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NPEAWCITOBHE

Jauuelfi Kypc JeKuuii npeiHasHayaeTcs B KauecTBe NocoGusi s
CTYIeHTOB-320YHHKOB (U3MKO-MaTeMaTHUeCKHX (aKy/JIbTeTOB [efaroru-
YeCKHX HHCTHTYTOB, FOTOBSIIMXCA K CAauye FOCYLapCTBEHHOrO 3K3aMeHa.
B cBA3x ¢ 3THM OH COLEPKHMT BCe BONPOCH pasjena ajareGpel, npeay-
CMOTpEHHblE NPOrpaMMoli FOCYJapCTBEHHBIX 5K3aMEHOB IO MaTeMaTHKe
(cneuuasbHOCTE — MaTeMaTHKa), yTBepXKAeHHo# MuHHCTepCTBOM npo-
ceemennss PCOCP. Bumecte ¢ TeM, yuHThIBasi Xapakrep OO630DHLIX JeK-
UMii, Mbl BKJIOUM/IH B AAHHBI Kypc HEKOTOpDble BONPOCH], He BOLUEILIHE
B YKa3aHHYIO NPOrPaMMy, HO KOTOpble SIB/ISIIOTCA BaXXHBIMH MJIH 1JIs
NOHHMAHHS APYTHX BONPOCOB, HJIH [J/15 NPAaKTHYECKOH AEATEJbHOCTH yuH-
Tensl MaTeMaTHKH. K TakuM BompocaM OTHOCSTCS, HampuMep, BOHPOCHI,
cBsi3aHHblE C PABHOCHJILHOCTBIO ypaBHEHU{ H CHCTeM ypaBHEHHH, a TakKe
c peweHueM ajare6pavyecKHX HEPaBEHCTB.

[Ipu u3JI0KeHUH MaTephasna MBI PYKOBOJACTBOBAJHCh OGBACHHTE/b-
HOJi 3aMMCKON K NpOrpaMMe, B KOTOPOH B YacTHOCTH cKasaHo: «Otser
CTyleHTa NO KaXJOMY BONDPOCY ROJKEH BK/JIOYaTh HapaAy C HOJHBIM
OCBeLIeHHEM BCeX NYHKTOB BONPOCA H MX B3aHMOCBSA3M TaKXKe U JOKa-
3aTe/bCTBO MO KpaiHell Mepe OZHOrO U3 GOPMYNHPYEMBIX UM NpeIOKe-
Hufi». B cooTBeTcTBHM C 3THM NpU pacCMOTPEHHH KaxXAOro BOIpoca
4acThb yTBEpKAEHHH NPUBOJMJIM C MOJHBIMHM JOKa3aTeqbCTBAMH, a HEKO-
TOpble yTBEPXKAEHHA JHIUL (GOPMYJHPOBAJH M BBIACHANH UX 3HAYEHHS.

Me! crapanuch naBaTh ONpefesdeHHs NOLABJSIOIEr0 GOJMbLIMHCTBA
BO3HHMKABUINX NOHATHH M BO MHOTHMX CJydYasdX H/IIOCTPUPOBATH UX MpPH-
MepaMH.

B 3akJiouenne aBTOp NpHHOCHT riyGokyio Gaarogapsocts H. 5. B u-

aenkuuy, A.C. CononosnukoBy u 0. U. CopKuny 3a pag
UEHHBEIX COBETOB M 3aMeYaHHI.



BBE JEHVE

Vicropuuecku anre6pa BO3HHK/AZ KaK HayKa O pelleHHH
ypaBHenu#i. B 3Tux pamMkax oHa pas3BHBaJachb B OCHOBHOM
no cepennnsl X1X Bexka. B nauane X1X Beka, B cBsisan ¢ 3a-
Jauell O paspemuMOCTH anreOpanyecKuX YpaBHEHHH Bbile
YeTBEPTOH CTemeHH C OfHUM HEU3BeCTHBIM B pajHKasjax,
MOSBUJIOCH BaKHefillee B COBpPeMeHHOH asrebpe MOHSATHE Tpym-
nei. TepMHH «rpymna» BrepBble Obll  BBeleH (paHilys-
CKHM MaTeMaTHKOM D BapuctoM [anya (1811—1832)
B 1830 romy. Tamya ykasanm Ajs KaxXIOro ypaBHEHHS He-
KOTOPYIO TPyHmy MOACTaHOBOK, HO KOTOPO# MOXKHO y3HATh
Haubosee CyIieCTBeHHble CBOHCTBAa ypaBHeHHs, W B uact-
HOCTH O €ro paspeiliMoCTH B pajuKajax.

Xomsa nowsmue epynnet U 06ia0 68edeH0 8 aizebpy 8 ces3u
¢ meopueli ypasHeruil, 00HAKO 3M0 NOHAMUE NO360AUNO 8 DaNb-
Heliwem aieebpe nepepacmu pPAMKU HAYKu 00 YpasHeHusx U
npespamumascs 8 Hayky 00 aacebpaudecKux onepayusx Hao
saemenmamu MHoxcecms ao6ot npupodel, 8 KOmopoll meopus
YpasHeHull 3aHUMAEm 6eCoMA CKPOMHOE MECIHO.

[losiBnenuie B asnre6pe MOHATHUS TPYNIB MOXKHO CPaBHHTH
C TaKUM INOUCTHHE PEBOJIIOLMOHHLIM COOBITHEM B MaTeMaTuKe,
KaK «OTKPLITHE» OYKBEHHOU CUMBOAUKU, CBSI3aHHOE C HMeHeM
¢paniysckoro MaTemMatHka B uerta (1540—1603). Hsyue-
HHe MHO}KEeCTBA HE3aBHCHMO OT MPUPOJBI €ro 3JeMeHTOB, JHIllb
C TOUKHM 3peHUs Omnepauuil Haj ero sjgeMeHTaMH, JaeT BO3MOXK-
HOCTh ajire6pe HAXOAUTb MPHUJIOKEHHUS He TOJBKO K UHCJIOBBLIM
MHOXKECTBaM, HO W K 00beKTaM caMblX pPasJiMyHBIX o6sacTeil
€CTeCTBO3HAHUA.

Hapsapy ¢ Teopuefi rpynmn, usyyarouiei MHOXKeCTBa C OJHOH
accouuaTuBHOM K oOpaTtumoll anrefpauueckodl onepaliest,
B coBpeMeHHO! anrebpe 6oJibIlioe MECTO 3aHHMAIOT TEOPUSA KO-
Jiell, U Teopus Mosefl, U3yuaiollue MHOXKECTBA € JAByMs anre6-
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pavuecKuMH OlepalusiMH, YAOBJIETBOPSIOMIUME ONpefeNeHHBIM
TpeGOBaHUAM.

Ilepexof OT H3yuyeHHs KOHKPETHBEIX YHUCJIOBBIX MHOXKECTB
K H3yueHHIO YHCJOBBIX KoJsell U mojell u TeM Oosiee BooOle
Kosell U mojlefl sIB/iseTCs IMepeXxoJoM Ha HOBYIO, Oojiee BbI-
COKYI0 CTymeHb abCTpakilud, a MOTOMY, eCTeCTBCHHO, CBSI3aH
C HeKOTOpBIMH TPYLHOCTSMM ICHXOJNIOTMUECKOr0 XapakTepa.
Otor daKT ABJASETCS OJHON M3 MPHUUUH, MO KOTOPHIM MIKOJb-
Hasi MareMaTHKa JO CHX [Op OCTaeTCsi B OCHOBHOM Ha ypOBHe
XVII Beka.

Kypc Beiciueli anre6pel, npenofiaBaeMbill B nefaroruyeckom
HHCTUTYTE, sBJAsETCS INPOAOJKEeHHeM IIKOJbHOrO Kypca aj-
re6psl U, K COXaJeHHIO, JHUIUb BCKOJb3b 3HAKOMUT CTYLEHTOB
C OCHOBHBIMH HaNpABJIEHUSIMU B pPa3BUTHH COBPEMEHHOH a;1re6psl.
3aksmouas ajaredpy B OCHOBHOM B PaMKaX TEOPHUH YpaBHeHHH,
nporpaMMa mNejBY30B pa3BUBaeT HJed INKOJbHOH anrebpsl B
IBYX HanpasneHusx. OlHa BeTBb — JjuHeliHas anre6pa —
UJeT OT CUCTEeM YpaBHEHHIl MepBOH CTEMeHH C ABYMS H TpeMms
HeH3BeCTHBbIMU; Jpyras — anrefpa MHOrO4JIEHOB — OT ypaB-
HeHUH C ONHUM HEU3BECTHEIM MepBOil YU BTOPOHM CTENeHH.
OcCHOBHBIMH pe3yJbTaTaMH 37eCh SBJSIOTCS: JJS NEepBOro Ha-
NpaBJeHusi — KPUTEPUil COBMECTHOCTH MPOM3BOJBLHON CHUCTe-
MBI JIMHENHBIX ypaBHEHHU#, AJs BTOPOro — TeopeMa CYILIeCTBO-
BaHMA KOpHA JJIf TPOM3BOJBHOIO MHOTOWIEHa Haj TMoJieM
KOMIUIEKCHBIX 4Yuces (HaspiBaeMas HMHOTAA B CUJY TpajuluH
OCHOBHOH TeopeMoil anre6pel).

Ilporpamma rocylapcTBeHHBIX 3K3aMeHOB o anrebpe co-
CTaBJjieHa C TeM pacueToM, YyToObl 0XBaTHTb 06a 3TH OCHOBHBIX
pesyJsbrara.

B cBs3u ¢ TeM, YTO MOHATHSA KOJibLA U TOJS, a TaKXKe paB-
HOCHJIbHOCTH YpaBHEHUH W CHCTeM ypaBHeHUH sBiswooTCcs 06-
muMH 418 o60MX yKasaHHBIX HanpasjieHHH, ¢ 5TUX NMOHATHH
Mbl ¥ HauHeM H3JIOXKeHHe.

Bornpoc o pemenun anre6paudecKux HepaBeHCTB, KOTOpHIfi
HEMOCPEJICTBEHHO He BXOAUT HH B OJHO M3 3THX HallpaBlieHHH,
HO NpUMBIKaeT K anre6pe MHOrousneHos, OyJeT H3JIOXKeH B ca-
MOM KOHIIe.



§ 1. Yucnoseie Koabla H noJs

B mpoliecce u3yueHusi apUQMETHKH U anareOphl B cpelHedl
IUKOJIe yyalidecss 3HAKOMATCA C OCHOBHBIMH YHCJIOBBIMH MHO-
KecTBaMd. TaKOBBIMH SIBJISIIOTCS:

1°. MHOXeCTBO HATypa/bHBIX YHCET:
1,2 3 ..., n ...
2°, MHOKECTBO I&/blX YMCE:
vee, =3, —2, —1,0, 1, 2, 3, ...
3°. MHOXKeCTBO PalHOHANLHBIX YHCE], T. €. BCEBO3MOMKHBLIX
Ipobedl Buja '%, rge m, n— juobble Heable Yucaa U 1 == Q.

4%, MHOXKeCTBO [efCTBUTE/LHBIX YHMCE/, COCTOSIlee U3 MHO-
JeCTBa BCeX PallMOHANBHBIX M MHOMKECTBA BCEX HPPALHOHAb-
HbIX YHCEJL.

5% MHOXKecTBO KOMILIEKCHBIX UHCEJ, T. €. 4Yucea BUjia
a-+bi, rre a, b —mobble AefiCTBUTE/bHBlE YKCIA, & { — MHH -
Mas e IMHHUIE, T. € TaKkoe YUCIO, YTo (2= —I.

B nanpHefimeM 3TH 4ucJOBblE MHOXKecTBa Oy/ieM o603Ha4aTh
cooTBeTcTBenHo Oykeamu N, C, R, D, K.

Hapsny ¢ aTHMM MHOXeCTBaMH YHCeJ B PasjIMUHBIX pas-
JesaX MaTeMaTHKU H ee MPUJIOKeHHSX BCTPedaloTes W Apyrue
ypc/ioBble cHCTeMbl. Tak, HampuMep, MOXHO TOBOPHTH O MHO-
»KECTBE MPOCTBIX YHCEJ, O MHOXKECTBE BCEX UETHBIX IIeJIbIX YH-
ceJl, 0 MHOZKECTBE BCEX MOJIOXKHUTENbHBIX PALUOHANbHBIX UHCEI,
0 MHOXKECTBE uuceNn Bujaa a -+ bi, rae a, b — uennie uucaa
(TakMe uKMCJa HasbBAlOT IEJbIMM [ayCCOBLIMH UHMCJaMH),
0 MHOMKeCTBe uHces Buja a-+b V2 , Tie a u b — nwobele pa-
[MOHaNbHBEIE YHCaa, U T. M.

Ilpyu pelienvu KaxKJoH KOHKPETHOH 3ajadyH Mbl HaXOAUMCSH
B TOH MM HHOH 4MCAOBOA 00nacTu u OblBaeM BbIHYXKJAEHB! yu-
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ThIBaTh ee cBolicTBa. Tak, Haxonsch B 06JaCTH HaTypalbHBIX
qpces, Mbl JOJKHBI BeCbMa OCTOPOXHO I10/b30BAaThCH Omepa-
uuell BbIYUTaHHMS, H60 OHA B 5TOH 06sacTH He BCerja BEINOJ-
HUMa. AHaJOTM4HO, HaXoAficb B o06nacTé JeHCTBUTENbHBIX
YHCeJ, Mbl JIOJI2KHBl TIOMHHUTb, YTO B Hell He BCerfa BbIIOJIHMMA
onepauus H3BJieYeHHs KBaZpaTHOrO KOpHS, U T. I

B cBs3H ¢ TeM YTO Pa3NHYHBIX YHCJIOBBIX CHCTEM CYLIECTBYET
ype3BbLYafHO MHOrO (0€CKOHEYHOe MHOXKECTBO), H3YUHTh KakK-
JOe 4YHC/IOBOE MHOMKECTBO OTHEJIbHO HE NpeACTaBjsercss BO3-
MOXKHBIM, K TOMY 2Ke 3TO U HellesiecooOpasHO, TaK KaK MHOTHe
YHCJIOBBIE CHCTeMBI OONafaloT IenbiM PAAOM OOLIMX CBOHCTB.
B cBsisu c 5THM, eCTeCTBEHHO, BO3HHMKaeT 3ajaua o Kjaccudu-
KallUM YHCJOBBIX MHOMKECTB 10 HEKOTOphIM Haubojsiee BaXKHBIM
cBofictBaM. Asre6pa u3yuaeT pasjuuHble 0OBEKTHl, CBSI3aHHbIE
C YHMCJTIOBBIMH MHOXKECTBaMH, B OCHOBHOM C TOUKH 3DCHHS oOfe-
pauuii CJIOXKeHHS, BbIUHUTAHUS, YMHOKeHH u Jesenus. Ilo-
9TOMYy B OCHOBe ajre6panuyecKofl K/acCH(pUKALMH YHCJIOBBIX
MHOXKECTB JIE2KHUT CBOACTBO 3aMKHYTOCTH UHMCJIOBOH CHCTEMbl
OTHOCHTEJIbHO TeX WJIM UHBIX onepauuil. Tak mosyuarTcs Baxk-
HefilMe KJacchl YHCJIOBBIX MHOXKECTB: KJjacC KoJsiell M Kjace
nonefl, onpenesnsieMble CJefylOLIMM 00pasoM.

Yucnosoim Konbyom HasbiBaeTcsl Jo6oe HemycToe MOAMHO-
KecTBO M MHOXKeCTBa BCeX KOMILIEKCHBIX UYHCeN, 3aMKHYTOe
OTHOCHTEJIbHO OMNepalyil CJA0XKEHHS, BbIUNTAHUA U YMHOXEHHS.

CnenoBatesibHO, uTOObI y6enuTbCS B TOM, UYTO YHCJIOBOE
MHOXKecTBO M sBNseTCs KOJbIOM, LOCTATOYHO MOKasaTb, YTO
1515 Jo6bIX yuces a u b us M yucna a + b, a — b u ab npu-
HajsexkaT MHoxecTBy M.

UncnoBoe Ko/bllo, cofepxKainee Gojiee OLHOrO 3JeMEHTa,
B KOTODOM BBINOJIHMMA omepauusi JejeHus (KpoMe JeJeHHs
Ha HYJb), Ha3blBACTCS M0EM.

CBo#icTBa, MOJIOXKEHHBIE B OCHOBY ONpPEeJeJIeHHs YHCJIOBBIX
KoJiel, M TmoJielf, SBJASIOTCH OCHOBHBIMH CBOHCTBAaMHM COOTBET-
CTBYIOILUX KJiaccoB uuces. Onupasich Ha HUX, MOXHO [0Ka3aTb
MHOTO Apyrux cBoficTs. Ilpu s3ToMm eciu B J0Ka3aTesLCTBE TOTO
UM MHOTO CBOHCTBa MBI ONUpaeMcs JIHIIb Ha ONpejelieHne
KoJbla (1oJisl), TO 3TO CBOHCTBO BEpHO AJIsi BCEX YHCJIOBBHIX
Konen (noneft). Takum o6pasoM, NPOUCXOAUT H3yuYeHHE He
OTZEJIbHOTO YUCJIOBOTO MHOXKECTBa, a LeJOro KJjacca MHO-
JKeCTB.

3ameruM, 4TO KaaccUHUKAlHMs YUCes HMeeT Gosbluoe 3Ha-
ueHHe He TOJBKO AJIs1 M3YUeHHs CaMHUX YHUCJOBBIX CHUCTEM, HO
U JI8 HCCJeOBAHHMA pPa3/H4HBIX HEYHCJOBLIX 00bLEKTOB, B
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onpefieJieHHH KOTOPBIX Y4YacTBYIOT yucja. Tak, B naparpade
5 Ml OyleM H3yyaTb HEKOTOpble CBOHCTBA MHOTO4Y/IEHOB C
KoaduLenTaMu U3 Joboro GUKCHPOBAHHOIO YHCJIOBOIO MOJA.
Bes Boizenenus knacca moseil TH CBOHCTBAa MHOTOYJIGHOB NpPHU-
IUIOCh OBl M3y4YaTb AJIf MHOTMX YHCJOBBIX CHCTEM OTJEJNbHO.

IlpuBeneM mpuMepnl YUCJIOBLIX KOJell ¥ Mosel, a TakKe Y-
CJOBBIX CHCTeM, He fABJAIOMHUXCA KOJbLAMH HJIM TOMSIMHU.

[Tpumep 1. M3 OCHOBHBIX UYHCJOBBIX MHOXECTB MOJf-
MH ABJISIOTCS MHOXKeCTBO R pallMOHa/BHBIX Uhces, MHOXKecTBo D
JIeHCTBUTE/IbHBIX YHCeNl U MHOXKeCTBO K KOMIIEKCHBIX YHCe.

[Ipumep 2. Muoxecteo C UebIX Yuces SBIAETCS KOJb-
IOM, HO He fIBfeTCs MOJeM, TaK KaK B HeM He BCerja Bhl-
nosHEMa omnepauus jenenus. Taxk, nanpumep 1, 2 € C, oxHako

o 1
1.2_.2—¢c.

[Ipumep 3. MHOXeCTBO HaTypasjbHBIX UHCEN HE sIBJfA-
ercs KOJbLOM, TaK KaK OHO He 3aMKHYTO OTHOCUTEJNLHO BbI-
YUTAHUSA.

[Tpumep 4. MHoxecTBo, cocTosiiee W3 OXHOTO UHCJA
HYJb, €CTh KOJbLO. B caMoM fese, 5TO MHOXKeCTBO 3aMKHYTO
OTHOCHTEJIbHO Ofepaliil CIOKeHU s, BRIUUTAHUS H YMHOMXEHHUs:
0+0=0, 0—0=0, 0- 0=0. 3amerum, yro mnoJieM
5TO MHOXKECTBO He fIBJIIeTCSl, TaK KaK IO OlpelesieHHIO moJje
LOJIKHO COjepKaThb 0oJiee OJHOrO 3JeMeHTa.

[Ipumep 5 MHOXKeCTBO LeJNBIX YuCes], KPaTHHIX He-
KOTOPOMY (PHKCHDOBaHHOMY LIeJIOMY YHCJY 7, SBNASETCS KOJb-
OM, HO He SBJISeTCS IOJIeM.

[Ipumep 6. MuoxecrBO HeJbIX TayCCOBBIX YHCelN,
T. €. uncesa BUAa a -+ bi, tae a U b — nio6ble LeNble YHCa,
SIBJsIeTCA KOJBLOM, HO He SIBJISIeTCS MOJIEM.

[Ipumep 7. MuoiecTBO 4ucen Buia a -+ bi, rie a

U b — mobble palHOHAJbHBIE YUC]A, ABJsSETCS mojeM (moJje
rayccoBBIX YHCes).

3.

[Ipumep 8 Miuoxectso uncen suga a--b61/2,rne au
b — mobble paluoHANbHble YHCIA, HE SIBJSETCS KOJbLIOM.

(Y'TBep:Kaenus, clleflaHHble B TpuMepax b — 8, mpoBepbTe B
KauyecTBe ympaXKHeHAH.)

pumep 9. MuoxkectBo M uucen Buga a-+by/ m, rue
a u b —mobhie pamyoHabHLIE YHCAA, a M — (UKCHPOBAHHOE
MOJI0KUTEIbHOR PALMOHAMBHOR UHC/IO, He sBJSIOmeecs KBajpa-
ToM, siBasgercs nodeM. UroOwl yGenuThCsi B 3TOM, Hajo mpose-
PHTH BHIIOJIHUMOCTb BO MHOXKecTBe /] omepauuil CJIOMKeHHs,
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BbIYATAHKS, YMHOXKEHHS ¥ Je/eHHsl Ha UMC/IO, OTJIMYHOE OT HY-
aa. Cpenaem sTo.

ITyctb a+by m uc-+dy m— mobole uncna us M. Torpa
OYEBH/IHO, YTO YHCJIA

(a+bym) £ (c+dvVm=(@ate)+Ob+£dymu
(a4+by'm) (c+dym) = (ac +bdm) -+ (ad L+ bc)y/m

MpuHanjexar MHOXecTBY M, T. e. B M BBINOJHUMEI T1€pBble TPU
onepauyHy.

Tonoxum Ttenepb ¢+ dy m 0. SlcHo, yTO 3TO 6Gyjer
BBINIOJIHSATBCA JHMIIb TOTAA, KOTJa XOTs Gbl OJHO M3 4uces c, d
OTJMYHO OT HyJsl.

a+bVm _ (a+bVm)c—dVm)
c+dVm  (c+dVm)lc—dyVm)
_(ac— bdm)4-(bc —ad) V'm _ ac — bdm be — ad
- c? — md? T — ma? _I— — md? Vm =
=A-+ByY'm, roe A n B—qucna palMOHAMD-
Hble, ecM, KoHeuHo, c¢?-— md®= 0. Ilokaxem, 4To 5TO Tak.
Jlonycmmé yto c¢*—md?>=0. Ecm 3gece d?2=0, ToO

c c\2
HMEEM: — = M, WM (—d—) =1, 4TO IPOTHBOPEYUT TOMY,

YTO UMCJIO M He sBJsieTcsl KBagpatoM. Ecau ke d2=0, T. e.
d=0, To c2—md?®= c?+ 0, u6o Mo yc/noBUIO XOTs Obl Of-
HO W3 uyucel ¢, d OTJIMYHO OT HYJA.

Taxkum oGpasom, ecJn c—l—d}f m =0, To fejeHHe HA UuC-
N0 ¢c-~dy m BO3MOXHO, T. €. B YaCTHOM TMOJNYYaeTCs YUCIO
A-- By 'm us vHoxectsa M. CreoBaTe/ibHO, MHOXecTBO M
ecTb MoJe.

[lpunaBass m pasnuuHble 3HAYEHHS, Mbl CMOXKEM [OJYYUTh
Gecurc/ieHHOe MHOXECTBO pa3J/IMUHBbIX UUCJOBBIX moJeft. [as
KaXJioro us HuXx uMeeMm: R c M < D*,

Ecan uucioBoe mose P, COAEPXKUTCA B YUCIOBOM moje P,,
HO He coBmajiaer ¢ Py(P, C P,), To rosopaT, uto P, ecTb pac-
mmpeHue noasg P,, a P, ectb moanose nons P,

CrefoBaTesnbHO, MOXHO CKasaTb, YTO BCSIKOE WYHCJOBOE

nojie npuMepa 7 siBjsieTcs paciuupeHueM mosis R U mojanojem
noas K.

* 3pech, Kaxk u Bciopy HHxe, A . B o3sHauaer, 4T0 A €CTb COGCT-
BEHHOE MOJAMHOXECTBO MHOXecTBa B.
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3aMeTuM, Y4TO U3 CaMOro ONpefie/lieHHs YHCJIOBOIO MOJs
CJlefyeT, YTo BCAKOE YHCJIOBOE MoJie fBAAETCH MOANOIEM HOJs
KOMIUIEKCHBIX YHCeJI.

EcTecTBeHHO, BO3HHKAIOT BONPOCHI:

1. CyIeCTBYIOT JIM TPOMEXKYTOUHbIE Mosist 1ist mosteit D u K?

2. CymecTBylOT JH nNoAmosas noas R?

Ha o%a stu Bompoca OTBeTbl OTPHLATENbHBI, 8 HMEHHO:

1. He cymecrByet uucsaoBoro nois P, Takoro, yro

DcPcK.
2. He cyuwectByer uucioBoro noss P, Takoro, yrto
PcR.

J[loKaxeM 3TH yTBepKAeHHS:

1) Ilyete P — takoe nosie, uto DCPCK. Tak kak DCP,
TO P CONep:KUT Bce HeHCTBUTENbHBlE wuMcjia M XOTS Obl OJIHO
HeJleHCTBUTE/IbHOR, T. €. MHHMOe 4Y4CJO, Hamnpumep a - bi,
rie a,b— Hekoropble JefCTBHTENbHEIE uKc/a, NpudeM b = 0.
[To onpeneseHwo nose 3aMKHYTO OTHOCUTEJBHO BBIUMTAHHS
U Je/ieHHsT Ha OT/MUHOE OT HYJas uucno. CaeJoBaTeJbHO,
ﬁbb’);a= i € P. TaxkuM oGpa3oM, P cofepHT BCe JeHcT-
BHTeJIbHbIE UMCJIA M YUCJO [ (MHAMYIO efuHHIy). A TaK Kak
noJie 3aMKHYTO OTHOCHTEJ/IbHO Ollepaiyil CJI0XKeHHs U YMHOXKe-
HHA, TO P cofiep:kuT J000e YUC/IO BUJa

a-+bi,

rile a, b—mobule HeHcTBUTesMbHBIe uucaa. CjielOBATEJBHO,
P copepxuT BCe KOMIUIEKCHBIE YHC/, T. €. P = K. DTuM yTBep-
Knaenve 1) pokasaHo.

2) Ilyctb P — npousBosibHOe uKc/I0BOe moJie. Ilo ompene-
JIeHHUIO 10Jle COAEep:KUT GoJlee oxroro snemenrta. CiepoBaresb-
HO, B P cymecTtByeT uncao a = 0. OTciofa i U3 3aMKHYTOCTH
N0JI OTHOCHTEJIbHO Onepanyil CJ0XKeHus], BHIUMTAHNS U JlesieHHS
cleflyeT, 4To noje P coJepiKUT uucia:

a—a=0aa=1,14+14...+1=n,
n

T.e. qo6oe wenoe uucio. IlycTb Tenmeps m u n— moGble
neJble yucaa, npuyem 7% 0. Tak Kak B nojie BBIIOJHUMO

m
leneHue, T0 — G P, T. €. nosie P COepKUT JI060€e PalMOHAb-
n

Hoe uHcjo0: R CP,



Takum oGpasoM, nosie R COMEpKHUTCS BO BCSKOM J[PYroM
YHCJIOBOM TIOJIE, T. €. SIBJSIETCH MUHUMAJILEBIM YHC/IOBBIM T1OJIEM.
CrnenoBaTesIbHO, He CYILECTBYeT HHKAKOTrO UYHCJOBOro nojs P,
TaKoro, 4to P C R, uTO U [0OKasblBaeT yTBepkKIeHHe 2.

B anrebpe Hapsay c uucjiaMd [PUXOAUTCS HUMETh OEI0 H
C JAPYTHMH, HEYHCJNOBBIMH, OOBEKTaMH, KaK-TO: MaTpHLAMH:
MHOTOWJeHaMH, BeKTopaM# H T. A. Ilpu atoM 1ns oObekToB
OJIHOTO MHOXKeCTBa ONpeJeJslOTCS HeKOTOphle Oonepanuu, Co-
nocTaB/siole JIo0bIM ABYM 3JeMeHTaM MHOXKeCTBa (B3SThHIM
B ONpele/eHHOM MOpsSJKe) BHOJNHE ONpeJesieHHbIH TpeTuil
5JIEMEHT TOro XKe MHOXKeCTBa. DTH omepalluy 3auactyio obia-
JNaloT CBOHCTBaMH, CXOJHBIMH CO CBOHCTBaMM omnepauuii Haj
uycsami. [TostoMy ux oOBIYHO MO aHAJOTHH C YHCJIOBEIMH Olle-
palisiMd Has3BIBAIOT CJOXKEHHEM, YMHOMXEHHEeM, BhHUHTaHUeM
U feseHueM. B 3aBUCHMOCTH OT YHCJa OMepaluil U UX CBOUCTB
MHOXKeCTBa pas30uBalOTCS HAa OTHAeNbHble Kiaacchl. HanGosee
XOpOLIO H3YUeHHBIMH KJacCaMH B HaCTOsililee BpeMsl SBJSAIOTCH
KJaccel TpYMN, KoJel U moJel.

HanomuuM onpefesieHuss KoJsblla W moJisi B ofmeM ciyyae
U yKa)KeM HEKOTOpble HX IpOCTeHiuude CBOHCTBA.

Onpenenenue 1. Kosoyon HasbiBaercs Joboe MHO-
KeCcTBO M, IJif 57eMeHTOB KOTOPOTO OmpefelieHbl JBe aJjre-
Gpauyeckie oOmepaldM, HasbiBaeMble OOBIYHO CJIOXKEHHEM H
YMHOXKEHHEM, yIOBJleTBOpsioUMe TpeGoBaHUAM:

1) acconmaTHBHOCTb CJIOKeHHS, T. €.

@+ 4c=a4@-+o;

2) KOMMYTAaTHBHOCTb CJIOXKEHHS, T. €.

at+b=b-+taq
3) o6paTUMOCTb CJIOKEHHS, T. €. ypaBHeHHE
a-tx=15b

paspemiuMo ansl Mo6biX @ U b u3 M (uHaue, BO3MOMKHOCTBb
BHIUHTAHUSA);

4) accoUMaTUBHOCTL YMHOXKEHH, T. e.
(ab)c = a (bc);

5) IMCTPUGYTHBHOCTD YMHOXKEHHS OTHOCUTEJILHO CJIOMKEHHUS,
T. e

(@+byc=ac-+bcuab-+c)=ab-+}ac

[MocnefHue [Ba paBeHCTBA BbLIPAXKAIOT COOTBETCTBEHHO
NpaByl0 M JIEBYIO AUCTPUOYTUBHOCTS.
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Ecnu, kpoMe TpeGoBaHuit 1 — 5, BhImoJHseTCA elile TpeGo-

BaHie 6 — KOMMYTaTHBHOCTb YMHOXEHHS, T. e.
ab = ba,

TO KOJIbIIO HA3bIBAETCS KOMMYTATHUBHBIM™.

MoxHO yKazaTb C/efyiolllHe NpUMephl KOJel:

[pumep 10. MuoxecTBO KBaJpaTHBIX MAaTpHIL TNOPAZ-
Ka N, 5JeMeHTaMH KOTOpBIX CJIy:KaT JOOble KOMIJIEKCHbIe
yycsaa.

[Tpumep 11. MHOXKecTBO KJacCOB BbIYETOB IEJBIX YHCEJ
no JIoGOMY MOAYJIO M.

[Mpumep 12. MuoxecTBO JHHeHHBIX npeoOpasOBaHHUH
N-MEPHOTO BEKTOPHOrO NpPOCTPAHCTBA.

IMpumep 13. MHOxecTBO MaTpHUIl BUJA

(a 0
0 ),
Tie @ H b— mobrle neJble YMC/IA.

IMpumep 14. MHOXKECTBO MHOIGY/IEHOB OT OJHOIO e
pemersoro. 1 . n.

TpeGosanusi 1—5 HasbiBaOT akcHoMaMu Kosbla. OHM fiB-
JSIOTCS  OCHOBHLIMH, OMNpeJesSioMUMH CBOHCTBAMH  KoJbla.
M3 3THX CBOWCTB YHCTC JIOTHYECKHM IyTeM MO2KHO BbIBECTH
maoro fpyrux. IlepeuncnuM HeKoTopele IpocTeiiiine H3
HHUX:

a) Bo BcsikoM Kosiblle M CymiecTByeT eJIMHCTBEHHBIA 3Jie-
MeHT 0, Takci, uTo

at+b=a

nas jo6oro a us M. Takoit aneMeHT HasblBaeTCs HYJIeBBIM
5J]eMeHTOM KOJblia.

6) B mpou3BoJbHOM KOJIbLie 7151 JIIOGOTro 3/J1eMEHTa a CyLLecT-
ByeT e[MHCTBEHHbIH 3JeMeHT a’, TaKoH, 4To

a+ta =0.

ITOT 3/IeMEHT HasblBaeTCs NPOTHUBOMOJOXKHBIM JJIs 3Je-
MeHTa a H 0003HayaeTcsl 4Yepes —a.

B) Jlas JoGbIX 3JEeMEHTOB a W b M3 KOjblla YpaBHeHHe
a-+ x = b uMeeT eIMHCTBEHHOE perreHue. TakoBbIM fBIfETCA
ainemedT b4 (—a). Ou oGo3nauaercsi uepe3 b —a u HasblBa-
eTCsl PasHOCTHIO 3JIeMeHTOB b H a.

* CpofictBa 1—2, 4—6 He BKJIIOUAJHMCb B ONpejeJieHHe YHCJOBOTO
KOJIbLLa 110 TOH MpPHYMHE, YTO OHH BREINOJHAIOTCA AJA JIOOBX KOMIJEKCHBIX
uucel.
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r) YMHOMXKEHHe IUCTPUOYTHBHO OTHOCHTEJILHO BbIYMTAHHS,
T. €.

a(b—c)=ab—ac u (a— b)c=ac— bc.

1) 8—a=—a, a—0=a, rge 0—mHyJeBol sneMeHT
KOJIbIIa.

e) a(—b) = —ab, (—a)b=—ab, (—a)(— b) = ab [npa-
BUJIO 3HAKOB] U T. [.

VYiKe 13 3THX MPUMEPOB BHIHO, YTO MHOTHE CBOHCTBA KoJell
MOXOKHU Ha U3BeCTHbIE CBOUCTBA uucesn. ONHAKO U3 IPUBEJEHHBIX
MpPUMEPOB KOJell BUAHO, UTO KOJblla ObIBAlOT U He YHMCJOBbLIE.
3HaunT, Teopus KoJjel MOXKeT OCYIIECTBJATL OJHOBPEMEHHOe
M3yyeHHe OYeHb MHOTMX MHOXKECTB HE3aBHCHMO OT MNPHPOAbI
HUX 3JIeMEeHTOB, JIHIUb Obl JJisT HUX BbIMOJHSANUCH AKCHOMBI KOJIb-
na. He cienyer, KoHeuHo, AyMaTh, 4To BCe Kosbla o6Jjafaior
OZHUMH U TeMH ke cBoiicTBamMi. OOMMME 1Jf BCeX KoJell siB-
JIAIOTCA JIUIIb T€ CBOHUCTBA, KOTOpble MOXKHO BHIBECTH W3 aK-
cuoM Kosiblla. Hapsiny ¢ 3TUM KaxJoe KoJblo MoxKeT o6na-
IaTh HEeKOTOpLIMH crenuduueckuMu cBoficTBamu. Tak, HanpH-
Mep, KoJbLo U3 mpuMepa ll1 sBiseTcs KOHEUHBIM, OHO COAep-
»KUT POBHO /7 3JI€EMEHTOB, TOTAA KaK KOJbla, NPUBEJeHHble B
oCTalbHBIX MpUMepax, OeckoHeuHbl. [lJif BCeX UYHCJOBHIX KO-
Jiell UMeeT MeCTO cllieflyioliiee cBoHCTBO: ecnn ab = 0, 1o
no kpafinefi mepe ofHO u3 uucea a, b passHo 0. dtum cBoii-
cTBOM He o0jajiaeT Kosbllo U3 npuMepa 13 W Kosbla U3 mpH-
mepa 1l ¢ cocraBHBIM MOAyJeM m. B camom jene, MaTpuubl

(2 0\ 4 (0 0
0 O) 0 5)
U3 KoJiblla TpuMmepa 13 He HyJeBble, a UX NpPOU3BELEHUE paB-
HO HYJIeBOH MaTpuIle
(0 0
0 O)'

s npumepa 11 B cayuae, Korga m =6, umeeM 2 u 3 He
HYJIeBBle, TOTJA KaK HX NPOM3BeJleHHe ecTb HyJieBoi kuacc 0.
(3mech uepes r o603HAUeH KJacC LeJbIX YHces, AAOMUX MNpH
JeJIeHHH Ha M OCTAaTOK r.)

Taxue snemeHTsl @ U b KOJbLA, KOTOpLIE CaMU He SBJIAIOT-
Csl HYJIeBbIMH, a B NPOM3BEACHHH [alOT HYJICBOH 3JIEMEHT,
HaseIBaloTCH Oeaumenamu Hysd. TakuMm o6pasoM, CYIIECTBYIOT
KOJIblla KaK C JeJIUTeNsIMM HYJS, TaK U 0e3 Hux.

Takoro poma mnepeueHb CBOHCTB, KOTOPBIMH OJHH KOJbLa
o6nafaior, a Apyrue Her, MOXKHO Obl1o Obl NPOMOMKHTB Kak
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yrOfHO Aajieko. DTO 3HAYMT, UTO HApsAy C U3yueHHeM oOMHUX
CBOMCTB KoJell TNPHXOAUTCH H3y4aTh CHeLUaJbHO KaxKaoe
OTHeJbHOE KONbLO MM OTHedbHbIE KjacChl Kojell. Tak, B
TEOPHH KOJlell ClielldalbHO H3y4YaloTCs KOMMYTaTHBHBIE KOJb-
Ia, KonbLa 6e3 fenutesiell HyJs, KOJbLA C eAHHWYHBIM 3Jie-
MeHTOM M T. 4. Haubosee «xopomum», a nmotomy u Haubosee
U3YYeHHBIM SBJSETCS KJACC KoJell, HasblBaeMblX I10JIsMHU.

Onpepnenenune 2. [losem Ha3bIBaeTCsl BCAKOE KOM-
MyTaTHBHOE KOJIbLO, copep:kariee Oojee OJHOr0 3jeMeHTa U
yAOBJETBOPAIOLICE CclefyiomeMy TpefoBaHHUIO:

7) Ons moGoro b U a =+ 8 paspeliuMo ypaBHeHHe ax = b.

Wuaue rosops, TpeGopaHue 7 03HauaeT BO3MOXKHOCTH fe-
JleHusi Ha 000l 3JeMeHT, OTJIMYHBIA OT HYJeBOro.

Besikoe mose, aBAAACH KOJbLOM, 00snafaeT BCeMH OOMMMH
cBoficteamMu Kostell. Ho, momumo 3Toro, uMetorcs Takue o6-
Imue CBOACTBA MNOJel, KOTOPHIMH He BCSKOe KoJblo obsaza-
eT. PaccMorpuM npumepsl:

a) B qio0om none P cymecTByeT eAMHCTBEHHBIH 3JIeMEHT e,
Ha3blBaeMblil €JMHUYHBIM, TaKOH, UTO ae = ea = a AJs JiiO-
6oro ajeMeHTa a u3 moas P. DTuM cBo#cTBOM 006/1a1ai0T He
BCe Kosiblia. Tak, B KoJiblle TpuMepa | elHHUYHOrO 3J1eMeHTa HeT.

6) Jna mo6Goro HEHYJNEBOTO 3JeMeHTa MoJs P cyinect-
ByeT OOpaTHbIA 5/1eMeHT, T. €. TaKOH 3JeMeHT a~?}, 4To

aa! =qalag =e.

B) B nose He cymecrtByer Xenutesefl HyJsS M T. 1.

HeTpysHo mpoBeputThb, 4TO M3 KOJell, NPUBEIEHHbLIX B MPH-
mepax 10—14, nojsaMu ABJASIOTCS JIMIUb KOJbUA puMmepa 11 u
TO JIMIIb JJI TeX cJiy4yaeB, KOrZa MOAYJb M €CcTb MPOCTOE
4HCJI0.

3ameTHM, UTO B MPAaKTHYECKHX MPUIOKEHHUAX GOJbIIOe 3HA-
4YeHHe HMMeeT MoJie KJacCOB BbIYeTOB IO Moaymo m = 2. Ouo
COCTOMT M3 [BYX 3JIEMEHTOB: KJlacca uMceJ, LeJsuxcs HA 2,
T.€. KJacCa YeTHbIX YHCeJs, M KJacca yHces, NAIOuuX NpH je-
JIeHWM Ha 2 ocTarok 1, T. €. Kjacca HeueTHBIX unces. Ecau
3TH KJjacchl 00603HAUUTh COOTBeTCTBeHHO 4epe3 O u 1, To Tab-
JHLBI CJIOXKEHUS] U YMHOXKEHHs JJis 5TOro moJs [oHo oGo3Ha-
yaeTcsl 06buHO 4epe3 GF (2)] 6yayT BBIMSAETH CJIEAYIOLIUM
o6pasom:
04+0=004+1=140=1, 14+1=0. 0.0=0,
0.1=1.0=0, 1.1=1. B nanvuefimem Mol GyZeM pac-
CMaTpHMBATh JIHIIbL YHC/IOBbe KOJbLA H MOJS.
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§2. Bonpochl PaBHGCHUJILHOCTH YpaBHEHHI
H CHCTEM ypaBHeHHH

IMycts F(¥, Y, ..., 2) — saeMmeHTapHass GYHKUUSA, T. €.
GyHKUMA, 3aJaHHasg HEKOTOpbIM aHaJHuTHuYecKHM (anreGpau-
YeCKHM) BBIPaXXEHHEM, COCTaBJEHHBIM M3 UMCEN U CHMBOJIOB
% Y, ..., 2 (nepeMeHHbIX). Ecsi 4ucsa, BXoAsulue B 5TO aHa-
JUTHYECKOE BhIpaxKeHHe, NpHHajJeKaT HeKOTOPOMY YHCJIOBOMY
noo P, to roBopsiT o ¢yukuuu Hajy nosnem P. Torma nox
0671acTbi0 OmnpefeNieHUs] (QYHKIMM MOHMMAIOT MHOXKECTBO Ta-
KHX CHCTEM 3HaueHHH NepeMeHHBbIX X, Y, ..., Z U3 noJd P, 14
KOTOpBIX OYHKuuA F(x, y, ..., ) onpeleseHa, T.e. UMeeT
BIIOJIHE Olpefie/ieHHOe 3HaueHue (UM 3HayeHus, ecJil OHA MHO-
ro3HauHa).

I[Tpumep 1. a) F(x, y)=

x2

+1 3 —_—
+oy4+Vr—y

3 7

ecTh (QYHKUUS HAJ T0JIEM PauMOHAJbHBIX YHCEJ;

6) F(x, y, ) = x>+ V2 ytz

ecTb (YHKUHS HAJ MOJeM IeHCTBUTEBHBIX YHCe,
B) F(x)=(1—)x*+x-+i

eCTh (QYHKIHKS HAJ TO0JieM KOMILIEKCHBIX YHCeJ.

Ecau F (x, y,..., 2) ecTb QYHKIMS HaZ HEKOTOPBIM NosieM P,
TO ee MOXKHO paccMaTpuUBaTh ¥ Haj JiOOHM pacilipeHueM [o-
As1 P. B uacTHOCTH, BCAKYIO YHUCJOBYIO QYHKIHIO MOXHO pac-
cMaTpuBaTb HaJ TOJeM KOMIUIeKcHbIX uucen. OpHako U3
MPaKTUUECKHX COOOpa)KeHW# YacTo MPUXOAUTCH paccMaTpH-
BaTb (GYHKIUMH HaJ YUCJOBBIMH HOJISMH, Gojiee Y3KHMH, YeM
noJie KOMIJIEKCHBIX UHCeJ, HanpuMep: HaJ, mojeM AefCTBUTeNb-
HBIX YHCeJ, PAMOHAJNBHBIX UMCEN U T. ., a MHOTAA Jaxe Hap
KOJIbIIOM LEJBIX 4YHCeJ.

B 3aBUCHMOCTH OT TOro, HaJ KaKuM [0JIeM paccMaTpuBa-
ercsl JaHHas (yHKUMs, oO6NacTb ee ompeleeHus MeHseTcs.

IIpumep 2. Oynxuusf (x)=x"’—l——1— uMeeT cBoefl 06/acTbio
X

onpe,uenennﬂ MHO2XKECTBO BCE€X OTJ/IUYHBIX OT HYJSA paIJ,I/IOHaJ'IEr
HBIX 'mcen, €CJiIM ee paccMmaTpuBaTb HaJ MoJieM R; MHO2KECTBO
BCeX OTJIMYHBIX OT HYJA H,eﬁCTBI/ITeJIbeIX yuceJ, ecju ee
paCCManI/IBaTb HAaJL4 IIoJeM D; MHOXeCTBO BCeX OTJHYHbLIX OT
HYJ KOMIUJIEKCHBIX 4qHCEJ, eCJH ee paCCManHBaTb Haj II0-
geM K, u T. 1.
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Tak kak kosbduunenTs! (GyHKUHME [ (X) — palHOHaNBHBIE
4icaa, a noje R NpUHAJJEXHUT JiIoOOMY YUCJIOBOMY IOJIO, TO
MOXKHO cKasarb kKopoue: (yHKuus f(x) Hax nonem P uMeer
cBoell 06J1aCTbI0 ONpeJe/eHUS MHOXKECTBO BCEX OTJHYHBIX OT
HyJs uuces noJss P.

Mpumep 3. Oynkuusa y = V' x*—T1 wan nosnem D umeer
B KauyecTBe 00/1aCTH ONpeZiesIeH s MHOXKeCTBO YHCeJI, COCTOsILIIee
W3 JBYX OTpe3KoB: (—oo, —1], [1, 4-o0). Dra ke dyHKuUSA
Haj nojeM K uMeeT cBoefl 06s1acThIO Bce MHOMXKeCTBO K.

Hanomuum, uto ae pynxumn F(x,y, ..., ) u Fy(x,y,...,2)
Haj noJjeM P Has3bBAOTCH PaBHLIME UJM TOXKAECTBEHHO paB-
HbIMH, €CJIH OHH HMEIOT OJLMHAKOBble 06GJacTH ONpejesieHust
HaJ moJieM P M ecsiM UX 3HAueHWs COBMAfalOT NPU JIOOLIX 3Ha-
ueHHsIX TepeMeHHBIX W3 00J1acTH OmpejeJieHus.

[Mpumep 4 Dyukmuu F(x)=1gx> u F,(x)=2lgx
Haj mojiem D He paBHbl, TaK Kak HUMeIOT pas3/HuHble 0GJacTH
onpejesieHus. IJTH ke (YHKUMH (KaK H3BECTHO H3 TEOPHH
GbyHKUMH KOMIJIEKCHOrO MepeMeHHOro) Haj moJseM K paBHBL

[Mpumep 5. Pyukunu F,(x) =x*u F,(x) =|x|* Hag mo-
JgeM D paBubl, TOrfa Kak Haj mnojeM K OHH pasmmMuHBl, HO6O
I'p1 BCEBO3MOXKHBIX KOMIUIEKCHBIX 3HaUeHHAX x PyHKUuA F, ()
NPHHAMAeT BCEBO3MOXKHble KOMIUIEKCHBIE 3HAaueHHs, a (yHKUHS
F,(x) — mumib feHCTBUTeNbHble HEOTpHIlATe/bHbE 3HAUYeHUS.

V3 paccMoTpeHHBIX NPHMEpOB CJefyeT, 4TO KakK obJacTb
onpefenenuss QyHKIUH, Tak U paBeHCTBO (DYHKUUH — MNOHSA-
THS OTHOcUTenbHble. OHH 3aBHUCAT OT TOTO, HaJ KaKUM [OJieM
paccMaTpuBaioTCs AaHHble QYHKUMH.

Ecm dynkumn Fo(x,y, ...,2) u Fy(x, y, ...,2) paBHH, TO
OHLIYT:

Filx,y, ...,/ =F(x, 9, ...,2), (1)

npuYeM HHOTJA BMeCTO 3HAKa = YNOTPeGAfOT 3HAK =.

[lpeoGpasoBanne dynkuuu F(x, y, ..., 2) Hag nojeM P Ha-
3bIBaeTCSl MOKCOeCMEeHHbIM, €CJIl B Pe3y/bTaTe ero npuMeHe-
HUA TOoJay4YaeTcsl (QyHKUMs, paBHas AaHHOH.

Mpumep 6. ITycts F (x, y) = X+3y —}—)’:I; —-x:izy‘z'
x+3y x—y - 4y?

[TpousBe st cloxeHue 00eit ,
P A o x—y x4y x—y?

no-

2x (x + ¥)
ayunM:  Fi(x, y) = —+-1 =,
y 105:3) =y =+
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Ouenugno, uto F,(x, y) = F(x, y). CrefoBaTe/bHO, ClioKe-
Hie fApobeill SIBJSETCS TOMXKIECTBEHHHIM NpeoGpasoBaHueM. Ec-
JI K€ MOCNeJHIO Apo0b COKPAaTHTb Ha X -y, TO MHOJY4HM
¢GyHKUMIO

Faley) = =2,
x—y
He paBHYIO GYHKuwH F (X, y), TaK Kak F(x, y) u F,(x, y) umetoT
pasnuuHble obJacTu onpezesenns. CrefoBaTelbHO, COKpalleHHe
Ipo6H Ha HeKOTOpOe BhbIpaiKeHHe, BOOGIe TOBOPS, He SIBJSIETCS
TOXJECTBeHHbIM Mpeo0pasoBaHHeM.
PaccmoTpenHbie Belle QyHKLUHY

Flay)= 2R 4220 By Fy(y) = 2
x—y x4y 2 —y? x—y
He fIBJISIIOTCS TOXKJECTBeHHO paBHbIMH. OpHaKO MpH BCeX CHC-
TeMaX 3HaueHuH x, y, TaKHUX, YTO X F y, X %= —Y, 3TH (YyHK-
LMK UMEIOT paBHble 3HaueHHs. B CBA3H C 3TUM eCTeCTBEHHO
BBECTH IOHSITHE paBeHCTBa (GYHKUMH Ha MHOxKecTBe M.

[Be ¢yuxmu f(x) U @ (x) Ha3bIBAIOTCH pPABHOIMIU HA MHO-
acecmee M, ecym s mo6Oro 3HAYEHHs nepeMeHHOro x us M
naHHble (DYHKUMU ONpejiesieHbl M UMEIOT paBHble 3HAYeHHS.

D70 omnpejesienne rofuTcs ¥ AN QYHKUME OT HECKOJbKHX
nepeMeHHBIX. TONBKO B ToOC/e[HeM ciydae nof M cienyert no-
HUMaTh HE MHOXECTBO UHCEJ, a MHOXKeCTBO A-UJIEHHBIX TOC/e-
JoBaTeNbHOCTeH uyucesn (n-MepHBIX BEKTOPOB), HJH, KaK To-
BOPSIT, MHOXECTBO CHUCTeM 3HAaueHUH MepeMeHHBIX.

MMpumep 7. Oynkumm f(x) = (Vx—?—l— HVx—2— 1)
U ¢(x) = x—3 He paBHB HM Haj ojfHHM u3 moJe#i R, D, K.
Onnako OHH SIBJSIOTCS PABHBIMH, Hanpumep, Ha MHOXKecTBe M
IedCTBUTENbHBIX 4Ydces oTpeska (2, -|-oo).

[Mpumep 8. Dynkuu Fi(x,y)=Ilgx+1gy u F,(x,y)=
= 1g xy paBHbl Ha MHOxKecTBe M BCeBO3MOXKHLIX MNap MOJO-
JKUTEJIbHBIX JeACTBUTENbHBIX YHCe.

3ameTuM, YTO MHOXKeCTBO A, Ha KOTOPOM pacCMaTpHBae-
Mble (YHKIMM paBHBL, MOXKeT BbIGHpaThLCs He oJjHOo3HauHO. Tak
B HOC/eJlHeM [puMepe B KadecTBe A MOMKHO GBUIO B3ATb MHO-
JKECTBO Map IIeIbIX M0J10 KU TeIbHBIX UHCeJI, MHOKECTBO nap Aeli-
CTBUTE/BHBLIX uuces, GoJbliMx 5, u T.A. Ha mnpakTuxke MHO-
KecTBo M cTpeMATCS BbIOMPATb MO BO3MOMKHOCTH CaMBIM «LLIH-
pokum». Torga oHo sauacTyi0 coBnajaer C oOLled YacTbiO
ofacTeil omnpepeseHus paccMaTpuBaeMblXx (YHKIMEA (CM. pac-
CMOTpeHHble Bblllle NpuMepsl [—2); oxHAKO INOCHefHEE HE
ofsasarenbHo. Tar QyHKuuH £ (x) = |x] 0 F,(x) = x onpejeJe-
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Hbl HA MHOXKECTBE BCeX KOMILIEKCHbIX uucesl. OJHAKO caMbIM
[IMPOKUM MHOXECTBOM, HAa KOTOPOM OHH paBHBl, ABJAETCA
MHOXKECTBO HEOTPHILATEJbHBIX JAeHCTBUTENBHBIX YHCeI.

Ilycte Tenepp F,(x,y, ...,2) u Fy(x,y, ...,2) — mobble
Gyuxkuuu Hag mosieM P (He ofsizaTesbHO paBHBIE). Torga pa-
BEHCTBO

Fix, Yoo, 2)=Fy(%, y,...,2) 2
HA3LIBAETCSl ypasHeHuem Haj 1oneM P OT HeusBeCcTHHIX
XY, ...,2. llpn satom ¢ynxuuu F, u F, HasblBalOT COOTBET-

CTBEHHO JIeBOIl H MpaBOf YacTSAMHU ypaBHEHHS.

PagenctBo (2), noxoxee BHeIHe Ha paBeHcTBO (1), umeer
COBepIIEHHO ApYrylo npupony. PaBencTso (1) siBnseTcs «yTBEp-
IATELHBIMY, U060 OHO yTBepXKzAaer, 4Yto ¢yHKuuMu F, U F,
PaBHBL.

PaBeHcTBO Ke (2) sBJseTcs «BOMPOCUTENBHBIM». OHO BbI-
paxaeT BONPOC: NPH KaKUX 3HAUEHHFX MEPEMEHHBIX X, Y, ...,Z
u3 noist P ¢yuxuum F; U F, UMeIOT OXUHAKOBble 3HAUEHUS?
W nag kakuM MHOXKecTBOM M paBHB OYHKUMH [, u Fy?
[TosToMy ypaBHeHHe (2) MHOTJa 3amUCBHIBAIOT B BUJE:

?
Fix,9, ..., 2)=Fy(x,y, ...,2).

CuctemMa 3HAUEHHH NepeMeHHBIX X =a, Yy =5, ..., 2=7
u3 moJs P HasbiBaeTcs pewleruem ypasrenus (2), ecam 3Ha-
venns GyHKuMd F;, U F, NpU 3THX 3HAYEHHUAX MePEeMEHHbIX
paBHbl, T.€. ecJi paBHbl uucaa Fy (o, B, ..., 7)1 Fy(a, B, ..., 7).
B sToM ciiydae roBopsIT Tak:Ke, YTO CHCTEMA YHCeN %, B, ...,
YIOBJIETBOPSIET ypaBHEHHIO (2).

O6masi yacth oGnactell ompepesnenus OGyHKUui Fy, u F,
HasbIBaeTCs 004acmoro onpedeexus ypaBHEHUs (2).

He caenyer nyratb o6JiacTb ONpejesicHUS ypaBHEHHs K
MHOXKECTBO €ro pelleHHH.

I[Ipumep 9. ¥YpaBuenue 5 — x = 2 Han mosieM D umeer

X

o6nacTtb onpepenenuss (—oo, 0) , (0, }oo). Pemenuamu xe
5TOTO ypaBHeHHs SIBMASIOTCS JHMIIb 1Ba YUCHA: X, = 2, Xy =3.

JIBa ypaBHeHHsl Haj mosieM P Ha3BIBAIOTCS PAGHOCULbHOIMU,
€CJIM OHH HUMEIOT OfHO M TO 2Ke MHOXKECTBO pelleHHH, T.e. BCs-
KOe pellleHHe OJHOTO M3 HHX SBJSETCS pelleHHeM JApYroro.

3aMeTUM, YTO PABHOCHJLHOCTb YpaBHEHHH CYILECTBEHHO
3aBUCUT OT TOrO [0/, HaJ KOTODHIM OHM paccMaTpuBa-
10TCSL.
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IMpumep 10. YpaBuenuss x —1=0u (x—1)(x*41)=0
Haj mojeM D paBHOCH/IBHBI, TaK Kak 06a HMMEIOT eJHHCTBEH-
HOe pellleHue x; = 1.

Hapx noseM K >TH ypaBHEHHS He pPaBHOCHJIbHEL, TaK Kak
BTOPOE ypaBHEHHE HMeeT peIUeHUS: X, = {, X;= — i, KOTO-
pble HE SIBISAIOTCH peIleHHsIMH MEPBOro.

OueBHIHO, YTO €CJIX B ypaBHEHHUH (2) KaXKAYyI0 U3 QyHKUUH
F,, F, 3aMeHHTb TOXJAGCTBEHHO PaBHOH efl QyHKIMeH, TO mo-
Jy4UTCs ypaBHEHHE, PaBHOCHJIbHOE NAaHHOMY.

OpHako OpH pelleHUH yDaBHEHHWS K €ro JieBofl u IpaBof
9acTAM INPUXOAUTCS NPUMEHATb pPasjHyHble, 3aYacTylo He
TOXKJeCTBeHHble npeobpa3oBaHusi. I1pu aToM BaXKHO 3HATh: He
M3MeHseTCs JIH OT TUX NpeoOpasoBaHUH MHOXKECTBO pelleHUil
IaHHOTO ypaBHEeHHS, T. e. OyJeT /U MOJyyeHHOE B pe3ysbTaTe
npeoOpasoBaHUH ypaBHeHHE PABHOCHJILHO JaHHOMY?

HexkoTopyro momolp B 3TOM OTHOILEHHH MOTYT OKa3aTb Tak
HasbiBaeMble TeopeMbl O PaBHOCHJIbHOCTH ypaBHeHu#. [lpu
5TOM, Y4YWTbIBasi, 4TO paccMaTpuBaeMble HAMU TeOpPeMBI CIpa-
BeJUTUBB! AJis J11060r0 YucaoBOro mojis P, Mbl B ux Qopmynu-
poBkax Oyjem omyckarb cjoBa «Haf moJem P». Kpome Ttoro,
panu npocToTsl Mbpl OyfeM paccMaTpUBaTh JIHIUL ypaBHEHUS
C OJHUM HEU3BECTHbIM, XOTSl BCe pacCyXJieHHs COXpaHs-
I0TCs W AJs caydyas J0o00ro KOHEYHOro 4YHC/ia HeusBecT-
HBIX.

Teopema 1. Ecau ¢ynkyusa o(x) onpederena 8 obracmu
onpedefeHus ypasHeHus

[1(x) = f2(x), 3)
Mo 3M0 YpasHeHte PABHOCUILHO YPABHEHUIO
[1 (%) ¢ (x) = fa(x) + 2 (x). (4)

Wnaue: Ecau k obeum dacmam YypasHeHus npubasume
pynryuro, He meparouyro cmoicaa (onpedenennyro) 6 obiacmu
onpedenenus OGHHO20 YPABHEHUA, MO NOAYHUM YpPaABHeHUe, pas-
HocUnbHOE CARHOMY.

HdokasartenbcTBO. [IycTh @ ecTb pelleHHe YpaBHEHUS
(3). Torpa suauenns f;(a) u fo(a) dynxuui f,(x) u f,(x) pas-
HBl, T.e. f;(2) = f, () — uncsaoeoe ToxnectBo. Kpome Toro, Tak
KaKk o BXOJUT B oO6JjacTb OmpefesieHUss ypaBHeHus (3), TO
GYHKUMSA @ (x) IpH X = o ONpejesieHa, T.e. ¢ () — BIIOJHe OIl-
pesesenHoe uucyo. ClenoBaTeNbHO,

L) +oe@ =l +e@ ©®)
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€CTh YHCJIOBOE TOXjecTBo. M3 aToro cienyer, uto « fBjseT-
csl pelieHueM YypaBHeHUs (4).

OGpaTHo, ec/i o ecTb pelleHue ypaBHeHHs (4), TO pPaBeHCT-
B0 (D) fBJIsIETCS YMCJIOBBIM TOXKIECTBOM. BbIUTA M3 06eHX €ro
yacTell M0 YHCNY @ (a), MOJIYUMM YHCJIOBOE TOXKJECTBO f, () =
= f,(2), KOTOpOE TOBOPHUT O TOM, YTO o SBJAETCH pPEeLIeHHEM
ypaeuenus (3). Taxum 06pasoM, BCsKoe pelieHue ypaBHeHus (3)
IBJIsIeTCsl pelieHueM ypasHeHus (4), u o6parHo. Cie[0BaTeNbHO,
ypaBHeHusl (3) u (4) paBHOCHJIBHBL

[okasanHasi TeopeMa yTBep:KlaeT JHIIb PaBHOCHJIbHOCTH
ypaBuenuit (3) u (4) Ans Toro ciydasi, Korja QyHKuus @(a)
onpefiejieHa B 00sacTi onpefieneHuss ypasHeHus (3). Opnako
OHA4 HUYEro He TOBOPHT O TOM CJjydae, KOria HoOClefHee yCJo-
Bie He cobgofaercsl (uTo yacro OwbiBaer). PaccMorpum sTOT
cayda#.

[Tyctb @ — Kopeus ypaBHenus (3) ¥ yHKIMA @ (X) B TOU-
Ke o ompejeseHa. Torga HallM pacCyXJIeHHS B JOKasaTelb-
CTBE COXPAHSIOTCS M % eCTb KOpeHb ypasHeHus (4). Ecou ixe
9(X)B TOUKe & He OMNpejesieHa, TO ¢ He OYyIeT KOPHEM ypaBHe-
Hust (4), Tak Kak o He BXOJUT B 00JIacTb ONpEeJIeNeHHs ypaBHe-
uus (4). Ecou o — kopenb ypaBHenusi (4), To ¢ (x) npu x =a
HeoOX0ZMMO OMpEfeJieHa M, CJeJOBare/IbHO, ¢ ecTb KOpeHb
ypaBuenus (3). Takum obpasoM, ecau QYHKUHSA @ (X) He TepseT
CMBICJIA JIMIIb TPH TeX 3HAYeHHSX X, KOTOphe fABJAOTCH KOp-
HAMH ypaBHeHHs (3), TO ypaBHeHHs (3) U (4) paBHOCHJBHBHL
B nmpoTHBHOM ciydae NpH Nepexoje OT ypaBHEHHS (3) K ypaB-
HEHUIO (4) MPOUCXOLHUT MOTepsl TeX KOpHeH, NpH KOTOPbIX PYHK-
uusl ¢ (X) TepseT CMBICII.

Mpuwmep 11. YpaBuenus 2x+ 1 =xu 2x—{—1—|—ﬁ=
1 X
=5+ x4+ 1

x=—1, Torga Kak BTopoe He uMeeT KopueH, Uucio —I1 He
ABJISIETCS €ro KOpHEM, TaK KaKk He BXOJUT B 06J1acTb €ro
onpepenenns. TakuM o6pasom, NpH Nepexoje OT HepBOro ypas-
HEHHS] KO BTOPOMY NPOH30MILIa MOTEPS KOPHS. DTO CAYUHJIOCH

NoTOMY, YTO NpubaBsisgeMas (QyHKUUSI He oTpejeseHa

HE PaBHOCHJIbHBI, TaK KaK IIepBO€ UMEET KOPEHb.

mpu ¥ = —1, ABJISAIOLIEMCS KOpPHeM MepBOTo ypaBHEHHS.
[Tpumep 12, Ypaeuenns 2x +1=xu 2x-+ 14

x—1
1
=x-+ 1 paBHOCH/IbHBL Kaxpoe U3 HHX HMeeT eJuH-
x—
cTBeHHbldl Kopeds —1. [leno B ToM, 4To 3jechb npubasisemast
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(yHKUHUS

XOTS U He OIlpejesieHa Ha Bcell obyacTtH orm-

pejieJieHHsl IepBOrO ypaBHEHHS, OLHAKO OHA TepsieT CMbICH
JUIb B TOYKE X = 1, He fABJsIOLielics KOpHEM MepBOro ypas-
HEHHUs,

Us reopembl 1 crepyer, YTO UJieHH! ypaBHEHHS MOX-
HO MEPEHOCHTb U3 OJHOH dacTH B JAPYTYIO C U3MEHEHHEM 3HA-
Ka Ha MPOTHBOIOJIOXKHBI.

Teopema 2. Ecau yuxyus o (x) onpedeisena u xe npu-
HUMAeMm 3HA4eHUsl, DABH020 HYAo, 6 o0baacmi onpedeierus
YpasHeHU s

fL(¥) = F2 (%), (3)
mo ypaererue (8) PABHOCULLHO YPABHEHLIO
F(0) ¢ (%) = [ (%) ¢ (x). ©)

Wraue: Ecau obe wacmu ypasrenus ymHO*CUMb HA PYHK-
Uuro, He MePAIOULYr0 CMbICA U He 00paujaruyrocs 6 Hyib 8
o6.aacmu. onpedeseHus OQHHO20 YPASHEHUS, MO NOAY4UM YPAS-
Henue, PAasHOCUAbHOE OQHHOMY.

[loKaszaresbCTBO TeOpeMbl 2 aHAJNOTHYHO J0KAa3aTeJbCTBY
TeopeMsl 1, u Mbl ero omyctum. PaccMoTpuMm cayuam, Korga
YCJIOBUSI TeopeMbl 2 He BBINOJHAIOTCS.

1) Oyukuus ¢(x) B ob6aacTu onpejesieHuss ypaBHeHus (3)
MoxeT obpauathest B Hydb. Ilyets ¢(a) =0. Torza ouesup-
HO, 4TO o OyjzeT KopHeM ypaBHenus (6). Ecau o me 6blio
KOpHeM ypaBHeHus (3), TO IpH nepexoje OT ypaBHeHUs (3)
K ypaBHeHuIO (6) Hamuumo mpuoGpeTenue HoBoro KopHs. Eciu
Xe o ObLIO KOpPHeM ypaBHeHus (3), TO NpPHOGpPETEHHS HOBOTO
KODHA He Npou3oiijeT (YBeJUUUTCS JIMIIL «KPATHOCTbY KOPHS &,
YTO NP OIpeJesieHNH PaBHOCHJBbHOCTH YpaBHEHUH HE YuYHTHI-
Baetcs).

2) OyHKIMA ¢ (¥) ompejesieHa He BO Bcell ofJjacTu ormpe-
nenenusi ypaBHenus (3). [lycTtb, Hanpumep, YuCIO o BXOAHMT B
06JlacTb ONpejeseHusl ypaBHEeHHs (3) U ¢(«) He ompejeseHa.
Torpa a Moxet He 6bITh KopHEM ypaBHenus (6). Ecqu uncsio a
IBJIAJIOCh KOPHEM ypaBHEHHd (3), TO NpH NepeXxojie OT ypaBHe-
HUA (3) K ypaBHeHHIO (6) MOMKET NPOHM30HTH MOTeps KOPHS a.

Takum oGpasoM, B ciayyae, KOrja YCJOBHSI TEOpeMbl 2 He
co6/0fal0TCd, NpH NMepexofe OT ypaBHEHHA (3) K ypaBHEHHIO
(6) moxeT npou3OHTH Kak mpHobpeTeHHe, Tak U TOTEPS KOp-
Heil. IlpuoGperaorcsi Te KOpHH, KOTOphE 06palialoT B HYJb
(YHKUMIO ¢(X) B He ABJAIOTCA KOPHSMH ypaBHenus (3); Te-
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pATBCS MOTYT Te KODHH ypaBHeHUs (3), B KOTOPHIX (YHKLH S
©(x) He ompejeJseHa.
[Mpumep 13. IlycTe paHO ypaBHeHue

1 x l—x
-|— =

x—1 x4+1  x2—1

o l—x
[losbaysice TeopeMoit 1, neperecem 4en — [ B JIEBYIO HaCTb.
x —
1 x l—x
[Tonyuum ypaBHeHHe p— -+ P 0, paBHOCHJIb-

HOe JaHHOMY.

[Tpoussenss Han J€BOH YacTbIO MOJYYEHHOTO YpaBHEHHS
TOXJECTBEHHble NpeobpasoBanus (cJ0XKeHHe apoGeit), moay-
X+ x

2+1 =0. llocnennee ypaBHeHHe, a CJI€JOBATENbHO, U
x —_—
JaHHOe ypaBHEHHe, MMeeT eJMHCTBEHHBIH KopeHb: x; =0.

Ecnu ke yMHOXHTDb NaHHOE ypaBHEHHe Ha QYHKUHMIO X% — |
(T.e., MpUBes YJEHb YpaBHEHHS K OOIIEMY 3HAMEHATEJIO, OT-
GpocuTh mocsaefHuil), TO mosayuyuMm ypaBHeHue x% -4 x = 0, Ko-

YUM:

Topoe uMeeT KopHu: ¥, =0, x, = —1. [losiBICHIE HOBOTO KOp-
g —1 Bbi3BaHO TeM, 4to QyHKUMA x2——1 o6pallaeTcs B
Hynb IpH x = —1, He fABJAWIIeMCS KOPHEM JaHHOTO ypaBHe-

nust. Crie0BaTeNIbHO, MPH PEIIeHUM APOOHBIX YpaBHEHHH, OT-
GpacciBasi 3HaMeHaTesb, HYXKHO NpENBAPHUTENbHO ONpENeHTb
3HAuYeHHsl MepeMeHHBIX, NPH KOTOPHIX OH ofpallaeTcs B HYJlb,
c TeM 4YTOGbl 3TH 3HAUEHWS BIOCJENCTBHH HE CYeCcTb 3a pe-
IIeHUs] TaHHOTO ypaBHEHHS.

[Mpumep 13. YpaBuenue x2— x =0 uMeeT [Ba pelleHus:
%, =0; x,=1. Ecaun e pasnemutsp o6e €ro 4acTd Ha X, T.e.

1
YMHOXHUTb Ha (YHKIHIO —, TO OJYYUM ypaBHeHHe ¥ — | = 0,
X

uMerolliee ofuH KopeHb: x = 1. [ToTepsa KopHs mpousoulia mo-
1

TOMY, YTO QYHKIHS — TepsieT cMblca npu ¥ = 0, ABJjsolieMcs
X

KOpHEM NaHHOTO ypaBHEHHS.

CnepoBartenbHO, fejisi 00e 4acTH ypaBHEHHS HAa HEKOTOpYIO
byHKIHIO, ClefyeT MpefBapUTeNbHO ONPENeNHTb, NMPH KaKHX
3HAUEHHSIX NepeMeHHBIX oHa ofpamiaercs B HYJb, C TeM 4TOOLI
BIOCJICACTBUY 3aNUCaTb HX B pPelICHUs JaHHOrO ypaBHEHHd,
eCJIM OHH BXOAST B ero o6jacTb ONpefesieHHs.

13 Teopembl 2, B yaCTHOCTH, CJledyer, Yyto obe yacTu ypas-
HeHUsl Haj nojeM P MOXKHO yMHOMXHUTb Ha Jwo0oe, OTJIHYHOe
OT HyJsl 4ucho u3 noas P.
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YpaBuenne (2) HasplBaeTcs  asqeebpauteckum, — ecau
F (x, y,..., & u Fy (%, y,..., 2) ABIAIOTCS LEJbIMH paLHo-
HaJbHLIMU QYHKIUAMHY, T. €. anre6panuecKUMU BblpaxeHUSMH,
COCTaBJIEHHBIMU U3 UUCEJ U MepeMeHHbIX X, Yf,..., 2 C NOMOUIBI0
KOHEYHOT'0 uucja JeHCTBUH CJIOKEHUS W YMHOXKeHHS.

Iloabsysch Teopemoil 1 M cBoHCTBaMU CJIOXKEHUS U YMHO-
JKeHUS UHCceJ, MOXKHO BCfIKOe asre0panieckoe ypaBHEHHE C
OJHAM HeU3BEeCTHHIM HajJ MoJjeM P TpuBeCTH K BHAY: Qux™*--
+axt4 ... +a,=0, rze aq, a;, ..., a,€P, ecan npu
3TOM a, + 0, TO 1 Ha3bIBAETCS CMeneHbi0 YpaBHeHH .

OueBupHO, 4TO A anrebpanueckoro ypaBHeHUs Haj No-
JeM P 061acTbio ONpefiesieHHsl sIBJsleTC BCE MHOXeCTBO P.

Ilpn pemwennu anre6panyecKux ypaBHEHHH Hapsify C Teo-
pemamu 1, 2 uyacTo wuCnoJb3yeTcsl CJIeAyIOLas  TeopeMa,
crnpaBefJiuBas AJsl J000T0 UHCJOBOrO TOJS.

Teopewma 3. Ecau f(x) =f,(x)-fo(x) ... [ (%), rme f(x),
Fi(®)y oo [ (X)— yeave payuonanensie QyHkyuw, mo ypas-

HeHue
Fx) =0 (@)
PABHOCUALHO COBOKYNHOCHIU YpPABHEHULL;
1) =0, f;(x) =0, ..., f,(x) =0, (8)

m. e. MHoxcecmeo pewienutl ypasrenus (7) pasHo 06veduHeH o
MHONMCecme  pewienuli ypasHerut (8).

3ameTtuM, 4TO TeopeMa 3 OCTaercsl B CHJIE H B TOM CJy-
yae, korga fu f,(i = 1,2, ..., k) ABASIOTCS LEJBIMH PalHOHAND-
HbIMH (DYHKUMSIMH OT HECKOJIbKHX I€PeMEHHBIX.

CripaBe/IHBOCTb TeOpeMbl 3 CJIefyeT U3 TOro, YTo B YHUCJIO-
BBIX MHOMECTBaxX OTCYTCTBYIOT [eJHTeJH HYJs,T.e. HPOU3Be-
IeHue ABYX 1 Gosiee ypcesl PaBHO HYJIIO TOrJa U TONbKO TOTAA,
Korja XoTd Obl OJMH M3 COMHOXHMTEJeH paBeH HYJIIO.

Tak Kak fas pemeHus anre6panyecKHX ypaBHeHHH mep-
BOM W BTOpPOH CTemeHH H3BECTHbl MNpoCThie (GOPMYJbl, TO U3
TeopeMbl 3 CJIeAyeT, UTO JJis peileHus anrebpanyeckoro ypae-
HeHus (7) JOCTAaTOYHO €ro JieByl0 4YacTb PAa3JIOKHTb HA MHO-
JKUTEJAM TIepBOH H BTOPOH CTemeHH.

[lycts Temepr naHa cuctema ypaBHeHU#l Haj mnosaeM P:

16 4, oo D=0y, ..., 2),
Aok Amn
fx(xr Y vves z)z'.of.:(xs Yooves d).
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Pemrenvem cucrempl ypaBHeHu#l Haj mosneM P HaseiBaercs
Takas cucTeMa 3HauyeHHil HEU3BeCTHBIX X, Y,..., U3 nons P,
KoTopasl yAOBJETBOPSieT KaX/JOMy YpaBHEHMIO HaHHOH CH-
CTeMBI.

Ecnu cucteMa ypaBHeHHH nMeeT X0Ts Obl OLHO pelleHue, TO
OHa HasblBaeTcs cosmecmHoil. B NPOTHBHOM clyyae cucTeMa
HA3bIBAETCS HECOBMECTHOL UL nPOMuBopedusol.

CucreMa ypaBHeHHH HasblBaeTcsl onpedeseHHotl, eClu OHa
HMeeT TOYHO ofHO pemrenue. Eciu xe cucrema uMmeer Gojee
OIHOTO pelleHHsl, TO OHa HasbIBaeTCsl HeonpedeseHHOU,

HccnepoBate cucTeMy ypaBHEHHH — 3HAUMT  BBISICHHTB:
1) coBMecTHa OHa WM HECOBMECTHA; 2) B CJydyae COBMeCT-
HOCTH ONpefieJieHHa WJH HeoNpefeseHHa.

Pemiute cucreMy ypaBHeHHH — 3HauUT HaHTH BCe ee
pellleHusl, eCJAM TaKOBble CYILECTBYIOT.

Tax ke, KaK ¥ 1J151 ONHOTO YpaBHEHUS, AJIS CHCTEMbl ypaB-
HEeHHUH, eCTeCTBEHHO, ONPeNeNsIoTC MOHATHA 00acTu ompe-
IeJeHUs] CUCTEMbl ypaBHEHUH W PaBHOCHJBHOCTH JBYX CHCTeM
ypaBHeHHUH.

Ilpu perieHuu cUCTeM ypaBHEHHH YacTo HCINOJIb3yeTCs Te-
opema.

Teopema 4. Ecau c;, cy,— atoboie aucaa u3 noas P,
npudem ¢y =0, mo cucmema ypasnenuii (9) wnad nosem P
DABHOCUNbHA CUCMeME YDABHeHUL:

fl(x?y, ""z)chl(x’ y, ""z))
C2f2(x’y, ...,z)+clf1(x,y, -'-’Z)=02‘Pz(x’ y, ...,Z)+
oo (%, 4, -0 2),

fey, ....2)=0¢, (%Y, ..., 2). (10)

3peck cucrema ypaBHenn#l (10) orTsmuaercs ot cucteMsl (9)
JUlIb OAHUM (BTOPBHIM) ypaBHEHHeM, KOTOpPOe TMOJyYeHO U3
NepBoro U BTOPOro ypaBHEHHH JAHHOH CUCTeMbl YMHOMKEHUEM
COOTBETCTBEHHO Ha YHCJA C; U C; U TOUJIEHHBIM CIIOXKEHHEM
MOJYYCHHbIX ypaBHEHHH. 3aMeTHM, 4TO BMECTO I[€PBOrO H
BTOPOro ypaBHEHHH MOXHO ObIO B3ATh [Ba JIOOBIX APYrux
ee pasjMuHbIX ypaBHeHHA. [losTomy Teopeme 4 MoXKHO ObLIO
6bl JaTb TaKyi (OPMYJHPOBKY:

«Ecnu K KakoMy-a160 ypaBHEHHIO CHCTEMbl, YMHOKEHHOMY
Ha HeKOTOopoe OTJAHYHOE OT HYJs 4YHhcjo, IpHOaBUTh HEKOTOpOe
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Lpyroe ypaBHeHHe 3TOH CHCTEMBl, yYMHOXKeHHOe Ha Jo6oe
YHCJIO, TO MOJYYHM CHUCTEMY YpaBHeHUH, paBHOCHUJbHYIO JaH-
HOM.

HorkasateanbcTBo. Tak kak cucremn (9) u (10)
OT/IMYAIOTCS TOJNBKO BTOPHIMH YypaBHEHHSMH, TO JOCTATOUHO
JHIUb JOKasaTh, YTO BCKoe pemeHue cucTemsl (9) ynoBner-
BOpsieT BTOpOMY ypaBHeHuio cucTeMel (10) u BcKoe pelleHue
cucreMs! (10) ynoBjeTBopsieT BTOPOMY ypaBHEHHIO cHcTeMsl (9).

Ilycts cucremMa uucen x=oa, y=208, ...,2=171 ecTb pe-
menve cucteMsl ypaBuenuit (9). Torza umeeM 4MCJIOBblE TOXK-
JlectBa:

a) f1(°"3, "°’T)=(‘Pl(a’ g’ "'!T);
6) f2 (“,B, ---,T)=‘?2(a’ pv ‘°"T)'

YMHOXHB 3TH TOXKJEeCTBa COOTBETCTBEHHO Ha YHCJA €y, Cyy
[I0JIYUMM CHOBa YHUCJIOBbI€ TOXKAECTBA; CJOXKHUB HX MOUYJTEHHO,
IIOJIY4UM TO2XIAECTBO

B) clfl(as p’ ""T)+c2f2(“7 {3, ""T)z
=% (1,3, cees T) T Ca®s (o Boeees T

KOTOpOe TFOBOPUT O TOM, 4TO %, 3, ..., T YAOBIETBOPSIOT BTO-
pomy ypaBHeHHIO cucTeMsl (10).

O6parHo, ecau o, f, ...,y ecTb peileHHe cucrems (10),

TO MMeeM YHCJIOBble TOXKJecCTBa a) U B).
YMHOXHB TOXKJECTBO a) Ha YHMCJIO C; M BHIYTA IOJYYEHHOE
TIpyu  3TOM TOXKJECTBO ©3  B), MOJAYYMM  TOXKJAECTBO
Cofs (@, By +ov s Y) = Co®p (2, 8, ..., 7). Pasnenus o6e ero uactu
Ha Cp (Cy 5= 0!), HONYUNM UHCJIOBOE TOXKAECTBO fy (%, B, ..., 7)=
=, («, B, ..., T), KOTOpOE TOBODHUT O TOM, 4TO &, B, ..., 7
YIOBJIETBOPSIIOT BTOPOMY ypaBHeHmIO cucTeMsl (9). DtuM Teo-
peMa JloKasaHa.

Wnorpa npu pellleHWH CUCTeMbl yPaBHEHHH BMeCTO YMHO-
YKEeHWs. Ha UYUCJA Cy, C, NPHXOJUTCS YMHOXKATb YypaBHeHHs Ha
bysakuun $, (X, Y, ..., 2) 19 (%, Yy, ...,2). Jlerko BumeTsb
UTO MpPU ITOM MOJYUUM PaBHOCWIBHYIO €H CHCTEMY YpaBHe-
Huit, ecqu ¢yHkuun ¢, U $, He TepAIOT CMbICJa HHU IIPH
KaKuX CHCTeMax B3HaueHWH IepeMeHHBIX, KOTOpble SABJAAIOTCA
pellleHUsIMM JaHHOH CHCTeMbl ypaBHeHMH M GYHKIUA Y, He
obpauiaetcss B HYJb HM ITIPH KaKMX 3HAUEHUAX HEM3BECTHBIX
U3 00J1aCTH OIpEjiesieHHs] CUCTEMbl YPaBHEHHH.
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3amMeruM, 4YTO JOKasaHHAsg HaMH TeopeMa MNPUMEHAETCSA B

IIKOJIE NIPY DelIeHWH CUCTeM ypaBHEHHH TaK HasbiBaeMbIM CIIO-
coboMm anre6panyeckoro CJOXKEHUs.

Ecnu BcsKoe pellleHWe HEKOTOPOH CHCTEMbl YpaBHEHHH
yIOBJIETBOpPSieT YpaBHEHWIO [ (X, Y, ...,2) =9 (X, Y, ..., 2),

TO mocJieJHee HasblBaeTCsl CJCACTBUEM JAaHHOM CHCTeMbl ypas-
HeHH .

Mmeer MecTo crefyiomasi oueBHAHAs Teopema.
Teopewma 5. Ecau us Oannoti cucmemst ypasneruti yoa-
UMb Yypasrerue, IBJSIOLIEECS CJie ICTBHEM CHCTEMBI OCTaIbHBIX

ee ypaBHeHHH, TO MOJYYHM CHUCTeMY YpaBHEHHH, PaBHOCHJb-
HylO JaHHOH.

Sra Teopema yacTO NPUMeHAETCS MPH PeIleHHH CUCTEM JiH-
HefiHBIX ypaBHeHHH (§ 4).

§3. MaTpuLpl U onpeeSuTeNu.

[TpsiMoyronbHas TabiuIa gucen

a]_l a12 “o aln
Ay Qg - «. Qo

e o e« o & o

aml am? e amm

cocTosdmiast U3 M CTPOK W 7 CTOJOLOB, Ha3blBAETCH Mampu-
yetd.

CyuiecTBYIOT pasjuyHble BHIbl 0G03HAUEHHI MaTpHIL:

gy Qyp «ve Qyp Qy; Q12 <00 Qyy
Qyy Qgg .. Qo , WIH | Qyy Qag «v. Gy |, AIH
\aml am2 oo Qpn Ay Qe oo Ay

Q31 Qg o-- Ay

a21 a22 LRI azn

Ay Qg oo Ay
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Mer 6ysieM MOMBL30BATHCS MEPBbIM M3 YKasaHHBIX 0603HAYeHHE.
Kpome storo, Gynem Takke 0603Ha4aTh MaTPUIBl WM [POIMH-
CHBIMH JlaTHHCKUMH OykBamu A, B, C, ..., WM CHMBO-
aom (a,))-

Ecin XorsiT noguepxHyTH, YTO MaTpHuA

Qy Qg -+ Ay
Qgy Qg -« Qo
aml amz amn

COCTOMT U3 M CTPOK U 7 CTOJNOLOB, TO HasblBalOT ee (m X n)-
Marpuiell (uuTaercs: 3M-3H-MAaTpULA).

Uncna, U3 KOTOPBIX COCTaBjieHAa MaTpHila, HasbIBAIOTCS
ee aqemenmamu. OHU 3aHYMEPOBaHBI JABYMs HHIEKCaMH: mep-
BBl yKasblBaeT HOMep CTPOKM, a BTOPOH — Homep cTo.s6Ia,
Ha nepeceyeHUH KOTOPHIX HAXOAMTCS pacCMaTpPHBaeMblil 3jie-
MEHT.

Ecnn snieMeHTH MaTpHUIp! DPUHAALEKAT N0JI0 P, TO roBopAr
o Marpuue Haj nojeM P. Mel OyiemM paccMaTpHBaTh MaTpHUIB
HaJl TojeM KOMIUIEKCHBIX 4YHCes.

Iee wMatpunsl: (m X n)-mMatpuna A u (m! X nl)-mar-
puna B — Has3ulBAlOTCS 00HOMUNHbIMU B TOM H TOJBKO B TOM
ciydae, Korga m=m! u n=nl

JIBe OJHOTHUIHBIE MAaTpPHUIBl HA3LIBAIOTCH pAGHBIMU, €CJTH
KaXKIplH 31eMEHT OJIHON M3 HUX PaBeH COOTBETCTBYIOIIEMY 3Je-
MeHTy (3J7IeMeHTY C TeMHU K€ HHAEKCaMu) ApYyrod.

Matpuna, B KoTOpO# yHMCIO CTPOK PaBHO YUCHY CTOJOLOB
W paBHO n, HaswiBaeTcs keadpamuoil MaTpuLeHd mopsi-
Ka n.

KBagparHele MaTpuiist

00...0 10 ...0
00...0\ « [o1.70
00...0 00...1

HasbIBAIOTCS COOTBETCTBEHHO HYyAe80i W eQUHUYHOL.

Kaxpolt kBajpaTHON MaTpulle A mopsifka 1 MOXKHO COIO-
CTaBUTb YHCJIO, HasblBaeMoe ee ompefesuTeneM. STO NPOU3BO-
IMTCS CrefyromuM o6pasoM.

BoibepeM 7 5/1eMeHTOB MaTPULEB!I C TAKUM yCJI0BHEM, YTOOL!
OHM HaXOJMJ/IMCb B DPa3HBIX CTPOKax (T. €. IO OLHOMY 3J1eMeHTY
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M3 KaxKJoH CTPOKM) M OJHOBpPEMEHHO B pasHbIX cronbuax (mo
OHOMY 3JeMeHTy H3 Kaxjoro crosbua). PacmomoxuM ux
B TakoM MOpffKe: CHayaja — 5jeMeHT H3 IepBOH CTPOKH,
saTeM — U3 BTOPOH H T. I.:

Qs Qoog 5 +oes Onay,

Bropele uHpeKch (HOMepa cToJ6uOB) 00pasyioT MocJjefoBa-
TEJbHOCTD {0, @y, ..., @,}, ABJAMIILYIOCS HEKOTOPOH mepe-
CTaHOBKO# u3 uncen 1, 2, ..., n. Tak Kak 4ucJ0o IepecTaHo-
BOK U3 N 3JeMeHTOB paBHO nl, TO cyllectByeT 1l Takux
HaGopos. OGosHauuM uyepes | UMC/IO HHBEPCHH B NepeCTaHOB-
Ke {o0y0,...0,} U COCTaBUM IPOM3BeJieHUE

(— 1) G, Gy s ov G (1)

Onpenenenue. Onpedeaumenem Keadpamuoll mampu-
yot n-e20 nopadka A (WIH TPOCTO OMIpeJesuTe]eM n-To
NopsKa) HasblBaeTCs CyMMa BCeBO3MOXKHBIX NMpousBejeHuit (1).
VHbIMH CJIOBaM#, OMpEIEJHTENb ecTh cyMMa n! cjaraembix;
KaXXJioe CJjaraeMoe ecTb INPOU3BEJCHHE N 3JIEMEHTOB MaTpH-
ubl A, pacroJioKeHHBIX B PasHBIX CTPOKAX W PasHBIX CTOJG-
Iax, B3ATOE CO 3HAKOM ILIOC WM MUHYC B 3aBHCHMOCTH OT
YeTHOCTH MJIM HEYETHOCTH UMCJIa HHBEPCHH B NepecTaHOBKE U3
BTOPHIX HMHJAEKCOB (NIPH YCJOBHH, YTO NepBble MHJAEKCH CJle-
IyIOT B ecTecTBeHHOM mopszke 1, 2, ..., n). O6o3Hayas on-
penennTes b MaTpullsl A uepes |A| , MBI MOXKeM 3amuCaThb:

A=~ a, a, ...a

3 L

.

37ech CyMMHPOBaHHe NPOM3BOJLHUTCA MO BCEBO3MOXKHBIM Iepe-
CTaHOBKaM {a;, ..., o,} U3 uncen 1, 2, ..., n.

OGbuHO OmpejesHTeN b MaTpullpl 0003HauYaeTcs CJaepylo-
upM o6pasoM:

Ay Qg ... Qg
Qo1 Qg -« Qo 2)
Ay Qua -0 Ay

[Tpumep 1. Hafitu onpegenvtess BTOpOro mopsiaka:

a11 Ao
Qa1 Qg
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s uncen 1, 2 MOMKHO COCTABHTH TOJILKO [BE mNepecTa-
HoBku:{l, 2} u {2, 1}. Uncno uHBepcuil B nepBoil U3 HuX pas-
HO HYJIO, BO BTOpoi — epunuue. CrefoBaTesibHO,

A11 Qg2
gy Qg

= 01y Aoy — Qg Ay

[Ipumep 2. Halitu onpenenuresns TpeTbero mnopsjixa:
A1 Grz Qg3
Qa1 Qg Qg
Q31 Qsp Qg

Us uncen 1, 2, 3 MoxHO cocTaBHTb 3! = 6 mepecTaHOBOK:

1,23 {1, 3 2
2,3 1) {21, 3)
31,2 B2l

V3 3TuX nepecTaHOBOK TPH, CTOSIIME CJIEBA, UMEIOT YeT-
Hoe uucyo uHBepcuil (0,2 ¥ 2 COOTBETCTBEHHO), @ OCTalb-
Hble TpH — HeuveTHoe uucso HHBepcuit (I, 1 u 3 cooTserct-
BeHHO). CrieoBaTe/IbHO, OTpEJe/NTeb GyNeT paBeH CJefyio-
mefi cymme 6 claraemsix:

041055055 + Q150a30a; = G1ala sy — Q130535 — G1p0y; A5 —
— 01309205

IlpuBesemM ynoGHyIO 145 3armo-

MHHAHUS CXeMy [OJICUeTa orpe-
JeJUTeNs TPeThero Mopsijxa.
Ha 3T0f1 cXeMme sJieMeHTH coe-
JUHEHBl 1O TpPH; B JIEBOH YacTH
COeIUHEHE! 3JIEMEHTHI, IIPOU3Be-

JleHus KOTOpbIX 6epyTcs co 3Ha-

Yepr. 1 KOM ILIIOC, B NPaBOfi 4acTH Mo-

Ka3aHbl IpOU3BeJeHHSs CO 3HAKOM MHHYC. 210 IIpaBuUJIO HasbIBa-
ercs npaswiom Capproca.

Touno Tak e, kak B mpumepax 4, 5, MOXKHO GbLIO 6bl,
ONMpasACh JIMIIb Ha ONpejesieHre OIpejesuTe/s YeTBepTOro mo-
psAlKa, HaWTH:

Qy; gz Q13 Ay

Qyy Qo gy Gy

Q3y Qgp Qa3 Qg

Qgy Qg9 Q3 Qyq
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Opnnako aTo npaBujio OyneT BecbMa TIPOMO3JKHM, HOO oOmpe-
IeJUTesb YeTBepTOro nopsanka cogep:xkut 4!, unn 24 unena. U
BooOllle ¢ POCTOM MOPsiJKa ONpefesuTe/]Is YUCIO ero YJeHOB
BO3pacTaeT oueHb ObicTpo. Tak, ompefesnuTeNb HATOrO MOPsij-
Ka cojepkut 120 uieHOB, a ompejesUTeNb JECATOTO MOPs-
Ka 3628800 unenoB. [TosToMy BosHUKaeT HeOGXOAUMOCTh B
TAKAX METOJaX BBLIUUCJEHHSI ONpefeuTesiel, KOTOphle He WC-
X0JuaM OBl HENOCpPeACTBEHHO H3 ONpPeJesieHUst ONpefesuTelis,
a WCMOJb30BaIM Kakhe-Ji6o, OblTb MOxKeT, OGojiee ryGoKde
CROMCTBA ONpeJieUTe/IeH, HO 3aTO TEXHUUECKU MEHee CJIOXKHBIE.
Uro6bl yKasaTb NPaKTHYECKH NpHeMyeMble CrocoOBl BhUKCIE-
HUSI OmpefenuTeNed, HaM MOHaZoOUTCS psL CBOHCTB ompeje-
auresieii. IlepeuncniuM WX, He OCTaHaBAWBasCh Ha JA0Kasa-
TeJbCTBAX.

1°. Ecnu B onpenenutene (2) KaXAaylo CTPOKY 3aMeHHUTHb
cT0J6LIOM C TeM K€ HOMEPOM, TO ONpeJeNUTENb He U3MeHHTCS,
T. €.

Gy Gyp .- Gy Ay Qg1 -« Qpy
Aoy Qop ovv Qyp | | O1p Qog oo Upp
Quy Qg o Qpy Qin Qop -+ Qg

CeoiicTBo 1° yTBepxk/JaeT, YTO CTPOKH H CTOJOIbI MAaTPHILBI
IO OTHOIIEHHIO K €€ ONpefesIUTeJI0 paBHompasHbl. IlosTomy
ocTalbHble CBOHCTBa omnpefesuTesnefi Oyaem GopMyaupoBaTh
JUIb AJIS CTPOK, XOTS, pasyMmeercs, OHM B paBHOH Mepe Oy-
AyT CpaBefJuBBl U JJi CTOJOLOB.

2°. Ecau kakue-nu6o fABa cronbua (UJaM CTPOKH) Ompefe-
JUTENIST MOMeHsiTh MecTaMH, TO abcosoTHas BesMYHMHA OIlpe-
Je/IUTeNisi OCTAHETCS HeM3MEHHOH, a 3HaK M3MEHMTCS Ha Mpo-
THBOTIOJIOXKHBIH, T. €.

Ay cee Qypeee Qgjvee Qg Qi eeeQpyene Q... Uy,
Ay ovv Ogyoen Qojovn Qg | | g eve Gyjene Qg o Gy,
Quyvov Qpyene Qpj oo v Gy o A F

U3 cBoiicTBa 2°, B UaCTHOCTH, CJEJyeT, YTO ONpPeNeIUTeb,
y KOTOPOTO COOTBETCTBYIOLIME 3JIeMeHTHl ABYX CTOJOLOB (uJH
CTPOK) paBHBl Mexay coOofi, paBeH HYJIO.
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3°. Ecan sneMedTHl Kakofi-nu6o cTpoku (cTosbra) MaTpHib!
YMHOXKHUTb HAa YUC/IO &, TO ONpeNe/UTe]b YMHOXKHUTCA Ha &, T.e.

Ay Qpp ... kay; ..o Qqy Q11 Qpp v -Gy e-e Oy
Aoy Qpo - Ry o Qo | = | Qo1 Fog - -+ Qg; -+ - gy
Ay Qps - ROy -Gy Qi Qg+ v - Ay v - Ay
I[Ipumep 3.
360 330
—783|=2—743|=2-119=238
542 522

Hs cBoficTBa 3° cieayer, 4TO ONpeAeJINTeNb, Y KOTOPOro
9JIeMeHThl KaKHUX-Mu00 ABYX CTPOK (CTONOLOB) COOTBETCTBEH-
HO MPOTOPLUOHANBHE, PaBeH HYJIO.

Qg Qg o0 Qg ... kRay; ... Gy,
Qgy Qg9 <. Qg ... kay, ... Gy, | = 0.
Quy o -+ Ay ... kRay ... ay,
Ipumep 4
34—9 34 —33
25 —6| | 25 —32 =0.
—17 3 —1 7(=—3)(—1)

4°, Ecnu B MaTpulle KaxKiblH 3jeMeHT i-H cTpoku (i-ro
crosbua) siBisieTcss CyMMOH JBYX cllaraeMblx, TO ONpeJesuTellh
TaKOM MaTpHLBI PaBeH CyMMe JIBYX ONpeJesuTeliell: B epBOM
U3 HUX B KauecTBe i-f cTpokH ({-ro crosi6ua) GepyTcs nepBbie
csaraeMble, a BO BTOPOM GepyTcsi BTOpbie cjiaraembie [ocTasb-
Hble CTPOKHM (CTonOIbl) HeUs3MeHHS! ].

3 71 3 4431
MMpuMep 54 —2 4| =|4 =341 4| =
2 35 2 1425
3 41 331
=14 -34|+]414|=—120—39=—164.
2 15 225
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Us ceoficTe 3° u 4° serko BbiTeKaeT CJjefyoliee CBOHCTBO
onpefenuTtesne.

5°. Onpenenutens He U3MEHUTCS, €C/M K 3JieMeHTaM KaKoi-
aubo ero cTpokd (cronbua) npubaBUTb COOTBETCTBYIOLIHE
3JieMeHThl JPyToit CTPoKU (cTos0la), YMHOMXKEeHHble Ha OfHO
U TO XKe YHCJO.

CaolicTBo 5° siBNsieTCs OueHb BaKHBIM B IPAaKTHUECKOM OT-
nomeHud. OHO NO3BOJISCT «/e1aTh» HYJHU B ONpeJeauTele, T. €.
CBOAUTH BbIYUCJIEHVE OJHOTO ONpeleNTeNs] K BbIUUCJAECHHIO
gpyroro, Gojiee MPOCTOrO ONpeAEIHTeN.

IIpumep 6. Boluucnuts onpezesuTedb:

2 7 —6
D=| 4 19 49
—2 —17 24

AToT omnpeesuTeNb MOXKHO BBIUHC/IUTL, NMOJb3YSACH NMPABUIOM
Capproca, OHAKO BBIYMCJIEHHS, KOTOPbHIE MPUAETCH MPHU 3TOM
nponenatb, OymyT rpoMo3akumu. IlosToMy BBIUHCAHM 3TOT
ONpefeJIuTelb, HCHONb3Ys CBOHCTBO O°.

[TpuGaBuM mepByiO CTPOKy onpefenutens D, yMHOXEHHYIO
Ha —2 ¥ 1, COOTBETCTBEHHO K BTOPOH M TpeTbedl CTPOKaM.
Tak Kak OT 3TOTO oOnpeje]uTeNb HE H3MEHHTCSI, TO HMeeM:

2 7 —6
D=0 5 21
0 —10 18

Tenepsb, npubaBUB K TPeTbell CTPOKE BTOPYIO, YMHOXKEHHYIO Ha
2, nonyuyumm:

2 7 —6
D=0 —1 21| =2.(—1).60 = —120.
0 0 60

JI1s1 BbIUKCJIEHHS ONpeJe/uTeNed HCKIIOUHTeNbHO BaXKHEIM
SIBJISIETCS] ellle OJHO CBOMCTBO — BO3MOXKHOCTb «PasJjiararby»
onpeneauTeNs Mo KakoH-nu6o cTpoke uau cTonbily; 3TO Mo3-
BOJISIET CBOJUTb BBIYUCJICHUE ONpefeNUTeNsl n-ro mopsajika K
BBIUMCJICHHIO OMpefeNuTesell MeHbIUX nopsaakos. UToOwl chop-
MyJIMPOBaTb 3TO CBOHMCTBO, HeOOXOAMMO BBeCTH MOHSATHA MH-
Hopa M aareSpanyeckoro JONOJHEHHs.
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Ecm B (m X n)-MaTpuue A BblIesHTb Kakue-u6o & CTPOK
M CTOJIBKO Ke cToabuoB (1 < k& <min{m, n}), To nepecede-
HUEM 3THX K CTpPOK M B cTo6uoB ofpasyercs marpuua A’
(moxgmatpuna Marpuusl A). Onpepesuress Matpuusl A’ Hassl-
BaeTcst MUHOpOM (k-rO Mopsiika) MaTpuubl A.

I[Ipumep 8. Marpuua

3 —2 4 0
—1 =37 8
—2 3 5 —1

umeer 4 MHHOpa TPETLETO MOopAAKa:

3 —2 4 3 —2 0
-1 -3 7|=-—126, | —1 —3 8 |=—5I,
—2 3 5 —2 3 1
3 4 0 —2 4 0
—1 7 8 |=—209, | =3 7 8 | =178,
—2 5 —1 3 5 —I1

18 MuHOpOB BTOpOro mHOpsiiKa:
3 =2 3 =2 —1 =3 _
|——l —3 —2 3’"’ —2 3!"
=—9u 1.1

= —11,

1 12 MuHOpOB nepBoro nopsiaka. MuHOpaMu MepBOro Mopsiaka
SIBJIIOTCA CaMHU 3JeMeHTbl MaTpuibl. Takum obpasoM, Bcero
HUCXofHas MaTpuila uMmeeT 33 MHHOpa.

Ecnu nan onpegesvresib n-ro nopsiika, TO €0 MHHODAMH
HasbiBAlOT MMHOPLI TOH KBaJgpaTHOH MaTpHIlbl, ONpelesNuTeieM
KOTOpO# OH fBAsercd. B wactHocTH, Munopsl (n— 1)-ro mo-
pAfKa (Bcero ux B ompefenutese n® MITYK) MOTYT GBITh MOJY-
YeHsl MOOYEpenHBIM YyJajieHdeM (BbIYEpPKHUBAHUEM) KaKoH-uGo
CTPOKH M KaKoro-Ju6o ctonbua. MuHop, nonyuaomutics us om-
pelenuTeNs yjaneHueM i-# CTPOKM M j-ro cT1oa01a, HasblBaeTcs
MHHODOM 3JIEMEHTA @;;, CTOSLIErO HA IepeceyeHnt i-# CTPOKH U
j-ro crojbua.
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[Tpumep 9. B onpenenurene
a;, A 4y
Qg1 Qgp Qg3
Q31 Q32 Qgg
MHHODOM 3JIEMEHTA @p; GYIET ONpefe/UTeb:

a3 Ay

Qg1 Q3p

Munop snemenra q,; 6ynem ofosnauate M;; Munop M,
B3ATBIH CO 3HAKOM IJIIOC, €CJIM CyMMa { - j 4eTHasi, ¥ cO 3HAKOM
MHHYC, ecJiM CyMMa [ - j HeueTHas, HaswlBaeTcs aszebpautec-
Kum donoareruem 3aemenma a,; AnreGpanueckoe JONOJHEHHE
snemenTa a;; 6ynem oGosnadath A, Taxum o6pasoM, B COOT-
BeTCTBUM G ONpeJeJieHneM

Ay=(—1y+IM,,

Tenepp MoxkHO chopMyHPOBaATH Cjenyiollee CBOACTBO onpeje-
JTesell.

6°. Beskuil onpejesiuTesib paBeH cyMMe MPOH3BeLeHHi Bcex
5.JeMEHTOB JII0GOH ero CTpPokH (cTonbua) Ha X anrebpanyeckue
LONOJIHeHUS1:

Qi Ay o os Qg

Qg Uy - vv Oy n n
=Xa,A,=1Ya; A,

e e s e 4 e i=1 =1

Apy Qg --o Qg

3pech 3amucaHO pa3J/IoXKeHHe ONpeJeNUTeNsl COOTBETCTBEHHO
no sjeMeHTaM k-i CTpOKHM u [-ro crosbia.

[Ipumep 10. Buiuncaum onpeje/uresib 4YeTBEPTOrO IO-
pfilKa pa3jioXKeHHeM [0 BTOPOH CTpOKe:

1 5 0 3 5 0 3
2 —1 4 —2|=2.(=1)# |5 8 7|4
3 5 8 7 4 —1

—2 4 —I1 0

33



1 0 3 1 5 3
(=D (=D22| 3 8 T |l4—1ps| 3 5 7|4
—2 —1 0 —2 40
1 5 5
+(—=2) (—1)** 35 8|=
—2 4 —1

= (—2) (—76) 4 (—1) 46 4 (—4) (—32) 4 (—2) (—48) =
= 152 — 46 4 128 4 96 = 330.
W naxonen, chopmysnupyeMm elre OgHO CBOHCTBO ONpefe-
JiuTesied.
7°. CymMMma Opou3BeJeHHH 3JeMEHTOB KaKo#-iuGo CTPOKH

(cron6ua) onpefenutenss Ha ajrebpanyeckue JOMOJHEHHUS
3/IeMeHTOB Apyroil CTpoku (cTon0La) paBHA HYJIO:

n
EakiAli =0 npu k1L
i=1

ITpumep 11. IIycts

1 2 —1
A=|2 —I 3
4 1 2

BblyucauM cymMMy IpOM3BeleHUHl 3JIeMEHTOB IepBofl CTPOKH
Ha asire6padueckde JOMOJHEHUS COOTBETCTBYIOLUIUX 3/1eMEHTOB
BTOPOH CTPOKHU:

2 —1
Ay Agy + g2 Apys 4033 Ag3 = 1(—1)3’ 1 9 “I‘

1 —1 1 2

2(—1y —1)(—1)°
RSl PR NS IIC Tl D
+(+2).6+1.(—7)=—5+12—-7=0.

HMest B BULy IPUIOKEHUS K HCCJIEIOBAHUIO CHCTEM JIHHeH-
HBIX YpaBHEHHII, BBeleM ellle OJHO Ba)KHOe MOHSATHE — MNOHS-
THe paHra MaTpHIBL.

Parzom mampuybt HasbBaeTcsl HanGONbLIME NMOPSALOK ee
OTJIHYHBIX OT HYJs MHHOpoB. Ecnu panr martpuiel A paseH r,
TO MHUIIYT: paHr A =r.
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Ilpumep 12. Halitu panr Marpuusl:

T =4 2 —2 3
a=| g 13 —1 2
I 133 —5 7

JlaHHas MaTpulla MMeeT MHHOPLI BTOPOrO MOPSAKA, OTJIHUHBIR
or HyJas. TakoBbIM fABJfETCH, HaNpHMep, MHHOP:

1 —4
2 1

HaXONSIIMHCA B €e JIeBOM BepXHeM yriy. Bbluucisis Temepb
MHUHOPHI TPETbero mnopsaka, Mbel noayyuM: Bce 10 MuHOpOB
TpeThero Mopsika JaHHOM MaTpuuel paeHbl Hymo. Orciofa
¥ U3 TOro, YTO MHHOPOB BhlIlle TPEThero Mnopsika matpuia A
He WMeeT, CJefyeT: HaMUBBICIIMH MOPAAOK OTJIUYHBIX OT HYJs
MUHOPOB MaTpuibl A paBeH AByM, T. e. panr A = 2.

V3 nmpuBejieHHOro npuMepa BHJHO, YTO BBIYUCJIEHHE paHra
MaTpHIbl, OCHOBAaHHOE Ha ero onpejeseHUd, BeCbMa IpoMO3JKO
(maM npumiocs BeHUCAATE 10 MHHOPOB TpeThero nopsijaka).
Huxke OyneT AaHO NpaBWJIO BHIYHC/EHHS paHra, Gojee yrob-
HOE€ B NPaKTUUECKOM OTHOIIEHHH.

[lonsiTue paHra MaTpUIBl TECHO CBSI3aHO C TIOHSATHEM
JWHeAHOA 3aBUCUMOCTH CTPOK u crosnbuoB Marpuusl. Octa-
HOBHMCSI KDaTKO Ha 3TOM BOIpOCE.

[lycts uMeem matpuuy:

=9,

Qyq Qi .. Qq,
A= % Qa2 ... Gy
Ay QAo o oo Ay

0603HauuM ee CTPOKH COOTBETCTBEHHO 6YKBaMH A,, A,, ..., A,
Tax,

A=(a a5 ... ay).

Ecnu xaxavlfi sn1eMeHT CTPOKH A, paBeH CyMMe COOTBeT-
CTBYIOUIMX 3/€MEHTOB CTPOK A; U A;, TO Gy1eM roBopuTh, YTO
crpoka A, pasHa cymme cTpok A; M Aj; ¥ mucath:

A,= A+ A4,

Ecom Bce 3/1eMEHTHI CTPOKH A, TOJYYeHH! HS COOTBETCTBY-
IOMIMX 3JEMEHTOB CTPOKH A; YMHOXNEHHEM Ha OJHO H TO XK€ Yu-
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¢sio ¢, To 6yJieM FOBOPHTB, UTO CTPOKA A, paBHa MPOH3BEJEHHIO
CTPOKH A; HA YHCJIO ¢, W MHCAThH:

A =cA,
[Mpumep 13. B marpuue
1 2 1 3
2 1 =2 —I1
3 3 —1 2
6 6 —2 4

TPeTbsl CTPOKA DaBHA CyMMe IepBHIX ABYX, a YeTBepTas paBHa
Tperbell CTPOKE, YMHOMKEHHOH HA 2, T. e.

Ay = A, + 4, A, =24,

ITyers
Ay Ao, AL A 3)
— HeKoTopsle cTpoKu Matpuusl A. Ecau
Ay=ad,+ 4+ ... 134, (4)
TO TOBODSAT, YTO cTpoKa A; ABJsercs JNuHeHHOH KoMOMHaIMel
cTpok A, Aj, ..., A, vk ut0 A, JMHEHAHO BbIpaxkaercs 4e-
pes ctpoku A, A, ..., A, ToBopaT Takxe, 4TO CTPOKH (3)

JIHHEHHO 3aBHCHMEIL, ec/ii OJlHA M3 HUX JIMHEHHO BBIpa)Kaercs
uepes ocTaibHble, Hampumep A; uepes A, A; ..., A, Kak
samucaHo B (4). B nporuBHOM ciyuae, T. €. €cCJM HH OJHA u3
CTPOK (3) He BbIpaxKaeTcs JMHEHHO Yepe3 OCTaNbHBIE CTPOKH,
Mbl FOBODHUM, YTO CTPOKH (3) JMHEHHO He3aBHCHMEL

Boo6uie roeopsi, yCTaHOBHTb JIMHEAHYIO 3aBUCHMOCTh (WMJIH
He3aBUCHUMOCTB) HECKOJIbKMX CTpPOK He Tak mnpocto. OjHako
€cJIM JaHbl BCEro IBe CTPOKH, TO BOMNpPOC O HX JMHeHHO#H 3a-
BHCHMOCTH pelaeTcs Jerko. B camom pene, nBe ctpoku A,
A; OypyT JvHEHHO 3aBUCHMEI B TOM H TOJbKO B TOM CJy-
yae, Koraa A, = ad;, T. e. Korja 3TM CTPOKM NPOIOPIHOHAJIb-
Hel. Orciofia, MeXAy NPOYHM, MOMKHO 3aKJIOYHTb, YTO IOHS-
THE JIUHEHHOH 3aBHCHMOCTH siBJsieTcsl OGOGLIEHHEM MNOHATHS
[PONOPLHOHANLHOCTH.

ITpumep 14. Crpokn marpuilsl

2 1 —1 —3
1—1 2 —2
1 2—-3 5
JauuefiHo 3aBHCHMBI, TaK KakK
Ay =A,— A4,
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Ecu orpaHMuuThCs TONMBKO CTpokaMu A;, A, To oHH GyRyT
JUHEeHHO HE3aBHUCHMBI, TaK Kak A, He MpPONOpLUOHANBHO A,.

Teopewma. (O pance mampuypt) Ilycmo Hexomopeui mu-
Hop M r-20 nopadka e mampuye A omauden om HYyas, a éce
coepoicauque e2o munoper (r -+ 1)-20 nopadka paswer Hyato,
mozda:

1) r cmpox mampuyer A, Ha KOMOp6LX pPACNOAOKCEH Mi-
Hop M, aunetino He3asucumbt, a A0bas Opyeas cmpoka
MAMPUYbL ABASEMCA UX AUHEHHOL KoMOUHayued.

2) Pane mampuuyer A pasgen r.

Teopema o panre MaTpuibl O3BOJIAET YNPOCTHUTb MPOILECC
HaxoxjeHust panra. Ecqm yxe malifen munop M r-ro mopsiz-
K3, OTJHYHLI OT HYJS, TO Mbl MNEPEXOAUM K BBIUHUCIEHHIO
MHHOPOB (r - 1)-ro mopsijka, of{HaKO He BCEBO3MOXKHBIX, A TOJb-
KO TaKHX, KOTOpble coiepKaT BHyTpH ce0s wmuHop M. Ecau
BCce TaKHe («OKaHMJSIOiliHe») MHHOPbl paBHBE HYJIO, TO PaHr
MaTpuubl paBeH r. Ecim xe cpeanm Hux HafizeTcss OTJIHYHBIA
oT HyJs MuHOp M’, TO mepexoiuM K MuHopam (r - 2)-ro no-
panKa, comepxamum M’, u T. 1., MOKa He HafineM paHr A.
Tak, B npuMepe 12 BMecTO [ecsTH MUHOPOB TPETLErO MOPSiA-
Ka JOCTaToOYHO ObIO Obl BLIUMCJUTL JIMIIE TP MUHOpA:

1 —4 2 1 —4 —2 1—4 3
2 1 3] |2 1 —1 2 1 2
1 —13 3|, |1 —13—5|, |1—137|

cojep:xamue B cefe MHHOp BTOporo nopsiaka M (o6BefeHHbIf
IYHKTHPOM).

[lpn poxasatennCTBe TeopeMbl O paHre MaTpullpl HauGosee
TPYAHLIM fIBJAETCA J0Ka3aTeJbCTBO YTBepkKAeHus 1. 3ty
9acTh J0KA3aTeNbCTBA TeOpeMbl Mbl onmyckaeM. Uto Kacaercs
YTBEP2K/IEHHS 2, TO OHO BBITEKAET U3 CJIE/IYIOIIEr0 CaMOCTOSATE b=
HOTO TpeIJIoXKeHHs, KOTOpoe Mbl A0KarxKeM.

JlemMa. Ecau 8 mampuye A umeemcs r CMPOK, maxKux,
4mo 6ce OCMAAbHbIE CHIPOKU AUHEIIHO 6bLpAJCAIOMCA 4epes
HUX, MO 6ce MUHOpPbL NOpAOKa Bviie r mampuyol A pasHos
Hymo. B wacmnocmu, rangA <r.

HoxkasatenbcTBO. IlycTs, Aasl OmpejesieHHOCTH, Bce
CTPOKH JIMHEHO BBHIPAXAalOTCA Yepe3 MepBbe r CTPOK: A,

A, ..., A,. Paccvmotpum Kakoit-m6o muHop M Matpuusl A,

NOPsIIOK KOTOpOro > r; nokaxem, 4to M = 0. C 370l uenio
OCTaBUM B MaTpule A TOJBKO Te CTOJOLB, B KOTOPHIX pac-

nonoxked MuHop M, mosnyuntcs marpuua A. Bee cTpokH Mar-
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puilsl A MO YCNOBMIO NUMHEHHO BHIPAXKAIOTCS UYepe3 MepBHE r
crpok: A, A, ..., A, Buactocty, Bee cTpokn MuHopa
JIMHEHHO BBIpaxalTCs _uepes Al, Ag, ey A 3anyicaB Kax-
XYI0 CTPOKY MuHOpa M B BHfe JMHEHHOH KOMGMHANMM CTPOK
A, A, ..., A, u BOCIOJb30BABLIUCH CBOHCTBOM 4° Onpeesu-

Tensl, Mpl npenctasuM A B BHIe CYMMBbI onpejeuTesnel, B
KaXXJIOM U3 KOTOPBIX Jo6as CTpPoKa MPOMOPHHUOHATBHA OJHOM

u3 cTpok A;, A, ..., A,. Tak Kak nopsgok MuHOpa M Gosb"
me r, TO B KaXAOM U3 3TUX onpejesnutesnell GYLYT HMEThCs
no KpaliHe#l Mepe JBe NPONOPIUOHANbHBIE CTPOKH, BCAEACTBUE

yero omnpepenutesnb pased Hymo. Orcioga u M =0, 4t0 H
Tpe6oBaNoCch JOKa3aTkb.

§ 4. Cuctems! JuHeHHHX ypaBHeHUH

l.CucteMa n NUHeHHBX YPaBHEeHUH ¢c n
HEeH3BECTHB MHU:

QX QX+ g, =0y,
Ay Xy ~ Qoo Xg = .. Qg X, = by,

1x1+a2x2“|‘ —l—a Xn —b

1)

Onpegenurens

all alz..o aln
D= |G G-y

Quy Qug o Q|

COCTaBJICHHBIH M3 KO3(OHUIMEHTOB NMPH HEH3BECTHBIX CHCTEMbI
(1), naspiBaeTcs onpedeaumenem cucmemor (1).

Teopema Kpamepa. Ecau onpedeaumess D cucme-
MbL 1 AUHEUHOIX YPABHEHUL C N HEeU38eCHIHbIMU OMAUYEH OMm
HYAS, MO cucmema umeem eOUHCMBEHHOE peuleHue:

D D D
L. x2=32,...,x,,=—", @)

X, =
YD

rae D,— onpedeaumens:
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A Qug oev Qg by Gy el oy,

D, =| %1 Qg --- Qg by Gy - Gy,
L . . . . . . . - . . . . . . . .
L R bn Qpivr -+ Qg s

noay4enroul us onpederumenn D samenol 8 Hem i-2o cmoarbya
cmoabyom c60600HbIX YAEHOB.

IHoxasarteabcTBo. [Iycth cuctema (1) umeer perue-
Hue:

x1=0£1, x2=a2, ce ey xn=an.
TOI‘J.‘[a nMeeM 4YHCJIOBBIE TOXKJAecTBa:

Ayt At o A, = by,
U191~ Qg% 4 oo Gy, = by, A3)

¢ e e e e e

Ay Qs+ oo a2, = by,

YMHOXHM 5TH TOXKJECTBA COOTBETCTBEHHO Ha anreGpa-
HYeckHe JOMONHEeHHs Ay, Ay, ..., A, 37eMeHTOB mepBoro
crosibna ompegenutens D u noJydyeHHble TOXKAECTBA CJOXKHM
OYJIEHHO:

(@ndn~+andy+ ... +a,4,)2+
FHapdy + Gy + -0 +A,04,) 2,4 4

T (@At Aoy o0, A, 0 = 1A11+b2A21+---+bnAnr

B cuny cBoficts 6 u 7 onpenenurens (§ 3) HaxoxuM, YTO KO3¢h-
Quuuent mpu «; B ToxAectBe (4) pasen D, a Ko3(pdHUIHEHTH
MpH g ..., @, PaBHBl HymO. KpoMe Toro, 3aameyaeM, 4To Ipa-
Basi YacTb TOXKJecTBa (4) OT/IMYAETCS OT OIpPEJENHTENs

D =ay4)+ayd+ ... +a,4,

JUIIb TEM, YTO BMECTO 3JIEMEHTOB @y, Ogy, ..., @, QUTYDPH-
PYIOT COOTBETCTBEHHO uucia by, by, ..., b, CienoBarebHo,
B 0OpaBod 4YacTM (4) CTOMT ONpeJesuTe b, MOJYYeHHBIH
u3 D 3ameHofi B HEM MepBOro croJadua CTONGHOM CBOGOLHBIX
9leHos, T.e. D,.
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Ha ocHoBanun ckaszaHHOTO TOX€CTBO (4) MOXKHO 3amucartb
B BMAe

Do, = D.

Taxk kak D s 0, To oTcloga umeeM:

Anasnoruuso, yMHOXas ToxuectBa (3) moOC/efoBaTe/bHO
Ha anre6panueckue [OMOJHEHUS 3JeMEeHTOB 2-ro, ..., H-TO
cToA6LoB ompefenutens D, moayuum:

Dn
Og = —, «.., U.n=3.

Takum o6pasoM, Mbl [OKas3ai, YTO €CJM CHCTeMa ypaB-
Henu#t (1) uMeer peluenue

Ay, Oy vuwy O,

TO OHO €JHHCTBEHHO M HaxoJAutcs nmo ¢opmynam (2). UroGel
3aKOHYHTDL JI0Ka3aTeJbCTBO TEOPEMbl, HAM OCTAeTCs JIMUIb [pO-
BEpHTB, YTO YHCaa

2 DD ®)

HeHeTBHTENLHO YHOBJETBOPSAIOT ypaBHeHHsiM cucteMsl (1). B
TOM, 4TO 5TO TaK, Mbl yOeJuMcsl HeloCpeJCTBEHHON MOJCTa-
HOBKOfl 9THX 4Yucesl B ypaBHeHHs cucteMsl (1) BMecTo Heusse-

€THBIX Xy, X5 ..., X, llpojenaeM STO JHMlIb JJSI NepBOTo
ypaBHeHus cucteMsl (1):
Dl 1 D‘Z | Dn
auETalz“D—'%" 'r“amB:bp

HJI
ayuDy+a,Dy+ ... 4 a,D, = Db,

3amennB sjech ompexpenurtens D, (i =1,2, ..., n) ero pasio-
XKeHHeM [0 dJMeMeHTaM (-To CToJONA, MOJyYuM:
ayy (b1 A+ bedoi + .. 0,40 +
+ a1 (014 1 b+ oo 0,4 1

a1, (01 A1 T 04+ oo A 0,A5) =Dy,
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HUJIH
(@uAy +apdn+ ... +a,4,) 6, +
+ (an 21 + Aplpe+ ... aln 2n) b _l"

. . e ¢ ¢ o o e o o .

‘l‘ (au n1 'l" G+ ...+ alnArm)b = Dbl'

[lo cofictBam 6 n 7 ompenenurens KosgouuueHT b, paBeH

D, a xosdduuuenTts npu by, ..., b, paBHe Hymo. Cleposa-
TeNbHO, UMeeM TOXKJEeCTBO
Db, = Db,,

7. €. uHcaa (5) ynoBnerBopsiOT (IePBOMY) YPaBHEHHIO CHCTe-
Mol (1). AmamoruyHo yOequMcsi, YTO OHU YJIOBJETBOPSAIOT H
BCeM OCTaNbHBIM €€ ypaBHEHUSM.

Takum ofpasoM, cucteMa ypasHenu#i (1) uMeer eguHCTBEH-
HOe pelleHHMe, KOTOpOe Haxojautcs mo dopMmyaaM (2). dtum
TeopeMa fokasaHa. Popmyasl (2) HaseiBatoT dopMmysamu Kpa-
Mepa.

[Tpumep 1. Peumts cucreMy ypaBHeHHI:

3% — 2%, — 2x, =05,
— 5%, —+3x; = 12,
2%, F 4x, — x3=—231L.

Tax Kax ompejenuTesb 3TOH CHCTEMBI

3 —2 =2
2 4 —1

OTJIMYeH OT HyJs, TO K Hell mpumenuMa Teopema Kpawmepa u
D

CleOBaTeNbHO, X, = 91—, g =, Xy = =2,
D D D
5 —2 —2 3 5 —2
i g
— — 2 =31 —1
UM x; = 2 =3; Xy= 5 =T
3 =2 5
—5 0 12
2 4 31
p =9,
X3 5
Orser. x,=3, ¥3=—7, x3=09.
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3ameTuM, YTO pelleHHe CHCTeMbl ypaBHEHHHA 110 dopMyJsaM
Kpamepa npu n>>2 BecbMa rpoMosfko. Tak, yxe npu n = 3
HaM MPUILIOCH BBIUUCIAUTD 4 ONpefiesuTelNsl TPEThero nopsaxa.
[Tostomy Teopema Kpamepa uMeer B OCHOBHOM TeOpeTHUeCKOe
sHaueHue. B KoHue sToro maparpada Mbl npusefiem Gosee npo-
CTOH B MPAKTHUYeCKOM OTHOIIEHWH CMOCO0 pelleHus] NDOus-
BOJIHOH CHCTeMbl JIMHEAHbIX ypaBHeHuit (cmoco6 [aycca).

YKaxeM OfHO CJIeACTBUEe U3 TeopeMbl Kpamepa, oTHOCS-
1meecss K TaK HasblBaeMOU OJHOPOAHOH CHUCTEME ypaBHEHHH.

CucreMa JuHeHHBIX YpaBHEHHH HaskIBaeTcs 00HOPOOHOM,
ecsiu CBOOOZHBIH YJleH KaXKJOro U3 ee YpaBHEHUH PaBeH HYyJIIO.

flcro, uto so6as ofHOpOAHAs CHCTEMA JIMHEHHBIX ypaBHe-
HUHA C HEU3BECTHBIMH X;, X, ..., X, HMEET DEIICHHUE:

%=0, %=0, ..., x,=0.

dro pelueHde HasbiBaeTcs HYJAeBbIM. IlpefcTaBisieT HHTepec
CHeAyIOMHUi BONpPOC: B KaKOM CJyudae HyJeBoe pellleHHe $iB-
Jigercs eNWHCTBEHHBIM peHleHueM OJHOPOAHOH cucreMbl? I
B KaKOM cjlyyae Hapsajy C HYJIeBbIM pelleHHeM chcTeMa HMeeT
H HeHyJeBOe peleHHe?

3 teopeMbl Kpamepa ciefyeT, uTO OfHOpDOAHAS CHCTeMa
n JUHEAHBIX ypaBHEeHUH C 7 HeU3BECTHLIMU C ONpelesiuTeleM,
OTJIMYHBIM OT HYJSl, UMeeT eJHHCTBEHHOE H, CJeN0oBaTellbHO,
TONBKO HYJIeBOe peIleHue.

3HauuT, eciu ONHOPOAHAs CHCTEMA N JIMHEHHBIX ypaBHeHHH
C 1 HEeu3BeCTHBIMH HMMEeT HeHYJeBOe pellleHue, TO ee Oonpefe-
JIUTENb paBeH HYJMI0.

[Tpumep 2. ITpu Kakux 3HaueHWsix mapaMerpa k Ccucre-
Ma ypaBHeHUH

kx+y=0,
x+ky=0
HMeeT HEHYJIeBOE pemeﬁue?
Kak 6bl10 mokasaso BBIIIE, JIJI1 HaJAUYUA HEHYJIEBOro pe-
IIeHHs] HeOOXOAMMO, YTOGH OMpejesUTe b
k1
1 &

D= =k2“—'1

6bi paped Hymo. [locsieHee xe MMeeT MeCTO JIMIUL pd & = |
nk=—1.
PaccmoTpuM 3TH ABa ciyyas:
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1) &= 1. CucremMa npunumaet Buj:

x+y=0
x+y =0,

T. €. Mbl MeeM (aKTHUeCKH OJHO ypaBHeHHe C IByMs HeH3Be-
ctHeiMu. TlpunaBas ofHOMYy M3 HeU3BeCTHBIX, HampuMep Yy,
NPOM3BONbHEIE 3HAYEHHs H HaXOAs COOTBETCTBYIOL[ME 3Haue-
HUS JIPyroro HeHM3BECTHOrO, NONyyuM OECKOHEYHOE MHOXKECTBO
pelleHH# JAaHHON CHCTEMBI.

2) AnanoruyHasi CUTyallusi UMeeT MeCTO H B CJyuae, KOr-
a k=—1.

2. O6muit KpUTepHUH# COBMECTHOCTH NpPOHS-
BOJIBHOM CHUCTeMb NUHEeNHBIX YPaBHEHHUH.

[lycrs mama cucrema

Q%+ Qe X+ .o Fay,x, = by,
D i e R A
am1x1+am2x2+ "l"amnxn=bm

m ypaBHEHHH C 71 HEM3BECTHBIMH.

©)

Matpuust
Ay Gz «+- Ay Qg +.. Oy by
A= %1 G - G 4 Be| @ @ - by
aml aﬂl2 s amn aml am2 tee amn bm

Ha3bIBAIOT COOTBETCTBEHHO MaTpHIlell M paciuupeHHOH MaTpu-
nelt cucreMsl ypaBHeHu#l (6).

Bornpoc o coBMecTHOCTH cHCTeMbl ypaBHeHMil (6) pemaercs
clefyomell TeopeMoi.

Teopema Kpounexkepa—Kaneanu. Jua moeo
4moboL cucmema AuHelnelx ypasneruli (6) 6oia cosmecmua,
He06x00UMO U OOCIAMOUHO, 4mobsl ee MAMPUUA U PACULUPEHHAS
mampuya umesu oOUH U MOM e pade.

okasaTenbcTBo. [lycrs panr matpuusl A paeeH r.
D10 03HayaeT, YTO HEKOTOpHH MuHOp M r-ro mnopsigka B
Marpuie A OTJMYEH OT HYJs, a BCe MHHOpPH G0Jiee BBICOKHX
NOpSIAKOB paBHBl HymO. BynmeM cumrarh A/ Olpeje/IeHHOCTH,
4TO0 MHUHOP M pacroJio:KeH B JIEBOM BepXHEM YIVIy MaTpHIHI,
T. €. B MEPBBIX 7 CTPOKaxX H IEepPBHIX r CTONOLAX; STOrO BCEr-
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a MOXHO JOGUTbCS TMOAXOAsMIell mepenyMepanyell ypasHeHu#t
U HeH3BecTHoIX. Mrak,

Ay Qip -+ Gy

M___ a21 a22 . a2r $0. (7)

Ay Qrg ooo Qp

[To Teopeme o paHre MartpHubl IepBe® r CTPOK MaTpuisl A
6yAyT JHHeMHO He3aBHCHMBI, a BCE OCTAIbHBIE CTPOKH OYAYT
uX JuHefinbMy KoMOuHatusmu. CieoBaTesbHo,

A =kA F kAt .+ RAS ®)
aHAJIOTHYHble paBeHCTBA (C ApyruMu Koadduupentamu) 6yRAYT
CTpaBelJUBEl AJs1 CTPOK A, .5, ..., A,

NokaszaTenbcTBO HeoGxogumocTH. [lpexmoso-
XKHUM, 4TOo cucteMa (6) coBMecTHa, T.e. o6/agaeT XoTsi OH
OJHUM pelLIeHueM:

X =0, Xg=10y ,.0., X, =0p.
Torza vMeem umc/IOBbIE TOXK/ECTBA:

a0+ apte+ .. Fayr, =0,

Qg1%y ~F Aoy += oo Aoy, = by, ©
U10y + Oty + oo - Oy = by
Hama nesb — pokasarh, yTo paHr Martpuusl B pasen paHry
matpuibl A4, T.e. r.

Jnsa 5Tofi Lesd JOCTaTOYHO HPOBEPHTb, YTO BCE CTPOKH
Marpuisl B, HauuHasi ¢ (74 1)-# ¥ KoHYas mocJenHed, JH-
HEeHHO BLIPAXKalOTCA uepe3 MepBble r CTPOK. JleficTBHTENBHO,
torga pair B<{r (§ 3), u Tak Kak rang B>rang A=r, 10
rang B=r.

IToxaxewm, Hanpumep, 4to (r - 1)-1 CTpoKa JHMHEHHO BHI-
paxaercst yepes nepBbie 7 CTPOK. C 5TOH LEJBIO YMHOXKHM
nepsoe u3 ToxJect (9) Ha k,, BTOpoe —Ha Ky H T. J., HAKO-
Hell, r-e Ha k,. Mbl nonyuum, yuuteiBasi (8), uro

Qg Ot 0rg 0%t 0y 0 =kb + kb ...
+ kb,

H, cjaeJ0BaTe’IbHO,
br+ 1= klbl _I— k2b2 + et —l_ krbi“
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TNocnennee pasencTBo BMecte ¢ (8) mokasbiBaeT, uto (r - 1)-a
CTPOKA MaTpuibl B paBHAa cyMMe MEpBBIX r CTPOK, YMHOMKeH-
HBIX COOTBETCTBEHHO Ha Kk, ..., %, uYTO U TpeGoBasoCh
JOKa3aTh.

JlokasaTeabCcTBO JOCTaToOYHOCTH. [lycTs panr
MaTpuus! B paBen panry A, T. e. r. Hama uens— gokasars,
4TO CHCTEMAa coBMecTHa. Mbl He TOJBKO YCTAaHOBHM ceifuac
310T (aKT, HO BMECTE C TEeM YKaxeM, Kak HafiTH BCe pelleHus
LaHHOH CHCTEMEL

OueBnpHo, MuHOp (7) MOXKHO pacCMaTpHUBaTh HE TOJIBKO
KaK MHHOD MaTpuiel A, HO M KaK MHHOp MaTtpuusl B; mo ycio-
BHIO 5TOT MHHOp OTJHYEH OT Hyss, a Bce MHHOpH (r 4 1)-ro
nopsifka B Matpuie B pasuni HyJso (#60 rang B =r). Ilpume-
HAd K MaTpune B TeopeMy O paHre MaTpHLBI, Mbl HAXOJUM,
4TO MepBhI€ 7 CTPOK 3TOH MATPHLLl JIHHEHHO HE3aBUCHMBI, a
OCTaJIbHBle CTPOKH SBJSIIOTCS HMX JHHEHHBIMM KOMOWHALMSMH.
[lo oTHoweHmo K cucteme (6) 3TO O3HAYaeT, YTO INepBbLE r
ypaBHEHUHA B Hell HE3aBHCHMBI, @ OCTaJbHble YpaBHEHHS fABJIS-
0Tcs uX chefcTBusMu. Torga mo TeopeMe 5 §3 cucrema (6)
PaBHOCHJIbHA CJIeAyIOllel CHcTeMe ypaBHEeHHWi:

;% ’I‘ [T —l— O] _I—alnxn = bl’
Qg Xy Ao+ oo Qg% = by, (10)

X+ 0kt .. A%, =0b,.

Ipu pemrennn cuctembl (10) MOKeT mnpelCTaBUTLCS IBa
cyydas:

1) r=n. Torma cucreMa COJEpPXKHUT f YypaBHEHUH c n
HEH3BECTHBIMH, MPUYeM OTpeJesuTe b ee [T. e. MuHop (7)] oTnu-
geH oT Hyas. [lo teopeme Kpamepa cucrema (10), a crego-
BaTe/bHO, H cucTeMa (6) MMEIOT eJHHCTBEHHOE PelIeHHe.

2) r < n. B sTOoM cayyae, mnepeHecsl WieHbl C HEH3BECTHHI-
MA X, .4, X, 49 +++,X%, (3TH HEU3BECTHbIE HA3LIBAIOT CBOGOX-
HBIMH) B [paBble YacTH COOTBETCTBYIOUMX YypaBHeHHH, MOJy-
UM CHCTEMY:

QX+ QieXe = oo o F A X =by — Ay 41 Xrp— o o0 Gk,
anXy + Gosxe + oo Qopxp=bo— bop g g Fryy— o 00 — Qup¥ps (11)
anXy+ Qo+ oo F X =br =0y Xpp— o Br¥ee

paBHOCcHJbHYIO cucTeme (10).
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Cucremy (11) MoxHO paccMaTpuBaTh Kak CHCTEMY 7 YpaB-
HeHU# ¢ r HEHU3BECTHBIMU X;,X, ..., X, C oOnpejemrejeM M,
OTJIMYHBIM OT HYJISl; CBOOOIHBIMU YjieHaMH YypaBHEHHH cucTe-
Mbl (11) ABNAIOTCA BbIPaXKeHWs, CTOsIUME B TMpPaBbIX YacTAX
COOTBETCTBYIOIINX ypaBHeHu#. Torma K cucteme (l1) mnpume-
HUMb! opMyanl Kpamepa, mo KOTOpbIM MBI HaXOJUM HeusBe-

CTHBIE Xy, Xg vu., X,

D, D, D
X =3, Xg B’ ceey X, = B", (12)
rne D=M, a

Quy o vv Ay by — @y g Xy — oo — QX Gy e Oy

;= Gay - e Gajmy Dy— Gy 4 Yoy — oo — GopXy Qgpaq -+ - Gag

Qo Qi b, — 0 Xy — o — Q% Qs -G,
Tak xax B D, D,, ..., D, BXOASAT HEU3BECTHBIE X, 4, ..., X,, TO
no cdopmyaam (12) Mbl mepBEle 7 HEU3BECTHLIX BbIPasUM depes
X,41 +-+» X, T. €. HalileM oOlilee peinenue cuctemsl (6). Ilpu-
JlaBasi HEU3BECTHBIM X 41, . .., X, [IPOM3BOJIbHBIE 3HAUEHHS, MBL

NoJiydnM OeCKOHeUHOe MHOKECTBO YaCTHBIX pelleHHil CHUCTEMEI
(11), a cnepoBatenbHO, W UCXOJHOH cucTeMsl (6).

Cuyuafl » > n HeBO3MOXKEH, TaKk KaK paHr MaTpHiel A, T. €.
HAVBBICIIHE MOPSAJOK ee OTJHYHBIX OT HYJs MHHOPOB, HE MO-
KeT OblTh 00Jblle YHCsa CTOJOLOB.

Takum o6pasoM, B 060HX BO3MOXKHBIX cIydasx (r =nur < n)
JlaHHas cucTeMa YpaBHEHMH MMeeT pelleHus, T. €. COBMECTHA.
DTHUM TeopeMa JOKa3aHa.

IlpuBeserHOe Bbllle JOKa3aTeNbCTBO He TOJBKO NaeT KpH-
Tepuil COBMECTHOCTH, HO M YKasblBaeT NyTb HCCJIeLOBaHUS
TIPOM3BOJIbHON CHCTeMbl JIMHEHHbIX ypaBHEHMH, KOTOpHIH CO-
CTOUT B CJIELYIHOIEM.

1. Haxoaum paHru MaTpuIlbl M paclIMPeHHON MaTpUubl
JaHHOM cucTeMbl. Ecau OoHM paBHBI, TO CHCTeMa COBMeECTHa,
B INPOTHBHOM CJlyuae HeCOBMeCTHa.

2. B cayyae COBMECTHOCTHM CpaBHUBaeM paHI MaTpull c
YHCJIOM HeU3BeCTHBIX. EcM 3TH IBa yucjia pPaBHbL, TO CHCTeMa
onpelleieHHa (MMeeT eJMHCTBEHHOe pellieHHe), B TPOTHBHOM
cllyyae cuCTeMa HeonpefeseHHa (uMeeT OecKOHeuHOe MHOXe-
CTBO pemieHui).

W3 pokasaHHOro KpHTepUsi BbITeKaeT CJeAyIOMUH HHTe-
PecHBIl, XOTS1 W BIOJIHE eCTeCTBeHHbIH, (aKT: YUC/]O pelleHH#
JUHeHHOH CHCTeMbl YypaBHEHHH COBEpDLICHHO HE 3aBHCHT OT
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ofiiero yuc/ia ypaBHEHHH, a 3aBHCHUT JIMLIb OT YHCJA HeH3Be-
CTHBIX M paHra MaTpHll, T. €. YHucJa «CaMOCTOSITeJbHBIX» (He-
3aBUCHMBIX) ypaBHEHHH.

[Tpumep 3. MccnenoBaTh u pemnTh CHCTEMY YpaBHEHHEL:
X+ 2%, — x5+ x, =1,
2%, 4 3%+ x3—2x, = —3,
X, 3x,— 4x53+ 5x, = 5.

Hafinem panrz Marpuu:

12 -1 1 12 -1 1 1
A=(23 1 =2 n B=(23 1 —2 -3

13 —4 5 13 —4 5 5
MuHop BTOpOro nopsigka Marpuust A
12
M= 9 3| = —1

OT/IHYEH OT HYJs, a BCe OKafMJISIOLIMe ero MHHOPH! TPEThero
nopsiiKa
12 —1 12 1

23 1 23 —2
13 —4 13 5

paeabl Hymo. CJenoBaTesbHO,
rang 4 = 2,
B 10 xe BpeMs MHHOp TpeTbero nopsifka MaTpuib B
12 1
23 =3|=1
13 5

ne pased HyJo. CregoBarenbro, rang B = 3.

Takum 06pasoM, paHrn MaTpull A u B pasjuyHbl, ¥ JHaH-
Hasi CHCTEMa He COBMeECTHA.

C TOUKHM 3peHHs JMHEHHOH 3aBHCHMOCTH 3TO O3HAUaeT, YTO
JeBble YaCTH HalIMX ypaBHEHWH CBA3aHbl HEKOTOPOH JIMHEHHOH
3aBHCHMOCTBIO, KOTOpasi HE paclpocTpaHseTcs Ha MpaBble Yac-
TH ypaBHenuil. B caMoM Jese, HETPYJAHO 3aMETHTb, 4TO Je-
Basg UaCTb [ TPETHErO YpaBHEHUsi MOXKeT ObITb MOJyYeHa H3
JeBbIX yacted f,, f, MEPBOro W BTOPOro ypaeHenuit: 3f, — f, =
= f;. Ecoiu Gbl 2Ta 3aBHCUMOCTH PacnpocTpaHsijiaCh M Ha CBO-
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GonHble YeHbl YpaBHEHHH, TO B TPeTbeM YypaBHEHHH CBOGOIHEIA
ueH pasHAdCA On 31— (—3)=6, Torga Kak y Hac B
TpeTbeM YpaBHEHHH CBOGOZHBIA usneH paseH 5. Bor nouemy
CHCTEMa OKa3anaCh HECOBMECTHOH (IPOTHBOPEYHBOH).
[Tpumep 4. HccnegoBath ¥ pelITh CHCTEMY YPaBHEHHH:

x4 2x,— x5+ x, =1,
2x, 4 3xy+ x5 — 2x, = —3,
%, + 3%, — 4x5 -+ bx, =6.
Sra cucTeMa OTJMYAaeTCs OT CHUCTEMBI MpeJBIAYLIEro NpH-
Mepa JMIIb TeM, YTO B TPETbEM YpaBHEHHM B KauecTBe CBO-

GopHoro dsjeHa B3ATO uuciao 6 BMecto 5. Temepb MiHOp
TPETHEro mnopsiika

— N
w W N
D W -

’

coflepxalufi nocjexHui cronfell MaTpuubl B, paBeH HYMO H
rang A =rangB = 2.

Cuctema ypaBHeHHfl COBMecTHA U HeompejeseHHa. [l pelie-
HUSl OCTAaBMM MepBble [[BAa YpaBHEHWs, NpHYeM UjieHbl C Heus-
BECTHBIMH X, X, TepeHeceM BIIPABO:

{x1—|—2x2 =14 x,—x,
2%, 3%, = —3 — x5+ 2x,.

OnpegenuTenb 3TOH CHCTEMBI

12

D=23

= —L

[Tpumensisi ¢opmynnr Kpamepa, nonyuum:
1 + X3 — Xa 2 ’
3 =

f= P = — 0 b — T
‘1 ]+X3—x4 ‘
ry= = BT o (5 By )
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Taxum o6pasoM, MMeeM oOllee pelleHHe CHCTEMBI:
X, =—9—5x,-+T7x,
Xy =54 3x;— 4x,;
X3, X4 — TIPOM3BOJIbHEIE,

IlpunaBast HEM3BECTHEIM X;, X, IPOM3BOJILHBIE 3HAUEHHS, NO-
Ay4iM GeCKOHeYHOe MHOXKECTBO YACTHBIX pelleHHH.

3. CucrteMb JUHeHHBX ypaBHEHUH C AByMS
HTpeMf HEU3BECTHBI MU

[Tpumennum teopemy Kponexkepa—Kanemm k HecseoBaHuio
CHCTEM ypaBHeHHH ¢ ABYMs U TPeMsi HeH3BECTHBIMH.

Kak u3BecTHO, ypaBHeHHe NepBOH CTENeHH C [BYMS Heus-
BECTHBIMU ax -|-by = ¢, rle XoTs Obl OJHO U3 uucena a, b or-
JHYHO OT HYJISA, mpejcTaBJjseT co60f ypaBHeHHe mpsiMOH Ha
MJIOCKOCTH. AHANOrdYHO ypaBHeHHE NepBOH CTENeHH ¢ Tpems
HEU3BECTHBIMU ax -}~ by -+ cz = d, korpa xors Obl OJHO U3 UH-
cesl @, b, ¢ OTNUUHO OT HYJs, fABJsSETCH ypaBHEHHEM IIJIOCKOCTH
B IPOCTPAHCTBE.

B Tom cayuae, Korga Bce Ko3(pGhHUIUMEHTH NPU HEU3BECTHBIX
B ypaBHeHHHU DaBHBI HYJIIO, a CBOOOAHBIH YjieH OTJIHYEH OT HYJ,
ypaBHEHHE He HMeeT pellleHHH, a CJefoBaTeJbHO, CHCTeMa,
colepxallasl Takoe ypaBHEHHe, HecoBMecTHa. Ecau ke Ha-
paly ¢ Ko3hdHIUeHTaMi NPU HEM3BECTHBIX W CBOOONHBIH ujieH
YpaBHEHHs DaBeH HYJIO, TO TaKOMy YypaBHEHHIO YOBJETBO-
paloT JoOble CHUCTEMBI 3HAUEHHH HEU3BECTHBIX, M, CJeJoBa-
TeJIbHO, TaKoe ypaBHeHHe W3 CHUCTEeMBI MOXKeT ObIThb YAaJseHo.
[lpu 3ToM nosyueHHass cucteMa OyZleT pPaBHOCHJIbHA HCXOJA-
Ho#i. B cBAisu ¢ 3TUM B JanbHeiiieM Mbl OyleM paccMaTpUBaTh
JUlIb TaKMe YPaBHEHHS, B KOTOPbIX XOTs Obl OAMH U3 Ko03¢h-
(uIKMEeHTOB NPH HEH3BECTHBIX OTJIHYEH OT HyJd.

IlpousBosibHAs cucTemMa JUHEHHBIX YpaBHeHHA € JAByMS
HEH3BECTHLIMH TIOCJIE 3JIeMEHTapHBIX TOX/IAECTBEHHLIX mnpeobpa-
30BaHUH MoxeT ObITb MpeJCTaBjeHa B BHJE:

Ay Xy - Qyp Xy = by,
gy Xt Qgp Xy = by, (13)

Ap1Xy + AaXy = bpye

Tak xak B Marpuue cucrems! (13) Bcero nBa cronfua, a
B pacuipeHHO#l Marpuie TpH cToabua, To panr mMarpuusl (13)
(6yeM o6o3HauaTh ero yepes r) He NpeBbllaeT 2, a PaHT pac-
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wnpenHoit Matpuust cucremsl (13) (o6osnaunm ero dgepes r*)
fe npepbimaeT 3. Tak Kak, janee, paHr PaclIMPeHHOH MaTpH-
16l MOXKeT 160 COBNajaTh C PAHFOM MaTPHLbl CUCTeMbl, JAUGO
NpeBblaTh €ro Ha elMHHIY (100aBisieTcs Julllb OAWH CTOM-
6ew), To AAa cucTembl (13) Bo3MOXKHBI caepylouine 4 ciyuas:

1° r=1, r*=1,
20 r=1, r¥*=2
3 r=292 r*=2
40 r =2 r*=3,.

PaccMoTpuM BCe 3TH CJlydYau.

1°.r = 1, r* = 1. B 9TOM Ci1yuae Bce CTPOKM pacilvperHON
MaTpHIb PONOPUHOHANbHE 01HON. CnefloBaTebHO. Mbl HMeeM
110 CYLIECTBY OJHO ypPaBHEHHE C IBYMs HEHM3BECTHLIMU, KOTOPOE
obnanaer GecunciieHkbIM MHOXKECTBOM peluenuit. [eomeTpuueckn
STO 3HAYHT, 4TO BCE MpPSMble, COOTBETCTBYIOUINE YDABHEHHUAM
Halllefi CHCTEMBI, CJIMBAIOTCA B OJHY NpPAMYI, KOTOpas U Ipej-
CTaBJsieT reoMeTpUYeCKH MHOXKECTBO pelieHui cuctemsl (13).
2°. r = 1, r* = 2. B 310M Ca1yuae no Teopeme Kponekepa —
Kanennu cucrema ypaBHeHuii HecoBMecTHa. C TOUKH 3peHHs
NUHefHON 3aBHCHMOCTH 3TO O3HAuaeT, yTO JieBble YacTh BCeX
ypaBHeHH{i NPOMOPUMOHAJbHBL, OJHAKO HMetoTcs XOTsi Obl
IBa ypaBHEHHsd, JJf KOTOPbIX OTHOLIEHHe MpaBbIX YacTed He
PaBHO OTHOLUEHHIO JIeBbIX. [ eoMeTpHUecKH umMeem COBOKYNIHOCTD
napajyiebHblX [PAMBIX,
] cpean KOTOpBIX MO Kpai-
\ Hefl Mepe JiBe He C/IUBAlOT-
X cad. Touer, obmux Ans
2 BCex MNpAMBIX, HE cCyule-

X, CTBYeT.
AANEER ITpumep 5. Pemwuts
rpadmuecky CUCTeMY ypa-

BHEHHH:

6x, 4 4x, = 12,
| 3x, 4 2x,= 6,
qep,f. 2 3X1 + 2X2 = 3.

M3 uepTexa 2 BHAHO, 4YTO

nepBble JBe NPSIMbIE CTWBAIOTCH, @ TPETbs WM Napasjebna.

30 r =92 r* =2 CucTemMa cOBMECTHA H UMeeT €LHHCTBEH-
Hoe peinedde. Bce mpsMble mepecexaluTcis B OLHOH TOUKe,
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KOODJMHATHI KOTOPOH H SIBJSAIOTCH PEleHHeM JAHHOH CHCTEMBh
lipumep 6. Pewnts rpapuueckn cucteMy ypaBHenuii:

{ 26,4+ x3= 3,

2%, — 2x, = —3.
[Ipsimble mepecekaloTCs1 B TOYKe (% 2), CJleJOBaTeNkHO, pe-
leHMeM CHCTeMbl SABJSIOTCH YHCaA: X, = —é, Xg=2.
4°, r = 2, r* =3. CucreMa HecoBMecTHa. Tak Kak r = 2,

)(2‘

o)
YR S
~
N
QQ +

7
+ + - + $ T—
Yepr. 3

TO CPEJIM JIeBbIX qacTell ypaBHEHUH [1Be HE3aBHCHMEI, a OCTaJb-
Hble gBJAIOTCH WX JUHEHHBIMM KoMOuHauusamu. OpHako He
BCe 3aBUCHMOCTH, CYIIECTBYIOLIHE MeXAy JEBbIMH uacTsIMH,
pacnpocTpaHsitoTcs Ha NpaBble 4acTH. [ eomeTpHuecKu mnpsiMbie
WIM Bce [apajJesbHble, HJIH HEKOTOphbie mnapaesibHhie,
a Jpyrue ux MepecekaloT, W/ Ke KaxAble ABe fepecekanTcs,
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HO TOUYKH fepeceueHHsi pas3juuHbl. Bo Bcex ciyuaax oOuie#
TOYKM MNepeceueHusi BCeX MNPAMBIX HE CyIIeCTBYyeT.
MMpumep 7. Pewntb rpaguyeckd cucremy ypaBHEHUH:

3x,—2x,= 0,
4x1 -_ xa = -’3-

W

[}
g i JlanHas cucrema ypasHe-
b3y HHHl  HE HMeeT  pelue-
HHUH.

Tenmepp  paccMoTprM
KpaTKO CJy4ad, KOTOpbIe
] MOT'YT NPeACTaBUTbCS MPU
l HCCJIe[OBAaHUH  CHCTEMBI
JINHEHHBIX YpaBHeHHH ¢
TpeMsl HeHM3BEeCTHBIMH:

Qyy Xy Gy Xp - Qyp X3 = by,
g1 Xy~ Qg Xy - Q3 X3 = by,
amlxl _I— amzxz + am3x3 = bm‘

Ecan 7 — paHr MaTpHUBI CHCTEMH,
a r¥ — paHr ee paclIUpeHHOH MaTpHUILHI,
TO BO3MOXKHBI cienyloue 6 ciayyaes.

1°. r =1, r* = 1. Cucrema ypaBHCHU}l COBMECTHA H HMeeT
GecKoHeyHoe MHOxecTBO pemeHuii. [lo cymecTBy Mbl uMeem
JleJIo C OflHMM ypaBHEHHEM C TpeMsl HeH3BeCTHbIMH, HO0 Ko3d-
(QuUIMeHTHl BCeX YypaBHEHMH IpONOpLUOHalbHEL. [eomeTpu-
YecKH 3TO 3HAYUT, YTO BCe MJIOCKOCTH CJIMBAIOTCS B OAHY MJO-
CKOCTb, KOOPIAMHATBHI KaKJOH TOYKHM KOTOPOH yIOBJETBOPSIOT
ypaBHeHUsIM JaHHOH CHCTeMBl.

2°, r =1, r* = 2. Cuctema HecoBMecTHa. ['eoMeTpuuecku
BCE MJIOCKOCTH MapaJsiielibHbl, IpHYeM HEKOTOpble M3 HUX Mo-
TyT cauBaThes (HO He Bee). Touek, oOKX BCeM MJIOCKOCT SIM, HeT.

3°. r= 2, r*¥ = 2. CucTeMa COBMeCTHa W HeONpelesieHHa.
I'eoMeTpuuecKH BCe MJIOCKOCTH MepeceKaioTcs Mo OXHOH mpd-
MO, KOOPAHHATH TOYeK KOTOPOH U 06pasyloT- MHOXKECTBO pe-
LIeHUH# JaHHOH CHCTEMHI.

4°, r=2, r* = 3. CucreMa HeCOBMeCTHA.

B sToM ciyyae BO3MOXKHBEI CJEAYIOUHE IeOMeTpPHYecKue
HHTepIpeTalyy:

Uepr. 4
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a) Bce myiockocTd pa3buBaroTCst Ha [Ba KJacca B3aUMHO Tia-
pa/UIeNIbHBIX [IIOCKOCTefl, MpUueM IJIOCKOCTH OJHOro KJjacca
TepeceKaroTcsi C MJIOCKOCTAMH Apyroro (4epr. 9).

6) JlBe NJIOCKOCTH MepeceKaloTcs Mo MpsMOH, a OCTalbHEIC

Yepr. 5.

napajyiesibHbl 9TOfl JIMHWH TepeceyeHus (uept. 6).

5°. r = 3, r* = 3. CucreMa COBMECTHA H UMeeT eJMHCTBEH-
Hoe pemeHde. ['eOMETPUUECKH BCe IUIOCKOCTH I€pPeceKaloTcst
B ONHOH TOUKE.

6°. r =3, r* =4. Cucrema HecoBMecTHa. [eoMeTpuyecKu
no KpafiHeii Mepe TpH ILUIOCKOCTH MeDECeKaloTCs B OLHOH TOUKe
¥ CyLIECTBYET XOTs Obl OfHA MJIOCKOCTBb, HE MPOXOASILAs uepes
3Ty TOUKY.

4.9neMeHTapHBe MEeTONLH pEUWIEHUST CHCTEM
JUHeUHB X ypas-
Henui, [o cux nop

LA UCCNIElOBaHUS | \

pellieHHUs] CucTeM JIH- \

HEHHbIX YpaBHEHHH Mbl //)" ——————————
npUBJeKanu anmnapar

MaTpull H OmnpejesuTe- Yepr. 6

Jefl. DTOT anmapaT He
TOJBLKO TO3BOJIMJI HAM JOKas3aTb psil oOLINX yTBePKIEHUH oT-
HOCHTEJIbHO CHCTeM JIMHEeHHbIX ypaBHeHUH, HO H IOMOT MOHATHb
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NPHYKMHBI COBMECTHOCTH HJIHM HECOBMECTHOCTH, ONpeNeseHHOCTH
WK HeoNpeaeseHHOCTH cucTeMbl. OnHAKO AJif MPAKTHUECKOro
pellleHdsl CHUCTeMbl JIMHEHHBIX ypaBHeHH#l 4acTo MNOMb3YIOTCS
Pa3IMYHBIMHM 3/IEMEHTADHBEIMH MeTOAaMM. Tak, U3 MIKOJLHOTO
Kypca anre6pel U3BeCTHHl MeTOAbI: ajire6pauueckoro CJo-
JKeHWsl, TNOACTAHOBKH, YDaBHMBAHHS HEHW3BECTHBIX U Ap.
Mol paccMOTpYM OJMH MPOCTOH U B TO Ke BpeMms Haubosee
OO 5JeMEeHTapHbIH MeTOA pelleHUs CHCTeM JIHHeNHBIX
ypaBHeHu#, HaswblBaeMblil memodom [aycca Wnu mpeyzoroHodl
cxemoti. DTOT MeTOA SBJISIETCS OCHOBHbIM M IMPH pellleHHH
CHCTeM YypaBHEHMH Ha 3JEKTPOHHbIX BBLIUMCJIHUTE/NbHBIX Ma-
HMHax.
Ilycte maHa cucreMa ypaBHeHHI:

Ay Xy QX+ o X, =4y,
Uy Xyt Qoa Xa+ ..+ pu X, =y,
A ¥y + QAmaXs + ...+ ApnXy =d
Ias ee peluenus Mol OyJieM NpUMEHATH cliefytouiee nmpeobpa-
3oBaHue: npuOaBjeHHe K OJHOMY YyDaBHEHHIO KaKOro-i1u6o
IPYyroro, yMHOXKEHHOro Ha HeKoropoe uucio. Kak usBecTHO
(tTeopema 4, § 2), Takoe npeo6pasoBaHHe MPUBOJUT K CHUCTeMe
ypaBHEHU#, pPaBHOCUJbHOH AaHHO# cucTeMe. Cpasy ke ycjo-

BUMCs 0 cyenytomleM. Eciu B pesysbraTe yKasaHHOro npeoGpa-
30BaHHsl [OJIYYHTCA YpaBHEHHE BHAa:

0x;,+0-%+ ... +0-x,=aq, (14)
rie a # 0, To mpolecc perieHUs CUCTeMbl Mpekpamaercsi, u6o

TaKas CHCTeMa HeCOBMeCTHa (mpoTuBopeunsa). Ecniu ke momy-
YUTCA ypaBHeHME BHIA:

0:%,+0-x,4+ ... +0-x,=0, (15)
KOTOpOE YOBJEeTBOPAETCS NP JOOLIX 3HaYEHHsIX HEH3BECTHBIX,
TO TaKoe YpaBHEHWe yJajseTcsl U3 CHACTeMbl, KaK CJELCTBHE
OCTaNbHEIX ypaBHeHUl (Teopema 5, §2).

B cBs3u ¢ 5THM MOXHO CUMTAaTh, YTO B KaxXJOM ypaBHe-
HHMM JaHHOH cHcTeMbl XOTSI Obl OJHMH #3 KO3(D)UIHMEHTOB mNpH
HEU3BECTHLIX OTJIHYeH OT HyJs. Bygem cuurats, 4to ay, = 0,
B NPOTHBHOM CJiy4yae 3TOrO MOXKHO NOGHTLCHA NepeHyMepOBbi-
BaHHEM HEU3BECTHbIX MJH ypaBHEHHH CHCTEMbL.

a.
YMHOXKHM [1€pBOe ypaBHEHHE HA UHCJIO0 — = U IPUGABUM KO
ay
BTOpOMY. TeM. caMblM HCK/IIOYMM M3 BTOPOTO ypaBHeHHsI CHC-

me
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TeMbl HEW3BECTHOE X;. AHAJOTHYHO UCKJIOUUM X, M3 OCTANbLHBIX
ypaBHEHU#l (KpoMe mnepeoro). B urore nosyyum cucTemy:

Xy + Ay X+ oo 0y, X, =4,
7’ ’ ’
@ ypXat oo Ty, =d's, (16)

’
1X2—|— +apn n=dp'

3ameTuM, 4YTO p MOXeT ObITb W MeHblIe 1M, TaK Kak ypas-
HeHus BHUJA (15), ecau TakoBble OKa3aHCb, OTOPOLLEHbL.

Tenepp TOYHO TakuM »Ke 00pasoM ¢ MOMOLIBIO BTOPOTO
ypaBHeHHs UCKJIOUMM HEM3BeCTHOE X, U3 3-ro, ... p-ro ypas-
Henusi cuctemsl (16). [1pogonikas stot npoiece, Mbl HEOGXOLUMO
npHAeM K ONHOMY W3 CJeLYiOUUX CJAyuYaen:

1. lNosasutcs ypaBHenue Bupa (14). B stom cayuae, kaxk
yKasblBaAOCh paHee, CHUCTeMa HeCOBMeCTHa.

2. TloayunM cHCTEMY «TpEyro/JibHOrO» BHAA:

(bllxl T+ bt A by X T bX, =y
{I 22x2+ + bop—1Xp—r —+ banX, = Cy
I bn—lxn—l _l— bn-ln = Cp—1»
{ b.x =c

nn'n n’

rre b,#0 (i=1, 2,...,n). B sToM cayyae u3 nocJjejnHero
ypaBHEHHs HAXOIHUM X,, 3aTeM W3 NPeANOCJENHEro X, ;  T. A.
¥, HAKOHEl, W2 MepBoro ypasHedus x,. Cucrema umMeer ejuH-
CTBEHHOE pelleHHe.

3. Toayunm cucrtemy Buja:

byyxy - b1a%s 'l‘ o bty = by X b, =
bogXo . .o bopXy + boparXprs o T bgpXy = Gy

e e« s s s e « e e

bkkxk ‘l“ bkk+1xk+1 + "l‘ bkn n = Ch

rie b,#0 (i=1, 2,..., k). B 3ToM cayyae ujieHn C Heus-
BECTHBIMH Xj4y, ... , X, [IEPEHECEM B MpaBbie YacTH YyPaBHeHHH,
focje Yero, Kak W B cjyuyae 2. HallgeM HEU3BECTHble X,
Xg, .., Xz Ilpd >TOM Heu3BeCTHblE X, X,...,X, BbIPa3uM
9epes X,iq, ..., X, T. € Haifem olulee pelieHne GaHHOH cHc-
vemnl [lpupaBas nocsnegHWM HEHW3BECTHHIM NPOM3BOJILHBIE 3HA-
YeHusl, MOJIyYuM OECKOHEYHOE MHOMKECTBO YacTHbIX pelleHHH.
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ITpumep 8. Peumnts cuctemy ypaBHeHuil:

X+ x— xy= 1,
26— xy+ x3= 2,
—%; 2%, — 20, = —2.
[pnGaBys mepBoe ypaBHeHHe, YMHOXKeHHOe Ha uucna —2 u 1,

COOTBETCTBEHHO KO BTODOMY H TPETbLEMY YpaBHEHHAM, IIOJY-
quM:

X+ xX— x3= 1,
—3x,43x3= 0,
3xy — 3%y = —1.

Ecau Tenepp, mpojposKas Haml Ipoiiecc, MpUOABUTb BTOPOE
ypaBHEHUE K TPeTbeMy, TO MOJyduM YypaBHeHue 0 = —1, Ko-
Topoe He umeeT peuiednst. CnejoBaTesIbHO, JaHHAs CHCTEMa
ypaBHEHHH HECOBMeCTHa.

[Ipumep 9. PeumTs cjenymollyl0 CHCTEMY YpaBHEHHIL:
Xy — 3% — 3%, = —H,
2%, — xy— X3+ x,=—1,
X, —2x, +4x;+5x,= 7,
X, — X+ x3+2x,= 2.
Tak Kak 31ecb KO3GhQHIMEHT NpH X, B NEPBOM YpaBHEHUH

paBeH HyJ/10, TO NOMEHseM MecTaMH [MepBOe ypaBHeHHe, Ha-
npumep, ¢ yerBepThiM. [losyunm:

Xy — Xy xs 2, 2,
2%, — Xy— X3+ X4

X, — 2%+ 4x;+ 5%, = 7,
Xy — 3x3 — 3x, = —5.

—
-

Teneps ¢ MOMOLILIO MEPBOr0 YPaBHEHHSI MCKJHOUMM HEH3BECT-
HOe X, W3 BCEX OCTaJbHbIX ypaBHenu#. [lomyuum cucremy:

Xp— Xt K+ 2%, = 2,

Xo— 3X3— 3%y = —DH,
—xy+ 3%+ 3x, = 5,
Xo— 3x3— 3x, = —b.

Ecnu Temepb C MOMOIIbIO BTOPOro ypaBHeHHs OyneM HCKJIO-
YaTb HEW3BECTHOE X, B TPeTbeM H UYETBEPTOM YDaBHEHHsX, TO
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nonyuuM ypasuenus: Buza 0 =0. CregoBatesbHO, JaHHAs cuc-
TeMa pPaBHOCHJIbHA CleAYIOIeH cucTeme:

lxl—xa—l— X3+ 2x,= 2,

xz _— 3)63 -_— BX4 = —5-
W cucteMe:

Xi—Xg= 2— x;3—2x,
Xy = — 5 3x; + 3x,.
Orciofa HaxoAuM oflllee pellleHHe JaHHOH CHCTEMSI:

X, = —5 - 3x;+ 3x,,
Xy = —3+42x3+ X4

Xg, X4 — TIPOM3BOJIbHBIE.

§ 5. Teopust QeJMMOCTH MHOrGUJEHOB

. Konbo MHOTOYJIEHOB HajJ YHCJIOBHM MO-
nem P.

B nByx npeamiayumux naparpadax Mel HAyYHJHCH HCCJe-
LOBaTb M peuaTh NPOM3BOJILHYIO CHCTEMY JIMHEHHBIX YpaBHe-
Hud. JIpyriM BaKHbIM BOIPOCOM B TEODHM YpaBHEeHHH $IBJIfA-
eTcst Bompoc 00 HCC/eJOBaHHM H PellleHHM OJHOTro anreGpau-
YeCKOTO YpaBHEHHsI C OJHUM HEH3BEeCTHBIM JO00H cTeleHH n.
K atomy Bompocy MBI U mepexonuM.

Kax Geuto orMeueHo B § 2, Bcskoe anreGpauyeckoe ypas-
HeHHe MoxKeT OBITb 3aNHCaHO B CAEAYIOmEeM BHIe: d,x" |-
+ax 1+, 4a,x+a, =0.

JleBasi yacTh 3TOrO ypaBHeHHs, T. €. BHIpaxKeHHe
f) = g+ aeri . g, x (1)

rje n— IeJjo€ HeOTPHULATENBHOE UHCIO, y, Oy, -« » Qp—ys By —
3JIeMEeHTHl HEKOTOpOro uHicJoBoro noas P, npuueM g, # 0, Ha-
3bIBAETCSI MHOT'OYJIEHOM M- CTENeHM OT NepeMeHHOro X Hax
nosem P.

dneMeHTH @, a,..., 4, HasbBalOTcd Ko3(dULHEHTaMH
MHOrousieHa f(x), NpuyeM g, HasblBaeTCs CTapIIUM Ko3(du-
IIHEHTOM, @, — CBOOGOJHLIM YJIEHOM.

ITpu n= 0 MmHorouseH f(x) pasen a, Taxum o6pa3oM, Bce
urcsa U3 mosa P, oTauyHele OT HYJA (g, %= 0), mo onpefese-
HUIO SIBJIIIOTCSI MHOTOUYJeHaMu HYyJeBo# cremend. [as o6rm-
HOCTH YHCJIO HYJb TaK¥Xe Ha3blBalOT MHOTOYJIEHOM (HYJb-MHO-
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rouseH), He IpUIIMCHIBAS eMY HHKaKO# oOIpeJejieHHOH cTe-
TIeHH.

JiBa MHOroujieHa Ha3bBAIOTCS PABHBIMH, €CJIM PaBHHE HX
K03(Q(UIMEHTH NPH OAMHAKOBBHIX CTENEHSX NepeMEeHHLIX.

Jlsi MHOTOUJIEHOB HaJ, IoJieM P W3BecTHHIM cloco6oM OIm-
penesislOTCs ONepalud CJHOXKEeHUS M YMHOXEHHs, NpHueM pe-
3yJBTATOM KaXKJOH M3 YKa3aHHBIX oOmepanuil siBJsercsl CHOBA
MHOTOUJIeH ¢ Ko3(duuueHtamu us monsg P.

OtMmeruM, 4YTO ecsu MHOrousieH f (x) sBisieTcsl NpousBese-
HHEM MHOTOWJIEHOB g (x) u h(x), T. e. f(x) = g (x) A(x), TO
€ro CTerneHb paBHA CyMMe CTeneHeli coMmHoxuTenelt g (x) u
h (x).

CroxeHle 1 YMHOXEHHe MHOTOYJIEHOB Haj moJieM P ynoB-
JerBopsier BceM TpeboBaHMAM | — 6 KOMMYyTAaTHMBHOTO KOJb-
na (§ 1).

CaneznoBaTe/lbHO, MHOXKECTBO BCeX MHOTOUJIEHOB ¢ Ko3dhdu-
[IUeHTaMU U3 33[aHHOTO IOJISl SIBJISETCS KOMMYTATUBHBIM KOJIb-
oM. Ero HasbBalOT KOJIBIOM MHOrOUYJIEHOB Hajy mnojeM P u
o6oanayatoT uepes P [x].

3ameTnM, yro Kosbllo P [x] He uMeer pesnutenelt HyJs,
T. e. ecu f(x).¢(x)=0, To no kpaliHefi Mepe OZMH U3 CO-
MHoxuTeNed f(x), ¢(x) ecTb HyJb-MHOroUJeH. DTO JIerko cie-
ILyeT M3 TOro, YTO CTENEHb NPOU3BEJEHUS JIBYX MHOI'OYJIEHOB
paBHa cyMMe cTeneHeHl COMHOXKHTeJeH.

Ecau mHorounen f(x) nmpunaznexut Koabuy P [x], To me-
peMeHHOe X MOXeT IpHHUMaTh JI060e 4YHUCIOBOE 3HAUEHHUE
u3 noasi P. Ilpu sToM eciu B MHorouseH f(x) BMECTo X mOj-
CTaBUTb YMCJIO O, TO TOJYYUTCS YUCJO

aoa” + alan-l "l— e + Ap—® + Qg

KOTOpOe Ha3blBaeTcsl 3HaueHHeM MHOTrousieHa f(x) Ipu x =ao u
o6o3HayaeTcs uepes f(a).

OueBujHO, YTO BCAKH#E MHOrowdeH f(a) Haj YUCJIOBHIM
noJieM sIBJAsSeTCS [eoH paunoHanbHo# dyHKIuel. O6paTHO,
BCAKYIO 1IeJ1yl0 PalMOHaNbHYI0 GYHKIHUIO, KaK OblJIO OTMeueHO
B § 2, MOXHO TOXJECTBEHHEIMH IPeoOpa3oBaHUAMH NPUBECTH
K Buay (1), unm, Kak roBopAT, K KaHoHHYeckomy BHAY. On-
HAKo onpefeieHue paBeHcTBa QyHKIME (§ 2) u onpeleneHue
paBeHCTBa MHOTOYJIEHOB pasjuuHbl. ECTeCTBEHHO, BO3HHKaer
Bonpoc: OYAyT JiM JBa paBHbIX MHOrOuYjieHa PaBHATbCA Kak
¢byHkuuH, u obpaTHo? MHaue roBopfi: CoBNajaloT JM TMOHATUSA
Iesoll palHoHaJbHOH QYHKLEMY M MHOTO4/eHa HaJl YHCJIOBBIM
nosiem?
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STOT BONpPOC peUIaeTcs MOJOXKHUTENbHO Clefyroueft, JoKa-
3biBaeMofl B Kypce ajieMeHTapHO# anre6pbl TeOpeMoll 0 TOXKIECT-
BEHHOCTH JBYX MHOTOWJIEHOB.

[Ba MHOrousieHa Haj YHCJOBLIM NoJjieM P paBHBI Torfa #
TOJABKO TOr4a, KOrZa HMX 3HAueHHUsS COBMNAJAOT NP JHOGOM
3HauUeHHH MepeMeHHoro u3 nosns P.

(B kypce sneMeHTapHOH anreSphl 3Ta TeopeMa JOKasblBaeT-
e 1M TNOJS KOMIUIEKCHBIX WYHCeJ, OfHAKO J0Kas3aTejbCTBO
COXpaHsieT CUJy M JJis Jito0Oro YMCJIO0BOrO MOJS.)

TakuM o6pasoM, MHOrOuYJleHbl Haj YHCJIOBBIMH IOJSIMH
MOXKHO HM3y4aTb KaK C ¢opMajbHOH, Tak U ¢ (QyHKUIHOHANbHOH
TO4KH 3peHus. [locsienHsis Touka 3peHUs sipjsercs o6LienpH-
HATOH B KypCe MaTeMaTHUeCKOTo aHa/ii3a U B TeOpHU HYHKIHUH
KOMILIEKCHOTO TepeMeHHOro. B anre6pe ke CTOST Ha hopMalb-
HOM TOYKe 3peHHs, MOHUMas [OJ MHOTOUYJEHOM BbIpaXKeHue
pga (1). dro obOmscHseTcs TeM, uTO B anreCpe MHOrouJieHbl
H3YYAIOTCS HEe TOJbKO Haj YUCJIOBBIMH MOJSIMH, HO M Hal ApY-
TuMH (HEeUMCJIOBLIMU) NOJISIMH; B IIOCJIEHEM cayuae chopMyTH-
poBaHHa$sl BblllIE TeOpeMa O PaBEHCTBE MHOrOYJIEHOB He BCerja
HMeeT MeCTo.

[Tpumep 1. Ecm B KauecTse nosis P B3sith mnosie GF (2),

cocTosilliee M3 ABYX snementoB 0, 1 (§ 1), To BHIpaxeHus
F=x+T no@)=2+T,

paccMaTpuBaeMble KaK MHOTOWIEHB], Da3/MUHEI, a KaKk (yHK-
unn—paBHbl_B c_aMOM nene, mpn x =0 f(0) =041 _—:T,
¢@=0+1=Ti mpn x=1 f()=T4+1=0, ¢(I) =

=124+1=1+4+1=0.

XoTs Mbl B fajibHeHlleM O6YyI€M pacCMaTpUBaTh MHOLO-
YIeHH! Ha/l YUCJIOBLIMU MONSIMH, T€M He MeHee MBI GyJeM CTOSATD
B OCHOBHOM Ha (OpMaJbHO! TOUKE 3peHws.

Uncso 2 Ha3bIBaeTCsl KOpHeM MHorodsieHa [ (x), ecu 3Haye-
HHe MHOTO4JIeHa f (x) P X = a paBHO HYJIO, T. €. ecyi [ (a) =

Orciona W W3 omnpejeseHdss KODHS YpaBHEHHs CJeLYer,
9TO KOPHM MHOroujeHa f (x) cCOBMAjalOT C KOPHSIMH YpaBHe-

HUS
f(x)=
CrenoBaTesibHO, H3yueHUe aireGpauueckux YpaBHEHHH Haj
nojieM P cBOAMTCS IO CYLIECTBY K M3YUYEHHIO KOJbIlA MHOTO-
uieHoB P [x].
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Eme pas mnopuepkHeM, YTO MHOIMe CBOHCTBA MHOrouJe-
HOB CYLIGCTBEHHO 3aBHCST OT TOFO MO/, HaJ, KOTOPHIM Mbl
HX paccMaTpHBaeM.

I[Tpumep 2. Muorounren x*>--1 nag nodeMm D He umeer
KOpHeHl, Torza Kak HaJ mnojeM K OH MMeeT JBa KOpHA:
X, =1, Xo=—1.

[Tpumep 3. Muorouwren x*-+1 Hag moseMm R Henb3s
pas3JioKUTh B [POU3BEJEHHE MHOTOYJIEHOB MEHbIIMX CTereHef,
TOrja Kaxk Haj mnojeM D

A l=0+V2x+1) @=V2x41).

ITosToMy HeKOTOpBle CBOHCTBA MHOTQUJIEHOB NPHXOLHTCA
U3y4yaTb OTAEJIbHO JAJIS Pa3jIMuHBIX UHCAOBBIX mnosed. OfHako
MOXKHO yKasaTh U TaKue CBOICTBAa MHOTOUJEHOB, KOTOPBIE CIpa-
BeIJIUBHl JJs Jiodoro uuciaosoro noad P. B uacTHocTH, K
HUM OTHOCSATCS Te CBOACTBA, KOTOPbIe CBSI3aHbI € 00LIel Teopueh
JIeJIMMOCTH MHOTOYJIEHOB.

2. JenumMocTb MHoOorousesHon Caoificr-
Ba AE€JHUMOCTH.

Kak 6b110 yKa3aHO B NPeIbAyLleM MyHKTe, MHOKECTBO MHO-
rounenoB P [x] aBaserca koabuoM. EcTecTBeHHO, BO3HHKAeT
BONPOC: BJSIETCH JIX 3TO KOJblo mojeM? OTBET Ha 3TOT BOMPOC
OTpHLATeNIeH, TaK KaK omepalusi JejieHust B Kosmble P [x]
He Bcerja BelMoJAHMMA. Hanpumep, Henb3s pasfenuTb MHOTO-
YJieH CTeNeHy . HU Ha KaKol MHorouJied 6oJiee BbICOKOH CTEIEHH,
B cBs3u ¢ 3TUM BO3HHKAeT psifi BOMPOCOB, CB3AHHBIX C Je/HU-
MOCTBIO MHOIOW/IEHOB. B mopsiike OTBETOB HAa 3TH BOIPOCH!
BO3HHK CIIelMaJbHBIA pasnes ajareGpbl MHOTOUWIEHOB — TEOpHUs
JeJIMMOCTH,

Teopus HeNMMOCTH MHOTrOUJIEHOB BO MHOTOM HallOMHHAeT
TEOPHUI0 JeIUMOCTH LeJIbIX uucesi. [IpuurHa B TOM, YTO KOJBLO
MmuorouneHoB P [x] u Konbuo uensix uncen C HMEIOT OueHb
MHOro oOILiHX CBOHCIB.

BBuay sToro MHOrue CcBOHCTBAa [E€JIMMOCTH MHOTOYJICHOB
6yneM TONBKO (OpPMYJAHpOBaTh, OTChUIAsh 3a JOKa3aTeJbCT-
BaMH, Hanpumep, K «OG30pHBIM JIEKIUSM 10 apHPMeTHKe»*,

Mb! y2Kke TOBOPUJIH O TOM, 4TO ofiiue CBOHCTBA IEJHMOCTH
MHOTOQUJIEGHOB HMEIOT MECTO JJIsi MHOIOU/JEeHOB Haj JioObM
4yucJ10BBIM noJieM. Haunnas ¢ storo Momenta Mbl BoiGepeM Mpo-
HW3BOJIbHOE YHCJIOBOE 1ojie P M BCe MHOrouseHsl (BKJAOUasi H
MHOTOUJIEHBI HYJIeBOHU CTeneHNn—yucaa), Gurypupyoue B 3TOM

M.M. F'nyxoB., O630pHule JeKUuH o apudmeTrre, Yunexzrus, 1963.
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naparpacde, OyHeM cuuTaThb MHOTousleHaMM Haj mosiem P,
He oroBapuBasi 3Toro 0co0o.

Onpenenenue 1. Muorounen f (x) me/mTcss HAa MHOro-
uied ¢ (x) (cuMBosmMYecKH: f (X): ¢ (X)), ec/m cyllecTByeT TaKOH
MHOTOUJIEH ¢ (x), YTO

() =9 () q &)

B 3TOM cJyyYae roBOpST Takike, YTO MHOrOWIeH ¢ (x) sBJd-
eTcsl JieuTesieM MHOrousneHa [ (x).
[lepeunc/mM HeKOTOpbIE OCHOBHBIE CBOMCTBA JEMMMOCTH:
1. f(x):a, rae a— mo6oii MHOTOWIEH HYJIEBOH CTENEHH.
B camowm gene, ecm f (x) = agx®+ax" 1 ... 4-a, 10

f (%) = aq (»),
rie q(x)=%x”+% o=l -|—gal.

2. f(x): af (x), rie a—mo6oii MHOrowleH HYJIEBOH crTe-
neHu.
B camoMm feuse,

[@x) =Tlafx)] - q(x)

1 .
rfe g (¥) = , — MHOTOWIEH HYJIBOH CTereHH.

Takum 0GpasoM, BCAKMH MHOrOuseH f (X) ZenuTcss Ha Jio-
foe MOCTOSHHOE YHCJO, OTJIMYHOE OT HYJS,, a TakXkKe Ha JIo-
Goii MHOTOWIEH, OTJHYAIOMMUNACA OT [ (X) MOCTOSHHBIM, OTJIMY-
HEM OT HYJII MHOXHTEJEM.

Takue pemmTeny MHOrowieHa f (x) HasblBalOTCS TpPUBHAIbL-
HbIMH (OUEBHJHBIME, CaMO COOOH pasyMerolMMHCS).

. 1 1).
Ipumep 4. x*4-1:2, takKak x> 41 =2 ’(Exz‘l‘f\)’
g 1
x4 1:7, rakkak x> 1= - (7x*+17);
1
x*+1:5x24 5, tak kak x*4- 1 = (x> 5) . 5
3 3 3 3\ 8
2 s — 42 — -2 — [ — 42 —_ —
415 x5, TakKak ¥*+- 1 _(8x +8).3
T I
Takum 06pa3oM, y BCAKOrO MHOTOWIEHa CYIecTBYeT G6ec-
YHC/IEHHO@ MHOXKECTBO TPUBHAIbHBIX JeuTesed.

3ametuM, 4TO B apu¢pMeruke (B Kosplle C) TpHBHAIbLHBI-
MH eJHTEAMH YHCJa a SIBJIAOTCA 4ucna + 1, 4-a, T.e. TaM
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pOJb MHOTOYIEHOB HYJEBOHl CTeNMeHM HrpaloT umceia -+1 u
— 1. Dra aHanorusi KOpeHWUTCH B TOM, YTO KaK MHOTOUWIEHH!
HyJeBo#l cTeneHd B Koabue P [x], Tak u uncna 1, —1 B KoJb-
ne C aBnsIOTC €JMHCTBEHHBIMM 3/1€MEHTaMH, JJIl KOTOPbLIX
CYLLeCTBYIOT OOpaTHble 3JIEMEHTHI.

3. Eem f(x)ie(x) u ¢(x) &(x), To f(x):¢(x).

4. Ecm f(x):q(x) 1 9(x): q(x), To f(x)+ o(x):q(x).

5. Ecmu f(x)ig(x) B ¢(x)—/moGof MHOroujeH, TO
[ (%) ¢ (x): q(x).

6. Ecu f(x): (%) u ¢(x):f(x), 10 f(x) = ap(x), raea —
MHOTOYJIEH HYJ/IEBOH CTeMeHH (YUCJIO, OTJIHYHOE OT HYJA).

B camom pere, f(x) = 9 (x)q,(x), (%)= [(x)q:(%).

Orciona umeem: [ (x) = [ (x) (g, (¥) + g5 (x)). Cuenosareds-
HO, ¢, (X) - gz (¥) = 1. A »TO 3HauHT, 4TO G (X) U g, (x)—
MHOTOY/JIEHBl HYJIEBOH CTeNmeHH, YTO M JOKasbiBaeT Halle
yTBepKIeHHe.

7. Teopema. (Anroput™M ZeseHHs C OCTaTKOM.) Bcakuil
MHO204AeH [ (X) MOMHO noleiums C OCMAMKOM HQ A000L
mroeouner ¢ (x) + 0 u npumom eQuHcmeeHHoLM 00pA30M, M. e.
Kakoeer Oor HU Ootau muoeowserel f(x) u ¢ (x) 0, cywecm-
8yem eQUHCHIBEHHAA NAPA MHO204AeH08 ( (x) (Henoaroe wacm-
Hoe) u r(x) (ocmamok), makas, 4mo:

D F0) =9 (0q (0 +r ()

2) r(x) =0 uau cmeneno r(x) meHouie cmenenu ¢ (x).
JdokazareabcTBO cyllecTBoBaHus. Ecm f(x) =
=0 wm creneHb f(x) MeHblle CTemeHHd ¢ (x), TO YCJIOBHUS
1 u 2 sBemosasiores npu g(x)=0 u r(x)=f(x). Ilycm

crenenb f(x) Gosblle cTeneHH @ (x):
F(x) = ayxr+ay xn =1 L, 9 (x) = byxm by am =1
4+ ... +b, u n>m.

BrureM  u3 f(x) MHOTOWIeH ¢ (x), YMHOXeHHbl Ha

%0 xt—m, Tlomyunm:
fx)— —x”‘ ¢ (x) = f, (x). (1)

a,
Tak Kag y MHOrOuUsieHOB f (x) u “b—o X"~™ o (x) crapimme
0

YJeHBl OJMHAKOBLIE, TO INPU BHIYUTAHHH OHH B3aUMHO YHUYTO-
’KaloTCsl U CTereHb MHOrowieHa f, (x) 6yner menswe n. Ilyetsb
cTapuIuii 4eH MHorousneHa f, (x) ectb c,x™. Torga, BelunTas u3

c
f1 (¥) MzOrOUIEH 710 Xm™ @ (x), TIOMYUHM:
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o () — 3wy () =, (2) @)

npHYeM CTeneHb f, (X) MeHblle creneHd f; (x).

Byzem npoposmxaTe 3TOT mpouecc IO TeX I[Op, IIOKa He
NOMyYuM MHOTOWIEH f, (X), paBHBIH HYJIO WM CTENEeHH, MeHb-
weit m. OueBHJHO, YTO MpOLECC STOT KOHeYeH W KR-H miar
ero 3amuiieTcs B BHJE:

S h.
Croxus mousmenuo pasercta (1°), (27), ..., (R'), momyuum:
f(x)~?(x)(—x"-m+—xnl-m+ _l"cz:,-l n _..,,,)+

e (%)

OGo3naunM MHOTOWIEH, CTOSUIMA B CKoOKax, uepe3 ¢ (x), a
fy (x) —uepes r (x). Toma HMeaM:

D Fe) =90 () +r (2

2) r (x) =0 uau cTeneHp r (x) MeHblle M.

3ameTuM, 4TO KO3(PHUIHEHTH MHOTOUYNEHOB ¢ (x) U r (X)
TNOJYYATCsl C NOMOIILIO apudMeTHdecKuX JAeHCTBHE HaX K03(d-
(uIMe HTAMH MHOTOYJeHOB [ (x) M ¢ (x), a moToMy ¢ (x) U r(x)
MpUHAJJIeXKaT HallleMy KoJiblly MHorousneHos P [x]. dtuMm cy-
llecTBOBAHUE HEMOJHOr0 YaCTHOrO M ocTaTka JOKa3aHo.

JlokaszaTeidbcTBO efuHcTBeHHOCTH. Ilycts cy-
IeCTBYIOT J[Ba HEMOJHBIX YacTHBIX ¢, (X) U ¢, (X¥) ¥ ZBa ocTat-
Ka ry (x) u ry (x). Toraa

fx) =9 g () +ri(x) 1 f(x) = ¢ (%) g, (¥) +-r (%).

Orciona crenyer, 4T0 7y (x) —ry(x) = [9; (%) — G2 (¥)] ¢ (%),
T.e. ro(¥)—r (X)ie(x). A Tak Kak cremneHu r; (x) H ry(X)
MeHbIIle CTEMeHH ¢ (X), TO 5TO MOKeT UMeTb MEeCTO JHLIb TOT-
Ia, Korpa ry(x)—ry(x)=0, T.e. ry(x)=ry(x). Ho torpa
u3 Toro, 4to ¢(x)+0, caepyer ¢,(x)—q,(x)=0% 1. e.
q; (x) =g, (x). DTUM cBOHCTBO 7 MOJHOCTBHIO JOKa3aHO.
TlpuBeieHHOE paccyxKJeHHe HE TOJIbKO JJOKasblBaeT CBOHCT-
BO 7, HO M JaeT MPaBHJO OTHICKAHHS YaCTHOIO M OCTaTKa —
ajropuTM JejeHus ¢ ocrtatkoM. (Takme nokasaresbcTBa Ha-
3bIBAIOTCS KOHCTPYKTUBHBIMH.) EcJiit BHUMAaTeIbHO BCMOTPETLCS

* 3zech MBI HMCIO/B30BAJH TaKxke TOT (akT, 4To B Koaele P [x]
OTCYTCTBYIOT JeJIHTENH HYJd,
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B TO, KaK B XOJie JOKasaTeJbCTBa MOJyYaeTcsl 4acTHoe ¢ (x)
H OCTaToK r (X), TO JIerKO 3aMETHTh, YTO 3TO €CTh U3BECTHHIM
U3 Kypca cpeJiHeil MIKO.IbI CIOCO0 JesieHHs] MHOro4/ieHa Ha MHO-
rouwieH «yrJomy.

M3 onpegesnenuss JenuMMoctd M cBOHCTBA 7 CjelyeT, YTO
MHOTOYJIeH f(X) TOrZa M TOJBKO TOTJAa [eJUTCs Ha MHOTO-
ujied ¢ (X), Korga octatok OT pneseHus f(x) Ha ¢(x) paBeH
nysmo. CiegoBaTesbHO, aJITOPUTM J€JIeHHs] C OCTATKOM I03BO-
JsleT TaKkxKe OTBETHTb Ha Bompoc: gemuTcs f(x) Ha ¢ (x) umu
HeT?

3. HanGoanbmuli o6umufli feaurtensb JBYX MHO-
FOYJEHOB.

Onpenenenue 2. MuorouneH d(x) HasbiBaeTCs 06uuM
deaumenem mHo204eH08 f(x) u ¢ (x), ecam f(x):d(x) u
9(x):d(x). O6uwmit nenuTesp ABYX MHOTOYJIEHOB, KOTODHIH
JeJHTCA Ha BCAKUH Apyrofl ux oGmufl genuresb, HasbBAETCS
Haubosvuum obujum Oeaumesem (kpatko HOM) u oGosnaua-

eTcsl yepes
(F (%), #(x)).

Hns otvickauus HOJ] MHorouseHoB f(x) ¥ @ (x) MoxHO
MPUMEHHTb aJropuTM EBKiMIa, KOTOpHIH, Kak U B ciydae Iie-
JbIX YHCeN, COCTOMT B CJEAYIOLIEeM: JeJNAT C OCTaTKOM f(x)
Ha 9 (x), 3aTeM @ (x) Ha NMOJYYEHHbIH (MepBbli) OCTATOK, 3aTeM
MepBHII OCTATOK HAa BTOPOH OCTAaTOK M T.J. O TeX mop, fo-
Ka B OCTaTKe He MOJIYYMUTCH HYJIb-MHOT'OYJIEH.

[Tpomecc 3TOT MOXKHO 3amMcaTe B BHIe cJjejyiolled Ta6-
JIUIIBL:

f(x) = ©(x) g, (x) +ry (2),
@ (%) = r1 (%) g2 (%) + 12 (%),
ri(x) =ry (%) g5 (x) +r;5 (%),
rn—2 (X) = rn—l (x) qn (X) —l_ rn (X),
Fn—1 (X) =TI, (X) q/1+1 (X).
Tak Kak CTemeHb OCTaTKa MeHblIe CTEIEHH IEJUTENs, TO CTe-
IIEHH MHOTOYJIEHOB ¢ (X), ry(x), 7,(x),... CTPOro yGHIBAIOT, H,
CJIeZOBaTEJIbHO, Yepe3 KOHeyHoe YHCJIO LIAroB OYepejHON ocTa-
TOK, HalpUMep r,,;, OKaXKeTcsl PaBHLIM HYJIO.
Teopewma. Hauborvwuii obuuti Oesumenss MmHO204/1eHO8

f(x) u ¢(x) pasen nocreduesmy HepasHOMY HYAIO OCMAMKY 8
anreopumme Eexruda, npumenenrom s mrozoqsenam f(x) u ¢ (x).
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OoxkasaTteJdabc TBo. [lycTs HeKOTOpHIE MHOTOUJIEHE! g;(xX),
g;(x), g;(x) cBsA3aHBl COOTHOIIEHHEM

g1 (x) = g2 (x) g (x) + g5 (%)
W3 aTOr0 COOTHOIIEHHS W U3 CBOHCTB JEJAWMOCTH MHOrOUJe-
HOB CJie[lyeT, YTO BCAKHE OOIUMH NesiTesNb MHOTOUJEHOB g, (x)
U gs(x) sBAseTcsl OOIIMM JeJuTeNneM MHOIOYJIEHOB gy (X) H
g,(x), n obpatHo.
CiiefoBaTebHO,

(81 (x); g2(x)) = (g2 (x); &s(x)).
Orciona n ua Ttabumupl (2) caepyer:
(F(x); 2(x) = (e(x); ri(x)) =(r (x); ra(x)) = ... =
= (rp— (x); 1y (x)).
Kpome Toro, m3 mnocnenHefi cTpoku TaGmuipl (2) HMeeM:
rll—l (X)Efn (X), T. €. (rn—l (X); rn (X)) =rn (X).

CJie0BaTEJLHO,
(F(x); o(x)) =r,(x),
4TOo ¥ TpeGOBAJIOCH J0Ka3aTb.

Bameuanusd l.Ecmw gnsg vaxoxpedus HOJMl umensix
ygces1 Hapsily C alnroputMoM EBKiuAa CyiiecTByeT elle crnocob
Pa3JIoXKEeHU s YUCeJl Ha NPOCTHIe MHOXKUTEJIH, TO 111 HaXOXKAEHHU S
HOJI mHorounenos anropur™ EBKiHAa fiBAsieTcs NO CYLIECTBY
eIMHCTBEHHBIM cnocoboM, H60, KaK Mbl YBUAUM U3 JajibHell-
Wero, pasjaraTh MHOTOYJIeHHl HA HeMNPHBOIUMEIE ([IPOCTHIE)
MHOJKHTEJIN Mbl yMeeM JIMIIb B CaMblX NPOCTeHIIMX cJydasx.

2. V3 cBOHCTB JeNHMOCTH MHOIOYJIEHOB BBITEKaeT, 4TO
ecin f(x):d(x), To f(x):ad(x), rae a— mo6Goe, OTNHIHOE
oT Hyas umcio. Crejosarenbio, eca d(x) ects HOJL mHo-
rousieHoB f(x) ¥ ¢(x), T0 u ad(x) Takxe O6ymer ux HOJ,

3Hauut, MHOrouwieHnl f(x) um ¢(x) uMmeloT OGecCUuc/EHHOE
MHOXKECTBO HAaHOOJBIINX OOLMX [eJuTesiel, OTJHYaoMXCs
IPYr OT Ipyra JIMilb TNOCTOSHHBIMM MHOMKHTEJISIMH, H, CJIejo-
patesbro, HOJl ABYX MHOrOUYJEHOB onpejensercs JHIb G
TOYHOCTBIO JIO MOCTOSTHHOro MHOXKHTeJs. UToObl H3bemxarb
YKa3aHHO{ MHOT'03HAYHOCTH, YCJIOBUMCS B JajibHEeHIIeM BBIGH-
paTb M3 BCeX HaWOOMBIINX OOLIMX [esuTeNedl TOT, ¥ KOTOpO-
ro crapmmit xosgdunuenr paseH 1.

3. Ilyctb f(x) = @ (x) g (x) H ¢ — m060OH MHOTrOUNeH HYyJe-
Bo# crenenu. Torzaa

of (1) = 9 (9-og (9] {-er ()
[0 =ce@ 00| +7 ).
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CnefoBaTe/IbHO, €C/M JeJUMOe HJIM JeJUTElb YMHOXHUTh Ha
HEKOTOpoe 4ucio ¢ % 0, TO OCTaTOK MOXKeT MpHUOCPECTH JHIlb
MIOCTOSTHHBIA MHOXKHTEJb C.

Orcioza u u3 toro, ytro HOJI AByX MHOTOUJIEHOB HaxomuT-
Csl JIMIIb C TOYHOCTBIO [0 MOCTOSHHOTO MHOMKMUTEJIS, CJIELYeT:
NPY HAXOXKJEHUH JBYX MHOTOWJIEHOB C MOMOIIbIO ajiropuTMa
EBK/nja nenuMble U JeJHTENH KaXK/plil pa3 MOXHO YMHOXKATb
(a ciemoBaTesbHO, W JEJUTH) Ha JIOOble MMOCTOSIHHBIE YHCJa,
OTJHYHBIE OT HyJsl. OTHM ObIBaeT MOJIe3HO MOJB30BATHCS , UTOOBL
n30exaTh TPOMO3JKHUX BBIUMCJIEHUH C JPOOHBIMH YHCIaMH.

ITpumep 5. Hatiru HOJl MHorousneHoB:

fy=x+x2—4x+2, o(x)=2x"—x®45x2—2x 12,
1. Haiigem cnauana HOJI, ue nosssysce 3avedanueMm 3:
x5 + x? — 4x42 ( 2x1—x34-5x2—2x1-2

—x"’—--;—x"-i-gxs— x24-x %x“l'-‘lI:‘h(x)

2lx4—.2§x3+2x2—5x +2

B 1 4 L 3 5 2_9 3
§x _‘Ix —]—Zx §x+§
2x4— x3-4-5x2—2x-4-2 —%x" +%x2__29x+_2_=,-1(x)

—

4
2x4—§x3+4x2—3_x _%x+2i7=q2(x)

1l 22
3x+ X é.x—{—2

1,1, 2.2
ENCAE

3
_._gxs.[_g_xz—-.g_x—{—% _gxz %3 = ro(x)
e O A )
R

0
TakuM 00pasoM, rnocsefnuil, OTAMYHBIA OT HYJA OCTATOK
paBeH:

8 16
ro= 5)62—]" '9—.
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9
YMHOXKMB ero Ha L TOJIYYHM:

d(x) = (f(x); ¢(x) = x*+2.
2. Haligem HOJ, ucnosnsyst sameuanue 3:
2x5 +2x2— 8x44 | 2x4—x74-5x1—2x42
Tox5— x4 5x3—2x2f 2x x I +1
x4 5x3-1-4x2—10x1-4
2x4—10x3-}-8x2—20x}-8
- 2x4—  x34-5x2— 2x-42
— 9x34-3x2—18x-}6
6x1—3x3+15x2—6x+ 6 [3x°— **+ 6x—2
T xt—2x3F12x2—4x 2% || +1
— %34 3x2—2x+4 6

_ 3x3— 9x24 6x—18
3x3— x24-6x— 2

— 82 16
Id—x26x—2 | 2 4+ 2
T3 6x 3x—1
—x? —2
T =2
0

3nech mocnenHui, HepaBHbIR HYJO ocTaToOK paBeH x% -+ 2. Tak
Kak ero crapunii kosdgduumaeHT paseH 1, To

(F (%), 9(x)) = x*+2.

(B aTOM cirydae YacTHble MOJIYHAOTCS HEBEDHBLIMH, a MOTOMY
MeXIY UX YIeHaMH MBI CTaBHM 3HaK | .)

CoBepllIeHHO TaKKe, KaK B apudMeTHKe, U3 anroputMa EBk-
JUJA MOJy4aeTcs OfHO BAXKHOE CJIeJCTBHE.

Ecin d(x) = (f(x), ¢(x)), TO cyLIeCTBYIOT TaKue MHOTO-
uneHsl u(x) ¥ v(x), uTo

flx) u(x) 49 (%) v(x) = d (x). (3)

[Tpumep 6. Hafitu u(x) u v(x) pas MHOrouseHoB f(x) u
¢(x) U3 TMpemBAYyLlero mpuMepa.
3anuiieM JJis MHOTOY/IEHOB f(x) H o(x) anroputm Eekmupa:

f(x) = o(x) q,(x) 4-ry(%),
¢(x) = ry(%) ga(x) +ry%),
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rae g,(x), gu(x), ry(x), ry(x)— MHOTOUNEHE], NOJYYEHHBIE B TIEp-
BOM criocofe pelleHust Npejbliylilero npumepa.

M3 nocsiegHero paBeHCTBa UMeeM, 7y(x) = ¢(x) — r,(x) gy(x).
IlozxcraBiB B 9TO paBeHCTBO BMECTO 74(X) €ro BhlpaxKeHue, Hail-
JeHHOEe U3 NepBOro paBeHCTBa anroputMa EBkiuzpa, mosmyunm:

ro(x) = 9(x) — [f(x) — ¢(x) g1(x)] go(x) =
= f(x) [— qo(x)] 4~ () [1 = g4(x) go(x)].

YuuteiBasg, 410 d(x) = —2— ry(x), uMeeM:

—9
() = [(2) - =2 o S + o) o]

CpaBHHBasi TOJyYeHHOE PABEHCTBO C paBeHcTBoM (3), 3ame-
4aeM, 4TO

9 9
Ux) = —2qox), o) = i +¢héx) 924

Orcioza BHIHO, 4TO u (X) ¥ v (x) BblpaxKarmoTCs Yepe3 YacTHbIE
q,(x), go(x). CnepoBaTesnbHO, TOT MPOU3BOJ, KOTOPHIH JOmycKal-
csi B anroputMe EBkmuna npu Haxoxpenuu HOJI, neponyctum
NpH HaxoXJAeHuH u(x) u v(x) (u6o mpH TOM NpPOHU3BOJE YacT-
Hble MOTyT uckaxarthes). IlosTomy sHauenus g;(x) H gy(x) Mbl
BO3bMEM W3 TOrO ajropuTMa, KOTOpBIH NpoBojuics Ge3 HCKa-
JKeHUsl LeJIUMBIX U JeJuTesel:

L UV WS DI
aW=1Trt1 Gl =—3xt2

Torpa
1 8 4
o[+ (52 +7) (5 +5) ]
u(x) = -
el 1 7
=TT Ty
8 4
-9(_3”'2_7) 1
v(x) = P =tr—

IpencraBaenne HOJl Muorousenos f(x), ¢(x) B Bume (3)
WIpaeT BaxKHYIO posb Kak B NMPAKTHYECKHX, TAK M B TEOPETH-
yeckux Bompocax. HexoTopeie mnpuMeprel €ro HCHOJIL30BaHUA
6YAyT NpHBEJECHH HHUXKE.
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4. B3auMHO NpoOCTHE MHOTOUYJEHHL.

Onpepnenenue 3. Muorounens f(x), ¢(x) HasbBaloTCAa
e3aumno npocmomu, ecmu ux HOJI paeen | (a cregoBaresibHo,
I060MY MHOTOUJIEHY HYJIEBOH CTEMeHu, T.e. OTJIMYHOMY OT HY-
Js uhcay us noas P).

PaccMoTpuM HEKOTOpblE CBOHCTBA B3aWMHO IIPOCTBIX MHO-
rOYJIEHOB, aHAJIOTHYHbIE COOTBETCTBYIOUIMM CBOHCTBAM IIEJBIX
uuces.

1. f(x) u ¢(x) B3aUMHO MPOCTHI TOrZa M TOJNBLKO TOr[a,
Korja CcyYLIeCTBYIOT TaKie MHoroujensl u(x) u v(x), 9ro

) u(x) o) v = 1. (4)

HoxkasateascTtBo. Ecmm (f(x), ¢(x)) = I, To cymecr-
BOBaHWE MHOTOYJIEHOB «(x) H 0 (X), YAOBJETBOPSIOIINX paBeH-
cTBY (4), crenyer M3 YNOMAHYTOTO BhIlIE CJENCTBHSA M3 ajro-
putMa EBksupa. OGpartHo, mycTb MHOrouseHol u(x) ¥ u(x),
yIOBJIeTBOpsIIOlllYe paBeHCTBY (4), cyulectByloT. Torga ecnu
nonyctutb, 4to (f(x), ®(x)) =d (x), TO us paBeHcTBa (4) 6y-
IeT caejgoBatb: | ! d(x), 4TO MOMKET BBIMOJHATHLCS JHIbL TPU
d (x) = 1. CaexnoBaresbHO,

(f (%), o (x)) = L.

[Tocnennee cBoficTBO MO3BOJIsSET [OKa3aTb PR IPYTHX
CBOHCTB B3aUMHO MPOCTHIX MHOTOYJIEHOB.

2. Ecom (f(x), g(0)) =1 1 (e(x), g(x)) =1, 10
(F(x) #(x), g(x)) = 1.
DoxkasateanctBO. Tak xax (f(x), g(x)) =1, To mno
CBOHCTBY I€PBOMY CYILECTBYIOT MHOTOuJeHH «(x) u v (x), Ta-

KHe, 4TO
fx)u(x) +g(x) v(x) =1
YMHOXKHB 06e 4YacTH 5TOTO PaBeHCTBA HA ¢ (x), MOJYYHUM
[F () @ ()] (x) + g ()2 (x) v (x)] = ¢ (x). (5)
HonyctuM, dro (f (x) @ (x), g(x)) = d(x). Torza u3 pasen-
ctBa (5) cienyer, uro d(x) ecTh OOIMH AeAUTE/b MHOrOUJE-
HOB ¢(x) 1 g(x). Ho 3TM MHOrouseHsl MO YCJOBHIO B3aHMHO
npoctel. CrepoBaresbHo, d(x) =1, 1. e. (f(x)¢e(x), g(x)) =
8. Ecmt f(x) o(x) © g(x) u (/(x), g(x) = 1, 10 9(1) : g(¥).
4. Ecmn (f(x), ¢(x)) = d(x), TO MHOTOUJIEHHI
) 900)

B3aWMHO NPOCTHL
d(x) d(x)
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JoxaxuTte cBoiictBa 3 M 4 B KauecTBe ympaxuenu#i. (B
cjy4yae 3aTpPyQHEHWA MOXKHO BOCIOJIb30BATLCS [ OKA3aTEJNbLCT-
BaMHi aHAJOTMYHBIX CBOHCTB [JiI1 B3aUMHO INPOCTHIX YHCEJ.)

§ 6. [IpusogumMbie M HemDUBOJMUMBIE MHOTOYJEHBI
HaJ YMCJOBBIM MoJeM

Onpenenenune 1. Muorouren f(x) cremenn n > 1
HasblBaeTcst npusodumsim Hao nosem P, ecnu ero MoxHO Tpef-
CTaBUTb B BHJE IPOHM3BEJEHHS NBYX MHOTOWIEHOB BBIIE HY-
JIeBOfi cremeHu c KoaddunueHtamud u3 noas P. B mporusnOM
cJlyyae MHOTOUYJIEH Ha3blBaeTcsl HeNPUBOAUMBIM Hax noseM P.

MHorousieHsl HyseBOH CTeleHH W HyJIb-MHOTOUJIEH He OT-
HOCSITCS HY K MPUBOIMMBIM, HH K HENPHBOAUMBIM MHOrOU/1eHaM.

3amMeuaHnusd 1. OroBopka «Bulllle HYJEBOH CTENEHH»
B ompefesienun 1 sBnseTcs cymecTBeHHOH. B cavoM Jene,
eci ee OTGPOCHTh, TO MNPUBOAUMBIM OKaxKeTcsl Jito60il MHOro-
yleH Haj mojeM P, Tak KaK MOXHO 3alucaTh:

fx) = c- [i f(x)],

rie c— Joboe yncio noas P, oTnM4HOE OT HyJssl, T. €. MHO-
rouJieH HyJieBOHl CTeleHH.

2. OroBopKa «Haj mojeM P» B onpefleieHuH 1 Takxe cyuie-
CTBeHHa, MO0 OJMH M TOT KE MHOTOWIEH MOXKeT 0Ka3aThCsl
HeNMPHBOJMMBIM HaJl OJHUM IOJIeM H NPHBOAMMBIM HaJ APYrHM,
6ojiee IIHPOKUM IIOJIEM.

Ilpumep 1. Muorounen

x®+1
Haj noJjeM D nempuBoxauM, a Hapg nosiem K mpUBOAHM, Tak Kak
2241 = (x+ i) (x—i).

3. HenpuBonumeie MHOrousieHsl B Kogblie P [x] sBiasiorces
aHAJIOraMy MPOCTHIX uHces B Kojble C. [Ipu 3ToM MHOrou/IeHs!
HYJIEBOH CTeNeHH CHOBAa MrparoT posb uuced 1, — 1, KoTopsle
HE OTHOCATCS HU K NPOCTBIM, HM K COCTaBHbIM uuciaaM. CBoii-
CTBA HENMPUBOAUMBIX MHOrOUJIEHOB AaHAJOTHYHbl CBOACTBAM
[POCTBIX UYHCeJ.

Cpent CBOMCTB NMPUBOAMMBIX U HENPHBOAUMLIX MHOTOYJIE-
HOB HMEIOTCS KaK CBOHCTBa 3aBUCALIME, TaK M He 3aBUCSILIAE
OT TOro MoJsi, Haj KOTOPHIM Mbl HX paccMaTpuBaeM. B 3ToM
naparpade Mbl OyfeM paccMarpuBaTh JHIlb CBOHACTBA, CIpa-
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BEIJIMBBIE [l JI060ro YHCJIOBOTO IHOJS, a NOTOMY 3adHKCH-

pyeM HekoTopoe Tojie P u OyneM paccMaTpuBaTh JHIIbL MHOTO-

yleHsl HAL 3TUM MOJIeM, He OroBapHBasl 3TOro KaIbil pas.
1. Bcaku#i MHOrouseH mepBOH CTeNeHd HeMmPHBOLUM.
B camom pene, ecnn f(x) mpuBOAMM, TO

F(x) = f1(%) fa(x),

rae f,(x), fa(x) — MHOrOUJIeHH! Bbillle HYJIeBOH cTemeHH. A Tak
KaK cTeneHb OpPOM3BejeHHsl JBYX MHOTOWJIEHOB paBHA CyMMe
creneHefl COMHOXKHTENEH, TO CTENeHb f(x) He MeHbIe JBYX, YTO
npotuBopeudT ycjoBuio. CieoBaTeNbHO, MHOTOUJIEH INepBOH
CTeNeHH HeNpUBOJIM.

2. Ecau p (x) — HenpHUBOAUMBIH MHOrOUJIEH, a f(¥) — oGok
MHOro4sieH, To Ju6o f(x): p(x), qubo (f(x), p(x)) = 1.

Heiictsurensro, ecan (f(x), p(x)) = d(x), To p(x): d(x), a
TaK Kak p (x) HenpuBoauM, to d(x) = ¢ umu d (x)=cp (x), rIe
¢ — MHOTOWJIeH HysneBoH ctenend. Ecau d(x) =¢, 1O f(x) U
p (x) — B3auMHO TpOCTHI, ecin xe d (x) = cp (x), To f(x):cp(x),
a cJieJloBaTeJsIbHoO, f(x): p(x).

3. Ecnu mpousBefeHye HECKONLKUX MHOTOUJICHOB JEJHUTCS
Ha HeNpUBOAMMBIA MHOrouseH p (x), To Ha p (¥) Heaurcs
xoTs1 Obl OfiMH M3 COMHOXKHUTEJEH.

OueBuiHO, YTO 3TO CBOHCTBO AOCTATOYHO HOKA3aThb JHILb
IJsl caydas JBYX coMmHoxuTesefi. IlycTs

F(x) ¢(x) 1 p(x) 1 f(x) ne:p(x).

Torga mo cBofictBy 2 (f(x), p(x)) = 1. Orcrona, ucnonb3ys
CBOICTBO 4 B3aMMHO MPOCTHIX MHOTOYJICHOB, IOJyYaeM:

#(x) : p(x).
Takum obpasoM, uau f(x):p(x), unmn ¢(x):p(x). (MoryT, ko-
HEYHO, JeJUThCH Ha p(x¥) ¥ 0o0a COMHOXKHTE/S.)

4, TeopeMa o0 pas3NoOXEHUHU MHOTOUJE-
HOB Ha HENMPUBOJAUMEHE MHOXHTEJH.

Teope™a. Beakuld muozousen 8blde HYAesol crmenexHu
Had noaem P uau ssasemcs HenpugoOumoim, Uil pasAa2aemcs
8 npousse0enue HenpusodUMbLX MHOXCUMeel U NPUmom eoOur-
CIMBeHHbIM 00pA30M € MOYHOCTs0 00 mHONCUmeneld  Hyaesou
CMenenu U nopaoka MmHoxcumenetl.

JdokasareabcTBO. JloKkaxeM TEOpeMy HHJIYKIHEH MO
cTeneHn n MHorouneHa f(x). Ecou n =1, To f(x) — Henpuso:
IUM IO CBOHCTBY 1, M, c/leJoBaTesibHO, B 3TOM clyyae JoOKa-
3rpiBaeMasi TeopeMa BepHa.
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HonyctuM, YTO TeopeMa CIpaBeJJMBa JJisi BCEX MHOTOYJie-
HOB cTeneHd k <1, M JOKaxeM, 4TO TOrZa OHa BepHA .Jisl
MHoOroujieHoB (n-} 1) crenenu.

IMycts f(x) — moGo#t muorounen (n— 1) crenenn. Tak xak
f(x) — MHOrouseH Bbllle HYJIEBOH CTENEHH, TO OH HJIH IIPHBO-
IuM, unu HenpuBoZuM. Ecau f(x) HenmpuBOAMM, TO IJs HEro
yTBepXKAeHue Hailed TeopeMbl BepHO. Ecnu ke f(x) npuBojum,
TO MOKHO 3aIHCaTh:

[(x) = fu(x) fo(x), ¢))

rae f(x), fu(x) — MHOTOUY/EHBI BhIllle HYJIEBOH CTENeEHH, H, cJie-
JIOBaTe/IbHO, UX CTeleHu MeHblie, YeM n - 1. Torpa mno mpex-
MOJIOKEHHI0 MHAYKIHUH JIJs1 MHOrO4JeHOB f,(x) H f,(x) Teopema
BEpHa, T.e. KaXIblfl U3 HAX WJIH SIBJISIETCS HENPHBOLMMBIM, MJIH
€[HHCTBEHHBIM 00pasoM pasjaraeTcs B NPOU3BELEHHE HENpH-
BoxuMbIX MHOXuTenefl. Ho torpa us (1) caenyer, uro u f(x)
MOKeT OBITb PasJjioXKeH B IPOH3BeJeHHE HENPUBOIUMBIX MHO-
xurenell. [lokaxeM, 4TO B 3TOM cJjyyae pas/iOKeHHE C TOYHO-
CTBIO JJO MHOXKHTeJIefl Hy/IeBOH CTeNeHH U MopsiiKa MHOXKHUTEEH
€IMHCTBEHHO. J[OMYCTHM, YTO MMEeTCs JBa Pa3JiOXeHHsi:

F(¥) = py(%) pa(%) - .. px) B [(x) = q1(x) go(x) .. qs(x)-
Torza uMeem:
P1(%) Po(x) . pp(x) = qy(x) Ga(%) +.. qy(%). 2
M3 paBenctBa (2) caepyer:
P1(%) pa(%) +.. px)iqu(x),

4TO Ha OCHOBAHWMM CBOHCTBa 3 BO3MOXKHO TOJIBKO B TOM CJYy-
4ae, KOrxa Xotsi 66 OfMH U3 COMHOMKHUTeNeH p,(x), pa(x), ...,
p(x) memuncs Ha ¢y(x). Tak KaK eJMHCTBEHHOCTH PasJIOKEHUS
ZOKa3bBaeTCsl ¢ TOYHOCTHIO JO MOPsIKa MHOXKHUTEJIEH, TO MOXKHO
CUHTATh, YTO P,(x):q,(x). OTclofa U M3 HENPHBOAUMOCTH MHO-
rousena p,(x) cienyer, 4To p,(x) MOXKeT OTJHYATBCHA OT §,(X)
JIMIIb TOCTOSIHHBIM MHOXHTEJEM, T. €. py(x) = cq,(x). Torza
paBeHCTBO (2) sanumiercs B BHJE:

€q1(x) pa(x) ... p(x) = qu(x) @o(%) ... qs(x).

PasnenuB ofe wacTH 3TOro paBeHCTBa Ha ¢,(x), moJyyuM JBa
pas3fioxKeHHd JJil MHOTOUJEHa CTENeHH, MeHbiiell dem n - 1:

CPo(%) P5(%) ... PA(x) = qa(x) q5(x) ... qy(x), (3)
P10 82! KOTOpOI‘O paa.nox{eﬂne €HUHCTBEHHO IIO npep,nonomeﬁmo
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mipykuad. [losToMy r=s, ¥ MHOXHTeNM B NpaBOfl YacTH
paBeHCTBa (3) OTJMYAOTCA OT MHOXKHTeJell B JieBOH 4acTH
BO3MOXKHO JIHIIb NOCTOSIHHBIMH MHOXHTEJSAMH. DTHM TeopeMa
TMOJIHOCTBIO JOKa3aHa.

3ameTuM, u4TO JOKa3aHHas TeopeMa FOBOPHT JIUILbL O Cylile-
CTBOBAHMH [JI Ka)KAOIO NPHBOAMMOIO MHOrOYJieHa ero pas-
NOXKEHHS HAa HEeNpUBOAWMBIE MHOXHTENH, HO HUYEro He rOBO-
PHT O TOM, KaK 3TO pasJjioKeHHe OCYIIECTBATb NMPakTHYeCKH
(nHaye roBops, A0OKA3aTesJbCTBO TeOPEMbl HEKOHCTPYKTHMBHO).
[locnennuii Bompoc sIBASIETCS BeCbMa TPYAHLIM W paspelIum
JUIIb B CAMbIX MPOCTEHILUX CyYasX C MOMOLIbI Pa3JIMUHBIX
HCKycCTBeHHBIX mnpuemoB. O6mero xe crnocoba (anropuTma)
11 PA3/IOXKEHHS] MHOTOYJeHAa HA HEMPHBOAMMBIE MHOXHTRIH
He CyIIeCTBYyer.

[okasaHHasl TeopeMa HUYEro He TOBOPHT TaKXKe M O BHie
HENIPUBOAUMBIX COMHOXHTeNleH. 3lech Mbl MOXEM JIHIMIb OT-
MeTUTBb, YTO XOTSI PasJioXKeHWEe MHOTOuJIeHa Ha HeNpHBOAMMbIE
MHOXKUTEJIH CYLIECTBYeT Haj JIOObIM TOJIeM (eClH, KOHeUYHO,
MHOTrOWIeH Hajl 3THM IIOJIeM NPUBOAMM), OLHAKO CaMH HeNpH-
BOAMMVbIE MHOMKHTENH CYyUIeCTBEHHO 3aBUCAT OT paccMaTpuBa-
eMoro moJs.

[Ipumep 2. Paznoxenne MHOrousIE€HA

fX) =01t — 23— x?—2x—2

Ha HEMPHBOLHMbIE MHOXKWTEJH 6y11eT UMeTh BHJ:
nag nosem R:f(x) = (x4 )(x2+ l)(x —2),
Han noseM D:f(x) = (x 4+ I)(x —F 2)(x 4V 2)(x2 1)
nan nonem K:f(x) = (x4 1)(x—V 2)(x+V 2)(x+ i)(x—i)
Hekoroprle cBeneHuss O Bujge (CTeNEHH) HENPHBOAUMbIX
fmoxutenedt Hay moasimu K, D u R GyLyT U3JOXKEeHbl HUXKE.

§ 7. CywecTBoBaHME KODHSI MHOTOYJeHa
B N0JIe KOMIMJEKCHbIX 4HCeJ

Teopewma. Beaxuil mHozounen cmenenu n>0 Had nosen
KOMNAPKCHbLX 4LCen UMeem no Kpatiell mepe OOuH KOmn-
AEKCHbLT KOpeHb.

NokasarenbcTBo. Ilyets f(2)=ga,2"+a, 2"~ 14
+ ... +a,(a, +#0) ecTb MHOrOWIEH C KOMIJISKCHbIMU K03(h-
¢uunenramMu: a,=b,+ic, a,=0b,-}+ic,, ..,a,=0b,+ic,
[l0i0:KUM TakKe 2= x |~i{y ¥ MNOACTABUM BbIpAKEHUS [JIs
Qp Qg ..., 0, 2 B f(2). BolmonnuB Bce JeHCTBUS, MOAYYUM:
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f@=P(x,+1Q(x. y), rne P(x, y) m Q(x, y) — nBa MHO-
rodneHa ¢ JeHCTBHTEJNbHBIMH KO3((dULHEHTaMH OT HEH3BECT-
HBIX X U Y.

Hanpumep, ecm f(2) = 22+i{z— 1, T0 umeeMm:
fRA=@+ip)’+ixtin—1=E—y'—y—1)+
-+ (x4 2xy) 8.

3nece P=x>—y>’—y—1, Q= x-+ 2xy.

W3 kypca MatemMaTuueckoro aHajn3a H3BECTHO, YTO MHO-
roujen ectb HemnpepbiBHas ¢ynkuus. Creposatesnbro, P (x, y)
# Q(x, y), a BmecTe ¢ HuMH U P2 (x, y) -+ Q*(x, y) OYAYT He-
TIPEPHIBHBIMU (PYHKIMSAMH OT JABYX IepeMeHHbIX x H y. [lpuuem
nocjefHAs W3 S5THX (YHKUMH HeoTpUUaTe/bHA [pH JIOGHIX
sHavenuax x, y. CrepoBatennro, 1/ P2- Q? cylilecTByeT u
TaKxKe sABaseTcs HenpepwiBHOH Gynkumed. Tak kaxk y P2 Q2 =
= |f(2)], TO umeem cnenylolmuil pesynbTar.

Moaysnp MHOrOuJleHa $IB/IsSieTCs HeNpepbiBHOA (yHKuMeil
OT JBYX MepeMeHHbIX X W y Ha BCell maockoctd X, y. Ilog-
yepKHeM, 4TO 3jecb M apryMeHThl X, y, H (yHKuus |f(2)|
NPUHUMAIOT TOJILKO JIeACTBUTE/bHBIE 3HAaYeHHSsl.

OTthocurenbHo ¢yHruud | f (2)| noka)keM JBe JI€MMBL

Jlemma 1. Pynkuusa |f (2)], paccmatpuBaemass Ha Beelt
IJIOCKOCTH X, Y, NPUHHMaeT B HEKOTOPOH TOuKe (X, Y, CBOE
HauMeHullee HaueHune. MHbIMM cnoBamu, CyllleCTBYeT TaKoe
2= X, iy, uto [[(2,)| < |f(2)| nas Bcex z

JlokaszaTteasctBO. [lpexae Bcero jpokaxeMm, 4TO

[/(2)] = oo mpu | 2| — oo. @

Ins aTofi neau 3amuiueM f(2) B Buje:

a; an
fa=z(a+%+ .. +%),
OTKYZa ClejyeT:

(433 a,
lf@l=lz]"+|a+ 5+ ... + 5

12n|

4o IZI,,}
(Mbl BOCIIONIB30OBAJIMChL TEM, YTO MOlIyJIb CyMMbY HeCKOJBbKHUX
caraeMblXx He TPEBOCAOAMT CyMMbl ux mopydedl). [lpu

|2| = oo mepBBIi MHOXHTeNb MPaBOH wacTh, T e. {zI7, cTpe-
MUTC K OeCKOHEYHOCTH, a BTOPOH MHOXMTeNb ((uryphas

lai|

<lzp-{lal+ g+
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cko6Ka) K |a,|. CnengoBarenbHo, BCe NpPOH3BEJEHUE — oo,
4To H TPe6GOBaNOCh JOKa3aTh.

Ws (2) cnepyer, uto, KakoBo 6bl HH GBLTO 4ucao M >0,
mp¥  JOCTaTOYHO OGOJIbIIMX 3HAYeHHAX |z| GyjgeM HMeTb:

|f(2)|> M. Bospmem B xauectBe M uucao |f(0)|=|a,]|.
HWrak, cymecrByer R >0, Takoe, 4TO
[F@1>[FO)] mpu [2[>R. ©)

PaccMoTpyM Ha KOMILJIEKCHOH MJIOCKOCTH OKPYIKHOCTS | 2| =
= R. Ona pasjensieT BCIO IJIOCKOCTb HA JBe 00J1acTH: 06J1aCTh
D,, onpejensieMylo HepaBeHCTBOM |z| < R (Kpyr BmecTe c
rpanuue), u obmacte D,, onpenesnseMyl0 HepaBEeHCTBOM
|2] > R (ocraBmascs yacTb miuockoctd). Ob6aacte D,, oueBug-
HO, orpaHiyena u 3amkHyTa. [lo u3BecTHO# Teopeme Marema-
THYECKOrO aHa/M3a HenpepbiBHas (DYHKUWS B OTrpPaHHYEHHON H
3aMKHYTOH 06/1aCTH MNpHHMMAeT CBOE HaHWMeHblllee 3HAUeHUeE,
[Npumensis sty TeopeMy K oyHkuun |f(2)| u obaactu D,
HaXOQUM, YTO CYUeCTBYeT Takasd Touka 2, & D;, uro

|F )| <|F(2)| mas Beex z € Dy 4

B uactHoctH, umeeM: |f(z,)| <|f(0)|. Uro ke kacaercst 06-
nactu D,, To B Hell MMeeT MeCTO HepaBeHCTBO (3), U3 KOTO-
poro Tenepb ciefyeT (¢ ydetoM HepasencTBa |f(0)[> |/ (2)]),

yTo
[f ()| <|f(2)| nns Bcex z € D,. ()

ComocTaByiasi HepaBeHcTBa (4) M (D), MBI 3aKk/IOuaeM, YTO
[f(z))! <|f(2)| nna Bcex 2z, T.e. 2y €CTb TOYKA MHUHUMYyMa
dynxun | f(2)).

Jlemma 2 (anam6epa). Ecau 8 Hexomopoii mouxke z,
3HaueHUe MHO204AeHA f(z,) omaudno om HYyAs, Mo Haidldemes ma-
kaa mouxa z;, umo |f (z;)l < |f (2,)\-

NokasateabcTBO. [lonoxum 2, = 2,-}- A 1 BMeCTO He-
M3BECTHOTO 2, OyjneM uckatb HeussecTHoe A. OHO [JOJ/IHKHO
YLOBJETBOPATb ycaoBuio | f(z, 4 k)| < |f(2,)| wm

f fzo+h)
7 (20) <1 (6)

Hrak, Hama ueib — HalTH KOMIUIEKCHOE 4Yuciio A (XoTs Gbl
OJIHO). yAOBJETBOpsIOllee HepaseHCTBY (6).

Hveer: [ (2o -h) = ay (2, + h) -+, (2 By =4 ... +
+ @pr (2o +R) +a, = a, hn +a/b T+ . Ha, |h’|“ a,’

Mgl packpeumi 31eCh Kaxkayio u3 crenmesedt (z, 4 A)f no cbop~
myse bunoma HbloTOHA M 3aTeM Pacro/OXKUAM BCE BbIPaKeHie
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no y6uBaOlUM cTenensaM A. [lepeeiM Koanq)uuneHTom 6ynet
a,; OCTajbHble KO3 dHIMeHTH 0003HaUYeHb @, ... @ a,’

n—I1? '1 N
[Tonarasi 8 nocnennem pasenctse A = 0, nonyunm f(z,) = a,’
[Tonemm nanee o6e wacTH HepaBeHCTBA Ha f(2,):
ﬂz;( +) D = PP .. Pk L
2
Cpeznn Koacpqmunemoa P, o6s13aTe/bHO MMEIOTCS OTJIMUHEIR

OT HYJIs1, Hanpumep P =

f( )
JHUUHBIA OT HYJ Koacpqmuuem, T.e. P, séO, Popy= ... =

=P, =0 (B yactHOCTH, MOXKeT OblTb, k=n—1, u Torza
P, ,=+0). Torpa

TCED) — (Pt .. Ponah?) - P41
t

[Monoxum 4 = 37—
Y —Pg

3HayeHUl KOPHA M3 P, (6espas3muno Kakoe). Takum oGpasom,
BMECTO HEH3BeCTHOrO /4 Mbl HIlleM HeuseecTHoe {. Bygem cup-
TaTh ! JEACTBATENBbHBIM uMC/ioM, npudeM 0 < ¢ < 1. TpeoGpa-
ayeM npaByxo YacTb NOCJELHEro paBeHCTBA TaK:
(_11_ —1) t* )+(qk+ A gt = (1) (Gt + .

g,

TaKHM o6pasowm, fath (1 —t*) -+ tRo(t), rae o(t) =

K4

0
= Qut+ ... q,t"*. Boipakenue ¢(f) ecTb MHOrouseH, cJe-
JOBaTeNbHO, MO IOKa3aHHOMY paHee |¢(f)| eCTb HenpephiBHAsi
¢yHkuns ot ¢ (He cjejiyer 3abbBaTh, YTO Temepb f— nelcT-
BUTe/bHOE yncsio). Bocnonbayemesi HempephuIBHOCTHIO 3TOH (PYHK-
nuu B touke ¢ = 0. Tak kak |¢(0)] =0, To Haligercs Taxoe 9,

uyro s Beex |f[| <3 Gyner [e(f)] <%,
Torga umeem: |(1 — %) 4 tko(t)| < |1 — ##| L -
=1 —%tk < 1,4, ciienoBaTeNbHO, IPU COOTBETCTBYIOMIEM A=

t \f(zo +h)
S If(20)!

Tenmepb noKaxeM TeopeMy O CYLIECTBOBAHHH KOPHSI MHO-
rousena f(z).

[To nemme 1 cyumlecTByeT TOUKa 2, B KOTOPOH (PyHKIMs
|f(2), npuHEMaeT MUHHMaJbLHOE 3HaueHHe

[f(2)l < If(2)] ana Beex 2. (1)

, THe ff—Pk —OJHO U3

'< 1, uro u Tpe6GoBasOCh 4OKA3aTh.
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INokaxem, uto f(z)=0, T. e. 4To 2, sABJIAETCS KOPHEM
MHOro4JleHa.

[TpegnonoxuM, 4To 3TO HeBepHO, f(z,) 0. Torza B cuay
Jemmel [lanmambepa Hafifercs Takoe 25, 4to |f(2;)] <|f(2,)], HO
sto mporuBopeddT (1). CnepoparesbHo, f(2,) =0, 4TO U Tpe-
6oBajioch OKa3aTh.

JlokasanHasi TeopeMa MMeeT AJisi MaTEMAaTHKH OFPOMHOE 3Ha-
yenne. B uacTHOCTH, U3 Hee JIerKO CjlelyeT OCHOBHasl Teope-
Ma anreOphl: 8CAKULL MHO204AeH N-U CMeneHu HAO0 NOAeM KOMN-
NeKCHbLX yucen umeem n kKopHedd. (ByeT nokasaHo B clief yiomem
naparpacde.) OjpHako sTa TeopeMa, YTBepKJas CYIleCTBOBAaHHE
KOpHe#l MHOrouJieHa, He JlaeT HHKaKUX YKa3aHHHA O HaXOX JeHHH
KOpHe#.

Muorousie HOJHOCTHIO ONpeesieTcs ero KoadduiueHTamu.
CnefoBaTe/IbHO, W KOPHH €ro 3aBUCAT JHUb OT Ko3ddduuueH-
ToB. [lostoMy ecTecTBeHHO HcKaThb (HOPMYJIb, BIpaKalollne
KOpHH MHOrouJeHa f(x), WJd, YTO OJHO U TO Ke, KOPHH ypaB-

HeHH,
f(x)=0 (@)

yepe3 ero Ko3hpuIHMeHTH.

Ecnu xopuu ypasHenus (7) BbIpaKaioTcsl yepes ero Kosg-
(ULMEHTE! C NOMOLIBbI0 KOHEUHOro uuc/ia AefCTBUI CJI0XKeHUS,
BLIYWTAHUS, YMHOKEHHS, AeJeHUs, BO3BeleHHs B CTeleHb H
U3BJleYeHHs] KOPHs, TO TOBOPSAT, YTO ypaBHEHWE paspernmMo
B pandkanax. Tak, ypaBHeHHs BTOPO#l, TpeTbell M 4eTBepTOoi
CTeneHH paspeluMbl B pajHKanax, u6o CyuecTBYOT GOpMYJIbL,
BbIpaXKalolHe UX KOpPHH uepe3 KosphULMeHTH. 3aMeTHM, UTO
5TH GHOpPMYJibl /S yDaBHEHHH TpPeTbedl W UETBEPTOH CTEmeHH
6oty mogiyuensl eme B XVI Beke. [lociie sToro Tpu croserus
MPOAOJIKAIUCE OesycrelHble MOUCKH GOpMyJ AJA pelleHHs
ypaBHeHHH Bbllle yeTBepToil cTemedd. M smumb B Havane X1X
BeKa HOPBe:KCKOMY maTeMaTHKy A 6 e nto (1802—1829) yna-
JIOCh J0Ka3aTb, 49TO JAJfl ypaBHeHH# n-fi cremeHn npu n> 4
Tako#t (GopMyJibl He CyllecTByeT, T. €. ypaBHeHHEe Bbllle yeT-
BepToll cTeneHu ¢ GyKBEHHBIMH KO3hpUIHEHTAMH Hepaspeilumo
B pajgukanax. dToT pesyabtaT Abens Obll GONBIIMM LOCTHIKE-
HUeM, OlHaKO OH He pellaJ MOJHOCTHIO BONPOCA O Pa3peruumo-
CTH ypaBHeHHMHl B paliMKasax, TaK Kak He HCKJIouaJl CYLIeCTBO-
BaHUA AN K&XKJIOr0 KOHKPETHOTO ypaBHeHH 1 (MJIM Kjacca ypas-
HeHuil) cBoell HMHAMBHAya/JbHOH (opMyJiEl, Aaomell ero pe-
IIeHHe B pajfiKanax. JTOT BONPOC BrepBble Obl1 4eTKo chop-
MyJIMDOBAaH W peEUIeH TIeHHAJbHBIM (paHIly3CKMM MaTeMaTu-
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koM 'anya (1811—1832), xoropeift ycranoBun HeoBXo-
JUMbIA M JOCTAaTOYHBIH NpPH3HAK pPa3pPelIMMOCTH ypaBHEHHS
B pajgukanax. V3 sToro nmpusHaka celoBaso, YTO CYIeCTBYIOT
ypaBHeHHUs N060fl cTeneHU n > 4, y KOTOPbIX KOPHH HE MOTYT
ObITb BbIpax<eHb! Yepes KoahhHIHEHThI C MOMOLbIO epeyrcieH-
HBIX Bblule fieficTBui. TakuM, Hanpumep, SBASAETCA ypaBHeHHE

X5 —4x—2=0.

Pesynbratel AGenst u lanya umetor Gosiblioe TeopeTHye-
ckoe 3HaueHue. C NpakTHuecKoH »Ke TOUKM 3peHHs OTpHlla-
TeJIbHOE pelleHHe BOIpOCa O Pa3peliuMOCTH ypaBHEHU#l B pa-
IMKasax He MMeeT CyLIeCTBEHHOro 3HaueHus. [leso B TOM, uTo
XOTs /Il YPaBHEHUH TpeTbell 1 UeTBepTOH CTeme ! CyLIeCTBYIOT
(opMysiBl MX pelleHHs, HO OHH HAaCTOJbKO TPOMO3AKH, YTO
NpakTHUeCKH MOYTH He HCHONb3YIOTCS.

§ 8. O pa3noxeHHH MHOFOYJNEHOB HA MHOXHTENH

. PasnoxXxerue MHOTOUYJEHOB HAa MHO-
KHUTEJNHW HaJl NONEM KOMIOJEKCHB X YHuCe.J,

Jo cux mop Ha KOpeHb MHOrOuWJeHa Mbl CMOTpeNH Kak Ha
3HAUEHME I[ePEMEHHOro, MpU KOTOPOM 3HAueHHe MHOTouJeHa
paBHO HyJio. OpHaxo MOXHO AaTb U JAPYroe OnpefiejieHue
KOpHSI MHOTOUJIEHa.

[Tycts f(x) ecTh MHOrOUYJIEH HAN HEKOTODPLIM YHCJIOBBIM IO-
ageM P u a — mo6oe uucyo u3 P. Pasgenum ¢ octaTKOM MHO-
roujied Ha JBYUJeH X —a

f(x) = (x — @) q(x) 4-r(x).

[To onpefenenuo fenenus ¢ octarkom (§ 5) umeem: uan r(x) =0,
HJIHM 2Ke CTelleHb OCTaTKa 7(X) MeHbILle CTeNeH: JeJuTeNsd X — a,
T. e. MeHblle equHHIEL. B oGoux ciayuasgx r(x) ecTb MOCTOSIH-
Hoe yucyo u3 P. CrnenoBaresibHO, MONCHO 3alHCaThb:

f(x) = (x —a) q(x) 4. ()
[MosoxuB B paseHcTBe (1) x = a, moayyum:
f@)=r,

T.e. 3HaUEHHe MHOTOUJIEHA f(x) MPH ¥ = a paBHO OCTaTKy OT
neneuns f(x) Ha x — a (Teopema Besay). Orciona ciepyer: yuc-
JIO @ TOr[a ¥ TOJILKO TOTJa SIRJsieTCst KOpHEM MHOrouseHa f(x),
koraa f(x) meautca HAa x —a (6e3 ocTaTtka). JTO eCTb HE YTO
HHOe, KaK HO30e OmpejesieHHe KOopHA MHorouieHa. Ilosbsyschk
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UM, MOJKHO JIErKO YCTAHOBUTB, SIBJSETCS JM 3aJaHHOE YHCJIO
@ KOpHeM MHorouJseHa f(x). [lJis 3Toro pocTaTo4HO /(x) passe-
autb Ha x —a. [lpu 3ToM geneHue Jerko OCy.LeCTBAAETCH C
NoMOLipI0 crepytolleli cxembl ['opHepa: eciu

f(6) = apt +apr=t o+ .. +a,0ta,
TO K03(bhHIHEHTH YacTHOro
glx) = bx"™t b x4 .. A b +byy

H OCTAaTKH r HAaXOLATCA PEKYPPEHTHO IO CXeMe:

Qo a ‘ as I .. l n-1 an

by =ba + a, by = r=
=bpsa+apy |=bpaa+a,

P I

alhy | by = boa + a,

Mpumep. Boisicuuts, siBasieTcs U 4ucn0 a = 9 KOpHeM
MHOrOuMeHa f(x) = 2x°— 19x* - 6x° 4 7x* + L.
[oab3yack cxemo#t [opHepa, pasnenum [(x) HA ¥ —a.

2 —19 6 7 0 1

2 —1 =3 |—20 —180 —1619

[Monyunnu: uactaoe ¢(x) = 2x*— x% — 3x — 20x — 180,
ocTatok r = — 1619,

Tak kak ocraTok r=+0, To udcio 9 He SB/IAETCS KOPHEM

[AHHOrO MHOTOUYJIEHA.

Ecnu xe 1045308aThCs EPBOHAYANBLHBIM OIPEJENEHIEM KOp-
Hs, TO Mpujerca HalTH UHUCIO
FO) =2.9—19.9* +6.9* 7.9 L1 =
= 118098 — 124659 |- 4374 - 567 + | = —1619.

Takum 06pa3om, HOBOE OTpeJliesieHHe KOpHS BO MHOTHX
cyuasix Mo3s30/seT Jerde YCTaHO3HTb, SABJAAETCS Jd YHCIO a
KOpHeM [aHHoro MHoroujexa. Ho oHo umeer u gpyroe npeumy-
wectso Kcxoasi U3 HEro, MOXKHO ONMpEAeHTb [OHATHE Kpart-
HOCTH KOPHS.

Uneno a HasbBaeTCs R-Kpamubim KODHEM MHO204AeHA [(X),
e f(x) : (x—a)® 1 f(x) Be i (x—a)+t,
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U3 sToro ompeneseHHs ClefyeT, YTO NJIf YCTAHOBJIEHUS
KpaTHOCTH KOpHSI @ MHorousiesa f(x) Hauo f(x) AeauTh nocie-
joBaTeJbHo Ha x—a, (x—a)?, (x—a)® ,... Zo Tex mnop,
[0Ka He MOAyYMM OCTaTOK, OT/MMuHBI OT Hyjs. OpnHako oue-
BUJIHO, YTO MOXKHO MOCTYIHTb M TaK: pasjesuM f(x) Ha x —a,
ec OCTATOK paBeH HYJI0, TO IO/NyYeHHOe YacTHOe JEUM Ha
X—a, # T.[. DTOT NyThbIIpaKTHyeckH GoJiee MPOCT, TaK Kak
3jlech JiefeHue HYXKHO MPOM3BOJMTH JIHLIb HA ABYWIEH X —a,
uTO HesaeTca ¢ moMollpio cxembl [opHepa.

[Mpumep 1. ¥YcraHoBUTb KpaTHOCTH KODHS x=2 pas
MHOTOUIeHa [(x) = X8 — 6x° - 5x* - 334 — 78x% - 44x +-8.

1 —6 5 33 —78 44 8
2 |1 —4 —3 27 —24 —4 0
2 |1 —2 =7 13 2 0

2 |1 0 —7 -l 0

2 |1 2 —3 =7 # 0

Taknm o6pa3oM, umeem: f(x) = (x — 2)* (x* — 7x — 1), npu-
yeM MHOroujieH x*— 7x— 1 He jeauTcs Ha x — 2. 3uHauwr,
4pca0 2 SBASETCS TPEXKPATHHIM KODHEM JaHHOIMO MHOTOUJIEHA.

Teopema. Beakud mrozounren cmenenu n > 1 Hao norem
KOMNACKCHbIX 4lUCeA pPa3aqeaemcs 8 npoussededue n AuHel-
Hblx MHOXcumeaaeu.

NoxasatenbcTtBo. Eciam f(x) ecTb MHOrousen mepeoi
cTeneHW, TO OH, KAaK U BCAKWA MHOrouseH MepBOH CTETEHH,
gernpusoguM. [lomycTHM, 4TO TeopeMa LOKa3aHa JJis MHOrouJe-
HOB cTenmeHd n— 1 ¥ OycThb f(x) ecTb MHOrousieH CTENeHH M.
[lo Teopeme, noka3aHHOM B mpexblayllem naparpage, f(x) uMeer
Haj MOJIeM KOMILJIEKCHBIX 4YHCeJa No KpalHell Mepe OJHMH KO-
pedb 2,. Torma f(x) =(x—a;)q(x), rae g(x) — MHOrousneH
(n — 1)-#t crenenu.

[lo npeynonoxenuto MHAYKUMM (X) pas/iaraetcs B IPOU3-
BeJieHne n — | JiMHefiHbIX MHOXUTeseH.

IMyctb q(x) = c(x — ay) (x —ag) ... (¥ —a,), e ¢ — HEKOTO-
poe uucso. OTcioga umeeM:
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f(x) = clx—a) (x —ag) ... (x—ap), @)

T.€. MHOTGUJIeH f(Xx) pasjaraeTcsi B NPOU3BEJEHUE N JIHHEHHBIX
MHOXKHTesell. B cuiy npunnmna nosmo#i mMaremaTHYECKOH HH-
LYKUMU 3TUM TeopeMa JOKasaHa.

3aMeTuM, 4YTO YyKa3aHHOe pasJioMeHHe C TOYHOCTBIO JO
nopsizKa MHOXMWTEJel ef{HCTBEHHO. JTO CJeIyeT U3 TOro, 4To
MUHeHHble MHOXHUTeNH X —a; (i =1, 2, ..., 1) HENpUBOAWMBI,
a pas/oXKeHue Ha HeNpHUBOAMMblE MHOXKHTENH €UHCTBEHHO HaJ
MOOBIM YHCTI0BBIM nojeM (§ 5).

CpapHHBasi MHOTOYJIeHb! B JIeBOHl M MPaBOH 4YacTAX paBeH-
cTBa (2), 3aMeyaeM, YTO ¢ €CTh CTapmHil KO3(PGUIHEHT MHOro-
ynena f(x).

B pasnoxenun (2) nexortopele u3 uucen o, (i =1, 2, ..., n)
MOTYT OKasaTbCsl paBHbIMM Apyr apyry. [lyers ay, a,, ..., «,
pas/MUHbL, KaKJA0e H3 4YHCed Ouyy, ..., &, PaBHO OJHOMY
M3 4uCeNl 0Oy, 79 ..., %, 1OrAA, CrPYINHPOBAB MHOXKHTEJH,
MOXKHO 3anucaTh: f(x) = ag(x —a)™ (X —ay)" ... (x —a,)%,
roe n,+n,+ ... +n,=n

Orciopa crenyer, ato a,(i=1, 2, ..., k) asaserca n, —
KpaTHbIM KOpHEM MHorowreHa f(x). M3 emuHcTBeHHOCTH pasjo-
XKeHus (2) cnefyeT, 4To JAPYrux KopHefl MHOroujen f(x) He
¥MeeT. JTHM JOKa3aHa OCHOBHAs TeopeMa anreGpsbL

Beakuit muocounren n-ti cmeneHu ¢ 4ucA08biMU  KOIPu-
yuenmamyu umeem Had NOAEM KOMNAEKCHbLX 4UCen N KOpHel,
ecau KaxcObill KOPEeHo C4UMamMp CMOAbKO Ppas, Kakoea e20
KpamroCHb.

3ameuanue. OcHOBHas TeopeMa He HCKJIOYaeT Cay-
yasi n=0: MHOrouseH HYJIeBOH CTENEHH eCTb MOCTOSIHHOE., OT-
JUYHOE OT HYJI 4HCJIO H, CJIeflOBaTe/NbHO, He HMeeT KopHel,
T. €. YHCJIO €r0 KOpHe# paBHO HY.JIIO.

2. Paznoxenne MHOTOUYJEHOB Ha MHOXKUTENH
Hajg NoJeM AefCTBUTENbHHIX YHCEJL

Ecnuv nan noseM K BCsKHE MHOrOWJIEH BhIIIE [I€PBOH CTENEHH
AIBJIIETCS MPUBOJUMbLIM (Er0 MOXKHO PA3/IOXKUTh HA MHOMKHTEJH
nepsoil creneHu). TO AJS MHOroujieHoB Hajx mojeM D 3To yxe
HesepHo Hanpumep., muorousen BTOpO# cremenn f(x) = x2-41
uwan nonem D nenmpuBogum. Takum ofpasom, Hang nonem D
CYLLECTBYIOT HEMpPHBOAHMbIE MHOIOUJIEHbl NEPBOH ¥ BTOPOH cTe-
neHd. EcTecTBeHHO, BO3HHKAET BOIPOC: CYLIECTBYIOT JI MHOTO-
yjeHbl C JeHCTBUTENbHLIMH KO3(dHUIEeHTaMH Bbillle BTOpPOH
CTEMEeHH, HeNpHBOJAMMbIe Haj moJeM D.
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Teopewma. Bceaxui mHO20ureH sottlie 8mopoll cmenenu ¢
Oeticmeumensrom K03ppuyuenmany Hao noiem D npusodum.

JdokasarteabcTBo. [lycTs f(x) — MHOrousmed crenenu
n>2 c pefictBuTesbHEIME  Kospdumuentamu. [lo ocnosuoi
TeopeMe anre6pnl [(x) Hap mojem K umeer n xopuei. Ecau
CpPeAd HHX HUMeeTcsl AeHCTBUTE/bHbIH KOpeHb &, TO

f(x) = (x—a)q(x),

rie MHOXKHTENMH X —a U §(x) SIBJIAIOTCS MHOroujeHaMu ¢ jpeff-
CTBHTE/bHBIMH KO3(hduiHeHTaMH, T.e. f(x) NPHBOAUM Haj no-
jgeMm D. [TycTb Tenepb f(x) He HMeeT AeHCTBUTEJBHLIX KOpHEH.
BosoMeM J11060H ero MHHMbi# KOpDeHb:

o= q- bi (b +0).

[Toka)keM, 4TO TOTJa YMCIO o = @ — bi, COMPSEHHOe C a,
TaKxe siBjseTcad KopHeM f(x). Jlis 3TOro yCTaHOBUM CHAyasma
cJeLyolllie CBOACTBA COMPSIKEHHbIX YHuCeJI:

DE4+F=aTF

B camom gene, ecid a=a-+bi u B =c-tdi, T
atB =(a—b)+(c—di) =@+ )—0b+di=(@a+o+
+b+di=a+tp o-8=(a—bi)(c—di)=(ac— bd)—
— (ad + be)i = (ac— bd) 1 (ad + be)i = (a1 bd) (c + di) =

= aﬁ.

Tak Kak TIpH HaxXOXKJIEHHM 4HCaa f(a) TPUXOAUTCS Haj
KOMILIICKCHBIMH UMC/IaMH MPOU3EOHUTL JIHLIL JEACTBHS ClOXe-
HUSL 1 YMHOXEHHSl, TO, YYUTbIBAfA, UTO AJs AEHCTBHTELHOrO
uncna a = a, umeeM: [(a) = f(a), T.e. A/ MHOrOUsIeHa ¢
JEHCTBUTE/NbHBIMA KO3(D@UIHEHTaMH COMNPSXKEHHbIM 3HAYEHHAM
TIePEMEHHOI'O COOTBETCTBYIOT CONps:KeHHble 3HAYEHHs MHOro-
ujieHa.

Tak Kak a-—KOpeHb MHOrousneHa f(x), To f(a)=0. Ho
torfa f(«) = f(a) =0 =0, T. e UHCIO & €CTb TAKXKE KOPEHb
f(x). CnepoBarte/ibHO, MHOrod4jieH f(x) LeJUTCS HA MHOrOYJeH

¢(x) = (x — a) (x — a) = (x — a — bi) (x — a 4 bi) = x* —
—2ax+ (@4 b%), 1. e [(¥) = ¢(x)q(x).

Tak kak @(x) ecTb MHOrodjeH BTOpO# CTeNeHH C NeHCTBHTEJb~
HBIMH KO3(duiveHTamu, a crenedb f(x) Gosblie ABYX, TO g(x)
€CTb MHOrOY/eH Bblllle HYJIEBOA CTeNeHH C LeHCTBUTE/bHBIMH
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rosdhdunmentamu. CieoBaTeNbHO, W B 3TOM caydae f(x) mpu-
BoguM Hap nojem D.

W3 nokasaHHOil TeOpeMEb! clefyeT: BCIKHUI MHOTOYJEH BhiUle
HYJIeBO! CTerneHH € JeACTBUTENbHbIMH KO3(D(UUHEHTAMH MOXK-
HO pa3/IoHUTb Haj moJseM D B npoussejieHHe HENPHBOLUMbBIX
MHOXKHUTeJIell nepBOdl M BTOPO#l CTeNeHH.

B xogme jpokasarenbcTBa NMpefplnyiliefl TeopeMs! GbLIO yCTa-
HOBJIEHO, 4TO ecjii & = a - bi (b = 0) sBJIseTCa KOpHEM MHO-
rousieHa f(x) ¢ peHCTBUTEJBHBLIMH KO3(PULUHEHTaMH, TO €ero

KOPHEM fIBJIIETCSl TaKXKe UMCI0 2 = a — bi. AToT PakT u cam
no cefe sBJsieTcsl BaxkHbIM. M3 Hero, HampuMep, CJaefyert:

Besikuit MHOrousieH f(x) ¢ JefcTBUTENbHbIMH KO3GhdhHLUeH-
TaMH MMeeT UYeTHOe YHCJIO MHHMbIX KOpHe#l, KOTOpHle MOMapHO
COMpsiKeHbl; MHOrOuYJIEH HeYeTHO! CTeMeHH ¢ AefiCTBUTe/bHBIMU
Ko3hdhuueHTaMH HMeeT NO KpaiiHell Mepe OjHH [eHCTBHTE/Nb:
HBEI KOpEHb.

3. MHorouyjgeHs Hajg NoineM pPaNHOHABL-
Helx uncen. OTHCKaHUEe palHOHAJAbHEX
KOopHei.

Ecnu Hajn nojieM KOMIJIEKCHBIX YHMCes HeNpPUBOLUMBIMU
SIBJISIOTCS JIMIIb MHOTOWIEHB! NepBOH CTeMeHM, a Hal MojaeM
NefiCTBUTEJIbHBIX YHMCes — BCe MHOTOYJIeHbl MepBOH CTeneHu
H HEKOTOpbie MHOTOUYJIeHbl BTOPOH CTereHd, TO Haj MojeM pa-
[IMOHAJIbHEIX YHCEJ CYIIECTBYIOT HElPHBOAMMBIE MHOTIOUYJIEHBI
J1000H  CTeneHH.

Jlna [oxasaresnbCTBa MOCAELHEro YTBEPXKAEHHSA MBI BO3b-
MEM MHOTOWJiIeH x" — 2 U JOKa)KeM, 4YTO OH HempHUBOIHMM Haf
TMoJIeM pAaLMOHAMbHBIX duces mpu Jo6om n> 1. Ecan n=1,
TO Hamle yTBepkKjeHue BepHo. [lostoMy Gyiem cuuTarthb, 4YTO
n> 2. JonycruM, 4TO

X" —2=q(x)h(x),
rie
q(x) =ax +ax14+ ... +a, u
h(x)=bx*+bxs4 ... +b,—

MHOTOUJIEHB! C PAMOHANLHEIMY KO3 hduurentamu, npudem r > 0,
§>0 u r4+s=n. Orciona no teopeMe O TOXKAECTBEHHOCTH
IByX MHorousneHoB (§5, n.l1) umeem:

—2=a,.b, nm 2=|a,| |b|.
[Tokaxkem, yTo Kaxpoe u3 uucen |a,], |bs| uenoe u Gombie
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elHHUNB. MHorousien x"— 2 Hazj noJieM KOMILJIEKCHBEIX UMcCeJ
HMeeT 7 KOpHeH a,, &y ..., @, [pHYeM BCE OHH SABJAIOTCA
KODHfIMH n-fi CTeneHu us 2, T.e.

W =20=1 2 ..., n).

M3 unces ay, a5 ..., &, KaKue-To r UucesJ SIBJSIOTCS KOp-
HAMH MHOTOYJIEHa ¢ (X) M OCTajIbHble § YHUCEe] — KOPHSAMH MHO-
rousiesa A4 (x). Ilycts

0y, Ooy ..., O, — KOPHH ¢ (X).
Torpa mo Teopeme Bueta
& Ay vu. A =0,

BosBenst o6e yacTH 3TOro paBeHCTBA B f1-I0 CTENeHb, MOJY-
unM:
2r=a", wm 2" =|a,|"

r

Orciona crepyet, 4To |@,| ecTh uesoe yucio, Gosbllee enu-
HHUIBL AHAJOTMYHO JOKa)KeM, YTO U |b,| ecTb neJjoe YuCIO,
Goablllee eguHuubl. Mrak, umeem: 2 =|a,| | b |, npuuem |a,|
1 | by| — OT/MYHBlE OT €JMHMIbI LeJble yucaa. [lonyunmm siB-
Hoe mpotuBopeure. Crie0BaTe/bHO, MHOTOWICH X" — 2 Henpu-
BOJIMM.

TakuM o6pasoM, ¢ BONIpPOcOM O HPUBOAMMOCTH MHOrodYJe-
HOB HaJ moJjieM R fesno OGCTOMT CJOXHee, 4eM Haj MOJAMH
D u K. Ho 3aro 3mech Jierko pemaetcss BONMpoc 06 OThICKa-
HUM KOpHeH, a MMeHHO: CylllecTByeT BIIOJIHE ONpeJeseHHbIH
aNrOpUTM, MO3BOJSIOMMH HAlTH BCé palHOHANbHbIE KOPHU MHO-
roYjeHa C palMOHANbHBIMU KO3(h¢ULUEHTaMHU.

§ 9. OrbickaHue paUOHAJNBHBIX KODHEH MHOTouJeHa

[lycts f(x) =ax"+ax*t4 ... 4a, ecTb MHOroweH
¢ pauuoHanbHBIMU KO3bhduirenTamu. He Tepsisi O6LIHOCTH, MOXK-
HO CYHTATh, YTO KOI(PQHUIUEHTH €ro SBJAI0TCH LeJbIMH UHC-
gamMu. B camom gene, ecau Obl KO3()(UUMEHTH MHOMOYJeHa
f(x) OblmM APOGHBIMH, TO, YMHOXHB f(X) HA MX HaMMEHbLUMH
oOLIMH 3HAMeHaTeJb, Mbl NOJYUYHIH Obl HOBBI MHOTOYJIEH ¢ (X) C
LEJBIME KO3(hGMHUIMEHTAMH, UMEIOMIHH Te e KOPHH, 4TO H f (x).
HMexons us storo, Mul 6yneM B jgajbHeHlleM paccMaTPHBATh
MHOTOUJIEHb TOJIBKO C LeJIbIMH KO3 (pdHIUeHTaMH,
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p
Teopewma 1. Ecau necokpamumas 0pobe -y assenica kop-

Hem mHo20uAeHa [ (x) ¢ yeroimu Koshpuyuenmanu, mo p ecmo
Oeaumens c80600H020 4AeHA, @ § — OeAumess CMApUIe20 Koph-
puyuenma mrozourena f(x).

HoxasatenbcTBO. Tak Kak -Zl—— Kopeb [ (x). ToO
n p\n—l
a(£)" +a(5)7 + . Fem(2)+a=0

HJIN
ot +ap"lq+ .. +appgtt 40,9 = 0.

Orcrona umeeM: aof)” =q (—zazlp”'1 —_—.— a,Ln__llpq”—2 —a,q" 1),
aq"=p(—ap"t—ap"q— ... —a,,q"7"), umm qp" =
=q.Cy, 4" = pCy, THE Cy, C,— IeJble YUCTIa.

[lo ompepeneHuI0 [eMMMOCTH 3TO 3HAYMUT, YTO Quo":q H

a,q"ip, 1 TaK Kak IlpOﬁb% HecokpatTHMa, TO (p",q)=1 u
(g% p) = 1. Cnegnosare/isHo,

ayiq 41 a,:p, (9]

4To U TpebGOBaJOCh [OKA3aTh.
Teopema 1 paet Heo6xOnuUMOE YCJIOBHE AJs1 TOro, YToGbl pa-

[IMOHAJILHOE YHCJIO % 6b10 KopHeM MHorounena. OpHaxko 3to-
ro yCJIOBHS HEJOCTAaTOYHO, T. e. ycjoBue (1) MoxKeT BHINOJ-
HATLCA U 1J18 TakoH Jpobu —Z-, KOTOpasi He ABJAETCS KOpHEM

Muorousiena f(x).

Tem He MeHee Teopema 1 MO03BOJIsIeT BBIMHCATH KOHEYHOE
MHOXKEeCTBO UHCeJl, CPeJi KOTOPBIX HAaXOASTCS BCe palHOHaJb-
Hble KOPHH JI@HHOrO MHoroujeHa. [{j1s HaX0XKJeHHs NOCJeLHUX
JOCTAaTOYHO NPOBEPHUTh BCE 3TH UMCJA, HANpUMep, Hemocpen-
CTBEHHOH MOJCTaHOBKO! UX B MHOTrOWYJEH.

OTMeTHM JBa OYEBHJHBIX CJIEACTBHS TeopeMsl 1:

1) Ecan crapumit KosdpduIMeHT MHOrouseHa f(x) ¢ mesbl-
MU KosbpduuueHTamMu paseH I, To f(x) MoxueT uUMeTb JMIIb
[eJjible palyoHaNbHble KOpHH.

2) Ecnv uesoe 4ncao a siBJsieTcss KOpHEM MHOrouseHa f (x)
¢ mebiMM Ko3((dUUMeHTaMi, TO @ eCTb AesHuTellb CBOGOJHOTO
ujieHa MHOrouseHa f(x).

[Mpumep 1. Ilyers f(x) = 12x5— 19x* — x* — 13x> —
—~ 13x 6.
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Tlo Teopeme 1 KOpHM STOrO MHOrOYJIEHAa CJefyeT HCKaTh

CpPelH TeX HeCOKPaTHMBIX JApoOeH, YHCIUTENH KOTOPBLIX SIBJIsi-
IoTCs JenuTeasaMHu 6, a sHaMeHaTeJH — Jeauteasmu 12. Cie-

JIOBaTeNIbHO, €CJIM HeCOKpaTHMasi ApOﬁb%eCTb KopeHb [ (x),
TO p paBHO ojHOMy u3 umcem: -1, +2, 43, +6 u ¢
paBHO ojHOoMy u3 umcenm: =+1, +2, 43, +4, 46, +12.

CocraBuM sl Takux ApoGeit Tabauuxy. Ilpm stom, yuuTh-
Bas, 4TO

P_Pr,P _F
—q q —q q
3HaMeHarenau Jpobeii OyjneM OpaTh JHIIb [OJOXKUTENLHBIMH.

Ta6nauna 1

p |+1 42 +3 £6 +1 +3 +1 £2 +1 4£3 41 +1

g | 1 1 1 1 2 2 3 3 4 4 6 12

Mol nonyunsnn 24 yucsna, cpeiM KOTOPbIX HAXOAATCA pa-
[©oHa bHBIE KOPHH HALIero MHOIOUJIEeHa, eCIM TaKOBble Cylle-
cTByl0T. [la1f MX OTbICKaHUS NOCTAaTOYHO HAHTH 3HAYEHHSA Ha-
[Iero MHOTOuJIeHa M KaxKJAoro us stux 24 uncesn. Pabora
3Ta BIIOJIHE BbINOJHUMA, HO rpomosaxa. Hekoropyio nomoiip
B 3TOM OTHOLUEHHH MOXeT OKasaTh CJelyloliias TeopeMa.

Teopema 2. Ecau necoxpamumasn 0pobe 5 seAsemca
KOpHem MHO204AeHA [(X) ¢ yeromu Kosppuyuenmamu, mo
npu A060M yeroM m, OMAUHHOM OM %, qucao f(m) deaums-

(m)

p—gm
HokasatenbcTBo. Tak Kak ;;—Kopenb f(x), 10

cA Ha 4ucao p—qm, m.e. — Yeaoe 4ucio.

i P P

f(x);x—;, Te f(x)= (x— ;) o (x). 2)
[TpuueM, Kak HeMOCPeJCTBEHHO YCMAaTpHBAaeTCA M3 Ipoliecca
neseHns no cxeme [opHepa, Ko3(hdUUHEHTH MHOrouneHa @ (x)
ABJAIOTCA JPOOHBIMH HYHMCJIAMH CO 3HAMeHaTe/lAMH %, Tje
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0<ck<n—1. YvuoxxuB o6e dacT¥ paBeHncrtBa (2) Ha g¢*,

MOJTYUHM:
q"f(¥) = (gx—p) (@(x) 9"~ "),
HJIH
g f (x) = (p — gx) 9, (x), ©)
rae @,(x)=—o@(x)g*~! ecTp MHOrOYJeH ¢ UeNBIMH KO3(-

duunentamu. IlosoxkuB B paseHcTBe (3) X = m, NoONy4HM:

q* f (m) = (p — mq) @, (m), rae @, (m)— uenoe uuciao. Orcro-
Za ciepyer, 4rto g" f(m): p— mq.

p
A rak Kak Apobb s HECOKPATHMa, T.e. p U g B3aHMHO MPOCTHI,

TO g® U p— mMq TakXKe B3aUMHO MPOCTH H, CJELOBATEJbLHO,
f(m) :p—mgq, T.e. Teopema HOKasaHa.
B uacrnocTH, nomaras m =1, a sateM m = —1, noay-

M ecan o KOpeHb MHOrOYJIeHa, He paBHui +1, To f(1) i p—
—quf(=1:p+g

HJIH
Jm =D
p—q p+4q
TeopemMa 2 paeT eme OfHO HEOGXOAUMOE YCJOBHE MJIst
pauMoHaJbHBIX KOpHeii MHOrodJieHa. JTO YC/IOBHE [IE€HHO BBU-
Iy TOro, 4TO OHO JIerKO MpoBepsieTcs mpakTuyecku. Haxonum
cHauana f(l) v f(—1), a s3aTeM [Jas KaxJofl HCHLITbIBae-

MoH npoGu nposepsieM ycioBue (4). Ecam xots 661 opHO u3

FQ) (=1

p
qgucea —_ 0O0HOe, TO —— KOPHeM MHOI'OYJIeHa X
p—¢ p+q 2P Groe, q *P Fx)

He aBasercs. [lpogenaem sTo s mpeabigywiero mpuMepa.

Henocpencteennoii nmoicTaHoBKOf B MHOrowieH y6expa-
emcs, 4to f(1)=—28, f(—1) = —24. Orciona, B HacTHO-
cTH, caepyet, uto 1 U —1 He gBjsioTcsd kopusamu f(x). Te-

~— [eJible YHCTa. 4)

" . p
nepb IJIsT KaXJAOH BO3MOXKHOH Jpo6u — u3 tabauubl 1 6ynem

NPOBEPATH YCJOBHUA TeopeMsl 2 mpu m = 1, T.e. 6yneM ycra-
HaBJIHBATh, LEJbIMH UJIM JPOOHLIMH SIBJISIOTCA 4YHCJA:

fO) _ =8 P =
p—aq pP—q P+qg p+q
Pesyipratel odopmuM B Buje Tabauupbl, rge OYKBH y u O

03Ha4yaloT COOTBETCTBEHHO, IEeJbIM WJIH ApOéHblM SIBJAETCA

fQ) fc—1)
q — WIH —.
aelo g P+q
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Ta6numa 2

p |2|-2/3]|-3|6|—6{1|-1|3|-31|-1]2{-2|1]|-1{3|=3|1|-1]]|~1

—28
P—q

—24
p+q

—28  —24
= ==
p—q  p+q
p
SABJSIOTCS UEJBIMH JIMIDb B TeX chaydasaX, Korja ';]" paBHO OJ-
HOMY U3 quceJa.
1

23 83 1 1 1 _ 3
l’ l' l’ 2’ 3’ 3) 4'

M3 nosnyuenHolt TaGauuBl BHIHO, YTO YHCJA

Takum o6pasoM, u3 24 apobe#i Mul oToGpanu jauub 7 ApoGedt,
cpelu KOTOPBIX CJIefyeT HCKaTh KOPHHM Hallero MHOrou/eHa.
[TonyueHHOe MHOXKECTBO MHOrJA YAaeTcsl CysHTb Jasblie
C NOMOIIBIO CJleflylouiell TeopeMbl 0 rPaHMlaX MOAyJell KopHe#
MHOTrOYJ/IeHa.
Ecmn o — kopeb MHorowrena f(x) = ax" +ax"1 -+ ... +a,,
0 o <1+ %: rie A—HauGoubliiee U3 Yucesn |a,|, 1ay,....|a,).
0
Tak Kaxk Moxysb JeHCTBUTENILHOrO Yyucsia coBmajaer ¢ ab-
COJIIOTHOM BEJIMYUHOH 3TOro 4ucaa, OTCIOAa, B YaCTHOCTH,
cJieflyeT: BCe palliOHaJibHble KODHU MHOTOWIeHa f (X) HaxoAAaTcs
B NPOMEXYTKe

!

ol aol

Jlns npemwinyilero npumepa 1 - s:zq P L+ :—g<3'
0

CanejoBarenbHO, KOPHH MHOrouseHa f(x) = 12x* — 19x* — x* —
— 13x® — 13x 46 mnaxogstcs B npomexytke (—3, 3) Tax
KaK uyucia — 3 4 3 B 3TOT I[POMEXKYTOK He BXOLAT, TO U3
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BHIUTMCAHHBIX paHee 7 UMCes OCTAeTCsl TMPOBEPUTH TOJBKO 5 uu-
e 2, &, L, -1 32

BRI 3’ 4’
[To Tteopeme bBesy a—xopeHr f(x) Torza u TOJLKO TOTHa,
gorga f(x) i x —a. CnenoBaTesbHO, J1Js MPOBEPKH OCTABILUX-
¢ 5 uMces MOXHO NpUMeHHTb cxemy [opuepa neseHust MHO-
roYjieHa Ha JBY4YJIeH.

[TpoBepum uucno 2, ana yero f(x) memum Ha x — 2.

112 —19 —1 —13 —13 6

2\12 5 9 5 —3 0

Tak xagk ocratok pasen 0. To f(x) i x —2, mpuyem
f(x) = (x —2) (12x* 4 5x3 4 9x% 4 5x — 3).

Orciona umeem: 1) x =2 —Kopenb f(x); 2)ocranbHele KOpHH
COBIIAJAlOT C KODHSIMH MHOTOUJIeHa

fi(x) = 12x* 4 5x3 | 9x® 4-5x — 3.

Crne[oBaTesbHO, 1J15 NPOBEPKH CJIeAYIONIMX YHces BMecTo f(x)
MOXHO HCIOJb30BaTh f(x). [IpoBepum, He ABaseTca s 2 Kop-
HEM [y(x), T.e. He fiBJseTCS JU 2 KpaTHBIM KOpHeM [(x).

|12 5 9 5 —3

2[12 29 67 139 9275

Ocratok 275 5~ 0. 3nauur, 2 He sBaAseTcsd KopHeM f,(x). Ta-
kUM 06pa3oM, YHC/IO 2 SIBJAETCS MPOCTHIM KOPHEM MHOrOYJIeHa
f(x): x;=2.

AHajIOrHYHO NPOBEPHM OCTAJIbHBIE YHCJA,

|12 5 9 5 —3

1 I12 n 28 B 1 e kopems
2 | 2 1 8 2 peHb.
% 129 12 9 0 1_ gopens, nputem

A= (¢ — 1) (120400 125 +9) =
= (3x— 1) (447 - 3x°+} 4x -+ 3).
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OcranbHble UMC/a MOXHO TpPOBEPATL € MCMOJNB30BAHMEM
MHOrouseHa f, (%) = 4x*+4-3x®--4x 3, npudem nposepke
1

HojJieKaT Yhcsa P e Henocpencteenno sameuaem,

1 1
q9TO uHcsaa E-I/I—E He MOTYT OBITb KOPHAMH [ (X), TaK Kak

MX 3HaMeHaTellb 3 He ABJfeTCA AEJUTEJeM CTapllero Koade
¢uinerta 4. Takum 06pa3oM, NPOBEpKE MOAMEKUT JIMIIb YHC-

qo—2,
4
|4 3 4 3
3 3
-Z|4 0 40 7 — Kopetib.
CrnenosarensHo,

Fae) = (4-2) (45°  4) = (45 4-3) (2 4 1),

B wurtore umeem: MHOrounmeH f(x) MMeeT TPH palMOHAJbHBIX
KODHA: Xy =2, X, = 3 *s = mpuiem

f(x) = (x —2) Bx — 1) (4x + 3) (x* 4~ ).

§ 10. Pemrenue aaredpamyecKMx HepPaBeHCTB

Onpenenenue. Yncnosoe nome P HasblBaeTcss ynops-
OouenHbiM, €CIHM JJIS HEKOTOPHIX Tap ero uuces @ u b ompe-
JleJleHO OTHOILIeHue @ > b (uuraetcs: a GoJblle b), yIOBIETBO-
psioilee ¢e[yIOLUM aKCHOMaM:

1. Ilas JjuoGeix OBYX 4ucea a@ U b u3 P uMeeT MeCcTO OJHO
U TOJILKO OJHO M3 COOTHOWIEHHH: a = b, a> b, b > a.

2. Eema>bub>c 10 a>e

3. Eomt a>b, o a+e¢> b+t

4. Ecom a>b u ¢>0, To ac> be.

Ecm P — ynopsigouenHoe mosie, TO TONOXMM a <b
(untaetca: a MeHblue b) TOrAa M TOJMBKO TOTHAA, Kornpab> a.

CooTHoluenus Bujia @ > b a < b Ha3LIBAIOTCS HEPABEHCTBA-
MH (MM YUCJIOBbIMH HepaBEeHCTBaMH).

YcnoBust 1 —4 sABASIIOTCA OCHOBHEIMH CBOHCTBAMM Hepa-
BEHCTB MEX1y 3/eMeHTaMd yrnopsinoueHHoro moss Omnupasich
Ha HHX, MOXHO JOKa3aTb BCe Jpyrue H3BeCTHble CBOHCTBA He-
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paBeHcTB. PaccMoTpuM Ans mprMepa J0Ka3aTeNbCTBO HEKOTO-
pbiX H3 HHUX.

a) a>b Torpa ¥ TONBLKO TOrAa, Korga a—b> 0.

B camom pene, eci a > b, 1o, npubaBuB K 06euM 4acTsIM
aToro Hepasenctsa— b (akcuoma 3), noayuum a — b >0. O6-
paTHO, npu6asuB K oGeHM YacTsiM HepaBeHcTBa @ — b > 0 1o b,
nosnyuum a > b.

6) ecm a>buc>d, To at+c>b-}d.

[elicTBuTeNLHO, Tak Kak a > b, To no akcuoMe 3 a-+¢>
> b-c. AnanorudHo u3 HepaBeHCTBA ¢ >d C/leJyeT Hepa-
BeHCTBO b—-¢> b-|d. Takum o6Gpasom, umeem:

atc>b+tec b+e>b-+d.

Orciozna, no akciome 2 moayuuM: a+4-c¢> b-d.

B) Ecit a >0, To —a <0.

Jlasi oKasaresnbCTBA JOCTATOYHO K OOEMM YacTsM Hepa-
BencrBa a > 0 mpubaBuTh MO — a@.

s apudmeTHKH HM3BECTHO, YTO Mosie JeHCTBUTENBHBIX UH-
ceJl yropsifoyeHo. YHOPSIHOYEHHLIMH fIBJISIOTCA H BCE MOAINO-
JIs1 I0J1si AeHCTBUTENbHBIX Yicesl. EcTecTBeHHO, BO3HHKaeT BOI-
pOC: MOKHO JIM YHOPSIOUHTD NoJIe KOMILIEKCHBIX ynce1? Jlerko
[OKa3aTb, YTO MOJE KOMILJIEKCHBIX YHCE/l He MOXKeT ObITh YIIO-
psnoueHo. B caMoM Jene, fonyctuM, uto moje K ymopsjo-
ueno. Tak Kak «muuMmas eguHuua» i € K u i = 0, To no axcu-
oMe 1 gomxno 6mith: i >0 wm {<0. [lycte i>0. YMHoO-
KB ofe 4acTu IMociefHero HepaBeHCTBa Ha [ (akcuoMa 4),
noayunM — 1 > 0. YMHOKHB ofe YacTM 3TOrO HEpaBeHCT-
Ba Ha— | (akcuoma 4), momyuum 1> 0. CroxuB nodseHHO
HepaBencTBa — 1 >0 u 1> 0, noayusum 0> 0, yTo mpoTHBO-
peunt akciome 1. CrnegoBareibHo, Hame jonyllenue ;>0 He-
BepHO.

[Tycts { < 0. Torza —i > 0. YMHOXKas 0o6e YaCTH 5TOro
HepaBeHCTBA HA —i, @ 3aTeM o0e YaCTH MOJYYEHHOTo TNpH
3TOoM HepaBeHctBa —1 >0 ma —I1, moayuum: —1>0 u
1> 0. Orcioga cnepyer, uro 0> 0.

Takum o6pasom, pgomymerus, 4ro (>0 um { <0, Be-
IyT K mpoTuBopeunto. A Tak kKak [ =0, TO noaydyaeM, 4TO
Mexay aneMeHTam#t { © O He OCYLIECTBJIAETCS HH OJHO W3
COOTHOIWeHu#, Tpe6yeMbix axcioMoii 1. CnepoBaTesibHO, noOJe
K He MoxeT 6GHITh Yynopsijo4eHo.

B cBsiag ¢ 3TMM paccMaTpUBaTh HepaBeHCTBA Hajl IMoJjieM
KOMIIEKCHBIX YHMCeJl HE WMeeT CMBICA, U HuKe Mbl OyreM pac-
CMaTpUBaTh HEPABCHCTBA Haj MoJieM ACHCTBHTENILHBIX YHCel.
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Hapsay ¢ uuc/ioBbIMM HepaBEHCTBaMH, CBOMCTBA KOTOPBIX
Mbl GyleM cuuTaTb H3BECTHBIMH, B ajreGpe pacCMaTpHBAIOT

HEPaBeHCTBA C IMepeMeHHbIMH (HEH3BECTHBIMU) BeJMYUHAMH,
T. €. HepaBeHCTBa BHJA!

Fi(%, Yy eee  )>Fa(x%, Yy o0., 2) €))]

Fi(x 4 ooy 2) <F3(%, 41 o0 2), (1)

rie F,, Fy—HekoToprle (QYHKIUH HaJ mnoJeM JeHCTBHUTENbs
HBIX UHCeJL.

CucreMa 3HAUEHWHA HEU3BECTHRIX X =4a, y=2=a, ...,2=2¢,
LIS KOTOpBIX 3HaueHWe QYHKIUM F, GoJiblile 3HAUeHUsT (DYHKIUH
F, nasniBaeTcsl pelleHdeM HepaBeHctBa (l). Amnasnoruus€o on-
pelensieTcsl pellleHde HepaseHcTBa (17).

[ns HepaBeHCTB, Tak Ke Kak M 1/ YpaBHeHUH, BBO-
IATCS NOHSITHSI 06JIACTH ONpeJesieHHs] B PABHOCHJIbHOCTH JBYX
HepaBeHCTB.

Tak Kak a < b torjga ¥ TOJLKO TOrga, Korpga —a > —b,
TO HepaBeHCTBO F; < F, paBHOCHJIbHO HepaBeHCTBY —F; > —F,.
Takum o6pa3om, pelieHue HepaBencTBa Buja (1’) cBopuTcs K
pemienuto HepaseHcTBa Bujaa (1). [TosTomy B nasbHefilneM Mol
GyzeM paccMaTpuBaTh JHIIb HepaBeHcTBa Bupa (1).

IMonp3ysicb akcuoMaMu 3 1 4 onpefelieHHsl YIOPs JOUEHHOI0
HoJisl, JIETKO JOKasaThb CJEAYIONHe TeopeMbl O PaBHOCHJIBHO-
CTH HEpaBeHCTB.

Teopewma 1. Ecau ¢pynxyus ®(x, y, ..., 2) onpedese-
Ha 8 obaacmu onpedesenusn Hepasencmea (1), mo HepaseH-

cmso (I) pasHocuibHO HepaseHcmsy

Fi(, 4 «oc s )+O(%, 4, vouy 2)>Fy(x, 4y o0y 2)+
DX, Yy coe,y )

Teopewma 2. Ecau 6 obaacmu onpedesenuss Hepasencmea
(1) pynxyus ©(x, y, ..., 2) npurUMAEN AUULL NOAOKHCUMEND=
Hble sHaderus, mo HepaseHcmso (1) pasrnocurbHO Hepagercmsy
Fix, 4, «...)0(x, Y, 0oy 2)>
>Fy(% 4 oo 2) (% Yy ooy 2).
Ecau sice pynxyusn @ (x, Y, ..., 2) 6 obaacmu onpedeseHus

Hepasencmea (1) npunumaern AutLb OMPULAMELbHbLE 3HAYEHU A,
mo uepagercmso (1) pasHocuabHO HepagseHcmBy
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Filx,y, ...,2) ®(x, 4, «.., 2)
<Fy(x, 4, ...,2) ©(x,y, ..., 2).

Ecmn Fi(x,y, ...,2) 1 Fy(x, Yy, ..., 2) SIBJASIOTCS LeJbI-
MH palH{OHAJbHBIME (YHKUMSMH (T.€. MHOrOYJeHaMu) Haj MO-
JeM JeHCTBUTENbHBIX YHCeJ, TO HepaBeHCTBO (1) HaswiBaeTcs
anrzcebpaudecKum.

Bcsikoe anreGpanyeckoe HEpaBeHCTBO C OJHHM HEM3BECT-
HbIM MOXXHO 3alucCaTh B CJEAYIOUIEM BHIE:

QX" +ax*~'4 ... +a,_x+a,>0, (2)

TIe Qg gy +.., Q,_ 1, A, — AEHCTBUTEJbHBIE YHCJIA.

Ilpu atom ecan a, = 0, To n HaspiBaeTcsl CTeNeHLIO Hepa-
BeHCTBa (2).

PaccmoTpum cHadasa cayuad, KOrja:

[. n=1. B 3TOoM ciyuyae HepaBeHCTBO (2) HMeeT BHJA:

ax-+b>0, (3)
rae a =+ 0.
Ecnu a >0, To pemenneM HepaBeHCTBa (3) fBJseTcs J0GOe
b

IefiCTBUTENbHOE YHCIO X > —
[eoMeTpHUECKH MHOMKECTBO TaKHX UMCEJN NpPejCTaBisfeTCs MHO-
JKECTBOM ToUeK JeHCTBUTE/bHOX OCH, JeXalUX NpaBee TOUYKH

b
x=——_ (uepr. 7).

FAANNNN N

!
N

Yepr. 7

Ecau a <0, To peulenneM HepaBeHCTBA (3) sBJsIETCSl JMHOGoE
b

JIefICTBUTEJIbHOE YUCJO X < — L

Lz 2 —

Qoo

Yepr. 8
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reoMeTpHWECKH MHOKECTBO TaKUX UHCeJ NpejcTaB/sieTcd MHO-
JKEeCTBOM TOUYeK [eHCTBHTENbHON OCH, JexKallUxX JeBee TOYKH

b
x = —— (uepT. 8)
II. n=2. Toraa mepaBeHcTBO (2) UMeEeT BHN:
ax?4+bx+¢>0, 4

rze a=~0. OGo3HaunM depe3s A IHUCKPMMMHAHT KBaJpaTHOTO
TpexujieHa y = ax?-}-bx -6 ¥ paccMOTpUM TpH ciydas:

1. A>0.

B 5TOM cayyae TpexusieH HMeeT 1Ba Pa3JHUHHIX NeHCTBHUTEb-

HBIX KOPHSI X; U X, (x; < X,) M HepaBeHCTBO (4) MOXKHO 3amu-
caTh B CJejYIOUleM BHJe:

a(x—xy) (x—x3) >0. )

ToukamMu x; U X, uyucioBas ocb OX pas6usaercs Ha TpH
untepBana (4epT. 9): (—oo, x1), (¥, X3), (X3 o).

7 204 //>¢7 :)_(_
X X2
Yepr. 9

Ecmm a@>0, To nepaBeHcTBY (5) YHOBJETBOPSIOT Te H
TOJIbKO Te 3HaueHWs X, NPH KOTOPHIX 3HaueHUsT OGOHX COMHO-
JKUTeNell X — x; U X — X, NOJOXHTEJbHBl HJIM OTPULATEbHbL
Dro 6yneT HUMEeTb MeCTO NPH X > X, a Takke mpu x < X;.
Taxum o6pasoMm, B 3TOM Cjyuyae pelleHHSIMH HepaBeHCTBaA (4)
Chay:xar JedCTBUTENbHbIE YHCJIA M3 HHTEPBaNOB (—oo, X;) U
(xzs °°)'

Ananoruuto, B caydae a < 0 MONYYUM: PEIEHHSIME Hepa-
BeHCTBA (4) ABJAAOTCH [eHCTBUTeJbHBIE YHC/Aa M3 HHTepBana
(%1_%o)-

ITH XKe pe3ysabTarhl MOJYYHM, eCIM PacCMOTPUM rpaduru
KBaapaTHOro TpexuieHa y == ax>-+bx-+c npu a>0u a <0
(uepr. 10, 11).

2. A=0. Torma xBagpaTHHIl TpeXujeH HMeET ABa PaBHBLIX
JNeACTBHUTENbHbIX KOPHSl Xy = X,, H HEPaBeHCTBO (4) MOXKHO
npeacTaBuTh B BUe a (x — x,)>> 0.

Ecnin a>0, TO 3TO HepaBeHCTBO YAOBJETBOPSIETCH MPH
Jo60M nefCTBHUTENBHOM 3HAUEHMH X, KPOMe X = x;, TaK KaK B
STOM C/lyyae 3HaueHHe MHOIOYJIEHA @ (X — x,;)* paBHO HYyJiO.
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Ecnu xe a <0, To nponseesenue a(x— x;)? npu MoOGHX
BHAYEHHSX X OTPHUUATENbHO HWJH DPaBHO HYJIO MpH X = X,.
CremoBatesibHO, B 3TOM CjlyYae HEePaBEHCTBO (4) He HMeeT

| (M, .

"

Yepr. 10 Uepr. 11

X X4 X

Takum o6pazoM, eciu A =10, TO HepaBeHCTBO (4) uMmeet
CBOUM pellieHHeM J11060e NeACTBHTE/bHOE YHCJIO, KpOMe KOpHS
TpexuseHa y = ax®— bx-c, npu a>0 u He uMeeT pelueHuii
npu a < 0. OTo MOXKHO BHIETb W U3 rpaduka TpexuseHa
(ueprt. 12, 13).

3. A<0. B sTOM ciydyae KBajpaTHEI TpeXujeH HE MMeeT
JeficTBUTeNbHBIX KOpHeH. BbljenuB u3 Hero noJHbIH KBajpar,
TIOJLy YMM:

b\2 b —dac
al x+—=) ———
(+2a) 4a '’

¥ HepaBeHCTBO (4) mpuMeT BHAX:

a(x—l— b )2——i——4£>0.

-2—a- 4a

I

Yepr, 12 Yepr. 13
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2
Ecmm >0, 10 cnaraemoe a ( x -+ 92) — HEOTpHIATe/IbHOe
za

YHCJIO npH Jo6oM 3HaueHuW x. BTopoe ciaraemoe
b2 —4dac
4a

He 3aBHCHT OT X M TOJIOXHUTENbHO, 60 b?— 4ac= A <0.
Otciofa BupHo, 4To npu A < 0 HepaBeHCTBO (4) yIOBJETBOpS-
ercsl JoObIM NeACTBHUTEJbHBIM 3HAUEHHEM X, T.e. fIBJideTcs
TOX 1eCTBEHHBIM,

Ananoruyno nosyuuM, uto ecnu a < 0, To HepaBeHCTBO (4)
He wMeeT pemieHu#l. TakuM ob6pasom, ecam A <0, To Hepa-
BeHCTBO (4) nmpu a > 0 siBsfeTcs TOXKAECTBEHHBIM, a 1pu a < 0
He HMeeT pellleHHd. DTO MOXKHO BHJETb H U3 rpaduka Tpex-
ysneHa (4ept. 14, 15).

PaccmoTpuM Tenepn HepaBeHCTBO (2) MpH JIIOGOM A.

Kak wusBectHo (§ 7), mo6oii MHOrousneH Haj noJjeM nefi-
CTBUTENIbHBIX YHMCEJ MOXKHO TIpeACTABUTb B BHJEe NpOH3Beje-
HHSl HeNpPUBOZUMBIX MHOTOYJIEHOB IEPBOH M BTOPOH CTeneHH.

X

Dl

Yepr. 14 Yepr. 15

CrnernosatesibHO, HepaBeHCTBO (2) MOXKHO IIPHBECTH K CJIEAyIO-
IleMy BHAY:
Ay(x — X1) (X —X5) oo (X —%,) P1(%)-Py(x) ... Pyx) >0, (6)

rge P,(x) (i=1, ..., /) —uHenpuBONUMble MHOrOYJEHEI BTO-
poit cTernenu CO cTapiiuMu Kosdduunentamu, pasubiMu 1. as
Kaxjoro TtpexuieHa P,(x) pauckpumunaut A, <0 (BBuay
HernpuBOIMMOCTH) ¥ cTapmuil kosdduunent a; = 1 > 0. Cornac-
HO cayuvalo 2 3HadeHue TpexusneHa P,(x) (i=1, ..., )
MOJIOXKHUTENLHO TIpH Bcex 3HaueHusx x. CrefoBartensHo, Aas
pelieHus HepaseHCTBA (6) AOCTAaTOYHO PEMIHTb HEPABEHCTBO

a(x—xy) (x—x5) oo (x—x,) >0, )
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3aMeTuM elle, YTO €CJIM HEKOTOPHLII MHOXKHUTENb X—X; TO-
BTOPSIeTCS /11 pa3, TO [pH YETHOM m = 2m,; 3HaUeHHe MHOrouseHa
(¥ — x,)®™ NONOXHUTeNbHO MNP JIOOOM 3SHAYEHHH X, KpOMe
X = X, KOrJa OHO PAaBHO HYJIO, a NPH HeueTHOM m = 2m,;+- 1
Npu JIOGOM X 3HAaK MHOrousesa (x — x;)>™m+! coBnajaer co
3HaKOM jByujeHa x — x,. OTciloga cjefyer, YTO Npu pellle-
Hu¥ HepaseHcTBAa (7) MOXKHO OTpPaHHUMTLCS JIMIIL TeM
cllyyaeM, KOrjia BCce MHOMXKHTENHM X — X; DasjuyHbl. 3aHyMe-
pyem uucaa x;(i=1, 2, ..., k) B mnopsjke BO3pacTaHus
X, < Xy < vuo < Xy < X, ¥ HaHECEM HA YHMCJIOBYIO OCb. [lo-
ayuuM k-1 uHTepBajoB (uepT. 16):

Yices Ve Yier o e Y Y, Y,
' h'e N 'S ' Y
X A Xy ® 0 KXy Xer Ko X
Uepr. 16
Yp Y2: ey Yk: Yk+1-

Ecmn a,> 0, TO OYeBHJHO, 4TO B MHTEpBaje Y, BCE COMHO-
xuteaqd x —x, (i =1, 2, ..., k) NoJoxHUTENbHBl H, 3HAYHUT,
mo6oe 3HadeHde X U3 Y, yHOBJeTBOpsieT HepaBeHCTBY (7).

B untepBane Y, Bce COMHOXKHTENH X— X;, KPOME X — X,
MOJIOKUTENbHL, 8 COMHOXHUTeNb X — X, OTpHIATe/]eH H, 3Ha-
uuT, JJis JIOGOro 3HaueHHs X u3 Y,

Ay (x— %) (x— %) ... (x—x;) <O0.

3HauuT, 3HaueHHs x U3 Y, HE YIOBJETBOPSIOT HepaBeHCTBY (7).

[Mpojomkasi 5TH PacCyKJeHHs, MOJYYnuM: pelleHHeM Hepa-
BeucTBa (7) npu @y >0 sBJsSeTCA MHOXKECTBO 3HAYEHUH X U3
HHTEPBaJIOB

Y],’ Y3’ Y5$ s ey

T. €. MHOXKECTBO WHTEpPBANOB C HEUETHHIMM HOMEpaMH.
AHanoruuHo nosyuyuM: npu a, < 0 peleHnem HepasencTsa (7)
SB/15I€TCA MHOXKECTBO HMHTEPBAJOB C YeTHbIMA HOMEpaMH:

Yo Vi Yo oo
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3ameTuM, YTO pellleHHe JpPOGHO-PalHOHAJIbHEIX HEPaBEHCTB,
T. €. HEPaBEHCTB BHJa:

P (x) (Pw
20 50 (£8 <9
aw " \qw < )

rae P (x) u Q(x) — MHOrouseHsl, CBOIUTCS K pEINEHUIO aJ-
re0palyecKHX HepaBeHCTB. TaKoe CBeJeHHe MO3BO/ISIET OCY-
LECTBUTD CJIEAYIOMmAs OYeBHJHAS TeopeMa.

Ecmu P (x) n Q (x) — MHOroujieHbl, TO HEPaBEHCTBO

P(x) ( P(x)
—>0 (—=<0
Q(x) Z Qx) < )
PaBHOCHJIbHO HEPaBEeHCTBY

P(x) Q) >0 (P(x) Q(x)<0).

CrpaBefIMBOCTb 3TOrO YTBEPXKAEHHS CJeAyeT U3 TOro,
YTO OTHOLIEHHE JeHCTBUTEJBHBIX YHCeJ MOJOXKHUTeNbHO (OT-
pullaTesIbHO) TOrAa M TONBKO TOrAd, KOrAa MOJOXKHTEJNbHO
(oTpuuatenbHO) MX IIPOM3BELEHHUE.

[Ipumep 1. Pemntb HepaBeHCTBO

(x1—1) (2 +3) (=4 x=8)y o
X% 4 dx — 12

[To cdopmynupoBaHHO# BhIlle TeopeMme NaHHOE HEpPABEHCT-
BO PaBHOCHJILHO CJIELYIOIIeMy HepaBeHCTBY:

(t—1) @x-+3) (—x2+x—5, (x2+4x—12)>0.

[MpencTaBuM JIeBYIO YacTb B BHJe [POU3BENEHHS MHOXH-
Tesleli MepBOH CTENEHH M HENPHBOAMMBIX MHOTOWIEHOB BTOPOH
CTENeHu:

—1=x—1) (x+1) (x*41), rae x*-41 — nenpuso-
ANM.

2F+4x—12 =(x—2) (x+6), —x*+x—5=—(x*—
— x--5), npuuem MHorouigeH x®—x--5 HempusonuM, TaKk
KaK ero pauckpumuHant A = 1—20 =—19 < 0. Tloxcrasus
HaifileHHBIe Pa3/oXKeHUs] MHOTOUIEHOB B MOC/EJHee HepaBeHCT-
BO, MOJIYYHM:

—2(x—1) (x+1>(x+§)<x’—x+5> (x—2) (x+6)> 0.

VunrwiBas, uto Tpexusenst x2 41 1 x*—x 45 umetor noso-
JKHTeJbHBIE 3HAUEHHS] MNpH JIOGBIX 3HAYEHHAX X, 3aAMEHHM
noc/ieZHee HEPABEHCTBO PaBHOCHJILHBIM €My HEPaBEHCTBOM
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(x --6) (x —{—%)(x +1) (x—1) (x—2) <O.

KopHu MHOrousneHa, CTOslEro B JIEBOM YacTH 3TOTO Hepa-
3
BEHCTBA, X, = —0, x,= -5 ta= —1, x,=1, x;,=2 Ha-

HeceM Ha 4YMCJOBYIO ockb (uepr. 17).

Ys Ys N ho% 4
yorrss X 2
-6 310 1 2 3 4 X
Yepr. 17
Toukamu —6, —%, — 1, 1, 2 uucnoBas ocp pas6u-

BaeTcsl Ha 6 HMHTepBAJIOB:

Y,=(2,4o), Yo=(1, 2), Yo=(—1, 1), ¥,= (_% —1 )

Y5=(—6, _%) Yy =(—oo, —6).

OueBuaHO, YTO 3HAUEHHE MHOrouseHa (x - 6) ( x4+ %) X

X (x+1) (x—1) (x—2) B untepBanax Y,, Y,, Y, nonoxunrensHo,
B uHTEpBanax Y, Y,, Yqorpunarensao. CnepoBarensHo, pelie-
HUSMM TOCJIEJHEro, a CJeJOoBaTesbHO, U JAHHOTO HepaBeHCT-
Ba OyAyT CAyKUTb BCE 3HAYEHUS X U3 HHTEPBANOB:

Va=(, 2) Yo= (=3, —1), Ya= (==, =6\

paCCMOTpHM ele Cucremy a.nre6pap1qecmlx HEepaBEeHCTB
nepBoﬁ cTeneHu C AByMs HEU3BECTHBIMH. Bcakas Takas cuc-
TeMa MOXKeT OblTb npuBejeHa K BHAY:

ax+ by +¢,>0,

ayx + by 4¢3 >0, ®)

Ak byl T € > 0.
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PemuM cHayana ofHO ypaBHeHue ¢ IBYMsS HEH3BECTHBIMHU:
ax-+by +c¢>0. 9)

Eciu b+ 0, To HepaBeHcTBO (9) paBHOCH/IBHO HepaBeHCTBY

a c
y>—73 *¥— 7 npa b>0

H HEpaBeHCTBY y < — % X — % npu b < 0.

Takum o6pasom, gocraTouno ymets peliaTh HepaBeHCTBA
y>kx-+0b, (10)
y < kx40 (1)

PaccmorpuM ypaeuenne y = kx -~ b. Tpadurom ero spns-
ercs mpaMas /, Kotopas fesuT BCIO miockocts XOY (uepr. 18)
Ha JBe nojyrjockoctu: | (Bepxuas) u Il (HuxkHss).

PaccMotpuM Ha mpsiMolt / HeKOTopyl ToOuKy A (%, yy).
Ee xoopauHaThl CBA3aHbI 3aBHCHMOCTBIO Y, = kyx,+0b.

st Touer B (x;, y,), Haxomsmuxca B nosymiockocTd I,
BLINIOJIHACTCS HEPABEHCTBO Y, < y; H, CJENOBATENbHO,

Yo < kx4 b;
g Touek C (xy, y5), JeXauyx B MOJYMJIOCKOCTH I,

Y5> kx +0b.

Tak kak B KavectBe A 6blna BeGpaHa moGasi TOYKA NPSMOH
[, TO OTCIO[]a MOXHO CJeJaTb CJELYIOWHUH BBIBOA: pelleHHs -
mu HepaBeHcTB (10) m (11) ABNAIOTCS KOOPAMHATHI TOYEK
COOTBETCTBEHHO BepXHell M HHUXKHeH MOJNYMJIOCKOCTeH, Ha KO-
TOpble [ENUT KOOPAMHATHYIO IJIOCKOCTh npsiMast y = kx -+ b.
Ecu B nepasenctse (9) b =0, TO HepaBeHCTBO NPHHHMAET
Buf: ax—+c¢>0, rme a+0. B 3ToM cayuae HepaBeHcTBy

c
YIOBJIETBOPAIOT Napbl YHCEN X, Y, TAe x> — _~npu a>0 u

c (]
¥ <—— mpu a <0, a y—moGoe HeficTBUTENHHOE UHCIIO.

leomerpuuecku 3TO 3HauMT, 4TO HepaBeHcTBY (9) npu
a>0u a<0 yJpoB/JETBOPSIOT BCE TOYKK COOTBETCTBEHHO
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YepT. 18.

npaBod U JieBoli MOJYILIOCKOCTEeH, Ha KOTOpHle AENTHT KOOpJH-

4
HATHYIO IIOCKOCTb TNpsMas X = — —,
a
TaxuM o6pa3oM, BO Bcex CJydyasx [eOMeTPUYECKHM pellle-
HEeM HepaBeHCTBa (9) SBJsETCS MHOMKECTBO TOYEK OJHOH H3
MOIYNJIOCKOCTEH, Ha KOTOpble KOOpJHMHATHAas IIOCKOCTb Je-
JUTCS TNpsMoi

ax—+by-+c=0.

Temepp fCHO, 4YTO AJI DeIlleHHs CUCTeMbl HepaBeHCTB (8),
Halo HalTH MOJYMJOCKOCTh PelleHHH KaxIO0ro U3 HepaBeHCTB,
a 3ateM B3ATb OOUIYI0 YacTb IOJYYeHHBIX 06/acTef.

Ecnu 31a obuiasi yacTb OyfeT mycroil, TO AaHHas cHCTeMa
HepaBeHCTB He HMeeT pellleHU . B MPOTHBHOM cilyuae MHOXKECTBO
pelueHn:t reOMETPHUYCCKH OyJeT NpeACTaBAATLCA MHOMKECTBOM
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UYepr. 19

TOYEK 9acTH MJIOCKOCTH, OTPaHHUEHHOH HEKOTOpO# 3aMKHY-
TOH WJM He3aMKHYTOH JIOMaHOW JHHHed.
[Ipumep 2. Pemntb reoMerpuueck# CHCTEMY HepaBeHCTB:

x+y-4+2>0,
2x—y <0,
x—2<0,
6—y>0.
[peoGpasyeM JaHHYIO CHCTEMY K BHAY:

y > —_—X— 2:
y > 2x,

x L2,

y L 6.

U3 uveprexxa 19 BHAHO, 4YTO pelleHHEM [aHHOH CUCTEMBI
HEPABEHCTB SIBJIETCS MHOMKECTBO TOYEK YeTbIpeXyro/bHHKA
ABCD, uiu cuCTeME HEpaBEHCTB Y[OBJETBOPSIOT KOOPAHHATH
TeX W TOJLKO TeX TOYeK, KOTOpble HaXOAATCSA BHYTPH YeThl-
pexyroabhiuka ABCD.
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