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NPEOVICJIOBHE

KHura copepKMT OCHOBHbIE NOHSITHS H HauGoJiee BaXKHBIE BOIPOCH
MaTeMaTHUecKOr'0 aHaJju3a.

Ilpn BbIGOpe MaTepHaja M ero H3JOXeHHH $ pPYKOBOJCTBOBAJICS
paszenoM «OcHOBBI MaTeMaTHueCKOrO aHalu3a» NpOrpaMMel Tocynap-
CTBEHHBIX 5K3aMEHOB N0 MaTeMaTHKe s (H3MKO-MaTeMaTHYyecKux ¢a-
KYJbTETOB IeJalOrHYecKHX MHCTUTYTOB (ClElHaJbHOCTb—MAaTEeMaTHKA).

Moei#t mesbio GbLIO TakXKe H OCBellieHHe B KHHUIe BhIjaloliefics poJy
PYCCKHX M COBETCKHX YYEHBIX B PasBUTHM MaTEMaTHYECKOIO aHaJu3a.

9l Hajeloch, UTO KHHrA I[IOMOJKET CTYJAEHTaM-3a0YHHKaM Jyuuie
NOHSTb H YCBOUTb HJEHHO-JIOTHYECKYIO OCHOBY MaTeMaTHYeCKOro aHaJu-
32 B TeM caMblM OyJeT JJs HHX IOJe3HEIM N0ocoOHeM IpH HOArOTOBKE
K TOCYJapCTBEHHHIM 3K3aMeHaM.

TTonb3ytock cayyaeM, uTOOBl BBIPA3UTh TIJyGOKyl 6JarojapHocTb
npop. A. @. JleouTbeBy u mnpop. B. U. JleBury 3a pax
BeCbMa IEHHBIX 3aMeyaHuii O DYKONHUCH STOH KHHIH.

H. ®poros



FJIABA I
MHO)XECTBA

1. Tonatue muoxectBa. IlomaTue mwuodcecmeo siBIAETCA
nepsuunoim. OHO He MOXKeT GBITb JNaHO NYTEM onpedeseHus,
TaK KaK AJs 3TOro norpebosasoch 6bl 6ojee NpOCTOe HOHS-
THe, yero He cymectByeT. CMBICT HOHSITHSI MHOXECTBA MOX-
HO TOJIBKO 00%ACHUMb TIPH IOMOILM PasjIMYHBIX NPHMEpOB.

Mbl MOXKeM TOBOPHUTb O MHOXKECTBE YYallMXCH XaHHOH
IIKOJIBI, O MHOXKeCTBe CTOPOH HEKOTOPOro MHOIOYTrOJIbHHKA,
O MHOXKeCTBE BCEX pallHOHAJbHBIX YHCeN H T. I.

TaxkuM 06pa3oM, MHOXKeCTBO Mbl ceGe NpeJCTaBisieM B BH-
Jie cobpaHHsl KaKHX-JHGO NpeiMeTOB.

To, uTo Bemb X NpHHALJIEXKHT MHOXKeCTBY A, BhIpaxaeT-
¢ CHMBOJIOM

XEA,
U x HasblBaeTcs dsemenmom MHOxKectBa A. Ecuim Xe x He
cozepxutcd B A, TO mumyT

X€EA.

Ecan x siBngercs o6mMM o0003HaueHHeM JIIO6OTO 3JeMeHTa
MHOXKecTBa A, TO NULIYT

A= {x}.

Tax, o603Hauasi NMpOM3BOJILHOE HATypaJbHOE YHCJO uepes 7,
a4 MHOXKeCTBO BceX HaTypaJbHBIX uucel uepe3 N, MOXKHO
Hanucathb

N ={n}.

Heorma B QurypHelx ckoGKax IepeyucssioTcss Bce (HJH
HEKOTOpbIe) 3JleMeHThl MHOXKecTBa. Hanpumep, MHOKECTBO BCeX
HaTypaJ/bHbIX YHCeJ MOXKHO 3alHcaTh TaK:

N={1,2, ...,n, ...}



Ecnn kaxaplit sjleMeHT MHOXKeCTBa A CONEPKUTCS B MHO-
xecTBe B, To A HasLIBAlOT uacmer0 MHOXKecTBa B WJIH nod-
MHOZCECMEOM MHOXKeCTBa B u numyT

ACB.

Hanpumep, MHOXeCTBO BCeX palMOHAJBHBIX YHCEJ eCTh
YacTh MHOXKECTBAa BCeX JEeHCTBHTEJbHBIX YHCEJ.
3ameTHM, 4TO BCerga
ACA,

T. €. YaCTb MHOXKECTBA MOXKET COBNAZaTh CO BCEM MHOXe-
CTBOM.

Eciu AC B, Ho A ue coBmajgaer ¢ B, To A HasmBaOT
npasuabHoil yactbio B.

Eciu A u B coBmajaioor, T. e.

ACBu BCA,
TO THIIYT
A=B.

PasauyaicT MHOXKecTBa KOHeuHble H OeckoHeuHble. Muo-
JKeCTBO — KOHe4YHoe, eCJIH €CThb CMbICJ CTaBHTb BONPOC O TOM,
CKOJIBKO 3JIEMEHTOB COZEPXMTCA B 5TOM MHOXecTBe. Tak,
MHOJKECTBO CTOPOH JaHHOI'O MHOI'OYIOJIbHHKA eCTb KOHEeyHoe
MHOXeCTBO. B uacTHOCTH, K KOHEYHBIM MHOXXeCTBaM OTHO-
CSATCS OOHO3AeMEHMHble MHOXeCTBa, T. €. MHOXeCTBa, CO-
CTOsIIME TOJNBKO H3 OJNHOIO 3JeMeHTa, U nycmoe MHOKECTBO,
T. €. MHOXeCTBO, He HMelolllee HH OJHOrO 3JieMeHTa. Takue
MHOXKeCTBa MMeeT CMbICJ paccMaTpuBaTh. EcaM, Hanpumep,
0603HauuM uyepe3 M MHOXKECTBO JeHCTBHUTEJbHBIX KOPHeH
MHorousiesa P (x) u npu JajbHefillleM pPacCMOTPEHHH OKaXKeTcs

Px)y=x+1,

TO MHOXecTBO M, OueBHIHO, OyIeT OXHOSJEMEHTHBIM; €CJH
XKe OKaxkeTcs, 4TO

P(xy=x*+1,
T0O M — mycTOe MHOXKeCTBO.

Ecau naHHOEe MHOXKECTBO HE eCTh KOHeYHOoe, T. €. B HEM
MOXKHO HaHTH 3JeMeHTOB OoJibllie JII0OOro yHcJaa #, TO OHO
HasblBaeTCsl 6Oeckoneunoim. Hanpumep, MHOXKecTBO N Bcex
HATYpaJlbHLIX YHCEN 7 eCTh 0eCKOHEYHOe MHOXKECTBO.

2. MomHOCTb MHOXKecTBa. KoOHeuHble MHOXKECTBA MOKHO
CpaBHHBaTb MeXAIy COGOM MO YMCHy 3JeMeHTOB. Eciu n,
eCTh YHCJO 3JEMEHTOB MHOXKecCTBa A, a n,— YHCIO 3JeMeH-
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TOB B, TO HMeeT MECTO ONHO H TOJbKO OJHO H3 COOTHOLIE-
HHH

n,=n,, n; <n, n;>Hn,.

Jasi GeCKOHEUHBIX MHOMKECTB TakKOM Croco6 CpPaBHEHHS He
IPHMEHHM, TaK KaK HeT CMbIC/Ja TOBOPHUTb O YMCJe 3JeMeH-
TOB GECKOHEUHOTO0 MHOKECTBa.

Ho koneunnle MHOMeCTBa MOXKHO CpaBHHBaTb U JIPYTHM
cnoco6oM. Ilycte A.u B — KOHeUHble MHOMKECTBa, M HYyCTh
IO HEKOTOPOMY TPaBHJIY YIaJoCh KaxAOMY 3JeMeHTy a€ A
NOCTAaBUTb B COOTBETCTBHE OINpeleseHHbll 3jJeMeHT b€ B,
npHuéM Kaxkabld 3jeMeHT b€ B okasajcs MOCTaBJeHHBIM
B COOTBETCTBHE ONpejeJIeHHOMY 3JeMeHTy a € A. B atom cuay-
yae Mbl OyleM TOBOPHTb, YTO MeXIy 3JeMEHTaMH MHOXECTB
A v B YyCTaHOBJIEHO 63auMHO O00HO3HAUHOE coomeemcmaue,
a MHOxecTBa A U B GyseM HasbiBaTh IKGUBANEHMHbIMU, 3a-
NIHCBIBAasi 3TO TaK:

A~ B.

OueBHIHO, YTO B3aHMHO OJHO3HAYHOE COOTBETCTBHE MEKIY
3JIeMEHTaMH KOHeUYHblX MHOXeCTB A ¥ B MOMXHO yCTaHOBHTH
B TOM M TOJbKO B TOM CJyuae, KOTJa YHCJIO 3JeMeHTOB A
paBHO uHcay 3JemeHTOB B. CrefoBaresbHO, JJISI KOHEUHBIX
MHOXKeCTB SKBHBAJEHTHOCTb H PaBHOUYHCJEHHOCTb — COBMNAAAIO-
I He TIOHATHS.

Ecan 175 6eCKOHEYHBIX MHOXKECTB TNOHSITHE PABHOUMCJEH-
HOCTH He HMeeT CMBICJIA, TO TMOHSATHE SKBHBAJEHTHOCTH CMBIC-
Jia He yTpayMBaeT, TaK KaK MOXXHO TPHBOIUTb BO B3aHMHO

ONHO3HAYHOE€ COOTBETCTBHE H S3JEMEHTbI JBYX 0ECKOHEYHBIX
MHOXKECTB.

Hanpumep, ecou
A={1,2,...,n,...},
B={-1,—-2,..., —n, ...},
TO MOXHO TIOCTABHTh BO B3aHMHOE COOTBETCTBHE 3JIEMEHTBHI
n€eA n —neB, u Torga Mexay 3JeMeHTaMH MHOXKeCTB A

u B 6y11€T YCTAQHOBJIEHO B3aWMHO OJHO3HA4YHOE COOTBETCTBHE,
CJeIOBaTeJbHO, U B 3TOM CJyyae Mbl MOXXEM CKasaTh, 4TO

A~ B.

STO NPHBOAMT Hac K CJEIYIOLIEMY OIpeJesIeHHIO:
Ecin mexny sieMeHTaMu MHOxeCTB A H B MOXHO ycTa-
HOBHTb B3aMMHO OJHO3HAYHOE COOTBETCTBHE, TO MHOXKeCTBa

il



A n B Ha3sblBAlOTCS IKGUEANEHMHbIMU, WIH UMEIOUUMH OJH-
HaKOBYIO MOWHOCHb.

3. Kapmunaabuble uncaa. IToHsiTHE paBHON MOIIHOCTH CBO-
JUTCA B Cllydae KOHEUYHBIX MHOMKECTB K TOHATHUI) pABHOIO
yycjla 3JeMEHTOB; II03TOMY €CTECTBEHHO BBIPAXKaThb MOUIHOCTh
KOHEYHOTO MHOXKECTBa HATypaNbHBIM YHCJOM, HMEHHO YHC-
JIOM ero sjeMeHTOB. Torma Bce MHOXKECTBa, COCTOSIIIME H3
OJIHOTO M TOr0 2Ke YHCJa 7 3JIeMEeHTOB, a 3HAUHT, 3KBHBa-
JIeHTHble MexkIy co0off, 6yIyT HMeTb OQHY M Ty K€ MOLI-
HOCTb, DaBHYIO X.

Jnsi BbIpaKeHHsT MOIIHOCTH GeCKOHEYHOTO MHOXKECTBAa Mbl
yKe He MOXeM BOCIOJIb30BaTbCA KaKUM-1u6o yucsaom. [lo-
35TOMY MBI CO31aéM Oco00ro poja «d4ucja», TaK Ha3blBaeMble
KapOuHavHble YUCAQ, BBOJASL HX CJELYIOUIHM OIpelelieHHeM:

Bo3pMéM KJiacc BCEBO3MOXKHBIX MHOXKECTB, SKBHBAaJIEHT-
HBIX NAHHOMY GECKOHeYHOMY MHOXeCTBY /M, a 3HAuuT, U 3K-
BHBAJIEHTHBIX MexAy co00f, U 3TOMY KJaccy NOCTaBHM B CO-
OTBETCTBHE HEKOTODBII CHMBOJ i, KOTOpBII GyIeM Ha3bBaTh
MOUWHOCBI0 WK KAPOUHAAbHOIM HUCAOM JIHOOOTO MHOXKeCTBA
paccMaTpyBaeMoro KJjacca, B 4aCTHOCTH MHOxectBa M.

Takum 06pa3oM, MOIIHOCTb MHOXKECTBA €CTb TO, 4TO $iB-
JsieTcsl OBLIMM Yy BCeX SKBHUBAJEHTHBIX MexJy coboii MHO-
JKeCTB. ¥ KOHEUHBIX 3KBHBAJNEHTHBIX MexJAy cobofi MHOKe-
CTB OOIIHM $IBJSIETCSI YHCJO 3JeMeHTOB KaXJAOTO MHOMXKecCT-
Ba, T. €. KaKk pa3 TO, YTO Mbl M INpPHHSJH 33 MOLIHOCTb KO-
HEYHOTO MHOKEeCTBa.

CnenoBaTesbHO, TOHSITHE KapAHHANBHOIO YHCJA CBOXMTCH
K MOHATHIO YHCJA 3JEeMEHTOB B CJyyae KOHEUYHOIO MHOXeCT-
Ba U gBjsgercss OCOOIIeHHEM IOHATHS 4YHCJIA 3JIeMEeHTOB Ha
ciayyall 6eCKOHEUHBIX MHOXKECTB.

4. Cparuenue MomfHocTeil. UTOOBH KapAuHAJbHBIE YHCJA
6blIM TIOJIe3HBIM O0OGHIeHHeM MNOHATHA 4YMCJa 3JIEMEHTOB, Ha-
IO UMETb BO3MOXKHOCTb CPaBHHMBATb HX MexJy co6oH, T. e.
HMeTb BO3MOXKHOCTb CpaBHMBaTb MHOXKECTBAa IO HX MOIIHO-
CTH.

[Tycts uMeem pgBa MHOxecTBa: M; u M,, u OycTb g, H
s — COOTBETCTBEHHO HX MOMIHOCTH. MexX1y MHOXeCTBaMH
M; u M, jorudyecku HONYCTHMBbl CJELYIOI(He COOTHOLIEHHsI:

1. M~ M,.

2. M;~ M%, rne M} ectb mnpaBuibHasg uacTb M,, mpH-
uéM B M, HeT uaCTH, SKBHBAJEHTHOI MHOXecTBY M,.

3. M~ M,, rne M; ectb npaBuibHas uwacTb M;, m0pu-
yéM B M, HeT uacTH, SKBHBAJEHTHOH MHOXeCTBY M;.
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4, My~ Miu M;i~M,, rone M¥ u M} — npaBusibHbe
4acTH COOTBETCTBEHHO MHoOxecTB M; u M,.
5. B M; Her uacTH, SKBHBaNeHTHOH M,, u B M, Her

4acTH, SKBHBaJIeHTHOH M.
B nepsoM ciyuae M3 caMOro ompejfesieHHsI NOHATHS SKBH-

BAJICHTHOCTH, HJH paBHOI:,I MOIIHOCTH, CJEAYET, UTO
B1 = o

Bo Bropom ciyuae, ecan Obl MHOXecTBa M; M M, Gbutu
KOHEUHBIMHM C UYHCJIOM 3JIEMEHTOB COOTBETCTBEHHO 7; U I,
OYEBHJIHO, UMEJHU Obl 1y < n,. IlostoMy A7 MOOBIX MHOXKECTB
M; u M, ecTeCTBEHHO INOJIOXKHTb B 3TOM CJyuae

Py < Po.

Hcxons u3 aHAaNOrWYHBIX COOGpaKEHUI, B TpeTbeM CJy-
yae 6ygeM CUHTaThb

Py > B

I KOHEYHBIX MHOXKECTB OUEBHJHO, 4TO YeTBEPTHIH H
OATHIH CJAyuYaW HEBO3MOXKHEI. [l OeCKOHEUHLIX MHOXKECTB,
OKasblBaeTCsl, MATHIA cllydall Takke HE MOXeT MMeTb MeCTa,
BO ueTBEPTHIM ciydyail Bo3MoxkeH. B camoM jese, dopmyana

P
T b—a

yCTaHABJHBAET B3aHMHO OJHO3HAYHOE COOTBETCTBHE MEXIY
YHCJAaMH X, YAOBJETBOPSIOMIMMH HepaBeHCTBaM a < x < b,
U uMCJaMH X', YIOBNETBOPSIIOUIUMH HepaBeHcTBaM 0 < x" < 1;
[I0O3TOMY MHOXKECTBO BCEX YHCeJ, COJEepIKaliuxcd MeXAy Ka-
KO YrofHO mapoil HeHCTBUTENbHBIX YHCeJl a U b, HMeeT Of-
HY ¥ Ty K€ MOIIHOCTb He3aBHCHMO OT @ H b.

Otclopa ciefyer, YTO MHOXKECTBA

M=0<x<2 M={l<x<5} I={l<x<2)

yyces X, YIOBJETBOPSIIOMIMX HEpPaBEHCTBAM, YKAa3aHHBIM B (H-
rypHBIX CKOGKax, SKBHBAJIEHTHB MeXX1y coGof. B wacTHOCTH,

Mi~M; v M;~M;j;

HO M; ecTb mnpaBuibHag dacTe M, a M;] — npaBuabHag
yactb M,.



B TeopHH MHOXECTB IOKa3bIBAETCS, UTO €CHH KaxKIoe
M3 IBYX JNAHHbIX MHOXECTB SKBHBAJEHTHO YacTH JPYroro,
TO JaHHble MHOXKECTBA SKBHBAJEHTHbI.

DTo yTBep:KIEHHE W3BECTHO MOJ HAa3BaHHEM «TEOpEM:l
Kanropa—DBepHmTefinay.

Ham npumep coryiacyercst ¢ 3TOi TeopeMO#, Tak Kak

M~ M,.

Urak, maTOE COOTHONIEHHE HEBO3MOXKHO, a H3 4eTBEPTOro
BuiTeKaeT nepeoe. Ho oueBnzHO, uTO mepBoe, BTOpoe M Tpe-
Tbe COOTHOIIEHHs1 HecoBMecTHMEI. OTCiofa clienyeT, UTO MeX-
Iy MOIIHOCTSIMH p; H p, MHOXecTB M; u M, Bcerza HMeeT
MECTO OJHO M TOJIbKO OJHO M3 TPEX COOTHOIUEHHH

*"’1= 9'21 ["’1 < *"’2’ !"'1 > ""2'

5. Cuérnele MHoxecTBa. Cpenyu GeCKOHEUHBIX MHOXKECTB
BaXHYIO POJIb HIpaeT MHOXECTBO BCeX HaTypaJbHBIX UYHCeJ]

N={1,2,...,n ...,}

B Teopun MHOXKECTB BbIIEJAIOTCS MHOXKECTBA, HMeEIOIIHe
Ty JKe MOIIHOCTb, YTO M MHOXKecTBO N. 3DTO - TaKk HasbiBae-
Mble CUETHble MHOXKeCTBa. IlOHATHe CUYETHOrO MHOXKECTBa
omperneJisieTcsi Tak:

Bcsikoe MHOXKeCTBO, 9KBHBAJIeHTHOE MHOMKECTBY BCeX Ha-
TYpaJbHBIX UYHCEJ, Ha3blBAETCS CUEMHOIM.

Tak, HampuMep, MHOMKECTBO

M={2,4,6,...,%, ...}

cuétHoe. B caMom jesie, MOCTaBHB BO B3aHMHOE COOTBET-
cTBHe 3jieMeHThl 2n€M u n€N, Mbl YCTAaHOBHM B3aKMHO

OIHO3HAYHOE COOTBETCTBHE MexAy sJemeHTaMu M u N; cie-
JIOBaTeJbHO,

M~ N.

MoXHO maTh Apyroe onpefesieHHe MNOHATHS CUETHOrO MHO-
JKeCTBA, PABHOCHJbHOE NEepBOHAYANbHOMY OIMpeeJeHHI0, HO
yacto 6ojiee yno6HOe AJs TMOJIb30BaHHUS.

Ilyctb A ectb Kakoe-HHOYnb cuéTHoe MHOXKecTBO. Co-
TJIaCHO OTIpefeJIeHHIO, MOXKHO YCTaHOBHTb B3aMMHO OJHO3HAU-
HOe COOTBeTCTBHe Mexay sJjeMeHtamu A u N. Ilycth Takoe
COOTBETCTBHE YCTAHOBJEHO M B pe3yJbTaTe 3TOTO HEKOTOpHIH
dJleMeHT MHOXKecTBa A M HaTypaJibHOEe YHCJO A OKasaJjuch
BO B3aMMHOM COOTBeTCTBHH. (OGO3HaYWM 3ITOT 3IJEMEHT MHO-
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xecTBa A uepes a,. OueBHAHO, YTO Temepb KaxKIbli 3Je-
MeHT MHOXecTBa A OyZeT MMeTb CBOH HOMep — HaTypaJjbHoe
UHCJ0, @ KaXKJIoe HaTypaJlbHOe YHCJIO OYIeT HOMEpOM HeKO-
TOpOro 3JjemMeHTa A. 3HA4YHT, MHOXeCTBO A NpUMET BHL

Ay, Qgy vvvy Ay - v

B sToM csiyyae Mbl GyneM TOBOPHTb, 4TO MHOXKecTBO A
NPeACTABJIeHO B BHAE OECKOHeuHOU nocAe0068ameAbHOCMY pas-
JIMYHBIX 3JIEMEHTOB.

O6paTtHO, ecaum HeKoTOpoe MHOXKecTBO A MOXeT ObiTb
IpeicTaBleHO B BuAe GeCKOHEYHOH NocC/efOBaTeJbHOCTH pas-
JHYHBIX 3JIEMEHTOB, TO MroxectBo A cuéTHo, W60 HyMepa-
LHIO 3JeMEeHTOB A B MOCJeOBaTeNbHOCTH MOXKHO paccMaTpH-
BaTb Kak mNpHBeleHHe 3jeMeHTOoB A W N BO B3aHMHO OJHO-
3HAYHOE COOTBETCTBHE.

Hrak, cuéTHble M TOJbLKO CUETHBIE MHOXKECTBA MOTYT ObITh
npeacTaB/eHbl B BHIe GeCKOHeuHOH MocJ/iefoBaTe/IbHOCTH pas-
JUYHBIX 3JeMEeHTOB. 3TO MO3BOJsieT CchOpMYJHPOBATb MOHS-
THE CYETHOrO MHOXEeCTBa TaK:

MuoxecTBO A Ha3biBaeTCst CUETHBIM, €CJH €r0 MOXHO

NpeACTaBHTb B BHIE 6eCKOHeYHOM nocJjenoBaTeJbHOCTH pas-
JIMYHBIX 3JIEMEHTOB

A={ay, a,, ..., Qn ...}

Teopema. Ecim MHOXKeCTBO A COCTOHT M3 3JIEMEHTOB 4, ;,
pasjinuaeMblX IBYMsi 3HaukaMH k2 W i, NPHHUMAIOLUINMH B Ka-
YeCTBe CBOMX 3HAUYeHHH HaTypaJibHble UHCJa, TO HaHHOEe MHO-
JKEeCTBO

. A={a.;}
CYéTHO.

Hoxaszameavcmeo. Tlonoxum k4 i=n. OueBupHO, UTO
TONIbKO KOHEYHOe YHCJO 3JEeMEHTOB @, ; HMeeT CyMMOH 3Hau-
KOB £ M i omHO M TO ke uucao n. [lycTb HanMeHbllee 3Ha-
yeHHe n ecTb n,. Torja MOXHO 3aHyMepoBaTb BCe 3JIEMEH-
Tl @, ;& A, y KOTOpbIX k- i=n,, Tak Kak TaKHX 3JeMeH-
TOB KOHeuHoe uucJo. [locse 3Toro MOXKHO 3aHyMepoBaTh
BCE 3JeMeHTHl a, ;€ A, wuMeomue k+i=ny- 1, KOTOpBIX
TaK)Ke KOHEUHOe YMCJo, W T. . TakuM nyTéM Mbl 3aHyMe-
pyeM B O€CKOHEUYHYIO TOCJeIOBaTENbHOCTb 6Ce  3JEMEHThI
MHoxecTBa A, u60 N0 J1I06OTO 3JeMeHTa a,; € A, UMelolLlero
CYMMY 3HauKOB k- i=n, NpUIETCH 3aHYMepOBATb KOHEUHOE
YHCJIO 3JIEMEHTOB, a 3aTeM JaAHM HOMEp H 3TOMY 3JEeMEHTY
a,; €A. J10 ¥ AOKa3biBaeT CYETHOCTb MHOXecTBa A ={a,;}.
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Caedcmasue. MHOXKECTBO BCEX paliOHAJIBHBIX UHCEN CUET-
HO.

J1eACTBHTEJNILHO, BCE IOJOXKHTEJbHbIE pAlMOHAJBHEIE UH-
cJla, KOTOpble MBI BCerJa MOXKeM MEICJHTh B BHJIE HECOKpa-

THMBbIX ,11p06e171 BHJa %, MOZXHO paccMaTpuBaTb KakK 3Je-

MEHTBL a4, ,, pasJjqnuyaeMple IByMs SHao"IKaMH p u g, IpHHH-
MawUIUMH B KaueCTBe CBOHX 3HAU€HHUU HaTypaJbHble YHUC]A,
OTKyJa U CJenyeT, UYTO MHOXECTBO BCE€X TMOJIOXKHUTEJbHBIX
pauuoOHaJbHBIX 4YHCeJI cyéTHO, a No3ToMy INpE€ACTaBHMO B BH-
Jie OeCKOHEUHOH MOCJIe[OBaTEJbHOCTH pa3JUYHbIX 3JIEMEHTOB

P1s Poy oo vy Py o+«

Ho Torma Bcé MHOMKecTBO R panuOHaJbHBIX 4HCeN GyneT
OXBayeHO IIOCJeJOBATeNbHOCTBIO

0’ P1s —P1s Pas —Pos v e s Py —Ppy o e

OGosnauast r,=0; ry=p;; rg= —py; rya=pg Is= —p,
M T. 1., MHOXKECTBO R BCeX palHOHAJbHBIX YHCEJ MBI Ipel-
CTaBHM B BHJE GeCKOHEUHOH IO0CJ/Ie0BATENbHOCTH PA3IHYHBIX
3JIEMEHTOB

R=A{ry,ry - oitpy oo}y

NO3TOMY OHO CUETHO.



F'TABA II
MHO)XECTBO JEMCTBHUTEJIbHBIX YHUCEJI

1. Uppanuonanbueie uucaa. OnpejesieHHe uppallHOHANb-
HOrO YHCJAa MOXKHO JaTh IpPH TNOMOILYM TNOHATHS CEeUYeHHs
MHOKECTBA pallHOHAJBHEIK YHCEJ.

Ceuenuem MHOXKecTBa R BCeX palHOHAJbHBIX UYHCEJ Ha3bl-
BaeTcsl BCsKoe pa3CHeHrMe 5TOr0 MHOXKECTBAa Ha JBa MOAMHO-
xkectBa A U B, yIOBIETBOpSIOIIEe YCJIOBHIM:

1. Hu oxno u3 mHoxecTB A u B He mycToe.

2. Kaxpoe paunHOHaJIbHOE YHCJO COJAEPIKHUTCS B OJHOM
H TOJbKO B OIHOM K3 MHOXKeCTB A wmiau B.

3. Kaxpoe wumcno, conepxamieecs Bo MHOXKecTBe A,
MeHbIIe KaxJIoro 4YHcJa, COAEpPIKAlIEerocss BO MHOXKeCTBe B.

MuoxecTBo A HasbiBaeTcsi HHXKHHMM, a MHOXecTBOo B
BepxHUM KJjaccoM. Ceuenne R oGosnauaeTcss cuMBoJioM (4, B).

OueBHAHO, YTO B HHXKHEM KJjacce A HET HAWMEHBIIEro,
a B BepxHeM KJjiacce B HerT HauGojbliero uuciaa. Uro xe
KacaeTCsi HauOOJIbIIErO YMCJa B KJjacce A W HaUMeHbIIero
yucja B Kjacce B, TO 3[echb JIOrM4eCKH BO3MOXKHBEI Clle-
IyIOUHe 4YeThipe CJyuas:

1. B nuxnem kiacce A ecTh HauGoJblliee YKCJIO, a B BepX-
HeM KJjacce B HeT HaWMeHBIUEro YHCJa.

2. B BepxHeM Ksacce B eCTb HaUMeHbllee YHCJIO, a B HIX-
HeM Kjacce A HeT HauGoJbIIEro yucJa.

3. B HmxHeM kiacce A HeT HauGOJbLIErO YKCJIA U B BEPX-
HeM KJacce B HeT HaWMeHBIIEro YHCJa.

4. B HuxHeM Knacce A ecTb HanGoJbllee YUCJIO U B BepX-
HeM KJjacce B ecTb HaWMeHbllee YHCJIO.

JlokaxkeM, 4TO 4eTBEPTHIH CJyuail HEBO3MOIKEH.

B camom gene, nyctb ceuenue (A, B) uerBépTOoro BHAa,
T. €. B kJacce A ecTb HauboJjbllee YMCJIO @, M B KJjacce B
ecTb HammeHbllee yucaO b,. Tak Kak BcsiKoe umclo Kjacca A
MeHbIlle Ka)(Oro yucsia kKjacca B, to gy < b,. Ho naa pa-

a,+ b
UMOHAJBHOrO YHCJIa r=°—"l‘,‘"—° uMeeM a, <r < b,; nostomy r
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He COIepKHUTCA HHM B Kaacce A, Tak Kak GoJjblue Hau6oJb-
Ilero uyHcJa @, B 3TOM KJacce, HH B KJjacce B, Tak Kak
MeHbIIle HaMMEHBLIETO yHucja b, B 5TOM KJjacce. DTO NPOTH-
BOpEUHT ONpejiesleHHI0 CeuYeHHs MHOXKeCTBa BCeX palHOoHaJb-
HBIX YHces, W60 N0 ONpeleJIeHHID CeuYeHHs] KaxkJoe palHo-
HaJlbHOE YHCJO JOJIKHO cojepxkartbcs Jsu6o B A, mu6o
B B. llonyuennoe mnpoTuBopeurne ¥ JOKasblBaeT, 4TO ceye-
Hus (A, B) uerBéproro BHIA He cymecTByeT. YToObI
JIOKa3aTb, YTO CEYEHHs] IepBOro, BTOPOrO W TPETHETO BHIOB
CYIeCTBYIOT, NOCTAaTOYHO NPKBECTH COOTBETCTBYIOIIME IpH-
Mephl.

IIpumep 1. BosbméM Kakoe-THGO pallMOHAJIbLHOE YHCJIO
r W BCe palHOHaJbHble YHCJA @, MeHblIHe r, NOMECTHM
BKJacc A, a panyoHanbHble yncaa b, 6oabmne r, — B KJjacc B.
Uucso r nomectuM B kJaacc A. OueBHIHO, NOJYYHM CeUeHHe
(A, B) nepBoro Buna. B camom nene, B Kjnacce A uucio r
SBJ€TCS HauOOJBIIMM, a B KJacce B HauMeHbIIEro uucjaa
HET, HHaue MOJYYHJH Obl ceyeHHe UYeTBEPTOrO BHAA, 4YTO
HEBO3MOKHO.

MNpumvep 2. MaMenum npepsinywuii npuMep TOJBKO TEM,
4TO YMCJO r OTHecéM B KJjacc B. OueBHIHO, NOJYyYHM ceye-
HHe BTOpOTrO BHIA.

MNpumep 3. OrHecéM K Kiaccy A Bce OTpHUATENbHbIE
pallHoHa/MbHBle YHcaa, uucao O u Bce NOJIOXKHTENbHBIE palHo-
HaJibHBlE YHCJia, KBaApaT KoOTOphIX MeHblie 2. Bce ocrase-
Hble palllOHaJNbHBle 4YucJa OTHecéM K Kaaccy B. Tak kak
pallHOHAJILHOrO YHCJa, KBaIpaT KOTOPOro paBHAeTcs 2, He
CYLIECTBYeT, TO KJacc B COCTOHT H3 BCeX MNOJOXHTEJNbHBIX
pallMOHAJIbHBIX YHceJs, KBagpaT KOoTopblx Gosblie 2. OueBHaHO,
uto MHOXecTBa A W B He mycThie, KaKIoe palHOHAJbHOEe
YHCJIO COIEPXKHUTCA B ONHOM H3 KjaaccoB A umu B u kaxiaoe
4yucJo Kaacca A Menblue JioGoro yucsaa kmaacca B. Cnemo-
BaTeJbHO, uMeeM ceuenue (4, B). JlokaxkeM, YTO 3TO CeueHHe
TpPeTbero BHJIA, T. €. B Kaacce A HeT HauOOJbLIEro, a B KJac-
ce B HeT HaWMeHBIUETo YHCJA.

B camom gene, nomycTuMm, 4TO @, — HauGoJiblllee H3 BCEX
yuces, cojgepxawmuxcs B A. flcHO, YTO @, He MOXKeT ObIThb
HH OTpHIATeJbHbIM, HH HYJEM, TaK Kak A CONepXHT H TIo-
JoXHuTebHble uncaa. Ilostomy @, O um aj 2. TlocraBum
Tenepb 3ajaued HaHTH TaKkoe HaTypajlbHOE YHCJO 1, YTOOHI

(a0t t) <z
12



HIIH
2a 1

Ho nocJjefHee HEPABEHCTBO H MOJABHO 6y11e1' BBIIIOJIHEHO,
€CJIH 1 YRAOBJETBODHUT HepaBeHCTBy

a2 =0 2”" -|- <2,
HJIH
2ao+ 1 <2_
Orciona, yuuThIBasi, uTO 2—a2 > 0, umeem:
n > 22a°+1 =o.

Hrak, npm mo60oM 7 >p CHpaBefMBO HEPaBEHCTBO
1
( a,+ ) <2, T. e. @y~ — COLEPKHTCs B KJacce 4, a TaK

1
KaK @y < Qo+, TO 5TO NPOTHBOPEUMT JOMYUIEHUIO, UYTO

a, — Hanbosbilee K3 yuces kJjacca A. CrenoBaTesibHO, B KJjac-
ce A HauGOJIbIIErO YHCJIAa He CYILeCTBYET.

HonyctuM Temepb, 4YTO cpenn uucesn KJacca B ecThb
HauMeHblllee 4HcHO b, IlocTaBuM wesbio HAliTH Takoe HATy-
pasbHOe uHCJO 1, 4TOOH ObLIO

(-1 >

b2 o

HJIH

1
+-o7>2

Ho mnocnennee HepaBeHCTBO M NONAaBHO OyIeT BHINOJHEHO,
€CJIH TOJNBbKO A YIOBJETBOPHUT HEPABEHCTBY

-2 >0,
HJIH
b2 > 2 2bo
OTKyJa, YUHTHIBas, 4To bl —2 > O, HMeeM:
n>-=- =) b =p’.
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Hrak, npu mo6oM 7 >p’  COpaBelJMBO HEPaBEHCTBO

1 3\2 1
(bo —7> >2, T. e. by—-- conepxurcs B Kiaacce B, a Tak

1
KaK by——-<b,, TO 5TO IPOTHBOPEYHT MOMYILEHHIO, UTO b,

ecTb HaMMeHbllee M3 BCeX 4YHces kKJacca B. CreJoBaresbHO,
B KJacce B HaHMeHbBIIEro yHcJa HE CyLIeCTBYET.

Takum o6pasoM, Mbl uMeeM npuMep ceuenus (A, B) MHO-
JKecTBa BCeX pALHMOHAJbHBIX UYHCeJ, KOIZa Cpely YHCel
HIDKHEro KJjiacca A HeT HauGOJBbILIEro, a Cpefd YHCeJ Bepx-
Hero kJjacca B HeT HauWMeHBLIETO, T. €. CEUYEHHS] TPETbEero
BHJA.

Jloxa3areJbCTBO  HEBO3MOXKHOCTH  UETBEPTOTO  CJydasi
H pacCMOTpeHHble 3JeCb INpHUMepHl NO3BOJIIIOT (HOPMYJIHpO-
BaTb CJeAYIOLULYI0 TeopeMy.

Teopema. CeueHnsi MHOXKeCTBa BCeX pAlHOHAJBHBEIX
quceJ MOTyT ObITb TPEX BHJOB:

1) qu6o B HuxHeM KJacce A ecTb HauboJbluee YHCJO 7,
HO HeT HaMMeHBIIero Yucja B BepXHeM KJacce B;

2) sqmbo B BepxHeM KJacce B ecTb HaHMeHblee YHCJIO 7,
HO HeT HauGOJIBIIErO YHCJAa B HHXKHEM Kjacce A;

3) uGo, HAKOHEl, HM B HUXKHEM KJacce HeT HauGoJb-
IIero, HH B BepXHEM KJacce HeT HAaWMeHbLIero YucJa.

Ecau ceuenne (A, B) —nepBoro WM BTOPOrO BHIA, TO
CYLIeCTBYeT pAlMOHAJbHOE YHCJO 7, KOTOpOe SBJsSeTCs NO-
TpaHHYHBIM MeXay Kaaccamu A u B. B ciyuae cevenus
(A, B) TpeTbero BHAA TaKOTO PAlHOHAJBHOTO IOTPAHHYHOI'O
ypclia He CyLIeCTBYeT; IO3TOMY Mbl CO3JaéM HOBOe uppa-
YUOHAAbHOE YHCJIO, KOTOPOe M CUMTaeM COJepXKaluMcs MeX-
oy kmaaccamu A wu B. Taxkum o006pasoM, HppalHOHAJbHbIE
YHCJa MBI BBOAMM IIPH NOMOILH CJEAYIOMEro ONpeleJeHHs :

Ecan ceuenne (A, B) MHOXecTBa BCeX palHOHAJbHBIX
YHCeJ — IEPBOrO HJIH BTOPOro BHA3, TO I'OBOPAT, YTO Cede-
HHe TIpOHM3BOAMTCS DAlMOHANBHBIM UHCJOM 7 MJIH YTO CeyeHHe
omnpejiessieT palMoHaJdbHOe yHcyo r. Ecan xe ceuenne (4, B) —
TPeTbero BHJA, TO TOBOPAT, YTO 3TO CeUYEHHE OIpejeliseT
HEKOTOpOe UPPAYUOHAAbHOe YUCIO &, W TUIIYT:

a= (4, B).
Bce panuosanbHble M HppalHOHANbHBIE YMCJIAa BMeCTe

COCTaBJIIIOT MHOXKECTBO BceX Oericmsumenvrblx (UIH 8euye-
CMBeHHblx) YHCeL.
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2. YnopsiioueHHOCTb MHOXKECTBA JEHCTBHUTENBHBIX YHCEJ.
MuoxecTBO R BCexX palMOHAJbHBIX YHCeN O6JafaeT CBOM-
CTBOM YnopadodeHHocmu, KOTOpOe 3aKJIOYaeTcs B TOM, YTO
AN JIOOBIX JIBYX palHOHAJBHBIX 4YHCeJ @ U b HMeeT MecCTo
OJHO M TOJIbKO OJHO M3 TpEX COOTHOLIEHH:

a=b, a<b, a>b,

npuuéM U3 HepaBeHCTB a < b, b < ¢ cJjenyer HepaBeHCTBO
a<ec.

Ham Hamo mo3aGOTHTbCS O TOM, 4TOOBI M MHOXKECTBO
el CTBUTENBHBIX UYHCEJ, TNOJYYEeHHOe TpPHCOeAMHEHHEM K pa-
[IMOHAJbHBIM YHCJaM HOBBIX, HDPALHOHAJBHLIX YHCEJ, TaKKe
ObLJIO  YIIOPSIIOUEHHBIM.

IlpenBapuTesbHO yCJIOBHMCS BCSIKOE IEACTBUTENBHOE YHCJIO &
BbIpaxkaTb CeYeHHeM MHOXKeCTBa BCeX palliOHAJbHBIX YHCeJ,
npuuéM ecsd YHCJO o — HppalHOHAJBbHOE, TO, KOHEUHO, ceye-
HHEM TpeTbero BHIA, a €CJH ¢ — PalOHAJbHOE YHCJO0, TO
ceyeHHeM IIepBOrO BHJA.

[lycTh umeeM 1Ba JMefiCTBUTENBHBIX YHCJA:

a=(A,B) u o' =(4", B).

[lpuMem mo ompeneseHuIO:

1) a=a’, ecan MHO)ecTBa A M A’ coBmajaor, a cjeJoBa-
TeJBHO, COBMAZaloT M MHOXecTBa B m B’, T. e. (4, B)
u (A’, B') npelCTaBsiOT OJHO H TO Ke CeyeHHe;

2) e <a', eciu MHOXKecTBO A cocTaBisieT TPaBHILHYIO
gyactb MHOXectBa A’, T. e. ACA’, wo A+ A" (rorma
B'C B, vo B’ =+ B);

3) a >a’, ecau MHOXKeCTBO A’ COCTaBJsgeT NPaBHJbHYIO
yacTh MHoxkectBa A, T. e. A’ A, vo A’ A (rorna
BCB’, no B # B').

W3 stux onpeneseHH#l, OuYeBHAHO, CJeAyeT, 4YTO JJf
JOGBIX IBYX JeHCTBHUTEJBHBIX 4YHCeT o W o' HMeeT MeCTO
OIHO M TOJBKO OJZHO U3 TPEX COOTHOLIEHHI

a=a’', a<a', a>a.
Kpome Toro, mMoxkHO JOKas3aTb, 4TO IJisi JIOOBIX JAeHCTBH-
TeNIbHBIX YHCeN o, B M 7 H3 HepaBeHCTB o < f U P < 7 BhITe-

KaeT HepaBeHCTBO a < 7.
B camoMm jgese, mycTb

a=(4, B), B=(A', B') u 1= (4", B).
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Ha mepaBencTBa a < B cuenyer, uto AC A’, vo A # A’;
s B< v umeem A’ C A", Ho A’ = A", cleIoBaTelbHO,
ACA, Ho A= A", T. e. a < 7.

Taxum o6pasoM, MHOXKECTBO BCeX JEHCTBHTE/bHBIX YHMCeJ
Mbl ynopadouuaLL.

3ameTHM, HaKOHell, YTO M3 OMNpeleseHHs paBeHCTBAa H He-
PaBeHCTB MeXAy HeHCTBUTENbHbIMH YHCJaMH CJEeAYeT, 4YTO
€CJIM UHMCJO r pallioHalbHOe a uucao a= (A, B) uppauuo-
HaJIbHOE, TO 7 < &, eCJu r€A, u r > a, ecau r€ B.

3. InoTHOCTL MHOXecTBA JeficTBUTeJbHbIX uuced. Mio-
JKeCTBO BCeXx JefiCTBUTEJbHBIX uuces o6jagaer CBOHCTBOM
naomrOCMU, KOTOPOE 3aKJI0YaeTcsl B TOM, UTO MeXAy Ji0GbIMH
JABYMSI NeHCTBHTENbHBIMH YMCJAMH CONEPXKHUTCS AeHCTBUTEJb-
HOe UMCJIO, a CJeZOBaTeNbHO, W OEeCKOHEUHOe MHOXKECTBO
TaKHX UYHCeJ.

YUT0o0bl yOedHTbCA B 3TOM, JOKaXKeM CJAYIOLLYIO TeOpeMy,
TpeACTaBAAOWLYIO 6oJlee CHJbHOE YTBepXKAEHHE.

Teopema. KaxkoBbl Gbl HM ObliM [IBa JeHCTBHTEJbHBIX
yucaa o M o’ o, BCeria Haigérca pauuoHaJbHOE YHCHO 7,
3aKJIIOUEHHO® MeXAy HUMM: a < r< a’, a 3HauuT, H OecKo-
HeYHOe MHOJKeCTBO TaKMX palMOHANbHBIX YHCEJ.

Hokasamenscmso. Ilyctb

a=(4, B), o =4, B).

Hs ycaoBus a < a’ ciepyer, 4to MHOXKecTBO A cocra-
BJS€T NpaBHJbHYIO 4YacTb MHoxecTBa A’; nostomy B A’
HaMJETCsl Takoe palHOHANbHOE UYMCJIO 7, KOTOPOE He conep-
xurcs B A, a 3nauut, comepxurca B B. Ho us re B cie-
ayer, uto r >a, u u3 r€ A’ umeem r <a’, T. e.

a<<r<al.

4. HenpepblBHOCTh MHOMECTBA HEHCTBUTEJBHBIX 4HCEJ.
AnajornyHo NOHATHIO CeyeHHsi MHOXKecTBa R Bcex patuo-
HaJNbHBIX YHMCEJ, Mbl BBOIMM IMOHATHEe CeuYeHHs] MHOXKEeCTBa
Z BceX JIeHCTBHUTE/bHBIX YHCeJ CJEILYIOIHM OIpejeseHueM:

CeueHneM MHOXeCTBa Z BCeX [JeHCTBUTE/bHBIX UHCEJ
HasblBaeTCsl BCsiKoe pas0HeHHe 3TOTO MHOXeCTBa Ha JBa
noxmHoxectBa X M Y, KOTOpble YIOBJETBOPAIOT YCJOBHSM:

1. Hu oxHo u3 MmHoxectB X u Y He mycroe.

2. Kaxpoe neficTBUTEJIbHOE YUCJIO CONEPIKUTCH B OJHOM
H TOJILKO B OJHOM M3 MHOoxecTB X HJu Y.

3. Kaxnoe uncno, comepxateecs: B MHOxKecTBe X, MeHblIe
KaXJIOTo YHCJa, COoJepKalierocsi B MHOXKecCTBe Y.
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MuoxecTBo X HasblBaeTCsl HHXKHHM, a MHOXKeCTBO Y
BepXHUM KJjaccoM. Ceuenne Z 0603HauaeTCsi CHMBOJIOM

X, Y).

JoxaxeM TeopeMy, KOTOpasl yCTAHABJIHBAET, KaKOTO BHAA
MOTYT ObITH ceuenus (X, Y).

Teopema (Hdedexunoa). Ceuenns (X, Y) MHONKecTBa Z
BCeX NeHCTBHTEJBHBIX YHCEJ MOTYT OHTb JBYX BHJOB:

1) 1u60 B HuKHeM KJacce X ecTh HauGOJblIee YHCIIO,
HO HeT HauMeHbIIero YHcJa B BepXHeM KJjacce Y;

2) 6o B BepXHeM KJiacce Y eCTb HaWMeHblllee YHCIIO,
HO HeT HauboJbIIErO UYHCJa B HHXKHeM KJacce X.

Hoxazameascmeo. Tlpexnme BCero 3aMeTHM, UTO HE MOXKET
ObiTb TAKOTO CeuYeHHsl, KOTJa U B HHXKHeM KJjacce X ecTb
HauboJIblllee YHCJO &, M B BepxHeM KJjacce Y ecTb HaHMeHb-
mee uyucyao B. B camoM geme, mycTh Takoe ceuenme (X, Y)
eCcTb, H YHCJO o — HauboJbilee B X, a f — HauMenblee B Y.
Torma a < B, Tak kak a€X, a B€Y. Ho B cuny mmotHoctu
MHOKeCTBa BCeX JeHCTBHUTEJbHBIX UYMCes Halgércs 4YMCJo r,
yTo 6yfeT a < r < B. Uucio r He MOXeT coiepxarbCsi B X,
TaK Kak OHO 6oJbllle HaumGOJbIIEr0 W3 YHCes Kjacca X, HO r
He MOXKEeT COJiepXkaThCs H B Y, TaK KaK OHO MeHbIle Hau-
MeHbLIero M3 uyuces kjaacca Y. 3TO NPOTHBOPEYHT TOMY, UTO,
N0 ONpeJleJIeHHIO CeueHHs,, KaXK[0e YHCJO 7 JOJIKHO COMIEep-
Katbesl WiH B X, wim B Y.

BosbméMm npousBospHOe ceuenme (X, Y) MHoxectBa Z.
O6osrauuM uyepe3 A MHOXKECTBO DallMOHAJBHBIX YHCEJ, COAEp-
Xaumuxcs B Kjacce X, u uepe3 B — MHOXXECTBO palHOHAJb-
HBIX 4YHCeJ, coJepKamuxcsd B kJjacce Y. Tak Kak Kaxjaoe
panyoHa/nbHOE UYHCJIO cojepxkuTcs Ju60 B X, a 3HAUMT,
u B A, m6o B Y, a 3nauut, ¥ B B, H, KpoMe TOrO, J06oe
YHCJI0 MHOMXKeCTBa A (C X MeHble KaXKJOTI'o YHCJAa MHOXKeCTBa
BCY, 10 uMeeM ceuenue (A4, B) MHOKecTBa R BceX palmo-
HAJIBHEIX UYHCeJL

Ceuenne (A4, B) onpezesisier HEKOTOPOE PalMOHAJIbHOE HJIH
HppalHoHaJbHOe uYMcJo E. DTo uucJo &, Kak M Joboe jeit-
CTBHTEJIbHOE UHCJO, copepxurcs nuGo B X, JH60 B Y,

[Tycts &€ X. JlokaxkeM, 4TO yucyO &€ — HauGoOMbIIEEe CPesH
yyuces kJacca X. Jomyctum, YTO 3TO He TaK, 4TO B KJjacce
X Ha#izércst umucyo a > & Torja MOXHO HaWTH palMOHAJbHOe
yucyo r, 4to Oyrher & <r < a. M3 nepaBeHCTBa £ < r cie-
nyeT, 4To r€ B, a HepaBeHCTBO r < a, Ile ¢ €X, IOKa3bl-
BaeT, uTo r € X, a 3HayMT, H r€ A. D10 NPOTHBOPEUHT TOMY,
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YTO Ka)kAoe pauuOHaJbHOE YHCJIO 7 COREPHKHUTCH TOJBKO
B OfHOM Kuiacce, ju6o B A, sm6o B B. IlosTomy pomyiue-
HHe, uTO B KJylacce X ecTb yucjo o > &, we BepHo. Crejo-
BaTeJbHO, ecan &€ X, TO £ ecTb HauboJiblliee YHCJIO B HHXK-
HeM kJlacce X, a Tak KakK OJHOBPEMEHHO C 3THM HE MOXET
ObIThb HaMMeHbLIero 4Yucja B BepXHEM KJjacce Y, To ceueHue
(X, Y) — nepBoro Buza.

AmnanoruyHo jgokasbiBaeTcs, uTO ecaH EE€Y, TO uMCIO
{ — HauMeHblllee Cpely uYHCeJ BepXHEro KJjacca Y, a ciefno-
BatesbHO, ceyenue (X, Y)—Broporo Buja.

Hrak, ceuenne (X, Y) Bcerga 6yner nu6o nepsoro, Ju6o
BTOpPOTO BHJIA.

Takum o6pasoM, ansi JoGoro cevenus (X, Y) MHOKecTBa
IeHCTBUTENbHBIX YHCeJl CYIIEeCTBYyeT IOTpaHHyHOe YHCIO &,
onpeJeJsiollee CeyeHHe, TaK UTO KaXJOe YHCJIO, MeHblee §,
IpHHAMJEXUT Kjaaccy X, a Kaxjpoe yHciao, GoJbliee &, mpu-
HaJJIeXKHUT KJaccy Y.

DTO CBOACTBO MHOXeCTBa JeHCTBHUTEJbHBIX YHCEJ Hasol-
BAETCSl HenpepbulBHOCH1bI0 MHOXKECTBA JeHCTBUTENbHBIX YHCE,
TaK KaK OHO aHAJOTMYHO HelpephlBHOCTH, NPHCYLIell B HalleM
npeACTaBJIeHHH NPSIMOH H Bblpa)kaeMON aKCHOMON:

Ecan npousseseno ceuenue (X, Y) npsamoli, T. e. ecan
TOUKH IIpsSIMOfl pasjeneHsl Ha JBa kKjacca X u Y Takum
o6pas3oM, uTO KaxJas TouyKa Kjacca X JieBee KaKJOH TOYKH
KJacca Y, TO CymiecTBYeT IIOIpaHMYHas TOuYKa &, ompenens-
Iollasi CeyeHHe, TaK YTO KaxJas TOUYKa, PpacloJioKeHHas
JeBee £, NPHHANJIEXKUT KJaccy X, a Kaxnas TOYKa, pacno-
JIOJKeHHasi npasee &, NPHHALJIEXKHUT Kjaccy Y.

HenpephlBHOCTL SIB/ISIeTCS BaXKHEHINMM CBOHCTBOM MHO-
JKeCTBa JIeHCTBUTEJbHEIX YHCes. Diarojapsi aToMy CBOHCTBY
ynaéTcss YCTaHOBUTb B3aUMHO OJHO3HAYHOE COOTBETCTBHE
MeXJIY MHOXKECTBOM JeHCTBHTENbHbIX YHCEJN H MHOXKECTBOM
TOUeK INpAMOH, T. e. KaxJoe JefCTBHTEJbHOE UYHCJIO MOKHO
H300pa3uThb TOYKOH NPSIMOH TaK, YTO KaxIas TOYKa NpsiMOH
OKaXkeTCs] H300pakeHHeM OJHOI'o JeHCTBHTENBbHOTO YHCJA.
3TO COOTBETCTBHE COXpAHAET MOPSNOK: yeM GoJible YHCJIO,
TeM IpaBee Ha NPSMOH TOYkKa, H306paxkaiolias YHCJO.

Ilpsamas, TOuKH KOTOpOH HAXOHSTCS BO B3aHMHO OJHO-
3HAYHOM COOTBETCTBHU C HEHCTBHUTENbHBIMH YHUCJIaMH, Hasbl-
BaeTCsl 4UCA080U NPAMOL, WIH HUCA0B0L OCHIO.

5. Konrunyym. 31ech Mbl yGenumMcsi, YTO MOUIHOCTb MHO-
JKeCTBa BCeX JeHCTBUTENbHBIX 4Hces 6OJblle MOLIHOCTH CUéT-
HbIX MHOKECTB,

18



[lpexBapurenbHO 3aMeTHM, 4YTO BCSIKOE JEHCTBHTEJbHOE
9HCJI0 MOXKHO INpPeJCTaBUTb B BHJIe GECKOHEUHOH JeCSTHYHOH

apo6u. Ecim uncso ¢ mpeAcTaBisieT KOHEUHYIO HECSTHYHYIO
Epo6b

a=n,a,a, ... a,

TO €ro MOKHO 3aNlKcaTh B BHAe OECKOHEUHOH JeCSTHIHON
EpoOH IByMsl crioco6Gami:

a=n, a,a ...a,000...

a=n,a,a,...(@—1)999...

Mu Be OylzeM moJIb30BaTbCS NEPBBIM CHOCOGOM Pa3JOKEHHS,
cogepxamuM O B nepHoze, a TOJBKO BTOPBIM CIOCOGOM,
NpeACTaBNSAIONINM PasJiOKEeHHe YHCHA & B CYyujecmeeHHo GecKo-
HeuHyl0 JApo6b. Ilpu TakoMm corjameHnun Kaxxpoe IeHCTBH-
TelbHOE YHCJO OYyIeT pasjarathCs B CYIECTBEHHO Gecko-
HEYHYIO JECATUYHYIO IpoOb edurcmeenubim cnocoboM. Ilosb-
3ysCb 3THM 3aMeyaHHeM, JOKaXKeM CJelyiollylo TeopeMmy.

Teopema. MHOXeCTBO BCeX JeHCTBHTEJbHBIX HCEN €CTb
HECYETHOE MHOXKECTO.

Hoxazameascmeo. CHavana IoKaxeM, YTO MHOXKECTBO BCEX
AeHcTBUTeJbHbIX uHces npomexytka (C, 1) wecuérno. Ilpn-
MEHHM MeTOJ pacCyxIeHHH oT mporuBHOro. JlomycTHM, uTO
MHOJKECTBO BCeX 4YHuceJl, cojepxkamuxcs Mexnay O u 1, cuér-
Hoe. M3 storo crnemyer, uro Bce uucia npomexytka (0, 1)
MOXHO 3aHyMepoBaTb B GECKOHEYHYIO0 IIOCJELOBATENbHOETD

Opy Ogy eeeyOpy onn (@)

[lpencraBuM Kaxaoe 4HCJIO @, B BHAE CYLIEeCTBEHHO Gecko-
HeYHOH JeCSTHYHOU ApoOH

a, =0, a;; ay, ay3...04,...

a,=0, ay; Gy Qy3...0,,...

a,=0, a, a,, a,3...a,,. ..

CocTtaBUM Tenepp YHCJIO
B=0, b, b,...b

ne s



rne
by=1, ecn a,; 1, u b;=2, ecau a;;=1;

b2=l, €CJIu agz# l, )48 b2=2, eCJIHu (122=l;

e s s e " s s 8 s s e s e s e s s s e s s s s s e

b,=1, ecmn a,,+ 1, u b,=2, ectut @, =1;

@ o o e e e s+ e e t s e . e s s e e o s s e o e

OueBugHo, uTo uHcaO B comepxurcs B mpomexytke (0, 1),
a 03TOMY JOJIKHO COBHaaTh C OJHHM H3 YHCeJ DOCJe[O-
BaTesIbHOCTH (a). IlycTh

B=ua,.

Orciona ciiefyeT, 4TO JeCATHYHble 3HAKH B PA3JIOKEHHAX P
# @, NOJKHbl ObITh NONAPHO PABHBIMH, B YACTHOCTH

bn = ann’

q9TO HEBEepHO B CHJy BbiGopa umcaa b,. IlomyuenHnoe mporwBo-
peuHe U JOKa3blBaeT, YTO MHOMKECTBO, BCEX YHMCeJ NPOMeXKyTKa
(0, 1) He MoxeT GuIThb cuéTHEIM. TeM Gosiee HeCUETHO MHOXKe-
CTBO BCeX AEHCTBUTE/bHBIX YHCeJ.

Ecau Tenepp yuecTb, YTO MHOXKECTBO BCEX NeHCTBHUTEbHbIX
qHCes COAEPKHUT B ceGe CUETHYIO YaCTh — MHOXKECTBO HAaTypallb-
HbIX 4YHCeJN, TO GyJeT sICHO, YTO er0 MOLIHOCThL GOJIbIIe MOLIHO-
CTH CU€THRIX MHOXKecTB. TakuM 00pa3oM, Mbl IOJYYHJIH HOBYIO,
GoJiee BLICOKYIO CTYNEHb MOLLHOCTH, KOTOPAs OlpeiesifieTCs TaK:

Besikoe  MHOXECTBO, 3KBHBAJIEHTHOE MHOXECTBY BCex
JNeHCTBHTENIbHBIX YHCEeJ, Ha3blBAaeTCs MHOXKECTBOM MOIIHOCTH
KOHMUHYYMQ.

3aMeTnM, HaKoOHelLl, YTO MHOXECTBO BCEX YHCEJ, COHep-
RKaUXCT MeXAy JoGof Napoil JedCTBHUTENbHBIX YHCEJS a H
b, ¥MeeT MOIIHOCTb KOHTHHYyMa.

B camom pene, dopmysa

y=tgx

yCTaHaBJIMBA€T B3aHMHO OJAHO3HAYHOE CQOTBETCTBHE MEXNY
MHO2KECTBOM BCeX 4YHCEJ X, YAOBJIETBOPAIIIHX YCJIOBHIO

kid T o
Y <X <—2—, H MHO2KEeCTBOM BCe€X JEHUCTBHUTEJBbHBIX YHCEJ

T T
Y, HO MHOXKECTBO YHCEJ, COAEpIKAUIUXCA MEXIY -3 H T
HMEET, KaK 3TO 6BLIO YCTaHOBJIEHO Bbillle€, Ty K€ MOILIHOCTbD,
9TO H MHOXKECTBO UHACEJd, COACpKAIIHXCA MEeXNy JIIOOBIMH

IBYMs NefCTBHUTEJbHBIMU YHCJIAMH @ H b
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MomHOCTh KOHTHHYyMa He eCThb HanboJblliass MOIIHOCTb.
MoxHo moKas3aTb, YTO CpeIH KapJHHAJBbHBIX YHCEJ HeT Hau-
6oJIbIIerO.

6. ToyeuHble MHOKeCTBA. Tak Kak KaXkpoe J[efiCTBHTENb-
HOe YHCJIO MOXKHO M306pasuTb TOYKOH NpsAMOH, NpHUEM Kax-
Jas Touka npsMoii OyzeT H300pakKeHHEM OIpejeJiEHHOrQ
JefiCTBHTENLHOTO YHCJIa, TO BMECTO MHOXKECTBA, COCTOSILErO
H3 JeHCTBUTENBHBIX YHCeJ, Mbl MOXEM pacCMaTpuBaTb COOT-
BETCTBYIOIIee MHOXKECTBO TOYEK YHCJOBOH NpSAMOH, T. e. mps-
MO#, TOUKH KOTOpOH ciyxaT H300pakeHHeM AeHCTBHTEJbHBIX
unces. Mel, nanpumep, OyleM TOBODHTb MIOYKU UHMEPEAAQ
(a, b) BMecTO TOrO, 4TOOH! CKasaThb wucaa npomexcymka (a, b).
IonsTve mpoMeXyTKa MBI YTOYHHM CJIEYIOIMMH OIpejeJe-
HHAMH.

1. MHoxecTBO BCeX TOueK X (UHcel X), yAOBJIETBOPSIOMIHX
yCJIOBHIO @ < X < b, HasblBaeTCsl uHmepeaaom, HIH npome-
SCYmKOM, W BbIpaxkaeTcsl CHMBOJIOM

(a, b).

2. MHOXeCTBO BCeX TOUeK X, YIOBJIETBOPSIOIHX YCJOBHIO
a < x<b, HazLIBaeTCs CeeMeHmOM, WU OMpPe3KOM, H BHIpa-
}aeTcsg CHMBOJIOM

[a, b].

AHanoruyHoO ompefensioTcss noayurmepeasst a < x<b n
a < x < b, KoTOpHIE BBHIPAXKAIOTCS COOTBETCTBEHHO CHMBOJIAMH

(a, b] u [a, b).
Beeném JBa MOHSITHS, CBS3aHHBIE C TOYEYHBIMH MHOXKECT-
BaMHU:
1. Touka & HasbIBaeTCsl npejesbHOM TOUYKOH MHOXKecTBa E,
ecau Jic60H Kak YrofZHO Malbiff WHTepBal 8, cojepxauiuf

TOYKy &, COJepkHT GeCKOHeuHOe MHOXKECTBO ToueK x ¢ E.
Tak, HanpuMep, MHOXECTBO

E={l%%}

HMeeT OJHY NpelesbHYI0 TOuky — 0.

2. MuoxecTBo E Ha3blBaeTCsl 3aMKHYTHIM, €CJIH BCe Tpe-
JeqbHble Touku E copepxkatcs B E.

Hanpumep, cerment [a, b] —zaMKHyTOe MHOXeCTBO, TakK
Kak IpejieJibHble TOYKHM MHOXKECTBA BCeX TOUYEK CerMeHTa
[a, b] sanoansitorT sToT Ke cerment [a, b]. Murepman (a, b)
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yXKe He eCTb 3aMKHyTOe MHOXECTBO, TaK KaK KOHIIH HHTep-
Bala @ U b BASIOTCA, OUEBHAHO, NpelesbHBIMH TOYKaMH
LN MHOXKeCTBa Bcex Touek (a, b), HO yxke uHTepBanly (a, b)
He IpHHALJEXKAT.

PaccMoOTpEM ellié HECKOJIbKO MOHATHEH, OTHOCSIINXCH K
MHOXKeCTBaM TOYeK IpsSMOH M MHOXeCTBaM JeHCTBHUTE/b-
HIX upceJ. Uro6pl He GOpMyJHpOBATh Ka)KJoe TOHATHE
IBaXKIbl, MBI OJHO IOHSITHE BbIpa3WM B TeDMHMHAX I'e€OMETpHH,
a CXOJIHOe NOHATHE — apUPMEeTHYECKHM SI3BIKOM.

1. MHOXecTBO E HAasbIBAETCSl 02PAHUYEHHbIM CHU3Y, €CJH
CymecTByeT Takasl TOYka a, 4YTO Jo0as TouKa X € E Jexur
He JeBee TOUKH a:

asx.
Hanpumep, MHOXeCTBO
N={l,2,...,n,...}
OrpaHHYEHO CHH3Y, TaK Kak
1<n.

2. MHOxecTBO E Ha3bIBaeTCSl 02PAHUHEHHUIM C8epXYy, €CJH
CYyIIeCTBYeT Takoe uYHucjo b, uYto Joboe 4YHCIO x € E He
Goublize b

x<Lb.

Hanpumep, MHOXeCTBO BCeX OTpDHLATENbHBIX YHCEJN X
OrpaHHYeHO CBepXy, TaK KakK

x <0,

3. MuoxecTBo [E Ha3bIBaeTCSl 02PAHUYEHHBIM, €CJIH OHO
OrpaHHYEHO CHHM3Y H CBepXy, T. €. €CJIH OHO COJEPXKHTCH
Ha HEKOTOpOM cermesre [a, b].

Hanpumep, MHOXecTBO

E={1%%}

OrpaHUYeHHOe, TaK KaK KaXKIbld 3JeMeHT 3TOro MHOXKeCTBa
upusajyexxur cermexry [0, 1].

4. Touka m Ha3LBaeTCs HusiHell 2panbro MHOXKecCTBa E,
ecau: 1) jeBee m HeT HH OXHOH TOUYKH MHOXKecTBa E H
2) npu JoGoM Kak yrogHo MmanoM e > 0 Haiiaércs XoTs Gl
oxHa Touka x € £, xotopasi Gyner JieBee TOYKH m +-e.

5. Hucmo M HasbiBaeTcsl BepxXHeil IpaHbio MHOXKecTBa E,
ecau: 1) GoJaplie M HeT HH OJHOrO YHCJIa MHOXkecTBa E u
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2) mpu Jo6oM Kak YrogHo Majsiom € > 0 Haiinércs xots 6bi
oJHO yHcJo x € E, kxoTopoe Oymer GoJibine uymciaa M —e.
Hamnpumep, y MHOXecTBa

E={L b L)

HuXKHASL rpaib m =0, a BepxHsas rpaup M= 1. OueBugro,
4To JUIsi MHTepBana (@, b) M cermenra [a, b] rpausmu
SIBJISIOTCSI MX KOHUBI: TOYKA @ — HUXKHASI TIpadb, a ToYKa
b —BepxHsas rpaHb.

SlcHO, YTO eciM MHOXKECTBO He OIPAHMYEHO CBEPXY, TO
OHO HE HMeeT BepXHeHl rpaHH, a eCJH He OrpaHHYEHO CHH3Y,
TO HE HMeeT HMXKHe#l IpaHH.

Crepyromasi TeopeMa NOKa3biBaeT, YTO U3 OTPAHHYEHHOCTH
MHOXECTBa CBEpXY (CHH3Y) BhITEKaeT CYIeCTBOBAaHHE BepXHeH
(muKHell) rpaHW NaHHOTO MHOXECTBA.

Teopema. Ecnu MHOXKeCTBO E OrpaHHYEHO CBEPXY, TO OHO
¥MeeT BEpPXHIO TIpaHb, a €CJH OTPaHMYEHO CHH3Y, TO HMEeT
HHXKHIOIO T'paHb.

Loxasamenscmso. IlycTe MHOXKeCTBO

E = {e}

OTpaHHMuYeHO CBepXy, T. €. CYIIeCTByeT TakKoe YHCJO b, uTo
IJst BceX e€ E BepHO HepaBeHCTBO e<Cb. JlokaxeM, uTO
MHOKeCTBO E uMeeT BepxHIOIO rpadb. C 3TOH Iesblo pasobbéM
MHOXKECTBO BCeX JeHCTBHTEJbHBIX YHCeJN Ha JBe yacTH X U
Y. Ilpu stom B nogmHOxkecTBO X OTHecéM Bce uucnaa eg E,
a TakXe KaxJoe YHCJO X, MeHbilee XOTS Obl OJHOIO YHCJia
e€ E; ocranpuple yucaa, T. €. yHcha Yy, OONblIHe BCEX UH-
cen e MHOXecTBa E, oTHecéM B moxamHoxkecTBo Y. Ilommuo-
xkectBa X M Y He mycrtole. Tak, Bce uucya eg€ E conepkar-
ca B X, a Y comepxut Bce yucaa, 66abmue b. Kpowme Toro,
OUEBHJIHO, UTO KaXKJO€ YHUCJO COAEPIKUTCS B OJHOM U TOJIBKO
B OJHOM MNOJIMHOXKecTBe —JHGo B X, nu6o B Y, mpuuém umc-
Ja x€X Menbine yucen y€ Y. CrnenoBatesbHO, Mbl TOJIYYH-
JU CedeHue MHOXECTBA NeHCTBUTEJBbHBIX YHCE.

B cuity HenpephIBHOCTH MHOXKECTBA JAefCTBHUTENbHEIX YHCEJ
s cedenus (X, Y), KoTopoe Mbl TNOCTpPOMJH, CYIIECTBYET
norpaHudusoe uucJgo M:

M=(X, Y).

IokaxkeMm, uto M ecTb BepxHsasl rpaHb MHOxkecTBa E. Ilpex-
Je BCEro 3aMeTHM, YTO INepBOe YCJOBHE B OIpeleseHHU
BepXHell I'paHH e <M BBHIIOJHEHO, TaK Kak BCe 3JIEMEHTHl e
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cogepxarci B X. BosbMmém cxo?: yrogHo Masoe e >0 u
cocTaBuM uucio M —e < M. Bcerfa Hafzércs Takoe uucio
@, uTo M —e<a<M. Tak Kak a < M, 10 a € X, a mosToMy
Hallnérea Takoe uucio e€E, uyro Oyger a<e. Takum
o6pasoM, uMeeM M —e < a < e, T.e. M —e < e. 210 03Hauaer,
uyTo M yROBJETBOpSeT M BTOPOMY YCJIOBHIO, COZEpKAILEMYCS
B omnpejeyeHun BepxHeli rpanu. CiepoBatenbso, M ecTb
BepXHsd IpaHb MHOXecTBa E.

Jloka3aTesbCTBO CYILECTBOBAHHS HIXKHEH T'PaHH MHOXKe-
CTBa, OI'PaHMYEHHOrO CHH3Y, aHAJOTHYHO.

7. O paloTax COBETCKMX MaTeMaTHKOB. T€ODHSI MHOXKeCTB,
3JIeMEHTBl KOTOPOH H3JIOXKEHBl B 3TOH IJaBe, SIBJISETCS OCHO-
BOH COBpeMeHHOro MaTeMaTHYeCKOro aHasiusa. B cosmaxum
M pa3sBUTHHM 3TOH BakHeflnefi 006JacTH MaTeMaTHKH IepBO-
CTeNeHHOe 3HAueHHWe HMeJsH BhIJAIOIMecs] pe3yJbTaTel, IOJy-
YeHHble DYCCKMMM H COBETCKHMHM YyuéHbiMH. B 1915 r. Obuta
ony6/auKoBaHa poKTopckasi auccepranusi H. H. Jlysuna —
«MHTerpan u TpuroHoMerpuueckuii psap». Irta pabora,
nosiHast HoBbIX Huedt, obwvemmHusna Boxkpyr H. H. Jlysuna
GOJIbLIYIO TPYNNY TaJaHTJIMBBIX MOCKOBCKHX MaTeMaTHKOB,
JIABIIMX 3aMeuyaTesIbHble HCCJEJOBAHHA IO TEODHH MHOXKECTB.
Tak, Il. C. AnexcanzpoB B 1916 r. mokasan, uTo cpeau Tak
HasbIBaeMblX B-MHOXKECTB HeT MHOXKECTBa, MOLIHOCTb KOTO-
poro Gbia Obl GOJbllle MOIIHOCTH CYETHBIX MHOXKECTB, HO
MeHbllIe MOLIHOCTH KOHTHHyyMa. DtuM campiM II. C. Aje-
KCaHIPOB peIHJ «NpobjeMy KOHTHHyyMa» JJg KJacca
B-MHOXeCTB, YCTaHOBHB, UYTO B 3TOM KJacCe KOHTHHYYM
SIBJISIeTCS CTYNEeHbIO MOILIHOCTH, CJeAylouledl cpasy xe 3a
MOIIHOCTBIO CYETHBIX MHOXKecTB. B 1917 r. moJonoii mate-
matuk M. §I. CycsiuH OTKpBII HOBHIH 4Ype3BbIYAHHO BaXKHBIH
KJIaCC MHOXKECTB, Ha3BaHHBIX A-MHOXecTBaMH. Pano ymepniuit
TajgadTauBbii MaTtemMaTHK M. S, CycJaMH TOJIBKO THOJIOXKHJI
Havuajo H3yuyeHHio A-MHOXKecTB. JlajbHEHAINM HCCJELOBaHHEM
sTuX MHoxecTB 3amumaiuch H. H. Jlysun, I1. C. HoBukos
U JpyrHe COBETCKHe MaTeMaTHKH. M3ayuenne A-MHOXecTB
npuBeso K Gosee obmum TeopusiM. I1. C. Anexcannpos obpa-
30BaJl 1eJIyI0 TOCJEIOBaTeJbHOCTb PACIIMPAIONINXCA KJaccoB
muoxkecTB. H. H. Jlysun cosnan emé Gosiee OOHLYI0 TEOPHIO
TaK Ha3blBaeMblX NPOEKTHUBHBIX MHOXECTB. ITH pa3yJbTaTbl
¥ paGoTH APYrHX COBETCKHX MaTeMaTHKOB O3Hayaju OblCTpoe
pa3BHTHe TEOPHH MHOXKECTB, B TO BpeMs KaK TEOpDHH, CO3[aH-
Hble B mepBble necsiTHiaeTHss XX B. (GPaHIY3CKHMH y4€HBIMH,
OCTaBalUCh B HEH3MEHHOM COCTOSIHHH.
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FMTABA 1III
YUCJIOBAS MOCJEAOBATEJIbHOCTb

1. Mpenea nocaenoBaTedbHOCTH. EcCiHM MBI pacnoJsioXuM
sJleMeHThl MHOXKECTBA BCEX HATypaJbHbIX YHCeJd B MOpSIKe
BO3pacTaHHs

1,2, 3,...,n,...
H KaX/JOMy 3JIEMEHTY A STOTO MHOXKECTBA 0 KaKOMY-HHOYIb
338KOHY NOCTaBHM B COOTBETCTBHE HEKOTOpOe NeHCTBUTEJbHOE
YHCJIO @, TO TIOJNYUYHM HUCA0BYI NOCACO08AMENbHOCHL
Ay, Qg gy ovoy Gy o e

DJNeMeHTbl, WJM 4AeHbl TIOCJIELOBATEJbHOCTH C Pa3JjIMYHBIMH
HOMepaMH, MOTyT H He ObITb DAa3JHYHBIMH. BOT npuMepsl
TnocJiefoBaTeJIbHOCTEH:

1 1 1 1
1) l, T B <an=7>.
2)2,4,6,...,2n,... (a,=2n).

n
3)1,0,1,0,1,0,... (a,=1, eciu n HeuérHoe,
a,=0, ecan n uéTHOE).
Yucsio a HasbiBaeTcs npedesom TOCJENOBATEbHOCTH
Ay Qgy evvy Qpyvney

ecqH gas Jioboro Kak yrogHo Majoro € > 0 cymiecTByer
Takoil Homep N, uTO BCe a,, Y KOTOphIX n > N, yHOBIeTBO-
PSIOT HepaBeHCTBY

la,—a| <e.

ToT haKT, YTO YHCJO @ ecTb Npefes IOCHaeJ0BaTeIbHOCTH
{a,}, BHIpAXAOT CHMBOJIOM

a=lima,.
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[TocrneoBaTeIbHOCTD Ha3bIBAaeTCS Cx00sAwetics, €ClH OHa
uUMeeT NIpejiesl, U pacxodawjelics, eCJIH Tpelesia He HMeeT.

W3 npuBenéHHBIX Bhlllle IPHMEpPOB IepBasi MOCJeNOBATEJb-
HOCTb cXogsmasics, oHa uMmeer npezesoMm 0. JlelcTBUTeNbHO,

1
eClli @, =-, TO IpH JIOGOM & > 0 6yzeT BepHO HEpaBEHCTBO

1 1
0< - < & €CJH TOJBKO 1 >—. ITostomy, B3siB N > —1— ,

IJs BceX n > N GyneT BepHO HEPaBEHCTBO

1 1
mfmh47—q=;<g

lim— =0.
n

OueBHIHO, YTO BTOPOil M TPETHH NpHUMephbl NPEACTABJSIOT
pacxojsiiuecs INOCJeI0BaTeNIbHOCTH.

OTHOCHTENIbHO IIpefesiOB  IOCJeLOBATENbHOCTEH BEepHbI
CJIefyIolINe yTBEPXKIEHHUS:

1) Ecom mocnegoBartesbHOCTD {a@,} CXORHTCS K Tpeiely a
Ha>b (a<b), To cyumecrByeT Takoii HoMep N, uro aJs
Bcex n > N BepHO HepaBeHCTBO a, > b (a, < b).

2) Ecnu nocnenoBarenbHocTH {a,} u {b,} cxoxsmuecs u
Bcerna a, >b,, 1o lim a,>limb,.

3) Ecin 1 ToclefoBatebHOCTe!: {a,}, {b,} v {c,}
BCerja BepHBI HepaBeHCTBa a, <b,<c, u lima, =limc, =a,
To U limb, =a.

JlokaxeM XoTs 6bl TIOCIEAHee yTBep:keHHe. [3 HepaBeHcTB
a,<b,<c, clenyloT HepaBeHCTBa

a,—a<b,—a<c,—a.

Tak xak lima,=a, 10 119 Jw6oro e>0 cymecrByer
Tako# HOMep N', uto JJ Bcex n > N’ BepHO HepaBeHCTBO

la,—a|<e, mm —e<a,—a<e
Ananoruuso u3 ycjoBus limc, =a noayuum, 4to
—e<lc,—a<e

aas Bcex n > N”. O6Gosnauass uyepes N OGoJiblliee H3 YHCeJ
N’ u N”, nna n > N GyaeM uMeTb OJHOBPEMEHHO

—e<a,—auc,—a<e



Orciona cnenyer, 4to
—e<a,—a<g<b,—a<c,—a<e,
TO3TOMY
|b,—a|<e
ansg Bcex n >N, 1. e
limb, =a.

2. MoHoToHHBIE mocaenoBaTejqbHoCTH. [lociaenoBarennb-
HOCTDb {a,} HasblBaeTcs Heybvigaiowjeli, eCJH

G<AULKL .. . <0<y < ...
[locnepoBarenbHoCTh {a,} HasbiBaeTcs Hego3pacmaroueti, eciu
A >02> .. .20, 2>0,> ...

HeyGriBaromue H HeBO3pacCTalOIHe MOC/HEIOBATEIBHOCTH Ha-
3BIBAIOTCSH MOHOMOHHBLMLL.

JlokaxeM TeopeMy, KoTopasi Jaér YCJIOBHS CXOJHUMOCTH
MOHOTOHHBIX TOCJeJOBaTeJbHOCTeH.

Teopema. Ecnu HeyObiBaromas (HeBO3pacTaromias) nocJe-
JOBaTeNbHOCTb OTpaHHYeHa CBepxy (CHU3Y), TO OHAa HMeeT
fipefies.

Hoxaszameascmeo. Ilycts moclegoBaresnbHOCTh {a,} He-
yOblBaiomass M orpaHuyeHa cBepxy. M3 ycnoBusi orpanuuen-
HOCTH CBEpPXY BBbITEKaeT, YTO JaHHas I10CJeJOBaTeNbHOCTb
uMeeT BepxHIOIO rpanb. OGo3nauuM e€ uepe3 a. Jlokamem,
yT0 a=lima,. [lefCTBHTEeNbHO, B CHJIy OIpejeNeHHs BepX-
Hell rpaHM MHOXeCTBa JJil BCeX N

a,<a

¥ B TO Xe BpeMf I@pH JOOOM Kak yrogso majaom e >0
Hall[ercsi TAaKOU SJIeMEeHT MOCJeJOBaTeJbHOCTH, MyCTh ay,
IJIs1 KOTOporo OyeT BepHO HepaBeHCTBO

a—e << ay.
Ho nannasg nocjenoBaresibHOCTL HeyObIBalONIAsi, MO3TOMY
AN <aAN$+1 < ...
Orciona crepyer, uTo
a—e<an<aN4+1<...<aq,
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T. €. JOjas Bcex n > N

la,—al <e,
a 3TO M O3HayaeT, YTo

lima,=a.

JlokasaTeJlbCTBO TeOpeMbl JJisi HEBO3pacCTalomled H orpaHH-
YeHHOH CHH3Y MOCJEeJOBaTeJbHOCTH aHAJOIMYHO.

3. Yucao e. [lpumeHnM TeopeMy O MOHOTOHHBIX NOCJENO-
BaTeJbHOCTAX K JOKAa3aTeJbCTBY CYyIIECTBOBAHHS  Mpefesa

= (1 -+ %) ".  BoCIOJB30BABIIACH ¢opmysoli  6uHOMA

Hetorona u 3JIEMEHTApPHbIMH HpeO6paSOBaHI/IﬂMH, MBI MOXKeM
HamnucaTb

(l—l— 1) =14n +n\n—l) 1+n(n—l)(n—2) ,Tla+

1.2.3
n(n—1)-- [n—(n—l)]l 1
et e m=l+l+g(1-1)+

SO-D(-) e
(-5 (-2 (-5,

3aMeuasi, YTO B IIPaBOH YaCTH NpPH YBEJHUEHHH M BO3PACTAIOT
H YHCJO CJaraeMblX, a OHH TOJIOXKHTEJbHblE, H CaMu cjarae-

1 (1.2
Mble, COJepKallHe MHOXKUTEIH (I—-;), \1—7),

, MBI BHIHM, 4TO @, < @,4;. ClefoBarenbHo, {a,}

ecTb HeyOblBaromas (BO3pacTamooluias) [OCAeA0BaTENIbHOCTD .
IlokaxeM Tenepb, uTO {a@,} orpaHuyeHa cBepxy. B camom

1
neJjie, €CJii B Bblpa}KEHHH a, BCe MHOXHUTEJH (1—7>’

2
(1=2)
1 ,
HareJsix JApobeft ﬁ, —l .y o] MHOXHTENH, 60abine 2,
SaMeHHTb YHCJOM 2, TO Mb [OJYYHM BeJHYHHY, 60Jb-

myo a,, T. €.

G <141+ g+gt . +gm

3aMEeHNTh eJUHHIEH, a B 3HaMe-




Ho cymma reomerpuuecko#l mporpeccuy

4+ 5+gt.. o
MeHbllle 2, N03TOMY
a,<3
TpH Jo6om 1, T. e. {a,} OorpaHHdeHa CBepXxy.
Hrak, nocsesoBatesbHOCTb @, = (1 + —i—)n HeyObIBalOI ast

d OorpaHHyeHHass CBepXy, a IO3TOMYy OHa HMeeT Ipefed,
XOTOpblit 0603Haual0T OYKBOH e:

e=1im<l—|—i>n.
n

Uncsio e HMeeT Ba)KHOe 3HAuYeHHEe B MaTeMaTHUYeCKOM
ananuse. OkasbiBaeTcsi, YTO 3TO UHCJO SIBJIsSETCS Haubosee
ynoGHBIM B KayecTBE OCHOBaHHMS JIOrapu(MOB, XOTSl OHO,
KaK YBHJIMM JaJjblle, HppauuoHanpHo. Iloka BuEHO, uTO
2 < e< 3. JlorapudMel no OCHOBaHHIO e HA3bBIBAIOTCH HAMY-
pasvreimy. g 00603HAYeHHs] HATypasbHOrO Jorapugma
YpCJia X MOJIB3YIOTCS CHMBOJIOM In x.

4. TlocaenoBaTebHOCTb CTATHBAIOMMXCA CerMeHToB. Eciu
B TIOCJIeIOBATEJbHOCTH CErMEHTOB

(@, b ] Dlay 6] D ... Dlau, b,] D - ..

KaX bl COMEPXKUTCA B MpeapiAylieM, a MNOCJIEN0BATENbHOCTDL
JJIMH 3THX CErMeHTOB

by—ay by—a,, ..., 0,—a,, ...
UMeeT Tpefies], pPaBHBIH HYJIO:
lim(b,, —a,)=0,

TO JaHHas TOCJeNOBaTeJbHOCTb CErMEHTOB HasblBaeTcsl Cmsa-
eusarouetics.

Teopema. Ecnu pnanHHble cerMeHThl 06pa3yloT CTArHBa-
IOLLYIOCS] MOCJIEI0BATEIBHOCTh, TO OHM HMEIOT eIHHCTBEHHYIO
o0y TOYKY.

Hoxasameascmeo. Tlyctb

[ay, b1 Dla,, 0] D ... Dla,, b,]1D ..

lim (b, —a,) =0.



OueBHAHO, 4TO
0,<0,< ... L0, <. .., (1}

by>b,>...>b,>... (2)

Kpome Toro, Tak Kak a, <b,, #Js BCeX n uMeeM:
a,<b, unb,>a,.

Orciona BuAaHO, uyTO nOCcsegoBaTesnbHocTd (1) ® (2), Kak
MOHOTCHHEIE M OI'DaHHYEHHblE, SIBJSIOTCS CXOMASAIIMMHUCSH:

lima,=a, limb,=0,
npuuém sICHO, 4TO

a,<a<bgb,

JJs Bcex n. JokaxeM, uto a=>5. JleficTBUTENbHO, eCJH 6bl
IBe pasJiHuHble TOYKH a ¥ b NpHHAjJeXanu BCEM CerMeHTaM
[a,, b,], TO nns Bcex n uMenn Gl

b,—a,>b—a>0,

YTO MPOTHBOPEUYHT ycqoBHio lim (b, —a,) = 0. CnenoBarensuo,
a=> n Touka

=lima,=1imb,

ecTb EJMHCTBeHHAasl TOYKa, NpHHAJJexamas BCeM JaHHHIM
cerMesTam [a,, b,].

5. IlpenesbHble TOYKH moOCHenOBaTesbHOCTel. Touxka §
Ha3bLIBAETCS MpPedeAbHOll MOYKOL NoCAed08amebHOCIl

Ay Aoy v ooy Qpy v vy

ecJd B JIOOOM Kak yrogHO MaJjioM HHTepBaJe 8, cofepxaliem
TOUKy &, COIepKHTCS GeCKOHeYHOe MHOXKECTBO YJEHOB JaH-
HOH TOCJIeOBATENbHOCTH (KOTOphle MOT'YT OKasaTbCsl M paB-
HBIMM MeXJAy co00H, a mosToMy npefejibHas TOYKa InocJe-
JIOBaTeJILHOCTH MOXET ¥ He ObiTh NpefesbHOH TOYKOH MHO-
JKECTBA pA3JHYHBIX 3JIEMEHTOB 3TOH NOCJEJOBATEJbHOCTH).

PaccMoTpUM HECKOJIBKO TpHMEpOB.

TocaenoBaTeabHOCTD

15,0

2,..-—5,...

UMeeT IpelelbHyl0 Touky — 0. JelcTBHTeNbHO, KaKUM Obl
MaJnM HHTepBal 3, cogepxamuii O, HH Obll, npH gocTa-
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1
TOyHO GOJIBLIOM 1 TOYKA -, @ BHAUMT, H BCE NOCJeAyioune
1 1
TOUKH ———3, =5, - -» KOTOPbIX 6eCKOHEeYHO MHOro, OyayT

colnepxatbCsi B HHTepBajde O. JIpyrux mnpemesbHbIX TOYeK
y JaHHOH TNOCJIefOBaTeJbHOCTH, OYEBMJAHO, HeT (uepT. l).
s mocsieoBaTeJbHOCTH

1,2, 1,3, 1,4, 1,5,...

Touka | —npenenbHast, Tak Kak Jio6o#i HHTepBas 8, comep-
&Kaumuid TouKy 1, comep:kuT GECKOHEYHOE MHOMKECTBO YJIEHOB
JiaHHOf moCJleJ0BaTeIbHO-

CTH, HMEHHO — BCe uJle- é

Hbl TOCJENOBATENbHOCTH, 2N ; .
cTOsillMe HA HEYETHBIX oL 3 v
MecTax, TaK KakK BCe OHH

paBEbl 1, a 3 comepxuT Yepr. 1

touky 1. Eciam ke pac-

CMaTpUBaTb MHOXKECTBO PAa3JIMYHBIX 3JIEMEHTOB 3TOH mocJe-
IOBaTeJIbHOCTH, TO, OYeBHIHO, OHO He UMeeT NpeIeJIbHbIX TOueK.
3nech 1 — mpesesibHas TOYKA JAHHOM NOCJENOBATENbLHOCTH, HO
He eCTb INpefle/lbHass TOYKA COOTBETCTBYIOLLETO MHOXKECTBA.

CoBeplIeHHO §CHO, 4YTO TIpejieJibHAasi TOUKA MHOXKeCTBa
pasIMYHBIX 3JIEMEHTOB IOCJeJOBaTeTbHOCTH €CTb B TO IKe
BpeMsi U IpejiesibHas TOYKA 3TOH MOCJEIOBATEJIbHOCTH.

Teopema bosvuano—Beiepuumpacca. Besikas orpa-
HUYeHHasl I0CJIeJIoBaTeJbHOCTb HMeeT IO KpafiHed Mepe OLHY
npelieJIbHYI0 TOUKY.

Hoxasameascmeo. IlycTb mnocnepoBaTenbHOCTh {a@,} orpa-
HuuenHasi. M3 aToro crepyer, 4TO CymecTByeT Takof cer-
MeHT [a, B], B KOTOpPOM cojepxaTCsi BCe UJIeHb JaHHOH
nocjefoBareJbHOCTH. Pa3o6eém cerMeHT [a, B] momosam.
Torna mo KpaiiHel Mepe onHa mNOJOBEHA [a, B] comepxuT
GeCcKOHEUHOe MHOXKecTBO ujneHOB {a,}, TaK Kak eciu Obl
Kax/jas MoJoBHHA [a, B] comepikala TOJNBKO KOHEUHOE YHCJIO
uneHoB {a,}, T0 U B [a, B] GblIO Gbl TOJBKO KOHEYHOE YHCJIO
yieHoB {a,}, TOTAAa Kak MO YCJOBHIO [a, 3] COEp:KHUT BCIO
NOCJIeI0BaTeNBHOCTD, COCTOSAIYIO U3 GECKOHEYHOTO MHOXKECTBA
yneHoB. Ilyctb cermeHT [a, 8;] ecTb Ta noJoBuHA [a, B],
B KOTOpOH COIepxKHTCs GeCKOHeYHOe MHOXKECTBO YJIEHOB {ay},
a ecau obe NOJNOBHHBI [a, B] TakoBEl, TO 3a [a,, B;] BO3bMEM
moGyio U3 Hux. Tenepb pa3o6béM momoJam [ay, B;] u omaTsb
MOJNIyuuM cerMeHT [a,, B,], comepkammuii GecKOHeYHOE MHO-
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JKEeCTBO 4JeHOB {a,} W mpelCTaB/SOMUA NOJOBHHY CErMeHTa
[2, B;]- TIpomomxkas aToT mpouecc HeOrpaHHYEHHO, MBI MOJY-
YPM TOCJIeOBATEbHOCTD CTSTMBAIOMINXCS CErMEHTOB, TaK KaK

[0, B] Doy, Bi] D - - Do B D .-
H NpH HEOTpaHMYEHHOM BO3DaCTaHUH &

f—a

lim (B, —a,) =lim 5= =0;

TI03TOMY CYIIeCTBYeT eJHHCTBEHHass TOuKa &, NpHHajJexa-
mas BceM cerMeHTaM [ay, B,].

JokaxeM Tenepb, 4TO MOJyueHHass TOYKa & u GyzneT mpe-
JleIbHOH TOUKOH mociejoBaTeNbHOCTH {a,}. B camom gere,
JAJA KaK YrOZHO MaJioro MHTepBasia 0, cojepKallero TOuky &,
CyLIeCTBYyeT TaKOH HOMep £k, uYTO cermeHT [, B,] Gyzmer
coflepKaTbCsl B HHTepBase d, Tak Kak &=lima,=1imB,. Ho
cermesT [o,, B,], @ 3HauHT, U uHTepBak 8 CONEPKHUT GecKo-
HeYHOe MHOXKECTBO UYJEHOB mocJejoBaTesnbHocTd {a,}. Cue-
JOBaTesIbHO, & €CTb IpeleJbHass TOYKA JAHHOH IMOCJeIoBa-
TeJbHOCTH {a,}.

M3 sT0li TeopeMbl BhITEKAaeT Ba)KHOE CJEJICTBHE, KOTOPHIM
B JafbHelimeM OyneM 4acTO NoJb3oBathesi. Jlo GopMyHpOBKH
STOrO CJEJCTBHA BBeAEM IOHATHE IOAIMOCJEN0BATENLHOCTH.

Ecau u3 nocnegoBaTensHOCTH

Ay, Qgy ooy Ay e e
BBIIEJIUTb YaCTh UJIEHOB C HOMepaMH
< n<...<m<...,
TO MOJYYHTCsI HOBasi NOCJIEOBATENBHOCTh
Qnys Qngy ++ vy Qupy + - -y

KOTOpasl HashiBaeTcst n00NocAe008ameabHOCMpl0 JTaHHOMN IIOCJe-
JoBaTeJbHOCTH {a,}.

Caedcmeue. V3 Bcsikoll OrpaHHYEHHON NIOCJEI0BATENBHOCTH
MOXKHO  BBIIEJIHTb  NOJNOCJENOBATENILHOCTb,  CXOJISIMLYIOCS
K HEKOTOpPOMY IpeJesy.

B camom pere, mycTh mocJeoBaTesbHOCTb {@,} OrpaHH-
yeHHasl, a MO3TOMy OHa HMeeT XOTs Obl OJHY INpelesbHYIO
Touky £. OGpa3syeM mOCJIeZOBATEJILHOCTb CErMEHTOB

(o Bl Dy Bl D ... Do, BID - -+,
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cojiepKamuX § M CTATHBAIOMUXCA K Touke £, DrTO Beerna
MOXHO cnenatb. Tak Kak § ecTb IpejesbHasi TOYKa Iocje-
IoBaTenpHOCTH {a,}, TO moGo#i cermeHT [a,, B,] comepxuT
6eCKOHeYHOe MHOXecCTBO uJjeHoB {a,}. IlycTb nepBblif ujeH
{a,}, conepxamuiics B [a,, B,], ecTb a,,, mepBuIil uJeH {a,},
CTOSIIIMH 3a Qn, M cofepxKamuiicsd B [a,, B,], €cTb @n, U T. 1.
BooGie oGosHauum uYepes an, NepBbIi 3a Qn,  uneH {a,},

cozepxamuiics B [ay, B,]. Torza oueBHiHO, YTO mNOAMOCI]E-
JOBaTeJIbHOCTD

Anyy Angy + - s Qngy oo

CXOAMTCA K &, TaK Kak B CHJy BHOOPA Qn,
ak<anh<ph’

Ho lima, =1im B, =&, a mostomy u

lim An, = E.

6. Bropoe onpenesenue mnpejeja NOCJe0OBATENbHOCTH.
31ech JOKaXkeM TeopeMy, KOTOpas MO3BOJIHT JaTh JpPYyroe
onpefieJieHHe NOHATHS IMpejJiesla IOCJeJOBaTEJbHOCTH, 3KBH-
BaJICHTHOE NepBOHAYAIbHOMY OIpefeseHHIO.

Teopema. na Toro 4tobbl MOCJENOBAaTENBHOCTH {a,}
uMesa Tmpefies;, HeOOXOAHMO H JOCTaTOYHO, YTOOBI OHA GOblia
OrpaHMYeHHOH H HMeJa €IMHCTBEHHYIO IpeleJbHYIO TOUKY.

Heobxodumocme. IlycTb mocnenoBaTesbHOCTb {@,} HMeeT
npefes, paBHbIE HekoTopoMy uHcay a. Hamo nokasats, urto
OHa OrpaHHYeHHasi M HMeeT TOJbKO OJHY IpeleJbHYIO TOUKY.

Tak kak mo ycjoBuio lima,=a, TO pisa mo6oro e > 0,
HanpuMep e=1, cymecTByeT Takoii Homep N, 4TO IJsI BCeX
n> N OyzmeT BepHO HEPaBEHCTBO

la,—a|<e=1,
YuutniBas, uto |a,|—|a|<|a, —al|, umeem:
lan|<!al+l.
uIH, oGo3Hauast |a|-+1 uepes M’,

lan | <M’
Ajs Bcex n > N.
Ecan Tenepb o603naunM yepe3 A HanGosbliee H3 ymced

la,l, 1a,l, -. ., lanl, M’
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(KOTOpOE cCyllecTBYyeT, TaK KaK B KOHEYHOM MHOXKeCTBe
BCerja €CTb HaMMEHbIUHH ¥ HauOOJbMIMH 3JIEMEHT), TO, Oue-
BHJHO, HEPaBEHCTBO

la,| < M

OyZeT BepHO JJ BCEX £, a 3TO H O3HAuaeT, 4TO IOCJeI0-
BaTeJbHOCTb {@,} OrpaHHYeHHas.

JlokaxeM, YTO MOCJIENOBATEJbHOCTL {a,} HMEeT eIHHCTBEeH-
HYI0 IpeleslbHYI0O TOuKy. JIJIi 3TOro JOCTATOYHO IIOKAa3aTh,
4TO, KpOMe TOUKH a, KOTopas, 6yayuu mpegpesoMm {a,}, oue-
BUAHO, OyJeT M InpelesibHOH Toukoil {a,}, He cymecTByeT
HHKaKOH Jpyro# mnpejespHodl Touku {a,}. Homycrum, uro,
KpoMe @, €CTh ellé OfiHa mnpeflejibHas TOYKa IOCJEN0BATENb-
HoctH {a,}. OGo3nauum e€ uepe3 g’ (uepr. 2). Bosbmém

HHTEpBaJ 8,
8 /’_\

a’ a-€ a g, a-¢
UepT. 2

conepxKamui a’, ¥ UHTepBaN (@ — e, @ --¢) HAaCTOJBbKO MaJbIMH,
yTOOBI OHM He HMeMH OOLIMX TOUeK, UTO BCerja BO3MOXKHO,
TaK Kak a s a’. B cuny Toro, uro a=Ilima,, Haiizércsa
Takoit Homep N, uTo 171 Bcex n > N Gygmer BepHO Hepasei-
CTBO

Ian'—a‘<3,

T. €. BCe 4JIeHbl IIOCJIeOBaTeJbHOCTH {a,} ¢ HoMepamu 12 > N
OyanyT HaXOJNWThC B HHTepBaje (a—s, a-+€), a BHe ero
MOTYT OBITb TOJBKO @y, dy, ..., ay. OTCIOZa cjenyer, 4TO
B MHTEpBaje & MOXeT OBLITh TOJBKO KOHEYHOE YHCJO UJIEHOB
{a,}, a 3TO NPOTHBOPEYHT NONYILEHHIO, YTO @’ — MpeJesb-
Has TOYKa IocJepoBaTesbHOCTH {a,}. ClenoBaTesnbHO, TOUKA @
eCTb eIMHCTBEHHAs NIpe/lesIbHas TOUKa 10CJ1eJ0BaTeJbHOCTH {a,,} .
Heo6xonumocTh noKa3aHa.

Hocmamourocms. IlycTb nocjenoBatenbHOCTh {a,} orpa-
HUYeHHasl, T. €. CYLIeCTBYIOT Takue o H §, uTo a<a, <P
IJIs BCceX 1, M HMeeT eIHHCTBEHHYIO IpelelbHYI0 TOUKY,
KOTOpYI0 0603HAauMM uepe3 a. JloKaxkeM, 4TO YHCJIO @ €CTh
npezes JAaHHOH NOCJeNOBaTeJbHOCTH.

B camoM pene, ecau BO3bMEM CKOJIb YTOJHO MaJoe € > 0,
TO BHe WHTepBasna (@ —e, a-+€), T. e. Ha oTpe3Kax [a, a —e]
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u [a+e, B] OymeT TONBKO KOHEYHOE YMCJO uJeHOB {a,},
HHaye TaM HMMeJH Obl em& XoTs Obl OAHY INpefesIbHYIO TOYKY
nocJyeoBaTeJbHOCTH {a,}, T. €. TOuKa a He Oblia Obl edun-
cmeennold TIpeleNbHOR TOUKOH {a,}, 4TO NMPOTHBOPEUHUT YCJIO-
Buio. CpelIM KOHEYHOTO 4YMCJIA YJEHOB {@,}, HaXOAAIHXCS
BHe (@ —e, a-¢), Hafpéres yneH {a,} C HaHOONBIUMM HOMe-
poM. Ilycte stor Homep Gynmer N. Torza Bce a, ¢ HOMepamy,
66abwuMH N, HaXomsiTCsl B MHTepBale (a—e, a-+e), T. e.

la,—a|<e
IJsi BceX n > N, a 3TO O3HauaeT, 4TO
lima, =a.

Teopema nokasana.

W3 »sr1oit TeopeMBl BhITEKaeT Clelyloulee ONpefesieHHe
NOHATHH CXOAUMOCTH M Ipefiesia IOCJeJ0BaTeNbHOCTH:!

[MocnenoBarenbHocTh {a,} HasbiBaeTcs cxodaweiica K npe-
deay @, eCIH OHAa OrpaHUYEHHAsT M HMeeT eJHHCTBEHHYIO
npefieJIbHyI0 TOYKY a.

M3 HoBO#l (opMyJUpPOBKHM MNOHSTHSI Npelesa NoCJeJO0Ba-
TeJBHOCTH HENOCPEJCTBEHHO CJefyeT, 4YTO IOCJAeA0BaTeNb-
HOCTb MOXKET HMeTb TOJIbKO 00uH Npefel.

Orciona xe BbITEKaeT, YTO IOCJEJOBaTENbHOCTH pacxo-
IMTCS B TOM CJyyae, KOIJa OHa HeorpaHHueHHas, 1u6o orpa-
HHYEeHHasl, HO HMeeT GoJiee OJHOH IpeJieIbHOH TOUKH.

7. Kpurepnit Kown. Yacro GriBaeT BaXHO YCTAHOBHTD,
CXONHUTCS1 JIM JlaHHas TMOCJeOBATEJIbHOCTh K HEKOTOPOMY
npefesly, HO He BaXKHO, YeMy paBeH 3ToT npegen. [losromy
MBl JOJKHBl MMeTb TaKOH IPH3HAaK CXONMMOCTH HJH Cylle-
CTBOBaHHS IpeJieJla IOCJeJ0BaTeJIbHOCTH, KOTOPHIH Obl1 Obi
BbIPaXKeH TOJIbKO NpPH NOMOLIM YJEHOB IIOCJeLOBaTeJbHOCTH,
T. €. NPYU NOMOWIY TOJBKO TOTO, YTO Mbl HMeeM, KOrja HaMm
JaHa T[OCJe0BaTeJbHOCTb. B KauvecTBe TaKOro mpH3HAKa,
OYEBHJIHO, HeJb3sl B3SITh OlpejieieHHe MOHSATHS Npejieia nocJe--
JIOBaTeJbHOCTH, TaK Kak NpH ero ¢GopMyJHpOBKe yKe TIpHU-
XOJMTCH IOJb30BATBCSI CAMHM TMpefiesioM, O CYIIeCTBOBAHHH
Koroporo upér peub. Crepyiomasi TeopeMa IaéT HEOOXOaH-
MO€ H JOCTaTOYHOe YCJOBHE CYIIeCTBOBaHHS Ipefesa IocJe-
IOBaTeJbHOCTH, BbIPA)XXEHHOE TOJBKO IPH TNOMOIIH CcaMoH
NIOCJIE[OBATENBHOCTH. DTO YCJOBHE, HJHM TPH3HAK CXOJAH-
ﬁocm TNI0CJIe0BATeJbHOCTH, OOLIYHO HA3LIBAIGT KDPHUTEpHEM

OLLH.
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Teopema. Insi Toro utobpl NOC/ENI0BATEILHOCTD
gy Oy vvey Oy o es
Oblia Ccxofsmlelicd K HEKOTOpPOMY Ipejeny, He06XOXUMO
¥ JOCTaTOYHO, YTOOBI AJsl JIIO6Oro Kak yroxHo Mmasnoroe > 0
cyiiectBOoBaJl Takoir HoMep N, uToGB anisi Bcex n > N
U m > N ObUIO BepHO HepaBEHCTBO
lam—a,| <e.

Heob6xodumocms. IlycTb mociepoBaTeJbHOCTh {a@,} uMeer
npejies, paBHbEIH HeKOTOpoMy uMcay a. JlokaxeM, yTO ycJo-
BHE, O KOTOPOM TOBODHUTCSl B TeOpeMe, BBINOJIHEHO.

JeficTBUTe bHO, nmycTh & > 0 CKOJb yrogHo mano. B cuiy
TOr0, YTO II0 YCJOBHIO

lima, =a,
Hafigérca Takol Homep N, uto ajs Bcex n > N Gynmer BepHO
HepaBeHCTBO
la,—a| < -;— .
Torza pns mobeix >N u m > N OyieM HMETb:
lan—a,|=l(@n—a)+(@a—a,)|<
<lan—al+la—a,|<g+5 ==

Hrak, paa moboro e > 0 cymiecTByeT Takod HoMep N, uTO
nns Bcex n >N u m > N BepHO HepaBeHCTBO

I A — an‘ <s,
T. €. YCJIOBHE BBINIOJHEHO.
Hocmamournocme. TlycTb ycjoBHe TeopeMbl BHIIOJHEHO.
JlokaxeM, uTO JaHHas TNOCJEJOBaTeJbHOCTb HMeeT npesell.
ITpexxje BCero 3aMeTHM, YTO H3 YCJIOBHSI TEOPEMbl BbITe-
KaeT OTpaHHYeHHOCTb AAHHOH NOCJENOBAaTEJbHOCTH. B camom
nene, aJs Jiodoro e > (0, mHampumep e=1, Ha#inércss Takoi
HoMep N, uyro gaa Bcex m>N u n>N Oymer BepHO
HepaBeHCTBO
lan—a,|<e=1.

Baas n=N-41 u gmaBas m nocjenoBaresbHO 3HayeHus N -2,
N+3,...,N+p,..., Mbl NOJlyuuM psif HEPaBEHCTB

lavip—an+1| <1 (p=2,3,...)
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OTKyJa
lanvsp| <lawgi|4+1 (p=2, 3,...).

Takum o6pasoM, oGo3Hauas 4YHCIO |a@ny4i|-+1 uepes M’,
HMeeM:

la,| < M’

s Bcex n > N. Ilycte Tenepp M ectb HauGoJibllee YHCIO
CpelX KOHEYHOTO MHOXKEeCTBa YHCEJI

Iall’ Iaz I) e ey ‘aNla MI‘
Toma O4YE€BHJHO, 4YTO IJI BCeX 7 BEPHO HEPABEHCTBO
la.l < M,

T. €. NOCJeNOBaTeJNbHOCTh {a,} OrpaHHYeHHas.
Orciona cieayeT, 4To HaHHAas MOCJELOBATENLHOCTL HMEET
no KpafiHe#l Mepe OJHY IpellesIbHYIO TOuKy a. JlokaxeMm, uro,

8 &
a a, \_/ dm a’
£
Yepr. 3

KpPOMe @, HeT APYTHX IpeJesbHBIX TOYeK NOCJeloBaTeJbHOCTH
{a,}. HefictBuTesnpHO, NYCTb @’ %= @ eCTb elllé OfHA NpeaeJib-
Hasi TOYKa TOCJEeI0BaTeJbHOCTH. Torza BO3bMEM HHTepBAJbl
8 u &, comepiKalie COOTBETCTBEHHO TOUKH @ M a’, HACTOJBKO
MaJbIMH, uTOGbl MeXJAYy HHMH OCTaJCs IPOMEXYTOK, YTO
BCerZla MOXHO CJieJlaTh, TaK KaK TOYKH @ M a’ He coBha-
npaoT. OGosHauuM paccTosiHHe MexXAy HHTepBalaMH & H o'
uepe3 ¢ (uepT. 3). 3aMeTHUM Temepb, YTO KaKHUM Obl GOJIBLINM
HoMep N Mbl HH BhHIGpanu, Bceraa Hafinérca B HHTepBaJje 3
Takas TOYKa a,, uTo Gyaer n > N, Tak KakK B NPOTHBHOM
ciyyae WHTepBal 8 conepxan Ovl He Gonee N ujneHoB {a,},
T. €. KOHEUHOe YHCJO, TOTAA KaK @ eCTb MpelesibHas TOYKA
TIOCJIeIOBAaTeJILHOCTH {@,}, W NOSTOMY HHTepBal 8 COAEPIKHT
GeCKOHEYHOEe MHOXKeCTBO 4YJIeHOB {a,}. AHAJOrHMYHO MOXHO
NOKasaTh, YTO B MHTepBaJe 8’ Halinércs a,, ¢ HomepoM m > N.
Orcioma cJlefyeT, 4TO NpPH JIOGOM Kak YrofHo 6oJbioM N
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HaligyTrca TakMe n > N u m > N, uro GyIerT BepHO Hepa-
BEHCTBO

|@m—a,|>e.

Ho sto mporuBopeunt ycioBHiO TeopeMbl. [TosyuenHoe npo-
THBOpeYMe JOKasblBaeT, YTO, KpPOMe a, HeT JPYrofi mpeneJb-
HOH TOYKM NOCJIeOBaTeNbHOCTH {a,}.
Wrak, pnaHHass mOCJeJOBaTEJBHOCTh {a,} OrpaHHYEHHas
H HMeeT €JMHCTBEHHYIO NpeJieNIbHYI0 TOUKY a; CJeOBATEJbHO,
OHa CXORHTCH H
a=lima,.

Teopema jokasaHa.



F'JIABA IV
& YHKIMH

1. Nouatue dyuxuun. OIHUM W3 OCHOBHBIX TOHATHH MaTe-
MaTHYECKOTO aHajiu3a sBJseTcs noHartue gyukuuu. Haubonee
ofliee oTlpejiefleHHe 3TOrO NOHATHSA, KOTOPOE YTBEPIHJIOCH
B HayKe, OblI0 [aHO TeHHAJbHBIM pPYCCKUM MaTeMaTHKOM
H. U. Jlo6auesckum. OHO (opMynupyeTcs Tak:

Ecau kaxjoMy a3jeMeHTy x MHOXectBa E mocrasiien
B COOTBETCTBHE HEKOTOpLIH ONpEeNeNEHHBIH 3JeMeHT Yy MHO-
KecTBa M, TO roBOpSIT, YTO Ha MHOxXKecTBe E ompezeneHa

pynrkyus f(x) ¥ OHWYT
y=Ffx).

3jgech muoxectBa E U M Moryr OBITH JIOGBIMH, COCTO-
SIIMMH M3 KaKUX YTOZHO 3JjieMeHTOB. HJs Hac HauGOJbMIMi
HHTepeC NpeJCcTaBJsieT TOT cJydalf, Korza E u M — MHO-
JKeCTBa JedCTBUTEJbHBIX yucel. B sToM ciydae roBopsr, 4TO
Ha wMHoxecTBe E onpenenena Odedcmsumenvuan Gyukyus
(unu npocto QyHKUHS) [ (x) Oedicmeumensro2o nepemerroeo x,
NpUYEM X HA3BIBAIOT APSYMEHMOM, HIH He3a8UCUMbIM nepe-
MeHHbIM, B OTJIHYME OT (DYHKIHH, HJIH 3aBHCHMOrO IepeMeH-
HOTO Yy, TaK KaKk B KaueCTBe 3HAUeHHUS X MOXKHO B3fTh JioGoe
YHCJO W3 MHOXKecTBa E, He3aBUCHMO HH OT uYero, TOrja
KaK 3HaueHuWe (YHKLIUH y ompefessieTcss BbHIODAHHBIM 3Haye-
HHEM X, 3aBHCHT OT 3HaueHHs apryMeHTa X.

XoTs Bcerza NUIIYT PaBeHCTBO y = f (x), YTOObI BEIPA3HUTD,
4TO Y eCTh (YHKLIHS OT X, OJHAKO 3STO He O3HAuYaeT, YTO
¢yHKUHA Bcerga omnpenensercs (OpMYJoOH, TIJe YKasaHbl Te
JNedCTBHA HaJ apryMeHTOM X, KOTOpble HAaA0 BHINOJHHT,
4yTOGBl NOJYYMTb COOTBETCTBYyIOIlee 3HaueHHe (QYHKUUH Y.
OyHKIUSA olpelesieHa, ecJH JaHO TO COOTBETCTBHE MeEXIY
mHOxecTBaMi E ={x} u M={y}, O KOTOpPOM TrOBOpDHUTCS
B TNOHSATHM (YHKIMH, a BBIpAaXKEHO 3TO COOTBETCTBHE aHa-
JuTHYecKH (dopmyJiof) HJIM HET, 5TO He CYIIEeCTBEHHO.
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Henb3s cMemmBaTh QYHKIMIO C aHATMTHYECKHM BbIpaXKeHHEM
3TOH (YHKLMH, KOTOPOTO MOXKET U He ObITh, XOTS (YHKIHA
onpezenena. Hanpumep, ¢yHKIHS, HU3BeCTHAsT MOJ HA3BAHHEM
¢ynkuuu lupuxie, onpelensercs Tak:

f(x)=1, ecan x panuoHAJBLHO;
f(x)=0, ecin x uppauMoHANBHO.

$lcHO, uTO 3mech Mbl HMeeM OGYHKUHMIO, ONpEeNeNEHHYIO Ha
MHOXeCTBe BCeX JeHCTBHTeNbHBIX YHCeJ, XOTS aHaJHTHYeCKoe
BblpaxKeHHe 5ToH (YHKINM HAM HE JaHO.

2. Mpepen dynkumn. [ycts ¢ynxkuus f(x) onpenesneHa
Ha MHOXecTBe E, @ —IlpeesbHasl TOYKA STOTO MHOXKECTBA,
KOTOpasi MOXeT M He NpHHaujIexarb E.

Uncao A naswiBaeTcss npedesom pyuxyuu f(x) 6 mouke a,
ecqn and JroGoro Kak yrogHo Majoro s >0 cymecTByeT
Takoe 8 > 0, yTO AJ BceX TOueK x € E, YHOBJIETBOPSIOUINX
YCJIOBHIO

|x—a| <3, Bo x #a,
BEPHO HepaBeHCTBO
|F(x)— Al <e.

Tor ¢akr, yto A ectb npemen f(x) B TOYKe @, BHIpAXKAIOT
TaK:

A=1limf(x).

X—a

Ecmu
limf (x)=0,

T. e. I Jqwo6oro &> 0 cymectByer Takoe & >0, uTo M3
yCJIOBUS

|[x—a| <3, Ho x #a,
caenyer

[f(x)] <e,

TO TOBOPSIT, YTO MPH CTPEMJEHHMH X K @ BeJuyHHa f(x)
beckoneiHo Maaas.
Jlerko 3ameTHTh, YTO €CJIH

limf (x)=A4,

X—>a

40



TO NpH CTPEMJIEHHH X K a BeJHUYHHA
a(¥)=f(x)—A

GecKOHEeYHO MaJjasi, M, OOpaTHO, eCJH IIPH CTPEMJIEHHH X K @
BEJIHUMHA

a(x)=F(x)—A4,
rie A — HEKOTOpOe YKCJIO, €CTb GEeCKOHEYHO MaJjiasi, TO
A=limf(x).
X—a

[Monp3ysicb 9TUM 3aMeyaHHeM, HETPYAHO J0Ka3aTh CJIERY-
IolllHe YTBepXkKJeHus, obJiervammee 3ajady BHIYHCJEHUS Ipe-
Ies0oB QYHKLHH.

Teopema. Ecmn
limf(x)=A un lime(x)=2B,

x—a

x—=a

TO
1) lim[fg‘)1+cp(x)]=A+B.
2) lim [fa(:f)a_(? (x)]=A—B.
3) lim [f’gflcp (x)]=AB.
4) ‘ltl_r)ni?g —4, ecin B0,

Ioxaxem xoTs 6ol paBenctBo 3. M3 ycuouit limf (x)=A4
Xx—a
n lim¢ (x)=B cienyer, 4TO NpH CTPEMJIEHHH X K @ BeJHYMHb

a(X)=f(x)—A uB(x)=9(x)—B
GeckoHeyHO Mausble. PaccmoTpum
f(x) ¢ ($)=[A+a (%) [B+B (x)]=AB+Ba(x)+[A+a (x)] B (x)-

ITyctb € > 0 KaK yrogHo Majlo, BO BCAKOM cyydyae MeHblue 1.
O6osnaunm uepes C Gouabwee u3 uHcen |B| um |A|+ 1.
B cuay Toro, uto a(x) u B(x) npu x — a 6eCKOHeYyHO Malble,
MOXHO HaHTH Takoe o >0, uTO HJA BCeX X, YAOBJETBO-
PSIOIIUX YCJOBHIO

|x—a| <3, vo x #a,
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BBITIOJIHAIOTCS HEPABEHCTBA
€ €
la(x) | < 5 u [B(X)| <55

(Ecin 8 Gymer pasmuunbiM a7g a(x) u B(x), To 32 ¢ jo-
CTaTOYHO B3ATb MeHbllee M3 HuX.) Ho Torapa, sawmeuas, uto
[Ata(x)|<|Al+]a(x)|<|A|+1<C, umeen:

|f (x)¢ (x) — AB| =] Ba (x)+-[A+a (x)] B (x) | <[ B[ (x) | +
HlA+a@]BEI<5+5==
Hrak, ana moGoro e > 0 cymecrByer Takoe 6 > 0, uto

[F(x)e(x) —AB|<e,
€U TOJNbKO

|x—al|<3, #HO X *a,
a 3TO O3HAuaeT, YTO
lim [f () (+)] = 4B.

MerozoM MaTeMaTHUeCKOH HHAYKLUMH MOXKHO pacrlpocTpa-
HHUTBb NpaBujo 1) Ha ciayya#i m06Oro KOHEYHOrO YHCJa CJa-
raeMblx, a npaBHJO 3) —JIOGOrO KOHEYHOro YHCJIa MHOXKH-
TeJIel.

Hapsany c nomsitueM npefena ¢GyHKUUH 68 MmoO4Ke B Mare-
MaTHYECKOM aHaJiM3e MOJb3YIOTCS TAKXKe U NMOHATHEM Tpejesa
yHKUMH 8 becKkoHeurHocmu. DTO TOHSITHE BBOJIHUTCS TaK:

ITycre ¢yskmus f(x) ompenenena Ha MHOXecTBe E, mpH-
uéM £ He OrpaHHYeHO HH CHH3Y, HH cBepxy. Eciam pis
Jio6oro € > 0 cymectByer Takoe uyuciao N >0, uro ans
Bcex x€E, ynoeieTBopsiiomMX YycjaoBHIO |x|> N, BepHO
HepaBeHCTBO

[F(x)—A|<e,
rae A — HeKOTOpoe YHCJIO, TO A Ha3bIBAIOT NpefiesioM (DYHKIHH
f(x) npu cTpemyeHHH ¥ K GECKOHEYHOCTH H MHLIYyT
A=limf (x).
X—>00
AHanOruyHO oOmpeleNsOTCS MOHATHS Ipefena (YHKIHH
OpH CTPEMJIEHHH X K ILIOC GeCKOHeYHOCTH H MuHyc OGecko-

HEYHOCTH, HANO TOJBbKO ycJjoBHe |x|> N 3aMeHHTb COOT-
BeTCTBeHHO Ha x > N miu x << —N.
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IlpaBuna 1)—4) BepHBl M A npenesnoB (QyHKUUH B Gec-
KOHEYHOCTH.

Cnepyer o6paTHTb BHHMaHME Ha TO, YTO OIpeleJieHHe
TIOHSITHSI YMCJIOBOH NOCJIENOBATEJbHOCTH SIBJSIETCS ONpefelie-
HUeM QYHKIIMH Ha MHOXeCTBe HaTyPasbHBIX YHCEJ, a II03TOMY
npefes IO0CJe0BATeJbHOCTH CBOAMTCS K mpeneny (yHKUHH
B GeckoneuHoctH. Orcioja BEITEKaeT, 4TO JJs1 TPENEJOB
TI0CJIEI0BATEJLHOCTEH MOXKHO C(OPMYJHPOBATE NpaBHJIa, aHA-
JOrHYHble npaBujaM 1) —4) g npenesioB ¢GyHKUUH.

ITokaxkeM, HakOHell, YTO M NOHATHe mperesna (GYHKIHH
CBOAHUTCS K MOHATHIO Npefesa NOCJeIOBaTeJbHOCTH.

[Mycrs ¢ynkuus f (x) onpernenena Ha MHOXkecTBe E, Ha —
npefileibHas TOYKa 3TOrO MHOXKECTBA. TaK Kak B JIOOOM Kak
YrOZHO MaJjloM HHTepBaJle, COIEepKallleM TOYKY a, COAEpPKHTCA
GeCKOHEYHOe MHOXKECTBO TOYeK x€FE, TO BCeria MOXHO
H3 MHOXecCTBa E BBIIEJHTH IOCJIELOBATENIbHOCTh TOYEK

Xis Xoy vvey Xy oees (1)

OTJIHYHBIX OT @, KOoTopas Obina Obl cXoasimeidcs K @, IpHu4éM
TaKyl0 IIOCJEeOBAaTeNbHOCTh TOueK E, OueBHIHO, MOXKHO 00Opa-
30BaTh OGeCKOHEUHBIM MHOXECTBOM CIOCOOOB.
[Iyctsb
A=Ilimf (x).
xX—=a

JlokaxeM, UTO ecJi mocjefoBatespHOCTb (1) TOYek E cxo-
JIUTC K @, TO COOTBETCTBYIOILAS MOCJIEN0BaTEJbHOCTh

F(xs F(x)y «ves F(xa)s - 2

cxomuTesl K A.
B camoM pene, eciu BO3bMEM Kak YrOZHO Majoe & >
TO, B cHiy Toro, uro A=1lim{(x), mafinérca takoe 8 >

x—>a

YTO KaK TOJIbKO TOUKA X € E YIOBJIETBODHT YCJIOBHIO

0,
0

|x—a| <3, HO X #a,
Tak GyJeT BepHO HepaBeHCTBO
[fx)—A|<e.

Ho tak kak nocjepoBartenbHOCTb (1) cxomuTes K @, TO 1O 3
Hainércss Takod Homep N, uTo Ansl Bcex n > N OyneT BepHO
HepaBeHCTBO

| x,—a| <3, npuuém x, + a,
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OTKYJZa, B CBOIO Oue€pelab, BBITCKACT HEPABEHCTBO
| (%) — A <e

IJs BceX n > N, a 5T0 03HAaYaeT, 4TO NOCJEN0BATENBHOCTD (2)
cxonutes: K A.

BepHo u o6paTHoe yTBepxKzaeHHe. Ecam mo6oil mnocieno-
BaresibHOCTH (1) Touek x, MHOXKecTBa E, cXopdmeiics K a,
BCerja COOTBETCTBYeT CXOZdmasca K A mnocrenoBaTenb-
HOCTb (2) 3HaueHuit yHKuuM f(x), TO

A=1limf(x).

X—a

IIpumMeHHM MeTOX paccyxIeHuii OT NpoTHBHOro. JlonycTHM,
uyro A He Gylner npelenom ¢yHKUMH f(x) B Touke a. Torma
cymecTByeT Takoe g, >0, uro npu mo6oMm & >0 MOXHO
HaffTH TaKyl TOuky x'€E, OTIHYHYIO OT @, 4YTO XOTA H
6yzet

|x"—a| <3,
OJIHAKO OKajyKeTcs
[f(x)—A|>¢,
BosbMéM B KauecTBe 3HAYeHHH & MOCJENOBATEJbHOCTb YHCEA
3, >8> ... >8> ...,

cxomamyrocs K Hymo. Torma ans kaxknioro 8, Hafjgércs
TOYKA Xn € E, OTIMYHAsA OT @, U Takas, uTo OyzmeT

I xf'l —a | < 811’
HO, OJIHAKO,
[f(x2) —A|>¢,.
OueBHfiHO, UTO IOCJENOBATENLHOCTD
Xiy Xgy eeus Xny oo-

CXomMTCs K a, Tak Kak lim3,=0, HO cOOTBeTCTBYIOIast
NIOCJIeIOBATEJbHOCTb 3HAUeHHHA (yHKIuU | (x)

FED F(xs)y ooey (X0 -

He 6ymeT cXomuTbecsl K A, Tak Kak B CHJIy BHIGOpPA TOUEK Xp
umeeM |f(xp) —A|>e, mI% Bcex n. DTO NPOTHBOPEYHT
yCJIOBHIO, 4TO JJs Jiro6oit mocJienoBatesbHOCTH (1), cxoxsi-
mefcsd K a, COOTBETCTBYET MOCJENOBATEJIbHOCTh (2), cXond-
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masica K A. CuepoBaTesNbHO, IONYIIEHHE He BEPHO, T. €.
BEDHO, 4TO
A=1im [ (x).
X—=a

JlokasaHHble 37eChb TIPSMOe M OGpaTHOE yTBEPKIEHHS
NI03BOJIAIOT JaThb BTOPOE ONpeJeJieHHe NOHATHS npejesa QyHK-
LMY, SKBHBAJIEHTHOE NEPBOMY OIpPENEEHHIO:

Ecau npu cXoIMMOCTH K a JOGOH NOCJeIOBATEJbHOCTH

Xy, Xgr ooy X

TOYeK X, € E, OTIMYHBIX OT @, COOTBETCTBYIOMIAasi MOCJEIO-
BaTeJbHOCTh 3HaueHUH (yHKHHH f(X)

f(xl)r f(xz)» ey f(xn),

cxoguTess K A, To A HasbiBaeTcsl mpejesoM GyHKIHH f (x)
B TOUKE Q.

3. Jlsa 3ameuaTeJbHBbIX mpefena. Bocnosbayemcsi NepBBHIM
onpejiesieHHeM MNOHATHS mpelesa (QYHKIMH H JOKaXeM, 4YTO

limSR* 1.

8

x—0
C 3TOli Lesbl0 BO3LMEM

KpYT, pajHyc KOTOpOro pa- X
BeH 1, u B HEM mocTpouM 1D (3
octpuifi yroan AOB, papuan-
HYIO BEJIMYHHY KOTOPOro 06o-
3HauuM uepe3 x. IlocTpoum
yron AOC, cuMMeTpHYHBIH c
yrny AOB. Touku B u C Uepr. 4
coequHMM xopjoi. Haxkowrer,
NpoBefIéM KacaTeJibHble K OKDYXXHOCTH B ToukKax B u C
(uepT. 4). Tenepn, yuMTHIBas, YTO JJIHHA XOpJbl MEHbIUE
JJIMHBl COOTBETCTBYIOMIeH YT, a JJHHA IyrH MeHbIIe IJIMHbI
ONHCAHHOH OKOJIO He€ JIOMAHOH, MOXKHO HaNMCaTh HepaBEeHCTBA

BC < BC < BEC,

HJIH
2DB < 24AB < 2BE.

Orcrona, 3ameuwass, uro DB ectb JuHus cubyca, a BE —
JuHus TaHrenca yria AOB, W yuutbiBasi, 9TO pajuyc Kpyra
paseH 1, mosyuum:

sinx < x < tg x.
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PasueJmB KaXJIbli 4JieH 3TOro HepaBeHCTBA Ha sinx, cuuTas

npH aToM 0 <x < %, a 3Hauwrt, sinx > 0, GyneM uMeThb:
1< §m_x < Gosx’
OTKyZa cJjenyer

l>‘°‘—15f>cosx

BoludTast KaXxAblH ujieH MNOCJEIHEro HepaBeHCTBa u3 1, no-
JIyUHM:

O<l—w<l—cosx
Ho
1 —cosx=2sin2 % <25m <2z 5 =X;
H03TOMY
0<1—I% oy
Ortcrona cJjenyer, 4To
smx 1’<|x|

npuuéM, OYEBHIHO, 3TO HEPABEHCTBO OCTAETCS BEPHBIM, €CJIH X
3aMeHHTb Ha — X, T. €. OHO BepHO JJis BCeX Z, YAOBJETBO-
4
PAIOMIKUX YCJIOBHIO | X | < -, HO x % 0.
Tenepp sicHO, uTO KakuM Obl ¢ >0 Mbl HM BHIGpaH,
Bcerga Haiiaércs Takoe 8 > 0, uto GyZeT BepHO HEpaBEHCTBO
lsmx

1 ‘ <e,
eCJIH TOJIbKO

|x| <3, HO x 0.
JleficTBUTENIBHO, B3SIB d=¢, ecJH € <——;—, 6yneM HMeTb:

sin x
X

< x| < 3=,

T T
a ecliM &>, TO MOJOXHM d =+, TOrga

[

Ismx

1'<|xl<8=%<e.
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CnenoBaTeJIbHO, 1O NEPBOMY ONpeJieeHHIO NOHATHA Mpejiena
(yHKUHMH HMeeM:

. sinx

lim—==1.

x=»0

DTOT BaXKHBIl pe3yJbTaT OyJeT HCHOJb30BaH B JajibHEHIIEM.

Bocrnosnb3yeMcsi BTOpHIM onpejelieHHeM npelesa (yHKIHE
U JIOKaXKeM, 4TO

*l—

lim (1 4 x)

x-0

=ée.

B TpeTheil rsaBe Mbl OIPEJEJHIH 4YHCJIO e Kak Ipejest

1 n
TI0CJIeJOBATEIbHOCTH {an=(l —|—7> }, KOTOPYIO MOXKHO
paccMaTpHBaTh KaK IOCJIEJOBATENbHOCTb 3HAUEHHHA GYHKIHH
1

f(x)=(14x)*, COOTBETCTBYIOULYIO OJHOH OMPENEJEHHOH MO~
o 1
CJIeJOBAaTeIbHOCTH 3HAaueHHH aprymeHra {xn=7}, CXOAs-

mefica x Hymo. Temepb XKe HagO JOKasaTh, YTO M3 CXOJH-
MOCTH K HYJIO 2t000L TOCJeI0BaTeNbHOCTH

Xy Koy vney Xy v oes
rie x, + 0, BblTeKaeT CXOAHMOCTb COOTBETCTBYIOILEl mocJe-
JOBaTeJbHOCTH 3HaueHuH f(x)
RE L L
. x. X X
(T+x)™, A4x)™ 2, ., (T+x)™, ...

K YHCay e.

IIycte x mpoGeraeT moka Kakym-HUOYIbL TNOCJEN0BaTeb-

HOCTb {X;} MOJNOXKWTeJbHBIX 3HAYEHHH, CXOJSILYIOCA K HYJIO.
O6o3HauuM uepe3 7, Takoe HaTypaJbHOE YHCJO, YTO

< <.

OueBKaHO, 1, HeOrpaHHYeHHO BoO3pacraeT, Koraa x, — 0.
OJHOBpEeMEHHO C TpeJBIAYIMHMH HepaBeHCTBAMH HMeeM:
1

_>xk >

1
np np+1

Tenepb OYeBHIHO, 4YTO
1
1 ny . . 1 nh+l
(g < ™ < (T )™

47



It xKe HEpaBeHCTBA MOXZKHO INPEACTAaBHUTb TakK:

d 1 ny+1

(+gr)” e 1N/, ]
L <A < ()™ ()
+I‘lk-|-l

1 \n
3ameqaﬂ, 4yTo IIOCJIEAOBATEJIBHOCTH {< 1 +n—h> h} H

1 "h+1
1+nk+l> CXOJfATCsA K € B CHJY NepBOHAYAJBHOIO

1
onpeneJieHus 4ucJa e, a 1nocjiejoBaTeJIbHOCTH {(1 —l-n—k>} H

{(l 4+ r7h——ll-—l>} HMeIOT TpefiesioM 1, U3 mocjefHeH LENOUKH
1

HEpPaBeHCTB BHAMM, uTO TmoOCJenoBaTenbHocTh {(1 -4 x,) ™}
HUMeeT Ipejiesl, PaBHBIH YHCIy e.

ITycThb Tenepsb {x;} ecTb IPOU3BOJIbHAS MOCJELOBATENIBLHOCTD
OTpHULATENBHBIX YHCeN, cXofismascsa K Hymo. [lomoxum

1

1 + Xp = 1—+E .
Torpa OyzeMm uMeTb
— %k
yh - l +xh y

OTKyZa BuHJHO, 49TO ecad x,— 0, To u y,— 0, npuuém,
KOTJa 3HaueHHsl X,, OTpHUATeJbHBIE 1O YCJOBHIO, OYAYyT
JOCTAaTOYHO OJH3KHMH K HYJIO, TOIJA 3HaueHus y, OyAyT
TIOJIOKUTEJIbHBIMHE. YUHTBIBast 3TO W 3aMeuasi, YTO

1 4y, 1 1
e 1 \~ 7 ek T
() =(75) " =0+ =1 +)" (1+u),

Mbl BHAMM, 4YTO H B 3TOM CJyyae IIOCJEJ0BaTEJbLHOCTDH
1

{(14 x;) *»} cxomuTcst X 4YHCIYy e, TaK KaK OYEBHJHO

l+y,—1,

1
(1459 % —e

0 paHee JOKa3aHHOMY, u60 Yp MOXKHO CUHTATb CTpeMsd-
OIUMCA K HYJIO IO IIOJIOXKHUTEJIbHbIM 3HAYCHHSM.
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Orcroza sicHo, 49TO {Xx,} MOXeT coiepaTb H IOJIOXH-~

TeJbHblE, H OTpHLATEJbHBIE YHUCJA, BaXXHO TOJBKO, YTOOHI
OHa CXOguJiaCb K HYJIO.

Mraxk, Bcersa M3 CXOAMMOCTH IOCJELOBATENbHOCTH {X,}
K HYJIO BBITEKa€T  CXOJHMOCTb  IOCJeE/OBaTEJbHOCTH
1

{(14x,) *r} k uucay e. CieloBaresbHo,

L
x

lim(l4x)* =e.

x-0

4. HenpepbisHocTs Qynkuuu. Ilycte dynxuus f(x) ompe-
JlelleHa Ha MHOXKecTBe E, M a€E.

Ecau nys mo6oro Kak yroaHo manoro e > 0 cymecTByeT

Takoe uMcyo 8 > 0, yTo AJa Bcex X € E, yHOBJIETBOPSIIOMIUX
YCJIOBHIO

[x—a] <3,
BEPHO HEPaBEHCTBO

[Fx)—TF@]|<e,

10 ¢yHKuust f(X) HasbIBaeTCs HeNpepHIBHOH B TOUKE @
(8 cmbicaie Komm).

Ecnu npuHATH BO BHHMAaHHe OlpefesieHHe Ipefesa (PyHK-

MM B TOYKe HA sI3bIKE € —93, TO HENPepLIBHOCTb (DYHKIUH
MOXHO BBIpasHTb Tak:

Ecan
limf (x)=7(a),

x—a

T0 QyHnus: f(x) HempepelBHa B TOYKE Q.

Ecau ke BocmonmbayeMcsi Tenepb oONpefelieHHeM Ipejelna
(QYHKIMH HA SI3BbIKE MOCJENOBAaTEeJbHOCTeH, TO MOJYYUM CJle-
Ayomyo (GOpMyJHPOBKY TNOHATHSI HENPEPBIBHOCTH (YHKIIHH.

Ecan nns mo6ofi nocjefoBaTeJbHOCTH TOUYEK
Xy Xgy wvvy Xpy v v vy
CXOfsleHcs K @, COOTBETCTBYIOLIAsi MOCJEIOBAaTENbHOCTh

F(x2)s Fxg)s o oos FxR), - -

cxonutesl K f(a), To dyHKnus f(x) HaspiBaeTCs HeNpephIB-
HO#t B Touke a (B cMuicyie [eiine).
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®ynkuHsa f(x), HenpepblBHasg B KaXXJOH TOUKE MHOXKe-
cTBa E, HasblBaeTCs HellpepblBHOM Ha 3TOM MHOXecTBe E.

Teopema. Ecmu dynkunmu f(x) ¥ ¢(x) HenopepbiBHBI
B TOYKe @, TO B 3TOH TOUKe HenpepblBHbI H (DYyHKLIHH

FEO e 00— ); F@ew; L2, e o(a)#0.

Ecau nonb3oBatbecsi onpejieieHHeM HeNpepbIBHOCTH (QYHK-
UMY OpU TNOMOLIM MOHATHA Npefena (YHKIHH, TO JOKasaTeNb-
CTBO TeopeMbl CBeJETCH K IPOCTOMY IOBTOPEHHIO COOTBET-
CTByMOLIeH TeopeMbl O Ipefenax GyHKOWHA (npaBui 1— 4).
Kpome Toro, oueBMAHO, TeopeMa JAJIs CJIOKEHHSI U YMHOXKE-
Hus OyJeT BepHA He TOJIbKO B CJyyae ABYX MHaHHBIX (DyHK-
Ui, HO M 7 CJydas Jo60r0 KOHEUHOro uucaa (QyHKUHHA
(craraeMblX WJIM MHOXKHTeJIeH).

5. CpoiicTBa HempephiBHHIX (YHKUMA. 3JeChb Mbl JIOKaXKeM
HECKOJIbKO TeOpeM, BbIpaXKaloLUIUX CBOMCTBA HeMpephIBHBIX
(yHKUME Ha 3aMKHYTOM OrpaHHYEHHOM MHOXEeCTBe.

Teopema 1 (Bedepwmpacca). Ecau dysxuus f(x)
HelpepblBHAa Ha 3aMKHYTOM OTDaHHYeHHOM MHOXecTBe F, TO OHa
Ha 3TOM MHOXKeCTBe OrpaHMYeHHas, T. €. CYLIeCTBYET TaKoe
¢ >0, uto ans Bcex ¥ €F BepHO HepaBEHCTBO

[F]<e.

Hoxasameascmeo. BocnonbayeMcst METOIOM pacCyIeHu#
oT mpoTuBHOro. [onycTuM, uYTo f(x) Ha MHOXecTBe F He
orpaHuyeHHas. DTO 03HAYaeT, 4TO AJS JOGOr0 HATYpajbHOro
yhcJa n HaW#€Tcs B MHOXeCTBe F Takasl Toyka X,, B KOTO-
poli GyzeT BepHO HepaBEHCTBO

!f(xn) I > n.
Bepst 3a n nocaexosaTesbro 1, 2, 3, ..., MBl HOJYyYHM IIO-
CJIeOBAaTEJbHOCTh TOUEK MHOXKecTBa F
Xys Xgy vevy Xpy oo e))

TlocnenoBatesbHOCTb (1) OrpaHuueHHasi, TaK KaK COJEpXKHUTCSH
B OrpaHHYeHHOM MHOXecTBe f; NO3TOMYy, B CHJy CJEACTBHS
u3 Teopembl Dombnano — Befiepmrpacca, H3 He€ MOXHO
BBIAEJHUTD IOATIOCJEN0BaTebHOCTD

xnl, xnz, “e ey xnk, oo ey (2)

CXOJsILYIOCs K HeKoTopoil Touke a. Ilperen a mnocjenoBa-
TeJIbHOCTH (2) nH6O CcOoBNajaeT ¢ HEKOTOpBIM. 4JIEHOM Xn,, STOH
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NoCJIeJOBaTeJIbHOCTH, U Torja a€ F, nu6o sBjseTcs Npenesb-
HOH TOUYKOH MHO%MCecmsea TOueK, o0pasyiolMX IOCJeN0BaTelb-
HOCTb (2), a 3HaUUT, U INpefeNbHOH TOuKOH MHOXKecTBa F,
HO IO yCJOBHIO F 3aMKHYTO, M IIOSTOMY OISATh Xe a € F. Tak
KaK (yHKIMA f(x) HempephblBHA Ha MHOXKecTBe F, TO OHa Hempe-
peiBHa M B Touke a € F. IlosToMy M3 CXOZHMOCTH mOCHENO-

BaTeJIbHOCTH (2) K @ BBITEKAeT CXOAMMOCTb MOCJEIOBATEb-
HOCTH

%)y F(Xna)s wves [(Hny)s - ©)

K npeneny f(a), uero GbITb He MOXKeT, TaK Kak f[(a) ecTb
omnpejieI€HHOe 4YHCJO, a N0 BHIGOpY TOYEK X, HMeeM:

|F (%) | > 1

rje n, MoxeT ObITb KaK YrOZHO GOJIbIIMM, H 3HAYMT, HOCJe-
JI0BaTeJbHOCTb (3) KOHEYHOro Ipefesa He HMeeT. [losyuen-
HOe NIPOTHBOpEYHe M0Ka3blBaeT, YTO Halle NONYyLIeHHe O He-
OrpaHHYeHHOCTH f(x) Ha MHOXecTBe F He BepHo. CrepoBa-
TeJIbHO, TeOpeMa JoKasaHa.

YcnoBUsl TeOpeMbl — OTPaHHYEHHOCTh U 3aMKHYTOCTb MHO-
xectBa F, rie nanHas ¢yskuus f(x) HempephlBHa, — Cylle-
cTBeHHble. Tak, Hampumep,

flx)=x

HelpephIBHA Ha BCEH YUCJIOBOH NpsIMOM, HO He OrpaHHuYeHHas
Ha 3Tol mpaMol. TOYHO TakK ke (PyHKIHS

() =1

B noayunrepBaie 0 < x<1 HempepelBHa, TaK kKak x % 0,
HO He OrpaHHYeHHA. B nepBoM npuMepe He BLINOJHEHO YCJO-
BH€ OTpaHHYEHHOCTH, & BO BTOPOM — 3aMKHYTOCTH MHOXKeCTBa,
Ha KOTOPOM pacCMaTpHBajiach HelpephiBHAA (YHKIHUS.

Teopema 2 (Beiiepmmpacca). Ecau dysknus f(x) He-
pephIBHA HA 3aMKHYTOM OrpPaHHYEHHOM MHOXecTBe F, TO OHa
Cpeld CBOMX 3HaueHMH, NPUHHMaeMbIX HAa 3TOM MHOXeCTBe,
¥MeeT Kak HaWMeHblllee, TaK M HauOoJblllee 3HAUEHHs.

Iokasameasscmeo. B cwiy npeapipyumiel TeopeMsl [ (x)
OrpaHHueHHasi, a IIOSTOMY MHOXECTBO BCeX 3HaueHHH f(x),
COOTBETCTBYIOUIMX BCEM 3HAYEeHUSIM X € F, HMMeeT HUXKHIOI
¥ BepxHiol0 rpaHd. O003HaYMM HMX COOTBETCTBEHHO uepes
m u M. JlokaxkeM, uTO B MHOXKecTBe F Haljércs Takast
TOYKa @, B KOTOpoH 3HaueHue f(x) paBHo M.
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JeficTBUTENBHO, II0 OIpeleseHHI0O BepxXHell TIpaHH JJId
Bcex x € F uMmeeM:

f(x)<M,

HO @IpH JIOOOM Kak yroaHo Mainom e > 0 Haliférca Takast
TOYKa X,€ F, 4to GyAyT BepHHl HepaBeHCTBa

M—e < f(x) <M.

1

1
Bepst 3a e umena 1, 5, ..., —-, ..., NONYYHM MOCJENOBa-

TEeJbHOCTh TaKHX TOYeK MHOxecTBa F
Xys Xgy wvvy Xpe v oey (1)
JJis1 KOTOpBIX BEpHBI HEpPaBeHCTBA

1
M—_’? < f(xn)<M)
a 3HAUYHT,

1P () — M| <. )

ITocnenoBatenbHOCTb (1) orpaHHueHHast, Tak Kak COAEPIKHUTCS
B OrpDaHHYEHHOM MHOXecTBe F, a IO3TOMYy H3 Heé MOMKHO
BBIZEIUTD IOAIIOCEL0BATEIbHOCTD

Xnys Xngs ooy Xnyy « ooy

CXOZALYIoCT K HEKOTOpo#l Touke a. B cumy samMkaytoctn F
TOYKA @ COAEPXKHTCA B F, a Tak Kak f(x) HempepbiBHA Ha
MHO2KecTBe F, TO OHa HempepbiBHa M B TOYKe a. Y3 3TOro
cJefyeT, 4TO IOCJIeJOBaTeNbHOCTD

F(*a1)s [ (%ng)s s [ (Xny)s - - )

cxogures K umcay f(a). Ho, ¢ npyro#i cropoHsl, u3 Hepa-
BeHCTBa (2) uMeeM:

1

a 3TO O3HayYaeT, 4YTO NOCJIEIOBATEJBHOCTb (3) CXOAUTCS
K uucay M. CrenoBaTelsbHO,

f(a)=M.
AHalOrM9HO MOXKHO JI0Ka3aTb CYIIECTBOBAHHE TAKOH TOUYKH
BEF, B KOTOpOH MMeeM:

fB)=m.
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Tak kKak f(x) He mMeeT 3HAUeHHI, MEHBMIKX m U 60JbIUX M,
a 9TH IpaHy, Kak Mbl JOKasaju, f(x) npHHHMaeT B TOYKax
MHOXKecTBa F, TO m U M H ecThb COOTBETCTBEHHO HaHMeHbIIIEEe
u HauGoJbllee 3HAUeHUs f(x) Ha MHOXkecTBe F.

¥YcnoBUS TeOpeMbl — OFPAHMYEHHOCTh W 3aMKHYTOCTb MHO-
x)ecTtBa F, rje paccMaTpHBaeTrcsl IaHHAs HelpepbiBHas (PyHK-
IUs, — SIBJISIOTCS CYIlecTBeHHbIMH. Hanpumep, ¢ynknus

fx)=e

HeMpepbiBHA Ha MHOXKeCTBe — co < x< 0, HMeeT Ha 3TOM
MHOXeCTBe BepxHell rpaubio 1, a HukHell rpasbio 0, npuuém
BEPXHIOI0 I'PaHb Ha MHOXKeCTBe — co < x¥ < (0 mpuHHMaeT, Tak
Kak f(0)=e°=1, a HUXKHIOIO rpaHb He NpPHHHUMaeT, u60
f(x)=e* 0 Hn mpH KakoM x. 31ecb HapyIEHO YCJOBHE
TeopeMbl, Tak Kak (— oo, 0] ecTb 3aMKHyTOe, HO He oOrpa-
HHYEHHOE MHOXKecCTBO. PyHKnuA

P(x)=x

HenpephiBHa B HHTepBajle 0 << x < 1, HO HM B OJHOH TOUKe
3TOro HHTepBasa f(x) He paBHa | —cBoell BepxHel rpany,
1 He paBHa 0 —cBoel HHXXHeHl rpaHM. 3Jecb TaKxkKe Hapy-
IIEHO ycJioBHe TeopeMbl, — uHTepBay (0, 1) ecTh orpannuenHoe,
HO He 3aMKHYTOe MHOXECTBO.

3ameruM, uTO BTOpasi TeopeMa BefiepmiTpacca pasBHBaeT
nepsyio. Ona nokaselBaeT, 4TO GYHKHHS [(X), HempephIBHas
HA 3aMKHYTOM OTpPaHHYEHHOM MHOXecTBe F, He TOJBKO Orpa-
HHYEHHAs] HA STOM MHOXKECTBE, KaK YyTBepXKIaeT mepBas
TeopeMa, HO M HMeeT Cpefd CBOMX 3HAaUeHHH HauMeHblIee
U HauboJsblllee 3HaueHus: m U M. B 3TuX TeopeMax B Kaue-
CTBe MHOXKecTBa F MOXHO, B YacTHOCTH, B34Tb Jio6oH
CerMeHT [a, b], Tak Kak CerMeHT eCTb 3aMKHyTOe H Orpa-
HHYEHHOe MHOXKeCTBO. 1 BOT B 3TOM yacTHOM cJyyae, Korja
paccMaTpuBaeTcsl HempepbiBHas (YHKUMSA [(X) Ha CerMeHTe
[a, b], MoxHO, OKasblBaeTcsd, pa3BHTb Jajblie M BTOPYIO
TEOpeMy, JOKa3aB, 4TO M BCe NPOMEXKYTOUHbIE YHUCJIA MeXIY
m u M ¢yskuus f(x) TakXke NPUHMMaeT B KaueCTBe CBOMX
3HAueHu#l B TOYKAX CerMeHTa [a, b], T. e. UTO ecsM 3HAUEHHA
apryMeHTa X 3amoJHSIOT ceemenm [a, b], TO U COOTBETCTBY-.
IOl He 3HAYEHHs] HENpephiBHOM (yHKNMH [(X) Takke 3amnoJ-
HAIOT ceemenm [m, M), rae m © M — COOTBETCTBEHHO HUKHSAS
H BepxHsisl rpaHH ¢GyHKuMH f(X). DTO yTBepKIEHHe H3BECTHO
noj HasBaHueM TeopeMbl Kourw.
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Teopema 3 (Kowu). Ecnn dyskuus f(x) HenpepbiBHA
Ha cerMmenre [a, b], TO Ha HEM OHAa NPHUHMMAET B KauecTBe
CBOMX 3HaueHM{l BCe YHCJA, COAEPIKAIIMECS MEXKIY HaHMeHb-
UMM M HauOOMBbIIMM €€ 3HAYEHHWSIMH Ha 3TOM CEerMeHTe.

[IpexBapuTesbHO JOKaXKeM JBe JIEMMBI.

Jlemma 1. Ecnu dysknus f(x) HempepblBHA B TOYKe X,
H f(xy) > A(f(xy) < A4), rie A ecTb HEKOTOpOE YHCJO, TO
CyIIeCTByeT Takoe yucjo & >0, 4TO IJsi BCeX X, YIOBJe-
TBOPSIOIWUX YCJIOBHIO

[x—x4] <3,

BEDHO HEepaBeHCTBO

f(x) > A (f(x) < A).

[Hoxkasameascmeso. Ilycts pasa onpenenénHocTH f(x,) > A.
Torna

Fx)=A+h,
rae > 0. B cuiy HenpepnlBHOCTH f(X) B TOuke x, cCyle-

cTByeT Takoe & >0, yro an BceX X, YAOBJIETBOPSIOLIHX
YCJIOBHIO

[x—x,| <3,
BEPHO HEPaBeHCTBO

[F®)—F ()| <5
HJIIH
— e <FR)—F(r) <3
OTKyZa MOJYYHUM:
) > ) —g=At+h—g=A+y.

CienoBaTeJbHO,
f(x) >4,

[x— x| <8

Jlemma 2. Ecnu ¢yskuus f(x) HempepbiBHA HA CErMeHTe
[a, b] 1 B KOHUAX €ro HMeeT 3HAYEHHS, NPOTHBONOJOXHbIE
Mo 3HaKy, TO OHA paBHA HYJIO NO KpafiHell Mepe B OZHOH
TOUKe HHTepBaja (a, b).

Hoxkasameascmeo. Ilycts pas onpenenénnoctu f(a) <0,
f(b) > 0. OGosmaunm uyepe3 E MHOXECTBO BCEX TOYEK X
cermMenTa [a, b], B KOTOpHIX BepHO HepaseHCTBO f[(x)<<O.
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MuoxecTBo E He IyCTOE; OHO COJIEpPIKHT, HAllpUMep, TOUKY a,
a B CHJy JeMMBbl | TakxKe M Te TOUKH, KOTOpHIE JOCTATOYHO
6nu3ku K a. MHoxkecTBO E OrpaHHYeHO CBepXy, TakK Kak
nns BceX x € E umeeM x < b. Ilostomy MHOXKecTBO E uMeeT
BepxHIoio rpatb. OGo3HauuM eé uepes a. OueBHAHO, a < a < b,
TaK KakK TOYKH [a, b], HocTaTouHO GJM3KHMe K b, He BXOIAT
B E. Tenepn pokaxkeM, uto f(a)=0. B camom mene, no-
nyctuM, uyrto f(a) < 0. Torma B cuay Jgemmbl 1 Haiipéres
Takoe 8 > 0, 4TO mJs1 BceX X, YJIOBJIETBOPSIONINX YCJOBHIO

[x—a| <3,
6yneT BepHO HEPaBEHCTBO
f(x)<O.
BospMéM x’ >a, HO Takoe, uTO |%' —a|<3, a mnosTOMY
f(x") <O.

Ho, ¢ apyroit cropoHsl, X' > a, rie a — BepXHsisi FPaHb MHO-
x)ectBa E; nostomy x'€E, T. e.

f(x’) > 0.

[Monyunnu nporuBopeune. CiexoBaTelbHO, fonymeHue f(a) < 0
He Bepuo. Jlomyctum Temepb, 4to f(a) > 0. Omarp B cuay
JeMmbl 1 HaBigéres 8 > 0 rtakoe, uTo AJ9 BceX X, YJIOBJe-
TBOPSIIOLUINX YCJIOBHIO

|x—a| <3,
BEPHO HEPABEHCTBO
f(x)>0.
Ho Tak xak a —BepxHAs rpaHb MHOXKecTBa E, TO Hainércs

Takast Touka x’ € E, ansg KoTopoél GYIyT BepHBI HepaBEeHCTBA
a—3 < x' <a, a 3HAYHT, U |x' —a| <3, yTo gaér

f(x) > 0.
C npyroit cToponsl, X' € E, a mo3TOMY
[(x)<0.

[Tosyuennoe mNPOTHBOpeUHe MOKa3biBaeT, YTO M JOMNYILEHHEe
f(a) > 0 ne BepnO. CienoBaresbHO,

f(a)=0,

T. €. JleMMa JOKa3aHa.
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Hoxasamenscmeo meopemor. IlycTs f(x) HempepniBHa Ha
[a, b]. B cuny Bropoii Teopemnl Beitepmrtpacca f(z) na [a, b]
NPHHMMaeT HaHMeHblllee 3HaYeHHe m M HauGoJbllee 3Haye-
Hie M. BosbMéM Temeph NPOM3BOJBHOE YHCJIO ¢, YAOBJE-
TBOpSIOIIEe YCJIOBHIO

m<ec< M,

M JOKa)eM, 4YTO Ha cerMeHTe [a, b] cyllecTByeT XOTsl Ohl
ojHA Takasd TOYKa §, B KOTOpPOU

f¢)=c.

Ilas sToro o6o3HauuM uyepes « U B TakHe TOUKH CerMeHTa
[a, b], B KOTOpBIX

fl@=M, f@)=m.
PaccMoTpuM ¢yHKLHIO
o (x)=f(x)—c.

OnHa, OueBHJHO, HeTpepblBHA Ha CerMeHTe C KOHIAMH B TOUKAx
a U B, KaKk pasHOCTb HenpephlBHEIX (yHKUmHE. Kpome Toro,
B KOHIAX 3TOrO CerMeHTa ¢ (X¥) HMeeT 3HAuYeHHsi, HPOTHBO-
HOJIOXKHEIE TI0 3HAKy, TaK Kak

¢())=f(@)—c=M—c>0,
¢e@B)=Ff@)—c=m—c<O.

[losToMmy, corjacHo JeMMme 2, Mexiay « H P ecThb Takas
TOuKa &, 4TO

¢ (8)=0.
Ho
e(B)=7()—c
CrnenmoBaTeJbHO,
[(€)—c=0,
T. €.
fE=c.

DTUM TeopeMa JOKa3aHa, TaK Kak C €cTb Jio60e YHCJO,
colepxaiieecs Mexay m u M.

3aMeTHM, YTO B YCJOBHH TeopeMel KoM HeNb3s 3aMEHHTD
cerMeHT [a@, b] TPOHM3BOJBHBIM 3aMKHYTHIM Orp aHHYEHHBIM
MHOXKECTBOM, Kak 3To Obuio B TeopeMax Beiepurpacca.
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B sTOoM MOXHO y6equTbCsi XOTs Obl Ha CJeYIOLIEeM IIpHMepe:
Tonoxum

fx)=1, ecmm 0L<xL],
fx)=—1, ecym 2<x<3.

3necp MHOXecTBO F, cocrosumee H3 aByx cermentos [0, 1]
u [2, 3], oueBHAHO, 3aMKHYyTOe M orpaHuyexnoe. Kpome Toro,
¢yukuus f(x) Ha F HenpepoiBHA. JleACTBUTEJNBHO, €CJIH X,
NpHHAJJIEXKHUT, Hanpumep, cermenty [0, 1], To B JoGoi nocJe-
JoBaTeJbHOCTH TOuek F, cxojsulefics K X,, N0 KpalHeH Mepe
C HEKOTOpOro HoMepa BCe WieHbl OyIyT TOYKaMH TOI'O XKe
cermenra [0, 1], a 3HauuT, B COOTBETCTBYyMOLlEHl NOCJeLOBA-
TeJbHOCTH 3HaueHW# ¢yHKUMH f(X) C 3TOoro HOMepa BCe
wieHsl OyayT paBHbl 1; mosToMy oHa O6yheT HMeTb Ipefe-
aom 1, T. e. uncyo f(x,)=1. D10 M NOKa3bIBaeT HeNpepbIB-
HOCTBb f(x) B moGo#i Touke X, cermenra [0, 1], ecan yuecTe
ompejiesieHHe HempepblBHOCTH no ['eitHe. To ke caMoe MOXKHO
NOBTOPHTb JJIS BCeX TOueK cermenra [2, 3].

Urak, Hama ¢yskuus f(x) HenpepblBHA Ha 3aMKHYyTOM
OrpaHHYeHHOM MHOXKecTBe F, HO OHa Ha 3TOM MHOXKECTBe
IPHHUMAaeT TOJbKO JBa 3HaueHusa: — 1 u 1, u yxe He IpH-
HMMaeT HH OJHOTO 3HAUeHHs, copepxkaiierocss Mexay — 1 u 1.

6. PapHomepHas HempepbiBHOCTb. Ecau ¢ynkuus f(x)
HempephIBHA Ha MHOXkecCTBe £, TO 3TO O3Ha4aeT, 4YTO B JIOOOH
Touke x € E pas mobGoro Kak yrogHo magoro &> 0 cyie-
cTByeT Takoe & > 0, yto mjs Bcex x' € E, yIOBJIeTBOPSIOMINX
YCJIOBHIO

|x" —x| <3,
BEDHO HEPaBEHCTBO

[T —F(x)] <e.

&

3zecp oueBHAHO, YTO & 3aBHCHT OT e. Ho, xpome TOrO,
clefyeT 3aMeTHTb, YTO IIPH OJHOM M TOM 3Ke €& B pasHbIX
TOYKax x€ E uHcJO 8 MOXKeT OKa3aTbCsl TaKXKe pPasHbIM.
Ins venpepeiBHOCTH f(X) B naHHO# Touke x € E Hamo, 4ToOBI
o € > 0 cymecTBoBaJo cooTBeTcTByMomlee 8 >0, HO 3TO
4HCJIO 8 MOXKeT GbITh MEHbIIHM, 4eM TO, KOTOpO€ COOTBET-
CTByeT TOMY e € B KaKOH-1HOO JAPYrof TOYKe HenpephiB-
HoCcTH f(x). Brmosnme MoxeT oKasaTbCsl, 4YTO CpelH 3Haue-
HUE O [JIs Pa3JIMYHBIX TOUeK X € E, COOTBETCTBYIOMMX OJHOMY
U TOMy K€ €, HeT HauMMeHblIero 3HaueHHs O. TpeGoBark,
9To6bl TaKOE HauMeHblllee O JJiT TOUeK MHOxecTBa E cyie-
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CTBOBAJIO, 3TO 3HAUUT Tpe6GOBaTb OT (YHKUMH [(x) Goblie,
4eM HelpephlBHOCTb Ha MHOXecTBe E. Ecau f(x) Ha MHOXe-
ctBe E ynoBieTBOpsieT 3TOMy GoJjblieMy TpeGOBaHHIO, T. €.
€CllM OHa TaKOBa, 4TO MOXKHO mo & > 0 HafiTh ofwee 1y
BceX x € E 3Hauenne 8, TO TroBOpAT, 4YTO f(X) HAa MHOXKe-
ctBe E pasHomepro HellpepbIBHA.

TouHoe omnpejesieHHe TOrO HOBOTO MOHSTHSL CJEAYIOIIEE:

Oymrnua [(x), omnpenenéHHas Ha MHOxKecTBe E, Hasbl-
BaeTcsl PaBHOMEPHO HeNPepLIBHOH Ha 3TOM MHOXKECTBe, eCJIH
AJst moboro e > 0 MoxxHO HaéiTH Takoe & > 0, uTo [1J5 JIIOOBIX
x'€E u x"€E, yIOBIETBOPSIOMWHX YCJOBHIO

|x"—x"]| <38,
BEPHO HEPaBEHCTBO

I[F(x) =T <e.

Hanpumep, ¢yHKmMA f(x¥)=2x paBHOMEpHO HempephiBHA Ha
BCeHl YMCJIOBOH OCH. 3J1eCh JOCTATOYHO B3SITh O =¢.

OueBupno, uTo ecau GyHKUMA [(x) paBHOMEPHO Hempe-
pbIBHA Ha MHOxKecTBe E, TO OHa HelpepheIBHA B KaxKIOH TOUKe
x€E. Ob6parHoe yTBepleHHe He BepHO. Tak, HampuMmep,
B nosyuntepBane (0, 1] dpynkuus

fo=7

HelpepuiBHA, HO He PAaBHOMEDHO HempephiBHA.
HeifictButesnbHO, Bo3bMéM u3 (0, 1] Touku x 1 x' = x 4 Ax.
Torna

If(x’)—f(x)|=‘%_%|=

OueBH/IHO, YTO IpH KaXXIOM ONpeNeJEHHOM 3HAYEHHH X U3
noayunrepsana (0, 1] umeem:

_r _1
X+ Ax X

Ax
x2 - xAx 1

Ax

lim x2 4 xAx

Ax—0

nostoMy B JoGo# Touke x € (Q, 1] no sagaHHOMY € > 0 MOXKHO
HaliTH Takoe 8 > 0, yro OyZeT BepHO HepaBEeHCTBO

|f (') —F(x)|= 1 & | <,

1
T x ¥+ xAx
€CJIH TOJLBKO

X

[x' —x|=|Ax| < 3.
58



1 o
JTO M JHOKa3blBaeT HENpPepbIBHOCTb [ (x)=—x— B KaXJOH

Touke x noayusrepsaia (0, 1].
Bosbmém Tenepp u3 (0, 1] Touku x’ u x”=x"+ Ax. Torza

(&) — F (2| = ‘ o

1
* T X'+ Ax x4 x"Ax
OquHI[HO, YTO eCJIH 3HaueHue Ax KakK YroagHo MaJioe, HO y}Ke
BLIGpaHHOe, TO NpH X’ —> 0 BeJlHuMHA

Ax I

x"2 4 x'Ax

HEOTPaHMYEHHO BO3pacraeT; TIM03TOMy M &> 0, KakuMm
661 MaseiM 8 > 0 HH GblIO, Bcerja MOXKHO Ha#TH B TOJYy-
untepBane (0, 1] HacTombko Gauskue K O ToukH x’ u x"=
=x"-4Ax, uto Oyner

X' —x"|=|Ax| < 3§
TeM He MeHee OKaxeTcs

If(x')—f(x")|=l?1,.__l_l=| Ax

x” x'2 4 x'Ax

>e.

9T0 M HOKasbiBaeT, 4YTo f(x)=% He PaBHOMEpHO HelpepbiBHA
B noayunrepsane (0, 1].

Tem OGosee wuHTepecHa cJenyiomias TeopeMa, KoTopasi
NOKa3blBaeT, YTO eCJH (yHKIUs f(x) HempepblBHA Ha 3aMK-
HYTOM OrpaHHYeHHOM MHOJKeCTBe, TO OHa Ha 3TOM MHOXe-
CTBe, HAapsiy C 3aMeyaTesbHBIMH CBOHCTBAMHM, YCTaHOBJIEH-
HbIMH Bbille, o6JiagaeT M CBOHCTBOM paBHOMEpHOH Hempe-
PBIBHOCTH.

Teopema (Kanmopa). Ecnu dyskuus f(x) senpepriBHA
Ha 3aMKHYTOM OrpaHMYeHHOM MHOXecTBe F, TO OHa paBHO-
MEpHO HenpepbiBHA HAa 3TOM MHOXeCTBE.

Hoxaszameascmeo. BocnoabsyeMcsi MeTOAOM paccykie-
HUi OT mportuBHoro. [lomyctuM, 4To f(x) Ha MHOXKecTBe F
HE paBHOMEPHO HeNlpepbiBHA. JTO O3HauaeT, 4TO He A
Jo6oro & > 0 MoxHO HaiiTH Takoe 3 >0, uyto6bl M3 Hepa-
BEHCTBA

¥ — | <
BBITEKAJIO HepaBeHCTBO
£ ) — o) | <e.
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IMostomy cymectByer Takoe e >0, u4To KakuMm 6bl MaJsbIM
6 > 0 mMbl HE BbIGpaJsu, BCcerja HaiiyTcs TakHe TOUKH x’' € F
u x"€F, uto xoTa u Gyner

l xl _ xlrl < 8,
TEM HE MeEHee OKaXKeTCsd, uUTo

[F )= (x)|>e.

3adukcupyem 310 e. Ecau Temeps 6path B KauecTBe 3 mO-
CJIe[lOBaTeJIbHO YHCJIa

1 1
1 ) 7 y ooy 7 9 o s ey
1 o , "
TO JJsI KaXJOTo o = HalilyTCsl TaKHe TOYKH Xp €Fux,€F,
IJIs KOTODBEIX XOTSl U OymeT

EATARES (1)
OJTHAKO OKaXKeTCsl, UTO
|F(xR) — [ (xn) | >e. @)
PaCCMOTpHM I10CJIe1OBATEJIbHOCTD
Xiy Xy evey Xiy onn

Ona OrpaHHY€HHAsi, TaK KaK COJEPXKHUTCA B OrPaHHUYEHHOM
MHO2XXECTBE F, a TII03TOMy H3 He€ MOXKHO BBIIEJIUTh MOJ-
IIOCJIEIOBATEJbHOCTD

’ ’
Xnjy Xng, woey Xnyy ooey (3)

CXOJASILYIOCS K HEKOTOpOMY Ipefely a. Touka a COREpKHTCS
B F B cumay samkuyroctd F, a 3HayuT, f(x) ompexnesneHa
H HempepblBHa B Touke a. Orcioga ciefyeT, yuYHTBIBas OIpe-
JleJIeHHe HelpepbBHOCTH (yHKIHM no [efine, yTo mocJjepoBa-
TEeJIBHOCTh

F(xn)s F(xny), «ovs Flxny), -.- (4)

cXoauTcs K mpepeny f(a), KaKk COOTBETCTBYyIOIIAs MOCJHENO-
BaTeJbHOCTH (3), cXopdmeiica K a.

U3 nepaBenctBa (1) BuAHO, YTO BMeCTe C MOCJEJOBaTe/b-
HOCTBIO (3) GyHeT CXONHUTHCS K @ M IOCJeJ0BaTeJbHOCTb

" n "
Xny Xy eevy Xmgs oo
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OTKyJia BBITE€KAaeT, YTO IIOCJEeNOBATEJNIbHOCTDH
Fln), FQn), oo Fxm)s -

cxoauTcsl ToXe K f(a), Kak u mnocienosarensHock (4). Ho
Torza Haigérca Takod HoMep N', uTo AJA Bcex n, > N’
OyzleT BepHO HepaBeHCTBO

17 ) —F (@) <<, 5)
7 Homep N”, uto Aaa Bcex n, > N” Gyner

|F(@)—F () <+ (6)

Ecmu o6osnauum uepe3 N To u3 AByX uncen N’ u N”, koro-
poe H3 HuUX OGoJblle, TO AJag n, > N OyayT BepHBl 00a He-
paBerctBa (5) u (6). YuuteiBas 10, A 1, > N noJyvum:

[F (6ny) — [ (%) | =1 [F (x2) =T @]+ [[ (@) — [ ()] <
<|f(xn) —F@|+F@—F@n) | < 5+5 ==
HUrak, ana n, > N umeem:
[F (xn) = T (xm) | <oy

TOrZa Kak 10 caMOMy BBIOOpY TOUeK X, H X, KaK IOKaskl-
BaeT HEepaBeHCTBO (2), MOJKHO OBITb

|f(xr'zh)——f(x,'{k) [>ce.

[Monyyennoe mnpoTHBOpeuHe NOKa3blBaeT, YTO Halue JOINyIie-
HHUe, 6ynTo f(x) Ha F He paBHOMEpHO HelpepbiBHA, HE BEPHO.
CnepoBartesnbno, QyHKIHusa f(x) Ha MHOXKecTBe F paBHOMEPHO
HeIlpepLIBHA.

Y CJIOBHSI TeOpeMbl — 3aMKHYTOCTb H OIDaHHYEHHOCTb MHO-
xKectBa [, Ha KOTOpPOM paccMaTpHBaeTcsl JaHHas HelpephiB-
Has ¢vHKUuA f(x), SBAAIOTCA CYIleCTBeHHBIMH. Tak, Hampu-
Mep, pacCMOTpeHHas! BhIE (YHKIHS

1
f(x)=+
HEINpephIBHA, HO HE DPaBHOMEPHO HelpephiBHA B MOJYHHTepBaJe
{0, 1], npexcraBisionieM OrpaHHYEHHOE, HO HE 3aMKHYyTOE
MHOXKECTBO.

61



Paccmorpum gmpyroii mpumep. IlycTh Ha MHOXKecTBe Bcex
JlefiCTBUTEJIbHBIX YHCeJI OnpelesieHa (yHKIUS

f(x) = x2.

OueBHiHO, YTO JaHHAas (YHKUMS HENpPepbiBHA B KaxKAOMH
TOYKE YHCJOBOH IpsAMOH (x0T Obl NOTOMY, YTO X%=xx
MOXHO NPHHATH 33 NPOM3BeJeHHe JBYX HENpephIBHBIX (YHK-
nuit). JlokaxeM, uTO B (— oo, -+ o) OHa He PABHOMEPHO
HelpephIBHA.

JlelicTBUTENBHO, BO3BMEM TOUKM x’ U x”=x' -+ Ax. Torza

[F(x)—F(x") | =[x = (x" +Ax)*| = | 2x"Ax 4- Ax?|.

Tak Kak npy GUKCHPOBAaHHOM, XOTS Obl H KaK YrOQHO MajioM,
3HaueHHH Ax BeJIHYMHA

| 2x"Ax 4 Ax? |

HEOrDAaHHYEHHO BO3PAacTaeT IIPH BO3paCTaHHH |x’|, TO AJs
e > 0, xakum 6bl MajbeiM 8 > 0 HE BBIOpa/M, HAHUAYTCSl TaKHe
(nocratoyno panékme ot 0) Touku x’ M x"=x'-+48x, uTO
6yznet

|x"—x"|=]4x| < 3;
TeM He MeHee OKaercs
[F) = F(¥") | =] 2%"Bx +8x%| > e,

T. e. JaHHag (YHKIHUA B (— oo, -+ co) He PaBHOMEpPHO Hempe-
pbiBHA. 3ech HapyLIeHO OJAHO M3 YCJOBHH TeopeMbl Kaw-
TOpa: MHOXECTBO JeHCTBHTEJbHBIX 4Mces, Ha KOTOPOM pac-
cMaTpuBajach (QYHKIMS, eCTb 3aMKHYTOe, HO He OrpaHHYeH-
HOe MHOXKeCTBO.

7. O paGoTax PYCCKHX H COBETCKHX MaTeMaTHKOB. IyGo-
Kue HCCleJoBaHHUS (YHKIHH COZepxKaTcd B MHOTOYHCJEH-
HbIX paboTax PYCCKHX M COBeTCKHX MaTeMaTHKOB. Cymie-
CTBO CaMOI'0O IOHATHS (YHKUIMH, 3aKJoyalolieecs B COOT-
BETCTBUH MeXKJY 3JeMeHTaMH ABYX MHOXKeCTB, BIepBble OLLIO
packpuito emé B mpouioM Beke H. M. Jlo6aueBckum.
B navane XX B., KOrja JJjs usyueHuss GyHKUHH CTaJd LIHPOKO
IPUMEHSITh TEODHI0 MHOXKECTB, DYCCKHe YUEHble NOJIYYHJIH
BBIIAIOIHECS] pe3yJbTaThl, BOLIEAUIME B YHCJO CaMblX OCHOB-
HBIX TIOJIO}KEHHH TeOpuH (PYHKLHH NeHCTBHTEJHHOTO IepeMeH-
HOro, KOTopasi TOrJa TOJbKO eIé cosgaBanacb. K 3TuM
pe3yJbTaTaM NpexJae BCEro OTHOCATCS J[Be 3HAMEHUTble Teo-
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pembl: Teopema [. ®. EropoBa o mnociefoBaTesNbHOCTAX Tak
Ha3blBaeMbIX H3MepUMBIX (YHKUHMH, npokasannas B 1911 r.,
u teopema H. H. Jlysuna, nokasammas B 1912 r., B KoTo-
poOll MOKasbIBaeTCsl CYLLHOCTb NOHATHSA H3MEpPUMOH (YHKIHH
NyTEM CONOCTABJIEHUS €€ C NOHATHEM HeNpephBIBHOCTH (yHK-
muu. A. $I. XuHUMH, U3BECTHHIl KPYNHBIMH paboTaMH B pas-
JIMYHBIX OGJIaCTSAX MaTeMaTHKH, NOCBATHJ O00Jbluylo paboTy
H3yUYeHHI0 OOIIMX CBOHCTB H3MepUMbIX (yHKuuH. [Josxke
COBETCKMMH MaTeMaTHKaMH NOJy4eHO MHOTO LEHHBIX pesyJib-
TaTOB B 00JaCTH HM3yueHHs (QyHKUMH.



TIIABA V
MPOM3BOIHASL M AU ®PEPEHLUAJ

1. Mpoussoanass ¢ynkuuu. ITycte MBI MMeeMm (yHKUHIO
y=[(x) 1 nycTb oHa 3aJaHa JJIs1 ONIpE/eJEHHOCTH HA OTpe3Ke
[a, b]. Bo3pméM Kakoe-HHOYAb 3HaueHHE X H3 STOrO OTpe3Ka.
3aTeM BO3bMEM HOBOe 3HaUeHHe apryMeHTa X -} Ax, H3MEHUB
IepBOHAYaJIbHOE 3HAuUeHHe X Ha HEKOTOPYIO BeJHUYHHY Ax
(TOJIOXKUTENbHYIO HJIH OTPHLATEJBbHYIO), KOTOpyio GyleM Hasbl-
BaThb NPUPQUEHUEM QP2YMEHMA WIH NPUPAUEHUEM He3a8U-
cumotli nepemennoli. DTOMY HOBOMY 3HAUEHHIO apryMeHTa
COOTBETCTBYET U HOBOe 3HaueHue QyHKUMHU Y+ Ay =f(x 4 Ax).
Besuuuny nsmeHenus GyHKOMH Ay, KOTOpYyIO MBI OyJaeM Hasbl-
BaTh npupaujeruem QYHKyuu, MOXKHO BHIPa3HTb TaK:

By =[(x+Ax)—f (x).

Tenepb cocTaBUM OTHOLIIEHHE NpHpalieHHs QYHKUUE Ay K mpH-
palleHn0 aprymeHnra Ax

Ay _ [t An)—f ()
Ax Ax :

DTO OTHOLIeHHWe, OYEeBHAHO, €CThb (YHKIHS OT Ax.

Eciu cyuiecTByeT mpejiesl OTHOLIEHHSI NpHpalleHHsl (GyHK-
uuu Ay K BbI3BaBUIEMY €ro NPHPAIleHHIO He3aBHCUMOH Iepe-
MeHHOH Ax, xorjga Ax CTPEeMHTCl K HYJIO, TO 3TOT Ipexes
HasbIBaeTCsl npous3s00xoli GYHKIMH Yy = f(Xx) NO He3aBHCHMOHR
TepeMeHHOA X B NAaHHOH TOuKe X.

[IpousBoznnas ¢pyukuuu y = f (x) o603HavaeTcs yepes f’ (x),

d
HJIH ?i . Takum oGpasom, HMeeM IO OINpeJesIeHHIO
A . x+Ax)—f(x
Y _ iy [x+4%) fx)

"(x)= lim
f( ) Ax Ax—0 Ax

Ax—0

Ecan ¢ysKuus y = [ (X) HMeeT NpOU3BOAHYIO [’ (X) B Kax-
Jo# Touke x oTpeska [a, b], To f'(x) cama Gyner dyHkuuek
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oT x. MoxkeT okasaTbcsi, 4TO H [’ (X) HMeeT CBOIO Ipou3s-
2
BOIHYIO, KOTOPYIO 0GO3HAyalT CHMBOJOM f”(X) HaH %

H HasblBalOT NPOU3BOOHOL 6mopoeo nopadka OT GYHKUUH
y=F(x). Takum oGpasoMm, UMeeM IO ONpejeJIeHHIO

" () =[f" (%)

AnanornyHo BBOJATCS TOHATHS NPOH3BOAHEIX GOJlee BBHICOKHX
nopsiakoB. IlpousBopHas n-ro mopsaka OGyHKOHH Y= f(x)

dan
oBosnauaercst uepes f (x) man QTZ .

MoxHo 3aMeTHTb, 4TO ecad (QyHKOMS f(X) B TOuKe X,

¥MeeT NPOUSBOXHYIO [’ (X,), TO OHa B 3TOi TOUKe HempepbiBHA.

JleficTBUTENIBHO, €CJIH CyllecTByeT f’(X,), TO 3TO 3HAUHT,
4TO

lim

Ax—0

Ax)— ’
f(x0+ AXJZ f(xo)=f (*o)»

wi, oGo3Hauas x,-+Ax uepes X,

&= _pr ().

lim
X—X

X— X0

Orclofia caefyer, 4TO NPH X —> X, BeJMUHHA

a (x)=[OZTED _pr ()

X—Xg
eCThb OeCKOHEUHO MaJjas. 3aMeqaﬂ, 4yTo

f (%) = (x0) = [’ (o) +a ()] (¥ — X,),
uMeeM:

lim [7 () = ()] =0,

OTKyJla MOJIyYHM:
lim [ (x) =7 (%),

X->X0

4TO M O3HAYaeT HEeNpPepHIBHOCTH f(X) B TOUKe X,.

OGpaTHoe yTBep:JeHHe He BepHO. K3 Toro, uto ¢yHKUHS
f(x) HempepbiBHa B TOUKe Xo, €€ HE CleNyeT, YTO B ITOH
TOuKe O06si3aTeJbHO CYLIECTBYEeT TNpOU3BOAHAA [’ (x,). Tak,
Hanpumep, (yHKUHS

Fx)=1x|
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HenpepuiBHA BO BCeX TOYKAaxX YHCJOBOH NpsSIMOil, B TOM YHCJe
B Touke O, HO mpu x=0 ne uMeer mpousBoxHOH. [leilicTBH-
TeJIbHO, OTHOLIeHHe

FO+A9)—F(0) _ |Ax]

Ax Ax

paBHo | mpu Ax >0 u —1 npu Ax < 0; nosTomy oo mpu
Ax — 0 He uMeeT Tpegea.

2. TeomeTpuueckuit cMbicH mnpou3BOAHO#. I[lycTh uMmeem
KpPUBYIO Ha IUIOCKOCTH XOy, 3aJaHHYIO ypaBHEHHeM

y=f(x),

KOTOpOe BBbIpa)KaeT 3aBHCHMOCTb MeXJAy KOOpDAHHATAMH X
U Yy NpPOHM3BOJBLHOH TOYKHM 3TOH KpHMBOH. Bo3bMéM Ha jganHOMH
KpHBOH (uepT. 5) Touky M ¢ KoopauHaTamu (X, f(x,)) H
Touky M’ c KoopauHaTaMH (x,+ Ax, f(x, 4+ Ax)). 3ameuas, yto

i V
M MN = Ax,
.
o M'=Ay,
M7
N BHHM, YTO
/ 9 (24 o -——=t a’
o / Xa X DX X ix '€

Yepr 5

rAe o ecTb YroJi, o6pasoBaHHbI ceKyliell, NPOXOAsllel yepes
Toukd M u M’, W NONOXKWUTEJNbLHBIM HalpaBJeHHEM OCH OX.
YuuTeiBas 3aTeM, YTO KacaTeJbHOH K JaHHOH KpHUBOH B TOY-
Ke M HasbiBaeTcq npejienbHoe nogoxkeHne MT cexymelt MM’
Korja Touka M’ cTpeMuTCS MO KpUBOj K Touke M, moayuyum:

P (x) = lim 2% = lim tga=tgs.
Ax-0 5% MM
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Tanrenc yriyia, 06pasoBaHHOrO MPSMOH H IOJOXKHUTEJNbHEIM
HanpaBJeHHeM OCH OX, Ha3blBaeTCsl YIJIOBBIM KO3(hHINEeHTOM
nauHo#l mpsimoii. Ilosb3ysick 3THM TepMHHOM, MBI MOXKEM reo-
METpPUYECKHil CMbICJ NMPOH3BORHOH cHOPMYJIHPOBATh TaK:

IIpousBognas f’'(x) ¢yHKmMH f(Xx) ecTb yrJjoBoil Ko3(p-
¢unMeHT KacaTesJbHOH, IIPOBeJeHHOH K KpHBOH Y= f(x)
B Touke ¢ abCIHCCOH X.

Orciofa clleiyeT, 4YTO 3ajaia INpPOBeJEHHS] KacaTeJbHOH
K JIaHHOM KPHBOH B JAHHYIO TOYKY CBOAMUTCS K 3ajaue OTHI-
CKaHHUS TIPOM3BOAHON 3aJaHHOH (YHKIHH.

3. duznueckui cMbica nMPoH3BoxHOH. IlycThb

s=F ()

€CTb ypaBHeHUe [BHIKEHHS] MaTepHaJbHOH TOUKH. DTO ypaBHe-
HHEe BhIpa)kaeT NyTb S, NPOHAEHHBIH TOUYKOH, KaK (YHKLHIO
BpeMeHH f. B sTOM ciyuae Af ecTb HEKOTOPBIH NPOMEXKYTOK
BpEMEHH, a COOTBeTCTBYMomee As—IyTb, NPOHIEHHBIH TOY-
Koii 3a Bpems Af or ¢ jpo £+ Af. OrHouenne

s
At

ecTb CpejHsAsl CKODOCTb TOYKH 3a BpeMmss OT ! g0 £ Af,
[Tepexopss k mnpepeny npu Af—0, mnoayyarloT CKOpPOCTh ©
TOUKH B JAHHBIH MOMEHT [:

v=lim 2%
st-0 A
Ho
. As ds
im 5= -
CrnenoBarelbHO,
v="2
dt

Takum o6pasom, NpoH3BOJLHAS MMeeT CJERYIOU U (PU3HUeCKHi
CMBICJL:

CkopocTh v nBHXKYLIEHCS TOYKH €CTb IIPOM3BOAHASI OT
OyTH S IO BpeMeHH [.

Ecnu Tenmepb cKopocTb U paccMaTpHBaTh Kak (YHKLHIO
BDPEMEHH, TO aHaJOTMYHbIM 00pa3oM IOJy4HM, UYTO yCKope-

dv
HHEe a eCTb NPOHU3BOJAHAsA CKOpOCTH U 0 BpEeMEHH t:a=—

de ’
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ds
a TaK KaK NPOHM3BOJHAA OT U= —r- O3HA4YaeT NPOU3BOIHYIO

OT TIPOM3BOJHON NYTH S IO BpeMeHH f, TO HMeeM:
YckopeHue a JABHKYyLIeHCS TOYKHM eCTb IPOHM3BOAHAS BTO-
poro mopsiika OT NyTH S MO BpeMeHH
d3s

a=w .

B sToM 3akmouaercs (H3HUECKHH CMBICJA BTOPOH IIPOH3-
BOJHOH.

Takum obpasoMm, 3ajaya OTBICKaHHS CKOPOCTH M YCKOpe-
HHSI, KOTJ]a M3BECTHO YPaBHeHHe [BHMIKEHHA TOYKH, CBOXHUTCS
K 3ajaye BBIYHCJIEHHS [POMU3BOJHBIX IEpPBOTO M BTOPOrO
NOPSIKOB OT NAaHHOH (PYHKIHMH.

4. Mpasuna JJas BblYMCIeHHst mpou3BoxHbiX. Henocpen-
CTBEHHO M3 ONpejeJieHHs] NPOH3BOAHOH JIETKO IOJNYYHTb Clle-
IyIOllHe NpaBHJa, ofJeryaioniye BbIUHCJEHHE MPOU3BOAHBIX:

1. TlpousBozHasi NMOCTOSTHHOH BeJIMUMHBI ¢ paBHa 0:

¢’ =0.

2. TlpousBojHasi He3aBUCHMOH IlepeMeHHOH X IO 3TOH
nepeMeHHOH paBHa 1:

x'=1.
3. Ecom dynknun f(x) ¥ ¢ (x) uMetor npousBonusie [’ (x)
H ¢’ (x), TO
a) [fx)+o®)] =1 (x)+9" (x);
b) [f(x) —2(x)]"=1"(x)—¢’ (x);
o) [f(x)e(x)] =1 (x)o (x)+(x) 9" (x);

FE) 17 F ) e (09— ()¢’ ()
o {er) = [ )P

[lpaBuiio a) Ass NpPOH3BOAHOM CYMMBI BEpHO B Clyyae
JI060r0 KOHEYHOTO YHCJa CJlaraeMblX, a MpaBWJIO C) AJs [po-
M3BOJHOA TIPOM3BEJeHUS KOHEYHOrO UYHCJA £ MHOXKHTeJel
NpUMeT BHI:

4. [ (®) o Fa O =F ) (%) .- F (%) +
FHE L@ ®) o fa )+ (%) e P () fr (%)
Orciona npu f, (x)=f,(x)=...=f,(x)=f(x) nonyuum:
5. {[FOI"Y =nlf (O (x).
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B vacrHoCcTH
5. (x") =nx""1,
IloxkaxeMm XoTs Gbl HpaBWJIO 3,C) AJs NPOU3BENEHHs ABYX
¢yskuui. Ilycts
u=f(x), o=¢(x), y=uo.

IanuM HesaBHCHMO! mNepeMeHHoi x npupamienue Ax. Torza
H QYHKUMH ¢ H v NOJydaT NpHpalleHHss COOTBETCTBEHHO Au
u Av. QyHKUMA y TakKe MOJYYHT MpHpanleHHe Ay, NpHYEM

Y+ Ay = (u+Au) (v+ Av).
Orcrona

Ay=(u+Au) (v+4Av) —uv=Au-v+4+u-Av4 Au-Av,

Ay Au Av Au
ety i Ly vl v

Iepexons k mpeneny npu Ax —0 # yuuTwBas, 4yTO ¢YHK-
MK ¥ ¥ U UMeIOT NpousBoiHble 4’ = lim i—z 1 v’ = lim ﬁ"
Ax—0 Ax—0
a Takxe 3aMeuas, uro npu Ax—0 u u v, He colepxaliue
Ax, ve mersitorcesi, a Av—> 0, 60 QyHKUMS U, HUMeIOILas Tpo-
H3BOJIHYIO, HeNpephblBHA, HOJyYHM:

Ay Av

hm-A— lim A—-v—}—u lim — i hm A <lim Av=

Ax—0 Ax—0 D% ax-0 A% T pp0 8% Axso
=u'v+uv'.

CnenoBaTesbHO, (YHKIMS Y =uv HMeeT IPOU3BOJHYIO Yy’ H
Yy =u'v+uv.

OcranbHble NpaBHJa, NPUBEEHHbIE 3/1eChb, JOKAa3bIBAIOTCS aHa-
JIOTMYHO. 3aMeTHM, HaKoHell, YTo ¢opMyJsl 5 U 5, BhiBeleH-
Hble 3JieChb JJIs1 LeJOro MOJIOXKHTENBHOTO 1, BepHB! AJIS JI0O0Tro
HOCTOSIHHOTO 71.

5. IlpousBopnbie anemenTapubiX dyHxuuit. BuiuncauM mpo-
H3BOZHble HEKOTOPHIX 3JieMeHTapHBIX ¢yHKIuH. [lonyueHnHble
IIpY 3TOM DPe3yJbTaThl MBI MOXeM paccMaTpHBaTh Kak ¢op-
MyJIbI, KOTOpble BMeCTe C NpaBHJaMH, NpUBeIEHHLIMH BhIlllE,
NO3BOJIAT OBICTPO HAXOJAUTb MPOU3BOAHEIE OoJiee CJIOXKHBIX
byHKUHi.
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1. [Toxkasamenvras pynxkyus y=e*. JanuMm x npupauieHue
Ax, Torza y TOJYuYMT NpHpalieHHe Ay, NpUUYEM

Ay =ex+tx —gx =g* (e2* — 1),

a 3HAUHT,

Ay — et —1

Ax Ax
IToJoxum

a=elr 1,

Torna

Ax=In(1+a).
[Tostomy

fr—1 a 1 1

A _ In(l4e) 1

a

I-

In(14+a)*

3ameruM, urto mpu Ax—>0 H a cTpeMHTCs K HyMO, a
1

h‘l(l-l—a)—

lim (1 4 a)*=e, Kak GbuIO MoKasaHO paHbme. Ecam, KpoMe

a—0

TOro, y4réM, 4TO

1 1
limIn (1l +a)2=Inlim (1 4 a)=
a—0 a=0

B CHJy HENpPePbLIBHOCTH JorapupMuyecKol (pyHKUMH, TO MOJY-
4uM:

ety 1 1
lim n =lim p=r—=1.
Ax—0 X a—0 - Ine
In (I +a)*
[Tosromy
lim 2—y=e’c
Ax—0 X

CrnenoBarenbHO, (YHKUHS Yy =e* HMeeT MPOH3BOAHYIO Y’ H
Yy =e~.
Hrak, umeem dopmyny:
) =e~.

2. Jlocapugpmuneckas ¢ynxyusa y=Inx. Jagum x mnpupa-
meHue Ax, Torja MOJydYdM:

x+ Ax Ax
Ay=ln(x+Ax)—lnx=ln—x—=ln<l +7) .
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Orcrofa uMeeM:

x
Ay 1 Ax 1 Ax\ A=
3aMmeuasi, 4TO
X

1im1n<l+i—x>ﬁ=lnlim 1+2) ¥ <lne=1,

Ax—0 Ax—0
TNOJIyUuM:
. A 1
lim A_y =—
Bx—0 BX x

CnepoBarenbHO, GYHKUUS y=Inx uMeeT mnpousBOAHYIO Yy’ H

1
L
y==-

[onyuunu dopmymny
, 1
(ln )C) = 5

3. T pueonomempuueckue pynrxyuu. PaccMOTpUM DyHKUHIO
y=sinx. Ilpupamennio Ax sgecb COOTBETCTBYET

Ay=sin(x—|—Ax)—sinx=2sinﬂccos<x —l—éz’f

2
[Toatomy
sin ax
Ay 2 Ax
ix = Ar -cos(x—!-? .
2
YuHuTBHIBasi, 4TO
sin ax
. 2
lim = 1,
Ax—0 _f

KaK GbLIO YCTAHOBJEHO paHbllle, a TaKxke H TO, UTO
. Ax . Ax
tim cos(x—l— 7>=cos lim fx—|-§ ,
Ax—0 Ax—>0\

Tak Kak (YHKIHA COSX HenpepbiBHA, NOJYUHM:

. A
lim A—y= coS X.
Ax—0 X
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CnepoBatesibHO, QYHKUMS Y = Sin ¥ HMeeT NPOM3BOAHYIO y’ H
Yy = cosx.
TakuM obpasom, umeeM GopMmyJy
(sinx)" = cos x.
AHaJIOrHYHO MOXKHO TOJMYYHTb (HOpMYJy

(cos x)" = —sinx.

UYro6bl HafTH NPOM3BOAHBIE APYTHX TPHUTOHOMETPHUECKHX
GbyHKUME, IOCTATOYHO BBIPA3HTb WX Yepe3 CHHYC M KOCHHYC,
a 3aTeM BOCIOJIb30BaThbCsl YK€ HMEIOLHMHCS IPaBUIaMu U Gop-
MyJaMHu.

MoxxHo 6blIO OB MONYYUTL ewé psix GOpMYyJ, BHIYHCIUB
NPOM3BOJAHBIE ADYIHX 3JEMEHTapHbIX (YHKUMH, HO MBl Orpa-
HMYHMCSl BBIBEJIEeHHBIMH, KOTOPBIX JJIS1 JaJbHEAIINX nesell HaMm
JOCTaTOYHO.

6. Auddepenuuan dynkiauu. Ilycte dynruug y=F(x)
3ajaHa JJs Omnpeflel€HHOCTH Ha oTpe3ke [a, b]. Hcxons
U3 HEKOTOpOI TOYKH X 3TOrO OTpPe3Ka, NaiuM He3aBHCHMOM
NiepeMeHHO! npHpameHue Ax; Toraa U QYHKUMS Yy TOJYYUT
HEKOTOpoe ImpupaiieHue 2y.

Ecau nmpupauienne ¢yHkuup Ay, COOTBETCTBYIOLEE INpH-
pallleHHI0 He3aBHCHMOI mepeMeHHOH Ax, MOXXHO NpejiCcTaBHTh
B BHJE

Ay=A.-Ax+a(Ax)-Ax,

rge A me 3aBHCHT OT Ax, a a(Ax)— OGeCKOHEUHO Manass IpH
Ax —0, To dyHKuHA y=[(x) HasbBaercss OJupepenyupye-
MOl B JAHHOH TOUKe.

Ta uwacte mnpupamenus JuddepeHnnpyeMoll QyHKUMH,
KOTOpasi 3aBHCUT OT NPHPAIlleHNs] He3aBHCHMOM NlepeMeHHOH Ax
JuHeHHo, T. e. AAx, HasbBaercs dughgepenyuasom PyHKIUH
y=/[(x) u oGo3nauaercss cUMBOJOM dy uau df (x):

dy=AAx.

ITocTaBuM ceGe 3ajgaueil Ha#iTH A, T. €. BblpasuTh A npu
nomomy ¢yHKuuH f(x). C 3TOl meJbI0 BO3bMEM NpHpAIlleHHE
JuddepeHnupyeMoll GyHKUUH

Ay=Abx+oa(bx)dx
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H COCTaBHM OTHOLUEHHE
=A+a(Ax).

YuuteBasi, 4To npu A4x —0 «(Ax) ecTb GecKOHeyHO Majas,
Mbl BHIHM, 4TO

lim 2 = 4.

Ax~>0 Ax

A
Ho ecsau npn Ax — 0 A% HMeeT Ipefes, TO TOT MNpejel ecTb
npousBozHas [’ (x). Ilostomy

A=f(x),

dy=J'(x)Ax.

CrenoBaTesibHO, ecJiM B TOUKe x (yHKuus y=f(x) nudde-
peHuupyeMa, TO OHa B 3TOH TOYKe HMeeT NPOHM3BOAHYIO f (x).
BepHo u oOpaTHoe yTBepxieHHe: eCad GYHKLIHA y= f(x)
B TOUKE X HMMeeT NPOM3BOAHYIO f’(x), TO OHa B 3TOH TOUKe
IHbpGepeHIIUpYyEMa.
JleficTBUTENIBHO, €CJM CYILeCTBYeT NpOu3BoAHas [’ (x),
TO 3TO O3HayaeT, yTo npu Ax—> 0 cymecTByeT mpeaes OTHO-

IIeHU Ay "
s:IAx’

a 3HAyYMT,

hm =1 (x);
Ax—>

nostomy npu Ax — 0 BesuuuHa
a(bx) =5 — 1 (x)
ecTb Geckoneuno Manas. Ho orcioma cienyer, uTo
Ay =" (x)Ax +a(Ax)Ax,
rae, Kak BHAMM, [’ (x)Ax 3aBucur oT Ax JMHEHHO, a 3HAUMUT,
dyukuus y=f(x) anudpdepenuupyema B Touke x u f'{x)Ax

ectb e€ auddepeHuual.

Takum o6pasom, Ju@gepenuuajs ¢GyHKIUH BbIpaXaercs
cdopmyJioh

dy={"(x)Ax.

3ameuasi, 4TO y BeJWUYHHBl AX YacTbio, 3aBHCsIEd OT Ax
JHHEHHO, SBJSeTCS LEeJNMKOM Ax, MBI MOXeM CKasaTh, YTO
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JuddepeHnnan He3aBHCHMOH TNepeMeHHOH eCTb MNpHpalleHHe
STOH TepeMeHHOH

dx = Ax.

Orcrofa chiepyer OKoHuaTesdbHass (opmynaa Iuddeperunana
DYHKIHHU:

dy=Ff"(x)dx.
13 sr0ii hopMyJsl B CBOIO Ouepesb HMeeM:
" d
Fn=g-
TakuMm o6pasoM, NPOHU3BOJHYIO OT (YHKIMH Yy MO HE3aBHCH-

MoOii TepeMeHHOH X yJOOHee BBIPa)KaTb CHMBOJIOM ‘%‘i , TaKk
KaK B CJyyae HajoGHOCTH Z—i MBI MOXEM paccMaTpUBaThb
H KaK yacTHOe OT JelieHHs Ha guddepeHnuan (npupaiieHue)
HEe3aBUCHMOH NEePEeMEeHHOH dx COOTBETCTBYIOUIEro eMmMy nud-
{epernnvana QyHKUUH dy.

Oubdepennuan GyHKuMd dy, ecqu OH He paBeH HYJIO,
¥MeeT CMbICJ Ha3blBaTh IJIABHOH YacThio HpupamieHus QyHk-
mud Ay, TaK Kak pasHOCTb MexAy Ay u dy moxeT ObiTk
CJleJlaHa CKOJIb YrOZHO MaJOH Jake MO CPAaBHEHYIO C CaMHUMH
Ay u dy, ecqn TOMBKO AX B39Th JHOCTATOYHO ManbiM. Jlefi-
CTBUTEJIbHO, ecau  GyHKuua y=f(x) auddepenunpyema
B TOYKe X, TO

Ay=F" (x) bx + e Ay,

rre f'(x)Ax=dy, a e cTpeMuTcad K Hymo, Koraa Ax— 0.
Ilycts dy + 0, a suauut, u [’ (x) == 0. Torza

by _ oy .

= trms
II03TOMY

lim 2y 1.

Ax—0 dy
Otcioga MBI TIOJTyYaeM BO3MOXKHOCTb OpaTh dy B KauecTBe
nipubJKEHHOr0 3HaueHuss Ay, npuuéMm omnbka GYAeT CKOJb
YrOAHO MaJIoH, €CJIH TOJBKO 4 X JOCTaTOYHO MaJso. 1o 06CTOs-
TEJIbCTBO OYEHb BasKHO, TaK Kak 4acTO ObIBaeT TPYAHO BhIUKC-
JINTD JaKe NpHOJMKEHHOE 3HAUEHHe NpHpalleHus QYHKLUHH Ay,
paccMaTpuBasi ero Kak pasHocTb (x4 Ax)—f(x), Torna
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KaK dy HaXOIUTCS JIETKO INpPH IOMOIIHM H3BECTHBIX IpPaBHJI
U GOpMyJI.

Ilycts, wnampumep, TpebGyeTcsi BLIUHCJIHTL 3HAUEHUE
1/3,9978. BosbméM dysknuo y =}/ x. Eciu Tenepb nosioxum
x=4, dx= —0,0022, to nonyunm 3,9978 = x + dx. YuUuTHI-
Bad, 4TO

Vitde=y+dy=Vz+by~Vx+dy=yx+—= V"’

TIOJYYHM:

V33,9978 ~ Y4+ ‘2013922 —2-0,00055 = 1,99945.
Ecnn xe ]/3,9978 BBLIYHCJHTL IO NPaBHJy H3BJIEUEHHUS]
KBapaTHOTO KOpHS, 4TO ropasfo Gosiee KPONOTJIHBO, NMONYYHM:

V/'3,9978 =1,9994492. ..

TleomeTpuueckuii cMbica nuddepernyana GyHKIHH JeTrKO
yCMOTpeTb H3 ero ¢op- yr
MyJIBL.

[TycTb MBI HMeeM KpH-
BYIO, 3aJaHHYIO ypaBHe-
HHEM

y=1(x),

rae f(x)— nuddepennu-
pyemas ¢yHkuus. [Ipose-
JIeM KacaTeJIbHyIo K 3TOi 0
KpHBOH B Touke M (X, y). Yepr. 6

Ham wu3BecTHO, uTO TpO-

u3BOLHasA [’ (x) ecThb yrioBoil KosbdUIKEHT KacaTelbHOH, T. €.

' (x) =tge.

U3 yeprexa 6 BuAHO, YTO IIpH H3MeHEHHH abCLHCCHI X
Ha Ax = dx = MN opanHaTa KpHBOI M3MeHHTCS Ha Ay = NM',
a opAMHaTa KacaTeJbHOH — HAa NK = MN-tge =f' (x) dx =dy.
Otciona cnenyert:

HOuddepennnan dy = f' (x)dx ynkuuu f(x) ectb mpHpa-
lI[eHHe OpJMHATHl KacaTeJbHOH, IPOBeJEHHON K KpHBOH Y = f (X)
B TOUKe ¢ abcuuccodl X, IpU Ilepexojie OT TOUKH KacaHMs
B TOYKY ¢ abcuuccoil x -+ dx.

Onepanuy OTHICKAHHSI TNPOM3BOJHON HJIM AupbhepeHLHaNa
JaHHOM (DYHKLMM, KaK BHJEJH, TECHO CBSI3aHHble MeXIY COOOH,
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Ha3bIBaOTCS Oughgheperyuposaruem nannoit ¢yHKuuu. ILubde-
PEHIMPOBAHKME U CB3aHHble C HUM BONPOCHI COCTABJIAIOT Mpen-
MeT OughpeperyuarvHoeo ucuucienus.

7. OcHoBHple TeopeMbl nUdEpPeHIIMATLHOTO HCUHCIECHHUS.
31ech MBI DPAacCMOTPHM TEODEMBI, KOTOphlE OTKPHIBAIOT MyThb
K DpelIeHHI0 MHOTHX BaXXHbIX BOIpPOCOB IPH NOMOMK JHG-
(epeHIIHpOBaHHS.

Teopema Poansss. Eciu o¢yuxuus f(x) HenpepbiBHA
Ha cerMeHTe [a, b], HMeeT mpOW3BOAHYIO XOTS OBl B HHTEp-
Base (a, b) ¥ Ha KOHNAX cerMeHTa [a@, b] NpUHMMAeT paBHbIE
3HauYeHHsl, TO B MHTepBaje (@, b) cyulecTByeT IO KpaiiHe#
Mepe OlHa TOYKa, B KOTOPOil NpPOW3BOAHAs NaHHOH (DyHKIHH
paBHa Hy.JIO.

Jloxasamenscmeo. Tak Kak Mo ycJoBHIO f(X) HempepbiBHA
Ha cermente [a, b], To B cuiy Bropoii TeopeMsl BefiepmTpacca
OHa Ha 3TOM CerMeHTe INpHHHMaeT HaHMeHbllee W HAHOGOJb-
mee 3Havenus. OGo3HaYuM X cooTBeTcTBeHHO m ¥ M. Ecnu
M=m, TO »3TO o03HauaeT, uYTO [(X) eCTb NOCTOSHHad,
u mostoMy f'(x)=0 Bo BceM HuHTepBane (a, b), a 3HAuWT,
B 3TOM cJliyyae Teopema BepHa. Ilycte M = m. Torna ¢yHK-
uus f(x) mo kpafiHei Mepe OIHO M3 ABYX CBOHX 3HaueHMH m
unM M TnpuHMMaeT B TOUKe X,, COAepKalleiicsi BHYTPH HHTep-
Bana (a, b), Tak kak f(a)=/[(b) u nosTomy He MOXKeT ObITb
OJIHOBDEMEHHO m 3HaueHWeM f[(x) Ha OXHOM KoHue, a M
Ha JIpyrOM KOHIe cerMeHTa [a, b]. [TycTb nns onpenen€HHOCTH

M =] (%), a<x,<b.

Tak Kak 1o ycJoBHIO f (X) UMeeT NpoU3BOAHYIO f' (x) B Kaxao#
TOYKe ¥ HMHTepBana (a, b), To cymecTByer u f’ (X,), a I03TOMY

o P+ M) —F(x0) _ys Fo—h)—F(x0) _ &
R

Ho f(x,) =M, unosromy f(xo+h) —f(x,) <O u f(x,— k) —
— f(x,) <0. Otciona umeeM OIHOBpPEMEHHO:

Mi%—m<0, a sHauuT, ¥ [’ () <0,

W—o—_h—)h—ﬂg>0, a 3HauMT, H [’ (x,)>0.

CJrie1oBaTebHO,

" (%) =0,
T. €. TeopeMa BepHa M B 3TOM CJyuae.
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Popmysra Teiiropa. Ilycrb Qynknus f(x) Ha cermente
[a,a+h] (umm [a+h, a], eciu A < 0) uMeeT HenpepbiBHbEIE
NPOHU3BOJIHEIE O # — 1-ro mopsigka, a B uHTepBate (a, a--h)
CYIleCTBYeT W IpOM3BOAHAas n-ro nopsizka. IlocraBuM ceGe
3ajauedl BBISICHHTb, KaKas MHOJyYHTCS owmubka, ecau f(a--h)
3aMeHHM MHOTOYJIeHOM

f@ -+ @h+ T ne g 4 2 e,

Vnave roeops, TpeGyeTcss HalTH BeauuuHy R,, omnpejejeH-
HYIO PaBEHCTBOM

Fath) =f@+1 @+ 50w+ =04 R,

1)

Bynem uckare R, B dopme R,=MH?, tne l<p<n, a M
meusBecTHO. C 3TOH NeNbIO COCTABUM (;pyﬂxumo

) =W +F @ (b= + ...+ -yt

+M(b—x)?, @)
rae b=a-A.

@ynKuMA ¢ (¥) Ha cermeHte [a@, b] yHOBieTBOpsieT BCeM
ycnoBusM TeopeMbl Poss. OHa HempepbiBHA Ha yKa3aHHOM
CerMeHTe, Kak CyMMa KOHEYHOrO YHCJa HempephiBHBIX (YyHK-
nuil. Ha xoHnax cermenra uMmeeT paBHble 3Hauenusi: ¢ (@) = f (b)
B CHJIy DaBeHCTBa (1), a T0, uTO cp(b)-—f(b) OUeBHIHO
u3 camoii dopmyasl (2), ompenensiomedt QYHKUHIO @ (X).
Haxowren, B _uurepBane (a, b) ¢ (x) umeer TIpOH3BOJIHYIO, TaK
KaK Kax[bli 4YJleH CyMMBbl, Bbipaxkaiomeil ¢yHKu#io o (x),
B TOuKax (a, b) NpOU3BOJHYIO HMEET. CJIe,II;OBaTeJIbHO B HHTEp-
Bane (a, b) ecTb Takas Touka E, uTO ¢’ (§)=0. Idudpdepen-
nupys o (x), nonquM nocJjie ynpomeﬁnﬁ:

¢ () = L (b — 0"t — Mp (b — 5,

a moatomy

mn)
f (31 (b—E)™=1 — Mp (b—EP1=0

Orcioga nosiyyum:

b—
M= ( 81))1 : Fm (8).

77



Tak Kak a<t<b=a-th, 0 E=a-}+0h, rtne 0<O <.
ITostomy

_ (=0 o
CrnepoBartesnbHO, HCKOMOe R, ecTb
A (1—0)
Ry =il [ (@ h). )
Hrak, paBencrso (1) BepHO, ecom nox R, B 3TOM PaBeHCTBe
NOHUMaTb TO, YTO JAaéT dopmysa (3). B sTom ciyuyae pases-
ctBo (1) HaswiBaeTca ¢opmyno#i Tefinopa, R, — OCTaTOUHBIM
yleHoM 3ToH ¢opmynsl. M3 pasenctBa (3), BbIpakarolero
ocraTouHbll uneH ¢opmyssl Teinopa B ¢opme Ilnémuinxa,
MOXKHO NOJyYuThb elé apyrue GoJiee npoctble GopMbl R,,.
Tak, nonaras p=1, Mel noayunm R, B cdopme Komm:

R, ="L=0 o (a-t oh; 4)

€CJIM Ke MOJIOXUM B (3) p=n, To noayuum R, B c¢opme
Jlarpanxa

Ry =" 1) (a + Bh). (5)

Eciu nosoxum a+h=x, to dopmyna Teitnopa (1) npu-
MeT BHJI

fW=f@+f @x—a)+...+ L= x—arr 4R,
(1')
a ocrarouHnlfi ujeH R, B ¢dopme Ilnémuibxa —
—ayn (1—6)y ,
R, ==L et 0(x—a),  (3)

oTKyga mpu p=1 H p=n onsaTh NOJyYHM R, COOTBETCTBEHHO
B ¢opme Kown u B popme Jlarpanxa.

Econ ¢opmyny Tefsopa (1) paseBepHyTb TOJMBKO 10 n =1
¥ R, 3anucatb B (opme (5), TO MoJyyuM:

[(a+h)=[(a)+hf' (a+6h),
U

f(@+h) —F(a)=hj" (a+0h).

[Nonyuennasi gopmysia HasbiBaeTcs dopmyoit Jlarpanxa, oHa
JOKa3blBaeT CIIPaBeJIHBOCTh CJEAYIOHmIel TeopeMbl”
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Teopema Jlazparsca. Ecmu dynxkuus f (x) HenmpepbBHa
Ha cermeHTe [a@, b] M MMeeT NPOM3BOJHYIO XOT Obl B HHTEp-
Baste (@, b), To B 3TOM HHTepBaje CYIIECTBYyeT IO KpaiHei
Mepe oJjHa TaKas Touka £, uTo

f(b)— (a) f (E)

8. MMpubGauxEéHHble 3HAYEHHS 3JIEMEHTAPHBIX (QyHKuM.
®opmynoit Tefinopa noJb3ylOTCA AJS BBIYHCIEHHS NpHOJH-
KEHHBIX 3HAUEHHH HEKOTOphIX GyHkuuit. Jaa srtoil uesu
yacTo ObiBaeT OoJsiee yno6Ha ciexyiomias ¢opMmyJia, KoTopas
nosnyyaercs U3 ¢opMyJbl Teltysopa, eciu B3ATh a =0,

FO =t @+ Ox+50w 4 420 R

(n

rue
x‘n
Ry =171 (6x), (2)
ecJu 3anmucatb B (opme Jlarpanxa, u

xn(1—6)n-1
R == 1) (62), @)
ecau 3anucath B (opme Komu. Popmyay (1) npueATO Hasbi-
BaTb Qopmynoii Makiopena.

PaccMOTpUM HeCKOJIbKO NPHMepOB, KOTAa AAaHHYI0 (QyHK-
HMIO C JOGOH CTeneHbI0 TOYHOCTH MOXKHO 3aMEHHTb MHOTO-
YJeHOM, MPEJCTAaBJSIIIUM CyMMy TNepBbIX 7 YJEeHOB ¢op-~
myast (1).

1) Iokasameasran ¢ynkyus. Ilyete f(x)=e*. Torna
fm (x)=¢€* u f(0)=f™(0)=1. Orxkyma, noJaesyscb ¢Gopmy-
aamu (1) u (2), umeeM:

xn-1 e

2
ex=1+x—l-—2x—l+...+(n_l)!+mxn- (3)

Ecau Bo3bMEM x =1, TO moJy4um:
e=24 ittt S )
a0 V(n—11 " nl”
31ecb, OYEBHIHO,

8
0<%l< Tak Kak 2<e<3 un0<l<l;

;l' ’
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IIO3TOMY IIpH JOCTAaTOYHO 6OJIBILIOM 7 cymma
1 1
24grt e+

OyZeT CKOJb YroJHO GJH3KHM IpHOJIMKEHHeM K unciay e. Tax,
HarpuMep, ecJH HaJO BBIUHCIHTBL € C TOYHOCTBIO OO ﬁm,
TO JOCTAaToyHO B3AThb 7 =238, tak Kak 8! > 30000, u nostomy

9

e 3 3 1
8 <& < 30000 = 10000 °
Takum o6pasom, cymMma

1 1
245+t
Xaér npubJauKEHHOE 3HAUEHHE YHMC/IA € C HEeJOCTaTKOM
e~ 2,7182,

npuuéMm omu6ka Menbme 0,0001 (npu Gosbluel TOYHOCTH
e~ 2,71828).
W3 paBencrsa (4) ciemyer, YTO UHCJIO € HPPaLMOHAJBHO.
JeficTBUTENbHO, JONYCTHM, YTO YHCJO € palHOHAaJbHO.
Torna
L
q ,
rie p W g-—HarypajlbHble uHcJa. BO03bMEM 7 HACTOJBKO
60JIBIINM, 4TOOBI HMEJH

e =

(]
n—1>qgu0<i <1,

H obe uvactu paseHcTBa (4) ymHoxuMm Ha (n—1)\. Torzma
B JIeBOH 4YaCTH NOJYYHTCS ILeJoe 4YMCJIO, TaK Kak ¢ cojep-
JKUTCS CPellH MHOXHTenel umcia (n— 1)!, a nosromy cokpa-
TuTca. To Xe caMoe MOXKHO CKasaTh O pe3yJbTaTe€ YMHO-
xkenusi Ha (n— 1)! Kaxzgoro us mepBbIX 72 — | 4JeHOB mpaBoiH
yactd (4). B urore mosyunm paBeHCTBO BHJa

N=N,+&
- 1+7 y
0
rie N u N;—uense gncaa, a 0 < %< 1. Ho mnpubasnss
(]

e
K LeJOMY 9HCHy Ny MOJIOXKHTeNHOE YHCIO -, MeHblee I,

80



HeJb3sl TMOJNYuuTh Hejoe umcao N. IlosyueHHoe mpoTHBOpeune

TIOKa3biBaeT, 4TO LONyIlIleHHe e=f—; HE BepHO. CJIe,I[OBaTeJIbHO,

YUCJIO e HPpaLHOHAJBHO.

2) Tpuconomempuueckue pynkyuu sinx u cosx. Ilycts
f(x)=sinx. Torga f'(x)=cosx, f'(x)= —sinx, ' (x)=
= —cosx, fIV(x)=sinx. Tak kak flV(x) coBnanaer ¢ f(x),
o fV(x)=F(x) u 1. . Ho f(0)=0, f"(0)=1, f(0)=0,
F'"(0) = — 1, nostomy Ko3(pdHuuveHTaMd B ¢opmyJte (1) muaa
sinx Gynyt uucaa 0, 1, 0,— 1, xoropsle 6yAyT NOBTOPATLCS
B ToM e nopsiike. CiezoBaTeJbHO, NOJYYHM:

. 3 5 _ 2h—1
smx=x—§—l—[—gl——...+(—l)k 1(22—__1ﬁ+R2h’ (5)

rae
2k

x2k X
| Ror | = mf@k)(ﬂx) <@

AHanoruyHo nosy4uM:

x2

cosx=1—0 X _ (AR ©)
AT T @a) T Ramrr

rae
x2h+1

| Ropta | =l(2k—‘_,_mf(2"‘+”(9x) I <

x2h+1

@&+ 1)

®opmynamu  (5) u (6) MOXKHO BOCHOJIB30BATbCH  IJI51
BbIYKCJIEHHS] TPUOJHKEHHBIX 3HAUeHHH SinXx H cOS X ¢ Jiro60f
CTeNeHbI0 TOYHOCTH, TaK KakK OCTAaTOYHble YJeHbl 3THX (hop-
MyJl CTPeMATCsl K HyJIO IPHM HEOrPAHHYEHHOM BO3PACTAHHU
HX HoMmepa, MPHYEM 3TO OYAeT NPOUCXOAUTH OCOGEHHO GHICTPO
npu | x| < 1, a BolukCJeHHe Sinx ¥ cosx npH |x|>1 Bceraa
MOKHO CBECTH C MOMOUIbIO (OPMYJ TPHTOHOMETPHH K BhIUH-
CJICHMIO 3HAYeHMH 3TUX QyHnkumii mpu |x| < 1.

9. VYcaosusi mMoHoTOoHHOCTH (pywkuuu. Ecam gna Jro6bix
TOueK x’ M x” OTpesKa [a, b] u3 HepaBeHcTBa X’ < X" Cjlemyer
f(x)<f(x"), T0o Qynkuua f(x) Ha oTpeske [a, b] HasbiBaeTcs
Heybvlearoweri; ecnu xe u3 x' < x' caexyer f(x’)>f(x"),
TO f(X) HasblBaeTca Hegozpacmaroujeti.

Oynkuus [(x) HaspiBaeTcs MoHOmoOHHOU Ha OTpeske [a, b],
€CJIM OHa Ha 3TOM OTpe3Ke HeyObliBaiouiasl Ml HeBO3pacTalolias,

JloxaxeM TeopeMy, KOTopas JaéT aHaJMTHYeCKHe NPHU3HaKH
MOHOTOHHOCTH (PyHKLHH,
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Teopema. Ilycts dyukuus f(x) HenpepriBHA Ha OTpe3Ke
[a, b] v umeeT npousBOAHYIO f’ (x) MO KpaiiHe#l Mepe B MHTEp-
Base (a, b).

JLast Toro yToGhl naHHas ¢yHKOMS f(x) Ha oTpeske [a, b]
6blia HeyObIBaomielt (HeBo3pacTaromiefr), HEOGXOANMO U JOCTa-
touHo uMeThb [’ (x)>0 (f' (x)<0) nna Bcex ToueK X MHTep-
Bana (a, b

Hoxasameascmso. Tlycte ¢ynkuus f(x) Ha oTpeske [a, b]
HeyOpiBaromiasi. Torxa njs MoObIX TOYeK X U x -+ Ax HHTep-
Baja (a, b) BepHO HEPaBEHCTBO

f(x+A4x)—f(x)

Ax >0.

Orciona, mepexopss K mnpefery mpu Ax—0 u  yuuThBas
CyIleCTBOBaHHe NPOU3BOAHOH [’ (x) B Jio6oi Touke X €(a, b),
TIOJIyYHM:

f" (¥)>0.

ITycte Temepp gnaHo, 4to f'(x¥)>0 B Kaxnoil TOuKe
x€(a, b). Torna ans moOBIX ABYX ToueK X' M x” U3 OTpe3Ka
[a, b] mo Teopeme Jlarpamxka MmeeM:

F) —f(x)=(x"—x) " (&),

rae & ecTb TOuKa, cojepiKamiascs Mexzny x’ u x'.
Tak xak mno ycaoBuio f'(x)>0 B Kaxnofi Touke HHTep-
Bana (a, b), To f'(£)>0.
Iostomy f(x")—f(x’) >0, ecam Tompko x"—x'>0.
CnenoBatesbHo, Il JIOOBIX ToueK x’ H X" oTpeska [a, b]
u3 x' < x” BeiTekaer f(x') <f(x"), a 310 03HayaeT, yTO PYHK-
nus f(x) va oTpeske [a, b] HeyOwbiBaromas.

Takum o6Opasom, Jassi HeyOwiBaromed (YHKIMH TeopeMa
JOKasaHa.

Jl0Ka3aTeJbCTBO TEOPEMBl, OTHOCSILEHCS K HeBO3pacTalo-
me# QYHKIHM, aHAJOTHUYHO.

Jns manbHefinero moJie3Ho BBECTH ellé NOHATHS BO3pacTa-
HHA ¥ yObIBaHWS (PYHKIHMH B TOUKe.

dynxuusa f(x) HaswiBaeTcsl Bospacramomeil (yOblBaromiefi)
B TOUKE X,, €CJH CYyIeCTBYeT TaKOH# HHTepBal, COZeprKallHil
TOYKY X,, B KOTOPOM MIJsI BCceX X < ¥, BEPHO HEPaBEHCTBO

[(x) <F(x) (F(x) > F (%))
a s X > X, BEPHO

F(x) > F (%) (F(x) <F(x0))-
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Crenywomas TeopemMa BbpaXKaeT JOCTAaTOYHHE YCIOBHS
BO3pacTaHusl U yObIBaHHS (YHKIUH B TOUKe.

Teopexa. Ilycts ¢yHkuus f(x) B TOUKe X, MMeeT Npo-
U3BOJHYIO [ (%,).

Ecau ' (x,) > 0, TO dynxuus f (x) B Touke X, BO3pacTaeT;
ecan f'(x,) <0, T0 f(x) B Touke x, yObIBaer.

Hoxasamenscmeo. 1lycts ans onpegenéuHocts f' (%) > 0.
910 03HauaeT, uTO

lim

[ o+ A%)—F (x0) < q.
Ax—0 : Ax ; > 0’

MO3TOMY CYIIECTBYET TaKoe JOCTaToyHo Majoe & > 0, 4Tto
nns Bcex Ax =0, ymoBieTBopsiIOMX ycJoBHiO |Ax| < 8§,
BEpHO HEPaBEHCTBO

f (o + Ax) —f (x0)
_L.T_O > 0.

Orciona Bugmo, uto Ax M f(x,+ Axp)—f(x,) HuMeiOT opuH
H TOT e 3Hak; NO3TOMY f (X, Ax) < f(x,), ecan x,—3d <
< Xo+Bx < xg, ¥ F(xo+Ax) > Fxy), ecan x, < x,+Ax <
< %o+ 8. CnegoBaresbHo, ¢yHKIHs f(X) B TOuke X, BO3-
pacTaer.

AHasoruyHO N0KasbiBaeTcst, YTO NpH ycjaoBuHu ' (x,) <O
¢yuKUHs f(x) B TOuke X, yObIBaeT.

10. dxcrpemymsl dyukumii. Ilyctb ¢ynkums f(x) ompege-
JleHa B HEKOTODOM MHTepBalle, COJepiKalleM TOUKY X,.

Touka x, Ha3bLIBAETCS MOUYKOL MAKCUMYMA (IMOUKOU MUHU-
myma) ¢yeKuun f(x), ecau cymectByer Takoe 8> 0, yro
IJst BCeX A, yIOBIETBOPSIOMMX YCJOBHIO |A| <3, BepHO He-
PaBeHCTBO

[ (%o +B)—[ (%) <O (F (xo+h)— [ (%0) >0).

Toukn wMakcuMyMa W MHHEMyMa (YHKIHH HA43BIBAIOTCS
TOYKaMH SKCmpemyma 3TOH (PyHKIHH.

3nauenuss (GyHKUHMH B TOYKaxX €€ MakCHMyMa M MHHHMyMa
HA3bIBAIOTCS COOTBETCTBEHHO MAKCUMYMOM U MUHUMYMOM
JIaHHOH (YHKIHH.

W3 onpenenenunfi Touek SKCTpeMyMa CJexyeT, uTo f(x,)
OyZeT MakKCUMyMOM MM MHUHUMYMOM GYHKIHH [(X), eciH
f(x,) OKaxkeTcsi COOTBETCTBEHHO HaHOOJBIIHM UM HAWMEHBIIHM
3HaueHHeM OQYHKUMM [(x) B HEKOTODOM JOCTAaTOYHO MaJjoM
HHTepBase, COAEpIKalleM TOUKY X,, a He 00s3aTesIbHO BO Beef
obaacTH, rae 3agaHa ¢yHkuus f(x).
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Ecan ¢ynknus f(x) HempepbiBHa Ha otpeske [a, b], o,
KaK HM3BECTHO, cpeiM e€ 3HauyeHHH, NpHHMMaeMblX Ha [a, b],
ecTb HanboJbllee H HaWMeHbllee 3HauyeHus. Ecaun cBoé
Haubosbllee 3Hauenne M ¢yHKUHA f(X) NpHHHMaeT B TOUKe
X, He fABJsIOmIeHics KOHIOM oTpe3ka [a, b], TO, OueBHAHO,
M =f(x,) ectp MakcumyM ¢yuxuuu f (x). Ho Moxer okasaTs-
cda, uto M =f(a) nmm M = [ (b).

CinenoBatenbso, uTOGB HaiTH HauGoJibllee 3Hauvenwe M
HenpepuiBHOA ¢yHKUMM f(x) Ha oTpeske [a, b], Hamo HafiTH

n A
8
M
m
Ol a x x, X3 X, X b X
Yepr. 7

BCe MakCHMyMHl f(x) Ha [a, b] u sHauenus f(x) Ha KoHmax
otpeska [a, b], T. e. f(a) u f(b), u cpenu HHX BHIOpaThb
HauboJblee YHCJIO.

$lcHO, UTO HauMMeHBIIMM 3HAUYeHHeM 1 HelpephIBHOH
¢yukuuu f(x) Ha oTpeske [a, b] Gymer HauMeHblee YHUCJIO
cpegH BCeX MUHHUMYMOB f(x) Ha [a, b] u 3Hauennmit f(a)
u f(b).

CI()yHKuHﬂ, n3o6paxKExHasd Ha yepTexe 7, HMeeT MAaKCUMYyMbI:
f(xy) u f(x,), MurMMYyMBL: [ (Xy), f(X5) ¥ f(x;); HauGoubluee
3Hauenue QyHKUHUM f(x) ecTb M =[(a), a HauMeHbluee 3Ha-
yeHHe m = f(X;) ABJAETCS HAUMEHbIUUM M3 MHHHMYMOB [ (X).

HeTpynaHo 3aMeTHTb, YTO eCJM TOYKAa X, €CTb eJHHCTBEH-
Hasl Toyka 3KcTpeMyMa (yHKIHH [(X) HAa HEKOTODOM OTpe3Ke
HJH HHTepBale, TO TaM [ (x,) OyAeT HauGOJbIIMM 3HAYEHHEM
f(x), ecim [(x,) —Makcumy™m, H f(x,) Oy@eT HaHMeHBUIUM
3HaueHueM f(x), ecau f(x,) —MHHHMYM.

11. HeoGxonumble ycaoBusi 3kcTpemyma. Cienyromiast Teo-
peMa yCTaHaBJIMBaeT HEOOXOAMMBIE YCJOBHSI CYIIECTBOBAHHS

9KCTpeMyMa (yHKIHH.
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Teopema. [ns toro utobel ¢yHKIMA f(x) B TOUKe X,
HMeJia 3KCTPEMyM, HeOGXOJAUMO BBINIOJHEHHE OJHOTO M3 [BYX
ycjoBuit: Jubo [’ (x,) =0, 1u60 npousBOZHOH OT GYHKUHU
f(x) B Touke X, He CyILIeCTBYyeT.

Hokxasameascmeo. OueBupHo, TeopeMa OygeT HOKasaHa,
€CJI JIOKaXKeM, YTO He MOXKeT ObITb HU MakCHMyMa, HH MUHH-
Myma ¢yHKUHMH [ (X) B Takoil TOYKe, B KOTOPO¥ NMPOU3BOLHAS
ot f(x) cymecrByer, HO He paBHa HyJo. IlostomMy mycTb
' (x,) #= 0. Oasi onpexeéHHOCTH NOJMOKHM f’ (x,) > 0. Torza
¢ysknus f(x) B Touke x, Oyzer Bospacraroumelr. Creno-
BaTeJbHO, HAHAETCA TaKOH MHTepBaJ, COJepXKallHil TOUKY X,

y

/ ~

0 X, X, X X,
Yepr. 8

X

B KOTOPOM JJI1 BCeX X < X, BepHO HepaBeHCTBO f(x) < f(x,),
a 1asg x > x, BepHo [ (x) >f(x,). Ho 3ro u nokasmiBaer,
uTO f(X,) He eCTb HH MaKCHMyM, HY MHHHMYM yHknuuf (x),
TaK Kak f(x,) He GyzeT HY HauGOJIBUINM, HY HAUMEHBUIAM Cpe-
Iu 3Havenuil f(x) B uHTEepBale (Xo—3d, X,-+8), KakuMm Obl
MaJibiM 3TOT HMHTEPBAJ MBI HH BhIGpAJH.

[ogoGubiM e oOpasoM yGexnaaemcs, uro mpH [’ (x,) < 0
B TOYKE X, HET 3KcTpemyMa f(x).

s dysknuu f(x), u3oOpaxkéHHOH Ha yepTexe 8, TOUKH
X1, X3 ¥ Xg IBNSIIOTCA TOYKAMH 3KCTpeMyMa, npuueM [’ (x;)=
=["(x,) =0, a B Touke x; npousBofHasi oT [(x) He cyile-
CTBYeT.

B Touke x, Heo6XOJMMOe YCJIOBHE 3KCTPEMyMa TaKkKe
BbINOJIHEHO: [’ (x,) =0 (xkacaTenbHas mnapasjiefbHA OCH 0X),
HO, KaK BHJHO M3 uYepTeXa, B 3TOH TOUKe HeT HH MakCHMyMa,
HM MHMHMMyMa QyHKnuu f(x).
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12. JlocTaTounbie YyCIOBHS MaKCHMyMa H MHHMMyma. He-
00X0IMMBle YCJIOBHUS 9KCTPeMyMa I03BOJISIIOT HAM TOJILKO HAHTH
TOYKH, B KOTOPHIX Mogcem Ouine (HO He 0Gs3aTENBHO €CTh)
MaKCHMyM HJIM MHHHMYM JaHHO# ¢yHKuuu. UToOB 10 KOHIA
PEIUUTDb 3aJayy OTHICKaHHS TOYeK SKCTpPeMyMa, Hal0 HMeTh
JIOCTATOYHbIE YCJIOBHSI MaKCHMyMa H MHHHMyMa (yHKIIHH,
OTH YCJOBHS H JAIOT CJEAYIOUIHe TEOpeMbl.

Teopema 1. Ilyctb dyHxuua f(x) B TOUKe X, YHOBJIETBO-
psieT OJHOMY M3 HeOOXOAUMbBIX yCJOBHH sKcTpeMyMa: [’ (x,)=0

unn f'(x,) He CyllecTBYeT.

YA Ilycte cymecTByeT Takoi
uHTepBan (X, —98, Xx,+9),
B KOTOPOM JJisi BCeX X < X,
BepHof *)>0(f" (x) < O),
A X > X, BepHO

f (%) <0 (f' (x) > 0). Tor-
Ja B TOYKe X, OGYHKIHA
f (x) umeeT MakcumMyM (MH-

HHMYM).
01 %8 xh X, Xrh %0 X Hoxasameascmso. Tlpo-
Yepr. 9 BelléM pacCyXJeHHs INpH-
pT- MEHHTEeJbHO K  CJIyyalo
MaKCcHMyMa.

ITo ycnoBuio B mHTepBane (x,—39, x,) uMeeM f'(x) >0,
B CHJIy 4ero B 3TOM HHTepBase (QyHKuus f(x) Bo3pacraromias.
B unrepsaine xe (x,, X, 9) no ycinosuwo [’ (x) < O0; nostomy
TaM ¢yHKuua f(x) yObiBaromas.

Cnenosare.nbﬁo, 3HaueHue f(x,) ecTb HauGoOJblee CpexH
3HaueHul f(x) B uHTepBane (x,—39d, X,-+3), a 3TO O3HayaeT,
uTO f(%,) ecTb MakcumyMm ¢yHKUHH [ (X).

Ora TeopeMa MOXKeT CJYXKUTb HaM NPaBHJOM AJs OThICKA-
HHSI TOYeK MakCHUMyMa M MHUHHMyMa (yHKIHH.

Ueprexku 9 u 10 npecTaBiasioT reoMeTpHIECKHe HIIOCTPa-
nuu K teopeMme (f' (x,—h) u f' (x,+h) ABIAIOTCA YLIOBLIMH
Ko3ddurenTaMi KacaTeJbHbIX B Toukax M’ u M").

I[Tpumep 1. HaiiTu ToukH sKcTpeMyMa (PyHKLHH

2
fx)=1+(x—2)%
Pemenune. Haxonum npoussozHyio

P )= —"
3(x—2)

o] =
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3amedaem, uto f’ (x) =0 npu mo6oM x 2, a npu x = 2 npo-
usBogHaa [’ (x) He cymecrByer. CiieoBaTeNbHO, TOJBKO TOU-
Ka ¥ =2 MOXeT ObITb TOYKOH S5KCTpeMyMa HaHHOH (QYHKLIHH.
s manbHeHIIero ucCCJefOBaHHST 3TOH TOYKHM HaH[EéM 3HAK

y

0 x}é‘ xh X Xrh x}6‘7
Yepr. 10

NpoM3BOAHON f’ (X) cClieBa M cClpaBa OT TOYKH X = 2:

Fe—h=—2—<0;

1

3(—h)°
Fe+h=2%>0 (>0,
3k3

CnepoBarenpHO, NpH X = 2 paHHas (QYHKIHUS HMeeT MHHH-
MyM, paBHuli f(2)=1.

IIpumep 2. Cpeau Bcex mPSIMOYTOJBHUKOB JaHHOTO
nepuMeTpa 2p BeIOpATh TOT, y KOTOPOTO IJIOMaAb HaubGoJblLas.

Pemenue. OGosHauuM AJMHBI CTOPOH HCKOMOTO IpPSIMO*

yroJibHHKa yeped x U y (uepT. 11). Torma miomanp npsiMo-
yroJibHUKa OyZeT

S=xy.
Ho mno ycaosuio
2x 42y = 2p,
OTKyZa
Yy=p—x;
N03TOMY
S=px—x2
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Hccnenyem Ty ¢yHKOMIO HAa MakKCHMyM H MHHHMYM.
Ins atoro Bo3bMEM NPOH3BOIHYIO

S'=p—2x
U TIpHpaBHfieM €€ K HyJIo:
p—2x=0.

PemmyB mnosnyyeHHoe ypaBHeHMe, HalAEM e€IMHCTBEHHYIO
TOUKY

—

B kotopoét S’ =0. OueBuaHO, HET HU OLHOM TOUKH, B KOTOPOH

npousBojfHasg S’ He CyllecTByeT.
Hccnenyem 3HaK NPOH3BOIHOHU
S=2( 2
cJjieBa ¥ ClipaBa OT TOYKH X ='—;—-:
X S(L_n)>0, S(Z+n) <O,
Yepr. 11 2 ) ( 2 + >
(h > 0).

CnenoBaresbHO, TPH X =§- IJis TJomany S npsiMoyrodib-

HMKAa MMeeM MaKCHMyM, a TaK KaK TOYKa SKCTpeMyMa ejluH-
CTBEHHasl, TO MaKCUMyM S OIHOBpeMeHHO GyneT u HauGOJb-

wpM 3HaueHHeM S. YuuThBas, HaKOHell, YTO MpH x=—‘;—

HMeeM Yy = %, MOKeM CKa3aTb, 4YTO CpelH INPAMOYrOJIbHUKOB

JIAaHHOT'O TlepUMeTpa HaHGOJBIIYIO IUIOMIafb HMeeT KBajpart.
Hokaxem emé onxHy TeopeMy, KOTOpasg HaéT NpPaBHJIO
HCCJIeJOBAHUST (DYHKIMH HA MaKCHUMyM W MHHHMYM NIPU NOMOLIHU
BTOpO#, TpeTbell M APYrHX BHICHIMX NPOH3BOJHBIX.
Teopenma 2. Ilyctb dyHkuus f (x) B HEKOTOPOM HHTepBale,
coliepallieM TOUKY X, HMeeT MPOM3BOAHYIO n-TO MOPSAKa,
HENPEpLIBHYIO B TOUKE X,, NPHUYEM

[ (x0) =F" (%)= ... =] (x) =0, [™ (xp) #0.

Torga ¢yskuus f(x) B TOUKe X, HMeET 3KCTPEMYM, €C]H
9UCIO # YETHOE, a HMEHHO: MakcumyM npHu [ (x,) <0
U MMHEMYM Tnpu f@ (x,) > 0.
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Ecnn ke uncio n — Heu€THOE, TO B TOUKE X, HET HY MaKCH-
MyMa, HH MuHHMyMa ¢yHKuUuu f(x).
Hokasameascmeo. Ilo dopmyse Tefinopa umeem:

F(xo+ B)—F (x0) = hF’ (x0) + 51 ' (%0) +
o g T (1) + [ (e + O,

(n

rre 0 <6< 1. Ho no ycnoBuio B TOYKE X, NPOU3BOAHBIE
oT f(x) mo (n—1)-ro nopsiZka BKJIOYHTEJbHO DPaBHbl HYJIO;
I03TOMY

F(xg+h) — F (%) = - F (x,+ O).

Tak kak nmo ycnoBuio f(™ (x) HempepblBHA B TOYKE X,
u f™ (x) =0, To cyuecrByer Takoe d > 0, uTOo /s BCeX A,
VIOBJETBOPSIOWUX YCJIOBHIO | A | < 8, 3Hak f™ (x, + 6h) coBna-
IaeT co 3HaKOM [ (x,).

CrieoBaTeJIbHO, eCJM uHcio n uéTHoe # M (x,) <0, TO
npu |h| < & BepHO HepPaBEHCTBO

[ (%04 A1) — (%) <0,

a 3TO 03HayaeT, 4TO B TOUKe X, (DYHKIHUA [ (x) HMEET MaKCUMYM.
Ecin uwmeno n uérmoe u [ (x,) >0, To mpu |A| <3
BEpHO

[ (%ot B) —F(x0) >0,

a 3TO O3HauyaeT, 4TO f(x) B TOYKe X, HMEeT MHHHMYM.

Ecin e YuCJIO 71 HEUETHOE, TO 3HAK PasHOCTH f(Xy+ h) —
—f(x,) mpu 0 < h < d Gygmer coBmagaTh co 3HaKoM [(™ (x,),
a mpu — 8 < h < 0—co 3HaKoM — f(™ (x,), T. e. Oyner mpo-
THBOIIOJIOKHBIM; TNOSTOMY [ (X,) He OyZeT HHM MakCHMyMOM,
HH MHHHMyMOM ¢yHKIMH f(X).

[Ipumep 3. Cpexn Bcex KPYTJILIX IMJIHHIPOB, HMEIOUIHUX
OIHy M Ty XK€ IJIOmaab IOBEPXHOCTH, paBHYIO S, BbIGpPaThb
TOT, ¥ KOTOporo o6béM HauGOJbLIHH.

Pewenne. Ilyctb x — paguyc ocHOBaHHS, a Yy — BhICOTA
uckomoro muiunapa (uept. 12). Tornpa o6béMm nummuppa Oyaer

v =Trx?y.

Ho no vcioBuio miomazgs moBepxXHOCTH
2rxy 4 2nx%=s,
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OTKyZa

—) =5 4

i = 2nx ’

! [03TOMY

t S 3

:}’ =5 %X —nx’

]

e Hccnepyem sty ¢yHKnMio Ha Mak-
L X N CHUMYM H MHHHUMYM.
. j BosbpMéM npousBogHyIO
Yepr. 12 0= % — 3nx?

H npupaBHfeM e& K Hyswo. Pemus moJyueHHoe ypaBHeHHE
5
T—3ﬂx2=0,

Ha#JEM eJUHCTBeHHYIO B o6iacTH x > 0 TOuKy

S
X = B’
B Kotopo#i v’ =0. OueBHAHO, HET HH OJHOH TOUKH, TIE IPO-
U3BOZHAsA v’ He cymiecTByeT. [LJI9 naspHeHIIEro HCCIeLOBaHHUs
Bocrnionbayemcsl TeopeMoit 2. C 3Tol HeNblo BO3bMEM IIPOH3-
BOJHYIO BTOpPOrO NOpsjKa OT U:

"

0" = — 6nx.

A1/ s
(Y &) <o

S -
y6exxnaeMcs, 4TO IPH X = l/ 5o OODBEM U HMeeT MAKCHMYM,

3ameuasi, 4TO

a 35auuT, ¥ HauboJblllee 3HAYeHHe, TaK Kak B objacta x > 0
S o
v (l/ ’6?) €CTb €JUHCTBEHHBIH 3SKCTPEMYM.

S S
YuuTteiBasi, UTO NpH X = '/ o HMeeM y=2 '/ o » MOXHO

CKasaTb, 4TO Cpeayu HHWIHHAPOB, HMEOIIHX OJAHY H Ty 2XKe
IIoagb IMNOBEPXHOCTH, Hau6OJbIIHM 00BEMOM obnagaer TOT,
Y KOTOpOro oceBoe€ CeueHHE €CThb KBajpar:

2x=y.
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13. O paGorax pyCCKHX H COBETCKHX MaTeMaTHKOB. Jlaxe
IO TeM HeMHOTHM BOIpOCaM, KOTOpble pacCMOTpPEHBI 3JeCh,
MOXHO IIOHATb, HACKOJBKO BaX{HbIM CPEACTBOM H3YYEHHS
(yHKIUE M pelleHHs NPAKTHYECKHX BOIPOCOB sIBJsIeTCS JUG-
(epennupoBanye. DTUM OOBACHAETCS CTpPeMJIeHHe MaTeMaTH-
KOB paCIIMpHTb KJacc auddepeHUHpyeMbIXx (QYHKIHUE NyTEM
006001 eHHsT MOHATUH NPOU3BOAHON U nubdepennuana. Briparo-
IMmyecsl pe3yJbTaTbl B 3TOM HalpaBJeHHH ObLIH IOJyYeHbI
A. §I. XuHuuHBIM, KOTOpBIH Jajl HauGojee ofliee onpexnese-
HHe mnoHATHs mnpousBogHofi. K paGoram A. $I. XwunuuHa
IpUMBIKAIOT ucciefoBanust B. B. CrenanoBa, KOTOphIf moJy-
9HJl BeCbMa HHTEpeCHbIe BBIBOZABI NPH H3Y4YeHHH MOHATHS THGD-
¢epennuana. Bonpocamu nudgepennposanus GyHKUME ycnen-
HO 3aHMMaJICsl M el HeJblii psifi COBETCKHX MaTeMaTHKOB.

B sroii raBe MBI BHAENH, UTO HHOrAA JAHHYIO (YHKIIHIO
MOXHO C JOCTaTOYHOH TOYHOCTBIO 3aMEHHTb MHOTOYJIEHOM,
SIBASIOMUMCA HauOosee mpocToil ¢yHKIue#l. B cBA3M ¢ aTHM
clielyeT OTMETHTb, 4TO NOJHHOMAaM, HaHMeHee YKJOHSIOMIUMCS
OT 3aJaHHOH (YHKIIMM, TOCBSINEHb 3aMeyaTesbHble pPaGOTHI
BeJMKOro  pycckoro  Matemaruka II.  JI.  UYeGwimeBa
(1821 —1894). VYuénrle Bcero Mupa MpH3HABAJH OrPOMHOE
BJUsHUe Bbigaromuxcs pa6or I1. JI. UeGrnnesa, oTHOCSmHXCS
K pasiuyHbIM OGJACTM MaTeMaTHKH, Ha JalbHEHIIHH XOX
pasBUTUSI Bcedl MaTeMaTHKU. VI3BeCTHBI WIBeACKHE MaTe-
MaTuk Murrar-Jlebdmep cumran II. JI. UYeGbimuesa «oxHUM
U3 BeJMYafINX yuuTeJell aHanu3a BCeX BpeMEH, TIeHHeM,
TaK OOOraTHBIIMM MaTeMaTHYeCKHe HayKH CBOMMH GeccMepT-
HbIMH OTKphITUAMH». Kpynneimu#i ¢paHIy3cKHH MaTeMaTHK
IpMHT nHcaN, 4TO BCe wieHbl IlapumiKckoli AKajeMuHM HayK
npusHanu I1. JI. UeGwimeBa «ropmocteio Hayku B Poccuu,
OJHHM H3 IIepBBIX reoMeTpoB EBponbl, OJHUM U3 BeJHYaAHIINX
reOMeTpPOB BCEX BPEMEHY.

Pa6oter I1. JI. YeGwimeBa no BompocaM NpHOIHIKEHHS
(GyHKIMeH NOJNOXUIK Hayajo 0co6oll BETBH MaTeMaTHYeCKOro
aHaJi3a — KOHCTPYKTHUBHOH TeOopHH (YHKIHH, KOTOpasl B JaJb-
HeHlleM pas3BHMBasach TaKxXe TPYAAaMHM DYCCKHX H COBETCKHX
Y4€HBIX,



F'JTIABA VI
MHTETPAJI

1. Teopema [Hap6y. Ilycts Ha cermenre [a, b] 3anana
¢yEKUHA f(X), OTHOCHTEJBHO KOTOpOH OyIeM DpejnoJiaraTbh
TOJBKO TO, YTO OHA OTPaHHMYEHHass T. €. CYIUIeCTBYeT TaKoe
JOCTaTOYHO GOJBLIOE MOJIOXKHTEJbHOEe 4YHCJIo M, YyTO Ha BceM
cermenre [a, b]

| (0)] < M.

B ocransroM ¢yHKuma f(X) MOXKeT ObITb KakOH YrojHO.
CermeHT [a, b] pa3oObéM Ha n uyacTell TOYKAMH

Q=X < X, < X%, < ... < Xp,=Db.
[Monoxum
Ay = X1 — X

®ynkuusa f(x), orpaHHueHHass Ha BceM cermeHTe [a, b], orpa-
HHYEHA W Ha KaXJOM H3 3JIeMEHTapHbIX CErMEHTOB [X,, X,.:],
NIOSTOMY HMEeT Ha 3THX CerMeHTax BepXHIOI0 H HHIXKHIOI
rpasu. CGosHauuM uepe3 m, U M, COOTBETCTBEHHO HHIKHIOIO
W BEpXHIOI TpaHH f(x) Ha cermeHre [x,, X,;]. CocraBuMm
CYMMBI:

n—1 n—1

S= ' mkAxh H S= 2 MhAxk‘y

k=0 k=0
KoTophle OyneM HasblBaTh HHXKHell M BepxHell cymmamu Jlap6y.
OueBugHO, 4TO cyMMbel [apOy 3aBHCAT OT pas3bueHHs Cer-
MeHTa [a, b]. [loctaBuM cebe 3anaueil BHISICHHTb, KdK OYAYT
MeHATbCSI CYyMMBI S B S, Korja cerment [a, b] 6yzem JnenuThb
Ha Bc€ GoJiee M GoJiee MesakHe yacTH. Bompoc sTOT pernaercs
CIeRylomeR TeopeMoH.

Teopema (Lap6y). Bepxusas u HuxkuAA cymmel Jap6y S

H S, COCTaBJIeHHbe AJI OrpaHUYenHOH (yHKuuM f(x) Hacer-
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Mente [a, b], cTpemATcs K onpelenSHHLIM mpepedam I u I,
KOrjila 4MCJO m TOoueK pasOueHHsi cermenra [a, b] Heorpanu-
YeHHO BO3paCTaeT TaK, YTO NJHMHA HAHOOJBINEr0 H3 3JieMeH-
TapHbIX CEIMEHTOB [Xj, X,,;] CTPEMHTCS K Hym0. OTH Ipe-
Zemst I w I He 3aBHMCAT OT cmoco6a pasGHeHHMsI CerMeHTa
[a, b].

Jloxasamenscmeo. Tlogpo6HO pacCcMOTPHM ROKa3aTeJbCTBO
CYLeCTBOBaHUS npefiejia Bepxueil cyMMmbul JapOy S. Jloxkaxem
CylieCTBOBaHHE TAaKOro ukcdia [, uto6el A1 Jo60ro Kak yroaHo
manoro e > 0 MOKHO OBIJIO HAalUTH TaKOe JOCTATOYHO MaJjoe
yucJo 8 > 0, uto GyZeT BEpHO HEPABEHCTBO

|§—T|<e,
ecsid TOJBKO Ay Ax, HaumGoJbllero u3 Bcex Ax,, BepHO
Ax < 3.
1o u Gymer 03HayaTh, YTO
T= lim S.
Ax—0

3ameTHM Inpexze BCero, yro Jio0oe 3HayeHHe S, COOT-
BETCTBYIOIlee KaKOMy YroJHO pa3CHeHHI0 cerMeHTa [a, b],
VIOBJIETBOPSIET HEpPaBEeHCTBY
IS| < M(b—a).

JleficTBUTENBHO,
n—1

n—1
|S1=1 I Mbx,| <M 3 dx=M (6—a).

CiieoBaTeNIbHO, MHOXKECTBO BCEBO3MOXKHBIX 3HAUEHH CYMMHI S,
COOTBETCTBYIOIIHX BCEBO3MOXKHBEIM pasGHeHHsiM cerMeHTa [a, b],
€CThb OrpaHHYeHHOE MHOXKECTBO, a I0STOMY OHO MMeeT BepXHIOI0
H HuXHIOIO rpaHd. OGosHaunM uepe3 / HMXKHIOIO IDaHb MHO-
JKecTBa 3HaueHHH Bepxuelt cymmer dapOy S.

V3 ompeneneHus HUXKHel I'PDaHM MHOXeCTBA CJeAyeT, UTO
npu Jio6oM IpoGJeHHH cerMeHTa [a, b] nMeem:

1<S;
HO BMeCTe C TeM JJs JoGoro & > 0 MOXKHO COCTaBHTb TaKoe
pasOuenue cermenra [a, bi:
Q=X < X < Xy < o0 < Xp=Db, (1
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4T0 COOTBETCTBYIOIIEE 3HAUEHHME BepXHell CyMMbI Hapby
p=1 i
S'= Y MiAx; (2%

i=0

YIOBJIETBOPHUT HEpaBeHCTBaM:
I<S8 <I+. 3)

PaccMoTpum mnpousBosibHOe pasGueHHe cermenra [a, b]
Ha Jio6oe YHCJO 7 DJEMeHTapHBIX YacTedt [X,, X,;], YyAOBIe-
TBOPSIIOIIEE TOJBKO OJZHOMY YCJOBHIO:

Ax <3,

rie Ax ecTb AJMHA HaMGOJLIIETO H3 BCEX CEIMEHTOB [Xy, X,.,]
a yucyio d >0 MeHbllle IJMHBI HaWMEHBIIETO H3 CErMEHTOB
[xi, xi4+1] pasCuenus [a, b], COOTBETCTBYIOLIErO 3HAYEHHIO S’
BepxHe#l cyMMmul Jlap6y, U OJHOBpPEMEHHO

13
3 < 3315 - (4)

CocraBuM ass 3toro pasbuenus [a, b] BepxHIOIO CyMMy
Hap6y:

n—1

S=k2 M, Ax,. (5y
=}

IMpencraBuM 3Ty cymMy S B BHAE CYMMBI ABYX CYMM:
S=8,+38,,

BKJIIOUMB B CyMMy S; Bce Te cJjlaraeMble U3 S, KOTOpPblE COOT-
BETCTBYIOT CeIMEHTaM [X,, ¥;,;], COAEpXkallHM BHYTPH cebs
oxny us touexk x; (i=1,2,...,p—1) npobnenna (1) cer-
MeHTa [a, b], a B S,—Bce ocCTaibHbE, T. €. Te, KOTOpbIE
COOTBETCTBYIOT CETMEHTaM [Xy, Xj,;], LLeJIHKOM COJiepKaluMcs
Ha OJHOM KaKoM-HHOGyIb cerMeHTe [Xi, Xiy1] npo6aenus (1).

$lcHo, uTo B cymme S, cjaraeMblX MeHblIe p, a Kaxzuoe
cnaraemoe M,Ax, wmenbmre, uem MS, Tak kak M, <M,
a Ax, < 3. Ilosromy

Sl < MBP»
OTKYZa, B culy BbiGopa O (HepaBeHCTBO (4)), uMeeMm:

S < 5- (6)



CyMMy S HpeﬂCTaBHM B BHﬂef
r l

S, = 2 M, Ax, + ZM B 2 Mbx,, (7
Xp_1
ruge , 7
x'i-l-l

2 M, Ax,
xi

eCTb CyMMa BCeX claraeMelX B S,, KOTOpDbHE COOTBETCTBYIOT
CerMeHTaM [x,, X,,,], cojepxamumcs Ha OXHOM H TOM XKe
cermenre [xi, xi+1] ApoGaenus (1). 3ameTrum, 4TO

";+1
2 M, Ax, < MiAx;. (8)

HeficTBuTeNIbHO, B 3TOH cyMMe Kaxpoe M, < M;, a cymma
BceX Ax,, BXOJAIIMX B 5Ty CyMMYy, He GoJjblle Axj; MOSTOMY
z:+l x,:+1

2 M Ax, < Miz Ax, < MiAx;,

Us coomomemm (7) u (8) noaquM:
S <p§}; Midx =5,
OTKyJa, YYHThIBast HepaBe‘HCTBO (6), umeem:
S=8+8,<5+8,
a B CHJIy HepaBeHCTBa (3):

T<S<T+e
Hrak, ang mo6oro € > 0 Hafinérea takoe 3 > 0, uro
[S—1]|<e,
eCJIM TOJIbKO
Ax <.
CiriejioBaTebHO, _
I= lim S.
Ax—0
[Nomo6ueiM ke 06pa3oM MOXKHO J0OKas3aTb, 9TO
I= lim S,
=  Ax=0
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rie I ecTb BepXHf TIpaHb MHOXeCTBAa 3HAYEHHH HHXKHel
cymmbl 1apby s. Tak kak mpu Ax—0 Bcerza S umeer npe-
JeJIOM CTPOTO OIpeNeNEHHOE UHCJIO — HHIKHIOK TPaHb | MHO-
J)KecTBa 3HaueHn#i S, a s—BepxHOIO rpanb [ 3HayeHuii s,
TO OTCIOJa W BHJAHO, UYTO Npejessl cymm JlapGy He 3aBuCAT
ot cmoco6a pasbHeHHsi cerMeHTa [a, b].

2. Bepxuuii ¥ HiKHUI HHTerpaabl. OnpenentHHplii MHTerpad

Pumana. Ilpemenst [ u [ Bepxuefi W HUXHeHl CcymM ,[lap6y,
KOTOpBIe M0 Teopeme [lap6y CymecTBYIOT Has BCAKOH Orpa-
HHYEHHOH Ha cerMeHTe [a, b] ¢ynxkuuu f(x), HaswbiBalOTCH
COOTBETCTBEHHO 6ePXHUM U HUINCHUM uHme2paisamu oT $HyHK-

uun f(x) Ha cermente [a, b] 1 0603HAYAIOTCST CHMBOJAMH

f(x)dx wu f(x) dx.

aL/‘Jcr[
|af./3e-

Ecau BepXHHHI M HHXKHMI MHTerpajsl oT (yHKUHH [(x)
Ha cermente [a, b] coBnagaroT, TO QyHKUUS f(x) Ha3biBaeTCs
unmeepupyemoti (no Pumany) Ha 3TOM cermenre, a obuiee
3HaueHHE BEPXHEr0 M  HHXKHErO MHTErpajioB HasblBaeTCs
onpedenénnoim uumeeparom (Pumana) or ¢yskuuu f(x) Ha
cermente [a, b] 1 0603HauaeTcs CHMBOJIOM

b

gﬂ@dm

Ecnun nns orpanuuenHoll ¢ymknuu f(x), onpenenéHHon
Ha cermenre [a, b], cocraBuM, kpome cymMm J[lap6y, emé

OfHY CyMMY

n—1

o= 2 (0,

rae &, eCTb NPOM3BOJIbHAS TOYKA CETMEHTA [Xy, X,,;], TO GyxeMm
HMeTb HepaBeHCTBa:

n—1

s= 2 myAx, < 2 [ &) 2x, < 2 M bx, =8.

9lcHo, uro Korzga Ipejeinl cymMMm Jlap6y COBDmajaKT, T. €
J=T=I,
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TO M HOBag cyMMa o HMeer TOT ke mnpenen I. Cienosa-
TeJIbHO, €CJH (PyHKUHA [(X) HHTerpupyema, To npu Ax — 0
CymMMa ¢ uMeeT @peliel, KOTODHI He 3aBHCHT HH OT croco6a
pasbueHusi cermenTa [a, b], HH OT BhIGOpa TOUeK £, B 3Je-
MEHTapHBIX CerMeHTaXx [X, X,;], IpHuéM

b
limo= S f(x)dx.

Ax—0
a

C zpyro#i cTOpoOHBI, eciM cymMMa ¢ uMeeT mpeje I, He 3aBH-
CsAULMH HHU OT crioco6a pobieHusi cerMeHTa [a, b], Hu OT BEIGOpa
TOueK ¢, B 3JeMeHTapHbIX CerMeHTax [X, X,;], TO JJs
mo6oro € >0 MoxHO HalfiTh Takoe 3 >0, uro mpu Ax <3
OyneT crpaBelJIMBO HepaBeHCTBO

Id-[|<8)
4 3HAYHT, H
Is—I|<e, |S—I|<s,

TaK Kak m, U M, SIBJSIOTCS COOTBETCTBEHHO HHKHEH H BepX-
Hell TpaHAMHM MHOXECTBA 3HaueHHuH f(x) Ha cermMeHTe [x,, X;,.:1,
af (&,) MoxkeT GbITb JMIOGBLIM M3 STOrO MHOXKECTBA 3HAUYEHHH [ (X).
Orciona caenyer, uyto mpenes ! CyMMBl ¢ €CThb OJHOBPEMEHHO
u npexea cymMm IlapGy:
I=lims u I=IlimS.

Bx—0 Ax—0
CrenoBaresbHo, (yHKuMS f(X) HHTerpupyema H

b

g F(x)dx = lim .

Ax—0
a

Bcé 370 no3BoIsieT onpeesuTh HHTErpas PuMana He TOJIbKO
Kak obmuil npeaesa cymm Jap6y, HO ¥ Kak Ipejesl CyMMB o:

b

{ 76 dx=tim 560 At
Ax—0 =0

a

CymMa ¢ HasblBaeTCsl UHME2PAAbHOLL CYMMOLL

3. Ycaosus unrerpupyemoctd. OCHOBHBIM BOIIPOCOM 37€Ch
SIBJISIETCS] BbIICHEHHE YCJOBHH, NIpPH KOTODPbIX OrpaHHyeHHas
(yHKUMsi MHTErpupyeMa, Tak Kak OYEeBHIHO, YTO eCJH QYHK-
nus f(x) Ha cermeHre [a, b] He orpaHHYeHHasi, TO JJsl Heé
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Henb3si o6pasoBaTb cyMMbl JlapGy, a cymMMa o, KOTODYKC
MOXKHO COCTaBHTb, He OyZeT HMeTb KOHEYHOro Ipejesa.
CremoBaTteibHO, HeOrpaHHuYeHHble (YHKIHH He HHTErpHUDYEMBl.

Ilycts Ha cermenTe [a, b] mMeeM OrpaHHYEHHYIO HHTETDH-
pveMmylo ¢yskumo f(x). OTo 03HauaeT, 4TO AJs JAHHOH
¢yskumu  f(x) cymecTtByer o6muii npefen [ BepxHei
H HHXHel cymm [lap6y:

I=1limS=Ilims.

Ax—0 Ax—0
Orcioza uMeeM:
limS —lims=0.
Ax—0 Ax—0

Ho korza S u s uMeloT mpefelibl, CIPaBefJIMBO PABEHCTBO:
lim S —lim s = lim (S — s);

Ax—0 8x—>0  Ax=0
NoaTOMYy
n~1 n—1
lim ( ) M, Ax, — 2 my, Ax,) =0,
Ax->0 k=0 =0
HJIA

n—1
lim M, — Ax, =0.
Ax—0 k§0( k mh) xk
Urak, ecau ¢yskuusa f(x) uHTErpHpyema, TO
n—1
lim ) o,Ax,=0, (%)

Ax—0 k=0

rie o, = M,—m, ecTb KoneGaHHe ¢QyHKIMH [(X) Ha cer-
MeHTe [Xp, Xu4q]-

Bepro M oOpaTHOe yTBepXKAeHHE: eCJH IJ OrpaHHueH-
HOli Qymkumm f(x) Ha cermeHre [a, b] uMeeT MecTO paBeH-
CTBO (%), To (yHKUHMSA f(x) HHTerpHpyema.

caMoM JeJie, U3 CIIpaBeAJIMBOCTH paBEHCTBa (*) CJIenyerT,
4TO

n—1

n—1
li Ax, — Ax,)=0
Aiglo (kéo Mh n kgo e Xk) ’
HJIH
lim (S—s)=0
A=



Ho Tak kak, no Tteopeme [lapGy, S H s UMEIOT OIpenesEH-~

uble mpenensl [ u I, ToO
lim(S—s)=1limS—lims=I—1I.

Ax—0 Ax—0 Ax—0
CregoBaresibHO,
I—1=0,
T. €
T=I=1I,

a 3TO M O3HAuyaeT, 4YTo ¢YHKUHMSA f(X) HHTerpupyema.

Bcé aTo mosBossieT copMyJaHpPOBATH YCJOBHE HHTErpH-
pyeMoCcTH (QyHKOUH clefylomHM o6pasoM:

Iaa unterpupyeMoctd no Pumany ¢yskuum f(x) Ha cer-
MeHTe [a, b] HEOGXOAMMO M JOCTATOYHO, YTOGH OHA HA 3TOM
cerMeHTe OblIa OrpaHMYEHHOH M YIOBJETBODsJIA YCJIOBHIO

n—1
lim ) o,Ax,=0.
Ax—0 k=0

4. OcHoBHble KJacchl WHTerpupyemuix GyHkuuit. Ilpexne
Bcero yO6emIMMCs, YTO K HHTErpHpyeMbiM (YHKIHAM OTHO-
CATCS BCe HeNpepbiBHEIE (YHKIHH.

Ilycts ¢yskums f(x) HempephiBHa Ha oTpeske [a, b].
Torna oHa orpannyeHHas Ha 3TOM OTpeske (TeopeMa Befiep-
mrpacca).

Bosbmém moGoe &> 0. Tak xak ¢yHKums f(x), Hempe-
pbiBHas Ha oTpesKe [a, b], paBHOMEDHO HeHpephLIBHA HA 3TOM
orpe3ke (Teopema KanTopa), TO cyllecTByeT TaKoe UHCJIO
8 >0, uTo #aa JOOBIX ABYX Touek x’' u x” oTpeska [a, b],
YZIOBJIETBOPSIIOLIUX YCJOBHIO

I xl — xll l < 8,
BEpHO HepaBeHCTBO

IF(x)—F ()| < 5=

b—a’

Pazo6eéMm oTpesok [a, b] Ha ajeMeHTapHble YacTH
{xh, Xp4] TaK, uTOOB! JJiMHA Ax HaWOOJBIIEr0 M3 OTPE3KOB

X, Xpt1] ObIA MeHbLIE 8, M PacCMOTPHM JJIsl 3TOro pas-
n—1

GueHHsl CYMMYy ) 0, Ax,.
k=0
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HerpynHo sameTuTb, uTO AJin BCexX R
€
b—a’
B camom gnene, nja HenpephiBHOH GyHKIHMH f(x) HMeeM:
My=F(xe) n m={(xz),

o, =M, —m, <

rle Xi U X; €CTb HEKOTOPhle TOUKH OTPe3Ka [X, Xpi]-
Ho [ xp—xp | <Ax < §;
[O5TOMY, B €MJy Beibopa 9,
n €
| () — 1 (o) | < 5= -
Orcioza caenyer, 4To

n—1 n—1

3 3
D) o b, < g3 D Bry = (b—a)=c.
k=0 k=0

Urak, nng moGoro e > 0 cymecrtByer Takoe 8 > 0, uto
n—1
2 wh Axk < €,
k=0
€CJIH TOJIbKO
Az < o,

a 3TO O3HauaeT, 4TOo
n~1

Ali-r?o kgo o b =0,

OTKyla U CJeAyeT HHTerpupyemoctb ¢(yskuuu f(x) Ha OT-
peske [a, b].

TakuM obpas3oM, JoKaszaHa

Teopema 1. Bcsikas HempepbiBHass Ha oOTpeske [a, b]
¢ysxuus f(x) uHTErpHpyeMa Ha 3TOM OTpe3sKe.

Crenyromasi TeopeMa HOKAa3BIBAeT, YTO K HHTEIPHPYeMbIM
(OYHKUHAM OTHOCSITCS M HEKOTOpBle paspbiBHBEIE (DYHKIHH.

Teopema 2. Ecam obysxuus f(x) Ha oTpeske |[a, b]
OrpaHHYeHHast M KMeeT JIHIIb KOHEYHOe MHOXKECTBO TOYeK
paspblBa, TO OHa HHTerpupyeMa Ha 5TOM OTpe3Ke.

Hoxaszamearvcmeo. Tlyctb dyHkuus f(x) Ha orpeske [a, b]

OrpaHMyeHHasi,
[ <M,

A HMeeT JIMIIb OJHY TOYKY paspbiBa, KOTOPYIO OOO3HAYHM
yepes £.
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Bospmém soGoe &> 0. Touxky & BBIZeaUM HHTepBaJOM
(¢—a, £4a), BHOpPaB a < 1—;74 .

Tak xak ;s orpaHnueHHOH (YHKUMH [ (x) Tpelesbl CyMM
JlapGy He 3aBucAT OT crnocoGa npoGJennss oTpeska [a, b],
TO M IPH pPacCMOTPEHHH BONpoca O I[pefiesie CYMMEI

>
) w, Ax, TOUKH E —a ¥ £ -0 Bceria MOMKHO BKJIOUHMTH B UHCJIO
k

Touex apoGienus [a, b]. Tlostomy cymmy D o, Ax, Bceraa
E

MO2KHO [peACTaBUTL B BHJIE

E—~a E4a b
Do Ay =2 0, dx+ D o bxy+ X o, Ax,
k a E—a E+a

Eta
rue 2 ()% Axk COCTOUT M3 Te€X CJiaraeMbliX, KOTOpPbi€ COOTBET-

E~—a
CTBYIOT 3JIeMEHTAPHBIM OTpe3KaM [X,, Xji;], 3aNOJHSAIOUHM
OTpesok [E—a, E-+al.

OueBuHO, 4TO

Eta Eta Eta
2 (l)hAxh= 2 (Mh_'mh) Axk<2M2 Axh=
E—a E—a E—a

€ €

Kpome Toro, cymecreyer takoe 3 > 0, uto

E—a b
2kaxh<%H Zkaxk<'§_’
a Eta

ecnd ToNbKO Ax <3, Tak Kak ¢yHKRUMA f(x) Ha oTpesKax
[a, €—a] u [E+4a, b] HenpepHIBHA U OTOMY MHTETpHpYeMa.
Orciona crenyer:

Ao, by, <,
k
eCJIH TOJBKO Ax < 3, T, e.

Iim % wh Axk = O,

Ax—0

YTO M JIOKasblBaeT HHTErpupyemoctb ¢yHKUuH f(X) Ha oT-
pe3ke [a, b].
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[TonoGHBIMH 2Ke pacCyXIeHHSMH J0KasblBaezCsi TeopeMa
B CJyuae Jio0OTO YMCJA 72 TOYeK pa3pbiBa QyHKOUH f(x).

K unTerpupyeMblM (GYHKIHUSM OTHOCATCS H MOHOTOHHbIE
¢y HKUUH.

Teopema 3. Beakas dysxuus f(x), MOHOTOHHAs Ha OT-
pe3ke [a, b], uHTErpHpyeMa Ha 3TOM OTpe3Ke.

Hoxasameascmso. IlycTp njs onpelenéHHOCTH (QyHKIUA
f(x) Ha oTpeske [a, b] HeyOhBalomas. B stom cayuae

F@) < (x)<f(®)

s Bcex x€[a, b], orkyna BupHo, uro GyHKUMA f(X) Ha
otpe3ke [a, b] orpanuuenHas. Kpome TOro, npu KaxIoM
pasbueHnu otpeska [a, b]

My, =[ (%), Mp=T[(¥ps1)-

Bosbmém Jgo6oe e > 0. Torma, BeGpaB &=
npu Ax < 3 GyneM HMeTh:

g 0, Ax, = ; [/ (%ps1) = F ()] A%, < B ; [F (%pa1) = F (x3)] =
=3[f(b)—[f(a)]=¢;

f@O)—f(@)

HO3TOMY

lim X w, Ax, =0,
Ax—>0 k&

OTKyZa ¥ CleflyeT MHTerpHpyeMoCTb GYHKUHH f(x) Ha oT-
peske [a, b].

Crnenyer 3aMeTHTh, YTO MOHOTOHHAR (YHKUMS MOMKET
HMeTb GECKOHEYHOe MHOXKECTBO TOYeK pa3phiBa. JloKasaTelb-
CTBOM 3TOTO CJIYXHT XOTs Obl CJeAYIOMIHH IpHMep.

[lycre ¢ynkuua f(x) onpenenena Ha otpeske [0, 1]
topmynamu:

f(x)=1, ecyu —;—< L1,
f(x)=%, ecJIu —21—2<x<-é-,
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OueBunno, uto Ha orpeske [0, 1] namHas oysknus f(x)
HeyObiBawomas (4epr. 13) M HMeeT cuérHOE MHOXKECTBO TOUYEK
paspsbiBa®):

1 1 1

T gE crtr Gao e

PaccmoTpenHblft npHMep NOKa3bIBaeT, YTO CPeIU HHTErpu-
pyeMblX (YHKIHH eCTh U TaKHe, KOTOphHie HMEIOT GeCKOHeuHoe
MHOKeCTBO ToueK paspbiBa. OIHAaKO He cjepyeT AyMmarb, 4YTO
BCAKas OrpaHMYeHHass paspbiBHAs (YHKIHS HHTerpHpyeMa.

Hanpumep, ¢yuxuus Hupuxie

fx)=1,
€CJIM X palHOHAJbHO; y

—
[
f(x)=0, {
eClIM X HppPAIHOHAJBHO, {
opraHMYeHa Ha JiOG0M OT- ‘
peske [a, b], HO He wuHTer- ; .
pupyeMa. |
JlefiCTBUTEIIBHO, TIPH JIiO- —
6oM pasbuenny oTpeskala, b] —
nMeeM: 2
0

NI
LY
[NTR

Mk= , mh=0, (!)h=1.
[NosTomy Yepr. 13

gwhAxh=gAxh=b_.a,

OTKyZa BHIHO, uTo OyHKIHA JlUpHXJe He YZOBJIETBQPALT
VCJOBHIO HHTErPHPYeMOCTH, M IIO3TOMy He HHTerpHUpyeMa
HH Ha KaKOM OTpe3Ke.

B Bompoce 06 HHTerpHPyeMOCTH OrpaHHYeHHOH (YHKIIHH,
OKa3blBaeTCsl, ABJSAETCH CYLUIECTBEHHBIM HE MOIIHOCTb, a, TaK
CKas3aTb, NPOTSKEHHOCTb MHOXKECTBa TOYEK pas3pbiBa JaHHOH
QyHKIUMH.

O6o0uiass MOHATHE JJHHBI, B TEOPUH MHOMKECTB BBOJAAT
HOHSTHEe Mepo. («IJHHBI») MHOXKecTBa. Ecim Muo:kecTBo E
eCcTb OTPE30K HWJIM HHTepBaJd, To Mepa E ectb pgausa FE,
T. €. JJIHHA OTpe3Ka HJH HHTepBaJa.

*) IlokaspiBaeTcsl, 4TO MOHOTOHHAas! (GYHKUHS HE MOXET HMETb TOUeK
paspriBa GoJsiee CYETHOTO MHOKeECTBa.
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OkasbiBaeTcsl, BeCh KJacC HHTerpHpyeMblX (GyHKLHi ompe-
JeJsieTCsl CJeNYIOIUMH yCJIOBUAMH:

Ins Toro utoGhl ¢yHKums f(x) Oblia uHTErpHpyemoit
Ha oTpe3ke [a, b], HEOOXOAMMO M NOCTAaTOUHO, UTOGBI HAa 3TOM
oTpe3ke oHa Oblja OrpaHHUYEHHON W Mepa MHOXKeCTBa e€ ToueK
paspbiBa paBHAJACh HYJIO.

dyukuus Jupuxje 3TOMY YCJOBHIO He YIOBJETBOPSeET:
OHA paspLiBHA B KaxKIoH TOuKe oTpeska [a, b], moaromy
Mepa MHOXeCTBa eé TOYeK pa3pbiBa eCTb Mepa-AJHHA OTpes-
Ka [a, b], T. e. b—a =+ 0.

5. Boiuncienne ompenenénHoro uuTerpasa. Ilycts ¢ysK-
uusi f(x) HenpepwBHAa Ha oTpeske [a, b], a F (x)— mcGas
GyuRuus, yIoBJeTBopsiiomas yciaoBuo F’ (x) = f(x) nns Bcex
X €la, b].

Paso6béM ortpe3ok [a, b] Ha sJeMeHTapHbIe YacTH
[Xgs Xp4q]- OueBngno

F(b)—F(a) = [F (x,) — F (x,)] +
F[F (%p)) = F (%, )]+ .« +[F (x) — F (x)],
rae xo=a, x,=>.
INonb3ysice Teopemoit Jlarpanxka, Haxoaum:
F (xp41) — F (%) = (g — %) F' (&) = Dx,[ (8,),
rie x, < &, < X4y IlosTomy

n—1
F(0)=F (@)= 3 [ &) %,

a TaK KaK 3TO DaBEHCTBO BEPHO MpHU JiI0OOM pa3CHEHHH
orpeska [a, b], To

n—1

F(b)—F(@=lim X () Ax,
bx—>0 k=0

Touku &, 3nech Kaxkablfl pa3 Mbl JOJIKHBEI GbIIH BbIGUpPATD
onpenenéHHbIM 00pa3oM, HO Hesb3s OblJIO MX 6paTh MPOH3-
BOJIbHBIMHM. OJHAaKO, B CHJIy MHTETPUPYEMOCTH HENPEPBLIBHOM
¢ynkuuu f(x) Ha oTpeske [a, b], He3aBHCHMO OT BhiGOpa
TOUeK £, B 3JIEMEHTAPHBIX OTPE3KAX [X, Xp4,], HMeeM:

n—1 b
lim goﬂsh) Aty = S f (%) dx.
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CrefoBaTenbHO,
b
( Fx)dx=F ()~ F (@

310 paBeHCTBO, KOTOpOE OOBIYHO 3alKCHIBAIOT KpaTKo
b

\fede=F ),

a

¥ HaspiBalwoT (QopmyJoii HbloTona — JleliGHuna, npUBOIUT
BBIUMCJIEHHE OIpefeJEHHOr0 HHTerpasa oOT HEeIPEepLIBHOM
¢yskuun f(x) K oTblcKaHMIO KakoH-mubo ¢ynknun F (x),
yRoBaeTBopsaomeil ycaosuio F’(x)=[(x) u HasbiBaeMOH
nepeoobpasnoli N0 OTHOILEHHIO K JaHHOM (yHKOuHU f(x).

6. TeomeTpuueckMil CMbICH ONpeNeJEHHOrO WHTerpaJa.
[TycTb MMeeM NOJIOKHTEJBHYIO HeNpPEepBhIBHYIO (QYHKLHIO f(X),
onpefienéHHyI0 Ha OTpe3Ke [a, b]. PaccMoTpuM Ha NJIOCKOCTH
X0y Gurypy, OrpaHHYeHHYIO OTpe3KoM [a, b] ocu ox, rpa-
¢uxoM paHHOH (yHKIMH Y =f(x) U mo OOKaM INepHeHAUKY-
JgpaMH K OCH 0x B Toukax a u b. ®urypy aABb Gynem
HasblBaTb Kpugoaunelnot mpaneyueti (vept. 14).

/A 8

0 a Xe X B X

Hepr. 14

n—1
Jlerko saMeTHTb, 4TO HUXKHAS cymMma [lap6y s= kzo my, Bx,

LN AaHHOW ¢ymKuuM f(x) mpeacTaBifeT maowagb P, cry-
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nenuatofi GUrypH, colepocawericss B KPHBOJMHEHHOH Tpare-
LUK H cOCTOSlIel M3 NPSMOYrOJBbHUKOB, IJIOMAAH KOTOPBIX
COOTBETCTBEHHO DaBHBI i, Ax,, myAx,, ..., myAx, .
m n-1 Ax n-1- TOUHO Tak e BepxHaa cymma JlapOy

S= 2 M, Ax, ectb miaomagb P* crynenuaroii Qurypsl,

KOTOpaH codepofcum KPHBOJHHEHHYIO TPaIelHIo H COCTOMT H3
IPSIMOYTOJNIBHUKOB C  IJIOM@ASIMH  COOTBeTCTBeHHO M Ax,,
M dx,, ..., My, Ax, ..., M, Ax, ;.

SlcHo, uTO HamGosee eCTEeCTBEHHBIM OyJeT onpedeaums
miaomagb P KpuBoJuHefiHON Tpaneunmn aABb kak oOmu#
npenen nuomaneit P, u P* crynenuatrsix ¢uryp mpu Ax—0

P = lim P,, =lim P¥,

Ax—0 Ax—0

ecJu Takoil mpegnen cymectByeT. Ho korza naxxas ¢yHKuus
y=1{(x) HenpepriBHa Ha [a, b], Torzna Takoi obuiui npegen P
IeHCTBUTENBLHO CYLIECTBYET, TAaK KakK

limP,=lims= Sf(x) dx

Ax—0 Ax—0

limP*=1imS= f (%) dx.
Ax—0 Ax—0

CnenoBaTesbHO, IJIOLLANB KpHBonHHeﬁHoﬁ Tpaneuun aABb
BbIpaxkaetcsi opMyJsioH

b
y P=Sf(x)dx.

A B sroM u 3akJiouaercs
reOMeTpHYECKHl CMBICJ HH-
TerpaJja HemnpephBHOH (PyHK-
IUH.

[Ipumep 1. Haiitu
oAb NJIOCKOH GUTYpHI,
OTpaHHYEHHOH KDHBOH Y=

= COS X U OCSIMH KOOpHHAT.
Hepr. 15 Pewmenue. L auuyio
¢urypy OAB (uept. 15) Ml

0

NI ®
P
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MOXKeM paccMaTpuBaTh KaK KpHBOJIMHefiHyI0 Tpareuuwoo. Ilo-
9TOMY HCKOMasi IJIOLIaJb paBHA

z
2

. . T .
P= cosxdx:smx‘ =sin——sin0=1.

2
0

omw]a

[Mpumep 2. Ha#itu niomaznb, copepxalyiocss Mexny
KPUBBIMH y=Xx% U y=x3.

Y

Yepr. 16

Pemwenue. Mckomyio niomans P Mbl MOXKeM pacCcMaTpH-
BaTb KaK pAa3HOCTb IUIOHmafiedl KPHUBOJMHEHHBIX Tpaneuui
oBAa w oCAa (uept. 16). IlosTomy

1 x4
0o 4

1 1 5

P=\wa—{rd=5%
0 ]

7. Monatue pauuel Kpusoil. Bompoc o ajnunHe npowsBoJb-

HOH KDHUBOH B 3JleMeHTapHOH reoMeTpDHHM He paccMaTpHBaeT-

Cs. OH, KakK H BOINpOC O InIomiaau, CBfA3aH C HHTErpHpOBa-
HHEM.
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[TnocKolt KpUBOH HA3bIBAETCS MHOMKECTBO TOYEK IJIOCKO-
CTH, KOODAMHATHl X M Y KOTODPHIX ONpPeLeJSIOTCS ypaBHEHUSMH

x =¢(f),
ot ()
y= ‘-P ( )y
rae ¢ (f) u ¢ (f) — HenpepbiBHBIE (YHKIUH HA HEKOTOPOM

orpeske f,Lt<T.

K omnpezpenenunio MJIHMHBI KDHBOH Mbl NPHAEM CJELYIOMHM
NyTéM, BIOJHE eCTECTBEHHBIM M HCXOAAIUM U3 MOHATHUS
IJMHBI OTpe3Ka NpsMOH.

IMycte HaM pava xpuBass AB ypaBaenusvu (1). Touke A
COOTBETCTBYeT 3HaueHHe mapameTrpa {==%,, a Touke B — 3Ha-
yenne {=T. Pa3oGeém orpesok [f,, T] Ha n yacTell TOUKaMH

t0<t1< "'<th< “e <tﬂ,=T°

O6Go3sunaunm uepe3 P, TOuKy KpuBOH, rae f =t,. OGpasyem

BIIUCAHHYIO JIOMaHYIO, BepIIHHAMU KOTOPO# OyAyT TOUKH KpH-
BOIt

A=P,P, ...,P,, ...,P,,,P,=B.

n-1» n

Havny xopael Py, P,,, (K-TO 3BeHa JIOMaHO!) 0GO3HAUMM
yepes ¢,. Torza

n—I1
Pr= 2 Cp,
k=0
€CTb NepUMEeTp HOCTpoeHHOfI JIOMaHOH.

HNMonoxum Af, =¢,,,—1%, u oGo3nauuM uepe3 Af HauGoJb-
mee H3 Bcex Af,.

DyneM HeorpanWYeHHO yBeJWYMBATh YHCJIO 71 3JleMEHTap-
HBIX YacTedl orpe3ka [f,, T], Wiu YHCJO 3BEeHbEB JOMAHOH,

Tak, 4ToObl Af, cJiefOBaTeJbHO, M JJIHHBI BCeX 3BEHbeB JIOMa-
HOH CTpeMHJHCh K HYJIO.

Ecau npu stom okaxercs, YTO INepUMeTp p, BIHCaHHOI
B JIaHHYIO KDHUBYIO JIOMAHOH. CTDEMHTCS K OIpefeJiéHHOMY
npejeny s, TO JaHHAas KpHBas HasblBAETCH CHPAMAAEMOL, &

s=limp
A0 i

HasblBaeTCH OAUAHOL NaHHOHW KpPHBOi.
Paccmorpum KpuBylo, 3aaHHYIO ypaBHEHHEM

y=1(x).
(3nech 3a mapamerp B3fATa afcuucca X TOYKH KPHBOH.)
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Toukamu A(a,f(a)) u B(b, [ (b)) Begeaum nyry AB
JlaHHOH KPHUBOH.

HokaxxeM, 4To ecaum ¢yHKUHS f(x) Ha oTpeske [a, b]
¥MeeT HenpephIBHYIO HPOH3BOAHYIO [’ (x), To myra AB cnpsm-
JseMa.

JleficTBUTeIbHO, pa3oGbéM OTpe3ok [a, b] ToukaMu

Aa=X < %< ... <5< ...<x,=b

Ha 3JeMeHTapHble OTPe3KH [X;, X,,;]. 3areM IOCTPOMM BIIH-
CaHHYIO JOMaHylo, BepUIMHAMH KOTOPOil OYAyT TOYKH KDHBOH

A=Py(xg, [ (%)), Py(xy, F(x0)s ooy Pp(Xp, [ (X)) - -
...y P, (x,,[(x,))=B.

8
YAk
A
CK PK¢1
A
0 a Xe  Xuer b f's
Yepr. 17

[TepuMeTp TOMaHOH paBeH

n—1

p'n, = ZO Ck7

rae ¢, — AJduHa xopipl P, P,.,, npuuém (uept. 17)
="V ey — %)+ [ (ar) — F (2)]%
Ho, no teopeme Jlarpamixa,
[ (nar) = F (%) = (Ko — %) ' (&)

rae £, —HeKoTOpasl TOYKa OTpesKa [x,, X,,,]. Orciona, moso-
KHUB Ax, = X, — X, HAXOLUM

pa= 2 VIFIF G b
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B npaBo#f yacTH HOCJeJHErO paBeHCTBA Mbl HMEeM HHTe-
rpajbHYI0 CyMMy JJii HempepbiBHOH yHruun V14 [f (x)]?
Ha otpeske [a, b]; nosToMy

n—1 b
lim p, = lim 3 VIFIF @GP bn = VIFT ®Pax.
Ax=>0 Ax—0 Py o
CnepoBarenbso, nyra AB naHHOU KpHBOH Y = f (x) cnpsm-

Jsema, M eé JJMHA S BhIpa-
y Kaercss GopMyJIoit

b
s=\ VIFTwP

a

I[Tpumep. Bouncautsb
JJIUHY LeNHOH JIMHUU

y=g (e +e)

0 X OT TOuKH A(0, 1) mo ToukH
B (%, 4,) (sepr. 18)
Pewenue. M3 ypaBne-
Yepr. 18 HUSI 1eMHOH JIMHHUH Haxo-
JHUM

y'= % (e*—e™).

ITostomy
VT =5 (5 +e).
CrenoBartesibHO, JJHHA Ayr¥ AB lienHofl JMHHM paBHA

X.
1 x —x
X —X X —X | X ef1—e ™1
e e e —e 1
s———S dx =
2
0

2 0 2 :

8. O pa6orax pyCCKMX M COBETCKMX MaTeMaTHKOB. [3y-
YyeHHeM MeTOJOB HHTErpUpOBaHUS BaXKHEHIINX KJacCoB QYHK-
LU ¥ JPYTHMHU BOIIPOCAMHU MHTErPAJLHOrO HCYUCJTEHHUS ¢ 60Jb-
IIHM YCIEeXOM 3aHHMAJKCh Yu€Hble HamleHd CTpaHel 3Jech
npexJIe BCero CJefyeT Ha3BaTh OJHOTO M3 IIepBBIX aKafe-
mukoB IlerepGyprcko#t Axanemum Hayk JI. Diinepa, aBTopa
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nepBoro yuyeGHHKa 10 MaTeMaTHYeCKOMY aHaJH3y, H BbIIAIO-
merocss pycckoro Martematuka M. B. Ocrporpanckoro
(1801—1861), mHOrue u3 pe3ynbTaTroB paGOT KOTOPOTO CTaJH
KJIaCCUYECKUMH M BOLLIM B yueGHHKH.

[lpy noMomy HHTEIDHPOBAHHS pELIAIOTCS MHOTOYHCJIEH-
Hble BONPOCHI KaK TEOPHMH, TaK M NPHJOXKEHHS MaTeMaTuue-
CKOTO aHa/lh3a K ecTeCTBO3HaHMIO W TexHuKe. Ho ecsu mows-
THEM MHTerpaja B YCTAHOBJEHHOM 3JeChb CMBICJIE MOKHO
I0JIb30BAThCS, KOT/]a HMeeM JeJI0 C HeNPePEIBHBIMH QYHKIHSAMH,
SIBJAIOUIMMHUCS, KaK OBIIO J0Ka3aHO, HHTETPHPYEMBIMH, TQ NIPH-
MEHAITb 3TO IIOHATHE HMHTerpaja K paspblBHBIM (YHKIHAM yKe
He BCerja BO3MOXKHO. Tak, HanpuMep, Mbl BUAEJH, YTO QYHKIHS
JupuxJje He HHTerpHpyeMa. STO OOCTOSATEJBCTBO INOCTABHJIO
nepej; MareMaTHKaMM 3ajjauyy pacIUHpeHHsi, OOGOOILeHHs IIO-
HATHSI HHTErpaja, yToObl MOKHO OBbLIO NpHJAraTh NOHSTHE HH-
Terpasa K OGoJjee IIMPOKOMY KJjaccy ¢yukuuii. B srom
HalpaBJeHWH OYeHb MHOTO CJeJAHO COBETCKUMH YUYEHBIMH.
I1. C. AnexcangpoB H3yuas HHTErpajbl, OIPEIEJEHHBIE O
storo Jlanxya u IleppoHoM, M JoKasasn HX PaBHOCHJBHOCTb.
A. $I. Xunuun nan onpejelieHie HHTErpasia, KOTOPOE SIBJSIETCs
6osiee o6uiMM, yeM onpefenenne Jlamxya. IlonsTue nnrerpana
OBblIO NOJBEPTHYTO YPe3BBIYAHHO TIJIyGOKOMY HCCJIeIOBaHHIO
A. H. KoamoroposeiM. [Tosb3ysick moHsiTHeM (QYHKIHH MHO-
xkectBa, A. H. KosnmoropoB gan ofuiee orpeneseHde HHTe-
rpana. Cnennanusupyst 3Ty (YHKIHIO, H3 UHTErpaja B CMBICJIE
A. H. KosmMoropoBa mosyuaroTcsi pasjiuuHbe YacTHbE ClIy-
4ay, NPEeACTaBJSIONUINE paHee ONpeleJiEHHBIE HHTErpPaJbl.



FTABA VII

PAbI
1. Yucaosoit pax. Eciau umeeM nocjefoBaTeJbHOCTh YHCEI
Uy, Uy, ooy Uy, «.., TO, CORAHHAS HX MEXJy COOOH 3HAKOM

CJIO2KeHHA B TOM IIOpfAAKe, B KaKOM OHHM COJAepiKaTCd B JaH-
HOH NOCJEN0OBATEJNbHOCTH, MbI MOJYUYUM BbipaxeHHE

Uty + ..o t+u, 4+ ...,

KOTOpOE HAa3blBAeTCsl 4UCA0BbIM PACOM.

Uucna uy, Uy, ..., Uy, ... HA3BIBAIOTCH 4ACHaAMU DPSAA,
n-i uieH u, — obuwUM HACHOM DSAA.

CyMMma nepBeIX 7 YJIHOB psiia HasplBaeTCs n-ii 4acmuy-
HoU cymmoll psja W 0OO3Hauaercss yepes S,:

Sp=U;+Us+ ...+ U,

Ecau cymectByer mpefes S YacTHYHOH CyMMBl S, IIpH
HeorpaHHYEHHOM BO3paCTaHMH M, TO PsiJi HasblBaeTcsd Cx004-
wumesa, a YucIo S — cymmol paoa.

B sTroM ciyuae MOXKHO HamucaThb

S=u;+uy .o U+

Ecau xe s, npu n—> co He HMeeT Ipejiesia, TO psif Ha-
3bIBAETCS PACX00AUYUMCS.
Tak, Hampumep, psax

utugtugi4 ... +ugmri4 ..,
rie |g| < 1, cxoxurcsl, Tak Kak

u—ugn
Sn=—1-—q ,
a No3ToOMy
u—uqt _ u
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Panp xe
14+24+34+4+...

1—14+1—-14...

pacxoisiiyecss, TaKk Kak B IepBOM CJydae IPH B—> o0 §,
BO3pacTaeT HEOTPAaHMYEHHO M HE HMMeeT Ipejena, a BO BTO-
poM ciayyae S, NpHHHUMaeT MoouepénHo 3Hauenus 1 u 0
H TOXe He HMeeT IpejeJa.

Psapet

Uttt Fu, 4.

Up1 T+ Upsot+ o oo Flpmt -0

CXOAATCA HJH PacXOJATCs OJHOBPEMEHHO, TaK KAaK YaCTHYHAs

CyMMa S,, BTOPOTO Dsiia BCeTZla MOXKeT OBITh NpeACTaBJeHa

B BHJIe YACTHUYHOH CyMMHl S,,, NEPBOro psia MMHYC IOCTO-
n

sIHHAST BeJHYHHA A=k2l Uy, T. €.

Sm = Sn-l-m_A,

OTKyAa M BHIHO, YTO IPH m—> 0o YaCTHYHAsg CYyMMa §,,
HMeeT HJIH He HMeeT Ipejes OXHOBPEMEHHO C YaCTHYHOH CYMMO#
S,,m- ECIH yKasaHHble Pslbl CXOAATCS, TO CyMMa BTOPOTO
psila HaspBaeTCs N-M OCMAMOYHbIM YACHOM Te;BOrO psaa
H 0603HAyaeTcs yepes r,:

r‘n=un+1+un+2+ et

O'—IeBHlIHO, 4TO CYMMY CXOJAIIErocsd psifa BCerjga MOKHO
npeacTaBuTb B BHJE

S=8,+7r,,

OTKyZa BHIHO, 4TO 7,—>0, eciau n— oo.

[Mosmbsysck onpejesieHHeM CyMMbl psifa H TeopeMaMu
0 mpefesax, JIETKO J0Kas3aTh CJEAYIOUIME MpeJIOKEeHHs

1. Ecnu ¢ ecTh HEKOTOpOe YMCHO, a PsJ

utu,4. o a4
CXOJMTCS U HMeeT CyMMy S, TO psf
Cupq-Clly~+ oot clly+ ...
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TaKXKe CXOAUTCS M HMeeT CyMMy CS.
2. Ecou panget

U+t ...+u, 4 ...,
U404+ ... Fu, 4+ ...

CXofsiiMecss ¥ HMeIOT €O0TBeTCTBeHHO cymMel U u V, To pan

(U £ o)+ o)+ ...+ (u, £ 0)+ - -

TaKxe cxopurcsi M uMeer cymmy U + V.

B ciyuae clioxeHHs 3TO yTBepXKIeHHEe BEpHO AJsl JiH060ro
KOHEYHOTO YHCJa CXOAAIIMXCS DANOB.

2. HeoGxoxumoe u pocTaToyHoe ycioBHe cxopumocTH. Ilo
OIpe/IeJICHHIO CXOAMMOCTh pPsifia

wmtu,+ o0 Fu, 4. (1)

3aKJIOYaeTCsl B CYyLIECTBOBAaHMH Hpefiesia S YaCTHYHON CYMMBbI
psifia S, IpH HEeOrpaHHYEHHOM BO3pacTaHHH HOMepa #, T. €.
B CXOAMMOCTH TOCJIEJOBATEJIbHOCTH YaCTHYHEIX CYMM psifia

Sy Spy eee s Spyoeee s 2)

I03TOMY YCJOBHEM CXoauMocTH psifa (1) sBisercsa ycjoBHe
CXOIUMOCTH TOCJeJOBaTeJbEOCTH (2). B cuiy ke Kpurepus
Komnu cymecTBoBanus mpejesa MOCJELOBATEJbHOCTH Mbl MO-
JKEM CKasaTb, YTO NOCJEJOBAaTENbHOCTb (2) CXOAMTCS K mpe-
JleJly TOTZa M TOJbKO TOTAa, Korja Aaja Jwoboro e >0 cy-
mecTByeT Takoi Homep N, uro ;g Bcex n >N u m>N
BEPHO HEPaBEHCTBO

[Sm—5, | <e.

[Monoxum anst ompefenéurocTH n < m=n- p. Torga umeem:

Sm—sn=sn+p_sn=un+1+un+2+ v +un+p’

OpHUYéM 3Jlecb p MOXKeT OBITb JIOGBIM HaTypajbHBIM YHCJOM,

TaK KakK m U N JOJKHBl ObITh TOJBKO OOabmiuMH N, a Me-

XK1y coGOH MOryT OTJIHUaThCsi Kak yronso. OTcrona mosyuyum

cJIeyIomY0 (GOPMYJHPOBKY YCJOBHSI CXOJHUMOCTH psijia:
s cxonuMocTh psifa

utu,+ ..o Fu, 4 ..

Heo6XOAUMO H JOCTaTOYHO, yTOOB AJs Juo6Goro e > 0 cyme
CTBOBaJ Takoii HoMep N, uTo npu Bcex n > N BepHO He
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PaBEHCTBO
lun+1+un+2+ e +un+p| < &,

KakMM Obl HaTypajibHOE YMCJIO p HH GbLJIO.

910 ycloBHe OGLIYHO HA3HIBAIOT YCJIOBHEM HJIH KpHTe-
puem Komn. Orciona npu p=1, B YacTHOCTH, BBITEKaeT,
YTO JJIsi CXOAMMOCTH psija HeoOXOAMMO, 4TOOBl TpH BCeX
n > N Gpl10 BepHO HepaBeHCTBO

I un-l-ll < &
a 3TO O3HayaeT, YTO

limu, =0.

n—>

Takum 06pa3oM, NPUXOAHM K BBIBOAY:
JI1s CXOAMMOCTH psiia HEOOXOAMMO UTOObI OGLIUH uJeH
pAla CTpeMHJIC K HYJIO, KOTAa ero HOMep HeOrpaHHYEHHO

BO3pacTaer.
IT10 ycaoBue, OyAyud HEOGXOJIMMBIM, OKasbiBaeTcsl, He
sSIBJIIeTCH JOCTATOYHBIM JJsl CXOJAMMOCTH psifja. B sToM Hac

y6exjaeT psn
1
Ifgdbgt oo ok o,

KOTODHIH HA3LIBAETCS 2apPMOHUHECKUM.

3mecy u, = —,ll —> 0 mpu n—> c0; OJHAKO MOKHO JOKa-
3aTh, YTO TrapMOHHYECKHH pSIA He YIOBJETBOPSIET KPUTEPHIO
Komu (xoTopbifi siBAfeTCd He TOJBKO JOCTATOYHBLIM, HO H
HEOOXO/UMBbIM NPH3HAKOM CXOJIHMOCTH), H NIO3TOMY He MOXKET
ObITh cxofsmuMcsa. JJjsi 3TOro 3aMeTHM, YTO

1 1, 1 11
AriTaet o i m T

1
OTCIOI[a BHJIHO, UTO €CJH & < g ap=n, TO JJjd rapMOHH-

YEeCKOro psjaa HEPaABEHCTBO

1 1 1
Iun+1+un+2+ oo —"‘un+pl=n_{_—l+—“n+2+ oo +n+n<6

He BepHO, KaKuM Obl GosbliuM HOMep n HM Obli. CaepoBa-
TeJbHO, B CJydyae TIapMOHHYECKOro psja He JJIT KaXIoro
e > 0 MoxHO HafiTH Takofi HoMep N, O KOTOpDOM TOBOPHUTCS
B ycnoBuu Komm; nostromy rapMOHHYECKHH psifi PAaCXOAHMTCS.
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310 H JOKasbIBaeT, 4YTO YCJIOBHE

limu,=0
N->00
ABNsieTcsl HeOOXONMMBIM, HO He JOCTaTOYHBIM IPHU3HAKOM
CXOJIMMOCTH pfJa.
3. AGcoaoTHasE M YCJOBHAasi CXOQuMOCTb. BBepém emé
JBa TIOHSTHS.

Pan utu,4- ..o Fu+ o (1)
HA3bIBAETCS AOCOAIOMAHO CXOOAUUMCS, €CTH CXORUTCS PN
AR AE IR I E &)

06pa3oBaHHBIHA U3 aGCOJIOTHBIX 3HAYEHUH YJICHOB JAHHOTO psAfa.
OueBunHo, uTO TpH cxoxumocTé psxa (2) pax (1) =e
MOXKeT OBITb pacXOAAIMIMMCA, TaK Kak

Iun+1+un+2+ s “{—un+p|<|un+1’+'lun+2l+ +Iun+p|r

U nosToMmy, ecad ycijoBuio Komm yroBirerBopseT psif (2),
To ympoBseTBopsieT u pax (1).

TakuMm oOpasoMm, Koria psx (2) cxomurcs, TOrZa CXO-
qutcst u psax (1), NpuuéM Mbl €r0 B STOM CJlyyae HashlBaeM
aGCOJIIOTHO CXOASLIMMCS, KeJsasi 3THM MOJYepKHYTb, YTO €ro
CXOJMMOCTb 00ecCreynBaeTCcsl JOCTATOYHO ObICTPBIM CTpeMJe-
HHEM K HyJi0 abCOJIIOTHOIO 3HayeHHs OOLIero 4JjeHa, a He
06ycJIOBJIeHa HaJMUHEeM YJIEHOB DasHBIX 3HAKOB, KOTOpHIe NPH
JIOCTATOYHO GOJIBIINX HOMepax HayMHAIOT KaKHM-TO 06pasoM
KOMIIEHCHPOBATh JpPYyr Jpyra, 3acTaBjss TeM CaMbIM YacTHY-
HYIO CyMMy psiia CTPEMHTbCS K KOHEYHOMY Ipefedy.

Psp (1) HaspBaeTCH YCA0BHO CXOOAUUMCS, €CJU OH CXO-
JIMTCsI, a COOTBETCTBYIOIIMH eMy psax (2) pacxopurcs.

PaccMoTpuM HeKOTOpble CBOHCTBA 36CONIOTHO M YCJOBHO
CXOJSIIMXCS PAJOB.

Teopema 1. Ecau psn

S=u,+u,+ ... +u,+ ... (1
cxomuTcs abCcoJIOTHO, TO OYAYT CXOASMIUMHUCS H PAX
pitpet oo ot (p)

TI0JIO2KUTEJIbHBIX YJIEHOB ph, U pax
gt gt oo TG+ ... (9)
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a6CoOMIOTHBIX 3HAueHHH OTPHIATEJbHBIX 4YJEHOB — g, HLAaHHOTO
pana, npHuéM

(o) (o] o0
kgl U =k§1ph ‘kgiqk.

Hoxasameascmeo. Ilo ycnoButo psax (1) aGconmoTHO C€XO-
IAULHACS; TO3TOMY psf, 0OpasoBaHHBII K3 aGCOJMIOTHBIX 3Ha-
YeHHH ero 4YJeHOB, TaKXKe CXOLHUTCSH.

[TycTo

o=lu|+luy|+ o g+ ()

Paccmotpum psig (p).

Yactuusasg cymma P, psajga (p) Opu BO3pacTaHHH #, Ode-
BHJIHO, Bo3pacTaeT. Kpome Toro, Bcerja MOXKHO BHIOpaThb m
HACTOJIBKO GOJIBIIMM, YTOGBI CpeId m TepBBIX YJEHOB psia
(2) comep:kasuchb TepBble 1 YJIEHOB psja (p); MO3TOMY

n m
P, =k§1.0h <’12'1‘ | <.

CnepoBatenbHO, cymMma P, Bo3pacTaimmass M OrpaHHUeH-
Has CBepXy, HMeeT mpefes. JTO O3HayaeT, 4To psx (p) cXo-
nurcs. OGo3HauMM ero cymmy uepes P.

Takum ke o6pasoM HOKasblBaeTCsl CXOLHMOCTb psiza (q).
Ero cymmy o6osHauum uyepes Q.

3ameuasi, 4TO

n ni ng
&
Sp =2\ thy= 2 P, — 2 Gy =Py — Qny, (ny+ny,=n),
k=1 k=1 r=1
M YYHTHIBasi, YTO NPH 7 —> 0O CYMMBI Ppn, u Qn, cTpeMsiTCs

K onpelenéHHBIM mpefejaM P H Q, uMeeMm:

lim S, =1lim Py, — lim Qp,,

n-»eo n1—>oo ng—co

S=P-Q.

Teopema pmokasana.

IlonmyrHo 3ametruMm, yTo ecau psx (1) ycioBHO cxomuTcs,
TO ero pazpel (p) u (g) pacXoxsiiuecs.

JlefictBuTenbHO, ecau Obl ans papga (1) paawt (p) u (q)
Obutn cxopaumumucs, To psax (1) 6bl1 6b aGCOMIOTHO CXOAS-
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IEMCS, TaK Kak
n
hziluhlz'Pm'l'an’ (n,+n,=n),

npuuéM Pp, u Qn, B 3TOM CJyuae CTPeMHJHCh OBl IIpH
n—> 0o K ONpeleJEHHbIM npefesaM P u Q; nosToMy uMesH Gbl

liTog_}JukI:P—l-Qo

Ecnn xe nna psana (1) onus us psagos (p) uau (g) Obl1 OBl
CXOAAIHUMCS, a Apyrofl pacxoxsmumecs, To psp (1) Obl1 6bl
pacxcJAmMuUMCs, TaK Kak B 3TOM CJyyae IpH 11 —> co HMeJIH Obl

n
Z U, = Ppn, — Qny — .
E—=1

Teopema 2. Ecin B aGCOMIOTHO CXOJSIIEMCS psifie TIPO-
H3BECTH KaKYI0 YTOJHO IEPeCTaHOBKY YJIEHOB, TO NOJYYHTCS
psiL Toxe abCOJIOTHO CXOXSIIMICH M ero cymma GyjeT paBHA
CyMMe HCXOJHOTro psja.

Hoxasamenscmseo. TlpoBeném cHauana paccyxueHHs AJs
CXOJSIIErocsl psifia C MNOJOXHTEJbHBIMH YJIeHaMH.

Ilycrs psan

S=u,tu,+ ... +u,+ ... 1)

cxonuTcs M Bce u, > 0.
ITpousBosbHO TnepecTaHOBKOH UJIEHOB B JAHHOM psifie
o6pasyeM HOBBIH PAX

utu 4 ... Fum+ .. 2)
[TycTs
Sm=u;+u;+ ... +tm

Tak kak pangsl (1) u (2) OTIHYAIOTCA TOJBKO NOPSAKOM
YJIeHOB, TO INpPH JIOOOM m MOXHO BbIGPaTb #  HACTOJBKO
6osbIIMM, YTOOB! Cpely rn NepBHIX 4jeHoB psixa (1) comep-
JKaJUCh m TepBblXx ujgeHoB pAna (2). Ilostomy s psjos
C TOJIOKHUTEJBHBIMH YJIeHaMH HMeeM:

Sn< S, =l§‘un <S.
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CrnepoBaresbHO, IpH m —> oo YacTHYHas cymma Sy, psja
2), Bo3pacralasi H OrpaHHueHHAss CBePXY, HMEET Hpefe/l:
limS,=8"<S,

m-—co
T. e. pax (2) cxonutcs u S’ —ero cymma.

Paccyxnas anasoruuso, npu JioG6oM n HadnéM Takoe [,
uyT0 GyIeT BepHO

l
&<$ﬁ;%<y,

OTKyJa TOJNYYHM:
limS,=8<S§".
n—-co

CreZioBaTeNIbHO,

Takum oGpasoM, AJs1 CXOASIMIUXCS DPSAJOB C TOJOMKHTENb-
HbIMH UJIeHAMH TeopeMa HOKa3aHa.

ITycts Temepp psax (1) ecTb NPOUSBOJBLHBIH a6COJIOTHO
cxofsmuicst psii. B sTOM ciydae HMeeM CXOISIHHCS psif
C IOJIOXKUTENbHBIMH YJIEHAMH:

o=lu |+t 4 oo+l . (1)

[lepecranoBkoii unienos B psne (1) cocTaBuM HOBBIH PAX (2).
3aMeuaeM, 4TO psif

&+ e ]+ .. @)

CXOJUTCSl, TaK Kak NpeJACTaBJsfeT Pe3yJbTaT NepecTaHOBKH
uneHoB B paje (1). CuepoBatesnbro, psin (2) cxomutcs a6eo-
moTHo. O6o3HauuM ero cymmy uepes S’.
Jlokaxem, 4to M B 3TOM ofweM ciayyae cymma S’ psaa
(2) cosnagaer ¢ cymmoit S ucxoxsoro pspa (1).
eficTBuTeNIBHO, O Teopeme 1 HMeeM:

S=P—q,

rie P—cymma psja HOJOXKHTENbHBIX YIEHOB Dy, a Q — cyMMa
pAana abCoOJIOTHBIX 3HAYEHHH OTPHLATEJBHBIX UJEHOB —
pana (1). Ilpu cocTaBnenun psiza (2) mepecTAaHOBKOH YJIEHOB
B pane (1) moxseprHyTcs mepecTaHOBKe M WIEHH B psaax

P=2Pzz H Q=Z‘7h»
k=1 k=1
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HO, IO JOKa3aHHOMY, 5TO He H3MEHHT HX cyMMbl. I[losTomy

u cymma S’ psafa (2), aGCOJIOTHO CXOJSIIErocs, TOXe paB-
userca P —Q.

CienoBarefibHO, S'=S8.

Teopema j0Ka3ana.

Teopema 3 (Pumana). TlepecTaHOBKOH uJIEHOB B yC-
JIOBHO CXOAfIIEMCS psiie MOXKHO NOJYYHTb Psifi, HUMEIOHH
3apaHee JaHHYIO CYMMY U JlaXKe DacXOAALIMHCS Dsf.

Horasameaecmso. Ilyctb psn

S=u,4+u,+ ... +u,+ ... (1)

YCJOBHO cXofduiuiica. Torpa OGyAyT pacXOASIIMMUCSH KaK Psifl

pitp+ o ot .. ()
IMIOJIOZKHUTEJbHBIX YJIEHOB Py, TaK H pAR

g+g+ .. gt ... )

aGCOJIIOTHBIX 3HAYeHHH OTPHLATENbHBIX YJIEHOB — ¢, JaHHOIO
pana (1). )

Bo3bMém Kakoe yrogHo uucio A.

W3 monoxurenbuelx useHoB psaxa (1) cocraBum cymmy

ni
2 > A
k=1
3To BO3MOXKHO, Tak Kak pfAA (p) pacxopsmiuiics, H IO-
n

3TOMY €ro vdacthynasd cyMmma Eph npu n-—> oo HEOTrpaHu-
h=1

UYeHHO BO3pACTaeT, NPUUYEM, COCTaBJsAsi YKAa3aHHYIO CYMMY,
Mbl OCTAQHOBHMCSI Ha TaKOM 4JIeHE pn,, 0e3 KOTOpOro Cymma
Gbla Gbl He GoJblue A.

Ilpucoepunsis K COCTaBJeHHOH CyMMe OTpHIaTeJbHHIE
uJeHsl psAa (1), o6pasyeM HOBYIO CyMMYy

ny my
2 Pr— 3 q, < A
h=1 h=1

STO BO3MOXKHO B CHJy pacxomumocta psifa (q). Homep
m, W 3leCb BBHIOMpPaeM HaUMEHBUIMM, T. €. TaKHM, uTo Ge3
IIOCJIEJIHETO UYJIeHA — ¢, CyMMa Oblia Obl elné He MeHblle A.

3areM K HOBOH CyMMe mpHOaBJsfieM Te NOJOXKHTeJbHble
ujtenbl psja (1), KoTopele CIEAYIOT 33 Pn,, B35IB HX CTOJBKO,
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CKOJIbKO JIMIUb HEOOXOJAMMO, YTOOBI IOJYYHTh CyMMYy OOJb-
myo A:

ny my ng
— > A
hgi Pr rgiq" +h=n§1]+ Fr
Takoe n, naiigércs, Tak Kak BMecTe ¢ psjgoM (p) Gyzer
DACXONAMHUMCA H DAL D) D

[Tocie sTOoro cymMMy JONOJHSEM OTpPHUATEJNbHBIMH YJie-
HamMu psaxa (1), craenymomuM# 3a — Gm,, B3SB HX CTOJBKO,
CKOJIbKO JIMIIb HEOGXOAUMO, YTOGHI NOJYYHTH CYMMYy MEHb-
myio A:

my

ny
kéi 2‘7}1“‘ 2 Pk 2 ‘7h<A

—nl
Eciu npofosxaTb 3TOT NpolecC HEOTPaHHYEHHO, TO IIO-
JyUHTCS PN
ng

ny my
2 D= 2 @t 2 2 Gt e @)
h=1 h=1

11 k—ll

NpeJCTaBJdOMHUNA pe3yJbTaT TOJBKO II€PECTAHOBOK UJIEHOB
B naHHoM psje (1).

IoxkaxeMm, 4YTO 3TOT psif CXOAHTCS M HMeeT CYMMOH
upcao A.

HefictBuTenpHo, uvacTuyHasg cymma S, psga (2) npu
n—s co OyjeT GeCKOHEYHOEe MHOXKECTBO pa3 NpHHHMAaTh 3Ha-
yeHusi, O6sbpume A, a Takke H MeHbliHe A, Tak Kak IpH
n=n,, n=n;-+m; U T. L. COBNajaer C CyMMaMH, pac-
CMOTpeHHHIMH Bblile. KpoMme TOro, yuuThiBasi, 4To NOCTPOEH-
Hble BBIIE CYMMbI OTKJIOHSJIHCh OT A B Ty WJIH JAPYLYIO CTO-

pOHY BCeria 3a CY€T NOCJeJHEero ujieHa, 3aMeuyaeM, YTO IpH
Sp > A uMmeem:

0<S1'1_A<pnh,

rue pnh—-nocnenﬁnﬁ TIOJIOKHTENbHBIR UJleH CyMMBl Sy, a IPH
S» < A umeeM:

O<A—S;1<th’

TAE G, — abCOJIOTHOE 3HAUEHHE NOCJIEJHEr0 OTPHLATENBHOIO
yjeHa B cymme Sp.
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[Tosromy

[Sn—Al < |y,
npuuém [ --> oo, Korna n—> oo, Ho
limy, =0
>

B cuiy cxojumoctd psina (1). Otciona umeem:
limS; = A.

n—-co
CrnenoBaTesbHO, PSL (2) CXOOMTCS H €ro CyMMa paBHa
ypcny A.
Uro6bl NMOJYYUTb pACXOAAMMACA psifi, AOCTATOYHO uepe-
JI0BaThb NOJIOXKHTEJbHbIE M OTPHIATeNbHbIE uJeHH psxa (1),
HarnpuMep, TaK:

ny ny
2m>1 2 pa—as,
h=1 h=1

ny ng ny ng
4
kéipk 0 +k=n21J+ f)h >2, kgipk 0 +k~'=n21+ 1pk —

e e s e o s e o & e s e e e o e s s e e e ® e e e s o

ﬂeﬁCTBHTeJ'IbHO, €CJIH NpoJoJKaThb 3TOT INpoliecC Heorpa-
HHYEHHO, TO IIOJYUHTCA DAL

ny na
20—+ D PGt e
k=1 h=n;+1

NpEeJICTABJSIOMMUI pe3ysnbTaT TOJbKO MEpPeCcTaHOBKH UJIEHOB
B JAHHOM YCJOBHO cxojsmemcs psage (I1), HO 3ToT psaAx yxe
GylleT pacXoAsUIMMCS, TaK KaK ero n-1 4acTHYHas cymma
HEeOrpaHHYEeHHO BO3pacTaeT, KOrja n—»> co.

Taxkum 00pa3oM, YCJOBHO CXOJAsSiHecs PSIAbl TepeMecTH-
TeJIbHBIM CBOHMCTBOM He 00JIafaloT H 3THM Pe3KO OTJIHYAITCS
OT abCOJIOTHO CXOJSAIIMXCS PSJOB, OJH3KHX IO CBOHM CBOH-
CTBaM K KOHEYHBIM CyMMaM.

4. Mpunuun cpaBuenus papoB. Ha npaktuke oGbIYHO Gbi-
BaeT TPYJAHO peUIUTb BOINPOC O CXOAHMOCTH JaHHOTO psiia
npu nomomu kKpurepus Kommu. IlosToMy BaxkHO uMeTb TakHe
JOCTaTOYHbE TPH3HAKU CXOJUMOCTH H PaCXOAUMOCTH, KOTO-
peiMH Obll0 GBI yIOOGHO NOJIB30BATHC IIPH  HCCJE[OBAHHH
pszoB. OnMH M3 TakUX NPHEMOB HCCJENOBAHHS HAéT cJaeny-
IONMA TPUHIMI CPaBHEHHS PSJIOB;
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[TycTs uMeeM IBa psifia C TOJIOXHTEJbHBIMH YJIEHAMH:
uitu, 4+ o Fu, .., (w)
03+ 0,4+ ... U, .. (v)

Ecm u, <v, OpH JI060M 7, TO U3 CXOAUMOCTH psina (v)
BHITEKaeT CXOAHUMOCTb psja (4), a H3 pPacXOAHMOCTH psna
(4) crepyeT pacxomuMocTb psja (v).

HeficTBUTENIBHO, NYCTh PSR (U) CXOAUTCA H CyMMa €ero

n
pasma V. Torna wuacThusas cymma ) u, pana (u) TpH
k=1

n—> co OyleT MOHOTOHHO BO3pacTawoulefl, TaK Kak YJeHbl
pSZa MOJOXHTeJbHble, H OTPaHHYEHHOH cBepxy, HOO

Zuh 20h<v

a NMO3TOMY OHA HMeEET IIpeJett

lim 2 u,=U

n—oo k=1

T. . psix (u) CXOmuUTCS.
[Tycte Tenepb psap (u) 6ymeT pacxouﬂmumca. 310 o03Ha-
yaer, YTO ero 4YacTHYHas CyMMa Zuh HEeOI'DaHWYEHHO BO3-
k=1

pacraer npu n—> co. Ho

n

28 u, < é;

NO3TOMY IIPDH .1 —> OO TEM GoJiee HeOrpaHHYeHHO BO3paCTaeT
n

YaCTHUHAS CyMMa ) U, pafa (v), T. e. psix (v) pacXomuTCs.
k=1

5. Mpusnak JdanamGepa. Ilosb3ysch npuHOUIOM CpaBHe-
HUSl PANOB, MOXKHO IOJYYNTb BeCbMa IIPOCTOH IpH3HAK ab-
COJIOTHOH CXOIMMOCTH psfa.

[lycty nna pana

utu,+ oo Fu,+ oL (1)

BBINIQJIHEHO YCJIOBHUE
Unsy

<g<l1 @)
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npyU BCeX n, HAuMHAs C HEKOTOpOro Homepa n,. Jlokaxewm,
uto psax (1) cxoautcs aGCOMOTHO.
IleficTBUTENbHO, B CHJIy YCJOBHS (2) HMeeM:

u‘n0+1
uno

n(lq-z
u
ny+l

uno+m

<q, <q, ... <q, ...

Orcrofa mosnyuum:
g1 | < |Ung |95 | tngra| < |Hng |G -
g | < [y | 47 ®
Taxk kak psig
|thg | 44| thny | G2+ -+ - 4| g |47 - -

00pa30BaHHBIYl U3 TI'eOMeTPHYeCKOH MpOTpecCHH CO 3HaMeHa-
teneM ¢q, rae 0 <¢ <1, cxomutcs, TO B CHJIY NpPHHIMMNA
CpaBHEeHHSl DSJOB M HepaBeHCTB (3) CXOZHTCH H DAL

|uno+ll+lun0+2l+"'+|uno+‘ml+"‘ (4)
OTCIOI[a B CBOIO OuYepeAb BBITEKAET CXOAHUMOCTbL psia
log |+ ug |+ oo u, [+ (5)

IJisl KOTOpOro pspn (4) sisercs ocraTouHeM 4ieHoM. Ho cxo-
IMMOCTb psjia (5) u o3HayaeT aGCOJIOTHYIO CXOUMOCTb AaH-
Horo psija (1).

3ameruM, uTo ecsu As psaga (1)

Unsa
n

lim

n-=»oco

=k<l1,

TO ycioBHe (2) AJA Hero BHINOJHEHO, a 3HauuT, psax (1)
cxonuTcss abCOJIIOTHO.

JleficTBUTENIbHO, eCJH BO3bMEM HEKOTOpPOe YHCJIO g,
YAOBJIETBOPSIIOIEE YCNOBHIO B << g <1, TO mpH JOCTaTOUHO
GOJIBIIOM 1, AJi BCeX n >n, OyaeT BepHO HepPaBEHCTBO

un+1

<gq,

u
TaK KaK |—L

—k < ¢q, KOrga n—> o,
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Ecau xe pansa paga (1) okaxercs, yTo
lim | Zne2

=k>1,

TO TIPH JOCTAaTOYHOM GOJIBIIOM 7, AJsI BCeX n > n, GyHer Bep-
HO HepaBeHCTBO

n

L <, waE Uy | > |t ],

OTKyZa BHAHO, YTO U, He CTPeMHUTCS K HyJIO IpH n—> oo,
T. e. pag (1) He yzmoBneTBOpsieT HEOGXOJMMOMY YCJIOBHIO
CXOIHUMOCTH, H IO3TOMY DacXOZHTCH.

[IpuMepr! NMOKa3HIBAIOT, YTO €CJH

um-l

lim =1,

n—oo

n

TO PSii MOXKeT 0KasaThCs KaK CXOJSLIUMCS, TaK H pacxofsd-
mumMcsi. Bcé 3To moKasblBaeT CIpaBelJIMBOCTD CJIEIYIOLIEro
YTBEPKAEHHS.

IIpusnax Hanrambepa. Ecau ans psina

Uyttt oo Fu, 4.0
uMeeM
un+1

lim =k,

n—oo
To mpu k<l psn cxomurcs aGCOMIOTHO, a mpu k> 1 pax
pacxozurca. Ecau ke 2=1, To Bonpoc O CXOAMMOCTH psi-
Jla HYXKHO peluaTth APYTHMH CpPeICTBaMH.

6. ®yHKUHOHAJbHbIE psfbl. 31eCh Mbl OyleM paccMarpH-
BaTb pSJbl, YIeHAMH KOTOPHIX $IBJASIIOTCA (YHKLHH OJHOH
JefCTBUTEJIbHOH IepeMeHHOH.

OYHKUHOHAJBHBIE PsiJ

@)+ )+ )+ M

Ha3BIBACTCS CX00AUUMCA HA MHOscecmse E, eCH OH CXOJUT-
Cs NIPH KaX/IOM 3HAa4YeHHHM ¥ M3 MHOXKecTBa E.

Ecau psig (1) cxopurca Ha MHOXecTBe E, TO €ro cymMma
TakxKe Oyzmer (yHknue#, onpefenéHHOH Ha MHOXecCTBe E.
Obo3nauasi eé yepes S(x), B 3TOM CJyyae MOXKHO HalHCaTh:

Un

SE)=F(®)+T&) 4+ F () + ... (1)
Kpome Toro, oueBHAHO, B 3TOM CJyyae HMeeM:
S (x) =S, (%) + R, (%), (2)
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rae, NOXOGHO YHCJOBHIM psJaM,
Sn()=F () +F(x)+ ... +7F, (%)
¥ HasblBaeTCsd n-# 4aCTHYHOH CyMMOH, a
Ry(®)=Fura (0) + Fara () + - ...

— OCTaTOYHBIM YJIEHOM psifia.
M3 paBenctBa (2) BHAHO, YTO TNPH KaXKAOM 3HAUEHHH X
U3 06JIaCTH CXOIHMMOCTH pSiia HMeeM:

lim R, (x)=0

H, CJIeOBaTeJbHO, AJ KaK yrogHo Mmajoro ¢ > 0 cymecr-
ByeT Takoi HOMep N, uTo njs BCcex n > N B 3TOH TOuKe X
6yzeT BepHO HEPaBEHCTBO

IR, (x)| <e.

3xecy cjepyeT oOpaTHTb BHUMaHHe Ha To, 4to N s
onHOrO H Toro e e >0 MoxeT ObITb pa3HEIM B PasHBIX
TOUKaxX X M3 06JacTH CXOAMMOCTH psja. TpeGoBanue, uTO-
6bl anst kaxporo e > 0 cymecrBoBan HoMep N, oOwmil mas
Bcex x € E, aBisercss 6ojee CHJIbHBIM, YeM TpeGoBaHHE CXO-
JUMOCTH psijila Ha MHOXecTBe E.

Ecau pas kak yrogHo wmajoro e > 0 cymecTByeT Takoi
HOoMep N, He 3aBHCAWME OT X, YTO NpH Jwbom n > N Bep-

HO HEPaBEHCTBO
IR, (¥)] <e

IJg BCeX x U3 MHOxecTBa E, TO JaHHBIH (PYyHKUHOHANBHBIH
PSII HA3LIBAETCS PABHOMEPHO CXO00AWUMCS Ha MHOXKecTBe E,
IlpuBenéM npuMmep, NOATBEPKAAIOMIHH, UTO PSf MOMKET
ObITh CXOAAMIUMCS B HEKOTOPOH 0GJAacTH M He ObITb paBHO-
MEpHO CXOAAIMMCH B 3TOH 06JacTH.
Paccmorpum psax

x+x(l=—x)+...+x(1—x"+...

B moayuHTepBaje [0, 1).

ITpu x =0 Bce usens faHHOrO psAfa paBHel 0, a mostomy
psin cxoxuTcst, M ero cymma Ttoxe paBHa 0. Ilpm 0 < x < 1
umeeM: 0 <1l—x <1, oTKyZa ciefyeT, 4TO JaHHBIH psif
B (0, 1) cxogurcs, ¥ ero cymma, Kak cyMMma yo6blBaromes reo-
MEeTPHYECKOH NpOrpecCHH, paBHA

b
T—=n =&



Wrax, nanmbiit psg B (0, 1) cxogutrcs, ¥ ero cymma ecTb
dysxOus
(0, eciiu x =0,

S(x)=
() 1, ecin 0 < x < 1.

JokaxeM, 4TO paccMmaTpuBaeMbli psi B HOJYHHTepBaje
[0, 1) cxoxuTcst He paBHOMEDHO.

HeficrButenbHo, mist x € (0, 1) umeem:

R ()=x(1—x)+x(1—x)y4 ... =(1—x"

OTKyZa BHAHO, YTO IpU JOGOM, KaK YrogHO OOJIBbLIOM, HO
(PUKCUDOBAaHHOM 7, BepHO

limR,, (x)=1.
x=0

CaenoBarenbno, ecad 0 < e <1, TO KakuM Obl GOJIBLINM
HOMep 7 Mbl HH BbIOpaJsi¥, HEPaBEeHCTBO

R, (x)| <e

He OyzeT BepHBIM i Bcex x€[0, 1), Tak Kak mpu moGoM
¢ukcupoBaHHOM n Ha#pytcs ToukH x€[0, 1), mocratouno
6iuskue K 0, s KoTopblx R, (x) Oyner HacToNbKO Gun3-
KUM K 1, uTO okaxercss GoJpmuM e < 1.

B sToM npuMepe moJesHo oGpaTHTb BHHMaHHE Ha TO,
yTo B noJyuHTepBane [0, 1) uieHel psiga GblIM HeNpephIBHBI,
a cymMMa psija okasanach paspbiBHOI. CnenoBarespHO, AJIS
PSJIOB W3 HENpepblBHOCTH YJIEHOB ellé He BbITEKaeT Hempe-
PHIBHOCTb CYMMbl, KAK 3TO OBLIO YCTAHOBJEHO JJs KOHed-
HBIX CYMM.

Crnenyromast TeopeMa MOKa3blBaeT, YTO paBHOMEpHasi CXO-
JIMMOCTb psila, NPH HENPEPHIBHOCTH €ro YJEeHOB, €BJISETCS
JOCTATOYHBIM YCJIOBUEM HENpPepHIBHOCTH CYMMBI psifia.

Teopesma. Ecim uneHbl (PyHKIIHOHAJIBHOTO PSZAa

LE+HE+ @)+

HEeNpepLiBHEl Ha MHOXKeCTBe E M psJ Ha 5TOM MHOXeCTBe
CXOAHMTCSl PaBHOMEpHO, TO CyMMa S (X) ZaHHOTO psiia Hempe-
pblBHa Ha MHOXecTBe E.

Hoxasameavcmeo. Ilycte x,€ E. BospMeM Kak YroaHo
Majoe € > 0. Tak Kak IO YCJOBHIO JaHHBIH PsAJ HAa MHOXKe-
ctBe E CXOAMTCS DaBHOMEpHO, TO CYIIECTBYeT Takofl HoMep
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N, uto ajs ocTaToyHOro uJjieHa psga OyaeT BepHO HepaBeH-
CTBO

IR, (0| <5
sl Bcex x € E, Kak TOJbKO Gymer n > N.
Bosemém n, > N u cymmy S(x) npeacTaBuM B BHIE
S(x) =8, (¥) + Ry, (x).
Orciona umeem:
| S (%) =S (%) | =Sy, (%) = Sy (%) + Ry () — Ry (%) | <
<[ Spy (8) = Sy (%) | 4| Ry (0) || Ry (%0) |-

Taxk kak S, (x) HempepblBHa B TOYKe X, € E, Kak KOHeu-

Hasg CyMMa HelpepblBHBIX (DYHKUHH, TO CYLIECTBYeT TakKoe
8 >0, uto mia Bcex x € E, yIOBJETBOPSIOUIUX YCJIOBHIO

[x—x0] <3,
BEDHO HEPaBEHCTBO

|8y (1) = S, (50)| <%«
Kpome Toro, B cuiy BbiGopa n, > N, nMeeM:
| Roy (1) < 5 1| Ry, (%) | <5 -
ClieoBaTeJILHO,
|S(x)—S(x0)| <e
17151 BCeX X € E, yIOBJIETROPSIONIHX HEPaBEHCTBY
|x— x| <3,

YTO M JOKa3blBaeT HENpephlBHOCTb CyMMBl S (x) IaHHOrO ps-
Ja B TIPOM3BOJIBHOH TOuKe X, € E.

Takum o6pa3oM, B BONPOCe O HENPEpLIBHOCTH CYMMBI
PaBHOMEPHO CXOJSUIMICA psjfi HE OTJHYaeTCs OT KOHEYHBIX
CyMM, 4Yero HeJb3sl CKas3aTh O KaXJAOM (YHKLHOHAaJbHOM ps-
Jie, KaK 3TO BHJHO U3 PaCCMOTPEHHOIO BHIIE IIpHMepa.

Ilpusnak paBHOMepHOH CXOIZUMOCTH BBIpaXKaeTcsl CJeIylo-
el TeopeMoH:

Teopema Beidepuwmpacca. Ecniu Ha MHoXectBe E
uJieHb! (YHKIHOHANBHOTO pAfa IO abCONIOTHOMY 3HAuYeHHIO
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He TMPEBOCXOAAT COOTBETCTBYIOILMX YJIEHOB CXOAfIlerocs ps-
Ja TIOJIOXKHMTEJbHBIX YUCeJN, TO JaHHBIH (YHKIHOHANBHBIA pAX
Ha MHOxkecTBe E CXOJHUTCS paBHOMEpHO.

Hokasameascmeo. Ilyctb

Uty oo Fu, . (w)

€CTb CXOAAIMMHCA PN NONOXKHTENbHBIX YHCeJH M A BCeX
4JIeHOB (DYHKIMOHANBHOTO pAAa

L@+ + )+
BEpHO
[ ()| <u,
npu smobom x € E. Torza

Ifn+1(x)+fn+2(x)+ “ee |<un+1+un+2+ e

nas Bcex x€E.
Ho psax (u) no ycnoBuio cxomuTcsi; mO3TOMy AJa Kak
yrogHo Manoro e > 0 cymecTByer Takoii HoMep N, 4TO

rn=un+1+un+2+ e <E

aasa Bcex n > N.

Orcioga crenyer, uto mjs BceX x € E OygeT BepHO He-
pPaBeHCTBO

R, (X)|=|fnss (8) + [ (X) + . .. | <&,

KaK ToJbko OyzeT n> N, a 3T0 M O3HauaeT, 4TO JAAHHBIH
(byHKIHMOHAJBHBIA Pl CXOLUTCA Ha MHOXKeCTBe E paBHOMEepHO.
7. Crenennpie psiabl. PyHKIUOHANBHBIN psJ BUja

Ayt axtax*+ ... +ax"+..., (1)

TIe Qg Gy Qg ...y Oy ... —IOCTOSIHHBIE KO3(QPUIHEHTH,
HASBIBAETCS CIMeneHHolMm padom.

Jlio6olt cremeHHOlt psAx, ouyeBHAHO, cxoxuTcs mpu x =0,

Crenymomas TeopeMa MO3BOJHT BBISICHHTh, YTO CO00# npen-
craBisieT BC 06JACTb CXOAMMOCTH, T. €. BCE MHOXKECTBO
TOYEK CXOIMMOCTH CTENeHHOro psifa.

Teopema (AbGeas). Ecnu crenennot pax (1) cxopures
OpH X=X, TO OH abCOJIOTHO CXOAMTCS NpH JIOOOM 3Haye-
HMHM X, YJOBJIETBOPSAIOLWIEM YCJIOBHIO |X¥| <%,

Ecau xe mpu x =X, CTeneHHOH psAL pacxoiurcd, TO OH
pPacXoAMTC H IpH JIOOOM 3HAaueHHH X, YJOBJETBOPSIOLIEM
YCJIOBHIO | X| > | %, |.
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Hoxaszamerscmeo. Ilycts psax (1) npu x=x, T.e. psR
Ayt axgtaxi+ ... +axt+ ..., (1)
cxonutcsl. Torga B cully HEOGXOZHMOTO YCJOBHS CXOZMMOCTH
pala HMeeM:
lima,x2=0,
n—>oo
OTKyJZa CJefyeT OrPaHHYEHHOCTDb IOCJeJOBATEeJbHOCTH YJIEHOB
pana (1°):
laxB|l<M (n=0,1,2,...).

PaccmoTpuM pan
|+ a4+ lax? |+ ...+ [ax™ |+ ... @)

Tak kKak

x |

Xo

¥ 1py JoGOM X, YIOBJETBOPAIOUIEM YCIOBHIO | X | < |X,|, psA

oo

CXOAHTCS, KakK paf, oépasoBaHHmﬁ H3 TeOMeTpHYeCKOH mpo-
rpeccus co SHaMEHaTEJIeM‘ ‘<l TO MO NPHHIHNY Cpas-

HEHHMA DANOB CXONHMTCA npn | x| <|x,| upan (2), a st0
0O3HayaeT, 4TO }.IaHHb]PI cTeneHHOH psif (1) cxoxutcsa abCOMOTHO
LJIs1 BCeX 3HAYEHMH X, YIOBJETBOPSIOMHKX YCJOBHIG | X | < | X!,
Uto u yTBepKAanoCh.

ITycts Tenepr psap (1) mpu x=x, pacxonurca. Torga ou
pacxoAMTCs NpH BCeX 3HAYEHHSX X, YJOBJETBOPSAIOUIUX He-
PaBEHCTBY | x| > | x, .

HelcTBUTENbHO, ecyi Obl NpY HEKOTOPOM 3HAYeHHH X = X,
YAOBJNETBOPSAIONIEM HepaBeHCTBY |x;| > |x,|, pan (1) Obla
CXOASMMCS, TO NO JAOKa3aHHOMY OH Obll Obl CXOASIIMMCA
H IIPH X = X,, YTO NPOTHBOPEUHT YCJIOBHIO.

Teopema nokasana.

Uro6pl HaHTH 06JaCTh CXOZMMOCTH CTeleHHoro psza (1),
NOCTYNIHM CJeAYIOmEM 06pasoM.

Pa3o6béM MHOMKECTBO BCEX TOYEK YHCJOBOH OCH Ha JBa
kinacca X u Y, noMecTuB B KJjacce Y Te M TOJBKO Te TOU-
K1 x > 0, B KoTopeIX CcTemeHHo# psiA (1) pacxopgurcs, a Bce
OCTa/lbHble TOYKM YHCJOBOH OCH IOMecTHM B Kjacc X.
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W3 teopembl AGens caeiyer, 4TO eCJM KJacc Y oOKaxer-
csl mycThiM, To psAx (1) OymeT cxoauTbca Ha BCell UHCJOBOH
OCH, T. €. 00JaCTb CXOAMMOCTH B 5TOM Cilydae OyneT HHTEp-
Bal (— o, + o).

Ecau ke knacc Y He OyZeT mNyCTHIM, TO MOJYUHM ceue-
Hue (X, Y) MHOXecTBa BCeX JAeHCTBHTEJbHBIX YMCeJl, Ompefe-
Jsiioleecsi HEKOTOPbIM TOTpaHHYHBIM yucaoM R >0. B stoM
ciyyae, ecad R == 0, crenenHoil psz (1) abcosoTHO cXoauTcst
B uHrepBase (— R, R) U pacxojuTcs BHE 3TOrO HHTepBaJa.
O cxogumocTu B TOuKaxXx — R ¥ R HHKAKoro o6liero BhIBOAA,
OTHOCSIIIErOCsl KO BCeM CTeNeHHBIM psjaM, Mbl He MOXKeM
caenatb. ODTH TOUKH JJs KaXkAOTo psAfa HcClefyroTcs ocobo.

Uucno R HaswiBaeTcs paduycom cxodumocmu, a HHTep-
Banl (— R, R) —unmepsaaom cxo0umocmi CTENEHHOTO psiia.

ITIpu R =0 obaacTe CXOLUMOCTH MHPEACTABJsIET ONHY TOU-
Ky x=0.

Ecnu unrepBan cxopumoctH 6yuper (— oo, + ), TO
6ymeM TOBOPHUTb, YTO R = -- co.

Herpyaso 3aMerutb, 4TO ecau Ans creneHHoro psga (1)
CYLIeCTByeT KOHeUHblHl HJH OeCKOHeUHBIH Ipefest

=L,

lim Ans1

n—oo | n
To mpu L, He paBHoM O m oo, paguyc cxopumocTH psaja (1)
paBeH

1
R=1.

HeiicTBiTeNIBHO, B 3TOM cJyuae 1o npusHaky JlasnamGepa
nMeeM:

. Ay, X1 .

lim “*—ln—\=|x|11m

n—oo anX n—>co
OTKyZa BHAHO, uTo psix (1) cxomurcs, npHuéM abGCOJIOTHO,

npu |x|L <1 u pacxomurcst npy |x|L > 1. CnenosaresbHo,
HHTEepBaJ CXOJHUMOCTH OmpeJelsieTCsl HepaBeHCTBOM:

Qny1
an

=|x|L,

|x| <L =R.

Ecmu L=0, To R= 4 o, Tak KaK B 3TOM cJjyuyae IpH
mo6oM x uMeeM |x|L =0, H NO3TOMY HHTEPBaJ CXOLUMOCTH
panga (1) ectb (— oo, + o).

cm L=oo, To R=0, Tak Kak B 5TOM cCJjyyae IIpH
mo6om x #= 0 pang (1) pacxoautcs, W NosToMy o6JjacThb CXO-
IHMOCTH TpeACTaBJseT OXHY TOYKy x=0.
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PaccmoTpuM TeopeMy, Kacamoliylocsi BOmpoca 0 paBHOMEp-
HOH CXOJMMOCTH CTENEeHHOTO psija.

Teopema. CreneHHOH psl CXOAUTCS pPaBHOMEPHO HA JIO-
foM OTpesKe, COlepKalleMCsl B €r0 HHTepBaJle CXOAHMOCTH.

Hokasameascmeo. Ilyctb R > 0 — paguyc CXOAUMOCTH CTe-
nexHoro psza (1).

BospMéM Jr060€ YMCIO p, YIOBJETBOPSIOLIEE YCJOBHIO
0<p< R, u paccmorpum psagn (1) mHa orpeske [—p, p]C
C (=R, R).

OGo3HauuM uyepe3 £ Kakoe-HHGYIb UYHCJIO K3 IPOMENKYT-

ka (p, R):
p<E<R.

Tak xak & coxepxurca B HHTepBaje (— R, R), TO mpu
x=%& pap (1) cxogurcst aGCOMIOTHO, T. €. CXOIHUTCS Psif

lag|Flag |+ a8 |+ ... -+ ...
Ho nnma Bcex x€[—p, p]
Ianxnl<|anpnl < ]anE"{

[Tostomy, B cuiy mnpusHaka Befiepmrpacca, psax (1) =a
oTpeske [ —p, p] CXOZMTCS paBHOMEpHO.

Caedcmsue. B Kaxjaof TOUKe HHTepBaJa CXOAHUMOCTH
crenesHoro psaja (1) ero cymma S(x) HempepriBHa.

HefictBuTenbHo, ecnn x,€(—R, R), TO Bcerga MOKHO
BHIOpaTh OTPe3oK [ —p, p], comepKamuil X, H copepxKamuics
B unTeppane (—R, R). Tak kak, mo jokasansHomy, psn (1)
Ha OTpeske [—p, p] CXOAUTCS pABHOMEPHO, a WJEHB psifa
HempephIBHBI, TO CyMMa psja (1) HempephiBHa HaA BCEM OTpes-
ke [—p, p], a cleIoBaTeJbHO, HENpephHIBHA H B TOUKE X,.

8. Pan Teitnopa. ITycts dyrKuua f (x) onpegeseHa u umMeeT
NPOM3BOJAHBIE JIIOOOTO LiOpsiKa HAa HEKOTOpOM oTpe3ke. IIycThb
TOYKHM @ W X TPHHAJJeXkaT 3TOMYy OTpe3Ky. Bripasum ganaywo
¢GyHKIHMIO B TOUKe x no ¢opmyne Teinopa

fx)=f@+i@x—a)+... +-'%:.;)T()"!_)(x_a)n—1+Rn.

Ecan oxkaxkercs, uto R, — 0 npu HeorpaHuueHHoOM BO3pa-
CTaHUH N, TO NOJYUHM:

Fo)=lim {{(@+@ c—a+... + T -}
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a 3TO O3HayaeT, yTO f(x) NpeicTaBiseT CYMMYy psja, Yy Ko-
TOPOTO YaCTHYHas CyMMa eCThb BbIpayKeHHe, COJepiKalleecs
B (UIypHBIX CKOOKax, T. €.

fO=Ff@+F @E—a)+... + 2@ x_appr ... ()

Psan, sanucamsblii B mpaBoit yactu paBeHctBa (1), Haswl-
Baercsi psnoMm Teiiopa.

Crnegyer oOpaTHTb BHHMaHMe Ha TO, 4TO pAx Tefimopa
MOXHO 00pasoBaTb AJs BCAKOH (yHKHMHU[(X), y KOTOpoi
CYLIeCTBYIOT IpOM3BOJHBEIE JIOOOTO TOpPsSAKa, HO OTCIOAA
emé He CJeLyeT, YTO OH HeNpeMeHHO OyJAeT CXOAAIHMCS
K JaHHO# OyHKOUH f(X); OH MOXKeT OKasarbCsi pacXos-
IMMCS HJIM CXOJAIIMMCS, HO He K ¢ynkuuu f(x). Hamo
TOMHHTB, 4TO paBeHCTBO (1) BepHO TOrla M TOJBLKO TOTAA,
KOrZia ocTaroyHblil wjeH B Qopmyte Tefinopa ans f(x) crpe-
MHUTCSl K HYJIO IIPM HEOTPaHHYEHHOM BO3paCTaHHH ero HoMepa.

CrepoBaTesbHO, 4TOOB PassoxuTh B psj Tefinopa ¢yHK-
nuio f(x), UMY NPOU3BOAHBIE JIOGOr0 TNOpPsSAKa, HALO
cHayaja (OPMaJbHO COCTABHUTb 3TOT pAJ, 3aTeM BbIICHHUTD,
TpH KaKHMX 3HAYeHHMSX X OH CXOJMTCS U, HaKOHell, HafTH
T€ TOYKHM CXOJUMOCTH psJa, B KOTOPBEIX OCTATOYHBIA ujieH
¢opmyanl Telimopa CTpeMHMTCS K HyJIO IPH HEOrpaHHUYEHHOM
Bo3pacraHuu n. KIMeHHO B 3TuX Toukax u OyzeT QyHKUHs [ (X)
cymMo#i cBoero psiia Teisopa.

Pan Te#inopa, B xotopoM a=0, T. e. psan

FO+F @ xt . +E50m g

NpUHATO HasblBaThb psitoM Makmopena.

Slcho, uto QyHKuMA f(x), UMelomas NPOUSBOAHbIE JIOGOrO
nopsifika, pasjoxuma B paj MaknopeHa tam, rje 0CTaTOUHBIHR
ujieH ¢opMysabl MakjJopeHa CTPEeMHTCS K HyJIO IPH Heorpa-
HHYEHHOM BO3DACTaHUH €ro HOMepa.

PaccMOTprM HECKOJIBKO IPHMEDOB.

Panbiie 6bl1a nosyyena caenyromas gopmynaa Makiopena
s sinx:

xhl

. 3 5
smx=x—§—l+%!—~—-... 4 (— 1)F-1 T ,—}-Rzk,
npuYem
[thl (2k)l
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BosbméM pan

©
Z x2k
2k)1 °
k=1 ( )
OH CXOOHUTCA TIpH BCE€X 3HAYEHHAX X. B 3TOM MOKHO y6e-

IWTbCs NpH nomomu npusnaka [lasamGepa. Orcioza crienyer

B CHJIY H606XO,ZU/IMOI‘O ycaoBud CXOAUMOCTH psja, 4YTO AJid
BCeX X

x2k
AT — 0 npu k— oo,
a 3HAuYUT, U TeM OoJee
lim Ry, =0.
k-
[TosTomy

k-1 y2h-1

. 3
smx=x—%—|-;—j—...+(——l) P 1)1+ 2)

npH J0O0M 3HAYEHHH X.
AnxasornuHelM 06pa3oM MOJyYHM ISl BCeX X

2 4 Xtk
cosx=l—%—l—z—!-—...—1—(—1)7‘(2—k)l-+... (3)
Has yuknuu e* mo ¢opmyne MakjopeHa uMeeM:
. X2 xn-1 8% yn

OueBujHO,
l x |

eﬂx

Orcioga, 3aMeyasi, 4TO NPH KaKOM YILOJAHO 3HAUEHHH X DS
o elxl
2 X
nl

n=1

n

CXOmuTCA, MOJYUHM:
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CJIe}.IOBaTeJIbHO, HMeeM pPaBeHCTBO
. x?
ex=1—l-x—l—§-+. '—l— +... (4)

B KOTOPOM X MOXeT ObITb JIOOBIM JAeHCTBUTEJIbHEIM YHCJIOM.

[Tonb3yscy nomyueHHHIMH paBeHcTBaMH (2), (3) u (4),
BEIBeileM JBe (JOpMYJibl, KOTOpble HaM NOHAnobATcs B Jajb-
HefieM.

Ilycte 2z — pelficTBuTeNbHAs nepeMeHHas, a i — MHHMOE
YHCJIO, ONpelesieHHoe paBeHCTBOM i2= — 1. @ymkuumio e*
€CTeCTBEHHO ONpeNeJuTh IIPH NOMOIIM psjia, KOTOPHIH NOJY-
UHTCS, €CNu B pasjoxeHHH (4) QyHKUMH e* 3aMeHHTb X
yepes iz, Tak Kak IPH STOM MOJYUYHUTCH CXOAALIMICA pAx,
TNIpeICTABJSIOMIUI CYMMY ABYX CXOISALIMXCS DAJOB, T. €.

eiz={1___|_-——-— (= l)k(gk)|+ }T
: z pyr 22
+l{z"ﬁ+ﬁ—"’ (=" gyt }

Orcroma, yuuthiBast paBeHcTBa (2) u (3), mosyuum:
e =cosz+isinz, (5)
a 3aMeHsil z B 5TOM DaBeHCTBEe yepe3 — 2z, G6yleM HMeTh:
e =cosz—isinz. (6)
®opmyJet (5) u (6), HIM PaBHOCHJIBHBIE UM

giz | -z . elz_ p—iz

CosZ=—73 , sinz=

HaseBaoTCsl opMysnamu diinepa.

9. Coctasaenue TaGuaui, Jorapudmos. PasJioxuM ¢pyHKIHIO
f(x)--lnx no crenessM x—1, 1. e. B pan Teinopa. [Las
9TOro HaiiéM NPOHM3BOJHBIE BCeX NOPAKOB OT f(x)=Inx:

F)=—, 0= —a, =12, ...,

=
o () = (= 1y
B Touke x=1 nosyunm:
fH=0, (=1, f()=—1, f"(1)=2I,
fe ) == (z—1)!
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CreroBatenbHo, psapn Tefinopa ansa f(x)=Inx Gyner

—1)2 —1)3 oy (x—1)1
(- —EE G e

Inst Toro uroObl HAaHTH 06JACTb CXOAUMOCTH IOJIYYEHHOTO
psiza, BocmoJb3yeMcsi npusHakoM [amambepa. Tak kak

(x—1yn+1
. n+1 e |nx=1) . n__
Jim| | = lim || e 1 fim =l 1)

n

TO HCKOMasi 06JIaCTh CXOXHMOCTH ONpeJeNIeTCs] HEpaBeHCTBOM
jx—1]<1, nmm 0<x <2,

Hccnenyem B 3TOH 06GJacTy OCTAaTOYHBIM YJleH COOTBETCTBYIO -

meft ¢popmyanl Teiimopa. Bsss ero B ¢dopme Kommu, Oynem
HUMeTb:

| R, =| EEEI e 146 (x— 1)] | =
1 n
=g *

1—6 -1
T+0(x—1) ! :
[lpu n—> oo BTOPOIl MHOXKHTEJb B NPABOH YACTU CTPEMHTCS
K HyJI0, TaKk Kak R, Mbl HccuenyeM mpH |x— 1| <1, a mep-
BBl ¥ TOCHNENHHMH MHOXKHTeJH OCTAalOTCS OrPaHHYEHHBIMH,
[OTOMY 4YTO IpH JOOOM 7
1 < 1 1—6
TF0e—0) | S T—=[x—1I] * | T+0(x—1)
OtH HepaBeHCTBa oOueBHAHB, ecan O0<x—1<1, a mpu
~—1<x—1<0 caepyor U3 TOro, 4r0 B 3TOM Clyuae

1+0(x—1)=1—0|x—1],
rre 0<6<1lu|x—1|<1. CregoBaresbHo, npu |x—1|<1

n-1

<1

lim R, =0,
a TI0O3TOMY paBeHCTBO
nx=(—1)-Cg =0y
o1 (x—1)"
F(=D ... M
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BEpHO NpH BCeX 3HaueHMsiX x u3 uHTepBaya (0, 2). 3amerum,
uto BHe uHTepBata (0, 2) pan Teinopa, KOTOpHIY MBI cOCTa-
BHJIM 131 (pYHKUMH InXx, pacXOAUTCH, M IOSTOMY HE MOKET
BolpaxaTh In x. OueBHAHO, YTO STOT psif PACXOAHUTCS H TpH
x=0, a 0py x=2 MOXKHO JIOKa3aTb, YTO OH CXOJHTCS, XOTS
M He abCoJIOTHO.

Ecmu Tenmepp B paBeHctBe (1) BMecTo x moxcraBum 1--x,
TO AN X, YAOBJEeTBOpsiOmMX ycjoBuio 0 < 14-x < 2, uin
x| < 1, moamyuum:

m(l+x)=x—%+Z— 4+ (=D="2 .. @
3amensiss 3ateM B paBeHCTBe (2) X Ha — X, HOJYYHM:

2 3 n .

In(l—x)=—x—%—%— ... -2 —.., 3)

NpHuéM paBeHCTBO (3) ONATb BEpHO JJIs X, YAOBJIETBOPSIOUIHX
yenosuio | x| < 1. Ham usBecTHO, 4TO pasHOCTb ABYX CXO-
ISAIIMXCS PSJIOB €CTh ONATb CXOASIIMEACH psj, NpUYEM ero

CyMMa eCTb PasHOCTb MeXJy €yMMaMH JBYX JAHHBIX PSIZOB.
YuuteiBas 3TO, 4 TakXkKe TO, UYTO

In(14x)—In(l—x)=lnpr%,
u3 (2) ¥ (3) nosy4uM paBeHCTBO

=2 (454 gt ), @

Koropoe GyZeT BEpHO JJisl BCeX X, YHOBJETBOPSIOMIHMX YCJO-
BuiO |x| < 1.

Ecmu p v g — HaTypasibHble YHCJA, TO, OYEBHIHO,

1,
’p+q| <
a mosTOMy B paBeHCTBe (4) MOXKHO B3ATb

pP—q
r=
p+q

Tak kKak B 3TOM CJliyuae

TO HMEeM:



®opmysolt () MOXKHO IOJB30BATbCA JJISl  BBIYHCJICHHS
HATypaJbHbIX Jorapu¢moB. Tak, HampuMep, B3fiB p=2 H
g=1, nonyuyum:

1 1 1 1
1n2=2{§+w+5—3§+ PPN -|—m71+ ...} ,

rje IpaBas 4aCTb PaBeHCTBA eCThb ObICTPO CXOAAMHMHCA PAA,
yOOOHBIE JJIT  BBIYHCJIEHHA NPUOGIMNKEHHBIX 3HaueHuH In 2.
Ecau In2 yxe BBIYHCJEH C HyXKHOH CTENEHbIO TOYHOCTH, TO
npu p=3 U ¢=2 noJayyum:

1, 1 1 1

ITonarast Inn yX&e BBIYHCJICHHBIM, IIOJy4YHUM:

1,1 1
In(n41)=Inn+2 {2n+lT3(2n+1)3+5(2n+1)5+ } .

Mbl BHAMM, YTO psij B 0paBofi YacTH STOTO paBEHCTBA
CXOAHUTCS TeM OblcTpee, yeM 0oJblle 71; IOSTOMY C BO3pacTa-
HMEM 71 BBIYMCJEHHA JorapudmMoB CTAHOBATCH BCEé OGoJiee H
6oJiee IPOCTHIMH.

Cocrapus TakuM NyTéM TaGMMIly HAaTypaslbHBIX JOrapudmos,
JIETKO TlepedTH K Tabjuue JorapudmMoB ¢ KaKMM-JHOO APYTUM
OCHOBaHHeM a. [leficTBUTeNbHO, NYCThb

x=]gay~

3To 03HAYaeT, 4TO
a*=y.

Eciu Tenmepe Bo3bMEM OT 0GeMX uYacTeHl 3TOrO DaBEHCTBA
HaTypaJbHble JOrapU(pMbl, TO IOJY4HUM:

xIna=Iny,
OTKyZa
__Iny
X = -ln—a' .
CrnepfoBartelbHO,

138



T. €., YMHOXas HaTypajibHBle JIOrapuhMbl 9YHCeJ Ha OIMH
B TOT XK€ MHOXKHTeJb

_ 1

~ Tna’

Ha3biBaeMblil MOJyJieM IepeXxoja, Mbl NOJyYHM COOTBETCTBYIO-
mye Jorapumbsl ¢ OCHOBAHHEM Q.

10. Pasnoxenne OGunoma. IlocraBum cefe 3ajauefi pas-
JIOXKUTb 1O cTeneHsM x OuHoM [ (x)=(1-4x)". Eciu m—
IeJioe TOJIOXKUTENbHOE YHCJO, TO pasJioKeHHe f (X) mpeicTaB-
JseT KOHEURyIO CyMMy M IoJyyaercd IO Qopmyse OnHOMA
Heiorona. Ho 3pece Mbl mox m nonumaeMm Jioboe JeHCTBH-
TeJIbHOE YHCJO, a MO3TOMY JIJsi pelleHus 3ajauyy npujércs
JaHHbIi GWHOM paanaraTb B psl MakJjopera. Beuncium
npoussofuble oT (ynkuuu f(x)= (14 x)™

FEy=m(d4+x)™ f'x)=m@m—=1)(14+x)"2, ...,
f™xy=m(@m—1) ... [m—@m—1]1+x)""
[Tpu x =0 nosyuum:
FO)=1, F O =m, FO)=m(m—1), ...,
f™O0)=m@m—1)... [m—(n—1)]

Orcrona Buamo, uro Gunomy (l--x)™ coorBercTBYeT PR
MakJtopena

m(m—1)

I +mx 4 —gr—x*+. .. —I—m(m—l)"'fgr—(n_l)]xn—l— .

Haiigém o6uacTb cxomumocTd sToro psipa. JJas 3toro Boc-
noJb3yemcst npusHakoM JlamamGepa

m(m—1)...[m—(n—1)](m—n)

xn+1
lim (ot 1)
o0 m(m—1)...[m—(n—1)] o
nl
. m—n . m n
= ellim | S = ]t =y =)

CrenoBaTesbHO, pan cxomurcs mpu |x| <1 u pacxoaures,
korzga |x|> 1. Ilpu |x|=1 uccrenoBaHue CXOAMMOCTH psija
He npoBoauM. JloKaxeM Temepb, uTo mpH — 1 < x < 1 ocra-
TouHbll uneH R, ¢opmyasr Maknopena nas Gunoma (14 x)™
CTPeMHTCS K HYJNIO, KOIJa 7 HEOTPAHMYEHHO BO3pacTaer.
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C sroit neapto cocraBuM R,, B ¢opme Korun:
xn 1—0 -1
Rn — ( ) f(n)(ex)

"'1—6" men
=%—m(m—— o [m—(n—1)] (1 + 0™,

OTKYyJa IOJIyuYuM:

m(m—1)...[m—(n—1)] ,n
an|= (n—1)!

n—1

el D B

14-6x
Ilpy n—co B Bolpaxkenun |R,| TOCHeRHHH MHOXKHTEJb

ocraércss mexay (1—|xpPp™* u (1+4|x|)™*, a BTOpOH —
MeHbIllE eJVHHLBI, TaK Kak

|1+ﬂe|<1

yro npu 0 x <1 oueBnano, a mpu —1 < x <0 BugHO W3
TOTO, YTO B 3TOM CJIydyae

1—0  1—9

T+0x 1—0]x|’

rie |x|<<1. Jlerko 3aMeTHTb, 4YTO IepBbI MHOXKHTENb
B BblpaxeHuH |R,| ctpemutcs kK Hymo. [las storo pocra-
TOYHO y6enm‘bca npu noMmomH npusHaka J[lamamGepa, 4TO
psn

S | mlm—1) ... [m—(a—1])
‘ =1

n_

B uHTepBale — 1 < x <1 cxomuTcs, a 3HauuT, €ro oOUIMH
yJleH, IpeJCTaB/SAIOMH epBblii MHOXKHTEJb B BhIpaXkeHuH | R, |,
CTPeMUTC K HYJMO, KOrjga n-—> co.

CrnenoBatenbHo, npH | x| <1

'}im R,=0,
a TosTOMY -
(Iam=14mep 20D ey
+m(m—l) ln—(n—l)]xn+

n!

IJl BCex sHaueHuil x u3 uHTepBaja (—1, 1).
Ecin m — uesioe IOJOXKHTEIbHOE YHCHC, TO f™ (x) =m!, a
fm* (x) =0; nostoMy psn Maknopena pisa Gunoma (14 x)™
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B 3TOM Ciyuyae oBopBETCS Ha uNieHe, cofepkameMm x™, Tak
KaK OCTajibHble WIEHbl GYAYT PaBHBI HYJMIO, U Mbl HOJYYHM
#3BeCTHYIO (popMyny OuHOMa HbloToHa

(I4+x)"=1 —l—mx—l—ﬂ";l——l)xz-l- cee Hx™

11. O paGorax COBeTCKHX MaTeMaTHKOB. B TeopHH psOB
BaXKHOe MeCTO 3aHHMMAalOT TPUTOHOMETPHYECKHe DPSJbI

120_ + Z (a, cos nx + b, sinnx).

n=1

OcHOBHOe CoOfiep>KaHHe TEOpPHUH 3THX DSALOB B 3HAUMTEJb-
HOl Mepe COCTOMT M3 pe3yJbTaTOB, MOJYyYeHHbIX COBETCKMMH
matemarukamu. Kpome H. H. Jlysuna, ¢ynzamenrajabHas
pabora xoroporo «VHrerpas u TpUroHOMeTpHUYECKHH DSy yKe
yIOMUHANACh, B 3TOf 06JacTH paboTas LeJblil psA COBETCKHX
MareMaTHKOB. B Bompoce 06 yCIORHSIX CXOAMMOCTH TPHIOHO-
MeTPHUYECKUX PSIOB OYeHb IIeHHbIe pe3yJbTaThbl ObIIH IOJYYeHb!
A. H. KosmoroposbiM, I'. A. Cemnepcrosbim ¥ A. K. [lnec-
caepoM. B 1940 r. JI. E. MenbiuoB pemua npo6JieMy, NOCTaB-
JeHHylo 3a 25 jiet go storo H. H. JlysunbiM, 10Ka3aB, 4To AJs
BCAKOH M3MepHMOH (yHKUMH Ha [ —w, =] CyIeCTBYeT TpH-
FOHOMETPUYECKHH PAN, CXOAAMMHECA K Hell IOYTH BesJe.
B Bompoce 0 eQMHCTBEHHOCTH TPUTIOHOMETPHUECKHMX pPSAJOB,
T. €. B BONpPOCE O TOM, CKOJBKO CYILLECTBYET TPUTOHOMETpH-
YeCKMX pAJOB, NpPEJICTaBJAIOMINX JAHHYIO (YHKUHIO, IIeHHbIE
pes3yJbTatsl Obltu nosyuens! JI. E. Menpmoseim ¥ H. K. Bapu.
MoxkHO 6blIO Obl Ha3BaTh ellé MHOTO COBETCKMX MaTeMaTH-
KOB, KOTOpble CBOMMHM paGoTaMH 3HAUWTeJbHO OOOTaTHJIH
TEOpHIO PSJOB.



TJIABA VIl
AN PEPEHIMAJDBHBIE YPABHEHHS

I. OcHoBuble noHsaTHa. IlycTh uMeeM ypaBHeHHe
F(x,y,¢,, €5 ...,C,)=0, (1)

rie ¢y, Cy, ..., C, — NPOU3BOJIbHEIE TIOCTOsSIHHBIE. Ecau B 3TOM
yPaBHEHHH 32 TIOCTOSIHHBIE Cy, Cy, . .., C, BO3bMEM ONpeJeNen-
Hble 4HCJa, TO IOJYYHM YypaBHEHHE OIpeleNéHHOH KpHBOH
Ha IJIOCKOCTH xoy. Ecau ke 3a ¢, C,, ..., ¢, OpaTb pasiuu-
Hble CHCTEMBl YMCeJN, TO U KpHBble OYIyT IIOJyYyarbes pas-
Jauudele. TakuMm ofpasoMm, ypaBHeHue (1) BepaxkaeT HEKOTO-
poe MHOXKECTBO INIOCKHX KpHBBIX. IlocTaBuM cebe 3ajaueft
HalTH ypaBHeHMe S5TOrO XK€ MHOXKeCTBa KPHBBIX, HO Takoe,
KOTOpOe He cofepxkajlo Obl NPOH3BOJbHLIX IOCTOSHHBIX
€y, Cyy -y Cy, @, CJENOBATEJbHO, BBHIpAXKAJO Obl obMmee
CBOHMCTBO BCeX KPHBBIX 3TOro MHOXKecTBa. IlocTaBieHHyo
3aflauyy MOXKHO pellluThb Tak. IlpogudipepeHurpyeM obe yacTH
ypaBHeHns: (1), cuuTas IpH 3TOM Yy (YHKLHEH OT X, OIpe-
JeJE€HHOH 3THM ypaBHeHHeM. B pe3yJabraTe nojyuuM HOBOe
ypaBHEHHe, KOTopoe OyZeT COJep:Karb, KpOMe NpPEKHHX X,
Y U C,Cy...,Cp, €lle U y'. IDTO ypaBHEHHE MOXKHO 3allH-
caTh TaK:
Fi(x,y,9,¢,C5 ...,,)=0.

TlonyuenHoe ypaBueHue cHOBa jnuddepeHuupyem u T. A. Ilpo-
JlelaeM 3Ty ONepalHMio n pas, moJjarasi, KOHEYHO, IIPU 3TOM,
4yro ypaBHeHHMe (1) TakoBO, uTO n-xpatHoe AupdepeHIy-
poBaHHe BO3MOXKHO. B pesysbraTe HOJyYHM CHCTEMY YpaB-
HeHUH
F(x,y,c1, €5y .00y6q)=0
Fi(x,y,y",¢, Cgy o ovyCpy)=0
. e ' @

Fo(x, 4,9, ..., Y™, ¢4y «..,Cy)=0
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KOTOpasi ycranasiuaer n--1 cooTsomenn#t mexny x, y, y',

Y, ...,y™ ¥u TPOU3BOJNbHBIMH IOCTOSIHHBIMH Cy, Cg, « .+, Cp.
Hckmouum 3Tu nocrosignble. Jlas 3TOro mepBhle # ypaBHe-
HU CHCTeMBl (2) pellUM OTHOCHTENBHO Cy, Cy, -« ., Cp, T. €.
BEIDa3HM KX uepe3 BCe OCTajbHble BEJNHYHMHB—X, Y, Y,
Y, ...,y Y, coumepxammecs B 3THX 1 ypaBHEHUSX, M Haf-
JIeHHBle 3HAYeHHsI
a=91(x, 4, 4, ..., y"=h)
C=(X, 4, 4, ..., Yy h) .
©)
C.n=‘Pn(x, Y, y’, ) !/("_l))

NOJACTaBHM B ToOCJejHee ypaBHeHue cucteMn! (2). Torpa mo-
Jy4UM ypaBHeHHe

fx,9.9,9",...,ym)=0, (4)

KOTOpOe yCTaHABJMBAaeT COOTHOLIEHHe MeXAy X, Y, Yy, Y, ...
.v., Y™, HO yKe He COXEPXKUT NPOH3BOJBHBIX IIOCTOSHHBIX.
3mech MBI ToJlaraeM, 4To Cj, Cy, - ..,C, HEJNb3S HCKIIOYHTb
U3 MeHBIIEro Ymcja, 4eM 71, COOTHOMeHHH (2).

YpaBuenue (4) HasuiBaeTcs Oughdepenyuarvrvim ypasHe-
Huem WMHOXKecTBa KpuBbiXx (1), a ypaBuenne (l)— o6wunm
unmeepasom AHGbepeHIHaNbHOrO ypaBHeBus (4). PyHkuus,

y":q’(x’ €y Cos ""Cn)’ (1’)

onpejnensieMass COOTHOIIeHHeM (1), M MO3TOMy YAOBJIETBODS-
omas AugdepeHUINaNbHOMY ypaBHEHHIO (4) NpH NPOM3BOJb-
HBIX 3HaYeHHSX MOCTOSIHHBIX Cy, C, . . ., C,, HA3BIBACTCS 0OUUM
pewenuem IuddepeHnUalbHOTO ypaBHEHHS.

3ajaua pelleHus, MJM, KaK TOBODAT, UHMeE2PUPOSAHUA,
IuddepeHIHaNbHOr0 ypaBHeHus (4) sakjoyaercs B TOM, YTOOH
HaliTh ero oOmiee pemeHue (1°) uam obmmit uuTerpana (1).

Mbl BHEM, YTO YHCJO NPOU3BOJIbHBIX NOCTOSIHHBIX B 00-
IeM MHTerpaje, a 3HauuT, U B OOIeM pelleHHH, COBNAjaeT
¢ nopadxkom pAuddepeHLHANBHOrO ypaBHEHHUs, T. €. C NOpAJ-
KOM BbICIIel NPOU3BOJHOH, cojepxauielica B AHdPepeHLU-
anbHOM ypaBHeHHH. Ecam' B obmem HHTerpane (B ofmeM
peleHHH) NPOU3BOJBHBIM IOCTOSIHHBIM Cy, C, .- ., C, AaTh
onpejieéHHBle 3HAUYEHMS, TO IONYUYUM 4aQCMmHbL uHmeapai
(wacmmoe pewsenue).

Ecnu pemenne HeKOTOpPOH 3amauyu CBOAUTCH K HHTErpPH-
poBaHHIO AudbepeHnHaSbHOIO ypaBHeHHUs, IPUYEM TIO CMBICIY
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3amaun TpefyeTCs HAaUTH OJUH KOHKDETHHI OTBET, TO 3TO
03HAuaeT, YTO HaJO HAHTH He TOJbKO OOLIUH HHTerpas, HO
U BBJIEJUTb H3 HEro YaCTHBI HHTerpaj, COOTBETCTBYIOMMH
YCJIOBUSIM 3ajiauH, MJH, KaK TOBODST, HAYAAbHOIM YCAOBUAM.
Tak kak JJd INOJy4YeHHs 4YaCTHOI'O HHTerpasa M3 oOlLero
HaJ0 3HaTh, KakHe 3HAYeHHUs CJelyeT JaTb HPOHU3BOJBHBIM
NIOCTOSIHHBIM  Cy, Cy, + . ., C,, TO MaTeMaTHYeCKOe BHIpaKeHHE
HauaJbHBIX YCJOBHH ycMarpuBaeM H3 paBeHCTB (3). ItH
YCJIOBHSL 3aKJIOYAIOTC B TOM, YTOObl IIDH HEKOTOPOM 3Haue-
HHM X = X, ObIM JaHbl 3HAYEHUs] HCKOMOH (YHKIHM y H eé
nepBbix n— 1 npousBonubix. OGo3HAuasi 3TH 3HAYEHHS COOT-
BETCTBEHHO uepe3 Yy, Yo, - - ., Y§*~1), HauaslbHble YCJOBHS
s guddepeHIHaabHOTO YPaBHEeHHs #72-TO NOPsIKa BbIpa3aTCs
paBeHCTBaMH:

X=Xo, Y=Yo» Y =Yg, .-, Y-V =y{*" V. (5)
Tak, manpumep, eciu

ds d2s
f (t: S, a ) F) =0
€CTb YpaBHEHHE€ JBHXKECHHUSA MaTepI/IaJIbHOI':I TOUYKH, TO Hauallb-

Hble YCJIOBHSA
ds ds
t——fo, §=125,, @ d_t>o

03HAQUaT 3ajlaHHe IOJIOKEHHUS] TOUYKH B HAYajJbHBIH MOMEHT
BpeMeHH f, H CKODOCTH B 3TOT MOMEHT, T. €. HauaJbHOH
CKODOCTH.

2. OpnopoxnHbie JuHeiiHbie ypaBHenusi. OfHUM U3 Hanbosee
BaXKHBIX THINOB JHb(epeHuHaNbHEIX YpaBHEHHH, HMEIOLIHM
0oJibllIoe NpaKTHYecKoe 3HaueHHe B eCTeCTBO3HAHHM H TeX-
HUKe, SIBJISIETCSI ypaBHEHHe BHUZA

L) =22 by ()t by (1) E by (1) y =0, (1)

KOTOpOE€ Has3blBAaeTCSl OOHOPOOHbIM AuHelinblm TudbdepeHnHu-
aJIbHBIM ypaBHeHHWeM n-ro mopsiika. 3xech L(y) ectb kpar-
Koe BhIpa)keHHe JieBOH uactd ypaBHeHus (1), T. e. pesyib-
TaT TexX JAuddepeHNUaNbHBIX oNepanuii Haj OGYHKUHEH Yy,
KOTOpble YKa3aHbl B 3TOH 4acTH ypaBHeHHsl. KosbdHIHeHTH

ky(x), Ry(x), ..., k, (x)— dyskuuu ot x. Iloap3ysacs o6o3Ha-
uyenneM L (y), ypaBHeHue (1) MOXKHO 3amucaTh Tak:
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Cnenyomue fgBe TeopeMbl BbIPa’KalOT XapaKTepHblE CBOHCTBA
OJJHOPOJHBIX JIMHEHHBIX ypaBHEHHH.

Teopema |. Eciu byskuus y, SBISeTCS pelIEHHEM
ypaBHEHUS

L(y)=0, (M
TO U QYHKIMS cy;, TAe C— NPOH3BOJIbHAS IIOCTOSIHHAS, €CTh
peleHye 3TOro ypaBHEHHUS.

Hoxasameascmeo. U3 onpepenenns L (y) HemocpeACTBEHHO
CllefyeT, uYTO

L (cyy) =cL (y,)-
Ho

L(y,) =0,

TaK KaKk 10 VCJOBHIO Y; €CThb pemeHue ypaBHenus (1),
a Mo3ToMy M

L(cy,)=0,
T. €. GyHKUus cy; ypaBHeHuIO (1) yIOBJETBOpSET.
Teopema 2. Ecmu OysKUMYM Yy, Y, --., Y, SBJIAIOTCH
pelIeHUsME YpaBHEHHS
L(y)=0, (1)

TO ¥ QYyHKIMSA Y+ Yo+ . .. -+ Yy, ecTb pellieHne 3TOrO ypas-
HEHUA.

Hoxaszameascmso. W3 onpepenenns L (y) crexyer, uTO
L(yy+ ot .- +yp)=Ly)+L(Y)+ ... + L (yp)-
Ho

TaK KaK IO YCJIOBHIO Yy, Ys, - - -, Y, — PellieHns ypasHenus (1).
CnenoBaresibHO,

Ly +ys+...+y,)=0,

T. e. Qysruus ¥;+y,+ ... +y, ypassenuio (1) yxoBieTBoO-
pser.

Caedcmeue. Ecmn y,, y,, .. ., y, — petenns ypasuenus (1),
TO CiYy+ColYfp+ - +Cplp, THAE €y, Cyy - - -, €, — IPOU3BOJIL-
Hbl€ IIOCTOSIHHBIE, €CTh TaK)Ke pellleHHe STOrO ypaBHEHusl.
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JleficTBUTeNIBHO, B CHJy TeopeMHl | KaxJoe cJjaraeMoe
C;Y; €CTb pelleHHe ypaBHenHs (1), a B cuiy TeopeMsl (2) cymma
P

STHX pelIeHHuil ) ¢;y; ONATH €CTh PellleHHe TOTO JKe yPABHEHHS.
i=1

Orciona MBI NOJYYHM HampaBlieHHe, B KakoM CJeLyeT
HCKaTh ofliee pelleHHe OJHOPOJHOTO JHHEHHOIO ypaBHEHHS.
B camom Jjene, mycTb MBI HAlJIH A YacTHBIX peLIEHHI
Y1, Yss - - ., Y, ypaBeenus (1). Torza

y=cly1-1'—c2y2—1,— e +cnyn’ (2)

rje ¢y, Cy, ..., C, — [IPOU3BOJIBHBIE IIOCTOSIHHBIE, TaKXKe ecThb
pemenne ypaBhenus (1). Tlomus, uTo ofuiee pelileHHe ypas-
HeHH n-TO TOpSiKA eCTb Takoe pelleHHe, KOTOpOe COzep-
JKUT N TIPOU3BOJIBHBIX [OCTOSIHHBIX, Yy HAac €CTb OCHOBAHHS
OXHIaTh, YTO COOTHOLIeHHe (2) Bhlpaxkaer oOllee pelleHHe
ypaBHenuss (1). OpHako oOKasbiBaeTcsi, YTO 3TO He BCerga
tak. Hanpumep, ecnu BosbMéM y, =2y, (4TO BO3MOXKHO, TaKk
KaK, B CHJy TeOpeMbl 1, eciH y, eCTb pellleHHe YpaBHEHHs
(1), To u 2y, Gyner pelIeHHEM 3TOrO YpaBHEHHs]), TO COOT-
HOIUeHHe (2) NpHMeT BHA

Y=(c1+2c,) Y+ Colfy+ - - - 4 Cp1 Yua-

3mech ¢;+2c, ecTb INpOH3BOJbHAs IOCTOSIHHas, KOTOpast
MoxeT ObITb 00O3HaueHa IpPOCTO Yepe3 ¢;; MO3TOMY COOTHO-
weHue (2) MOXHO 3amucaTh TaK:

Y=0CY;+ColYfo+ - -« +Cpny Yp-1-

3TO mnoKasblBaeT, YTO B JAaHHOM CJlyyae COOTHOLIeHHEe (2)
He BbBIpa)kaeT OOIero pellleHusi, TaK KaK B JeHCTBHTEJbHOCTH
COZEPKUT IIPOM3BOJIbHBIX TMOCTOSIHHBIX HE 7, a MEHbIIe.
Orcioga cregyer, 4TO Helb3si COCTaBUTb OOlllee pelIeHHe
ypaBHenus (1) mo dopmyJe (2) H3 KaKUX YrOZHO 4aCTHBIX
pemleHuii storo ypaBHeHus. Ho 3To, Koneuno, eui€ BoBce
He O3HayaeT, YTO He CYIIeCTBYIOT TaKHe YacTHhIe
pellleHHsl, H3 KOTOpPBIX JEHCTBHTENBHO MOXKHO 00pa3oBaTh
obuiee pemenve no (opmyne (2). Bnosue sakonno mnocra-
BUTb BOIIPOC O TOM, KakKHUM YCJOBHSIM JOJIKHBI YIOBJIETBO-
pATb YacTHblE pelIeHUs Yy, Ys, - - -, Y, ypaBHenus (1), 4TOOHI
GyHKUMST Yy, COCTaBlieHHasi W3 HUX 0o dopmyte (2), Obiaa
OOIIHM pelIeHHeM 3TOr0 YpaBHEHHs.

OueBuzHO, YTO COOTHOLIEHHe (2) TOrha BhIpaxkaer oobliee
pellleBHe, KOrJa U3 HEro IpH IIOMOLIM HayaslbHbIX YCJIOBHH
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MOXKHO BBIIEJHUTD Jo0oe YyacTHoe pelienve, T. €. KOTAa

TIOCTOSIHHEIE Cy, Cy, - - ., C, MOXKHO BHIOpAaTh TaKHM 00pasoM,
yTOOLI TIPH YACTHOM 3HAUEHMH X, HesaBHCHMou nepemeHHoux
GyHKIHSA y U e mepBble 7 — 1 NPOM3BOJHBIE Y', y , YD
UMeny  JIOOble  3afaHHble 3HAUYEHHS Yoy Ygr - - +» y (n—1).
Ho BO3MOXHOCTH BHIGpPAaTh Takue Cy, Cyy ..., C, O3HAYAET
BO3MOXKHOCTb ~PELIHTb OTHOCHTENBHO Cyy Coy + -+, Cp CJENY-

IOMYI0 CHCTEMYy 7 JiHiAefHbIX HEONHOPOJHBIX ypaBHEHHH

C1l10 -+ Colfogt+ - - -+ Crlfno = Yo ]
C1¥10+ Calfag + - -+ Cplfno= Yo l
e C & (3)

cly(n—l)_]_cy(n—l)_l_ —1—01!/(”—]) (On—x) J

rge M8 KPAaTKOCTH TOJOXKEHO Y; (Xo) = Yior Y (%) =y,
NI03TOMY [JeTePMHHAHT 3TOH CHCTeMbl JOJIKEH 6bITb OTJIHY-
HeiM oT Hyna. CienoBaTenbHO, €CHH Yy, Y, - . ., Y, TAKOBHI,

4YTO ACTEPMHHAHT

Y1 Ys --. Yn

Yy Yo oo Yn
—1 — —

D 7L g

KOTOpBIil HasblBaercs demepmunanmom Bporckoeo u 06o3Ha-
yaercss cuMBoJoM W (Yy, Y, - - ., Y,,), HE PaBEH TOKAECTBEHHO
HYJIO, TO, B3gB 3a X, TaKOe 3HAaUeHWe X, NIPH KOTOPOM 3TOT
JIETEPMHHAHT OTJHYeH OT HyJs, cucreMa (3) MoxeT OBITh
pelieHa OTHOCHTEJIBHO Cy, Cyy ..., C,, @ 3TO O3HAYaeT, YTO
coOoTHoIIeHHe (2) COXEepKUT. IIoGoe YaCTHOe pellleHHe, T. €.
npeicraBiseT ofliee pelleHye.

CucreMa #n TakHX 4YacTHBIX pelleHHH Yy, Yy .. ., Y,, ORHO-
POZHOrO JHHEHHOTO ypaBHEHHUS A-TO NOPSiKa, 4TO JeTepMH-
HaHT BpoHCKoro, cocTaB/IeHHbIH U3 HUX, He paBeH TOXJeCTBEHHO
HYJIO, T. €. TaKHX pelIeHHH, M3 KOTOpbIX Ofllee pemIeHue
MOXHO COCTaBHTb 1O GopMmyJe (2), HaspiBaercs (yHoamer-
maabHOU cucmemori 4aCTHBIX pelleHuH.

Ilosb3ysack 3TUM MOHATHEM, MBI MOXKEM CKasaTh, UTO
HHTErPHPOBaHHE OJHOPOJHOTO JIMHEHHOIO ypaBHEHHs CBOAMTCS
K OTBICKaHMIO (DyHZaMEeHTaJbHOH CHCTeMbl YaCTHBIX peLIeHHH
5TOTO ypaBHEHHUS.
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3. HeopHoponubie Jauueiinpie ypaphenus. HeoOHopoOHeLm
AUHEIHBIM YPaBHEHHEM A-TO TIOPSIIKA HA3LIBAETCS YyPaBHEHHE
BHzA

LW=T8 by () Tt by () Dby (1) y=F (). (1)

Ecau B ypaBHenun (1) mpaBylo uyacTb f(X) 3aMeHHUM HyJéM,
TO TOJYYNM OJNHOPOJHOe JiHHe#iHOe ypaBHenue L (y)=0,
KoTopoe Mbl OyneM HasblBaTb COOTBETCTBYIOLIMM JaHHOMY
ypaBueHuI0 L (y) = f(x). Jokaxem cJepyiomue IBe TEOpeMbl.

Teopema 1. Obuiee perenve y NaHHOTO HEOJHOPOIHOIO
JIMHEHHOTO ypaBHEHHsS eCTb CyMMa OOIIero pelIeHHs u COOT-
BEeTCTBYIOIETO OJHOPOJHOTO JIMHEHHOrO ypaBHEHHS ¥ YaCTHOTO
pellleHHUs] U JaHHOTO ypaBHEHHS

y=u-o.
Jlokaszameascmeo. Tag Kak
L(u+v)=L(u)+ L (v),
npuuém L (u)=0, a L (v)=f(x), ubo u ectb peleHHe ypas-
neunss L(y)=0, a v— pemenne ypasrenus L(y)={f(x), TO
MeeM:
L(u+40v)=f(x).

dro o3Hayaer, uTO u- v ecTh pewenre ypasHenusi (1). Tax
Kak u, 6ynyuu obwjum pemeHueM ypasHeHus L (y) =0, coxep-
KUT 1 TPOU3BOJIbHBEIX NOCTOSHHBIX, TO M CYMMa & -+ v cofep-
XKUT 7 IPOM3BOJBHBIX IOCTOSIHHBIX, & 3HAYHWT,

y=u+v

ecTb 0bujee pemleHue ypaBHeHus (1).

Teopema 2. Eciu v, v,, ...,v, SBIAIOTCA pelICHHAMH
COOTBETCTBEHHO ypaBHEHHI

L =Ff(x) L@)=[(x), ..., L(y) =1, (%),
TO
v=0,+0,+...+07,
€CTh pelleHHe ypaBHeHHUS

L) =FHx)+f@) + ... +7p ).
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Hoxasameavcmseo. Tak Kak

L(vl+02+...—‘rvp)=L(vl)+L(02)—|—...—l—L(vp),

u, kpome Toro, L (v;)=f;(x) (i=1,2,...,p), ubo v; ectb
pewenve ypaBHenus L (y)=Ff; (x), To

L(01+02_:_ e ":—Up)=f1(x)+ fz(x)+ e +fp (X),
T. C.

V=0,4Uy+ ... 50,

YPpaBHCHHIO

L) =FH) +HE+ . +1p (%)

YIOBJIETBOPSIET.

[TepBasi TeopeMa 3aJjauy UHTErPHPOBAHUS HEOJHOPOJIHOIO
JIMHEHHOrO YpaBHEHHS CBOAWT K HHTETPUPOBAHMIO COOTBET-
CTBYIOIIEr0 OXHOPOXHOIO JIMHEHHOrO ypaBHEHUS M OTBICKAHMUIO
KaKoro-HuOyJIb 4YaCTHOTO pelleHHsl JTaHHOTO ypaBHeHus.. Bro-
pas TeopeMa MO3BOJSIET YIPOCTUTb 3aJauyy OTHLICKAHMS YacT-
HOTO peIlleHHs] HeOJHOPOJHOTO JIMHEHHOrO ypaBHEHHsI, KOraa
ero mpasast YacTb NIPEJCTABJISET CYMMY HECKOJbKUX (YHKIUH.

4. OpHopopHble JMHelHble YpaBHEHMS C [OCTOSTHHBIMH
koadunuenramu. 3pecb Mbl OIpaHHYMMCS pAcCMOTpeHHEM
ypaBHeHHs] BTOPOTO MOpPsAKaA.

IIycte mMeeM ypaBHeHue

L(y)—dxz ldx+k2y 0, ©]

rae k; u k,— mobele JefCTBUTeJbHBIE uucaa. YToOB HalTH
oflllee pelleHHe 3TOrO ypaBHEHHWs, HaM Hajgo, Kak OBblIO
NOKA3aHO BhIIIe, HaATH ero (yHIaMEHTAJbHYIO CHCTEMY
pelreHuii, T. e. TaKWe J[Ba peIICHUS Y, U Y, UYTO JeTepMH-
HaHT Bponckoro W (y,, y,), COCTaBJIeHHbIH W3 HHX, He paBeH
TOXKJIECTBEHHO HYJIO, a 3aTeM BOCIOJb30BaThCA (POPMYJIOH

Y= cC1Y1+ Yy, 2)

rae ¢, U C, — NPOM3BOJIbHBIE IOCTOSIHHBIE,

Ditmep jman crenyomu#i  cnoco6 OTHICKAHHS YaCTHBIX
pelileHu#i ypaBHeHus (1).

Bo3pMéM mokasaTenbHYyI0 (DYHKIMIO

y=e'*
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¥ YHCJIO 7 TOCTapaeMcsi BbIOpaTb TakK, 4TOOB 3Ta (DYHKIHS

ynoBnerBopsiia ypaBHenuto (1). C sTo#i menpio HOACTaBHM
B ypaBHeHHe (1)

—_— dy_— rx d2y 2 prxX

y=e, a—re , a?=fe .

Torma noJyuum:
L(erx)=erx(r2_{_k1r+k2)=0,

OTKyZa BHJHO, YTO GYHKUMS Yy =e™* OyHeT yJOBJETBOPSThH
ypaBHeHu10 (1) Torza M TOJNBKO TOTrAA, KOrAa r OyHeT KOpHEM
ypaBHeHHs

r2+kyr+k,=0, 3)

KoTOpoe OyaeM HashiBaTh XQAPAKMEePUCMUHECKUM YPABHEHUEM.
3xech BO3MOXKHBI TpH CJydas.
Ilepeovii cayuaii. IlycTb KOpHM 7; M r, XapaKTepHCTHYe-
CKOTO ypaBHeHHMs (3) pasJMuHble: ry # r,. B 3TOM ciayuae Ml
NOJyYyuM JiBa pellleHHs ypaBHeHHus (1):

y1=er1x U y2=er2x’

NpUYEéM OHH 00pasyroT (QyHAaMeHTaNbHYIO CHCTEMy pelleHHil,
TaK Kak

erix erax

W (Y1, Yo)=

—_— r r X —_—
rierx  r.erex = et ¥(r, —r;) # 0.

CrnepoBarenbHo, ofllee perueHne ypaBHeHus (1) B sTom ciay-
yae Oyner
Y =c,e"* 4 cyen*,
rie ¢; U C,— IPOU3BOJIbHBIE MOCTOSHHEIE,
Bmopoti cayuati. Tlyctb KOPHH XapakTEPHCTHUECKOrO ypaB-

HEHHsl pasJiMuHble, HO KOMILIEKCHBle YHcJa. Torna onu 00s3a-
TEJIbHO COIpsIKEHHbIE

ri2=a 4 bi,

TaK KakK KOS(QHUIMEHTH ypaBHeHMSI R, H k, — IeHCTBHTeNb-
Hple yucaa. B sToM cayuae oflee pemenue

Y= Cle(a-l-bi)x __l_ Cze(a—bi)x
150



MOXKHO Impeo6Gpa3oBaTh TaK, 4YTO B HEM HE OyIeT MHHUMBIX
BeJIHYHH. JIeHCTBHTENbHO, MBI HMeeM:

cle(a+bi) X _*_ Cge(a—bi)x = eax (Cleibx _I__ c2e-ibx) —
= e [¢, (cos bx +isin bx) + ¢, (cos bx — i sin bx)] =
= e%*[(cy + ¢,) cos bx + i (¢, — ¢,) sin bx].
31ech Mbl BOCIOJIB30BaNHCh (hOpMyJiaMH Diijepa
etiz=cosz 4 isinz.
[Tonoxum

rie A n B— moGble jeficTBUTE/IbHbIE yncaa. Torja moJyyuM:
CiFC=A4, i(c;—¢,)=B
CrnenoBarenbHO, KOrjaa ryp=a + bi, ofliee pelleHHe ypas-
Henusi (1) Beipasurcsa QopmyJoi
y=e%%(Acosbx -+ Bsin bx),

rie A u B—npoussonbnme [IOCTOSIHHEIE.

Tpemuti cayuaii. TlycTb KOpHE XapaKTEepHCTHUECKOTO ypaB-
HEHHs paBHBlE. DTO 3HAYUT, UTO

ky
ri,o= -——?

OueBHIHO, YTO B 3TOM CJIydyae pellleHUsl Y, =e’* U y,=er2*
yXKe He COCTaBIsOT (yHIaMEHTalbHYIO CHCTEMY, TaK Kak

W (41, 42) =W (Y1, Y1) =0

[TosTomMy noka Mbl HMeeM TOJBLKO OJHO pelIeHHe: Y, = e1¥,
Bropoe, menocrarollee pelienue y, OyeM HCKaTh B BHAE (YHK-
IIMH e1*z, Tie z— HeusBecTHas ¢yHKnus oT x. Iloxcrasiss
B ypaBHeHHe (1) BMecTO y, ¥y’ M y” COOTBETCTBEHHO

Yy =eroz,
Yo=e*(riz+2'),
ys=en*(riz+2r 2’ +2'),
TNIONYyYHM:
L(y)=e* {'+ 2+ k)2 + (ri+hiri+ky) 2} =0. (4)
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Ho rak kak 7, ecTb KOpeHb XapaKTepUCTHUECKOrO ypaBHeHHs,
TO

ri+kyr+k,=0.
k
Kpome TOro, us yC/IOBHSI, 4TO rip= — -, HMeeM:
2r;+k, =0.

Orcrona cnenyer, uro HckoMas (GyHKIHS IOJKHA yIOBJIETBO-
pATb ypaBHEHHIO

2"=0.
Ho Ttako# ¢yukuue#r Oyner, Hampumep,

z2=x.
[TosToMy 3a BTOpOe perenne ypaBHeHHs (1) MOXKHO B3SITb

Y, = ern*x,

UacTHble pelieHHsl Yy, =e'* U Y, =xe’* CcoCTaBsoT (yHzxa-
MEHTaJIbHYIO CHCTeMY pelneHuil. [lefCTBHTENBHO,

eflx xeflx

W (y1, y,) = =ex £,
(yl yz) rlefl" (1 +r1x) erix +
CJIEJIOBaTeJIbHO, €CIIH 7y =Fy= — k—21 , TO O6I.IL€€ pemeHne ypas-

Henus (1) Bblpasutcs opmynoi

y= (Cl + sz) eflx’
U
_k_lx
y=(c;+cx)e 2 .

PaccMOTPHM HECKOJIBKO IIPHMEpOB.
ITpumep 1. Pemurs ypaBHeHue

y" —3y’ +2y=0.
Pemenune. CocTaBUM XapakTepHUCTHUECKOE ypaBHEHHe

r2—3r+2=0.

Pemasi 310 ypaBHeHMe, HaXOJHM €ro KODHH
ri=1, r,=2.

CrenoBaTenbHO, OOliee pellleHHe NAaHHOTO YpDaBHEHHS! eCTb
Y = c,e* + c,e?*.
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IIpumep 2. Pewntb ypaBueHue

y+y+y=0.

Pemenne. CocraBUM XapakTepHCTHUECKOE YpaBHEHHE

rP4r4+1=0
Pemmast 3To ypaBHeHHe, HAaXOLHM, YTO €T'0 KODHH KOMILJIEKCHEIE

r1:2=—2iV3 L.

CrenoBaTesibHO, HCKOMOe Ofilee pelieHHe eCTb

y=e2 (Acos x—i-lenVT3 x)

Ilpumep 3. Pemuts ypaBHeHHe
Yy 44y’ +4y =0.
Pemenue, CocTaBUM XapaKTepHCTHUECKOE ypaBHEHHE
r24+4r+4=0,

Haxonum ero kKopHH
rl,? = - 20

Otciona BuauM, uTo oOllee pelleHHe NaHHOTO ypaBHEHMSI eCTh
Yy =(cy+Ccox) e—2%,

5. HeomHopoxHble JuHeiiHble ypaBHEHHs C TMOCTOSIHHbIMH
k03 duuuenramu. IlycTb umeeMm ypaBHeHue

L=y +ky +ky=f(x),

rie k, U k,— mobble JeHCTBUTE/bHbIE uHCaa. Brime 6b10
[I0Ka3aHo, YTO ofllee pelieHHe TAKOrO YpaBHEHHS CKJajbl-
BaeTci M3 oOuiero peiuenuss ypaBreHuss L(y)=0 u uyactHoro
pewrenust ypaBHenns L (y)=f(x). Ham yxe wusBectHo, uto
oGuiee petieHue ypaBHeHHs L (y) =0 uumerca npu NOMOILH
XapakTepucTHyeckoro ypaBHeHusi. ClieoBaTesIbHO, HOBBIM 3/1€Ch
ABJSIETCS BOIIPOC O TOM, KaK HalTH 4aCTHOe pellleHHe ypaB-
nenusi L(y) =7 (x). DTOT 2Ke BONpPOC I/ HEKOTOPBIX YaCTHBIX
BUIOB f(x) pellaeTcsi 3JEMEHTapHbIMH INpHEMaMH, B OCHOBe
KOTOpBIX JIEXKHT MeTOJ HeompefeneHHbIX Ko3(hdHIHeHToB. Pac-
CMOTPHM HECKOJIbKO THIOB TaKHMX YpaBHEHHIl.
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1. YpaBHenne BHZa
L(y)’_"Pm(x)’ (I)
rae P, (x) ecTb MHOrousieH m-i CTEIeHH:
P (x)=apx™+ax™ 1+ ... t+an X+ an.
Ecmn B ypaBrenun (1) k, 0, To B MHOrouJeHe
Qrnx)=Ax"+Ax™ 1+ ...+ Ap x4+ An

kosddunuentsr A,, A4, ..., A, MOXKHO BHOPaTb TaK, 4TOOBI
Q.. (x) ynoBneTBOpSJIO JaHHOMY ypaBHeHuio. JlJjsi sTOro jo-
CTaTOYHO NOJACTaBHTb B ypaBHeHue (1) ¢QyHKIMIO

y=Qm(x)’

cumutas noka 4,, 4,. ..., A, HeonpeieJEéHHbIMH, a 3aTeM HaJ0
NpUPaBHATb KOS(DQHUIMEHTH INpPH OJWHAKOBBIX CTEMEHSX X B
muorounesax L[Q, (x)] u P, (x), 4TO 1 JaCT HyXXHYIO CHCTe-
My yPaBHEHMH JJIs1 BHIYHCJIEHHs HeollpeleJEHHbIX KosddHiyeH-
ToB Ay, Ay ov., Ap.

Ecau B ypaBuenun (1) k, =0, HO 2, # 0, T0 L[Q,, (x)] Gyzner
MHOTIOYJICHOM CTeleHH m— |, a 3HauuT, OH He MOXeT COBMNAacCTh
¢ P,,(x), kakuMi Obl KO3(pUUHEHTH Q,(X) HM OBLTH BHIG-
pasbl. 3aTpylHeHHe, OYEBHIHO, GyIeT YCTpaHeHO, eCJH B
3TOM CJyyae yaCTHOe pelleHHe ypaBHeHus (1) GyzeM HCKaTh
B (opMe

Y= me (JC).
Eciu xe k,=0 u £, =0, To JoCTaTOYHO B3ATb
y= szm (x)'

Urak, ecam ypaBHeHue (1) comepxuT HCKOMYIO (PyHKUHIO
Y, TO ero gyaCTHOe pellleHHe Hiiercd B dopme

y=Qm (X),

a ecau B ypaBHeHHH (l) y He cojmepXuTCs, TO gacTHOe pe-
[IeHHe COCTaBJsieTcs B ¢opme

y= prm ()C),

rfe p paBeH NOPSAKY HM3LIEH NMPOM3BOXHON, BXOAsIEl B IaHs
HOe ypaBHeHHe.
I[Tpumep. Pemmnts ypaBrenue

y+y =x.
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Pemenue. O6mum pemenuem Gyner
y =U 'Jl' o,

rie u— ofiee pernreHye COOTBETCTBYIOIEro OAHOPOAHOTO JIH-

HeHHOro ypaBHeHHSl, a U— YaCTHOe pellleHHe NAHHOTO YypaB-
HeHUS.

Tak Kak KOpHM XapaKTepHCTHUECKOro YpaBHEHHS
r’+r=0
ectb 7,=0, r,=—1, TO
u=c;-+c,e~*.
YacTHoe pellleHHe 0 JaHHOTO ypaBHEHWs Hajlo HCKaTh B (opMe
o=x (Ax+4-B), um o= Ax>4 Bx.
Inddepernupys v, HaXORHM:
v =2Ax+ B, v"=2A.

IToxcraBnsis B naHHOe ypaBHeHHe BMeCTO y' M Y’ COOTBETCT-
BeHHO v’ ¥ 0", NOJYyYHM:

2A+4+2Ax+B=x.
INpupaBruBas Ko3(ULUKEHTH NPH OAHHAKOBBLIX CTENEHAX X U3

JIEBOH ¥ MpaBOi YacTedl 3TOro0 paBeHCTBA, MOJYYHM CHCTEMY
YpaBHEHHH

24A=1
944+B=0 |
OTKyJla Haxonum:
1 .
A= _2- ’ B = - 1’
I103TOMY
x2
0= §-—x.

CJIelIOBaTeJIbHO, ofee pelueHrne NAaHHOrO ypaBHEHHsS €CThb
2

y=% — X+ - ce*.
2. YpaBHeHHe BHIA
L (y) = e*P (x). )
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YacTHOe pellleHHe JIaHHOIO ypaBHeHHsi GyJeM HMCKaTb B (opMme
y=evz,
rje z—TIoKa Hew3BecTHasi (GyHKuMs. 3ameuass, 4TO B 3TOM
cryuae
y' =e% (az+2'),
Y = e%* (a’z + 2a2’' + 2"),
HMeeM:
L (ev*2) =e%*[(a®+ka+ k) 2+ Qa+ k)2 +27].

Orciofa Inis1 onpeleNieHus! z IOJYYNM YpaBHEHHE

'+ (2a-+k) 2 + (@ +ka+ k) 2= Py (x).

Ho Bobime Mbl BHfeNH, YTO YacCTHOE pellleHHe YpaBHEHHS Ta-
KOro BHJA HAJO HMCKaTb B ¢opMe:

z2=Qn (%),

eCJIi ypaBHEHHE COJEpXKHUT HCKOMYIO (yHKIHIO 2, T. €. a®+4
+ka4k, + 0, uTo Oyzmer Torza, Koria @ He €CTb KOpEHb
XapaKTepHCTHYeCKOI'O ypaBHEHHS;

2= Qm (X) X,

ecan a*+ka-+k,=0, HO 2a+ k, +0, uro Gyzmer Torxa,
KOIZla TOJBKO 00uH KODEHb XapaKTepHCTHYECKOIO YpaBHEHHS
paBeH 4YHCIy a;

z= Qm (X) x2,
ecan a®+ka+k,=0u 2a+ k=0, T. e. Korga o6a KopHs
XapaKTepHCTHUECKOTO ypaBHeHHsl paBHBl YHCIY @, TaK Kak
TOMAA ri2= — 5.

Orciopa ciienyer, 4TO uYacTHOe pelleHWe ypaBHeHus (2)

HaJO MCKaTh B ¢opme

Y= "Q (%),
€CJIM HeT KOpHeH XapaKTepHCTHYeCKOIo ypaBHEHHsl, paBHHIX a,
U B dopme

y=1e%Qn (x) x7,
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eclid @ OKaXXeTCs KODHEM XapaKTepHUCTHYeCKOro YypaBHEHHS,
npuuéM p HAJO B3AThb PaBHBLIM YHCJIY KOpHeH, COBHajaloLiuX
c a.

Koadhduunenter MHOTOUNMEHA Q,, (X) HITYT TEM 2Ke COCOGOM,
9TO W B CJyuyae ypaBHEHHs NpeAbIAYLIero THIA.

[Tpumep. Peunth ypaBHeHue

Y —2y+y=e-.
Pemenue. OGmuM peuleHneM XAaHHOrO ypaBHeHHs OyzeT
o=u-to,

rie u— o0lee peuieHre COOTBETCTBYIOLLEIO0 OZHOPOAHOIO JIH-
HeiHOr o ypaBHeHHus, a U-—4aCTHOE peleHHe JaHHOIr'o ypaBHE-
Hus.

Uro6bl HaHTH ¢, COCTABHM XapaKTePUCTHUECKOE ypaBHEHHE
rr—2r+1=0,
OTKyJZa HaxXOIuM, 4TO ri,o=1, a mosTOMy
u=/(c; - c,x) €*-

YuuTbiBas, 4TO [Ba KOPHS XapaKTepHUCTHUeCKOro ypaBHe-
HUA paBHBI |, 4acTHOe pellleHHWe U JaHHOrO YpaBHEHHsl MIILEM
B (opme

0= Ax?*.
Huddepenuypys v, HaXoLuM:
0’ = (Ax? + 2Ax) e*,
V" = (Ax? 4 4Ax + 24) e*,
IMoncTaBuB B 1HaHHOEe YpaBHeHWe BMeCTO Y, ¥’ H Y’ COOT-

BeTCTBEHHO U, v' ¥ ¢, a 3areM pasfenuB o6e 4YaCTH MOJy-
YeHHOrO paBeHCTBA Ha e*, OyJeM HMeTb:

24A=1,
OTKYyJZa :
A ='—2‘ 3
IOSTOMY
— x? X
U= 5} er.

CrieoBaTesIbHO, HCKOMOE OOlee pellieHre eCTh
x2
y= (cl-l- (% —l—?) ex,
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3. YpaBHeHue BHJa
L (y) =P, (x) e%* cos bx. 3)
U3 ¢opmya Ditnepa ciepyer, uto

eibx + e—lbx

cosbx = 5 ,

NI0O3TOMY JaHHO€ ypaBHEHHE€ MOXKHO NpEACTABUTH B BHAEC
L) =gPu(xecsi sy g P (eetis @)
Ho B sTOM CilIyyae, KaK H3BECTHO, pelIeHHEM YypaBHEHHS
6yzet
y =y1 + yg:
rjle y; eCTb pellleHHe ypaBHEHHS

L (5) =4 P () ela¥o %,
a Y,— pellleHne ypaBHEHHS
L (y) = 5 P (x) ela=00 .

OGa 5TH ypaBHeHHs HMeIOT BHA YypaBHeHHA (2), a moatromy
Y, U Yy, HaO HCKaThb B (opMe

Yy ="CQm (x) e@+oD %,

=R () ele=00 5,
eciM yucsia a 4 bi He SBJISAIOTCS KOPHAMH XapaKTepHCTHUe-
CKOro ypaBHeHHs; eCJIH e KODHH XapaKTepHCTHYECKOro ypas-
HeHHsl GYAYT KOMIIEKCHBIMH H ONHMH M3 HHX COBHAjET C

yucioM a-+ bi, a, cienoBaTesNbHO, APYrod c yucioM a— bi,
To OyAeM HMeTh:

Y= xQm (X) e(@+bd u
to= xRy (1) ele=t0 %
3zech Q,, () u R, (x) — MHOrOUJIeHH! M-I CTeNeHH, Koahhu-
IIHEHTHl KOTOPHIX NOKAa HeolpejeseHHbe. 3aMeTHM Telleph, 4TO
Qm (x) ela+bi) x_|_Rm (x) ela—bi) x— pax [Qm (x) et'bx_|_Rm (x) e—ibx]__:
= e3* [Q,, (¥) (cos bx + i sin bx) + R,, (x) (cos bx — i sin bx)] =
= e {[Q,, (%) + R, (¥)] cos bx + i [Qn (¥) — Ry (x)] sin bx} =
= e%* [ A,, (x) cos bx + B,, (x) sin bx],
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rae A, (x) u B,,(x) — onsiTb MHOrOWJIeHs! m-f CTeNeHH C Heol-
peAel€HHEIME Ko3(hdHIyeHTaMH.

Orciona cienyer, 4To YacTHOe pellleHHe ypaBHeHus (3),
a 3HAuMT, W ypaBHeHHus (3), HagO HCKaTb B dopMe

y =e*[A, (x) cos bx + By, (x) sin bx],

eC/d uHuCia @ 4 bi He SBJNAIOTCS KODHAMH XapaKTepUCTHYe-
CKOTO ypaBHEHHSI;, €CJH Xe ry2=a + bi, To uacTHoe pelle-
HHe ypaBHeHus (3) cocTaBisiOT B (opMme

y=e*[A, (x)cos bx + By, (x) sin bx] x,

npuyéM MHorousensl A,,(x) u B, (x) Gepyrcs cHauajla C He-
onpefenéHHbIME KohdUIHMEHTaMH, a 3aTeM 3TH KO3((HIMEHTHI
BBIUHCJIAIOTCA NPUEMOM, aHAJOTHYHBIM TOMY, KOTODBIM IOJIb-
30BAJIUCh TPH pellleHUH ypaBHeHus (2).

Jlerko 3aMerutb, YyTO MOJy4eHHOH (OPMOH 4YacTHOLO pe-
IIeHUs] MOXKHO II0JIb30BaThC M B Clydae ypaBHEHHs] BHJA

L (y) =P, (x)e%*sin bx. (4)
3aMeruM, HAaKOHell, YTO YpaBHEHHS
L (y) =P, (x) cos bx,
L (y) = P,,(x)sinbx

SIBISIOTCS YaCTHBIMH BHAAMM ypaBHeHuit (3) u (4), cooTset-
CTByIOIUMH cayyalo a=0.
[Ipumep. Pemnurs ypaBHeHue

y" -+ 4y = cos 3x.
Pemwenne. CocTaBHM XxapaKTepHCTHUECKOe YpaBHEHHE
r244=0.
Pemasi ero, HaXOZUM KOpDHH
ri,o= =+ 21,

Orcioga cnexyer, uro ofllee penieHHe COOTBETCTBYIOMIErO
OJHOPOZHOTO JIMHEHHOrO ypaBHEHHs eCTh

u=c, cos2x -+ c,sin 2x.
UacTHoe pelleHHe NaHHOTO ypaBHeHHS HIeM B dopme
v=Acos 3x 4 Bsin 3x.
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MroxuTeNnss ¥ 31eChb He Hano, TaK KaK KOPHH XapaKTepUCTH-
4eCKOro ypaBHEHUsi, XOTSl OHM M MHMMble, HE DaBHbl YHCJaM
+ 3i. Jduddepenunpys v, HaxoauMm:

v’ = 3B cos 3x — 34 sin 3x,
v" = —9A cos 3x —9Bsin 3x.

ToxcTaBnss B JaHHOE YpaBHEHWE BMecTOo Yy U 4° COOTBeT-
CTBEHHO U ¥ v”, MOJYYHM:

—5A cos3x — 5B sin 3x = cos 3x,

OTKYZa
—5A=1
—5B=0 } ’
a 3HAYWT,
A=—¢, B=0,
H T03TOMY
0= — ;— cos 3x.

CrnepoBarelbHO, ofllee pellesHe JAHHOTO yPaBHEHHSI eCTb
. 1
Y= ¢, €08 2X + ¢, Sin 2x — = cos 3x.

6. YpasHeHHe KojeOaTeJbHOro JIRMMeHMsl. 37eCb MbI pac-
CMOTPHUM 3ajauy, KOTOpasi NO3BOJMT YACHHTbL CMBICJ OJHOPOJ-

d d
/ \/i\
) 0\7/7, 0, %
Yepr. 19

HOTO JIMHEHHOr0 ypaBHEeHHsS BTOPOro NOpPSAKa C NOCTOSHHBIMH
K03(ppHLUHEHTAMU U ero pellieHUs C TOYKH 3peHUsl MeXaHHKHU.

PaccmoTpuM fBHMXKeHMe MaTepHaNbHON TOUYKH MacChl 1,
Haxogndmefics Ha npsMoil, coepunsiomeit na uentpa O, u 0,
KOTOpble NPHUTATHBAIOT 3TY TOUYKY C CHJIOH, NPOMOPLHUOHAMb-
HOI paccrosinuio. KosdduuueHt nponopuroHamIbHOCTH 0060-

c
8HAuMM Yepes . IIyCTb CONPOTHBIEHHME CpPelbl MPONOPLHO-

1€0



HaJlbHO CKOPOCTH H b — Ko3(h¢HIMeHT NPONOPLHOHAIBHOCTH.
O603HauuM yepes x OTKJIOHEHHE MaTepHalbHOM TOUKH OT TOUKH
paBHOBecusi, T. e. oT cepexusbt O orpeska (0,, 0,), cuuras
IpH 3TOM X TNOJOXHTENbHbIM MPH OTKJIOHEHHH BIPaBO H OT-
puuaTe/ibHBIM NPH OTKJOHeHUH BjeBo (uept. 19). TpeGyercs
HallTH ypaBHEHUWEe JBHXKEHHS MaTepHajbHO# TOYKH, BbIBe-
IeHHO!l U3 1noJioXKeHHs paBHOBecusi. [l 3TOra BOCHOJb-
3yeMcs 3akoHoM HbioToHa, mo KoTopoMy mnpou3BeneHHe
MacChl TOYKH Ha YCKOpPEHHe paBHO CyMMe CHJl, AeHCTBY-
IOMUX Ha MaTepuajibHyl0O TOYKy. Tak Kak CKOpPOCTb eCTb

dx
IPOU3BOJHASl NyTH (OTKJIOHEHHMS!) IO BpEMEeHH, T. €. 4 TO

dx
CuJla CONpPOTHBJEHHST Cpelbl paBHA — bE' 3HaK MUHYC B3SIT

NOTOMY, UTO MO HalpaBJeHHIO CONMPOTHBJIEHHe BCErja NpOTH-
BOIOJIOXKHO CKopocTH. Cuaa npuTsokenusi uentpa O, paBHa

- —;— (—;— +x> , TIe d — paccrosinue Mexny uentpamu O, u O,,

c d
cuia npursixkenus uenrpa O, ecTb 5<7—x> . $cno, utoO

STH CHJblI NPOTHBOMNOJIOXKHBI O 3HAKY. HaKOHELI, yuTeM, 4To
YCKoOpeHue eCTb l'lpOPlBBOIlHaﬂ BTOpPOro nopsajnka OT IyTH IO

BDEMEHH, T. €. dz . Orcioga nonyuum

d2x dx ¢ /d c/d
mg=-—bz—7 <7+x>+?(?—x> ,

b dx
dtz+m dt+ x=0.

78185

TakuMm 00pasoM, IBHKEHHE MaTepHaJbHOH TOYKH NpH JaH-
HbIX YCJIOBHSIX BbIpaxkaeTCs OJHOPOJAHbIM JIHHEHHBIM Audde-
peHLHAJbHEIM yYPaBHEHHEM BTOPOro NOpPSifIka C NMOCTOSHHbIMK
kosbduuvenramu. Pemrnm sto ypaBhenue. s artoro cocra-
BHM XapaKTepHCTHYECKOE ypaBHEHHE

r2—|—— r+—=

Hatizem ero kopHH

V b2 —4me
Iy o= —Tn  om
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8mech BO3MOXHBI TPH CJydasi.

1-4 cayuad. Ilycte b%—4mc > 0. Torza Kopuu r; H 1,
JedCTBUTeJbHbIE H pas3Hble, a NMO3TOMY MCKOMOe ofliee pe-
IIeHHEe eCTh

x=c,ent+tc, e,

3ameuasi, 4TO B 3TOM ciayyae r; <0 u r, <0, BuguM, yTO X
MOHOTOHHO CTPEMHTCSl K HyJIO, KOrja { HeOrPaHHYEeHHO BO3-
pacraer. CieqoBaTesibHO, B 3TOM CJyuae MaTepHajbHasi TOY-
Ka, BbIBEJIeHHAsi M3 IIOJIOKEHHs] PaBHOBECHS, aCHMITOTHYECKH
CTPEMHTCS K IOJOXKeHHIO paBHOBecHsl. OOBSCHETCS 3TO TeM,
YTO CONPOTHBJEHHe Cpefbl (KO3((HIHEHT CONpOTHBJEHHS b)
HAaCTONBKO BeJHKO: b% > 4mec, uTO CHJBI TPUTATHBAIOMMX
LIEHTPOB He MOr'yT BBI3BaTh KOJI€0ATENbHOTO JABHMKEHHS.
2-1i cayuail. Tlyctb b2 —4mc=0. Torga noayuum:

-2t
x=(c;+ct)e 2,

Jlerko 3ameTuTb, YTO M B 3TOM CJyyae X MOHOTOHHO CTpe-
MHTCSl K HYJIO IIPH f—> 00, a NO3TOMY XapakTep MABHMKEHHS
MaTepHaJbHOR TOYKHM TOT JKe, YTO H B EpBOM Ciyuae. 3jech
JeJo B TOM, YTO CONPOTHBJeHHE cpexnl (Ko3dduuueHT b) Bcé
emé BenuKo: b%=4mec.

3-ii cayuadi. Tlyers b%2—4me < 0. 3to o3Hauaer, YTO
KOPHHM XapaKTepHCTHYEeCKOTO YPaBHEHHs KOMIJIEKCHEIE:

rye=p £ i,

b V dmc—02

The p= —gp B Y="—bp —
BBIPA3UTCA COOTHOLUCHHEM

b
x=¢e ' (Acosyt+ Bsin).

, a mosToMy ofIee pelleHue

B3aB mpousBoJibHble NoCTOsiHHBIE A U B B dopMme
A=acosyd, B=asinw,

rje a U O HOBble NPOM3BOJIBHBEIE IIOCTOSIHHBIE, OOLIEMY pelle-
HHUIO NIPHAAJIUM BHI
_b,
x=e 2™ (acosvdcosvi-+tasinvdsinvt),

b
— ot

x=ae 2™ cosv(f—3).
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Orciona BHRHO, uTo Korza b% < 4mc, T. e. Koria CONpOTHB-
JIEHHe CpeIbl JOCTaTOYHO Mallo, JABUKEHHe MarepHaabHOH
TOUKH IpejCTaBasieT KoJieGaHHS OKOJIO TOUKH DPaBHOBECHS:
npu £—>co x GeCKOHEYHO MHOrO pa3 MeHseT CBOH 3Hak.

Ecim b=0, T. e. HET CONPOTHUBNEHHS CPEAbl, TO JABHIKE-
HHE MAaTepHaJbHOM TOUYKH BBHIPAXKAETCS YypaBHEHHEM

x=acosv(f—73)

H NpeJCTaBJseT He3amyxarujue 2apMOHUYecKue Koarebauus
(uept. 20), npuuéM a ecTh HauGoJbIee OTKJOHEHHE OT TOUKH
paBHOBeCHsl, KOTOpOe HasblBaercs amnaumydoil Koarebauus.
Tak Kak KOCHHyC eCThb nepuoauueckass QYHKIHUS, TO BCIKOe
COCTOSIHHE TOUKH NOBTOPSIETCSl yepe3 ONpeleJ€HHble IIpOoMe-
XKyTKH BpemeHu T, T. e. B MoMeHT f,+7T Touka OyleT Ha-
XOOUTbCA TaM e, rjge Oblia B MOMeHT f,, U OyIeT HMeTb

x\
a— —— e — —— o —— — o
| |
I |
I i
& L .
0 3\/p6\/ \/ t
JY, ) SRR, & SRS ~ ARE— A,
Yept. 20

TO e HamnpaBjieHHe IBHXKEHHS, YTO M B MOMEHT ;. YUUTHI-
Bas, YTO MEpHOX KOCHHyCa paBeH 2w, HMeeM

v, +T —3)=v({;, —3)+ 2,

OTKyJa CIeIyeT, YTO

T HasbiBaeTcs nepuodom Koaebawus, a y—4acmomoil Koae-
6anus. Yucio v xapakrepusyer OLICTPOTY, € KOTOpOH TOYKa
[IepUOJHYECKH BO3BpallaeTcss B CBOE MCXOJHOE COCTOSIHHE.
Besmunba v HasbiBaeTcs c08u2OM ha3er KoOrebaHUs.
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Ecomn xe b0, TO HxBHXKeHHe MaTepHaJbHOH TOYKH
BLIDAXKAeTCsl ypaBHEHHEM
_.b,
x=ae 2™ cosv({—3)

H TpelCTaBIseT 3amyxamuue 2apmoHudecKue Kosebarus
(uept. 21), Tak Kax aMmauTyjna KosneGaHusS B 3TOM Clydae
b

o  —ot
onpefensercs (yHKUHeH ge 2™ |, KOTOpas CTPEMHTCS K HYJIO
npu {—> co, npuuéM TeM ObicTpee, ueM GoJibilie BeJHYHHA

b
5 HasblBaeMas 1020puthmuueckum OeKpemermon.

3HayeHHsi OCTOSIHHBIX @ M d ONpeJeNsioTCs TpH [OMOUIH
HayaJibHBIX YCJOBHH, NPEJCTaBJSIOLIKX 3ajaHue NPH HEKOTO-
pom f=1{, 3HauUeHUd X = X, U X’ = X;, T. €. HAUaJbHOrO IO-
JIOXKEHHUSI TOUKHW M HAvalbHOH CKOPOCTH.

Ecan Gbl Mbl yC/IOXHHIH PacCMOTDEHHYIO 31eChb 3anauy,
JONYCTHUB, YTO mpuTsArkBarouue unextpsl O, u O, camMu coBep-
AT ABUXKEHHs BAoJb mpsamoit (O,, 0,), To, Bblpaxasi OTKJIO-

X
\
\
N
A S
1\ S
| ~
! I\\\
! ' = -
—_— A -z o
oS Uw\/,__ %
) -
//
s
4
/
/
UYepT. 21

Henus O; OT NePBOHAYAJLHOTO MOJIOKEHHs KaK QYHKIHIO f, (),
a otkJjoHenuss O, — Kax f,(f), NOMyuyHM ypaBHeHue

mp=—bg—5 g+ —hO]+5[F-*+L0O],
OTKy,IIa uMeeM:
mEE b S o= L[, () + £, ()],
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uay, o6o3Havast i [f1 (t)+ fo(¢)] gepes F (f), momyunm:
mIE+b %t cx=F(2).

CrenoBaTenbHO, NPH HOBBIX YCJOBHSIX JBHXKEHHE MaTepHallb-
HOM TOUKH BBIPAXKaeTCsl HEOTHOPOIHBIM JIMHEHHBIM yDaBHEHHEM,

7. O pa6oTax pycCKHX M COBETCKMX MaTeMaTHKOB. Pas-
BHTHE Ba’KHOTO OTJeJla MaTeMaTHuyeCKOro aHaJui3a — TeOpHH
JuddepeHinanbHEIX YpaBHEeHHH B 3HAUMTeNbHOH Mepe 00s3a-
HO TpyZaM Yyuéublx HameH cTpanbl. J3Hamenutas C. B.
KoBaseBckast, neppasi XeHlllMHAa-MaTeMaTHK, KOTOpas JIOJroe
BpeMsa 6bl1a npodeccopom CTOKroJbMCKOTO yHHBEpPCHTETa,
a B 18289 r. Gbiia usGpana useHoM-KoppecnonneHToM Poccuii-
ckoil AKameMHH HayK, mOJyuuna ¢yHjaMeHTajbHble pe3yJb-
TaThl B BOMpOCE O CYLIeCTBOBAaHHM pelieHHH AU pepeHiHaNb-
HbIX YpPaBHeHMH C YaCTHBIMM NPOM3BOAHbIMH. B kouue XIX u
Hauase XX B. MaTeMaTHKaMH paccMaTpuBajuch Auddepes-
IHaJbHble YDaBHEHHMS, CBSI3aHHbIE C pPa3JIHYHLIMH BONPOCAMH
(H3MKH, TaK Ha3blBaeMble YpaBHeHHS] MaTeMaTHueCKOH (pU3HKH.
Teopuss muddepeHunanbHbIX YpaBHEHMH B UaCTHBIX POM3BOI-
HBIX B 3TOT IIepPHOJ COCTOSJla M3 pellleHHsl pa3ju4HbIX 3ajad,
MaJio CBfI3aHHbIX MexkJy co6oii. Temepp 3Ta TeopHsl mepellsa
Ha HOBYIO, 60Jiee BBICOKYIO CTYIeHb pa3BHTUsA GJiaronaps Bblaa-
oI MMC paboTaM OJHOTO M3 KpYIHeHIIMX COBETCKHX MaTe-
matukoB—M. T'. TletpoBckoro, co3napBuero ocHOBEI oOLe# Te-
opuH cucteMm AH¢depeHUIHANbHbIX YpaBHEHHI.
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