJ/IbHOE HalpasJle-
Hue. Hafinem ¢opmyasr npeoGpa-

30BaHUSI KOOpAMHAT B MPOU3BOJBLHLIH MOMEHT BpeMeHU L.
Pemenmue. Bocno.nbsyemca dopmyaamu (3) (cm. [2], c. 212).

Paccmotpum NI0/I0KeHHe el ’ e 6a3Hca B MOMEHT BpeMeHHM ¢ (puc. 11).

Ilo ycaoBuio 3anauu 00" = vt, el = el, ock 0"y’ cocraBasier ¢ ocbio Ox
yroJ

xY

P P’

% -+ of. CrieoBaTeIbHO, UMEEM:
xo—yo—\v\tcos I"[”/Q,ocl=l, B, =0,
Qy = Ié;l cos(% + cot) = —sinwf, P, = cos wl.
Urak,

— ! & IZ |tV§-
x=x"—y'sinot +-—5—:
y:y’cosmt..‘.LU_‘;_]/_-?.
[Tpumep 13. Touka M uMeer moJsipHbIE KOOPAMHATH 7 = 6,
Q= %. KakoBbl 6y1yT ee KoOpAUHATHL ', @', €CJM NepeHecTH noJoc P

B Touky P’ (21/3;0) H cOXpaHHTb HampaBJeHWe NONAPHOH ocu?
Pemenne. Ob6paruMcsa K pucysky 12. B tpeyroneHuke PP'M
N0 TeopeMe KOCHHYCOB HMeeM:
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|P'MPE = |PMP + |PP'[" — 2|PM| - |PP'| cos o,
T e =64+ Q2V3—2-6-2V3 cos% = 12. Crenosarep-
wo, ' = 2V'3.
C Zpyro#l CTOpOHBI, 1O TeOpeMe CHHYCOB,

|PM|__ _IPMI_ 6 oy

A~ N CT g o) .=
sin PPM sin MPP' sin(@—9)  sin &

. 3 a1/ o
Torpa sin ¢'= 1%_, OTKYJa CJELYeT, uTo ¢’ = 5 Hrak, B HOBOH cH-

a T
CcTeMe KOOpAMHAT TouKa M HMeeT Koopauatsl r' = 213, ¢ = ‘?

3agaum

31. Bribepute Ha IJIOCKOCTH HEKOTOPHIH 6a3uC ¥ MOCTPOHTE TOUYKH
¢ goopmuaatamu A (1; 1), B (1;0), C (0; —1), D (—2; 3); E (2; 5).

32. Bribepure Ha MJIOCKOCTH HEKOTOPHIH 6asHC M MOCTPOHTE BEKTOD
AB = (3; —2) ¢ Hauasom B Touke A (2; —1)

33. Hanume Te KOOP/HHATEL BEKTOPOB OEI, 0E2, E1E2 OTHOCHUTEJNbHO
6asuca (OEI, 0E2)

34, Bekrop a= (5; 4) umeer Hauaso B Touke A (—2; 3). Haitnure
KOOPJMHATEI €ro KOHIA.
35. Jdaun Bektope: a = (1; —2), b= (—0,5;1), ¢ = (2;0).

-

o —2b b -
Haiigute KQOpauHATE BEKTOPOB 6—2— " a—'{;— —c.
36. Iau napasnnenorpamm ABCD. Halizute KOOpIMHATEI BEKTODOB

—_ —_— —_— —_—
AC n BD otuocurensHo 6asuca (AB; AD).

37. Haiinure xoopauHaThl Bcex BepwnH kBaupata ABCD, ecau
HayaJso KoopAuHat O HaXOAUTCS B Cepe/iuHe CTOpOHEL AB u BekTOpaMH

6asuca SIBJSIIOTCS COOTBETCTBEHHO BEKTOPEI 0Au0C.
38. B tpaneunu ABCD uuxHee ocHoBaHHe AB B Tpu pasa GoJblue
pepxHero ocHoBanus CD. 3a Hauyaso KOOpJAMHAT B3siTa TO4Ka A, a

—_— _—

3a BEKTOpHI 6a3uca cooTReTcTBeHHO BeKTophl AB u AD. Halinure Ko-
OpAMHATH BEPIUMH Tpameluy, TO4KH O — mepecedyeHHs ee JUaroHaJes,
TOYKH S — MepeceyeHnsi ee GOKOBBIX CTODOH.

39. B kakom orHomenuu Touyka C (3; 2) Hdeaut oTpesok AB, ecau
A (0; 5), B (—1; 6)?

40. OrmpefiennTe NOJOXKEHNE LIEHTPA TSIKECTH OXHOPOLHOTO CTEepIK-
H$I, COTHYTOro B BHAe OYKBHI I', ecsiu JJIUHBL €ro yacrefl paBHBI COOT-
BerctBenHo 30, 20 u 10 cm.
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41. Kak BelpaxaioTcsi yepe3 ad¢dHHHBIE KOOPAWHATHI BEpILIMH Tpe-
yTOJIbHHKA KOODAMHATHl LEHTPa TSKECTH:

a) ONHOPOJHOH TpPeyroJbLHOH MJIACTHHKH;

6) TpeyrosbHHKA, COTHYTOTO M3 NPOBOJIOKH?

42. Otpesok AB nepemelaercs Tak, 4To ero KoHel A CKOJIb3UT MO
npamo#l y = 3, a KoHell B — no npamo#l x = —2. Hafinure koopau-
HaTbl KOHLOB OTPE3Ka B TOT MOMEHT, KOTJa ero cepefiiHa HaXOAHUTCS
B TOuke (3; 1).

- -

43. Ilpn kakoMm 3HayeHHH A Bektopel a = (A; 1) U b = (3; —2),
3aJlaHHble B NPSIMOYTOJIbHOH [€KapTOBOH cHCTeMe KOOpAMHAT, KOJIIH-
HeapHbl H NPH KaKOM — ODTOTOHAJBHBI?

- -

44. BoluucauTe cKaJssipHOE NpOHM3BefeHHe BEKTOPOB a U b, 3aJJaHHBIX
CBOMMH KOOpAHHATaMH B NpPSIMOYTroJIbHOH IeKapTOBOH CHCTeMe Koop-
JIMHAT:

a)a=(52), b=(=36), 6) a = (3; —5), b= (=1 —4).

45. B npﬂMoyro.anou JIeKapTOBOH cHCTeMe KOOpAMHAT 3a/laHbl ABa
BEKTOpa: a= (5 2)m b= (7; —3). Hakinure BekTOp x, yOBJIETBOPSI1O-
m,pm OZLHOBDEMEHHO JBYM YCJOBHAM:

= 38, bx = 30.
46. B npﬂMoyroanoﬁ IeKapTOBOH CHCTeMe KOOpJIUHAT 3ajaHhl
BEKTOPBHIL: (3 l) b (—2; 7), ¢ = (—3; 4). Haiinure koopau-

HaThl BEKTOpa (a b) .c.

47. B npsMoyroJpHOH JeKapTOBOH CHCTeMe KOOpAMHAT 3aJaHBbl
KOODJIMHATHL [ByX BeplWIMH TpeyrodeHuka: A (1; —2) u B (3; 4).
Hafinute KoopanHaTh TpeThefl ero BepiuuHbl C, 3Hasi, YTO 3Ta BeplUHHA

N
Jexur Ha ocu Ox u utro ACB = 90°.

48. B npsaMoyrospHOH NeKapTOBOH cHCTeMe KOOpAUHAT HaHauTe
Ha ocd Ox TOYKY, paBHOYJaJeHHYIO OT HayaJjla KOOpPJAUHAT U OT TOYKH
A (9; 3).

49. Ha npsmoii, npoxonsieit yepes Touku (4; 2) u (0; —1) (B nps-
MOYTOJIbHOH JeKapTOBOH cHcTeMe KOOpAMHAT), HaHAuTe TOYKH, OT-
CTOsIIHE OT TOYKH (—4; —4) Ha pacCTOSHHMH, PaBHOM 5 eIHHHIIAM.

50. Hafigure Besmuuuubl yrios TpeyrosbHuka ABC, sHas npsimo-
yroJibHble JeKapTOBE KoOpIuHATH ero Bepiuuu: A (2; 1), B (—3; 2),
C (0; 4).

51. JlaHel nmpsIMOYroJibHbIE AEKAapTOBbl KOOPAMHATHL BEpLIMH Tpe-
yronbHuKa A (2; 0), B (1; 1), C (5; 4). Hafinure A/MuHY BBICOTHI 3TOTO
TPeyroJbHUKa, NpPOBeLeHHOH W3 BepluuHbl A

52. 3Hasi NpPAMOYTOJIbHBIE [EKAapTOBBl KOODAMHATBHI BEPILMH Tpe-
yroansHuka A (1; —2), B (1; 1), C (5; —2), HaliiuTe AJIUHBL €T0 MeJHaH
U OBHCCEKTpHC.

53. M3BecTHB NpsIMOYTOJIbHBIE 1E€KAPTOBL KOODJAMHATH! ABYX CMEX-
HbIX BEpLIMH MpaBHJbHOro IiectTHyronbHuka: A (10; 2) u B (1; 2).
Hafiiure KOOpAMHATHI LEHTpa 3TOrO IUECTHYTOJbHMKA.
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54. Hafinure muomans uwerelpexyronbHuka ABCD, 3Has npsmo-
yrosibHble AeKapToBel KoopiuHatel ero BepuuH: A (0; 0), B (3; 0),
C (4; 5), D (0; 3).

55. JlBe BepIUMHBI TPEYyTroJbHHKAa HaXOAsATcs B Toukax (5; 1) u
(—2; 2). Tperbst BepunHa — Ha ocu Ox MPSIMOYTOJILHOM NEKapTOBOH
CHCTEMBI KOOpJAHMHAT. 3Hasi, YTO IUIOIAAb TpeyroJbHMKa paBHa b,
HaluTe KOOpPAMHATHl TPeThbeH ero BepLIMHBL.

56. 3Hasi MpsSIMOYTroJbHbIE JeKapTOBbl KOODAMHATHL JABYX NPOTHBO-
MOJIOXHEIX BepitnH pomb6a A (3; —3) u C (10; 11) u AMHY ero CTOpOHBI
AB (|AB| = 10), Haligure XOOpJAHHATBl JBYX JAPYTMX BEpIIMH pPOM-
6a.

57. JloxkaxwuTe, YTO B NpPSMOYTOJIbHOH JeKapTOBOH CHCTeMe KOOp-
JMHAT TPEYTObHUK C BepLIMHAMH A©0;0),B(31)ucC(;7) — npsa-
MOYTOJIBHBIH.

58. KakoBwhl KOOpAMHATH BEKTOpa ¢ = (9; 1) orHOcuTesBHO 6aswu-

ca, o6pa3yeMoro BEKTOpaMH a = 2 Du b= (1; O)?
59. Ian 6asuc (u v) BBOAHTCH HOBRIH 6a3nc (u ; v ), CBSI3aHHBIH

C MpEeXHUM paBeHCTBaMH! 4 =% -4 Bv, = 35 — 2. Hatfinure B
Gasuce (1'; v') KOOpAXHATH cleflylomux BekTopoB: a=(1; 1); b=(1; 0),
¢ = (5; —3).

60. [ana cucrema koopiauHat Ouv. Hayano HOBOH cHCTEMBI Ko-
opauHaT nomettieHo B Touky O’ (1; 0), a B KayecTBe HOBBIX KOOpJAHMHAT-
HBIX B3sTHl BeKTOpel 4’ = (1; 2) u v' = (—3; 0). Hanumure gopmysl
npeo6pasoBaEysl KOOPIMHAT NPOMU3BOJBHOH TOUKH.

61. B tpaneuun ABCD ocHoBanue AD B jiBa pasa 6oJblle OCHOBa-
Husi BC; O — TouKa nepeceyeHusi GOKOBBIX CTOpPOH; O' — TOYKa mepe-
ceyenus auaronased. CocraBbTe (HOpMyJbl Ipeo6pa3oBaHUsl KOOPAH-

—_ —> —> —
Hat, npu KotopoM Gasuc (OB; OC) 3amensiercs Gasucom (O'B; O'C).

62. Kax npeoGpasyiorcsi AeKapTOBBl KOOpAMHATHI TOYKH M (¥; y),
ec/Iu:

a) ocb abcuuce ocTaBUTh Ge3 H3MeHeHHs, a HalpaBJieHHe OCH OpIu-
HaT U3MEHHUTb Ha NPOTHUBOIOJOXKHOE;

6) 3a HOByI0 OCb abCUHCC NPHUHATHL OCh OpAMHAT, a 3a HOBYIO OCb
opAvHaAT — ocb abcuuce?

63. Kak HyxHO npeobpa3oBaTb ad(hUHHYIO CHCTEMY KOOpJAHHAT,
4TOOE! abCLIMCCHL BCEX TOYeK YMEHBIINJINCh Ha 3 eMHHIE!, a OpAUHATHI
yBeJMUHJINCh Ha 3 eJUHHIBI?

64. Touka M ortHocuTenbHO ABYX apdMHHBIX CHCTEM KOOpJIMHAT,
NOJYYaoIMXCs OfHAa U3 JApPYrofl mnapaJjileIbHBIM MepPeHOCOM, HMeeT
KOOpJAHHATHl COOTBETCTBEHHO (2; 5) u (—3; 6). Onpenenyure KoopAuHa-
Thl Hayasja KaxKJOH H3 3THX CHCTEM OTHOCHTENLHO APYroi.

65. CocraBbre Qopmyssl npeoGpasoBaHus addUHHON CHCTEMBI KO-
opiuHat, npu xotopoM touku O (0; 0), A (1; 0) u B (0; 1) mpeoGpasy-
torca B Toukn O (1; 0), A" (0; 1) u B’ (0; 0).

66. Haiinute BemMuuHy yrJa, Ha KOTOpPBIfi HEOOXOJUMO HOBEPHYThb
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OCH MpPSIMOYTOJILHOH [eKapTOBOH CHCTeMBEl KOOpJAMHAT, YTOOHl TOYKa
(—4; 2) nepemna B Touky (—V'2; 312).
67. IlocrpoiiTe cielyiollye TOYKH MO HX MOJISIPHBIM KOOpJUHATaM:

A(l; 0), 3(3; %) C4; m), D(l; g) E(2; —%n).

68. Iloctpofite caefyolmiye TOYKH MO HX OGOGLIEHHBIM MOJISIPHBIM
KOOpAMHATaM:

A (1; 3m), B (1; —3m), c(—z; %) D (0; 10m).

69. Ompeniennte NOJsIpHBIE KOOPAMHATH BepIUMH KBajpaTa, MOMe-
Iias NoJIoC B OJHY M3 BepIUMH 3TOr0 KBajJpaTa M NpHHMMAs 32 OpT
MOJISTPHOH OCH BEKTOp C HayaJoM B 5TOH BepLIMHE H KOHLOM — B IIpO-
THBOIOJIOXKHOH BepIINHE KBajpara (QuaroHaab KBajpara).

70. IlaH mpaBMJbHBIA MIECTHYTOJNBHHK, CTOPOHA KOTOPOTO paBHA 4.
[lpuHsB 3a MoJoc OJHY U3 ero BepIlHH, a 32 MOJISIPHYIO OCb — CTOpO-
HY, Yepe3 Hee NPOXOJALLYIO, HaHIWTe MOJSPHEIE KOODJMHATHI OCTaJb-
HBIX MSTH BEPLIMH MIECTHYTOJNBHHKA.

71. Halizute npsiMOyroJsibHele JeKapTOBBI KOODAMHATHI TOYEK, 3a-
JaHHEIX CBOMMH MOJISIPHBIMH KOOpAMHATaMu:

A(Q; _’;),B(Vi;i:), (3 ——) D4 3m), E(—1; —m).

72. 3Hasi mpsIMOYTOJIbHBIE IeKaPTOBLI KOOp AMHATH Touek: A (3; —4),
B (—1; 1), C (5; 0), D (—3; 4), naiigute nossipHble KOOPJIUHATH STHX
®Ke TOueK.

§ 2. TeoMeTpMUECKMH CMbICNT YpaBHEHMMH
M HepaBeHCTB

Jureparypa: [1], § 13—23; [2], § 11—13, § 26; i3], § 13—14.

ITpumep 14. BreisicHUM, KaKOe MHOXKECTBO TOYeK 3alaHO B ad-
(UHHOH cHCTeMe KOOpJAMHAT ypaBHeHueM
— + =
lxl lyl
Pemenune. [lpu moObIX MNOJNOXKUTEJNBHBIX 3HAYEHUSIX X U Y
IaHHOe ypaBHEHHe YIOBJIETBOPSIETCS, TaK KaK [/ TAaKUX 3HaYeHHH
[x] = %, |yl =y.
ITpu x = 0 unu y = O ypaBHeHUe He UMeeT CMhICJIa.
X
Ecin x >0 y <0 i x <0 u y >0, 10 ﬂ—l—ﬁ-—o,
x y

T. €. 3TH 3HA4YeHHA He YJOBJIETBOPAIOT ypaBHEHHIO.

Ecmn x <0 uy <0, TO———I- lyl— —2, T. e. 3TH 3HAYeHWS X
y
H y TOXe ypaBHeHWIO He yZ[OBJ'IeTBOmeT.

MTaK, JaHHO€ YpaBHEHUE ONpeAe/iseT MHOXKECTBO BCEX TOUEK, obe
KOOpAHMHATBI KOTOPBIX MOJIOKUTENBbHB], T. €. MHOXKECTBO BCEX TOYEK,
JieKallux B NMepBOM KBajpanre.
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lipumep 15. CocraBum B NMPSIMOYTrOJIbHBIX KOOpJMHATaxX ypas-
HeHue, omnpefedsioiiee otpesok OP, rae O (0; 0), P (1; 0).

PemeH ue. [aHHbH OTPE30K MOXKHO paccMaTpUBAaTh KaK MHOXKe-
CTBO TOYEK, AJIsi KOTOPHIX CyMMa paccrosiHuil ot Touek O u P paBHa ely-
HHULE, T. €. JJs Jo00H ToukH M (X; y) 5TOrO OTpe3Ka U TOJILKO JUIs €ro
TOueK ClpaBelIuBO cooTHoueHue |OM| 4 |MP| = 1. Tlepexoaa x
KOOpJUHATaM, TOJY4HM:

VA+y+VI—xp+y =1

IMTpuwmep 16. Hanumem ypasHenue, onpenedsiouiee Kpyr paguy-
ca | c LeHTPOM B HayaJsle NPSIMOYTOJIbHOH JeKapTOBOH CHCTeMbI KOOp-
IUHaT.

Pemenue. Jlia TOYeK Kpyra BBINOJHSETCS HEPaBEHCTBO x*--
+ 3y*— 1 0. Ilpy BHIMOJHEHHWM STOTO HEPABEHCTBA CIPABE[JIMBO
cooTHomenue: |x2 + y2 — 1| = —(x* 4+ y* — 1). M3 nocnennero co-
oTHoweHHus crenyer, yto x* + y2 — 1 0. Takum oGpasom HepaBeH-
ctBo x% -+ y2 — 1 < 0 paBHOCHIBHO ypaBHeHHIO |x% -+ y2 — 1|+
+ x> 4+ y2 — 1 = 0, KOoTOpOE H fABJISIETCST HUCKOMBIM YpDaBHEHHEM.

IMpuwmep 17. TocTpoum (B NpsAMOYTOJILHOH [IEKAPTOBOH CHCTEME
KoopaHMHAT) (UIypy, ONpelenseMylo CHCTEeMOH HepaBeHCTB:

[ 24y,
y > 0,5.

Pemenue. Kaxk orMeuedo B mpuMepe 16, mepBoe M3 3TUX He-
DaBeHCTB ONpeje/sieT Kpyr pajuyca 1 ¢ 1eHTPOM B Hayaje KOOPAMHAT.

Bropoe HepaBeHCTBO ONpeJeseT MOJyIJIOCKOCTb, OrPaHHYEHHYIO
cuusy npsivoit y = 0,5.

CucreMa JaHHBIX HEPABEHCTB OINpele/sieT NepeceveHue sTHX QuUryp,
T. €. u306paxeHHbIH Ha pHCYHKe 13 KpyroBO# CerMeHT (BMecTe C ero
rpaHunen).

[Ipumep 18. CocraBuM ypaBHEHHE NOJIOCHI, COAepKallell CBOH
rpanuusl x = 0 1 x = 1 (cucremMa KOOpAMHAT NpSIMOYyTroJibHas JeKap-
TOBA).

Pemenwue (puc. 14). YKasaHHas noJoca ONpelessieTcs CHCTe-
MOli HepaBeHCTB:

///é%? 7

N

0 1 X

Puc. 13 Puc. 14
19



{x}O,

x—1<L0.
Hepagercteo x > 0 pasHo-
CHJIBHO ypaBHEHHIO ¥ = | x| wju

ypaBHeHHO |X| — x =0, a Hepa-
BeHCTBO X — 1 < 0 paBHOCH/IBHO
ypaBHeHHIO X — 1 = —|x — 1]
wi |x — 1| 4+ x— 1 = 0, nosro-
My CHCTEMY HEDABEHCTB, OMpeje-
JISIOWHUX T0JI0CY, MOXHO 3aMH-
caTh CJAefyroHM 06pasoM:

[x] —x =0,
| — 1] 4+ x—1=0.

CkaajbiBasi MOYJNEHHO ypas-
HEHM$ 3TOH CHCTeMbl, oJyyaeM MCKOMOE ypaBHeHHe 3aJaHHOH MOJOCH:

[x| 4+ |x—1]—1=0.
I[Tpumep 19. B o6o6uieHHO# MOJSPHOH CHCTEMe KOOPAHMHAT MO-

CTPOHM rpadHK QYHKLUHH P = a cos 2¢.
Pemenue Ilpu ¢ = 0 maxonum: p = a. Ilpu yBenuuenuu ¢

ot 0 10 % noJIsApHEI# pajuyc p y6eBaer ot a fo 0. B yactHocTH, p = —g—

¥

Puec 15

I
mpH ¢ = -

IlosyyeHHble NaHHBe MO3BOJAKT MOCTPOMTH (puc. 15) wacth rpa-
o o 11
(uka, exauyio BHyTpH yIiia Mexy NOJNPHOMN OChIO U MPAMOH @ = T

[Tpu ’-} <o <%, T. €. npn%— <20 K m, mnonApHBIA panuyc

OTpHUATEJIeH, TaK YTO OTKJ/IA/IbIBAETCA Ha NMPOJOJIKEHHH COOTBETCTBYIO-
uux Jgyyed. [Tpu stom OH BospacTaer mo aGCoOJIIOTHOH BeJHuHHE oT 0

a 1
10 a, NpHHHMAsl, B YaCTHOCTH, 3HaueHHe — MpH @ = 3 ITo stumM
JaHHBIM HaMeyaeM JasbHeHIIMH XO[ rpaduka.
T, 3w
Ananoruuso crpoutcst rpadguK B MHTepBase ]—2—; —4—[ UHT [

ITpumep 20. HanumeM B MOMSAPHBIX KOOPAMHATAX YpaBHeHHe

MpsIMO#, napaJulelbHOH MOJISIPHO#H

M(p;®) OCH H OTCTOfllle# OT Hee Ha pac-

CTOSIHUM a, KAK [OKA3aHO Ha pH-
cyHke 16.

P a Pemenue. [ycrs M (0; ¢) —

TeKylast TOYKa npsiMOH.

p 4 .  OmycTum u3 Hee nepneHmHKYJIsp,

X Ha MOJIIPHYIO OCh (MJIM Ha ee npo-

Puc. 16 nomxenue). Torga B mosmyuusiem-
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Csl MPSIMOYTOJIbHOM TpEYTOJNbHHKE MPOTHB Karera, [JMHA  KOTO-
poro paBHa @, JIeXHT YroJ, BeJHYHHA KOTOPOTO  paBHAa @
(n1n 180° — @). IlosToMy a =psin ¢ (4nmu a = p sin (180° —

. a
— @), T. e. a = psing, oTkyla p = ——. HerpyaHo y6emurscs B
sin @
TOM, YTO BEpHO ¥ 0OpaTHOe yTBepKIEHHe, T. €. YTO MHOXKECTBO TOUEK,
a
KOODAHHATEI KOTOPBLIX (0; ), YAOBJETBOPSIOT YPABHEHHUIO P =

smcp
NpHHAJJIeKAT MNPSMOM, NapaJiienbHOH nmosspHOH ocu. (YGemurech B

3TOM caMocTosiTesibHO.) TakuM oGpasom, p =

— HCKOMOe€e aB-
sin @ P
HeHHue.

3agaum

73. B npsMOyrosbHOH cHCTeMe KOODIHHAT [MOCTPOHTE JIHHHH,
omnpeJe/sieMple C/elyIOMNMH ypaBHEHUSIMU:

a)x—y=0; 3) (x-—l)(y+2)=0;
6) x = 3; H) (x—2)2 (y + 3?2 = 0;
B) X! — y? =0 K) |x] =
r) xy = 0; J) y——-3x+2y-6
n) xy =4; M) y=—
1 4+ x2
e) X2+ y* = 4; H) xX* —siny 4+ 1 = 0;
x) xy + x* = 0; 0) sinfx —cosy + 1 = 0.

74. B nossipHOH CHCTeMe KOOpJAMHAT MOCTPOMTE JIHHHM, ONpeneJs-
eMble CJeLYIOWUMH YpaBHEHHSIMH:

a) psing =1 n)p=l—4—;

—cos @
6) p—5=0; e) p = acos @;
B)(P=—%; X) p = a cos 3¢.
r) p=—

75. J'IemaT Ju ToukH (3; —2), (0; —3), (1; —1) Ha auHUH, ompeXe-
JsieMoHl ypaBHeHUeM x® — xy = y+ &

76. Ha onunuu, onpenesnsiemoit ypaBHeHHeM ax + by 4+ ¢ =0,
yKaXure KaKHe-1160 TPU TOUKH.

77. CocTaBbTe YypaBHEHHe, OMNpeJeJsiollee MHOXKECTBO LEHTPOB
OKpY2HoOCTefl, Kacaomuxcs ocd Ox U NPOXOIAIUX yepe3 TOUKy (3; 4).

78. Jlana npsiMas g ¥ Ha pacCTOsiHUU a oT Hee Touka A. Uepes sty
TOYKY MPOBOASTCS BCEBO3MOXKHLIE NMpsMble W Ha KaXHIOH M3 HHUX OT
TOYKH [epeceyeHUs ee ¢ JaHHOH NpsMOI OTKJAaAbIBAIOTCA B 06e CTOpO-
Hbl OTPE3KH MOCTOSIHHOH IyuHHL b. JIuHHs, o6pa3yemasi KOHLAMH 3THX
OTpe3KOB, HasniBaeTcss KoHxouno#. CocraBbTe ypaBHEHHE KOHXOMIBI
B MOJISIPHBIX U B NPSIMOYTOJIbHBIX JeKapTOBLIX KOOpJUHATaX, BhIGHpas
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flofxoAAmuM o6pa3oM CHCTeME! KoopiuHat. [loctpoiite 3Ty KpHBYIO,
paccmaTpuBas TpU caydasa: a > b, a= b, a < b.

79. Jloxaxure, 4TO MHOXKECTBO TOYSK, JJisi KOTODLIX Pa3HOCTb KBaj-
paToOB PacCTOSIHUH OT ABYX AaHHBIX ToyeK A, B nocTosiHHa, ecTb Nps-
Masi, ep HeHANKYJIsipHast K npsiMoi A B.

80. Ompenenure, KaKylo JIMHHIO OIIMCHIBAeT cepefllHa OTpPEe3Ka,
KOHIIBI KOTOPOTO JBHXKYTCS 1O CTOPOHAM MPSIMOTO YTIJa.

81. Crepxkeb AB ckosb3ut B Mydre, Haxopsueiics B Touke O.
Hexoropasi Touka P crepKHs ONHCHIBAET OKPYKHOCTb JuaMeTpa d,
npoxoxsmyo deped Touky O. Halizure ypaBHeHMe JIMHHH, KOTODYIO
ONHCHIBaeT KaKasi-1ubo Jpyrasi TOYKa M IOJBMKHOTO CTepKHS (B
MOJISIPHBIX U NP SIMOYTOJIbHBIX KOOpPIUHATAX).

82. Tpaekropusi KakoH-iu60 TOYKH OKpYKHOCTH, Karsiuefics Ge3s
CKOJIbXKeHHs MO NpsIMOH, HasbiBaercs LuKJoHAoH. CocraBbTe mapaMe-
TpHYECKHe YpaBHEHHs LHKJOHWIL, NpPHUHHMas 3a MapaMeTp Yroa @
NOBOPOTA pajuyca, COeUHSIOIET0 LIEHTP KaTsAIIerocs Kpyra ¢ noJBHx-
HOH TOYKOH.

83. Hafizure mapamerpuueckue ypaBHeHHsl pasBepTKH Kpyra, T. €.
TPAaeKTOPHHM KOHLA HATSHYTOH HHTH, CMaTHIBAEMON C HENOABHKHOH
KpYyIJof KaTyIIKH.

84. LleHTp OKpYKHOCTH HAXOIMTCS B Hauyaje JEeKapTOBOH IpsMo-
yToJIbHOM cucTeMbl KoopAuHaT. Kak 3amucaTh ypaBHEHHe TOH ee noJy-
OKPY2KHOCTH, KOTOpasi JIEXKHUT B OOJIACTH MOJIOXKHTEJIbHEIX OpAMHAT?

85. Mzob6pasure Qurypsl, omnpefensieMele CJIeAYOMIUMH CHCTEMaMH
HEPaBeHCTB B NpPSIMOYTOJIbHBIX KOOpJAMHATaXx:

l){0<x<l, 2){—l<y<l, 3) 1 <4y <4
0<y<| 1 <+ y%

86. Kaxk mpeicraBuTb B MOJIAPHBIX KOOpAMHATax Kpyr paiauyca R
¢ LeHTpoM B noJioce O:
a) HepaBeHCTBOM; 0) ypaBHeHHeM?

87. Msobpasure ¢uryper, omnpefessieMble CJAEIYIOUUMU CHCTEMaMH
HepaBeHCTB B MOJSPHBIX KOOpJAHMHATaX:

a) 1 <p <2 6) (p <1, B){p<l,
0<o <™, p sin @ > 0,5.
2’

§ 3. MNpamaa nuuua

Jdutepatypa: [2], § 14—18; [3], § 16—20.

ITpumep 21. CocraBuM ypaBHeHHe NpsIMOil, NpoXojisiuel uepes
To4Kky P (a; b) u nepecekaromeit ocb Ox B Touke Q (c; 0).

Pemenue. 1) Eciuas=cub =0, o Touku P u Q passuuHbe,
npuyeM npaMas PQ He mapaJJesbHa KOOpAUHATHOH ocH. B atoMm ciyuae

MOKHO BOCITIOJIb30BATbCA ypaBHeHHeM ——— b = Y—=0 (cy [2],
Xo— X1 Yo — N
c. 117 cdopmyaa (5)).
[lonaras spech X, = @, y, = b, X, = ¢, y, = 0, moayuuM:
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x—a y—b

c—a 0—b
INocsie oueBHMAHBIX YIPOLIEHHH 5TO ypaBHEHHe NPHBOJUTCS K BULY:
bx+ (c—a):-y—bc=0.

2) Ectm a =cu b0, To Toukn P u Q pasjuyHBl, PHUYEM Mps-
mast PQ mapansensHa ocu Oy. Bce Touku mpsiMo#t GYAyT HMEThb OLHY
U Ty e abCuucCcy a, ¥ ypaBHeHHe NMpPSIMOH MOJYYUT BHA: X = Q.

3) Ecmua s~ cu b = 0, To Touku P u Q pa3nuuHbl 1 obe Jiexkar Ha
ocu Ox. Mckomasi mpsMasi coBmajaer ¢ oceto Ox ¥ 3amuIIeTCsl ypaBHe-
HueM y = 0.

4) Ecivw a = c u b = 0, 10 Touka P coBnafaer ¢ Touko# Q (a; 0).
Uepe3 3Ty TOUYKY MOXKHO INIPOBECTH 0eCKOHEYHOe MHOKeCTBO (NyYOK)
npsMblx. Kaxaas U3 HUX 32 HCKJ/IOYeHHeM NpPSIMOH x¥ = g Ompefieis-
erTcsi ypaBHeHHeM BHIAa y = k (x — a), Tle yrJjoBol KosddHLHeHT k
MOKeT NpPHHUMAThb Jio6oe 3HaueHHe.

[Tpumep 22. 3anuueM ypaBHeHHe nNpsMol ax 4 by 4+ ¢ = 0,
rie a =0, B napamerpuyeckod copme.

Pemenune. 1) Ilycrs b= 0. Ionoxum x = mt + x,, roe m
H X, MOXHO BbIOpaTb NPOM3BOJILHO, ! — mapameTp. Brlpasum y ue-
pes x:

- 8, _c
y b b’

[MoacraBass TeNnepb BMECTO X €ro napamMerprHyeckoe BbIpaxkKeHue,
NOJy4YHM:

A b
Uraxk,
x=mt+ x,,
—_any  axntc
( b b

napaMeTpHuecKHe ypaBHeHHS JaHHOH NpsIMOH.
2) Ilycte b = 0. YpaBHeHHe NMPSIMOH B 3TOM CJydae HMeeT BHJ;

c
ax+c=0 um x = ——.
a

3ameruB ele, uto npu b = 0 He3aBUCHUMO OT BHIOpAHHBIX 3HAUEHHI Y
6yzner by = 0, nonoxuM y = {. Takum 06pa3oM, MBI NOJyYHM CJENYIO-
Wyl0 CHCTEMy ypaBHeHWit: (, _ _ ¢
’
a

y=1=1

ITpumep 23. [lano ypaBHeHHe NpsIMOH B NpSIMOYTOJIbHOH JeKap-
TOBOH CHCTeile KOOpAHHAT:

T P11
% cos— —ysma—i— 2=0.
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3anumeM 3TO ypaBHEHHe B HOPMAJbHOM BHAE W MOCTPOUM 3aJaHHYIO
npAMYIO.
Pemenue. Ilo gopmyse (5) (cm. [2], c. 134) nmoayuum:

—xcos—na- +y sing--—Q = (.

CpaBHHUBas 3T0 ypaBHeHMe C ypaBHeHHeM X cos @& + ysina — p = 0,
NOJY4UM CJEAYIOUlYI0 CHCTeMY ypaBHEHHH:

T
coso = — COS—,
6

. . 1
sina = sin —,
6
p=2.

51
Pewast sty cucreMy, HaXoAuM, 4TO O = i

CueoBaTe/bHO, JAaHHOE ypaBHEHME MOXKHO NepenHucarh Tak:
57 . 5m
xcos-6— +ysm% —2=0.

Jasi nocTpoeHuss mpsIMOH JOCTATOYHO MPOBECTH Yepe3 Hayaso Ko-
51
OpJAHHAT J1y4 (HOpMaJib) MOA yTJICM ¢ Kocu Ox, OTJIOXKUTb Ha HEM OTpe-

30K IJIMHBI, PAaBHOH 2, M NPOBECTH MPsIMYyIO Yepe3 KOHeI[ 5TOr0 OTpe3Ka
nepneHMKYJ/IsIpHO K HOpMaJIu.

[Tpumep 24, 3anumeM ypaBHeHHe mpsmoil x —y 4+ 5=10
B HOBOH apMHHOH cHcTeMe KOOpAMHAT, B KOTOpO# ock O'x’ cormajaer
c mpsimo#t x +y—4 =0, ocb O’y — ¢ nmpsamot 2x —y 4+ 7 =0,
a Touka, AJs1 Kotopo# x' = 1, y' = |, HaxomuTcs B Hauase cTapoi
CHCTEMBI KOOpJUHAT.

Pemenue KoopanHaTel Hayana HOBOH CHCTEMbI MOXKHO MOJY-
YUTh KaK TOUKy nepeceuenus ocei O'x" u O'y": O' (—I1; ).

IMpu x' =1, y' = 1 posxuo 6bith x = 0, y = 0. CienoBarebHO,
ec/Iu

{x ax’ + .y + X,
y =B + By’ + %o

(cm. dopmyary (3), [2], ¢. 212), Tot; + 0y — 1 = 0,8, + B, + 5 = 0.

ITo ycnoBuio yraoBo# Kosdduuuent ocu O'x’ paBeH —1, a yrioBoi
ko3p¢duunent ocu O'y’ paer 2. Ho yrsioBo# KodhHIHEHT npsiMoi
MOXKHO pacCMaTpHUBaTh KaK OTHOLIEHHE OpAMHATHI K abcCuucce Hampas-
Jsiouiero sekropa (em. [2], ¢. 38), a nas npsiMbix O'x’ H COOTBETCTBEH-
Ho O'y’ B KaueCTBe HaNpaBJISIOLIMX BEKTOPOB MOXKHO BBIOPATh BEKTOPLI

HoBore Gasuca. Takum obpasom, = = —1, B, 2.
ay 1223
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Pemas cucremy: o+ a,—1=0,
[31 + f’z + 5 =0,
a;, + B, =0,
By — 205 = 0O,
HONYUHM: Q) = z B, = I oy = 4 B, = _8
3’ 3’ 3 3

CrienoBatedbHO, opMyJibl MpeoGpasoBaHus KOOPAMHAT UMEOT BHA

YpaBHeHHe ¥ — y + b = 0 mnpeoOpasyercs NpH 3TOM B ypaBHEHHe:
14x" + 4y’ — 3 = 0.
[Tpumep 25. CocraBuM ypaBHeHUe NpsAMOH, NMPOXOAsiled yepes
TOYKY MepeceyeHusl MPAMBIX d;X + by + ¢ =0Huax + by + ¢, =
= 0 u nmapasanenbHo# npaMofl azx + bgy 4 ¢3 = 0.

Pemenue. Ilo ¢opmyne (4) (CM [2] c. 143) myd4ox npsAMbIX,
MPOXOAALIMX Yepe3 yKasaHHYIO TOUKY, 3aJaercs ypaBHEHHEM:

o (ax + by + ¢;) + B (apx + byy + ¢)) =0
(@0 + af) x + (bo + byf) y + (@ + ¢.f) = 0.

CoryiacHo yc/ioBHIO NapaJenpHocTd (eM. [2], c. 141, Teopema [17.3])
JOJIXHBI BBHINOJIHSITHCS COOTHOLIEHHUS:

2,0, 4 a,p — b0 4 by #CN +cf .

a, bg 3

HJIU

Iponopuus
a0+ af _ ba+ b

as by

NPUBOAHUT K COOTHOLIEHHUIO:

o = agby — aybg B.
a;bg — agh,

HpOHBBOlIH NOACTAHOBKY S3TOrO 3HAa4YeHHA O B ypaBHEHHE MNYydKa,

HOJTyUHM:
s (a1by — a3by) x + by (a1, — asby) ¥ + (as (bety — b5Ca) +
+b; (a,6, — axty)) = 0.
bya + b, _ao+ cp
3 Cs ’

TO MCKOMas MpsMas coBmafer ¢ npaMol agx 4 bgy + c; = 0. Herpyz-
HO MpPOBEPHTh, YTO MNOCJIENHEE PABEHCTBO MPHUBOJUTCA K COOTHOILEHHIO

Ecan okaxercs, 4to

a;b,¢,
304Cy
asbsCs

= 0.
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7 A 510 ¥ o03HayaeT NpHHALIEXK-
j D(0;1) Q c(1;1) HOCTb BCEX TPeX NAHHBIX MpPSMBIX
omHomy myuky (cM. [2], c. 146,
IAR teopeMa [17.8]).
P(0}b) N (a:b) [Tpumep 26. Ha croponax

AB u AD mnapajienorpamMma

ABCD (unmu Ha HX [pPOJOJIKE-

- X HHSIX) B3STHl COOTBETCTBEHHO TOY-

]A(O,‘O) S(a;0) "B(1;0) Kd S 4 P, OTJMYHBIE OT TOYeK

Pue 17 A, B, D. Yepes 14 TOUKH mpoBe-

JeHbl npsmele PR || AB w

SQ|| AD, rme R € BC, Q €CD. JoxaxeMm, uto npsMmele BP,

SD u CN, rae N = (PR) () (SQ), nubo nepecekaioTcst B OJHOH TOUKe,
60 napaJJegabHb.

Pewenue. I[IpumeMcroponst ABu A_D_)sa ocu Ox u Oy adduHHOM

—_—
cucTeMbl KoopjauHaT, a Bektopsl AB u AD —3a BeKtoph G6asuca
(puc. 17).
Ilycrs abcuucca TOukM S paBHa @, a OpAMHATa TOYKH P paBHa b,
torga touku A, B, C, D, S, N, P 6yAyT HUMeTb TaKue KOOpJIHHATHL:

A (0; 0), B(1;0), C(1; 1), D (0; 1), S (g; 0), N (a; b), P (0; b).

Hafizem teneps koopaunatel Touku K = (BP) () (SD).
Haxonum ypaBHeHue npsmoii BP:

3:.+.2L= 1, wim bx +y=b

Hanee HaxomuMm ypaBHeHue npsiMmodl SD: x 4 ay = a. Ecan ab 54 1,
TO, pellas CHCTEMY ypaBHEHHIL:

{ bx +y=0>,
x4+ ay = aq,
HaXOAUM KOOpAMHATHl TOYKH K:
__ab—a _ab—b
T a—1 ab—1

INoncranoBKo# y6exnaeMcsi, YTO 3TH KOOPAHHATHI YAOBJIETBOPSIOT ypas-
o x—a y—b

HeHuio npsmod CN, T. e. ypaBHEHHIO T T 910 o03Hauaer,

yto npsiveie BP, SD u CN umetor obmyio touky K. ([Ipu cocraBieHuu

ypaBHenus npsamMo#é CN BaxKHO OTMETHTh, YTO @ 5= 1 u b 5= 1, notomy

yTo npy @ = | Touka S coBnajana 6l ¢ Touko# B, a npu b = 1 Touka P

coBmajana 6bl ¢ TOUKOH D, 4TO NPOTHBOPEYHT YCJOBHIO 3aJayH.)
Ocraercs paccMoTpeTb cayuait, Korfa ab = 1. B atom cayyae b =

=1 , TaK 4TO ypaBHeHHeM npsMoi BP OyleT ypaBHeHue: X + ay —
a

— 1 =0, a ypaBHenueMm npsamoii CN — ypaBHeHHe X + ay — (a +
+ 1) = 0. YuuteBas, yto ypaBHeHHe IipsMoil SD Hamu yxke moJy-
yeHo: X + ay — a = 0, sameuaeM, uto npamele BP, CN u SD napaJ-
JIeJIbHBI.
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PncyHPK, HJLTIOCTP ¥ P YIOLL Mt c(0;1)
NocJefHUl cayyai, peKoMeHIyeM
BBITNOJIHUTL CAMOCTOSITEJNBHO.

I[Tpumep 27. Hafizem mio-
waabL yeTeipexyrojbiuka ABCD,
BepLUHHBEI KOTOPOTO B NP IMOYTOJb-
HOH JIleKapTOBOH CHCTEMe HMeIOT
KOOp IMHATHI

A (1; 2), B(—=3;4), C(0;0)
u D (5;

(5; —6). A(0;0) ¢'(4:0) 8(1,0)
Pewenue. Ilodopmye (12)
(em. (2], c. 74) Pac 18
121 (1121
Saac=5|—34 1|=5, Spucp="5|0 01/=8.
001 5 —6 1

BrisicHuM nosioxkeHue Touek B u D otHocuTenbHo npsimoit AC, omnpe-

Jensiemodl ypaBHenneM 2x — y = 0. PaccmarpuBaeM (yHKIHIO
F(x,y)=2x—y:
F(—3,4) = —10 <0, F (5, —6) =16 > 0.

Orciona cnepyer, yTo Touku B u D siexaT No pasHble CTOPOHBI OT
npamoii AC, no3toMy Sapcp = Spasc + Spacpo = 13.

[Tpumep 28. lokaxkeM, 4To MelHaHbl TPEYrOJbHHKA Mepeceka-
I0TCSl B OfHO# TouKe. (B mpumepe 1 Mbl JoKasanu 3Ty TeopeMy, IpHMe-
HSIT BEKTOPBHL.)

Pemenwue PaccMorpum npoussosbHbifl TpeyroasHuk ABC

(puc. 18). B xauecTBe BeKTOpOB 6asuca BO3bMEM BEKTODEI AB u AC.
Torna Bepmune! TpeyrosmpHyKa noaydar koopaunatst A (0; 0), B (1; 0),

C (0; 1). Cepenuna cropoust AB — Ttouka C’ %; 0}, cepenuna cropo-

Hbl AC — TOuka B’ (O; —;), cepenuHa croponst BC — Touka A’ é; -;— .

CocraBuM ypaBHeHHs] MeluaH. YpaBHeHHeM Mexuanbl AA’ Gyger
ypaBHenue: x — y = 0; Memuannt CC": 2x + y — 1 = 0, MexuaHwl
BB': x + 2y — 1 = 0. IIposepsiem, uTO

1—1 0
2 1—1] =0,
I 2 -1

orciofia corsacHo TeopeMe [17.8] (cm. [2], c. 146) Memuansr nepecekaroT-
Csl B ONHOH TOYKe, YTO ¥ TPeGOBAJIOCh JOKA3aTh.

[Tpumep 29. OnpesesuM u u3o6pasum 06sacTb, ONpeEsIEMYIO
CHCTeMOHl HepaBeHCTB:
{ x >0,

x+y—12>0.
Pemenue. HepaBerctso x > 0 onpefenseT MOJNYNJIOCKOCTD,
pacnosnoxenHyio npasee ocd Oy. UToObl BEIICHHTb, KaKyIO MOJIYINIO-
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CKOCTBb Ol'IpeJleJ'IﬂeT HepaBeHCTBO
g x+ 1>0
y— y HOCTpOI/IM l'IpH'

) Mmyio AB, onpelensieMyio ypaBHe-

..OWW Huem x + y — 1 = 0. Tak kak
4.0"“%%\%’“\” npu x =y = 0 JeBas yacTb noc-

B(0;1) ”'&&“’“’&Q’“’i& JIe[HETO YpaBHEHHS OTpHLATLMb-
\‘\‘“’.’Q’Q’Q’Q‘Q&Q Ha, TO HepaBeHCTBO X + y—1>0

& \’&%’Q’Q’Q’Q’Q’ onpefensieT Ty MOJYIUIOCKOCTh

0 O N @\’Q‘%’& OTHOCHTENBHO MpPSAMOH X + y —
"‘%‘;“' —1=0, KoTOpas He COAEpPKHUT Ha-

yajsa KoopjauHat (cM. [2], c. 125,
teopeMa [15.3]). Takum oGpasom
Puc. 19 JlaHHasl CHCTeMa HEpaBeHCTB OIl-
pelensieT BHYTPEHHIOIO 00/1acThb
yraa ABC (puc. 19).
ITpumep 30. Mso6pasum B NpsIMOYTOJIBHOH CHCTEME KOOpAHMHAT
o6JlacTb, ONpefesisieMyl0 CHCTEeMOH HepaBeHCTB:

x >0,
y >0,
x+)’—1 >09
x+y—2<0.

PemeH ue. TlepBrie 1Ba HepaBeHCTBA ONpPeeNsIOT NePBLIH KBaJ-
paHT, TpeTbe — Ty IOJYIJIOCKOCTb, TpaHMlledl KOTOpOH sBJseTCs
npsivast x + y — 1 = 0 ¥ KoTOpas He COJEPXHT Hauasla KOOPAHMHAT;
YeTBEpPTOE — Ty MOJYIJIOCKOCTb, TpPaHHLEHd KOTOpoH siBJasieTcss Hpsi-
Mast x + y — 2 = 0 u KoTopasi COAepKHUT HayaJio KoopauHar. Mckomas
o6sacTh — BHYTpPeHHsIs1 o0sacTb paBHOGOYHOH Tpaneuun ABCD
(puc. 20).

I[Tpumep 3l. Halizem MHOXKeCTBO BCceX TOYEK IJIOCKOCTH, KO-
OpJAMHATH! KaXXJI0H M3 KOTOPBIX YAOBJETBOPSIOT NO KpaHHe# Mepe 0JHO-
My M3 HepaBeHCTB:

24+ y—4L0x4+y—32>0.

PemeH ne 3afaHHble HepaBeHCTBA IO CMBICJY 3ajauu obpasy-
IOT COBOKYNHOCTb HepaBeHCTB. [I03TOMY HCKOMOe MHOXKECTBO TOYEK
HafileM KaK o0beiliHeHHe MHOXKECTB TOYeK, KOOpAHHATEl KOTOPHIX YAOB-
JIETBOPSIIOT 3TUM HepaBeHcTBaM. M3 mepBoro HepaBeHcTBa Cieflyer, 4TO
y < —2x + 4. TlocTpoMM Ha MJIOCKOCTH TMpsMylo y = —2x -4,
(puc. 21). Dra npsMas JeJUT MJOCKOCTb Ha JBe MOJYMJIOCKOCTH. Tak
KaK KoOpAuHaThl TOYKH O yIOBJIETBOPSIOT HEPABEHCTBY y < —2x + 4,
TO MHOXKECTBOM TOYeK, KOODAHHATHl KOTOPEIX YHOBJETBOPSIOT 3TOMY
HepaBeHCTBY, OyJeT Ta U3 [BYX MOJYyIJIOCKOCTeH, OTpaHHYeHHBIX Nps-
Mol y = —2x -+ 4, KoTOpas CoAepKHUT TouKy O. AHaJIOrMYHO NOJyYaeM
MOy IJIOCKOCTh, OTPAHHYEHHYIO NPSIMOH y = —x 4+ 3 U He cojepxa-
myio Touky O. Mckomoe MHOXKECTBO TOYEeK 3amoJIHSET Ty 4acTb IJIO-
CKOCTH, KOTOpasi NPUHAMJIEXHUT Mo KpalHe# Mepe ofHOH M3 HaHAEHHBIX
MOJIYIIOCKOCTEH (Ha pUCyHKe 21 3TH NOJYIJIOCKOCTH BbIAe/EHb! ILTPH-
XOBKOH).
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3apaum

88. Haiinure ypaBHeHue npsMOH, Npoxoasinel uepes Touky M (a; b)
napanaJjenbpHo npsmo# ax + by + ¢ = 0.

89. Hanuuwmre ypaBHeHHe npsiMOH, KOJIIMHeapHOH BEKTOpY a =
= (1; —4) u npoxonsue# yepes Touky M (2; 3):

a) B KaHOHHYeCKOH ¢opMe;

6) B ofuiell dopme;

B) B sIBHOH ¢opme.

90. Hanuumute KaHOHHYECKHe ypaBHEHHs NpsiMoii, 3aJlaHHO! ypaB-
HeHHeM obulero Buga Ax + By 4+ C = 0 (AB = 0).

91. Hanummre ypaBHeHHe mpsiMOH, NpPOXOJAsileH uyepes TOUKH
M (a; b) 1 K (c; d).

92. Ha npamo#i Ax + By + C = 0 Hafizure TOuKy, abcuucca
KOTOpOH paBHa a.

93. IlocTpofiTe JIMHMH, 3aJaHHBle CJELYIOWUMH YpaBHEHHSMH:

a)y=3x—1; o) 5x — 4y — 20 = 0;

F—1_y+3 ki T a0
6)—2 ¥ e) %cos — -|-ysm3 3=0;
B) );—1:2()‘_*—3); X) [x = 3t—2,
F)E—%=l; ' {y=5t—|—1.

94, Tlpusenute clefyiollHe ypaBHEHHMS NOPSMBIX K HODMaJsbHOMY
BUAY:

a) 3x —4y — 10 =0; B)xV—22—+yl—/zi—|—l=0;
6) x+y—1=0; r) x cos 10° + y sin 10° 4- 4 = 0.
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95. Hanumure ypaBHeHue npsiMOH, Npoxojsilied yepes TOUKY Iepe-
ceueHust mpsiMbix 2x + 3y — 8 = 0 u 5x — y — 3 = 0 u TOUKy nepe-
ceueHust mpsimbix 4x — 3y +3=0ux+ y—1=0.

96. Bripasurte yrsioBoH Kos(duLMeHT NpsMOH Yepe3 mnapaMeTphl g
U b ee ypaBHEHHs B OTpe3Kax.

97. Halimute yrsioBo#l ko3(duiHeHT nNpsAMOH U3 ee HOPMAaJbHOIQ
ypaBHeHHsl. DBbIsCHUTE TreoMeTpHYeCKHH CMBIC] pe3yJbTara.

98. Ilaub Touku A (3; 4) u B (2; —1). B kako#t Touke npsmas AB
nepecekaer ocb Ox?

99. Uepes Touky M (4; —3) npoBefieHa npsiMasi Tak, YTO IJIOLIAZb
TPEyroJibHUKa, 06pa3yeMoro € u OCSMH IPsSMOYTOJBHOH AeKapTOBOH
CHCTEMbl KOOpIMHAT, paBHa TPeM KBaJpaTHHIM efuHuuaM. Hafinure
ypaBHeHHe 3TOH HpPAMOH.

100. Hccrnenyfite B3aUMHOe pacIosioXeHHe NpsMbiX X + 2y — | =
=0 u Ax+ y+ 3 =0 B 3aBUCHMOCTH OT 3HAYeHHs] MNapamerpa A.

101, Ilpu KakuX 3Ha4YeHUsX mapaMerpa [ ypaBHeHHs 3px + 8y +
+ 1 =0u( 4+ p)x + 2py = 0 onpeneasitoT napaJJejabHble OpsMblE?

102, Yepes TouKy nepeceyeHusi NpsiMbix 3x — y = 0 u x + 4y —
— 2 = 0 mnpoBeleHa npsiMasi, NepleHAUKYyJspHas K NpsMol 2x -+
+ 7y = 0. Hafinure ypaBHeHHe 3TOH NpsiIMOH B NpPSMOYTOJBHOH He-
KapToBOH cHCTeMe KOOpIHHaT.

103. B npsMoyrosbHOH NeKapTOBOH cHUCTeMe KOOpJHHAT JiaHbl Bep-
wuHbl A (3; —1) u B (5; 7) tpeyrosbhuka ABC u touka M (4; —1)
nepeceueHus: ero BblcOT. CocTaBbTe ypaBHEHHS NpPSMBIX, Ha KOTOPHIX
JIeXKAT CTOPOHBI 3TOTO TPeyroJbHHKA.

104. B nyuke mpsimbix a (x — 1) 4+ b (y + 2) = O Hafigute nps-
My[0, MapaJ/ulefbHYyI0 BeKTOpy v = (3; —4).

105. Hanumure ypaBHeHHe NpsIMOH B NpSIMOYTOJIbHBIX J€KapTOBBIX
KOOpJHHATax, 3Hasi, 4TO Touka P (a; b) CJIyKHT OCHOBaHHEM HOpMaJu
STOH NpsIMOH.

106. He Bbiuncasisi KOOpAMHAT BepIUHH TPEeyTOJbHHKA, CTOPOHBI KO-
TOPOTO 3aJaHBl ypaBHEHHUSIMHU:

5 —2y4+6=0, &x—y+3=0, x4+ 3y—7=0,
HaNUUIUTE YPAaBHEHUS MpSIMBIX, NPOXOISIINX Yepe3 BePIIMHBI HapaJ-
JIeIbHO MPOTHBONOJIOXKHBIM CTOPOHAM.

107. B npsmoyrosbHOH JAeKapTOBOH cHCTeMe KOOpAMHAT HahauTe
npoekuHuio Touku M (a; b) Ha npamymwo ax + by 4+ ¢ = 0.

108. Halinure, npu Kakux 3HAUEHUAX @ U C IPsIMBIe X + Y + ¢ =
=0udx—2y—1=0:

a) MMeIOT OJHY OOILYI0 TOYKY;

6) He uMeloT OOLIMX TOYEK;

B) COBMNAJAIOT.

109. B mpamoyrospHOR HeKapTOBOH cHCTeMe KOOpAMHAT HaWauTe
ypaBHeHUs NpSIMBIX, NPOXOJSLUIUX Yepe3 HayaJso KOOpJMHAT H 00pasyio-

o o I
mux ¢ opsamoit 5x — 6y + 2 = 0 yroJs, paBHbIi e
110. B npsmMoyrosnbHoOH AekapToBOH cHCTeMe KOOPAHHAT COCTaBbTe
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ypaBHeHHst GHCCEKTPUC yIJIOB, 06pasyeMblX NpsiMbIMU 3x — y + 5 =0
H3x+y—4=0.

111. BruuciuTe BelMYMHBI YTJIOB TPEYroJIbHHKA, CTOPOHBI KOTO-
poro B MpsSMOYrOJLHOH HeKapTOBOH CHCTeMe KOOPAHMHAT 3aJaHbl ypas-
HEHHSIMU:

18x + 6y — 17 =0, 14x + 7y 4+ 15 = 0, 5x + 10y — 9 = 0.

112. 3anuuiute B HOPpMaJbHOM BUJE ypaBHEHHe NpsIMOH, MPOXOAs-
med uepes Touky M (0; —p) napanyenbHo ocu Ox B NpSIMOYTOJBHOMH
JeKapToBOfl cHcTeMe KOOpAHHAT.

113. Ilpu xakom sHaueHMH a npsaMas ax + y 4+ ¢ = 0 napasnnenn-
Ha NpsMOH

{x = {4+ x,,
y =2+ yy?

114. B npsMoyro/ibHOH AeKapTOBOH cHCTeMe KOOpJIMHAT HATHIIHTE
ypaBHeHHe NpsIMOH, MpoxoAsiuleH uyepe3 Touky M (a; b) mepneHIuKy-
JIIPHO NpsMOH
{x = mt 4 x,,

y = nt -+ y,.

115. Ha npsmo#i, npoxonsueit yepes Toukun M (a; @) u K (1; 1),
Ha#iauTe TOuKy, abclHcca KOTOpOH paBHa b.

116. CocraBbTe ypaBHeHHe NPsMOH, NapaJsieNbHOH mpsMofl ax -+
-+ by 4+ ¢ = 0 u nepecekaroweit ocb Oy B Touke (O; b).

117. Ha npsmoit ax + by + ¢ = 0 uafizute TOYKH, yHaJIeHHBIE OT
ocu Oy mpsIMOYTOJIbHOH JeKapTOBOH CHCTeMBI KOODIMHAT Ha paccTosi-
HHe, paBHoOe d.

118. B npsiMoyroJibHOH JeKapTOBOH cHCTeMe KOOpAMHAT Haiaure
KOODJMHATH! LIeHTPOB BIIHCAHHOM H BHEBIHCAHHBIX B TpeyroabHUK ABC
OKDYKHOCTeH, ecJH BepIUMHBl TPeyroJbHHKa HaXOAATCA B TOYKaX
A(l; —1), B(—2;3) u C(1;3).

119. Ha npamo#t x — 2y + 3 = 0, samaHHO#l B NpsSMOYroJbHOM
JleKapTOBOH cHCTeMe KOOpAMHAT, HaHAuTe TOUKy, IJsI KOTOpOH cymma
paccrosiHu# oT Touek M, (—I1; —1) u M, (11; 5) umeer HauMmeHbluee
3HayeHHUe.

120. B npsmoyrosibHOH NeKapTOBOH cHCTeMe KOOpJAMHAT MO KOOp-
auHartaM (1; —2) u (4; 2) ABYX BepLIMH KBajpaTa HaHIuTe KOOPAHHATHI
JABYX IDYTHX €ro BepIluH.

121. Jlyu cBera, HampaBJIeHHBIH 1O NpsIMOH ¥ 4 y = 1, oTpaxaer-
cs1 ot ocu Ox TpSIMOYTOJIbHOH JeKapToBOH cHcTeMnl KoopauHar. [Ipo#i-
JleT JId OTpaxeHHBIH Jyu yepe3 Touky A (3; 2)?

122. Hanumure ypaBHeHWe mNpsiMOH B MOJISIPHBIX KOOpAHMHATaX,
3Has, 4TO 3Ta NpsMas OTCeKaeT Ha MNOJSAPHOH OCH OTPe30K AJMHBI a
H HOpMaJib K Hed obpasyeT C MOJIIPHOH OCBIO yroda o.

123. Hcnonpsysi reomerpuuecKue cooOpaKeHHsl, HaHJuTe, CKOJBLKO
JeHCTBUTE/IbHBIX KODHeH HMeeT cHcTeMa YpaBHEHHH:

{y = sin x,
y = 0,1x.
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124. CocraBbTe ypaBHEHHe, Ompeje/siollee MHOMXKECTBO CepelnH
OTpe3KOB, OTCEKaeMbIX OCSMH KOODJMHAT Ha MPAMBEIX, NPOXOAAILHX
uepe3 JaHHYIO TOUKYy M (a; b).

125. JloxaxwuTe, YyTO NpsMasi, NPOXOJsillas 4epe3 TOUKY Mepece-
yeHUsi GOKOBBIX CTOPOH TpamellHd M TOUKY IepeceueHHsi AHAaroHaJeH
Tpamnellul, [JeJUT OCHOBaHWS TpanellMd MOMOJAM.

126. [lunaronasu pom6a paBHEI cOOTBeTCTBeHHO 2a U 2b. Halignte
paccTosiHye MexKJy NPOTHBONOJIOKHBIMH CTOPOHaMH pom6a.

127, JlokaxkuTe, 4TO BO BCSKOM YeThIPEXYTOJIbHUKE TOYKa Ilepece-
YeHUsl MPSMbBIX, COEIMHSIIOUINX CepelHHBbl NPOTHBOMOJOXKHEIX CTOPOH,
JIEXKUT Ha IpsIMOH, COeAMHSIOUleH cepelUHBbl AvaroHaJe.

128. Jlokaxwure, YTO BBICOTHI TPEYTOJILHUKA MepeceKaloTcs B OXHOH
TOUKe.

129. M3o6pasute B NpsMOYToJbHOH cHCTeMeé KOOpAHHAT 00JIacTH,
onpejensieMble CJAELYIOUIMMH CHCTEMaMH HEepaBeHCTB:

a){i?x—y>0, n)[x+3y+3<0,

. 2x—3y+4>0
x+)’<1, e) ’
B) {"+y_l <0, [%Igy—jgg'o-
2x 4+ 2y — 3 > 0; ' ’
) (y >0, x) (0<y <,
x+y<0, x—y>0,
x—y >0 x+y—4<0.

130. a) Mzo6pasure B mpsiMoyroJibHO# cHcTeMe KOOpIMHAT 06/1acTb,
OMpejie/IieMyl0 CHCTEMOH HepaBeHCTB:

3x 4+ 4y —19 <O,
{3x—4y—|— 13 <0,
5x 4+ 3y + 12 <0.
6) Kak ¢ moMomplo 3THX Ke TPeXu/eHOB 3aJaTh NyCTOe MHOXKe-
CTBO?
131. Hafinute HepaBeHCTBa, 3ajaroliye BHYTPEHHIOW 06/1aCTh Tpe-
yronbuuka ABC, rme A (—1; 4), B (5; 2), C (1; —3).
132. Hafinute HepaBeHCTBa, 3ajaiollive BHYTPEHHIO 06JacTb Tpe-
yroJIbHHKa, OTPaHHYEHHOTO NpsIMBIMU @;X -+ by + ¢; = 0(i = 1, 2, 3).
133. $IBasieTcst JIM BHIMYKJBIM YeTHIPEXYTOJBbHHK, BEPUIMHBI KOTO-
poro Haxoxsartcs B Toukax A (—1; 4), B (2; 1), C (5; 2), D (—2; —6)?
134. Onpegfenure mnosoxeHHe OTpe3ka ¢ KOHIAMH B TOukKax M,
(1, —4), M, (—7; 3) OTHOCUTEJLHO TPEYTOJbHHKA, CTOPOHBI KOTOPOTO
3ajanbl ypaBHeHusivu (BC): x — 2y = 0; (AC): bx — 3y = 0; (AB):
3x 4+ y—14 = 0.
135. B nmpsiMoyrosibHO# JeKapTOBOH cHCTeMe KOOpPAMHAT COCTaBbTE
ypaBHeHHe OUCCEKTPHUCHL TOTO yTJla MeXAy NpsiMpiMi 2x — y + | = 0,
x — 3y -+ 3 = 0, B KOTOPOM JIEKUT HAayas0 KOOpJHHAT.
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136. B mpsiMoyrosibHOH HEKapTOBOH cHCTeMe KOOpPAMHAT HaHmuTe
KOCHHYC TOTO yTJ1a MeXAy NpsIMBIMEX — ¥y — 1 = 0,x — 4y 4 12= 0,
B KOTOpOM JiexXHT Touka M (8; 6).

137. Hafinure MHOMXKECTBO TOYEK IJIOCKOCTH, KOOPIAMHATHI KaxIOH
U3 KOTOPHIX YAOBJIETBOPSIOT NO KpalHeH Mepe OJHOMY W3 HEpaBEHCTB:

<L x<L2 x> 3.

138. CoctaBbTe B HpSIMOYTOJIBHOH NeKapTOBOH CHCTeMe KOOpAMHAT
ypaBHEHHs] NpPSMBIX, Ha KOTODPBHIX JieXaT CTOPOHHE!I KBajpara, 3sHas,
9TO 3TH NpsIMble MPOXOAST NO OJHOH Yepe3 KaXKAyl U3 CJeLYIOUIHX

TOYEK:
A1), BO;1), C(35)uD(—3 —1).



I'aasa

111 NMPEOBPA3OBAHMUS

NNOCKOCTH

§ 1. MapannencHbi} NepeHoc

JTuteparypa: [1], § 26; [3], ron. IV; [4], § 43; [7], § 3; (8], § 2.

ITpumep 32. CymecrByer JM napaJJje/bHbil nepeHoc, NpH Ko-
TOPOM MpsIMEIE p H ¢ OTOOPaXKaloTCs COOTBETCTBEHHO HA MpsIMble p’ M
q',ecupllp’ uqllq?

Pemenue. 1) Ilycrb p |l g u paccrosHue MexAy NpsiMBIMH p
u p' paBHO PAacCTOSIHHIO MEXAy NPSIMBIMH ¢ 4 ¢'. BriGepeM npoussosib-
HO Ha MpSIMbIX p U p’ cooTBeTcTBeHHO ToukH A U A’. Uepes npoussoJin-
Hyl0 TOukKy B mnpsmo#t g mpoBefieM NPsAMYIo, NapallJiesbHyio (AA4");
TOYKY ee MepeceyeHHUsl C NpsMOH ¢ o§03HaqHM yepe3 B .,I/Is paBeHCTBa
paccTosiHU# MeXIy NPSIMBIMH p ¥ p’ Y NPSMBIMH ¢ U q' CJIEIyeT, uTo
|AA'| = |BB'|. Tlpu 5TOM BO3MOXKHBI [iBa CJydYas:

—_—

a) AA" = BB’ (puc. 22a). Torma npu mnapaJuiesbHOM MepeHoOCe

AA npsiMasi p otofpaxaeTcst Ha NMpsAMYIO p’, a MpsiMasi ¢ — Ha 1ps-
MyIo ¢,

—_— —
6) AA" = —BB’ (puc. 226).
$lcHO, yTO B 3TOM C/ydae ma-
—_—
p pannenbHblfi mepeHoc AA' me
—% yJOBJIETBOPSIET YCJIOBHSM 3a-
P Jaud. JlomycTum, 4TO CymiecT-

ByeT Kako#-nuGo Ipyrodl ma-
g panJe/bHBIE [EpeHoc,  YAOB-

JIETBOPSAIOIHUE  YCJIOBHSIM  3a-
ql

Jaud. OTOT napaJsilesbHbIH
nepeHoc JOJIkKeH OTOOpasuTh
Touky A € p Ha HeKoTOpyio

A
' B
BI
a)
A
0 Touky A"€p’, A= A'. Tlycro
/\\ B" — o6pas Touk# B npu stoM
AI A/’
‘8’
8

napaJlileJIbHOM MepeHoce, NpH-
—_—
yeM B” €q. Torma AA" =

—_>

7 = BB". PaccMoTpuUM BeKTOpHI
Z ATA" = A" — AA wB'B'=
6) =BB"— BB = AA"+ AA"
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A nrp A
Bextopet A'A” u B'B" ne xon-

JIMHEapHHl, TaK KaK IpelcTaB- n /
JISIIOT COOTBETCTBEHHO PasHOCTh 57 .
M CyMMy JBYX HeKOJJHHeap- A

T An A7
Heix BektopoB AA" u AA
(nonpobHOe  [OKa3aTesibCTBO g
NPOBEJUTE  CAMOCTOSITENIBHO). @’
Ho Ttak kak p’ — Hocuresnb @7
— — > B)
A'A", a ¢ — Hocurennr B'B’,
T0 p'Hq’. Vs ycnoBHus ke cie- \ W
nyet, uto p’ || ¢’. Tloayuennoe p
NPOTHBOpEUHe O3HauaeT, YTO B
5TOM CJlyuae He CYLIECTBYET 1
Napa/e/IbHOTO NlepeHoca, 0To6- -7 y”
pakamllero mpsiMbie p H ¢
COOTBETCTBEHHO ~HA  MpsIMbIe
uq'.
2) Ilyete p || g, HO paccrosi- \
HHe MeXAy NPsSIMBIMH p H p’ 2\ ¢
HE DAaBHO PACCTOSIHHIO MEXIY
npsMeMu g # ¢ (puc. 22 B). r)
Besikuil  nmapasuiesibHBIH  nepe- Puec. 22

g
Hoc AA’, rpe A — mpousBoJbHas Touka mpsiMoii p, A’ — mpowus-
BOJIbHAsi TOYKa NpsiMof p’, oToGpaxkaer mpsiMyio p Ha mpsiMyio p’, a
UpsIMYI0 § — Ha TNPAMYI0 ¢”, TaKyio, YTO PAacCTOSHHE MEXHLY MpsiMbl-
MH p H p’ paBHO PaCCTOSIHHIO MeXIY TpsIMbIME ¢ H ¢”. V13 sToro caenyer,
yTO mnpsiMasi ¢” He COBMNAajaer C NpsiMoH ¢’ M, 3HAYHT, HCKOMOTO mapal-
JIEJILHOTO TepeHoca B paccMaTpUBaeMOM CJjlyuae He CYLIECTBYeT.

3) Ilyctb npsimble p u g nepecekatorcs (puc. 22 r). O603HaYUM TOY-
Ky HX NepeceueHHs uyepe3 M, a TOUKY NepeceueHus NpsMeIX p’ U ¢

2,
yepes M’ TlapasnnenbHblit nepesoc MM’ orto6paxkaeT mpsMyio p Ha
npsiMyio p’ ¥ NMpsIMyIo ¢ — Ha mpsiMyio ¢'. B paccmatpuBaeMoM ciyuae
STOT NapaJijiesibHBIH NepeHOC eIMHCTBEHHBIH, MOTOMY 4YTO OOILast TOYKa
NpsIMBIX p ¥ ¢ NIPH NapaJiie/bHOM MepeHoce JOJKHa OTOOpasuThCS Ha
ofuiyio TOUKY MpsIMBIX p’ M ¢', a Ka)klasl napa HenapaJsuleJbHBEIX Nps-
MbIX 00/1aJ]aeT TOJIbKO OJHOH oOlLieH TOUKOH.

[Mpumep 33. B tpanenun ABCD paHO OTHOLIEHHE OCHOBaHHIl:
|AD| : |BC| = a: b. Ouaronanu AC u BD mnepecekaiorcsl B Touke O.
Hafizem otHOleHHe muowagy TpeyroibHuka AOD K muomanu
Tpamnelyy.

—_—
Pemenue. Brnomsum napannensHbiii nepedoc BC  nuaro-
wanu BD (puc. 23). Ilpu stom Touka D ortob6pasurcs Ha Touky E,

o —_—

takylo, yro DE = BC. [Ilnomaau Ttpeyromsuukos ABC u DCE
paBHBI, TaK KakK y 5THX TPeyroJbHUKOB cTopoHbl BC u DE, a Takxe
BBICOTHI, OMNYLIEHHblE Ha STH CTOPOHBI, KOHTPY3HTHBHL, IO3TOMY
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8 C SABCD= SAACD -+ SAABC = SAACD +
+ SADCE = SAACE

6 H, CJIeJloBaTeJbHO,
S

saop * Sapep = Saaop * Sasce
IMocnennee oTHOIIEHHE JErKO Hal-
A ) ¢ TH, TaK Kak ANAOD ~ AACE, a
IUIoIa ¥ MNOJOOHBEIX TpeyroJbHUKOB
Pmec. 23 OTHOCATCH KaK KBaJpaThbl CXCJCTBEH-
HBIX CTOPOH:

Sanop  Saace=|ADP:|AEP=a’: (a + b)%

Hraxk,
. — 2. 2
Sa0p * Sapep =01 (@4 b)*
[Tpuwmep 34. [IBe KOHIpY3HTHEIE OKpYXRHOCTH @, = (04, |0,A41)
U 0, = (0,, |0,4]) nepecekatorcs B Toukax A u B. Ilpsamwe p;,
napaJijieJibHele MX JIHHHM LEHTPOB W Mepecekamoliue otpesok AB, me-
pEeceKaioT MepBYI0 OKPYXKHOCTb B TOYKaX M; U N;, a BTOpyio B TOUKaX
N

K; u L;. Joraxewm, uto N;BL; He 3aBUCHT OT BLIGOpa CeKyIleH.
Pewenue. Ilyctb p, ¥ p, — IBe CeKyllue, yIOBJETBOpSIOLLUE
—

ycaoBusiM 3ajaud (puc. 24). BumossuM nmapangenssbiit nepesoc 0,0,

OKDY2KHOCTH ®;, @ TAKXKe CEKYLIUX p; U p,. TOrAa, TakK KaK OKpPYyKHOCTH

®; ¥ ®, KOHTPY3HTHBI, TO ®; OTOOPA3UTCH Ha ®,, OpsAMas p, oToOpa-

3UTCSl caMa Ha cebs U TakuM o6pa3oM To4kH M;, N; oToOpassrcs co-
—

—_—
oTBeTcTBeHHO Ha Touku Ky, L;. CnemoparenvHo, M;K; = N,L, =
—
= 0102.

Puec. 24
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Puec. 25

AHanoquo TOYKH Mz, N, otobpassitcs Ha Touku K,, L,, Tak,
uTOo M2K2 = 1\/'2L2 = 0,0 ,0,. [Tpu BEIGpaHHOM MapaJifieIbHOM Tleperoce
Touka B 0T06pa3uTCﬂ Ha TOuKy B, € ©,, TaK Kak BB = 0102

Uraxk, NlL1 = BBO, T. €. ueTblpexyrojibHHk BN,L,B, — napag-
JIeJIOTpaMM, U [OTOMY [\//lg’L1 = B/[:Bo. Touno Tak xe N:Lz = 5230,
T. €. YeThlpexyroyibHuk BN,L,B, — napaJajenorpamMm H A/':gL2 =

~ A~ N
= BL,B,. Ho BL,B, = BL,B,, tak kak £ BL,B, u £ BL,B, onupa-
EOTCS{/H\a OIHY U Ty XKe Ayry BB, OKpYKHOCTH ®,, 8 I0O3TOMY H IV:BL2 =

= N,BL,. Takum o6pasoMm, oT BhiGOpa cekyilel p; BeJHYHHA YrIJa
N;BL; ne 3aBucHT.

ITp umep 35. dausl napaJjenbHble NpsiMble @ U b, nepeceKaromas
UX TpsMasi ¢ ¥ OTPe30K AJMMHBI m. IlocTpouM paBHOCTODOHHHH Tpe-
YTOJIBHUK CO CTOPOHOH JAHHOH IJIMHEL M, TaK, YTOOE! €T0 BEepIUHHEL Jie-
JKaJli COOTBETCTBEHHO HAa JAHHBIX INPSIMbIX.

Pewmenue. Auaws. Ilycts uckoMbili TpeyrompHuk ABC mo-
crpoed: A €a, B E€b, C €c u |AB]| iJACI = |BC| = m (puc. 25).

BruinosnuM mapasiesnbubiilt nepesoc CC’ tpeyrosnbHuka ABC, npu-
—_—

yem CC’' || a. Tlonyuum tpeyrosbuuk A’B’C* co cropoHaMu JaHHOH
IJUHBL m, npuueM A’ € a, B' € b.

Tak kak tpeyronbHuk A'B’C’, 1Be BEepUIHHBI KOTOPOTO JexaT Ha
NpsIMBIX @ U b, NOCTPOUTH HETPYAHO, TO HAa 3TOM aHAJH3 MOXKHO 3aKOH-
uuTh. TakuM 06pasoM, 3afauy MOMKHO CBECTH K NOCTPOEHHIO PaBHOCTO-
poHHero TpeyrosbHuka A’B’C’ co CTOpOHO! IJMHBI m, NpUYEM Ai_)E

€a, B' €b, a 3atem K mocsenymeMy napaJssensHomy nepedocy C'C
—_

Tpeyrosibiuka A’'B’C’, npuuem koHer, C Bektopa C'C ompefessiercs

KaK Touka mepeceuenuss npsamoi CC’ || a ¢ gaHHOH mpsMOH c,
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W3
Puec. 26

ITocmpoerue (puc. 26). BriGupaem mnpoussosibHyio TOuky A’ € a.
OnuceiBaeM OKpyxKHOCTh @y = (A’, m). Haxomum Touky B’ = @, )
(1 b. OnuceiBaeM OKpYKHOCTb ©, = (B’, m). Haxogum touky C' =
= o; | ®,. Yepes Touky C'_I'I_POBOILIﬂ/l» npsMyIo k& || @ 1 HaXOUM TOUKY

—_—
C =k (] c. OrknageiBaeM A’A = B'B = C'C u moJyuaeM TpeyroJib-
Huk ABC.

Hoxasameaecmeo. Tlo mocrpoeHuio tpeyroasHuk A’B’C’ yposine-

TBOpSIET BCEM IMOCTaBJIEHHLIM yCJOBHsIM, Kpome ycioBus C' € c. Tloc-
—_—

Jie napaJuiesbHoro neperoca C'C yloBJeTBOpsieTcs H 3TO ycaosHe. Ta-
KuM o6pasoM, A ABC — HCKOMBIH.
Hcenedosarue. Tlpu BbIOpaHHOM crnocoGe NMOCTPOEHHST YHCJIO pellle-
HUH 3aJaud 3aBHCHT IMpexJe Bcero OT uyHucaa Toyek B’ = o, () b.
Ecsu pazuyc m OKpyKHOCTH ©, 60Jblle PacCTOSIHUSA A MeXLy Npsi-
MBIMH @ U b, TO TaKUX TOYeK JBe.

Ecnu m = h, TO OKPYXHOCTb ,; KacaeTcst NpsaMo#i b, U Toria Touka
nepeceyeHHs] OLHA.

Ecnu ke m < h, TO OKPYXXHOCTb ®; U IpsiMast b He NepeceKarTcs.
OKpYKHOCTH ©; H ®, BCETJa HUMEIOT O0Lie TOUKH, TaK KaK IO MOCTpoe-
Huio B’ € o, A’ € w,. 3Hauut, npu mobom BeiGope Touku A’ obpa-
3YIOTCS JBE TOUKH NepeceueHHUst OKPVIKHOCTEH 0 U Q.

Htak, BO3MOXKHBEL TPH CJAELYIOLIUX CJIydas:

1) ecnu m > h, TO 3ajaya uMeeT ueThipe pelleHusi (puc. 27 a),

2) ecin m = h, To 3ajaya uMeeT 1Ba pelleHus (puc. 27 6),

3) eciu m < h, TO 3ajaya He HUMeeT pelleHHH.

ITpumep 36. JaHel Be OKPYKHOCTH ®; U ©, U mpsmas l. [la-
pasiesbHO [ HeOOXOAMMO MOCTPOHUTH MPSIMYIO p, HA KOTOPOH OKPY2KHO-
CTH BBHICEKAIOT KOHTPY3HTHBIE XOPJIHL.

PemeHnue. Anamws. Ilyctb uckomas npsiMas p NOCTpoOeHa
(puc. 28). OKpyKHOCTb ®; BhICEKaeT HA NpsAMoH p xoply AB, okpyx-
HOCTb ®, — Xopay CD, npuuem |AB| = |CD|. 13 uentpor O; u O,

38



a)

OKDYKHOCTEH ®; U @, ONMYCTHM MepIeH- ¢
nukyaspsl O F; u O,F, Ha npsamyio [. Ag /
—_—

BrinosnuM napadsensHeiil nepesoc FoF,
OKPYKHOCTH ®,. OKpYKHOCTH ®, OTO- c,
6pasuTCs Ha OKPYXHOCTb ®, 0, —

IIEHTP OKPYKHOCTH @, OTOGPa3UTCs C2
Ha O, — LEHTP OKDYXKHOCTH ®,, IPH- b
— — 8
uem 0,0, = F,F,. 2 / 5) b
HoxaxeM, uto A € w, u BE w,
HyCTb Ki=(0F)) N (AB) u K, = Pae 27

= (O:F3) N (AB). Toraa [K;Kil = |FsFyl w0 |KiAl= 4B,

|K2C|=—;‘ |CD|, a tak kak |AB| = |CD|, 1on |AK,| = |CK,|,

mostoMy  |CA| = |K,K;y| = |FoFyl  (ICAl = |CK,| + | K A| =
= |CK,| + leCl = | K,K,|). CnemoBatesbHO, NpH napaJjljielbHOM
nepeHoce F2F1 touka C orobpasutcsi Ha Touky A. A TaK Kak C € ,,
T0 A € 0)2

TouHO Tak Ke MOXKHO NOKa3aTh, YT0 B € we. UTak, Toukn A u B —
TOYKH MepeceyeHHs] OKPYKHOCTEH o; H ®a.

Takum o6pasoM, 3Ty 3afauy MOXKHO CBECTH K MOCTPOEHHIO OKpY-
KHOCTH g — 00pas3a OKPYKHOCTH ®, NMPH NapajjieibHOM MepeHoce
—
FoF,.

ITocmpoenue. OnyckaeM NepTIeH AUKY 151 PEL O,F, u O,F, u3 TOYEK
0, u O, Ha npsamyio [. Crpoum ©2 napaJJesbHbM I[epeHOCOM F2F1
OKPYXKHOCTH @,. Jlasiee Haxo1uM TOUKH A ¥ B — TOUKM NepecedeHus

OKpYXKHOCTell ®; H wy. K, HAKOHeIl, TPOBOZMM MPSMYIO p Uepe3 TOUKH
AwuB.

JHoxasameaecmeo. [lpu mnapaJiiesibHOM nepeHoce F F; touka O,
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Pnec. 28

otofpaxaeTcs Ha TOUKY 0, € (O,F,). Mpsmas O,F, NPOXOAHT 4epe3
UEHTPE! OKPYKHOCTEH ®; H @3, CJIeIOBaTesbHO, p L (O,F,), u Torna
pllL (000111, (0,09l p.

3uaunt, uentpsl O, # Op KOHTPYSHTHBHIX OKDYKHOCTEH ©, H @)
paBHOyJaJleHb OT npsIMOH p, M, ClelOBaTeNbHO, OKPYXHOCTh ©, BHI-
cekaeT Ha npamofi p xopny CD, KOHIDY3HTHy0 Xople AB, T. e.
|AB| = |CD|. Wrak, npsimMasi p — UCKOMas.

Hcenedosarue. Tlpu BHIOpaHHOM crOcOGe MOGTPOEHHN YUCJO pelue-
HUH 32aBHCHT OT TOTO, BO CKOJBKHX TOYKaxX NEPECEKaloTCsi OKPYXKHOCTH
@, H O

1) ecin o, n 0)2 nepeceKkaroTcsl B ABYyX TOYKAaX, TO pelleHHE OJRHO;

2) ecnv o, u 0)2 KacaroTcs, TO pelueHu# HeT;

3) ecu o, u m2 He UMeloT OOIHX TOYeK, TO PelleHHil HeT;

4) ecqum ©, ¥ @y COBMANAIOT, TO pellleHHH GeCKOHEYHOe MHOMKECTBO,

3amMeuaHue B mpoBeneHHOM ncC/ENOBaHHHM UHCJIO peleHUH
8aJlauyl ONpeNessiioCh Ha OCHOBAHHH B3aUMHOTO PACIOJIOKEHHUS OKpYXK-
HOCTell ©; H ®;. MOXHO yKasaTb SaBHCHMOCTb UHCJA PeIleHHE OT pac-
NOJIOXKEHHS W PasMepoB qmr/yg, JaHHBIX B YCJOBHH.

— —,

[lyere |0,0,| = d, (0,0,, 0,05) = a, R, u R, — panuych OKpyx-
HOCTeH ®; W w, Torna

1) ecin |R; — R,| <dsina < R; + R,, 1o 3ajaya uMeeT OJHO
pelleHue;
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2) ecmu dsina = |[R;, — Ry|%=0 um dsina =R, + R,, 10
3ajlaya He HUMeeT pelleHul;

3) ecn dsina = |R; — R,] = 0, 10 sanaua umeer GeCKOHeuyHOe
MHOKECTBO pelleHuH;

4) ecan dsina < |Ry — R,| i ecan dsmna > R, + R,, 1
pellleHUH HeT.

3agaum

139. Iocrpoiite o6pa3 Tpanmeunu ABCD npu napaJsenbHOM fepe-

Hoce AOQ, rae O — TouKa mepeceyeHus AuaroHaJjed tpanenuu. Joka-
KUTe, 9T0 OOLIeH YacTbio JAHHOH TpameluH H ee ofpasa fBJseTcs Tpa-
nenMsi, Mojo0Has MJaHHOH.

140. [lycts F, D, E — cepenunnl cropon AB, BC n CA tpeyroJb-
Huka ABC. OGo3HayuM LEHTPhl OKPYXHOCTe#, ONHCaHHBIX BOKPYD
tpeyronbHukos AEF, BDF n CDE, uepes O, O, u O3, @ UEHTPH OK-
DYKHOCTeH, BIHCAHHBIX B Te Xe TpeyroJbHUKH, — uepes Py, P, u
P;. Ioxkaxure, 4to A0,0,0; = AP,P,P;.

141. [doxaxuTe, 4TO ecau OTpe30oK EF, coelMHSIOMUH cepelMHbL
ocHoBanu#i tpaneuun ABCD, obGpasyer c ee GOKOBBLIMH CTOPOHaMH
AB u CD KOHTpY3HTHbIE YIJbl, TO Tpaneuns paBHOOOYHAS.

142, JloxaxuTe, 4TO B Tpaneluy cCymma JAJIHH OCHOBaHHH MeHbLe
CyMMBI JJIMH JuaroHanefi, HO GoJibllleé HX Pa3HOCTH.

143. [oxaxuTe, YTO B TpaleLHUu PasHOCTb [J/IMH OCHOBaHHUH 0OJbLIe
pasHOCTH AJIHH GOKOBEIX CTOpOH.

144, JokaxuTe, YTO [Be TpamnelUH KOHIPY3HTHBI, €C/JAH OCHOBAHHA
U JUArOHaJ/i OXHOH M3 HHX COOTBETCTBEHHO KOHIDY3SHTHBI OCHOBAHHUSM
M JAuaroHazsM BTOPOH.

145. Ha cropone AB mnpsmoyroabHuka ABCD nocrtpoeH Tpe-
yronbHHK ABS. Jlokaxure, 4TO MEpPUEHAHKYJsAPbl, OMyLIEHHbIE H3
troukd D Ha (BS) u u3 toukn C Ha (AS), nepeceKaloTcss Ha BBHICOTE
TpeyrosibHHka ABS unu Ha ee MPOJOJIKEHUH.

146. [lBe KOHTPY3HTHBIE OKpYXKHOCTH Kacaiorcs B Touke K. Ce-
Kylllasi, napaJJesibHas JUHHH LEHTPOB, NepeceKaeT 3TH OKpYMKHOCTH

P

nocsefoBaTeJibHO B Toukax A, B, C u D. [oxaxute, uto AKC He
3aBUCHT OT BhIOOpa CeKylleH.
147. Jlanbl [Be KOHTPY3HTHbLIE [epeceKaolluecss OKpYKHOCTH.
Cekywasi, napaJjJjeJbHas JUHHH UEHTPOB, NEPECEKAaeT NepBYI0 OKPYyxK-
—_—

HOCTb B Toukax A u B, Bropyio — B Toukax C u D (BekToprl AB u
—_
CD couanpaeaenst). Haiipure |AC|, sHas, uyto paccrosiHhe MexXAy

UEHTpaMH paBHO #l.

148. Tlocrpofite Tpanenuio, 3Has AJHHBL ee OCHOBaHHH U GOKOBHIX
CTOpOH.

149. [Tocrpoiite uerhipexyronbHuk ABCD, 3Has AJMHBL BCEX €ro
CTOPOH H BEJHYHHY YIJia Mexay npojo/keHusamu ctopos AB u CD.
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150. ITocTpoliTe TpeyrosbHHK, 3Has IJIHHBI TPeX €ro MeIHaH: m,,
my, U m.

151. TlocrpofiTe mapaJJieJorpaMM, OCHOBaHHEM KOTOPOTO SIBJISIETCS
JaHHBIH OTpPe30K, a JABe ApYTrHe BepLIMHBI apaJjiesiorpaMMa JIeXKaT
Ha JIBYX HNAHHBIX OKP YKHOCTSX.

152. Haun npsimasi [ v xBe Touku A u B 1no pasHbie CTOPOHHI OT /.
Ha npsmoit [ naiaute otpesok MN, tako#, uto |MN| = a, u AnuHa
jgomaHot AMNB — HauMeHbluas,

§ 2. Noeopor
Jutepartypa: [1}], § 26; [3], rr. IV—V; [4], § 43; [7], § 4; [8], § 2.

[Tpumep 37. Jaubl aBe napbl B3aMMHO INepIeHAHKYJSPHBIX
npsmelx: @ L b, @’ L b’, npuueM a {f a'. JlokaxeM, YTO CYLIECTBYET
NOBOPOT, OTOOpaKarlHi NpsiMble a U b COOTBETCTBEHHO Ha NpsIMble 4’
u b’'. HafizeM HeHTp M yros 5TOro NoBOpOTA.

Pemenwue. Ilyctb a1 b=0, o 1 b' = 0', P — Hekoro-
pasi Touka npsiMol a, otauyHast ot O, P’ — Takas TOuKa mpsMoi a’,
uto |O'P’| = |OP|. V3BecTHO, UTO CyIIeCTByeT OJHO MepeMelleHHe
nepBoro pona, nepesojsuiee [OP] B |0’ P’], npuuem no teopeme [lans
3TO NepeMellleHHe JOJ/IKHO OBITb JIHGO MOBOPOTOM, JIHGO MapaJiJiesbHBIM
neperHocoM. IlockosbKy mo ycsoBHi0 @' — o6pas a, npHueM a M a',
TO nepeMelleHune, orobpaxatouiee [OP] ua [O'P’], He MOXkeT OBITb
napaJsiJieJIbHbIM NIepeHOCOM, H, CJIef0BaTesbHO, OHO SIBJISIETCSl ITOBO-
poTOM.

Hafinem 1eHTp M yros 3toro noBopoTa.

1) Ecau O coBmagaer ¢ O' (uau P coBmagaer ¢ P’), TO LEHTpPOM
nosopota Oyier Touka O (uau P), yroJ nosopora GyHeT paBeH yriay
Mexny Jydamu OP u O'P’ (unu yray Mmexny Jaydamp PO u P'O’).

2) Ilycre O ne coBnagaer ¢ 0" u P He coBmajaer ¢ P’ (puc. 29).
IMockosibKy Touka O oToGpaxaercst Ha Touky O', a Touka P Ha TOUKY
P’, TO UeHTp NMOBOpOTa HO/IXKeH ObITb paBHOYJAAaJeH Kak oT Touek O
u O', Tax u ot Touek P u P’. CrefoBaTe/IbHO, LEHTP MOBOPOTA JOJIKEH

JIeXKATh Ha NepleHIUKyJsapax m
a b' H 1, BOCCTaBJIEHHBIX B CepelMHax
orpeskoB 00" u PP’ coorBercr-
BEHHO, T. €. M U N JOJIXKHBI JHGO
nepecekaThcs, JUGO COBIANATh.
Ectn ml n =S, to S — nentp
nosopota, a yroa 0SO" — yroa
noBopoTa, orobpaxatouero [OP]
Ha [O'P’l, aTem cambiM U nps-
Mylo a Ha npsamyiwo a'. Tak kak O
p oTo6paxaercst Ha 0', a NOBOPOT
/ COXpaHseT BeJHYHHY yIJa, TO

o' a
npsimast b otoGpakaercss Ha npsi-
Myt b’, mpuueM NOCKOJIbKY b L
Puc 29 da oud Ld,
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Ecan nepneHAMKyJsipel m U 1
coBnajawT (puc. 30), TO HCKOMBIM S
noBopoToM GyJeT NOBOPOT BOKPYT
toukd S = (OP)  (O'P’) =Ha
yron OSOQ’. [eHcTBUTENBHO, TOY-
ku O’ u P’ cummerpuyHbl TouKam O

H P OTHOCHTe/NbHO MpSAMOH rm, COB- p p'
najarwouefi ¢ n, sHauut, S €m, H

notomy |SP|=|SP’|,|SO| = |SO’|. / E
ITpu stom mnoBopore Touka O oOTO- 0
6paxaercs Ha O', P — Ha P’, 0

npsiMasi @ — Ha a’, TpuYeM TIo- m=n

ckoabky b L a, To 1 b L a'.
Hrak, nosopor, oTo6paxaromui
npsiMble @ M b COOTBETCTBEHHO Ha
npsimble @’ ¥ b’, cyllecTByeT Bcerja.
Ecnv mpu NpoBefeHHH MNpelbiIyliHX pacCcyxIeHHH Touky P’ 3a-
MeHHUTH TOUKoH P”, jexameil Ha Jyue, IONOJHUTENLHOM K ayuy O'P’,
npuueM Tako#, uro |O'P’| = |OP|, T0 mnosyyuM BTOpOH MNOBOPOT,
yIOBJETBOPSIIOWIUE yC/IOBHIO 3afauH. Ero meHTp M yroJ HaxoasTcs
TaK Ke, KaK 3TO OBbLIO C/ieJaHO AJIsi MepBOro IOBOPOTA.
HWrak, cylecTBYIOT ABa MOBOPOTa, YAOBJETBODSIOLIHE YCJOBHIO
3aziay.
ITpumep 38 [IlpeoGpasoBaHue 3ajaHO B JAEKapTOBLIX IpPSAMO-
YroJIbHBIX KOOpJAMHATax (opMyJamu:
12, 5.2
X rt Yt

13 ] ]
, 12, 1
=.——-_x pa— —_——

4 3T T

Pmec. 30

OnpefienyM BHJ 3TOTO Npeo6pasoBaHus.
Pemenue. [lepenuiuem 3ajanHble GOpPMyJEI CJEAYIOWUM 06-
pasom:

12 5 2

¥ ==x—(—= =

13 5 ( 13)2),—}- 1136;

1
4

=[—=|x+ =y——.
Y ( 13) + EXENT

12\2 5\2
ad —2) =1
(i + ()
cJeNyeT, 4T0 3TH (OpMyJIbl ONMpejelsioT NepeMelleHHe NepPBOro poja.

BrIsiICHHM, eCTb JIM y 3TOTO Npeo6pa3oBaHHus ABOHHEIE TOUKH. [Tockoiib-
Ky Ajsi JABOHHOH TOUKM x¥' = X M y' =y, TO NOJyyaeM:

12 5 2
X= —x+4+ — =
13 :_ 13)";‘ 13 6

1
=— x4+ —-y— —
13 T 13 13

M3 paBencrBa

’
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A F
Puc. 31
8 Cc
B,
0 8, Co
¢
A, D,
A D,
A D
Puc 32

Pnc. 33

Pewas sty cucreMy, Haxoaum:
x = —3,y = —1. Takum o6pa-
30M, 3aflaHHOe IpeoOpa3oBaHKe
HMeeT OAHY ABOHHYIO TOUKY (—3;
—1).

[To Tteopeme IHansi Bcsikoe
nepeMellleHHe [epBOrO pojJa siB-
Jsietcst 60 MOBOPOTOM (M TOrja
CYLIeCcTBYeT TOJIbKO OJHAa JBOHHAs
TOYKa — LEHTp I[0BOpOTa), JH6O
napajJieNbHbIM ~ IepeHocoM (B
9TOM CcJyyae JBOHHBIX TOUYeK
Hert). CnejoBaTe/bHO, PACCMOTpPEH-
HOe HaMH npeoOpas3oBaHHe — IIO-
sopoT. Touka (—3; —1) sBaser-
Csl LEHTPOM INOBOpOTa, @  yroJ

: 5
NOBOpOTa G = arcsin (— 1_?;)’ TaK

. 5 12
KaK sin @ = — —, cos = —,
13 13

I[Ipuwmep 39. lan npaBuib-
Hblfl wectuyronsHuk ABCDEF,
M — cepenuHa gauaronanu AC,
N — cepenuna cropousl DE. Jlo-
KaxeM, 4TO TpeyroJbHUK MNF
NpaBUJIbHBIH.

Pemenune. Tak kak mec-
tuyroabiuk ABCDEF mnpaBuJb-
HbI#, TO ero auaroHaqu AD, BE u
CF nepecekaiorcss B Touke O —
LIEHTPOHUJIE STOTO ILIECTHYTOJIbHHKA
H JeJAT ero Ha LIecTb KOHIpy-
SHTHBIX INPaBUJBHBIX TPEyroJib-
HukoB (puc. 3lI).

Takum o6Gpas3om, yeThipexyro-
abHHK AOCB — poM6, nostomy
Touka M — cepeluHa OTpesKa
AC — 6yzer u cepeluHOH OTpes-
ka OB. TloBepHem cropony DE
BOKpYT ToukH F Ha yroz 60°. Tor-

N

Ja u3 paBeHct8 BFD = 60° wu
|DF| = | BF| (ybenutecb B 3TOM
CaMOCTOSITE/IbHO)  CJedyeT, YTO

IpU 5TOM NOBOPOTE Touka D 0T06-
paxaeTrcs Ha TOuYKy B, aTak Kak

P
OFE = 60°, o Touka E oTo6pa-



*aercst Ha Touky O, u nostomy [ DE] oto6paxkaercs ua [BO], a cepe-

nuHa otpeska DE — Touka N — Ha cepeluHy orpeska BO — tou-
Ky M. N
Urak, |MF| = |NF| u NFM = 60°, ciefoBaTesbHO, TPEYTOJbHIK

MNF npaBuJbHBI.

[Tpumep 40. Buyrpu nannoro keagpata ABCD pacnoJsoxeH
Apyro# keagpat A;B,C,D; (puc. 32). Iokaxewm, urto Toukd A,, By,
Co» Dy — cepenunbl cooTBeTCTBEHHO OTpe3koB AA,, BB,, CC,, DD, —
TaKXKe sBJAITCA BepLIMHAMHM HEKOTOpOTO KBajparta.

Pewmesnue. IloBepHem yeteipexyrombHuk ABB;A; BOKpyr TOY-

KU A, Ha yron % (puc. 33). Taxk kak |A,B;| = |A,D,|, T0 Touka B,

oro6pasurcs Ha Touky D;. Ilycre mpu atoM moBoporte Touka A oTo-
GpasuTcst Ha TouKy A’, Toria touka A, — cepeauHa orpeska AA; —
oto6pasutcst Ha Touky Ags KoTopas Gyner cepeiuHO# oTpeska A;A’.
AnanoruyHo Touka B, — cepeinHa oTpeska BB; — oToGpasuTcs Ha
Touky By, KoTopas Gyjer cepemumo#i orpeska B'Dj.

Tak kak |AB| = |AD| u (AB) L (AD), a takxe |A'B’'| = |AB]|
u(A'B") L (AB), 10 |A'B'| = |AD| u (A'B’) || (AD). CnenosareJbHo,
yeTblpexyrosibHuk AA’'B’D — napaasesorpamm, |AA’| = |B'D| wu
(AA") || (B'D). ~ Ho rTorpa | AyAgl = 1DByl 1 (A44y) |l (DoBy)
(tak Kax [AyAol u [DyBy] — cpennue Jsuuuu Tpeyrosbuukos AA;A’
u DD;B’), nostomy YeThIPeXyroJbHUK ,ZIOA(;B(',D0 — MapaJiiesnorpamy,
T. e. |AgDol = | AyByl u (A,Dy) || (A(',Bz,). Kak yxe ormeuaJocs,
Touka A, Npu nopopore oToGpaxkaeTcsi Ha TOUKy Ao, a TOYKa By —
Ha Touky By, OTKyZa ctenyer, uto | AgBy| = | AoBo| 1 (AeBy) L (AyBy).
Takum obpasoM, |A,Dy| = [AgB,l u (A,Dy) L (AyB,). TouHO Tak xke
JokasbiBaetcst, UTo | BoCy| = |AyB,| u (By,Cy) L (AoB,). CaenoBaresin-
HO, yeThlpexyroJbHuK Ay B,C,D, — KBaupar.

ITpumep 41. JlaHbl TPH KOHUEHTPUYECKHE OKPYKHOCTH o, P,
v 4 TouKa A Ha OKpYKHOCTH o. IToCcTpOMM PaBHOCTOPOHHHMH TPEYroJib-
HUK ABC, TaK, 4ToOBI €0 BeplIH-
Hel B u C JiexKany COOTBETCTBEHHO
Ha OKPYXKHOCTSAX P H ¥.

Pemenue. Aunaius. Ilyctp
tpeyrombHuk ABC  (puc.  34)
yIOBJIETBOPSieT 3aJaHHLIM yCJIOBH-
sM. [ToBepHeM OKpYKXHOCTb [} BOK-

P

pyr Toukn A Ha 0A0" =60°. Tor-
Ja OKpYXHOCTb [} 0TOGpasuTCs Ha
oKpyxHOCcTh f', TOouka BE f —

N
Ha Touky B’ € f'. Tak kak BAC =
=60° u |AB| = |AC|, T0 BEp-
muHa B oTOGpasuTcsi Ha BepluH-
Hy C, 1. e. B' =C. Puc. 34
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Ho Bepmmna C€y, ciesoa-
tenpHo, C =1y (| f’. 3Has mo-
Joxenue BepunH A u C  Tpe-
yronbHika ABC, HeTpyAHO Io-
cTpouTh U caM TpeyrossHuk ABC.
TakuM o6pasom, 3afauy MOXKHO
CBECTH K IOCTPOEHHIO ToukH C =
= () B, npUYeM paflyC OKpyX-
HocTH [’ u3BecTeH (OH paBeH pa-
IHYCy OKDYXHOCTH P), a LEHTp
O’ okpyxHocTH ', KaK SCHO H3
pHCYHKa 34, yJaneH oT TOYKu A
Ha paccrosinue, paBHoe |OA|, u
JIEXKHUT Ha OKPYXKHOCTH Cl.

Puec. 35 Iocmpoenue (puc. 34). Ctpoum

O’ € o, CTpOUM OKpy¥XHOCTb f'

TnyTeM MOBOPOTA OKPYKHOCTH [} BOKpYT Touku A Ha yroJ, paBHbiit 60°.

Touky C = y (| ' noBopaunBaeM BOKpYr TOYKM A Ha yroJ, paBHbIH

—60°, nosiyyasi mpoo6pas Touku C, — 310 U GyZer BepiirHa B Tpe-
yroasHuka ABC.

N

Hoxazamesscmeo. Tlo mocrpoennio |AC| = |AB| u CAB = 60°,
oTKyJa cienyer, uto |AB| = |AC| = | BC|. Takum o6pasom, AABC —
HCKOMBIH.

Hceaedosarue. Tlpu BHIGpaHHOM crocoGe MOCTPOEHHsI TPeyroJbHUKA
ABC KOJMMYeCTBO pelleHHH 3aBHCHT OT YHMCJa TOYEK IepeceyeHHusi
OKpYKHOCTH 8 ¢ meHTpoM B Touke A pamuyca |OA| ¢ OKpyKHOCTBIO O
M OT YMCJIa TOYEK MepeceyeHHs OKPYKHOCTH P’ ¢ OKDYMKHOCTBIO Y.
Ho Tak kax Touek nepeceueHust OKpy:KHOCTel § U o Bcerja ABe (IOMHMO
NOBOpPOTa BOKPYT TOukKH A Ha yros 60°, MOXXHO OCYLIECTBHTb M IOBO-
por Ha yronm —60°), TO BO3MOXKHHI CJEAYIOUIUE CJyYau:

1) ecsn okpyxHOCTH B’ M y Hepecekaiorcs B JBYX TOYKax, TO 3a-
Jaya umeer 4 pemenus (puc. 35);

2) ecsm OKpy2KHOCTH ' M y KacaroTcsi, TO 3ajlaya UMeeT ABa pelleHHts;

3) ecau OKpyxKHOCTH P’ M y He MMeIOT OGLIKHX TOYEK, TO peIleHHH
HeT.

3agaum

153. lanbl ABe HepeceKaliiecs nNpsiMble @ 1 b u Touka O, He Je-
xauass Ha HuX. [locrpofite o6pasbl DaHHBIX NpPSIMBIX NPH NOBOPOTE

T
3
R}.
154, Jlan tpeyrosibHuK A BC U BHeBNUCAHHAS B HETO OKPYMKHOCTb ©,
Jqexamas BHyTpu yrina ABC. Tlocrpofite o6paswl TpeyroJibHHKa
N

ABC u OKPYyXHOCTH ®© IIpH NOBOPOTe BOKpYT Touku B Ha ABC.
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155. Jlaubl yeTbipe OKPYKHOCTH: ®y = (01,r), @y = (0,, 1), 03 =
= (03, 1) 1 04 = (Oy, r). CymecTByer J1 NOBOPOT, OTOOpaKaOWLUH
OKDYHOCTb ®; Ha @y H OKPYXHOCTb ®3 HA OKPYKHOCTb ©4?

156. SIBJisiroTCS JIM TPy INaMHU CleAyIOle MHOXeCTBa NpeoOpa3oBaHHii:

a) MHOXKECTBO BCeX NOBOPOTOB IJIOCKOCTH BOKDYT IaHHOM TOYKH;

6) MHOXKECTBO BCeX IOBODOTOB IIJIOCKOCTH;

B) MHOXKECTBO BCeX MOBODOTOB M BCeX NapaJ/lIeJbHbIX MEpeHOCOB
IJIOCKOCTH?

157. Hanumure dopmysisl npeo6pasoBaHUs KOOPAMHAT HPH IOBO-

poTte mocKocTH BOKpyr Touku O (2; 3) Ha yroJ nz.

158. UsBectnnl koopauHatsl KoHuoB A (1; 3), B (2; 5), A" (—3; 3),
B’ (0; 4) 1ByX KOHTpy3HTHbIX 0Tpe3koB AB u A’B’. Haiinute Gopmynnt
npeoGpa3oBaHHUsi KOOpAHHAT NMPH MCBOPOTE IJIOCKOCTH, OTOGpaXKarouieM
[AB] na [A'B'l

159. Ha mByx cCMeXHEBIX CTOPOHaX MNapaJuejiorpaMma BHE 3TOTrO
napaJjjiesiorpamMMa NOCcTpOeHbl KBajparbl. JIOKaxuTe, YTO MX LEHTpPBI
OJIMHAKOBO YJaJsIeHbl OT LeHTpa napaJuieJjorpaMma.

160. dan mnapannenorpamm ABCD. Tloctpoenr ortpe3ok AB;,
KOHTPY3HTHBIA OTpe3Ky AB M mNepneHAMKYJ/SDHBIA eMy, M OTDPE3OK
AD,, XoHTpy3HTHBHIH OTpe3Ky AD Hu mnepneHAUKYJ/APHHIA €My, MpH-
yeM Tak, 4to yriel BAB; u DAD, NpOTHBONOJIOXXHO OPHEHTHPOBAHHL.
JlokaxuTe, uTO AHaroHasu mnapaJjesnorpamma AB,CiD,, nocrpoeH-
noro Ha [AB,;] u [AD,], Kak Ha CTOpOHaX, COOTBETCTBEHHO NepeHHKY-
JIsIpHBl IHaroHaJsiM napaJgsesorpamma ABCD.

161. B panHHbifi KBaZpaT BIHLIMTE PaBHOCTODOHHHH TpPEYTOJILHHK,
TI0JIOXKEHHe OLHOH K3 BEepUIMH KOTOPOTO Ha CTOPOHE KBajpaTa 3aJaHo.

162. Uepes Touky M mepeceueHHsl ABYX JaHHBIX OKpYXHOCTEH
®; U ©, NPOBEIUTE NPSMYIO TaK, YTOOBl 06€ OKDPYXHOCTH BBHICEKAJH
Ha 3TOH NpsMOH KOHTPYSHTHBIE XODJBL.

163. [lanel TpHu napaJuiesbHble NpsiMble @, b u ¢. [loctpoiite paBHO-
CTOPOHHHII TPeyroJIbHHK TaK, YTOOBI €r0 BepIIMHE! JieXKaJH COOTBET-
CTBEHHO Ha NaHHBIX NpSMBIX.

164. Ilau octphiil yroa u Touka A BHyTpH Hero. [loctpoiite paBHO-
GelpeHHBIH NpPSIMOYTOJIbHBIH TPeyroJbHHK, BepIIMHOM MpAMOro yrJa
KOTOpOTO sIBJIseTCSl TOYKa A, a [Be Apyrue BepIUHHBI NpHHaLJIeXaT
CTOpOHaM JAHHOIo YyrJja.

165. Ha croponax tpeyrospHHKa ABC moCTpoOeHEl [ONAapHO He
nepeceKaiolinecsi NpaBHJbHEIE TPeyroNbHHKH. JloKaxuTe, uTO Tpe-
YTOJIBHHK C BepLIHHAMH B LEHTPOMJAX TPeX MNOCTPOEHHEIX TPeyroJib-
HHKOB TOXe NpaBUJbHBIH.

§ 3. Cummertpus
JMurepartypa: [1], § 26, § 28, § 30; [3], rot. IV; [8], § 2.

[Tpumep 42. JokaxeM, yto KoMnosuuusi S, o T napaJesbHO-
ro nepexoca T u CUMMeTpHH S, OTHOCHTENBHO TOUKH O eCTb CHMMeTpHH
OTHOCHTE/IbHO HEKOTOpoH Touku O;.

47



Pemenue. 1-  cnocob.
[lyctb A — HekoTOpast TOYKa
iockocety, T(A) = A', SO(A ) =
= A", TaK 41O SooT( )= A4".
Ilyete Oy — cepeivHa OTpeskKa

A” (puc. 36), Tak 9TO CHMMET:
pua S, orobpaxaer A na A".
Ilycte B — niobasi TOYKa [JIOC-

" KOCTH, OTJIHYHasi oT A, M MyCTh
8 T(B) =B, S (B)=B" Io-

KaxeM, 4YTo CepelHHa OTpe3kKa
BB" — touka O, coBNajaer ¢
Touko# 0. A4
Tak kak O — cepeliuHa !
Pume. 36 a Ol—cepeJmHa [Azgl] TO [0011——

cpenuss JuHMsA TpeyrospHuka AA'A” u notomy 001 =— A A. Ana-

A

—

JOTHYHO, paccMaTpuBasi TpeyrosibHUK BB'B’, HaXOJ.IPIM, gto 00, =
1 % T Rl Y- SY:
=3 B'B. Ho A’A = B’'B, tak uro 00, = 00, T. €. Toukd Oy 1 O,

COBNAAAIOT.

Takum o6pasom, kKomnosuuus Syo 7 npeobpasoBanufi T u S,
oTOOpakaeT KaxKAyl TOYKY IJIOCKOCTH Ha TOYKY, CHMMETDHUHYIO e
OTHOCHTEJ/ILHO HEKOTOPOH ¢uKcrpoBaHHOH TouKu O; ,uTO UM TpeGoBaNOCh
JIOKa3aThb.

2-0 cnocob. BribepeM B AaHHO# IJIOCKOCTH JEKapTOBY NpsSMOYIOJlb-
HYIO CHCTEMY KOOpJHHAT TaK, 4TOOBI HayaJo ee coBmajaJo ¢ Todkod O.
Torna napasanenbHsiil nepenoc T 6yleT aHAaJMTHYECKH 3alaBaThesl (op-
MyJaamu: x' = x + a, y* = y + b (a, b — KoopAMHATHI BEKTOpa nepe-
Hoca), a ueHTpa.anaﬁ cummerpust S, ¢ ueHtpoM O — ¢opMyJsamu:

¥ = —x, y = —y. Ilyctb M (x; y) — pOM3BOJIbHASA TOYKA MJIOC-
Koct, toria T (M) = M’ (x y')u So (M ) = M” (x"; y "). Tak kak
'—x-l-ay—y-l- = —x, =—y, 10 ¥ = —x—a,
y'=—y—b. [ocnennne ,H.Be (’popmynbx npeACTaBJsOT co00# aHaJIH-

THYECKOe BhIpaXKeHHe KOMNO3ULUUHU npeobpasoBanuit T u S,. HMccnenys
3TH (QOpMy.JIBl, JETKO [OKasaTh, 4TO Sy o T' — mMepeMellieHe [epBOrO
polla ¢ OJHOH HemoJBHKHOH TOYKOH (JOKaXKHTE 5TO CaMOCTOSITENIBHO),
a 3HAYWT, 5BJsIETCS OBOPOTOM, MPHUYEM yroJl 3TOr0 MOBOPOTa paBeH i,
TakUM 00pasoM, Sy o 7" — 5TO lLeHTpaJibHast CHMMETpHS.

[Tpumep 43. Iokaxem, 4TO ecju JaHHasi ¢urypa F umeer
JBa LUEHTPA CHMMETPHH, TO OHA HMeeT GeCKOHEYHOE MHOMKECTBO LeHT-
pOB CHMMETpPHH.

Pemenue. Ilycrb Touku O; u O, — LEHTPH CHMMETPHH JaH-
Ho# ¢urypnl F. [loctpoum Touky Oz, cHMMeTpHUYHYIO TOYKe O; OTHO-
cutesibHO O,, H BO3bMeM HeKoTopyio Touky M € F (puc. 37).

[Tokaxem, uto CcyllecTByeT Takasi TOYKa, KOTOpas NpHHAIJIEKHUT
qmrgpe F 1 B TO KXe BpeMsl CHMMeTpUYHA TOUKe M OTHOCHTEJIBHO LIEHT-
pa Os.
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JleficTBHTENIBHO, TAK KaK TOY- M,
Ka O, — LEHTP CHMMETpUH (Hury-
pui F, TO cywectByer Touka M, €
¢ F, cummerpuyHas Touke M ot- 0 0

1 3
HocurenbHO ueHTpa O,. Amnano-
PHYHO cyuiecTByeT Touka M,€ F, 0,
cuMMeTpUYHas Touke M; OTHOCH-
TenbHO ueHTpa O, ¥ TOuKa M€ M
€ F, cummerTpuyHas TOuke M, M, 3
oTHocuTe/bHO LeHTpa O,.

Urak, Toukn M,, My u Ojcum- Paec. 37
METPUYHBI COOTBETCTBEHHO TOYKaM
M,M, u O, orHocutesbHO HeHTpa O,. Ho umentp O; — 310 cepenuna
orpeska M;M,, KOTOpEIHl MpHU CHMMETPUH ¢ ueHTpoM O, mpeoGpasyercs
8 oTpe3ok MM;. IlosTomy u Touka O, fBJISAETCS CEpENMHOH OTpeska
MMj;. Opyrumu cnoBamu, TO4KH M u Mz CUMMETPHUYHBI OTHOCHTEJIbHO
Touku Oz. A Tak Kak Touka M — NpPOM3BOJIbHAsE TOYKa (urypsl F,
1o Touka O; Hapsay ¢ Toukamu Oy u O, TaKxKe sIBJISETCA LUEHTPOM CHM-
MeTpuH Gurypsl F.

AHaJIOTHYHO NPHUXOAMM K BEIBOAY, YTO LEHTPOM CHMMETPHH (hH-
rypul F 6yfer u Touka O,, cuMMeTpHuHast TOUKe O, OTHOCHTENbHO LieH-
pa O3 B T. A.

Takum 06pasoM, Mbl JOKasasH, 4YTO €C/H AaHHasi ¢urypa F Hmeer
JBa LEHTpa CHMMETPHH, TO OHA HMeeT GECKOHEYHOE MHOXKECTBO LEHT-
pOB CHMMETpHH.

[Tpumep 44. CropoHBl OCTPOYLOJIBHOTO TpeyroJbHuka ABC
paBHH a, b, ¢. OnpejenuM [epUMETP TPeyroJbHHKAE, OOPa30BAHHOIO
OCHOBAHUSMH BBICOT 3TOrO TPEYroJIbHHKA.

Pewewnne. 1) [lokaxem, yro Beicora CR JaHHOrO TpeyroJep-

N N
uuka A BC aBasiercsi 6uccektpucoit yrna QRP. Tak kak ARC = APC=
1 o
= TO TOYKH R U P JexaT Ha OKpYXHOCTH ®;, [IOCTPOEHHOH Ha oT-

peske AC Kak Ha JuameTpe, H,

CJIeJOBaTEbHO, YeThIPEXYTONbHUK 8

ARPC BoucaH B 3Ty OKpyXHOCTb
P N

o, (puc. 38). Torna ARP+ACP=
= m.Tak kak yraet ARP u BRP

N PN

cmexHbole, T0 ARP + BRP = .,

AN N
CnepoBatensHo, ACP =n —ARP

AN N

u BRP = n — ARP. 3uauur,
AN N
ACP= BRP. y

TouHo Tak e, paccMaTpHBas . ¢
yeTbipexyroabiuk BRQC, npuxo- Puc. 38
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JIMM K BBIBOJAY, UTO OH SIBJISIETCS BIIU-
CaHHEIM B OKPYKHOCTb, [IOCTPOEHHYIO
nHa [BCl xak Ha IuameTpe, H UTO

N P
ACP = ARQ.
Py P
Takum o6pasom, BRP = ACP=
N S 7
ARQ. danee sicuo, yto PRC = o

11

s N
—'BRPy a QRC = ?_ ARQ1 H,

A~ N
caenosatesibio, PRC = QRC, T. e.
BeicoTa CR siBisiercss GuccektpHcoil yria PRQ. Ananoruuro noka-
3bIBAETCS, YTO BBICOTBI AP u BQ — 3T0 OGHCCEKTPHCH COOTBETCTBEH-
Ho yraoB QPR u PQR.

2) Buimonuum npeoGpasopanue cummerpuu ¢ ocbio AB (puc. 39).
Touka C npu stom oto6Gpasurcs Ha Touky C’, TOuka Q — Ha TOUKY
Q'; Touka R mnpeoGpasyercs cama Ha ce6si. Takum o6pasoM, npsamas
CR oroGpasutcs Ha npsimyio C' R, cosnagatouyio ¢ CR, a npsmast QR—
Ha npamyilo Q'R. Croponnt C'R u CR cooTBercTBeHHO yriioB Q' RC’
u QRC mpunannexar oxso#t npamoit CC'. Ho (QQ’) || (CC’), Tak kak
(CC") L (AB) u (QQ') L (AB), nostomy Toukx Q u Q' Jexar 1o ofHy
cropoHy ot npsamo#t CC’. Ilockosibky AABC 0CTPOYTOJIBHBIH, TOUKH
Q ¥ P sexar no pasHele cropossl ot npsimo#t CC’, To Touku P u Q'
TOXKE JIeXaT MO pasHble CTOPOHBl OoT mpsimoii CC'.

P N

Mo ceofictBam cummerpun Q'RC’ = QRC ¥, Kak GbUIO JOKa3aHo,
P P N N
QRC = PRC, 3uauur, Q' RC’ = PRC. [Ipunumas Tenepb BO BHUMaHHue,
4TO TOUKH P ¥ Q JiexaT 1o pasuele cTOpoHsl o npsimoit CC’, sakJio-
yaeM, 4To Toukd P, R, Q' sexat Ha opxHo#l npsimo#. Kpome Toro, mno
coiictBaM cummerpHu |QR| =|Q'R|. PaccmatpuBasi CHMMETpHIO C
oceio BC, TOuHO TaK xe yGeaumcs, 4to TOUKM R, P, Q" nexat Ha ofHO#H
npamo#t u |PQ| = |PQ"|. Tenepb nepumerp TpeyroJbHHKa PQR Mox-
HO BBIPA3HTh CJEAYIOWHM 0GpasoM:

2p = |QR| + |RP| 4 |PQl = |Q'R| + |RP| + |PQ"| =|Q'Q"I.

Hrak, HaxoxIeHHe MepuMeTpa 2p CBOAUTCA K HAXOXKIAEHHIO I..MHBI
orpeska Q'Q".

3) Tlokaxem, uto AQ'BQ"~ AC'BC. [eicreurenbHo, |BQ'|=
= |BQ|, |BQ"| = |BQ| wu, crenosatesvHo, |BQ'| = |BQ"|, T. e.
TpeyrosbHHK Q'BQ" paBHOGeapenuwii. Tak kak |C'B| = |CB|, To
u TpeyronbHuK C’'BC paBHOGenpeHHHIH. [lasiee, TaK Kak Mo CBOHCTBaM

N N\ N PR N N

cumMerpun C'BR = CBR, 10 C'BC = 2 ABC, a Q'BQ" = Q'BR +

N P N N N N RS
+ RBQ + QBP + PBQ", rne Q' BR = RBQ, a QBP = PBQ" (rak-
XKe 10 CBOHCTBAM CHMMETpHH), T. €.
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Q’BQ” 2 RBQ 4 2 QBP =2 (RBQ + QBP) = 2 ABC
Urak, tpeyronbuuku Q' BQ” u C'BC — o6a paBHOGeIpeHHbE H MMEIT
KOHTDYSHTHBIE YIVIbI MeXJY COOTBETCTBEHHO KOHTDY3HTHBIMH CTOPO-
HaMM, T. e. OHM nofo6Hel. Ilostomy |Q'Q"|:|CC’| = |BQ"|:|BC]|

wiu 2p :2h, = h, :a, OTKyia p = h”ahc.

Ho hb=2SAABG, hc=2SA:BC, e
SMBC=%V(a—|—b—|—c)(b-|-c—a)(a-;—c—b)(a—|—b—c)~

Takum o6pasom,
2P=2h"'h“ =8.SZABG=
a abc ,M5
— @Fb+9(bte—a)ate—b)(atb—q) e M7

2abc A
ITp ume p 45. HokaxeM, 4T0
TOYKH, CHMMETpHYHBIE OPTOLIEHT-
Py TpeyroJbHHKa OTHOCHTEJBHO
€ro CTOpOH, JIeXaT Ha oxpyxmoc-

TH ©, OINHMCAaHHOH OKOJIO 3TOro
TPeyroJIbHHKa.

Pemernue. Ilycrb TOUKH
M,, M,, M; CHMMETpHYHEI Op-
TOLEHTPY M OTHOCHTEJIBHO CTO-
poH TpeyroabHuka A BC (puc. 406).
Tormpa £BM,C =~ £ BMC, no-
CKOJIbKY 5TH YIVIBl CHMMETpPHYHBI
OTHOCHTeJIbHO npsivo#t BC.

B 3aBucumocTn oT BHAA Tpe-
yronpHuKa ABC Hajo paccMort-
peTb TpH cJayuasi.

1) Tpeyroabuuk ABC npsi-
MoyroJibHBIH (puc. 40 a). Hetpya-
HO BHIETDb, YTO TOYKa M — oprTo-
LUeHTp TpeyrosbHuka ABC —
COBIajJiaeT ¢ BepHIHHOH A mpsMoro
yraa. C BepmuHo#f A coBHagaoT
Takxe Touku M, u M,, T. e. TOU-
KA M, u Mg nexat Ha OKpYyXKHO-

PN T
¢t ®. A tak Kak BAC = o TO

S e
u BM,C = P T. €. ToukKa M,

TaKXKe JIE2KHT Ha OKDPYXHOCTH ®.
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o

2) Tpeyroneuux ABC octpo-

yroseHbelfl  (puc. 406). Torza

Q TaK KaK CTOpOHEl yriaa BMC
nepneHAUKYISPHBI CTOPOHAM yIJia
BAC, to 1460 BeJIUYHHBI 5THX YI-
JIOB PaBHBI, 16O HX CyMMa paBHA
m. SIcHO, 4TO B JaHHOM CJydae

N N

BMC == BAC, TaK Kax B OKpyX-
HOCTH ® OHH OIHPAIOTCS HA OXHY
Iyry, HO BepliMHa /M NepBOro U3
HUX — BHYTPH OKPYXKHOCTH, a
BeplIMHa A BTOPOrO — Ha OKpYyX-
‘Hoctd. Torja ocraercss NpHUHATS,

N N
Puec. 41 yto BMC + BAC = =, u nosro-

P N
my BM,C + BAC = =m, T. e
Toukd A, B, C u M, JjexxaT Ha OXHOH OKpYXKHOCTH.

AHanoruyHO NOKasBLIBAETCsl, YTO HA OKPY2KHOCTH ® JeXaT TOYKH
M, u M,.

3) Tpeyrosbuuk ABC TtynoyrosbHbH. [loKasaTe/nbCTBO Mpeno-
CTapJisieM YHTAaTeJio.

[Tpumep 46. [Hanwl npsmasi [ ¥ ABe TOYKH P U Q MO OJHY CTO-
porny ot /. Hafinem Ha mpsmo#i [ Takyio Touky X, 4TOOBl NEpHMETD
TpeyrosbHHKa PQX Obll HaHMeHBILUM.

Pemenue. Auaaus. Ilycrs Touka M — HeKoTOpas TOYKA JaH-
HoH npsmo# [. Tloctpoum Touky P, CUMMETPHYHYIO TOYKe P OTHOCH-
TeJbHO npsimMoit [ (puc. 41). Torma tak xak |P'M| = |PM]|, To nepu-
meTp TpeyrojbHuka PQM pasen: |PQ| -+ |QM| 4 |[MP| =|PQ|+
- | QM| + |MP'|.

Orpesok PQ ¢uKCHpOBaHHBIl, M[0O3TOMYy MMHHHMYyM NepHMeTpa
TpeyroJbHUKa PQM HocturaeTcs npu MEHUMYyMe cymMel | QM| + | MP'|,
T. €. TOra, KorZa Touku Q, M u P’ nexar Ha ogHo# npsmoi. Urak,
3aJlayy MOXHO CBECTH K HAXOXIEHHIO TOYKH NepecedeHHs NPAMBIX [
u QP', rne P’ = S, (P).

ITocmpoerue. CrpouM Touky P’ = S, (P); mNpOBOIUM MPSMYIO
QP' u maxomuMm Touky X = I () (QP’).

Hoxasamenscmso. Tlycte M — HeKoTOpasi Touka npsiMoit [, OTJMY-
Has or X. Tak kak |QX| -+ |XP'| <|QM|+ |[MP'|, to |QX]| +
+ |XP| < |QM| 4+ |[MP|, a suaunt, u |QX|+ |XP|+ |[PQ| <
<|QM| + |MP| + | PQ|. Takum o6Gpasom, Touka X HCKOMAs.

Hceredosanue. Ecnu npsmas PQ He nepneHAUKYyJsipHA IpsiMOfi
!, To 3ajaya HMeeT €IMHCTBEHHOE pELIEHHE.

Ecan (PQ) L I, to pelenusi Her.

ITpuwmep 47. Iloctpoum KBajipar, ABe HPOTHBOIOJIOKHEIE BEp-
UIHHB] KOTOPOTO JIeKaT Ha JaHHOW npsMo# [, a 1Be Apyrue — COOTBET-
CTBEHHO HA JAHHBIX OKPYMKHOCTAX ®; H O.

x
X

©
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Pemeuue. Anamws. Ilycrb
ABCD— xBazpar, yI0BJETBOP Si0-
LUMH YCJIOBHSAM, a MMEHHO: Bep-
muHa A € o, BepiiHHa C € @,
BeplIHHBL B U D JexaT Ha NpsiMOH
I (puc. 42 a). IlocTpoum OKpyXK-
HOCTh 0, = S, (0,). Tak KaKk nu-
aroHanb BD xBajpara sBasercs
€ro OCbH) CHMMETpHH, TO BepILH-
Ha C KBajpara oTOOpasHTCs Ha
BepinHy A. Ho Bepmnna C €aw,,
¥ nostomy BepiiuHa A € o, Kpo-
Me Toro, BepluvHa A€ o;. Takum
obpasom, A = w; [| ®, a TaK
Kak BepuinHa A ¥ 0Chb CHMMETpHH
[ BHoJiHe ompefesisifoT KBajpaT, TO
3aJayy MOXHO CBECTH K IOCTpOe-
a0 A = o; (| o,

ITocmpoerue. CTpOUM OKpYK-
HOCTB o= S, (®,), HAXOIUM TOU-
Ky A = ©; () 03, KOTOpYiO OTO-
Gpaxkaem Ha Touky C = S, (4).
Ha [AC] kax Ha nuamerpe cTpoO-
HM OKPYKHOCTb ®; H HaXOAHUM
Toukd B = I[lo; u D == I} w,.

Hoxasameascmso. Tak — Kak
(AC) L I, TO mpu cUMMETpUH OT-
HocuTesbHO [ npsmas AC orobpa-
’Kaercsi Ha ce6g. Kpome Toro, ok-
DYXHOCTb  ®,  CHMMETpHYHA

Pnc. 42

e

e)
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OKpYyKHOCTH ®,. Torna Touka C € w,. Janee, orpesok AC — auamerp
OKDYXKHOCTH ®3, To4ka O = (AC) (| [ — UEeHTP OKpYKHOCTH g,
nostomy |OA| = |OB| = |OC| = |0OD|. Tak kak nanee |AC| =|BD|,
(AC) L (BD), 10 ABCD — kBanpar. HMrak, no mocrpoennio A € «,,

DEel, B €1, a no nokasanHoMy C € w, U ueTblpexyrojbHuk ABCD —
KBaJpar.

Takum o6pasoM, uerTblpexyroabHUK ABCD yJIOBJETBOpSiET BCeM
NOCTaBJIEHHBIM YCJIOBHSM, T. €. SIBJSETCS HCKOMBIM KBaJpaToM.

Hccnedosarue. Tlpu BrIOpaHHOM crocofe NOCTPOEHHST KOJHYECTBO
pellleHHH 3aBHCHT OT KOJIHYEeCTBA TOYEK MepeceyeHHs OKpYKHOCTeH
®; U @, U NOJIOKEHHs STHX TOUeK OTHOCUTeNbHO (AC). BosmoxHEl cie-
JyIolHe CJaydau:

1) eciiu OKpYKHOCTH ®©; H ®, NepeceKaroTcsi, TO 3ajaya JHO0 HMeeT
IBa peureHust (puc. 42 6), au6o uMeeT OAHO pelueHHe (pHc. 42 B), KGO
He HMeeT pelieHH# (pHuc. 42 r);

2) ecii OKDYXKHOCTH ®; M ®, KacaioTcs, TO JM6O HMeeTCs OIHO
peleHHe, Ju60 pellleHHH HeT;

3) eciH OKPYXKHOCTH ®; H @, He HMeIoT OOUIMX TOYEK, TO pelleHHH
HeT;

4) eciM OKPYXXHOCTH ®; H ®, COBNAJAIOT, TO pelleHHH OecKoHed-
HOe MHOKECTBO.

(UnmocTpauuu fisi caydyaeB 2, 3, 4 cllenaliTe caMOCTOSITE/IBHO.)

ITpumep 48. Hafizem ¢opmyas npeo6pasoBaHHsi KOODAMHAT
TOueK (B AeKapTOBOH NpSAMOYTOJIbHOH CHCTeMe) NMpPH OCeBOH CHMMETpHH
OTHOCHTEJNbHO NpsIMOH [, 3ajaHHOH ypaBHeHueM 2x + 4y + 5 = 0.

Pemenue. I-dcnoco6. Ilycts NpH 3aflaHHON CHUMMETPHH TOYKa
M (x; y) mepexomut B Touky M’ (x';y'). Torma cepenuna oTpeska

MM' — touka C (x_—{;_x’ HT},) — OyZeT JexaTb Ha OCH CHMMETPHH,

T. €. KOOpAHHAThL TOUKH C OYAyT YAOBJIETBOPSATH YPaBHEHHMIO NpsMOH [:

2"*2"' +4“;y' +5=0

HIH
X 4+ 2y = —x—2y — 5. (1)

— -
Kpowme Toro, Bektopst MM’ (x' — x; y' — y) u n = (2; 4) KoquMHeap-
HEI (06a OHM NepNeHIUKYJSpHE OcH [), a 3HAYUT, HX COOTBETCTBEHHBIE
KOOpJUHATBl NpPONOPILHUOHAJBHEL, T. €. ’f—%ﬁ = y——:——’-’

2% —y =2x—y. @)

HJIH

Pemas coBmectHo ypaBHenus (1) um (2), HaiinieM HCKOMble (OPMYJIHI
33JaHHOH CHMMETpHH:

x' = 0,6x — 0,8y — 1,
y = —0,8x — 0,6y — 2.
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2-1i cnoco6. OceBasi CHMMETpHSI sIBJIsIeTCs ABH2KEHHEM BTOPOTO POJa.
[MosroMy HCKOMble (OpPMyJbI MMEIOT BHI:

x' =ax+ 8y + ¢,
y = bx —ay+d,
rie a® + b* = 1. Jas [BOAHOH TOYKH BHINOJIHSIIOTCS PABEHCTBA:
¥ =x 3y =y, nosrtomy x =ax~ by +c¢, y=>bx—ay+d uwiu

a@—1x+by+c=0, 3)
bx+ (—a—1)y+d=0. 4)

[TockosbKy npH OCeBOH CHMMETPHH CyLIECTBYeT GeCKOHEYHOe MHOXKe-
CTBO JBOHHBEIX TOYEK H BCE OHHM JIeKaT Ha OCH CHMMETPHH, TO COOTBeT-
CTByIOLIMe KO3(QHIHEHTh ypaBHeHUs (3) U ypaBHEHHs OCH [, a TaKxke
ypaBHeHHs (4) ¥ ypaBHeHHs! OCH [ JOJKHBI OBITh NPONOPLHOHAJBHEI,
T. €.

a—1 _b_c
2 4 5
b_—e—l_d
2 4 5°
Pemasi nosyueHHylo cucTeMy ypaBHeHuH, Haxomum: a = 0,6;
b=—08, c=—1; d =—2. Torna uckomsle ¢opMyJbl 3aIaHHOH
CUMMeTpHUH OYyRyT:
x' =0,6x— 0,8y —1,
y' = —0,8x — 0,6y — 2.

3agaum

166. Mmeror JiM LEHTpHl CHMMETPHH CJaefykoliye ¢GUTypHL:

a) TMpaBUJbHHIA n-yrOJbHUK;

6) mapaJJiesorpaMm;

B) Tpaneuus;

T) CHHyCOMJa;

1) napa6oJsa?

167. CKOJIbKO IEHTPOB CHMMETPHH HMeeT (urypa, o6pasoBaHHast
TpeMs pas3MYHBIMH MpPSAMBIMH OZHOH mJockocTH? (PaccMoTtpers Bce
BO3MOXKHLIE CJlyyad pacroJioKeHHUsl NAHHBIX MpSMBIX.)

168. CkosJbKO Ocefl CHMMETpUH HMeeT:

a) NPaBHJIbHBIH 7-YIOJbHUK;

6) NpsIMOYTOJbHUK;

B) NapaJielorpamm;

r) ¢urypa, cocrosimas M3 ABYX OKPYMKHOCTe# Ha IJIOCKOCTH;

1) durypa, cocrosiiias M3 Tpex NpPsSMBIX Ha MJOCKOCTH?

169. JlokaxuTe, 4TO ecsM IUIOCKast (HIrypa HMeeT 1Be OCH CHM-
MeTpud Iy u l,, To U npsMas l;, CHMMeTpHYHAasi [; OTHOCHTEJBHO [,
TaKXe fIBJIETCS OChIO CHMMETDHUH 3TOH (HUIypHL.

Hcnosbayss 310 yTBEpXKJeHHe, ONpeflesiMTe, KAaKOBO HaHMeHbllee
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YHCJIO OCedl CHMMETPHH y (UIypHl, JBe OCH CHMMETPHH KOTOpOH ofpa-
8ylOT yroJi: a) 33{-”; 0) 45; B) 1 (panuan).

170, SlBniserca JiM rpynnou:

a) MHOXECTBO UEHTpaJbHbIX CHMMETPHH MJIOCKOCTH;

6) MHOXKECTBO MapaJileJbHbIX MEepPeHOCOB W LEHTpaJbHBIX CHMMeT-
pHUH MJOGKOCTH;

B) MHOXECTBO OCEBBIX CHMMETPHH NJIOCKOCTH?

171. Ha nnockoctn HaHbr dethipe Touku: A, B, C, D. Hailinure
[pousBelicHHe CHMMETPHH G LEeHTpaMM B 3THUX Toukax. [Ipu Kakom
pacnosioxkenuu Touek A, B, C, D 310 npoussejeHue GyeT TOXKAECTBEH-
HBIM [peo6pasoBaHHEM?

172. Ha nnockoctu naubl To4KH Oy, O,, O, 0,, O,. Ilo pauno#
Touke A CTPOMTCH NOCJENOBaTeJbHO TOuka A;, cummerpuyHas A or-
HocutesibHO Oy, 3ateM TOuKa A,, cumMmerpuynas A; oTHocHTe/NbHO O,,
v T. A. Jlokaxure, 4to cepeanHa orpeska AA;, rae A; — Touka, B
KOTOpYI0 NepexoAuT A nocne yKasaHHBIX CHMMETPHH, He 3aBHCHT
oT BhiGOpa TOUKH A.

173. Hafinure MHOXKecTBa nepeMellleHHH MepBOro M BTOPOrO poOAa,
KakJoe M3 KOTOphIX OTOOGpaKaeT Ha cels:

a) AaHHBIA pOMO;

6) naHHBIA KBalpar;

B) JaHHBI DPaBHOCTODOHHMH TpPEYrOJIbHHK.

Kakue u3 mnonyyeHHBIX MHOXeCTB npeoGpasoBaHuil o0pasyioT
rpynmy?

174. Lentp npsiMOyroJbHHKa CO CTOPOHAMH a M b coBmajaer ¢
Haya/oM KOOPJAMHAT, a CTOPOHBI €ro napaJuJlesIbHEl OCSIM KOOp AMHAT.
Hafinure dopmynbl Tex nepemelieHHH, KOTOphe OTOOpaKaloT AaHHBIH
OpsMOYIOJIbHHK Ha cebs.

175. H3BectHnl KoopauHaTe! KOHLOB A (15 3), B (2; 0) u A’ (—3; 3),
B’ (0; 4) xByx KOHrpysHTHBIX oTpe3koB AB u A’'B’. Halinure ananu-
THYECKOe 3aJlaHde TeX MepeMelleHHH, KOTOpble OTOOPaxKalT OTPE30K
AB Ha otpe3ok A'B’. YcraHOBHTE BHJ KaXKA0r0 U3 3THX MepeMelieHu .

176. [okaxuTe, 4TO KOMIO3ULMS LEHTPAJbHOA CUMMETPHH C LIEHT-
pom O u oceBo#i cCHMMETpPHH C OCbio /, npoxojsiue#l yepes Touky O,
ecTb oceBas cummerpusa. Haiinure oeb stofi cummerpud. (Pemure sa-
Jla4yy aHAJIMTHYECKH U CHHTETHYECKH.)

177. Halinure dopmyanr komnosuuufi Sgo T u T o S,. CpaBHure
STH KOMIO3HIIMH, YCTaHOBHTE HX BHJ B KaxKIOM H3 CJEAYIOLHX CJy-
Yaes:

a) OCbl0 CHMMETpHMH sBJseTCs MpsMasi, 3ajaHHas ypaBHEHHEM

=
x—y =20, a napaj/eibHbIM [epeHOcOM — BekTop U = (l; —1);
6) ocbio cuMMeTpuH sBJsercsa ock Ox, a napanJesbHbIM NepeHOCOM —
>
BeKTOp 0 = (3; 7).

178. Tlokaxure, 4r0 npeoGpasoBaHHe, 3aJaHHOE B JAEKapTOBBLIX

NpsAMOYrOJIbHLIX KOOpAHHATaX (opMyJIaMu:

¥ =x+ 3,
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Y =—y+4

IBNSIeTCS NepeMellleHueM BToporo poaa. Hakhaure dopmyser oceBoit
CHMMETPHH H MapaJJieJIbHOTO NepeHoca, KOMIO3HLMSA KOTOPHIX $BJIs-
ercsl 3allaHHBIM NepeMelleHHeM BTOPOro poza.

179. IIBe OKpYKHOCTH paBHBEIX PaJHyCOB KacaloTCs BHEIIHHM obpa-
som B Touke K. B omHo#i u3 HuxX npoBesieHa xopia AK, a B apyrofi —
xopna BK u [BK1 L [AK]. okaxure, uto npsivas AB mapaJnesbHa
JIMHHUH LEHTPOB.

180. IokaxuTe, YTO €CaM OHATOHAJbL YeTHIPEXYTOJbHHKA ABJSeET-
cs1 GUCCEKTPHCOH ero yriaa W JeJUT MonosaM NepHUMeTp YeThIpeXyroJib-
HHKa, TO OHa pacceKaeT YeTHIpEXYTONBbHHK Ha JBa KOHTPYSHTHBIX
TpeyroJibHHKa.

181. Ilan paBHOGenpeHHBIH TpeyrombHUK ABC, TIe BeJHuYMHA

2m o
yraa B npu Bepuinie paBHa —,[BD] — Bricota TpeyrosibHuKa. Hai-

Iute Ha cropoHax AB u BC coOTBETCTBEHHO TaKHe TOUKH E u F, 4TOGHI
nepumetp TpeyroibHuka DEF 6bl1 MHHUMaJabHBIM. Halinute Bennunny
yrna EDF storo TpeyroJbHHKA.

182. TlocTpofite TpeyrosbHUK MO JBYM CTOPOHaM H pasHOCTH
NpOTHBOJIEXKAIIHUX UM YIJIOB.

183. B uernipexyrosbuukax ABCD u A’B’C’'D' cxopcTBeHHbIE
CTOpOHBl KOHTpY3HTHBI, a auaroHanan AC u A’C’ siBasuorcst Guccek-
tpucamu yrioB A u A’. Hokaxute, uto ecau [ABl = [AD], to st
YeThIPEXYTOJIbHUKH KOHTPY3SHTHHL.

184. JlokaxKuTe, Y4TO €CJ¥ B YETHIPEXYTOJbHHKE CyMMa NJMH Cpel-
HHUX JHHHH paBHA NOJIOBHHE €ro NepuMeTpa, TO TAKOH YeThlpeXyroJib-
HHK §IBJISIETCS NapaJljielorpaMMOM.

185. [locrpofite uwernipexyronbuuk ABCD, sHas IJHHBL €ro CTO-
POH, ecJ/1i H3BECTHO, 4TO AnaroHans AC sBaisietcsi GHCceKTpHCoH yraa A.

186. [MocTpofiTe TpeyroJbHUK HaUMEHBILIEro NepuUMeTpa, OJHA Bep-
IIHa KOTOpPOro HaxXOAWTCSl B JaHHO# Touke M, a IBe Apyrue BepLIHHEL
JIeXKaT Ha CTOpPOHax AaHHoro ocrporo yriaa ABC.

187. Hanel npsiMass MN u OKpY:XHOCTH @ W [, JeXalllie MO OJHY
cTtopoHy ot Hee. Ha npsmo#t MN Haliiute Takyio TOUKy, 4ToGbl Kaca-
TeJIbHBIE, NPOBEJEHHbIe U3 5TOH TOUKH K OKPYXKHOCTAM @ u f§, o6paso-
BoiBasu ¢ (MN) paBHbBle MO BeJHYHHE YIVIBL

188. Ilanw npsivas MN u Touky A u B no pasubie CTOPOHEI OT Hee.
Yepes Touku A u B nposennTe NBe NpsIMbIE TaK, YTOGHI yros MEXAy
HHMH Jesauscs HaHHOH mnpsMol MN nomoJsam.

§ 4. NMopobue
JMateparypa (1), § 31—=32; (3], § 29; (4], § 49—50, § 52; [8], § 3.

[Tpumep 49. JlBe OKPYXKHOCTH ® M ®, KACAIOTCS BHYTPEHHUM

1 yTpeH
o6pasom B Touke A. Uepes npousBosbHywo TOuky K BHYTpeHHe! OK-
PYXKHOCTH mpoBeieHa KacaTesbHasi. OTpe3ok KacaTesibHOM, 8aKJOUeH-
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Purc. 43

Prc 45
58

HBIH BHYTPH BHEIIHeH OKpYXKHO-
CTH, JAenuTcsl TOYKOH K Ha JBa
0Tpe3Ka BK u CK. JloxaxeM, 4To

CAK BAK
Pemenue. PaccMoTpum
romoretHio H 4 (0) = O, (puc. 43).
Torpa no ceoficTBaM TOMOTETHH
H,(0) = o,. Ilycts H, (B) = By,
H, (C) = C;. Touku B, u C; Je-
JKaT COOTBETCTBEHHO Ha Iiepece-
uvenun mpsambeix AB um AC ¢
OKpYXKHOCTBIO ;. JHanee, Tak
Kak [B,C;l= H, ([BC]) 1o [BCl|]
|| [B,C,] u nostomy TOuKa K He-
aut ayry B;KC, nomosaM. A
Tak Kak —B;K == —KC,, 710
A~ AN

S N
C,AK = B;AK, unu CAK=BAK,
4yTO M TpeGOBaJOCh J0Ka3aTh.

ITpumep 50. [oxaxem,
YTO OKPYKHOCTb ®, NpPOXOAsUIast
yepe3 OCHOBAHHSI BBICOT OCTPO-
YTOJIBHOTO TPeyrOJIbHHKA, IEJUT
TomnoJsiaM OTPe3KH BBHICOT, 3aKJIo-
YeHHBIE MeXJAy BepLIHHAMH H
OPTOLEHTPOM.

Pemenue. Kak lokasaHo
B npumepe 45, Touku My, M,, M,,
CHMMeTpHYHbIE OPTOLEHTPY M Tpe-
yronbeuka ABC OTHOCHTENBHO
€ro CTOpOH, JieKaT Ha OKPYXKHO-
CTH @;, ONHCAHHOH OKOJO Tpe-
yronbHauka ABC (pHC.144). Pac-

CMOTPHM T'OMOTETHIO H_ME. §lcho,
1 1
qTo HM2 (My) = 4y, Hm2 (M)
1
=1131u HZ (M) = C,, nostomy
H —ME (o) = .
i
Nanee H,: (4) = K, rze Tou-
ka K — cepenuna [AM]. Ho
Touka A € ®;, NO3TOMy TOYKa

K € o, T. e. OKDYXHOCTb ®© Je-
aut [AM] nononam. TouyHo Tak xKe



JOKa3bIBAaeTCsl, YTO OKPYXKHOCTb
peaur [BM] u [CM] nonosawm.

IIpumep 51 (reopema Mene-
nas). [Tyetre M, N u P — TOukH,
Jiexalle COOTBETCTBEHHO Ha CTOPO-
Hax AB, BC, CA TpeyroJbHHKa
ABC (v Ha HX TNpPONOJIKEHHSX) U
OTJIMYHBIE OT BepIUIHH TpPeyroJbHHKa
(puc. 45). JokaxeM, 4t0 TOUKH M,
N u P nexxat Ha ofHOH npsiMOH TOTJa
U TOJIBKO TOTJa, KOria

Pemenune. PaccmMoTrpuM Tpu roMoTeTHH:
—_— —_
HY4%, rne ky = AM : BM,
—_— —_—
H%, rne k, = BN : CN,
—_— —
H%, rpe kg = CP : AP.
Slcho, uto By 5= 1, ky 5= 1, ky = 1. Tlo onpefeneHH0 BBeAEHHBIX
rovmoretit H% (B) = A, H% (C) = B, H% (A) = C.
Heobxodumocme. Ilycte Touku M, N u P nexxaT Ha OfHOH NpsiMOH.
PaccMOoTpUM KOMIO3HILHIO TOMOTETHH H%, Hb,  HY% W nycts
His (HY% (H% (A))) = A, ecu k= ky « ky - k35~ 1, TO KOMDO3ULUSA
3THX TPeX FOMOTETH — rOMOTETHS C LeHTPOM B Touke A u Kosdduiuen-

ToM k, T. e. H% Ho Ttorma neurp A romoretun H¥ nomxen JexaTsb
Ha npsmoit MP, T. e. He B Touke A. [TosyueHHOE NMPOTHBOpEYHe MOKa-
3BIBAET, UTO k; » ky - Ry = 1.

Hocmamounocmes. Ilyctb Ry - ky - kg = 1. Torma H% — Toxnect-
BeHHOe npeoGpasopanue. Ho H% = H% o H% o H%, orkyma H% —
roMoTeTHsl, O6paTHas Komnosuuuu H% o H%:, mostomy MeHTp Tromo-
tetu H% — Touka P — nexut Ha mnpsamo#t MN, coeiuHsiomeH LeHT-
pel romotetuit H% u H&%.

IIpumep 52. Iloctpoum TpeyronbHUK IO JABYM IaHHLIM €ro
yriam o ¥  H pajguycy BIMCAaHHOH OKpPYXKHOCTH 7.

PemeHnue. Anasus. Ilyctb TpeyronpHuk ABC  moctpoew,

N N

CAB = a, CBA = B u @ = (0, r) — BNHCaHHas B HETrO OKPYKHOCTh
(puc. 46). Coenunum Touky O ¢ BepiuHO# A u Ha npsimoit OA BriGepeM
HeKoTopyio Touky O; (oTsuuHyio oT Touek A u O). [TocTpouM OKpyx-
Hocth ©; = (04, r;), Kacawomyiocs ctopoH AB u AC TpeyroJbHHKA
ABC. Tlpu romotetuu H%, rae k = r; : r, OKpyXHOCTb ® OTOGpaXkaercs

Ha OKPYXHOCTb ®;, a KacaTesbHasi BC K OKpYXKHOCTH ® — Ha Kaca-
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TeqbHyl0 B;C, K OKpYXKHOCTH ;, NpHYeM IO CBOHCTBAM TOMOTETHH

N PSS
(B,Cy) |l (BC), nostomy C;B;A = CBA = .
Hrak, nocrtpous tpeyrosbHUK AB;C; ¢ 3aJaHHBIMH yTJaMH M Bhl-
1

MOJHUB TOMOTETHIO H 4 , MbI cMOeM Hafith Tpeyrosbnuk ABC, T. e.
3ajJlauy MOKHO CBECTH K NOCTpoeHHIo Tpeyrosbruka AB,C; = H'(ABC).

ITocmpoerue. Crpoum A AB,C, no cropore AB, (3ajaBas ee npous-

N P
BOJIbHO) U JBYM yriaam: C;AB, = a, C;B;A = . Haxoaum touky 0,—
IIEHTD OKPYXKHOCTH ®,, Bhucanuo#l B AAB;C;. Ilycts r; — paauyc
1

OKpYIKHOCTH ®,. BEIMOJIHEM romotetHio HY, rre % =r:n.
1 1
Torna HY (B,) = B, H (C,) = C. Tonyuum tpeyronsuuk ABC.
1

Hoxasameascmso. Ilo moctpoenwuio Hf— (AAB,C,) = AABC, nos-

N AN
ToMy CAB= a n CBA = f§. Takx kKak K03(Q(HLHEHT T[OMOTETHH
1

Hf ectb %= r: ry, TO paiuyc OKpYKHOCTH ® (B KOTOpYIO Npeobpasyer-

Csl OKPYKHOCTb ;) paBeH 7. HaKoHell, IO MOCTPOEHHIO OKPYIKHOCTh
®; BIHcaHa B TpeyrossHuk AB,C,, a Toria no cBofCTBaM TOMOTETHH
OKpYKHOCTb @ BIHcaHa B TpeyroJbHUK ABC. Takum ofpasoM, Tpe-
yrosibHiK ABC yIOBJIeTBOpSieT BCEM 3aJaHHBIM yCJIOBHUSM, T. €. BJseT-
Csl MCKOMBIM.

Hceaedosarnue. Tlpu BrIGpaHHOM CrOcoGe NOCTPOEHUS KOJHYECTBO
pellleHHHl 3aBHCHT OT CYIIECTBOBAHMS TPEYroJbHHKA, JABa yI/a KOTO-
pOTO pPaBHBI O BEJHYHHE COOTBETCTBEHHO o U f3. A HMEHHO, eCJIH MOXKHO
NOCTPOUTb XOTSl Obl OAMH TpeyroabHuk AB;C; ¢ yraamu o, f, TO pe-
menue — TpeyroibHuK ABC — onHo. Ho asis mocTpoeHMs TpeyroJib-
uuka AB;C; mocratouno ycnaoBusi @ + B < m. HMrak, ecin oo 4+ f<m,
TO pellleHHe OXHO, ecJd o + [ > 7, TO pelleHHH HerT.

I[Tpumep 53. B nanuwit Tpeyronsuuk ABC BouueM Kajpar,
JIBe BEPIIHHBI KOTOpOro Jexart Ha cropoHe AC, a JiBe Apyrue — cOOT-
BeTCTBeHHO Ha cropoHax AB u BC.

Pemenune. Aramus. Ilyctre DEFM — uckoMblif  KBajpar
D € [ABIl, E €IBCl, F €[ACl, M €[AC] (puc. 47). BriGepem Ha
npsimo#i AE mnpousBoJbHO TOuky E’, orimyHyio ot Touek A u E, u,
npunsas k = |AE|: |AE’| 3a Ko3apdHUHEHT TOMOTETHH, MNOCTPOUM
D'E'F'M’=H"% (DEFM). Torga D' E' F' M’ —xBanpar, npuuem D’ €(AB),
F' € (AC) u M' € (AC). Tak kak kBagpar D'E’'F'M’ noctpouth He-
TPYIHO, TO 3afayy MOMKHO CBECTH K NOCTpoeHHIo KBaxpata D'E'F'M’

1

W K BBIIOJHEHWIO 3aTeM romoretnd HJf.

[Mocmpoenue. Bribupaem npoussoJbHYy0 Touky D’ € (AB). Onycka-
eM nepnenaukyasp D'M’ ua cropony AC. OTknagpiBaeM Ha mpsiMoii
AC otpesok M'F’, Takoit, uro |M'F'| = |D'M’| (touka M' Mexny
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toukaMu A u F'), ¥ Haxomum B
touky E' = (E'F')(\(E'D’), rme
(E'F'y L (M'F), (E'D) L
L (D'M’'). TlpoBoauM mpsMyi0

AE" v Haxomum TOouky E = D £
=(4AE")() (BC).Crpoum DEFM= D, 7
1
=HY% (D'E'FM).
Hoxazamenscmeo. Tlo mocrpoe- d
uuo D'E'F'M' — ksagpar. Ho
yeThipexyrosbiuk D'E'F'M' ro- A M'M F'F C

MoTeTHueH KBajpary DEFM, T.e.
TaKKe §IBJISETCS KBaJpaToM, IpH-
YyeM TaK KaK pacloJioeHHe €ro BepUIMH YJAOBJIETBOPSIET YCJIOBHSM
3aJlayl, TO OH SIBJISIETCS HCKOMBIM.

Hceaedosarue. 3azaua uMeeT eJUHCTBEHHOE peIleHHE, eC/H OAUH
U3 YIJIOB, MpHJeXaIKX K ctopoHe AC Tpeyro/bHHKa, OCTphIf, a Apy-
rot He GoJiee IpsIMOTO.

Puec. 47

3ajaum

189. IlocTpofiTe 06pas AaHHOTO MNPSMOYTOJIbHMKA M OIMMCAHHOH
OKOJIO HETO OKPY2KHOCTH:

a) TMpH TOMOTETHH C LEHTPOM, JieKallluM Ha OKPYXXHOCTH U OTJ/IHY-
HBIM OT BEPILUH NPSIMOYTOJIbHHKA, U KoadduuenToM & = 0,5;

6) npY TOMOTETHH C LEHTPOM, JIeXKallUM Ha CTOPOHE MpPAMOYTOJib-
HMKa, U KO3QHLHeHTOM kB = —2.

190. Jan Buinykjaeii naruyroabHuk ABCDE, Ttako#, utO
(AB) 4 (CD). Tlocrpoiite ero o6pas Ipu roMOTETHH C LIEHTPOM B TOUKE
S = (AB) ) (CD), npeoGpasyrwoueit Touky E B T0uKy E' € (BC).

191. CKOJIBKO CYIIECTBYET roMOTeTHH, NpeoOpasymiolluX:

a) OJHY JIaHHYIO TOUKY B APYTYIO JaHHYIO TOUKY;

6) ofHYy HaHHYIO TMpsMYyI0O B APYIYIO JaHHYIO INpSMYIO;

B) OJMH JAaHHBIA yroJ B JpYTo# JaHHBIH YroJ, €CJIH CTOPOHBI 3THX
yIJIOB COOTBETCTBEHHO IapaJiiesibHbl W COHANpPaBJCHBI?

192. CkOJIBKO CyIIeCTBYeT TOMOTETHH, Npeo6GpasyioluX OAHY HaH-
HYI0 OKDPYXKHOCTb B JIPYTYIO JaHHYIO OKpYKHOCTb?

193. Yepes Touky K KacaHHs ABYX OKDYXKHOCTeH NpOBeleHBl [Be
npsiMble, IepeceKarolilie NepByio OKpyKHOCTh B Toukax A u C, BTOpYio —
B Toukax B u D. [loxkaxure, uto Toukd A, B, C u D sBasi0TCA Bepliu-
HaMM TparlelUHH.

194. B tpaneunun ABCD c ocHoBanusmu AD u BC mnpoBefeHBl AH-
aroHaJM, KoTopble nepecekaiorcs B Touke O. JloKaxuTe, YTO OKpYXK-
HOCTH, OMHCaHHBIE OKOJ0 TpeyroapHukoB AOD u BOC, kacarwortcd, a

OKDYKHOCTH, ONMCaHHbIe OK0JIO TpeyrosapHukoB AOB u COD, nepe-
ceKarorcs.
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195. B TpeyroJbHHKe Yepe3 cepeJHHBI CTOPOH NpOBeleHEl NpSIMHE,
napaJinesbHele GHCCEKTpHCAM IPOTHBOMNOJOMXHBIX YIJ0B. Jokaxure,
YTO 5TH TPH INpsIMblE NepeceKaloTcs B TOYKe, Jexxalllell Ha OfHOH mps-
MO, MpOXOAsiledl Yepe3 IEHTPOUJ IAHHOTO TPeyroJbHHKAa M TOUKY
nepeceyeHHs: ero GHCCEKTPHC.

196. JlokaxkuTe, 4TO OKPYXKHOCTb, NPOXOJSALIAs Yepe3 OCHOBAHHSA
BBICOT HeMNpPSIMOYTOJIBHOTO TPeYTroJbHHKAa, IPOXOAHUT U 4epe3 cepelHHB
CTOPOH TPeyroJbHHKA.

197. OKoJI0O OCTPOYTOJIBHOTO TPeyTrOJbHHKA ONMHCAHA OKPYKHOCTB.
B TouKax nepeceueHHs] 3TOH OKPYXHOCTH C MNPOJOJAKEHHSIMH BBICOT
TpeyroJibHHKa BOCCTaBJIEHE! NMepHeHANKYJIsapbl K BhicoTaM. Jlokakure,
YTO TOYKM IepeceyeHHUsl STHX NPAMBIX, HEHTPOUJA HAHHOIO TpeyroJb-
HUKa M TOYKa IepeceyeHHst ero OHCCEKTPHC JexkaT Ha OJHOH
npsiMoi.

198. [IBe BHelUHHe KacaTeJbHble K OKPYXKHOCTSIM ®; H ®, Nepece-
Katorcst B Touke A. OKpPYXHOCTb ® KacaeTcss OKDYXKHOCTeH ®; M @y
BHEIIHHM 06pa3oM COOTBeTCTBeHHO B Toukax B u C. Jlokaxwute, 4TO
touku A, B, C jexat Ha OfHOH NpsMOH.

199. [oxaxkuTe, 4TO KOMIO3MLHsI ABYX TOMOTEeTHH C IByMs pas-
JIMYHEIMY LIeHTPaMy H B3aMMHO OGDaTHBIMH KO3(GhUIMEHTaMH SBJSETCS
Jau60 napaJiie/bHBIM NepeHOCoM, JHO0 TOXKIEeCTBEHHBIM NpeobpasoBa-
HHeM.

200. [IokaxkuTe, 4TO KOMIO3HLHS OCEBOH CHMMETPHUHM C OCbi0 [
¥ TOMOTETHH C LeHTPOM S KOMMYTaTHMBHa TOTJa M TOJIBKO TOTJAa, KOTJa
S el

201. IlocrpoiiTe TpeyroibHUK MO AAHHBIM OTHOMIEHHSIM IJIMH €ro
CTOPOH a: b:c¢ u jAnuHe GucceKTpuchl f, yraa A.

202. TlocrpoiiTe TpeyroJbHHK MO NaHHOMY YyIJay B, AJHHe BBICOTHI
h, ¥ OTHOIIEHMIO JJHH OTPe3KOB, Ha KOTOpHE CTOPOHA b NEJHTCS BbI-
COTOH.

203. B panubift yron AOB BOMIIMTE OKpYXKHOCTb, MNPOXOMASILYIO
yepe3 JaHHYIO TOUKYy M.

204. Tloctpofite paBHOGeNpeHHBIH TPeyTOJbHHK, 3Hasi yroJ MpH
ero BeplIHHE M CYMMY AJHH OCHOBaHHS H BBHICOTHL.

205. Bnumute KBagpaTr B NaHHBIH KPYTOBOH CETMEHT.

206. B naHHy0 OKPYXKHOCTb BIHMIUHTe Tpallelllio, NOJOGHYIO JaH-
HOH paBHOOeIpeHHOH TpamneluH.

207. Ha#izure dopmyJy, BBIpAXKaoLLYI0 PajHyC BHEBIHCAHHOH OK-
PY2KHOCTH yYepe3 JJIHHBI CTOPOH JAaHHOTO TpPEYTrOJIbHUKA.

§ 5. UnuBepcus

Jdurepartypa: [1], o I111,§ 33; (3], § 32;[4],§ 51—52;[8],§ 5.

[Tpumep 54. UYernipexyronsHuk ABCD BIHCaH B OKPYXKHOCTb
o. CymecTByer /M HHBEpCHsl, MepeBOAsILAs BEPIIHHBI JAHHOTO YeTHI-
peXyroJibHHKa B BEPLIMHBEI 5TOTO K€ YeTHIPeXYToJIbHHKA, HO HH OJHY
U3 BeplUMH He INepeBojsiuasi B cebs?
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Pemenue (puc. 48). 1) Ecau A
NpU HEKOTOPOH HHBEPCHH ToYKa A
orobpaxaercs Ha Touky C, a TOYKa W
B Ha Touky D (uam touka D Ha
TOYKy B), TO LeHTpOM 3TOH HHBep-
CUH JoJ/uKHA OBITh TOukKa O, =
= (AC) N (BD), onuako ToukuA u

8
C JnexaT no pasHElEe CTOPOHBEI OT
Toukn O;, T. €. TaKOH HHBEpCHH,
KoTopasi otobpaxaert Touky A Ha Tou-
qQ

Ky C, He CYILeCTBYeT.

2) Eciu  HekoTOopas HHBEpCHS
orobpaxaer TOUKy A Ha Touky B,
a Touky C Ha Touky D (unu Touky D
Ha Touky C), TO IEHTPOM 3TOH
HHBepCHH siBJsercsl Touka O, =
(AB) N (CD). B sToM cayuae HMeeT
Mecto paBeHCTBO: |AQ,| « | BOy| =
=1|CO,| - IDO,|, 1. e. okpyxHOCTE 40,
¢ ueHTpoM B Touke O, M pafuycoM Puc. 48
r=V[40,| - |BO,| 6yner okpyx-
HOCTBIO HCKOMOH HHBepcuH. Takum 06pasoM, ecqM CyIIeCTBYeT

touka 0, = (AB) | (CD), 1o cymectByer H TpebyeMasi HHBep-
cHst

3) AnasoruyHo HMHBepcHs, oTo6paxaromas Touky A Ha Touky D,
a Touky B Ha Touky C (uau Touky C Ha TOuKy B), cyllectByer, ec/H
npsimeie AD u BC nepecekaiorcs.

Wrak, ecan B uethipexyroabauke ABCD (AB)4 (CD) u (AD)4 (BC),
TO CYLIECTBYIOT JB€ MHBEPCHH, IepeBOAsIIHe BepUIMHBI IaHHOTO YeThl-
peXyroJibHHKa B BEepLIMHBI 5TOTO K€ YeThIpeXyToJbHHKa, HO HH OIHY
M3 BepLIHH He nepeBojsiive B ce6si. Ecau yetbipexyronbuuk ABCD —
Tpamnelusi, TO CyIIeCTBYyeT OfHa TpeGyemasi HHBepcusi. Ecau uernipex-
yrombHUK ABCD — npsIMOYTOJIbHHK, TO TpeOyeMOH HHBEPCHH He Cy-
LIeCTBYeT.

[Tpuwmep 55. Ilana paBHoGounast tpaneuust ABCD. Ha ee ocHo-
Bauuu AD B3sara touka M. Uepes Tpoliku Touek A, B, M u C, D, M
MpPOBEJEHE COOTBETCTBEHHO OKPYKHOCTH ©; H ©,. IlycTb TOuka N —
BTOpasi TOYKa MepeceyeHHss STHX OKpyxkHocred u E = (AB) 1 (CD).
JlokaxeM, 4TO:

1) Touku M, N u E jnexar Ha OZHOH IpsIMOH;

2) touku N, B, C u Touka E JexxkaT Ha OJHOH OKPYKHOCTH.

Pemenue. 1) PaccMOTpUM HHBepCHIO C LEHTPOM B TOouke E
u crenenbio r> = |AE| - |BE| = |DE]| - |CE]| (puc. 49). B stoii un-
BepcHd Toukd A H D 6yAyT oTOOparKaThCs COOTBEICTBEHHO HA TOYKH
B u C. Ilyctb M' — o6pa3 Toukn M npu faHHO# uHBepcuu. Tak Kak
JiBe Mapbl HHBEPCHEIX TOYEK JIeXKaT Ha OJHOH OKPYXKHOCTH, TO OKPYXK-
HOCTb ®;, MPOXOAsIas yepe3 Touku A, B u M, npoiifer u yepe3 TOYKY

0;
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M’. AHaJIOTHYHO OKpPYXHOCTb

£

©,, TNpPOXOAfLIASt Yepe3 TOYKH
C, D uw M, npofizer u uepe3
touky M’. Tlo ycJjoBHIO OK-
PYXKHOCTH ©; H 0, MepeceKaior-
csi B Toukax M uw N, a mno jo-
8 KasaHHOMY  5TH  OKPYKHOCTH
nepecekaoTcss B TOuKax M M
t, N W, M’. Takum obpasom, M’ = N,
T. €. Touka N UWHBEpPCHa TOUKe
M, a smauut, TOukKm M, N H
IeHTp HHBepcHH E JexaT Ha

Awﬂ

oIHO# mpsMOil.
2) Tax kak Toukn A, M u D
JeaT Ha OIHOH npsMOH, He
npoxoisime#i uyepes ueHtp E
Prme. 49 MHBEpCHH, TO HX 00pasbl —
touku B, N u C — jexar Ha ofpase 5Tofi NpAMOH,T. €. Ha OKPYX-
HOCTH, Mpoxoidmell yepes uextp WHBepcHH E.

[Tpumep 56. [octpoum OKpYKHOCTb, Kacaiollyiocsi TPeX AaH-
HBIX OKPYXKHOCTEH, MNPOXOASIIMX Yepe3 OAHY TOUKY.

Pemen ue. Anamus. Ilyctb o, p # v — JaHHBIE OKDYXKHOCTH,
NpOXOAfIlHe depe3 TOUKy M, mpuueM KaxkJas H3 STHX OKpYKHOC-
Telt  mepecekaer gse japyrue (puc. 50); & — mckomas OKpyx-
HOCTB, Kacaiomascs okpyxHocreil o, § u p. [lpumem Touky M sa
UEHTP WHBEPCHH M [OCTPOMM  — OKDY2KHOCTb HHBEPCHH C LEHTPOM
B Touke M H NpOU3BOJBELIM paluycoM. [laHHEIE OKDYXHOCTH a,
B ¥y DpoXoAsAT Yepes LEHTpP HMHBEPCHH, NOSTOMY OHH npeoGpasyoTcs
B npameea’, B’ u y', He npoxoas-
wpe yepes LeHTp unBepcHH. Ok-
pYKHOCTb 8 He MNPOXOIHMT uYepes
LEHTP WHBEPCHH, [O3TOMy OHa
npeobpasyercsi B OKpY*HOCTb &,
TakxKe He TNPOXOAAIlyl0 4epes
ueHTp MHBepCHH. Tak Kak OKpyX-
HocTh & Kacaercsi JaHHBIX OK-
pyKHOCTe# o, § ¥ y, TO OKpYyX-
HocTh O Kacaercss OpsIMBIX o,
p’ uy’. Takum oOpasom, sajaua
MoxeT GEITh cBeJleHa K 6oJiee npoc-
TOfi: MOCTPOUTb OKpyXHOCTB &',
Kacaiollyiocsi Tpex npsiMbiXx o,
p’, ¥'. Tlocne storo wuckomas
OKDYKHOCTb O NOJIy4aeTcsi MHBEp-
cheil okpyxHOcTH ',

Hocmpoerue (puc. 50). Ctpoum
® — OKDYXHOCTb HHBEPCHH C
Pac. 50 LeHTpPOM B TOuKe M; paauyc Ok-
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PYXHOCTH ® HAJs YIpOLe-
HHMSA JanbHEHIIMX MOCTpOe-
HUH BpIGEpeM TaKHM, YTOOBI
OKPYXXHOCTb ® I[epecekaJia
BCe TPH JaHHBLIE OKPYKHOC-
TH (MOXKHO TMOJIOXKHTb 3TOT
pajHyc paBHBIM IOJIOBHHE
HaHWMEHbLIETO U3 paluycoB
OKpyXKHocTeH a, f, 7).
Haxoaum naper Touek mepe-
CeYeHHsl JAHHBIX OKPY2KHOC-
TeH U OKDYXXHOCTH HHBEp-
CHH;  IPOBOJUM yepes
KaxIylo Takylo napy TOYeK
nepeceyeHus MpsMyI0 — 06-
pas COOTBETCTBYIOLIEH OK-
pYyXKHOCTH. 3aTeM CTPOHM
oKpyxHocTb §', Kacarouiyio-
cd NOJYYEHHBIX NpPSAMBIX, H
HaXOMUM OKPY2KHOCTh § —
o6pa3 okpyxHocTH & mpu
HHBEDCHH.

Jlokasameabcmgo.  Tak
KaK II0 NOCTPOEHHIO OKpYXK-
Hocth &' Kacaercst MpsIMBIX,
a',p’ u ¥y, TO OKpYKHOCTH
8 xacaercst OKpyKHOCTEH Q,
p uy, T. e. ABagerca Hc-
KOMOH.

Hceredosanue.

1) Ilycrp Kaxnas U3 ok-
pyxHocte#t o, f 1 y nepece-
KaeT JBe JApyrue (cayuai,
KOTOPHIH IpelrycMaTpUBaJ-
csi NpH MPOBENEHHH aHa-
au3a). Torma kaxjas u3s
npsaMbix o', f' # y' nepece-
KaeT Jpe JpyrHe MpsMbie
(puc. 51). B stom cayuae
CyILECTBYIOT YeThIpe OKpYXK-

’

nocru &, 8, §, u 9, Ka-

catoudecs npsmeix o', f
u v (0AHa — BIHCaHHas% B
TPeyTrOJNbHHK,  0GpasoBaH-
HBIH 3THMH NpSIMBIMH, a TPU
ApyrHe — BHEBMHCAHHLIE).
[losTomy  cywecTByiOT

Puec. 51

003

Puc 53




Purc. 54

Puec. 55

9

Puc. 56

66

yeThIpe OKpYy2KHOCTH O, 6,, 8; u
84, Kaxpas M3 KOTOPBIX Kacaercst
JaHHBIX OKpyXHocTed o, f u 7y
(puc. 52).

2) Ilyere  1Be U3  JaHHBIX
OKpYy2KHOCTeH, Hanpumep o H f3,
KacarmTcs B Touke M BHYTpPEHHUM
HJIM BHEIUHUM 00pasoM, a TPeTbsl
OKDYKHOCTb y [epeceKaer Kax-
nyio u3 Hux (puc. 53). Torna
HHBEpCHS C LIEHTPOM B Touke M
nepeBOJUT OKPYKHOCTH & U 3 B
napaJJesbHble OpsiMble o' U f,
a OKpYKHOCTb y — B IpsiMyio ',
nepecekaromyo o’ u f'. B stom
cayuae CymECTBYIOT JBe OKDYX-
HOCTH O, u 8, Kaxnas U3 KOTO-
pbiX Kacaercss npsimeix o', P’ u
y" (puc. 54). Torga cymecrByiOT
IBe OKpyxHoCTH 8; H 8,, Kacaio-
muecss JaHHBIX OKPYXKHOCTeH a,
B u y (puc. 55).

3) Ilyctb Bce TpH JHaHHBIE
OKDYKHOCTH KacaloTCsl B TOYKE
M (puc. 56). MuBepcusi c neHr-
poM M nepeBOJMT HX B Iapad-
JIeJIbHBIE NP IMbIe, HO OKD Y2KHOCTH,
Kacamolefics napaJJesbHbIX Nps-
MbIX, He cymecTByeT. OJHaKO U
B 9TCM CJydYae 3ajaya UMeeT pe-
meHue, GoJsiee TOro, B 3TOM CJy-
yae uMeeTcst OeCUHC/IEHHOe MHO-
KECTBO pelUeHHil: Jobasi OKpyX-
HOCTb C LIEHTPOM Ha JIHHHM LIeHT-
poOB  JaHHBIX OKp yKHOCTEH,
NpoxXoAsuasl yepes TOYKy M,
yAOBJIETBOPSIET YCJOBUSAM 3aJauH.

3agaumn

208. HNan kBajpaT, IBe Bep-
IIMHBI KOTOPOTO JIEXKAT Ha OKpYX-
HOCTH HHBEpCHHM, a TpeTbsi — B
neHTpe MHBepcuH. [loctpoiite 06-
pas KBajpaTa NpH 3TOH HHBEPCHH.

209, Ilocrpofite o6pas Tpe-



yroJbHUKA NPH HHBEPCHH, €CJH 3TOT TPEYTOJbHHUK OIHMCAH OKOJIO
OKDY2KHOCTH HHBEpCHH.

210. OxmHa cropoHa TPEyTOJBHHMKA SIBJISIETCS XOPJAOH OKPYKHOCTH
MHBEpCHH, a ABe ApyTHe — KacareJbHble K Hell. Haklaure obpas Tpe-
yroJIbHHKa IpH 3TOH HHBEPCHH.

211. laHBl OKpYXKHOCTH ®; M ®,, Kacamllhecs IpYr Apyra B TO-
uke M. TlpuHsB TOuKy M 3a LIEHTP HHBEPCHH, MOCTpO#iTe O6Gpas
JaHHOH (UTypHI.

212. CymecTByeT JH HHBEPCHS, NPH KOTOPOM:

1) omHa JaHHAsi OKPYMKHOCTE oToOpazkaeTcss Ha JPYryw HNaHHYIO
OKpy2KHOCTB;

2) manHas EpsMasi otoOpaxaeTcs Ha JAAHHYIO OKPYXKHOCTb,;

3) maHHasT OKpPYXKHOCTb OToOpaxaercss Ha ceb6s U OJHOBpPEMEHHO
JlaHHas npsaMas orobpakaeTcss Ha cebs?

213. Tourku A, B, C, D nexar Ha ofHOH mnpsMoH, a orpe3ok CD
NpPUHAT 32 JHAMEeTpP OKPYXKHOCTH HMHBepcHH. [lokaxHure, 4TO ecJH
Toukd A u B oto6paxarTcs Apyr Ha Jpyra NpH 3TOH HHBEpPCHH, TO
toukd C u D oro6paxaiTcs APYT Ha Ipyra NpH MHBEPCHH OTHOCHTEJb-
HO OKPYKHOCTH C fuamerpoM AB.

214. [oxaxKuTe, 4TO €CJH OKDPYKHOCTh @ SIBJSIETCS OKDYKHOCTBIO
Anonnonusi* pasa touek A u B, 10 Touku A u B oroGpaxarwTcs ApyT
Ha Jpyra MNpH HHBEPCHH OTHOCHTENBHO OKpYXKHOCTH . Cdopmy.iu-
py#iTe u JDoKaxkuTe 0O6paTHOe NpelJoKeHHe.

215. aHbl TpU TOYKH, Jexaliye Ha ofHoi mpsmol. Hafiaure na
STOH NpSAMOH TaKylo 4YeTBEpPTYIO TOYKY, UTO HHBEpPCHS C LIEHTPOM B
5TOHl TOYKe NepeBOAMT TPH JaHHBlE TOYKH B TPH TakKHe TOUKH, M3 KO-
TOpPBIX OAHA AEJHT MONOJIaM OTPe30K, 00pa30BaHHEIN ABYyMs APYTHMH.

216. [laHbl HemepeceKaroLecss OKPYXKHOCTH ®; H ®,. OKpyXKHOCTh
® TepeceKaeT KaxIYI0 M3 HUX NOJ NPSIMBIM YrJOM. LIeHTPEI OKpYKHO-
crefl @; M g JeXaT Ha Jydye [ c HAayaJOM B LEHTPE OKPYIKHOCTH @.
Jlokaxute, YTO NpHM MHBEPCHH, LEHTPOM KOTODOH SIBJISETCS TOYKa
TNepeceyeHnsi OKPYKHOCTH © C JIy4OM [/, OKPYKHOCTH @y H ®, O0TO6pa-
3KAI0TCSl Ha KOHLEHTPHYECKHe OKPYXKHOCTH.

217. JokaxuTe, YTO KOMIO3HULHS ABYX HMHBEDCHH C OJHHMM LIEHT-
poM sIBJIsSIETCSl TOMOTeTHeH.

218. JlokaxuTe, YTO OKDYKHOCTh, NpOXoAsliasi yepe3 TOuku A
n A’, COOTBETCTBEHHbIE NPH HHBEPCHH OTHOCHTEJNBHO OKDYKHOCTH O,
OpTOTOHAJIbHA OKDYXKHOCTH .

219. Ha muaronamu BD mnapansnenorpamma ABCD B3sita Touka M,
u3 Kotopofl amaroaisr AC BHIHA INOJ yIJOM, KOHIDYSHTHEIM YIJy
BAD. Touka M nexXuT MeXAy LIEHTPOM NapaJiiesorpamMma 1 To4koit B.
Jlokaxkute, 4TO OKPYMKHOCTb, nocTpoenHasi Ha [AC] kak Ha puamerpe,
neprneHANKyJIspHA JIoO0H OKpYXKHOCTH, NPOXOisiilieldl yepe3 Touku M
u B.

220. Oxpyxuoctd 0; = (04, ;) H 0y = (0,, 7,) HEe UMEIOT OOMIUX

* ORpYXKHOCTb AOMNIOHUS )5l ToueK A U B ¥ HEKOTOPOrO YHC/a b — 3TO MHO-
eCTBO TaKUX Touek P, uto |BP|= p |AP|.
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Touek. OKpyKHOCTb (5 KacaeTcsl OKpPy»KHOCTeH ®; H ®, COOTBETCTBEHHO
B TouKax A; u A, BHemHUM o6pasoM. Jlokaxure, uto Touku A,, A, u
TOYKH B; u B, nepecedyenus npsmoii 0,0, COOTBETCTBEHHO C OKPYXKHO-
CTIMH ®; H ©, JieXKaT Ha ORHOH OKpYKHOCTH.

221. Uepes naHHyio TOUKy A NpoBelHTE OKPYKHOCTb, KACAIOLUIYIOCS
IBYX AaHHBIX OKPYXHOCTeH o U f.

222, Uepe3 paHHBle TOUKH A U B npoBefuTe OKpYXKHOCTb, Kacaro-
LLyIOCSl JAHHOH OKPYKHOCTH ®.

223. UYepes JaHHYIO TOUKY P IIpOBeAUTE OKPYKHOCTD, KACAIOLLYIOCS
IaHHOH NpsaMOH [ U JaHHOH OKPYKHOCTH ®.

224. Yepes naxuble Toukd A ¥ B nposefuTe OKpYyKHOCTh, Lepece-
Kalolylo JaHHYIO NPsAMYI0 [ MOJ yIJIOM, KOHTPYSHTHBIM JaHHOMY yTJy.

225. Yepes paunble Touku A U B npoBejuTe OKPYKHOCTb, NepIeH-
JUKYJIIPHYIO NaHHOH OKDYXKHOCTH.

§ 6. MepcnekTuBHoO-ahphuHKOe npeoBpasoBaHue
(npecbpasoBaHue pojcTBa)

Jdurteparypa: [3], . 1V; [5], § 1—2.

Ipumep 57. IlepcnekrnBHo-adduHHOEe mNpeoGpa3oBaHue 3aja-
HO OCblo S W mapo#i Touek: A u ee obpasom A’, mpuuem (AA’)|s.
IToctpoum o6pa3 naHHOH TOUKH B, ecau:
a) Touka B He sexxuT Ha npsmoit AA’;
6) Touka B coBnanaer ¢ Toukod A’.
Pemenue. Tak kak mpu

/ / 3aJJaHHOM  IepClNeKTHBHO-adPuH-

8 m @/ HOM 1npeo6pasoBanuu (AA') || s,

A / / TO 3TO Npeobpa3oBaHUe SIBJSETCS
: CIBHTOM.

A a) Ilns  TOCTPOEHHS  TOUKH

B’ — o6pasa naHHO# TOUKH B —
JOCTATOYHO BHIIIOJIHUTD CJELYIO-

X a) J IHe TOCTPOeHHs (puc. 57 a):
npoeecTd INpsimyio AB, HailTu

TOYKy X — TOUKY I€peCceueHHs

, (AB) c npsmoii s; mpoBecTH Mps-

\\C \ /¢ P wmywo A'X, sateM uepes Touky B

N (A’'X) sBisiercss HCKOMOH.

6) 3nech MOXKHO BBINOJHHTH
NOCTPOEHHe  CJelyloluM ofpa-
S  3oM. Bsamb 5BCHOMOFaTeJIbHy}O

X X Touky C (puc. 57 6), He Jexaniyio
/A% 6) 2\ Ha ngﬂMog AA', 1){ l'IOCTpOPITbyee

Puc 57 obpas C' (kak B ciyuae a)).

TNpOBECTH MNPSIMYIO M, NMapaJljelib-
4 Al g uyio (AA’). Touka B' = m ()
B
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Tenepb y Hac ecTb napa TOYeK:
C uee obpas C’, mpuueM TakK
Kak Touka B He JIeXHUT Ha NpsMO#
CC’, T0 ouAThb NPUMEHHUMO Ipe-
IBlaylLiee nocrpoeHue. BrinmosHUB
ero MJisi TOYKM B u mapel TOueK
C’, C, Mbl Nosy4uM TOYKy B’ —
obpas Touku B.

IIpumep 58. IlepcnekTus-
Ho-adHHHOe NnpeofpasoBaHue 3a-
JaHO OCBbIO S M mapo# Touek: A
1 ee obpasom A’, npuuem (AA") &
4 s. llocTpouM o6pa3 naHHOH
TOYKH B, Jjexame#d Ha mnps-
Mot AA’.

Pewenue KakuBs npumepe 57 (6), BeibepeM HEKOTOPYIO TOY-
ky C, He Jexanlyio Ha npsamoii AA’. Ilosb3ysich Tenepb TOYKOH A
u ee o6pasom A’, mocrpouM Touky C’ — o6pa3 Touku C. 3aTeM BOC-
noab3yemcss ToukaMd C u C' JJis TOCTPOEHHs] HMCKOMOH TO4KH B’
(puc. 58).

[Tpuwmep 59. IlepcnekruBHo-adduHHOe mNpeoOpasoBaHue 3a/a-
HO OCcblo s ¥ mapoil Touek: A u ee obpasom A', mpuueM (AA’) i s.
Haiinute ycjoBHe, NpH BhiMOJHeHHH KoToporo o6pas A” rtouku A’
coBnafaer ¢ Toukoit A

Pewewn ue Haiigem cHayana Touky B’, COOTBETCTBEHHYIO He-
KOTOpO# BCIIOMOTaTeNbHOH Touke B, He nexamie#l Ha npsmod AA'
(moctpoeHus: cM. B mpuMepe 57 (a)). 3areM, No/b3ysch Mapoi TOuek
B u B’ kaKk napoil COOTBETCTBEHHBIX TOYeK, HaiilieM Touky A”, coor-
BercTBeHHYI0 Touke A’. O603HauuM Tenepb yepes P TOuKy mepeceye-
uust mpsimoit AA’ ¢ ockio s (puc. 58). Tak kak Touka P sBjseTcs He-
NOJBUIKHOH TOUKOH mNpeoGpasoBaHusi, T0 OTpe3Ky AP COOTBETCTBYET
orpesok A’P u orpesky A'P coorserctByer otpesok A”P. Ilpu mep-
CreKTHBHO-a(¢UHHOM INpeoOpa3oBaHHH OTHOLUEHHE [JIMH TNapaJjeib-

Puc. 58

HbIX OTPE3KOB coxpaHsiercsa, nostomy |AP|:|A'P|=|A'P|: |A"P]|,

unn AP : A'P = A’P : A"P, otkyna B cayyae A” = A mnonyvaem:
—\"2

AP : AP = AP : AP wmi (22 ) =1,1.e.(AA'P) = =1 (AA'P)—
A'P _— —

POCTOe OTHOLIEHHE TPEX TOuek, T. e. oTHouweHue AP : A'P).
Ho na npsimoit AA’ e cymectyer Touku P, Tako#, uto (AA'P) = 1%,

Torza ocraercst (AA'P) = —1, oTKy/a ClefyeT, 4To TOUKa P siBJIseTcs
- —_ —
AP AA"+ AP
* [efictButensHo, ecm (AA'P) =1, 1o — =1, wm ———%— =1, T e
A'P A'P
_— —_—
AA AA

—5 +1=1, u nostomy — =0, orkyAa cueiyer, uto A= A’, & 3T0 NPOTHBO-
AP AP
PEYHT YCJIOBHIO.
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cepeunoii otpeska AA’. Hous (AA'P) = —1 cnenyer, uto AP:A'P =
= —1, uau A—Aiiﬁ = —1, T. e. AA" = —QFP, OTKyZa AP =
AP

Purc. 59

70

1 —I_) ”
?A A. Wrag, ecniu A” = A, 10 Touka P — cepenuna otpeska AA".

CnpaBemiuBo M o6parHoe
yTBEpKIeHHe: ec/IH TouKa P aBJs-
eTcs cepeluHod otpeska AA’, To
A" = A.

[Tpumep 60. Iokaxenm,
uTO NepcnekTHBHO-addHHHOe Npe-
o0pasoBaHue BIOJIHE OMNpefes-
eTcs 3aJlaHHeM [IBYX IepeceKaio-
IMUXCS NpsAMBIX @ M b 1 ux obpa-
30Ba’ ub', ecau Touku M = a )
NbuM=a (b He coBmagawor.

Pemenue. Ilpu nepcnek-
THBHO-apUHHOM  mpeobGpasoBa-
HuM Touke M = a () b cooTBer-
crByer Touka M' = a’' | b’'. Ta-
KMM 00pasoM, 3allaHHeM map
npsiMeIX @, @' U b, b onpenens-
ercss mapa touek: M u ee obpas
M’ u, cneroBaTesNbHO, ONpenesi-
eTcsi HanpasJieHue IpeoGpaso-
BaHUS.

PaccMOTpUM Tenepb BO3MOXK-
HBI€ CJIyYyad B3aWMHOTO pacloJio-
JKEHHUs] 3aJlaHHBIX NpSMBIX:

a) aff o, by b. O6osna-
YHM TOYKH IepeceueHHsi INpsIMBIX
a ua,bub’ COOTBETCTBEHHO ye-
pes X;u X,. Tak kak npu nep-
CIeKTHBHO-ahdHUHHOM npeobpaso-
BaHUM TOYKAa I[epeceyeHHsi Nps-
MOH ¢ ee 06pa3oM JIEXHT Ha OCH
npeo6pasoBaHHs, TO npamast XX,
GyzeT HCKOMOH ockio § (puc. 59 a).
Hrak, B 3TOM cJiyuae nepcreKkTHB-
HO-addHHHOE npeo6pa3oBaHue
ompeJesieHO BIIOJHE.

6) a4 a', b || b'. Onpenennm
TOUKy X, KakK B IpeAblaylLieM
cnyuae: X; = af)} a'. fcHo, uro
OChb S CJIelyeT Tenepb 3aJaTh Kak
npsAMYyo, NpPOXOASLIYIO Yepes Toy-



Ky X; nmapajsenbHO NMpsiMoit b, B IPOTHBHOM CJly4yae TOUKH S [ b H
s 1 b’ 6yAyT pas3aMYHBIMM, 4TO OYAET MPOTHBOPEYUTHL YCJIOBHIO COOT-
BETCTBEHHOCTH npsMbBIX b u b (puc. 59 6). Cayuaii, Korna a || o
u by b, paccmatpuBaercs aHasoruyHo. Mrak, u B JaHHOM cJayvae
NepcrneKTHBHO-aduHHOe mpeoOpa3oBaHUE TaKXKe BIOJHE  Olpe-
JeJIeHo.

B) alla’, bl b'. Tak KaK He cyllecTByeT HU ToukH X; = af]d’,
HU TOUkH X, = b | b’, TO ochb § mepCrneKTHBHO-ah(HUHHOrO mpeod-
pasoBaHusi He ompelesneHa. OJHaKO caMO IepcCleKTHBHO-appHHHOE
npeo6pas3oBaHHue BIOJIHE ONpeJe/IeH0 U B 3TOM cayuae. [leficTBUTENBHO,
NyCcTb TOUKa ) — HEKOTOpasi TOUKA MJIOCKOCTH, OTIpeiesisieMOt I IMbIMU
au b (puc. 59 B). IlpoBenem uepe3 Touky Q nmpsimyio p: p K a, p ¥ b.
IMpsamasi p nepeceuer npsiMble a U b. Ilycte L =p 1 au N=p(b.
Tak xak HanpaB/ieHue MM’ nepcnekTuBHO-ahHUHHOTO NpeoOpas3oBa-
HUS OmpejesieHo, To Ha#feM Touku L' u N’, coOTBETCTBEHHBIE TOUKAM
LuN:L'=10d,N =n(0b, npuuem [ ||  MM') u n || (MM").
Torpa npsimasi p° = (L'N') 6yzer oCpa3omM npsimoit p. lasee, npoBeleM
npsaMyio g: Q € ¢, g || (MM’), u Haiinem Touky Q: Q" =g N p’. Tou-
Ka Q" 6yner obpasom touku Q. Mrak, B paccMaTpuBaeMoM cJjyyae
NI KaxkAo# TOukd @ BIOJIHE
ompefiesieHa el COOTBETCTBEHHAs
Touka @', T. e. IEpPCHEeKTHBHO-
adpdpuHHOe npeobpa3soBaHue 3ajla-
HO BIIOJIHE.

3amMeuaHnue. Herpyauo
JI0Ka3aTb, 4TO 3TOT (6e30CHbI)
cnoco6 3alaHUsl IepCleKTHBHO-
adduHHOrO mnpeobpa3oBaHUs OI-
pelesisieT nmapaJJiesibHbIH NepeHoc

—_

MM’ (JokaxuTe 3TO CaMOCTOSsI-

TeJIbHO.) Puc. 60
IIpumep 6l. Hauer nps-

Mple @ U b M HX 06pasbl —Ips-

Mple a', b', mnpuueM a i b.

[Toctpoum Touky Q', cooTBeTCT-

BEHHYIO JaHHOH Touke B mepc- M

NeKTHBHO-ahdHHHOM npeobpaso-

BaHMM, 3aJaHHOM STHMH YyCJIO- |

BUSIMH.

Pewenue. [I-if cnocos. %\ :
[Toctpoum Touky M =a N b u ¢ b ! !
Touky M’ = o' (] b'. Hanee no- , -
cTpouM ToukM X; = a | a'u L N q
X, =0b(b', a 3areM ¥ oCb § =
= (X;X,) saga€Horo npeobpaso- M
BaHHud. [lanee, UMess OCbSH Napy
COOTBETCTBEHHBIX TOueK M u M’, Puc. 61
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OOGbIYHEIM 06pasoM Ha#AeM TOuKY
Q', COOTBETCTBEHHYIO  JaHHOMH
Touke Q (puc. 60).

2-1i cnoco6. HatizeM Touky Q’,
He CTPOSl OCH § 3aJaHHOTO Ipeol-
pasoBaHus. 11 3TOrO INpOBeLeM
uepe3 TOYKy Q mpsmyio p, nepece-
Kalollyio NpsiMble @ ¥ b B TOuKax
L u N coorBerctBeHHO. [lasee
IIPOBeJIeM NIOCTPOEHHUE CAELYIOLIUM
obpasoM (puc. 61): HaxoauM 06-
pasel L' u N’ touek L u N (kak
B npumepe 60 (B)); npamaa p’ =
=L'N’—o6pas npsimoit p. Ilajee HaxoquTCs TOUKa Q' KaK TOYKa nepe-
ceyeHHs1 IpsIMOH p’ U g, tae q || (MM') u Q €q.

I[Tpumep 62. JlokaxeM, yTo nepcneKTHBHO-apdHHHOE Npeobpa-
30BaHHe BIOJIHE OMpeJiesisieTCs], eCJU 3a/laHbl ero HalpaBJjeHHe — Mpsi-
Mmasi [, npsMas a, ee o6pas — @' u o6pas mpsiMmo#i @’ —npsamas a’,
npuyeM a () @' = a' () ", u npsimas ! He NapaJulesibHa HH OJHOH
U3 NpSMBIX @, @, &”.

Pemenue. $cHo, yto uckomoe npeoGpasoBaHue Gyzer ompe-
JleJIeHo, eCJM MBIl HafileM ero ocb U Napy COOTBETCTBEHHBIX TOYEK.
3aMeTHM, YTO JJs1 ONpefiesieHHs] OCH NpeoOpasoBaHUsi JOCTATOYHO OI-
pelesuTb JBe TOUKH, Jexallue Ha 3Toi ocu. B paccMarpuBaeMoM ciy-
Yyae OJlHA TOYKa, NpHHAJJexallasi OCH, yKe HMeercsi, — 3TO Touka X,
nepeceyeHyss BCeX TpeX JAHHBIX NpaMeX (puc. 62). das nocTpoeHus
TOYKH X, — BTOPOH TOYKH, NpHHAJJexalled ocu, NOCTpoUM cOpas
m’ BCIOMOTaTeNbHON NpPsIMOf m, KOTOPYIO AJsi MPOCTOTHI MPOBEIEM
napanjenbHo a'. Torga X, = m (| m’ u npsamas X,;X, — HCKoMas
ocb. Hrak, moctpoeHHe TOYKH X, BHINOJHHM CJEAYIOUHM 06pasoM:
npoBefsa m || a’, HafimeM Touky Q = m (] a. Hazee mposexeM ¢ ||/,
npuyeM Q € g, a 3aTeM NpOBeLEM IPSIMYIO m’, COOTBETCTBEHH VIO NP SIMOH
m, T. e. npoBefieM m’ || a”. Vimest Tenepb npsiMele m u m’, HAXOUM TOY-
Ky Xg = m (] m' u panee npoBoxum npsimyio X;X, — oCb NepCIeK-
THBHO-appuHHOrO mpeobpasoBa-
HHUS. Tax kak B mnpolecce
NIOCTPOEHHU S TIOJyYeHE! OCb Ipect-
pasoBaHHs M Napa COOTBETCTBEH-
HBIX TOYeK Q u Q', TO MOXHO 3a-
KJIIOYHTh, YTO 3aJaHHBIMU yCJIOBH-
SIMH IIepCIeKTHBHO-ahGHUHHOE npe-
06pasoBaHUe BIOJIHE ONpefesieHo.

IIpumep 63. IlepcnexTus-
Ho-a(¢dUHHOe npeobpasoBaHue 3a-
JIaHO OChIO S M Mapoi Toyek: A H ee
ob6pasom A’. Ilocrpoiite riaBHbIE
HanpapJ/eHHss 3TOro IpeoGpaso-
Puc. 63 BaHHs.

Puc 62
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Pewmenue. I-i cayuati. Ilpsavas AA’ He nmeprneHIuKyJspHA S
(puc. 63). IMposogum mpsimMyro AA’ u HaxoguM TOUKy C — CepeluHy
[AA’], BoccraBasiem B Touke C mHeprneHAUKyJsip m K mnpsmoit AA’
1 HaxoquM Touky O = m (] s. IlpoBomum okpyxHOCTh ©® = (O|0A]).
ITycTe OKPYKHOCTh @ NepecekaeT och s B ToukKax X; U X,. IIBe nape
npsaMeix AX,;, AX, u A'X;, A’ X, —HUCKOMBIe I'IaBHble HalpaBJ/eHHs.

B paccmotpenHoM ofmiemM caydae CyLIeCTBYyeT —eJUHCTBEHHas
OKPYKHOCTb ® C HEHTPOM Ha OCH S, Ipoxojsiiasi yepe3Touku A u A’.
Takum oGpasoM B o6LIeM caydae yepe3 KaxkKAyl TOUKY IJIOCKOCTH Ipo-
XOIUT eIMHCTBEHHAsi Mapa B3aMMHO MEPNEHAHKYJSADHBEIX IpSIMBIX,
06pasbl KOTOPHIX TaKKe B3aWMHO IepNeHAHKYSPHBIL.

2-it cayuati. (AA") L s, Ho Touka C — cepefuna otpe3ka AA" —
He JIEXKHT Ha ocH s. B atoM ciiyuae m || s. Uepes Touky A npoBezeM nps-
MyIo a || s uepe3 Touky A" — npsmyio @’ || s. [ 1aBHBIMH HallpaBJIeHUIMH
6ynyt ne mapel mpsmeix AA’, a u AA', o'.

34 cayuaii. (AA’) L s u touka C — cepenuna orpeska AA' —
JIEXKUT Ha OcH S. B aTOoM coyuae npsiMas m cOBNazaeT ¢ ocbio Npeobpaso-
BaHHus. Jlio6asi TOUKAa OCH MOKeT ObITb MO3TOMY MNPHHSATA 32 LEHTp
OKPYKHOCTH ®© U NpeoOpa3oBaHUe HMeeT GeCKOHEYHOe MHOKECTBO IJIaB-
HbIX HanpaBjaeHud. (HerpynHo yO6eauThesi, YTO B 3TOM CJIy4ae 3aJJaHHOE
npeoOpa3oBaHUe SBJISIETCS OCEBOH CHMMeTpHel.)

3agaum

226. IlepcnexTuBHO-ahduHHOE mNpeoOpasoBaHie 3afaHO OCBIO S H
napoi touek: A u ee o6pasom A’, npuuem (AA") 4 s. IToctpoiite o6pas
IaHHO# ToukH B, ecniu: a) (AB) || s; 6) (A'B) || s.

227. JlokaxkuTe, 4TO MpsiMasi, OTJHYHAS OT OCH IepCHeKTHBHO-
adduHHOrO nNpeobpasoBaHHUsl U IapaJijiesbHasl HallpaBJeHHIo npeobpa-
30BaHHsl, NPH 3TOM MpeoOpa3oBaHuU OoTOOparkaeTcs: Ha cels.

228, CywectByer JH mNepcrneKTHBHO-apdUHHOe NpeoOpa3oBaHue,
nepeBojisililee JaHHBIE NPsIMble @ U b COOTBETCTBEHHO B JAHHEBIE MPSIMBIE
@’ ¥ b’ B KaxIOM U3 CIEIYIOMHUX CJAYyYaeB:

a)afr b,a Kb 6)akb allb; B)allb, alb.

229. TlepcnexkTuBHO-abduHHOe NpeoOpa3oBaHHe 3aJaHO OCBIO §
H napoi#t touek: A u ee obpasom A’, mpuuem (AA’) 4 s. Ilocrpoiite
npsiMyio m’ — o6pa3 JaHHOH mpsiMOi m, ecnu:

a) mifs, myrt (AA’); 6) mlls, B) m| (AA").

230. IlepcrnektuBHO-adduHHOE NpeoOpa3oBaHUe 3aLaHO OCBIO S
u napoit Touek: A u ee obpasom A’, mpuuem (AA’) 4 s. Ilocrpoiite
tpeyronbHHK A’B’C’ — o6pas naHHoro tpeyroabHuka ABC, ecau:

a) Be€s; 6) BEsu CEs; B) (AB)]s.

231. anbl 1Be mapbl NpsaMbIX: @, @’ U b, b’ (a’, b’— o6pasH a, b),
omnpefesiioliye nepcrekTHBHO-ahduHHOe npeobpasoBanue. [locTpoiite
npsiMyto m’ — o6pa3 JaHHOH NpsMOf m B 9TOM MpeoGpasoBaHHH.
BrinosauTe nocrpoeHue AByMsi crocobaMu:

a) Haxolsi ocb NpeoOpa30BaHHuS,;

6) He HaxXoAs OCH NpeoGpa3oBaHHUS.
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232, Ilpu ycnoeuu 3amayu 230 HafiguTe mpoobpas JaHHOH TOYKH
M u npoo6pa3s JaHHOH MpPSAMOH m.

283. IlepcnektuBHO-adpHHHOE Npeobpa3oBaHHe 3aJaHO TpeMsd Ma-

pamu Touek: Toukamu A, B, C u ux obpasamu A’, B', C', ((A4") ]|
|| (BB') || (CC")). Tocrpoiite:

a) ocb S npeo6pasoBaHus;

6) Touky Q — o6pas JaHHOH TOukH Q;

B) o6pa3 JaHHOTO TpeyroJbHHKa PQR;

r) mpoo6pa3 HaHHOro TpeyrospHHKa PQR.

(3amauu 233 (6, B, r) pelunure AByMs cnocofaMi: 1) HCHOIb3YyH OCh
npeo6pa3oBaHus; 2) He MOJb3YsSCh OCBIO.)

234, Jlokaxwurte, 4YTO MNepcrneKTHBHO-adpHHHOEe Npeobpa3oBaHHe
BIIOJIHE ONpeNessieTcsl KaXKIbIM M3 CJeNYIOLIMX CI0COo6O0B:

a) sajaHueM INpsiMoil a u ee obpasa a’, Touku M u ee ob6pasa —
M', npuuem M €a, M' €4a';

6) 3ajaHueM NpsiMO# [ — HanpaBJleH s npeo6pasoBaHHﬂ H JBYX
nap npsiMeiX a, b 1 ux c6pasos — a’, b, npuyeM a || b, a || b, u nps-
Masi [ He MapaiebHa HH OJHOM M3 MPAMBIX 4, a, b,

B Ka)XZoM M3 3THUX CJyyYaeB NOCTPOHTE OCb npeo6pasoBaHH5{ U TOY-
Ky P’ — o6pa3 maHHOH TOuYKH P.

235, IlepcrekTuBHO-adbHHHOE NpeobpasoBaHMe 3aJaHO HalpasJe-
HueM [, npsiMOH a, ee o6pa3om @’ u npsiMoit a” — obpasom npsimMoi a’,
NpHueM MpsiMble @, @' U @ NepeceKkaroTcss B OJHOH Touke. BrimosiHuTe
CJIelyiollie MOCTPOEHHS:

a) Ha JaHHBIX HECOOTBETCTBEHHBIX MPSMBIX p H ¢ HaljuTe mnapy
Touek M u M’, takux,uto M € p, M’ € g u touka M’ aBssieTcs o6pa-
30M TOYKH M,

6) HOCTpoﬁTe Touky C' — o6pa3 naHHo# Touku C, ecau: 1) C € a;
2) Ceda; 3). Cea’

B) l'IOCTpOHTe npﬂMyro m' — o6pas mpsmoit m, ecau: 1) m' || a;
)ymila, 3)mlla%

r) mocrpoiTte TpeyI‘OJ'IbHPIK A’'B'C'" — o6pa3 IaHHOTO TpPeyTrOJbHH-

ka ABC, eciu: 1) A €a, B€a; 2) A€a, BEa'.

236. I'IepcneKTHBHo-aQJ(pHHHoe npeo6pasoBaHue [I; 3alaHO OCBIO
s; ¥ napo# touek: A — npoobpas, A" — o6pas, a nepcnekTHBHO-abdHH-
Hoe mpeoGpasoBaHue /1, 3aJlaHO OCbIO S, H NMapoH Toyek: B — mpoob-
pas, B’ — o6pa3s. Ocu aTux npeo6pa3oBaHuil NepeceKkaloTcs B Touke X.
IMocrpofite ABOHHBIE TOUKHM mNpeobpasoBanust 1, o I1, ecau:

a) HamnpaBJieHHs npeo6pasoBauufl /1, u I1, cOBNAaloT;

6) HanpaBJieHHsl NpeoOpasoBanuil [1; u I1, pasiuyHbL.

237. Kaxpoe u3 ABYX NepcrneKTHBHO-ad(QHHHBIX NpeoOpa3oBaHuil
I1; u 1, 3a7aHO OChIO M Mapod COOTBETCTBEHHBIX Touek. Hafinure ycio-
BHe, IpU BHIOJHEHHH KOTOPOTO CYIIECTBYeT MO KpaliHell Mepe ofHa
napa cOOTBETCTBeHHBIX Touek M u M’ (M = M’), Takux, uto I, (M)=
=M, I, M) =M.

238. [lokaxwure, 4TO IIPHU NepCHeKTHBHO-ah(GHUHHOM Npeobpa3oBaHUH,
OTJIHYHOM OT OCEBOIi CHMMETPHH, CYLIecTByeT He 6oJiee OHOH Napkl I/1aB-
HBIX HalpaBJeHUH.
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239. Janwl ocb nepcreKTHBHO-apUHHOTO MpeoOpasoBaHusd, Tpe-
yroabHuK ABC u Touka M'. Onpenenute npeo6pasoBaHue TakK, 4TOOLI
ueHtpoup tpeyroibHuka A'B'C’ — obpasa tpeyrosbHuka ABC — Ha-
xozauicsa B Touke M.

240. 3agaHbl OCb § MNepCneKTHBHO-apdHHHOTO INpeobpasoBaHus,
Touka A u ee o6pas A’, npuueM (AA’) 4 s. Jokaxure, uro ecau B’ —
o6pas Toukd B npu stom npeoGpasoBanuu, 10 (AA'X;) = (BB'X,),
rie X, = (AA") N s, X, = (BB') N s.

241, JlokaxuTe, YTO MHOXKECTBO, COCTOsIlllee H3 TOXKIECTBEHHOIO
npeoGpasoBaHus M BCeX INepCNeKTHBHO-aPUHHBIX NpeobpasoBaHuid
IJIOCKOCTH Ha ceBsi, HMEIOWUX OOILYI0 OCb, SBJSETCS IPYyINOH.

§ 7. O6uwee auHHOEe npeobpasoBaHue

Jdurepartypa: [1],§34 [3], r. IV;[5],ra. [; 8, § 4.

[Ipumep 64. Obmee adopunHHOEe npeoGpasoBanie MIOCKOCTH
3aJlaHo TpeMs napamu coorBercTBeHHbIX Touek: Au A", Bu B, CuC'.
[Toctpoum Touky M’ — o6pas nauHO# TOUKH M.

Pemen ue. HssectHo, uto adduHHOe mpeoGpasoBaHHe cOXpa-
HsleT KOJIMHeapHOCTb W MNpocToe OTHOWIeHHe Tpex Touek. HMcmosbsys
5TH €ro cBOHCTBa, MOXKHO HOCTPOUTH TOUKy M’ clelyromuM 06pasoM.

IIycrs npsameie AM u BC mepecekaiotcs B Touke D (puc. 64 a).
Crponm Ha mpsimoit B'C’ o6pas touku D, T. e. TaKyio Touky D', yto
(B'C'D’) = (BCD). 3atem ctpouM HCKOMylo Touky M’ Ha mpsamoi
A'D’, Tak, utobsr (A'D'M')= (ADM).

Moxer okasaTbcst, 910 (AM)||
|1 (BC), o (BM) K (AC). Ilycte
toria D, — Touka InepeceyeHust
npsimeix BM u AC, a Touka D —

takasg Touka mpsimoii A'C’, uto
(A’C'D'y) = (ACD,). Touka M,
l'lpﬂMOﬁl B'Dy, Takas, 41O
(B'DiM;) = (BD;M,), 6yzer B
3TOM CJlyyae HCKOMOH.

Hakoueun, ecau (AM) || (BC) u
(BM) || (AC) (puc. 64 6), 10
(CM) 4t (AB) (tak kak [CM] wu
[AB] — nBe nuaroHa/u mapaJie-
Jorpamma). B sToM ciydae Hy:KHO
cHayaJjia HalTH TOuKy D, mepece-
yeHust npsMeix CM u AB, 3artewm,
sHass toukd A’ u B’ uBenuuuny
npocroro otHowenus (AD,B),
nocTpouTh TOuKy D;, HakoHel,
uvess toukn C' u D2 u(CD,M),
Halth Touky M’.

8
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ITpumep 65. HokaxkeM, uro adbduHHOe NpeoGpa3oBaHHE ILIO-
CKOCTH, HMeiolllee TPH IBOMHEIE TOYKH, He JexallHle Ha OJHOH Imps-
MOH, SIBJISIETCS TOXKJECTBEHHBLIM IIpeo6pa3oBaHHENM.

Pemenue. Ilycts a(b(anHoe npeo6pa3013aune uMeeT TPH ABOH-
Hele Toukn: X = X', Y =Y', Z = Z' u 5T4 TOUKH He JiexKaT Ha Of-
HOH npsMOH. BOSbMerI B miockocTH (XYZ) npousBosbHYIO TOUKY M.
TOl"Jla npsimoit XM coorBeTcTBYeT HeKoTopasi mpsiMasti XM', a Touke

= (XM) N (YZ2) COOTBETCTBYET TOUKa D', npuyeM NpOCTHIE OTHO-
I_LIeHI/IH (YZD) u (YZD') paBHbL. CJIe,ILOBaTeJ'IbHO touka D’ coBmapmaer
¢ toukoit D. Toraa coBnagator u npsimeie XD u XD'.

Kpowme Ttoro, pasHbl npoctele oTHOWeHus: (XDM) u (XDM'). Tlo-
sToMy Touka M’ coBmajaer ¢ Toukoi M.

Ecau oraxercs, uro (XM) || (YZ), To nns 10Ka3aTesbCTBA MOKHO
BOCHOJIb30BaThCsl NpAMBIMH YM u XZ unu npameiMua ZM u XY.

Uraxk, ecau Tpu ABOHHBIE TOUKHM adPuUHHOrO nmpeobpasoBaHHs IJIO-
CKOCTH He JIeXaT Ha OfHOH NpsIMOH, TO BCe TOYKH NPH 3TOM npeobpa-
30BaHUHU [BOHHBLIE, T. €. 3TO addHHHOe mpeobpa3oBaHHe — TOXKAECT-
BEHHOE.

IIpumep 66. Obumee adpuHHOEe nNpeoGpazoBaHue IJIOCKOCTH
sanaHo TpeyroibHUKOM A BC 1 ero o6pasom — tpeyrosbHukom A'B'C’.
[IpencraBuM 310 npeo6pasoBaHue B BHJAe KOMIOSHIHHU IepCNeKTHBHO-
apbuHHEIX TpeoOpa3oBaHUH.

PemeHue. 3agaaum 171 —TepBOe MepCreKTHBHO- adhduHHOE Ipe-
oépaaoBaHHe NpOU3BOJILHOH OCBHIO §;, TOUKOH A U ee 00pasomM — TOU-
kot A’. Ilyctp TPEYTroJIbHUK ABC npu npeo6pasoBanuu [1; nepexoiur
B TpeyronbHuk A’'B;C; (puc. 65), nmpuuem Touka B; He coBmajgaer c
Touko# B’, a Touka C; He coBmajaer ¢ Touko# C'.

[ToxGepem TOTAa BTOpOE MNepCHEKTHBHO-apduHHOE NpeobpasoBaHHe
I1, takum o6pasoM, 4ytoGbl Touka A’ okasasnach NBOHHOH TOUKO#H B
5TOM rlpeo6pa3013aHHu C a10# 1EJBIO OCB S, npeo6pa303aﬂuﬂ I, mpo-
BefieM yepe3 TOUKy A’, HO Tak, 4ToOwl Touku. B’ u C’' He Jiexanu Ha
Sy, 8 00pasoM TOUKH B1 6yﬂ,eM cuuTath Touky B'. Ilycth mpu npeo-
pasoBauuu  [I,  TpeyroJbHHK
A’'B;C, orobpaxaercsi B Tpe-
yroneHuK A'B'C,.

Ecau touka C, He COBHAJeT C
Toukoi C’, TO 3afaluM TpeThe
nepcreKTUBHO-agpuHHOE  Ipeob-
pasoBaHue [I;, B KOTOPOM TOYKH
A’ uB’ Gbu 6l €ro JBOHHBIMH
toukaMi. C 310l Liesiblo NPSMYIO
A’'B’ npuMeM 3a oCb S3 npeobpa-
soBauus IT;, a Touky C' Oynmem
cuutath obpasom Toukd C,. Ilpe-
o6pasoBanve [l NIepeBOAIT TOT-
Jla TpeyroJbHHK A'B'C, B Tpe-
yroneHuk A'B’C’. Hrak, wMhl
noxo6pasnu TPH MepPCIeKTHBHO-
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abuHHBIX ~ npeoGpasoBaHus, Takux, uro I, (ABC) = A'B,Cy,
I, (A'B,C,) = A'B'C,, II; (A'B'Cy) = A'B'C’, 1. e. IIgollyo Il
(AABC) = AA'B'C'. Torga Iz o I1, o [I; — XKOMNO3ULHKS TepCrek-
THBHO-ahGUHHBIX NpeobpasoBanult I1;, I1,, [I; coBmajaer ¢ 3aJaHHBIM
obmuM adduHHEbLIM IpeobpasoBanueM (mo Teopeme 2 u3 [5], c. 24).

3agaumn

242, O6uiee adhduHHOe NpeobpaszoBaHue IVIOCKOCTH 3aJaHO HEBHI-
poxJIeHHBIM TpeyrosbHukoM ABC u ero obpasom A’'B’C’. BeinoJnure
crelyoLlHe TOCTPOEHHs:

a) mocrpoifite mpooGpa3 aHHOH ToukH M';

6) mnocrpoiite npoo6pas Toyku A;

B) mHoctpoiite o6pa3 TpeyrosnpHuka A'B'C’.

243. Ha msockocTtu AaHbl fBa napaJiesnorpamva: ABCD u PQRS.
Haiinure Bce adduHHBIe Npeo6pa3oBaHHsl IVIOCKOCTH, IPH KOTOPHIX
TepBHI NapaJuieiorpaMM otobparkaercss Ha BTODOH.

244, Jlokaxurte, YTO HeToXJecTBeHHoe addUHHOe NpeoGpasoBaHuUe
IJIOCKOCTH, HMelollee JIBe ABOHHBIE TOYKH, SBJSETCS IepCHeKTHBHO-
adduHHEIM TIpeoGpa3oBaHHEM.

245. [pa addunHBIX nNpeobpasoBaHUs IJOCKOCTH A; U A,
3aJlaHbl KaXkJoe IapaMH COOTBETCTBeHHbIX Toyek. Haiaure o6pasbl
AIPOU3BOJIbHO BLIOPAHHOH TOYKH NpPH KOMIO3HIHH:

a) Ayo Ay; 6) A0 A,.

246. 3ajaHbl TPU NepCleKTHBHO-ah(UHHBIX NpeobpasoBaHus: [1,—
toukoit M u ee o6pa3oM M’ u npsiMoii p U ee obpasom p’; [T, — OCbIO S,
Toukoit N u ee obpasom N'; [I3 — toukamu B, C, D u ux obpasamu
B’, C’, D'. Haiizute 06pa3 mpou3BoJIbHOH TOUKH A.IpH KOMIO3HLHH
HgoIlyo I,.

247. Kakue u3 ciefyloliiX NOHATUH sBJAsOTCS ahdHHHBIMU:

a) mpsiMasi, OTPe30K INpsIMOH, cepelMHa OTPe3Ka, KOHIPY3IHTHOCThb
OTpe3KOB, JJIMHA OTPe3Ka, NapaJjijielbHOCTb NpPSIMBbIX, NepNeHAHKYJIsp-
HOCTb NpSIMbIX, OTHOILUEHHe [JIMH HemapaJlie/bHBIX OTPe3KOB;

6) TpeyroJibHHK; paBHOOeIPEHHbIH, PABHOCTOPOHHHUH, IIPSMOYTOJIb-
HBIH TpeyroJibHUK; MeluaHa, GHCCEKTpHCA, BBICOTA TPEYrOJIbHHKA;

B) YeTHIpeXyroJIbHUK, MapaJJjejorpaMM, IpsMOYTOJbHHK, pOMO,
KBajpatT, Tpalenus, AHaroHaj]b 4YeThlpeXyroJibHHKa, PaBeHCTBO MJO-
manel yeTblpexyroJbHUKOB, OTHOILEHHe Iomaied AsyxX GHryp;

r) OpsIMOYTOJIbHbIE, KOCOYTOJIbHBEIE [eKapTOBbl KOODAMHATHI;, MO-
JspHble, adhHHHBIE KOOPAMHATHI;

Jl) OKPY2KHOCTb, 3JUIMIC, LIEHTP CHMMETpHH, AHAMeTp, COIpskKeH-
Hble AHAMETphl, OCh 3JIJIMIICA;

€) mapaJjiesbHBIH IepeHoC, INOBOPOT BOKPYT TOYKH, OcCeBasi CHM-
METpHsl, IeHTpaJbHAasl CHMMETPHsI, C2KaTHe K OCH, CABUT BIOJb IpsIMOH,
rOMOTETHS, Moaobue?

248. Hasosure HekoTOphle adHHHEBIE CBOICTBA CJAEAYIOLLUX GUTYD:

a) TpeyroJbHHKa, NapaJjiienorpaMMa, TpaneLuHy;
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6) npsiMOyroJbHHKa, pomb6a, KBaipara,

B) OKPYXKHOCTH, 3//HICA.

249, AcdQUHHBIE M XapakTep HUMEIOT CJACAYIOLIHEe H3BECTHHIE H3
IIKOJbHOTO Kypca reOMeTPUH TeOPEeMBI:

a) o cpelHel JIMHHU TPEYroJbHUKA;

6) o cpeiHed JIMHUHM TpaNeUUuu?

250. Ha xakue ¢urypsl otobpaxaercs npu obuwem adphpuHHOM
npeo6pasoBaHuy IJIOCKOCTH Ka)KAas U3 CAEAYIOIHUX QUTYp:

a) NpaBUJbHBIA TPEYTOJbHHUK C €ro LieHTPOULOM;

6) paBHOOOUYHAs TpamelnHs C OTPEe3KOM, COeJUHSIOWINM CepeJHHbl
€e OCHOBAHMH?

§ 8. AdcduHHOe npeobpasoBaHMe B KoopAMHaTax
Jurepatypa: [1],§ 34 [3],§ 25 [5], o I; [8],§ 4.

[Tpumep 67. AppunHoe mnpeoGpasoBaHHe IJIOCKOCTH 3afaHO
dopMysiaMu

4

X=—x—y+2

y =2x4+y—2. (1)

a) Haiizem xoopaunater Touku A’ — o6pasa touku A (1; 0);

6) HajiieM KOOpAMHATHI TOYKM B — mpooGpasa touku B’ (—1; 2);

B) HalileM ¢opMyJsl NpeoOpa3oBaHUsi, 00paTHOro MNpeob6pasoBa-
gHuo (1);

r) HalileM ypaBHeHHe NpPsIMOH, Ha KOTOpYyio oToOpaxaercs npsMas
2x—y+3=0.

Pemenue. a) Tak kxak Touka A (x; y) — npoo6pa3 TOUKH
A’ (x';y'), npuueM H3BECTHbI ee KOOpAMHATH: x = 1, y = 0, TO,
HOJCTaBJIsAS 5TH 3Ha4eHHs B GopMyJinl (1), MBI MOJy4YUM HCKOMEBIE KOOD-
nuHaTel Touku A’ (x'; y'): ¥ =1, y = 0 (B paccMaTpuBaeMoM CJay-
yae 0Kasajoch, 4to X' = x, ¥y’ = y, T. e. Touka A — JBOHHAs TOYKA
3aJJaHHOTO agPUHHOrO NpeoGpasoBaHUs).

6) IloacraBasis B c¢opmysbl (1) KoopauHatel Touku B’ (—I1; 2)
U peliasi MOJY4YeHHYIO CHCTEMY YpaBHeHHH:

{——x —y+2=—I,
2+ y—2=2,
HaXOJUM HMCKOMble KOOpJAHHATHI TOUKU B: x = 1, y = 2.

B) ®opmyJsl (1) BrpaxkaioT KOOpAHHATH 06pa3oB TOUEK uepe3 Ko-
OpAMHATEl Npoo6pas3oB 3THX ToueK. Pemas cucremy ypasHeHuit (1)
OTHOCHTEJIBHO X H Yy, NMONYYHM cielyrouwue ¢$OopMyJIbl:

x — xl _I_ yl’
y=—2¢—y + 2. 2)

ITpeo6paszoBanue, obpatHoe npeobpasoBaHuio (1), mepeBOAUT TOU-
Ky M' (x'; y') B Toury M (x; y), T. e. Lasi Hero (x'; ') — KOOpJAUHATH
npoo6pa3a B cucreMe kKoopiauxHat xOy, o6o3HauaeMnle yepes (X; V),
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a M (x; y) — s10 06pa3 touku M’ (x'; y'), nostoMy B hopmysax (2)
Halo 3aMeHHUTh ¥ Ha x', y Ha y'. Takum o6pasoM, mpeoGpasoBaHue,
obpaTHoe npeobpasoBaHuio (1), aHANHTHUECKH 3afaeTcs (OpMyJiaMHu:

X =x-+y,
y =—2x—y+ 2 3)

r) Hcnonp3yem nosyuenHele Beimte Belpaxenus (2). IloxpcraBnsis
HX B YpaBHeHHe NaHHOH MpsMOH, MOJyUYuM:

4 + 3y’ + 1 = 0.

3710 ypaBHeHHe BEIpaxkaeT CBA3b MeXKJy KOOpJAMHAaTaMH Touek M (x; y),
sSIBJsIOWMXCS oO6pasamMu Touek M’ (x'; y), DaHHOH mpsiIMOH, T. €. 3TO
M eCTh ypaBHeHUe 06pasa JaHHOH NpsMO. B OKOHUAaTe/ILHOM pe3yJib-
TaTe ONMYCTHM LITPHXH (TaK KaK BCe KOCPAMHATHI 3aJaHBl B CHCTEME
koopauHaT xOy) M oTBeT 3anuiueM B Buie: 4x 4 3y + 1 = 0.

[Tpumep 68. AddpunHOe mpeoGpasoBaHHe IJIOCKOCTH Ha cebs
3aJlaHO TpeMs MapaMH Touek H uX obpasos: A (1; 2), B (0; 3), C (1; 0)
u A’ (2;3), B' (0;5), C’' (2; —1). Haiinem anHanutHueckoe sajaHue
9TOro npeo6pas3oBaHiHs.

Pemenne. IloacraBnas B ¢opmyasl obmero adpguHHOrO mpe-
06 pa3oBaHus:

X =ax+ by + ¢,
¥ = ayx + by + ¢,
KoopJvHatel X = 1, y = 2 Touku A u xoopiauHatel ¥ = 2, y' =3
tToukn A’, mosy4yum cienywouiye ypaBHeHHsi: 2= qa; - | + b; - 2 +
+c¢, 3=a;+ 1+ b -2+ c,. AHasornyHo, NOACTaBJISAS KOOPJIH-
HaTel Toyek B u B’, a 3atem koopauHatel Touek C u C’, NOJyuuM elie
geThipe ypaBHeHHs: 0 =q; - 04 b, - 34+ ¢, 2=0a;, - 1 + b; - 0+
+e,05=a, - 0+ by,-340¢c,, —1=a,-1+0b,-0+ c,.
Takum o6pasoM, Ans onpelesieHHs] LIECTH HEH3BECTHHIX Ko3ddu-
LLMEHTOB ay, by, €y, Ay, by, C, MBI IOJTyYaEM CJIEAYIOULYIO CHCTEMY H3 IIECTH

ypaBHeHHI:
o+ 26, + ¢, = 2,
a, + 2b, + ¢, = 3,
{ 3b1 "I_ Cl = O,
3b2 + C2 = 5,
a, + ¢ =2,
ay + ¢y = —1.
Pemas 3Ty cucteMy, HaxomiuMm: @, = 2, a, = 0, b; = 0, b, = 2,
¢, = 0, ¢, = —1. CnenoBarensHo, mnpeoGpasoBaHue 3ajaercst (op-
MyJiaMu:

2x,
=2y — 1.
[Ipumep 69. Hafinem aHanutHueckoe sajaHve MepCNeKTHBHO-

auHHOTO Mpeobpa3oBaHHs MJIOCKOCTH Ha cebsi, MepeBOASALIEr0 OCh
Ox B npsimyio x + y = 1, a ocb Oy — B mpsamyw 2y — 1 = 0.

xl
4
y
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Pemewn ue. Kax usBecTHo, KoopAuHaTtel TOukKH M (x; y) ¥ ee
o6pasa M’ (x'; y') cBsI3aHBI COOTHOILEHHEM:

x = a X + ay + a,
y = B’ + oy’ + Bs. (4)

Ocb Ox 3apaercs ypaBHeHHeM y = 0. 3HauuT, KOOPJAMHATHl TOYEK
o6pasa 310#l npsIMOH yIOBJIETBOPSIOT ypPaBHEHHIO:

Bix" + Poy’ + B3 = 0.

ITo ycaoBuio ob6pasoM ocu Ox siBasercs npsmasg x + y — 1 = 0.
[NepeiizeM K 0Go3HayeHHsIM KOOpAMHAT 6€3 IUTPHXOB H CPABHHM ypaB-
Henuss nmpsaMeix Bx + Py +Ps =0 u x+y—1=0. Tak kax
STH IpsiMble NOJUKHBEI COBNAjaTh, TO BHIMNOJHSIOTCS COOTHOLIEHHS:
Bi:1=Py:1=PRsg:—I1, oTKyZna

fr = B = —Bs. ®)

TouHO Tak e, CpaBHUBAs YPAaBHEHHS NPSAMBIX O X - gy - otg=0
u 2y — 1 = 0, noayyum:

a; =0, a, = —2 a. (6)

Hakonen, Bocmosnb3yeMcss TeM, 4YTO HCKOMOe IpeoOpasoBaHHe
JOJIKHO HMeThb OCb. Kaxjas TOuka OCH — 3TO JBOHHAs TOYKa Ipe-
o6pasoBanus. KoopAHHATH ABOHHBIX TOYeK athdHHHOTO npeobpasosa-
HUSl YAOBJIETBOPSIOT CHCTeMe YpaBHEHHUH:

{(ocl—— x4+ oy + a3 =0,
fx+ Bo— 1y + Bs=0.

Uro6el 3Ta cHcTeMa HMesa GECKOHEUHO MHOTO pelleHHH, JOJLKHEL
BBIIIOJIHSATBCS.  YCJIOBHS:

o — 1 a, ‘:0 o, —1 as| _
Bs P — 1 1By Bs
Tlopcrasasst a; = 0, o, = —204, f; = P, = —P3, NoayUaeM:
—1 —2a, \=O —1 o) g
—PBs —Bs — 1 "1—Bs PBs ’

Briuncasisi onpelenuTtend, MBI NOJydaeM CHCTEMY ypaBHEHME:
{ 2035 — Ps — 1 =0,
asfs — Ps = 0.

Pemnaem sty cucreMy, HaxoiuM o; = 1, B; = 1. Torna us ypasue-
uu#l () caenyer, uto f; = P, = —1, a U3 ypaBHeHu# (6) cienyer, 4TO
oy, = —2.

Urak: a;, =0, a, = —2, a; =1, f; = —1, f,=—1, f; = 1.
TMoxcraBnss HafiieHHBIE 3HAYEeHHUST B GOPMYJbl (4), MBI NOJyYaeM CHC-
TeMy ypaBHeHHH:

{x = —2y" + 1,

y=—x —y +1,
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pelasi KOTOP Y0 OTHOCHTENBHO X' U y’, HAXOAMM, YTO HCKOMOE IepCHeK-
THUBHO-ahpuHHOE NMpeobpasoBaHUe aHAJIUTHUYECKH 3ajaercs GopMyJiaMHu:

PekomeHayeM unTaTtesi0 MPOBEPHTh, YTO 3TO MpeoGpasoBaHue JIeii-
CTBUTEJILHO YJIOBJIETBOPSIET BCEM YCJOBHSIM 3alauH.

3apaum

251, A¢pdunnoe mpeoGpasoBaHue MJIOCKOCTH 3afaHO (GOpMyJaMH:

X =x-+58y—7,
y =x—4y + 1;

a) Hafiiute KoOpAHHaThl o6pasa Touku A (2; 1);

6) HaliiuTe KOOpAMHATHI Npoobpasa Touku A (2; 1);

B) Haiinute dopMyssl 06paTHOrO npeoGpasoBaHUs.

252. A¢pduHHOe npeoGpasoBaHHe MJOCKOCTH 3afaHO (opMyJaaMu:

a) X' = x4+ by —7, 6) X =2x—y+ 3,

y =2x—3y+ 1 y=x-+y-+ 1.

B kaxaom u3 3THX ciIyyaeB HaHauTe:

1) dopmyJsl o6paTHOTO MpeoGpas3oBaHust;

2) ypaBHeHHs o6pa3oB oceit Ox u Oy.

253. AddunHoe.npeobpasoBaHUe MJIOCKOCTH 3afaHO (HOpMyJIaMH:
X = ax + by, ab, ’
Y = axx + byy, e ay by >0

Halinute ypaBHeHue mpsMoli, Ha KoTopyw oToGpaxkaercss NpsiMast
px+ qy+ r=0.

254, ApdunHoe npeoGpasoBaHHe MJIOCKOCTH 3aJaHO (GOpMyJaMu:
X =x+ 4y —7,
y =x-+ 3y + 1.
Haiinute ypaBHeHus:
a) obpasa mpsamo#i x + 2y — 1 = 0;
6) npoo6pasa npsMoii x + 2y — 1 = 0.
255. Haiinute npofiHble TOYKH adUHHBIX NpeoGpasoBaHHH MIIOC-
KOCTH, 3aJlaHHBIX CJeRYIOWHMU HOpMyJIaMu:

a) ¥ =3x+4+ 2y — 2, r) x' =2x—3y+ 5,
y’=:1c—4y+é7; y =x—2y+1;
0) x 2" y—{—2, 1) ¥ =3x+y—5,
y =2x+ 3y —1; y=2x—y—2.
B) X =x+y+1,
vV =x—2y+ 1
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256. Hafinure ananutHueckoe sajanue athbpunsoro npeobpasosa-
HHS MJOCKOCTH H KOODJIHHATHI HENMOABHMKHBIX TOYEK 3TOro mpeobpaso-
BaHUs, ecyd Toukd A, B, C nepexonsrt B Touku A, B’, C' 1 3TH TOYKH
UMeIOT KOOpAHHATHIL:

a) A(;1), B(1;0), C(1;1), A" (1;0), B (0; 1), C"(1; 1),

6) 4(1;2), B(2;1), C(0;0), A" (3;7), B (4;6), C" (—1; 2),

B) A (0; 0), B (0; 1),C (—1; 2), A" (0; —3), B'(—2; —3), C'(2;,—1).

257. Hokaxure, uto ad¢duHHOe NpeobpazoBaHHEe IJIOCKOCTH, 3a-
JlaHHOe TpeMsi MapaMu ToueK M ux obpasos: A (1;2) u A" (2; 4),
B (0; —3) u B’ (I; —1), C (2; —1) u C" (3; 1), — 3T0 napaJeJbHbIH
nepeHoc f{. Hainnre Bektop f.

258. OceBast cHMMeTpHs 3ajaHa QopMyJaMH

¥ = —x—6,
Yy =y.
Hafinute ypaBHeHHe OCH CHMMETpHH.

259. Hafinute ananuTHYeCKOe 3afaHHe:

a) CHMMETPHH C LiEHTPOM B Touke (5; —2);
6) CHMMeTpHH C OChio X = 4;

B) CHMMETpHH C ocbio 3x + 2y — 6 = 0.

260. Hafinute ananuTHuecKoe 3afaHue:

a) TOMOTeTHH C LeHTpoM B Touke (l; 3) m k= —2;

6) rOMOTETHH C MeHTpPOM B Touke (—2;0) u 06pa30M A’ (4;3)
toukn A (0; 1);

B) TOMOTETHH, nepesozmmen toukn A (1; 2) u B (—3; 0) cootBer-
ctBedHo B Touku A’ (2; 1) u B’ (—4; —2);

r) noxo6us, NepeBOJIAIIEro TOYKH A(1;0), B@3;1) u C(3;2)
cooTBeTcTBeHHO B Touku A’ (—4; 2), B’ (0; 0), C’ (0; —2).

261. Hafizute c¢opmynsl mnepcrnekTuBHO-addHHHBIX NpeoGpasoBa-
Hi{Hl IJIOCKOCTH, A/ KOTOPHIX YpaBHEHHe OCH S npeobpa3oBaHHs H
KOOpJAMHAThl TOUKH A U ee o6pasa A’ 3ajaHbl cielyrouimM o6pasoM:

a)s:x+2y—1=0, A (1; 2), A (2; 2);
6)s:x+y=0, A(—1;2), A 1,1)
B) s:2x— 3 =0, A (3; 0), A" (—1; 2).

262, Hafinute ypaBHeHHe ocH nepcrneKTHBHO-apUHHOTO NpeoGpa-
30BaHMA IJIOCKOCTH, 3aJaHHOro ¢opMyJaMu:
a) ¥ =2x—y, 6) ¥ =3x—y+4, B) X' = x,
Yy = 3x— 2y; y =4x—y; y = 2y.
263. BrisacHuTe, SABJSIOTCS JIM NepCHeKTHBHO-ahdHHHEIMH IpeoG-
pasoBaHUs IJIOCKOCTH, 3aJaHHbEIE CJAeLYIOUUMH (GOpMYJaMu:
a) x' = 4x + 2y — 5,
y' = 6x 4 5y — 10;
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6) ¥ = 3x+ 4y — 2, B) x' = 3x + 4y + 2,
y=x+3y—1; y =x+ 3y + 1.
264. AdpdunHOe npeoGpasoBaHHE IJIOCKOCTH 3afaHO (GOpMyJaMu:

7

X = ax + by + ¢,
Y = ayx + by + ¢,.

Hafinute ycnoBusi, KOTOPEIM HOJIKHBI YJOBJIETBOPSTH KO3(DHUIHEH THI
ay, by, €1, Qs, by, €5 3TOTO IPEOOPA30BAHHUS, YTOOBI OHO GBIJIO MepCNeKTHB-
HO-ap(UHHBIM.

265. IlepcnexruBHO-adpduHHBIe NpeoOpasoBanus [1; u [, 3ajaHbl
CeflyIoIMMH  (OpMYyJIaMHu:

H.x'=x, .. ¥ =3x+4y—2,
Py =2y Ty =x+4+3y—1
Halinute aHasuTHYecKoe 3ajlaHue KOMNO3ULHH npeo6pasoBaHuUil:
a) H2°H1; 6) Hl 5172.
Bynyr Jau nosydeHHBle INpeo6pasoBaHHsl MepCleKTUBHO-addHH-
HBIMU?

i

§ 9. PeweHne reoMeTpMUecKKX 3afauy ¢ NMOMOLLbLIO
aPMHHBIX NpeobpasoBaHMii MNOCKOCTH

Jureparypa: [1],§ 35;[5], ra. I;[8], § 4.

[Tpumep 70. dokaxeM, YTO IpsMasi, NPOXOAsLIAsi Yepe3 TOU-
Ky nepeceyeHHs] NPOJOKEHHH GOKOBBIX CTOPOH TpaneluH U TOYKY Ile-
peceueHHss ee JuaroHaJell, JeJUT OCHOBAaHHMS TpanelUHuH [oMOJiaM
(puc. 66 a).

Pemenue Taxk kKak CBOHCTBO 4YeTHIpeXYroJbHHKA OBITh Tpa-
nenvell — ahdUHHOE CBOHCTBO, CBOHCTBO NPSAMOM NIPHHA//IEXKATh TOUKE—
ToXe apHHHOE H CBOHCTBO TOYKM OBITh CepelUHOH oTpe3ka — addHH-
HOe, TO paccMaTpuBaeMasi 3ajaya — adppuHHAs, W NO3TOMY g ee
pellileHHs MOXKHO MNpHUMeHHTb addHHHOe NpeobpasoBaHue.

3ananum addrHHOe Npeobpa3oBaHye Tak, YTOOLI TpeyroabHuk APD,
rae P — TOuKa INepeceyeHHs] MpPOAOJIKeHHH GOKOBBIX CTOpOH AB u
CD rtpaneuun ABCD, nepewmen B paBHOOEAPEHHBIH TpeyroJibHUK
A'P'D’, y xoroporo [A'P'] = [D’P'] (puc. 66 6). Torza, Kak HeTpyIHO
y6enutncs, Tpaneuus ABCD nepeililer B DaBHOGOYHYIO TpamewHio
A'B'C’'D’, a nnaronanmu AC u BD — B KOHTpYSHTHbIE MeXAYy COGOMH
nuaroHanun A'C’ u B'D’. U3 kourpysutHoctd TpeyronsHukos A’B'D’

P P
u A'C’'D’ (no tpem cropoHam) caenyer, uro B'D'A’ = C'A’'D’, u no-
atomy TpeyronbHuk A’'R'D’ — paBHOGeapenusil, T. €. [A'R'1=[D'R’].
Hrak, Touku R’ u P’ npuHajjexaT MHOMXKECTBY TOYEK, pPaBHOya-
JeHHbIX 0T Touek A" u D', 1. e. PR’ — 370 CpeAMHHBIf NepNeHAUK Y5
orpeska A'D’, u, caefosatenpHo, Touka S'= (P'R’) [} (A'D’) neaut
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A S D Al Sl D'
a b)

Puc. 66

ocHoBanue A'D’ tpameuun A'B'C’'D’ nomonam. [lanee, Tak Kak
(B'C')II (A'D"), to (P'R’) L (B'C’") u tpeyroabuuk B'P'C’, Kak u
TpeyroasHuk A'P’'D’, paBHoGespeHHbIfl. Torga (P’'R’) menur ero oc-
HoBaHue B’C’ nonosam. Mrak, Mbl Jokasanu, urto (P’'R’) IeJHT OCHO-
BaHus Tpaneuun A'B'C'D’ mononawm.

Ho cBofictBo Touku OHITH CepefHHOH OTpe3Ka — adduHHOE CBOH-
cTBO, Tak urto B Tpanenuu ABCD npsmas PR — npoofGpas npsMoH
P’'R’ — takxke TpPOXOIUT Yepe3 CepelMHbI OCHOBaHUH, 4TO H Tpebo-
BaJIOChb JI0Ka3aTh.

[Ipumep 71. Kaxnas us cropon tpeyronpiuka ABC pasjerne-
Ha Ha TPU KOHTPY3HTHBIE YacTH, U KaxKJas TOYKa JeseHHs coelHHeHa
C NMPOTHBOTIOJIOXKHO BEPIIHHON TpeyroJbHHKA. JIoKaKeM, 4TO B LIECTH-
yTOJIbHIKE, 00pa30BaHHOM 3THMH IECThIO NPSIMBIMU, AHATOHAJH, COCNH -
HSIIOIIHE €ro IPOTHUBOIOJIOKHbLIE BEpIUMHBI, MepeceKalTcs B OJHOH
TOUKe.

PemeHue. Y06erumcs cHayasla B TOM, YTO MOCTaBJieHHas 3ala-
ya — addunnag. [eHcTBUTENbHO, CBOHCTBO (DUTYpHl OBITH TPEYrOJib-
HUKCM — adduunoe. [asee, cTropoHsl TpeyronpHuka ABC pasjieneHbl
Ha TPH KOHTPYSHTHBIE 4YacTH: IyCTh, HalpHMep, [ACA% [C,C,] =

—_—
2< [C,B] (puc. 67 a). D10 pPaBHOCHJIBHO paBEHCTBy;i%=Cl:Cz= 1,
CC, C.B

T. e. (AC,C;) = (C;BC,) = 1. Ho cBoficTBO Tpex TOYeK OAHOHK Mps-
MO HaxXOIUTbCsi B OMNpeleIeHHOM IPOCTOM OTHOLIEHHH — addunnoe
CBOHCTBO.
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Hanee, cBOiCTBO mpsMbIX HMMeThb o6mlyi0 TOYKYy — adduHHOE W,
HaKOHell, CBOHCTBO (UTyphl ObITh INECTHYTONBHHKOM TOXe adpuHHOE
CBOHCTBO.

Urak, nns pelleHHs] NocraB/eHHOH 3aJaydM MOXKHO NPHUMEHHTHb ad-
¢uHHOe npeoGpasoBaHue. 3alJaluM €ro Tak, 4ToObl JaHHBIH TPEYroJib-
HUK A BC nepeliies B paBHOCTOPOHHUH TpeyroibHUK A’ B'C’ (puc. 67 6).
PasjenuM Kaxayio u3 CTopoH Tpeyrosphuka A’B'C’ Ha TpH KOH-
TPY3HTHBIE YaCTH TOYKaMH A;, A'g, Bll, B, C;, Cy — obpasaMM TOuYeK
Ay, A,, By, By, Cy, C,. CoellMHHB COTJIACHO YCJIOBHIO MOJIyYEHHEIE
TOUKH JleseHust ¢ BepiuuHamu A’, B’ u C' tpeyronpHuka A'B'C’,
NoJIy4uM wecTHyroibHuk P'Q'R'S'M'K’.

Paccmotpum Tpeyrobuukn A'C'C; u A'C'A;. Tak kak [4'C'1—

P

~ :
ux obwas cropona, [A;C'] 2 [CA’] u CoA'C' = AC'A’, T0 31H
N

A~
TPEYrOJIbHUKH KOHTpysHTHEL [lostomy CyC’A’ = A;A’C’. Ho Torza
tpeyrosibHuK A’'Q'C’ paBHOGe#peHHBIH. AHAJOTHYHO M[OJY4aeM, UTO
tpeyroibHuK A’ M’C’ paBHOGeApenHEIil, T. €. Toukd Q' U M’ OIMHAKOBO
yAaseHsl ot Touek A’ u C’, a 103TOMy OHHM JieXaT Ha CPeJMHHOM Iep-
neHAMKYyJsipe K otpesky A'C’.

Takum xe obpasoM nosiyyaem, uto Touku P’ u S’ sexaT Ha cpe-
JMHHOM TNepheHAuKyJsipe K oTpesky A’B’, a Touku R’ u K' — Ha
CPEMHHOM nepneHIuKy/sipe K orpesky B'C’. Ho cpenunHme mnep-
NeHAUKYJSAPbl K CTOPOHAM TPeyroJibHHKa IepeceKalTcsi B OJHOH
TOUKE. C:,JleAOBaTe.ano, v nuaroHanu Q'M’, P'S’ u R' K’ nepecekaiorcs
B ONHOH TOUKe.

HcrosnikoBbiBast Temepb MOJyueHHBIH AJa TpeyrosbHuka A’B'C’
a(QUHHBIA pesyJbTaT, NPHXOIMM K BBIBOAY, YTO AHArOHAJH LIECTH-
yroabanka PQRSMK nepecekaiorcs B 0JHOH TOUKe, UTO M TPe6OBAJIOChH
JIOKa3aTb.




D C [Tpumep 72. Uepes Touky
Q, nexamyio Ha auaroHanau AC
/4 PM napannenorpamma ABCD, npose-
leHa mpsivas [, mapaJJeJbHas
(AB). Ilpsimast [ nepecekaer cTO-
pony BC B Touke R. Jlokaxew,
YTO MJIOLIAH TpeyroabHuKoBA BR
A B u ADQ paBHul (puc. 68 a).

Q) Pemesn ue. IlocraBnennas
3ajaua — adpdunHas. lelcreure-
D C JIbHO, CBOHCTBO (UIypHl ObITh
napaJjieiorpaMmoM, CBOHCTBO
npsiMofl OBITH JHaroHaJjblo YeTbl-
pexyroJbHUKa, CBOHCTBO MpsIMOH
/| OblTb mnapaJjJeJbHOH CTOpPOHE
AB, cBolicTBO TOUKH Q J1€XKAaTb
Ha auaroHanu AC, ceoiicTtBo ¢u-
rypbl ABR u ¢urypst ADQ Gbith
TpeyroJIbHUKaMH U HMeThb OTHOLIe-
, Hue mjoafel, paBHoe 1, — Bce

~
<

©
I

(=)
x

A a B 3T0 agduHHBIE CBOCTBA.
6) [TosToMy A/ pelueHUst AaHHOH
Puec 68 3aJ1ayu MOXKHO NPUMEHUTb appu-

Hoe npeoGpasoBaHue. 3aiaiuM ero
TaK, 4ToGbl TpeyropHuK ABC neperues B paBHOGEAPEHHbIH IPSIMOYTO/BHbIH
tpeyronbHuk A'B'C’ (A'B'] = [B'C’]). Torza Bepuuna D mapaselo-
rpamma ABCD nepeiizer B Bepiunny D’ kBagpara A'B'C’'D’ (puc. 68 6).
Huaronans AC nepeiizer B fuaronans A'C’, Touka Q, npuHaijexalas
npsiMoit AC, — B Touky Q’, mpuHajJexauyio npsmoit A'C’, npsmas [,
napaniensHas (AB), — B mpsaMyio I', napananensiyiwo (A'B’), Tpe-
yronbHUKH ABR u AQD coorBerctBeHHO B TpeyrospHHkn A'B'R’
u A'Q'D" u touka P mnepeceyenust npsimpix [ u AD — B Touky P’
nepeceuenust npsmeix [ u A'D’.

JloraxeM, uto nJoumagy Tpeyrojsiukos A'B'R’ u A'D'Q’ paBHBHIL
pey

Mosoxuu |A'B'| = a, |A'P'|=b. Tlonyuaen S,pp =5 ab
Syqp= %a |[P’Q’|. Ho us npsimoyroJbHoro tpeyrossHuka A'P'Q’,
rae qu\'p' = %, HaxomuM, uro |P'Q'| = |[A'P’'| = b. Tlosromy

1 ’ ’ ’
Sagp = ;ab. HUrak, niomanu tpeyroabHukos A'B'R' u A'Q'D’

paBHBI, T. €. OTHOLIEHHe 3THX mJomase# pasHo 1. CorsacHo cBoficTBaM
appuHHBIX npeoOpasoBaHUH  OTHOIIEHHe IJOWAAedl TpeyroJbHu-
koB ABR u AQD Gyner takxke paBHO 1, T. e. 3TH mjouaau GyAyT
PaBHBIMH.

[Tpumep 73. B Ttpamemun ABCD AD u BC — ocHOBaHHf,
npuyem [AD]: [BC| = a: b. Nuaronaau AC u BD nepecekaworcs B
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touke O. Hafiznem otHoOIeHHe MJIO-
uiaau tpeyroabiika AOD K mio-
wany tpanenun ABCD (puc. 69 a).

Pemenue. DOra 3anava
Obla pelieHa HaMH METOJOM Ila-
paJenbHOTO NepeHoca (CM. MPH-
Mep 33). PemnMm ee Teneps,
hcnoJbsys adppuHHOEe INpeobpaso-
BaHHUe (y6efuTeCh CaMOCTOSITEJIbHO
B TOM, YTO paccMaTpHBaeMmasi 3a-
naua — adpuHHAS).

Bribepem addpunHoe mnpeobpa-
30BaHHe Tak, YTOOE 00pa3oM Tpe-
yronpHHKa AOD Gbli mpsMoyro-
JbHBIH  TpeyroabHUk A'O'D’
KOHTPY3HTHBIMH KaTeTamu A’0’
u D'O" (puc. 69 6). Torma Tpe-
yronbHuk B'O'C’  Takxke Oyner
NPSIMOYTOJIBHBIM ~ paBHOGEIpeH-
HbM, a Tpaneuus A'B'C’'D’ pas-
HOOOYHOH, NpuyeM MO CBOHCT-
BaM adHHHOrO npeoOGpas3oBaHHUs
|A'D"|:|B'C"| = a: b. [Tonoxum

Puc. 69

IS YTPOLIEHHUS! AabHEHIUUX Bbl-
kaagok [A'D’| = ka, |B'C'| = kb u BHLINMOJHUM HeOOXONVMble BEHI-
yucienus. K3 paBHOGelpeHHBIX MNPSAMOYTOJIBHBIX TPeyTOJbHUKOB

AO'M w B'O'F wuaxomum: |A'0'| =%kal/_2, |B'O'| =%kb]/§.
Hafinem BbicoTy Ttpameunu A'B'C'D’. |[F'M'| = |[O'M'| +|0'F'|=
= [M'D'| + |F'C'| = %(a + b).

Torma
1
—1A0|-10D
SAIO/DI — 2 I l l l . a2
S 7 7 7 7 l b 2 °
Ho S,op @ Sascp = Saopr @ Sagicrp- Takum o6pasoM, H L5

3aJlaHHO¥l Tpamenuu nosyyaem, 9to S, - : S,z-p = a®: (a + b).
[Tpumep 74. Ha croponax AB, BC, CA tpeyronbauka ABC
B3SITBI COOTBEeTCTBEHHO TOoukH C; U C,, A; u A,, B, u B, Tak, u4rto
(A3By) I| (AB), (ByCy) |l (BC), (CyAy) |l (CA) (puc. 70 a). okaxewm,
yTO MJIomanu tpeyronpHukoB A,B;C; u A,B,C, paBHHI.
Pemenue Herpyrno Bullerb, uTo mNOCTaB/leHHas 3ajaya —
appunHas. [eficTBUTENBHO, CBOHCTBO (DUrypHl ObITH TPEYTOJBHHKOM,
CBOHCTBO TOYEK MNpHHAJIeXaThb NpsMOH, CBOHCTBO (UTYp HMETb paB-
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Hble IJI0Ia1H (OTHOILEHHE 3THX
nsomajei pasHo 1) — Bce 3TH
cBoiictBa adduHHbe. UTak, nist
pellleHHs TOCTaBJEHHOH 3afa-
Yy MOXKHO MPHMEHHTb adus-
HOoe mpeoGpasoBaHue.
3aganum addurHOE Npeol-
pasoBaHHe TaK, YToObI 06pa3oM
TpeyronbHuka ABC 6bln Tpe-
yroabHuk A'B'C’, nasi xotopo-
ro 3ajaya pellaeTcs Jierue, a
HUMEHHO: BepIUHHBI TPEYTOJb-
Huka ABC oTo6pasuM Ha Bep-
' IIMHBl PaBHOCTOPOHHETO Tpe-
8 yroasHuka A'B’C’ (puc. 706).
Ilpu stom TOUKM A,, A,, By,
c, A, B,, C,, ,Cz ,nepe/ﬁz[y:r B TaKhe
Toukd A, A,, B, B,, C| C,,
w0 (4;B) || (A'B"), (BiC))||
I (B'C"), (C2AN)|(C'A’). Pe-
c' A LIMM 3ajayy AJsl TPeyroJibHH-
! 2 ka A'B'C'.
[Monaras|A'B’|=1,|A"B,|=
=p, |A'Cll=ygq, [BA)=
= r W IpuMeHsss QOpMyIy

1 A
A B, B, ¢’ S 450 = > ab sin C, mnojcuu-
0,
) TaeM IJIOLIAJH TPeYrOJbHUKOB
Puec. 70 A{B/C/ u A3BiCy:
1. =
[ A— s — o — II—S /'=—Sln"—l'l— -
SAlalcl Sapc SA’B‘CX SB’ClAl C'BjA, 2 3 ( Pa

—(1=p)(1—r) —r(l—q)) =K_j’—(p—-pr—pq -+ rq).

AnasoruyHo HaxoJuM, 4TO
’ ’ ’ -3—-
SayBycy= —V4 (p — pr—pq +19).

Takum o6pasoM, OTHomeHue mJomageii TpeyronpHUKoB A;BC;
u AaByCs paBHo 1. A Tak Kak OTHOWIeHHE MJolialel Npu aphHHHOM
npeo6pa3oBaHUM He MeHsieTcsl (sIBJIsieTCsT HHBapHaHTOM addUHHOTO
npeoOpas3oBaHHsi), TO W OTHOINIEHHE MJOafell TpeyronpHUuKoB A,B,C;
u A,B,C, paBHo 1, T. e. muomanu tpeyronsHuko A;B,C; u A,B,C,
PaBHEL.
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3apgaum

266. Mcnonb3ys yrtBep:kIeHHe mnpuMmepa 70, NOJb3ysiChb TOJBKO
JIMHEHKOH, pelliuTe CJAeAyIollMe 3aJayH Ha MOCTPOeHHe:

a) Jaunwl ABe napaJJesbHble npsiMble. IlocTpoliTe cepenuHy oTpes-
Ka, JIe;Kalllero Ha OJHOH U3 3TUX NpPSIMBIX.

6) Hau orpesok AB u ero cepenuHa — touka C. Uepe3 maHHyi0
Touky M, He Jexaliyio Ha npsimoii AB, npoBexuTe mpsMylo, napad-
JeJbHYI0 npsMod AB.

B) JlaHb! IBe mapaJijesbHbIe NpsIMBlE W TOUKa P, He Jexallas HH
Ha OJHOH M3 3THX nNpsMbix. IlpoBenute yepes Touky P mpsiMyio, na-
pasJieNbHYIO JaHHBIM TP SIMBIM.

267. Jlokaxure, 4ro ecau B yeTeipexyrojbHuke ABCD npsmas,
npoxojsimas yepe3 Touky P nepeceueHus: ctopoH AB u CD u touky Q
nepeceyenus: puaronaned AC u BD, penut croponsl AD u BC nono-
aaM, o ABCD — rtpaneuus.

268. Jlokaxure, uyTo ecau ToYkH M u N jexar Ha cropoHax AB
1 BC tpeyronbauka ABC u (MN) || (AC), To TouKa nepeceueHus nps-
Meix AN u CM nexur Ha MequaHe TpeyroJjbHuka ABC.

269. auna tpaneuuss ABCD, B xotopo#i BC u AD — ocHoBaHuH,
|AD| > |BC| u O — touka nepeceueHHs AuaroHajedl. Or/0XHM Ha
nuaronanu AC orpesok AM, tako#, uro |AM| = |OC|, a Ha nuaro-
Hanu BD ortpesox DN :|DN| = |OB|. Ilycts TOouka M,; — TOuKa
nepeceyeHus: npsimeix BM u AD, a Touka N; — TOYKa NepeceyeHHsi
npsmeix CN u AD. [okaxure, uro |AM,| = |DN,]|.

270. Nana tpaneuuss ABCD, y kotopoit BC u AD — ocHoBaHH4,
| — nmpsiMasi, mapaagesnbHasi (AD) u nepecekaromasi jpuaronanu AC
1 BD cootBetcTBeHHO B Toukax P u Q. Ilycts P; — TOuYKa nepeceyeHHs
npsimeix DP u BC, a Q; — Touka nepeceuenuss npsmeix AQ u BC.
Hokaxure, uro |CP,| = |BQ,|.

271. Haligure B miockoctH manHOro tpeyrogsHuka ABC Takyio
TOYKy S, utoGbl muowanu TpeyroibHHkoB SAB, SBC u SAC 6wliu
paBHBL.

272. JlokaxuTe, YTO OTHOILEHHe IJICUIAJM JAHHOIO YeThIpeXyToJib-
HHKa K IVIOLIAJH YeThIpeXyroJbHUKA, BePIUHHBI KOTOPOI'O HaXOASTCS
B CepelMHaX CTOPOH JaHHOTro, paBHO 2: i.

273. Jloxaxwure, YyTo IJIOLIAlb TPEYTOJbHHMKA, BepLiHHAMH KOTOPO-
ro sIBJSIIOTCS OJHA M3 BeplIHH fapaJJesorpaMmMa M cepelMHBl IBYX
CTOPOH NapaJiyieJlorpaMMa, IepeceKarollMXcsi B MPOTHBOMNOJOKHON
BeplliliHe NapaJjiesiorpaMMa, OTHOCHTCS K IJIOIAY NapaJJesorpaMma,
Kak 3 : 8.

274. Ha croponax napasnsesnorpamma ABCD B3sTel Touku A,, By,

C, u Dy, rak, uro (ABC;) = (BCD,) = (CDA,) = (DAB,) = ——12—.
Hafizure orHomeHue nuomanu uyerkipexyronabHuka A;B;CiD; k mJjo-
mwany napannenorpamma ABCD.

275. okaxure, uto ecau A;, B;, C; — TOUKH, B3AThlE COOTBETCT-
BeHHO Ha cToponax BC, AC, AB tpeyronbuuka A BC tak, uro (ABC,)=
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= (ACB,) = (BCA,), uP — npousBo/ibHasi TOYKa B IJOCKOCTH Tpe-
yroapauka ABC, To HauGosbluas us maouagefl tpeyroasHukos PAA,,
PBB,, PCC, paBHa cymMMe mJomafief AByX APYTHX TPeyTOJbHUKOB.

276. Joxaxwure, uyto ecau Touku M, N u P JexaT COOTBETCTBEHHO
Ha cropoHax BC, CA u AB tpeyroabHuka ABC, npuuem (BCM) =
= (CAN) = (ABP), TO UeHTPOHJ TpPEyroJbHHKa, 0OPa30BAHHOTO
npsameiMa AM, BN, CP, coBmajaer ¢ LEHTPOMIOM TpEYIOJbHHKA
ABC.

277. JloxaxuTe, 4TO eC/IH NpsiMasi, NMPOXOAsIIasi Yepes CepeIuHbI
JBYX HECMEXHBIX CTOPOH YeThIpeXyTroJIbHHKA, MPOXOJUT TaKXKe uepes
TOYKY IepeceyeHHs] ero AHaroHajeH, TO STOT YEeTHIPEXYTOJNbHHUK —
Tpanenus.

278. Touku M, N u P nexar COOTBETCTBEHHO Ha cTopoHax BC,
CA u AB Ttpeyrosbiuka ABC, mpuuem

BM CN AP
0< BC CA AB <

a) Hafizure oTHomieHHs AJIMH OTPE3KOB, Ha KOTOpble KaxKAblfl M3
orpe3koB AM, BN, CP nenutcs AByMs APYTHUMH.

6) Hafinute oTHOmeHHe muomany tpeyroibHuka ABC K miomaau
TpeyroJbHHKa, obpasoBaHHoro npsamemu AM, BN u CP.

279. Han tpeyrosvHuk ABC. Ha cropone AB B3sita Touka D,
Tak, uto (ABD) = (. Ha cropoune AC B3sita Touka E, TaK, uto (ACE)=a.
[Tposezenst npsimMeie BE u CD, takue, uto (BE) | (CD) = K. Hafinure
OTHOILIEHHE IO YeThipexyroabHika ADKE K nJjomwany Tpeyrob-
Huka ABC.

280. (Teopema Uesnr.) JokaxuTe, 4TO ecu Ha cropoHax AB, BC,
AC (He Ha HX NPONOJIKEHHsX) TpeyrospHuka ABC B3ATH COOT-
BeTCTBeHHO TOYKH C,, A,, By, TO HeOOXOZHUMEIM H JOCTaTOYHBEIM YCJO-
BHeM nepeceueHus npsimeix AA;, BB, u CC, B 0JHOIi TOUKe sIBJSIETCS

paBeHCTBO:
(ABC,) - (BCA,) - (CAB,) = —1.

281. Hafinute MHOXKECTBO LEHTPOMAOB TpeyronbHUKOB PBQ mo-
CTOSTHHOH IJIONIAJH, OTCEKaeMbIX MOABHKHOH mpsMo#i PQ oT JaHHOTO
yraa ABC.

282, Jau tpeyroabHuk ABC. Onsa kaxno# napsl touek A; u C;
Ha ero ocHoBanuu AC, takux, uro |[AA; | = |CC,;|, npoBeneHs mp si-
Mble, NapaJijesbHbEIE CTOPOHAM TPEeyrosbHHKA, W B3sTBl TOUKU Iepe-
CeueHHs 3THUX NpsMbiX. HaliuTe MHOXKeCTBO TaKHX TOYEK.



TF'arasa
v JIMHUU

BTOPOIro MNOPSAAKA

§ 1. Okpy»XHOCTH

Murepatypa: [1],§ 36;[2],§ 12

[Tpumep 75. HcenenyeM B3auMHOe pacrosioxKeHHe IBYX OKPYK-
HOCTeH, 3alaHHbIX YPaBHeHUAMHU (x — a)? + y*=1u x*+ (y—a)? =1,
IpH PasJMYHBIX 3HAYEHHsX Napamerpa q.

PemeHnue 3aMeTuM mpexnie Bcero, uro ecyu a = 0, TO JaHHBIE
OKpYKHOCTH coBnajawr. ITycrs Teneps a = 0. Mckiiouas us cucreMs
JaHHBIX ypaBHEHUH NepeMeHHYIO y, NPHXOIMM K KBaJIpaTHOMYy ypas-
HEHHIO:

20> — 2ax +a? — 1 = 0.
JIMCKpUMHHAHT 3TOrO ypaBHeHHss D = 8 — 4a’.
Ecmu D>0, 1. €. —V2<a<]/§,
a0, TO oxpyXHOCTH MepeceKaoTCs,
ectiD =0,T.e.a=} 2w a = —}/ 2, T0 OKPyKHOCTH KacaroTcs,
ectn D <0, 1. e.a <—V2umua >V 2, To OKpYKHOCTH OBIIHX
TOYEeK He HMEIOT.

MoxHO pemath 3ajauy uHave. HaiizeM cyMMy painycoB HaHHBIX
OKpYKHOCTeH: r; + r, = 2 u paccrosinue d Mexxay uentpamu C; (a; 0)
u C, (0; @) oxpyxuocreit: d = |C,C,] = |a| V2. Ecau |r, — 1, <
<d <r;+r, e 0<|aV2 <2 orkyna {—V§O<a <Ve,

a0,

TO OKPYXKHOCTH nepecekaiorcst. Ecnud = r, + 7, 1. €. ecat |a| =12,
TO OKPYXKHOCTH KacaioTcsl BHeIUHMM ofpasom. Ecmu d=r; —r, =0,
T. e. ecsii @ = 0, TO OKPYXKHOCTH COBMNAJAIOT.

Ecmn d > r,+7,, T. e ecmn |a|> 12, TO OKpY:KHOCTH pacroJo-
JKeHBl OfHa BHe JpYroH.

[Tpumep 76. HafineM HeHTp OKPYKHOCTH, BNHCAaHHOH B Tpe-
yronbauk ¢ BepmmHamH A (0; 2), B (3; —1), C (2; —2). Cucrema
KOOpJHMHAT — MpPSMOYToJbHast NeKapToBa.

Pemenue DByneMm uckaTb LeHTpP BINHCAHHOH OKPYXKHOCTH KaK
TOYKY IepeceyeHHss GHCCEKTPHC ABYX yIJIOB TpeyToJIbHHKA, HalpHMep
yraoB A u B.
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Hatigem ypasuenue mpsmoit AB (npoxofsumieil uyepes lBe NaHHbIE
TouKH): x + y — 2 = 0 — u ypaBHenue npamoit AC : 2x +y—2=0.
CnenoatenbHo, (cm. [2], c. 135, ¢popmysa (8)), paccTosHHe OT TOUKH

. —2
¢ KoopJuHaTaMH (¥; y) no nmpsmoit AB paBHO l——x—t]%'é_—l

AHaJOTHYHO pacCTOsiHHEe OT TOH Ke ToukH o npsmoi AC paBHO

2x+y—2

Ve ‘ 3HauuT, /s TOUeK GUCCEKTpPHCH yryia A NOJKHO BhI-
[IOJIHATLCSI COOTHOIIEHHE!:
x+y—2]_ |2x4y—2
V2 vs |

Tak kak Touka O (xy; ¥,) — LEHTP BIMCAHHOH OKPYXKHOCTH —
JIEXKHUT 110 TY XK€ CTOPOHY OT mpsMo#t AB, uto u Touka C, TO mpH mNoJ-
CTaHOBKE ee KOOpJIHHAT B JIEBYIO YAaCTh YpaBHeHHUs NpsiMoi A B nosxHO
MOJIyUUThCSl BbIPaKeHHe TOTO e 3HaKa, YTO H MNpH IMOACTAHOBKE B
310 ypaBHeHHe KoopauHat Touku C. [lojcTaBsifAs KOOpAMHATH TOUKH
C B ypaBHeHHe npsimoit AB, monyvaem: 2 + (—2) — 2 = —2. Tagkum
o6pasoM, AJIs KOOPAMHAT X, U Y, HCKOMOTO LeHTpa O BhIpaXKeHHe X,+-
+ yo — 2 JH0oMXKHO OBITH OTPHLATENBHBEIM, T. €. [X, + y, — 2| =
= —(% + Yo — 2).

AHaJIOTHYHO I[eHTP BIHCAHHOH OKPYKHOCTH JIEXKHT IO TY K€ CTO-
pony ot npsimoit AC, uro u Touka B, T. e. 2x, + yo, — 2 >0, u, cye-
JIOBaTeJbHO, |2x, + ¥ — 2| = 2xy + yo — 2. Taxkum o6pasom, Guc-
cektpuca yraa A 3ajaercss ypaBHEHHEM:

_ Xt Yo —2 — 29+ yo—2
Ve Vs
AHaJOTMYHO HAaXOJUM ypaBHeHHe OHCCEKTpHCH yraa B:
xo+)’o_2= Xo—Yo—4
Ve ve
Yro6bl HafTH HCKOMBlE KOOPAHHATH (Xo; ¥o) TOYKH O mepeceyeHUs
IByX OWCCEKTPHC, HAAO PELINTb CHCTEMY, COCTaBJEHHYI0 U3 IBYX
NoCJIeHHX ypaBHEHHH.

ITpousBelsl Heo6OXOAHMble BEIUHCJAECHHS, HAkJleM KOOPAMHATH LeHTpa

BIIMCAHHOH OKDPYMKHOCTH: X, = )/ 10 — 1, y, = —1.

3agaum

B npamoyroJibHOH AeKapTOBOH CHCTeMe KOODAHHAT peILHUTe CJie-
LyiollHe 3ajauu:

283. Hatfinure KoopauHATH LEHTPA M PaiuyC OKPYXKHOCTH, 3alaH-
HO#l ypaBHeHHeM 36x% 4 36y* — 72x + 12y — 11 = 0.

284. Omnpenenure pacnosoxkeHue ToukH M (2; 7) OTHOCHTEJBHO
OKPYKHOCTH

2+ 9P+ 2x— 4y —20=0.
285. Haiinure KOOpIAMHATHI LIEHTPa M PaAMyC OKPYKHOCTH, NIPO-
xofsuel uepes Touku A (4; 6), B (—2; —2), C (—2; 6).
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286. Hailinure IEHTp OKPYMKHOCTH, pajauyc KOTOpoH paseH 50,
3Hasl, YTO 3Ta OKPYXKHOCTb OTCeKaeT Ha ocu Ox XopAy, AIMHA KOTOPOH
paBHa 28, u npoxoAuT uepe3 Touky M (0; 8).

287. CocraBbTe VpaBHeHHe OKDYXKHOCTH C LEHTPOM B TOUKe
O (5; 2), xacawouefica npsiMod x — 3y + 2 = 0.

288. [lanbl KoOpAuHaTH BepwiuH TpeyrogabHuka: A (0; 0), B (3; 0),
C (0; 4). CocraBpTe ypaBHeHHUsl OKpy:KHOcTe#: l) onucaHHOH; 2) Bmu-
CaHHOH; 3) BHEBIHCAHHBIX.

289. CocraBbTe YypaBHEHHS OKpYKHOCTeH, MpPOXOAALIUX Uepes
Touky M (2; 0) ¥ Kacaromuxcsl AByX NapaJiyiesIbHbIX NPAMBIX ¥ — 2y
+6=0ux—2y—4=0.

290. Halinute MHOXECTBO TOYeK, CYyMMa KBaJpaToOB PacCCTOSTHHH
KOTOPHIX JO JBYX JaHHBEIX TOYEK €CThb BeJHYMHA MOCTOSIHHAS.

291. Hafinute MHOXECTBO TOYEK, OTHOILEHHE PACCTOSTHUH KOTOpPHIX
IO ABYX JAHHBIX TOYEK eCTb BeJHYHHA IOCTOSIHHAS, OTJHMYHAs OT
€IUHHILBL.

292, Toukn A ¥ B — KOHUIBI JHaMeTpa OKPYKHOCTH, a TOUYKa
O — ueHTp 310 OKpYKHOCTH. Hafinure MHOXKecTBO TOuek M, pacmno.o-
JXeHHBIX BHe JaHHOH OKPYKHOCTH, yIOBJIETBOP AIOMIUX ycaoBHI0 | PM |=
= |PB|, rie P — Ttouka nepeceueHHus Jyda OM ¢ OKpYKHOCTbIO.

293. Omnpenesute, NPH KAaKOM 3HAUEHHH A OKpYXKHOCTb x® + y® —
—6x —4y + A = 0 Kacaercs mnpsamodl 2x —y + 1 =0.

294. Hanuunte ypaBHeHHe OKDYKHOCTH C LEHTPOM B TOYKe
0 (2; —4), xacamwllelicsi BEYTPeHHUM 00pa3oM OKpYKHOCTH

X2+ y2 —4x + 10y + 25 = 0.

295. JloxaxkuTe, UTO He CyllecTBYeT 3HAueHUH NapameTpa a, NpH
KOTOpPEIX OKpYXKHOCTh x* 4 y® — 2ax + 6y — 5 = 0 Kkacaercs Ok-
pyxHoCcTH x* 4 y® = 1.

296. Haiinute ypaBieHue obpasa okpyxHoctd x* + y2 = 1 mpu

k
romoreruu Ho, rae O (2; 3), k& = 5.

297. OxpyxHocTh pajguyca 1 katurcs mo mpsMod x4 2y =.1.
OnpezenuTe KOOPAMHATH LIEHTPA OKPYMKHOCTH B MOMEHT ee KacaHHA
ocu Ox.

§ 2. dnnmnc
Jurtepatypa: [1],§ 36, § 39—40; [2], § 19—20, § 23—24; [3], § 34.

I[Tpumep 77. JlokaxeM, 4TO IPH PAaBHOMEPHOM CXKATHU K JHa-
METPY OKDY2KHOCTb OTOOpa)aercs B 3JJIHIC.

Pe weHHe. Bocno.nbsyemcsa KaHOHHYECKHM ypaBHEHHEM OKpYXK-
HocTH: X? + y® = r®. ByJeM OCyIEeCTBJISATH paBHOMEpHOE CXKAaTHE OK-
pyxHoctd 1o ocd Oy (kK ocu Ox). D10 0O3HAyYaer, YTO aGCUUCCH TOYEK
OKDYHOCTH OCTaloTCsl 6e3 M3MeHeHHs, a Bce OPAMHATHl YMHOMKAIOTCS
Ha HeKOTopoe (QHUKcHpoBaHHOe uuciao k. Takum of6pas3oM, TOYKa ¢
KOOpJHHATaMH (x; y) NepexoJuT B TOUKY C KoopAuHaTtaMu (x'; y'),
e x=x",y=Fky'.

Hs cootHomenus x* 4 y* = r* ciepyer, 4TO KOOpAHHATH x' H
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y" OGyILyT CBsI3aHBl  3aBHCHMO-
croio: (x')2 + k* (y')? = r%, uam
M «)? o” .

r2 r)z
k

KaK H3BECTHO, rnocJsegHee

ypaBHeHHe JeHCTBUTEJLHO OIpe-

r
. D | JeJsseT 3JIHUIIC C OJTYOCSMH 7 H e

A O
N\

[Tpumep 78. Ha pucynke
71 uzobpaxeH npubop, HasbBae-
MBIl 3JITUNTHYECKHUM ILHPKYJEM.
IlokaxkeM, YTO NPH JBHNKEHHH
Touek A U B B COOTBETCTBYIOUIHX
J npopessx (QUKCHPOBAHHAs TOUKa
M crepxus AB onuceiBaer 3.-

Pume. 71 JIMTIC.
Pemenue. Ecm (MN)L
9i L (0OA) (puc. 72), TO npuU Jio-
M(X,y) 6OM MNOJIOKEHHH CTEPXKHS BBHINOJ-

104]
HAETCS  COOTHOLIEHHE ————0 =

|AB]
= 14V OTKyJa CJelyeT MpOHus-
A |AM | ’

BOJAHAs  IPOTOPILHS: lON] _
/ P 1M
— | AN |

B 0 X AM)
BriGupasi ocu KOOpIHHAT, KaK
Pue. 72 yKa3aHo Ha PHCYHKe 72, u 00603-
Hauasi KOOpAMHATH TOYKH M uye-
pes x u y, a JauHbl 0Tpe3koB AM u BM COOTBETCTBEHHO uepe3 a H
b, mepenumeM NOCAENHIOK MPONOPIMIO B CJAEAYIOLIEM BUJIE:

iyl Vae—se

b a

2 2
3to YpaBHEHHE JIETKO NMPUBOAUTCA K CJACAYIOLIEMY BI/IlI‘y!x—2 + —i—z =1,
a

T. €. TOuKa M ONHCHIBAET 3JIIHUIIC.
[Tpumep 79. B npsmoyronbHO# HeKapTOBOH CHCTEME KOOpHIH-
2
HaT 3JJIMIC 33aJaH ypaBHEHHEM 2’;/2_
KOCOYToJibHast CHCTeMa KOOpAHHAT, Hauasao KOTOPOH HaXOXHUTCH B
IIeHTPE 3TOTO 3JJIMIICA, OCh abCLUCC HaMpaBJeHa N0 GHCCeKTpHUCe Tep-
BOTO KBaJpaHTa NepBOHAYaJbHOH CHCTEMbI KOOPJAHMHAT, a OCb OPAMHAT

HanpaBieHa B Touky M (—4; V'2). Hafigem ypaBuenne sasumca
B HOBOH CHCTeMe KOOpAHMHAT.

2
+—yi—= 1. Bsenmena HoBasg,
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P e menune. Bocrosbsyemes

dopMyJsiaMH Npeo6pasoBaHHs Ko- v
OpAMHAT: M(-4;V2)

x=ay x'ta,y, y=p; X'+PBy Yy,

rne 621)' = (og; By 6§I =
=(@y By) (puc. 73).

V2
SIcHO, 4TO g = By = o
Uro ke KacaeTcs KOOpIHMHAT Pme 73

—
BekTopa OB’, TO HX MOXKHO IO- _
JY4UTb U3 KOOpAMHAT TOYKH M ZenenueMm Ha |OM| = 3)2.

2Y7 V2
CrrenoBare/ibHo, @, = — LR —L, Pp = —==— u ¢op-
32 3 3yez 3
MyJiEl TIpeo6pa3oBaHHsi KOOPAMHAT HMEIOT er
_ . VZ 2 V 2, , Y,
X=X 5= , Yy=2X 2 + = 3"
[Toxcrapiisist 5TH BEIpaXKeHUs1 B JaHHOE yPaBHEH e SJIIHIICA, TI0JTy YUM:
/2 2
16 —4)2 18Y2 —9
7 7
ITpumep 80. IlaHo ypaBHeHHUE 3//14MCa B [IOJISPHEIX KOOPJAHHA-
TaX P = —————. Halilem KaHOHHYeCKOE ypaBHEHHE 3TOrO

1—0,5cos @
3JIIHICA.
Pemenue Hago naiitu snauenus a u b. Ilo dopmyne (6)
(em. [2], c. 201) p = 3, e = 0,5.
ITo onpegenennio p (CM [2], c. 200) — 310 aGconoTHAsT BesqHYHHA
OpAMHATEI TOW TOYKM 3JJIMICA, abCLUCcCa KOTOpOH MpH KaHOHHYECKOM
pacrmo/ioxeHUH 3JJIMNCA paBHA MOJOBHHE (OKYCHOTO paCCTOSIHUS,

x2 2
T. €. paBHa ¢. [loacraBass ero B ypaBHeHHe — + y— = 1 BMeCTO X, no-

2 2 c2 2 (n2 2 4
Jydaem: %2- + Z = 1. Orciona: y? = b? 1——— —w—ﬂ-——.

3Hayurt, B HaweM npumepe b* = 3a. C gpyroi CTOpOHbI (CM (2], c. 166)

%=O,5. A 1Kk kKak c=V@E—0, 10 V¥=F 0,5, orkyna
a

3% = 42,

. b,
Pemag TeNepb CUCTEMY YypaBHEHHH {3& b2 HaxoJHM, 4TO

= 16, v* = 12.
TaKHM o6pa30M MCKOMOe KaHOHHYECKOe ypaBHEeHHe JJIMIICA HMEET BHA:

_+_=
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3agaum

298, CocraBbTe KaHOHHYECKOE YpaBHEHHE 3JJMINCa, 3HAfA, UTO:
a) AJIMHBl MOAYOCeH ero COOTBETCTBEHHO paBHHI 4 H 2;

6) paccrosHue MeXIy (OKycaMH paBHO 6, a J/aKHa Goabluel moJy-
ocH paBHa b;

o 2

B) [IJIMHAa MaJ/OH MOJyoCH paBHa 3, SKCLEHTPHCHTET DaBeH ]—/é-;

r) cyMMa JJIMH NoJiyocedl paBHa 8 M paccTosiHHe MexXAy (oKycamu
paBHO §;

I) JUPEeKTPUCH 3aJalTCi YpaBHeHHsAMH X = 12, x = —12 u

SKCUEHTPUCUTET pAaBEH ?g.

299, Haiigure 3KCIEHTPHUCHTET 3JJHINcCa, 3HAasl, YTO PaCCTOSTHHE
MeXJly ero IMpeKTPHCAaMH B YeThipe pas3a OoJibile DACCTOSAHUS MeXIy
(oxycami.

300. Touka A nepemelllaeTcss TaK, YTO MEPUMETP TpeyroJbHHKA
ABC (BC — HenoJBHKHOe OCHOBaHHE) COXpaHsieT MOCTOSIHHYIO Be-
anyuHy. Hafinute Tpaektopuio BepUIMHEI, ecau ocHoBaHMe BC paBHO
24 cM, a nepumerp paBeH 50 cm.

301. /IBe KOHLlEHTpHUUECKHE OKPYXKHOCTH PACHOJIONKEHEI OJJHA BHYT-
pu Apyroi#i. Hafiaure MHOXKeCTBO LleHTPOB OKDY2KHOCTeH, KacarollHXCs
00enX NaHHBIX OKpYKHOCTeH.

302. Ha ssasunce, ¢oKychl KOTOPOrO pacHoJiOXKeHbl B TOYKax
Fy; (—5; 0), F, (5; 0), HaliiuTe TOUKH, KOTOpbLIE OTCTOAT B NATh pas
Janblie OT JAUPEKTpHCBl X = 7,2, ueM OT AHPEKTPHCbL x=2—7,2.

303. Ha »snaunce, omnpenesnsieMOM ypaBHEHHEM 1%(—)+§= 1,
HalJHuTe TOYKH, PACCTOsHHME KOTOPHIX O INpaBOro (¢okyca B YeThIpe
pasa GoJibllie pacCTOsIHHS A0 JeBoro ¢okyca.

304. Ha sanunce, koopauHatel hokycoB kKotoporo (3; 0) u (—3; 0),
B35iTa TOYKa ¢ KoopAuHatamu (3; 3,2). Halmure paccrosiHus sToH
TOYKH [0 JHPEKTPUC 3JIIHICA.

305. LlenTp sasunca, Majasi oCb KOTOPOrO B TPH pasa MeHblle
GousibLIOH ocH, HaxoauTcs B Touke C (2; 3). 3Has, 4TO OfHA U3 AMPEKTpHC

ompeJiesseTcss ypaBHEHHEM y — 9_‘_/24_“‘_8_, COCTaBbTE  ypaBHEHHE

3JJIHIICA.

306. Ha nmuockoctu maHbl ¢okycel Fy u F, aaaunca u orpesok AB,
JJIMHA KOTOPOTo paBHa AJIuHe 00JibLof nosyocH. [Toctpoiite qupekTpH-
ChI 3TOTO 3JIHIICA.

307, Duaunc Kacaercss OCH OpJHHAT B HayaJje KoopAuHaT. LleHTtp
saaunca Haxonurcs B Touke C (5; 0). CocraBpTe ypaBHEHHe 3TOTO
9JIIMIICA, 3HAs, YTO JKCUEHTpHcUTeT ero paseH 0,8.

o x2 2
308. Kakoli Buj MOJAyYUT ypaBHEHHE 3JIHIICA 4L =,
a? b?
€C/IM NOBEPHYTb CHCTEMY KOOpPAMHAT BOKPYT ee HayaJja Ha yroa 45°?
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309. B »sasnnnce, sajaHHOM ypaBHeHHEM f;——}—%: 1, [AB] —
a

GoJbliast och, a Toyka M JBuxKetcss mo ajauncy. Omnpenenurte Tpaek-
TOPHIO, KOTOPYIO ONHMILIET IPH 3TOM LEHTP TsIKEeCTH TpeyrosnsHuka A BM.

310. Ianb! ABe OKDYXHOCTH C OOLIMM IEHTPOM B HauaJe HpsiMO-
YrOJIbHOH CHCTeMbl KOODAMHAT U pajuyCaMH, paBHBIMH COOTBETCTBEHHO
a u b (a > b). 3 nauana xoopauxar nposefieH Jayu /. [lycts oH nepe-
CeKaeT JaHHble OKDYXKHOCTH COOTBETCTBEHHO B Toukax A u B, M —
TOYKa NlepeceyeHHs! NPsIMbIX, NPOBENEHHBIX Yepe3 TOUKH A H B coor-
BETCTBEHHO mapaJiiesbHo ocsiM Ox u Oy. [lokaxuTe, 4TO NpH BpalleHUH
Jyya | OKOJIO Hayasja KOODJAMHAT TOuKa M ONHUIIET 3JIHIC.

311. Touka P JBHXETCA 10 OKPYKHOCTH, ypaBHeHHe KOTOpO#
umeer BHL x® -+ y = 1. Tlyctp Touka Q — mpoekuusi Touku P Ha
ock Ox. Ilo kakoif TpaeKTOpHM IBH:KeTCS TOuKa M, omnpelenseMas
cooTHoweHUueM (PQM) =

312. Tlo naHHOMY ypaBHEHHIO 3JIMIICA B MOJISIPHBIX KOOpAHHATaX
p == 23‘{;@ HalHIIKTe KaHOHHMYECKOe YpaBHEHHe 3TOro 3JlJIHIIca.

313. Tlo naHHOMY KaHOHHYECKOMY ypaBHEHHIO 3JIIHIICA

xz y2
04'xo"_

HalMIIUTEe ypaBHEHHE 3TOTO 3JUIMIICA B MOJISPHBIX KOOpAHHATaX.

314. Jlokaxure, 4YTO BO BCSIKHH 3JIJIHIIC MOXKHO BIHCATH TPEYroJib-
HHK TaK, 4TOOBI LEHTPOHJ TPeyroJbHHKA COBNaJ C LEHTPOM 3JIJIHIICA.

315. Jloxaxkure, YTo ec/M ABa PasJIMYHBIX 3JJHICA HMeloT GoJee
IByX OOIMX TOYeK, TO He cyulecTByeT adhdHHHOro mnpeo6pa3oBaHHus,
CTaBsllero 060HM 3JJIMIICAaM B COOTBETCTBHE OKD YKHOCTH.

316. [lokaxkuTe, YTO CpeAM INap 3JJIMICOB, UMEWIIHUX MO JABe 06-
IHe TOYKH, CYLIeCTBYIOT TaKHe Maphl, /51 KOTOPHIX MOXHO M0J06paTh
adpdunHoe npeobpasoBaHHe, CTaBslliee 060UM 3/JKICAM B COOTBETCTBHE
OKDY2KHOCTH.

§ 3. Nnep6ona

Jutreparypa [1],§ 37, § 39—40; [2], § 21, § 23—24; [3], § 35.

I[Tpumep 81. aubl 1Be OKPYXKHOCTH: @ = (Of, 1) H @, =
= (O,, 1), npuYeM r; > ry u ry + ry <|0,0,]. PaccMoTpuM MHOXKeCT-
Bo LeHTpoB O BceX TaKHX OKpPYKHOCTeH ®, KOTOPHIX 00e HaHHBIE
OKPYXHOCTH KaCalOTCSl BHEIUHHM 06Da30M, H LEHTPOB O’ TakuX OKpYy-
KHOCTeH ', KOTOPHIX 06e JaHHBIE OKDYXKHOCTH KAaCAloTCs BHYTPEHHUM
o6pasoM. I[oxameM, YTO 3TO MHOXKECTBO TOUEK — JBe BETBH THIep-
60.1b1.

Pemenue. Ecauobe naHHbIE OKPYKHOCTH KacCalOTCsI OKPYKHO-
CTH U BHEIIHHM 06pa3oM, TO, KakK u3BecTHO, |0;0|=r,+r, |0,0]=
=ty + r, TAe r — pajuycC GKPYKHOCTH ®, TaK 4yto |00;| — |00,| =
= rn —ry (puc. 74).

97



O6parHo: nycTtb Touka O — Ta-
Kas TOYKa MJI0CKOCTH, yTo | 00, | —

— |00,| = r, — ry.  O603HaYHM
IOOII — r, = |00,| — r, uepes r.
Torma ofe pmaHHBIE OKDYXHOCTH
O6ynyT Kacatbcsi oKpy2kHOCTH (O, r)
BHEIIHMM 06pa3oM, MOTOMY YTO
|00,| = r + r, |00, =1+ 1,

Ecau xe obe naHHbIE OKPYXK-
HOCTH KacaloTCsi BHYTPEHHHM 00-
pasom okpyxHoctd © = (0, r'),
10 |00, = r'—ry, |0'0y| = 1r'—
— 1y U, TaKUM 06pasoM, |0’ Oy|—
— 00| = r, — 15

OGpaTHO:  eC/H ]0'0,] —
—| 0 01[ =1 — Ty TO, 0603Ha-
vag |[0'0,] + ry = |10’ O | + r, uepes r’, uafizeMm, uro [0'0y] =
=r —r u|00, =r —r, TaK uyTO o6e JaHHBIE OKpPYKHOCTH
OyAyT KacaTbCs OKPYXKHOCTH (0’ r') BHYTPEHHUM o6pazom.

HMrax, meHTpHl OKpyxHOCTEHl © U ©' o6pasywor rumepboay, s
KOTOPOH LEHTPH! JAaHHBIX OKPYXKHOCTEH cayKaT (oKycamu, a JAeficr-
BHUTE/NbHAS OCb DaBHa abCOMIOTHOH BeJMYHHE pA3HOCTH pajdyCoB
OKPYXKHOCTEH ®; U ©,.

I[Ipumep 82. CocraBuM ypaBHeHue runepGoJiel, 3Hasi, 4TO ¢O-
KYCHl ee HaxomsaTcsa B Toukax Fy (2; 3) u F, (1; 0) u yro rumep6oJa
OpoXoJauT yepes Touky P (2; 0).

{Pemenue. Haxogum |[PF,| = 3 u.|PF,| = 1. Torna 2a =
={PF,|— | PF, || = 2.

CnezoBaTtenbHO, HCKOMasi Tunep6oJia ecTb MHOXKECTBO Touek M (x; y),

IJist KOTOpHIX |[MF; — MF,| = 2. [lostomy ee ypaBHeHHe 3alHULIETCS
TaK:

Vix—2F+F &y —3F—V{x— 12+ | =2
1o ypaBHeHHe mOcJe NMpeo6pasoBaHUi NPHUBOAUTCA K BHIY:
3x% 4 by — 6xy + 24y — 12 = 0.
IIpumep 8. auel ypaBHEHHS aCHMNTOT THNepOOJBl Yy =

= --3x U ypaBHeHHs ee fuUpPeKTPUC X = 1. CocTaBUM KaHOHHYECKOE
ypaBHeHHe TunepOoILL.

Pemen e Tak kak ypaBHeHHS acHMOTOT I'MNep6OJbl 3aMMChI-
BalOTCA B BUe y = = —b-x (cm. [2], c. 180), To B naHHOM cayyae ai=3.

npyrou CTODOHBI, JlI/IpeKTpI/ICbI 3aMACLIBAIOTCA  YPABHEHHAMH & =
=+2 ym x = +—;— (em. [2], c. 183). 3uauur, L

8
Urak, b = 3a, ¢ = a*. Ho no onpenesennio b* .
YeHHBIE COOTHOLIEHMS MO3BOJIAIOT HalTh o® u b% ot = 10a% ot — a* =
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= 9a%, a® = 10. 3Hauur, H® = 9a® = 90, U KaHOHHYECKOEe ypaBHEHHE
IaHHOH runepGOJBl UMEeT BHUI:

2 2
XY
10 90
I[Tpumep 84. Hafinem miaunbl nosyoce#l runep6oJibl, 3afaHHOH
B MOJIIPHBIX KOODAMHATaX, ypaBHEHHEM P = P

1—ecop
Pemenune. Tak ke Kak 310 ObUIO CHeIAaHO IJIS JIJIMICA B npu-
2

b
mepe 80, MOXHO IOKa3aTb, 4YTO U AjIs rumepbosbl — = p, T. €.
a

€2 — 2

= p. C ppyroit cToponbl, ¢= qe. [loicraHOBKa B mnpelbIAyilee

a%:? — g2 2 p
PaBEHCTBO JaeT: ——— = p Wi ae* —a = p, OTKyAd a = ~ -
a £° —
2
A Tak Kak b%=ap, 10 b2 = L OTRyga b= ——P—.
P e2—1' ¥ Ve—1

3agaumn

317. CocraBbTe KaHOHHYECKOE ypaBHEeHHe FHIepOOJIEI 110 CIe YIOUHM
JaHHBIM:

a) paccrosinve MexJy (okycamMu paBHO 10, paccrosiHHe MexAy
BepUIMHAMH DaBHO §;

6) mauHa JeACTBUTENbHOH OCH paBHA 6, runep6oJia NPOXOJUT yepes
Touky M (9; 4);
B) paccTosiHde MexJy (OKycaMH paBHO 6, SKCLUEHTPHCHTET paBeH
1,5;

4

) ypaBHEHHsl aCHMITOT y = = % PacCTosHue Mexay (okycamu

pasHO 20;
2

I) pacCTOSIHHe MeXJ1y JAUpeKTpHCaMH paBHO 221—5, paccrositHue
mexy (Gokycamu paBHO 26;

€) SKCIEeHTPHCHTeT paBeH 1,5, paccTosiHHe MexXIy AHpeKTpHcaMH

8

paBHO —;

3
X) ypaBHEHHSI IHpPEKTpUC x¥ = == -5+ PACCTOAHUE OT TOYKH, B3f-

TOH Ha runep6oJe, 1o Qokyca B ABa pasa GoJiblie PACCTOSHUS OT 3TOH
TOYKH JO COOTBETCTBYIOUIEH JHPEKTPHUCHI.

318. Ina rumepGousibl, 3alaHHOH ypaBHeHHeM 16x* — 9y® = 144,
HafJuTe [IJIMHBL INOJyoceH, SKCIEeHTPUCUTET, (OKYCHl, YypaBHEHUSs
aCHMITOT M JUPEKTPHC.

2
319. Ha npaBoi#t BeTBH runepGoJibl, 3aJaHHONl ypaBHEHHEM ;iﬁ— —
y2

-5 = 1, HaliiuTe TOYKM, (OKa/NbHBIE PAaJAHYChl KOTOPHIX paBHHI 8.
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320. YpaBHeHuss acumntor runepboarl y = =40,75x. Hafigure
SKCLIEHTPHUCHTET.

321. CocraBbTe ypaBHeHHE THMEpGOJBl, IKCUEHTPHUCHTET KOTOPOH
paBeH 3 U GoOKychl HaxoAsTcs B Toukax F, (0; —2), F, (6; —2).

322. CocraBbTe ypaBHeHHe TrHNep6OJibl, SKCIUEHTPUCHTET KOTOPOH
paBeH 5, ofiuH U3 (OKycoB Haxomutcs B Touke F (3; 3) U ypaBHeHue
COOTBETCTRYIOIIEH IHPEKTPUCH ¥ + y — 2 =0

323. Haiiaure ypaBHeHMe rumepGoJibl, NPOXOAsiedl yepe3 TOUKY
A;I (—52; 3) ¥ umerollesl obuHe GOKYCH C paBHOCTOpPOHHeH runep6oJiott
x2—y2 = 8.

324. Haifinure ypaBHeHHs NPSMBIX, KacawUIUXCs THIepGOJbl
x*— y* = | u napaqyenpHBIX nOpsMoit 2x — y — 1 = 0.

325. Ilox xakuM yraoM K ocu Ox HalO NpPOBECTH INpsIMHE uepes
Touky M (1; 0), 4TOGBI 5TU NpsIMBEIE KacaNUCh TUNepGOSE X2 — y2=4?

326. DkcueHTpHCcHTeT rHmep6oJbl paBeH 2, (OKaJbHBIH paiHyc
ee Toukd M paBeH 16. Briuncaure paccrosHue TouKM M 10 COOTBETCT-
Byiollell 3ToMy (OKyCy AMPEKTPHUCHL.

327. Hafinure yrom ¢ MexAy acHMNTOTaMH THIepOOJbl, 3Has ee
3KCIIEHTPUCHTET €.

328. Hafinure MHOXKeCTBO LIEHTPOB OKpY2KHOCTEl, OTCEKAIMUX Ha
JIBYX NepHeHIUKYJ/SPHLIX IPSMBIX OTPe3KH ILJIMHOH 2a u 2b.

329. Touku A, B, C — TpH JaHHbIE BEPUIHHBI YETHIPEXYTrONBHUKA.
Hafinure MHOXKecTBO yeTBepTHIX BepUIMH D, TaKHX, YTO B YeThIpeX-
yroaeHUK ABCD MOXHO BHHCAaThb OKPYKHOCTb.

330. IlBa crep:kHs, Bpallasicb B OJHOH MJOCKOCTH B IPOTHBOIOJIOXK-
HBIX HaIpaBJIeHHsIX OKOJIO JIBYX HENOJBHKHBLIX Touek A u B, o6pasyioT

o o k11
c npsaMo#i AB B KaX[blf MOMEHT YIJIBl, CyMMa KOTOPBIX paBHa .

Omnpegnesyte TPaeKTOPHIO TOYKH IepeceueHHsi 3THX CTepiKHeH.

331. Hafinure MHOXKECTBO LEHTPOB TSKECTH TPeYTOJbHUKOB, JBe
BEpIIMHBI KOTOPHIX COBMAafalT C (POKycaMH THIepBOJbl E)——-%—

a TpeThbs BepIUMHAa IepeMellaeTcs O JaHHOH rumep6oue.

332. Ilokaxwure, 4To IAHPEKTpUca runep6OJbI NPOXOIUT Yepe3 OcC-
HOBaHHe NepNeHAMKYJspa, ONMYIIeHHOr0 U3 COOTBETCTBYIOLIEro GoKyca
Ha acHUMOTOTy ruNep6oJbl. Bhipasute AJIMHY 3TOrO NepHeHAHKYJspa
yepe3 OCH IHUNepOOJIBL.

333. Hokaxurte, 4YTO NpOU3BEleHHE PpACCTOSIHUH JI060H TOYKH
runep6oJiel 10 JBYX ee aCHMITOT €CTb AJst JAaHHOH Trunep6oJbl BesH-
YMHa IIOCTOSIHHAS.

334. okaxuTe, YTO OTPE30K AaCHUMITOTH OT LEHTpa THUNepGOoJIk
JI0 TOYKH NepeceyeHHsi aCHMITOTHI C AMPEKTPHCOH paBeH AeHCTBHTeJNb-
HOH ToJyocH runepfoJibL.

335. Hanumre KaHOHHYECKOe YypaBHeHHe T'HIep6OJbl, 3aJaHHOH

4

B TOJISIPHBIX KOOpAYHATaX ypPaBHEHHEM P = —————.
P P yp o 3—V 13cos @
336. CocraBbre ypaBHeHHe rumep6ojbl x* — y2 = | B NOJISIPHBIX
KOOpJHHATaX.
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§ 4. Napabona
JMutepartypa: [l §38—40; [2], § 22—24; [3], § 36.

[Tpuwmep 85 Hafinem o6pa3 napaGoJel, onpelensieMo ypaB-

HeHHeM y® = 2px TpHU TOMOTETHH C LEHTPOM B (poKyce mnapaGoJibl U
= 2.

Pemen ue. OG6paTuMcs K NOJNIPHOH cHcTeMe KoopAHHAT. Torna,

coryiacHo gopmysie (11) (cm. [3], c. 234), mapa6osa sanaercst ypaBHe-
HHEeM:

_r
1 —cosq
Ilpu ykasaHHOM mnpeoOpasoBaHUM NOXOOUS GOKAJbHBIH pafuyc
KaXJIOH TOYKHM KpHMBOH yBesnMyuBaercsi BABoe. I[lostoMy ypaBHeHHe
obpa3a mapaboJibl B TOH Xe CHCTeMe KOOpAMHAT OyJeT HMeTh BHI:
2p
p=—"
1 —cos@

p=

[NocnenHee ypaBHeHMe oInpelessieT mapabogy, mapaMeTp KOTOpOH
BIBOe GoJibllle MapaMerpa AAHHOH mapaGoJibl.
KaHoHMuecKOe ypaBHEHMe NOJyYeHHOH napaGoJibl HMeeT BHA:

y? = 4px.
IIpumep 86. BrisicHuM, Kak pacrnosoxeHa napa6osa
y=3x>—5x+ 10
OTHOCHUTEJIbHO CHCTEMBEI KOOpIMHAT.
Pemenue. IlpeoGpasyeM naHHOe ypaBHeHUe:
5 5 25) 95
y=3(x2—-3—x) +10 = 3(x2—2-€x + o)+ 5=

5\2 95
= 3(x —— =
( 6) T
WIH

95 5\2
—==3(x—=).
T ( 6
95 , 5 ,
O6o3HaunuM y———l—2 yepe3 y’, a x——g yepe3 x’, MOJIYyYyuM KaHOHH-
yeCKOe ypaBHeHUe napabosibl:

2 2
y =3, wm x = %y’.
95 , 5 ,
CooTHouLleHUsT ¥y + T vy, x+ § = X TOKasBIBAIOT, HTO  CHC-

Tema KoopiuHaT O’x’y’ moJyyeHa M3 mepBOHAauaJbHOH cucteMbl Oxy
napaJiieJIbHBIM TIepeHOCOM, NpHYeM HOoBOoe Hauyajo O’ HaXomutcs B

/5, 95
TOYKe C MPEXHUMH KOOpJAUHATaAMH (—; —).
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4

2
L g w [Tapaboaa x' = CHMMeT-
1

1
37
A puyHa oTHocutesbHO ocu Oy,
BepLIMHA ee HaXOAUTCS B HauaJe
R & O HOBO#l CHCTEMBI KOOpHMHAT,
BETBHM HalpaBJIeHHl B CTOPOHY IIO-
0 JIoKHTeNbHOH noayocu O'y'.
ITpumep 87. TIlpsamas g
NPOXOJUT BHE OKPYKHOCTH ® =
= (0, R). Haiizem MHOXeCTBO
Puec T5 neHTpoB M BceX OKpYKHOCTeH,
KacaiollUXCs BHELHHM o06pasoM
OKDPYKHOCTH ® M NpPSIMOH g.
Pemenue. Ilyets (puc. 75) o, = (M, r) — omHa Hu3 TakKux
oKpyxHOcTel, Torga |OM| = r + R. IlpoBeneM npsmyio [, napaJsiesnsb-
HYI0 NpsIMOH g, OTCTOSILLYIO OT Hee Ha paccrosHuM R. Torza paccrosiue
ToYkKH M po npsimoit [ 6yner paBHO r + R u paBHo |[OM|, T. e. TOuKa
M nexut Ha napab6oJe.

O6patro, Aasa Mo6oit Touku M 3To#l mapaGoJisl paccrosuue | OM|
PaBHO DpacCTOsIHHIO TOUYKH M 1o npsamo#t [, npuuem [OM| > R (mo-
CKOJIBKY 1151 Touek N BHYTpH okpyxHoctH [NO| < R, a paccrosiHue
Jo npsmol [ Gosblie R), ¥ TOTAA OKPYKHOCTb C LEHTPOM B TOuke M
paauyca r = |OM| — R Gyner KacaTbcsl NPsIMOil g M OKPYXKHOCTH Q.

Urak, nckomoe MHOKecTBO ToueK M siBaisiercss napa6oJioii ¢ oKy com
B ToyKe O u aupexTpucoi [.

I[Tpumep 88. Hafizem ycioBue, npu KoTopoM npsiMas y =
= kx -+ b xacaercsi nmapaGoJbl y* = 2px.

Pemen ne. Pewas cucreMy ypaBHeHHH:

{y = kx + b,
y? = 2px,
noJiyyaeM KBajpaTHOE ypaBHEHHe:
Bx® 4 2 (bk —p)x + b®* =0, (*)

JIMCKPUMHHAHT KoTtoporo D = 4p* — 8bkp.

Ilpsimas y = kx + b Oyzer Kacatbcsi mapaGognul y*> = 2px Torna
H TOJIbKO TOTJa, KOUJa KOPHH ypaBHeHUs (¥) OYAyT AeHCTBUTENbHBIMH
W paBHBHIMH (HeOOXOJHMMOE U JOCTATOUHOE YCJIOBHE KacaHHs COCTOHMT B
oM, uto D = 0, cm. [2], § 29). Tak kak p 5= 0, TO U3 ypaBHEHHsI
4p®> — 8bkp = 0 ciefyer MCKOMOe COOTHOIEHHEe p = 2bk.

3agaum

337. CocraBbTe KaHOHHYECKOE ypaBHEHHe NapaGoJibl 10 CAELYIOMHM
JaHHBIM:

a)p=3;
6) mapa6osia mpoxoaut uepe3 Touky P (1; —4);
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B) IUpeKTpHuca olpefessieTcss ypaBHeHueM x -+ 3 = 0.

338. CocraBbTe ypaBHeHHe napaboJibl MO CJAEAYIOLUIHM JaHHBIM:

a) napa6oJia CIMMETpHYHA OTHOCUTEJbHO ocH Oy, GoKyC NoMellaeT-
csi B Touke F (0; 2), BepIuMHa coBNajaer C HayajoM KOOpAMHAT;

6) BeplIMHA HAXOAUTCS B HadaJje KOOpAMHAT, Napa6oJsa pacroJo-
XKeHa B HHXKHeH MOoJIyIVIOCKOCTH, CUMMETpPHYHA OTHOCHTeJ]bHO ocH Oy
u ee napamerp p = 0,6;

B) ¢okyc umeer KoopAauHatel F (5; 0), a ocb OpJIHHAT CJOYXKHT AHU-
peKrTpHcol;

r) napaoJia CHMMETpHYHA OTHOCHTeJbHO ocH Oy H NPOXOJHMT de-
pes3 HauaJlo KOOpJMHAT;, NpsAMas y = 2 nepecekaer napa6oJiy B TOYKax
¢ abcuuccaMu 3 U —3.

339. Bepmuna napaGoJsibl Haxomutcs B Touke M (—2; 2), ypasHe-
Hue gupektpucel x — 1 = 0. CocraBbrTe ypaBHeHHe NapaboJibl, Hali-
IMTe KOOPAMHATEI (OKyca M ypaBHeHHe OCH napaboJibl.

340. Ha mnapaGose y* = 8x HaliiuTe TOUKH, (HOKAJbHBIH pagHyc
KoTophix paseH 20.

341. Haiinure ¢oxanbHbIl paiMyc TOuRM MapaboJbl, OpAHHATA
KOTOpOH paBHa 8, ecju BepluuHa NapaboJsibl HAXOAUTCS B HayaJie KO-
opAuHat, a gokyc — B Touke F (2; 0). Halinure yrioBoit KoadduiueHT
npsMoH, coefuHsOLIeH POKYC ¢ YyKa3aHHOH TOUKOH.

342. lano ypaBHeHue mapaGoJnl y*> = 2x. Hafinure yrsoBble Ko-
3(bUIHeHTH KacaTeJbHBIX, NPOXOASAIUX yepe3 Touky M (—2; 0).

343. Hallnute MHOXeCTBO LEHTPOB OKpYXKHOCTEH, NMPOXOASIIHUX
yepe3 JAHHYIO TOUKY M Kacawuxcsl JaHHOH MpsMOi.

344. Jlokaxkurte, 4YTO HEHTPHl BCEX OKPYMKHOCTeH, KacaromMXCs
JaHHOH MNpsIMOH M JaHHOH OKpYXHOCTH, LIEHTDP KOTOPOH HaXOLUTCH
Ha JaHHOH mpsMoM, pacrnoJsiaraiorcssi Ha JBYX Napa6oJjax. ¥ KaKuTe
N0JI0KeHHe JUPeKTPHUC M BEpIUHH 3THX NapaboJ.

345. Apka mocra umeer (opmy napaGoJwl. Onpelenurte napamerp
napa6oJbl, 3Has, yro NpoJieT apKH paBeH 24 M, a BblcaTa — 6 M.

346. KameHb, OpOlueHHEIHl NMOJ OCTPHIM YIJIOM K FOPH30HTY, OMNH-
caJ Ayry napaboJibl M ynaJj Ha pacCTOsiHHH 16 M OT Haya/abHOTO IIO-
JgoxeHus. Onpenenure napamerp napa6oJiMyecKOH TpaeKTOpHH, 3Has,
4TO HauboJbllas BbICOTa, AOCTUIHYTas KaMHeM, paBHa 12 M.

347. Ctpysa BonIbl, BhiOpachiBaemasi GOHTaHOM, NpPHHHMAeT GOpMY
napa6oJsiel, napamerp kotopo# p = 0,1. Onpegesnute BBICOTY CTPYH,
ecJIl HM3BECTHO, YTO OHA Najaer B 6accefiH Ha pacCTOSTHHM 2 M H OT
MecTa BBIXOJa.

348. [lonepeuHoe ceueHHe KphIM BaroHa umeer ¢opMmy napaboJisl.
[upuna xpeuuu 3,6 M. Onpejenute BEICOTY KpBILM, €CJHH Ha pac-
crosiHMH 1,44 M oT Kpasi BeicOTa KphbiluM paBHa 0,48 M.

349. BrisicHuTe B3aHMHOe pacnoJioxkeHue napabosnl y2 = 2px U
okpyxkHOCTH x* + y* — 4x + 3 = 0 B 3aBUCHMOCTH OT 3HAYEHMs Ma-
pameTrpa p (NOSCHHMTE pe3yJbTaThl rpadHuyecKH).

350. [okaxuTe, YTO uepe3 KaXKAYyI0 TOUKY NapaboJibl MOXKHO NpO-
BECTH €[MHCTBEHHYIO KacaTe/bHYIO K 3TOH mapaGoJe.

351, Kaxapiit u3 kateroB AC u BC npsIMOYroJibHOTO TPeyroJb-
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HUKa Jenutcs Ha 10 KOHrpysHTHHIX yacreil. Uepes touku By, B,, ...,
.. ,By nenenus xatera AC npoBozsTcs npsiMule by, by, by, ..., by, DapaJ-
JenpHbie BC. Bepumsna A coepuusiercss ¢ ToykaMuH A;, A,, ..., A,
neneHus kartera CB npsiMbIMHU @y, @, @3, ..., Q. JJOKQXKHTE, YTO TOYKH
nepeceyeHust NPsIMbIX @ 4 by, dy U by, ..., Gy U by ¥ TOUKH A U B nexar
Ha ofHOH mapaboie.

§ 5. Jlunum eroporo nopspka

Jurepatypa [l ra IV;[2], ra. VIIL; [3], ron. VL
ITpumep 89. Halinem, Kakyio JMHHIO ONpefelsieT ypaBHeHHe:
20—y —xy+4x—y+2=0.
Pewenne. [lpuBenem maHHOe ypaBHeHHE K BHIY:
V+x+Dy—@»2+4x+2)=0
H pelluM ero orHocurensHo y. [Tosmyuum:
yy=x+1, y,=—2x—2,

DTOT pesysbTaT MOKa3blBAaeT, YTO JaHHAsl JIMHHS BTOPOrO MOpsAKa

pacmajaercs Ha JBe INpsMble JHHUM: y=x+ 1 u y = —2x — 2.

O6benuHenye 3THX ABYX OPSMBIX H306paxeHO Ha pHCyHKe 76.
I[Tpumep 90. Hafinem acuMnToTHl JIMHHM BTOPOTO NOpSIAKA:

X—xy+1=0.
PeweHue YpaBHeHHe acUMNTOTH, He HapaJuienpHOl ocu Oy,

MOXKHO 3amnucatb B sBHOH ¢opMe B BHAe y = kx + b. IloacraBass
BLIpaXKE€HHE y B YpaBHeHHe JIHHHH, NOJydYaeM:

X—xke+b+1=0

#*(1—k—bx+1=0.

Jlnsi OTHICKAaHHMS ypaBHEHHS AaCHMOTOTHI HaJ0 NPUPABHATL HY-
Mo Koabduuuentst mpu x*umpux: 1 —k =0, —b = 0, orkyza
k=1, b = 0. Urak, y = x — HCcKOMasi aCUMITOTA.

[TocmoTpuM, HeT /M aCHMOTOT,
napaJiesbHeix ocd Oy. YpaBHe-

HJH, HHaue:

4 J 0 HUe INpsIMOH, MapaJJieqbHOH ocH
X ‘3*1” Oy, 3amuChiBaeTcsi B BHIE X = d.
p * TloncranoBKa x = a B ypaBHeHHe
= KpUBOH [Jaert:
AR - —ay + (1 + a®) = 0.

B sTtom ypaBHeHHH K03(hdULIH-

eHT npu y? paseH HyJwo. HeoGxo-

JHMO, 4TOOBI O6PATHJICA B HYJb H

Puc. 76 Ko3(¢dHuLHeHT NpH ¥, oTciola a=0.
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Takum ofpa3oM, x = 0 — BTOpass acUMNTOTa JAHHOH JIMHH WU,
[Mpumep 91. CocraBuM ypaBHEHHMS KacaTeJbHHIX K JIHHHH
BTOpOTO mopsifka x® + 2y = 0, npoxXoAsmux uepe3 Touky M (3; —4).
PemeHnue. YpaBHeHHe HCKOMOH KacaTeJbHOH HMeeT BHI
y+ 4 =k (x — 3). Pemas 310 ypaBHeHHe COBMECTHO C ypaBHEHHEM
JaHHOH JIMHMH, TOJyyaeM KBaJpaTHOe YypaBHeHHe:

X+ 2kx — 2 3k + 4) = 0.
[Ipsimas, nmpoxoasuiast yepe3 Touky M (3; —4), kacaercss AaHHOH

JIMHUH TOTJA M TOJIBKO TOTJA, KOTJa MoCJ/e/lHee YpaBHEHHe HMeeT KpaT-
HbIlf KOpeHb, T. €. KOTJa AMCKPHUMHHAHT 3TOTO ypaBHEeHHUs o6paliaercs

B HYJb:
k- 23k + 4)=0.
Orciona HaxonuM 1Ba 3HauYeHUs k : k;, = —2, k, = —4. CooTBeT-
CTBEHHO II0JyuaeM ypaBHEHHS IABYX KacaTeJbHHX: y 4+ 4 = —2(x—3)

Hy+4=—4(x—3), uan (B obmem BuZe): 2x +y —2 =0,
4x +y—8=0.
2 2
IMTpumep 92. Halinem ypaBHeHNe fuaMeTpa 3JIHICa %— Z—2=
a
= l,ec/n conpsizKeHHBEIE STOMY AHAMeTPy XOpABI 3aJaHbl ypaBHeHHeM:

y=kx+ m,

rae k — o6yl yriaoBofi kKO3(D(HUIHEHT XOpA, # — NapaMeTp.
Pemenue. Ilyetb M (X; Y)— cepenyina Kako#-1160 U3 conpsi-
KeHHBIX XOpA, P; u P, — KOHIBI XOpAHl (puc. 77).
Iepeiinem OT CHCTeMEI KOOp IMHAT Oxy K cucreme Mx'y’, npousBozs
napaJielbHbIH NepeHoC CHCTEMbl KOOPIHHAT.
Torna
x=x"+ X,
y=y +Y.
B HOBO# cHCTeMe KOODAMHAT NAHHBIAl 3JUIHNC 3ajaeTcsi ypaBHe-

HHeM:
=+ X)? +(y +¥V)?
a2 b2

Uro xe Kacaercs xopiw PP,
sjnunca, to npsmas PP, 3ana- Ly
eTcsl ypaBHeHueM y' = kx’, noto- gk A
My YTO Telepb OHa NPOXOIUT ye-
pe3 Hadaso KOOpJAHHAT, 8 YTJI0BOH P
K03pbHIHEHT £ NpH mNapaJJedb-
HOM IepeHOCe CHCTeMbl KOOpIH- %
HAT OCTAeTCs HeH3MeHHLIM. -

Pemasi cucremy, cocrosmyio 0 P X
U3 ypaBHEHHMs 3JJIHICA U ypaBHe-
Hus npsamoit PP,, MeToioM moj-
CTaHOBKH, MBI TOJIYYHUM KBaIpar-
HOe ypaBHeHHe: Puc 77

.
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O® 4+ a®k%) x'2 4+ 2 (B®X+a%RY) '+ (X2 + a?Y? — a%) = 0.

’ 7
ITycte X, M X2 — XOpHH 3TOrO ypaBHEHHS, T. e. abcuucce ToueK P
i P, B cucrteme KoopnuHat Mx'y’. Tak KaK cepe/iHa M OTpe3sKa P P

HAXOJUTCH B Hauale KOOpIHMHAT, TO X + x2 = 0. Ho x + x2 =
b2 X+ akY
— ———— (no Teopeme Buera).
b2 4 a2k?
Takum o6pasom,
b*X 4+ a*kY = 0.

310 W eCcTb ypaBHeHHe, CBsi3blBaiolee KOOpAMHATH X M Y cepenuHbI
J000# M3 CONpSKEHHbIX XOpA, T. €. ypaBHeHHe HCKOMOTO JHaMeTpa.
Hrak, ypaBHeHMe JuameTpa 3JJIMIICA, JAEJSLIEr0 INONOJAM XOpJIbI
¢ YIJIOBBIM KO3(pdHLHEHTOM £ (k = 0), MOXKHO 3amHcaTh B CJAEAYIOLIEM
BHJE:
b2
a*k
DTO ypaBHEHHe MOXKHO TaKKe MOJYYuTh U3 oOmed Teopun (cM. [3],
c. 262, ypaBHeHue (4)).

[Tpumep 93. okaxkeM, 4to npu a = b :—).mmncfé— —I—-ﬁ =1
a

X.

He UMeeT JpYrHX ocefl CUMMeTpHH, KpoMe OceH KOOpAMHAT.
Pemenune. Ocb cHMMeTpHH 3J/JHIICA — 3TO TJIABHBIH ero aua-

MEeTp, T. €. JHaMeTp, NeplNeHANKYJIPHbIH CONpSIKEHHBIM eMy XOpJaM.

Ecnu sTOT AMameTp OTJIHYeH OT ocel KOOpAHHAT Ox u Oy, 1o ero ypas-

HEHHEe MOXKHO 3anucaTtb B BHIE: y = —

. mpumep 92). 3necw
b2
— r-
a2k y
JIOBOH Koa(huLHeHT fuaMeTpa. J{uaMeTp nepneHInKyJsipeH COMp sKeH-
HBIM XOpJaM TOTJa U TOJIbKO TOTAa, Korxa kk’ = —1. A sT0 npuBomur
2

k — yrnoBo# KO3(p(UIHUEHT CONpPSKEHHEIX XOpJX, a k' = —

b
K COOTHOWIEHHI0O —— = -1, T. e. a = b, 4YT0 MPOTHBOPEYHUT
a

YCJIOBHIO.

CunencrBue. Ecau gBa conpsxkeHHBIX IHAMeTpPa 3JIIMICA paB-
HEI U NIepIeHAUKYJISIPHBL, TO 3TOT 3JLIKIC — OKPYKHOCTh. JleficTBUTE b
HO, Hapa NepHeHANKYJ/SPHBIX CONpSIKEHHBIX AHAMETPOB 3JLIHIICA NPU
a 7= b elMHCTBEHHa, NpHYEM 3TH JHAMETPHl He pPaBHBI JADPYr JpYTYy.
U TonbKO npu @ = b KaxIple JBa CONpPSIKEHHBIX AHAMETpa 3JJIHICca
paBHBI H MNepNeHIUKYJSPHEL, B 3TOM CJy4ae 3JUIHIIC SIBJSETCS OKpPYXK-
HOCTBIO.

ITpumep 94. lokaxkeM, YTO 3JJIHIC OJHO3HAYHO ONpELENsIeTcs
napo# ero CONpsiKEHHBIX IHAMETPOB.

PeweHue 3agauy MOXKHO NepedopMyJsupoBaTh Tak. J[aHwl
1Ba orpeska AB u CD, nepecekaiolliiecss B HeKOTOpo#l Touke O U Je-
Jsmyecss B 3T0H Touke nomoJsiam (puc. 78). Hapmo mokasath, uto cy-
HIECTBYeT U IPUTOM €IMHCTBEHHLIH 3JJIMIC &, LJs KOTOPOrO JAaHHbIE
orpeskd AB u CD cnyxar CONpSKEHHBIMH JAHAMETPaMH.
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1) Hokxa3aTeabCcTBO 1
cymecTtBoBaHnus. [locrpo- -
UM OKpYXKHOCTb ® Ha OTpe3Ke w <’
AB xax Ha gauamerpe. llycrb
[C'D'] — ee nnawmerp, nepreHul- &
kyaspueii [ABl. PaccMorpum
nepcClieKTHBHO-ap(hHHHOe  Mpeod-
pasoBaHue P, onperesnsieMoe 0Cbio A B
AB u napo#i touek: C' — C. O6- o
pa3 OKPYXKHOCTH ® OyAeT HeKo-

TOPBHIM 3JIJIMIICOM €, TaK Kak ag-
(UHHLBIH 06pa3 OKPYyKHOCTH— BCe-

raa saaunc. Hanee: P (A, B) = D
= (4, B), P (C’, D) = (C, D).

A tak kak adp¢duHHOe Npeobpaso- D
BaHMEe CTaBHUT CONpSXKEHHBIM JHa- Puec 78

merpaMm okpyxHoctH AB u C'D’

B COOTBETCTBHE ONSITh COMpSIKEHHBIE JUaMeTpPhl ee 06pasa €, TO 3JJIHIC
€ — HCKOMBIH.

2) loKkasaTenbCTBO e JHHCTBEeHHOCTH. Ecau 6u
CYILECTBOBAJ elle KaKOH-IH60 3JJHunC € ¢ TeMH XK€ COMPSKEHHBIMU
muamerpami AB u CD, To ero o6pa3 mpu npeobpasoBanuu P~ mpes-
cTaBJsJ Obl HEKOTOPHIH 3JIJIMIC € C CONpsIKEHHBIMHM JuaMeTpamu AB
u C'D’. Ho, cornacHo creactsuio u3 npuMepa 93, & — OKPYXKHOCTb
¢ nuamerpamu AB u C'D’, 1. e. ¢ = . 3nauur, P! (¢/) = o, TakK
yro P (0) = &¢’. ATtak Kak Takxke P (@) = ¢, 10¢& = ¢'. EnMHCTBeHHOCTD
IoKasaHa.

[Tpumep 95. Danunc & 3ajan napoi CONpsKEHHBIX AUAMETPOB
AB u CD (cm. mpumep 94). IMoctpoum kakyro-nun60 TO4Ky M storo
sJUIMICca, OT/NHYHYyI0 OoT ToueK A, B, C u D.

Pemen ue. Brubepem onste nepcnektuBHO-adduHHOE npeobpa-
30BaHue P TakuM o6pasoM, YToGnl Touku O, C, B Nepeluin COOTBETCT-
Berro B Touku O, C', B, rae (OC') L (AB), |0C’| = |OB]. Torza,
KaK II0Ka3aHO B npumepe 94,

JAHHOMY 3JIJIMICY GYHET COOoT- ¢
BETCTBOBATh OKPYXHOCTh ) = w \
— (0, |0B).

Tenepp 3ajgaga cBomuTCS K M’
NOCTpOeHHIo 06pasa Touku M’, [
Jexalel Ha OKPYXKHOCTH ® U A
oTJMuHOM oT Touek A, B, C', 4 0
D’. 3T0 moCTpOeHHe NOKAa3aHO
Ha pHCyHKe 79.

!

!

IIpumep 96. daumnc 3a- o
JaH Napofl compsiXKeHHBIX IHua-
metpoB AB u CD. JaHa HeKo- Ik
Topasi mpsMasi p, IepeceKaro-
masi (AB) B touke M u (CD) Purc. 79
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B Touke N. [ToctpouM Touku nepece-
YeHHs NPSIMOH p C 3JIJIHUIICOM.

Pemenue IlpumeHum onarb
npeo6pasoBaHue, ONHCAHHOE B IIpe-
JeIAyuX npumepax. s  Beinod-
HeHHs TpeGyeMOro NOCTPOeHHs HYX-
HO TMpexJe BCEro HaHTH MNpPSMYIO
p’— o6pas npsIMOf p NpH 3TOM Ipe-
obpazoBanuu. CpenaeM 310 Tak
(puc. 80):

1) M': M'= M, M= p((AB);
3 : = n n, = 0,
Puc. 80 4) pr: p/ — (M/N/)

Tenepb Mbl IPUIIJIM K COBCEM MPOCTOH 3ajaye: 3a/laHa OKPYKHOCTb
o (mapoi conpsKeHHBIX AMaMeTpOB) U npamas p’; Tpebyercs NOCTPOHUTH
npoo6pa31>1 TOYeK MepeceyeHHs npsiMo#l p’ ¢ OKpYKHOCThIO ®. IlycTh
P No= {Tl, Ts}. Toctpoum panmee Touku T, u T, — NpooGpassl
TOUeK T; u T2 B npeo6pasoBaHuu P. DT0 NOCTPOEHHE BLINOJHEHO Ha
pucynke 80.

I[Tpumep 97. Halizem rsaBHble AuaMeTpbl JIMHHM BTOPOrO IO-

psiKa
2+ 6xy+ y¥+ 4x—8y+1=0.

Pemwenue. Bocnoabsyemcs ypasHeruem (3) (eM. [2], c. 270)
I/ HaXOXIEHUs YIVIOBBIX KO3G(HUHEHTCB TIJaBHBIX JAHAMETPOB:
ok + (@ — A30) R — a3 = 0, T. €. 3k — 3 = 0. Orciofa noay-
yaeM JJis1 R IBa 3HaueHus: &k = 41 u & = —1.

O6pawascs tenepb K ypasHenuio (4) ([2], c. 259) u Bcnomunas,
4TO R = py i p;, UOJONKUM:

P
P

Torga Inst MCKOMEIX JIHAMETPOB IOJYYHM COOTBETCTBEHHO ypasB-
HeHust 2x + 2y — 1 =0ux—y — 3 = 0.

[Tpumep 98. Ilpusenem ypaBueHue 9x* — 4xy + 6y + 6x —
— 8y 4+ 2 = 0 K KaHOHHYeCKOMY BHAYy NyTeM I[peo6pa3oBaHHs MHps-
MOYTOJIbHOH cHcTeMbl KoopauHat. [TocTpouM KpHBYIO, 3aJaHHYIO 3THM
ypaBHeHHeM.

PemeH ue. 3aMeruM IpexJe BCEro, 4ro

p, =1 B cayuae k = 1;
—p, = 1 B cayuae kB = —1.

Il I

11839

# 0,
Q21099

T. €. IaHHAsl KpHBas — LEHTpalbHasl.
Hafizem unentp s10o# KpuBo#l mo gopmysaam (5) (cm. [2], c. 261):

9% —2y+3=0
—2x 4+ 6y — 4 = 0.

Orcioja noJsydaeM KoopAuHaTel UeHTpa: x = —0,2; y = 0,6.
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ITepenecs Hauasto KoopiuHat B ueHTp (cM. [2], c. 213, dopMy.ni
(6)), npuBeneM JaHHOe ypaBHEHHE K BUAY:
9%’ — 4x'y’ + 6y = 1.
Haiinem Temepb KOpHH XapaKTEpHCTHUYECKOTO ypaBHEHHs:
s — 155+ 50 = 0
(eM. dopmyay (4) [2], c. 236): s, = 5, s, = 10, u mo dopmyae (5)
(em. [2], c. 237) noayuum: &k, = tg o = 5—29 = 2. 3Has TaHreHC

yrJia NoBOpoTa, MOXKHO HalTH ero CHHyC H KOCHHYC:

. tga 2 1 1
sina = =4+ _— = - —; COSOQ = + ———— = + ——,
V1i+tgta V5’ V1i+igta 5
3nech sin a 1 cos o Hao 6paTh C OAMHAKOBLIMH 3HaKaMH, HalpHMep
. 2
SINo = ——, COSa = —-1— Brinmonaum TEepb TIOBOPOT CHCTEMBL

Vs’ 1453
KOOpJHMHAT Ha yroJ o, AJIs 3TOTO BocHoJb3dyeMcst dopmyJaamu (2) ([1],
c. 135):
g =22 y’ —2X4Y
Vs ' V5
TNoxcraBssist 5TH BhIpa)KeHHs B ypaBHeHHe (1), MOJyYHM KaHOHHU-
4ecKOe ypaBHeHHe HaHHOH JuHuH: 5X2 4 10Y? = I, unu, uHaue:

5 10
[MosyueHHOe HAMH KaHOHHYECKOE YPaBHEeHHe — 3TO YpaBHEHHe
sasunca. [locTpoeHHe 3STOTO 3JJIMICA MOXKHO OCYLIECTBUTb B TAKOH
nocnefioBatebHOCTH (puc. 81):
1) nzobpasutb ocH HCXOIHOH
cucteMel KoopauHat Oxy; T
2) noctrpoutb uentp P (—0,2; g
0,6);
3) TIOCTPOHUTH OCH CHCTEMBI KO-
opauHat Px'y’, oTHeceHHOH K
LEeHTPY KPHUBOH; y
4) NOCTPOHTb OCH CHCTEMBI KO-
opau"ar PXY, B kortopyio mpe-

obpasyerca cucrema Px'y’ mpu P x!
NOBOpPOTe Ha yroa o = arctg 2 /

X

BOKpYT HagaJja KOOpJIMHAT;
X2
5) NOCTpOHUTB 3JIHIC 03 +

2 —
- };—-1 = 1, OTHecs €ro K cHcTeMe 0 X
PXY. Puc. 81
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[Tpumep 99. IlpuseneM ypaBHeHue x* 4 2xy + y + 2x +
-+ y = 0 K KaHOHHYeCKOMY BH]Yy IyTeM NpeoGpa30BaHHUs CHCTEMbI KOOp-
auHaT. [TocTpouM JHHHIO, ONpefensieMyio STHM ypaBHEHHeM.
Q115

= i1 =o
Q31099

TO 3Ta JHMHHs — napabo/auyeckoro thna. Popmyaa (4) (cm. [2], c. 236)
IaeT KOPHH XapaKTepHCTHYECKOTO ypaBHeHHs: s; = 2, s, = 0. Torjaa
no ¢gopmyJe (5) (em. [2], c. 237) nafizem, uto kb, = tg o, = 1. Cueno-

14
BaTeJbHO, MOXKHO IIOJIOXKHTb O = T

Pemenune. Taxk kak

Torma sina = 1/72, cos o = VT2 u QopMyJsEl Npeo6GpasoBaHUs

KOOpJMHAT (NpH MOBOPOTE) MNPHUMYT BHA:
X = (x/ _— yl) l/—2—’

y=( er)V2

Taxk Kak mannoe ypaBHeHHe MOXKHO 3allicaTh B BHJE:

@+yP+2+y=0,

TO IIOCJIe€ MNOACTAaHOBKH IOJYYHM:
2(x)? + %x’ VT —%y’ VT =0

BuinosIHUM Tenepb peoGpa30oBaHHe MNapaJJiesbHOTO [epeHoca:

¥ =X+ aq,
y=Y+0b,
MOy 4HM:

2X2 + X(4a+%1/2_)—%y1/“2‘+(2a2+—gaVQ—-%blﬁ):

IMonaras 4a + %V? =0, oTKyla a = — %V?

[Torpe6yem eine, yTtoObl CBOGOAHBIH UJeH INOCJAENHETO YpaBHEHHs

obparaJcs B Hyab. Toraa HakneM, uro b = —-%.
[Mocne nepeHoca. Hayaja KoopAuHaT cucTeMbl Ox’y’ B TOUKy
P (——— Ve —= VQ)HOJIyth KaHOHHYEeCKOe ypaBHeHHe NapaboJibl:
X2 = ‘ZY l/ 2.

INocTpoenne rpaduka BBINOJHEM B ClefyolieM nopsiake (puc. 82):

1) crpoum ucxonuyio cucremy Oxy;

2) cTpouM BcromoraTesbHy0 cucteMy Ox'y’ myTeM HOBOpPOTa HC-
XOJHOH cHcTeMBI Ha yroa 45°%;
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3) CTPOHMM TOYKY P(—%]/T; N q‘ 9k
— 136 V§) B cucteme Ox'y’ (c mo-

MOLIbIO LHPKYJsS U JHHEHKH HJIH * %
3v/3. g
nosiarast IpUOMUKEHHO — —VQz

X
~—0,5, — 1/ 2 ~ —0,8); >
4) CTpOPlM CI/ICTeMy PXY c Ha-
yaJIoM B TOUKe P U OCSMH, COOT-
BETCTBEHHO MapaJlesbHBIMU 0CsM Puec 82
Ox" u 0y';
5) ctpoum napaboJy 1o ee KaHOHHYECKOMY YpaBHEHHIO:
V2
X2 = —-4-—-Y.
ITpumep 100. IlpuBelem K KAHOHHYECKOMY BUAY yYpaBHEHHE:
3x% 4 1292 — 12xy + 8x — 16y — 3 =10
M TOCTPOUM JIHHHIO, OMNpekessieMyi0 3THM ypaBHEHHEM.
Pemenue. 3amernu npexnie Beere, uto |and, | — |3 —6|_,
Q91032 —6 12 '

T. e. JaHHAs JIMHHMA — napaboJiuyeckoro tuna. Pemas xapaKTepHCTH-
yeckoe ypaBHeHHe s* — [Bs = 0, Haxomum s, = 0, s, = 15. asee
HaXOAUM YTIOJ MOBOPOTAa CHUCTEMBI KOOPAMHAT:
lgam 2= L,
ayp 2
3HauuT,

sino = 1715-_—, CosS QL = 1—72:;,_—

Tpumensiss popmysibr MpeoGpasoBaHHsi KOOPAHHAT MpH MOBOPOTE Nps-
MOYTOJIbHOH CHCTEMBI Ha YToJ o, TOJYYHM:

=y X 42y

7 -
[MepenuieM ypaBHeHHe NAHHOH JIMHHM:

3(x—2y)+ 8 — 16y —3=0.

[MoacraBuB BhIpaXKeHHUsT IJIE X ¥ y B 5TO ypaBHEHHe, MOJYyYHM:

0,
15(y’)2—%y —3=0.

BbIl'lOJ'IHPIM, HaKOHell, HapaJIJIeJIbeIﬁ nepeHoc CHCTEMbI KOOplIPIHaT:
"'=X, y=Y+a
TMoyyum: ”
153 2 2(15a ———_—)Y (15a2 : -3) =0,
* vs) T Vs
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20

.
[pu ycnoBuu }—Sa VE ,
T. €. IpH a = 4}25, N0y uuM:

15Y2% — 2—35 =0, Tak YTO KaHOHH-

YeCKOoe YpaBHEHHE MOXKHO 3alucaTh
5
B Bujie Y% = 5"

ITocTpoenne rpaduka (puc. 83)
BBIIOJIHUM CJIEAYIOUMM 06pasoMm:
1) cTpouM HCXOAHYIO CHCTEMY

Pae. 83 xoopaunat Oxy;

1
2) noBopayuBaeM cucremy Oxy Ha yroa o = arctg 7 moayuaen

cncremy Ox'y’;
3) mapaJ/jiesbHO NepeHOCHM cucteMy KoopauHat Ox'y’, nomelnas

HayaJjo HOBOH cHcTeMel KoopauHat B Touky O’ (0; flllfsi);

4) B cucreme O'XY cTpouM napy HOpsIMBIX, napasfensHeix O'X:
Y=—;-V§ HY=——;—V§.

BnpoueM, B 1aHHOM cJly4ae NOCTPOEHHe IrpadHKa MOKHO BBINOJHHUTh
npome. IIpeacraBuM naHHOe ypaBHEHHe B BHIE:

3(x—2y+8(x—2y)—3=0
M pelllMM 3TO YpaBHEHHe OTHOCHTEJNBHO X — 2y:
—4+5

x—2y= ;o

[Tonyunm znBe mpsiMeble:
x—2y+3=0u3x—6y—1=0.

3apaum

352. IlpoBepsTe, uTO CselyioliMe ypaBHEHHs ONpeNe/sioT pachna-
JaollHecs: JMHUH BTOPOTO MOPsiKA, M MOCTPOHTE 5TH JIHHHH:

a) 2xy +y*+y=0;

6) 2 —4xy —5x* + 5x — y = 0;

B) 3x* —xy—x+y—2=0.

353. CocraBbTe ypaBHEHHe JIMHHHM BTOPOTO TOpsiAKa, pachajaio-
melcs Ha npaMple x — y = 0u2x 4+ y — 9 = 0.

354, Hannure ofmme Touku Kpuso#: x2 — 2xy — 3y% — 4x —
—6y+ 3=0 u mpamo#t x + 4y — 1 = 0.

355. Ilpy KakoM 3HayeHMH napamerpa A KpuBasi x* 4+ 2A xy —
— ¥+ 5x — 9 = 0 umeer ¢ npsmo#t 2x — y -+ 7 = 0 TO/NLKO OXHY
06LIYI0 TOUKY?
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356. IIpu KakOM 3HauUeHHH Napamerpa a JUHHUSA Sx* + 2xy — 2ax--
+ 7 = 0 xacaetcs npsimol y — x -+ 1 = O?
357. IlaHa JIMHHSI BTOPOTO MOPSAKa

2+ 6xy—y*—3x—2y+1=0.

Hafinnre, npu Kakux 3HayeHHUsIX Napamerpa g npsMas x = a:

a) Kacaercsl JaHHOH JIMHUUY,

6) nepecekaeT JIHHHIO B JIBYX TOYKax;

B) He HMeeT OOLIUX TOYeK C JaHHOH JIMHHeH U He SIBJIsSETCS ee aCHMI-
TOTOH;

T) mepeceKaer JHHHIO B OJHOH TOUKE;

Il) SIBJISIETCSl aCHMNTOTOH NAHHOH JIMHHUH?

358. IlaHO ypaBHeHHE JHHHUU BTOpPOTO MOpsAKa:

4x* — 4xy + y* + 6x+ 1 = 0.

Haijinure, npu KakuX 3HauyeHUsX YIJIOBOTO Ko3bdHIMeHTa k nps-
mast y = kx:

a) uMeeT ¢ 3TOH JIMHHMeH OXHY OOMLYI0O TOUKY;

6) KacaeTcs 3TOH JIMHUH;

B) MepeceKaeT 3Ty JIMHMIO B JIBYX TOYKaX;

r) He MMeeT OOLIMX TOYEK C 3TOH JIHHHEH?

359. Kakyio JIMHHMIO BTOpPOrO TNOpSAKa MOMKHO TIPOBECTH yepes
toukn ¢ koopaunaramu: (0; 0), (0; 3), (2;2), (6;0), (—2; 1)?

360. Haiinure nMHUM BTOPOTO MOpsiKa, MPOXOJSIINe yepes TOUKH
(2; —1) u (—2; 2) u nepecekarolliie Kax/yi0 H3 ocefl KOOpAMHAT TOJIb-
KO B HauaJe.

361. Haiinure meHTpHI JHHUH, 3aJaHHBIX CJAeLYIOUUMH ypaBHEHHS-
MH:

a) bx? + 8xy + 5y* — 18x — 18y + 11 = 0;

6) *—2xy+ y¥*—3x+ 2y — 11 = 0;

B) X* —4xy + 4y* 4+ 2x —4y + 3 = 0.

362, ITosb3ysich nNapaJjieJbHBIM [epeHOCOM CHCTeMBI KOOpIHMHAT,
NpUBEJUTE CJeyiolulke ypaBHEHHs K BHIY, He COJepikauleMy HepBBIX
cTerneHel MNepeMeHHLIX:

a) * —2xy+2x+ 2y + 1= 0;

6) 51 -+ 4xy + 2y* + 20x + 20y — 18 = O;

B) x> — 3xy + 4y* + 6x — 16y — 3 = 0.

363. Jlokaxkurte, 4TO JIMHHH

a) x* — 6xy + 9y* — 12x + 36y + 20 = 0;

6) 2 —4xy+ 4y +6x— 12y +1=0
UMeloT OecKOHeUHble MHOXKeCTBA LEHTpPOB. Hns xaxnaoit U3 HUX
CoCTaBbTe€ ypaBHEHHe JHMHHUH LEHTPOB.

364. IIpu KakoM 3HAUeHHH Napamerpa A LEHTp JHMHUH, 3aJaHROM
ypaBHeHHeM:

32+ 2%y —y* —20y+ 1 =0,
Haxomurca B Touke (I; —3)?
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365. ITpu kKakuX 3HaYeHUsIX NapaMeTPOB M U N ypaBHEHHe
mx®—+ 12xy + 92 4+ 4x + ny —3 =0

OTpefieNIsieT:
a) IeHTpaJbHYIO KPHUBYIO;
6) JuHHIO 6e3 LEeHTpa;
B) JIMHHIO, HMeIOIlyl0 GeCKOHEYHOe MHOXKECTBO LEeHTPOB?
366. Hafinute ypaBHeHHe JuamMeTpa JIMHUH

x4+ 4xy + 5y? — 3x 4+ 6y — 2 =0,

napaJJepbHoro BeKTopy p = (8; —3).
367. CocraBbTe ypaBHeHHe AUaMeTpa JHHHUH

2x® 4 4xy + 5y — 8x 4+ 6 = 0,

napaJiiesIbHoro npsiMoit 2x — y + 5 = 0, u JuaMeTpa, eMy COINpsiyKeH-
HOTO.
368. [laHo ypaBHeHHe KPHBOH BTOPOTO NOpSIKa:

3+ 2xy 4+ 292+ 3x — 4y =0

1 OIHOTO M3 ee AuaMeTpoB x + 2y — 2 = 0. Haiinutre ypaBHenwue
MaMeTpa, CONpPSIKEHHOTO AaHHOMY.

369. Halinure rsaBHble AMAMeTPH! CJAEAYIOUHX JHHHH BTOPOTO MO-
psiKa:

a) 2xy —4x + 2y — 3 =0;

6) 10x® 4 6xy + 2y> — 2x + 4y — 3 = 0.

370. 3ajzana mapa CONpsIKeHHBIX AMaMeTpoB 3Junca. ITocrpoiite
ele KaKylo-1H60 Nnapy CONPsIKEHHBIX ero JHaMeTpoB.

371. Haiigute MHOXKECTBO CepelMH XOpJ 3JJHINCa, NPOXOIALIUX
yepe3 JaHHYIO TOUKY.

372. okaxure, 4TO [Ba CONpSIKEHHBIX IUAMETpa 3JJIMINCA JEJIAT
€ro Ha 4YeThlpe DPaBHOBEJHUKHE YacCTH.

373. Dnaunc pasfejeH AMaMeTpoM Ha 1Ba cermeHrta. I[loctpoiite
np siMble, AessiliHe KaXKIbIH U3 3THX CEeTMEHTOB Ha TPH PaBHOBEJIMKHE
4acTH ¥ NPOXOJslliye 4epe3 LEHTp 3JIHICA.

374. Haiinure yronm MexJy JIBYMsi CONPS?KEHHBIMH JHaMETpaMH
3JIIMIICA

x2 )’2
I AR |
6+2 !

OIMH U3 KOTOphIX oGpasyer yroa 30° ¢ ockio Ox.

375. Hanummure ypaBHeHue AuaMeTpa napa6oJsl x® = 6y, comps-
JKEHHOTO ¢ mpsimoit 4x — y — 5 = 0.

376. Ilano ypaBHeHHe mnapaGoJikbi:

x—6xy + 9y — 12x + 14y — 7 = 0.
Hanumure ypaBHeHUe IuHameTpa 3TOH mapaGoJibi:
a) MPOXOASALIEr0 yepes HauaJo KOOpPIHUHAT;

6) NeprneHAMKYJAsIPHOTO K CONpSIKEHHBIM XOpJaM;
B) CONPSIKEHHOTO XOpJaM, napaJsuiesbHbiM ocH Oy.
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377. CocraBbTe ypaBHeHHe IHAMeTpa TUNepGOJBI %——% =1,
3Hasl, YTO cepelMHA OJHOH M3 mapaJiie/IbHBIX €My XOpJ HMeeT Koop-
IuHATH (2; —3).

378. lano ypaBHeHue sJanaunca 3x* + 2xy + 5y> — 1 = 0. Ha-
NUIUNTE ypaBHeHHe ABYX CONpSKEHHBIX AMaMETPOB 3TOTO 3JJIHIICA,
3Has, YTO:

a) ONIMH M3 HUX NPOXOAUT uepe3 Touky M (2; —1);

6) AuaMeTphbl B3aMMHO NepleHIuKYJIspHEI;

B) OJVH H3 HHUX CONpSKEH XopJaM, napaJuesbHeiM ocd Oy.

379. Haiinure ypaBHeHHs KacaTeJbHBIX K JIMHUH

X —2y2—5x+4y+6=0

B TOUYKaXx ee nepeceueHus c ocbio Ox.
380. Hanuimuute ypaBHGHHS KacaTe/JbHBIX K JIHMHHH

¥—2xy+ 3y —x+4y+1=0

B TOUYKAaX ee IepeceueHus ¢ npsamo# x + y = 0.
381. Hanumurte ypaBHeHHe TeX KacaTeJbHHIX K JIHHHH

x2+2xy—y2+3x——y+§=0,

TAHTeHC YIJ1a HaKJOHAa KOTOphIX K ocH Ox paBeH 2.
382. Haiinute ypaBHeHHs KacaTeJbHBIX K JIHHHU

4xy — 5y* + 2y —2 = 0.
383. Halinute ypaBHeHHsi TeX KacaTe/JbHBIX K JIHHHH
2¢®> —4xy + y* — 2x + 6y — 3 = 0,

KOTOpble NPOXOAAT uepe3 Touky M (3; 4).
384. Hanumurte ypaBHeHHe KacaTesJbHOH K JIMHHH

4x* + 4xy + 2 —6x + 4y + 2 =0,

3Has, 4TO KacartesbHas napaJJenpHa ocH Oy.

385. Halimute ypaBHeHHMe KacaresqbHOH K mnapabose y? = 12x,
eCc/IM KacaTeJibHasi:

a) mapaJJjenbHa npsMoil 3x — y 4+ 5 = 0;

6) nepneHAHKYJspHA K npsmMofi 2x 4+ y — 7 = 0.

X2 2 o

386. Ilano ypaBHeHMe 3JJumca: vy + %—5- = 1. Halizure ypaBHe-
HHe KacaTesIbHbIX K 3JIJIUICY, NepNeH UKy PHBIX K XOpAaM, COTIp 2KeH-
HbBIM auametpy 8y 4 156x = 0.

387. CocTaBbTe KaHOHHYECKOe ypaBHeHHe HapaboJibl, Kacaiollefics
npsiMoH

9x + 2y + 18 = 0.

388. Bruncaute napamerp p mapaGoasl y? = Qpx, sHas, yto 3Ta
napabosa Kacaercs HpsMod x — 2y + 5 = 0
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x2 2 o
389. Ha runepGose Y —% = | Ha#ijauTe TOUKH, KacaTeJbHble

B KOTOPHIX HAKJ/OHEHH K ocH abcuucc moj yriaom 60°.
- x2 2
390. Hafinure ypaBHeHHS KacaTeJbHBIX K IHnepbode = % =1,

NpOXOAAMHUX uepe3 TOuky (—4; 3).

391. Hailizure KaHOHWYeCcKOe ypaBHEHMe 3JJIMICA, 3HAs, YTO OH
KacaerTcs NpsMBIX x + y =5 u x — 4y = 10.

392, Kaxzoe U3 JaHHBIX YpaBHEHUH NpHUBEINTE K KaHOHHYECKOMY
BUIYy INyTeM MNapaJjenbHOTO IepeHoca JeKapTOBOH INpSMOYTroJbHOH
cucreMsl KoopauHat. Omnpefienure BHI COOTBETCTBYIOUIMX MM JIMHMH.
IToctpofiTe 3TH JUHUH.

a) 4x® + 9y* — 40x + 36y + 100 = 0;

6) 9x% — 16y? — bdx — 64y — 127 = 0;

B) 4x* —y* + 8x — 2y + 3= 0;

r) 2x* 4 3y* 4 8 — 6y + 11 = 0;

n) 3x% 4 3y? — 24x 4 12y + 58 = 0;

e) bx® + y2 4 10x — 6y — 6 = 0;

X) x* — y* + 6x + 8 = 0.

393. Kaxnoe u3 ciIefyonix ypaBHeHUH NpUBELUTE K KaHOHHYECKO-
My BHAY NyTeM MOBOPOTA HPSMOYTOJBHOH AE€KapTOBOH CHCTEMBI KOOp-
nuHat. [locTpofite cooTBEeTCTBYIOMIME HM JIMHHH.

a) 5x* — 6xy + 5y? — 32= 0;

6) 5x% + 24xy — 5y* = 0;

B) xy = @;

r) y¥2 —V 3xy — 6 =0;

o) 7x* — 2y? — 12xy — 10 = 0.

394. IlpuBenute crefyomye YypaBHEeHUs K KAHOHUYECKOMY BHIY
OyTeM MapaJJiesIbHOTO IepeHoca HauaJja IpsIMOYTOJIbHOH JeKapTOBOH
CHCTEMBI KOOpPIMHAT U NOBOpoTa. [locTpoHTe COOTBETCTBYIOLIME MM
JIUHUH.

a) 9x* — 4xy 4 6y® 4 6x — 8y 4+ 2 = 0;

6) 2xy +3x—y—2=0;

B) 4xy 4+ 3y* + 16x + 12y — 36 = 0.

395. OnpenenuTe KOOPIUHATHI BEpIIMH, 3HAuUeHHs MapaMeTpoB H
HanpaBJieHUs1 ocell mapaboJi, 3aJaHHBIX CJAELYIOLIMMH VDaBHEHHUSIMH:

a) y2+ 8x — 16 = 0;

6) x> — 6x — 4y + 29 = 0;

B) x* + y* — 2xy + 2x 4+ 2y = 0.

396. Ilosb3ysicy npeofpa3oBaHHeM KOOpJIMHAT, NpHBEAHTE K KaHO-
HUYECKOMY BHJIY CJelyIollie YpaBHEeHHSs U IOCTPOUTE COOTBETCTBYIOLIUE
KpHUBEIE:

a) 9x® — 24xy + 16y2 — 20x + 110y — 50 = 0;

6) 9x? + 12xy + 4y* — 24x — 16y + 3 = 0;

B) 16x® — 24xy + 9y® — 160x 4 120y 4 425 = 0;

r) X2 —2xy +y?—12x+ 12y — 14 = 0;

1 2+ 2y + Y+ x+3y=0 _

e) 2+ 2xyV 2+ 2" —8xV3—8y)V 6+ 45 = 0.



NMPUMEPHBIE BAPUAHTbI KOHTPOJIbHOWA PABOThI

BapuaHTh

1 2 3 4 5 6 7 8 9 10
T'naBul,
naparpacdnt

a1 10 17 18 23

Fn I §1 61| 45| 47| 56| 53| 49

Fa 11 §2 87 79| 73| 73
§3 138 | 137 | 127 | 124 | 122| 103
§1 146
§ 2 159 | 158 161 163

o I § 3 166 | 175 | 169| 174 178 180
§ 4 193 194 195 197| 206
§5 216 223 218| 221
§6 241 236

Fn 111 §7 245 244 243
§8 260a | 262a | 261a 2606 | 260r 263a| 264| 257
§9 272 | 273 | 270 277 268 | 267| 274
§1 297
§2 314 316| 315| 301

Fa. IV §3 334 327 | 322
§ 4 347 | 339

Fn. IV §5 3526 | 374 | 385 | 394a | 3946|396a|396a|396r | 365| 389




NPUJIO)KEHHUE

YKA3ATE/Ib MPUMEHSAEMBIX CHMBOJIOB

a, (AB)
[AB)
[AB]
|AB|

{4, B}
1]
A€

s
15N
o)

Ll )
S
[CMFCMET)

=
1

96988

-

o

N
os]

}

SIRIB 6 S
2Ry Te>n

s
S

— npamas a, npsMas AB

— ayu AB

— oTpe3ok AB

— JIJIMHa oTpe3ka AB, paccrosiuue ot
ToukH A 1o Touku B

— MHOXKECTBO C 3jeMeHTamMu A, B

— NYCTOE MHOXKECTBO

— To4Ka A npuHauiexRuT purype @

— Touka A He NpHHAJIERKUT QUrype P

— ¢urypa @, npuHaueRUT Gurype D,

— nepeceueHue uryp @; u P,

— oOnefuHenue ¢uryp @, u D,

— ¢uryper D, u P, coBnamarOT

— ¢uryper @, u D, He COBNAZAIOT

— qurypel @; u D, KOHIPYIHTHEL

— Gurype @, u P, N0L06HE!

— BEKTOp
— HYJIEBOH BEKTOp

- —_—
— IJuHa BeKTopa a, AB

AB = (x; y), AB = (x; y; 2) — BeKTOp ¢ KOOpAMHATaMH (Ha IIOCKO-

CTH U B IIPOCTPaHCTBe)
— apduHHBIE 6a3Hc HA IJIOCKOCTH

— NPSIMOYTOJIBHBIH JleKapToB 0asHc Ha
TJIOCKOCTH

— BEKTOpPHLI KOJIJIHHEAPHBI
— BEKTOpLI COHAaNpaBJI€HBI

— BEKTOPbI TIPOTHBOIIOJIO2KHO HAaIpas-
JICHBI

— CKaJIsIpHOE TIIPOH3BEIAEHHE BEKTOPOB



(AB) || (CD), allb — NpsiMble NapaJiJiebHbl

(AB) L (CD),a L b — TpsIMBIE TePIEeHANK YIS PHBL
(ABC), a — NJIOCKOCTb
£ ABC, £ 1 — yroa ABC, yroxa 1
ANA
ABC, 1 — pesnuuHa yraa ABC, Bennuuna yraal
(a,/\b) — yroJi MexAy NpPAMBIMH a H b
N
(a, b) — YTOJl MEXAY BEeKTOpPaMH a U b
»/\—»
(o, B) — yron MexAy IJIOCKOCTAMH & U P
O |OAY) — OKPYXKHOCTb C LEeHTpoM B Touke O u
papuycom |OA|
— mnpeobpa3oBaHue
! — obpaTHOe NpeobpasoBaHHe
E — TOX[ECTBEHHOe Npeo6pasoBaHUe
fooli — KOMIO3HIIMsI TpeoGpa3oBauil f; U f,
F — nepemenieHue
T — TapaJsieNbHBIl IepeHoc
So — LEHTpaJbHAs CHMMETDHS C LIEHTPOM B
Touke O
S, — oceBasi CUMMeTPHsl ¢ Ockio [
RS — moBOpOT BOKpYr ToukH O Ha yrona a
H, — roMOTeTHsI C LeHTpoM B Touke O H
KoadduIeHTOM R
11 — MnepcreKTHBHO-adPUHHOE Npeobpaso-
BaHHe

CGCHOBHBIE $0PMYJIbl
CkansipHOe TpOH3BeJeHHe JBYX BEKTOPOB:
a-b=|al- |b]cos(a,d)
@opmyasl peobpa3oBanus ahGUHHON CHCTEMBI KOOPAMHAT:
{x = X" + oy’ + xo,
y =B+ By’ + ¥

®opmysbl peoGpasoBaHuA KOOPAHHAT IIPU TNapajelbHOM Iepe-
HOCE CHCTEMBI KOODAMHAT:

{x = x' -+ Xo,
y=y -+
VYpaBHenue NpsAMOH, 3aJaHHOH HayaJbHOH TOXXOH (Xo; yo) M Ha-
-
paBJSIIOLUM BeKTOpoM p = (a; P):

X— X0y — Yo
o B

=0
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HIH I~ 5. "_Ty", ecmu of 7= 0.
o

YpaBHeHMe NpsiMOil, 3alaHHOH TOUKaAMH (X5 Y1) U (X} ¥,):

X — X y-—yl =0
Xo— X1 Yo— W1

X—X% y—%
HJIH = ecau (Xy — X1) (2 — ¥ 0.
P— Yo vy (xs ) (52 — y1) F
YpaBHeHHe NpPSMOH B OTpe3Kax:
X3
a + b

O6iee ypaBHEHHE NPSMO:
Ax+ By + C =0, rpe A> + B?> £0.

YpaBHeHUe MpsMOMH, 3aJaHHON HAYaJbHOH TOUKOH (xo; Yo) M HOp-

MaJbHEIM BekTOpoM n = (A; B):
Ax—=x)+ By —y)=0

YpaBHenue npsiMoii, 3aflaHHOM HayaJbHOH TOUKOH (Xo; yo) U YIJIO-

BEIM Ko3(dunueHToMm k:
y — yo = k (x — xo)

YpaBHeHUe NPSMOH, 3aJlaHHOH YIJIOBEIM KO3(HIMEHTOM R H OTpes-

KoM b, oTcekaeMbM npsiMoit oT ocu Oy:
y="kx+4+0
Hopmanbroe ypaBHEHHE mpsMOii:
xcosp+ ysing—p=0

(p — yron Mexny NeprNeHJUKYJsipOM K IPAMOM, NPOBEIEHHBIM H3
Hayaja KOOpPAWHAT, U MpPSIMOMH; P — LJIHHA STOTO IEpIEHIUKY/IApa).

YpaBHeHHE Ny4YKa IEepeceKarolmuxcsl NMPSMBIX C LEHTPOM B TOUKE
(xo; ¥o):

X—X0oy — Yo =0, rre o® + 52#0-
a B

YpaBHeHHe NMyuKa NepeceKaroIuXcsl NPSMBIX, 3a[JaHHOTO MPSMBIMH
Ax+By+C,=0wu A,x+ Byy+ C, =0 (uentp nyuka —
TOYKA MEPECeUYeHUs NAHHBIX MPSMBIX):

o (A + By + Cy) + B (Aox + Byy + Cy) = 0,
rie o+ p? 5£0.
YcioBue MpUHALJIEKHOCTH ONHOMY Nyuky mnpsaMmeix A,x 4+ By +
4+ C,=0,A,x+ By +Cy, =0 u Agx+ Bgy+ C3 =0
Al Bl Cl
A, By Gy
As By Cy

=0
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QopmyJia A1 BbIYHCAEHHS [UIOUAAH TPEYFONbHHKA, 3aJaHHOIO
KOOPAHHATaMU CBOMX BEpLUHH:

S = L]x— X Yo — 3
AABC 9 X3 — X1 Y3 — W1
HIH
1% 9 l
SAABC=‘2' X2 Yo
X3 Y3 1

Paccrosinie ot ToukH (xo; yo) 1O NpPsIMOH, 3afaHHOH OGLIMM ypaBHe-
HHeM:
d = | Axg+ Byo+ C|
VA+B
YpaBHeHHe OKPYXHOCTH C IEHTPOM B Hauajle KOOPAMHAT M pajuy-
coMm 7:
X2 4 y2 =2
YpaBHeHHe OKDYXHOCTH C IEHTPOM B TOYKE (Xo; yo) H PALHYCOM r:
x—aP+ (y—br=r?
KaHoHHYecKOe ypaBHeHHe 3JIIHIICA C NIOJYOCAMH a U b:
ic_a.. ! _22_ 1
@ T b
npuYyeM
@@ — b = ¢,
TJle ¢ — PacCTOsIHHe OT LleHTpa 3JJHIca A0 ero (GoKYCoB.
DKCIeHTPHCHTET 3JJIHMIICA:

[
e = —
a

KaHoHHYecKoe ypaBHeHHE TUNepGOoJIbl C NOJAYOCAMHU @ U b:

x2 yZ

PR
TNpHYEM

a® + b® =,

rlie ¢ — PaccTossHHE OT LeHTpa rHIepboJsl 40 ee GOKYCOoB.
DKCUEHTPHCHTET Tunep6oOJbL:

[+
& = —
a

YpaBHeHHs] acHUMITOT TUIepGOJIbI:

a

Kanonuyeckoe ypaBHeHUe napaGosisl ¢ NapamMeTpoM p:
y2 = 2px



OTBETbI, YKA3AHMUA

>

S S IS [ S S U S SR
6.—2(a—l- ); 2(a—b), —2—(a—l—), 2(—a). .a) a ;

S

4. 3

6 attb;e)albin)atid, al> 16l %)L, o —5 o5 6) 0,1, —1,1.
- - 3

12. vy 4 U 14. o = 40 15. 60° 16. — . 17. cos o = 0,8.
-, he—1b ~

18. A4’ =b— ©—7). 33.0F, = (1; 0), O, = (0; 1), EyE; = (—1; 1)

€ —0bp
3 ) 7 1 — —»
54. (3; 7). 35. (—2—; —1), (——4—; ——2—). 36. AC=(l; 1), BD = (—1; 1). 87. A (1;0),
1 13 3

B(—1;0),C (0; 1), D (2; 1). 38. A(0;0), B (1; 0), c(—3—; 1), D(0; 1), O(?I)’ S<0; ?)‘
3 3 2 -

39. — 42. 8;3) m (=2 —1). 4. —, . 44 —3; 17. 45. x= (6;4).

46. (=3;4). 47. (5;0) maw (=1;0). 48. (5; 0). 49. (—3; —7). 50. A = 45, 73‘2 =
=45, C=90. 51. 14 52 my=28mg= VI3 me=—VT3b=—;

3 = 2 - —~ 1
=— 1/5, be =—V10. 53. (5,5; 2+ 4,5/3) nau (5,5; 2 — 4,51/ 3). 54. 135.

55. (2; 0) mm (22; 0). 56. (2; 5) u (16; 3). 58. (1; 7). 59. a_(5 l) 3=(—2— 3)

13’ 13 13’13/’
;_L.%l 60. x=x —3y + 1 =2¢. 61 1 242
— 13’ 13/ PoA=A =S ALy =2 6L x=gw — oy
y=—-—x —l——y —l——. 64. (5;—1), (—5;1). 65. x=1y, y=x—y+ L

66. 45° 70. (a; 0), (a 1/3;%), (2a; %) (a V3 %)(a —2—::) 71 A(LV3),
(3 V_» %) D(—4; 0), E (—1; 0). 72. A(S; arctg(—%)), B(V?;
3“) C(50), D5 n-t arctg(——%)). 77. x* — 6x — 8y + 25= 0. 78. Ipu-

HSAB TOUKY A 8a MoJIIOC H HaNpaBHUB MOJNSPHYIO OCh MePIeHJHKYNSPHO AAHHOH mps-
a

B(1; 1), C

Moit g, MoJy4HM B OGOGLICHHEIX MOJISPHEIX KOODAHHATAaX yPaBHEHHE 7= .
osa
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=+ b. [punuMas noJoC 3a Hayaslo NPSIMOYrOJbHOH JeKapTOBOH CHCTeMB! KOOPIH-
HaT U TOJISPHYIO 0cb — 3a ock Ox, MOJNYYHM ypaBHeHHe KOHXOHAb! B MNPSMOYTOJb-
HBIX JEKapTOBHIX KoopauHatax: (x2 - y%) (x — a)? = b?x% 80. OKpYXKHOCTb.
81. Ilpunumasi Touky O 3a mOIIOC M DPOBOAS MOJAPHYIO OCh Yepe3 LEHTP
OKDYKHOCTH, OIHCHIBaeMOH TOuUKOH P, mojyuum ypaBHeHHe: 7 = a cos @ -+ b, Tle
b= | PM|. B npsaMoyronbHbix KoopizHaTax: (x®- y* —ax)?= b2 (x2+ y?).
82, x=r(@®—sing),y=r(l —cos®). 8. x=a(cos@+ @sing), y=
=q (sin@® — @ cos @), rie a — pajuyc OKPYXKHOCTH, ¢ — BeJIHUHHA yrJa, 0

3yeMOro pajuycoM, NPOBeJEeHHbIM B TOUKY KacaHHsl HUTH C OKDYXKHOCTbIO, C OCbIO

Ocb Ox npoBefeHa M3 LEHTPAa OKPYXKHOCTH B HayaslbHOE MOJOXKEHHe KOHIA HHTH Ha

oKpyXHOCTH. 84, y= VP —x’. 88. ax+ by —(a>+ b3 =0. 89. x —2=
C

X+ —
—3 A
=y__4,4x+y—ll=0,y=——4x+ll. 90. B —LA 91. a) a =
—a —b
;ec,b;/:d::—a—;yi—— 6) a=c, b~=d:x—a=0,8)as=¢, b=d:y—

—b=0; Na=c, b=d: y—b—k(x—a)AQZ (l;Ipu B=0, Aa+ C=0,
1
pewennit HeT. Ilpu B == 0 onHO peluenue (a;— fx ) [lpu B =0, Aa+C=

= 0 — mo6ast Touka npsmoit. 94. a) 0,6x — 0,8y —2=0; 6) x V2 +y X

V—g_ﬁ_—_; B)x(_ﬁ)-l-y(—l%)—l:m r) xcos190° 4

X Ty T 2
. b x Y
+ysin190°—4=0. 95. x —y-+ 1=0. 96.k=—-—a-. 99. 5—-]——5-: HIIH

X 1 1
n +_§'=l' 100. IIpu A #3 npsAMbie MepeceKaloTcs, mpu A =3 nepecevyeHre

2
2
npsMeix mycro. 101, 2 u —g. 102. 91x — 26y — 2 =10. 103. 4x — y — 13 =0,

x—5=0, x+8y4+5=0. 104. 4x+ 3y+2=0. 105. ax-+ by — (a®*+
+ 5?) =0. 106.x—|—3y—9=0, 65x — 26y + 12=10, 68x — 17y + 57 = 0.

107. ( b ) 108. 2) a ot — 21 6)am—o ety B) a=
T T e g 2 272

——%, c=—;—. 109. y = 1lx uy=—ﬁx. 110, 6x+1=0 u 2y —9=0.

11. % -j— %. 113. a= —2. 114. mx-+ ny — (@m+ bn) = 0. 115. Ilpu

a %1 wuckomasa Touka (b;b). Ilpu a= 1 GeckoHeyHOe MHOMKECTBO peLIeHHH.
116. ITpu b 5=0:ax + by = b%. Ilpu b = 0 pewenns ueT. 117. IIpu b == 0 xBe

ad +c¢ ad —c¢ c
c|ld; — —d; . = —
TOYKH ( b ) u ( ) ) Mpy b=0u \ 2

goit npsivoit. Ilpu b =0 u —Ca— %= d pewenn#t Her. 118. (0;2), (4;0), (—1; 5),
(—5; —\3). 119. (4,21;3 3,6). 120. (5; —5) u (8; —I1) mmu (0; 5) u (—3; 1) wmiau

= d BCe TOYKH JaH-

1 3 9
(3; —2-) H (—2—, -5 ) Paccmotpute ciyuaH, Korja JaHHble BEPUIHHBl CMEXKHBIE U
acosa
Korja nporusomonoxHeie. 121, Ha. 122, p = ———, 123. 7. 124. 2xy —
cos (p — a)
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2ab x+ 3y — 11 <0,
= ay — bx=0. 126. —————— 131. | 5x — 4y — 17 < 0.132. p; (@x-+by+
Va?+ b2 7x+ 2y — 1>0.
_ A A A by
+)>0 i=1, 2,3; y= b M= , Mg = ) zlblcl
s 0y | ay by \ a; by l bl
az by a by ay by 378"3

133. Heseinyxusifi. 134. OTpesox nepecexaeTt ojuy u3 cTopon. 135. QY 2—1) x+
— - 5
+@—=¥V2)y+(¥V2—3)=0. 136. Tk 138. x —3y+ 1=0, 3x+ y—

—1=0,x—3y+12=0,3x+y+ 10=0mm 7x+ y—15=0, x — 7y -+
+7=0, 7x+y—26=0, x —7y —4=0. 251. 6a) 0; —1); 6) “4; 1);
5 1

B) x’-—i 5 +g§ 252. la) ,_E_
- gx 9)’ 9, - x+ y+
1, 1.8 P %o
2)" ~9* T’ 9'+ . YEE T T
a) y=0, 2%’ —y' 15=0, 16) , 1 1 4
x=0; 3 +5by+16=0 ¥F=x+Ty—7
3 3 3
o1 2 1
y=——x+—y+—-
26) y =0, ¥ —2y —1=0, 254. a)x—2y+10‘—0 255. a) (—2; 3);
x = 0; x'+y —4=0.
256. =y,
6) (—2; 5 ; B) (—2; —1); r) nBofiHbIX TOYeK HeT; nm) (2; 1). ) §=i;

MHOXeCTBO Toqu NpUHaAIexamux npsmoit x — y = 0. 6) x =2x+y—

y==x+2y+ 2 ; HBok
HEIX TOYeK HeT. B) X' = ?2;_2):?; __2_; _%) 085 [1: __(15_\; 21;3.
285. (1; 2); 5.2 286. (30; 48) mmm (—30; 48). 287. 10 (x — 524 10 (y — 22 = L

288. x—-%) +(y—2)2=?-§- (x—12+(@y—1)2=1; (x —6)*+ (y —6)*>=36,
(x——2)3+(y+ 2)2—4 (x-l— 32+ (y—3)2=29 289. (x—3)2+(y—22=5u

x+—— + y——5— —5 290. OKpyXHOCTb: HeHCTBUTe/NbHAs, HYJe€Bas HJH

MHHMaH B 3aBHCHMOCTH OT TOTO, OyIeT JIH pAacCTOSIHHE MeXAYy HaHHBIMH TOYKaMH
MeHbBIIe, PABHO HIIH Gonbwe J/ 282 e S? — (uKcHpOBaHHAS CyMMa KBaJpaToB
paccrosHuit. 291. OKPY}KHOCTI: HJIH ToYKa (0fHa M3 JaHuBIX). 292. OGbenuHeHHe
IBYX Lyr okpyxHocTeH. Eciu |AB| = 2a, Hauaso NpsIMOYrOJBHON JeKapTOBOH
CHCTeMbl KOODJAMHAT IOMeINeHO B Touke A u och Ox - IpOBejieHa Uepes TOUKy B, 10 3TH
LyTH 3a1al0TCsl ypaBHeHUsMH: (X — a)? + (y —a) = 2a%, tae y >0 u (x —a)® +
4+ (y+ a)? = 2a® npH y < 0. PexomeHnnyercsi pelluTh 3ajayy CHauajJa B MOJsIp-
HBIX KOOpAHMHATaX, MPHHHMas TO'-IK¥ A 3a nomoc u (AB) — 3a MoJNSpHYIO OCh.
293. A = 8.294. (x — 224 (y+ 4) 1 umu (x — 2)%4 (y + 4)?= 9. 296. (x +
+ 8P+ (v + 128 = 2. 207, <V5—1 b, (—V‘——l 1), <3+V5 —1), g-

—V'5; —1). 208. a)—+———1 6)—+——1 5) —+—~1 N
2
+y?=l- o —— +@—1 299. & = 0,5. 300. dnaunc ¢ noayocsiMu 13 u 5 cm.

9
QoKychl 3JMICA — B BEpIIMHAX OCHOBaHHSI TpeyrojbHuka. 301. OGbenunenue
IBYX 3JIIHNCOB, GOKYCH KOTOPHIX PAaCMOJIOMKEHH B LIEHTPaX AaHHBIX OKPYXKHOCTel, a
Goneiuye OCH PaBHB! COOTBETCTBEHHO CYMMe M DA3HOCTH DaJAHYCOB JaHHBIX OKPYMKHO-

creit 302. (—4,8; 40,6 Y 11),(—4,8; —0,6 ¥ T1). 303. (—7,5; +1,5V7), (—7.5;
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2
— 1 1 (x —2)2 (y—3)? (x —5)
— . .5—wu 11— 305. =1. 307. —
1,5Y'7). 304 53n 3 5 4 n %
+ i =1 um (x— 5)° . s =1 B 3aBHCHMOCTH OT TOrO, pacmoJjar
9 25 T (2_5)2 = » P aercs
3

au Ha ocH abcuuce Gosbliasi UMM Manasi och aaaunca. 308. (a® -+ b?) (% 4 y?) -
; 2

x y? y
+ 2 (a®— b?) xy = 2a2b%. 309. dummnc a‘2+ 5 ;=1 311, %% 4 PRV
5 G )
2 2 21’5 2 2
=32 2>+ 133 p= A 317 a)
8 6 . ) 2—Y2cosg 126 9
x2 y? x y x2 2 X 2
0 5 —5=Ls ==L 1) ——=L 0 ——-=L
) 92 ) T R I ﬂ)5144 25
X y2 X
— = ——=—=1318a= =4, e=—, F, (5
e) 2 5 7 X) 9 o7 a=23, € 3 1(5; 0,
4 9
Fy(—5; 0), y =t — 2, x=£—. 319 (12; +¥'39), (12; —)39). 320. 1,25
(y+2?
L (=3P ————— =1 32 23x2 + 23y2 + 50xy — 88x — 88y + 64 = 0.
2 —
323. %——%:1. 324. 2x—y + V3 =0. 325. arctg(ig__g:)’). 326. 8.

327. arctg E%f{e_T] 328. Ilpu a 5= b — paBHOGouHas runep6osa. [lpu a = b—

GUCCEKTPHCH YIVIOB, 06pa3yeMbIX JaHHBIMH NpaMbeiMH. 329. ['mnepGosia ¢ dokycamu
B Toukax A u C. 330. YacTb BeTBH THMNepGOJNEI C BepIIHHAMH B Toukax A u B.

2 2 2 2
331, ——— ¥ s L 1 33 p= 337.2)y%=

1
52 4)\? 9 4 11—V 2cosq
3

=6x; 6) y?= I%x; B) y2 = 12x. 338. a) 2= 8y; 6) x>= —1,2y; B) y*=10x — 25:
r) x2=4,5y. 839. (y —2%) = —12 (x+ 2), F (—5; 2),y — 2 = 0. 340. (18;+12),
(18; —12). 341. r=10, k& =%. 342. k= 0,5, k= —Q,5. 343. ITapaGosa,
IJIsE KOTOpPOil JaHHas TOUKa CJAYXHT (OKycoM, a JaHHas NpsaMas AUPEKTPHCOH.
345. p = 12. 346. 3 347. 5m. 348. 0,5m. 353. 2x2 — y2 — xy — 9x + 9y = 0.

3 2 1
354. (1;0). 355. A =7 356. 6 uu —8. 357. a) g, = 9 —5-; 6) a > EL

2 2 1
a<—5—; B) g- <a<L —é-; r, &) HY NpH KaKHX 3HaueHHsX. 358. a) 2; 6) —1 uum 5;

B) -1 <k <5, k#2;1) B <—1uk>5 359, x + 4xy+ 4y’— 6x —12y = 0.
360. xy + 4x -+ 6y = 0. 361. a) (1; 1); 6) ueHTpa HeT; B) IMHUS LEHTPOB X — 2y +-
4+ 1=0.864. A=4. 365. a)y m=*%=4;, 6) m=4, ns=6; B) m=4, n=6.
366, 6x+16y+ 15=0. 367. 2x — y+ 8= 0, 3x+ 6y — 2= 0. 368. x+1=0.
369. a) x +y—1=0, x—y+3=0;6)33x+1ly—1=0, x—3y—7=0.
374. 60° 375. x — 12=0. 3726 a) x —3y=20; 6) 10x — 30y — 27 = 0; B) 3x —

— 9y —7=0. 377.y=—3x. 378. a) x+2y=0,5x—3y=0; 6) 4+

5 Qg =

+V2)x+(6+51/2)y—0(4—12)x+(5—5V2)V"0 B) 3r+ y=0,
y=0. 379, x —4y — 2= 0, 4y —3=0. 380. 2x —1=0, x—|-4y+
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+1=0. 381. 4x —2y+3=0, 4x—2y —3=0. 382. 4x+ 3y+ 10=0,
4x-|- 13y —10=0. 383. 7x —2y —13=0, x—3=0. 384. 7x+1=0
385. a) y=3x+ 1; 6) x — 2y 4+ 12=0. 386. x + 2y — 8 =

=0,x+ 2y+ 8=0. 387. y2 = 162x. 388. p = 2,5. 389. +8V5,+___E),
) _ _
k+8];5;—31215),(—8]5/5;—3}/—) (—8]5/5; —}—315/15). 390. 3x+2y+

= ’
0 /

2

2 .
+ 6;—- 0. 391. 36-—1— y?___ 1. 392. a) daaunc ig——l— yT =1; 6) mnepﬁona};—(s—

- =1; B) nepecexawomue npsmbie 2x — y = 0 u 2x + y = 0; T) BHIPOXKJEHHEIH

2 x2 2
samne  2x? 4 3y2=0; 1) OKpPYXHOCTE x2 - y2 = ry €) sJHIC —— + ;

=1
0
y2
XK) runep6oaa x2 — y? = 1. 393. a) —4—-+ -1—6—=1- 6) x>— y2=0; B) x*— y%2 = 2q,
«2 yz X2 y2 y2 %2 32
— —=—=1; 5 — = 1. 394. —+—=1;6 ——"—=1;
DT =TT 5= 3a)_+ )T
5 10 2 2
52 y2

B) o 3—6—1 395. a) (2; 0), p = 4, ocb coBnagaer ¢ Ox; 6) (3; 5), p=2,

ocb napaagensHa Oy; B) (0; 0), p = ]_/22_ yrioBo#l KoahduuneHT ocu pasex I

2

396. a) y>’= —2x; G) x2=1; B) y2+ 1= 0; 1) y*= 25; p) x2=—V22
e) =1
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