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Y meepamOcHo dueHolm coBermom
HayuHo - memoduveckozo Kahurema
no 3aouHomy oby4eHuro yuumenets

MPEAOWCJIOBHE

Onbit  paGoThl Ha 3a0YHOM OTAeJeHHH MoCKOBCKOro
00JIaCTHOTO MejarorH4ecKoro HHCTHUTYTa MOKa3blBaeT, YTO
HauboJbLIYI0 TPYAHOCTb B KYypce aHaJHTHYECKOH reoMeTpUH
CTYHeHT-3a0YHMK BCTpedaeT NpPH Hu3ydeHHH OOLIEH TeopUH
noBepXHOCTeH BTOPOro MopsijKa.

B HacTosiieM mocoOMH JeJaeTcsl MONbITKa HaTbh OoJee
IpocToe, HO CTPOrOe H3JO:KeHHe 3TOro BOlpoca B COOTBETCT-
BHH C CYUECTBYMOIlefl NporpaMMoii MO aHAJHTHYECKOH Treo-
Metpuu TeopeTuueckuil MaTepual CONpOBOXKAAETCS pelleHHUs -
MH 3amad, 4To ofsieryaet ero NOHHMaHHe.

[Npeanonaraemoe yueGroe mnocobHe Obl10 OGCYXKASHO Ha
3aceflaHMn Kageapn reomeTpun MocKoBcKoro 006JacTHOro me-
Jaroru4ecKkoro WHCTHTYTA.

Boipaxkaio ray6okylo OJarofapHOCTb 3aBelyHOlleMy Ka-
¢enpoit reomeTpun MocKoBCKOro 06/1aCTHOrO Nefaror{yeckoro
HHcTuTyTa npod. BaxsasoBy C. B., chenaBuemy psii ueH-
HBIX yKa3aHuli K paborte.

[Ipu cocTaBiieHHH nNOCOOHsi HCIHONB30BAHbl YYeOHHKH IO
aHanutuueckoii reometpun: Hemonwe B. H. u Paiikosa /. C.,
Mogenosa I1. C., Browrenca C. C., Maagsuesckoro B. K.
u «COOpHHK 3ala4 M yNpaXKHeHHH MO aHaJHTHYECKOH reomer-
pun» LlyGepGuaaep O. H.




§ 1. Popmyas npeoGpa3oBaHHs NPSAMOYroJbHOH AeKAPTOBOH
CHCTEMbl KOOPAHHAT B NPSAMOYroJibHYI0 J€KapToBY CHCTeMYy

. IlycTe B mpocTpaHCTBe JaHbl /Be [POH3BOABHbIE apduu-
Hble CHCTeMbl KOOpAHMHAT (Oxyz) H (O'X'y’2') ¢ elHHUYHBIMH
BEKTOpPaMH (el, es, ea) " (el, ez, e3) d NYCTb 3ajJaHo MOJIo-
XKeHHe cHCTeMbl KoopAuHar (O'x’y’z’) oTHocuteabHo (Oxyz):

ZI

Yepr. 1

O’ (%03 Yo 20)
61 {pl, Ph Px)

p—

e; = {pz; p3; )

es = (P3; p3; pil

Hajinem  3aBucu-
MOCTb MEXAV Koop-
auHaTtaMu (x;y;2) H
(x',y’,2") omHoi W
Tol xe TOukM M OT-
HOCHTEeJbHO  pasJiHy-
HbIX CHCTEM KOOpAHHAT
(vept. 1).

Hmeem:

OM = xe,-+ye,+zeg;
00’ =x,e,+Yyoeat2oes

O'M=x'e; +y'e; + 2'es =
= (pier + ple: + pley) x' + (prey + pies + pigy) v’ +
+ (pier + ples + pies) 2’ = (pix’ + pay’ + pi2’) ert+
+ (Pix" + ply’ + pie’) e + (pix’ +p3y’ +pi2) e



Ho OM = 0'M + 00’, orkyza noaydaem:
x=pix' +py +pE’ +x;
y=pix' +py +p + Yy ()
2= pix’ +py’ +pi’ 2
PaccMoTpHM ToT cayvail, Korga ofe CHCTeMbl KOOpIHHAT
(Oxyz) u (O’'x"y’2") npsiMoyroJibHble AEKApTOBHI, T. e.
ler| =|ea] = |eg| =|er| =|ea| =|es] =1

H BeKTOpbl €1, €, € W €, e, €3 NonapHO MepneHJUKYJsp-
. Torpa:

P)*+ P+ )r=1 (i=123);
pipt+pipi+pipt=0 (i+j i,j=1223).
B sTom caysae ¢opmyanr (1) sBastorcs dopmynamu npeo6-
pa3oBaHHs MPSIMOYFOJNbHOH JEeKapTOBOH CHCTeMbl KOOpIAHHAT

(Oxyz) B mNpSMOYroNbHYIO NEKapTOBY CHCTeMY KOOPAHHAT
(lelylzl)

@

Onpezenntenn
Pi P; P;
A= |p2pipi|=(eresen) = £ 1.
P} pi s

Ecim (eyezes) = + 1, 10 cHcTema koopamuaT  (O'x’y’z’")
WMEeT TaKylo Jke OPHEHTAaUHIO, KaK H CHCTeMa KOODIHHAT

(Oxyz), ecan (e eses) = — 1, To 06e CHCTEMbl HMEIOT npo-
THBOTIONOXKHbIE OpHEHTALHH.

Ecnn Hauano woBofi cucrembl KoopauwHaT O’ coBmagaer
C Haya/oM CTapoH CHCTeMbl KOOPAHHAT O, TO Xy = Yo = 24 =0
u ¢opmyasl (1) umeloT BHA:

x=pix" +py +p’s
y=px’ +p3y +p3; )
z=p¥' +py +p’

Ecnu BLIMOMHSIOTCS yenoBHst (2) H (e; eses)= -+ 1, To dop-
MyJabl (3) sBasiioTcs (opMyJiaMH npeoGpa3oBaHHS BpallleHHs
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NpsIMOYroNbHOM NeKapToBo# cHCTeMH KOODAHHAT (Oxy?) BO-
kpyr Havaaa O (uepT. 2).

24 z

Yept. 2

Eomn e, =e, ={1; 0,0}, ea=e,=1{0;1; 0}, es=
=Z, = {0; 0; 1}, To (opmyab (1) uMeloT BHA:

=x" + X
y=y" +9 (4)
z2=2"+2,

dopmyne (4) sBasioTcs (opMynamu NpeoGpa3oBaHus Napan-
JeNbHOro MNepeHoca CHCTEMbl KOOPAHHAT (Oxyz) (uept. 3).

z' O6uee npeoGpaso-
Baue (1) npsamo-
YyronbHOM JIleKapToBOH
CHCTEMbl  KOOpLMHAT
(Oxyz) Moxet ObiTb
nojiyueHo mnyTtem Io-

A clleloBaTeNIbHOro  Bbl-
noJHeHus npeo€paso-

X Bauud (3) H npeob-

L pasoBanHa (4) napaJ-

p JieIbHOTO MepeHoca.

2. Iyctb naH Bek-

y TP a = {a,: a; a;)

Yepr. 3 OTHOCHTEJbHO adpHH-
HOW CHCTEMbl KOOpIH-
nar (Oxyz) ¥ nycTb 3afaHO MoJoXeHHe apPHUHHOH CHCTEMbI
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koopanHat (O’x’y’2’) OTHOCHTENLHO CHCTEMH KOOPAHHAT
(Oxy2):

0’ . . . o { 1, .2, 3} i=1. 2 3

(%03 Yo5 20); €= 1pi; pi; pif  (i=1, 2, 3).
OTHOCHTENIBHO CHCTeMbl KoopiHHaT (0'x'y’z’)
a={a; ay a3}.

Haiinem 3aBHCHMOCTb MeXNY KOOpPAHHATaMH @;, @y, Q3 H
a1, ay, a; BEKTOpa a.

IycTh A — HavaibHAas ToWKa BekTopa @, B — koweunas
ero TOYKa M NYCTb OTHOCHTEJBHO CHCTEMbl KOOpIHHAT (Oxyz)
umeeM A (x1; Y15 21), B (xs; Y2 22), @ OTHOCHTEJNBHO CHCTEMbl
koopauHar (0'x'y’z’) umeem:

Ay 2), Bxy vy 2)).
Toraa no dopmyaam (1) momyunm:

— ply’ : 15 .
= pix; +py, + Pz, + Xoi
y1 = pix, + ply, + P32 + Yo
21 = pix) +p3Y, + Pz + 20

x, = pix, + piy, + p3z, + X}

Yy, = pixy, + Py, + P32, + Yo

z, = p3x, + p3y, + P32, + 2.

Orkyna umeeMm:

Xy — X1 = p} (¥, —x}) + pi(y, — ¥) + Py, —2);

Yo— 1 =P, —x) + P2 (W, —y) +Pi(E—2) ()
z—2=p}(;—x) + P34, — ) + PiE — 2)-

Ho
Xo— X1 =01, Y= Y1 =0Q3; 22—21 =0qg;

Xo— X\ =0}, yY,—Y, =a; 2,—2z =0, 6)
W3 pasencts (5) u (6) mosyyaeM HCKOMBle (HOPMYJIbI:
a = pia; + pya; + pyas;
a, = pla, + pla, + pla;; @)
% = pia; +pia +P3 o



3. Ecan cmemaHHOe mnpoH3BeneHHe (e2e2 e) =1 n Bb-
NoJHATes yeaoBusi (2), To u3 dopmya (1) nomyunm:

(x —x0) p; P p} (x — xo) Py
¥ =\(y-—y)piril; ¥ =P —y)Pi|;
(z—2,) p3 3 P}z —2z0) P}
pipy(x—x,)

2" = pip; (4 — Yo
p3 p; (z—2,)
Ho u3 ycaoBuit (2) caemyer, 4TO BeKTOpPHBIE NPOH3BENCHHS

e1Xey = e3; eyXes=e;; esXe; = ey

H TOTOMY. _
%" =pix + ply + piz + x5
Y’ = psx + psy + pdz + 4y ®)
2’ = pix + pay + piz + z,,

rjae

%o == (pixo + Pl + piee) Yo = — (phto + phye + pizo)

1 2 3
2o = — (p3x, + pPay, + P32o)-

IlpeoGpazoBanns (8) HasmiBalOTCs 0OpaTHBIMH TNpeobGpaso-
BapuaMm (1).

§ 2. KaaccHpHKAUHUS nOBEPXHOCTEN
Hi3BecTHO, 4YTO BCSIKOE YpaBHeHHe
F(x,y,2)=0 1

MOXKHO paccMaTpHBaTb KaK ypaBHeHHe [OBEPXHOCTH OTHOCH-
TeJbHO JaHHOH CHCTeMbl KoopJHHAaT (Oxyz), TNpHYeM, eclH
ypaBHEHHE COAEPXKHT TOJbKO JBe MepeMeHHble, HamnpHMED
HMeeT BHA:

D(x, y) =0, @)

7O GHO #BJsieTCs YpaBHEHHEM LH/IHHIPMUECKOH MOBEPXHOCTH,
ofpasyioliye KOTOpo# MapaJjJiesibHbl OCH, OAHOHMEHHOH ¢ OT-
CYTCTBYIOIEH! B VpaBHeHHH mnepeMeHHOH (uepT. 4).

8



B HeKOTOpHIX C/Ay4assX MOXeET OKa3aTbCH, YTO JAHHOMY
ypaBHenuto (1) yIoBJeTBOpSieT JIHIIb KOHEYHOE YHCJO TOUeK.
Hanpumep, ypaBHeHHIO

242 +22=0

ylloBJeTBOpsieT JHLIb ofHa Touka M (0; 0; 0).
Takum o6pasoM, nosepx-

HOCTb MOXET COCTOSITh JIHIIb z

M3 KOHEYHOTO YHCJa TOYeK.
MoxeT o0KasarbCs, YTO

He CYIeCTBYeT TOYKH IIpo-

CTpaHCTBa, KOOPIHHATHl KO-

TOpoil  yHAOBJETBOPHJH Obl

ypasuenuio (1). Hampumep,

ypaBHEHHIO

X2+ 42 +222+5=0

He YAOBJETBOPSIIOT HHKaKHe
neHdCTBHTE/IbHBIE  3HAYeHHS
X, Y, 2, H, CJeNOBaTe/bHO,
NOBEPXHOCTb, OIpefeeHHas Uepr. 4

3THM YypaBHEHHeM, He Co-

Jep¥HT HH OJHOH TOYKH TNPOCTPAHCTBA.

IOas Toro uTOGK NpH AajbHeHIIEM H3JIOKEHHH MaTepHa-
Ja HMeTb BO3MOXHOCTb (POpPMYJHpOBaTb OOllHe YTBepIKAeHHUA
OTHOCHTEJIbHO pPasjHYHbIX B3aHMHBIX PAacnoJioXKeHHH QHryp,
KaKk H B aHaJIUTHYEeCKOH TeoMeTpHH Ha MJIOCKOCTH, 3JeCh Iie-
JIeCOOGPa3HO BBECTH TOHSITHE «MHUMAS MO4KQA».

Onpepeaende 1. MuuMmoli Touko M Ha3oBeM TpOHKY
KOMIIJIEKCHBIX 9HCeN: X = @; + byl, y = as + bai, z = ay-+-b,i
(uncaa by, by, b, He paBHBHI HYJIO ONXHOBPEMEHHO).

Ykcaa X, y H 2z HazoBeM KOOPAHHATaMH TOYKH M.

Touku M; (ay + bii; Gy + bai; @3+ byi) B Ma(ay — byi;
@y — byi; ag — bgi) Ha30BeM MHHMBIMH COMNpSI2KEHHLIMH.

YcaoBHMCST CUHTaTh, YTO Bce (POPMYyJibl, [OJYUeHHblE HJis
TOYeK, KOOpPAHMHAThl KOTOPHIX AeHCTBHTE/bHblE YHCJA, OCTaloT-
cA COpaBelJIMBLIMH H JiJIi MHHMbIX ToueK (Hanmpumep, ¢op-
MyJa AJHHBI OTpe3Ka, Je/fellds OTpe3Ka B [aHHOM OTHOLle-
HHH H ApYTHE).

BBeneHHe MHHMBIX TOYeK ONpaBAbIBAETCS TAKKe M TeM,
YTO MPH pelleHHH HEKOTOPbIX $alad aHaJHTHYeCKOH reomer-
pun Mbl OyleM nojyuyaTb JeACTBHTE/NbHbE pe3yAbTaThl He-
3aBHCHMO OT Toro, OYyAYT JAHM KOOpPAMHATH JaHHBIX TOYeK

9




HeHCTBHTEJbHBE HJH MHHMble. [Hanprmep, cepeanna oTpes-
Ka, KOHLbI KOTOPOTO CYTh MHHMBIE COTPSIJKEHHBIE TOYKH
M, (a; + byi; as +bais  ag+ byi), Msy(ay— bii; @ — byi,
a3 — bgi) ecTb neficTBHTesNbHAs Toyka M (x, ¥, 2), TaK KaK
x1-2l-xa —a, y=yl‘gy2
[TycTb HekoTOpasi NOBEPXHOCTb 3ajlaHa OTHOCHTEJIbHO
a(punHON cHCTeMbl KoopauHaTr (Oxyz) ypaBHeHHeM

F(x,y,2)=0. )]

Kanaccupukauns noeepxHocTefi B aHAJHTHUECKOIl IreOMETpHH
NpOBOAHMTCS Ha OCHOBaHHU XapakTtepa ¢yHKuuH F (x,y, 2).

Onpegenenwe Il. Ecan ¢yukums F (x, y, 2) ecTb MHoro-
4jleH n-# CTemeHM NEpPeMEHHBIX X, Y, 2, TO IIOBEPXHOCTb,
onpefieJisieMan ypaBHeHHeM (1) HasbiBaeTcss ajreGpanyecKoi
NOBEPXHOCTLIO 7-TO MOpsilKa.

Ecau F (x, y, 2) He siBJsieTCs] MHOTOYJIEHOM, HO Hal ypaB-
HeHveM (1) MOXKHO NpOHM3BECTH KOHEYHOe YHCJIO adreGpanye-
CKHX JeACTBHH, B pe3yJbTare KOTOPbIX OHO OyJeT HMeTb
BHA:

X = = Q,, 2=

a2 _
5= =as.

D (x,y,2)=0,

rae @D (x, y, 2) eCTb MHOTOYJeH, TOrZa MOBEPXHOCTb, OMpe-
lensiemasi ypaBHeHHeM (1), OyzmeT uacTbhio ajireGpandecKol
MOBEPXHOCTH HJH COBNAjaeT ¢

7 ne#i. Hanpumep, ypaBHeHue:

z=+VeELf -1

onpezeJsisieT 4acTb TOBEPXHOCTH
OZLHOMOJIOCTHOTO  runepGoJoHAa
(uepT. 5):

B+yr—22=1

Onpenenenve I1I. TIloBepx-
1IOCTb, He §BJsIOmMIAsiCs aJreo-
pauYecKoil NOBEepXHOCTBIO HJIH ee
Sl Lot YACTblO, Ha3bIBaeTC TpPAaHCHEH-

] JIEeHTHOH MOBepXHOCThHIO.

Hanpuwmep, nosepxHocTb, 3a-
NaHHasi ypaBHeHHeM sinx -4y 4
+ e? =0, ecTb TpaHCIEHJEHTHas.

Onna ®H Ta e TNOBEPXHOCTb OTHOCHTEJIbHO pa3J/MUHBIX
CicTeM KOOPDJAHHAT HMeeT YpaBHEHHS] pasJMYHOTO BHJA.

10
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EcrecTReHHO, BO3HHKAeT BOMpPOC: He MOXKET JH OKA3aThCs
YTO MOBepXHOCTb aJjrebpanyeckasl B OJHON CHCTeMe KOOp-
IuHAT, OyleT TPaHCUEHAEHTHON B APYro#?

OrBer Ha NOCTaBJEHHbLIH BOMpoC JAaeT CJefylomas Teo-
pema.

Teopema 1. Ecau nosepxnocms, onpedersiemas ypas-
nenuem (1), omuocumeasno agdunrod cucmems. KoOpou-
nam (Oxyz) seasemcsi aseebpauyeckol NOBEPXHOCMBIO N-20
nopadka, mo u omrocumeabHo 10600 adPurHHoL cucmemsl
Koopdunam oOHa Oydem aneeOpauvecKol NOBEPXHOCMbIO N-20
nopsaoka.

Tak Kak maHHasg [0BEpPXHOCTb OTHOCHTEJIbHO CHCTEMEI
KoopIHHAT (Oxyz) siBAsieTCs aJareGpaHyeCKo¥ INOBEePXHOCTDHIO
n-ro mnopsiika, To no onpenenenuto (II) F(x, y, 2) ectb MHO-
roujieH n-ofi CTeNeHHW NepeMeHHbIX X, Y, 2. Bo3bMem mpous-
BosibHYIO adduHHYIO CACTeMYy koopauHaT (O'x’y’z’) u 3ana-
IHM ee TOJIOXKEHHEe OTHOCHTEJbHO CHCTeMbl KoopauHaT (Oxyz):

0’ (xo; Yo 20, € = {pi; ph Pl (i=1,23).

B § 1 6bmn naiimenw ¢opmyan (1) mpeo6pasoBanus addus-
HOR CHCTeMbl KoopaWHAT (Oxyz) B aG¢¢HHHYIO CHCTeMY KoOp-
muuat (O’x’y’z’). TDomctaBuB x, y, 2, HalieHHble MO 3THM
tdopMynam, B ypaBHeHue (1), moayuum:

F(x’ y’ 2) = F’ (x’9 !/'» 2')'

YpaBHeHHe NaHHOW NMOBEPXHOCTH OTHOCHTEJbHO CHCTEMBI KO-
opauHat (0'x'y’z’) 6yner umeTb BHA:
F'(x',y’,2")=0.

Tak xak B dopmynax (l) KoopauHaTel X, y, 2 JAHHEAHO BHI-
pa)kaiorcs uYepe3 KoopaHHaTel x’, y', 2’, TO, OUEBHIHO,
F'(x’, y’, 2') ecTb MHOrOuNeH m-ii cTeneHH, npudyeM m < H.

[Tokaxem, uto He MoxeT OwiTb m < n. HonycTum, 4to
cTeneHb m MHorouneHa F'(x’,y’, z’) MeHblle cTeneHwu n
MHorousiena F (x, y, 2), T. e. uTo npH ofmieM npeo6pasoBa-
HHH CHCTEMbl KOOpPAHHAT CTeNeHb MHOTOYJEHa MOHWXKaeTCsl
CosepwinB npeoGpasopanue (8), § | o6paTHoe npeobGpasoBa-
Huio (1), moayuum:

F' (x5 952"y =F(x, ¥, 2),
npHYeM CTencHb n NpeobpasoBaHHOro MmuorowieHa F (x, y, 2)
JoaxHa ObiTh He OoJibllie CTENEHH M [NAHHONO MHOTOYJEHa
F'(x', gy, 2°).
H



[TpHxomuM K TPOTHBOPEYHIO.

Hrak, m = n.

Ecnu neBas uyactb ypaBHeHusi (1) ecTb NpoH3BeneHHe
JBYX MHOXKWTeJeH, KaxJbii H3 KOTOphIX €CTb MHOTOYJEH,
T. €.

F()C, y, Z) = cp(x, y, Z)"P (xa Y, Z), (2)
TO BcsiKasi Touka M (x; y; 2Z), TpHHaLJexalmas no KpafHeH
Mepe OIHOH M3 MOBepXHOCTeH, OmpejeJisieMblX YpaBHEHHSMH:

¢ (x» Y, Z) =0; (3)
(¥, 4,2 =0, @
NpHHANJIEXXUT H NOBEPXHOCTH, OmpeleJisieMofi ypaBHenHeM (1).
O6paTHo, ecniu Touka M (x, y, Z) TPHHALIEXKHT TOBepX-
HOCTH, ollpefesisieMoH ypaBHeHHeM (l), TO oHa mpHHaLJeXHT
no kpafiHefi Mepe opHoH H3 nosepxHocred (3), (4). Cneno-
BaTeJIbHO, TOBePXHOCTb, ONpefiesiieMasl YpaBHEHHEM:
¢, 4, 2)- (% 9,2 =0,
COCTOHT H3 JBYX NOBEPXHOCTell, OonpelesifeMbiX ypaBHEHHSMH
(3) u (4); uHorZa B 3TOM CJyuyae rOBOPSIT, UYTO MOBEPXHOCTb
(1) pacnamaercss Ha noBepxHocTH (3), (4).
HanpuMep, noBepxHOCTb:
24yt 2y—22=0
pacnajaeTcs Ha Napy MJIOCKOCTeH:
t+y—z=0

Lt4+y—+z=0.

H

§ 3. Ynmpouenne ypaBHeHHsi MOBEPXHOCTH BTOPOro Mopsika
NPH MOMOLLH BPALIEHHSI CHCTEMbl KOOPAWHAT BOKPYr Hauaja

[lyctb B mpocTpaHcTBe 3alaHa NpSIMOYTOJbHAsI AeKap-
TOBa CHCTeMa KoopiHHaT (Oxyz). M3 onpepenenns 11 § 2
CJeJyeT, YTO IOBEPXHOCTb BTOPOrO TMOPSAKA OTHOCHTEJBHO
cucteMnl KoopauHat (Oxyz) HMeeT ypaBHEHHe BHIA

2F (%, y, 2) = a11%% + Qaoy® + 04322 -+ 2a55xy + 2a35x2 +
+ 2a55y2 + 2014% + 2004y + 20342 + a4g = 0. 1

B nanbheftiueM Ko3bGHUHEHT a;;, GyleM HHOMAA 3aNHCH-
BaTb Gpi, T. €. Qip = Qp;. YUJEHHW a11X2, Qo0l?, Q3522, 2a;0xY,
2ay4x2, 2a,3yz HA30BeM CTApIIHMH 4ieHaMH ypaBHeHHs (1).
12



Kosdduurnentst a;; B ypaBHeHHH (1) Moryr HMmeTh JoGble
NeficTBUTE/IbHBIE 3Ha4YeHHsi, HO B CTApUIMX YJIeHaX OHH He
IOJUKHBI ObiTb paBHbI HYJIO ORHOBPEMEHHO.

3ajgaTe onpeleNeHHYIO MOBEPXHOCTbH BTOPOro HOPsAKa
o3HavyaeT 3aJaTb ONpefesieHHble 3HaYeHHs1 KO3(P(hHIHEHTOB
a;; B ypaBHeHun (l). Tak kak B ypaBuenuu (1) geBsTb He-
33aBHCHMbIX KO3(pdHUHEeHTOB (Ha OAHH H3 KO3P(HUIHEHTOB,
OTJIMYHBLIL OT HYyJs, ypaBHeHHe (l) MOXHO pasienuTs), TO
IJs1 onpejesieHHs] MOBEPXHOCTH BTOPOro MOpsSgKa HYXKHO 3a-
IaTb JIeBSiThb €€ TOYeK.

EcTecTBeHHO MOCTaBHTH CJELYIOUIHE 3a/la4H:

1. Onpenenuts BCe BHABI NOBEPXHOCTEH BTOPOrO NMOPAAKA,
3afaHHBIX oOwuM ypaBHeHueM (1).

2. Ha#itu npocrefiliee (kaHoKu4eckoe) ypaBHeHHe MOBEpX-
HOCTH, 3afaHHOH OOIHM ypaBHeHHeM (1).

HM3BecTHO, YTO OgHA U Ta Xe TNIOBEPXHOCTb HMEET pas-

JHYHLIA BHA YpaBHeHHH OTHOCHTENbHO pasjHYHBIX CHCTEM
KOOpJAHHAT.

[Tycte cucrema koopaunar (Ox’y’z’) moaydeHa u3 CHCTe-
Mbl KoopiHHaT (Oxyz) NoBOPOTOM ee BOKpYyr Hauasa O (uepr. 6);

/*'

2
7'

Yeprt. 6

BeKTOpHI €1 = {p1; pi; Pi}, €2 = {ps p3; p3), e = {p}; p3; p3)-
equHHYHble BeKTOpH oced Ox’, Oy’, Oz’. Toraa:
(PL + (P + ()R =1 G=1,2,3);
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P} + P10} + pip}=0 (b= L 2'3);
i+]
(e1eres) = + 1.

Haiinem ypaBHeHHe 10BepXHOCTH (l) OTHOCHTEJBHO CHCTe-
AN ey )

mMbl KoopauHat (Ox'y’z’). Popmyabl NOBOPOTA HMEIOT BHA:
X =pix’ +py + pge’s
y=npix' +pyy + i’ @
z=p¥x’ + ply’ + plz’.

[MoxcTaBuB 3HauyeHHs X, Yy, ¢ H3 c¢opmya (2) B ypaBHe-
uue (1), mocsie nmpHBeleHHA MOAOGHHIX 4JIEHOB MOJYYHM ypas-
HeHHe JaHHOHA MOBEPXHOCTH OTHOCHTEJIbHO CHCTEMbI KOOpJH-
Har (Ox'y’z’) B BHie:

@) X'+ apy'? + 032" + 241,x"y" + 2a,,x°2" + 244’2’ +
+ 2a} %' +2a,,y’' +20a,,2" +a,, =0, rae ()
ayy = (a,p + 6,03 + a,303) P} + (@) + @y} + ag,p)pi+

3 3
+ (ag,p] + agopf + a550%) P} == 2 2 a,,; p| P,

i=1 jexl

@y = (@yy Py + Q1oP5 +@13P3) Pyt (g P; -+ AgaP] + Ay PR)PE+

3 3
+ (aslpé + a,,P3 + ayp3) P} = 2 2 a,; pipi,

i=] jml

a3 = (@),P; +ay,P3 +ayyp3) py + (8P} + ay,p3 +a,,03) P34+

3 3
+ (@P} + 8y} +apf) o = V) Y i,

iml ja=l

iz = (@,P} T ay,P} + a,30}) Py + (@51 + GypF +agyp}) P+

3 3
+ (@} + aypl +aup)) = ¥ Y 00003,
tml fm]
14



3= (d“p} + a0} + alsp?) Py + (amp} + @,,p} +a‘¢’3p?) P+t

3 3
+ (@np} + agp} +agp) 0 = 3, ¥ @ pipi,

i=1 i=l

= (@npy +a0; + ayh3) Py + (ampz QyoP3 +a55P3)P5+

1 9 3\ 3 — i i
+ (@ Py + a5y05 + aaapz) Py = E 2 a;; Pips,
i=1 j=I
3
Co 1 2 3 _ i
ay, = a,,p} T aypi + a5,p; = 2 Qi Py
i=l
3
oo i 9 3 _ i
Ay = Q) Py T QyuP; + APy = E a,, P3
i=1
3
— 1 2 3 _ Py —
Ay, = Ay Py T QD% + Ay p3 = zau P3Oy = Gy

i=l1

Hau, Kopoue:

3 3
E Napipl ®r=12.9 @
-
a, = 2 a,pt (1=123) 3"
i=1
@y, = a,,

[MoctaBum ciepylollylo 3ajauy: HaHTH TakHe MONAapHO
népneHUKyJsipHble HanpasieHuss oceél (0x’), (Qy’), (02°),
4TOObI JaHHasi NOBEpXHOCTb BTOPOro MnopsakKa OTHOCHTEJIbHO
cucreM KoopauHar (Ox’y’z’) He uMesna B CBOeM YPaBHEHHH
YJEHOB, COIEpIKALIMHX MPOH3Be/eHHsT NEePeMEeHHbIX.

JlonycTHM, uYTO CYIUECTBYIOT eJMHHYHbie BEKTOPH &) =
={pi: ps P}, €2 = {ps p3: p3), &3 = {ps; p; p3}, mmerompe
HCKOMBIE HaMpaBJieHHs.

Torza HMeIOT MeCTO C/eAYIollHe PaBeHCTBa:

a1, = (a0} Fa,pt + 30} Py + (2P} + ag,p} a5,03) P} +
T (@5,0] +a5,p7 + agp}) p3 =0; (4)

15



A= (a“p} +a,,nf +a,p3) pl 4 @yp} + yyD} +ay3p3) P +
T (@yp) + ay,p? +ag,pd) py=0;

Gy == (a1,P} + @1oP3 + @,30)) P} + (a,,P} + @yyp3 + ay,pp3 +
+ (@35 + a,p3 + ay,pd) p3 =0.

Vs nepseix 1Byx ypaBHeHuil (4) uMmeem:

1 2 31 Pip; |
@, P1 T @}t ap} = p2pd |’
3P3
1 2 3 =) PPy | 5
Ay Py T GyoP] + Byypf =) pipt|’ ()
3 P3
a.p! +a.p 3 =) P> P;
31P1 T 8g,PF + Agpi =) pip? |
303

BekTopbl €1, €2, €3 — eMHHUHbIE H NONApHO NepleHAHKYIsp-

Hple H NOTOMY BEKTODHOe MpOHM3BEJEeHHE
ey X é3 = e,

HITH

2.

=D

pin; ‘ L pip;
I IR Y
YpaBueuusi (5) npHUHUMAOT BHA:
a,p} +app} +a,p} =Aipl;
Ay P} + gy} + ayyp? = ApT; &)
a31P) + AgoP} + agp} = Mo}
YpaBHeHust (5) MOXKHO 3aNHCaTh B TAKOM BHAE:
@, — N p} ta,pt +a,p}=0;
@y P} F @y — N P} + ay,p} =0; ©)
AP} + 3P} + (a3 — V) p} = 0.

Us pasencre a), =0, a,; =0 u a;, =0, a3, =0 ana-
JIOTHYHbLIM 00pasoM MOXKHO NOJIYYHTb, 9TO KOOPAHHAThHI BeK-
TOPOB €2, €3 YHAOBIETBOPAIOT CHETEMaM ypasHeHHH BHAa (5).
16
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Cuctema (5") MMeeT OTJIMYHblE OT Hyjsi pewienusi pl; p%; pid
TOrZa W TOJIBKO TOTAA, KOTAA A SIBJSIETCS] KOPHEM YpaBHEHHS:
ay— M\ ay aig
D ()‘) = lag 3o — A Aoz | = 0.- (6)

Qg1 Az Qgg — A
YpaBHeHue (6) HaspiBaeTcsl XapaKTepHCTHYECKHM ypaB-
HeHHeM TIOBepXHOCTH, 3ajaHHOH ypaBHeHueMm (l). ¥YpaBhe-

Hue (6) uMeeT TpH KOpHSA Aj, Ag, Ag, U IAS1 KaXKAOTO KOpHS

CYLIECTBYeT COOTBETCTBYIOLee HEHYJeBoe pelleHHe CHCTe-
Mt (57):

ex = ok pispi}  (k=1,2,3).
3anumem cuctemsl (5°) B BHAE:
@y —M) py +app; + a0 =0

@y Pyt @y — ) pi +aypy =0; )
gy Py + Agoph + (@g; — M) pi =0
k=123
WM KOopoue:
3
2 a,py=>pp (i=12,3 (Y]
=1 k=1,23/"

Cucrema ypaBHeHHuil (5”) Ha3biBaeTcs CHCTeMOH YypaBHeHHi
enasHblX Hanpasaenuil. BekTop, KOOpAHMHATH ~ KOTOPOTO
YIOBJIETBOPSAIOT CHCTeMe ypaBHeHu#t (5”), Ha3blBaeTcsi BeKTo-
pOM, HMEIOLIHM IJ1aBHOE HampaBJieHHe.

Bonpoc 0 CydlecTBOBaHHH BeKTOPOB, HMEIOLUIHX TIJIaBHOE
HanpaBJeHHe, TeCHO CBfI3aH C BONPOCOM O CYIIeCTBOBAHHH
pelleHHH XapaKTepHCTHYeCcKoro ypaBHeHHs (6). Ilpu uccue-
LOBAHHH 3TOTO BONPOCA Mbl BOCNOJIb3YeMCsl H3BeCTHOH Teope-
MOH anreGpbl O TOM, YTO €CJIH YypaBHeHHe JIOOOH CTeneHH
C JeHCTBHTEJbHbIMH KO3(p(dHIHEHTAMU HMeeT KOMIIEKCHBIE
KODHH, TO 3TH KOpHH GYAYT INOMApHO COTPSIMKEHHBIMH.

ITycts A\ u X\, — 1nBa pasiuyHEle KOpPHS XapaKTEepHCTH-

YeCKOro ypaBHeHHs. Torja cymecTBYIOT IBa HeHYJEBRHIX
BEKTOpa:

el = lpliplipil. @ = ok i ),
17



KOODJIMHATEl KOTOPHIX ~ YAOBJETBOPSIIOT ~ ypaBHeHHAM (57)
COOTBETCTBEHHO NPU A =13, A=A, T. €.

ay,p} +appt + a0} = A pj;
ayoP) + AgP? + ayp} =\ p; ()
ay,p} +a3yp? +agp} =2 p};
p T aP5 +ap5 = \pi;
g, Py + Ayob; + agyp3 = ), p3; (55"
@y, Py + A3P; +ayp; = Mypj.
YmHoxuB pasenctsa (5)°) coorseTcTBeHHO Ha pl; pZ; p3 u
CJIOKUB MOJy4YeHHbie PABeHCTBA, HMeeM:
(@,,p} + a, P} +a P Py + (@ p] + ay,p} + aypY) i +
+ (a5,p] +a,p} +ayp) P =1, (pipy T PP+ PIP)- (@)

r22

YMHOXKHB paBeHCTBO (5,') cooTBerCTBeHHO Ha pl;p¥pd u
CJIOKHB MOJy4eHHble DaBEHCTBA, HMeeM:

@,,p} +ay,P} + a5, p}) Py 1 (@50} + ay,p7 + a,,p3) P} +
+ (@30} + ay30% + agp3) p3 = A, (pip) + piv: + pipY). (6)

Tak kak a;; = aj;, To JleBble YacTH paBeHCTBa (@) u (6) cos-
najawor. CnefoBaTe/bHO, BbIYHTAst H3 paBeHCTBA (@) paBeH-
cTBO (0), MMeeM:

A —2) (pipy + pipi + pip)) = 0. C)

Teopema 1. Bce Kopru xapaxmepucmudeckozo ypasre-
Hus (6) OelicmsumensHeole.

Tak kak Ko3(pHIHEHTH XapaKTepHCTHUYECKOro ypaBHe-
HHs (6) — neficTBUTeNIbHBIE 4YHCJIA, TO ORHUH H3 €ro KopHeH
BCerfa AEHCTBHTe/bHbIA. JlomycTHM, 4TO XapaKTepHCTHYECKOe
ypaBHeHHe HMeeT KOMILIEKCHBIH KopeHb Ay =a -+ Bi. Toraa
A =oa-—@i Takxe sBasercs KopHeM YypaBHenus (6) . [lpu
)\=)\1 CHCTeMa ypaBHeHHH (5"’") mMeeT HeHyJeBOe pelleHHe

pl=a, +bi; p?=a,+by; pl=a3+bz npHYeM d9HcIa
al, by, as, by, ag, by He paBHBI HymO oaHoBpeMeHHo. Ho
A = Az ¥ notoMy H3 (b) nonyuaem:

Pip} +pipg + pipd = af b7+l + b3 + ol + 61 =0,
18



YTo HEBO3MOXKHO, TaK Kak JeHCTBHTeJbHBIE YHCAA Qy, by,
a3, by, ag, by HEe paBHEI HYJIO OLHOBPEMEHHO.

Teopema 2. Ecau KopHu xapaxmepucmuueckoeo ypas-
Herus (6) My u Ny paA3autHbL, MO COOMBEMCMBYIOWUE UM edt-
nuunole  sexkmops. Iy ={pi; pi; Pi} H ex={px ph P},
umeroe 2AA8Hble HANPABACKUSR, NEPNeHOUKYASPHA.

Tak KaK KOOpPAWHATHI BEKTOPOB € H €3 SIBJSIOTCS pe-
LEHHSIMH cHCTeMbl (9™) mpH A=1X; H A= 1\g, TO MMelOT
MECTO paBeHCTBa (51), (53), a cJenoBaTeJbHO, H PaBeHCTBO

(). Ho A3 % A, Mo ycnoBHiO TeopeMbl, I0ITOMY H3 paBeH-
cTBa (¢) caepyeT, 4TO

11 22, 33

pipz + pipz + pipz = 0.
JleBasi 4acTb 3TOrO paBeHCTBA €CTb CKaJsipHOE MpOH3BeIeHHe
BEKTOPOB €; H €p M TaK KaK OHO PaBHO HYJIO, TO BEKTOPHI

€1 0 €p NepneHAUKYJspHbl, YTO H NOKa3hBaeT Teopemy.

XapaKkTepHCcTHYeCKOe YypaBHEHHe (6) MOXHO 3amucaTth B
BHJE:

DMN=—MB4+IN—L+1,=0, (6")
rae
Iy =ay; + Gz +a,
as1a aa Q00
I, = 11012 11013 20023 @
Q21022 Q31033 Q320331
Q11Q12013

I3 = | @51G30023
031832033

Tak Kak npu \; SBJAIOUIEMCS KOpPHEM XapaKTepHCTHYe-
ckoro ypaBHeuus (6), onpenesnutens D(X) cCHCTeMbl ypaBHeHHi
rMaBHbIX HanpasjeHUH (5”) paBeH HYJMIO, TO KO3(hdHIHEHTHI
no KpafiHell Mepe OJHOro W3 ypaBHeHHH (57) siBislOTCS JH-
1eflHbIMH KOMOHHALHSIMH COOTBETCTBYIOUWIUX KO3(pHIHEHTOB
IByX JAPYrHX YpaBHeHHH, T. e. cucTeMa ypaBHeHui#t (5”)
iMeeT He Gosiee JBYX JIHHEHHO He3aBHCHUMBIX YpaBHEHHIl.

Teopema 3. Ecau Ay — 00HOKpAmMHKbIL KOPEHb XApPAK-
mepucrmuseckozo ypasrerus (6), mo e cucmeme YpasHeHUus
5”) cywecmsyem 08a AUKEUHO HE3BUCUMBLX YPABHEHUS
u, credoeamensro, cucmema (5”) umeem eduncmsenHoe
peuierue.
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Tak kak \; ectb Kopenb ypaBuenus (6'), TO
D () = —X + I\ — Il + I =0.

Brluntasi JIeByI0 4acTb MOJYYEHHOrO paBeHCTBA H3 JIeBOii
yacTH ypaBHeHHs (6'), nmosyuum ypaBHeHHe (6”) B BHZe:

DM =—Q—=M) [0—2)2—[1A—2) + 1] =0, (6)
rmpe
I = (@ — M) + (@ — M) + (@53 — N
a1 — M a2
Qo1 Qg — Ny

a;p— M a
031 033 -_— )\1

Qzo — Ay Qs

’

2=

A3 Qg3 — M

Ho A\ —onHokpaTHHfi KopeHb YypaBHeHHs (6°) u noromy

I 0. V3 mocienHero HepaseHCTBa cJeAyeT, u4TO MO Kpail-
Hell Mepe OIHMH M3 OIpejejHTeNel:

_ an—>M G . _ a;—M ag .
I A v e A
Ay = Qs — My Qg

A3z Qg3 — M

OT/IHYEH OT HYJs, a 3TO 3HAYWT, YTO PAHI CHCTEMHl ypas-
nenuit (5”’) paBeH ABYM.

Tak Kak paHr CHCTeMbl JIHHeHHbIX YpaBHEHHH paBet
MaKCHMaJIbHOMY 4YHCJY JIHHEHHO He3aBHCHMBIX YpaBHEHH!
CHCTeMbl, TO CHcTeMa (5”) uMeeT JBa JIHHEHHO HE3aBHCHMbIX
ypaBuenus. Ecau, Hanmpumep, A; =0, To H3 nepBHIX IBYX
ypaBHeHH# cHcTembl (57') HMeeM:

1 Q12 Qi3 . 9 Qi3 Qu—MN
Qa2 —~ A1 Qg3 Qo3 Q23
3 g an—M= ap
pi= A\l
Q1 Qg2 — M

Teopema 4. Ecau \ — 08ykpamueii KopeHs Xapax:
mepucmuueckozo ypasrerus (6), mo cucmema ypasrerui (5”)
umeem MmMOALKO OOHO AUHEUHO He3asucumoe YypasHewue,
m. e. cyujecmsyem 6eCUUCIEHHOE MHOXCECM80 KOMNAGHAPHOLX
8eKmMopos e;, KOOPOUHAMmbL KOMOPbIX Yydoeremsopsiom ypas-
Henusam (5”) npu A =\,
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ITyctb Ay, A, A;— KOpDHH XapaKTepHCTHYECKOTO ypaBHe-
Hus (6) npmxeM 11_)\2-,—&1 " nycrb KOOplIHHaTbI BEKTO-

poB e; ={pi; pi; Pi} U €3 —{ps, p3 p3} ymoBAETBOpSIOT
cuicteme (5”) mpu A =X H A =14, T. €. HMEIOT MeCTO pa-
BEHCTBA:

anp: + a1zpf + alz;p:l5 = )\lpll ’

anp} + azzpf + azap? = )\117? . ®
i + gt + agp} = Mipi;

aupzls + alng + alspg = lsp:la ’

21D + G2aP} + GagP3 = A3 ©)
a31P:IB + 032P§ + asspg = )\3p§

Tak Kkak A1 = g, TO Ha OCHOBAHHH TeOpeMbl (1) 3aKJuoqaeM
4o € nepneHIHKYJsipeH e3. Bo3bMeM BeKTop eo = {pz, pz

p3}, TepeHAHKYJspHbI BEeKTOpaM €; H €3, T. .
e -ea=0, e3-e3=0. (10)

2 3
YMHOXUB paBeHcTBa (8) COOTBETCTBEHHO Ha pé; p2; p2 H
CI0XKHMB TOJYYEeHHble paBeHcTBa, Ha ocHoBanuu (10) moay-

YaeM:
1 2 3 1 1 2 3 2
(a1p2 + a1p3 + az1p3) pi + (@205 + aseps + aszpz) pi+
1 2 3 3

+ (1302 + 2P’ + aggp3) pi = 0. 499
YMHOXHB paBeHCTBa (9) COOTBETCTBEHHO Ha py; 3 p3 u cao-

KHB NOJyYeHHble paBeHCTBA, Ha OCHOBAaHHMM paseHcTBa (11)
nonyyaem:

(anph + ayap3 + aysp3) ps + (asips + aseps + asgp3) p3 +
+ (agpi + agp} + as;p3) p3 = 0. (12)
O6o3Ha4YHM:
aupé + ampg + asi1ps = a;;  auups + a22p§ + a%pg = Qg

1 2 3
Qg1P2 + AgeP2 + AggP2= Q3.
Bo3MOXHBI clefylolHe CaydaH:

I cayuait. Ilyctb mo kpafiHefi Mepe OLHO H3 YHCeEJ
a1, Gz, G OTJHYHO OT Hyssi. Ha ocHOBaHHH paBeHCTB (1

y (12) 3akJiouaeM, uTO BeKTOp & = {a;; Gs; Gz} TEpTICHAH-
21



KyJsipeH BEKTOpaM €; H €3, a CJeOBAaTeNbHO, KOJJIHHeape
BEKTOpY €3, T. & _
a=\Ne (N +0)
WIH:
(@ —N\) P; + alng + alapg =0;

auPé + (@22 — ) Pg + agspg =0; (13)
aslp; + a32pg + (@3 — 1) Pg =0.

Sra cucTeMa coBnajaeT ¢ cHcTemoll ypaBueHuft (5”) mp
A=\,

Il cayuai.
a = auP!z + ampg + alapg = 0;
a; = a21p; + 022P§ + azspg =0; (19

a; = agp2 + agaps + aaspg =0.
Cuctema (14) coBnazaer c¢ cuctemoft (5”) npu A=1 =0.

WTak, KOODAMHATH BEKTOpa € SBJSIOTCH HEHYJeBbl
pelleHHeM CHCTeMbl ypaBHeHHH (5”) npu A =1\'. Cnenos:
TeNbHO, A\’ SBJSETCA KOpPHEM XapaKTepHCTHUYECKOrO YpaBH
uus (6').

KopeHb Ay XapakTepHCTHYecKoro ypaBHeHHs (6') ox
kpatHbiil. Ecim 661 M =1,;, To npu A =\, CHCTeMa ypal
HeHuii (5”) wumena Obl JBa HEKOJJMHEApHBIX pelleHHs
es={p2 p% p3} u es={ps p3 r3}, uTo mpoTHBOpeuH:
6n Teopeme (3), cJenoBaTesbHO,

N o=\

Mebl nokasanu, 4TO €ClH A; — ABYKpaTHHIH KOpeHb X:
pakTepucTHYecKoro ypaBHeHHusi (6), TO CyulecTBYeT zBa H
KOJITHHEapHEIX BEKTOpA: &j, €, KOOPAMHATHI KOTOPHIX YOI
JIETBOPSIIOT ypaBHEHMsIM [JIaBHbIX HampaBJeHH# (57) mp
A = ). Ilpu stoM KospduuueHTh! ypaBHeHHi#t (5”) He paBH
HYJIO OILHOBPEMEHHO, TaK KakK B IPOTHBHOM cJiyuae A; Obli 6
TpeXKpaTHbIM KOpHeM XapaKTepHCTHYECKOTo ypaBHeHHs (6

Hrak, npu A =1; B cucTeMe ypaBHeHHH (5”) cyuiecTBye
JIMIIb OJHO JIMHEHHO HE3aBHCHMOE ypaBHeHHe (DaHT CHCTeM
{5”) pasen epunuue). IlycTb 310 Oyner, HampuMep,

(@1 —M\) P{ + alzp? + alap? =0, 15
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Kaxnoe pelleHHe 3TOro ypaBHeHHsi OYJAeT pelleHHEM H JABYX
Apyrux ypaBHeHuit cuctembi (5”). Ho ypasuenume (15), xpo-

Me KOOpAHHAT BEKTOpOB e], €2, HMeeT 06eCUHCJIEHHOE MHO-

KECTBO IPYTHX pellleHuil e; = {pl, P P (@ a& 3); Bce Bek-
TOpPBI e; (i #+ 3) NepNeHAMKYJspHbl BeKTOpy @' —{(011—7\1)
Q23 @13} W NOTOMY KOMIIaHaPHBI. TaK KaK BEKTOPbl €3 H
a nepneH,meymprl BEKTOPAM €, €, TO BEKTOp &3 KOJIJIH-
HeapeH BeKTopy a’, T. e.:

ps =k (an —\); ps=kap; py = kas.

Teopema 5. Ecau )\ — mpexkpamuoli KOPEHs Xupak-
Mmepucmu4ecKo2o ypaeﬂenuﬂ (6"), mo npu X=X\ ar0boe

Hanpasaenue e; = { py; p%; pi} A6Asemcs pewenuem  cuc-
memol ypasrerui (5").
Tak kak A; — TpexKpaTHblfi KopeHb ypaBHeHHs (67), TO

1’1 = (@ — M)+ (@2 —\) + (@3—2r) =0
Qi1 — A Qe Q=M Qg Qo2 — A1 Q23

’

9 =

=0.

Q21 Qg9 — )\1 Qs Qg — )\] Qgzy Qg3 — A

U3 atux paBeHCTB HMeEeM:

It =215 = (@11 — M)® + (@22 — M)? + (53— M)% +
+ 2 (af2 + ats + a3s) = 0.

Ho xosdduinentsl ypaBuenus (1) W KopeHb A\ — AeHCTBH-
TeJlbHble YHCJA H TIOTOMY:

an—h =0; Gp— i1 =0; ag3— A\ =0; @12 = G13=a53=0.

Hrak, npy ) =1, B paccMaTpHBaeMoM clJyuae BCE KO-
s¢ddHLHeHTl ypaBHeHHH (9”) paBHBI HYJIO H, C/leJOBaTeJbHO,
ypaBHeHusM (5”) ynoBneTBOpsieT JioGoe HanpaBjeHHe

e:={pi; ph pi}.

Hanpasienne BeKTOpa €, KOOPJAHHAThHI KOTOPOTO YIOBJIETBO-
pAIOT ypaBHEHHSM TJIaBHBIX HanpaBJjieHH#, Obl10 Ha3BaHO
[JIaBHBIM HanpaBJleHHeM OTHOCHTEJIbHO MOBEepXHOCTH BTOPOro
nopsiaKa.

M3 npemwinymux TeopeM BhITEKaeT CJEACTBHe: JJIsl JIOGOH
NOBEPXHOCTH BTOPOro nopsiaka (1) MoxxHO onpejeduTh TPH MO-
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napHoO TepNeHAMKYJsiPHBIX €IMHHYHBIX BeKTopa e;, €3, €3,
HMEIOLUX TJIaBHOE HamnpaBJleHHe.

1. Ecii KOpPHH XapaKTepHCTHYECKOro YpaBHeHHs pas-
JHYHBIE, TO NpH A =X (k= 1, 2, 3), A1 KaxXAOro KOpHs
B CHCTeMe YpaBHeHHIl TIJIaBHbLIX HamnpasJeHu#l (9”) Bceraa
CYIIECTBYeT ABa JHHEHHO HEe3aBHCUMBIX YpaBHEHHMf; NYCTh,
HanpuMep, 310 GYAYT ABa nepBbIX ypaBHeHHs. M3 nHux ompe-
JeJisieTcss GecuHCJeHHOe MHOXKECTBO KOJIIHHeapHBIX BEKTOPOB:

\ Q12 Q3 2 Qi3 A1 — Mk .
Pr=m Qas — hp Qag ; Pr=mm Q3 Qg ’
3 |Gun— M Q12
PR= 0y gy — i’

Hau kKopoue:

1 1 2 2 3 3
ph=mb; pr=mAP; pi=mbp.
I/ICKOMHe €AHHHYHbIE BEKTOpLI:

) o) |

ep = {V(Ag))z n (A&Q))Z + (A&a))z ’

i _ )
VTG VT T

BeKTopHl €); €2, €3 TONapHO TepHeHIHKYASPHBI MO Teopeme
(2) 1 uX KoopAMHATH JeHCTBHTeJbHBI Mo Teopeme (1).

2. Ecan KOpPHH XapaKTepHCTHYECKOrO ypaBHEHHSI TaKHe,
4TO Ay =Xy % A3, TO OPH A =1X; CHCTeMa YypaBHeHHH (5”)
HMEET JIHIIb ORHO JIHHEHHO He3aBHCHMOe YpaBHeHHe; NYCTh
Hanpumep, 3To Oyper:

(@1 —N) P} + anpf + a1sp? =0. (]5)
Torpa:
an— N

€3 = ;
: { V (a1 — M)® + a?y +af,

Q19 . Q13
’ .
V (a1 — N)? + afy + afy V(au —N)?+aly+afy
Halinem fBa BeKTOpa €), €; MepNEHAHKYJISDHBIE BEKTOPY

€3 B MeX1y COGOH; HX KOOpHHHATBl OYIyT YJIOBJETBOPSTH
ypaBHeHusM (5”) (no Teopeme 4),
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3. Ecau Ay = Ay =1;, To J1oGble TPH MOMAPHO MepreHIH-
KYJSIpHBIX BEKTOPA HMEIOT TJIaBHble HarnpaBJIeHHsl.

Tak kax KOpHH XapaKTepHCTH'-IeCKOI‘O ypaBHEHHH ILEPI-

CTBUTeJIbHBIE, TO HAilleHHBlE BEKTOpH €;, €, €; BCeraa
HMEIOT JeHCTBHUTEJIbHBIE KOODJAHHATHI.

Teopema 6. Ecau nosepxrocms emopoeo nopadka 3adana
obuyum ypasHernuem (1) omuocumesbHo npAMoOY20AbHOL cucme-
Mol KoopOuram (Oxyz), mo nogeprys amy cucmemy rcoopaunam
60KpY2 MoHKuU O mak, 4mobot eduuuuume gexkmopeL €1, e, e;
HOBOL cucmemol Koopauuam (Ox'y' 2") umeu 21a8nvie Hanpasre-
HUSL OMHOCUMENbHO OQHKOU NOBEPXHOCMIL, Mbl NOAYYUM YpPas-
HeHue OQHHOL nosepXHOCMIUL OMHOCUMEAbHO CLCMEMbL KOOPOL-
nam (Ox'y'2'), 8 komopom Koddpduyuenmer npu xsadpamax
NePEeMERHbIX PABHbL KOPDHAM XAPaKmepucmuueckozo ypas-
HeHus, a KodPguyuenmo. npu nONAPHoLX NPOU3BEOCHURX
nepemerrblx pasroL HYAro.

Mg f0Ka3anu, 4TO CYIIECTBYIOT TPH MONApHO NepNeHAHKY-
JSIpHBIX eJHHUUYHBIX BEKTOpa €, €2, €3, HMEIOWUX TIJaBHOE
HamnpaBJieHHe OTHOCHTENbHO JI0GOH NaHHOU MOBEPXHOCTH BTO-
poro nopsinka (1). BuiGepem Hx Tak, uToOBl CMelLIaHHOE MpPO-
U3BeJeHHe (e; e 63) + 1.

IMyctsb

= 1, .2, .3

er={prs pis Pr} (=1, 2, 3).
Boiiie GBIIO yCTaHOBJIEHO, YTO €CJH COBEPIIHTb B YPABHEHHH
(I) npeo6pa3oBaHHe MOBOPOTA CHCTEMBI KOOpAHHAT Mo ¢op-

mMynaM (2), To Mbl MoJyyuM ypaBHeHHe moBepxHocTH (1) oT-
HOCHTEJNbHO cHcTeMbl KoopauHaT (Ox'y’z’) B Bupe:

C e e g , , ,
anx’" + agy’” + a3’ +- 2a19x"y’ + 2a13x'2" 4 2ag3y’2" +

+ 2a14x’ + 2004y’ + 2342’ + ass =0, 1)
npHyem:
3

ap = 2 ,2 apkpi (b t=1, 2, 3); @)

i=] j=1

’ 3 i

du=Yauwl (=1,2 3 @)

1=

al4 = Qy4-



Ho KoopauHaThl BEKTOPOB €, YJOBJETBOPSIOT ypaBHEHHSM
[JIaBHbIX HaNpaBJIeHHH:

2 j i | = 1, 2, 3 117
Eyﬁm=dw» (Z=L2 Q' ©")
U3 ¢opmyn (3°) u (5”) noayuaem:
3 3 . . -
Gh = 3 b prpi =M X pa-pi =Ma(en-e) (& t=1,23)
i= i=

BeKTopHl €), €y, €3 eIHHHUYHLIE H MONAPHO NepreHIHKYJIsp-
Hble, T03TOMY

en-er=1, ecnn k=t
er-e =0, ecin k=t
HTaK, arp = M, Gue =0, ecaum k = ¢. YpaBHeHHe TOBepx-

HoctH (1) oTHOocHTenbHO cHcTeMbl KoopauHat (Ox'y’z’) umeer
BHA:

M’ oy Mg2'% + 2a14x’ + 2004y’ +
+ 2a342" + a1s =0, (1"

KOS(MHIHEHTB Q14, @94, Q34 BHIMHCASIOTCS 1O opmyaam (37),
Q44 = Qyq.

ITIpumep 1. Tlpu nomowmn npeoOpasoBaHHs NMOBOPOTA CH-
CTeMbl KOODJHHAT BOKpYF Hauaja O NpPUBECTH YpaBHEeHHe
TIOBEpPXHOCTH

3x2 + 5y? + 322 — 2xy + 2xz2 — 2yz—2x + 2y — 42— 6 =0

K Buay (1%). Hanucarb ¢dopmysibi npeoOpasoBaHHs.
Pewenue.

1. CoctaBUM XapaKTepHCTHUECKOe ypaBHEHHE H Hailjem
€ro KOpHH:

3—x —1 1
—1 5—1 —1
1 —1 3 —2A

D)= =0

HJIHA

— W41 —360+36=—A(A—6)2—(A—6)(A +6)=0;
)\1=6; )\2'———3; )\3=2.

KopHH XxapaKTepHCTHUECKOrO ypaBHEHHS PA3JIHYHHE.
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2. CocraBHM ypaBHeHMs TIJaBHbIX HanpasjeHuil (5”) naH-
HOil MOBEPXHOCTH:

(83— M) pr— Prt-ph = 0;
—pi+ (6 —M) pr—pr =0; (5")
pk— ph + (3— ) pi = 0.

Hafizem e;. Ins artoro moacrapum B (57) A = 6, BeiGepem

1Ba JIMHEHHO HEe3aBHCHMBIX YPaBHEHHSI CHCTEMEI (5”) M BbIH-
weM HX KO3(pPHLUEHTHI:

—3—1 1\ —1 1
(___1_1__ pr=S5

__1 _ll=251;

9 1 —3 —1
p1= 8 __]__1 —‘_4slr pl_'sl —_1 —1 2231;
a={l; —2; 1} e =2

lall
- [ 2 1
ey = = _——=, ——= 7.
V6 V6 1/6}
AHaJIOTHUHO HafizeM ey npu A= 3:
0 —1 1 . —1 ll
—192 —1 P2 = Sz 2 1 = —3S83;
) 10 0 —1
P2—-32_1__1 =—2S8, pP2= S8 192|= 8o}

Haiizem e npu = 2:

1 —11 s
—13—1) ™7

P§=Ss{_l __]l~0 P = Sq

—11
= — 28,;
3—1’ Ss
1 —1
—13

14



[
3
.

w -

a,={—1;0; 1} e

Q
|

im0 )

(e1 ey e3) =—1. Utobm (e1 ey e3) = -+ 1, uamenum ua-
npaBjieHHe OJHOIO H3 BEKTOPOB Ha NPOTHBOMNOJIOXKHOE, Ha-

npuMep e;:
p— l

! L
“=vei v vs)
3. BLHCIUM @14, G4, Qa4 TO DOpMYyTNAM:
. 3 .
ais =Zlai4P; (=1, 2 3).
1=

Y106HO BOCMOJIB30BATLCS Caepyloledl Tabauuei:

1
ayy=—1 p}=V6— pé=-l/—§ p§=—V§

. 2| , 1
apy =1 p1=—-1/—6- p2=V—§ p3=0
1 1 1
agy = —2 p?=V—6— p3=‘—/3— p§=-‘/—2—
5 |, 2 , 1

a:14="6 ‘1'14=—7'ga24="17_§ Q34 = 173-

Q)4 paBHO cymMme NpousBeleHHIl 3JieMeHTOB mepBoro U (/ + 1)
CTOJIGLOB TaOMHIIbL.

4. Tlocne nmoBopoTa CHCTeMbl KOOPAMHAT NipeoOpa3oBaHHOE
ypaBHeHue (1) Oyaer uMmeTb BHA:

—2- 2y 2l _6=0,

'2 ’2 ’2
6"+ 3y + 22 —QV_x V V2
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5. IMosb3ysick cocTaBleHHOH Bbllle TadJHUeH, Jerko 3a-
nucath GopMyJibl npeoGpaaoBaHnﬂ N0BOpOTA:

L

=¥ +V3 ~vEe
|

y= .l/*x—l_‘/gy,

z= V_x +—= V_ ¥+ —= 1/

lMpuMmeuanne. Ecan KOPHH XapaKTeDHCTHYECKOTO YPaBHEeHHs Of-
HOKpATHble, TO ISl BHIMHCICHHS COOTBETCTBYIOWHX IVIaBHBIX HANpaBACHHH
e, = {P}; Py ; P}} et meoGxomumocTH Kammi pas samHcHBaTb ypas-

HeHHsl TyaBHbIX HanpasiaeHH# (5”). KosdduunenTsl 3THX ypaBHeHHH Ha-
XOAATCH B COOTBETCTBYIOLUIHX CTPOKax omnpejenuTtens D (X) — sneBoit yacTu
XapaKTepHCTHYECKOTO ypaBHeHHs (6). CrnenoBatesibHO, AN BBLIYHCJEHHS

KOOD/AHHAT BeKTopa e,l HYXHO 3amHcaTb MaTPHIY H3 3JeMEeHTOB ABYX JH-
HellHO He3aBHCHMBbIX CTPOK onpefenutenss D(A) M COCTaBHTb H3 HHX B
KPYTOBOM TOpfiKe ONpejelHTe]H BTOPOro MOpsiKa.

Ipumep 2. YNpocTHTL ypaBHEHHe:
x?— 2y%-2% + 4xy — 8xz — dyz — 14x — 4y + 142 + 16 = 0.

1. CoctaBHM XxapaKTepHCTHYECKOE ypaBHeHHe H Haiizem
ero KOpHH:

1—Xx 2 —4
DO ={2 —2—\ —2|=— 2+ 27\ +54=
—4 —2 11—

k1=)\2=—3; )\3=

2. Haiinem rniaBHble HampaBieHHs. Ay — ABYKpaTHBIM KO-

peib ypaBHenus (6). BekTop as, KosmHHeapHBIfi BeKTOpy €3,

HMeeT KOODAMHATHI: @, (G —- A} Q) ai) ={4; 2; —4);
@, o _[2. 1, 2}.
ea_|a_3|’ €3—{3, 3’—'§a

mpu A = —3 B CHCTeMe ypaBHeHH# (5) JHLIb OXHO JHHe[HO

HE33aBHCHMOE ypaBHEHHE:
2pi + p}—2p} = 0.
Ilycte p? =0, torma p} = p3.



KoopIuHATH BEKTOPA @y, KOJJIHHEAPHOro €; GyAyT:

a={l; 0; 1};

TOrza:
— a |- 1 1
e = = ,el—-{—_;O, —_}
la | V2 2
Haiigem :
e; = ese;
EL_Z\
3 3 3 — 4 1
. €9 = e — -, — =2 .
Lo L | 2 {31/2’ 3y’ 31/2}
Vi VE)
e e, e,
1 1
= — 1::—__ l:'——_ 1 2
au=—7| p V2 Pa 373 P3 =73
4
2 4 1
Ay =—2 py =0 p§=—3l/§ p§=§
1 1
. 3__ |3 __ 1 | 3 2
=7 | A=yF 2= 35| r=—73
ay, =16 a, =0 lagg=—V2|ag=—10

3. YpaBHeHHe NOBEPXHOCTH OTHOCHTEJIbHO CHCTEMbI KOOp-
auHat (Ox'y’2’) umeeT BHA:

— 3¢ 3y’ 62" —2) % —202' 4+ 16 =0.

Cnepyer oOpaTHTb BHHMAaHHE Ha TOT cJydai, Koraa B
ypaBHeHHH (1) MOBepXHOCTH BTOPOro MOpsiiKa HMeeTcs TOJMb-
KO OJlIMM WIEeH C MpoM3BeleHHeM MepeMeHHbIX. B 3tom cay-
yae 1eJecoo0pa3sHO COBEPLIHTb IIpeoOpa3oBaHHe BpAlIEHHS
cHUCTeMbl KOODJAHHAT, BOKPYT OCH KOODAHHAT OJHOMMEHHOH c
OTCYTCTBYIOIEHl B 3TOM NPOHM3BENEHHH IepeMeHHOM.

Mpumep. YTPOCTHTL ypaBHEHHE:

2+ 732 —8xy +2x—4y—224+3=0.



PaccmoTpuM JIHHHIO, KOTOpasi MojydyaeTcss B NepecedyeHHH
LAHHOH MOBEPXHOCTH C IJIOCKOCTBIO (XY):
4Ty —8xy+2x—4y+3=0
z2=0 - (k%)

U3 obwedt TeopuH JHHHH BTOPOTO MNOPSIAKA M3BECTHO, UTO
cucreMy KoopauHaT (OXy) MOXKHO MOBEPHYTb B IJIOCKOCTH
(Oxy) Bokpyr Havaja O Ha Tako¥ yroa a, omnpeiessieMbiii U3
(popMyJInt:

tga =120 (%),

YTO OTHOCHTEJIbHO HOBOH CHCTeMbl KOODAMHAT JuHus (k2) He
OyZeT HMeTb B CBOeM YpaBHEHHMH YJeHa C MPOU3BEIEHHEM fe-
pEMEHHBIX.

YkasanHoe BpameHHe cceit Ox, Oy B naockoctH (Oxy)
MOXHO pacCMaTpHBaTh KaK BpallleHHe CHCTEMbl KOODIHHAT
(Oxyz) Bokpyr ocu (02). Popmyasl BpalleHHs HMEIOT BHJ:

X =x"cosa—y sina;
y=x'sina 4+ y cosa

4

2= 2
e, = {cosa; sina; 0}, e, = {—sina; cosa; 0},
e;=(0; 0; 1).
B ¢opmyne (*) A\ — KopeHb XapaKTepHCTHYECKOTO YpaB-

wenuss JuHHHM (k%). CrepoBarelbHO, IJIS1 pelleHHsI MOCTaBJeH-
HOMl 3ajay¥l HYKHO:

a) Hafith KopeHb XapaKTepHCTHYECKOrO YpaBHEHHs JIH-
HHH
an——)\ alg )\2—8)\ ""'9 =0;

)\1=9; )-22—'1.

-
Qg1 agz—)\

6) Hafitn ¢opmyJ/ibl npeo6pa3oBaHHsi CHCTEMbl KOOpAHHAT
(Oxy2) :

tga
Vl+tg2a

A—a . 2
tga=-—"—"""=_-2: sina —_——
g Q12 143
oS0 = —=
Vs’
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@opMyJibl BpalleHHs] CHCTeMbl Koopmmar (Oxyz) cyTb:
Ly + —=
l/ l/
Yy=— V_g x' Wy

B) [ToncraBuTh HafijleHHble 3HaYeHHd X, Y, 2 B JaHHOe
ypaBHenue. Torza moaydum:

:3:<x'+2y'>2 T —yr+ 3w+ @ —) +

l/5 (x" +2¢') + l/_(2x’—y’)—2z' +3=0
HJIH _
9% —-y" +2Vbx’' —22' +3=0.
Ynpaxcnenus

[IpuBecTn « BUAY, He CONepKallleMy MNOMapHLIX MPOH3Beje-
HH# NepeMeHHBIX, cJIe YOl e YpaBHEeHHs1 NIOBEPXHOCTEH BTOPOro
nopsiiKa:

1. 3x2 4242 + 222 4 2xy + 2xz +4yz—2x+6y=0.
-—1—0 " — 2=0.
Ve’ V2
2. x2 45y + 22— 2xy 6xz +2yz—2x + 2y —1=0.

,2 ,2 2 .

Omsem. 3x —|—6y —2z +2V -ﬁz—-l=0,
M=3; Aa=06; \y=—2.

3. 5x2+2y2+5z2+8x2—18x——182 +9=0.

Omeem. 9x'*42y"° 42" — V_x +9=0

4, 42 4 y? + 422 —4xy —8xz + 4yz +6x — 12y + 122 =0.
Omeem. 92'° +4x’ + 2y’ + 162" = 0.

2 2 _‘_‘_ ’
Omeem. 5x’" + 2y +V§x

§ 4. Mpusenenne o6mwero ypaBHEHHs TNOBEPXHOCTH BTOPOro
MOPSIKa K KAHOHHYECKOMY BHLY

B § 3 Gowo ycraHOBJEHO, YTO NMPH NOMOILK npeoGpaso-
BaHHsl IOBOpPOTa CHCTeMbl KOOpJAHHAT BOKpPYr Hasana O ob-
iee ypaBHEHHe TNOBEpXHOCTH BToporo mopsaka (1) Bcerza
MOXKET OBITb NpHBENEHO K BHAY:
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)‘lx” + lzy" + )\32“ + 2(1;4)6’ 4+ 2a;4y’ + 20;42' + ays =0, (l)

KopHH XapakTepHCTHYeCKOTO YpaBHEHHsI Aj, Ag, Az 3aBH-
cAT OT K03(dHuHeHTOB HcxopHoro ypaBHeHHS (1). BoaMokHBI
clefylollHe MPUHIHNHANBHO pa3JHYHblE CJydYaH.

[ cmyyan. Bce KopHHM XapakTepHCTHYECKOro ypaBHe-
HHsl OTJIMYHBI OT HYJA, T. €. Ay %0, ks %0, A3 = 0.

CoBeplKM TakoW mnapaJjijieibHblil NEepeHoC CHCTEMBI KOOp-
aunar (Ox'y’2’), B pe3ysabrate KoToporo mnoBepxHocTb (1)
He OyleT MMeTb B CBOEM YpaBHEHHH Y/eHOB C MepBLIMH CTe-

NeHsMH NepeMeHHbIX. 3anuiueM ypaBHeHHe (1”) B caepymouem
BHJE:

a, 2 a, 2 a. 2
M(x’ +%j) +>\2(y' +—{;‘) +xs(z' +73:-> +a,—

O6o3HauuM:

¥+ B X wm oy —X+( a’:),
y’+‘.’)T24_=Y i y’=Y+(-a%); @
2 2

z’-|- =Z ww 2’ —Z—l—( a3:)

H

WS T T, T @

GopMyanl (2) cyTb QopMyab napajesibHOro mnepeHoca
chcreMbl KoopAuHat (Ox'y’z’), npuyeM HayaJlo HOBOH CHCTEMBI
koopauHat (O'XY Z) uMeeT KOOpAHHATHI:

’ a,n, 054, “:’;4
0 (‘TI' o 13)'

YpaBHenue noBepxHOcTH (1) B ccTeme koopAuHat (O’ XY Z)
HMeeT BHJ:

NX? Y+ 0,22 + ), =0 ()

310 ypaBHeHHe OyJleM Ha3blBaTb NPUBEOCHHLIM YPABHe-
Hilem TOBEPXHOCTH | Tuna.
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Ecau aj, + 0, To ypasHenue (I) moxHo 3anucaTb B cie-

AYHOLUIEM KaHOHHYECKOM BHJE:

a ecau a;, =0, To B BHJe:

X2 Y2 yAS
—1-+-1—+I= .

N T

X? Y2 VAL
. T -
M Tg s

s

L, @

©)

HccrenyeM, Kakue MOBepXHOCTH BTOPOro MOpPsIKa MpH-
HajnexaT K NMepBOMY THIY.

Ne " Kanounye-
n/n M| Xg | Aslayy| ckoe ypasHe- Ha3panue Bun noeepxnocTH
HHe
_ 2 2
! _—t __t i + %2"5‘—}[—:7;-{- Dnanncoup Z
z? 1
+ c? -
3 72
B iz- -)—é--*- Muumbii
o I A b KIICON,
72
+m=—1
3|+l +|+]o ﬁ y_:+ ToukH HJH 2
1 a b MHHMasi KO- .
V4l HHYecKasd mo-| <===--< n p
+ 2= =0 |sepxHocTD e
++ == X2 ¥
1 -4 — _ Oxanonoaocr-
—|— |t @ + b* Hbll TrHnep- b4
2 60v
_ Ez_ -1 0JTIOHJ,
C L
X
&
y

o1



Mponomxenue

No Y KanouHue-
n/'n M| Ao | 2s|ayyl ckoe ypasHe- Ha3sBauue Bupx moepxHocTH
HHe
J— 2 '2
5|+ e X—z—')T— JByxmnosnocT-
—A+|+|+]| a b HBI  THOep-
72 60J10M 1
-5=
2 2
6T+ |0 X_2+Y__ Konnueckas
- =1+ a o no.e
PXHOCTb
ZZ
=

Cucrema koopaunat (O’'XYZ) nonydyeHa H3 CHCTEMBI KOOP-
Hat (Oxyz) AByMsi npeoGpa3sOBaHHSIMH:

a) MoBOpOTOM cHcTeMbl KoopanHaT (Oxyz) BOKpPYr Hauyasa
0, B pe3yabrate Kortoporo ocd Ox’, Oy’, Oz’ uMeIOT rJas-
Hble HanpaBjieHHsi OTHOCHTeJbHO moBepxHocTH (1); 6) mapaa-
JeJbHbIM NepeHocoM cucTeMbl Ox’y’z’ (uept. 6).

Il cnyyafi. OnuH H3 KOpHel XapaKTepPHCTHYECKOro
ypaBHEHHs1 PaBeH HYJIO, HO KO3((HUHEHT NpH COOTBETCTBY-
lolledl NepeMeHHUH B MepBOH CTeNeHH He paBeH HYJIO, Ha-
npumep,

kl#o) l?#ov )‘3=O| a.',M#O.
B stom cayuae ypaBHeHue (1”) umeer BupA:
At Ayt 20,5 + 20,y + 20,2 +a, =0. (6)

Haiizem Takoe npeo6pasoBaHHe MapaJiefbHOroO MepeHoca
cucteMbl KoopauHaT (Ox’y’z’), B pesyJbTare KOTOpPOro mo-
BepxHOCTb (6) B cBOEM ypaBHeHHH He OyJeT colepxKaTb Kak
uIeHOB C nepBo# cTeneHbl0 X M YV, Tak ¥ CBOGOAHOro 4jeHa.

35



YpaBHeHHe (6) MOXHO 3afHcaTh Tak:
’ 2 ’ 2
Qe ;| 924 ’
)\1(x + _}\T) -+ )\z<y + 7\2—) + 2034 X
’ alu 0'24
a ———— —
“O N |l =o0.

X\
z'+ a3,

OG6o3HauuM:

’
e 2ay, =2
HJIH
al
<= -5);
a
=)
a'z arz
14 24’
PR @)

2'=7Z+ :
2a34

$opmysbl (7) ecTb ¢GoOpMyJiBl MapaJieNbHOTO fepeHoca
cHcTeMbl KoopauHat (Ox’y’z’), npuueM Hauajo O’ CHCTEMBI KO-

opauHar (O'XYZ) uMeeT KOOpAHHATHI:

.2 2
, G144 G g
ol o, %, N TR M
A’ Ay’ 205,
OrHocHTeJIbHO cHcTeMbl KoopauHat (O’ XY Z) noBepXHOCTb
(1) umeer ypaBHeHHe:
{n

MX2+ V2 +2a5,Z =0 |

Ao ypaBHeHHe OyAeM Ha3blBaTb nPUBEOCHHLIM YpasHe-
Huem noeepxHoctd Il tuna.
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Ypapnenne (II) mMoxkHO 3anucaTh B KaHOHHYECKOM BHAE:
X2 Y2
+ =2Z.

7 7

G %
o %s
Hccnepyem, kKakne NOBepXHOCTH mpHHajexar ko I tuny
Ne N ¢ | KaHoHHueckoe
a/n Ay | hg |ag, ypaBHetie Hasgaune Bug
DaaunTHyec-
—_ 2 2
L+ |+ iz L2-=22 KHA napa6o- Z
—|—|+a b JIOHK

| 7

! y
|
['unepGonu- b4
| xe 2
21+ _XT_ _YT — 9Z|vecKHA mnapa- ]
—|+|+]|a b 6os10ux ﬁ X
7

HI cayuait. Opud u3 KOpHeH XapaKTepHCTHYECKOro

ypaBHeHHs paBeH HyNI0 H KOXP(DHLUHEHT TpH nNepBoH CTe-
fleHH COOTBETCTBYIolLIeH IepeMeHHOH B ypaBueHuu (17) pa-

BeH HYJIO, HalpuMep,
)\1 # 0, )\2 ?& O, ls = O, a:’54 =S5 0.
B stom cayuae ypasHenme (1”) umeeT BuA:
M ey 4 2214 %" + 2004y + a0 =0,

€ro MOJKHO 3anHucaTb HHaue:

.8

©\2 r\2 2
a a a a.
r 14 ’ 24 . 14 _ 24 —
A <x T —)G_) + ke (y +-)\—;> +a,, N 7, 0.
OGo3HauuMm:
a
=X
1
‘11;4
’ s/
+T,



HIMA

y = V+(—‘if§); ®

4

2 =

®opmyant (8) cyTb GopMyan napaasielbHOro MepeHoca
cucremul koopauHat (Ox’y’z’). Hauanmo O’ HOBo# cHcTeMbl
kKoopauHat (O'XY Z) uMeer KOOpAMHATHI:

12 12
a a
0'(——-14 R 0).

O6o3HauuMm:

Torpa B paccMaTpuBaeMoM ciiyyae ypaBHeHHE 110BEPXHOCTH
(1) oTHocHTenbHO cHCTeMbl KoopauHat (O°XYZ) umeeT BHA:

| X240+ a), =0. | 1

Ypaeuenne (III) nHasosem npusedennoim ypaswenues
1oBepxHocTH Broporo nopsinka III Tuna.

Tak kak B ypasnenuu (III) oTcyrcTByer nepemennas z,
TO OHO ABJIIETCS] YPABHEHHEM LHJIMHAPHYECKOH NMoBepXHOCTH,
obpasyioliie KOTOpPOH napaJnesnbhbl ocu O'Z.

Ecan a;, # 0, 10 ypaBHenue (ILI) mMoxHO 3anucars B Ka-
HOHHYECKOM BHJE:

X? Y?

z — = L. ©
T )
I A
Ecan a;, =0, To ypasuenne (III) Moxuo sanucarb Tak:
X? | &
T+ =0 (10)
LYY

I[Tonb3ysich kKaHOHHUeCKHMH ypaBHeHusiMH (9) u (10) nerko ycra-
HOBHTb, KaKHe NOBEPXHOCTH BTOPOIO NOpPSiiKa IpHUHAJJexar
K nosepxnoctsim IIT Tuna.
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k W P Kanonnueckoe | Hassauue Buz mos
n/n| “1| "2\“44|  ypapnenne | moBepxHocTH A TOBEpXHOCTH
Li4|4+|— _X_2 y? -1 DuIHnTHYEC-
— =+ a® Bz T 7 |KHA UHJIHHAD
2 4|+ +1x2 Y2 Munmpit  32-
— + 75 = —1|aunTHyeckni
—|—|—]a b
LHIAHHAD
3|+14+ X? Y2 [Ipamas uau
{19 2@ 1T % =Ynapa nepece-
KalolHXCsl
nJocKocTei
4 {4 |— X? Y2 I T'unep6o.11-
— |+ -z '52“"3}: YeCKHH Uuu-
JIHHJAD
51+1|— X2y 9 [Tapa nepece-
~ || 9] @@ 7 = VYlkaomnxcs
MI0CKOCTEH

IV cayuai. JBa KopHs XapakTepUCTHUECKOro ypas-
HEHHs1 PaBHKI HYJIO, HO 110 KpaiiHed Mepe OQHH H3 KO3(hdu-
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[HEHTOB IPH mNepBON CTENeHH COOTBETCTBYIOUIMX [epeMeH-
HBIX B ypaBHeHHH (1”) He paBeH HYJIO, HanpHMep,

M#0, A=l =0, an +as +0.

ITycts, a;, +0. B 3rom ciywae ypaBHeHue (17) umeer
BHJ:

Mt 40y + 2a % + 20,y + 242" +a), = 0;

ero MOXHO 3amnHCaTb B BHJAE:

. \a al, — ‘fﬁ
’ ayy ' ’ ’ 4 M
)‘l(x + T;) + 2a24y + 2034 2 4+ =0.

2a,,

CoepuinM  mpeo6pasoBaHie MNapaJiiesIbHOTO nepeHoca
cucreMsl koopAuHaT (Ox’y’z’) no dopmynam:

ypaBHEHHe paccMaTpHBaeMbIX HOBerHOCTeﬁ OTHOCHTEeJIb-
HO cucteMbl KoopauHat (0O'XYZ) Oyaer umerb BHJ

X2 2a,,Y +2a,Z=0. (11)

CocraBum dopMyJIBl Npeodpa3oBaHHs MOBOPOTA CHCTEMbI
koopauHat (O'XYZ) ¢ takuMm pacueTom, uToGbl nOCJe npeos-
pa3oBaHHs B ypaBHEHHH paccMaTpHBaeMmoil moBepxHocTH (l1)
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ocTajcs TOJBKO KBajpaT NepeMeHHOH x” M mnepBas cTeneHb
nepeMeHHoro y”.

X=x;
Qg4 ” Q34 v
Y= —xy ——————Vﬁz ; (12
Vau +az, Aoyt azy
7 — a3y oy 2

—— + 7"
Va:u + a3, Va:u + a3,
CpaBHuB ¢opmysnt (12) ¢ dopmysaMH MOBOpOTa CHCTEMb
koopauHaT (3, § 1), MBI nosyuuM, 4TO BeKTOpHl oced O'x”.
0'y’, 0’2" 6ynyr: e; = {1; 0; 0}

( a, a
- . 24 . 34
€y = !O ’

)
I?.
’2 ’2 4 ,2 ,2 ’
V"'M + a3y V"24 + a3
- J . a3y . Qg4 }
13=‘O,—"' 2 I ) 2 b
{ V"u"f‘aaa V‘124 +ay,

BeKTopHl €;, €5, €3 NONApHO NEepNeHAHKYASPHBI H MOAY-
IH HX PaBHbl eJHHHLAM.

Tax kak B pesysbraTe npeobpasoBanus (12) manpaBieHue
BeKTOpa €y He H3MeHHTCs, T. €. e, = €;, To ¢opMmyasl (12)
CyTb (opMyJsibl BpalleHHst CHcTeMbl KoopauHat (0O'XYZ)
okono ocH (0'X) (uept. 7).

Ecau B ypaBHenuu (11) X, Y, Z 3amenuts no ¢opmy-
JaM (12), To MBl NONyuYdM ypaBHeHHe paccMaTpuBaeMoll mo-

BepXHOCTH OTHOCHTEJIbHO CHCTeMbl KoopauHaT (0'x"y’z") B
BHze:

)~lx”’ +2 Va;‘ + a.;; Yy =0. (Iv)

Ypaenenue (IV) ectb ypaBHeHHe napaGoJHYECKOro UHMJIHHADA,
oOpasylolllie KOTOpOro napaJgnenbHsl och (O'Z") (ueprt. 7).
V cnyuafi. [IBa KOpHS XapaKTepHCTHYECKOTrO YpaBHe-
HUsl paBHBI HY.TIO U KOS(Q(HIHEHTH NPH NepBoH CTeNeHH COOT-
BeTCTBYIOIMX NepeMeHHbIX paBHbl HYJIO, HanpHMep,

A #0; A=r=0; a, =a;,=0.
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YpaBHeHue (1”) mmeer Bupx:

’2 W . .
Ax" +2a %" +a;,,=0;

€ro MOXXHO 3alucaTb B BHIE:

, 2
’ a ’ ayy
ll<x +-;—:)+a44'—'rl-=0.

le
z Z

__4_4_/\;

yl
Yepr. 7

[TepeHeceM napansiesibHO CHCTeMY KoopauHaT Ox’y’z’ Tak,
uto6bl ee Hayaso O’ HMeNo KOOpAHMHATHI:

’ a;‘:_ .
o (——7\—1-’ 0; O).
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Torna orHocuTenbHO cucreMnl KoopauHart (O'XYZ) ypas-
HEHHSl pacCMaTpHBaeMbiX MOBepXHOCTeH OyAyT HMeTb BHA:

\NX24a, =0, |, V)

.2
a4
"K .
HccnenyeM, Kakuve noBepXHOCTH BTOPOTO MOpPSIAKA HMEET
npHBeICHHOe ypaBHeHHe V Tuna.

e &, = j, —

Ne M la” Kanonunueckoe
1

e 94| ypasmenne Haspaunue Bun
!| =] xiqaog [Mapa mnapan- 2
JIelbHBIX  T1710C-
-+ KocTelt
g
> a3 X
y

204+ X?— —aq? [Tapa  MHHMBIX
- napaJjneybHblX
— = NJIOCKOCTeH

34 X2—0 Iapa coBnaemux Z
NJ0CKCCTeR

Mrak, ™Mbl 70Ka3aJH, YTO BCKOEe VpaBHEHHe BTOPOH CTe-
neHu (1) npeoGpa3oBaHHeM MNOBOpPOTa M NapaJlielbHOro Ie-
peHoca KOODAMHAT MOXeT ObiTh INpHBELEHO K OJHOMY H3
cieyoAX PHHIUITHANbHO PA3JIHYHBIX KAHOHHYECKUX BHJIOB:

X2 42 22
1. =z + BE + = =1— SJIJIUIICON.

X2 y? 22 .
2. - + ) + - = | — MHUMBIH 3A7HIICOMS.



xﬂ 2 22
3. —ag-l-—i—z-%— - = 0—Touka naM MHHMas KOHHMUeCKas
NOBEPXHOCTb.
4 x—2+i’-—z—z—l-—-o HOTOJIOCTHBIA 60
— o5 == )il bifi rHnep6osouA.

-7 — 5z — or = | — IBYXnonoCTHA runepGonons .

x2 y2 22
6. =3 + 47 — -5 = 0 — Konunueckasi NOBEPXHOCTb.

N
*®
1)
+
<
o

5= 22 — sanunTHyeckui napaGosioun.
8 F— = 2z — runep6oanyeckHi napabosonn.
x2 y? o
—z + 57 = | — 3MIMNTHYECKHI WHAHHLD.
x2 y? o o
10. atE=— | — MHHMBIA 3JUTHNTHYECKHH UHJHHAP.

x2 2
1. = -I—% = 0 —npsiMass HJAM napa MHHMBIX Nepece-
KaIoOWHXCS MJOCKOCTeH.
12. % Y% _ | _ runep6 ;
2. s = runepOONHYECKHA LHJHHAP.

x2 2
13. T -Z—z =0 — napa nepeceKaoUHXCH MJIOCKOCTeH.

14. x? = 2py — napaGoAHYeCKHH LHMHHIP.
15. x? = a? — napa napaJ/uieAbHBIX MJIOCKOCTEH.
16. x2 = 0 -- napa COBNAaBUIHX NJOCKOCTEH.

17. x* = —a? — napa MHHMBbIX NIapaJNIeJbHBIX JIOCKOCTEH.
Bcsikasi moBepXHOCTb BTOPOro NOPsKa MOXKET GBITh TOJNIBKO
OJIHOH M3 MepeyHCJeHHBIX Bbille 17 moBepxHOCTEH.
Bpile MBI NOKasaji, 4TO €CJHH RaHO ofliee ypaBHeHUe
NOBEpXHOCTH BTOPOro MOpSIAKA:
2F (x; y; 2) = anx® + azy® + a3522 + 2a55xy + 2a;,x2 +
+ 2a5,y2 + 2a14x + 2023y + 20342 + a4y =0, )
TO Bcerja cylecTByeT cHcreMa KoopauHaTt (0’'XYZ), oTHo-
CHTeJIbHO KOTOpoH ypaBHeHHe (l) HMeeT OfMH H3 NSITH BHAOB:
LoaX2+ Y2 4022 +0, =0
HJIH
1. MX2 4+ AV2 +2a34Z =0
44



HITH
HI A X2 42,Y2 +a5 =0
HJIH
V. mX2+2) aif +aidy =0
HJH
V. 1X? +ay =0.

[Mycts nosoxeHue cHcTembl koopauHaT (O'XYZ) 3zamano
OTHOCHTEJIbHO CHCTEeMbI (Ovyz) HadyasoM O’ (Xo, Yo, 2,) €AH-
HHYHBIMH BeKTOpaMH ocedl O'X, 0'Y, 0'Z

en={pw ph; pr} (k=1,2 3).
Torpa ¢opmysni npeo6pa3oBaHHs KOODAHHAT HMEKT BHA:
x=piX +pi¥ +pZ + x,;
y=piX +p3Y + piZ + yq; (13)
z2=piX + piY + p3Z + 2,
(b2 + (ot + (PP =1 (=1, 2 3);
pipy +pipi + pips =0 (i+j; i, j=1, 2 3).
[IpeobpasoBaHue, ofparHoe mnpeobpasoBanuio (13), Hmeer
Bug (cM. § 1):
X = pix + ply + piz + x
Y = pax + p3y + p3z + yo; (14)
Z = psx + piy + p3z + 2,
Ecan ypaBuenue (l) siBasieTcsi ypaBHEHHeM IOBEpPXHOCTH
I, I, III, IV, wau V runma, To, moacraBuB X, Y, Z us
dopmya (14) B ypasuenus (I), (II), (III), (IV), (V), Mu mo-
JY4UM ypaBHeHHe JaHHOH moBepxHocTH (1) OTHOCHTENBHO
cHcTeMbl KoopAuHAT (Oxyz) B BHAe:
1. 2F (x, y, 2) = My (plx + ply + piz + x%,)* + 22 (pox +
+ p2y + paz + 4o)" + Ag (p3x + piy + p3z +2,) + ass= 0
HaH
1L 2F (x, y, 2) = M (pix + ply + piz + %,)* 4 Xa (p2x +

+ Py + p3z + yo)? + 2a3s (pix -+ piy + piz 429 =0
5



HJTH
1. 2F (x, y, 2) = M (pix + ply + piz + x,)2 +
+ Ae (p2x + piy + p3z + o) +aiu =0
HJIU
IV. 2F (x, y, 2) = 1 (pix + ply + piz + xo)2 +

+ 2/ ag, + a;,(px + phy + piz + 4o) = 0
HJTH
V. 2F (x, y, 2) = M (pix + ply + p¥z + x,)* + @z = 0.

B uacrtHocTH, ecnu ypaBHeHue (1) ecTb ypaBHeHHe naphi
COBMABLIHX IJIOCKOCTEH, TO BO3MOXHO ero 3amHcaTb B TaKOM
BHJE:

2F (x, y, 2) = ) (pix + ply + piz +x,)* = 0.
[Tocneanee YpaBHEHHE pacrnajaeTcsd Ha JBa YypaBHEHHA.
pix + ply + piz + %, =0; plx +ply+plz+x,=0.

CnejoBaTeJibHO, KOOPJAHHATHI BCeX TOUYEK, MNpHHALJENKAIHX
MOBEPXHOCTH, COCTOsIIeH, H3 napbl COBNABLIMX MJOCKOCTed,
YOBJIETBOPSIIOT YPABHEHHIO NIEPBOH CTENeEHH.

Mpunep 1. TlpuBecTH K KAHOHHYECKOMY BHJY ypaBHEHHe:
x4+ y? 4322 + 2xy —6xz2 4 6yz —4x + 4y + 22 —12 =9,

1) HajizeM KOpDHH XapaKTepHCTHUYECKOro ypaBHEHHs:

l—x1 —3
DMN=|l 1—x 3{=0
—333—2

— 13402 —3=—N—2)A2—3—18)=0

)\1=2, )\3=6, )\3=—3.

2) Hafizem enuHu4HbBlE BEKTOPHl €, €2, €3, HMeolIHe
rJaBHble HanpaBJeHHs, AJs 4ero M3 onpenejureas D (V)
KaX/bli pa3 npH A=»\, Oy/ieM BEINHCHIBATH JIBe CTPOKH, 3/1eMeH-
Thl KOTOPHIX He MpONOPLHOHAJbHBI; 3TH 3JIEMEHTH SIBJSIOTCS
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Ko3(ppHUHEHTaMH ABYX JIHHEAHO HE3aBHCHMBIX YpDABHEHHii

(5”), M3 KOTOpBIX OMpeAe/sieTcs & .
Ecau =2, 10 (—l l_—3>;

—33 1
) 1 —3 0 —3 —1
pi=siig |=10sy; pi=si| | _5/=10sy;
—11
p:li=31 —3 3‘=
Eciu a, ={1; 1; 0}, To
so_a _ [ 1. 1
€ = a; | {ng Vg. 0}
—51 —3
E Ae =6
CJIH 2 TO ( | —5 3)
1 —3 ) —3 —5
ps = Sz _53-—1282; pr=8| 4 “=1232;
) —5 1
P2 = S2 1 —5 =24Sz.
Ecnn a, ={—1; I; 2}, 10
= % ={_;. 1.2
27 Tal Ve’ Ve’ 1/6}'
41 —3
Ecay Ag=—3; 10 (1 4 3>.
1 —3 —34 _
p.'li=ss 4 3|=1583; Pg':ss 3 l|=—-1083;
3 1
p3=s; 1 4]=1583.
Ecau Ea={1' —1; 1}, 10
— 1 1 1
€ = I——' —_— =, —=!.
8= | ag \V3’ V3 ]/.3}
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OnpefienuM OpHEHTAUHIO BEKTOPOB €, €2, €3:
1 10

(eleres)=g|—1 12/=+1.
1 —11

3) Moxcunraem a4 no dopmyaam (3%) § 2 HAM Kak CyM—
My TNpPOH3BEAEHHH 3JIeMEHTOB NepBOro crosidla TabJHUBbI Ha
COOTBETCTBYIOLIHe 3jaeMeHTw (/ -+ 1)-ro croadua.

e e, e,

. 1 | 1 _

Qg = —2 n=yz |RP=—y5 | BTYE
1 1 1

. 2 __ 2 _ 2 __ —_—
gy =2 pl—V§ P2—‘/g Ps——Vg
2 1

azy =1 p=0 P§=ﬁ p§="73=
a;4=——12' G, =0 |ay=V7F |d=—V73

4) 3annuwem ypaBHenHe (1) JaHHOH MOBEpXHOCTH OTHO—

CUTeJIbHO CHCTeMbl KoopiuHaTt (Ox'y’z’):
2%’ +6y*—322 +2Y6y' —2Y 32 —12=0.

5) IpuBeneM nocJiefHee YypaBHeHHE K KaHOHHYECKOMY
BUAY npeoﬁpasoBal-meM napaJieJibHOro nepeHoca CHCTEMhbl
KoopJHHAT, AJiA 4Yero 3alHIleM ero B BHAE:

2x’2-|—6(y'-——1~_)2-—3(z’——l—_)2—12——l +1=0,

Ve , V3

a 3aTeM COBepIUHM NapaJuleJibHbIA MepeHoC Mo (opMyJiam:

x'=X;
, 1
Yy =Y+V'—6_;
z'=Z+V%.
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0’ (O; l—/l—g-; —‘71—5) —HagaJlo HOBO{ CHCTEMbl KOOpAHHAT
(0'XY Z), orHOCHTe/bHO KOTOpOH YpaBHEHHe [OBEPXHOCTH
UMEeT BH:
2X%+6Y2 —32*—12=0 X + - ———4—= | — oaHo-
NOJOCHBIA rumepGosions (4epr. 8). z
ITpumep 2. YnpocTuTb YpaBHe-
HHe:
2%% 4 3y? 4 222 + 2xy + 4xz +
+2yz +2x 46y +22=0
1) BuluuCAHM KOpHH XapaKTepH-
CTHYECKOrO ypaBHeHHs:

Z‘A

2—1 1 2
DMN=|1 3—x 1|=0;
2 1 2—)

— B 4+712—101=0;
)\1=0', )\2=5; )\3=2.

Yepr. 8
2) HajizeM eguHHYHBIE BEKTOpH! TJIABHLIX HampasJelinn

o (212
=)

1‘='—5312 Py =s

p. 22]
1=S13 111~

p?=sl

H_ s
13|= S1-

Ecmn gy ={—1; 0; 1}, 1o

2 —31
1

12 0
—921 = + 5s,; D2 =82 = 5§,;
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=1
Qg = 1
Qasy =

a'“=0




4) YpapHeHue (1”) 1aHHOH NOBEPXHOCTH OTHOCHTEJBEHO
cucTeMpl KoopauHat (Ox'y’z') umeer BuA:

5yt 422 42V x 422y —2 2 —o.

V3 Ve
5) 3anuilemM ero B BHJE:
5(y’ +—1—)2+2<z' ———'T)2+2V§(x'—--7_,)=o,
V3 2V'6 8V 2

O6o3HayuM:

;1

X m-—X,

% +17%=Y,

1

2 26

Otu dopmyab CyTb ¢opMyJbl NapaJlesbHOro NepeHoca
cucTeMsl KoopauHaT. Hauano O’ cucremur Koopaunat (0 XY Z)
ynet:

. 1. ;>

8V’ V3’ 2ve)’

YpaBHeHHe NaHHOH MOBEpXHOCTH OTHOCHTENBHO CHCTEMEBI KO-
opaunar (0’ XY Z) Gyner uMerb BuA:

5Y2 4272+ 212X =0

!

—=+ == — 2X — 30IMOTHYECKHH MNapaGo/ioui
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ITpumep 3. TlpuBeCTH K KAHOHHYECKOMY BHY YypaBHEHHe:
O3+ y24422 —6xy—12x2 +4yz2+6x4+8y+2z24+4=0.
1) BhYyHCIHM KOPHH XapaKTepHCTHYECKOrO ypaBHEHH::
9 —» —3 —.6
DMN=| —31—2 2| =0.
—6 2 4—A
— M4 14L=0, \, =2 =0, ) =14

2) Haiinem raiaBible HanpasseHus. Tak kak A = 0 — nBy-
KPaTHbIl KOpeHb XapaKTepHCTHYECKOIo YpaBHeHHs, TO M0
TeopeMe 4, § 3 B cucreme (5”) nmpu A = \; CyuleCTBYeT OAHUL
JIHHefiHO He3aBHCHMOe YpaBHeHHe:

3pt + pi +pi +0. (¥).
Ecim a3 ={3; 1; 1}, 10

8

e3 =

B
Hafinem kakoe-nubo pewenne ypaBHeHHs (*); mnycTs
pi =0, Torma pf = ——p?.

Ecan g, ={0; I; —1}, 10

2
@

21

ey = 62=23XE|.

la ]’
3) IMoncuuraem a;, ([ =1, 2, 3).

2|
&

e e, ey
2 3
ay =3 pr=0 pé=—ﬁ pé‘—"l/—l'—]'
1 3 1
ag =4 pf=ﬁ p§=7—; p§=ﬁ
1 3 1
as =1 P?=—T/_§ pg=V—2—2 p§=7=1
, , 3 . 9 ' 1
=4 | U=z | T Ys | T YT
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4) YpaBuenne (1”) gaHHO# TMOBEpPXHOCTH OTHOCHTEJbHHO
cucreMbl KoopauHat (Ox’y’z’) umeer BHA:

14z’2+2V_x +2V ’+2V__z + 4 =0 — ypas-

tienye moBepxHocTH IV Tuna.
5) 3amuiieM nocJefHee ypaBHEHHe B BHJE:

4 (2 4 ym) e T2y (v ) =0

O6Go3HauuMm:

2= X;
, L5V .
y+ 33 =y9
1/11 =Z

It dopMyJibl MOKA3BLIBAIOT, YTO CHCTeMa KoopauHaT (0’ XY Z)
nonyuyeHa M3 CHCTeMbl KoopAuHaT (Ox’y’z’) napannenbHbIM

.. _Bs5V®. 1 )
nepeHocoM, npuueM O (o, a vl B cucreme
(0'XYZ) ypaBHeHHe NaHHOH MOBEpXHOCTH HMeeT BHI:
14 Z2 — —
47 +2V X+2V22Y 0. (a)

6) TlonGepem GopMy.ibl MOBOPOTa CHCTEMBI KOOPAHHAT TaK,
arofbl B npeo6pa3oBaHHOM YpaBHEHHH OCTaJHChb TOJBKO
wieHnl: az"%; bx".

3 9

X=17?"”+V_27"".
10 ’

I

9 3
y_ VB VTV
s/ 0 7

I
—
—



7) IoncraBuB HaiineHHoe 3HaueHwe X, Y u Z B ypaBHe-
Hue (a), NoJy4HM IMpHBeJeHHOe ypaBHeHHe [aHHOH MOBepX-
HOCTH

142 +6 V}—?x’ = 0 — napaGosnueck uf uuanuap (vept. 10).
Ynpaoscnenus
INpuBecTH K KaHOHHYeC-
KOMY BHIY ypaBHEHHS:
1. 10x®2 —242 4 222 +
+8xy + 12xz + 4x 4+ 8y +

+122—1=0.
Omegem.
452 — 1422 +%y=0.
Yepr. 10

2. 4x% + 5y + 622 —4xy + 4yz + 4x + 6y + 42 —27=0.
Omesem. by =2 dy=5; }y=8; X + 2+ 2= 1.

3. 2xz2+4x+2y—42+3=0. °

Omgem. X2? —272 +2y=0.

4. 3x2 +222 —6x+2y —42+3=0.

Omeem. 3x* +222 +2y—2=0.

5 22+ 4x—4y+62—1=0.

Omsem. V2 = — /13 X.

6. +4yz—2x+4y—5=0.

Omgem. Y2 — 7% = X.

7. TlpuBecTH K KaHOHHYECKOMY BHJY YyPaBHEHHS, JaHHble
B NMpHMepax Ha crpanHue 38.

§ 5. NuBapuanThl ypaBHeHHsl MOBEPXHOCTH BTOPOro MNOPAAKa
OTHOCHUTEJIbHO Npeo6pa3oBaHUsi BPaUIEHUSA CHCTEMBI
KOOpAHHAT

[TycTb AaHa NMOBEPXHOCTb BTOPOrO MOPSAKA yPABHEHHeM:
2F (x, y, 2) = anx® + agy® + agy2® + 2a55xy + 2a13x2 +

+ 2a55y2 + 2a14x + 2a2y + 20542 + a4y =0 1))
OTHOCHTEJIbHO CHCTeVibl KoopAHHAT (0xy2)
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HOBEP}IEM cucteMy KoopauHaT (Oxyz) BOKpyr HauaJsa O,
nycto ex={pr Pr; PR} (k=1, 2, 3) — eNUHHUHEIE BEKTODEI

no ocam Ox’, Oy’, Oz’, npuuem (e, e e3) = + I.
Torna ¢opMyJbl NMOBOPOTA CHCTEMbl KOOPAHHAT 3amHLIYT-
ol TaK:

x=px +pry +piz’;
y=pix’ +piy +piz’; @)

3 3 3
=pix’ +py’ +ps?,

a ypaBHeHHe TOBEpXHOCTH (1) OTHOCHTEJILHO CHCTEMHI KOOp-

aunar (Ox’y’z’) umeer BHL:

oF (¢, y', 2') = aux’® + agoy’® + @332’ + 2a12x"y’ +
+2a13x'2" + 2a53y’2" + 2a14x’ + 2004y’ + 2a342’ +a4=0, (1)

npHyeM KopGHIHEHTH @;;, BHIYHCJeHHbe MO ¢opmynam (3)
§ 3, BooOlE roBopsi, OTJHYAIOTCS OT KO3(pHUIHEHTOB a;;.
OnHAKO MOXKHO COCTaBHTb TaKHe QYHKIHH KO3hdHIHEHTOB a;ij,
KOTOpBIE He H3MEHSITCS INpH INpeoOpasoBaHUH MepPEeMEHHBIX
JeBoi uyacTH ypasHeHus (1) mo dopmynam (2).
Onpedeaerue. 1. VIHBapuaHTOM JIeBOH YacTH ypaBHEHHS
(I) oTHocHTenbHO JaHHOro npeoGpa3oBaHHsl (2) Ha3LIBaeTCs
rakasi (yHKuUs KosddulureHTOB a;; ypaBHeHus (1), Koropas
He H3MeHsieT CBOero 3HaueHUsi, eCJM B HeH KO3(PhHIHEeHT a;j

3aMEHHTb COOTBETCTBYIOUIMMH KO3(pGbHIHEHTaMH a;; mpeobpa:
3oBaHHOro ypaBHeHus (1'), T.e.

I (aij) = I (@iy).

3HaHWe HHBapHAHTOB 3HAUUTEJBHO YNpOLLAeT 3aayy IpH-
BeJeHHs] ypaBHeHHst (1) K KaHOHHYeCKOMY BHAY, a TaKxe
onpefiesieHHs1 BHAA IMOBEPXHOCTH, 3ajaHHOH ypaBHeHHeM (1),
fe3 mnpuBefleHHsl ero K KaHoHnmyeckoMy Buay. Ilocnennee
0cO0EHHO BaXKHO, INOTOMY YTO NpH NPHBEJEHHH K KaHOHH-
yeCKOMY BHMAY ypaBHeHHH noBepxHocTH | THna npuxopurcs
BBLIYHCJIITh KOPHH KYOHUECKOro ypaBHEHHsl, UTO NpeACTaBJseT
H3BECTHYIO TPYIHOCTb.

MuBapuantsl o6llero ypaBHeHHs NOBEPXHOCTH BTOPOro
nopsiika MO3BOJISIIOT pelllaTb pSifi APYTHX HHTEPECHHIX 3afay
TEOPHH NOBEPXHOCTEfi BTOPOTrO NOpSiAKa.
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[TocTaBum mepen coGoit 3a1auy oOMNpele/iHTb HHBAPHAHThHI
ypaBHedus (1) oTHocuTenbHO npeoGpa3oBaHHs MoBopoTa (2).

PaccMorpum crapuune unenst ypaBuenus (1). Ouu cocras-
JSIOT KBaJpaTH4YHYIO ¢GOpMYy MepeMeHHbX X, ¥, 2 (CM. NpH-
noxenune Ne 1),

D (x, y, 2) = ax? + Aaal? + age?2® + 2a55xy +
+ 2a14%2 + 2a,3y2. 3)

[Tocne npeo6pasoBanus (2) oHa mepefifieT B KBaJpaTHYHYIO
¢dopmy:
D' (¢, ¢, 2') = anx’ + any” +az2’ +2a1X'y’ +
+ 2a13x'2" + 2053y’ 2,
T. e.
D,y =P, ¢, 2. 4

TaK KaK en — eMHHYHEIE B3AHMHO NepreH UKy IsApHbe BeKTO-
pHI, TO

(o) + (pi)* + (PR =1 (=1, 2, 3);
pip} +pip} +plpf =0 (i#j i j=1,23. @
Ho Toraa u3 popmya (2) nomyuyaem, 4To KBajgpaTHuHasi ¢popma
o=1x2+y? 22
npeo6pasyeTcsi B KBaApaTHUHYIO dopmy:
o =x't 4" 42,

U)(x’ y’ Z)=U.)’ (x,’ y” Z’). (6)

M3 paeencts (4) u (6) BuiTekaeT, 9TO NpH JIOGOM 3HAYeHHH
\ HMeEeT MeCTO paBeHCTBO:

D,y 2)—rox y, 2)=D K, y,2)— &, v, 2)
uan
(@ — N %%+ (@2 — M) y? + (agy — 1) 22 + 20150y + 2014%2 +
+ 2a5592 = (@1 — V) X2 + (@ —N) y'2 + (@s — N 2 +
4 2a10x"y’ + 2a13x'2" + 2a03y’2".
B JeBOfi yaCTH TOCJEHEro pPaBeHCTBAa CTOHT KBaJpaTHUYHas

¢opma nepeMeHHbIX (X, ¥, Z), @ B nNpaBoif 9acTH — KBajpaTH4-
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’

Hasg ¢opMa nepemeHHmIXx (x’, y’, 2’), mosydeHHas H3 Hee JH-
HeiiHLIM npeoGpasosanueM (2). CrenoBatesbHO, NpH JI0GOM
A mo Teopeme 1 npuaoxenus | HMeeT MeCTO PaBeHCTBO:

an —N\ app ais ay —\ ag g
;a;. 0’22—)‘ a'23 = |Qyn Qs —\ Qs X
ax as 33—\ as ase ags—>
pi p2 p3 [
x| pi p3 P3|
ni b3 pi
Ho
pi Py P
pi ps p3|=(eieres) =1
pi Py Pl
H NOTOMY
an —\ aj, ais a; —\ ap an
a;zx 0'22 —A 0:23 =|Qag Q23 —\ Qg3
as a3 as —\ | as Az A3y — )\
HIH
34 (ah Famtd)re— [T+
Qg1 Q22

g a G d, an a2 a3
1 a3 22 Qg3 , , ,
A N A+laa ag axn|=
Q31 Q33 Q32 Q33 , , ,
Q31 Q32 Q33

an Q2
=—M 4 (a1 + Qs +a33)k2—<
Qg1 Qo2
a Qo Q;
Q11 O3 Qa3 Qag )) n n 3
. Qs Qg2 Qo
Qg Q433 age Q331 3

| 731 @3z Qygi



[IpupaBHsAB KO3bD(HLUHEHTH NMPH OJHHAKOBHIX CTENEHAX A,
NOJIYUYHM CJiellylolllHe HHBapHaHTH [OBOpPOTA:

Iy =ay +az + a3 =a;; +ag +ass;

/ Q1 Qye an Qyg Q22 Qag
2 = =
Qs Qzp Qg1 Qg Qge Qg3
a;y Qg a'n a3 0:22 0'23
=|., .|+, . . s ®)
Qg1 Qo2 Q31 Qa3 Q32 Q33
Q11 Q12 Q4 an a2 a3
I3 =|as Qos Qo3| = |a21 a2 Qo3|.
g A3z Qg a3 Qs Qss

PaccmoTpuM KBajpaTHUHYIO (OpMY YeThIpeX NepeMeHHBIX
X, Yy, 2, L

R(x, y, 2, ) = anx® + Qy? + ag32® + 20126y + 2a14x2 +

+ 2023y2 + 2a14xt - 2024_1/! + 2a342t + a44t2 = 0, (9)

KO3bdhHLHEeHTbl Q;; KOTOPOfi COBNajaloT C COOTBETCTBYIOLIHMH
KosbduuMenTaMi JieBoj 4acTH ypaBueHHs (1), T. e. (x, y,
2, ) =2F(x, y, 2).

ITycTh gano JHHelHOe NpeoOpa3oBaHHe MEepPeMEHHBIX KBaj:-
patuyHoii ¢popmbl (1):

x=pix +py + psz’;

y=rpix' +pry +piz; 2)
z=pix' + iy +p3z;
t = ¢,

rpuueM BhINOJHSIIOTCS ycaoBHs (5).
B pesyabrate mpeoGpasoBaHusi (2°) kBagpaTHuHas ¢opMma
npeobpa3veTcsi B KBajpaTHUHYyIO ¢opMy:

Q' (x', y, 2, ') =anx + any’® + azsz’® + 2ai.x'y’ +
+ 2a13x'2" + 2a3y’2" + 2a1x't’ + 2a2y’'t’ +
+2a342't" +aut’?=0, 9"
Qx. y, 2. )= (x', y', 2, t). (10



Ms ¢opmyn (2°) caepyer cnpaBeasnMBOCTL paBeHCTBa (6).
Vs papenct (10) u (6) caegyer, uTo mnpH JsOGOM A HMeeT
MeCTO paBeHCTBO:

R— o =2 — o’
HJH

(@1 — N X2 4 (g2 — ) ¥2 + (@gs — N) 2% + 2a50xy + 20453 x2 +

T 20y3y2 + 2a14xt + 2055yt + 20442t + agat? = (@) — ) x'% +
+ (@22 — N y’? + (asa — 1) 2% + 2a10%'y" + 2a13x'2" +
+ 2a0,y'2" + 2a14x't’ + 2a0y’t’ + 2a342°t" + aget’?.

B ;1eBOji yacTH MOCJeJHEro paBeHCTBA MEI HMeeM KBajapa-

THUlylO (OpMY NepeMeHHBIX X, Y, 2, [, a B NIpaBOii 4acTH —

KBapaTHUHYIO ¢OpMy NepeMeHHBIX X', y', 2’, t’, mosyyeH-

Hyl0 H3 Hee JiHHeHHBIM NpeoOpa3oBanuem (2°). CienoBaresbHO,

npy JioGoM A mo Teopeme | mpusoxenusi 1 HMeeT MecTo
PaBeHCTBO:

an—\a a3 au
ialzl @z —\ as Qo4 .
0'31 aéz 0233—)\ aé4 N
‘a,lnl a;z 0;3 0;4
a;, —\ Gge Q3 ays P} P; pl’, 0
| @ Q22 —h Az ax| |pi P2 P 0!
B Q31 az» Qg3 -— h 034! IP? Pg /-73 Of'
Qy Qs» Q43 ag' 10 0 0 L4
Tak kak
pi pz p3 O
2 2 9
PP Ol g =1,
pi p2 pa 0
0 0 0 1!
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TO mpH Jo6OM ) HMeeM:

an —X\ ap ais aus a;y —N\ ap Q13 Q14
Qs Qe —\ Qg3 Q| |G Qg — ) Gy Q4
as asy Q33— \ Q3 ag Qga Q33— ) Q34
Qa4 (277 Q43 Q44 aq Q4o Q43 Qyq
, ap 0’14 0'22 0,24 0:23 0134
— ay4h® 4+ , , , , , , -
Q4 Quq Q4o Qay Q43 Qyy
app Qg Qg apy a3 Q14 Qoo Q23 Qo4
—1 |aa aop ags| + Qa1 aszs @z |+ |ase azz assf A+
Qs Qg2 Quq Q41 Q43 Qs Qso Q43 Qg
ap Qi Q13 Qg
Gy Qao Qo3 Qo a, a Qy @
i 91 Qg2 QA3 Q2 — g+ 1 Qe 22 Oaq
, . . a4
as; Qsz asz as, Qa1 QA Qg2 Ay
Q41 Qg2 Q43 Qa4
Q11 Q12 Q1g Qyp Qi3 Qi
Q3s Q34
8 A2 — Qgy Qg2 Qa4 + a3 Qg3 Q34 +
Qg3 Q4
Qq1 Qg2 Qgq Q41 Q43 Qg4
Q11 Q2 Qi Q
a22 023 024 11 12 13 14
Qy; Qoo Qos A
+ a32 a33 a34 )\ + 21 22 23 24
Ay, Qg0 Qg3 Q.
ad2 (143 044 31 32 38 Y84
Qg1 Qg2 Qg3 Qyq

CpaBuuBasi Ko3h(HUHEHTb NPH ONHHAKOBBIX CTeNeHsX,
nojiyyaeM HHBapHaHTbl NOBOPOTA:

an G2 Gy aue|  |an G2 @i G
[, = Q21 Q22 Qa3 Qgq _ a’m 0%2 0’23 0124 )

Qgy Qg Qg3 Qg4 Qa1 @33 Gz Az

1041 Q42 Qqg Qgq 0'41 aln 0;3 a:u
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a; Qi Q22 Q24 Qgg Q34| __
K 1= + + =
Qq Qg4 Qa2 Qg4 Q43 Qgq
a1 ay Qo2 Qg4 Q33 Q3
=, A = ..
Q41 Q44 Q4o Qya Q43 Q44
Q;; Qi2 Qi an Qi3 Qug Q2 Q23 Q34

Ky <= |Qg Qg Qoq |+ | Q31 Qg3 Q34|+ |Qgs Qg3 Qe | =

Qq1 Q42 Qyq Q41 Qg3 Qg4 Q2 Qa3 Qyq

’

a; Qe Q4 aiy a13 Qs Q22 Qg3 Qg4
= Qg1 Qg2 Qoy |+ |@31 G33 Q34|+ | Q3 Q33 Q34

Q41 Qa2 A4y Q41 Q43 Qyy Q42 Q43 Quq

K3=a44=a44 .

Hrak, oTHoCcHTeJbHO NMpeoO0pa3oBaHHS MOBOPOTA CHCTEME
KOOpPAHHAT ODlllee YpaBHEHHe MOBEPXHOCTH BTOPOrO MOPSIAKa
(1) uMeeT ceMb HHBapHAHTOB:

[l) 127 13’ 14’ Kl; K2v KS'

§ 6. UuBapuanTbl npeoGpa3oBaHusi NapaJaeJbHOr0 MepeHoca
CHCTEMBbI KOODJAHHAT

[Tycth paHO ypaBHeHHe MOBEPXHOCTH BTOPOroO MOPSI/KA:
2F (x, y, 2) = a11x? + Qgoy? + ag32% + 2a10xy + 20ay,%2 +
-+ 2a23y2 —+ 2014x + 2024!/ - 20342 -+ Qyq = 0. (l)

HafineM ypaBHeHHe 3TOH MOBEPXHOCTH OTHOCHTEJIBHO CHCTEMbl
koopauHat (O’ XY Z), noaydenHoit u3 cucteMsl (Oxyz) mapan-
JeJbHbIM NEPEHOCOM ee.

Ecau O’ (xp; Yo, 20), TO opMysbl NapasjeJbHOro nepe-
HOCA HMEIOT BHA:

x= X+ % )
y=Y + 4o
z2=2+z,
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[MogcraBus x, y, z u3 dopmya (2) B ypaBHeHHe (1), umeeM:
2F" (X, Y, Z) = an X® + apV? + a3 Z + 20, XY +
+2a13XZ +2a33YZ + 2a1,X +2a54Y + 2034Z + a4 =0, (1%)

NPH 3TOM:
Qi =y, Gy =Gy, Q33 =0y, G12=ap, G13=ay,
a;S = Q,3, (3)
ayy = anXo + QueYo + Q1320 + A4 = Fx (X0, Yo, 2) = F.,v.,;

0124 = Qg1X + QoeYo + A2320 + Qos = F;,' (X0 Yo» 20) = F;,“; “4)

054 = Q31X + Qgalo T Q3320 + Q33 = F, (Xo» Yo, 20) = Fy5
Qi = allxg + azzyg + aaazg ~+ 2a,2%0Y0 + 2a13%02, + 20234020 +
+ 2a14%0 + 2054y, + 203420 + ass = 2F (xq, Yo, 2,),

rae Fx F',,o. F,, — NOJIOBHHBI YaCTHBIX IPOM3BOAHBIX OT Jie-
BOi#l uacTH ypaBHeHus (1), BbluHcjeHHbie B O’.

Hrak, B pesysabTaTe npeo6pa3oBaHHsl NMapaJjJIesibHOTO Iie-
peHoca mnepeMeHHBIX X, y, 2z Mo ¢opMyse (2) JeBasi HacTb
oflero ypaBHEHHSI MOBEPXHOCTH BToporo mnopsinka (1) mpe-
obpasyercs B JeBylo 4acTb ypaBHenus (1”), nmpuuem xoatpdu-
LLHeHTH B CTapLIHX 4YJeHaXx npeoOpPa30OBAHHOrO YpaBHEHHS
(1”) paBHBI COOTBETCTBYIOIIMM KO3(DpHIHEHTaM CTaplUHX 4YJe-
HOB JaHHOro ypaBHeHHs (1), Kos(pbHUHEHTH NPH NepBbIX
CTeneHsAX B MNpeoOpa3OBAHHOM YPaBHEHHH COOTBETCTBEHHO
paBHbl MOJOBHHAM YacTHLIX NPOH3BOAHBIX MO X, Y, Z OT Je-
BOM uacTH oOwero ypaBHeHHst (1), BBIYHCJIEHHBIX B HOBOM
Hayase, a CBOOOAHbIH YJeH paBeH JIeBOii YacTH YypaBHEHHS
(1), BbluucseHHO#i B HOBOM HauaJje. M3 c¢opmya (4) u onpe-
JgeneHus (1) BoiTekaeT, 4YTO KO3(HIHEHTH B CTApIIHX YJje-
Hax ofuwero ypaBHeHHs1 (1) MOBepXHOCTH BTOPOro MHOpPSiAKa
CyTb HHBApHaHTH NapaJJeslbHOro NepeHoca.

HaiigeM ppyrve uHBapHaHTHI NapasJiesIbHOTO MEPEeHoca,
JJIsl 4ero pacCMOTPHM TaKylo KBajpaTHUHYIO (opMy mnepe-
MEeHHbIX X, Y, 2, L.

Q(x, ¥, 2, ) = anx? + QY + a5432® 4 2a10xy + 2a;,x2 +

-+ 2as3y2 + 2a;4xt + 205yt -+ 2ag,2t + Qgqt?, (5)
62



k03p(HLLHEHTHl @;; KOTOPOH COBMNAajalT C COOTBETCTBYIOLLHMH
koapdulHenTamMn ypasHenHs (1), T. e.

Rx, y, 2z, N)=2F(x, y, 2).

CopepliMB JIMHEHHOe MpeoOpa3oBaHHe MepeMeHHbIX Mo ¢op-
MyJaam:

X=X 4+ xt’
y=vY +yot’ ©6)
=2+ zyt’
t=t'

MBI no.nquM npeoGpasoBaHHYI0 KBajpaTHUHYIO (opmy:
= a| X? +ay,Y? + a;,Z% + 247, XY + 2a),XZ +2a YZ+

+ 24, X + 2a,,Y +2a,,Z + a, %)
HIH
Qx, y 2, )=2"(X,Y,Z,t). 8)

OueBupHO, uTO KO3(hdHULUHEeHTbl KBaApaTHUHOH ¢opMel (7)
paBHbI COOTBETCTBYIOUIMM KOS(pHIIHEHTaM ypaBHEHHS (1. Ilo
TeopeMe O JIMHEHHOM NpeoOpasoBaHHH KBajJpaTHYHOH (OpMbI
HMeeM:

©

a'l'l a:z a;a a;4 Q1 Q12 Qi3 Q14 100 Xy
010y,

32 Gag Oy Qg1 Qe Qgg Q34 001 ¢,

a;l a;2 a” a” Qy1 Qgp Qa3 Qg4

31a

@y, Gy, a4, Gy, Qg1 Qg2 Qg3 Qg 0001
au Giz A3 Qig a), @, a;, aj,
Qg1 Qa2 Qg Q24 Ay Ay Qg Gy,
g1 Qgz Q33 Qg4 ay Gy, a4, a3,

Iy

Qq1 Qg3 Q43 Qyq Ay Qyp Qy3 Ay
CrnenoBareibHO, I, eCTb HHBapHaHT MapaJuieIbHOrO NepeHoca.
B ofumem canywae umHBapuaHThl nosopora K, K, K, He siB-
Afl0TCS MHBapHaHTaMH nNapaJjJieJbHoro mnepeHoca. OrHocH-
TeqbHO K 3TO yTBepKAeHHe BbITEKaeT W3 paBeHCTB (4), a OTHO-

cutebHO K7 H K 3TO yTBep:KJAeHHE MOXHO JloKasaTe CJle-
AYIOIHMH TIpUMEp aMH.

63



Mpumep 1. TlycTb paHa NOBEPXHOCTb BTOPOrO MOPSIAKA
ypaBHEHHeM:

242y +2x+ 4y +62+9=0. (a)
IMoacuuraem aasi ypaBHeHus (a) K, u K,:
K1=13, K2="“ 15.

CoBepuB npeo6pas3oBaHHe NapaJl/ie/bHOrO IMepeHoca 1o
¢dopmynam:

x=X—1;
y=Y -1,
2=27Z—1,

NOJyYdM YpaBHeHHe MOBEPXHOCTH (a) OTHOCHTENBbHO CHCTeMbl
koopauHar (O'xyz) B BHAe

X2 —2Y*+6Z=0. ©)
[Moacunraem K| u K, ans ypashenus (6):
K =—9, K,=-—2I.
cnenosatensio, K| + K|, K, # K,.

HuBapuantel npeobpasoBanusi nosopora K, Ka, K3 Ha-
3bIBAIOTCS ceMuunsapuarmamy (NONyHHBapHAHTAMH).

[loxkaxem, 4TO ecau obmee ypaBHeHHe (l) sBasercs
ypaBHenuem nosepxsoctu III, IV wmam V runa, To nuBa-
puaHT ypaBHeHus (l) sBasieTcs B 3TOM cjyyae HHBapHaH-
ToM napaJJesnbHoro nepesoca. Ilyctb ypaBheHue (1) siBasier-
csi ypaBHeHueM noBepxHoctH III, IV un V tHma orHocHTenb-
Ho cucreM koopauHar. Toraa no Teopeme 7, § 2 Bcerna
CyLIECTBYET TaKasi cucTeMa KoopauHat (0’x"y’Z’), OTHOCHTEbHO
KOTOpOH JaHHasi NMOBEPXHOCTb HMeeT BHA:

)‘1x" + )‘zy'l + 2a;4x’ + 2a'24y' +a,= 0. ®)

Tak kak cucrema kKoopAunar (O'x’y’Z’) nosyyeHa H3 CHCTeMbl
(Oxyz) noeopotroM ee Bokpyr O, To

A Oa, A, 0a, A 0a,
Ky = 0%, ay, +1000 41000 |
Ay Ay Gy a,, 0 a,, a, 0a,
= A Aa, — M), —h ey, (10)
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CoBepuiM nipeo0Opa3oBaHHe NapaJjllebHOrO MepeHoca Mepe-
weHHblX X', y’, 2', B ypaBHeHuH (9) no dopmyJam:

x' =X 4 x,
¥ =Y +yo
2’ =27 4z,

e O (Xos Yor Zy).
YpaBHeHHe NOBepXHOCTH (9) OTHOCHTENILHO CHCTEMbI KOOP-
umunat O'XYZ umeer Bux:
MNXEHAYE+200x +a) X +200y,+ay,) Y +
+ Mg+ Ny + 20 ,%, + 205y, +a, =0. (I
[loxcuutaem unBapuant K, ans ypasHenus (11):

Ko = Mg @ag — hais — iG55 = hidy (M5 + Aot +
T 20, Xy 205,y + @) — (X @10 ho— Ay, +a5)% k=
’ " " N ’
= MM, —ha), —May, =K, K, =K,

YpaBuenue (9) moaydyeHo u3 ypasHeHHs (1) npeoGpaso-
sanveM BpaiueHHs cucTeMbl (Oxyz) Bokpyr O no QopmyJam
@) § 1. Ecau coBepuuTh mpeoSpa3oBaHHe BpaUIEHHSI CHCTe-
Ml koopauHaT (0’ XY Z), oGpaTHoe mnpeoGpasoBaHHiO (3), TO
nonyuuM cucremy koopauHat (O'X’'Y’Z’), OTHOCHTeNBHO KO-
Topoil ypaBHeHHe (9) OymeT uMeTb BHA:

ARV ” ,?3 N, 75 ” 0ot ” repr ” 12 4
06X +aY " +ajZ" + 23, XY +2a,X 2" + 23,V 2" +
. PR . o .
+2a], X’ +2a,,Y’ +2a,,7" +a;, =0,
npuueM K" = K. Cucrema koopauHatr (0'X'Y’'Z’) Moxer
6bte monyyeHa u3 (Oxyz) mapaJiesibHBIM NEpEeHOCOM H, Cle-
foBaTesbHO, Kp—HHBapHAHT MapaJJenbHOro nepeHoca.

AHanornyso MOKHO JOKa3aTb, 4To K; — MHBapHaHT ypaB-

HeHHSi TOBEPXHOCTH V THNA OTHOCHTENIbHO MNapalJiesibHOro
nepeHOCA.

§ 7. HnBapHanThl oGuero npeoGpasoBaHus

Besikoe ofmee npeoGpasoBaHHe ORHOH NPSIMOYTrOJBHOH
1eKapTOBOM CHCTeMbl KOOPJAHHAT B APYTYIO NPSAMOYIOJbHYIO
CHCTEMY KOOPAHHAT MOXKHO OCYLIECTBHTb NyTeM IOCJel0Ba-
TebHOTO BBINOJIHEHHSI [BYX Npeo6Gpa3oBaHHW: MOBOpOTa CH-
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CTeMbl KOODAHHAT BOKDYT Hauala M NapaJjeslbHOrO MepeHo-
ca. CnenoBaTenbHO, HHBapHaHTaMH oOllero npeoGpasoBaHHs
KOOpAMHAT OyayT oOliHe HHBAapHAHTH NpeoOpa3oBaHHil mo-
BOpOTa M MapaJlielbHOro MepeHoca. TaKkoBBIMH, OYEBHJIHO,

6ynyrT:

Q1 Qe an a Qg2 Qa3
LL=ay+as+tag [L= + 8 ,
Q) Qs Qg3 Qg3 a3 Q33
G dio @ Q1 Qg2 Qi3 Qi
11 Q12 A3
Iy = Qg1 Q22 Q23 A2y
Qg Qg2 Q23 Iy = 1
’ Q31 Q32 Q33 Q34
Q31 A3 Q33
Q41 Qg2 Q43 Qygq |-

Kpome Toro, aas nosepxHocred III, 1V, V Tuna unBapuan-
ToM ofuiero npeo6pasoBaHusi Gyjer

Q1 Q2 1y a; Q13 Qi Qaz Qo3 A3y
Ky = {2 Q3 Q24 | +| Q31 Q33 Q3 | | Q32 Q33 G54 ?
Q41 Qg2 Qg4 Q41 Q43 Qyy Qg2 Qq3 Q44 |,

a JJis NoBepXHOCTH V THNA HHBapuHaHTOM oOmiero npeoGpa-
30BaHHAl OyfeT eie H

Ky =

ay; Qia Q32 Q34 Q33 Q34

©)

Q42 Qyq Q43 Qg4

Q41 Qa4

§ 8. Buipaxenue Ko3(pdHUHEEHTOB NpPHBEJEHHLIX YPaBHEHHil
NMOBEPXHOCTA BTOPOro Mnopsiika 4epe3d HHBAPHAHTH OOLiEro
npeoOpa3oBaHus

XapakTepuUCTHUeCKOe ypaBHeHHe (6) MOXKHO 3amucaTh
B BHJE:

— W [\ — [h 4 [, =0, )

Kosdpuuuentol ypaBHenHss (1) cyTb HHBapHaHTH OOLLEro
npeo6pa3oBaHHsA KOOPJAMHAT; CJle0BaTeJbHO, KODHH XapakTe-
pUCTHYecKoro ypaBHeHHsl (1) TakxKe SIBJISIIOTCS MHBapHaHTa:
MH obuiero npeoGpasoBaHHs.

B § 3 6bu10 ycTaHOB/IEHO, YTO ofilee ypaBHeHHe MOBEpX-
HOCTH BTOpOro Hopsiika NpeoOpasoBaHHSIMH NOBOPOTa H Na-



palebHOTO MepeHoca CHCTEMBI KOOPIHHAT MOXeT OHITb
NpUBEEHO K OAHOMY H3 CJEAYIOUIHX BHIOB:

M AXE+NY2+ 2022 4a;,=0 npu A =0, A3 0, Ay 0.

() A X2+ A,y + 20,,Z =0 npu A, %0, X, #0, A, =0,
a,, + 0.

(M \X2+2Y2+al, =0 mpu X #0, X, +0, \,=a;,=0.

(V) A X2 +21 g+ @V =0 mpi A, %0, =L, =0,

a,, +a, 0.
(V) )\|X2+a:4=0 npu )\1550 l2=)\3=0, aé4=a' =0.

34
Gy Gy Ay, — KO3(pULKEHTH! ypaBHeHus (17) § 2.

Hafizem HeoOXoaMMble H JIOCTATOYHbIE YCJIOBHS, KOTOPHM
J0MKHBI YJIOBJIETBOPATh HHBAPHAHTbLI, AJIS1 TOTO YTOGH YpaB-
HeHHe MOBEPXHOCTH 2-ro nopsiaka ObWIO ypaBHeHHEM MOBepX-
HOCTH NAAQHHOrO THMNA, H BbIYHCIHM KO3(D(hHUHMEHTH NpUBEAeH-
HX ypaBHEHHH 4epe3 HHBApHAHTHL

1. Ecx Ay, A9, Ag— KODHHM XapaKTepPHCTHYECKOro ypaB-
tewust (1), TO ero MOXKHO 3amlHCaTb B BHIE:

—A—= ) A=) (A—2) =0
HITH

-\ 4+ ()\1 +X+ )\s) A2 — ()\1)\2 + )\1)\3 + la)\s) A+ )\17\2)\3 = 0;
0TKYyAA

I,= )\1-)\2-)\3, 12 = 11)\2 +ll)‘8 + )\zxg’ [1 = )\1 +)\2 + ls. (2)
Jlnq Toro 4ToGBI BCE KOPHH Aj, A, Ay XapaKTepHCTHYECKOTO

ypaHeHHss (1) ObWIM OTJIHYHHE OT HYyJsi, HEOOXOAMMO H J0-
(raTouHo, 4Tobnl g %= 0.

Kopuu ypasuenus (1) Ay, Mg, Ag— HHBapHaHTBI OOLIErO
npeoGpasoBaHus KoopAuHaT. Buipasum aj, B ypaBHeuuu (1)
Yepe3 WHBapHaHThl oOulero npeoOpasoBaHus, A 4ero mox-
cunTaeM AJds ypaBHenusa (1) I,:

67



a;; Qe Qi3 Qg4 »000

1_021022a23a24 0)\200 )))a
L as Qg a3 ass | | 002X 0 = et Tae
Q41 Q42 Qg3 Qyy 000 on
14 = 13 a:4,
" I
a,=—. 3
44 1,

Urak, ecau I; 0, To ypaBHeHHe MOBEPXHOCTH 2-ro Io-
pslika eCTb ypaBHeHHe NoBepXHOCTH I THna; ee npuBeneHHOe
ypaBHeHHe HMeeT BHA:

MX® 4 haY? 422 + 2 =0, (1)

3

2. Ecan ypaBHeHHe NOBepXHOCTH 2-r0 MopsiiKa eCTh ypas-
HeHHe moBepxHocTH II Tuma, 1o I3=X;-A2-h3 =0, Tak Kax
A3 = 0. Ioncunraem I, ans ypasueHuit (I) u (II)

00O
0200
Iy = 000(1;54 = )‘l)‘2a34’ Ip = Mg; )
004a;, 0
’ 1
4, =% _';:‘

Tak xak Ay %0, Ay=£0, T0 I, %0, I, +#0.

O6patHo, ecan I3 =0,1, 0, To ypaBHeHHEe NOBEPXHOCTH
2-ro nopfnKka ecTb ypaBHeHHe noBepxHocTH II Tunma. B ca-
mMoM Jese, ecaH Ig=>XA -k;-A3=0, TO mo KpaiHeh Mepe
OIMH H3 KopHeii ypaBHeHus (1), Hampumep A, =0. Toraa
npeo6pa3oBaHHeM MNOBOPOTA YpaBHEHHE MOBEPXHOCTH 2-TO I0-
psilka MOXHO NpPHBECTH K BHAY:

Mt Ny 4 200 %" + 2a,y" 4 203,2" +a,,=0. (9
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Ilas sTOrO ypaBHeHHSi
;0 00
0% 0 a, R
li=100 0 a, |[=—Ms
Q14 Qyy O3y Ayy

Ho I, # 0, u notomy A # 0, A, # 0, a;, + 0, a 310 3Ha-
YT, YTO ypaBHeHHe NOBEPXHOCTH 2-r0 NOpfAJKAa ecTb ypaB-
venne I Tuna.

Hrak, ecmn I3=0, I4=0, 10 I, 0 u ypaBHeHHe NoO-
BPXHOCTH 2-ro mopsiika ecTb ypaBHeHHe nosepxHocTH II Tu-
na, a ee NpHBeJleHHOe ypaBHEHHe HMeeT BHJ:

>~1x2+>\2y2i21/_§¢z=0. (11
2

3. Ecan ypaBHeHHe NOBepXHOCTH 2-ro MOpsiika eCTb YpaB-
kenre nosepxHocTH III Tuna, T0 fg3=1X;-h-k3=0, [, =0,
I+ 0.

O6partHo, ecau I3 =0, I,=0, I,+0, To ypaBHeHHe
IOBEPXHOCTH eCTb ypaBHeHHe nosepxHoctd 111 tuma. Tak kak
[y=X kA3 =0, To xorss Obl OAMH M3 KOpHE{ XapakTe-
picTHueckoro ypapienus (1) pasen Hymo. Ilycts Ay3=0,
torga o = A}e. Ho no ycaoBuio [/, + 0, caenosaTesbHO,
4#0, Xy=0. Ilpu noMomu npeoGpa3oBaHHA MOBOPOTA
VpaBHEHHe MOBeDXHOCTH 2-ro NOPfAJAKAa MOXKHO NpPHUBECTH B
som caydae Kk Bupy (5). Torma I,= —i)\a;,. Ho I, +0,
;=0 u notomy a;, =0, a 3TO 3HAaYHT, YTO ypaBHeHHe NO-
BPXHOCTH BTOPOro MNOpsfKa eCTb ypaBHEHHE NOBEPXHOCTH
Il Tuna. Ons noeepxnocts III Tuna K, — nHBapuaut 06-
wero npeoOpasoBanHs KoopAuHaT. Hajigem K, nnsi ypaBHe-
wst (I11).

K2 = 0 )\2 0 — [2a:4'
00 a,

a, =

=[5
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Hrak, ecam [3=0, I;,=0, I+ 0, To ypaBHeHHe moO-
BEPXHOCTH 2-ro nopsika ecTb ypaBHeHue moBepxHocTH 11l
THNA; ee NpHBEJeHHOE YpaBHEHHE MMeeT BHA:

MX2 4 A¥2 + ’1‘—2 =0. (111)
2

4. Ecau ypaBHeHHe NOBEpXHOCTH 2-IrO NOpsSIiKa €CTb ypas
Henue nosepxHoctd IV tHna, to I[;, =0, I; =0, I,=0.

K, fBnsiercss HHBapHaHTOM ofuiero npeoGpasoBaHHs [Jf
noeepxHoctu IV THDa.
Bbiuncaum K, nas ypasuenuit (I) n(IV).

;00
Ki=[00p |=—MW\p rze p*=aj +a;. (6
0OpoO
Ho p? 0, }; #+ 0 no ycaoBuio u noromy K, == 0.

O6patho, ecan I4= I3=1,=0, K, 0, T0 ypaBuenn
NOBEPXHOCTH 2-r0 MOpPSAKA €CTb YypaBHEHHE TOBEpPXHOCTH
IV rtuna. Tak kak Il,=13=0, O A\, =23 =0, A 0
[Tpeo6pa3oBaHneM NOBOPOTa CHCTEMbI KOOPAHHAT €ro B 3TOY
cJyuae MOXHO MNPHBECTH K BHIY:

x4 2a,,x" + 2a,,y" + 2a,,2' +a;, =0.

Bomucaum Iy u K, 415 3TOro ypaBHeHHs:

M 0 0a,
-0 3 2%
34
a;l 0;2 0;3 a:H
N O a, N O a,
Ke=|0 0 ay|+]0 0ay |=—) (a;: +a';4)-

Ay By By %y azs By

Ho K;+#0, N %0 u mnoromy a;i + a’; #+ 0. M3 pagencr

Ba (6) wMeeM a;j +aéj =—I;—1’, Tak Kak [; = A;.
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Urak, econ Iy =1,=1,=0, Ho K3 0, TO ypaBHeHHe
NOBEPXHOCTH 2-r0 NoOpsiika eCTb YpaBHEHHEe NOBEPXHOCTH
IV Tuna; ee mpuBefieHHOE ypaBHeHHe:

hﬂiQVﬁ_%Y=Q (V')
2

5. Ecam ypaBHeHHe IOBEpXHOCTH 2-r0 TNOpsiiKa ecTb
vpaBHeHHe NOBEpPXHOCTH V THma, To [y = Iy = K, =0, npu-
veM K; H K, — uHBapHaHTel oOmero npeo6pa3oBaHHSI KOOp-
znHat. Jlerko yGeauThCsi B OOpaTHOM, T. €., ecaH [, = [;=
=Il4=K; =0, To ypaBHeHHe 2-r0 moOpsiiKa €CcThb YypaBHe-
nue nosepxHocTH V tuna. [loacuutaem K; aast ypaBaeHui (V):

MO
0 024

Ky =

=hay,; =M,

i TIOTOMY @, = ifl, a npHBeJleHHoe ypaBHEHHe NOBEPXHOCTH
1

V Tuma umeer BHI:

hﬂ+%=u V')

Mol moayynaM HeoOXOAHMBIE H JOCTaTOYHbE YCJIOBHS
TOr0, 4YTO YypaBHeHHe 2-TO TNOpsilKa SIBJASETCS] ypaBHEHHEM
NOBEPXHOCTH JaHHOro THna. Pesyabrarsl sanuiieM B BHIE
TabIHLBL S

0
o
[
o] -
E = Heofgqc:fb‘;g"’;;nglaﬁgﬁa TIpuBesieHHOe ypaBHeHHe
=8
= =
2 2 2 1s
1 Is+0 MX2 4 0Y24 A2 +I—'=O
3
I I;=0, I;+0 Mx2+A2Y2i2V-%z=o
2
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IMponomxenne

>'<
ou
(5]
-2} 6 -
E = HeoT ci{qolfbp;g?recnzaﬁzﬂa IpuBeneHHOe ypaBHeHHe
£
=z
il Ta==Iy=0, I,#0 2 2oy Ko
3 4 ] 2 XIX +)\2Y + ,‘) =0
Y K
IV|{ls=1I4=1,=0, Ky +C X2+ 2 —7,Y=0
V| =l =Il=Ky=0 11X?+I;—’=O
1

IIpumep 1. HaiiTu KaHOHHYECKOe YypaBHEHHE MOBepX-
HOCTH:

x4+ 5y + 22 —2xy —6x2 + 2yz —4x +2y — 1 =0.

1) BoiuscsuM HHBapHaHThl JAHHOTO YypaBHEHHS OTHOCH-
TeJbHO OOilero npeo6pa3oBaHHfl KOOpAHHAT:

| —1 —3 —2
—1 5 1 1
la=\ 53 1 | o=
—2 1 0 —lI
1 —1 —3
Ij=|—1 5 1 |=_3g
-3 1 1
1 —1 ] —3 51
I, = + —0;
? l—l 5|+l—3 1‘ llll

L=14+5+1=T7.
2) Onpepenum BHA TNOBEPXHOCTH:
I, + 0 — noeepxHocTb | THNa; npHBeleHHOe ypaBHeHHe:

MXE 4 0,V2 40,22 + ;_4 —0.
3
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3) BbUMCIMM KOPHH XapaKTePUCTHUECKOTO ypaBHEHHS:
— B 4+T72 —36=0, —O—3)A\—4r—12)=0;
M=3, =6, r3=—3.

4) 3anuiueM ypaBHeHHe JaHHON MOBEPXHOCTH B KaHOHH-
CKOM BHJe:

3X2 4 6y2—322—% =0;
X‘l YZ - ZZ . l
5 5 5
27 B4 27T
ITpumep 2. Ha@iTH KaHOHHYeCKOe YypaBHeHHe MOBepX-
OCTH:
x2—y2 4522 +6x2 +4yz —4x + 2y —22—3 = 0.

1) BpiuucauM HHBapHaHTHI:

1 0 3-2
0—1 2 1
lai=| 5 o 5_1|=%
| —2 1 —1—3
1 03
[fy=|0—12|=0;
3 25
—12
m=lo | Has |t s

[,=1—1+4+5=5.
2) I;==0, [4++ 0— nosepxnocts II THna.
[MpuBesenHoe ypaBHeHHe:
MXE bV 4+ 2]/— f—;‘ Z=0.
3) BbiYHC/IHM KOpPHH XapaKTepHCTHUECKOrO ypaBHEHHS:

W14 =0, =7, dg=—2 1 =0.




4) 3anumeM ypaBHEHHe JaHHOH MOBEPXHOCTH B KaHOHH-
YeCKOM BHJE:

7
2__9ye L _7=0;
7X2 -2V :I:2Vﬁz 0;

X2 Y2
S
Via 2y1a
IMpumep 3. HanucaTe KaHOHHYECKOE ypaBHEHHE NOBEpX-
HOCTH:
y+22—2yz+2x—4y+22—1=0.

1) BbluncauM HHBapHaHTHL:

0 0 0 1 0 0 0

0 1 —1—2 I,=|0 1—1|=0;
li=lo_1 1 1|=0 0—1 1

1 —2 1—1

12=0, [122;

0 0 1| |00 1 I —1 —2
Ke=|0 1—2|+]01 1le|=1 1 1]=—3

l—o—1| |11=1| |—2 1—=1

2) OnpenenuM THN NOBEPXHOCTH H HAMHIUEM NPUBELEHHO
ypaBHeHHe:

I,=13=1,=0, K, 0—nosepxnoctb IV Tuna.

IlpuBeneHHOe ypaBHeHHe:

3
2X? 4 2 ]/? Y =0
Ha .
X2=F2 V% Y — napaGosuyecKuit HHAMHAP.

IIpumep 4. Hanucarb KaHOHHYECKOe ypaBHEHHe MOBepx-
HOCTH:

B+t 2—2xy+ 2%2—2yz —x +y—z=0.
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i) Briuncanm HHBApHAHTHI:
11=3; 12=O; 13=O, 14=0;

Ko =0; K1=—%'

2) OnpenenuM THI NOBEPXHOCTH M HaNHIIEM NpHBENEHHOE
vpaBHeHue: [, = I, = ],= K, = 0— noeepxsocts V THIA.

[TpuBeneHHOe ypaBHeHHe:
24 K0, 3xe—Llo0; xe=l
llX + 11 ’ & 4 ’ X 12-
Ynpaoxcnenus

Hanucath KaHOHHYECKHe YpaBHeHHsl CJEAYIOHMIHX [OBepX-
HocTeM:

1. 3x2 4 2u% + 22 + 2xy + 2xz + 4yz — 2x 4+ 6y = 0.
Omsem. 5X? 42V +17§?Z =0.

2. 4x% + 5y + 622 — 4xy + 4yz + 4x + 6y + 42— 27 = 0.

Omegem. 2X2? +5Y2+4 822 —32=0; )\ =2; \,=5; A,=8.

3. 154242422+ 30xy + 36xz + 38yz + 18x 4 64y + 78z +
4+ 20=0.

Omsem. 50X2 —11Y2 —13 =0.

4. 52—y 422+ 4xy+6x2+2x+4y+62—8=0.
Omsem. Xt —2v:—4 )/ 2 z=0.

§ 9. Onpenenenve BHAA TNOBEPXHOCTH BTOPOro MNOpsAKa
M0 WHBapUHaHTaM

[pu npuBeseHHH OCLIEro ypaBHEHHsI NMOBEPXHOCTH BTOPO-
ro nopsiilka K KaHOHHYECKOMY BHAY TPYAHOCTb MNpEACTAB-
JsieT HaXxoXIeHHe KopHeHl KyOHuecKoro ypasHeHus (6) § 3.
B psize cnyuaeB HeT HEOOXONMMOCTH HMMeTb KaHOHHYECKOe
ypaBHeHHe IOBEDXHOCTH, 3aJlaHHOW OOLIMM ypaBHEHHEM

2F (%1412) = a11x® + Qooy? + Q3322 + 2a50xy + 2a03y2 +
+ 20,32 + 2ay4% + 2004y + 20342 + 044 =0, (€3}

a HYXHO TOJIbKO SHAaTb BHJ 3TOJi NOBepXHOCTH. MHBapuaHTH
ypaBHEHHs! NMOBEPXHOCTH BTOPOroO MOPSJKAa OTHOCHTEJbHO 06-
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mero npeofpasoBaHHs KOOPAMHAT MO3BOJSIOT AOBOJBHO MpO-
CTO pellHTb 3Ty 3ajauy.

Paccmorpum noeepxnoctu 1 tuna. [/, # 0 — HeoGxonumoe
H JJOCTaTOYHOE YCJIOBHe Toro, uTo (1) ecTb ypaBHeHHe moBepx-
Hoctt | TtHna. Bce mnoBepxHoctH | THna MoxHO paszenuThb
Ha JBe IPYNNbI: y OJHOH IpYNILI MNOBepXHOCTEH KOpHH Xa-
PAKTePHCTHYECKOr0 ypaBHEHHSI OJHOro 3HaKa, y ApYyrof —
pasnuyHeix. HalineM HeoOGXofHMble M JOCTATOYHBIE YCJOBHS

TOro, 4TOOBI KOpHH XapaKTEepPHCTHYECKOrO ypaBHeHHS ObllH
OJIHOrO 3HakKa.
[Tyctb

a) )\1>0) )‘2>01 )‘3>01
HJIH 06) M <0, X<0, 2<0.

Tak kak 1 =3+l + 25 [o=dke +hhy+ hoky, /5 =
=X, - A - A4, TO B cJjyuae a) umeem: [; >0, [, >0, I;>0,
a B cayuae 0) umeem: [, <0, I, >0, I;<0.

Htak, ecqiu KOPHH XapaKTEpPHUCTHYECKOrO YpaBHEHHS Of-
HOro 3Haka, TO

1;>0, NLI;>0. &)

OGpatHo, NMYCTb [/ ypaBHEeHHs! MOBEPXHOCTH BTOPOTro Mo-
psiKa BBINOJHSIOTCS YCJOBHA (2) :

I3+ 0, cnempoBaresnbHO, Ay =0, A, 0, X3 #0,
Ip =21 (2t Rg) +ha e Ag=2a (M +2g) + Mg =
= A (A +ho) +Mdo

Ho I'=X 42+ %3 Is=X; X -); U nOTOMY:

— Is 2 Iy 2 — I3 2
I,=1)\ +T1—-ll = ’112"‘%—2—12— Inls'f'“{;_)‘s' 3)
ITaK Kak [, B [I; ogHoro 3Haka (ycsoBus 2), 10 (/1) 1
(;—i) — oxnoro 3Haka. Ho I; >0 u noromy u3 paBeHcTBa (3)
caepyet, uto Ik, >0 (k=1, 2, 3), T. e. &4, A3, Ay — OZHOTO
3HaKa.

Urak, ycnoBusa (2) sBAsIOTCS HeOOXOAMMBIMH H JOCTa-
TOYHBIMH JIIi TOrO, 4YTOCHI KOpPHH XapaKTepHCTHYECKOro
ypaBHeHHs] OblIH OLHOrO 3HaKa, T. €. HMeJa MecTO OfHa H3
CHCTeM HepaBeHCTBa: a) ujau O).

Tak kak u3 ycJjoBuii (2) ciepyer, uro /g = 0, To noBepxHo-
CTH, JAJIs1 KOTOPbIX OHH ERINOJIHSIIOTCS, IpHHajAJexaT kK [ Tuny.
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YpaBHeHHe BTOpPOro Mopsijka B 3TOM CJydae MOKHO IIPHBECTH
K BHLY:

X242 42,22 + 4 =0, 1)

B cnyuyae HepaBeHcTB a) [; >0, a B ciayyae HepaBeHCTB
6) 13 <0.

1. Ecan k ycnoBusaM (2) NMpPHCOEAMHHTH YCJIOBHE
| <0, | @
TO B 3TOM cJyuae ypaBHeHHe (1’) MOXHO 3anucaTh B BHJe:
xZ y2 22 *
=+t == 1

H, CJeJoBaTe/ibHO, NaHHASl NMOBEPXHOCTb €CThb 3JIJIHICOHA.
OG6paTHO, ecsu JlaHHAsl NIOBEPXHOCTb €CTb 3JIJIHMCOHA, TO
ee ypaBHeHHE MOXHO TNPHBECTH K KaHOHHuYecKoMmy BHAY (*),
H, caegoBaresbHo, [, >0, [;1;>0, I, <O0.
2. Ecan K ycaoBHAM (2) NMPHCOAHHHTb YCJIOBHS

[1>0, ] @
TO B 3TOM CJydae ypaBHenue (1’) MOKHO 3anucaTb B BHAC:
¥2 u? 22
@t ta=—1L

T. €. JaHHasl TOBEPXHOCTb €CTh MHHUMBIH 3JJIHIOCOHA. Jlerko
JIoOKa3aTh CHpaBeJJIHBOCTb OOPAaTHOTO YTBEpPXKIEHHUS.
3. Ecau K ycsoBHSIM (2) NpHCOENHHHTb YCJOBHE

l4=0, . ©)
To ypaBHeHue (1’) MOXHO 3anucaTb B BHIE:

x? y2 52

=t ta=0

T. €. HMeeM TOYKY HJIH MHHMYIO KOHHYECKYIO TNOBEpXHOCTb.
OGpaTHO, ec/M JaHHasi MOBEPXHOCTb €CThb TOYKa (MHHMasi
KOHHMYeCKasl TMOBEPXHOCTb), TO BHINOJHSAIOTCS YCJOBHS (2) H

(6).

PaccmorpuM Bropylo rpynny nosepxHocted I Tuna, ans
KOTOPBIX KOPHH XapaKTepHCTHYECKOrOo ypaBHEHHS HMEIOT pas-
JIHYHble 3HAKH.

Tak kak ycjoBus (2) sBJSIOTCS HEOOXOAMMEIMH H JIOCTa-
TOYHBIMH JJsI TOro, 4YTOOBl Aj,he,hy ObLIH ONHOrO 3HAKa, TO
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HeoOXONUMbIE W IOCTATOYHBIE YCJOBHSI TOrO, YTO KOPHH A,
A2, Ay Pa3JMUHLIX 3HAKOB COCTOAT B BBINOJHEHHH XOTS Ohl
oaHoro u3 ycjoBui (2); npu stoMm [g AOJIKHO ObITb OTJHYHO
OT HyJd, T. e.

I3+0

1 0]
12 <O HJH [113Q0.

Hrak, ecau BbiNOJHAIOTCS ycJoBHs (7), TO KOPHH Xapak-
TEPUCTHYECKOIO YPAaBHEHHS Ay, Ay, A3 MOBEPXHOCTH, 3alaHHOM
obmuM ypaBHeHHeM (1), uMelOT passiMuHble 3HAKH, DPH 3TOM
BO3SMOXKHBI IBa CJiydasi.

a) OnuH KopeHb MOJIOXKHTeJIbHBIH, ABa OTPHUATEJBHHIX,

HalpHMEp:
)‘1>O) )‘2<0, )\3<0.

ls=)\1°12')\3>l.

6) IIBa KOpHS MOJIOXKHTEJbHBIX, OAMH OTPHUATEJbHBIH,
Hanpumep, A >0, A, >0, A3 <0, Torma I3 <0.

Taxk kak I; + 0, To ypaBHeHHe (1) MOXKHO NpHBECTH K BH-
ny ().

4. Ecau k ycaoBuaM (7) NPHCOEAHHHTb YCJOBHs (4), TO
ypaBHenHe (1) MOXHO 3amucaTb B BHJE:

Torna:

T. e. ypaBHeHHe NOBEDPXHOCTH BToporo mopsinka (1) mpu yc-
noBusix (7) H (4) ecTb ypaBHEHHE ABYXIMOJIOCTHOrO rumepGo-
Jonaa. .
OGpaTHO, eCJM MOBepXHOCTb €CTb ABYXMOJIOCTHBIH rHnep-
GOJIOHJ, TO €e ypaBHeHHe MOXXHO NpPHBECTH K BHAY:

Y, CJeloBaTeNbHO, BHIMOJHANTCs ycaosus (7), (4).

5. Ecom k ychoBusiM (7) NMPHCOeIMHHTb YcJoBHe (5), TO
ypasHeHue (1”) MOXHO 3amucaTb B BHJe:

x2 y? 2
Fte—w=1

T. €. ypaBHeHHe 1 ecTb ypaBHEHHe OJHOIOJIOCTHOrO TCHIEp-
6osionja.
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OG6paTHO, ecan JaHHAsi MOBEPXHOCTb €CTb OJHOMOJIOCTHEILI
runepbosions, TO AJSl Hee BbINOJHAIOTCA ycJoBHA (7), (5).

6. YcaoBus (7), (6) saBasoTcs HeOOXOAUMBIMH M JOCTa-
TOYHBIMH YCJIOBHAIMH JJSl TOro, 4YTOObl JaHHasi MOBEPXHOCTb
Obl1a KOHMYECKOH MOBepxHOCTbio. B cayuae mnosepxuoctd 11
tuna [, =0, [4#0, I3 =\, 0, npuBeseHHOe ypaBHeHHe

A 4 hay? f 2 V— Tz=0, Iy

ecin [, >0(I; <0), To naHHas NOBEpPXHOCTb — SJJIHITHYE-
cku#l (runepGosinueckuil) napabosoun.

YuraTeaio mpepJaraeTcss CaMOCTOATENIbHO HAaHTH Heo6Xxo-
IUMble H JNOCTAaTOYHBIE YCJOBHSI, KOTOPHIM HOJXKHBI YAOBJET-
BOpSITh MHBAapHaHTHl, AJSl KaXXNOH M3 OCTaBLIMXCS MOBEpX-
HOocTel BTOpOro mopsjxka. Pe3yabTaTel MOXHO 3anucaTh B
crenymomyio Tabauuy.

Heob6xoaumble H mocTa-

Ne Ha3panne Kanounueckoe
n/u NOBEPXHOCTH Toqﬂ:faay;;];?:: Ha ypaBHeHHe
X2 2 22
1 | 3anunconn I, >0, I113>0, Iy <0 = +% + =1
x2 2 2
2 | Muumbiit sanuncoually> 0, Iyl > 0, Iy > 0‘55‘ %.,. i_2 =—1

3 | Touka HJIH MHHMAas x2 2 2?
KoHwueckass  mo-{[,> 0, Iify >0, Iy =0 57 + bz + = =0
BEepPXHOCTb

4 | JByxno:ocTHbIf I3+£0, Iy <0, I, <0 x? y? 22
runep6boaou ] @ - &=

HJIH 11’3 < 0 a® c?
5 | OnrononocTHbIA TH- I3+0, I4 >0 R 1
nep6oNoHz I, <O wmn Lis<o| @® ' 88 &&=
6 | Konuueckas mopepx- I3+0, I, =0 x? + ¥ 2
HOCTb I, <0 w LI; 0| @ &

2 2
7 | anuntrveckuft ma-ls =0, I4#0, I,>0 X Y _
pa6oJion : + 2> a? + b? +22




IMpononkenne

Ne

Heo6xonumble H pocTa-

K2=O) K1=0

Hasaune Kanoununyeckoe
n/n [IOBEPXHOCTH Tom::: a%%igi? Ha ypaBHeHHe
8 |lunepGoanueckuit |[3=0, I4+£0, I, <0 _g — y_z =492
napaGoJIong, a b2
9 | QANUNTHYECKHH LH- I3=0, I; =0, x? + y2 -1
JIMHAD Iy >0, IKy<0 a2 o
10 | MHuMBIE 3anMOTHYe- Is=0, I4 =0, x2? N y? 1
CKHA HHJIHHAD Iy>0, 11Ky>0 Zt ="
11 | OBe MHHUMBE mnepe- Is=0, I;=0, x2? + y? 0
ceKarouiuecss 1J0- _ 2 Y
CKOCTH I,>0, Ky =0 ¢ b
12 | Tunep6osnueck it I3=0, I4=0, x? z 1
UHJIHH/D I,<0 Ky#0 a? pE = *
13 | OBe nepecekarouite- I3=0C, I4=0, x2 _ v 0
csl MJIOCKOCTH Iy <0 Ky=0 = b2
14 | ITapaGosanueckHii Is=0,1,=0, I,=0, x% = 2py
LHJIUHD Ky #0
15 |[Tapa  napamienb-|Js =0, I3 =0, I, =0,
HBIX  TUIOCKOCTEH Ky=0, Ki<0 x2—a?=0
16 |[Mapa MHEMBIX na-{[3 =0, I; =0, I,=0, . 1o
paJlJIeNIbHBIX 1J10C- _ x*tat=
KOCTell K,=0, K2>0
17 [Tlapa  coBnaBwux|/z =0, Iy =0, I,=0,
JIOCKOCTeH y x2=0




Ynpaxcnenus

OnpenenuTh BHA CJeLVIOWHX MOBEPXHOCTe, JaHHBIX YpaB-
HEHHSIMH:

1. 10x2 — 242 4 222 + 8xy +12xz +-4x +8y +122 —1=0.
Omeem. I'unepGoanyeckuil napadospus.

2. x4 2542 4 922 4 10xy — 30yz — 6xz — 22x —22y = 0.
Omsem. [lapabonnyeckuil LWHIHHAP.

3. 4x? 4 y? + 92® — dxy + 12x2 — 6yz + 8x —4y + 122—

—5=
Omsem. [lapa napanjenbHbIX MJIOCKOCTeil.
4. x2—0522 +3xy +2yz— 7x — 6y — 22+ 10 =0.
Omsem. KonHyecKkasi MOBEPXHOCTb.
5. 4x? 422+ 22— 4dxy—2yz— 2y + 22— 4 =0.
Omesem. DanunTHYeCKHH LHAHHAP.
6. 3x2 4 y?— 22 + 6xz— 4y =0.
Omsem. ORHOMOJOCTHLIN rUNepGosOHA,.

§ 10. LlenTp noBepXHOCTH BTOPOro NOPsiAKa

Onpenenenue. Touka M, Ha3sbiBaeTcsl LEHTPOM MOBepX-
HOCTH BTOpOrO TMOPSI/IKA, €CJH 3TOH [OBEpPXHOCTH BMeCTe C
Kaxao# Toukoll M npHHamnexuT W Touka M’, cuMMeTpuu-
Has Touke M oTHocHTesabHO TOukH M,. [lycTb moeepxHoCTB
BTOpPOro Mopsiika 3adaHa oOwum ypashenueM 2F (x, y, 2) =0
JTHOUHTEILHO CHCTeMbl KoopauHaT (Oxyz) W nycTb y 3Toil
NOBepXHOCTH CYiLecTBVeT UeHTp Mg (Xo; Yo; 2)- Haiinem ypag-
HCHHS, ONpeesiiolie Xg, Y,, 2o. CoBeplUUM NpeoOGpa3oBaHUe
napaJjJieibHOro nepeHoca no Gopmynaam:

x=X+x4;
y=Y+ y;
Z=Z+20$

roe Xo, Yo, 20 — KOOPINMHATHI TOUKH M, (uept. 11).

B § 6 Gbin0 vcTaHOBAEHO, YTO OTHOCHTEJIBHO CHCTEMBI KOOp-
wHat (M XY Z) ypaBHeHue AAHHOH MOBEpPXHOCTH HMeeT BHJ:

a1 X2+ Q00?0522 + 20, XY + 2a,3XZ + 2a23Y Z +
+ 2F;.X + QF;,DY + QF;.Z + 2F (%o, Yo, 20) = 0. )
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Mycts M (X; Y; Z) — npousBosibHas TO4YKAa MaHHOIl no-
BEpXHOCTH.

[1> onpenenenuio uentpa Touka M’ (—X; —VY; —2),
cUMMeTpuuHasi Touke M oTHocHTeslbHO Mg, TaKke NpHHAA-
> z JeXHT JaHHOil noeepx-

HOCTH, T. €.:
a;1 X2 +aeY 24053724
+2a12XY+ 2013XZ+

4+ 2a9YZ —2F X —
— QF'“Y — QF;'Z +
; +2F (x0. 4, 20=0. (2)

15 .
e X Boiuutas n3 pagen-
10 & ctBa (l) paBeHctBo (2),
'Y nonvyaem:
(]
1]

Yepr. 11 FLX+F Y+
+FZ2=0. @

PagenctBo (3) BuinosiHsieTcs AJ1si KOOPAUHAT JO00H TOUKid,
NpHHalMexawled nosepxuoct. Ecau Obi wuena F ., Fl . F,
He OblIH paBHbl HYJIIO OJHOBPEMEHHO, TO BCe TOUKH NaHHOH
NOBEPXHOCTH NpHHAAJeXkKANH Obl OQHOH MJOCKOCTH, & 5TO BO3-
MOXHO TOrja H TOJIbKO TOraa, Korila AaHHas LOBepXHOCThb
€CTb Napa COBMaBIUHX MJOCKOCTeN.

CrienoBatesibHO, ecaiu TOBEPXHOCTb, oOnpeiesiseMasi ypas-
RenveM 2F (x, y, 2) =0, He ecTb napa COBNABIUMX MNAOCKOCS
Tell, TO paBeHCTBO (3) BO3MOXKHO JHIUb NPH YCJAOBHH, UTO
OJIHOBPEMEHHO BbIMOJHFIOTCSl PABEHCTBA:

Fi, = anxo + a1oy + a2, +a14 =0;
F;'. = Q1% + Qa2Yo + Q232 -+ 24 =03 4
F3, = Qg% + gatio + G320 + aye = 0.
Ecan ypaBHenne 2F(x, y, 2)=0 ecTb ypaBHeHHe

mapbl  COBMaBlIMX  MJOCKOCTeH, Torja N0 Ofpele/ieHHIo
LeHTpa, Kaxiaas ee Touka Mg (%o, Yo, 20) ABAACTCA LEHT-
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pov. Ho B § 4 Culo ycTanoBjieHO, 4TO ypaBHEHUWEe nNaphbl
COBHABIUMX NJIOCKOCTEH BCeria MOXKHO 3amlHcaTh B BHAE:

4 1 2 3
2F (x, 9, 2) =2 (pix + piy + piz + x)* =0,
cJleloRaTeNbHO, AN 000l TOuKH M,, NpHHaAJeXKaled mno-
BEPXHOCTH, MMEIOT MeCTO PaBeHCTBa:

F, =F, =F, =0.

Mur noxkasanu, uto ecium My —UEHTP MNOBEPXHOCTH BTO-
poro nopsaka, 3ajlaHHOW ypasuenueMm 2F (x, y, 2), To ee
KOOP AMHATHI Xg. Yo. 2o YAOBNETBOPAIOT ypaBHeHusim (4). O6part-
HO, NYCTL KOOPAHHATHI Xo, Yo, 2o TOYKH M, YIOBASTBOPSIIOT
ypasuenuam (4). [dokaxem, uto M, eCTb UEHTP MOBEPXHOCTH
RTOPOr0 MOpsijika, 3alaHHOl ypaBHeHueM 2F (x, y, 2) = 0.
Copepuinm npeoOpasoBaHie napaJJebHOro NepeHoca CHCTeMb)
KOODJAMHAT TaK, YTOShl HayaJO HOBOH CHCTEMEI COBMAAaJo ¢
TOUKOi M.

Tak kax no ycsoBHIO B TouKke A, HMEIOT MECTO PABEHCTBA;
F, =F, =F, =0, 10 ypaBHcHHe LaNHO{l MOBEPXHOCTH OT-

. ° o
BOCHTEJILHO HOBOil CHCTeMbl KOOpAMHAT OyaeT HMeTb BHA
(cMm. § 6):

anX2 + aggyz + amZ? + 20]2XY + 2013XZ + 2023YZ +

+ 2F (X0, Yo, 20) =0.

U3 nocrennero vpapHeHHst cielyeT, YTO Ha JAAHHOH Mo-
BePXHOCTH BMecTe C KaxAoi ee TOukoil M (v; y: 2) JeXKHT H
Touka M’ (—x; —y; — ), CUMMETDHYHASI TO4YKe M OTHOCH-

TeibHO My, T. €., TOYKZ Ay eCTb LeHTp AaHHOH MoBepX-
HOCTH.

Hrtak, MBI 1I0Ka3aJH CAENVIOULYIO TeOopeMy.

Teopema. [ast moeo umcbot mousa My (Xe:s Yo: 20) 661G
YeHmMpom N0BePXHOCTILL BMOP020 NOPIHOKA, 3AIAHHOI 06ULUM
ypaswenuem 2F (x, y, 2) ==0, neobxodumo u Qocmamouro,
wno6sL ce Koopduramol ydos.acmeopsAAL cucmem? ypasrerui (4).

HMccneayem Bonpoc O CyUlecTBOBAHHH UEHTPOB IJISL KawKs
ROrO M3 MATH THIOB MOBEpXHOCTEHl BTOPOro mopsijka.

Ins 310r0 paccMOTPHM MAaTpHUY, COCTABJAZHHYIO H3 KO-
suuneHToB ypaBHeHHs (4), CTOAWMX NPH Xo, Yo, Zo:

a1 Q12 Qy3)
A=\|aa,, Qs

31 032 Q3g



H pacCIUMpeHHYIO MaTpHUY
@1y Q12 Q13 Q44
B = a3 as3 05303, |-
Q31 Qg2 Qg3 A3y
OGo3HauuM uepe3 74 M ry paurk matpuir A uw B.
1. [lycTb noBepXHOCTb BTOPOro NOpsijKa, 3ajaHHast OOUHM
ypaBuenvem 2F (x, y, 2) =0, npunanaexur k I tuny. Torna

I3 # 0, caenoBateabho, 74 = 3. B 3TOoM cayuae cuctema ypae-
HeHu#l (4) MMeeT ejHHCTBEeHHBIH LEeHTp:

a1y 1 U13 an iy Qi3
Qa4 Qa0 Ug3 Qg1 Ay Qg3
U3y Uag Q33 |, agy A3y dzs
xo=——,2——, Y=———""7F",
3 I3
an a1y dig
Ug1 Ugg Aoy (5)

031 Uz U3y

Zo=— l3

[MoBepXHOCTH, HMeIOIILIe eIHHCTBeHHBI 1IEHTD, Ha3bIBAIOTCA
YeHMpPaAbHoLMU 1108EPXHOCMSIMIL.

2. [lycTb naHHASt NOBEPXHOCTh BTOPOTO MOPSAKA MPHHAL:
nexut K 11 tuny. Torpa f,=0, I450, 13+0. HU3 ycao-
Buit I, =0, I+ 0 cnegver, uto r4 = 2. M3 ycnosus [, =£0
caeyeT, uTo 7p = 3, TaK KakK ecJy Obl 7p OblJI0 MeHblue 3, Torna
BCe OMpeleJiUTe/H TPeTbero Nnopsiaka, COCTaB/JeHHble H3 Mat-
puitbl (B), Gbiin Obl paBHbI HYJIO H, CJef0BaTenbHO, [4 Cblio
6Ll paBHO HYJNO.

Htak, ecaH NOBEPXHOCTb BTOPOTO MOPSAKA NPHHALICKHT
I Tuny, To ra =2, rg=3 H, CJENOBATE/LHO, paccMarpH-
Baemasl MOBEPXHOCTb HE UMEET [leHTpa, Tak KaK NPH ra #rp
cHcTeMa ypaBHeHuil (4) HecoBMecTHa.

3. Ecuan obiuee ypasHetiye BTOpoil cTenewd 2F (x, y, z)=0
eCTb ypaBHeHHe TMOBEPXHOCTH BTOPOro NOPSIKA, KOTOpas
npunanaexkut kK Il Tuny, To, kak 3T0 ObLl0 NOKa3aHO B
§ 4, 3TO ypaBHeHHe OTHOCHTE/IbHO NAaHHOH CHCTEMbl KOOpH-
Hat (Oxyz) MOXHO 3anucaTb B BHJIE:

2F (x, y, 2) =\, (pjx + ply + pjz +x)* +
-— K R
+ X, (Pox + Py + iz +y) + 7 =0, (v,



a ypaBHeHHe UEHTpa (4) MOXHO 3aMHCAaTb Tak:
F..=2, (pix + ply + piz +x,) p} + 2, (p}x + p3y +
+ pjz +y) py = 0;
F, =) (plx+ ply + piz +x;) p} +
+2, (plx + p2y + p3z +y,) p2=0; 6)
F, =\ (pix + ply+ p¥z+ x5) p3 +
+ 2\, (plx +p2y + 32 +y)p2=0

Aplu+Xplo=0;
\pju+ Npfv =03 (6)
\piu+ A, plv=0.
Tak kak BekTopnl Aej= {Mpi; Mpl; Mp}) u deel=
= {)\2p§; pr’;’; )‘ng} NepneHaHKYJsPHBl, TO HUX KOOPAHHATHI

He NPONOpUHOHANbLHBI H, CJieoBaTesbHO, cHcTemMa (6) HmeeT
€IHHCTBEHHOE peileHHe:

uw=pix+piy+piz+x=0;

1 2 3 = ™
v=pox +poy+pz+y=0.
YpaBHeHHe cHCTeMbl (7) MOXHO paccMaTpHBaTb Kak ypas-
HeHHsl JBYX He NapaJjjielbHblX IJIOCKOCTeH; OHH IepeceKa-
10TCA MO NPAMOH.

Hrak, nosepxnocts III THDa wuMeer npsiMyio UEHTPOB.
B 3ToM cayyae ra =rp=2.

4. Ecsqn noeepxHOCTb BTOPOrO MOPSIIKA, 3aaHHasi OOIHM
ypaBuenveM 2F (x, y, 2z) =0, npunapnexutr k IV Tuny, to
OTHOCHTEJIbHO JaHHOH CHCTeMbl KooppuHar (Oxyz) ee ypaBHe-
HHe MOJXKHO 3afHcarb B BHJE:

2F (x, y, 2) =) (p'x + p2y + p3z 4+ x)* +
+ 2ay, (plx + Py + piz +y) =0,
M#0, a,+#0.
YpaBHeHHe UeHTPOB (4) MOXKHO 3anucaTb TaK:
Fe=\ (pix + ply + piz + x0) pi + azep = 0;
Fy =M\ (pix + ply + piz + x0) pi +azup3 =0;  (8)
F, =M (pix+ ply + piz + X0) p} + aups =0.
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Tak Kak KOODAHHATHI BEKTOPOB Mgy = {Mpi; Mphs M)
u )\2?;= {Rgp;; kgpgz ).ng} He MpONOpPLHOHAJbHBI, TO CHCTe-
Ma ypaBHeHHil (8) ve coBmecTHa, T. e. nomepxHocTH IV Tina
He UNMelOT LEHTPOB. Y paBHeHHs CHCTeMbl (8) He MOryT OwniTh
ypaBHEHHEM OIHOH IJOCKOCTH, HX MOXKHO pacCMaTpHBATh Kak
YPaBHEHHS MapafenbHbIX MJIOCKOCTEH.

Hnorna roeopsr, uyto noeepxHocTH [V THna umeloT Gec-
KOHEYHO VIaJeHHYI0 MNpsMylo LeHTpoB. B paccmatprBaemMom
cayyae rao=1, rg=2.

5. Ecnu noBepXHOCTb BTOPOro MNOPSIAKA TNPHHALJEKHT K

V tuny, 10 ee ypaBHenue 2F (x, y, z) =0 MOXHO 3anucaTb
B BHJE:

OF (x, y, 2) =\ (pix + ply + piz +x0)° +ass =0,
a ypaBHeHue LeHTpoB (4) B BHJe:
Fe=2\(pix+ ply +plz + %) pi =0;
Fy =M (pix + ply +plz +x) pi = 0; ©)
Fy = (pix + ply + pi 2 + %) p} = 0.

Tak kak mo kpafiHeil Mepe ofHA M3 KOOpPJAMHAT BeKTOpa

- ) 3
Mer = {Mp1; Mph; AP} OTJMYHA OT HyJisl, TO CHCTeMa ypaBs-
HeHuil (9) MMeeT eJHHCTBEHHOe pellleHHe:

1 2 3 -
pix+piy+piz+x=0,
T. €. MOBEPXHOCTb V THMA HMeeT MJOCKOCTb LEHTPOB.

B paccmaTpuBaeMoM cayuae ra =rp= 1.

HsnoxeHHsle Bblllle pe3ybTaThl MOXHO 3amlHCaTh B BHIE
creaytoieil TadbnuubL.

[Ipu3nak reoMerpu-
TeomeTpuueckoe p P
Tun IMpusnak tuna MCCTO  LIeHTPOB 4YeCKoro mecra
UCHTPOB
1 I3 +0 Touka ra=3
1 fa =0 H a=2
Ii£0 eT LEHTPOB o
rA 9
I {I3=0, I4=0, I,+0|IIpsmas uentpos
rg=
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[Mpononxkenue

[pH3HaK reomeTpu-
FeomeTpHuueckoe
Tun IMpu3nak tuna MECTO LLEHTPCB qcc:;g;«;p.\g:cra
13=0, 14=0, 13=0H fA=|,
Iv K, #0 eT UCHTPOB rp=2
Is=0, 1,=0 ra=1,
v I,=0, Ky=0 [TnockocTs LEHTPOB rp=l

Tak kak qiofule jBa MNpH3llaka TeOMeTPHYECKOro MecTa
UEHTPOB MOBEPXHOCTH BTOPOro MOPSIAKA HECOBMECTHMbI IPYT
C APYFOM, TO yKa3aHHble HeoOXONWMble NPU3HAKH SBASIOTCH
JIOCTAaTOYHBIMH JLIS1 ONpeaeJieHHs THNA MOBepXHOCTH.

[lycTb ueHTpaabHasd MNOBEPXHOCTb BTOPOro nopsiaka 3a-
gaHa oOWHuM ypaBHenHeM 2F (x, y,2) =0 u M, (xYy20) —
ueHTp nosepxHocTH. CoBeplIHM TNapaJfesbHblii NepeHoC
cucteMnl koopauHat (Oxyz) Tak, u4ToObl Hauasno O° HOBOH
cHcTeMbl koopannat (O’x’y’z’,) coBnano ¢ M, a 3ateMm fo-
BepHeM CHcTeMy KoopaHuat (Mex'y’z’) Bokpyr ToukH M, Tak,
4TOOLl OCH HOBOJ CHCTEMbl KOOpAKHAT (M, XY Z) umenu rnasHble
nanpasaenusi. Torga OTHOCHTENbLHO CHCTEMbl KOOpAMHAT
(MyXYZ) paiHas noBepXHOCTb OYyAeT HMeTb YypaBHeHHe

BUjaA:
MX2 4 2V2 + 0322 + 2F (%0, Yo. 20) = 1. (10)

Ecau 2F(xy, yo. 2)) =0, TO UEHTD NPHUHAANEKHT NMOBEPXHOCTH,
¥ o0paTHo, ecau ueHTp M, (Xo. Yo, 2,) NMPHHAINEKHT MOBEpX-
HOCTH, TO 2F (xo, Yy, 29) = 0. CnepoBaTtenbHO, LEHTP NpHHAA-
JIeXKHT LEHTPa/IbHOii TMOBEpXHOCTH TOraa M TOJNbKO TOTAA,
KOrja 3Ta NOBEPXHOCTb €CTb KOHHSCCKasi MOBepXHOCTb.

ITpumep 1. BbuHCIHTb UGHTP IOBEPXHOCTH, JMaHHOM
ypaBHeHHeM:

22+ 1202 4422 +8xy —4xz + 12yz — 10x + 1424+ 7 =0

H ONpenesuTh THN NOBepXHOCTH.
CocraBHM ypaBHEHHs IleHTpa:

2x+4y—22—5=0;
4x + 12y + 62 = 0; (10)
—2x+6y+4z2+7=0.



Hccnenyem sty cucreMy ypaBHeHHH. [gs=0. Cucrema
HMeeT eJHHCTBEHHOe peuleHue.

x°=%, Y=0, zg=—1.
Haunnas noeepxnocts — I THDA.
Ilpumep 2. HafiTH ueHTp nOBepXHOCTH:
5x2 4 9y? + 922 — 12xy — 6xz + 12x — 362 = 0.
YpaBHeHHs LEHTpa:
5x —6y—32+6=0; r,=2;
—6x 49y =0; rg=2.
—3x+92—18=0;

IToBepxHOCTL HMeeT NPSMYIO LEHTPOB, CNENOBaTeJbHO, OHA
npuHagnexur k 111 Tuny.

Ilpumep 3. HaiiTh neHTp NOBepXHOCTH, 3aJaHHOji ypaB-
HEHHeM:
4x® 4 5y 4622 —4xy + 4yz+ 4x + 6y + 42—27=0

H TNpPHBECTH 3TO YypaBHeHHe K MpocTeilleMy BHAY.
1) I, = 0— noBepXHOCTb UEHTpaJibHAS.
Haiizem ee neHTp M3 ypaBHeHHIi:

4x —2y+2=0;
—2¢+5y+224+3=0; xo=—1; yo=—1; 2,=0.
2y +6z2+2=0.

2) HaiineM KOpHHM XxapaKTepHCTHYECKOTO ypaBHeHHS
— 23+ 1502 — 661 + 80 =0;
M=2, =25, \y=28.
3) Haiinem 2F (x,, yo, 20):
2F (xq, Yo, 20) = — 32.
4) TlpeBeneHHOe ypaBHeHHe TNMOBEPXHOCTH HMeeT BHA:
2X245Y%24-822—32=0
H KaHOHHYECKOe ypaBHeHHe:
2 2
Trmta=L
5
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Ynpascrenus

I. OnpenenuTb LEHTP MOBEpPXHOCTH, JaHHOH ypaBHe-
HHeM:

x2+y? + 522 —6xy + 2%z — 2yz —4x 4+ 8y — 122 + 14 =0
H MPHBECTH 3TO ypaBHeHHe K KaHOHHYECKOMY BHAY.

Omsem. Lentp My(1;0;1); (M =3, kg=06, h3=—2);
ypaBHeHHe: 2 _ ¥ + 2.

2 1 3

II. Onpenenntb reoMeTpHuecKOe MeCTO LEHTPOB H THII
NOBEpPXHOCTE !

1. 5x% + 2¢% + 222 — 2xy + 2x2 — 4yz — 4y — 4z +4 = 0.

Omsem. He cywectByer ueHtpa; noBepxuoctb Il Tuma;
r,=2, ryg=3.

2.4x2 4 42 4 922 —4xy + 12xz2 — 6yz + 8x — 4y + 122 —
—-5=0.

Omegem. TlnockocTh LEHTPOB; napa napaJuiebHbIX IJoC-
KocTel: r, =rp =1

3. 13x% 4 5y + 1722 4 16xy + 20x2z + 14yz — 20x —18y—
—782—13=0.

Omsgem. r, =rp=2. Ilpamass nentpos. IloBepxHOCTE
IIT Tuna.

4. 9x% + 25y% + 1622 — 30xy + 24xz — 40yz + 2x — Sy +
+ 36z — 11 =0.

Omsem. r, =1; rp,=2. Her nentpa; napaGosHyecKHi
UUAHHAP.

§ 11. Onpenenenne Touek mepeceyeHHsi MPSMOM
W NOBEPXHOCTH BTOPOro Nopsijika

[TycTb naHa moBepXHOCTb BTOPOro Nopsiika obUUM ypas-
HEHHeM:

2F (x’ Y, Z) = a11x2 —|— a22y2 + a3322 + 2a12xy + 2a13x2 +
+ 2a23yz + 2a14x + 2a24y + 2a342 -+ Qg = 0 (l)
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¥ npsimasi napamMeTpHYECKHMH YPaBHEHHSIMH:
X = Xy + at;
Y=Y+ at; (a)
2 =2yt agt;

Xo» Yo» 20 — KOOPIHHATE (PUKCHPOBAHNON TOUKH M, npsaMoi,

ay, Gz, @3 — KOOPAMHATHI HaNpaBJsiowero Bexktopa (uepT. 12.)

Kaxnoe 3Hauenue

z napamerpa ! B ypas-

M/ o HeHHUsX (a) onpepeJsser

/ HEeKOTOpPYIo TOYKY,

npuHagiexaulyio nps-

MO{i, H 0OpaTHO, Kax-

Mo Joii Touke Al npaAMoi

COOTBETCTBYET BMOJHE

onpejeneHuoe t. Adco-

’ JIOTHOE 3HaueHHe Ma-

A paMeTrpa ¢ npornopuHo-

Ha/lbHO  PACCTOSHHIO

MM, a 3Hak noJoO-

XKHTeJIbHbI 111 BCeX

Yepr. 12 TOYEK MNPSMOii, Jexa-

HIHX TO OfHY CTOPOHY

OT M,, H OTpHIATeJIbHBLIH AJI BCEX TOUeK, JeXalluX no Apy-

ryio ctopony ot M, Has Toro 4yToObl HaiTH ofllMe TOUKH

npsiMoit (a) 1 nosepxHocTH (1), moacTaBuM 3HAYeHHS X, Y, Z U3

ypanHenus (a) B ypaBHeHHe (l). OTHOCHTEJBHO HCKOMOrO
3HayeHHUs ¢ NOJYyYHUM YyDaBHEHHe:

P2 4-2Qt +R =0, ©

B KOTOPOM
P =a,,a} +a,q} + ;0] + 2a,,0,a, + 2a,;0,a; + 20,,0,05;
Q= (auxo + a12yo + Q1320 + @1a) @1 + (@21%0 T ool + 220 +
+ asy) a5 + (@z1% + Q3080 + 03320 + a34) a3 =
= 1-';‘.al + 1:‘;’”a2 + F ;.as;
R = ayx} + a5,y + a,,25 + 2a,,x%,Y, + 20,62, + 20,42, +

+ 2a14x0 + 2024y0 + 2a3420 + Qg = 2F (xo, Yo, 20).
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Peiias ypaBuenne (2), Mbl HaiijleM Te 3HaueHHs napamerT-
pa {, KOTOphM OVAYT COOTBeTCTBOBAaTh OOLIME TOYKH Mpsi-
moii (a) u noeepxunoctH (1). Mccaenyem ypaHenue (2).

I. P+#0. B strom canyyae ypaBHeHue (2) ecTb KBaapar-
HOe YypaBHeHHe oOTHOcHTeNbHO ¢. llycTb #; M f; — KOpHH
ypaBuenns (2). Toraa Toukn M (X, + aity; Yo+ aoly; 25 + ayty)
U Ma(xy +aits; Yo+ Qata; 2o + agts) aABasIOTCA  OOLWMMA

2 4 /fa

e‘) . &, ’
P, & é
e — e e o2 0 .
410 /0
/&, q/ &
Yepr. 13 Yepr. 14

ToukamM mosepxHocTH (1) u npamoit (a). Ecan ¢, u f; nefict-
BHTCAbHBIe, TO H TOYKH nepeceyeHuss M, M, — nelicTBH-
TenbHble (yept. 13), a ecau ¢ H [; KOMIJEKCHbE, TO
Toukd M,, M, — mHuMble (4epT. 14). PaccmoTpuMm oTaenbHO
HEKOTOpble CJYYaH:

a) Q=0; R+0.

ITo Teopeme Buera -IQT =—(,+t)=0 nm t,=—1"la

U3 nocnennero pasencTBa cJaefyeT, yTo TOMKH My u M, Jje-
XaT 10 pasHble CTOpPOHb OT M, U M;My= MM,, T. e.
M, — cepenuna orpeska M,, M, (uept. 15).

Ecau #; — KOMIJIEKCHBINH KOpelib, TO fy — KOMIJICKCHO-CO-
npsikeHnoe f, uucao. Toukw M, (a +bi; c+dii e+ fi) n
Msla—bi; c—di; e— fi)—Muumbie, a cepemiina M,(g, ¢, €)—
JIeHCTBHTEbHAS TouKa.

6) Q+0, R=0.

0,

Torma t; =0, ty, =— ?Q Onroit M3 Touck Nepecedenus
npamoii (a) u nosepxnoctn (1) sAiBAsieTcss Touka M,,.

B) Q=0, R=0.
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B sToM cnyuae t;=1¢,. Toukn M; u M, nepeceueHus
nosepxnocTd (1) u npamoii (a) coBnanaioT B Touke M,, T.e.

npsiMasi KacaeTcsl NOBePXHOCTH BTOPOro mopsiika B Touke M,
(uept. 16).

Yepr. 15 - Yepr. 16
2) P=0.
B sroM cayuae ypaBHeHue (2) HMeeT BHA:
2Qt + R =0. (2"

CymiecTByeT He GoJiee OIHOTO 3HAYEHHS £, YAOBAETBOPSAIOUIETO

ypaBHeHHIO (2°), H, cnejoBaTeNbHO, mnpsiMast (a) HMeeT He

GoJsee onHOil oOliel TOYKH ¢ noBepxHocTbio (1).
PaccmoTpum ornesibHble cayuan:

a) Q +0.

Torpa u3 ypasuenusi (1') umeem:
t = R
1= —"_)6'

B paccmarpuBaeMoM cJjiyyae cyiiecTByeT eHHCTBEHHAsl TOYKd
nepecedyeHHss npsimoil (a) W nosepxHoctu (1) (uept. 17).

6) Q=0, R+0.

B sTOM cayyae ypaBuenue (2') NpOTHBOPEUYHBO, T. €. He
MMeeT HH ONHOro pelleHHsl. 3TO O3HayaeT, 4yTo npsmas (a)
He MMeeT OOUMX TOYeK C MoBepXHOCTbio (4epT. 18).

B) Q=R =0.

B sToM cayuyae ypaBHeHHIO (2) YyROBNETBOpSieT JHO00e
3HauyeHHe f, a 3TO 3HAYHUT, UYTO Ka)khas TOYKa MNpsMOH (a)
NPHHAAJIEXKUT TOBEPXHOCTH, T. €. mnpsimasi (a) eCTb NpsiMo-
JHHefiHas oOpasyloias noBepxXHoOcTH (uepT. 19).
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ITpumep. Onpene/iuT TOUKH Mepeceyenust npsMoi:

=—1+4¢
y=1t (a)
2=t

NOBEPXHOCTH:
R4y =242y —4x2+2y—22+3=0.

Yepr. 19

CocTaBHM ypaBHeHHe (2) H HaiieM ero KOpHH:
Mo(— 15 0; 0); a={I;1;1};
P=—1;, Q=0; R=4
—24+4=0; t;,=2; t,=—2
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[MoactaBuB £, ¥ f, B ypaBHeHHe NPAMOil, NONYYUM
Mi(1;2; 2); Ma(-3; —2; —2).

§ 12. AcuMNTOTHYeCKHE HanNpaB/eHHsi OTHOCHTEJbHO
noBepxHOCTH BTOPOro NOPsiAKa

Onpeneaenne. Hanpaeneniie BeKTOpa @ Ha3biRaeTCsl acHMI-
TOTHUYECKHM OTHOCHTEJbHO [IOBEPXHOCTH BTOPOr0 MNOPSIIKA,
3ajaHHoil OOWHM ypaBhenuneM 2F (x, y, 2) == 0, ecau xoopau-
HAaThl Q;, G2, Q; BEKTOpa a YJAOBJETBOPSIIOT YPaBHEHHIO:

P= a“a}’ 4 022a§ + a,,a; - 2a 010, + 2a,,0,a, +

+ Qagxazaa = 0. (l)
QO1Ha M Ta K€ MNOBEPXHOCTL B PA3JHUHBIX CHCTeMaX KOOp-
JAHHAT HMeeT VpaBHeHHsl pasanuHoro BHaa EcTecTBeHHO BO3-
HUKaeT BOMpPOC, He OVIACT JH aCHMNTOTHYECKOe HanpaBncHiHe
3aBHCeTb OT TOrO, B KaKO[f CHCTEME KOOPAHHAT OMNpefecHO
ypasHeHHe JAaHHON noBepxXHocTH? OTBeT Ha MOCTaBjeHHBi
BOLIpOC AaeT cJjejyioilasi Teopema. _

Teopema. Ecau Hanpasrenue eekmopa a sgasemcs
ACUMAMOMUHECKIM  OMHOCUMEALHO NOBEPXHOLMU  8mOpo20
nopsioka, 3u@aHHOi ypagneHuem 2F (x. y. z2) =0 8 cucmeme
Koopdunam (0xyz), mno OHO Gydem ucuMnmomuieCKUM OMmHO-
CUMeAbHO IMOL N0BePXHOCIMU U moeda, k0eda NesepXHOCMLL
3udana ypasHenuem 2P (x'y’2") =0 @ dpyevii cucmeme roop-
Junam (0'x'y’z").

IMycte B cHcTeme koopauHaT (Oxy?) nawHas NenepxXHOCTb
BTOPOro MOpsiKa OlpelesisieTCs ypaBHeHHEeM:

2F (x, y, 2) = a, X + a,,y* + a,,2* + 2a, ,xy + 2a,,xz +
4 2a54y°2" + 2as3yz + 2a14% + 205,y + 2054z +a54 =0, (2)
a B cucTeMe KoopauHaT (O’x’y’z’) — ypaBHeHHeM:
29 (x',y',2')= a'“x’2 + a'22y’2+a;32’2+ 2a),x"y" +2ax'2" +
+ 24} %" + 24}y’ + 2a;,2" +a,, = 0. 2"
TTycTh KOOPIHHATH BeKTOPa @ = {a;; @»; @5}, 33AAHHOIO B
cucreMe (Oxyz), yaoBAeTBOPsAIOT ypaBHeHHio (1), T. e.
P =a,,a} +a,,0; + a;,,0] + 20, 0,0, + 2a,,0,a; +
=+ 2a,5a,a;, = 0.



3ajzanuM noJsioxenue cHcteMsl KoopanHat (0'x'y’2") oruo-
cHreqbHO cHcTembl (Oxyz):

0" (xo: yoi 20 e = {phipis il (i=1,23),
rae _e'i—enmmqnbre BEKTOpHI Oceii KOOpPAHHAT.

Qbiuce npeodpasoBanue cucTembl KoopauHaT (Oxyz) B
cucTemy KoopauHaT (0'x'y’z") MOXKeT ObTb NOJMVYEHO TyTeM
noCAeAGRATeALHOrO BhINOJHEHHS ABYX NpeoOpa3oEaHMii: Bpa-
ILeHUS CHCTEMLI KOOPAHMHAT BOKPYr Hauaja H napajjesbHOro
nepeHoca. [ipn npeoOpasoBaHWH TMAapajne]bHOr0 nepeHoca
KO3(pHUIMEHTLl CTAPIIHX 4YJIEHOB YpaBHEHHs (1) ne wusme-
HSIIOTCSl, @ MpH Npeo6pa3’oBaHMM BPALIEHHS OHHM CBASAHbI
¢ KosdxpHuueHTamMH npeoOpasoBaHHOIO ypaBHeHHs (2) mo
dopmyaam (3°) § 3. CrenosatesibHO, KOXpdHUHEHTH B CTap-
LIMX uYaeHax ypaBHenu#l (2) u (2°) cB3aHbl CASAylOLIelH 3a-
BHCHMOCTLIO:

3 3
ay =Y Vapirt (.t=1,23). ®)
i=1 j=1
[IycTe OTHOCHTesLHO CHCTeMbl KoopauHaT (O'x’y’z’)
PR PR
a = \a;; ay; ag}.

B § 1 Guuio nokasano, 4To npu obumem npeoGpa3oBaHHH
KOOP;IMHAT KOOPAHHATHI BEKTOpa @ mnpeobpasyiorcss no ¢op-
MyJiaM: 1 :

— ’ 17’ ‘.
a, = pia; + py3, + pyas; 4)
— n2a’ 2" 27"
a, = pia, + p3a, + piay;
= p3a’ 3 3.’
ay = pja, + pza, + p3a;.
IToacTasus a,, ¢., 25 ¥3 ¢opMya (4) BJeBylO 4acTb ypaBHe-

nust (1) W COBEDIINP HECJOKHble Npeo6pasoBaHHsl, C YYeTOM
dopmya (3), noayuum:

— 2 2 249 L —

P = a,a? + a,,a; + a,03 +- 2a,,0/a, - 2a,,0,0, + 20,,0,0, =
2 ]

o Coa P SR

=a,,a, +d,d, +aa; +2a,,0,a, + 2a 0,0, + 2a,,0,a;,

YTO W JOKA3bIBAET Teopemy.

B § 11 Coino ycraHORJEHO, YTO eCNH npsiMasi (@) HMeeT
aCHMITOTHUYECKOe HalpaB/JeHHe OTHOCHTEJNbLHO IOBEPXHOCTH
Broporo nopsaka (P =0), To OHa HMeeT C NOBePXHOCTbIO
BTOpOro Nopsiaka JHG60 TOJbKO OfHY oOuiyio Touky (Q=0),
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au6o He uMeeT C Heit obwux Touek (Q = 0; R + 0), nubo
LeJHKOM TNpHHAJJEXKHT MNOBEPXHOCTH BTOPOro MOPsiiKa.
Q=R=0). _

[lycTb BexkTOp @ = {ay; ap; aa} » KOJJIHHeapHbI MNpAMOf
(a), MMeeT acHMNTOTHYeCKOe HanpaBJjeHHe U mpsMas (a) mnpo-
XOQUT Yepe3 TOUKY Mg(xy; Yoo 2,)- DBosbmem BekTOp
a® = la; + e a; + e a3+e3} H npoeeneM yepe3 M, nps-

mylo (@'¥), koaauHeapHyio Bektopy a'’. Haiinem snaueHue
napameTpa f, COOTBETCTBYIOLLEro ToUuKaM nepeceyeHuss nps-
Mol (a'®) ¢ NOBEepXHOCTbIO BTOPOrO MNOpSJKa M3 ypaBHEHHS:

PO {2 +2Q@ ¢ 4 R =0, a

P® =ay, (a; +¢1)% 1+ o2 (@ + €3)% + ag4 (a5 +&5) +
+ 2a,5 (@1 + &1) (@2 +&2) + 2013 (@ + 1) (a5 +&5) +
+ 2a; (@2 + e2) (a3 + ¢5);
Q) = Fxo (a + 51) + ch (@ + &) + on (a3 +e5)
R® = R = 2F (x4, Yo, 20)-

MoxHO mnOKasaTh, YTO CYLIECTBYeT Takas MOCJe10BaTeNb-
HOCTb 3HAaUeHHi €, €2, €. UTO TNPH €, &, &3>0 HMeeMm:
P® -0, Q9 — 0, npuaem P =0,

3anuiieM ypaBHenue (1°) B BHze:

P® 4+ 2Q0U 4 ROU2 =0,

rpe

1
rpe =7

Ecan Q= 0, 10 npH ¢, e, €30 umeem:
a® >a;, POLP=0; Q9—>Q=+0. U—0, t;—> co.

CnenoBaTeNbHO, OlHAa H3 TOueK mnepeceyeHHss npsiMmoii (a) ¢
NOBEPXHOCTbI0 BTOPOrO MAOpPsiiKa HeorpaHHuYeHHO yﬂanﬂeTca

10 NOBEPXHOCTH. Hasa BTOpPOH TOYKH nepeceyeHus f, - — 2Q

Ecan P =0, Q =0, To 00e TOYkH nepeceyeHHs MpsMoii
(3) ¢ MOBepXHOCTbIO BTOPOTO MOPSAAKA HEOr pAHWYEHHO Yaa-
JSI0TCA NO MOBEPXHOCTH BTOpOro nopsiaka. B stom cayuae
npsmasi (a) HasblBaeTCA acCHMNTOTOINl MOBEPXHOCTH BTOPOro
nopsjaka.

Ecan npsMas (a) HMeeT acHMNTOTHYECKOe HanpaBJeHHe
M NPOXOIOHT uYepe3 UEHTP Mg (Xg, Yo. Z0) IIOBEPXHOCTH BTO-
poro nopsiika, TO oHa OyAeT WJH acHMNTOTOH, HJAH NpsMo-
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JHHeHHON oOpasylollell MOBEPXHOCTH BTOPOrO NOPSAAKA, TaK
KaK B 3ToM cayyae P =:0; Q= F,, a; + Fy,a; + F,,a3=0.
W3 ypaBHenus (1) BHAHO, 4TO ecqH B ypaBHEHHH IIOBepX-
HOCTH BTOpPOro nopsiaka a@;; =0 HaM @z =0, HaH ag; =0,
TO0 cooTBeTcTBeHHO BeKTOpnl e; ={1, 0, 0}, ea={0; 1; 0},
eg=={0; 0; 1} oceli Ox, Oy, Oz uMelOT aCHMNTOTHYECKOE
HamnpasJeHue.

CymecTByeT GecudcJIeHHOE MHOXKECTBO BEKTOPOB @, KOOP-
IHHATHl @), @, A, KOTOPHIX YAOBJETBOPAIOT ypaBHeHHIO (I).
HaiineM reomerpuueckoe MecTO NpSIMbIX, NPOXOASIIHX Yepes
I3HHYIO TOUYKY M, H MMEIOIHX OTHOCHTENbHO JAaHHOH NOBepX-
HOCTH BTOPOro mnopsiika (2) acHMNTOTHYeCKOe HampaBJeHHe a .
BosbMeM npousBosibHYI0 TOUKY M (X; y; Z) HCKOMOro reomer -
puueckoro Mecra. Torma BekTop MM = {x — Xo; Y —Yo:
Z—2Z2,} HMeeT aCHMUTOTHYECKOe HaNpaBjeHHe H MOTOMY Cro
KOOpAHHATBl  yAOBJeTBopsitoT  ypaBHenuio (l). Caenosa-

TeJIbHO, YPaBHeHHe HCKOMOI'O reoMeTPHUYeCKOro MecTa HMeeT
BHJ:

@11 (¥ — %0)? + Qa3 (Y — Yo)? + g5 (2 — 25)% + 2a12 (¥ — Xo) X
X (Y— Yo) +2a13 (x — Xo) (2 — 20) +2a23 (y —Yo) (2 —20)=0, ()

Ecan touka M, coBnajaer ¢ Hayajom KOOPAHHAT, T. €. Xp =
=Yo=2y=0, To B 3TOM csiyuae ypaBHeHHe HMeeT BHA:

a11X% + Qgal® + ag322 + 2ay,xy + 201562 + 2a55y2 = 0. (5')

Mayunm mosepxHocTs, onpenensieMyro ypasuenueM (5°), ans
cayvaeB, Korfa ypaBHeHHe (1) siBnsieTcsl ypaBHeHHEM KaxKuoMh
H3 17 noBepxHOCTeli BTOPOro MOpPSAKa.

1. PaccMoTpHM LeHTpanbHble NOBepXHOCTH (A 7= 0, Ay % 0,
)g # 0). TIpuBeneHHoe ypaBHeHHe HMeeT BHA:

MX2 4 0,V2 40,28 +ay =0. 1Y)
YpaBhenre (5') B 3TOM cayyae HMeeT BHA:
MX3 + V3 + 2sZ2 = 0. (Y]

TNoBepxHocTs, onpenensieMas ypasHenueM (5;), eCTb KOHH-
yeCKasl NOBEPXHOCTb C BepLIMHOH B LEHTpe NaHHOH MOBepX-
HOCTH; o0O6pasyioliHe KOHHYECKOf MOBEPXHOCTH (5}) UMEIOT
aCHMNTOTHYECKOe HanpaB/eHHe OTHOCHTebHO noBepxHocTH (I).
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Konnueckass noBepXHOCTb (5]) Ha3bIBaeTCs KOHYCOM acumn-
momuuecKkux Hanpagieruil LeHTPaJbHOH IOBEPXHOCTH. Kax-
nasl LeHTpaJbHAasl NOBEPXHOCTb HMeeT eNUHCTBEHHBbIH KOHYC
ACHMNTOTHYECKHX HanpaBJeHHI.

V3 npuBepreHHoOfi TaGaHuUbl BHAHO, YTO C TOYKH 3peHHs
CYIIeCTBOBAHUS aCHMNTOTHYECKHX HaMNpaB/ieHHH LeHTpaJibHbIe
MOBEPXHOCTH MOXHO pas3feiThb Ha JBa BHJA:

1. IToBepXHOCTH 3JJIMOTHYECKOro BHjA, He HMelOLLHe Jeii-
CTBUTEJIbHBIX aCHMITOTHUECKHX HalpaBjeHH# (3JJHOCOHL,
MHHMBI#l SJJIUIICOHJ, MHHMMasi KOHHYeCKasi MOBEPXHOCTh).

2. IloBepxHOCTH runepCOJHUECKOr0 BHJA, HMEIOILHE KOHYC
acUMOTOTHYECKHX HanpaBJeHHiH (OLHONOJIOCTHBI H JABYXIO-
JIOCTHBIH THNepOOJIONIE], KOHHYeCKast TNoBepXHOCTh). IIpsiMo-
JuHefiHble o0pasylomue KOHyCa AacCHMITOTHYECKHX Hanpas-
JIeHH}H TOBEPXHOCTH OJXHOMNOJIOCTHOTO H IBYXINOJIOCTHOTO rUnep-
6GONIOHI0B SIBJSIOTCS ACHMNTOTAMH 3THX TOBEPXHOCTEH.

II. Paccmorpum mnoBepxHoctH Il THnA, 3agaHHble ypas-
HeHHeM:

A X2 4+ \V?2 + 2a5,Z =0, (11)

rie M %0, Ay %0, ag +0.
YpaBreHue (5’) B 3TOM CJyuyae HMeeT BHA:

)\1X2 ‘I— )\2y2 = O- (5;’)

Ecnun ypasuenne (II) ecTb ypaBHeHHe rHNepGOJHYECKOro
napabosiouza:
X‘J
@

Y2
—-—F=2Z,

TO ypaBHEHHE (5'2) HMeeT BHA:

X2 y?
7 — zn =0—napa nepeceKaromuxca MJOCKOCTeH
(gepr. 20).

Jliobast npsiMasi, mapaJulesbHasi 3THM IIJIOCKOCTSIM, HMeeT
aCHMITOTHYECKOe HanpaBlleHHe.

Ecan ypaBHenne (II) ecTb ypaBHeHHe 3JIJIHNITHYECKOro
napabosonza

x‘l yz

atm=2%
To ypaBHeHHe (5;) HMeeT BHA:

X2 | ye

= + F= 0.
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CremoBaTelbHO, OHO SIBJIA€TCSl ypaBHeHHeM MNapbl MHHMBIX
IJOCKOCTEfi, TNepeceKalounxcs Mo JeHCTBHTENbHOH npsiMOi
(vepT. 21).

Hrak, nOBepXHOCTb THNepOOJHYECKOro mnapaboJsoHna
#MeeT GeCUHCJIGHHOE MHOXKECTBO aCHMNTOTHYECKHMX Halpas-
JeHHil; HX MOXHO Pa30HTb Ha JiBa CeMEHCTBAa KOMIJaHapHBIX
‘HanpaBsieHu#. IloBepXHOCTB 3JJHNTHYECKOro mnapabosioHzaa
HMeeT efAMHCTBEHHOE aCHMNTOTHYECKOE HampabJleHHe.

2

°

N

Yepr. 20 Yeprt, 21

[1I. B cnyuvae noeepxnoctu LIl Tuna:

)\1X2 + )\2Y2 + Ay = 0 (III)
ypaBHeHHe (5’) HMeeT BHA:
X2 2V =0. (53)

AcumnroTnyeckoe HanpaBiaeHue noBepxHocTH IIl THma mu
ncesaeayeM B Tabauue: cM. (ctp. 102).

IV. B cayyae napaGosxdecko-
ro UMJHHApA

)»IXZ = 2p Y
ypaBHeHHe (O') HMeeT BHA:
X? =0 — napa coBnaBwux
MJIOCKOCTEH.
CnejoBate/ibHO, MOBEPXHOCTb Ta-
paGo/IHYecKOro LHINHAPA HMeeT Gec-
YHCJIEHHOE MHOXKECTBO KOMILIaHap-

HbIX aCHMNTOTHYECKHX HamnpasJeHUN
(uepT. 22).
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I'eomeTpHyeckoe
MEeCTO NpAMbIX,
= HasBanue KaHOHHYecKOe [NpoXoasillluX uepe3
=| noBepxnocTn ypaBHeHHe |HauaJO H HMEIOU{HX Bun
i aCHMNTOTHYECKOe
HanpaBJieHHe
2 2 Y
1| Qnaunrauec-| 2y oy }
kuft unannap| g2t =1 Z+pE=0 —
2| MEuMBIR 351-|x2 42 INpsmasi (napa
auntudeckniiigz + 2= —1| munmbix nepece-
IHIHHAP Kalomuxes mio-
CKocTeld)
2 4P
3| Tapa muu- FE=0
MBIX nepece-
KalolmHXxcst
nJjockocTed
x2 y2 x2 y2
4 | T'unep6ou- 2R 1 2 =0
yecku#t nu-
JUHAP
)
xz yz
5| TNapa nepe- | — — 75 = 0| Mapa nepece-
CeKalomnxcs KaloWHXCsl TUI0-
TII0CKOCTe ckocTeft
i
E
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V. Paccmotpum nosepxHoctd V THna. Hx npuBeneHHoe
ypaBHeHHe:
\Alxz _*" a= 0
YpaBHeHue (5’) B 3TOM cliyuae HMeeT BHA:
MX?2=0 namn X%=0—napa cOBNAaBLIHX NJIOCKOCTEH.

ITIpumep 1. HaiiTh ypaBHeHHe TIeOMeTPHUECKOTO MeCTa
pAMBIX, npoxoadamux uepes M, (15 1; —2) u umerommx
acHMITOTHYECKOe HanpaBJieHHe OTHOCHTEJIbHO [OBEpXHOCTH,
34/]JaHHON ypaBHeHHeM:

x?—2y? —4xy —8xz + 6y —5 = 0.

Pewenue. YpaBHeHHE HCKOMOTO TI'eOMETPHUYECKOrO MecTd
HMeeT BHI:

(—1—=2@y —1)2—4x—y—1)—
—8x—1N(z+2)=0

HJH
X2 —2y? —4xy —8xz — 14x + 8y + 8z + 11 =0.
14=0; I,=32;, I,=—22.

ckomoe reomeTpuueckoe MecTO TNPSMBIX eCTh KOHHYeCKast
NOBEPXHOCTb.

Ilpumep 2. HaiiTu ypaBHeHHe KOHyca acHMNTOTHYECKHX
HanpaBJ/ieHH# NOBEPXHOCTH, 3aaHHOW YypaBHEHHEM:

6x2 —2y2 + 622 +4x2 4+ 8x —4y—82+1=0.

Pewerue. HatineM KoopaHHaTbl LEHTPa MNOBEPXHOCTH H3
VP4BHEHHIi:

Fi=6x+22+4=0;
Fy=—2y—2=0;
F,=2x+6z—4=0;
x=—1, y=—1;, z=1.
YpaBHeHHe HCKOMOTO KOHyCa:
6+ 12 —2(y+1)2+6@c—1)2+4x+1)(E—1)=0

HH
6x% — 2y? + 622 + 4xz +8x —4y — 82 +6 =0.
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Ynpasxcnenus.

1. HafiTh ypaBHeHHe TeOMETPHYECKOrO MeCTa MNpSIMbIX,
npoxofsmux uepes Touky M, (—2; 3; 0), umeromux acumi-
TOTHYECKOE HaNpaBjleHHe OTHOCHTEJIbHO IOBEPXHOCTH:

x2—2y? —2% +4xy —8xz —4yz — 14x —4y + 142+ 16 =0
¥ ONpEeJe/IUTh BHJ 3TOTO TIEOMETPHUECKOro MECTa.

Omeem. Kouuueckasi MOBEPXHOCTb.
x2—2y% — 22 +4xy —8xz —4yz —8x + 20y — 42 — 38 = 0.

2. HajiTn ypaBHeHHe KOHyCa aCUMNTOTHYECKHX Hanpas-
JIEHH Y MOBEPXHOCTH:

x2 —2y? + 22 —4xz 4 6yz —8x + 10y = 0.
Omaeem.
X% —2y? + 22 — 4xz + 6yz — 8x + 10y + %’:0_

3. HafiTu ypaBHeHHe TreOMeTPHUECKOrO MeCTa MpSIMbIX,
npoxoasamux uepe3 My (0; 1; —1) u HMelomux acumaTo-
THYeCKOe HanpaBJieHHe OTHOCHTEJbHO NMOBEPXHOCTH:

2x2 4+ 10y®> — 222 + 12xy + 8yz + 12x + 4y + 82 —1 = 0.
Omsgem.
2x2 4+ 10y2 — 222 4 12xy + 8yz — 12x — 12y — 122 =0,
[Tapa nepecexarmomuxcs MJIOCKOCTEH.

4. HaifiTn ypaBHEHHe reoMeTPHYECKOTO MeCTa IpSIMHIX,
NpOXOAAUIMX Yepe3 HaAyajo KOOPAHHAT H HMEIOMX aCHMITo-
THYeCKOE HanpaBJeHHE OTHOCHTEJbHO MOBEPXHOCTEN:

a) 4x* 422+ 22 —4xy —2yz—2y+22—4=0;

6) 2x2 4 10y? — 222 4 12xy + 8yz + 12x + 4y +
+82—1=0;

B) 4x2 4 y? + 922 —4xy 4 12x2 —6yz + 8x —
—4y+122—5=0

B ONpeie]UTb BHJ STOrO reOMETPHUECKOro MecTa.

Omesem.

a) 4x% 4 24? + 22 — 4xy — 2yz = 0 — npsmas.

6) 2x% + 10y® — 222 4 12xy + 8yz = 0 — npsmas.

B) 4x® + 42 + 922 —4xy + 12x2 — 6yz = 0 — OAOCKOCTb.
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§ 13. InamerpanbHble MIOCKOCTH NMOBEPXHOCTEN
BTOpPOro nopsjaka

[TycTb moBepXHOCTH BTOPOro MOpsiAKA 3ajaHa OOHM
ypaBHeHHeM 2F (x, y, 2) = 0 u BexkTOp a = {a;; ap; a;} HMeeT
HEeaCHMIITOTHYeCKOE HaNpaBJieHHe OTHOCHTEJIbHO 3TOH MOBEpX-
HocTH (P +£0). Torna kapas npsiMasi, UMelollast Hall paBJeHHe a,
nepecevyeT 3Ty NOBepX-
HOCTb B JIBYX TOYKax
pas/HYHBIX  JEHCTBH-
TeJbHBIX,  KOMILJIEKC-
HO-CONPSIKEHHBIX HJIH
COBMAaBLIHX (4epT. 23).
STH TOUYKH SIBJISIIOTCS
KOHILaMH XOpJi NOBepX-
HOCTH, NIPH 3TOM Ka-
XKnask Xopia  HMeeT
JEeHCTBUTEJbHYIO  Ce-
pemuHy.

& OnpenenuM reoMeT-
) 8, pHYyeckoe MeCTO cepe-

10 X IUH XOpJ, HMEIOMHUX

g/”? ' HanpasJjieHHe a.
[lycte M (X;Y; Z)
Yepr. 23 — NIPOH3BOJIbHASL TOY-
Ka MHCKOMOrO TreoMer-
pHYECKOro MecTa ToueK. Torna ypaBHeHHsI TIpPSIMOfi, TIpO-
Xonsimel yepes TOUKY M M uMelolmeli JaHHOe HampasJe-

HHe @, OyayT cJjenylomHye:

y=VY +ay; 09
z2=7+ay.

Toukn nepeceyeHHs 3TOH NPAMOH C AAHHON MOBEPXHOCTbIO
BTOPOrO TMOpPSIAKA ONpeAeNsiorcsl U3 ypaBHEHH:

P#* +2Qt + R = 0. @
Hannoe nanpapnenne a = {a,; @, a,} HeaCHMNTOTHUeC-
Koe, T. €.
P = 01,0} + 43003 + 0350} + 20,0005 + 2010105 +
+ 2(123&203 5& O.
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[lyctb ¢, U {, — KOpPHH 3TOrO ypaBHeHHA U M; M, —TOUKH
nepeceyeHHsl mpsiMOf (a) C MOBepXHOCTbIO. Tax Kak mo omnpe-
JeJIEHHIO TeOMeTpHYyecKoro Mecrta xopaa MM, peautcs

B Toyke M nomnonam, To kt; = —kt,, T. e. t; + 1, =0.
[To Teopeme Buera:
Q = Fxa, + Fya, 4 Fza, = 0. 3)

Odpatuo, ecan P+0, Q=0, 10 ¢, +1t, =0; t;, =—13;
MM = MM, u Touku M,;, M, nexar no pasiinie CTOPOHBI
oT M, a 3TO 3HaYyMT, YTO TOYKa M — cepeiHHA XOpAbl Ha-
npaBjieHus a.

Hrak, vpaBHenHe (3) ecTb ypaBHEHHE HCKOMOTO reoMeT-

pHUECKOI'O MecTa TOYeK. 3anHuilieM ero B BHJE:
(@nX +aY + a13Z + ayg) a3 + (@ X + az¥ + anZ +
4 Q24) Qs 1+ (@ X + QgeY + @33Z + age) a3 =0
HJH
(ana; + as10; + a3103) X + (@101 + 02002 + a3,a5) Y +
4 (@1301 + G230; + 03303) Z + (@1401 + Q2402 + 5405) = 0. (37)
B stom ypaBHeHnu Kospduuuentn npu X, Y, Z ne
paBHbI HYJIIO OJHOBPEMEHHO, TaK Kak
P = (a11a, + a12a, + a1303) @1 + (2101 + Q200 + Q2303) @ +
+ (@518, + a320s + ag4a5) a5 # 0.
W3 ypaBHeHusi (3') 3akJiouaeM, YTO HCKOMOE reOMeTpHYecKoe
MECTO TOUYEK €eCThb MJOCKOCTb.
Onpenenenue. JluameTpasibHOH MNJIOCKOCTBIO MOBEPXHOCTH

BTOpOro nopsinka COl'lpiI)KEHHOﬁ HeaCHMNTOTHYeCKOMYy Hanpas-
JIEHHIO @ HAa3bIBaeTCsl reoMeTpHYeCKoe MeCTO CepeauH mnapaJ-

JeJbHBIX XOpJ, HMeIoIHX JaHHOe HampabJeHHE a.
Teopema 1. [JuamempanrsHole naockocmu nogepxocmeii,
UMEIOWUX YeHmp, npoxo0sim 4epe3 Hezo.
[lycte Mg (X4, Yo, 2o) — LEHTP MOBEPXHOCTH BTOPOro Mmo-
psigka, 3anaHHOM ypaBHenueM 2F (x, y, z) =0. Torma Ha
ocHoBanuu TeopeMnl (1) § 10 uMmeloT MecTO paBeHCTBa:

Fy,=Fy,, =F, =0 u, crepoatensio, Fxa + Fyas +
+ F,a, =0 ana moboro Hanpas/eHHS 4.
Teopema 2. He cyuwecmsyem nanpagrenus b ={by; b,; bs},

napasienbHozo 8cem OUAMEMPAAbHoIM NAOCKOCMAM — nosepx-
Hocmu | muna; cyuecmsyem eOUHCMBEHHOE MAKOe HAnpas -
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nenue 0as nosepxocmed Il w 111 munos; cyuwecmsyem Gec-
YUCNEHHOE MHOJNCECMBO KOMNIQHAPHbIX HANpasAeruil, napai-
NeAbHOLX  8CeM OuamemparbHolM NAOCKOCMAM nogepxrHocmell
IV u V munos.

Honycrum, uTo cymecTByeT HanpasieHHe b = { by; by; by},
napajnesibHOe BCeM JHAMETpPaJibHbIM [JIOCKOCTSIM - MOBEpPX-

HoctH. Torpa U3 ycJioBHS mapassieIbHOCTH BekTopa b u mJoc-
kocTH (3’) umeeM:

(@na, + a1a; + ag1a3) by + (@120, + aya; + agea;) by +

+ (@13a; + 230z + agya3) by =0 4)
HAH
@by + 12by + Q13b5) a1 + (@a101 + Ga2bs + Gsgb) a; +
+ (@361 + Gg2b2 + ag3bs) az = 0. 4"

Tak kak paBeHcTBO (4’) UMeeT MecCTO JJsi JoGOro Heacumn-
TOTHYECKOTO HAaNpaB/eHHst @ H Tak Kak Yy Jio00it moBepx-
HOCTH BTOPOrO MOPSIAKA CYLIECTBYIOT TPH HEKOMIJIaHApPHBIX

HEaCHMMNTOTHYECKHX HaNpas/Je€HUsA, TO HMEIOT MeCTO CJieAylo-
e paBeHCTBA

@11by + @12by + agzby = 0,
a1b1 + @asbs + aagby = 0; (5)
031b1 + a33b2 -+ a31b3 =0.

OGpaTHO, ecqM KOOpAMHATH BekTopa b ={by; by; by}
YIOBJIETBOPSAIOT paBeHCTBaM (5), TO Jjas JoGOro BeKTOpa
E={a1; Qy; @z} HMeeT MeCTO paBeHCTBO (4'), a cuegoBa-
TeJIbHO, H PaBeHCTBO (4), U3 KOTOpOro CjefyeT, YTO BEKTOp
‘b KoaaHHeapeH MoGOH NUAMETPAJbHON MJIOCKOCTH.

Hrak, Ans Toro 4ToOh CyllecTBOBan BeKTOp b = {by; by;
bs}, mapajnesibHuIf OO0 AHaMeTPaJbHON TMJIOCKOCTH TO-
BEPXHOCTH BTOPOrO MNOpsAKa, 3ajaHHOHX ypaBHeHHeM 2F (x,
y, 2) =0, Heo0XOmHMMO H JOCTAaTOYHO, YTOOW KOOPAHHATHI
BEKTOpPa b SIBJANHCh HeHYJIeBLIMH pelIeHHAMH CHCTeMbl (4)

TPeX JIMHeJiHLIX OJHOPOAHBLIX YPaBHEHHHA C TPeMA HeH3BecT-
HbIMH.

Ecau ypasHenue 2F (x, y, #) =0 ecTp ypaBHeHHe moBepx-
goctd I THna, ToO

an s Oy
Iy =|Qa1 Qa2 Q23| &£ 0.
Qg1 Q33 Qgg
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Has storo HEpPaBEHCTBA cCJeayeT, UYTO AJad IOBEPXHOCTH

I THma He CyuleCTByeT HampaBJieHHs b, mapajJesbHOTO BCeM
AMaMeTpaJibHbIM MJIOCKOCTSM.

Insa nosepxHocteit I u I11 THNOB BBINOJHSAIOTCS YC/NOBHS:

I,=0; I,= Gu Giz| 4 G s + Q23 Qg3 £0.

Q3 Qo2

Qg1 Qgs Q32 Qgg

Tak kak I =0, To cucreMa (D) HMeeT HeHyJeBOe pellleHHe
Tak kak I, 0, TO Nno KpaifiHell Mepe OIHO M3 ero cjara
eMbIX OTJHYHO OT Hyas. [lycTe, Hanpumep,

an Qe

+ 0.

QA Qg2

Torpa W3 AByX mNepBbIX YpaBHEHMi CHcTeMbl (5) Haxoau:
e[MHCTBeHHOe pelleHHe:

Q1 aa az an Qi1 Gy

Q1 Qg2

b1=)\ , 2=k ;b3=)\

Qg Q32 Qs Qg1

Kosdpduuuents ypaBHenHii (5) He MOTYT ObiTb paBHbI HYJIIO
OLHOBPEMEHHO.

Ecan ypasuenune 2F (x, y, 2) = O ecTb ypaBHEHHe NOBEpX
voctd IV uan V THnoa, TO Ay = Ay = 0. CucreMa ypaBHeHHH
(5) coBnangaer ¢ cucTeMmOii ypaBHEHH{i I'MaBHbIX HalpaBJeHH
npu A =0.

ITo Teopeme (4) § 3 B cHcTeme ypaBHeHHi} (5) CymiecTByeT
JHLIb ORHO He3aBHCHMoe ypaBHeHHe. (CJefoBaTeJbHO, Cyle
cTByeT OeCUHCJIEHHOE MHOXECTBO KOMMJAaHapHbIX BEKTOPOB
KOOPAHHATHl KOTOPLIX YIOBJETBOPSIIOT CHcTeMe (D).

HanpaBsnenne b, koanuHeapHOe BceM JAHaMeTPaJbHbIX
NJOCKOCTSIM [OBEPXHOCTH, $IBASeTCS AaCHMNOTOTHYECKHM Ha
npaBJieHHeM OTHOCHTENbHO NMOBEPXHOCTH, TaK Kak

P = ay,b} + agob3 + aggb? + 215616z + 2130105 + 2a55bebs =
= (auby + aibe + a13b3) by + (@nby + Qgobs + Qagbs) b +
+ (@a1b, + @z2be + aggbs) by

Ho koopaueaTh BeKTOPa b YIOBJIETBODSIOT ypaBHEHHSM (5
¥ TIOTOMY

P =0.
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Caencteue 1. He cyuwecmsyem npsimou, npuradaire-
ocauiell  Bces  OUAMEMPAAbLHbIM — NAOCKOCMSAM  NOBEPXHOCMU
I muna.

CnepctBue 2. Bce OuamempansHeie naockocmiu no-
sepxnocmu [11 muna npoxodsm ucpes 00KY NPAMYIO — Au-
HILIO YeHmpos.

Cnencteue 3. [JuamempaisHole nAOCKOCMU NoBepX-
Hocmed 1V muna napaisiensol.

CnenctBue 4. Cywyecmsyem eOuncmaennas duamempans-
Has naockocmb nogepxrocrmu Vo muna; oHa cosnadaem ¢ naoc-
KOCMbIO yermpos.

§ 14. I'aasHble AMaMeTPalbHbIE MJOCKOCTH NMOBEPXHOCTH
BTOpOro Mopsiaka

Ecom nanpabnenue BekTOpa a = {@;; Qs Qg } — INIaBHOe,

TO €ro KOOpAHHATH! YAOBJIETBOPSIOT CJAEAYIOUIHM Y PABHEHHAM:
Q1181 + Q1205 + 1305 = My

A21Q1 + Q2002 + Qa303 = M2g; 1))
Q31a; + Q5005 + ag30; = Mag,

rae A — KOpeHb XapakTepHCTHUecKoro ypaBHeHusi (6) § 3.
Hmeewm:
P = (aua: + 01982 + 01385) 01 1 (2101 1 Q2205 + a230;) @z +-
+ (a5a: + Q3002 + a3305) as.
Ec/IM KQOpPIMHATE BEKTOPA @  yAOBJETBOPSIIOT ypaBHEHHAM
(1) npu X =0, TO HanpaBieHHe BeKTOpa @ OYAET AaCHMIITO-

THYECKHM, TaK Kak B 3TOM CJiyuae ero KOOpAHHATHI YAOBJIET-
BOpSIIOT ypaBHeHHIO P = 0.

Ecnu koopauHATHl BEeKTOpa YIOBJETBOPSIOT YPaBHEHHSM
(1) npu A0, TO

2 2 2
P =)\(ai + a3 +a3) + 0.
YpaBHeHHe [HaMeTPaJIbHOH MJOCKOCTH, CONPSIKEHHOH He-
aCHMUTOTHYECKOMY HaMpaBJeHHIO @, HMeeT BHI:
(@110 + @125 + 01303) X + (2101 + 2002 + G50,) y +
+ (@@ + 5002 + A3305) 2 1 (@1401 + @242 + G5405) = 0. (2)

M3 ypasrenut (1) ¥ mocJenHero ypaBHeHHsI ClieLyeT, YTO
npH A = 0 cooTBeTCTBYIOIEE STOMY 3HAUEHHIO KOPHSI I'JIaBHOE
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HeaCHMIITOTHYECKOe HarpaBjieHHe MNeplNeHfUKYJspHO conpsi-
JKEeHHOH €My AHaMeTpaJibHO# MJIOCKOCTH.

[pu A = 0 ypasuerusi (1) coBnagaioT ¢ ypaBHeHUsiMH (D)
(§ 13) u, cnegoBaTeIbHO, [J1aBHOE aCHMNTOTHYECKOe HalpaBJe-
HHe MapaJiieibHo Jo00# AHaMeTpasibHOM MJOCKOCTH, MpHYeM
HE CyLIeCTBYeT AHAMETPasbHONl MJIOCKOCTH, COMNpSXKEHHOH
5TOMY HalpaBJ/ieHHIO.

Hrak, Mbl fOKa3ajH CJefyIOILYIO TeopeMy.

Teopema 1. Jlioboe 2rasroe Heacumnmomudeckoe Hanpas-
/eHUe OMHOCUMEeNbHO NOBEPXHOCMUL GMOpPO20 NOPAOKaA nepnex-
OUKYASIPHO conpsisiceHKol OuamempanrsHoii naockocmu. Bes-
KOe 2/a8H0e QCUMNMOMUYECKOe HANpasieKlie NAPAAIEAbHO NI~
6oli duamemparbHoli naocKocmu.

Teopema 2. Heacumnmomuieckoe Hanpas.ieHue nosepx-
HOCmu 8mopo20 nopAOKa, nepneHOUKYASPHOE CONPAXCEHHOL
duamempairbHol naockocmu, ecms 2AQ8HOE HANPagieHue om-
HOCUMEAbRO Mol NnosepxHocmuU.

[lycTh CymecTByeT HeaCHMNTOTHYECKOe HanpaBleHHe a =
= {a;; as; a3}, NepneHxHKYJIsiPHOE CONPsiKEHHOH AHaMeTpaJb-
Hoit nyaockocTH (2). M3 ycnoBHSI NeprneHAMKYJASPHOCTH BeK-
TOpaa M MIOCKOCTH (2) cjexyer:

anay + a12a; + 1303 = Aay;
A510; + Q2085 + Qo303 = M2
as31a, -+ QAgoQs -+ Q333 = )113.

rie A#0, T. e. KOOpPIMHATH BEKTOPa @ YIOBJETBOPAIOT
YpaBHEHHSM TJIaBHBIX HampaBJlieHHH.

Onpenenenne. JluameTrpanbHasi NJOCKOCTb MOBEPXHOCTH
BTOPOro NOPsJKa, NepHeHIUKYJIsIPHAS CONPSXKEHHOMY Hanpas-
JIGHHI0, Ha3BIBaeTCS TIJaBHOH JHaMETPaJbHOH MJIOCKOCTbIO
NIOBEPXHOCTH.

naBHas nuameTpaJjibHas MJIOCKOCTb MOBEPXHOCTH BTOPOrO
nopsijKa NpOXOAHT Yyepe3 CepeiHHbl NEPNEHANKYJSPHBIX K Hefl
XOpA H MOTOMYy OHa SBJSIeTCS] IJIOCKOCTbIO CHMMETPHH NO-
BEPXHOCTH.

B § 3 6bw1o noKasaHo, 49TO y BCSKOH NOBEPXHOCTH BTO-
poro nopsiika CyUlecTBYIOT TPH IVIaBHble HanpaBJ/ieHHs, COOT-
BETCTBYIOIIME KODHSIM XapaKTepHCTHYECKOTO ypaBHEHHs. Y
noBepxHocTeii I THma Bce TpH KOpHSI XapaKTepHCTHUYECKOTO
ypaBHEHHs He paBHHI HyJO, y moBepxHocTeit II u III THnos
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1Ba KOPHSl XapaKTePUCTHYECKOTO yPAaBHEHHS He paBHbI HYJIO,
a y nosepxHocTeif IV H V THNOB OAMH KOpPeHb XapaKTepHCTH-
4ecKOro ypaBHEHHS He paBed HY.IO.

CnepoBaTelbHO, y MNOBepxXHOCTel | THma CymecTBYIOT
o MeHbllleil Mepe TPH HeaCHMNTOTHYeCKHX IJIaBHBIX Hampas-
neuus, y nosepxHocteii II u 11l Tunos —pBa, a y nosepx-
nocteit IV u V THNOB — OIHO Takoe HampasJIeHHE.

s teopem (1) u (2) caenyer:

CaepctBHue 1. Y mnoeepxuocts I THDa cymecTByer no
MeHblleii Mepe TPH INUIOCKOCTH CHMMETPHH (uepT. 24 a).

A AR

e AT

N

Uepr. 24a Yepr. 246 Yepr. 248

Caenctsue 2. ¥ nosepxuocreir II u III Tumom cy-
ecTByeT MO MeHblueii Mepe JBe INUIOCKOCTH CHMMETpPHH
(uept. 24a, ©).

Caepctaue 3. Y noeepxuocreit IV u'V TunoB cymecr-
ByeT OfHA IJIOCKOCTb CHMMETDHH (4epT. 25a, ©6).

Ecau 1Ba KOpPHSl XapaKTepUCTHYECKOrO ypaBHEHHs! PaBHHI,
HO OTJIHUHBI OT HYJSl H €CJH NPH 3TOM Ay = XAy 5= A3, TO pac-
cmaTpHBaemasi MOBepXHOCTb OyfeT MOBePXHOCTBIO BpallieHHs
I, II unu III tuma. B stoM caydae cymiecTByeT OGeCUHCJIEH-
HOe MHOXECTBO HEeaCHMNTOTHYECKHX KOMNJAaHAPHHIX TJIaBHBIX
Hanpaenenuii. [Tonydaem craenyiolee CJeACTBHe.

CnenctBue 4. Y noBepxHOCTel BpalleHHS CYLIECTBYeT
6ecyHCaeHHOe MHOXECTBO MNJOCKOCTed cHMMeTpuH. Bce onm
POXOAAT uepe3 ONHY NPpsIMYyI0—-ocb epaujenus. Ecau Bce
TPH KOPHSl XapakTePHCTHYECKOrO YypPaBHEHHS NOBEPXHOCTH
BTOPOrO MOPSAKA PaBHBl Ay = Ay = Ag, TO Ju0oGOe HampasJe-
Hue GyJieT IJ1aBHbIM HeaCHMNTOTHYECKHM HanpaBJieHHEM OT-
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HOCHTEJIbHO TOBEPXHOCTH W, CJIEOBaTeJbHO, Jiodasi aMaMe-
TpanbHasl MJOCKOCTb OyAeT TIJIaBHOHl AuaMeTpasibHON MJoC-
KOCTbIO — NAOCKOCIMbIO0 CUMMEMPULL.

2
1
J 1
- K ‘ =
08 - N
33 o
5 .%’ SPEpNRE X
g "
Y Yepr. 25a UYepr. 256

§ 15. /luamerpnl MOBEPXHOCTEH BTOPOro mopsiaka

Onpenenenne 1. JlnameTpoM NMOBEpPXHOCTH BTOPOro Mopsii-
Ka HasbiBaeTcsl NpsiMasi, NpHHAJeKaIasi AByM JAHaMeTpaJib-
HbIM [JIOCKOCTSIM MOBEPXHOCTH.

W3 naunoro onpenesenusi, Teopem (1), (2) u ux cnepcrsuii
(§ 14) BuiTekaet caenyoulee.

Caneancteue 1. Ecam noeepxHOCTb BTOPOro mnopsijka
HMeeT LEeHTpbl, TO Kax/blfi JHAaMeTp NPOXOAHT Yepe3 HHX.

CanenctBue 2. Ilosepxuocty IIl THna wuMeloT egunct-
BeHHbIAl JMaMeTp, SIBASIOUWHACA NpAMOH LEHTPOB.

CnepctBHe 3. Bce nnamerpnl nmoBepxHocTd V THna Je-
KaT B OJHOH MJIOCKOCTH, fIBJSIOLIEHCH NJOCKOCTBIO LEHTPOB,

CanenctBue 4. Bce pmamerpnt mnosepxsoctH Il Tuna
napaJjJieJibHbl H HMEIOT aCHMNTOTHYECKOe HanpaBJlieHHe.

CaenctBue 5. Y noeepxHocTefi IV THna He cymiecT-
ByeT JHaMeTpOB.

Onpenesenne 2. [J1aBHBEIM IHaMeTPOM HJH OCbIO NOBepX-
HOCTH BTOpOro MOpsiika HasbiBaeTCsl AHaMeTp, INPHHaLJexa-
M ABYM IJaBHbIM AHaMeTpasbHbiM MJjockocTaMm. M3 storo
onpefiefieHHsl SCHO, YTO IJIaBHbIH AHAMeTp $IBJSETCS OCbiO
CHMMETpHH IOBEPXHOCTH.

Us onpenenennsi 2 u chepctBuit 1 —5 § 14 ppirexaer
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CnenctBue |. Bcsakafs nopepXHOCTb NMEpBOro THIA HMe-
eT He MeHee Tpex oceil.
Caeacteue 2. Y noeepxHoctd II u III TuHnoB cyme-

CTByeT eaHHCTBeHHass ocb. OHa HMeeT aCHMNTOTHYECKOe Ha-
npaBJeHHe.

CnepctBue 3. Y noeepxHocTH IV THna He cymecrt-
BYeT OCH.

CnenctBue 4. ¥V noBepxHocTH V THNa BCAKHA AHAMETp
ABJIAETCS OChIO.

ITpumep 1. Ha#iTH pnaMeTpajbHYyI0 IJIOCKOCTb MNOBepX-
HOCTH

2F (x,y,2) = x* — 3y + 22 —4xy + 2yz —6x +
+2y—22—1=0,
conpsixKeHHylo Hanpasnenmio a= {1; —3; 2}.
YpaBHeHHe HCKOMOH JHaMeTpajibHOH NJIOCKOCTH:
Fa +Fa,+Fa,= 0
HJIH
x—2y—3)—3(—2x—3y+z24+1)+2(y+2—1)=0
HNH
7x+9y—2z2—8=0.

IMpumep 2. Halith nuameTpasibHyI0O NJOCKOCTb NOBEpX-

HOCTH:
6x% 4+ 9y2 + 22 + 6xy —4x2 —2y —3 =0,
napanjesibHylo IJIOCKOCTH:
x+3y—2+5=0

H COCTaBHTb YPaBHEHHe COMNPSIKEHHOro eii JHaMeTpa.

1) ¥YpaBHeHHe HCKOMOH MNJIOCKOCTH 3aNHILeM B BHJE:
(6ay 4 3as — 2a,) x + (3a; + 9az) y + (—2a; + a3) z —a, = 0.

2) Haiinem nanpaBseHHe, conpsixkeHHOE HCKOMOH aHameT-

paJbHOH MJIOCKOCTH, AJIS 4ero COCTaBHM YCJIOBHSI TlapaJiieib-
HOCTH JBYX INJIOCKOCTeR

6214 3ay—2a3 _ 3a;+9a; _ —2a,4 a3
1 - 3 - —1

HJTH
5a; —2a; =0;
a,—3a,—a,=0;
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a, =6s; ay=—3s; ay;= 15s.

a={2; —1; 5}.
3) HaiizeM ueHTp MOBEPXHOCTH:

6x +3y—22=0;

3x+9y—1=0;
—2x+2=0;
Mo(_%; %—; —%)

4) YpaBHeHHe AHAMeTPa/JbHOW MJOCKOCTH HMeeT BHA:

14+3y—z—1=0.

YpaBHeHHS AHaMeTpa CleayiollHe:

1 .
x=—§+2t,
2
y=’g_—t’
z=—~§-+5t.

ITpumep 3. HaiiTu rnasHble AMaMeTpaJsbHbIE HAaNpaBJeHUs
H OCH NOBEPXHOCTH:

22+ y? 4 522 — 6xy — 2x2 4+ 2yz —6x + 2y — 62 +9 =0.
1) HafipeM KOpHH XxapaKTepHCTHYeCKOrO ypaBHEHHS:

(1—)—3—1
—3 (1—)\)1 =0 )\1='—2, )\2=3, )\3=6-
—11 (5—2

HafigeM roiaBHble HampaBJieHHS :
3—3—1 -
—117) a={+1, +1; 0}.

_2_3-1 . L . .
_a_g ) E={ L1

—5—-3—-1 _
_3_5. ]); c={—1; 1; 2}.
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3) Haiigem anameTpaJibHbie NJIOCKOCTH, CONPSiXKeHHbIe Bek-
Topam a, b u c:

a) (x—3y—z—3)+(=3x+y+2+1)=0
HJH

x+y+1=0;

6) (x—3y—2—3)—(—3x+y+z+N+(—x+y+
+52—3)=0; x-—y+2—3=0;

B) —(x—3y—2—3)+(—3+y+2+3)+2(—x+
+y4+52—3)=0; x—y—22=0.

4) YpaBHeHusiMH oceli 6ynyT:
x+y=0 } x+y=0 } x—y+2z—3=0
x—y+2—3=0) x—y—22=0 x—y422=0.

§ 16. LleHTppl NJOCKHX cCeYeHHH NOBEPXHOCTH BTOPOro
nopsika
Ecan npsivast (a) mpoxomut uepes TOUKY Mg (%o; Yo5 2o)

H HMeeT HampaBlieHHe a = {a;; Qq; G5}, TO €e MapaMeTpHue-
CKHe ypaBHeHHs] OyAyT UMETb BHJ:

X=X +at;
Y=1Yyo+ast; (a)
2=2, -} ast.

Touku nepeceueHusi npsiMoii (a) ¢ MOBEPXHOCTbIO BTOPOro
nopsiiKa, 3aflaHHOH obuiuM ypaBHeHHeM 2F (x, y, 2) == 0, ompe-
JensieM W3 ypaBHeHHH (a) NpH Tex 3HaYeHHUAX f, KOTOphe
yJ0BNETBOPSIIOT YPaBHEHHIO:

P +2Qt +R=0. )

Ecan HanpaBnenHe a He acumntotHueckoe (P +#0), TO
ypaBueHue (1) uMeeT 1Ba KODHS #; H f,, CJeioBaTe/IbHO, Npsi-
Mast (a) HMeeT C MOBePXHOCTBIO BTOPOrO NMopsiaka JBe OOinHe
TOYKH M; u M,.

Ilo Teopeme Buera

2
—_g =t +1,.
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Ins Toro uto6ul xopaa M;, M, henujach B TOYKe MOIMO-
JaM, HeoOXOJHMO H JOCTaTOYHO, 4TOGLI BBLINOJHSAJOCH pa-
BEHCTBO:

Q = Fxa1 + Fya, + Foa, =0.

Ecnn F, = Fy, = F,, To Kaxjas npsamas, npoxoaAas
yepe3 M, H HMelOmlas HEAaCHMITOTHYECKOe HaNpaBlieHHe a =
= {a;; a3; @y}, 06pasyeT C NOBEPXHOCTbIO BTOPOrO MNOPsiAKa
xopay MM,, penaumyiocs B M, nomojam, T. e. Touka M,
SBJSIETCS LEHTPOM IIOBEPXHOCTH BTOpPOro mnopsigka. Ecau

,

Fry Fy, F: He DaBHBI HyMIO OXHOBDEMEHHO, TO H3 DaBeH-
cTBa (2) cuenyer, 4TO BEeKTOp a = {a1; as; ag) nepneHnuKymsi-
peH BekTOpy n = (Fy; Fy,; F.), H, clenoBatesbHo, Bee npsi-
Mble, TPOXOAsIIHE Yepe3 3Ty TOUKY H OOpasylollHe C NOBepxX-
HOCTBIO BTOPOrO MOPAAKa XOpAbl, JeJAMHECH B TOYKe Mg
nomnoJjiaM, NpHHAAJEXaT OAHON NMJOCKOCTH, NePNeHANKYNSPHOH
BEKTODY 7. YpaBHEeHHe 5TOil MJOCKOCTH HMeeT BHI:

Fo(6—%0) + Fy,(y—yo)) + Fo,@— 2) =0 (3
HJIH

FuuX -+ Fyy + Fo2 — (Fiko + Fyo + Fr20) = 0. (3)
O6parHo, ecnu npsivast (a) NMPOXOAHT Yepe3 TOYKY M, H
NPHHEAAJIEXKHUT MJIOCKOCTH (3), TO OHa 06pa3yeT C NOBEPXHOCTBIO

BTOpPOTO NOPSiAKA XOpAY, Jejsiiyiocsi B M, nmonoJam.
[Tnockocte (3) mepece-
2 KaeT INOBEPXHOCTb BTOPOTO
n NOPSAAKA NO JHHHH BTOPOTO

NOpsifika, YpaBHeHHe KOTO-
poii:

l 4 Fe, (x — xo) + Fy, (y —
4

—yo)+ F (2 —20) = 0} (k?)

l’; s 2F(x, y, 2)=0
- i ,
"0 X OueBHAHO, 4TO TOYKa M
& ABJISIETCSI UEHTPOM MJIOCKOro
y ceuenus: (k%) (sepr. 26).
Yepr. 26 Hrak, ecan paHa Touka

M (Xo; Yo; 2p) H IOBEPXHOCTD
BTOpPOro mnopsiika ypasHeHueM 2F (x, y, z) =0, npuuem M,
He fIBJfIeTCSl LEHTPOM MAHHOH MNOBEpXHOCTH, TO MJOCKOCTb,
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onpepesisieMass ypaBHeHHeM (3), NepeceKaeT NMOBEPXHOCTh BTO-
poro nopsiaka No JHHHM BTOpPOro nopsigka (k?), nJist KOTOpO#
ToYka M, SIBJISIETCSI LlEeHTPOM.

ITocTaBuM OGpaTHYIO 3apadvy.

[MycTb AaHa MJOCKOCTb ypaBHEHHEM:

Ax+By+Cz4+D =0 )

¥ TIOBEPXHOCTb BTOPOrO NoOpsifka OOCMHM YypaBHeHHEM
2F (x, y, 2) = 0. TlnockocTb (4) mepecekaeT STy NOBEPXHOCTb
Mo JHHHH BTOPOro Nnopsjka:

2F (x, y, 2) =0 \
Ax+By+Cz+D=0 }(k )

[Tycte JguHus (k?) umeeT ueHTp My (Xy, Yo, 20). Halitn
ypaBHeHHs, ONpelensiollte Xq, Yo, 2o

Tak kak npsiMble, JexaiHe B NMJOCKOCTH (4) M mpoxonsi-
mHe yepe3 M,, o0pa3yioT C NMOBEPXHOCTBIO BTOpOro HopsiiKa
XOpAbl, meJsiiyecs B Touke M, rnomojam, TO BCe OHH IpH-
HajJexaT IJIOCKOCTH, onpenensieMoii ypaBHeHHeM (3').

CnepoBatenbHo, ypaBHeHHst (3') H (4) sBAsIOTCS ypaBHe-
[HSIMM OJHOA NJOCKOCTH H NOTOMY HMEIOT MeCTO pPAaBeHCTBA:

F,, F, F, Fy %o+ Fy yo+ F, 20, .
A B~ C D ©)

Touka M, JexuTr B NJOCKOCTH (4), MO3TOMY
Axy+ By, + C2y +D =0. (5)

M3 uetnipex ypaBuenuit (5), (5’) omHO ecTh cJeACTBHe
OCTaNbHBIX, TaK KaK €CcJH H3 ypaBHeHHH (5) HafiTH BeJ-
yHHbI, nponopuxoHasbHee A, B, C, D, 4 NONCTaBHTH HX B
ypaBuenue (5’), To noayunm Toxzectso 0=0.

Urak, koopauHaTtel LeHTpa M, HCKOMOro ceueHHs (k%)
VIOBJIETBOPSIIOT YpPaBHEHHIM:

A~ B~ T _ (6)
AxO +Byo + CZo +D 7—'—‘0

O6paTHO, ecJiH KOOpAMHATHL TOYKH M, YyIOBJETBOPSIOT

ypaBuenusiM (6), toraia ypaBuenus (4) u (3') OynyT ypasHe-

HHSIMH ONHOH NJIOCKOCTH H, CJejoBaTesibHO, Toyka M, Oyner
UEeHTPOM MJOCKOro ceyeHHs (k2).
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Cucrema (6) ecTb cucTeMa TpeX JHHEHHLIX YPaBHEHHil C
TpeMsi HeH3BEeCTHEIMH Xg, Yo, Zo. LlyCTb ~— paHT MaTpHUHI
KO3(pHUHEHTOB NPH HEH3BECTHBIX CHCTeMH (6), a r’ — panr
pacliipeHHOH MaTpHLbI.

Moxxer okasaTbCsi, YTO 7 =3 H TOTAa Yy MNJOCKOTO ceye-
HHSl CYLLeCTBYeT €IHHCTBEHHbIH LeHTp (cM. uepr. 26).

Ecau r=2, r' =3, 10 naockoe ceuenue (k%) He HUMeeT
ueHrpa (uepr. 27).

1

|

:_ - 07 A
i CE
0 E X

)

y
Yepr. 27 Yepr. 29

Eciu r=1r"=2, 1o B cucreme (6) 1Ba JMHeliHO HesaBu-
CHMBIX ypaBHEHMS M IJIOCKOe ceyeHue (k%) HMeIOT NpAMYIO
UeHTpOB (uepT. 28).

Ecm r=1, r"=2, 10 naockoe ceuenne (k%) He HMeeT
ueHTpa (depr. 29).

Ecmu r =r' =1, To nnockoe ceuenme (k%) uMeeT mJoc-
KOCTb LEHTPOB, NPHHAAIEXKALUIYIO MOBEPXHOCTH.

Ilonesysick paBencTamu (D), MOXHO J1OKa3aTb, UTO €CJH
NJ0CKoe ceyeHHe (k%) MMeeT eJMHCTBEHHbIl LEHTp, TO H MJOC-
KO€ ceyeHHe k2, mosyyeHHOe B NepeceyeHHH MOBEPXHOCTH
BTOpOro nopsinka 2F (x, y, 2) ¢ maockoctblo sAx 4+ sBy +
+ sCz + D; = 0 — napannenbHo# MIOCKOCTH (4), TaKxKe HMeeT
€IMHCTBEHHBIA LEHTDP, €CH (k%) MMeeT NpSIMYIO UEHTPOB, TO
H (k) umeeT npsAMylO LEHTPOB.

YpaBHenus:
anx + Gipy + a152 + A4 __ G1X 4 Gooy 4 Gpaz - @1
A - B -
. (31X - QspY -} A332 - a34 7
- — C ( )
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AIBNSIIOTCSl yPaBHEHHSIMH TeOMeTPHYeCKOro MecTa LEHTPOB
MJIOCKKHX MapaJlileJlbHbIX CeyeHHi.
CucreMy ypaBHeHH#l (7') MOXKHO 3anucaTb B BHJe:

(@11B — a1 A) x + (a12B — @20 A) y + (a13B — axgA) 2 4
+ (a1aB — a4 A) =0;
(@11C — a5 A) x+ (@15C —a30A) y + (a1,C —agzA) 2 +
+ (@14C —ayA) =0. (7"

Ecau B cucteme ypaBHeHufl (7') cymiecTByeT [Ba JIMHeH-
HO HEe3aBHCHMBIX YPaBHEHHS, TO NeOMETPHUYECKOEe MEeCTO LEeHT-
POB NJIOCKHX NapafesibHbIX CeYeHHH ecTb NpsiMasi, a eCliH B
cucteme (7') — onHO JHHEHHO HC3aBHCHMOE ypaBHEHHE, TO 3TO
reoMeTpPHYECKOe MeCTO €CTb IIJIOCKOCTb.

Ecnu maHHas noBepXHOCTb HMeeT HEHTP M, (Xo; Yo; 2),
TO ero KOOpJAHHATHI YAOBJETBOPSAIOT ypaBHeHHsIM (7), Tak Kak
B ueutpe F, =F, =F, =0, T. e. reoMerpuyeckoe Mecto
LIEHTPOB nnocrmx napannenbﬁux CeyeHHH TIPOXOAHT uepe3
LIEHTp TMOBEPXHOCTH.

§ 17. KacateabHasi IIOCKOCTb K MOBEPXHOCTH BTOPOT'O MOpsiaka

Onpenenenue. KacareqbHOH K MOBEPXHOCTH BTOPOro Io-
psifika, 3aJaHHOH ypaBHEHHEM

2F (x, y, 2) = a1 X% + Qooy® + 4322 + 20,51y + 2a;35¢2 +
+ 2a53y2 4+ 2a14x + 2024y + 20542 4 a4y =0 )
Has3biBaeTCsl NpsiMasi, UMelollasi C MOBEPXHOCTbIO BTOPOro Io-

psanKka jaBe CoBNaBLINe ofliye TOUKH HJH LEJHKOM npuHafn-
Jiexkalnass MoBEepXHOCTH BTOPOro mnopsiaka.

[Tycte Touka My (Xo; Yo; 2o) TPHHALMEKUT [OBEPXHOCTH
(1) u npsamas

X=X, +ayt;
Y=1yo+asdt; 2
z2= 2z, + ayt

NPOXOAMT Yepe3 TOYKY M, H KacaeTCsl NIGBEPXHOCTH BTOPOrO
nopsinka (1). Touku nepeceuenus npsimoii (2) ¢ NOBEPXHOCTBIO
(1) ompegmensitorcsi U3 ypaBHeHHH (2) mpH £, paBHOM KODHAM
ypaBHEHHS :

Pt? +2Qt + R =0.
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Uz § Il caenyer, uto ana Toro, uroOwl npsmasi 6nJia Ka-
caresbHOH K mnosepxHocTH (1), HeoOXOOUMO H AOCTATOYHO,
yTOOB! BBIMOJHSJIHCh YCJOBHA:

Q=F, a+F, g+ F,0,=0; )
R=2F(x, y, 2)=0. 4

Ms pagencra (3) crepyer, uroecan F_, F/, F, He pas-
Hbl HYJIIO OIHOBpPeMeHHO, TO BCAKas KacaTe.anaﬂ K nosepx-

HOCTH (1) B Touke M, mepneHIHKVJsSpHA BeKTOpy n = | Fa:
F,; F,} u, cienoearenbHo, BCe KacaTe/bHble K NIOBEPXHOCTH

BTOporo mopsigka (1) B Touke M, nexar B OLHOH MJOCKOCTH:
F,(x—x)+F, (y—y)+F, —2)=0;
opd 3TOM 2F (%o, Yo» 20) =0.

3Ta NJIOCKOCTh Ha3bIBaeTCs KacaTeJbHOH MJOCKOCTBIO K
nosepxHocTd (1) B Touke M, (vept. 30).
" Ecau
2 S -
F,=F,=F, =0

3 u 2F (x5, Yo, 20) =0, (6)

To ycaoBuss (3) BbINOJHSIOTCS

‘ 1715 06Oro HampasJeHHs: a= {a;:

p Qa; a3} M KacareJ/ibHasl MJOCKOCTb

f'! K (5) B 3TOM cJy4yae CTaHOBHUTCS He-
) * onpeneneHHON.
% Toura M, (xy; Yo 20), ANS KO-
y TOPOH BBLIMOJHSAIOTCS yCJoBHS (6),
Hepr. 30 Ha3piBaeTcst OCOOOH TOYKOH no-

BepxHocTH. OHa siBJisleTC LeH-

TPOM TNOBepXHOCTH (l) U mNpHHagJexHuT eH, a 3TO BO3-

MOXHO TOria M TOJBKO TOraa, kKorna M, siBasieTcsl Bep-

(UHHOH KOHHMYECKOH MOBEPXHOCTH HAH oOuleHd TOYKOH mapbi
nepeceKaloUHXCs MJIOCKOCTe .

Y paBHeHHe KacaTe/IbHOH MJIOCKOCTH (D) MOXHO 3aMHcaThb

B BHJE:
Fx+F,yt+F z—(F x+F, yo+F,z)=0
HO
2F (%o, Yo, 20) = F, %0 +F, 4o + F, 20 + a1a% + Q2at)o +
+ a3420 + a4 =0,
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OTKYyAa HMeeM:
— (Fy %0+ F, 4o+ F, 20) = 1a%y + 02440 + 3420 + Qaa
M ypaBHEHHE KacaTeJbHOM MJIOCKOCTH:
(auxo + @rayo + @1320 + a14) £ + (a21Xo + Qazlo + 3320 +
4 824) Y + (1% + A33Yo 1+ Q3320 + A34) 2+
+ (aaXo + QualYo + Aes2o + Asg) = 0. (%)

Ecn TNOBEPXHOCTE BTOpPOro Mnopsiika 3ajaHa [pHBEACH-
HbIM ypaBHEHHEM, TO €€ KacaTeJibHasg MNJIOCKOCTb HMEET BHI:

..
Sg YpaBHeHHe KacaTeJbHOH
=% [lpuBeneHHoe ypaBHeHHe JIOCKOCTH
To
Q
1,
I A,x” + )\2y2 + )\322 -+ l'i =0 )\lfox + )\2!/0!/ -+ Ra?o- + A =0
Mxox + Agyay + ]/— 2
1| e o dgg 4 QV__z—
a0
+ V 12 29
K K
111 A1x2+}\2_l/2+l—= )\,xox—{-leyoy-l-T:
Ayxox 4 V.__ ik
v x,x2+21/__y—
_Kepy— o
+ V 7, %
K
v M4 7E =0 Ator+ 3 =
ll Il




[NPUJIO)KEHHE 1
JluHeliHoe npeoGpa3oBaHHe nepeMeHHbIX KBaApPaTHYHLIX ¢opm

Onpepenenne. KBanparuuyHoil ¢opMoll n mepeMeHHBIX X,
X3, ++ . Xn Ha3bIBAGTCS ONHOPOAHBIH MHOrouJieH BTOPOH cTe-
NeHH 3THX IlepeMeHHbIX; 3alHllIeM ero B BHJE:

D = auJC? + aggxg “+... =+ annxrgz + 2012X1X2 +.ooo+
+ 20,,_.1, nxn—]xn . (1)

Hanpumep, kBagpaTHuHasi ¢opMa NepeMeHHLIX X, Y, 2 3a-
NHLIETCS TaK:

2 2 2
a,, Xt + a,,y° + a,,2° + 2a,.xy + 2a,,xz2 + 20,2 .
Onpegenutens
A11Gy2 . . . Q1n

AA) =

.......

Qn1Qn2 ... 0Ann

Ha30BeM OnpelesHTeJeM KBaapaTHuHOd copmul (1), mnpHu-
yeM JOKaXeM CJEAYIOLLYI0 BaXKHYIO TeopeMmy.

Teopema. [Ipu auneldrnom npeobpasosarull nepemerHbix
KeadpamuuHol gopmel Keadpamuiras Gopma npeobpasyemcs
8 KeadpamudHylo @opmy, npudem onpedeaumesdb npeodbpaso-
8AHHOL KBAOPAMUYHOL OPMbL Paser onpedeAmenrto nepeo-
HA4QAbHOLL KBAOpamu4HOU opmbi, YmHOKMERHOU Ha K8adpam
onpeleaumensi AUHeLH020 npeobpasoBanus.

JlokasaTeJbCTBO TEOPEeMbI NPOBOAMTCH AJA CJaydash KBaj-
patuyHoii opMbl ABYX nepemeHHbIX. JlokasarTeJbCTBO /st
KBaJipaTHYHOH (pOpMBI JIFOOOrO 4MCJIA NePeMEeHHbIX MPOBOAHTCS
aHaJIOTHYHO.

Hrak, nycTb naHa kBajpaTHuHas gopma:

2 2
D (X1, X2) = @ X7 + Qa2X3 + 2a12X1 X2

(@12 = ag1)
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H JuHeiiHOoe npeoGpasoBaHHe
Xy =b X 4073
Xy = b21xl +byyxy,
onpefenuTeNib KOTOPOro

by, b
A(B) = 11 1o

bar baa|’
D’ (x], %) = ay; (b) %] + byp%))* + @y, (0% byp¥)* +
+2a,, (b)) %) + byy%,) (by x| + b”x;) =a;x +
+ a,,x; + 2a XX 2"

Jlerko BHAETB, 4TO
a;,b% + 2a,,b,,b, 1+ ay,b3,

0112 = aububm + Q12011092 + G12012091 + Q22b21055 ; (a)
0’22 = 011[7%2 + 2a,509, + 022b§2-

Hmeem:
an a by b by b
A(A) - A(B) = n Gizf \Ou Oiz) |On Oz)
Qg1 Qa2 ba1 bas bey bse
_ by bxy ) Q1 Qg2 bu bys
bys bos Q21 Qg9 b21 bzz
_ 11011 + Gr2bay Q12611 + Q2002 ) by, bis
11012 + G103y Q21012 + Q22bse boy baa|
_ a}l aj, — A,
Ay Ay

Hrak
A(A")y =A(A) - A(B).
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