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F'masa |

FEOMETPHYECKHE NMOCTPOEHHHA
HA NJIOCKOCTH

B kayecTBe HHCTPYMEHTOB NOCTPOEHHs1 6Y1eM HCIO/b30BaTh LHP-
KyJb 4 JIHHeHKY. AKCHOMaTHKa reoMeTPHYECKHX MOCTPOEHHH Ha mJioc-
KOCTH H3JIOXeHa B MOCOGHH [1], § 96. Hpuneugm NOCTY/NaTbl LHUP-
KyJisl H JIHHEHKH, OMHCHIBAIOLLHEe LArH NOCTPOEHHH, KOTOPble Mbl CUH-
TaeM BbINOJHHUMbBIMH.

[T 1. [Toctpoenue npamoii, npoxodaweil wepe3 d6e NOCTPOEHHbLE
TOYKU.

[1 2. ITocTpoeHue OKPYMHOCTU C YEHTPOM 8 NOCTPOEHHOU TOo4Ke
U paduycom, PasHoiM OTPE3KYy C KOHYAMu 6 NOCTPOCHHLLX TOHKAX.

I1 3. ITocTpoerue Touku nepecewenHus 08Yx HENapasreAbHbLX
NPAMbLX.

[1 4. ITocTpoerue Touku nepeceweHus NOCTPOEHHOU OKPYIHOCTU
U NOCTPOEHHOU NPAMOU, eCAu OHU NnepeceKaroTCA.

[1 5. Mocrpoerue Touex nepecewerus 08Yx NOCTPOEHHBIX OKPYXHC-
HoOCTel, ecau OHU nepeceKkaroTCs.

Kpome Toro, npeanoJsaraercsi, uto:

a) TOUKH, NMpsIMble H OKPYXXHOCTH, 3alaHHble B YCJIOBHH 3aJauH,
NOCTPOEHHI;

6) cywecTtByeT xoTs Obl ofHa nocrpoeHHas npsmas. Ha no6oi
NOCTPOEHHOH NPAMOH HJH OKPYXHOCTH CYLIECTBYIOT MO KpaHHeH
Mepe /Be IOCTPOEHHbIE TOYKH.

[Npu peweHun 3ajaud Ha mocTpoeHHe GylaeM NpPHAEPKHBATLCA
TPaJHLHOHHOH CXeMbl: aHAAU3, NOCTpoeHue, 00KA3aTeAbCT80, UC-
caedosanue (cMm. [1],§ 98). [ToctpoeHre 6yneM NPOBOAHTD, CChIAACH
Ha akcHombl Il 1 —I1 5 uaM Ha OCHOBHble NOCTPOEHHS, KOTOpbLIe
6yayt paccmorpeHbl B § |. [lpu npoBeaeHun uccienoBaHus Gynem
pa3nuyaTh ABa THNa 3ajay Ha NMOCTPOeHHe: a) CO CBSI3aHHBLIM pe-
LeHHeM, eC/IH B YCJIOBHH 3ajlayd ONpelesieHO PacnosioXKeHHe HCKO-
MOH (HUrypbl OTHOCHTEJNbHO AaHHbIX; 6) CO CBOGOJIHLIM peLleHHEM,
eC/IH TaKHX YCJOBHH HeT. B nepBoM ciyuyae pelueHusi CUHTAIOTCS pas-
JIMYHBIMH, €C/IH OHH He COBMAaAaloT, BO BTOPOM — eCJH OHH reoMert-
pHUYECKH He paBHHI.

YcnoBUMCS 0 cieaylollHX 0603HAaYeHHSAX:

A B, C, .., X, Y, Z — Touku;

a, b, c, .., x, y, z— npsmele.

(AB) — npsimas, npoxoasiuiasi yepe3 To4kd A u B;



b, c, ..., x, y. z —OTpe3Kdy;

[AB]— OTpe30K ¢ KOHLaMH B TouKax A u B;

|AB| — ero anuua;

[A, B) — n1yu ¢ Hauanom B Touke A, NpOXOAsLIUI yepe3 TOuky B;
a, B, v, ...y P, ® — OKPYKHOCTH;

(O, r) — OKpYKHOCTb C LIeHTPOM B Touke O M paauyca r;
(O, [AB]) — okpyxHoCTb ¢ LeHTpoM B Touke O u paauyca [AB];

a=(M, m) — OKpYXHOCTb . HMeeT LIeHTp B Touke M u paauyc m;

LABC, La, 4B, .., Lo — yrab,

£ (m, n) — yroJ, o6pa3oBaHHbIH [PH NepecedyeHUH NPSAMbBIX M U 1.

Bosblioe yucjao 3anauy CB3aHO C NMOCTPOEHHEM TPEYrobHHKOB.
dneMeHTHl TPeyroJbHHKOB 6yaeM 0603HauyaTb CjledyloUuldM o6pa3oM:

A, B, C — BepuuuHm;

LA 4B, £ C — yrapl npyH COOTBETCTBYIOIHX BepLIHHAX;

a b, ¢— CTOPOHbBI, MPOTHBO/NEXalHe BeplwinHaMm A, B u C;

ha, Ma, l, — BbICOTA, MeAHAHA M GHCCEKTpHCA BeplinHbl A. AHa-
JIOTHYHO 0603HAYAIOTCH BBHICOTHI, MeAHaHbl H GHCCEKTPHCHI APYrHX
YIJIOB;

R — paauyc OKpYXXHOCTH, OMHCAHHOH OKOJIO TPeyrosbHHKa;

r — pajuyC OKDYXXHOCTH, BIIHCAHHOH B TPeyroJlbHHK.

[Tpu nocTpoeHHH HCKOMOH ¢uUTrypbl BBejeM 0003HauUeHHs, KOTOpble
NOMOTYyT HaM ODHEHTHPOBATbCHl B Llarax MOCTPOEHHS H YHUTATb yep-
TeXX. ToukH, npsimble, OKPYXKHOCTH, OTPe3KH U T. 1., JaHHble B YyC-
JIOBUH 3ajaud, 6yaem o603HauaTb TaK XKe, Kak Mbl paHee YycJo-
BHJIMCb, HE HCMOJb3ys NPH 3TOM HHAEeKCOB. B pasbHediem Kakayio
¢durypy 6ynem cHab>kaTb HHAEKCOM, PaBHbIM LlIary NOCTPOEHHS, NMPH
KOTOpPOM OHa 6bljia MOCTPOEHaA.

§ 1. OCHOBHbBIE NOCTPOEHHA HA NMJIOCKOCTH

Juteparypa: [I], § 96—98.

BbINONIHUTD MOCTPOeHHs!, JH60 Hcrmonb3ys akcHombl [T 1 — 1 5,
Ju60 CBOAS MX K MpeiblyLUHM 3ajayam.

1. Ha naHHOM Jyue OT ero Hauyana OT/IOXKHTb OTPe30K, PaBHbIH
JaHHOMY.

2. Haubl yron ABC u ayu OD. Tloctpoutb ayd OE Tak, uTo6bl
yron DOE 6bin paBed yrny ABC.

3. [locTpouTh cepeluHy NaHHOrO OTpe3Ka.

4. TlocTpouTb GHCCEKTPHCY AAHHOTO yrja.

5. Jlaubl npsimasi a u Touka A. [locTpouTb nepneHaHKyJsip K
npsAMoH a, npoxoasauluii yepes touky A. (Paccmorperb aBa cayuas:
A€a u Aga.)

6. TlocTpouTh npsiMylo, NpoXoAsillylo Yepe3 AAHHYIO TOUKY H na-
paJuiesbHYI0 JaHHOH MpsiMOH.

7. Pa3genuTh NaHHbIH OTPe30K HA n PaBHBLIX YyacTel.



8. IMocTpouTb TpeyroJjibHHK, €CJH AaHbl ABe €ro CTOPOHbI H YroJ
MeXIy HHMH.

9. [TocTpouTb TPeyroJibHHK, €C/H JaHbl ero CTOPOHa H J1Ba MpHJle-
XKallux K HeH yrJa.

10. [TocTpOHTb TPeyroJibHHK, €C/1H JaHbl TPH €ro CTOPOHBI.

11. TTocTpoHTb NPAMOYTOJbHLIA TPEYroJbHHK, €CJH [aHbl €ero
KaTeT H THNOTEHY3a.

12. TlocTpoHTb KacaTeJqbHYI0 K JaHHOH OKPYXXHOCTH, Nmpoxois-
Iyl0 Yepe3 TOYKY, JieXKallylo BHE OKPYXKHOCTH.

Pewmenue. AHaanui. [onyc-
THM, 4TO 3ajaua peiueHa. Touka X sB-
JsieTcsl TOUKOH KacaHusl [aHHOH OK-
PYXKHOCTH o H KacaTeJbHOH, MpOXo-
nsiuei yepes naHHyio Touky A (puc. 1).
Ecin O — ueHTp OKpPYXHOCTH, TO
£ OXA npsimoi. [Tostomy 3anaua cBo-
JHUTCS K MOCTPOEHHIO MPSIMOYFOJBbHOrO
TpeyrojbHuka OXA no karery OX,
paBHOMYy paaHycy AAHHOH OKpYXXHOC-
TH, ¥ runotenyse OA. Iloctpous Tpe- Puc. |
yroabHHK OXA, HaiineM BTOpo# Kater '
AX, 3aTeM omnpenesuM TOYKY X.

[TocTpoeHne, n0Ka3aTeNbCTBO H HCC/AENOBaHHE NMPOBEAHTE CaMO-
CTOSITE/IbHO, HCMOJIb3ysi 3ajauvy 11.

ATy 3ajauy MOXHO pPelHTb APYTHM CrnocoGOM, HCMOJb3ysi cJe-
aymouee yTBepxkaeHue: TpeyroibHHK OXA Toraa v TOJbKO TOraa siB-
JsieTCsl NPSIMOYTOJIbHbIM, KOrJa ero MeiHaHa m, paBHa MOJIOBHHe
cropoHbl OA.

13. Jaubl Touku O 1 A. [locTpouTb TOuKy A’, LEHTPANbHO CHMMET-
pHUHYI0 Touke A OTHOCHTENbHO TOYKH O.

14. [1ana touka O. IlocTpouTb npsAMyl0, LUEHTPAJbHO CHMMET-
PHUHYIO NaHHOH OTHOCHTEJNbHO TOUKH O.

15. Jana touka O. [locTpouTh 06pa3 JaHHOH OKPYXXHOCTH MpPH
LLeHTPaJbHOH CHMMETPHH C LeHTPoM B Touke O.

16. JaHa npsimas /. [locTpouTh 06pa3 AaHHOH TOUKH NMpPH OCEBOH
CHMMETPHH C OCbIO /.

17. lana npsimas /. [Tocrpouth 06pa3 naHHOK MPAMOH MPH oce-
BOH CHMMETPHH C OCblO /.

18. Jana npsimas [. [TocTpouTb 06pa3 AaHHOH OKPYXXHOCTH MpPH
0CeBOH CHMMETPHH C OCbiO /.

19. lanbl Touku A u B. HOCTPOEIb o6pa3 1aHHOH TOUYKH NpH na-

pajsieNbHOM nepeHoce Ha BekTop AB.
20. [aHbl Touku A u B. l']oc1‘pou1|: o6pa3 naHHOH NpsIMOH NpH

napaJ/jielbHOM nepeHoce Ha Bektrop AB.
21. Taubt Toukd A ¥ B. [TocTpouTh 06pa3 JaHHOH OKPYXKHOCTH
—

NMpH napaJsesbHOM nepeHoce Ha BeKkTop AB.



22. Jlanbl Touka A u yroa ¢. Iloctpoutb o6pa3 naHHOH TOYKH
NpH BpalleHHH BOKPYT Touku A Ha yroa ¢.

23. Hanbl Touka O u yroa ¢. [Toctpoutb o6pa3 naHHOH NPAMON
NpH BpalleHHH C UeHTpoM B Touke O Ha yroJ ¢.

24. J1anbl Touka O u yroa ¢. IlocTpouTh 06pa3 AaHHOH OKpYX-
HOCTH NPH BpalleHHH C LeHTpoM B Touke O Ha yroa ¢.

25. Jlaubl Touka O u oTpe3KH m W n. [locTpouTh 06pa3 maHHOI
TOYKH A NPH rOMOTETHH C UeHTPOM B Touke O U KospdHUHEHTOM k:
k=m:n.

PeweHue ocHoBaHo Ha Teopeme Paseca: ecan X ucKkoMmasi
TOYKa, TO

0x] _
(2T

[TocTtpoenue (puc.2). Crpoum:
1) npou3BoJbHBIH JyY A ¢ HauaJoM B Touke O, oT/HuHbI#i OT OA;

=

. 2) Ha ayde h; Takylo Touky M, uto [OM;]=n (cM. 3ajauy 1);

3) Ha Jyuye h;, Takylo Touky N3, uto [ON3]=m;

4) npamyio [,=(M,A);

5) npsaMmylo ms, npoxoAasiuylo yeped N; U napasjenbHylo I,
(cM. 3apauy 6);

6) Touky X¢ nepeceueHusi [, u nyuya OA.

Touka X¢ HcKOMas.

Jloka3aTeqbCTBO H HCCJeJOBaHHe MPOBEAHTE CaMOCTOATEJbHO.

26. Janbl Touka O u oTpe3kH m u n. [locTpouTh 06pa3 AaHHOI
NPsIMOA MPH TOMOTETHH C LEHTPOM B Touke O H KO3(pPULHEHTOM

k=m:n.

27. Jaubl Touka O H oTpe3kH m u n. [TocTPoHTb 06pa3 JaHHOMH OK-
PY>KHOCTH NpPH FOMOTETHH C UeHTpoM B ToukKe O u Ko3pdUUHEHTOM
k=m:n.

PeweHnue TIlpoBenem Tonbko aHanu3 3apaud. [lyctb

a’:a’=(A’, r') — o6pa3 NaHHOH OKPYKHOCTH a:a=(A, r) npu yKa-
3aHHOH romoTeTHH. Touka A’ siBnsiercsi o6pa3oM TOUKH A npu 3TOH
romoTeTHH. [IpHyeM ee MocTpoeHHe OCyLIECTBASIETCS C MOMOLUbIO 3a-

0. A/ X/

Puc. 2 Puc. 3



naaud 25. Paguychi 7 1 7/ OKpPYXXHOCTEH @ H 6’ CBfi3aHbl COOTHOLIEHHEM

r'=2r. Tlostomy ecii M — npoH3BO/bHAS TOUKA OKDPYXKHOCTH a,
n

M’ — ee o6pa3s npu romoretuu, To r'=[0’, M’]. TloctpouB o6pa3
TOYKH M, HalileM paauyc HCKOMOH OKPYXHOCTH.

28. Jlana okpyxHocTb a. ITocTpouTb 06pa3 naHHOH TOYKH NpH
HHBEPCHH C 6a3HCHOH OKPYXXHOCTbIO .

Pewenne. Ananui. Ecinm A, u A; — vHBepcHble TOYKH,
O — UeHTpP HHBEPCHH, r — PaJHYC OKPYXKHOCTH HHBEPCHH, TO

|OA,|-|0A,| =r®. Orciona eciu A, €a, To ee 06pa3 coBnajaer ¢ Heil
camoit. Ilyctb Touka A; NeXKHT BHe OKPYXXHOCTH HHBEpPCHHM (pHC. 3).
[TpoBenem KacaTesbHyl0 W3 TOUKH A; K OKPYyXHOCTH . OnycTHM u3

TOUKH KacaHusi B nepneHaukyasip Ha npsmyio OA,. Ilokaxem, uTo
Touka A, nepeceueHus nepneHauKyspa u npamoil OA, sBaseTcs HH-
BepcHo# Touke A,. [efictButenbio, A OBA;co A OBA, (Kak npsimo-
yroibHble ¢ o6wuM ocTpbiM  yriom). Ilostomy [OA,]:[OB]=

[OB]:[0A,], 1. e. |0OA|-]10A,| =r®. Otciona Ansi NOCTPOEHHS TOU-
KH A, NOCTAaTOYHO M3 TOUKH A; MPOBECTH KacaTelbHYI0 K OKpYyX-
HOCTH o, 3aTeM M3 TOYKH KacaHHs ONYCTHTb MNepNeHAHKYJsp Ha
npsimyio OA,.

Ecau Touka A, JIeXXHT BHYTPH OKPYXXHOCTH o, TO HHBepCHas
el Touka A, JIeXXHT BHe OKpyXHOCTH. [1pu 3TOM cama Touka A, npu
HHBEPCHH NepexoAHT B TouKy A,. [loaToMy nocrpoeHHe TOukH A
3ak/iouaeTcs B CJAEAYIOLLEeM: H3 TOUKH A, BOCCTaBJ/sieM MepreHaH-
Kyasp K npaMoil OA, (cM. puc. 3). Uepe3 Touky B nepeceueHHs1 3TOro
nepreHaMKy/sipa C OKPYXKHOCTbIO MPOBOAHM KacaTesbHylo. Touka A,
IBJIIETCSI TOYKOH MNepeceyeHHsl KacaTebHOH U mpsiMmoit OA,.

[TocTpoenue, noKa3aTeqbCTBO H HCCJeNOBaHHE MPOBENHTE CaMO-
CTOSITENILHO.

29. laHa okpyXHocTb a. [locTpouTh o6pa3 naHHOH npsAMOH a
nps UHBEPCHHU C 6A3HCHOH OKPYXXHOCTBIO O.

PemeHnune. AHaau3s Ecin npsamas npoxoaut uepe3 ueHrp O
MHBEPCHH, TO NPH HHBEPCHH OHa npeobpasyercs cama B ce6s. [1yctb a
He coaepXHuT ueHTp O. Toraa oHa npeobpa3yercss B OKpPYIKHOCTb,
cojepxKaulyo ueHtp O. s nocTpoeHHs 3TOH OKPYXKHOCTH AOCTa-
TOYHO M3 TOUKH O ONYCTHTbL MepHeHAHKYJIAp h Ha NMPSAMYIO @, HAHTH
Touky A nepeceueHHsi @ H h W mMocTpouTb Touky A’, uHBepcHylo A
OTHOCHTeJIbHO a. HMckomas okpyxHocTb noctpoeHa Ha [OA’] Kak Ha
AHameTpe.

[TocTpoeHue, n0Ka3aTeNbCTBO H HCC/eJOBaHHe MPOBEAHTE CaMoO-
CTOSITEJIbHO.

30. Jana okpy»xHocTb a. [TocTpouTbh 06pa3 naHHOH OKPYXHOCTH f
NPH HHBEPCHH OTHOCHTEJbLHO O..

Pewenune AHaunu3s Eciu oKPYyXKHOCTb B CONEPHKHT LEHTP
uHBepcuu O, To ee o6pa3oM siBJsieTcs npsimas b, He mpoxoasiuas
yepe3 UeHTp HHBepcHH. [lis mocTpoeHHst NPSAMOH b AOCTAaTOUHO HAHTH
TOYKY B OKpPYXKHOCTH f§, AHaMeTpaJbHO NPOTHBOMNONOXKHYIO LeHTpY O,

7



NocTPouTh ee 06pa3 B’ npH HHBEPCHH H NMPOBECTH uYepe3 Hee MPSAMYIO
b, nepnenaukyaspuyio OB’.

Ec/nn oKpy>HOCTb B He COJNEP>KHT LeHTpa HHBEPCHH, TO MPH HH-
BepCHH OHa rnpeo6Gpa3dyeTcsi B OKpyKHoCTb B’. Ilns ee mocTpoeHus
JIOCTATOYHO HAHUTH NMPAMYIO UEHTPOB 6a3HCHOH OKDY>XHOCTH O H OK-
PY>KHOCTH f, NOCTPOHTb TOYKH M u N nepeceueHHsl 3TOH NPSIMOH C
OKPYXHOCTbIO f, onpefeuTb Touku M’ u N’, uHBepcHble uM. HMcko-
Masi OKPY>XHOCTb B’ mocTpoeHa Ha oTpe3ke [M’N’] kak Ha quaMeTpe.

[TocrpoeHue, n0Ka3aTejbCTBO H HCC/leJOBaHHe MNpOBeauTe Ca-
MOCTOSITEJIbHO.

31. Jlaus oTpesku a u b (@>b). TIOCTPOMTL OTpe3KH X| M Xo:

—b.

Q
Q

—{—5. Xp=

X1 =

u ¢. [ocTpoHTbL OTPe3oK X:

St

32. JlaHbl OTpeskH a,
x=(ab):c.

33. Jlanb otpe3ku a u b. [ocTpouth 0Tpe3oK x:

=-/a?+b2.

. TocTpouts 0Tpe3oK x:

=P,

35. Jlanbl oTpe3ku a u b. [TocTPOHTb OTpPe3oK X:

x="/ab.

=

S

34. JlaHb OTpPe3KH a H

x1

§ 2. 3AAYH, A5 PELHIEHHA KOTOPbLIX
HE TPEBYETCS CNELLHAJIbHbBIX METO/0B

B stom naparpade npuBeaeHH 3aaauM Ha MOCTPOEHHE, pellie-
HHS KOTODBIX HenocpeicTBeHHO cBoasiTcA K akcuomam [I11 —I15 u
K OCHOBHBIM MOCTPOEHHSIM, H3JIOXKEHHBbIM BhILIE.

36. TTocTpoHTb TPeyrosbHHK, €cji H3BeCTHbl L A, Za, hs.
PeweHue Auauau3s. [lpeanosoxum, 4to 3afaya pelieHa H
TpeyronbHHK ABC nckomsiit, [BF]=hy, [AL]=L (puc. 4) . Paccmotpum

Py
5 g3 34/ Hz

Puc. 4 Puc. 5



npsiMoyroJibHblit TpeyroabHUK ABF. U3BecTHbl ero katet BF 1 ocTpbiii
yroa A, ciefoBaTe/lbHO, €r0 MOXHO MOCTPOHTb. Eciu TpeyrosbHHK
ABF mnocTpoeH Ha MJIOCKOCTH, TO HaM HM3BECTHO IMOJIOXKEHHEe CTOPO-
Hol AB n yrna A uckomoro tpeyronbHuka ABC. TlocTpouB 6HCCEKTPH-

cy yrna A H OT/IOXKHB Ha Hell OT TOUKH A OTpe3oK [, NoJay4Yum TOY-
Ky L. Bepunny C tpeyronbiuka ABC cieqyer HCKaTb KaK TOUKy Iie-
peceuenust npsambix AF u BL.

[Toctpoenue (puc. 5).

1) Ha cropoHe naHHoro yrna A BoiGepeM NpPOH3BOJIbHYIO TOUKY F.
BoccranaBnuBaeM nepneHAHKYJSp p; K npamoi AF.

2) Ot/noXuM Ha npsiMoil p, oTpe3ok h,. Bbibepem Takylo TOu-
Ky Hj, uto [F\Hs]=hs ¥ Hy HaxoaaTcs B TO# Xe M0JyIVIOCKOCTH OTHO-

cuTesnbHO npsimoit AF|, uTo ¥ BTOpas CTOpoHa yria A.

Crpoum:

3) npsimylo gi, napaanenbHylo AF, u npoxoasimyio yepe3d Hy;

4) TouKy B4 nepeceueHusi g; U BTOPOH CTOpOHbI yria A;

5) 6uccekrpucy /s yrna A.

6) Ha Guccektpuce /s oT TOukH A OTJIIOXHM OTPe30K, pPaBHbIH
. [Tonyuum TOUuKy Ls.

7) TlpoBoaum npsimyio r;, npoxoasiyto yepe3d By u L.

8) Onpenenum Touky Cs nepeceueHuss r7 U AF,.

TpeyronbHuk AB4Cs MCKOMBIH.

HJokaszaTteabcTBo. M3 nocrpoeHuii 1—4 BbiTeKaeT, uTo
Z A NOCTPOEHHOro TpeyroJibHHKa paBeH NaHHOMY, a BbICOTa Bep-

WwHHbl B, paBHa h,. Orpe3ok ALs siBisieTcss GUCCEKTPHCOH Z A H

paBen [/, (noctpoenuss 5—8). TpeyronbHuk AB4Cs UCKOMBIH.

HccnenoBaHue. BbisicHuM, 6yneT JH NPOH3BOJbHLIH Tpe-
YTOJIbHHK, Y/1OB/I€TBOPSIOILUIH YCIOBHIO 3a1a4UH, PaBeH MOCTPOEHHOMY.
[Tyctb naHbl aBa TpeyronbHuka ABC u A’B’C’, y Kotopbix ZA,
BoicoTa BF u 6uccekrpuca AL paBHbl COOTBeTCTBEHHO £ A’, BbICO-
te B’F’ u 6uccektpuce A’L’. Toraa npsiMOyro/ibHbie TPeYroJbHHKH
ABF w A’B’F’ paBHbl Mexnay co6oi. Orciona [AB]=[A’B’]. Cne-
aoBatesbHo, A BAL= A B’A’L’ no iBym paBHbIM CTopoHaM [AB]=
=[A’B’] u [AL]=[A’L’] u yray mexny Humu. [Toatomy LZABC=
=L A’B’C’. Tpeyronviuku ABC u A’B’C’ paBHb Mexay coGoil.

BoisicHuM Takxke, Bceraa Jii CyulecTByeT eIHHCTBEHHbIH TpeyroJib-
HHK, TOCTPOEHHbIH YKa3aHHbIM CIOCOGOM. Jlerko BHAETb, YTO MOCTpOE-
Hus 1—7 Bceraa oJHO3HauyHO BbinoJHUMbL. Touku Cs He CyllecTBYeT,
Korja npsiMmas r; napaJsJjenabHa cropoHe AF,, T. e. koraa Touka Lg Je-
JKHT Ha npsiMo# g3. Kpome Toro, 3ajaua umeer pelieHue B TOM caydae,
Korpa Touka Cg JIeXKHT Ha Jjyue AF|, T. e. Touka Ls HaXOAUTCS B TO#
’Ke MOJIYIULIOCKOCTH OTHOCHTE/IbHO NMPSIMOH g3, 4TO W BeplunHa Z A.
Takum o6pa3om, 3agaya He HMeeT pelleHHs, ecJH Touka Lg nMpHHAX-
JIEXHT NMPSAMOH g3 HJIH JIEXKHT B MOJYNIOCKOCTH OTHOCHTEIbHO 3TOH
npsiMoii, He cojepxKauied Touky A. B ocrajbHOM OHa MMeeT eIHHCT-
BEHHOe peLleHHe.

~
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37. TlocTpoHTh paBHOCTOPOHHHIH TPEYTOJIbHHK, €C/H AaH pagHyc
€ro OMHCAHHOH OKpPYXHOCTH.

38. [ToCTPOHTb TPEYroJibHHK, eCH H3BECTHH a, b, ms.

39. INocTpouTb TpeyroJibHHK, ecnu AaHbl LA, b, my.

40. IlocTtpoutb paBHOCTOPOHHHH TpPEYrOJIbHHK, €CJH H3BECTeH
paauyc ero BMHCAHHOH OKPYXXHOCTH.

41. TlocTpouth poMb, eciH [JaHbl €ero AHAroHaJH.

42. TlocTpouTb ueTbipexyroibHHK ABCD, ecnu u3BecTHo £ A,
4B, £C,[AB]u [AD]

43. IToctpouTh yeTbipexyroabHHk ABCD, ecau paHbl:

[AB), [AC), [AD} £ CAB u £ DBA.

44. TlocTpouTb yeTbipexyroJbHHK, €CJH H3BeCTHbl TPH €ro CToO-
POHbL H PajHyC OMHCAHHOH OKPYXKHOCTH.

45. INocTpouTb KacaTesibHble K JaHHOH OKPYXHOCTH, MapaJuielb-
Hble JaHHOH MpSAMOH.

46. [MocTpouTh napaJuiesorpaMm, eCiH H3BEeCTHbl CepelHHHB Tpex
ero CTOpPOH.

47. [1poBecTH NpsiMylo, paBHOylaJleHHYI0 OT TpeX AaHHBbIX TOYeK.

48. TlocTpouTb TpeyrosbHHK, €C/AH NaHbi @, mp, M.

49. TIOCTPOHTb TPEYroJIbHHK, eC/1H H3BeCTHH a, hp, he.
50. [TocTpouTb TpeyroJibHHK, €cld AaHbl £ A, ha, L.

51. TTOCTPOHTb TPeyroNbHHK, €CJH H3BECTHH 4, I, d, rne d —
OTPe30K MNeprneHAHKYJsipa, 3aK/JIOueHHblH MeX1y BepIUHHOH H OHc-

CEKTPHUCOH /.

52. [locTpouTb poM6, ecqd H3BeCTHbl €ro JHaroHajJb H paauyc
BIMUCAHHOH OKPYXKHOCTH.

53. Uepe3 Touky A mnpoBecTH K AAHHOMY Y[y CeKyllylo Tak,
yTOGbl ee OTPe3KH, 3aKJIOUeHHble MeXAY CTOPOHaMH yrja U TOUYKOH,
Gbl/Id paBHbI MeXAy COGOH.

54. IlocTpouTpb mapangenorpamMm Mo CTOPOHe H ABYM BbICOTaM.

55. HaiiTu TOuKy, OTpe3KkH KacaTe/bHbIX H3 KOTOPOH K TPEM PaBHHIM
OKPY>KHOCTSIM HMEIOT OJHHAKOBble [JHHBI.

56. [ToCTPOHTL TPeYroNbHHK, eCiH W3BECTHH a, b, m..

57. [TocTpoUTb TPeyroJbHHK, €C/H paubi b, cu LM=/B— /C.
58. HOCTpouTb TPeYroIbHHK, €C/IH H3BECTHbI LA, LB u orpe-

30K g, paBHbill §= b—a.

59. JlaHun ABe napaJulesibHble NpsiMble, ToO4kKa A H OTpe3oK p.
Pa3mecTuTb NaHHBIH OTPE30K MeXAY MapaJllesbHbIMH MPSAMBIMH TakK,
YyTOGbl MEepreHAHKYIsp, ONYILIeHHbI Ha Hero M3 TOYKH A, NpOXOAH.
yepe3 ero cepeuHy.

60. [TocTPOUTb TPeyroJibHHK MO Y1y H PacCTOSHHAM OT LEeHTpa
BIIMCAHHOH OKPYXXHOCTH 1O ABYX APYTHX BepLIHH.
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61. B kBaapar ABCD Bnucatbh HOBbIii KBaapaT Tak, 4To6H OJHa H3
€ro BepLIHH HAaXOAHJACb B TOYKe, JaHHOH Ha cTopoHe AB.

62. [Toctpoutb KBaapart Tak, yTo6bl 1Be €ro CMeXXHhle BepIUHHbI
JeXaJ/li Ha OKPYXKHOCTH, a ABe [pyrue — Ha J1aHHOH MpsMOH.

63. IMoctpouth 06LLYyI0O KacaTe/lbHYI0 K ABYM [aHHbBIM OKpPYX-
HOCTSIM.

64. Uepe3 Touky nepeceueHHsi ABYX OKPYXHOCTe#l NpOBecTH ce-
KYLlYI0 Tak, 4ToOb cyMMa 0oOpa30BaHHbIX Ha Hel XopAd paBHsJachb
IlaHHOMY OTpe3KY.

§ 3. METOJ NEPECEYEHHSA MHO)XECTB
NMPH PEWMEHHH 3AAY HA NOCTPOEHHE

Jlutepartypa: [I], §99.

Mertoa mepeceyeHHsi MHOXECTB NpHMEHsieTCsl B 3ajauax, pelle-
HHE KOTOPbIX CBOJAHMTCS K NMOCTPOEHHIO OJHOH TOUKH, yAOBJETBOPSIO-
el AByM YCJMOBHSIM &; H ao. [IpH 3TOM onpefessioT ABa MHOXe-
CTBa TOYEK MJIOCKOCTH M, U M,, NOAYUHSIOLHXCS YCIOBHSIM o H
ay. Mickomas Touka npuHaiieXuT nepeceueHuio M, u M,. fcuo, uto
B 3ajlayaX Ha MOCTPOEHHE PacCMaTPHBAIOTCA TOJbKO Te MHOXECTBa,
KOTOPble COCTOAT M3 MNpPSAMBIX H OKpyXHocTed. OHHM Ha3blBaloOTCS
KOHCTPYKTHBHBIMH.

1. OCHOBHBIE MHOXECTBA TOYEK

B wkonbHOM Kypce reoMeTpHH pacCMaTPHBAIOTCH OCHOBHble KOH-
CTPYKTHBHble MHOXXeCTBa, KOTOopble B JaJjbHeilleM 6GyaeM HCMOJb-
30BaTh AJ1M pelleHHs 3aaad.

1°. MHOXeCTBO BCeX TOYEK MJIOCKOCTH, PaBHOYJAaJeHHbIX OT AaH-
HO# Toukd. Kak H3BecTHO, 3TO MHOXeCTBO mnpeicTaB/sieT co6GoH
OKPY>KHOCTb C LleHTPOM B JaHHOH TOUKe.

2°. MHOXeCTBO BCex TOUYeK MJIOCKOCTH, PABHOYAAJEHHbIX OT ABYX
JaHHbIX TOYeK. JTO MHOXECTBO MNpeacraBiseT co6oi cepeaHHHBIH
neprneHaHKyJasip K OTPe3Ky C KOHLAaMH B AaHHBIX TOYKaXx.

3°. MHOXeCTBO BCeX TOYEK MJOCKOCTH, yIaJIeHHbIX OT JaHHOM
npsiMOil Ha AaHHOe paccTosiHHe. DTHM MHOXECTBOM SIBJISieTCS napa
NpsAMBIX, MapaJile/bHbIX JaHHOH H OTCTOSILKX OT Hee HA JaHHoe pac-
CTOsIHHeE.

4°. MHOXeCTBO BCeX TOYeK MJIOCKOCTH, PaBHOYAaJeHHBIX OT CTO-
poH yrna. M3BecTHO, 4TO 3TO MHOX>KeCTBO npeacraBiasier co6oi Ouc-
CEKTPHCY AAHHOro yria. AHaJIOTHYHO MHOXECTBO BCeX TOUEK I10CKO-
CTH, PaBHOYJaJIeHHbIX OT ABYX MepeceKalolUlHXCcs NMPAMbIX, MPeACTaB-
JasieT cob6oi GHCCEKTPHCHl ABYX Map BepTHKAJbHbIX YIJOB, 06pa3o-
BaHHbIX NMPH Mepece4yeHHH AAHHBbIX MPAMBbIX.

5°. MHOXeCTBO BCeX TOUEK IIOCKOCTH, PABHOYJAAJIEHHBIX OT JABYX
napajjiesbHblX MPSAMBIX. DTHM MHOXECTBOM TOYeK sIBJSIeTCS OCb
CHMMETPHH JaHHBbIX NapaJJeslbHbIX NMPSAMBbIX.

OnucaHus nocTpoeHHi MHOXecTB 1—5 omyckaem.



PaccMOTpuM ApyrHe MHOXeCTBa, 4acCTO HCNOJb3yeMble MPH pe-
IIeHHH 3a]ad.
6°. MHOXecCTBO BCeX TOYEK IJIOCKOCTH, H3 KOTOPHIX OTPEe30K BH-
JleH MOA JaHHbIM YIVIOM.
PaccmoTpum 3anauy: nasel otpe3ok AB u yroa ¢. Haiitu mHo-
XKecTBo {M} Bcex Touek MNJIOCKOCTH, IS KoTopbix ZAMB= L.
Pewenwue. lyctb Touka M npHHaQNEXXHUT HCKOMOMY MHOXe-
ctBy. OnHiueM OKPy»XKHOCTb o BOKpPYT TpeyronbHuka AMB (puc. 6, a).
O603HauuM Mepy Ayru 3TOH OKPYXHOCTH, He cojeprKalled TOYKH M,
1A

yepe3 $ AMB =35 9. $lcHo, 4TO M3 Bcex Touek ayru AMB oTtpe-

30k AB BuaeH noa aaHHbIM yrioM. IlycTb Touka N npHHaLIeXHT
TOH >Ke MOJYIJIOCKOCTH C rpaHuued AB, 4To H Touka M, HO JIEXHT

N\ N
BHe OKpYXHocTH o (puc. 6, 6). Toraa ANB=—2—((p—PRQ). T. . U3

ToukH N oTpe3ok AB BuaeH NMOA yrJoM, MeHbluHM AaHHoro. IlycTe
TouKa N JIeXXHT B TOH Ke MOJYNJIOCKOCTH OTHOCHTeNbHO npsiMoi AB,
4TO U TOYKa M, HO HAXOAHUTCHA BHYTPH OKPY>KHOCTH a (pHC. 6, 8).

KA YTPH OKpy (p )

Toraa ANB=;—((p—|—PRQ). Takum o6pasom, Touka paccmaTtpuBae-

MOH MOJIyNJIOCKOCTH TOTAA H TOJbKO TOTAA NMPHHAMJIEXKUT HCKOMOMY
MHOXECTBY, Korja oHa siBasietcsi Toukod ayru AMB. OcyuectBuB
aHaJOrHYHble PacCYXXIeHHsl JIsi ToyeK APYroH MOJIyNJOCKOCTH, MO-
JYUHM: HCKOMOE MHOXEeCTBO TOYeK MpeacTaBJisieT COGOH aBe AYTH,
CMMMeTpHYHble OTHOCHTeNbHO (AB).

Ecau naHHBI# yros paBeH MpsiMOMY, TO KaXAas M3 Ayr siBJsieTCH
MOJIYOKPYXKHOCTbIO, @ BCE MHOXECTBO — OKPYXKHOCTbIO 6e3 Touek A
u B.

OnuiieM NoCTpoeHHe paccMaTpPHBAEMOIO MHOXeCTBa.

1) Otnoxum ot ayua AB panubiii yron BAM,= £ (m, n).

N
Q a R
p @ P
A\_/B ! \—/8
5) b)

a) Puc. 6

M




Crpoum:

2) npsamylo p,, neprneHauKy.asipHylo (AM,) U npoxoasiuylo yepes
Touky A (puc. 7);

3) Touky N3 — cepeauHy otpe3dka AB;

4) cepelHHHBIH nepneHAHKyasp hy oTpe3ka AB.

5) Onpenenum Touky Os nepeceuyeHusi MpsiMOil po M MEPHEHAHKY-
aspa hy.

Hanee ctpoum:

6) Touky Og, cHMMeTPHUHYIO TOUKe Os OTHOCHTEbLHO nNpsiMoii AB;

7) OKpYXHOCTb at7: a7=(0s, [05A4]);

8) OKpyXXHOCTb O.g: as=(0s, [OsA)).

Jyru okpyxHocTell o7 H olg HCKOMBE.

HeTpyaHo nokasatb, 4To pa3o6paHHbI METOM MOCTPOEHHS TPHBO-
OHT K MCKOMOMY MHoXecTBy. [eiicTButenbHo, £ BAM,= £ AOsN;
(KaK yrabl co B3aHMHO NepreHAHKYJAsIPHBIMH CTOpoHamH). Tak Kak
yron AOsN; paBeH noJioBHHe neHTpanabHoro yra AOsB, To £ AOsB =
=2/ (m, n). OTcio4a 1yra oKpy>XHOCTH a7, OTIpejieJisieMasi eHTPaJlb-
HbiM yriom AOsB, paBHa yIBOEeHHOMY AaHHOMY yIjy, a BHHCaHHble
yrJibl, OMHPaloLIHecs Ha Hee, paBHbl Z (m, n). YTBepKAeHHe A0Ka3aHo.

7°. OKpyXHOCTb ANOJIJIOHHS.

PaccMoTtpuMm 3ajauy: «HaliThH MHOXeCTBO Bcex TOuek MJIOCKOCTH,
IJ1S1 KOTOPbIX OTHOLLUEHUEe PAaCCTOSIHHH 10 ABYX NaHHHX TOUEK PaBHO
MOJIOXKHTENbHOMY YHCIAY A, OTJIHYHOMY OT €JXHHHIbI».

Pewenwue. MNyctb A u B — pandvle Touku. Ha npsamoit AB
cymecTByloT Toukh M u N, pas kotoppix |AM|:|MB|=
=|AN|:|NB|=A\. O603HauuM uepe3 X TOYKYy HCKOMOrO MHOXeCTBa
(puc. 8). Torna |AX|:|XB|=|AM|:|MB|=A. B tpeyronbHuke AXB
Touka M genut ocHoBaHue AB Ha OTpe3KH, KOTOpble OTHOCATCS TakK
e, Kak 60koBble cTopoHbl AX u XB. [1o3ToMy H3 TeopeMbl 0 GHCCEKT-
pHce BHYTPEHHero yrja TpeyrosbHuka ciaepyer, yto XM — GuccekT-
puca TpeyroibHuka AXB. AHanoruyHo nokasbiBaetcsi, 4to XN —
6uccekTprca BHeluHero yria BXP tpeyrosbHuka AXB. Tak Kak yribl
AXB u BXP cmexHble, TO HX GHCCEKTPHCHI
B3aHMHO OpTOroHasbHbl. M3 Toukn X oT-
pe3ok MN BuleH moi NpsiMbiM YIJIOM, cJe-
JOBaTeNbHO, TOYKA X JIEXKUT HA OKPYIKHOCTH,

nocrpoeHHoil Ha MN kak Ha auametpe.
p
X
A M B N
Puc. 7. Puc. 8
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O6paTHO, BO3bMeM NPOH3BOJIbHYIO TOYKY X OKPYXHOCTH, AHAMETP

N
KoTopo#i paBeH [MN] (puc. 9). MXN=90°. IlycTb Touka B JeXHT
mexay M u N. [lposenem uepe3 Hee npsimylo, napanjeibHyo AX,
P u Q — touku ee nepeceyenuss ¢ (MX) u (NX). Torna Tpeyrosn-
HukH AXM u PMB nopo6GHbl Apyr aApyry. OTCIOIla

|AX|:|PB|=|AM|:|MB| = (1)

Tpeyronbuuku BQN u AXN Takke nogo6Hbl Mexay co6oi. [Tonyunm:
|AX|:|BQI=|AN|:|BN|=A. (2)

H3 dopmya (1) u (2) caenyer, uto |BQ|=|PB|. [TosToMy oTpe3ok
BX saBnsiercsi MenHaHOW npsiMmoyroJibHOro tpeyrosbHuka PXQ. Tak
KaK MelHaHa NPSMOYIroJbHOrO TPeyrojbHHKAa paBHA [MOJIOBHHE TH-
notenysnl, T. e. |BX|=|PB|, to u3 (l) caeayeT paBeHCTBO
|AX|:|BX|=A\. YTBepKi€eHHe JOKa3aHO.

Jns mocTpoeHHs OKPYXKHOCTH AmMoJ/IOHHST HeOGXOAHMO onpeje-
JuTb ToukHh M u N npsamoii AB, yIOBJIETBOPSIOLIHE YCJIOBHIO:
|AM|:|MB|=|AN|:|NB|=A. B naabHeiimem Gyaem npeanonarath,

YTO YHCJIO A 33]1aHO B BHJle OTHOLIEHHS IBYX OTPe3KoB: A=m:n. Cno-
co6 mocrpoeHHss ToyeKk M W N noka3aH Ha pucyHke 10. Otpe3ku

PR u PQ paBHbl 1, otpe3ok AP paBen m. [psamass MP napaJinenb-
Ha npsaMoit BQ, (BR) napaanenbHa (PN). U3 teopembn Pasneca cue-

ayetr: [AM]:[MB]l=m:n, [AN]:[NB]= .

Mbl npeanonoXuau, yto As=1. Ecau A=1, To ucKomMoe MHOXe-
CTBO SIBJISIETCSl CEPEAMHHBIM NepneHAUKyJAsspoM oTpe3dka AB.

8°. MHOXeCTBO BceX TOuYeK MJIOCKOCTH, AJSi KOTOPbIX Pa3HOCTb
KBa/paTOB PAaCCTOSAHHA 10 ABYX JaHHBIX TOYEK MJIOCKOCTH SIBJIsieT-
Csl MOCTOSIHHOH BeJIHYHHOM.

PaccmoTpum 3apauy: «[daubl touku A u B. Tpebyercs HaiiTu
MHOXXECTBO BCeX TOueK IJIOCKOCTH, AJsi KoTopbix |AX|?— |IBX|*=

=k?, rae k — ANMHA JAHHOTO OTPe3Ka k.
Pewenue. [Tyctb A u B — naHHble ToukH. BBeaem npsiMmoyrodb-
HYIO JeKapTOBy CHCTEMY KOOPAHHAT TakK, 4To6Gbl OCb abCUHCC COBMa-

A M B N
R
O\
Q
a
Puc. 9 Puc. 10



—
Aana c npsamoil AB u 6Gbl1a coHanpamieHa ¢ BekTopom AB, a ocb op-
AMHAT npoxoauna yepe3 Touky A. B 3To#i cucreme KoopAHHATH TO-
yek A u B pasubi: A (0, 0), B (a, 0), rae a — anuna orpeska AB. Tou-
Ka X (x, y) Toraa 4 TOJNBKO TOTAA MPHHAMLIEKHT HCKOMOMY MHOXe-

CTBY, Koraa
VP + ¢ —(x—aP + g =k (3)
Otciona
2xa=*k?’+a’,
k2 2
x=%. (4)

CooTHoweHnust (3) u (4) skBuHBaneHTHb Apyr Apyry. Takum o6pa-
30M, Toyka X TOraa H TOJIbKO TOrja NMPHHAMIEXHT paccMaTpHBae-
MOMY MHOXECTBY, KOTJa OHa JIeXHT Ha MnpsMoil, onpeiesnsieMoi
ypaBHeHHeM (4). dTa npsimasi napaJjuieJbHa OCH OpJAHMHAT, T. €. nep-
nenaukyaspHa (AB) (puc. 11).

OnuueM cnoco6 NOCTPOEHHsI paccMaTpHBaeMoro MHoXxectBa. I[lo

CJIOBHIO kK — AJMHA naHHoro otpedka k. O6o3Hauum [AB] uepes a.
OCTpOEHHE HCKOMOH MPAMOH CBOAMTCSH K IMOCTPOEHHIO TOuKH N

(cM. puc. 11). O6o3nauum [AN] uepe3 x. Torna u3 ypaBHeHus (4)
caenyer:

k? 4 a* W S /(B2 +a?) (k2 +4a?)
2z 2a '

[MosTomy mnpexae Bcero cjeayeT MOCTPOHTb OTPe30K  m,im ==

x=

=~/a2+k2 (cM.§ |, 3anaua 33) H OTPe3oK np=2a. 3aTeM CTPOHTCH

mm -
OTpe30K X3 ¥=-—— (3anaua 32). [Janee oTpe3oK X; OTKJaAbiBa-

ercsl Ha ayye AB ot Hauana A. Uepe3 ero koHel NpoBoAHTCSA Npsimasi,
nepneHauKyasipHas (AB), koropasi U ABAsSIETCH HCKOMOH.

Y y

Puc. 11 Puc. 12
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9°. MHOXeCTBO BCex TOYeK MJIOCKOCTH, /s KOTOPbIX CyMMa KBaj-
paToB pacCTOSHHH A0 ABYX JaHHBIX TOYeK SIBJSETCS NMOCTOSTHHOH Be-
JIHYHHOH.

Paccmotpum 3anauy. Jaubl Toukd A u B. [TocTpoHTb MHOXeCT-

Bo {X) BCex ToueK MJOCKOCTH, Aasi KoTopwix |AX|*4|BX|?=Fk?,
rie k — QJMHa JaHHOrO OTpe3ka k.

Pemenue. [lyctb A u B — nanuble Toukd. PaccMoTpum mnps-
MOYTOJIbHYIO J1€KapTOBY CHCTeMY KOOpJAHHAT C LEHTPOM B Touke M,
cepenuHe oTpe3ka AB, ocb abcuucc KOTOpOH coBnajaer ¢ Mnpsi-
moii AB (puc. 12). Ilyctb @ — anuna otpeska AB. Touku A u B

MMEIOT KOOPAHHATHI A(——%, 0), B(-g—,

TOJIbKO TOT/Ja NMPHHAMJIEXHUT HCKOMOMY MHOXECTBY, KOIla ee KOOp/H-
HaTbl YIOBJIETBOPSIOT YpaBHEHHIO

2
a 2
(V) + (V=g ) =
ITO COOTHOLIEHHE 3KBHBAJIEHTHO YPaBHEHHIO
2y 21 (p2 @
x4y = 5 <k ;).
Takum o6pa3om, Touka TOrAa H TOJNBKO TOrAa MPHHAAJNEKHT HCKO-

MOMY MHOXECTBY, KOIZa OHAa JIEXXHT Ha OKPYXHOCTH C LEHTPOM B
HauyaJsle KOOpAHHAT pajuyca r:

_ 1 9 a’ )
r=/+ (k ). (5)
HeTpyaHo nocTpouTb OTpe3ok, AJIHHA KOTOPOro BbIUHC/ISETCH MO

dopmyae (5). ITo ycaoBHIo naH OTpe30K k, AJHHA KOTOPOToO k. [Tyctb
[AB]=a. CTpouM nocjeioBaTeJbHO OTPE3KH:

my=/a’+a? \/7a n2—- V—a
ps =\/k*—n3, q4—\/p3+pa \fps,

fs =—t74

0). Touka X (x, y) Toraa u

Onpesie/iUB OTPe30K rs, CTPOHM OKPYXXHOCTb (M, rs), KoTopasi siBJS-
eTCsl HCKOMOH.

[TocTpoeHHsi pacCMOTPEHHBIX MHOXECTB BKJIIOYHM B UHCJIO OCHOB-
HbiX. B pasbHeiilieM, ccoliasicb Ha 3TH MHOXeCTBa, He 6yaeM MNpH-
BOAHTb HX MOCTPOEHHS.

65. [lan TtpeyronbHuk ABC. HaiiTu MHOXeCTBO BepLIHH Bcex
TPeyroJbHHKOB, paBHOBEJHKHX NaHHOMY H HMeIOLIHX C HHUM obllee
ocHoBaHue [BC]

66. [lann ABe napajfefbHble NPsAMble @ H b H OTPe3KH m, n.
[locTpouTh MHOXKECTBO BCeX TOUYEK MJIOCKOCTH, MeJSUIHX NPOH3BOJIb-
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HBIil OTPe30K, KOHIIl KOTOPOTO JIeXaT Ha NPSMBIX @ U b, B OTHOLUEHHH
m:n, cuntas OT NpPSMON a.

67. JlaHbl 1Be mepeceKalollHecs NpsiMble @ H b H OTPe3KH m, n.
[MocTpoHTL MHOXKECTBO BCeX TOYEK MIOCKOCTH, NeJSIUIUX MPOH3BOb-
Hblil OTPE30K, KOHILbI KOTOPOTO JleXXaT Ha MPAMBIX @ H b W napasJeb-

Hbll NaHHOH MpsIMOH ¢, B OTHOIUEGHHH m:n, CuuTas OT NpsAMoH a.

68. [laHbl nBe KOHUeHTpUHYecKHe OKpy»XHocTH. [locTpoutrb MHO-
JKeCTBO BC€X TOUYeK, KOTopble SBJSIOTCH LUEHTPaMH OKpPYXKHOCTeH,
KacalouHXxcs JaHHbIX.

69. [laHbl okpyXHocTb M Touka A. [locTpouTb MHOXKeCTBO cepe-
AMH BCEX XOpJ AaHHOH OKPYXKHOCTH, NPHHALJIEXAalHUX CEKYLIHM,
NPOXOASLIMM uepe3 TOuKy A.

70. laHbl OKpyXHOCTb U ee xopaa. [locTtpouTb MHOXeCTBO ce-
pelHH BCeX XOpI 3TOH OKPYXHOCTH, PaBHbIX JaHHOH Xopje.

71. OKpYXXHOCTb BHAHA M3 TOUKH MOJ YIVIOM @, €CJIH Yroa Mexay
KacaTe/bHbIMH, NpPOBEAEHHbIMH H3 JaHHOH TOUKH K HeH, paBeH .
[TocTpoHTb MHOXKECTBO BCEX TOUYEK MJOCKOCTH, H3 KOTOPBIX 3Ta OKPYX-
HOCTb BHAHA MOJ AAHHBIM YIJIOM.

72. TIOoCTpPOHTb MHOXXECTBO BCeX TOYEK MJOCKOCTH, IJs KOTOPBIX
OTpPe3KH KacaTe/bHbiX, 3aK/IOUeHHble MeXAY HHMH H JaHHOH OKpYX-
HOCTbIO, paBHbl JaHHOMY OTpPe3KY. _

73. Ton creneHblo TOUKH A OTHOCHTENBHO OKPYXHOCTH w=(0, r)
nounmaercs uucao C4=]0A|>—r?. TlocTpouTb MHOXeCTBO BCeX
TOYEK MJIOCKOCTH, I/l KOTOPbIX CTeNeHH OTHOCHTENbHO AAHHBIX OK-
py>KHOCTeH paBHbl MexXay co6oi (paaHKa/lbHas OCb ABYX OKDYX-
HocTe#) .

74. TlocTpOHTb MHOXXECTBO BCeX TOYEK MJOCKOCTH, AJsi KOTOPbIX
MX CTeleHH OTHOCHTE/JbHO TPeX AAHHbIX OKPYXXHOCTeH paBHbl MeXAY
co60i (paaMKa/JbHBIH LUEHTP TPeX OKPYXHOCTeH).

I1. NlpuMeHeHHe CBOHCTB MHOXECTB
NpH pellleHHH 3a)a4 Ha NOCTPOeHHe

75. TToCcTpOHTb OKPYXKHOCTb, €C/1H M3BECTHbl ee pajuycC r, To4Ka
A, npHHaanexallas ed, 1 yroa o, Moj KOTOpPbIM OHAa BHAHA H3 BTO-
po# Touku B.

Pewenwne. Ananns. M
[lycTb ® — HCKOMast  OKpyX-
Hoctb, O — ee ueHtp, A © B —

AaHHble ToukH, BM u BN — ka- F
cartesbHble (puc. 13). ¥Yroa, noa 0 P
KOTOPbIM BH/HA OKPYXKHOCTb ® H3
ToukH B, paBen Z NBM.
M3 ycaosus caenyer, uTo
1
£LNBM=q. Toraa LOBM—E a. p N Dre. 13
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Ws 8
.
Puc. 14

B npsimoyrosbHoM TpeyrosibHuke OMB uaBectHbl kateT OM, paBHbI#
paauycy 7, U nporuBojexawuii emy ZOBM. [lostomy 3TOT Tpe-
YroJIbHHK MOX>XHO MOCTPOMTb H onpeienuts otpe3ok OB. Peluenue
CBOJUTCH K MOCTPOEHHIO LEHTPA OKPYXKHOCTH @, Toukd O. OHa npwu-

HaJJIEXXHT OKPYXKHOCTH B ¢ LeHTpOM B Touke A H pajuyca r, a TaKxe
OKPY>KHOCTH y C LleHTpoM B Touke B u paauyca OB.
[ToctpoeHnue (puc. 14). Ctpoum:

1) yron 6,, paBHbI# ;—a (cm. § 1, 3apaua 4);
2) npsaMoyroJibHblii TpeyroibHHK P2QqR, no kartety Qq.P,, paBHO-
My 7, U yr1y QuRyP, paBHOMYy £ §);

3) okpyxHocTb Bs: Ba=(A, r);
4) OKpYXHOCTb V4:7y4=(B, [Q2R:));
5) Touky Os, NpHHaAJeXaLlyl0 MepeceueHHIo OKPYKHOCTeH P

H V4,
6) OKpPYXHOCTb we:ws=(0s, r).
OKpyXHOCTb ®wg HCKOMas.
JokaszaTenbcTBoO. OKPYXXHOCTb g HMeeT paaHyC, pas-

HBll r (mocTpoeHHe 6), M NMPOXOAMT yepe3 TOUKy A (MOCTpoeHHs
3, 5 u 6). Tak Kak Touka Os NMPHHAMJNENKHT OKPYXKHOCTH Y4, LEHTP
KOTOpOH HaXOAMTCs B Touke B, a paauyc [Q:R:], TO TpeyroJibHHK,
06pa30BaHHbIi OTPE3KOM KacaTeNbHOH, NMpPOBedeHHOH M3 TOUKH B K
OKPY>KHOCTH W, C PAJJHYCOM 3TOH OKPYXKHOCTH, CO€HHSIIOLIHM LEHTP
M TOYKY KacaHusi, H oTpeakom OsB, paBeH A Q2P:R,. [ToaTomy yrou,
NnoJ KOTOPbIM OKPYXHOCTb we BHAHA H3 TOUKH B, paBeH [JaHHOMY
yriay o.

HccanenoBaunue M3 aHanusa creayer, YTo UEHTP HCKOMOH
OKDY>KHOCTH NPHHA//1EXHUT NepeceueHHIo OKpYXHocTel f u y. 3agaua
HMeeT CBsid3aHHoe pelieHHe. [IpuueM ecau B u y He nepecekalioTcsi, TO
He HMeeM pelleHHs; eCJ]H KacaloTcs, TO OJHO pelleHHe;, eCclH nepe-
ceKaloTcs B JBYX TOYKax (Kak MokKa3aHo Ha pHCyHKe 14, Toukd Os
u Of), To uMeeM aBa pelieHusi. OTMETHM, UTO  H y He MOT'YT COBMNa-
aTb, TaK KaK HX PaAHyCbhl Pa3/IHYHHI.
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76. TMocTpouTb OKPYXKHOCTb 1@HHOIO Paanyca, MNPOXOASALLYIO uepes
NaHHYIO TOYKY H Kacalollylocsi JaHHOH OKPYXKHOCTH.

77. TlocTpOHTb OKPYXKHOCTb, KOTOpasi Kacaercsi ABYX APYTHX OK-
pPYXHOCTeHl U MMeeT AaHHbIH paaHycC.

78. ITocTpouTb OKPYXKHOCTb AAHHOTO PalnyCa, MPOXOASALLYIO yepe3
TOYKYy M TMepeceKaloulylo AaHHYIO OKPYXHOCTb MO Xople AaHHO#H
JJIHHBL.

79. IlocTpouTb OKPYXHOCTb, €C/1H H3BeCTeH ee paaMycC, TO4YKa,
yepe3 KOTOPYI0 OHa NPOXOAHMT, W OTPe30K, paBHbIH OTpPe3Ky Kaca-
TeJIbHOH, NMpOBelleHHOH K HeH uyepe3 BTOPYKO NAHHYIO TOUKY.

80. laHnl OKpYXHOCTb H BHyTpH ee Touka P. [lpoBecTH uepe3
3Ty TOYKY XOpAy TakK, uToObl Pa3HOCTb €e OTPe3KOB, OnpejessieMblX
TOYykod P, 6bl1a paBHa NaHHOMY OTpPe3KY.

81. [ToCTPOHTH TPeyroJbHHK, eC/lH H3BECTHH 4, Ra, M.

82. [TOCTPOHTb TPeyroJbHHK, €C/H AaHbl d, m, H TOuKa fepece-
YEeHHs! BbICOTH i, C OCHOBaHHeM d.

83. TTocTPOHTb TPeyroJbHHK, eCJH H3BeCcTHbl a, R, ma.

84. TTOCTPOHTb TPeyroJibHHK, €CJH AaHbl a, ha, M.

85. IMocTpouTb TPeyroJibHHK, eciu H3BecTHh £ A, Ma, ho.

86. [TocTpoHTb TPeyrosibHUK, €CH AaHbl ha, a, R.

87. IlocTpouTb TPeyrosibHHK, €C/1H H3BECTHbI ha, ma. me.

88. [laH npsiMOYyTroJibHbIH TpeyroJbHHK. [10CTPOHTb OKPYKHOCTb C
LEeHTPOM Ha OJHOM H3 KaTeTOB TakK, YToObl OHa KacaJsacCb THNOTeHY-
3bl H COJepiKaJsia BepLIHHY NMPSAMOro yrJja.

89. IToctpouTb poM6, ecyid naHbl ABe €ro NPOTHBOMOJOMXKHbIE Bep-
IUWHBI U H3BECTHO, YTO TPeTbsl BepIUHHA JIE)XHT HAa JaHHOH MPsSMOH.

90. [1aHbl OKpPyXHOCTb o, mpsiMas ! u ToukKa A, npuHamaexa-
was /. [TocTpoHTb OKPYKHOCTb, KacalolllyloCs OKPYXXHOCTH a. H Mps-
Moit [ B Touke A.

91. JlaHbl OKPYXHOCTH o H B, a TakKKe Touka A Ha OKPYXKHO-
cTd o. [TocTPOHTb OKPYXKHOCTb, Kacalolylocs o U B, IpHYEM OKpY K-
HOCTH a B Touke A.

92. JlaHbn 1Be KOHUEHTPHYECKHE OKDYXXHOCTH o M f M Touka A.
[TocTpouTh OKpYKHOCTb, MPOXOASILLYIO Yepe3 TOUYKY A H Kacalollylo-
el auf.

93. Uepes Touky B, Haxoasillylocsi BHYTPH OKPYXHOCTH, MpO-
BECTH XOpAYy, KOTOpas AeJHUTCA AAaHHOH MPsAMOH momnoJam.

94. Yepe3 aaHHYI0 TOUKY NMPOBECTH CEKYyILLYIO, OTCEKAIOUlyl0 OT
OKPYKHOCTH XOpAY, PaBHYIO JaHHOMY OTPe3KY.

95. Uepe3s TouKy A, HaxoAsillylocsi BHYTPH OKPYXXHOCTH, MpoO-
BECTH XOpAy, AJAHHA KOTOPOH DaBHA YABOEHHOMY pacCTOSIHHIO OT
TOYKH A [0 LeHTPa OKPYXXHOCTH.

96. IMocTpouTb napaJsiesorpaMm, ABe CMeXXHble BepLIHHbl KOTO-
poro HaxoAsTCA B JaHHbIX TOYKax, a JABe Jpyrdie — Ha OKPYKHOCTH.

97. TTocTpPOHTb TPeyroJibHHK, eciu AaHel £ A, a, Aa.
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Pewenue. AHaau3s. Ilycts TpeyrosbHuk ABC HCKOMBIi.

Torna BepunHa A ypnajeHa ot mpsimoii BC Ha BbicoTy h,. Kpome
Toro, 3 ToukH A orpe3ok BC BuaeH noa paHueim £ A. Tloatomy
Toyka A MpHHALJIEXHT JBYM MHOXECTBaM:

a) MHOXeCTBY BCeX TOYeK IJIOCKOCTH, yJAaJeHHhX oT npsamoii BC

Ha AJIHHY BBICOTHI Ag;
6) MHOXeCTBY BceX TOYEK IJIOCKOCTH, H3 KOTODbIX AaHHbIH OT-

pe3ok BC (oTpe3ok &) BHAeH MOA AaHHbIM yrjom A.
1 nocTpoeHHsi TpPeyroJibHHKa [JOCTAaTOYHO OTJOXKHTb HA Mpo-
M3BOJIbHOH MPsIMO# OTPe30K &, MOCTPOHTb YKa3aHHbie KOHCTPYKTHB-

Hble MHOJ>XeCTBa M HaMTH HX TOYKY NepeceyeHHs.
[Toctpoenue (puc. 15). Crpoum:

1) otpesok B,C,, paBHblii JaHHOMY OTPe3KYy a;
2) npsiMble p; U pj, napajnenbhble B|C, ¥ ynajeHHble OT Hee Ha

LJHHY oTpe3Ka h, (MHOXecTBo 3°);

3) nyri as; H aj, KOTOpble MpeacTaBJsIOT CO60H MHOXeCTBO
BCEX TOYEK MJIOCKOCTH, H3 KOTOphIX oTpe3ok B,C, BuaeH noa £ A
(MHOXecTBO 6°);

4) Touky A,, TpHHaLIEXalLlyl0 TMepeceueHHI0 MHOXeCTB (mo-
cTpoeHusi 2, 3).

Tpeyronbuuk A4B,C; HCKOMBIH.

JokasaTeabctBo. Orpesok C,B, paBes a (noctpoenue 1).
B cuay noctpoeHusi 4 Touka A4 JIeXKHT MJIH Ha MpPSAMOH pp, WIH HA
npsimoit ps. [ToaToMy H3 nocTpoeHHs 2 cieayeT, 4TO BbICOTA BepllH-

Hhl A4 TpeyrosbHuka A4B,C, paBHa h,. AHaJOrHYHO M3 MOCTpoOe-
Hui 3 u 4 Takxke caenyet, uto £ CA4B,= £ A. TlocTpoeHHblii Tpe-
YTOJIbHHK yJ0BJIETBOPsieT BceM TPeGOBaHHAM 3ajauH.
MccanenoBadue B aHanuse nokasaHo, 4To BepliHHa A wHc-
KOMOTO TpeyroJibHHKa NpHHAaJ/NEXHT ABYM MHoxecTBaM. [losTomy

A Ay
Pz
az A
B G
3 ~\T
a lg
S i "
Aé,\/;” ; £ L 5
Puc. 15 Puc 16
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pellieHHe 3aBHCHT OT CyLLEeCTBOBAHHSl TOUYEK lepeceyeHHsl 3THX MHO-
xectB. Ecau npsamble py, p7 U AyrH as, af He nepecekaloTcs, TO pe-
weHui HeT. [IpsMble ¥ AyrH au60 MOryT KacaTbCs, TOTAa Cylle-
CTBYIOT fiBe OOl He TOUKH paccMaTpHBaeMblX MHOXeCTB, JH6O mepe-
ceKaloTcs, TOr4a CYLIeCTBYIOT ueTbipe o6liHe TOUKH (cM. puc. 15).
SIcHO, YTO B KaXXIOM M3 3THX CJyyaeB MOCTPOEHHble TPeyroJbHHKH
paBHbl apyr apyry. IlosTomy eciu 3ajmaya uMeeT pelleHHe, TO OHO
€IHHCTBEHHOE.

98. [TocTpouTb TpeyroabHHK, eclu AaHbl @, £ A u Touka D, ko-
TOpasi IBJSIETCS OCHOBAHHEM BbICOTbl BepPIUHHbl A H TNPHHAIEKHT

NpsiMOi, ColiepXKallledi OCHOBaHHe 4.

99. [locTpouTb Tpeyro/sbHHK, €ClH H3BeCTHH £ A, a, m,.

100. ITocTpouTh napannenorpaMm, eciu JaHbl €ro BbICOTa, CTO-
poHa, Ha KOTODYIO OHa OMNyLUeHa, H YroJ MeX1y AHaroHaJisiMH.

101. B okpy»XHOCTb BnHcaTb NPSAMOYTrOJIbHHK TaK, YTOObl 1Be €ero
CMeXHble CTOPOHbl MPOXOAHJH yepe3 JBe AAaHHble TOYKH.

102. [TocTpoHTb NPSIMOYTOJIbHBIA TPEYroJbHHK, BIHCAHHbIH B 1 aH-
HYIO OKpPYXXHOCTb, €CJIH H3BeCTeH ero OCTpPbli yroa W TOuKa, yepe3
KOTOPYIO MPOXOAHT OJHH M3 KaTeTOB.

103. TMocTpouTh TpeyroibHHK Hau6o/blUeH MJOIAdH, €C/H H3Be-

CTHH Z A ¥ a.
104. TTocTpOHTb TPeyroJibHHK, eC/H AaHbl a, b, £ (ma, C).
105. [ToCTPOHTL TPEYroJIbHHK, eC/lH H3BeCTHH Z B, m,, m..

106. TTocTpouTb Tpeyro/bHHK, ecau AaHbl Z A, a, r.

107. TlocTpouTb npsiMyio, NMPOXOASILYI0 Yepe3 NaHHYIO TOYKY H
nepeceKkalollylo OKPY>KHOCTb MOA AAHHLIM YIVIOM.

108. HaHbl TouKa, OKPYXHOCTb H yroJ. [TocTpoHTb OKpPYXHOCTb
C UEHTPOM B JaHHOH TOUYKe, MepeceKalollylo OKPYKHOCTb M0 AaHHBIM
YIJIOM.

109. [laHbl ABe OKPYXXHOCTH H HX oOblias BHELIHSAS KacaTelb-
Has. [TocTpouTb Ha KacaTesqbHOH TOUKy X Tak, 4yTo6bl CyMMa YIJOB,
NoJ KOTOPbIMH BHIHbI OKPYXHOCTH M3 3TOH TOUYKH, Oblla paBHa JaH-
HOMY yray.

110. Yepes Touky mpoBecTH [ABe NpsiMble Tak, 4To6Gbl OHH o6pa-
30BbIBAJIH MeX]y COOOH JaHHbIH YyroJs H BbiCeKaJH Ha OLHOH M3 mps-
MbIX JaHHbI OTpe3okK.

111. TTocTPOHTb TPeyroJIbHHK, eCii H3BeCTHb £ A, ha, Ma.
112. TTocTpouTb NPSIMOYrOJIbHBIA TPEYToJbHHK, €CJIH JaHbl €ro I'H-
noTeHy3a H MeJHaHa OJHOrO W3 KaTeToB.

113. TloCTPOHTH TPeyroJibHHK, €C/IH H3BEeCTHH a, R, m,.
114. TlocTpouTb paBHOCTOPOHHHH TpeyroJbHHK ABC, ecau maHbl

€ro CTOpoHa a, a Takxke Touki M, N u P nepeceueHusi JaHHOH npsiMoil
m co ctopoHamd AB u AC u Guccexktpucoi AL.
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115. TToCTPOHTL TPeyroJbHHK, €C/H AaHbl @, [, H M3BeCTHa TOY-
Ka L nepeceyeHHs OCHOBAHHSA @ C GHCCEKTPHCOH /, (Touka L oT/iHuHa

OT Cepe/lHHb OTPe3Ka a).
Pemwmeunue. Anaanui. Ilycts Tpeyrosbuuk ABC HCKOMBIH,

[AL] — 6uccektpuca £ A, [AL]=I, (puc. 16). UsBecTHo, uto [CL]=

=m u [BL]J=n, m=£n. OnpeleinM KOHCTPYKTHBHbE MHOXECTBa,
coiepXaliue Touky A.

1) Touka A ynanena ot L Ha QJHHY L. [Tostomy A npuHaLIEXHT

OKPY>KHOCTH C LIeHTPOM B Touke L W paauyca [l,.
2) Tlo TeopemMe o GucceKTpHCe BHYTPEHHEro yrja TpeyroJibHHKa

6okoBbie cTopoHbl [AC]=b u [AB]=c OTHOCATCA TaK Xe, Kak OT-
pesku m u n: b:c=m:n. Tak kak m:n=£1, To Touka A npHHaLIe-
XKHT OKPYXHOCTH AnonnoHus;, onpeneasieMoil OTPe3KOM @ B OTHOLLe-

HHEM m:n.
OAA nocTpoeHHsi TpeyroJbHHKa AOCTaTOYHO Ha INPOH3BOJILHOH

NpsiIMOil OTJIOXKHTb OTPE30K @, MOCTPOUTb yKa3aHHble MHOXeCTBa H
HalTH MX TOYKY MNepeceueHHs.
[ToctpoeHnue (puc. 17).

1) Crpoum otpesok C,B,: [C\B/]=a
2) Ha ayue C,B, ot Touku C, oT10XkuM oTpe3ok C,Lj:

[CiLsy)=m

Hanee cTpoum: _
3) OKpYXHOCTb a3: az=(Ly, l);
4) OKpPYXXHOCTb AmNOJIOHHS ﬁ4, Onpefie/IsieMyl0 OTPe3KOM C\B,

W OTHOIUEHHEM A=m:n, Tie n=a—m.

5) Onpenenum Touky As nepeceueHusi oz H Pi.

TpeyronbHuk AsB,C, — HCKOMBIHA.

HokasaTteabcTtBo. Oc-
HoBaHue C,B, paBHO 1aHHOMY OT-
pe3ky a (nmoctpoenue 1). Otpe-
30k C|L. paBeH JaHHOMY OTpe3-
Ky m (noctpoenue 2). Bepuuna
As TPHHALJIEXKHT OKPYXKHOCTH
AnosnnoHus B4 (noc1‘poeHuﬂ 4,5),
Mo3ToMY [C\As]:[B1As]=
=[C,L,):[B,Ly]. Otciona u u3 Teo-
peMbl 0 GHCCEKTPHCE BHYTPEHHEro
yryia TpeyroJbHHKa cieipyeT: OT-
pe3ok AsL, siBasieTcss GHCCEKTPH-
coit £ C,AsB; noctpoeHHoro Tpe-
Puc. 17 yroibHuka. BepuinHa As Jexur
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Ha OKPYXXHOCTH a3 (nmoctpoeHue 5), nostomy [AsL,]={; (mocrtpoe-
uue 4). Tpeyroavuuk C,A;B, HCKOMBIH.
HccaenosaHue. B ananuse noka3zaHo, uto BeplunHa A npH-

HALJIeXKHT ABYM MHOXECTBaM: OKpYXHOCTH (L, [;) H OKpPYXXHOCTH
Anonsionusi. LlenTp L nepBoil OKpPYXHOCTH JIEXKHT Ha OKpPYXHOCTH
Anonnouus. [TosToMy OHH MOryT:

a) He nepecekaTbcsi (B 3TOM cJjydyae pelleHHH HeT);

6) KacaTbCs (TakXe HeT pelleHHH, TaK Kak HX obLlas TOYka Je-
XKHT Ha npsmoil CB);

B) nepecekaTbCsl B JBYX TOUKax (3ajaya HMeeT OJHO pellieHHe,
TaK KakK MojlyyeHHble TPeyroJbHHKH paBHbl MeX1y co6o#).

116. Ha npsamoii m naHbl nocaenoBaTtenbHO TpH ToukH A, C H
B. Ha Bropoii npsiMo#t n HallTH TaKylo Touky X, Ajsi KOTopoi ayu XC
ABAsieTcs 6UcceKTpUcoil yria AXB.

117. TIocTPOHTb TPeyroJbHHK, €CH H3BEeCTHbI a, la, b:cC.
118. TTocTpoHTb TPeyrosbHHK, €C/H NaHbl d, M, H OTPE3KH p H

g, Ha KOTOpHE OCHOBaHHE @ PAa3JeNHN0Ch GHCCeKTPHCOH yraa A.

119. I[TocTpouTb TPeyro/ibHHK, €CJIH H3BECTHO €ro OCHOBaHHE a H
TOYKH MepeceyeHUss 3TOr0 OCHOBAHHA C OHCCEKTPHCOH H BBICOTOM.

120. TTocTpOHTb TPEYroJbHHK, €CclH AaHbl @, Z A W OTHOLIeHHe
b:c.

121. TIoCTPOHTb TPeyroJbHHK, eclH H3BeCTHH a, A, W OTHOLIe-
HHe hy:h..

122. TToCTPOHTB TpeyroJbHUK, ec/H AaHbl a, Aq, k, rae k> =5+ c*.

123. TTocTpoUTb TPEYroJibHHK, €CJAH H3BeCTHbl a, Mg, k, rie
kR =b>+4c.

124. Ha npsiMo# HaliTH TaKylo TOUKY, A/ KOTOPOH CyMMa KBajpa-

TOB [VIHH OTPE3KOB KacaTeJbHbiX, IPOBEJEHHbIX H3 3TOH TOUKH K IBYM
OKPYXXKHOCTSIM, paBHa KBaJpaTy AJIHHbl JaHHOTO OTpe3Ka.

125. TToCTPOHTH TPEYroJIbHHK, €C/H AaHHl a, g, £, rae k2 =5 —c?.
126. TTocTPOHTb TpeyroJbHHK, eciH W3BecTHbl R, LA, k, rae

k?=b%—c?.

127. Hanbl Tpu okpyxHocTH. IlocTpouTh TOuky, OoTpe3kH Kaca-
TeJbHbIX H3 KOTODOH K 3THM OKDY>XHOCTSIM paBHbl MexXay COO6O.

128. TlocTpoHTb OKpPYXHOCTb, OTPe3KH KacaTeNbHbIX K KOTOpPO#H
M3 Tpex ToueK paBHbl TPeM AAHHbLIM OTpe3KaM.

129. INocTpouTb TOYKY Tak, 4TOGbl OTPE3KH KacaTe/bHbIX, MPOBe-
JEeHHBIX Yepe3 Hee K JBYM OKDYXXHOCTSIM, OblIH PaBHH MeXIy CO-
6oii, a 0AHAa H3 OKPYXXHOCTed 6bljla BHAHA H3 3TOH TOYKH MOA AaH-
HbIM YTJIOM.
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§ 4 MPUMEHEHHE CBOACTB OCEBOH CHMMETPHH
MPH PEWIEHHH 3AJJAY HA NOCTPOEHHE

Jlutepartypa: [l], § 100.

B § 4—7 npuBeaeHbl 3ajauH, NPH pellleHHH KOTOPbIX HCIOJIb3Y-
I0TCA pa3JiHuHble BH/Ibl ABHXeHHs. [IpH 3TOM uenb npoBeleHHs mpe-
o6pa30BaHHsl COCTOMT B YNPOLIEHHH 3a]auH, MOCTPOEHUH BCIOMOra-
TeJbHOH (Hrypbl, B OTbICKAHHH 32aKOHOMEPHOCTEH, NO3BOJSIOWHX
MOCTPOHTb HCKOMOE pellieHHe.

130. IMocTpoHTb paBHOCTOPOHHHH TPEyroJbHHK TakK, 4TOObl O1HA
ero BeplUHHA JieXKasa Ha OAHOH MpPSIMOM, Apyrasi — Ha JaHHOH OK-
PYXXHOCTH, a BbICOTa, NMPOXOAslllasi 4epe3 TPeTbl0 BepPLUHHY,— Ha
BTOpO#i NMpsiMOi.

Pewedxnue AHaunu3s. [onycrum, uto 3ajaya pelueHa H Tpe-
yrodbHuK ABC uckomblit (puc. 18). Bepwnunl A U B nexart cootBert-

CTBEHHO HAa OKPY>XHOCTH ® M NMpsiMOH m, BepwiuHa C u BbicoTa h, —
Ha npsimoit /. Torna Touku A u B cHMMeTpHUHBl ApYT APYrY OTHOCH-
teJbHO mpsmoi [. [ToaTomy Touka B nmpHHaL/IeXHT KaK NMpsMoH m,
TaK U OKPYXXHOCTH ®', CHMMETPHYHOH OKPYXKHOCTH ® OTHOCHTEJbHO
[. Jlns mocTpoeHHs 1OCTAaTOYHO HAHTH TOUKYy B nepeceueHHs m H
®’, 3aTeM onpejenuTb ee npoo6pas, TouKy A, MU AOCTPOHTb OTpe-
30K AB 10 paBHOCTOpPOHHEro TpeyroJibHHKa.

[MToctpoeunue. Crpoum:

1) OKpPy>XHOCTb ®{, CHMMETPHUHYIO OKPYXXHOCTH ® OTHOCHTEJlb-
HO mpsiMoH /;

2) Touky B, nepeceueHuss o{ H npsiMoi m;

3) Touky Ai;, CHMMETPHYHYI0O TOuKe B, OTHOCHTE/NbHO NpsiMOH [;

4) OKPYXHOCTb ay: ay= (A3, [A3B2]).

5) Haxoaum Touky Cs nepeceueHus oy H .

TpeyrosbHuK A3B2Cs HCKOMBII.

c

Puc. 18
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JokasaTteabcTBo. Touka B, npuHaaiexut npsmoi m (mo-
crpoenue 2). Toukun A3 u B, cHMMeTpHUHBl APYr APYTY OTHOCHTE/b-
Ho nmpsimMoil [ (moctpoenne 3). Tak kak Touka B, JIeXKHT Ha OKPYX-
HOCTH @] (mocTpoeHHe 2), To Touka A; JieXXHT Ha ee o6pa3e NMpH oce-
BOH CHMMETpHH, T. €. Ha OKPYXHOCTH o. Kak cienyer u3 mocrpoe-
HUsl 5, Touka Cs NpHHALIEKHT NpsMol [, KoTopasi iBASIETCH OCbIO
CHMMeTpHH ToueK By u Az, MOITOMy COJAEpPXKHT BBHICOTV TPeyroJb-
HuKa A3B2Cs. [locTpoeHHBI TPeyrolbHHK PaBHOCTOPOHHHH, TaK Kak
orpe3ku [A3B;] u [A3Cs] paBHH MexXay co60H B CHJYy NOCTPOEHHH 4,
5, a [A3Cs]=[CsB:], Tak kKak npsmMas [ — oCb CHMMETPHH TOUYEK
A3 H BQ.

MccnenoBaHnue Kak nokazaHo B aHa.iu3e, BeplUHHbl A H
B cHMMeTpHUHH ApYr APYry OTHOCHTe/NbHO npsiMmoi [. $IcHo, uTo 3a-
Jlaua TOrAa H TOJIbKO TOTAa HMeeT pelleHHe, KOTAa NpsiMasi m M OK-
PYKHOCTb ©{ MMeloT o6uiHe Toukd. Ecau onpepnenieHbl BepwinHb A H
B tpeyronbHHKa, TO cyulecTBYIOT TouKH C U C’, Kaxaas U3 KOTOPbIX
sIBJISIeTCS] BEPLUMHOH HCKOMOro TpeyroJbHHKa. OHH COBNajaloT ¢ ToY-
KaMu rnepeceueHHds NpsiMoil [ U OKPYXKHOCTH a.: o = (A, [AB]). [Toatomy
eCJIM OKPYXXHOCTb @’ KacaeTcsi NPSIMOH m, TO MMeeM 1Ba DEeLIeHHS H
yeThipe pellieHHs, eclH ' nepecekaer m (puc. 19).

131. [TocTpouTb PaBHOCTOPOHHHH TPeYyroJibHHK TakK, YTOo6Gbl OJHA
ero BeplUHHA JeXaJa Ha OAHOH OKPYXKHOCTH, Apyras — Ha Ipy-
roif, a BbICOTA, MPOXOAsALAs Yepe3 TPEThbIO BEPLUHHY, MPHHALlexa-
Jla 1aHHOH NpsIMOH.

132. TlocTpouth paBHOOGEApPEHHBIH NPSAMOYrOJNbHBIH TPeyroJibHHK

Puc. 19
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TaK, 4TOGbl BEPIIHHbBI €ro OCTPBHIX YIJIOB JeXaJH Ha OKPYXHOCTHX,
a BHICOTA MPSIMOTO yrja — Ha JaHHOH NpPSAMOH.

133. TlocTpouTb poM6 Tak, 4ToGbl OfHA M3 ero JuaroHaJsel Wmesna
JaHHYIO AJIHHY H JleXkajla Ha NMpsIMOH, a [Be He MpuHaAJeXxallHe ei
BepIUHHBl — Ha ABYX [JaHHBIX OKPYXHOCTSIX.

134. B npsaAmoyrosbHHK BnucaTb poM6 TaK, uTOGbl OHH HMEJH
o6LLYI0 AHaroHaJb.

135. TlocTpouTb ueTblpeXyroJibHHK, €CJH JaHH €ro CTOPOHH H H3-
BeCTHO, YTO AHAroHaJb sIBJsieTcsl 6HCCEKTPHCOH OJAHOrO M3 ero yrios.

136. ITocTpOHTb TPeyro/bHHK, €C/H AaHbl €ro BepLIHHA H MpsIMble,
cofiepKalliie GHCCEKTPHChI, Mpoxoisilye uyepe3 ABE [pyrde BepLIHHBL.

137. OKpPYXXHOCTH ®; H W2 HAXOASATCA B OJHOH MOJYIMJIOCKOCTH OT-
HocHTesabHO npsimoit /. HailiTu Takylo Touky Ha npsmo#t /, 4yTo6bl Ka-
caTe/ibHble, POBeJEHHbIE H3 Hee K OKPYXHOCTSM ®| H ®2, COCTaBJIfA-
JIH C Hell OJHHAKOBbIE YIJIbL.

138. Ha npsimoit AB HaiiTH TaKylo TOUKYy X, COeIHHHB KOTOPYIO C
NaHHBIMH ToukaMH M u N noaydum yrisl NXA uw MXB, U3 KoTophix
OHH BJ1BO€ 6OJibllie APYroro.

139. TlocTpouTb TpeyroJbHMK HAHMEHbLIEro MepuMeTpa, eciu
JaHbl @ U hg.

Pewenue Anaunus. [lpeanonoxum, 4to 3anaya peiueHa
tpeyrosibHHK ABC uckombiii (puc. 20). Bepwuna A npuHamnexut [

/ (no ycsaoBHI0), mapaJJjejbHOH OCHOBa-
c Huto [BC] 1 oTCTosiled OT Hee Ha AJIH-
Hy BbicOTbl h,. Ilosatomy 3apaua cBo-
JHTCSA K onpejesieHHI0 Ha npsiMo# [ Ta-
KOii ToukH A, 0451 KOTOpPOH cyMMa ofT-
A A |  Pe3kos AB u AC sBnsieTcsi MUHHMaJb-
HoH. [1ycTb Touka C’ cHMMeTpHUYHA TOY-
ke C ortHocutesbHo [. Torpa [AC]=
/",; =[AC’). HeTpyaHo BHAeTb, YTO HCKO-
mMasi Toyka A siBJAsieTCs TOUKO# nepece-
yeHus npsiMbix [ u (BC’). delicTBUTENb-
8 C HO, NycTb To4Ka A’ JeXHuT Ha [ u He
Puc. 20 coBnajgaet ¢ toukoit A. [A’C]=[A'C’],
noatomy [BA’]+4[A’C]=[BA’]+[A’C’].
Ho nnuHa orpe3ka BC’ meHblue AnuHbl JoMaHo# [BA’]4[A’C’], coe-
auHsowed ero KoHubl. CienoBaTesNbHO, NMEPUMETP TPeyroJbHHKA
BAC menbiue nepuMerpa tpeyronbiuka BA’C. [Ins pelueHus focra-
TOYHO OTJIOXKHTb Ha mJaockocTH otpe3ok [BC]:[BC)=a, nposecTH
npsamyio /[, orcrosiuiyio ot (BC) Ha pauHy oTpe3ka h,, NOCTPOHTb TOY-
Ky C’, cHMMeTpHUHYy10 ToyKe C OTHOCHTEJNbHO [, H CO€HHHTb TOYKH
C’ u B.
[Toctpoenue. Crpoum:

1) otpesok B,C,:[BiC\]=a;
2) npamyio [, mapaanenpHylo B,C; W OTCTOslyl0 OT Hee Ha

AJHHY OTpe3Ka Ea;
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3) Touky Cs;, cHMMeTpHUHYIO TouKe C; OTHOCHTEJbHO [o;
4) npamywo my:my=(C3B)).

5) OmnpenenuM Touky As nepeceueHds [ ¥ my.
Tpeyronbhuk AsB;C; HCKOMbBIR.

HokaszaTeabcTso. OcHoBanue B,C, paBHO a (mocTpoe-

HHe 1). Boicota, onymeHHas Ha ocHoBaHue B,C,, paBHa h, (mo-
cTpoeHusi 2, 5). B aHanu3e 3apayH GblJI0 10Ka3aHo, YTO MePHMETP
TpeyrosbHuKa As;B;C, MHHHMaJIeH.

HMccnenosaHue. U3 aHanusa creayer, uto pelleHue Bceraa
CyuiecTByeT H eIMHCTBeHHO. MIcKOMBIH TpeyroJibHHK siBJisieTCsl paBHO-
6epeHHbIM.

140. Ha npsmo#t / HafiTH TOUKy, CyMMa pacCTOSHHH OT KOTOPOM
[0 IBYX JaHHBIX ToueK M u N sBJIsieTCH MHHHMaJbHOH.

141. BuyTtpu yrna AOB pana touka M. Ha croponax yria AO
u BO HaliTh Takue ToukH X W Y, uTOGbl nepuMeTp TpeyroJibHHKa
MXY 6bl1 HaHMEHbLUUM.

142. BuyTpu yrna nasbl Touku A u B. Ha npsiMeix, copepxauux
CTOPOHHl yrja, HalTH Takue TOUKH M u N, A5 KOTOpbIX JOMaHas
AMNB nMeeT HaMMeHbLIYIO MJIHHY.

143. Touku A u B Jnexart B pas3HHX MNOJYINIOCKOCTAX OTHOCH-
TenbHO npsimMoil a. HaliTu Ha npsamo#l a Takyio Touky X, 1Js KOTOpPOH
Moy b pa3HocTH ||AX| — |BX|| sBasieTcsi HaHGOJIbLLIKM.

144. 1aHbl ToukH A u B v npsimas CD. Haiitu Takyio Touky X Ha
npamoii CD, pnsa Koropoi pasHoctb L AXC— £ BXD paBHa paH-
HOMY yray @.

145. [aubl Touku A u B v npsimas /. Haiitn Ha npsiMoit [ Takylo
TouKy X, AJs1 KoTopoil pasHocTb £ BAX— £ ABX paBHa paHHOMY

yray ¢.
146. [TocTpOHTb TPeyroJibHHK, €CJH H3BECTHbI @, Hq, .

§ 5. TIPUHMEHEHHE CBONCTB
WEHTPAJIbHOA CUMMETPHH MPH PEWEHHH
3AAY HA MOCTPOEHHE

Jlutepatypa: [I], § 100.

147. TloctpouTh nmapaJjiienorpamm Tak, yto6bl JBe ero npoTHBO-
MOJIOXKHble BEPLIHHBI Je)XXaJu B [aAHbIX TOYKax, a [Be Jpyrue —
Ha OKpYKHOCTSX.

Pewenune AHauau3. JonyctuM, yto napaaneisorpamm ABCD
MCKOMbI, B 1 D — faHHBe TOYKH, @ H P — JaHHble OKpPYXXHOCTH
(puc. 21). Tak Kak naHbl NPOTHBONOJNOXHbIE BepiiHHbl B W D napaJ-
Jejorpamma, To cepeauHa O otpeska BD sBnsieTcss TOUKOH mepe-
ceyeHHsl ero JHaroHaJjeu, T. €. UeHTPOM cuMMeTpuH. Bepuuhnl A u C
LLeHTPaJIbHO-CHMMETPHUHbI OTHOCHTe/IbHO TouKH O. [losTomy Touka C
NPHHAJJIEXKHT KaK OKPYXXHOCTH B, TaK M OKPYXHOCTH a’ — ob6pasy
OKDYKHOCTH o MPH LEHTPaJbHOH CHMMETPHH OTHOCHTE/NbHO TOU-
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ki O. [Ins pelueHHs1 AOCTATOYHO onpelnesuTb TouKy O, MOCTPOHTb
OKpYXHOCTb o’ H HaliTH TouKy C KaK TOUKy nepeceyeHHsi OKPYXK-
HocTel o’ H f.

[TocTpoeHwHe.

1) Crpoum Touky O, — cepenuHy orpeska BD.

2) TlpoBoauM OKpPYXKHOCTb aj — 06pa3 OKPYXKHOCTH o NPH LEHT-
pa/bHOH CHMMETPHH C LeHTpoM B Touke O.

3) Haxoaum touky C; nepeceueHHsi OKpPYXKHOCTeH P u of.

4) OnpepenuM TOuKy A4, LEHTPaJIbHO-CHMMETPHUHYIO Touke Cj
OTHOCHTENbHO TOYKH O,.

YeroipexyronbHuk A4BC3D HCKOMBIH.

HdJokaszateabcTBo. CrenyeT a0Ka3aTb, YTO MOCTPOEHHbIH
yeTbipexyronbiuk A4BC3;D — nmapaasenorpaMm, a ero BepluHHb A,
1 C; JexaTt Ha OKpyXHocTax o H . Bepunna C; npuHamgiexut
(noctpoenne 3). Toukn C3 W A; LEHTPaNbHO-CHMMETPHYHBI JPYT
ApYry oTHocHTenbHO ToukdH O, (noctpoeHue 4). Tak kak Touka C;
NpPHHAJNEXHT OKPYXKHOCTH s, 06pa3y OKPYKHOCTH o MPH LEHTPaslb-
HOH CHMMeTPHH C LeHTpoM B Touke O, (nocrpoeHus 2, 3), To Touka
A, NeXuT Ha OKpyXHocTH a. Touka O, — cepeauHa orpeska BD
(nocrpoerue 1). Touku Ay U C3 ULEHTPaJbHO-CHMMETPHUHBI OTHOCH-
TeabHo O), MO3TOMY TOUYKa NepeceueHHsl NHaroHaJsel siBasieTcsl LeHT-
POM CHMMETPHH AaHHOTO uYeThipexyroJbHHka. OTciofa YeTbipexyroJb-
HUK A4BC3;D — napaanenorpamm.

MccanenoBaHue W3 aHanusa ciaenyer, uto BepliHHbl A H
C cHMMeTpHUHBI APYr APYry OTHOCHTEJNbHO cepelHHbl oTpe3ka BD.
[TosToMy uHc/I0 pelneHHH COBMajaeT ¢ YHCAOM OGLIHX TOUEK OKDY K-
HocTed a’ u B. Ecnu oKpy»>XHOCTH: a) He nmepeceKaloTcs, TO pelleHHH
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HeT; 6) KacaloTcsi, TO OJHO pellleHUe; B) MepeceKaloTcs, TO ABa pe-
LIeHHs; ') COBMajaloT, TO 6eCKOHeYHOe MHOXKeCTBO peLleHHH.

148. JlaHbl Touka, mpsiMasi U OKpPY>KHOCTb. [locTpouTb oTpesok
TaK, YyToObl OJHH H3 €ro KOHLOB HAaXOAHJ/CA HAa 3TOH OKPYXKHOCTH,
Ipyroii — Ha npsMoO#, a cepeauHa coBmajaJja C [JaHHOH TOYKOM.

149. [laubl aBe nepecekaiouiyecsi okpyxHocTH a H B. [Toctpouts
CeKylllylo, NMPOXOAALLYI0 Yepe3 HX TOUKY MepeceyeHHs TakK, 4YTOObI
XOp/bl, BbiCEKaeMble Ha HeH 3THMH OKDPYXXHOCTAMH, ObIIH paBHbI
MexXAy Cco6oH.

150. Moctpoutb napasienorpamm ABCD, ecan nau ero ueutp O
H H3BeCTHO, YTO MPOTHBOMNOJIOXHbIE BeplinHbl A U C JexaT Ha NaH-
HBIX OKPYXHOCTfIX, a BepliHHbl B 1 D — Ha JaHHbIX NPSAMBIX.

151. TlocTpouTh KBajgpar, €C/iH H3BECTEH €ro LEeHTP H JBe TOUKH,
NpHHajNexalllie MpPOTHBOMOJNOXHLIM CTOPOHA M.

152. BnucaTb B OKpYXHOCTb NMPSIMOYTOJIbHHK TaK, uTOGLI [BE €ro
napaJJesnbHble CTOPOHbI MPOXOAH/IH uepe3 Be JaHHble TOUKH.

153. Hanbl xopabl AB u CD oKpPyXXHOCTH ®, a TakXKe Touka E Ha
xopae CD. Ha oKpy»XHOCTH ® HaHTH TaKylo TOU4Ky X, Ajsi KOTOPOH
npsambie AX u BX orcekalor ot (CD) otpe3ok [PQ] ¢ cepenunoit B
Touke E.

154. Yepe3 TouKy nepeceueHHsi IBYyX OKDYIKHOCTei MPOBECTH ce-
KyIylo Tak, 4To6bl Pa3HOCTb BbiCeKaeMbiX Ha HeH xopa Obljla paBHa
JlaHHOMY OTpe3Ky.

§ 6. N"PUMEHEHHE CBOHUCTB
MAPAJIJIEJIbHOIO NMEPEHOCA NPH PEUWIEHHH
3AJAY HA NMOCTPOEHHE

Jurepatypa: (1], § 100.
155. Ilanbl ABe OKpYXKHOCTH. [1oCTPOHTb OTpe30K, paBHLIH H Na-
paJjuiesibHbli JaHHOMY, KOHLbI KOTOPOro JieXXaT Ha 3THX OKPYXXHOCTSX.
PeweHnune AHaau3 [lpeanonoxum, yto 3ajgaya pelleHa,
oTpe3ok XY paBeH u napaJeneH orpe3ky AB, Touku X u Y jexar Ha
JNlaHHBIX OKPYXHOCTSIX o H f (pHuc. 22). Toraa Touka X nmepexoauT B
—

TOuky Y nmpu napasnenpHom nepeHoce Ha Bektop AB. Otciona Tou-
Ka Y npuHa/LIeXHT KaK OKPYXKHOCTH f, TaK H OKPY>KHOCTH a’, o6pa-
—

3y OKPYXHOCTH a IpH mnapaJ/JesbHOM nepeHoce Ha BekTop AB.
Jna nocrpoeHust Toukd Y [OCTATOUHO MOCTPOHUTb OKPYKHOCTb o’
M HalTH ee TOUKY NepeceueHHsi ¢ OKpyxXHocTblo P. [TocTpouB Tou-
Ky Y, MOXHO onpeaennTh Tquy_)S KaK npoo6pa3s ToukH Y npu napaJ-

JieJIbHOM fepeHoce Ha BeKTop AB, uiM, 4TO TO Xe camoe, Kak o6pa3

—
TOYKH Y NpH napannenbHoM nepeHoce Ha BekTop BA.
[MMoctpoenmue Crpoum:
1) okpyxHocTb of — 06pa3 OKPYXHOCTH a MNpH MNapaJie/bHOM
—

nepeHoce Ha BeKkTop AB;
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Puc. 22

2) Touky Y, mepeceueHusi OKpyxKHoOCTel ai u B;
3) Touky X3 — o6pa3 TOuKH Y, mpu mnapaJijesbHOM IepeHoce
pa——

Ha BekTOp BA.
Otpe3ok X3Y> HCKOMBIH.
HokxaszateabcTBo. Cienyer gokasatb, uto X3€a, Y2€8,

— —

[X3Ys]=[AB], (X3Y2)(AB), Y:X;=BA (noctpoenne 3), cJjenoBa-

TesqbHO, npsimblie X3Y, U AB mnapajnenbhbl apyr apyry u [X3Yo]=

=[AB]. Touka Y, feXXHT Ha OKpYyXKHOCTH B (noctpoenue 2). Touka Y,

TaKXe MNPHHAIJ/EXKHT OKPYXHOCTH af, 06pa3y OKPYXXHOCTH o MpH
—

napaJJjenbHoM nepeHoce Ha Bektop AB (noctpoenus 1, 2). Otciona
clelyeT, 4To Touyka X3 NMpH 3TOM napaJieJbHOM [epeHoCe JIEXKHT
Ha OKPYXHOCTH .

HUccnenoBaHue U3 aHanuza 3ajgaud cjaenyer, 4to Jio6oii
OTpe30K, yAOBJIETBOPSIOLUIHH YCJIOBHIO, MOXeT ObITb MOCTPOEH Cro-
co6oM, pa3o6paHHbIM Bbille. Yucso peleHUH 3aBUCHT OT YHCIa o6 X

TOYeK oxpymuocreu o’ u B. Hapany ¢ napaanenbHbim MepeHocoM Ha

BEKTOP AB OKPYXHOCTb 0. MOXHO NEPEHOCHTb Ha BEKTOD BA O6o0-
3HauyuM uepe3 a” ee o6pa3 NpH napaJjie/bHOM NepeHOoCe Ha Bek-

—_

Top BA. B03MOXHBI CJleflylOlLHE CAYyYaH:

a) OKpy>XHOCTH o’ 4 o/ He HMeIOT OBLLHX TOUEK C OKPYXKHOCTbIO
(puc. 23, a). B atoM cayyae pelueHHs HeT.

6) OnHa M3 OKpYyXHOCTel o’ HJM a” KacaeTcsl OKPYXKHOCTH f,
a japyras He umeeT ¢ HeH o6wHXx Toyek. CyuiecTByeT eIHHCTBEH-
Hoe pewieHue (pHC. 23,6).

B) OnHa H3 OKpPYXXHOCTeH o’ HJH a” mepeceKaeT OKPYXXHOCTb f,
a apyras He HMeeT C Hed o6ulHX ToueK. B 3ToM ciyuae cyuwecrByer
IBa pelueHus (puc. 23, 8). 3ajaua HMeeT TaKKe ABa PeLUEHHs, €ClH
Ka)KJas M3 OKpPYXHOCTeH o’ U a” Kacaercs f.
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b) Puc. 23 d)

r) OgHa M3 OKPYXXHOCTeH a’ HJIH a” KacaeTcsi OKPYXHOCTH P,
a Jpyrasi nepecekaer ee B ABYX ToukaX. B 3Tom cayuae cyuiectByeT
TPH pelleHHs (pHc. 23, 2).

1) Kaxnpas u3 okpy>KHocTed o’ U a” nmepecekaeT OKPY>KHOCTb f.
3anaua WMeeT yeTbipe pelieHus (puc. 23, d).

e) OnHa 3 OKpyXHOCTel @’ HIH a” COBMAajgaeT ¢ OKPYXXHOCTbIO
B. B 3ToM cayuae peLieHHi GECKOHEUHO MHOTO.

156. [laHbl OKPYXHOCTb H npsiMas. [1oCTPOHTbL OTPe30K, paBHKH H
napaJie/ibHbli JaHHOMY, OJHH KOHel, KOTOPOTO JIEXKHT Ha OKPYX-
HOCTH, a Jpyrod — Ha NpsIMOH.

157. Janbl nBe npsimble. [TocTpouTh OTpe30K, paBHbIA M mnapaJ-
JieJIbHBI JaHHOMY, KOHIbl KOTOPOrO JieXXaT Ha 3THX MpPSMbIX.

158. [TocTpouTb Tpaneuuio, ecid H3BECTHbl €€ UYeThipe CTOPOHHBI

Peweunune AHaunu3. [lpeanonoxxuM, uto 3ajgaya pelleHa,

tpaneunss ABCD wuckomas (puc. 24), a, b, ¢ 1 d — naHHBIe OTpPe3KH.
Ecau ocHoBaHHe @ 3a(MKCHPOBAHO HA MJOCKOCTH, TO H3BECTHO Ha-
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Puc. 24 Puc. 25

npas/jeHHe ocHoBaHHs ¢. CienoBaTesibHO, MOXHO MOCTPOHMTb OTpe-
30K, paBHbIH M mapaJuiedbHbli ocHoBaHulo BC. BepuwnnHa B npu-

HaJIeXXHT OKPYXKHOCTH . C LleHTpoM B Touke A W paauyca b. AHa-
JIOTHYHO BepwiHHa C JIeXXHT Ha OKPYXHOCTH P C LEHTPOM B Touke D

u paguyca d. [loatomy 3amaya CBOAMTCH K pa3MelLlEeHHIO OTpe3Ka,
paBHOro W NapaJsulesibHOTO JaHHOMY, MEXIy IBYMSI OKPYXXHOCTSIMH.
[ToctTpoeHHe.

1) Ha naockoctu ctpoum otpe3ok A,D,, paBublii a (puc. 25).
2) OT Touku A, Ha npsimoit A; D 0TJ10XXHM OTpe30K A, Ey, paBHBbIii C.

3) CrpouM OKpYXHOCTb az=(A,, b).

4) TlpoBoauM oKpyXHocTb B,= (D), d).

5) Haxonum ogpas o5 OKPYXKHOCTH o3 MPH MapaJuleibHOM mepe-
Hoce Ha BeKTop A E2: at=(E,, I;).

6) Omnpenenum Touky Ce nepeceyeHHs OKpYyXHOCTeH af u Ps.

7) CrpouMm ToukKy B; — o6pa3 Cs npH napaJJjiesbHOM IMepeHoce

pa——
Ha BeKTop E.A;. Uerbipexyronbuuk A;B7CsD| HCKOMBIii.
HdokaszaTeabcTBo. Tpebyercs [oka3aTb, UYTO 4YeTblpex-

yroaibiuk A,B;CeD, — Tpaneuus, y kotopoi [A,D ]=a, [AB]=
=b, [B;Cs]=c, [CeDi]=d. Orpesok [A;D;]=a (moctpoenue 1).

[B7Cs]=c u (B7Cs) |(AiD}) (noctpoetus 2 u 7). Touka Cg J€XKHT Ha
OKpY>XHOCTH B4 (moctpoenne 6). Tak kak u3 nocrpoeHus 4 cienyer,

4TO paJMyC OKPYXKHOCTH B4 paBeH d, a LleHTP HaXOAHTCA B Touke D,
TO [D,C6]=3. OKpYXHOCTb ot3 HMEEeT LEHTP B TouKe A, U paaHyc b,
OKPYXHOCTb af — ee 006pa3 npH napaJ/JelbHOM IMepeHOCe Ha Bek-
TOp ATEQ (noctpoeHuss 3 U 5), MO3TOMY H3 MOCTPOEHHS 7 CJepyerT,

4TO TOYKa B; JIEXKHT Ha OKPYXXHOCTH ag, T. e. [A,B;]=5b. Yethipex-
yroibHHK AB7;C¢D| — ucKomas Tpamneuss.

HMccaenosatue. CyuecTBoBaHHe pelleHHH 3aBHCHT OT B3a-
MMHOrO pacnoJioXXeHusi okpyxHocTel ab H Bs. Tak kak ueHtp E, ok-
PYXHOCTH af JIeXXHT Ha npsmoil A;D;, To, ec/iH OKPY>XHOCTH aj H
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Bs mepecekaloTcs, HX TOUKH nepeceyeHHs CHMMETPHUYHbI OTHOCHTE/Ib-
HO (A\D)). Penenne B 3ToM ciyuyae ennHcTBeHHoe. Ecin aj u B4 Ka-
caloTcsl Apyr Apyra, To HX obuiasi Touka JieXuT Ha npsimod A,D,.
B stoM ciyyae peweHdsi HeT. Takxke HeT pelleHHs, e€ClH OKDPYyX-
HOCTH o U P4 He UMeIOT OOLIHX Touek.

159. [TocTpoHTb yeThipexyroNbHHK, €CIH H3BECTHbl TPH €ro CTo-
POHBl M YIVIbl, MPHJEXKALHe K YeTBePTOH CTOPOHe.

160. [TocTpouTb YeTbipexyrosbHHK, €CJH H3BECTHH €ro JHaroHa-
JIM, 1B€ MNPOTHBOIIONOXHbIE CTOPOHBI H YroJl MEXLY HHMH.

161. [TocTpOUTb YeThIPEXYTrONbHHK, €C/IH H3BECTHbI €r0 CTOPOHBI H
yrosa MeXxAay OJHOH napoil MpOTHBONOJOXHBIX CTOPOH.

162. [TocTpoHTh YeTbIpeXYroJbHHK, €C1H M3BECTHbl €ro JgHaroHa-
JIH, yroJ MeXJ1y HHMH H [Be NPOTHBOMNOJOXHblE CTOPOHDI.

163. [locTpouTh Tpameuwio, eciH JaHbl €e YyroJ, CpPelHss JH-
HHS M AHAroHaJIH.

Pewmenue. AHaau3s Ilyctre ABCD — uckomaa Tpaneuus

(puc. 26), [AC]=m, [BD]}=n — naHuble quaronanu, a Z BAD=a —
AaHHbi# yroa. OcyllecTBHM napaJJelib- 8 C

HblHl nepeHoc aAHaroHasd BD Ha BekTOp

BC. [Tonyuum orpesok CE. Yerbipex- v

yrojbHHK BCED — napaJajenorpamm.

[CE]=[BD]=n. Tak kak ABCD —

Tpaneuus, To Touka E J1exKHT Ha nps- [ Xa

moit AD. Otpesok AE paBeH cymme oc- 4 D E
HOBaHHUH, T. €. YABOEGHHOH cpejiHei JiH-

Huu. [Tostomy B TpeyronbHuke ACE Puc. 26

M3BECTHbI TPH CTOPOHbI. [TocTpouBs aroT

TPeyroibHUK MO TPEM CTOPOHAM, MOX-

HO onpelenuTb Touky B. [l 3Toro uepe3 nocTpoeHHyio Touky C cie-
AyeT MPOBECTH NpSIMYIO, napaJeibhylo AE, 3aTeM OT/JI0OXKHTb OT JYy-
ya AE yroa, paBHblii a. Touka B siBAsieTCsl TOYKOH mnepeceyeHHsi
MOCTPOEHHBIX MPSAMOMA H CTOPOHbBI yrya. 3aTeM AJIst HAXOXKAEHHS TOUKH
D cnepyer ot Toukd E oTnoxutb otpe3ok BC.

[Toctpoeunue. Crpoum:

1) otpesok by, paBHbiil 2a, rae a — JaHHas CPelHss JIMHHS,

2) tpeyroanbHuk A,CoE; no Tpem ctropoHaM: [AsEs]=b, [A2Co]=
=m, [C2Es]=n.

3) Uepe3 Touky C, npoBoauM Npsimyio /3, napasnenbuyio (AoE»).

4) TlpoBoauM yroa (ps, (A2Es))=o.

5) Haxomum Touxky Bs nepeceueHusi I3 u ps.

6) Ha nyue E,A, ot Havana E, otnioxuM oTpe3ok E,Dg= B;C,.

YetrpexyronbHuK A2:BsCyDg HCKOMBII.

HokaszateabcTBo. Tpebyercss qoKa3aTb, YTO MOCTPOEHHbIH
YeTbIpeXyro/bHHK A285CQD~6 sIBJIsleTCSl TpaneuHeH, y KOTOpoi auaro-
Haau [A2Co|l=m, [BsDg]=n, cpeansis nuHus paBHa a, a £ BAD=a.
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[TocTpoeHHBIH YeThIPEXYTONbHHK ABASETCA TpaneuHei, Tak Kak U3 1o-
cTpoeHuit 3, 5 u 6 caenyet, uto (BsC2)||(A2D¢). U3 nocTpoenuit 5 u 6
BbITE€KaeT, YTO ueThlpexyroJbHUK BsCqoE.Dg — napannenorpamm. Ilo-
aToMy [BsDs]=[C2:E;], [BsC:]=[DeE:] Ortciona auaroHanb [BsDg]

paBHa —n, a cpeJHss JuHUA Tpaneunn A,BsC,Ds paBHa a, TaK Kak
[A2E,] coBnapaer ¢ cyMMoii ee OCHOBaHHi, a N0 NOCTPOeHHUsIM | H 2

[A2E;]=2a. W3 noctpoeHns 2 Takxke caenyeT, uto [A;Col=m u
£ BsA,Dg=a (no nocrpoeHuio 4).

MccnenoBatue. CylecTBOBaHHe pelleHHs 3aBHCHT OT TOTO,
MOXHO JIH MOCTPOUTb TpeyroJbHHK A,C2E, no Tpem cropoHaM. Ecau
HeJb3sl, TO PEIIEHHSI HeT, €CIH MOXHO, TO pelleHHe eJHHCTBEHHO.

164. [locTpouTh Tpaneuuio, ecld H3BeC(THbl ee AHArOHaJH, YroJ
MEXJY HHMH H OJHa H3 GOKOBBIX CTOPOH.

165. IlocTpoutp Tpameuuio, ecd AaHbl €€ OCHOBAaHHA H JHa-
rOHAJIH.

166. [daHbl npsimas [, ABe mapaJiiefibHble NMpsMble m H N H TOY-
KH A ¥ B, nexaiue BHe MOJIOCH, OMNpeaessieMOH 3THMH MpPSIMBIMH.
Ha npsmbix m u n HaiTH Takde Toukd X u Y, uto6bl npsimas XY Goina
napaJsnenbHa [, a nomaHas AXYB uMena HauMeHbILYIO AJIHHY.

167. HaHbl Toukn A u B, pacno/ioXeHHble B OJHOH MOJYyIJIOC-
KOCTH OTHOCHTeJbHO npsiMo# /. Hafith Ha nmpsimoit / Takue Touku M
U N, ana KoTopbix oTpe3ok MN paBeH AaHHOMY OTpe3Ky, a JoMa-
Hat AMNB umeeT HaUMeHbIIYIO AJHHY.

168. IlocTpouTb TpeyroJbHHK MO TpeM MedHaHaM.

169. TToCTPOHTL TPEYro/bHHK, €CAH AaHbl Mg, my, Z(Ma, me).
170. TIoCTPOHTb TPeyroJibHHK, €CJIH H3BECTHH . (Ma, m.), Z.(ms,

me), Ma.

171. TlocTpouTb TpPEYroJbHHK, €CJAH AaHbl Mg, m., Z(m,, a).

172. Haubl xopabl AB u CD okpyxHocTH . HaliTH Ha okpyx-
HOCTH ® TaKylo Touky X, Ajsi Kotopoi npsimple XA u XB oTceKaioT
oT xopabl CD oTpe30K, paBHbIi JaHHOMY.

173. laHbl TouKka U ABe OKPYXHOCTH. Uepe3 TOUKYy NpOBeCTH
CeKyILylo TaK, uTo6bl OKPY>XHOCTH BbiCEKasi Ha HeH paBHble MeX.Iy
co6oit xopabl.

§ 7. TPHMEHEHHE CBOHACTB BPALLEHHA
NMPH PEWMEHHH 3AAY HA NMOCTPOEHHE

Jlutepartypa: [1], § 100.

174. laHbl TouyKa, mpsiMas H OKPYXHoCTb. [locTpouTb paBHO-
CTOPOHHHH TPEYroJibHHK Tak, yTo6bl OJHA M3 ero BeplIHH JexaJsa B
3TOH TOYKe, ApPyras — Ha MNpPsIMOH, a TPeTbsl — HAa OKPYKHOCTH.

Pewenue. AHaawui. [lpeanonoxkum, 4To 3ajaya pelieHa,
BeplIHHa A pPaBHOCTOPOHHero TpeyrojbHHKa ABC JeXXHT B JaHHO
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TOYKe, BepIIHHA B — Ha OKPYXHOCTH a,
BepwnHa C — Ha npamo# [ (puc. 27). Ot- a
Cl0Ja c/lefyeT, uTo ToYka B nepexoauT B
Touky C npu BpalleHHH BOKPYrN TOYKH A

Ha OpPHEHTHPOBAHHBIH Yros BeJHYHHOH {
@
—-- Tostomy Touka C mpuHamnexuT

Kak npsiMmoii C, Tak H OKPYXHOCTH a’ —

0o6pa3y OKPYKHOCTH NMpH BpalleHHH Ha 8~ A

yroa —% Bokpyr Touku A. Touka C sB- Puc. 27

Jasierc Toukoil nepeceuenus a’ u [. Ilo-
CTPOMB ee, onpeeauM TouKy B kak npoo6pa3 Touku C NpH yKa3aHHOM
BpallleHHH, HJIH, UTO TO XKe caMoe, Kak 06pa3 Toukd C NMpH BpalueHHH

BOKPYT TOUKH A Ha OPHEHTHPOBAHHBLIH YroJ BeJHUYHHOH +%.

o n
3aMeTHM, YTO yroJ BeJHYHHOH +5 ——% Bceraa onpefe-

JeH Ha maockocTH. Jlas 3TOro A0OCTaToO4HO MOCTPOUTH MPOH3BOJIb-
HBli paBHOCTOPOHHHI TPeyroJibHHK.

MoctpoeHue Crpoum:

1) okpyXHOCTb af — 06pa3 OKPYXHOCTH o NpPH BpalleHHH BO-
Kpyr Touku A Ha yron —--;

2) Touky C, mepeceueHHs ai H [;

3) Touky B; kak o6pa3 ToukH C, MpH BpalleHHH BOKPYI TOYKH
A Ha yron —|—%.

TpeyronbHuk AB3C; MCKOMBIA.
HokaszartenbctBo. Tak kKak Touka B3 — o6pa3 ToukH C,

NpH BpallleHHH BOKPYr TOYkH A Ha yroJ +% (mocrpoenune 3), To

(C:A]=[B3A] LBaAC2=—;'—. TpeyronbHuk AB3Cy; paBHOCTOPOHHHH.
Touka C, nexuT Ha npsiMoil [ (mocTpoeHHe 2), OHa TaKXe NpPHHAM-
JIEXKHT OKPYXHOCTH a’ (moctpoeHue 2), o6pa3y OKPYXKHOCTH o [MpH
BpalleHHH BOKPYT TOUKH A Ha yroJ BeJHYHHOH —% (noctpoenue 1).

[Tostomy Touka Bj;, KoTopas siBiasieTrcsi npoo6pa3om Touku C, mpH

yKa3aHHOM BpallleHHH, MPHHAMLIEXKHT OKPYXKHOCTH a.
MccnenoBaHue. U3 aHanu3a cienyer, YTo B HCKOMOM Tpe-

yrosbHHKe BepuiiHa C sBJsieTcss o6pa3oM BeplliuHbl B npH yKasas-

HOM BpalleHHH BOKPYr TOYKM A Ha yros BeJHYHHOH —%. AcHo,
YTO OKPYXKHOCTb & CJie[lyeT NOBOpauuBaTh He TOJbKO Ha yroJ —%,

HO M Ha yroJ +%. O6o3HauuM yepe3 a’ 06pa3 OKPYXKHOCTH a
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n
npH TOBOPOTE Ha yrol —-—-, a uepe3 a” — NPH NOBOPOTE Ha

yroda +-g—. Yucno peiwreHHH coBnmajaer C 4YHC/IOM TOueK Nepeceye-

HHS OKpyXHoCTe#l o’ H a” ¢ npsamoil /. BoaMoXXHBI caenylolue ciy-
yay. [Ipamas [:

a) He HMeeT OOLIHMX TOYEK HH C OKPYXHOCTbIO @', HH C OKPYX-
HocTbIO a” (puc. 28, a). 3amaya He UMeeT pelIEHHS;

6) KacaeTcs OAHOH H3 OKpYyXHOCTeH a’ HJHM a”, a ¢ APYroil He
HMeeT o6wHX Toyek (pHc. 28, 6). CyulecTByeT OfHO pelleHHe;

B) 1160 nepeceKaeT OAHY H3 OKPYXXHOCTeH a’ WJIH a”, a Cc Apyroi
He HMeeT oOLIHX ToueK (puc. 28, 8), nu60 [ Kacaetcss H o’ u a”. B
3TOM CJlyyae MMeeTCsl JBa pelleHHs;

r) Kacaercsl OJHOH H3 OKpYXHoCTe#di a’ HWJIH o”, ApPYyrylo nepe-
cekaeT B ABYX Toukax (puc. 28, 2). CyuiecTByeT TPH pelleHHS;

1) nepecekaer B ABYX TOYKAX KakK OKPYXXHOCTb &', TaK H OKPYyX-
HocTb a” (puc. 28, d). 3amaya uMeeT yeTbipe peLUEeHHS.

175. [laHbl TOYKaA H OKPY>KHOCTb. [1I0CTPOHTb paBHOCTOPOHHHH Tpe-
yroJIbHUK TaK, 4ToGbl OflHA H3 ero BepIIHH HaXOAH/1acCh B 3TOH TOUKe,
a JBe 1pyrie — Ha OKPYXXHOCTH.

176. IlocTpouTb KBajppar, eC/lH AaHbl €r0 LEeHTP H U3BECTHO, UTO
JIB€ CMeXHbleé BepLIHHb MPHHAANEXKAT JBYM AAHHBIM OKDYXHOCTSIM.

177. HaHbl TouKa M JABe npsimble. [1OCTPOMTb paBHOCTOPOHHHH
TPeyroJibHHK TakK, 4ToOGbl LleHTP ero HaXoAWJCs B 3TOH Touke, a ABe
BepIUHHbl — Ha JaHHbIX MPSAMBIX.

178. Ha onHo# U3 cTopoH KBajaparta AaHa Touka. BnucaTtb B KBaj-
paT paBHOCTOPOHHHH TpeyrosbHHK TaK, 4ToObl OJHAa H3 ero BepLUHH
coBMnajaJja C 3TOH TOYKOH.

179. Jaubl Touka O, aBe npsiMbie U yroJ. [1oCTPOUTb OKPYXKHOCTb
c ueHTpoM B Touke O Tak, uTo6Gbl ee Ayra, 3aKIlOUeHHass MeXAy
3THMH TNPSIMBIMH, ONpejesia UeHTpalbHbI yros, paBHblil AaHHOMY.

180. Haubl Touka O, ABe OKPYXKHOCTH H yroJ. [locTpoutbh ok-
PYXKHOCTb C LeHTpoM B Touke O, 151 KOTOPOi OaHAa H3 1yT, 3aKJIO-
yeHHasi MEXAY 3THMH OKPYKHOCTSIMH, ONpejensieT UeHTPaJbHbIi yroJ,
paBHbIii JaHHOMY.

181. Jaubl otpesku [BC], [DE], yrasl @i, @2 u Touka A. [TocTpoutsb
paBHOGeApEHHbIH NMPAMOYroJibHbIH TpeyroibHHK AMN ¢ BepuinHO#
npsiMoro yria B Touke A Tak, uto6bl yrasl BMC u EMD 6biiv paBHbI
yriam @, H @o.

182. TlocTpoHTb pPaBHOCTOPOHHHI TPeyroJIbHHK TakK, YTOGbl Bep-
LUHHBL JleXKaJH Ha TpexX napaJulesibHbIX MPAMBIX, a UEHTP — Ha yeT-
BEPTOH MPSIMOM, MX NepeceKalouleH.

183. [laHbl OKPYXXHOCTb C LEeHTPOM B Touke O, ToukH A U B u
yroa ¢. HaliTH Ha okpyxXHocTH Takue Touku C u D, ana KOTOPbIX
npsamble AC u BD sBasioTcA napansenbHbiMH, a yroa COD paBeH
yriay .

184. Jlanbl 1Be KOHUEHTPHYECKHE OKPYXHOCTH C LIEHTPOM B TOU-
ke O, Touka A u yron ¢. [IpoBecTd nyy ¢ Hauasom B Touke O Tak,
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YTOGbl €ro OTPe30K MeXXAY OKPYXHOCTSAIMH G6bl1 BHIeH M3 TOYKH A
MO YIJIOM .

185. laHbl Touka A, 1Be OKPYXHOCTH H yroJa ¢. Uepe3 Touky A
MOA YrJOM ¢ NMPOBECTH NpsiMbie [ U m, BhiCEKAIOIHE HA NAHHBIX OK-
PY?KHOCTSIX paBHble XOpPJbl.

§ 8. NTPUMEHEHHE CBOHCTB NOAOBHSA
NMPH PEWMEHHH 3AJAY HA NMOCTPOEHHE

Jlutepartypa: [1], § 101

Cnoco6 npHMeHeHHsi npeo6pa3oBaHHs NMOAOGHS H €ro 4acCTHOTO
BHJa — rOMOTETHH MpPH pelleHHH 3ajay Ha MOCTPOeHHe OTIHYaeTCs
OT crnoco6a MPUMeHEHHs [BHXeHHsl. XOT B HEKOTOPbIX CJayyasix
yAo6HO paccMaTpuBaTb MOAoGHEe HJH TOMOTETHIO AJIf YNPOLUEHHS H
s OTHICKaHHSl 3aKOHOMePHOCTeH, MO3BOJIAIOUIMX HAHTH pelleHHe, B
6OJIbLIMHCTBE 3aJay NPHMEHseTCA CJeAYIOLHH MeTO..

YcaoBde 3ajaud AeqsiT Ha ABe uyacTH. [lepBasi onpejessieT HCKO-
MYI0 Urypy C TOYHOCTbIO A0 Npeobpa3oBaHHs W3 Tpynnbl Noa06Hs
HJIH ee MOATPYMNMbl, COCTOsllel H3 TOMOTETHH C (QUKCHPOBAHHLIM
LeHTPOM. $ICHO, uTO NepByl0 4YacTb 06pPa3ylOT TaKHe NaHHbIE 3Je-
MEHTbl HCKOMOH (Hrypbl, KOTOPble OJHHAKOBH 1151 BCeX QHUTYp, MO-
NOGHBIX HJIH FOMOTETHUYHBIX HCKOMOH. BTopast uacTb yc/10BHS mO3BO-
JisieT U3 MHOXeCTBa 3THX (HUryp BbLAENUTb pelleHHe.

186. ITocrpoutb TpeyroJibHHK, ecid AaHol LA, £ B, 5—{—5.
PemwmeHue AHaaus. [No ycaoBuio usBectinl £ A u £ B, a

TaK)XXe OTPe30K m, PaBHbIii CyMMe CTOPOH b W C TpeyroJbHuKa. Pas-
JenuM 3ajady Ha aBe yactd. [lepByio o6pasyior £ B u £ C, BTO-

Pyl — oTpe3ok m. Yran B u C onpenensioT TPeyrobHHK C TOu-
HOCTbIO 10 noao6usi. [TocTpoHB nMpoH3BoOJIbHLIA TPeyroJbHHK A’B’C’,
NMOAOGHBIA HCKOMOMY, ONpeAe]HM CyMMy: m’ =b’+C’, rae b’ u ¢’ —
cTopoHbl TpeyroJbHuka A’B’C’. Koa¢pduuueHT noao6us HCKOMOIo
TpeyroibHuka ABC u noctpoenHoro A’B’C’ pasen m:m’. Otcioaa

E=~ﬂ,5’4 Onpeje/sUB CTOPOHY C, JIEFKO MOCTPOHTb TpeyronbHHK ABC
m

Mo cTopoHe ¢ H AByM yraam: ZA, ZB.
[ToctpoeHnue.

‘1) HauepTHM NpOH3BOJbHbIA OTPE3OK Ci.

2) OTJIOXHM Ha KOHLAX oTpe3ka ¢{ LA u £ B. Tlonyuum Tpe-
yroapHuK A3B5C5.

Crpoum:

3) otpesok mj:mi=>b’+c’, rae b’ =[A3C3), ¢’ =[A3Bs];

4) oTpesok no Qopmyie Cy="";
m3
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5) TpeyrosibHUK AsBsCs mo cTOpoHe €4 H ABYM INPHJEXALUHM K
Heit yriam B u A. TpeyronbHuk AsBsCs HCKOMBIA.

HoxkasarteabcTBo. Tak Kak B TpeyrosibHiKke AsBsCs £ As=
=/ A, £Bs= £ B (nocrpoeHue 5), To AOCTAaTOYHO NOKa3aTb, UTO

cyMMa CTopoH C4, b=[AsCs] Tpeyroabiuka AsBsCs paBHa m. Yriabl
TpeyrosbHUKOB AsB5Cs u A$B5C% cBA3aHbl COOTHOLIEHHSAMH £ Aj=
=/LAs=<LA, £LBb=/Bs= /B, (nocrpoeuusi 2 u 5), nosTomy
OHH MOAOGHH Mexay coboii. KoacdduuneHT Hx noaobus paBeH OT-
HOLLIEHHIO CXOACTBEHHbIX CTOpoH. TaK Kak ci:Ci=mj:m (nocrpoe-
uue 4), 1o b’:b=ry 1/, rae b — cTopona tpeyroabHuka AsBsCs,

npotuBoJexainas BepiuHHe Bs. Ilostomy 54—{—5:(5,-{-5')-,%)(

XCi+b'=m} (noctpoenne 3). OTCl01a H W3 NpeAblAyLIEro pa-

BEHCTBA BbiTeKaeT: C4—+ b=rm.
Mccanenosatue B aHanuse nokaszaHo, uto Jio60H TpeyroJb-
HHK, YJOBJIETBOPAIOLIHH YCJOBHIO, nogo6GeH TpeyrojbHHKY A’B’C’.

Kosdduuuent nopobusi paBed m:m’. Tak KaK OH onpeaesneH OQHO-
3HayHO, TO NMPOH3BOJIbHBIA TPEYroJIbHHK, Y A0BJIETBOPSIOLLHH YCAOBHIO,
coBnajaer ¢ paHee NMOCTPOEHHbIM. 3ajauya HMeeT eJHHCTBEHHOEe pe-
weHHe, ecaid cymma ZA U £ B MmeHblue pa3BepHYTOTO.

187. TocTpouTh TpeyroJbHHK, ecu aaHnl L A, £ B, R.

188. TTocTpoHTb TpeyrosibHHK, ecaH H3BecTHb Z A, b:c, r*.

189. BrniucaTb B OKPYXHOCTb TPeyroJibHHK, MOJOGHBIH NaHHOMY.

190. [TocTpouTb TpeyrosbHHK, ecau aaubl £ B, £ C, ma+ho+ L.

191. TlocTpoHTb NpPSAMOYroJibHbA TPEyroJibHHK MO OTHOLIEHHIO
KaTeTa K THMOTeHy3e H JPYyroMy KaTeTy.

192. TMocTpouTh TPeYrosibHHK, €CJd AaHbl b: ¢, c

c:a, ha+a.

193. TToCcTPOHTb TPeyroJbHHK, eClAH H3BeCTHH a:b, b:c, ma.+
~+my+ me.

194. TlocTpouTb poM6 MO CTOPOHE H OTHOLLUEHHIO [HArOHaJeH.

195. [TocTpouTh NPSIMOYroJIbHHK MO CTOPOHE H OTHOLUEHHIO APY-
rol CTOPOHbl K JHaroHaJy.

196. [TocTpoutb napansesnorpamMMm Mo CTOPOHe, OTHOLUEHHIO AHA-
roHaJjled H yriy MexXay HHMH.

197. TIOCTPOHTb TPEYrOJIbHUK, €CJH H3BECTHbI fa, Ay, @:C.
198. [TocTpoHTb TPEYroJibHHK, €CH AaHbl ha, h,,, he.

199. [MocTpouTb TpeyrosbHHK, €CaH H3BECTHb he, ho, L(hc, a).
200. [ocTpOHTL TPeyroJibHHK, eCJH J1aHbl a, b, C:he.

* B 3Toit M nocJenyiolHX 3alayax MPeANoNaraerTcsi, YTo ecJH JaHO OTHolle-
HHe b:C, TO H3BECTHB 1Ba OTPe3Ka, OTHOLIEHHE KOTOPHX PaBHO b:C.
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201. TTocTpouTb Tpamnewuio, eci U3BECTHBI OTHOLIEHHe a:b, OCHO-
BaHHsl @ K GOKOBO# CTOpOHe b, yroJ MeXAy HHMH W [Be APYrHe CTO-

pOHBl ¢ U d.

202. TlocTpOHTb YeTbIPeXyroNbHHK, €C/M 1aHbh €ro yroJ, OTHO-
lIeHHe CTOPOH, COCTABJSIOUIHX 3TOT YroJ, JHaroHa/dH, a TaKXe H3-
BECTHO, YTO OH BIIHCHIBAeTCSi B OKPYXXHOCTb.

203. [laHbl Touka A u OKPYXKHOCTb a. [ToCTpOHTDH ceKyulylo, npo-
XOAsAIYI0 yepe3 TouKy A, Tak, 4to6bl oTpe3kd AM u MN 6bliu paBHbI
Apyr apyry, rie M u N — TOUKH nepeceyeHHsi CEKylled M OKpYX-
HOCTH a.

Pewenue. AHanwus.
[Tpeanosioxkum, uto 3amaya pe-
weHa, cekymas AN mnoctpoeHa,

A [AM =[MN] (puc. 29). Toraa
[AM]:[AN]=1:2. TTostoMy Touka
M saBnserca o6pasom Touku N
NPH FOMOTETHH C UEHTPOM B TOUY-
ke A u ko3 duunentom 1:2. Or-
cloia cjeayer, YyTo Touka M npu-
HaJJIeXXHT OKPYXKHOCTH @/, o6pa-
3y OKPYKHOCTH @, DU TOMOTETHH C LLEHTPOM B TouKe A H KO3 HLH-
edHToM 1:2. Touka M sBJsieTCA TOYKOH nepeceueHHs] OKPYKHOCTEH
o ¥ d¢’. [1ng noCcTpoeHHs CeKylleld N0CTaTOUHO HANUTH OKPYXHOCTb o’
H MOCTPOHTb €e TOUKYy MepeceueHHs] ¢ OKPYXXHOCTbIO .
[TocTtpoeHmue.
1) CTpoHM OKpyXHOCTb i — 06pa3 OKPYXHOCTH & MPH FOMO-

TeTHH C LEeHTPOM B Touke A H Ko3(PHLHEHTOM IT (cM. 3apauy 27).

2) Haxoaum Touky M, nmepeceueHHsi OKPYXHOCTEH o H af.

3) IpoBoaum npsmyio l3:l3=(AM,).

[Ipsimas [3 ucKomas.

HokaszateanbcTtBo. [lyctb N — Touka nepeceueHuss nps-
MoH [3 U OKpyKHOCTH o.. Tak Kak ToukH Mo u N JiexaT Ha OAHOH nps-
MO# ¢ TouKoi A, N npHHaAANEXHT OKPYXXHOCTH o, M — OKpYy»KHOC-
TH af, 06pa3y OKPY>XHOCTH & MpPH FOMOTETHH C LEHTPOM B Touke A
H K03hPHUHEHTOM -;—, TO Touka N mepexoauT B TOuKy M npu yka-
3aHHOH romoTteruu. Otciona [NA]:[MA]=2 uau [NM]=[MA]

Mccanenosadue. Kak creayer u3 aHanusa, Ajs Npou3BOJib-
HOH ceKylleil, yaoBJeTBOpsioLlell YCN0BHIO 3a1ayH, TOUKH M u N ee
nepeceyeHUsi C OKPYXKHOCTbIO o MNepexoadaT APYr B Apyra npH yka-
3aHHOM roMoreTHH. 3ajaya He HMeeT pelleHHs], eCllH o H o’ He HMeloT
oO6LHX TOYeK; OAHO pelleHHe, ecJH a H o’ KacaloTCs; ABa pPeLIeHHs,
€C/IH MepeceKaloTcs.

204. Naubl npsiMbie @ v b, a Takxe Touka A. [IpoBect npsimyio
AMN rtak, uto6bl [AM]=2[MN], rne M€a, N€b.

205. Yepes nanHylo TouKy M npoBecTH NpsiMylo, MepeceKaloLlyio
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IBe KOHLEHTPHYeCKHEe OKPYXXHOCTH w; H w2 B Toukax A, B u C, Tak,
yTOGbI [AB]=[BC]=[CDL AE(D], DE(.O], BE(Dz, CE(Dz.

206. JlaHbl TpH KOHLEHTPHUECKHe OKpYXHOCTH. Yepe3 naHHYyIO
TOUKY M npoBecTH CeKyllylo Tak, uTo6bl ee oTpe3ku AB u BC Gbuiu
paBHbl Mexnay co6oii. (A, B u C — Tpu nocienoBaTesbHble TOYKH
nepeceyeHHs CeKylleH ¢ KaXAOH H3 3THX OKPYXKHOCTeH.)

207. TTocTpouTb XOpAYy OKPYXKHOCTH, KOTOpasi JeJHTCS ABYMs ee
paaMycaMd Ha TPH paBHble YacCTH.

208. JlaHbl npsiMble a ¥ b 1 Touka M. Ha npsamoii b HaliTh Takylo
TOuKy X, AN KOTOPOH paccTosiHHe 10 NMpPsIMOA a coBmajaet C pac-
CTOSIHHEM [J0 TOYKH M.

209. Yepe3 TOuKy nepeceueHHsl ABYX OKPYXKHOCTeH MPOBECTH [Be
XOpAbl (NepBYIO B OJHOH, BTOPYIO B APYrod OKDPYXXHOCTH), €C/lH H3-
BECTHbl YroJl MeXXJy HHMH H HX OTHOLLEHHe.

210. B tpeyrosbHuk ABC Bnucath pom6 MNPQ Tak, uto6bl ero
octpblii yron NMQ 6Gbl1 paBeH JaHHOMY yriy, BepwiHol M u Q Jje-
XaJjd Ha ctopoHe AC TpeyroJibHHKa, a BepluuHsl N H P COOTBETCT-
BeHHO Ha cTopoHax AB u BC.

Peweunune. AHanus Ilyctrb ABC — naHHbli TpPeyroJibHHK,
MNPQ — uckombiit pom6 (puc. 30). Chopmynupyem 3amauy HHauye.
Haun £ BAC w npsimas BC, nepecekawouiassi ctopoHsl yria. [lo-
CTPOHTb POM6 C AaHHHIM OCTPHIM YIJIOM TakK, 4TOGbl JBe ero BepLIHHbI
gexann Ha cropoHe AC yria BAC, TpeTbs BepliMHA — Ha CTOPO-
He AB, a uerBeprasi — Ha npsamoii BC. DTo ycjoBHe MOXHO pas-
6uTb Ha aBe uactd: 1) Bnucath B £ BAC pomM6 MNPQ c paHHBIM
ocTpbiM yrioM NMQ Tak, uTo6bl BepwiHHbl M u Q Jexaju Ha
cropoHe AC, a BepwidiHa N npuHaaJjexaJsna ctopoHe AB yraa; 2) Bnu-
catb poM6 Tak, 4yToObl uYeTBepTas BeplIHHa P Jexaja Ha mnps-
moit BC.

[Toka)keM, uTOo mepBasi yacTb yCJIOBHH onpeaensieT pomM6 ¢ Tou-
HOCTbIO 10 romoteTHH ¢ ueHtpoM B Touke A. Ilyctb MNPQ wn
M’'N’P’Q’ — nBa pomM6a C OJHHAKOBbIMH OCTPbIMH YI/J1aMH, BIH-

canHble B £ BAC (cM. puc. 30). [ycTh @ — cTopoHa nepBOro pom-
6a, &’—CTopOHa Broporo. Tak kKak ZNMC=4£N'M’'C, 710
(NM)||(N’'M’).  CnemnoBatenbHo, AANM~ AAN’'M’. Orciona
[AN]:[AN’]=a:a’; [AM]:[AM’]=a:a’.
M3 nocnenHero cooTHOLEHHS H M3 pa-
BeHcTB [MQ]=a, [M’'Q’]=a’ nonyuum:
[AQ):[AQ’]=a:a’. Takum o6pa3som,
BepwHHbl M, N u Q nepBoro pomb6a
npeo6pasyiorcsi B BeplwuHbl M’, N’ u
Q’ BTOpOro npH roMOTETHH C LEHTPOM
B TOUKe A H KO3QPHUHEHTOM R, PaBHbIM

a:a’. IlokaxeM, yto BepuwHHbl P u P’
TaKXXe COOTBETCTBYIOT APYr APYry NpH




aToit romoretuu. [eiictBurtennuo, (NP)|(N’P’), noastomy LANP =
=ZLAN’P’, [NP]=a, [N'P']=a&’. Kak 6bl10 mnoka3aHO paHee,
[AN]:[AN]=a:@’. Tlostomy AANP nono6en AAN’P’ (no nepsomy
npu3Haky nopo6us). Orciona [AP):[AP|=a:a’, LZNAP=ZLN'AP".
CunenoBatenbHo, Toukd A, P u P’ nexat Ha omHo#l npsimoil. Touka
P nepexomuT B TOYKy P’ npH yKa3aHHOH TOMOTETHH.

Btopasi yactb yc/noBHii 1103BO/IAET BbIAETHTb H3 MHOXeCTBa BCeX
rOMOTETHUHBIX MexX1y co60ii poM60B HcKOMbIA. s 3atoro caenyer
paccMoTpeTb mpsimylo AP’, Ha KOTOpOiHl JieKaT BepLIHHBI, COOTBET-
CTBylOLlHe BepuwiHHe P’, Bcex romMoTeTHYHbIX poM6oB. Bepiinna P
HCKOMoro pom6a coBrnajaer ¢ TOYKOH nepeceueHHs npsiMbix BC H
AP’. [lnsa pelieHusi 10CcTaTouHo Bnucath B £ BAC pom6 M’'N’P’Q’
C J1aHHBIM OCTPbIM YIJIOM, MOCTPOUTL NpsiMyio AP’ W HalTH Touky P
nepeceueruss AP’ u BC, 3atem noctpoutb poM6 MNPQ, romoteTHy-
Holit M’N’P’Q’.

[ToctpoeHnne.

1) Ha nyue AC 0603HaunM NMpPOH3BOJIbHYIO TOUKy M{.

2) OT1/n0XHM OT TOukH M{ paHHblii yroa a. [Tosyunm Jayu my:
Z(mq, (M{C))=0a (puc. 31).

3) Crpoum touky N% nepeceueHusi my u (AB).

4) Ot ToukH M{ OT/NIOXHM oTpe3ok a’:a’=[M{N3]. Tlonyuum

Touky Qi npsamoit AC:[QiM{]=a’.

Crtpoum:

5) OKpyXHOCTb as:as=(N3%, a’);

6) okpyxHOCTb Bs:fs=(Qi, a’);

7) Touky P7 nepeceueHHs as U Ps;

8) npsmyio ng:ng=(AP7),

9) Touky Py nepeceuenusi ng u (BC).

10) Yepes Touky Py NpoBoaMM NpsiMyIO pio, napajeibHyio (AC).
11) Crpoum Touky N,, nepeceueHusi pio H (AB).

12) Yepes Touky Py, NpOBOAHM NPAMYIO o, MapajJelbHyi0 M.
Ctpoum:

13) Touky Q,; mepeceueHusi g, u (AC);

14) npsimyilo ri4, npoxoasillyio
yepe3 N, H mnapajelbHYIO mMy;

15) Touky M,s nepeceueHus
ris v (AC).

YerbipexyroabHuK M sN | PsQ3
HCKOMbIH.

HdJokasarteabcTtBo. U3 no-
cTpoenuii 4—6 cienyert, uto [M{N3]=
=[M{Q{]=[QiP7]=[N;P7). TloaTomy
B yeTbipexyronbHuke M{N;P;Q; Bce
CTOPOHbI paBHbl MeXA1y CO6OH, T. €.
OH siBAsieTcs1 pom6oMm. Yroa NiM{Q;




3Toro pom6a paBeH JaHHOMY OCTpPoMmy yray (nmoctpoenue 2). Touka
Py npunapaexut [BC] (noctpoenne 9). M3 noctpoennii 10, 12
u 14 cienyer, uTo MPOTHBOMOJIOXKHBIE CTOPOHBI 4eTbIPeXyroJbHHKa
MsN, PsQ.3 napanienbHbl Mexay co6oii. CiiefoBaTesbHO, OH SIBJISIET-
cs napaaJjenorpammoM. M3 napanneabHoctd npsimbix N, Py u N3P;
BoiTekaeT, 4To0 AAN, Py~ AAN}P;. Tloatomy [N, Pg]:[N5Pj]=
=[APg]:[AP7]. Ananoruuno AAPyQ;3~ AAPIQL [PoQ5):[P7Q%)=
=[AP,]:[AP}]. Otciona u u3 paBeHcTBa [N3P7]=[P7Q;] cneayer
[N11Po]=[PsQ3)-

YeroipexyronbHUK MisN i PsQi3 — poM6.

MccanepnoBanue. M3 aHanu3a BHAHO, 4TO HCKOMBIH pom6
MNPQ romotetnued pom6y M’N’P’Q’. LleHTp romoTeTHH coBnaaaer
c toukoir A. [Toatomy mnpu J11060M cnocoGe NocTpoeHHsi BepluHHa P
HCKoMoro pom6a JieXXHT Ha npsimod AP’. Ortcioga BcsKHH pom6,
yIOBJIETBOPSAIOILHA YCJOBHIO, COBMajaeT C MOCTPOEHHHIM POMGOM.
3anaya UMeeT e€IMHCTBEHHOE pelleHHe.

211. B paHHbI# TpeyrojpHUK BIHCaTb NPAMOYroJbHHK, M0A06-
HHil JaHHOMY.

212. B nonyokpy»XHOCTb BNHCaTb KBaapaT Tak, yToObl JBe ero
BepLIHHbI HAXOJWJIHCb Ha JHaMeTpe, a [Be [1pyrue — Ha ee Ayre.

213. B naunbiit cektop AOB BnucaTh KBajpaTt Tak, uTo6bl fABe
€ro CMeXHble BeplUHHbl HaXOAWJIHCb Ha Jyre, a J1Be JApyrHe — Ha
paauycax OA u OB.

214. B tpeyroabHuke ABC npoBectu npsamyo DE, napaanenbHyio
cropode BC Tak, uto6bl [BD]+[EC)=2[DE], rne D€[AB], E€[AC]

215. Ha cropoHax AB u BC Ttpeyronbiuka ABC HaiiTh Takue
Toukn D u E, urobbl [AD]|=[DE]=[EC]

216. [TocTpouTb TpeyroJibHHK, eclH H3BecTHnl £ B, a+b, b+c.

217. laHbl Touka u aBe npsiMble. [1IoCTPOUTH OKPYKHOCTb, MPO-
XOISIILYI0 Yepe3 3Ty TOUKY H KacaloUlyloCs MpPSMbIX.

218. aHbl ABe TOYKH W mnpsiMasi. [ToCTpOHTb OKPY>KHOCTb, NpO-
XOISILYIO Yepe3 3TH TOUKH H KacalolLylocsi NpsMoii.

219. JaHbl aBe mpsiMble H OKPYXKHOCTb. [10CTPOHTL OKPYXKHOCTb,
KOTOpasi KacaeTcsl 3THX NPSAMbIX U JAaHHOH OKDPYXXHOCTH.

§ 9. NTPUMEHEHHE CBOUCTB UHBEPCHH
MPH PEIMEHHHU 3AAY HA NMOCTPOEHHUE

Jlutepatypa: [1], § 102.

[Tpu pelueHun 3ajay Ha MOCTPOEHHE METOAOM HHBEPCHH OGBLIYHO
MCMOJIb3yIOTCS Ba e€e OCHOBHbIX CBOWCTBA: a) NPH HHBEPCHH CO-
XPaHSIOTC yMbl MeXAy JHHHAMH; 6) 06pa3oM OKpPYXXHOCTH, CO-
JepiKalueHd LEeHTP MHBEPCHH, SIBJAETCS NpsiMasi JHHHS.

C noMolLblo HHBEPCHH pellaeTcs Lebli Kaacc 3ajay Ha MocTpoe-
HHe okpy»XHocTeil. Hanpumep: «JlaHbl O6bEKTbI: TOUKH, NMPSIMble HJH
OKpYXHOCTH F,, Fy, ..., F,. Tpebyercsi NOCTPOHTb OKPYXXHOCTb, KO-
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Topasi 1H60 nepecekaeT 3TH 06beKThl NOJA AAHHBIMH YIJ1aMH, JIH60 HX
Kacaercs, 1160 HX conepuT». [IpH pelueHuH LeHTP HHBEPCHH OGBIYHO
BbIGMPAIOT B JaHHOH TOYKe Ha HCKOMOH OKpPYXHOCTH. Paguyc uHsep-
CHH 6epyT Npou3BOJbHbLIM. 3aTeM omnpeaensioT obpasml Fi, ..., Fi
JAaHHBIX O6beKTOB NpH HHBepcHH. McKoMas OKpPYXXHOCTb « Mpeo6-
pasyercs B npsAMyi0 ®’, KoTopasi Ju6o nepecekaer o6beKThl F/ moj
JaHHBIMH Yyri1aMH, JH60 Kacaercs HX, Ju6o comepxut. [Ipu stom
3ajlaua CyllecTBeHHO ynpoiiaeTcsi. Bmecto okpyXHocTH Tpebyercs
NOCTPOHTB MPAAMYIO, YAOBJAETBOPAIOLLYIO TeM e ycioBHAM. [loctpous
nNpsiMyl0 ', NMPOBOASAT Ty Xe HHBePCHIO BTOpoH pa3. Tak Kak HH-
BepCHS — HHBOJIIOTHBHOE Mpeo6pa3oBaHue, T. €. COBNAAAET CO CBOHM
o6paTHbIM, TO 06bekThl F1, ..., F; npeo6pa3yloTcs B CBOM Npoo6pasbl
F\, ..., F,, a npsimas @’ — B HCKOMYIO OKPYXHOCTb w. Eciiu Henb3s
Bbi6paTb TOYKYy, NMPHHAAMEXKALLyl0 HCKOMOH OKpYXXHOCTH, TO MJs
yNpOLIeHHs 3alayd LUEeHTP HHBePCHU BbIGHPAIOT TakK, YTOObI OJHA HJH
HEeCKOJIbKO JaHHbIX OKpYXHocTeHd npeobpa3oBaJjHCb B NpsiMble.

220. [1aHbl OKpY>KHOCTb o M ToukH A H B, rie A € a. [TocTpouTb OK-
PY>KHOCTb, KOTOpasi MPOXOJAHUT Uepe3 3TH TOYKH H NepeceKaeT OKpPyXK-
HOCTb Q. MOJA AaHHBIM YIJIOM.

Pewenue Aunanwus Ilycte 3amaua pewmeHa, @ — HCKOMas
OKPY>KHOCTb. ¥T0OJ MeXAY KacaTeJlbHbIMH K OKPYXHOCTAM O H ® B
TOYKE HX MepeceyeHusi, T. e. B Touke A, paBeH NAHHOMYy YLy @.
IMpumem Touky A 3a ueHTp HHBepcHH. Pasnyc ee OKPYKHOCTH MOXHO
B3ATb Npou3BoJibHbIM. Ho 1151 ynpouleHHs nocTpoeHus yao6HO paanyc
BbI6paTh TakK, 4TOObl OKPYXXHOCTb WHHBEPCHH mNepeceKala OKpyX-
HOCTb a B ABYX Toukax M u N. Toraa o6pa3oM OKpPYy>KHOCTH o NpH
HHBepCcHH siBiasieTcst npsiMas MN. Ilpu HHBepcHH C LeHTPOM B TouKe A
HCKOMasi OKPYXKHOCTb lpeo6pa3yercsi B NPSAMYI0 @, He MPOXOASAILYI0
yepe3 ToukKy A, Touka B — B Touky B’, OKPYXHOCTb o, KaK yxe
oTMeyaJioch paHee,— B npsamylo m: m =(MN). Tak Kak OKPy>KHOCTb ®
NpOXOAUT 4Yepe3 Touky B u o6paszyeT Z@ C OKPYXHOCTbIO @, TO
ee obpas, npsimas ®’, MPOXOAHT uepe3 Touky B’ u cocraBasier
TOT e yros ¢ npsimod m. Takum obGpa3om, 3agaua npHobperaer
clelylolllHi BHJ: yepe3 JaHHYI0 TOUKY B’ npoBecTH npsiMylo o',
nepecekamlylo npsamMyio m noa AaHubiM Z@. [locTpous npsamyio o’,
HaiinzeM ee o6pa3 1pH TOH e HHBepcHH. [lonyuuM uckomyio
OKPYXHOCTb ®.

MMoctpoenue. Crpoum:

1) oKpyXHOCTb f; C LEHTPOM B Touke A H C NPOH3BOJIbHBLIM pa-
auycoM. Paauyc Bbi6epeM Tak, uTOOGbl OKPYXKHOCTb P, nepecekaJa
OKPY>KHOCTb o B ABYX To4yKax (pHc. 32);

2) ToukH My u N, nepeceueHuss o H f;

3) npamylo ms: mz3=(MaNy);

4) Touky B} — 06pa3 Touku B npu HHBEPCHH C LIEHTPOM B TOUKe A.

5) Ot npou3BOJIbHOH TOYKH MPSIMOH M3 OTIIOXKHM JaHHbIH Z@.
[Monyyum npsamyio ng: Z¢ (ms, ns)=e.

6) Uepe3 Touky B; npoBoaiHM MNPSAMYyI0 g MapajesbHYIO As.

7) Ctpoum o6pa3 npsamMoil wg NMPH HHBEPCHH OTHOCHTEJbHO OK-
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pyxHoctd B, (cm. § 1, 3apauy
29). TlonyuuM HCKOMYIO OKpYX-
HOCTb ®7.

HoxaszarteabctBo. Tak
KaK npsiMasi ¢ He NMPOXOAHT ye-
pe3 LeHTp HHBEPCHH, TOYKy A, To
OKPYXXHOCTb (7 COJAEPXKHT TOUKY
A. TlpsiMasi ®§ NpOXOAHT uepe3
Touky Bi (moctpoenue 6), nos-
TOMY OKPYXXHOCTb ®7 CONEPXKHT
TOuKy B. Yron mexay npsiMbIMH
©§ 1 m3 paBeH AaHHOMy Z ¢ (no-
crpoedusi 5, 6). Orcioga yroa
MeXAy HX o6pa3aMu NpH HHBeEp-
CHH, OKPY>KHOCTAMH ®7 H o, pa-
BeH Z¢.

HccnenoBaHue. Hs
aHaJu3a cjaepyert, yto o6pas uc-
KOMOH OKPY>XHOCTH NPH YKa3aH-
HOll MHBepCHH npsmas ®’ npo-
XOAUT 4epe3 TouKy B’ u obpa-
3yeT AaHHbIH Z¢ c npsmoi m.
Eciu £ @ oTanyeH oT npsiMoro, To CylWecTBYIOT ABe NpsiMbie ' H o»”,
yAOBJIETBOPAIOLUIHEe AaHHBIM ycaoBUAM. Eciu o’ U o” He coaepxart
To4kH A, TO nNpoo6pa3bl 3THX NPAMBIX NPH HHBEPCHH SBJSIOTCA
OKDYXHOCTSIMH, He NpOXoAsIHMH yepe3 ueHTp A. B 3toM cayuae
HMeeM Ba peweHus. Ecau £ ¢ paBeH yray mexnay npsmbimu (AB)
M m, TO OflHAa W3 NMPAMBIX ® HIH w” coBnajaet ¢ (AB'), T. e. npoxo-
IUT uepe3 lieHTpP HHBepcuu. [Ipu uHBepcHH oHa nmpeobpasyercsi He
B OKPYXXHOCTb, 2 cama B ce6s. B 3ToM cayuae 3ajaua umeer 0JHO
peweHHe. Eciu naHHbli £ @ npsaMoii, To cyllecTByeT elHHCTBEHHas
npsimas, npoxoasiuias yepe3 B’ u nepneHaukynsipHaa m. Ecau 3Tor
nepHeHJHKYJSApP He CONEPXKHUT TOUuKH A, TO KMeeM eIHHCTBEHHOC pe-
LIEHHE, eCJH Ke CONEPXKHUT, TO pelleHHs HeT. Jlerko BHAeTb, UYTO
B 3TOM CJy4yae 3a/aya He HMeeT peLieHHs KaK pa3 Toriaa, Korga Tou-
KH A 4 B ¥ ueHTp 1aHHOH OKPYXHOCTH @ JieXXaT Ha OJHOH NnpsiMOH.

221, lleHTp HHBepCHH SIBASIETCH TOYKOH KacaHHsi ABYX OKpYX-
Hocrefi. [TocTpouTb 06pa3 3THX OKPYXKHOCTEH MPH HHBEPCHH.

222, [laH kBaapaT, OJHAa BeplIHHA KOTOPOro COBMNajaeT C LEHT-
pOM HHBEPCHH, a ApYyrasi JieXKHT Ha ee OKpYXXHocTH. [locTpouth 06-
pa3 KBajJpaTa NMpH HHBEPCHH.

223. JlaH KBajapaT, BNHCaAaHHHHA B OKPYXHOCTb HHBepcHH. [locrt-
pouTb ero o6pa3 npH 3TOH HHBEPCHH.

224. JlaH paBHOCTOPOHHUH TPeyroJibHHK, OJlHa BeplUIHHA KOTOPOTO
JIeXKHT B LleHTpe HHBEPCHH, a [Be Apyrue — Ha ee oKpyXHocTH. Haii-
TH o6pa3 TpeyroJbHHKa NPH HHBEPCHH.

225. JlaH paBHOCTOPOHHHH TPeyro/bHHK, OfIHa BepLIHHA KOTOPO-

Puc 32
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ro JIeXHT B LEHTPe HHBEPCHH, a MPOTHBOINOJIOXKHAs CTOPOHA KacaeT-
csi ee okpyHocTH. HaliTH o6pa3 TpeyrojbHHKa NpH HHBEPCHH.

226. /laHbn TpH OKpYXHOCTH, NepecekalollHecss B Touke M. I1pu-
HIB TOYuKy M 3a UeHTp HHBEPCHH, NOCTPOHTb (Urypbl, HHBEPCHbIE
JlaHHBIM OKPYKHOCTSM.

227. Jlaubl npsiMble a H b, Touka A u oTpe3ok . [ToCTPOHTb ceKy-
mwyio AMN TtakK, uTo6bl [AM] [AN]=r?, rne M€a, N€b.

228. Jlaubl npsmMas a, OKPYXHOCTb ®, Touka A u oTpesok r. [lo-
cTpouTh Takylo cekymyio AMN, ans kotopoit [AM]-[AN]=r?, rae
ME€a, N€o.

229. JlaHbl OTpe3oK r, Touka A U OKpYyXHOCTb w. [locTpouTsb ce-

kywyw AMN Ttak, uto6ul [AM]-[AN]=r?, rne M, N€o.

230. JlaHbl ABe TOUKH H OKPYXKHOCTb. [IocTPOHTb OKPYKHOCTB, Op-
TOTOHAJIbHYIO JaHHOH H NMPOXOAAILYIO Yepe3 3TH TOYKH.

231. [laHbl aBe OKPYXXHOCTH H Touka. [1oCTPOHTb OKpPYXKHOCTb,
NPOXOASILLYI0 Yepe3 3Ty TOUKY U MepeceKaioulylo JaHHble OKPYXKHO-
CTH MOA NPSIMBIMH YTIJ1aMH.

232. JlaHbl OKPYXKHOCTb, [Be He MpHHAaLIeXaluue el TOUKH H
yroJsi. T1ocTPOHTb OKPYXKHOCTb, NMPOXOASILILYIO Yepe3 3TH TOUKH W ne-
peceKkaiollyl0 AaHHYI0O OKPYXXHOCTb MOJA 3aJaHHbIM YIJIOM.

233. JlaHbl ABe TOUKH, npsiMast U yros. [1oCTPOHTb OKPYXKHOCTb,
NPOXOASLLYI0O Yepe3 3TH TOYKH H IMepeceKalollylo AaHHYI0 NPSMYIO
noj 3aJaHHbIM YIJIOM.

234. JlaHbl TouKa, nmpsiMasi H OKPYXHOCTb. [1OoCTPOHTb OKpYX-
HOCTb, MPOXOASAILYIO yepe3 3Ty TOUKY H NepeceKaloulylo NaHHYIO OK-
PYXXHOCTb H NpPSIMYIO MOJ 3aJaHHbIMH YIVIaMH.

235. JlaHbl Touka H JBe OKPYXHOCTH. [1OCTpOHTb OKpYIKHOCTb,
NpOXoAsILYIO Yepe3 3Ty TOUKY H lepeceKalollylo AaHHble OKPYXHOCTH
noj 3aJaHHbIMH YIJIaMH.

236. JlaHbl aBe ToukdH M npsiMmasi. [1ocTpoHTb OKPYXKHOCTb, Mpo-
XOASIILYIO Yepe3 3TH TOYKH H Kacalolylocs NpsMoii.

237. TlocTpoHTb OKPYXHOCTb, MPOXOASILYIO uYepe3 [Be JaHHble
TOYKH H KacalollyloCcsi JaHHOH OKPYXKHOCTH.

238. [laHbl TPH OKpPYXKHOCTH, IepeceKalolluecsi B OJHOH TOUKe.
[TocTpOHUTL OKPYXKHOCTb, KacalollylOCA TPeX AaHHBIX.

239. [1aHbl OKpPYXHOCTb H npsiMas. I[loCTPOHTb OKPYXKHOCTb,
Kacawllylocsi 3TOH OKPYXHOCTH W mnpsMoil B BblOpaHHOH Ha He#
TOYKe.

240. [daubl npsiMasi H OKPYXXHOCTb. [1OCTPOHTb OKPYXKHOCTb, Ka-
CaloIYIOCs NMPSAMOH H 3TOH OKPYXXHOCTH B BbHIGpAaHHOH Ha Hell TOuke.

241. [TocTpOHTb OKPYKHOCTb, KacalolyloCcsi AByX AaHHbIX OKPYX-
HOCTel, MpHYeM OIHY M3 HMUX B BbIOpaHHOH Ha Hel Touke.

242. JlaHn Touka, npsiMasi U OKPYXHOCTb. [1OCTpPOHTb OKpYX-
HOCTb, NPOXOASALLYIO Yepe3 3Ty TOUKY H Kacalouylocsi NpsiMOi U JaH-
HOH OKPYXKHOCTH.

243. llaHbl TOYKa W JABe OKPYXHOCTH. [TOCTPOHTb OKpPYXHOCTb,
NPOXOASALLYIO Yepe3d 3Ty TOUKY H KacalolLYIOCs AaHHbIX OKPYXHOCTeH.
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244. [laHbl TPH OKpPYIKHOCTH, [IPHYEM J1Be H3 HHX KacaloTcs APYr
npyra. [TocTpOHTb OKPYXKHOCTb, KacaloUlylocsi TpeX AaHHbIX.

245. [aHbl TPH OKPYXHOCTH. [lOCTPOMTb OKpPYXXHOCTb, Kacalo-
ILYIOCS TpeX AaHHbIX (3agaya AnoJuloHus).

§ 10. PELIEHHE 3AJJAY HA NOCTPOEHHE
AJITEBPAHYECKHM METOAOM

Jlutepartypa: 1} § 103.

Ilpu ucnosp3oBaHHH anre6paHyeckoro MeToja pelleHHe 3ajauH
CBOJSAT K NMOCTpPoeHHI0 oTpe3ka. Mckomblii oTpe3oK BbipakaloT uepe3
JlaHHble, a 3aTeM CTPOSAT ero mo noJyuyeHHoH ¢opmyne. Aare6pau-
YeCKMiH MeToJ fIBISeTCsl YHHBepcaJibHbiM. C ero moMoulbl0o MOXHO
pewuTh JI06YI0 3ajayy Ha NOCTpPOEHHe, HO H3-3a I'POMO3JKHX Bbl-
KJaJoK ero cjeayeT NPUMEHATb JAHlLIb K TeM 3ajayaM, KOTOpble He
NOANAIOTCA pelleHHI0 IPYTMMH MeTOdaMH.

246. [loctpouTb OoTpe3ok nmo ¢opmy.e:

V=& V45t
B) x=1/a‘—b*; rjx=<1=2.
a

a) x=-\/a*+4b rae a, b, ¢, d, e, m, n — NaHHbIE OTPE3KH.
247. TlocTpoHTb OTPE30K, AJHHA KOTOPOTO siBJsieTcs KOPHEM ypaB-
HeHHA (@ U b — AJNHHBl AAHHBIX OTPE3KOB):

a) x?—-/abx+a*=0; 6) ax*—-/ab®x—b-/a®*—b* =0.

248. [locTpouTb yroJ, ecild H3BECTHO, YTO:

. A a . A_GQ—bz.

a) sin a——b—, 6) COos a—m.
2 4 4

A Va*—b* | A_a oo,

B) cos a—m‘ I‘) tg a——b sin ﬂ,

cb

A 2__.
n) ctg a=a—2+—bcos B, rae a, b ¥ ¢ — ANHHBl JaHHbIX OTPE3KOB,
a c

f — naHHbIA yrod.
249. [locTpouTb TpeyrojibHUK, paBHOBEJHKHH AaHHOMY KBajpary,

eCJIH M3BecTHH a, ZC.
Pewenune. Ananwus. [lpeanosoxuM, 4yTo 3ajaya pelleHa,

TpeyronbHuK ABC uckommii (puc. 33). IpoBenem BhICOTY Agiha=
=[AH] Tak kak njowajp TpeyrojbHHKa COBMajaeT C MJOLLAIbIO

JaHHOrO KBajpara, To ah,=2m?, rie m — cTopoHa KBajpata. Or-
ClOAa MOJYYHM:

-
ha=2" )
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Puc. 33 Puc. 34

[MocTpouB oTpe3ok ha, MOXHO HaHTH TpeyronbHHK AHC no karery
M ocTpoMmy yray. il pewieHHs] 1OCTATOYHO AOCTPOHUTb TPEYroJbHHK
AHC no tpeyroabuuka ABC.

[MMoctpoenue. Crpoum:

1) otpesok by o dopmyse by =2 (cm. § 1, 3agaua 32);
2; OTpe30K h,,2:h,,2=25|: ¢
3) yroa @3: Lgs=d— £C, rne d — npsiMo#l yrouJ,
4) tpeyronbHuk A4H,Cy no cropone [A4H,]=ha, u ABymM yriam:
LC4A4H4=CP3, LA4H4C4=d.
5) Ha nyue C4H, ot ero Hauana, Touku C,, OTJIOKHM OTpPe30K a.

[Tonyuum Touky Bsz[C4Bs]=5. TpeyronbHuk A4BsCy MCKOMBIH.
HokaszateabcTtBo. OcHoBanHe [C4Bs] mocrpoeHHoro Tpe-

yronbHHKa paBHO a (mocTpoeHHe 5). Bricotra BepwinHbl A, paBHa
ha, (noctpoenne 4). Tak kak oTpe3oK h,, moctpoeH no ¢opmyane

(1) (noctpoenusi 1 u 2), To naowaip NOCTPOEHHOrO TPeyroJbHHKa
paBHa nuoWlaAd AaHHOro KBaapata. £C, coBnaaaet ¢ faHHbiM £ C
(noctpoenusi 3 u 4).

HMccanepnoBaHnue. B aHanuze nmokaszaHo, yTo BbicOTa h, JIIO-
60ro TpeyroJjbHHKa, yIOBJETBOPSIOLLEr0 YCJIOBUIO, ONpeaensieTcsi co-
otHoleHueM (l). Jlerko BuaeTb, uTO ABa TPeyrojbHHKa, HMelOLIHe
OIHHAKOBble OCHOBAHHSI, BbICOThbI, OMYyleHHble Ha 3TH OCHOBAaHHS,
H OJHMH M3 MPHJEXAaLUHX K HUM YIJIOB, paBHbl MeXay co6oii. B aTom
cayyae 3ajaya MMeeT eIHHCTBEHHOEe pelleHHe.

250. IMocTpouTb Kpyr, mioltajb KOTOPOro paBHa Pa3HOCTH MJIO-
majgef ABYX JaHHbIX OKPYMHOCTeM.

251. [lnowaap JaHHOTO CEKTOpa pa3fe/HTb MONoJaM KOHUEHTpH-
yecko# Jyro.

252. IlocTpoutb KBajapaT, mJjoulajb KOTOPOro paBHa MJoLlajaH
JAHHOTO MPSAMOYTOJbHHKA.

253. [locrpouTbh KBaAparT C MJOLIAAbIO, PABHOH CyMMe MJoLlaaeH
IBYX [NaHHbIX TpeyTrOJIbHHKOB.
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254. TlocTpouTb NpPSIMOYroJIbHHK, PaBHOBEJHKHH JaHHOMY KBal-
paTy, OTHOLIeHHe CTOPOH KOTOpOro paBHo 2:3.

255. IlocTpouTb paBHOCTOPOHHHH TpPeYroJbHHK, pPaBHOBEJHKHH
JAaHHOMY NPSIMOYTOJIbHHKY.

256. ITocTpouTb TpeyroJibHHK, paBHOBEJHKHH JaHHOMY KBaJparty,
€CJIH H3BEeCTHBl [IBe ero CTOPOHHI.

257. laHa oKpy»KHOCTb. [1oCcTpOHTL NPSAMOYTrO/IbHHK, BIHCAHHbLIA
B 3Ty OKPYXHOCTb H PaBHOBe/JIHKHH JaHHOMY KBajapary.

258. JlaHa okpyxHOCTb. [1OCTPOMTbL MPSIMOYrOJIbHBIA TpeyroJib-
HHK, BIHCaHHBIA B 3Ty OKPYXXHOCTb, IIOLlaAb KOTOPOro paBHa MJo-
Iaad NaHHOTO NMPSMOYroJibHHKA.

259. [TocTpouTbh NpsiMylo, NapaJ/ulebHyl0 OCHOBAHHAM TpamnelHuH,
TaK, 4To6bl OHA pa3je/iHja ee HAa JBe PaBHOBEJHKHE (PHUTYpHI.

Peweunune Ananwus. Ilpeanonoxum, 4yTo 3ajaya pelueHa,
ABCD — paunasi Tpaneuuss, MN — uckomass npsmasa (puc. 34).
[Mnomanu tpaneuni MBCN uw AMND paBubl Mexay co6oii. [1po-
NoJKHM 6oKoBble cTopoHbl AB u CD TpaneuHu o0 nepeceyeHHsl B

touke F. [lpoBenem npsmyio FK, nepnenaukyasipuyio (AD). OG6o-
suauum [AD]=a, [BC]=b, [FK]=n, [FL]=m, [FH]=x. Bbipasum
OTPe30K X uepe3 oTpe3kH m, 1. a u b. [lyctb Sy, Sz 0 S cooTBeTCTBEH-
HO mJiowaau Tpeyroabiukos FAD, FBC u FMN. S,=%I&I A, Sy=

=% |6117i|. Tak Kak niomaau Tpaneuuit MBCN u AMND paBHbl MeX-

ny coboit, To S| —S=8—3S8,. Orciona S=;—(S.—|—82), T. €.

S=—(allm+|&||7). (1)
Tpeyroabuuku AFD u MFN nopo6GHbl Mexay co6oil. [ToaTomy
|xP:im[P=S:S.. (2)
[Moncrapass ¢opmyay (1) B cooTHolleHHe (2), moJyuaem:
xI* _ lalim| 4161141 (3)
Im|? 2lal|m|
Ortclona x= (rﬁ—{—!’&i)-Qi. (4)

[TocTpouB oTpe3ok x no ¢opmyJie (4), oTI0XKHM ero Ha npsimoit FK,
NoJyuuM Touky H, yepe3 KOTOpyiO NMPOXOLMT MCKOMmas npsmas MN.
[TocTpoeHnnue.
1) Onpeaennm Touky F; nepecedyenusi npsimoix AB u CD, conep-
XKaulux GOKOBble CTOPOHbI TpameuHH.
2) Yepes F, npoBoaum npsimyio [, neprnenaukyaspuyio (AD).
Crpoum:

3) Touky Lj nepeceuennsi [y u (AD), OTPe30K m3 paBeH: mz= | F\hsl;
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4) Touky K, nepeceuenus [y u (BC), OTpe30K n, paBeH:
ﬁ4=[F|K4];

5) oTpe3ok Cs no dopmyse cs=2;
a
6) oTpe3ok dg:de=rms+Cs;

~ -~ l -~
7) otpe3ok erier=—-ms;

8) OTpPe3oK Xg:Xs="\/ases .
9) OT/I0XKHM OTpe30K X Ha Jyue F|Ks; oT ero Haua/a, Touku F.

[Moayuum Touky Hg:[FiHg]= xs.

10) TlpoBoaum npsimyio Ao, MPOXOAAILYIO Yepe3 TOUKy Hg U nep-
neHAUKYAsipHYIO [p. [lpsimasi Ao ucKoMas.

HokaszarteabcTBo. U3 mocrpoenuit 2 u 10 cneayer, uto
npsmas hjo napaJjsenbHa OCHOBaHHSIM TpaneuuH. JlokaxkeM, 4To oHa
JIeJUT naowaab Tpaneuuu nonosaam. [lyctrb M u N — Touku nepe-
ceyeHHs1 NPAMOH Ao ¢ GOKOBBIMH CTOPOHAMH Tpaneuuu; S, So u S —
niowanu TpeyroibHukoB FiAD, F\BC u FIMN. U3 noctpoenuii 5—
8 cieayert, UTO OTPe30K Xxg BbIpaKaeTcsl uepe3 OTPe3KH a, b, m3 u Ny
no ¢opmyJne (4). HeidicrBuTennHo,

Fam s =\ s+ G =y g 4 B
M3 nono6us tpeyronbuukoB AF\D u MF,N caenyer:
|xs[?:|msP=S:S\.
Tak kak u3 ¢opmyan (4) caeayer cooTHoulieHue (3), To
S __lalimsl +161inyl

Si 2lall my
S,=L')_|&||n~z3|, Sg=%|b||r‘i4|, nostomy S ynojaerBopsieT ¢op-

myqae (1), 1. e. 285=S8,+S..

UccaepnoBaunue U3 aHanusa creayeT, yTo HCKOMmasi nps-
Masi OTCTOHMT OT TOUKH F Ha OTpe30oK x, BbluHcAsieMblii o ¢popmyae (4).
[TostoMy 3amaua Bcerja uMeeT eAHHCTBEHHOE peLIEHHE.

260. IMoctpouTb TPH nNpsiMble, MapaJJesibHble OCHOBaHHIO Tpe-
yroJibHHKa H JeJsiliiie ero nJolajib Ha TPH paBHble 4aCTH.

261. TlpoBectu npsimyio, napajjiesbHyl0 JHAroHaJd NPsiMOYTIOJib-
HHKa H OTCEKaIOlLYI0 OT Hero TpeyroJbHHK MJ0LLAAbl0, PaBHOH OAHO#H
TPEeTH MJIOLAAH BCEro NpsiMOyroJibHHKa.

262. TlocTpouTh NMpsiMylo, napaJie/bHYl0O OCHOBAHHSIM Tpaneuuu
M Jesillylo ee MJoLaAb B OTHOLWEHHH 2: 1, CUHTas OT MeHbllIero oc-
HOBaHHS.

263. TocTpouTb TPH OKPYXKHOCTH, NOMApHO Kacalollhecs Apyr
Ipyra, UeHTPbl KOTOPBIX JIeXXaT B BepLUHHAX NaHHOTO TPeyroJbHHKA.
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264. Jlaubl 1Be TOUKH, npsiMast H oTpe3oK. [1ocTPoHTb OKpyX-
HOCTb, MPOXOASIILYIO Yepe3 3TH TOUYKH, OTCEKalollHe OT MPsMOH 3a-
JaHHbI OTpPe30K.

265. [TocTpouTb NPSIMOYTrOJIbHBIA TPeyroJbHHUK, €CJH H3BECTHBI
CyMMa €ro KaTeTOB H BbICOTa, OMYILEHHAs HA THNOTEHY3y.

266. ITocTpouTb NPAMOYTrOJIbHbIA TPEYIoJbHHK, €C/IH NaHel €ero

THNoTeHy3a ¢ H 6GHccekTpHca [, ocTporo yraa.

267. B oKpy»XHOCTb BNHCaTb TpamneuHio ¢ NaHHOH GOKOBOH CTO-
POHOH M JAaHHBIM OTHOLUEHHEM OCHOBAHHH.

268. Pa3nenutb OKPYXKHOCTb Ha 1 PaBHBIX 4YacTeH, eCJH:

a) n=3; 6) n=4; B) n=6; r) n=10; 1) n=5.

269. [TocTpoHTb TpPeyroJibHHK, €C/JH AaH ero nepHMetrp 2p, Bbl-

coTa h, U pajuyC r BNHCAHHOH OKPYXXHOCTH.

§ 11. PA3SHBIE 3ANAYH HA NMOCTPOEHHE
LLHPKYJIEM H JIMHEAKOHA

270. TMocTpoutb poM6, eciu H3BECTHHl €r0 NEPUMETP H Pa3HOCTb
JHaroHaJseH.

271. TlocTpouTb TpPeyroJibHHK, ecad OdaHbl ZA, R, Z(ma. ha).

272. TlocTpPOMTb TPEYroNbHHK C OCHOBAHHEM @ M MeAHAHOH M.,
paBHOBeJIHKHII JaHHOMY MapaJiiesorpammy.

273. INocTpouTb Tpeyro/bHHK, paBHOBEJHKHH PA3HOCTH ABYX laH-
HbIX TPeyroJlbHHKOB, €CJIH H3BeCTHbl ero BbicOTa h, M MedHaHa M.

274. TlocTPOHTb TPeyroJibHUK, e€Cl1H AaHbl hq, lo ¥ R.

275. [laHbl TouKka, TPH NpsiMble H OKPYXHOCTb. BnucaTtb B Hee
TPeyroJibHHK Tak, YToObl ABe ero CTOPOHb GblJIM MapaJJiesibHbl ABYM
NpsiMbIM, a TPeTb NpsiMas NMPOXOJuJa uyepe3 3Ty TOUKY.

276. TTocTPOHTb TPEYroJibHHK, €ClH H3BeCTHbl R, mg, ha.

277. TloCTPOHTb TPeyroJibHHK, ec1d AaHbl £ B, mg, m..

278. [locTpouTh paBHOCTOpPOHHHH TpeyrosbHuK ABC, eciau aaHbi
€ro CTOpOHa M TPH TOUKH, MpHHanexauxe npsambiM AB, AC u Guc-
cektpuce AL yrna BAC.

279. I[TocTpouTb Tpeyro/ibHHK, €CJH HM3BeCTHbl TOUKH Mepeceye-
HHS1 MeIHaHbl, BBICOTbI H GHCCEKTPHCHI OJHOTO H3 ero yIVIOB C OMHCaH-
HOH OKPYXHOCTbBIO.

280. IlocTpouTb KBaapar, ecjqd AaHbl 4YeTbipe TOYKH, NpPHHalje-
)Kalllue ero CTOpOHaM.

281. JlaHbl Touka S ¥ TpH NpsiMble, NepeceKaiollHecss B OJHOMH
Toyke. Uepe3 TOuKy S NpoBecTH NPSIMYIO, OTPE3KH KOTOPOH MexXay

3alaHHbBIMH NPSMBIMH HaXOJHAHCh 6bl B OTHOILEHHH M :n.

282. Ha npsimoit nauel Touku A, B, C u D, pacnosnoxeHHble moc-
JeloBaTelbHO B yKa3aHHOM nopsiake. [TocTpOHTb TaKylo Touky X,
ansa koropoit L AXB=/CXD.

51



283. JlaHbl npsimasi H J1Be OKpy>XHocTH. Ha 3To#i npsimoit HaiiTh
LEeHTP OKPYXKHOCTH, NepeceKkaiolled [ABe AaHHble B [JHaMeTpaJjbHO
NPOTHBOMNOJIOXKHBIX TOYKaX.

284. [locTpouTb TpeyrosbHHK MO CTOPOHe, NpHJexalleMmy Yray
M Pa3HOCTH ABYX APYTHX CTOPOH.

285. [OCTPOHTbL TpeyroJbHHK, ecan faunl Z B, £ C, 2p.

286. [TocTpouTb TpPeyroJibHHK, eclH H3BecTHbl LA, h,, 2p.

287. Ha okpyxHoctd naHbl Toukd A u B. Halitu Ha Hell Takywo
TOuKy X, uTo6bi cymma [AX]+4[XB] paBHs1ach NaHHOMY OTpe3Ky.

288. [locTpouTb TpeyroJibHHK, €C/H AaHbl €ero MelHaHa H paiuy-
Cbl IBYX OKPYXXHOCTEH, OMHMCAaHHbIX OKOJ/IO ABYX TPeyroJbHHKOB, Ha
KOTOpble 3Ta MeAHaHa pa36una AaHHbIH.

289. [locTpouTb Tpamneuuio, ecjld H3BECTHbl €€ JHaroHaJ/H, yroJ
MeXAY HHMH H Pa3HOCTb JBYX CMEXHbIX CTOPOH.

290. Yepes nBe JgaHHble TOUKH Ha OKDPYXXHOCTH MNpPOBeCTH ABe
napaJ/jiesibHble XOpAH, CyMMa KOTOPbiX paBHa 3aJAaHHOMY OTPe3Ky.

291. IMocTpouTh Tpaneuuio o ee 60KOBbIM CTOPOHAM, YTy MeXIy
NPOJOIKEHHSIMH GOKOBBIX CTOPOH H YIVIy MEXAY AHAaroHaJsiMH.

292. B tpeyronbiik ABC Bnucatb TpeyroibHHK MNP, paBHbi#
naHHoMy TpeyroibHuKy DEF, tak, uto6ut ME[AB), N€[BC), P€[AC].

293. B cekTop BnHcaTb TpPeyroibHHK, PaBHbIH [JaHHOMY, Tak,
yTo6Gbl ABE €ro BepLUMHbl NMpPUHHAaAJeXaJH pajHycaM, a OjHa — Hy-
re cekropa.

294. B cermeHT BnucaTb TPeyroJibHHK, paBHbl JaHHOMY, 4TOOHI
JBe ero BepLIMHbI MPHHAajJeXxaju 1yre, a oJHa — XOpAe CerMeHTa.

295. TlocTpouTb TpeyroybHHK, NMOAOGHbLIH AaHHOMY, BIHCAHHbLIH B
CerMeHT, Tak, yToObl [Be ero BeplUHHbI PHHAIeXaNH Ayre, a TPETbA
HaxoJu/1acCb B JaHHOH TOYKe XOpAbl CerMeHTa.

296. TlocTpouTb TpeyroJibHHK, NOAOGHLIH N1aHHOMY, BNHCAHHBIHA B
TpeyronbHHK ABC, Tak, uTo6bl OfHA W3 €ro BeplUMH coBmajaja c
ToukoH P oTpe3ka [AB|.

297. JlaHbl TpH KOHUEHTpHYeckHe OKpYxHocTH. [TocTpouTb Tpe-
yrOJIbHHK, MOAOGHbIH AaHHOMY, BEPLUHHbI KOTOPOro Je)aT Ha 3THX
OKDPYXKHOCTSX.

298. JlaHbl OTpe30K H OKPYXHOCTb. [TOCTPOHTb KacaTelbHYIO K
3TOH OKDPYXXHOCTH, OTPe30K KOTOPOH MeXAY NPOAOIKEHHSIMH IBYX
ee JlaHHBIX PaJHyCcOB paBeH 3aJaHHOMY OTPE3Ky.

299. [Moctpoutb paBHOGeAPEHHBIH TPEYroJbHHK, OCHOBAHHE KOTO-
poro JIEXXHT Ha OJHOH CTOPOHe yrJa, BepliHHa — Ha ApYroi, a 6oKo-
Bbie CTOPOHbI MPOXOAAT yepe3 ABE TOUKH, 3a4aHHble BHYTPH yrja.

300. IMoctpoutb npsimylo, napaJienbHyl0 AaHHOW H o06pasyio-
ILYI0 B MEPEeCeYeHHH C AaHHBLIMH OKPYXKHOCTSMH XOpJbl, CyMMa KOTO-
pbIX paBHa NaHHOMY OTpe3KY.

301. lanbl npsimas u oTpe3ok. Ha npsiMoil HaliTH TOuKy, M3 Ko-
TOPOH 3TOT OTPe30K BHAEH NOJA HAaHGOJbIINUM YIJIOM.

302. TMocTpouTb paBHOGEIApPEHHbIH TPEYroNbHHUK, €CJH AaHbl €ro
paaHyCbl BIHCAHHOH H OMMCAHHOH OKPYXXHOCTEH.



Fnmasa Il
METOA bl U3OBPA)KEHHUH

§ 12. H3O0BPA)KEHHE NJIOCKHX ®HTYP
NMPH NMAPAJINIEJIbHOM NPOEKTHPOBAHHH

Jlutepartypa: [2] § 26, 27.
Bynem cunTath, UTO B KaXK[0H U3 HHXKENPHBEAEHHbIX 3afay Bbl-
6paHbl HanpaB/eHUs1 NPOEKTHPOBAHHS M IJIOCKOCTH H300pa’KeHHS.
303. [laHbl u306pakeHHsi ABYX BepLIMH TPeYroJbHHKa H TOYKH
nepeceyeHuss ero MmeauaH. [locTpouTb u3o6paxkeHue TpeTbed Bep-
IIHHH.
Pewenue. [lyctb Tpeyronbuuk ABC (puc. 35) siBasieTcs u3o-

6paxenneM TpeyronbHuka ABC. Kak H3BecTHO, Jlo6bie ABa TpeyroJib-
HHKa ad(HHHO-3KBHBAJIEHTHBI, CepelHHbl CTOpoH M, N u P sBasiorcs
H306paxkeHHsIMH CepeHH COOTBETCTBYIOLIHX CTOPOH TpeyrosbHHKa
ABC, a touka nepeceueHusi MegiaH O — H3o6pakeHHeM TOYKH Me-
peceueHHsi MeJHaH.

Ham paubl Touku A, B u O. [laa nocrpoeHus BepiinHbl C cie-
ZyeT BOCMOJIb30BaTbCSl CBOHCTBOM TOYKH MepeceueHHsi MeaHaH Tpe-
yrosibHuKa. OT/10kMM OT Toukd O Ha npsiMoid AO NOJOBHHY OTpe3Ka
AO u nonyuum touky P. BepuinHa C CTPOHTCS KaK TOYKa, CHMMeT-
puuHas B otHocHTenbHO P.

304. [aHo uzo6paxeHHe TpeyrojbHuKa. [locTpoutb H306paxkeHne
TOUKH NepeceyeHHsl ero MeauaH.

305. laHbt u3oGpaxenuss M, N, P cepeauH CTOPOH TPeyroJibHH-
ka ABC. TlocTpouTb H306pakeHHs1 €ro BEepILUHH.

306. [laHbl H306paxKeHHsi cepelHH CTOPOH TpeyrosbHuka. [lo-
CTPOHTb H306pa’keHHe ero TOYKH MepeceyeHHs] MedHaH.

A

Puc. 35 Puc. 36

A

53



307. [anbi u3o6paxenus A W B 1AByX BeplIMH YeThIPeXyroJb-

Huka ABCD, a takxe uzo6paxenHe M Touku Aﬁ nepeceyeHHsi ero
auaroHased. Iloctpoutb uzoGpaxenue Bepwud C u D, ecan Tou-
Ka M [eJHT AHAroHa/H 4yeThIpeXyroJbHHKAa B OTHOLIEHHSAX:
a) (AC. M)=2,  (BD, M)=1;
6) (AC, M)=3, (BD, M)=5.

308. [laHbl u3o6paxenuss A, B u C Tpex BeplIHH YeThPeXyrob-
HuKa. [TocTpouTb M306paxeHue 4eTBepTod BepwHHn D, eciu Tou-
Ka M nepeceyeHHsi AHAroHaJied JeJHT HX B OTHOLUEHHSX

(AC, M)=L (BD, M)=3.

309. Janbl H3o6pakeHHs1 JBYX CMEXHhIX BepLIMH KBajpaTta, a
TaKXe TOUKH nepeceueHHss ero auaroHaJsei. [loctpouts H3o6paxkeHHs
OCTaJIbHbIX BepLUHH.

310. Iloctpoutb H306pakeHHe TpaneuHH, OTHOLIEHHE OCHOBaHHH
KoTtopo# 1:2.

311. Jann u306pakeHHs Tpex BeplIHH TpaneuuH. [locTpouthb
1306parkeHne 4eTBePTOH BepLUHHBI, €CJIH OTHOLIeHHe OCHOBaHHH 1:3.

312. JlaHbl u306pakeHHs 6OJIbLIOrO OCHOBAHHSl Tpameuuu H TO4Y-
KH nepecedeHuss auaroHaseli. [locTpouTb H306parkeHHs] OCTaJbHbIX
BEpLUHH, €CIH OCHOBAHHSl OTHOCATCHA Kak 2:3.

313. Tloctpoutb H306pa)keHHe KBajapaTa, ec/lH AaHbl H306paxe-
HHSI OMHCAHHOH BOKPYT HEro OKPYXXHOCTH, ee uLeHTpa O W OZHOH H3
ero BeplIHH.

PeweHue MH3obpaxeHneM OKPYXHOCTH SBJASIETCH 3JJIHIC,
BIMHCAHHOrO B Hee KBajpaTa — napaJJejorpamm, B3aHMHO MepreH-
JUKYJSIPHBIX JHaMeTPOB OKpPYXXHOCTH — CONpPSXKeHHble [JHaMeTpbl

saaunca (puc. 36). Touka A sBasiercs u3o6pakeHHeM BepluHHb A.
[MpoTtuBonosoxxHas el BepwidHa C u3ob6paxaerca Toukod C, cuM-
MeTpHuHOH A oTHocuTenbHO weHTpa O. Jasa Toro uto6bl HaHTH H30-
6paxkeHHe ABYX APYruX BepLUHH KBajaparTa, cjelyeT MOCTPOHTb 1Ha-
MeTp 3Judnca, conpsikeHHbii AC. ConpsiXeHHBH AHaMeTp sIBAsET-
Csl MHOXXECTBOM cepeiuH Bcex xopl, napanienbHblx AC. [Moctpoum
Takylo xopay MN, Haifinem ee cepeauHy K, npoBeieM HCKOMbIH CO-
npsikeHHolii auametp OK. Ero Touku nepeceuenuss B u D ¢ 3aaun-
COM SIBJSIIOTCS H306pakeHHUsIMH OCTa/IbHbIX BepLIHH KBajapara.

314. JlaHo u3o6paxkeHHe OoKpyKHOCTH. [locTpoHTh H306paxkeHHe
ee LleHTpa.

315. TlocTtpouth H306pakeHHe NPaBHJIBHOrO TPEYrosbHHKa, eClH
AaHbl H306paXkeHHs! OMHCAHHON BOKPYT HEro OKPY>XHOCTH H OJHOH H3
€ro BepLIHH.

316. TMoctpoutb H306pa’keHHe NPaBHJILHOrO LIECTHYTONbHHKA,
eC/IM AlaHbl H306parKeHHsl ONMMCAHHOHW BOKPYT Hero OKpPYXXHOCTH M OJ-
HOH U3 ero BeplUHH.
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317. JaHo u3o6paxkeHHe OKPYXKHOCTH BMecTe C BbiGpaHHO# Ha
He#l Touko#. [TocTpouTh H306pa’keHHe NPaBHIbHOTO BOCbMHYTOJIb-
HHKa, BMIHCAHHOTO B 3Ty OKPY>XHOCTb, C BepIUHHOH B JaHHOH Touke.

318. JaHo M306pakeHHe OKPYXHOCTH BMecTe C BbIGpAHHOI Ha
He#t Touko#. [TocTpouTh H306parkeHHe PaBHOCTOPOHHErO TPEYro/bHH-
Ka, ONMHCAHHOrOo BOKPYT OKPYXHOCTH, €C/IH 3Ta TOYKa SIBJSIETCA TOU-
KOH KacaHHsl OKPY>XHOCTH M CTOPOHbI TPeyroJibHHKa.

PeweHne MH306paxeHne OKPYXHOCTH mnpeacTrabisieT co6oil
3JUIMNC, a pPaBHOCTOPOHHEro TpeyroJibHHKa — MPOH3BOJIbHBIH Tpe-
yroibHHK. Tak Kak ¢urypa u ee uzobpakeHue appuHHO-3KBHBAJIEHT-
Hbl, TO UeHTp 3jnunca O aeaut meauaHy BM (puc. 37, a) B TOM Xe

OTHOLUEHHH, YTO W UeHTP O OKPYXKHOCTH, BIHCAHHOH B OpHIHHAJ
(cMm. puc. 37, 6), BbicoTy BM, 1. e. B oTHoweHun 1:2. Takum obpa-

30M, JJ/151 IOCTPOEHHs1 H306paxeHHs B BeplunHbl B caeayetr Ha nps-
Mot MO oTJ0XXHTb OT ToukH O yaBoeHHbIi oTpe3ok OM. 3atem no-
crpouM auametp PQ, conpsixeHHbli MO, onpeneiuM Toukd P u Q —

u306paxkeHus1 KOHUOB P U Q auaMeTpa OKPYXXHOCTH, MmapaJllesbHo-
ro ocHoBaHuio AC TtpeyrosbHHKa. B acd¢duHHO-3KBHBaNEHTHBIX (H-
rypax OTHOILEHHS mapaJJe/bHHX OTPe3KoB paBHH MeXay co6oi. [lo-

3ToMy ecau C — H3o6paxenue BepinH C, To MC:0Q=MC:0Q=

=+/3. Ucnonb3ysi 3TH COOTHOLIEHHs, MOCTPOHM OTpe3ok MC, 3aTeMm
Toukd A u C.

TpeyronbHuk ABC HCKOMBIA.

319. IMoctpoutp u306pa)keHue KBajapaTa, ecaAH AaHbl H306pa-
)KEHHS1 BIUCAHHOH B HEro OKPY>XHOCTH H TOYKH KaCaHHs C Hed OJHOH
H3 CTOpPOH.

320. IToctpoutb H306pakeHHe paBHOGEIPEHHOro MNPSAMOYroJb-
HOTO TpeyroJibHHKa, ec/lH AaHbl H306paXkeHHs1 BIHCAHHOH B Hero ok-
PY>KHOCTH H TOYKH KacaHHs C HeH: a) rumoreHy3bl; 6) OAHOro H3
KaTeToB.

321. IMoctpoutb H306paxkeHHe MPABHJIbLHOIO LIECTHYTOJbHHKA,
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ecny AaHbl H306pakeHHsl BIHCAHHOH B Hero OKPYXHOCTH H TOUKH
KacaHusl C He#l OJHOH H3 CTODOH.

322. JlaHbl H306paxkeHHs] OKPYXKHOCTH H TOUKH, JieXKalled BHe ee.
[MocTpouTh H306paxkeHHs KacaTesbHbIX, POXOASILMX Yepe3 3Ty Tou-
Ky K AaHHOH OKDPYXXHOCTH.

323. [laHbl H306parkeHHs LEHTPA OKPYXHOCTH H ee OPTOroHaJb-
HbIX JHaMeTpoB. [TocTpouTb H306pa’keHHe KakoH-1H60 TOUKH OKPYXK-
HOCTH, He JiexKallleil Ha JaHHbIX JHaMeTpax.

§ 13. H30BPA)KEHHE NMPOCTPAHCTBEHHbDIX ®UTYP
NMPH NAPAJUJIEJIbHOM NPOEKTHPOBAHHH

Jlutepatypa: [2], § 28.
324, [lanbl n3oGpaxenus BepwudH A, B, C u A’ napannenen-

nexa ABCDA’B’C’D’. TTocTpouTb H306pakeHHs1 OCTaJbHbIX BEPLIHH.

PeweHue OcHoBaHus H OGOKOBble rpaHH mnapaJJesendnena
u306parkaloTcs napaJseaorpamma-
mH. [ToaToMy A nocTpoeHHs H30-
6paxkeHuss BeplwHHbl D caenyer
HaHTH TOUYKY MepecedyeHUs MPSAMBIX,
A4 | npoxoAsiiux yepe3d Touku A u C u
v COOTBETCTBEHHO MapaJJenbHbix BC
8 u AB (puc. 38). AHanOrHuHo
CTpOATCS H306paKeHHsl OCTasbHbIX
BEpLUHH.

|
|
|
i
! 325. lanbi M306pa)keHHs Bep-
1 wue A, B, D, A’ npusmnl

-0 T2 ABCDA’B’C’D’ H3BecTHO, uTO ee
4 \/ € ocHoBanueM CJAYXHT Tpamnelusi, OT-
8 HOILEHHE OCHOBAHHH KOTOpOH pas-

Ho AD:BC=3:2. TlocTpouTb H30-
6pa’keHHsi OCTaJIbHbIX BEpPLUHH.
326. Ilaubi wu3o6paxkeuuss BepwuH A, B, D u A’ npusamsl

ABCDA’B’C’D’. TloctpouTbh M306paXKeHHsl OCTaJIbHbIX BEpLIMH, ec-
JIH IMaroHa/i OCHOBAHHA JeJATCS TOUKOH M MX nepeceyeHus B OT-
Howenusx (AC, M)=2, (BD, M)=1.

327. 1aHo H306parkeHHe NPaBHJIbHOH YeTbIPeXyroJbHOH mnHpa-
muabl. [locTpouTh H306paxkeHHe ee BLICOTHI.

Puc. 38

328. laHbl H306parkeHHs Tpex BeplIHH ocHoBaHHs ABC W BepluH-

Hbl S npaBu/bHOH yeThipexyrosbHoH nupamuin. [locrponTb H306pa-
JKeHHe OCTaBLIEHCS BepLUHHBbI.
329. laubl u3o6pakeHus BepiindH A, B u A’ npaBuabHOH Tpe-

yrosbHoii npuambl ABCA’B’C’, a takxe ueHrpa M ocHoBanus ABC.
Ha#iTu u3o6parkeHHsi OCTaJIbHbIX BEPLUHH.
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330. Janm H306paeHHs] UWJIHHAPA M TOUKH HAa OJHOM H3 €ro
ocHoBaHu#. [TocTpouTh H306paXxkeHue NPaBUIbHON NMPH3MbI, BINHCAH-
HOH B UHJHMHAP, BepLIHHA KOTOPOH CoBMajaeT C JaHHOH TOYKOH MpH
YCJIOBHH, YTO OHAa: &) TpeyroJsbHasi; 6) yeTblpexyroJbHasi; B) LIECTH-
yroJpHasi; I') BOCbMHYTOJIbHas.

331. laHbl u306pakeHHs KOHyca M TOUKH Ha €ro OCHOBaHHH.
[ToctpouTh H306parkeHHe NMpaBHJbHOH NMHPaMHAbI, BOHCAHHOH B KO-
HYC, BepLIHHA OCHOBaHHsl KOTOPOil coBnajaer ¢ AaHHOH TOYKOH MpPH
YCJIOBHH, UTO OHA: a) YeThipexyroJbHasi; 6) TpeyrojbHasi; B) LIECTH-
yroJibHasi; ) BOCbMHYTOJIhHAs.

332. lanbl H306pakeHHs KOHyca H TOYKH Ha ero 60KOBOH ToO-
BepxHocTH. [locTpouTh H306paxkeHHe NPaBUJIbHOHW yCeueHHOH mnupa-
MHIbl, BIHCAHHOH B KOHYC, OfHA M3 BepLIHH BepXHEro OCHOBAHHSA
KOTOpO# coBrnajaeTr ¢ JaHHOH TOYKOH, MPH YCJAOBHH, UTO OHA: a) ye-
ThipexyrosnbHasi; 6) Tpeyro/bHasi, B) LUeCTHYroJibHasi, I') BOCbMH-
yroJibHasi.

333. IlaHbl H306pakeHHs] KOHyca M TOUKH Ha ero G0KOBOH Mo-
BepXHOCTH. [TocTpouTh H306paXkeHHe NPaBUJIbHOH NMPH3MbI, BEPLIHHBI
BEPXHero OCHOBaHHSl KOTOPOH JieKaT Ha GOKOBOH NMOBEPXHOCTH, OJHA
M3 HHX COBMajaeT ¢ AAHHOH TOYKOH, a HHXKHee OCHOBaHHe MPHHAA-
JIEXKHT OCHOBAHHIO KOHycCa, eCJli OHa: a) yeTbipexyroJbHas; 6) Tpe-
yroJibHasi; B) LIECTHYTOJIbHAS; ') BOCbMHYTOJbHAS.

§ 14. AKCOHOMETPHS

Jdurepatypa: [2],§ 30.

Bo Bcex 3amauax storo naparpada 6yzaem npuiaepxKuHBaTbcs 060-
3HayeHW# nocoGusi_[2]. Byaem cuuTaTh, 4TO B MPOCTPAHCTBe NaH
apounnbii penep O, E,, Ey, E;, a Ha OCHOBHOH NJIOCKOCTH G JaHO
ero usobpaxenue O, E|, E;, E3. Ecin M — Touka npocrpaHcTBa,
10 noa M, My, M; 6ynem noHMMaTh BTOPHUHbBIE NMPOEKUHH TOUKH M,
T. €. uaodpg)_xe_l_{uﬂ__n_po_exuu_ﬁ_M_ COOTBETCTBEHHO HA KOOpPAHHATHbIE
niaockoctd OE Es, OE\E; u OE\E,. Tloa npeanoxennem «JaHa Tou-
Ka (M, M;3)» Gyaem NOHHMATb, YTO Ha OCHOBHOM MJIOCKOCTH G [@HO

n3o6pakeHHe M TOUKH M U ee BTOPHUHOH NpoeKUHH Ms.
«JlaHa npsamas ([, /3)» o3HauyaeT, YTO Ha OCHOBHOH MJIOCKOCTH O

AaHO H300pa)eHHe (aKcoHOMeTpHuecKasi mpoekuusi) [ npsmoit [ u
ee BTOPHYHOH NpoekuuH ;.

334. [lana Ttouka (M, Mj;). TlocrpouTb ee BTOpPHUHbIE MNpPOEK-
UHH M| H Mg.

Pewenue Ha pucynke 39 uzobpaxen penep O, Ei, Ey, E5 u
Touka (M, Mj). Tak kak M3 — BTopHYHas npoekuust Touku M, To
npsiMble MM; u OE3; napannenbhnl Mexay co6oil. Uepes Touky M
nposeaeM npsmyio /, napaanenbiyio OF,. Mckomasi BTopuuHas npoek-
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uus M, saBasieTcss H306paKeHUEeM TOUKH nepeceqeunﬁ npsmMod | u

naockocth OE E3. PaccMoTpuUM ns10CKOCTb o, TPOXOAAILLYIO yepe3 !

H M3. Yepe3 Touky M; npoBeneM mpsiMylo m, napajjenbHylo [/, oHa
npeacrasiasieT co6oid H3oOpa)keHHe NPSIMOH MepeceueHHS MJOCKO-

creil & u OF\E,. Touka N siBasieTcsi H306pakeHHEM TOUKH Mnepece-
yeHHusl mJockoctH o u npsmoit OF,. Tak Kak o napaJuienbHa KOOp-

nuHaTHO# ocH OE35, To M, nexxut Ha npsiMoil p, npoxoasiueil uepes N
u napasnenbHoii OFE;. Takum o6pa3om, M, ompenensiercsi Kak ne-
peceueHune p u [

AHanoruyHo ctpouTcsi npoekuuss M,. OnpejnennTte ee caMoCTOsi-
TeJbHO.

335. JlaHbl KOOpPAHHATHI X|, X9, X3 TOYKH M OTHOCHTe/IbHO pene-

pa O, E,, E, E;. Tloctpoutb H306pakeHHe M M BTOpPHYHbLIE MPOEK-
udn M, My u M;.

Pe me HH e TaK Kak OM x.OE.+x20E2+x3OEg’ TO OM,

—XQOE2+X3OE3, OMQ—X|0E1+X3OE3, OM3—XIOE| +xQOEQ Or-
CI0/1a c/ieflyeT TOCTPOeHHE BTOPHUHBIX npoeKunid M, Moy, My (puc. 40).

336. dana touka (M,, M;). HaliTu koopanHaTel ToukH M.

337. Nana npsimas ([, [;). Halith ee cnenpl.

PeweHue Cnemom L npsmoit (I, /3) Ha naockoctu OE\E; siB-
JasieTcs Touka nepeceyeHus npambix [ U [3. [lycrb K — cien npsiMoit
({, I3) Ha nnockoctb OF\E5. Torna K€!, Ks=I[3OE,. Ho npsimasi KK
napaajenbia npamoii OE; Orciopa cneayer nocrpoeHue caena K
(puc. 41). CrpouMm Touky mnepeceueHusi L npsiMmbix [ H [3 — caen
npsiMo#t (I, /3) Ha nanockocts OFE\E,. 3aTeM HaxoauM TOUKYy nepece-
yenusi K3 npsaimbix /3 u OE,. Yepe3 K3 npoBoaum npsimyio m, napaJ-
JenbHylo ocu OE;. Mickomass Touka K HaxoQuTCsi Kak Touka nepe-
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ceyeHHs NPAMBIX m W [. AHAJOrHYHO CTPOMTCSA cael npsmoi (I, [3) Ha
miaockocTb OE2E3. Onpenenute ero caMoCTOSITENbHO.

338. TNocTpouTb cielnl MpPsIMOH Ha KOOPAMHATHHIX IJOCKOCTSX,
ec/id nMpsimasi 3aJlaHa TOYKAMH:

a) (M, M) u (N, Nj), B) (M, M3) u (N, Ny);
6) (M. Ma) H (N, N|)’, l") (M' M|) H (N, Ng)

339. Onpenenutb, JexXHT Ju Touka (M, M;) Ha npsimoii, onpefe-
JIEHHOH TOYKaMH:

a) (P, P u (Q. Qs B) (P, Py u (Q, Q;
6) (P, P3) u (Q, Q2); r) (P, P\) u (Q, Q2).

340. Onpenenutb, nepecekalorcs JH npsimbie. B caydae nepece-
yeHUsl MOCTPOHUTb HUX OO6ILYI0 TOUKy. [IpsiMble 3aaaHBl TOYKAMH:
a) (P, Ps), (Q, Q3) u (M, My), (N, N3);

6) (P? PS)» (Q, Q3) H (Mr M2)r (Nv NI).
B) (P, Ps), (Q, Qs) u (M, M3), (N, Ny);
r) (P, Pa), (Q. Q2) u (M, My), (N, Na).

Pemenue a) Ha npamoit MsN; (puc. 42) nexar Bce BTOPHU-
Hble MPOeKUHH ToyeK npsiMod MN. AHa/OrHYHO BTOPHYHbIE MPOEKLUHH
Touek npsimoi PQ npuHaanexat P;Q3. [ToatoMy ecau npsiMble nepe-
CeKaloTCsi, TO BTOPHYHAs NPoeKUHs X; TOUKH nepeceyeHuss X coBnaja-
eT C TOYKOH NepeceueHHss npsambiXx P3Q; u M;3N;. Tlpu 3Tom nps-
masa XX3; monxkHa GbiTb mapaJdienbHa ocH OE;. Takum o6Gpa3som,
J/1s1 TOro yToGbl BLIAICHHTb, MEPeCceKaloTcs JH NpsiMble, caelyeT Mo-
CTPOUTb TOYKY X mnepecedyeHusi npsmbix PQ u MN u Touky X; nepe-
ceueHusi P3Q; u M3N;. Ecan npamas XX3 l'lé/i\PaJlJleJlea ocu OE3, 10
JlaHHble npsiMble nepecekalotcss B Touke (X, Xj).

341. TlocTpouTb cliefibl MJIOCKOCTH o0 Ha KOOPAHHATHBIX MJOCKOC-

TAX, €CJH o olrnpejnejieHa TpeMs TOUKAMH, He JieXAalHMH Ha OJIHOH
npsmoii:

a) (M' M3)r (Nv N3)r (P» P3);

6) M, My), (N, N3), (P, Ps);

B) (Mv Ml)r (Nr N2)v (P’ P3)
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Pewe Hue. a) [Toctpoum H3o6pakeHHe THHHH NepeceyeHHs HC-

KOMOH MJIOCKOCTH C KOOpAHHaTHOH muockoctelo OEE,. Hasa 3toro
JIOCTATOYHO MOCTPOUTHL M306paXkeHHsl ABYX TOYEK, MPHHAIJEXALUHX

HCKOMOH NpsiMOA nepeceueHns. PaccMoTpum Touky S nepeceyeHnust
npsimpix PN _u P3N3 (puc. 43). JTa Touka JIEXHT B KOODAHHATHOM
mnockocty OE|E,, Tak Kak eil npuHaanexurt npsmas P3;N;. an
TaKXe JIEXKHT H B IJIOCKOCTH a, TaK KaK HaXoJuTCs Ha npsimodl PN.
AHaJIOEH_l_IHL) Touka T nepeceueHusi M3P; u MP NeXXHT U B a, H B IJ10C-

koctH OEE,. Tlpsimasn [, npoxoasimas yepe3 S u T, siBAAETCSA HCKO-
MO#. AHaJIOTHYHO CTPOSITCA H306parkeHHs JIHHHH NepecedyeHus C Apy-
FMMH KOODJAHHATHBIMH MJOCKOCTAMH. Ilns 3TOro ciepyer HCroJb3o-
BaTb BTOPHYHble MPOEKUHH [JAaHHBIX TOYEK Ha 3TH mjockocTH. [lo-
CTpO#iTe UX CaMOCTOATENbHO.

342. [laHbl cnenbl npsiMod [ Ha ABYX KOOPAMHATHBIX MJOCKOCTAX.
Haiitu cnen npsimoit /| Ha TpeTbedl KOOpAHHATHOMH NJOCKOCTH.
343. TnockocTh o 3alaHa ABYMsl MepeceKalolMMHCS MPAMBIMH

({, I3) u (m, mj). TlocTpOUTb cJelbl MIOCKOCTH G Ha KOOPAHHATHBIX
NJIOCKOCTSIX. _
344. JlaHbl TouKka (A, A3), npuHaAsieXxawas MJIOCKOCTH a, U Clel

NMJIOCKOCTH & Ha KOOpAHHATHOH naockoctH OEE,. TlocTpouThb cie-

Ibl MJOCKOCTH o Ha KOOPAHHATHBIX mjockoctax OE\E; u OE,E;.
345. lana touka (K, K;). Haiitu Takyio Touky (X, X3), uToG6bl

npsimass KX 6bl1a napaJuienbHa MPsAMOH, Npoxoasilied yepe3 TOUKH:

a) (M, M;) u (N, Nj);

6) (M, M) u (N, Nj);

B) (M. M|) H (N. NQ)

Puc. 43
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a) Pewewnue. Ilycts Touka (X, X3) uckomas (puc. 44). Pac-
CMOTPHM IVIOCKOCTH, MpoxoAsiuiHe yepes npsimble MN u KX, napaa-

JieJibHble KoopauHaTHO#M ocH OE;. Tak Kak npsiMble napaJlie/ibHbl MEX-
Ny co6oii, TO M 3TH MJOCKOCTH TaKXe mnapaJJenabHsl Apyr apyry. Ilo-

3TOMYy OHH MepeceKaloT KoopaHHaTHYyW0 niaockoctb OFE\E, no napaa-
JesbHbIM NpsiMbiM. Takum 06pa3om, A/151 nocTpoeHHs Touku X uepe3 K
cielyeT NpOBeCTH MpAMYIO p, napaJneipHyio /=MN, a yepe3s K; —
npsIMyIo g, napaJJenbhyio (M;N;). B kauecTBe ToukH X MOXKHO B3fiTb
mo6ylo Touky npsmoii p. Ee BTopuuHas npoekuusi X; coBnajaer
C TOYKOH mepeceueHHsi NMPSMOH ¢ C MPAMOH, npoxoasiulei yepes X u

napaanenbHoit OF;. _
346. laHbl m1ockocTb o H Touka (P, Pj). [locTpouTh Takue Tou-
K1 (Q, Q3) u (R, R3), 4To6H NJIOCKOCTb, oNpeaeasieMasi Toukamud P, Q
H R, 6bl1a napaJuiesibHa MJIOCKOCTH &, €CJIH o 3alaHa TPpeMsi TOUKAMHU:
a) (L, Ly), (M, My), (N, N3);
6) (Lr L3)’ (Mv MS)’ (N’ N?)y
B) (Lr Ll)v (Mv M2)r (Nv N3) -
347. Jauol Touka (M, M;) M MJIOCKOCTb o, 3aJaHHasi CBOMMH
cnefaMu. BbISICHUTb, PHHAMNENKHT JIM TOYKA M NJIOCKOCTH o.
Pewe nue. Ilyctb nnockocTs a 3anava cienamu KL, LN u NK,

a Touka M — (M, M;). M€a Torna u ToAbKO TOoraa, korna KM wu
OM; nepecekalorcs Ha ciefe NL Kak aKCOHOMeTpHUecKasi H BTOPHY-
Hasl MpoeKUHH OJHOH M TOH Ke npsmo# (puc. 45).

348. JlaHbl MJIOCKOCTb o H aKCOHOMeTpHuUecKasi npoekuus M

TOYKH M, npuHasexallei N10cKoCTH a. [110cKOCTb & 3aaHa CBOH-
MH ciefaMu. [TocTpOHTL BTOPHUYHBIE MPOEKUHH TOUKH M.
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Puc. 45 Puc. 46

349. [laHbl NJIOCKOCTb o H BTOPHYHAsi NMpoeKuuss Ms Touku M,
npuHamIexalled NI0CKOCTH a. TlnockocTh o 3alaHa CBOMMH cllea-

MH. [TOCTPOHTb aKCOHOMETPHYECKYIO NMPOEKUHIO TOUKH M.

350. /lana Touka (M, M;). BbIACHHTb, NpPHHAMLIEXHT JIH OHA
MJIOCKOCTH, onpeaejsieMoil TpeMsi TOUKaMH:

a) (P, P3), (Q, Qs), (R, Ry);
6) (P’ P3)r (Q’ Ql)r (R' RI);
B) (P, P\), (Q, Q2), (R, R);
l‘) (Pv Pl)’ (QrQ?)? (R? R3)»
D«) (Pr PI)’ (Qs Ql)v (R, Rl) _

351. Haubl npsimas (/, /3) ¥ NJIOCKOCTb &, 3ajlaHHasl CBOMMH CJle-
namu. [TocTpouTb TOUKy HX mepeceueHus.

Pewenue. Ilyctb (M, M;) — HckoMas Touka MepeceyeHHus.
Torna Ms€!l;. Tyctb T3 — Touka nepeceueHuss OF, u [3. [1o BTOpHUY-
HOH npoekuuH T; HalaeM aKCOHOMETPHYECKYIO NpoekKuuio T TOUKH
(T, T;), npuHapiexaiued naockoctd o. [lpsambie TM u TsM; — ak-
COHOMeTpHUecKasi H BTOPHYHAs NPOEKUWH OJHOH H TOH Ke MPAMOH
3TOM MJIOCKOCTH, 3HAUYMT, OHH MepeceKaloTcss B Touke K, mpuHamie-

Kallei cjeny MmIoCKOoCTH o Ha miockoctH OE\E, Otciona cienyert
NoCTpoeHHe TOYKH nepeceueHus (M, M;). Haxomum Touky K nepe-

ceueHHs [, CO caeloM MJOCKOCTH a Ha miockoctH OE \E, (puc. 46).

3arem cTpoum TouKy M nepecedenust npsimbix [ u TK. Uepes Tou-
Ky M npoBoauM npsimyio m, napaanenbiyio OEs, v Haxoium ToOd-
Ky Mj; nepeceueHust npsambix m H T3K.

352. JlaHul npsimas (n, ng) M MJIOCKOCTb . Tnockoetb a 3ana-
Ha AByMsl mepeceKalowuMucs npsimbiMu (I, [3) H (m, ms).HalTh Touky

nepeceyeHHsi NPSAMOM (11, n3) W MAOCKOCTH ..
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353. [laHbl MJIOCKOCTb o, onpejesielHass Toukoi (MM3) u cienom
! ua nnockoctu OF\E, u npsmas m, 3aaaHHas Toukamu (P, P;) u
(Q, Q). TlocTpouTb TOUKYy NepeceueHHsi MPSAMOH m H MJIOCKOCTH a.

354. IlaHbl NJ0OCKOCTb o M NpsiMasi, onpeneseHHass Toukamu (P, P3)
1 (Q, Q3). [TocTpouTb HX TOUKY NepeceueHus], eC/H o 3aaHa TOUKAMH:
) (Zr ZS)v (Mr MB)» (Nv NS);
6) (Zv Zl)r (Mr Ml)v (Nv N|);
B) (Zv ZI)' (M» M?)» (Nv N3)v
) (Z' Z2)r (Mv M2)v (N' Nl)
355. [lBe MJOCKOCTH 3ajaaHbl CBOUMH cjegamu. Haith npsmyio
nepeceyeHHs1 3THX MJOCKOCTEH.

356. Jlauul Touka (M, Ms3) M MNOCKOCTb o, 3aAaHHAsi CBOHMH
cnenamu. [TocTpouTb MAOCKOCTb, MPOXOASULYIO yYepe3 ToukKy (M, Mj)

W MapanjenbHylo MJIOCKOCTH L.
357. lannl nBe nuockoctd. Oana onpepeneda Toukod (M, Ms)

H cJieloM [ Ha NJI0CKOCTH OE EQ Npyrasi — Tpemsi Toukamu (M, Ms),
(P, P3) u (Q, Q3). HOCTpouTb HX JIMHHIO NepeceyeHHs.

358. JlaHbl MJOCKOCTH o H P, nMpHYeM MJAOCKOCTb o onpejeJe-
Ha Toukoi (M, M;) u cnegoM [ Ha KoopauHaTHOH miockoctH OEE,.

[TocTpouTh H306paXkeHHe NPSAMON MepeceyeHHs MJOCKOCTel o H B, ec-
Ju B onpeneseHa TOUKAMM:
a) (Nv N3)7 (Pv P3)? (Qv Q3)y
6) (N? Na), (P‘ Pl)’ (Q, Ql)»
B) (N, Ni), (P, P2), (Q, Qa).
359. laHbl naockoctH a W P. [TocTpouTb H306paKeHHe HX Mpf-
MOH nepecevyeHHs, ecii OHH OmnpejeseHbl TPOHKAMH TOYeK:
a) (L, Ls), (M, My), (N, N3) u (P, P3), (Q, Q3), (R, Rs);
6) (L, La). (M, My), (N, N3) u (P, Py), (Q, Q2), (R, Ra);
B) (L, L1), (M, Ma), (N, N3) u (P, P1), (Q, Qo). (R, Ra).

360. IdaHbl miockocTH a H P. HaiiTh HX JHHHIO nepeceyeHusi,
eClH o onpeleieHa MepeceKaloUHMHCS NPsAMbIMH (a, as) u (b, ba),
a MJIOCKOCTb f§ — npsiMbIMH (¢, ¢3) U (d, d3).

§ 15. AOOHHHDBIE 3AJAYH AKCOHOMETPHH

Jlutepatypa: [2], § 31, 32.

Crnenys WIKOJNIbHOH MpakTHKe, He 6yleM OTJIHYATb TOUKH, NPsiMbie
H TJIOCKOCTH OPHTHHAJa OT X aKCOHOMeTpHUYeCKHUX npoekuui. by aem
Ha3blBaTb H 0603HAaYaTb HX OAHHMH H TeMH Xe GYKBaMH.

361. [lokasaTb, uTo H306pakeHHe TPEYroJbHOH MPHU3MbI
ABCA’B’C’ siBnsieTcsi NOJIHBIM.
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Pewe Hue H3obpaxeHue purypol F sBjsieTcs NOJIHBIM, €CJH K
HEMY MOXXHO NpPHUCOeAHHHTb H300parkeHue addHuHHOro penepa (T. e.
B H300pakeHHH ¢HUrypbl F BblaenHTb H3006parkeHHe ad¢dHHHOrO pe-
nepa) Tak, YTO BCE TOYKH, NpPsSIMble H ILIOCKOCTH, ONpejessiouye

durypy F, aBasiioTcs 3apaHHbiMH. Hanomuum, yto Touka M 3anaHa,
eC/lM Ha NJIOCKOCTH H306pakeHHsl laHAa ee aKCOHOMeTpHuecKas Mmpo-
eKuHss M ¥ OofHa M3 BTOPHUYHBIX MpoeKUWH, Hanpumep Mj. [Ipsimas
onpejesieHa, eCJH 3alaHbl 1Be €e TOYKH, MJIOCKOCTb — eC/IH 3aAaHbl
TPH ee TOUKH, He Jiexxallde Ha oAHOH npsimoi. Beigenum B H306pa-
KEHHH TpeyroJbHOH npu3Mbl H306paxkeHue penepa (A, B, C, A’)
(puc. 47). Toraa BepluHHBI IPH3MBbI JI€XKAT B KOOPAHHATHBIX MJ10CKOC-
TAX. [loatoMy HX H306pakeHHs COBMAAAOT C COOTBETCTBYIOLLMMH
BTOPHYHBLIMH NPOEKUHSAMH, T. €. SIBAAIOTCS 3aJaHHbIMH.

362. oka3aTb, yTO H306pa’KeHHs1 CJEAYIOLHX MHOTOrpaHHHKOB
SIBJSIIOTCS TMOJIHBIMH: a) YeThiPeXyroJbHOH MpH3Mbl; 6) n-yroJbHOH
NpH3Mbl; B) TPeyroJbHOW MUPaMHUAbl; T') YeTbipeXyroJbHOH MHpaMH-
Abl; 1) n-yrojbHOH MHpPaMU/bl.

363. okasatb, uTo H306pakeHHe LIECTHTPAHHHKA Ha PHCYH-
Ke 48 He siBasiercs noJHbiM. OnpenenuTb KO3(p(UUHEHT HEMNOJHOTHI.

PeweHue H3o6paxeHHe MHOrorpaHHHKa GyAeT HEMOJIHbIM,
eC/IH CYyLLeCTBYeT TaKoe NpHCOeJHHEHHOe K HeMy H300pakeHue pe-
nepa, B KOTOpoM XOTsi 66l OJlHa H3 ero Touek He 3ajaHa. PaccMoTpum

penep (BACD). BropuuHas npoekuus Touku E B 3TOM penepe He
onpejeseHa. JTOH MpoeKUHed MOXKeT CJYXHTb Jio6as Touka
npsmo#, mnpoxoasieid uepes E napannenbHo BD. 3apaB 3Ty TOU-
Ky, MOJNyyHM ToJHOe H3o6pakeHHe. [loatoMy KoadpdHuUHEHT He-
NOJIHOTHl PaBeH elHHHLE.

364. lokasaTtb, uTO H300pa)KeHHs1 MHOrOrPaHHHMKOB Ha DPHCYH-

Ke 49, a —e He sBasioTcA NoMHbIMH. Onpegenut HX Ko3poH-
LLHEHTbl HEMOJNHOTHI.

365. J[loka3zatb, uTO H306paxKeHHe TNPaBHJILHOTO OKTa3dpa
SIBJISIETCS MOJIHBIM.

D

Puc. 47 Puc. 48
64



Puc. 49

Puc. 50

Puc. 51
3 3akas 666

65



366. [laHo wu306pakeHHe YCeYEHHOH n-YroJbHOH NHPaMHH.
Jloxa3aTb, UTO OHO FIBJISIETCS MOJHbIM.

367. [laHo u3o6paxeHHe TpeyrosbHod nupamuanl ABCS u Tou-
KH M Ha rpann BCS. K paHHOH nHpamuie NPHCOENMHHM perep
(A, B, C, S). HaiiTh BTOpHUYHYyI0O npoeKuuio M; Touku M.

PeweHue. HMckomasa npoekuus coBnagaetr ¢ TOYKOH Nepece-
yeHHs1 NPAMOH, npoxoisuled uyepes Mz mapaasnenbHo AS, ¢ nJo-
ckoctblo ABC. §lcHo, uTo 3Ta npsimas JeXHT B miockoctH ASM.
[TpoBenem uepes S u M npsamywo. [lyctb K — Touka ee mnepece-
ueHHus ¢ pe6pom CB (puc. 50). Toraa nnockocts ASM coBnapaer c
naockoctblo ASK. Touka M3 nexXuT Ha nepeceyeHHH NPsIMOH, Mpoxo-
asulei uepes M napaanenbio AS, u npamoi AK.

368. [1ana ueTnipexyrosbHas npusma ABCDA’B’C’D’. IloctpouTb
TOUKy nepeceueHusi npsimod MN c ocHoBanuem ABCD, ecau Tou-
ki M u N npunannexar: a) pe6py AA’ u rpanu BB’C’C; 6) rpa-
Ham AA’B’B u AA’D’D; B) BepxHemy ocHoBaHuio A’B’C’D’ u rpa-
uu DD’C’C.

369. [lana uetbipexyroabHas nupamuga ABCDS. TloctpouTs TOU-
KH nepecedyenus npamois MN ¢ ocHoBanueM ABCD, ecau Toukn M
u N npuHapnexart: a) pe6py AS u rpauu CSD; 6) rpausim ABS u
BSC; B) rpausam ABS u CSD.

370. daHbl yerbipexyronbHasi npuama ABCDA’B’C’D’ u Touku
M u N ua rpanax AA’B’B u BB’C’C. Haiitu Touky nepeceuyeHus
npsiMoii, mapaajenbHo# MN u npoxoasiuieii yepe3 UEHTP CHMMeT-
PHH NPH3MbI, C MJOCKOCTbIO OCHOBaHHS.

Pewenue Ilyctb ABCDA’B'C’D’ — u3obpaxeHue JaHHOH
npu3mbl, a M u N — naHHbix Touek (puc. 51). O603Hauum yepe3 M;
u N; BropuuHble npoekuud touek M u N. Llentp cummerpuu O; na-
paaneisorpaMmma ABCD siBiisieTcsi BTOPHUHOH NpOEKUHEH LeHTpa CHM-
meTpuu O npu3Mbl Ha KoopauHaTHYlo maockocTb ABD. Touka P ne-
peceueHuss npsambix MN u M3;N3 npeacrasisier co6oii H3o6paxeHHe
TOYKH nepeceueHUs mpsiMOod MN ¢ NJOCKOCTbIO OCHOBAHHS MPH3MbI.
Tak Kak H3o6pakeHHeM MapaJsuleJibHbIX NPAMBIX ABJASIOTCA napaJ-
JeJibHble MpsiMble, TO npsiMbie [ U [3, npoxoasuiue uepe3d O u Oj, co-
OTBETCTBEHHO napaJJenbHbie MN u M;3N;, cayxkat u3o6pakeHHs-
MH HCKOMOH NpsiMOi M ee BTOpHYHOH mpoekuuH. Mckomas Touka X
coBrnajaeTr ¢ TOYKOH nepeceueHust [ u [3.

371. Nauul TpeyroabHas npusamMa ABCA’B’C’ v Touku M u N Ha
rpausix AA’B’B u AA’C’C. HaiiTu Touky nepeceueHHsi NpsIMOH,
napasnenbHod MN W npoxoasiuleii uepe3 cepeauHy peb6pa B’C’, c
MJI0CKOCTbIo ocHoBaHus ABC.

372. HNaubl yeTbipexyrosbHasi nupamuga ABCDS u Touku M u
N na rpanax ABS u ADS. HaiiTi TOuKy nepeceyeHusi npsiMoi, rpo-
XOAsillel uepe3 TOUKY nepeceyeHHUst MeaHaH TpeyrojbHiKka BCS u na-
paaneabHoit MN, ¢ MJIOCKOCTbIO OCHOBAHHS MHPaMHIbI.

373. Naubl TpeyroabHast npusma ABCA’B’C’ w Touku M, N, P,
pacrnoJioKeHHble COOTBETCTBEHHO Ha pebpax AA’, A’B’ W rpahu
BB’C’C. TlocTpouTb ceueHue NPH3Mbl NJocKocTbio MNP.
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Puc. 52

Pewmeunue [lyctsb ABCA’B’C’ — u3o6paxkeHHe NaHHOH Npu3-
Mbl (puc. 52), a M, N u P — paHHbix ToueK. IlpHcoeauHHuM K AaH-
HoMy Hu3o6paxenuio penep (A, B, C, A’). Torna A — BTopuuHas
npoekuuss Toukh M Ha naockocts ABC. TloctpouM H306pakeHue
NpsiMOii NepeceueHHsi ceKylleldl TMJIOCKOCTH C IJIOCKOCTbIO OCHOBa-
U ABC. [las 3Toro nocTpouM BTOpHUHbIE MPoeKUHH N3 H P3 Touek
N n P v Haiinem Toukd R v S nepeceuenusi npsiMmbix MN u NP ¢ nno-
ckocTblo ABC Kak TOukd nepeceueHHsi npsamMbix MN u ANs, PN u
P;3N;. Tlpsimasa RS npeacraBasier co60H MPsAMyIO NepecedyeHHs MJo-
ckocreit MNP u ABC. Tlpsimas RS nepecekaer pe6pa AC u CB B
toukax K u T. lpsamas TP nepecekaer pe6po C’B’ B Touke L. [1sTu-
yrojbHHK KMNLT siBnsieTc HCKOMBIM CeyeHHeM.

374. Ilana tpeyroabHast npusama ABCA’B’C’. Tloctpoutb ceue-
HHE MNpPHU3Mbl IJIOCKOCTbIO, OMpeje/isieMoil TOUuKaMu, NpHHAI/NeXa-
IMMH:

a) ocHoBanuio ABC, rpauu AA’B’B u pebpy AA’;

6) ocHoBanusm ABC u A’B’C’, a Takxe pe6py AA’;

B) ocHoBauusiMm ABC u A’B’C’ u rpaun AA’B’B,;

r) pe6pam AA’ v BB’ u rpauu AA’C’'C;

1) pe6py AA’ u rpausam AA’B’B u AA’C'C;

e) ocHoBaHuo ABC u rpausm AA’B’B u BB’C’C;

X) rpauam AA’B’B, AA’C’C w BB’C’C.

375. JlaHa uetbipexyrosibHas npuama ABCDA’B’C’D’. TlocTpouTb
ceyeHHe IMJIOCKOCTbIO, OMNpeje/isieMoil TOUYKaMH, NMPHHAIJIEXaLlHuMH:

a) pe6pam AA’, BB’ u C'C;

6) pe6pam AA’, B’C’ u CD;

B) pe6pam AA’ u AB u rpanu CC’D’D;

r) ocHoBaHuio ABCD, pe6py AA’ u rpaun AA’B’B,;
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) ocHoBauuio ABCD u rpausm AA’B’B u BB’C’C;

e) ocHoBaHusiMm ABCD u A’B’C’D’ wu rpaun BB’C’C;

X) ocHoBau’io ABCD wu rpausm AA’B’B u BB’C’C;

3) ocHoBaHHio ABCD wu rpauam AA’B’B u CC’D’D,;

u) rpausam AA’B’B, CC’D’'D u AA’D’D,;

K) ocHoBauuio A’B’C’D’ u rpausm AA’B’B u BB’C’C,

a1) ocHoBa#uio A’B’C’D’ u rpausam AA’B’B w CC’'D’D.

376. danbl TpeyrosibHas nupamuaa ABCD v touku M, N u P, npu-
Haanexauue rpausm ACD u CBD u ocuoBanuio ABC. TlocTpouThb
ceyeHHe NMUPAMHUAbI MaocKocTbio MNP.

PeweHue IlpucoenuHuM K naHHOMY H300paXkeHHIO pemnep
(A, B, C, D) (puc. 53). INoctpouM BTOpHUHBblEe MpoeKUHH Mj, N3 u
P; naunbix Touek M, N u P. Touka P coBnajaaer co cBoeil BTOPHUHOH
npoekuurel P; Ha KoopaHHaTHY miockoctb ABC. Touka M; siBas-
eTcsl nepeceyeHHeM NMpPsIMO#, npoxoasiileit yepes M napaJnensio AD,
¢ pe6pom AC. [Ons noctpoeHusi N3 cjepyeT BOCHO/Nb30OBATbCH 3a-
nauei 367. 3atem omnpenpensieM TOukKy F nepeceyeHusi npsiMmoi MN
u naockoctH ABC, KoTopasi AB/IsieTCS TOYKOH MepecedeHHsi MPSIMbIX
M3N; u MN. Tak kak Touku P U F npuHajiexarT ceKyluel MI0CKOCTH,
To npsamasi PF npeacrtabisieT coO60H JIMHHIO MepeceyeHHsl CeKyliei
njaockoctH U ocHoBaHus ABC. Q u T — Touku nepeceueHusi PF c pe6-
pamu AC u BC. Coeanunum ux ¢ Toukamu M u N, HaiineM TOukd R u
S nepeceuenusi QM u TN ¢ pe6pamu AD u BD. UeTbipexyroJbHuK
QRST uckoMbiii.

377. auna tpeyrosabHast nupamuaa ABCS. TlocTpouts ceueHue
MJIOCKOCTbIO, 3aJJaHHOH TOYKAaMH, NMPHHALJIEXKALIHMH:

a) pe6py AS, ocHoBauuio ABC u rpauu SBC;

6) rpauam ASB, BSC u ASC.
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378. JlaHo n306pakeHHe ueTblpexyro/bHoi mnupamuasl ABCDS.
[TocTpoHTb ceuyeHHe NJNOCKOCTbIO, 3aNaHHOW TpPeMs TOYKAMH, H30-
6pakeHHsl KOTOPhIX MPHHAJIEXKAT:

a) pe6pam AS u BS u ocHoBanuwo ABCD;

6) pe6pam AS u BS u rpauu SDC;

B) pe6bpy AS, rpanu BSC u ocHoBauuio ABCD;

r) pe6py AS, rpanu CSD u ocHoBanuwo ABCD;

a) pebpy AS u rpausm BSC u ASB;

e) pe6py AS u rpausm BSC u CSD;

X) ocHoBaHHio ABCD u rpanusim ASB u BSC;

3) ocHoBaHHO ABCD wu rpausm ASB u DSC;

u) rpauam ASB, BSC u DSC.

379. [1aua uetbipexyrosibHas npuama ABCDA’B’C’D’. Tloctpoutb
NpsIMyI0 NepeceyeHHsi MJIOCKOCTeH, 3aaHHbIX TOYKAMH:

a) A, B’, Cu M, N, P, npuHalJiexxallliMH COOTBETCTBEHHO pe6py
BB’, ocHoBanuio ABCD u rpauu BB’C’C;

6) K, L, M, npunaanexamumu pe6pam AA’, BC’, DC, u P, Q,
R — rpausm AA’B’B, BB’C’C u ocHoBanuio A’B’C’D’;

B) K, L, M, npunamiexawmumu rpauam AA’B’B, BB’C’C u oc-
HoBaHHio A’B’C’D’, u P, Q, R, npuHaanexauwumu rpausam CC’D’D,
DD’A’A u ocHoBauuio ABCD.

380. [aHa ueThipexyroJbHasa nupamuaa ABCDS. TloctpouTtb nps-
MYIO MepeceuyeHHs MJIOCKOCTeH, 3aAaHHbIX TOYKAMH:

a) K, L, Muapebpax AS,SC, ADu P, Q, R na ocioBanuu ABCD,
pe6pe SD u rpanu BSC;

6) K, L, M na ocHoBanuu ABCD, rpauu ABS u pe6pe SC u P, Q,
R na rpausax BSC, DSC u pe6pe AD.

381. 1aHa uetbipexyroJbHasi npusama ABCDA’B’C’D’. Touka M —
cepeariHa pe6pa BB’. TlocTpoHTb TOUKY nepeceueHHsl MJOCKOCTH,
npoxoasied yepe3d BepwnHnl A, B’ u C, ¢ npsamoit MD.

Pewenue Ilyctre ABCDA’B’C’D’ — u3obpakeHne NaHHOMH
npu3mbl, O — Touka MepeceyeHHsi auaroHastell ocHoBauus ABCD
(puc. 54). Ons nOCTPOEHHS1 HMCKOMOH TOUKH X pPaccMOTPHM TMJOC-
KOCTb, coJepxaluyio npsimyio MD, HalileM npAMYIO nepeceyeHus: 3TOH
MJIOCKOCTH ¢ niockocTblio AB’C. Torpa Touka X coBnajaer ¢ TOYKOH
nepeceyeHHusi MOCTPOEHHO#H npaAMol U npssMold MD. Yno6GHee Bcero B
KauecTBe MJOCKOCTH, cojepxauleid MD, B3ATb miockocte BB’D’D.
ATa mJI0CKOCTb Nepecekaercs ¢ nuaockoctbio ACB’ nmo npsimoit B’O.
Takum o6pa3oM, HckoMasi Touka X coBnajaeT ¢ TOYKOH mepecede-
HHA npsiMpix MD u B’O.

382. [1ana uetbipexyrosibHasi npusama ABCDA’B’C’D’. TlocTpouTb
TOUKy nepecedyeHusi njaockoctd AB’C ¢ npsimoii MN, ecid Touku M u
N: a) cepenunnl pe6ep AB u D’C’; 6) cepenunnl pe6ep AB u B’C’;
B) cepeanHa pe6pa AB u uentp rpanu DD’C’C.

383. [lana uertbipexyrosbHas nupamuaa ABCDS. Haiitu Touky
nepeceyeHus npsamMoil MN c nnockoctelo PQR, ecau:

a) Touku M u N cayxar cepennHamu pebep AB u SC, niockoctb
PQR coBnanaet ¢ njockoctbio BSD;
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6) Touka M coBnaaaet ¢ A, N npuHaaiexut rpauu BSC, P cos-
najaetr ¢ B, Q —c D, a R — cepenuHa pebpa SC;

B) Touka M JieXXuT Ha ocHoBaHuu ABCD, N coBnajnaet c S, Tou-
ki P, Q u R npuHapnexat rpauam ASB, BSC u DSC;

r) Touku M u N nexart Ha rpauax ASB u DSC, Touka P npuHai-

gesx((:m ocHoBaHH0 ABCD, Toukn Q ¥ R nexat Ha rpansx ASD u

§ 16. METPHYECKHE 3AJJAYH AKCOHOMETPHH

Jlutepartypa: [2], § 33.

B stom naparpade, kak 4 B npeabiayiieM, He 6yaeM oTiH4aTb
TOYKH, NPSIMble H MJOCKOCTH OPHIHHAJa OT HX AKCOHOMETPHUECKHX
NpPOeKLHH.

384. YcTaHOBHTb, ABJSAIOTCA JH H306paKeHHsl cjenylomux ¢uryp
MeTPHUYECKH HJIH eBKJIHA0BO onpeaeneHHbiMU. Ecaiu HeT, To onpeaenuTs
4YHCJIO MapamMeTpoB, HEO6X0AMMbIX AJISl TOTO, YTOOK H306paXkeHHe CTa-
JIO TAKOBbIM:

a) NpsIMOYroJIbHOTO TPeyroJIbHHKA;

6) paBHOOGeapEHHOTo MpPSIMOYrOJIbHOIO TPeyroJibHHKA;

B) paBHOGeNpEHHOro TpeyroJbHHKA CO CTOPOHOIi, paBHOi |;

r) paBHOOeApEHHOro TPeyroJibHHKA C YrJOM NPH OCHOBaHHH B 30°;
1) napaJJenorpaMma ¢ yrjoM Mexay ctopoHamd B 30°;

e) pomb6a C yrJIoM MeXAy CTOPOHaMH B 45°;

)K) KBajpara,
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3) NpsAIMOYroJIbHHKA, OJHa CTOPOHA KOTOPOro B TPH pa3a GoJiblue
Apyro#;

M) NPSIMOYToJIbHOTO NapaJilesienunena;

K) NpaBHJIbHOH 4YeTblpeXyroJibHOH MHpaMHAbI;

J) NpaBHAbHOH TPeyroJibHOH NPH3Mbl, BbLICOTA KOTOpOH B JBa
pa3sa 6oJblie CTOPOHbl OCHOBaHHS;

M) OHPaMHAbl, Y KOTOpO#H AJMHHBI GOKOBBIX pebep paBHbl 5, a B
OCHOBAHHH JIEXKHT NPAMOYTrOJbHHK CO CTOpOHaMH 3 H 4.

a) PeweHue MH3o6paxkeHHe Ha3blBaeTcsi METPHUYECKH  HJIH
€BKJIHJ0BO OMNpe/ie/eHHbIM, €C/H C HHM MOJXHO CBfI3aTb MeTpPHYECKH
WM eBKJH/JOBO onpejesieHHbl penep. Penep siBiasieTcss MeTpHYecKH
onpejie/IeHHBIM, €C/1H H3BECTHbI BCe CKaJIipHble NPOU3BEJEHHS MEXIY
ero 6a3ucHbIMH BeKkTOopaMHu. B 3ToM ciyuae oH onpejensieTcss ¢ TOU-
HOCTbIO 10 ABHXKeHHs. Penep GyneT eBK/IHAOBO ONpeleseHHbIM, €CIH
OH omnpelesieH C TOYHOCTbIO A0 nopo6us. s 3Toro, Hanpumep,
JOCTATOYHO 3HATb YI/Ibl MeXAY 6a3HCHLIMH BeKTOpaMH, ompejelise-
MbIMH TOYKaMH penepa, H OTHOIUEHHS [JIMH 3THX BEKTOPOB.

H3o6pakeHue npsiMoyroJbHoro tpeyroabHuka ABC (LA nps-
MOH) He sBIsIeTCS HH METPHUYECKH, HH €BKJHAOBO onpe/ie/IeHHbIM.

CesixxeM ¢ ero uao6paxkenuem penep (A, B, C). e,=AB, e,=AC.

HaMm u3BecTeH TOJILKO yrosn Mexay e, H e;. Jlas Toro uto6ui H306pa-
XeHHe OblJI0 METPHUYECKH OnpejeJieHHbIM, Heo6XOAMMO 3aJaThb ellle
ABa napaMeTpa, Hanpumep AJuHbl cTtopoH AB u AC. Torpa 6yayT

H3BECTHBl BCe CKaJsIpHble NMPOH3BEJeHHS MeX1y BEKTODaMH e, H .
Hansa Toro uto6ul H3o6pakeHHe OblJIO €BKJIHIOBO OMNpeleNeHHbIM, He-
06X0aMMO 3aJlaTb OAHH napaMeTp, Hanpumep oTHoueHue |AB|:|AC]|.

u) Pemwednune Kak u B ciyyae a), cBAxkeM C H306paxkeHueM
npsiMmoyroJbHoro napaJanenenunena ABCDA’B’C’D’ penep (A,_»B,

D, A'LH&M M3BECTHbHl YIJIbl MeX]y BeKTOpaMH e,=AB, e;=AD wu

es=AA’, onpenensieMbiMu penepoM. Mzo6paxenue 6yeT MeTPpHYeCKHU
ornpejeJeHHbIM, €C/1H BBECTH TPU NapameTpa, HanpuMep AJHHbI OTpe3-
koB AB, AD, AA’. U3o6paxeHue GyaeT €BKJIHAOBO OMNpeeseHHbIM,
ec/id BBeCTH [Ba napametpa, Hanpumep |AB|:|AD|, |AB|:|AA’|.

385. [1aHo u3o6pakeHue paBHOGeJpPEHHOrO0 TPeyroJibHHKa, YroJi
npu ocHoBaHuH 30°. [TocTpouTh H306parXKeHHe TOUKH NepeceyeHus ero
BbICOT.

Pewe nue. INycte ABC — n3o6paxeHHe NaHHOTO TPEYroJibHH-
Ka (puc. 55). OHO fiB/JseTCs €BKJAHAOBO onpeaeneHHbIM. M — cepe-
auHa otpe3ka AC. Torna BM — u3o6pakeHHe BbLICOTbI yIja MNpH
BepliHHe TpeyrosbHuka. Ha 3Toli npsiMoH cienyer HaHTH Takylo
Touky F, KOTOpasi AeqUT OTpe3ok MB B TOM e OTHOLIEHHH, 4YTO H
TOYKa NepeceyeHHsi BbHICOT BLICOTY YI/a NPH BeplLIMHE OPHrHHaJja.
Hans nocrpoeHus Touku F Bocnosib3yeMcsi CBOHCTBaMH MepCneKTHBHO-
adpduHHOrOo npeobpasoBaHusi. [locTpoum paBHOGeApPEHHBIH TPeyroJib-

HuK AB’C c ocHoBanuem AC u yriiom 30° npu ocHoBaHuu. [Tycts F/ —
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TOUYKa nepeceyeHHs ero BbICOT. PaccMOoTpuM nepcneKkTHBHO-addHHHOE
npeo6pa3oBaHue ¢ ocblo AC, mnepeBojsiiee Touky B’ B Touky B.
Torna npamas, conmepxxawasi Boicory MB’, nepeitner B (MB), a
Touka F’ — B Hckomylo Touky F. Jlasi nocrpoenust F uepe3 F’ mpo-
BECTH NpsMylo, napaenbHylo (BB’), u HaliTH TOUKY ee nepeceyeHHs
¢ npsimoi MB.

386. JlaHo H306pakeHHe paBHOGEAPEHHOro TPeYrojbHHKAa C Yr-
aom 30° nmpu BepuwinHe. [TocTpoutb H306parkeHHs ero: a) BLICOT;
6) GuccekTpHC.

387. JlaHo u3obpaxkeHHe TPeyroJjbHHKa, CTOPOHbI KOTOPOrO PaBHbI
3, 4 u 5. TloctpouTb M306paxkeHHS LEHTPA: a) OMHCAHHOH OKpYX-
HoCTH; 6) BINHCAHHOH OKPYXXHOCTH.

388. JlaHo u306paxeHHe pom6a, OCTPLIH yroJ KoToporo pa-
BeH 60°. TlocTpouTh H306paXkeHHs ero BLICOT.

389. [aHo u306pakeHHe PaBHOCTOPOHHEro TpeyroJbHuka. [lo-
CTPOHTb H300pa’keHHe KBaJpaTa, BIHCAHHOTO B Hero, /Be CMeXHble
BepIUHHBI KOTOPOTO J1eXXaT Ha OCHOBaHHH, a Be Jpyrue — Ha CTOpPO-
Hax TpeyroJbHHKa.

390. 1aHo u3o6pakeHHe TpeyroibHHKa W ABYX ero BbicOT. [lo-
CTPOMTb H300pakeHHe LEeHTPAa OMNHCAHHOH OKPYXKHOCTH.

391. laHo H306pakeHHe NPSIMOYTOJbHOTO TPEYTOJIbHHKA C OCTPhIM
yriaom 30°. HaiiTy H306pakeHHs KBaApaToB, MOCTPOEHHbIX Ha KaTe-
Tax M THIOTEHy3e.

392. laubl u306paxkeHHsi NPAaBHJbHOrO TpPeyroJbHHKA H yILia.
[TocTpouth H306pakeHHe GHCCEKTPHCHI AAHHOTO yrja.

Pewenune TIlyctrb ABC — u3o6paxkeHHe NaHHOTO TpeyroJb-
HHKa, a MON — pauHoro yria (puc. 56). [locTpouM paBHOCTOPOH-
HHH TpeyrosbHHK ABC’ W paccMOTpHM mnepcneKTHBHO-ad@HHHOE
npeo6pa3oBaHue, NepeBojsilee TpeyroibHHK ABC B TpeyroJibHHK
ABC’. Tlpu 3tom mnpeobGpa3oBaHuu Jlo6as ¢urypa, Jexaulas Ha
MJIOCKOCTH H300paXkeHHusi, npeo6pa3syercsi B ¢urypy, adpdHHHO-3K-

0
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Puc. 56
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BHBaJsIeHTHYI0 eil. Takum o6pa3om, AN peuleHUs cleayeT HalTH o6pas3
yrJia npu 3ToM Npeo6pa30oBaHHH, MOCTPOUTHL ero GHCCEKTPUCY. 3aTeM
HaiTH npoo6pa3 3ToH GuccekTpuchl. Onuwem nocrpoenue. [lps-
masi AB — ocb nepcnekTHBHO-adpHHHOrO npeo6pa3oBaHusi, COCTOS-
masi U3 ero HemoABHXXHbIX ToueK. Touku C W C’ COOTBETCTBYIOT
ApYT APYTy NpH NepcrneKkTHBHO-addHHHOM npeobpa3oBanuu. [losaTomy
npsiMble, COeIHHSIOLHE COOTBETCTBYIOLLHE TOYKH, MapaJnenbHsl CC’.
Haiinem o6pa3 npsmoit OM. CP napaaneabHa OM. C’P — o6pa3
npsimoit CP npu ykasaHHoM npeo6pasoBaHud. OTcioga cjaenyer, uTo
o6pasom npsimoii OM siBasieTcs npsimas [, npoxoaswasi yepes M u
napanjenbHas PC’. O6pasom O’ Touku O siBiAsieTCs TOuKa Mepe-
ceyeHus [ ¢ npsiMoii, npoxoasiuiei yepes O napanjenbHo CC’. Otclo-
na caenyet, uto Z MO’N — o6pa3 £ MON npu paccMaTpHBaeMoM
nepcnekTHBHO-appuHHOM npeo6pa3oBaHuu. Ctpoum 6GuccekTpucy O’L
yrna MO’N. Torna OL — uckomasi GHcceKTpuca.

393. [laHbl H306pakeHHs1 pABHOCTOPOHHEr0 TPEeYroJibHHKa, Jyya H
oTpe3ka. OTJIOXKHTb Ha 3TOM Jlyye OT ero HayaJsa OTPe30K, OPHTHHAJ
KOTOPOro paBeH OPHTHHAJy AAHHOTNO H306pa’KeHHs.

394. [1anbl H306pa’keHUs1 KBaapaTa, TOYKH H npsiMoi. [locTpouTb
H300pa’keHHe MeprneHAUKYyJspa, ONMyLUIEeHHOrOo U3 TOUKH Ha MNpAMYIO.

395. laubl u306parkeHus KBaapata W TpeyroabHuka. [locTpouthb
IJ15 3TOTO TPeyroJibHHKa H306pa’keHHsI: a) TOUKH MNepeceueHust BbiCOT
(opToueHTp); 6) LeHTpa ONHMCAHHOH OKPY>KHOCTH; B) LleHTPa BIHCAH-
HOH OKDPYXKHOCTH.

396. [lanbl u3o6paxkeHHs TpeyroJbHHKa H ero oproueHtpa. [lo-
CTPOHTb TPEYroJIbHHK, NMOAOGHbIH OpHrHHaJy, OCHOBaHHEe KOTOPOro
COBMajaeT C JaHHbBIM OTPEe3KOM.

397. lau npsimoyroJbHbii napasnenenunes ABCDA’B'C’D’, B
OCHOBaHHH KOTOPOTO JIEXKHT KBaJpaT CO CTOPOHOH a, BbiCOTa mapaJ-
aenenunena 2a. [TocTpouTb nepneHAUKyadp, ONylEeHHbIH H3 BepLUH-
Hbl A’ Ha nJaockocte AB’D’.

Pewenue INycto ABCDA’B’C’D’ — paHHbI# napaJenenunes
(puc. 57, a). Haiinem nsockocTb, npoxoasumyio yepes A’, kotopas
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nepreHaHKyJIsipHa MJIOCKOCTH ceyenust AB’D’. Mickombiii neprneHaHKy-
Asp Gyaer JsexaTb B 3TOH MJIOCKOCTH. B KauecTBe Tako# NJIOCKOCTH
yno6Hee Bcero Bbi6paTb miaockocte AA’C’C. Ona 6yaeT neprieHu-
KyJsipHa mjockocty AB’D’, Tak Kak npsimas B’D’ neprneHauky.sp-
Ha naockoctH AA’C’C (1OKaXuTe 3TO caMOCTOsITesIbHO). Takum
06pa3oM, OCHOBaHHe HCKOMOro nepreHiHKyJspa OyleT JiexaTb Ha
npsimoit AO nepecedyeHusi 3THX MJIOCKOCTeH. 3ajaua cBes1achb K NOCTpoe-
HHI0 BbicoTel A’H npsimoyrosnbHoro tpeyroibHHka AA’O. Tak kak
BhICOTA NapaJjiejenunela paBHa 2a, cTopoHa ocHoBaHusi AB kBaa-
pata — @, TO H3 NpsIMOYyroJbHoro TpeyrojbHHka AA’O noayyum:

|A’0| =§ a, |AA’| =2a, |AO| =ia. Takum obpasom, caeayer no-

V2
o 2
CTPOHTH NPSIMOYroJibHbIi TpeyroibHuK A A{O, ¢ KaTeTamu %a, u2a

(puc. 57, 6), nocrpoutb BoicoTy A{H, ero npsimoro yria, 3aTem pas-
[AIHI]

NeJHTb oTpe30K AO B OTHOWIEHHH ——
P [A,0,]

, [A’H] — n3o6pa>keHHe HC-
KOMOTO neprneHaHKy.isipa.

398. lana npaBusbHasi TpeyrosbHas npusma ABCA’B’C’, BHI-
coTa KOTOPOH paBHa CTOPOHe OCHOBaHHA. [ToCTPOHTH neprneHauKy-
Jsp, onylleHHbld U3 BepwiHHbl A Ha miockoctb A’BC.

399. au ky6 ABCDA’B’C’D’. TlocTpouTb nepneHaHKYysip, ony-
IeHHbIH U3 BepunHbl A Ha naockoctb A’BD. Jloka3aTb, UTO OH COB-
najaer c JHaroHaJjblo Ky6a.

400. Jau xy6 ABCDA’B’C’D’. TlocTtpouTb NneprneHauKyJasip, ony-
LIeHHbIH H3 cepefHHbl CTOPOHbI AA’ Ha MJOCKOCTb, MPOXOASLLYIO
yepe3 ueHTpbl rpaneit A’B’C’D’, BB’C’C u DD’'C’C.

401. Jana npaBuabHasi TpeyroJbHasi npusma ABCA’B’C’, Bbl-
coTa KOTOpoH B ABa pa3a GoJiblle CTOPOHbl OCHOBaHHf. [locTpouThb
neprneHAHKyJsAp, ONylUleHHbIA W3 BeplHHb A Ha MJIOCKOCTb, NpO-
/);Ollﬂlllylo yepe3 cepeauHy peGep BB’ u A’B’ M UEHTP OCHOBaHHMS

‘B’C’.

402. JaHa npaBHJIbHAA LIeCTHYToJIbHasA npu3ma
ABCDEFA’B’C’D’E’F’, cropoHa OCHOBaHHS1 KOTOPO# paBHa BbICOTe.
[TocTpouTh nepneHAMKY/Asip, ONylleHHbIH M3 BepliuHbl A Ha mJoc-
KOCTb, MPOXOAsILYI0 yepe3 cepenunbl peGep BB’, F'E’ u FE.

403. [1ana npaBuJibHas TpeyroJbHaa nupamuga ABCS, cropoHa
OCHOBaHUA KOTOpoi#l paBHa BbicoTe. [locTpoHTb nMepreHAHKYJsp, ONy-
IeHHbIH U3 BepliHHbl A Ha rpaHb BCS.

404. Jana npaBu.bHasi 4YeTbipexyrosbHass nupamuaa ABCDS,
CTOpPOHA OCHOBaHHS1 KOTOPO# B [Ba pa3a MeHblle BhCOTH. [TocTpouTh
neprneHAHKyAsip, ONylleHHbH H3 BepwMHW A Ha GOKOBYIO TpaHb

CS

405. JlaHa npaBuJbHasi uerbipexyroJbHas nupamuga ABCDS,
CTOPOHa OCHOBaHHs KOTOpPOH paBHa BbicoTe. [locTpouTb mnepneHau-
KyJIsip, ONyLIeHHbI M3 BepluHHbl A Ha MJOCKOCTb, MPOXOISILYIO Ye-
pe3 cepenunbl pe6ep BC, CD, CS.
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406. [laHa npaBuJbHasi udeTbhipexyrosbHasi nupamuga ABCDS,
CTOPOHa OCHOBAHHMSl KOTOpOH B J1Ba pa3a MeHblue BbicoThl. [lo-
CTPOHTb NeprneHAHKYJsAp, ONylleHHbIA H3 BepUIMHbl S Ha MJ0CKOCTb,
npoxosiiyio yepe3 BepuiuHy A u cepeluHnl pebep BS u CS.

407. [dana npaBuJibHasi ueTbipexyroJbHasi nupamuga ABCDS,
CTOpPOHA OCHOBaHHs1 KOTOPOH paBHa BbicoTe. [TocTpouTh ceueHue, npo-
XoAsiliee yepe3 BepwiHHy A, nepneHaukyaspHo pebpy SC.

408. [lana tpeyroabHas npusma ABCA’B’C’. B ocHoBaHHH Je-
JKHT npaBuibHbIA TpeyrosibHHK ABC. Pe6po AA’ cocraBiasieT ymibl,
paBHbie 60°, ¢ pe6pamMu ocHoBaHHH AB u AC. [locTpouTb ceueHnue,
npoxoasuiee yepes pe6po BC, nepneHaukyasipHo AA’.

409. Jdana npaBu/ibHasi yeTbipexyrosibHasi npuama ABCDA’B’C’'D’,
CTOpOHa OCHOBaHHSl KOTOPOH B [Ba pa3a MeHblue GOKOBOro pebpa.
[TocTpoHTh ceueHHe MJIOCKOCTbIO, KOTOPasi NMPOXOIUT yepes:

a) uentp rpanu AA’B’B, nepneHaukyjspHo auaroHanu C’D
rpauu CC’D’D;

6) Bepuwinny A’, nepnenaukyaspHo auarosanu C’D rpauu CC’D’ D;
CC’BD)’BepeMHy pe6pa AB, nepneHauKyasipHo auarosanu C’D rpauu

410. Jau ky6 ABCDA’B’C’D’. TlocTpouTh ceueHHe Ky6a MJOCKO-
CTblO, Mpoxoasiueii yepes:

a) cepeauHy pe6pa A’D’, nepneHauKyaspHo auaroHaau AC oc-
HOBaHHS,;

6) BepuwinHy D’, nepneHauKyJasipHo auaroHaJu A’C.

411. [aua npaBuJibHasfi ueTbipexyrosbHasi nupamuga ABCDS,
y KoTopoii pe6po ocHoBaHus paBHO 60koBoMy pe6py. Haiitu ocHoBa-
HHe neprneHIHKyJsipa, ONyLleHHOro W3 BepludHbl D Ha rpaHb BCS.

Peweunune Ilyctb ABCDS — nanHass nupaMmuaa (puc. 58).
HaiineM niockocTb, NpOXoAslLyIO uepe3 TOUKYy D, neprneHauKyJisipHyIo
rpaud BSC. Torna HCKOMbIH NMeprneHAUKYJsip 6yaeT JexaTb B 3TOH
njaockocT. PelieHne CBOAHTCA K NMOCTPOEHHIO MeprneHAHKyaspa, ony-
IEHHOTO M3 TOYKH D Ha JHHHIO nepeceueHusi rpauu BSC, u HailiaeH-
HOH mepneHAHKYAApHOH nJyockocTH. Ilyctb M u N — cepeauHbl pe-
6ep AD n BC, nostomy npsimeie MN u BC nepneHAUKY/sIpHbl MEXIY
co6oii. [Tnockocte MSN conepxut Boicoty SO nupamuanl. [IpsimMas
BC nepneHaukyaspHa mjaockoctd MSN, chaenoBaTesnbHo, 60KOBasi
rpaib BCS W njockocte MSN nepneHAHKy/asipHbl MeXay coGoH.
Tak kak DC napaaneabHa MN, To B KayecTBe MJOCKOCTH, MPOXO-
asuel yepes Touky D W nepneHAuKyJasipHoi rpaHd BCS, MoxXkHO
B35ITb IJIOCKOCTb, NMapaJuienbHylo MSN. [lns nocTpoeHUs JIHHHH Tie-
peceueHHsi 3THX IJIOCKOCTeH mpoBeieM npsimylo SK, napainesbHyio
AD, DK, napaanenpHyio MS, u CK, napamnenbhyio NS. Torna
CK — WcKkomasi JIHHHA nepeceyeHHs MJOCKocTed. 3ajaua cBejach K
noctpoexuio Buicotol DH Tpeyronbunka DKC. Tpeyroabuuku DKC u
MNS paBHH Mexay co6oi. Eciu 0603HauuTb CTOPOHY OCHOBAaHHS
uepe3 a, TO H3 ycJaoBHs caeayeT, yTo SD=a. U3 npsimoyrosbHOro

TpeyrosbHHka SMD noayuum SM=§¢1. Takum o6pa3soM, TpeyroJib-
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c

Puc. 58 PHc. 59

HuK KCD paBHoGenpenuniil, DC=a, KD=KC=32/—§a. [TocTpous Tpe-

YroJIbHHK, MOAOGHBIH OPHTHHAJy, MPOBeleM B HeEM BHICOTY H onpene-
JHUM, B KakoM OTHOLIeHHH Touka H penut ctopoHy KC. Hcnoub-
3ysl 3TO OTHOLLUEHHe, MOCTPOUM TOouky H.

412. [laHa npaBujbHasi TpeyrosbHasi nupamuaa ABCS, BbicoTa
KOTOpPOi paBHa CTOpPOHE OCHOBaHHs. [loCTpOHTH nepneHAHKYJAP,
onyieHHbli u3 BepwHHbl A Ha rpaup BCS.

413. [lana tpeyrosabHasi nupamuaa SABC, y kotopoii Bce mJioc-
KHe yriabl npu BepiunHe S paBHbl 60°. [locTpouTb nepneHauKyJsp,
OnylleHHbIH H3 BepuwiHHbl S Ha miockocTb ABC, eciu AnuHB GOKO-
BbIX pebep:

a) SA, SB u SC paBHbl Mexay co6oii;

6) paBibl SA=CB=a, SC=2a.

414. Jan xy6 ABCDA’B’C’'D’. M u N — cepenuHnl pe6ep BC
u CD. TlocTpouTb MeprneHAHKYJsp, ONyLIeHHbIH H3 BepluuHbl A’ Ha
naockoctb C'MN.

415. [laua TpeyroabHas nupamuaa ABCD. I'panu ABC w ADB
neprneHaHKyAspHbl MeX1y co6oil. ¥Yron ACB npsmoii, pe6bpa AC, CB,
AD u DB paBHb Mexay co6oil. [locTpoutb nepneHauKy.asp, omy-
IeHHbIA M3 BepliHHel A Ha rpaub CBD.

416. Jaua npaBuabHas TpeyroJbHas nupamuaa SABC,. 6okoBoe
pe6po KoTopo#l B ABa pa3a GoJblie pe6pa ocHoBaHus. [locTpouTb
o6unit nepneHaukyasp pebep AS u BC.

PeweHue Pebpa AS u BC nepneHauKyJsipHB MeXZy coGoOi.
[ToaToMy cyuiecTByeT MJIOCKOCTb, MPOXOAsiLIAs uepe3 TiepBYIO NPSAMYIO
M nepneHAMKyasipHasi BTopoi. Eciu M — cepeauHa orpeska BC,
TO TaKOH NJIOCKOCTbIO siBAIsieTcs MmJocKocTb AMS (noKaXkuTe 3TO
camocrosiTesbHO). [103TOMy HCKOMBIM MeprneHHKyJ/IsIPOM CJAYXKHT Bbl-
cotra MH tpeyroabiuka AMS (puc. 59).

417. [1aHa npaBH/IbHasA YeTbpeXyroJjbHasi NHPaMua, CTOpoOHa Oc-
HOBAaHHA KOTOpoH paBHa 6okoBoMy pe6py. IlocTpouTh o6wWHi nep-
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NEeHAHKYISp MeXAy pe6pOM OCHOBaHHSI H anogemol MPOTHBOINO-
JIOXKHOH TPaHH.

418. laHa tpeyroabHas npuama ABCA’B’C’, Bce pebpa KoTo-
poil paBHbI MeX1Y COGOM, a MJIOCKKe yIJibl Py BeplinHe A TaKxke 0H-
HakoBbl. [locTpouTb 06K nepneHaAHKyasp pebep AA’ u BC.

419. JaHa ueTbipexyroJ/ibHasi npsiMas NpH3Ma, B OCHOBAHHH KO-
Topo# JieXXHT poMm6 ¢ ocTpbim yriom 60°. TlocTtpoutb o6uiHe nmepmneH-
JMKYJISIpbl MeX1Yy 60KOBbIM pe6pOM H CKPELUHBAIOLHMHCS ¢ HUM peb-
paMH OCHOBAHHH.

420. laHa npaBHJIbHAsl YeTbipeXxyroJibHasi MHpaMHaa, Y KOTOpO#
pe6po ocHoBaHusi paBHO anodeme GokoBoH rpaHH. IlocTpouTb 06-
IWHH neprneHAHKysip pe6pa OCHOBaHUS H CKPELIHBAIOLLEroCs C HHM
60koBoro peé6pa.

Peweunwune [lycte ABCDS — naHHas nupamuja (puc. 60, a).
BokoBoe pe6po AB He nepneHaukyasipo pe6py SD. [loatomy nnas
MOCTPOEHHS X O6LLEero neprneHaUKyJasipa BOCMNOJIb3yeMCs CelYIOLHM
cnoco6om. Tlyctb a u b — ckpewnBalowuecsi npsimbie (puc. 60, 6).
Yepes Touky M npsiMoii a npoBejieM MJOCKOCTb o, NeprneHAHKYJIS PHYIO
a. [IpsiMasi ¢ — npoekuus b Ha MJI0CKOCTb a. ONYCTHM NepneH HKYIs P
MN u3 Touku M Ha npsamyio c¢. [lpamas MN nepnenaukyJaspHa a,
TaK Kak JIeXXHT B NJ10CKOCTH o.. [To Teopeme o Tpex meprneHAuKyIsipax
MN o6pa3yet npsiMoii yroa ¢ b. Mckomblii o6uui neprneHAHKY.sp
PQ napannenen MN. [Ins HaxoxaeHHsi Touku P nposenem NP, na-
paajenbHyio a, P€b. Ina HaxoxAeHHs TOYKH Q npoBeneM NPsMylo
PQ, napaanenbhylo MN, Q€a. PQ — HcCKOMbiii OGLIMH MeprneHau-
KyJsp.

PaccmoTpuM ckpewuBalouecss pe6pa AB u SD nupamuibl (CM.
puc. 60,a). Tlyctb M u N — cepeaunnl ctopoH AB u DC. Toraa
njaockoctb SMN nepnenaukyaspHa pe6py AB. Tak kak DC mnep-
neHaukyasipHo anogeme SN, To SN — npoekuusi SD Ha nJAOCKOCTb
SMN. TlocTpouM nepneHAHKYJIsp, OoNyLleHHbIA H3 TOYKH M Ha nps-
mylo SN. Tak kKak no ycjoBHIO TpeyrojbHUK MSN paBHOCTOPOHHHH,
TO NeprneHAHKYy/JApoM sBJseTcd MeaHaHa ML 3Toro TpeyroJbHHKa.

Puc. 60
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Yepes cepeauny L anodembl SN mpoBeneM cpeiHiQ0 JHHHIO QR
tpeyrosbiuka CSD. Tlpsimas QR napannensia AB'u mepecekaer
SD B Touke Q. Yepes Touky Q mnpoBeaeM oTpe3oK PQ, napaJeib-
Holii ML. Otpe3ok PQ — ucKOMBIH OGIUHA nNeprneHAHKyJsp nps-
mMoix AB u SD. 3ametum, uto Touka P — cepenuHa otpeska AM.
AHAJIOrHYHO MOXKHO MOCTPOMTb OOLUHIA NepneHAuKysp npsmbix AB
u SC.

421. dau ky6 ABCDA’B’C’D’. TlocTpOoHTb OGLIHA nepneHau-
Kyasip pe6pa A’B’ u auaronanu AC’.

422. Jlana npaBuibHas lwecTHyronbHas nupamuaa ABCDEFS,
CTOpOHA OCHOBaHHMs KOTOpoii paBHa GokoBoMmy pe6py. [locrpouTb
o6uiuil nepneHauKyasip pebep: a) AB u SD; 6) AB n SC.

423. Jlan npaBusbHbii TeTpasap ABCD, M u N — cepeauHnl
pe6ep AC u BC. TlocTtpouTb OGIIHHA nepneHAHKyJsp npsmux BM
u DN.

424. Jlana npaBuJbHas YeTbipexyrosbHas nupamuaa ABCDS,
y KOTOPOH CTOpOHa OCHOBaHMs paBHa GokoBoMy pe6py. Ilyctb M
u N — cepeannnl pe6ep DC u AS. Tlocrpouth OGIIHH nepneHAH-
KyJasp npsmbix: a) SM u BD; 6) SM u DN.

425. Jlaun npsMoyroibHbiii napaanenenunes ABCDA’B’C’D’, y
KoToporo 60KoBoe pe6po B nBa pa3a Gosbiue pe6pa OCHOBaHHA.
IMocTpouTh O6UIMI NEpPNEeHAHKYASP CKPeLIHBAIOLKUXCA AHaroHaJei
AB’ v A’D cMeXHbIX rpasei.

426. Jlana npasusbHasa TpeyrodbHas npusma ABCA’B’C’, Bce
pe6pa KOTOpo# paBHbl Mexay co6oi. Touku M u N — cepeauHbi
CT%pOH AC u CB. Tlocrpoutbh o6UMi NeprneHAUKYAsp npsambix A’M
u AN.

§ 17. METO MOH)XA

Jluteparypa: [2], § 34. _
Bynem npuaepxuBatbcsi o603HaueHH# yue6Huka [2]. Ecau M —
TOYKA MpPOCTpaHCTBa, TO M, U M; — ee OpTOroHa/bHble NpPOEKLHH

Ha TOPH3OHTAJIbHYIO H BepTHKaJbHYIO mjaockoctH M (M, M,). Axa-
JIOTHYHO a; H Qap — FOPH3OHTa/JbHAsh H BePTHKaJbHAasi NPOEKUHH

npamo#t a:a (a, as).

427. TlocTpouTb Ha 3mOpe H306parKEeHHS:

a) npAMOYroJIbHOro napaJjuesenunefa NpH yCJIOBHH, YTO BepTH-
KaJlbHasi H FOPH3OHTaJIbHasi MJIOCKOCTH NapaJjile/bHH ero GOKOBO#H
TpaHH H OCHOBAHHIO;

6) npaBHJbHOH TPeyroJbHOH NMUPaMHAbl, €CJIH ee OCHOBaHHE Ma-
paJuielbHO FOPH3OHTAJBHOMN TIIOCKOCTH;

B) UHJHHApA, €CJH ero OCHOBaHHE MapaJ/uleibHO BEepPTHKAaJbHOM
TJIOCKOCTH;

r) KOHycCa, eC/lH ero OCHOBaHHe MapaJile/lbHO TOPH3OHTAJbHOMH
TJIOCKOCTH;

1) wapa.
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Puc. 61 Puc. 62

428. Yka3aTb 0CO6GEHHOCTH B PacroJIOXXEHHH TOYKH B MPOCTpPaH-
CTBe, €CIH Ha 3MI0pe ee TFOPH3OHTAJbHAs H BepPTHKaJbHAsi MpOeK-
LMK COBMajAaoT.

_429. Tlpsimas s 3ajaHa Ha 3Mmiope ABYMS TOYKAMH ./;4 (M, M,)

u N (N, N). TloctpouTb ciiean 3TOH mpsMOH.
Pewe Hue Tpebyerca mocTpouTb Ha 3Mmiope TOUKH MNepeceye-
HUSl MPSAMOH C TOPH30HTAJNbHOH H BEPTHKAJIbLHOH MJIOCKOCTAMH. 3a-

MeTHM: Touka P (P, P;) NpHHAaLNeXHT rOPH30HTAJbHOH MJIOCKOCTH,

eCc/IH BepPTHKaJbHAA NPOeKUHs Po JIeXKHT Ha NPSAMOH x nepeceyeHHs
FOPH3OHTAJbHOH H BepTHKaJbHOH NJOCKOCTeH. AHAJOrHYHO TOYKa

Q(Q,, Q) NeXHuT Ha BEPTHKAJbHOMN MJOCKOCTH, €CJIH €€ TOPH3OHTAaJlb-
Has npoeKuus Q, Jexut Ha npsamMoii x. [IpoBeaem npsimble s, = M N,
H So=MyN,. OHH cayXaT rOpH3OHTAaJbHOH H BepTHKaJbHOH mpo-
eKUHAMH NMPSIMOH S Ha COOTBETCTBYIOLLHE MJIOCKOCTH (pHuc. 61). O60-
3HauHuM yepe3 Q, H P, TOUKH mepeceueHusi s; H Sy ¢ npsaMoi x. Toraa

P, — BepTHKanbHaAA NpoeKUHs TOUKH P mepeceyeHusi MpsIMOH s C ro-
PH30HTAJbHOMN MJIOCKOCTbIO H Q| — rOpPH3OHTaJIbHAs MPOEKLUHs Caefa
npsiMOM s Ha BepTHKaJbHOH miockocTH. [lpoBenem uepes Q, u P,
npsiMble, NeprneHAHKYyJsipHble X, 10 NepeceueHHss ¢ S; H So. [Tomyuum

npoekuuu P; u Q; MCKOMbIX c1eoB P 1 Q COOTBETCTBEHHO Ha FOPH-
30HTAJIbHYI0O H BepTHKaJbHylo maockocTH. Toukn P (P,, P;) #u

Q (Qi, Q2) HckoMbie.

430. YKa3aTb 0COOGEHHOCTH B pacroOJIOXKEHHH MPSAMOH, ecJH Ha
3Mope ee NMPOeKUHH HAa FOPH3OHTAJNbHYIO H BEPTHKAJIbHYIO MJIOCKOCTH
COBNajaioT. _ _

431. Jaubi npamas [ (I, l,) u Touka M (M,, M,). ITocTpouTtsb npoek-

LUHH X; H X, IPAMOH X, NpoXoasLleld yepe3 TOUKY Mu napaJiyiesibHoi 1.
432. [lauwbl npsamas [ (I,, l;) n Touka M (M, M,). Tlocrpoutsb cie-
Abl NPSAMOA X, nmpoxoAsiwed yepes M u napasnesnbHoi [.

433. Naubl npsimass [ u Touka M (M,, M,), npuHajnexauias
npsMoi. Ilo 3anaHHO# NpoekuUH [, MOCTPOUTbL MPOEKUHIO [o.
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434. Yka3aTb 0COGEHHOCTH B PacloOJIOXKEHHH Ha 3Miope mnapa-
JleJIbHBIX, MepeceKalolUXC H CKpelUlHBAaIOHXCS MPSAMBIX.

435. 1aubl Touka M (M, M;) u npsimasi s, nepeceyeHusi NJOCKO-
CTH 7L C FrOPH3OHTa/NbHOH MuocKocTblo. [TocTpouTth cnen s, mepeceue-

HHSl U C BePTHKaJbHOH IJOCKOCTbIO, eciii M NpHHAaMIEeXHT m.
PeweHue [lycrp Ha pucyHke 62 u3o6pakeHol TOUkKH M, M,
u npsimas s,. Boibepem Touky A, Ha npsimoi s,. Bynem cuurath,

4TO 3TO FOPH3OHTaJ/IbHAfl MPOEKUHA TOUKH A, Jexxauled Ha NpsiMoOi
nepeceueHUsi MJOCKOCTH T, npoxojisileld uepe3 M, U ropH3oHTaJb-

Ho#l nyockoctH H. Tak kak A npHHALIeXHT FOPH30HTAJLHOH NJO-
ckoctH H, To ee BepTHKaJbHasi NpoeKUHs1 A, JIeXKHT Ha NMpPsIMOH X.

Takum o6pa3om noctpouu npoekunu A, H A, Touku A, jgexauei B

naockoctd_n. [loctpoum npoekuuwu B, u By ToukH B nepeceueHust
npsimoii AM ¢ BepTukaabHO# naockocTsio V. Tak kak npsimas AM

JEXHT B 7, To B Takxe npuHapiexut n. [Toatomy ans nocrpoenus
cleaa s, JOCTaTOYHO COENHHHTb TOUKY P nepeceueHHsi X H Sy C Bo.
[Moctpoenne Touek B, u B, onucaHo B 3apaue 429. [lposeaem nps-
mble A\M, u AsM,. B, — nepeceuenne A\M, c A;M,, a B, — nps-
Moit, npoxoasilled yepe3 B, u nepneHauKyaspHoi x, ¢ Aq:B,. Coenu-
HHUM P U By, Noayuum s,.

436. IlnockocTb 3a1aHa CBOHMH CJielaMH S, U S,. Touka M (M|, M,)
NpHHALIEXKHUT MIOCKOCTH. [lo maHHO#A mpoekuun M, moctpoutb M,.

437. TlnockocTp 3ajaHa CBOMMH CJlelaMH Sp H S,. YCTaHOBHTb,
NpHHAVIEXHUT JH Touka M (M,, M,) nnockocTH.

438. TlnockocTb onpeneseHa CBOHMH CilelaMH S, H S,. M3BecTHo,
4yTO npsiMasi | MPHHAMJNEKHT MJOCKOCTH. [1o ee 3aJaHHOH NPOeKUHH
[, HAUTH MpoeKUHIo [s.

439. [lnockocTs ompejesneHa CBOHMH ClelaMH S, H S,. YcTaHo-

BUTb, JIEXHUT au npsamas [ (/;, [;) B NI0OCKOCTH.

440. TlnockocTb 3agaHa Toukamu M (M, My), N (N, N»), P (P,, Py),
He JieXKallHUMH Ha ofHoH npsimoi. TlocTpOHTb ee cieabi Sy H Sy.

441. TlnockocTH 3afaHbl CBOMMH CJeNAMH Sy H S, U Iy U ¢, [lo-
CTPOHTb MPOEKUHH HX JIHHHH MepeceyeHHs.

442, T1nocKkocTb nt 3aaaHa CBOUMH ToukKaMd M (M, Ms), N (N, Ny)
u P (P,, P;), He JeXalluMH Ha ORHOH NpPSIMOH, MJIOCKOCTb & OMpeje-
JleHa CBOMMH CJeJaMH S; H S,. [loCTPoHTb NpsiMyl0 nepecevyeHHs
3THX MJIOCKOCTeH. _

443. I1nockocTb n 3alaHa CBOUMH CJlelaMH S, H S,, a npsimMas | —
toukami M (M,, M2) u N (N, Nj). TToctpouTb TOUKy nepeceueHHs

npsiMmoii MN u nJjockKocTH m.



F'masa III
3JIEMEHTbI TONNOJIOTHHU

§ 18. TONOJIOTHYECKHE NMPOCTPAHCTBA.
OTKPDbITbIE H 3AMKHYTbIE MHO)XECTBA

Jlutepatypa: [2], § 35, 36.

444. Ha eBxkauaoBo# mjockoctd E, BBeaeHa npsiMoyroJibHasi
JeKapToBa cHCTeMa KoopAuHaT. MHoxkecTBO U Ha3biBaeTCsl OTKPBITHIM,
ecJii oHo 60 nycroe, Ju60 coBnaaet ¢ E,, 1160 BMecTe ¢ Kaxao#
cBoed ToukoH Mo (xo, Yo) comepXKHT «mogocy» O, (Mo)={M(x, y)|

|x—xo| <&}, rIe € — HEKOTOpOe MOJIOXKHTeJNbHOe 4Hc/a0. JloKa3aTb,
YTO TaKas CHCTEMA OTKPbITHIX MHOXECTB ONpeaessieT TOMNoJoruye-
CKYyI0O CTPYKTYpy Ha E,.
ewe HHue CucTeMa T MOJAMHOXKECTB MHOXecTBa T onpeneisier

Ha MHOXecTBe T TOMOJIOrHYeCKYI0 CTPYKTYpPY (HJ/IH TOMOJIOTHIO), €CJIH
OHa MOJYMHSETCS TPeM YCJIOBHSM:

1. IlycTtoe MHOXXecTBO H Bce MHOXecTBO T mnpHHaj/lexar T.

2. O6benuHeHHe JIO60H CHCTEMbl MHOXECTB H3 T TaKXe MpH-
HaUTEXHT T.

3. TlepeceueHne J06GLIX ABYX MHOXECTB H3 T MpPHHALIEXHT T.

[ToaMHOXecTBa, mNpHHaA/JexallHe T, Ha3blBAlOTCH OTKPBITbIMH.

Kak caenyer W3 yc/oBHs, yCTO€ MHOXECTBO H BCSl MJOCKOCTb E,
ABJSAIOTCA OTKPBITBIMH MHOXeCTBaMH. PaccMOTpPHM NpOH3BOJIbHYIO
cHCTeMy OTKPbIThIX MHOXeCTB {U,). lycte U= Ua, Mo (x0, Yo) —

a

npou3sBosibHas Touka MHoXKectBa U. Torapa M, npuHaaieXXHT HeKo-
TOpPOMY OTKpbITOMY MHOXecTBy U, H3 paccmMaTpHBaeMOH CHCTEMbI.
Tak kak U,, — OTKpbITOE MHOXeCTBO, TO BMecTe C TOYKo#i Mo OHO co-
pepxut «nonocy» O, (Mg)={M (x, y)l|lx—x,| <&}, rne & — Heko-
TOpoe noJioXuTeabHoe yucao. U, < U, noatomy O, (Mo) < U. Cne-
JloBaTe/ibHO, MHOXecTBo U BMecTe ¢ KaXKaoi cBoedl Toukoi M, co-
aepXHuT «nosocy» O, (My), T. e. ABISAETCA OTKPLITHIM.

[lyctb U, u U; — 1Ba OTKPBLITHIX MHOXKecTBa. PaccMOTpuM Tou-
Ky My € U, N U, Tak kak U, — oTkpbiToe MHOXecTBo, To U, co-
AepXKHT «nosocy» O, (Mo). AHanornuno U, TakKe COLEPXKHT «I10J10CYy»
0,, (My). Ilyctb e=min (e,, €). Toraa «nonoca» O, (Mo) npHHAANEKHT
U, N U, Takum o6pasom, U; | Us — orkpbiToe MHOXecTBO. YT-
BepX/eHHe 10Ka3aHo.

445. [1aHo meTpuueckoe npoctpaHctBo M. lllapoBoii okpecTHOCTbIO
ToukH X mpocTpaHcTBa M Ha3biBaeTcsi MHOXECTBO, COCTOsilllee H3
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BCeX TaKMX Touek Y, ans KoTopuix p (X, Y)<<r, rne r — HeKoTopoe
10JI0 XHTesbHOe uHc10. MHOXKecTBO npocTpaHcTBa M 6yeM Ha3nBaTh
OTKPBITHIM, €CJ1H OHO BMecTe C JI060# CBOeH TOUKOH CONEp>KHT H He-
KOTOpYIO ee 1apoBylo okpecTHOCTb. Jloka3aTb, uTo Ha M onpezeseHa
TOMOJIOTHUECKasl CTPYKTypa (TakKasi TOMOJOTHS Ha3blBaeTcsi TOMOJO-
ruedl, HHAYUHPOBAHHOH MeTpPHKOH).

446. aHo npou3BoJbHOe MHOXecTBO T. [loa OTKPHTBIM MHOXKe-
cTBoM G6yleM NOHHMaTb MHOXeCcTBO I H NycToe NOAMHOXECTBO.
Joka3saTb, uTo Ha T ompejeseHa TOMoJOrHyecKkasi CTpPyKTypa (Takas
TOMOJIOTHS Ha3blBaeTCs TPHBHAJILHOH).

447. laHo npousBoJbHOoe MHoXecTBo T. [loa OTKpBITBIM MHO-
)KecTBOM 6yneM NMOHMMAThb JI060e MOAMHOXecTBO MHOXecTBa T. Jlo-
Ka3aTb, 4TO Ha T omnpeaesieHa TOMoJOTHYecKasi CTPyKTypa (Takas
TONOJIOTHS1 Ha3blBaeTCsl JAHCKPETHOH).

448. MHoxectBo T cOCTOMT M3 ABYX 3jemeHToB: T={a, b). [lox
OTKPBITHIM MHOXECTBOM OyjieM MNOHHMaTb NMYCTOe MHOXeCTBO, MHO-
ecTBo T W noaMHoXecTBo N, cocrosiliee W3 OAHOH Touku: N ={a).
Hokasatb, uto Ha T onpeaeneHa TGMNOJOrHUECKasi CTPYKTypa.

449. MHoxectBo T COCTOMT M3 Tpex ajemeHToB: T={a, b, c}
[Tox OTKpHITHIM MHOXeCTBOM OyJeM MOHHMAaTb MyCTOE MHOXECTBO,
Bce MHOXecTBo T W moamHoXectBa N,=f{a}, N.={b}, N3={a, b).
Jloka3aTb, uto Ha T ompejesieHa TOmnoJoruyeckas CTpPyKTypa.

450. MHoxectBo T cOCTOHT M3 Tpex 3JjemeHtoB: T=fa, b, ¢}
[Toa OTKpLITHIM MHOXECTBOM OyleM MOHHMaTb MHOXecTBO T, mycroe
MHOXeCTBO H mnoamHoxectBa N,={a}, N.={b}, Ns={a, b}, Nis=
=|{a, c¢}. oka3aTb, 4TO Ha MHOXecTBe [ omnpejeieHa TOMOJIOIH-
yeckasi CTPYKTypa.

451. [laHa eBK/AHA0OBa MJocKocTb E;, Ha KOTOpoH Bbi6paHa nps-
MOYroJibHasi AeKapToBa CHCTeMa KoopAauHaT. MHoxectBo U Touek
MJIOCKOCTH Ha30BeM OTKPHITHIM, €CJH OHO BMeCTe C Ka)XJ1oH cBoeil
TOYKOH COLEPXKHT OTKPHITHIH Kpyr Q,={A (x, y)|x*+y*<r?, ko-
TOPOMY NPHHAMJIEXKHUT Touka. [lycToe MHOXKecTBO Take GyneMm CuH-
TaTb OTKPLITHIM. Jloka3aTb, 4To Ha nyaockoctu E, onpepesneHa Tomno-
JIOTHUECKasi CTPYKTypa (Takasi TONOJOTHS Ha3blBaeTCs KOHLUEHTPH-
YeCcKoH).

452. [lycte T — GeckoHeuHOe MHOXKecTBO. Ero noamHoxectBo Ha-
30BeM OTKpbITbIM, €C1H OHO /MO0 mycTtoe, 60 coBnanaet ¢ T, JH6O
ero jaormnoJHeHue A0 T siBJAsieTc KOHEUHbIM MHOXecTBoM. Jloka3aTh,
yto Ha T onpeaesneHa TOMOJOTHUECKas CTPYKTypa (TaKasi TONOJIOTHS
Ha3blBaeTcsi Tonosiorueii 3apuccKoro).

453. loka3aTb, uTo Ha MHOXecTBe T TOraa u TOJIbKO TOTAA Olipe-
JejleHa AHCKpeTHas TonoJorus (cMm. 3agauy 447), Koraa Jioboe
€ro NoJMHOXeCTBO, COCTOsILIee H3 OJHOH TOUKH, IBASETCH OTKPHIThIM.

454. Tlycte MHoXecTBO T COCTOHT M3 Tpex 3JeMeHToB. Hailitu
BCe€ €ro TOMNOJIOrHYeCKHe CTPYKTYDHI.

455. MHoxectBo T COCTOMT H3 TpeXx 3JjeMmeHToB: T={a, b, c}.
HokasaTb, uTo cucrema noamHoxects I, &, {a}, {b}, {a, b}, {a, ¢}, {b, ¢}
He omnpejensieT TONOJOTHYECKOH CTPYKTYPHI.

82



456. [lycrp T — GeckoHeuHOoe MHOXecTBo. PaccMOTpHM cHcTeMmy
MOAMHOXECTB, COCTOSILLYIO H3 MYCTOTO MHOXeCTBa, MHoxectBa T
H BCEX MIOJIMHOKeCTB, JOMOJHEHHEe KaX10To H3 KOTophiX 10 T ABaseTcs
GeckoHeuHbIM. JloKa3aTb, 4TO Takas CHCTeMa NOJAMHOJKEeCTB He ofpe-
aensieT Ha T TOMOJNOTHYECKOH CTPYKTYPHI.

457. Ha#itu npumep 6GeCKOHEUHOH CHCTeMbl OTKDPLITHIX MOAMHO-
XecTB npsiMmod E|, nepeceyeHHe KOTOPLIX He SBJISI€TCS OTKPBITHIM
MHOXeCcTBOM*.

458. Ilyctb T — MHOXeCTBO, COCTOsilllee H3 TpeX 3JeMEHTOB:
T={a, b, c}. Tononoruueckass cTpyktrypa Ha T omnpejejieHa Tak, Kak
yka3aHo B 3ajaue 449. HaiiTu Bce ero 3aMKHyTHie MOAMHOXeCTBa.

PeweHHue. [MoamHoxecTBo K TOMOJOrHYeCKOro npocTpaHCTBA
T Ha3biBaeTCi 3aMKHYTbIM, eclH ero jaonojHeHue T\K sBisercs
OTKPBITHIM MHOXecTBOM. CHcTeMa OTKPLITBIX MHOXECTB, ONpeaelsio-
was TOMOJOTHYECKYI0 CTPYKTypy Ha I, uMeer Bua &, T, N,=la},
No={b}, N;=l{a, b}. TTosTOMy cHCTeMa 3aMKHYTbIX MHOXeCTB Ha T
cOoCTOHUT W3 noamHoxectB T, @&, K,=T\N,=, ¢}, Ka=T\N.=
={a, ¢}, Ks=T\N;={c}.

459. Halith Bce 3aMKHyTble MHOXE€CTBa TOIMNOJIOTHYECKOro Mpo-
CTpPaHCTBa, onpejejeHHOro B 3ajaue 448.

460. HaiiTH noaMHOXeCTBO TOMOJIOMHYECKOrO MPOCTPAHCTBA, OIl-
peneneHHoro B 3ajnauve 450, KoTopoe fBJSeTCH OJHOBPEMEHHO OT-
KPbITbIM H 3aMKHYTbIM.

461. Ha GeckoHeuHoM MHOXecTBe T 3ajaHa TomnoJiorus 3apuc-
ckoro (cM. 3apauy 452). oka3zaTb, 4TO MOAMHOXECTBO 3TOro Mpo-
CTPAHCTBA TOTAA H TOJIbKO TOr[Aa fIBJAsieTCS 3aMKHYTbIM, KOrja OHO
KOHEUHoe.

462. Ha eBxsnpoBo#t nsnockoctH E,; BBeseHa mnpsiMoyroJibHas
JleKkapToBa cHCTeMa KoopauHaT. Jloka3aTb, uTO cjelylOLlHe MHO-
JKeCTBa NJIOCKOCTH E, ABJIAIOTCA 3aMKHYTBHIMH: a) OTpPe30K; 6) npsiMas

JIMHHSI; B) OKPYXKHOCTb; T') 3aMKHYTHH Kpyr M={A (x, y)|x*+y* <
2 2 2 2

<r%; 0) 3aaunc % —i—% =1; e) runep6ona —;‘7 —% =1; %) na-

paboaa y’>=2px.

PeweHue 6) [lycrb | — nanHas npsamas. Jloka)KeM, 4TO MHO-
xectBo N=E,\! oTkpbiToe. 1151 3TOr0 A0CTAaTOYHO N0OKAa3aTb, 4TO
OHO BMecTe C J11060H CBOeH TOYKOH COEepXKHT 11apOBYI0 OKPECTHOCTb
C UEHTpPOM B 3TOH ToukKe. PaccMOTpHM npou3BoJIbHYI0 TOUKY A, He
npuHagiexamyio [ (puc. 63). Ilycrb d — paccrosinne ot Touku A
1o I. Toraa wapoBasi OKpeCTHOCTb C LEHTPOM B Touke A, paauyc r
KOTOpOil MeHblue d, He nepeceKkaeT [ U LEJIHKOM JeXHT B N.

463. TlpuBecTH npuMep GeCKOHEUHOM CHCTEMbl 3aAMKHYTHIX MHO-

XecTB npsMoii E,, o6belHHEHHEe KOTOPbIX He fBJSIETCSH 3aMKHYTbIM
MHOJKECTBOM.

* 3nech H B AajbHedlueM (ecau oco60 He OrOBOpeHO) MNpednoJaraercsi, YTo Ha
npamoit E, n nnaockoctH E; 3anaHa TONMOJIOTHA, HHAYUHPOBAHHAasf eBKJIHAOBOA MeT-
pHKOH (cM. 3ajauy 445).
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464. IlpuBectH mpumep MHOXKeCTBa TOYeK MJIOCKOCTH Ej, KOTO-
poe He SIBJIIETCSI HH OTKPBITbIM, HH 3aMKHYTbIM.

465. Ha nnockoctu E, onpeneneHa KOHUEHTpHYECKasi TOMOJIOTHSA
(cM. 3apauy 451). BoisicHHTb, KakHe H3 MHOXeCTB SIBJSIIOTCSA OTKpHI-
TbIMH, KaKHe 3aMKHYTbIMH, a KakKHe He SIBJISIOTCS HH OTKDBITBIMH,

HH 3aMKHYTBIMH: a) OTKpmIThiA Kpyr Q={A (x, y)|x*+y><r?;
6) samkuythit Kpyr Q=|(A (x, y) Ix*+y>*<r?; B) npsmas, ypas-
HeHHe KOTOpoll HmeeT BHA x —y=0; r) MHOXecTBO Touek {A (x, y)|
2’4 y?>r?%;, 1) muoxectBo Touek {A (x, y)|x2+y?>r?).

466. Ha naockoctu E, BBeJeHa TomnoJioruueckasi CTpyKTypa Tak,
KaK yKa3aHo B 3ajaue 444. BolACHHTb, KaKHe H3 MHOXECTB SBJSAIOTCS
OTKPBITHIMH, KaKHe 3aMKHYTbIMH, a KaKHe He SIBJISIOTCS HH OTKpbI-

THIMH, HH 3aMKHYTBIMH: @) OTKpbITasi noJymiockocTs {A (x, y)|x<a};
6) 3amkHyTasi nosymjockoctb {A(x, y)|x<Ca}; B) 3aMKHyTbIi Kpyr
{A(x, )|+ y*<r’}; r) npamas auuus {A (x, y)lx=a};, 1) kBan-
pat {A (x, y)| —a<x<a, —a<<y<al

467. Ilyctb U u F cOOTBETCTBEHHO OTKPbITOE H 3aMKHYTO€ MHO-
XKecTBa TOIMOJIOTHYecKoro npoctpaHctBa. [lokasatb, uto U\F — oT-
KpbiToe, a F\U — 3aMKHyTOe MHOXeCTBO 3TOro NpPOCTPaHCTBa.

468. HaiiTh npumep ABYyX HenepeceKaloLHUXCS 3aMKHYTbIX MHO-
)KECTB eBKJIHA0BOH MJIOCKOCTH Ey, paccTosiHHe MeX1y KOTOPbIMH paB-
HO HyJI0*.

469. HaiiTh npumMep AByX HenepeceKaloOLHXCS 3aMKHYTBIX MHO-
XKeCTB eBK/JIHA0BOH npsimo#t E,, paccrosiHHe MeX1y KOTOPbIMH paB-
HO HYJIIO.

* Ilop paccrosiHHeM MeXAy ABYMs MHoxectBaMH X W Y MeTpHueckoro npo-
cTpancTBa nonumaercs inf p (x, y)|x€X, y€Y).
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§ 19. BHYTPEHHHE, BHEWIHHE H TPAHHYHbBIE TOYKH.
3AMbIKAHHE MHO)XECTBA
TONMOJIOTHYECKOI'O NPOCTPAHCTBA

Jlutepatypa: [2], § 36.

470. Ha naockoctu E, naHo MHoxectBo T. Ha#tu MHOXecTBa
ero BHYTpeHHHUX Toduek int T, rpaHHuyHbiX Touek 0T, BHEIIHHX TO-
uek ext T, ecan: a) T — oTkpuithlid Kpyr T={M (x, y)Ix +yi<r?;
6) T — 3amkHyTHil Kpyr T={M (x, y)| x>+ y> < r?¥;

B) T — okpyxXHocTb (M (x, y)|x*+y?=r?}

Pemweunune. a) Touka M Toraa ¥ TojibKO TOrAa NMPHHAIENKHT:
1) int T; 2) oT; 3) ext T, koraa:

1) cylllecTByeT OTKpPbITOE MHOXECTBO, cojepxallee M u uenlHKoM
npuHapiexainee T,

2) J060e oTKpuiToe MHOXecTBo U, comepxkaiuee M, yaoBJeTBo-
psier ycaoBusam U T+ @&, U\T+# O;

3) cyulecTByeT OTKPHITOE MHOXKECTBO, cojeprKalilee M H He mepe-
cekamouee T.

[lpu peuleHHH 3afauyd BMECTO NMPOM3BOJILHOTO OTKPBITOrO MHO-
KeCTBa, cojepiKalllero Touky M, 10CTaTOYHO paccMaTpHBaTh Liapo-
BYIO OKPEeCTHOCTb TOYKH M.

O603HaunM yepe3 @ OKPYXHOCTb: o= {M (x, y)|x*+y®=r?), ue-
pes @ — BHeWHIOL YacTb OKpyXHocTH: ®={Q (x, y)|x*+y*>r?).

[Tokaxem, uto int T=T, 0T=o0, ext T=0. nyCTb M (xo, Yyo) —
MPOH3BOJIbHASA TOUKA OTKPHITOrO Kpyra T, x3+yd<r® Ecau x3+ys=
=rj u 0<<Ro<<r—ro, TO WIApPOBasi OKPECTHOCTb TOYKH M, paauy-
ca Ry, uequkoMm nexut B T (puc. 64). [Tostromy T — int T. C npyroi
CTOPOHBI, KaK cjeayeT U3 onpepenenud, int T T, T=int T.

[Tyctb P=ow. OueBuaHO, J106asi OKPECTHOCTb TOUKH P nepece-
KaeT KaK OTKpHITHI Kpyr T, Tak H MHOXeCTBO EQ\T I'losn‘omy ® CGT
Paccmotpum Touky Q (x1, y1), Qe ®. Toraa xi+yi>r? Ecau ri=

=x}+yl, 0<R,<r,—r, T0O 1apOBasi OKPECTHOCTb C LIEHTPOM B TOY-
Ke O u paauyca R, He nepecekaeT T (cM. puc. 64). Takum o6pa3som,
OcextT. Tak kak E;=TJoU®D, T=intT, 00T, ®cextT,
E,=int TaTyext T, To M3 N0Ka3aHHBLIX BKJIOUEHHH BbITEKaeT:
extT=00, iT=o0.

471. Ha npsimoit E, naHo mHoxectBo T. Haiitu int T, 0T, ext T,
ecin: a) T — untepBan: T={M (x)|la<x<<b}, 6) T — orpesok:
T={M (x)|la<x< b} B) T— noayunrepBan: T={M (x)|a<<x<b}
r) T — oTkpbiThlii ayu: T={M (x)|a<<x}, 1) T — 3aMKHyTblii Jyu:
T={M(x)|]a<<x}; e) T — MHOXeCTBO TOYeK, KOOPAHHATbl KOTOPLIX

pallHOHAJIbHbIE 4YHUIA, )K) T — MHOXXecTBO TOYEK, KOOPpAHHATHl KO-
TOPbIX HppallHOHAJIbHbIE YHCJA.
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472. TlpuBecTH npuMepnl TakuXx MHOXecTB T maockoctH E,, Koto-
pble He COBMajaloT CO BCeH MJIOCKOCTbIO E; M YIAOB/IETBOPAIOT yCI0-
Buio: a) int T=@; 6) oaT & T; B) 4T — T; r) dT=T, n) T <
c 0T, T+#0T; e) int T= J; k) ext T= .

473. Ha naockoctd E, 3ajaHa KOHUEHTpHUYECKas TOMOJOTHA (CM.
3apauy 451). Ha#itu int T, 0T u extT, ecau: a) T — OTKpLITHIA
kpyr: T={M (x, g)|x2+y2<r2}; 6) T — 3aMKHyTH#l Kpyr: T =
=M (x, y)|x*+y*<r?; B) T — okpyxHocTb: T={M (x, y)|x*+
+y?>=r?}; r) T — BHelwHsis yacTb OTKpHITOro Kpyra: T={M (x, y)|
+y*>r*)n) T— npamas: T={M (x,y)|x=a}; e) T — kBagpar:
T={M(x, y| —a<x<a, —a<<y<al

PeweHue. a) Kak crenyer u3 ycnoBus 3anaud 451, MHoXecT-
BO B TOM H TOJIbKO B TOM CJiyuyae fiBJIsIeTCS OTKPbITbIM, KOrJa OHO BMe-
CTe C KaX/J0#i cBoel TOYKOH M COLEpPIKHT OTKPLITHIH KPYyr C LEeHTPOM
B HauyaJle KOOPJAHHAT, KOTOpoMy NpHHagiexXHT M. HaM naH oTKpbIThIi

kpyr T={M (x, y)|x*+y><r?. Ecau Mo (xo, yo)€T, 10 ri=xi+
+yi<<r’. TlostoMy Touka M, npunaanexut intT, Tak Kak B
KayecTBe OTKPbITOrO MHOXeCTBa, coiepkaulero M, W npHHamie-
xauero T, MOXHO B3ATb camo MHoXecTBo 7. TakuMm o06pa3som,
TcintT.

Myctb Ny (x1, y1)) ¢ T, ri=x}4+yi>=r’>. Ecau U — npoussonb-
HOe OTKPbITOE MHOXeCTBO, coaepiKaulee Ny, TO CylecTByeT Tako# OT-
KPbIThIA Kpyr Q, ¢ LeHTpOM B HauyaJle KOOPAHHAT, KOTOpBIH coaep-
XKHT N, u npunapnexur U. OueBuaHo, Qi\T &, clenoBartesbHO,
U N Ts= @. Takum o6pa3oM, J1060e OTKPbITOE MHOXKECTBO, COlepXKa-
wee N,, nepecekaer T, T. e. Ny € 0T. Orciona E,\T — dT. Tak
kaK T U (Eo\T)=E,, 10 u3 3THX BK/IloueHuH caeayer: T=int T,
ENT=0T, ext T= Q.

474. Ha nnockoctu E, 3agaHa TomnoJorus Tak, Kak yka3aHo B
3anaue 444. Haiitu int T, 0T u ext T, ecau: a) T — oTKpuTas mno-

aynaockoctb: T={M (x,y)|x>a}; 6) T — OTKpbiTasi NOJYMIOCKOCTb:
T={M(x,y)|y>a);B) T — npsamas: T=(M (x, y)|x+y=0}r) T —
okpyxHoctb: T={M(x, y)|x*+y*=r*}, n) T — kBagpar: T=
={M(x, y)| —a<x<a, —a<<y<al

475. MHoxectBo T COCTOMT H3 Tpex 3jeMmeHToB: T=f{a, b, c}.
Ha T BBeaeHa TtomoJiorusi Tak, Kak yka3aHo B 3ajaaue 450. Haiitu
int {a, b}, @ {a, b}, ext {a, b}.

476. Ha mMHoxecTBe T BBeleHa JMCKpeTHasi TONOJIOTHA (CM. 3a-
nauy 447). A — npou3BoJibHOE MOAMHOXeCTBO npoctpaHctsa . Haii-
TH int A, dA, ext A.

477. Ha GeckoHeuHOM MHo)XecTBe T BBejeHa TomoJiorus 3apuc-

ckoro (cM. 3agauy 452). A — oTkpbiToe moamHoxectBo T. Haittu
int A, dA, ext A.
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478. A — npou3BoJIbHOE NOJAMHOXECTBO TONOJOrHYECKOro Mpo-
crpanctBa T. Jloka3satb, uto int A u ext A — oTkphiThle, a int AJOA
uextA (J A — 3aMKHyThle MHOXeCTBa.

479. Mlyctb A W B — noaMHOXecTBa TOMOJIOTHYECKOrO MpoO-
crpaHctBa T. Jloka3aTb, uto: a) int (A | B)=int A  int B u 6) ext
(A U B)=ext A extB.

480. TlpuBecTH npuMepbl MHOXeCTB MJocKocTH E,, He ynoBN€TBO-
pslowux yciaoBusim: a) (A 1 B)=06A U dB; 6) d (A N B)=dAN
NéB; B) int(A U B)=int A U int B; r) ext(A N B)=extA J ext B.

481. Haiitu 3aMblKaHHe CJEAYIOLIHX MHOXECTB MJOCKOCTH Ej:
a} uHTepBana [={M (x, 0)|b <x<Ca}, 6) okpyxHocTH o ={M (x, y)|
x*4-y?=r?; B) oTkphiToro kpyra Q={M (x, y)| x> +y><<r?%; r) 3amk-

HyToro kpyra Q'={M (x, y)|x*+y*<r’;, n) obGbenuHeHus ABYX
OTKPHITBIX NoJymiockoctedt Ay ={M (x, y) |y <O}, o={M (x, y)|y > 0}.

Pemwenwune a) [lon 3ambikaHieM A NOHMMaeTcs MHOXeCTBO
BCeX Touek NpukKocHoBeHusi MHoXecTBa A. Touka HasbiBaercsi Touy-
KOH MPHKOCHOBEHHS MHOXecTBa A, eciH B J1060ii ee OKPECTHOCTH
HaXoJQUTCS 3/1eMEeHT MHOXecTBa. B naHHOM ciyuae 3aMblKaHHIO MPH-
Hajiexat KoHUbl HHTepBasa M, (a, 0) u My (b, 0). IeficTBUTENbHO,
B /MI060# 11apOBOH OKPEeCTHOCTH, a C/el0BaTesIbHO, H B JII06OH MpPOH3-
BOJIbHOH OKPECTHOCTH 3THX TOYEK COJepXKaTci TOYKH HHTepBana .
[Tyctb Touka N He npuHamIeXHT oTpe3aKy M M,. Eciu Touka N He
JIeXKHT Ha npsMod M M,, To noa d 6yaeM MNOHMMAaTb PacCTOSIHHE
oT N no npsimoit M\M,. Ecaiu N € (M M;), To B xauecTBe d npHMeM

HauWMeHblluee U3 paccrosHud |[NM,| uwau |NM,|. lllapoBas okpecrt-
HOCTb C LIEHTPOM B Touke N u pajauyca r, rae r<<d, He mnepecekaer
otpe3ok M M,. TToatomy N¢l. Takum o6pasom, [ =[M M,]

482. Ha naockoctu E, TomoJsorusi 3ajlaHa TakK, KaK yKa3aHo B
3ajaue 444. HaiiTh 3aMblkaHHs CelyIOILHX MHOXECTB: a) KBajparta

K=M(x, y)| —a<<x<a, —a<<y<Ca}, 6) oTKpuTOro kpyra Q=
=M (x, y)|x*+y* <r?); B) npamoit [={M (x, y)|x+y=0}; r) nps-
Mol m={M (x, y)|x=0}.

Peweunune a) Ham Heo6xoauMo HalTH Bce TOUYKH MPHKOCHO-
BeHHsi KBaapata K. B paccmaTpuBaeMoil TOMOJIOrHH NMOA OKpecCT-
HOCTbIO TOYKH My (Xo, Yo) MOHHMaeTcst «noJoca» O, ={M (x, y)|lx—
—xo| <€, £>0). [loaToMy TOUKa B TOM H TOJIbKO B TOM Cjyyae siB-
JsieTcsl TOYKOH MPHKOCHOBEHHS KBajapaTa, Koraa B JIO60H &-OKpecT-

HOCTH ee abcuucchl Ha ocu Ox comepXuTcsi abcuucca HEKOTOpOH
TOYKH KBaapata. AGcuucCb TOYEeK KBajpaTa 3aloJiHSIOT OTPe3oK

[—a, a]. MosTomy I?={N(x, Yl—a<<r<a, —oo <y oo}

483. Ha nnockoctn E; 3asaHa KoHUEHTpHYeCKasi TOMOJOTHS (CM.
3anavy 451). HaiiTh 3aMblKaHHSI C/IeYIOLIHX MHOXECTB: a) OTKPbI-

Toro Kpyra Q={M (x, y)|x*+y*<<r%, 6) 3amkuyToro Kpyra Q’'=
87



={M (x, y) | x>+ y* < r%; B) npsamoit aunun [={M (x, y)| x=y}; r) nps-

MO# JHHHH m=(M (x, y)|x=r}.

484. MHoxectBo T cocToHT u3 Tpex aJjemeHtoB: T=f{a, b, c}.
Ha M onpenenena tonosorus Tak, Kak ykasaHo B 3aaaue 450. Haiitu
3aMblKaHHA MHoXecTB {a), {b), {c].

485. Ha G6eckoHeyHoM MHoXecTBe T BBeJeHa TOMOJOrHS 3apHuc-
cKoro (cM. 3ajauy 452). Iloka3aTb, YTO 3aMblKaHHe JI060ro GecKo-
HEYHOro MHOXKeCTBa COBMAajaeT Co BCeM MHOXXecTBOM T.

486. Jloka3aTb, yTO 3aMblKaHHe J1I060r0 MHOXecTBa T TOMNOJIOTH-
4YeCKOro NpOCTPaHCTBa COBMNAjJaeT C MepeceyeHHeM BCEX 3aMKHYTbIX
MHOXKeCTB, cojlepxKauux 7.

487. JlokasaTb, uTO AJA JIO6bIX MHOXeCTB A W B TomoJioruue-

CKOTO NMPOCTPAHCTBA BHLIMOJNHEHb yca0BHA: a) ecni A < B, 10 A
c B;6) AnB=ANB;8) AUB=AUB; ) A=A.

§ 20. NOANPOCTPAHCTBA TOMOJIOTHYECKOTIO
MPOCTPAHCTBA.
XAYCAOP®0Bbl, KOMHNAKTHbIE H CBSAI3HbIE
TONOJIOTHYECKHE NMPOCTPAHCTBA

Jlutepatypa: [2], §-36, 38.

488. Ilyctb Ha miockoctd E, nanb Touku A, B, C:A (0, 0), B (0, 1),
C (1, 0). Ha#itu Bce oTKpbITbie MHOXKecTBa npoctpaHctBa T={A, B, C}
B MHAYUHPOBAHHOH TOMOJIOTHH, €C/IH Ha MJOCKOCTH:

a) JlaHa KOHLEHTpHUecKasi TOMoJIorHs (cM. 3ajauy 451);

6) naHa TOMOJIOTHS METPHYECKOTO MPOCTPAHCTBA;

B) TOMNOJIOTHA 3ajJlaHa TakK, KaK yKa3aHo B 3ajaue 444.

PeweHnune. a) Ecau T’ — NoAMHOXXeCTBO TOMNOJIOTHYECKOTO
npocrpaHctBa T, To MHOXecTBO M, npuHaiexaiuee T/, cuutaercs
OTKPBLITHIM B MHAyLHPOBaHHOW Ha T’ TomoJoruu, ecau M=T' N N,
rie N — OTKPHITOE MHOXXECTBO TOIMNOJOTHYECKOro mnpocrpaHcTBa T.
B KOHLIEHTPHUECKOH TOMOJIOrHH MHOXeCTBO N Touek MNJIOCKOCTH E.
TOrja W TOJIbKO TOrAa sIBJsIeTCS OTKPBITbIM, Koraa Jiobas ero Tou-
Ka NpHHaANeXHUT N BMecTe C HEKOTOPbIM OTKPHITHIM KPYTOM C LLeHTPOM
B HauyaJjle KOOpJAHHAT, cojepxKauluM 3Ty ToukKy. ToukH B u C Haxo-
ISITCS HA PAacCTOSIHHH, PaBHOM elMHHLE, OT HayaJla KOOpAMHaAT, T. €. OT
Toykd A. Tlo3ToMy eciH KaKoe-JH60 OTKpPbITOE MHOXECTBO COJep-
XHT TOYKY B, To OHO coaep>XHUT Takxe TOuKH A U C. OTKPBITbIH Ke
KPYT C LEHTPOM B HauaJjle KOOpAMHAT H paJuyCcOM, MeHbLIHM €IHHH-
Ibl, CONAEPXKHUT TOUKy A, HO He colaepXHT Toukd B u C. [loaTomy ort-
KPHITHIMH MHOXKecTBaMH npoctpaHnctBa T ={A, B, C} aBasorca M, =
={A), Mo=T, M= @.

489. Ha naockoctu E; naHo MHoXXecTBo T TOuek C UeJOYHCIEH-
HbIMH KoopAuHaTaMu. [loKa3aTb, 4TO TOMNOJIOrHS, HHAYLHPOBaHHAs
Ha T, ABJseTCA AMCKPETHOH.
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490. Ha GeckoHeuHoM MHOxecTBe T ompejesneHa Tomnosorus 3a-
pucckoro (cMm. 3agauy 452). Joka3aTb, YTO TOMNOJIOTHS, HHAYLHPO-
BaHHasi Ha ero 6eCKOHeYHbIX MOAMHOXeCTBAaX, TaKXe sBJSETCA TOMNO-
Jordeii 3apuccKoro, a TOMNOJOTHS, HHAYUHPOBAHHAs HA KOHEUHOM
MHOXeCTBe,— JHCKPETHOIl.

491. Joxa3aTb, 4TO TOIMNOJIOTHYECKOE NPOCTPAHCTBO, OIMpejeeH-
Hoe B 3ajaue 444, He sBAsieTCs XaycAOPGHOBLIM.

Pewe Hue Tonosoruyeckoe npocTpaHCTBO Ha3uiBaercss Xayc-
noppoBLIM, ecii ero Jiobule 1Be pa3iHuyHble TOYKH MPHHAAJNEKAT
HeMepeceKalolUMCsl OKPECTHOCTSIM, T. €. OTKDHITBIM MHOXeCTBaM,
cojepKalluuM 3TH ToukH. B paccmaTpiBaeMoil TOMOJNOTHH MHOXeCT-
BO TOrjia H TOJIbKO TOrAa fBJAETCA OTKPbLITbIM, KOraia OHO BMecCTe C

mo6oii cBoeit Toukoi My (Xo, Yo) coaepKHT «nogaocy» O, (Mg)=

=M (x, y)|lx—x| <e, e>0}. Idns pelweHHs 3aaayd A0OCTATOYHO
HaHTH JBe pa3JiiuHble TOYKH, AJ/151 KOTOPBIX Jio6asi «moJoca», Co-
Jepxallasi nepBylo TOUKY, COAEPKHT H BTOpYl0. PacCMOTpPHM TOUKH
Moy (xo, yo) 1 M, (x0, Y1), TRE Yo+~ Yy,. Touku Mo u M, pa3Hble, HO HMEIOT
oaxHaKkoBble ab6cuuccul. [ToaTomy «mnoJioca», colepaiuas Touky Mo,
COJEP>KHT H TOUKY M.

492, [loka3aTb, YTO TOMOJIOTHS J11060r0 METPHUECKOrO NMPOCTPAHCT-
Ba siBJIseTCs Xaycaop¢oBoH.

493. [loka3aTb, YTO KOHLEHTPHYECKasl TOMOJIOTHA MJOCKOCTH E,
(cM. 3ajmauy 451), He sABAsieTcs Xxayca0p¢oBOH.

494. BbisicHuTb, siBAseTCA JH XaycaopdoBbiM 6eCKOHeYHOe MHO-
XKeCcTBO, B KOTOPOM OIpejiesleHa TOMOJIOTHs1 3apPH CCKOro.

495. Jloka3aTb, YTO KOHEUHOE€ MHOXXECTBO B TOM H TOJIbKO B TOM
clyyae siBJsieTCs XaycaopgoBbIM, KOrja TONOJIOTHS B HEM JHCKpeTHasl.

496. Touka a Tomo/sIOrHYeCKOro NpoCTPaHCTBa Ha3unBaeTcs npeje-
oM 6GeCKOHeYHOH MNoc/en0BaTeJbHOCTH TOUeK 3TOro MPOCTPAHCTBA,
ecnid B JI060OH OKPeCTHOCTH TOUYKH a cojepXaTcsd BCe uYjJeHH 3TOH
NnocJie10BaTeNbHOCTH, 32 HCKJlOUeHHeM KOHeuHoro uucia. [lokasaTb
yTBEpPXKJAEHHE: eCH MOC/ael0BaTeNbHOCTb ToueK xaycaopdoBa npo-
CTpaHCTBa HMeeT npejes, TO OH eAHHCTBEH.

497. okasaTb, YTO U3 MOKPLITHA NMpsiMOH MHTepBanamu U,, rae

U.=]n—2, n4+2[, n — uenoe 4ucso, HeJib3si BblAEJHTb KOHEUHOTO
MOANOKPLITHS.

498. TlpuBecTH npuMep NOKPHITHS HHTepBajda (a, b), U3 KoTo-
poro HeJib3si BblA€/IHTb KOHEUHOTO MOAMOKPLITHS.

499. BobisicHHTb, AABASIOTCA JIH KOMIAKTHBIMH: a) 3aMKHYTbIH Kpyr
miockoctd E; Q' ={M (x, y)|x*+y*<r?;, 6) oTKpuiTHIA Kpyr nJjoc-
KocTH E; Q={M (x, y)|x*+ y* <r?); B) MHOXKeCTBO ToueK MAOCKOCTH,
npuHamIeXxaiux npsimoit m={M (x, y)|x+y—2=0}; r) MHOXKecTBO
BCeX HPPaLHOHAJIbHBIX YHCeJ OTpe3Ka [a, b] YUHCa0BO NPAMOI; 1) MHO-
KeCTBO BCeX PaLHOHAJbHBIX YHCes OTpe3Ka [a, b] uHc/0BOH npsiMoil;

€) MHOXEeCTBO BCeX TOYEK MJOCKOCTH C LeJOYHCAEHHBIMH KOOPAHHA-
TaMu, NpUHaaiexawux Kpyry x?+y?<<r?, ) MHOXeCTBO BceX To-
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YeK MJIOCKOCTH C palHOHAJbHHIMH KOOPAHHATAaMH, MpPHHALJIEXKAaUIHX
NPSAMOYTOJIbHHKY a<Cx < b, c<Cy<d.

Pewe Hue. r) UdcnoBas npsimas sBAsieTCs METPHYECKHM NPOCT-
paHCcTBOM. MHOXXeCTBO TOYeK MeTPHYEcKOro MmpocTpaHcTBa B TOM H
TOJIKO B TOM C/y4yae KOMIAKTHO, KOTla OHO OrPaHHYEHO H 3aMKHYTO.
MHO0XKeCTBO MppPaLHOHANbHBIX UYHCes OTpe3ka (a, b] orpaHHueHo, HO
He 3aMKHYTO. [leiCTBHTebHO, BO3bMEM DalHOHAJNbHOE YHCJIO OTpe3-
Ka [a, b] B .11060# ero OKpeCTHOCTH COAEPXKHTCSI HppalHOHaJbHOEe
yucio. [ToaToMy pauxoHalbHble YHCAa OTpe3Ka [a, b] ABASIOTCA TOY-
KaMH NPHKOCHOBEHHSI MHOXXeCTBa MPpPaLUOHAJbHBIX YHCE] 3TOro OT-
pe3ka. MHOX>XeCTBO HPpPallHOHAJIbHBLIX YHCeN He SIBJISIETCS 3aMKHYTbIM,
TaK KaK He COLEpXHT Bce CBOH TOUKH NMPHKOCHOBEHHS, C/le]oBaTeb-
HO, OHO He KOMIAaKTHO.

500. Ha 6eckoneuHoM MHoxecTBe T naHa TonoJiorusi 3apHccKoro.
Hoka3atb, uTo T — KOMNAKTHOE TOMNOJIOTHYECKOe MPOCTPAHCTBO.

PeweHue Ilyctb cucrema oTKpbITBIX MHOXecTB U, o6pa3yeT
MOKPHITHe NMpocTpaHcTBa T:

T=y U.. (1

[Toka)keM, 4TO H3 3TOr0 MOKPLITHS MOXHO BbI6GpaTb TaKylo MOJACHC-
TeMy, COCTOSILLYI0 H3 KOHeyHoro uucaa noamuHoxects U,,, Uq,, ...,
U,,, uto

n

T= U Us, (2)

Bo3bMeM npoH3BOJIbHOE OTKPLITOE MHOXKeCTBO U,,, MpHHaLIeXKallee
nokpoiTHio. Toraa T\U,., — KOHeuHOoe MHOXeCTBO:

T\Uay= U M (3)

rae M; — touku T. O6o3Hauum uyepe3 U, 0QHO H3 MHOXECTB CHC-
i
TeMbl {U,}, KoTopoe comepHT TouKy M;. Takoe MHOXeCTBO B cHJay

(1) Bcerma cyuwecrByer. Takum o6pa3om, U, MiC-D, U,. Orciona

u3 (3) caenyer (2).

501. Ha nnockoctu E; Tomosiorus 3ajlaHa Tak, Kak yKa3aHo B 3a-
nadve 444. Jloka3aTb, 4to MHOXecTBO T: T={M (x, y)|a<<x<< b} —
ABJIIETCA KOMIAKTHBIM.

502. Jloka3aTb, YTO KOHeyHoe OObeJHHEHHE KOMIAaKTHbIX MHO-
XKeCTB TONOJIOTHYECKOTo NMPOCTPAHCTBA SIBJSAETCH KOMIAKTHLIM MHO-
xectBoM. [IpuBecTH npumep 6eCKOHEUHOM CHCTEMbl KOMIAKTHBIX MHO-
XKeCTB HEKOTOPOro TOMOJIOIHYECKOTrO NMPOCTPaHCTBA, 0ObelHHEHHE KO-
TOPbIX He SIBJISIETC KOMIAKTHbIM.

503. [loka3aTb, 4TO MHOXecTBo T, cocTosiliee H3 [BYX ToOuek,
TOMOJIOTHA KOTOPOro onpejesneHa B 3anaue 448, ABjsieTcsl CBA3HBIM.
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P e we Hue. Tonosoruueckoe npocrpaHcTBo T Ha3blBaeTcs CBS3-
HBIM, €CJIH ero HeJib3si NPeACTaBUTb B BHAe OGbelHHEHHS ABYX He-
nepeceKalolXcsi HeTPUBHAJbHBIX OTKPBITHIX MOAMHOXECTB, T. €. N0J-
MHOXECTB, OTJIHYHBX OT MYCTOr0 MHOXECTBAa H BCEro MPOCTPaHCT-
Ba. B 1aHHOM TOMNO/MIOrHYECKOM MPOCTPAHCTBE OTKPLITHIMH MHOMXECT-
BaMu sBasiiotess &, T=f{a, b} u {a}. Tak KaKk HeTpUBHaA/bHOE OTKpHI-
TOe MMOJMHOXECTBO €IHHCTBEHHO, OHO paBHO {a}, To T Heab3s Npex-
CTaBUTb KaK oGbefHHEHHE [BYX HerepeceKaloUHXCsl OTKPBITbIX MHO-
xectB. CienoBatenbHo, T CBSI3HO.

504. Byaer au TomnoJoruyeckoe npocTpaHcTBO T, cocTosiliee M3
3/IEMEHTOB @, b U ¢, CBSA3HbIM, €CJIH €ro TOIMOJIOrHs ONpejesieHa Tak,
KaK yka3aHo: a) B 3ajaaue 449; 6) B 3anaue 450.

505. Jloka3aTb, YTO MOANPOCTPAHCTBO PallHOHAJbHBIX YHCEN OT-
pe3ka [0, 1] He siBAsieTCS CBSI3HBIM TOMOJIOTHUECKHM MPOCTPAHCTBOM.

2 2
':T—%_? =1. Jloka3aTb,
YTO OHa He SBJAETCS CBSI3HBIM TOMOJIOTHYECKHM [POCTPAHCTBOM.

507. B Tonosnornueckom npocrpaHcTBe T paHO MHoxXecTBo @,
KOTOpOe OJHOBPEMEHHO SIBJSIeTCS OTKPHTbIM M 3aMKHYThM. [loka-
3aTh, uTO ecad C — cBs3Hoe noanpocrpaHctBo B I' u CND+*= J, 10
Cco.

508. [1aHbl cBsi3HblEe MOANPOCTPAHCTBA T4 TOMOJIOTHYECKOTO MPOCT-
paHctBa T, nepeceueHHe KOTOPbIX He nycTo. JlokasaTb, 4TO U T, —
CBsI3HOE€ MOANPOCTPAHCTBO.

509. Jloka3aTb, UTO 3aMblKaHHe CBSI3HOTO MOJANPOCTPAHCTBA CBSI3-
Ho. BepHo /in o6paTHOe yTBepXKiAeHHe?

510. Joka3aTtb, uTo OTpe3ok npsmoil E, — cBA3HOe noAmpoct-
PaHCTBO.

Pewe Hue Ilyctb oTpe3ok [a, b] He siBAsieTCS CBSA3HLIM MHO-
)KeCTBOM. JTO 03HauaeT, YTO CYILECTBYIOT 1Ba HEMYCTbIX MHOXECTBa
O, u O,, OTKpLITHIE B TOMOJIOTHH, HHAYUHPOBaHHOH Ha OTpe3Ke [a, b]
tonoJiorueil npsiMot E,, Takue, uto [a, b]=0, | Oq, O, N O2= Q.
[lyctb a € O,. lllapoBasi OKpeCTHOCTb TOYKH @ B HHAYLHPOBAHHOH
Ha [a, b] Tonosoruu umeer Bua O, (a)=[a, a+¢[. PaccMoTpuM MHO-
xecTBo M uHcen BHAa a-te, TaKux yto [a, a+¢[<=O,. O, — or-
KpbiToe MHOXecTBO, a € O,, moatoMy a Bxoaut B O, BMecTe C He-
KOTOPOH cBoedl WapoBoi okpecTHocTblo. Orciona ciaenyer, uto M
Henycroe. MHOXeCcTBO M orpaHHueHO CBepxXy TO4KaMH y, rae y=>b.
[TosToMy cyuiecTByeT TouHasi BepXHssi rpaHb ¢ MHoxectBa M. Ilo-
KaxeM, uto ¢ € O,. Ilyctb ¢ € O,. B cuay toro, uto O; — OTKpHITOE
MHOXECTBO, CYLLECTBYET W-OKPECTHOCTb |C— W, €+ [ TOUKH ¢, NpH-
Hagnexauas O,. [To3ToMy Ha npoMeXyTKe |¢— p, ¢ [ HET TOYeK MHO-
xecTBa M, T. e. CylIeCTBYeT UHCIO ¢ — W, MeHblllee ¢, OrPaHHYHBAIO-
wee M cBepxy. Mbl monyyusnu npoTHBOPeuHe C YTBepXKAEHHEM (=
=sup M. Takum o6pa3om, ¢ € O,. Ho O, — oTkpbiToe MHOXecT-
BO, M103TOMY CYLIECTBYeT §-0kpecTHOCTb ToukH | c— 8, ¢+ 8 [, KoTopas
uejqukoM npuHapiexHut O,. Tak kak c=sup M, To Ha NpoMeXyTKe
Jc—8, c¢[ cywectByer Touka p MHoxectBa M:[a, p[ < O,. Orciona
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cnenyer [a, c+8[ < O,, 1. e. ¢+ 6 € M. TloaTomy Touka ¢ He siB-
JsieTCsl BepXHell rpaHblo MHOXKecTBa M. Mbl noJjyuuau npoTHBope-
yHe, KOTOpPoe MOoKa3nBaeT, YTO MPEANOJNOKEHHE O HECBA3HOCTH OTpe3-
Ka [a, b] noxHo.

511. loka3aTb, 4YTO cJjeAylOlLlHe MNoAnNpocTpaHcTBa npsmoi E,
ABJSIOTCA CBA3HLIMH: a) WHTepBaJ |a, b[; 6) noayuHTtepBaa [a, bl;
B) Jyd |a, oof.

PeweHnune a) Bo3abmem npou3BoNbHYIO TOYKY ¢ HHTepBaJa
]a, b[. Tyctb x € Ja, b[. O60o3Hauum uepe3 T, OTpe3oK [c, x] HAH
[x, c]. flcHo, uTo Ja, b [= L} Tx, N T.=c+* @&.Kaxnasi or-

x e ]a, b x € Ja, b
pe3ok T, cornacHo 3anaue 510 siBasieTcsi CBA3HBIM MHOXKecTBOM. [To3-
TOMy W3 3anauu 508 caeayer, uto HHTepBaJa |a, b [ — cBsi3HOe MoOA-
NpOCTPAHCTBO.

512. Jloka3aTb, YTO BBINYKJIO€ MHOXXeCTBO MJIOCKOCTH E, ABjs-
eTcsi CBA3HLIM noanpocrpaHcTBoM. CrpaBeisHBO JH o6GpaTHoe YT-
BepiKIeHHe?

513. loka3aTb, 4TO MOANPOCTPAHCTBO NpsiMod E, Torna u ToJb-
KO TOTAa SIBJSIETCS CBAA3HBIM, KOIZla OHO BbIMYKJO.

514. Ha nnockoctu E; Tonosorus 3ajaHa Tak, Kak yka3aHo B 3a-
naue 444. Ilyctb P — o6beauHeHHe IBYX moJynjiockocted P=P; |J

U Py, Pr={M (x, y)|ly=2}, P,=M (x, y)|y<< —2}. loka3aTp, uTo

P — cBsi3HO€e MOANPOCTPAHCTBO.
515. Ha niockoctu E; 3a1aHa KOHUEHTPHYECKAsi TOMOJOTHA (CM.

3ajauy 451). Jausl gBaayua [y ={M (x, y) |x=0,y=2}u lL={M (x, )|
y=0, x=>2}. Byaer au noanpocrpaHctBo L=/, {J [; CBA3HbIM?

516. [IpuBecTH npumep TakoH TOMoOJOrHH miaockoctH E;, B Koro-
poil OKPYXXHOCTb He SIBJSIETCA CBAI3HBIM MOAMNPOCTPAHCTBOM.

§ 21. HENPEPbIBHbIE OTOBPA)KEHHA
TONMNOJIOTHYECKHX MPOCTPAHCTB. TOMEOMOP®H3Mbl

Jlutepatypa: [2], § 37.

517. Ha naockoctu E; 3ajlaHa KOHUEHTpHYECKas TOMOJNOTHA (CM.
3anauy 451). BoisaicHUTB, siBASieTCSA JIH HeNpepLIBHbIM OTOODAXKEHHEM:
a) NoBOpOT BOKPYI HauajJa KOOpPAHHAT Ha yroa ¢; 6) romoreTHs c
LEHTPOM B HauaJjle KOOPAHHAT; B) oceBas CHMMETPHS C OCbIO, Mpo-
XOAsillei yepe3 LEHTP; I') MnapaJule/ibHbli MepeHoC Ha HeHYJeBOH
BEKTOP.

Pemenune a) Ham Heo6XOAHMO BBHISICHHTb, SIBJISIETCA JH NPH
yKa3aHHOM BpallleHHH npoo6pa3 OTKPLITONO MHOXKeCTBa TaKXe OT-
KpbIThiM. Kak cneayer u3 3ajauu 451, B KOHUEHTPHUYECKOH TOMNOJIO-
THH MHOXXECTBO B TOM H TOJIbKO B TOM CJyuyae SIBJASIETCS OTKDbLITbIM,
KOT/Ja OHO BMeCTe C KaXX[0H CBOeH TOYKOH COJepXKHT OTKPbITbIH KPyr
C LUEHTPOM B HauaJje KOOpAMHAT, KOTOPOMY MPHHAIJIEXKHT 3Ta TOU-
Ka. [1pu BpalueHHH BOKPYT HauaJjla KOOPAHHAT OTKpBITbie KPYTH Mnpe-
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o6pasyioTcsi cami B ce6s. [ToatoMy npoo6pa3 OTKPBITOrO MHOXKECT-
Ba npeo6pa3yercsi cam B cebsi, T. e. sIBISIeTCS OTKPBHITHIM.

518. Ha naockoctu E; Tomosorusi 3ajaHa Tak, Kak yKa3aHo B
3anave 444. BbLIAcHHTb, SIBJSIETCA JIH HenpephiBHBIM OTOGpaKeHHeM:
a) mapaJiiesbHbl MepeHoC Ha NPOH3BOJIbHBIA BEKTOp; 6) oceBasi CHM-
MeTpHusa ¢ ocblo Ox; B) oceBas CHMMETPHS OTHOCHTEJNbHO MPSAMOH
Yy=x; T) rOMOTETHS C LEHTPOM B HauaJie KOOPAHHAT, 1) MNOBOPOT
n
2_ .

519. JaHo TonoJordueckoe npocrpaHctBo T, cocTosiliee U3 ABYX
touek: T=/(a, b}. Tononorus Ha T onpeneneHa Tak, KaK yKa3aHo B
3ajaue 448. BhisicHUTb, sBJseTCS /1M HeNpPEpPbLIBHBIM OTOGpaXKeHHe
¢:T—>T, ecan ¢ (a)=b, ¢ (b)=a.

520. /laHn ABa TOMOJIOTHYECKHX mpocTpaHcTBa T)=f{a, b, ¢} u

BOKpYI HayaJia KOOpAHHAT Ha yroJ

Ty=|a, b}. Tononorus Ha T, onpeaeseHa Tak, Kak yKa3aHo B 3aja-
ye 449, a Ha T, — TakK, KaK yka3aHo B 3afaue 448. Oto6pakeHHe ¢:

T\—T; umeer Bun @ (@)=a, ¢ (b)=>b, ¢ (c)=>b. Jlokasatb, 4To ¢ —
HenpepbiBHOE 0TOGPaXKeHHe.

521. [laHbl gBa TOMOJIOrHUECKHX npoctpaHctBa T,=la, b, ¢} u
Te=fa, b, c]. Tononoruss Ha T, 3ajaHa Tak, Kak yka3aHo B 3aja-
ue 449, a Ha T, — TakK, KaK yka3aHo B 3ajaaue 450. Bynet au oto6pa-
KeHue @:T,—T, HenpepbiBHBIM, ecau: a) g (a)=a, ¢ (b)=b, ¢ (c)=c;
6) ¢(a)=a, ¢ (b)=>b, ¢(c)=b.

522, JlokasaTb, 4TO napaJJejbHoe MPOEKTHPOBaHHE OAHOTO MOA-
NpPOCTPpaHCTBa MJIOCKOCTH E; Ha apyroe sBJIfe€TCS HenpepbiBHbIM
oTo6pakeHHeM.

523. Ilyctb ¢: E; >E, — oTo6pakeHHe eBKJIHAOBOH MJOCKOCTH B
€BKJHAOBY MPAMYIO, OfpeeseHHOe ¢ NOMOLLbIO GYHKUHH 2= ¢ (X, Y).
Jloka3saTb, UTO ¢ AIBJSETCS HenpepbiBHBIM 0TOOpAXKeHHeM TOMOJIOTH-
yeckoro npocrpaHctBa £, B Tonosioruueckoe npocrtpaHctso E, Torna
H TOJIbKO TOTAA, Koraa ¢yHKUHs ¢ (X, y) HenpepbiBHaS.

PeweHue Heo6xomumoctb. [JaHOo, uTO mpH OTOGpa*KeHHH @
npoo6pas no60ro OTKPLITOro MHOXKecTBa NpsiMoi E| siBAsieTCs OTKPHI-
TbIM MHOXecTBOM. Tpe6yeTcs [A0OKa3aTb, YTO AJAA JIO6OH TOUKH
Mg (x0, yo) u 1060ro ¢ >0 cyuwectByer Takoe 6 >0, 4To ecaH Koop-
JHHATH NPOM3BOJILHOH TOUKH M (X, y) yAOBNETBOPSIOT HepaBeHCTBAM

lx—xol <8, ly—yol <8, (n
TO

lo (x, y)—@ (xo0, Yo) | <e. (2)
3aduKkcHpyeM NpOH3BOJbHOE M0J0XKHTeNbHOe €. PaccmoTpum & —

okpecTHOCTb O, (20)={z ||z — 20| < &} Touku 2o=¢ (Mo). Tak Kak oHa
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AIBJISIETCS OTKPBITHIM MHOXecTBOM npsiMod E,, To ee npoobpas U=
=@ ' (O (20)) npeacTaBasieT co60i OTKPHITOE MHOXECTBO MJAOCKO-
ctu Eo. Mo € U, nmostoMy cyuectByeT p-okpectHoctb O, (Mg)=

={M (x, y) | V(x —x0) +(y — yo)* < p} Touku M,, Takas, uto O, (Mo) =
< U. PaccMoTpuM oTKpuiThifi kKBaapaT K c ueHTpoM B Touke Mo,

CTOPOHA KOTOPOTrO HMeeT IJIHHY 6=T2": K={M (x, y)||x—x0|l <8,
|y —yo| < 8). AcHo, uto K = O, (M), cnepoBatensto, K — U. Takum
06pa3oM, nio6omMy € >0 NOCTaBJeHO B COOTBETCTBHE M0JI0XKHTENbHOE

6=-2—2u. Ecau koopauHaTol ToukH M (x, y) YyIOBJETBOPSIOT Hepa-

BeHcTBaM (1), To M€K, cnenoBatenvHo, MEU u ¢ (M) € O, (¢(My)).
OTcloaa pacCTosiHHe MEXAY TOYKaMH @ (x, Y) H @ (Xo, Yo) npsiMOit E
MeHbllle €, T. €. BbiNoJHeHO (2). PyHKuHA @ (x, y) HenpepbiBHas.

HocrarouHoctb. [lokaxkeM o6paTHoe, T. e. JOKaXKeM, 4TO H3 He-
npepuiBHOCTH (PYyHKUHH 2=¢ (X, Y) ClleyeT HenpepbiBHOCTb 0TO6pa-
XeHusi ¢. PaccMOTpHM Nnpou3Bo/IbHOE OTKpPHITOE MHOXecCTBO V nps-
moii E,. Tpe6yeTcsi 10Ka3aTh, YTO €ro NoJHblil npoobpas U=¢ ' (V)
TaKXe fIBJSETCS OTKPHTHIM MHOXeCTBOM MIOCKOCTH E,. [TycTb Touka

2o=@ (Mo)€V. Tak Kak V — OTKpPbITOE MHOXECTBO, TO CYLLECTBYeT
g-okpecTHOCTb O, (20)=(z | |z— 20| <€} TOuKH 2o, Takas uto O, (2¢) =

< V. Touka Mo (xo, yo) npuHamnexut U. [Tokaxem, uro Mo npuHan-
aexuT U BMecTe ¢ HEKOTOPO#H cBOel 11apoBO#l OKpPecTHOCTbIO. PyHK-
uus z=¢ (x, y) HenpepoiBHas. [103TOMy A/l yKa3aHHOIO & CyluecT-
Byer 6>0, Takoe, uto AJs Toyek M (x, y), KOOPAHHATHI KOTOPHIX
YIOBJIETBOPSIIOT HepaBeHcTBaM (1), BbIMOJIHEHO HepaBeHCTBO (2).
Paccmotpum §-okpectHocTb O (M) TOYKH Mo:Os (Mo)={M (x,y)|

V(x—x0)> +(y — yo)? << 8). OueBHAHO, KOOPAHHATBHI JI0GOH €e TOUKH

ynosnerBopsioT (1). TMostomy ans touek z=¢ (M), M € Os (M),
BbinoJiHeHo (2), T. e. z € O, (20). Orciona cienyer, uro Os (Mo) = U.
Jlio6as Touka BxoaHT B U BMecTe C HEKOTOPOH CBO€ii LIapoBOH OKpecT-

HocTblo. [loaToMy U — OTKpbITOE MHOXECTBO. YTBepXKIeHHE N0Ka-
3aHo.

524. Tlyctb @:E,—E, — oto6paxeHHe eBKJIHAOBOH MpPsSIMOH B ce-
651, 3ajaHHOe C mnomouiblo (yHKuuH y=¢ (x). [Joka3atp, yTO OTO-
6GpaxkeHHe ¢ TOMOJOTHYECKOTO npocTpaHcTBa £, B ce6s Toraa H ToJb-
KO TOT/la sIBJISIeTCS HeMpepbiBHbIM, KOraa ¢ (x) — HenpepbiBHAs ¢YHK-
HA.

525. Ilycts @:Ey—E; — oTto6pa)keHHe eBKJIHAOBOH MJIOCKOCTH
B ce6si, 3ajlaHHOe C MOMOLLbIO GYHKUHH x' =@, (X, ¥), Yy’ =@z (X, Y),
¢ (x, y)=(¢1 (x, y), @2 (x, y)). [lokazaTb, UTO OTOOpPaXKEHHE ¢ TOMOJIO-
rHyeckoro npocrpaHctBa E,; B ce6si Toraa M TOJNbKO TOrAa fABAsiETCA
HenpepbiBHBIM, Koraa @ (x, Y) H @2 (X, y) — HenpepbiBHble (PYHKLHH.

526. [1yctb @:E,—E; — oto6pakeHHe €BKJIHAOBOH MNpsiMOii B
TpexMepHoe eBKJIH0BO NPOCTPAHCTBO, 3aJaHHOE C MOMOILbIO Py HKUHH
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X=x(),y=yt),2=z(), ¢{t)=(x(¢). y (¢), z(¢). JokasaTb, uto ¢
TOTAa M TOJIbKO TOrAa SIBJSIETCS HelnpepbiBHBIM OTOOpaKeHHeM TOIo-
Joruyeckoro npocrtpaHcrsa E, B TomoJsoruueckoe npocrpaHctBo Ej,
Koraa x (¢), y (¢), z () — HenpepbiBHble ¢yHKUHH. CHopMyaHpoBaTh H
JOKa3aTb aHaJOTHUHOe yTBepXieHHe AJs oTobpakeHus ¢:E,—E,.

527. Ilycrb @:Es—E; — oTo6pakeHHe eBKJHIOBOH MJIOCKOCTH B
eBKJIHI0BO TpPeXMepHOe MPOCTPAaHCTBO, 3ajJlaHHOe C NMOMOLIbIO (PYHK-
uui x’=x (u, v), y’' =y (4, v), 2’ =2 (4, v), ¢ (4, v)=(x (4, v), y (4, v),
z (4, v)). Joka3aTb, UYTO @ TOTAa U TOJIbKO TOTAa SIBJASIETCA Henpe-
pbIBHBIM OTOGpaXkeHHeM TOMOJOrHYeCKoro npocrpaHcrBa E, B Tomno-
Joruyeckoe npocrpaHctBo E3, koraa x (4, v), y (4, v), 2 (4, v) — Henpe-
pbiBHble (DYHKLHH.

528. Byner au aBHXKeHHe mJyockocTH E, HenpepuiBHbIM OTOGpa-
)KeHHeM MJIOCKOCTH Ha ce6si?

529. Bynet au nopo6ue naockoctu E, HenpepblBHBIM OTOGpaXKe-
HHEeM MJIOCKOCTH Ha cebsi?

530. Byner au acd¢dunHOe npeobGpa3oBaHKHe TOueK MIOCKOCTH Ej
HenpepbiBHBIM O0TOOGpaKeHHeM MJIOCKOCTH Ha cebs?

531. JaHo orto6paxkeHue ¢:E;—E,, onpeneneHHoe ¢YHKUHAMH
x'=ye*, y’ =y’¢*. Jloka3aTb, uTo OHO HenpepbiBHOe. Byner Ju o6pa3
npsAMod y=1 3aMKHYTbIM MHOXXECTBOM IpH 3TOM OTOGpa>KEeHHH?

532. Jloka3aTb, YTO OTOGpaXK€HHEe OJLHOTO TOMOJIOTHYECKOTO Mpo-
CTPaHCTBa B Jpyroe Toraa H TOJIbKO TOrJa HenpepbiBHO, KOrja npo-
o6pa3 1106010 3aMKHYTOr0O MHOXeCTBAa 3aMKHYT.

533. HokasaTb, uto oTo6paenue f:T;—T, Toraa u ToJNbKO TOraa

ABJsIeTCH HenmpephiBHbIM, Koraa f (A) = f (A) ans mo60oro MHOXKecCTBa
A u3 T|.

534. Jloka3aTb, UTO MpPH HenpepbLIBHOM 0TOOpaKeHHH o6pa3 CBA3-
HOTO MHOXXECTBa SIBJISIETCS1 CBSI3HbIM.

535. Jloka3aTb, UTO NpPH HenpepbiIBHOM O0TO6paKeHHH o06pa3 KOM-
MaKTHONO MHOXXECTBa SIBJISIETCS] KOMIAKTHBIM.

536. [MpuBecTH nNpuMep TAaKoro HenpepbiBHOTO OTOGpa’KeHHS OJ-
HOTO TOMOJIOTHYECKOro NPOCTPaHCTBA B ApYroe, NpH KotopoM: a) oO6-
pPa3 OTKPLITOrO MHOXeCTBa siB/IsieTCA 3aMKHYTbIM; 6) npoobpa3 cBs3-
HOrO MHOXXeCTBa He SIBJIAETCH CBSI3HHM; B) NMPoo6pa3 KOMMNAKTHOTO
MHOXKeCTBA He SIBJISIeTCS] KOMMAKTHbBIM.

537. Ilyctb [ — HenpepbiBHAsA (YHKUHS Ha TONOJOTHUECKOM
npocrpaHctBe T, T. e. HenpepbiBHOe oTo6Gpaxenue f:T—R,. Ilon
HyseM QyHKUHMH [ mOHMMaeTcs Takasi Touka X npocrpaHctBa T, aas
kotopo#t [ (X)=0. [1loka3aTb, 4TO MHOXXECTBO HYyJIeH 3aMKHYTO.

538. [oka3aTb, yTo mpocTpaHcTBO I TOrAa M TOJbKO Torjaa He-
CBSI3HO, KOTJa CyllecTByeT HenpepuiBHasi ¢yukuus f[:T—E,, npu-
HHMalollasi POBHO [Ba 3HaYeHHS.

539. Hoka3saTb, uto oTo6pakeHHe @:T—Ty ABYX NOANPOCTPAHCTB
npsiMod E, siBiasieTci romeoMoppH3IMOM:

a) T,=[0, 1}, To=[3, 5], ¢ (x)=2x+3;
6) Ti=]—oo, ® [, T:=]0, + oo [, (x)=¢
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B) I'=]0, 4+ 00 [, Ty=] — o0, oo [, ¢ (x)=Inx;
r) Ti=]—g, 5[ Te=]—o0, o[, ¢ (x)=tg x;
a) Ty=]—o0, oo [, To=]0, n[, ¢ (x)=arcctg x.

Pewenue a) Oro6pakeHHe ¢ TOMOJOrHYECKOrO MPOCTPAHCT-
Ba T, Ha TOMNOJIOTHYECKOE MPOCTPAHCTBO Tp Ha3niBaeTcsi roMeoMOp-
($H3MOM, ec/iH OHO SIBJISIETCS HeNpepbiBHBIM H HMeeT o6paTHOe OTO-
6paxkeHHe, KOTOPOe TaKxKe siBJsieTcsl HenpepbiBHbIM. JlaHHOe oTOGpa-
XeHHe @, onpenensieMoe ¢yHKUHe#d ¢ (x)=2x-+ 3, HenpepbiBHO, TaK
KaK ¢yHKuus ¢ (x) HenpepbiBHa (cM. 3ajauy 524). Jlerko Buaers,
yTo o6paTHoe oTo6paxeHue ¢~ ':[3, 5] — [0, 1] onpenenexo pyHkuue

o' (x)=%x—%. Tak kak ¢yHkuus ¢ ' (x) HenpepbiBHa, TO OTO-

Gpaxkenue ¢~ ' Takxke HenpepbiBHO. [ToaToMy ¢ siBiAsieTCs romeo-

MOP(H3MOM YKa3aHHbIX TOMOJIOTHYECKHX MPOCTPAHCTB.
540. Onpenenuts PyHKUHIO Yy =@ (x), KOTOpasi ycTaHaBJ/HBaeT ro-
MeoMop(H3M Mexay noanpoctpaHctBaMu T u T, npsamoi E;:
a) T,=la, b], To=|c, d};
6) T\=]— o0, oo, To=]a, b|;
B) T|=]—®, G){, T2=]a, oo [,
r) T\=]—o0, co[, To=]—o0, af;
J.'l) T.=]a, b[’ T2=]C, oo [

PeweHue 6) Uckomas GyHKUHA HOMKHA YAOBNETBOPATH CJe-
NylOUHM ycaoBHsIM: 1) oTo6pa)kaTb NoAnpoctpaHcTBo T Ha moj-
npoctpaHcTBo To; 2) sABAATbCA HenpepbiBHOH Ha T,; 3) umeTb 06-
paTHyl0 (YHKUHUIO, KOTOpPas HenpepbiBHa HAa Ty. YuMTbIBas npeabiay-
wyto 3agauy (cm. 539, d), 6yaeM uckaTb QYHKUHIO Y= (x) B BHIE

y=p arcctg x+g. Tak Kak lim y=a, lim y=>b, To pn+qg=a, g=>.
X+ -4 oo

X— — 00

Orclona y=a—b arcctg x+b. HalinenHas ¢yHKuHA HenpepbiBHA Ha
Bceii npamodl E,. OHa umeeT o6GpaTHylo: y=ctg%x__Tb), KoTopas

Ha uHTepBaJte |a, b[ HenpepbiBHa. [losToMy ¢yHKuus @ (x)=
a—b

arcctg x+ b uckomas.

541. loka3aTb, YTO ABHXXEHHE MJOCKOCTH SIBJISIETCH FOMEOMOp-
(pH3MOM MJIOCKOCTH Ha cebs.

PeweHue. JIBHXKeHHE NMIOCKOCTH — HenpepbiBHOE OTOGpaxe-
HHe IJIOCKOCTH Ha cebs (cM. 3aaauy 528). O6paTHoe npeobpa3oBaHue
TaKXe SIBJsETCA ABHXKEHHEM, MMO3TOMY OHO TaKxXe HempepbiBHO. OT-
clola cjeayeT, uTO ABHXXeHHe MNpeiacTaBasieT co6oii romeoMopdu3am
naockoctu E; Ha cebs.

542. loxa3aTb, yTo nojo6Gue ToYeK MJOCKOCTH E, siBjsieTcs ro-
MeOMOpP(PH3IMOM MJIOCKOCTH Ha cebsl.

543. IlokasaTb, uTo apcuHHOE npeobpa3oBaHHe TOYEK MJIOCKOCTH
E, siBnsieTcss roMeoMop($H3MOM MJIOCKOCTH Ha ce6s.
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a) 9)

Puc. 66

544. [loka3atb, uto noanpoctpauctBa I, u T2 naockoct E,
romeoMopdHu Mexay co6oii: a) T u Ty — ABe OKPYXKHOCTH; 6) T u
T, — nBa OTKpHITHIX Kpyra; B) T u T; — nBa TpeyrosabHuka; r) T, —
3aMKHyTas JioMaHasi, COCTosiulasi H3 Tpex 3BeHbeB, Ty — OKPYX-
Hoctb; a) T, — napa6oaa, T, — npamass JauHusA; e) T, — ru-
nep6osa, Ty — napa HenepeceKaloWUXCA HHTEPBAJIOB.

PeweHue r) YcraHoBUM B3aHMHO OJHO3HAYHOE H B3aHMHO
HenpepbiBHOe OoTO6paXkeHHe JoMaHOH T Ha OKPYXHOCTb Ty. YuHTHI-
Basi 3ajlaud 544, a u 544, 8, 6e3 orpaHHyeHHsI OOLIHOCTH MOXHO CUH-
TaTb, UTO OKPYXXHOCTb T onmucaHa BOKpYr JomaHo# T, mpHueM ee
LeHTP HAaXOAHTCA BHYTPH JloMaHOH (pHc. 65). Kaxno# Touke M Jo-
MaHOH NOCTaBHM B COOTBETCTBHE TOuKy M’=¢ (M) — ueHTpasb-
HYIO MpoeKLHI0 TOYKH M u3 peHtpa O Ha OKpYXKHOCTb. JTO OTOGpa-
XeHHe sIBJIsieTCS B3aWMHO OfHO3HauHuiM. [lokakeMm, uto oToGpaxe-
HUsL @ U ¢~ ' wenpepbiBHble. [TycTb U’ — OTKPHITOE MHOXECTBO OK-
py>KHocTH T2 B TONOJIOTHH, HHAYUHpPOBaHHOH Ha T, TomoJiorHei nJaoc-
KocTH £,. D10 03Hauaer, yTo Kaxjaas Touka M’ Bxoaut B U’ Bmecrte
CO CBoeli 1IapoBOi OKPeCTHOCTbIO, KOTOpasi B CBOIO ouepelb SBJISA-
eTCsl OTKPLITOH AYyrod OKpy»XHocTH T, cepeiHHa KOTOPOH coBmnajaer
c Toukoit M’. Ham Heo6x0auMO NoKa3aTh, uto npoobpas U=¢ ' (U’)
MHOXecTBa U’ siBJfleTCSI OTKPHITHIM MHOXeCTBOM JomaHoi Ty. las
3TOro AOCTAaTOYHO [0Ka3aTb, YTO NMPoo6pa3 1WapoBOi OKPECTHOCTH
TOYKH M’ sBiAsieTCsl OTKPLITHIM MHOXecTBoM B T, T. e. mepeceue-
HueM T| H OTKPLITOrO MHOXECTBa MJIOCKOCTH Ej.

—/

Paccmotpum, Hanpumep, otkpoiTyto ayry N{Nj. Ilyctb ¥ — BHYT-
peHHsist o6aacTb yraa N{ON5. OHa COCTOMT U3 BHYTPEHHHX TOYeK yrJa
H fIBISIETCS OTKPBLITHIM MHOXECTBOM IJIOCKOCTH E» (HOKaXXHTe 3TO

~—/
yTBepXaeHHe camocTosiTeabHo). [Tpoobpas ¢~ ' (N/Nj) coBnanaer ¢

\—
nepeceuenuem T ) ¢. [Toatomy @~' (N{N3) otkput B T,. Takum 06-
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pa3om, ¢ — HenpepbiBHOe OTOoO6paXkeHHe. AHAJIOTHYHO JOKa3blBaeTcs,
yTo ¢~ ' — HenpepbiBHOE OTOGPaXKeHHe.

545. JlokasaTb, 4TO OTOGpakKeHHe OTKPLITOrO Kpyra paauyca r
C LEeHTPOM B HauaJjle KOOpAHHAT Ha MJOCKOCTb E;, omnpenensiemoe
x Y

y=
r—V<+y r—Vx'+yt
MOM.

546. HenpepuiBHOe oToGpakeHue ¢, omnpefesnsieMoe ¢opmyJiaMu
Xx=rcos {, y=r sin ¢, B3aHMHO OJHO3HAYHO OTOGpa’KaeT MoJyHHTep-
Bas [0, 2n [ HAa oKpyXHOCTb x°+y?=r?. JloKka3aTh, uTO 3TO OTO6pa-
)KeHHe He SIBJISIeTCS roMeoMopdHIMOM.

547. B npocrpanctee E; nana copepa S:x2+y 4 (z2—r)P=r%
OHa ueHTpasnbHO npoeunpyercs u3 Touku A =(0, 0, 2r) Ha KacaTesb-
Hyl0 mjockoctb Oxy. HaliTH ¢dopMysibl Takoi npoekuHu (OHa Hasbl-
BaeTrcsi cTepeorpacduuyeckoit). JlokazaTtb, 4To 3Ta MPOEKUHs yCTaHaB-
JIHBaeT roMmeoMopdu3M MexAay chepoilt S, H3 KOTOpOH yAajieHa TO4Y-
Ka A, ¥ NJOCKOCTbIO.

548. Jlaubl TonoJiorndyeckue npocrpauctBa T, u T, [ — romeo-
mopcduam mexay HUMH. Y, < T,, Y, < Ty, f Y, =Y, Jdoka3aTts, uro:
a) int Yo=f(int Y,); 6) ext Yo=f(extY));

B) dY.=f(aY)), r) Yo=Y,

549. [lycrp T — TomosiorHueckoe MpocTpaHCcTBO, M — ero Touka.
O603HauyuM uepe3 i (M) uucio HenepeceKalOUIMXCH OTKPLITHIX CBA3-
HbIX MHOXeCcTB, OObelHHeHHEe KOTOpbiX coBnagaer ¢ T'\M (uucio
CBSI3HbIX KOMIIOHEHT npoctpaHcTBa T\M). [loka3aTb, uto uucio i (M)
He MeHsileTCsl MpH romeomopduame.

550. oka3aTb, uTO OTpe30K, HHTepBaJ, MOJYHHTEpPBaJ, OKPYX-
HOCTb, TpeHora (puc. 66, a), kpect (puc. 66, 6) nonapHo He romeo-
MopdHB MeXay co6oi Kak MOANPOCTPaHCTBA MJIOCKOCTH Es.

551. lokasaTb, 4TO 3Jaaunc, runep6osna W napa6Gosa nomnapHo
He roMeoMop(dHbl MexXAy co6oH.

552. HaiiTh Bce NMOBepXHOCTH BTOPOro MNOpsiiKa MPOCTPAHCTBA
E3, xotopble romeoMopdHbl: a) cdepe Sq; 6) MJIOCKOCTH; B) 3JJHM-
THYECKOMY LHJHHAPY; T) mape napaJjejbHbiX MJOCKOCTEH.

popmynamu x’ = AABJISIETCA TOMeOMOpPGH3-

§ 22. TOMNOJIOTHYECKHE MHOIOOBPA3HS

Jlutepartypa: [2], § 40—43.

553. laH Tterpasap ABCD. Jloka3aTb, 4TO €ro rpaHu — Tpe-
yroabiuku ABC, ABD, ACD w BCD — npeacraBasiotr co6oit Kie-
TOYHOe pa36GueHHe GOKOBOH NMOBEPXHOCTH TeTpasjpa.

Pewe nue. Iloa kierkoit mouuMaercs Jio6oe MHOroo6pasue
KpaeM, roMeoMop¢HOe BhiyKJIOMY MHOTOYroJbHHKy. O6pa3bl BepLixH
¥ peGep MHOroyroJbHHKa MpH 3TOM romMeoMopdu3Me Ha3blBaIOTCH
COOTBETCTBEHHO BepLIHHAMH H CTOPOHAMH KJeTKH. ['oBopsT, uto aaHo
KJ1eTouHoe pa3bueHue AByMepHOro MHoroo6pasus F, ecili ero MOXHO
npeacTaBUTb KaK o6belHHEHHe KOHEYHOro uucaa kmaetok F, ..., Fi,
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Puc. 67 Puc. 68

TaKHX, YTO MepeceueHHe JIOObBIX JBYX KJaeTok JH60 mycro, aH60 COB-
najaetr C BepLIMHOH, JHO0 coBrnajaer CO CTOPOHOH 3THX KJETOK.

['panu TeTpasapa npeiactaBisilOT COG0H TPeyroJbHHKH, T. €. Bbl-
nyKJable MHOroyroJbHukd. Tpeyroabuuku ABC, ABD, ACD u BCD
nepecekalorcsi no o6wum pe6paM. [ToaToMy OHH CJyXKAT KJAETOUHBIM
pa3bueHreM GOKOBOH MOBEPXHOCTH TeTpasipa.

554. Bokpyr ky6a onucaHa c¢epa. BbokoBass moBepxHocTb Kyb6a
npoeLHpyeTcs M3 ero LeHTpa Ha cgepy. [lokasatb, uto o6pa3bl rpa-
Hell MOXXHO pacCMaTpHBaTb KaK KjaeTouHoe pa3GHeHHe Cdepbl.

555. Ha cdepe S naHa okpyXHoCcTh ®. Jloka3aTtb, uTo ABa cepH-
yeckHx cerMeHta F, u F,, nepecekaiouuecs no o, o6pa3yloT Kjaerou-
Hoe pa36ueHde cdepbl S.

556. Haiitu knetouHoe pa36ueHue Topa (c¢epbl C OLHOH PYUKO#)
(puc. 67).

557. Haiitu kjeTouHoe pa3bueHue kpeHaeas (cdepol ¢ AByMsi pyu-
KaMmH) (puc. 68).

558. Nan npsamoyrosbHuk ABCD (puc. 69, a). OroxaecTBuM
Te TOYKH oTpe3koB AB u CD, KoTophe LeHTPaJbHO-CHMMETPUYHbI
OTHOCHTEJNIbHO LleHTpa npsiMmoyroJibHuKa. [losyueHHoe TonoJsiornueckoe
MHoroo6Gpa3ue Ha3biBaeTcsi 1MicTOM Mebuyca (puc. 69, 6). [Tocrpoutsb
ero KJeTouHoe pa36GHeHHe.

PeweHue. [Tyctb P u Q — TOYKH, ieXKauiHe Ha cropoHax BC u
AD npsamoyroabHHKa. Pa3spexem Jauct Me6uyca no otpe3ky PQ.
[Tonyuum nBymepHoe MHOroo6pasue, romeoMop¢Hoe MpsiMOYTroJbHH-
Ky. JleficTBHTe/IbHO, KaK BHAHO M3 PHCYHKa 69, a, otpeaku AB u DC
OTOX/eCTBJsI0TCSA, Touka A — ¢ Toukoit C, Touka B — ¢ Touko#t D.
Ha pucyHke 69, a, 6 oTmeueHa onHa H Ta »Xe Touka M. [Toatomy mno-

8 P C
M
P l
A Q D
9 Puc. 69
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Jly4yeHHbIH MPAMOYTrONbHHK NpeAcTaBisieT cCOO0H KJeTouHoe pa3bue-
HHe JHcTa Mebuyca.

559. IaH npamoyrosbHuK ABCD. OTOX1eCTBUM Te TOUKH CTOPOH
AB u CD, KoTopble LleHTpaJbHO-CHMMETPUYHbI OTHOCHTE/IbHO LleHTpa
npsiMoyroJbHuka. OTOX1eCTBUM Te TOUKH cTopoH AD u BC, pas Ko-
TOPbIX OTPe3KH, HX COeAHHsIOLHe, NapaJenbHbl ctopoHe AB. TMony-
yeHHOe TOMNoJIOrHYeckoe MHoroo6pa3ue Ha3biBaeTcsi GyTolikod Kueh-
Ha. [TocTpoHTh ero k/erouHoe pasbHeHHe.

560. laHa cdepa. OToKAeCTBHM TOYKH cdepbl, KOTOpble LEHT-
paJibHO-CHMMETPHUHBI OTHOCHTEJbHO LeHTpa. [losyueHHOe TOMOJIOTH-
yeckoe MHoroobpa3ue npeacrtaBjsieT co6oi Mojeib MPOEKTHBHOH
naockoctH. [lpsiMmas B 3TOoH Moaenu coBnajaeT ¢ MHOXeCTBOM Mnap
OTOXKIeCTBJIEHHBIX TOUYEeK, NMPHHAAMNEXKAlHX OKPYKHOCTH 60.bLIOTO
kpyra. [loka3aTb, 4To pas/jiHuHble npsimbie [y, l; U /3 pa3GuBaIOT 3TO
MHOroo6passe Ha KJeTKH.

561. HaiitTu 3fi1epoBy XapaKTepHUCTHKY TOMOJOTHYECKOTO MHOrO-
o6pa3usa M, eciu M npeacrasasieT co6oii: a) céepy; 6) Top; B) KpeH-
nenb (chepy ¢ ABymsi pyukamu); r) auct Mebuyca; A) OYTHUIKY
KuefiHa; €) MpPOEKTHBHYIO MJOCKOCTb.

PeweHue a) INon siiiepoBoit xapakTepucTHKo# % (M) nBy™mep-
HOro MHoroo6pasusi M noHumaercsi uucio y (M)=ao—a,+ o, Tie
Qo, &) H Gy COOTBETCTBEHHO YHCJIO KJIETOK, pebGep H BepLUHH KaKoro-
Au60 KaeToyHoro pa3bueHusi MHoroo6pasusi M. HM3BecTHo, uto 3TO
YHC/IO He 3aBHCHT OT Bui6opa K/eTouHoro pa3bueHus. s kJjerou-
Horo pa36ueHusi cdepbl, NOCTPOEHHOro B 3ajaue 554, ay =6, a; =12,
a;=28. Orciona [ (M)=2.

562. Jloka3aTb, YTO He CyLleCTByeT MHOrorpaHHHKa, romeomMopd-
Horo ccdepe, Bce rpaHd KOTOPOTrO IUECTHYTOJbHHKH.

563. BbisicHHTb, ABJIsIETCH JIM AByMePHOE TOMOJOrHYECKOe MHOTro-
o6pa3ne M opueHTHpYeMbiM, ecaH M npeacrasasieT co6oii: a) coepy,
6) Top; B) JucT Me6uyca; r) O6yToliky KneitHa; 1) npoekTHBHYIO
MJI0CKOCTb.

Pewenwune n) [lox opHeHTauHel KJETKH NMOHHMAETCS MOPSALOK
o6xoaa ee BepuiHH. OpHEHTALHH OBYX KJETOK, HMEIOLHX 061LYIO0 CTO-
POHY, Ha3blBalOTCA OJHHAKOBbIMH, €C/lH NPH 06XojJe BepLIHH KJIeTOK
B COOTBETCTBHH C HX OpPHEHTAUHUAMH OO6llas CTOPOHA MPOXOAHTCSH
B TMPOTHBOMOJIOXKHHIX HanpasieHHsix. MHoroo6pa3ue Ha3biBaercs
ODHEHTHPYEMbIM, €CJIH KJeTKH J1060ro ero KjJeTOyHoro pa3sbHeHHs
MOJXHO OPHEHTHPOBaTb OJlHHAKOBO. I3BeCTHO, UTO €C/IH 3TO CBOHCTBO
BbIMIOJIHSIETCA XOT Gbl A/151 OJHOIO KJEeTOYHOro pa3GHeHHS MHOro-
o6pa3usi, To OHO OyAeT CrpaBeAJHBO H A5 J060ro apyroro pasbue-
HusA. TakuM o6pa3oM, A/si TOro YTo6bl NPOBEPHTb, ABJAAETCSH JH MHO-
roo6pa3vie OPHEHTHPOBAHHBIM, JOCTATOUHO NMOCTPOHTb KIE€TOUHOE pa3-
6GueHHe ¥ OPHEHTHPOBATb OAHY H3 KJETOK. 3aTeM NPOBEPHTb, MOXHO
M4 nofo6parb OJHHAKOBble OPHEHTAUHH AN APYTHX KJETOK.

PaccMoTpuM Mozesnb NMPOEKTHBHOH MJOCKOCTH — c¢depy C OTOX-
JleCTBJIEHHbIMH JHaMeTpPaJibHO MPOTHBOMOJOXHBIMH TouKaMH. Bo3b-
MeM MpOHM3BOJIbHLIA TpexBepwHHHHK A, B, C, T. e. TPH TOUKH, He
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npHHaAJIeXallHe OJHOH NPSIMOH, H TPH A

npsimble, MX coeauHsiowne. Ha pac-

cMaTpuUBaeMoil MOJeNH npsiMble H306-

paxaloTcsi OKPYXKHOCTAMH  GOJIbLIHX

KPYroB C OTOXJECTBJI€HHbIMH JHaMeT-

pajibHO MPOTHBOMOJIOXHBIMH TOUKAMH. ,
Tpu OKpy»KHOCTH GoJibLIOrO Kpyra pa3- B 8
6uBaloT cepy Ha BoceMb ChepHUECKHX
tpeyronbuukos: ABC, BCA’, CB’A’,
ACB’, ABC’, AC’B’, A’B’C’, A’C'B
(puc. 70). IlpH OTOXKA€CTBJIEHHH AHa-
METPaJbHO MPOTHBOMOJOXKHbBIX TOUYEK
ckaeuBaiorc ToukH A 1 A’, B u B’
C u C’. TTo3TOMY TpHAHTYJIALIHSA MPOEK- Pre. 70

THBHOH [MJIOCKOCTH COCTOHT H3 YeThl-

pex TpeyroabHukoB: 1) ABC wuau

A’B’C’; 2) A’BC unu AC’B’; 3) A’B’C unu ABC’; 4) AB’C unu
A’BC’. Be3 orpanuyeHHsi OGILIHOCTH MOXHO BbIOpaTb OpHEHTALHIO
A — B — C tpeyroabhuka /. Ha pucyHke 70 oHa H3o6paxkeHa CTpeJ-
KoH. OpHeHTalHs OTOXKAECTBJEHHOro cgepHyecKoro TpeyrojibHHKa
uMmeet BUA A’ — B’ — C’. TpeyroabHuku I H 2 uMeloT 0611LyI0 CTOPO-
Hy BC. TloatoMy oaHHaKoBasi OpHeHTalUus TpeyrojbHHKa 2 ornpe-
nensierc nopsiakom C — B — A’ (oHa TakXXe u306pa)keHa cTpeJ-
KOH), HJIH B cUsly oToXKAecTBaeHus1 C’ — B’ — A. TpeyronbHuk 2 rpa-
HHUYHT C TpeyrojbHHKOM 3 no cropoHe A’C. JInsi Toro 4tro6bl HX
OpHEeHTalLHH ObIH OAHHAKOBbIMH, MOPALOK CJA€NOBAHHA BEPLUHH Tpe-
yrosibHuka 3 nosxked umetb Bua C — A’ — B’. Ho ¢ apyro# cTopoHsbl,
TpeyrojibHuKH 1 U 3 rpannuar no cropone A’B’. X opueHTauHu oaH-
HaKOBbl, eCJIH TpeyrosibHuk 3 umeer opueHtauuio C -~ B’ — A, T. e.
NPOTHBONO/NOXHYIO opHeHTauud C — A’ — B’. TlonyuyeHHoe mnpot-
BOpeuYHe MOKa3blBaeT, UTO AJiS KJIETOK MOCTPOEHHOro KJETOYHOro pas-
64eHHs1 Hesib3si BbIGpaTb OJMHAKOBOM opHeHTalMH. Ciie10BaTe/bHO,
NPOEKTHBHAS [JIOCKOCTb — HEOPHEHTHpyeMOe [ByMepHOe MHOroob-
pasue.



Fnasa IV.
JIMHUHU B EBKJIUAOBOM MPOCTPAHCTBE

§ 23. CBOACTBA BEKTOP-®YHKLHA

Juteparypa: [2], § 48.
564. HaiitH cymMmy, cka/JsipHOe H BEKTOPHOe MpPOH3BeJeHHS BeK-

Top-pyHKumit f (t) u g (t):

a) f(t)=(In Vi, —cos t, sint), g (1)=(2, sint, cos t);

6) f()=(1, £ 0, g )=(—t, 1, =1,

B) [(t)=(t cost, tsint, t), g (f)=(cost, sint, —1);

r) f(t)=(sin2t, €, —1), g(t)=((sint)~', e~*, (t4+1)"");

1) [()=ea+e Vb, gt)=e Va+e'b, rne a n b — BekTOpHI
npocrpanctBa Ej;

e) [(t)=tg ta+ctg tb, g ()=ctg ta+tgth, rae a u b — BeKTOpHI

npocrpaHcTBa Ej.
Pewenue. a) Koopauuarel cymMmbl, CKajisipHoe Npou3BeeHHe

M KOOpPAMHATHl BEKTOPHOTO MNpOH3BedeHHS ABYX BeKTOpP-pyHKLHH
FO=0a () x(t), x(0) n €= (1) y2(0) ys (1) nmeor sun:
FO+8 O)=(01 (t)+y1 (1), %2 (O)+y2 (O, x3 () +ys (),
F(6)-8 t)=x1 (&)-y1 () +x2 (£)-y2 (F)+ X3 (£)-y3 (¢).
Pk
FOEWO= |[x() xa(t) xs(t) |=(xa(t)ys(t)—xa(t)y2(t),
yi(h) Y208 ys(d)

X3 (t) y1 () —x1 (£) ys (1), x1 () y2 () —x2 (£) yu (2)).
Orciona f(t)+g() ( n+/t 42, sint—cos ¢, sin t4cos ),
F(t)-g@=Int, [f()g(t)=

i j k
= | In\t —cost sint | =(—1, 2sint—costIn~/t,
2 sin ¢ cos ¢ sin t In/t 42 cos ).
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1) Ias nio6bix GyHKuuit a (£) u B (f) U JOGLIX BEKTOPOB a, b H ¢
CrnpaBeIHBbl COOTHOLLEHHUS:

@)+ @) a=a(t)a+p(t)a,
@+b)c=ac+be, (a(t)a)b=a (t)(@b), a-b=b-a,
[aa]=0, [ab]= —[ba], [(a+ b) c]=[ac]+[bC)
Hcnonb3ysi yka3aHHble CBOHCTBA JIHHEHHBIX omnepalMil Haj BEKTO-
paMH, CKaJlﬂpHOFO H BeKTopHOI‘O npouaseneuuﬂ BeKTOPOB, HOJIquMZ

FO)+&()=e"a+e o+ e Va+e"b=(eV +e V) (@+b),

F()-8()=a+e*Vab+e 2 Viab 4 b2 =%+ (e V¥ e~2 V) Gb + b,

[F (1) & (t]=[aal+e* [ab]+e=> " [bal+- [66]=(e* ' —e~> ¥ [ab}.
565. Haiitu cMeuiaHHoe mnpou3BeneHHe BeKTODP-PYHKUHIH f—(t),

g (),

a) f()=(> t, /t), g (t)=(sin t, cos ¢, tg t), h A (t)=(In t, In~/f, In £2);

6) [(t)=(t, t, ) t)_(smt cos t, 1), h(t) (1, cos t, sin t);

B) f(t)—t2a+tb+fc g (t)=~ffa+tb, h ()=1b—1C, a, b, ¢ € Es.
PeweHnue. a) CmemaHHoe npou3BeeHHe BeKTOp-QyHKUHI f (f),

g(t) u h(f) paBHO oONpelenuTeNIO, CTPOKH KOTOPOrO COBMAAalOT C

KoopiHHaTaMH BekTop-pyHkuuit f (), g (£) u h (¢). [Tostomy

I t Vt

sint cost tgt
Int In+t Iné

=(2— \/—)Intcost—f-(— Qt) lntsmt+(t——)lnttgt

1), g, h(t)=

566. [JokazaTb, uTO BeKTOp-(GYHKLUHH f(t)=(ln t, sin2¢, 2) u
g(t)=(In~/t, sintcost, 1) ynoBneTBOpsIOT cooTHoweHHO [ (f)~+

+& (=3 ( ()—g (). )
567. JlokasaTb TOXOecTBO | (£)+2g (t)—sin t-h (t)=0, rae

F()=(n ¢, sin2t+sint, 2), é(t)=(ln—:—, —sin t cos t4-tg ¢,
—cos2t), i;(t)=(0, %, 2 sin t).

568. IlycTb a u b — nocTosiHHbIe, paBHbIe N0 JJHHE, B3AHMHO Op-
TOroHaJjJibHble BEeKTOpbl npocrtpaHcTBa E;. JlokasaTb, YTO CKajsipHOoe
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-

NpoH3BeleHHe BeKTOp-QYHKUMi [ (f)=cos ta+sintb u g(f)=

= —sin fa4cos tb paBHO HYJIO, a MX BEKTOpHOe MpOH3Be/eHHE
MOCTOSIHHO.

569. loka3aTb, 4To BekTop-GYHKUMH [ (f) U g (f), onpeseseHHble
B 3ajaye 568, y10BJETBOPSIOT COOTHOUICHHSIM:

a) f(t+a)=cos a f(t)4sin a g (¢);
6) g (t+a)= —sin af (f)+cos ag (f);

) sina [ ()=5(& (t—a)—£ (t+a);
r) cos ag (f)=-(g (t+a)+g (t—a).

570. Haiitu npoussopuble r’ u r” Bektop-QyHKUHH  (f):

(f) (3@ sin (3/t), e”);

~i

a)
6) r(t)=(t*+1, sint, %)
- 1 )
8) FO=( VT )
r) r(t)=(e'®’, In (cos 1), sin (e"));
1) r(t)=In+ta+arctg tb rae d M b — MOCTOSHHblE BEKTODbI Mpo-

crpanctBa Ej;
e) r(t)=cos (t*41)a+sin \/t_b+tg—:—5, rae a, b u ¢ — nocTosiH-
Hble BEKTOpbl npocTtpaHcTBa Ej.

PeweHnue. a) KoopauHaTtel NpoU3BOAHOH r’ paBHbI MPOU3BOA-

HHIM OT COOTBETCTBYIOLIHX KOOPAHHAT BeKTOp-®yHKuuu r (t). [los-
TOMY

3 2
-, IS I p
r =<—t —5t 5t ¥ cos &/t), 2te ),
- 3 -3 2 ———g 1 —-§ . 2
r”=(2t_3+Tt 7, —Tt COSs (;{/t-)—?t sm;\/?, 281 +

2
+4t2e').
Pemenue a) Tak Kak @ H b — NMOCTOSIHHbIE BEKTOPHI, TO

=i ’ = ,p 1~ 1 Y
=(In/tY a+(arctg 1) b=§-a+mb,
| - -
27— @Fiy 0
571. oka3aTb, YTO BEKTODP-(QYHKLHH f() H g (f), onpene/neHHble
B 3ajave 568, yno&ne'raopmor TOXK/1eCTBaM

=g, & (H)=—F )

Y/

~i
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572. Tyctb r(f) — auddepenunpyemas BekTop-dyHKUUA. [loKa-
3aTh, UTO BeKTOP-QYHKuMH r’ () U r” (f) TOTAa M TOJLKO TOrAa KOJ-
AHHeapHHl MeX1y co6oil, korna r(t) =F({t)a+b rge a u b —
MOCTOSIHHbIE BEKTOPbI mpocTtpaHcTBa Ej.

Pewenue. Ecau r(t)=F ()a+b, @ 0 b — NOCTOSIHHbIE BeK-
Topsl mpoctpaHcTBa E;, to r'=F’a, r"=F"a. Tlostomy r”=

i, r’. BekTopul r’ M r” KOJJIHHeapHbl APYr APYrY.

O6patuo: Tlycrb r”|Ir’, T. e. r” =k (t) r'. O603HaunM yepes x (),

y(t) u z(t) xoopauHaTsl BekTop-pyHKuuH r (t). Toraa x” =k (¢) x’,
y'=k({t)y, 2"=Fk(t) 2. Orciona

{2 dt={ k(1 at, Sz—j'dt=8 k(t)dt, § Z-dt={ k(1) dt

[lepBooGpa3uble pyHKUHi i,—, z—- H %— uMeloT BHA In(x’), In(y) u
In (2’). O603HauuM uepe3 f(f) nepBoo6pa3Hyio ¢yHKUHH K (t). Ilo-
ayyuM Inx'=f({)4c\, Iny' =f({t)4c2, In2'=f()4c3, rae ci, co
H C3 — MOCTOsSIHHbIE uHcaa. TakiM o6pasom,

x'=eel O y =gl ) 2 =¢%l O,

BBenem oGo3HaueHusi: €' =a,, e*=a,, e“=as, a qepea F (t) o603Ha-
uumM nepBooGpasHyio ¢yukuuu e . Torma x=a,F ()4 b, y=
=aoF (f)+ b2, z=a3F (1)+bs, rae a; U b; — NOCTOsAHHBIE UHCJA.

Monoxum: a=(a,, as, as), b=(b,, bs, bs), noayuum r (t)=F ()a+b
573. oka3atb, YTO BeKTOP-(PyHKLHS TOTAA H TOJbLKO TOraa siBJsi-
eTCsl MOCTOSIHHOM, KOorja oHa HMeeT HyJIeBYlo NepByio NMPOH3BOAHYIO.

574. Bekrop-}yHkuusa BHaa f(t)—a+tb rae @ W b — NOCTORH-
Hble BeKTopbl npoctpaHcTBa Ej;, Ha3biBaeTcs saHHelHOH. JlokasarTb,
YTO BeKTOp-(GYHKLUHS TOrga H TOJbKO TOrja SBJsieTC JHHEHHOH,
Korja ee BTOpas NPOM3BOAHASA PaBHA HYJIO.

575. Bekrop-dyukunsi Buaa f(t)=a-+tb+1c rge a, b u ¢ —
NMOCTOSIHHbE BEKTOPbl MpocTpaHcTBa Es3, Ha3biBaeTcsi KBaJpaTHYHOM.
Jloka3aTh, Y4TO BeKTOP-QYHKLUMS TOTAa M TONbKO TOTAA SABJSAETCS
KBaJpaTHYHOMH, KOTJa ee TpeTbsi MPOM3BOAHAS PaBHa HYJIIO.

576. lana BeKTOp-pyHKUHUS 7(t)=(t—5, %ts—{—l. 2t—6).
HaiiTu Takoe 3HaueHue mapamerpa fo, NPH KOTOPOM BeKTOp r (to)
KOJIHHeapeH BeKkTopy a=(4, 8, 8).

577. Cnenyet JH u3 AH(ddEPEHUHPYEMOCTH BEeKTOP-BYHKIHH T (f)
AHpdepeHLHPYeMOCTb (BYHKUHH |7 (£) |?
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578. Ilana nuddepeHunpyemMasi BeKTOp-PyHKUHUS 7 (f). MOXKHO Jin
yTBEpXKaaTh, uto | (£) | =|r (f)]"?

579. Tlycrb r (t) — auddepeHunpyemas Bekrop-PyHKUHA. MoXKHO
JIH yTBepXKAaTh, uto r-r'=|r| |r|’?

580. Tlyctb r () — auddepenumupyemas BeKTop-dyHKIHS, £ (s) —
auddepeHunupyemass ¢GYHKUHSI CKalsipHOTO apryMenTa. [lokasarb,

YTO MPOM3BOJHAS I} CNOXKHOH BeKTOP-PYHKUHH r (¢ (s)) yAOBJAETBOPS-
€T COOTHOLIEHHIO ri="t,-r}.

581. HaiiTh npousBoaHylo ri C10XHO#H BeKTOp-QYHKUMH r (£ (s)),
eCJIH:

a) F(O)=( t, t7"), t(s)=—
6) r(t)=(sint, cos ¢, tg t), t(s)=e";
B) 7(f)=(¢', e=', e, f(s)=In s.
582. Hau‘m YacTHble TIPOM3BOAHbBIE Iy, Iy, Iz, Iy, uy OT BEKTOP-
dyHKUHH 7 (4, V):
a) r(u, 0)=(e*, In(u+0), VP +o),
6) r(u, v)=(sin (u+v), cos (u®?—v), tg (u+0));
B) r(u, v)=(arctg \/u, arcsin 2v, arccos (4”+v°));

- 2 - -
r) r(u, v)=e*’a+In(uv®) b, rie a u b — NOCTOSIHHbIE BEKTOPHI
npocrpanctBa Ej.

PewmeHnue a) KoopauHaTel npou3BoaHOH coBmajaaioT ¢ Mpo-

H3BO/JHbIMH OT COOTBETCTBYIOLUIHX KOOPAHHAT BEKTOP-OYHKLHH 1 (i, ).
[TosTomy

fo=(ve", —, 2\, 7,=(ue", — l

‘ ( uto’ u2+v>' "_( uto? 2\/u"’+v)'
r =<v2e“" l c )

‘ G

(g% ue

oW~ )

Py uv 1 u
ru.,=((1+uv>e S i)

583. Ilycrtb r (4, v) — auddepeHunpyemas Bekrop-pyHkuus. [lo-
Ka3aTb, UTO BeKTOP-(PYHKIHSA 7 TOTAa H TOJLKO TOrAa MOCTOSIHHA B
HeKOTOpOH 06JaCTH, KOTa B Kax/oi ee Touke r,=r,=0.

584. Tlyctb r (4, v) — nuddepeHuupyeMas BeKTOp-PyHKUHUS, h (1)
H v (t) — auddepeHurpyemble ckansipuble GyHKuuH. [okasarb, urto
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MPOM3BONHAs I’ CJOXHOH BeKTOp-OYHKuHMH r (4 (t), v (f)) yLOBIETBO-
pSieT COOTHOUIEHHIO 1’ =r,u’ +r,v’.
585. HaiiTh npou3BofHYIO 7’ OT C/I0OXKHOH BeKTOP-(yHKLHH:
a) r(u, v)=(u+vo, u*—o, uo), u(t)==£, v({t)=t+3;
6) r(u, v),==(ln (uv), In % ln(u+v)>. u(ty=é, v(t)=e
B) r(u, v)=(cos u-cos v, sin (4-v), sin (cos v)), u (t)=A/t, v (f)=3t.
586. IMyctb r(u, v) — AMddepeHuUpyeMas BeKTOP-PYHKUHUS,
u(t, s) u v(t, s)— auddepeHunpyemble ckanspHbie GyHKuuu. Jo-
Ka3aTb, YTO YACTHbE TIPOM3BOMHbLIE I H g CJIOXKHON BEKTOP-Y HKLHH
r(u (t s), v(t, S)) YIOBJNETBOPSIOT COOTHOLIGHHAM ry= " U+ Iy,
Fo="rulls+ FoUs. . .
587. Haiitu npousBoaHble r; H rs CJA0XKHOH BeKTOP-(YyHKLHH
ru(t, s), v(t, s)), ecau:

a) r(u, v)=(u+v uv, i—)’ u=s—t, v=s+41t;
6) r (u, v) (\/uﬁv {/uv z ) u=st, v=%—, t>0, s>0;

B) r(u, v)=(e*, e", e'), u=In(st), v=Int.

588. Tycrb f(t) u g (4, v) — AuddepenunpyeMble DYHKUUH, T ()
H m (4, v) -- MupdepenuupyeMble BeKTop-PyHKuMH. [JoKasaTh cnpa-
BeJIHBOCTb PaBeHCTB (f-rY =f'-r4f-r;
(g-m)u=gum+gmu; (g-m),=g,m-+gm,.

589. Haiitu (f( )-r (t)Y, ecau:
a) f(t)=cost, r (t)=(cos t, sin ¢, tg t);

6) F)=vi. FO=("F . VI+2. 7=);

B) f(t)=Int, r(t)=(e*, In+/t, In~t+1).

590. Ha#iTh yacTHble Npou3BOAHbIE MO MEPEMEHHbBIM 4 H U OT
NPOH3BEJEHHSI g+ M, eClIH:

a) g(u, v)=u+wvo, m (u, v)=(\/u+u, ﬁ u—v);
6) g(u, v)=uvcosu, m(u, v)=(£gv—", u cos v, v’ sec u).

591. Tycrb m (¢) u n (f) — auddepeHurpyemble BeKTOP-DYHKIHH.

Hokasatb, uto (m-n) =m’'n+mn’. ChopMyaHpoBaTh H NOKa3aTb
aHaJIOrHYHOE YTBEpXKIEHHe JJIs BEeKTOP-OYHKUMI ABYX NepeMeHHbIX.
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592. HaiiTu nMpoM3BOAHYIO OT CKAJSPHOrO MPOH3BENeHHs BEKTOP-
byskumii m (¢) u n (¢):
a) mO=(#, VE, 1), 1 (O=W, t, £+1)
6) m (t)=(sin t, cos t sin 2¢, 2 cos 3f), r'i(t)=<cos 2, 1, %) :

B) m ({)=(In+/t, In {3, In e'®"), E(t)=(2, -%—, ctgt)‘

593. Halith yacTHble NpPOH3BOAHbLIE MO MEPEMEHHbIM 4 H U OT
CKaJISIPHOTO TIPOH3BEeCHHUSI BEKTOP-QYHKUMI m (4, v) ¥ n (4, v):

- u? 4 v’ = u .
Q) m=(u S5 1) A=(0 . o)
6) m=(cos (uv), sin (uv), sin (1> —0?),

n (cos (uv), —sin (uv), ctg (u?—v?);
B) m=(arctg u, arccos (14 v), ctg u),

n=(arcsin v, arcctg u, sin u cos v).

594. Jloka3ath, uTo AHOGepeHUHpYyeMasi BeKTOpP-(pYHKUHS T (£)
TOTa H TOJIbKO TOTJa HMeeT Ha HEKOTOPOM NMPOMEXKYTKe MOCTOSHHbIN

MOJyJib, KOIa BeKTopbi  (f) H r’ (f) B M0G0 TOUKe 3TOro MPOMeXyT-
Ka NeprneHIUKyNspHbB MeX1y COGOil.
595. oka3aTb, 4To Ha HeKOTOpOi o6jacTH aHddepeHuHpyeMasi

BeKTOP-DYHKLHUSA 7 (4, v) TOra H TOJAbKO TOTAa HMeeT MOCTOSIHHbIH
MOJYyJb, KOrja B J060i TOYKe 3TOH O6AACTH BEKTOPH r, M r, Tep-
NeHAHKYJ/ISIPHbl BEKTOPY r.

596. Jloka3aTb, 4TO BeKTOp-pyHKUHMS r (f)=(cos 5¢, sin 5¢, —1)
nepneHAUKYJsipHA CBOeH MPOHU3BOAHOM.

597. Jloka3aTb, 4TO BEKTOP-QYHKUHMSA r (4, v)=/(cos (uv)sin (u®+
+0?), cos (uv) cos (u?+v?), sin (4v)) nepneHAUKY/ISIPHA CBOMM MpO-
H3BOJHBIM Iy H I,

598. Ilyctp r (4, v) — nuddepeHunpyeMasi BEKTOP-PyHKIHA.
Iloka3aTb, UTO OHa B TOM H TOJIbKO B TOM CJlyuae HMEeT B HEKOTOPOH

06/1aCTH NMOCTOSIHHOE HaNpaBJieHHe, KOraa BeKTOPH r, I, H I, KOJIH-
HeapHbl MexX1y co6o#.
599. Ilokasatb, uto AAst AH¢depeHUHpyeMbiX BeKTOp-(yHKUHi

m (t) v n () BLIMONHEHO COOTHOLLIEHHE

-

[m () n (O =[m’ (t) n (O)+[m () n* (1)}

ChopMyaupoBaTh M [0Ka3aTb aHaJOTHYHOe YTBepXKAeHHe s
BEKTOP-PYyHKLHI ABYX NMepeMeHHbIX.
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600. HaiiTu npoH3BOAHYIO OT BEKTODHOrO MPOH3BEAECHUSA BEKTOP-
byHxuuit m () u n (t):

a) ’ﬁ(t)=(t, 0, —I'i-), fi(t)=(ﬁ_2—l, 2, 0>;
6) m(t)=(cos t, tg t, ctgt), ﬁ(t)=(ctg t, 0>;

cost’

B) m(t)=In+it-a+e'-b, n(t)=ea+Int-b; a, b — nocrosHuse
BeKTOpbl npocTtpaucTBa Ej.
601. Haiitu npousBoaHble MO nepeMeHHHIM & H U OT BEKTOPHOTIO
npou3BefieHHsi BeKTop-QyHKUMi m (u, v) u n (4, v):
a) m(u, v)=(cos (u, v), sin (u?), 0), n (4, v)=(0, cos (u?), tg (u+v));

6) m (u, v)=arctg u-a+arctg v-b, n (u, v)=arctg v-a+ arctg u X
X b, e @ H b — NOCTOSIHHbIE BEKTOpH mpoctpancTsa Es.

§ 24. MOHATHE NJIOCKOA H NPOCTPAHCTBEHHOR
KPHBORN

Jlutepartypa: [2], § 49, 50; [3], pas3a. 5, § 11.

602. BbisicHHTb, OnpeaesieT i BeKTOP-QYHKUHA r (f) HOrpyXeHue
npomexxyTka / B eBKIHAOBY NsockocTb E2. HaiiTu Knacc norpyxeHus:
a) r(t)=(sin’t, cos®t), I=] 0, —’2'-[ ;

6) r(t)=(* 1), I=[0, 1};

B) r(f)=(cos ¢, sin t), I=[0; 2n];

r) ?(t)=(t2+|. ;—ti'—m?), I=[—1, 1},
n) r(t)=(e', arctg ((241)), I=]— oo, oo].

Pewe Hue. a) Bekrop-pyHKuHS r (f) B TOM H TOJIbKO B TOM CJY-
yae onpeaessieT norpyeHde knacca C’ npomexyTtka / B MJ0OCKOCTb

E,, ecan 1’ (1) 0 aas Bcex Touek NpoMexyTKa / H BeKTOD-(PYHKLHS

r () npunagnexxut knaccy CP, T. e. HMeeT HelpepbiBHbe TPOH3BOJ-
Hble [0 p-TO MOPsAAKA BKJIOYHTeabHO. sl 1aHHOH BeKTOp-¢YHKUUH
r’ (t)=(2sintcost, —2sintcost). IlpousBonHas cyiuecTByeT BO
BCEX TOYKaX Npomexyrtka / |r’ ®] =\/§ |sin 2¢|. Tak kak sin 2t5£0

H tE]O, —’2‘-[ TO BeKTOp-®YHKUHS r (f) onpeiensieT MOrpyXeHue

HHTepBana ]0, %[ B miockocTb E;. ®yHkuusi r(f) npHHALNEKHT

knaccy C? torga W TOJbKO TOrAa, KOraa ee KOOPAHHATHl SIBJIAIOTCSH
HenpepbiBHO AW depeHUHpyeMbIMH (PYHKUHAMH 00 p-Fo MNOpsifika
BKJIOYHTeNbHO. OTCI0OJa BHAHO, YTO KOOPAMHATHl [JaHHOH BEKTOp-
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(GYHKIHH HMEIOT HenpepbiBHble MPOH3BOJHbIE J1I060r0 nopsiika. Bek-

TOp-dyHKUHsA 7 () MPUHALNEXKHUT Kaaccy C™.
603. JaHo oroGpaKeHHe UMCJIOBOH MNpsAMOil B mJIocKocTb E,,

onpejensieMoe BekTop-®yHKuued r (¢). HaiiTh Takue ee mpoMexyTkH,
Ha KOTOPbIX OTOGpaXkeHHe ABJASETCS MOrPYIKEHHEM:

a) r(t)=(r (t—sint), r (1—cos t));
6) r(t)=(2r cos t —r cos 2¢, 2r sin t —r sin 2¢);
B) r(t)=(3r cos t+4r cos 3t, 3r sin {—r sin 3¢).

604. BuisicuuTb, onpenesisier AM BeKTOp-pyHKuMs r (f) morpyxe-
HHe mipoMexyTka [ uMcjoBo#t mpsivoil B mpocrpanctBo Ej. Haiitu
KJjacc norpy)KeHuﬂ

a) F(t)=( V&, t+1), I=[0, + oo[;

6) r(t)=(t2, 2, ,—;l—). I=]—1, + oof;

B) r(t)=(cos t, sint, /%), I=[0, + oo[ ;

r) F()=(In(t41), tgt, 1), 1=[0, %[;

n) r(t)=(1—sint, t—cost, 2), I=]—%, %[;

e) r(t)=(1—sin?¢, t*—cos t, 2t*+sin 2¢), I=]——’2‘—, +oo[;
XK) r(t)=(arccos t, arcsin t, arctg t), I=[—1, 1]},

3) 7 (t)=(e", e="*+3 ¢"), I=]— o0, oo].
Pewenue. a) HauueM NPOU3BOAHYIO JaHHOH BEKTOP-(PYHKLHUH:

r (t)=(3t2. %’Vt‘, l). Tak Kak TpeTbsi KoopAaHHaTa paBHa |, To

7/ ()0 aas aw6oro t. [TosTomy BekTOp-OyHKuUHS 7 (1) onpenesieT
norpy»eHue npomexyrtka / B npoctpanctBo Es. Onpenennm kiacc
norpyxeHusi. Ileppast U TpeTbsl KOOpAHHATHl AAHHOH BEKTOP-(YHK-
uuH — GeckoHeuHo AH(¢epeHuHpyeMble ¢yHKUUH. Bropas ke koop-

JHHAaTa Y= %/ tt He ynonneTBopﬁeT 3TOMY CBOHCTBY. Jl€HACTBHTENBHO,

y==A g “F

uwiecTByet npu t=0. Hoaromy JaHHasi BEeKTOP-(PYHKUHSA onpepenser
norpy»euue knaacca C'.
605. Yka3zaTb HauGosbLIMI NpoMexyToK I, colepxalluii JaHHOe

Yyucao ty, AAsl KOTOPOro BeKTOp-GyHKIHUA 7(t) onpejesieT Norpyxe-
Hue | B npocrpaHcTBo Ej:

a)?(t) (tgt, tg 2t, sin4t) ty=0;
6) r(t)=(@> £, Y1), to——

B) r(t)=(j—jr—'l. In (t—1), In (t+1)), to=2;

Orcioga Bropasi npou3BofHas y” (f) He cy-
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r) r(t)=(cos ¢, cos 3t, cos 6t), tp=-2-

p) )
1) r(t)=(sht, sh 2t, sh4t), t,=0. .
Pemwenune. a) Has toro ytobbl BekTop-OyHKUHsA r (f) ompe-
llensja norpyxesnue npomexxytka / B E;, He0o6XOAHMO H J10OCTaTOYHO

CyllecTBOBaHHe MPOM3BOAHON r’ (f) BO BceX TOUKax MpPoOMexyTka /,
1 2

X cos®t’ cos’2t’

4 cos 4t). $lcHO, yTO mMpou3sBoaHas r’ () OTJIHUHA OT HYJib-BEKTOpa

BO BCeX'TeX TOUKAX YHCJOBOH MPSMOi, B KOTOPbIX OHA CYILECTBYeT.

Takim o6pa3zoM, HaM HeOGXOAMMO OMNpeaeJHTb HAWOGOJIbUIMH MNpO-

MeXYTOK, cojepxaliuit f{ob=0, Ha KOTOPOM ompejesieHa NMPOH3BOA-

Haa r’ (t). Orciona BHAHO, uTo r’ () He cyulecTBYeT NpH t=%+

OTJIHYHOM OT HYJb-BekTopa. Onpenenum r’ (f): r’ (t)=(

~+ nk. [ToaTomy l=] ——:—, %[

606. Byner su morpyxxeHue npomexytka / B miaockoctb Es,
onpenensieMoe BeKTOp-(PyHKUHe# 7 (f), BJIOXKEHHEM, eCu:
()y=(t cos t, tsint), |=]— oo, oo;
(t)=(sin ¢, cos t), l=[0 20 ;
(t)==(sin 2t, cos 2t), I=[0, 2n[ ;
(t)=(¢€'sin t, €' cos t) I=]— oo, oof?

PeweHue a) Buauane yb6eaumcs, uto AaHHas BeKTOpP-(yHK-
UHA onpejlensieT MOTPYXeHHe YKa3aHHOTO TMpOMeXyTKa. r’ (f)=

=(cos t—tsint, sint+4tcost). Iycrs r’ (t)=0. Torma cost—
—tsint=0, sint+tcost=0, T. e ctgt=t, t%t——t M3 no-
JIyYeHHbIX COOTHOILEHHH cjieayeT NMpoTHBOpeuue ! [Toatomy
INaHHasi BeKTOP-(YHKLUHS ONpe/ensieT NorpyxeHue.

[Torpyxxenne f npomexytka [/ npeacraBisieTr co6oil BJOXKEHHe,
eC/Ii OHO siBJsieTcs romeoMopdu3mMoM mexay / W ero o6pasom fl.
Jnsi pewreHus 3aaud JOCTaTOYHO NMOKa3aTb, YTO AAHHOE MOTpYKeHHe
ecTb B3aHMHO OJHO3HauHoe oTo6paxeHue [/ Ha fl. Jlokaxem, uTO

rt
rt
r
r

a)
6)
B)
r)

ANs JIOGLIX HepaBHLIX MeXHy coGoi f, M f; BbiMOAHEHO r ()%=
7 (t2). TlycTb CylIeCTBYIOT TakHe ABa YHcAa ¢, M by, t #1ty, ANS

KOTOPHIX 7 (t)="r (t5). Torna ¢ cos f{, =ty cos t; u t, sin t, =1, sin t,.
Bo3Benem 3TH COOTHOLUGHHS B KBAAPAT H CJIOXHM X JIDYT C APYIOM.

Monyunm t§=13. Tak Kak ¢, 7 t2, To oTCi0fa caeayer: ¢, = —ty. Tor-
aat, cos ty= —t, cos (—t;). Ucnosib3ysi 4eTHOCTb PyHKUHH Y =COS ¢,
noayuuM = —1t;, T. e. {,=0 H tp=0. Mbl npHUIAH K TpOTHBOpe-

YHIO, TaK Kak MO MpeamnoJioxeHHio ;= ¢;. TakuM o6pa3oM, naHHOe
norpy eHHe sIBJISIETCS BJIOXKEHHEM.
607. Byaer niM norpyxeHue npomexyTtka / B npoctpaHcTBO Ej,

onpeaensieMoe BEKTOD-(yHKIHeH 7 (f), BAOXKeHHeM:
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a) r(f)=(sint, cos 2¢, ae'), |=]— oo, oo[;
6) r()=(t £, £)I=]— oo, ool;
B) r(t)=(t, t', cost), I=]— o0, O[ U, + oo[;
r) r(t)=(cos ¢, sin 2¢, sin t4-cos t), | =]— oo, oo[ ?

608. BuisicHUTb, siBAsieTCS JIM OTOGpakeHue ¢ (f) MPOMeXKyTKa
I, na npomexytok I/, audpdeomopdusmom. Eciu siBasiercs, To omnpe-
LeJuTb kaacc audpdeomopdusma:

a) Iy=]—o0, oo, [,=]0, 2[, ¢ () ——arctgt+l

6) 1,=[0, 1], I,=[3, 5], ¢ ()=2¢+3;

) Iy=[—1, 1], I,=[0, l] o ()=t

l") I, =]0, 2] 12—]2 6] (p(t)—t2+2

n) I,=[0, n], I,=[0, 1], ¢ (t)=sint,

e) ,=[0, n], I,=[—1, 1], cp(t)—cost

x) 1,=]0, oo, [p=] — o0, o[, ¢ t)—lnt
3) h=]—oo, o[, l2=]0, +o0[, g(t)=¢"

H) [,=]— o0, oof, 12=]—%, %—[ ¢ (t)=arctg t;

W h=]—%. 3 ===, o[ e()=tgt.

PeweHue a) Oyukuus ¢ (f) B TOM U TOJIbKO B TOM cjyyae siB-
Jasietcs AHpdeoMoppHu3MoM mpoMexkyTka /| Ha MpoMexXyTok [s, KOr-
I1a oHa, BoO-NMepBblX, AH(depeHLHpPYyeMa, BO-BTOPLIX, B3aHMHO OJHO-
3HayHO oro6Gpaxaer /, Ha [, W, B- Tpe'rbux obpaTHoe oTo6parkeHHe

¢~ ' nudpdepenunpyemo. ¢’ (t)—T-H—tz-cp (t) cywecrByeT AJjsl JIO-
60ro t, ¢’ (t)>0 npu ao060M ¢. [ToaToMy PyHKUHSA ¢ (f) MOHOTOHHAS.
. 2 _ . 2 _ )
lim (T arctg t+1 ) =0, [lle (—n— arctg t+1 ) =2. Orcioaa cie

t— — oo
AyeT, uTo ¢ ({) B3aHMHO OJHO3HAauHO oToGpaxaet /| Ha [,. [lo Teo-
peme 06 o6paTHOH (YHKUHH JaHHOe OTOGpa<eHHe HMeeT o6paTHoe,
KoTopoe Takxe siBjasiercsi AuddepeHunpyeMuM. PyHkuua ¢ (f) sB-
JaseTcsi 6eckoHedyHo nuddepeHurpyeMoi, o6paTHas (yHKUHA TaKxke
6eckoHedyHO aHGGepeHUHpyeMa, NO3TOMYy AuddeoMopdH3M HMeeT
Kiaacc C™.

609. ITocrpouts C<-auddeomopdusm, oTobparkaloiuil Mpome-
XKYTOK /) Ha MpoMeXyToK [, eciu:
a) I.=5a, b], I.=[c, d],
6) I,=]— o, oo[, I,=]a, oo[;
B) li=]a, o[, [y=]— 00, oo[;
l") I1=]—0° CXD[, I2=]a, b[,
n) Ii=la, b[, Ir=]— 00, oof.

610. Joka3aTb, YTO ABa MOrpyxeHHsi NMpoMexXyTkoB /| U [y, om-
pesie/ieHHble BeKTOP-PYHKUUAMH f (f) U g (t), 3KBHBAJCHTHBL:
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a) [()=(¢, ~E=1), L=]l, +oo[, g@=(cht, sh1), IL=
=p: + oo[ ;

6) f()=(" £+1), L=[2, 5} g (W)=, \P+1), [,=[4, 25}

B) f(t) (@cost, bsint), I,=[0, 2n[, g (a cos— bsmT)
1,=[0, 4n[;

r) F()=(, V1—¢), I,=[—1, 1}, g (t)=(cos 1, sin 1), [,=[0, n};
0 [O0=(4(t+1). 3(t=F)). h=P. +oo[. §@)=(achr,
bsht), [y=]— 00, oof;

e) f(t)=(all—:_-tt—i. b%—) I,=]— o0, oo[, g(r)=(acost, bsinT),

Iy=]—m, nf .

PeuweHue. a) [IBa norpyxenus f: Iy - E; u g: Is —> E; B TOM
M TOJIbKO B TOM CJyuae 3KBHBAJIEHTHbl, KOrja CyLUeCTByeT TaKofi
aupdeomopduam ¢: I — I, uto g=fo ¢. Jlna pelweHus 3anayu
Heo6X0AHMO NocTpouThb AHddeomopdusm £ (t): I — 1|, npu KoTopoM

g (¥)=f (t (¢)). Hanomuum, uto ch v=% +e ", sh r=”'_2"_' , chv?—

—sh t*=1. Monoxum t=ch 1. Toraa \/t"’—l =sh . Oyukuus t=
=ch 1 asaserca aupdeomopduaMom npomexyrtka /=10, + oo [ Ha

npomexyTtok I,=]1, 4oo[. f(t(x))=(cht, ~/ch®’t—1)=(chT,
sh t)=g (t). [orpyxenus f(f) H g (t) 3KBUBaJICHTHBI.
611. [TokasaTb, uTo ABa NOrpy>KeHUs NPOMeXyTKOB /| U /2 B

npocrpauctBo E3, onpejesieHHble BeKTop-pyHKuusMH f (1) u g (t),
3KBHBAJIEHTHbI:

a) f(t)—(t3 8, 1), |—[0 271, g (v)=(@, 7% 1), ,=[0, 3];
6) f()—(.\/l—z =) h=1=1 0

g (v)=(cos 1, sin T, ctgr) 1;=]0, n[;
B) [ ()=(2LE V= 2;;2;,) n=Jo, L[,

g (v)=(tg 2t, cos 7, ctg 21), 12_]0 __[

r) f)=(t VE=T1, 2tJf—1), L=[1, + o[,
g (t)=(ch 1, sh 1, sh 21), I,=[0, +oo[
612. Tlokasatb, 4To MorpyxeHus f() Iy > Ey v g(x): Iy~ E,

He 3KBMBaJeHTHBL: f(f)=(cos ¢, sint), I,=]0, 2n[, g (t)=(cos 21,
sin 21), I,=]0, 2n[.

613 OnpeaeanTb napaMeTpU3aUHIO CJAeAYIOIUHX KPHBBIX MJOC-
KoctH Ej:
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2
a) neBoH BeTBU runep6oJibl —-——=l;

6) npsMoil JIHHUH Ax+By+C 0;
B) OKPYXKHOCTH x2+y2—r

r) sanunca 2—+-y =1;

o x? y? .
[l) npaBod BeTBH runep6oJibl 7—-5;=1,
e) napa6osbl y=2px.
Pewenune a) Ham Heo6xoaumo onpenesurb Takoi mpomexy-
T0K | W BeKTOP-®YHKUHIO 7 (f), uTo 06pa3 | NpH MOrpyXeHHH, ompe-

fefsieMOM BeKTop-(yHKUHeil r (), coBnajgaeT C JeBOH BETBbIO TIH-
nep6oJibl. BekTop-QyHKIUMS NPH 3TOM Ha3bIBAETCA MapaMeTPHU3aLH-

. . e'4e! e'—e™!
eit kpuBoi. PaccMoTpum ¢dyHKuMH ch t=T Hshit= 5 - Onu
YA0BETBOPSIOT ycaoBusiM ch? t —sh? t=1. IToaTomy B KauecTBe nep-
BOH KOOpAMHATHI HCKOMOH BEKTOP-(PpyHKLHH NOJOXKHM X ()= —a ch ¢,

a B KauectBe BTopoil — y(f)=bsht. Tormna paasa awboro ¢
;c?_gt) vy, x(t)<<0, t € ]|— oo, oo[. Bexrtop-dyHxkuus r(f)=

a 0T
= —(acht, bsht) sasnsercs norpyxeHueM npomexyrka [=
=]— oo, oo [ B miockocTb E2. OHa npeacrasisier co60i HCKOMYIO na-
paMeTpH3aLHIo.

614. Joka3aTb, UYTO KpHBasi, ONpejeJeHHass BEKTOpP-(PyHKLUHeH
r(t), t € I, coBnajaer ¢ KpuBOil nepeceyeHHst noepxHocreit Py u P,
npocrpaHctBa Ej:

1
a) F0=(5t 5t
P2 Yy=x,
6) ’(t)_(t t2 e'), t € ]—oo, 4o0o[, Pi: y=x*, Py: z=¢",
B) ’()=(t'2tsz,2t ) t€]—o00,0[U]0, +oof, Pi: 2a°y—x*=0,
Py: 2xz=a’.

tz)v t€]—oo, +oof, P z=x*44"

Pew enue a) Hocratouno gokKasaTb, YTO AJsl J060Oro ! Touka

t
C KOOpAHHATaMH (— NMPpHHAAJECXKHT KakK MOBEPXHOCTH Pl,

L 12)
vﬁ' ﬁi
TaK H noBepxHOCTH P;. M HaobopoT, KoopAHHATHI J1I060H TOUKH,
NpHHaLIeXallell nepeceyeHulo nosepxuocreit Py u Py, MOXHO mpej-

L S — =L
CTaBHTb B BHJE (ﬁ, 7 t), t € ]—oo, 4 oo. Ecin x (¢t) 7
Y (t)=$, z(t)=*%, 1o ans moboro t x (H)=y (), z()=x* ()44 (¢t),

T. €. TOYKA JIeXKHT Ha moBepxHocTsax P, u P,;. O6paTHO, MycTb TOYKa
M (x, y, z) npuHapIexKuT nepeceueHdto P, u P,. Tak kak M € P,,
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To x=y. [losoXum x=\—;_-2-. TOraa y—é Tak kak M € Py, 10

z=x4y> 7. e. z=1>. YTBepXKleHHe 10Ka3aHO.

615. TlocTpouTb mapaMeTpH3alHIO CHEAYIOIUHX JHHHH MPOCTPaH-
crBa Ej:

a) MUHAH, 06pa3oBaHHON TMepeceyeHHeM Bepreu noJycgepbol
4yt 422 _9 220, u napa6oJM4eckoro UMAHHApa y’=6x;

6) npsiMol JHHHH (x4 2y—32—12=0,

2x+y+5z—1=0;

B) OKPY>KHOCTH MepeceyeHHs MIocKocTH z2=23 u chepul x>+ y° +
+22=25;

r) AMHUR nepeceuenus MIOCKOCTH x — 2y=0 W 3MJIUNTHYECKOrO
napaGosoua BpaueHus x°+y°=z;

1) OKpPYXHOCTH mepeceuenus cepnl x°+ y> 422 =20 u anaunrtu-
yeckoro mapa6oJsonia BpalleHus x>y =z

e) OKpYXHOCTH nepeceueHus cdepul x°+y> 4 22=4 u naockocru

x=y,
)K) JIHHHH NlepecedyeHHs1 MJIOCKOCTH 3x+y—2+2=0 u 3AAUNTH-

2
YecKOro LHJHHAPA i4—+ yi=1;

3) JIMHHH nepeceueHHs napa6oionia x°+4y>*=z u oaHOI yacTu
runep6oJinueckoro uuaunapa x2—y*=1, x>0.

PeweHnune a) Ham Heo6XoauMo HaWTH TaKyiO BEKTOp-(]yHK-
LHIO 7 (f), ONpelensioLlyi0 MOrpyXeHHe npoMexyTka /| B npocTpal-

ctBo Es, 4TO TOYKa C palMyc-BeKTOPOM r () NMPHHAANEXHT yKa3aH-
HbIM NoBepxHoCcTsiM. B KauecTBe nmapamerpa ! npHMeM BTOpYIO KO-

Lp

OpAMHATY TOuek JuHuH: y=t. Torna x=—é-y2= =t 2Z2=9—y’—

—x2=9—t2—%t". BuisichiM, B KaKMX Tpefesax H3MmeHsietcs [

Heo6xonumo norpe6oBaThb: 9—t2—%t‘>0. Pewasi 3To HepaseH-

CTBO, MOJYYHM —3x/§\/\/§—l<t<3\/§1/\/§—l. Tak kak 2=

L

=9—2—L 4 250, 10 2=/9—12— L t*. Takum o6pasom, na-
36

paMeTpu3alusa JaHHOH JIHHHH HMeeT BHA:

FO=(§ 1 \fomr—gtt). (=3 V2R,
3BT ).

JloKaXKHTe CaMOCTOAITENIbHO, YTO 3Ta BEKTOP-GOYHKLUHMS onpelessieT
NorpyXeHHe yKa3aHHOro npoMexytka B Ej.
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§ 25. KACATEJIbHASl K KPHBOA.
AJIHHA NYTH KPHBOHA

Jlutepatypa: [2], § 51.
B 3amauvax 616—627 paccMaTpHBalOTCSi KpHBble Ha MJIOCKOC-
TH Ez.

616. dana Bextop-dyHKuus r (f), onpenensiouas napameTpusa-
uuio KpuBoil. HaiiTu ypaBHeHHe KacaTesbHOH U HOpDMaJu KpPHBOH B
TOUKe C nmapaMeTpoM [

a) rt)=@t, £) =1,

6) r()=(t, 1), ti=0, ta=1, t3=—1, ty=>5;

B) r(t)=(asint, bcost), ti=0, ty=n, ly=—", t4=32—";
r) r(t)=(acht, bsht), ti=0, to=1, t3=—1;

1) r(t)=(a(t—sint), a(l —cos t)), t.=-’§'—.

Pewenue a) Ecau r(f) — napamerpusauus KpuBo#, TO Ha-
NpaB/sioOLLHil BEKTOP KacaTeabHo# npu { =1, pasen r’ (t,). Ias nau-

HOI BeKTOP-QYHKUHH r’ (t)=(2%/t_ , 3t2), F’(l)=(—;—, 3).' Koopau-

HaThl ToukH KpuBoil mpu t=1 pasHuu (l, 1). Mckomasi KacaTesbHas
" 1
onpeneisiercsi Toukoit (1, 1) U HanpaBASIOLIUM BEKTOPOM (?, 3).

Ucnonb3ysi hopMy/ibl aHaJIHTHUECKOH FeOMETPHH, HalJeM ypaBHEHHe

KacaTeJbHOM: le=yT-l, wii 6x—y—5=0. Ilon HopMmaJbio

2
MJOCKOH KPHUBOIi MOHHMAaeTCs NpsiMasi, POXoAsilas yepe3 paccMaTpH-
BaeMylo TOUKY H MepreHAHKyJ/sipHasi K KacateabHoH. 3 ypaBHeHus
KacaTteJbHOMH cjaenyer, 4yto ee HOpMaJ'IbHHﬁ BEKTOp HMEET KOOpIH-
x—1

HaTel 1 (6, —1). [TosToMy ypaBHeHHe HOpMaJH HMeeT BHI —=—=

=i_—__—ll WM x+6y—7=0.
617. JaHo ypaBHeHHe JauHMH. HaliTu ypaBHeHHe KacaTeJbHbIX H

HopMaJieil B YKa3aHHbIX TOYKaX:
a) y=x"+3, M\ (—1, 4);

2 2
6) 5 +4=1, M, (0, b), ML, Lb);

2 2
B) Sz —5 =1, Mi(—a; 0).
618. Haiith koopauHaThl Touek nmapa6osb y=x’+42x—1, B Ko-
TOpbIX KacaTesibHasi mapaJuiesibHa npsiMod 2x —y—+3=0.

Pew e nue Kak H3BecTHo, BeKTOp a (@, ) TOTa H TOJLKO TOT-
na kKosiuHeapen npsmoi Ax+ By+ C=0, korna Aa+Bf=0. B
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paHHoM caydae 2a —B=0. Ilyctb Touka M (x, y) JieXKHT Ha mapa-
6osie. [Tonoxxkum x=t¢. KoopauHaTbl ee paauyc-BeKTOpa MOXXHO npej-

ctaBuTb B BHae r ({)=(t, t*42t—1). Orciona r’ (t)=(1, 2¢t+2).
Tak Kak BekTop r’ (f) AiBJsieTCSl HaNpaBASIOLIMM BEKTOPOM KacaTeb-
HOH, TO 3HayeHHe napameTpa, COOTBETCTBYIOLIET0 HCKOMOH TOUKe,
yloBieTBopsieT ypaBHeHu0 2— (2t+2)=0. Orcioga t=0. HUckomas

Touka WMmeeT KoopauHaThl (0; —1).
619. Moxer Ju KacaTelbHasi KPHBOH y=x" B HEKOTOpOH ee

TOYKe COCTaBJsATb C ocbio Ox yroJi, paBHblil %—?
620. HaiiTh TouKy, B KOTOpO# KacaTesbHas napaboabl y=x>+2

o N
o6pasyet ¢ ocbio Ox yroa, paBHbidl .

621. [lana BekTop-dyHkuus r(f)=(¢, 1), onpegeasiomas napa-
MeTpH3auuio KpuBod. HalitH koopauHaTol Toyek 3ToH KpHBOH, B
KOTOpbIX KacaTe/bHble MPOXOAAT uepe3 Touky M (—1, —3).

622. Jlana sektop-dyHkuus r (f)=(£*, t*— 1), onpeaensiouas na-
paMerpu3auuio KpuBod. HaiiTh Takue ee TOUKH, B KOTOpbIX Kaca-
TeJbHble MapajienbHbl npamoit 2x+y—3=0.

2 2
b 4
623. [loka3aTb, YTO KacaTe/lbHble K 3JUIHICY —,+—y—,=l, TH-

nep6ose z—Z—?— =1 u napa6ose y>=2px B Touke M (xo, yo), NpH-

Hajexaluei COOTBCTCTB)’IOLL[CH KpHBOH, HMEIOT BHA:

D482 =1, 22— =1, yoy=p (x+x0).

a

624. [1aHo, yTo BCe HOpPMaJiH KpPHBOH NPOXOASAT uepe3 OAHY TOU-
Ky. [okasaTb, YTO KpuBas sBJseTcS JHG0 OKpPYKHOCTbIO, JHOO
4acTbi0 OKPYXKHOCTH.

625. oka3atb, uTto AJasi Jilo6oH TOUKH M PaBHOCTOpPOHHEH TH-

2 2
X o
nep6oJibi 7—%=l OTPEe30K ee HOpMaJii, 3aKJIIOUEHHbI MeXay
—>
Toukod M u ocbio Ox, paBen moayno |OM| paanyc-BekTopa
TOUKH M.

626. [laHbl ypaBHeHHsi KpHUBbIX. HaliTH KoopaHHAaTHl HX TOueK
nepeceyeHusi U yriibl, MoJ KOTOPbIMH OHH MepeceKaioTcs:

a) y=sinx, y=cosx, x € [O, %-],
6) y'=x, x*=y;

B) y=tgx, y=ctgx, x € ]0, —;-[,
r) y=2x*—2x, —2x—2x

n) x2+y =4, Xy’ +x=4
e) ¥’—y’=1, xy=1.
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Pemwenue. a) KOOpIUjHaTbI TOUKH TepeceuyeHUsl SBJSAIOTCA pe-
LIeHHEM CHCTeMbl ypaBHEHHH
y=sin x,
{y=cos X.
M3 Hee caepyer tgx=1, x=%, KpHBble MepeceKaloTCcs B TOuKe
n V2 mn -
(T' T) O/L YIVIOM MepeceyeHHsi KPHBbIX MOHUMaeTCsl YroJl MeXay
KacaTeJlbHbIMH B HX o6iied Touke. Onpenennm HanpasJsioulne BeK-
Topbl KacaresbHbiX. [lepBasi KpuBasi uMeer napameTpuaaumo f )=

(t
=(t, sin t), BTopas g (t)=(t, cos t). [TosTomy f’ ()=(1, cos t), g’ ()
=(1, —sin ¢). Orciona f’(l)=<l. 522) é’(%)=(l, ——\g- ,

i

627. lokasaTb, 4TO yroJ mnepecedyeHWsi KpHUBOiH, ompenessieMoil

1
-, (p=arccos —

COS p=
= 3

ypaBHeHHeM y=a tg %—, ¢ ocblo Ox He 3aBHCHT OT 3HayeHHs a.

Haiitd stot yroa.

B 3agauax 628—639 paccmaTpHBalOTCSi KpHBble B MPOCTPAHCTBE
E;.

628. Jlana napameTpu3sauus r (!) kpuBoii. HaiiTu ypaBHenus Ka-
caTeJibHbIX B TOUKaX KPHBOH, COOTBETCTBYIOLIMX MapaMeTpam [;:

a) r({t)=(, Int, ), ti=1;

6) r(t)=(2L, ¢, 241), t,=0, ty=1;
a) F(0) ( 2t+x/'*‘. B h=1, =4;
) r(t)=(*, e, e'), H=0, ta=1, t3=—l'
) F()=(cost sin ¢, tg 1), t;=%—, ty= ,t;, sé;-

- . 1

e) 7 (t)=(arcsin t, arccos t, 202 41), ti=——, t,=0, ty= — .

) 7 (= +1), = 5
PeweHnune. a) Hckomasa kacatenbHasi omnpenensieTcsi TOUYKOH

r(1) u nanpasasiowuM Bektopom (1), r(l)=(e, 0, 1), r (t)=

|
=<e’, —tl—, %t 7), r’(l)=(e, 1, %) [ToaToMy KaHOHHUeCKHe
aBHEHHs KacaTesIbHOH MMEIOT BHI:
yp
x—e z—1
e =y= 3
4
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629. KpuBasa 3agaHa Kak JIHHHUA nepeceyeHHs noBepxHoctei P,
H P,. Ha#itu ypaBHeHHs Kaca're.nbnon KpPHBOH B Touke M:

a) P: xy=z, Py x+y =2, M(1, —l —1);
6) Pi: xy=z P,: x—y,Mg 2, 4
B) Pi: x*4y’=4, Py y’+2°=4, M(2 O 2).

PeweHnue a) Haltlnem napamerpusauuio KpHBOH B OKpecT-
HOCTH TOYKH M. l’Io.nome y=1. Torna U3 ypaBHeHHS NMOBEPXHOCTH
P, cnenyert, uto x*=2—12. Tak KaK B OerCTHOCTH TOUYKH M nepBasi
KOOPAHHATA TMOJIOXHTeNbHa, To Xx=-/2—{>. U3 ypaBHEeHHS MoBepx-
HOoCTH P, monyuum z=1+/2— . Takum oﬁpaaoM, napaMeTpH3aLHs
KPHBOH B OKPECTHOCTH TOUKH M umeeT BHA: r (f)=(/2 —t7 t,
t2—1°). Touke M cooTBetcTByeT napamerp t= — 1. Haiinem r’ (t).

- t £
r () =(— A —)]

* 21 V2—1*
Bekrop 7’ (—1)=(l, 1, 0) sBAseTCcS HAaNpaBASIOLIMM BEKTOPOM Ka-
catesbHoH. [103TOMYy napamerpHueckHe ypaBHEHHSI KacaTe/ibHOI HMe-
IOT BUA:

x=14+t y=—1+4t¢, 2= —1.

630. [ana napaMeTpHu3alus KpHBOIl 7 ()= (~/t, t2, t*). CymecTBy-
€T JI4 TOYKA 3TOH KPUBOH, B KOTOPOH KacaTeJbHas nepneHiuKyasipHa
MJIOCKOCTH X+ Yy +22+3=0?

PemweHue. Bekrop p(a, B, y) TOr1a H TOJLKO TOrAa NepHeHIH-
KyJsipeH mjockoctH Ax+ By+4 Cz+ D=0, Korga oH KoJiIHHeapeH

A B C
HOpMAJibHOMY BEKTOpY IJIOCKOCTH, T. €. Korjaa T=—=—. Ha-

B v
NpaB/siOLIHA BEKTOpP KacaTesibHOH B MpPOW3BOJILHOH TOUKe HMeeT

BHO: I’ (t)=<2Tlﬂ’ 2t, 3t2). Ham Heo6xoaMMO HLWTH Takoe 3Haue-
HHe napaMeTpa f, IpH KOTOPOM 2%/,=Qt=%—t2. M3 paBeHcTBa 2t =
t

2
=5 NOJy4uMm: tH =0, tg—— ITH 3HayeHHs He YAOBJETBOPAIOT

1 o
COOTHOULIEHHIO 2—T=2t. [TosToMy HCKOMOH TOYKH He CylLecTBYeT.
!

631. [lana napameTpu3auus Kpusoil r (f)=(t*, 2>, —7t). Haiitu
ypaBHEHHS] TaKHX ee KacaTeJbHblX, KOTOpble MapaJJelbHbl MJ10C-
KOCTH x —y+2=0

632. KpuBasi, mapaMerpusalusi KOTOPOH oflpejejieHa BeKTOp-
dyHKumeit r (f)=(a cos ¢, a sin ¢, bt), Ha3blBaeTCsi BUHTOBOMH JHHHEIA.
Joka3aTb, UTO OHa pacmo/ioXkeHa Ha UHJHHAPE, a ee KacaTe/bHasi B
KaXXlo# TOYKe COCTaBJIsieT NOCTOSTHHBIN yroJsi ¢ 06pa3yioleil LHIHHA-
pa. Haiitu atot yroa.
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633. oka3aTb, uTO KacaTeJbHble KPHBO#H, NMpHHajNexaileH ne-
peceyeHuio nosepxHoctell Pi: x*=y H Py: 2xy=3z, obpasyior mo-
cTosiHHbli yroa ¢ BektopoM p (1, 0, 1). Haiitu stot yroa.

634. [oka3aTb, YTO KacaTe/bHble KPHBOH, ONpejesieHHOH Mapa-

MeTpu3sauueil r (t)=(t?, ¢, t+3), 06pa3yioT MOCTOSAHHbI YroJ C He-
KOTOpbIM HeHyJieBbIM BekTopoM. HaiiTH 3TOT BekTOp H yroJ.
635. BuisicHUTb, nepecekaloTcsi JH KpHBble, 3alaHHble CBOHMH

napamerpu3auusmu r(f) u g (). Ecau nepecekaiorcsi, To HallTH Ko-
OpAMHATHI UX OGLLEH TOUYKH H YroJl MeXAy HHMH:

a) r(t)=(t% ¢, 2t) gt)=(—t, —1, =2
6) 7 ()=(t++ 1. 8). (=6, 1, 1)

B) 7()=(3, 2¢cht, 2sh 1), §(t)=(2t2+1, t4 t—Tl—).

636. HaiiTu pauHy kpuBoil Mexxay ToukaMu Mo u M), eciu Kpu-
Basi:
a) ompeaesieHa napamerpu3auHeii r (f)=(e' cos ¢, e'sint, e'), Touke
M, cootBercTByer napamerp =0, a M|, —t=m;

6) onpeaeneHa napameTpu3auueii r ({)=(a cos ¢, a sin {, bt) (BHHTO-
Basi JIMHHA), Touke M, coorBercTByeT mnapamerp (=0, ToukKe
M, —t=2n;
B) ompejesjeHa mnapameTpu3aliyen F(t)=<a(t—sin ), a(l—cost),
4a cos ;—) Mo v M, — n1Be nocJjiefoBaTe/ibHble TOUKU ee Nepeceue-
HHSI ¢ mjockocTbio Oxy;
r) NPHHAAJIEXKHT MepPeceyeHHIo nosepxHocTelt x®=3a’y u 2xz=a’
TOUKH M, H M, AIBJASAIOTCS TOYKAMH MNepeceyeHUs] KPUBOH M MJOC-
KoCTeH y=% H y=9a;
1) onpenejeHa napamerpusaumueit r (f)=(ach ¢, asht, at), Toukam
Mo u M, COOTBETCTBYIOT mapameTpnl fo H 1.

Pewenue a) [OauHa AOyrd KpHBOi, omnpeneNeHHOH mnapa-
MeTpH3aLHell r=r (), Mexay ToukaMu M (to) H M ({,) BbuMCAsieTCS

H

no cdopmy.e s=S |7’ (t)|dt. Onpenenum r’ (¢):
’( =(e' cos t—e'sin t, e'sin t4e' cos t, e')=
(cos t—sin t, sin t+4cos t, 1). Orciona |’ (t) | =

=e' /(cos t —sin t)’4(sin {4 cos £)*+ 1 =¢4/3.

-

N ~i

[Toaromy

s=w/§§‘e'dt=w/§(e"—l).

0
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637. BoluMCIUTb AJIHHY 3aMKHYTOH KDHBOH, ONpejesieHHOH na-
pamertpu3auueit r (t)=/(cos® ¢, sin® {, cos 2¢). ‘

638. Hafitu HaTypasbHyi0O NapaMeTpH3aLHIO KPHBOH, onpejesieH-
HO# BeKTop q)yHKuueiiJ?(t)

12 3

a) r( (2 S \/'t t)
6) r(t)=(2—2t, 3+t, 2t);
B) r(t)=(acost, asint, bt),
r) r(t)=(e' cost, e'sint, e)

- 3 t
p) F(t)= (—e‘“+3 2¢!, +-e* +|).

PeweHnue. a) ﬂapame'rp S Ha3biBaeTCsl HaTypaJibHbIM, eCJH
IJIHHA AYTH MeXay ToukaMmu M (so) H M (s,) paBHa |s;—sol|. Has
pellieHHs1 3afauyd HeOGXOAMMO HAWTH AJIHHY AYTH MeXAY HauaJlbHOH

TOYKOH M (fy) ¥ MpoU3BOJIbHOH TOUKOH M (f), 3aTeM BbIpa3uTb ¢ uepes
S M 3aMeHUTb mapametp { Ha napameTp S B MapaMeTpPHUECKOM Mpea-

crasiennu r (1) kpusoit. [Tyctb ty=0. r ()=(t, \/2/t, 1), |7 (t) | =
=+2t+1=|t+1]. Tak Kak t=0, T0 |7 ()I—t+|. Orciona
t

s=S(t+l)dt=-;—t2+t. Bbipasum ¢ uepes s. t242t—2s=0,
0

t, 2= —1++/142s, >0, orciona t=-/142s— 1. [Tostomy HaTy-

paJibHasi mapaMeTpH3alHa KPHBOH HMeeT BHI:

F@):(@, %—ﬁ(w/1+2s—1)g, ViFos—1).
0

639. HokasaTb, uTO MapaMeTpH3alHA KPHBOH F(t)=(—2—cos2 £

.
D . 1. "
1’2—sm2 L 5 sin 2t> AIBJIIETCA HAaTypaJibHOH.

§ 26. CONMPOBO)XIAIOLWHUA TPEXTPAHHUK KPHBOHA.
PENEP ®PEHE

Jlutepatypa (2], § 52. _
640. [lana napamerpu3sauus r (¢) KpuBoi. Haiitu ypaBHeHHs1 Hop-
MaJIbHOH & M COMpHKacaiouleicss f mIoCKocTel MpH {=t:

a) r(t)=(e', e¥, e*), to=0;

6) r(t)=(t* 41, t—1), t,=0;

B) r(t)=(asint, acost, bt), tp=0;
r) r(t)=(sint, cos 2t, sin 3¢), to=m;
p) r(t)=(e', e' cos t, e sin t), tr,=0;
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e) r(t)=(Int, In(¢%), (In t)?), to=1;
K) r()=H/t+1, Y1, t+4), t,=0;

3) r(t)=(ncos ¢t, In (sin t4 1), 2¢), tr=0;
H) F(t)=(e"", "V BV f=1;
K) r(t)=(tg t? ctg(t+ ) cos 2t), tp=0.

Pewenwue. a) Ecau r (f) — napameTpu3alus KpHBO#i, TO COMpH-
Kacaiouascsi MJ0CKOCTb CONePXKHT BekTophl 7 () u r” (t). Tlosatomy
OHa ompejesieHa TOYKOM 7 (o) M ABYMS MapaJliesibHBIMH eii BeKTo-

pamu 1’ (t,) u r” (t,). Onpeneaum T(t), T/ (L) u 7 (L)

rO=(, 1, 1), 7 (t)y=(e', 2¢*, 4e*), ' (0)=(1, 2, 4), r” (t)=(¢', 4e*,
16e*), r” (0)=(1, 4, 16). Ucnonb3ys dhopmy.iy 415 OnpeseseHHs YpaB-
HEHHsl MJIOCKOCTH MO TOYKE M JBYM KOMIMJAHADHLIM BEKTOpaM, Mo-
JYUHM:

x—1 y—1 z—1
B: 1 2 4 =0, p: 8x—6y+2—3=0.
1 4 16

HopmanbHasi njocKocTb NepneHAHKyJsipHA KacaTe/bHOH, MO3TO-
My OHa OMNpeJe/sieTCs TOYKOH C PaaHyc-BEKTOPOM r (fo) H HOpMaJb-

HLIM BeKTopoM 7’ (to). Micnosbays dopMysiy A/is onmpefesieHHs ypas-
HEeHHsl MJIOCKOCTH N0 TOYKE H HOPMaJbHOMY BEKTODY, MOJIyYHM, UTO
ypaBHeHHe HOPMaJibHOMH MJOCKOCTH a HMeeT BHA: x— 142 (y— 1)+
+4(z—1)=0, uu x+2y+42—7=0.

641. ToukH KpHUBOH MNpHHA[/IEKAT MEPECEUEHHIO [BYX MOBEPX-
Hocteit P, u P,. Haiitn YpaBHeHHs HOpMaJIbHOH @ H COMpHKacaio-
wedcs B nockocreil B yKa3aHHOH Touke M:

a) Pi: xy=z, Py x— y= 0, M(2 2, 4);

6) Pi: 2x+4y=0, Py: X’*—y’=z2, M(O 0, 0);
B) P: xz=1, P: yz—3 M(1, 3 1);

r) P.:y—x Ps: x—z M(l 1);

n) Py x*422=a? Py y’+2° —b2 M (a, b, 0).

642. Jlana napameTpu3auus KpuBok r (t)=(t%, t°, t). Haiitu Ta-
KYIO ee TOUKY, CONMpHKacalowascs MJIoCKOCTb KOTOPOi MPOXOAHT uepe3
Touky N (—1, 18, 0).

Pewenue. Haiinem ypaBHeHHe compuKacawuleicsi MJI0CKOCTH
B (¢) B npousBoJbHOI Touke M (f) kpuBoi. r’ (t)=(2t, 3¢, 1), r” (t)=
=(2, 6t, 0).

x—1t* y—1 z—t
B (t): 2t 3¢ 1 =0.
2 6t 0
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Orciona B (t): —3tx+4y+3t°z—*=0. OnpegenuM Takoe 3HaueHHe
napaMerpa f, AJis KOTOPOro MJIOCKOCTb ﬁ() COMIEPXKHT TOUKY
N(—1, 18, 0). [loacraBuM KOOpPAHHATBI 3TOH TOYKH B YypaBHEHHE
niockoctH P (f), mosyuum t*—3t— 18=0. 3HaueHHe t =3 — KopeHb
STOTO ypaBHEHHSI. 13 —3t—18=(t—3) (t* 43t +6). Ypashenue nmeer
OJMH JeHCTBHUTEJbHbIH KopeHb {=3. KoopAuHaTbl HCKOMOH TOUKH
KpuBoii paBHul (9, 27, 3).

643. Kpuasa 3anaHa cBoeii napamerpusaumeii r (t)=(a sin’¢,
asin tcost, acost). [lokazaTtb, YTO BCe ee HOpMaJbHble MJIOCKOCTH
MPOXOASIT Yepe3 HauaJlo KOOPAHHAT.

644. Tlyctb r (t)=(€', ¥, €*) — napamerpusauus kpusoil. Haiitu
Takylo ee TOuKy M, B KOTOpO#H CONMPHKAacCaloWascs MIOCKOCTb MpO-
XOIHUT Yepe3 Touky N (3, 6, 0).

645. JlaHa napaMeTpH3alLMs BHHTOBOH JHHMH r (t)=(cos ¢, sin ¢,
2t). HaiiTh KoOpAHHATLI BCeX ee TOYEK, B KOTOPLIX CONMpHKacalolas-
Cfl MJIOCKOCTb MapaJsiiesibHa npsamMon x=¢—2, y=t+41, z=3.

646. [lana BekTOp-GYHKUHSA, ompeaeisiioulasi MapaMeTpH3aLHIO
kpuBoil. HaiiTH ypaBHeHHe riiaBHOW HOpMaJiH W GHHOpPMAaJiH KPHUBOH
B TOUKEe, COOTBETCTBYIOLIEHl NaHHOMY 3HAaUYeHHIO nMapameTpa:

a) r(t)=(sin*¢t, 1 —cos t, 2¢), to=%-;
6) r(t)=(cos t, t+cos 3t, cos 5t), ty=0;

B) r(t)=(¢, smt cos t), to=m,
r) F(t )=<t —t3), to—l
a) r(t)—(lnt ln(t2), t), to=

e) r(t)=(e, e™", "), to=0;

X) 7(t)=(sin t—t?cos ¢ cost+12—sin ¢ t), to=%.

Pewenue. a) INoa rmaBHoit HOpMasblo KpUBOH B Touke M no-
HHMaeTcsl NpsiMasi MepeceyeHHs ee COMpHKacalouleidcs U HopMalib-
HOH MJOCKoCTeH, a moj GHHOpPMaJbi0o — MpsiMas, NeprneHaHKYspHas
COMPHKACAIOILEHCs MJIOCKOCTH H NMPOXOoAsilllasi yepe3 AaHHYIO TOUKY.
OnpenenuM ypaBHEHHs CONMPHKACAIOWEHCS H HOPMaJibHOH MJIOCKOCTeH
B TouKe M:

7(—;‘—)=(l, 1, m), 7 (t)=(sin 2¢, sin ¢, 2), " ({)=(2 cos 2, cos ¢, 0),

F’(—;—) =, 1, 2), r” (%—) =(—2, 0, 0). YpaBHenue conpukacaio-
wweiicsi MIOCKOCTH UMeeT BHA P: 2y —z+ n—2=0. YpaBHeHHe HOD-
MaJlbHOM MJIOCKOCTH MOXKHO MpeiCTaBHUTb B BHle a: y+2z2—2n— 1=

=0. Orciona nosyynm obLiHe ypaBHEHHs I/1aBHOH HOPMaJiH:

2y —z+4n—2=0,
{y+22—2n— 1=0,
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WIM B mapameTpHueckom Buie x=t, y=1, z=mn. Bekrop n (0, 2,
— 1) — HOpMaJibHblil BEKTOD CONPHKAacaloLleHCs MJI0CKOCTH, sIBJAAETCS
HanpapJflOUKM BeKTOpoM OHHOpmaJiH. [loaTomy nmapamerpHueckue
ypaBHeHHsi GHHODMaJIH MOXHO NMpeACTaBHTb B BUe x=1, y=142¢,
z2=n—t.

647. lokasaTb, uTO BCe IJIaBHble HOPMaJiH KPHBOH, OMNpejeJsieH-

HO#l napameTpu3aumeil r ({)=(sin ¢, {, —cos f), napaJiegbHbl KOOp-
NMHAaTHOM MJocKocTH x0z.

Pewenue [as peuweHus 3agayd AOCTAaTOYHO MOKa3aTb, YTO
HanpasJsIOUHil BEKTOpP IJ1aBHOH HOPMaJiH KPHBOH B ee NMPOHU3BOJIb-
HOM Toyke meprneHauKyasipeH ocH Oy. Hailinem ypaBHeHHs HOpMaJib--

HOH M COMpHKacalowencs MJocKocTell KpHBOH B Touke M (f). r’ (t)=

=(cos ¢, 1, sin t), r” (t)=(—sin t, 0, cos t). YpaBHeHHe COlNpHKacaio-
ecs MJIocKocTH B (f) uMeer BHA:

x—sin ¢ y—t 2+4cos t
cos t 1 sin ¢ =0,
—sin ¢ 0 cos t

HiH (cos t) x —y+4(sin f) z4+¢t=0. YpaBHeHHe HOpPMaJbHOH MJOC-
KOCTH a (f) MOXHO NpeACTaBHTb B BHAe cos ¢ (x—sin )+ (y— )+
+sin t (z4-cos t)=0, uau (cos ) x+y-+(sin¢t) z—t=0. I'naBHasn
HOpMaJib KpHBOH B Touke M (f) siBasiercsi npsiMoii nepeceueHHs
miockocteit a (f) u B (¢t). INostomy ee Hampasasiiowuil BekTop p (f)

KOJIIMHEApeH BEKTOPHOMY MpOH3BeleHHIo [n; (£) nz (f)] HOpMaJibHBIX
BeKTOpOB 11, (t) U n (t) naockocredt & (£) u B (¢). ny ()=(cos t, 1, sin ¢),

ny (t)=(cos t, —1, sin t), [n, ()12 (£)]=(2 sin ¢, 0, —2 cos ¢). ToaTo-
My MOXXHO CYMTaTb, YTO HANpaBJSIOLIHH BEKTOP rJ1aBHOH HOPMaJH

HMeeT KOOpAHMHATH p (f)=(sin ¢, 0, —cos t). Ero ckasnsipHoe npous-

BesieHHe ¢ BektopoM j (0, 1, 0) paBHo HyJi0. [TosToMy B J11060#t Touke
KPHBOH I1aBHasi HOpMaJb MapaJsijiesibHa MIocKocTH Oxz.

648. oka3aTb, UTO rJiaBHble HOpMaJidi BHHTOBOi JIMHHH (CM. 3a-
nauy 632) nepneHaHKyJspHbl ocH Oz.

649. oka3aTb, yTo Bce G6HHOpPMaJiH KPHBOM, OMpeae/seHHOH ma-

paMeTpu3anueii F(t)=(t, £, %—ta). 06pa3yioT MOCTOSIHHBIH YroJ ¢

BEKTOpPOM 5(1. 0, 1). Haiitn 3toT yroJa.

650. loka3atb, uTo Bce 6GMHOpPMaJii KPHBOH, ompeaesieHHOH ma-

12

paMerpusauueil r (t)=(cost+4tsint, sint—tcost, e ?), nepece-
KaloT ocb Oz.

651. Ha GuHopmansix BHHTOBOH JHHMHM (cM. 3ajauy 632) or
TOUYEK JIMHHH OT/IOXKEHbl OTPe3KH PaBHOH MJIMHbL. [loka3aTb, 4TO HX
KOHILbl J1eXKaT Ha APyrod BHHTOBOH JIHHHH.
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652. Haiitn Bektopsl T, v H B conpoBoxaaioiuero penepa ®pene

KPHBO#, OMNpeje/NeHHOH napameTpusauueii r (f), B TouKe, COOTBeT-
cTByiolledl mapametpy fo:

a) 7(t)=(a(t+sin t), a(l—cos t), 4a cos ) to=n, a=>0;

6) r(t)=(asint, acost, c), t=%, a>0;
B) r(t)y=(*t, t— ) to=0;

r) r(t)=(cos® ¢, sin® ¢, sin ¢), to=0;

) rt)=(e' V2t e™), ty=0;

e) r(t)=(acost, asint, bt), to=%-;

XK) r(t)=(t cost, tsint, at), t,=0;

3 FO=(t + &), =1

u) r(t)=(acht, asht, at), =1, a>0.

Pewewunune a) Bekropu T, v H f npeactaBasiioT co60il eHHHY-
Hble BEKTOPbl COOTBETCTBEHHO KacaTesbHOH, rJiaBHOH HOpMaJH U Ou-
HopMaJii KpuBoii. Ilpu 3Tom
dr ! d*r

IS_' ;= |d1;| * ds2 ’ 6__-[;{;]7

T=

. o d =
rie s — HaTypaJibHblii mapamerp KpuBoi. Tak kak %:[r{l, TO

dr__dr dt_ i
ds  dt ds Iri
= d’r
Jas BblUMCaEHHUSA BeKTopa v MnpeactaBHM BEKTOpD 71—2- B BHE
S

L4 (A _d . L
ds?  ds\ds/)  d - :

Onpenenum ri-ri=(a (14 cos t), asint, —2a sin tT) .

|ri| =\/02 (14cos t)*4a® sin? t 4+ 4a?® sin® —t2—=2a‘

[MosToMy BekTOp T (f) MMeeT KOOpAHHATH ( (1 4cos ¢), smt
—sin L2-> Ipu t=n noayuum t (n)=(0, 0, —1). Haitgem 1/
= (——;—smt —cos t, ——;—cos—;—) .

125



A = ( 1 1
& 7 =3 5 —sin ¢, cost Tcos—) ,
d27| _ / 2 ¢
TS —4a 1 4cos 5
- 1 d’r
Tak kak V_Ti—f?-l—.7, TO
ds?
5(t)=—-—l—<—sin t, cost, —cos 17)

t
2__
‘\/l—{-cos )

Ecau t=mn, to v (n)=(0, — 1, 0). BekTop B (¢) HailneM KaK BEKTOp-
Hoe MpoH3BeleHHe BeKTOpOB T (1) i v (t). Otciona ﬁ(n)=( — 1,0, 0).

§ 27. KPUBHU3HA U KPYYEHHE KPHBOHN.
®OPMY/Jibl ®PEHE
Jlutepartypa: [2], § 52, 53.
653. Haiith kpuBH3Hy k(f) U KpyyeHHe x (f) KpHUBOH, 3aaaH-
HOMl BeKTOp-(yHKuHei r (£):
a) r(t)=(tcost, tsint, at);

6) r(t)=(t2 t, 2t—1);

B) r(t)=(3t>+5¢, t*—t, 2¢);

r) rt)=3t—1¢, 3, 3t4 13,

n) r(t)=(acost, asint, b), a>0;
e) r(t)=(e', V2t e™");

K) r(t)=(t+Int ¢, Int),

3) r(t)=(acost, asmt bt), a>0;
0 F0=(1 2 5),

K 7 (O)=(5 2 242 7, VE 48
a) r(t)=(acht, ash t, at), a>0;
M) r(t =(at. a+2int, %)

Pewenue. a) Popmynsl A BbUMCIEHHS KPHUBH3HBI R (¢) H
KpyueHnsi x () KpHBOH, 3a/laHHOH MapaMeTpU3aLHeil r (¢), UMEIOT BHA:
"/ ".'// ?///)

”'/7”]'2

r(="220 ()=
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Haiinem BekTopul 7/, r”, r"”, BekTOpHOE [’ r”] 1 cMewaHHoe (r’, r”, r')
NPOH3BEICHHUS:

r'=(cos t—tsint, sint4tcost, a),

r’=(—2sint—tcost, 2 cost—tsint, 0),

=(—3cost+tsint, —3sint—tcost, 0),

IF =+/(cos t—t sin )’ 4-(sin t 4t cos t’ +-a’ =~/ 4a’ 41,

<

\l

- -

i i k
[r" r]= | cost—tsint sin ¢4t cos ¢ a | =
—2sint—tcost 2cost—tsint 0

=(—a(2cost—tsint), —a(2sint4tcost), (2412,
7" )l =VE +(@* +4) F+4d"+4, (7, 7, I")=
=([r"r"])- r”;’——a(2cost—tsm t)(—3 cos t+4tsint)—
—a (2sin t+4t cos t) (—3 sint—t cos t)=a (t*46).

Takum o6pa3oM, nojyuyum:

k(t)= VE+ @@ +4)P+4a’+4 % ()= a(*+6)
E+at+ )Pt a+1 t'+(a’+4) P+ 4a>+4
654. HaiiTh KpHBH3HY H KpyueHHe KPHBOM, 3aJaHHOH NMapaMeTpH-

3aumeii r (t)=(t—sin ¢, 1 —cos ¢, 4 sin —'2-) npH t=m.

655. Kpupas 3aj1aHa cBoeil HaTypaJbHOH NapaMeTpH3alHedl r (s).
Jokasatb, uro:

dr  d 2.
a) o= kR
dr d*r .
6) K'F_O’
o) | 4L| =k a4 | 2|
dr d’ dk
r) SL.EL_p St
ds? ds® ds

Pewenune a) Bocnonbdyemcs dpopmynamu ®Ppene:

& py b

— —pia.G 9B _ .=
ds 15— kT EB, o= —wv.

Tak kak =22, 10 nepBylo ¢popMyny PpeHe MOXKHO 3aNHcaTb B BH-

ds
ne —_kv [MponuddepeHunpyeM 3To paBeHCTBO MO S: %:
=ﬂ ‘+k—. Hcnoab3yss Bropyio ¢opmyay PpeHe, 3ameHHM
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dv g Y dr  dk - 2= 3
—; Ha —kt+xf. [NMonyuum F:—sv—k T+ xkB. STo paBeHcT-
BO YMHOXXHM CKaJl'ilpHO Ha T. Tak KaK BeKTOpH T, v H  B3aHMHO opTO-
dr
TrOHaJIbHbI, TO d L= — k%% Kak y2Ke 0TMeuaJioch, Tl =1, t—d—'s .
d*r dr_ 9
[TosTomy PP k*.

656. lokasatb, uto dopmyssl PpeHe KPHBOH MOXKHO 3aMHCAThb
B BHJE
B b5 dB_ =
ds—[mT ds_[m 'V], ds_lm B]’
rae o =xt+kp (sexkrop Hdap6y).
657. IlokasaTb, uto Bektop Jlap6y @ (cM. 3agauy 656) yaoB-
JIETBOPSIET COOTHOLIEHHIO

dm dx -
ds  ds +dvﬁ

658. Ilyctb oTHolleHHe A=~k % KPHBH3Hbl H KPYYEHHS KPHUBOMH
noctosinHo. JI0Ka3ath, 4To BEKTOp p =1 + AP He MeHsieTcs BJOJIb KpH-
Boit. JloKa3aTb, UTO YroJl MeXJy BeKTOpaMH T M p nocTosinen. Haiitu
3TOT yroJ.

659. Hoka3aTb, UTO KpPHBasi B TOM U TOJIbKO B TOM CJlyuae siBjsieT-
Csl MpsIMOM JIHHHEH WJM ee yacTbio, Korga kR=0.

660. lokasaTb yTBepIKaeHHe: 1/isl TOro 4To6bl KpHBas Gblja MJoc-
Ko#, HeO6XOAUMO H IOCTAaTOYHO, YTOObI KpYyueHHe KPUBOH TOK/1eCTBEH-
HO paBHAJOCH HYyJIO. JloKa3aTb, UTO NPH 3TOM MJIOCKOCTb, KOTOPOH
NpHHALJIEXKHUT KPHBasi, SIBJISETCS ee CONPHKAacalouledCs MI0CKOCThIO.

661.. [lana napameTpu3auusi Kpusoii r (f). Jloka3aTb, 4To KpHBas
njaockasi. HaliTH ypaBHeHHe MJIOCKOCTH, coaepXKalleil KpHUBYIO:

a) r(t)=(2t, 3t4+4, t*—3);
6) rt)=(t*—1, £, 242);

B) r(t)=(Int, In £, In £,
r) '(’)=(1 = let);
n) r(t)y=(e', —e'+2e7", e~ +1);
e) r(t)=(sint, 2sint41, tgt);
)F(t)=(2ctgt —tg t, 4 ctg 2t),
F( )=(a|t2+b|t+c|, 02t2+bzt+02, a3t2+b3t+03)

rae \al+ b1+ a3+ b3+4a3+4b3+£0.

662. [apameTpu3auus KpHBOiH uMeeT BHA: r ()= (a cos ¢, a sin t,
f (¢)). Halitu ¢dyHkuuio f (f) npH yclOBHH, YTO KpHBasi MJIOCKas.
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663. Bce conpukacaiolinecsi mJ0CKOCTH KPHBO#H cOAep»XaT MOCTO-

SIHHbIA BekTop m. JloKa3aTb, UTO KPHBAs MAOCKas.
Pewenue [locTaTouHo MOKa3aTb, YTO KPYUEHHE % NAHHOH KPH-

BOIi TOX/1€CTBEHHO PaBHO HYJI0 (CM. 3a1ayy 660). Bekropsi T 1 v pene-
pa ®peHe o6pasylor 6a3uc conmpukacaiouleiica miockoctd. OTcioaa

m=pt+ gv. [Tpoauddepenunpyem 31o paBeHcTso no s. Tak Kak Bek-

- . dm __~
TOp M NOCTOSIHEH BAOJIb KPHBOH, TO Ts'=0' [Tostomy

dp 4 da 5, dr 0.
2 "t vte g ta ds 0.

Bocnosb3yemcsi mepBoét 4 BTOpolt ¢opmynamu Ppene d—Ts=k\7,
%=—kf+xﬁ, NOJNY4YHM:

t100) (808 S =

(22—qk ) T+(4+pk ) v+ guf=0.
Bektopel T, v M P JHHeliHO He3aBHCHMbI, oTciona gx=0. Ecau
»=0, To yrBep>xaeHue aoka3daHo. [lyctb ¢=0. Torna m=pt. Tak

KaK m He MeHsieTCsl BAO/b KPHBOH H |T| =1, To BeKTOp T TaKxe Mo-
o -~ dr d&’r &
cTosiHeH BAOAb kpHBoit. Tak Kak T=2=, To =5, =0. Kpusas spasier-

Csl MPAAMOH JIMHWEH HJIH ee yacThbio, T. €. 3aBelOMO IJIOCKOH.

664. Bce HOopMasibHble MJIOCKOCTH KPHBOH COAepXKAT MOCTOSHHbIH
HeHysieBol BeKTOp m. Jloka3aTb, UTO KPHBas MJAOCKas.

665. Bce compuKacaiouiHecsi MJIOCKOCTH KPHBOH MpPOXOAAT yepe3
ofHY Touky. JloKa3aTb, UTO KpHBasi IJIOCKasl.

666. Bce conpukacaioiuecs nJ0OCKOCTH KPHBOI#i MepreHaAH Ky s PHb
¢ukcupoBaHHo# npsiMoii. [lokasaTb, YTO KpHBas MJOCKas.

667. HokasaTh yTBepxKieHHe, o6paTHOe YTBEPXKAEHHIO 3ahayH
658: ec/iM cyllecTBYeT BEKTOp 4, 06pa3yiollHil MOCTOSIHHBIA YroJi ¢
KacaTesIbHOH KDHBOH, TO OTHOLUEHHE KDHBH3HbBI M KPYYEHHS 3TOH
KPHBOH MOCTOSIHHO.

668. HaiiTu HaTtypa/iibHbie ypaBHEHHSI KDHBOH, ec/d JaHa ee Mna-

pameTpH3aauus r ():

(at, a+/2In t, ),a>0;
t)=(acost asint, bt),

(£ 5. %) =0
t)=acht asht at), a>0.

eweHue. a) [lon HaTypaibHBIMH ypaBHEHHAMH KPHBO# ITOHH-
MaiOTCsl ypaBHEHHs] BUJa kR =Fk (s), x==x (S), rlle kK — KpUBH3HA, ¥ —
Kpy4eHHe, a s — HaTypaJibHbiil mapaMeTp KpuBo#. [laisi pelneHus Heo6-

=

o~~~ —~
~
~

—
- v v v
'U A S T
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XOAUMO ONpeNeJHTb KPUBH3HY k (f), KpyueHHe x (f) KPHBOH, Bbipa-
3UTb MapaMeTp ! uepe3 HaTypaJibHbiil MapaMeTp S H 3aMEHHTb ! Ha S
B HaiiJleHHbIX COOTHOLUEHUAX AJs K () u x (f).

t3

=023, —64 R ATt

’

r'l=

k

1 __2ad® = 2a- 2a
7 | =Y i=TFi-

2

T

|[;/ ;1/]| — (;1' ;‘n‘ ;///)
y =

k= — =K== .
TaK Kak I;lla ‘[;/ f"]|2 0(12+|)2

B kauectBe HayaabHOH mpuMeM Touky ¢ mapamerpoMm t=1. Torna

S={ -2l (=L,

1

21 A2
Orciona at?*—st—a=0, uau t=—s—‘ls—2aﬂ.

[TosToMy HaTypaJibHble YpaBHEHHS] KPHBOHl HMEIOT BHI:

e (5) = —Y2a (s ST 4a)
k(s) ‘)((S) (s®+4a’+s \/sT+ 4a?)? ‘




Fnasa V.

NMOBEPXHOCTH B EBKJIHJIOBOM
NMPOCTPAHCTBE

§ 28. MOHATHE NMOBEPXHOCTH
B EBKJIHAOBOM NMPOCTPAHCTBE

Jlurepartypa: [2],§ 54, 55; [3], pa3a. 5, §15

669. BuisicHuTb, ompeaesisieT JIH BeKTOP-PYHKLHs (4, v) MOrpy-
XKenue MHoxectBa D R®? B esknuaoBo npocrpanctso Es. Haittu
KJ1acC NorpyXKeHHs:

a) r(u, v)=(u+v, u—v, u*—0%), D=R?

6) r(u, v)=u+v, lu—v|, u’—0%, D=R?

B) r (4, )—(u2 2 {/7, v’+1), D=R?,

r) r(u, v)=(u?? u?, v’), D=R?

) r(u, v)=(? u® 0%, D=(u, v)lu>0, v>0}

e) r(u, )=(sm u, wv4uvtu, v+1), D={u, v)||u|<—’2‘—};

X) 7 (u, v)=(sin® u, u>v4uv+u, v41), D={u, v)|I0<u<l,v>1)

3) r(u, v)=(e*, u’v, sin uv), D={(u, v)lu>0);

H) r(u, v)=(u, v, lu?—0?]), D={u, v)| —3<u<<3, —9<<v<<9);

K) 7(u, v)=("“"? Y v—1) uv), D={u, v)| —2<u<2,
—2<<u<<?}

Pewewnue a) Bekrop-pyuxuus r(u, v) onpenensier C* — no-
rpy»KeHue MHoxXectBa D B E3 Toraa W ToJlbKO TOraa, Koraa BeKTOp-

yHKuHus 7 (4, v) NpUHALIEXUT Kaaccy CP, T. e. QYHKUHH X (4, V),
y (4, v), 2 (4, v) HMEIOT HenmpepbiBHbIE YaCTHbIE MPOH3BOHBIE A0 P-TO

Mopsiika BKJIOYHTENbHO H BEKTODPbl ry H r, He KOJIIHHEeapHbl AJs
JO6bIX 4, vED, mo3TOMYy paHr MaTpHLbI

Xu Yu 2Zu
(xu Yo 2y )
paBeH 2 aas Bcex (4, v) 3 D. ®yukuuu x (u, v)=u+v, y (4, v)=

=u—uv, z (4, v)=u’—v* HMeIOT HenpepLIBHbIE YaCTHbIE POH3BO/IHbIE
M06Oro MopsiiKa, H paHr MaTPHIIbI

CAR ) I G S o)
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paseH_ 2. CnenoBatenbHo, BeKTop-PyHKUMA 7 (u, v)=(u+v, u—uv,
u®—0%) onpenensier morpyxenue kaacca C™ AaHHOrO MHOXeCTBa
D= R2 B E3

e) Bekrop-odyukuus r (u, v)=(sin® u, u v+uv+u v+ 1) npunan-
JIEXHT Kaaccy C*. ‘-laCTHble npousBoaHbie r, = (3 sin® 4 cos u, 2uv +
+0v+41,0), r,=(0, u’+u, l)KOJ]JlHHeaprlBTO'-IKe(O —l) npUHaLle-

xkaweit D. IeiictBuTensHo, 7, (0, —1)=(0, 0, 0)=0, 7, (0, —1)=
=(0, 0, 1). CnenoBarte/sibHO, yCJOBHE 2 He BLINOJHEHO H [aHHas
BEKTOD- ¢yHKuuﬂ He OMpejesisieT MOTPYKeHHS MHOKeCTBa D.
670. BbisicHHTD, CYLLECTBYIOT JIH B R? OTKpbITHIE MHOXECTBA, 1/

KOTOpbIX BeKTOp-QYyHKUHSA r (4, v) U3 3agaun 669 (6, B, r, e, H) onpe-
neJisieT MOTPYKEeHHS.
671. oka3aTb, uTo MOrpyXeHHsi [ u g obaacreit D u D, onpe-

JleIeHHble BeKTOp-(pYHKUHAMH [ (4, v) H g (4, U), SKBHBAJEHTHbI:

a) f(u, v)=(u, Vu’—1, v), D=|{u, v)ll<u< oo, —o0 <v<
g (u, v)=(ch u, sh a, A0), D={(u, 0)I0<u<< oo, — o0 <V o0},

6) f(u, v)=(acos u, v, bsinu), D={u, v)I0<u<2n, 0<<v< o);

g (4, 5)=<a cos Qi v?, bsin —&—) ,D={u, v)I0<u<4n,

2
B) f(u, v) V1—u —0), D={u, v)| —1<u<], 0<v<< oo};
gu, v)= (cosu sin u %) 5:{(u’v)|0<u<n,—oo<v<0};
r) f(ua, v)=(a:—'_;%, 2b _:_‘ =, tgv) D={u, v)] — oo <u<< oo,
n n) .
—7<”<7}'~ o
g (a, v)=(acosu, bsinu, v), D=(u, v)| —n<u<n,
— 00 <v< oo}
n) fu, v)=@+v, u—v, 2u—3v), D={u, v)|—oo <u< oo,
— oo <v<< oo}

g (@ 9)=(Inao, In L, lni_:—), D={, 0)l0< i< oo,

0<v<< o). ’ ’

PeweHue a) [lBa norpyxeHus 3KBHBaJIEHTHbl B TOM H TOJIbKO
B TOM cJlyuae, Koraa cyulectByetr C7 — nudpdeomoppusm ¢ mexay ob-
nacramd D u D, Takoi, uto f=g - ¢. CnenoBatenbHo, AJs1 pe-
LIEHUsl 33a[aUH HaM JOCTATOUHO MOCTPOHTb AH(PPeoMOpDHIM ¢: U=
=i (4, v), V=2 (4, v), npH KoTopoM [ (4, v)=g (u (u, v), v (4, v)).
Hckombiit audpdeomopdusm (cM. peweHue 3agaun 610, a) MoxKHO
3ajaTh caeaylounM o6pa3oM. [Mosoxum u=ch u, v=»~v, A0, Tor-
pa \/u?—1=sh u. Bce yHKUHH 6eCKOHEUHO AH(PdepeHLHpyeMbl, 06-
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paTHMbI, clieoBaTe/bHO, 3a1ai0T Auddeomopduam mexay D u D. Io-
rpy>KeHHsl f H g 3KBHBAJIEHTHBI.

_672. Cpenn norpyxeHH#, onpeleseHHbIX BeKTOP-QYHKUHAMH r
M p, HAHTH 3KBHBAJIEHTHbIE:

a) r(u, v)=/(cos u, sin u, av), D={u, v)|0<<u<<2n, — oo <v<< oo};
o (4, v)=(cos 2u, sin 2u, Inv), D={u, v)|0<u<2n,
<< oo}

- uy _ .

6) 7 (u, v)=(uv, v~1—i, vl___,?), D={u, v)l —l<u<l,
0<<v<< oo}
o (4, v)=(0vcosu, vsinu, vectgu), D={u, v)I0<u<n,
0<v<< oo}

B) r(u, v)=(u v+m m—um, uv
D={u, v)| —l<u<]l, —l<v<l};
p (&, v)=(sin (u+0), cos (u+ v), sin u cos v),
D={a, 5)|—§<§<—’2‘—, 0<5<n};
r) r(u, v)=(u, v, u—v), D={u, V)] —0 <u<l, —oo <v<2;
6@, o)=(na Ind, In L) D={@, d)lo<i<e, 0<ov<e?;
n) r(u, v)=(u, uto, v), DU={(u. V)l —l<u<l, —2<v<?2)
o (@, 9)=(In &, In 3, In ), D={(a B)/s<i<e, %<5<e2}‘

673. loka3aTb, uTO BEKTOP-QYHKLMH r (4, V) ONPEeNsIOT BJIONKE-
HUst MHOXecTBa D — R? B Ej:

a) r(u, v)=(3u+2v, u—v, 3u®*—20?, D=R?;

6) r(u, v)=(u’+v, v’+4u, ud) D=R?

B) r(u, v)=(2u+3v, u—v, u*+4v?, D=R?
(

r) r(u, v)=(u, v, F(u v)) rae F(u v) — auddepeHunpyeMas p pas
¢ynkuus Ha R*, D=R? p=>1,

n) r(u, v)=(u cos v, usin v, v), D=R?

e) r(u, v)=(a cos u cos v, b sin u cos v, ¢ sin v),

={u, V)I0<u<n, 0<v<a a>0, b>0, c>0;

X) r(u, v)=(—<u+ ) . (u—%) ,v) » D={(u, v)|u>0,v>0};

3) r(u, v)=(av cos u, buvsinu, cv), D={u, v)I0<u<<2n, v>0)
PeweHnue 6) Bekrop-dyHkuus r(u, v)=(u’+v, v*+u, u)

npuHapIexut kaaccy C* u Bektopul r,=(2u, 1, 3u?), r,=(1, 2v, 0)
He KO/IMHEeapHBl HH /1Sl KakuxX 4, v. CllefoBaTebHO, BEKTOP-QYHK-

W)

]
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uus r (4, v) onpeaeasier C* norpyxenue. [lorpyxeHne 6yrer BJoxe-
HHEM, €C/IH OHO SIBJISIETCS TOMEOMOP(H3IMOM MeX 1y MHOXecTBoM D H
ero 06paaoM lfla paBeHCTBa r(u, v)=r(u, v)), 1. e. (uW2+v, v*+u,

w)=(ul+uv,, vi4u, ul), crenyer, yto u=u,, v=v,. [lostomy
BeKTOp-OyHKUHSA 7 (4, v)=(u®+v, v’ + u, u®) onpenensier BiOXKeHHe
D=R?B Es.

n) Bekrop- dyHKuHA r(u, v)=(u cos v, usin v, v) NPUHALIEKHUT
kiaaccy C*™, BeKTOpbI r,=(cos v, sin v, 0) u r,=(—u sin v, ucos v, 0)
He KOJIHHeapHbl HH AJIfi KaKHX 4, v H3 061acTH D=R? Ha pa-
BeHCTBA r (U, v)=r (4, v|) CIeJyeT, YTO U COS U= U, COS U, U Sin v =
=u, sin v,, v=uv,. [loacrasasis TpeTbe paBEHCTBO B MepBbie ABa, M0-
Jyuaem:

U COS U=u, cos v,
usin v=u, sin v.

IMpu vs~nk, sinv=0 43 nocjeaHero paBeHCTBAa cJjelyeT, UYTO
u=u,. Ecin v=rnk, To cos v5=0 H H3 NEpBOro paBeHCTBA MOJYYHM
u=u,. 3HAUYHUT, BEKTOP- Cb?’HKLlHﬂ r (4, v) B3BaHMHO OJIHO3HAYHA H OTpe-
nensier Bioxeuue D=R" B E;.

674. BoisicHUTb, KaKdHe H3 BeKTOp-PyHKUMH 3afauu 669 onpene-
JISIIOT BJIOXKEHHS.

Pewenue. x) IlorpyxeHnue f: D — E; iBASIeTCS BJIOXEHHEM,
eCJii OHO npencrasJisier co6oii romeomopdusm mHoxectBs D u f (D).
Myctb r (u, v)=r (4, v)), rae (u, v) u (4, v;) U3 D={u, v)|0<<u<l,
v>1}. 3TO 3HAUHT, UTO

sin® u=sin® u,,
o4 uvtu=ulvi+u v +u,
v+ 1=uv,41.

IMockosibky B obaactd D |ul <1, a ¢yHkuus sin® u ob6patumas, us
NepBOro ypaBHEHHs CA€AYeT, YTo u=u,. Toraa U3 TpeTbero ypasHe-
HHSA NOJIYYHM, UTO v =v,. JHAUHT, laHHOE MOrpPY)KEHHe yCTaHaBJIHBa-
€T B3aHMHO OJIHO3HayHoe cooTBeTcTBHe Mexay D u f (D) u siBasiercs
BJIOXKEHHEM.

675. Haiitu oTkpbiToe Moxectso D u3 R?, copepxkaiee aaH-
Hyl0O TouKy T, A5 KOTOpPOro BeKTOp-GOYHKUHA r (4, v) onpejensieT
BJIOXKEHHE:

a) r(u, v)=(u, v, Va>—u>—0v?), T
6) 7 (u, v)=(u, v, c2—i:-——2-), T=(0, 0);
B) r(u, v)=(sin usinv, u(v—n), v%), T=<O, %—) ;

r) 7, v)=(In(@—w), Vusinov, a) a>0, T(+, 0).
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PeweHue. r)Bekrop-dpynkuus r (u, v)=(In (a —u), \Ju sin v, a)
npuHamiexXuT knaccy C® ana 0<<u<<a. Ilas Takux u MaTpHua
_ 1 sin v
(Xu Yu Zu)= a—u 2\/;1
Yoo Yoo 2 0 Vucosv 0

MMeeT paHr 2, eclu v #:—’2'— k. CnenoBatenbHo, r (4, v)=(In (a—u),
~Ju sin v, a) onpesensier norpyxeHHe MHoxecTBa D ={(u, v)|0 <u <a,

——;—<v<—-’21-} .Ecau r (u, v)=r (4, v)), T. e. In (a—u)=In (@ —u)),

\/?t sin v=\/1_41 sin v, Tou=u,, v=uv, pasa(u, v)€D v (u;, v,)€D. Cne-
LOBaTeJIbHO, 7 (4, v) onpejensieT BJOXKeHHe MHoxectBa D B R2.

676. Haiitu oTKpbiTbie MHOXecTBa D — R?, 1711 KOTOPLIX BEKTOP-
bYHKUMH 7 (4, v) ONPeAeSIOT BAOMNEHHS:

a) r(u, v)=(lu+al, lv—>bl, uv), rae a>0, b>0;

6) r(u, v)={u’, Yv—3Y), uto);

B) r(u, v)=(Isin ul, |cos v|, uv);
/ 5]
r) r(u, v)=(u, v, Y )

677. okasaTb, uTo BeKTOp-yHKUMH r (4, v) 3agaud 673 onpe-
eS0T IJ1aJKyl0 MOBEPXHOCTb.

Pewenune 6) Kak 6bl10 MOKa3aHo B pelieHHH 3aaaun 673, 6,
BeKTOp-®yHKUHs 1 (4, v)=(u’*4v, v*4u, u®) knacca C* u onpe-
fefisiet BioxeHue R® B E;. OTKpHITHIN KPYT roMeoMopdeH eBKJIHI0BOI
IUIOCKOCTH, KOTOpasi B CBOIO ouepeib romeomopdpHa R? (cM. 3ajna-
uyy 545). [locaeaHuit romeoMopdu3M MOXKHO NMOCTPOUTb, BbIGpaB ne-
KapTOBY CHCTEMY KOOPAHHAT Ha €BKJUJ0BOH MJOCKOCTH H COMOCTaB-
A5l KaXKA0M TOUKe ee KoopAHHAThi. HTO6Gbl A0Ka3aTb romMeoMopdu3am
OTKPBITOTO Kpyra M €BKJHMIOBOH MJIOCKOCTH, HYXHO pacCMOTpeTb
KOMNO3HLHIO roMeoMopdH3MOB: Y U ¢ (pHC. 71), rae ¢ — npoekuHs
OTKPLITOTO Kpyra Ha OTKpbITYIO MoJycdepy, orpaHHYeHHYIO 3TUM KpY-
roM, Y — LIEHTpaJibHasd MpPOeKUUs W3 leHTpa 3Toll mojsycdepbl Ha

135



KacaTeJIbHY IO MJIOCKOCTb, NapaJuleJbHYI0 MJIOCKOCTH OrpaHHUHBaloLLe-
ro kpyra. Ecau ¢ (P)=P’, $ (P")=P”, T0o ¢-¢ (P)=P”. Ecau Touka
P” MMeeT KOOpJHMHATHl 4, v, TO TOo4yKe P conocrap/sercs TouKa
(u, vz) MI0CKOCTH R2 CnenonaTeano BeKTOp-OYHKUHA 7 (4, )=
u*+v, v’4u, u®) onpegensieT raaaKyio NOBEPXHOCTD.

678 3anatb ypaBHEHUSIMH H HEpaBEHCTBAMH MOBEPXHOCTH H3 3a-
nauu 673.

Pewenue 6) 3amaaum ypaBHEeHHSIMH M HepPaBEHCTBAaMH MO-

BEPXHOCTb, ONpENeJeHHYl0  BeKTop-OyHkuueir r (4, v)=(u’+v,
v’4u, u?). Tlyctb x, y, 2 — A€KapTOBLI KOOPAMHATHI NMPOU3BOJILHOM
TOUKH 3TOH noBepXHOCTH. Toraa

x—u 240,
—v ‘4,
z—u

HckaiounM u # v U3 cucTeMbl. M3 nocieanero pasenctsa u=3/z.
[Moacrapisis 3TO BhipaXKeHHe B MepBble 1Ba COOTHOLIEHHS, MOJYYHM

CHCTeMY:
v=x—3/2",

=y—V2

KOTOpasi 0AHO3HAYHO pa3peuiiMa OTHOCHTEJ/IbHO U TOraa H TOJIbKO TOr-

1a, korna y —3/z >0 u (x —3/2%? =y —3/z. CrenoBarenbHo, paccmart-
pHBaeMasi NOBEPXHOCTb MOXeT GbiTb 3a/aHa MOJIyYEeHHbIMH YpaBHEHHU-
€M M HEepaBeHCTBOM.

679. 3anatb ypaBHEHHAIMH U HEPaBEHCTBAMH MOBEPXHOCTH, OIpe-
JleJieHHble BEKTOP-GYHKLUHAMH:

a) r(u, v)=(u, v, \1—u?—20%;

6) r(u, v)=(a cos u cos v, a cos u sin v, a sin u), rae —%<u<—;—.

0<yp<<22n, a>0;
B) r(u, v)=(u+v, u—v, u’+0?),
r) ru, v)=@u+v, u—v, u*—ov?.
poBeputhb, 3a1al0OT JAH r (4, v) rIagKHe NOBEPXHOCTH.

680. Hoka3atb, uTo cjeayoliHe MHoxectBa Mc E; sBasiorcs
rJIaiKUMH MoBepXHOCTAMH. HaliTH onpeaensiolide HX mapameTpH3a-
LIHH:

a) M=SN\A=(P(x, y, 2)|x* +y +22=R%, (x, y, 2)#(0, 0, R) —

cdepa 6e3 Touku A (0, 0,

6) M=[P(x, y, 2)lx*+y*+2° =R2, 2> 0} — nonyctepa paauyca R
6e3 rpaHHUYHbIX TOYeK;

B) M={P (x, y, 2)lx*+y*=R? y+# R} — uunuuap 6e3 onHo# obpa-
3yioulei;
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r) M={P(x,y, 2)lx*+y*—2°=0, ys 2z} — yacTb KOHyca, pacroJo-
)KeHHasi Hall KOOPAHHAaTHOH mjocKocTbio z2=0, 6e3 ogHOH 0bpa-

3yioled;
) M={P(x, Y, z)|:_z_-%=22' a0, b=,£=0} — runep6oJiHiecKHH
napa6oJion 1;

3] M={P(x, Yy, 2) z—;+%=2cz. a0, b=0, 09&0} — JUNTH-
22

yecKuii mapa6oJiona;
2
) M={PEE3 P(x, y, 2) §+%—7=—1, 2>0, a0, b0,

¢#0} — yacTb ABYMOJOCTHOrO rHnep6oJioHa, pacnoyioXKeHHas

HaJ KOOPAHHATHOH MJOCKOCTbIO 2=0.

Pewenue 6) HokaxeM, uto noaycpepa 6e3 rpaHHuHbiX TO-
yek (B LaHHOM cJjydyae 6e3 ToyeK MoJiycdepbl, JeXXalHx B KOOp-
JIHHATHOH MJIOCKOCTH 2=0) romeoMopdHa OTKPLITOMY KpYry (pHc. 72)

{z‘=0,‘ .
x2+y2<R2.
[TpousBonbHO#H Touke Ko (Xxo, Yo, 0) 3TOro Kpyra COMNOCTaBHM TOUKY
T=(xo, Yo, VR*—x3—y?) nauuoit nonycdepsi M. TMosyyeHHoe co-

OTBETCTBHE B3aHMMHO OJHO3HAayHO M HenpepbiBHO. O6paTHoe K HeMy
TakxKe HenpepbiBHO. [Tosnycdhepy M MokHO 3aaaTb BeKTOp-yHKIHEH

kiacca C*: r(u, v)=(u, v, VR*—u*—0?), nonaras x=u, y=v,
2=-/R*—u®>—0?, npuuem D={(u, v)|u®*+v><R* u r,, r, HE KOMIH-

HeapHbl. CiiefoBaTesibHO, M — riajkasi NOBEPXHOCTb.

681. ITycrb y — BHHTOBasi JIMHHMSA, 3alaHHas BeKTOp-(dyHKUHel
f(s)=(a cos s, a sin s, bs), a4+ b2=1, s€ R. JlokazaTb, 4TO MHOXKeECT-
BO Touek M, JieXallMX Ha TJIaBHbIX HOPMaJsIX JHHHH Y, SIBJISIETCS
r1ajaKkol MOBEPXHOCTbIO (3Ta MNOBEPXHOCTb HA3bIBAETCS TeJIHKOHIOM).
Haiiti BekTOp-QyHKLUMIO 7 (4, v), 3a1aI0LLYI0 3Ty NMOBEPXHOCTb.

682. [loka3aTb, UTO ClieylollHe MHOXECTBA MOXHO MpeACTaBHTb
KaK 0GbelMHEHHS MHOXeCTB, romeoMopdHbix R*: a) S? — coepa;
6) C — 6ecKOHeYHbIH KpPYroBo# UMJAMHAP; B) L — 3JJIHNCOUA;
r) Q — aBynosocTHbl runep6oJioa; A) M — noBepxHOCTb Bpaile-
HUA BOKpPYTr ocH Oz ryiafikod KpHBOHM y, KOTOpasi JIeXKHT B IJIOCKOCTH
Oxz u sBasierca rpacdukom ¢yHkunu z=f(x), x>0; e) rpa-
¢uk p (p >=1) pa3 auddepenunpyemoit pyHkuuu z2=f (x, y).

683. Haitth napameTpusauuu r(u, v), 3ajalolllHe MHOXKECTBa,
paccmaTpuBaemble B 3afaue 682.

Pewenune. a) Ilyctrb N ¥ S — nuamerpasibHO NPOTHBOMOJIOXK-
Hble TOUKH cdepbl (puc. 73). O603HauuM uepe3 y 3KBaTop cdepbi, CO-
oTBeTCTBYIOWHH nojtocam N U S. Beeaem npsiMoyro/ibHyio aekapTo-
BY CHCTeMY KOOpJAHMHAT TakK, YTOObl OCb aNMJIKKAT cojeprKaJjia MoJioChl
N u S. Torpa ocu a6cuHce 4 OpAHHAT nepeceKkaloT 3kBarop y. 0603-
HauHM Toyky nepeceueHust Ox W y uepe3 T. [lyctb M — npous-
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z BoJIbHAasi Touka cdepbl, R — Touka
nepeceyeHusi mMepuaHaua NMS c k-

0\ BatopoM y. O603HauUM yepe3 u YroJ
\ —
// M mexay ocbio Ox u BekTopom OR H ue-
—
/ (A pes v yron Mexay Bektopamu OM H
il gy T~ OR. Yucna u 1 v yaoBN€TBOPAIOT He-
L u —7 Y pasencrBam
T /
/ - L
X \ // 0<<u<<2n, 5 <o 5
'S,

Jlerko BHOeTb, uTO 4 omnpeje/Aerca

Puc. 73 yrJOM MeXAY MJIOCKOCTAMH MepHaHa-

HoB NTS u NMS, a v — yriioM Mexny

npsiMoit OM M MJIOCKOCTbIO 3KBaTOpa.

[IpsiMoyroJ/ibHbIe 1€KapTOBble KOOPAMHATHI TOUKH M BblparkaioTcs ue-
pe3 u H v no ¢popmynam

x=R cos u cos v;
y=R sin u cos v;
Z2=R sin v.

Hokaxute 3T0 camocTosTebHO. HeTpyqHO NpoBepHTb, UTO MOJyYeH-
Hble ~ COOTHOUICHHS  YJIOBAETBOPSIOT — YCIOBHIO x"’—l—-y +22=
=R2(Zcos ucos v+4sin® u cos v—l—-sm v)=R? ((cos® u+sin® u) X
X cos® v +sin® v))=R? (cos® v 4-sin? v). [TosToMy KOOpAHHATBI TOJb-
KO TOuek c¢epbl yHAOBNETBOPAIOT 3THM ¢opmysaam. Takum oGpasom,
BEKTOP-(QyHKLHA

r(u, v)=(R cos u cos v, R sin u cos v, R sin v),
p={(u, vio<u<n —E<o<Z

onpejesisieT HCKOMYI0 MapaMeTpH3alHio cdepbi.

HHTepecHo OTMeTHTb, UTO 4 H U YacCTO Ha3biBalOT reorpaduue-
CKUMH KOOpJAHHAaTaMH ToyeKk cdepbl, ¥ — AOJrOTOH, a v — LUHPOTOH
TOYKH M.

684. Iycte 11,(p, g) — naockocts B E;, npoxoasiuas uepes
Touky A ¢ HaNpaBJ/IAIOLHMH BEKTOpaMH p u g. Jlokasatb, 4TO
nnockoctb I1, (p, §) — raaaxas NMOBEPXHOCTD, H HalTH BeKTOp-(YyHK-

uMio r (u, v), 3apapilyio naockocts 1, (p, (l)'
685. Ilycto F(x, y, z) onpenesneHa B R’ U MMmeeT HempepbiBHbie
YyacTHble MPOU3BOAHLIE MOpPsiAKa p. [loKa3aTb, YTO MHOXKECTBO TOUEK
={P (x, y, 2)|F (x, y, 2)=0} AiBNsIeTCA NOBEPXHOCTbIO, €CJH BEKTOP

grad F—(L, 2 2
g ox ' oy ' 0z

686. Ilyctb y — rmaaxasi JIHHHA, 3ajaHHas BeKTOp-(yHKILHeH
f(u) (puc. 74). Haiith BekTOp-®yHKUHio r (4, v), 3a[AIOULYI0 LH-
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M

Puc. 76

JIMHpHUYECKYIO OBePXHOCTb M ¢ Hampasasiolle# AHHHEeH y, 06pa3yio-

IlHe KOTOpPOi MapaJiiefibHbl BEKTODY e.

687. Ilyctb y — riagkasi JiMHMSA, 3aJaHHas BeKTOP-pYHKUHei

f(u) (puc. 75). Haiith BekTOp-®yHKUMIO 7 (4, v), 324300 KO-
HHYECKYIO MOBEPXHOCTb C BEPIIMHOH B HayaJle KOOPAHHAT H C HaMnpas-
Joued JHHHEeH Y.
_ 688. Ilycte y — rnagkas JIHHHA, 3ajaHHasi BEKTOD-(yHKUHEH
f (u) (puc. 76). Haiitn Bextop-dyHKuHIO 7 (4, v), 3aAal0LYI0 OBEPX-
HOCTb, 00pa30BaHHYyl0 KacaTe/lbHHIMH K JHHHH y. (Takasa nosepx-
HOCTb Ha3blBaeTcsi pa3BepThiBalouleiics.)

689. CocraBUTb ypaBHeHHe MOBEPXHOCTH, 06Gpa3oBaHHON Kaca-
TeJIbHbIMH K BHHTOBOH JHHHH Yy (pHC. 77), 3a1aHHOH BeKTOP-(dYHK-
uueit [ (v)=(a cos v, a sin v, bv). (Takas NOBEPXHOCTb Ha3biBaeTcs
pa3BepTbHIBAIOLLUMCSH TeJIHKOHIOM.) _

690. OkpyxHocTb S, 3anaHa BekTop-pyHkuuei f (v)=(a+ b cos v,
0, bsinv), 0<b<<a, 0<<vu<2n (puc. 78). Ha#tu napamerpu-
3allMi0 MHOXecTBa TouyeK M, 0o6pa30BAHHOrO BpallleHHEM OKpYXK-
HocTH S| BOKpyr ocH Oz. (Takasi NOBePXHOCTb BpalLUeHHs Ha3biBaeT-
csi TopoM.) $Bisiercss Jd Top M rjafikoH MOBEPXHOCTbIO?

691. 'nankan niockas JIHHUA Y 3alaHa BeKTOpP-QyHKUHeH [ (u)=
=(x (u), 0, z (u)). oBepxHOCTb M O6pa3oBaHa BpallleHHEM IJ1aJKOH
JIMHHH y BOKpYT ocH Oz. HaliTH napameTpH3aluio NOBepXHOCTH Bpaiue-
HUA M.

692. Haiitn napameTpH3alHi0O NOBEPXHOCTH, 06pa30BaHHOM:

Puc. 77 Puc. 78
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a) rJaBHbBIMH HOpMaJiIMH BHUHTOBOH JHHHH, 3aJaHHOH BEKTOD-
dyHKuHEH
f(t)=lacost, asint, bt}
6) 6HHOpMAaJIIMH 3TOH JIHHHH.

Pewenue a) TakKak[o=—-fi=—r
) ==

TO fss=—aT:_—b—2—(—a cost, —asint, 0). 3a HanpaBASOLIUA BEKTOP

(—asin t,acos t,b),

r1aBHO HOPMaJIH MOXHO MPHHATH BeKTOp v=(—cos {, —sin ¢, 0).
Torna uckomasi nmapameTpH3auusi onpejessieTcss BeKTOp-GYHKLHeEH
r(u, v)=fw)—ov=((a4v)cosu, (a+v)sinu, bu)=(vcosu,
v sin u, bu), rae v=a+v.

693. B naockoctu P naubl npsimbie [ 1 m. [lpsimasa m paBHOMep-
HO NBHXETCH B MJIOCKOCTH P Tak, UTO Ka)kaad ee TouKa [ABHXKET-
CA mnapaJjuiesibHO MPAMOH [, a MJIOCKOCTb P B TO e BpeMsi paB-
HOMepHO Bpaulaerci Bokpyr [. HailTh mapamerpusauuio nosepx-
HOCTH M, ecau npsMasi m opToroHajbHa npsiMoii /, a npsmas [ cos-
nagaer ¢ ocbio Oz (mpsIMOil reJIMKOH).

694. JIBe JIHHHH 3aj1aHbl BeKTOP-OYHKUMAMH f (1) H ¢ (v). Haii-
TH MapaMeTPH3ALHIO MHOXKECTBA ToueK, 06pa30BaHHOrO cepeiHHaMH
OTpPe3KOB, KOHIbI KOTOpbIX JieXaT Ha AaHHbiX JdHHHAX. (Takas
MOBEPXHOCTb Ha3biBa€TCsl MOBEPXHOCTbIO MEpeHoca.)

§ 29. HOPMAJIb H KACATEJIbHASl NJIOCKOCTb
K MOBEPXHOCTH

Jluteparypa: [2], § 56.

695. HaiiTh BeKTOp HOpMaJiH, HOPMaJb H KacaTesibHYyI0 MJIOCKOCTb
B NPOU3BOJILHOH TouKe Xy (4o, Uo) MOBEPXHOCTH M, 3a/laHHOH BEKTOD-

dbyHKuHed 1 (u, v):

a) r(u, v)=(u, v, uv®), (4, v)€R?

6) r(u, v)=(Rcosvsinu, Rcosvcosu, Rsinu), R>0, lul <,
0<v<2m;

B) r(u, v)=(au, sin u, bv), a0, b0, (u, v)ER%;

r) r(u, v)=(a+bcosv)cosu, (a+b cosv)sinu, bsinv), a>0,
b>0, lul<m, |v|<nm.
Pewewnune a) EQHHHUHBIA BEKTOD HOPMAJH m HAXOAUTCH MO

dopmye

e lrerd e 7=(2, %, %) 7= (&, % )
= e TG e W) 30’ v’ )

v

BbluHcaHM BeKTOpHI 7, U I, B TouKe Xo (4o, Vo, Uovd)EM.
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Wmeem r,=(1, 0, v3), r,=(0, I, 2uovy). Haiinem ux BeKTOpHOE MPOH3-
Be/leHHe:

.. i] ok
[rurs]J= |1 O v} =(—vj, —2uovo, 1)
0 l 2uovo
H €ro MoayJib:
[rurs]l =0+ 4uovo + 1.
OrTciona
I‘;‘l =( _ v . 2uov 1 )
Vol Faugva+1 Vol +auve+1 ' Joitauve1 /-

3a HanpasJISIOLWHHA BEKTOD HOPMaJIH MOXHO B35ITb BEKTOP (v8, 2uovo,

— 1), konnuHeapHblit BekTopy m. CoCTaBUM KaHOHHUECKHE ypaBHEHHS
HOPMaJIH MOBEPXHOCTH B Touke Xo (Ho, Vo, UoUH):

X—uo __ Y—uo __ 2— Ut}
vi 2uovo —1
Bektopul 7, H T, napaJuiebHbl KacaTesbHO#H mnuaockocTH. [Tostomy
ypaBHeHHe KacaTeJIbHOH MJIOCKOCTH B Touke Xo (Lo, Vo, Uov3) HMEET BHIL

X—Up Yy—uo 2—uovd
| 0 vd =0,
0 1 2u000

UM vhx + 2uvoy — 2z — 2upvd =0.

696. Haiitu BeKTOp HOpMaJIH, HOPMaJb H KacaTeJbHYIO MJIOCKOCTb
B NpPOH3BOJbHOH Touke P (xo, Yo, 20) MOBEPXHOCTH M, 3anaHHOi
ypaBHEHHEM:

x? 2
a) ?+%+

22
2

7—=l (3071MnCOU ) ;

2 2 2

6) 7’:7—}-%— j, | (OAHOMOJIOCTHBII rHMEpPOOJIOH);
2y 2 N

B) 7+b—2—c— — 1 (aBynosocTHbifi runep6oJionn);

r) %—?—Qz (runep6onuueckuit mapabonoua);
n) xyz=a'.
Pewenue a) [lna noBepxHocTH M, 3ajaHHOH ypaBHEHHEM

F (x, y, 2)=0, BekTOp HOpMaJu m B Touke Py (Xo, Yo, Zo0) KOJJIH-

’ 0F OF OF
HeapeH rpajaueHry grad F=(a—x, S0 E) H HaxoauTtcs no ¢opmy-
- l > y
Je m=————-grad F.

|grad F|
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B paccmaTtpupaemom ciyuae

_—
grad F (xo, yo, z@:(% 2y 2ﬁ)

a? ’ b2 ’ 02

—r 4x3 | 43 | 42
lgrad F (xo, Yo, 20)l= T+_b‘_ - Caiei0BaTeNbHO,
- 1 X 2z
m= <'—g. %' _g)
2 2 2 a c
Xo+yo+20
T
——

Tak kak grad F — HanpaBisIOIUHA BEKTOP HOPMAJH, TO KaHOHH-
yeckHe ypaBHEHHSI HOPMaJIH HMEIOT BHA:

X—Xo__Y—Yo__ 2—20
Xo Yo 2

a’ b7 o

_
Bektop grad F siBasieTcsi HOpMaJlbHBIM BEKTOPOM KacaTesbHOH Ma0c-

KocTH. [109TOMy ypaBHeHHe KacaTesbHOH MAOCKOCTH HMeeT BH:
X 2
;‘;—(x—xo)+%§—(y—yo)+7‘2’-(z—zo)=0.

2 2
o X
Tak kak Touka Mo NpHHAL/IEKHT LaHHOH MOBEPXHOCTH, TO 71% ib";+

2 .
+?°= 1. CrenoBaTesibHO, ypaBHEHHe KacaTesbHOi MJIOCKOCTH MpH-

MEeT BHA:

XoX 202
Hopde o=

697. Haiith HopMasb UM KacaTe/lbHYIO MJIOCKOCTH MOBEPXHOCTH,
3aJaHHO# ypaBHeHHeM F (x, y, z)=0, B Touke Py:

a) z—x*—y?=0, Py (1, —2, 5);
2 2 2
6) L+%5—5=0, 20, P (4, 3, 4);
B) x’+y?’+42°—22R=0, Py (R cos a, R sina, R);
r) z—eYsin x=0, Po (x0, Yo, €% sin xo).
698. IlosepxHocTb M 3asaHa ypaBHeHHEM —";i—%z——}—%:l. Haii-

TH ypaBHeHHe HOPMAJIH K 3TOH MOBEPXHOCTH, NapaJJebHOH NpsiMOH

x+1 ___y+2_z-—l

6 —4 3

Pewenue. Hckomass HopMaab foskHa ObiTb MapaJJiesbHa
3aaaHHo# npsimoi. [ToaToMy ee HanpaBASIOIHA BEKTOP HMeeT KOOp-
auHathl (6, —4, 3). Eciu HcKoMasi HOpMaJib MPOXOAMT Yyepe3 TOUKY
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(X 24 20
Py (xo, Yo, 20) moBepxHocTH M, To grad F= =2 =2) . Tak

2’ 98

kak grad F — 2= 2o

grad F konnuHeapeH Bekropy (6, —4, 3), To —2——67», -5 = — 4,
%=3)~. [ToacTaBuB 3TH paBeHCTBA B ypaBHEHHE MOBEPXHOCTH, MOJY-
YUM A, =%, Ao= —é—. [Moatomy xo=2, yo=3, 20=4 UIH xo= —2,
Yyo= —3, zo= —4. CunepmoBatesbHO, CYLIECTBYIOT [Be HOpMaJH,
napanJjiejibible 1aHHOH MPSAMOM:

x—2 __y—3_ z2—4 U x+2__ y+3_ z+4
6 ~ —4 3 6 ~ —4 3

2 2
699. IMosepxHocTb M 3ajaHa ypaBHeHHeM —-+ =2z, Haiitu

36 ' 25
yPaBHEHHS HOpMaJiell, mapaJule/ibHbiX CJEAYIOLIHM MpPSIMbIM:
x—1 __y+2 z41 |
) S =" =g
x+3 __y—2 _z41
6) 4 T -1 2
700. IloBepxHocTh M 3ajaHa ypaBHeHHeM xyz= 1. Hanucatb

ypaBHeHHsI HOpMaJieil, KOTopbie MPOXOASIT uepe3 Hauajlo KOOpAMHAT.
701. TMosepxHocTb M 3anana ypaBHeHHeM x°+ 2y’ 4 322=2I.
Hanucatb ypaBHeHHs1 KacaTeJabHbIX MJIOCKOCTEH, MapaJsjie/ibHbiX M10C-
KocTsiM: 4a) Xx+4y+6z2=0; 6) 4x—2y+32—1=0.
Pewenune a) Tak kKak HCKOMasi MJIOCKOCTb J0JKHA GbITb ma-
pajsiesibHOM NaHHOH, TO ee HOPMaJbHbli BEKTOP MMEET KOOpJAHHATHI
(1, 4, 6). C npyroii CTOpPOHbI, HOpPMaJIbHbII BEKTOpP B TOUKE (Xo, Yo, 20)

KoJuluHeapeH Bektopy grad F=(2x,, 4yo, 62). [loaToMy HMelOT Mec-
2 |

TO paBeHCTBa %’=yo=zo=k, OTKYyJAa xo=3—k. Yo=A, zo=A. Iloa-

CTaBHB [MOJyyeHHble BbipaXKeHUsl B ypaBHEHHEe MOBEPXHOCTH, MOJYUHM

2
"T+2k2+3k2=2l, oTKyaa Ay =2, Ay= —2. Hckomas MJIOCKOCTb
KacaeTcsl MOBEPXHOCTH B TOUKE C KOOPAHHATAMH Xo= 1, yo=2, 2o=2
HJIH B TOUKE C KOOPAHHATaMH xo= — |, yo= —2, zo= — 2. CnenoBa-

TeJIbHO, CYULECTBYIOT [Be KacaTe/ibHble MJIOCKOCTH K AaHHOH MoBepx-

HOCTH, KOTOpble MapaJjienbHbl MI0CKOCTH X+ 4y+62=0:

(x—1+4@y—2)+6(=—2)=0 n (x+1)+4(y+2)+6(z+2)=0
wiH x+4y+62—21=0 u x+4y+6z2+21=0.

702. HaiiTh ypaBHeHHe NOBEPXHOCTH M, BCe HOpPMaJIH KOTOPO# me-
pecekaiorcs B ofHOH Touke O.

PeweHue. IlycTsbr (4, v) — HEKOTOpasi MapaMeTPH3aLHA HCKO-
MO# MOBEPXHOCTH, @ m (4, v) — ee €AHHHYHBII HOPMaJIbHLIH BEKTOP.
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Torpa Mmeer MECTO PaBeHCTBO r (i, V)=
=M\ (u, v) m (u, v), rae A (4, v) — PyHK-
UHs OT NMapaMmeTpoB u, v. Huddepen-
uMpys r mno napamerpam u, v, moJy-
yaeMm r,=>A,m-+Am,, ro=~Aom + Ammt,.
PaccMoTpHM cKanisipHble IpOM3BeeHHs
Fu+M W Fy-n, NONYYHM:

Am*+Am,-m=0 u A,m*+Am,m=0.

Orkyna caenyer, uro A,=0, A,=0.
Puc. 79 CaepnoBarenibHo, A=const H r(u v)=
=Am (u, v). Tlonyunan napamerpusa-
uvio chepbl paguyca A, 3Hayut, M
ABJSIeTCA yacTbio cdepbl (pHuc. 79). 06paTHO ecid M — yactb coe-
pei ¢ uentpom O, paamycom A, T. e. r(u, v)*=A>% caenoBaTe/bHO,
r-dr=0 u BeKkTOpbl m (4, v) W r (4, v) NapaiieibHbl. 3HAUHT, BCe
ee HOpMaJiH mnepecekaioTcsi B Touke O
703. TlosepxHocTb M 06pa3oBaHa r/1aBHLIMH HOPMAJISIMH JIHHHH 7,
3aaaHHol BekTop-pyHKuue#H [ (s). CocTaBUTb ypaBHEHHS KacaTejb-
HOH MJIOCKOCTH H HOPMaJii B NMPOU3BOJIbHOH TOYKE MOBEPXHOCTH.
704. TloBepxHocTb M o6pa3oBaHa GUHOPMAJISIMH JIHHHH Y, 3a1aH-
HOH BeKTOp-yHKUHel f (s). CocTaBUTb ypaBHEHHS KacaTeJbHOH MJ0c-
KOCTH U HODMaJii B MPOH3BOJILHOH TOYKE MOBEPXHOCTH.
705. okasaTb, YTO BCe KacaTeslbHble MJIOCKOCTH K MOBEPXHOCTH

M, 3a1aHHOH ypaBHEHHEM z=x(p(%-) , x50, NpoXoAsAT uepe3 OJHY
TOUKY.

706. IToBepxHoctb M o6pa3oBaHa KacaTeJqbHbIMU K JIMHHHH Y, 3a-
AaHHO#H BeKTOp-dyHKuued f (s). [lokazaTb, uTo noBepxHocTb M BO Bcex
TOYKAX KacaTesibHOH K JIHHUM Y UMeeT OJHYy H Ty XKe KacaTe/bHYIO

MJIOCKOCTb.
707. TlokasaTb, 4TO KacaTejibHble MJIOCKOCTH MOBEPXHOCTH MNepe-

Hoca (cM. 3ajauy 694), 3ananHoi BekTOp-pyHKuMed r(u, v)=
=%(f(u)+q$(v)), BAOJIb KaXX[10#i M3 JIHHUHA u=const U v=const

napaJsiiesibHbl HEKOTOpOi NpPsIMOM.
708. dana raaakas nosepxHoctb M. OT Ka)ao# Touku T mno-
BEDXHOCTH M OT/IOXKEHbl B HalmpaB/ieHHH ee BEKTOPa HOPMaJlH BEKTO-

iy
pbi TT’ nocTOSAHHOH A/1HHBI. MHOXKECTBO KOHLIOB 3THX BeKTOpoB M’ Ha-
3bIBAETCA MOBEPXHOCTbIO, NapaJuiesibHOH AaHHOH. [lokasaTtb, 4To Mno-
BEPXHOCTH M W M’ B coOTBeTCTBYIOWUHX Toukax T u T’ umeior

obiuue HOpMaJH.
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§ 30. NEPBASS KBALPATHYHASI ®OPMA NOBEPXHOCTH.
AJIHHA JIHHHH HA NMOBEPXHOCTH,
Yrojl MEXAY JINHHSAMA,
MJIOWALb MOBEPXHOCTH

Jlutepartypa: [2],§57.

709. Ilycts M — rnaakasi NoBepXHOCTb, MapaMeTpH30BaHHAS BeK-
TOp-QyHKUHedl 7 (4, v), a @ — NPOM3BOJIbHLIH BEKTOP KacaTeJbHOil
naockocTH. [TokasaTb, 4TO cKaJisipHOe MPOH3BeleHHe @-ad BbpaXKaeT-
Ccl B BHAe KBajApaTHYHOW (opMbl OT ero KOOpPAHHAT X|, X2 OTHO-

CHTeJIbHO 6a3Hca ry, Iy, KO3QPHULHEHTH KOTOPO# COBMALAIOT C KO3(-
¢uuHeHTaMH nepBO# KBaApaTHYHOH (OPMbI MOBEPXHOCTH.

Peweunne Tak kak M — raaakas NoBepXHOCTb, TO 7, H T,
He KOJIIHHeapHbl M ABJASIOTCH 6a3MCOM KacaTesbHo# miockocTH. ITo
ONpefeNeHHIO  KOOPIHHAT BEKTOpAa OTHOCHTENbHO Ga3uca HMeeM

a=1xr,+ Xor,. BHUHCSIS CKASIPHBIH KBAaJlPaT BEKTOPa d H NMOJb3YSACh
CBOHCTBAMH CKaJiIipHOTO MPOHU3BENEHHS, HAXOAHUM:

a-a=(X1ry+ Xory) (X\Fu~+xor,) =
=rixi4-2rurox x4 rixd.

TakuM o6pa3oM, a-a=Ex? +2Fx,xs+ Gx3, rie kospduunents E=r2,
F=r,r,, G=r} B TOYHOCTH COBMNAAAOT ¢ KO3POHUIHEHTAMH mnep-
BOH KBaJpaTHYHOH (GOPMbI.

710. YCTaHOBHTb, KaK H3MeHATCA Ko3(GHIUHEHTb NepBoH KBaf-
patuuHoit popmbl E, F, G npu nepexoae K Apyroéi napaMmeTpH3auHH
MOBEPXHOCTH.

711. TlokasaTb, yTo cKa/sipHOE NPOH3BeNeHHe a-b IBYX BEKTOPOB

a 1 b KacaTe/bHO# MI0CKOCTH Bhipaxkaercs B Bujae 6uaHHedHOH dop-
Mbl OT HMX KOOpPAMHAT (X, X2) H (yi, y2) OTHOCHTENbHO 6a3uca
r. U r, ¢ Koapdpuunenramu E, F, G nepBoil KBaapaTHUHOH (POPMbi:

&-5=Ex1y| + F (X|y2+X2y|)+ GX2y2=[ (&, 5)

712. Tnankas noBepxHOCTb S 3ajaHa BEKTOP-(yHKuUHeH r(u, v).
KpuBass y= S onpenensiercs Bektop-pyHKuued f ()= (x (u (1), v (),
y(u(t), v(t), z(u(t), v(t). Halith koopauHaTbl BeKTOpa f (f) kpu-
BOi1 Y B MPOH3BOJILHOM TOYKe P OTHOCHTENLHO 6a3uca 7, r,. (Koopau-

HaTbi BEKTOPA OTHOCHTELHO 6a3HCa I, H r, Ha3bIBAIOTCH €ro BHYTPeH-
HHUMH KOOpIHHATaMH.)

713. TlokasaTb, YTO CKaJsIpHbIA KBaapar f (to)- f (to) BekToOpa

f (to) KpuBOit ¥ Ha MOBEPXHOCTH S BblpaxkaeTcsi uepe3 ero BHyTpPEeHHHE
KoopAHHaTH u’ (), v’ (fo) (cM. 3aaauy 712) no dopmyne

"(to)F (to)=E ('} +2Fu'v'+G (v’ =1 (' (to), F' (to)).
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714. TlosepxHocTb S onpejeneHa BekTop-dpyHKuHe# r (u, v). Io-
Ka3aTb, UTO CKaJfApHbIH KBajapaT AHddepeHLHana BeKTOp-(yHKLUHH
dr=r.,du+r,dv BbipaxaeTrcsi uepe3 ero BHYTPEHHHE KOOPIHHATbI
du 4 dv no gopmyJae

dr-dr=Edu®+2Fdu-dv+ Gdv*=1 (dr, dr).

715. Ha rnaakoil moBepxHOCTH S 1Be KpUBbie, 3a/laHHble BEKTOP-
dyukuusamu f (u (t), v (t)) u fi (u(t), v(t)), nepecekaoTcss B Touke Py
C BHYTPEHHUMH KOOpIAMHATaMH u (fo)=u, (to), v (fto)="0v, (T0). Haiitn
yroJl MeX/J1y KpHUBbIMH B TOUKe Py, eciii aaHbl Ko3adduuuentn E, F, G
nepBoil KBaApaTHYHOH (OPMbl MOBEPXHOCTH.

Pewmenune Ilo onpeaeneHdio yron Mexay ABYMSI KPHUBBIMH
paBeH yrjly MeX1y KacaTe/JbHbIMH BEKTOpaMH B TOUKe HMX Mepece-
yenusi. KacaTe/sbHbie BEKTOPbI J1aHHBIX KPHBBIX | (to), fi (To) HMeloT
cnenylowiud BHA (cM. 3aaauy 712):

F’ (to)=u’ (to) Fu—+v’ (to) v, [! (to)=ul (To) Fu+ i (xo) Fo.
[Monb3ysice pedyabratamu 3amau 709 u 711, noayyaem:
T (0)-ft (x0) _
IF (o)l - 11 (vo)l
Euju,+ F ('v{+ ujv’)+ Go'v]
VE ('Y +2Fu’v’ + G (v'): VE (ul)?+2Fuivi+ G (vi)’

Yroa ¢ Mexjay KPUBLIMH paBeH YIJy Mexiy Bekropamu dr (u (t),
v(t)=rdu+rdv, rae du=u dt, dv=vdt, wu 8r(u, (1), v, (T)=
=r.bu+r,8v, rae du=u.dt, v =v.dr.

cos =

cos p= Edudu+ F (dudv+dvdu)+4 Gdvdv .
VEdu® 4+ 2Fdudv 4 Gdv® \[E6u® + 2Fbubv + G6v®

3TOT YroJi TakXe Ha3blBaeTcs YIJIOM MeXAy HamnpaBieHHAMH (du:dv)
H (Su:dv).
716. BbiuncauTb nepBble KBaapaTHuHble GOPMbI MOBEPXHOCTEI, OM-
penenisieMblX ClelyIOIHMH BEKTOP-PYHKUHAMH r (U, v):
a) r(u, v)=a+up+vq, p, § — HeKoMIHHeapHble BeKTOpbl, D =R?>
(MI0CKOCTb) ;
6) r(u, v)=(cos u cos v, cos u sin v, sin u), D={(u, v)| |u|<—’2‘—,

O<U<2n} (chepa 6e3 MONYOKPYKHOCTH),
B) r (4, v)=(ucos v, usinv, av), D={u, v)|u>0, a0} (npamoi
reJIHKOM ) ;

r) r(u, v)=(v cos u, v sin u, ¢ (v)), D={(u, v)lv >0, 0<<u < 2n} (no-
BEPXHOCTb BpallleHHUsd);
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a) r(u, v)=(ucosv, usinv, ¢(u)+av), D={u, v)lu=>0, a0
(resinkoua obuiero BHAA);

e) r(u, v)=(vcosu, vsinu, u+v), D=R® (BUHTOBasi moOBEpX-
HOCTb) ;

X) r (4, v)=(a sin u cos v, a sin u sin v, @ (), rae ¢ (u)=a(ln tg %—Jr-
~+ cos u) , a>0, D={u, v)I0<u<na, 0<<v<<2a} (ncesao-
chepa);

3) r(u, v)=(¢(u)cosv, ¢(u)sinv, ¥ (u), D={u, v)|0<v<<2n
(MOBepXHOCTb BPALLEHHS ) ;

u) r(u, v)=(vcosu, vsinu, ¢ V), D={u, v)lv>0, 0<u<2m),

rae ¢ (v) — obpaTHas K QYHKLUHH v=1( e7+e_7) (KaTeHoHun).

Pewenne 3) Bouncasem koadpduunents nepBou KBAJpaTHY-
Hoil dopMbi o ¢popmynam E=ri, F=r,-r,, G=r2. Tak Kak r,=
=(¢’ (1) cos v, ¢’ (1) sin v, Y (1)), T,=(—@ (&) sin v, @ (u) cos v, 0),
10 E=Tr,=(¢’ (4)) cos’ v+ (¢’ (u)) sin® v 4(p’ (u))’ =(9’ (u) +
4+ W), F=ry-r,=—¢’ (u) ¢ (1) cos vsin v+ ¢’ ()¢ (u)sin vX
X cos v=0, G=rz=(q (u))® sin® v+ (¢ (u))? cos® v =(¢ (u))>.
Orciona nepBasi KBaapaTHYHasi GopMa HMeeT BHA:

1(dr, dr)=Edu®+ 2Fdudv+ Gdv*=
=(9" ()’ +v’ (u)°) du® + ¢ (u)*dov”.
717. BbluncIuTb nepBble KBaApaTHuHble (OPMbl CJAEAYIOIHX MO-

BEPXHOCTeH, 3aJaHHbIX KakK rpapukH GyHKUHH 2=¢ (x, Y),
(x, y)ED=R*:

a) z=R*—x*—4’ (cdepa);
6) z=¢(x) (UHJTHHADHYECKasA MOBEPXHOCTb);
B) z=axy,

r) z=$arctg(\/_(tg ))
z—gln XL —d

a)

)

e) z=—,;

X) Top — 2=~/r (r—2), rae r=+x*+y%

3) MOBEPXHOCTb BpalleHHs: KpHBo# 2z=f(x), y=0 BOKpPyr ocH

Oz—z=f (x"+4").
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Pemwmenune r) IlepBasn kBagpaTHuHasi ¢opMma MOBEPXHOCTH,
3a/1aHHOM Kak rpadHK QyHKUHH 2 =@ (¥, y), BbIUHCJsIETCA N0 PopMyJie

I=(14 3) dx’ + 2¢.¢,dxdy + (1 + ¢}) dy’.
y Py= 1
) Yy
( 14 cos? %) x? ( I+cosz—z-) X

B Hawem cayuae @,= —

CliefoBaTe/bHO,

=(1+( )dx ) dxdy+

Y 3
(l+cos x)x

+( '+ ( 1 -}-cos12 i)2;:2 )dy2.

1 4 cos? )

718. Haiith anuny ayru AB KOOleHHaTHOﬁ JUHHH Ha MOBepX-

HOCTH S, onpejeJsieMoil BeKTOp-pyHKuHed r (1, v)=(u, v, Uv), €C/H
Touka A HMeeT BHyTpeHHHe KoopaHHathl (1, 3), a Touka B — (1, 7).

PewmeHnune Ecau noBepxHOCTb onpejesnieHa BeKTOp-GyHKLHEH
r (u, v), To AJauHa Ayrd AB ee npou3BoJibHOMH KpUBOH r (u (t), v (¢)) BbI-
yucasietcs no gopmyJe

—/
L(AB )=S\/E(u')2+2Fu’v'+G(v’)2 dt,
- -
rae r (u(a), v(a)=0A, r(u(b), v(b))=
Bbluncanm Koacquuuemu nepaou KBaapaTHYHOH ¢opMbl JAHHOH MO-
BerHOC’l‘H Tak kak r,=(1, 0, v), r,=(0, 1, u), To E=140* F=uv,

G =1+4? Haiinem aauuy ayru Koopnuua'mou JUHHH v. TToa0XHM
v=t, u=const. Orcioga u’ =0, v’=1. CnegoBare/ibHoO,

=1+ 1) 1dt=42.

719. Haiith anuny ayrd AB KOOpAHHAaTHOM JIHAHHM Ha MOBEpX-
- 3
HocTH S, onpeaensieMoil BeKTOp-(QyHKLHEH r=(u, v, 5;) u+0,
v5=0, ecin Touka A UMeeT BHYTpeHHHE KOOpAMHaTHi (2, 6), a Touka
— (3, 6).

720. BbiuHCaHTb AJHHBL Ayr AB KpHBBIX, 3afaHHbLIX Ha MOBEpX-
HocTsiX (cM. 3ajgaud 716 (a, 6, B, €)) ypaBHeHHeM 2u—uv =0, ec/H
BHYTPEHHHE KOOpAHHAaThl ToueK A M B paBHbl COOTBETCTBEHHO

(% l) n (1, 2).

148



721. Ha#éitu pauHy ayru AB  sMHMM, 3afaHHOH ypaBHeHHEM
u—v=0 Ha noBepxHOCTH S c mnepBod KBaapaTHYHOH (opMoii
I =du®+sh® udv, eciu BHyTPEHHHE KOOPAHHATHI Touek A U B paBHbI
COOTBETCTBEHHO (4, 1) H (U2, Ug).

722. Ha#itu yron MeXay KOOPAHHATHBIMH JIHHHSIMH NOBEPXHOCTH
3ajgaud 718 B Touke A (1, 3).

Pewenue. MH3 pewenus 3apauu 718 caeayer, uto nepBasi
KBaJpaTHuHasi ¢opMa paccMaTpHBaeMOH MOBEPXHOCTH HMeeT BHI:

I =(1 4% du®+42uvdudv +(1 + u?) dv’.

Yros ¢ Mexay KOOpAHHATHBIMH JMHHSIMH — 3TO YroJi MeXAY HX Ka-
CaTeJbHbIMH BEKTOPAMH 7y U r,. [l0ACTaBASAS A/l KOODAMHATHOM JiH-
HUM u: u'=1, v'=0, AJA KOOPAHHATHOH JHHHUH v: vi=1, u{=0 —
B ¢opMyJy [/ BbIUHCNEHHS cOS ¢ (CM. peuleHHe 3ajauH 715), mo-

ayyaem: ;
COS p=———.
$=TEG

B touke A (1, 3) F=uv=3, E=10, G=2, caenoBartebHo,

3 345

Cos p=——="1"

J20 10

723. HaHTH yroa Mexay KOOPAHHATHbIMH JIHHUSIMH Ha MOBEpX-
HOCTH S, onpeaeJsieMoil BekTop-pyHkuued r (4, v)=(u, v, auv), a 0,
€C/IH OHH MepeceKaloTcss B Touke Py ¢ BHYTPEHHUMH KOOpPAHHATaMH
(= +)

a’' al/’ -

724. Ha reaukoue, onpeaejseHHOM BeKTOp-QyHKUMEH r (4, v)=
=(au cos v, au sin v, bv), HalTH: 1) yroJ MeX1y KOOpAHHATHbIMH
JUHUAMH; 2) Yroj Mexay JHHHAMH u~+0v=0 0 u—uv=0.

725. Ha npsimoM rejiMKoWae, onpejesieHHOM BeKTOp-GYHKUHeH
r(u, v)=(u cos v, usin v, av), a0, HAUTH JHHHH, AeJslLHE MOMO-
J1aM yIJibl MeXAY KOOPAHHATHBIMH JIHHHAMH.

Peuwenue. INlepBas kBagpaTHyHas ¢opMa NpsSIMOTO reJIHKOHAa
(cM. 3apauy 716, 8) uMeeT cjieqylOLIHH BHA;

I =du®+(u* 4 a?) dv’.
Yron Mexay JIMHHSIMH Ha NMOBEPXHOCTH BBIUHCASIETCS KaK YroJi Mex-

Ay KacaTeJibHbIMH BE€KTOpDAaMH K 3THM JIHHHAIM B TOYKE HX MNepece-
YEHHA:

dr=r,du+r.,dv u 8r=r,8u+r,6v,

no H3BecTHoH ¢dopmyJie

Edudu+ F (dudv+ dudv)+ Gdvdu
VEdu® 4 2Fdudv + Gdv® \JESu® 4 2F8ubv + G 6v’

cos =

149



[Mycrb uckoMmasi JMHHA y 3ajaHa BekTop-dyHkuuei r (u(f), v(f)).

Ee KacaTe/bHblil BeKTOp MMeeT BHA dr =r,du-+r.dv. Jlas Koopau-
HaTHOH JHHMH u O8v=0, ¥ ee KacaTe/jbHbll BEKTOD HMe€ET BH]

8r=r,8u. KoaduuuenTto nepBoil KBaapaTHuHON GOPMbI 10 YCIOBHIO
paBibl E=1, F=0, G=u?+a’ CienoBaTeibHo, yroal @, Mexuy
JIHHHEeH y U KOODJHHAaTHOH JIHHHel u HaXOAMTCH U3 PaBEHCTBA

dubu

VA ¥ (I ¥ ad) dv? \oul

Jns koopaHHATHOM JIMHHK v u=const, Su =0, 4 KacaTeJ/ibHblil BEKTOD
K Helt 8r =r,6v. [lo3TOMY yroJ Mexay Heil ¥ JTMHHEH HAaXOAUTCA U3 pa-
BEHCTBA

cos ¢ =

(424 a?) dvdv
VauP + (W + ) do? (u? +a?) 507

COoS (o=
U3 paBenctBa cos @, =cos ¢ cjaenyer, uto du= 4-/u’+a’dv.

Yrto6bl pewinTb moayueHHoe AuddepeHuHaibHOE ypaBHeHHe, pa3sje-
JIUM TlepeMeHHble H TPOMHTErpHpyeM:

d
iS ﬁ=g dv.

Orcioga HaxoauMm YPaBHEHHA HCKOMbIX JIMHHHA:

v==In (u+w/ui+a§)+c.

726. TlapaGosioun 3anaH ypaBHeHHeM z=axy. Haiitu:

a) npsAMble Ha napa6oJioune (npsiMoJHHEHHble o6pa3yloilue), ne-
pecekaloilHe JIHHHIO X =const moja NpsMbIM YrJjoMm;

6) yros Mexay JIHHUSIMH X =Xo H Yy = Yo Ha MapabosioHle z=axy.

727. TloBepXHOCTb BpalleHHs 3ajaHa nNapaMeTpH3auMed r (u, v)=
=(f (4) cos v, f(u)sinv, z(u)). TlpoBeputb, 4TO ee MepHAHaHbI
v=const ¥ napajiend u=const oproroHasbHbl. HaliTH JHHHUH, KO-
TOpble AeJAT MOoMojaM YI/bl MeX1y MepHAHaHAMH H Mapaluie/isiMH.

728. lenukoua 3ajaH mapaMmeTpusauded r (4, v)=(au cos v,
au sin v, bv). Haiiti niowanb KpHBOJIHHEHHOTO YeTbIPEXYroJbHHKA 2,

1
OrpaHH4YeHHOro JIHHUAMH: u=0, U=-—, a>0, v=0, v="FL
PeweHnue Ilrowanb o o6aacti Q Ha NOBEPXHOCTH BbIYHCASA-

ercs no ¢opmyJe
o=\ VEG — Fldudo,

D

rae D — npoo6pas obaactu Q B R% Tak Kak r,=(a cos v, a sin v, 0),
ro=(—ausinv, aucosv, b), T0 KoappHUHEeHTH mNepBOH KBaapa-
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THYHOH Qopmbl paBubl E=ri=a’, F=r,-r,=0, G=ri=a%u®+b".

BoiuncanMm miowans ¢ yeThipexyroJbHHKa Q:
2 .2
a’u
V?-F 1 du,

1
V1 + x2dx=

v=1| u=—

o= S S ’ \a? (@®u®+ b?) dludv=ab

v=0 u=0

o—g|-

3aMeHuB x =24

a
5 noyunm ¢ =b’

oo

1
b
=0 2 (VT2 +In (x4 VTH2) | =25 (F\ /1 4+ +
0
+in (4 1445 ) = VTF 624 Lo LS

b

729. Haiith nsowaab o (P) noBepXHOCTH TOpa, 3aaHHO#H BEKTOP-
dyHkuuel r (u, v)=((R+a cos ¢) cos ¢, (R+a cos ¢) sin ¢, a sin P),
0<<a<<R, H orpaHHYeHHOH MEpPHAHAHAMH ¢ =¢|, Q=@ U MapaJe-
JAMH P =1, Y="1s.

730. BbluMcauTb miouwlagM uacTedl IJIOCKOCTH, 3aKJIIOYEHHBIX
BHYTPH:

a) 3JUIMNCA C MONYOCSAMH a u b;
6) runep6osibl ¢ MOJyoCIMH a U b u npsamoil x=2a;
B) napaGonbl y?>=2px W npsiMoil x=23p.

731. Haiitu nyowanu o (P) uacreil ryiaakoi noBepXHOCTH, 3a/aH-

HbIX CJIEAYIOLIHMH YCJIOBHSIMH:

a) X*+y’=R? 2>0 mx<z<nx, 0<m<n,

6) X*+y*=R? x>0, P 3akn0ueHa BHyTPH UMJIHHIpa y’+2°=R?,
B) x’4y’=2x, P 3akiioyeHa BHYTpH coepul x> 4y’ 422 =4.

732. Haiitu niowab ¢ (P) noBepXHOCTH TOpa, 3alaHHOTO ypaBHe-
nuem (x—a)’+y*+2*=R?* a>R>0 (cm. puc. 78).

733. Ha requkouje, 3aJaHHOM BeKTOp-QyHKLHe#H 7 (4, v)=
=(u sin v, u cos v, v), 1aH KPUBOJIMHEHHbIH TPEYroJibHHK C 06/1aCThbIO
H3MeHeHHs1 napameTpoB A={(u, v)|0<Cu<<shv, 0<<o<<uy).

Haiith a/MHbl CTOPOH, yIVIbl H MJOLLAAb 3TOr0 TPeyrosibHHKaA.

734. BouiudcauTb miowaab Kpyra paauyca r Ha cepe paauyca R
M CPaBHHTb €€ C IUIOLA/Abl0 KpPyra TOro »Ke pajHyca Ha eBKJIH/10BOH
MJIOCKOCTH.

§ 31. BTOPASl KBALPATHYHAA ®OPMA.
HOPMAJIbHASl KPUBH3HA

Jlutepartypa: [2],§ 58.
735. TloBepxHocTb S 3aaaHa BeKTOP-yHKUHEH r (4, v). Tnagkas

KpHBasi y Ha Hell ompejesneHa BeKTop-pyHkuuei f (s), roe s — AJIHHA
ayri. Jlokazatb, 4TO HOpMaJibHast KPHBH3HA k, KPHBOI y Bbipakaer-
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Cfi B BUle OuiHHEAHOH (OPMbl OT BHYTPEHHHX KOOPAMHAT u’(s) H
v’ (s) KacatenbHoro Bekropa f’ (s):

n=Lu’ (s} +2Mu’ (s) v’ (s)+ No’ (s)’,

rae L, M, N — ko3¢pduiuHeHTbl BTOPOH KBaAPATHUHOH (POPMBI.
Peuenue. JIMHUA y moBepxHOCTH S 3asaHa BeKTOp-QYyHKLUHe#

f(s)=7(u (s), v (s)). ABaxanbl npoauddepeHLHpyemM nocaeaH00 Gop-
MYJY H MOJIYYHM:

F7 () =T uutd’ ()24 2Fuott’ (5) 0 (S)+ Fou’ ()24 Futd” (s)+ Fuv” (5).

Tak Kak k,=m-f” (s), rie m — eHHHUHbII BEKTOP HOPMaJH MOBEpX-
HOCTH, TO, MOJACTAaBJsAA B 3TO PABEHCTBO BbipaxkeHHe s [” (s) U yuH-
ThiBafl, UTO0 Mm-ry=m-r,=0, NoJy4um:

b = (1 Tua) 1" (S22 (- Tuo) 07 (5) 0 (5)
4 (m-ry) v’ (sP=Lu’ (s)*+2Mu’ (s) v’ (s)+ Nov’ (s)%,

rae L, M, N B TOYHOCTH cOBMajalT C Ko3pduuHeHTaMH BTOpPOH
KBaJpaTHYHOH (OpPMbI.

736. IosepxHocTb S 3aj1aHa BeKTop-QyHKuHe# 7 (4, v). [naakas
KpHBasi y Ha Hell onpeaeseHa BeKTop-pyHKuHed r (u (¢), v (¢)). Hdoka-
3aTb, YTO HOpMaJibHasi KDHBH3HA R, KPUBOH Y B Touke Ag (u (fo), v (¢o))
paBHAa OTHOLIEHHIO BTOPON KBaJApaTHYHOM (OpPMbl MOBEPXHOCTH K
nepBoOH:

b — Lu’ (£0)* 4 2Mu’ (o) v’ (to)+ Nv’ (o)
" Eu’ (to)* +2Fu’ (to) v’ (to)+ Gv’ (to)*

BbIUHCJEHHbIMH i = {;.
737. Haiith BTOpble KBajpaTHYHble ¢OpPMbl NMOBEPXHOCTEH, ompe-
JleJisieMblX CJIeYIOIHMH BeKTOP-OYHKLHAMH:

a) TIJIOCKOCTH — r (4, v)=a-+ up+vq, (u, v)ER?, p, § — HEKOMIHHe-
apHbie BEKTOpbI;

6) coepn pamuyca R—r(u, v)=(Rcosucosv, R cosusinuv,
Rsinu), R>0, |ul <%, 0<v<<2m;

B) 3JJIMICOMAA BpalleHHs — r (4, v)=(a@ cOS u cos v, a cos u sin v,
¢ sin u);

) OHOMOJIOCTHOrO rHNep6OJIOHAa BpALUeHHS — r (U, V)=
=(a ch u cos v, ach usin v, ¢ sh u);

1) ABYNOJOCTHOrO FrHNep60/IoHa BpalleHuss — r (4, v)=(a sh u cos v,
a sh u sin v, ¢ ch u);

e) napa6oJioHaa BpalleHHs — r (4, v)=(u cos v, u sin v, u?);



X) KPYroBoro uujiuHapa — r (u, v)=(R cos v, R sin v, u);

3) KpyroBoro KoHyca — r (4, v)=(u ¢0s v, u sin v, ku), u=0;

H) MpPAMOTO reiMKonaa — r (4, v)=(u cos v, u sin v, av), a0, u>0;

K) MOBEPXHOCTH BpalleHHsi — r (4, v)=(u coS v, u sin v, f (u)),
I<u<<oo, 0<<v<<2m; f(u) — dbyHkuus knacca C*, p=2;

A1) renukonaa o6uiero Buaa — r (4, v)=(u cos v, u sin v, f (u)+av),
a0, u>0;

M) BHHTOBOH MOBEPXHOCTH —r (4, v)=(ucosv, wusinv, u+v),
I<u<<oo, 0<<v<<m;

H) ncesaocdepyl — r (4, v)=(a sin u cos v, asin usin v, f(u)), roe
f(u)=a(ln tg —;‘——{—cos u) ,0<u<m, 0<v<<2m, a>0;

0) Topa — r (1, v)=((a+ b cos u) cos v, (a+ b cos u) sin v, B sin u);

n) KareHouaa — r (u, v)=(/a’+ u® cos v, \Ja’+ u® sin v,

aln (u+\/u?+a§)), 0<<u<< oo, —oo <yu< oo.

Pewenue. a) Hailnem nepBbie H BTOpble YacCTHbie MPOH3BOJ-
Hble BEKTOp-OYHKUMH 7 (4, v)=a+ up +vq:

re=p, rv=gq, ruu=>~0, r,,=0, r,,=0.

Cneposatenbo, L=ru,-m=0, M=r,-m=0, N=ry,-m=0 H
[I=0.

) BbluHCJMM mepBbie M BTOPbie YaCTHbie NMPOH3BOJHBIE BEKTOP-
GYHKUMH r (4, v)=(u cos v, u sin v, av):

ru=(cos v, sin v, 0), r,=(—u sin v, u cos v, a),
ruu=0, ry,=(—sin v, cos v, 0), r,,=(—ucos v—usinv, 0).

Tenepb HailineM elHHHYHbIH BEKTOD HOPMaJH K TMOBEPXHOCTH m H
K03(dHUKMEHTH BTOPOH KBaApaTH4YHOH (OpPMbI:

i i k
[rur]= cos v sinv 0 | =(asinv, —acosuv, u),
—usinv ucosv a

I[Fu;u]|=va +u.

- ( asinv acos v u )
A} A 9
Va'+u? Va@+ut - Na'+d?

02 2
- - - - —asin“v—acos“ v
L—ruu'm—_o, M——r,,,,-m—— —

w/a’—}-u2
a - -~ —u cos va sin v+ u sin va cos v
- % N=F.m= + =0.
Va¥+u? Va¥+id?
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CnenoBatesibHO, BTOpasi KBajipaTHuyHas ¢opma HMeeT BHI:

1 = Ldu® + 2Mdudv + Ndv? = — 28dudv_

\/a’ +u?

738. TlosepxHoctb M siBasiercsi rpadukoM QyHKUMH z=f (x, y).
Iloka3aTb, UTO ee BTopasi KBajpaTH4YHast (popMa HMeeT BHA:

l =# (Fxdx® +2fxydxdy + foydy®).

739. HUcnoab3ys 3anauy 738, HalTH BTOpble KBaJpaTHUHble (POPMBI
NOBEPXHOCTEH, 3aflaHHbBIX KaK rpaHKH caeayouX ¢yHKIUHA:

a) z=ax+by+rc; 6) z=ax’+by?;, B) z=ax’—by’; r) xyz=a’.

740. Touka A, Ha NMOBEPXHOCTH S Ha3biBAeTCA OMOHJIHUECKOH,
ec/ii B 3TOM Touke KO3(p@HUHEHTHl NepBoi H BTOPOH KBaJApaTHYHBIX
$hOpM IMOBEpPXHOCTH MPOMOPLHOHAJBbHB MexXay coboili: L=AE,
M=AF, N=AG, A€R. Iloka3aTb, YTO HOpMaJbHasi KPHBH3HA B JIO-
60M HampaBJ/ieHHH Ha MOBEPXHOCTH, BblYMCJEHHAs B OMOHJIHYECKOH
TOYKEe, He 3aBHCHT OT KPHBOH H paBHa KO3((PHLUHEHTY MPOMOPLHO-
HaJbHOCTH A KBaJpaTHUHbIX POpM.

741. [loka3arb, YTO NOBEPXHOCTb, LEJIHKOM COCTOALLAA H3 OMOH-
JIMYECKHX TOUEK, IBJISIETCS] YacTbio cdepbl.

742. Jloka3aTb, YTO MOBEPXHOCTb COJAEPXKHUTCA B HEKOTOPOH MJIOC-
KOCTH TOrja H TOJbKO TOrAa, KOrja ee BTOpas KBajapaTHyHas ¢op-
Ma TOX/JECTBEHHO paBHa HYJIO.

743. HailitTh KpHBHM3HBI HOpPMaJIbHbIX CeueHHH, HMeWHX obuiee
KacaTeslbHOe HalpaB/ieHHe ¢ KOOPAHHATHbIMH JIHHHSIMH NMOBEpPXHOCTEMH
u3 3ajaauu 737.

Pewenue. a) HopmanbHbiM ceueHHeM MOBEPXHOCTH, MPOXOAs-
ILKM uepe3 TOYKy Ao B HampaBJieHHM KacaTelbHOTO BEKTopa p,
Ha3biBaeTCs JIMHHSA MepeceueHHsi NMOBEPXHOCTH C IMJIOCKOCTbIO, MPOXO-
Asilleii yepe3 ToOuKy Ao H NapasieibHOM BEKTOpaM p H m, Ijae m — BeK-
TOp HOpPMaJiH MOBepXHOCTH B Touke Ao. KpHBH3HA HoOpMaJibHOTO
CeYeHHsl COBMajaeT ¢ TOYHOCTbIO 0 3HAKa C HOPMaJibHOH KPHUBH3HOM

B Touke Ao B HanpaBJeHHH BEKTOPa p (D|, P2) H, 3HAUHT, MOXKeET GbiTh
BbluHCJeHa no ¢opmyne

k. = Lpt+2Mpip2+ Np}
" Ept+2Fpips+Gpi

HanpasasiomwuMH BeKTOpaMH HOPMaJbHbIX CeYeHHil, paccMaTpHBae-
MbIX B 3ajJaye, MOXKHO CUMTaTb BEKTOPbI r, H r,. X BHyTpeHHHE Ko-
opauHatsl paBubi (1, 0) u (0, 1) coorBercTBeHHo. CiegoBaresbHo, B

L
nepBOM cJyyae k,.=TE-,
cnepyer, yro L=N =0 H HopMaJ/ibHble KDHBH3Hbl, a 3HAYHUT, H KDH-
BH3Hbl HOpMaJibHbIX CEYEeHHH, MpoBeeHHbIX yepe3 TOUuKy Ag (4o, vn)
B OOOHX HampaBJ/IeHHSIX, PABHbl HYJIO.
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744. HaiiTu KpUBH3HY HODMaJIbHOTO CEUeHHS, MPOXOIsiiLero yepes
KacaTeJbHYI0 K KpHBOH, 3aj]aBaeMOdl YypaBHEHHAMH u=uy-+1{,
v=uo—t B TouKe Ao (4o, vo) AIs1 MOBEPXHOCTEH M3 3amaud 737.

745. JIuHKMs Ha MOBEPXHOCTH Ha3bIBAETCS aCHMITOTHUECKOH, €CJIH
B Ka)k[0#1 ee Touke k,=0. Halitu acumnToTHueckHe JIHHUM Ha cie-
LYIOUIMX MOBEPXHOCTSAX:

a) z—xy,
6) z=uxy’;
) s=a(3+);

r) r(u, v)=w’+v, u*+uv, u"+—§-u2v) ;

n) r(u, v)=(u, uv, u+v°%;

e) r(u, v)=(14u)cosv, (14u)sinv, u), 0<u<oo, 0<<v<2n;

)K)r(, )=(cosv+usmv —sinv4ucosv, v), O0Ku<<oo,
I<v<<oo

o) 7w U)_(a(l+cos”)Cth a(l4cosu), a :’S“)’

sin v
H) r (4, v)=(P (&) cos v, P (4)sin v, @ (u)).

Peuenune u) ACHMNTOTHYECKHE JIHHHH OMnpee/slTCA YCo-
BueM k,=0. [To3ToMy ypaBHEeHHS HCKOMbIX .nmmu MOXHO no.nqu‘b
pemnB auddepenunasbioe ypashenne Ldu®+2Mdudv+ Ndv®=0,
rae L, M, N — Koaq)qmuuembl BTOpO#H KBajpaTHYHOH q)oprl B pac-
cMaTpuBaeMoM npumepe r,=(}’ cos v, P’ sin v, ¢’), r,=(—y sin v,
¥ cos v, 0) CiienoBartesibHO, €JHHHUYHbIA BEKTOP HopmaJm MMeeT BHI:

1 ’ ’ i ’
[Fu Pl = s (— W0 cos 0. — b’ sin v, YY)

-

|[fu v]l
Tak Kak ru=(p” cos v, $” sin v, ¢”), ruy=(—1’ sin v, P’ cos v, 0),

Foo=(—1¥ cos v, — P sin v, 0), To KO3 HUHEHTI BTOPOI KBaAPATHY-
HOH (pOpMbl COOTBETCTBEHHO PaBHbI:

L=Fu -m=—3@W V) —M_7 m—o,

Vo (Y +(@))

2 7
N=rw-m=—‘M’—— .
Vo? (9'F +(9'))
Nuddepenuuanbioe ypaBHeHHEe aCHMIITOTHYECKHX JHHHI Tenepb NpH-
HHMaeT ClelyIOlHA BHA:

((P”\P 'lp” 1) du2+1p(p’d02=0.

oTkyaa dv= + —‘p—”gl—_—fp”—wl-du. CJiefoBaTe/ibHO,
y o
V= _—_tS A\ ,J”ML_ du
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746. Jloka3aTb, YTO aCHMNTOTHYECKas JIHHUA JHGO fiBJAsieTCA Nps-
Moil, JIH60 ee rnaBHasi HOPMaJb JIEXKHT B KacaTeJbHOH MJIOCKOCTH
MOBEPXHOCTH, GHHOPMaJIb COBMAjaeT C HOPMaJbio MOBEPXHOCTH, a CO-
NPHKACAIOWAACA MJIOCKOCTb — € KACaTeJbHOH MJIOCKOCTbIO MOBEpPX-
HOCTH.

§ 32. MOJIHAS H CPEJHAA KPHBH3HbI
MOBEPXHOCTH

Jlutepatypa: [2], §59.
747. HaiiTH noJiHyl0 H Cpe[HIOI0 KPHBH3HbI NMPSAMOro reJiMKOUAA,

3aJlaHHOTO BEeKTOp-(yHKuMe#l r (4, v)=(u cos v, u sin v, av), a0,
u>>0 B NpPOHU3BOJILHOH €ro TOUKe.
Pemenune. CpenHsas KpuBH3Ha H BbluHcjsieTcss 1o ¢opmyJie

H—_ EN—2MF+LG
=T 2(EG—F) ’

rae E, F, G — ko3pduuHeHTH NepBoi KBaapaTHUHOH ¢opmbl, a L, M,
N — Bropoit. [ToacraBum 3HaueHHs 3THX KO3(PPHLHEHTOB H3 pemeHml

3anaud 737, u, nonyuum E=1, F=0, G=u?4a? L =0, M=—324—
N=0. CanenosarenbHo, H=0. Vi +a

[Tonnan, uau rayccoBa, KpUBH3HA BbluHcjsieTcss No GopmyJe

_LN—M?
k= EG—F* ~
2
748. TloBepxHOCTb BpallleHHs1 3aJlaHa BeKTOp-(yHKLHeH

r(u, v)=(f (), P (&) cos v, P (&) sin v), P (&)>0.

HaiiTi cpefHIOl0 H NMOMHYIO KPHBH3Hbl B NPOH3BOJILHOH €€ TOukKe.
749. Haiitu MOJIHYI0 KPHBH3HY NMOBEPXHOCTH, MepBasi KBajpaTHY-
Has ¢opMa KoTopoii umeer Bul [ =du’+e 2ugy?,
750. HaiiTi no/iHyio H cpelHIOI0 KpHBH3HbI BAHTOBOH NMOBEPXHOCTH,

Orciopa K= —

3anaHHON BexkTop-PyHKUHMed r (4, v)=(u cos v, u sin v, u+o).
751. HaiiTh nosHyio KpHUBH3HY nceBaocdepbl, 3a]aHHOH BeKTOp-

— 2_
dyHKuneit r (u, cp)=(:ta IndtVa—« ":"2— Va®—u?, ucos @, usin cp),

a>0, u>0.

752. HaiiTH no/iHyio U CpeHIOI0 KPUBH3HbI MOBEPXHOCTH, 06pa3o-
BaHHOH GHHOpPMaJIIMH NaHHOH KPHBOH.

753. HaiiTH nosHyl0 M CpeiHIOI0 KPHBH3HBI MOBEPXHOCTEH, KOTO-
pble 3alaHbl Kak rpauku caefyowuX GyHKUHH:
a) z=f(x, y); 6) z=ax’+by?, a>0, b>0; B) z=x>—y"
156



PeuweHnue. a) [In5 NOBEPXHOCTH, 3a/1aHHOMH KakK rpapHK QyHK-
uHH z=f (x, y), Ko3(pPHLHEeHTbl MepBOH KBaAPaTHUHOH POPMbI COOT-
BETCTBEHHO PaBHbI:

E=l+f§, F=fxfyy G=l+i§'

a Ko3¢p¢duLUHEHTb BTOPOH KBaApPaTHUHOH (POPMBI:

_ Fex M= fxy CN= [y ‘
VI+i+1, VI+E+T] VI+E+T

CnenosaTe.ano, MoJsiHass KpUBH3HA HMEET BHI:

K fuiﬂg_fxz
(I+f+£7

a cpeaHsn:

b ) o =2l (L ) oy
L .

21+ +2)2

754. Jloka3atb, UTO CcpelHsii KPHBH3Ha MOBEPXHOCTH, 3adaHHOM

<

Kak rpaduk GyHKuMH z=In cos x—In cos y, ——’2‘-<x<%. -

<y<--, paBHa HyJIO.

755. B npocrpaHcTBe E; 3anaHbl MoBepXHOCTH S| H Sy Kak rpa-
duku pynkuui z2=In (x*4-y*) u z=2 arctg —i’— IlokasaTb, uTo B TOU-

Kax M, moBepxHOCTH S|, H M, MOBEPXHOCTH S; C OJHHAKOBBIMH KO-
OpAMHATAMH X, Y TOJIHble KPHBH3HbI 3THX MOBEPXHOCTEH COBMaJaloT.
756. Iloka3aTb, uTOo €CIH KO3p(dHUHEHTH mnepBoi WU BTOpPOH
KBaJpaTHYHbIX (POPM MOBEPXHOCTH NMPONMOPUHOHAJIbHbBI, TO €€ MoJiHas
KpuBH3Ha K paBHa KBajpaTy cpeaHeil KpuBusHbl H: K= H>.

757. TloBepxHoctb M* o6pa3oBaHa KOHLAMH OTPE3KOB MOCTOSIH-
HOH [I/IMHBI @, OTJIOXKEHHbIX Ha HOPMaJifAX OT MOBEPXHOCTH M no oaHy
CTOPOHY OT Hee (mapaJiieJibHasi MOBEPXHOCTb; ¢M. 3anauy 708). Bbi-
pasdTb nosinylo K* u cpeaHioio KpuBu3Hy H* noBepxHocTH M* uepes
MOJIHYI0 H cpefHIol0 KpHBH3HbI K ¥ H moBepxHoctu M.

758. I1ana noBepxHOCTb M mocTosiHHO# cpeaHeit KpuBu3Hbl H. Ha

o 1
BCeX €€ HOopMaJisiX OTJIOXKE€Hbl OTpE€3KH NJHHOH 5H Mo oAHy CTOPOHY

OT MOBepXHOCTH. [JokasaTb, YTO Yy NOCTPOEHHOH TakWM o6pa3oMm
MOBEPXHOCTH, «MapaJllieJibHOH» NaHHOH, NOJIHask KPHBH3HA MOCTOSHHA,
H BbIUHCJIHTD ee.

759. JlaHa noBepXHOCTb M NOCTOSIHHOH MOJIOXKHTEJbHOH MOJIHOH

kpuBH3Hbl K. Ha Bcex ee HOpMaJjisix OTJIOXKeHbl OTPe3KH VLR Hoka-
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3aTb, YTO CpelHsid KPHBH3HA MOCTPOEHHOH TaKUM o6pa3oM MoBepx-
HOCTH TOCTOSIHHA, H BbIUHCJHTL €e.

760. Joka3saTb, UTO B COOTBETCTBYIOLIHX TOYKAaX y ABYX «mapaJ-
Jie/IbHbIX» moBepXHocTe M U M* noJiHble H cpeliHHe KPHBH3HbI CBf3a-
Hbl COOTHOLIEHHEM

H'—K _ H*—K*
KK

§ 33. FTNIABHBIE HANPABJIEHHSA H TI'JIABHbBIE KPHBH3HbI.
THNbl TOYEK HA MOBEPXHOCTH

Jluteparypa: [2], §59.

761. HaiiTu rnaBHble HanpaBJeHHs B MPOH3BOJbLHOH Touke A (u, v)
noBepxHocTel H3 3ajaaud 737.

PeweHn ne. u) naBHbIMH HanpaBJeHHSAMH MOBEPXHOCTH B TOU-
ke A (u, v) ABAAIOTCA HaNpaB/IeHHs] KacaTeJbHbIX BEKTOPOB P K KpH-
BbIM NOBEPXHOCTH, /ISl KOTOPbIX HOPMaJIbHAsI KPHBH3HA k. IPHHHMAET
IKCTpeMaJibHble 3HauyeHust. Hanpasnenue Bektopa p (p,, p,) onpeneds-
ercsi OTHouleHHeM O=p,:p,. B uacTHocTH, HampaB/jieHHeM BeKTOpa
f(t) 6yner otHowenne O =v’:u’, a Bekropa dr —O=dv:du. [nas-
Hble HanpaBJ/IeHUA MOTYT ObiTb HaHAeHbl H3 ¢GopMyJ

—dv dudv —du?®

E F G =0 HJIH
L M N
—02 6 —1
E F G =0.
L M N

B nanHo# 3anaue (cM. peuleHHe 3afauu 737, H) 3TO ypaBHeHHe MPUHH-
MaeT BHA:

—0? 0 —1
1 0 u’+a? =0,
0 —_a
\/a’-{-u’ 0

win 6% (u’+a®)—1=0, oTKyaa HaXOAHM TJiaBHble HaNpaBJEHHS:
| 1

0=———, Oh= ——.
: Vul+a ? Vui+a?

KacaTenbHbiM BEKTOPDOM C HamnpasJ/ieHHEM 0, ABJIAETCA, HaNpuMmep,

BEKTOP ry+ 07, C BHYTPEHHHMH KOOpAHHATaMH (l, \/—W_Il—f—)
u a
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a ¢ HanpasneHHeM 0, — BEKTOD 7, +02r, C BHYTPEHHHMH KOOpPAHHA-
1

TaMHu 1, ——————=). CuienpoBare.bHo,
Vu2+a2

p=r, +—I T —(cos SRLLLLE )7+
L u Vu2+az v Vu2+a2
+<sin O LA )]+ k;

Vula?

a
N

- - 1 - i -
p2=ru—\/—u_ﬁ+_f—aru=(cos U+L_2_n_v,[') i+

Vu'+a

. u cos v T a s

+ — — k.
(sm N ) N

762. Haiitu rsiaBHble KDHBM3HbBI B MpPOM3BOJIbHON Touke A (4, v)
noBepxXHocTed 3anaud 737, a — K, H — IL.

Pewenune. H) [naBHble KDUBH3HBI MOTYT GbiTb HalaeHbl Kak
KOpPHH ypaBHeHus k’—2Hk+ K=0, rae

LN —M?
EG—F?

H— LG—2MF+NE

2(EG—F?) » K=

(H nu K — cpenHsisi U mMojHasi KPHUBH3HbI NMoBepxXxHocTH). B ciayuae
3anayd 737, U 3TO ypaBHEHHE NMPHHUMaAET BHI:

2

2 a —
ST

OTKyJda rjlaBHble KpDHBH3Hbl B TOUKeE A (u, U) paBHbl COOTBETCTBEHHO

by =—2 ko= ——2

atu P

763. TloBepxHOCTH 3ajaHbl KaK rpaduku GyHKuMH z=f (x, y).
Haiitn rnaBHble HampaB/ieHHsi W IJ1aBHble KPHBH3HbI B YKa3aHHbIX
TOUKaX.

a) z=x"4xy+y*> B Touke O (0, 0 0);
2 2
6) _xp_+_yq_=22 B Touke O (0, 0, 0);
B) e°cosx=cosy B Toukax A (xo, Yo, 20) u O (0, 0, 0).

764. HaiiTd rniaBHble paaHychl KPHBH3HbI NMOBEPXHOCTH, 3a[aH-
HOH ypaBHEHHeM y=xtg%—, B MPOH3BOJILHOI TOUKeE.

765. HaiiTu riaBHble paauychi KDHBH3HbI B MPOU3BOJILHON TOUKe:
a) runep6osiHyeckoro napaboJioHla z=uxy;

2 2
6) sanMNTHYECKOro nmapa6ononaa z=%+%.
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766. [loka3aTb, YTO rJlaBHble HampaBJeHUsi rejiukoua (CM. 3aja-
4y 761) measiT nmomosiaM yryibl MeXAy HampaB/ieHHIMH o6pasyiouiei
H BHHTOBOM JIHHHEH.

767. lokasaTb, UTO y MOBEPXHOCTH BpaileHHs napa6osibl BOKPYr
ee JHPEeKTPHCbl OTHOLUIEHHEe IJIaBHbIX PAJAHYCOB KPHBH3HbI MOCTOSIH-
HO.
768. JlokasaTb, YTO Ha OJHOMOJOCTHOM runep6osonae G6Hc-
CEeKTPHCHl YIJIOB MeXAy o0pa3yiolllHMH HMEIOT TrJiaBHble Hanpas-
JIEHHS.

769. loka3aTtb, YTo Ha runep6o/iHueckoM napa6oJsionae GHCCEKT-
pUCbl YIrJIOB MeXAy 0o6pa3yioliHMH HMEIOT TJiaBHble HamlpaBJieHHs.

770. OnpenenuTb THNblI TOYEK CJAelYIOLLHX MOBEPXHOCTEH:

a) chepn x’4y*42°=R?,
X2 2, 2
6) 3aauncouna —GQ—+?+?—=I;
2 2 2
B) THMEPGONOHAA =3 —2r4Zr=1;
X2 y2
r) runepGonuyeckoro napaGosouna 2z=-r—-<7;
n) rpadpuka QyHKUHH z=¢" sin x;
e) rpaduka PyHkuuu z=ax-+Iny;
X) rpaduka QyHKUHH 2= xy’.

Pewmenune na) ToukH mMOBEpXHOCTH, B KOTOPbIX NMOJHAA KpH-
Bu3Ha K >0, HasbiBaloTcsi 3aaunTHyeckdmu (puc. 80), K<<0 —
runep6oJinueckuMH (puc. 81) u K=0 — napa6oauueckuMH (puc. 82).

M3 pewenuss 3agaud 753, a cjaenyer, uTo -

[asf y_ﬂ i
_—IxXlyy  Ixy [ —
K (Yt Tak kak f[u &’ sin x,
fry=2¢’cos x, f,,=¢"sin x, ToO
_ —e¥sin’x—e®cos’x —e% “
K= (I++7? =TrErar <

Puc. 80

Bce TOukH MOBepPXHOCTH rumnep6oJiHUecKHe.
771. Jloka3aTb, UTO Ha LHJMHADHYECKOH MOBEPXHOCTH, 3ajiaH-
HOH BeKTOp-pyHKuHeH r (u, v)=f (u)+va (rae [ (4) — PyHKUHUA KaaC-

ca C% a — mocTOsTHHbII BEKTOpP), HeT runep6oJIHUECKHX TOUeK.

Puc. 81 Puc. 82
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§ 34. TEORE3HYECKASl KPHBH3HA.
FEOAE3HYECKHE JIHHHH HA NMOBEPXHOCTH

Jlutepatypa: [2], § 61—66.
772. TloBepxHOCTb 3ajJaHa BeKTOp-(pyHKUHeH

r(u, v)=(u, v, uv?), (u, v)ER®.

Ha#iTi reose3nyeckyio KDUBH3HY KPHBOH 4=, JleXalleH Ha noBepx-
HOCTH.

Pewenue JluHua u=c onpeaensierci BeKTOP-(yHKUHEH

f (v)=(c, v, cv?), crenoBaTesbHO, OHA NPHHALIEXKHUT Kaaccy C™ H ee
reojeanyeckasi KpMBH3Ha BbIUHCIsieTcs: Mo Gopmy.Jie

- = gt ~ dr d*r
kﬂ—(’"' v K)—("" Ik T)

- - df - - d7
rpe (m, T, E;i) — CMe€LIaHHOoe TpOoH3BEAEHHE BEKTOpPOB m, T H 7;—

BekTop HOpMaJjii JaHHOH MOBEPXHOCTH HMeeT BH.:

C— :

— L (—v%, —2uu, ).
\/v' +4u’v’ +1
o - df d‘l.' df
Haiinem BekTophl T=_-H —==——7 B MPOH3BOJILHOH TOUKE [JaHHOH
“=_d_f:__d_f_dv df . d‘( d‘r dv dt_ 1

KpHBOH: T ds~ dv ds dv |7| *ds  du ds ' tFol

Tak kak f,=(0, 1, 2cv), T0 |f,| =14 4c%>.

CaeoBatenbho, 1=———(0, 1, 2cv),
1 44c“v
£=(0 4y 2¢ ) 1 _
ds—\ 3 3 I
(14+4c2?)?  (14+4c?)? (14420

_ —4c%y 2c
_(0) (l+4cz 2)2 ’ (l+4c2v2)2) .

Tenepb MOXeM BBIUMCIHTD re01€3HYECKYI0 KDHBH3HY B MPOH3BOJbHOM
TOYKEe KPHBOH U =c:

. - -0 —2cv 1
kg=(m, 7, ‘fT’s)= 0 I 2cv
0 —2cv 1
2c _
Vo + 42T 1T 4c%0% (1 4 4c?v?)y
—2cv? (1 +4c%v?) —2c0?

\/v F 47T 1T+ 4702 (1 + 4c%v2)? \/v‘+4c§v7+l (14+4c20?)¥?”
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773. HaiiTh reojae3nuyecKylo KpHBU3HY BHHTOBOH JHHHH U=C,
Jexalleii Ha TeJHKOHAE, 33a1aHHOM BeKTOp-OyHKuHed r (4, v)=
=(u cos v, u sin v, av).

774. Haiiti reone3nueckylo KPUBH3HY OKPYMHOCTH paauyca r,
Jexaiueit Ha cdepe paauyca R.

775. [loka3aTb, UTO MepHHaHbl NOBEPXHOCTH BpaLUEHHS SABJAIOT-
Cfl reo/ie3MUeCKHMH JIHHUSIMH. B KakoM ciyuae napaJuiend 6yayT reo-
[€3HYECKHMH JIHHHAMH?

Pewenue. IloBepxHOCTb BpailleHHS] CHMMETPHYHA OTHOCHTEJNb-
HO J1I06OTOo OCeBOro ceyeHHsi. MepuaHaH SIBJsIETCS MepeceyeHHeM
0CEBOT0 CeuyeHHs C MOBepXHOCTbio BpauteHus. CiiefoBaTesbHO, reoje-
3HyecKas JIMHHS, Kacaiolascs Mep1uaiHaHa, CHMMETPHUHA OTHOCHTE/Ib-
HO TJIOCKOCTH OCEBOro cedeHust Tak Kak uyepe3 KaXAyl0 TOUKY MO-
BEPXHOCTH B JaHHOM HAaNpaB/IeHHH MPOXOIMT €IHHCTBEHHAasi reoje-
3HUYecKasi JIHHHSA, TO OHAa COBMAaJaeT C MEPHAHAHOM.

[Tapasneib siBjsieTcsl reofe3HUYECKOH JIHHHEH TOraa M TOJbKO
TOraa, Korjaa ee HopMaJjb COBNaAaeT C HOpMaJblo K moBepxHocTH. Hop-
MaJib napaJJiejid NepneHAHKyJsipHa K OCH BpallleHUs H NepeceKkaer
ee. KacartesbHasi mjocKoCTb B TOUKe MapaJileNd NeprneHaHKyJasipHa
HOpMaJii mapaJijiesid. 3HauUT, KacarejbHasi K MEPHAUAHY B 3TOH TOU-
Ke neprneHuKyJsipHa HopMaJii napaniend. CienoBaTtesbHO, KacaTelb-
Has K MepHAHaHy napaJiienbHa OCH BpallleHHS.

776. IlokasaTb, 4TO BCsSKasi NMPsiMas Ha MNOBEPXHOCTH SIBJISiETCH
reoJe3HYeCcKOoi JHHHeH.

777. TloBepxHocTb 3ajaHa BeKTop-yHKUHe# r (4, v). Jloka3aTs,
yTo ypaBHeHHue (m, dr, d’r)=0 siBasiercs AMdPepeHIHalbHbIM yPaB-
HEHHEeM reojie3HuyeCKHX JIHHHIA 3TOH NMOBEPXHOCTH.

Pewenue. JluHus y OGyleT reoje3Hyeckod, ecii B KaX1OH
ee TOUKe reofie3ueckasi KpUBH3Ha paBHa HYJIO, T. €. kg=(r?z, %’;,
d*r
35—2) =0. CnenoBaresibHoO, peuieHueM AHPPepeHIHaNbHOTO Y paBHEHHS

(m, dr, d°r)=0 6yneT QyHKuHs, ONpeeNsiolas reoae3HYeCKyI0 JH-
HHIO.

778. Haiitu reose3nueckHe JIHHHH CJieyIOIIHX MOBEPXHOCTeH:
a) KpyroBoro UHJHHApaA; 6) KpyroBoro koHyca; B) céephi; r) nps-
MOTO TeJIHKOHAA.

Pewenue B) OKpyXKHOCTH 60JbIIHX KPYTOB IBISIIOTCSA reoje-
3HUECKHMH JHHHSIMH cdepbl (CM. yKasaHue K 3anaue 774). Uepes
Ka)[1yl0 TOYkKy cdepbl B J1060M HampaBleHHH NMPOXOAHT 60JIbILOH
KpPYr. 3HauuT, Bce reoje3HyeckHe JUHHH SIBJISIOTCA OKPYXXHOCTSIMH
6OJIbLLIHX KPYTOB.

r) TlpsMoil reaukoua 3aaaeTcsi BeKTOp-(pyHKUHeH r (u, v)=
=(u cos v, usin v, av). Peulennem auddepeHHaNLHOTO ypaBHEHHS
(m, dr, d*r)=0 (cm. 3apauy 777) 6yaeT OYHKUHs, onpeiesiio-
1as reofie3nyeckyio JHHHio. [1peo6pa3yeM 310 cMelaHHOe MpPOH3Be-
neHue. B kauectBe HOpMaJbHOTO BeKTOpa (HeoGsi3aTesibHO €IHHHUHO-

ro) Bo3bMeM BekTOp m=(a sin v, —acos v, u). IlycTb reoge3uue-
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CKasi JIHHUSA B KOOD/JMHATaX 3a/laeTcsl ypaBHEHUAMH u=u (t), v =0 (f).
Torna

d . .
d—'t=(u’ cos v—v’usinv, u’ sin v+4v’u cos v, av’);
d’r ” 270’ si ” : ”n2
d_t2=(u cos v—2u’v’ sin v —v”u sin v —(v’)*u cos v,

u” sin v42u’v’ cos v+ v”u cos v—(v’)’ u sin v, av”).

BbuMCAHM cMellaHHOe NMpou3BeneHHe (m, dr, d°r), MOAyuHM
- dr 4

(m S5, G) = —w' (@ +a)+u'e” (P 4a)+(0)Vu (w+a)+
+2(u’)v’u.
Takum o6pa3oM, ypaBHenue (m, dr, d’r)=0 HMeeT BuA:

o'u’ —ov"u — 2u v’ (u’)2—(v’)3u=0. (l)

u’+a’

Jlerko BHIETb, YTO JIMHHSA v = const YA0B/JeTBOPSIET ITOMY ypaBHEHHIO
(u3MeHeHHe QYHKLHH 4 OTBeYaeT TOJIbKO Pa3JjiHYHbIM MapaMeTpH3a-
uuAM 3Toi JiMHHM). Yepe3 KaXKAyl0 TOYKY TeJHKOMAA MPOXOIMT
Takas reoje3nyeckas JuHusi. PaccMOTpHM KaKylo-HHGYab reojesuye-
CKYyIO JIMHHIO, He MpHHaI/IeXauUlylo 3ToMy ceMeiicTBy. Tak Kak uepe3
KaX/[yl0 TOUKY B JaHHOM HaNpaB/€HHH MPOXOAUT POBHO OAHA re01e3H-
yecKas JIMHHUSA, TO HanpasJ/eHHe Haueld JUHHH OTIHYAETCA OT Hampas-
JIeHHsl JUHHH v=const, a NO3TOMy Mbl MOX>XeM Bbi6paTb Ha HeH ma-
PaMeTpH3alHIO C NMOMOLbI0 QYHKUHH v, T. €. 3aaTb ee QyHKUHEH
u=u(v). B atom cayuae v’=1, v”=0 u ypaBHeHue (1) npeBpa-
aeTCA B ypaBHEHHe

2u 2

” ’

———— (u’')*—u=0.

w = (w)

Cnenaem 3ameHy napamerpa wu=atga. Torna u’——c—ogzaa’,

”
",12202%@,)2_*_%‘ YpaBHenHe npeo6pa3syeTcs B ypaBHeHHe

a” —sin a cos a =0, (2)

=%k fIBJISIETCS pelleHHeM 3Toro ypasHeHusi. [1peanosioxum, uto

Y HEKOTOPOTO peLlieHHs B Touke vy a” (vg)=a’ (vo)=0. Toraa a (vo)=
n

=4k, e k —ues0e YHCIO, @ TaK KaK CyLLECTBYeT POBHO OJHO

pewiende NH(PEPEHIHANBHOTO YPaBHEHHSI BTOPOro MOPSKa, TO 3TO
pellieHHe COBManaeT ¢ a=Fk % [Mostomy y .Ji060ro apyroro peiie-

Husa ecan a’ (vo)=0, To a” (Vo) %0, T. €. B COCEAHHX TouKkax a’==0.
Orciona ciieayer, 4To Ha COOTBETCTBYIOILEH M€01E€3HYECKOM JHHHH Mbl
MOXeM Be3/le, KpOMe OT/Ae/bHbiX TOuYeK, Bbi6paTb B KauecTBe Mapa-
MeTpa @ H MOXeM BblpasuTb a’ (v)=2p (a (v)), rae P — HeKoTopas
¢ynkuus. Torna
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o (0) = (@’ (V) =% (B (a () =222’ (1)=B (o (o)) 22D,

[TosToMy Mbl nojdyyaem aasi B auddepeHiHalbHOe ypaBHeHHe

B(a)-f; (a)—sin @ cos a=0, T. e.

d—d; (B? (@) =sin 2a, B*(a)= ——;-cos 2a+c, p= +-/c;—cos’ a.

Mbl nostyuaem mis o (v) auddepeHuunalbHoe ypaBHEHHE

d d
L a(@)=xo—cosTa () T e do=t—=Z—

Ve —cos?a

Takum o6pa3oM, pelieHHSIMH ypaBHeHHsi (2) GyayT a=%k H

a

dt
v—vo= | ——t.
s cy—cos‘t

[lepeiinsn o6paTHO K NMepeMeHHOH u, MOJIyUHM, YTO pelieHUsMH (1)
6yayr u=0. M tak kak

u
d arctg - _ adu

du _
M - o2 | o V@F ) c—Na+eu?’
c¢—cos? arctg — (l+ ) C———5—
€3 a% 14u®/a

TO OCTaJjibHble pelleHHsi 3afaioTca HopMyJioi
- u

U—Uo=8 adt
W M@+ (c—1)d"+cf)

1
a

HrakK, reoge3nyeckde Ha rejuKouae cieiyloiluue:
u
v=const, u=0, v—vo=s — adt —.
w V@) (c—T1) a"+cf?)

779. Ha cdepe paavyca r naH KPHBOJHHEHHbIH TpeyroJibHHK,
CTOPOHbI KOTOPOrO — AyrH 60JIbUIHX OKPYXKHOCTEH cdepbl, a ero mio-
Wwanb pasHa 6. HalTH cyMMy BHYTPEHHHX YIJIOB 3TOrO TPEYroJibHHKA.

Pewenune Tak kak ayru GoJiblIMX OKpPYyXHOCTeH cdepbi —

reoge3nyeckue JIHHHH, TO Mbl MOXEM BOCINOJIb30BaTbCA CJAEAYIOLUIHM
3

BapuaHToM ¢opmyabl [aycca — BonHe: Y (n—a;)=2n—ss Kdo,
=1

A
riae a; — BHYTpPeHHHE YIJibl Hallero TpeyrolbHika A, K — rayccoBa

3
1
KpHBH3HA cdepbl, paBHas =, T. e 2 au=n+5.
i=1 r
780. Ha nceBnocdepe naH KpHBOSIMHHEHHbIH TPEYroJibHHK, CTOPOHH
KOTOpPOTO — reojile3HueckHe JUHHH, a ero mjowlaib paBHa o. Hafitu
CyMMY BHYTPEHHHUX YIVIOB 3TOr0 TPeYroJibHHKa.



OTBETbl H YKA3AHHA

14. [loctaToyHo mnoCTpouTb 06pa3nl ABYX ToueK JAaHHoM npsmoi. Hckomas
npsiMasi NMPOXOJAHT yepe3 3TH 06pa3hl.

15. LleHTp HCKOMOIHl OKPYXXHOCTH siBJfieTCi 06pa3oM LEeHTPa NAaHHOM OKPYX-
HOCTH NPH UEHTPaJbHOH CHMMETPHH OTHOCHTeJbHO ToukH O. Paauyc o6pasa cos-
najgaer ¢ paguycom npoobpasa.

17. Ha#inute o6pa3nl ABYX Touek NAHHOH NpsMOM.

18. lNocTpoiite o6pa3 ueHTpa naHHOH OKPYKHOCTH. Pasnyc o6pa3a OKpyXHOCTH
paBeH paaHycy npoo6pa3sa.

20. CM. yka3anue Kk 3agaue 17.

21. CM. yka3anue kK 3ajave 18.

23. CM. yka3aHue K 3anaue 7.

24. CM. yka3aHue Kk 3anaue 18.

32. Cm. [1], § 103.

35. Cm. [1], § 103.

56. ITyctb TpeyroabHuk ABC wuckomuiii. [locTpoiiTe ero no napajJjenorpamma
(puc. 83). CBeauTe 3ajauy K MOCTpoeHHI0 TpeyroabHuka ACD.

57. IMyctb tpeyroabiuk ABC uckombiit. [Toctpoiite £ZCBD, paBuuit £C, oTjo-
XHTe oTpe3sok BD, pasuuit b (puc. 84). Cseaure noctpoeHue Tpeyroabnuka ‘ABC k
noctpoenuio tTpeyroabiuka ABD.

58. IMyctb TpeyroabHuk ABC uckomuiit. Ha cropoHe AC ornoxure orpesok CD,
paBuniii CB. Boipa3ute L ADB uepes ZA n £B.

60. IMycrb TpeyroabHHk ABC uckoMbifi, O — UeHTP BINHCAHHOH OKPYXXHOCTH.
Buipasute £ BOC uepes ZA.

62. Ilyctb a — naHHas npsmasi, a — JaHHas OKPYXHocTb, O — ee UEHTP,
OM _La, Mga (puc. 85). [lokaxkurte, yto Touka M — cepeauHa cTtopoHb QR Hcko-
moro kBazapata. [loctpoiite £ QMP.

c
5/ | \d
mc A D
A M 8
& b
B8 C
D Puc. 83 Puc. 84



Puc. 85 Puc. 86

63. [Myctb @ u B — naHHble OKpyHocTH, O; H Oy — ux ueHtpe, XY — Hcko-
Mas kacaTeibHas (puc. 86). Uepes Touky O, nposeaute npsmyio, napajieb-
uyio XY. [Tocrpoiite TpeyronbHuk O MO,.

64. CBeaute 3ajauy K MOCTPOEHHIO MNPSMOYrOJbHOrO TPeyroJbHHKA, THMoTe-
Hy3a KOTOPOro paBHa OTPe3Ky MeXX]y LEeHTPaMH AaHHHIX OKPYXHOCTel, a Karer —
NOJIOBHHA [aHHOH CYMMHI.

73. lokaxuTe, 4TO TOYKAa TOrAa H TONbKO TOrAa MPHHAMJIENHT PaAHKa/b-
HOH OCH ABYX OKPYXHOCTEH, KOrja pa3HOCTb KBAajJpaTOB PacCTOAHHH MeXxay 3TOH
TOYKOM H LEHTPAMH OKPYXKHOCTeH paBHAa Pa3HOCTH KBAaApaTOB PajiHyCoOB.

80. [lyctb AB — uckomas xopaa, [PA]|—[PB]=m, rae m — paHHBii OTPE30K.
OrsioxuTe Ha xopae AB ot Touku A oTpesok [AX], pasuuwii [PB] Cseaute 3anauy K
NOCTPOEHHIO TOYKH X.

90. ITycts (0, r) — naHHas okpyxHocTb a. Uepes Touky A nposeaute npsmyio h,
neprneHauKyasapHyo [. OTJoXuTe Ha 3Toil nmpsiMoil OT ToukH A orpesok AB, pas-

Heifi r. Toraa ueHTp MCKOMOH OKPYXHOCTH paBHOYAajeH oT Toyek B u O.

91. Ceeaute peuieHne K 3agave 90.

92. Bocnoab3yiitecb 3anaueit 68.

93. Bocnoab3yiitecb 3anauveit 69.

106. IMyctb ABC — nckoMbiit TpeyroibHHK, O — UEHTP ero BMHCAaHHON OKpyX-
HocTH. Buipasute £ BOC uepes £ BAC.

109. IMyctb X — uckomas Touka, O, H O; — UEHTPH JAaHHBIX OKPYXHOCTeH.
Buipasute £ 0,X0; uepe3 naHHYIO CYMMY YIJIOB.

111. [lyctb ABC — uckoMbiii TpeyroibHHK (puc. 87). [lpomonxute Mennany
AM, otnoxute otpesok MA’, pasuuit [AM]. Onpegenure £ A’CA. Cseaute 3aiady
K MOCTPOEHHIO Touku C.

121. JloKaxxuTe, 4To B NPOH3BOJBHOM Tpeyroabhuke ABC hy:h.=c:b.

127. Bocnoab3ayiitecb 3anaueii 74.

128. Bocnonb3ayiitech ykasaHHeM K 3ajnaue 127.

129. Bocnoab3yiitech 3agauamu 71 u 73.

138. Ilyctb | — npsamaa AB, M u N — naHHble Toukn, X — ucKoMasi TouKa (pHc.
88), L NXA=2/2MXB. Torna npamasa XN Kacaercs OKPYXHOCTH C LEHTPOM B TOu-

Ke M’, cnMmerpHuHoit M oTHOocHTenbHO [, U pagHyca, paBHOro ?[MM’].

144. Tlyctb Touka A’ cuMMeTpHyHa Touke A oTHocuTenbHo npsMoi CD. Buipa-
3uTe BennunHy yraa A’XB uepe3 pasuoctb yrios AXC w BXD.

145. Cpeaute 3anauy K 3agave 144.

146. lokaxure, ecan [AL]— 6uccekrpuca LA Tpeyronbhuka ABC, To
£LC— 4 B=LALB— £ ALC. Cseante 3ajauy k 3anaue 145.
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153. IMycte X — uckomas Touka (puc. 89), A’ — Touka, cuMmeTpuuHas A or-
HocuteabHo E. Toraa npampie A’Q u AX napanneibHnl Mexay coboi. Onpeasenurte
£ A’QB u BoCnoJb3yiTeCh OCHOBHBIM MHOXeCTBOM 6° (cM. § 3).

154. INyctb @ U B — naHHbe OKPYXHOCTH, O U Q — HX UEHTpH, A — ToyKa HX
nepeceuenus (puc. 90). [Myctb CD — nckomas cekywas. [locrpoiite Touky Q’, cum-
MeTPHUHYI0 Q OTHOCHTENbHO A, 3aTeM OKPYXXHOCTb Yy C UEHTPOM B Q' W paauycoMm, pas-
HbIM TOJIOBHHE NAHHOTO OTpe3Ka, nposeaHTe KacarenbHyio OM Kk y. [lokaxute, uTo
npambple CD 1 OM nepneHauKyJsipHH MeX1y COGO#.

159. IMyctb yerbipexyronbhuk ABCD wuckombiii, [AB]=a, [BC]=5, [CD)=¢—
AaHHble orpe3ku. CBequTe 3ajauy K pa3MellleHHIO OTPe3Ka, PaBHOrO H MapajJlesibHo-
ro [CD), mexny okpyxHoctbio a=(B, b) u npamoit AD.

160. IMycrs ABCD — uckombifi ueThipexyroibHuk, [AD]=a u [BC]=b — panume

NpoTHBONOOXKHKE cTOPoHH, [AC]=m u [BD]=n — nauuue auaroHaax. CBeaute pe-
lIleHHe K Pa3MelleHHI0 OTPe3ka, paBHOro H napaJienbHoro [BC), Mex1y AByMsi OKpPYX-
HOCTAMH

a=(A, m) u p=(B, n).

161. Tycts ABCD — uckomuiii ueTmipexyronshuk, [AB]=a, [BC]=5, [CD]=c,
[AD)=d — nckomble CTOPOHM, yroa a paBeH Yrjy Mexay ctopoHamun BC u AD.

<

Puc. 89 Puc. 90
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CsesuTe pelleHHe K pa3MELUEHHIO OTpe3Ka, paBHOTO W napaJJenbHoro [BC)
MeX Ly ABYMs OKpyXHocTaMH a=(A, a) u B=(D, ¢). _ _

162. [Myctb ABCD — uckoMulii ueThipexyroJbhuk, [AD]=a, [BC]=b — npotuso-
noJioxHHe cTopoHnl, [AC]=m u [BD]=n — panubie nuarosann. CBeauTte pelueHue
K pa3MellleHHIO 0Tpe3Ka, PaBHOro H napaJieibHoro [BD], Mex1y ABYMs OKPYXKHOCTAMH
a=(A, a) u p=(C, b).

168. Iyctb ABC — uckoMmulii Tpeyroabiuk, AM, BN u CP — paHHbe MelHaHH,

—
O — ux Touka nepecedenus. Ilepesecute orpesok BO na Bekrop OC.

171. Mycrs ABC — uckoMmuifi  TpeyroabHuk, AM, BN u CP — ero MenHaHH,
O — ux Touka nepeceueHusi. OcyuiecTBHTe napajeibHbiii nepedoc orpeska OC Ha
—

Bektop OB. Bocnoab3yfiTech 3anaueit 104.
172. Tlyctb X — nckomas touka (puc. 91).
OcyulecTBuTe MapajjieNbHulil MEPEeHOC TOYKH

/
8 B e
B ua Bektop MN. [Monyuure Touky B’. Onpe-
ngeaute yron ANB’ u Bocnosb3yiitecb MHO-
A xecrBom 6° (cM. § 3).
173. Ipeanonoxum, uTo 3ajaua pelleHa,
" cekywas { wuckoMmas (puc. 92). [lepenecure
—>
OKPYXHOCTb w2 Ha Bekrop QN, monyuute ok-
N M pyXHOCTb @} ¢ ueHTpom B Touke O3. [loka-
CWD xHuTte, uto (0,0%) L[, a OTpe3kH KacaTeJbHBIX,
X

NPoBeleHHHIX H3 TOYKH A K OKPYKHOCTAM
H 03, paBHb Mexay coGoii. Onpenennre MHO-
XKecTBa, coaepxaliue Touky O3
184. TlpoBeauTte nNpPOH3BOMbHMHINA Jyy C Ha-
yasom B Touke O. Ha orpeske 3Toro Jayua,
3aKJNI04E€HHOM MeX1Y ABYMS JAHHBIMH KOHUEHT-
Puc. 91 PHUECKHMH OKPYIKHOCTSIMH, NOCTPOIITE MHOXeCT-
BO TOYeK MJOCKOCTH, H3 KOTOPHIX 3TOT OTPE30K
BHAeH NojA AaHHHM yriom. Onpeaendte yroa,
Ha KOTOPHIH cJeayeT MOBEPHYTb Jyy, 4TO6H To4ka A mNpHHajjexana 3TOMY MHO-
KECTBY.
185. IToBepHuTe BOKpPYr TOUKH A Ha Z @ ONHY M3 OKPYXHOCTeil H BOCMOb-
syiitecb 3agaueit 173.
197. Tlyctb Tpeyronbiuk ABC uckomuiit (puc. 93). Toraa W3 noao6Gus TPeyrofb-
HukoB CAP u CQB BbiTekaer, 4T0 hg: hb=[CA] [CB] TaKuM o6pa3oM, 3ajauy MOX-
HO nepedopMy/aHpOBaTh TaK: JaHH | ueThipe mpeaxa m, n, ha, hs, Tpe6yeTCﬂ NOCTPOHTb

TpeyronbHHK ABC, AJs KOTOPOro a:c=m:n, a:b=rhy:ha, 0Tpe3ok h, ABARETCA BHCO-
Tolt L A.

wy

@2
A {
M N P . a
0,
Puc. 92
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200. Bo3bMuTe NPOH3BOJILHBIH OTPe30oK ¢’, noctpoiite oTpe3ok h! TaK, YTOGH
¢’ :hi=c:h.. Tlocrpoiite, ncnoabaysa MHoxectso 7° (cm. § 3), Tpeyronbhuk A’B’C’,
Aas Koroporo [A’B’]=c’, Bucota BepwuHn C’ paBHa h, a’:b'=a:b.

216. [Tyctb TpeyronbHuk ABC uckoMuii (puc. 94). OTnoxKuTe Ha NPOROJKEHHH
cropou AB u BC orpesok b. Bocnosbayiitech 3apaueit 215,

218. OcyulecTBHTe CHMMETPHIO NAHHON MPSAMON OTHOCHTE/NbHO CEpeAHHHOro nep-
NeHAHKy/Afpa 3ajaHHbX Touek. CBeauTe pelleHHe k 3anaue 217.

219. JlaHHast ¥ MCKOMAasi OKPY>XHOCTH FOMOTETHYHH OTHOCHTEJbHO TOYKH Kaca-
Hua. Haiigure o6pa3bl NaHHHIX NPAMBIX NPH 3TOH rOMOTEeTHH. 3aTeM onpejejuTe ee
UEHTP.

230. Bocnoab3yiitech cnenyiolled TeopeMoii: 1Be OKPYHHOCTH OPTOrOHaJIbHB MeX-
Ay co6oit Toraa M TOJbKO TOraa, Korjaa ojHa M3 HHX MPOXOJAHT yepe3 napy ToueK, HH-
BEPCHBIX OTHOCHTEJNbHO IPYro.

231. Cm. yKka3aHue K 3anaue 230:

234. [lpuMHTe NaHHYI0O TOYKY 3a UEHTP HHBEPCHH, BOCMoJb3yHTecb 3anaueit
159.

235. CMm. yKa3zaHHe K 3ajnaue 234.

244. [lpumnTe TOYKY KacCaHHsl ABYX NaHHBHIX OKPYXXHOCTeHl 3a UEHTP HHBEPCHH.
Bocnoab3yiitech 3anaueit 219.

245. YBesnubTe pasHyChl NaHHbIX OKPYXXHOCTeH Ha OAHH H TOT Xe OTPe3okK Tak,
4TOGH 1Be OKPYXHOCTH KacaJ/ucb Mexay co6oil. Bocrnoab3yiitech 3anaveit 244.

268. r) [as Ttoro ytoGH pa3fesiHTb OKpPyXKHocTb Ha 10 uacreit, pocratouHo
NOCTPOHTb paBHOOEAPEHHbI TpPeyroJbHHK, 60KOBasi CTOPOHA KOTOPOro paBHa paaHycy
OKPY2KHOCTH, a yroJ npu BepluHHe coctasaseT 36°. Bocnonb3yfitech TeM, uTo 6HCCEKT-
pHCa yria OCHOBaHHSl TaKOro TPeyrosibHHKa OTCeKaeT NOJOGHHIH eMy TpeyroJibHHK.

269. Bocnoabayiitecb ¢opMyJoii: niowans TpeyronbHHka S paBHa S=pr, rae
p — noJynepuMerp, r — BeJIHYHHA PafHyca BMHCAHHOH OKPYXHOCTH.

274. lNpenBapHTenbHO JOKaXXHTe Cjeayiollee yTBepKaeHHe: GHCCEKTPHCA yrJja Tpe-
yrofibHHKa JeJHT MONo/jaM Yrosl MeXAy BLICOTOH TOro e yraa H pPagHycoM OMHCaH-
HOM OKpPYXHOCTH, NPOBEAEHHHIM B €ro BepLIHHY.

279. okaxute, uto ecniu O — LEHTP OMHCAHHONH OKPYMXHOCTH TpPeYyrojbHHKa
ABC, M, L v H — Touku nepeceyeHHsi MPAMBIX, COAEPKALIUX COOTBETCTBEHHO Me-

NMaHy mg, GUCCeKTPHCY I; W BHICOTY A, C OMHCAHHONH OKPYXHOCTbIO, TO npsMbie OL
H AH napanienpHn Mexay co6Goi W Touka nepeceueduss OL u AM coBnapaer ¢
cepefHHOA cTopoHn BC.

280. lokaxute, uyro ecnu ABC — kBaapaT, M u N — npou3BoJibHbie TOUKH CTOPOH
AB u AD, ® — OKpYXHOCTb, NocTpoeHHast Ha MN KaK Ha auamerTpe, TO TOYKa me-

o
peceyeHHst @ W aHaroHaan AC coBnapgaer c cepeauHoil ayru MN.

169



S
™

ae

/ b a

Puc. 95

282. Ilyctb X — uckoMas touka. Mcnoabsysa niowanu tpeyronbiukos AXB, AXC,
BXD u CXD, naitnure [AX):[DX], [BX]:[CX]. 3aTeM Hcnob3yiiTe OKPYXKHOCTb AMoJiio-
Husl (MHOXecTBO 7°, § 3).

383. [lokaXKHTe, UTO LEHTP HCKOMOH OKPYXHOCTH JeXHT Ha MHOXecTBe 8°
(cMm. § 3), onpesensieMOM UEHTPaMH AAHHBLIX OKPYXKHOCTEH.

285. PacnpsimuTe TpeyroJibHMK TaK, KaK Moka3aHo Ha pucyHke 95. Boipasure
Z B’ nu £C’ tpeyronbiuka AB’C’ uepe3 LB u £C.

286. PacnpsamuTe TpeyroibHUK TaK, KaK Noka3aHo Ha pucyHke 95.

287. Ilyctb X — uckomas Touka. [Iposonknte orpe3ok AX M OTJOXKHTE HAa HeM
orpe3ok XY, pasHbiii [XB] Bupa3ure LAYB uepes LAXB.

288. Mcnaab3ys paauychl, HaitauTe yriel TpeyrojbHuka. [lasnee Bocnosb3yiitech
MEeToJ0M Mmopo6us.

290. CseauTe 3a1auy K NOCTPOEHHI0O paBHOGOYHO! TpaneuHu no 60KOBOH CTOpOHe,
CpeaHell JIHHUH H YrJy MeX1y OCHOBAHHEM H [HAaroHaJjbio.

292. Bocnosb3yiitech «MeTonoM o6paTHocTH». Bokpyr TpeyronbHuka DEF onuiuu-
Te TPeyroJbHHK, paBHuii ABC. CBeanre 3agauy kK 3agaue 64.

293. Bocnosnb3yiiTecb «MeTO40M OOGPaTHOCTH».

294. Bocroab3yiiTecb «MeTOAOM OOPaTHOCTH».

295. Bocnonb3yiiTecb «MeTo10M 06PaTHOCTH».

296. Bocnosnb3ayiiTecb «MeTOA0M 06PaTHOCTH».

297. Bocnonb3yiiTecb «MeTOJ0M 06PaTHOCTH».

299. Cpeaure 3agayy K 3agaye 144,

300. Ilyctb AE — uckomas npsMasi, ©; H wp; — AaHHble OKPYXHOCTH (pHuc. 96).

—>

OcyuiectsuTe napaJjienbHblii NepeHOC OKPYXKHOCTH o, Ha Bektop BD. [lokaxuTe,

| —
4yTOo IBDI=\/|O.02I’—(r2—r|)9—7 lal, rme ri W ry — BeNIHYHHBI PpaaMyC-OK-

4/ N8 D 3
\ [ 0//1

Puc. 96
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B pyXHOCTEi ©; M 3, @ — JNAHHBLIA OTPe3oK,
paBHuit cymme [AB]+[DE}]

302. [Tyctb TtpeyronbHuk ABC  ucKoMblit
(puc 97), O — ueHTp BNHCAHHOH OKPYXKHOCTH,

r u R cooTBercTBeHHO pajMychl BMHCAHHONR H

b0 onucanHoii okpyxHocreit. [0E]=[OF)=r, [BD]=
F =2R, OG — nepneHauKyasp, ONyLEHHHH H3
A Ia O na AD. Tak kak £ BAD npsamo#i, To ue-

ToipexyroibHik AEOG — npamoyroabHuk. [o-
Kaxkure, 4to TpeyroabHuk AFD paBeH Tpeyrofb-
uuky OGD. O6Go3uaubre [OB] uepes x, [OD] ye-
pes y. U3 nono6uss AAFD u ABEO nonyunurte,
yto X§j=2R7. Tak kKak ¥+ j=2R, To, pelwus
D CHCTEMY

Puc. 97 {§§=_ 2R,

x+y=2R,

MOCTPOHTE QTPE30K X, 3aTeM HCKOMBIH TPeyrosbHHK.

307. Bocnoab3yiitech appHHHOH 3KBHBANEHTHOCTbIO H306pa*KEHHS U OpPHTHHaja.
Touka nepeceueHHs AHaroHajei NEJHT AHAroHa/H OPHIHHANA B TOM XK€ OTHOLLEHHH,
4TO H ee H306paKeHHe JeJHT AHaroHajJH H306paKeHHs.

322. TlocTpoiiTe NOAPY TOYKH OTHOCHTEAbLHO 3JIHMCA.

323. Iycte O — u306paxkeHHe UEHTPA OKPYXKHOCTH 0, ABuCD — H306pakeHUs

OpPTOrOHA/IbHBIX AHaMeTpoB AB u CD oKpyKHOCTH v (puc. 98). Uepe3s Touku A u B npo-
BeJlHTe npsiMble, napannenbibie CD, a uepes C n D — napannenvunie AB. [lony-
yute napaanenorpamm  KLMN, kortopbiit fABASeTCA _ M306paXceHHeM  KBajpara

KLMN, onucanHoro okoso AaKHO# Opr)KHOCTH? [Tyctb REy,P ARnKL Q RBn

NCD. Tak kak Z'R—§=%. to £ABR w £RAK paBHbl KaK yrJjb C COOTBETCTBEHHO

neprneHAHKYJIApHbIMH cropoHamH. Kpome Toro, Z_F_=5_§ SLELTIN A_5§6= AAKP.
M3 pasetctBa Tpeyrosbhukos cienyer, uto KP=0Q wu PC=CQ, u, 3uauur,

KO n PQ napannenbhn. Tak kak npu napajJenbHOM NMPOEKTHPOBAHHH COXPaHAETCH
napasnjenbHoctb npsamMbix, To KO u PQ no/KHbH GuiTb mapasiensusl. OTciona ciaenyer
cnoco6 MOCTpOeHHA TOYKH R.
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[Toctpoenune. Crpoum:

1) KO,

2) npou3BosbHylo Touky P€ KL;

3) PQIKO, Q€CD;

4) R=APNBQ.

364. a) 1;6) 1;8) 3; 1) 2.

368. Ipucoeauuute k uzo6paxenuio penep (A, B, D, A’). Haiigure BTOpHuHHE
npoekuHd Mz H N3 NaHHBIX TOYeK.

379. Iocrpoiite ceueHusi Mpu3Mbl JaHHBIMH MJocKocTAMHU. Paccmorpute obline
TOYKH CeyeHHH.

380. CM. ykasaHue K 3apaue 379.

384. Usobpaxkenne: 6) eBKAHA0BO onpefeieHHoe. [lasi MeTpHuecKod onpepesieH-
HOCTH HeoGXOAMMO BBECTH OAHH NapaMeTp;

B) METPHYECKH OnpejeieHHOe;

r) eBK/IHA0BO onpeaesieHtoe. [1ns1 MeTpHuecKko# onpeneeHHOCTH He06X01HMO BBeC-
TH OfIHH mapamerp;

1) He ABASIeTC METPHUECKH HJHM €BKIHI0BO ofpeieAeHHHM. [as eBKInAOBO#H
onpefesieHHOCTH HEeOGXOAMMO BBECTH €llle OJWH NnapaMerp, LIS MeTPHYECKOH ompe-
JleJleHHOCTH — JBa NapaMeTpa;

€) eBKJIHA0BO onpeneseHHoe. [1asi MeTpHuecKoii onpeneseHHOCTH He06X0AHMO BBeC-
TH OAMH Mapamerp;

)K) MeTpPHYeCKH onpejelieHHOe;

3) eBKJHMI0BO onpejne/eHHoe. [na MeTpuueckoit onpeseseHHOCTH Heo6X0AHMO BBeC-
TH ellle OJHH Napamerp;

K) He fIBJSIETCA HH €BKJIMIOBO, HH METPHUYECKH onpejeseHHbM. [lnsA eBKIHA0BOI
onpefeseHHOCTH HEO6XOAMMO BBECTH ellle OfHH mapamerp, AJIsi MeTPHYECKOH onpe-
JleIeHHOCTH — [Ba;

J1) eBKIHAOBO omnpeaejeHHoe. [nA MeTpHuecKoil onpeiesieHHOCTH Heo6XOAHMO
BBECTH OLHH NapameTp;

M) METPHYECKH onpejeseHHoe.

396. Bocnoab3yiiTecb TeM, 4TO OCHOBAHHSI BHICOT, MPOBEJEHHHX M3 JABYX BEpPLIHH
A ¥ B, nexaT Ha OKDYXHOCTH, MOCTpoeHHOH Ha AB Kak Ha auaMerpe.

407. W3 toukd A onyctute nepnenaukyasip AH Ha pe6po SC. Jluuuu nepeceuye-
Husg HM w HN cekyuweit naockoctd ¢ rpausimu BCS u DCS GyayT nepneHaukyasipHbl
pe6pv SC.

415. Onyctute W3 BepwlHHW B nepneHaukyasap BH na pe6po DC. Iokaxure,
yto njaockoctH ABH u BDC nepneHauKyJAsipHel MeXAy CoGoii.

428. Touka NPHHaANEXKHT GHCCEKTPaAJIbHOM MJIOCKOCTH FOPH3OHTAJbHOH H BepTH-
KaJIbHOH MJIOCKOCTeH.

430. INpaAmas npuHaaaeXHT GHCCEKTPaNbHOMN NJIOCKOCTH, FOPH3OHTAJbHOI H BEPTH-
KaJIbHOM MJIOCKOCTSAIM.

440. Haiigure cieas npsamuix MN u MP.

441. TpAmasn nepeceyeHHs NJIOCKOCTel onpeneasieTcd TOYKAMH MepeceueHus
CAE0B Sy H [y H Sy H L. _ _

443. Tlocrpoiite ceanl ¢y H ¢, NJIOCKOCTH B, npoxoasiweil yepes MN u nepneuau-
KyJsIpHO# rOPH3OHTaNbHOA nockocTH H, HCMOJIb3YATE NMPH 3TOM, 4TO {, MepNeHaH-
KyJasipHa npsimoit X nepeceueduss H u BepTHKaﬂbHOH njaockoctd V. 3areM onpepe-
aute npamyo [ (l1, [;) nepeceuenns niaockocteir n u P. [poekuus X, HCKOMOH TOUKH
X coBnapaer ¢ nepeceyeHHeM NpAMBIX [p 1 M,N,.

454. Ha ™muoxectBe T=la, b, ¢} MOXHO BBECTH CJeAylOllHE TOMOJOIHYECKHE
crpyktypui: 1) &, T, 2) T, @, fah 3) T, @, (b ) T, @, (¢ 5) T, @, {a),
(b, ck 6) T, &, {al la, ¢k 7) T, &, a}, {a, b}; 8) T, &, (b}, la, b}, 9) T, &, (b}, la, c};
10) T, @, (b}, (b, c; 11) T, &, {c} {a, b} 12) T, @&, {c}, {a, c}; 13) T, &, {c}, b, c};
14) T, @, {a}, {b), la, b} 15) T, @, {a}, [c} la, c}; 16) T, @, (b}, {c}, (b, ¢} 17) T, @, fa),
{b}, {a, b), {a, c); 18) T, &, {a}, (b}, la, b}, (b, c}; 19) T, @, {a}, (¢}, la, ¢, {a, b); 20) T,
2, fa), {c fa, o o, ck 21) T, @, (b} {c} fa, b} (b, ks 22) T, @, (b). (o}
b, ¢}, {a, c}; 23) aHCKpeTHas TOMONOrHs.
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456. Y ka3 a Hue. [loka3aTb, 4TO OAHO3HAYHOE MHOXKECTBO SIBASIETCS OTKPHITHIM.
PaccmoTpeTh MHOXKECTBO, IONOJIHEHHE KOTOPOro A0 T COCTOHT H3 KOHEYHOro 4ucJia 3jie-

MEHTOB.
457. CucteMa HHTepBaJoB
v=]-+. <[
n'n

459. T, @, {b).

460. {b).

463. Cucrema oTpe3koB l,.=[—2+%. 2+%].

464. M (x, yla<x< b, c<y<d)

465. a) OTKpniToe MHOXecTBO; 6), B), I') MHOXECTBO He SIBJSIETCS HH OTKPHLITHIM,
HH 3aMKHYTBhIM; 1) 3aMKHYTOe MHOXeCTBO.

466. a) OTkphiTOe MHOXeCTBO; 6), I') 3aMKHYTOe MHOXECTBO; B), /) MHOXE€CTBO

He SIBJAIETCS HH OTKPHITHIM, HH 3aMKHYTHIM.
468. Hanpumep, runep6osia H ee acCHMNTOTA.

469. Hanpumep, aBe uHCJIOBHE NOCJAENOBATENbHOCTH {n} H {n +%} , n>=2.
470. 6) int T=(N(x, y)Ix’42<r?, IT={P(x, y)lX*+y’=r?, ext T=(Q(x,
DI+ > 8) int T= @, aT=(P (x, y)lx2+y?=r?), ext T={Q (x, Y)Ix* 4y r?)
471. a), 6), 8) int=1a, b[, T ={a}U{b}, ext T=]— oo, a[U}b, oo[; 1), ) int T=
=Ja, oo, dT=|a}, ext T=]— o0, af; e), K) int T=ext T=g, dT=E,\.
472. a) OxpyxHoctb (M (x, y)lx2 4y =r?;
6) otkpuTHil Kpyr (M (x, y)lx? 4y’ <r?;
B) 3aMKHYTHI Kpyr (M (x, y)lx®+y* < r?);
r) okpyxHoctb (M (x, y)Ix2+y>=r?;

n) uutepsan (M (x, y)ly=0, a<<x<<b}
€) MHOXECTBO TOYEK MJIOCKOCTH, cocTaBasioume ocb Ox {P (x, y)ly=0, x@]— oo, + oo[};
K) MHOXECTBO TOYeK TMJIOCKOCTH, He npHHaanexawux ocH Ox (P (x, y)ly;&O
x€]— o0, + oof}.

473. 6) int T={M (x, yIL+y*<r?, IT=(N(x, YIX+yP2>rY extT=g;

B) it T=g, aT=(N(x, y)lx’+y’=r% ext T={P (x, p)|x’+y’<r¥; 1) int T=g,
OT=T, extxT=(N(x, yI2+2<r n) intT=@, T=P(x, yIL+y’>a)

ext T—{N (x, y) Ix +yP<a¥; e) int T={M (x, y)Ix*+y* <a?, T =(N (x, NIy’ >
>ad) extT=g

474. a) |ntT=T. OT =[N (x, y)lx=a), ext T={P(x, y)ix<a), 6) intT=g,
OT=E, extT=g;8B) int T=extT=¢, 0T=E,; r)intT=g, dT=(N (x, y)| —r <
Sx<rh ext T={P(x, y)llxI>r) n) int T=g@, dT=(N (x, y)l —a<x<a), ext T=
=[P (x, y)l x| >al.

475. int {a, b}=/{a, b}, J{a, b}=|c}, ext (a, b)= O

476. int A=A, A=, ext A=T\A.
477. int A=A, 0A=T\A, ext A=0Q.
480. a), 6) — nBa nepeceKalou.lzuxca 3aMKHYTHIX Kpyra A u B: A={M (x, y)|x*+

+y'<r?), B={M(x, y)l x-—— +y’<r?) B), 1) A=M(x, y)l—2a<x<0,
—a<Ky<al, B={M(x, y)|0<x<2a. —a<y<al
481. 6) w=uw; B) Q=Q", Q'=(M (x, )|’ +y*<r%; 1) Q'=Q"; 1) A\UA;=E..
482. 6) Q=M (x, y)l|x|<r}; B) I=E3; 1) m=m.
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483. a), 6), B) Q=Q'=I=Ey; r) m=[M (x, )|+ y’>=r?

484. {a)=(a, c}, {b}=(b}, {c}=[c}

488. 6) M,=|(A}, M,=(B) M3;=(C}, M.={A, B}, Ms={A, C}, Ms={B, C}
M;=[A, B, C), Ms=@; B) M\ =(A, B}, M;=(C}, Ms=|A, B, C}, M\=0.

494. INpoctpaHcTBo Hexaycaopdoso.

498. (U.), rae U,.=]a+ ”’n“' . b— ”’n‘" [

499. a), e) KomnakrHoe MHOoXecTBO; 6), B), A1), ) HEKOMNAKTHOE MHOXeCTBO.

501. Yxas3aHnue Bocnoaib3oBaTbCsi yTBepKAeHHEM: OTpe3oK [a, b] uuc0Boi
NpsAAMOH ABASETCH KOMMAKTHBIM MHOXXECTBOM.

502. Cucrema orpeskos {/,): I,=[—n, n]

504. a) [IpocTpaHCcTBO CBA3HO; 6) NPOCTPAHCTBO HE ABJIAETCS CBA3HBIM.

508. Yka3zanue. [lyctb T — HecBA3HOE TOMOJIOrHYECKOE MPOCTPAHCTBO,
T=0,U0, rae 0,N0:=g, O, O3 — oTkpuiThle MHOXecTBa. HMcnonb3ys 3ana-
uy 507, poka3atb, uTo s Jaw6oro a aAH60 T, O, 1H60 To= O,.

513. Ykasauue. [lpn nokasarenbcTBe HeOGXOAHMOCTH CJelyeT NpeanoJo-
XKHTb, UTO CBA3HOe noanpoctpaHctBo T npamoil E, He asnserca sBunykamM. Toraa
T comepXHT TaKHe TOYKH a W b, ANA KOTOPHX OTPe30K, COeNHHSIOWHH 3TH TOYKH,
He Jnexur uenukom B T. [lyerb p€la, BN\T. O6osnauum: u,={x|x<<p, x€T)
up={x|x€T, x>p]. JlokasaTb, 4TO u4; H Uz — HENycTble, HemepecekamolHecs, OT-
KpbiTie B T MHOXecCTBa.

515. L — cBfAI3HOE MOANPOCTPAHCTBO.

516. Ykasauue. Ilyctrb M — Touka okpyxHocTH. JloKasaThb, uTO MHOXecCTBa
@, Ez, (M), E2\{M} onpesensiioT HCKOMYIO TOMOJOTHIO.

517. 6), B) OTto6pakeHue siBJsieTCS HenpephiBHbIM; ) OTOOpPaXKeHHe He siBJseTCA
HernpephiBHLIM.

518. a), 6), r) Oto6pakeHHe SIBJASAETCA HenpepbiBHHIM; B), 1) OTOOpa)keHHe He
AIBNSIETCA HeMnpepbiBHBHIM.

519. Oto6parkeHue He fAABJAETCS HenpepbBHHIM.

521. a) Oro6paxeHHe He SABJSIETCA HenpepuiBHBIM; 6) oToGpakeHHe sBJSAETCA
HernpepbiBHLIM.

528. Y ka3 aunue. Bocnonb3oBarbcs 3anaveit 525.

530. Y ka3 anue. Bocnonb3oBatbcs 3anaueit 525.

531. O6pa3om npamoit y=1 asaserca ayu (M (x, y)lx=y, x€]0, + oo[}, KoTopHIf
He 3aMKHYT.

c—d ad —bc
540. a) y= 2 x4+ >

=c| ctg(%l) tg(;—Z)l .

545. Ykasauue [lycrb M’ — o6pa3 Toukh M npH 1aHHOM OTOGPaXKeHHH,
|OM|
r—|OM|”
BaTh 3Ty 3aBHCHMOCTb [Jfl BbiBofa ¢opMyJs o6patHoro npeo6pa3oBaHHs.

i B) y=e'+a, r) y=—e+a;, 1) y=

O — Hauano cucreMn KoopauHat. [lokasarb, uto |OM’|= Hcnonb3so-

547. Ecnn Touka M (x, y, z) npuHaanexut cpepe, a M’ (x’, y’) — ee o6pas npu
crepeorpaHuyeckoil NpoekuHH, To x’'= 2r’xz , Yy = 2ry

2r—z

550. Y ka3 auue BocnoabsoBarbcs pesynbraTom 3amaun 549. Hanpumep, ot-
pe3ok W uHTEpBal He romMeoMopHb Mexay co6oit, Tak Kak uucao i(M) pasho
ABYM AJIi BCeX Touek M uHTepBana, HO He [/ BCeX TOYEK OTpe3ska.

552. a) danuncona; 6) napa CAHBLIHXCA MJIOCKOCTeH, 3JJHNTHYECKHII napa6oso-
Hl, runep6ojHuYecKHit napa6o/ioHs, NapabGoJHYeCKHH UHJIHHAP; B) OLHOMOJOCTHbII
runep6osion]l; r) napa napaniedbHbiX MJOCKOCTEH, ABYNOJOCTHBIH rUnep6OJIOHA, TH-
nep6oNHUECKHH LHIHHAP.

561. 6) x (M)=0; B) x (M)=—2; r) x(M)=0; n) x (M)=0; e) x(M)=1.
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562. ¥ ka3 aunue HcnonbzoBath Teopemy Jiiiepa u yTBepKIAEHHe: KaxKjoe pe6-
PO NpPHHALJIEXHT ABYM TpaHAM, Kaxxaasd BepLIHHA MPHHANEKHT MHHHMYM Tpem
pe6pam.

563. a), 6) OpHeHTHpyeMble MHOrOOGpPa3Hs; B), I') HEODHEHTHpyeMble MHOroo6pa-
3HA.

564. 6) [+ =(1—1. L+ 1,1 —0)[-f= —1,[F-g)=(—£—1,0, 141 p) [+g=
=((t+1)cost, (t+1)sint, t—1), f-g=0, [[-g)=(—2¢sin t, 2t cos t, 0); )i 1) f—tg—
=(sin 2t4(sin )" &' +e~, =14 (t+1)""), f-g=2 cos t 41, [ g]=(t-:l _'_'

e
r?—1 sin 2¢ sin 2t e -

nE 2 ) i e [é=(sintcosnT @+d, [g=

Vm|

)

sin ¢
=a’+ b’ (tg’ t4ctg? 1) ab, [-g)=(tg’ t —ctg? t)[a-b). ]
565. 6) (7, G, h)=2t cos t (sin t— 1)+ cos? t; B) (F, & B)=(—t'+1% +1)X

X(a, b, ¢).
Ykaszaunue BocnonbzoBatbcsi CBOHCTBOM AHCTPHOYTHBHOCTH CMELUAHHOrO MPOH3-
Be€leHHSI BEKTODOB OTHOCHTEJbHO onepaunH CJOXEHHS.

1 t

570. 6) r'=(2¢, cost, 2¢*), r’"=(2, —sint, 4e*); B) 7’:( -7 ﬁ
+

// 4 1 . B’ _ ¢ t
F)' 2(—7 t—ﬁ—l?‘v—) :( I tgt, e cose),

F”{ [ +sin 2 et —,— e' cose'—e¥sin(e"); e) r'=—2sin(®+1)a+

cos' ¢t cos® ¢
sin \/7+
4t

°°S‘/—b— ! &, ?"=—2(sin(t’+l)+2t2cos(t2+l))5~(
2+t t’coth—

2 si 1
cos /t 2 SN -
+<2 ) 5 . )@
4/ 2 1 4 1

2
— ¢ —
t° cos 7 cos 7

576. to=1, fo=—1.

577. He caenyer. [duddepenunpyemocts GyHkuuu |7 (f)| Hapywaercs npu Tex
3HaueHHsIX napameTpa, npH Kotophix |7] =0, a 7’ 5=0.

578. YrtBepxxneAHe HeBepHO. Y ka3 aHH e. B KauecTBe npumepa paccMoTperb
$yHKUHIO 7 (t)=(cos ¢, sint, 1).

B - e
r(—Fc—4 __—2 . ’ ‘ s —é si —r )
581. a) ri=(—3s""*, s™?% 1), 6) rsz(e cos é°, € sin &, Py e‘) e

1
B) ri=(1, ——, 2s).
= (t = %)

7= — i 2__ ; T =
582. 6) ru—(cos(u—}-v), 2u sin (u*—v), cosz(u—{-v))' r, (cos (u+v),
sin (u?—v) -—l—), 7 o=(—sin(u+40v), —2sin (u*— v)—4u®cos (u>—v),
cos?(u+v) u
2 sin (14 v) —f _s _ 2 2sin(u+v)\ - —f
P a0 (u+v)> T2 ( sin (44 v), — cos (u°—v), —————cosa(u+v)l)' [ ( sin (¢4
2 2 sin (u+v) _ 1 —1. 9 _ (2
+v), 2ucos (u°—v), P (i) (u+v)) B) 7, (2(u+l) u °,0, —2u(l—(u+

I 1 1
-

+07) %), 7.=(0, 2(1—40%) 2, —20(1—(+0?) 2), r“2=<—%(l+3u)x
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3
X(14u) % 2.0.2((u2+v2)2——2u2(u2+v’)—I)(\/l—(u7+v:)’)‘3),7,::(0,80(1—
—4) L (W2 @)D= 7). Fe={0 0,

— 2 2 - 2 ) . - - 2., - - - 2,
(w/l‘t‘—‘:,u(u-}-tl)’ ))3 ; 1) re=2uve“’a —L— b, ro=u’e" "a+7 b, r.=2ve""(1+

+2u? v)a——,b ra=u'e" a———2,-b Fuo=2ue"" (1 + u? v;a
585. a) r'=(2t+ 1,45 —1, 3t2+61) 6) 7 =(o2 f,,:_—:) ;

B) F’{%jﬁw-s cos /! sin 3t, —\/—cos (3t /), —3 cos (cos 3t) sin 3t)

587. a) F,=(o. —ot, —(8—7) r,=(2 2, m,) 6) r,:(s, _%%

1 nt
0), f‘s:< 2st, ;V_lt— —;25-); B) r.% 2ts?, —Il—llt—s)a; ()™, l). 7,:( 2t%s, %
0)
589. a) (f-Y—=(—sin2 cos2 costy 6) (f-iY={ —p, —tt
t VEF 2t

—1 ) Py 1Y & Int  (+DIn(+h+tInt
2(t—1) \/t—l\/t‘)' &) (1) =«3l"t+t)e' r A1) )

- 3 — 2u
590. a) (g-m) :< Vu+o, )z» ) (g"")"’<? uto, (u—oy?
—9% ) 6) (g-m)u=(cos u, vcosv(cos u—u sin u), 0), (g-m),=(0, u cos u (cos v—

—uv sin v), 3v?).
592. a) (rﬁﬁ)’:%t \/I—+%\[f+2t—7l,-; 6)  (mAY =3 (cos 3t —sin 31);

B) (n‘lﬁ)'=13_

593. a) (n.lrt),,:%, (mn),= ——U‘i,+#; 6) (mn),= —2v sin (2uv) —2u sin X
v
X (42 —0v?), (mn),= — 2u sin (2uv)+2v sin (u> —v?); B) (mn),=(arcsin v —arccos X
arcctg u . .. arcctgu arctg u
X(u+v — —sin u cos v, mn), = — —
“H) T ety = = =t
—cos u sin v.

598. Yk a3 auue [lpenctaBuTh BekTOp-QyHKUHIO r (1, U) B BHme r(u, v)=
=|rle, |e|=1. ”Cl’lOJIb3OBaTh OPTOrOHAJILHOCTb BEKTOPOB €, H €, K BEKTOPY e.

0. ) (ia7={(0. gzt 9°): 0 AT —§5G. 2 o)
o) fry ={ 4 —2e) (ab)

sin (u?)

601. a) [mnk=(2u cos u’tg (u+v)+—-m Tuto)’ v sin (uv) tg (u+v)—
_cos (uv) _ — v sin (uv) cos (u?)— 2u cos (uv) sin (u u?), [mn},:( (:Tss.mu_-{-);) ,

“cos?(u+v)’
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u sin (uv) tg(u+v)—c—(;(,)i(£%, — u sin (uv) cos (u’)); 6) [mn}= 2arct u[‘b],
-~ _arctgu
[mn]” |+v [ b]

602. 6), B), 1) Bexrop-dpyHkuus onpenensier norpyxenue knacca C™; r) BekTop-
(yHKUHA He ompejensieT NOrpyxeHHs.
603. a), 6) INpomexxyTok He NOJIXKeH coaepXKaTb uucesa BHaa 2nk, k € Z; B) npo-

nk
MeXYTOK He J0MKeH COAEPKATh YHCEN BHAA 5= ,kREZ

604. 6), r), n), e) Bekrop-pyHKuHs onpen.enﬂeT norpyxetue kiacca C*; B) Bek-
TOp-(YHKUHS onpeneisieT norpyxewue knacca C?; k), 3) BekTop- tbyuxuuﬂ He on-
peneJifieT NOTpyXeHHs.

605. 6) /=)0, 4+ oo[; B) I=]l; 4 oo[;r) I=D, af; ) [=]— 00, +oof.

606. 6) Ia; B) Her; r) na.

607. a) [la; 6) na; B) HeT; ) Her.

608. 6), r), e) — k) C* — nuddeomopdpH3m; B), 1) He sBaserca AHddeomop-
(pH3MoM.

809. a) p()=(c—d)-=0td; 6) ()=¢'+a; B) ¢()=In(t—a); 1) @()=

=b-]:a arctg t+a2ib ;o) of )—tg( b—;) ?) Yka3zaHue Bocnoabso-
BaTbcA 3ajaued 608.

610. Y ka3 aHue. PaccMoTperb B cayuasix r), 1), €) COOTBETCTBEHHO AH(pGeo-

MoppH3Mbl {=cos T, I=¢", t=tg%.

612. HMcnonb3oBaTh cyulecTBOBaHHe «ABOHHBIX» TOYEK MOrpyKeHHA gh), 1. e
TakKHX Touyek o6pa3a MmpoMexyTka /, KOTOopble OTBeYaloT ABYM Pa3jHYHLIM 3HAUEHHAM

napamerpa. [Torpyxenue f(f) «ABOHHBIX» TOUEK HE HMeeT.

613. 6) 7(:):( —%-{-Bt. —At), t€]—oo0, +oof, ecrtu A0, r(f)=
=(Bt, —%). t6]— oo, + oo[, eciu A=0; B) 7(t)=(r cos ¢, rsint), ta[0, 2n[;
r) r(H)=(acost, bsint), t €[0, 2a[; n) r(t)=(acht, asht), t € ]—oo, + oo[;

r(t :( e t) te) oof
e) ’() ﬂ' ’ — 0o, + .

615. 6) 7 ()=(1413¢, 4—11t, —1—31), t € ]— o0, + oo[; B) ?_(t)=(4cos ¢
4sint, 3), t€[0, 2a[; r) r()=(2, t, 5. t €]—o0, +oo[; n) r().—_(2_cos t,
2sint, 4), t €0, 2a[; e) 7()=(/2cost, \2cost, 2sint), t €[0, 2a]; x) r ()=

=(2cos t, sint, 246 cos t4sint), t € [0, 2a[; 3) r(f)=(cht, sht, ch®t44sh?¢),
t€]—o0, +oof.

616. 6) f: y=0, x=0; ty: 2x—y—1=0, x42y—3=0; {5 2x+y+1=0
x—2y+3=0; t;: 10x—y—25=0, x+lOy 255=0; B) t;: y=b, x=0; ty: y= —b,
x=0; t3: x=a, y=0; t¢: x=—a, y=0; r) t,: x=a, y=0; {5 b e+L) x—

e

—a(e——|—> y—2ab =0, a(e——) x-{—b(e—}-%) —%(a2+b2)(ez-—;lg-) =0;
ty: b(e-{-—e—) x+a<e——l-) y—2ab, a(i—e) x+b(e+%>y+%(e’—£y)x

X(a*+6%)=0; n) x—y-a(?—? =0, x+y—a %=0-

617. a) M: 2x+y—2=0, x—2y+9=0; 6) M;: y=—b, x=0, My bx+
++/3ay —2ab =0, \/§ax—by—32@ (@*—b%)=0; B) M;: x=—a, y=0.

619. Her.
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624. Yka3aHue. Bubpatb TouKy, uepe3 KOTOPYiO MPOXOAHT HOPMajb, 3a Ha-
4ajlo CHCTeMb KoopauHaT. [loka3aTb, 4TO pPaJHYC-BEKTOD KPHBOI yIO0BJETBOpPSET

yenosuio 7’ (£)-r (t)=0. BocnonbsoBatbes 3anauedt 594.

626. 6) (0, 0), (1, 1), ==, (pz=arccos—4-; B) (—:— l). (p=arccos( —i>;

2 5 5
3 4
r) (0, 0), (1, 0), (p,=q>2=arccos(——); n) (0, 2), (0, —2), =arccos<———),
5 ¢ 7
marceos(-L2): o (\/ﬂ' \/ﬁ)_ (_\[ﬁ_f_s_ _\/ﬁ;l),
7 2 2 2 2
n
P=p=75.
14
627. o=
ot pf gl g X=2_ Y=l 2—2 o _Y=3_
628. 6) t: x=2t, y=t, z=1; t3: =1 — 3 B) Li: x—1= 7o
, 5
z—2 . x—2 y—24 "1 Cx—1_y—1 )
_-—2't2__l_ 5 _L,r)t|.2—_l——z—l,
4 16
. ! £,
x—e YT 2_e = y—e = ¥~g Y77
bt S =— = b= = —e— "1 A& =B
_ 2 = —V2 2
e e e
_z—1 p x——?_ _3@ z2—3 t‘x+2 2 \3
= 7 2 — 3—y 9 8 5 L3l —3 —_3_\/5— 8 ,
X n n 2 3
6 7 3 3 n . n 3n
e) t: T =% P sl x=—o—1, y=t, z=1; &3 X+T—-y+7——
_z=2
=
620. 6) x42=4—2_2t8. ) o 1 =2
—4 12
(M3 9849
ggp, AEL_2—y_7—z 97 Y779 3
3 T 4 7T 147 84 = —63 °
b
632. p=arccos————.
¢ \/b’+a’
n
633. (P—T
634. p(0, 1, —1), (p=%.
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4 3 ).
635. a) M, (0, 0, 0), (p=arccos< ——?). M (1, 1, 2), q)-arccos< _\/ﬁ ;
6) kpHBble He nepecekawotcs; B) M (3, 2, 0), q>=arccos% .
636. 6) 2n\a’+b%; B) 82a; r) 9a; n) /2a (sh t,—sh to).

637. 10.
- 6—2s 9—s 2s -~ s s
638. 6 rs=(—. —) B) rs=(acos , asin —,
yro=(5= 5 3 (s) T o

ﬁ); r) ;(s)=<(l+%) cosln<l+-j_g), (l+%) sin ln(l-}—%s), 1+
+%); 1) 7<s)=(3+§<\/§ﬁ—2)’. 2(VoF25 —2), 3 (VoF2s —2)7+ 1),

639. ¥ ka3 aHHe. [lokazaTb, YTO MM peLIEHHs 3a4aud AOCTATOUHO NMPOBEPHTHL
Ir ()| =1.

((g40. 6) a: 2+ 1=0, B: x=0; B) &: ax+bz=0, B: bx—az=0; r) a: x+32=0,
B: 3x—2=0; n) a x+4+y+4+2—2=0, B: 2x—y—2—1=0; e) a: x+2y=0,
B: 2x—y=0; k) a: 2x+2—4=0, B: y—1=0; 3) a: y+22=0, f: 2x—2y+2=0;
H) a: 2x+y+42—7=0, p: 6x—8y—2+43=0; k) a: y=0, B: 2x—2=0.

641. a) a: x+y+42—20=0, B: x—y=0; 6) a: x—2y=0, B: 2x+4y=0;
B) a: x+3y—z—9=0, p: 3Ix—y=0; r) a: 3x+y+62—10=0, B: 5x—9y—
—245=0; 1) a: 2=0, B: ax—by+b*—a’=0.

644. N, (3, 9, 27), N2 (6, 36, 216).

645.( 5 9 ?+4nk),(— o'~ g ,7+241(2k+l)).kel.
646. 6) YpaBHeHHsa rnaBHoH Hopmanu: x=I(+41, y=1, 2=25(+1, ypaBHeHus
6uHopMaau: x=25t+1, y=1, z=—1t+1;

B) ypaBHeHHA TrJjlaBHOH HopMmaau: x=n, y=0, z=¢—1, ypaBHeHHda OuHOpPMAaJH:
x=t—m, y=t, 2=—1,
r) ypaBHEHHWA TrJaBHOH HopMaau: x={-1, y=%. z=—t+—:l¥—. ypaBHeHHs Ou-
_L
A T
opManH: x —l=——o-=2z——=;
y =z—1
[1) ypaBHEHHs IJIaBHOA HOpMaJu: x=g=—F.
ypaBHeHus1 6GHHOpMaNU: x=2¢, y= —1{, z=1;
" x—1 y—1 z—1
€) ypaBHEHHSl IJ1aBHOH HOpMaJH: =7 =7
x—1 z—1
ypaBHeHHsi GHHOpMaJH: =3 =Y— 1= 1
. i
) YpaBHeHHsl rJ1aBHOH HopMaJ 'x_l—y 4 —Z 2
) ypasHenn OPMaIM: o =X +16 8
ypaBHeHHss 6HHOpMaaH: x=4f— 1, y=%, z=n(—t)+%,
n
=~ = & - 1 1
652. 6) T=(0, —1, 0, I=(—1, 0, 0), f=0, 0. 1y ») i=(0. =, &),
V'R
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v=(l, 0, 0), B=( % —V_) r) T=(0,0, 1), v=(—1, 0, 0), f=(0, —1, O);
. %f ) =<3§ )l )

b__),5=0, —1,0), ﬁ=(m Vﬁ’%’) ®)
v, 0 ﬂ_(_\/l:-a Vl+a )

% V'e‘f Tfe‘) (W v V) oy s
2 JEI) (h'— —thl) ( £thl£ —J@).

a,
I

3) T

2’ 2chl

653. 6) k_(\m‘,@_g . %x=0; ) k‘m*i—ﬁ—"w' x=0; 1) k=x—=
=§-(1Tlm; 1) k=%. x=0; e) k=n=(e.j_f+,)2: X) k= 2x/—(\/;/—~:-t R
x=0; 3) k_a2j-b2' "_a’:-b’; H) k=n=2_\ﬂ)(Lt2—{-l)“’; K) k=nm;
n) k=x=g lh2 ) k= ﬁgfn)r "=a(2t;~fit12)2'

654. k=?. x=0.

658. p=arccos (

.¥YKka3aHnue. Bekrop p He MeHsieTCs BJIO/b KPHBOIt
VI )

dp =
B TOM H TOJIbKO B TOM CJydae, Koraa EB=0
N

659. ¥ ka3 aHHe. H3 nepsoit popmyan Ppene caenyer %:0. BoiBecTH oTClO-

1a, uTo T(s)=as+b, rme a u b — nocrosiHHLe BEKTOPHI.

660. Yka3aunue M3 cdopmyn Ppene caeayer, uto Z—f:ﬁ, T. e. B=po=
=const. Tak KaK BeKTOpPH T H P NepneHAHKyJAPHH Mexiy co6oil, To %B}:O.
[MonyynTb oOTClOAa, UYTO KPHBas MNPHHALJEXKHUT [JOCKOCTH, ONpelesieMOil TOUYKOH
T (So) H HOPMaJIbHBIM BeKTOpOM fl.

661. a) 3x—2y+8=0; 6) x—2z+4+3=0; B) x+y—2=0; r) x—2y+2=0;
n) x+y—2242=0; e) 2x—y+1=0; x) x+2y—2=0; 3) (b:az—asbs) (x—c1)+
+(b3a;—bias) (y—c2)+(bras—aibs) (z—c3)=0. ¥ kK a 3 a H u e. Bocnonb3osatbes 3a-

naueit 660.
662. f=C,+Czcos t+C;sint, rae C,, Cy, C3 — NOCTOSIHHBIE YHCAA.

665. Y ka3 auue [IpuHaTb Touky 3a HauyaJo CHcTeMuhl KoopiauHaT. [lokasatb,

4TO ecau 7 (f) — napaMeTpU3auHs KPUBOA, TO BEKTOPH 7, /' H r” — NHHENHO 3aBHCHMbi
BuiBectu orciona, uto x=0.
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667. Yka3auue. J[lokasaTe, uto ta=const, orcioaa NOJYYHTb, 4TO a=

- ~ da
=pt+4qP, rae p ¥ g — nocrosiHHbe yucaa. Menoabsys pasencTBo £=c0nst, N0Ka-
3aTb TpeGyeMoe yTBepKIeHHe.

668. 6) k=a,ib2 . u_GQibz; B) k=x= 2 y2 1) k==
2 VV8s+1—1-(8s+41)
e
669. 6), B), r) Her; n), x) na, C*. Yka3auue. [lokazats, uto B 06JacTH
D={(u, v) 10<<u<l, v>1} paur gc,,' Yu Zu\ _o. 3) na; C™; u) Her;
(xu Yo 2, )_ ’
K) ma; C*™.

670. 6) Cywecrsyer. Hanpumep, D={(u, v) |u—v >0}, B) cyuecrsyer. Hanpu-
mep, D={(u, v) |[u>0, v>0} r) cywecrsyer. Hanpumep, D={(u, v) |lu>0, v>0}
e) cyuwecrsyer. Hanpumep, D={(u, v) | u>0, v>0}; e) cywecrsyer. Hanpumep,
D={(u, v) | 2uv+v+1>0};, u) cywecrsyer. Hanpumep, D ={(u, v) lu—v>0}.

672. 6) DKkBHBaJeHTHbI d=arccos ¥, U =-e"; B) IKBUBaJEHTHbl ¥ =arcsinu, v=
=arccos v; r) 3KBHBaJIeHTHH u=¢", v=e¢"; 1) 3KBHBa/NEeHTHH #=¢", U=¢".

674. a) Onpeneasier Bioxenue; 6), B), I') HeT; X), 3) OnpeaesisieT BJOXEHHE;
H) HeT, K) omnpejeJjsieT BJOXEHHe.

2
675. a) Kpyr ((u, v) | u®*4+v*<<a?; 6) BHyTpeHHOCTb 3aaHuNca {(u, v) I %,+

2
+—Z3<c’}; B) (4, v) | —a<u<a, O<v<m}
2 2

676. r) Y ka3 aHHue. B roukax MHOXecTBa %——%=0 Hapyuaerca AHdpepeH-

unpyemoctb. Hy>xHo o6n1actb D BH6paTh Tak, YTOOH B Hee He MOMaJH TOUKH, JexallHe
Ha MpSAMBIX

u v u, v
730yt y=0
679. a) z=-/1—x*—2y> — sanunTHueckas nosepxHocTb; 6) x*>4y’+22=a’ —
1

cdepryeckas NOBEPXHOCTb; B) z=?(x2+y2)— napa6osHueckasi MOBEPXHOCTb; 2=

=xy — runepboaHyecKuit napabosona.
680. Y xa3amnwue. [lokasaTb, 4To NOBEPXHOCTb M MOXeT GHITb 3alaHa BEKTOp-

oyHKuwmedt r (u, v) knacca C”, p>>1, AR KOTOPOIi 'y H I, HE KONJHHeapHul. [loKa3aTb,
uto M romeoMop¢Ha OTKPHITOMY Kpyry.

681. Yka3auwue Ecaun Touka P € M, Touka O — HayaJo AE€KapPTOBOH CHCTEMbI
— —_ — —
KoopauHaT, To OP = (s)4tm (s), rae m(s) — BekTop raaBHO# HopMaaH. B kauecrtse
BHYTPEHHHX KOOPAWHAT TOUYKH P B3sATb napaMerpu s u f. Hafitu m (s).

682. Y xa3auue. [lpegcraButh paccMaTpuBaeMble MHOXKECTBA B BHAE CJeNyiO-
wHx obbeanHenuii: a) S*=S*\A {J S?\B, rae A u B — pasauunne Touku S?; 6) C=
=C\l | C\m, rne | ¥ m — pa3nnunble o6pasyiowmue C; B) Z=Z\A |J Z\B, rae A
¥ B — pa3anunsie Toukn Z; r) Q=Q’ U Q”, rae Q' u Q” — nonoctu runep6osonaa
Q. npuuem kaxnaas romeomopdHa R? 1) M=M\y U M\y, y, ¥ — pasnuunbe
MepHaHaHB M.

683. 6) r (u, v)=(R cos u, Rsinu, v), D={(u, v) | 0<u<2n, — o0 <v < oo,

B) F(u. v)=(a cos u cos v, bsinucoswv, csinv), D=1 (1, v)| |0<u<2=, —-;—<
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<v<%}; r) r(u, v)= v, ;tc\/—, +—, l . D=R?* 1) r(u, v)=

=(u, v, f (JWZFY), D=R2; e) r(u, v)=(u, v, f(u, v)).

684. 1 (u, v)=(upi+vqi, upa+vqz, ups—vqs), rae p=(p1, p2, p3), §=(q1, g2, gs).
Yka3aunue Bocnonb3oBarbcs Teopemoit 0 HesBHOH ¢(yHKuUHH u 3agaueit 682.
686. ¥ x a3 aHwue. Paauyc-sektrop ot npgraaonﬂioﬁ Touku T un_Jlanpnqecxoﬁ

nosepxHoctd M siBasiercss cymmoii BektopoB ON u NT, rae N € K, NT|e. Tostomy
O_I;=f(u), N?=f:5, r(u, v)=f(u)+vé'. Ecau f.(u)=(f| @), f2(u), fsu), e=
=(ey, eq, €3), T0 r (u, v)=(fi (u)+vey, f2(W)+ves, fs(u)+4ves).

687. 7 (u, v)=of (u)=(vf, (u), vf;(u), vfs(u)).

688. 7 (u, V)= (u)+0f’ (W)=(f\ () +0fi (W), f2 (&) +0f3 (), fs (u)+vfs ().

689. r (u, v)=(a(cosv—usinv), a(sinv+ucosv), b(u+v). Ykasanue
KacarenbHblii BEKTOP K JIHHHH Yy HMEET BHA f’ (v)=(—asin v, a cos v, b). Mckomas no-
BEPXHOCTb GyJeT 3ajaHa BeKTop-coyHKuueit r (i, v)=f(v)+u;' (v) (cM. 3apauy 688).
r (4, v)=(a(cos v—u sin v), a(sin v+ u cos v), b (u+v)).

690. 7 (u, v)=((a+b cos v)cos u, (@a+b cos v)sin u, bsinv). Top He ABasieTCA
rJ1aIkoH NMOBEPXHOCTDIO.

691. r (4, v)=(x(u)cos v, x(u)sin v, 2 (u)).

692. Ykasauue. 6) 3a HanpapasiOLHil BEKTOp GHHOPMaaH BuGpaTb BeKTOP
B=[f,f“]=a(b siné, bcost, a) uau B=(bsinu, —bcosu, a). Bocnonabsosatbcs
paBeHcTBOM 7 (u, v)=f (u)+v (), T. e.

r (uv)=(a cos u+ bv sin u, a sin u—bv cos u, bu+va).

693. r (1, v)=(u cos v, u sin v, av).

694. 7 (4, u)=%<7(u>+$(u»=%<f.(u)+q>.<v). f2 () (0), f5 (4)+ @4 (0)).

x—R cosvosinuy y—Rcosvocosup 2—R sin uo
695. 6) Hopmaab 5 = - =
—Cos* uo sin uo cos uo COS Up
KacaTe/bHas MJOCKOCTb — X €0S? uo—y Sin 1o €OS U+ 2 cos vo— R sin ug cos vo=0.
X —auo —sin up
B) Hopmaab =
COS Up —a
KacaTteJibHasi MJIOCKOCTb X COS Uo—ay -+ a sin ug— auo cos ug=0.
r) Hopmanb x=(a+b cos vo) cos vo+cos uo cos vot,
y=(a+ b cos vo) sin ug+sin ug cos vot,
z=1> sin vo+ sin vt,
KacaTesbHasi MJOCKOCTb (X — Xo) COS Uy €OS o+ (Y — Yo) Sin ug €OS vo+ (2 — 2p) sin vo=
=0 Hau x cos up cos Vg~ Yy sin Uy cos vo+ 2 sin vo—a cos vo—b=0.

, 2—bue=0,

X— Xy !/ ) Z——Zo XoX
696. 6) Hopmans — 4 + KacaTebHan MAoCKoCTb 3 Yoy _
0

Yo —20 b2
@ b2 c?

229 . X —Xo Y—1UYyo zZ2—20 XoX
—=—3 =1, B) HopmaJb = o , KacaresbHas MJOCKOCTb —°—;+
c X0 Yo 20 a

A
Yoy 202 X—Xo Y—Yo 2—29
?——2-=—l; r) HopMmaib =4H , KacaTejbHas MJIOCKOCTb
Cc Xo —Yo —1
@ T
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%—y—l;’?y=2+202 1) HOpManb x—lxo=y—lyo=z—lzo' KacaTeabHas  MJI0CKOCTb
X Y 2
x Yy 6 z
—+=—+4—=3, rae (xo, Yo, 20) — TOYKA KacCaHHA MOBEPXHOCTH.
Xo Yo 20
697. a) Hopmans x—2l —y:-2=2_l—5, KacaTesibHas MJI0CKOCTb 2x —4y —2—5=
=0; 6) HopMmaab x;4_y:3_z_—;‘ KacaTeqbHas njaockoctb 3x+ 4y—6z2=0;
x—Rcosa y—Rsina
B) HOpMaJb = n , 2=R, KacaTeabHas MJIOCKOCTb X COS a -}
cos a sin a v
R X—Xg Y—Yo z—e’’sin xp
+ysin@a—R=0; r) HopManb = = , KacareJb-
—e’cos xp —e’" sin xo 1
Has nnaockocth  xe?° cos xo+yey° sin xo—z—e?° (%0 €OS X0+ Yo Sin xo—sin xo)=0.
...é z_ﬂ _§ 2_75L
609, a) =12 i CI x+72 Y72 8
' 2 3  —6" 4 -1 2
700.
x=—1—t, x=1+4t, x=14¢, x=—1—1,
y=—1—t, y=—1—t, y=14t, y=1+4t,
z=1+4¢; z=—1—t z=1+4¢ z2=—1—t.

701. 6) 4x—2y+32—21=0 u 4x—2y+32+21=0.
703. Y ka3 auue [lapamerpuzauus paccmMarpuBaeMoid MOBEPXHOCTH HMeeT
BHa 7+ f (s)4Av (s). HaliTu npou3BosHbe BEKTOP-(YHKUHH 7 MO NapaMeTpaM s H A, a

r or .

TS —dk] , KOTOpHIH fIB/sieTCA HanpaBAAIOLIHM BEKTOPOM HOPMaJH H
s

HOPMaJ/IbHbIM BEKTOPOM KacaTeJbHOil MJIOCKOCTH.

3aTeéM BEKTOp [

704. Yk a3 auue [lapamerpusauns paccmaTpHBaeMoi MOBEPXHOCTH HMeET BHI
- = - ., o - N or or
r+f(s)+AB (s). Haiitu E—r—}mv, d_h—ﬂ H [ET)T
JNAOWUA BEKTOP HOPMANH M HOPMAJbHBLIH BEKTOP KacaTe/bHOi MJOCKOCTH.

705. Y ka3 aHue. [lokasarb, uTo ypaBHeHHe KacaTeJbHOH MJIOCKOCTH B mpo-
H3BOJIbHOH TOYKE MOBEPXHOCTH (X, Yy, Z) HMeeT BHA:

]= —v—AxT — Hanpas-

= 9=L o)+ = p— (2 —2)=0,

rae t=%, z=x(p< %—) a X, Y, Z — KoopaHHATH NPOH3BOJbLHOH TOUKH KacaTesbHOM
njaockoctH. M3 nonyueHHoro ypaBHeHHs cjefyeT, YTO Ka)Kaas KacaTtedbHas MNJoc-
KOCTb MPOXOAMT yepe3 Hauano koopauuat O (0, 0, 0).

706. ¥ xa3aHune PaccmaTpuBaemasi MoBepXHOCTb 3anaerTcsi BeKTOp-¢yHKuHed
~ - — . . . Or or
r=7(s)+ AT, rie T — efMHHYHBIA BEKTOP KacaTeabHoH K jauHuu y. Haitth T
ar _ dr
d_xﬁ H M0Ka3aTh, 4TO NPH S =const KacaTesbHas H CONPHKACAIOLWAACA NJIOCKOCTH

s
or —, ..~ Or or ar =
coBnagaioT. Tak Kak — =1+ Akv, —=1, T0 |—=——=—| =AkB. 3Hauur, HOpMaJb-
ds (8 oA 0s
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Hble BEKTODH KacaTelbHOM H coNpHKacalollefics niaockocted KoanuHeapHu. Ecau

s=const, To ﬁ=c0nst, H, 3HAYHT, BO BCeX TOYKAX KacaTeJbHOM K JIHHHH y KacaTeJbHOH
NJIOCKOCTBIO K IMOBEPXHOCTH ABJASAETCH CONMPHKACAOILAACH MJIOCKOCTb K JIHHHH y B TOY-
Ke KacaHHs.

707. Yxa3auune. JlokasaTb, 4TO KacaTeJbHbE [JIOCKOCTH B TOUYKAX JIHHHH

u=C, napaanenbHn BekTopy f, (C|), @ B Toukax JHHHH v=C; napajjeibHbl BEKTOpY

@0 (Ca).
’ 708. Y ka3 auue HafiTu napamerpusaunio nosepxsocts M’ g (u, v) W joKa-

3aTh, 4To mp,=0, mp,=0, riie m — BEKTOpP HOPMalH MOBEPXHOCTH M.
710. Ykasauue B popmyasi E=r2, F=r,r,, G=r: NOACTaBHTb BHPaXeHHS
- - 0u, .00 - - 0u, - 00
r..—ruau—}- " 99 H r,,—r“av—}-ru%.
712. Yxa3 aHHe. [lponudpodeperunposats no ¢ BeKTop-PpyHKuUHIO f(t)=7(u (8),
v () W y6enutbes, uTo f’ (f)=uiu~+ Uifo, TAE Ui, U — BHYTPEHHHE KOOPAHHATH BEKTO-
pa [ (t).
716. Bocnosb3oBatbes Janayamu, 709 711. az p’du +2pg dudv+?du

6) du’4-cos’udv?®; B) du’4(u? +a v r) (v?du® +4( I +¢f (v))2 dv?, 1) (I
+ (¢’ (1)®) du®+2aq’ (u) dudv +(a? +u) y e) 2dv®+2dudv4( l+v2) du?;

x) a?ctg? udu®+ a? sin® udv?; u) vidu® +;—,—_—_—a—2 dv®.
(R*—y?) dx* + 2xydxdy +(R R*—x%) dy
RE—x—y
=(14a’y?) dx* + 2a’xydxdy+ (1 4 a’x?) dy*; n) I:( 14 o’ ) 4 xi 4

PrAE - ¢

717. a) I=

0 6) I=(14+¢ddx’; B) I=

axy a’y? . da
dxd +(| )d o) I=(14+-2—
I E+rr—a MY\ YA =) Yo (+x‘y’)x
6
xdx2+2;a?dxdy+( l+xa,—y‘) dy’; %) yKa3aHwue BHUHCIHTb r, U ry ¥ nOA-

+2

CTaBHTb B 2x H 2, 3aTeM, HCMOJb30BaB O6LLYI0 (OPMYJY, MONYUHM:

i(r—1) rry (r— |)2 ’2("‘1)2
('+ 2)) K +2= d”dy+<'+:(r—2))dy2'

rae r=xIFty’, ri=———- ry=——y—“‘; 3) (l+( ) x )dxz'*'?( )X

N RN ey
N2 2
X7ty L dxdy-+( +%) ay"
v 3 i
719. L(ap)=| 2t 4y
) 6u

720. Yxkasanwue. [lycts t=u. Toraa ans nuHui, 3ajaHHHIX YpaBHEHHEM 2u —
—uv=0, Ha JaHHBIX NOBEPXHOCTAX U;=1, v,=2. ITH 3HAYEHHS HYXHO NMOACTABHTb B
¢$opMyNy ANS BLIUHCJAECHHS JJIHHBI LYrH:

b

a) L AB S \/Eu¢+2Fu¢v,+
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A\ ——— e
L(AB) =P+ 453+
1 1
6) L(A\Z?) S \/l+4cos’tdt-8 3+ 2cos2tdt;
1

T '2'
|

e 2
o) LAB)=| VITae A=ty 20534 |

1 4 1+\V2t4a®

2 WP oy
+W'\/§—+4a —m'\/2+4a ’

O ! 2<l+v10> VIO V3T

'2'

721. |sh u; —sh u,].

723. m:% (cM. pewenus 3anau 715, 720, 722).

2_b2
724. 1) @:%; 2) cos (p=:t%r_+_7 (cm. pewenus 3apau 715, 722).

726. Ykasauue a) Tak kak nepasa kBagpaTHuHass ¢opma HaHHOH noBepx-
HOCTH HMeeT BHI:

I=(1 4+ a%?) dx® +2a’xydxdy+ (1 4+ a’x?) dy?,

a yron @ Mexay paccCMaTPHBAEMBbIMH JHHHAMH paBeH % 10 a’dx+ (1 +a’x?) dy=0.

MpounterpupoBas 310 AHdPepeHUHaIbHOE ypaBHEHHe, MONYYHM ypPaBHEHHE HCKOMBIX

., c a’xoyo
JHHHH: Y= 4+———— 6) cos w= .
Vitdx I +a%) (T4 a7

727. u=iS'\/ "))zt)(.f L

729. o=a((p2—(p|)[R lbz——ih)-}-a(sln ﬂ)z—Sin \P|) ]
730. a) nab; 6) 2—”ln (24++/3); B) 4+/6p>

Ykazauwue. ﬂepeaﬁ KBaspaTHuHas (opma naockocTH z=0 B NPAMOYroJbHbX
1eKapToBbiX KoopAHHaTax uMeeT BHA [/ =dx’ 4 dy’. CnegoBatenbHo, niowaap obaac-

TH D Bhluucasierca no ¢opmyae °=S[§ dxdy.
731. Yxa3aHnue. 3anaTh JaHHYI0O NMOBEPXHOCTb BEKTOP-(QYHKUHEH M pellaTb

aHaJorHyHo 3ajnauve 728.
a) 2R* (n—m), 6) 4R? B) 16.

732. Yxa3aHHue BoudHcAHTb Niowwafb BOCbMOMA YaCTH Topa, AJsl TOueK KO-
Toporo x>0, y>0, z>>0, 3aTeM NOJAYYEHHYIO MJIOILAAb YMHOXHTb Ha 8: o=4n’aR.

733. [nuHu cTOpoH o, sh vy, /2 sh vy, yram njowanb 0=

z =

2’ 4’ 4’
1

=T (v%-}-sh’ Uo).



734. 3anats cdepy BekTop-@yHkuHedr r (1, v)=(R cos ucosv, R sinucosu,
R sin v) W pewiatb aHajoruuHo 3agadve 728. Kpyr paauyca r ¢ uUEHTPOM B CeBEPHOM

nojiloce MMeer 06JacTb H3MeHEHHWsl NMapaMeTpoB — NpAMOyrodbHHK D=1 (u, v)|0<<

<u<2m, 2 _ arccos L<v<1}. o=2nR(R—r).

2 R 2
737. 6) 11 =R (du®+cos’ udv?),
B) = ac (du?+cos? udv?),
\/a’ sin? u+c cos’u
r) l=— ac (du? — ch? udo?);
Va¥shZ u4cZch®u
n) H= = (du?+ sh? udv?);
Va¥ch? u4cFsh’u
2
e) Il =———(du’+ u’dv?); x) II=Rdv’;
) V1 +4u2(
. ku fundu® + ufdv?
3) = dv?; k) [ =Lud TULEY
Vi+E NIENH
a) l= fustdu —2adudv + fuu’dv
Vo +u’ i+ u?
—2dudv + u’dv?
 =———;
Y Vi+2u?

H) II————actgu(du — sin? udv?);
o) Il=bdu’ +cosu(a+bcos u) dv?,

n) /= ———du®+ adv’.
) 2+ zdu*+
2 2 2
739. a) I1/=0; 6) //=—&_HL22_2_{’452——; p) I[=—28dx —2bdy’ ., _
V4a P+ 4b2yP 41 Vaai T api 1

2a 3
dx’+d -
T +a" (@ +y) \" oyt df)

740. ¥ x a3 a H ue. Bocnonb3oBatbca opMyJofi A5 BHUYHCIEHHS HOPMAJIbHOM

KPHBH3HH B HanpaBieHHH BeKTOpa p=(p|, P2, P3):

— Lpt+2Mp.p,+ Np}
" Epi+2Fpip,+Gpi

bl

741. Y Kk a3 a Hue Bocnoab3oBathcs 3amauveit 740.

L 1 N 1
3. 6) hi=F=p. =g =g
5) k== ac R et
(a’ sin? 4+ c? cos? u)—z a+/a®sin® u+c° cos” u
ac acch’u
r) k= 3 ky= 3§
(a® sh? u+ c® ch? u)? (a® sh? u+ c*ch? u)?
n) k= =  ka= 2

a~a ch’utcTsh?u '

3
2

(a® ch? u+c? sh? u)
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2 2 1 k
e) hy=——————, hy=——7-——; XK) k=0, ho=— 3) k=0, ky=——"——,
V=g T e R uNTF R
’uu ’u ufuu
H) ki=ke=0; k) k= , ko= y a) k= ,
u2’“ ut 1
= i M) k=0, ky=—r———— H) ki=—7T—,
V@ + i u? (w4 a?) : ? (@ 1) 14247 ) R alctg ul
1 __l CoS U | . —a a
——|ctgu| 0) kl——ﬁ-. ky= —a+bcosu ;om) kl—u2+az-k2——u2+a2'
744. Y xa 3 anue PaccmarpuBaemoe B 3ajlaue HOPMaJbHOe CeueHHe mapajJeb-
HO BEKTOPY p C BHYTPeHHMMH Koopaunatamu (I, —1). [Mo3ToMy HOpManbHas Kph-
L—2M+N

BH3HA 3TOro CeyeHHsi paBHa kn= A KPHBH3HA HOPMAaJIbHOro CeyeHud

E—2F+4+G”
paBHa | k,|.

Cc 1 1
745. a) x=C,, y=Cy; 6) y=C,, y=T22; B) %=C|. !/—2—7-=C2; r) u=C,,

u5=v2(C2—\/1_4)’; n) v=C,, u=Cyw; e) v=C; X) v=C,, v=2u+Cy; 3) v=C,,

cos? u+cos v

(1 4cos u)’ =G
748. "=(‘|"f"—¢"f') dU2+¢f'd02‘ H_'P( V=) +F [(f')’-ﬂ'l? )2]
e (f )”—t—(w) 2¢[ f)? 'P )2]2
K— P — f).
\IJ[(f')2 (¥')*F
749. K=
750. K=—'— He 1t

@n®+1)*

3
@u*+1)*
751. K= ———l,- npu x#0; K He onpenenena npu x=0.
752. Ecin panHas KpHBas 3alaHa BeKTOp- dyHKuHei f(s a k, » — KpHBH3HA
H Kpy4eHHe, TO 7 (s, u)-f(s)—{-uﬂ (s),

e 2 H=_k+kn2u2 u“%
753. 6) K=(|+4x’:?f7|- RN H_a+b+4ab2y2+4nga’;
(14-4a’x*+4y%b%) 2
¥ K=_(l+4xi+4y‘)2' et el

(144X + 4%

757. K*= pr—_f—ak
2aﬁ+a’K —2aH+a’K"

758. Yk a 3 a H He. Bocnonbaonarbcﬂ 3apaveii 757. K* =4H?=const.
759. H*=—-—2-x/_ .
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760. Y x a3 auHe. BocnoabsoBatbes 3anauedi 757.

14
761. 6) Bce nanpaB/ieHHs TV1aBHHIE; B) NPH 4= :t? BCe HanpaBJleHHsl IJaBHblE,

npu c=a H u j:% r1aBHbHE HAaNPaBAEHHS F du ¥ r,dy, NPH C=a BCe HANpPaBJICHHS
rnaBube; r) rodu u rodv; 1) npu u=0 BCe HanpaBJeHHs raaBHue; NpH U0 rudu n
deq — rJaBHble Hanpam/eHHd; e) npu u=0 Bce HanpaBJeHHA ri1aBHble, npH u+*0
rudu w r,dv — rnaBHHe HanpaBJeHusi; 3) rudu w rodv; k) npu (14 f2) fu=uf. Bce
HanpaBaenus raashole, npu (1 +f%) f,5=uf,, rnaBubie HanpasiaeHus rdu u T dv;

Wfuu+ ua’fuutu® (it f

u)
2au’f2 4 2au’ + 2a° dvx

a) rdu4r,

7 V@ 4 u) wfuw—uTfu (L fu ) + 40 (L4 fut fufus Whatu”+a7)
2au’fi 4 2au® 4 2a® ’

Y 4 PP 4 - . - . -
whtu'tda’u’+2a dv; H) rudu v r,dv; o) rudu ¥ rydv; n) r.du

M) rudu-Hr,

2au’ +a®
H rodv.
762. a) ky=ky=0; 6) k|=k2=%; B) k= ac =, k=
(a®sin? u+4c? cos? u)?
c
a(a®sin? u+c? cos? u)?
0 k= ac ko= c .
(a® sh? u+c? ch®u)? a(a®sh? u+c? ch? u)?
1) ki= = =, ky= 2 -
(a?ch? u+4c? sh? u)? a(a®ch? u4c?sh?u)?
2 1
e) k|= N k2= 3 5 )K) k|=0, k2=—;
</ 2 3 k
l+4u (l+4u2)2
k fuu f“
3) k=0, kg=————=; K) k1= , kRy= ;
uT+E (1+;z)‘3 u T+
1 COS U
H) ki= —tgu, ka=ctg u; 0) k|——€, kg—-m :
a a
R

763. a) (1, 1) u (1, —1). MoXXHO HaTH HOPMaJIbHYIO KPHBH3HY R, B HaNpaBJeHHH,
o6pa3syiolleM yron a ¢ ocbio Ox B Touke (0, 0, 0); k,=2+sin 2a. Tak Kak k) U ky —
3TO 3KCTpeMa/ibHbie 3HAYeHHWS] HOPMaJIbHOW KPHBH3HH, TO k;=max k,=max (2+
+sin 2a)=3, ky=min k,=min (24 sin 2a)=1. OTclona HaxoAHM rnaBHbHE Hanpas-

n n
JNIEHHSA: a|=T+nn, a2=-—T+nn, rae a;, a; — Yrjib, o6pa3oBaHHble HCKOMBIMH
HanpasJieHHAMH ¢ ocbio Ox;

1 1 )
6) kl——p—. kz——?, l(l. 0) u (0, 1); l

cos x cos y (1 4+tg? x4tg’y)’ ks " cos xcos y (1+tg® x+tgy)’

B) k|=
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ki (0, 0)=1, k2 (0, 0)= —|; rnaBHbe HanpaBJeHus (cos X, cos y) H (COS X, —COS y)
8 toukax (0, 0), (1, 1) u (1, —1).

2 2 2 2 2 2
764, R =4 FD o Xty ta
a(x*+y°) a(x’+y*)

765. Yka3auue. a) Mcnonb3oBath peineHue 3agaud 753, a A BLIUMCJEHHS
1 xy
- H=——Z

(I+x2+y2)2 ’
(1+x* 447
uua k?—2Hk+ K=0 naiitu k, u k,, 3aTem R1=,;—l. Rz=;—2;

K wn H. Tak kak z=xy, To K= — . K3 ypasue-

3
2

3
2

(s L (B Y LI
—xy+V(T+0) (T+4) —xy—V(1+25) (1 +4)

2 2\ 2
6) R|.2=%(l+4%4-+4—:7) (@®+b2442)+

Ri=

1 4_"_') 4_!/2>( 2y p2 2 2p2 b, a 2)
:1:4‘\/(1—{-“44-[’4 (a+b+4z)—4ab—l6;,—x-—165,-y .

766. Y ka3 auwue. [Tokazath, yTo y reiHkoHjga, 3ajaHHoro napamerpusauxei

r(u, v)=(u cos v, u sin v, Qv), KOOPAHHATHHIE JTUHHH — BHHTOBHLIE JIHHHH H TIPAMOJH-
HefiHbie o6pa3syioiine. 3aTeM HaiTH rjaBHble HaNPasBleHHSA H ONPEJeNHTb YIIbl MEXAY

r/1aBHbIMH HarmnpasJieHHAMH H KOODAHHATHHIMH JIHHHAMH.
4

767. Y x a3 anue Hcnonb3osatb 3agauy 748 u Haiith K= W%—Eﬁg. Tak

Kak KpHBH3HA MepHAHAHA ABJAETCH /1 2BHOH KpHBH3H0ﬁ NMOBEPXHOCTH BpallleHHA, TO
2

a
OAHA H3 TrJIaBHbIX KPHBH3H k|=—T. C.nenoaarenbuo, OTHOWIEHHE TrJaBHbIX

2 22
ki ki (a*+u?)
KPHBH3H PaBHO —=—= —2.
k: K
768. Yka3aHHe YuecTb, UTO KPHBH3HA MPAMBIX 0GPa3yIOUIHX PaBHa HyJo,
a csaenoBaTesqbHO, k,=0 H OHH HMEIOT acHMATOTHYeckoe Hanpasjenune. [naB-
Hble HanpamJIeHHs — OCH THNep6ONbl ABASIOTCA GHCCEKTPHCAMH YIJIOB MEXIY acuMi-
TOTaMH.

769. Y ka3 aHnue CMm. ykazaHue K 3anaue 768.
770. Yka3auue a) Bocnonb3oBaTbca 3ajavedt 748 a5 BbIYHCAEHHS TNOJHON
KPHBH3HBI, YUHTHIBas, uTo f (k)=R cos u, P (u)=R sin u.
—Rsinu(—RcosuRcosu—RsinuR sinu)

—_ 2
k Rsinu =R">0.

AaauntuyeckHe TOYKH. 6) Bocnoab3oBaTbes pellieHHeM 3afauyd 753 H HaHTH MOAHYIO
KPHBH3HY:

K=
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2 2 2 2 2

x x*  z
Tak kak Aaas BceX TOuYeK 3JJHMNCOHAA 1-;,-—%,;&0, I—F;-—E,-;EO,
2

z
——E,-;‘:O, TO BCe TOYKH 3JUIMNCOMAA 3JIHNTHYecKHe. B) CM. yka3aHHe K 6).

—1
K= s 2 <<0;

a2t G Xt
(FTarTe7)

BCe TOYKH runepGosonga runepGoandeckde. r) Bocnonb3oBaTbcsi pelueHHeM 3ana-
un 753, a W nokasath, uto K<<0. 3Hauut, Bce Touku runep6oanuyeckue. e) K=0,
BCe TOuKH napaGosuyeckue, ) Touku c opauHatamu y=0 napa6onnueckue (K=0);
c opaHHataMu y =0 runep6onuueckne (K <<0).

771. Yka3anue Bocnonb3oBaTbcs pelueHHeM 3agauyd 753 W nokasartb,
yto K=0.

773. Y ka3 aHue HopmanbHas KpHBH3HA B HanpaBJIeHHH BHHTOBOH JIHHHH Ha

relMKoOH/Jie paBHa Hyqio, NO3TOMY |kg| =k, a k= . Tak Kak maBHasi HOpMaJb

lcl
a’+4¢?

. c
HanpasjeHa Mo o6pasyiollei reJHKOHAA K ero oCH, To kg >0, kg=57|+|_c2.
774. Yka3aunue [lyctb @ — yron Mexiay r1aBHOH HOPMaJblo OKPYXHOCTH

r . s
paauyca r u HopmaJabio cpepbl. Torna cos u.=i U k| =Fksina=— —_— =

R

_JR*=r

=g 3Hak kg 3aBHCHT OT BHI6Opa mapaMeTpH3aUHH.

778. Yka3aHue a) Bubparb nNpsaMOyrojbHYyl0 [1eKapToBY CHCTEMY KOOPIH-
HaT Tak, 4To6b npsiMoMHeAHbe o6pasylouide ObliH napajenbinl ocH Oz. Toraa

ypaBHeHHe noBepxHocTH 1 (s, v)=Ff(s)e,+ ¢ (s)e2+ve;. Bymem HckaTh ypaBHeHus
reofe3nyeckoii B BHAe vU=v(S) Kak pelueHHe aHPdepeHLHANbHOrO YpaBHEHHSA

(m, dr, d*r)=0, koropoe 6yieT HMeTb BHA:

¥ —f 0
f/ wl vl =0.
fll (PI, vll
YuutuiBas, uro (¢')24(f)2=1, nonyuaem ¢'@” 4 f'f” == ((¢')*+(f')’Y =0. Cnenosa-

TeJbHO, YPaBHEHHE ]S ONpeleJieHHs reofe3HYecKHX npuuumaer Bua v”=0 H Ha-
XOMHTCA CEMEeHCTBO reojiesHYecKHX v=cCu+cz. [IpAMonuHeiinbie o6pasyiollue,
napannenbHbie och Oz, Takxe ABASAIOTCA reone3nyeckuMu. OHH He BXOAST B HalgeH-
Hoe pemenne r(s, v)=f(s)ei+ @ (s)ea4(ciu+co)€s, TaKk KaK HX Hedb3sl 3anaTb
ypaBHeHuaMH v=u (s). ['eone3nyecKHMH JHHHAMH ABJAIOTCS BHHTOBBHIE JIMHWH, Na-
pannean M MepHAHaHb. 6) 3anaTh KOHHYECKYIO MOBEPXHOCTb BEKTOP-yHKuUHEH
r(u, v)=(uR sin v, uR cos v, uh). [udpdepeHunansHoe ypaBHEHHe AN omnpeaee-
HHSl reofle3HYEeCKHX HMeeT BHA (m, dr, d*r)=0 uau R (R*+h*) (—uu”v" 42 (')’ v’ +

/ " R2 ’ Rv
+ ' uv +7€"4I? u?(v')*=0. YpaBHeHHS reoJe3HYECKHX U cos ( \—/R_!—w —9)

3

780. Yka3anwue. [lpumenuts teopemy laycca-Bowne n— Z ai= —SSKdo,
i=1 A

=_(\

WIH U=Cy.

T. €. Z a,=ﬂ—;og'.
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OIJIABJIEHHE

aBa |. FeomerpHuecKkHe NOCTPOEHHS HA NAOCKOCTH . . . . .
. OcHOBHBIE MOCTPOEHHSI HA MJOCKOCTH . . . . .o
. 3anaum, anA peilleHHs KOTOPHIX He TpeGyercs CreUHabHBX METORoB . .

Meton nepeceyeHHss MHOXEeCTB NPH pELIEHAH 3a4a4 Ha MOCTPOEHHEe .

. TlpuMenenHe cBONCTB 0CeBOi CHMMETPHH NPH pPeLIeHHH 3a1a4 Ha TOCTPOCHHE

[MpumeHeHHe CBOHCTB LEHTPaJbHOH CHMMETPHH MpH pelleHHH 3ajay Ha
nocTpoeHue . . . . .o .
[MpuMeHenHe cBoficTs napannenbuoro nepeHoca npu pemeHuu 3anal| Ha
nocTpoeHHe . . .o .

. [lpuMenenue cBoiicts Bpau.lEHHﬂ npu pemel-mu 3anaq Ha nocrpoeuue .o
. INpumenenne CBOACTB MOJOGHA NMPH pelleHHH 3aaay Ha NMOCTPOEHHE . .
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