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Ymeepacdeno Yueuviar cosemors
Hayuno-aemoduueckoz0 rxabunema
110 3a04HOMY O6Yydenuio yuumeaneii

[NPEUCJIOBHE

Paspen ,dneMenTapHele QyHKUMH® M3YyyaeTCs B IeJaroru-
YeCKUX MHCTHTYTax IOC/e pa3jenoB ,BBenenue B aHams“ u
»Jdubdepenunansuoe ucuucaenve“. B cBasu ¢ 3TUM B HacTos-
LIEM NOCOGHH WMCHOJIb3YIOTCS MHOTHE M3 OCHOBHBIX IOJIOXEHHIt
JBYX YKa3aHHbIX Pasle/oB KaK M3BECTHBIE CTYAEHTaM-3a04HH-
kaMm | xypca ¢usuke-marematuyeckoro ¢axkysbTeTa INexaro-
THYECKOrO MHCTUTYTa. B 4acTHOCTH, CUMTAETCS, YTO CTYJEHTHI
3HAaKOMBI C ONpeJeJeHUeM IOHATHA (YHKUMH, C pa3IHYHBIMH
BUJaMu 3amanus QyHkiumit (dopmyJoil, Tabuuuedt, rpaduxom
U T. I.), ¢ kjJaccudukanueit GyHKuMiA, ¢ NOHATHEM O00/aCTH
onpeznesenyss QYHKIMYM, C MOHATHAMH QYHKUMM OrpPaHUYEHHOM,
MOHOTOHHOH, YETHOH U HEYETHOH, NEPUOJUYECKOH, CJOKHOM,
obpatHoit. Onpenesnenye BCEX TUX NOHSTHII MOXHO HaiTH B
JMo00oM yueOHMKE MaTeMaTHYeCKOro aHaJu3a.

[puctynas k paspeny ,3/eMeHTapHble QYHKUHMH®, CTYIEHT
NO/DKEH YMETb HCIO/IBb30BaTh OCHOBHBIE ONPEENEHHUsT H TEOPEMBI
BBEJAEHHS B aHa/M3 M Au(depeHInaspHOTO HUCHHUCJIEHHS ISt
MCCJIEIOBAHMA CBOMCTB 3JIEMEHTAPHBIX (YHKIMIA.

I1pu usyuenuu pasgena ,dnemeHTapHble GYHKIUA® pEKOMEH-
IYeTCs MOJBb30BAaThCS CJEAYIOUIMMH YueOHHKAMM M y4yeOHbIMU
1I0COOHsIMHU:

C. M. Hosoceunos, Aare6pa u ajeMeHTapubie (yHK-
muy, 1952.

C. H. HoBocenos, CneunanbHelil Kypc 3/eMEHTapHOI
anre6per, 1956,

C. H. Hosoceanos, Cnenuanbublii Kypc TPHIOHOMET-
puy, 1954,

C. H. HoBocemnos, OG6paTHble TPHUrOHOMETPHUYECKHE
Gynxuuy, 1950.

OHUMK/IONEANA 3/ICMCHTaDHOH MaTeMaThkd, KH, 3, 1952,
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A. ©. Bepmaur u JI. A, Jliocrepuuk, Tpurono-
umetpus, 1956.

I M. QuxreHrouani, OCHOBE MATEMATHYECKOrO aHd-
Jusa, 1. I, 1955,

A. d. Xuuuyun, Kpatkuil Kype MaTeMaTdyeckoro ada-
snza, 1955,

A. ®. Bepmaur, Kypc maremaTuueckoro aHaiusa, T. |,
1954.

H. A. ®ponos, JdudbdepesunassHoe U HHTErpaIbHOE
vcuueaenue, 1955.

CTymeHT-3a04HHK JOMKEH: 1) yMETb onpenessrts Ji0dyio
U3 OCHOBHBIX 3JieMeHTapHbIX (YHKUmMHA, 2) 3HaTb CBOMCTBA
atux QYHKUMA, 3) yMeTb HCCIEA0BaTh PAa3/UYHBLIC dJIEMEHTap-
Eble (DYHKIMM U CTPOUTb MX TrpaduKu.

PaccMOTpenuIo 3THX BONPOCOB Y MOCBAIIIAETCH HACTOSIIEE
noco6ue.

CuuTtaro cBoefi NPUATHOH OOS3aHHOCTBIO BHIPA3HTH TJyHO-
KyI0 INpPH3HATEIbHOCTb 33 IEHHbIE YKa3aHHsi W COBETH IO

HacTosuleMy mocoduio mpodeccopy M. A. PaiikoBy u nouenty
H. I'. Ammosy.



1. 9JIEMEHTAPHBIE AJITEBPANYECKHE ®YHKHUU
§ 1. OCHOBHDbIE 2JIEMEHTAPHBIE ¢YHKIHH

ByneM HasbiBaTh OCHOBHBLIMU 3JEMEHTAapPHBIMHU
byHxuusaMu crenyoupe (yHKIuM, 0COGEHHO 4YacToO IpH-
MeHsileMble [P PEIIEHHHM Pa3HOOOpPa3HBIX MaTeMaTHYEeCKHX 3a-
Iay W paccMaTpHBaeMble B 3JEMEHTapHOM MaTeMaTHKe: y ==a,
(@ —const), y=x",y = 1/ X (n— B 060UX CJyYasix HATYPab-
HOE 4ucio), y =a*, y =log,x, y = Xx* (0. — UppalMOHaJIbHOE
yucsIo), y=sinx, y =Cos X, y =tg X, y=ctg x, y=arcsinx,
y ==arccos x, y =arctg x, y=arcctgx.

DyHKIMH, TIONYYEHHBIE U3 OCHOBHBIX 3JIEMEHTAPHBIX QYHKIUE
TP IIOMOLIM KOHEYHOTO 4YMCsia apHQMETHYEeCKHX Omepaudd u
cynepnosuiuil (06pasoBaHus CJIOXHBIX (QYHKIME), NPOMSBOAH-
MBIX TaKXe TPH NOMOLIM OCHOBHBIX 3JIEMEHTapHbIX (YHKIMH,
6yneM HasblBaThb 3N E€MEHTAapPHBIMH QYHKHOHUAMU'

[Ipumepamu 3/1eMEHTAapHBIX (QYHKLUHMI MOT'YT CJYXHTb:

1
y=2tg;, y—arc sin 215 y=cosln(l 4+ 3/ x*F2) urm

3x—2?

Heo6x0omuMO OTMETUTb, 4YTO YHMC/IO YKa3aHHLIX BBHILIE OC-
HOBHBIX 3/IEMEHTAPHBIX QYHKIME MOKET ObITh HECKOJILKO YMEHb-
IIEeHO, TaK KaKk HEKOTOpble H3 HHX (y=co0sx, y=tigux,
y=ctgx, y==arccos x, y =arcctg.x) MOXHO IOJYyYdTb U3

! HekoTopbie aBTOpPbI KYpPCOB MaTeMaTHYECKOTO aHaju3a H aire6pbl
Ha3blBAIOT ,dJEMEHTapPHBIMH (QYHKIMAMU® NepeuucieHHble Bhille QyHKIUY,
Ha3BaHHble HaMH OCHOBHBIMM 3JEeMEHTapHBIMHM QYHKUuAMH (Halpumep,
A. . XunuuH, Kparkuit Kypc MateMaTHYeCKOTrO aHa/lM3a); OXHAKO APy~
rue aBTophl (Hanpumep, C. M. HoBoceanos, Aarebpa u sieMeHTapHble
cpyém(unu) NPHUIEPKUBAIOTCA TEPMHHONOTHH, NPHHATOR B HACTOAIEM TO-
cobuu.
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OCTaJIbHBIX OCHOBHBIX 3/IEMEHTapHBIX (YHKUMI TpU NOMOLIM
KOHEUHOrO YucsIa apU(METHYeCKUX OIepaluil U Cynepuosuuui.

Mbl paccMOTpHM, OJHAKO, BCE YyKa3aHHbIE OCHOBHBbIE 3Je-
MEHTapHble (QYHKIHMH, Kaxaas M3 KOTOPHIX MIPaeT BaXHYIO
pOsb NPH COCTABJIEHHH APYFMX 3JEMEHTapHbIX (YHKUuMA, He
OTKa3blBaACh OJHOBPEMEHHO C 3THM M OT pAaCCMOTPEHUs B3a-
MMHOH CBfI3M MeXJAy O3THMHM OCHOBHBHIMM 3JIEMEHTAPHBIMH
bykuuamm.

§ 2. CTEHEHHASI ®YHKIIHS C UEJIbIM
INOJIOYXUTEJIbHBIM NOKA3ATEJIEM

Onpenenenune. CrenenHHolt QyHKuMedl C LEJBIM MOJO-
XUTEJbHbIM IIOKa3aTe/eM HasbiBaeTca (yHkuus y=—x", mpex-
cTaBAoOlas co6oil mpousseneHue n (DYHKUMH, Kaxnas u3s
KOTOPBIX B CBOMX 3HAQUEHMAX paBHa HE3aBUCHMOIl MEpEeMEeHHO.

O6./1aCThI0 ONpEJENEHUs CTENEHHOH (YHKUMM C HaTypalb-
HbIM IIOKa3aTeseM SBJAETCS BCA YHCJ/IOBas OCh.

Ceoiictna. L.Ilpu # yerHom dyrrnusa f(x)=x" aBrserca

YeTHOH:
f=x)=(—xp*=x*=f(x).

Kax usBectHo us paspesna ,Beenenue B anaaus“, rpadux
YeTHOH (YHKIMH DacIo/ONEH CUMMETPUYHO OTHOCUTE/BHO OCH
OpJAHHAT.

[Tpu n meuernom dyHxuus f(x)=—x" ABIAETCS HEYETHOI:

Fl=r)=(— x4+ = — x4+ = — f(x).

Kax usBecTHO M3 pasgena ,BBegenue B anamus“, rpadux
HEYETHOH (YHKIUM DPaCIOJOXKEH CHMMETPUYHO OTHOCHTE/IBHO
Haya/la KOOD/JMHaT.

2. Oynkuusa y — x" HenpepblBHa (IO TEOpEME O HelpephiB-
HOCTH IIPOM3BEIEHUSA KOHEYHOIO YHCJ/IA HENPEPHIBHBIX (DYHKLM).

3. OyHknusa y = x" MOHOTOHHA Ha KaX(IOM U3 HHTepBa-
J0B (— o0, 0), (0, co).

B camom gmese, mo CBOMCTBY MOHOTOHHOCTH YMHOXEHHS,
GosbuieMy 3HaueHHI0O X >0 cooTBeTCTBYyeT OOsbLIEE 3Haye-
HHE X" W, CJIEHOBaTeJNbHO, U3 X, <X, ClenyeT: xy < Xj.

Ecmm x <0, T0 n1a n yeTHelx (n==2k) U3 HEDPaBEHCTB
X, < X,<<0 caenywor HepaBeHCTBa X:* > x:¥ >0, T.e. QyHk-
uusd y = x** B mnreppane (— oo, 0) MOHOTOHHO yGbIBaer.

Ecmu x <0, 10 assi n HeyerHolx (n=2k-1) u3 Hepa-
BEHCTB X, < X, < 0 Caexyior HepaseHCTBa X}**1 < x2f+1 L0,
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T. e. ydxuus y = x***' B unrepsane (— 0o, 0) MOHOTOHHO
BO3pacTaeT.

Hrak, dysxuus f(x)=x" npu n HEYETHOM BO3paCTaeT
BCIOLY, @ IIPH 7 YETHOM BO3pacTaeT JHMWb A x > 0.

Crenyer OTMETHTb, YTO MOHOTOHHOCTb QYHKIMH 3 = X"
JErKoO  MOXHO  TIOKa3aTb,
HOJIb3YsCh MeToAamu Audde-
PEHLMAJBHOTO  MCUMCJIEHUS.
B camom nese, mpousBomHas
yV=nx""'"=0 gmm x=0
H, CJefoBaTebHO, (YHK-
A ¥ = X" MOHOTOHHO BO3-
pacTaeT B TOJyHHTepBaje
[0, o).

Hanpasnenue BblmykJioC-
TH rpadvika QyHKUHH Y = X"
YCTaHOBUM IIDM  IIOMOILH
3HaKa BTOPOH IPOM3BOAHOMH.
Tak kak mpu n>1 Oyger
y'=n(n—1)x""*>0 ana
x>0, TO KpuBag mJs
x>0 ofpamesa BBIIYK-
JIOCTBIO BHHS.

Iycts x <0, Torna ajs
n=2k 6yzery” >0 u, cie- Hepr. L.
IOBaTeJbHO, KpHBasi obpalile-
Ha BBIIYKJOCTBIO BHU3, 1s n==2k-}-1 6ymer 3" <0 wu, cie-
JIOBaTeJbHO, KpHBas OOpallleHa BBIIYKJOCTBIO BBEPX.

Hccaenyem noeesenve (QyHKIMM Ha GECKOHEYHOCTH:

—oo, ma n=2k-}1
o0, ana n=2k.

lim x"=o00, lim x"=
x>0 X ->—®
4, Bce xpusple y = x" mnpoxomar uepe3 Touku (0; 0) u
(1; 1), Tax xak y (0)=0u y(1)=1.
5. lns HaTypasbHBIX 3Hauenu# m<n U 3HaueHH#E x > 1

6om>memy TOKa3aTeNMI0 COOTBETCTBYET H 6oJsibllIee  3HAYCHHE
CTEIIEHHU.

[lycte y,=x", y,=x". PaccMoTpUM OTHOLIEHUE

Ji_:fri___xn—m
Y. X" ’

Ouesupno, yto aaa x >1 u n>m Gyger X"~ ™ >1, 1. e,
V>, Haa x <1 uw n>m6yper X" "< 1, 1. e. 3, <,
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CxasanHOe JOMKHO YYMTHIBATHCS, B YaCTHOCTH, NP IO-
crpoennn rpaduxoB ynxumit (uept. 1).

6. OcHoBHblE CBOHCTBA CTENEHHONH (YHKUMH C HaTypasb-
HBIM TOKasaTeseM: a) x™.x"=x"*", 0) (x")"=x""

.

§ 3. HEJIBIE PAHHOHAJIbHBIE ®YHKUHH

®ynkuua y = f(x) Ha3LIBAETCA pALMOHANBLHOH, €CJIH OHa
TOJy4eHa U3 TNEPEMEHHOH X M JaHHBIX IOCTOSHHEIX YHCEN B
pesyJ/bTaTe NPHUMEHEHHMS K HMM KOHEYHOTO YHMCJa Pa3 YeThipex
JEHCTBUH: CJIOXEHHsS, BBIUMTAHHS, YMHOXEHHUS, NEJEHHS.

3amevyanue. BosBenenueB NeMyIO IONOXKUTEJNBHYIO CTE-
TeHb €CTh IIOBTOPHOE YMHOXEHHE.

Ecin Haj mepeMeHHO# X IPOM3BOASATCS TOJBKO JEHCTBHS
CJIOXEHHs], BBIYUTAHUsA, YMHOXEHHd, TO QyHKIHUA y = f(X), mO-
JIyyeHHass B Pe3yJbTaT€ 3THX OIEpalluil, HashBAETCA L E€JO0H#
pauMOHaJbHOR (UEJOH, TaK Kak 31€Ch OTCYTCTBYET OIle-
pauus JIeJeHus).

B xypce asnemeHTapHO# anre6pel AOKasbIBAETCS, YTO KaxK-
Jlast HeJasi palHoHa/bHass (QYHKIMS MOXET ObITh IpeaCTaBJIeHa
B BHJE IIOJHHOMa:

) =ax"Fax" e "t a,
(@ a,, a,, ..., a,—nelCTBATEBHBIE YHCId, a,5~0, #— Ha-
TypaJIbHOE UMCJIO).

Ilenass paumoHambHas (YHKIMA OmpefiesieHa Ha BCelt yYuc-
JIOBOH OCH M BCIOLYy HENPEPHIBHA KaK CyMMa HENpPEepbIBHHIX
Gbynxumit, OyHKuMA OyHeT 4YETHOH WIM HEYeTHOH, ecaH BCe

MOKa3aTeNM CTENEHH IIEPEMEHHOH X GYAYT OXHOBPEMEHHO YeT-
Hble WM HEYyeTHHIe.

[Tpu moMOIM HECJIOXKHOTO NPeOOPasOBaHHs JIETKO YCTaHO-
BUTb IIOBEJICHKE 1IEJIOH palMOHaIbEOH QyHKIMH f(X) = a x" -+

+ax* 4. .. 4a,=x" (ao—]—%+. ..—[—%ﬁ) Ha O6ecko-

weyroctu: lim f(x)=--o0, ecmn g, >0u lim f(x)=—o0,
x>+ &> 4w
ecmn a, < 0.

. __ [ oo, mma n=2k
ECJIH a0>0y ToxETODf(x)—{ _.oo’ lIJ]ﬂ n=2k+l

1 _ f —oo,nn9 n=2k
u ecm a, <0, loxlll_"[_'lwf()C)——{ oo, anst n—2k -1,

[Tpumep. y=x*—4x*—7x-}10.



Jannas ¢yHknMs ompenesieHa W HempepblBHa Ha BCei yuc-
JIOBO# OCH. ¥CTaHOBHM IOBEIEHHE MaHHOH (YHKIMH Ha 6ecko-
HEYHOCTH:

lim y=-—o0, lim y=-}oo.
X—=>—00 x> 4o

Haiimem uHTEepBasbl, B KOTOPHIX ()YHKIHS COXDaHSET 3HAK
(ee sHaueHMA WM TOJBKO TONOXMTE/bHBI, WM TOJBKO OTpPH-
HaTeJbHE, H, CJIeI0BaTeNbHO, rpaduK (QYHKIMH B 3THX HHTEp-
Banax OyJeT pacloJIOXEeH COOTBETCTBEHHO WM Haj OCbIO abc-
IMCC, WM moJ Heir). Paccmorpenue ko3dduuueHToB MHOro-
Y/jleHa IMO3BOJSET CPa3y e YCTAHOBUTb OJMH JEeHCTBUTEJbHBIA
kopesb x=1. CorsacHo Teopeme besy MHOrouseH mO/KeH
HalleNo pasge/uThcss Ha (x—1). D10 mossosuT 6e€3 Tpyna
HalTW M JBa JADYTHX KODHf MHOI'OYJIEHa, KOTOphI€ OKasbl-
BAIOTCS JEHCTBHTEJNbHbIMU: X=——2, x=>5. Temepp MHOro-
YleH MOXHO 3amMcaTh B JAPYroif, 6osee ymoOHOH I/ MCCAEHO-
BaHua 3Haka (opwme:

y=x—1)(x-+}+2)(x—5).

3ametum, 4yto rpaduK HaHHOH (QYHKLUMM C OCbIO 0X Tepe-
cexaeTcsl B TOUKaXx x——2, x—=1, x=0>0, a ¢ ocbi0 0y —
B Touke y=—10,

Kopuu ¢yHKuuH paso6biOT BCIO YHUCJIOBYIO OCb HAa MHTEp-
BaJbl, B KaXXJOM M3 KOTOPBIX KaXIbli U3 COMHOXHUTEJNEH CO-
XpaHsieT 3HaK., 3a 3HaKaMH ()YHKIHMH Ha OTJEJbHBIX HHTEDBa-
Jlax TMPOC/IeAnM IO TabJuue:

x—1|x4+2|x—5| y

(—o0, —2)| — — | =] =
20| — | + | — | +
ws | + |+ | —| -
Go) | + | + |+ |+




It moctpoenuss sckusa rpaduxa uccaenyem (yHKIHIO
Ha a3xcrpemym: y =3x*—8x—7; x, =34 x,~—0,7.
XapakTep 3KCTpeMyMa OIPEIeJUM IO BTOPOH IIPOM3BOAHOM:
y"'=6x—28; y"(3, 4) >0, cremoBaresbHO, B TOUKEe X == 3,4
¢yukuus umeer musumym; y”(—0,7) <0, caemoBaTesbHO, B
Touke X =~ —0,7 ¢dynxuns umeer makcumyM. Haitzem snaue-
HHA (QYHKUMH B 3THX TOYKaX:

X —0,7 3,4

y 12,56 |—20,8

[TpuBeieHHOTO HCC/IENOBAHUA MOCTATOYHO JUIS TOCTPOEHHS
acku3a rpaduka (uept. 2).

Y

Yepr. 2.

§ 4. BHHOM HBIOTOHA

HsBectHas u3 mkosbHOTO Kypca dopmyJa 6unoma HeroToHa
JIErKO BBHIBOAMTCS IPH NOMOLUM IIPOHW3BOIHOM.

Paccmorpum n-10 crenens apyusiesa (1-}-x), rme n—Ha-
TypaJabHoe uucso. JIByunen (1 - x) nocne BosBeneHus B CTe-
NeHb # [aeT MHOTOWIEH CTENeHH 71, KOTOPBbI MOXHO 3amucaThb
C HEONpPEeAE/NEHHbIMU NOKa HEACTBUTEJbHBIMU KO3((HLUEHTaMH
Ay Ay Agye v ey At

(14+x)"=a,+ax+ax*+ax*+...+ax". (1)
10



ITonbaysick BOBMOXHOCTHIO AMD(EPEHUUPOBAHYS, BHBEAEM
(hopmyJIbl, TIO KOTOPHLIM MOMHO BBIYMC/SITH 3HAUEHMA KOID(HU-
LMEHTOB @y, Q,, Q,,. . .,a,. C 3T0# 1eabl0 npomuddepeHLupyem
Hoc/ie10BaTeabHO 72 pa3 obe yactu paseHcrsa (1):

) n(1 4 x)""*=a, +2a,x+ 3a,x+}. . .4 na,x""*%

) nn—1)(14x)""*=2a,+2-3a,x+...+}
+a(n—1)a,x""%

) nn—1)(n—2)1+x)""*=2-3a,+...+
+n(n—1)(n—2)a,x""3

Ina naxoxnpenus kxosdduuueHnTos a,, a,, 4,,...,a, B Kax-
nom paseHcTse mosoxuM x==0. M3 cpaBHenus oGeux uactei
COOTBETCTBYIOUIMX PaBEHCTB IIOJLYUMM:

n(n—1) nn—1)(n—2)
o] ,a3=—3!—,...,an

__.1.

a0:1’ a‘=n’ a2:

[NoncraBus HaitneHHble 3HaueHusi A4 KO3(D(UIHEHTOB B
¢dopmyny (1), OkOHYATENLHO GYLEM HMETb:

(1+x)”:1—|—nx—{—”(”2l—l)x2—]—n(”—?!(n—2) P e
G nx"" 4 x"um (1 x)"=1-4Cx}+Cix*+
—+Cix* ... x" 1)

[Nonyuyennas Qopmysa HOCHUT HasBaHue (opMyJnl GHHOMA
Heiorona. OHa sBiAseTCS 4YaCTHBIM Caydaem Gosee oOLuei

dopmybI:
(a+-b)"=a"+Cia" " 'b+Cia"*b*+-. . .4
- Cra"-Fp* .. L D" 2)
Has monyuenus QopmyJel (2), 3ameTuB, yTo (@ b)"=
=a" (l —+ -Z—)n, IIPUMEHUM K GHHOMY (1 —+ %)n<bopMyJ1y (1):
n n b b\? 3 b\?
@+or=a"[1+ChgtCi(3) +C(5) + -+
b n
+(<)]
WK
(@+b)"=a"Ca" b+ Cia"*b* - Cra" ~°b° +-. . .-}~ b".
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§ 5. POPMYJIA TEWJIOPA JJIS1 MTOJIMHOMA

Vcnoss3yst TOT ke MeTox mocJ/enoBaTesbHOro muddepen-
LUMPOBaHMsl, KOTOPbI NPMMEHsJICS NPH BblBOZe (GopMyJbl GH-
Homa HeioToHa, mosmyuum dopmyny Teiflsopa mist moJanHOMa,
B dopumyne Teitnopa neficTBuTesbHBlE KO3(QGUIMEHTH @), a;,
a,,...,q, TOMMHOMA f (X) BBIDaXKaIOTCS Yepe3 3HAYeHHs QyHK-
1muu f(x) ¥ ee NpOM3BOAHBIX B HEKOTOPOHl TOYKE X=—a.

PaccmorpuM nmosmuHOM:

fW=a+axtaxfaxt.. fax, ()
rne Bce ko3dduuueHTH @, a@,, a,,...,a, — HEKOTOpHE neii-
CTBHTEJIbHBIE YHCJIA. BblpasnM 5TH xoa(quunembl qepea 3Ha-
yenns: Qyekumu f(x) U ee IPOU3BOAHBIX B Touke x=0. [as

3TOrO HalizeM IPOM3BOIAHbIE naHHON (QyHKuMH f(X) 110 n-ro
TOPAZIKA BKJIIOYHUTENBHO:

f(x)=a,+2a,x+43a,x*+}. ..} na,x""%
f(x)=2a,+2-3a,x+4...+n(r—1)a,x""%
[ (x)=nla,.
Hatinem 3nauenms ¢yskoun f(X) ¥ ee IPOUSBOAHBIX B
Touke x=0:

FO)=a, fO)=a, ' 0)=2a,...,f"(0)=nla,
Orciona:
, " (0O ) (0
aW=10), =10, a="0,.., o, =120,
[Moncraeass HaiineHHble 3HaueHHs KoadduuuenTos a, B (1),
TIOJTY YHM:

Fa=rO+L0x 4 L0y L1004 (g

910 — ¢opmy.sta Tefimopa mia nosmsomMa. OHa HasbiBaeTCs
pas/ioeHHeM IHOJHHOMA f(X) B OKDECTHOCTH HY.JIs.

Yacto 6biBaeT HEOOXOAMMO, 3Hasi 3HAYEHHE IOIMHOMA H
€ro IPOUSBOAHEIX B HEKOTOPOil TOYKE X=—a@, BBIYHCJIUTH 3Ha-
YeHWe IOJMHOMa B JAPYrO# TOYKE X, CKOJMb YTOZHO GJIM3KOMH
K TOuYKe a.

[Monoxum, x=a-} 4 u, crenosatenpro, h—x —a.

Torza f(x)=f(a-+h) =0 ().
Ecau f(x) ecte mommHOM n-#i CTENEHM OTHOCHTEJILHO TIe-

peMerHo#i X, To @ (k) €CTb NOJMHOM TOH e CTENeHH OT-
HOCHTEJIBHO /1.
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onn3ysce monyuennoi opmynoit Teitnopa, 3amunrem ro-
auuoM ¢ (h) B CACAVIOMEM BHAEL:

(0] o 00 (0
w () =4 (V) -}—(‘—I(TU—’ h— %’2 L L]F_() h".

[MoctaBnennast BbllIe 3amaya BbIYMCICHHS 3HAYEHMS TOJIH-
HOMa B TOYKe X=—aqa -} /1 TpebyeT pasJIOKEeHUs NOJuHOMa f(X)
IO CTeMeHAM PasHOCTH (X —a). s Toro 4tobbl MOJYYHTH

TaKoe pasnoxenue, mpoxuddepeHuupyeM paBeHCTBO f(x)=
=g (/1) DocnenoRATCARHO 7. pa3:

F )=y (), f"(X)=¢"(A),. .., [P (X)=0" (k).
Tax kax npu =0 6yner x=a u ¢ (0)=7 (a), noryuum:
¢ O)=r5"(@), ¢"O)=s"(a)..., @ 0)=1" ().

[Toncrasnss HalineHHble 3HaYeHUS KO3((UIKEHTOB IPH CTe-
NeHAX TepeMeHHoit /2 B dopmyay mis @ (k), mOXyduM:

FO=f@+ 0 x—a)+ T2 (x —ap 4. .+

L fP (@

i n!

(x —a)" @)

[Tonyyennass dopmysa Teitopa HassiBaeTCs Pa3OKEHHEM
TIOJIMHOMA B OKDECTHOCTH TOYKH X =a.

3ametuM, uyto (opMysa (2) ABJISETCS YaCTHBIM CJydaem
dopmyart (3) u momyyaercs u3 Hee mpu a==0.

[Tpumep. Bolupcaurs ¢ TouHocThio 1m0 10~* 3Hauenue
nomHOMa  f (X)=x""~}-8x* —1 mnpu x=0,998.

Pemenue. VuyuroiBasg, 4TO MHaHHOE 3HAuUEHHE X MaJo
oTimyaetcd OT 1 M YTO SHaueHWe NaHHOH (QYHKUMH K ee Ipo-
H3BOIHHIX JIETKO MOXHO TNONCYMTaTh IPH 3HAyeHHH x=1,
BOCIOMIb3yEeMCSL A5 peluends 3amaun Qopmysoit Teinopa.
Jns TpebGyemo#f TOYHOCTH JOCTATCYHO BECTH BBHIYHCJIEHHS C
IATHIO AECSITHYHBIMH 3HAaKaMH. BEIYHCIMM BCE HEOOXOIMMEIE
3JIeEMeHTH], Bxoftamne B Qopmyay (3).

I nausoit samaun x=—=0,998; a=1; x —a=—0,002.
fX)=x"4-8x"—1; f(a)=38;
[ (x)=10x° - 40x% f' (@)="50;
[ (x)=90x°® -} 160x%; f (@) =250;

(%) =T720x7+480x%  f"(a)=1200.
F(x) = 8 —50.0,002 - 125-0,002* — 200-0,002° }-. . .
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Tax xax 200.0,002° =0,0000016, To 9THM us1eHOM, a TeM
Gonee 1 BCeMM TOC/ELYIOLLIMMH, MOXKHO npeHeGpeus 6e3 yuep6a
Tpe6yeMoit TOYHOCTH.

TaK, 3HayeHHe MHOrOwJIeHa 1Py J1aHHOM 3Hauetud X = 0,998
6yner: f(0,998)=8 — 0,1 4 0,00050 = 7,9005.

§ 6. JPOBHBIE PAIHOHAJIbHBIE ®YHKUHH

Onpenenenue. PauuonanbHas Qyskuus y=—f(x), He
ABJISIONIAACS LE€JOH, Ha3blBaeTCsl APOOHON palMOHAIBHOA (BYHK-
nuen.

B kypce ssemeHTapHO# anre6pbl JOKasBIBaETCS, YTO BCAKAS
JpobHasi palMOHaJbHast (YHKIMst MOXET OBbITb IpeICTaBJeHa
B BHJIE HECOKPAaTHMOIO OTHOIUEHMSI ABYX IOJHHOMOB:

(x) = QX +a,x" ' a,x" "t ...+ a,
f )_box”‘—l—blx”‘"—[—bzx""z—l—...—I—b,,,

Jlpo6Has pauuoHa/bHas (YHKUMS OIpejeseHa Ha BCeil yuc-
JIOBO OCH, KpPOME TeX TOYeK, B KOTOPHIX 3HaMeHaTeJb 06-
paiaeTcst B HyJb. Ecam mpu x=x,, X,,..., X, 3HAMEHATE/b
obpaulaercs B HyJb, TO TOYKH X,, X,,..., X ABJAIOTCA TOY-
KaMPl 6eCKOHEYHOr0 Pa3phlBa (bynxunn a IpsMBEE X=X,,

.+, X=X, — BEDTHKaJbHHIMH aCUMITOTaMH s rpa-
(buxa Q)yﬂxmm J(x).

JIpobHast palMOHa/pHass (YHKLMS HelmpephiBHa B 06J1aCTH
oIpeJeJeHHsl, KaK YaCTHOE JBYX HENpephHBHBIX (YHKIMi
(ToukH, B KOTODBHIX 3HAMEHaTeJb PaBeH HYJIO, He NpHHal/Ie-
KaT 00J1aCTH OIIpeENEHHs Q)ymmun)

1. Ecm n=m, 10 11m f (x)——,u CJIEZI0BATEJBHO, Ipa-

a
¢uK QYHKIMM MMEET TOPH3OHTAJBHYIO aCHMITOTY: y=z.

0
B camom mene, npu n—m umeeM:

. o axXtax™ 4 Fay,
Jim f(x)= lim 3=y, x’"“—l— ..—l—b =

o0t StLt. 2
= lim b =
x—>oob+ + 2. + 0

2. Ecm n=m-1, 10
f(x) ax" - ax™ . A amay ao

lim === lim
x>0 X xﬁoox(box”’—l-bx’" T 0™ T
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. 0 . m+1 1 m LR ————
i [ (R ) =

X >® PPN
= lim (a,by — aoby) XM - (ayby — agby) XMV — a,by — azby
%00 by (0™ + b, x™ T .. . b) B2

Hrak, ecau CcTemeHb YMCJWTENST HAa €IUHHUIY OosbLIe CTe-
meHu 3HameHaresiss, TO rpaduxk GyHKIMM [ (X) MMEET HaKJOH-

by— a.b
HYI0O aCUMOTOTY = % x+ ‘%
0 ]

3. Ecau m>n, 10 lim f(x)=

X —>®
— lim apx" + ax" 7 4. @y __ .
e B b L by

B 3tom cayuae rpadux bymxuum f(x) HMeeT ropuUsOH-
TaJbHylo acumntoty ¥y =0 (ocb 0x).

_ (x—2p
I[Ipumep 1. y= FEn
JlanHas QyHKLMS oOIpeneneHa ¥ HempephiBHA Ha  BCeit
YUCJIOBOH OCH, KpOME TOukM X=—— |, B KOTOpOil (QyHKUHI
nveeT OeCKOHEeuHbI paspelB. B camom mese, OIHOCTODOHHHUE
mpexesbl HaHHOM (YHKIMH B TOuKe X = —1 GECKOHEYHBI:
. — 9
—1—0)=lim E=2'— o, f(—140)=
[(—1—0=lim §=7 , (=140
x<L—1
) — 9
lim & = —o0.
Txs—1 X +1 +
x>—1
I'padmk ¢yHKIMK HMEET BEPT HKaJIbHYIO aCHMITOTY X = — 1.

Hafinem Touxku mepeceuenus rpaduka ¢ OCAMH KOODAHMHAT.
ox 1 y=0, x=2;
oy :x=0, y=4.

Tak xax MHOrousneH, CTOSIIM# B YMCJUTEJE DaHHOH apo6-
HOA palMOHanbHOH (YHKLMM, HMMEET CTENeHb Ha eIUHHUIY
BHIIE CTENEHH MHOTOUJNEHa, CTOSALIEro B 3HAMEHAaTese, TO
MMEETCA HaKJOHHas acumnroTa. Haiizem ee, BbimesMB LEJNyi0
4aCTh PallMOHAJIbHON APOOH:

(x—2)2% 9
1 =X— 5-}—;[_—1 .
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YpaBHeHHe HAKJIOHHOH acuMIToTh:
V=x— 5.

B nannom cJlydae rpa(pm{ Q)yHKlurlH Opy X— —o00 U
x—>+oo ACUMIOTOTHYECKH HpMﬁJIPﬁKaeTCH K npﬂMOi’{ V==
== X —o.

Hccaenmyem OyHKNuIo Ha 3KCTpEMYM:
b1 9
Y=ty

INpupaBHAB TNPOM3BOAHYIO HYJIO, IOJAYy4YHM (X-}~1)*=9,
otkyra x=-—I1 43 u, creposatenbHo, X, =—4, x,=2.

XapaxTep CTalMOHAPHBIX TOYEK ONPENEJHM IO 3HAKY BTO-
poil IPOKU3BOJHOM:

w18
AR TES
Tak xak y"(—4)<C0, T0 Touka x,=—=-—4 eCcTb TOuYKa

MakcuMyma QyHkiwmH; Tak kak y”(2) >0, T0 Touka x,=—=2
€CTh TOYKAa MHUHHUMyMa (DyHKIHH.

Takx xax y”=(7_ls—1)-3<0 npu x < —1, 10 g x < —1
rpat¢ux GyHKIMH OOpalleH BBEITYKJIOCTbIO BBepxX. Tak Kak

"___ 18 —_—
y —(JC+1)3>0 le/[ x> 1,

To nas x> —1 rpaduk ¢yskuMM oOpalleH BEIIYKJOCTbIO
BHHS,

[NpoBesEHHBIX HCC/eIOBaHUA JOCTATOYHO ISl IIOCTPOEHHUS
sckysa rpaduka (uept. 3).
x2+x+1

Hpumep 2. y=——

L4
JanHas GyHKuuA onpeneseHa Ha BCeil YMCJIOBOM OCH, K[O-
Me Touek x=-+1. Bciony B obaactu onpeaesnenust QyHkups
HenpepuiBHA, KK YACTHOE JBYX HenpepblsHLIX (yHkuuii (mpu
X=~--1 sHameHareJp oTvMYeH OT uyas). B rodkax x =—I,
=-}1 QyHxuus uMeer OECKOHEUHLIH pa3pLis:

FU—0)=—o0, F(1+0) =00, F(—1—0)=-Fov,
F 140 =—c,

cJIe10BaTeNbHO, HMEIOTCA BEPTHUKAJILHLIE dCHMMIITOTH X = —1
u x=-}-1.
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Tax KaK MHOTrO4J/I€Hbl, CTOSILIHE B YHCJAUTEJE H 3HaMEHa=
Tese, OOHOM K TOH K€ CTENEHH, TO CYLIECTBYET OPHU30OHTalb=
Hasgi aCHMIITOTa:

. o xXt+x4-1
lim Xxdl_

2
X > x 1 ’

CJI€n0BaTeJbHO, IpAMasg Y =1— IOpHU3OHTaJ/JbHAsA AaCHUMIITOTA.

3ameTuM, 4TO yHCaHTENb X° X 4 1 = (x —|—%>2 - % >0

mns Beex x. Tak kak x*—1>0 g |x|>1, 10 3HaueHus
dyuxump mosoxkuTe BB A |x|>1 u, clexoBaTesbHO, A
|x|>1 rpapux Qysxuuu sexur Ham ocblo ox. Tak kak

vl
125

- 20

—7-[9-5—1%-3-2-70 7 % 5 6 x

/

'
-
S

Yepr. 3.

x*—1<C0 gast | x| <1, T0 3HaueHHst GYHKIMA OTPUUATENbHEL
s | x|<1 u, creposaTenbro, B uHTepBane (— 1, 4 1) rpa-
¢ux QYHKIMM JIEXHUT TOL OCbI0 0X.

Haiinem BO3MOXHBIE TOUKH 3KCTpEMyMa:

, x*44x 41
y :_ﬂ; X, ~—3,7; x,~—0,3.

Hccnenyem HalieHHble CTanMOHAapHBIE TOYKH, INOJMb3YsCh
NepBO# NPOM3BOAHOM:
g~ — (x+37) (x+03)

w—1
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PesyJbTaThl MCCJIEI0BaHHUS 3aHECEM B TAOJHMILY:

X —3,7 —0,3

v =0 | o

¥y m=0,9M=—0,9

YVuuTelBas, yTo KpuBas HE MEPECEKAeTCs HH B OJHON TOUKE
C OCbI0 0X, a OCb Oy mNepecekaeT B TOuke y = —1, U uC-
NOJb3Ysi IPOBEACHHBIE HCCJAENOBaHUs, IIOCTPOMM 3CKH3 Tpa-
Guxa nanHOi IpOGHOH paimoHanbHOi (yHKuuMH (uepT. 4):

Yy
5

\-Q/ 7

6 -5-4 -3 -2 -1

Yepr. 4.

§ 7. CTENIEHHAS ®YHKUHS C REJIbIM OTPHUATEJIBHBIM IIO-
KA3ATEJIEM

Onpenenenue. Crenennoit QyHknuei C HeJBIM OTpPH-
HaTeJbHBIM IOKa3aTe/IeM Ha3blBaeTCs DYHKIUA BUIA Y = X~ "=

= (1> 0).

O6uacthio omnpeneneHusi Taxoift (yHKIMM SBISETCS BCA

yucaoBasg ocb, Kpome TO4YKM Xx=0, B KOTOpO#i (QyHKuUME He
onpezeseHa.
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CsoiicrBa. 1. Oynkimus y=x"" sBIIETCI YETHOH
IpU 72 YETHOM M HEYETHOH mpu 7 HeyeTHoM. Tak kak rpadux
yeTHO# (YHKIMM DaCIOJIOXEH CUMMETPHYHO OTHOCHTEJBHO OCH
OpAMHAT, a rpa(uK HEYeTHOH (YHKLMH pacIOJOKEH CHUMMET-
PHYHO OTHOCHMTE/IbHO Hayasla KOODAMHAT, TO, YUHMTBIBas 3TO,
Oynem uCCaefoBaTh CTENEHHYI0 (YHKIHMIO C LeJbIM OTpHua-
TEJbHBIM IIOKa3aTesNeM TOJMbKO mast x > 0.

1
2. Dynxupst y =5 HENPEPHIBHA KAK YaCTHOE ABYX Hempe-

peIBHBIX QyHKuMi (QyHkImMs y=x" HeupepblBHa miasg x>0
¥ OTJMYHA OT HYJIA).
3. PyHkiusas y=—x"" MOHOTOHHO YO6bIBalOllasi, TaK Kak

Y =—nx"""1<0 ma x >0.

. _ .1
limx~"==1lim =0, cJe10BaTEJbHO, OCb 0X SABISETCH TO-

X—> ® X—=> D

pusomanbﬁoﬁ aCHMIITOTOH;

. 1
limx~"=Ilim —7— 00 , CJIEAOBATEJIbHO, OCh Oj ABJIACTCSA BEP-
x->0 x>0 x"
TUKAJbHOH aCUMIITOTOM. Y

Hanpasnenue Brmyxiioc-

TH ONPEAEIHM IO BTOPOH

IIPOU3BOIHOM: 3
y'=n(n+41) x~"*»>0
s x > 0, ciaemoBaTesbHO,
Ha MOJOXMTENbHOH  4acTH
och ox rpadux QyHKIUM
o6pallleH BBITYKJIOCTBIO BHU3. 4

4. Bce rpaduku mpoxo-
naryepes touky (l;1), Tai
kak y (1)=1.

5. Hccaenyem B3ammHOE
pacmoyIoXeHue rpaq)mcos Yepr. 5.
Q)yﬂmmu y,=x"
=x"", rme m>0 rz>0 u m<n.

PaccmoTpum oTHOmenue

-m n
Nh___ X —ZC—’—‘.X'Z -m

yz X -7 —xm
Tax xax a1 X >> 1 oTHOIEHHE %—— xX""">1,109,>y,,

C/IEN0BATENBHO, TPaduK (YHKIMM Y, = X~ ™ JICKUT BblIE Tpa-
Obuxa Qysxiuy y,—=x"",
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Tax xaxk mna x< 1 oTHOwwEHYe ﬁ:x”"”< 1, 0y, <y,,
csenoBaTeNbHO, rpadux QYHKIMH y,== x~™ JIEXKHUT HUXKe rpa-
¢duxa ¢yHkmMM y,=x"" (4epT. D).

6. OcHOBHEIE CBOfiCTBAa CTENEHHON (QYHKUMH C LEJBM OTPH-
HaTeJbHBIM IIOKa3aTeseM:

a) x™ M xT"=x""""
6) (x-m)-n:xmn.

JlokasaTesabCTBO:
m o 11 1 _ o
a) x~ ™. x n:;ﬁ-?l:;m::x (m+n) . y—m ”;
—my— 1\-~ 1 1
6) (x m) n__ (7_”_) == — x™".

n 1
ey
[peasaraeTcst CTyAeHTaM B KauyeCTBE YNPaKHEHWs IOKa-
3aTh, 4TO CBOficTBA X% x’= x**’ u (x%)°= X", noxasaHHble

IV LeJbIX @ U b OJHUHAKOBOIO 3HaKa, CHpaBEeMJIUBbl H IJd9
LeJBIX @ U b JI00BIX 3HAKOB.

§ 8. IPOBHO-JIMHENHASl &YHKIHS

Onpenenenue. JIpodHo-muHelHON (yHKIHel HasbIBaeTCS
¢dyHxuua Buja:

b
Fly=2E7, c0.

3ameuanusa 1. JpobHo-nuHeiiHas GYHKIUS sBJIAETCA
Y4CTHBIM CJyyaeM pacCMOTPEHHO! paHee IPOOHOH palMOHaJIb-
HOll (yHKLMH.

2. Ecmn ¢=0, 10 GQyHkumusa f(x)-—uenas JMHEHHas pa-
i __a b
wronanbHas Gynxkuma f(x)=_r x4 .
Jpo6Ho-uHelinas GyHKLKA OIpeIeseHa Ha BCEH YHCJI0BOIT OCH,

d o
KPOME TOYKA X==—_—-, B KOTOPOH byHKiMA uMeeT 6ecko-
. . ax +b d
H 5SS 0. _ -
HeyHbll paspeiB: lim JoxFa -+ [psamas x ; 7B

X - ——
c

JII€TCS BEPTHKaJNbHON aCHMITOTO.

20



Tak kax uHCIMTEND M 3HaMEHATeNb — MHOTOYIEHB! OAHOM

W TOH XE CTENEHH, TO CYLIECTBYET TOPH3OHTaJbHasi aCHUMII-
a

TOTa Y =

ax+b__a

Im S+~

X—=>=*=w

CD)’HKI.II/IH HENpEpLIBHA B obsacti ONpencJCHUA KaK 4aCTHOE

IBYX HempepelBHbIX GYHKIMA (I3 BCeX 3HAYEHMH X~ — 4

c
3HaMEHaTe/b OTJMYEH OT HYJ).
[Nosb3ysick NPOR3BOAHOM, JIETKO TOKa3aTb, YTO IPOOHO-/H-

HefiHasd (QYHKUMA MOHOTOHHA Ha KaXJIOM OECKOHEYHOM MHTep-

d d
BaJIe —‘00,—? , "—"—g,w
B camom gmeJe, npou3BOIHAs HA KaXJIOM U3 YKa3aHHHIX 6ec-
KOHEYHBIX MHTEPBAJOB MMEET OIMH M TOT Ke 3HaK:

’ d—b
()= ar-

EcJin npou3BoiHas NMOJIOXKHUTE/IbHA Ha HEKOTOPDOM HHTEpBAJE,
TO, KaK M3BECTHO M3 Kypca auddepeHuuasbHOr0 HCUKUC/IEHHUS,
GyHKIMA Ha 3TOM MHTEpBaJe MOHOTOHHO BO3DAaCTaeT, €CIHM XKE
TIPOU3BOAHAsL OTPHUATEJbHA HA HEKOTOPOM HHTEpBaJe, TO (YHK-
M Ha STOM HHTEPBajJe MOHOTOHHO yObIBaeT (CMOTpH mOAPOG-
Hee 06 3ToM B Kypce Au(pdepeHuuasbHOr0 HCUHC/ICHHUS).

I'paduxom npoGHO-/MHEHHON (YHKIMH SABIAETCS PaBHOCTO-

- d
poHHsisi runmepOosia C LEHTPOM B TOUYKE (——C—, %) [Noxaxem
3T0.
3anuueM APOGHO-IMHENHYI0 QYHKUMIO B BHAE:
a | bc—ad 1
y=ct—= 7
x4 —
c
Beenem HOBHIE KOOpAMHATHI X M Y, NOJIOXKHB x—|—-%=X,
bec— ad

y—%:Y. Torma XY =m, roe m=

¢

A 310 ecTb ypaBHEHHME DaBHOCTOPOHHEH IHIEPBOJIEI C LEHT-
d a
poM B TOUKE X= — -, y==_— H C aCUMOTOTaMH, SIBISIO-
LIMMUCA HOBBIMM OCSIMHM KOODJIMHAT.
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x—1
Mpumep. y= ¥z

JanHass QyHKIUA OmpeneJeHa W HENpephiBHA HA BCEil 4MC-
JIOBOA OCH, KPOME TOYKH X = — 2, B KOTOpOil (QyHKIHS HUMeeT
GecKOHeYHBIH pa3peiB. Ilpamas x=—=—2 fBISETCA BEPTHUKA/b-

HOM acHUMOTOTOH. BBIZEMMB HeMyI0 YacThb HAaHHOH (DYHKUMH
_x—1
=T =1— %2 BUAEM, YTO NpH BO3DACTAHHH X ¢dyHx-

1ust 6yZeT MOHOTOHHO BO3pacTaTb Ha KaXIOM OECKOHEYHOM
unTeppase (— oo, —2), (—2, o).
ITO JIETKO BUJETh % 10 3HaKy IIPOU3BOAHOM:

y= (x+2)2>0 I8 BCEX X==—2.

I'paduk dyHKIMM MMEET FOPU30HTA/IbHYIO aCUMITOTY y = 1:

Jm S=1.

OTtmeTuB TOukM nepeceueHus rpaduxa (QYHKUHH C OCSMH
KOODAMHAT, MOXHO IOCTPOMTb 3CKH3 rpaduka JaHHOH ApOOHO-
JIMHEHHO! (QYHKUMK (PaBHOCTOPOHHEH rumep6oJsl):

N W N o W

S A




§ 9. PA3JIOXXEHHE PALIHOHAJIbHON ®YHKIUHH
HA TMPOCTEWIUHE JPOBH

[Tpoctefimmu  HpoGSMH  HA3BIBAIOT APOOM  CJIELYIOLIMXK
THIIOB:

A B Mx+N Px40Q
x—a’ (x—a)f’ P4prtq’ (@ 4pxtqm’

roe a, p, q, A, B, M, N, P, Q— nefiCTBUTeJbHbEIE YHCJIA H
KBaZpaTHEIl Tpexuned x°-}px-}-q He umeer neficTBUTE/b-
HBIX KOpPHEi.

s pemenusi pasHoOOGpasHBIX 3afiad 4acToO GbIBAET MOJE3HO
Pa3/IOKKT APOGHYIO PALHOHATLHYIO GYHKIMIO Ha pocTeiine
apo6u. C sajavel TaKoro pofia MBI BCTPEYAsHCh, HANpHMED,
DpU HAaXOXJEHWH MPOM3BOJHON 7-TO HOPsSfKA OT APOOHOH pa-
LHOHaNbHON (yHKuMM. B nanbHefimmeM, Hampumep B Kypce
HHTETPa/IbHOTO MCYHCJICHUS, MBI BCTPETHMCH C yKa3aHHOH 3a-
Hadeil TIPH MHTErPUPOBAHMH DAlMOHAIBbHBIX (YHKUMH.

[Tycts mpo6b R(x)=%, rae f(x) u g(x)— muoro-
4/IeHbl, HE UMEIoIle OGIIMX KOpHeH,— IPaBUJbHasi palMOHa/lb-
Hast Ipo6b (CTEleHb YUC/UTENST MEHbLIe CTEIIEHH 3HaMeHaTess ).

M3 kypca Bbiciuell anre6pbl M3BECTHO, YTO €CJIM MHOTOUJIEH
g(x) (c xoadduumerToM mpy crapiuei CTENEHH X, paBHbIM 1)
CTENeHH 7 UMeeT pa3/MYHble W NPUTOM TOJNbKO JAEHCTBHTEJb-
Hble KODHH X,, X,,...,X,, TO €ro MOXHO NIPEJICTaBUTb B BUIE
g =(x—Xx)(Xx—x,). .. (x—x,).

Ecmi cpexn me#cTBUTE/NBHBIX KODHEHt MHOTOUJNeHa g (X)
WMEIOTCA KPATHBIE X,==X,==...==Xj, TO BMECTO IpOH3-
BEIEHUA R TEepBBIX COMHOMHUTENEl B PasJIoKEHHE MHOTOY/IEHA
g(x) Boiimer mMuOXuUTENb (X — X;)* ¥ MHOrOwIeH g(x) 6yzer
NPEACTaBIEH B BHIE:

g(X)= (% — %) (X — Xpy,) - o (X —X,).

HsBecTHO Takke, 4YTO €CJM MHOTOWIEH g(X) C mefcTBU-
TeNbHBIMH  KO3((hUUMEHTaMH HMEeT KOMILIEKCHBI KOpEHb
X,=oa-pi, TO OH 063aTEJbHO UMEET M CONPAKEHHBIA KO-

E‘Hb x ._oc——Bt Torma (x — x,) (x — Xx,) =[x — (e Bi) x
X[x— a—Bi)|= [(.x—a)—Bl,] [(Jc—czt)--|—Bl,]:(.x—oc)2

— (i) =x* —20x+4-(a* +-B)=%x*F-px g (p, g— neil-
CTBHTEJBHBIE YHCJIA, TPEXWIEH X —[—px—[—q HE MMEeeT JefiCcT-
BHTEJIbHBIX Kopx-reu') B sToM cayyae B COCTaB Pas/OXKEHHA
g(x) Boitmer MHOXMTENb X°—-pX | q.
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Ecsn cpemy xoMmiekcHBIX KODHelt HMEIOTCs! KpaTHbIE (1yCTh
KpaTHOCTL paBHa k) X,=x,=...=X, U, CJIeI0BaTeJbHO,
X, =X, ==...==X; TO B paBJIO)KeHI/lH g (x)um 6yner coorBer-
CTBOBaTb MHOKHTEJb x*+ px—+q)-.

[Tycte xosdduimnenT mpu crapuieift cTeneHd X MHOrodYJeHa
g(x) c meficTBUTEeJbHBIMH KO3(duuMentamu paseH 1. YuuTh-
Basg CKa3aHHOE, MHOTOY/IEH MOXHO NIPEACTaBUTb B BHIE

)= (x—x,)-(x— )" ... (& +px+q)-(x* +rx ),
TIPHYEM KBaj[PaTHBIC TPEXWIEHB! HE MMEIOT JeHCTBHTEBHBIX
KopHe# ¥ y--0-}-...4 2 2y=n (cTemeHH MHOrouJeHa
g(x))-

Jokaxem, uTo BCsKas NIpaBWiIbHasg APOGHAas palHOHANbHAs

byHkus R(x)—fT(x; MOXeET OBITh IPEJACTaBJEHa CYMMOM

npocTeiiux apoben.
Teopewma. Ecim snamenarenp g(x) ApoOHOI pauyoHasb-

HOM /(%)
YHKIMH —s TPEACTABIEH B BHIE
)= —x)(x—x,) - (x —x,)° ... (& F-px--g)* X
X (x*+rx-s),
° A A
18— At +o e

&) (x—x)’ (JC-—JC)‘l x)"

B3 lJc—l—N
B M +<x2+rx+s)*+

+ M,x + N, + o MEEN, Mx+N,

(2 trx4s)? 24rxts’
TAE X, X,,..., 7, S— JAeHCTBUTENbHBIE yHCIa, A, A,,...,A
B, B,,...,M,N,,..., M,, N, — HEKOTOpbIE IIOCTOSIHHbIE IEii-

CTBHUTEJIbHBIE YHCJIA.
Jisi moxasaTesbCTBa TEOPEMbl PACCMOTPHM JBE JIEMMEL
Jlemma 1. Ecim x=a ectb koOpeHb KpaTHOCTH k =1
anamenatess g (x) (4, caenosaTessHO, o Teopeme besy g (x) =
=(x—a) g, (x) npuueM g, (@)=~=0), To nmpaBWIbHAsA palHO-
HaJbHasi 1pobp ——= T )
NPaBHIBHBIX PaLMOHATbHBIX npo6eu
fx) — f(x) — _l__ s (%)
g (x—at-gx (x—a)k (x—a)f gy ()
roe A—const.
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JoxkasaTteabcTBoO. CocTaBUM PasHOCTb:
f A _fH-Aak
E—afgx *—af (E—afg®

BuiGepem A Tax, utobwl f(a) —A-g, (@)=0 [370 3Haumr,
yto f(x) —A-g,(x) memrcst Ha (x —a)], Torma A= f@ .

f—dg)  E@
IMpu Takom BeIGOpE uHCaa A n1pobb —————=1""" MOXKHO Cco-
(x— a)*-g, (x)
KPaTUTh Ha (X — @), IOC/IE YETO OHa IPUMET BHA: N Y G
(x— a)k—l‘gl (xy
H, CJIeZOBaTeJbHO, OyHeT:
flx)__ %1 (%)
g(%) (x—ak+(x—a)k"-g1(x)’ )
roe  apobb 90 poapwmmas. B camom  zede

(x— @)1 g (%) p
— npaBW/IbHast (IO YCJOBHIO), pOOb o TOXe,
X—a

TpaBWIbHas!, C/IEJ0BATEJbHO, TIPH HEOTPAHUYEHHOM BO3paCTaBHM
X 06e 3TH IPOOH CTPEMATCA K HYJII0, HO TOrZa MOMKHA (B CHIY
MMEIOIIErocs TOXIECTBA) CTPEMHTLCA K HYMO H  1po6b
_a A s O3HayaeT, uYTO OHA IIpaBHJIbHas.
(x—a)* 1 g (%)
Jlemma noxasaHa.

CnepctBue 1. Ho.nyquHoe paBeHCcTBO (1) mokaseiBaer,
YTO, BBbLIEJISS npOCTenmon APOGh, Mbl MOHMKAEM IIOKa3aTeNb
k crenenn (x —a)f, Bonsliek B 3HAMEHaTeJb, HA EIMHHILY.

Bhizessii TOYHO Tak e M3 TOJYYEHHOH APOGH _%L
(x—a)f g0
¥ TNPOXO/KAs 3TOT IIPOLECC

1pobb f—zx—;

o B
npocTefimyo Ipobsb o
Jafnplile IO TEX INOp, IOKa 3HaMEHaTeNb IIOCJAEIHeH XpPo6H B
TIPaBOi YaCTH €llle COAEPKMT IABYWIEH X-—a B KakoH-1H60
TIOJIOJKMTE/IbHOM CTENEHH, Mbl IIPUIEM K PaBEHCTBY

)
;,,(T:)—(x F gt T

& (x
rae A,, 4,,..., A,— HEKOTOpHIE NOCTOSHHBIE AEHCTBUTE/bHEIE

yucna, a ¥ (x) —MHOrouneH C HEHCTBUTENBHBIMH KO3(¢u-
IIHEHTaMH.
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Jlemma 2. Ecm a=oa-}pi u a=o0— Bi — conpaxen-
Hble KOMILIEKCHBIE KOpHI/l KpaTHOCTPl m=1 3HaMeHaTess g(x)
(n c.nenoaaTe.ano g(xX)=(x"4-px--¢)"-g,(x), npuuem
j@z) #0, g, (e — Bz) =0), To mpaBu/IbHAs palUOHA/IbHAS

le06b 0 MOxer ObITh TpEACTaBIEHa B BHIE CYMMBl Ipa-
BHJIbHBIX pallMOHQJIbHBIX JPO0eii:

_fo)____ Px+Q + % (%)
gx) (@ 4px4-g™ ' (P4 pxtg™ g (%)’

rae P u Q —HEKOTOpble NOCTOSHHBIE JeHCTBUTEJbHBIE UMCIIa,
a @, (X) —MHOTOuJeH C [AeHCTBUTENbHBIMH KOSd)d)unueﬂTamu,
He HMeloluil obLMX KOpHeH ¢ g, (X).

HokasatenbcTBo. [Tokaxem, urto uucna P u Q, ynos-
JIETBOPAIOLME PABEHCTBY JIEMMBl 2, CYILECTBYIOT.

CocTaBuM DasHOCTE:

f(®) __Px+Q _ f)—(Px4+Q &
@E4pxt+9mgx) (PApx+9m (F4-pxt+g™-g(x) °

Tak xax no YCIIOBHIO == 0.—Bi 1 @=0.— i —CconpsiKeHHbIE
KODHH TpexuneHa x*--px--g, 10 aasa TOro YTOOBl YHC/IH-
Teab f(x) —(Px-+Q)- gl(x) Jgenuncs Ha x* -} px -} q, Heob-
XOZMMO M JOCTaTOYHO, YTOOBI YMC/IO @ OBVIO KODHEM YHMCJIH-
Tesst (CIeIoBaTeNbHO, H @ OyJIeT KODHEM YHC/IHTeNs, W, CJe-
JIOBaTeJbHO, UUC/IUTENb Pa3AeauTCs Ha (x* - px+q) fla)—

—(Pa+Q)-g,(@)=0, omeyna Pat Q=L uam P(at-5i) 4-
fa+8)
+Q &1 (“+§l)
3anucaB apo6b, CTOSLLYIO B NPABOJ YacTH, B BHIE CyMMbI
JeidcTBUTE bHON u MHUMOH wactw K—-Li u cpaBHHBas COOT-
BETCTBYIOLIIHE K03(OHUUMEHTHI, OMYYHM CHCTEMY ABYX ypaB-
HEHUIl C JByMs HensseC'erlMu Pa+Q K, Pf=L, us

KOTOPOM HAaXOJIHM: P—? , Q=K—

[pu Takom BbI60pe P u Q pa3HOCTb f(x —(Px+Q)X g, (x)
jgenmutcds Ha x*-px--q u jgaer dactHoe ¢, (x). Cie-

JOBATEJILHO, f(X)——(Px-f-Q) g, (x)=(x*+px+-q)-9, (x)
H, CJEI0BaTE/bHO,

f_ Px+Q o ()
R T N e e D O
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FAe KODHM MHOrouneHa g, (x) oTmumbl oT «—=Bi u o -=Bi,
8 o, (X) —MHOroWwIeH ¢ JHeHCTBUTEIbHBIMK KO3(QDHLUEHTAMH,

Jlpo6b Ty :I?-l f;;?,,_l.g (7 — lipaBubHas, B stom serko yGe-

JMTBbCS, €CJH MPEIIONOXHUTh, YTO X HEOrPaHHMYEHHO BO3pacTaeT
(cm. ctp. 25). Jlemma noxasana.

Cnencrsue 2. [TosyuenHoe paBeHCTBO (2) MOKa3bIBaerT,
YTO, BBIAEJAS MPOCTEHAIIYI0 APO6Gb, MBI T€M CaMbIM IIOHIXKAEM
noxasatesb m crenenu (x°—-px--q)™, Bxoasuieit B 3HaMe-
HaTeJIb, Ha) equuuy. Beigenss  us nonyquHiHQ apo6u

P (X . 2
(FTpxq)" g () [DOCTEMIYIO ApoGE @t g ?
IPOJO/DKAst TOT NPOLECC JaJjbllie, IPHXOIAHM K PaBEHCTBY:

f(x) Px+4Q, Pox 4+ Q, Ppx+ Qm
gx) (x2+px+q)”‘+(x2+px+q)’” =it +x‘+px+q+

__l_ W, (x) ,

& (x)
TIe KODHH INOJIMHOMA g, (X) OTJMYHBI OT @ H a.
JokaxeMm OCHOBHYI0 Teopemy. [lo ycaoBuio
gx)=(x —x,)" (X — %) (x — x,)°. . . (x* +-px - ¢)" X
X (x*4-rx—s)”.
PaccmaTpuBaeMas IpaBu/IbHast ApoOHas paluoHa/ibHas QyHK-
LUsi MOXKET ObIThb NPEICTaBJ€HA B BUIE:

flx) f(x
g(x)_(x'— )& (fll’
rie g, (x)=x— x)( A(x* - px+-q)*
‘ <ty
Torpa B cuny caeactsus 1 6yneT uMeTb MECTO PaBEHCTBO:
f(x) 4, ¥, (x)

1
gx) (x—x)*“‘"(x—x =it +x—x,+ & (%)’

Tax kak g, (X) = (x —x,)’+ g, (x), r2e g, (x)=(x—x,)". ..
(X +rx—+-s), 10

W) W (x
&)  (x—x)-gx)’
H B CHJIy TOr'0 Xe CJ/edCTBHSA 1 l'IOJIyl-II/IM:

g B, s,
1(’5): 6+( x)o 1_{_ "I" I_ z(x).

& (%) (x— x,) x— xz & (%)
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BelresmB nogo6HbIM 06pasoM W3 palMOHANbHON (QYHKIMH
f)

Y2E] npocTediye 1po6H, COOTBETCTBYIOLINE BCEM AEHCTBUTEb-
HbIM KODHAM 3HaMeHateas g (x ), MBI nonylmM pasJIoKeHHue:

f(x) A4,
pre (x__x)rl- -I— —l- s ...+
q(x)
x_xz_l_ +gi(x),

B KOTODOM 3HaMeHaTeJb g;(X) He UMeeT AefCTBHTeNbHBEIX KOp-
Hefl ¥ TmpeacTaB/seT COOOH NPOM3BEAEHHME KBaAPaTHBHIX Tpex-

Y/IEHOB:
g (X)=(x"Fpx+qf...(x*+rx+s).
B cuny caemctus 2 mosyuum:
W (x)__ Y; (%) Px+4Q, _l__ +
& (x)  (¥*+px 1—4)“ Sn® (xz—l-Px-l-q)" T
+ P."""Qp, z’+1 (x)
FApr4q " g )7
BeinesuB mogo6HEIM 06pasoM M3 palMOHAJbHON (YHKIMM
g“ :l‘ ((x; npocTefimue Apoby, COOTBETCTBYIOLIME BCEM KOMILIEK-

CHBIM KODHAM 3HaMeHaTess g;., (%), ¥ TOACTaBJAA KaxIoe
CJIelyIolIee pasJoXeHUe Apobu B npenbmyuxee, OyleM HUMeTb:

fx)
£ w—xﬂ+' ‘+x—x'F xp*‘ '+x—&4—

Px+Q, Px+Q
Tt Ererat o tEe ot

Mx+N,
T F s’ ®3)

yTto ¥ TpeOOoBaJOCh HOKa3aTb.

x)°

PasnoxxeHue IpaBUJIbHOH palUOHAJBHOR KpO6U gt—g Ha
CyMMy TIPOCTEHIIMX APOGEH €IMHCTBEHHO: NPOLECC IOCJe0-
BAaTEJbHOTO OTbICKaHMa uucen A,,..., A,, B,,..., B;,...,
P,....,. P,o.., Qu..., Qp..., M, N, onHO3HayHO uX
OTIpEeJIeIAET.

Crnenyer OTMETHTb, YTO AN HAXOXKAEHHs KO3(DGHIMEHTOB
A, A,..., B,..., M,, N, MOXeT ObITb HCIIOJb30BaH CIO-
co6, copepxallyiics B JOKas3aTenbCTBE TeopeMbl. Opxnako
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NpaKTUYeCKu Takoil crnocob mano ymobed. Yaue sth koapdu-
IMEHTHl HaXOAAT OJHMUM M3 ABYX METOLOB: METOAOM IIPOM3-
BOJIbHBIX 3HAYEHM{ WM METOAOM CpaBHEeHHs Ko3(hduiMeHToB.

3anucaB pas3/OXEHHWE NPaBHJIbHOH DALMOHAJBHOH IpPOOH
% B BHAE CyMMbI NPOCTEHIUHX ApOOEH C HeompeaeseHHBIMU
ko3¢ duurenTamu [pasnoxenue (3)], IpUBOLAT B mpPaBOi Yac-
TH BCE IpOOM K oOlieMy 3HaMeHaTen:0. B pesysabrate u3
PaBeHCTBAa MIBYX IIOJYYEHHBIX JpoOell (IpH paBHBIX 3HaMme-
HaTeJsAX) C/lefyeT DPaBEHCTBO UMCJUTEeNEH 3THX ApoOed, 4Tto
MOXET HMMETb MECTO JMIIb NPH PaBEHCTBE KO3()HUIMEHTOB
TIDH OJIMHAKOBBIX CTENEHsX X. [akoe cpasHenue Ko3hduumes-
TOB NPMBEIET K CUCTEME ypaBHEHHil, 3 KOTODOI W HaxoIaT-
cs UCKOoMmble Ko3bduuuentsl A,,..., N,.

YKasaHHBII METON HaxOXJAeHus KO3(GHULUHEHTOB Ha3blBa-
eTCcs METOIOM CpaBHEHHs KO3 UIHEHTOB.

[Tonb3ysich METOLOM NPOM3BOJBHBLIX 3HAueHHi, NOJAralT X
PaBHBIM KaKMM-JIMOO (IPOM3BOJIbHBIM) AEHCTBUTEIbHBIM UYHCJIaM.
Torma u3 cpaBHeHus uuc/MTENEeH 00€MX Apodell IPU KaKIoM
(MKCUPOBAHHOM IIPOM3BOJIBHOM 3HAYEHHH X IOJYYalOT CHCTEMY
YPaBHEHHIl, U3 KOTOPOH HAXOAAT HCKOMble KO3 UIMEHTH!
A,..., N,

OnHako B psaze cayyaeB KO3(GQHUMEHTEI MOTYyT ObITh Haii-
Jensl 6e3 IpuBeleHHs ApoOell K obuieMy 3HaMeHaTeJio.

MeTon npOM3BOJLHBIX 3HAUEHHH OKAa3bIBAETCS paLUOHA/b-
HBIM B T€X CJyyasX, KOTJa 3HaMEHaTeJb HMeeT ACHCTBHTEJb-
Hble KODHH. B ocTa/bHEIX Clyuyasix B paBHOIH CTENEHH MOXHO
TI0/1b30BaTbCA KaK METOLOM CpaBHeHHs KO3(hdHUMEeHTOB, Tak
M METOZOM IIPOM3BOJILHBIX 3HAYEHHIl.

PaccvoTpuM Kaxablii M3 yKa3aHHBIX METOJOB Ha IPHUMeEpax.

1. Pas/ioxuTh palMOHaIbHY 10 (Y HKIHUIO 2041 Ha

) (x—1D(x+2) (x—3)
NpOCTEHLINE JIPOOH.

Pemenue. Tak kak MHOrouseH, CTOSILMA B 3HaMeHATe-
Jie, UMEET AEHCTBUTEJbHEIE DPasJHUHbIE KODHH, TO JaHHAs pa-

UMOHa/IbHAs (YHKIMS MOXET OBbITh IpEeJCTaBJEHa B BUAE CyM-
Mbl TpPeX IpOCTEHIIMX apobeii:

2x* 41 A B Cc
(x—-—1)(x—|—2)(x——3)_x-—l+x—|—2+x——3' M

JL1s1 HaXOX(IEHUS HE OIpeIeJIeHHBIX II0Ka K03 HHIUEeHTOB A,
B, C ywHoxuM cHayana obe yacTh paBeHcTsa (1) Ha (x — 1);
npeanosaras, 4to X=~1, a x—1, mosyuum:
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.

Dt |- 1 B(x—1) , C(x—1)
(x4+2) (x—3)" A+ x4 2 + x—3

B cuny uenpepsisrocT ofenx uacteit B Touke x = 1 moJio-

1

®uM x = 1, yTO cpa3y macT 3HaueHue aia A:A= 3—(3’_—2) =—z.
st onpeznenenus koaddunuentos B u C TOCTYNIAeM TaK XKe:

a) YMHOXUM 00e 4acTd paBeHCTBa (1) Ha (x—+2) u 3atem

(B cuy HempepeIBHOCTH OOEMX yacTell IOJyYeHHOrO PaBeHCTBa

B TOYKe X=—=—2) nosoxumM x=—2. [lomyunm B=+;

6) ymHOXMM o6e yacTu paBeHcTsa (1) Ha (x —3) u 3aTeMm
TIOJIOXKHM X == 3.

Ionyuyum C= i—g- .

[ToncraBuB HafigeHHbIE 3HauyeHHs1 KO3()GhULHEHTOB B paBeH-
ctBO (1), HMOJTyuuM pasJioXEHHEe JAHHOH palHMOHAJbHON (YHK-
IIMM Ha TpocTefimue apoodu:

2x* 1
(x—l)(x+2)(x—-3) 2(x—-1)+5(x—|—2)+10(x—-3)
x4+ 2x* +8x 45

2. Pa3soxuTh palMoHaNbHy 10 QyHKIHIO EIYG— 1 ETY
Ha TpocTeiilye Ipo6H.

Pemenune. 3HaMeHaTe b [JaHHOH PallMOHAJIBHON (YHKIHMH

HMeeT /1B CONPSUKEHHBIX MHHMBIX KOpHS xl,z———l—VQz IBa
paBHbIX llel/ICTBPITe.HbeIX KOpHsA X,, 4—1 )58 HpOCTOI/I JIEACTBHU-
TeNbHBI KOpeHb X, = — 2. COr/aCHO TeOpHH pallHOHa/bHasI
GbyHKIHA MOXET 6bITH LpEACTaBJIeHa B BUJE CyMMbl YETHIpEX
Jpobeii:

x*+2x*4+8x+5  Ax+4B C D E
FF+2Yx—12x+2" x24+2 +(x— 1)? +x— 1 +x—|—2 (1)
[lpenmonaras, yro x=~1, a x—1, ymHOXHM o06e uyacTd
paserctBa (1) Ha (x—1)*
x*+2x2+8x+5 (Ax—+ B)(x— 1) E(x—-l)
Froety = wfr  TOHPeh TS
B cuny mempepeisHOCTH Ofenx uwacteil B Touke x=1
16
TIOJI0XKUM X =1, Torma C=—9— . lpeanonaras, uro x=£~—2,
a Xx——2, yMHOXHUM o6e uvacTi paseHcTBa (1) Ha (x--2):

x*+2x*4+8x+5  (Ax+B) (x42)C(x}2) D(x+2)
(XB+2)(x—1)2 x> 42 (x— 1) ++ x—1 +E£.
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[Nonb3ysick HEMPepBIBHOCTHIO 06eux qaCTeu B TOYKE Xx=
= —2, nonoxum x= —2. Torna E£=x;. Taxkum obpasom,

54
ko3 duunentst C 1 E HaiineHsl.

s naxoxnmenuss koapduuuentos A, B, D BocmoJb3yemcs
METOOM CpaBHEHHS Koa(quuuemos ¥y MI—IO)KHB o6e yacTH
pasenctBa (1) Ha npoussenenue (x* - 2) (x—1)* (x-2), no-
ayuuMm x4 2x° —|—8x—|—5_(Ax:—|—B)(,»—l)( 2) 4
Clet DL DE ) (e (2 He ) T
WIH X 8x4-5=(A+D—E)x*"+(B+C+D—2E) x*+-
—|—(— 3A—|—2C—|—3E) x*4 (24 —3B+2C+ 2D —4E)x—,—
+ (2B+44C —4D +-2E).

Cpasaum K03(QHULMEHTB! TIPU ONUHAKOBEIX CTENEHAX Nepe-
mMeHHO# x. Koadhuumentst mpu

x* —3A42C+3E=2,

» . x A4+DH4E=],
» . % B4+C+D—2E=0.
Pewas no.nyquHon CHCTEMY YDaBHEHHIl, HaXOLHM:
35
A= 5 4 , D=0, B=—7.

[NoncraBuB Haiinennble 3uayenus Ko3(GHULMEHTOB B paBeH-
ctBo (1), monyuum TpebyeMmoe pasJioXxeue:

41 35 16 13
X422 4+8x+45 54T %7 54
(x’+2)(x—l)"(x—|—£) Xt 2 +(x——l)‘+x+2_
1 [41x— 70 13
:_[ x 2 +(x—1)z+'x+2]

§ 10. HEKOTOPBIE CBOWCTBA OBPATHBIX ®YHKUHI

[Tycts umeem nexoTopoe cooTHowenue F (x, y) =0 mMexny
NepeMeHHEIME X M Y. YpaBHenue F (x, y)=0 MOXHO pac-
CMaTpUBATh KaK HESIBHOE 3alaHue IVIOcKo# kpusoit. Ilpenmmo-
JIOKHM, YTO B HEKOTOPOil 4aCTW IIJIOCKOCTH Kaxaas npﬁmaa,
napajuiesibHas OCH 0y, nepecexaeT rpaduk ypassenus F (x, y)=
TOJILKO B OJHOM TOYKE M KaxcJas NpsMas, NapajJieJbHas ocn
0x, Takxe nepecekaer rpadux ypasHenus F (x, y)=0 ToIbKO
B OJHOH TOYKEe. DTO 3HAUUT, YTO B NpeJesax paccMaTpuBae-
MO/ YacTH IVIOCKOCTH YypaBHeHHe F (x, y)=0 MOxeT OLITb
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pa3pellieHo KaK OTHOCHTENbHO NepeMeHHOH y :y ==/ (x), Tak u
OTHOCHTEJIbHO IIePEMEeHHOH x:x=0 (y).

3amMeTyM, 4TO IpPH CHEJaHHOM INPEATOJIONEHHH YDaBHEHMs
F (x,y)=0, y=/(x), x=1y(y) paBHOCH/bHHI.

Bynem cuuraTh, 4TO IJ ONpeneseHHsi SHAYEHMA Y IO
JIAHHOMY 3HAQUEHHIO X WM 3HAYEHHsl X IO JaHHOMY 3HAUEHMIO
Y JOCTaTOYHO 3JeMEHTaDHBIX Omepawuui.

Ecmu dymrxumn y =7 (x) u x=¢(y) yCTaHaBIMBaIOT ONHO
M TO XK€ COOTBETCTBHE MEXAY MHOXECTBaMU 3HAueHu# x W Y,
TO MX Ha3bIBAlOT B3aUMHO OODATHBLIMH.

Bynem cuutath QyHKIHIO y=J(x) HCXOIHO! (NMPAMOH)
byuxuuedt, a QyHkuuo x =0 (y) —o00paTHO} (yHKIMeH.

Jaf maspHEHIIero MsJOXeHWst HaM IOHAZ00ATCS HEKOTO-
pble cBoiicTBa 06paTHOH (ynxuuu. HamomuuM mux:

1. O6aactp ompenenerusi 06paTHON (QYHKIHMH €CThb MHOXe-
CTBO 3HayeHHi MCXOAHOH (yHKUMM. MHOXeCTBO 3HaueHuii 00-
partHO#t (YHKUHMH ABJAETCS MHOXKECTBOM, Ha KOTODOM OIpeje-
JieHa UCXOZRHasi (QyHKUHs.

2. Ecim ucxoznuoit dyHxuue#t spasercs dyHxuusa y =/ (x),
a obpaTHOH eit — dyHKuua x =@ (y), TO rpaduKu 06eUx 3THUX
Gynxuuit copnagaroT. Ecau 0603HaYMTh aprymMeHT oOpaTHOH
dyHKIMHE yepes x, a ee 3HaueHHs — caMy (QYHKUHIO — yepes y,
To obpaTHas QyHkuus GyaeT uMeTb BUIL: y =@ (x). [lepemen-
HBIE X W y TOMEHSUIMCh POJAMU. ['eoMEeTpHYECKH 3TO o3HaYaeT,
YTO IOMEHSIHCh MeCTaMM OCH x M y. Torma rpadux Qyskiuu
y = ¢ (x), obpatHo#i mna QysKIMH y = f(x), MOKeT ObITb IO-
JiyueH M3 rpauka IocjeIHeil IyTeM 3€pKaJbHOrO OTPaXKEeHHs
€ro OTHOCHTEJIbHO OHCCEKTPUCH ) = X.

3. Teopewma. [Tycmo pynryus y = f (x) onpedesena,
monomonno sospacmaem (y0si8aen) u HenpepslsHA 8 HEKO-
mopox npomesicymre X. Toeda § coomsemcmsyoues npo-
mescymre Y 3navenuli smoii (pyHKyuL cywecmsyem 00HO-
3uaunan obpamuas Gyuryus x =@ (y), MaK;ce MOHOMOHHO
so3pacmaromasn (yObisalowan) u HerpepelsHas.

4. Ecin npsiMasd QyHKIMs HeyeTHas, To obparHas et QyHk-
IUs TOXE HeuyeTHas.

[Mycre dysxuua y=f(x) HempephiBHAsA, MOHOTOHHas H
HeyeTHas. [lokaxem, yto obpaThas eff hyHKIMA X=0(y) ecTb
GyHKIMA HeyeTHas.

[Mycts o (—y)==z (1). Torma —y=f(2), wm y——
—f(@)=f(—=z), oTkyna — z= (y) H, C1e0BaTEJbHO,

2=—9(y). (2)
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Hs pasencts (1) u (2) caenyer: ¢ (—y)=—9(y), uto n
TOKa3bIBAET HEYETHOCTh QYHKUUH @ (V).

§ 11. CTENEHHAS ®YHKIHS C ITIOKA3ATEJIEM _}‘i

o o 1
Onpenenenue. Crenensoii ¢yHKIMEH C ToKasaTeseM -

HaspiBaeTCa (DyHKIMA, o6paTHas CTEHNEHHOH (YHKIMH C IIOKa-
3aTeseM 1.

3ameuvanue. Iaa ¢yskuun y=—x" oOpaTHoil Oyner
1

dynkuus x=y". Omnaxo, COXpaHsif 1/ apryMeHTa HpPUBbIY-
Hoe ofO03HaueHue X, a A Qyukuuu — obosunadenue y, OyneM
C Y4eToM CKa3aHHOrO BbIIIE B I. 2 paccMaTpuBaTh (YHKIIMIO

L
y=xn, obpatyo Qysxuun y=x". Ilpunato Taxxe ob6par-
Hy©o (YHKIMIO 3aMHCHIBATB B BUIE Y= 7/ X.

1

Paccmotpum mozpo6uee cTemeHHy0 (QYHKIMIO y=X" =
=1/ X, KOTOpas COrMIaCHO ONPEJEJeHHI0 SIBIAETCA 06paTHOM
s GyHkumg y = x".

Bce cBoiicTBa (yHKIMH Y = 1/ X MOrYT OBITb IOJyYeHHI
U3 CBOHCTB HCXOZHON (QYHKIMH y = X".

Tax kaxk ucxomsas QyHKUMA y =Xx" NPU n YETHOM NpH-
HHMaeT Bce 3HaueHus OT O 10 —-oco, a PU 72 HEYETHOM —
BCE 3HAUeHHs OT — 0o JI0 - 00, T0 o6patHas hymxua y = 1/ x
TP 72 YETHOM OIpejeJieHa Ha nosmynpsamoi [0, oo), npu 7 HeueT-
HOM OHa OIpejeseHa Ha Bce#l uMC/I0BOi ocu. B cayuae uer-
HEIX 7 M3 JIByX BOSMOXHBIX A QyHKIuM y = -7/ X 3Haue-
Huit GepeTcs MOJOKUTENbHOE 3HAaUEHME KOPHS.

M3 HenpeprIBHOCTH 1 MOHOTOHHOCTH IIPAMOit QYHKIMH Y = X"
IO TeopeMe O CYIUeCcTBOBaHHM OOpDaTHOH (yHKLMH cpasy ke
caenyer, uto GyHkuMa y =3/ x BCIOAy B 06MacTH Ompese-
JIeHHs] HempephiBHa ¥ MOHOTOHHA: MOHOTOHHO BO3DaCTaeT, NPH-
HUMasi IJg 1 YETHHIX BCe 3HadeHuss oT 0 no -} oo, a mia n
HEYETHBIX — BCE 3HAYEHU OT — o0 JO0 oo (CM. cTp. 7).

1

['padux ¢dynxuuu y = x" upoxomut uepe3 Touku (0; 0) u
(1; 1). CoryacHO yxasaHHOMY CBOHCTBY 2 OH MOXeT OBITb
nonyyeH us rpaduka dyHKIMH y = X" OTPaXKEHHEM €ro OTHO-
CUTEJIbHO OHCCEKTPHCHl Y = X.

33



a
3

[Mpumepr. a) y=x* (uepr. 7);

6) y=x';_ (uepT. 8).

ITycTs o >> 0 — smo6oe BeLeCTBEHHOE YHCIIO, 72 — HATYPab-
HOE 4HCJIO.

Onpenenenne. Apupmervyeckum KOpHEM n-it CTe-

y y=x? TIEHY M3 MOJIOXUTENBHOrO
yucJsia o Ha3bIBAETCS TAKOE
TIOJIOXKUTE TbHOE  BELIECT-
BEHHOe 4uc/0 B, uto B" =
0.

YcaoBuauch  0003Ha-~
1

4aTb [3 == a7 — I'V E.
B manpHedimiem mop
1

o. "B TOM CJyyae, KOrza
n— 4eTHoe, OyneM Bcer-
Ia UMeTb B BULy apud-
METHYECKHH KOPEHb.

Yepr. 7. W3 TeopemMbl O cy-

IIECTBOBAHHH ~ 0OpATHOMN

GyHKIMM CIEXYeT, YTO TaKOe TOJIOXHTEJBHOE BEIECTBEHHOE

uneao f st Jo0Oro NONOMKHMTENBHOTO YMCJA o BCErga Cy-

ILECTBYeT, U IIPUTOM TOJBKO OHO.
ITokaxxeM, 4YTO paBeH-

L LA"
cTBa (a") B= (a ") =a
MMEIOT MECTO IIDH 7 He-
YETHOM V15t JIIOOBIX @ U IPU
7 YeTHOM — IJI HEOTDH-

LATEJbHBIX 3HAYeHHH a.

1
Hycm(a")" =y.To-
rma a"=y".
Ecin n meuerHoe, TO Hepr. 8.
s JI000r0 @ M3 MOHO-

TOHHOCTH CTENEHHOH (YHKIMM C HATypaJbHBIM TIOKa3aTeJeM
crenyeT: a==y.

1\ 1 1
[Mycts (a") =2z, Torma a® = 2" H, CJIe10BaTEJILHO, AJI1 11
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)

HEYETHOTO M3 MOHOTOHHOCTH CTememwolt Qymxuuu x#  caesys
€T: a==z.
Takum o6pasom, AJs1 7 HEYETHOrO:

1 1\n
<an)ﬁ —\aq —a.
1

[lycrs n yernoe. Torpa, nonaras (a”)7=y, TONY YUM
a"=3y" u, CJenoBaTe/bHO, TaK KaK y IIPH JIOOOM @ — 4YHUCJIO
HEOTpHIaTe/bHOe, OyJeT HMETb MECTO DaBEeHCTBO y ==|al.

1\n 1

[onaras aT) =2 U yuMTbHIBas, YTO @ " UMEET CMBIC] IIPH
1 1
7 YETHOM TOJBKO A a==0, moMyuuM a” =z2" U, CJeio-
1

BaTEJIbHO, H3 MOHOTOHHOCTH CTENEeHHOH beHKHPIPI X" .CJIeJ.Iy€T2
a=z=0.

Wrak, n/s noJoXHUTEIbHBIX 3HAUEHHH @ U YETHBIX 7 OyLyT
1 1\~
CrpaBeAJIMBbE paaeacma(a") no—= (a n ) =a.
1

1 - -

—_— ng —— nin
JloKaxeN, 4To (x,,l) 2= x"": (119 BCEX X, €CU 11,1, —
HEYeTHble, U TOJMBKO g x =0, ecau no KpailHeil Mepe OnHO

U3 uMces] n, WM #, — uyeTHoe). [louemy oTHOCHTENBHO 1, U 7,
clefyeT JeJaThb TaKOe 3aMeyaHue?

1 1 1
[ycts y = x"x) m2, Torpa y™=x™, ortkyza y™""=x
1
¥, CJELOBaTEe/NbHO, y = X™"2, 4YTO U TPeOGOBA/IOCH 1OKA3aTh.
1 1\m

3ameuaHue. Bripaxenus x’") " 7 (.x" ) HMEIOT OZHO
H TO € 3HAYEHHE NIPH N HEYETHOM [JIs BCEX X M IPHU 1 YeT-
HOM TOJBKO asg x=s0.

HoxasateabcTBo. Ilycts m yeTHoe u 7 HeEYeTHOE.
Tormza x MoxHO OpaTth JI000r0 3HaKa.
1

Tonaras x”’);'_ =2=0, nonyuum x™=2", oTKyna:

(2 )7=11 )

1\m 1 1
Iosaras (x_") =U =0, nonyuum U”=|x"|, oTxyna:
(=) =15k ®
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L L\"
U3 pasencts (1) u (2) nonyuaem (z")"‘z (U ”‘) , OTKy1a:

t\mn
2t = [(U "t> ] = U"u, caenosaTesbHo, 2 = U, HO 3TO U 0O3Ha-

L 1m
yaer, y1o \ X" )" = x") .

[Mpennaraercsi CTyZeHTaM pacCMOTPETb CaMOCTOSATEJBHO
cayyau:

a) m, n—He4yeTHble (X MOXHO 6paTh JOGOrO 3HaKa, IO-
uemy?);

6) m—HeyeTHOe, n—ueTHOE (MOXHO O6paThb TOJBKO
x =0, nouemy?); .

B) M, 11— YeTHbIE (B BBIPAXKEHHH (x’”)7 MOXHO Opath X
1\m

J000ro0 3HaKa, a B BbIPaXKEHHH X") MOXHO 6path TOJIBKO
x=0. Torma mpu x=0 Oymer HMETb MECTO paBEHCTBO

1 L\™
(x"’) = (x") , TIouemy?).
§ 12. CTENIEHHASI $YHKIIHS C IPOBHBIM INOKA3ATEJIEM

Onpenenenue. Crenennoit ¢yHKIMe# ¢ APOGHBIM
m
MOJIOXMUTEJNBHBIM  JIOKAa3aTeJeM 7 Ha3blBaeTCs (YHKIHMsS Buaa

m 1
f (x)=x" =<x”’) " ,vhe m, n— Jio0ble HaTypaJbHbIe UHCIA.
YunTeiBast CHEJAHHOE BbllIE 3aMeyaHue, B JaJbHeiieM
cleyeT NMOMHUTBb, B KaKHMX CJy4asX MOXKHO IIOb30BATHCS Pa-

BEHCTBOM:
m 1\m
X8 = (x7> .

Ecii mokasaTesb CTENEHH — YMC/IO OTpPHLATesNbHOE (Zpo6-
m ]

HOE), TO YCJOBWJHMCbh CYHTaTb X "=-F

n

IMpu uccnenosanmy QyHKUMA ¢ ZPOGHBIM OTPHULATENBHEIM
MOKa3aTeJeM IIOJEe3HO MCIOJb30BaTh CBOHCTBA CTENEHHOH
GbyHKUMM C APOGHBIM TOJIOXKHMTENBHBIM MOKa3aTEeNEM.

PaccmoTpuM cBoficTBa CTemeHHOH (DYHKIKMH C APOOHBIM IIO-

JIOXKUTEJIBHBIM ITOKa3aTEJIEM.
m

1. Tlpu n nevetnoM Qymxuusi f(x)==x" oupenejeHa Ha
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BCEll YMCJIOBOH OCH, NPH # YETHOM — JHILIb Ha HEOTpHUllaTeJb-
HOH 4aCTH OCH 0X.

m 1
2. Pynknus f(x)=x"= <x”‘) " ABJISETCS CJIOXKHON (DYHK-
nueil cBoero aprymeHta x. s Teopemsl 0 HempepeIBHOCTH
CJI0XKHOK (YHKIMM CleyeT HeIpephBHOCTb PacCMaTPHBaeMO
m

Qymxumu £ (x)=x".
3. ITycts 7 newerHo. Torma msist m HeyeTHOro (YHKUMA

m

X" OyHeT HeyeTHOH kak HeueTHas (QYHKUMS OT HEYETHOIR
¢byuxuuu. B sToM cayyae rpaduk ee pacnosoxkeH CHMMETPUYHO
OTHOCUTEJIbHO Ha4dasa KOOpDAWUHAT. Ecmu xe m YEeTHOE, TO

m
¢GyHKIMST X " yeTHasd KaK HeyeTHas QYHKIMs OT YeTHOH (yHk-
mid. B atomM ciayuae rpaduk ee pacIOJIOXEH CHMMETPHYHO
OTHOCHTEJIbHO OCH OpJAHMHAT.

m 1\m

4. Pynkmua f(x)=x"r= (x") MOHOTOHHO BO3pacTraer
g x >0 xak QYHKIMA MOHOTOHHO BO3paCTamoulasg OT (yHK-
IIMd MOHOTOHHO BO3pacTaloLIei.

XapaxTep BbIIYKJOCTH KPHBOA B KaxJOM OTACJLHOM Ciy-
yae JIerKO YCTaHaBJIMBaThb IIPH NOMOIIM 3HAaKa BTOPOH IPOM3-
BonHoii. [loBenenue ¢yHKIMHM Ha GECKOHEYHOCTH YCTaHaBJIH-
BaeTCs IyTeM BBIYMCJEHHS COOTBETCTBYIOLIMX IPEIEJOB.

m

limx"=-oco0 npu MmobLIX m U 7,
x>+

i Z J —oo, ecau m, n— HEYETHLIE
x_fn_’f,, ~ | + oo, ecim m uyeTHOe, n— HEYETHOE.

5. OcHoBHblEe CBOICTBa CTENEHU C LEJBIM IIOJOXHTEJNbHEIM
noKasaTeseM COXPaHAIOTCA C YYETOM CHEeJaHHOTO Ha CTpaHH-
e 34 saMeyaHus 4 B CJIy4yae CTEHEHH C IPOOHBIM ITIOKa3aTeJ/eEM.

ma
my\ — mymo
™\, mymy
o)k =
1
my\mg 1 \m,| ™\ %;
Joka3aTeabCTBO. XM )2 — X1 =

L\ mm] o 114 L mm

= |\xm P [\ x™™a )| TP =\ x™My |Bina — x 0y 02,
me 7 Ty B2
6) xMm.xtr=x™ ",

my | ma myna -+ nyma

IloKa3aTeaAbCTBO. X™  Mm=x MM =—
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1\ mnz - nyng 1 \mn, 1 nyng iy Byl
e | XMN2 =\ xMn: XM ":) == X ™2, X 13 22

m, Ma

= X"1. X",

m m
6. Ilpu x>1 u — > ;2 GyIeT MMeTh MECTO HEPAaBEHCTBO

ﬁ ﬂz_ 1 2
X "l> X ™, 910 HEPaBEHCTBO JIEMKO IONYy4YaeTCa U3 pacCMOT-

my
T my -y

X - o e
peHus OTHOUICHHHE KaK IpOU3BEIACHHUSA (I)YHKIIHPI XM . x T2,

x2

JloxaxuTte yTBepAeHHE NYHKTa 6 CaMOCTOATEJBHO.
2

ITpumep. f(x)=x3.

U3 mpuBenenHbIX uccienoBaHui NyHKTOB 1—4 BHAHO, 4TO
JaHHasg QYHKUMS OmpeleJseHa W HENPEphIBHA Ha BCEH UMCJIOBOM
OCH, ueTHas (CJeZOoBaTeNbHO, JOCTATOYHO MCCJAENOBAaTbH (yHK-
IHMIO ¥ TOCTPOMTH ee rpadux Jumb s x =0, Janee uCIosb-
30BaTb CHMMETPHIO), MOHOTOHHO BO3DAaCTaerT.

Hccnenyem xapaxTep BbIIYKJIOCTH KDMBOH:
1

, 2 -3 o
f (x):——§x 8; nmpu x=0 NpousBOAHO! HE CYIIECTBYET,

4

2 —_——
Kacate/bHas BepTukanbha. Tax kak f”(x)=—5x <0,
TO KpHBas BClOAy OOpallleHa BBITYKJOCTbIO BBEPX (uepT. 9).

Y

Yepr. 9.

2
[Tpumep. f(x)=x 3.
HanHas Qynxuus onpeleseHa W HENpepbIBHA Ha BCEH umC-
JIOBO¥ OCH, KPOME TOuKHM X =0, YeTHas, MOHOTOHHO yGbIBaeT
s x> 0.
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(TTouemy?)

w| o
w| ™

lim x =0, lim x

X>® x—=0

n v -3
[T x)=gx >0, crexoBaTesbHO, KPUBas BCIOAY BHITYKJA
guu3 (uept. 10).

~ - ——

Yepr. 10.

3adaui 0458 CAMOCOSMENbHOZ0 PEULCHILST
HccnenoBath QYHKIMH U TOCTPOUTH HX rpaduxu:

2 3xP—x—2
1) y=x*—5x*44; 5) y—x"+5j§+7,
3 28— x2—2x41,
9) y=x 24 1; O y="m"5"¢
2 __5x—2,
3) y=x3+1; N y=z13
_ o xX¥—2x41, 241
Y y=Fray1’ 8 y=5"3-

PaasioxuTh Ha npocTefine Apo6H CleyIolIKe PalHOHANBHEIE
dynxuum:

x24+3 x*4+9
9) x®— x*—6x° 13) (x2—|—2x—|—3)(x—|-3)’
xX*—2x+2 . x*+1 .

10) x(x—1)(x+2)(x—3)° 14) x3— dx*+6x’

v 3xP—2x41 3x*+2x+1
1 GFIrx—2° 15) FEFd(x—3)°
12) 2x®+3x—5

GFIFETFD)’

39



II. 9JIEMEHTAPHBIE TPAHCUEHAEHTHBIE ®YHKUHWU
§ 13. CTENEHb C HPPALIHOHAJIbHbIM NOKA3ATEJIEM

[lyctb @, B — BellecTBeHHblE uyMCIa, ¥ U 7' — J00bIe pa-
IHOHAJIbHBIE YHCJA, TaKHe, YTO

rp<r. (1

Onpeneaenue. CreneHplo yucaa o. > 1 ¢ HppanroHaIb-
HBIM IOKasaTeseM [ HasbIBAaOT (M 0003HAYAIOT CHMBOJIOM af)
BELIECTBEHHOE YMCJIO Y, COJepiKalleecs MexAy CTENeHAMH o
o’ a" <y<a", rae r u r' —mobble pauKOHaJNbHBEIE YHCIA,
yZzosJjeTBopsiomue HepaserctsaM (1).

JlokaxxeMm, YTO TaKOe YHCJIO Y BCEria CYHIECTBYET M IpH-
TOM — OJIHO.

Hs ceofictea 6 (ctp. 38) ciexyer, uro Jobas cTeneHb
o’ ecTb BepXHfAA TpaHMIA MHOXeCTBa {a’}, CJELOBATEJbHO,
MHOXECTBO CTeNeHefl o/ OrpaHH4YeHO CBEPXY, U, CJIEAOBATEJbLHO,
IO TeopeMe CYlIECTBOBAHHMS TOYHO! BEDXHEH I'DaHHMIbI OrPaHH-
YEHHOTO YHCJIOBOIO MHOXECTBA, OHO MMEET TOYHYIO BEPXHIOIO
rpanuny y>0: y==sup {a"}. Torna

o<<y<<a”, 2

BBuay TOro uto BO3MOXHO YBEJHYHBaTb ¥ U yMeHbLIATb 7',
3HAK PABEHCTBA HEOOXOAUMO HCKJIOYHMTD, a Toraa o < y<la”,
yTo U TpPebOoBaJOCh JOKa3aThb.

JoxaxeM, YTO YHMCJO Y, ONPENEIAEMOe M3 YCJOBHH o <
<y<o”, eNVHCTBEHHOE.

[IpeamonoxuM, YTO CYIUECTBYET APYroe YHMCJIO Y', YHOB-
JeTBopsolee HepaseHcTBaM o <y < e”. Ilycts o <y<C
<y <a”. Torma 0<y —y<{a” —oa’ H, CJ€00BATENHHO,
IpY CIEJAaHHOM IPEANOJIOXKEHUH Y=Y pasHOCTb &’ —a' He
MOXeT ObiTb CeJaHa MEHbLIE HEKOTOPOro uucaa y' —y.
B neficTBHUTEIBHOCTH e Pa3HOCTb &’ — a” MOXeT ObITh Cle/aHa
MeHblie J0O60ro, CKOJMb YromHo Masoro yucaa € > 0. [Toxa-
KEM 3TO.

o —

Iycts n>(——s—1)l . Torma 1<a<<1 —]—n-% < ( 14- %)"
1 1
Orcioma 1 <<a?™ < 1—}—75, otkyna 0<la ™ —1 <%,
Ecau 7 u 7 B3aTh Taxk, uTOOB! BBHINOJIHAJIHCH HEPaBEHCTBA
0Lt —r <% , TO OyJIeM HMeTb:

40



1 €
0<a"—a’:a’(a""—l)<y<a"——l) <y 7 =-=.

Hrak, pasHocte o’ —o” OyneT MeHbLIe JI060TO Hamepex
3aJIaHHOTO TIOJIOXKHTEJbHOTrO uncaa. Ho oTciona cpasy ke cue-
AyeT, YTO uuc/Ja Y U Y PaBHBL

OcHoBHBIE CBOMCTBAa CTENEHU C HAaTypaJbHbIM IIOKa3aTeseM
COXPaHAITCS H B CJay4yae CTENeHH C MppalHOHAJbHBIM TOKa-
3aTeseM.

a) a*-af=a"*¥;

6) (@")f=a™.

HokasaTteabcTBo. a) [lycts a u B — uppalroHabHbIE
uhcaa, #, r' R, R — no6ble palMOHATbHBIE YHCJA, TAKHE, YTO

r<oalr (1)
"
R<BLR. 2)
[Tycte a>1. Toraa, cknageiBasg HepaBeHctBa (1) u (2),
O6yzeM HMETb:
r+R<o+p<r+R. ®)
[To omnpenenenuio cTemeHu, yuuThiBasg HepaseHCTBa (1),
2), (3):
a<la<a’, 1)
AR <aR, (2)
AR "< a" R, 3)

3ameuanue. Ecm o ABAfeTCA palMOHANBHBIM YHC-
JIOM, TO HepaBeHCTBa (3) u (3') MOryT mepedTH B paBEHCTBa.

Tax kax ast paulOHaJIbHBIX TIOKas3aTesel HMeeT MecTo Ipa-
BUNO a’-aR=a"*R (ctp. 37, cBoiicTBO 5 6), TO, IEpeMHOXKasT
HepasencTa (1') u (2'), momyumm:

a TR Pal bR, 4)

HUrak, uncia a*-a® u a@’*P 3akmioueHsl MEXIY OLHHMH M
TEMH )K€ I'DaHHIAMM, PasHOCTb KOTOPHIX MOXKeT GHITh CesaHa
KaK yrogHo Manoit (MeHbue Jo6oro e€<C0), clezoBaTesNbHO,
OyZeT uMeTb MECTO paBeHCTBO a-af=a’"®, yT0o M Tpebosa-
JIOCh [J0Ka3aTb.

6) Paccmotpum cayuadt, xorma o>0 u B>O0 (zpyrue
C/Iyyau PEKOMEHAYETC PacCMOTPETh caMoCTosTenbHO). Torza,
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ecd v U r’ GyAyT mocTaTouyHo OuMsk¥ Kk o, a R u R’ 6ynyt
JocTtaToyso Omskd k B, 10 £, 1, R, R’ 6ymyT TOoxe mo-
JIOXUTEbHBI.

M3 mnepaBenctBa (1) u (2), no ompeneneHdio CTenmeHw,

HMeeM:
(@R (@) <(a")®. ()

C npyroit cToposbl, ymHOXas HepaBeHcTBa (1) u (2):

rR<af<r'R', u ucnoie3dys ompeeienue ctemexd (a > 1),
OyneM UMeTb:

AR a®<a'R. (6)

Tak xak mpaBuwIO myHKTa ,06“ J/IsT PAaLMOHATBHBIX IOKa-
3aTeseil ObLIO [OKa3aHO paHee, TO W3 HepaBeHCTB (D) u (6)
Ccpasy Xe CJeIyeT PaBEeHCTBO:

(a’)B =q’8,

4YTO U TPe6OBaIOCh JOKa3aTh.

§ 14. IOKA3ATEJIbHAS ®YHKUHS,

Onpenenenue. [lokasaTe/pHON, WM 3KCIOHEHUHAJb-
HO¥ (,, 5KCIIOHEHT “ TI0-/IaThIHK O3HAYAET ,TI0Ka3aTesb “),QyHKIue
HasbiBaeTca QYHKIMA Buga y==a, rme a=—const, a>0,
a=~1, X —HesaBuCUMas IepeMeHHasl.

O6sacTbI0 ONpeneseHust MOKa3aTeNbHOR QYHKIMU ABJISETCS
BCA YHMCJOBas OChb.

CeoiicTBa. 1. Ha Bceit uucnoBoif ocu IOKasaTe/bHast
¢byHKnus noJoxuTe bHa: Yy ==a* >0.

INokaxem 3TO.

a) Ilycte x=n, Torna y =a*=a-a---a>0 kak npo-
H3BEJCHHE TOJNOXHUTEJIbHEIX MHOXHTEJEH.

J4 FR -

6) Ilycts x="7¢ , TOrma y=—a ¢ =l/a”>0, TaK KaKk B
KauecTBe 3HauyeHusl QyHKLMM Oepercss NOJOXHTeJIbHOEe (apud-
METHYECKOE) 3HAUEHHE KOPHS.

B) IlycTb Xx=ua, rae o —mob6oe HppALHOHAIBLHOE YHCIIO.
Torma y=a". Ilo onpexenenuio (ctp. 40), cTenessio ¢ uppa-
IMOHATbHEIM TIOKa3aTeJeM 0. Ha3hbiBAaeTCA YHC/IO Y==a", yIOB-
JIETBOPAIOLIEE HEpaBeHCTBaM a’ < y< a’, THE r U r' — Jo-
6ble palMOHAJbHBIE YHC/IA, MEXIY KOTOPHIMH 3aKJIOYEHO Hppa-
LHMOHaMBbHOE uMcao a: r<a <r'. Tak kak a” >0 (corsmacuo

42



nyHKTy ,06“), To ¥ y=a">0 KaK uuCJO, NPEBOCXOAAIIEE
TOJIOXKHUTEJBHOE YHUCJIO.
2. IlokasatespHast QYHKUMA y=a” npu @ > 1 MOHOTOHHO
BO3pacTaer.
My _my

I
a) Mycre x, =72, Ky=7 1 X, < X,

Torza a*' <a*: (cmotpu ctp. 38, cBoiicTBO 6).

6) [lycts x,=r, x,=§ (§ — uppauMOHaIbHOE YMCJIO) H
r<p<r'. Torga Ha ocHOBaHHMM HepaBeHCTB (2) (ctp. 40) us
r<B<r’ BblTekaloT HepaBeHCTBa a’ < aPf < a’.

B) [lycts o, <a, (2,, &, —HppalHOHadbHEle uMcaa). [lo-
KaykeM, 4TO M B 3TOM caydae Oyzet a™ <a™.

[Mycts o, <r<o,. [lo onpexnenennio creneHu ¢ uppauu-
OHAJIHBIM TOKa3aTesieM @™+ < a” < @ ,0TcIoja cpasy Ke Io-
JydaeM TpebGyeMoe HepaBeHCTBO a’t < a'™ .

MoHOTOHHOCTh (YHKIMH y=a* m1a a > 1 serxko noxa-
3aTh, IOJb3YSCh NPOU3BOAHON. B camom nene, y'=—a*lna >0
st @ >1 u mobpix 3Hauendit x. CaexoBaTesbHO, (YHKIUs
y=a" MOHOTOHHO BO3pacTaeT BCIOAY B 00JIaCTH ONpele/eHus.

3. IlokasartesnbHas (yHKHMA y=—a* HempepniBHAa Ha BCei
YUCJIOBOM OCH.

Jlas IoKa3aTeJbCTBA 3TOTO YTBEPKIEHHsT IIOKAXKEM, 4TO
OeCKOHEYHO MasloMy IIPHpAILEHHIO apryMeHTa 6yIeT COOTBET-
CTBOBaTh GECKOHEYHO MaJjoe NpHUpallleHHe (YHKLHH.

Paccvorpum |Ay [=|a*t4% —a¥|=a"|a** —1]|.
[Mokaxem, yto mist @ >0 Oyzmer lim a**=1.
Ax—>0

PaccmoTpum chavasna cayuait, korza a > 1.
a) Ilycrs 0 <TAx < '11[ (n —muarypaapHoe uucsio). Torma
1
a** < a™ u, CIefOBaTeNbHO, | at* — 1 |<]a%—1 |=a %—1.
Tax kak ana n> a;sl (cmotpu ctp. 40) Gyzmer a_'il -
— 1 <&, 1o, caemoBaTesbHO, lim @A*¥=1,

Ax-—>8
Ax >
6) Iycts Ax<C0. Tlonoxum, Ax= —¢, t>0. Tak kax
_ 1 . .
a**=q'=—, 10 lim a“_—_hm—lt—=l.
a Ax—0 t=0a
Ax <0 t>0

Urak, ana a>>1 U3 CymiecTBOBaHWsS W COBNAAEHHS Ipe-
AENOB CJeBa W Clpasa (IyHKTBI ,a“, ,6“) CaeLyeT CyluecTBo-
BaHue IpejeJa:
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lima®* =1.
Ax—0

I[Tycte Teneps 0 < a < 1. [Tonoxum a:% , ¢>1. Torna

. . 1 \Ax . 1
lim @* = lim (—) = lim =1
Ax—>0 Ax—>0 Ax—0°€

Takum o6pasom, mpu awbom a>0 O6yzer lim et =1,
Ax—0

DT0 3HAyMT,yTO A Joboro ¢ >0 cymecTByeT Takoe ¢ (e) >0,
yro u3 0<|Ax|<{é Oymer caemoBaTh [a** —1|<e, a
cJIe0BaTeNbHO, |Ay |=a*-|a** —1|— 0 (nmpousBexneHye BeJu-
YHHB! OTPaHMYEHHOI Ha BeJUUYHHY OeckOHeyHo MaJayo). Ho sto
M O3HayaeT, yTo (YHKUMS y=—a”* HeNpephIBHA.

4. T'padux noxasatenbHOR GyHKUMH y=a* npu JM0OGOM
3HAYEHHMM @ OOpallleH BBITYKJOCTbIO BHU3. IJTO JIETKO YCTaHaB-
JIMBAa€TCA INPM NOMOLIM 3HAaKa BTOPOH INIPOM3BOAHOM: y"=—
=a*-In*a>0.

5. TloBenenue ¢yHxuuu Ha GECKOHEYHOCTH YCTHOBUM IIPH
TIOMOLIIM BBIYHCJIEHHSI COOTBETCTBYIOIIMX IPENEJIOB:

s a>1: lim =0, lima*=o0;
X—>—0 X >0
s a<l: lim @*=o0, lim a*=0.
X=>—® X —>®
[Toxasatenvras dyHkuust @ pacrer (w1 a>>1) wm y6bl-
BaeT (maa a<1) Geic-
Tpee Jo6oi CTelen: X.
Peromennyercs moka-
. 3aTb 3TO CaMOCTOsI-
o TEJIbHO, BOCIO/Ib30BaB-
mmce npasuiom Jlonu-
TaJIsl.

[lpu  mocTpoenun

rpaduka IOKa3aTesb-

0 x Hoit QyHKuMH y=a"
(a> 1) cnenyer yuects
Yepr. 11. OBICTPBII POCT €€ NpH

X —o00. B camom nene,
y'=a"lna, HO y'=—tga wu, ciemoBaTespHO, tga—=—ca*lna.
Jlerko BumeTb, 4to mpu x— o0 U a>1 Oyner tga— oo.
Ecmn a<1, To mpu x— oo OGyzer tga— 0.

YuuThiBas NPOBENEHHOE HCCJENOBAHHE, MOJYUHM 3CKU3BI
rpaduxos Qynkumit: y =a* (a>1) u y=a* (a<1) (uepr. 11).
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Has rpaduka noxasatesbHO! QYHKUMH B OT/IMYHE OT Trpa-

¢ukoB apyrux OyHKUMI XapaKTEpPHO TO, YTO NOKAa3aTesbHas
KpHBasg B JIIOOOH TOUKE MMeeT

OIHYy M Ty Xe IO BEIHUMHE NOoZ- Y

KaCaTeJbHYIO.
HsBecTHO, uTO INOAKaAcaTe/b-
HOi TP HasplBaeTCs INPOEKLUS Mix,y)

kacatenbHOH TAM Ha och X
(uept. 12). O6osHauas moxakaca-

TeJbHYyI0 yepe3 sbf (subtangens), 0 o
OyneMm HMEThb: T ) x
o _ Yy a* _ YeprT. 12.
sbt =TP= ¥y~ a*lna” lna
== const.

DTO CBOHCTBO XapaKTEPHU3YET MOJHOCTHIO TOKAa3aTENbHYIO
GbyHKIMIO, ¥ TOJNBKO €e€.

§ 15. JIOTAPHOMHUUYECKAS $YHKUHSI.
CYIWECTBOBAHHE JIOTAPH®MOB

Onpenenenue. Jlorapubmuueckoit ¢yHkuuel mpu ocHo-
Banud a >0 HaspBaeTca (QyHKuusa y —log,x, obpaTHas moKa-
3aTesbHOH (QyHKIMH X=0a’.

Tak KaK MHOXECTBO 3HAYEHHH IOKa3aTeNbHOH (YHKIMU
X=0" eCTb MHOXECTBO, COCTOsALIEE TOJbKO M3 yuces x >0
(ctp. 42, coiictBo 1), TO Jorapudmuueckas QGyHKUUSA Y=
= log, x ompenenena Jumb a1 x > 0.

M3 paccmoTpenus mnokasatesnbHOH GyHKIMM X=a” u 00-
patHO# el Jsorapupmuueckoit GyHkIMM y =log,x moJyuaeMm
M3BECTHOE M3 IIKOJLHOrO Kypca ONpeleeHHe Jorapudma:
aorapudmMoM uucJaa X Ipu ocHoBanuH a >0 u a=41
Ha3plBa€TCSl IIOKA3aTesb CTENEHH yJ, B KOTOPYIO Hag0 BO3BbI-
CHUTb OCHOBaHHE @, YTOOBI NOJIYYHTb YHCJIO X:

alogaX — X.

ITosyyeHHOE TOXAECTBO TO3BOJSET BCSKYI) CTEIEHHYIO
bynknuio y =x* (x> 0) npeacTaBuTh B BHIE:

y= (alogax)a — q*108a¥,

BripasuB CcTeneHHyo (yHKIMIO Hepe3 IIOKa3aTeJbHYIO,
MOXHO BBIBECTH CBOKCTBa CTemeHHOH (YHKUMH (B YaCTHOCTH,
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C VppalMOHaNbHBIM IIOKa3aTeJeM) M3 CBOMCTB NOKA3aTeJIbHOH
dynxuun (cmotpu § 17).

M3 HenpephBHOCTH 1 MOHOTOHHOCTH NPAMOH (QYHKLIHH Yy =
=a”, 110 TeopeMe 0 CyILeCTBOBaHUU 00paTHOH (PyHKIMH (CTP. 32)
Cpa3y Xe CJeLyeT CyLIeCTBOBaHHE Jiorapumos: Jorapupmu-
v y=loggz,apr  “€CKaS bysknua y =Ilog,x B

obnactu ompenesesus (0, oo)

HEeNpPEPBIBHA ¥ MOHOTOHHA (aJ1st

a>1 oOHa MOHOTOHHO BO3pac-

TaeT, 111 @< 1 oHa MOHOTOH-

HO y6bIBaaeT). JTO 3HAYUT, YTO

pasg a >0 u moboro BeulecT-

1 BEHHOro uucaa x >0 cyiuecrt-

0 x BYET OZHO U TOJBKO OJIHO 3Ha-

YeHHe y, NpPH KOTopoM @’ ==
=Xx WM y=log,x.

Hccnenyem nosenpenue Jio-
rapupmuueckoi  GyHxuuM Ha
KOHIAx uHTepBaja (0, oo), BbI-
UMCJsAs COOTBETCTBYIOIME IIpe-

y=logx,a<?

JeJIbL.
Yepr. 13. JokaxeM, yto s a>1
Gyner lim log,x = oo.

X —>Q0
[Mycty log, x=¢. Torma a'=x wu, cJeloBaTeJbHO, U3
X— oo mpu a>1 crepyer t— o0, T. e, limlog,x=o0.

X—>w

Touno Tak »Ke MOXHO IIOKa3aTb, 4TO IJaa a>1 Oyner
lim log,x = — oo.
x>0 . .
Ina a<1 6Gyzer limlogx=—o0, limlog,x=cc.
X—> x—0

Pexomenayercs IOKa3aTb 3TO CaMOCTOSATEJBHO.

Tak kak a’=1, to log,1 =0.

Ackusbl rpaduxoB JorapudmMuyeckux GYHKIMHA HaHBI Ha
ueprexe 13.

[Tpu mo6oM ocHoBaHuH @ rpaduky Jorapudmuyeckux GyHk-
Huit mpoxoAat yepes Touky (1; 0).

[Nonbaysice IPOU3BOAHOM, JIETKO NOKa3aTh MELJIEHHBIH POCT
Jorapudmuyeckoit Gynxuuu log,x npu x— oo (@>1). B ca-

MoM JZene, tga=y’=—-10g,e H, CIEe0BATE/ILHO, IPH X —> 00

6yner tgo— 0.
CpaBHuTe rpaduku nokasaTeabHOil QYHKIMH U Jorapudmu-
4yecKoi (QyHKUHMH IPH X —> Oo-
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Hcnonesyss TOMIECTBO a'°%«¥==Xx U CBOHCTBa CTENEeHH,
JIETKO JI0Ka3aTh CJeLyIOLiHe TeopeMsl O Jorapudmax.

1. Ecin npu JaHHOM OCHOBaHMM [BAa YHCJIAa MMEIOT OJMH
H TOT Xe Jorapud, TO 3T YHC/Ia PaBHBL

ITO yTBEPXKIAEHUE CJELyeT U3 MOHOTOHHOCTH Jorapudmu-
4ecKoit (YHKUMH.

3ameuaHune. YTBepKAEHHE NYHKTa 1 MOXHO JAOKa3aThb
3J1eMEHTapHbIM Iy TeM.

I[Tycte log, x, =log, x,. Torza

xl — alogax, — alogaxz — xz’

yTO U TPeb6OBasOCh NOKa3aTb.
2. Jlorapuhm HpPOU3BEIEHHSI MOJOXHUTENbHBIX COMHOXHTE-
Jeil paBeH CyMMe Jorapud)MOB 3THX COMHOXUTEJEH.
JloKa3aTenbCTBO PEKOMEHAYETCS IPOBECTH CaMOCTOSITENBHO.
3. JlorapudM 4aCTHOrO NOJIOXUTEJbHBIX YHCEJ paBeH pas-
HOCTH JIOrapu(MOB JIEJUMOTO H JEJUTEss

HoxkasateabctBo. Ilycte x>0, y>0. Tak kak
X
X=aqa'%8*, y=a'%y TO 7= a'°ge¥—logay  y  csaenoBa-

TeJbHO, log, yﬁzlogax —log,y.

4. JlorapudM CTemeHH NOJIOXKUTEJNbHOrO YHCJa PaBeH IOKa-
3aTeNI0 CTENEHH, YMHOXEHHOMY Ha JsiorapudM AaHHOTO YHCJa.

HokasateabctBo. [lycte x>0 —gaHHOEe uymcao.
Torza x=a'*%* u x* =q*!°%*  cJem0BaTE/NbHO,

log, x* =ualog, X,
yTo U TPe6OBaJOCh HOKA3aTh.

§ 16, CBA3b MEXAY JIOTAPHOMHUYECKHMH ®YHKUIHSIMH
C PA3HBIMH OCHOBAHHSIMH

[IposiorapudMupoBaTh TOXKAECTBO — 3TO 3HAYMT B3ATh OT
ofenx wacTeit ero sorapudM IO 3aJaHHOMY OCHOBAaHHIO.
INposorapudMupyeM TOXAECTBO X == @Q!°%«* 10 OCHOBAHMIO b:

log, x = log, (a'°¢=*)
W
log, x =1log, x-log, a,
OTKyJa:
__ logyx
~ logya®

log,x



[Tonyuennasi popMysa nO3BOJISET BBIPA3HTh JIOrapudM Hexo-
TOPOr0 YMCJa X, B3ATHI 1O OJHOMY OCHOBAaHHIO, Yepes JIo-
rapupM TOro )Ke YHCIa X, B3ATHIA 1O APYroMy OCHOBAHHIO.
Tax, Hampumep, 3Has 3HauY€HWs HATYPaJbHBIX JOrapudMOB Y-
ceJsl, JIeTKO IO HHM TOJYYHTb 3HAaYeHHsl JECSATHYHBIX Jorapud-
MOB TeX e 4uces, H 00paTHO:

Inx
Inl10 *

logmx =

1 o o
Kospduuuent 15, mNepeBoAslMli HaTypalbHbI Jora-

pudM B HeCATHYHBIA, Has3blBaeTCS MOJYJEM Ilepexona u 060-
3Havaetcs M: 1
M= 135 = 0,4343.

Takum o6pasowm, lgx == 0,4343 Inx.

Hwmes rpaduk Jorapupmuyeckoit GYHKIHH IO KaKOMY-THOO
OCHOBAaHMIO @, MOXHO M3 HEro IOJyuuTb rpacdux Jorapudmu-
yecko# (YHKIMM TO JpPYroMy OCHOBAaHHIO b IIOCPEACTBOM
pacTsikenus rpacduka nepBoit GyHKIHK IO HaIlPaBJIEHHIO OCH 0Y.

B uactHOoCTH, ecnu ocHOBaHMs JsorapudMuuecKux (yHKUH
o6paTHbl 110 BeJUYHHE, TO HX rpaduku OyAyT PacIoJIOXKEHH!
CHMMETDHYHO OTHOCHMTENBHO OCH 0Xx. B camom mene, mo dop-

MyJie Iepexofa OT OJHOI'0 OCHOBAHMs JIOTapu(MOB K JIpyromy,
HMeeM:

log,x log,x o log X
aXe

logix= = —
T logaTll_ log,l — log,a

§ 17. CTENNIEHHAS ®YHKUHS
C HPPAIIMOHAJIbHBIM HNOKA3ATEJIEM

Ounpenenenune. Pynkuusa Buga y =x", rae a —uppa-
[VOHAJbHOE YKCJIO, HasbiBaeTCsl CTENEHHOH (yHkuued ¢ mppa-
IMOHA/IbHBIM TIOKa3aTeJeM.

®yuxuus onpenenera Ha noaycermente (0, oo), ecmm a >0
u Ha uarepBate (0, oo), ecmn a<0.

s u3yueHus: CBOHCTB CTENEHHON (QYHKIMH C HPPALMOHA/Ib-
HBIM TIOKa3aTeJeM IPEACTaBUM ee B BHAE CJIOXHOH (yHKIMH,
TNIONY4YEHHOH OT CyNEepHO3UUHKM (HAJMOMXEHHs) JorapupMUUecKoi
U TOKasaTeJbHOR (QyHKuuil y = a*'°%«* (cmoTpu § 15) wim mpu
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HOMOWY UCNOuKY pasexcts: y==d', rac t=alog,x (cuu-
TaeM a > 1, x>0).

M3 HempepbIBHOCTH JOrapudMuUyeckoil M IOKa3aTeJNbHOM
bynxiwmi crenyer (o TeopeMe HEeNPepHIBHOCTH CJIOXKHON (yHK-
MM, JOKA3aHHOH BO BBELEHMH B aHA/IM3) HENPEPLIBHOCTb CTe-
neHHoi QyHKumH.

PaccMoTpum moBeseHne (YHKUMM B OKDECTHOCTH HyJs U
Ha GOecxoHeuHocTH. Mmeewm:

Tak Kak limf=—o0, limal=o0 u

x>0 t>w
a>0
lim f=—o0, lima'=0.
x> ts>—w
<0
fimpre | 2220
x>0 o oo, OL<0,
TaKk Kak lim f=—oo, lim a’=0 u
x>0 t>—m
a>0
lim t=oo, lim at=oo.
x>0 1>
a0

I/Icg.nenyeM ¢GyHKIMIO y=Xx" Ha MOHOTOHHOCTb: J’==
0" .
Tak kax 3’ >0 mma «>0, To byHKuus y=Xx" MOHO-
TOHHO BO3pacTaeT B 00/acTH ompexesneHus. Tak kak 3’ < 0
s ¢.<0, To QyHKIMA y ==X" MOHOTOHHO yObIBaeT B 00Jia-
CTH OIPEJENEHH.

3ameyanue., MOHOTOHHOCTh (QYHKIMH y = X" OYEBUIHA,
€C/IH NPEeACTaBUTb €€ B BHAE x’==e*!7*¥ (cmoTpH CTp. 43).

I'pabux dynxnun y=x" npoxoaut uepes Touky (1; 1).

M3 cpoficrs noxasaresbHoil (yHKNMH CleLyeT, 4YTO YIS
a, <a, rpapug Qynxnud  f(x)==Xx™ OyleT JexaTb BBILIE
rpabuka dysxmum ¢ (x)=x"% ecm 0<x< 1, u HIXKE Tpa-
duka byHxuum ? (x), ecmn x> 1. I'paduxu dyskumi f(x) =

=X"H¢(X) =X * B3aUMHO CHMMETPHYHEI OTHOCUTEBHO GHCCEK-
TPHCHI J ==X,
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§ 18. TPHTOHOMETPHUYECKHE ®YHKIHH

1. OCHOBHbIE TPUrOHOMETpPHYECKHE (YHKLUMH: CHHYC
4 Kocunyc. Paccmorpum B maockoctw XOY |, eIMHHYHBLHR
kpyr* (sept. 14).

DBynem mavanwho#f Toukofi cuutaTh TOuKy A. Touka M
MOXET JBHTaThCs IO OKPYXHOCTH KaK IIPOTHB 4aCOBOH CTPEJIKH,
TaK ¥ 1O 4acoBOH cTpeJKe. IToJIOKHUTEJbHBIM HanpaBjieHHEM

CYHTAIOT TO, KoOrjga Touka M
¥ JIBUXKETCA TIPOTHB 4acOBOH CTpeJ-
kd. JIBuxenue TOukM M TmO

M OKDYKHOCTH He OrpaHHYMBAETCH
x OJHUM IIOBOPOTOM.
Z e ITycts ToOuka M aBuxeTCsS
o B|A x Y

IO OKPYXHOCTH NIPOTHB 4YaCOBOH
crpesku. [Tonoxenue Touxu M Gy-
JIEM ONpEneNATb IJIMHOH X AYTrH
AM. Abcuucca X u opauHaTa Y
Yepr. 14, TOukH M ABASIOTCA  (DYHKUUAMH
BEJIMYHHBI X, Ha3bIBAEMBIMH K O C M-
HyCOM M CHHYycoM: X=cos x=0B, Y =sinx=MB.

B maTemaTHueckoM aHa/iM3e B KaueCTBE HE3aBHCHUMOH mepe-
MEHHOH TPUIOHOMETpHUECKHX (YHKUMII BCerja NPHHHUMAETCs
panuaHHas Mepa AYyTM WIM YIJa: YCJOBWJIHMCh B KauyecTBe
€IMHHIBl M3MEDEeHHs Iyr M YIVIOB NPUHHMATb PajuaH — IEHT-
pasibHBIA yroJ, KOTODOMY COOTBETCTBYET Ayra OKDYKHOCTH,
mo JJMHe paBHas pamuycy (57°17°44",8). Tak, Hampumep,
sin 2 =~ sin 114°35'29",6. Jra Mepa yxe IpUHATA B IpeIINECT-
BYIOILEM TEKCTE.

B panuannoM wusmepenun ¢OpMyJsBI MaTeMaTHYECKOTO aHa-
JIi3a, OTHOCSIMECS K TPUIOHOMETPHYECKHUM OYHKIHUAM, NpH-
HUMAIOT Hau6oJiee IIPOCTOi BUI.

M3 Teopemsl [Tudaropa cpasy xe crenyer: cos®x—-sin®x=I1.

Tak Kak onpese/esie OCHOBHBIX TPHTOHOMETPHYECKUX (yHK-
I CBSI3aHO C DPAcCMOTPEHHEM OKDYXKHOCTH, TPHUIOHOMETDH-
yeckne (DYHKIMM MHAauye Has3bIBAOTCA KPYTOBBIMH.

Hanomuum nexoTophie cBoiicTBa (yHxuuit sinx ¥ cos X.

a) sinx U cos x — (QyHKUMH, ONpezeseHHble Ha BCEH uuc-
JIOBOH OCH (3TO cpasy e CJeLyeT M3 ONpele/]eHHs 3THUX
dyHKImin).

6) sin (x4 2m)=sinx, cos(x- 2n)=cosx, cJenoBa-
TeJbHO, QYHKUHMHM Sin X M COS X SBJSIOTCS IEPHOIUYECKUMH,
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2n — nepuoz Gysxuuit sin x 1 cos Xx. PekoMenayercs camMocTosi-
TeJbHO II0Ka3aTh, YTO 27 ~— HaUMEHbIUMH IIOJOKHTEbHBIH
nepvon QyHKUMi sinx u cos x.

B) cos (— X)==cos X, sin(— Xx)=—sinX, caenoBartesnbHO,
cos X — QyHK1Mst yeTHas, sin X — QyHKIMA HeyeTHas.

r) GyHKIMM SinX W €OS X HENpepbiBHbI Ha BCEH YMCAO0-
BOH OCH.

JloxaxkeM HempepbIBHOCTb (DyHKIMH ¢ (X)==sinXx B TOuKe
xX=qa.

Jlns [OKa3aTesbCTBa IIOKAXEM, YTO AJs JH0OO0ro 3aaHHOro
¢>0 wmoxeT OBbITh HaiIEHO COOTBETCTBYIOLIEE 3HAUEHHE
¢(e) >0, yzmoBieTBOpSIIOLIEE YCJIOBHIO HENPEPHIBHOCTH (QYHKIHH.

Ouenum CBEPXYy MOAYJb Pa3sHOCTH:

I@(x}—c?(a)|=lsinx_sinal:l?°°Sa-er—x'S“’x";—al<

<2|sinx; fl<2- |x;a|—_—|x——a|<e.

BasiB ¢ <Ce, mosyumM, 4TO HEPaBEHCTBO |sinx —sina|< e
MMEET MEeCTO BCAKMH pa3, Kak ToJpKO |x—a|< 0. Hempe-
poiBHOCTE (DYHKIMH @ (X)=sinXx B TOuKe X=—a [OKa3aHa, a
TaKk KaKk TOYKAa @ — IIPOM3BOJBHA, TO TEM CaMbIM JOKa3aHa
HENPEPHIBHOCTh (DYHKIMH sin X Ha BCeil YHCJIOBON OCH.

TouHOo Tak e MOXHO JOKa3aTb HENPEPHIBHOCTb (YHKIMH
y=cos x. JlOKasaTeJbCTBO DPEKOMEHZYeTCs IIPOBECTH Ca-
MOCTOSITE/IBHO.

Ilpu mocTpoenuu rpadukoB QyHKIMHE y=sinx U y =cosx
c/efyeT NOJb30BaThCd CBOHCTBAMU 3THX (YHKIIMH, IO3BOJISIO-
MMM palMOHA/IM3UPOBATh IIPOLECC MOCTpoeHus rpaduxa. Tax
I mocTpoerus rpaduka QyHKIMH y =sin X JOCTaTOYHO IO-
CTPOMTb I'paduK TONBKO IVl NMOJIOBMHBI nepuopa ot 0 mo m,
N0Jb3YSACh CUMMETpHEH, IONy4uTh rpaduk Ha IOJHOM IEpHOJe
or 0 10 2m ¥, NOJB3YACh IEPUOJHYHOCTBIO, NPOJOJDKUTb IIO-
JIyYeHHbll TpaQUK Ha BCIO YHCJOBYIO OCh.

s mocrpoenus rpaduxa QyHKIMH y ==sin X Ha OTpe3ske
[0, m] MOXHO HCIONL30BATH TOYEUHBIH MeTOX (OOBIYHO IIpH-
MeHseMblil B LIKOJE) WK TabJuIy.

B mepBoM cayuyae mOCTYDalT Tak: IOJNOBHHY AYTH ,€Iu-
HHYHOTO Kpyra“ JeJaT Ha paBHble YaCTH, Hampumep Ha 8
yacreit. Otpesok [0,m] ocu OX penar Toxe Ha 8 paBHBIX
vacteff. Yepes mnosnyueHnole Ha ocu OX TOUYKM JEJIEHHUS
IPOBOJAT BEPTHKAJH [0 IEepeCeYeHuss HX C FOPU3OHTA/IAMH,
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NPOBEIEHHHIMI Yepea COOTRETCTRYIONINE TOYKU JINEHVS JIyTH
kpyra. TlomyyeHHBIC TOUKH NepeccUeHHs COCJMHAIOT IIaBHOM
KpHBOIf (yept. 15).

Y y

1 7

\

JANN VA
/ \ N\
0 A X 0 T T3 SAIATIA T X
8 482 82 8
Yepr. 15.

HOans moctpoenns rpaduxa GyHKuMM y=—sinX Ha Bcei
YUCJIOBOH OCH PEKOMEHAYETC IEPEHECTH HOJYYEHHYIO TaKuM
NOCTPOEHHEM 4YaCTh TrpaduKa CHHYCOMZB! Ha MUJIHMETPOBYIO
Oymary. McmomssoBath Janee ykasaHus, CHIEJaHHBIE BBIIE.

Hns noctpoenns rpaduka QyHKIMM y —sin X MOXHO MC-
II0Tb30BaTh MeTORB! nupdepeninanbHOro Hcuucienus. Jocra-
TOYHO HCCsenoBaTh (QysKNHMIO y =sinx Ha [0, w].

_ Haitnem skcTpeMyM GYHKUMM Ha YKa3aHHOM OTpesKe:
Yy ==cos X.

T
Ha stoM orpeske cos x=0 B TOuke X=- M TaK KaK

2
y’ (—g—):—sinx = —1<0, 70 TOUKa X =
T

, 2
X=E
6yner Toukoit MakcuMyMa (YHKUMH. YunthiBasg, uTo sin(Q=0
u sinm==0, Jlerko NoCTpouTh 3cKK3 rpaduxa QyHKIUH y =sinx
Ha [0, w]. Jas moctpoenus rpaduxa QyHKUEM y==sinx Ha
BCEH YHCJOBOM OCH HYXKHO HCIO/b30BAaTh YKa3aHus, CHEJaH-
Hbie BHILIE.

I'paduk dysxuuu y = cos x mosyyaercs us rpapuxa QyHk-
uuH y=sinx mnyreMm capura rpaduxka (QyHKOMH y=sinX
BJEBO IO OCH OX HA PACCTOSIHHE - (3TO CIEAYET M3 H3BecT-
HO M3 Kypca TPHIOHOMETPHH (HOPMYJIbl MPUBEIEHHUS: COS X ==

. T
=sin (5-1— X ).

Ipaduku dyHKukit y=sinx ¥ y==cos.X JaHHl Ha 4ep-
Texe 16.

2. TpuroHomeTpuyeckue Qynxuuia tg x, ctg x, sec x,
€0SeC X TOJIYYalOTCs M3 OCHOBHBIX TPHTOHOMETPHUECKUX (yHK-
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Wil sin x ¥ cos x. Ilo onpexnenenuio, t x—sm—’f cto x =08 %
: p » 18 T cosx’ ~ sinx’

1 1 o
SeC X = o, COseCX=r. Takum o6pa3som, CBoiicTBa pac-

cMaTpyBaeMblX (YHKIME MOTyT OBITb TIOJyyeHbl, MCXOAS H3
CBOHCTB OCHOBHBIX TPUTOHOMETPHYECKHMX (YHKIIMA:

a) y=1tgx ( —Eﬂf).

T cosx

y=cosx .‘; y=sinx
H l |
! 1 1
N\ ! ' ' X
-7 ' JT 0 JT TT 37T 21 57 37
i 1 2 2 i 12 2 '
-1
Yepr. 16.

dynkups y =1g X ompeseseHa ¥ HempepeiBHA (KaK 4acT-
HOE HempepuiBHHIX (YHKUMHA) Ha BCeH YMCIOBOH OCH, KPOME
TeX TOYeK X, B KOTOPHIX 3HAMEHaTeJb cosX OOpaiaercs B

v —‘1

HyJb. IJTO TOYKH xzi-%, i%n, . —_L—zl%—n, rjae n— Ha-
TypaibHOe uucio. B ykasammeix Toukax OymKImMs y=—tgx
He cymecrByeT. Ilpsmas x:—;i SIBJAETCS BEPTHKAJbHORK
acumnToToil. B 3TOM Jerxko y6enuTbCsi, BBIYKCIMB OXHOCTO-

pouHue Tpexessl. Takylo paOOTy pPeKOMEHIyeTCs NPOAENaTh

camocTosTepHo. Dymkmua y=tgx HeyeTHas: Y (—x)==
Nk . SR S Y nepuoauYecKas:
T Cos(—x)  cosx gx=—y ), PHOL :

sin (x 7) — sin x
tg (x4-m)= = ((x j‘_:) =" Z=1{gx, IepHOL ee paBeH T,
2n—1 2n 41

MOHOTOHHA Ha KaXXIaOM HHTepBaﬁe ( 3 T, )

JerK0 yOeIUTBCSH, TOJb3YsCh MPOM3BOIAHOMN: y' =

™), BuYeM
) -

0 cos*x
sin x
2> 0 s 0<x<-;—, TO Ha MHTEp-

cos’x
T
Basie (0, —2—> KpuBas oOpallleHa BHITYKJIOCTHIO BHHMS3.
[Tpu moctpoenuu rpaduka QyHkuud y=—tg X XOCTaTOYHO

IOCTPOUTH CHayaJa 4aCTb rpaduka QyHKUMM Ha [O, %) , OT=

Tak kak y"=
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pasuTh ee, MONL3YACH CHMMETPHEH OTHOCUTENBHO Haua/MA KO-
opauHart, Ha <--f2-‘-, 0] , TIONYYEHHHIA HA NOJHOM NEpHOAE
( ———;— , —}) rpatHK, OMb3YsCh NEPUOAMYHOCTDIO, IPOLOIKHTh
Ha BCIO YHCJIOBYKO OCb (uepT. 17):

y

3t /- 2 k23 3

i
IS
S
NS
N
S

Yepr. 17.

6) y=cigx (y:c;:s;c) .

JanHas QyHKIMA oOIpejesieHa H HempepsiBHA (KaK yaCTHOE
HenpepeiBHBIX (YHKIMI) Ha BCEH 4YMCJIOBOA OCH, KpOME Tex
TOYEK X, B KOTODHIX 3HaMeHaTeJb sinx obpallaeTcs B HyJb.

Taxumy TOUKaMH SBAsIOTCH TOuku X —0, 4-n, 4-2m,. .., d-nm,
TZe 1 — HaTypaJbHOe yucjo. limctgx = —oo, limctg x = o0,
x>0 x>0
x<0 x>0

cJenoBaTeNbHO, npsMag x =0 fB/geTCA BePTHKAJIbHOI aCHMII-
TOTOH.

Oynxupa y = ctg x HeueTHas: Y (— x)="n (=x)__cosx

T sin(—x) —sinx™

=—ctg x=—y(x), nepuoauyeckas: ctg(x | m)= % =
— COS X

= —g 5 =—Clg€X, IepHOX DaBeH T; MOHOTOHHA Ha KaXIOM

u3 unTepBaloB (nm, (n-}1)7), B ueM MOXHO yOemUTLCA IpH
. 1
TIOMOIM NPOU3BOTHOM: y'=—si—ﬂz§<0.

2cosx>0 Ha ( 0, %) , TO Ha HHTepBaje

sin®x

Tak kak y"=
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(0, %) KkpuBasi oOpallleHa BHIIYKJOCTbIO BHM3. [as 10-
crpoenust rpaduxa QyHkiMu Yy ==cCtg X [LOCTaTOYHO IO-
CTPOMTH CHayaja 4acThb rpaduka (QyHKIMM Ha (0, %) , OT-
pasuTh ee, MO/Ib3YsCh CUMMETPHUEN OTHOCHTEJILHO Hayasla KOOp/ax-
HAT, Ha (—-—;— , 0), IOy YeHHBIHl Ha TIOJTHOM IIEPHONIE (—% , %)

rpaduK, NOb3YsICh IEPHOLUYHOCTBLIO, NPOJOLKMTH Ha BCIO
4uCIOBYIO oCb (uepT. 13).

Y

27 37t

1)
N|<~)
$
1
|
o
NI
|
Y
Nl‘g

Yepr. 18.

CaoiicTBa (QyHKIMHA y =sec X, y ==COseC x IMpeaJaraercs
paccMOTPETH CaMOCTOATEJBHO, HCXOAs1 M3 CBOHCTB panee pac-

CMOTPEeRHBIX (QyHKIMI sin X U cos X. [TocTpouTts rpaduku dymk-
Hui secx M COsec x.

§ 19. NPOCTBIE FTAPMOHHYECKHE KOJIEBAHHS

[Tycte Tpebyercsas mocTpOMTh rpadux (yHKIUH
y=asinx-{-bcos x. (1

[paduk KavHOH (QYHKIMHM MOXET OBITH HOJyUYeH CJIOKEHH-
eM rpaQuxkoB y,=—asinx u y,=0>bcos X, KaxAblil U3 KOTO-
PHIX B CBOIO OYEPE/b NOMYYaETCS COOTBETCTBEHHO M3 rpaMKoB
y,=sinx ¥ y,==Cos X INyTeM DPaCTKEHHS OpAMHAT 3THUX
rpadukoB (nmepsoro —B a pa3, BTOpOro —B b pas). Oxxaxo
1eecoo0pasHo CTPOUTh rpaduk Taxoil (YHKUMH NPUBELEHHEM
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nanHo# (ByHKUMM K 060OuIEeHHO! cuHycouae y — A sin (x4 a),
HOCsillle#f Ha3BaHHE NPOCTON TapMOHMKH.

Ecsm a sin x -} b cos x = Asin (x -}~ &), To a sinx -} b cos x =
= A (sin x cos a -}- cos x sin &), ¥, CJICAOBATENbHO, YroJ o H
uucao A ompesenarcs u3 ycJoBuit a=Acosa, b=~Asina,
rae a U b— jnaHHble 4ucsa:

A=VI T

tga:-’-’-

a ’

Hcnosnbays BCe CKasaHHOE, MOJYYHM:

y = asin x4 b cos x = A (cos a sin x - sin a cos x) =
= Asin (x4 a).

Takum 06pa3om, mocTpoenue rpaduxa 3aganHoi Qynxuuu (1)
CBOAUTCSL K MOCTpoeHuio rpaduxa ¢dyHkuun y = Asin (x| a).
I'padux mocnexneir (QYHKIMH TIONy4yaeTCs CMENIEHHEM CHHY-
counsl y=—Asinx mo ocu x BJeBO, ecaid o >0, u BIpaBo,
ecm o <0, Ha paccTosiHHE |«|.

Pynkuus y = Asin (ot | «) umeer GosblIOE 3HAYEHHE B
TexHuke, B (pusuke. Teopust kone6GaHuit, palMOTEXHHKA, S/IEK-
TPOTEXHHKA W APYLHE OTPacC/i¥ HayKH H TEXHHKH HCIOJb3YIOT
JJIsT CBOMX IleJIeH TapMOHHYECKHE KOJeGaHHs, KOTOphHE Xa-
PaKTepU3yIOTCs ypaBHeHHeM Buaa y = Asin(ot{-a), rre A —
aMIVIATyZa KoJeGaHHs, » — 4yacToTa, o — HauaJbHas (asa.

PaccMoTpuM yacTHBIE cayyvait, [Tycts TpeGyeTcs IOCTPOHTH
rpaduk Qynxnuu y =3 sin x -+ 4 cos x.

B nannoM ciyuae umeeM: A= V3 —+4°=5; tga =% ;
~ O 37:
o= 53 = ‘Tﬁ' .

CnenoBaTesbHO, JAHHYIO (QYHKUHMIO MOXHO NPEJACTAaBUTh B
BUJIE:

Y= 5sin(x—|—?—g) .

I'pacdux Taxoit QyHKUMM MOXHO NOMYYMTb U3 rpaduka GyHK-
MM y,=D5sin X IOCPEJICTBOM CMEIUEHHS €ro BJEBO Ha ?—g
exuunn. [paduk dyskumm y,=>5sin x monyunrcs U3 rpadu-
Ka (yHKkuMM y, ==sin X NOCPEICTBOM YBEJUYEHHs COOTBETCT-
BYIOLIUX ODAMHAT B IIATh pa3. YuHThIBas BCE CKasaHHOE, IIO-

crpoum Tpebyemelit rpadgux (yepr. 19).
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§ 20. OBPATHBIE TPHT'OHOMETPHYECKHE ®YHKIHH

Tpuronomerpuueckue Gyskuuu sinx, cosx, tgx, ctgx,
KaK OBIO IIOKa3aHO, ABJAIOTCH (YHKUHAMH NIEPUOTUYECKHMH,
IPYHUMAIOLIMMH OZHO M TO )K€ 3HAYeHHE MJs OECUHCJIEHHOro
MHOXECTBAa 3HaueHHil MX apryMeHTOB. DTO 3HAYUT, 4TO OOpaT-
Hag QYHKIMA JJ8 KaXIOH M3 yKa3aHHBIX (QYHKIHMA Ha
— 00 < X< oo Oyner MHOrO3HayHOH.

Bynem paccmaTpuBath OTHE/NBbHBIE HHTEPBAJBl, Ha KOTOPBIX
npsiMass QyHkHus OyZeT MOHOTOHHOH, a CJIeIOBAaTeJbHO, OyIeT
MOHOTOHHOH M obpaTHas (yHkuus. JIpyrumu cjoBamu, Gyznem
BBIOMPAaTh OXHO3HAYHBIE BETBM MHOTO3HAuHON (yHKIHH.

[ BbIZeJNeHHs TVIaBHBIX 3HAYeHHH OOpAaTHBIX TPUIOHO-
METPHYECKMX (YHKIMHA BBIABHIAIOTCA CJIELYIOLIHE ITOMOJHU-
TeJbHBIE Tpe6oBaHMA: 1) HEOpepEIBHOCTb, 2) OIXHO3HAYHOCTD,
3) obsactb ompenesenuss o6paTHON (yHKIMM IOMKHA OBITh
COBOKYIHOCTBIO BCE€ X 3HAaueHWH mpAMOi (YHKIMH.

Apxcunyc

Onpeneneunne. Pynxuus, obpatHas QyHKIHUKH X =siny
Ha OTpesKe — —;— <y< —Z,—, Ha3HIBAETCSl APKCUHYCOM H 000-
3HayaeTca
y=1qarcsinx (—Il<<x<l)
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FeomeTpuuyeckoe ompeneseHue. arcsinx ectsh
T . T o
nyra, B3siTas BIpeNe/aX — 5 << arcsin X << 7, CHHYC KOTOPOi

paBeH uuCly X,
— 1< x<<1: sin(arcsin x) = x.

Cpoiictsa dynxnuu y=arcsinx.
1. Dynkums y=—arcsinx ompexeneHa Ha OTpe3ke
—1<<x<1. 3uavenvss GyHKIMM y=—arcsin X npu JK060M

T w
SHQYEHHH €€ apryMeHTta 3amno/HAIOT OTPE30K — —2—<y = 5 .

2. Ha orpeske — 1 << x<<1 ¢yuxums y —arcsinx Mouo-

TOHHO BO3pacTaeT OT—%I[O—;E W HEIPEpPbIBHa, YTO CJEAYET

U3 TEOPeMbl O HENMPEepPLIBHOCTH M MOHOTOHHOCTH OOpaTHOM
GyHxnuu (cMotpu ctp. 32).
3. OyHkius y =—arcsin x ecTb HeyeTHas Qymxmmsa. Jloxa-

XeM, yTo arcsin (— x)=— arcsin x.
ITycTs
arcsin (— x)=z. )]
Torma — x=sinz, — % <z<< % M,  CJEIOBaTEJbHO,
X=—sinz=sin(—=z), OTKyzma —z==arcsinx 4, 3HauuT,
2=——arcsin x. 2
U3 pasencts (1) u (2) crenyer arcsin (— x) =—arcsin x,

YyTo U TpPeOOBaNOCh NOKA3aTh.

[IpuBeseHHOE 1OKA3aTEJbCTBO MOMET OHITh MCIO/b30BaHO
B CpeiHeil IiKosne. 3aMeTHM, YTO HEYETHOCTb (YHKIMH
y=arcsinx clexyer M3 TeopeMbl O HEUETHOCTH OOpaTHOH
¢yskuua (cmotpu cTp. 32, cBoiicTBO 4).

I'paduk Qyskupu y —arcsin x MOxeT ObITb HOJYYEH OX-
HHM M3 JBYX CIOCOOOB:

1. Ilepeitna x QyHkmMM X =siny> CTPOAT CHHYCOHULY C
BOJHaMH, DacHOJIOXKEHHBIMH BJIOJb OCH 0y, M BBIIEJSIOT AYTY,

A5l KOTOPOH — 5 <y <<+ (uept. 20).
2. I'paduk ¢ysxumm y =sinx s — r<x< % oTpa-

AT  CHMMETPHYHO OTHOCHTENLHO OHCCEKTPHCH Y =X
(uepT. 21).
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ApPKKOCHHYC

Onpenenenune. Dynkuus, obpaTHas PYHKUUHE X = COS ¥
Ha otpeske 0<Cy <<, Ha3bIBA€TCA APKKOCHHYCOM M 0603Ha-

YyaeTcsa

y=arccos x (—l=sx<1).

I‘eomeTpuqecxoe onpeneneHnue. arCCos x €CTb

T

ayra, B3sTas B npenesax 0 <<arccos
X << T, KOCHMHYC KOTODOH DaB€H YuC~
ay x, —l=sx<1:

Cos (arccos x) = x.

CeoiicTBa pyHKUHUHU

y=arccoswx.

1. Qynknua y=—arccosx on-
peneneHa Ha oTpeske —l<<x<<l.
3uaueHusi QYHKIMH Yy ==arccos X npu
Ji060M 3HAUEHHWH ee apryMeHTa 3a-
KAo4eHs! Ha 0 <<y <<m.

2. Ha orpeske — l=x<1
GyHKIMA Y =—=arCCOSX MOHOTOHHO
yoeBaeT oT m g0 O M HempephiBHa,
YTO CJIEAYET M3 TEOPEMBl O MOHO-
TOHHOCTH H HENPEPHIBHOCTH 06pat-
HO QyHkuuu (4epT. 22).
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ApKTaHTeHC

Onpenenenne. Pyuxius, obpatHas GyHkuuu x— tgy
Ha WHTepBaje — % <y <—12i , Ha3blBAETCA APKTAaHIEHCOM U
obosHayaerca y =arctg x (— oo < x < c0),

leomerpuueckoe ompeneneHue, arctgx ecrhb
Iyra, B3siTasg B Ipefesax — % <Larctg x < % , TaHreHC KO-
TOpo# paBeH x: tg (arctg x)=x.

CBoiictBa QyHkUUM y=—arctgx.

1. Oynkuus y=—arctg x onpengeseHa Ha BCEH UUCJI0NBOK
ocu — oo < x < oo, 3HaueHuss (YHKUHMH IPU JI0O0M 3HAYEHHH

€€ apryMeHTa 3aKJIIOUeHbl Ha UHTEpBaje — —’2°—<arctgx<2'1.
2. B ofsnactu ompenenenus — oo <x< oo (yHKuUS

y==arctg x MOHOTOHHO BO3paCcTaeT OT — %110 % ¥ Hempe-

pBIBHA, YTO CJEAYET M3 TEOPEMbI O MOHOTOHHOCTH M HeTpe-
PHIBHOCTH 00paTHOH (YHKIMH.
3. Oynknua y —arctg x HeueTHas. JlokaxeM, yto

arctg (— x) = — arctg x.
IycTs
arctg (— x) ==z. 1)
Torgpa —x=1gz, —-—“2- <z <% , W X=—1gz=
=1g (—2), 0TKyna — z=arctg x H, cjeI0BaTe/bHO,
Z=-—arctg x. (2)
Us pasencts (1) u (2) umeem:
arctg (— x)=— arctg x,

yT0 U TPe6OBaJoCh JI0Ka3aTh.

3amMeTHM, OJHAKO, YTO HEYETHOCTb (QYHKUMHM y =arctg x
CJefyeT W3 TEOPEMBbl O HEYeTHOCTH o6paTHOH yHKuuK (cMmo-
Tpu CcTp. 32, cBoiicTBO 4). IlpuBeneHHOE Ke NOKa3aTeNIbCTBO
MOXeT OBbITb MCIOJB30BAHO B CPEHEil LIKOJe.

paduk ¢bynxuum y —arctg x maH Ha yepTexe 23.

ApKKOTaHreHc

Onpexnenenue. PyHkuus, obpaTHas QYHKUMH X =ctgy
Ha uurepBaje 0 <y <, Ha3bIBAETCS apPKKOTAHTEHCOM M 060-
3HauaeTcsi y =arcctg x (— oo << x < o0).
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FeomeTpuueckoe onpemesenue, arcctg.x ecrsb
ayra, Bsatas B npepenax 0 <Zarcctg x <m, KOTaHIEHC KOTO-
POl paBeH X:

ctg (arcctg x) =x.

CBoitcTBa QyHKUHHU Y==arcctg x.
1. JanHas ¢QyHKIMA onpenesieHa Ha BCEH YMCJIOBOH OCH
yl T

2

Yepr. 23.

Y

— 00 < x < 00, 3HayeHHs: QYHKIHM IPU JIOO0M 3HAYEHHH ee
apryMeHTa 3akJioyeHsl Ha uHtepBase 0 <arcctgx <m.

2. B ofnactu ompexgenenus — oo < X< 0o (QyHKIHS
y=arcctg x MOHOTOHHO yO6nIBaeT OT T X0 O H HempephIBHa,
YTO CJefyeT M3 TEOPEMBI O MOHOTOHHOCTH U HENpPEepPHIBHOCTH
00paTHOl (QYHKIHH.

I'padux ¢ynxuun y =arcctg x maH Ha uepTexe 24,

y

N

g X
Hepr. 24.

/Ia |

§ 21. TPHTOHOMETPHYECKHE OYHKUHH OT OBPATHbBIX
TPHTOHOMETPHUYECKHX $®YHKUHU

Tpuronomerpuyeckue QyHkIuM OT  0GPAaTHHIX TPUTOHOMET-
pudeckux (QYHKUHE SIBJAAIOTCS ajreOpaHdyecKuMH (yHKUUAMY.
M3 ompesenenus 0OpaTHBIX TPHTOHOMETPHYECKHX (YHKIMI
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cJexyeT, 4To TNpsiMas U obpaTHas eif QyHKuMH B 06aacTH
OIID € JleJI e HHU 51 yIOBJIETBOPAIOT TOHAECTBY Sin (arcsin x)=x,
cos (arccos x) = x, tg (arctg x) =x, ctg(arcctg x) = x.

Bre o6sacTu onpeznesieHMst PaBEHCTBA TEPAIOT CMbICA. Tak,
HaInpuMep, paccMaTpUBasi PABEHCTBO sin (arcsin x) = x, y6exna-
eMci B TOM, YTO €r0 IpaBas 4acTb ONpPEeJeJeHa IPH BCeX
3HAYEHHAX X, a JeBas HE MMEET CMbicIa aaa |x| > 1.

PaccmoTpuM TPHTOHOMETPHUYECKHE (YHKIMH OT IIPOH3BOJb-
HBIX OGPATHBIX TPUTOHOMETPHUYECKHX (YHKIHIL

a) sin (arccos x) =11 —x* JleliCTBUTE/BHO, TaK KaK IO
OIpEAEJIEHUIO O<<arccos x<<m H, CJIE0BATE/BHO,
sin (arccos x) =0, TO, BOCHO/Mb3OBABIIWCL H3BECTHOH  (op-

mynoit  sinf=V}1—cos’f, nmnomyyaem sin(arccos x)=
=}/ 1 — cos®(arccos x) =V 1T — x*

6) sin (arctg x) = ——— .
) sin (arctg x) = =g

Tax kax IO ONPENEJEHHI0 — —;<arctgx<1, TO 3amu-
canHas (opmysia roautcs ToMbko mas [ u [V uersepru.

. tgt
Bocnonb3oBaBumcs Gopmyiioit sin £ = Vl—ig-w U YYUTHI-

Basi, YTO ——% <t< % , TOJIy YuM:
tg (arctg x) . x

ViFig@rcigx) V1 Fxz’
rae pamuvkadg 6epeTca C TIOJIO2KMTEJIbHBIM 3HAKOM.

1
ViFx'

Tak xax no ompemenennio 0<arcctgx<<m, TO
sin (arcctg x) > 0.

o . 1
Bocrnosb3oBaBmuch hopmy.ioi sin £ = ViToer U YYUTBI-
1 1
V1t ctgarcctgr) V1 F’

rie paguxan GepeTcs C IOJOXHTEIbHBIM 3HAaKOM.
r) cos (arcsin x) =711 — x%,

sin (arctg x) =

B) sin (arcctg x) =

Bas, yro 0 <? <m, mosyuum:

sin (arcctg x) =

Tak xak mno ompexeneHuio — %<arcsinx< % , TO
cos (arcsinx) =0 u,  caesoBaTE/bHO, cos(arcsin x) =
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=}/1T —sin*(arcsin x) =}/1—x*, rae panukan Gepercs ¢
TIOJOXKHTEJIbHBIM 3HAaKOM.

PeKOMEHIYeTCs1, UCTI0Nb3Ys NOAOCHbIE PAacCyKIeHHS, B Ka=
YeCTBE TIOE3HBIX YNpAXKHEHUil NPOBEPUTH CNPABEAMBOCTD
OCTalbHBIX (OPMYJT AHHOM HYME TaOJMIbI:

N . . x
sin (arccos x) =1 T— x* tg (arcsin x) = VT
sin (arctg x) = Vl%; tg (arccos x) = ___“;"2
1
sin (arcctg x) = —ﬁl_—i_——; tg (arcctg x) =~

Vi
cos (arcsin x) =V 1 — x* ctg (arcsin x) =__I_x_x

cos (arctg x )=

Vire ctg (arccos x) = V—l—’"_7

X
cos (arcctg x) = Vite ctg (arctg x) = —1’; .

§ 22, HEKOTOPBIE COOTHOWIEHHSI MEXIAY OBPATHBIMH
TPUTOHOMETPHYECKHMH ®YHKUHSAMH

Teopema 1. [lng Bcex 3HaueHuil X, TNPUHANJEHAIIKX
otpesaky — 1 <Cx<C1, umeeT MecTo COOTHOLIEHHE:

arcsinx - arccos x = % .

JoxkasateabcTBo. [lomoxum arcsin x=f¢,

k4 T .
—_Tgtgg, arccos x=—2, 0<<z<<m. Orcioma x=sin¢
H X==CO0S 2, CJEeI0BaTeJbHO,

. . 0
sin £ = cos 2 =sin (5—2) .

Tak kak mo ycaoBuo 0 <<z<<m, TO —%<%—z<—g.
k17 ©
Hon —5<t<s (1o ycsi0BHIO). DTO BHAUMT, YTO YIJIbI
07 Iy o
(3—z) U { nexaT B NEPBOH MM UETBEPTOH 4YETBEPTH
CHHYCHI MX PaBHbL. DTO BO3MOXHO JHIIb TOrJa, KOTAa CaMH
T

T
yraei paBHei: t=- —2z. Otciofa f-+4-2=- wm
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arcsin x - arccos x =

I

3

uT0 U TPeboBANGCL JAOKA3ATE.
Teopema 2. JLui BCex ACHACTBATEIbHBIX SHAYEHME X
T
MMEEeT MeCTO COOTHOLUeHHE arctg X +-arcctg x = .
JloxasaTenbCTBO PEKOMEHIYeTCst IPOBECTH CaMOCTOSTEIbHC
[Npeo6pasoBaHusi OIHHX OOPATHBIX TPHIOHOMETPHYECKH::
¢yHKuMi B OpyrHe B pasiuubbie 1efiCTBHS C HUMH OymoyT par-
CMOTpEHbl NOAPOOHO B KYypCe TPUTOHOMETPHH.
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