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[MPEJHWCJIOBHE

Pasgen no mMatematuyeckoMy aHanM3y «DJeMeHTapHele (GYHKUHH»
usyyaeTcda Ha | Kypce nezarornyecKux MHCTHTYTOB IIOCJE M3YuYeHHs
pasnenoB «Beenenue B aHanu3» M «IudpdepeHunalbHOe UCUHCIEHHE .
[TostoMy npennosaraeTcs, 4YTO CTYHAEHTHI-3a04YHHKH YK€ 3HAKOMBbI
C 3THMH IByMs paslesaMH MaTeMaTH4YeCKOrO aHa/Ju3a. B HaJokeHHH
pasgena «3J/eMEHTapHBE (YHKIHH» HCIOJb30BAHBl HEKOTOPBIE TEO-
PeMBl NEPBBIX ABYX PasfesoB, M MCCAENOBaHME QYHKIUH IPOBOIUTCS
C TOMOUIBIO NPOM3BOAHBIX, T. €. METOJLOM MaTeMaTHYeCKOro aHaJM3a.
Llesp HacTOAWIEr0 MOCOGHSA — OBGJIErYUTh CTYAEHTAM-3a0YHHKAM H3Y-
yeHHe 3TOro pasuena. Jlas paGoThl PEKOMEHAYETCS CJeRylollas JH-
Tepatypa:

C. M. HoBoceunos, Crneunansubll Kypc sieMenTapHodl airedpsi, 1956.
C. M. HoBocenos, Anrebpa u siaeMeHTapHble ¢yHkumu, 1956.
C. M. Hosoceunos, CrnennaibHpiii Kypc TpuroHoMerpuu, 1954.
C. . HoBoceunos, O6parurle TpuroHomerpuyeckue dyuxuuy, 1950.
SHUMKIONENUs] 3JeMEHTapHO# MaTeMaTHkuy, KH. 3, 1952.
Crateas B. J. Tonvaposa «3nemeHTapHble (YHKuuM NeHCTBHTEJBHOro mepe-
meuHoro. Ilpeneanl mociefoBaTesbHOCTeH M QyHkuuH. O6umee mnoHaTHE
QyHKUMUY.

bepmanr u JI. A. Jloctepuuk, Tpuronomerpus, 1956.
PuxteHroabu, OCHOBbL MaTeMaTMYECKOro aHaiusa, T. 1, 1953.
XunuuH, Kpatkuii kypc MateMaTHyeckoro aHaiusa, 1955.

BepmanTt, Kypc MareMaTuyeckoro ananusa, 1. 1, 1954.

® poanos, dupdepeHunalsbHoe U HHTErpaibHOe ucuucieHue, 1955,
M. YBapenkoB u M. 3. Mauxauaep, Beeneune B anams, 1951.

Cuntaio CBOMM NpPHATHBIM JOJroM nob6jarogaputbh mpodeccopa JI. Y. Boaxo-
BBICKOTO 33 NPOCMOTP PYKOMUCH B IIEPBOM BapHaHTe W CAeJaHHble MM IOJe3Hble
yKa3aHusi.
IMpunowy ray6okyio 6narofapHoCTb pPefakTOPy METOXMYECKOro MOCcoGus Xo-

uenty E. I'. ToHuHy 3a ueHHble yKkasaHus M COBEThbl, CIOCOGCTByIOLIME YCTpaHe-
HHIO MHOTIMX HEZOCTAaTKOB 3TOI'0 NOCOOHS.
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BBEJIEHUE

§ 1. DaemenTapHbie (DYHKUMN

B ofumem kypce MaTEeMaTHYECKOro aHa/M3a M Jaxe B IIKOJbHOM
Kypce MaTeMaTHKH OOBIYHO pacCMaTPHBAIOTCA CJOXKHBle (YHKIMH
(pynkunu ot dyHkuuil), o6pasoBaHHble M3 HEOOJBLIOTO YUCJA NPO-
cTefimux (yHKUMH, HasblBAEMBbIX OCHOBHBIMH 3JE€MEHTapHBIMU (DyHK-
LUAMH.

Onpeneanenune. OCHOBHbIMH 3J/EMEHTapHBIMH (QyHKUMAMH Ha-
3BIBAIOTCA CJEAyIOLIMe:

l. CrenenHas ¢QyHnkums, T. €. QYHKUMA BHIA

y=x",

tae o — J060e AeHCTBUTENbHOE YMCJIO.
2. IloxasatesbHas (yHKUMs, T. €. QYHKUUA BHIA

y=a’,

TIe a— TNOJNOXUTEJNbHOE YHCJIO, OTJWYHOE OT eIHUHHIbI.
3. Jlorapudpmuueckas ¢yHkuua, T. €. QYHKIMA BUIA

y=log, x,

rLe a— NOJOXHTEJbHOE 4YUCJIO, OTJIHYHOE OT €IHHHUIIBL.

4. TpuronoMeTpHuyeckue (QYHKIUU:

y=sinx, y=cosx, y=tgx, y=ctgux,

a TaxKXKe CPaBHUTEJbHO PEAKO yHoTpebJseMble y ==sec X, y ==CSC X.

5. O6paTHblE TPHUIOHOMETPHYECKHE (YHKUHH:

y=arcsinx, y==arccos x, y=arctg x, y=—arcctg x,
a TaKxe
y ==arcsec X, y ==arccsc X.

B mKo/JpHOM KypCe MaTeMaTHKM MaTeMaTHYeCKHe HeiCcTBUs (omepa-
1IWM), HOCAUIME HA3BAHHE 3JIEMEHTAPHBIX, HEJATCA Ha asareOpanye-
CKHe (C/IOXeHMe, BbYMTAHME, YMHOXEHMe, MAeJeHHe, BO3BeLEHUE
B CTENeHb C I€JbIM IIOKA3aTeJeM W U3BJIeYeHHe KOPHS) U TPaHCUEH-
JieHTHble (BO3BEJEHHE B CTENEeHb C HUPPALHMOHAJBbHEIM [IOKa3aTeJem,
JorapuMUPOBaHUE, TPUrOHOMETPHYECKHE H OOpaTHBIE TPUrOHOMET-

PUYECKHE ONepaluu — NePEXOL OT YTJIOB K MX TPUTOHOMETPHUECKUM
BeJIMYWHAM U o6paTHO, cM. 4 u 5).



Onpenenenune. Qyukyus y om X Ha3b18QeMCS 316 MeHmay-
HOl, ecau ee MOJCHO 3adambs 00HOE hopmyaoii suda y = f(x)
max, 4mo Kascooe ee 3Hadenue mozcem Obimb HOAYHEHO U3 NHO-
CMOSIHHBIX HUCe/l U 3HaAYeHusl He3asucuMoll nepemMenHod npu ho-
MOWU KOHEHHO20 HUCAQ INeMEHMAPHOLX Onepayuil.

[Tpennonaraercsa, 4TO 4KC/JIO Omepauui M INOPSAOK HX BBHINOJHE-
HUA HE 3aBHCAT OT 3HAYeHHs apryMeHTa.

K xunaccy snemMeHTapHBIX (GYHKLMI OTHOCSTCA NPEKAE BCEro BCE
OCHOBHBIE 3JIEMEHTapHBlE (YHKIMH, NEPEYHC/IEHHbE BbILE, a TaKKe
(GyHKUMY, NOJTyYEHHbIE M3 OCHOBHBIX 2JEMEHTapHBIX (YHKUM 1py
IIOMOLIY KOHEYHOTO YMCJAa 3JEeMEHTapHBIX Omepauui.

[Tpume prl. 3HaueHHe 3JeMeHTapHON (QYHKIMM (B JAHHOM CJy-
yae CJIOXHON (YHKUHH)

y=Ilg(x*+5x—4) mpu x=2

paBHO 1. DTO 3HayeHHe HalJEHO NMPU NOMOUIM IATH omepauuit. 3ua-

. T 1
yeHHe (YHKUMH y==silX 0P X=- PaBHO . 3j1eck mnoTpedo-
BaJach TOJBKO OJHA onepanusa.. PyHKIMA HATypaJbHOrO apryMeHTa

y=143-43"+...43""" TakkKe sJeMEHTapHas, TaK KaK OHA MO-

n__
HKeT OhlThb 3ajaHa OAHOH (opMyJIOH y==75—, M KaXJIOC ee 3Ha-

YEHME MOXHO HAaliTH M3 TOCTOSHHBIX W 3HAUEHHS] apryMeHTa IpH IO«
MOUIM Tpex onepauui (uucsao omepagrit or n He 3aBucut). [lpu-
MepaMH HEe3JEMEHTapHBIX (YHKUMA MOTYT CJOYXHTb CJeLylollue:

1) y=n!, 2) y=xcos+(x0), f(0)=0.

HerpynaHo BumeTh, 4TO nNOTpPeGHOE KOJIMYECTBO ONEpalHil, HEOGXO»
JIMMBIX I/ ONpeJeseHUs 3HaueHU# nepBoi QyHKUMM, HEOTPAHUYEHHO
BO3pACTaeT C BO3pacTaHWeM aprymeHTta n. Bropas dyukums ompene-
JieHa Ha BCell uuCJI0BOM OCH nBYMS (OPMyJaMH U HE MOXET OhITh
3azaHa OZHOH (GOPMYyJIOH C OrPaHHYEHHBIM YHCJOM 3JEeMEeHTapHb!
IeHdCcTBUH.

S/ieMeHTapHble (QYHKUMM JAEJSTCS Ha anre6paMyeckue W TpaHc-
IeH/IEHTHBIE.

FTABA TIEPBA4

9JIEMEHTAPHBIE AJTEBPAHYECKHE ®YHKIHH
§ 2. Knaccuduranusa anredpauyeckux yHKuui
Onpeneaenune. daemenmapunas Gyuxkyus y=rf(x) naszs-
8aemcs 3NeMEeHMAPHOL aA2edpauieckol, ecAu Hald He3aBuUcuIMoL

nepemMenHHoOl X U NPOMENCYMOUHLMU BLLPAINCEHUSMY, 3QBUCAUUMY
on. X, npou3sooANC MOAbKO aizebpauteckue Onepayuu.
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[Tpumepsr anrebpanyeckux GyHKuui:
) y=x*4+3x—2, 2) y :&——'——1, 3) y= 3/ (x**FB5x—3)"1-2x*).

Anre6pandeckde QYHKIMH HeJATCH Ha PalUOHAJbHBIE H HMpPpalHo-
HaJIbHBIE.

Onpenenenune. diemenmaphas anzebpaudecKas QHYHKYuUs
HA3bI8AEMCS  POAYUOHAALHOE, ecAu HAO He3Q8UCUMOL nHepeMeHHOL
npou3sooumcs, KOHe4Hoe HUCAO CAOJHCerud, Bol4UMAHUL, YMHOZCe-
Huii u Oesenud.

[Tpumeps! panvOHANBHBIX (YHKUMEL:

y=02x — x4 L y=VBx —x 4V I+ 1 y=17%;
VT

VeV
y=x*In3-+4x+16 u cm. npumep 1).

#) CyulecTByeT u Ipyroe Oonee ofuiee omnpelefeHHe aireGpanyeckod (yHk-
IHH, MPUHATOe B MaTeMaThke. PyHKuMs y = f (x) HaspIBaeTcs airebpanuyeckol, ecau
OHa B HEKOTOPOM IIPOMEXVTKE YIOBJIETBOPSET TOMIECTBEHHO OTHOCHTENbHO X al-
re6pauyeckoMy ypasHeHuto P(x,y)=0 (1), roe P(x, y) ecTb MHOrOYJleH OTHOCH-
TE/bHO NMEepeMeHHbIX X M ¥, KOTOPLIH MOXHO PpAaCIOJOXHTb IO YObIBAIOUIUM CTe-
NeHdM NepeMeHHOH y M 3anucaTh ero B TaKOM BHUJE:

Pp(x)y" + Py ()Y .. - Pi(x) y 4 P (x) =0, (2)

rae P;(x)(i=0, 1, ..., n) — MHOrouJeHbl OTHOCHTEJbHO NMepeMeHHOH x ¢ HeHCTBH-
TeJbHbIMH Koddduurentamu. CieloBaTelbHO, MOXKHO CKasaThb M TaK, YTO (YHKIHS
y = f (x) Ha3biBaeTCs aiare6paMyeckoH, €ClM OHa SBJAETCS KOPHEM ajreGpauiyecKkoro
ypaBHeHHus (2). 1o onpeneseHue mmpe. MOKHO NMOKasaTh, YTO siBHas aireGpanue-
ckas yHxuus Oymer anreOpanyeckod M B CMbIcie GoJjiee OGILEro OnpejeseHHs.
[puseneHHble Bbille MPUMePbl ABHBbIX airebpandeckux ¢yHkuud 1), 2) u 3) 6ynyt
KOPHSIMH ypaBHEHHUs, COOTBETCTBEHHO:

y— (A 48x—2)=0, (@4dx+4y*—2(x+2y+(1—x=0,
y¥ — 6xy? 4 12x2y — [8x® -+ (x% 4 5x — 3)}] =0.

Ho He Bcerma sHaueHus @yHKumu y = f(x), ymoBieTBOpsiomlell ypaBHeHHO (2),
MOXHO HaHTH NP MOMOIM KOHEYHOrO uYHCJa anreGpandyeckuwx omepauuid. Moxer
OKas3aTbCsl, YTO (PYHKUMS y = f(x) CYIUECTBYET U YAOBJIETBOPSIET YpaBHEHHUIO (2), T.e.
OHa 1O BTOPOMY OIpelefieHHIo GyleT aireOpanyeckoil, HO He 6yneT dJeMeHTapHOMH
anreSpaunueckoit. Hampumep, ypaBuenne y°+4-y® -4y — x=0 (x — npousBosbHOE
YuC/a0) HEb3S PaspelliuTb B PpaiMKalaX OTHOCHTENbHO ¥, TeM He MeHee CyLIecT-
ByeT QyHKuus y=f(x), yIOBIeTBOpsIOAsl 3TOMy YypaBHeHul0. B caMom jede,
nyctb y GyneT apryMeHt, torga x =34y 4y, T. e. x=¢(y) — o0 <y <+

— 0o < x < oo
PVHKLMA MOHOTOHHO BO3PAacTaeT B CTPOTOM CMBICAE M HENpepbiBHA, CTaJO ObITb,
cymectByer obpaTHas ¢yHkuus y =7 (x) — oo < x < -} 00 KOTOpasi TOWe OJHO-
3HaYyHa, HENMpPephIBHa W MOHOTOHHO BO3pacTaeT B CTPoroM cuMbiche. ClenoBaTenbHO,
ypasuenue y° -4 y° 4y — x=0 onpenenser aireGpaudeckyi0 GYHKUUIO y = f (x),
HEKOTOpbie CBOHCTBA €€ Mbl 3HaeM, HO 3HAYEHHS ee He MOXKeM IOJYYuTb NpU HO-
MOILM KOHEYHOIO 4HC/ia aireGpauyeckux JeHcTsuit, T. e. dyHkuus y =f(x) ectb
anre6pauyeckas 1o BTOPOMY ONpeNeNeHHIo, HO He GymeT 3JeMeHTapHOH a/ire6pan-
YecKOH ¢yuKuMeH, T. e. ABIAETCA HedIeMEHTapHOH aireGpanyeckoi.



Onpenenenue. Aazebpauteckue (Hynxyuu, ne SBALIOWUECS
payuonasbHbl MU, HA3blBAIOMCA UPPAYUOHANLbHOLMU a/zzeﬁpautzecxumu

dynryuamu.
_ 2
Npumeps. y=Vx; y——1/j:__:__ll/x

+Vx—V 3 u cm. npumepnt 2) u 3).

§ 3. CrenenHass ¢pyHKuusi C HaTypaJbHbIM IOKasaTejJeM

Cmenennoi pyuxyueid ¢ yeasm NOAOHCUMEAbHBLM NOKA3ame-
Aem Haswleaemcs HYHKyus 8uda

y=x" (n— HaTypaJbHOE YHUCJO).

dyuKuus onpenesneHa B MHTepBase (— oo, |- 00) W HENpepbBHA
B 3TOM HHTEpBaJ€ KAaK NPOMU3BELEHHE KOHEYHOIO 4YHMCJa HENpPEepHIB-
HbIX QYHKUMH y=x-Xx---x=x". ['padux QyHKUMH Ha3bBAETCA

A
n pas

napaboJsoff #-ro mopsaxa.

Ecsn mokasaTeJsb CTENEHH eCThb YUCJIO YeTHoe =2k (kR =1, 2, ...),
10 QyHKuMsA f(x)=x** yeTHa, Tax Kax BbIIOJHAETCA YCJOBHE:

f(—x)=F(x), 1. e. (—x)*=x"

CDyHKuuH KyCOYHO-MOHOTOHHa, 160 f'(x)=2kx**"' <0 npu x<<0
U f'(x)=0 mpu x=0, T. e. npu x<<0 Qynknua yO6biBaeT, a npu
x=0 BoapaCTaeT

Ecau nokasaTesb CTENEHH YMCJIO HEYETHOE =2k — |, TO QyHK-
musa f(x)=x*"! HeueTHa, TaK KaK MMEET MECTO:

f(—x)=—f(x), 1. e. (—x)*'=—x*"".

DyHkius B TPOMEXyTKE (— o0, -}~ o0) MOHOTOHHO BO3pacTaeTt, H60
fr(x)=(2k—1)x*"*=0 B srom npomexyrke. [lpu n uyernoM
rpaduk QVHKIMM pacmosiokeH CUMMETPHYHO OTHOCHTEJbHO ocu OY,
IpY HEYETHOM X — CUMMETPHYHO OTHOCHTEJNbHO HayasJa KOOPAMHAT,
KaK 3TO M3BECTHO M3 «BBemenusa B aHauua». Bce mapaGo.el mpoxo-
asat yepes ToukH (0; 0) m (I; 1), Tak kax y(0)=0 u y(l)=1.
Ilpu moctpoenun rpaduka caeayeT YYHUTBIBATb, YTO OpH 7> 1
B untepnase (0; 1) x"<x u B unrtepsase (1, +o00) x">x, T. e.
B nepBoM cJayuvae rpadux QyHkuuM y = x"(n > 1) pacnosoxeH HuxKe
OUCCEKTPUCH =X, a BO BTOPOM CJy4ae Bbllle 3TOH 6uccempucu.
I'paduk dynxuun JIyullle CHayasIa NOCTPOUTH B uHTepBase (0 —+ o)
3aTeM NOCTPOUTH TaKoi ke rpadux B uHTEpBase (— oo; 0), pacnono-
XEHHOM CHMMETPHYHO IIOCTPOEHHOMY OTHOCHTEJBHO oct OY, ecm
n=2k, qubO0 CAMMETPHUYHO OTHOCHTEJbHO HayasJa KOOPAHHAT, €CJH
n=2k—1(k=1,2,3,...). O BOrHyTOCTH ¥ BBIIYKJOCTH rpaduxoB
MOHO CyIUTh IO BTOPHIM IPOM3BOAHBIM NaHHBIX QYHKHMi. B camom
Jene, rpauk CTeneHHoi QYHKUMM ¥y = x** C YETHBIM NOKasaTeseM Oy-
LeT HalpaBJ/eH BOTHYTOCTBIO BBEPX, TaK Kak y' = 2k (2k — 1) x**~2>0
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npu Bcex x==0. padux dysxunn y=—x*~' c HeueTHBIM moKa3a-
Tej1eM cTeneHd INpH X < 0 BOrHYTOCTBW HampaB/JeH BHHU3 (y' =
=2k —1) (2k—2) x**—*<0) u mpu x>0 BOrHYTOCTHIO Harpas-
aed BBepx (y”>0), Touka (0, 0) YA
ecTb TOuYKa meperuba, TaK Kax
BTOpas mpousBoaHass npu x =0 06- y=x? y
paiiaeTcss B HYyJb M OPH IPOXOK- V=
IEeHHH yepe3 3Ty TOYKY MEHSeT

cBoil 3HaK (uepT. 1). ?

§ 4. Henas pauuonaabHasd —
dyHKuus 1 ,7/10 7 X

Onpenenenue. [leaod pa-
UUOHAAbHOL (PYHKYued Ha3bleaem- -
ca Pyuxyus suoa II

Y= ax" 4 a, 1" - a,xn 1Y
coota,, (1)
20e n— HeompuuyameasHoe uenoe
YucA0,  Ha3vlBaemoe - CHIeNeHbHo
mHozodaena, a;(i==0,1,2,...,n)— Oelicmsumensnsie yucaa, npu-
yem a,5=0%).

HeTtpynno BuAeTb, 4TO Hal HE3aBUCHUMON TIEPEMEHHOH X IPOU3-
BOJAMTCSl OIPAHMUYEHHOE YHCJO CJAOXKEHMH, BBIUMTAHHHA M yMHOXEHHUI
(omepanus neseHHs OTCYTCTByeT). Hao60poT, MOXHO IOKa3aTh, YTO
mobas QyHKUMS, SHAYEHUs KOTOPOH IOJNyyarOTCA M3 3HA4YEeHHH ap-
TVMEHTa M TNOCTOSHHBIX UMCEJ NPH TOMOIIM KOHEYHOTO UMCJa CJI0-
KE€HUH, BBIYMTAHUA M YMHOXEHHUH, ABJAETCA UEJOH palHOHAIbHOH
GyHKuMe# B CMBICJE HAlEro ompeaeseHus. PYHKIHA OIpeae/eHa
B IpOMEXYyTKe (— 00, - 00) ¥ HEmpephBHA B 3TOM IIPOMEXYTKE, KaK
cyMMa HenpepbiBHbIX (yHkuuil. PyHkuua no abCOMOTHON BeJNHUHHE
HEOrpaHMYEHHO BO3PacCTaeT C BO3paCTaHHEM | X |. DTO BHIHO U3 CJe-

a a
Jymoulero npeo6pasoBaHus: y = x" (ao +5+. .+ x—ﬁ’,) . [Tyctp
a,>0 u n—ueTHoe, TOorga npu X—s - oo(—oo0) U y— 4 oco;
eC/1 7 — HEYEeTHOE, TO PH X — — 00 U Y — — 00, & IPU X — —}-00
U y— -} oco. Muorousen (1) ectb QYyHKLHMA yeTHas, €CJHM OH COHEp-
XKMT JIMIIb YETHblE CTENEHH X, U HeYeTHas — €CJHH COAEPHKHUT TOJbKO
HEYETHblE CTENEHH X.

[lpu n=1 umeeM MHOrou/JIeH NepBO# CTeneHH (MMHEHHass (QYHK-
us).

Ilpu n =2 — mHorousneH BTOPOH cTeneHu (kBaApaTUyHas GQyHKUu).

[Ipu n=3 — MHOrou/seH TpeThbeil CTeNeH: U T. M.

[Tpumep. IlpoBectu nosmHoe wuccaenoBanue GYHKUMH y = x° —
— 3x°+4 u HauepTUTh ee rpaduk.

Yepr. 1.

#*) Eciu n=0, 10 B 3TOM cayyae OyaeM HaspiBaTb (1) «MHOrO4IEHOMY HyJe-
BOH cTemeHw, moJjaras y = a,.
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Pemenune. Pynxkuua onpenesneHa W HempepriBHa B HHTepBase
(— o0, 4~ o0). T'paduk ¢ynxuun mepecexaer ocb OY B Touke (0; 4).

Touxu nepeceuenus rpaduxa c oceio OX HaliieM M3 ypaBHEHHUS:
X' —3x*+4=0, nm (x*+4 x*) —(4x* — 4)=0,

T. e. (x4 1)(x*—4x -+ 4) =0, otkyna noayuyum: x, =—1, x,=2.
Tenepb HafileM NEpBYI0 M BTOPYIO NPOM3BOLHBIE:
[ (x)=3x*—6x=3x(x—2),
S (x)=6x—6=06(x—1).
HajineM KpuUTHUECKHE TOUKH:
3x(x—2)=0,
x,=0, x,=2.

Hccnenyem 3Hak BTOpOi NPOM3BOAHOA B 3THX Toukax. f”(0)=

Y =—06<0, 3HauyuT, UIMEEM MaKCUMYM,
paBepiit f (0)=4; f' (2)=6>0,
CI€JI0BAaTEJNbHO, HMEEM MUHHUMYM,
paBHbiit f(2) =0. [lpupaBusiem BTO-
Py TDPOM3BOAHYIO HYy/I0 M Haii-
JeM TOYKM, B KOTOPBIX MOXKET OBITh
neperuo.

6(x—1)=0, x=1.

HccnenyeM mnoseneHue BTOPOH Ipo-

4.  VM3BOIHON B OKPECTHOCTH 3TOM TOUKH.
X f(1—9<0, f(14e>0.

[Ipu mpoxoxjeHuu yepes TOUKY

x=1 BTOpas IpPOU3BOJHAA MEHSET

Hepr. 2. CBOM 3HAK, 3TO O3HayaeT, YTO TOY-

ka (l; 2) ectb Touxa meperufa rpa-

duxa ¢yuxuun. CocraBuM Tabauuy u moctpouMm rpadux (yept. 2).

x 0 2 1 —1 — ® + o
, 0 0
O e
Brisog MaKC. MUH. neperuo

Us Tabauuel BHIHO, 4YTO B MHTepBaste (— oo, 0) GyHKuMA BO3-
pacraer (y'>0), B untepsane (0; 2) y6wBaer (y'<0) u B uHTED-
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Base (2, -4 oo) Bospacraet (¥’ >>0). B unrepsanse (— oo, 1) Bropas

IIPO¥3BOAHAS
f () =6(x—1) <0,

crano ObiTh, B 3TOM HHTEpBaJe BOTHYTOCTb rpaduka HanpaBseHa
BHU3, T. €. B CTOPOHY OTpPHIATE/BbHBIX J (BBUIYKJIOCTH). B uHTEp-
Base (1, 4-oo) Bropas mnpousBosHas f”(x)>0-—BOrHyTOCTb rpa-
¢ura HampaBJeHa BBEPX, T. €. B CTOPOHY IIOJIOXXHTEJBbHBIX ) (BOTHY-
TocTh). Ilpy X— —o0 u QyHKIMA y ——o00, a NIpU X— | o0
it y—>+oo a,=1>0). Tenepp yxe serko noCcTPouTh rpadux KaH-
HOM ¢)yHKHHI/I

§ 5. bunom HploTOHA

PaccMoTpuM BaKHBIN 4aCTHBIA Cayuyail mesoff panHoHaJbHON QYHK-
uun f(x)=(a- x)", rae n ecTb HaTypa/JbHOE 4YHCJIO.

[Toambsysice nuddepeHnyanbHbBIM HCUUCAEHHEM, TONyydM GopMmy.1y
6uHoma HproToHa:

(a—i—x)":a"—|—na”“x~!,—"—(”~‘:3a”‘”x2—|—...—|—
+”(ﬂ—1) ---k![”""(k—l)] n-k k_|__ +naxn 1+x

[To usBeCcTHbIM IpaBUJaM YMHOXEHHSI MHOIOY/IEHOB IIOJYYHM:

(a+x a—{—x (a4 x)=a* 4 2ax + x?,
(a4 x)*=a’ -+ 3a’x 4 3ax® | x*.
Uro e KacaeTcs pasJsoKEeHHs

(a4x)"= a—i—x)a—i—x oo (a4x),

n pas

TO HaNMIIEM €ro CHaya/Ja II0 BO3PACTAlOLUM CTEmeHAM OYKBBI X
¢ HeompenesaeHHbIMM Ko3(duiuuentamu. Ilpy 3ToM B passoxeHuu
HauOOJIBLIMI IOKa3aTeJb CTENEHH OYKBbI X pPaBeH A.

fR=(a+x=a,+axtartax+... fax+... +
“+a,_x""'4a,x". (2)
Tenepp onpenenum HeusBecTHble Ko3dduumuento a; (i=0, 1, 2,
.oy H).
Hafinem nmpoussozHbie (yHxuuu (2):

f(x)=n(a+x)""'=a,+2a,x-}+3a,x*+}+ ...+
S hagdt (i — 1)@, %" A na,

S (x)=n( n—l Ja+x)""*=2-1a,+3-2a,x+ ...}
ThE—Dan T = ) =2 g
+n(n—1)a,x""

11



VunTeBasg, uto (a,x*) P = kla, u (a,_,x*~*)® =0, nonyunm: f* (x) =

=n(n—1)...[n—(k—1)](e+x)"~ k—k'ak—l—b x+bx .. —|-

—+b,_x""* (xoadduimenTs npu X 0603HAUMMM COKPALUIEHHO Yepes
y by ool by

" Monaras x:kO, HOJTY UHM:

f(0)=an=ao’ a, _f' 0
f(0)=na""'=a,, a _f—l(‘—)z_—% -t
0 =nn—1)a""*=2la,, a2=f—2!9_—:n("2—!—l)a"“2;

fA0)=nn—1) ... [n—(k—1)]a" *=krla,

&, — — (R —
ak:__ﬂ;!(O):n(n 1) ...k![lz (k ma""*(k:O, 1,2 ...n0. (3

[lpu sToM, Kax o6quH0 no.naraxOT: 0l=1, f(x)=f(x) u, B yact-
HocTH, fO0)=F(0) ( f‘°’( — IIPOM3BOJHAsA HYyJeBOro nopsaka). Ilox-
CTaBUB B (2) HafinenHsle 10 Qopmyae (3) ko3DOHUIMEHTH, NOJYYHM

tdopmyay (1). CeolictBa passoxenus O6uHoma HeroToHa paccMoTpute
CaMOCTORTEJNbHO.

§ 6. dpoGHble pauyoHalbHble (DYHKUUH

Onpenenenue. Payuonarsnas pyHKyus Haseléaemcs 0pob-
HOIl PQUUOHAAbHOL (PYyHKYyuel, ecau ee MOJNCHO Npeocmasums
8 sude omuoulerusi 08YX YeAblX PAYUOHANbHOLX (DYHKYUL, HO HeAb3s
npedcmagumsy 8 hopme MHO04AEHA, M. e. OPOOHAS PAYUOHALbHAS
pyrkyus ecmov (yuryus suda

_ P ax"Fax" ' fax" " 4. Fa, 1
T Q)T b b XTI b 2 b, (1)

MoxHO n0KasaThb, YTO JI00ass palHOHA/JbHAsA QYHKIMA, He SBJSIO-
mafca LeJsoH, ecTb ApoOHad. M3 BeipaxeHus (1) BUAHO, 4TO Han
HE3aBUCHMMOll MEPEMEHHON X NPOM3BOAMTCS OFPAaHMYEHHOE YHCJIO CJO-
XEHHH, BBIYMTAHWH, YMHOXKEHHH W JeqeHuit. PyHKIMA omnpeleJeHa
¥ HENpephiBHA, KaK OTHOIIEHHE JBYX HENpepuBHbIX (YyHKIuMH, A5
BCEX 3HAYEHUH X, 3a MCKIIOYEHMEM TeX, IIPU KOTOPhIX 3HaMeHaTeJb
obpamaercs B HyJab. Herpyano suuers, uto Q (x) He MOXKET ObITh
MHOTOYJIEHOM HYJ/IEBOH CTENEeHH, TaK KaKk B NPOTMBHOM cJayuyae (1)
Obia Obl LEJOH palMOHaJbHOH (yHKIHKeH.

3ameuanue. [Ipu nocrpoennn rpaduka QyHKIUH, KaK H3BECTHO
u3 auddepeHnrasbHOr0 HCUHCAEHHS, TONE3HO ONPELEeNUTh aCUMITOTHI
KDUBOH IIpH yCJIOBHHM, KOHEYHO, YTO  OHM CyulecTByloT. Hanomaum
NPaBU/IO HAXOXJAEHHS ACHMITOT.

12



Eciu rpaduk ¢yskmuu y = f(x) UMeeT HAKJIOHHYIO aCHUMIOTOTY
Y=Fkx-b, To cymectByer

11:1_1 [f(x)— (kx4 b)]=0 um lim [f(x)— (kx-+b)]=0
X—=>~00 X—=>—00
Jas onpenenenus xosdhduuuenTa £ Hamo HalTH

lim L(—-x)=k wid  lim Z—(i)=k.
x>0 x>—c0 ¥

s onpenenenus kosbduuuenta b ciaenyer HaiTH
lim [f(x)—kx]=06 wm lim [f(x)—kx]=0b.
X—>—+00 X—>—0

Ecmn £=0, T0 KpuBas MMeeT rOPU3OHTA/BHYIO aCHMITOTY
Y =b,
rie b= lim f(x) um b= lim f(x

X+ X—=>—®

Kpome HaKk/JOHHBIX W FOPU3OHTANBHBIX aCHMITOT MOTYT ObITh U BEp-
THKaJbHBIE ACHUMITOTH. TaK, €C/ld mpsMag X=X, €CTb BepTHKa/b-
Hag acumnToTa rpaduka QyHKUMH y=f(X), TO B TOYKEe X, XOTH
6Bl OZIMH M3 OLHOCTOPOHHHX NpeAeNoB (QYHKIUK paBeH 6€CKOHEYHOCTH.
Jas npo6HO# pauuoOHa/IbHON (YHKIMH MOXET OKasaTbCH:
1) TlokasaTesp CTeneHM YMCJAMTEJSA HAa €IUHMLY O6OJblle NOoKasa-

TeJsl CTeNeHd sHaMeHaTtess, T. €. m=n-1. B atom cayyae Qynk-
nust

__Px)__ax"T'Hax"4-a,x" " 4 .. A ane,
) =00 = "t b0 0 . b, @)

MMEEeT HaKJOHHYIO acumnrtory Y =kx - b.
Herpynno nmposeputs, uTO
limi(—x)::ﬂ’, T. €. Ko3(hdHUKeHT =%,
x b, b,

Jas BoluncaeHuss xosdduuneHTa b Hajo onpenesuTh
11m [f(x)— —x} =b.

Brnpouem, ass ApPOGHOH palMOHaNbHON (YHKIHMH HAKJIOHHAS aCHMII-
TOTa MOXeT ObiThb HalifieHa Ipolle, a MMEHHO: BBILEJHUB LEJYIO YaCTh
palKoHa bHOM Apo6U (2), mOMyquM:

P P,
R =g2=kxt+bo4+58, (3)
roe P,(x) ecTb NOJHMHOM, NOKasaTe€Jb CTENEHH KOTOPOro MeHblue

HOKasaTeJsi CTENEeHM IOJMHOMa 3HameHaTeas Q(x). Ms (3) caenyer,
4TO

lim [f (1) — (kx+-b)] = th(;‘)) -0.

i3



2T0 03HayaeT, YTO
Y=Fkx-1b

€CTh KCKOMasl HaKJOHHAf aCUMITOTA.
2) a) [NokasaTesb CTENEHH YACAUTEJST PaBEH IOKA3aTeJ/I0 CTENEHH
3HameHaTessd, T. €. m=n. B 3ToM ciayuyae

1imf—§ci)=0, T e. k=0 u

X—>00
X"t ax" ' ... +a
b=Iim x—hma“ 1= n_—
oD f( PR R L S
a a
ao+—'+...+;;; .
b, by’

= lim

50 gyt D 22

xn
Takum 00pa3oM, MMeeM TOPH30HTaJbHYI0 aCUMITOTY
a
Y=>b, rae b_—_b—" .
()

6) Ecmu m <n, toraa

 opoaxFax™ L da,
b_xl_‘fﬂ o L, O

T. €. HMEEM TOPHU3OHTAJbHYIO aCHMITOTY

Y:O.
3) Ilns ompeneJsieHUs BePTUKAJbHBLIX aCMMNTOT HaAO HAWTH HEHCT-
BUTEJILHBIE KOPHH X, X,, ..., X, (k<<n) sHamenatena Q(x) u yGe-

JUTbCA, YTO NMPU X—X, f(X)— oo.
[Tpumep. [IpoBecTH mosHOE HCCaeAOBaHHE (QYHKIUH
x3
z xt—1

U HayepTHTh ee rpadux.

Pemenue. OyHkuusa onpeneseHa U HENPEPLIBHA, KaK OTHOLIE-
HHE [BYX HENpEepbIBHBIX QYHKUMH, Ha BCEM MHOXECTBE AEHCTBUTENb-
HBIX YHCeJs 33 HUCKJIoYeHneM X, =1 U X,=——1. B 3TuX TOuKax

GbyHKUMA HMMeeT pasphiB BTOPOro poja. Hafizem mepByio u BTOpYIO
TIPOU3BOJIHbIE:

, 2 2 __ 3
FR=553,
f/r( 2)6()6 —|—3)

E=1E

OnpexenuM CTalUOHApHBIE TOYKH, A/ Yero IPHPABHAEM IEPBYIO
TPOM3BOAHYIO HY.JIO.
x% (x* — 3)

WZO’ otkyna x,=0, x,=V'3, x,=—V3.
14



Ipyrux kputHueckux Touek HeT. Mccaenoeanue Ha axCTpeMyM IIpo<
BeJeM O BTOPOH NPOHM3BOLHOM.

£ (1 3)>0, 3HauuT, UMEEM MUHMMYM, PaBHbIH f (Vh)—-s-ﬁ .
F'(—V'3)<0, a nosToMy umeem MaxCHMyM, paBHbil f(— )/ 3)=
3V 3

Jlerko y6emuTbCs MO NepBON NPOM3BOAHON, uYTO B TOoukKe X =0

skcTpeMyMa HeT. B 3Toft Touke BTOpas mnpoussoxHas f”(0)==0.
Uccaenyem na mneperud

B Touke x=0 YA
£(—9>0, f()<
Bropas npoussoaHas npu
NPOXOXKIEHUH Yepes Tou-
ky x=0 wmenser cBoi
3HaK, TMOSTOMY TOUYKa !
(0, 0) ectp TOuka mepe-

ruba rpaduka QyHKIHH. !
I'padux nepecexaet ocb !
OX B Touke x =0 u pac- -V3 !
IOJIOXXEH  CUMMETPHYHO
OTHOCHTEJIbHO HayaJsa Ko-
OpIMHAT, TaKk Kak QyH-
kuus HeyeTHa. Hailinem
acumntoTel. B paccmat- |
pUBaEMOM IIpUMEpE HMe-

eM MepBBI cayuail, T. e.

IOKa3aTe b CTEIEHH YHC-

auteas (m=3) Ha enu-

HULY 6OJblIE IOKa3aTe s

CTENEHH  3HaAMeHaTeJsi

(n=2), nosTomy cyIue- Hepr. 3.
CTBYeT HAaKJOHHAasg acH-

mnToTa. HallgeM 3Ty acummnrory, nssi 4ero BBLAEJMM LEJYI0 4acTb
palHOHANBHOA APOGH:

(&)
3
XY

X=-1 X=1

8 x
V=12 l—'x+x2——l '
Hckomas acumntota Y =x. MmeoTca [1Be BepTUKAJIbHBIE ACHMIITO-
ol X=1 1 x=—1. Tenepsr cocTaBuM Tab.MLy WU MOCTPOMM Trpa-

¢ux (4epT. 3).

M3 Tabauubl W rpaduxa BHAHO, YTO OQYHKIMS B HHTepBaJe
(— co, —V'8)  MOHOTOHHO Bogpactaer (y'>0), B uHTEpBaJe
(—V3, 1/3 npu Xx=%=-+41—y6uBaer (y'<0) U B uHTepBase
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x —1,73 0 1,73 + o —®

y — 2,60 0 2,60 +o | —w
’ 0 0
A e N
BBIBOI Makc. neper. MHH.

(V'3, -+ oo)— Bospacraer (y'>0). HHTepBasbl BOTHYTOCTH H Bbl-
MyKJOCTH rpaduKa MOXHO yCTaHOBHUTB IIO 3HaKYy BTOPOI POU3BOLHOM.

§ 7. Crenennas (pyHKiMS C LEJbIM OTPHLATEJIbHbIM IIOKasaTe/eM

YacTHbIM CayuaeM [APOOHOH pPalMOHaNbHOM OQYHKIHMH SBJISETCA

qynkuus Buga Y= 5, WM y= Xx~", IZle n—HaTYpaJbHOE YHCJIO.

®OyHkuMA OnpeeeHa u Hempe- y
pblBHA, KaK OTHOLIEHME HBYX
HENpPEepBIBHBIX (QYHKUMHA, TpU
BCcex 3HaueHusx x==0. B Tou-
ke x=0 QyHKIHMA HMeeT pas-
pbiB BTOpOoro poza. Ilpu uer-
HoMm n=2k (k=1, 2, ...)
(QyHKUHUA ueTHa, rpadux ee
PacCIOJIONK eH CHUMMETPHUYHO
OTHOCHTEJIbHO ocH oYy 7
W DPOXONMT yepe3  TOUKH

Yl

Yepr. 4. Yepr. B.

(I 1) m (—1; 1), B unrepsane (—oo, 0) Qynxkuma Bospacraer
(y'>0), a B untepsane (0, 4 oco) yGuBaer (¥’ < 0). Bo Bcem mpome-
XKYTKE ONpeJe/]EHHs BOTHYTOCTb rpadiuka HampaB/eHa BBEPX, TAK KaK

16



Y = (—2k) (—2k — 1) x~®**>0 (yepr. 4). [lpu HeueTHOM
n==2k —1 QyHKIMs HeuyeTHa, rpadyKk €e Paclo/IOXKEH CHMMETPHYHO
OTHOCHTEJbHO HayaJa KOOpPAMHAT M IPOXOXMT yepe3 TOuku (1; 1)
u(—1; —1), na oboux unTepBajsax (yHkuus y6pBaeT (¥’ <O0).
B untepsane (— oo, 0) rpadux uMeeT BHIIYKJIOCTb, TaK Kak Yy’ =—
=(—2k-+1)(—2k) x~***V' <0, u B untepsanre (0, -+ oo)— Bo-
THYTOCTb, TaKk Kak y” >0 (uepT. 5).

1
Tpaduk QyHkunu y =, HMEET ABE aCHMITOTHI, TOPH3OHTAJbHYIO

Y=0 (ocp OX), moromy uyrto lim x—l,,=0 ¥ BEPTHKaJIbHYI0 Xx—0
X => 0

L

(oce OY), motomy urto lim —=oo.

x>0

§ 8. MpoGHo-auHeliHasa (yHKuuUsS

JlpyraMm yacTHBIM CJy4yaeM JApOOHOH palMOHAJbHON —(yHKIUH
aBnfeTcs (QYHKIMA BHJAA

__ax—+b
= ta (1)

rie a, b, ¢, d—nocrosHuwe uncaa, ¢c%=0 U ad—bc=£40.

b
d °

b .
Ecau % == L=const, To a=ck, b=d)\, u Mbl noay4yaem OyHK-

o a
Ecim ¢=0, o noayuaercs smnefinas QyHkuus y=— X

L (cx -+ d) d
WMIO BUIA Y =——F—~ T == const { x5 —— ). Oynxuyua Henpe-
d o
pbiBHa, 3a HCKJ/IOYEHHEM TOYKH X————?, B KOTOPOM OHa HUMEET

paspeiB BTOPOro poja.
Uz (1) meneHnem yuCaUTe/ s Ha 3HAMEHATEJb IOJYYHM:

a be —ad
y=- +2_d . (2)
BblunCIMM TIPOU3BOAHYIO:

' ad — be

Ms (3) Bumno, uto ecmm ad—bc>0, To QyHKUMA B HHTEpBaJIax
d

(— 0o, ——% n{—, —|——oo>, B KOTOPBIX OHA ONpEJeJeHa, BO3-

pacraet (y'>0). Ecoim ad —be <0, 10 QyHKUMS B 3THX Ke HHiep-

17
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Bajsax yOemBaeT (y'<C0). Halinem acumnroTel rpaduxa QyHKIMHM
. b a
1 atb 2 g ey=% (ropu3oHTa/IbHAST aCHMITOTA).
x smptxt+d ¢ c

d
X==-—— (BepTHKaJbHas aCHMITOTA).

ad d

O603HauuB B (2) ci=[3, li;—:-—m, - = — @, IOJIyquM: y—p=

m
=—, W, nojaras y — p=y', X —a=x', nomyyum:

’ m

YpaBuenue (4) ectp ypaBHEHHE PaBHOCTOPOHHEH rumep6osbl C HOBBIM

d a
HayasoM KoopauHat (o, B), wm (——, —). Taxkum o6pa3oM, rpa-

dux  APOGHO-JIMHENRHOM
YA GyHKIMM  eCTb  paBHO-
CTOPOHHAS rumepbosaa c

a
ACHUMITOTaMH Y =— - H

d
X=——, SABIAIOLMMHCS

(-7 HOBBIMH OCSIMH KOODIH-
HarT.

[Ipumep 1. y=

22X —

=¥ QyHKIMA Onpe-
JeJleHa ¥ HelpephiBHA KaK
OTHOIUEEHE IBYX HEmpe-
PBIBHBIX  QYHKLIME 1pH
BCEX 3HayeHHWAX X, 3a
Yepr. 6. HUCKJIIOYEHUEM TOUYKH X =

Y

7
= —, [Ie OHAa HMeeT
paspbuiB BTOporo pona. B obaactu onpenesnenus QpyHKUHs MOHOTOHHO
' 29
BO3pacTaeT, TaK Kak y = Bx 17 >0, nmad —bc=2.7— (—3)5=
=29>0, 4YTO ABNAETCA PaBHOCU/ILHBIM ycaoBueM. CyliecTByeT ropu-

2 . 2x+3
30HTaJbHag aCUMITOTA Y:F, TaK Kak lim ===+ H® BepTU-
oy ST
7
Ka/JbHas aCMMOTOTa X = — % . Touku nepeceuenus rpadguka ¢ ocsMu

KOOpZAMHAT: (%, 0) H (0; —%) (uept. 6).

§ 9. Pasnoxenue pauKoHaldbhO#H (DYHKUKM Ha HpocTedmue Apodu

Besikyro panuoHaabHy0 GyHKIHIO R (X) MOXHO IPEACTaBUTb B BULE
OTHOILIEHHsA JABYX B3aUMHO IIPOCTBIX MHOIOUJIEHOB

R=5.
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Ecau snamenatesp Q(x) ecTb xoHCTaHTa, To ¢yHkuus R (x) Oyzer
1eJol palHOHaJbHON GYHKIMEH.

Panunonanbras apo6b g—% Ha3bIBAETCA NPABUJIBLHOM, €CJM CTENEHb
YUC/IUTENA MEHbLIE CTENEHH 3HAaMEHAaTeJsd, €CJH YK€ CTENEHb YHCJIH-
TeJs 6GOsblle HJIM paBHa CTENEHH 3HaMeHaTessd, TO APoOb Ha3blBa-
eTcs HempaBHabHOH. Ecom crenenp mosmnomMa P (x) paBHa m, a cTe-
nesb nosauHoMa Q (x) paBHa 7, TO mpU m < n PpalMOHA/NbHAsA APOOH
IIpaBUJIbHA, @ IPH M ==n— APOOb HEIPABUJIbHA. Hanpnmep, panHoHab-
Has Apo6b 2l IpaBUJIbHALA, & npo6n p XAl

FFZ 5 =-|-2 x 1
HenpaBu/bHblE. [IpH moMomu pesnenus (MO NIPaBUJy HEJEHHUSI MHOTO-
YJI€HOB) HENPABUJIBHYIO palHOHAJbHYIO APOOb MOXHO NPEACTaBUTH
B BHJE CYMMBI L€JOH PalMOHA/IbHOH (QYHKUHHM M IIPaBHJIbHOH pauuo-

HaspHOM mpobu. Tak, mycTb m = n, Torza ﬂﬁ)_—_u( )+ 2= B

Q (x) Q(x)’
P, (x)
u(x)—uesnas pauHoHa/lbHass (QyHKUHUA, a Qx — TPaBU/IbHAA paiuo-

HaJIbHasi JApPOOb.
A Mx+ N
Onpenenenue. obu Buaa—/u —— T, 20e
pex Ap aF b @t ¢ A
M, N, a, p, q— Oelicmsumessrsie ttucxla kR u m— Hamypanssnee

qucaa, u mpexiaen x* -+ px -+ q umeem mnumele KOpHu (% — q<0> ,

Ha3bl8aOMCR npocmeimumu (daemenmaprsimu) Opobamy.

Hama 6umxaitinas sajaya — A0Ka3aTh, YTO BCAKYIO PpandOHaJIb-
HYIO NPaBUJIbHYIO APOOb MOXHO NPEACTABUTH B BHIE CYMMBI IIPOCTEl-
KX apobei.

(x)

P
[lycts Q(x) — PaBUJIbHAs  palMOHA/bHAs Ipobp U Ko3hbHIKEeHT

CTaplIero 4Y/jeHa B 3HAMEHATeJe paBeH enuHule (ecau Obl B 3HaMe-
HaTese KO3(UIMEHT CTapmiero YJeHa OKas3aJcsi OTJHYHBIM OT elIH-
HHIlbl, TO Mbl MOIVIM Obl pa3fesNuThb YHCJIMTENb W 3HAMEHATeJb Ha
3TOT K03(QuuKEHT).

B anredpe nokasblBaeTCs OCHOBHasi TeOpeMa, YTBep:Aaouas,
YTO BCSIKOE aJre6pauyeckoe ypaBHEHHE n-H CTENeHH

QxX)=x"4+bx"*+...4b,_,x+b,=0
¥MEEeT 1 KOpHell (IefCTBHUTEJBbHBIX HJIM MHHMbIX). Ecan xoadduiu-
€HTH ypaBHeHus b,, b,,..., b, — HeHCTBUTENbHBIE UMCJ4, TO MHH-
Mble KOPHH nomapHo conpsikenb®). M3 sToff Teopemsl caenyer, yTo
JM000i MHOTOUJIEH n-§ CTENEHM C JeHCTBUTE/IbHBIMU K03((HIHeHTaMu
MOXeT ObITb IPEACTaBJeH B BHIE NPOM3BEIEHHS JHHEHHBIX MHOXH-
TeJel:

xX+bo x4+ b, x+b,=x—a,)(x—a,)...(x—a,),

rae aq;(i=1, 2,..., n)—KxopHH ypaBHeHHs. MoxeT oOkasaTbCs, YTO

#) Ecau uMeetcs KopeHb e - /i, TO eMy COOTBETCTBYET APYroi KOpeHb, C HUM
CONpsKEHHbIH, € — Al U OHH HMEIOT OJMHAKOBYIO KPaTHOCTb.
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@,=a,=...=@==0a, TOTJa KOpeHb a ABJAETCA KOpHEM k-t
KPaTHOCTH U (X — a,) (X — @,)...(Xx —a,)=(x —a)*. Ecim uveem
MHMMbIE KODHH €--/Ai W e — hi, TO NPOM3BELEHHE

[x — (e 4 hi)][x — (e — hi)]|=[(x —e) — hi][(x — )+ hi]=
=x—e)+n=x*—2ex+e*+n=x*+px-+tyg,

rie p=— —2e u g=—e* - h.

CieoBaTe/bHO, MPOU3BELEHHE ABYX COMHOXHTEJEH, COOTBETCTBY-
IOLMX CONPSHKEHHBIM MHHUMBIM KOPHSIM, MOXXHO 3aMEHHTb TPEXUY/IEHOM
x>+ px - g ¢ pefcTBuTesbHEIME KO3Gduunentamu. Ecau xke conps-
KEHHble MHHMMble KODHH HMEIOT KPaTHOCTb Y, TO NPOM3BENEHHE 2y
COMHO)KHTeJIeI/I 3AMEHHTCA TPEXYICHOM B CTENEHH Y, T. €. BLpaXe-
nueM (x*—+px-g)'. Takum o6pasom, eciu ypaBHEHHE HMeeT
JeHCTBUTEbHbIE KOPHH a, b,..., [ KpaTHOCTH a, B,..., A U MHUMBIE
KOpHUM e—+hi u e—hi,..., e’ --h'ine —h'i kpaTHOCTH ¥,..., 1, TO

xX"+bx""'+ ... +b,_x+0b,=
=(x—a)(x—bp...(x*+px-+9)...(x*+rx-+s)
roe o B4+ ... 2 42(1+ ... F1)=n

Mu 6ynem B ma/ibHElIIeM pacCMaTpPUBaTh INPaBUJbHBIE PAlMOHAJIb-
P o
Hble Apobu Q—(Z% TOJIBKO € JAEHCTBUTEJNbHBIMH KO3 dunueHTamu
B YMCJIMTEJE U B 3HaMeHaTeJe.
j2)

Jlemma 1. [Ipasusrsnasn payuonarsuas 0po0s _Qg;’ 3Hamena-
meas komopol Q(x)=(x —a)’Q, (x), 20e Q,(x) He Oeaumcs Ha
X —a, mosicem Ostmb npeacmameﬂa 8 sude cymmel 08yX NPaBULb-
Holx Opoleil

P(x) __ + P, (%)
Q (x) (x —a)  (x—a) ' Q,(x)’

20e A — uucaosoii kosfppuyuenm, a P, (x) uQ, (x) — noaunomet.
HoxasateabcTBo. Tak Kak mo ycaoBuo Q, (x) Ha x—a

He neautcs, T0 Q,(a)s40 u, cienoBaTeNbHO, X==a €CTb KOpEHb

MHOrousneHa @ (X) KpaTHOCTH a.

Hanumem TtoxxnecTso:

P(x) + P (x) A
(x—a)* Q, = x— a)" x—a)*Q;(x) (x—a)
HJ/IHU
Pxy A + Px)—AQ, (%)
Q) ~ (x—ay (x—a)*Q, (x) *

[MonGepem A Tak, utobbl P (x) — AQ,(x) pasaenunocr Ha x—a.
Hast sToro Heo6xozmwo U IOCTaTOYHO, 4TOOb @ OBLIO KOPHEM 3TOrO
mHorousnena (teopema Besy), T. e. P(a) — AQ, (a)=0,

OTKyJa

A=70 (Q(@F0). (1)
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Bri6pas A no ¢dopmyse (1), MOXKHO HamucaThb, 4TO
P(x)— AQ, () =(x—a) P, (x),

CJ/1e I0BaTENbHO,
Px) __ e (x—a)P; (x)
Q) (x—af T x—afQ ()’
HIH
Px) __ P, (x)
Qx) (x— tl)“—l_(x — a1t Q ()"
Jpo6e (7—)4—(3?0—(;) — NpaBHJbHAf, TaK KaK OHAa MOJy4YeHa B pe-

3yJbTaTe COKPAlIEHWs NPaBUILHON APOOH Ha X — Q.

Teopewma 1. [Tycms oana npasursnas payuonassrwas 0pobs
P
Q((x)) , 3Hamenamens KOMOPOL umeem mMOAbKO Oelicmsumensrsie

Kopuu a, b, ..., | kpamuocmu o, B, ..., \
B smowm cxzyqae umeem Mecmo paaxzomeuue suda:
Px)
Q(x) — x—a) +(x—-a)" ! + + x—a +(x—b).1 +(x—b)ﬁ‘ _|_
1 L
to R T st 0
20e A, A, ..., L_,— Oeiicmsumensree vucia.

JoxasaTesbCTBO COCTOMT B MOCJEA0BATE/JbHOM NPUMEHEHHH JeMMHbI [,
[lo ycnoBuio

Qx)=(x—a)(x—0b)P...(x—I) =(x—a)*Q, (x).

[Mpumenus gemmy | o pas, moJayuum:

P (x) _ A, P, (x) - A, A,
(x — ay* Q, (x) —(x—a)“—l-(x—a)"‘Q, (x)—‘(x—a)“_'l_(x—a)““1 +
P, (x) A A,
+(JC——(1)" 2Q(x) Tt T x—a)“+(x—a““‘+

a-1 P (x)
_J'_(x a)”‘2 + +x-—a Q(x) ?
rae Q, (x)=(x—b)...(x—I"

o P, (x
Eciu Mbl K IpaBU/IBHON apo6H Q"‘Ex; npuvenuM Jgemmy [ eme B
1

4 ...-F) pas3, 10 monyuum pasnoxende (I). Kosdpduuuentn A,
A, A, ..., L,_, pasnoxenus (I)— gefiCTBUTEJbHbIE YHCJA. 310
YTBEPHKICHHE cnenyeT M3 TOrO, yTO HOJMUMHOMEI P(x) u Q(x)—c
LEeACTBUTENbHBIMU Koa(N)HuueHTaMH KODHH mOJMHOMA Q (Xx)— meit-

CTBUTEJbHBIE, a TAKXE M3 CMOcoba NMOMYYEHHsl BbIIEYKA3aHHBIX KO-
P(a)
3¢ duuMeHToB A—Q(a cM. Jgemmy ).

Tenepb AOKaXXEM €IMHCTBEHHOCTb PasJ/JIOKEHH.
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Teopewma II. Pasaosicenue (I) s03mozicno npoussecmu eduncm-
8eHHbIM 00pa3om.

JoxkasaTeabcTBO. JIOmycTHM, 4TO CyLIECTBYET APYyroe pas-
JIOKEHHE

P(JC) a—l
(x — a)-(x — bp.. ( x— o (x—a)“—l'_(x—a)“ S
Ly ,
+ (x—b)ﬁ ‘I‘(x—b)ﬁ-l +oo == @)

B (I) u (I') neBble 4aCTH paBHB, CJELOBATEJNbHO, M INpaBble 4YaCTH
JOJKHBl ObITH paBHHI, T. €.

AO Al Aa—]
(Jc——a)'“_l_(x-—a)°‘"l + + x—a +(x—b3+(x—-b)3 ‘_l_
Ly
+...+x__l +(x—a)” l+ +x_a
L—l
-+ (x—b)B +(x——b)3 R R (2)

YmuoxuM seByl0o W 1npaBele 4actd (2) Ha (x—a)® H, MHOJOKUB
o ’ o o
Xx=—a, Ha#izeM, 4yto A,=A,. OrbpaceiBas B JeBO U mpaBOil 4ac-

A A
TAX paBeHCTBA (2) mepBble paBHblE CJaraeMble o __Oa)m = __"a)_,l

YMHOXasi MOJNy4YEHHOE PAaBEHCTBO Ha (x —a)*”', moNyyuM npu Xx=

’
=a, Aij=A, u 1. A. Urak, npu moboM crocobe NOJy4eHUs pas-
aoxenusi (I) Bcerga OyneM UMeTb B pAasJOXKEHHM OJHH U TE XKe
yuc/oBble KO03(QHUIMEHTH.

JJevmma II. [Tycms Oana npasussnas payuonassras 0poOs
P . ,
@_((% u nycms e-+hi ue—hi— 08a CONPAHCEHHBX MHUMbBLX KOPHSL

snamenameasi Q(x) kpamnocmu m, m. e.
QX)=(x*+px+4q)"Q, (x), zoe

P, g u rosgpuyuenmel nosuroma Q, (x )——aeﬁcmgume/zbﬂbze yucaaq,
e-}hi u e—hi—xopuu mpexusena x*4-px-q.
Toz0a umeem mecmo pasioxcerue 8uoa:
P(x) Mx—+ N + P (x
Q)™ @*+px+g™ " FP4px+9" 1 Qx)"

HNoxasaTteuasbcTso.llo ycaoBuo x*-Fpx - g=(x—x, ) (x—x,)
rie x,—e -+ hi, x,—e— hi. Hanumewm ToxzaecTBo:

P (x) Mx 4+ N __|_ P(x) . Mx + N
FEFrrF9™0,0 EFprt " T 9T Q, (x)  (Fdpxt
HJIU

P (x) — Mx -+ N __I_P(x (Mx 4+ N) Q, (x) (3)
Q (x) (** +px+g)" @ +px+gmQ(x) °
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Kosdpduuuentst M n N monbepeM Tak, 4TOObI YHCJUTENb IOCJIEN-
Hell apobu pasmesuics Ha TpexuiaeH x® -+ px--g¢. Jaa sTtoro He-
06XOAMMO W JOCTaTOYHO, YTOOBI X, ¥ X, ObIM KOPHAMH 3TOrO MHO-
rouseHa (mo teopeme besy), T. e.

{ P(x,) —(Mx, 4+ N)Q, (x,)==0, (4)
P(x,) —(Mx,+ N)Q, (x,) =0, \
rae Q,(x,)50 u Q,(x,)=40, Tak Kak X, U X, — KOPHH KDPaTHOCTH
m nomuHoMa Q (x). U3 (4) umeem:

—_Px)
Mx,+N= AR )
P (x,)
Mx,+ N= AR

A rak Kak x,=—e—hi U X,=—e — hi CONpsXKEHH M NaHHBIE IIOJU-
HOMBl P(x) u Q(x) umeoT meliCTBUTE/bHbiE KO3(QHULUHEHTH], TO Oue-
BHMIHO, YTO TpaBble 4YacTH ypaBHeHH# (5) OyLyT TaKKe COIPSKEH-
HbIMH KOMILJIEKCHBIMH 4YHCJaMH, T. €.

{ Mx, +N=E+ Hi, { M(e+-hi)+N=E--Hi,
Mr.A-N—=E—Hi "™ \ Me—h)4-N=E—Hi ©

(nominomMet P (x) u Q(x) nambl, modtoMy ko3bduuuentsl £ u H
HaM usBecTHH). K3 (6) mosmyunm:

H
. ( m=1,
h=H, N=E —H % (hs~0).

Takum 06pa3oM, H3 CHUCTEMBl ypaBHEHHH (D) ONpeRe/MJIU Takue
neficTBuTenbHbe KoadhduuuenTsl M u N, 4TO uMCaUTEN b ApobH (3)
TIPH HalIeHHbIX 3HaueHuax M u N mesautcs Ha TpexuaeH x° - px -4 q.
[Tosromy us (3) moayunm:

P(xy Mx 4+ N e P, (x)
Q) (+px+q™ ' (& +px+ 9" Q%) "

II 065 P, (x)
PO G o F 97 Q, ()
B pe3ysbTaTe COKpallleHWs NpaBH/IbHOH apobu Ha x4 px-|g.
P (x)
Teopewma lll. Ecau Q) — "PasUAbHAR PAYUOHANLHAS 0pobs u
Qx)=(x—a) (x—0b)...(x*+px—+q)", mo umeem mecmo pa3-
a0scenue guda:

Pixy A A A,_ B, B
Qx)~ (x—ay +(x—al)°‘“ +eee x—-a’ +(x—ob)9+(x—bl)ﬁ"+
By Mox + N Mix + N
AR = R B -y ey ey

Myx + N,y Mp_ 3%+ Ny,
T @t T T T (I

— IIpaBuJbHAsA, TaK KakK OHa IOJY4Y€Ha
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JloxasaTeJbCTBO COCTOMT B INOCJAENOBaTENbHOM TNPUMEHEHHH Teo-
pemer I u gemmer II. EnurcTBenHocTs passoxenus (I1I) moxasbiBaerca
TaK e, KaK ¥ B IpeAbAyLIEM CJydae.
P(x
HMrax, MBI mOKasaM, uyTO JIOOYI0 palMOHAJIBHYIO (YHKIHMIO 6—%)—%
C AeHACTBUTEJ]bHBIMH KO03(G(HIMEHTaMH B UYHCJIHTENE W 3HaMeHaTeJse
MOXHO NPEACTaBUTb B BMAE CYMMbl LeJIOH palHOHAaNbHOA (YHKLHH
u(x)=ax"4+ax"'4+a,x"*4 ... 4@, 1 KOHEYHOr0 4YHUCJIA CJa-
raemMblX NPOCTHIX Apo6Gell BHIA:

A A )
Ds== 2 =z k=2)
Mx 4+ N Mx 4+ N

Ve¥mts ) Trmrmp =2
rie Bce kK03GQHUMEHTH TaKike JdeHCTBUTE/bHBIE 4YHC/I3, a8 KODPHH
TpexuseHa x* -} px - g — MHUMbIE.

§ 10. Bbluncaenue Ko3(UIMEHTOB pa3ioKeHus

Jas GaKTHYECKOro BBIYUCJAEHHA KO3(QHIMEHTOB B Das/OXKeHHH
(I) nau (II) oOBIYHO MPUMEHAIOT METOA HEONpEeAENEeHHBIX Ko3(huIu-
eHToB (Cmoco6 cpaBHEHHs KO3(D(HIMEHTOB).

ITOT cnocob COCTOMT B caexayrouleM. [lo BHLy mnpaBU/bHON pa-
LIMOHAJIBHO! JAPOOH g%}, BEpPHEe, N0 BHAY €€ 3HaMEHaTeJs, MUlIeM
IJIs 3TOH JIpOOU Pas/okKEHHE C HEONPEAENeHHBLIMH KOo3(dHIueHTaMu
Buna (I), eciu sHamMeHaTesnb Q(X) HMEET TOJBKO JEeHCTBUTEJbHbIE
KOpHH, U pasyoxenue Buaa (II), ecnu sHamenaTesr HMeeT meHCTBH-
TeJbHblE ¥ MHHMblE KOpDHH, JMOO TOJbKO MHUMble. B mpaBofi wacTu
pas3/oxeHus NPUBOJAMM IPOCTHIE APOOM K OOIIEMY 3HaMeHaTeJio,
KoTOpbIM Oy et Q (X), CK/IaABIBaEM MX U NOJTyYaeM IPaBHJIbHY 0 APOOL*),
mocje yero 3HameHaTesb (Q (x) B JeBOH M mpaBoif 4acTAX OTOpack-
BaeM. [losyunm ToxzecTBO (1), B JI€BOH 4YaCTH KOTOPOrO MOJHHOM
P(x), a B npaBofi 4acTH — NMOJMHOM (72— 1)-#i CcTemeHd C Heompe-
[eJeHHbIMU (0YKBEHHBIMH) KO3hQUUHEeHTaMU

P(x):aoxn_l+a1xn_2+"'—l_an—l' (1)

[TpupaBHrBas K03¢ QUUMEHTH NPU OLMBAKOBHIX CTENEHAX X B JIEBOH
¥ OpaBOi 4YacTAX TOXAecTBa (I), mOJy4yuMm CHCTEMYy M3 7 ypaBHe-
HAH C 7 HeusBeCTHbIMU. [losyyeHHas CHCTEMa ypaBHEHMil IOJ/IKHA
UMETb ENMHCTBEHHOE pEUIeHHe B CHJy paHee JOKa3aHHbIX IPeio-
XEHHI O CyLIeCTBOBAaHMM M eIHMHCTBEHHOCTH pasnoxenufi (I) u (II).
PemuB ee, nHaiizem uckomble Ko3dduuuentel. HacTo ans onpenede-
HUs KO3(QQUUUEHTOB NPUMEHAIT C(n0C00 nPOU3BONbHOLX 3HAUEHUI,
COCTOAIIMA B TOM, 4YTO B TOXAecTBe (1) malOT 7 NPOW3BOJIBHBIX
3HAYEHUK HE3aBUCKMON NEPEMEHHOH X M IOJydyalT CHUCTEMY M3 7

* CyMMa npasuibHBIX PaliMOHaJbHBIX APOGeH ecTb Talxe mpaBHAbHAg APUGH.
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ypaBHeHHH C n HeusBeCTHBIMH. CJeiyeT 3aMeTHTb, UYTO OCOOEHHO
BBIFOJHO OpaTh 3HAYEHMS X, PaBHble AEHCTBUTEJIbHBIM KOPHSM IIOJK-
HomMa Q(x). Pewas moayueHHyIO CUCTEMy ypaBHEHMI, HaXOOUM MHC-
kovble Koadduuuentel. OObMHO ass ompeneseHds Ko3(duIMeHTOB
pasJoXEeHUs yKasaHHble 06a croco6a KOMOMHMPYIOT, 4YTO HaMH Gy-
JIEeT PasbACHEHO Ha IpHUMepax.
[Tpumepr. Pasnoxurs Ha mnpocTefimue ApoOH CJeLylOLIHe
paluoHaJbHbIE (YHKIHHU:
1) — 7x® 4 6x%  6x — 12
3% (x — 2) '

Pemenune. 3HameHaTe/ b UMEET TOJBKO JeHCTBUTE/bHEIE KOPHH
x=0 u x=2. [lpumensem pasnoxenue (I), 1. e.

I —7x*+6x>4-6x—12_ 1 (A B C D
3Ty =g (et e ty). O

Kopenp x=0 uMeeT KpaTHOCTb, PaBHYIO TpeM, IIO3TOMYy €My H CO-
oTBeTCTBYeT B pasJsoxenud (I) Tpu caaraemex. Kopenp x=—2 kpar-
HOCTH, PaBHOH €IMHMIE, 3HAYUT, €My COOTBETCTBYET OXHO CJjarae-
moe. [Ipusenem (I) x obuieMy 3HaMEHATEJNIO M, OCBOOOAMBUIUCH OT
HEro, MOJYYHM:
—T7x*4+6x*+6x—12=A(x—2)4Bx(x—2)-}+
-+ Cx*(x —2)+ Dx’.

[pupaBHuBas K03Q(HUIMEHTH NPH OAMHAKOBBIX CTEMNEHSX X B JIEBOH
¥ NPaBO# 4aCTAX TOXAECTBA, NMOJYYHM CHCTEMY M3 4YeThHIpeX ypas-
HEHHH C YETHIPbMA HEH3BECTHRIMH:

x| C+D=—17,
x*| B—2C =6,
x | A—2B=56,
x| —2A=—12.

2
BTOoporo C=—3 u u3 nepsoro D=—7— C=—4. [loacraBass
HaliienHele Ko3Qduuuentsl B (I), mMOMy4yuM HCKOMOE pasJOXKeHHe:

M3 uerBeproro ypaBHeHus A=—6, u3 TpeTbero B=

=0, us

3x (x — 2)
210 passoxeHne €IMHCTBEHHO 1O JOKa3aHHOH BHIIIE TEOPEME O €IoUun-

CTBEHHOCTHU DPas3/IOXKEHUA.

2) 2x — 5

x*—3x*+4

Pemenne. Crayana pas/nokuM 3HaMeHaTe/Ib APOOM Ha MHOXH-
TeJIH:

X' —3x*+4=(x"—2X°)— (x* —4) =(x —2) (x* —x —2).
Herpynuno BumeTh, 4TO KOpHH TpexuneHa x*—x—2 ectb— 1 H 2,
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II0O3TOMY OKOHYaTEJbHO HMeeM:

X' —3x44=(x—2)*-(x+1).
Bce xopHH 3HamMeHaTeNsl AEACTBUTEJbHBIE, NMO3TOMY INPHUMEHsSEM pas-
aoxenue (I), T. e.

2% —5 A B c
(x—2)2(x-|—1)=(x—2)’+x—2 +x—|—1 : (1)

Kopenb x=2 umMeeT KpaTHOCTb, PaBHyI0 AByM, II0O3TOMy €My H CO-
OTBETCTBYIOT B passoxenuu (1) mpa caaraembix. Temepp (1) mnpuse-
JeM K oflLleMy 3HaMEHaTeJlo, a 3aTeM, OCBOGOJMBIUIHCH OT HETO,
NIOJTY YHM:

9x—b5=A(x+1)+Bx—2(x+1)+Cx—27% (2

Hs storo toxaecrsa ompenensiem koabbuuuentst A, B, C. Ilpupas-
HAB KO3(Q(UUMEHTH IpHM ONMHAKOBBEIX CTENEHAX X CJlIeBa M CIpaBa,
HOJNyYuM CHUCTEMY M3 TpPEX ypaBHEHHH C TpPeMs HEHW3BECTHBHIMH:

2 ) .
ﬁ ﬁig’_‘g’czz (cneBa k030duUKEHT
x| A—9B-+4C="5. npu x* paseH 0)
Orciona A=—% ) B=%, C=— % ¥ OKOHYAaTeJbHO HMEEM:
2x—5 7 7
x’—3x’—|—4=— 3(x——2)2+9(x—2)—9(x+1)' (3)

B cuny nokasanHO# TeopeMbl O €IMHCTBEHHOCTH PpAas3J/IOXEHHsS MOJy-
YHJIM pasJ/IoeHHe (3), eAMHCTBEHHOE.

Hns onpenenenus koadduunuentos A, B, C 4aCTO NPHUMEHAIOT,
KaK Y€ TFOBOPWJIOCH BblllIE, CIOCOO MPOM3BOJbHLIX 3HAYeHHH. Pasb-
SICHAM 3TOT CmOCO6 TakxKe Ha npumepax. B toxaectse (2) pamum x
Ipex/Jae BCEro 3HAYEHUs, PaBHBIE KODHAM SHAMEHaTeJsd, T. €. MyCThb

B (2)x=—1, Tormla —7=9C, oTKyza C———l [lycts x=2,
Toria —1=3A u A————L Tenepbp maauM Jmoboe 3HauyeHHE X,
HampHMEpP PaBHOE HY.IIO, no.nyun —b5=A—2B+44C u, yuuts-
Basg, 4To A u C yxe M3BECTHBI, HalijeMm B=%.

3) X x4 1

X —x—1"
Jannaa apo6b — HENpaBWJbHAf, Pa3AEJUB YUCJIMTENb HAa 3HAMEHa-
TeJb (MCKIIOYMM LEJI0€), MOJYUUM:
x4 x 41 x+2
=1 _l_ =

Xt —x—1" Fx—x—1
PassoxuM sHameHnaTesb Ha MHOMXKHMTEJH:

XFxX—x—1l=x*x+1)—(x+ )=+ 1)x*—1).
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3HaMeHaTeJb HMeeT HEeHCTBHTENbHBIE M MHHMBIE KOPHH, IIO3TOMY
cjenyeT mpuMeHUTb passoxenue (II).

x—+2 Cx+D
x+)x—1)2F+x+1)" x—|—l+x—1+ x2+x41" OTKyAa
x4+2=AX*—1)4+Bx+1)(x*4+x+1)+(Cx+ D)(x*—1).(4)
x*| Ad-B+C=0,
x*| 2B+ D=0,
x | 2B—C=1,
x| —A+B—D=2.

UTo6E 06/IETYHTh pellleHHe CHCTEMB, IPUMEHMM CIOCOG MPOHU3BOJb-

Heix 3Hayenudt. Ilycts B (4) x=—1, torma 1=—2A, wm
A=— % , et x=1, To 3—=6B, wm B =% . JefCTBUTENBHBIX

KOpHell Gosbie HeT. Temepb CHCTEMY pPELIMTb COBCEM JIETKO, TaK
KaK JBa HEU3BECTHHX A M B Mbl yxe onpeaeawd. Herpyaso Bu-

netb, yto C=0, D=—1. Hrak,
M4 xt41 —1— 1 _l_ _ 1
PR —x—1 2xFN) VT 2x—1) xXFx1°
4) x—4

(x—2)(x* 1"

Tax xax 3HamMeHaTe/Jb HMMEET MHHMble KOpDHM, IPHMEHUM pasJio-
wenue (II):

x—4 A Bx+4+C , Dx+E

@I —2 T @I T e’

x—4=AX*+1) 4+ Bx+C)(x—2)+

+(Dx+E) (x—2) (x*+1). (6)

1 A+ D=0,

| —2D -+ E =0,

*| 2A4+B+D—2E=0,
——Q—E—I——{C_'-——QD—l—Ezl,

| A—2C—2E=—4.

LR

&

[Iycts B (6) x=2, torza — 2=25A, wmu A_——2—5 —0,08.

JlefcTBUT €NbHBIX KOpHe#l 6oJblie HeT. PemaeM cucremy.
s nepsoro ypaBuenuas D=—A, 1. e. D=0,08.

M3 Broporo ypaBHenus E£E=2D, 1. e. E=0,16.

Hs tpetbero B=2E—2A—D, 1. e. B=0,4.

s nartoro ypasnenus 2C=A —2E -4, otkyna C=1,8.

Hrak:
x—4 0,08 0,4x + 1,8 0,08x -}- 0,16
=21 x—2 -+ -1y -+ *+1 "

CremyeT 3aMeTHTb, YTO €CJM KOPHH 3HaMeHaTe s BCEe JeiCTBUTE/b-
Hble KPaTHOCTH, PaBHOH eAMHHIE, TO IPH ONpPEAENeHHH Ko3abhdu-
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LMEHTOB DPAa3/IOXEHHS] MOXHO OOOHTHCH 6e3 CHCTeMb! ypaBHeHuf,
TPUMEHUB CNOCO0 NPOMSBOMLHBIX 3HAaueHHit. ECiu xe KOpHH 3Hame-
HaTeJs AEHCTBUTE/bHbIE W MHHMEIE, TO PEKOMEHIYeTCs TaKkKe BOC-
THO0/Ib30BaThCSl CHOCOOOM NPOUSBOJIBHBIX 3HAYEHHII C LEJbIO ompejie-
JIEHHs HEKOTOPBIX KO3(Q(HMUMEHTOB, YTO 3HAUUTEJBHO OGJIETYUT pe-
LIeHHE CHUCTEMbl YpPaBHEHWH (CM. IpHBeJLeHHble npumepnl). Ecau xe
ECE KODHU 3HAMEHATEJs OKaXyTCA MHUMBEIMH, TO [/ OIPeLE/EeHUs
K03()QUIMEHTOB e1ec006pa3HO NPHMEHHTb CIOCO6 CPaBHEHHS KO3(-
(QUUMEHTOB, NMOMYYHTh CHCTEMY YPaBHEHWH W PeluTh ee.

§ 11. CyiiecTBOBaHNE KOPHS C LEJIbIM IOJOXUTEIbHBIM NIOKa3aTeleM

Onpenenenune 1° Kopuem m-ii cmenewu u3 4ucia a Ha3el-
Baeimcs Maxoe HucAo X, 4mo x"=a.

Onpenenenune 2°. Apupmemuueckum kopuem m-ii cmenenu
U3 MNOAOHCUMENbHO0 HYUCAQ Q HA3bLBACMCS MAKO0e NOAOHCUMENb-
Hoe 4ucao b, 4mo

" =a.
ApudmeTtnyeckui KopeHb m-H CTENmEeHH 0603HayaeTcsi CUMBO-
1

nom /@ wn a™. B MHOKECTBE DAIMOHANBHBIX YHCEN HeHCTBHE
¥3BJIEYEHHs KOPHs He BCErJa BOSMOXKHO, Tak, Hampumep, }/ 25==5,

1/—3—::%, v/81=3, H0 /2 B 06/1aCTH pAlMOHAJBLHEIX YHCEJ] HE

CYLIECTBYET, TaK KaK HET PalliOHaJbHOIO 4YHCJ/A, KBaJAPaT KOTOPOro
paBHsa/ICa Obl 2 *#).

Teopewma. [Zlug kascodozo uucaa a>0 cywecmsyem apud-
MemudecKuil Kopens A000i HamypasbHol cmenexu.

Hano moxasath, uto }/a cymectsyer (a>>0), T. e. CyluecT-
ByeT uyucao b >0, m-a CTeneHb KOTOPOrO paBHA @, WJIH
b"=a.

[Iycts a>0, noxbepem Taxkoe wnemoe uyucio N=0, uyto
N"<a<(N-+1)". Ecom N"=a, To Teopema pnokasaHa. [lyctb
N™<a. Otpesoxk ot N no N-1 (uepr. 7) pasmesumMm Ha HECATb

PaBHBIX yacTe#l ¥ BO3bMEM TE€ TOUYKH HeJeHHs T. €. 3HayeHHsa

#) DTO NMpeiNoMeHHe JEerko AoKasarb. IIpeanmosnomuM, 4TO B 06JaCTH PaLHOHAIb-

HBIX 4YuceJ CYIEeCTBYET HECOKpPATHMash pallMOHaJbHas 11p06b ﬁ, KBajpart KOTOpOl‘ji

2 2
paBeH 2 (p ¥ g — HaTypaabHble YuCJa). (£> =2, 1 £—2=2, OTKyna p*=—2¢?
T. €. 4McAO p ecTb 4erHoe. Ilycts p =2k, torma 4k*=2¢°% oTkyma gq>=2%k2,
T. €. 4ucI0 g Tome yeTHoe. [Toaywmmm, uto ApoGH —z— COKpaTHMad, a 3TO MPOTHBO-

peyuT YCJI0BHIO. HOle'-lel{HOQ NMPOTHBOPEYHE NOKA3bIBACT HAIUE IPENJIOKEHUE.
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1 o
gucen N, &, u N, k,—[—1—0> , I KOTOPBIX HMeeT MeCTO [ABOHHOE
HEpPaBEHCTBO

m 1 m
(N, k) <a<<N, k1+m) .
Ecm (N, k,)"=a, To Teopema mokasana. [Iycte (N, k,)"<a. Orpe-

1 o
30k ot N, Rk, no N, k1+T6 [LeJUM ellle Ha [eCATb pPaBHBIX yacTel
U T. I

N TONK NKE N+7
Yepr. 7.

Kaxcapiit pas 6epeM Takue TOUKM A€JEHHs, YTO AJs J0O0ro 7 UMeeT
MECTO JBONHOE HEepaBEHCTBO

(N, ko, . k)< a< (N, klkz...k,,—l—T%;)m, 1)

roe k,, k,, ..., k,— HecATHuHbIE 3HaKH, T. €. MOXKHO OblIO OBl

HanucaTh ¥ Tak: N, B, =N —Rl; N, kk,—=N ky ﬁ—; e
1 10 12 10 100

k k. k
N, kikye by =N+ 35+ 5+ o+ 155
1 k k k, 1
N, kiky. . .k, +1m=N+15+15+ -+ g
Tpomecc neseHus IPOAO/IKAEM HEOrpaHUUEHHO. BBexem 0GosHaueHus:

,=N, kk, ...k,

1

Bo=N, kiky ... k575

o.,,— [OCJIe10BaTe/bHOCTh, MOHOTOHHO BO3pacTalollas H OrpaHHYEH-
Hasi cBepxy, Hampumep uucaom N -}-1; B,— IOC/IEL0BATENbHOCTD,
MOHOTOHHO yOBIBalOLass M OrPaHUYEHHAs CHU3Y uyucJaoM N.

PasuocTts

. 1
pn———an:WﬁO (IZ—> oo)

CuegoBaTe bHO, COTJIACHO JIEMME O BJIOXKEHHBIX IPOMEXYTKax, U3Be-
CTHOH u3 «BBemeHus B aHaMM3»,

lim g, = lima,,. (2)

n—>o n->a
O6iee 3HayeHue npenenoB (2) 0003HAUMM uyepes b U JOKaXeM,
yto b"=a%*).

#) a, — HasblBa€TCA 7-bIM NECATHYHBIM NpuOMKeHHeM uucaa b 1o Heno-
CTaTKy, a B, — 7-biM JECATHYHbBIM NPHOIMIKEHHEM Yucaa b mo u3OLITKY. DT NpH-
6/KeHUsT UMEIOT OOLIMM CBOMM IlipelesoM YHCJIO b.
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HBoiinoe HepaBeHCTBO (1) mepemuiieM Tax:
ar < a < Bm. 1
Ilepexona x npexpeay B (1) mpu n— oo, HOJyYUM:

" =aq.

Wrax, apudmetuueckuii koperb 7/ a (a >0) cymecTtsyeT (m — Ha-
TypaJjbHOE YHCJIO).
¥YcnoBuMcss moGoit KOpeHb M3 JI060T0 YHCJIa @ B OTJHYHE OT

apru(MeTHYeCKOro KopHa 0603HayaTh cuMBosioM 3/ a. Torna, ucxons
u3 obuiero ompejeJeHus KOpHs (onpenesneHue 1°), umeem:

1) eciu a=0, To V a=0;

2) ecmn a>0, 1o *Y/ a==>7/a (3necy cumBoa *}/a 0603Ha-
yaeT apudMeTHYECKUH KOpEHb);

3) ecm a<<0, T0o **y/ a=-—""1Tal.
JlokasaTeabCTBO.
1) OueBngno, ecsiu a=0, 10 0"=0=aq.
2) lycte a>0wn 2'{75: X,

Torma x*"=a u (—x)*"=a.
3) Mycts a<<0 u "%/ Ta| = x,

rora X =|a| n (—x)" =—]|al,

T. e. (—x)*"T =a%*).

P 1

Onpeneanenue 3° a9 =(a”)?, rae a>0, %—— HECOKpaTH-

Masi pauMoHaJsbHas Jnpobp u g >0.
HanomMuuM OCHOBHBIE CBOMCTBa CTEIEHH:

a*-a"=a""", ()
(@)™ =a™, (I1)
TIe m ¥ n—ueJple 4ucJa.
DTUMM CBOMCTBaMM Mbl BOCHOJb3YEMCs NPH JOKa3aTeJNbCTBE IMO-
C/I€IYIOHIMX TEOpeM:
L L
1) aqlh:(aq)q-_ (3)

JloxkasaTeabcTBO. BBegem o603Hauenue
1 1

y=(a7)7, )

#) CoryacHO 06IIeMy ONpefe/]eHHIO KOPHS, eClH X = ”ly a, 10 x™ =a. V3Be-

CTHO, YTO ypaBHeHHe x™=—a wuMeer m KOpHel (B KommiekcHoii o6sacTh). Bbimue
Mbl OTPaHHYMJIMCh PAaCCMOTPEHHEM TOJMbKO JEHCTBHTE/NbHBIX KOpHeH.
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1
oTKysa y9=a? wm (y9)? =y?% =aq, n03TOMY
1
y=ai. )
Us (4) u (5) caeayer (3).
Mebl BOCIONIL30Ba/IMCh ompejenenneM KopHs M coficTBoM (II).
pa L\#
2) a9 = (a q ) :
HdokxasateancTBO.
£ L Lt L
(a9)? =[(a")7]F =[(a")"]
il L
oTkyga a9 =(a?)”, orcioma u us 3° c.nenyeT, 4yTO
P 1
al — (a”)‘l :(aq)p_

1
—=a?,

Hpu J0Ka3aTeIbCTBE 2) BOCIOJIb30BaJUCh onpejeseHueM 3°, Teope-
MOH 1) W ompene/seHHMEM KOpHs.
AN 4
3) a®*=a?, rge h— HaTypaJbHOE YMCJO.

JdokasateancTBoO.
P L3 1 11 1 P
0t = (a7 =@} 7 = (@) ]} 7 =(@)7 =a.

Ilpu noxasatesbCcTBE 3) BOCIOMBL30BAJMCH OmpesneseHueM 3°, CBOMH-
creom (II), Teopemoit 1) u ompene/sieHHEM KOpHs.
P P P Pr
4) a9.a9v=a?

JokaszaTeabCcTBO.

P Pa, Py 1 1 1
a9l —qi9 - 99 — (aqq,)!"l. (aqq,)l’:q f— (aqq.)PqﬁM —_
Pg+Pg PP
=a =q¥ 9.

(Ipu noxasatesbcTBe 4) BOCHOJB30BaJMMCh Teopemamu 3), 2) W CBOl-
ctBoM (I).
P P PPy

5) (a—‘l-)q—l:a‘I‘Il .
JokasaTeabCcTBO.
PP 1 p 1 PPy

(@70 =[(@) T o = (@74 5 = (@77 = (@i =

Msl Bocnosib3oBaJMCh onpejesenueM 3°, Teopemoit 2), coiictsom (1)
H Teopemoit 1).
Taxum o6pasom, csoiictBa (I) u (II) cTemeHu C UeJbIMH HOKa3a-

TEJIAMH DACIPOCTPAHSIOTCA M Ha CTENEHb C pPalHOHAJIbHBIMHM IIOKa-
3aTE/AMU.
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§ 12. CrenenHas (yHKuus ¢ APOGHBIM NOKa3artenem

Onpenenenue. Cmenennol ynkyueii ¢ OpoOHeLM nOKA3Q-
meaem Ha3eieaemcs PYHKYUs 8uda
2
y=x1,
rie p U g —leJble YuCJ/Ia, HE HMelollHe OOLIUX AesauTes]ed, OTJIHY-
HBIX OoT I, u ¢=~0.

a) [lycts %>0.
PaccMoTpum HECKOJIBKO Ciyvaes:

1) p —ueTHOE uHMCJ/I0, g — HeyeTHOe. PyHKIMsA y:Vx” ompe-
JeJIEHAa Ha BCEM MHOXECTBe AEHCTBUTEJBHBIX YHCE.I.

B camom nene, x” =0 nmpu moGbix X, a Mo noxasanHomy B § 11
KOPEHb ¢-# CTENEHH U3 HEOTPHIATE/IBLHOrO YHucJaa cyulecTByeTt. PyHk-
uMA HENpepbiBHA, YTO CJEAYET M3 TEOPEMBl O HENPEPLIBHOCTH CJOXK-
HOM (QYHKLMH, YETHA, TaK KaK BBIIOJHAETCS ycaoBHe f(— x)=f(x),
T. €. ‘{/(—x)": 7/ x7. T'padux QyHKUMM PACHIONONKEH CHMMETPUYHO
OTHOCHTENBHO ocH OY. PyHKUMSA B NPOMEXYTKe (— oo, 0] MOHO-
TOHHO yOwBaeT (y'<<0) u B npomexyTke [0, - o0) MOHOTOHHO BO3-
pactaet (y'=0). O BOrHYTOCTH M BBHIIYKJOCTH rpaduxa Caexyer
CyIMTh TO 3HaKy BTOPOH IPOM3BOAHOM.

P

2) p — HE4YeTHOE 4UCJI0, ¢ — yeTHoe. PyHKIMA y=x9 omnpenre-

JeHa npu x =0, HenmpepelBHA, MOHOTOHHO BO3paCTaeT, TaK Kak

P

= —1

y’:-‘Z—x‘i =0.

3) p ¥ g —HEeYyeTHBIE 4HUCJA.
P

®yuxups y=x9 onpeje]eHa U HENPEPHIBHA Ha BCEM MHOMECTBE
HeHCTBUTE/NbHBIX YHCEJ, HEYETHAa, TaK KaK BBHINOJHAETCA YCJOBUE

fl=x)=—f(x), 1. e V(=2 =—{/ .

'paduk dyHKIMH pPaCHO/IOXKEH CHMMETPHYHO OTHOCHTENHHO HayaJja
koopaunat. B mpomexyTke (— oo, -} o0) QyHKUMSA MOHOTOHHO BO3-

P
£ 1 JR—
pacTaeT, TaK Kak y’-—_%xq :‘% i’/x”“’;O. O BoruyTocTH 1

BBINYKJIOCTH rpaduka, Kak y»e HEeOJHOKPAaTHO TOBOPHJIOCH, C/ELYeT
CyIuTh IO 3HAaKy BTOPOH NPOU3BOIHOM.
Hccaenyem rpaduku ¢yukuumit s6ausu Touku 0, BO BTOpOM Ciay-
P

yae TOJIbKO cnpaBa. Hafimem npousBomnyio QyHKIMH y=x9

P
’ p ——1

—=-— X1 .
y q

Ecom %> 1, To BO Bcex Tpex cayyasx mpu x—-0, y'— 0.
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Ecau %< 1, To B mepBoM caywae mpy x——0, y'— —o0
u mpu x— -0, y'— - o0; Bo BTOpoM — npu X — -0, y'— - o0;
B TpeTbeM —npu x—0, ¥’ — —-oo.
CrenoBaTesbHO, €CJH %> 1, To B Touke x=—0 kacaTesbHas K Kpu-

Boit comagaer ¢ ockio OX. Ecu £ <1, To kacaresbmoii k KpH-
Boii B Touke x=0 O6yaer ocb OY. [lpu moctpoenun rpaduxos

Gynxunit Buga y—x" (r=—’ql> 0) 3TO CJEAYEeT MOCTOSAHHO YyuH-
THIBATh.
4
[Ipumep 1. y=x3.
DyHKUUA ONpefe/EHa U HENpEepBIBHA B HHTEPBaJe (— o0, - 00),
yeTHa, rpaduK ee PacHoNOKEeH CHMMETPHYHO OTHOCHTEJbHO ocu OY

Y}
YA
4 y
\ Y= / /
NG 7 )
/,
N 4 4 4/\’ 4
1
7
N\ Y / 74
10 7 X 0 7 X
Yepr. 8. Yepr. 9.
¥ BOTHYTOCTbIO HamlpaB/eH BBEpX, TaK Kak y”=#_2>0. B Touke
X

x=0 npoussoznas f'(0)=0, T. e. KacaTe/bHas B 5TOH TOYKE €CTh
ocb OX. B mpomexyTtie (—oo, 0] QyHxuus MOHOTOHHO yGhiBaeT
(y'<<0) or 4~0c0 10 0, a B npomexyTke [0, - c0) MOHOTOHHO BO3:
pacraeT (y'=0) ot 0 ;Lo3 —~+ oo (uepr. 8).

[Tpumep 2. y=x?*.

Oyuxuus onpeienesa W HempepbiBHa B mpomexyTke [0, - oo),
MOHOTOHHO BO3pacTaeT B 3TOM mpomexyTke (y' >0). I'padux dynx-
UMM PacHo/OeH B NEPBOM KBAaADAaHTE W BOTHYTOCTBIO HAIPaBJEH
Buu3 (¥ <C0). Kacarenbnas B Touke x=0 cnpaBa coBmazaer
¢ ocbio OY, TaK Kak y'-7—>~l—oo npu x — -0 (uept. 9).

Mpumep 3. y=x 6.

QyHkuus OmpeseseHa W HenpephiBHa B mpomexyTtke [0, - oo),
MOHOTOHHO BO3pacTaeT B 3TOM mpomexyTke (y'=0). I'paduk dynx-

LMK BOTHYTOCTbIO HampaB/eH BBepx (y">0). Kacartesnbnas B Touxe
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x=0 cnpaBa cosmagaet ¢ ocbto OX, Tak Kak y'— 0 mpu x — -0
(uept. 10). \

[Ipumep 4. y=x5.

PyHKUHMA OmpejeJeHa U HempephiBHA B HHTepBate (— oo, - o0),
MOHOTOHHO BO3pacCTaeT B 3TOM HHTepBaJe (y' >0), HeueTHa, ee rpa-
(uK pacnmo/soXXeH CHMMETPHYHO OTHOCHTEJbHO Hayasla KOOPAHMHAT.

YA
YA ,
s
z 7 P el 52

y=X6 // // :X
1 -1 /4 .

P 7/ 0 1 X

/ /
710 1 X —-1
/7 e
d
Yepr. 10. Yepr. 11.

Kacatesbnoit B Touke x =0 aB/sercs ock OY. B untepsase (— oo, 0)
kpuBasi BoruyTa (y” >>0), B untepsase (0, - oco) — Bemykaa (y* < 0),
touka (0; 0) ectb Touka meperuba (uept. II).

7

[lpumep 5. y=x5.

dyHKUMA ONpeleseHa W HempepriBHA B MHTEpBase (— oo, - 00),
HEeYeTHa, MOHOTOHHO BO3pacTaeT B 3TOM mpomexyTke. KacaTesbHoil
B Toyke x=0 sBigercsa ocb OX (f’'(0)=0). Kpusas caesa ot nyas
Bommyksa (y°<<0), a copasa Bormyrta (y">0), Touxka (0; 0) ects
Toyka meperuba (4ept. 12).

6) Ilyctb %>0 Hy=x 9,
1
2
x9
PaccmoTpuM Takke TpH Cayyas:
1) p— ueTHOe, g — HEYETHOE.
dyHKUMA ONpeJeseHa M HENPEPhiBHa TNIPH BCEX 3HayeHuax x =0,
yeTHa, rpaduk ee pacmoJoxeH CUMMETPUYHO OTHOCHUTENbHO ocd OY.
B rouke x=0 ¢ynkuus uMeeT paspelB BTOPOro poia. B uurep-

_Ptg
pare (—oo, 0) ¢yHKuMS BO3pacTaer (y'=—ix q >0>,

a B unrepsane (0, - oco)—yGeaer (y'<<0). I'paduk B obracTu
onpe/eseHus QYHKIMH BOTHYTOCTbIO HanmpasaeH BBepx (y” > 0). opu-
30HTaJbHOH acuMnTOTOi rpaduka sasaserca oce OX (Y=0), a Bep-
THKaJAbHOK — ocb OY (X ==0) (uept. 13).
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2) p—HEYeTHOE 4YHMCJIO, g — YETHOe.
QOynkuua ompejeseHa W HempepeiBHa B HHTepBaJje (0, - oo),
MOHOTOHHO yObiBaeT B 3ToM uHTepBate (¥ < 0), rpadpuk dyHuxuuu

YA
Z Y
YX"y,
/
4
/
/
-1 y/ ‘ 1
4 7] 1 X
/4
-7 -
/ =7 0 7 X
/
Yepr. (2. Yepr. 13.

BOTHYTOCTbIO HampaBieH Beepx (¥ >>0). T'opusontasbHOA M BepTH-
KaJbHOH aCUMOTOTAMH SABJAIOTCS OCH koopaudHaT Y =0 u X=0
(uept. 14).

YA

YA

~

Q
XY

Yepr. 14. Yepr. 15.

3) p U g —HeueTHHlE 4YHUCJA.

®yHKuMS ONpeseseHa U HENpPephBHA TPU BCEX 3HAYeHMAX X0,
HEYeTHa, MO3TOMy rpaduk ee pacloJOXeH CHMMETDHYHO OTHOCH-
TEJbHO Hayasla KOODAMHAT, B HHTepBaje (— oo, 0) rpaduk umeer
BBIYKJIOCTb, a B HETepBane (0, - oo) —BorHyTOCTh. B Touke x=0
dyHkuus uMeeT paspeiB BTOpOro pona. B obsactu onpenenexus
dynxuus Bciony yo6uBaer (¥’ <C0). N'opusonTaspHO# ¥ BepTHKaIbHOMK
aCHMIITOTAMH SIBAAIOTCA ocH KoopauHaT ¥=0 u X=0 (uyept. 15).
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Bonpocet das camonpogepru x 2aase I.

1. INepeuncaute OCHOBHbIE 3JeMEHTapHbIe GYHKUHU.

2. Jlafite ompepeseHHe 3JeMEHTApHON (GYHKLMH.

3. Kakas QyHKINsA Ha3blBaeTCH aireGpanyeckoi?

4. ChopMyupyiiTe ompejieneHusl paMHOHAIbHON H HPPALMOHANBbHOK ¢VHKIMIL.

5. KakoBbl OCHOBHbIE CBOHCTBA CTENEHHOH (YHKIMH C LENBIM TIOJNOKUTEIbHBIM
(OTpuLaTebHBIM) MOKa3aTeneM?

6. Jloxaxure dopMyay 6mHoma HbloTOHa M pacCMOTpHTE ee CBOHCTBa.

7. Kakast ¢yHKIuS HaspBaetcsi NPOGHO-IMHEHHOM M KAaKOBBI €€ OCHOBHBIE
CBOHCTBa?

8. Kaxue npo6Gu HaspBalOTCS mpocTeHmmmu?

9. Joxamute, YTO BCAKYIO NPABHWIBHYIO DALMOHAJbHYIO 1POGb MOWHO pasJio-
WUTb Ha IpocTelime Ipo6u.

10. Jlokamute TeopeMy O CYLIECTBOBAHHH KODHf C LEJBIM IIOKa3aTeseM.

11. KakoBbl OCHOBHBIE CBOHCTBAa CTENEHHOH (YHKIHMH C IPOOHBIM TMOKa3aTejleM?
(PaccmoTpute BCe Caydau.)

YnpawHenue K riaase I.

[poBecTu wucciegoBanue QYHKIHMH M MOCTPOHTb HX TpadHKH:
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1) y =x® — 6x2 - 11x — 6, 12)y=%,
2x+43
— 43 —_—
2)y=x"+5x+2, 13)Y—5x_4,
2
3) y=3x*+ 2x* — 3, 14) y=x 3,
5
4) y=3x — x*, 15) y=x2 42,
x® _‘z’_
5)J’=m, 16) y= —x7,
x2 3
— — 40
G)y_xz 1’ 17))}—.76 ’
7
_2x—1 T
0 y=G1p 18) y==x9 —1,
9
x2—2x—17 . 5
8)y—‘ x+2 ’ 19))/———36 ’
x 41 1
g)y__. x2+2x_|_2’ 20)1’—?/_?:
_ 4x24-10x+3 1
10) y—T*_—S——, 21)Y—Wv
2x 1
Wy=—— 22))’——4‘—;—;‘-
Pasnomuth Ha mpocTefiliue APOGH ClEAyIOLlMEe PalMOHANbHbie QyHKUMU
x—9 x*
B) 3w e ey
x241 ory X* 11
MeFr 0 =%



97) 2 30) 3x® 4 15x 46

x—1D(x—2)(x—3)° x4 x*+3x% 4 2x 4 2’
x5 — x% — x? 2x% +4x
B ——1 3 et
xt 41
P FEFY

FTABA BTOPA4
3JIEMEHTAPHBIE TPAHCHEHAEHTHBIE ®YHKUHH

§ 13. Onpenenenvie ajeMeHTapHOH TpPaHCUEGHIEHTHOH (DyHKUMU

Onpenenenue. duemenmapusie PyHKyuu, He SEALOUUEC
aqzebpautecKumu, HA3bI6AIOMCS dAEMEHMAPHBLMU MPAHCYEeHOer M-
HeLMU (OYHKYUAMIL,

[IpumepaMy TpPaHCUEHAEHTHBEIX (PYHKHHH MOrCyT CAYXHUTb CJAELYIO-
mwue QyHKUHH:

1) f(x)=3x*+5bsin(x+}+1)+4+4, 2) f(x)=e*—2x-+5,
3) f(x)=x*sinx+46x—Inx. A Bor dymxuma f(x)=x* sin%—l,—
-+ 6x—1In3 we Oyner TpaHCUEHAEHTHOH (yHKIHMEH, TaK KaK 3TO
dyskuua Bupa: f(x)=ax®-bx-}c, roe xoapduuuents a, b, ¢
eCTb AEHCTBUTEJbHbIE YHCJA, T. €. OHAa ABJAETCHA LEJOH PalHOHAMb-
HOl QyHKIHMe#i BTOPOH CTeneH .

B kypce cpemHe#l IIKOJB K3 4MCJa TPaHCUEHAEHTHBIX (yHKIW
M3Y4YaloTCsA: NOKa3aTe bHbE, TPUIOHOMETPHUUYECKHE, JorapufMuueckue
B oOpaTHblE TPUTOHOMETpHYECKHE (YHKUMM H YaCTHYHO HX KOM=
OMHaIMH.

§ 14. Crenmedn ¢ uppauMOHaAJbHBLIM NOKa3aTe/em

[lpeaBapuTesbHO PacCMOTPUM TEOPEMBI:
1) CnpaBensuBa opmysa

lim /a=1, (1)

n—>o

TIe n— HaTypaJbHOE uucJ0, a >0 H KOpeHb OepeTca apupMeTH-
YeCKMUI,

1-i cayuait. a>1.
[lycts n>1, Torma

W:l "l_Yn’ Yn>0- (2)
BosBricuB (2) B #-10 CTeneHb, MOJYUHM:

n — 1
a=(1—||—yn) —_—l—l—nyn—l—n—(n’?—lYi—l—...,
oTKypa a>1--ny,,



a—1

wi a—1>ny,, otkyma ¥,< . Hragk, 0<y,<< ‘i;—l , nepe-
XOAA K NpeAes]y IpU H— 00, TOJyYHM:
lim y,=0.

n->

CnenoBatesnbHO, ecau B (2) mepeiTH K TNpefesy IpH #—» 00, TO
nosyuum (1).
2- cayuat. 0<la<<l.

[Non0xuB a=% ®>1), mo 110Ka3aHHOMy Bbllle OyaeM HMMETb:
lim §/a= lim —==1=1.

n->ao n->Qoo l/

Ecm a=1, 10 lim §/a=lim [=1.

n->w n—>w
2) JlokaxeM, yTo €CJH 7, >r,, TO
av>ah, (3)
roe r, W r,— pallMOHaJbHHE YHCIA W a> 1. B camom peue,

IyCTb r,=";z ur, =5 (p,> p,), Torma a‘i 9> 1 u, Cl1eI0BaTENbHO,

1
7)”v>(aq)”' T. e. a">an

Ecwm 0<<ae<{l, TO H3 Yycn0BHA F, >F, CJEAYET HEPABEHCTBO
a’s < a™. DTOT cayuall JOKasbIBa€TCA aHaJOTMYHO.
3) HoxaxeM, 4TO

lima' =1 (a>0), (4)

r—>0

rge r eCTb IepeMEHHad, IIPHHHMaKOIIad palWOHAJbHBIE 3HA4YEHHA

¥ CTpeMAllaAcad K Hymo. 3aMeTHM, 4TO
1
. 1
lima »=lim —=1. (1

1
n->00 n>om  —

a

[losTomy, yuHTHIBas (bopMlebl (1) m (") mpu a>1, umeem: A3
Jao6oro ¢ >0 MO)KHO HalTH Taxoe HaTypaJIbHOC yhcao N, 4To

IaW——1|<s, HJIH 1—:—:<a7‘7<1—{—e,
]a—fl"-—1|<e, MY 1—e<a—"l1‘7<1+s.
Otkyna 1—e<a—%<a;"_<l—|—s. Ecam {rl<%, AJIH
——-—!1\,<r<-jlv, TO corjacHo (3)

1
a N<a <aWv,
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otkyga 1 —e<la"<l-e, wm |@”—1|<e. DTO U 0O3HAYAET, 4TO
lima"=1.

r-0

HOuas cayuas, xorma 0<Ca<Cl, mOKasaTe/bCTBO NPOBOAMTCA aHa-
JIOTHYHO.

Tenepr BBezeM MOHATHE CTENEHH C HppalHOHAJbHBIM MOKasaTe-
Jgem a°, rae @ >0 u a — uppauroHasbHoe uyucao. CHayasa JOKaxeM,
4yTO AJA JI060H MOC/JeL0BaTENbHOCTH PalMOHAJIbHBIX YHUCEJ

Foy Voy Foy evey Fry ovey
cxoasulefica K o, COOTBETCTBYIOLLAs MNOCJ/EL0BaTEJbHOCTD
an, a=, a», ..., ar, ...

CXONHMTCS K OJHOMY H TOMY K€ mnpeiesny. ITOT Npeles WU IPHHH-
MaeTcs 3a a.

B camom nene, B /060# OKPECTHOCTH TOUKH ¢ HMEIOTCA PALHKO-
HaJIbHBIE TOYKH, NO3TOMY MOXXHO 06pasoBaThb MOHOTOHHO BO3pacTalo-
Lily!0 TOCJIELOBATEIbHOCTD

Fis Tor Py ooy Ty vass )

CXoaallyoca K o (HanpuMep, MO2KHO B34ATb MOHOTOHHO BO3pacCTaro-
Hiy10 HOCJEAOBATE/NbHOCTD MAECATHUYHBIX HpH6JI[/l)KeHPIﬁ o 4ucaa a
1(0) HeﬂOCTaTKy). Torpa COOTBETCTBYIOLIAA NOCJAEA0BATEJIbHOCTD

an, a:, a’s, ..., an, ... 6)

opu a>1 6yneT TakkKe MOHOTOHHO Bo3pacraiouwei, cM. (3), u orpa-
HUYEHHO! CBepxXy, HampUMep YHCJIOM @', TIe ¥ — KaKoe-HUOY.b
pauMoHaJbHOe uucJjo, 6Gosbmiee «. CienoBaTesbHO, MOCJEAOBaTENb-
HOCTb (6) MMeeT KOHeyHbl npexes, o6o3HauuM ero yepes A. Urak,
lima~= A. (7)
n = oo
Tenepp BO3bMEM NPOU3BOJLHYIO IOCJAEAOBATE/bHOCTb pPalMOHAJIbHBIX
uuces #,, CTPEMAILYIOCA K YHCIy o, T. €.
limr,=ua, 8)

n->

¥ fOKaxeM, yto lim a’» = A.
n->oo
YuureiBas (5) u (8), mosyuum:
lim(r; —r,)=0,

, n - o0
a nosromy lim @’n™ =1 (cm. (4)).
n—->on
BocnosbsosaBiuuce TeopeMoil O NPOM3BELEHMH CTENEHed C OZHMM U
TeM e ocHosanueM (cm. § 11, Teopema 4)), moayuum:

’
r -

,
r n r
an=an a”,

()
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[Mepefina B (9) x mpeaeny npu n—- 00, TOJYYHM:

lima = lima’»~ ™ limam=1.4 = A. (10)
n->w n—w n-w
U3 (7) n (10) caepyer lima»=lim a’n =A, CcJenoBaTe/bHO,

limam=A cywecTByer, rae r, — 106as I0CJIe10BaTe/IbHOCTb PalHO-
HaJbHBIX YHCEJ, CXOJAllaAcs K a.

Has cayyas, korza 0<a<C 1, cywecrtBoBanue lim o’ nokasbiBaeTcs
ru > a

aHaJIOTHYHO.

Onpenenenue. Cmenensio a® HOAOHCUMEABHOZO HUCAQ Q
C UPPAUUOHAAbHBIM HOKA3AMEAEM O HA3bl8AEMCS

limar=a’, (1)

20e r,— a06as nocaedo8amenbHOCMb PAYUOHANbHELX Hucen, CXO-
osuascs K o.

Eciu a<{0, To @* B 06sacTH AeHCTBUTEJbHOIO IIEPEMEHHOIO He
onpenenseTcs, Tak Kak ompenesnende (11) rtepsaer cmpica, ubo AJas
Pr ¢ yeTHBIM ¢, W HeYeTHHIM p,, a™™ maAa a<0 B AeficTBu-

n
TeNbHOM 00/1aCTH HE CYLIECTBYET.
Teopewma. Ecau a>0 u a— a1060e Oeiicmsumensroe Huc.1o,

mo
a>0.

rn:

JdokasaTeabCTBO.

1) Ecmu a==n, rae n-—HaTypaJbHOE YHUCJIO0, TO @ '=a” eCTb
NOJIOXKUTENbHOE YUCJO, U B CIyyYae a==-—/ UMEeeM a“:a'":%——
TOXE IOJIOKHUTENbHOE YUCJIO.

2) Ilpu =0, a*=1.

3) Ecau OL———-";——an,MOHaJIbHoe 4UCJI0, TAE P U g—IeJble YUCa

u g >0, T0 npu -Z—>0, a*=1{/a’ ecTb NOMOKUTENBHOE UHUCJIO

P
(cm. B § 11 TeopeMy CyllecTBOBaHMA KOPHA) U a =a 9=
1
_:-€7:_}7 %> 0) TAKXKE €CTb IOJOXKHUTEJbHOE YUCJO.
a

Eciy a — uppanuoHaJbHOE YUCJIO, TO BCErja MOXHO HafTH Takue
panuoHa/NbHble uMcaa F, < 7r,, 4Yto r <a<t,, TOTAAa 1pu a>1
an<a*<a, otkynaa*>a" >0.Ecm 0<a<l, To a>a*>a",
OTKYZa

a">a=>0.

Ecm a=1, 1o a"=1. Hrak, a*>0 (@>0) npu mobbix AKeicTBu-
TEJNbHbIX 3HAYEHHAX 0.

3amMeyanue. TeopeMa O NPOM3BELEHHMH CTEIEHE# C OIMHAKO-
BLIMM OCHOBAHMAMM C palUOHAbHBLIMH I[IOKasaTeJsAMH pacrmpocTpa-
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HAETCS W HA CTENEHH C UPPAIMOHAbHBIMH TOKa3aTeJsMH, T. €.
a‘aP=a’*8, (12)

rae o U B— MppaunHoHaJbpHbIe yucaa u a > 0.
JeiicTBUTENBHO, O AOKasaHHOU Teopeme 4), § 11

a‘nain = q*n+ton,

rae =, ¥ B, — paudoHa/JbHBIE YHC/Ia. DyzeM Temepb paccMaTpHBaTh
o, ¥ B, KaK paluOHa/bHblE INOCAENOBATENbHOCTH, CXOIALIMECST CO-
OTBETCTBEHHO K YHCJaM o H B, T. €.

lime,=a wu limB,=§p, Torza
[e2]

n->aow ->

1im (o, B,) =8

U, yuuTbiBasg paBeHCTBO lim a'n=a"(a>0), moxasamnoe B § 14,
n ->ao
TIOJTy YUM:

ad’a? = lim a*- lim a*r= lim a*tbr—=q"*8.

n->aw n—->w n—=> o

Takum oOpasoM, TeopeMa HMEET MECTO MpPH JIOObIX HEHCTBUTEJb-
HBIX o U .

§ 15. lokasaTeabHas GyHKuud

Onpenenenune. [lokasamesvnold PyrnKyueii HA368QEMCS
ynryus guda

y=a" (a>0). (1)

Cor/laCcHO TIpPeIBIAYLIEMy HMeeM:
1) ecmn x=n (n — HaTypaJbHOE YMUCJO), TO

a*=a-a-a...a,

n pas

2) €CJH x:% — YHCJIO panuoHaJJbHOE, TO

3) ecsiu x=0, T0 &°=1 u
4) ecqu x==o0 €CTb MPPAIHOHAJLHOE YHCJO, TO @ ONpEHENAETCs
TaK, Kak Obw1o naHo Beiue (cm. § 14, (11)).

Takum o6pasoM, ¢ynkuua (1) ompemesneHa Ha BCeM MHOXKECTBE
neicTBUTEJbHBIX yHcesa. M3 onpenenenus ynxuuu (1) Taxkxke cie-
LYeT, 4YTO IpH JOObIX 3HAYEHHSIX HE3aBHCHMOI NEepeMeHHOH X mo-
KasaTeJbHas (QYHKUMS NPUHMMAET TOJBKO IOJOXHUTEJbHBIE 3HAYEHUs
(cM. Teopemy § 14), T. e.

a* >0,

YcaoBuMca B JajbHefimeM ocHoBaue a >0 O6paTh OTJIMYHBIM OT
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€IMHULE], TaK KakK Ciayyait a =1 He NpeaCTaB]seT HHTepeca BBUILY
TOro, 4To (QYHKIHMA C TaKUM OCHOBAHHMEM TOXAECTBEHHO paBHa €[H-

HHUIE TpH JMOOBIX 3HaueHHsaX X. Temepb [OKaXeM HeNpepbBHOCTD
NoKasaTeJbHOR (yHKUUM

y=a* (@a>0; as&1).

Hafinem npupaumienve QyHKUMM Ay B NPOM3BOJbHON (PMKCUPOBaHHOH
TOYKE X.

y+Ay=a*t*, Ay=a*t** —a"=a"-(a** —1).
Orcoga BuaHO, 4yTOo ecau Ax—0, To Ay—0 %), 1. e.

lim Ay = lim a” (a** — 1)=a” lim (a®* — 1)=a"-0=0.

Ax —0 Ax —>0 Ax—>0

DTO u O3HayaeT, 4TO (YHKUMA HENpepblBHA B YKAa3aHHOH TOYKe.
A Tak KaK TouyKa X OblJa B3fTa NPOM3BOJBHO W3 NPOMEXKYTKa OImpe-
nejeHdsi QyHKUHM, TO 3THM CaMbIM JOKa3aHa HENPEpPBIBHOCTb (DyHK-
Uued B JI000H TOYKE INIPOMEXYTKA, T. €. HENPEPBIBHOCTb (YHKIUH
BO BCEM INPOMEXyTKe (— oo, -}-oc). Bnpouem, 0 HenpepsiBHOCTH
NOKa3aTeJbHOH (YHKUMM HaM YK€ OblIO M3BECTHO H3 «BBexenus
B aHaJu3». DoJbiie TOro, Mbl TaKXKe 3HA€M, YTO IPOM3BOJHAsA MO-
KasaTesJbHOH (YHKUMM CyLleCTByeT

y =a"lna.

Bocnosbayemcst atum. Pynxuus (1) npu a > 1 Bospacrarowmas (y* > 0),
a npu 0<<a<{1 y6uBaromas (¥ <0).
PaccmoTpum nosesenue ¢GyHKHMM IIpd X — 0o. Jlokaxem, uyTo
lim a*=-Fo0 (a>1). (2)
X -4
Bocno/b30BaBUIMCh ONpeJe/eHHeM Npefesa (QyHKUMH, MOKaXeM, YTO
naa Jgoboro yucaa £ >0 Haiimerca Takoe uyucao A >0, urto miad
BCeX 3HayeHMH x>A OyneT BHINOJHATbCA HEPaBEHCTBO a* > F.
Jlorapudmupyss nociaefHee HEPaBEHCTBO, MOJyuuM Xx > log, E, oT-
clofa caepyet, uyto A =log, E.
JlokaxceM Temepb, 4YTO
lim a*=0 (a>1). )]
X > —00
Jia HoKasaTeJbCTBa PaBEHCTBA (H) MPOM3BeAEM 3aMEHY IIEPEMEHHOH,
nosioxuB x =—=%. Toraa

| —

lim o*= lim e~ '= lim
X—>—® t—>-+4ow t>+4+woa

=0, 6)

-

a' npu t— - oo mo JokasaHHOMY (2) ecTb OeCKOHeuHO 6ovibluas

#) lim ad% =1 (a > 0), raie Ax npuHuMaeT AeHCTBHTEIbHbIE 3HaueHud. ITOT
Ax =0

npenea MOXHO HaliTH, Tak ke Kak u (4) § 14. JlokaxuTe CaMOCTOATEJbHO.
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N 1
BEJHMYHHA, a O6paTHaH eil BeJqWylHa — eCTb OECKOHEYHO MaJiad, T. €.

at
umeeT mecto (6)
Ecin 0<<a<1, To:
lim a*=0, )
x>+
lim a*=- 0. )
X > —00

(7) u (8) mokaxkuTe CaMOCTOSATEJBHO.
Hrak, ecsau HesaBUCHMas NepeMEHHas X H3MEHSEeTCs B TNpoMe-

KyTKe (— oo, -} o0), To (yHKUMA y H3MEHAETCS B IPOMEXYTKE

(0, 4 o0). Pynkiua B HHTEDBa- YA

ge (— oo, -+ oo) HemnpepriBHa,

CTPOr0 MOHOTOHHO BO3pacTaeT B

3TOM HHTEpBaJe, ecau a >1, u

CTPOro MOHOTOHHO yObIBA€T, €CJIH

0<a<C1l. Bce rpaduku nokasa-

TEeJbHBIX ()YHKUMA BOTHYTOCTBIO  q¢q

HalmpaB/IeHbl  BBEPX, TaK Kak

y'=a"(In a)*>>0, pacmosoxeHb! 1

Beiiie ocu OX, NPOXOAAT 4epes

touky (0; 1) ¥ UMEOT TOPU3OH-

TaJpHyl0 acumMnToTy Y =0,T. €. 1] %

ocb OX, Tak kak lim f(x)=0

X —=> — Q0

axi

(x—>-4o0)

on. (5) u (7) (uepr. 18). B sa- Hepr. 16.
KJIOYEHHE OTMETHM, YTO H3BECT-
Hble TpaBH/a AEHCTBHH C pallOHA/bHBIMU IOKa3aTeJsMH pacIpocTpa-
HAIOTCA M Ha CJIy4ai JIOOLIX NEHCTBUTEJNbHBIX IIOKa3aTeJeH, a HMEHHO:

I f(x)f(2)=f(x-+2) nm a"a®*=a**?, 4ro HamMu yxe OBLIO
nokasaHo B § 14.

II. (a¥)=a™.

1. (ab)* =a™b*.
IV a x—ax
(8-
1\* 1
V. (7 =_x, Mle a u b — NOJIOXKHUTEJbHBIE YHCJIA.,

Hs noxasannoit dopmyJel | caexyer, 4to

axa—xzax_x:ao_—'_l’
OTKyIa
- 1 a* - -
a "=‘—17 u a—,:a"a f=a*"%.

®opmyaer 11, 1II, IV u V nokaswiBaloTcs Tak e, Kak u (¢op-
mysa 1. Omnako dopmysan II—V MOXHO poKkasaTh HHaAye, €C/IH
y4ecTb, YTO IOKas3aTesbHass (yHKUUs y==a” HenpepbiBHa. JlOKaxeMm
¢dopmyay II. Mel yxe sHaem, uto Qopmysa Il Bepsa npu pauuo-
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HaJbHBIX 3HA4YeHHAX X U z (cM. Teopemy b5), § 11). Ilycte x u 2
¥MEIOT MPPalMOHaJbHEE 3HAYEHHS U [I0CJE10BaTEbHOCTh PallHOHAb-
HBIX YHCeJ X,— X, 2,—>2, TOrjJa JJs PpAalHOHAJbHBIX 3HaYeHHH
X, U z, uMeeT MecTo dopmy.a

(axn)zn — q*nyn, (9)

Ilepeitna B (9) x mpexeay mpu n— 00, NOJYYHM B CHJIY HENPEpHIB-
HOCTH IOKasaTesbHON Gyrkuuu dopmyay Il ®opmyaw I, IV u V
JIOKaXXMT€ CaMOCTOSATENbHO.

X
[Tpumep. Haiitu lim %,—, (a>1), n—HaTypa/JbHOE YUCJO.
X -0

o]
Pemenne. Mueem neompenesensocts Buia —. Bocnosb3osas-
IIKCh NPaBWJIOM JlomuTa/is M NPHMEHMB €ro n pas, IOJY4HM:

a*(lna)*

. a® .
llm —h— llm —-—I—-OO.

x—->+03x’ X =>-m nl
Takum o6pa3oM, 6eckoHEYHO GoJbliast BeJHYMHAa @ 60Jiee BEICOKOro
nopsaxa, yem OeckOHeyHO GoJbllas BesJMuMHA X" (IpH X — - o0),

T. €. NoKasaTesbHasg QyHKmMA y=a”(a>1) pacter ObICTpee, ueM
creneHHas QyHKHuA y =—x".

§ 16. CymecrBoBanue Jgorapudmos

Onpenenenue. Ecau mexwcdy OelicmsumensHeiMu HucaAamu
a, y u X umeem Mecmo COOMHOULEHUE

o = x,

Mo HUCAO0 Y HA3bLBAIONL A02APUPMOM HUCAQ X NO OCHOBAHUI @
u numym y=log,x. Ecau a=e, mo Jaozapufims. Ha3s8QI0M HQa-
mypaaoneimu u nuwym y=Inx, ecau a=10, mo soeapugme
Haseleaom OeCSmudnbiMU, U 8 3MOM CAY4Ae HNPUHSIMO RUCAMb
mak: y=I1g x.

VMaBecTHO, 4TO mnokasaTe/sbHasg (yHKkuMA (yepe3 X 06O3HAYHJM
(yHKIMIO)

x=a (>0, ast1)
(oo ly<Ho0); (0<Tx<TH-00)

HENpEpPhIBHA M CTPOrO MOHOTOHHA B HHTEpPBase (— 0o, —--00). JTH
cBoiicTBa (YHKIMHM JAIOT BO3MOXKHOCTb CHOPMYJIHPOBAThH CJAELYIOLIEE
IpeLJIOXKEHHE.

Ecm a>0 u a~1, To aas g060ro IONOKUTENBHOIO YHCIa b
CyL1eCTBYET €IAMHCTBEHHOE JEeHCTBMTE/bHOE UMCJIO ¢ TaKOe, 4YTO
o-f CTENEeHb YWC/Ia @ paBHA b, T. e.

a*=2»,
0TCIOfa
log, b=uq.
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CylecTBOBaHHE TaKOro0 4ucsaa o AJs Joboro uucaa b >0 caemyer
W3 TEOPEMBI O NPOMEXKYTOUYHBIX 3HAUEHHAX HENPEPHIBHOA (yHKIUH
(BTopast Teopema Boabuano-Komm) *), a ero eIMHCTBEHHOCTb — U3
MOHOTOHHOCTH B CTPOTOM CMBIC/IE IIOKa3aTeJbHOH (YHKUHH.

B camom nese, mycCThb b /1:060€ NOIOKUTENBHOE YHCI0 (0<b<+-00),
TOTZA HempepbiBHas (QyHKUMA X==a”, NepexXofs OT OJHOTO CBOETO
3HaueHWs K [APYyromMy, IPOXCAUT XOTh pPas uepes Kaxaoe IpoMe-
KYTOYHOE 3HAYEHHE, CJeNOBATENbHO, HalIETCA TaKOe 3HAYeHHe
y=—ua, 4yT0 @*=b, a B CHIy CTPOrOfi MOHOTOHHOCTH (YyHKUHS
X=a” npoiiier yepes Kaxjoe NPOMExKyTOuyHOoe 3HaueHue OT 0 1o
~- 00 TOMBKO OJMH Pa3, MO3TOMY HaKNETCA OXHO H TOJBKO OJIHO
TaKoe 3HayeHue y=—oa, 4TO 4’ =2A.

HMrak, sorapudMbl NOJOKHUTENbHBIX 4YHCEJ CYyINecTByIOT. Jlora-
pudMpl  (ZEHCTBUTENbHBIE) OTPULATENbHBIX UYHMCEJ IO OCHOBAHMIO
a>0 He CyuIeCTBYIOT, TaK Kak J00as CTENEHb IOJOXKUTENbHOTO
yhcda @ MOJIOXKUTEJbHA, M, CJeNoBaTeJbHO, AdA X< 0 paBeHCTBO
¢ = x uesoamoxHo. Hysb Takxke Jorapudma HE HMeEeT.

§ 17. Jlorapudmuueckana QyHKuus

HanomuuM cHavyasa us «BBenerus B aHa/u3» TEOPEMY O CYLIECT-
BOBaHMKM 00paTHON (GYHKUHMH U €e HENPEPLIBHOCTH, KOTOPYIO MOXHO
copmy.1pOBaThH TaK.

Ecin ¢ysxuua y=/f(x) CTpPOro MOHOTOHHO BO3pacCTaeT (yObl-
BaeT) ¥ HEeNpephiBHA B HEKOTOPOM IPOMEXyTKe X, TO B COOTBET-
CTBYIOILEM NPOMEXYTKe Y CyIIeCTBYeT OJHOSHa4YHas oOpaTHas QyHK-
M X =g (y), TaK:kKe CTPOro MOHOTOHHO BO3pacTaromas (yOwiBalo-
1iasi) U HemnpepsiBHasd.

M3 Teopembl 5ICHO, 4TO €C/M mpsMas QYHKIMS ONpeseJaeHa B mpo-
MexyTKe X M 006/1aCTb €€ H3MEHEHHs €CTb NPOMEXYTOK Y, TO AJf
06paTHO! (YHKUMHM NP BBIIOJHEHMH YCJOBHA TeopeMbl 06JaCThio
onpenesnenuss QyHKUMH OyneT NPOMEXKYTOK Y, a 00JaCTbi0 M3MeHe-
Hus GQyHKIMM —npoMexyTok X. Temepp namum ompeneseHue.

Dyuryus, obpamuas noxasamensnoi Hynkyun x=a’(a >0 u
a==1), Haselsaemcs aocapumudeckol (Pynxyuen y=log,x c
mem Jice OCHOBAHUeM.

M3BeCTHO, YTO €CJM OCHOBaHME a > 1, TO NOKasaTeabHas (yHKUHUS

x=0 (—oolyJl+F o) (0<xI+ o)

OJIHO3HAayHa, HENmpepbiBHAa ¥ MOHOTOHHO BO3pPAacTaeT B CTPOrOM CMEIC/IE
ciaoBa. Crajso ObITh, COIVIaCHO TeopeMe, CGHOPMYyJMPOBaHHON Bhllle,
obpaTHas (QyHKLMA

y=log,x (0<{x <+ 00); (—oo<y<~o0)

TaKXKe OJHO3HAaYHA, HENpEpbIBHA M CTPOrO MOHOTOHHO BO3pacTaeT
B COOTBETCTBYIOILeM npoMexyTke (0, - oo).

# CM. . M. ®Puxrtedr oabu, OCHOBBI MaTeMaTHYeCKOro aHamusa, T. I,
n. 70 unu KakoH-HMOYAb APYTOH KypC MaTeMaTHYECKOro aHaJu3a.
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Ecmm 0<<a<<l, 10 Qynxmua x=a’(— oo <y<<-+ oo);
(0<<x<(—-o0) onHO3HayHa, HempepelBHA M CTPOr0 MOHOTOHHO
ybniBaeT, ciaenoBaTeJbHO, oOpaTHas (yHKuus

y=log,x (0<x<+o0); (—oo<y< - o0)

TaKXKe OJHO3HAayHa, HENpepelBHA WU
YA

ybuiBaet. Hrak, ¢ynxuus y=log,x

a>1 npu a>>1 Bospacrawiias, a IpH

0<a <1 y6oBawomas. Ipatuxu
JorapupMuyeckux (QyHKUMA 0pU Jiro-
6om ocHoBanuu a >0 (az41) npoxo-
oAt yepes Ttouky (1; 0), Tak Kak
a’=1, 1. e. log,1=0. Orcioga B
CHJIy MOHOTOHHOCTH JIOrapudmuyeckoi
Qysknuu cremyer, yro ecau a > 1,
TO mna x>1, log, x>0 u nna
0<<x<1 log, x <0. Ecm xe
0<<a<l, 10 gas

0<x<1—log,x>0,a nas
x>1—log, x<0.

BepTukasapHO# acuMnTOTO# TrpadHKOB
aorapudMuyeckux  dyHkuuit ABagerca ock OV, Tak Kak npu
x——40log,x——o0 (@a>1) u log,x——4o00 (0<a<l1)
(uept. 17).

S
XY

a<1

Yepr. 17.

§ 18. Css3p meway JorapuMHUYecKUMH (PYHKUMAMH C DPA3HBIMH
OCHOBaHHAMHU

Jlorapudmer ynces mpU OCHOBaHMAX @ W b CBA3aHB COOTHOLIE-
HUSIMU:

1 1
log, x= Togga’ log, x, wm log,x= Tog, b log, x.
HoxasateanbcTBo. O6osHauum log,x=y,, log,x=y,,
OTKYya X=a", X=a, T. e. @’ =D, (1)

[Tposorapudmuposas (1) mo OCHOBAHHIO @, NOJIYYHM:
y,=y,log,b wm log,x==log,x-log,b. (2)
[lycte Xx==a, Toraa us (2) nosyuum:
1
1 =log,a-log,b, T. e. 10gab=lo_gb—a' 3)
M3 (2) u (3) OKOHYaTEJBHO MOJNYYHM, YTO
1
log, x =Ilog, x- Tog;a" 4)
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Tak ke nokaspiBaeTCss M BTOpas (opmy.a

log,,x:logamm.
Hrtak, ytoOBl mepelTH OT OXHOH CHCTEMBI JOrapu$MOB K JIpYro,
HAJI0 YMHOXHTb JOTapU(MBI Ha HEKOTODBIH NOCTOSTHHBIA MHOXHTE/b
(«Momysp mepexojar).

[Tpumeps. 1) [Tlepeiitu oT HaTypasibHBIX JOrapugMoB kK 1e-
CATUYHEIM, H Ha0060pOT.

Pemenne. lgx=Inx.—, rre e=2718281828450045..;

1

uhcao M= m— lg e=0,43429... HaspiBaeTCa MOLYJEM IEpPeXOja.

Taxkum obpasom, Igx=Inx-M u 1nx=lgx-—ﬂ%.
2) IlycTte umeem cucTemy JorapudMoB IO OCHOBAaHHMIO 5, mepeii-
IeM K cucTeMe JorapudmMoB II0 OCHOBaHHIO 7.
Pewenue. BocnoabsosaBuch COOTHOWIEHHEM (4), mHOJMyyum

1
log,x—logsx-m.
Msbl yxe 3HaeMm, yTo JorapumMoM uuc/Ia X IO OCHOBaHHIO @ >0
M a=~1 HasplBaeTCA NOKasaTeJb CTENEHH y, NMpPH BO3BEILEHUH B KO-
TOPYIO OCHOBAHHSI @ IOJIYYaeTCS YHCJO X.
log, x=y, 1.e. x=da.

[Tonp3ysach sTuM onpeneseHHMEM M CBOMCTBaMM CTEIEHeH, HOKa3aTb:
I. JlBa yuc/ia, HMEWOLIME OJMHAKOBbi€ JorapudMbl 1O OXHOMY
Y TOMY )€ OCHOBAaHMIO, PaBHBI,

1L log, (x,- x,) =log, x, +log, x,,
X
1. log, \x—: =log, x, —log, x,,
IV. log, x"=nlog, x,
n/ 1
V. log, /x= —log, x,
rae Xx,, X,, X—IOJOXHUTEJbHbIE 4ucaa, @ >0 U az=1.
Hokaxem I. Ecm log, x, =log, x,=b, 10 Xx,=x,.
HJokasarteabcTBo. [lo onpexenenuio Jorapupma umeem:
b b
x,=a’, X,=a’, (5)
OTKYJa X, = X,.
3ametuM, yTo U3 (5) caenyer: x,=al%8a*  x,=—ql%%a*s,
Teopemu II, IIl, IV nu V pokaxure camocTosiTe/bHO.

§ 19. Crenennana ¢yHKUMA C vppauMOHAJbHBIM IOKasaTejleM

Cmenennoil ynKyueil ¢ uppayuoLaLbHoLM NOKA3QINEeNeM HA3bl-
saemcs Pyuxyus 8u0q

y=x (1)
20e o — UppayuoHabHoe HucJo.
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HanomuuM, yTO CcTemeHHas (QYHKIMS HaMM YK€ paccMaTpHBaslach
AT CJIy4aes:
1) a=n, rae n— HaTypaJbHOe uucao (§ 3 u 7).
o=—0n

2) a_—_%, rue %—paumomnbﬂaﬂ HecokpatuMas Apobs (§ 12).

Bt paccMOTPEHbl OCHOBHBEIE ‘CBOHCTBAa CTENEHHOM (YHKIMH H, B
YaCTHOCTH, YKasblBaJoCh, 4YTO (yHKIMS

P

flx)=x7

He ompelesieHa [/ OTPMIATEJbHbIX SHAYEHHH X, €CaM p — HEYeT-
HOE YMCJIO, a ¢ — YETHOE.

3) Ecn xe o ecTb WPPalMOHAJbHOE YMCJIO, TO IPH OTPHULATEb-
HOM X Bblpa)KeHue x* B JEHCTBUTE/bHOH 0GJACTH HE MMEET CMbIC/A
(§ 14). CaenosaresbHo, QyHKuus (1) onmpeneseHa TONBKO A TO-
JIOXHUTEJbHEIX 3HaueHuit x, T. €. B uHTepBane (0, - co0)¥). 3ameTuy,
4ro QyHKUMa y=x" mIa CcayyaeB 1) u 2) Oblia asre6pavyecKoi,

U Caydas 3) MOXHO HOKasaTb, 4YTO

YA OHa mpaHncyendenmua. s usyye-

H4s CBOHCTB QyHKumMM (1) B 06/acTH

€e OnpeneJeHus Inpu JoboM Jel-

=X‘/2— CTBUTEJNbHOM ¢ 3amuiueM (GYHKIMIO B
Y V=X TaKOM BUIE

y= X" = e*Inx (2)

(MOXHO NpPEACTaBUTb H TaK: X =
=q*2«* rtne a>0 u as41).Cre-
NEeHHY0 (QYHKIUIO NPELCTaBUIM B BULE

o 7 X cnoxuoit QysKimMy y = ¥, rae u—aln x.
M3 (2) BEITEKAIOT CaELYIOLIHE CBOKCT-
Hepr. 18. Ba QyHKUUK Y=x".
1. ®PyHkuus ompelesneHa B UHTEP-
Base (0, - o0).
2. Dynxuus HempepniBHa B unrepsasne (0, --oo), uro caenyer
U3 TEOPEMBl O HENPEPHIBHOCTH CJOXHON QYHKIMHM (4 —=alnx He-

upepbiBHa B npomexyTke (0, -+ oo) u e” HempepeiBHa IpH JI0O0M
3HaYEHHUHU U).

3. PyHxuya (2) NPUHMMAET TO/IbKO MOJOXKHUTEJNbHbIE 3HAYEHHs.

4. Ecmn 0>0, 10 QyHKIms y = x"==e*!"¥ BozpacTaolias.

5. Ecom o <0, To dyHKuus yoOblBamouias.

6. Bce rpabuxu QyHkumit y=—x" npoxomar uepes Touky (1; 1)
M pAacroJ/IOXKeHbl B IIEPBOM KBaJpaHTE.

3ameTuM, 4TO crenenHas QyHkuusa (1) npu Jmobom o.>>0 Bo3-
pactaer OGbicTpee Jorapudmuueckoit ¢ynkumu y=log,x(a>1)

#*) Ecm o >0, To dyHKuus y=—x* ompejneleHa Ha moaycermenre [0, -} o)
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B stom Jerko y6emHTBCSH, BEIUMCJIMB
1
. log,x . xlna . 1
lim 2-— lim === lim T:O
x>+ * x>-too @ x>top @X*INQ

[Tpumep. PaccmorpuM QyHKIHIO y:xvz_. Hafinem mnepsyio u
BTOpYI0 TpousBommbie: ¥’ =1V 2xV2-1, y'=}2. (V2 —1)xV2-2,
@ynkuusa B npomexyTtke [0, -} oo) Bospacraer (¥’ =0), rpaduk ee
uvMeer BorayTocTh (y”>0) u mpoxomur uyepe3 Touky (1;1). Ha
yuactke (0,1) rpadux QyHKHMM pacmoNOXKeH HHKe NOpAMON y — X,
Ha yyactke (1, - oo)— Belme, Tak kKak B mpomexyTke (0,1) umeem
HepaseHCTBO x"2< X, a B mpomexytke (I, -}-oco) HepaseHCTBO.
xV2> x (uept. 18).

§ 20. TpuroHomeTpuueckne (yHKUMH (KpaTKuil 0030p)

M3 mKoJBbHOrO Kypca M3BECTHO, YTO 33 €AMHHILY H3MEPEHHS yr-

1
JOB OOBIYHO MPUHMMAIT OMMH FPAfyC, T. €. g5 YaCTh IPAMOrO yria.

Jyra, COOTBETCTBYIOllass UEHTPAJIbHOMY YIJy B OAMH IPaxycC, Hasbl-
BaeTCsl AYTOBBIM I'PafyCOM. ¥ TJIOBOH IpaiycC — BeJMYHHA MOCTOSIHHASA,
a AyroBo# ecTb (yHKUMA OT paauyca. lsBecTHO Takxke, 4TO 3a
e[MHULy U3MEPEHHs YIJIOB NPUHMMAIOT pajfuaH, T. €. LEeHTPaJbHbIH
yros (B IPOM3BOJILHOM KpyTre), COOTBETCTBYIOLUIME Ayre, IJIMHA KO-
TOpOH paBHAa PaauyCy Kpyra. Tak Kak IJHMHA OKPYXHOCTH paBHa 2mr,
TO B OKDPYXXHOCTH COLEPXKUTCA 2T pajUyCoB, CJeXOBaTEJbHO, IOJ-
HBII yTOJ (3602) COZLEPHHT 2n paguanoB. OTCioma BUMAHO, YTO pa-
JHaH paBeH Sgg :18: =~ 57°18’. B maTeMaTH4eCKOM aHAJU3€ YIJIBL
M3MEpAIOT B PaJMaHHO} Mepe U apryMeHTaMH TPUTOHOMETpPHUUYECKHX
¢byskuuit sin x, cosx, tgx, ctgx (secx M CSCX) ABJAAIOTCA HeHCT-
BUTEJ/IbHBIE YMCJ/A, O3HAYalOlIMe KOJMYECTBO PaAMaHOB. ITO Hajl0
IIOHUMATh TaK:

Cunycom H4ucaa X HA3BL6AEMCS CUHYC YA 8 X paduaros,
MAHEHCOM HUCAQ X HA36IBAENICS MAHEHC YA 8 X Paduauos,
maksice u 048 COS X, Ctg x, seCX u CSC X.

[MTpumeps. 1) Oyuknua f(x)==sinlnx onpenesesa B uHTEp-
Base (0, | o0), HaiineM 3HayeHHe ee B TOYKe X =e’.

f(e*)=sinlne* =sin 2 =~ sin 114°36" = cos 24°36’ =~ 0,9092.

2) ®ynkuusa f(x)=sin2* onpesesesa B UHTEpBaje (— 00, - oo),
Hafinem smauenue ¢ysxuuu B Touyke x=0.

F(0)=sin I ~ sin 57°18’ = 0,8415.

1 1 1 '
3) f(x)=1gx mpn x=-, f(?>_——tg3 ~ tg 28°39" ~ 0,5464.
DyHKUMM Sin X U COS X ONpenesNeHbl Ha BCEM MHOXECTBE HeiCT-
BUTEJbHBIX UYHMCEJ, ABJAIOTCA NEPUOJMYECKMMH C NEDPUOLOM, paB-
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HBIM 2m, ¥ HenpepwBHRL. JIOKakeM HenmpeprBHOCTh (YHKIHMH
Jf(x)=sinx B mpoM3BOJILHO} TOUYKe X,. /s 3TOr0 MOKAXKEM, YTO
aas Jmoboro e >0 MoxHO Haditu Takoe 6 >0, uyTro 414 BCEX X,
YZOBJIETBOPAIOMIMX HEPaBEHCTBY | X — X,|<C 8, BBHIIOJHSETCS Hepa-
BEHCTBO |sinx—sinx,|<e. Ilpeo6pasyem 3T0 HepaBEHCTBO:

. . s X— X X X e X — X X—X,
lsmx—smxo|=1251n—2—°cos-i2—°l<2|sm 5 °|<2\ 2°|_—_.

=|x—X,|. Ilonoxum &=e, Torma mnpu |x—x,|< 06 6yneT Bb-
NOJIHATBCA HEPaBEHCTBO |sin x —sin x, | <e.

HenpeprlBHOCT ()YHKIMM [OKa3aHa B IIPOH3BOJILHON TOUKE X,,
M 3TUM CaMblM J[0OKa3aHa HeNpepBIBHOCTb (YHKLUHMK sin x Ha BCei
4kCc/aI0BOH OCH. HenpepelBHOCTh (YHKIMH COS X HOKa3wBaeTCs aHa-
noruyHo. CuHyc — QyHKUMS HeyeTHas, TaK Kak sin (— x)=—sinx.
Kocunyc—dynxuus yetnas, Tak kak cos (—x) = cos x (ueprt. 21 u 23).
sin x __Cosx
sz B ctgx—= sinx COUPEAesNeHbl W  HEmpe-
PbIBHB (KaK OTHOIIEHHE HeNpephIBHBIX (DYHKUWHA) Ha Bcelt 4HCJIOBOI

OCH, 32 MCKJIOYEHHEM TOUEK x=%(2n—[—1) ans tgx W x=mn

Oynxnun tg x =

o ctg x (n=0; 4=1; 4=2; ...), B KOTOpBIX COSX H Sin X COOT-
BETCTBEHHO OOpaIIAOTCA B HyJb. PYHKUUH MepHOIHYECKHE C NEPHO-
JIOM, PaBHBIM T, HEYeTHble, KaK OTHOLIEHWe HeyeTHOH QYHKUHH
(sin x) x 4eTHO# (Cosx), U Hao6opoT (uepT. 25 u 27).

§ 21. IlpocTsie rapMOHHYECKHHE KOJieOaHHA

B § 20 mm panu kpatku#i 0630p CBOHCTB QyHKUMH y=—sin x,

Y ==CO0SX C NIEePHOJOM, PaBHHIM 2m, U y=t1g X, y==Ctg X C mepuo-

oM, paBHbIM 7. Temepp pacCMOTPMM TPUTOHOMETpPHYECKHe (YHKIMH
BHJA:

y=sino x, y=cosox, y=—1g0X U y—=ctgox, (1)

rae © — IEHCTBUTENbHOE MNOJOXHTEJIbHOE YMUCI0. JIerko ompemesuThb
nepuoa Kaxaod us 3THX Gynknuii. OnpenenuM, HanpuUMep, NEPHOL
Gysxkmud y=sin 0x, 3Hasg, 4yTO MAJs SinXx nepuox paseH 2m. Haii-
nem Takoe 7, urto sinw (x4 7)=sine x. Orcooza [CHO, YTO

T

o7=2m, otkyga T==". [lna cosox 6yaeT TOT ke mepuom. s

03

TaHreHca M KOTaHreHCa OT wX INepPuod paBeH prald Jlerko BUIETH, YTO

rpaduky QyHKmME (1) MOXHO IOMYYHTb M3 IOCTPOEHHBIX YXKE HAMU
rpaduxoB 21 u 23; 256 u 27 nyrem medopMauMH IOCJEIHHX B Ha-
npasaenud ocd OX. Tlpu o >>1 npowusoiizeT paBHOMEPHOE CKaTHe

B ® pas, a mpu o <l -— pacTskeHHe B — pas. Hanpuwmep, noctpoum
rpaduk OyHxknuu y=sin2x. [lepuon stoit yHKUUM T=27‘1:rr.
pagux Qynxuuu wusobpaxen na yeprexe 19. Temepp mnoctpoum
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rpadux GyHKIUH it (0x L-a). Q)

B sTomM ciayyae Hamo CHayasna NOCTPOMTh TpaQuK QYHKIMH y =
==sinwx, a 3aTeM IOCTPOEeHHBbI Trpaduk HEOOXOAUMO CABHHYTb IO

ocu OX Ha pacCTosHHE ‘%l BI€BO, ecau « >0, u BmpaBo, ecau

< 0. B camom gmene, mycts B (2) o=1 u a=%, Torja y=—
=sin (x—{—%):cos x. Orcropa sacHo, uTo rpaduk  QyHKUMH

sin (x+ %) nosy4yeH U3 rpaduxa oObIYHON CHHYCOHIBI MyTEM CIBHIa

€ro BJEBO Ha % Ecm xe B (2) moaoxuts ow=1, 10 rpadux
Gysknuu y =sin (x4 a) 6yZeT TakkKe IOJYYEH U3 CHHYCOMUABI IIy.

AN 8
T NI N

Yeprt. 19.

xY

TeM casura ero mo ocu OX Ha —o. [losoxum B (2) eox -+t a=of,
Torza rpadguk QyHKUMM y=—=sinof HaM Y€ H3BECTEH, TaK KaKk OH
noJiyyaeTCsa mpu nmomolnu aedopmauuu nmo ocu OX M3 rpaduxa GyHk-

uuu sinf, 1. e. sin (x—}—(%) (3) T'padpux xe Qynxuuu (3) mosay-
YeH M3 CHHYCOMIbl IyTeM caBura ee mo ocu OX Ha—% , CJenoBa-

TeNbHO, rpaduk GyHKIMH y==sin(0x -} «) NoJsydyaeTcs H3 OOLIYHOM
cuHycoumel myteMm nedopmanuu ee mo ock OX H IOC/IeyIOLIEro

a
capura BAOMb och OX Ha—-—, NOITOMY CHauaJa CTPOHM rpadux
(yHKUMH Yy =sinox, IOCIe 4Yero 3TOT rpaduK CABUraeM BHOJb
a
oct OX va——. MoxHo rpapux ¢yHKmMM (2) MOCTPOUTH M Tak:

CHayaJa IIOCTPOUTh rpadux OyHKIMH y=sin <x+%), a 3artem

NOJABEPTHYTh €ro aedopmanuu (CKaTHe WK PaCTSXKEHHE) BHOJb
ocu OX. Jlanee paccMOTpuM (GYHKLIHMIO BuAa

y=Asin (ox -+ @), (4)

rie A, © U o-— 1eHCTBUTE/bHEIE YHC/IA, NIPHYEM, KaK YK€ TOBOPH-
J0Ch Bbe, ® >0, TaKk Kak B NPOTHBHOM CJydYae 3HAK MHHYC
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MOXHO OblIO Obl BHIHECTH 33 3HAK CHHyca. YpaBHeHHEe (4) OmNHCHI-
BaeT 3aKOH IIPOCTOrO FapMOHHMYECKOrO KOJe0aHus (ABHXKEHHS), YyacTo
BCTPEYAIOLIErocs B MEXaHHKE, 3JEKTPOTEXHUKe, (U3HKe U B IpYy-
rux TOYHBIX HaykaxX. PyHkuMsa (4) HasbIBa€TCs FapMOHMKOM C aMILIH-

o 03 o
Tyno#t |A|, mepuogoMm T=-, 4acTOTOH

OyHKuuU
y=sinox, y=sin(ox o), y=cosox, y=_Acos(0x | a)
TAK)X€ Ha3blBAalOTCs TapMOHMKAMH C TeM )K€ IEePUOROM. K3 CcooT-
2w 2%
HOWeHHss === MOJNYYMM ®© =7 , O3HAyalollee KOJUYECTBO KOJe-

Ganuit 3a 2m enMHUI BPEMEHHM (Hampumep, cekyHxa). s moctpoe-

HUs rpaduka rapMOHMKM (4) Halo CHayaJa MOCTPOMTh TpaduK rap-

MOHMKHU (2) X OpAMHATHl HOJYYEHHOro rpauka yMHOMHUTb Ha A.
PaccmoTpum Teneps (QyHKIHMIO BuAa

y=asinox b cosowx, ()

© o o
5. W HauanbHOH (asoi o.

rae @ U b— uucaossle kKoaQduiuerTsl U © >0. Pyukuus (5) Tak
2%
XKe TepHOAMYecKas C IEPHOIOM, paBHBIM ~—. Jlas mDOCTpPOeHus

rpaduka GyHxnuu (5) pexoMeHAyeTCs CHayasa ee IpeobpasoBaTh K
rapMoHuke (4), rpadux KOTOPOH Mbl y»xe cTpouTb ymeem. [Ipeo6pa-
30BaHUE MPOM3BOIHUTCH CJIELYIOUIUM o6pa30M:

asinox -+ bcosox=V a b*. ( smm ——— COS OX |=
+ V + V —‘—1/'“2 b2
rA(COSasmmx—]—smacoswx)_Asin(mx—|—a,
b
o) 2 f— _  —qi -
rae nonoxeno A=V a*-b?, Vi =CO0s &, V= bz__sm o, OT
R t ——-—b U 9 arct: b
g o= 2 2 =1arctg R

s artoro nmpeo6pasoBaHHs BHIHO, YTO CyMMa JABYX IIPOCTBIX TapMo-
HUYECKMX KOJIEeOaHWH# C ONHHM M TEM Xe INEPHOLOM eCTb TaKxke
NPOCTOE TapMOHMYECKOE KOJeOaHUE C TEM K€ IEPHOIOM *).

[Ipuwmep. Iloctpouts rpadux ¢ynkuun y = 2sin —’26— —+ V5 cos % .
Pemwenue. Jannyoo QyHKIMIO mpeobpasyem.
— S b)
25in%—1—l/5cos%=l/4—|—5<%sin %—i—‘—f?’—cos%):
=3 <cosa.sin %—l—sin o COs i> =3 sin (% —|—<7.> ,

2
5 4‘
rue a:arctg@x % [Toctpoum cHawana rpadux (I) rapmonuku

.X% o
y==sin 5, 3aTeM NOJYYeHHI rpaduk (I) CABHHEM BJEBO BHOJb

#) CyMMa NPOCTHIX TapMOHMYECKHMX ko/JeGaHufi C PasHBIMM NEPUONAMH yHKe He
6yneT NPOCTBIM TapPMOHMYECKHM KOneGaHueM.
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ocn OX Ha %%:?—5, nonyuum rpaduk (II) u, HakoHeu, OpAMHATEHL
rpaduka (II) ymHOXMM Ha 3, Toria moayuuM MCkombifi rpadux (III)
nanHOi dyHkuuu (dept. 20).

Mbl  mokasam, uyto OT (QyHKuMM BuAa (D) MOXHO nepeiiTu
K QyHKuMM Buga (4); Jerko y6eauTbCs, YTO M HAOG0POT: (YHKIMIO
Buga (4) mMoxHO mnpeob6pasoBath kK (Gyskuuu Bupa (5). Cnesnaem
TaKoe npeobpasoBaHue:
Asin (ox 4-a) = A [sin wx cos a 4 cos wx sino]=asinwx 4 b cos w.x,
rae a= Acosa u b= Asina.

YA

A\ g

N -

I
,_\(//’/ 0 V4 \\Zﬁ\zy X

Yepr. 20.

§ 22. OGpaTHble TPUTOHOMETPUYECKHE (DYHKIMH
M MX TJaBHble BeTBU

1) Apkcunyc.

. (1 T
Oynxuus y=sin X, 3ajaHHas Ha CEIMEHTE — — < X< —;— (ocHoOB-
HOit cermeHT)¥) u —1<<y<<1 (uepr. 21), ecTp QyHKUUA He-

pephBHasg ¥ MOHOTOHHO BO3pacCTalouias (B CTPOrOM CMEICJIE CJIOBa)

b S
B yKa3aHHOM CETMEHTE — g —2—] , CJEN0BaTE/JbHO, CYILIECTBYyeT

obpaTHas (YHKLHMS, OZHO3HAYHAs, HENPEPHIBHASA U CTPOTO MOHOTOHHO
BO3pacTaoias

x=xgarcsiny, rie —l<y<l u —as<x<<

| a

o] a

Wi, meHss 0603HauyeHUs, NMOJNY4HM (YHKIHIO

y=arcsinx, rne —Il<<x<1l; —2<y % (1

14

#) Morau Obl B3fiTb CErMeHT [% , 3;], 1160 [3—;, %‘E] ¥ BOOGIIE MOGOH

CerMeHT [—%—l—kn; -;——{—kn] (f=0;, =1, =2, ..., rie OyHKUUA MOHO-

T ™
TOHHAa, W BECTH T€ XK€ PacCyXIeHus, 4TO ¥ Aad4 CErMeHTa [—7, 3] . Onnako

CJOBHJUCDH u3 BCEX OCHOBHbIX CerMeHToB OpaTh mJjg CHHyCa CerMeHT
y
© T

—3 3
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Cootromernne (1) 6yneM mOHMMATh Tak: yY==arcsin X €CTb YHCJIO
(aaH yroa), CHHyC KOTOPOTO PaBeH X, T. €. Siny=x, WJH, 4TO TO

YA
y=sinx
Tl B '~ T
<. T -ZIZ,/ } \\3 —2 4 \\ﬂ T 7 // : \\
7 574N 7 ‘X
\\\_Il e 4 o (0] > _\\ L 2n X
Yepr. 21.
. . T K .
Xe camoe, sin(arcsinx)=—x, u — FTS<I<75- Hrak, y = arcsin x,
N4 kO .
e — o <y<- usiny=x.
YA QyHKIMA y == arcsin X — HeyeTHas, T. €.
% arcsin (— x) = —arcsin x.
) 6 I
Ly=Arcsinx Y6enumca B atom. Ilo ompenenenuto
i — — < arcsin (— x) < — @)
,/ 2 S - 2 .
/
B sTom xe cermenTe 3akuoueHa ¥ (QyHKuHs
\ — arcsin x,
AN t 4TO CJENYEeT W3 JBOMHOrO HepaBeHCTBa (1).
k14 .
| 5 =—arsin x=—-.
2| | Ly=arcsinx .
Tenepp HafizeM CHHYCHI 3THX YIJIOB
1 /10 7 X  sinf[arcsin(—x)] =—xu sin (—arcsin x) = —x.
——-g Hrak, yrasl arcsin(—x) u —arcsin x Haxo-
AN ISITCA HA OJHOM U TOM XK€ CEerMeHTe [ —%, ——)—]
\ U CHHYCBHI HX PaBHBI, CJIeLOBATENbHO,
\ arcsin (— x) = — arcsin x #).
¥ 8 1 1 =
¥ pumepst 1) arcsing =+,
/
/ 9) arcsin [ — — ) = — arcsin - = — =
\ a 2)= 27T %
. 'lf 3—> . . V____ w
3) arcsin < — ) =—arcsin 5 =——.
Yepr. 22.

#) Ha cermenre

T
—3

2] CHHYC MOHOTOHHO BO3paCTa€T B CTPOTrOM

CMbIC/I€ CJIOBa, IIO3TOMY HE MOXKET ObITh ABYX PpasJHYHBbIX YIVIOB B YKa3aHHOM cer-
MEHTE, UMCIOIIUX pPaBHbIE CHHYCHI.
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Oonosnaunas yuxyus y=arcsinx(|x[< ;| ylg—;—) Ha36L-
saemcs 2AQBHOLL 8emMBbI0 APKCUHYCA.

T

Ecnu He OrpaHMuMBaTBCH CErMEHTOM — o << <%, TO o06paT-

HOt GyHKume# mias QyHKuMH Xx=—siny OyHeT MHOrosHayHas QYHK-
1IMsi, KOTOPYIO NPHHATO O6O3HauyaTh TakK:

y=Arcsinx (uept. 22).

Haiimem o6wmit BUZ YIJIOB, CHHYC KOTOPBIX PaBeH JaHHOMY
x(Jx|<1). B npemenax OZHO# OKPYXHOCTH, KaK M3BECTHO U3
TPUTOHOMETPHH, CYUIECTBYIOT TaKMe [Ba yrJa @, ¥ T— ¢, CHHYCHI
KOTOPHIX paBHbl. YUWTBHIBAS MNEPHOJ CHUHyCa, PaBHBIA 2m, IOJYYHM,
YTO 3HAYEHUIO X COOTBETCTBYIOT YIJIBI @, -}-2kRm u mw-—¢, - 2kn
(k=0; +1; 2; ...). ObosHayas @, ==arcsin x, NOJY4HM

 arcsin x - 2kmn
| m—arcsinx 4 2kn (R=0; 4-1; 4=2; ...)
win Arcsinx=(— 1)"arcsinxt+mn (n=0; &=1; 4=2; ...)
/2 3

[Tpumep. Arcsian?’::(— 1)" arcsin Q—}—nn:(—l)"%—‘r—mz.

2) ApkkocuHyc.

[ycts y=cos x, rue OSx<m
—1l<<y<l

Arcsin x=

(ocHOBHO# CcermesT)

(uept. 23). [aHHas QyHKuWs HENPEPBIBHA MW MOHOTOHHO YyOBIBaeT
B CTPOrOoM CMbIC/Je cJoBa Ha cermenTe [0, m], c/JexoBaTesNbHO, Cy-
wecTByeT obpaTHas (QYHKHUs, OLHO3HAYHAf, HENPEPHIBHAs U CTPOro
MOHOTOHHO yOBIBaroLIas

x=arccosy, rie —Il<y<lul<sx<m

YA
TN Cd — 1
| \\ -7 // 7 //4: \\\ _
T T <
S NS Nl 2 N X
y=C0S X
Yepr. 23.

Memnsis 0603HaueHus, MOJYUUM:
y=arccosx, rie —1l<<x<<1 u 0<<y<<m (3) (uept. 24),

¥ 3TOT CHMBOJ OyJHeM IOHMMATb TaK:
§==2arccos X €CTb YHCJIO (WM YToJ), KOCHHYC KOTOPOrO paBeH X,
T. €.

Cos y=—ux, WIH cos(arccos x)=ux, U O0<<y<<m.
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Kopoue, y=arccos x, ecmm 0<<y<<m u cosy=ux. JloKaxeM, uTo
MMeeT MeCTO PaBEeHCTBO

arccos (— x) =m — arccos X.

YA I8
, 0 ONpeeJeHHI0
,
]/?lv 0<<arccosx <<m. (4)
\ ¥Yros m-—arccos X TaKkkKe COLEPKHUTCS B CErMeH-
y=Arccosx te [0, m], yTo caemyeT M3 HABOHHOrO HepaBeH-
M crBa (4).
\
\ cos [arccos (— x)]=— x, cos[m— arccos x] =
y = — cos (arccos x) =-— x.
7
A HMrak, yriel arccos(— x) M m-—arccos x couep-
b ®aTCs B OJHOM M TOM xe cerMmeHre [0, w] u
77 KOCHMHYCBl MX paBHEI, CJIeL0BaTeJNbHO,
\\ y=arccos X arccos (— x) =m — arccos x ¥).
1 w
[MTpumeps: 1) arccos—z— 3
-1 &0 A X
J arccos (
4 =T — arccos ——n—l 2
anp 2 3 3"
\ Oono3naunas Pynkyus y =arccos x (| x|<<1
]\ 0 < y <) Hass6aemcs 24AQ6HOH 8eMBbI0 APKKC-
AN cunyca.

Eciu Ha NepeMEHHYI y OrpaHHYEHHH He Ha-

KJIaJbiBaTb, TOrAa o6paTHas (QyHKLUS y =arccos X

Yepr. 24. st QYHKIMM X =COSy 6y11eT MHOIO3HayHOH,

T. €. KQXAOMYy 3HaueHmio x (| x|<1) 6yner coor-

BETCTBOBaTb OECKOHEYHOE MHOXECTBO 3HaueHu# y (uept. 24). Haii-

neM ofliee BblpaxkeHue yraoB (Arccos Xx), KOCHHYC KOTOPBIX paBeH X.

B mpenesax OAHON OKPYXHOCTH [aHHOMY BSHA4YEHHIO X (COSY = x)

OTBEYalOT TaKHe [Ba yrJa y, =@ U y,=-—0, 4TO COSY, ==C0S}Y,, U,

YUMTHIBAsi NEPHOL KOCHMHYCA, PAaBHbIl 2m, NOJY4MM, UTO KamKAOMy
3HAYEHHIO X COOTBETCTBYIOT YTJIBI:

o+ 2km 1 — @ 2km,

WM, 0603Hayas @==arccos.x, MOJy4YuM:
Arccos x =-arccos x +2km (k=0; 4=1; +2; ...).

Mpumeps:: 1) Arccos— L = =+ 2km,

#) Ha cermente [0, ] KOCHHYC MOHOTOHHO YGBIBA€T B CTPOrOM CMbICIE CJOBa,
I0STOMY HE MOXeT ObITb ABYX pasJMUHBIX YIAOB B YKA3aHHOM CETMEHTe, HMelo-
IMX PaBHbIE KOCHHYCBI.
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2) Arccos ( — %) = -~ arccos ( — %) +2km ==
2
= i—;—c -|— 2k,
1 T
3) Arccos ﬁz =+ T_|_ 2k,

3) ApxTraHresc.
PaccvorpuM  QyHkuMi0 y=tgx ( — % <x< %; —0 <
<y<-+4oo) (uepr. 25). [lamHag QyHxkuMs B IPOMEXYTKE
K

— o %) MOHOTOHHO BO3paCTaeT B CTPOIOM CMBICJE H HeEIpe-
pbiBHA, CJEL0BaTENbHO, CY- Y,
uiecteyer obpaTHas GyHK-
UM, OJHO3HAYHasi, HEmpe- !
pbIBHAasgE M CTPOrO MOHOTOH- ,' 'l
HO BO3pacTarouas i H

/ /
y=arctg x, rIe — 00 < /, /
/

T
<x < Aoy — 5y < / J/

<3 () 750 B/ X

Coornomenue (5) OGynem / l,
NOHUMATb TaK: / |
y=arctg X eCTb 4UCJIO (U4 i ]
yroJ), TaHIeHC KOTOPOro ,’ ,'
paBeH Xx, T. e. tgy=Xx

wm tg (arctgx)=x, u

‘ y=tgx
I

Yepr. 25,
——%<y <%. Kopoue, y =
=1arctgx, ecam — 7;—<y < % U tg y—x. OyHnxkuua y=—arctg x He-
yeTHas, T. €. HMEET MECTO PaBEHCTBO
arctg(— x) =— arctg x.

DTO CBOWCTBO [OKA3bIBAETCS TaK Ke, KAK M IJs1 apKCHHyCa.
O0no3naunas PyHKyus y—arctg x <|x|<—|—oo; [y <%> Ha3ol-

saemcsl 2AQ6HOIL 6eMBbI0 ApPKMAHEHCA.
Ecau xe nna dysxuuu tg y =x He OrpaHMYMBATbLCA 3HAUEHHSIMHU

——%<y<%, TO Ka)JIOMy 3HauyeHuI0 X OyneT oOTBe4yaTb OECKO-

HEeYHOe MHOXECTBO 3HayeHH# J, U Mbl B 3TOM CJydae OyaeM HMEThb
ong  QyHKmMM  tg y=x O0OpaTHY0 MHOrO3Ha4HyI0  (YHKUIHUIO
y=Arctgx=arctgx+kn (k=0; =1, 4=2; ...) (uepT 26).
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Mpumeps: 1) Arctgl=arctg 1 4 kn="T-1 km,

4
2) Arctg(—1)=arctg(— 1)} kn=—arctg 1 -}
+ hr—— % _.l.- kr,
8) Arctg)/ 3=arctg V' 3+ kn=1¢ k.
YA
- y=Arctg X
- /J)—"_———
//
//’
N - =arctg X
o p—
o X X
'Y=-2—T —————————— ~ P——
///
Yepr. 26.

Hafinem nna rpaduxa ¢yHkuuu y=—arctg X rOPU3OHTAJbHBIE ACHMII-
TOTHI:

lim arctgx:%, T. €. Y=%,
x>+t
lim arctgx_—_——%, T. €. Y=———Z—.

X—>—00

Mbl MMH BOCHOJIb30BaJKCh TIPH NOCTPOEHKH rpaduka (yHKuM
. T 7‘:
y=arcttgx, —oo X +00; —5<y< 5.

IIpun nocrpoenun rpaduxa QyHKIHM y=—arctgx TaKxe CJeLyeT
[0JIb30BaThCA ACHMIITOTAMMU:

lim Arctgx:—;i—i—krr (h=0; &1; 4=2; ...).

x>+
4) ApPKKOTaHreHC.
Paccmorpum dynkumio y=ctgx (0<lx<<m — oo <y <<+ o)
(uept. 27). Hawnasa ¢ynxuusa B mpomexyTke (0, m) MOHOTOHHO YObl-

BaeT B CTPOrOM CMEICJ€ CJOBa H HENpEepPHIBHA, CJEeN0BaTENbHO,
cywecTByeT ofpaTHas (QYHKUMS, OJHO3HAyHAsA, HENpEpHIBHAA H
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CTPOro MOHOTOHHO YOBIBaiOLlast

y=arcctg x, rie —oo < x<-}o0; Oy << m.

YA
y=ctgx
| | |
. |
|
| |
" \
\ \ \
\ \
\, \,
\\ \ 0 7| \\ X
\ \ \
\ \ \‘
\ \
| | |
1 \ 1
| | |
| | |
Yepr. 27,

()

CootHowenve (6) HamO TNOHMMATb TaK: y=—arcctg X eCTb YHCJIO
(w14 yros), KOHTAaHM€HC KOTOPOrO paBeH X, T. €. ctgy=—ux, WIn

ctg(arcctg x)=x, u 0<C
<y<m. Kopoue, y=
=qarcctg x, ecoau 0<y<<m
u ctgy= x. PaBeHcTBO
arcctg (— x)=m—arcctg x
JOKasblBA€TCA TaK Ke, Kak
U /18 apKKOCHHYCa.

Odnosnatnan pyuryus
y=arccigx (x|<<-+ oo;
0 << y<m Ha3saemcs
2/aBHOL  8emMBbI0  APKKO-
manzenca.

O6uw#  BAL  yTJIOB,
MMEIOIKX KOTAHIEHC, paB-
Hbll TaHHOMY X, BhIpa)X<aeT-
ca dopmyon

Arcctg x =arcctgx - kn
(k=0; +1; =42; ..)
(4ept. 28).

Npumepn:

1)  Arcctg O=arcctg 0-}-

—l—kn:%—{—kn.

YA

y=Arcctg X

~NZ

~—~—
———

———

————

d
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2) Arcctg (— 1)=arcctg (— 1)+ kn_—ﬂ—
—arcct01+kn_n——+k 4+k

IopusouTanbuple acUMNTOTH rpaduka QyHkHMH y =arcctg x cae-
AYIOLIHE:
lim arcctgx=0, 1. e. Y=0; lim arcctgx=mn, 1. e. Y=nm.
x>+ X—>—00
Ha peaxo Bcrpewamomuxcs QyHKHIUSIX arcsecx ¥ arccsec x OCTa-
HaBJMBaTbC HE Oynem.

Mrak, Mpl paccMOTpesH caelyromue QyHKIMU (IOBTOPUM YEThIPE
OCHOBHBIE ONPENEJICHHSA):

1) y=arcsin x, ecau —%sys—;—, —l<x<<lusiny=x.
2) y=arccosx, ecmu 0<<y<<m; —l<x <1 u cosy=x.

3) y=arctg x, ecan ———<y< 5 —oo x40 "
gy =ux.

4) y=arcctg x, ecan 0 <y <<m —oo<x<-|o0ou
ctgy=x.

§ 23. TpuroHomeTpHyecKkHe (PyHKUMM OT OOpPaTHLIX
TPUTOHOMETPHYECKUX (PYHKUMHA

Mer yxe sHaem, 4To sin(arcsin.x)=x, cos(arccosx)=x, rue
|x]<<1 u tg(arctgx)-_x ctg (arcctg x) =x, rae |x|<<-oo.

PaccMoTpuM Tenepr 6osee CJIOXKHbBIE npe06pasoBaHuﬂ

1) JokasaTs, uto sin(arccos x)=V1— x

Pemenune. [losomum arccosx=—y, TOrga IO OIPELEJEHUIO
CJIefyeT, 4TO COSy ==X, a HalO ONPELEJHUTH Siny.
VuuteiBag, uto O<<arccosx<<m, T. e. O0<<y<<m, uMeeM siny=—=
=4V T—cos’y=VT—x% nm sin(arccos x) )=V1—x.

2) cos (arcsin x)=V 1—x*. Pemenue aHanOrnuyHoe.

sin (arccos x) V1=x

cos (arccos x) x (x==0);

X MOXET NPHHHMATL 3HAYeHHus B npomexyTtkax [—1, 0) u (0, 1].
M3 soipaxenus 3) BuaHo, yto npu x <0 tg(arccos x) <0, npu
x>0 tg(arccosx) >0, T. e. 3HaK tg (arccos x) ONpeneNseTCs 3Ha-
KOM X.

Pemym ellle oJWH IpUMep. 3aMeTHM, 4TO METOMA pEIlEHHs BCe
BpeMA OJNMH H TOT Xe.

4) sin(arctg x)=

3) tg(arccos x) =

Vl—l—xz )

Pewenune. [lonoxum arctg x=—y, Toria u3 onpeneeHusa cJje-
AyeT, 4To ——-f‘,— <y<% u tgy=x, a HaAO0 ONPEAEJUTb Siny.
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tgy
Bocno/1630BaBIIKMCh W3 TPUTOHOMETPHH Hopmy.Ioit sin y = +V———

g%y
TIOJTY YHM:
+ tg (arctg x) X
sy =y T s ey VR

[Tlepen npobpi0 BO3BMEM 3HAK IJIOC INIOTOMY, 4YTO IpH x >0
sin(arctgx) >0, a mpu x<{0 sin(arctgx)<<0, T. e. 3HaK
sin (arctg x) onpeje/seTcs 3HAKOM NEPEMEHHOU X.

[lposepbTe, yTO:

1

sin (arcctg x) = tg (arcctg x) = % ;

Vl + x? ’
——1
cos (arctg x)zl—/T——i——'_z; ctg (arcsin x) = Viz= —=;
X
cos (arcctg x) = i + -3 ctg (arccos x) = # ;
X -— X
. X 1
tg (arcsin x) — ——v—; ctg (arctg x)=—-.
g( ) == ( )=

§ 24. GcHoBHble Npeodpa30BaHUs OOPATHBIX TPUTOHOMETPUUECKUX
GbyHKUMA ¥ COOTHOWICHUA MEXIYy HUMH
. V3
HaBecTHO, uTO arcsmV—z

1
) )48 arcc057 % CJ/I€A0BaATEJIbHO,

wla

|

vV 1

arcsin 5~ ==arccos -,

T. €. JIaHHBI yroJ MOXeT ObiTh NPEACTaBAEH M KaK apKCHHYC H Kak
apKKOCHHYC PasHBIX apryMEHTOB.

a) PaccMorpum cHayana npeobpasoBaHHMe B OOLIEM BHAE OXHOM

apKQyHKUMM¥) B APYLYyX C COOTBETCTBYIOLIUM W3MEHEHHEM apry-
MeHTa AJs CaenyomuX nap QyHsxuui.

1) y=arcsinx (—1<<x<l)u y=arctgx (— oo <<x<- o0).
3uauyeHus 3THX QYHKIMH COAEP!KATCA B OLHOM U TOM K€ MHTEpBase

T w
(——2—, 7), [IO3TOMY YroJl ONpPEeAesAeTCA OAHO3HAYHO 3HauyeHHEM
ero Taﬂreﬂca wmi curyca. Crano ObiTh, 3Has, 4TO tg (arcsin x)=

X
_Vl =, uMeeM arcsin x =arctg Vi b Ha00OpOT, TaK Kak

sin{arctg x) =

X
TO arctg x=arcsin ——.
i & Vite

*) B nanpHeduuem B LeafX KPaTKOCTH OOpaTHble TPHFOHOMETPHYECKHE (YHKLUH
6yjeM Has3blBaTh apKQyHKIUAMHU.
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2) BosbmeM BTOPYI0 mapy (yHKIumIL.
y=arccosx (—1<<x<1l) m y=arcctgx (—oo<<x<-+4 o0).

3HaueHus 3TUX (QyHKuM# comepxkarcs B uHTepBase (0, m). Paccyx-
Jas TaK XKe, Kak U B 1), 6yIeM HMEThb:

ctg (arccos x) = V_IL—? , OTKyZa arccos x=—arcctg V% ,

cos (arcctg x) = OTKyZa arcctgx =arccos

X X
V1Fx2’ ViFe’

6) Ecsim orpaHHYNTHCS H3MEHEHHEM J TOJBKO B IIEPBOH YETBEPTH,
T. €. B HHTEpBaje (0, %) , TO JIETKO TNOJYYHTb elle pPsAf COOTHO-
LIEeHUH.

1) y=arcsin x BbIPa3uTb 4epe3 BCe OCTaJbHBE apK(YHKUWU NIPH
ycaosus, 4to 0<y < % (B manHoM cJayyae 0<x<l).

PemeHnune. y=—arcsinx, siny—=—ux, um y=—arcsin x;

cosy=VT—x* wm y=arccos V' 1— x7

sin y X X
tgy =Cosy :71—— g0 W y:arctgvl——“— T’
/T — x2 1 —x
ctgy :1—15—1, WK Y = arcctg VIT’C .

Takum ob6pasom,
. — x VT =%
arcsin x =arccos /' 1 — x* =arctg ———— —arcctg ———.
V1=
2) y=—=arccos X (O <x<l; 0<y< %) BLIPA3UTL Yepe3 BCe
ocTaJsbHble apK(yHKIHH.
Pemenue. Paccyxnad Tak xe, Kak ¥ B 1), nonyun:

arccos x =arcsin ) 1 — x* = arctg] L= %  arcctg 2 V
— JCZ

3) y=arctgx, x>0 u 0<y<%.

4) y=arcctg x, x >0 u 0<y<% .

3) u 4) BHIPa3UTb Yepe3 BCE OCTaJbHbE apKYHKIHMH.

Pelute CaMOCTOSTEJNBHO.

5) IMycte y==arcsinx u — 1< x<0. (1)
Kak ke B 3TOM Ciyyae arcsinx BeIpasuTb, HalPUMED, 4YEPE3 apKKO-
cuyc? Hs ycaosus (1) caemyer, uto ———<arcs1n.x<0 a 3Ha-

ueHHs apKKOCHHyCa cojepxarcs Bcerga B untepsase (0, m). B 3tom
C/Iyyae TOCTYNaeMm CJEAYIOLIMM 006pasoM:

arcsin x = —arcsin(—x), rae 0<<—x<l,
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4 Tenepb npumeHdaMm 1).

. 1
[MTpumep. arcsin ( — ?) BbIPasUTb Yepe3 BCE OCTaJbHbIE apK-

(11)7:0:410%4% 8

Pemenue. arcsin (—%) = —arcsin—é—= —arccos]%_—:
1 S
= —arctg 5= —arcctg V3 (em. 1).

6) Ecmn umeem arccosx 1 —1<<x <0, T0
arccos x =m — arccos (— x), rme 0<<—x<1,
T. €. 33j7aya CBeJaCb K paHee pelleHHo# 2).
[Tpumep. arccos ( —%) BbIPa3UTh Yepe3 BCE OCTaJbHEIE apK-~
GyHKUMH.

2 2 . V5
Pemenue. arccos (———):n—arccos——zn—arcsmV——

3 3 3
= ——arctg@:n—arcctg-}%% .

AHaJOrMyHO moCTymaeM M Ajs QyHKuuit y—arctg x u y=arcctg x
npn x < 0.
B) Jokasatp, ytoO:

arcsinx 4arccos x =5 (—1<x<1); (1)
arctg x--arcctg x =

(—oo << x4+ o0). (1)
JloxkasaTeabCTBO.
0 <<arccos x <<m;

0= —arccos x = —m;

H

T .
%>T—HICCOSJC>—~ = arcsmn x = —

INIES

T
2

INE]

Yrab %—arccosx U arcsin x CoAepKaTCa Ha OXHOM U TOM 2KE CEr=-
T

T I
MeHTe [— 79 5 ] . Haitnem ux cunych.
sin (% — arccos x) ==cos (arccos x) = x, sin (arcsin x) =x,
T . .
C/IElOBATeJbHO, - — ArCCOS X ==arcsifl.x, WIH arcsin X -}-arccos x ==

..-—.=—’2i Bropasa ¢opmysa moxasbiBaeTCsl aHaJOTMYHO.

r) dopMyJiel CJIOXKEHUS M BBIYHTAHHS.

[lyer O0<sx<l n 0<y<l.
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JokaxeMm, 4To
arcsin x - arcsin y =arccos (V' 1 — x*-V' 1 — y* — xy), (1)
arccos x -~ arccos y == arccos (xy — VIi—x*-V1—yd). (2)
JoxkasateabcTBO.
[lo onpenenenuro 0 <<arcsin x <<

’

m[ﬂ

0<arcsiny<—g- )

cienoBatenbHo, 0 <Sarcsin x—t-arcsiny <<
EcrecTBeHHQ, HaLO B3sATb KOCHHYC (@ He CHHYC) OT CYMMBI apKCH-
HYCOB

cos (arcsin x +-arcsin y) =V 1—x*-V1—y* — xy, OTKyAa
arcsin x -} arcsin y =arccos (V' 1 — x* V1—3"— xy).

Bocnosb3oBanuce u3BeCTHOH Qopmyaoit  cos (x4 ) ==cos @ cos B —
—sinasin B, nonoxus o=—arcsinx, p= arcsiny

cos (arcsin x) =11 — x?, cos (arcsin y) =1/1— y?, sin (arcsin x) = x,
sin (arcsin y) =y

Bropas ¢opmyJia m0Ka3blBaeTCsi aHAJIOTHYHO.
Paccmotpum pasHoCcTb arcsinx —arcsiny 0sx<<1; 0y <)

. ™
0 << arcsin x <5

=arcsin y = 0.

0o 3

T . . T
5 s arCsin X —arcsin y << .

2
BosbMeM CHHYC OT pasHOCTH apKCHHYCOB.
sin (arcsin x — arcsin y) =x VIi—y—yVI1i—x, OTKY 1a
arcsin x —arcsin y =arcsin (x VI —y* —y V'1T— x%). (3)

3nech  BOCHOJNb30BaauMCh  opMysofl  sin (2 —f)=sina cosf —
— cos a sin f.
Tak xe BeiBOAMTCA M (opmyna

Bolyuras, nomyuum —

arccos x —arccos y =arcsin(y V1 —x*—xV1—3%); (O<x<l;

I<sy<l). (4)

Haunee:
arctg x |- arctg y = arcctg 1—'_"_1; , (5)
arcctg x --arcctg y = arcctg 2 = _|_y , (6)
arctg x —arctg y = arctg m , (7)
arcctg x — arcctg y = arcctg ly—l-;x); , 8)
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npu ycaosun x >0, y >0.
©opmyasl 5), 6), 7), 8) MOKa3BLIBAIOTCA aHAJOTHUHBIMH PaCCyXIEHH-
amu, yTo U Qopmy.sl 1), 2), 3), 4). Jokaxure 3TH HOPMYJBI CaMo-
CTOSTEJBHO.

[Tpumep 1. IlpoBeputs, uTo arcsin -é——]—arcsin 1

2
= arccos %

.1 S 1/ 1
Pemenue. arcsm—?)——]—arcsmf_arccos( 1 —5X

1 B —
>< l/l — _31_ —%T . _12—> =—=arccos 2-V—6—1 . Mb! BOCIIO/IB30BAIMCH TO-

ToBoii ¢dopmyaoit (1), a Morau mocTynuTb uHade. [Tockosbky pana
CyMMa apKCHHYCOB, TO CJELyeT B3fATb KOCHHYC OT 3TOH CyMMEHI, T. €.

1 .1 2V 6—1
cos ( arcsin 5-~-arcsin + ) ==——-——, 0TKy1a
1 2V 6—1
arcsin - —|— arcsif o =arccos —— .
[Ipumep 2. ﬂoxasaTb yTO
. 1 5
arcsin ——= arccos arcsin 2 — 2
V o % T PRRRVES

Pewenne. arccosx——arcsml/l—x O<x<]l.

1 }/ .5
arccos ——— ViR arcsin 1 — 1 46—arcsm Vi’

CJenoBaTeNbHO, HaAO A0Ka3aTb, 4YTO

. 3 . 5 .1
arCsin ——— arCsinl —— arcsin - —
v Ve T

) .

ol o

) 1
aJjsiee: arcsm — arcsm ———4aICCOS —= |CM. 1I. T opMyJa
I V -+ VIR 7 [ ) dopmyay

(D]

I/IBBQCTHO YyTO arcCcos —1— =T U al'CSin L .
; vz 4 7= %
.3 .5 1
NOo2TOMY arcCsifl —— arcsinl —— arcsin —=—=arccos -—__
y V73 + V146 + 2 V2
tarcsina =24 T35
2 T T ET ™

n) PopMmyJsl yIBOEHHUS.
[Tonaras B Qopmy.ax CRIOXKEHHs (1), (2), (5), (6) x=1y, nonyyum:

2 arcsin x =¢ (l——2x) OI<x<], (l)
2arccos x=arccos (2x* — 1) 0<x <1, 2)
2 arctg x =arctg ! x>0, (5"
2 arcctg x = arcctg ’% x>0. (6
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Brpouem, ¢opmyJibl yABOGHHS MOXHO IOKa3aTh, HE NOJb3YACh (op-
MyJamu ciaoxenusa. Hanpumep, nokaxem ¢opmyay (1°).
O<arcsinx<% ,
0<<2arcsinx <<,

CJIe10BaTe/NbHO, HAlO B3ATh KOCHHYC, T. €.
cos (2 arcsin x) = cos? (arcsin x) — sin® (arcsin x) = (/' 1 — x*) — x* =

=1—2x?% wm 2arcsin x =arccos (1 — 2x%). (1"
Mbl BOCHOJIB30BaUCh (PopMysIoit cos 2¢. =cos®* « —sin*a, rae a=—
==arcsin x.

AHaJIOTHYHEIM CIOCOOOM MOXHO TOJYYMTb M ApPYyrHe (QOpMyJsl
YABOEHHUS.

[Ipumep 3. [loxasaTh, yTO

2arctg 2 — arctg % ==

5 -
1—4 3
Pemenue. 2 arcth:arccthr_arcctg —g)=T—
— arcctg —ii . JloxaxeM, 4T0 T — arcctg % —arctg % = W

3 3 T
arctg 7 —-arcetg == [c. m. B), dopmyay (II)].
Msbl cOC/Ia/uCh Ha JMOKA3aHHOE TOXJIECTBO, & MOTJIM NOCTYNUTL HHaye;

3 3 w 3 4
TaK, BMECTO arctg vy - arcctg 7 = 5 Hanuiem arctg T —-arctg 7=

= (1°) u Tenepb, npuMeHss GoOpMyay 5) I. T), NOTYUHM:
5 pmyy y

4 3
tcj—z~£ WM arcctg 0 — — e, ~—=—r
arccig i_‘_i—-2 g ——2-,T. =g
3 4

CnpaBenuBOCTh paBeHCTBa (1°) MOXKHO OBLIO NOKa3aTh W TaK: B3iThb
OT JeBO# W IpaBOH 4aCTH KOTaHI'EHC

ctg (arctg %—}—arctg —g—) =ctg &, 1. e. 0=0.

MorJu Obl B3siTh M KOCHHYC, HOJYYHJH OBl TOT K€ PE3yJbTarT.
MMpumep 4. Halitu Qynxnuio, o6paTHyio QyHKUMH

y=2sin3x (—%<x<%),

¥ OmpelesuTh 06/acTb €€ ONpedesEHUS.

Pemenue. y=2sin3x; ———2—<x<%—; —2<y<?.

T kY
Ha cermente [_F’ —

6] byskus  sin 3x=% MOHOTOHHO BO3-
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pacTaeT B CTPOroM CMbIiCJIE€ CJIOBAa M HENPEPBIBHA, MO3TOMY A/ IaH-
HOMl (QyHKHMM CyumiecTByeT obpaTHas GYHKLUMS B COOTBETCTBYIOLIEM

NPOMEXKYTKE, TaKKE CTPOro MOHOTOHHO BO3pacTamoulas W HENpEepbiB-
Had.

‘<

3x=—arcsin =, W x=— L arcsin 2
27 3 27

MeHAs 0003HaUeHHUs, TMOJYYHM

1 . X
y:',—'al’CSln7 ,

—2<<x<2; —=<y<

T
6 °

ola

[Tpumep 5. Hafitn dynxuuo, obpatayio ¢yHKIuH

y =3 arccos 5x,

H OIpefesuTh 00/1aCTh €e OIpeeJIeHus.

Pewenue. y=3arccosbx, —1<bx<1, T. e. —%<x<
<%, 0 <<y << 3n. Ha cermente [—%, %:I byHKUMS arccos 5x=—%

MOHOTOHHO yOBIBAa€T (B CTPOrOM CMbICJIE CJIOBAa) U HENpEPbIBHA, NO-
3TOMy B COOTBETCTBYIOLIEM NPOMEXKYTKE CYIIECTBYeT obpaTHas

(yHKUMs, OXHO3HAYHAs, CTPOTO MOHOTOHHO YOBIBAIOlIast U HENPEPHIB-
Has.

v — cos 2. —d s
5x = cos 3y WIH X=-5C0S%.
Menss 0603Hay€HUA, MOJNYUUM:
y="tcosd, 0<x<3m —Li<y<Li
5 3 ST 5 2 5"

Bonpocet 0ra camonposepru x 2.aase I,

1. Jaiite ompeneleHue dJeMEHTapHOM TPaHCUEHACHTHON (yHKUUM.

2. Jokamure TE€OopeMy O CYLIeCTBOBaHHMI CTENEHH C MPpPaUMOHAJbHbIM II0Ka3a-
TEJIEM.

3. Jlafite onpesneneHue MOKa3aTeJbHOH (YHKUMH H YKAWHTE ee CBOHCTBA.

4. Jlokaxute CyLIeCTBOBaHUE U €INHHCTBEHHOCTb norapucpMa NOJIOXXHUTEJNBHOTO
YUCJIA {10 JAHHOMY OCHOBAHHIO a > 0.

5. Kakaa ¢yHxuus HasblBaeTCsl JOrapupMUYecKoi?

6. Kakas cyuectByeT CBf3b MeMAy JAOrapudMHUYECKHMH GYHKLHMAMH C DPasHBIMH
OCHOBAHHUAMHU?

7. KalfHMI/l cBodcTBaMi OGJagaeT CTeneHHad (YHKIUS C HMppaunHOHAJbHBIM [0~
KasateJjem?

8. Kaxue Bbl 3HaeTe OGpaTHbIE TPHIOHOMETpPUYecKUEe (GYHKIUMM M HX CBOHCTBa?
9. CyiuecTsyeTr Ju AJ9 GYHKOMH y =sin X, pacCMaTpUBaeMOH Ha CEerMeHTe
[0, =], o6patHas QyHKIUA?

10. CymectsyeT a4 i QyHkuuu y =tg x obpartHas Ha cermente [0, w]?
11. Kaxne BBl 3HaeTe OCHOBHble 3aBUCHMOCTH MeXAy apK(yHKLHsMH?
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Yunpawunenua gk raase Il

IlpoBecTn mccnenoBaHne QYHKUMM H MOCTPOUTh UX rpaduxu:

x 1V*
32) y=10* u y=(T6> ,
33) y=Ig x u y=log, x,
10
34) y=xV3 u y=—xV3,
35) y=4sin (3x—|—%>, y=sinx-4 ¥ 3-cosx, y =23 cos (x-[—%-).

Hafitu dyHxuuio, o6paTHYIO HaHHOH, ¥ ONpeNe/uTb ee 00.JaCTh ONpele/eHHs:

36) y =3 sin 4x (-—f—gxgo),

37)y=%cos 3x

=75 (—F<x<F)

39) y=2ctg7x <0<x< )
40) y:% arcsin 2x,

41) y:—é— arccos 3x (Osxgg),
42) y:arctg% x=0,
43) y =0,1 arcctg 2x.

an KaKUX 3HAYEHHUAX X CIPABEJIMBO TOXAECTBO:

44) aresin V' % -farccos YV x=—,

2
45) arccos V1 —x% =arcsin x,
46) arccos V' 1 — x* = — arcsin x,
47) 2 arcsin x = — arccos (1 — 2x?),
42
48) 2 arctg x= — arcctg ! 5 x

Jokasatb, 4TO:

49) 2 arctg 10 +- arcsin % —n,

50) arcsm —|—arcsm 9 =?,

<

, 8
51) arcsin —5— - arcsin 7= =— arcsin §3 s

T

52) 2 arcig % ~-arctg 7 - 2arcig ? =7



OTBeTH K ynNpaxHEeHUAM.

P

1) Maxcumym y:% V3 mpp x=2— 733 | MHHUMYM y = —% V'3 npu
V3

x=2-}-5—. 2) Touek skcTpemyma HeT. 3) Munumym y=— —3 npu x=0.

Cum{erpuﬂ otHocuteabHo ocu OY. 4) CuMMeT pust OTHOCHTEJbHO Hayala KOOPIHHAT.
MniHuMyM y= — 2 npu x== — 1; MakcumyM y =2 mpu x=1. Touka neperuba

3
(0, 0). 5) CummeTpusi OTHOCHTEJHHO HavaJa KOODAMHAT. MakcumyM y=— — 3§

npu x= — 3. Touka neperuda (0, 0). AcumnroTe: X = — 1, y=-1§-x—1. 6) Cum-
meTpust otHocuteabHo ock OY. Makcumym y =0 npun x =0. AcumnrtoTsl: x ==+ 1,

y=1. 7) Muuumym y= — 1 mpu x=0. Touka meperuda rpacuka (——é—,

--—3—) Acumnrtors: x=1, y =0. 8) Makcumym y = — 8 mnpu x—= — 3; MuHH-

MyMm y= —4 mpu x= — 1. Acumnroth. y=x—4, x= — 2. 9) MuHumym
y= —5 OpH x= — 2; MaKCUMyM y:—‘[)— npy x=0. 10) Touek skcTpemyma

HeT. ACHMITOTBL X=— — —‘Z—, y=2(x1). 11) Acumnroter x=1, y=2,

2. 13) Acwwmmorst v =, y= o

2) _3(x2+1)“(x—l2)2+3(x2 %) 4)3(x-|~1)+3(xx+x1+1) %) x+
+x:-2—x24£c2t-?4 )—_+x——l+x—;—1 27)xi1 x—2+
O S T T 3’xz+xva+2+xz_x1/§+z' %) y=

—%arcsin -’i(—3<x<0) 37) yz?arccos2x ( ——2—<x<i) . 38) y=

_5arctg 3 (—oo<x§+oo) 39)y_1 arcctg—— (— 0o <x <+ )

12) AcuMOTOTBL X= —TL—, y=

40) y__lsm?’;( ) <x<§) 41) y:%cosSx (0<x<10)

42) y=2tg x <0<x<l2r’->. 43) y=%ctg10x <0<x<-i%). 44) 0<<x<<l.
45)0<<x<<1. 46) —1<<x<<0.47) —1<<x<<0. 48) x < 0.
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