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[MPEANCIIOBVE

OcHOBHOe Ha3HayeHHe JaHHOrO 3aJauliMKa-NPaKTHKYMa — NOMOYb
CTYNEHTY-3a0YHHKY MaTeMaTHYeCKOH ClieUHaJbHOCTH B OCBOGHHH
Kypca Teopuu (YHKUMA KOMIVIEKCHOTO NepeMeHHOro.

[To sTolf muCUMIVIMHE CYILECTBYET psl XOPOWHX YYeGHMKOB,
Hampumep, Takue, xak: A. M. Mapkymesuy ,DieMeHTH TEOPHH
aHaquTuyeckux ¢yukumii¢, H. I, $ykc u B. B. Ulaéar ,Kypc Teo-
pun Qyukuuit KOMIeKkcHoro nepemensoro“, B. JI. I'onwapos ,Teo-
pus QyHKuHH KOMIUIEKCHOrO NepeMeHHOro“ u Ap., NpeaHasHayeHHble
IJs CTYAENTOB Nefarornyeckux WHCTHTYToB. ONHAKO H3-3a CIMUIKOM
60JbIIOr0 O6'bEMa B HUX 3a4aCTyl0 TPYAHO OPHEHTHPOBAaTbCA M BbI-
6paTh HYWKHbIH MaTepuan. BcneacTBHe STOrO CTYINEHTHI-3a0UHHKH
BCTPEYaIoTCs ¢ GOMbIIMMH TPYAHOCTSMH B IIPOLECCE H3YYeHHs STOro
Kypca.

B mpepnaraeMoM mnocofum Ha HeGOJbIIOM YHCJHE CTPaHUL
NIpUBOAATCS HeOGXOJMMble CBENEHUA M3 TEOPHH H JHalOTCA KpaTKHe
yKasaHus K pelIeHHIo NPUMEpOoB H 3ajad.

K pelneHuIo 3afay pekOMeHAyeTCs NPHCTYNaTb MCCAE BHHMa-
TEJbHOrO 3HAaKOMCTBAa C CONepKaHHeM YueGHHMKA M OCHOBHOH
YacT¥ JAHHOrO IOCOOHS.

B 3akJioueHyue BBIPAaMAI0 HCKPEHHIOW 6JarofapHocTb OUEH-
tam M. . XannanoBy u M. JI. CMOJAHCKOMY 3a PSll LEHHBIX CO-
BETOB MPH TOGATOTOBKE PYKONHCH K MeyaTH.

H. 5. Aedees




HEKOTOPHIE OFO3HAYEHHS

Komnrexcuoe yncio z=x- iy wusobpamaerci TOYKOH MIOCKOCTH C
abcuuccoif x U OpAuHaTOi y. _

Ecam 2=x- iy ecTb KOMMIEKCHOE YHCJIO, TO NOJ Z=x — Iy MO-
HUMAIOT CONpSIKEHHOe ¢ 2 uucio, mog Rz =R (x 4 iy) = x — BeiuccTsen-
HyIO yacTb yucaa 2, nox fz=1/(x - iy)=y — MHUMYIO 4acTb YHCIa 2.

Eciu naHo koMmiekcHoe yucao z=x-| iy, 10

ledl=lx+ il =V x*+y% )
rae | z| — Moxyap umcaa 2.
Arg z=Arg (x 1 iy) = arg z - 2=, ®)

rae Argz — apryMeHT uyucia 2
y

a) argz=arg (x| &)= arctg;, ecan x > 0;
6) argz —arg (x+iy)=n- arctg:)vc,—, ecan x<0, y=0;

B) argz —=arg(x + )= — w4 arctg%, ecn x<0, y<0;
r) arg z=arg (x4 iy) = -g, ecin x=0, y>0;
n) arg z=arg (x -} iy)= — %, ecmn x =0, y<0;
e) arg z=arg (x4 iy) =0, eciu x>0, y =0
®) arg z = arg (x + iy) ==, ecmn x<0, y =0;
— nlarg a<<w,  — %< arctg%g%.

O603HauuB Yepes p U ¢ MOAAPHBIE KOOPAMHATHL TOUKH 2 =x-} Iy,
6yneM UMeTb:

z=x -+ iy =p (cosp 4 ising) = pe’®. 3)
Ecmu 2z, =x, + iy, 4 2,=x, } iy, TO:
2 4 25| < |z5| 4 |zl 4
j21 — 25| = 21| — |z ©)
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IDTH HepaBeHCTBa 0OpallalOTCd B PaBeHCTBA TOria M TOJBKO TOTAA,
Korga Argz; = Argz,.

[2125l =2, |2,| u Arg (2,2,) = Argz, - Argz,; (6)
| . Y A = — ;
|zn|=|z|» u Argzr=nArgz. t3)]

Ecm z=x-+4iy #0 n 9g=arg z, 10
n n/iz ¢+ 2kr .. o-2kn
V7= l/|z|<cos - dsin—— , 9)

rae k=0,1,2,3, ..., n—1.

§ 1. ONEPAUHH C KOMIIJIEKCHBIMH YHCJIAMH

Boluuc/authb MOAYJIb W IVIaBHBI€ 3HAYCHHUSl apryMEHTOB CJie-
AYIOUHUX KOMIIJIEKCHBIX YHCEJ:

1. a)943i)/3; 6) 9—3i/3;8) —943i 1V 3;
r) —9—3i)/ 3.
Pemenue. Monynb KOMIEKCHOrO YMCJla BBIYHCAAETCA

no ¢opmyJe (1)
lz|=V % +y%
B Hamem ciyyae MoAysM BCeX STHX YHCEN pAaBHBl MeX-

ny cobon
|z|=V 81F27=6V3.

Jlns BHLIYMC/IEHHS] apryMEHTOB JAaHHBIX KOMIVIEKCHBIX YH-

cesl BocmoJb3yemcs QopmyJoi (2)
— T 1 x

a) arg (9 - 3i)/ 3) =argtg -1—2—5— =anglgy s=1s;

6) arg(9 — 3i)/ 3) =—arg (9-+3iV/ 3)=—=;

B) arg (— 9 3i)/ 3) = argtg VTz-+n= — %—.—n:-—

==,

6
r) arg ((—9 —3i)/ 3)= —arg (— 9} 3i}/ 3) = —%T[.

2. Tlonb3ysch TeopemaMi 0 MOAYJIE H apryMeHTE MPOH3BENEHHS,
YacTHOrO, CTENEHH 1I KOpHA, HaHTH MOAYAM W apryMeHThl cjaely-
IOWIX BbIPAXEHIH:



a) V343 6)1—V3i; 8) —14i 1 —1—4;
- . - 4 _
1) (5 -1 7i) (7 - 5); ) %L; w) (1—iV/ 3y 3}/ V31

2i
Otser. a) 21/ 3, %; 6) 2, —%; ) V2, %—n; r Ve,
3 . T, V2 5 . 1/
— ™ n) 74, 5 e ERIRTL x) 8, —m; 3) 1/ 2,

(12k—|—1)214 (=0, 1, 2, 3).

§ 2, IOHATHE OBJACTH U EE T'PAHHLbBI

MHOMeCTBO BCEX TOYEK 2 KOMMJIEKCHOH MIOCKOCTH, YAOBAETBOPSIONLIUX
HEepaBeHCTBY
lz—c|<c¢

(TO €CTh JeKaIKUX BHYTPU KPyra panuyca € ¢ UEHTPOM B TOYKE ¢), Hasbl-
BalOT OKPECMHOCMbI0 MOUKU C.

MuowecTBo D TOYeK KOMIMJIEKCHOM MJOCKOCTH HasblBAOT 06.acmvio,
€CJM OHO YIOBJETBOPSET CJAEAYIOLIHM IBYM YCJIOBHAM:

a) Kampas touka Muomectsa D eCTh BHYTPEHHsS TOYKAa STOIO MHO-
swecTBa. (HamoMHuM, Y4TO TOuYKa 2, Ha3bIBAETCH BHYMpeHHell MouKoi 06-
nacth D, eciM oOHa TNPUHAJEKUT 3TOH OGNAaCTH BMECTe C HEKOTOpOf
cBoeft oxpectHocTbio. Touka #, Ha3biBaeTcd 6HeWHell TO OTHOLIEHHIO 06-
JlaCTH, €CM He TOJbKO OHA, HO H HEKOTOpas €€ OKPECTHOCTb He NpHHal-
JIEWHUT 00J1aCTH.)

6) Jlio6ble mBE TOYKHM MHOMECTBa D MOMHO COCIMHHTb HelpepbiBHOH
JavHuel Tak, 4ToO6bl BCE TOYKH STOH JHHMH NpPUHALJEKAIM CaMOMY MHO-
wectBy D. Touka t, HasblBaeTCs zparuuHoli 0as 06JacTH, eciu B J10GOH
ee OKpDEeCTHOCTH JIeWaT KaK TOYKM 006.JacTH, TaK M TOYKM, He NPHHAlJemKa-
uive 3ToH o6jactd. MHOMECTBO BCeX TpaHMYHBIX TOYeK 0064acTH Hasbl-
BaeTCs 2paHuyeii 9Tol o6aacTy.

O6nacts D ¢ npucoenuHeHHolt k Heill rpauuuefl HasblBAOT 3AMKHY-

moii 06.acmpio N 0603HaYal0T cumBogoM D.

O6nacTb Ha3bIBAaeTCH 02ZPAHUYEHHOL, €cai GEeCKOHeyHo Halekas TOY-
Ka sBaseTcd AJs Hee BHeNIHeH TOYKOH, B NPOTHBHOM Ccaydyae 061actb
Ha3blBaeTCs He02paHlieHHOI.

OG6nacTb HasbIBaeTCsi 00HOC853HOW, ecau Mi06as 3aMKHYyTas KpuBasd,
LeJHKOM MPHHanexaias o061acTH, MOXeT GbhIThb CTIHYTa B TOYKY o6Gaa-
CTH, He BBIXOAS M3 Hee. Ecam 3T0 ycnoBue He BHIIOJHAETCH, TO 061aCThb
HasbIBaeTCsl MHO020C653HOL. [IpuMepoM OXHOCBA3HOH 06JaCTH SBISETCA
MHOMXECTBO TOYeK Kpyra |z| < R; npuMepoM MHOTOCBSI3HOH (ABYCBA3HOH)
06JaCTH CIYXHT MHOMECTBO Touek koubua » < [z |<R.

[Tpumep el
Kakuve JvHMH wuJd 006J1aCTM B KOMILIEKCHOH IIOCKOCTH
ONpENENAIOTCA CJAEAYIOUUMH YCIOBHAMH:

3. |[z—1|=2]z—i].



Pewenue. [onaras z2=x- iy, nepenumeM ycCJOBUS
33aJlaud B CJEAYIOLIEM BUIE

| x4iy—1|=2]|x4iy —i]

(X — 1) iy|=2|x4i(r—1)].

Ucnonbsosas  ycaosus (em. (1), wuro Vi'Fyi=
=|x-iy|, nonyuum:
Vo= =2V eI —1

[Tocne asemeHTapHBIX Npeo6GpPa3OBaHMil NOJYYHM ypaBHE-
HHE OKPYXKHOCTH

1\ 4\2_ 8
(r+5)+(r—3) =5
4. |z—a|<|1 —az| (@ — BeLECTBEHHOE UKC/IO).
Pemenue. [onaras z=x-iy u 2=x—iy, sam-

wen V(x—affy* <V (1—ax]+a’*.
CnenaB aJeMeHTapHblE IPe0OpPasOBaHMs, MOJYYHM:

(1—a)(x*+y)<(l —a?).
Hccnenyem narHHOE HepaBeHCTBO:

a) IIpu 1—a*>0, x*4 y® <1 — orpanuueHHas OZXHO-
CBs3Hasl Kpyrosas 00/1aCTb €JIMHHYHOTO pajuyca.

6) IMpu 1 —a® <0, x*+4y*>1 — HeorpaHU4eHHas OJHO-
CBfi3Hasg 006J1aCTb — BCS IVIOCKOCTh C KPYFOBBIM OTBEPCTHEM
€MHHYHOTO pajHuyca.

5, I<|z—2|<3.

OTBeT. 3avMKHyTas [BYCBs3Has KoJblieas 006JaCTb,
OTpaHHYEHHAsA [ByMS KOHLEHTPHYECKMMM OKPYKHOCTAMH pa-
quycoB r=1, R=3 c nenrpom B (0,2).

60 , 22 _ l l — 1.

OrtBer. Jlemnuckara (x*-}-y*)>* =2 (x*—y?).

7. a<<Rz<b.

OrtBer. [Toroca a <x <b — 3avMkHyTas HEOPaHUYEHHAS
OHOCBSI3HasA 00/1aCTb.

8. a<<argz<B, 0<<a<<Rz<b.

OTseT. 3aMKHyTass OAHOCBA3HasA o6JsacTb (GOPMBI Tpa-
HeLuH.
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9. 3amucaTh B KOMIUIEKCHOH hOopMe ypaBHEHHs:
a) X' +2x+y*—y=1; 6) x* —y*=1.
OTser. a) 224 (1 —I—é)z—l— (1 _é)'z'z 1;

6) 2*2°=2.
Yxasauue. Ilonoxure z=x -+ iy, 2=x —iy.

§ 3. KOMILJIEKCHBIE ®YHKUHH JEACTBHTEJbHOIO
APCYMEHTA

KomnnekcHas nepeMensas 2 HasbIBACTCS KOMNACKCHOU yHKylel Oeite
CMBUMenbH020 apezyMenma t, 3afanHoil Ha HHTepBane («, B), ecau Kammo-
My 311a4EHHIO f M3 3TOIO MHTepBaja MOCTABIEHO B COOTBETCTBHE KOMILIEK-
CHOE YHCJOBOE 3HAYEHHE 2.

3anaHHe KOMIIEKCHOM (YHKLUMM JeHCTBHTENbHOTO apryMeHTa SKBH-
BAJIEHTHO 3aJaHMI0 IBYX HReHCTBUTENbHBIX (yHKUuMi:
Xx=qa () 1 y =y (f) Takux, 41O

2=z@)=x@)+iy@.

Tlpu uaMenenun ¢ Ha uHTepBaje (v, §) TouKka 2=2 (f) ONHCHIBAaeT B KOM-
IVIEKCHOH YMCJIOBOH INIOCKOCTH HEKOTOPYIO KPHBYIO, KOTOpas B BEKTOPHOM
HCYMCJEHUH HasbiBaeTcs 2000zpagion sexmopa. Hanpumep, dyHxuus

z=z(t)=2z,+Re", (—n<t<m), 1,3)
rae z,— KOMIJIEKCHOe, a R — NOCTOSHHOE MOJOXHTENbHOE YHCIO, ONpe-
JieJseT OKPYWHOCTb paguyca R ¢ LEHTPOM B TOUKE (X, Vo)

B camoM pnene, nonaras B pasenctse (1,3)
z=x41y,  zo=x,4 iy, eP=cost+tisint
4 TpUpaBLHUBasg IeHCTBHTENbHblE M MHHMbIE YacTH, TOJYyYHM:
x=1x,+Rcost
y=y,+Rsint

Ypapuenue (2) aBIseTCs NMapaMEeTPHYECKHM YPaBHEHHEM OKPYKHOCTH
pamuyca R C UEHTPOM B TOUKe (x,, ¥,). Vckmouas u3 (2) napamertp £, no-
JlyYUM yPaBHEHHE OKPYMXHOCTH B JEKApPTOBBIX KOOPAMHATax

(= X4 (y — Yo =R2

} (—r<t<n). @3

[Ipumeps.

Kaxue KkpyBEE ONUCHIBAIOTCA TOYKOH 2 IJIOCKOCTH KOMILIEK-
CHOTO TIEPEMEHHOTO, KOrja mnapamerp t mpoGeraeT BCEBO3-
MOXHbIE BEILECTBEHHbIE 3HAuY€HHdA, ecid @, b, w — Beule-
CTBEHHbIE IIOCTOSIHHBIE?



10. z=2z ()= ae™ I be~ ™" (2)
Pewenue. INonaras z=x-}iy u npumensas Qopmyry
diinepa

iwt . .
e = cos wt i sinwt

(oTaensist BEIIECTBEHHbIE W MHHMBIE YaCTH), TIOJIYYHM NapaMeT-
PHYECKOE YPaBHEHHE 3JIMIICA

x = (a-}b) cos wt } ®)

y=(a—b)sinwt

uckmoyuB u3 (B) mapamerp f, samMUIEM YPaBHEHHE 3JIMICA
B JIEKapPTOBHIX KOOPAMHATaX
X2 y¥
rEE R
11, z=2z(t)=e*®?,
Orsert. Jlorapudmuueckas cnupanb

-a-arctg-"-' -g(p
r=VxFyi=eb ¥=—gb "’
12, z=2(t)=a(l +¢€%.
a
OrBer. IlapaGosa y2=a(z—x).

§ 4. NOHATHE ®YHKUHH KOMINIEKCHOI'O NEPEMEHHOIO,
EE NPEJEJIA H HEHPEPBIBHOCTH

Ecin B KOMIJEKCHOH NJIOCKOCTH HaHa HekoTopas obaactb D u ecan
Kaxaoif Touke z STOH 06JacTH CTaBHTCH B COOTBETCTBHE OINpeleleHHOe
KOMILIEKCHOE 4YHCJIO W, TO W HA3beaiom KOMNAEKCHOW ¢hyHKuueld om Z,
3amaHHOH B o6nactH D, M numyT

w—_:f(z).

3ajmanue KOMIIEKCHOH (YHKUMH @ — f(z), OYEBHIHO, PABHOCHIbHO 3afa-
HMIO [IBYX BeILECTBEHHbIX (YHKUMI NEPEeMEHHbIX X H Y

u=u(xy), v=v(x)Y)
TaKHX, 4TO, €CIH NOJOKUTDH
z=x-+1y,
w=f(@)=u-t} .

dyuxuus w = f(2) Ha3bIBaeTC OOHO3HAYHOI, €CIU KaXIOMY 3HAYEHHIO 2
U3 001aCTH onpeje/eHus QYHKUMY COOTBETCTBYET TOJbKO OJHO 3HayeHHe
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OYHKIMK w. B npotuBHOM cayyae GYHKUMS Ha3biBAaeTC MHO203HA4HOI.
Hanpumep, ¢ynxunu:
w=f(2) = 2® — 22 — 5 — opgHO3HayHas;
w=¢ (2) = 17/ 2® — 2z 4 5 — MHOrO3HayHast.

Yucao A uasbiBaercs npedesom pyuryun f(2) B TOUKe 2z, eCau 1
BCAKOTO MPOHU3BOJBLHO MaJOro MOJOXHTENbHOrO YHC/IA € MOXKHO ONpeNeNtTh
TNICJIOKUTEIbHOE YHCIO &==0 (¢), TaKoe, YTO UMEET MECTO HEPaBEHCTBO

[fle)—Al<e

IJs BCEX 2, YIOBIETBOPSIONIMX HEPaBEHCTBY |z — z,| < 8. CumBoMMyecKH
9TO 3aMHMCHIBAETCS TaK:
lim f(z)=A.

252y

B uactuoctH, ecit A= (2,), ToO GYHKUUS f(2) HA3BIBAECTCH HernpepsBHOL.
6 mouxe Z, JPyruMu cioBamu: GpyHKUus f(2) HasbiBAacTCS HENPEpbIBHOH
B TOYKE 2, €CAM [1J9 BCAKOrO CKOJMb YFOJHO MaJOro [MOJOKHTEJbHOrO
YHCia € CYIECTBYET IOJOXKHTEIbHOE YHCIO 8=26 (¢), TaKoe, YTO BLIIOJ-

HAETCS HEpaBeHCTBO:
[f@)—fz)]<e

IAS BCEX Z, YIOBIETBOPSIOLIMX HEPaBEHCTBY
|2 — 2| <8

[eoMeTpHYeCcKH onpeneneHne HenpepbIBHOCTH (PYHKIHM O3HAayaeT, YyTo HJg
BCEX TOYEK Z, JeKaIUuX BHYTPH Kpyra |z — z,| < 8 C LeHTPOM B TOUKE Z,,
HOCTaToOYll0 MaJoro pajuyca 6, COOTBETCTBYIOLIME 3HAYEHHS QYHKLUM
w = f (z) ©3006paxaloTcs TOUKaMH, JewalUMHI BHYTPH Kpyra |w — w,| < ¢
C UEHTPOM B TOUKe w,=f(2,) CKOIb yrOAHO MaJoro paauyca s. Oyux-
uus f(2) Ha3biBaeTC HenpepulsHol 8 HeKomopoii obaacmu D, eciu oHa
HempepblBHa B KamoH Touke sToH obaactH. PyHKuus f(2) HasblBaeTcs

PaBHOMEPHO HenpepuisHoil 6 o6aacmu D, eciu 1 BCAKOTO CKOAb YTOXHO
MaJioro IONOXHTENbHOrO YUCAa € CYINEecTByeT uyucio ¢=28(c) >0 Taxoe,

yTo A8 MOGBIX JBYX ToueK 2z’ u 2” o6nacTu D, ynOBJETBOPSIOIUIUX yCIO-
a0 | 2" — 2’| <3, uMeeT MeCTO HepaBeHCTBO
lf ) —f@)]<e
[TpumepeL
OtaemuTs JEAICTBUTE/bHYI0O M MHHMYIO 4acTb GyHKuui:

3
18. f(2)= z—f&, .
Pemenue. [lonaras z=x-iy u f(2) =u-} iv nocre-
J0BATEJbHBIM IPeo6pa3oBaHUeM, HMEeM:

u_l_i,0=x+3+l)’___(x+3+i)’)(x—|-5—f)’)=
x4+ 541y (x4 5)F +y*
X4y 48415 , 2y
TR I0x 25 Ty 10x 425
x24y2+8x 415 - 2y
x2 492+ 10x 425" T X4y 10x+25°

u=



14, f(2)=2"422* -} bz} 7.
OrBer. u=x"—3xy*+42x*—2y*-}-5x+7;
v=3x"y —y*+ 4xy - 5y.
z+

15. Tlokasats, yto QyHxuus f (z)=#; B JI000# TOUKE

Zy+a
2,57—0b HMeeT CBOMM HpPEAE/IOM YHCI0 A= z: 5= f(2,)

Pemenue. Ilycts ¢>0 —ckomb yrogHo Majoe 4YHCIIO.
IMonaras |z,+-b|=2d u sameyas, uto mpu |[z—2z,|<<d
BbUIOJIHACTCA HEPaBEHCTBO |z2--b|>d, umeem:

f@—Al=|tts —2tl|—

z+b  zZob|T
_la—bllz—z] _la—b|lz—z]
PR P T I AN

Orcrona caefyer, YTo OZHOBPEMEHHOE BBIIOJHEHHE ABYX
HEpPaBEHCTB

242
Iz—zol<d’ Iz—z0l<l7_'_%‘l

BJIeyeT 3a co0off HepaBeHCTBO |f(2) — A|<Ce. 3HauuT, eciu
942
IIOJIOXKHTb ¢ PaBHON HaMMeHblueMy U3 uucen d u ?_—Eb—,'ro

npu |z—2,|< ¢ cnpasesmBo HepaBeHCTBO |f(2) — A|<e.
CiepoBaresbHO:

i =1

Npumeuvanne. Tak xKak B pacCMOTPEHHOM HpUMEpe

lim £(2)=/(z,)

TO N0 ONPENEeJNEHHIO JaHHas (YHKIHMsS HempepbiBHA BO BCEH
IVIOCKOCTH 32 MCKJIIOYEHHEM ONHOH TOuKH 2=—=—b.

§ 5. JEMEHTAPHBIE ®YHKLUMH B KOMILJIEKCHOI OBJACTH

IMpuseseM mpuMepH HEKOTOPHIX SJEMEHTAPHBIX (YHKUMIA:
a) Llesast auHeiiHas QYHKUHSA
w=f(z)=az-b.
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6) Opobuas JuHelHasa DYyHKuus

w::f(z):fzzj_—; (ad — be # 0).

B) Llenas pauvoHaidbHasi GYHKIUS
w=f@)=a2"+a,2" ' ... +a,— 2+ a,
r) Apo6uas pauuoHagpHas (pYHKUUS
_ a2 a2 . Fa,
v=f@=y m . b,

1) TloxasateapHast pyHKuusi. CUHHYC U KOCHHYC

INoxasatenbuas Gynkuus e® u TpUroHoMeTpHyecKue (QYNKUMH sinz u
COS 2 B KOMIIEKCHOH 006/1aCTH ONpPEeNeifioTCs CTEMEHIbIMH PALaMu:

_1-|-1,—|-2,+3,+ + -I----

271—1

snz=z— 242 ,+ ALY ’( LTI
2
COSZ=1——~;—!+%-— !+"'+( )n(2n +"'

a) dopmyanl Jilnepa
74 -1z
- e e~%,
e'¥ =cos z 4 isin z; cosz=_";——,
PP

e~ =cos z — isin z sin z=———.

6) F'unep6oindeckue GYHKUUM M UX CBA3b C TPUI'OHOMETpUUYe-
CKVMH

cnz =t _.1-1-2,-|-4,-{-6| ot Gt e

z2ﬂ 1

shz=9‘2 ——z—|—3'—|—5,—|—7,-|- Aot

cosz=ch (iz), chz=cos(iz); cos®z-sin*z=1; isinz=-sh /()
ishz==sin(iz)y ch*z—sh®z=1; iigz=th(2), itgz=1g(2).

B) Jlorapupmugeckasi GyHKuus
Jlorapudmuyeckass (YHKUMSA B KOMIJIEKCHOH O06JacTH MOMET ObiTh
onpejejeHa Kak oOpaTHas IO OTHOWENMIO K INOKa3aTeabHOH z=—=e% n

o6o3HayaeTcs Tak:
w=Lnz=Inz+42kni=In|z || i(arg z 4+ 2r)
(=0, =1, =2, =3, =...).
r) CTeneHHas YHKUUA C NPOU3BOJILHLIM MOKa3aTeJeM
w =f(z) —_ = (el,n z)n — enLn z (z # 0).
1



n) O6paTHble TpUroOHOMeTpUYecKue U rumepbosuyeckue PyHK-
MY U MX CBA3b C Jorapudmom

Arccosz=—iln(z=V22—1) | Arcchz=Ln(zx=V22—1)
Arcsinz=—iLn(iz = Vl — 2% Arcshz=Ln(z = V'zz__l_—l)

) 1 14 iz 1 14
Alctgz_z—l. L“l—z‘z Arcthz_7 Lnl—z'

Mpumep.
16. Ilpumensis ToxzecTBO
ez‘ @+t __ eizeit
u Qopmy.bl diiniepa, BeIBECTH (QOPMY.IbI:
a) cos(z4-t)=coszcost | sinzsint;
6) sin{2=t)=sinzcost +-coszsint.
17. onoxus 2= x-|-iy, BbIBECTH (OPMY.IBL:

a) cosz=cos xchy —isinxshy,
6) sinz=sin xch y--icos xshy;
B) chz=ch xcos y +ish xsiny;
r) shz=shxcosy-}ichxsiny.

18. INonaras z=x--iy, Belpasutb Lnz uyepes x u y,
Orser: Lnz=InV x*+y*+i [arctg%—[—%n] .

z+2k1rl'=ez (k=0; —_|—1, —l_—2,...)-
— g+2%= =e(4k—1)-2£.

19. Tlokasatp, 4TO e
20. JloxasaTb, uto: a) i'=¢e ;
6) (—1)*=cos(2%k—+1)n V2 +isin(2k+1)n )7 ;
8) (1 if = e+ T (cos1n VT F-isinin 1/ 3;
B (14 =TT [cos (% +ny3)+
+isin (3 +10V2)].
sin 2

21. llokasats, uto lim —=1.
20 z

22, TloxasaTe, yro npu Job6om A==0 ypaBHeHue
1
er—¢=A




B OKPECTHOCTH TOYKM 2Z=—a HUMEET 6eCKOHEYHOE MHOXKECTBO

KOpHEH.
Pewmenune. JlorapudpmupoBaHueM JaHHOIO YpPaBHEHH:

TOJTY YAM:
1 ; — -]— 1 __
=InA~+2kmi, z,=a+3 F 2kmi

zZ—a

23. TNokasare, uto mpu a>0 u z=x-}iy
o =a*(cosyIna-tisinylna).

Vxasanue. Bocrnonb3oBaTbCa TOXKAECTBOM

aZ= eZ]nd.

§ 6. MOHSITHE JHOGEPEHUHMPYEMONl H AHAJIMTHYECKOW
SYHKIIHH

dynxuus f(2) =u - iv HaspiBaeTca Ougdgepentipyesmoi 6 mouke z
obnactu D, eci CyLIeCTBYyeT M KOHEYEH mpejel

fe+hn—1@)
h 1

f ()= lim
k-0

Kotopuil HasbiBaeTcs npou3soduoil or f(2) m obosHauaercs uepes f’(2).
IuddepenmipyeMocts QyHKuun f (2) Bireuer 3a cooif CylecTBoBa-

HHE YaCTHBIX TPOM3BOMHBIX Qu Ow 00 0V isencts
P ox' dy’ ox’ dy P

o dvu ou ov
Ty o ox (1,6)

KOTOpble HasBIBaIOTCA yenoBuamu Kowt — Pusmara wm Harambepa — Jii-

aepa.
Ycnosust Ko — PuMana B IekapToBbIX KoopauHaTax (1,6) Buioxdrcs
BO BCeX YYeOHHKAX IO TeOpHH (YHKUMH KOMIIEKCHOTO [EpPeMEeHHOro.
Beison yciosu#t Ko — PuMana B MOAAPHBIX KOOPAHHATax

ou 1 ov ov 1 ov

=T 75 26

de~ p 09’ e p Op 26)
MBI BOCHNPOHU3BOJIHM 31ecChb.

Paccmartpesas B w—=f(2) =u - iv, & ¥ U KaKk CIOXKHbIE (YHKIIMH,
B KOTOPHIX X M y NMPOMENKYTOYHble, a p H ¢ HE3aBUCUMbIE IepPeMelHbe,

u 3ameuvas, YTO
x=pcos¢, y=psing, (3,6)

13



RONYUHM:

Ow __0uodx , oudy ou on
b?—aop —I—'@%—oxcosi{?—l-d—yslﬂ(?
ou__Oudx ,oudy  Ou o
’(ﬁ—ax(ﬁ'l‘a_ya—?——ax(’sm‘?-l-@?ms‘?

dv__0vdx , dudy _ dvu

9 ( (4:6)
%z?ﬂgp—_l_d—y % = ox cosq:—l—d—y sin ¢

dv_duox | dudy _
Op — 0x0dp ' dy 0p

YMHOMas mepBoe M TpeTbe paBeHcTBa M3 (4,6) Ha p, 3aTeM BBIYHTas
MOYJEHHO M3 MEPBOro YeTBEPTOE, CKJafblBasg BTOPOE C TPETbMM M IPHHH-
Mas Bo BHuMauue (1,6), moayunm (2,6).

Ecin ¢ynkums w—f(z2) =u -+ iv nudpdepennupyema B TOuKe Z==
=x -} iy = p(cosyp -} ising) = pe'?, TO ee NPOM3BOAHAT MOMeET GbITh BhHI-
YHCcJeHa 1Mo ¢GopMynam:

, Ow , 0v__O0u .Ou__dv  .0v__Ju .0u

f (z)_376+1536_56~15_0y+10x—6y oy (5:6)

@@= ?E—l—z@—v (cosgo—ismcp)zL(qg—igfl) (6,6)

op op z\0p 09/ !

_% sin -|—Qy- cos
ox FSne ayP P

DyHKuMA KOMILIEKCHOTO NepeMeHHOro w = f(z)=u - iv, uMeiomas
KOHEUHYIO IIPOM3BOJHYIO B KaMIOH TOUKe HEKOTOPOH obnactd D, HasbiBa-
€TCs AHAAUMIMecKoll 8 3moil 06aacmi.

[TpumepeL

I'Ipoaepmb aHAJUTHYHOCTh K HAUTH IIPOU3BOAHBIE CJaAEAY-
fomux QyHxumii:

24, w=f(2)=¢e"

Pewenue. [Nonaras z=x-iy, w=u-}iv u npume-
HAs (QopMy.ay Disiepa, IOJIYYUM:

u-tiv=e**¥ =¢*(cosy -} isiny)
Ju 0v
—e% —_— = == X
u=e’cosy | Gu=7=¢ cos y

v=-e"siny g%—__g%: —e*siny.

CnenoBarenbHo, (yHxuus e°— aHalMTHYECKas BO BCEt
TLIOCKOCTH.
[Npumenas ¢opmyas (5,6), moayunm:

f(e)=¢e*(cosy +isiny)=e**¥=¢,
9. w—f(z)=2.
14



Pemenune. [Tonaras z=x —iy, w=u-}iv, umeem:
U==X | ou_ 0y
v=y | ox" 0oy’

Caenoatensno, GyHxims w=z2 nexuddepenuupyema HY B
KaKo# TOYKE IJIOCKOCTH.

26. w=f(2)=2" (n— uenoe).

Pemenue. Ilonaraa z=p(cos¢-ising), w=u-}iv
U npumeHss popmyay MyaBpa, IOC/IEAOBATENHHO UMEEM:

u-iv=yp"(cos ¢ -4 isin ¢)" = p”(cos np -+ isin nyp),

u=p"cos ng g—l;::% %:np”"cosm‘o,
v=p"sinn w_ 1 % ng"sinn
=P ? 3% o g ¢

[Npumenas dopmy.sr (6,6), u mocie 3jJeMeHTapHBIX Ipe-
00pa3oBaHUi INOJTYUHM:

(") =n2"""
27. w=f(z)=Inz=Inp-|ig.

OrBer. (1nz)'=z1.

28. w=f(z)=-cosz.

Pemenne. Ilonaras z=x-iy, w=u-}iv u npu-
Menas Gopmysl Ditaepa, MOJyUHM:

1, ; - 1, v _i
4= 56" e P) = (et e ) =

—._:é[(e'y—]- e’)cosx+i(e™ —e’) sinxJ ;

1, _ ou  Ov 1, _ .
u—__ﬁ(e Y+4-e”¥)cosx "oy _g(i Y+ e”)sinx;
1, _ . ou ov -
rv__z_(e y__el’)smx 0—;:——;;:: —,—z(e J’—-e”)c03x.

[Mpumensia ¢popmyasl (5,6), ¥ nmocae aJeMeHTapHEIX Ipe-
00pasoBaHUii OKOHYATE/JbHO HMEEM:

(cosz)'=—sinz.

15



29. TlokasaTb CIPaBeLIMBOCTb (OPMY.r:

(sin z)': Cos 2; (tg 2)'=sec?z;

(shz)=chz; (chz)=shz;

(arcsin 2)'= Tavrd (arccos 2)'= —yT—
) 1 . 1

(arctg 2) = 5 (arcctg 2)'=—q72.

30. IloxasaTh, yTO ecmu GYHKUHA
w—= f (2’) =u —l— iv

aHaJUTHYECKas B HEKOTOPOH o6sactd D, To dyHKuuu # u v
rapMOHHYECKHE B 3TOH 006JaCTH.

Yxasanue. Bocnonesyemca ycnosuamu Komu — Puma-
Ha (1, 6).

31. BeiBecTu dopmysy BripasKeHHS TNPOM3BOLHOH aHaJIM-
THYECKO!l (DYHKLUMH B NOJSPHBIX KoopAuHatax (6, 6).

¥ xasanue. BocnonsdoBatbcs opmyJoir (5, 6) u pa-
BeHCTBaMu (4, 6).

32. Ecmu dyskums f(2) B Kaxnaoi Touxe o6JacTH YLOB-
JeTBopseT yc/oBuio: f'(2) =0, To nokasate, yTo f (2) — const
B 3TOl 00J1aCTH.

33. Ilokasatb, uyto ecau GyHKuuH f(2) U ¢ (2) B 06/1acTH
D ynosnetBopsoT yCI0BHIO f'(2) =¢'(2), TO f(2) —¢ (2)=
=const B 3Toit 06/1aCTH.

§ 7. NOCTPOEHHE AHAJIMTHYECKO! ®YHKLHH 10 3ANAHHOMI
EE BEIIECTBEHHOM HJIM MHHMO¥ YACTH

Ecau QYHKUHMSA KOMIUIEKCHOTO MEPEMEHHOro
w=f(@)=u-+iv 1,7

anaquTHYECKas B HEKOTOpPoH obaacth D, TO ee BelleCTBEHHAsA YacTb
1L=—u (X, y) 1 MHUMAs 4aCTb U =1 (X, ¥)—CONPSAHCEHHbIE 2APMOHULLCKILE
dynryu 6 amoii o6aacmi. IlpuyeM, eciu H3BeCTHa TrapMOHMYecCKas
GyHKIHMA =1 (X, y), TO compsuKeHHas C Hel rapMoHHYeCKas (YHKUHS
U=0 (¥, y) C TOYHOCTbIO JO IOCTOSHHOrO Claraemoro ompeneasercs ¢op-

MyJI0H: 3 5
v (x, y)=S—b'—;dx+bi;dy. @27

Ecmi usBectHa rapMoHmnyeckas GpyHKUMS U= (x,y), TO COMNpPKEH-
Hast ¢ Hell rapmoHuyeckas QYHKUHMS u=u (X,y) C TOYHOCTHIO JAO MOCTO-
SIHHOI'O C/1araeMoro onpenensercs GopMmyoii:

0
u(x,y)= S 51% dx — g—zdy. 37

16



Mpumepsl

[Moctpouts anamuTHyeckyo ¢ynxuuo (1,7) mo crexyio-
LIMM yCJIOBUSIM:

3. u=x*—6x*y*+y*, f(0)=0.

Pewenue. [Tpumenas dopmyny (2,7), umeem:

a 9 2 2
L= 4x' —12xp% v_—_S(l,fzxy_4y3)dx+

4+ @4 x*—12xy*)dy =
. , )
=4x'y—4y’x+o(y); % =4x* —12xy* -
T ()=4x"—12x3% ¢' (1) =0; 9 (y)=¢;
v=4xy —4y’x+c.
IMoxncraBisas 3uauenus u ¥ v B (1,7), nonyynm:

fR)=x*—6xy"4y*+4xyi—4xy’itic=
= (x4 ) +ic=2*+ic.

Caenosarenbro, f(z)=2"-ic, HO Tak Kak IO YCJOBHIO
f(0)=ic=0, TO OKOHYATEJHHO HMEEM:

fz)=2z2"
35. v =e¢"siny +2xy -+ 5y, f(0)=10.
Pemenue. [Ipumenas gopmyay (3,7), umeem:
=e*siny+2y u:S(e"cosy—I—Qx—[—B)dx-[.

ox
%y' e*cosy+2x—+5 | —(e"siny -+ 2y)dy =e*cosy -
45t 5244 (9).
B = —csiny 49 (s)= —e'siny — 2;
o' W)=—2, e = —3'+c
u=-¢e"cosy -+ x*+5x—y*+c.
[Moxcrasass sHavenuss u ¥ v B (1,7), moayyum:

— QX Vi —
it S it N A

HO Tak kak 1mo ycaosuio f(0)=c-41=10, 10 oxOHYa-

TEJBHO MMEEM:
f(z)=¢€ 4 2*452+49.

dv

17



36. u=x"—3xy* 4 3x* —6x—3y?, f(0)=0.
OrBer. f(2)=2"} 32> —6=z.
. _
37°7}_x’+y’ +y, f(1)=15.
38. u=e*cosy+ x*—y* 4 3x, f(0)=0.
OtBer. f(2)=e€° +2°432—1.
39. v:arctg%—[— e*siny -+ 3y.
OrBerT. f(2)=Inz-}te+3z4c.

Mpumevanue 1. Jlaa onpeneseHns CONPsIKEHHOH TrapMOHHYeCKO#H
QYHKIMM O 3aJaHHOR MOXHO BOCIOJb30BaTbCS HM3BECTHLIMH M3 aHalusa
dopmysaMu B ciydae

OM __ON

By —ox’ ()]
x y \|
B, = M5, y)dx+ (N (xo, 9)dy +-c
%o Yo
Hm ! 6.7
y x I
Pix, y>=SN(x,y)dy+ SM(xo,y)dx+c '
Yo o J
KOTOpbIE JJIS HAWero Cayyas NPHMYT BHI:
- ’ z ’ ]
v (x,y)= — Suy (x,y)a'x—l—s u, (%, y)dv ¢ I
o ¥y
HIH ) ’ i 6,7
y X
vio )= {u, cndy—§ u o paxte
Yo *o J
x y
n(o9)={ v, 0 ydr—{ o )y e
*o Yo
Hm @7

y x
ux,y)= — Sv} (x,y)dy—l—S v, (x,yo)dx+cJ
Yo X9

[Tpumepw.
[Npumenss dopmyaet (6,7) u (7,7), mMOCTPOMTh aHAIUTH-
yeckylo ¢Qyuxuuo (1,7) mo ycnosusam:

18



x 1
Pewmenue. Ilo nepsoit popmy.ie us (6, 7) npu u:;%l_}-z
HMeeM:
x ¥
gu_ ¥ — % —( 2wds  fdy y
0x (%72 ‘U(X,J’)_Og(xz_’_yz)z"l_g 3 Bt yr —I c

ov 2
= — (xzf;z)zf(z)——xz_'_y -I—w————]—w HO TaK Kak

f(2)= +zc_‘12,Toc_0 uf(z)_—

M,y=?¢?xﬂ0=1
1
Orser. f(2)=8——.
Mpumeuanue 2. [loctpoenne aHamuTHYECKOH QYHKUMM 10 e Be-
X].leCTBeHHOM HIH MHHMMOH YacTH B HEKOTOPBIX ClyYyasix MOXeET ObiTh 3Ha-

YUTEJIbHO YNPOUIEHO, €CJH BOCNO/b30BATLCA CJAEHYIOLIUM H3BECTHLIM CBOH-
crBoM. Ecim B aHaJIuTHYECKOH q)yHKLlHH

fe)=u(xy) +iv(xy) (@)

l'[OJIO)i(HTb y= 0 a 33aTEM BELIECTBEHHYIO NEPEMEHHYI0 X 3aMEHHTb KOM-
IJIEKCHOM nepeMeHHou z—x+1y, TO CHOBa MNOJYyYHUM I€pPBOHAYaJLHYIO
dHAJMTHYECKYIO q)yHKllHlO

f(a)=u(z,0+iv(z0). ®

MMoabaysach sTHM npenanojoxenueM H ¢opmyaamn (6) u (7), nosyuynm
¢opmy bl
fx)=u (x, 0)— z‘S u;, (x, 0) dx 4 ic, 8,7

fm=g@mmn+mwm+a ©,7)
Bolyucass uHTerpajsl B npaeblx yactax (8,7) u (9,7), a 3aTeM 3ame-

HAS X KOMILIEKCHOH mepeMeHHOH 2, MOJYYMM MCKOMYIO aHaluTHYECKYIO
¢ynkumo (1, 7).

[Mpumepsm.
42, Hafitu aHanutuyeckylo (YHKUHMIO, A KOTOPOH
Rf(2)=un=¢e"InV x*Fy* cos y.
Pemenune. 3mecs u(x, y)=¢e* In Vx*Fy*cosy;
u(x,0)=e"lnx; u,(x,0)=0; Suy (x,0) dx=0. Ilo (8,7)
f(x)=e*lnx—ic; f(z)=e"lnz--ic.
19



§ 8. TEOPEMA H HHTETPAJ KOLIH

Kpusoauneiinsii unmezpaa B KOMIAEKCHOH 061aCTH OT HETpPEPHIBHON
Ha koHType L ¢yuxumu f(2) onpenessercs Kak Ipeie) HMHTErpasbHOR
CYMMBI:

@ dz=lim 3 fegaz .9
)4 n—->m0 =1

Tonaras f(z) =u - iv, wnterpas xommiexcHoro nepementoro (1, 8)
MOX(HO BbIPasuTb Yepe3 BeLIECTBEUHble KPHBOAMHEHHblE HHTErpaibl

Sf(z) dz—= Sudx—vdy-]—is vdx - udy. 2, 8)
L L L

Ecmn f (2) — onHosHauHas aHaIMTHYecKas B o6nacTH D ynxums u L
8aMKHYTBIH KOHTYp, LeJMKOM Jexaliuii B aTo# o6racT, TO

S f(2)dz=0. (Teopema Kouu.) 3,98

L

Ecau f(f) rpaHnunbie 3HayeHust QYHKUMH f(2) aHAAMTHYECKOH B KO-

HeYHOH 3aMKHyTO# o6aactu D, To 3uauenue dbyHxuuu f(z) B moGo#l TOY-
Ke zeD Bblpamaercs (OpMYJoii:

fly =g | L2

omi
C

48

HWs mnrerpana Komm (4,8) cremyer, yTo aHaiumtHueckas QyHKums
HMeeT NPOHM3BOJAHbIE BCEX INOPAAKOB, NMpPHYEM

ny oy 1 f(@)dt _
f‘ (Z) - oIl (t — z)n +1 (n - 0’ l: 2: 3:"')‘ (5: 8)
(5
[TpumepsL.
BeluncauTh HHTErpasbl:

43. S(sz +<z24f9J)r<z5 )dz

BIOJ/Ib KOHTypa z=14e", 0<<t<Im.

Peme}me [Tonaras z=x-iy u npumersas GopmyJay
Diinepa e =cos¢-}-isinf, HaX0ZUM, UTO KOHTypOM HHTEr-
PHPOBAHHS CIYXKHT OKPYXHOCTb pajuyca R=4 ¢ uentpom
B Hayajle KOOpAHMHAT, TO ecTb Xx*—-y°=16.

[NTomunTterpanbHas (YHKUUS BHYTPH KOHTYpPa MHTErPHUPO-
BaHUS MMeeT 0cCo6ble TOYKH (IOJIOCH IIepBOr0 MNOpsIKa)
2,=2, 2,=3i, z,=— —3i. Ocobasg Touka 2,==5 JIEKHUT
BHE Komypa

Paanaras sinz no cremeHsM z—2, 6yIeM HMETh:

sin 2 sin2
=75 T ¢

rie ¢ (2) — aHaIMTHYeCKass BO BCeH IUIOCKOCTH.
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Pasnarass pauuoHanpHy0 (QYHKUHIO Ha IpocTefuue, MO-
Jy YHM:

245 84150 8 — 15/ 17
FIOE =5 102 —3) T 10213 T5E=5"
[lpumensis Teopemy Kowm u 3Has, uTo
S dz _ oni,
a

Z —
L

€CJH @ HaXoAUTCsA BHYTPH KOHTYpa L, OKOHYaTEJbHO HUMEEM:
sin z 245 - 8 |
[ Eortaropg ) de=n (i sin2),
L

44.

LS (B =g )

BIOJb KOHTYpa |z — 2|=2.
10w

OTBET. =

§ 9. KOHPOPMHOE OTOBPAXEHHE

Ecin w=f(2) ecTb aHaiuTHyeckas QyHKUMsI U €CIM B HEKOTOPOH
TOuKe 2, obnactd D mpousBogHas OT f(2) He paBHa HYJIO, TO LOCTAaTOYHO
MaJ/asg OKPECTHOCTb TOYKH Z, OTOOpaimaeTcs B3aMMHO ONHO3HAYHO U He-
NpepbhlBHO Ha HEKOTOPYI0 006.acTh INIOCKOCTH @, COIEPHKaIUyi0 TOUYKY
wy =1 (2,). [Ipu 5TOM OTOGpa}meHUn yroa Memay AByMs KDHBbIMH, PO~
XOLSLIMMH 4Yepe3 TOYKY Z,, MO BEJMYHHE M HaNpPaBJEHHI0 COBHAaeT C
yrioM Mexay u300paXeHHSMH STHX KDHBBIX B IVIOCKOCTH @, a JWHEHHbIH
MacwiTa6 orobpaxceHus B TOYKE Z, OAMHAKOB s BCEX KPMBBIX, IPOXOASi-
IUX yepes TOouky z,. OToGpameHue, IPH KOTOPOM HMEET MECTO COXpa-
HEHHE YIJOB MO BEJMYMHE M HANpaBJEHMIO M TNOCTOSHCTBO DAaCTSKEHHH,
NPUHATO Ha3biBaTh KOHPHOPMHLIM OMOGPAICEHLEM.

B ocHoBe TeopuHm KOHPOPMHOro OTOGpaKeHHs JemaTr Ciefylouue
TEOpeMbl:

Teopema 1. Omobpascenite, ocyujecinsasiemoe aHAALMIMECKOTL
dynryueil w=1f(2) 60 8cex mourax z, 6 komopeix f' (2) # 0 xougop-
Ho, npuwem arg f' (2) oswauaem yzoa nosopoma, a |f' (2)|— xoaggu-
YlleHm AUHENHO20 pacmsasiceHlis nplt 0mobpascenlill mouex z 8 mouKl w.

Teopema 2. Kasodas odnocensras obaacmv D naockocmu z,
OMAUYHASL OM ROAHOR NAOCKOCIMIL WAL OM NAOCKOCINIL C 8bUKAIOLEHHONR
mouKoii, mocem Ooiinb 6eCHllCACHHbLM MHOXHCECHIBOM C1OCO608 Omobpa-
JCEHA 63AUMHO OOHO3HAYHO 1L KOHPOPMHO HA eOUHCMBEHHbIL Kpye2
naockocmu w.

Oro6paxenus ob6nacty D Ha eNHHCTBEHHbIH KpYr onpeje’sioTcs Of-
HO3HAYHO, €CJH NOTPe6oBaTb, yTOObI 3ajaHHas TOuKa 2, o6aacTh D M He-
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KOTOpOE HampaBJeHHe B Heii mepemud B 3aaHHYI0 TOYKY BMecTe C 3a-
JaHHbIM HampaBJeHueM BHYTPH Kpyra.

Teopema 3. Ecau zpannyeli 00HOC8A3HOU o06aacmit s8asemcs
HenpepoleHas Kplteas 0e3 0B0liHsLX mOueK, mo npll KOHHOPMHOM OMmoo-
padsceniiy 06.aacmit Ha Kpy2 coomeemcmelle s8ASLemcs 83aAUMHO OOHO-
3HAYHLLM 6nAOMb 00 2pAHILY,.

Teopema 4. Ecau gynxuyus w =71 (2), anarumuueckas 6rHympu
wonmypa C, omobpadcaem 3mom KOHMYp B3aUMHO OOHO3HAYHO HQ
Herxomoputii Koumyp C', mo oxa it 06.aacime D, 02paHUMEHHYIO KOHMY-
poxu C, omobpasicaem 83aumHO OOHOSHAYHO Ha o6aacmy D', ozpanu-
yennyo woumypos C'.

Teopema 5. OOHO3HAuHAR aHAAUMUYECKAS HYHKULLSL O0Mobpa-
gicaem 004acmb €80e20 OnpedeseHilsi CHO8@ HA 06.aacmb (0OHOAlCM-
HYI0 WAL MHO0MICIHYIO).

Mpuuuun cummerpuu. Ecau B cocTaBe rpanuup obmacty D
HMEEeTCs OTPE30K MPSMOH MM IYra OKPYMXHOCTH «, a B COCTaBe 'DAHULbI
obnactd D, — OTpe3ok npsaMOH WM Jyra OKPYMKHOCTH §, mpHYeM IpH
orto6paxceny w=—f(z) obractu D, Ha obracTb D, KyCOK I'PaHHLBI &
nepexoauT B B, TO B 9TOM Ciydae GYHKUMIO f(2Z) MOXHO aHAJUTHYECKH
NPOROMKUTbL yepe3 Xyry a. Jlid monydyeHus 9TOrO NMPONOMKEHMS ClefyeT
B KaueCcTBe 3HaueHHs (QYHKUMM @ B TOUKe 2 ¥, CHMMETPHYHOH TOuke 2
OTHOCHTENbHO @, NPHHATb TOYKY @ ¥, CUMMETDHYHYIO TOYKE W OTHO-
CHUTENbHO f.

[TpuHUMIT CHMMETPHH MO3BOJAET ObLICTPO MOCTPOHTb OTOGPANKAIOILYIO
(YHKIMIO, eCad HIeT peyb 00 OTOOpaMeHMM Kpyra Ha Kpyr MM Ha
TIONYIIOCKOCTD.

3xech ciaefyeT MMeTb B BHAY, YTO B 3THX CayyasX oToGpamaiomiei
dyHKuuel aBaseTCd OPOOHO-AUHENHASL BYHKULLA

_az4b ,
w-—m (ad—bc = 0). (1,9)
HanpuMep, ¢yHKuus, oro6paxaiomas BepXHIOI INOAYMIOCKOCTb [z >0
Ha emuHHuHBIH Kpyr |w | <1, npu KOTOpOM TOYKa Z, (/z, > 0) mepexomut
B Touky @ — 0, uMeeT BUI:
z2—2z,

w—=¢'® =,
Z2— 2
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B camoM gese, Tak Kak BemiecTBeHHas och [,=—y=—0 nepexoaut
B OKPYMHOCTb |®@|=1 u TouKa 2, mepexogut B w =0, TO CHMMETpHY-
Hasi 2, TOYKa Z, Nepefiner B 6ECKOHEYHO JHaJEKyl0 TOYKY ILIOCKOCTH @,
a 970 O3HayaeT, YTo

w==Fk z;i—o,

Z— 2
rae k — koucranta. Ho Tak kKak Touka z=0 mepeXxomuT B TOYKY eXHHHY-
HOf OKpYIKHOCTH, TO mostomy npu z=20 gomkHo OmTh |®w|=|k|=]1,
oTkyRa k=e'®.

[Mpumeps.
45, IloxasaTb, yTo (YHKUMS, OTOOpaXKamollas KPyT

l2| <R
22



Ha €JMHHYHBIA KPYyT

lw] <1,

IpU KOTOpOM TouKa 2, (|2,|<R) mepexomuT B Touky @ ==0,
HMeeT BHI:

w=e" FEA, (39)

46. Ona orobpaeHus
w=fr)=2"—32"43245

HaliTH yroJ IOBOPOTa H KO3((QMUUEHT DPACTKEHHA B TOY-
Kax 2=0 u z2=1.

Broip Kakux JIMHMH yros I[OBOPOTa OJMH H TOT XKe?
BnoJb Kakux JUHUE K03 (QULHEHT pPacTAKEHUS OJHUH U TOT XKe?
B Kaxux TOuykax Hapymaercs KOH(OPMHOCTb OTOODaKEHHs?

Pemenue. Beuyucias npoussoaHylo

f(z)=382*—6z43
B Toukax 2=0 u 2=1{, DOxy4uM:
f0)=3, f({#)=—F6i.
Hcxonsi M3 reoMeTPUYECKOro CMEICIA apryMeHTa H MOZY.JIst
IPOU3BOJHOM (Teopema 1), umeem:

¥ron mosopora a=—arg f'(0) 1 xo3duUKEHT pacTsKe-
Hust r=|f (0)|=3 B Touke z=0.

¥ron mosopora a=arg f'(i)=— % U K03QHUUMEHT

pactskenusa r=|f"(i)|=6 B Touke z=i.

Otzenssi BEUIECTBEHHYI0 H MHHMYIO YaCTH NPOM3BOJHOM
f(2)=32*—62-}3 u 3atem nosaras argf’ (2)=const u
|f' (2)|= const, momyunm:

Junp (X — 1)* — y* — 2¢y (x — 1) =0 — paBHOro IOBOPOTA;
il (x — 1)* 4 y* = ¢ = const — paBHOrO paCTAKEHHs.

[IpupaBHHBas Hy/I0 IPOM3BOAHYIO M Dellasi ypaBHEHUE
2*—22-+1=0, noayyum Touky 2z=1, B KOTOpOi Hapy-
aercss KOHQOPMHOCTb OTOOPAXKEHHS.

47. TlokasaTb, YTO U3 PaBEHCTBA

W— W, W— W, Z—2, 23— 2
W— W, Wy —W, 2Z—2, 23—2 (4.9)
2 3 2 2 3 2

CIeLyeT, YTO W BbIPAXAeTCA Kak IPOGHO-THHEHHaA (yHKUUs
OT 2, 0TOGpaxaouas TOYKU Z,, Z,, 2, IVIOCKOCTH Z B TOYKH
W,, W,, W, IIOCKOCTH .
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48. Haiitu GyHkuuio, 0TOOPaKAIOULYI0 BEPXHIOI MOJY-
IVIOCKOCTb HAa KPYT EIMHHYHOrO pajuyca TaK, YTOObI TOYKH
—1, 0, 1 BewecTBeHHOH ocu nepexoauau B Touku 1, i, —1

OKDYHOCTH.
Pemewnune. Ilonaras z,=—1, 2,=0, z,=1; w,=1,
w,=i, w,——1 u npumensas dopmyay (4,9), momyunmm:
w2k
Ta—1"

49. Haiitn QyHkuuio, 0TOO6paXaiollyio Kpyr €IMHHYHOro
pajuyca Ha HIXKHIOKO IIOJTYIIOCKOCTb TaK, YTOObI TOYKH 1, i, —i
nepexomuIu coorseTcTenHo B 1, 0, — 1.

40z —i)
T—3hzF3i+1"

50. IlokasaTb, yTO crenenHas (yHKIUA
w=2z" (5,9)
oTo6paxaer YIJOBYI0O 006/1aCTb C BEpIIMHOA B Tuuke 2=0

pacTBopa @ Ha YIJIOBYI o6jacTh ¢ BepmuHOR B. w=0
pacrtsopa

OTrBeT. W=

0 =ne.

51. Haiitu ¢yskumo, orobpaxaromyio kpyr |2|<1 Ha
IVIOCKOCTH C Pa3pe3oM BJOJIb TOJOXKMTEJIbHOR 4YacTH BElle-
CTBEHHOH OCH.

PemeHnue. Buibupas nmpousBOJbHEIE TPH TOYKHM Ha OK-
PYXHOCTH Kpyra, Hampumep 1, i, —1, U Tpd TOYKM B ILIO-
ckoctd w’', Hanpumep — 1, 0, 1, u npumensasa dopmyay (4,9),
nosyunM yHKLHMIO:

o 2
Tzi—1?

0TOOpaKaloLlyl0 KPYr Ha BEPXHIOK NOJYIIOCKOCTh. [lpu-
meHas QyHkumio (5,9) npu n=2, nOJIyynM:

w__w,z__ z—1i\2
- T \zi-—-1)"

52. [lokasaTp, uTo QyHKUHA
142

w=1-z

oto6paxaeT BepXHHUI NOMyKpyr |2|< 1 Ha nepsblil KBaZpaHT
IVIOCKOCTH .
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53. Haittu ¢yHkumio, oToGpakaoulyl0 Kpyr C paspesom,
HAYLMM OT LEHTPa MO pajuyCy BAOJb BELIECTBEHHO! OCH,
Ha BEPXHIOI IOJYIJOCKOCTb.

Vz+ 1)”
Vz—1

54. Hafitu QyHxumio, oTo6paxaouly0 MJIOCKOCTb C pas-
PE3oM BIOJIb OTPe3Ka a < 2 < b Ha BEPXHIOIO MOJYIIOCKOCTb.

Pemenue. C nomoupio ¢yHKumH
zZ—a
z—1b

OrBeT. w=

‘Zﬂ)l—_—_—

0TO6Pa3uM JAHHYI0 IIOCKOCTb Ha IIOCKOCTb W, C PaspesoM

BIO/Ib IMOJIOXHTE/IbHOH BEUIECTBEHHOH moayocu. [Ipeo6paso-
1

‘BaHHEM C NOMOLIBI (yHKIMH (5,9) P 7= MOy HM:

~vE=Vi=

55. Haittu dyHKuuI0, 0TO6pakaoulyo yroa MexXILy J1yd4aMu
2=z, et
2=z, €%t

Pemernue. a) Ilpeo6pasoBanueM mnapaJ/iienbHOrO Ie-
peHoca

} mpu £ =0 na kpyr |w| <<l

W, =2z—2, (6,9)
BEpLIMHY yrJa nepeseieM 8 Touky w,==0.
6) [Ipeo6pasoBaHueM NOBOPOTa
w,=e *w, (7.9)
[IOBEPHEM YO/ TaK, 4TOObl Jyuy 1 coBHAl C BElIECTBEHHOH
OCbIO IVIOCKOCTH W,.
B) IIpeo6pasoBanuem (5,9) mpu n=
us

T

P — P2

— ¢ — ¢
W, =W,%

0TO6GPa3HM YroJ Ha BEPXHIOI IOJYIJIOCKOCTb.
r) [Ipeo6pasoBanuem (2,9)

w=e"’:2—:—% npu />0

0T0Opa3uM BEPXHIOK MO0JYIJIOCKOCTh Ha Kpyr |w|<l.
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n) Bolpaxas w uepes 2, NOJNYyYHM HCKOMYIO (YHKIHIO

T

ei? {e‘l‘?l (z — zo)}‘Pz“‘?l _B
w = .

{e"i‘{"( (z _ ZO)}‘Pz — ¢ __E

[Tpu 0<<¢, <@, Becb mporecc npeobpasoBaHus O6yIeT
HMETb CXeMy, H300paxeHHYI0 Ha uyepTexax 1—5.
56. [TokasaTh, uTO (yHKIHA

w=¢° 8,9

oto6paxkaer mosocy 0<<y < 2m Ha BCIO IVIOCKOCTb C pas-
pesoM BLOJb MNOJOXKHUTEJNbHOH 4YaCTH BEIUECTBEHHOH OCH, a
nojsocy 0<<y<<m Ha BEpPXHIO0 MNOJYIJIOCKOCTb.

57. Tlokasatb, uTO QyHKLHA

W=—e"* 9,9)

oto6paxaet nosynosnocy 0<<x < oo, 0 <<y << Ha BepxHHUit
HOJYKPYT €IMHHYHOIO pajuyca.

Ykaszauue. B npumepax (56) u (57) Bocmo/b30BaTHCSA
Teopemoil (4,9), NpPeABapUTE/JbHO OTIAEJNUTh BEIIECTBEHHYIO
¥ MHHMYIO YaCTH.

58. Haittu ¢yHxuumio, 0TOGpaXaoulyio MOJYIOJI0CY MpH-
mepa (57) Ha BEpPXHIOW MNOJYIIOCKOCTb.

~2 18
OTBeT. W= (e 1) .

e %41
59. IoxasaTh, uT0 QyHKUHUA
w=Inz (10,9)

oT00paxaeT KPHBOJMHEHHBIH 4YETHIPEXYTOMbHUK r<<p<<R
0<<¢<<m Ha OOBLIKHOBEHHEIl YETHIPEXYTONbHHK

hz<x<IlnR O<y<m

Pemenue. IlocrenoBaresbHO uMeeM (CM. yepTexu 6 u7):

z=pe"® u-iv=Inp-ip,
w=u-tiv u=lnp, v=e.

I. Otpesxy (r < p <R, ¢=0) cootsercrsyer (Inr<<u<<
<InR, v=0).

Il. Oyre (p=R, O0<<¢<<m) coorserctByer (£lnR,
O<<v<m).
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[Il. Orpesky (0<p<<R, ¢==m) COOTBETCTBYET
(hr<u<lnR, v=nm).

IV. Hdyre (p=r, 0<<¢ < m) COOTBETCTBEHHO (u==lnr,
I<o<m).

Tak kak NOKa3aHO, YTO KOHTYp nepBoi obuaactu D,
aHaquTHyeckoit Qyukumeir (10,9) oTobpaxaeTcs OZHO3HAYHO
Ha KOHTYp BTOpo#l obnacti D, To mo Teopeme (4) obsacTb
D, otobpaxaerca Ha obaactb D,, KoHDOPMHO.

§ 10. PA3JIOXXEHHE AHAJIMTHYECKHX ®YHKUHi B
CTENEHHBIE PAAbl TEWIOPA H JIOPAHA

Ecau f(2) onHo3HauHasi aHaiuTHYecKash (YHKUHMA B TOUKE Z=a, TO
oHa pasjaraercs B cmeneHHoi pad Teiiaopa TNO TOJOMHTENbHBIM CTe-
neHsaM

fA=Y c.le—ay (1,10
n=0

B OKPECTHOCTH 3TOH TOYKH, MPHYEM OKPYMKHOCTb KpPyra CXOAMMOCTH psja
MMEET UEHTP B TOYKE @ M NPOXOJMT uepes OumaHllylo K TOUKE @ 0COGyio

TOUKy 2,, pyukunu f(2).
[R=min|z,—all.
Koagguyuenmer psda Teiiaopa (1,10) spruncasioTes no gpopmynam

o, =" ”‘!“) @=0,1,2, 3,...). 2,10
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Ecmn f(2) onmosHauHas aHanuTHuecKas GYHKUHES B KOJbLE

r<lz—al <R (3,10)
TO BHYTPH STOro Koiblia OHa pasiaraercd B psn JlopaHa
[ee]
fA= Y, cal—ap (4,10)
n——

KOTOphlﬁ CONEPMHUT HE TOJbKO TIIOJIOXKHTEJIbHbIE, HO M OTpULaTE/bHbIE
CTereH: 2 — a.
Koapduunentot psana Jlopana (4,10) B obwieM ciaydae BbIYHCISIOTCA
no ¢gopmyaam:
_f)dz
2m Z—af+ 1 (5,10
re 3a KOHTYp MHTerpupoBaHus L clenyer B3iTb OKPYKHOCTb
|z—al|=p, npu r <p <R.
[Tpumepsl.
HanucaTe nepsbie yeTwipe usneHa psga Tefiopa u ompe-
JENUTh PajuyC CXOIMMOCTH IVl CJELYIOIMX (YyHKIWMA.
60. f(2)=In(l —sinz) no creneHsm z.
Pewmenue. ITo dopmyram (1,10) u (2,10) mpu a=0
TIOC/IE0BATENbHO HMEEM:
. cos z M) — _ 82 |f(0)=0, f1(0)=
f (Z) sin z — Sinz—1° f (Z) - (sin z — 1)2 fII (O) —
14-cos?z —sinz f"'(O)-——l
I () — IV () — z
f (z)'—sin z—1° () snz—1¢ |[fV(0)=
. 2 z8 2
In(l —sinzg)=—2—5—"%—5—...

Oco6rie TOykM paccMaTpuBaeMOl (YHKIMH, OYEBHIHO, Oulpe-
JeJSI0TCA ypaBHEHHEM

1 —sinz=0.

™
Pemas 370 ypaBHeHHe, NOMY4HM: 2,=-; - 2km
¥ R=min|z—a|=min| % + 2kn|=—
2 2

npu k=0.
61. f(2)=In(14¢€*) mo cremensm =z.

Orser. In(l4+e)=m2++ 2452 4 .. ;R=m.
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1 n
62. f(2)=g; mo cremenaM z=-;.

OTrBerT. Snllz—-1+£z—_2%—>—]—%(z——-g—>4—|-—,,,;12=§.

Passoxute B pan Tefnopa u onpenesutb paiuyc CXOnu-
MoCTH Aas QyHKIMHA:

63. f(2)= _l_z 10 CTeneHsM z— 2.

Pemenune. Bocmonbsyemcs reomeTpuHyeckoil mporpec-
cuedl. 3ameuas, uyTo R=—|5—2|=3, umeem:

f(z)=5lz=3_(:_2)=—;)- :—2= E%_""TQI:‘
1— 3 n=0
64. f(z)=arctgz 1O CTemeHsM z.
OrBeT. arctgz—-z—f;—]—gs f;—{—
o (= 1y 1‘ 1+ =1.
Pasnoxute B psan Jlopana Qynxuuu:

1
65. f(Z):—('z—_‘m B KOJIbLE 1<IZI<2.
Pemenune. IlocnenoBaTesbHO HMeEEM:

1 1 1 1
FR= E=0)@Ez=—2 z—2_z——l=_( z>—

2 2
1 1 « 2" 1 < 1
z
1 X A
z(l—-—) n=0 n=0
z
[¢ o} o)
2" 1
="*ZW Zzn
n=>0 n=1

66. f(2)=7 222 B kosbue 1<<|z-}2|<3.

OTBeT f(Z)— 2(2372.'.1 + Z (Z+2)” .

n-——O

67. f(z):ml_—l-) B Kosbue 1 <|z|<4.
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Orser. f(z):—ll—o[z (%)n_{— i (%,1—2'{‘

n=0 n=0

(=14
+ ) | -

68. Ompexnesuts ko03GhduuMENT IPU NEPBOH OTPHUUATE/b-
HOJ cremeHH B pasfoxeHud B pan Jlopana ¢yHkuuu

f@)= =

B OKpecTHocTH Toukn z=0.
Pewenune. Tak kak mo ycnosuwo 0<|z| <1, To cmpa-
BEJUIMBBI CJENYIOLIHE DPa3JIOKEHHs:

e7=l+%-]-§é-z+§z_,+..._|_%zn+...
=1ttt

W3 nmpousBeleHHs 3THX Da3/IOXKEHMH Halo BHIOpATh uieH,
coepalluii 2~', W BHIMCATb KO3((HUHUEHT IIPH HEM.

1 1 1 1
C—1=1+'2T+3T+4T+ +',j+ —e—1.
1

z—1
69. 7 (2) =§ — B OKPECTHOCTH TOYKH 2= 1.

§ 11. H30JIMPOBAHHBIE OCOBBbIE TOUKH OJHO3HAYHOI
dYHKIHH

Pa3nnuaioT TpM THNA U30AUPOBAHHOLX OCO6BLX mOuer OXHO3HAYHOK
aHanuTHYecKOH QyHKIHMH.

WsommpoBanHas ocoGast Touka a ¢yHkimu f(Z) HasbiBaeTcs cyujecm-
6eHHO 0C000ii, NOAIOCOM WM YcmpanuMmOiL 0CO60i mouKoi, CMOTPS NO
TOMY, COLEPMHUT au pasnoxenue Jlopana (5,10) B OKPEeCTHOCTH TaKoi TOY-
KH GecKoHe4yHO GoJblluoe, KOHEYHOe YHCJIO HJHM COBCEM He CONEPKHT OT-
puuaTe/bHbIX creneHelf (z — a).

[NoBenenne QyHKIMK B JOCTaTOYHO Majod OKPECTHOCTH H30JHPORaH-
HOM OCOGOH TOYKM 3aBHCHT OT THNa OCOOEHHOCTH 3TOH TOukM. B okpecrt-
HOCTH YCTPaHuMOH 0C060f TOUKM (YHKUMA OrpaHMyeHa, B OKPECTHOCTH
nomoca QYHKIHS He OrpaHHyeHa (0 MONYJIO0), B OKPECTHOCTH CYLIECTBEH-
HO 0c0o60H Touku GyHKIHMs HeonpeneneHHa. CpaBeluBoO U 0GpaTHOe, H30-
JMpoBaHHas ocobast Touka GyneT yCTPaHMMOH, MOMIOCOM WJM CYIIECTBEHHO
oco6oit TOYKOH, CMOTPs MO TOMY, 6yIeT JH B CKOJb YTOZHO Majoi Okpe-
CTHOCTH TaKOH TOYKM NaHHasg (YHKUMS OrPaHMYEHHOH, 6eCKOHEYHO G6Oib-
IWOA MAH HeompejeNeHHOH,
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OtMeyeHHas CBA3b MeXNy XapakTepoM pasloXeHHs GYHKUMH B PR
JlopaHa B OKpPeCTHOCTH H30/11pPOBAaHHOH OCOOOH TOUKM M €e IOBENEeHHEM
B 3TOH OKPECTHOCTH Hael BO3MOXHOCTb ONpele/eHHs THIA OCOOEHHOCTH
M30IMPOBAHHOM TOUKM MW MO pasioxenio B pian JlopaHa wiau mo mnose-
nenuio f(2) B oxpecTHOCTH ucnbiTyeMoH Toukd. Tak, HanpuMep, dyuxuus

sin z

f (z)_—_T B Touke 2 =0 HMeeT yCTpaHHUMYI0 OCOGYIO TOYKY, TaK KaK
OHa OTPaHMYEHa BO BCAKOH OKpecTHOCTH 3Toi Toukn. PyHkuus f(2) =
247
— 2T B TOYKax Z2=—2 U Z=—=05 UMeeT NOMOCH], TaK KaK OHa
@—2 (k-9

HeorpaHHyeHa IO MOAYJIO B OKPECTHOCTAX 3THX H TOJNbKO 3THUX TOYeK.
Heobxonumo 3ameTtuthb, 4TO He BCsKas 0cob6asl TOYKA OJHO3HAYHOH GYHK-
MM 0653aTe/IbHO TOMKHA GBITh W30JMPOBAaHHOM. DTO BHIHO XOTA Obl Ha

1 o
npuMepe Qyukuun f(z) =tg —» A1 KOTOPOH He TObKO BCe TOUKH Bila

2
2= m(rne n — 1eJoe) ABISIOTCS 0COObIMH, HO TAKKE U HX Tpeielb-
Has Touka 2z =0 Takxe sgBAfeTCs OCOGOH TOUKOH, HO 3Ta ocobas TOUKA HE
aBageTcs M30aMpoBaHHOH. Ocobble TOYKH MOr'YT 3aMOJHSTh HENpepbIBHYIO
KPHUBYIO, HanpuMep, AJs QyHKUMH, ONperenseMoii psaoM

®

f@)= =

n=0

KaX[as TOYKa OKPYKHOCTH | 2 | = 1Kpyra CXoLMMOCTH eCTh 0COGast TOUKA.

HanGonee moiHyi0 XapakTepHCTHKY MoBeleHHs QYHKUMH B OKPECTHO-
CTH CYUIECTBEHHO 0COGOH TOukM naeT meopema COXOUKO20: KaKOBO Gbl
HY GblLIO TMOCTOSHHOE YHCIO A, KOHEYHOe HaH OGECKOHEYHOE, CYIIeCTByeT
I0C/Ie/I0BATENbHOCTD TOYEK 2, 25, Z3, Zp, **°, CXONAIIAACH K CYIIECTBEH-
HO 0COGOH TOuKe a, Takas, YTO:

lim f(z,) =A.

Zn—>a

Ecau tpeGyercs H3Y4HTb NOBEIEHHE KaKOH-M60 (yHKIHH
w=1(2)
B OKPECTHOCTH GECKOHEYHO faneKod TOYKH, TO MOJaraior
2=_r
H U3Y4al0T QYHKUHMIO

w=f(;1,—) =¢(2z')

B okpectHocTH Toukn 2’ =0. Hanpumep, ¢yuxuuu €7 sinz, cosz B Ge-

CKOHEYHOCTH MMEIT CYLIECTBEHHO 0COGYI0 TOuKY, dynkmus f(z) = T

B GECKOHEYHOCTH MMEeT YCTPaHUMYI0 0co6yl0 TOYKY, €CJH TOJONKHTD
f(0)=0; uenas pausoHaipHas QYHKUMS CTENEHH /m UMeeT GECKOHEYHO
HaneKyio TOYKy IOJIOCOM MOpANKa /.
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Mpumepn.
YkaszaTh, Kagde 0COObIE TOYKM M KaKOrO THIA HMEIOT

GdyHKiMH:

70. f (Z) =e”.

Pemenune. JlanHas QyHKUUS MOXKET UMETh OCOGYIO TOUKY
Tombko npu 2z=0. Pasnoxenne JlopaHa B OKpeCTHOCTH
STOH TOYKM IIOJYYaeTCsl, €CAM BO BCIOJY CXONALIEMCH psie

: t e 8 "
e=l4+y+gtgyg+ 4yt

1
TOJIOXUTD T == -

1
- 1,1 1 1
e =14~ tomtgut o +omt

DTOT pAld CXOAMTCA B JIOGOH OKPECTHOCTH TOUkH 2=0

(ucxmoyas Touky 2=0) M COHEPXKUT OECKOHEYHO MHOro

oTpHUATEJbHEIX creneHeld 2. OTciofa, MO OmpefeseHuHo, cie-

ayet, yto 2= 0 — cymecTBeHHO ocobast TOYka AJs paccMar-
1

puBaemoll QyHxmuu e’ .
1
M. f&)= .

Pemenune. OcobbiMu TouxaMu 3TOH (YHKIMH MOTyT
OBbITb TOJBKO HYJM 3HaMeHaTens 2=—2kmi(k=0, 4-1, 42,
=+3....). Ecim 2=2kmi —opun us aTuX HyJe#, To e°— 1
HMEET CJEAYIOIIEE PA3/OXKEHHE B €r0 OKPECTHOCTH:

ez__ 1 =(z__ 2k1Ti) [l +Z—2'2kﬁ[+(z —32!k1t[)2+ B .] _
=(2 — 2kni) ¢ (2), rae @ (2kni)=~0.

Orxyna:

-]

1. 1 1 .
=z == 55— 2 Calz— 2mi)".

n=——

[Mpuuem ligg 1f(2)|=00 u li’ren |f (2) (2 — 2kmi) |=1.
22kl 22kl

CrenoBaTe/bHO, paccMaTpuBaeMas (QYHKUUSI MMeeT GeCKoHeY-
HO MHOTO IPOCTHIX IOJIOCOB B TOYKaX 2=2kmi (k=0,-41,
+2,4...).
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72. f(z):TL

—cosz’

Pemenue. OcobbiMu Touxkamu 3mech OynyT z=—2km
(R=0, 4=1,4-2,43,4-...). Touka z=0 — ycTpanumas
ocobasi TOuKa, €CJH IOJOXUTb f (0)=2, rax Kak

lim| 2 _
250 | Tz =2
Toukn 2=2kn (k=-1,42,43,4...)
IOJIIOCH! BTOPOrO MOpPsifKa, TaK KaKk 3TH TOYKH €CTb HYJH
bynKnHMn
L o kg (), e o (24m) 0.
JE_ v
73. f(z) = '—V;— .

Pemwenune. 3ameuas, yro

A R Lt
e—V;zl_'_(_l}/z)_'_(—;!/z)_l_(’—?;l!/z)_l_”.’

TOJTY YUM:
fE=2(14+5+5+).

D710 pas/oXKeHHe CXOAMTCH BO BCEX TOYKAX ILTOCKOCTH, a
[OTOMY BCE TOYKH IJIOCKOCTH fABJAIOTCA NPABUJbHBIMH TOY-
KaMu AJ4 DaHHOM (YHkHuM, npuueM Touka 2==0 ecTb yCT-
paruMas ocobasi Touka, ecau moJoxuth f(0)=2.

k4

" fR=m—-
OtBeT. 2= 0—ycTpaHumas ocobas TOUKa, TOUKH 2 = 2kmi
(k==+1,4=2, 4=~ ) mosioCsl NePBOro nopsjka.

_ef—z—1

7. f@)=""%
OtBeT. 2=0 — ycTpaHuMaa ocobas TOuka.
76. f(2)=tgz.
OTser. zz—;i—l—kn (k=0,=4= 1,42, ...) nomock
[epBOro Mopsjka.
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1
__(2+6)sin(z45) z—3
717. f(z) =S (;;_—2'3—)-————(22_25) e .
OrBer. 2=0 momoc TpeTbero mopsgka, 2=1, 2=2>5
MOJIIOCHl NIEPBOrO IOPsiika, 2==—5— yCTpaHuMas o0cobas
TOYKa, 2==3 — CyILECTBEHHO 0co0as TOuYKa.

§ 12. IOHATHE BBIYETA ®YHKIHH OTHOCHTEJIbHO
HU30JHMPOBAHHO! OCOBOM TOYKH

Ecmn dyukuus f(z) — aHaiuTHYecKas B HEKOTOPOH TOyke, TO mo
meopeme Kewn

Sf(z) dz =0, (1,12)
y

rae Y—IpOU3BOJbHO 3aMKHYTHIH KOHTYp, colepiauuii BHyTpu cebs TOY-
Ky @ ¥ Manblif HacTONbKO, 4TO GyHKUHA f(2) OCTaeTcs aHAIMTHYECKOH
Bcrong BHYTpHM STOT'O KOHTYpa, BKJIOYas TOYKM CAMOrO KOHTypa.

CIH e @ — M30IMPOBaHHas ocofas Touka dyHkuuH f(2), TO 3Haye-

HHe HHTerpaJja Sf(z) dz, BoOOLIE TOBOPS, HE PABHO HY.IO.
i
ITO 3HayeHue He 3aBHCHT OT (JOPMBI KOHTYpa Y M MOMET GbITh BHI-

YHCJEHO NMOCPEACTBOM PasJOKEHHs OAUHTErpadbHol dyHKuuu B psn Jlo-
paHa B okpectHocTH ToukH a (0 <[z —a|<7r)

f@4cte—a+tce@—a’tciE—0a) -
C_ C_» C_s
I = ! +(z__a)2+(z__3)a+"' (2,12)

Z2—a

HMurerpupys nourenso pax (2,12) BIoab KOHTYpa Y M NpUHMMas BO BHH-

MaHHe PaBEeHCTBa
mg,_ J0 npn m#E—I
‘S‘(z —atdz= {21:1' npu m=—1"'
1
OJLyYHM:

S fle)dz=c_,2ni. 3,12)
Y

1
3HaueHHe HHTErpa’sa i f (2) dz HasBIBAIOT 6buemMOM QYHKUMH OTHOCH-

1
TEJbHO OCOGOH TOYKH @ M 00603HayalT CHMBOAOM Rés f(2).
Hs (3,12) caenyer, uTo BbiYeT (YHKUMH f(2Z) OTHOCHTENBHO OCOGOl
TOYKH PaBeH KO3¢(uuMeHTy IPH NepBOH OTPHUATEJbHOH CTEeNeHH pasio-

wenns Jlopana (2,12), 1. e.
Résf(2)=c_,. 4,12)

M3 (4,12) 3ameyaeM, 4TO BhIYET QYHKUMH OTHOCUTENHHO YCTPaHHMOH
TOYKH PaBeH HyJIO, TaK KaK B 3TOM Cilydae ¢_, =0,
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BoiueT (YHKIMH OTHOCHTEJbHO GECKOHEYHO YHAaJeHHOH TOUKM paBeH
K03pHUKEHTY NpH NEepBOH OTPHUATENbHOH CTENEHH B Pa3JOXEHHH (QVHK-
uun B pax JlopaHa nas GeCKOHEYHO Y aNeHHOH TOUYKH, B3ITOMY C IIPOTH-
BOIIOJIOXKHBLIM 3HaKOM, T. e.

Résf(x)=—c _,. 5,12

==

Ecmu BHYyTpPH 3aMKHyT01"0 KouTypa z ¢yHxuus f(2) umeer ocobule
TOYKH @y, &y, g, .., G,, TO IIO OCHOBHOH meopeme O 6viuemax Cielyer:

éi—igf(z dz= Z Rés £(2). 6,12)
L

z——ak

TakuM 006pasoM, BBIYMCJIEHHE HHTErpaia Sf (?)dz no 3amkHyTOMY

KOHTYPYy L CBOAHTCS K HaXOMIEHHIO CYyMMbl BBIYETOB NONHMHTEIpPalbHOH
QYHKUHH OTHOCHTE/IbHO OCOGbIX TOUEK &, NeMalMX BHYTPHU KOHTypa HH-
TErpUpOBaHHS.

[Tpumepsl.

78. Haittn BeryeTsl yHKUMIA:
1

f(2)=¢e""7 B rouke 2=0.

Pemenne. Touka z=0 ecTp cCylecTBeHHO o0c06as
Touka pmaHHo# ¢yHknuu. Ilpencrasaas paccMmaTpuBaemylio
GyHKIIO TaK:

1 1

fo—eT=eer=(14E 4242 4., ) X
><(1+m+§?+3rze+~-)

H Boije/sAs Ko3pduumuenT mpu 2”Y, mosyuuM:
o

—_ I 1 | —
-,—l}isof (z)__k;) AT (sameyas, yto 0!=1),

1

79 et ouykax 2=0 u z2=1
,f(z)_lza'rqa = =1.
OTrserT.
i 1 .
/ — . —— ——
Résf\z)-—kzl(-——-n Ch zRélsf(z)-— e.
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80. [Mosb3yschy pasnoxenueM Qynxuuu f(2) B pan Jlopa-
Ha B OKPECTHOCTH IIOJIOCa IIePBOro MOpsAKa, BbIBECTH (op-

MyJIy:
c_,= lim[(z—a)f(2)] (7,12)

81. Iosbayscy pasnoxenuem ¢QyHkuuu f(2) B pan Jlo-
paHa B OKPECTHOCTH IOJIOCA N-TO TOPAJAKA, BBIBECTH (opMy.Iy:

1 li " (z — a)’f ()] . (8,12)

Crr=m=1n, " az

82. Ilpumensst ¢opmysni (7,12) u (8,12), Hafith BLIYETHI
cleLyIomux dyHKImMit:

a) fA=5L2; ) f()=2T1;

z
) IO= a5

83. Ilosp3ysice moHATHEM O BblYeTe (QyHKUMM M 06001me-
HueMm Teopembl KomM Ha c/yyait MHOrOCBSISHOH 3aMKHYTOMH
o6JiacTh, ZOKa3aThb OCHOBHYIO TeopeMy O BbiueTax (6,12).

[Tosb3ysick ocHOBHO#T Teopemo#l o BbueTax (6,12) u dop-
mynami (7,12) u (8,12), BBIMMCIHTD MHTErpabl IO 3aMKHYThIM
KOHTYpaM:

84, 2%,( [jiﬁ e 1%8)5“&: " 9)] dz

BIOJb KOHTypa |2—2|=3.

Pewenue. KoHTypoM HHTErpupoBaHHs 3JECh CJyXKHUT
OKPYKHOCTb (X — 2)* -~ y*=09, BHyTPM KOTOpPOH HOZMHTEr-
pa/bHas (QyHKIMsS MMEET IOJIOCH NepBoro mopsuka z=—0 u

T

2=.

2

Ocrasnbable 0coOble Toukn 2z=—2kmi (k=-1,42,-13,

=+...), 2=-3i 1 2=o00 JeXKaT BHE KOHTypa HHTErpupo-
BaHHUS.

[To dopmyne (7,12) Haxoaum:

__o. 12
Bfgf(z) - 2’ RéSRf(Z) - w2 + 36°

2=

2
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[Mpumenas teopemy (6,12), oxoHuyaTenbHO HMeeM:

1 2--2 18 sin z 2n®
I=— > — dz2=———=
2ni [e —1 (Z'—%) (22+92)] K +36-

. 57412 In (10 + 2)
8. 1={ | e T e 42

BIOMb KOHTypa 4x* - 9y*=36.

Pemenune. KOHTYpOM HHTErpHpOBaHHA CJYXKHT 3JJHIC
¢ moayocsamu a@==3, b=2. OcoOble TOYKH BHYTPH KOHTYpa
2=1—noJoc BTOPOro nopsijka, 2 = — 2 — NOJIOC NEPBOr0
nopsiaka. Ocobble TOUKH 2=-4-4i, 2=—10 u 2=oc0 Je-
XaT BHE KOHTYpa.

[Npumenss dopmyawr (7,12) u Teopemy (6,12), nomyunm:

3, . g f1
Résf(e)=1;; Resf(z)=In8; /=6 (1—7--|—1n2).

dz
8. (=i
2 2 2
no acrpouae x3 - y3=23"°
3mi

OTBeT. T

2243244 ’T] d
87. f [(z—2)2<z2+10>+‘” e
BIOJIb KOHTYpa 2= 3e", 0 <<#<<2m.

Tt
OTBeT. le

§ 13. THAPOJIHHAMHYECKHE NPHJIOXEHHS ®YHKIHT
KOMIIJIEKCHOI'O TIEPEMEHHOI'O

BcskOMy HEBHXPEBOMY M CBOGOIHOMY OT HCTOYHHMKOB IIOTOKY HECIKHMa-
eMOH WHAKOCTH B ONHOCBS3HOH 06sacTH D COOTBETCTBYeT aHaAHTHueCKas

HK IS
¥y w=f(z)=u-+iv, (1,13

KOTOpast Ha3bIBACTCS XApaKmepucmudeckoll ¢ YHruued inu Ko MnaeKcHulMm
nomenyuanrom nomorxa. O6paTHo, 3ajauHe mo6of Gyukumn @ =—f(2)
aHaNMTHYECKOH B OQHOCBSI3HOHM 0GAAacTH ompepensieT B 9TOH 06aacTH HeBH-
XpeBoii M CBOGOAHBIH OT MCTOYHHKOB NOTOK HECHHMaeMOH MHIKOCTH.
PyHxnuy
u=u(x y) a v=9(x, vy)

HasbIBalOT, COOTBETCTBEHIIO, ZOMEHYILAN0M CKOPOCmell H iyHKYuel moKa.
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Kpusble
1 (x, y)=const

HasbIBAIOT AUHUAMIL YPOGHS NI SKGLNOMEHUILAADHLMI AUHUAMIL ROMOKA.
Kpusnle
v (x, y)=rconst

HasblBAIOT AUHUAMIL MOKQ WIM MPAeKmopusmi HOMOKA.

Cropocmv nomora, onpenensiemoro ¢yukuueii (1,13) B mo6ok Touke

=x-}-iy, onpejeinsieTcs NO BeJIMUMHE M HANPABICHHIO KOMINIEKCHBIM
YHCIOM

A 0u , Ou
FeO=g+i g (2,13)

TO €CTh YHCJIOM, CONPSMEHIBIM CO 3HAaYelHeM IPOM3BONHOH B 9TOH TOUKe,
Otiyna caenyer 2udpoduHamuyecioe UCMOAKOBAHIE MOOYAL 1L apzy-
Menma npou3éo0HOl GyHKYLI KOMIVIEKCHOTO NEPEeMEHHOro, a HMEeHHO:
paccMaTpuBas 3alaHHYIO B OJXHOCBSI3HOH OG/MACTH aHAJIMTHUECKYIO GYHKUMIO
KaK XapaKkTepHCTHYECKYI0 (YHKUMIO COOTBETCTBYIOIIErO MOTOKA MHAKOCTH,
MOXEM yTBepXnHaTh, 4YT0 | f'(2)| paBeH BeJHYMHE CKOPOCTH TEYeHHS
B TOYKe 2, a arg f’ () ¢ o6paTHBIM 3HAKOM ONpele]seT HanpasieHHe STOH

CKODOCTH.
Hs (2,13) caenyer, 4To NpoeKLMy CKOPOCTH NOTOKA Ha OCH KOOPAMHAT

ou ou

aBHbI YAaCTHBIM IIPOU3BOAHBIM = U —.
P P ax "3y

Bemyuny N= S‘—OE 0y — % dx HasbpIBalOT NOMOKOM JHCLOKOCIU

CKBO3b 3aMKHYTHIit KOHTYp C.

Bemuuny /= % dx -|—g)l—f dy= S du(x, y)
c c
Ha3BIBAIOT WYUpkyAfylieil ckopocmir mo ToMy ke koutypy C.
Ecin w:% In(z—a), T0O TOYKA @ HA3BIBACTCH UCMOUHUKOM
obunvrocmu N.

/
Ecm w =5 In (z — a), TO TOUKa @ Ha3LIBAETCH BUXPEM UHIMEH 6=

Hocmu 1.
[Ipumeuvanue., Tax kak

ow
1-|-lN._S&-a'z,
C

10 N u I MOXHO HaxoAHUTh C NMOMOIIbIO BbIYETOB.

[IpumephL

Haiitu mnotenuman ckopocref, QyHKUMIO ToKa, JHMHHUH
YPOBHs, JIMHHH TOKA4, BEJMYMHY W HalpaB/IEHHE BEKTOpa CKO-
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POCTH, MPOEKUUHU CKOPOCTH Ha OCH KOODIHHAT, €CJM ABUXKE-
HHE XHUIAKOCTH OIPENENAETCA KOMIJIEKCHBIM NOTCHIHAJIOM:

88. w=f(z)=2"+22-+}3.

Pemenue. Ilonaraa z=x-iy, w=u-}iv, noryuum:
u(x, y)=x*—y*-2x -4 3 —norennuan cxopocrei,
v(x, ¥y)=2xy -+ 2y — byHKUMSA TOKa,

u(x, y)=x"—y*-+2x- 3=const — uHUH ypOBHS —

runep6obl,
v (x, y)=2xy - 2y = const — JMHUAKU TOKa — rUIEPOOJIELI,

v=f(2)=22 -2 — BeKTOp CKOPOCTH,
I

Y ,x
N |

Yepr. 8 Yepr. 9

|9|=|f (2)|=2V (x - 1)’ - y* — Besmunna CKOpoCTH,

a=arg f(2) = — arctg x_-iz—T — HampaBJIeHHE CKOPOCTH,

v, = gz: 2(x - 1) — npoekuus CKOPOCTH Ha OChb 0X,
ou

U= = 2y — npoeKIMs CKOPOCTH Ha OCh 0y,

0, (— 1,0)— Touka moxos KHAKOCTH (4epTex 8).

89. w=/f(2)=4In(z—2).

Orser. u(x, y)=2In[(x —2)* -} y*]— norenuuan cko-
pocrei,

v(x, y)=4 arctg}-c—ffa — (yHKIHMA TOKa,
(x—2)*+y*=const — MHUK ypPOBHA — OKPY>KHOCTH,
¥y =¢ (X —2) — MHUM TOKa — NOJyNpPAMBIE (yepTex 9),
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, 4
v=Ff (2)= =5~ BEKTOp CKOPOCTH,
, 4
|'U | = [f (Z') l = V'(x_—-——2)2=—|-y2 — B€JIM4YUHA CKOPOCTH,

a=arg f (2)=arcig xtyg — HalpaBJIeHHE CKOPOCTH,

ou 4(x—2)

Uy = 5% = w97 ;¢ IIPOEKIHA CKOPOCTH Ha OCb 0X,
ou 4y

Wy — 0—); = m _ IIpOEKIIPIH CKOpOCTH Ha OChb Oy,

N =8m — 1noToK XHIKOCTH CKBO3b KOHTYD C,
2=a=2-— UCTOYHUK OOUJIbHOCTH N =8m.

90. ITocTpoHTh KOMIVIEKCHBI/I NMOTEHUMAN ABHKEHUA KUM
KOCTH, €C/IH MSBECTHO YPaBHEHHE JHHUK YDPOBHA

X —y* -} 2xy 4 x=c (c=const)

u maHo, uro f (0)=0.
Pemenune. [lonaras u(x,y)=x*—y*+2xy4x u
npumensis dopmyay (2, 7) § 7, mosyuum:
w=f@)=(1—iz*+}z
91. [TocTpouTh KOMIVIEKCHBIA NMOTEHUHMAN ABHXKEHHS KUM=
KOCTH, €C/IM HW3BECTHO ypaBHEHME JIMHMH TOKa

cos xshy — ¢ =0.

OtBer. w=/f(2)=sinz-}c.
92. KommiekcHuIl noTeduyal
w=f(2)=>5in(2* — a?.

Halitn LupKy/aauuio IO OKPYXHOCTAM |2 +4-a|=a.
OrBeT. /= —10m mo 06euM OKPYKHOCTSM.

93. [IBMiKeHME XHMIKOCTH BbI3BLIBAETCSH MCTOYHHUKOM OOHJIb=
Hoctd N, mOMElIeHHHIM B TOYke . JlokasaTh, YTO HOTOK
CKBO3b INIPOCTOH 3aMKHYTHIH KOHTYD € paBeH HYJIO, eC/IH
TOYKa @ BHE KOHTYypa, U paBeH N, €CIH TOYKa @ BHyTPH
KOHTYpa.

94, JIBHKeHHe XKUAKOCTH CO3JaeTCs MCTOUYHMKOM N H
BUXpeM /, TNOMELIEHHBIMH B TOuke a. JloxasaTb, 4TO JIMHUH
TOKOB — JIOrapu(MUUeCKHe CIHpalH.
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§ 14. YIIPAXXHEHHS

HOJ]bSYHCb TEOpeMaMu O MOAyJe W apryMmeHre nponsaenennﬁ, YacT-
HOrO, CTeneHu M KOpHs, HaHUTH MOAYJIH H apryMeHThl CJACAYIOLIUX BbIpa-

WeHuil:
1. (54-84) (8 4 5i). 22"_'; 3 (V3+). 4 /1+4

5 (—1+iV3)(1—4i 6. ll_l—l 7.@—3. 87/ V3—i

Kakue iunuu wim o61actu B KOMIVIEKCHOM INIOCKOCTH ONpPeiessioTcs
YCJIOBHSAMH:

9 |z4-1|=2l2—i].

10. 1<<|z+4-2|<8.

. |z—2]|=|1—2z].

12, |2 —a|+|z2—b|<R
(@ u b — BelecTBeHHbIE NOCTOSHHbIE).

Kakue kpuBble OMMCHIBAIOTCS TOYKOH 2z KOMIUIEKCHOH MJIOCKOCTH, ecau
Z BbIpaxaeTcs yepes BELIECTBEHHYIO NEPEMEHHYIO ¢ CAeLYIOmHUM 06pasom:

13, z=z (f)=Re*’. |

14 z=2z ()= (—it)e’.

15. 2=z (f)=aet f-a~'e ",

16, z=z (t) = (1 } it) e**.

Orzeanth HeHCTBUTEIbHYIO M MHUMYIO YacTH CAeLYIOLIMX Gy HKuuH:

17. ze?, nomaras z =x -} iy.

142
18. In T% , MoJarasg z==r (cos ¢ - isin¢).
¥4

e
19, —

7 » nonaras z=x-iy.

2
20. 7—, nonaras z==r (cos ¢ + isin ¢).
Brluncauts caelyromue BHIPaXKEHUS.

o1, v/1—i 22 sin (13:- —i ) 23, (—142. 24, arctgl,
1 —2i ;
25. Wzi 26. sin (-% - 21'). 27. (1 — iV 3)'. 28. arctg (1 4 J).
[TocTponTh aHaJMTHYECKYIO GYHKLHIO
w=f(z)=u+tiv
N0 CAENYIOUIHM YCJOBHSM:
29, u=1x"— 8x3y — 6x*y* - 8xy*+y4, f(0)=0,

— 2y
0. v=mrrEinyi fO=0
31. u=arctg %, f(©0)=0.
2. v=x"—3x2F4xy, fQ=I2.
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X
8B =gy +2x43y, f()=5:

34, v—yanx2-|-y2—|-xarctg%, f(1)=0.
35. u_12x'“’y—4y —3y, f@O)y=0.
36. v=e*[(x+1)siny+ycosy], f(0)=5.

Brruucauth HHTE rpaJbl:

cos 2
z‘—l—l_l_zz—l) dz — Brons koutypa |z —1|=1.

5z 6 82
38. S [(z2 — ;)Tz F1) + 16:_ zz] dz — BJIOAb KOHTYpa
26 4 yr=

8. S (zcc_);i P _|_9) dz — BIONb KOHTypa
4x? 4 25y* = 100.

1
40. S(ez—w + #—Fjﬂ > — BIOAb KOHTYpa

z=5e, O<i<nm.

n 2
41. (e’ + (——&"2—) dz — BIOIb KOHTYpa

21z 9
9x? 4 4y? = 36.
42, S (sin 22+ ——iié—) dz — BJIOJb KOHTYpa
*41) (2 =9
2 = 2
%3 493 =2%"
2
43 S (z i 1—}—]“;: +gz ) — BIOMb KOHTYpa x%-y? — 2x==0,

cos 2z 245
44. S‘(z._, +20+ =@ —]—1)) — BJIOAb KOHTYpa
z2=2%" I<t<<m.

Y xasanue. BocnoabsoBarbcs TeopeMoit Kommu u dopmysno
dz
S = 2,

z—a
c
ecau a BHyTpH Koutypa C.
Paznoxutb B pan Tefinopa ¢yuxuun:

. T
45. f(2)=sin?z — no cremneHsmM z — 3*

46. f(2)= z——?—f — N0 CTeleHsIM z -2,
47. f(e)= arc1 sin 2 — no creneusaM z.
48. f(z)= F2 [0 CTENeHaM 2 — 3.
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Haiiti mepBble Tpu wieHa pasnoxenus B pan Tefiiopa ¥ onpemenuth
Pamuyc Kpyra CXOAMMOCTH s CJelyIouX (yHKUuH:

1
49, f(2)= s N0 CTeneHsM z.
50. f(2) =Inz — o cremensm z — 2.
1
51. f(z)_m— NO CTEeNeHiM 2.

52, f(z2)=In(z 4+ 1) — no crenenam z — 2.
Pasnoxutb B psan Jlopaa ¢yHKuMH:

53. f(z):-‘(z—ﬁ——'l(z__’g)—"B KoJblie 2<|zl<3.

54, f(z)z(z—;—zi;lg—q_——éﬁ—-—a komite 1<|z42] <4,

55, f(z) zmﬁm—) — B Koable 1 < ,Zl <2.

66. f(z)=(z:_l)-z'(7'——3)—n komue 2<L 2411 <4,

YxasaThb, Kakue OCOObIE TOYKM M KAaKOTO THIA MMEIOT (yHKUMH:

57, L0082 5g 2243 59 73 60, m(2—9)

2 22— 2
tg 2 1 V2Ed4z 241
61. —z—. 62. 0082—_—_—2. 63. _—_Zz—l—l . 64, Z—]nz__l.-
. _ef—1 z4-2 1 2
65. f()=——- 66, —. 67, smz+2. 68. In (224 1).
69, IlokasaTb, 4TO ypaBHeHHE
o ! =A
M

B OKDECTHOCTH TOYKM z =7 HMeeT GeCKOHeyHoe MHOXECTBO KOpHel mnpu
Jio6om A. .
70. TlokasaTb, uto npu mo6oM A # 0 ypaBHenue

1

ez—3 —A

B OKDECTHOCTH TOYKH Z =3 uMeeT GECKOHEeyHOe MHOMXeCTBO KOpHei.

71, Jlna otodpamenust w =1 — 2% HaliTu KO3pQUUHEHT pacTameHHs
M yron MOBOPOTa B TOYKax 2z = — 1; z=1 — i Blioib kakux aunmii ko3~
(UUMEHT pacTsKeHHs OAMH M TOT xe? Brosb KaKHX IMHHH yroa mosopora
ONMH M TOT Xe? B Kakux TOyKax Hapyllaercss KOH(QOPMHOCTb oTOGpa-

WeHus?
’ 1
72. Jlas orobpaxenus W=

U yroa moBopoTa B Toukax z=—0 u z=1/ Bpoab kaxux amuuH Kosdpu-
LMEHT PAcTsKEHUs OJXMH M TOT xke? Broab kakux JauHuH yrol MOBOpOTa

nalTH Ko3(duLUHeHT PaCTKEHUd
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ofiMH u TOT ke? B kakux TOukax Hapymaercs koHdoOpMHOCTH oTOGpa-
WeHUs?

73. Haiitn ¢yukumio, oTo6paxaomyio mIOCKOCTb C pPaspe3oM BROIb
oTpeska a < z < b Ha HHKHIOIO 110JYIJIOCKOCTb.

74. Haiitu ¢ynkumio, oto6pamaiomyio Kpyr ¢ paspesoM, HIyLIMM OT
LeHTPa 10 PanHyCy BAOJDb BEIECTBEHHOH OCH, Ha BEPXHIOI0 MOMYIIOCKOCTb.

75. Halitu dynkumio, oroSpamaomyio Kpyr |zL<l 11a IJIOCKOCTh
C pa3spe3OM BAOJb MOJNOKHTENbHOH 4aCTH BeleCTBEHHOH OCH.

76. INokasaTb, YTo GYHKUHUS

w=f(z)=—e"*

orofpaxaer noaynotocy 0<<x < oo, 0<<y<<= Ha BepxuuH moayxpyr
€IMHHYHOrO pajuyca.

Haiitn moreHiman cxopocrel, pyHKUMIO TOKa, JHHHM YPOBHS, JHHUH
TOKa, BEJHYMHY M HalpaB/leHHe BEKTOpa CKOPOCTH, MPOEKLHMH CKOPOCTH Ha
OCH KOODIHHAT, €CIM ABHMEHHE MHUAKOCTH ONPEIEJSETCS KOMILIEKCHBIM

TNMOTE€HIHAIOM:

77. f(z):z—[—%. 78. f(2)=61n(z — 3).
79, f(z)=3j|_—z. 80. f(2) =4In (22— 1).

HaiiTi koMIieKCHBIH NOTe A ABHKEHHS JUAKOCTH @ = f(2) = u--iv,
BEJWYMHY M HalpaBleHHe BEKTOPa CKOPOCTH, IPOEKLUHH CKOPOCTH Ha KOOp-
JMHaTHbIe OCH, TMOTEHIHaJ CKOpocTell M (YHKIMIO TOKA, €CIHM M3BECTHO:

81. YpaBHeHHe ISKBUIIOTEHUMANbHBIX JMHUIL

x* — y* - 3x=C (const).
82. YpasHeHue JuHHI TOKa

1
’W{izm = C (const).

Halitn xoMmiaexcHblilt moteHunan w = f (z) =u -} iv, BeinynHy M Ha-
npaBJieHle BEKTOPa CKOPOCTH, NMPOEKLUHH CKOPOCTH Ha KOOP/HMHATHbIE OCH,
TOTEHUHal CKOPOCTeH M (YHKUMIO TOKA, €ClH U3BECTHO:

83. IlorteHunas ckopocred

U, 9)=In(x2+y?)+7.
84, YpasueHue qunuH ToKa
2xy + 5y =C (const).
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