SAOAYHUK-MPAKTUKYM
MO TEOMETPUM

YACTb 11




MUHHWUCTEPCTBOIIPOCBEIWEHUYA PCOCP

MOCKOBCKUW TI'OCYAAPCTBEHHBIN 3AQUHEBIH
MEJATOrMYECKHA UHCTHUTYT

SAAJAHHUH-TTIPAKTHUKY M
MO NrEOMETPHH

YACTb I

Yuebroe nocobue das cmydermos-3aouruxos 1
KYpca uauKo-mamemamuiecKkux (HaxKyiemenoe
nedazoeuiecKux UHCMUMYmMos

MOCKBA «MTPOCBEM EHHE» 1979




B. H. Apeynos, H. B. Mapraccxud, 0. E. apuacckas, M. M. Lasenxo

Pepakrop MI'3IIN O. A. [TABJIOBHY

Pexomendosaro x newamu I'aasHoim ynpasreruem
golctuUX U CpeOruUx nedazoeutecKux y4ebroLx
sasederuii Munucmepcmea npoceeuenus PCOCP

Usyuenue mo6oro MaTeMaTHUECKOTO Kypca HeMEICIHMO Ge3 BHIpaGOTKH HaBLIKOB
pelleHus 3a1ay, YTo npuoGpeTaeT ocofoe 3HaueHHe JJIS CTYNEHTOB-3a04HHKOB, NO3BO-
Jisisl UM CaMOCTOSITeJIbHO KOHTPOJIHPOBATh CTENeHb YCBOeHHs Martepuada. [Ipeanarae-
MBIl COOPHEK HamHCaH B COOTBETCTBHH C JeHcTBylouel nporpammoli kypca «eomer-
PHSI» U COAEPIKHUT 33134 MO CJAEAYIOHM pasiesaM: METOl KOOPAHHAT B POCTPaHCTBe,
NpsAMBble M IUIOCKOCTH, BEIMYKJ/ble MHOTOTDAHHHKH, MOBEDPXHOCTH BTOPOTO MOpSAKA.

Ipexne yeM MPUCTYNHTb K pa3Gopy H pelIeHHIO 3a]a4, CJesyel O3HAKOMHThCS
€ HeOOXOIMMEIM TEOPETHYECKHM MaTepHalloM (CCHUIKM Ha KOTOPbIfi MNPHBOAATCA B Ha-
YaJie Ka)Joro naparpada) no ofHOMY H3 CJELYIOMHKX YueOHBIX NocoOHil:

1. Aranacsau JI. C. Teomerpus. Y. I. M., dpocsewenne», 1973.

2. Basnaes B. T., Hyuuuer K. M., HWsanmuukas B. IL
Teomerpus. Y. 1. M., «IIpocBemenne», 1974.

ABTtopel 6yayT GrarofapHbl YuTaTeJsIM 3a KPHUTHYECKHE 3aMeYaHHsl M COBETHI,
KOTOpbIe MPOCHM NpucJath no aapecy: 109004, Mocksa, B.Paauwesckas 18, MI'3I1H,
PeaKuUHOHHO-H3ATEJbCKHH OTAE.

80602 — 249

1 03(03)_79 3aKa3Koe

(© MockoBekuit rocyapCTBeHHbIA 3204HEI N€JArOrHYECKHA MH-
cruryt (MI'3IIH), 1979 r.



I'J1ABA I

METOA KOOPJAWHAT B INPOCTPAHCTBE

§ 1. JEKAPTOBbI KOOPJUHATbBI BEKTOPOB N TOYEK

Jqurtepartypa: [1], § 42; [2], pasnen 2, § 1—3.
1.1. V306pa3uTh NpsMOYroJbHYIO AEKApTOBY CHCTEMY KOODAMHAT

(IPOCTPaHCTBA U MOCTPOUThL Touky P (—2; 1; 1/ 3) mo ee koopmuHaram.
Peuwenue. O6GbYHO NPSIMOYTOJNBHYIO IEKAaPTOBY CHCTEMY KOOP-
AWMHAT U306paxalor cienyouym o6pasom: ock Oy u Oz B3aHMHO MepIeH-
IUKYJsApHbI, TpHdeM ocb Oy ropusoHTtanbHa, ock Ox 06pasyer ¢ ocsiMy
Oy u Oz yrabl, BeHyuHb KoTophiX paBHbl 135°. ITo ocsim Oy u Oz enu-
HHUYHBIE BEKTOPHI OTKJAJbIBAIOTCS 6e3 H3MeHeHHsi Maciutaba, o ocH

Ox — c yMeHblleHUeM MacliTaba B JBa pasa (puc. 1)*.

Cornacuo onpenesennto ([11, § 42, dopmyana (1); [2], pasmen 2, § 1),
O‘—P>= (TP:l + O_ﬁz + O._P:,
rae
_— - — - — —
OP, = —2i, OP, = j, OP; =}/ 3 k.
3aMeHssl BEKTOP 0_152 paBHBIM €My
—_ —_—
BektopoM P,P’,, a Bekrop OPg— v
—_—

BeKTOpOM P’,P, mojyuum: [
—> —_— _— ’ —;—) P
0P—OP1+P1P2TP2P= 3 |

= —2i + ]+ V3k

OTKJIalIbIBaHHe BEKTODOB OP1= —9;

e

u P1P2 —-] BBINIOJIHSIETCS  HEIoC- P,
PEINCTBEHHO. 7

'\‘a

* OmnucaHHEIE 37ech cnoco6 nsoﬁpamemm
HasblBaeTcss KaGHHeTHOHl mnpoekuued. Bo-
ofuie e NpsIMOYTOJIbHEIH IeKapToB pernep
MOXXHO ¥306pasuTh JII0GOM Tpoiikoii momapuo ~ X
HEKOJIIMHeapHEIX HanpaBJieHHHIX OTPe3KOB
¢ o6KMM HaYasoM. Puc. 1
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Ilpu nocrpoenuu Bekropa P,P = }/ 3 k, nn1Ha KOTOPOTO paBHa V'3,
HeOOXOAHMO BOCMOJIL30BATbCS TEM, YTO, KaK H3BECTHO, TY Ke AJHHY

V'3 uMeeT cTOpOHA MPABHJIBHOTO TPEYTOJNBHHKA, BIHCAHHOTO B OKD Y-
HOCTh pajuyca 1.

1.2. M306pasuth NpaAMOYTOJBHYIO AEKApTOBY CHCTEMY KOODAMHAT
MPOCTPAHCTBA M NMOCTPOUTb TOYKH IO HX KOODAMHATaM OTHOCHTEJIbHO
stolt cucremer: P (0; 2; —3), Q@ (2; 1; 4), S (—2; 3; 5), T (0; 3; —3).

1.8. Bbl6paTb NPOM3BOJIBHLIE  KOOpJAHHATHBEIA penep R =
= (0; el, es; es) " nocq‘pomr: touku: A (1; 0; 0), B (—1; 0; 1),
C (=L — i 1), D@ 5 —2).

1.4. M306pa3uthb TeTpasip ABCD u moctpouth Touku: K (—1; 1; 0),
L (—2; —1;—1), M (0; 2;0), N (-—2 0; 0) JPaccmarpuBas TouKYy A
KaK HauaJio KOOpAHHAT, 3 BEKTOPEL AB AC AD xax BeKTOpHI 6asuca.

1.5. Ky6 crout Ha miaockoctd Oxy. I_LeHTp €ro OCHOBaHUS COBIAJaeT
C HayaJIoM KOOpJMHAT, a GOKOBble peGpa JiexaT B KOODAMHATHBIX IIIO-
ckoctsix. HaliTu KoopayuHaTh BeeX BepLIWH Ky6a, moJarasi, 4To pe6po
Ky6Ga uMmeer QiuHy a (puc. 2).

1.6. LleHTpOM TSXKECTH TpPEYyroJbHMKAa Ha3bIBaeTCs TOYKa nepece-
ueHHsl ero menuaH. HafiTh KoopouHATHI LEHTPa TSIXKECTH TPeyroJbHH-
kKa ABC c Bepuiunamu A4 (1; 0; 0), B (0; 1; 0), C (0; 0; 1) (puc. 3).

Pemenue J[Ina HaxoxueHUs KOODAHAT UEHTPA THXKECTH P

TpeyronbHuka ABC Hano TIPE/ICTABHTL BEKTOP 0P s 3 BUIe JIHHeHHOH
KOM6HHaLlHH 6a3ucnmx BEKTOpOB el, ez, e8 Tak kax OP = O4 + AP
u 04 = el, AP = 3 AA’, rae A’ — cepenuna [BC], To ocraercs Bbl-

—
pasuth BekTop AA’ yepes 6a3HUCHEBIE BEKTOPHL.
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—-—)-/ —_— —>/ —_— - , 1 == 1 ~ -
AA"=AB + BA’, AB= ¢, — el, BA—_—?B =—2—( —ey).
3naunr,
—-—>, - - l - - - 1-> 1—»
A=(—e)t— (z—e)= —e+— &+ —e,
2 2 2
Hanee
AP = — Z¢ —e —e, OP=¢,— Z¢; + —e — ey =
1+32_|—33 1 31T32+38
l—) l-» 1-»
T3atzetys
CienoBaTesIbHO, P(— —’—' i
3’3" 3

—_— —_— —_

1.7. Jan xoopauHaTHbE penep R = (0; OA,; OA,; OA,). Haiitu
KoopAuHaTH BekTopa A; M, rne M — cepennHa orpe3ka A,As,.

1.8. Ilyctb ABCD — Hekotophiit TeTpasap, E — cepenuna [BCl,
F — ueHTp TaxecTu Tpeyrojpuuka BCD. HafiTi KoopiuHATE BeKTO-
pos BC, BD, CD, AE, CF, EF ornocurenbHo Gasuca (AB; AC; AD).

1.9. Ilyets ABCDA,B,C,D, — napannenenunen, E, F, G — co-
OTBETCTBEHHO cepenunbl ero pedep [AA4,l, [AD], [CC,]. Hafitu xoopau-

—_— —>  —> — —_— — —>
Hatel BektopoB AC, AE, EC,, B,C,, FG, GD, A,G oTHOCHTe/IbHO Ga3u-
ca (AA,, AD, AB).

1.10. Touka A uMeeT KOOPAMHATHI X, ¥, 2 OTHOCHTEIBHO HEKOTOPOH
OpSIMOYTOJIbHOM JEeKapTOBOH cHCTeMbl KoopauHaT. HaliTu KoopauHaTh
TOYKH, CHMMETPHYHOH TOuKe A OTHOCHTENBHO: a) Hauasla KOODAMHAT;
6) miockoctu Oxy; B) ocu Oz.

1.11. TIpoBeputs, uto Touka O’ (1; 3; —1) u BekTOpHI

=4 3 —2,¢,=01,5), ¢,=(—1,0,1)

OIIpEeNe/IsIIOT B mpocTpaHcTBe abdHHHYIO cucTeMy KoopauHaT. Haiiti
koopauHathl Touek P (0; 3; 26), Q (6; 5; —22), S (2; 3; —2) B HoBO#H
CHCTEME KOOpJHHAT.

Pewenue. [okaxkem, 4To e, e, e; MOXKHO NPUHATH 32 6asuc
HOBOH aduHHOHA cucTeMbl KoopiauHaT. 15 5TOro JOCTaTOYHO NpoOBe-
PHTb, UTO ONpPENETUTEND

4 3 —2
0 1 5
—1 0 1

oramueH ot Hyas (eM. [2], paspen 1, § 7; pasmen 2, § 3, 4). Taxk kak

A=

A= —135£0, 10 R = (0'; e; e; es) siBIsETCS ad¢dUHHBEIM pPenepoM.
Ecmu x, y, 2 u x', y’, 2 KOOpAMHATHEl MPOW3BOJBHCH ToukH M oTHOCH-
TeJbHO CTapol i HOBOH CHCTeM KOOpAHHAT, TO 3TH KOOPJAHHATHl CBA3aHH
clenyomuMe  GopMyJIaMu:



y= Czlx: + 022)’,’ + Czaz,/ + Yo»
2 = CyX + C3y + €352 + 2,
rne (Cns 021: C31), (C12; C29; C32), (C13) Cag) C35) — KOOPlU’IHaTbI BeKTOPOB

el, €, €5 COOTBETCTBEHHO OTHOCHTENBHO 6asuca el, ez, e3 u
(%0; Yo; 2p) — KoopmuHaTel Toukd O’ OTHOCHTEJBHO pemnepa R =
- - -
= (0; ey; ey; €s). .
B mame#t 3anaue 3TH GOpMyJIbl IDHHUMAIOT CJENYIOMHHA BHA:

[x=4x’—|—0y’—1z'+1,

{x = cpx’ 4 Y + a2’ + Xy,

y=23x"+y 4 02" 4 3,
2= —2x" 45y 4+ 12 — 1.

Pemasi cucreMy ypaBHeHHI

0=4x" —2" 4+ 1,
{ =3"+y + 3,
26 =—2x" + 5y + 2" —1,
HaXOIMM HOBble KOODAMHATHI ToukH P (x'; y'; 2') 1 x' = —2, y' = 6,
2’ = —7. AHaJIoOTMYHO HaXONATCS KOODJIHHATbI TOYEK QuS.
1.12. Koopm»ma'rbx NPOH3BOJIbHOH TOYKH OTHOCHTENBHO pENepoB
= (0; e,; ey; €3) 1 R' = (0'; ey; e5; e5) CBA3aHBI GopMyJIaMH:
x=x"—2y" + 32 — 4,
[y =5 —y —2,
z2=2 +1.

-

- -
Haiitn koopaunaTsl ToukH O’ OTHOCHTENBHO R M BEKTOPOB e, €, e
OTHOCUTENbHO 6asuca ey, €, €.
1.13. Tlycte ABCD — HeKOTOpBI# TeTpasap, Touka M uMeeT Koop-
JMHATH! X, y, 2 OTHOCHTEJNbHO pe-
_—> —> ——>
nepa R = (A; AB; AC; AD) u
KOODIHMHATHl X', y’, 2’ OTHOCHTEJIb-
_— —> =
Ho penepa R'=(B; BA; BC; BD).
Ha#iTn 3aBucHMOCTb MEXIY TemH
H IPYTMMH KOODAHHATAMH TOUKH
M (puc. 4).
Pemenue. Obpatumes K
dopmyaam:
Cux =+ 012)’ + 0132 + %o,
= 021-" + 022}’ + 0232' + Yos
2= cqx" + €3y + C352’ + 2,
CBSI3BIBAIOLIUM KOOPIMHATHI ONHOM
M TOH XK€ TOYKH OTHOCHTEJbHO
IBYX pasiuuHbix penepos ([2],
pasgnen 2, § 3).

%
I




o -, —_— —_— g -,

B wuaumeil samaue ¢ = BA = — AB = —e;, TakK 4YT0 € =
= (—1; 0; 0) g. CnegoBarenbHo, ¢;; = —I1, ¢y = 0, cgy = 0.

HaJee:

-, — — — - ->
eo = BC = AC — AB = ¢, — ¢,
Tak uTo e3 = (—1; 1; O)g. CriegoBatenbHO, €y = —1, €y = 1, €33 =

= 0.
Hakonel,

e =BD = AD — AB = ¢; — &,

taKk uto e3 = (—1; 0; 1)g. CnegoBarenbHo, €;3 = —1, Cp3 = 0, €353 =
= 1.

Kpome Toro, 3ameuaem, uro B (1; 0; O)g, Tak uto x, = 1, y, = 0,
ZO == 0.

TakuM o6pasoM, NPUXOLUM K CIeAYIOLUM GopMyaam:

f=—x —y — 2+ 1,
y=}i9
Z = .

1.14. Penep R’ nosnyueH napaJjelbHEIM IepeHOCOM pemepa R.
Touka M umeeT KoopAuHaTH! (1; 2; 3) oTHOCHTENBLHO penepa R U Koop-
auHaTh (4; 0; —5) oTHocuTenbHO penepa R'. B kakywo Touky Gbu1o
IepeHeceHo HayaJo Koopnnﬂar?

1.15. Ilyctp el—(l 0; 2), 62—-(1 0; —2), es=(1; 1I;)1) or-
HOCHTE/IBHO HEKOTOpOro 6a3uca el, ez, e3 Haiitu KoopauHaThl BEKTO-
poB el, ez, e3 OTHOCHTE/IbHO Gasica e, ep, es.

1.16. Hanucatb ¢opMmyJisl npeobpasoBaHusl KOOPAMHAT NPH mepe-

—

xozie ot penepa R = (4; AB; A_C); A_ﬁ) K penepy R’ = (0; 574; (53;
0C), rne O — cepenuna [BD].

1.17. Tlyctb R = (O; i _f; E) u R = (0; i'; j'; k') — ABa mpsiMo-
YTOJIbHBIX JIEKapTOBBIX penepa, mpuyeM

EN S g
(@ i) =0y (@ |)= o, (i k') = ag,
-./'\ /\

G, 1) =By G 1) =Ba (v k)~ B
»/\ P S N

(o ©) =vp (B [) =70 (B K') =g
u 0" (o, Yoo zo) HafiTu 3aBHCHMOCTD MeXJY KOOpPAMHATaMH X, ¥, 2
rIp0H3BOJIbHOM TOUKH M OTHOCHTEJIBHO perepa R u KoopauHaTaMmu x’,
y', 2’ Toi#l e Touk M OTHOCHTeNBHO pernepa R'.
Pemwenue. Bocrmonbsyemcs ¢opMmyiaMu:
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X = Cux + 012)’ + Cl3z + X,
y = chx + 022)’ + 0237 + Yo
z2 = Cqx’ + Cg¥’ + Ca52’ + 2.

B wmamux oéoaaaqennﬂx i = Cal —l— 021] + ¢y k. YumHoxas obe
4acTH 3TOro paBeHcTBa Ha z HOJTyuaeM: = €11, IOTOMY 4TO i =
= 1, i j =0, i kE=0. CiiefioBaTeNbHO,

~ ~
Cu—ll |- \L] cos (l i) = cos(-f, i) = cosa,.
TouHo Tak e HaljueM, UTO
Cip = COS Oy, Cyg = COS Oy, Cy = COS By, Cop = COS Py U T. I.

Hosmmy HCKOMBIE (OPMYJIBI TPEe0OPasoBaHus npﬂMoyroanou JleKapTo-
BOfl CHCTeMbl KOOPAMHAT MOJYYalOT CIEAYIOUME BHUAL:

x = x"cosa, + y' cosa, + 2’ cos ag + X,
’ !

y = ' cos By + ¥’ cos B + 2’ cos By + 3o,

2= x cosy, + y cosy,+ 2 cosvy;+ 2.

1.18. Penep R’ mosyueH W3 NpsIMOYTOJNLHOTO AeKapToBa penepa R
noBopoToM BokpyT ock Oz Ha yroa o (puc. 5). Hanucatb cooTBercTByIO-
mue GopMyJibl NpeoOpasoBaHusi KOOPAHHAT.

PemeH ue B faHHOM ciydae x, = y, = 2, = 0.
Haiizem yriibl, 06pa3soBaHHBIE OCAMH YKa3aHHBIX CHCTEM KOODJHHAT:

-, -, f14 AN F14
o, = (0x, 0x') =0, o, = (Ox, 0y") = 5t o= (Ox, 02) =
P
(Oy, Ox)’— __a’ [32 = (O)” O)’)_ a, [33 (Oy’ Ozl) =7y

Loon -~ o~
1= (02, Ox)——“_g', v2 = (0z, 0y") ='T2£, v = (02, 02') = 0.

[MoxcraB/isia 3TH 3HAUEHUs1 YIVIOB B GOPMYJILL, TT0JyUYeHHbBIE B IPEALIAY-
1eHd 3ajgaue, HAXOAUM:

!

z\Z x=x cosa —y sina,
y = x"sina + y' cos a,

!

z=2.

1.19. Penep R’ nosyueH us mps-
MOYTOJILHOTO JeKapToBa penepa R
noBopotoM BOokpyr ocu Oy Ha yroia
45° (cuurasi 11O Kparyaiiiemy IyTH OT
oc Oz K ocu Ox). Hafitu xoopavsa-
THl TOYKH M OTHOCHUTEIBHO pemnepa
R, eciu M (0; 1; —V 2)&-.

1.20. Hanwucatb dopmyJisl npeob-
pasoBaHMs KOOPIMHAT TOYEK IpH Ie-
Puc. 5 pexojie OT TPSMOYToJbHOA JeKap-
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TOBOH CHCTeMBI KOOpAMHAT R KcucreMe R’, KoTopasi mosyyeHa us R
nyTeM nepeHoca HawaJja KoopauHat B Touky (0; 0; 1) u mocienyoero
NOBOPOTa cHcTeMbl Ha 45° Bokpyr ocu Ox (B Hanpassenuu ot Oy k 02).

1.21. Hanucatb dopmyJiel npeo6pasoBaHusi KOOPIHHAT TOYEK HPH
nepexoe oT penepa R’ K penepy R 3amaum 1.19. Hafitu KoopauHater
ToukH N oTHocuTenbHO penepa R’, eciu N (—1; 1; 1)g .

1.22. Hanucare ¢opMysiel npeo6pa3oBaHusi KOOPAMHAT TOYEK IpH
nepexojie oT penepa R’ K penepy R 3anaum 1.20. Hafitu KoopAaHHAThI
Toukd K oTHocuTesbHO penepa R', ecnn K (0; —1; 3)g.

§ 2. OCHOBHBIE A®®UHHBIE 3AJAYH

Jdutreparypa: [1l,§ 42, on. 4, 6, 7; [2], pasnen 2, § 1.

B sapauax 1.23—1.35 KoopAMHATHI TOYEK NAHH B IIPOM3BOJIBHOMN
apuHHOH cucTeMe KOOpIHHAT.

1.23. JlaHbl KOOpAMHATEI YeThIpeX Touek: P; (x; yi; 2:), i =1, 2, 3, 4.
Hafiti, npu Kakux YC/JIOBHSIX YeThIpexyroibHUK P,P,P;P, Gyner na-
paJlJIeIoTpaMMOM.

Pewenue. s Toro yroOnl 4eThipeXxyroabHuK P;P,PiP, Gbul
—>
napaJiiesorpaMmMoM, Heo6X04UMO U J0CTaTOYHO, YTOOK! BEKTOPEl Py Py 1
—

P,P, Gouti paBHLIMH. A paBeHCTBO JIBYX BEKTOPOB PaBHOCHJBHO pa-
BEHCTBY MX COOTBETCTBYIOLIMX KoopAuHaT. Takum obpasom, ([11, § 42.4)
HCKOMEIE YCJIOBHSI COCTOSIT B TOM, YTO

Xog — X3 = X3 — X4y Yo — Y1 = Y3 — Y4 B — 2 = 23 — 24.

1.24. Jlokasath, uto Touku A4 (—3; 0; 2), B (—2; 1; 3), C (5; 0; 2),
D (4; —1; 1) siBnsiorcss BeplUMHAMM NapaJJenorpaMma.

1.25. Halitu Koopauuath Bepuimuel D napaJstenorpamma ABCD,
ecqM U3BeCTHbl Koopausatel BepmnH A (3; 2; —1), B (—2; 1; 3),
C (5; 0; 2).

1.26. IokasaTb, YTO OTPE€3KH, COEIHHSIONIIHE IIOCTEN0BATEIBHO
CepefHbl CTOPOH IPOH3BOJILHOTO UYETHIPEXYyTOJbHHMKA, 00pasylioT ma-
paJiiesiorpamm.

1.27. Hoxkasartb, uto Touku A (—3; 0; 2), B (1; 2; 4), C (6; 0; 2),
D (4; —1; 1) aBasioTcsl BeplIMHAMH TpalleluHy.

1.28. Maunl Touku A (—2; 0; 5) u B (4; 6; 11). Hafitu KoopaunaTst
Tougd C, fensiuedl Hampas/eHHBI oTpe3oK AB B OTHOUIEHHH A, Trie

1)x=2;2)x=_é,3)x=—2.

—_—
1.29. U3BectHel KoopauHaThl Bektopa AB = (2; 2; 6) u Koopuu-
Hatel cepenubl C (—4; 0; 5) € [AB]. Haiitu koopaunars Touek A u B.
1.30. Haiitu xoopauHaTel Toukd C, CHMMETPDHYHOH  TOYKe
B (xy; y1; 21) OTHOCHUTENBHO TOUKH A (X5 VYo Z).
1.31. VisBectHnl KoopiauHaTh ABYX Touek A (1; 2; 3) u B (4; 0; 5)
Hatitu Touky nepeceuenus npsimoit AB ¢ miockoctbio Oxy.
Pemenue. I-d cnocos. Ilycte P (x; y; 2) — HCKOMasi TOUKa.
Tak Kak oHa JexuT B iockocTy Oxy, To 2 = 0. O6G03HaYuM OTHOILIEHHE,
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B KOTOpOM Touka P penut orpe3ok AB uepes A. Torna, npuMensis ¢pop-
MYJIy JeJleHusi OTpe3Ka B nanHoM oTHowenuu ([1], § 42.6 unu [2], pas-
nen 2, § 1) K annuiukaTtam 2 Touek A,B u P, nonyuum:

3 -+ 5
= 14a
oTKyAa cienyer, yto A = —0,6. Ilonb3ysce Tenepb Gopmynoi Ana x,
TOJy4HM:
1—06-4
X="T_¢6 = —35

Ananoruuno Hafinem, yto y = 5.
2-4 cnoco6. Cunras Touky A nepsol, B — Bropo#i, P — Tperbeil
U HCIOJIb3Ys YCJIOBHE KoJHHeapHocTH Tpex Touek ([1], § 42.7)

Yo— U 2—2
Ya—Ul 23—2

Xo— Xy ZH—2
xs—xl 23 - 21

=0,

TOTYUHM:
lx—? ——%\=0’ ly:‘é -——gl:O’

OTKyAa: ¥ = —3,5, y = 5.

1.32. M3BectHn! koopauHathl Touek A (2; —1;7) u B (4; 5; —2).
HafiTh oTHOIIEHHS, B KOTOPBIX TOYKH NEPECEUEHHS] KOOPAMHATHBIX
miockocrell ¢ npamoit AB nenat orpesok AB.

1.33. HanerTouku A (xy; ¥1; 2) ¥ B (x5 ¥a; 2,). JloKaszarb, uro ToU-
Ka M (x; y; 2) mpUHALJIEXHUT OTpe3Ky AB TOria U TOIbKO TOrAa, Koraa
€e KOOP/JMHAThI BHIPAxKaIOTCs yepe3 KOOPAHHATH JaHHHIX TOUeK Gopmy-

JIaMH:
X
¥
z
rae ¢t € [0, 11.

Pemenune Touka M (x;y,2) npuHannexur orpesky AB

TOTAa H TOJBKO TOTAa, Korma AM = tA_E?, rie 0 < ¢t 1. Orciona
(2], pasmen 1, § 7)

—~—~
b——

— Oy + tys
(1 —?) 2, + tzg,

y—y1 =1ty — ¥

[x——x1= t (%3 — x1),
z2—2z =1(23—2),

HIn

(= (1—0)x + tr,
’l)’ = (1 — 1) y; + ty,,
2= (1 — 1)z + tz,.
1.84. Hann Touku A (1; 0; —1) u B (6; 3; 2). Onpenenuts Koop-
AMHATH ellle HECKOJIbKHX TOueK, NpHHaJJexalux orpesky AB.
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1.35. Orpesok AB paspenex 7
Toykamu M,;, M,, Mg, M, Ha
nATh PaBHLIX yacreil. Halitu koop-
nuHaTH Touek A, M,, M,, B, eciu
U3BECTHEI  KOODJAHHATH  TOYEK
Mi(3; —5; 7) u M, (—2; 4; —8).

1.36. IIBe mnapanyienbHbE CH- —
abt 120 H u 150 H npunoxensr 9
COOTBETCTBEHHO B TOYKaX C KOOp-
nuHatamu (0; 1; 2) u (— 3; 4; 5).
Hafitu TOUKy mpu/OXeHHS paB-
HONEHCTBYyIOEH  CHJIBI,  €CJIH
a) IaHHBIE CHJIBL HalpaBJeHbl OfH-
HakoBo; 6) MaHHBIE CHJIBI Hal-
paBJ/ieHbl IPOTHBOIOJIOXKHO. Puc. 6

1.37. laHbl BepLIMHBI Tpey-
roabHuKa A (%13 Y15 21), B (X Yo 25), C (%35 ¥s; 23). HokasaTb, uTo
Touka M (x; y; z) IpuHAAJMeKHUT TpeyronbHHKY ABC TorTAa H TOJbKO
TOT/la, KOr/la ee KOOPAMHATHl BHIPAXKaroTCs uyepe3 KOOPAHHATHl JAHHBIX
ToYeK GopMyJlaMu: X =ty + g - Vi

y = Ay; + nys + vy,
2 = 7\«31 + n2q + VZ3,
merA+p+v=1u0Ap v L

Ykxasaunue. Touka M (x; y; 2) OPUHALJIEKUT TPEYTOJbHHKY
ABC Toria 4 TONBKO TOT[a, KOTJa OHA JEXHT Ha HEKOTOPOM OTpeskKe
CD, rie D — mpousBosibHast Touka otpeska AB. Jlis pelueHHs 3afaiu
HEeoGXOMMO JBaxK/bl BOCMO/Nb30BaThCsl (opMmyJ/aMu 3afaur 1.33, mpex-
BapHTE/JbHO NepenucaB WX B BHIE:

X =M X + pXe,
= My1 + WM1Yo

= M2 + W2,

<o

N <

rme Ay =1 —#¢, p =+t

1.38. Jloxasatb, YTO OTPE3KH, COELHMHSIOLIHE CEPEIHHBI NMPOTHBO-
NOJIOXKHBIX peGep NPOHU3BOJbHOTO TETPasfipa, NEPEeceKaloTcsi B OLHOH
TOYKE H JEIATCS B 3TOH TOUKE NOMOoJIaM.

Ykasauue. Ilyctb ABCD — pausuii Terpasap. C momouisio

o —_— —
penepa R = (A; AB; AC; AD) uafinute KOOpJHHATHl CHaya/la CepefrH
peGep, a 3aTeM CepelUH OTPE3KOB, OTBEYAIONIMX YCJIOBHIO 3aAadH.
1.39. Ilentp Ky6a, pe6po KoTOporo paBHO 1, AaxoauTrcs B Hayaje
NpSIMOYTOJIbHOM J€KapTOBOH CHCTeMbl KOOpAMHAT, a pebpa COOTBETCT-
BEHHO NapaJlyiebHBl 0CsIM KoopauHat. M3 Ky6a yJnaseHa gacTb £, KOTo-
past pacroJiarajiach B IepBOM OKTaHTe. Ha#TH LEHTP THHECTH MONyYeH-
Horo tena T.
Pemesnue. IlenTp TsKecTH Ky6a HaXOAUTCS B Haqanle xolopnln-
HaT, LEHTP TSKECTH €ro yAaJeHHOH yacTH ! — B Touke P, (T; _Z; —4—)
(cM. puc. 6). O603HauuM UeHTp TskecTH Tesa T uyepes P, (x; y; 2).

11



IleHTp TsaxecTH Ky6a MOXKHO paccMaTpUBaTb KaK LEHTD TSKECTH
o6befUHEHNS] MaTepHaNbHBIX ToueK P; u P,. Eciu macey Tena ¢ mpu-
HATH 3a 1, To Macca Tena T 6yner paBHa 7 elpHHLAM. B CBfA3M C STHM

LEHTP TSKECTH MOJIHOTO Ky6a, T. e. Touka 0, 6yjeT fenuTh oTpe3ok PP,
B OTHOLIEHHH A = 7 : 1 = 7, u noromy

1
0= 2 7%
147
1
CiefoBaTesNbHO, X = — %
Ananoruuno uafineMm, 4to y = — —l- 2= — L .
28’ 28

1.40. V3 mpoBosiouHOro Kapkaca KyOudeckodl (opMBI yjajieHo
ofHO pebpo. Hafitu neHTp TsKeCTH MoayyeHHOH (GUrYpHI.
Ykasanue. Cm. 3amauy 1.39.

1.41. Hafitu nesTp Ts2KeCcTH NPOBOJOKH, UMetowe# GopMy JToMaHOU
ABCD, rne |AB| = |BC| = |CD| = 1, (BC) L (AB) u (CD) nepnex-
IuKyJaspHa miockoctd ABC.

§ 3. MPOU3BEJEHHUA BEKTOPOB

Jlureparypa: [ll, §6, 7, 44, 45; (2], pasmen 1, § 4, 9;
pasgen 2, § 4, 5.

B 3ajayax storo maparpada KOOpAMHATHl TOYEK U BEKTOPOB JaHLI
B NPSIMOYTOJIbHOH JeKapTOBOH CHCTeMe KOOpJHHAT.

1.42. Halitu ckasnsipHOoe npousBefieHHe BeKTOpoB u = (1; —3; 4)
u v = (4; 5; —2).

1.43. CxkanspHoe mpousBeleHue BeKTOpoB u = (1; —2;3) u v =
= (x; 4; 0) paBeo —10. Ha#itu x.

1.44. Jlokasarb, uto BeKTophl u = (1; 4; —2) uv = (2; —3; —9H)
B3aHMHO IepIeHJUKY/IADHEL.

1.45. BexTop 4 mepmneHAHKYJ/sipeH BeKTopaM v U w. [lokasartk, 4TO

BEKTOD U NepIeHNUKYJspeH JI000# JTUHEHAHOH KOMOMHANUM 3THX BeK-
TOPOB.

Peme Hue Tak KaK BEKTODEI Luo _TePICHAUKYIAPHEL, TO

#-0=0. Anamoruuso # - w = 0. Iycrb =10+ uw B cuny
CBOHCTB CKaJAPHOTO NMPOU3BEICHNS ([2] pasnen 1, §9)
4-r=u- (M—I—uw)—?»u-v—l—pu w=0.
Orciona ciienyer, 4To BEKTODH ¥ U r MEPIEeHAHKYJISPHEIL.
1.46. Vcrnonb3ysi moHATHE CKaJIsIPHOIO IIPOHM3BENEHUS BEKTOPOB,
J0Ka3aTh HU3BECTHYIO «TeOpeMy O ABYX MepHeHIUKYJaspax»: npsmMas,

NeprneHAMKy/aapHas JBYM HenapaJJjeabHbIM NPSMbIM IJIOCKOCTH, Iep-
NEeHAUKYJAsIpHA KaxKJOH NpAMOH 3TOH IJIOCKOCTH.
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Y Kas3anue. BpubpaTh Hampas/sOMHe BEKTOPHl JAHHLIX Hpf-
MBIX M INPEACTaBUTb HaNpaBJsIOLWMH BEKTOP HPOH3BOJbLHOH MpsAMOH
IJIOCKOCTH B BHJE JIMHEHHOH KOMOKHaUUH BEIODAaHHBIX BEKTOPOB. 3aTeM
BOCIIOJIb30BaThCsl NMpeAbIAYLIel 3anaveil.

1.47. Jloka3atb, YTO NPOTHBOMOJIOXKHBIE peOpa MpaBUJLHOH Tpe-
yroibHOU NHpaMKIbl NMONAPHO NEePNeHAMKYJSAPHBEI.

Y kasauue. Ilyetb ABCD — npaBuibHasg nupaMuna c Bep-
mm-xou A v nyctb O—UEHTpP OCHOBaHHUS MUPaMHJBL. Hpe,ILCTaBHTb BeK-

TOp AB B BHJEe JIMHEHHOH KOMOHHALUH BeKTopOB OA H OB H, Bocno.nb-
30BaBIUIMCh 3afaueil 1.45, 1oKasaThb, UTO CD NepreHIHKYAAPeH AB .
1.48. [lokasaTb, 4TO [Jf JABYX INPOU3BCJBHBIX BEKTOPOB 4 H U

- - - - - -
HMeeT Mecto cooTHouteHue (4 + v)? + (u — v)? = 2 (u? 4 v?). Iarb
3TOMY PaBEHCTBY I€OMETPHYEeCKOe HCTOJIKOBaHUeE.
1.49. JokasaTtb, 4TO I/1a JIOOBIX YeTbIpeX TOYeK (MPOCTPaHCTBA)

A, B, C, D umeer MeCTO COOTHOLIEHHE R‘ . Zb + E;l . B—D> -+
+ AB - CD = 0.

Y Ka3aHHUe. BopasuTrb JaHHbEE BEKTOpPLI 4epe3 BEKTOPHI DA ,
DB u DC.

1.50. BEKTopr_;t HU 06pasyior yroJa % . 3Hag, 4To IZI = 4, |’5| =
= 7, HallTH |[74, J]I.

1.51. Haiiru |la, bl|, ecau |a| = 3, |b] = 10, a - b = —I5.

Yxkaszaune C MOMOIIIBIO CKAJIAPHOTO MPOH3BECHHS HaHTK CHa-

yaJjia KOCHHYC YIJa Mexny au b a 3aTeM, BOCNOJIb30BABIUIHChH ONpese-
JIEHHEM BEKTOPHOTO NDOHU3BENEHHs, CHHYC 3TOTO yrJa.
1.52. Hafitu nuomwans napaJjienorpamMmma, NOCTPOEHHOTO Ha BEKTO-

paxaub,ectu |al =6,|b] =4,a-b=12)2.
1.53. [lokasarb, yTo A/ JIOObIX Tpex Touek A, B, C cnpaseniuBo
COOTHOLLEHHE

[4B, BCl = [BC, CAl.

1.54. Jokasatb, 4TO (E . l-;)2 + [Z, bl2 = a2 - bR,

1.55. HaliTu BeKTOpHOe NPOM3BELECHHE BEKTODOB U= 4; —3; 2),
v = (—1; 2 1).

1.56. u = (1; 0; 3), 0 = (4; 0; 2). Ilpu KakoM 3HaYeHUH 2 BEKTOP
{4, v] KoanHHEapeH och Oy?

1.57. dannl BEKTOPEI a= ©0; 1; 2), b= (—2; —1; 0) I'Ippx KaKoM
3HAYeHUH Z BeKTOp ¢ = (3; 4; 2) opTOrOHA/NEH BEKTOPY la, DI?

1.58. Ilpu KaKuX 3HAUEHHSX X H Y BEKTOP = (x; y; 24) xomnune-
apeH BEKTOpY [E, E], rae a= (1; —2; 3), b= (—4; 0; 5)?
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1.59. [aHBEl BeKTOpPHI a= (—4; 0; 3), b= (—4; 1; 1). Ha#u

la, bl, lla, bl, la, bll, (a - b) [a, bl, |la, bl|.

1.60. Haiitu nyomans tpeyronbHuka ABC, eciu H3BECTHBI KOOD-
nuHaTh ero BepuiuH A (1; 6; 4), B (3, 1, 0), C (4, —1, —6).

1.61. B opsiMoyrosbHOH HeKapTOBOH cHCTeMe KOODIHMHAT 3aJaHbl
Inse Toukud A (1, 2, —3) u B (0, —4, 5). Ha#itu Ha ocu Ox Takyio Tou-
Ky C (x; 0; 0), uro6ul miomags tTpeyroibhuka ABC 6bi1a paBHa 1,5
KBaJpaTHLEIM €fHHHIAM.

Pemenue Kak ussecrro ([2], pasgen 2, § 4),_>nnom,anb Tpe-

yroibHuKa ABC MOXHO TMPENCTaBUTh KaK —;— | [:4—3, ACI|.
Tak Kak /I§=(—l; —6; 8) u AC = (x — 1; —2; 3), To BeKrOp

[AB, AC] umeer KOODJMHATHI:

—6 — 3
X=|"q 3|=—2, v=|_% % _||-8—s
| x—l = 6x — 4.
CrenoBare/bHO,

|(4B, ACll= VXELVE4Z> = VAT (Br—bF F(Bx—4p =
=1/100x% — 128x + 45.

CoruiacHo ycnoamo,

3
- V100x2~128x—|—4 =

Orciofia HaXouM, 4TO X = 5—5- (16 &= V§1), H, CJeJoBaTeJNbHO, 3a1aua

HMeeT 1Ba pelIeHH: (2l5(16 + 1/31); 0; 0) 1 (—213(16 -1/371); 0; 0).
1.62. Haiitu puny Beicotet BD Tpeyronbuuka ABC, eciu usBect-

HBl ero BepIUHHH A (—5; 6; —2), B (—1- I; —2), C (—1; —3; 1).
1.63. ﬂoxasaTb uTO BEKTOPHI a, bu c, YIOBJIETBOPSAIOLIHE YCJIO-

BHIO [a bl -+ [b cl + [c al = 0 KOMILIaHapHHbIL.
Y ka3aHue. Heobxonumo CKAJISIPHO YMHOXHTb o6e yacTu jaH-

HOTO PaBEHCTBA Ha ONIMH H3 BEKTOPOB a, bunuc.

1.64. BekTtopht u, v w 06pa3yroT IpaByO TPOHKY, BEKTOP | w nep-
NeHIUKYIsIpeH BEKTOpaM LUDH yroJ MeX1y BeKTOpaMH u U v paBeH
45°. HaiiTu cmeliaHHOe MpOU3BELEHUE (ZZ, J, zej), ecJid |-L2| = 3, |zf| = 8§,
w = 1/2. Yeny paso (w, v, u)?

1.65. Halttu cmellaHHOe IpoOH3BeleHHE BEKTOPOB U= (1; 3; —1),
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v=(—2;0;3), w= (4, 1; 0) u onpenenutb, IpaBof HJIH JeBOA fB-
JISIeTCA TPOHKa BEKTOPOB u, U, w. Kakoii TpoHKo# sBjsercs Tpoifika
BEKTOPOB ¥, W, —Uu?

Y kasanue. 15 BHUKCTIEHUS CMELIAHHOTO POU3BENECHUS MOXK-
HO BOCITOJIb30BAaThCS (bopMyJIou (4) § 5, pasgen 2 ku. [2].

1.66. Hatitu _BEKTOp r= [u ol - lwow) u, wl, ecntu =i+
+]—k v—Qz—l—k w-—3]—|—k

1.67. [laubl BeKTOpHI u= (1; 0; —4), 0= (—1; 2 —3) H w==

(—5 6:1). Hatitu 2 - 0, (v- @) @, (4-0) - w, [a 0, (4 o0, w),
lu, [0, @], [z, vl,0l.

1.68. YcraHOBUTH, KOMIJIaHApHBI JH BEKTOPHI -[t, 5, c;, eClH:

1) u= (4 —3; 9), 6_(—2 6; 8), zB_(2 3; 10);

9 = (;—25), 6= (430, w= (3 —5 8);

3) u—t v—k w—MN rzLeOM (6 3; 4), ON-(-—2 3; 1).

1.69. Ilan terpasap OABC, A’, B', C', O’ — ueHTpH THAKECTH €ro
rpaueii OBC, OAC, OAB w ABC (pnc 7). Hau’m Kaxyro 4acTb o6beMa
TeTpasipa OABC coctapaser 06‘beM TeTpasipa O'A' B

Pemenue OGosuaumm OA = a, 0B = b, 0C = c. Torna
o6bveM V terpasnpa OABC Bripaxaercs ¢opMyJoH

/=4a 59

({21, pasnen 2, § 5 uau [1], § 44.4). Ananoruyno o6beM v TeTpasipa
O'A’B'C’ pasen:

1 — = —_
v =—6-|( o4, 0B, OC )|

3
a
170 0’4’ = — —.
3
. b"’
Taxk xe naiigeM, yt0 O'B’ = — 3
—_— -
0C = — £,
3
CneioBaTebHO,
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LG ) =ty
=762 (a' b C*) a7 "
1.70. Hau napamnenenunes ABCDA'B'C’'D’. Haiitu, kakywo 4acTb

ofpeMa JaHHOTO IapaJjelenunefa CoOCTaB/JAeT o0ObeM TeTpasipa
AB'D'C.

§ 4. OCHOBHBIE METPUYECKHE 3AAYHU

JMurtepatypa: [1],§7.2;§ 42.5; § 44; 121, pasnen 2, § 2, 4.

B 3apavax 3rtoro mnaparpada KOOpAMHATHI TOYEK W BEKTOPOB NaHbl
B NIPSMOYI'OJBHOH NEeKapTOBOH CHCTeMe KOOpAHHAT.

1.71. Hafitu paccrosHue wmexny Toukamu A (—D5; 4; 3) H
B (—4; 6; 5).

1.72. Ha ocu Oz HaiiTu ToukH, ypnajeHHble oT Toukd (0; 0; 1) Ha
paccTosiHHe, paBHoe 3.

1.73. Haunt e toukd A (1; 1;0) u B (—2; 1; 0). Ha#itn Ha ocu
0z rakyio Touky C, uto6bl OHa Gblia BepiuuHOH mpsivoro yraa ACB.

Pemewnue. 1-& cnoco6. ¥YcnoBue 3anaun 6yaer BbIIOJHEHO TOT-
Ia U TOJBbKO TOTL2, KOTJa B TpeyroibHuke ABC

|AC|® + |BC|* = |ABJ2.

IMosnoxkumM, uro C (0; 0; 2). Torna

|JAC| = V2 22, |BC| = V'5 + 2%, |AB| = 3.

Wz ypaBuenus 2 + 2% + 5 4 2% = 9 uaxogum, uto z = 1.
Hrak, sagaua nmeer nsa pewenus: C; (0; 0; 1) u C, (0; 0; —1).
2-ii cnocob. Touka C (0; 0; z) GyneT yIOBJETBOPSATbL YCJOBHIO 32ja-
4d TOTJa W TOJIbKO TOTJa, KOTla OHa OyieT MpHHaLIexaTh cdepe, ans
KoTopo#t oTpesok AB cmyxur nuaverpoM. Llenip stoll cheper 6ymer

JiexKaTh B cepeluHe oTpe3ka AB, T. e. B Touke P (— %; 1; 0). Pamuyc
sTo#t chephl OyleT paBeH % |AB| = _Z— 3Hauut, TpeGyemMoe yCJIoBHE

3
OyZIeT BHINOJNIHEHO, eciH paccTosiHue PC GyneT paBHO - T- e ecan

'\/._l_ 2 i
4-{-1—|—z-=2.

Pemas 310 ypaBHeHHe, ONATb-TAKU NOJTyYaeM, 4TO 2 = 1.

— —>
3-t cnoco6. Bocmosnb3yemcs Tem, uto BekTops CA u CB nomxubl
OBITE OPTOrOHANBHBLIMH, T. €. TeM, YTO HX CKa/isipHOE MPOU3BENEHHE
—> —
NOJKHO o6partuthest B HYyab. Tak kak CA = (1; 1; —2), CB = (—2;

I; —2), o 1 - (—=2)4+ 1.1+ (—2) - (—2) = 0, oTkyna nosyyaem,
uyTo Z2 = o-1.

1.74. Haiitu uenTp u panuyc cdepsl, 3Hasi KOHIbl OAHOTO U3 €€ Jua-
meTpos: A (1;2; 3) u A’ (1; —2; 0).
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1.75. Haiitu Ha ocu Oy TouKky, paBHOyaneHHYIo oT Touek A (3; 0; 1)
W B(—=2;4;1).

1.76. Haiitu paccrosinue Touku A (3; —4; 7) ot ocu Oz.

¥ kK as3auue. Creryer mokasarb, YTO paccTOsiHHE OT Jo6GoH ToU-
KU mpocTpanctBa A (x; y; 2) no ocu Oz paBHO paccTosiHMio oT A 10

touku A’ (0; 0; 2). JI;s1 3TOrO JOCTATOYHO NOKAa3aTh, YTO A—X' k=0,

1.77. B nuockoctu Oxz HafiTy TOUKY, PaBHOYIANEHHYIO OT Tpex
nanHeix Touek: A (1;1; 1), B(—1;1;0) u C (3; 1; —1).

1.78. Hafity ueHtp u pamguyc cdepsl, NpPOXOAALIeH Yepe3 ueTkIpe
naunsle Touku: A (0; 0; 0), B (0; 2; 0), C (1;0; 0) u D (0; 0; 3).

1.79. Ha#ite yron wmexny Bektopamd a = (—1; 1;0) U
b= (l; —2; 2).

Vkasanue Cwm. [2], pasgen 2, § 2.1.

1.80. Ha#itu yrae:: 1) Mexnay BekropoM v = (2; —4; 4) u ocamu

KOODJIMHAT; 2) MeXJy BEKTOPOM U M IJOCKOCTSIMH KOODJMHAT.

Ykasanue Cwum. [2], pasnen 2, § 12.2.

1.81. BekTtop oGpasyer ¢ ABYMSI OCSIMH KOOpIMHAT yTJbl mo 60°
Kaxkoi#i yron o6pasyer OH € TpPeTkel OChIO?

Y k a3 aHue. Cienyer BoCIoJb30BaThCS T€M, YTO CyMMa KBajpa-
TOB KOCHHYCOB 3THX TpeX YIJIOB paBHa 1.

1.82. Haiitu yroan ¢ mexny npsmeivu OA u OB, nexamuMu B IJIO-
ckoctsix Oxy u Oxz U o6pa3yiomumMy ¢ ocbio OX COOTBETCTBEHHO YTJIBI
a u p.

Yxasauue Hanpaveix OA u OB oTy0XKHTe OT Hayasta KOOp-

- -

JAHWHAT €JUHUYHBIE BEKTODHI €; U €4, OIIPENCTUTE KOOPAUHATHI 3THUX BEK-

TopoB. Torna cos @ = e; - e,.

1.83. Haiitn yraiel, o6pasoBaHHbe JuaroHanbio Ky6a ¢ AHaroHasns-
MU rpaHell 3T0r0 Ky6a, HCXONSIIUMY U3 TOH Xe BepIUMHEI.

1.84. Jlan TpexrpaHHBIH yroJ, BCe MJIOCKHE YTJIbl KOTOPOTO NpSIMBIE.
Haiitu yron mexny Jo6BIMH ABYMSI OHCCEKTDHCAMH IJIOCKHX YTJIOB.

1.85. Jlanwl BepiinHb! TpeyroibHuka A (—9; —3; 0), B (—4; 2; 1)
u C (—2; 8, —1). Hafitu yron mexny menuanoit AD u cropono#i BC.

1.86. Haiitn nnomans tpeyronbHuka ABC, 3Hasi €ro BepLIMHBI
A (1;2;0), B(3; 0, —3), C(5; 2 6).

Ykxasaunue. Cm [2], pasnen 2, § 4.2.

1.87. Haupt tpu Touku A (0;0;0), B (l;1;1) u C (2; —3; 4).
Hatitu paccrosinue Touku C ot npsmoit AB.

Ykxasaunue MckoMmoe paccTtosiHMe paBHO AJIHMHE BHICOTH CD
tpeyronbuuka ABC, onymeHHoH u3 Bepiuuubl C. Il HaxOmKAEHHS
|CD| Heo6x0AuMO ONpefequTh IIIOMmanb TpeyronbHuka ABC u 1juHY
otpeska AB.

1.88. Haiitn nosnnyio mnoBepxHocTh TeTpasupa ABCD, 3uas ero
Bepimnsl: A (1; 0; 0), B (0; 1; 0), C (0; 0; 1), D (1; 1; 1).

1.89. HafiTh noaHyio NOBEpXHOCTb NapaJJiesenunesa, HoCTPOeHHO-

ro Ha BeKToant_Zl = (1; 2; 3), b= (—5; 0; 4), c= (=1 1; D).
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1.90. 3nas sepunny A (1; 1; 1) ksanpara ABCD, ero uentp O (0; 0; 0)

M BEKTOp @ = (2; —1; —1), nepneHIUKYNAPHBIH JIOCKOCTH KBajapara,
HaNTH OCTa/NbHBIE €r0 BEpIUHHBL.

p Pemenmne. Tak _Kkax Bextop oD NePNIeH/HKYIAPEH KaK BEKTo-
py OA _TaK U BEKTOpY a, » TO 0D KOJLIMHEapeH BEKTOpy [OA al. Kpome
TOTO, IODl = IOAI H [IOA, al]= IOAI [al. CnegoBaresbHo,

— 0A, d]
0 L L a.
la]
3Has KoopAMHATHI BEKTOpa 04 = (1; 1; 1), onpenenuM mpousBereHHe
. |i Gk
[OA,a]= |1 1 1|=(; 3 —3)
2—1—1

3
Tak xak |a|=V4+ 1+ 1=V6, 10 0D = (+0;i— l/—;

_ 3
Fl 5)
[Tostomy Beprinnel D ¥ B KBazpaTa COOTBETCTBEHHO MMEIOT KOOpPAHHA-

TBI (0;‘/ 3, — ‘/_3_), 0; — ‘/E; ‘/}i) Tak kKak Touka C
2 2 2 2

cUMMeTpUYHa TouKe A OTHOCHTeNbHO Hauasta xoopauuar O, to C (—I1;
—1; —1).

1.91. dauet toukun A (7;2;4), B (4;—4;2), C (6, —7,8) u
D (9; —1; 10). Hoxasare, uto ABCD — kBanpar. Hafitn Bepuiusb
Ky6a, na1s kotoporo kBaipaT ABCD cayXKHUT OCHOBaHHEM.

Ykxasaunue. Urobn ybenutscs B ToM, uto ABCD — kBanpar,
JIOCTaTOYHO NPOBepHTh, uT0 AB = DC, |AB|= |AD| u AB nepnen-
nukynspers AD.

—,  [AB, AD)
Kpome Toro, MoXHO mpoBepuTh, uTo AA' = — (cMm. pemte-
. | AB|

HHe mpenpinyuiel 3afayu). 3uas BekTop AA’, MOXKHO HaliTh Touky A*
U, CJIefoBaTebHO, OCTa/lbHBlE BEPLIHHBEI KYy6a.

1.82. Ha#itu o6bem mapaJsjesienumnesa, NOCTPOEHHOTO HA BEKTOpax
a=(—2;2;1), b= (3; —2;5), ¢c= (7, —7; 21).
181 .93. Hamu o0beM mapajliesleNinena, ONPENeJEeHHOTO B 3ajaue

9

1.94. Jlann  BepmmHel  Terpasgpa A (0; 0; 0), B (1; —3; 0),

C(1; 2 0), D (0; 0; 5). Haiitn auny BEICOTEI 3TOTO TeTpasnpa, mpo-
BeJIeHHOH W3 BeplLiHHBl A.

18



Pemewunwue. Cornacno [1], § 424, AB = (1; =3; 0), AC =
= (1,2, 0), AD = (0, 0, 5). ITo dopmyse (5), mpusenennoit B [1],
§ 44 u dopmyae (2) Toro ke maparpada (unu § 6 pasnena 2 us [2]) Ha-
xoxuM ob6bem Tetpasapa ABCD:
1—30
1 20
0 05

Bricory |AA'| Terpasnpa ABCD MOXHO NOJNYYUTh, MOIEJNHUB YTPOEH-
Hbll 0GbeM 3TOTO TeTpasipa Ha Iowmans TpeyronbHuka BCD. Inomans
tpeyronbunka BCD coraacuo [11, § 45.1, MoXHO HaliTH, BHIYMCIUB

—;— | [FC, 1_3~D>]l. Ho BC = (0; 5; 0), BD = (—1; 3; 5). CiienoBaresbHo,

1

1l — — — 1
V=] (AB, AC, AD)) =% =47

ri
0 5
—1 356
[To dopmyase (10) § 7.3 us [1] nafinem, uto
|(BC, BD]| =V 35 + 5*=5V/6,

a cJenoBarelbHO, miowags S TpeyronbHuka BCD paBHa % V6.

k
0

[(BC, BD] = = 95 4 5k.

HMckomas BeIcoTa

3V 3.25.2 5V2
h=-— — = .
S 6-5V26 26
1.95. Haiitu o6vem Terpasnpa ABCD, 3Has KOOpAMHATH €ro Bep-
uve A (3;7; 2), B (—1;2;5), C (4, —1; 10), D (6; 3; 5).
1.96. Haiitn o6beM Terpasnpa, ompenesneHHOro B 3afaue 1.88.
1.97. Haiitu pnusbl BblcoT TeTpasipa ABCD, 3Hasg KOOpAMHATH
ero Bepumnsl A (3; 2; —1), B (4; 1; 3), C (2; —1; 1), D (5; 5; 4).
1.98. Hafith o6peM, NONHYIO TMOBEPXHOCTH M BBLICOTY IPH3MBI
ABCA’B'C’, suas xoopaunatel Bepumn A (1;5; —2), B (4; 1; 1),
C(—3;,0; 1), A" (2, —1;3).

§ 5. TEOMETPMYECKOE MCTOJIKOBAHUE YPABHEHUA U HEPABEHCTB

Jutepatypa: [2], pasnen 2, § 1, 6.

B 3apauax storo maparpacda cucreMa KOODJAMHAT NPENNOJaraercs
IpPSMOYTOJIBHOH JeKapTOBOH.

1.99. Hafitu MHOXKecTBa TOYeK NPOCTPAHCTBa, ONpefelsieMble Cle-
IYIOWMMH YpaBHEHHSIMH:

a) x+3=0; 6) ¥*+ y2+22+1=0;
B) # + y*+ 22 =0 DX+ y+2E=1
1) x4 y2=0.
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z Pemenue VYpasHenue a) on-
penessieT IJOCKOCTb, IPOXOJSILYIO
yepes Touky M, (—3; 0; 0) mapai-
JIeJbHO KOOPJAMHATHOH  IJIOCKOCTH
Oyz (puc. 8). leHiCTBHTEBHO, TYCTh
Touka M (—3;y; 2) —npousBosibHAS

M TOYKa 3aJlaHHOTO MHOXKecTBa. Pac-
cMorpuM Touky M, (0; y; 2), npunan-

JieXKallylo KOOPIMHATHOM MJIOCKOC-

0 J Y t Oyz (cm. 121, pasnen 2, § 1.2).

% OG6osnauum uepes r, BEKTOp C KOOp-
nunatamu (—3; 0; 0). Torma wumeer
MECTO paBeHCTBO

—_— —_— -
OM =OM, + r,,
xo*ropoe ITIOKA3bIBAET, YTO KaxKjasi TOUYKa M [oJsiyyeHa H3 COOTBETCT-

N
Bylolell Touku M, napajsieslbHBIM IepEHOCOM Ha BEKTOp r,. OueBHIHO,
yTO TOUKa M, npoGeraer BCIo KOOPAUHATHYIO MIOCKOCTh Oyz.

YpasHeHue 6) onpejesisseT IyCTOe MHOXECTBO TOYEK, NOTOMY UTO
npu JoGhIX NeHCTBUTEJbHEIX 3HAUEHHAX X, y, 2 CyMMa HX KBajparoB
HEOTpHUILATeJbHA.

YpaBHeHHe B) omnpelenseT €IMHCTBEHHYIO TOYKY, MMEHHO TOUKY
0 (0; 0; 0), motoMy uTO cooTHomeHHe x* 4 y2 + 2> = 0 paBHOCHJIBHO
yejoBuaM: ¥ = y =z = (.

YpaBHeHUe T) onpefensieT chepy, UEHTP KOTOPOH HAaXOIMTCA B Ha-
yajle KOOpAHHAT, a panuyc paBeH 1. JleficTBUTENbHO, paccTosiHMe TOY-
Kd M (x; y; 2) ot Hauana KoopiuHar, T. e. oT Touku O (0; 0; 0), ompe-
Iensiercs dopmysioit |OM| = 1/ x® + y? + 22. Hcxonmoe cooTHOIeHHe
x4+ y® 4 22 = 1 paBHOCHIBHO cooTHOwenuo J X2 -+ y2 4 22 = 1.
Tak xak |[OM| = 1, To ypaBHeHHe T) ONpENENsIeT MHOXKECTBO TOYEK,
yIaleHHbIX OT Hayajia KOOpJMHAT Ha paccrosinue 1.

YpaBHeHHe J) PaBHOCHJIBHO COOTHOUIHHIO ¥ = y = 0. Tpersa

KOOpJVMHATa z MOXET OBbITb INpH 3TOM

z npousBoibHOH. TostoMy nanHoe ypas-

HeHUe OIpeJeNsieT MHOXKECTBO BCeX TO-
uek, Jexalux Ha ocu Oz.

1.100. HafiTu MHOMKeCTBO TOUeK,
OIpenessieMOe ypaBHEHHEM

all

4\.‘

Puc. 8

yi—y=0.
Pemenue. IlepenucaB paunHoe
a Y ypaBHeHue B BHIe y (y — 1) = 0, mony-

YUM, YTO OHO YJOBJETBOPSIETCS TOTIA
U TONBKO Toria, kxorga y = 0 wiu
X y — 1 = 0. ¥paBuenue y = O onpene-

JIeT KOOpPIUHATHYI IJIOCKoCTh Oxz,
Puc. 9 ypaBreHue y —1 =0 onpenenser mioc-
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KOCTb, NapaljelbHyl MJIOCKOCTH Oxz M NpPOXOASIIYI0 Yepe3 TOUKY

My (0;1;0) (cm. 3anauy 1.99, a). CnenoBarenbHo, HCKOMOE MHOYXKECTBO

IBJIsIeTCsl OObeMHEHHEeM YKa3aHHbIX Napa/lyle/IbHBIX III0CKoCcTel (pHc. 9).
1.101. Ha#iTu MHOXKeCTBO TOYeK, OIpejessieMoe ypaBHEHHEM

X Y

EIREET

Pemenue Hux, HH y, HH Z He MOTYT PaBHATHCA HYJIO, TaK
KaK JeJleHHe Ha HyJab He onpeneneHo. Ilpu Jo6biX MOJOMHTENBHBIX
3HAYeHHAX KOODAMHAT [aHHOE ypaBHEHHE YJOBJETBOPSETCs, HOTOMY
YTO MOAYJ/b MOJOXKHUTENBHOTO YHC/JA paBeH 3TOMY YHCAY U, 3HAUMT,
OTHOILleHHe 3TUX yuces paBHO 1. Eciu xoTs Gl OfHO U3 uMcen X, y, 2
OTPHULIATEIBHO, TO OTHOIIEHHE TaKOTO YHCJa K ero ab6CoJIIOTHOH BETHYH-
He paBHO —|, U yKa3aHHas cCyMMa OTHOILeHUH He paBHa 3.

Hrak, naHHOe ypaBHEHHEe ONpENEJseT MHOMXKECTBO TOYEK, PacIoJo-
JKEHHBIX BO BHYTpPEHHeH 06JIaCTH NepBOr0 KOOPIHHATHOTO OKTaHTa.

1.102. HaliTh MHOXKeCTBO TOYEK, ONpele/sieMOe ypaBHEHHEM
x4 yr=1

Pemenue. YpaBHenue x® -+ y? = 1 onpenensier B npsIMOYroibHOM
J€KapTOBOH CHCTeMe KOOPAWHAT INOBEPXHOCTh MPSIMOTO KPYTOBOTO IMJIHH-
Jipa, 1JIs1 KOTOPOTO HanpaB/IsIoLIel JIMHHEH CIIYKUT OKPY2KHCCTD, JIeXKarlas
B milockoctH Oxy, C LEHTPOM B Hayale KOOpAMHAT pamuyca 1, a
obpasyoliye napasenbHel oc 0z,

JleficTBHTENIbHO, OPTOrOHaNbHOM HpOEKLHeHd NPOH3BONLHOH TOUKH
M (x; y; 2) Ha naockocTh Oxy sBiasiercss Touka M’(x; y; 0). Touka M
NPUHANIEXKNUT HUJIHHADY B TOM H TOJBKO TOM Caydyae, KOTZa Touka M
JIEXUT Ha YKa3aHHOH OKPYXKHOCTH, T. €. KOTJ4a X U y YIOBJETBOPSIOT
YPaBHEHHIO 3TOH OKpy>XHOCTH B COOTBETCTBYIOLIEH CHCTeMe KOOpAUHAT
Ha miaockoctu Oxy.

1.103. HMccnenoBarb ocobenHocTy ¢uryprl F, omnpenensieModi ypas-
HenueM F (x, y,2) = 0, rne F (x, y, 2) — oxHoponHas GYHKIUS*.

Pewenue. Ilokaxem, uto durypa F couep:KuT Hauajlo KooOp-
IuHaT. JlefcTBUTENBHO, MO ONpeNeIeHHI0

F (0,0, 0) = A" F (0, 0, 0),

=3
21 =

OTKYyza CJIeleeT, 4yTo
(\ — 1) F (0, 0, 0) = 0.

Ho tar xak A MOxeT NpHHUMATb JIOOBlEe 3HAUEHHs, TO NOCJENHEe pa-
BEHCTBO JOJIXKHO BHIMOJNHATBCS U mpu A* = 1. Orcrona cienyer, yto
F (0,0, 0) = 0, uto ¥ Tpe6oBaJOCh JOKAa3aTh.

HonycTuM, 4To CyLIeCTBYeT OTJIHYHAs OT Hayajla KOOpIMHAT TOYKa
M (x4, yo; 20), npuHagnexamas ¢urype F. Torna F (x4, ¥, 2¢) = 0,
a 3HAuYWT, U

F (hxg, Ayo, Azg) = M F (%, Yo, 7o) = O.

* Oynkuua F (x, y, 2) Ha3biBaeTcst ONHOPOLHON QYHKUUEH CTeNeHH N, AU NPU JIo-
6bix sHaueHHAX X, Y, 2, A BbNoJHAeTCs paBeHcTBo F (Ax, Ay, A2) = A"F (x, y, 2)
b b il £ H 1 1 .
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z CaenoBarenbno, Touka M’ (Axg
A Yoy A2g) € F mpu mo6GoM 3Haue-
HHH A. MuoxecTBO Toyek M’ mpu
BCEBO3MOKHBIX 3HaUeHHUsX A o6pasy-
—_—

et npsimyto OM, noromy uto OM' =

i
= AOM. Taxum oGpasom, Qury-
g bPa F coCTOUT u3 NpsSIMBIX, HpPOXO-
Jsmux yepes onny Touky 0 (0, 0, 0).
Taxkas ¢urypa HasblBaeTcsi KOHH-
YeCKOH I10BEPXHOCTbIO C BepIUH-
HOH B Hayaje KOOpDIUHAT.
1.104. Ha#Tu MHOKECTBO TO-
UeK, OIpelensieMoe YpaBHEHHEM

Puc. 10 y2 4 22— 2x2 = 0.

Vkaszaunue @yukuusa F (x, y,2) = y* 4+ 2> — 2x* apaserca
onnoponHo# QyHkuue# crenenu 2. McmosbsoBarb pelieHue 3agauu
1.103.

1.105. HafiTu MHO2KeCcTBa TOYEK IIPOCTPAHCTBA, ONpeJe/isieMble cJe-
LVIOWUMH YpaBHEHHUSIMHU:

a) x = 0 6) x—1=0;

B) y4-5=0; r) x2 4 3y + 3* = 0;

I x2+ y2=0; e) ¥+ 2P+ 3+ 6=0;

®) y2—2x = 0; 3) xyz = 0;

1) (y*—5y+6=0; K) ¥+ 2 = 4

o (x—1D2 + (y—2?% 4+ M) 2%+ xy?+ x22 — ¥ —

+ (z — 3)2 = 16; —y—22—x+1=0;
H) x> — 3x = 0;

0) ¥*+ y? —22=0.

U306pasutb COOTBETCTBYIOMIKE GUTYPHI.

1.106. YxasaTb HeCKOJNBbKO TOYeK, NpHHaMJIexRaluX Gurype, onpe-
nensieMofl ypaBHeHueM X2 — 2x — y —z = 1.

HasBare HeCKOJIBKO TOYEK, He NMpHHAI/EXalUX 3ToH Gurype.

1.107. Ha#rth, B Kakux Toukax ¢urypa, onpenensiemasl ypaBHeHHeM
x4+ y2 4 22 —4x — 62 — 16 = 0, mepecekaeTcss € OCAMH KOOpHH-
Hart.

1.108. Jlatk reomMeTpHYeCKOe MCTOJNKOBAHHE CHCTEMBI ypaBHEHUH

B4 yr422—1=0,
22— 1=0.

Pemenue. KoopauxaTsl HEKOTOPOH TOYKH YIOBAETBOPSAIOT CH-
CTeMe ypaBHEHHMH TOTZa U TOJbKO TOTZA, KOTLa 3Ta TOYKA IIP HHAMJIEKHT
NIEPECEUEHHUIO TMOBEPXHOCTEH, ONpeNeNsieMblX YDPABHEHHSIMH CHCTEMHI.
B paccmarpuBaeMom cilyuae mepBoe ypaBHeHHe ompenesser chepy pa-
nuyca 1 c nenTpom B Havase Koopaunar (puc. 10), BTopoe — IJI0OCKOCTb,
napanienbuylQ miockocty Oxy (cm. 3anauy 1.99, a). Ilepeceuenuem
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3THX TIOBEPXHOCTEH SIBJISETCS OKPYXKHOCTb, LEHTP KOTOPOH, B CHIY
MIePIEeH/MKYIAPHOCTH IIOCKOCTH 2 = — 1 OCH Oz, ymMeeT KOOpAMHATHL

(O; 0; %), a pajuyc paBeH Vs (TOCKOJIBKY 2 = _;_, KOOpJHMHATH X U
2

y M060# TOUKH 3TOM OKP YIKHOCTH yIOBJNETBOPSIOT ypaBHeHHwo X2 + y? =
3

s

1.109. U306pasuTh JHHUH, 110 KOTOPHIM IIEpECEKaeTcsl C KOOPAHHAT-
HBIMM TJIOCKOCTSIMH (QHTypa, Ompenensiemass ypaBHeHHeM 2x% + y% —
—32—-6=0.

1.110. BuisicHUTB, KaKue QUIYpPbl ONPENEIATCS CAEAYIOLUMH CH-
cTeMaMH ypaBHEHHH:

a) =O’ 6) x—5=0, B) x2—|—y2=1,
y=0 z+4=0 9y —1 = 0;

l") x2+y2+z2=9’ IL) x2___2=0’
y—3=0 y—3=0.

N306pa3utb 3TH QUIYpHI.
1.111. Teomerpuueck# HCTOJKOBaTh HepaBeHcTBO |y| < 1.
Pewewnue. JlaHHoe HepaBeHCTBO DPABHOCHJIBHO CHCTEME Hepa-

BEHCTB

y< L

y > —1L.
[lepBoe HepaBeHCTBO CHCTeMBl 3ajlaéT 3aMKHYTO€ IIOJYIPOCTPAHCTBO,
OrpaHHYyeHHOe IJIOCKOCThIO y = | M ColepiKaiiee Hayaa0 KOOPAHHAT
(cm. [2], pasmen 2, § 6). Bropoe HepaBeHCTBO CHUCTEMBI 3a[a€T 3aMKHY-
TOe TONYNpOCTPAHCTBO, OTPaHHYEHHOE MJIOCKOCThI0 y = —1 U conep-
Jxaiee Havajio KoopauHat. ITosTomy cHcTeMa HepaBEHCTB ONpenessieT
nepeceyeHye STHX MONYNPOCTPAHCTB, T. €. TPEXMEPHYIO M0JOCY, orpa-
HHMYEHHYIO TapajyieNbHbIMH IJIocKocTsaMu y = 1 u y = —1 (puc. 11).

1.112. T'eomeTpHYeCKH HCTOJNKOBATh CUCTEMY HepaBEHCTB

\xz—}—yz—r:ﬂ <1,
1
z > 5
Pemeunue. Ileppoe Hepa-
BEHCTBO CHCTEMBI IOKa3bIBAET, YTO 7
MCKOMbIE TOYKH YJaJleHH OT Haya-
Ja KOOpAMHAT Ha paccTOsIHHUE,
MeHblliee 1, W, 3HAYWT, NpHUHAL- ‘
JeXaT BHYTPEHHOCTH cdepbl pa-
auyca 1 ¢ LeHTpOM B Hauase
KoopavHaT. BTopoe HepaBeHCTBO 0 17
CHCTEMBbl 3aJla€T OTKpPLITOE MOJY-
IPOCTPAHCTBO, OTPAHHYEHHOE MJIO- X

CKOCTbIO 2 = -2— H He coaepakaliee

Puc. 11
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Hayana koopiuHat. ClefoBaresNbHO, 3allaHHAsA CHCTeMa HepaBeHCTB
ompefiessieT BHYTPEHHIO O06JacThb IIAapoBOro cermenrta (cm. puc. 10).
1.113. T'eomeTpuyeckd HCTOJIKOBaTh CJAEAyIOLLHE HEepaBeHCTBA:

a) x >0; 6y < L;

B) X+ P+ 22> 1 r) &+ y* <L

1.114. TeomeTpuueCKH HCTOJKOBATD CJEYIOLINE CUCTEMB! HEPaBEHCTB
U ypaBHEHHH:

a) [|x] <2, 6) | x4+ y* <1,
y1 <2 x> 1;

B) (0<xK 1, r){x2+y2—}—22<1,
{0<)’<1, z=1
0z s

n){x2+y2>1, e){—1<2<1’
x=1 y= 1.

1.115. CocraBuTh ypaBHeHHe C(ephbl, MPOXOAsAIleH uyepe3 4YeThHpe
nanuste Touku O (0; 0; 0), A (1; 0, 0), B (0; 1, 0), C (1; 1; 1).
Pemenue. Touka M (x; y; 2) npuHagaexutT chepe ¢ HEHTPOM
P (%o Yo; 20) U DAIMyCcOM r TOTJA M TONBKO TOTAA, Koraa |PM|=r,
T. €. KOrla
(x — %0)* + (y — 30)* + (2 — 20)* = r*.

2T0MY ypaBHEHHIO JOJHBI YAOBJETBOPATH, B YaCTHOCTH, KOOPAHHATHI
saganubix Touek O, A, B, C. TloacraBnas 3TH KOODAMHATH B ypaBHe-
HHE HCKOMOH OKDYXHOCTH, NOJYYHM CHCTEMY YPaBHEHUH OTHOCHTE/b-
HO Xo, Yo» 20 U I

X3+ v+ g=rs
(fo— D+ 32+ B =1,
K+ (g— 1+ 3= 12
X2+ yid(zp— 17 =1
pemas KOTOPYIO MOJy4YHM:
1
Xo=Yo=2 ="

2)
r=VY3_
2
CnenoBarenbHO, ypaBHEHHE HCKO-

MOH cdepbl UMEET BU:

1\2 i 1\2
=) +l=5)
1 3
(=5 =
1.116. CocraBuTh ypaBHeHHe
NOBEPXHOCTH MPaBUJIBHOTO OKTa-

37pa, OCH KOTOPOTO COBIANAiOT C
Puc. 12 OCsIMH KOOpZAHHaT (puc. 12).
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Pemenune PaccMorpuMm cHavana Ty rpaHb OKTasipa, KOTOpas
pacnosoxkeHa B nepBoM okTaHTe. Ilyctb M (X; y; 2) — npousBosibHAs
touyka 31ofl rpanu ABC. CoenunuB Touky M c Bepuunamud A, B u C
Hu ¢ HadajoM Koopaunar O, pasoGbeM TeTpasnp OABC Ha TpH TpeyroJb-
Hele nupamuaei: MOAC, MOBC u MOAB, ocHOBaHMSIMM KOTOPHIX 6Y-
JleM CYHTaTb COOTBeTCTBeHHO TpeyronbHUkH OAC, OBC u OAB. Cymma
006BEeMOB 3THX NUpaMuj paBHa o6weMy Terpasipa OABC.

OG6o3HauuM NJIOLIAM KaXIOTO M3 3THX TPEYTOJbHHKOB Yepes s,
a paccrosnus |OA| = |OB| = |0OC| uepe3 a. Toraa, ¢ 0QHOMN CTOPOHEI,
cymMMa 06BbEMOB paccMaTpHBaeMblX MUpaMuj GyIeT paBHa:

1 1 Lo 1
?sy—l—?sx—l—?sz— 3 x4+ y+ 2,

a ¢ gpyro#i — o6beM Bcero terpasgpa OABC (ecnu nmpuHSTH 3a ero
ocHoBanne A AOB, nyomags KOTOPOro paBHA S, a 3a BBEICOTY — pac-

crosinue |OC| = a) Gyner pasen —;.—sa.

IMpupaBHUBas 9TH 3HaueHHs] OGBEMOB, MOJYdYaeM, YTO s J06OM
Toukd M (x; y; 2) rpasu ABCopux >0,y >0,2 >0

x+y+2z2=a

[pu cocraBiienuy ypaBHeHUH MOBEPXHOCTH ISl IPYIMX OKTaHTOB, TJe
KOODAHHATBI TOYEK MOT'YT MMeTb M OTpHIaTe/bHEIe 3HAUeHHs, XOX pac-
CYIKJIEHHH OCTaeTCs TeM Ke IPH YCJIOBHH HCIIOJIb30BAHHUS HE CaMHX KO-
OpIMHAT, & HX abCOJIOTHBIX BEJIHYHH.

B pesynbrare moaydaem, 4ro Kaxnias Touka M (x; y; 2) okrasipa
yIOBJIEeTBOpsieT ypaBHeHuo |x| -+ |y| -+ |z] = a, kaxpmoe peuienue
KOTOpPOTO, B CBOIO OYepelb, ONpeNensieT TOUKY okrasupa. ClenoBareib-
HO, 5TO U €CTb YpaBHEHHE NOBEpPXHOCTH.

1.117. CocraBuTh YypaBHeHHe OObeIVHEHHS BCEX KOOPJHHATHBIX
MJIOCKOCTEH.

1.118. CocraBuTh ypaBHEHHe OODBENVHEHHUS BCeX OCell KOOpAMHAT.

1.119. CocTaBuTh ypaBHeHHE MHOXECTBA TOUEK, IS KOTOPHIX CyM-
Ma KBajipatoB paccrosinuii ot touexk A (0; 0; 0), B (1; 0; 0), C (0; 1; 0)
u D (0; 0; 1) paBna 16. Kakyio ¢urypy ompenessier HCKOMOe ypaBHe-
Hue?

Pemenue. Ilycte M (x; y; 2) — NpOH3BOJIbHAS TOYKA HCKOMOMH
¢urypnl. XapakTepHCTHUIECKOe CBOHCTBO HCKOMOH (HI'YpHI COCTOMUT IO
YCJIOBHIO B TOM , UTO

|AMP + |BMP + |CM] + [DMP? = 16.
ITepexons K KOOpJHMHATaM, MOJydaeM:
A D e N ol Tl Vi b s i e i s
+ =12+ 2+ y 4+ (— 1) =16.
[TpuBozs monoGHbIE YIEHBI, NONYYHM ypaBHEHHe

L1
WA P —x — oy ——z =4

25



YTo6k! BHISICHHTH T€OMETPHUYECKUH CMBIC] 3TOTO YpaBHEHHs, INpel-
eTaBUM ero B ciepyoueit dopme:

1\2 1\2 1\ 67
X —— 2 z— | ==,
( 4) + (y 4) + ( 4) 16
BuauM, uto McKoMas Gurypa sBAsieTcs cdepoil ¢ LEHTPOM B TOUKe
1

C KOOpJHHATaMHU (%; - %) paguycom %VG?.

1.120. CocTaBuTh ypaBHEHHe MHOXKECTBA TOYEK, JJI KOTOPHIX
MOAYJIb PasHOCTH paccTosiHuit oT Touek A; (—a; 0; 0) u A, (a; 0; 0)
€CTb NOCTOSIHHAsl BEeJNMYHHA, paBHasd 2b.

1.121. CocraBuTh ypaBHEHHE INOBEPXHOCTH, B KOTOPYIO IpeoGpa-
3yercs chepa x2 + y? + 22 = r? npu CKaTHH IO HampasaeHHio ocu 0z

¢ K03hQHUIHEHTOM C3KaTUs kb = >

Ykasauue. Cm. [2], paszen 2, § 19.

1.122. CocTaBUTb HEPABEHCTBO, ONpeae/siollee BHYTPEHHOCTD Cie-
pBl €IMHHUYHOTO pajuyca ¢ UeHTpoM B Touke P (1; 2; 3).

1.123. CocCTaBUTb CUCTEMY HePaBEHCTB, ONPEAE/ISIOLLYI0 MHOXECTBO
BHYTPEHHUX TOYEK Ilapa eIHHHYHOrO Dajuyca C LEHTPOM B Hauase
KOOpZAHMHAT, abCLHUCChl KOTOPBIX HEOTPHLATE/bHEL.

1.124. CocTaBUTb CHCTEMY YpaBHEHMH, ONpeNeNsIOULyI0 3JIIHIC,
LIEHTP KOTOPOTO COBNafaeT C HayaloM KOODAHMHAT, a OCH JiexkaT COOT-
BETCTBEHHO Ha npsmbix Ox u Oy.

1.125. CocTaBuTh CHCTEMY ypaBHEHMH TPaeKTODHH TOUKH, KOTOpast
JBUKeTCS B IuockocTH Oxz Tak, 4TO OCTaeTcs PaBHOYIaNeHHOH OT Ha-
yaja KoopAuHaT u Touku A (5; —3; 1).

1.126. Kakofi ¢urypoit sisjisieTcsi MHOMKECTBO TOUeK, MJIf KOTOPBIX
Pa3HOCTb KBaJpaToB PacCTOSTHUH OT ABYX NaHHBIX Touek A u B umeer
MIOCTOSTHHOE 3HaueHue C?

Pemenue. BrbepeM Touky A 3a Haualo KOODAMHAT H IIPUMEM
npamyio AB 3a ocbk abcuuce. Torna Touka B GyfeT HMeTb KOOPIMHATEL
0, 0; 0).

ITyctb Tenmepp M (x; y; 2) — mpou3BosbHAs TOYKA HCKOMOTO MHO-
KectBa. Torzna

|IMAP — |MBF =¢

HIIH
Byt -y —2=c
Orkynat
x=T8
2b

ChepoBaTesbHO, HCKOMasi (QUTypa sIBJAseTCS IJIOCKOCTBIO, MepIieH-
IUKYJspHOH npsimoit AB u orcrosimieft oT Toukun A Ha paccrosiHue
c+ b

2 |

1.127. Kakoit ¢urypo#l siBisietcss MHOMKeCTBO Toyek M, paBHOyHa-

JIEHHBIX OT JBYX JaHHBIX ToueK A u B?
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1.128. loxasaTb, YTO MHOXKECTBO TOUEK, IV KOTOPHIX CyMMa KBaf-
paroB pacCTOSIHHE OT ABYX AAHHBIX TOYEK HMeEeT IOCTOSIHHOE 3HaueHHe,
ectb cdepa, TOUKA MJIH IYCTOE MHOXKECTBO.

Y kxasaHnue. [lpumure ofHy U3 NaHHBIX TOUEK 3a HAYajJ0 KOOp-
JVHAT U IPOBEAUTE OHY H3 OCeHl KOOpAMHAT Yepe3 JpPYTyi0 HaHHYIO
TOUKY.

1.129. Kaxko#i Gurypoit sBJsSIeTCS MHOXKECTBO CEpeNHH BCeX OTpe3-
KOB, COeJHHSIOIIMX ITONAapHO BCEBO3MOXKHBIE TOUKM, JIEXKAlHe COOT-
BETCTBEHHO B IBYX NapajlyiebHEIX INJOCKOCTSIX?

Yxaszaunue OpHy H3 JNaHHBIX IJIOCKOCTEHl NMPHUMHTE 32 KOOp-
IVHATHYIO.

1.130. Kaxkoii ¢urypoi siBjsieTcsi MHOXKECTBO TOUEK, paBHOYZAaJeH-
HBIX OT JAHHOH TOYKH A W OT JaHHOU mpsamod p, ecau: a) A € p;
6) A €p?

Ykxasanue. Ilpumure npsaMyio p 3a OfHy U3 OCelt KOOPAHHAT,
JIlpyryio ocb KOOpAHHAT NPOBEAUTE Uepe3 TOUKy A.



TJIABA 11
MJIOCKOCTH U MPSMBIE

§ 6. YPABHEHHE NJIOCKOCTH

Jdureparypa: [, § 47—49; [2], pasgen 2, § 7, 8, 15.
2.1. Bruisicauth, Kakue u3 Touek A (4; 0; 0), B (1; 1; 1), C (1; 2; 3),
D (6; 1; 0) npuHanmexkar HJIOCKOCTH

X —2% + 32 —4=0.

Ykasauue. Jas oTBera Ha BONPOC 3a/a4d HEOGXOAMMO MPO-
BepUThb, OGpalllaeTcsi JIM B BEPHOE YHCJIOBOE PaBEHCTBO ypaBHeHHe IJIO-
CKOCTH TOCJI€ NOACTAHOBKH B HETO KOOPAMHAT COOTBETCTBYIOLIEH TOUKH.

2.2. Ha xaxpo#l U3 cjeAyOUHUX IJOCKOCTeH HalTH MO TPH pas/uy-
Hble TOYKH:

a)x —2y+32—6=0; 6)x—2y—l—3z—0
B) x —2y — 6 = 0; r)x—6=0

Y ka3aHnue. 3amaua pewaercs nonGopom. Hampumep, npu pe-
LIEHUH YpaBHEHMS &) 3HAUEHHS X U Y MOXKHO BbIGpaTh NPOK3BOJBHO,
a 3aTeM yKe C IOMOIIBI0 ypaBHEHHs HAHTH COOTBETCTBYIOLIME 3Haue-
HUA 2.

2.3. CocTaBUTh ypaBHEHHE ILJIOCKOCTH, NPOXOAsfIleH dYepe3 TOukKy
A (0; 2; 3) mapamrenbuo BekTopam p; = (1; 0; 4) u p, = (2; 1; 3).

Y kasauue Bocromp3yfitTecb ypaBHellMeM IJOCKOCTH, 3aflaH-
HOH TOYKOH U Hanpasasiomumu Bektopamu ([11, § 47.3 unu [2], pasgen
2,§ 7.2).

2.4. CocTaBHTb ypaBHEHME IIJIOCKOCTH, NPOXOASIEH uepe3 TOYKH
A (xy; y15 21) 4 B (x,; y4; 2,) mapaniensso ocu Oy.

Ykasanue. lVckomas NJIOCKOCTb JOJ/KHA IPOXOIMTH 4Hepes

—_—

Touky A, HapanienbHoO BEKTOpY AB = (xy — %y; Yo — Iy B — 2y

Y HaNpasJsOLIEMY BEKTOPY e2 = (0; 1; 0) ocu Oy. Ecin ABu e2 KOJI-
JIUHEapHHI, TO 33JaYa UMeeT GeCKOHETHO MHOTO peleHui.
2.5. CocTaBUTh ypaBHeHMe IJIOCKOCTH, NpoXojsiel yepes ocb Ox

napasiejbHO BEKTOPY 7) = (py; P2} P3)-
2.6. CocTaBUTb ypaBHEHHe IJIOCKOCTH, NPOXOjsilell Yepe3 TOYKH
A (1; —2; 3) u B (4; 5; —6) napannensuo ocu Ox.
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2.7. CocraBuTb YypaBHeHHE MJIOCKOCTH, NPOXOAAIUEH uYepes TOYKH
A(l; —=3;5), B(2;1; —3) u C (—4;0; 1).

Y kasauue. BocnonpsyiiTech ypaBHeHHEM IJIOCKOCTH, IPOXO-
asiwel yepes Tpu naunble Touku ([11, § 47.4, [2], pasnen 2, § 7.3).

2.8. CocTaBuTb ypaBHeHUE IJIOCKOCTH, NpPOXOAsiued yepe3 och 0z
u Touky (1; —1; 2).

2.9. Hanucarb ypaBHeHHe IJIOCKOCTH, NMPOXOAsliel uepes Hayajo

KOOpIMHAT W NeplneHIuKyJIsapHOH Bekropy n = (1; 1; 1). Cucrema ko-
OpAMHAT — NPSIMOYTOJIbHAsA JeKapToBa.

Y kasaunue. Bocrnonp3ylitech ypaBHeHHEM MHJOCKOCTH, 3ajiaH-
HOI1 TOUKOH ¥ HOpMmanbHEIM BekTopoM (L11, § 49.3; (2], pasnen2, § 8.1).

2.10. CocTaBuTh ypaBHeHHe IJIOCKOCTH, NPOXOAsLied 4Yepe3 TOUKY
B neprnennukyJaspHo npsmoit AB, snas,uto 4 (1; 3; —2), B (7; —4; 4).
CucreMa KOOpAHHAT NPSMOYTObHAas LE€KapTOBa.

—_—

Ykaszauue Bekrop AB sBisiercs HOpManbHBIM BEKTOPOM HC-
KOMOH TIJIOCKOCTH.

2.11. Hanucare ypaBHeHHe IJIOCKOCTH B HNPSIMOYTOJBHOH JeKap-
TOBOH CHCTeMe KOOpIHHAT, 3Hasi, 4to Touka P (2; —3; 1) cayxur oc-
HOBaHHeM MEPNEHIUKYJISpa, NPOBEJEHHOTO0 K IJIOCKOCTH M3 Hauazla
KOOpJVHAT.

2.12. M306pasuth niockocTb, 3aJaHHYI0 YpaBHEHHEM 2X — y —
—3z=0.

Pemenue. Tak kak cBOGOAHBIH 4JIeH NaHHOTO YDaBHEHHS paBeH
HYJII0, TO J@HHasl HJIOCKOCTh TPOXOINUT Yepe3 Hayalo KOOpIUHAT.

Takyioo IJIOCKOCTh yAOGHO H300pasHThb NOCPENCTBOM IBYX ee Clle-
JIOB, T. €. NOCPENCTBOM IBYX JHHHUH INepeceyeHHsi 3TOH IJOCKOCTH C
KaKHUMH-JIH60 JBYMSI KOOPAMHATHBIMH IJIOCKOCTSIMH, HAaNpUMEp C IIJiO-
ckoctsimu Oxy u Oyz.

ILs Touek, Jiexalux B maockoctd Oxy, z = 0 Tak, 4t0 2% — y =
= 0. 310 npsmas, NPOXONsAIAs Uepe3 HauaJ0 KOOPAUHAT, TaK UTO LJIs
ee MOCTPOEHHS! JOCTATOYHO HANTH Ha Hell ellle ONHY KaKYI0-JIHOO TOUKY.
[Monarasi, Hanpumep, x = 1, mojyuum y = 2. CTpouM B IJIOCKOCTH
Oxy Tourky A (1; 2; 0). Ilpsamas OA saBasieTcss cienom IauHHOH IJIO-
ckoctH Ha miaockoctd Oxy. (UtoGel Haliti ee cien Ha miaockoctd Oye,
nostoxkum X = 0.) ITonyuum y — 3z = 0. Ilomaras z = 1, Haiizem

= 3, TaK YTO IJOCKOCTb NMPOXOAUT uepe3 Touky B (0; 3; 1). Ilpsamas
OB npencraBnser cjen IaHHOH

INOCKOCTH Ha  mjockoctH Oyz z

(puc. 13). B
2.13. HM3o6pasuth IJIOCKOCTH, £3;

3aJaHHble CJIEAVIOIMUMH ypaBHe-

HHUSMMU: 0 7
x—2y+32—6=0,y— Y

2x + 3z = 0. X

2.14. YKazaTb  0OCOOEHHOCTH Puc. 13
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pacroJioxKenusa IJIOCKOCTEH, 3alaHHBIX CJIEAYIOIIUMH  YPaBHECHHSAMH:

a) 3x —5z+1=0; 6) 9y — 2 = 0;
B) 8y — 3z = (; r) 2x + 3y — 52 = 0.

2.15. lokasaTb, YTO 4eThlpe TOUKH A, (Xo; Yoi o), A1 (%15 Y15 21),
Ay (X495 Yo 29), Ag (x5; ¥3; 25) TIpUHALNEXKAT OAHON MJIOCKOCTH TOTAA
U TOJBKO TOTZa, KOTJa OINpENeNUTeNb

X1— X Y1— Yo 21— %
Xo—-Xg Yo— Yo 22— 2 |=0.
X3 — Xy Ys— Yo 23— 2
Pemenue. JlaHHble TOYKH INpPHHALIEKAT OAHOH MJIOCKOCTH

— — —_—
TOTJIa U TOJBKO TOTA2, KOra BeKTOpHl AgA;, AgA,, AyAs KOMIIaHADHEI.
Yka3anHoe B YCJIOBHH 3a[aYi PaBEHCTBO KaK pa3 H SIBJISIETCS YCJIOBHEM
KOMIIIaHAPHOCTH STHX BEKTOPOB.
2.16. IIpoBepuTb, KakHe M3 CJELYIOLIMX YETBEPOK TOUEK JIEKAT
B OIHO# INJIOCKOCTH:

a) Ay (1; 2, —1), 4,(0,7;7), A, (—2;0;6), A; (—2; —6; 0);
6) B, (0; 0; 0), By (—4; 0; 0), B, (0; —3; 2), Bs (1; 5; 0);
B) C, (0; —6; —3), C, (10; 8;9), C, (1; 3; 2), Cs (—5; 7; 1).

2.17. Tlpu kakom 3uauenuu z Ttouku O (0; 0; 0), A (1; —5; 3),
B (2; 4; 4) u C (1; —1; 2) nexar B ofHOH NJOCKOCTH?

2.18. Hoxkasatb, uto BekTop v = (0; 6; 4) nmapasJeseH NJIOCKOCTH,
onpejensieMoii ypaBHeHueM x + 2y — 3z + 1 = 0.

Y kasauue. Bocrnonp3yfiTech yCIOBHEM NapaseNbHOCTH Bek-
topa u maockoctu ([11, § 47.8; [2], pasnen 2, § 8.1).

2.19. Haubl gBe Touku A (2; 3;0) u B (1; —1; —1). Ilono6parb
Kakyo-1160 Tpetbio Touky C Tak, utobel nyockoctb ABC Gblia napai-
aenpua ocu Oz.

2.20. CocraBuTb NMapaMeTpUYECKHe YpaBHEHUS IJIOCKOCTH

x4+ 2y—2z44=0.

Pemenwue. I-i cnocob. JlioGele nBe U3 Tpex IEpeMEHHBIX X,
y, 2 MOXCHO NPUHATH 3a He3aBUCHMble mapamerpol. IlosoxuB, Hanpu-
Mep, ¥ = f;, y = t,, U3 YpaBHEHHS NJIOCKOCTH Hafinem z == 3f, + 2f, +
-+ 4. VlckoMble nmapaMeTpryecKye ypaBHEHHS] MOMKHO 3aIHCaTh CeNyIo-
muM o6pasom:

X

y
lz

t11
21
4 + 3t + 24,.

2-i1 cnoco6. Halinem Kakyio-nu60 TOYKY Ha MJIOCKOCTH, HalmpuMep
Touky M, (—2; 0; —2). 3arem HafizeM napy HeKOJJIHHEApHbIX BEKTO-
poOB, NMapaienbHbIX AaHHCH IVIOCKOCTH. Jas 3TOrOo 3anuileM ycaoBHe
napasJieJbHOCTH BEeKTOpPa M IJIOCKOCTH

3py T 2ps — ps = 0.
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Taxumu BekTOpaMM SBASIOTCS, HampUMep, BEKTOPHI 7= (2; —3; 0),
—
m = (1; 0; 3).
3Has Touky M, W ABa HalpaBASIOMKX BekTopa [ U m, COCTaBsieM
napaMeTpUYeCKMe ypaBHEHHS 3aJaHHON IJJOCKOCTH:
x = —24 2t + 1,
y = ’—3t1,
(cm. 121, pasmen 2, § 7.1).
2.21. CocraBuTh NapaMeTpUYeCKHe YpaBHEHHs CJEYIOUHX ILJIO-
CKoCTef:
a)2x—y+32+1=0;, 6) x—9y —5bz+2=0;
B) 3x 4- 3y — 2z —4 = 0.
2.22. CocraButh ofllee ypaBHEHHe MJOCKOCTH, 3aJaHHOH Inapa-
METPUYECKHMH YpaBHEHHSIMH:

x=3t1—‘2t2,
[)’=4+ L+ 1,
z=1+ ¢,

Pemenue. [lng pelueHus 3afaydl HajO HUCKJ/IOUUTH [apamMeTphl
t, 1 ty. DTO MOXKHO ClleNaTh, HaNpUMep, CJeNYIOHM 06pa3oM: Tak Kak
U3 IOCTEeJIHEro ypaBHeHus 4 = z — 1, To

7

x = 32 — 2¢, — 3,

{y =z t, + 3.

Hcknrouas ¥3 MoJyuyeHHOH CHCTeMbl IapameTrp f,, MONydHM:
X+ 2y=5z2+3

x4+ 2y —5z2 —3 = 0.

[TocnenHee ypaBHeHHe eCTb oGllee ypaBHEHHe 3aJaHHOM IJIOCKOCTH.
2.23. CocraBuTh OOLIME YpaBHEHHsI CJAENYMOMHKX IJOCKOCTeH, 3a-
JAHHBIX CBOMMH IapaMeTPUYECKUMH YpaBHEHUSIMHU:

HJTH

a) X = —1 + 2t1 —_— 3t2, 6) X = 4 + tl _ 212,
= 2 _|" 41‘1 + 5t2, = '—1 + 5t1 _I' 5t2,
Z2 == ——6t1 + 10t2; Z == 5 - 3t1 —_ tz.

§ 7. B3BAUMHOE PACII0JIO)KEHUE MJIOCKOCTEH B NMPOCTPAHCTBE

Jdutreparypa: [1],§ 47, 48; (2], pasnen 2, § 7, 8, 9.

2.24. BbIsICHNTD B3aUMEOE PAacCIO/IOKEHHe CJIELYIOMUX IJIOCKOCTEd:
a)3x —2y+72=0 u —6x+ 4y — 14z — 2= 0;
6) —x+ 10y —22+6=0 wu 3xr—30y+ 62 — 18=0;
B) X —2y +42—3=0 H 2x+y—4z-+3=0;

r) 3x+5y+2—5=0 u 8x+7y+4—1=0.
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Ykasauue. Bocnonp3yfitece pesysnbraramu § 9.1 pasmena 2
u3 [2].

2.25. CocTaBUTh ypaBHEHHE IJIOCKOCTH, NPOXOAALIEH yepes TOuky
P (xy; yo; 2o) ¥ TapajyieNbHON JAHHOH IJIOCKOCTH

on-l— Boy + C03+Do = 0.

Pemewnue YpasHeHHe JoGoH IJIOCKOCTH, IPOXOAALledl uyepes
TO4Ky P, MOXKHO 3amucarb B BHIE:

A(x—x) + By —y)+ C—2)=0.

KosdduipenTsl [aHHOA U HCKOMOH NJIOCKOCTEH JOJIXKHEBI ObITh IPONOp-
nuoHanbHbl. CleloBaTelbHO, MOXKHO INoJOXHTE A = A, B = B,,
C =: C, u 3anmucarb ypaBHEHUE HCKOMOH IIJIOCKOCTH B BHIE!

Ay (x — x0) + Bo(y — o) + Co(z —20) = 0
on + Boy 'I" Coz -_ (AoXo + Boyo + CoZo) = 0.

2.26. CocTaBUTb YypaBHEHHE IJIOCKOCTH, NPOXOAsIleHd dyepes Tou-
Ky A (3; —5; 1) u mapanenbHOH IJIOCKOCTH, ONpeNeJseMOd ypaBHe-
HHeM x — 2y + 4z = 0.

2.27. JaHbl ypaBHEHUs IJIOCKOCTER TpeXx IpaHell NapajJesenurne-
na: 2x +3y+42—12=0, x4+ 3y —6 = 0uz -+ 5= 0. Mssecr-
Ha onHa u3 BepiunH napasnenenunena A (6; —5; 1). CocraButh ypas-
HEeHHUsl IIJIOCKOCTeH OCTaJbHBIX TpeX rpaHei.

2.28. Hanucarp ypaBHeHHe IIJIOCKOCTH, IPOXOAdAlleH yepes Hauaso
KOODJMHAT W Yyepe3 JIMHMIO NepeceueHHs NBYX IIJIOCKOCTEH, 3alaHHBIX
ypaBHeHHSIMH X + y —5=0u x — 224 1= 0.

Pemwenue. HckoMasg NIOCKOCTb IPHUHAMIEKMT NYUKY IJIOCKO-
CTelf, NPOXONSIIMX Yepe3 JIMHHUIO IE€pPeceueHMs NAHHBIX IIJIOCKOCTEf.
YpaBHeHHe 3TOro ITy4YKa IJIOCKOCTeH HMeeT BUA:

ax+y—5+px—224+1 =0,
npuyeM Ko3hGdUUHEHTH & H f OIpeeseHbl ¢ TOYHOCTBIO 0 NMPOIOPIHO-

HalbHOCTH. Tak Kak Hayajo KOOpAHHAT NOJI2KHO NMPHHaIJIEKaTb HCKO-
Mo# IIJIOCKOCTH, TO

HJIu

—5a + B = 0.
ITonoxum, Hanpumep, & = 1, p = 5. Torna ypaBuenue
6x+ y—102=0

€CTb YpaBHEHHEe HCKOMOH IIJIOCKOCTH.

2.29. CocTaBUTh ypaBHEHHE Iy4YKa IJIOCKOCTEH, OCBIO KOTOPOLO
CINyXKHUT JHHHS IepeceuyeHHs] IIJIOCKOCTEeH, 3afaHHBIX YPaBHEHHSIMH
x—y—2z—1=0wu 2¢x+4+ 3y+ 42 —5=0. Hanucare ypaBHe-
RHSl HECKOJIBKHMX IIJIOCKOCTeH, NpHHaJIeXalluX 3TOMY IyuKy.

2.(‘5’)0. CocTaBHTb ypaBHeHHE ITydKa IJIOCKOCTeH, NPOXOAAIINX Yepes
oce Ox.



2.31. CoctaBuTh ypaBHEHME IIJIOCKOCTH, IPOXOAflIeH 4epe3 TOYKY
M, (3; 1; —2) u JUHMIO TepeceyeHUs MJIOCKOCTH 3x — 2y — 5z 4+ 1 =
= 0 ¢ xoopauHaTHOH myockocThio Oyz.

2.32. CocTaBuThb oOflllee ypaBHeHHe IJOCKOCTH, NMPOXOAslieHd yepes
ToukY M, (Xo} Vo3 20) M JIHHHIO epecedenus maockocrelt A;x + Byy +
+Ciz+ D, =0mwu Apx + Byy + Coz+ Dy = 0.

2.33. IlokasaTb, 4YTO IIJIOCKOCTh, oOmpeneisieMasi ypaBHEHHEM
Ilx — 2y + 52 — 2 = 0, MpPOXOAWT uUepe3 JIHHUIO NEpeceyeHUs IIJIO-
CKOCTell, 3aJlaHHbIX ypaBHEHHsSIMH ¥ — 2y + 3z =0ubx+2—1=

Pemenue. 1-i cnocob6. HafizeM panr r Matpuusl KosdduuveH-
TOB IIDH HEH3BECTHBIX ypPaBHEHHH TpeX NaHHBIX INOCKOCTel:

11 —2 5

1 —2 3]

5 0 1
SroT paHr paseH 2.

Tak ke HafiieM, YTO paHr r’ MaTpPHILI
11 —2 5 =2
1 —2 3 O)
5 0 1 —1

paBeH 2.

Cornacuo [2], pasznen 2, § 9.2, paBeHCTBO r = v/ = 2 PaBHOCHJIBHO
NPUHANJIEKHOCTH TPEX NAHHBIX MJOCKOCTEH OIHOMY MYUKY.

2-ti cnoco6. Coranacuo [2], pasnen 2, § 14, miockoets Ax + By —+
+ Cz 4+ D = 0 npuHaLJIeXuT NyYKy, OIpeneisieMoOMy ILJTOCKOCTSIMH

A1x+Bly+CIZ+D1=OHA2x+Bgy+ng—|"D2=0,

TOTAA U TOJNBKO TOTJa, Koraa mMHorouwled Ax 4+ By + Cz 4+ D moxHO
IpENCTaBHTL B BUJE:

o (Ax + Byy + Ciz + Dy) + B (Aex + Byy + Cyz + D).
B HameM caydae 3To yCl0OBHE MPUBONUT K PaBEHCTBY
a(x—2y+3)+pGx+2—1)=1lx—2y+ bz— 2,
HITH
(@ + 5B)x — 2ay + Ba + P)e — P = 11x — 2y - 52 — 2.

ITpupaBHsiB KO3QbUIMEHTH JeBOH M MpaBOH YacTell 3TOrO paBeH-
CTBa, MOJIYYHUM CHCTEMY YpaBHeHHH:

o+ 5p = 11,
—20 = —2,
3a + P =5,
p =2

Sra cucTeMa COBMECTHA W MMeeT eIHHCTBEHHOe pellenne: o = 1, f = 2.
CnenoBaresnbHo, miaockocTb 1lx — 2y + 5z — 2 = 0 npoxoaur uepes
JIUHHUIO TepeceueHys IBYX AaHHBIX MJOCKOCTeH.
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Bonomozamensnan 2.34. Tlpy KakHX 3HaUeHHAX
nAacKoCms A u D nnockoctH, ompene-

- JiieMble  YpaBHEHUAMH 2x
Ymaoxocmz\ Sy —2973=0, x—3y+
+5=0 u Ax + y — 2z +

+D = 0, npuHajnIexar OfHOMY

ny4Ky?
Oco 2.35. BhisicHWTb, Kakasi u3
nyyKa KOOPJMHATHBIX MIOCKOCTEH IIPH-
3-5 naockocms HaJIEXKUT TYYKY, 3aiaHHOMY
ypaBHeHHeM 4x — y + 2z —
/ 6 + a (6x+5y+32—9) —=0.
2-7 nAockocmes, YkasaHnwue Bocnosb-

3yHTeCh YCJIOBHSIMH COBIajie-
HHS JIBYX IJIOCKOCTEH W YUTH-
Puc. 14 Te, YTO B yPAaBHEHUH KOOpIHHAT-
HOH MJIOCKOCTH CBOGONHBIH UjleH

paBeH HYJIO.

2.36. Ilpu xakux ycaoBusix maockoctb Ax + By 4+ Cz+ D=0
NPUHANIEKUT NYUKy ¥ 4+ 2y +z4+ A (y—2z+ 1) =0?

2.37. TlpuBecTu mpuMep TakHX TpeX IJIOCKOCTell, KOTOphle mepece-
KaloTCs NMONapHO 10 TPeM NapaselbHbIM NIPSMbIM.

Pemenue YpaBHeHHS J[ByX IJOCKOCTeHl MOXHO HamHCaTbh
NpPOU3BOJNBHO, U30eras TOJbKO clydas MX NapajyeNbHOCTH, T. €. He
BHIOHpass MX KO3(hdHUIHEHTH COOTBETCTBEHHO HpPONOPLUHOHAJBHBIMH.
CocraBuM, HanpuMmep, TakHe 1Ba ypaBHeHH X + y+ 2+ 1 =0 u
x+2y+32—1=0.

YpaBHeHHe NyuKa, ONpefeasieMOro AByMs NaHHBIMH IJIOCKOCTSIMH,
HMeeT CJeNYIOUIUH BUI:

ax+y+z+)+px+2y+32—1)=0.

Bcsikas miockocTb, NapaijenbHas HEKOTOPOH IVIOCKOCTH IVYKa
M OT/IMYHAs OT Hee, NepeceyeT NaHHHIE MJOCKOCTH IO NPSMBIM, NapaJ-
JiebHBIM OCH IY4Ka, TaK YTO KaxKJas Takasl IOCKOCTb GYAEeT BMecTe
C JaHHBIMH IJIOCKOCTSIMH YIOBJIETBOPATH YCJIOBHSIM 3anauu (puc. 14).

UTo6Bl NONYYUTb KaKY0-1HG0 MJIOCKOCTD MyYKa, MOXKHO IOJIOXHTb,
HanpuMmep, & = B = 1. Torna u3 ypaBHeHHS NMyyKa NONYYHM:

2¢x+3y+ 42=0.

UTo6el noNyuuTh ypaBHEHHe MJIOCKOCTH, MapanjelbHOd STOM H OTJIHY-
HOHU OT Hee, HalO COXPaHUTb KO3(hULUHEHTHl STOT0 YpaBHEHHS U H3Me-
HUTb €T0 CBOGOIHBI useH. Takum o6pasoM, B KauecTBe HCKOMOH IJIO-
CKOCTH MOXHO B35iTh, HallpUMep, IJIOCKOCTb

2 4+ 3y+ 424+ 1=0.

2.38. CocTaBUTb ypaBHEHHMs KaKHUX-THG0 TpeX TMJIOCKOCTeH:
1) umelOmMX eIMHCTBEHHYIO OOLLYI0 TOYKY; 2) MPOXOASLIMX uepes
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OIHY TMpsIMYI0; 3) TONApHO NapaJsenbHEX; 4) U3 KOTODHIX J1Be napai-
JIe/IbHBI, @ TPEThSl UX Iepecekaer.

2.39. YCTaHOBHTH, NIpH KaKHX 3HAYEeHUSIX A TPH MJIOCKOCTH, OMpe-
JieJIsieMble  COOTBETCTBEHHO ypaBHEHHSIMH
x+y+z2z+1=0 x+29+324+4=0, x—y+2rz—1=0,
HMEIOT €IHHCTBEHHYIO OOILYIO TOYKY.

2.40. CocTaBHTb ypaBHEHHME IIJIOCKOCTH, INpPOXOAAIIEH uYepe3 ochb
Oy u yepe3 TOYKY MHepeceyeHHs IJIOCKOCTeH, ONpelelsieMBIX ypaBHe-
HusMH X —y =0, x +y—22—1=0, 2x+2—4=0.

§ 8. METPUYECKHME 3AJIAYH HA NJIOCKOCTb

Jlutepartypa:[1],§ 49; [2], pasnen 2, § 10.
B kaxpo# 3anaue storo naparpacda HCroJb3yeTcs NpsSIMOYToJibHas
JeKapToBa CHCTeMa KOODIHHAT.

2.41. Halitu paccrosuue ot touku M (—2; 1; 3) no crenyomux
MJIOCKOCTEH:

a) 3x —6y—22—3=0,06) 2x+ 2y —2—6 = 0;

B) 6x —3y +22—7=0;r1) 3x+-42+5=0.

Y kasanue. Bocnonpsyiitech ¢opmysoli paccTOsiHUSI OT TOY-
KH JIO IJIOCKOCTH.

2.42. Haiitu paccrosinue ot tTouku M (4; —6; 1) 1o miockoctH,
npoxojisiliell yepe3 HayaJo KOODAMHAT IapasleNbHO IJIOCKOCTH
2% —2y+2—5=0.

2.43. Yepe3 puaroHanu JIBYyX CMeXHBIX IpaHell Ky6a INpoBeleHa
mnockocTh. Ha#iTu paccrosiHus oT BeplinMH Ky6a A0 3TOH IJIOCKOCTH,
cyurasi, 4To AnuHa pe6pa kyba paBHa l.

2.44. Hafitu paccrossHHe MexX]Jy TNapansejbHbIMH IJIOCKOCTSIMU

6x — 18y — 92— 28 =0wmu 4x — 12y — 62 — 7 = 0.
2.45. Haiitn paccrosiuue MexAay INapajjelbHbIMH IIJIOCKOCTSIMH
Ax+By+Cz+ D =0wu Ax+ By + Cz+ D' = 0.

2.46. JlokasaTb, 4YTO MHOXKECTBO TOUYEK, YJaJeHHBIX Ha JaHHOe
paccTosiHHe OT [aHHOH IIIOCKOCTH, fABJseTCA INapoH IJIOCKocTed,
napaJjyiebHEIX JaHHOH IJIOCKOCTH.

PemeH ue, ITycTb JaHHAS MJIOCKOCTD ONpeEeseTcs YpaBHEHHEM
Ax + By +Cz+ D = 0.

Touka M (x; y; 2) ynajeHa OT IJIOCKOCTH Ha paccrosuue d > 0 torza
H TOJIBKO TOTJa, KOTJa HUMeeT MecTO PaBeHCTBO

|Ax + By 4 Cz + D| —d
VAZ B2 L C? ’

Ax+By+Cz+D+dVA T+ B*+C) =0

HJIH
Ax +- By +Cz+ (D —dV A+ B*++ C? =0,
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CnenoBaresnbHo, Touka M NpUHALJMEXUT OLHOH H3 IJIOCKOCTEH, ompe-
JensieMblX HalHCaHHEIMH YpaBHEHHUSIMH.

2.47. CocraBUTb ypaBHEHHS IJIOCKOCTEH, yJa/J€HHBIX OT IJIOCKOC-
™™ x + y -+ 2 — 3 = 0 Ha paccrosinue, pasHoe }/ 3.

2.48. [lokasaTb, YTO MHOXKECTBO TOYeK, PaBHOYAAJeHHBHIX OT IBYX
napaJjiieJbHBEIX IJIOCKOCTeH, SIBJISETCS IJIOCKOCTBIO.

2.49. HafiTu MHOXECTBO TOY€K, pAaCCTOSHHUSA KOTOPEIX OT IBYX
JAHHBIX NapaJiie/bHBIX IVIOCKOCTeHl HaXOAATCA B JAHHOM IIOCTOSHHOM
OTHOIIEHUH.

Y kas3adue. OuHy u3 JaHHBIX IVIOCKOCTEH CleLyeT MPUHATH 32
KOOPJIHHATHYIO IIJIOCKOCTb.

2.50. HaliTu MHOXKeCTBO TOYEK, PACCTOSIHUS KOTOPHIX OT ABYX JiaH-
HBIX II€PECEeKalOMXCsl IUIOCKOCTEH HAXOMATCA B JAHHOM ITOCTOSIHHOM
OTHOIIEHHH.

Yrasaunue., OHy U3 JAaHHBIX IJIOCKOCTEHl HDUMUTE 32 KO-
OPAHHATHYIO IIIOCKOCTb, a JIMHHIO UX NepeceyeHusi— 3a 0Cb KOOpJHHAT.

2.51. HaliTu ypaBHeHUS INJIOCKOCTeH, NPOXOAAUIMX uyepe3 och Ox
Ha paccrosiHud 1 ot Touku P (1; 2; 3).

Pemenue. Tak xax ocb Ox MOXKHO paccMaTpHBaTh KakK Iepe-
ceyenne miaockocrefi Oxy u Oxz, T. e. IIOCKOCTeH, onpelenseMblX
COOTBETCTBEHHO ypaBHeHHsAMH 2 = 0 u y = 0, TO ypaBHeHHe Ny4Ka
IJIoCKOCTeH, npoxopamux yepes ocb Ox, MOXKHO 3anucaTh ypaBHEHHEM
ay + pz = 0.

Ho rak kax nsockocts Oxy 3aBeOMO He YIOBJIETBOPSET YCJIOBHAM
3ajaud, TO HAjO CYUTATh, YTO o 7 0, U HOSTOMY MOXKHO BOCIIOJIb3O-
BaThcs GoJiee IPOCTHIM ypaBHeHUEeM y + Az = 0.

ITo ycnoBuio paccrosinue Touku P (1; 2; 3) OT HCKOMOH ILIOCKOCTH
paBHO 1.

Coranacro [11, § 49.5, popmysa 5, nmonyyaem, yro

12+ _
V1+a
3T0 COOTHOUIEHHE NpUBOAUT HAC K ypPaBHEHHUIO
82 ++ 124 + 3 = 0,
H3 KOTOPOIO CJAefyeT, YTo

A = ——Siﬁ
4

CJ'Ie,llOBaTEJII)HO, HCKOMEIE IIJIOCKOCTH MPEACTABAANTCA YpABHEHUAMU

y _.?’_—_-ﬁ.z=0 U y__.3__—l__V§_z=0.
4 4

2.52. Ha ocu Oz HafiTu TOUKy, paBHOYIa/JeHHYIO OT ToukH P(2; 3; 4)
U OoT mIockoctH 2x + 3y +z— 17 = 0.

2.53. CocraBuTb YypaBHEHHS IIOCKOCTeH, IPOXONAIIUMX uyepe3
ocb Oy u paBHOyAa/NeHHHIX OT Touek P (2; 7; 3) u Q (—1; 1; 0).
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2.54. JTokasarb, YTO IVIOCKOCTb, pPaBHOYAaJeHHAas OT ABYX NAHHBIX
TOYEK, NPOXOJHUT Yepe3 cepefuHy OTpe3Ka, COSAMHSIOMEr0 5TH TOYKH,
HJIH TnapajJiesbHa eMmy,

Y xasanue. OnHy U3 JaHHBIX TOYeK yNOOHO INPHHSTH 3a Ha-
YaJi0o KOOpAMHAT, a OfHY U3 ocell KOOpJAMHAT IIPOBECTH uepe3 JaHHbIE
TOYKH.

2.55. lokasaTb, YTO HJOCKOCTh, PaBHOYAa/J€HHAasl OT TPeX INaHHBIX
TOUeK, He JIeXKalluX Ha OfHOI IpsMOH, apajesnbHa IJIOCKOCTH, OIIpe-
IensieMOH 3TUMH TOYKaMH, HWJM IIPOXOLUT uYepe3 CPefHIOI JIMHHIO
00pa3yeMOoro JaHHEIMH TOYKAaMH TPeYyroJbHUKA.

2.56. HaliTu ypaBHeHHs IJIoCKOCTeH, Nmpoxoisuiux uepe3 ocb Ox
U 06pa3yiomux ¢ IMJIOCKOCThIO ¥ — 2y + 32 — 4 = 0 yruel no 45°,

Pemenue. 3anumeM ypaBHeHHE NyYyKa HJIOCKOCTEH, MPOXOAsi-
mux yepes och Ox, B Bune ¥y + Az = 0 (cp. c 3anaueit 2.51).

Bocnosieayemcss opMysiolt, Bhlpaxalouiell KOCHHYC YIVIa MEXIY
IBYMS IJIOCKOCTSIMH:

I AIAZ + BIBZ + C1C2 ‘
V a2+ B2+ c2- VAL B4 C}
(11, § 49.6 uau [2], pasmen 2, § 10). B panHoM ciyyae MOXKHO IOJIO-
x®uth: Ay =1, By=—2,C; =3, A, =0, B,=1, C, =LA, Tak
KaK YToJ @ MeXJy MIOCKOCTIMH JOJiKeH GbiTh paBeH 45°, TO cos ¢ =

/2
= 1—5— CnenoBaTe/bHO, NPUXOAHM K YpPaBHEHHIO

cosp =

|3v—2] V2
Vid- V12 2
Otclona HaxXOmuM, yToO A = %/-2.

Takum o6pasoM, 3afaua HUMeer JBa peLICHHS:

2+ 6+ V1)z=0u2y+ (6—1 42z =0.

2.57. HaliTu ypaBHeHHs IIOCKOCTel, NPOXOJSAIIUX Yepe3 Hayalo
KOOPJAMHAT, NePNEeHAUKYISAPHBIX K IJIOCKOCTH 5x — 2y + bz — 10 = 0
1 ofpasylomux ¢ IJIOoCKocThlo X — 4y — 8z 4 12 =0 yroa 45°.

2.58. CocTaBUTb ypaBHeHHEe MJIOCKOCTH, NpoXofsiueil uepes ock 0z
H nepreHjuKyJaspHoi miockoctd Ax + By 4+ Cz + D = 0. Pemenune
HCCJIENOBATh.

2.59. Halitu yrom Mexay C/AeLYIOIUMH [JIOCKOCTSIMHU:

ayx+y—3=0 Hn 2x—2241=0;

6) —x+2y+2—3=0u x—y—5=0.

2.60. HaliTu KocHHYCH yTJIOB, 06pa3soBaHHBIX IIOCKOCTBIO Ax -+
+By+4+ Cz+D =0 ¢ KOOpPIHUHATHHIMH IJIOCKOCTSIMH.

2.61. JloxkasaTb, YTO MHOXKECTBO TOYEK, paBHOYIAJEHHBIX OT JABYX

JAHHBIX IEepeceKaromuxcs HJIOCKOCTGﬁ, o6pasyeT IJIOCKOCTb, HAEJIANLYIO
yroa Mexay JHaHHBIMH IIJIOCKOCTSIMU IIONOJaM.
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2.62. Illap papuyca 1 kaTturcs mo xeno6y, o6pasoBaHHOMY TJIOC-
KOCTSIMH, ONpefieNieMbIMH ypaBHeHUAMU Y = Oux + y + 2 — 1=0,
TaK, YTO KOOPJHMHATH €ro IeHTPa NMPHHUMAIOT MOJIOKHTeNbHbIE 3HaUe-
Hus. B Kakyio TOYKY NOMAajieT LEHTD Iuapa B MOMEHT ero KacaHusf C
nyockoctbio Oxy?

V ka3 aHue. Bocrnonb3ylitech TeM, YTO LEHTP LIapa MpHHajJIe-
JKUT MJIOCKOCTH, AeJIALIEeH MONoJaM YroJ MeXAY JaHHBIMH IJIOCKOCTSMH.

2.63. Hatitu ¢opmysbl npeo6pasoBaHMs CHMMETPUH OTHOCHTE/b-
HO IUIOCKOCTH, ONpele/sieMoi ypaBHeHMeM X + y + z— 1= 0.

Pemenue. Ilycte M (x; y; 2) — Npou3BoJbHasi TOYKa Ipo-
crpanctBa, M’ (x'; y'; 2’) — ee 06pas NMPH CHMMETPHUH OTHOCHTEJBHO
JIAHHOH IUIOCKOCTH. 3ajiada COCTOMT B TOM, 4TOGbl BEIpasuth x', y', 2’
uyepes x, ¥, 2.

CuMMETpHSI OTHOCHTEJbHO IJIOCKOCTH OIpPENENsIeTCs ABYMS YCIO-

—_—
Busmu: 1) Bekrop MM’ mnepneHiuKy/IsApeH JAHHOH IIOCKOCTH;
92) cepenuna [MM'] nexutr B NaHHOH IVIOCKOCTH.

—_—
Tak Kak MM' = (x' — x; y' —y;, 28 —2), a KoapduuueHTs
ypaBHeHHs1 1aHHO# mnockoctd A = B = C = 1, To yc/oBust neprex-
JUKYJSPHOCTH BEKTOPAa H IIOCKOCTH HMEIOT CIENYIOIHA BHA:

¥ —x=t- 1,y —y=t- 1,2 —z=1t.1,
rie ! — NpousBOJIBHEIN KO3(GHLUMEHT NpPONOpUHOHAaNbHOCTH. Toraa
=x+ty=y+td=z+1
CepenuHa oTpeska MM’ uMeeT KOOPAHHATEI ¥ '2*"‘, y";y z '2"2,
TlogcraBasis MX B ypaBHEHHE [aHHOH IJIOCKOCTH, TNOJyyaeM:
x+y+z+x+y +2—2=0.
ToxcraBass cioga Beipaxkenus x’, y', z', nomyuum:
2% + 2y + 22+ 3t—2=0.
Orkyna cremnyer, 4To

f = 2—2x—2y—22

SR
3HauurT,
{ 2 1 2 2
1"'=3‘+§"“3y—?’
2 2 1 2
Y=g TRt Ty TR
2 2 2 1
¥ =373 3 TR

2.64. Iloxasatb, uto dopmyasl X' = x, y' =y, 2’ = z onpenensior
CHMMETPHIO OTHOCHTEJNBHO IIJIOCKOCTH, 3aJaHHOH ypaBHEHHEM y —
—z=0.
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2.65. CocraBuTb (OPMYJIEI, BhIpaxaloiiue CUMMETDHIO OTHOCHTENb-
HO: a) KoopauHaTHOH miaockocTH Oxy; 6) IJIOCKOCTH, ONpenenseMo#
ypaBHeHHeM x — 1 = 0; B) IIOCKOCTH, oIpefensieMO ypaBHEHHEM
x+y—3=0.

2.66. Hai#itu Touky, cummerpuunywo Touke A (1; 2; —3) oTHOCH-
TeJbHO IIOCKOCTH 6x — y + 3z — 41 = 0.

2.67. Haiitu oproronanbuyio mpoekiuio Touku A (1; 2; —3) Ha
IJIOCKOCTh 6x — y + 32 — 41 = 0.

2.68. Haiitu TouKy, cuMMeTpuuHyiO Touke A (2; 7; 1) OTHOCHTe/b-
HO mockocTH x — 4y + z + 7 = 0.

2.69. Haiitu Touky, cummerpuunyio touke A (3; —5; 2) oTHocu-
TEJBHO IIJIOCKOCTH, 3ajaHHOH ypaBHeHHeM x— 4y + 22 — 6 = 0.

§ 9. YPABHEHU A NP IMOH

Jdurtepartypa: [1], § 51; [2], paspen 2, § I1.

2.70. CocraBuTh NapaMeTpHYeCKHe M KaHOHHYECKHUE YypaBHEHHS
npsimo#t, mnpoxoxsimeit uepes Touky A (—I1;3; —4) napannenbHo
BekTopy p = (1; 3; —2). [IpencraBurh 3Ty NpSAMYI0 KaK IepeceueHue
JIBYX NJIOCKOCTeH.

Pemenue B coorBercrBuu ¢ TeopHel HOTYYHM CIeAYIOLIME Ma-
paMeTpuuecKue

x=—1+41,
y =3+ 3¢,
2= —4—2¢

1 KaHOHHYECKHe
x+1 y—8 =244
1 3 —2
ypaBHeHUA HaHHOH MpPSMOH.

KaHoHuueckye ypaBHEHHS MOXKHO I€DeNHCaTb B BHJE CHCTEMEHI
IBYX ypaBHeHHH:

x+1  y—3
1 3

y—38 __z+4
3 —2

’

70951

{3x—-y—l—6——-0,
2y + 324+ 6= 0.

2.71. CocraBuTh napaMerpuyeckue ypaBHeHHs ocu Oy. 3amucarb
ypaBHEHUSI 3TON HpPSMOH B BHJE CHUCTEMbl YpaBHEHHH ABYX IJIOCKO-
creft.

2.72. CocTaBUTb NapaMeTpHYeCKHe YypaBHEHHSI NMpPSIMOH, NPOXOAS-
me#t yepes Touky A (0; 1; 0) mapannensHo ocu Oz. IlpencraButh 3Ty
OpsAMYIO KaK IepeceyeHre ABYX MJIOCKOCTeH.
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2.73. CocraBuTh napaMeTpHyecKHe K KaHOHHYECKHe YpaBHEHHs
npsmoii: a) mpoxoxsmeit yepes xee Touku: (1; —3; 0,5) u (3; 4; 2,5);
6) mnpoxomsmeit uepes mse toukw: (1; —3; 0,5) m (4, —3; 2);
B) mpoxonsimei uepes Touky (l; —4; 5) napaJsenbHO BeKTOPY @ =
= (2; 1; —3); r) npoxoasmiell yepe3 HauyaJO KOOPJAHHAT, H TOYKY
(a; b; ¢); n) npoxonsameit yepes touku (1; 1; 0) u (1; 1; 1); e) orce-
Kawome# Ha ocix Ox u Oy eIuHUYHBIE OTPE3KH.

2.74. HanucaTb napaMerpyyeckue ypaBHEHHA CJAEAYIOMUX NP AMbIX:

a) mpaAMOi, NpoxoAsiieli yepes HayaJo KOOPJAHMHAT mapaJsiie/lbHO Nps-
MOH

6) mpsaMoii, npoxojsiuell uepes TOUKY (%o, Yo, %) NapayIebHO NPSMOH

x = x + Lt,
y =+ b,
z2=2 + L3t
2.75. 3Hag napaMeTpHyecKHe YpaBHEHHsS HpPSIMOH
X = xO + llt,
¥y =Y+ lst,
2 = ZO —I_ l3t,

3aJlaTb €€ KaK IepecedyeHue IByX IJIOCKOCTEH.

2.76. CocTaBUTb NapaMeTpHUecKHe ypaBHEHMS NPSMOH, 3ajaHHOH
KaK IepeceyeHue JABYX ILIOCKOCTeH

2% —3y+2=0,
4x 4+ 5y —3 =0.

Pemenune UYrobel HamucaTh NapaMeTpHuecKHe ypaBHEHHUS
NpsIMOH, HaJlo 3HaTh KOOPAMHATH I, [,, [3 HampaBislomero BeKTopa
U KaKylo-1100 TOUKY (Xg; Yo %) Ha 3ToH mpsimoi. /s DaHHBIX ypas-
HEHUH COCTaBUM MaTpHULY M3 KO3DPUINEHTOB IPH HEH3BECTHBIX:

& 75 o).

Cornacuo [1], § 51, dopmyna (8) unu [2], pasmen 2, § 111
(ly; Igs Ig) = (—g (l)'; |(l) ‘Z‘;\i -gl) = (—b5; 4; 22).

Ocranock BrIGpaTh Kakywo-1160 TOUKY Ha JanHOH npsMoi. Haiinem,
HalpuMep, TOUKY nepecedeHHst NPAMOMH ¢ MIocKocThiO Oxy («caeny nps-
MO# Ha mockocTH Oxy), AJs Yero MoJIOXKHUM 2, == 0. Torna u3 AaHHOM
CHCTeMbl ypaBHEHHH cJefyeT, 4To

2%y — 3y, = 0,
4xy + 5)’0—3= 0,
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OTKyJa HaxOJuM:
9 3

Xy = — = —
0= 550 Yo 11

CrnenoBaTesibHO, NapaMeTPHYeCKHE YypaBHEHHS JaHHOH NpsMOHi
MO2KHO 3alucaTtb B TaKOM BUJLE:

=2 s,
22

=34 4

Y= ’
z = 22¢.

2.77. CocTaBUTh NapaMeTpHyYecKUe YypaBHEHHsA: a) NpSAMOH, 3a-
JIaHHOH KaK IepeceyeHHe IiocKocter x —3y +2=0 u y = 0;
6) mpsiMOH, 3aKaHHON KaK IepeceueHue IJIOCKOCTeH 2x —y —z =0
U x+ 2y —32-+ 4 =0; B) npsAMoH, npoxoasiell uepe3 TOUKY
A (1; —3; 4) nmapamjenbHO NpsIMOH, 3ajaHHOH CHCTEMOH ypaBHEHHH

2 —y+2—3=0,
x+3y—z—1=0;

r) npsiMoli, mpoxozasmel yepes touky A (1; 0; 2) mapanjeapHO mJiaoC-
Koersim x +y+2—3=0ux—2y+2+2=0.

2.78. 3amucaTb KaHOHMYECKHEe YyDaBHEHMs JIMHHHM IepeceyeHHs
miockoctd Oxy C IUIOCKOCTBIO, 3aJlaHHO ypaBHeHHeM 2x — 3y -
4+ 52— 11 = 0.

2.79. Ipsimylo, 3a1aHHYIO KaK IlepeceyeHne NJIoCKocTed 2x - y —
— 22— 1=0wu 3x — 2y + 32 — 2 = 0, npexncraButh Kak Iepece-
ueHHe TaKUX ABYX IJIOCKOCTeH, W3 KOTOPBIX OfHa NnapaJenbHa ocu Ox,
a gpyras — ocu Oy.

2.80. Ilocrpourh H3oGpakeHue NpsMOH, 3aJaHHOM cuCTeMOH ypas-
HeHHH:

x+y—1=0.

Y ka3 aHue. MoxXHO NOCTPOUTh CHauasla JHHHUU NEPeCEUEHHs
JAHHBIX IUIOCKOCTEH C KOOPAMHATHHIME IIOCKOCTSIMH, a 3aTeM — JIH-
HHUIO UX B3aUMHOTO NEepeceyeHus, a MOXKHO CHayaja NOCTPOUTH TOUKH
nepeceyeHHusl 3aJlaHHON NpPAMOH C ABYMS KOOPAMHATHBIMH IJIOCKOCTS-
MH, a 3aTeM NPOBECTH Yepe3 5TH TOUKH NPAMYIO,

2.81. Hafitu ycnoBus, NIpH KOTOPBIX NpsMas

Ax + By + Ciz + D, = 0,
Ax+ By +Coz+ Dy =0
nepecekaer och Ox.
Pemenue. [lanHas npsMas nepecekaer ocb Ox TOrAa M TOJbe
KO TOTZa, KOrJa ofe OIpefeNsiOlide ee IIOCKOCTH IlepeceKkaloT ocCh
Ox B ofwell Touke. YcCI0BHSI NepeceyeHus IIockocted ¢ oceio Ox
3aKJIOYaloTCsl B BBIMOJHEHWH HepaBeHCTB A; == 0 m A, 7 0. Hafizem
TOYKH IIepecedeHusl KaxJOoH M3 NaHHLIX IVIOCKOcTeH ¢ ockio Ox Hu mo-
TpebyeM, 4TOObl 3TH TOuKH coBnasiu. Ha ocu Ox, KakK usBectHo, y == 0

{x—2y—|—32—6=0,

41



u z = 0. [TosToMy TOUKY nepeceuyeHHsl MepBOH M3 AAHHHLIX IIOCKOCTeH
¢ ocbio Ox MOXKHO MOJIYYHTb U3 ypaBHEHHs 3TOH IJIOCKOCTH nmpuy = 0
u z = 0. 10 paer:

Alx + Dl = 0,
OTKyla X = — %.
1
. o D
AHanoruuso, /s BTOpPOH MJIOCKOCTH HaliieM: x = — A—’ Touku

2

D
rnepeceyeHus COBMaAyT B TOM H TOJBKO TOM cJjyyae, €CIH — L=
1

= _‘22 HIIH A1D2 - Ale = 0.
A,

Hrek, HCKOMBIE YCJIOBHS, IPY KOTOPBIX AaHHAs NpsiMasi NepeceKaer
ocb Ox BBIPaXKaOTCA CIAEAYIOMUM 06pa3oM:
Al #0, A2 7& 0, AIDZ -_— Ale - 0-
2.82. [oxkasaTh, uTo npsmas
2% — 3y + 52 — 6 = 0,
x4+ 5y —724+10=0

nepecekaer ocb Oy.
2.83. YKasaTb OCOGEHHOCTH PACHOJIOKEHHS CIEAYIOMUX NPAMBIX:

a) {2)/—2—[—1-—-0, 6){2x—3y=0,

3y+2+4=0; 5¢ +y =0;
B) [x+2y+324+4=0, r) |x—2y 4+ 3z =0,
z2—5=0; 2x+y—2z=0;

o |7x+ 8y —324+6=0,
3x+y—32+4+6=0.

§ 10. AOGOMHHBIE 3AJAYH HA MNPSAMYIO U NJIOCKOCTb

Jlutepartypa: [1], § 52; [2], pasnen 2, § 12, 13.

2.84. IlokasaTb, 4TO CJAERYIOmMEe NpsMble H ILIOCKOCTH Iepece-
KaloTcs, U HalTH TOUKY UX NEpPECceYeHHs:

a) = —1 4 3¢,
{y——2—t H4x+3y+2:4+18=0;
z2=4—1
6)x+3=y+5=z_3nx+4y—z+6=0;

2 —2 5

B) [x +y—2—1=0, _ —
{3y—l-z—l—4=0 Hx—z+3=0,
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Pemenue. a) Cormacio [2], pasmen 2, § 12, miockocTe H
npsiMasi IepeceKkarlTCsl TOTAAa M TOJNbKO TOrja, KOorjaa

Al, + Bl, + Cly 5= 0,

rie A, B, C — ko3uIMeHTE IpH HEU3BECTHHIX B YPAaBHEHHH ILIO-
CKOCTH, [l;, Iy, I3 — KOODAMHATH HaNpaB/SMOLEr0 BEKTOpa NpsiMOH,
B paccmarpuBaemoM ciydae A =4, B =3,C = 2,1, =3, [, =
= —1, I3 = —I1, caemoBarenbHo, 4 -3+ 3 (—1)+ 2. (—1) =
= 75 0. 3HauyuT, npAMas U IJIOCKOCTb IEPECeKaroTCs.
Ilns HaXOXAeHHS TOYKM IlepeceyeHHst NOJACTaBUM B YypaBHEHHE
IJIOCKOCTH BMECTO X, Y, Z UX BEIpaXEHUS uepe3 mapamerp £

4(—143)+3C—H+2@—H+18=0

HIH

Tt = —28.
Orciona ¢ = —4, u TOYuKa nepeceyeHHs] UMEET KOOPAMHATH X = —13,
y=2©6, z=28.

3ameTHM, YTO JJ/1s1 OTBETa Ha NepBbIH BONPOC MOXKHO CPa3y HCKaTh
3HayeHHe mapameTpa I, eciM 3TO 3HaueHUe OIpee/seTcs OLHO3HAYHO,
TO NpAMas M IJIOCKOCTb IepeceKaloTcs.

6) Ykasanue. CHauaja Hajo nepefiTH K NapaMeTPpHYECKHUM
ypaBHEHHAM JaHHOH NpPAMOH, a 3aTeM pellaTh 3afauy TaK ke, KakK H a).
BTopoi#i cnocob peleHusi aHAJIOrMYEH PEILEHHIO 3afaud B).

B) IlnockocTh M npsiMasi mepeceKaroTcss TOrAa M TOJBKO TOTAA,
KOTJla CHCTEMa YPaBHEHHH:

x+y—2—1=0,
3y+2+4+4=0,
x—z2+3=0

HMeeT efMHCTBeHHoe pemleHde. Pemas 3Ty cucreMy, NONYYHM: X =
=—19, y =4, 2z = —16.

2.85. IlokasaTb, 4TO CJEAYIOI[Me NpSMble M IJIOCKOCTH He HMEIOT
00LINX TOYeK:

a) (x=1t—3,
y=—4t+5, ux+y+z—1=0;
2 = 3¢

6)"+“=y_‘=’;6 w 4x 4 22 —3=0;

—2 3
B) |2 —y—22—3=0,
2x + 3y —2=0

Pemenue. a) Coraacuo [2], pasgen 2, § 12, nmockocrs Ax 4
+ By + Cz+ D =0 u npsmas

x
¥
z

u 2x + 7y — 2 =0.

X, + i,
Yo + Lat,
2o + st
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He yMeloT OOIIMX TOYEK TOTJAA H TOJBLKO TOTAa, KOriaa

Al]_ + Blz + Cl3 = Ov
Axy + By, + Cz, + D 0.

B paccmarpuBaemoMm ciyyae A = B=C=1,D = —1, [, = 1,
ly=—4, l3=23, x=—3, yo=0>5, 2,=20, nostomy 1 -1 —
—1-44+1-3=0,a1-(-3)+1-54+1.0—150.
CnenoBaTtesbHO, JaHHbIE NPSMast U MJIOCKOCTb HE UMEIOT OGIIMX TOUeK.

6) Pemaercs Tak ke, Kak u 3ajaya a).
B) IlnockocTb W mpsMasi He MMEKT OOMHX TOYEK TOrAa U TOJBKO
TOTZAAQ, KOT/A CHCTeMa ypaBHEHHH:
j2x—y—2z—3=0,
2% + 3y — 2z =0,
l2x + 7y —2=20
He umeer pemrenuii., Hafinem paHru r U 7’ OCHOBHOH UM paciiMpeHHOH

MaTpHL:
2 —1 —2 2 —1 —2 —3
2 3 —1]|u (2 3 —1 0]
2 7 0 2 7 0 —2

r=2ur" = 3. Tak Kak r==r’, T0O cUCTeMa HECOBMECTHA, IO3TOMY
npsiMast ¥ IUVIOCKOCTb He HUMET OOLIHX TOYeK.

2.86. ITokasaTb, 4TO CJIefYIOlIHE MPSIMble NPUHA/IEKAT YKA3aHHEIM
IJIOCKOCTSIM:

a) (x =24 34,
[y=1—4t, Hx+y+z=1
z2=—2-41

6) {Bx_sz—I:O’ MAr—dy + 72— 3 =0,

2+ 2y—324+1=0
Pemenue. a) IlogcraBuB B ypaBHEHHE IJIOCKOCTH BMECTO
X, ¥, 2 UX BHIpa)KEHUs uepe3 mapamerp f, HOJTYUUM:
0-t4+0=0,
T. €. ypaBHEHHE CTAHOBHTCS PABEHCTBOM HpH JIO60M 3HaueHUH f.
CiienoBaTesibHO, NpsAMas NPUHALJIEKUT MJIOCKOCTH.
6) Ilpamas mpuHan/IeXUT IJIOCKOCTH TOLJA U TOJBKO TOTZA, KOTAA

cucTeMa ypaBHEHHH:
[Sx-—y—l—zz— 1 =0,

2+ 2y —3z+1=0,
4x —4y +72—3 =0
uMeeT 6eCKOHEUHOe MHOXKECTBO peluenuii. HafineM panru r u r’ Matpuu

3 —1 2 3 —1 2 —1
2 2 —3| u |2 2 =3 1
4 —4 7 4 —4 7 —3

r=r =2 Tak kak r = r' = 2 < 3, TO cUCTeMa HMeeT GECKOHEUHOoe
MHOXKECTBO pelIeHH!, HO3TOMY HpsiMasg MNPHHALJMEKHUT IJIOCKOCTH.

2.87. BbisiCHUTb B3aMMHOE DPAaCIOJIOXKEHHE CIEAYIOWMX INPAMBIX H
MJIOCKOCTEH
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o
~

—6 — 2¢,

1 -+ 34, nH 2x—5y+62—1=0;
3+t

= —4 + 5¢,

= ] — 6¢, u3x+2y—z+4+5=0;
= —5 - 3¢

=1— 3¢,
=-—-5+4+3, u 2x—5by+32—1=0;
=2+ 7t
= 3 — 5¢,
=2+t u2x—2y—32—5=0;
=1—4t

5 4 2¢,
1 — 3¢, Hx—y-+22=0.
7 — 6¢

W

)
N
N 8 Ve R

N X N x

n) (x
{y

z

o

2.88. Ilpunymarb mpuMepbl ypaBHeHHi NMpPSAMOH M TNOCKOCTH TaK,
uTo6bl: @) mpsiMas Hepecekasna IJIOCKOCTb; 6) mpsmas Oblia mapai-
JeJbHa IJIOCKOCTH; B) NpsMas Jiexana B IJIOCKOCTH.

3 _ z—2

2.89. Ilpu kaxoM 3HayeHuu ¢ mpsmas ¥ — 1 = %—= — na
pajyienbHa mJjockoctd 3x — 4y + 7z — 2 = O?

2.90. [lokasarb, uTO npsAMasi, NapalienbHas KaXIOH H3 IBYX
TNepeceKarluXcs MJIOCKOCTeH, MapaijenbHa JHHHH HX IepeceyeHHs.

Ykaszanue. Ilycrb

Ax+ Byy+Cz+D; =0 u Apx+ Byy+ Cyz+ Dy =0—

oflfie ypaBHEHHs] NaHHHBIX Iockocredt, [ = (I Iy; I;) — Hampasas-
IOIUH BeKTOp JaHHOH npsmoi. CienyeT moxasark, YTO TPOHKa yHucel
L, 1y, I siBASIeTCS pELIeHHEM CHCTEMBI

Alx "I" Bly —I" C12 = 0,
Agyx 4+ By + Cpz = 0,

a 3aTeM cJleNaTth BEIBOJ, YTO BEKTODP ! KOJITMHEeapeH JHHHH NepeceueHys
3aJaHHBIX NJOCKOCTER.

2.91. CocraBuTb ypaBHEHHe IIJIOCKOCTH, HPOXOAsIlled uepe3 TOU-
Ky A (I; —2; 3) u uepe3 npsMyIo, 3aJaHHYI0 KaHOHUYECKHMH ypaBHe-
s - =270 = 5,

4 6

Pemenwue. 1-4 cnoco6. OnHa u3 TOUEK HCKOMOH IJIOCKOCTH —

touka A (1; —2; 3). Ipyras Touka ykKasaHa Ha JaHHOH MpsIMOH:
—_— -

sto Touka B (0; 5; 0). Bexropnt AB = (—1;7; —3) u [ = (4; 6; 1)

napaJiyienbHbl HCKOMOH mitockocTH. OcTaeTcsi BOCIIOJIB30BATLCS ypaBHe-

HYeM IJIOCKOCTH IIo Touke u aByM Bektopawm ([11, § 47, wiu [2], pas-

nen 2, § 7):
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x—1 y+ 2 z2—3
—1 7 —3
4 6 1

PackpriBasi NMOJIyYeHHBIH ONpeflesiuTeNb MO 3jeMeHTaM 1-fi cTpokH,
TOJTyYHM:

= 0.

25x — 11y — 342 4+ 55 = 0.
2-ti cnocob. 3anaauM MpPSIMYIO CHCTEMOH ABYX ypaBHEHHH:

X

—_—= 2

4 7 x—4z=0,
{y—5= 2 HJm{y——ﬁz—5=0.

CocTaBUM ypaBHEHHe NyyKa IJIOCKOCTEH, NMPOXOASILUX Yepe3 3Ty
IpAMYIO:
alx —42)+Pp(y—6z2—5)=0

ax + Py — (4a + 6p) z — 5p = 0.
M3 storo myuka Hajo BHIGpaTbh IJIOCKOCTb, KOTOPOH NPHHAINENKHT
naxHas Touka A. JIOJDKHO BBINOJHATBCS DaBeHCTBO
a—2p — 3 (4a 4 60) — 58 = 0,
orkyza lle + 253 = 0.
Ilonaras, nanpumep, o = 25, § = —11, npuxoiumM K ypaBHEHHIO
25x — 11y — 34z + 55 = 0.
3-ti cnoco6. CocTaBUTh ypaBHEHHe IVIOCKOCTH, MpOXoisiueH uepes
Toukd A (1; —2; 3), B (0; 5; 0) u xaky-HUOYIb TOYKY HaHHOH nps-
Moii, Hampumep touky C (4; 11; 1).
2.92. CocTaBuUTb YypaBHEHHE IJIOCKOCTH, NPOXOAfLIEH: a) yepes
Hayal0 KOOPAMHAT U NpPSMYIO

HIH

x = —1 4 2¢,
{y=3+5t,
z=2—Tt

6) uepe3 Touky A (—4; 2; 5) u npsamyio

2 —y+2—12=0,
x+4y—52+4=0;

B) uepes ABe MapaJliJieJIbHbIE TIpSMbIE

y=248¢,
3 4 ! z—=—5+ o

2.93. CocTaBUTb ypaBHEeHHe IIJIOCKOCTH, cojepxkaiiell e mnepe-
CeKawluecss NpsiMble:

x—2y4+32—5=0, 3x+y+32+4+7=0,
X—2y—42+4+3=0mu |5x—3y+4+2:4+5=0.

=1 _y+5_z—2 [x=5f’

o
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Y Kasauue MoKHO HAliTH TOUKY, NPHHALIEXKAILYIO ONHOH M3
3aaHHBIX NPAMBIX, H HAIDAaBJIsOUIHe BEKTOPEI STHX NMPAMBIX, 8 MOKHO
HaHTH JBe TOYKH Ha OJHOHM NPSMOA M TPETbIO TOUKY Ha APYTroH.

2.94. CocTaBuTh ypaBHEeHHe MJIOCKOCTH, npoxopsiiesi uepe3 ocy Oy
napaJiiefbHO HpSMOKH

x = %, + L,
[y Yo + L,
2 =2z, + Lt

Paccmorpers cayuan: a) ;5% 0, I35=0;6) [, = 0, [35%=0; B) [; 5= 0,
ly=0;71) I, =13=0.
2.95. CocTaBUTh ypaBHEHHEe IJIOCKOCTH, MPOXOAALIEH yepes PAMYIO

x—y-+3=0,
24 —3y—2—2=20

b

napajJsenbHO TPSAMON
xX—y—2—2=0,
x+y—224+1=0.

Pewen ne. Bropas U3 JaHHBIX NPSMBIX MMEET HallpaBJIsOLLHE
sektop ([11, § 51; [2], paspen 2, § 11)

R BN H R
Vickomast MIOCKOCTb NMpPHHANJIEKHUT NYUYKY NJIOCKOCTeH
x—y+3+A(@2x—3y—2—2)=0
H HMeeT ypaBHeHHe
1+ 20)x+ (—1 —30)y —Az+4+ 3 —210 = 0.
Tak Kak HOpMasbHbI BEKTOpP 3TOH IIOCKOCTH OPTOTOHAJEH BeK-

topy I, 10 (14 2))- 3+(—1—3x) 14+ (—2) -2=0, orkyza
3+ 6h—1—3L— 2% =0, A

CJIeILOBaTEJIbHO, HCKOMO€ YpaBHE€HHE HMEET BUI:

—3x+5y+2:+7=0
HIH
3x —by —22—7=0.

2.96. MccnenoBaTh B3aMMHOE pacIOJIOKEHHE INPSIMBIX, 3aJaHHBIX
CHCTEMaMH YpaBHeHHUH:

x—2y+32—4=0, x+y+2z4+1=0,
x+2y—2+1=0 u |y—3z2=0.

Pemenwue. HaHlIeM HanpasJ/IAIOIIHE BEKTOPHI AaHHBIX NpAMBIX
({11, § 51; [2], paspmen 2, § 11)

=72 =Tk
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=l —alt] s olilo ) =esn

- ->
Tak kak KoopaHHAThl BekTOpoB [ ¥ I’ He MPOMOPUHOHANBHEI, TO
npsiMble HE NMapaJi/Ie/IbHBL, T. €. OHU IIE€PECEKaloTCA HUJ/U CKPELIUBarTCo.
,H\Jlﬂ OTB€Ta Ha BONPOC 3aJa4u HaA0 BLIYHUCJUTL ONPEIEAHUTE/b
A=iyy—y, L L,
Zo—2y I I

rIe (%o, Yoi 2p) H (xf,; y('); z()) — IPOH3BOJIbHO BBLIOpAHHBEIE TOYKH [aH-
HbIX MNpPAMBIX. B KauecTBe TakuX TOYeK YHOGHO B3sATh, HaNpHMeEp,
TOYKH MEPeCEeUeHUsT STHX MNPSAMBIX ¢ MIockocTtbio Oxy.

[Nonaras zy = 0 u3 ypaBHeHui nepso#l npsimoH, HalgeM, 4TO

xO -_— 2y0 = 4,
xo + 2y0 == _1,
OTKyJla: X, == %, Yo = —-% Takum e myTeMm jfisi BTOpPOE NpsMOH
nonyunm: xo = —I1, yo = 0, 2o = 0.
CuieloBaTeNnbHO,
5 —4 —4
2 |
A=l_5 4 3=-—5
3 |
0 4 1

Tak kak A = 0, naHHble NpSIMBIE CKPELIUBAIOTCS.

2.97. HccnenoBaTb B3aMMHOE pacloONOXKEHHE CJAENYIOMHX JBYX
NpsAMBIX (B TeX CaydasX, KOTAa NpsMble NepeceKaloTcsi, HalTH Koop-
IMHAThl TOUKH IepeceyeHus):
)x—l__y—i—3=z—ll/I x _y+l=z+3.

2 3 —2 —4  —6 4’
6) |[7x+3y+2z—5=0, " x+y+2—3=0,

5y —22—1=0 llx — 324 6 = 0;

a

B) (x = 9¢, 2% —3y—3z2—9 =0,
{y=5t, u{x—-2y+z+3=0;
2= -3t

) (x =—2-41 x = 2t,

[y=4—l—3t, H{y=2—|-t,
gz = —6 -} 5¢ z=—1+4 24

2.98. Ilpunymarb npumepsl ypaBHEHHH IBYX HpSMBIX, KOTOpBIE:
a) napasJieJbHbl; 6) IEPeceKaloTCsl; B) CKPELLUBAIOTCS.

2.99. CocTaBuTb ypaBHEHHS MpPSAMOH, INPOXOAsIlEH yYepes TOUKY
P (1; 0; 5) u mepecekaioliell KaX1ylo U3 NPAMBIX
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x=3 =i ux—l=y—2=z

Pemenwue. 1-d4 cnocof. 3anuiieM KaHOHHYECKHE YypaBHEHHUS
HCKOMOH TpsIMOH:
x—1_ 'y z—5

ll l? 13

Tak kak kosdduunentn l;, l,, I onpeneneHbl ¢ TOYHOCTBIO 10

MPONOPLUHOHANLHOCTH, TO MOXKHO CYMTaTh, 4TO I3 = 1, Tak uTO ypaB-
HEHHE MCKOMOH INpsIMOH HMeET BUI:

x—l_l_z—-—5

I, I 1

Bocronb3yemcs yesoBueM mepecevenusi nByx mpamex ([11, § 52;
[21, pasnen 2, § 13). TlpumeHsia 3TO yc/OBHE K MCKOMOH NPSiIMOH H K
HepBOf M3 3aJaHHBIX MNpPSMBIX, [OJTYYHM:

1 0 5
l 2 3| = 09
A

orkyzpa 5, — I, — 1, = 0.
TlprneHsas TO ke yCJOBHE K HCKOMOH NpPSIMOH M KO BTOPOH NpsIMOH,
HOJTYIHM:

0 —2 5
1 1 1|=0,
L kL

orkynpa 71, — 51, — 2l; = 0.
HafineM kakoe-nu60 HeHYJeBOe pellleHUWEe CHCTEMBI YpaBHEHUi:

5l1——l2—l3= 0,
7l1 - 5l2 -_ 213 = 0-

Tak kak 5 —1 #+ 0, To MoxkHO mosoxuth [ = 1. Torga [; = i,
7 —b 6
1

[y = — —.
2 6

CnezoBaTesbHO, YpaBHEHHSI HCKOMOH TNPAMOH MOXHO HamucaTh
B BUIE:

l —
6

HIH
—5
x—1= —y=%2"2
Y 6
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2 2-ii cnoco6. Wckomyo TnpAMylo
MOXKHO IpPEJCTaBUTDb Cebe Kak JIMHHIO

nepeceueHus: ABYX IIOCKOCTeH T H

& Ty, KaXK1as U3 KOTOPbIX IIPOXOIUT
N uepe3 nanHyio Touky P (1;0;5) m
) ONHY M3 JaHHBIX TNpSAMBIX (puc. 15).
h p TMosnp3ysich M0GBIM U3 cOcO60B, yKa-
3aHHBIX B 3ajaue 2.91, mosnydum s
IJIOCKOCTEHl 7; U T, COOTBETCTBEHHO
ypaBHeHHs 5x —y —2z = 0 U 7x—
— by — 22 + 3 = 0. Crenosareiib-
HO, YpPaBHEHHUS HCKOMOH NpAMOH
Puc. 15 MOXKHO 3amucarh B CJeLYIOLIEM BUIE:

5 —y—2=0,
7x — by —22 4+ 3=0.

ITpoBeprTe, uTo MpsiMble, HalleHHbIE IEPBBIM U BTOPHIM CIIOCOGaMH,
COBIIaJAI0T.

3-ii cnocob. ByneM onsitTb paccMarpuBaTb HCKOMYIO HPSAMYIO Kak
nepeceyeHue Ty (] Ty, HO AJS COCTABJIEHUS YPaBHEHHHA 3TUX IJIOCKO-
CTeHl BOCNOJb3yeMCsl YypaBHEHHeM ITyYyKa IIJIOCKOCTeH, NpOXOASILIUX
yepe3 NaHHy© npsamyio. IlepBylo mpsMyl0 MOXKHO NPEICTaBASATh Kak
nepeceueHHe IJIOCKOCTeH, OIpefeNsieMblX YpaBHeHHAMH 2% —y = 0
u 3x — 2z = 0. CrenoBarenbHO, IJOCKOCTb T, IPHUHALJIEXHUT NYYKY

2 —y+A@Bx—2)=0.
Tak Kak 3Ta IIOCKOCTH NOJIXKHA NPOXOIUTh yepe3 Touky P (I;

0; 5), 1o A = 1. CnenoBarenbHo, MJIOCKOCTh i, ONpeENeIsieTcsl ypaBHe-
HHeM

5% —y—2z2=0.

TouyHO TaK e MOXHO NOJNYYUTb ypaBHEHHE IIJIOCKOCTH IT,.
2.100. CocTaBuTb ypaBHEHHS NDPSAMOH, NPOXOASAILIENl Yepe3 TOUKY
A (—1; 3; 4) u nepecexawlell KaXIyl H3 NPSIMBIX:

a) x—1_y—3_z—4 " [x=3t,

2 5 —1 y =—2 4 b{,
z=1+4+1
6) (x = —1 — 3¢, u(2x—y—2=0,
y=2+41, {x+3y—|—z—|—6=0.
2= 3+ 6t

2.101. CocraBUTb ypaBHEeHHs NPAMOH, MPOXOASLIEH Yepe3 Hayamlo
KOODJHHAT, IepeceKarollell Npamyio lx =1—1 u mnapanaegpHOH

y =24 24
z2=3—3t
naockocTw ¥+ y+z+4+1=0.
2.102. Haiitu npsamyo, Jexaiyo B miockoctd Oxy u mepecekaro-
Y0 TNpsIMBIE
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x = It x=1+ 14,
y= 1Lt wu y = by,
z=1[t,
(I3 50, I 5= 0).

2.103. BoIsicHHTL BONPOC O B3aMMHOM pPaClOJIOXKEHUH CJeAYIOLIUX
Tpex MJIOCKOCTeH:

a) 3x + 2y + z = 5, 6) x+ y— z2—1=0,
2%+ y+ 32=11, x— y+224+4=0,
22+ 3y+2=1, x+3y—4+3=0;

B)x —2y+42—6=0, r)dc— y+ bz—1=0,
x+3y—22—1=0, 2+ y+ z2—4=0,
4x — 3y+102—19=0; —8x 4+ 2y — 102+ 7 = 0;

0 x+y+ 22=—1, e 3x—10y+ 7z2—1=0,
—2% 4y — 22 =4, 3x — 10y + 724 6=0,
x4+ y + 42 = —2; —21x + 70y — 492 4+ 7 = 0.

Yka3auue Bocmonesyiitech pesyabraramu [2], paspen 2,
§ 9.2.

§ 11. METPUYECKHUE 3AJJAYH HA [P SIMYIO U MJIOCKOCTb

JJureparypar [1], §53; [2], paspen 2, § 12, 13.

B xaxnof 3amaue sToro maparpada HCIOJNB3yeTCS MPSMOYTOJIbHAS
JeKapToBa CHCTeMa KOOpJHHAT.

2.104. Hafitu yroan Mexay CJAELYIOLIMMH TPSMBIMH:

x—1=y—|—3=z—i-4 x = — 4t
2 =3 2 6 “{y=5+2t,
\Z=—2—|—4f;
6) (x = 2, u x+y—2z+3=0,
y=1—1 2 —y—2z—1=0;
z=—4+ 3¢
B) x—1_y+4_ 2416 (x=443f
2 5 —6 y =—10,
z=5-11
2.105. Hafitu yryibl ME&XKIy OCSMH KOOPJAMHAT Y IIPSMOH
x = x, + 1;t,
{}’=)’o+lzt
=12z + I3t

2.106. HaiitTn KocuHyc yryia Mexnay AMaroHajsiMH Ky6a.

2.107. HaliTn xaHOHHYeCKHE ypaBHEHHS BCEX NPAMBIX, MPOXO.Si-
LIKX Yepe3 Hauyajl0o KOOPAMHAT W 00pasymoliuX JaHHBIH YIol o C OChIO
Ox (o = 90°).

2.108. Hafitu yron mexay npsiMoi
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x = 5 4+ 6¢,
ly=l——3t,
2= 2t

u IJIockocThio 4x 4+ y — 8z 4
+ 16 = 0.

Y kKasaHue Bocrnoabsyi-
Tech QOpMyJiaMH, YKa3aHHBIMH B
[11, § 53 uau [2], pasnen 2, § 12.

2.109. Haiitn yruel, o6paso-
BaHHbIE MPAMOH

x—a __y—b_ z—c
ll 12 13

C KOODIMHATHBIMH IJIOCKOCTSIMH.

Puc. 16 2.110. PeGpo ocxoBaHMsA mpa-

BUJIBHOH YeTBIPeXyToNbHOH IHpa-

MuIB! uMeeT aauny 10 oM, Beicora paBHa 12 cm. Haittu yron mexny Go-
KOBBIM DeGPOM H IIJIOCKOCTbIO OCHOBaHHS.

- -

PewmeHd ue HanpaBuM BeKTOpH [ H j NIPAMOYIONbHOH AeKapTo-
BOH cucTeMbl Koopiunar mo peSpam AB u AD mnupamunst ABCDE
(puc. 16). Torpa Touka A monyuur Koopaunartsl (0; 0; 0), a Touka E —
koopaunarbl (5; 5; 12). CocraBum ypaBHeHHs npamolt AE:

r_Y_z
5 5 12
Ocraercsi HalTH YroJ MEXIY 5TOH NPSMOH M IJIOCKOCTBIO OCHOBaHHS
ABCD, T. e. INIOCKOCTBIO, YpaBHeHHe KoTopoil z = 0.
Tpumensis gopmyJy U CHHyca yIJla MeXAy HPSAMOH M IIIOCKO-
CTBIC, MOJNYYHM:

. . . .1
sing = 102001 Bl 6119 40,8902,
V02402412, V52 4 5% 4 122 97
C nomolb TaGAHUI, TPUroHOMeTpHUecKuX GyHKUHH HafineM ¢ &~ 55°%'.
2.111. [okasaTb, 4YTO BCe IpsIMble, NPOXOASIINE Yepe3 NaHHYIO
TOYKY U IEpIeHJHKYJ/spHbE JaHHOHU MpsMOH, JiexKaT B OAHOH IIJIOCKO-
CTH

2.112. CocTaBUTb YypaBHEHHS IpPAMOH, Jiexauieil B IJIOCKOCTH
Ax + By + Cz+ D = 0 u nepecexaiomeii mpamyio ~—% = Y=

l

1 2
zZ2—¢C

= -l— nog npsAMbIM YIJIOM. Pemtenne wucciefoBaTh.

2.113. BBISICHUTD, CKOJIbKO IPSMBIX MOXKHO IIPOBECTH 4Yepe3 JaH-
[ylI0 TOUKY IePIeHIUKY/JIAPHO KaXIOH M3 [BYX NaHHBIX HNpPSIMBIX.

2.114. CocTaBuTh ypaBHEHHSl NMPAMOH, NPOXOASALIEH uepe3 TOUKY
A (—1, 4, —6) nepneHAKKYJISIPHO MJIOCKOCTH 2X — By -+ 62 — 1 = 0.

Y K a3 aHue Hanpasisiomuil BEKTOD HCKOMOH MpsIMOH COBIa-
JaeT C HOPMaJlbHEIM BEKTOPOM IIJIOCKOCTH.
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2.115. CocTaBHTbL YypaBHEHHe IIJIOCKOCTH, KOTOpas IPOXOAHUT!
a) yepe3 HayaJO KOODPIMHAT MepNeHAUKYJISPHO MNpAMOH
x—1 y+6__2—5
3 2 —4’

6) uepe3 Touky C, nensuyio oTpe3ok AB B OTHOIIEHUH, PaBHOM ——-;-,

rre A (—1;2;4), B (15; 12; —6), mnepneHAUKyJspHO INpsIMOM:

3x —by+32—6=0,
x+3y—52+1=0.
2.116. Ha#fitu ycioBus, NIPH KOTOPHIX Yepes MPSMYIO p MOXKHO IIpo-
BECTH ILJIOCKOCTb, NiepPNeHIUKYISAPHYI0 NpaMoOH ¢.
2.117. JoxkasaTh, 4UYTO pacCTOsSiHHE OT NPOH3BOJBHOH TOYKH
M (x; y; 2) no ocu Ox pasuo V'y? + 22.

2.118. Ha mpavoi _11 = y;?’: z—4

ueie or ocd Ox Ha paccrosHue 10.
Pemenue. PaccrosHue oT npousBoibHOR Touku M (x; y; 2)
1o ocu Ox paBuo V y? 4 2% (cM. 3ajauy 2.117).
x=1—1

3anuieM MapaMeTpuyecKue ypaBHeHHS mpsMOH|y = 3 + 5f,
z2=41 2
KoopauHaTbl HCKOMBIX TOYEK NOJIKHBI YIOBJETBOPSATH COOTHOLIEHHIO

Vyr+22=10 nm y? + 22 = 100.
ToncTaBuB BMECTO ¥ U z MX BBIpAKEHUS uepe3 mapamerp f, MOJYUHUM!
292 4 46t + 25 = 100, otkyna t,= 1, {, = ——;—Z. CrenoBaTensHO,

ucKkomble TOukM M; M M, HUMeOT KOOpAMHATE: X; = 0, y;, = §,

HalTU TOUKH, YHaJjeH-

17 _ 15
z,=6u xz—S%, 2——~42—9, 2, = 129.
2.119. Hatitu pauny Bwicotel AP TpeyronbHuka ABC, 3uas ero
sepunnbl A (2; —3; 4), B (0; 0; 0), A

C(2; 2; 2).

Pemenue. JHauay orpeska
AP MOXHO paccMaTpHBaTh Kak pac-
crosiHue Touku A ot npsamoit BC, on-

peesisieMol, KaK JIerko BUAETh, yPaB-
HEHHUEM A
X = y = 2. T

ITpoBemem uepe3 Touky A maoc-
goctb t L (BC) (puc. 17), ypaBHe-
HHe KOTOPOH HMeeT CJeAYIOMmUN BUJ:

x+y+2—3=0. c
Pemas cucremy ypasHeHuil: Puc. 17

v

TN
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x+)’+2-—3=0,
x=y=z’

nabinem touky P (1; 1; 1) mepeceuenusi nmockoctu 7 ¢ mpsimoit BC.
Hauna otpeska AP Oyner uckomo#l BeICOTO TpeyronbHuka ABC.
Tak kak A (2; —3; 4), P (1; 1; 1), 10

API=V @—=1P+ (3—=1+ (@ —1*=V9%.

31y 3anayy MOXKHO peulaTb H APYTMM CIOCOOOM (CM. pellleH¥e 3ajauu
1.87 B ruo. ).

2.120. Haiitu oproronanpHyio npoekuuioo Touku A (1; —2; 3) Ha
NpsIMyIO p, 3aJaHHYIO ypaBHEHHUSAMH

x=1+4t,
2= 24 3t

Vkasauue Oprorosanbias npoekuus Touku A ectb mepece-
YyeHMe NJIOCKOCTH, MPOXOAsAIIed yepe3 Touky A NepneHuKYJIsipHO 3a/aH-
HOM mpsiMOM, ¢ 3TOH mpsIMOH (CM. pellleHHe Mpeablayllell 3anauu).

2.121. Haiitu paccrosinue or Touku A (7;9; 7) mo mpsmod p,
3aJlaHHOH ypaBHEHUEM

x—2 y—1 z

i 3 2
Y kasaunue. IlepBuil cnoco6 peleHHsi COCTOHT B TOM, YTO
uiercs npoekuusi A’ Touku A Ha npamyiwo p, a 3atem |AA’|. Tlonesuo
BOCIIOJIb30BAThCS M IPYrUM NpueMoM. 3Has Touky P (2; 1; 0) mpsimoit p

N
H BekTop v = (4; 3; 2), mapansebHBIH NpPSAMOH p, MOXHO HCKOMOE
paccTosiHUE BBIYUCIHTDL Kak

|[P4, 711
o]
2.122. Hafitu paccrosinHe MexIy MapasyIeTbHbIMH HPSMBIMH:
x=5— 6t
y = —6 — 2¢,
2 =3+ 8
t, Xt —y—22—1=0,
" {2x—|—y—z—|—7=0.

—14 — 2
a)x 7 3___z+ "
3 1 —4

6)

2.123. Haiitu paccrosinue MeXIy CKpeIlHBAIOIHMHCH IPSIMBIMH:

x=—'4t, x=4_—2t’
y=—143{ u [y=1—t,
2= —2—1t z=1—3t
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Ykasaunue UYepes ogny us P,
JaHHBIX NMPSAMBIX INPOBENHTE  IIIOC-
KOCTb, MNapa/ljleJlbHyI0 IPYroft mpsi-
MO#, W HalIuTe pacCTOsIHHE OT IPo-
M3BOJILHOM TOYKH BTOpPOH IpSIMO / 7 // Py

JI0 OCTPOEHHOMH MJocKocTH (puc. 18). 7 V4

2.124. Hafitu TOYKy, CHMMETpHY-
Hyio Touke (4; 3; 10) orHocuTenbHO —_—"

NpsIMOH, 3aaHHOH ypaBHEHHSAMH Py
L = l + 2t, Puc. 18
y = 2 + 44,
z =3+ 5t

2.125. CocraButb (OpPMYJIBI, BbIpaX<alOLIHEe CHMMETPHIO OTHOCH-
TENbHO HpPSMOH, 3aJaHHOH ypaBHEHHEM
x+5__y—1

—_—

2 3

Pemenwue. Ilyetb M (x; y; 2) — npoM3BOJIbHAS TOYKA IPOCT-
panctBa, M’ (x'; y'; 2') — ee o6pas npu CHMMETPHH OTHOCHTE/IBHO NaH-
Ho# mpsiMofi. CuMMerpuyHOCcTh Touek M ¥ M’ OTHOCHMTeNbHO NaHHON

—_—
npsAMo# BhIpaXkaercst AByMsi ycaoBusiMu: 1) Bektop MM' = (x' — x;
y' —y; 2’ — 2) nepnennuKyJaspen sTol npsaMol; 2) cepenuna [MM’]
NpUHALJIEKHUT NPSMOH.
-
Tak kak BekTop v = (2; 3; 1) mapaisesen mnpsmoit u MM’ L

- - -——)I
Lo, 00 MM =0, 1. €.

2 —x)+3@ —y)+2'—z=0. (%)
Tak Kak cepeiuHa oTpeska MM’ uMeeT KOOpIMHATE - _2"",
%X, z—’2-"—z- M 3Ta CepelUHa NPUHALJIECKHT NAHHOH NpPAMOH, TO

¥+x4+10 y4y—2 42z
2 3 1
OGo3nauas 3TH paBHblE OTHOLIEHHs Uepe3 f, MOJNyYHuM:

y =3—y+ 2, ()

IoncraBasis 5TH BBIpQXKEHHS B ypaBHEHHe (%), NMOJYYHM:
14t = 4x + 6y + 2z 4 14,
OTKYAa:
f = 2x+3y—|—z+7.
7
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Tloncrapisis HalineHHOe BLIp@XeHHE tB dopMyJIbI (**) MOJIYYHM HCKO-
Mbl€ BBIpaX<eHHS KOOpI[I/IHaT 9,2 l{epeex X 9,2

|x=—-—x+ y+—z—
by =8,y142y,3
{| —7x+7y+7z+5,

y=25y43,_58
l —-7—x—|—7y 7z—|—l.

2.126. CocTaBUTb GOPMYJIB!, BEIpAXKAIOIME CUMMETPHIO OTHOCHTEb-
Ho: a) ocu Ox; 6) mpsMOH, 3anaHHOH ypaBHeHUsMH |y = O,

z2=1;
B) NIpsAMOH, 3aj]aHHOA ypaBHeHusMH: (x = 1 4 ¢,
y = 2¢,
{z =3 —t

2.127. Ha#itu TOYKH, OTCTOSIlME OT INJOCKOCTH 2x — 2y + z +
-+ 1 = 0 Ha paccrosinue, paBHoe 1, U nexarye Ha NpsAMOH

x—1_ y—1 241
2 2 3’

2.128. CocTaBuTh ypaBHEHHE IJIOCKOCTH, NPOXOASIIEH Yepe3 mps-
MYIO

X—X% __Y—Y _2—2
ll 12 13
nepneHauKkyaAspHo maockocty Ax + By + Cz+ D = 0.
Ykasaunue. MHcnoabp3yliTe ypaBHEHHE IJIOCKOCTH, NpPOXOJsi-
et yepes TOUKY My (x93 Y5 20) Tapasyie/IbHO HOPMAJIbHOMY BEKTOpY

nnockoetd 1 = (4; B; C) u HanpaBJsIoOIEeMy BEKTOPY IIpsMOH 1=
= (ll7 12’ 3)

2.129. JlokasaTb, YTO BCe IJIOCKOCTH, NPOXOJSIIHE Yepe3 JaHHYIO
TOYKY H MEePHeHIUKYJ/SpHBIE [aHHOH IIJIOCKOCTH, NPOXOJAT Yepes
OIHY NPAMYIO, NEPHEHAUKYJIAPHYIO JAaHHOH IJIOCKOCTH.




TJ1ABA 111
BbilTYKJIBIE MHOIOI'PAHHHKH

§ 12. HATJIAAHASI TEOMETPU SI MHOTOIPAHHUKOB

Jutepatypa: [1], § 58, 59; [2], pasmen 2, § 43—45.

3.1. Iloka3aTb, 4TO He CYILECTBYeT MHOTOIDAHHMKA C HEUYETHBIM
YKC/IOM TpaHelf, KaxJasg H3 KOTOPHIX cOjep:Kasia Obl HEYETHOE UYHCJIO
pebep.

Pemenue Tak kak xaxpoe pefpo MHOTOTDaHHMKa IpHHal/e-
JKHUT B TOYHOCTH JBYM €T0 TPaHAM, TO ofLiee YHCJIO pefep MHOTOTpaHHUKa
MOXKHO HaHTH, MOACYMTAB YHCJIO pelep, NpPHHALIEKAIHUX KaxJI0H u3
rpaHell, CIOXKMB 3TH UHCJIAa W pas3fieslB NoaydeHHyio cymmy Ha 2. Ilo-
CKOJIbKY CyMMa HeUeTHOTO UHCJIa HeueTHbIX YHCe/ eCTh HEeUeTHOe UHCJIO,
TO OHa He MOXKeT ObITb HaleJo pasjeneHnoll Ha 2. CneloBaTe/bHO, He
CYIleCTBYEeT MHOTOTPaHHUKA, YJOBJETBOPAIOIIETO YCJAOBHIO 3aJauH.

3.2. JlokasaTb, urto: a) y Jr060r0 MHOTOIDaHHHMKAa YMCJO TpaHed ¢
HeYeTHbIM YHCJOM CTOPOH YeTHO; G) y Ji0GOTO MHOTOTPaHHHKA YHCJIO
BEpLIMH, M3 KOTOPHIX BEIXOJUT HEYeTHOE YHCJIO pebep, YeTHO.

3.3. IlokasaTp, uTO uHCJO pefep KaxXJAOrO MHOTOTPAaHHHKA He
MeHee 6.

Y Kk a3 aHue. Iloncynraiite Haumenblllee yucao pebep, IPOXOAs-
IIHX Yepe3 BepLIMHBI ONHOH TpaHu.

3.4. Jloka3aTb, YTO He CYILECTBYeT MHOTOTDAaHHHUKA, HMEICIIero
7 pebep.

3.5. JlokasaTb, YTO CYIECTBYIOT MHOTOIPAHHHKH C JIFOGBIM YHCJIOM
pebep, GosbuiuM 7.

Yxaszanue. PaccvoTpure #n-yroJbHYI0 NHPaMMAY HJIH ee
0o0belUHEHHE C TeTDa3APOM.

3.6. lokasaTb, uTO Kaxn1as TpeyrojbHas mnuparuga o6Jganaer
GeCKOHEUHBIM MHOXKECTBOM IIJIOCKHX CeyeHHH, uMmerunx gopMmy mnapal-
JejiorpaMma.

Y ka3 aHnue. [lrockocty ceuenuii napasesbubl IBYM NMPOTHBO-
NOJIOXHBIM peGpaM TeTpaszipa.

3.7. lokasaTh, UYTO KaxK1as TpeyrojbHas mNupampila o6Janaet
IIJIOCKHMH CEeUYEHHSIMHM, HMeIILHMU ¢dopMy pomba.

Ykxaszanue Yro6s mnapannesorpamm MNPQ (M € [AD],
N €[DBIl) 6w pomGomM, HEOOXOAMMO H JOCTATOYHO,  YIOGHI
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|AM|: |MD| = |AB|: |CD|. [Ias hokasarelbCTBAa 3TOr0 Hajo pac-
CMOTPETb NONOGHBIE TPeyrOJbHHKH.

3.8. JloxasaTb, YTO MNpaBU/IbHAas TpeyroJbHas nupamuaa obaa-
JlaeT KBaJPaTHBHIM IJIOCKHM CEUEHHEM.

3.9. I'pynna cummerpuil npasuibHoro Tetpasapa ABCD conepxur,
kak ussectHo ([2], pasmen 2, § 45.5), 24 saementa. OGo3HAYUM 3TH
3/1eMEHTBl COOTBETCTBEHHO
yepes S; TOXKJeCTBeHHOe OTOGpaxeHue,

» S, noBopoT BOKPYT BblcOTHl AA’, orobpaxawomuit B Ha C,

» s -»- -»- -»- B na D,
» S, -»- BB’ -»- A ua C,
» S - -»- -»- A nsaD,

e o o & s+ o e & & s+ e e e e e e s 2 & s o e

yepe3 Sy, MOBOPOTHOE OTPAXKEHHE C OChIO, MPOXOMALIEH yepes cepenu-
14 o
#u [AB] u [CD], yraom M TWIOCKOCTbIO, MPOXOASIIEH Hepes LeHTp

Terpasapa (MEepNeHAUKYJISIPHO OCH), 4epe3 Sy;; MOBOPOTHOE OTpaXeHHe
¢ ochlo, mpoxofsiel yepes cepenunsl [AB] u [CD], ymom% T U IIo-

CKOCTbIO, IPOXOJslIel yepe3 LEHTpP TeTpasapa,
uepe3 Sy, CUMMETPHIO OTHOCHTE@JbHO NPAMOH, MPOXOAAlleld uepes ce-
penunsl [AC] u [BDI,
yepes Sy, CHMMETPHIO OTHOCHTENBHO IJIOCKOCTH, NMpPOXOAsllefl uepes
[CD] u cepenuny [AB].

a) Haiitu o6pasbl Bcex BepIUMH TeTpasipa NpH KamIod us 24
cummerpufl; 6) NPONO/IKHTD 3aNOJHEHHe TalJ ullbl KOMIO3HLHIA:

[ | s | s [ ] =
S S1°S1='81|82°31= 2 Sa°81=Ss| s l324°s1=sze

S [S1e8,=8,8,085,=5|Se8, =8| . . . | .

. . . . . . . . . . . . l . . . ‘ . .

Saa ‘SloSu:S“. N [ -

Pemenne.

a) S;: A—- A, B—~B,C—~C,D—~D,
Se: A—->A, B—~C,C—»D,D—~B,
S;: A- A, B—~D,C—~B,D—~C,
S A—-~C,B—+~B,C—D,D—~ A4,
Syt A—C, B—>D, C— A, D — B,
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6) Ilns npuMepa pacCMOTPHUM  KOM-
nosuuuio S, o S,. CorsiacHo a) S,o Syt
:A—-C, B—~D, C— A, D— B.TIlpoc-
MaTpuBasi CTPOKH, BBHINHCAHHBIE B IepBOH
YacTH 3aJaull, 3amMeyaeM, yto Sy o Sy = Sy
MoKHO YCTaHOBHTD, UTO Sy0 Sy~ Sy 0 Sy,

3.10. [oxasaTb, 4TO MNEpPUMETpP Cceue-
HHS TIOBEPXHOCTH TNPaBHJIBHOTO TeTpasi-
pa MJIOCKOCTBbIO, NapasuiesbHOH IByM Hpo-
THBOIIOJIOKHBIM pe6paM M He NpoXOonsiiei
yepes peGpo TeTpasfipa, He 3aBHCHT OT TO-
ro, KaK MMEHHO NpOBeJleHa Takas IJIO-
CKOCTb.

3.11. Tlo nByM IaHHBIM CKpeIIMBAIOLIUMCS NPAMBIM CKOJIB3AT COOT-
BercTBeHHO OTpe3kH AB u CD, KaxIbli W3 KOTOPBIX HMeeT MOCTOSIH-
uyto 1nuHy. IlokasaTb, uto o6veM TeTpasppa ABCD coxpaHser mpH
STOM TIOCTOSIHHOE 3HaueHHe.

Y kasaunue. ononuure terpasnp ABCD po napannenenune-
na. Heo6xonuMo yuecTb, YTO OIHA W3 BBICOT 3TOTO NapaJiesenunesna
AIBJISETCS] PACCTOSIHHEM MEX]IY [JaHHBIMH NpSIMBIMH, @ MNJOLIafb COOT-
BETCTBYIOIETO el OCHOBaHMsl NMOCTOSIHHA.

3.12. loka3aTh, YTO MNOBEPXHOCTb Ky6a HeJib3s pacceyb INOC-
KOCTBIO TakK, YToObl B CeueHWH o6pa3oBajcs: a) CEeMHYTOJIbHHUK;
6) IPSMOYTOJbHBII TpeyrosibHUK.

3.13. [lokasaTb, 4TO BOCeMb LIEHTPOB IpaHell NpaBHJIbHOTO OKTa-
31pa CJYKaT BepLIHHAMM Ky6a.

3.14. Haiitu yron Mmexjay: a) MpOTHBONOJNOXHBIMH peGpamu Impa-
BHJIBHOTO OKTa3]pa; 6) HellepeCeKarolUMHUCs AHATOHAISMH IBYX CMEX-
HBIX TpaHell KyGa.

3.15. JlokasaTb, YTO He CYLIECTBYET BBIIYKJOIO MHOTOTPaHHHKA,
KaxJasi TpaHb KOTOPOro umesa Gbl Gonee MATH CTOPOH.

Pemenune. Brbepem BHYTpU Kaxjo#i rpauu Touky O; u co-
€JlMHUM ee CO BCeMU BepIUMHAMHU IPaHU. Tak Kak KaxIo# BeplIMHe MHO-
rorpaHHHKa NPHHALJIEKUT He MeHee TpeX IpaHeH, a Kaxjaas TpaHb
pa3buta yKasaHHBIM CIIOCOGOM Ha TPeyToJbHHKH, TO Kaxnas Touka O;
H Kax/as BeplIMHA MHOTOTPaHHHKA GYLYyT Temepb CJAYXKUTb OOliell Bep-
HIMHOA HE MeHee YeM IUeCTH TpeyroibHHKOB (puc. 19). Uucmo touek
O;, oueBunHo, paBHO uucay I rpaneii mHororpansuka. CrenoBarenb-
HO, ofillee YUCJIO TPEYrOJbHHKOB HE MEHbIIe YHC/Ia

6(B+1T)-

2EED — 2B+ 1),

rie B — yuc/io BepIIMH MHOTOIpDaHHHKA (3HAMEHAaTelb paBeH 3 MOTO-
MY, YTO KaXKJbli TPEYTOJbHHK HMEeT TPH BEepIUMHBI).

Tak Kak cymMMa yIr/ioB KaXJOro TpeyronbHHKa paBHa 2d, TO cymma
yIJIOB BCEX TPeyrONbHUKOB Hallefl TPHAHTYJASALHU

Sa>4d-T+4d- B,
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Uro6bl OLEHUTb CyMMY S IJIOCKHX YIVIOB JaHHOTO MHOTOrpaH-
HHKa, Hano u3 S, BbUECTb Cymmy yrioB npu Toukax O;, T. e.
4d - I'. ChenoBaTesbHO,

S=S8,—4d-T > 4d- B.

Ho, xak u3BecTHO, cyMMa IJIOCKHX YTJIOB BHIIYKJIOI'O MHOIOTpaH-

Horo yria < 4d, u noromy
S <4d - B.

ITosryyenHoe mpoTHBOpeuMe MOKashbiBaeT, YTO MHOTOTpaHHHKa, OT-
BEYailIero YyCJIOBHAM 33JayM, He CyLIeCTBYeT.

3.16. JlokaszaTh, YTO 1/ MHOTOIPaHHHKAa CIpaBelJuBbl COOTHO-
HIeHHUSA!

2P =3lg+ 4y + ...=38; + 4S5, + ...,
2P > 3rI', 2P > 3B,
rie P — uucio peGep MHOrOrpaHHHKa, [ — 4YHCJIO TpaHell MHOTO-
rpanHuka, B — uucino BepummH, ['; — 4HCIO i-yroNbHBIX TpaHed,
S; — yucyo [-rpaHHBEIX YIVIOB.

3.17. lokasaTb, YTO ecJM TOYKa NepeMellaeTc BHYTPH NPaBUJb-
HOTO MHOTOTpaHHHKa, TO CyMMa ee pacCTOSIHHH OT IIJIOCKOCTeH BCex
rpaHell OCTaeTCsl HEH3MEHHOH.

Y kasanue. HMcnompayfite o6beM MHOTOTpaHHHKA.

§ 13. AHAJIMTHYECKAA FTEOMETPH S MHOIOrPAHHUKOB

JTutepartypar [1], § 37, 58, 59; [2], pasmen 2, § 43—45.
3ajaun 3T0r0 maparpada paccMarpHBAIOTCA B IPSAMOYTOJbHOH
IeKapToBOH CHCTeMe KOOpIMHAT.
3.18. Iloctpoute H306pakeHHe MHOTOIDaHHMKA, OIpeAesIsieMOro
CHCTEMOH HepaBeHCTB:
220,
x—2z22>0,
x—2z—1<L0,
y—= > Or
y+2z—2<0.

V4 Pemenue. Hepasercrro
2 > 0 onpegeiaser NoJaympocT-
PaHCTBO, OrPaHHYEHHOE ILJIOCKO-
cteio Oxy W cocrosilliee U3 TOYEK
C HeOTpHIATeJNBHBIMH  amlJHKa-
TaMH.

Bropoe u Tperbe HepaBeHCT-
Ba ONpEeNeAIOT TPEXMEPHYIO No-
JIOCY, OTPaHHYEHHYIO IBYyMS Ia-
paIeNbHBIMU TIJIOCKOCTSIMU

a:x—z=0unf: x—2z=1.

ITockocTh o MPOXOAHT uepes
Puc. 20 ocb Oy (puc. 20), Tak Kak B ypaB-
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HeHuH 310H maockocTh B=0 u D = 0. YTo6hl NOCTPOUTH 3Ty MJIOC-
KOCTb, CTPOHM ee CJel {x — 2z = 0, Ha n1ockoctH Oxz.
y=20

ITnockoerh P mapamiensHa ocd Oy u nepecekaer ocb Ox B TOUKe
P (1; 0; 0). Crnenbl ee Ha KOOpPAHUHATHBIX NJVIOCKOCTSIX COOTBETCTBEHHO
napajneibHBl ClefaM INIOCKOCTH &, TaK Kak ¢ || B.

YerBepToe HEPaBEHCTBO MNOKA3bIBAE€T, YTO HCKOMBIH MHOrOrpaH-
HHUK OrpPaHHYeH IJIOCKOCTBIO

v y—z=0.

dra WI0CKOCTh MPOXOAHUT yepes ock Ox, Tak Kak 3gecb A = OuD = 0.
Ee crenamu ciyxat och Ox u Guccektpuca yria mexny Oz u Oy. He-
paBeHCTBO y — 2 > 0 mnoKasbiBaeT, YTO paccMarpuBaercs MOJYIpoO-
CTPaHCTBO, COfiepKaliee TOUKH ocH 0y C NMOJ0KHUTENbHBIME OPAHHATAMH
(y — 2z > 0, nanpumep, npu y = 2, z = 0, Tak uro Touka R (0; 2; 0)
NPHHAIJIEKUT 3TOMY NOJYNPOCTPAHCTBY).

Haxkowner, HepaBeHcTBO y + 2 — 2 < 0 mokaseiBaeT, 4TO paccmar-
pHBaeMbli HaM{ MHOTOTPaHHHK IPHHALICKHUT MOJYIPOCTPAHCTBY,
OrpDaHHYEHHOMY MJIOCKOCTBIO

S y+2—2=0
M PAaCIOJIOKEHHOMY «BJIEBO® OT STOH IJIOCKOCTH.

[Mocrpous JauHuM mnepecedenus o ) ¥ = (0Q), a N § = (RQ),
PNvy=®S),pNdd=(ET)uy N &= (QS), noyuum usobpaxe-
HYEe MHOTOIpaHHHKA.

Tak xak a || p u (OP) || (QS) || (RT), TOo 3T0 — TpeyroabHas IpH3-
Ma. Ha pucynke 20 uzobpaxena npusma ORQPTS.

3.19. HMs306pasutb MHOTOTDaHHHMKH, ONpefe/]sAeMble CIELAYIOIHMH
CHCTE€MaMH HepPaBeHCTB:

a) (0L x 1, 6) (x +2z2—2<L0,
0y L x—z2>0,
0z

o

B)

-

-

ool

-

TWAVA N

3.20. OmnpenenuTh CUCTEMOH HEPABEHCTB KaxKAbH H3 CJAEAYIOIIHX
MHOTOTPaHHUKOB: a) Ky6 ¢ BepmmHamu (2; 2; —1), (2; —2; —l)
(—2; —2; —1), (—2;2; —1), (2;2;3), (2, —2;3), (—2; —2;3),
(—2; 2; 3); ©) terpaspp c BepwmHamu (0; O; —2) 4; 0; —2), (0;
2; —2), (0; 0; 2); B) ueThipexyroJbHYIO NHpPaMHUIy C BepLIMHaMu (2;
1;0), (2; 1 0), (—2; —1;0), (—2; 1;0), (0; 0; 4); r) napannene-
nunen ¢ BepmmHamu (0; 0; 0), (4; 0; C), (8; 2; 0), (4; 2; 0), (0; 0; 3),
4, 0; 3), (8 2;3), (4;2;3).

61



3.21. HafiTu KoopaMHATHl BEpIIMH TETPasapa, 3aiaHHOIO Hepa-
BEHCTBaMHU:
y—2z2<L0,
Tx+y—2—7<0,
Tx — 2y — b5z > 0,
4y + 32 > 0.

Pemenue. PaccMorpum ueTeipe MIoCKoCTH

at y—z=0, f: 7x+y—2—7=0, y: 7x—2y —5z=0,
8: 4y + 3z = 0.

Bepmmnramu TerTpasipa GYAYT TOYKH II€PECEYEHHS] TPOEK STHX
miockocteli. Kaxnas u3 miockocrell o, ¥ 1 6 NPOXOAHUT uepe3 Hauaso
KOOD/IMHAT; 3HAYMT, OfHA U3 BEPLIWH JaHHOTO TETPasipa PacloJoXKeHa
B Hauage xoopzausat O (0; 0; 0).

Paccmorpum Tpoiiky miockocrefi o, B, 8. Pemas cucremy ypashe-

HUH
y—z=20,
{7x—|—y—z—7=0,
4y + 32 =0,

HalgeM, 9ro ¥ = 1, y = z = 0. CnenoBarenbHO, BTOpas BeplLIHHA
JlaHHOTO TeTpasApa Haxoautca B Touke A (1; 0; 0).
TakuM xe nmyTem HalineMm, 4TO
@NB NY=B0 L Du@NYNS=CE@—3;4).
3HauuT, MBI HalLIK Bee BepuuHel O, A, B, C naHHOTO TeTpasjipa.

3.22. HaliTu BeplUIMHBI MHOTOTPAaHHMKOB, 3aJaHHBIX B TEKCTe
3agauu 3.19.

3.23. [launl uersipe Bepuunsl 4 (0; 0; 1), B (1; 2; 3), C (4; —5; 6)
u A’ (7; 8; 9) napamnenenunena ABCDA'B'C’'D’. Haiitu KoopauHAaThl
OCTaJNbHBEIX €ro BEpLIHH.

3.24. 3apaTh mnapajsenenunel, pacCMOTPEeHHBI B 3ajaue 3.23,
CUCTEMOl HepaBEeHCTB.

3.25. YkKaszaTb BepUIMHBI KaKoro-Ju00 HenpsMoro mHapaJJeseny-
nefa, MOCTaBJIEHHOrO Ha IIocKocTh Oxy,

3.26. YxasaTb BepIUMHBl KaKOH-THOO YeTHIPEXYTOJbHOI IIpH3MHI,
NOCTaBJEHHO! Ha INIOCKOCTb X +y +2— 1 = 0.

3.27. Halitn BepIIMHBI KaKoro-1u60 NPaBHJIBHOTO TeTpasjpa,
MOCTaBJIEGHHOTO Ha IIOCKOCTh ¥ + y + 2z — 1 = 0.

3.28. HaliTu BepIHHBI OFHOrO M3 KYyOOB, PAacCIOJOXKEHHBIX Tak,
YTO OJHO W3 OCHOBAaHMH JIEKUT B IJIOCKOCTH X + y — 1 = 0 u oo
u3 pebep COBNAJAET G OTPE3KOM, COEIMHSIONMM TOUKH IepeceueHHus
3TOH mIocKocTH ¢ ocaMH Ox u Oy. 3ajaTh 3TOT KyO HepaBeHCTBaMH.
CKOJIbKO TaKHX KYGOB MOMKHO HOCTPOHTH?

3.29. HaliTu, npu KakKuHX 3HaueHHAX NapaMerpa a npsMas x =
= 2y = az, a 7 0 COEEepKUT BHYTPEHHHE TOUKH TeTpasjpa, pacCMoT-
peHHOro B 3anaue 3.21.

P emenune. [lauHas npsiMasi IPOXOAUT Yepe3 Haualo KOOPAHMHAT,
T. €. Uepes OfHy M3 BepLIHH JaHHOTO Terpasjapa. OHa Npoliier BHYTPU
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3TOTO TeTpPasipa TOrja H TOJbKO TOTAA, KOrJa IepeceyeT IIPOTHBOIO-
JIOXKHYIO TpaHb TETPasjipa B ee BHYTPEHHEH TOUKe.

CocraBuM ypaBHeHHe IIOocKocTH mno Tpem Toukam A (1; 0; 0),
B (1; 1; 1) u C (2; —3; 4) npuHajiexamuM TpaHu, IPOTHBONOJIOKHOK
Hayaay KOOpPAHHAT

x—1 y z
0 1 1I{=0 win7x +y—2z2—7=0.
1 —3 4

Hafizem Touky P nepeceueHusl 5TOH IVIOCKOCTH C JAHHOH NpPSIMOH,
peluuB CHCTEMY ypaBHeHHM:

x+y—2—7=0,
x =2y = az.

TTonyuaem:
14a 7a 14
A= Y= ———, 2= ——,
150 — 2 152 — 2 15a — 2
ITonaTHO, mepeceyeHye NPOU30OHUAET TOMIBKO NMpPH YCAOBHH, UYTO
2
a+= =.
15

Touka P po/KHA JIEKATh 1O TY K€ CTOPOHY IIOCKOCTH 8, 4TO H
BepuinHa B (1; 1; 1). Ho mnoxcranoBka koopauHatr x = 1, y = 1,
2 =1 B /eByI 4YacThb ypaBHeHHS MJOCKOCTH & maer uuciao 7 > 0.
CremoBaTe/IbHO, JOJKHO BHINOJHATHCS YCIOBHE

28a + 42 >0,
15a — 2 150 — 2

2 43
150 — 2
Touka P no/mxHa Jexarb IO Ty Ke CTOPOHY IJIOCKOCTH 0., YTO H
sepwunHa C (2; —3; 4). D10 NPUBOAUT K HEPABEHCTBY

a—2
— <0
154 — 2 <

Hakoneln, Toyka P JO/KHA JieXaTb IO Ty e CTOPOHY ILIOCKO-
cTH v, uro ¥ Touka A (1; 0; 0). DTo MPHUBOAUT K HEPABEHCTBY

6a—5
—_ = 0.
15a — 2 >

Wrak, 3ajaua cBOJUTCS K pelIeHUI0 CHCTEMBI TPEX HEPaBEHCTB:

T. € > 0.

2a+3
15a—22 >0,
a—

i 15 — 2 <0,
6a—5

| 152 —2 > 0.
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Pemas sty cucreMy, mosyaum:

z—<a<2.

2 5
Tak Kak yHCJIO -l—E-) HE NPpUHALJIEKHUT HHTEPBaANy .IE', 2[, TO 3TOT OTBET

H Xxapakrepuayer o0/acThb JONYCTUMBIX 3HaueHuH mapaMerpa a.

3.30. YKaszaTh Kakylo-iu60 BHYTPEHHIOIO TOUKY AJs KaxXAOTO M3
MHOTOT'DAaHHUKOB, IEpPeYHCJIeHHbIX B 3afaue 3.19.

3.31. Haiitu KaKyo-1160 BHYTPEHHIOIO TOUKY KaxJOH TPaHH Kaxk-
JIOT0O U3 MHOTOTPaHHHKOB, YyKa3aHHHIX B 3ajaue 3.19.

3.32. [lokasaTb, uTO TOYKa A sBJIseTCS €IMHCTBEHHOH OOIIeH Toy-
Kol ocu Oz u napaJiesenuneja, NpuBeLeHHOTO B 3afaye 3.23.

3.33. Ky6 ABCDA'B'C'D’', pnuHa JuaroHaju KOTOPOTO DaBHa
2a, pacnoJioXeH TaK, 4To LeHTp ero rpaHd ABCD HaXxoQuTCs B Hayalle
IPSIMOYTOJIbHOH JeKapTOBOH CHCTeMbl KOOpDAMHAT, BepminHa A —
Ha ocu Ox, BepwnHa B — Ha ocu Oy, anmiukarsl Bepuud A’, B’,
C', D' nonoxwutenbHbl. CocTaBUTh GOPMYJBL CIAEAYIOLMX Npeobpaso-
BaHHH: a) CUMMETDUH OTHOCHUTEJIbHO HeHTpa Kyb6a; ©) CHMMETPHH
OTHOCHTEJIbHO TNpsIMOH, coefuHsAwOmed cepenunbl peGep AA’ u CC';

T
B) moBopoTa Bokpyr ocu Oz Ha yroJa 12—; I) HOBOPOTHOTO OTPa)KeHHs C

1 Y T
ocblo Oz IIIOCKOCTBIO Z== 5@ V2 u yriom - ITokasars, 4TO 5TH Ipe-

obGpasoBanusi oToOpa)katloT KyO Ha cebs.

Pemenune. a) [lycte M (x; y; 2) — NpoU3BOJIbHAS TOYKA IIPO-
crpaHctBa, M’ (x'; y'; 2') — ee o6pa3 npu JaHHOH CHMMMeTPHH. 3ana-
ua COCTOMT B TOM, UTOGHI BHIDA3HTh NepeMeHHbe x', y', 2’ uepes x, y, 2.

aV?2

Ilentp S cummerpuu KyGa HMeeT KOODAMHATHI (0; 0; —Z—), AOTO-
My 4TO AJHHa pebpa ky6a paBHa a VQ_ CrenoBaresbHO,
x+x § z+4 7 9
Lzo' 3"*‘_3’_=0’ z+7Z _a 2

2 2 2 2

Tak yTo X' = —X, y' = —y, 2 =a V2 — 2.

Bepunner ky6a wumeloT cienylomue KoopAauHate: A (g; 0; 0),
B (0;a; 0), C(—a;0;0), D (0; —a;0), A’ (a;0;a}2), B (0;a;
aV?9), C' (—a;0;aV2), D' (0; —a; aV'2). Ilpu paccmaTpuBae-
MOfl CHMMETpPHH BepiuvHa A MEPEeXOAHUT B TOYKY C KOOpAMHATAMH
(—a; 0;a V'2), 1. e. B Bepmmny C’'. AHanorumuso npoBepsiercs,

YTO W OCTaJbHble BeplIHHB Ky0a OTOOpa)KaroTCc Ha BepILUHBI TO-
ro ke kyo6a.

Peluenue 3ajau 6) — r) mpefocTaBASeTCS YHTATEIO.



T'JIABA IV
NMOBEPXHOCTU BTOPOIO MOPAAKA

§ 14. UUJHHAPUYECKHE U KOHUYECKHE MOBEPXHOCTM.
MOBEPXHOCTH BPALUEHM A

Jurtepartypa: [l], § 60—62; [2], paspen 2, § 16—18.

3agaun 3TOoro maparpada paccMaTpUBAIOTCH B IPSMOYTOJIbHOH
JI€KapTOBOl CHCTEME KOODIMHAT.

4.1. CocraBuTb ypaBHEHHE LHJIHHIDUYECKOH INIOBEPXHOCTH, 06-
pasyioiue KOTOPO¥ mapaisieabHbl ocu Oz, a HampaBISIOWEN CIYXKHT
JuHUs nepeceyenuss cepnl x2 4 y% 4 22 =9 ¢ mIOCKoCTBIO X +
+y+z=1

Pemwesnue. Corracuo [1], § 62 uau [2], pasnen 2, § 16, ypas-
HEeHMe JaHHOH IUJIMHAPUYECKOH MOBEPXHOCTH MOXKHO 3alHcaThb B BHJE:

f (*x, ) = 0,
€c/¥ cucTeMa ypaBHeHHH
{f@d)=m
l =

3aJlaeT HANpaBJISIOUIYI0 NUIMHAPA, Jexalyio B miockoctu Oxy. Yro-
Obl HAlTH TAKYIO HAaNMpaB/ASIOUIYIO B HAllleM ciyyae, HEOOXOAHUMO CIpO-
€LpPOBaTh JIHHUIO IlepecedyeHHus

x2 + y2 _|_ 22 — 9’
x+y+z=1
Ha miockoctb Oxy. Dra MNPOEKUHS OTHICKUBAETCS HCKJIIOUCHHEM 2.

Ha#insg u3 BTOpOro ypaBHEHHS CHCTeMbl 2 = | — X — y W MNOJCTaBHB
3TO BhIpaKEHHE B [IePBOE ypPaBHEHHe CHCTEMbI, HOJYYHM:

LY+ 1l—x—yP=09
WIH
2ty xy—x—y=+4.
HMckoMast HanpaB/siomas 3ajaercss CHCTEMOH ypaBHEHHMH
P4yt xy—x—y=4,
z=0,
a ypaBHEHHe HMWJIMHIPUYECKOH NOBEPXHOCTH HMEET BHA:
Y4+ xy—x—y=4.
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4.2. CocraBHTb ypaBHEHHE [[UIHHIPHIECKOH MOBEPXHOCTH: a) o6pa-
3yollHe KOTOPOH mapasienbHel ocH Oz, a Hampap/sloLlas OIpenes-
€TCsl CUCTeMOH ypaBHeHUH:

xz )’2
9 4
z2=0;
6) o6pasyromiie KoTopoi napaJsienbHel ocu 0z, a HanpasasomAas onpe-
JeNfeTCs CHCTeMOH ypaBHeHHM:

[ 4y 422 =1,
(x+y=1
4.3. CocraBuTh ypaBHEHHe KPYLOBOH LHMJIHHAPHYECKOH MOBEpPXHO-
CTH IO CJAELYIOWHM JaHHEIM: a) OChIO CIYyKHT ocb Ox, pajuyc Hanpas-
Jsilomel OKPYXKHOCTH paBeH a; 6) ocblo cayxXHuT ock Oy, Touka (4;
2; —3) IpHHAINEXKUT MOBEPXHOCTH; B) OCbIO CJAYXKHT IpsMas
{y = 0, paguyc HanpaBJsOLel OKPYKHOCTH PaBeH a.
z = q,
4.4. CocraBuTb ypaBHEHHe UMJIHHADHYECKON IIOBEPXHOCTH, Ha-
NpaBAAIOLEd KOTOPOH CIYKHT OKDPYXKHOCTb, OnpefieisieMass CHCTEMOH
ypaBHEHHUH:

’

V+y+z=Q
xz _I_ }’2 _|_ 22 — 1’
a ofpasylomye napajieabHsl Bektopy v = (1; 1; 1).
Pemenue. Touka M (x; y; 2) NpUHAJIEKUT JAHHON LHIHHL-
pHUECKOH MOBEPXHOCTH TOTAA M TOJBKO TOTAA, KOTAa mpsAMas, Mpo-

BeJleHHas uepe3 3Ty TOYKY [0 HampaBJeHUI0 BEKTOpa U, NepeceKaer
HaNpaBJ/ISIoNYI0 JIUHUIO B HeKotopo#l Touke N (X; Y; Z). Takyro nps-
MYIO MOXKHO IPEICTaBUTh ypPaBHEHHSIMH:

x =X+t

y=Y 41,

z2=7+t
Tlepenuiiem 3TH ypaBHEHHS B CJELYIOLIEM BHJE:

X=x—4t Y=y—t Z=2z—1.

OTH BENHUYMHE JOJI2KHBI YAOBJIETBOPATH YPaBHEHHUAM HanpaB.nmom.eﬁ
JUHHUU U NIOTOMY

[

x—t4+y—t4+2—1t=0,

omyzmt:i‘.:“_g_iz_
CnenoBartesbro, X = x —t = 2x —33’—2 ,
Y—y—t=B—x—2
3
7 —z—t = 22—x—y ]
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INoncraBasis 5TH BHIPAXKEHHUS BO BTOPOE ypaBHEHHE CHCTEMBI, ONpe-
JleJisiolel HaNnpapJsIoLYIo, NOJMYYUM HCKOMOE ypaBHEHHE LUJIHHIPH-
YeCKOH MOBEPXHOCTHU:

3
2
4.5. CocTaBHTh ypaBHEHHe LUJIUHIPUUECKON MOBepXHOCTH, obpa-

3ylolye KOTOpoH napaJjiienbHbl NPSAAMOR Xx = y = 2, a HanpaBJsoLel
CLYKUT OKPYXKHOCTb

R+ e+ —xy—xz—yz— = 0.

{x2+y2+z2=9,
x +y+z2=1

4.6. CocTaBUTb ypaBHEHHe LUJIMHADPHUYECKON NOBEpPXHOCTH, 3Has,
YTO HANPABJIAIOWEH CIYKUT JHHHS
{x =y 4 2%,

x = 22,

a ofpasymoomye NepneHIuKY/ASPHb IJIOCKOCTH HanpasJ/somes.
4.7. Haiitu o6pasyoiuie UUJIHHAPUIECKOH IOBEPXHOCTH

By +E—xy—xz—y2—16=0,

npoxopsiell yepes touky A (0; 0; 4).
Y ka3 aHHUe 3anuludTe NapaMeTpuUyeckHe ypaBHeHHs oOpasy-
folmell, npoxoasimei uepes ganuyio Touky A (0; 0; 4) ¢ HanpaBJAAOLUM

BektopoM [ = (I3; 1y; 13), Bolpasus x, y, z uepes napametp £. [logcrasbre
B ypaBHEHHE IIOBEPXHOCTH IOJIyYeHHbEe BhIpaxKeHusi. IlpupaBHuBas
HYJII0 KO3(D)ULHEHTH NpY ¢ U {3, MOXKHO MOJNYYHTDb JBa ypaBHEHHs OT-
HOCHTENBHO Uy, l,, I3, KOTOpBIE ONpENENsIOTCS ¢ TOYHOCThIO IO 1IPOTOp-
IMOHAJBHOCTH.

4.8. TloctpouTh H306paxkeHHe LUJHHAPHYECKOH MOBEPXHOCTH, 3a-
IaHHO# ypaBHeHueM x — y% 4 4 = 0.

PemeHnue. ¥YpasHeHHe c JByMs NEPEMEHHBIMH X M y ONpese-
JgeT LUWIMHADHYECKYIO MOBEPXHOCTb, 00pasyloiluMe KOTOPOH mnapal-
JenbHbl ocd Oz. 3a Hampap/fIOULYI0 MOXHO NPHHSTH JIUHHIO Iepece-
ueHHs MOBEPXHOCTH C mIocKocThio Oxy (M. [2], pasnen 2, § 16, a Tak-
e pelleHde 3ajzauu 4.1).

Haunem ¢ mocrpoenns Hampab/souled JHHHH, KOTOpas 3ajaercs
cUCTeMOH YypaBHEHHH:

{x—y2+4=0,
z2=0.

YpaBHeHHe x — y? + 4 = 0 MOXHO NPHBECTH K KaHOHHUYECKOMY
BMAY NyTeM Mapa/l/ielbHOTO MepeHoca

|

x —4,
’
v,
_z,
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z IpH KOTOPOM Hayajo KOOpIHHAT
nepexonut B Touky O' (—4; 0; 0).
B HOBRIX KOoOpAHMHATaX TMoJyyaeMm

CHCTEMY YypaBHeHHI:

) = x,

{z' = 0.
Takas cucTema ypaBHeHHH ompe-
IessieT napaboay, y KOTOPOH Bep-
[IHHA pacrosioXeHa B Touke O, a
ochb HamnpasJeHa o ocu Ox’, coB-
najamomeil ¢ oceio Ox (puc. 21).
Panu yrouHeHus uepTexka IoJies-
X HO TNOCTPOMTb TOUKH IE€peceyeHus
Puc. 21 3T0# napa6oisl ¢ oceio Oy. Pewas

CHCTeMY ypaBHEHHH

’
z2=0,

nmonyunM: x = 0, y = &= 2, z=0. Ormerum Ha ueprexe Touku A (0;
2, 0) u B (0; —2; 0) u mpoBeneM uepe3 HUX HalpPaBJAILLYIO Napa-
6oay.

Uro6bl NONyYUTh HAIVIAIHBIA UYepTeXK, INOCTPOMM elle OAHY mapa-
Gony, o6GpasyeMylo H3 HalpaB/siOWEHd MNapasebHbIM IIePeHOCOM
BoJb ocu Oz. IlpoBeneM ele HeCKOIBKO 06pa3yIoOMIUX, COEIUHSAS TOY-
KH 3THX JBYX napa6oJ, pacroJ/ioxKeHHble Ha OQHOH napaJient K ock O0z.

4.9. HMso6pasurb UMIHHApPHYECKHE MOBEPXHOCTH, 3aJaHHbIE ypas-
HeHHeM:

a) x4+ 4y = 0; B) x* 4+ y2 — 2y = 0.
6) 3x% 4+ 2y — 6 = 0;

4.10. CocraBuTh ypaBHeHHe KOHHYECKOH [MOBEpXHOCTH, BepIIHHA
Kotopoli Haxogurcs B Touke O (0; 0; 0), a HampaBasicas onpeuess-
€TcA CHCTEeMOH ypaBHEHHH:

{xz—l—yz—l—z2——1=0,
5% +4y—2—1=0.

Pemenue. Ilyers M, (X;Y; Z) — HekoTOpasi Touka Hampas-
asomedt. ITapamerpuueckue ypaBHeHHsI o6pasyiomed (OM,) HMeloT
BUA: x=1IX, y=1Y, z2=1{Z,

oTkyjla mpu {0 X =

«*l.—-

1 1
x,Y—Ty,Z—Tz,
wm X =1tx, Y=~y Z=1tg,
rae ¢’ =

-l
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Tak KakK 3TH KOOpAMHATH JO/KHBl YIOBJETBOPATb YPaBHEHHAM
HanpasJ/somed JTUHUHU, TO

S5t'x + 4t'y — t'z — 1 =0,

OTKYyJa
from L
Sx +4y—z
CiiefoBaTenbHoO,
= V= 7"
5x + 4y —z 5x + 4y — =z 5x +4y —z2

IToncraBisis 3TH BhIpA)KeHUS B IE€PBOE U3 ypaBHEHUH HanpasJsio-
el JHHUM, [0JYy4YuM:

%2 y2 22
+ + —1=0.
(5x + 4y —2)? (Bx + 4y — z)2 (5x -4y —2)?
ITocsie cOOTBETCTBYIOMIMX YIPOIIGHUH NPHXOAUM K HCKOMOMY ypaBHe-
HUI0 KOHHUYECKOH INOBEPXHOCTH:

24x* 4+ 15y? 4 40xy — 10xz — 8yz = 0.

4.11. CocTaBuTb ypaBHEeHHe KOHHYECKOH MOBEPXHOCTH, 3Has ee
BepiinHy S (0; 0; 8) U HalPaBAAIOUWIYIO JHHUIO

z2=0,
y? = 4x.
Haiitu ofpasyiomnie 3TON NOBEpXHOCTH, JeXkalie B IJIOCKOCTH Oxz.

4.12. CocraBuTh YypaBHeHHEe IIOBEPXHOCTH, 0Opa3oBaHHOH Bpa-
meHHeM Mnapabo.ibl, 3aJaHHOH CHUCTEMOH ypaBHEHMH:

{22=2x,
y=07

BOKpYT ocu Oz.
Pemenune. Yrolu nosnyuurb ypaBHEHHe MOBEPXHOCTH Bpalle-
HUSA BOKPYT ocd Oz, NOCTaTOYHO IOACTABUTH BMECTO X B ypaBHEHHE

o6pasytomeit qunuu } x% -+ y? (11, § 61 uau [2], pasgen 2, § 18).
CJie1oBaTeNbHO,

2 =29 ]/xz + yz
HWIH B DaBHOCHUJIBHOH Qopme
2= 4x% 1 4y2,
4.13. CocraBuTb ypaBHeHHe IOBEPXHOCTH, 06pa30BaHHOH Bparue-
HHEM IpsMOK, 3afaHHOH YypaBHEHHUSIMU
{ x =0,
z = 2y,

BOKpyT ocu Oz. ¥YKa3aTh BHJ 3TOH NOBEPXHOCTH, IOCTPOUTD ee H3obpa-
WeHue,
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4.14. CocraBuTh ypaBHEHHe MOBEPXHOCTH, 06pa3oBaHHOH Bpa-
IIEHHEM OKDPYXKHOCTH, 3aJlaHHOH CHCTeMOH ypaBHeHHuH:

{(;c__—_3)2+y’= 1,

,
BOKpyT: a) ocu Ox; 6) ocu Oy.
4.15. CocraBUTb ypaBHeHHe KOHUUYECKO! MOBEpXHOCTH, 06pa3oBaH-

HOH NpSIMBIMH, NMPOXOASILIMMU Yepe3 Hayasl0 KOOPAHHAT H HAKJIOHEH-
HbIMH K ocu Oz mop yriom 45°.

Y kasaHue. Bocrnonb3yliTrech ypaBHeHHEM [OBEPXHOCTH Bpa-
IEH U .

4.16. CocraBUTb ypaBHEHHE KOHHYECKON MOBEPXHOCTH BpAIlEHHS
[0 CJHelyIOUMMM JaHHHIM: a) BepuiMHA Haxoputcsa B Touke S (0; 0; 1),
0ChI0 CTYKHUT ock 0z, oceBofit yros 30°; 6) BepliMHAa HAXONUTCS B Ha-
yajie KOOPAMHAT, OChbI0 ClYKHT ocb Ox, IOBEPXHOCTb NMPOXOAUT yepe3
Touky M (1l; 3; —4); B) u3BecTHH JABe o00pasyioliye

y =0, y =0,
x+2z2=0 u x—z=0
i Touka noBepxHoctd N (0; 1 1).

§ 15. UCCJIEJOBAHHUE NMOBEPXHOCTEHA BTOPOIO MNOP KA
0 UX KAHOHMYECKHUM YPABHEHHU IM

JJutepartypa: [1],§ 61, 63, 64; [2], paspen 2, § 6, 18—22.

4.17. Hanucarp ypaBHeHue cdepbl, 3Hasi, YTO ee LEHTP HAXOAUTCSH
B Touke A (1; —2; 3), a panuyc paBeH 5.

Y kasanue. Bocnombsyiitecs [1], § 61, dopmyna (4), wiu
[2], pasgen 2, § 6.

4.18. Hafitu KoopauHaThHl LEHTPa U paguyc cdeprl, 3agaHHOU
ypaBHEHHEM

x4+ y2 422 —12x + 4y — 62 = 0.
Y kKasaHue. Bropneaure nosHeie KBajpare C X, Yy, 2.
4.19. BrisacHuTh, Kak pacnojoxeHa Touka P (3; 1; 5) oTHocuTeb-
HO cdepsl, 33laHHOH ypaBHEHUEM
P4y 4+ —84 4y —42=0.
Y kasaunue. CpaBHUTe pacCTOsiHHe OT TOYKH P 10 LeHTpa
¢ AJMHOH pajuyca cdepsl.
4.20. CocraBuTb ypaBHeHHe ctepsl ¢ IeHTpoM B Touke A (1; —2; 3),
ec/id M3BEeCTHO, YTo cdepa KacaeTcs IJIOCKOCTH

x + 4y — 5z — 20 = 0.
Pemenue. YpaBHeHHe chephl C UEHTPOM B TOUKe A HMeeT BHA:
x—a?+4+ (y—058)?2+ (2—c)? = r?,

rae a, b, ¢ — KoopauHaTel Touku A, r — papuyc coepsl. Papuyc r
MOXKHO HafiTH KaK PacCTOsiHHE OT LEeHTpa cdepbl 10 KacaTeJbHOH IVIO-
ckocTd. Mcnonssys dopmyay (5) us [1], § 49.5, nmomyuum:
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14+4.(—2)—5-.3—20
s e e A
CrenoBartesqbHO, HCKOMOE ypaBHEHHE HUMeeT BHI!
(=124 (y + 2 + (z —3)* = 42.
4.21. BrisicHuTB, KaK pacno/ioxKeHa KaxJaas U3 IJIOCKOCTeH
2x+2y+2+2=0,

2x+2y+2+4+5=0,
2+ 2y +z2+11=0

OTHOCUTENBbHO Ccdeprl
=124+ @y—22+ (2—42—25=0.

¥ ka3 anue CpaBHHTe PacCTOSTHHS OT LEHTpPa cdeprl IO Kax-
Jo# U3 IJIOCKOCTeH ¢ AJHHOH pajuyca chepsl.

4.22. [loxasaTb, YyTO mpsMasi, 3ajlaHHasi CHCTEMOH ypaBHEHHH

{6x—2y—3z——38=0,
x—2y+4+22+4+2=0,
Kacaercsi ceprl, onpesessieMo ypaBHEHHEM
(c— 1P+ (v + 3 + 6 — 2 = 49.
¥ xas3anue. Hafinure paccrosinne or ueHtpa cdepsl Io mps-

MOl M CpaBHHTe ero ¢ LJIHHOH pafnyca cdeps (cM. 3anauu 2.119—2.121).
4.23. JloxkasaTtb, 4yTO c(epbl, omnpenensieMble ypaBHEHUSIMH

P4+y+2=1u +y4+2—-8+7=0,
KacaloTcsi OfiHa JpYro# BHEUIHHM O0GPasoM.

Pemenue. Ilenrp nepsoil cdheprl, paguyc KoTopo#l paseH I,
HAaXOJUTC B Hayaje KoopauHaT. IlepemuceiBasi ypaBHEHHE BTOpPOH

cepsl B BHIE
(c— 9+ +2 =09,

BUAHMM, 4TO ee HeHTp C umeer KoopauHathl (4; 0; 0), a paguyc paseH 3.
Takum o6pasoM, pacCTosHHE MeXAY LEeHTpaMH AaHHBIX chep

d = |0C| = 4.
ITockosnbKy cymMMa pajMycoOB TakKke paBHa 4, To cdepbl KacawoTcs
OfiHA JpYrofi BHELIHHM 00pasoM.
4.24. CocraBUTb ypaBHEHHMe IJIOCKOCTH, Kacawoulefici B TodKe
P (7; —1; 5) cdepsrl, 3a1aHHOH ypaBHEHHEM
x—1D2+ Y+ 3?24+ (2— 2% = 49.

Ykaszaunue. Eciu C— uentp cdepsl, 10 Bekrop CP — HOp-
MaJIbHBIA BEKTOP HCKOMOH IJIOCKOCTH.

4.25. CoctaBUTb ypaBHEHHS IIJIOCKOCTeH, NPOXOAAMIHX Yyepe3 TOou-
Ky A (0; 0; —2), napansenspunix ocu Oy M Kacawoomuxcsi cdepsl, onpe-
Jle/isieMOH ypaBHeHHeM

+ D24+ 24+ (z—32=1.
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4.26. CocraBuTb ypaBHeHHs Cep, LEHTPBl KOTOPHIX DACIOJIONke-
Hel B Touke C (—12; 8; 9) u KoToprle Kacawres cdephl, 3aJaHHOH ypaB-
HeHHUeM

2+ y+2—4=0

4.27. CoctaBuThb ypaBHeHUs chep, NPOXOAALMX Yepe3 OKPYKHOCTD,
OIpefeseMyl0 CHCTEMOH ypaBHeHUH

x4+ y:—11 =0,
z2 =0

H KacalomuXxcs IJIOCKOCTH, 3alaHHON ypaBHeHueM x + y + 2 — 5 = 0.

Y kaszaunue. llentp uckomo#l chephbl M€KUT Ha NpAMOH, Hpo-
XozAmel yepe3 UEHTP JAHHOH OKPYXHOCTH NEPHNEHAUKYJISAPHO K IIIOC-
KOCTH 3TOH OKPY:KHOCTH. PaccTosinus oT ueHTpa cdephl A0 JaHHOH
IJIOCKOCTH U JO KaKoH-JHOO TOYKH JNaHHOH OKDYXKHOCTH OLMHAKOBBHL.

4.28. CocraBuTh ypaBHEHHS cdep, BOMCAHHBIX B LUJIHHAPHUYECKYIO
IOBEPXHOCTb, 3aJaHHYIO ypaBHeHHeM x* + y® = 1, u Kacamowuxcs
IJIOCKOCTH, OmpefensieMoli ypaBHeHueM z — 2 = (.

Y kxaszaHue. lleHTp cheprl JieKUT Ha OCH UUAHHADPA U yjaJieH
OT JJaHHOH MJIOCKOCTH Ha paccTrosiHue, paBHoe 1.

4.29. CocraButbh ypaBHeHHS cdep, BOMCAHHBLIX B IUJIHHAPHUECKYIO
MOBEPXHOCTb, 3aJaHHYI0 ypaBHeHHeM x° + y> — 2x = 0, u Kacaiwo-
MIMXCSl MJIOCKOCTH, YPaBHEHHE KOTOPOH HMEeT BUA:

3x —6y — 22+ 6 =0.
4.30. OmnpeniesiuTh BUA MOBEPXHOCTH BTOPOTO MOpPSAKA, 3aLaHHON
ypaBHeHHEM
4x% 4 4y? — 22 — 16y + 20 = 0.
ITocTpouts ee usobpaxkeHnmue.
PemeH ue. Bopenus nonHuifi KBajpar ¢ y, 3alUileM ypaBHe-
HHe B CJe[yIolIeM BUIe:

1
x* + (y-—2)2—74—z2=-——1.
ITpoussenem napaJjiienbHLIH [EPEHOC CHUCTeMbl KOOPAMHAT, HOMe-
ctuB Hawajo koopauHaT B Touky O’ (0; 2; 0). Tako#i nepenoc Bripa-
Kaercs (opMmyTaMH

’

x=x',
y=y +2,
2 =2.

TITocsie aTOro mepeHoca ypaBHeHHE JAHHOH MOBEPXHOCTH Ipeobpasyercs
K BHLY:

Py —F =1,
CpaBuuBas ero ¢ ypaBHenuem (9), npueerexuoiM B [1], § 63.4,

WM C ypaBHeHueM (4), npuBeneHHwM B [2], pasgen 2, § 20, saxiiouaem,
YTO OHO OMNpefe/sieT ABYNOJNOCTHHIH runepGosonf BpalleHHs.
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Hzo6pakenue Takoro rumep6o-
Jouna TpHBELEHO Ha puc. 22.

4.31. OnpepenuTb BHJ TNOBEpX-
HOCTH BTOPOTO MNOpPSAKA, 3aJaHHOM
ypaBueHuem x* -+ 2y% + 22—2 =0.
Ioctpouts ee nsobpaxeHue.

4.32. OnpenenuThb BHJ NOBEPXHOC-
Telf BTOPOro TnopsjKa, 3aJaHHBIX
CeLYIOIUMH ypaBHEHHUSIMHU:

a) x2 4 2y* + 322 — 24 = 0;
6) x2 — 2y 4 322 = 0;

B) x? —2y* + 3224 6 = 0;
r) 2x> 4+ y2 — 82 = 0;

o) x*— 292 — 322 = 0

e) 24 — 4y — 22 = 0;

XK) x* = 6z

3) 9y — 16x> — 144 = 0.

[TocTpouts H300paiKeHUs] 3THX IIO-
BepXHOCTel.

4.33. OmnpeneauTb BHI CJIELYyIO-
IMX [OBEPXHOCTEH BTOPOTO NOPANKa:

a) x? 4 2y%2 — 322 4 2x + 4y — 62 = 0;

6) z = x* + 3y* — 6y — I;

B) 4x* — y? + 42* + 4y + 322 4 56 = 0.
TlocTpouTh HX H306paKeHHS.

4.34. OnpenenuTb BHJ [OBEPXHOCTH BTOPOro MOpsjkKa, 3aJaHHOH
ypaBHeHHeM z = xy. IlocTpouTh ee u3o6GpaxceHue.

Pewenue TIlpousBeseM noBopoT CHCTEeMbl KOODAMHAT BOKPYT
ocu Oz Ha yroa 45°. Tako#i moBopoT Beipaxkaercsi GOpMyaaMu

ot VZ

y=r 2T 4y B
z2=2.

[Tocie Takoro npeoGpasoBaHUsI CHCTEMBI KOODJAMHAT YypaBHEHHeE
JIaHHOH MOBEPXHOCTH MOJYYHT BHA:

.2 2

WJIH, UTO TO 2Ke€:

._.
—l<

CpaBHuBasi ero ¢ ypasHeHueM (2), mpuseneHuniM B [1], § 64, 2,
uin ¢ ypaBHenueM (5), npuBefeHHbM B [2], pasmen 2, § 21, sameuaeM,
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YTO NaHHOe YypaBHEHHe Ompeje-
Jsier runepbosuyeckuii mapato-
JIOHA.
H3o6pakeHue 3Toli moBepxHOC-
TH NMpHUBENEHO Ha pPUCYHKe 23.
4.35. YCTaHOBUTb BUJ MOBEPX-
HOCTe#l BTOPOTO NOpsiiKa, 3ajaH-
HBIX CJAeIYIOUMMH ypaBHEHHUsIMH:
a)xz+ 224 2= 0,
6) x* + xy —xz2—yz —x+
+2=0
Puc. 23 ITocTpouTh H306paxKeHns STUX MO-
BEPXHOCTeH.
4.36. TlocTpouth ceueHHs KOODAMHATHBIMHU IIIOCKOCTSIMH IOBEpX-
HocTel, 3aflaHHBIX CJAENYIOMMMH YDaBHEHHAMH:

a) 2x%* + 2y% + 422 — 3 = 0; 6) 9y% + x2 4 18z = 0;
B) 4x? 4+ y2 — 22 = (; r) 2x* — 3y? 4+ 222 + 12 = (;
I) 3x2 — y? — 422 + 12 = 0; e) X2 4 y2 —2z—2=0.

4.37. Haiitu papuyc OKpY»KHOCTH, IIO KOTODOH nnocxocn onpe-
JelsieMasi ypaBHEHHeM 2z = g, mepecekaeT cdepy x® + y* 4 2 =

4.38. HaiiTu nosyocu M BepIUMHBI 3JJHICA, MO KOTOPOMY ILIO-
CKocTb ¥ — 2 = ( mepecekaer 3JJIUICOUA, ONpeLesAeMblll ypaBHEHHEM

3x? 4 4y% + 1222 — 48 = 0.

4.39. HafiTu BepmnHy u (oKasJbHBIA napamerp napaGoJibl, IO
KOTOpOH mIocKocTb y 4+ 6 =10
Z mepecekaer 1apaGoJIOHI, OIlpe-
JlensieMblil ypaBHeHHeM

x* — by? + 1202 = 0.

4.40. Hafitu npsiMoJMHelHbIE
obpasylouiye OAHONOJOCTHOTO ['U-
nep60ﬂopma 3aJlaHHOTO ypaBHe-

2Ly 2 _ -
HHEM —I— " T 1, mepnen
IuKyaspHele ocu Oy.

Pememnue Bocnonbsyemes
ypaBHEHHAMH TpSIMOJIHHEHHBIX
o0pa3yiomux (cM. puc. 24) srof
NIOBEDXHOCTH NEPBOrO BHJAA, NPH-
BefeHHbIME B [2], paspmen 2, § 22:

Pl(% J "‘)"‘71(l+ 2)
Puc. 24 ql(%‘_) plk _%)
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[MepenuieM 3Ty CHCTEMY ypaBHEHHH B C/€YIOLIEM BHIE:

{4p1x — 6q,y + 3pyz — 129, =0,
4qix + 6py — 312 — 12p, = 0

¥ HalileM HanpaBJAAIOIUHA BEKTOp v HCKOMOH ofGpasytomei:

V= ( —6q,  3py
6p; — 34,

; 4p1 - 6q1
49, 6p;

3 3p1 4p1
— 391 44,

OTKyAa
v=(3(gd —pd); 4pygs 4(p} + ).

ITo yc/OBHIO BEKTOp U JOJIKEH ObITh HepleHAuKyJspeH ocu Ox.
ITostomy

v-i=0,
rae i = (1; 0; 0), otkyna 3 (qf — pf) = 0.
CJlef0BaTenbHO,

P = E£qs.

Taxk xak JOCTaTOYHO 3HAThb OTHOLIEHHE YHCesd p; U ¢;, KOTOphE He
MOTYT OBITH OJHOBPEMEHHO DaBHBIMH HYJIO, TO IoJaraeM ¢, = 1 u
HaxoauM p; = —=1. IlofcraBnsia sHaueHus p; U ¢, B Ipeo6pasoBaHHYIO
CHCTeMYy ypaBHEHHMH, HaXOAUM:

4x — 6y + 32 — 12 = 0,
4x + 6y —32—12=0
58
4x + 6y + 32+ 12 =0,
4x — 6y — 3z 4+ 12 = 0.
AHnanoruyHo MOXKHO HaWTH NpSMOJIMHEHHbE 00pa3yIoliHe BTOPOro
BUA:

(i—2) a1+
i

CoOTBETCTBYIOIHE BHIKJIAAKH MPOBELHTE CaMOCTOSTENbHO.
4.41. Haiitu npsmosuHefinbie o0pasylomue runep6osoupa, 3a-
2 2 2
JaHHOTO ypaBHEHHEM x—é- + yz_ % = 1, mpoxoisiye yepe3 TOU-
ky A (6; 2; 8).

Ykasaunue, Cum. [2], paspen 2, § 22.

4.42. Haiitu Te npsMosuHefiHbie o6pasyolyie TUIep6OIHYECKO-
ro napaGosoupa 4y* — x* =z, KoTopble 00pasywT C NpsAMOH
x4+ y =0, yron 45°,
z2=20



4.43. Haifitu npsaMosnuHelinbie o6pasyolye runepGoNHUeCcKoro na-
paGosouga x® — y® = 4z, mapaJuiesbHBle INUIOCKOCTH X + y + 2 —
—1=0.

4.44. HaiiTu MHOXKECTBO TOYEK, DaBHOYJAJEHHBIX OT IBYX Iep-
HEHAMKYJISPHBIX MeXay co00f CKpEIUBAOMUXCA MpPSAMBIX.

¥Yxasanue. OmHy u3 IaHHBIX NPAMBEIX CJIEAYyeT NPHHATH 3a
oCb KOODAMHAT; APYrofl OCbI0 KOODAMHAT MOXKET CJYXKHTb OOIIHi
NeprneHAuKyAap K AaHHBIM CKDPEIIMBAIOWHKMCA IIPAMBIM.



OTBETbI

Taasa 1
11 AN = (=1 i)
P SRR
— —>
1.8. BC= (—1;1;0), BD = (—1;0; 1).

11
C_‘_5=(0;—1;l),A—E= -5; Ei 0.

F
1 6l
1.9. A_E=(0;l;l), A_E)-= (-—2—;0; 0}, E,Ta=(?;1; 1), BTE1=(0; .
—
G

1
F 2

L1 Q(2; —4;3), S (0; 0; —1).
1.12. 0’

1.14. 0’ (—3;

1

8
1.15. e, = (——' E; O)R” ey, = (— Y ;3 0; 1>R" es = (1, —1, O)g,,
1.16.

—~

—x' +y -+ 1,

119 M (—1; 1; —)p,

1.20. { x= X',
VY., V2.,
YT Y T

z=l/_2_y'—}— !/_2_z’—]-1,
2 2
1.21. , 1/22 (r—

X
y =y, a N(—VZ% 1; O)r.
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»’ —
7z 1.22. =x,

x
A y=br o+,
K . _VT
D z = 5 (z—y+1
n K (0, _Vg' 5rV2 V2>
- 2 2 Jr
0= ] 1.25. D (10; 1; —2).
Y 1.28. C; (2; 4;9), C, (—8; —6; —1), C4 (10,
r °p 1. ?
1.29. A (—5; —1;2), B (—3;1;8).
B c 1.30. C (2xy — X413 2y, — y13 22, — 7).
X
Puc. 25 1.32. A _3t , Ay = Lo=—2L
5 7° 2
1
1.35. A (4—, — 8; 12}, MZ(IE, —2; 2),
M 1 1 3], B 3—2- 3 7 13)
AU ) (”3” /
2 2 2
1.36. —1—3 2—; 3—]; 6) (—15; 16; 17).
a) ( 37 %3 3) ) ( )
1.40. Ecau ocu KOOpAMHAT HanpaBUThb 1O TpeM peGpaM Ky6a Tak, uTOGHI H3BATOE
pe6po pacnosaranoch B nnocxocgu Oxy napansnenbso ock Oy, TO UEHTp THXKECTH
6
6yIeT HaXOAUTbCH B TOYKe P (—1—1 a; —;— a; ﬁa) , TIe a — nauHa pebpa KyGa.
1.41. Ecou npunath Touky A 3a HauaJo KOOpAMHAT ¥ HanpaBuTb (AB) no ocu Ox,
'5
a (BC) napansensio ocu Oy (puc. 25), To LeHTp TaxecTH 6yAeT B Touke P (E’
1, L)
2’ 6/
1.43. x= —2.
1.50. 14 V3
1.51. 15 V3.
1.52. 12 V2.
1.55. —7i — 6] -+ 5F.
1.56. Ilpu JoGom z.
1.57. 2= 5.
1.58. x = 30, y = 51.
1.59. —3i — 8] — 4F; 0:
—57i — 152j — 76k; V89
E p—
1.60. — V6L
2
1.62. | BD| 2
.62. | = V%
1.64. (Z, 5: 5) = 24, (ze;: z_): z_[)= —24, ecay mpaBblii 6a3HC CYUTATh MOJNOXKHTENLHO
OPHEHTHPOBAHHEIM.
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1.65.

1.66.
1.67.

1.68.
1.70.

1.71.
1.72.

1.74.

(u v, w) = 35. Ecau cuntaTh npaBblii 6asuc MOJOKHTENbHO OPHEHTHPOBAH-

- > > - >
HBIM, TO Tpom(a BeKTOpoOB 4, U, W — npasad, a Tpouxa BEKTOpOB v, W, —u -
JieBas.

=121+ j—".

11; 147 — 56k; —55i + 66] + 11k;
8+ 74 2; 4;

641 — 84] + 16k; —5i — 18] + 83k,
1) Her; 2) ner; 3) na.

3
1.75. (0;1—; O
[o:1579)
1.76. 5.
1.77 (E 3 0; —1 !
obi. 6 » Vs T 6
1 1
1.78. [— =—7V 14
ililgh R=5V
1.79. 135°.
- 1 N 2
1.80. 1) cos (v, Ox) = 3 cos (v, Oy) =—73
O ) 2*
cos (v 2 3
2 N 2
2) sin (v Oxy) = —, sin (v, Ox2) =——,
3 3
1
n 0 =—.
si (v y2) 3
1.81. 45° wau 135°.
1.82. cos @ = cos & - cos B (cM. puc. 26).
1.83. arccosVT(s.
1.84. 60°
1.85. arccos .
vV
1.86. 14.
1.87. V'26.
1.88. 2773,
1.89. 10V 2l +2V 2+ 2V 7%.
1.91. A’ (1; 4, 7) B' (—2 —2;5), C' (0;
—5; 11), D’ (3
1.92. 49.
1.93. 17.
1.95. 12—2.
6 Puc. 26
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Q
A S—

A
Nl

Puc. 27
1
1.96. —.
3
6 6
1.97. hy=—— , hp=—77,
AT yane T B YEg

L8 8
=y "0 TV

Pl

Puc. 28

— -l 2
1.98.V=13,S=V1411+1/86+3V3099+—5V1419,h=—1—4_1—1.

1.1064. Konuyeckass MOBepXHOCTb C BePUIMHON B HayaJle KOOpJMHAT.

1.105. a) ITlnockocts Oyz; 6) MmIOCKoCTb, npoxojsmasi yeped Touky (1; 0; 0) mapaj-
JejbHO miockoctd Oyz; B) MJIOCKOCTb, NMpoxonsuiast yepes Touky (0; —5; 0)
napasienbHo miockocts Oxz; r) Haualo koopamHat; 1) och Oz; e) mycroe
MHOXECTBO TOUEK; ) NOBEPXHOCTb NnapaGo/HyYecKoro HHJIHHApA; 3) oObefHHe-
HHMe TpPeX KOODAMHATHBIX IJIOCKOCTelf; M) oObefHHEeHHe ABYX IIJIOCKOCTeH, mna-
paJienbHBX MIockocTH Ox2z; K) MOBEPXHOCTb KPYFOBOTO LMJIHHAPA ¢ ockio Ox
pamuyca R = 2; a1) cdepa pamuyca R = 4 ¢ uentpoM B Touke (1;2;3);
M) oGbefiiHEHHe MJIOCKOCTH, Mpoxoasmeii yepe3 Touky (1; 0; 0) napasenbHo

Puc. 29

1.107.

1.109.
1.110.

80

miockoctd Oyz u  cdepsl pagmyca
R = lc ueHTpoM B Hayale KOOp-
JMHAT; H) OoObefMHEHHe IIJIOCKOCTH
Oyz ¥ TJIOCKOCTH, e mapajesbHO
u npoxoasuiei yepes Touxy (3; 0; 0);
0) KOHHYeCKas IOBEPXHOCTb C Bep-
LIKHOH B Hayuajle KOOPJHHAT.

2=+ 2V'5;0;0), (0; =4;0), (0;0;
8), (0; 0; —2).

CM. puc. 27.

a) Ocb Oz; 6) npsiMasi, NPOXOASAIIAS
yepe3 Touky (5; 0;—4) napanienbHO
ocu Oy; B) mapa mpsMeIx (puc. 28),
napaJienbHeix ock 0z ¥ NpOXOASLUIUX

COOTBETCTBEHHO Hepes TOYKH ]_g_?’_;
1 3 1
5 0) n (— V—;;E;O); r) (0;

3; 0) 1) mapaGoJa, Jiexamiasi B 1J10C-
KocTH y —3 = 0 ¢ Bepunsoii A(0; 3;
0) u ocblo, napajuenpHoit ocu Oz
(puc. 29).
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I
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s
N i . ! _Z__ =z
s, l0 9 {
P
| X
« i 3 | (4
4 l? 4
Puc. 30

1.113. a) OTKpHITOE NOJYNPOCTPAHCTBO, OrPAHHYEHHOE MIOCKOCTBIO Oy2 K BKJIOYAIO-
wee Touky (1;0; 0); 6) 3aMkHyTOE [ONYNPOCTPAHCTBO, OrPaHHUYEHHOE
IVIOCKOCTBIO y = | ¥ BK/IOYaloLlee Hayaslo KOODAHHAT; B) MHOMECTBO TOYeK,
pacnosioxeHHbIX Ha cdepe paguyca R = | ¢ UeHTPOM B Hayajlle KOODAHMHAT H
BHe 3Toli cheprl; T) BHyTPeHHsIs 06/acTb KPYTroBOTO LWMJIMHAPA C ocbio Oz pa-
auyca R = 1.

1.114. a) «Beckoneunas npusMa» (puc. 30) ¢ pe6pamu, napaJJie bHEIMA KOODIHHAT-
Ho#t ocH 0z H MPOXOASAIMMH Yepe3 TOUKH (+2; +2; 0); 6) MycToe MHOXKECTBO
TOYeK; B) Ky6, pe6pa KOTOPOro napaJJelbHbl KOOPAHHATHEIM OCAM; I) NyCTOe
MHOXKECTBO ToueK; J) mpsiMasi, Mpoxojsimas yepe3 Touky (1; 0; 0) uapansens-
HOo ocu Oz; €) nojoca (puc. 31), orpaHuYeHHass NPSIMBIMH, MapaJsJIegbHEIMH
ocH Ox ¥ NMPOXOASIIUMY COOTBETCTBeHHO Yepe3 Touku (0; 1; —1) u (0; 1; 1).

1.117. xyz= 0.

1.118. (x4 y2) (x4 2%) (y2 + 22) = 0.

X2 y24 22

1.120. -b—z - = 1, roe ¢ = a2 — b3,
2 2 2

TR Mt AL A

r? r\2
g

L123. [ 24 y2 4 22 < |,
Lx>0.

L124. (x* 42

@ T =h
z2=0.

1.125. { 10x+ 2y —35=0,

y=0.

1.127. TlnockocTs, MpoXoAsulas NeprneHAHKYJIsPHO oTpe3Ky AB uepes ero cepenuny.

1.129. TlnockocTb, napaJjienbHasi JaHHEIM IUIOCKOCTSIM.

1.130. a) IlaockocTs, npoxoismas yYepe3 TOUKY A NepreHAHKYJSPHO K NPsMOH p;

6) 110BepXHOCTb NapaBGOHYECKOr0 UMIHEAPA.

81



Trasa 11

2 8. 4x—5y—z+ 13=0.

2. 4. (22—21) x+ (xl —X2)Z'—‘le2+ X2 = 0.
2. 5. pgy — pyz = 0.

2.6.9y+72—3=0.

2, 7. 8x+ 44y 4 232+ 9 = 0.

2.8 x+y=0.

2,9 x+y+z=0.

2.10. 6x — 7y + 62— 94 = 0.

2.11. 2x —3y+z—14=0.

2.14

e
et
D

2.17.
2.23.

2.24.

2.26.
2.27.
2.29.
2.30.
2.31.
2.32.

2.34.

2.35.
2.36.

2.39.
2.40.

2.41.

2.42,
2.43.

2.44.

2.45.

2.47.
2.49.
2.50.
2.52.
2.53.
2.57.
2.58.

. TlnockocTs: a) mapanneibHa ocu Oy; 6) napaisenpra niockocty Oxz; B) mpoxo-

IHuT yepe3 ock Ox; T) IPOXOAUT Yepe3 HAayalo KOOPAUHAT.

. a) Jlexkar, 6) He Jexar, B) Jiexar.

z2= 2—7 .
a) 35x —y -+ 1124 37 = 0;
6) 10x + 7y + 15z — 108 = 0.
a) IlnocKocTH pa3MuyHBl M NMapajilesibHbl; 6) IVIOCKOCTH COBMAfAlOT; B) IVIOC-
KOCTH IepeceKaloTcs; I') MVIOCKOCTH MepeceKaioTcs.
x—2y+42—17=0.
2x+3y+42—1=0,x+3y+9=0,2—1=0.
a(x—y—z—1)+pB2x+3y+42—5)=0.
ay+ Bz=0.
3x4+2y+5z2—1=0.
(PoAy — qoA2)x + (PoBy — qoB2)y 1 (PeCy — qoC2) 2+ (PoDy =~ qoD3) = 0,
e po = Agxy + Bayo + Cozo + Do,
go = A%y + Byys + Cizo + Dy
A 4l D 73
=Yy Ty
ITnockocts Oxz2.
A0,
{ B=2A+4D,
C=A—D.

IMpu A %= —3.
2x —3z2=0.

2 2 1
. —_ e o 2_.
a)3,6)33, B)27.I‘) 5

7.
o ¥V3.2V3
t] 3 ’ 3 .
3
e
\D—D'|
VETBEFC
x+y+z=0ux+y4+2z—6=0.

ITapa miockocTel, napasJieNbHbIX AaHHBIM MJIOCKOCTSM.

{Iapa ginocxocreﬁ, NPOXOASIKX Yepes JIMHUIO [IepeceyeHus JaHHbIX IOCKOCTel.
0; 0; 3).

3x—2=0ux—z=0.

x4+ 20y+72=0ux—2z=0.

ITyuok muockocreit ax + By = 0 npu A = B = 0, no C 5= 0. Enuncreennas
miIockocTh Bx — Ay == 0, ecan w60 A 5= 0, nubo B 5 0, 1u6o ofHOBpeMeH-
Ho A= 0 u B+#0.
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2.59.

2.60.

2.62.
2.65.

2.66.
2.67.
2.68.
2.69.

2.71.

2.72,

2.73.

2.74.

2.75.

2.77.

2.78.
2.79.

2.83.

n n

a) 3,6)6-

cos =—-——‘ﬂ'—‘— coscp=——_£_.\='
hEymipre N ymEtBRELC’

|C\

OB yErB O

V3—=1;1;1).

a) (¥ =x, 6) x:=2—x, B) x:=3—y,

{y,’=y, {y,=y, {y,=3—x.
2 = —z 7=z =2z

(13; 05 3)

(7 1, 0).

(4; —1;3)

(15 3; —2)

x=0, {x=0.

[y=t, z2= 0.

z2=0,

x=0, {x=0,

{y=1, y—1=0,

z=1,

a) ((x= 14 2¢, 6) =14 2¢,

{y=—3+7ty { = —9,
2= 0,5+ 2¢, z= 10,5+ ¢,

x—1 y+3_z—0,5 x—1 y+3 2—05

2 7 2’ 2 o 1’

B) x=1+_|%t, r)( x=at, x y z
y=—4+1 {=bt, —= =

{z=5—3t, z2=ct, é b ¢

x—1 y44 2z—5

2 1 =3’

H (x=1L xy—1 y—1 2z o (x=1—4 x_1 y 2
y=1, == y=t, =T =
z—t O 0 1 z2 =0, -1 1 0

a) (x=1t, 6) ( x =xo+ 18,

{y=2t, {}’:)'o‘l'lzt:
z2= —1; 2=z + lst.

{ 13x—112+ (llzo"'—lsxo)= 0,
I3y — lpz + (lzg — I3yg) = 0, ecau 1340,

a) (x=1, 6) (x=1¢t—0,8,
{y=0r [ =t'—1,6,
2= —1; 2= 1

B) ( x=1—2¢, r) (x=141
z2=4 -+ 1Tt z2=2—1

x-—5,5_l__z-
3 20

{ 7x—2—4=0,

Ty — 1224 1= 0.

a) Ipsimas napasnensHa ocu Ox; 6) npsiMas coBnajaer ¢ ocelo Oz B) npsaMas
napaJsJiesibHa MJ0CKOCTH Oxy; I‘) npsaMas MPOXOJHUT uepe3 HauyajJo KOOPIAHHAT;
I) npsMas nepecexaeT ocb Oz M Bce KOODAMHATHHIE IJIOCKOCTH.
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2.87. a) Ilepecekatorcsi; 6) npsiMasi NPHHAAJEXKHUT IJIOCKOCTH; B) HE MEPECEKAIOTCS ;
r) He nepecexaxo'rca' ) TepeceKarTces.

2.89. L=

2.92. a) 31x—|— 3y + llz— 0, 6) x —5y-46z—16=0,
B) 7Tx —4y — 52 — 17 =

2.93. 2},—4y—z—2—0

2.94. a) Lx — ;2= 0; 6) x=20;8) z=
r) ax+ Pz=0, rie o ¥ B — moGsle AefiCTBHTENbHEE YKHCTA, ONHOBpe-
MEHHO He DaBHBIE HYJIO.

2.97. a) Pasnuunble napaJJiesnbHble NpsiMble; 6) NpsiMBle NEpPeceKalTCss B TOUKe
(0; 1; 2); B) npaMble COBNAJalOT; I') CKPEL{UBAMOUIMECS MNPSMBIE.

x + _¥y= 3 z—4

2100 - ’
2 5 1
0) x+l_y—3 z—4 x+1=0,
o 1 1 Hm {y—z—l—l=0.
2.101. x ¥y _z
1 —4 3

2.102. Ilpsimast coBnagaer ¢ ocbio Ox.
2.103. a) IlnockocTH HMEIOT eHHCTBEHHYIO O6ILYI0 TOUKY (2; —2; 3);
6) TJIOCKOCTH He MMeloT oblieli TOUKH H NOMapHO NepeceKalorcs;
B) IVIOCKOCTH Pa3J/IMYHBI U NepeceKaloTcsi Mo OJHOH MpsIMOH;
T) IJIOCKOCTH Pa3JIHYHEI H He MMeIOT OobLiell TOUKH; nepBasi M TPeTbs MJIOCKO-
CTH TNapajilesibHBI, BTOpPasl X INlepeceKaeT;
I) TUIOCKOCTH HMMeOT eJMHCTBeHHYI0 oy Touky (1; 2; —2).

2.104 B s L. g &
.104. €COS —T; €Cos = -
a) ar 0321 )arcsV_B_5 2
2.105. ITpsimasi o6pasyer c ocsiMu Ox, Oy, Oz yriIEl, KOCHHYCHl KOTOPEIX COOTBETCTBEH-
HO DaBHHL
| 4l EA | 5}

VE+E+E VE+B+8 ViE+g+8
1
.106. =
2.106. cos @ 3

z
1 x=Viga—p* p’
p — napameTp, NpPHHHMAOUMK JIOOble AeHCTBHTE/bHblE 3HAUeHHs.
5
2.108. arcsin —.

63

2.109. Ilpsimast o6pasyert ¢ maockocTsamu Oyz, Oxz, Oxy yribl, CHHYCHl KOTOpPhIX COOT-
BETCTBEHHO DaBHH

14| |1y |45
Vere+Z2 ' Vete+2 VEetrie+

2.112. 3anaya uMeeT pellleHHs B CyYasiX, KOTAa JaHHAs NpsiMasi NepeceKaeT LaHHYIO
TVIOCKOCTb HJIM JIEXKHT Ha Hel.

1) Tlpu Al + Bl, 4 Cl; 5= 0 uMeeTcs eIMHCTBeHHAsl HCKOMasi NpsiMasi, OHA
onpefiesisieTcsl CHCTEMOH ypaBHeHHil:

{ Ax+ By+ Cz+ D=0,
Lx—x)+ Ly—y)+ Lz—2z)=0,

rae yepes xo, Yo 2y 0603HaYeHbI KOOpAHHATHI TOYKH IepecedyeHusn JaHHOH nps-
Mol ¢ JaHHOH IIOCKOCTEIO.
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2.113.

2.114.
2.115.

2) Mpr Al; + Bl + Cly= 0u Aa+ Bb+ Cc+ D = 0 HCKOMBIX NpSIMBIX
GecKOHEUHOe MHOXKECTBO; Ka[asi M3 STHX NPSMBIX OIpeflessieTcs CHCTeMOi

ypaBHeHHH TOro e BHJA, HO 38 Xj, Yo, Zy MPHHHMAIOTCA KOOPAMHATH JIOGOH
TOYKH J@HHOH IJIOCKOCTH.

3) Ecm Al + Bly+ Cly =0, vo Aa+ Bb+ Cc+ D 50, T0 3anaua He
HMeeT peLleHHsI.

OI[Hy NpsIMYI0, €CJIH HanpabJisiiolie BeKTOPH! JAHHBIX NPSAMBEIX HEKOJUJIHHEeap-
HBl, H GeCKOHeYHOe MHOXKeCTBO NpsiMbIX, €CJIH STH BBKTOPH KOJJIHHEapHHL.

x+1 y—4 246

2 —5 6
a) 3x+ 2y — 4z = 0;
6) 8x+ 9y + 72+ 36 = 0.

/ 3 4 \
2120, (1—; —1—; 2—|.
2 (M 7 1)
2.121. V 22. _
2.122. a) 9;6) V38,
2.123. V3.
2.124. (2;9; 6).
2.126. a) ( ¥’ = x, 6) ( x = x,
{M=—% y ==y,
2= —z 2 =2—z
B) , 1
x =-§-(8—2x-|—2y——z),
1
y’=—3—(4-|—2x+y—2z),
1
z’-—--é-(lﬁ—x—2y-—2z)

2.127.

2.128.

3.14.
3.19.

3.20.

3.22,
3.23.

3;3;2) u (—1; —1; —4).
. (Bly — Cly) (x —xg)+ (Cly — Aly) (y —Yo)+ (Al; — Bl)(z —2) = 0.

Taasa 111

a) 0°; 6) 60°

a) Ky6 c sepunamu (0; 0; 0), (1; 0; 0), (1; 15 0), (0; 15 0), (0; 0; 1), (1; 0; 1),
(15 1;1), (0; 1; 1);

6) ueThpexyroJibHas nHpamuia ¢ BepmmHamu (0; 0; 0), (2;0;0), (2;2;0),
0; 2; 0), (I; 13 1); B) TeTpasup c Bepmuuamu (0; 0; 0), (—1; 0;0), (0; 1;0),

r) mapajJesenunef ¢ BepiunHamH (£1; 0; 0), (0; +1; 0), (x1; 0; 2), (0; £1; 2).

a) ( —2 << xK2, 6) (x>0,
_1§y§% y?“z
- 2 } 4 ]
SO xFoytrz—2<0;
—2y>0,
V(>0 D (3282 4<o0,
2x+2—4<0, 0<y<2\
2x—z+4 >0, 0<2<3
iy+z—4%0, <z
4y —2z24+42>0;

Cm. oTBeT K 3ajaue 3.19.
D (3; —7;4), B’ (8; 10; 11), C' (11; 3; 14),
D' (10; 1; 12).
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3.24,

20x + 3y — 1324 13 > 0,
20x + 3y — 132 — 47 <0,
80x + 3y — 732+ 73 < 0

80x - 3y — 73z 4 133 > 0,
y—z+1<0, °
y—z+ 11 2>0.

3.28. CymiecTByiOT ueThipe Ky6a, YHOBJETBOPAOMMX yc/loBHSM 3agaun. Onun ky6

umeer Bepumnn A (15 0; 0), B (0; 1;0), C (1;2; 0), D (2; 1;0), 4’ (1;0; V'2),

B'(0;1; V), C' (1;2;V2), D' (2; 1; V'2); 310T KY6 Onpeie/isieTcsi CHCTEMO
HEDABEHCTB:

0Kz V3,
x+y—12>0,
x+y—3<K0,
x—y—1L0,
x—y+12>0
3.33. 6) { X = x,
y =
2 = aV2 —z
- A", B—~D',C—~C',D— B,
A’ AB D,C'-—>C,D’—>B;
B) x = —y,
y=x
=z
A—)B —>C,C-—>D,D—>A,
A — B', B'"—>C',C' —D',D'— A’
r) (X =—y,
Z=ay2—z
A->B,B—>C,C—D',D—> A,
A'"—+B,B —+~C,C - D,D — A
Taaga IV
4.2. a) 6)
2
oy e =3)
——— = 1’ - = lo
9 4 1L
2 4
4. 3. a) y: 4 22 = qa?; 6) x% 4 22 = 25;
B) 4 (2 —a)f = a2
4.5 x2+ 24 22 —xy—xz2—yz—13=0.
4. 6. 4x® 4 25y% 4 22 + 4xz — 20x — 102 = 0.
4. 7. x=y=2z—4.
4. 9. a) Cm. puc. 32; 6) cm. puc. 33; B) cM. puc. 34.
4.11. 2y% 4 xz — 8x = 0. Mckomsie o6pa3yiomine OnpeneasioTcs! NepeceyeHneM MIo-
ckocti Oxz ¢ KOHHYECKO# NOBEP XHOCTbIO: { x=0, H { y=20,
y=20 z—8=0.
2
4.13. x®+ -—zz-= 0 — KOHHYeCKasl MOBEPXHOCTb BpamieHus (cM. puc. 35).
4.14. a) (x — 33+ y* 4+ 22 = | — cdepa;

6) x*+ y*+ z4 + 2x%y? - 2x%22 2y2z2 — 20x% 4 16y2 — 2022 4 64 = 0.
86



A Lo

S
‘<

Puc. 32 Puc. 33

4,15, 24 y2 —22=0.
4.16. a) 3x® | 3y? —z’-l— 22 —1=0;
6) 25x2 — y2 — 22 = (;
B) x2+ y2 —22= 0.
-%—WTU+W+@—W
. Touka P nexxut BHYTPH cdepsl
. ITepBas mjockocTb nepecekaer faHHyIO chepy, BTopasi IIOCKOCTL KacaeTcs ee,
TPeTbsl MJIOCKOCTb HE HMeeT C Heil O6IHX TOYEK.
.6x+ 2y+ 3z2—55=0.
. x=0u 12x+ 524+ 10= 0.
. (x+ 12)2 + (y — 8)2 + (2 — 9)> = 361

u+1W4%y—&L+@—ﬂP=2%
H7ﬂ+y+&+)

ﬂTW+&+V=W.
4.28. x2+ y2 4+ (z—3)2 =1

H
byt e — =1,

4,29 (x — 124+ 2+ (z—1)2 =
l(/Ix——1)2—|—yz—i-(z—--8)2=l

R Rt
N DN N DD ot ot et
DU =D oo~

—dme

Puc. 34 Puc. 35
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4.31.
4.32.

4.33.

4.35.

4.37.
4.38.
4.39.

4.41.

4.42.

4.43.

4.44.

(=)
<

X

‘ A o]
5""""1 x

Puc. 42 Puc. 43

Anauncoun Bpawenusa (puc. 36).

a) TpexocHbllt amIuncoun; 6) KOHYC
BTOPOrO MOPSifKa; B) ABYNOJOCTHBIM
runepGoyionn (puc. 37); r) SJIKHNTH-
veckuii napaGomoun (puc. 38); 1) Ko-
HYC BTOPOTO NMOPSJKA; €) T'unep6oH- Il /

yecku# napaGosoun (puc. 39); x) mna-

paGoauueckuit unauunp (puc. 40);
3) runep6osnuecKuil UHAHHAD (pHC. 41).
a) Konyc BTOpOro mopsifka ¢ BepLIH-
HOH B Touke (—I1; —1;

N

6) SJJIMNTHYECKHH MapaGoJoH], C Bep- i
wuHO# B Touke (0; 1; —4); |
B) OILHOMOJIOCTHBIN runepGoJou] Bpa- |

|

LeHust ¢ UeHTpoM B Touke (0; 2;—4), X
€ro ocb BpallleHHs] [apaJjJesibHa OCH
Oy (puc. 42).

a) O6rvenunenne miockoctH Oxy u
miockoctds x4 24 1= 0, mnapax-
nenbHoit ocu Oy (puc. 43); 6) o6benu- Puc. 44
HeHMe JBYX IUIOCKOCTelt x — 2= 0 H

x4+ y—1=0 (puc. 44).

r=V¥T1=—a®mpu la| < L
Toayocu snaunca 3 v V'3, BepiHHu (2; £3; 0) u (2; 0; :I:V'g)
Bepmuna napa6oJiet (0; —6; —-1—2-) , nmapamerp napaboJisl p = 16.

x—6 y—2__z—8

= = u
9 8 20
4x —32=0,
{y——2=0.
x—2y+ 22=0, H {x—2y-—2z=0,
{2x-l—4y—l=0 2x+ 4y+ 1=0.
x+y+2z=0, H {x+y=0.
{x—y—|—4=0 2= 0,

TunepGonuyeckuit napaGoJioHA.
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8
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: NeNe
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NoNe
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IIPHJIO)KEHHE

KOHTPOJIbHASI PABOTA

1.29;
1.30;
1.32;
1.35;

. NelNe 1.26;

1.27;
1.24;
1.25;
1.38;
1.40;

1.97; 2.42 (a); 2.101; 2.114; 4.32 (n).
1.95; 2.42 (6); 2.93; 2.115 (a); 4.32 (e).
1.92; 2.43; 2.92 (6); 2.122; 4.32 (3).
1.94; 2.47; 2.92 (a); 2.123; 4.36 (n).
1.86; 2.52; 2.82; 2.120; 4.36 (e).
1.70; 2.53; 2.83 (a); 2.66; 4.35 (a).
1.74; 2.57; 2.83 (6); 2.67; 4.35 (6).
1.68; 2.58; 2.83 (8); 2.31; 4.33(a).
1.58; 2.44; 2.83 (r); 2.111; 4.33 (6).
1.62; 2.69; 2.83 (n); 2.115 (6); 4.33 ().



NMPUMEPHDBIA OBPA3EILl BbINOJHERUS
KOHTPOJIbHOH PABOTHI

1. Haiitu oTHolieHHe, B KOTOPOM Kaxk[as H3 KOODAHHATHBIX ILIO-
ckocTell menut orpesok AB: A (2; —1,7), B (4; 5; —2).

Pemenue. Eciu Touka M (x; y; 2) nexur Ha npsmo AB u
JeNuT oTpe3ok AB B OTHOLIEHMH A, TO ee KOOPAMHATH BBIpaKaloTcCs

24 4A —1 4 5) 7—2)\

OpMyJ1aMH X="——,y= z= .

Gopmy T 1+’ 144
Ecin K Tomy ke Touka M sexuT Ha maockoctH xy0, T0 2= 0 u
notomy A = % Ananoruuto, ecqiu y = 0, To A = %, aecau x = 0,

To A= ——;—.
2. Briuuciuth 06beM TeTpasipa, BEpPIIMHE KOTOPOTO HAXOAATCH B

rowkax A (% —1; —1), B (5 —1:2), C(30;—3), D (0 —1).
Pemenune. OO6wveM TeTpasapa Belpaxaercs (GopmyJoH

V= % (4B, AC, AD)|.
Tak xak AB 3; 0; 3), A?(l; 1; —2), D “4; 1, 0), To

30 3
V==, mod|1 1 —2|=21.
6 2
41 0

3. CocTaBHTh ypaBHEHHE ILJIOCKOCTH, NDOXOJAslLIeH uepes TOYKH
A(l; —1;3), B(l;2;4) u mnepneHAHKYJASPHOH IJIOCKOCTH 2x —
—3y+2+1=0.

Pemewnue. HckoMas miockocTb NpoXomuT depe3 Touky A (1;
—1; 3) napannensHo BekTopy AB (0; 3; 1) M HOpPMaJIbLHOMY BEKTOPY

n (2; —=3; l) 3aJaHHOH IVIOCKOCTH. TaK Kak ypaBHeHHe IIJIOCKOCTH,
npoxozmmen uepes TOUKy My (%g; Yo 20), HapamjeNbHO BeKTOpam

l(ll, ly; I3) u m (my; my; my), UMeeT BHJ:
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X —Xo Y— Yo 2— 2
1 2 3
my my ms

= 0,

TO YypaBHEHHE HCKOMOH IJIOCKOCTH HMeeT BHJ:

x—1 y+1 z-—-3
0 3 1 =0
2 —3 1

wi 3x+y—3z2+7=0.
4. CocraBuTh ypaBHeHHe NpsMol, mpoxopsmeil uepes Touky (0;

0; 1) u nepecekaiomell KaxAayw H3 HpﬂMbIX’
{x—2y+z—l=0,ux—1 —zt1

24—y +22—-3=0 3 1 —1

Pemenune. LcrkoMas npsimMasi, eciM OHa CYLIECTBYET, JIEXKHT B
IUIOCKOCTH T, NPOXOAsillell yepe3 NaHHYIO TOYKY H NEpBYIO NPSIMYIO, a
TaKXe B IUIOCKOCTH 3t', MPOXOAsilied yepe3 JAHHYIO TOYKY H BTOPYIO
IPAMYIS. CnenoaaTeano, OHa sIBJIACTCA NEPeCEYEHHEM IIOCKOCTel I
u nt’. O6paTHO: mepeceyeHHe MIOCKOCTeH Tt U 7’ SABJISETCS HCKOMOH IIpsi-
MOHi, €CJIH TOJIBKO 3TO IlepeceuyeHHe HemapasliieJbHO KaKOH-HHOYIb M3
JIaHHBIX TIPSIMBIX.

Haiinem ypaBHeHHe IJIOCKOCTH 7. [[Jis 8TOTO BO3bMEM TOUKY, Je-

XKallylo Ha nepBoH mpsMOH, HampuMmep TOuky M, (%, —;—; 1), a B Ka-

yecTBe HANpaBJIAKLIEr0 BeKTopa [ — BEKTOPHOE NPOU3BENEHHE BeK-
TOpOB
n(1; —2; 1) u ny (2, —1; 2):

- - - —21 1—2
l=n1><n2=(__l2 |22H D=(—3;0;3).

HaxonuM ypaBHeHHe IJIOCKOCTH i

xy z—1
—2——;— 0 =0uwmx—2y+2—1=0,
-3 0 3
M ypaBHeHHe IIOCKOCTH i’/
xyz—1
10 —2| =0 wm 4x —5y + 22— 2 = 0.
32 —1

Takum 06pa3oM, HCKOMasi IpsiMasi, eCJIi OHa CYLIECTBYET, 3aJ4aeTcsi
CHUCTEMOH ypaBHEHHH

{x—2y+z—l=0,
4x — by + 22 — 2 = 0.
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Hanpasastouui BeKTOp noc.neLLHei»‘I npsMo#
—2 1. 1 —2 .
HeKOJIIHHeapeH HH olmoﬁ W3 JAHHBIX NPSMBIX U T[OTOMY HalneHHas
npsiMasi ABJIsieTCS HCKOMOH.
5. Uepes Touky M (1; 5; —1) npoBecTH mpsiMylo, HePHEHAUKYJISIP-
HYI0 K IPSMBIM

—1 3 —1

x4l _y 242 [x=2—3f,

Pewesnue HanpaBnaomuli BeKTOP p HCKOMOH NpsIMOH [0J-

*KeH ObITb MepHneHIUKYJAPEH K HAlPaBJAIOIMHNM BekTopam p; (—I1; 3; 1)
4 Py (—3 1, —2) paHHBIX NPSAMBIX. 3Hatm’r MOKHO INIPHHATH

P = [py, pal = |3 2] — 1 |-1 3) = (—7; —5; 8).

CnenosaTeano, KaHOHPI'-IeCKHe ypaBHeHuﬂ HCKOMO# NpAMOH HMe-
10T BHI:
x—1 y—5_ z+41
—7 -5 8

6. OnpepeuTe BHJ IOBEDXHOCTH BTOPOTO MOpSiKA, 3afaHHOH
ypaBHEHHEM

x2 4 3y = 22
Y xasaunue. 3a1auy MOXKHO pEIIHTb CHOCOGAMH, OMMCAHHLIMH
B peluenusx 3ajgay 4.30 u 4.34.

OTBerT. JlaHHOe ypaBHeHHe ompefiesieT KOHMYECKYIO MOBEpX-
HOCTb C BEPLIMHOH B Hayaje KOOpAHHAT.
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