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BBEAEHHE

Hccnenosanne npo6iem ycTOHYHBOCTH fIBJSIETCS Tpalu-
UHMOHHEIM  Pa3/ie/ioM MAaTeMaTHKH. DTO BhI3BAHO INpeKJe
BCEro OOJIBIIOH BaXKHOCTbIO MOHATHA YCTOHYHBOCTH MJIf
NPHKJAAHHX HayK. Tak, pelleHHe pasJHYHBIX 3afay IO
NPHO/IHKEHHHIM HCXOAHBIM NaHHLIM, HHTEpIpeTanus pelle-
HUH M HaOJ/IOfeHHH, BONPOCH YHCJIEHHOTO CueTa H ApYyTHe
NpHKJaJHbE NMPo6JeMbl HENMOCPEACTBEHHO CBAI3aHH C YCTOM-
YHBOCTbIO. AflaMap BKJIOUHJI YCTOHYHBOCTb Hapsily C Tpe-
6OBaHHSIMH CYIIECTBOBAHHS M €JHHCTBEHHOCTH peIleHHs B
ompejieJieHHe KOPPEKTHOH 3ajayd. Bmoc/jeACTBHH YCJaOBHE
KOPPEKTHOCTH 4YaCTO pacCMaTPHBaJOCh KakK HeoO0XomxuMoe
AJs Toro, ytoObl MaTeMaTHUecKas 3ajauya OTpaxaja HeKo-
TOPYIO (PH3HYECKYIO PeaJbHOCTD.

OnHaKo HCC/eJOBaHHs NOKa3blBalOT, YTO MHOT'HE Mare-
MaTHYeCKHe 3afayH, OTHOCALlHeCH K OCHOBHOMY ammnapary
IPUKJIATHOH MaTeMaTHKHU, SBJASIOTCS HEYCTOHYMBBIMH. 3/ech
u samauya Kowmm aaa muddepeHunaJpHOro ypaBHEHHS, H
MHTerpa/ibHble ypaBHEHHS, H pas/jHyHble 3SKCTPEMaJibHBIE
3afayd H MHorue apyrue. KoHKpeTHbe npHMeEPH MOJOOHHIX
3ajnay mMoxHo Hafitu B [29, 38, 43, 71, 74]. .

ITorpe6HOCTH aHaMH3a M pPELIEHHs HeyCTOHYHBHIX 3a-
Jay TPHBEJH K CO3[aHHIO TEOPHH HEKOPPEeKTHHIX 3ajiadu.
OcHoBHl 3TO# Teopun OblIH 3aj0xeHH B paborax A. H. Tu-
xonosa, B. K. MBanoBa, M. M. JlaBpeHThbeBa H JAPYrHX
[29, 37, 38, 74—79]. IlocTaHOoBKY 3afaunm B 3TOH TEOPHH
NPOJAEMOHCTPHPYEM Ha IpHMEpe OMNepaToOpHOro ypaBHEHHS

Az=u, ucsU, zEF,

rae (F, por), (U, pv) — MerpHuecKHe NPOCTPAHCTBA.
[Tycts BMECTO TOYHOrO 3HAYe€HHs Ur, KOTOPOMY COOTBET-
CTByeT pelIeHHe 27, H3BECTHH SJIEMEHT 4 H YHCIO § Takue,
ut0 py (4r, i) <<6. danee uutupyem [74]: «..Ilo atum naH-
HbIM, TO €CTb mo (&, 8), TpeGyeTrcs HaHTH TAKOH 3/E€MEHT
zgF, xoropnit crpemumicss 6bl (B MeTpuke F) K 2r OpH
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8—0. Tako#i aneMeHT Mbl GyJAeM Ha3HBaTh NPHONUIKEHHBHIM
(k 2r) pelwenneM ypapHenus Az=i».

B TeopuH HEKOPPEKTHhIX 3ajay pa3paboTaHH pa3MHY-
Hble CHOCOOH HAXOX/IEHHS MNPUGJHIKEHHBIX PELIeHHH, KO-
TOpbie OBUIM C yCHeXOM NDHMEHEHH NpPH CO3JaHHH CHCTEM
MaTreMaTHYeCKOH 00paGOTKH pe3yJabTaTOB HaGJIONEHHH B
€CTeCTBEHHBIX HayKaX, NPH PEeLIeHHH pPa3/MYHHX 3ajau ¢u-
3HKH, F€O(QHU3HKH, I€OJIOTHH H T. . (ZOCTaTOYHO MOAPOGHYIO
6ubnuorpaduio MoxHo Haiitu B [1—4, 23, 32—37]).

B nocnenHee BpeMs chepa mpUMEHEHHs MaTEMAaTHYECKHX
METONOB HCC/IeAoBaHHs OypHo pacmupsercsi. [losBisiorcs
HOBble 00J/1aCTH HCCJEJIOBaHHH, cnenudHKa KOTOPHX Tpe-
GyeT, Ha Hall B3IVISifl, HEKOTOPOI'O YTOYHEHHS NOHHMAaHHS
" YCTOMYMBOCTH H MOAXOJa K HCC/IEJOBAHHIO NPOGJEM, CBS3aH-
HHX ¢ ycroiuuBocTbio. K momo6HEIM 06/1aCTSIM OTHOCATCS
npexje BCEro TEOPHH, H3ydaloulpe NpoGJeMbl yNpaBJeHHS
CJIOXKHBIMH CHCTEMAaMH, BKJIOYAIOWIMMH B KayecTBe aKTHB-
HBIX 3JeMeHTOB Jiwoged [1, 3—5, 11, 15, 17—19, 21—23, 30,
33—36,-39, 45, 46, 49—55, 59, 69, 71, 73, 83].

Yro6h yKasaThb NPHUHHbB BOSHHKHOBEHHSI HOBOTO IOJXO-
Ja K YCTOHYMBOCTH H €r0 OCHOBHHIE€ UEPTHI, Hccienyem 6o-
Jee NoApo6HO, KaKoe MeCTO 3aHUMAaeT YCTOHUHBOCTb B NpaK-
THYECKHX 3afayax. [Tocko/bKy OGIUIMMH BONPOCAMH NpHMe-
HEeHHsl MaTeMaTHYECKHX METOJIOB K PELICHHIO MPAaKTHUYECKHX
3ajay 3aHHMAETcsi HCCJAEJOBAaHHE ONepauui, BOCIOJb3yeM-
csl pa3paboTaHHoii TaM MerojoJoruedt [17, 55, 63, 85], xo-
TS HEKOTOpble 3JIeMEHTbl 3TOH MeETOJOJIOTHH NOTPebYIoT
YTOYHEHHS.

B /o06ofi 3ajaye MPUHATHS DeLICHHH MOXKHO BBIAEJIHUTb

TPH sTamna.

a) IlocrpoeHne MaTeMaTHYeCKOH MOJAENHM H3yuaeMOro Mpo-
necca MM siBJeHHd. JlpyruMHu cJoBaMM, Ha 3TOM 3Tane
NPOHCXOAUT ONMCaHHE Ipolecca C NOMOLIbIO TOTO HJIH
HHOTO MaTeMAaTHYeCKOro anmapara.

6) OnpeneseHue LeJH HCCAELOBaHHS, TO €CThb NOCTAaHOBKA
3afayn. dopmanusanus LeJH HCCAENOBAHHA YacTo JO-
CTHTaeTcsi ¢ NMOMOLIbI0 (GOPMYJHPOBKM HEKOTOPOH OINTH-
MH3anuOHHOA 3afgauu. Ilpu H3ydyeHHM CJIOXKHBIX, MHO-
ropakTOpHHIX MOJeJeH, Korfia BhOpAaTb OAHH KPHTEPHi
3aTPyAHHUTENbHO, OKa3blBaeTcsi YAOOHLIM HCIOJb30BATh
GoJsiee o6uuil MOAXOJ K NMOCTAaHOBKE 3aJaiH ¢ NOMOILBIO
NOHATHS <«NPHHUHMN OnTUMajbHocTH» [71]. TlpuHnun
ONTHMaJbHOCTH — 3TO TOYEYHO-MHOXKECTBEHHOE OTO6pa-
JKeHHe, KOTOpOoe KaXIOoH MOMAEeJH CTaBHT B COOTBETCT-
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BHE TNONMHOXECTBO MHOXecTBa BHGOpoB. Takoe moj-
MHOXECTBO NOHHMAeTCsi KaK MHOXECTBO peIUeHMH, HJH
MHOXXECTBO ONTHMAaJ/IbHBIX pelieHHH, HJIH MHOXKECTBO Om-
THMaJIbHBIX CTpaTeruii. B fpasbHefilleM Takue MPHHIHIB
ONTHMAJbHOCTH OyJeM Ha3biBaTh KJIACCHUECKHMH.

B) PelleHne BosHuKalomeli Ha sTane 6) MaTeMaTHYECKOH
3afaun. OGHIYHO B NMpOIECCe NOCTAHOBKH M PELIEHHS 3a-
Aayy TNPHHATHA peUIeHHH Y4acCTBYIOT JBa CyGBEKTa.
IlepBHiii, KOTOPOrO NPHHATO HA3HIBATh OMEpHpYIOLIEH
CTOPOHOJ, NMpeACTaB/AsieT Co6of ueJoBeKa HJIH TPYMIy
JIML, B HHTEPeCax KOTOPOH M MPOBOAATCS HMCC/IENOBAHHS.
Broporo HasmBalorT HccilefoBaTeseM omnepanuu. Ecin
TaK MOXHO BHIPa3HTHCSH, TO ONMEPHPYIOIIAsi CTOPOHA OT-
BeYaeT 3a cojiepxkaTesbHBIi acNeKT 3ajgayu, a HCCJe-
JloBaTe/Nb OmepalHH oTBeyaeT 3a (opMaJibHHI aclekT.
KoneuHo, Takoe fe/eHHe He BIOJHE CTPOro, HO Ha MpPaK-
THKE ONPEJEeJHTb ONEePHPYIOIIYI0 CTOPOHY M HCCJeN0Ba-
TeJsl onepauudH OOBYHO HOCTAaTOYHO HECJOXKHO. Yacro
OmepHpYIOIied CTOPOHOH SIBJSIETCS CHEUHAJIHCT B HEKO-
TOpOH NpaKTHYeCKOH cdepe NesATeNbHOCTH, I1yGOKO MO-
HUMaIOIHA cofepKaHue NPo6GJeMbl, HO He BJafEIOUIHi
B JOCTAaTOYHOM CTENEeHH MAaTEeMAaTHYECKHMH METOLaMH.
On BhIHYX7IeH 06paTHTbCS 3a NMOMOLIBI0O K MATEMATHKY,
KOTODBIH M SIBASIETCS HCCJELOBATENEeM ONepalluH.
Onnaxko posam omepupyiouleli CTOPOHH H HCCJAENOBATE-
JIsl omepalMH BeCbMa PasJIMYHbl Ha KaXAOM 3Tafe.

Ha asrame a) Bni6upaercss MateMaTHueCKHA ammapar JAJs
ONHCaHUS npouecca M CTeMeHb NOAPOGHOCTH  3TOrO
onucanusi. Poab MaTeMaTHKa 3Jech 3aKJ/I04aeTcs B TOM,
yroObl ONHCcaTb ONEpHPYIOUleHi CTOPOHe BO3MOXHOCTH,
KOTOpble TNPefoCTaBJAseT MareMaTHKa, TO €CThb MpeA-
CTaBHTb ONepHpylolleil CTOpOHe CeMeHCTBO BO3MOMKHBIX
MOMeJel, omucaTb HX (CBOHCTBA M BO3MOXKHOCTH HMX pe-
wenusi. Poap omepupyiomeii CTOpoHH — BHIOPaTh OXHO M3
BO3MOXHBIX onucaHuii. KoHeyHo, Takoe pacmpeneneHue po-
Jefi BecbMa NpuUO/IHXKEHHO. BceBO3MOXKHBIE YTOUHEHHS MO-
JeJd MOTYT TPOHCXONHTb MOCJe pelleHHs 3afayd H B NpPO-
necce 06CYKIEHHS MOJIE/IH C MaTEeMaTHKOM, HO BaxKeH MpPHH-
UHNHaJbHBIA G aKT, 4TO OKOHYaTeJNbHHH BHIOOp MaTeMaTH-
YeCKOro OMNHCaHHs IIPOM3BOJMT ONEPHPYIONLAsi CTOPOHA H3
cofiepKaTesbHBIX COO6paKeHHn .

AHajornuHasi CHTyalusi MMeeT MeCTO M Ha 3rame G).
MaremaTHK ONHNCHIBAaeT pasjinyHbIE BO3MOXKHOCTH NpH ¢op-
MaJH3aliyd NOCTAaHOBKHM 3aJauM M yYKa3nBaeT UX CBOHCTBA,
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a omepupywoilas CTOPOHA Je/jaeT OKOHYaTe/NbHHI BHIOOD
MeXJAy 3THMH (opMaJbHEIMH NOCTAaHOBKaMH.

Kak npu Bnifope mMozmenH, Tak H Ipu BhGope ¢GopMaib-
HOH - IOCTAHOBKH 3allaud MNPHCYTCTBYIOT JBe NpPOTHBOGOP-
CTBYIOIHE TEHIEHLHH.

[lepBas cocTouT B CTpeMJIEHHH K 6OJiee TOYHOMY OMH-
CaHHIO peajibHOro mpouecca ¥ IeJeld omepupymoomed cro-
POHBIL.

Bropas — B CDpeMJIeHHH K I[POCTOTE BO3ZHHKAMUIHX
3a1a4 H BO3MOXKHOCTH MX 3(()EeKTHBHOTO pelleHHs.

[oatoMmy, yeM Impe BO3MOKHOCTH BBIGOpa MOCTAHOBOK
3ajay, npejocTaB/seMble MaTeMaTHKOH omepupylomei cro-
poHe, TeM wupe H dPPeKTHBHEe BO3MOKHO TIPAKTHYECKOE
TIpUMEHEHHe TEOPHH MCCJAeNOBAHUS ONEpalluil.

Ha srane B) rnaBHasi poib MPHHANJEXHUT MaTEMAaTHKY.
OH pemaer nocraBleHHYI0 3ajauy, a ONEPHPYIOUIAS CTO-
POHA TOJBKO HCNOJb3YeT MNOJYYeHHBe PEeKOMEHAAUuH MJsi
NPHHATHS pellleHHil B peasibHOM 06CTaHOBKeE.

_Hrtak, xakoBa poJib YCTOMYMBOCTH ONTHMAJbHBIX pelle-
HUA KaK GYHKuMH Mojenu? IToyeMy BO3HHKaeT HeoOXOmH-
MOCTb AaHaJU3HPOBAThb BO3MYLIEHHSI MOMEJH?

OrmeTuM mpexje BCero, YTO BO3MYILEHHS MOAEJH B 10-
CTaTOYHO CJIOXKHHIX 3aJayax Hen30eXHO BO3HHKAIOT Ha 3Ta-
ne B), TO ecTh B npouecce peuleHus. [Ipouenypa yncieHHo-
ro pelleHusl 3ajaun oOBLIYHO CBsi3aHa C NPHCYTCTBHEM pas-
JHYHBIX BBIYHCJIMTE/bHBIX NOrPEMIHOCTEH (MOrPEIHOCTH Me-
TOZAA, NMOTPEIIHOCTH AaNNpOKCHMAaLMH PasJHYHHIX (YHKUHH,
omuOKH OKPYIVIEHHS M T. I.). DTO NPHBOAHT K TOMY, YTO
3BM onepupyer c uHbopManHel, COOTBETCTBYIOLIEH HE MO-
Jenu, BHIOpaHHOH Ha 3Tame a), a HEKOTOPOH BO3MYIIEHHOR
MOJeH.

Kpome atana B), He06XONMMOCThL aHaJjJu3a BO3MYILIEHHA
MOZIeJIH BO3HHKaeT M Ha srame a). IIpexne Bcero aTo 06b-
SICHSIETCSI TIPUCYTCTBHEM ABYX YKAa3aHHHIX BHIIE TEHIACHIHH
npu Bei6ope mozean. UTo6bl JOCTAaTOYHO XOPOILIO OMHCHIBATDH
peajibHOCTb, MOJEJNH ROJMKHbH OHTb JOCTAaTOYHO CJIOXKHHL
Ho cioxHble MOZEIH 4YacTO HEROCTYNHBI AJS HEMOCPEACT-
BEHHOro aHaausa ¢ nomompio IBM. Heob6xonumu ympoiue-
HHsI HCXOIHOM MOJenH, HO He JioOble, a TOJLKO T€, KOTO-
pHle COXPaHsSIIOT Hy:KHbIe cBolicTBa. [loaToMy Kak MOHCK ymI-
POLIEHHH MOJeNH, TaK M NpPOBEPKa yNOBJIETBOPUTEJNbLHOCTH
paccMaTpHBaeMHIX yNPOLIeHHi TPe6YIOT H3yueHusi He ONHOH,
a LeJIOro Kjacca MojeJe.
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Kpome sToro, mpu mocrpoeHnH MaTeMaTHueCKOi MONENH
BO3MOXKHO HCHOJIb30BaHHE PAa3IHYHOTO MAaTEeMaTHYECKOro
annapara (HenpepbiBHbIE H NHCKDPETHHE MOJIENH, AETEPMH-
HUPOBAHHbIE H CTOXaCTHYECKHE NOCTAHOBKH, KJACCHYECKHI
U MHTEPBAJbHLIA aHamu3 U T. 1.). Mcnons3osanue pasiuy-
HOro amnapara NPUBOIHT K Pas/HYHHM, BOOGILE TrOBOPH,
MozessiM. Ecau peiieHns, moJyyeHHHe Ha TaKMX PasJ/iHu-
HBIX MOJEJISIX, CHJIbHO OTJIM4aIOTCS, TO BO3HHKAeT BOIPOC:
KaK HHTEpNpeTHPOBaTb 3TOT (akT? SBasercs JH Takoe
CHJIbHOE pas/iHyHe Pesy/bTaTOB CBHAETEJNbCTBOM HeyJOBJIET-
BOPHTEJILHOCTH HEKOTOPHIX KJIacCOB MOJesedl UM 3TO 00b-
ACHSAETCA BhIGOpOM opMaiu3auuyu MOCTAHOBKH 3aJauH Ha
srane G6)? [las orBera Ha BO3HHMKAIOWIHE 31eCh BONPOCH
OmATb HEO6XOAHMMO PacCMOTPEHHe KJacca Mojede.

Kpome npuBeneHHbIX NPHUHH HEOGXOXMMOCTH aHaJjH3a
BO3MYIUEHHA MOJEJH BO3MOXHBI, KOHEUHO, H ApYyrue, HO
MBI OTPAaHHYHUMCS [OKa PAacCMOTPEHHEM YKa3aHHhLIX.

Ecan BapnauuMu MojesnH, KOTOpHE HYKHO HCCJENOBATh,
JIOCTaTOYHO MaJhl, TO €CTECTBEHHO BO3HHMKaeT BONpPOC: Ma-
JIbl JI BbI3BAHHLIE HMH BapuHauuu pewleHuii? Ipyrumu cio-
BaMH, BO3HHKaeT HpobJjeMa H3yuyeHHS YCTOHUYHBOCTH. Bae-
JleHHe CTPOTUX NOHSATHH, ONPeNe/SIOIIHX, B KAKOM CMHICIE
NOHMMAETCs MaJIOCTh BapHaluf MOAEJNH H PelleHH#l, H yToy-
HeHHe CBSI3M MEXAY HUMH NPHUBOJAAT OORIYHO K OJHOMY H3
KJIaCCHYECKHX TNOHATHH HeNPepLIBHOCTH, MOJYyHENpPEepPHBHO-
cth W T. 0. He aHanu3upys mOKa 3THX MOHSATHH, OTMETHM
OAVH NPHHUMNHAJbHEIA MOMEHT, CBSI3aHHBIA C MPHMEHEHHEM
pPa3JIMYHLIX ONpeJiesIeHHii HEeNpepHBHOCTH H YCTOHYHBOCTH
B 3afiayax NPHHATHS PELIeHHH.

OO6riyHO, OoroBapuBaeTcsi 3TO SIBHO HJM HET, JEMEHTHI,
SIBJISIIOIHECS] PEIIeHUSIMH AJISi BOSMYILIEHHOH MOJenu u 6/1u3-
KHE K peIIeHHIO IJs1 HCXOAHON MOJIeJH, TPaKTYITCH Kak
npHGJIMXKEHHO YAOBJETBOPSIIOILKE NOCTAHOBKE 3aJayH, TO
ecTb TpeGOBaHHUSIM ONTHMaJbHOCTH. JIpyrHMH cnoBaMH, OT
NocTaHOBKH 3ajlauH, NaHHOH Ha arane 6), OTKAa3HBAIOTCH, a
BBOJSAT HOBYIO NOCTAHOBKY, rie (aKTHYECKH ONpENeJIsioT
nousiTHe NPHGIMKEHHOTO pelleHHs (e-pelleHHs, e-ONTH-
MaJIbHOTO pPeUIeHHs u T. .) H GOpPMYJHPYIOT 3ajayy ero mno-
HCKa.

Taxoi#i mepexol K HOBOH IOCTaHOBKE 3aflayH He SBJSA-
eTcsl, KOHEYHO, pe3yJbTaToM NPHMEHEHHs] KaKHX-TO MareMa-
THYECKUX KOHIENIHH HJAM MaTeMaTHYeCKoro ammapara. TOT
mepexofl HOCHT HCKJIOYHTENbHO KauecTBEHHBIA Xapakrep H
BBI3BaH INpeXJIe BCEero TeM, YTO JOCTAaTOYHO CJIOXKHHE 3a-
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Aayy MOXKHO PEIUMTb TOJbKO HPHUGJIHIKEHHO, TO €CTh CHa-
yaja W3MEHHB HJIH JOMNOJHHUB MOHSTHE peLIeHHS.

Hrak, HyXXHO ompefeisiTb He MOHSITHE ONTHMAJbHOTO
pelleHus, a MOHsATHE NMPHOJHIKEHHOTO HJIH e-NPHGJIHKXEHHO-
ro pemeHusi, 1 GOPMYAHPOBATH 3afauy €ro MOHMCKA.

Takomy BrIBOLy MOXHO 6bl10 Gbl BO3Pa3uTh, OTMETHB,
YTO g-ONTHMAJ/IbHBIE PELIeHHs HHYeM B NPHUHLUIE HE OTJIH-
YalOTCs OT PELIeHHH, ¥ HX MOXHO NMOHMMaTh KaK peleHHs,
HO C JpYrdM KJIACCHYECKHM NPHHUHIIOM ONTHMaJbHOCTH.
910, KOHEyHO, BepHO. [lJisi ONHCaHHs 3ajay NPUHATHS pe-
IIEHHA W HX YCTOHYHMBOCTH MOXKHO NPHMEHSATb pPasjHyHbe
3HIKH. Bompoc B TOM; Kakoil s3bIK GoJiee yA06eH H MJIONO0-
TBOpeH. OnHOMH 3 mesefl HacTosiEeH paGoThl SIBJASETCS Mpe-
JOCTaB/IeHHE JOBOMOB H JOKa3aTeJbCTB HpPEANOYTHTEIbHO-
CTH NIpeaJiaraeMoro 31ech NoAXoAa.

JIOBO/IbHO 4aCTO MHOXKECTBO NpPHOIMKEHHBIX peLIeHH
WM e-PELIEHHHi MOHHMAeTCs KaK OKPEeCcTHOCTb TOYHOrO pe-
IIEHHsI, 4 OKPECTHOCTb 3ajaercsi BHIGOPOM TONOJIOTHH, ON-
pelessieMOH B CBOIO OuYepelb C MNOMOIIbIO METPHK, HOPM, .
6a3 WM IPYruHX KOHCTPYKUHMH.

Bo MHOrMx mpakTHYecKMX 3ajauax (pU3HKH, T'€OJIOTHH,
reous3nKH, aCTPOHOMHH TaKOe NMOHHMaHHE NPHOIHKEHHOrO
pellleHust IPH COOTBETCTBYIOWIEM BhIGOpE TOMOJIOTHH, €ro of-
penesiolel, AOCTaTOYHO afeKBAaTHO OTpaxkaeT NOTpeGHO-
CTH NPHK/IAJAHHUKOB. YCTOHYMBOCTb pDelIeHHH KaK (yHKIHH
MOJIe/IH, €ClM B ONpeJeNeHHH YCTOHUHBOCTH B KauyecTBe TO-
NOJIOTHH MJIST PellleHUH HCNOJb30Bajach TOMOJOTHSA, ONpe-
Jensiiomasi Npu6IHKEeHHEE pelleHus], IBJASETCs BeCbMa NpH-
BJIeKATeJbHBIM CBOACTBOM [/ NPAKTHKOB.

Jle#cTBHTENbHO, €C/iu pelleHHe yCTOHYHBO, TO pelleHHs,
noJiyueHHble Ha GJU3KMX K HCXOXHOH MOJENsX, SBJASIOTCS
NpUG/IHKEHHBIME peLIeHUsMH Ha HCXOAHOH Mozmeau. ITo
CBOHCTBO MO3BOJIsieT NPHUONMXKEHHO pellaTh 3ajayW IO He-
TOYHOM HCXOAHOH HHGOpPMALHH, feJaeT BO3MOXKHLIM B IIPHH-
uune npuMeHeHne IBM, clyXKHT OCHOBOH NSl Pa3jIHUHBIX
acHMNTOTHYECKAX METONOB M T. 1. Bce aTH NMpHMeHeHHS yc-
TOMYMBOCTH UPE3BLIYARHO BAaXHBI AJs NPaKTHKH.

Mbnl paccMOTpeNH OCHOBHHIE MOMEHTHI, Ha KOTOpHIX Ga-
3upyercsl NpHUMeHeHHe YCTOHYMBOCTH B MPAaKTHYECKHX 3aja-
yax. Uro xe 3aech TpebyeT yTOUHEHUs?

Ha wHam B3risijg, ONMCAaHHBIA NOAXOJ HEZOCTAaTOYHOE
BHHMAaHHe yJeNsieT BONPOCY O NPHOJMXEHHHX pelleHHsX.
Kak yXe oTMeuasoch, B JOGHX XOCTATOYHO CJOXKHHIX MPaK-
THYECKMX 3aJayaXx BO3MYILEHHs] MOJeJ]H, HMEIOIHE MECTO
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Ha 3Tanax a), B), NIPHBOAAT K TOMY, YTO ONEPHPYIOMAs CTO-
poHa BBIHYXJI€HA [0BOJIbCTBOBAThCS NPHGIHKEHHLIMH pe-
LIEHHSIMH.

IlosTomy mocraHoBKa 3ajaud, To ecTb sTam 6), HOMK-
Ha COJepPKaTb ONpeJeJeHHe MOHATHS e-ONTHMAJbHOCTH HJH
MOHSTHs NPUGJMKEHHHX pemenuii. Takas KOHUENUHS 3Ta-
na 6) TOYHee COOTBETCTBYET NMPAKTHKE M BKJIOYAeT B cebs
nepBOHAYyasbHOE NOHHMAaHMe 3Tama 6), Tak Kak MNOHATHE
PELICHHS MOXHO CUMTATb YACTHHIM CIYyaeM MPHGJIHKEHHO-
ro pelleHus.

WUrak, na srane 6) omepupyiomas CTOpoHa BhIGHpaeT
NOHSITHE TPHOJHXKEHHOTO peIeHHs, a MaTeMAaTHK Hrpaer
posib KOHCyJabTaHTa. OH pasbsCHsieT omepupyiouleft cTopo-
HE CBOMCTBa Da3/NMYHLIX NOCTAHOBOK 3ajad, XapaKTepHay-
€T CTEeNeHb TPYAHOCTH HX peIIeHHs, HCCJAENYeT YCTOHYH-
BOCTb. MaTeMaTHK He HOJIKEH HaBSISHIBATb YNOGHHE €My
TIOHSATHSL MPUGJHIKEHHOro peleHusi. JJOMHHHpOBaHHe MaTe-
MaTHKa Ha 3tane 6) MOXKeT NPHBECTH K TOMY, 4TO TOHSTHE
NpHOJMKEHHOrO pellleHHs GyfeT HeZOCTATOYHO XOPOLIO OT-
paxarp LeNH ONepHpYIole CTOPOHHI. I.le.necooGpasﬂocn
JaJpHefillero pelleHHs TaKHM oGpasom no.nyqelmou 3aja-
YH SBJISIETCS BECbMa COMHHTEJILHOH.

Ha nam B3rasiz, BO3MOXHOCTb paclInpeHust chepsl NMpH-
JIOXKEHHSI MaTeMaTHUYeCKHX METONOB CBsi3aHa, MpexJe Bce-
ro, ¢ BO3MOXHOCTBIO [JOCTATOYHO TOUHOrO ONMHCAHHSA JHeH-
CTBHT@/JIbHOCTH M B TOM UYHCJe Iesieff HCCIeJOBaHUS B STHX
NpakTHYECKHX 3ajauax. Ilis 3Toro B MareMaTHKe HOJIKHBI
6LITb pa3BHTH METOAH aHAJ/JIM3a H pelleHHs AOCTATOYHO ILH-
pOKOro Kjaacca npubnuxeHHHX pemliennit. Teopust Hekop-
PEeKTHHIX 3aJay 3aHUMAETCs B OCHOBHOM TOJBbKO CeMeHCT-
BOM TPHGJIMKEHHBIX pelleHu#t caenyomeii cTpykrypH. CHa-
yaja BBOAMTCSl NOHSITHE DELICHHS H TOINOJIOTMH Ha MHOXe-
ctBe pewrenuii. CuuTaeTcsi, YTO CeMeHCTBO MpPHO/IMKEHHBIX
pellleHH# coBNanaeT ¢ ceMefCTBOM OKpecTHOCTeH pelleHHS,
a CaMH OKDECTHOCTH HJH BeJIUYHUHB, HX ONpeleNsiolue,
napaMeTPU3YIOT CeMeHCTBO TIPHOJHIKEHHBIX pelleHHH.

Takoit cmoco6 omnpeneneHuss NPUGIHKEHHBIX peUIeHH
IaJieKo He eAMHCTBEHHBIH M He CaMBIi eCTeCTBEHHLIH BO
MHOTHX 3afayax. Yacto npHG/IHKEHHBIE PEeIleHHs HJIH KOH-
CTPYKLUH, 6H3KHE K HUM TIO CMHICJY, BBOASIT KaK pas Tor-
lla, KOrfla TOYHBIE DelleHHsI He CYLIeCTBYIOT HJH paboTaTb
¢ HUMH BecbMa Heyno6Ho. Hanpumep, e-peanusanuu Bepx-
Hell rpaHn GYHKIMH, KOrJla BEPXHssl I'DaHb He JOCTHraercs,
¢-3(pdexTuBHble oleHkn [62], ¢dopmaabHbe acHMITOTHYE-
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ckue psanael Ilyankape [64], e-3HTponus u e-eMKOCTb Mer-
puueckux mnpocrpaucts [16]. Bo MHOrux 3ajgayax sKOHOMH-
YeCKOro XapakTepa, rie pellleHHe ONpelessieTcss Kak 3Jje-
MEHT, YIOBJIETBOPSIOIINA HEKOTOPHIM YCJIOBHSIM, NOHSITHE
npuGJIHKEHHOTO PeleHHS eCTECTBEHHO ONMpefeNsTh KaK Je-
MEHT, <«NOYTH» YJIOBJIETBOPSIOIHA 3THM ycJoBHAM. Pa3s-
JuyHast (pOpMasiu3alEsi 3TOro «NOYTH» MPHBOAUT K PasJiHu-
HBIM CeMeHCTBaM MpUO/MKeHHBIX pelleHHi, CTPYKTypa
KOTOPBIX MOXKET CYIIECTBEHHO OTJIHYATbCS OT CTPYKTYPH
npuG/IHKEHHBIX pelleHni, paccMaTPHBAEMbIX B TEOPHH He-
KODPEeKTHHIX 3ajav.

HUrag, neob6xomuMo paspa6oTaTh (GOpMasbHEIA NOAXOL
Il OMHCAHHsI TNPUO/IMKEHHBIX peUIeHHH C NPOM3BOJbHOMN
CTPYKTYpoil. B mpensnaraemMoll TEOpHH 3TO JOCTHraercsi ¢
NOMOIbIO NPEJJIOXKEHHOro B [58] NMOHATHS «NpHHLHN OI-
THMaJIbHOCTH», 0O0O0OIIAIOIEro KJacCHYeCKoe NOHHMaHHE
NPHHIHNA ONTHMAaJbHOCTH. EcC/NH KjaccHYecKuii NpHHIMI
ONTHMAaJbHOCTH JJISl KaXkIOH MOJAeNH M3 paccMaTpHBaeMo-
ro Kjacca BBOJHJI OMpejeieHHe ONTHMAJbHOrO BHIGOpa, TO
NPHUHIUI ONTHMAJbHOCTH AJSI KaXKJ0# MOJEJH BBOAMT ce-
MEACTBO BHIGOPOB, MPHUYEM KaxKI0€ H3 MHOXKECTB 3TOTO Ce-
MeACTBa HHTEPNPETHPYeTCS KaK MHOMKECTBO MOYTH ONTH-
MaJIbHBIX BHIGOPOB (g-ONTHMAJIbHBIX, NPUGIHKEHHHX pelle-
HHH H T. A.). Takum o6pasom, npu MOCTaHOBKE 3aJaud MO-
HCKa MOYTH ONTHMAaJIbHHIX BHIOOPOB HYXKHO YKa3aTh OXHO M3
MHOXECTB CEMEHCTBA, ONpeJesseMOro MPUHIMUIOM OITH-
MaJIbHOCTH Ha 5TOH MOJEJIH.

CnenaeM OZHO TepPMHHOJOrHYECKoe 3aMeqaHnne. B manb-
HeAllleM TePMHHH: NPHOJIHKEHHOE pelleHHe, g-ONTHMaJbHOoe
pelieHue, MOYTH pellleHHe, NOYTH ONTHMAJbHOE pelleHHe,
NpuG/IMKEHHO ONTHMAJbHOE PEelIeHHe, g-ONTHMaabHAsS CTpa-
Terdsi, MOYTH ONTHMAaJibHAs{ CTpaTeruss U T. I. OyHeM CuH-
TaTb CHHOHHMAaMH.

Hrak, mycTs AN HEKOTODPHIX MORENM ¥ MPHHUMNA OMN-
THMaJbHOCTH yKa3aHO OJHO H3 MHOXECTB NPHGJIHKEHHBIX
pewenuft. Uto maet k1acCHueCKH MOHHMaeMasi yCTOMYUBOCTD
MHOXeCTBa pelleHH#i N5 3aflauyd MOHCKAa NPHGIHKEHHBIX
peutenui?

Ecan BbZe/eHHOE MHOXKECTBO NMPHONHMKEHHBIX pelleHHH
o6Jjafaer TeM CBOACTBOM, YTO HpPH JMIOOBIX JOCTATOYHO Ma-
JIBIX BO3MYIIEHASX MOLENH pellleHs, COOTBETCTBYIOLUIHE BO3-
MYLI€HHBIM MOJEJSIM, SIBISIOTCS 3JeMeHTaMH 3TOr0 BBIJE-
JIEHHOTO MHOKeCTBa NpPUO/IHKEHHLIX pelleHHiH, TO BCe yKa-
3aHHbIE Bbillle NPHUMEHEHHs YCTONYMBOCTH B NPHHLMIE MO-




BBEIEHUE 13

ryT ObiTb NOBTOPEHH H 37eCb. Mbl rOBOPUM — B NpPHHIHUIE,
NOTOMY YTO PacCyXJEeHHS NMOKa BeAyTcsl HedopMasibHHE H
npd (OpMaju3alnHH MOTYT MOSIBHTbCS HEKOTODHE YTOYHe-
uusi. OHaKo CyTb fea He H3MEHHTCH.

[lycts Temepp MHOXECTBO peLIeHHH HEYCTOHYMBO, Ha-
NpHMEpP, B TOM CMBHIC/E, YTO CYLeCTBYeT OKPeCTHOCTb MHO-
JKECTBa pelleHHH Ha MCXOAHOH MOJNH Takas, 4yTo AJs JI0-
60fi BO3MYIIEHHOH MOJE/NM HafleTcs pellleHHe, He NpHHAN-
Jexaliee yKasaHHOH oKpecTHoctH. CJlefiyeT JHu OTClOa,
YTO 3TH PelleHHs] Ha BO3MYILEHHHIX MOJENSX He NMpHHamJIe-
JKaT BBICJEHHOMY MHOXECTBY NPHGJMKEHHBIX peIleHHH?
Boobuie rosopsi, KoHeyHo, He caenyer. Ilostomy HeycToOft-
YHBOCTb DelleHHii B KJ1acCHYECKOM CMbicje He o0si3aHa He-
CTH C co00#f TPYNHOCTH NpPH YHUCJIEHHOM pelleHHH H HHTEp-
NpeTauny pe3yabTaToB.

Takoe HecOOTBETCTBHE KJACCHYECKHX MOHATHH YCTOHYH-
BOCTH M T€X NMPAKTHUYECKHX NMPHMEHEHHH M CBOHCTB, KOTOpHIE
YCTOHYHBOCTh NpU3BaHa ONHCHIBATb, MOMKET BO3HHKHYTD,
NpexJe BCero, H3-3a HECOTJIaCOBAHHOCTH NpPHHIMNA ONTH-
MaJbHOCTH M TONOJIOTHH Ha MHOXECTBe pellleHHH, yyacTBy-
jomeli B ompeneneHun ycroiiuuBoctd. [TosTomy uccienoa-
HHE YCTOHYHBOCTH 3aJay HAaXOXIEHHS NPHOJHIKEHHHIX pe-
IIeHH# Hy»KHO HauWHATh C (OPMYJHPOBKH HOBOTO MOHSITHS
YCTOHYHBOCTH, COTJIACOBAHHOTO C MOHATHEM INpPUGJHKEHHO-
ro pelleHHS.

B nanuoji paGore mpepsaraercsi BecbMa IpPOCTOH H Kap-
JUHAJbHBIF METOJ COTJIaCOBaHHS NMOHSTHH YCTOHYMBOCTH H
npuGIMKEHHOrO pelleHHsi. BMecTo TONOJIOrHH AJIsi 3ajaHus
NOHSITHS GJIM30CTH Ha MHOMKECTBE pelleHHii npeasaraercs
ACIIOJIb30BaTh ceMeficTBO NMpuGJHKEHHBX pellenuit. Takofi
MOAXO0J MPHBOAHT K (GOPMYJHPOBKE WENOH CEpHH MOHSTHH
YCTOMYMBOCTH NPHHIHMIOB ONTHMAaJbHOCTH — MOHATHH, 0600-
WAOIHX H JONOJHAIOIHNX H3BECTHbHE NMOHATHS HENpEephIB-
HOCTH IJIi TOYEUHO-MHOXKECTBEHHBIX OTOGDaXKeHHH.

IMoasenem Hekoropbie HTOrH. OCHOBHbIE NPHUHHB, MO
KOTOPHIM KJIaCCHYeCKHil MOAXOH K ONpEleseHHIO H HCCle-
NOBaHHIO YCTOMUHBOCTH B 3aJauax NPHHATHA peLIeHHH, Ha
Hall B3rJasij, ABJSETCS HeJIOCTaTOYHLIM, COCTOSIT B CleNyio-
nieM:

1. HemocTaToyHo ILIHPOK KJacC H3yyaeMBIX NOHATHA
npubauxenHoro pemenns. OCHOBHOe BHHMaHHe NOCBSIMIE-
HO TOHSITHIO TPHOJIHKEHHOTro pelIeHHs, KOria CeMefcTBO
NpUGMMKEHHEX peIlleHHH NMOHMMaercss Kak CeMeicTBO OK-
pecTHOCTE# TOYHOrO pelleHHs,
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2. Ompene/ieHHsl YCTOHYMBOCTH COTJ1aCOBAHBI JIUUIb C T0-
HATHeM NpuOJIHKEHHOTO PEIleHHs YKa3aHHOH B M. 1 CTpyK-
Typhl. IloaToMy mnpakTnHueckoe NpuMeHEHHE YCTOHYHBOCTH
NpH YHCJIEHHOM HaXOXIeHHU NPHOIHKEHHBIX PelleHHH OT-
JINYHOHM OT YKa3aHHOH B M. | CTPYKTYpPH M HHTEpPHpeTranus
NOJIyYeHHbIX BeJHYHH, BooOLle roBops, mNepecTalT OHITh
060CHOBaHHHIMH.

[MpennaraemMblit B HaHHOH pa6oTe MOAXOJ HaNpasJeH,
npexje BCero, Ha yCTPaHeHHe YKa3aHHBIX HEJAOCTAaTKOB. A
HMEHHO, BBeleHHe MNOHATHS <«NPHHIMN ONTHMAJbHOCTH® U
YTOUHEHHe IIOCTAHOBKH 3aJayd MO3BOJSIOT PaccMaTpHUBaTh
3aJayd TNOUCKA NPHO/IHIKEHHHX peUlleHHH HOCTaTOYyHO 06-
me# CTPYKTYpH. BBeleHHe cOryiacoBaHHHIX ¢ NPHHUIHIAMHU
ONTUMAJbHOCTH HOHATHH YCTOAYHMBOCTH NO3BOJsIeT 060CHO-
BaHHO NpPHMEHSTb YCTOHYMBOCTL Ha NPAaKTHKe B TPajuliu-
OHHBIX JJISI 3TOr0 MOHATHS obaacrax. Takum ob6pasoM, dop-
MaJpHO! 06a30if HcciaeNoBaHUE HacTosme#i paboTH sBAS-
IOTCSl MOHSITHE «IPHHIHIN ONTHMAaJbHOCTH» ¥ Da3JjHUYHbIE 10-
HATHS YCTOHYHBOCTH.

Cnenyer OTMETHTb, YTO BONPOCH YCTOHUMBOCTH, allpoK-
CUMalMH W Peryiasipusaluy HIpalOT BeCcbMa BaXXHYI0 DOJb
B npo6JjeMe YHCIEHHOr0 HAaXOXHAEHHA NPHO/IHKEHHBIX pe-
HIeHHH, Tak KaK NPeACTaBJIAOT co00i ¢opMa/ibHbIH anma-
part, cayxamuii 6a30f Ajas cO3naHHS B 060CHOBaHMs ajro-
PHTMOB uMCIeHHOro cuera. ©OJHaKo HeMOCPEeACTBEHHO
aJropuTMaMu B JaHHOH paboTe H3-3a OrpaHAYeHHd Ha
06beM MBI 3aHHMAThCS He OYIEM. DTO caMCCTOATeJbHAs
BaXHasi ¥ O6IIMpHAs TeMa HUCCAeN0BaHM#, B KOTOpOH Bce
6osplree BHUMAaHHE YyIeJIsieTCs HaXOXKJIEHHIO ONTHMAaJbHBIX
B HEKOTOPDOM CMBIC/I€ aJrOPUTMOB (Xxopoilasi GUOJHOTPA-
¢us npusenena B [80]).

OcranoBuMcst Tenepp Gosee MoApOGHO Ha COAEPKAHUH
KHHTH 10 raaBaM. [loscHMM cHauajla NPHHATHIH B KHHre
NOPSAAOK HyMepaunuu mnaparpados, onpejesneHui, yTBepxK-
Ilenuit ¥ dopmy.. ITaparpadsl HyMepyIOTCH OJHHM YHCJIOM,
HanpuMmep, § 2. [Ipu ccuakax Ha maparpadbl goGaBisiercs
HoMep ruaBbl, Hanpumep, § 1.2—osr10 § 2 raasm 1. Onpe-
JleNIeHHsl, yTBepXKJAeHUsS H (OpPMYJbl HYMepYyIOTCS TpeMs
yucaami. [lepBoe uuc/0 —HOMEp TIJIaBbl, BTOpPOE — HOMEp
naparpacda, Tperbe — NOPAAKOBHIH HOMEpP YKa3aHHHIX 00b-
€KTOB B 3TOM naparpade.

§ 1.1 mocesilieH ompene/NeHHIO OCHOBHBIX OGBHEKTOB H
MOCTAHOBKE 3ajau. BBoauTcs ocHOBOMoJarawlnee AJs BCeX
JaNbHERINNX HCCJACAOBaHHI TOHATHE <«MPHHUMI ONTHMAanb-
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Hocti». IlocTaHoBKa 3ajlaynM MOHCKA e-ONTHMAJBHHIX CTPa-
Teruii Tpebyer yTOUHEHHS, TAK KaK MHOXECTBO g-ONTHMAaJb-
HBIX CTPaTETHH MOXKEeT cofepiKaTb 0oJiee OLHOro 3JEeMEHTa.
[Ipennaraercs paccManpuBaTh 3ahayy 4acTHOrO BblGOpa —
HaliTH Ji060e HemycToe MOJMHOXKECTBO MHOXECTBA e-OTTH-
MaJbHBIX CTpaTeruidl M 3ajady INOJHOro BeOGOpa — HaHTH
moboe cobcTBeHHOE MONMHOXKECTBO MHOXKECTBAa CTpPAaTerui,
cojepxKaliee MHOXKECTBO e-ONTHMAaJbHBIX cTpaTeruii. BBo-
IUTCH TaKXke CMeChb YKa3aHHHIX 3a1a4 M YCTaHaB/JIHBAIOTCSH
CBSI3H MeXJy HHUMHU.

B § 1.2 mpuBeseHs NpHMepH 3afaHusi NPHHIMUIOB OI-
THMAJIbHOCTH, OTPa)kalllue Kak TPaJHIHOHHOE NOHHMa-
HHE NPHOJHKEHHOro PEIleHHs, TaK H MeHee TPaJHIHOHHbIE
BAPHAHTHl ONPE/LEJECHHS e-ONTHMAJIbHOCTH AJS CJEHYIOIHX
3ajay: peIIeHHe CHCTeMBl HEePaBEHCTB, 3aJjaya MaKCHMH3a-
uud GyHKIHOHaJNa (MOHCK 3HaueHHH M peaJusanuil), Ha-
XOX/EHHE MHOXECTBA TOYEK, ONTHMAaJ/bHLIX no Ilapero, Ha-
XQXJEHHE MHOXecTBa NOJMY3()(HEKTHBHEIX TOUYEK, JIEKCHKO- -
rpajuueckas 3ajaia MaKCHMH3alMH, MaKCHMHHHBIE 3a-
Aaqu.

§ 1.3. sBAsieTcss OHEM H3 OCHOBHHIX B pafore, Tak Kak
3/eCb BBOJATCS pasjuyHble MNOHATHA YCTOHYHBOCTH MJfA
NPHHIMNA ONTHMAJbHOCTH. OCHOBHHIM OTJIHYHEM BBOJHMBIX
NOHATHA OT pAasJMYHBIX KJACCHUYECKHX TOHSATHH Hermpe-
PHIBHOCTH SIBJIIETCH TO, 4TO AJS1 OMpeJesIeHus1 «OJH30CTHY
CTpaTerufi MCMOJb3yeTcsl CeMeHCTBO e-ONTHMAJbHBIX CTpa-
Teruil, a He Tomojorus. Takum o6Gpasom, MOHSATHE YCTOH-
YMBOCTH MNOMy4yaeTcsl COIMVIACOBAHHBIM C WMPHHIMUIOM OITH-
MaJIbHOCTH.

Ecte n eme psAn orauuui, HocAwuX GoJee TexHHYe-
ckuil xapaxkrep. IToka3aHo, 4TO BBeJeHHHe MOHATHS SBJA-
IOTCS €CTECTBEHHHIMH OOCOGIEHHSIMH pa3/JHYHBLIX NOHATHH
HENpPEPHBHOCTH 1JIg TOYEYHO-MHOXKECTBEHHBIX OTOOpaKeHHH
H JONYCKAaIOT TaKoe e NMPaKTHYeckoe NpPHMeHeHHe, KakK H
KJlaccuuecKne NOHSATHS HENPEePBIBHOCTH.

Hanuyne pasiuyHbIX MOHATHH yCTOHYHMBOCTH CTaBHT BO-
mpoc o cBsi3H MexAy HuMH. OTBeTy Ha 3TOT BONpOC MO-
cesimern § 1.4. OrMeTuM, YTO KpOMe HOCTATOYHO OUEBHIHHIX
yTBepXKIeHHH O TOM, YyTo M3 6oJiee CHILHOH YCTOHUHBOCTH
caepyer Gosee cnabasi, HaWJIeHH YCJOBHS, NPH KOTOPHX
cnpaBefJuBE U OOpaTHHE yTBepxkJeHHs. Jlas mpou3BOJb-
HOrO NPHHIMNA ONTHMAJbHOCTH R BBeNEeHH NPHHUHUNH OM-
THMAJIBHOCTH €Xs R, ins R, iny R, KoTOphle HrpaloT BaXHYIO
pOJIb NIPH HCCJeIOBAHHH YCTOHYHBOCTH R.
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['naBa 2 mocsleHa HCCJAEIOBaHHIO YCTOHYMBOCTH pa3-
JIHYHBIX NPHHUHKIOB ONTHMAaJbHOCTH B HEKOTOPHIX KJaccax
3aJlay ONTHMH3ALHOHHOIO XapakKrepa.

B § 2.1 nokaszaHo, 4TO OPHHUHNB ONTHMAaJbLHOCTH
exsR, insR, iny,R ycTOHYHBH IJs BCEeX BBEIEHHBIX THIIOB
YCTOHYMBOCTH TPH JOCTAaTOYHO c1a6bIX YCJIOBHSX.

B §2.2 uccaenyercs ycTOHUHBOCTb Pa3/IHUHLIX NPHHLH-
OB ONTMMAaJbHOCTH B 3ajaue pelleHHs CUCTeMbl Hepa-
BeHCTB. [lpensiaraercss MPHHUMN ONTHMAJBbHOCTH, YCTOHYH-
BOCTb /Il KOTOPOTO MM€eT MecTO MpPH CyLIecTBEHHO GoJiee
cnaGhiX MPENTONOXKEHUsIX, 4eM JJIsS TPaRUIHOHHOTO NpHH-
IUNa ONTHMAJbHOCTH B 3T0H 3amaye. [lokasaHo, YyTO aHaJso-
rHYHasi KapTHHAa WMeeT MeCTO W JJisi CHCTeMBl, 3aJaHHOH
JUHeHHBIMH HepaBeHCTBaMH.

B § 2.3 npennaraercs cxema HCcieIOBaHUSI YCTOHYMBO-
CTH 1JIs 3a/laud MaTeMaTHYeCKOro NMporpaMMHPOBaHHS, 3a-
IaHHO# B BecbMa ofbmiem Buze. JlocTaTOYHO mMOJIHOE HCCJIE-
JOBAaHHE YCTOHYMBOCTH MPOBEJAECHO IJisi HEKOTOPHIX €CTeCT-
BEHHBHIX NPUHLUUIOB ONTHMAJbHOCTH 'B CcJaydyae, Koria
MHOXKECTBO JOMYCTHMBIX 3HauUeHHH 3ajaercsi CHCTeMOH He-
paBeHcTB. [IperoxeHsl JBa NOHSATHS: «BEPXHSs cTabn/IN3a-
IMs CynpeMyMa» M <«HHXHSIS cTaGH/IH3alus cynpeMyMay,
KOTODBIE MOXKHO paccMaTPHBaThb KaK aHAJOr CcylnpeMyMa.
[ToxasaHo, uTO MPHHIHNLI ONTHMAJbHOCTH, OCTPOEHHHIE HA
6a3e 3THX NMOHATHH, YCTOAYMBH NpPH BecbMa caa6bX Npen-
MOJIOXEHHAX. DTH NPHHIHMIOBE ONTHMAaJbHOCTH €CTECTBEHHO
BO3HHMKAaIOT B 3ajJlaie MaTeMaTHYeCKOro NpOrpaMMHPOBAHHUSA
NpH HaJHYUK HeompeneneHHBX ¢akropoB. Ilogpo6Ho pac-
CMOTPEHO NMpHMEeHeHHe omepanuii BepXxHeii W HHXHeH cralH-
JH3aLHH CylpeMyMa B JIHHEHHOM NporpaMMHPOBAaHHH.

B § 2.4 paccmarpuBaercs ycToHuYfBOCTh NPHHIMIA OMN-
THMAaJIbHOCTH, COOTBETCTBYIOLIEr0 3ajaye Ha KPaTHHIA Mak-
CHMHH CO CBSI3aHHBIMH orpaHnueHHsiMu. Ilokasano, uto B
clyuae, KOT'Zla MHOXECTBa, 10 KOTOPLIM NPOHU3BOAMTCA MakK-
CHUMH3alHsI M MHHHAMH3alMsi, 3afalOTCSl OTPaHHYEHHSIMH B
BHAE HEPaBEHCTB, YCJOBUS YCTOHYMBOCTH 6oJjiee XKECTKHE,
yeM B CcJyuae, KOrja yKa3aHHbe OrpaHHYEHHS! YUHTBHIBAIOT-
csa ¢ nmomompio 1wmrpados. [Ipennaraercs MoAaudHKanud
MaKCHMHHA, NMPHUBOASLIAS K CYIIECTBEHHOMY 0CJa6JeHHI0
YCJIOBHH YCTOHYHMBOCTH M JONMYCKaloIMas €CTECTBEHHYK0 CO-
JlepKaTeJbHYI0 HHTePIpeTalHIo.

B § 2.5 uccaenyiorcss MHOrOKpuTepra/bHble 3afaun. Xo-
pouo u3BecTHO (cM., HanmpuMmep, [71]), uTO TpaaHUHOHHOE
NOHMMaHWe TNPHOJMKEHHOr0 peLleHHss B 3afaiyaXx Haxox-
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ACHHS MHOJKECTBA TOYEK, ONTHMaJsbHEIX 1m0 [lapero, HaxoX-
AeHHsl NMOoTya((eKTHBHLIX TOyek, JIEKCHKOrpapuueckoit on-
THMH3ALHA NPUBOAHT K HEYCTOHYHBOCTH COOTBETCTBYIOLIE-
ro NpHHIHNA ONTHMAaJbHOCTH. [ToaToMy misi ykasaHHHIX 3a-
Aad NpPEANaralTcs HeTPaAMIHOHHHE NMPHHIHUNL ONTHMAJb-
HOCTH, SBJSIOUIHECS YCTOHYMBHIMH INpH BecbMa cJabhX
NpeANooXEeHHSX.

IIpuMepu ncceoBaHus YCTORYHBOCTH, PACCMOTPEHHBIE
B INIaBe 2, NOKA3HIBAIOT, YTO HeGOJbIIOE W3MEHEHHE IOHS-
THS TPHOJHMKEHHOrO DelIeHHsl, YacTO BIOJHE KOMYCTHMOE
C COAEPXKATEJPHON TOYKH 3PEHHs], IO3BOJISIET CYIIECTBEH-
HO OCNaGHTb YC/IOBHE YCTOAUMBOCTH B HCC/IELyeMOH 3a-
nave.

OnHako MOryT GHITb CHTyalHH, KOTZa HHKAKHE H3MEHe-
HHsl MPHUHIHNA ONTHMAaJbHOCTH He NONMYyCKaloTCf, HO CBOM-
CTBA YCTOMYHUBOCTH HYXHOFO THNa BbIGPAHHOrO NPHHIHKNA
ONTHMAaJbHOCTH OTCYTCTBYIOT. Bo3HHKaloT pasjuuHHE mpo-
Gnembl. Hampumep, HpuMeHEHHEe UHMCIEHHBIX METONOB pe-
IIEHAs 3a/layd C TAKHM NPHHIHUIIOM ONTHMAaJbHOCTH MOXKET
He NaTb ee PeIUeHHs] M3-3a HeH3GeXKHOro MPHCYTCTBUS pas-
JIMYHBIX ~morpemHocre. EcTecTBeHHO TNOCTaBHTH BONPOC:
HeJb3s JIH, pellas 3agady Ha OBM c ppyrum, Boobuie ro-
BOPs, MPHHIUNOM ONTHMAJbHOCTH NpPH HOCTATOYHO MaJbiX
TOrpemlHOCTSX, MOJNYYHTh pelleHHe HCXOMHOH 3afauu?
Ians dopmannsanun sroro Bonpoca Heo6XOAUMO BBECTH OT-
HOLIEHHs] CPaBHEHHs NPHHIMUIIOB ONTHMAJbHOCTH.

B § 3.1 BBoAsATCS pasnuuHble ONpefeNeHHs, CAyXKallHe
AJ1s1 CPaBHEHHsI NMPUHIHUIOB ONTHMaabHOCTH. TaK, OTHOIEHHS
BHYTPEHHe#l H BHEIIHell aNNpOKCHMAaLH{H MO3BOJSIOT 3aMe-
HSATh pelleHHd 3ajay ¢ OJHMM NPHHUUIOM ONTHMAJbHOCTH
Ha pelleHHs1 3afiay C APYTHM, COOTBETCTBYIOILHM 06pa3oM
ANNPOKCHMHPYIONIHM MNEPBHY, MPHHLUUIOM ONTHMAaJbHOCTH.
[Tono6uyto xe 3amauy, HO NPH YCJAOBHH HEKOHTPOJIHDPYEMBIX
BO3MYLIEHHH MOJEJIH, NO3BOJSIOT OCYUIECTBASTh Pa3JHYHBIE
oTHomeHHs: peryaspusauuu. Ilonpo6Ho o6cyxmaercs BO3-
MOXHOCTb NPHMEHEHHS! OTHOIIEHHH Pery/sipu3amuu NpH Y-
C/ICHHOM DpellleHHH 3aJlay H Ha 3Tané NOCTAaHOBKH 3aJauH.

§ 3.2 nocesiLieH H3Yy4YEHHIO CBOWCTB Pa3JMUHBIX OTHOILeE-
HHH cpaBHeHusi, BBeJeHHHX B § 3.1. Ilpexne Bcero ycra-
HaBJUBAIOTCS CBSI3H MeXIY pasJHYHEIMM NOHSTHIMH pe-
ryasapusanuu. IlokasaHo, yTo KapTHHa 3]eChb AaHAJOTHYHA
COOTBETCTBYIOIIHM CBSI3SIM MEX]Y MOHSTHSIMU YCTOHUYHBOCTH.
YcTaHaBIMBAIOTCS HEOGXOXHMBIE YCJIOBHSI DPEryJsipu3anyu.
JloxasaHel JOCTAaTOYHBIE YCJOBHSI PEryaspH3alyH, HMEIo-
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lHe BHJ 1IeNOYeK OTHOLIeHHH ABYX THNOB. [lepBasg memou-
Ka: eCIM NMPUHUUT ONTHMAaJbHOCTH R peryssipu3yer INpHH-
uun ontuMaJjbHoctd T, a T amnmpoOKCHMHUPYeT NPHUHIUI Of-
TUManbHOCcTH P, To Toraa R peryaspusyer P. Bropas ue-
nmowka: eciu R ammpokcumupyer T, a T peryasipusyer P,
T0 R perynsipusyer P. [10CKOJbKY YCTOHYHMBHIH MPHHIHI
ONTHMAJIbHOCTH SIBJSIETCSl PETyJsSPU3YIOIIUM caMm HJs cebs,
TO HaCTHBIM C/Jy4YaeM NepBOH NMENOYKH OTHOUIEHH sIBJsIETCS
caenyoulee JOCTaTOYHOE ycJOBHE: eClIH R yCcTOHYHB H an-
npokcumupyer P, To R peryasipusyer P. MHorue peryJsipu-
3yloll¥e MPUHHMOB ONTHMAJIbHOCTH JUIsI KOHKDETHHIX KJac-
COB 3ajmay OyAyT.CTPOMThCS B IJIaBe 4 C HCIOJb30BaHHEM
YKa3aHHOrO JOCTaTOYHOTO YCJIOBHSI.

B § 3.3 nmokasaHo, yTO peryJsipu3ylOIHMH MAJisi TPOH3-
BOJILHOTO MPHHIMNA ONTHMAaJbHOCTH R SABJSIOTCS NPHHIH-
N ONTHMAJILHOCTH eXsR, insR, in, R, BBeneHHbe B § 1.4.
Cuenyer OTMETHTb, YTO 3TOT HAKT UMEET MEeCTO HpPH BECh-
Ma caalbbix npennoJoxeHusix. M3 moOCTaTOYHOro YCJIOBHS
pery/asipHsallid B BHAE BTOPOH LENOYKH OTHOLIEHHH, UPH-
BeJleHHoro B § 3.2, caexyer, 4TO peryasipusyiouniue IpHH-
nunb ex; R, ing R, in, R MOXHO HaxXOAHTb HETOYHO, TO €CTh
JAOCTAaTOYHO HAHTH JIMLIL aNNPOKCHMHDYIOIUHHA HX B HYKHOM
cMbit/le MPUHIUN ONTHMAJbHOCTH, YTO BAXHO HJS NPAaKTH-
K. HccnemoBan Bompoc o ToM, ofecnedHBalOT JH e€XsR,
insR, iny R perynsipusanuio Ha npefebHO IIHPOKHX MHO-
xectBaxX. Jas GONBIIMHCTBA THIOB PeryJsipH3alliH OTBET
Ha 3TOT BONPOC NOJIOXKHTEJEH, A HEKOTOPHIX THIOB OKa-
3BIBA€TCS, YTO MHOXKECTBA, Ha KOTOPHIX HMEET MECTO pe-
TynsipH3aunus, X MHOXECTBAa, KOTOpHe JalTcs HEOOXOMH-
MBIMH YCJIOBHSIMH DEry/sipH3allMH, MOXHO CYHTaTh <«IOY-
TH» COBNAZAOIMMH. JIHwp A4 JABYX BecbMa O/H3KHX
THIIOB PeryJ/isipH3allid HMeeT MeCTO CyIlecTBeHHOe HeCOBIa:
JleHHe yKa3saHHbIX MHOXecTB. MccnenoBaH comepxarebHbIH
CMBICJI 3aJay, Hepery/sipu3yeMblX YKa3aHHbIMH IIpHHIMMNA-
MH ONTHMAaJIbHOCTH.

I'naBa 4 nocesilieHa CpPaBHEHMIO PA3JHYHLIX NPHUHIUIOB
ONTHMAaJbHOCTH JJISl KJIACCOB 3ajJau, PpaCCMOTPEHHBIX B IJa-
Be 2

B § 4.1 crpostcs peryaspusyomue NOPUHLUNH ONTH-
MaJbHOCTH JJIsi NPHHIMNA ONTHMAaJbHOCTH, TPaJAHIHOHHOTO
B 3ajaye pellleHHsi CHcTeMbl HepaBeHCTB. IlokasaHo, 4To
IJIS1 PeryJsipu3allid JOCTAaTOYHO BHIMOJHEHHS TOJNBKO 0006-
meHnHoro ycjosust Caefitepa. IS aHAJIOTHYHOrO Cjayuas B
JIHHeHHON 3ajaue NOCTPOEHBl DeryJspusyloliue HPHHIMIBL




BBEJNEHHE 19

ONTHMAJIbHOCTH, He Tpebyouiue BhIOMHeHHUs ycaoBus Cuei-
Tepa.

B § 4.2 uccnenyercs B3saumocBsisb pasAHMUHBIX MPHEFIH-
NOB ONTHMAJLHOCTH B 3a/laye MaTeMaTHYeCKOro NpOrpaMMHu-
poBaHus. [lis nBYyXx BapHaHTOB (OPMYJHPOBKH 3afauy Ha
MaKCHMyM (B MepBOM JONMYCTHMOE MHOMKECTB) 3a/aercs C
TIOMOIbIO OrPaHAYEHHH THNA HEPaBEHCTB, a BO BTOPOM 3TH
OrpaHHYeHHs YYUTHIBAIOTCS C MOMOIIBIO ITPadoOB) pPacCMOT-
PeHLI NPHHIHUNEI ONTHMAJ/JIbHOCTH, COOTBETCTBYIOIHE NMOUCKY
3HaueHus1 MakcuMyMa u peanusauuit. Ilpu BecbMa o6mmux
yCJOBHSX (OrpaHHMYEHHOCTb LleJeBOro (hyHKIMOHAJa) HOKa-
3aHO, YTO COOTBETCTBYIOIIHE NMPHHUHUIILL ONTHMAJIBHOCTH B3a-
HMHO anmnpoKCHMHUPYIOT APYT JApyra.

Ilns 3ajaun MaTeMaTHYECKOTO NPOrpaMMHUPOBAHHUS C OT-
PaHHYEHHSIMH THIIA HEPaBEHCTB, ONpeIeNsIOIIHMH JONYCTH-
MOe MHOKECTBO, NMOCTPOEHHl peryJsipusyloOliHe NPHHIHIb
onTHMaJbHOCTH. IloKa3zaHO, WTO YCJOBHS peryaspHsaluH
CYILECTBEHHO OCJ/Ia6JSI0TCSs,, €ClIH BMECTO HECTPOTHX -Hepa-
BEHCTB, ONpeJeNsIOUUX JONyCTHMOe MHOXKeCTBO, paccMar-
pHBaTb CTPOTHE.

Jnast 3apaun JuHEHHOTO MPOrPaMMHPOBAHHSI MOCTPOEHLI
peryasipusyiomiue NOPHHIHNB ONTHMAJBHOCTH, <«IOYTH» He
BBIBOJSIIIME M3 KJacca JHHEHHBIX 3ajay (HOABAAIOTCA yJe-
Hbl, COAEpIKAl{e MOLY/NH NepeMeHHbIX).

B § 4.3 nns nBYX BapHaHTOB ONpele/eHHs] MAaKCHMHHA
(B mepBOM MHOKECTBA, IO KOTOPHIM BEIETCS MaKCHMH3aLHs
1 MHHHUMH3anHsi, 3a4alOTCsl C NOMOIIbIO OrPaHHYEHHH THIIA
HepaBeHCTB, a BO BTOPOM 3TH OTPaHMYEHHS YYHTHIBAIOTCH
¢ nmoMouiblo WTpadhoB) PacCMOTPEHH NPHHIMNE ONTHMAJIb-
HOCTH, COOTBETCTBYIOLIM€ MOHCKY BEeJHUYHHBI MAaKCHMHHA.
CHauana a5 oOBLIYHOIO MAaKCHMHHA, a 3aTeM MW IJS KpaT-
HOTO MAaKCHMHHA IOKa3aHO, YTO BBeJEHHhIe NMPHHIHNLI OI-
THMAa/NbHOCTH AaNNPOKCUMHUPYIOT APYr Apyra. OTOT pPe3yiib-
Tar 0606miaeT COOTBETCTBYOIIMH (akKT AJasi 3alayd Mare-
MAaTHYeCKOro NpOrpaMMHPOBAHHS M MOXeET PacCMaTPHBAThb-
csl Kak 06oOleHHasi TeopeMa CXOIHMMOCTH MeTOxa uTpa-
¢oB I/ KpaTHOrO MaKCHMHMHA CO CBSI3aHHEIMH OI'paHHYe-
Husmu. Caenyer OTMETHTb 6OJblIyi0 OGILIHOCTh 3TOro pe-
syabrara. [Ipeamosaraercst JHIb OTPaHAYEHHOCTh I€JI€BO-
ro yHKIHOHAJIa M HEMyCTOTa MHOXECTB, IO KOTOPLIM MPO-
HCXONMT MAKCHMH3alUus ¥ MHHEMH3anus. HHKaKHX ycjoBHA
THIIAa HENPEPLIBHOCTH M KOMINAKTHOCTH TPeGOBaTh He HYXKHO.

B § 4.4 nas TPanHUHOHHBIX TPHHUMIOB ONTHMAaJIbHOCTH,
COOTBETCTBYIOIHX 3a/jayaM NOHCKA MHOXKECTBA nonysddex-



20 BBEJEHUE -

THBHBIX TOYEK, MHOXKECTBa TOYeK, ONTHMaJbHbX mo Ilape-
TO, H JIEKCHKOTPa(HYECKOr0 MaKCHMyMa, MOCTPOEHbl MpPHH-
IHMOB ONTHMAJIbHOCTH, Pery/sipu3yloliue M ammpoKCHMHPY-
omue uexonansie. OTMETHM ONMH BCIOMOraTe/bHBIA Pe3yiib-
TaT, HMEIOUIHA M caMoCTOsATe/NbHLIA uHTepec. [IpakrHuecku
NOpH «MHHHMAJIBHBIX» NPEINOJOXKEeHHUsIX MOKa3aHo, YTO MHO-
JKECTBO TOUEK, ONTHMaJAbHBEIX N0 [Ixkoddpuony, Bciony niaor-
HO B MHOXECTBEe TOYeK, ONTHManabHBIX mo Ilapero.

XoTs M3/jaraeMbiii B KHHre MaTepHaJ CBsi3aH GoJiee HJIH
MeHee CUJIBHO CO MHOIMMH pasjieJlaMd MaTeMaTHKH, TaKHu-
MH KakK T€OpHS HEKODPEKTHBHIX 3ajay {29, 37, 38, 43, 74—
79], Teopus ycroiuusoctH [8, 68, 84], Teopus onTumusa-
uun [2, 12, 13, 25—27, 31, 34—36, 44, 48, 54, 56, 61, 62,
65, 67, 72, 73, 80—83], mapamempHuecKOoe NpPOMPaMMHpPO-
BaHue [6, 7, 20, 24, 40—42, 60], Teopust MHOrOKpHTEpHaJIb-
HbiX 3amau [10, 32, 47, 61, 62, 70], Teopuss pasMBITHX
mHoxecTB [9, 28, 91], nnrepBanbHblii aHanu3 [86,90] u xp.,
OCHOBHOH NOAXOA AaHHOH pabGoThl opuruHafteH. [lostomy
pu cocraBieHuu Oubauorpaduu He cTaBHJAch leJb HaTh
NOCTaTOYHO TNOJIHBIH CNHCOK JHTEPaTyphl MO CMEXKHBIM 00-
JIACTSIM.




HEKOTOPDLIE OBO3HAYEHUA

{x=A|B(x)} — COBOKYMHOCTb 3J€MeHTOB X MHoXecTBa A, s
KOTOPHIX BHIMOJNHEHO B(x).

J — nycroe MHOXeCTBO.

M (A) —MHOKeCTBO NOAMHOKECTB MHOXKecTBa A.

h: A—B —oroGpaxenne h MHOoxectBa A B MHOXecTBo B.
®(A, B)={h|h: A>B}.

E' — MHOXXeCTBO BELIECTBEHHBIX UHCEJ;

E'"= Elx_ XE!.
\———v_-/

n

{u, v)= Z ui, v;, u, veB®, u=i(u, .., up) v=/(v1, .., Un).
i=1

4>>v TOMA H TOJbKO TOLA3, KOTHA u;>v;, i=1, .., n; wvesEn,

u>=v TOTAa H TOJbKO TONAA, KOTAa u;=v;, i=l, .., n; uvsE™,

en=(1,..., NeE".
Ina usE®™, veE! monoxuMm u+v=u-+v-en.
E} ={ueE"|u>0}.
Bf = {ucE"|u>0}.
[l — KOHell J0Ka3aTeJbCTBa.
0%, a={x=X|p(a, x) <€} — OTKDHTAsA €-OKPECTHOCTb TOUKH & B

MerpuuéckoM mpoctpancrse’ (X, p). (MHorna Bepxmuft 3mauok X Gyner
OMyCKaThCs.)

fo (A, B) =sup infp (a, b) — noayoTkIOHeHHe,  IOPOKAEHHOE
acA beB
MeTpukoft p, rae (X, p) — Merpuueckoe mpocrpancrso, A, B<X.

Hp(A, B)y=max {fp(A4, B), Pp(B, A)}. — IICeBAOMeTPHKA
Xayonoppa, mopoxk/JeHHasi METPHKOH 0.

|x|=(lx1], ..., |%n]), TRe x&E™

o (A)—-{xele(x) cA} — sHyTpensuf nmpoobpas MHoxectBa A,
rae f: X—>M(Y

gr[A]={(x, y)=XXY)|ysA(x)} — rpapux A, rae A: X—>M(Y).
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TJTIABA 1

YCTOAYHUBOCTD -
NMPUHLIHUNMOB ONTUMAJIbBHOCTH

0}

§ 1. Onpenenenne OCHOBHBIX 00bEKTOB
M NOCTAHOBKaA 3ajay

enp nanHO# paGOTH COCTOMT B CO3JAHHH €JHHOTO H
JOCTaTOYHO OOLIero MojXoja K H3y4eHHIO H ONEepHPOBAHHIO
¢ NpHOMMKEHHBIMH PeLIeHHSIMM JAJIs IIHPOKOro KJacca 3a-
nau. JI7is aTOro Heo6x04MMO, Npex e BCEro, OMHCaTh HCCe-
AyeMblii KJacc 3afady. B pa6ore MBI OrpaHHYHMCH PacCMOT-
peHneM 3ajau NPpHHATHS pemeHuit. Ilox sajgaueit mpuHs-
THA pelleHHfi OyleM NOHMMaTbh TaKylo 3ajauy, KOria B He-
KOTOPOH CHTYalUHH H3 HEKOTOPOI'0 H3BECTHOIO MHOXKeCTBa
HE06XOAHMO B COOTBETCTBHH C HEKOTODHIMH YCJOBHSIMH BHI-
GpaTh ‘HEKOTOpble 3j7eMeHTH. HempyuHo BuneTs, uto XJacc
3ajlay NPHHSTHS pelleHH#i BecbMa mupoK. OH BKJIIOYaeT B
cebs Takue 3aJayH, KaK NOHCK pelleHHH Da3JHYHHIX ypaB-
HeHuH, HaxOXJeHHe HaHOOJbIIMX 3HAYEHHHA (YHKUHH, CO3-
JlaHHe aJropHTMOB JJISl YHCJIEHHOrOo PELIeHHd 3ajady, BHIGOD
ONTHMAJbHbIX MEXaHH3MOB (YHKIHOHHDOBAHHS DasHYHBIX
CHCTEM M T. I

O6muMH BONpPOCAMH NMPHUHSITHS PELIeHH{t 3aHHMAeTCS Te-
opusi uccaenoBaHus onepanuii. Ilostomy ecrecTBeHHO BOC-
NO/Nb30BaTbCSl Pa3paGOTaHHBIMH TaM S3bIKOM H MeETOJ0J0-
rueit (cM., nanpumep, [17]) Aas cdopmasbHOro  omucaHus
3aflayy NPHHATHS PELIeHHH WJIH, KaK ee NPHHATO HAa3HBaTb,
onepanun. Kak ciaenyer M3 NMpHBeJeHHOTO BHIllle ONHCaHHSA
3ajlayd NPHHATHA pelleHui, OXHHM M3 3JIEMEHTOB, ee Oll-
peNeNSIOmHX, SBAAETCA CHTyauus, B KOTOPOH NPOH3BOLMT-
cs BHIGOP WM, APYTHMH CJOBaMH, Mojeab omepanud. Mo-
nenb omepandu mpeAcTaBiseT cob6oit GopmalbHOE ONMHUCAHHE
BCeX BBIICJEHHBIX (DAKTOPOB, XapaKTEPH3YIOUIHX paccMmar-
pHBaeMylo 3ajauy. B nanbHefilieM MHOXXecTBO MojeJel Oy-
JieM o6bIYHO 0603HauaTh GykBod M.

BTOpBIM 3JIeMEHTOM, ONpEeNeNsiOlUM ONepaluio, fABJs-
erc MHOXXECTBO, H3 KOTOPOTO MPOM3BOJAHMTCS BHISOD. ITO
MHOKeCTBO GyzeM Ha3biBaTh MHOXKECTBOM CTPAareruii u 0603-
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Hauatb S(m), rae meM, To ecTh 445 pPasHBIX MoAe/ell MHO-
XKECTBO CTpareruii MoxeT ObiThb pasjauuHo. OTMeTHM, 4TO
MHO2KECTBO CTPaTerHii MOXeT GBbIThb 3JIEMEHTOM ONHCAHHS
MOJeJH, HO Te YCJIOBHS, KOTODBIM JOJIKEH yIOBJAETBOPATH
BHIOOD H3 MHOXKECTBA, He BKJIOYAKOTCS! B ONHCAHHE MOMEJH.

DTH YC/IOBHs, Hak/iajbiBaeMele Ha BHOOp, 3aa0T UEJb
onepauuu. JlocraToyHo OGIHA MOAXOA K ONMCAHMIO LEJH
OmepanMu AaeT HCMNOJb30BaHHE NOHATHS <«IPHHLUHMN OITH-
maabHocTH». OGbluHO (cM., HampuMmep, [71], raaBa 3) nox
3alaHMeM NpPHHUMIA ONTHMAJbHOCTH NOHMMAeTCs BHIAEJe-
HHE HEKOTOPOro MOAMHOXKECTBa H3 MHOXKECTBA CTpaTerHi
S(m) nnsa xaxnoi monean meM. D10 NOAMHOKECTBO Ha-
3bIBAETCS] MHOXECTBOM ONTHMAJIbHHIX CTpaTeruil JJsi MoOJe-
JH m (B APYrofi TEPMHHOJOTHH — ONTHMAJbHEIMH DEIUEHH-
IMH HJIH IPOCTO PEIICHHSIMH).

Onnako BO MHOIMX MPaKTHYECKHX 3a/ayax HaXoXAEHHE
ONTHMAJIbHHIX pPelIeHHH yacTo GBIBaeT CBA3aHO C GOJILIIHMH
TEXHHYECKHMH TPYAHOCTAMH 160 BOOGIE HEBO3MOXKHO. DTO
OGbACHSETCS HETOYHOCTBIO HCXOZHOM HH(POPMALMH, HEHS-
GeKHBIMH BBIYHC/IHTEJbHLIMH NOTPEIIHOCTSIMH, CJOXKHOCTBIO
3agay u T. n. C Apyrofi CTOPOHHI, OKAa3HIBAETCs, YTO JOCTa-
TOYHO YMOBJIETBOPHTENbHBLIMH MOTYT OHITh HE TOJNBKO ONTH-
MaJIbHble pelleHHs, HO H B HEKOTOPDOM CMHIcJe G/au3KHEe K
HHM, KOTOPbI€ 4aCTO MHOT'O NpOIle OTHICKATb. .

DaKTHYECKH 3TO O03HAYAeT BBENEHHE «NOYTH» ONTHMAJb-
HbIX pelleHHH M Nepexof OT 3aJauH MOHCKAa ONTHMAJbHBIX
pellleHH#i K 3afaye MOHMCKA <«MOYTH» ONTHMAJbHHIX pelle-
Hu#. YacTo Takasi 3aMeHa 3ajau SIBHO He OTrOBapHBaeTcs, a
BBeleHHE <«MOYTH» ONTHMA/bHHIX pelleHHH He o6CyxKmaer-
csi. BMecre ¢ Tem 3amaHue NMOHSATHS «NOYTH» ONTHMAaJbHBIX
peuleHu#t TpebyeT TakKoro xe OOCyXAeHHs, KaK U BBOOD
ueJd Onepauud, TO €CcTb ONTHMAaJbHBIX pelleHHid. Bosee
TOro, B 3ajayaX, rle HaxoxJeHHe ONTHMaJbHBIX pelUeHHiH
3aTPYAHUTEIbHO, BONPOCH 3afaHHs IOHSITHS <«IOYTH» OI-
THMaJbHBIX PelIeHHH BBIABMIAIOTCS Ha MNepBHIH MNJaH.

YuuThiBasi CKa3aHHOe, MOXHO CJHe/JaTb BHIBOJA, YTO 3a-
JaHHe TOHATHS <«NOYTH» ONTHMAJbHBIX DeIUeHHH SBJSETCH
3JIeMEHTOM 3aJlaHHs IeJH ONepauuH H TNO3TOMY HOJXKHO
BKJIIOYAaThCSl B NOHSTHE <«IPHHIMI ONTHMaasHOCcTH». JIpy-
THMH CJIOBAMH, MPHHIMI ONTHMAaJbHOCTH JOJIKEH 3alaBaThb
He TOJIbKO MHOXECTBO ONTHMAaJbHBIX CTPaTerHH, HO H «MOY-
TH» onTHMajbHHX. [lo3TOMy HajmuM HOBoe OIpejesieHHe
NpHHIMNIA ONTHMAJbHOCTH, KOTOPOE SIBJSIETCS OCHOBOIMOJIA-
raioluM /s BCeX NajJbHEeHIINX HCCJeJOBaHHH.
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Onpenenenne 1.1.1. [MTpunyunom onrumansrocTu
Hassbieaerca napa (R, &), 20e R — probpascenue, Koropoe
KaxcOoil nape (m, e)eMX& crasur & coorsercreéue nood-
MHOKCECTB0 MHOIKEcTBA S (M).

MHoxecTBo & CayXHuT A5 napaMeTpH3anuyd NOHSTHS
«MOYTH» ONTHMAJIbHOCTH HJIH g-ONTHMAaJbHOCTH, H TOITOMY
MHOXKeCTBO R(m, &) MOXHO TpPaKTOBaTh KaK MHOXECTBO
e-ONTHMANbHBIX cTpaTeruii. B muoxectBe & Moxker cyumie-
CTBOBAaTb TAaKOH 3JEMEHT go&, 4TO MHOXKECTBO R (m, eo)
OyoeT paccMaTPHBAaThCSl KaK MHOXKECTBO ONTHMAJbHBIX
CTparerui, Ho, BooGlle roBopsi, 310 TpeGoBaHHE He HaKja-
ABIBA€TCS Ha MNPHHIHN ONTUMajbHOCTH. B JanpHefimeM B
T€X MeCTax, I'lé 3TO He BLI30BET HENOPa3yMEHHH, BMECTO
o6ozHauenusi (R, &) Ansi KPaTKOCTH GyAeM HCIOJIb30BaTh
npocro R.

Kak yxe roBopu/OCh, B CHTyalHH, KOIZa HaxOKIEHHE
ONTHMAJIbHBIX CTPATErHH 3aTPYAHHUTENbHO, PAKTHUECKH TIPH-
XOMTCSl MEPEXONUTh K 3a7aye MOHCKA g-ONTHMANbHHIX CTpa-
teruil. [losToMy npu mocraHoBKe 3ajaun HEOGXOLHMO YTOU-
HHTh NMapaMeTp e&¢&, 4TO, KOHEUHO, He HCKJIOYaeT cJaydas
e=¢go. KpoMe 3TOro, mocko/ibKy B o6LIEM ciyyae MHOMeCT-
BO R(m, &) COCTOMT He H3 ONHOrO 3JEMEHTa, HeoGXOIUMO
YTOUHHTDb, YTO MLIETCH: XOTs Obl OJHAa €-ONTHMaJbHas CTpa-
TerHsl UK BCE g-ONTHMAJIbHBE CTPATErHH.

Takum o6pa3om, NpHXOAMM K JNBYM 3ajgadyaM: K 3aja-
ye yactHoro Bri6opa UB (R, m, €), To ecThb AIS mpHHUHMNA
onTUMaJbHOCTH R, Momenn m U e=& HaHTH MHOXecTBO P
TakKoe, 4To '

O =P c R (m,¢),

H K 3anaue mnoJgsoro BniGopa IIB(R, m, g), To ectp mas
OpHHLINNA ONTHMAJbHOCTH R, MOIeNH m U e=& HaNTH MHO-
¥®ecTBo P Takoe, uyTo

S(m)ys=P >R (m,¢).

Tpebosanue S (m) =P ycTpaHsieT TPHBHAJbHOE peIlEHHe
P=S8(m). [pyrumu cjioBaMH, pelleHHE 3aJayH MNOJHOTO
BbI6Opa 3aK/1I04aeTcss B HAaXOXAEHHH XOTs OBl OJHOM cTpa-
Teruu u3 S(m), He npuHaanexamei R (m, e).

3ajmaya yacTHOro BhGOpa fIBJSETCS JNOCTAaTOYHO TPajiu-
IMOHHOH. 3afaya MNOJHOro BHIGOPA YacTO BO3HHKAeT NpPH
M3yueHHH OODBEKTOB, KOTOPHE OMHCHIBAIOTCS MHOTOYPOBHE-
BEIMH HepapxHuecKMMH cTpykrypamu [19, 21 22, 33, 46,
49]. HarsgHbIM IPHMEPOM MOKET CHYKHTb npo6iiemMa’npo-
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eKTHPOBaHHS CJIOXHOH TeXHHUYECKOH CHCTeMbl, Hampumep,
camoJsiera. B atom cayuae nas nmoxpasnesieHuil, MOAYHHEH-
HbIX TeHePaJIbHOMY KOHCTPYKTOPY, OCHOBHOH 3ajauel sBJf-
eTCsl He OKOHUYaTe/bHBIH BbIOOD MpPOEKTa, a OTOPaKOBKa He-
yAOBJIETBOPHTE/bHLIX BapHAHTOB. Takum o6pasoM, AJs NMOX-
paslelleHuii ryaBHoe B Hafope MNpPOEKTOB, MpelJaraeMbiX
reHepaJbHOMY KOHCTPYKTOPY, He NpPONYCTHTb HH ORHOTO
MOAXOMSIIET0, TO €CTh g&-ONTHMAJbHOI'O, a OKOHYATeJbHHIH
BHIGOD NPOH3BOJMT TeHepasbHHII KOHCTpyKTOp. CiemoBa-
TeJNbHO, IJif MONUHHEHHBIX NMOApAa3[eNeHHH CTOHT THINHYHAsS
3ajlaya MOJIHOTO BHIGODA.

Ecau Ha pelleHHe 3agayu nosHoro Bui6opa IIB (R, m, e5)
HAJIOKHTD €IlE YCJIO0BHE, YTOGE OHO GbLJIO He CAHLIKOM «IIH-
POKHM», NOTpe6oBaB, HanpuMep, uToObl OHO fBJSJIOCH TaK-
’Ke peleHHeM HEKOTOPO# 3afauH yacTHoro BhiGopa UB (R,
m, €,), TO NPUAEM K 3ajiaue, KOTOPYIO €CTeCTBEHHO Ha3BaTh
3ajauefi MHTepBaJbHOro Br6opa MB (R, m, e, €2), TO ecTb
A1 TPHHIHNA ONTHMAAbLHOCTH R, Monenn m H g, g2.&&
HalTH MHOXeCTBO P Takoe, 4TO

R (m, &) = P < R (m, &,).

HenocpescTBeHHO H3 onpeneseHuii 3anau BhHOopa cie-
nyer, yto ecau 3amasa UB(R, m, e) umeeT pelleHHe, TO
R(m, e)%J; ecan 3anaua IIB(R, m, &) uMeer pellexwe,
10 R(m, €)5=S(m); ecan 3anaua UB(R, m, e, &) uMeeT
pemenue, T0 R (m, g5) SR (m, g;).

HeTpyZAHO TaKXe YCTaHOBHTb CBSI3H MEXAY TpeMs 3aia-
yaM# BBIGOpa. BBeneMm [ NPUHUHNA ONTHMaJbHOCTH
(R, &) momnouHsOLM TPHHIAN onTHMaubHocTH (R, &) mo
dopmyJie _ ‘

R (m, )= S(m)\R (m/"®).

Torpma, o4eBHIHO, BHIIOJHEHO:

1. Ecin P — pemenne 3anaun YB(R, m, g), To P=
=8 (m) \P spnsercs pewenneM 3anaun IIB(R, m, e).

2. Eciin P — pewenne 3agaun [1B (R, m, ¢), To P sBaA-
ercst pelienneM 3axaun UB (R, m, ).

3. Eciu P — pemenne asyx 3agau UB(R, m, &) ¥
TIB (R, m, &), To P— siBnsiercs pemennem sanaun HB (R,
m, g1, €2).

4. Eciu P — pemenne 3anaun VB (R, m, e, e2) u R(m,
&) %9, R(m, &) %S (m), 10 P siBiserc pelleHHem 3a-
nau UB(R, m, e1) u [IB(R, m, e2).

OcHOBHOE BHHMaHMe B JaHHO#i paGore 6yaer Hampas-
JIeHO Ha M3yyeHHe BONPOCOB YCTOHYHBOCTH NMPHHIHIIOB ON-
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THMAJbHOCTH O OTHOLIEHHIO K BO3MYlLEeHHsM Moaeau. ITo-
3TOMy Heo6XONHMO. BHOPaTh HEKOTOPHIl cmoco6 AJsi Oomuca-
HHS BO3MylleHuH MojeaH. [las mpocToTsl GyZeM HCNOJb-
30BaTh AJI 3TOrO MNCEBAOMETPHUKY W, TQ €CThb UYHCJIOBYIO
byHkuuio Ha MXM, ynoBiaeTBOPSIOMYIO YCAOBHSIM:

1) p(m, my=0,. me M,
2) p(m, n)=np(n, m), m,ne M,
) plmyn)tp(n,k)y=pn(m, k), mn ke M,

Ecau B ycnoBun 3) nOJIOXKHTb k=m ¥ BOCIOJb30BATh-
csl ycnoBHSIMH 1) u 2), TO mOJIyyuM

2p(m, ny=p (m, n)+p (n, m) = p (m, my=0,

10 ecTb u(m, n) =0 nas Bcex m, nM.

[MTockonbKy nast AajbHEAINX HCCJAEXOBaHUH CyILeCTBEH-
HO He NOJIHOE OMHCaHHe MOIENH, a JHIIb ee BapbHPYEMBIX
napaMeTpoB, TO B KOHKDETHHX 3ajfayax IJsi KpaTKOCTH 6y-
IeM BKJIOYaThb B ONHCaHHE MOJEJH TOJbKO Te MapaMeTpHl,
KOTOpble MOTYT BapbHPOBAThCSI.

§ 2. Nlpumepsl 3ajaHNA NPUHIUNOB ONTHMAJbLHOCTH

1. PemeHue cucrembl HepaBeHctB. lllupoxuit kpyr 3a-

Jady MOXHO INPHBECTH K 3ajaye pemeHUs CUCTEMH Hepa-
BEHCTB,

ai<fi<x)<bi, xEX, i=l,‘..,ﬂ, (1.2.1)

31ech X — MOAMHOMXKECTBO mpocTpaHcTBa Xo ¢ METPHKOR p,
fi — dyukuuonansr Ha Xo, @i, b;— uMC/IOBbIE NapaMeTpHI.
Mogzeabio B JaHHOH 3amaue MOXHO cuutath Habop (f, X,
a, b), rne f=(fi, ..., fa), a=(ay, ..., @n), b= (b1, ..., bn).
Muoxectso crparernit Aas mozeau (f, X, a, b) MoxHO cun-
TaTh paBHHIM Xo HIH X. ;

HauGonee pacmpocrpaHeHHOe NOHHMaHHE <IOYTH» pe-
IeHuH cHcTeMun HepaBeHcTB (1.2.1) maer NpHHUMO ONTH-
mansHoctu (T4, E'g), rne

T, ((f, X, a, b), &)=0% {x = X]a<<F(x) < b}.

Hanomunwm, uto O XA 0603auaer g-0OKpeCTHOCTb MHOXKECT-
Ba A B Mempuyeckom mnpoctpaHcTBe (Xo, p), a M(A) —
MHOXECTBO IOAMHOXKECTB MHOXecTBa A.

Menee TpajuIHMOHHBIE NPHHUMNLE ONTHMAJBHOCTH MOXK-
HO CTPOMTb, BapbHPYf YCJOBHs, ONpelenfioulHe TPajuiu-
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OHHOE NMOHMMAaHHe pelleHHs. PaccMOTPHM HEKOTODHIH NMPHH-
Wi onTuMagdbHocTH (P, &), rae P:M(Xo) X&—>M(X,),
H CEeMEHCTBO (YHKIHOHANOB fq, o= A, rae f,: Xo—E!l By-
JeM CYHTaTh, 4To ycaoBHe x<P (X, e) 3amaer noHuMaHHe
¢-BHIIOJIHEHHS BKJIIOYeHH x=X, a f, sBasercs a-npubiu-
xeHHBIM O(yHKnuoHanoM K f. Torpa NpUXOOHM K NPHHIH-
ny onTHMaJbHOCTH (T2, &X U XE?®), rae

T, (. X, a, b), &) =
=05 {x S P (X, &)|a—ey < fo, (1) << b+2},

= (81, ..., &), 8= &, 8, = U, (5,8, &) = E3,

s 3ananust noHSITHA OJNM30CTH MOZeJell MOXHO Npej-
JIOXXHTb JIOCTATOYHO €CTeCTBEeHHbIH cmocol, a MMEHHO, CHa-
yaja BBECTH MNCEBIOMETPHKY MJS KaXAOH KOMIOHEHTH, a
MOTOM C MOMOINBIO NMOAXOJSIIEH CBEPTKH, HaNpHMep oIe-
palHH MaKCHMyMa, NOJYYHTb NCEBIOMETPHKY AJS MOJe-
Jel.

OTMeTHM TOJNBKO OJHH eCTeCTBEHHbIH cnoco6 3afaHHs
NCeBXOMETPHKH AJs | B cayyae, KOrjfa A0NyCKaeTcs HCMOJb-
30BaHHE M DPa3pbiBHBIX (GYHKUHOHAJNOB fi. O603HAauuM ye-
pe3 gr[f] rpaduk pyskuuu f, To ectb

gr [f1={(x, u) = X, X E*|[(x)=u}.
BeeneM Ha XoX E™ MeTpHKY r:

r((xy, ty)s (Xg, thp)) = max {p(x;, x,) ;131-2);(1 [ty —uyl}.
IS

OGosnaunm Hr mceBpoMeTpuky Xaycnopda, MOpOXAEHHYIO
r, To ectb pas A, BcXoXEn

Hr (A, B)y=max { sup inf r(a, b); sup inf r(a, b)}.
acA beB beB acA

B kauecrBe meph Gauszoctu ¢ynkuuii f, he®d (Xo, E?) mo-
’HO Hchosab3oBaTh Benuuuny Hr(gr[f], gr[h]). Tako# BH-
GOp NCEeBIOMETPHKM HHOTZA TOYHEEe COOTBETCTBYET peéaJib-
HOH o6GCTaHOBKe, YeM, HalpuMep, DPaBHOMEpHas MeETpHKa
re(f, By =sup|f (x)—h () |.

= A0

IMycrs °f kycouHo nocrosinHa Ha [0, 1]=2X, u 3apaercs
B Bule [(X)=c;, ecniun xE[t;, Lin), 0=H<..<h=1
[Tpu BHIYHCJEHHSX C TaKOH (YHKUHEHd MOryT JAOMNyCKaTbCs
olHGKH KaK B BEKTOpax C;, Tak u B f;. B wacTHOCTH, ecaH

fx)=0mpn x = [0, 1/2); f(x)=1mpu x=[1/2, 1],
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a BO3MYILeHHasi GYHKIUHS HMEET BHI

fa (x)=0 mpu x ][0, 1/24+8); fo(x)=1 mpu x=
ell/2+54, 1],

TO 1npH J1060oM §70 paccrosinne Mexny f u fs B paBHOMEp-
Hoii merpuke pasHo 1, a Hr(gr[f], gr[fs])=|8].

2. 3apaya makcuMu3auuu ¢yHkumonana. C 3amaueit
MakcuMusanun ¢yekunu f ua MHoxectBe XX, OGHUHO
CBSI3HIBAIOT ABE NPOG6JeMHL.

[lepBast — nafiTu BeUYHHY

sup f (x), (1.2.2)
xeX

a Bropafd — HaHTH cTparterud, peanusyiomue (1.2.2). B
3TOH 3ajaye ecrecTBeHHO cuutaTh Mogmeanio (f, X). Has
3ajgayu mnoucka (1.2.2) MHoxecTBO crpaTeruii Aas Jo6oi
Mozmenu paBHo El, a ass 3ajmaum moucka peasudanuit — Xo.
TpanuuuoHHOEe NOHMMAaHHe BeJHYHHH, Gauskoi kK (1.2.2),
OTpaxkaerT NPHMHIMN onTuManbHOocTH (Sup,, E'g), rie

Sup, ((f, X), © =[§gg(f (x)—e; i‘é&f(x)*e]' e EL -

s momcka peanM3anuii OGHIYHO HCHOJB3yeTCS MPHHILHI
onTuMa/bHOCTH (Arg sup;,Elg), rae

Argsupy ((, X), &)= 0F (xS XIf (9 =sup [ (), e=E}

YacTo MeTONHl pelleHHs 3ajauH NMOHCKA Peanusaluit Aa-
I0T TOYKY, KOTOpasl yAOBJETBOPSIET APYroMY NPHHIMIY OM-
THMaabHocTH (Argsups, Elg), rae

Argsup, (F, X), &)= (+ < XIf (9 +0 > sup [ (), o= Ef,

Hcnonmb3yst A/t NOCTPOEHHS] NPHHIMNOB ONTHMAJbHO-
CTH HZAEI0 BapbHPOBAHHs OrPaHHYEHHH, ONpeaeJSIOUINX
NPHHIUN ONTHMAJbHOCTH,. MOXKHO NpPEAJIOXHTb DAN Herpa-
TUIHOHHBIX MPHHUMIOB ONTHMAJbHOCTH A5 3ajau - (1.2.2)
U NOHCKa peaju3alui.

[Mycts mpunuun ontumanpHoctd (P, &), Kak H BHIIE,
OTpa)kaeT e-BHINOJHEHHe orpannueHui x=X, a f, fABIger-
cs a-npubnmkenueM K ¢QyHKIuoHany f, as U. Ilas sanaun




§ 2. MIPUMEPHI MPUHLIUMOB ONMTHMANBHOCTH 29

(1.2.2) MOXHO NpPENJOXKUTH NPHHIHUI ONTHMAJbHOCTH
(Supsg, A 2X&?XE'g),

Supy ((f, X),&)=[ sup f[e (x)—e5; sup fe,(x)+&l,
xeP(X,8,)

xeP(X,e3)
. e=(g, .. , &);
e,8EU; &,8E8; ebeEéB.
Ecau no CMBICAY 3aJaydl AOCTATOYHO NOJYUUTDH JIHIIb BEPX-

HIOIO HJIM HHUXHIOIO OLEHKy JnJas BeanwunHsl (1.2.2), To B
3TOM CJyYae MOXHO PacCMOTPeTb MPHHUMNL ONTHMAaJbHO-

cru (Sups, U XEXElg), (Sups, ¥ XEXE'), rre
S—l-‘pz f, X), &)=1[ sup fe, (x)—eg + ),
xeP(X, &)
6 EY s eEE, g by,
éﬂp‘: ((f’ X), &)= (—- 00, p )fex (%) +&,l.

su

xeP(X,8e,
[Tonumanue TNpPHOIHIKEHHOH peasu3aluH BEJHYHHBI

(1.2.2) MoxHO 3amaTb ¢ NMOMOIIBIO NMPHHIMIA ONTHMAJbHO-

cru (Arg sups, &2X A2 X Elg), rae

Arg sups ((f, X), &) = :

={xEP (X, &)|fe, () -+& = sup [e, (4)}

yeP(X,8;)

E=(ey .., 8); &,8E8; &,8EU; &by

Bo3MOXHH U Apyrue NMYyTH BapbHPOBaHHS OTpaHHYEHHH.
Hanpnmep, cBsi:xkeM ¢ MHOXKecTBOM X HEKOTOPHIH (yHKIH-
onaa K(X, x, e), x&X,, eEng. O6bIYHO 3TOT QYHKIHOHAJ
Ha3HBalOT WTPapHEIM H TPe6YIOT OT HEro CJEAYIOIEro
CBOHCTBa:

lim K (X, x, &)=

0, ecan xeX,
>0

-+ o0, ecau x&EX,

HJIH YCJOBHH Takoro xe tuma. Toria HoHATHe NPHOJHIKEH-
Horo pemeHus 3agaun (1.2.2) MoXHO 3amaTh C NOMOIIbIO
NpuHUHNa ontuManbHOCTH (Sups, UZXE2XE'g), rae e=
= (&1, ..., &) H

Supg ((F, X), )= [ Sup (e, () —K (X, x, &) —&y ;
SUp (fe, () —K (X, £, &)+ 8.

Ha ocHoBe storo NpHHIHIA ONTHMAaJ/JIbHOCTH, aHaJIOTHYHO
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NpefbyIeMy, MOXKHO NOCTPOHTb NPHHUIHIL ONTHMAJbHO-
CTH, COOTBETCTBYIOIIHE 3aJaye NMOHCKA BEPXHEH M HHXKHEH
oueHoK BeanyuHn (1.2.2).

EcrecmBento c¢ (Sups, W X&2X E'g) cBsi3aTb NPUHIHI
ontuMatbHocTH (Argsups, UEX&2XE!g), cootBercTBylo-
1M 3afaye NMOMCKA peasH3aluit

Argsup, ((f, X), &)= {x E Xolfe, () —K (X, x, &) +
+85 >yseu)? [fsz (y)_K (Xv y’ 84)]}'

OrmernM, 4To pellleHHs], OTBeYAlOU[Me NMPUHIHUIAM ONTH-
MaJbHOCTH Sups, Argsups, MBIl CUHTAeM MOYTH ONTHMAaJb-
HBIMH peLIeHHAMH COOTBETCTBYIOLIMX HCXORHBIX 3ajay He3a-
BHCHMO OT TOrO, BBHINOJHEHB HJIH HET TeOPeMbl O CXOJHMO-
CTH MeToja WTPadHBX HYHKIHH.

3. MuorokpuTepHaJbHbie 3ajaud onTHMM3auuu. [loa
MHOTOKDHTEDHAJbHON 3ajauell ONTHMHU3ALUH NOHHMaercs
3aflaia MakKcHMH3auud OGYHKIHOHAMOB fi, ..., fn, THe fiE
= (Xo, E'), Ha mHoxkectBe X. CTporo rosops, 3Ta 3ana-
ya siBJIsIeTCsl HeJOoONpele/eHHOH, TaKk KaK He SICHO, 4TO MO-
HUMaTb INOJ OAHOBDEMEHHOH MakKcHMHu3auueid Bcex OQyHk-
UHOHAJOB [y, ..., fn. [lO3TOMY, B OT/IHUHE OT NMpeXBIAYIIHX
NpHMEpPOB, TJe NOHSTHE ONTHMAJbHOH cTpaTerud OBLIO 3a-
IaHO M paccMaTpMBaNHCh JIHIIb PasjH4Hble BapHAHTH ON-
pelesNeHusl e-ONTHMAJIbHOCTH, B MHOICKDHTEDPHAJbHBIX 3a-
Jladax ¥ ONTHMAJbHOCTb H €-ONTHMAaJbHOCTb HYXXHO JAOOMN-
pelensTs.

B xauectse Monenu mpumem (f, X), nze fe® (X, E"),
X<=Xo. Taxk xe, KaKk U B 3aflaie MAKCHMH3aUHH (YHKIHOHA-
Ja, 3leChb MOXHO BBIAEJNHTb JBe npobaemel. IlepBasi — ato
ompenesieHue, Kakue ke BeKTOpH vef(Xo) cuuraTh g-om-
THMaJbHBIMH; B 310M caydae S(f, X)=E™. Bropas — ka-
kHe x=X, cuurath e-onTumasnbHbIMH; 3xech S (f, X)=Xo.
[lepByio 3apmauy Oynem HasbiBaTb 3ajayell NOHCKa g-OI-
THMAaJIbHBIX 3HAYEHHH, a BTOPYIO — 3ajayell NMOHMCKa g-Oml-
TUMAaJIbHBIX peaJjiu3alui.

[Mpu pemeHnn nmepBoi mMpo6/eMH 4acTO MOCTYNalT CJie-
IywompM ob6pasoM. Ha MHoxecrBe E™ BBOAAT HEKOTOPOE
OTHOIIEHHe NOMHHHMPOBaHHS M CUHTAIOT ONTHMAJbLHBIMH IS
mHoxecTBa VE™ Takue vV, Kotophie He NOMHHHDYIOTCS
B CMBIC/J€ BBEJIEHHOrO OTHOIIEHHS HHKaKuM ueV, To ecTb
paccmatpuBaercsi c-aapo otHourenus Ha V. Ilpusesem He-
KOTOpPHE NpPHMEPH OTHOIUGHHH, YacTO BCTPeyaloumuxcd B
KOHKPETHHIX 3afayax.

u>veu;>v aai=1, .., n,
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ubveu;>v;aas i=1,..,n, ¥ cyuecTByer j Tako#, uTo
>, 1<<j<<n, u>veu,>uv,, riei,= mini.

ui;tvi

Ecau 06o3Hauuth C. (V) c-1po OTHOIIEHHS AOMHHHPO-
paHus, o603HauenHoro 3k, Ha muoxecrse V, To Cs (V) Ha-
3HIBAIOT MHOXKECTBOM MNONY3((EKTHBHBIX BEKTOPOB MHOXKe-
crBa V [62], C (V) Ha3HBalOT MHOXKECTBOM BEKTOpoB V,
ontuMaabHbIX Mo [Tapero [62], a Cs (V) HasbBalOT JEKCH-
xoppaduueckuM MakcumymoMm [61].

Hau6Gosee mpocto 3ajfaTh Tenepp g&-ONTHMAJbHOCTh C
NOMOIIBI0 HEKOTOPO# MeTpukH d Ha E™. Tak, NpuHUMIH OI-
rumaavHoctn (P, E'g), (T, Elg), (Lex max, E'g), rae

?1 ((f, X), & =0e (C> (f (X)),
T4 ((F, X), &) =08 (C- (F (X)),
Lexmax ((f, X), €)= 0¢ (Cx (f (X))),

3aJal0T MOHSTHE £-ONTHMAJbHOCTH COOTBETCTBEHHO IJIfi TMO-
nys¢eKTHBHEIX BEKTOPOB, I/ MapeTOBCKHX BEKTOPDOB H
15 JeKCHKOrpaduueckoro MakcHMyMa.

Onnako Takof cmoco6 3aJaHHSl g-ONTHMAJBbHOCTH HE
Bcerna yno6eH. Tak, Hampumep, ecau f(X) — OTKphITO®
MHOXECTBO, UTO B CJydyae OJHOrO KPHTEPHS COOTBETCTBYET
HEe[IOCTHKHMOCTH BepxHeil rpauu, To umeem 2 ((f, X), &) =
=, ((f, X), &) =Lexmax ((f, X), &) =0.

MOXHO MNpPENJOXHTb HAPYrofi CHoco6 3amaHusl MOHATHSA
g-onTuMaJbHocTd. OH OCHOBaH Ha TOM, YTO g-ONTHMAJbHHI-
MH CTPAaTerusiMH CUMTAIOTCS CTPAaTerHd, NpHHALJIeXalue
C-1Py HEKOTOPOTO BO3MYIIEHHOTO IO OTHOLIEHHIO K HCXOA-
HOMY OTHOLIEHHS JOMHMHHDPOBAHHSI.

Tak, HanpuMep, paCCMOTPHM OTHOLIECHHS

uSveuw>uv+e ma i=1,.,n; esEg.
e

*

u ﬁ veu >v,—a; aag i=1,2, .., n, B CylecTByeT
o

i Takoh, uto u;>v;+p;, 1<j<n; o, pEEg.

ugv(z)u,-,,>v,-o+ﬁ,,, rae ip= min i; o, p = Eg.
- o

luj—o; |>e;

OTH OTHOLIEHHS MOXKHO CYUTaTb BO3MYUIEHHAMH COOTBET-
CTBYIOIHX OTHOHIeH}iﬁ, BBE€JEHHBIX BbILIC.
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Tenepr NPUHUANE ONTHMAJBHOCTH MOHO ONpPEJENHTb
TakK:

T2 (F, X), &)= C> (FAX),  e=Eg;
T (G, X), 2, B)=Cp(F (X)), o B Ey;

o4

Lex ((f, X), a, p)= C>s(f X)), o, B Eg,

OTmeTHM, 4TO BO3MYIUEHHHE OTHOLICHHS JOMHHHDPOBA-
HHsl He 00SI3aHBI COXPaHATb CBOMCTBA HCXOMHLIX OTHOIIEHHIL.
Taxk, ecin cymecrByloT i, j Takue, yto i¥j, Bi<<ay, B%<
<<aj, TO CyWEeCTBYOT #, veE™ Takue, 4To Uv, HO U |- U

13

] »

u U |- u. [IpamepoM Takoft maph #, v MOXeT CAyXHTb Clle-

o
nywomas: Up=; 1 ks=i, j; wi=0vi4 (ai4pi)/2, uj=
=0;— (a;+B;)/2. Onnako, ecin B==a, TO yTBEPKAEeHHS
Ul UHU|u He MOryT GHITH CNPaBEeNJNHBH ONHOBPEMEH-

(2 a
HO. JlefiCTBHTE/IbHO, M3 MNPENNOJIOXKEHHs, YTO OHH BHINOJ-
HeHBI, caenyeT, uTo |u—v|<a # pi<<ui—ui<<ou.
8
Herpynno BHaets, 4T0 M/Isl OTHOWICHHS |~ TpaHSHTHB-
x

HOCTb TAKXKe, BOOOIIe I'OBOpsi, He HMeeT Mec:'rg. Onnaxko,
B B—a

€CIH U | U w, TO 4 |- @, JIng OTHOWIEHHS > YTBEpXK-
a a 2¢ a

B B
JeHHsT U >V H U > U He MOryr OHITH cnpaBedJIUBbl OJHO-
a [+

BPEMEHHO HH NpPH Kakux a, fE"g. Ho cBofieTBo TpaH3u-
THBHOCTH AJ151 > TPH o.7=0 He BBHINOJHEHO.
o

Kak ¥ B mpefbIymux mpEMepax, MOXKHO BMeCTo (yHK-
min f u MHoxecTBa X paccMOTpeTb COOTBETCTBYIONIHE
MPHHIANE ONTHMAJbHOCTH, OTpa)Kaiouine MpPHOIHKEHHO
3ananue f u npuGamxkeHHoe BHNONHEHHE BKJIIOUEHHS x&X.

Ilpyroii cnoco6 mocTpOeHHs] NPHHIMIOB ONTHMAaJbHOCTH
B MHOTOKDHTEpPHAJbHBIX Baflauyax CBS3aH C NPHMEHEHHEM
cBepTkH. CBepTka — 3T0 ¢yHKuHs Fe=®(E™, E'). Ilycrs
(R, &) — npHHUMT ONTHMAJBLHOCTH, ONpEAeSIIOLHH g-ONTH-
MaJibHBIE peaH3aliM B 3aflaye MaKCHMH3auuu GyHKuuu F
Ha MHoxecTBe V, To ectb Ha momenu (F, V). Toraa B ka-




§ 2. IPUMEPHI ITPHHLHUIIOB ONTHMAJIbHOCTH 33

gecTBe NPHHIHUNA ONTHMAJbHOCTH B MHOT'OKPHTEpPHAJIbHON
3afiaue MoxcxHo npexnjoxuts (T, &), rue

T ((f, X), &) = R((F, (X)), #).

B kadectBe R MOKHO B3siTb M0G0/ NMPHUHUHI ONTHMAJbHO-
CTH I/ peajM3auuil U3 mpeAblAyLIero NyHKTa.

B Gosee obuieM ciayyae cBEPTKAa MOMKET CaMa 3aBHCETb
oT napamerpoB, To ectb Fe®(EnX¥, E'). Torna umeeMm
npuHUHN ontuMajbHocTH (T, UX &), roe

T (f, X), @, &) =R ((F (-, @), [ (X)), ®).

[Tpu nmocrpoeHHHM NPHHUHMNOB ONTHMAJbHOCTH IJISi pea-
JHU3alHK, TO ecTb AJs OnpeleseHHusl TOro, Kakue CTpaTerHu
xeXo GyAyT Ha3bIBaThCA e-ONTHMAJbHBIMH, MOXKHO MpHMe-
unuth caepywomuii npuem. Ilyers (7, &) — npHHIHAN ONTH-
MaJbHOCTH B MHOTOKDHTEPHAJbHOH 3ajave JJsi BEKTOPOB
3Hauenuil. Torga npuHnun ontuManasHoctH (Q, &), rae

MOXHO TNpeNJIOXKHTh IS 33aJaHHUS e-ONTHMAJbHOCTH I/
peanusanuii. Bo3sMOXHE, KOHEYHO, U [pyrue cmocoObl IO-
crpoerus. [IpuBeneM oJHH TaKOH NPUHIHUN ONTHMAJbHOCTH
1N JeKcHKorpadHueckoil 3ajaud MakKcHMH3auuu  [56].
O6o3naunm fi=(fy, ..., fi; ai=(ao, ..., ai), a;&Elgy. [Noao-
KHM

LX), 0= suw (o),

Ly (7Y, X), at, B%) = {x & Ogy (X)If, () + 0, =1 (7, X), B°)},
iy (FF, X), ai=1, pi—2) = sup fi (%),

rel;_y(fi1,X), ai—1,pi=2)
Ly, X), o, Bty = {x = Liey (7", X), @1, B9 F, (1) +
+a; = (F, X), B, a-2)},

i=2, ..,n

2n—1
B kauecTBe npuHUMNA ONTHMAaJIbHOCTH BEIGepeM (L,, Eg ).

4. MakcumuHHble 3ajayd. B nocnenHee BpeMs HHTepec
K nofo6HOro Tuma 3ajayaM yBeJIMUYHBaeTcs (CM., HallpuMep,
[12, 25, 26, 71, 81]).

2 . A. Monoauos
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Tak ke, KaK » B IpeJbAyIIUX NpHMepax, B MaKCHMHH-
HbIX 3a]aYaX MOXXHO BbIAeJHTb ABe npobaeMbl. IlepBas —
3TO HAXOXJEHHE

sup inf f(x,y), (1.2.3)

xeX y=Y(x)
a BTOpasi — 3TO HAaXOXJeHHe CTpaTerHd X, peajH3yIOIHX
BepxHiolo rpaHb B (1.2.3). B xauecTBe MoJenu 31ech €CTECT-
peHHo BuGpath (f, X, Y), rme XcXo Y:Xe—>T(Yo),
f:XoXYo—E. Jlns sazauu nonmcka BeauuyuHs (1.2.3) mo-
aoxuM S(f, X, Y)=E!, a nns noucka peajusanui moJo-
wum S(f, X, Y)=X,.

Isis 3aiaHusi MPHHIUNA ONTHUMAJBHOCTH AJs 3afauH
(1.2.3) BBemeM cHauaja NOHSTHs, OTpakaloumue TPHOIH-
JKEHHOe BhIMOJIHEeHUue BKJUeHHH x=X, y=Y(x), n QyHk-
uuio, npubanxkennyio x f. rak, nycts

AX,0) = X,, B(Y,o): X,—M(Y,), F(f'o): X, X Yo—E*
s Beex o=, Bxiawouenne x=A (X, a) HHTEepuperHpyer-
csi KaK o-NpHOJHKEHHOEe BBINOJHEHHEe BKJIIOUeHHS x&X,
BkJIoueHne ye=B(Y, a) (x) uHTEepmperHpyercsi Kak q-IpH-
GMHKEeHHOe BBIOJNHEHHe BKJIwueHHs yeY(x), a F(f, a)
paccMaTpHBaeTcs KaKk o-npHOnHxKeHHas (QyHKuuS K QYyHK-
iy f. O603HauuM

u((f, X,Y),0)=_ sup inf  F(f,a)(x,y).
x€A(X,a) yeB(Y,a)(x)

[Tpunuun ontuMansHoctd (h, A2 X E%g), rne
h’ ((f’ X’ Y)’ al’ a2’ 81; 82) =
‘ =[u ((fr X1 Y)» al)_al > u((f’ va)’a2)+8217

3ajJaeT NOHsITHE g-ONTHMAaJbHOCTH B 3ajaue (1.2.3). Bapobu-
pys onepatopel A, B, F, MOXHO NOJYyYHTb KOHKDeTHbIe ce-
MeHCTBA NPHHIMMNOB ONTHMaJbHOCTH ans 3ajgaun (1.2.3).

ITpn 3ajanny MPHHIHUNA ONTHMAaJbHOCTH, COOTBETCTBYIO-
I[ero 3ajaye MOHCKA peajH3aluil, MOXXHO BOCIOJNb30BaThCs
cXeMO# MOCTPOEHHsS] MPUHIHNA ONTHMaJbHOCTH Arg sups H3
MyHKTa 2. A HMEHHO, TOJIOXKHM

H((f» X, Y)r a, g) =
={reAX,a,)| int  F(f,o)(x,9) = u(f, X,Y), a5)—e};
YyEB(Y, a,)(x) .

31ech a= (aj, ag a3) =3, e=Elg.
Bmecro 3ananns cemeficrBa ¢yuxuuit F(f, a), npuban-
JKEHHOID K [, MOX1O 1 J106bX (v, y) XX Y, 3anaBath
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MHOXKECTBO 3HayeHuH, Onu3kux K 3Hauenuwo f(x, y). Ilo-
Jayuum otobpaxkenue G:XoXYoXU->M(EL), rne G(x, y, @)
MOHUMAETCs KaK MHOXeCTBO 3HaueHHH, o-NPUOJMXKEHHBIX K
f(x, y). TIlockoJbKy npu GuKCHpOBaHHOM a G SBJSIETCS, BO-
oflie roBOpsi, TOYEYHO-MHOXKECTBEHHBIM OTOGpaKeHHEM, TO
BO3HMKAeT MPHHUHNUAJBLHBIH BOTMPOC: YTO MOHHMATh MOA
BbIpaXKEHHEM inf  G(x, y, a)? 3gecb MOXHO BBec-
yeB (Y,a) (x)

TH OTHOILIEHHEe YaCTHYHOIO MOPSiAKAa Ha MOAMHOXkecTBax E!
H B KayecTBe HMXKHeHl I'DaHH paccMaTpHBaThb C-fAPO 3TOIO
OTHOIUEHHUsS] HJIM KAKOH-TO aHaJOrHuHbli 06bekT. IIpu stom,
KOHEYHO, BO3HHKAIOT Pa3/JHYHble BOHNPOCH O COINIACOBAHHH
BBEIEHHOTO OTHOIUEHHSI ¢ OOBIYHBIM OTHOIIEHHEM MNOpSAKa
I/l IeHCTBHTENbHBIX YHces, O NpeleJbHOM Hepexofe, KOor-
Ja MHOXecTBa cTsirMBalorcs B Touky, u T. n. Eme Gosee
CJIOXHBIM SIBJSIETCS BONPOC O TOM, KaK MOHMMAaTb BEPXHIOIO
rpaHb OT MOJYYEHHOro MOocje MHHHMH3alHH 0GbeKTa.

YKasaHHyl0 3aMeHy onepauuii sup u inf MoXHO mpoBo-
JHTb He TOJIbKO B c/lydyae ONMHCAHHUsi MPUOMHKeHUs K (YHK-
UMM [ ¢ HOMOIIBIO TOYEYHO-MHOXKECTBEHHBIX OTOGpaXKEHHI.
Taxk, ans onucanus ¢ nomolblo cemeficTBa pynxuuit F (f, a)
MOXHO 3aMeHHTb omlepanu# sup u inf Ha apyrue, Hampu-
Mep, Ha CYlIeCTBeHHble BePXHIOIO M HHIXKHIOIO TpaHH.

AnasnornuHo cmoco6aM NOCTPOEHHs] NPHHIMUIOB ONTH-
MaJbHOCTH [JIfi MAaKCHMHHAa MOXHO INOCTPOHTb NpPHHIUIEBI
ONTHMAJIBHOCTH ¥ JJIsT KpaTHOro MakcHMHHa. UTo6H He 3a-
IPOMOXKJAATh H3J0KeHHe, He OyneMm 3aech NPHUBOJUTH HX
KOHKDEeTHBI!l BHI.

C MakCHMHHHBEIMH 3afayaMy TE€CHO CBSi3aHBI 3aJlayuH 10-
HCKa CeJJIOBBHIX TOYEK H CHTyauu#i paBHOBecus no Hauy,
BO3HHKaIOIHe B Teopuu urp. B Teopeme 2.5 [18] B n0BOJBb-
HO obuieM cjydyae 10Ka3aHO, YTO MHOXKECTBO CUTyalUuH pas-
HOBECHS COBMIajaeT ¢ MHOXKECTBOM peaJsu3anyuii HEKOTOpOro
MakcumuHa. [ToaTOMy mJisi NOCTPOEHHSI NPHHIHIOB ONTH-
MaJIbHOCTH, OTBEYAIOLIUX 3ajaye MOHCKAa CHTyallull paBHO-
BECHsl, MOKHO BOCIOJIb30BaTbCsl NPHBEJEHHBIMM BBILIE CIHO-
co6amu.

§ 3. Onpenesenus ycTofiunBOCTH
APUHIUMIOB ONTHMAJIbHOCTH

Ipu BBeNeHMH TOHATHI YCTOHYHBOCTH 1151 NMPHHIHUIOB
ONTHMAJbHOCTH GyjaeM pyKOBOICTBOBATbCS, MpeXK1e BIErG,
KaK COAep:KATeNbHBIM CMBICIOM TIOHSITHSI HENpPEpPbIBHOCTH

2%
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oTo6paxkeHHil B METPHYECKHX M TOMOJIOTMYECKHX IPOCTPaH-
CTBAaX, TaK H COJEpKaTeJbHOH CTOPOHOH MOHSATHS <«NPHH-
LHI ONTHMAJbHOCTHY.

CHayana pacCMOTPHM NOHATHE HEMPEpPLIBHOCTH OTOGpa-
;keHus MeTpuueckux mpoctpaHctB. Ilycts (X, px), (Y, py)
— MeTpHueckHe mpocrpaHcmBa, a fe® (X, V). Orobpa-
JKeHHe [ Ha3bIBaeTCsl HENPEepHIBHBIM B TOYKE Xo, €CJIH JJIf
mo6oro ¢=>0 cymwecrsyer >0 Takoe, yTO AJS BCEX XE
€0 X (x0) BHIOJHEHO

oy (F (2), f () <e. (1.3.1)

[TockonbKy MHOXKECTBO (034 (y) noHnMaercsi OGBHIYHO Kak
MHOXECTBO TOYeK, «OJH3KHX» K Y HJIH «INOYTH» COBNAJAl0-
ILHX € Y, TO eCTeCTBEHHO CBA3aTh ¢ oToOpakeHHeM [ MpHH-
uuMn ontuManpHoetdH (F, Elg), j1s KOTOpONo

F (x, &)= 0y (f (x)),

MHOKeCTBO MozeJeil paBHo X, a S(x) =M (Y).

Kasagnochk GhHl, ecTeCTBEHHHIM 0606IieHHEeM NOHATHS He-
NPEPHIBHOCTH OTOOPaXKeHHsl SIBJSIETCS ONpeleJeHHe YCTOMH-
YHBOCTH NMPHHIHMNA ONTHMAJbHOCTH Ha Mompenun meM. Ox-
HaKoO Tako# NmyTb He coBceM yn00eH IO CJAeAyIOImHM NpH-
ypHaM. YciaoBue «najas Jwo6Goro e=>0» B obuwem cayyae
JOJI)KHO NEpeXONUTb B YCJIOBHE «AJs Jioboro e=& \ {eo}»,
Tle gy COOTBETCTBYeT MHOXECTBY ONTHMAaJbHBIX peLIeHHH.
Ho nockosbky B ofmeM ciayuae He Hesaercs NMpeRnoJioxe-
HHA HH O CYLIECTBOBAHHH TAaKOrO €y, HH O BHINOJHEHHH
BKIoueHuss R(m, ¢) DR(m, e¢), TO NOCTpOeHHe MNOHATHSA
YCTOHUHMBOCTH 1O TaKo#i cxeMme mnorpeboBaso Obl MHOro He-
€CTeCTBEHHHIX OTOBOPOK M JOMOJHHUTEJbHHX ycjaoBHHA. Kpo-
Me 3TOro, HCNOoJb30BaHHE MOHATHS HeNpEepLIBHOCTH HA MpakK-
THKe OGBIYHO CBA3aHO C 3aMeHOH f(xo) Ha f(x) mpu Heko-
TOpOM (HKCHPOBaHHOM g >>0. Yc/0BHe NPOH3BOJILHOCTH &>
>0 naer NMOTEHIHAJbHYI0 OCYIIECTBHMOCTb TaKOH 3aMEHBI
npu J1060# TOYHOCTH, HO B JIIOOOH NpaKTHYECKOH 3amaue
HyXHa TakKas 3aMeHa TOJIbKO MJisi BHIOpaHHOrO g, a He A
Jaio6oro. ITosTtoMy npakTHyeckH yao6Hee M onpelesneHHe yc-
" TONYMBOCTH MPHHIHNA ONTHMAaJbHOCTH (OpPMYJHPOBATH HJsI
(HKCHPOBAHHOIO g, TO €CThb (PaKTHUECKH ONpeJessiTh YCTOH-
YHBOCTb Ha mape (m, g).

Cuaenylolee 3aMeyaHne OTHOCHTCS K ONHCAHHMIO BapHa-
IIMA NepeMeHHOH X WJIH, YTO COOTBETCTBYeT B ONpeeJeHHH
yCTOHUHUBOCTH, MOZeNH m. B ocHoBHOM OyaeM NpHIEPKH-
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BaTbCA TAKOH K€ CXeMbl, KaK H B ONpejesleHHH HempepbiB-
HOCTH. 3aMeHHM MeTPHKY px Ha MCEeBJOMETPHKY | U BMECTO
caoB «cymectsyer 6>>0» 6yneM B onpeiejeHHH YCTOHYH-
BOCTH YKa3blBaTb NMOAXOJflIHEe § C NOMOIIBIO CIENHaNbHO-
ro oToOpazkeHHs.

Paccmorpum rtenepp HaunGojee HHTEepecHHH BONpoC O
TOM, YTO IOJIXKHO B ONpeAeJeHHH YCTOHYUBOCTH MPHHIHNA
ONTHMAJbHOCTH cOOTBeTcTBOBaTh ycJjosHio (1.3.1). Herpyn-
HO TMOKa3aTh, YTO ONpejejeHHe HeNpepbiBHOCTH [ B TouKe
X¥o MOXHO Cc(OpPMYJHpPOBATh B CJe/yIOlleM 3KBUBAJIEHTHOM
Bule: Aas Jgoboro ¢=>0 cymectBylor o (0, e) u 60 Ta-
wie, 4To LJs JI06hX xe0Xg (xy) BHIIOJHEHO

oy (F (%), [ (x) <e—a. (1.3.2)

Ecn Bocmosnb30BaThCsl BBELEHHBIM NDHUHIHUIIOM OITH-
majabHocti (F, Elg), To ycaosue (1.3.2) MoxHO 3amucaThb
B BUIE

F (x, @) < F (x,, ©) (1.3.3)
114, YTO B NaHHOM CJyYyae SKBHUBAJEHTHO, B BHIe
F (x4, &) < F (x, €). (1.3.4)

Coornowennsi (1.3.3) u (1.3.4) NoJ0XHUM B OCHOBY yC-
JIOBHH, KOTOpble B ONpefeNeHHH YCTOHYHBOCTH NPHHUHIA
ONTHMAJbHOCTH GyAYyT COOTBETCTBOBaTh ycsaoBHio (1.3.1).
OaHako ¢opmanbHass 3aMeHa INpUHLUMNA ONTHMAaJbHOCTH [
Ha NpPOH3BOJNBHOH R, X Ha MOJeJjb m MU COOTBETCTBYIOIIHNX
a H & He coBceM yno0Ha, Tak Kak B ofuieM c/jaydae CTpPYK-
Typa MHOXeCTBa CTPaTeruii Moxer ObITb TakKOBa, YTO
S(m)NS(mo) =<. Hanpumep, S(mo) cocTout u3 ¢yHkuHo-
HaJIOB, ONpeleseHHhX Ha MHOXecTBe (YHKIMH BeliecTBEH-
HOH mepeMeHHOH, TO ecTb

S (mg)= @ (@ (E, EY), £7), S(m)=® (D (X, X), X),

rie X — HeKoTopoe KOHeuHoe noxaMHoxectBo El. Ha mpak-
THKe TakHe CHTyalldd 4acTO BCTpPEYaloTcss B CBSI3H C HC-
M0Jb30BaHUEM YHCJAEHHBIX MeTOHOB. J[leficTBHTENbHO, NPH-
meHeHne DBM cBsizaHO ¢ HEOOXOAHMOH JHCKpeTH3alnueH 3a-
Jayd, H DPUXOJUTCSI CpaBHHBaTh (DYHKUHH A, 3aJaHHbIEe Ha
HEKOTOPOM HeNpephLIBHOM MHOKeCTBe, H QDYHKUHH g, 3alaH-
Hple Ha cerke. OGBHIUYHO NMpHMEHSIOTCA ABa moxxonxa. JIn6o
CpaBHHUBaeTcsl CyXeHHe h ¢ ¢yHKuuel g, iu60 HEKOTOPbIM
crmoco6oM NOONMpenensioT g Tak, 4To NojaydaeTcss (pyHKUHS,
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3ajaHHasl Ha HeNPePbIBHOM MHOKECTBE, H OHA yXe CPaBHHU-
Baercs ¢ h.

3aech AJsi YyCTPAHEHHs YKa3aHHBIX TPYAHOCTE, CBsI3aH-
HBIX C Pa3JMYHOW MPHUPOAOH PA3JHYHBIX MHOXKECTB CTpaTe-
I'ui, pUMeHsieTcsl aHaJOrMyYHbi npHeM. XOTS HETPHBHAJb-
Hble NPHMEpHI, Ie MHOXKECTBO CTpaTeruii CyLleCTBEHHO 3a-
BHCHT OT MOJeJH, He BOLUNIH B HacTosiyio Ny6JHKalHIo, HO
Npe1CcTaB/AseTCsT €CTECTBEHHBIM CTPOUTb ONpejeJeHus yc-
TOAYHBOCTH NPHHIHUIOB ONTHMAaJbHOCTH TaK, YTOOBI OHH
OXBaThiBaJiM H BecbMa Ba*KHBIH cJydal, KOTla MHOXeCTBa
CTpaTerud AJs Ppas3fHUHBIX MOAeJNEH MOryT HMeTb pa3Jjiuy-
Hyto npupoay. IlostoMy ans cpaBHeHHsi cTpaTeruii U3 MHO-
xmectB S(m) u S(n) BBegeM orobpakeHHe Q, KOTOpoe Ji0-
6ot nape (m, n)=MXM n nw06oMy xS (m) CTaBHUT B CO-
OTBETCTBHE HEMyCTOe MHOXKECTBO

Q(x, m, n) < S (n).

Otobpaxenne Q 6GyneM HasbiBaTh HHTepnperauuei. Ero
pOJib aHaJIOTHYHA POJIH OTOOPAKEHHUST CyXKEHHs M POJIH OTO-
Gpaxkenus, KoTopoe (yHKUHIO, 3aJlaHHyl0 Ha ceTke, Iiepe-
BOAMT B (PyHKLHIO, 3aaHHYIO HA HENPepHIBHOM MHOXKECTBe.

HOns XS (m) 6ynem o603HayaTh
Q(X,myn)= U Q(x, m,n).
xeX

Ecin X=0, to nonoxum Q(J, m, n)=J; B NpOTHBHOM
cayyae Q (X, m, n) #= .

ITpu nocrpoennu onpeneseHuil yCTOHNYHBOCTH NpHHIHNA
ontuManbHoctH (R, &) Ha nape (m, g) ycaosus (1.3.3),
(1.3.4) 3amMeHHM Ha ycJIOBHs, NCJYYalOUIMECsi MO CJELYIO-
nled cxeMe. BmecTo npuHIUHNa oNTHMaJjbHOCTH F Gyjaem
HcaTh R, BMECTO Xo — (PUKCHPOBAHHYIO MOJEJNb M, BMECTO
X — BapbHpyeMyl0 MOJeJb n. YUYHTHIBasg, YTO MHOMKECTBA
crpateruid S(m) u S(n) MOryT HMeTb Pa3JHYHYIO NPHPOLY,
HYXHO BbIOpaTb, Ha KaKOM H3 3THX MHOXecTB 6GyJeT INpo-
BOJAUTbCS CPaBHEHHUE.

st ykasaHusi 3TOr0 MHOXKecTBa OYyAeT HCHOJb30BAaThCS
cneuuaJbHBIi mapaMerp u, NPHHHMAIOMUHA jABa 3HaYeHH::
U—ecad cpaBHeHHe IPOBOAHTCS Ha S(n) — MHOXKeCTBe
CTpaTeruii BapbupyeMoil Moje/H; [ — ec/H cpaBHEHHe Ipo-
BOJIUTCst Ha S(m) — MHOXKecTBe cTpaTeruil GpuxCcHpoBaHHOIl
MmoAenn. Beenenue napaMerpa u NPHBOAHT K TOMY, YTO OA-
10 Olpeje/ieHHe yCTOHUHMBOCTH COAEPKHT B cebe ABa IOHS-
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Tist ycroitumBoctn. OJHO mosyyaercst npu u=f, i;prrc--:——
npu u=u.

Ecnn 3Hauenne napamerpa u BhiGpaHO, Hanpumep f, To
MHOXecTBO R(n, a) oro6parkaeTcsi ¢ moMouipio Q(-, n, m)
B S(m) u noanyuaercsa a”aJsor (1.3.3) B BuAe

VneM: pm,n)<<8 QR (n,a), n,m) = R (m, ¢).

Kak yxe orMeuasoch, Ji/Isi MpakTHKH yaoOHee, KOria te
¥ 8, NpU KOTOPBIX BHINOJHEHO MOJyYeHHOEe YCJOBHE yCTOM-
YHBOCTH, OYIyT yKa3blBaThCs $IBHO. [ls1s1 3TOH 1e/H B omnpe-
JlelieHlle YCTOHYMBOCTH BBOAMTCS CliellMasibHOe OToGpake-
HUe, KOoTopoe mnape (m, g) CTaBUT B COOTBETCTBHE HEKOTOPOE
MHOXKECTBO 3HAaUeHHH a H 8, MPH KOTOPHIX BHIIOJNHEHBI YCJIO-
BUSI ycToHuuBOCTH. OQHOH U3 BaXKHBIX XapaKTEPHCTHK YKa-
3aHHOTO COTJIaCOBaHHS siBJIsieTCS BeJHYMHA MaKCHUMaJbHOTO
0. Yacro BesimuuHa O MOHUMAETCs KaK AONycTUMasi omu6Ka
RBIYMCJAEHUI, U MOITOMY BaXKHO, UTOOBI MaKCUMaJbHO AOMY-
cTuMoe § ObIIO He CJAMLIKOM MaJjieHbKUM. YUHTHIBas Cka3aH-
Hoe, mapaMeTp A, xapaxkTepH3ylOUHH MakKcHMaJsabHOe §, Oy-
neM BKJIOYaTb B ONpelesieHHe YCTOHYHBOCTH.

Beenem (’popmanbﬂo HEKOTOpble MOHATHS, Y4acTBYIOLLHE
B OMNpe/e/ieHUsAX YCTOHYHBOCTH NMPHHIHIOB ONTHMAaJbHOCTH.
[ycts (R, &) — npuHUHUN onTHManbHOCTH, NCMX &, A —
corJjacoBaHue,

A M x &M (% X EL)
Msg(ly={neM|AmeL: p(mn<6}, LcM.
Onpenenenue 13.1. [Tlpunyun onTUMAAbHOCTU
(R, &) Hasetsaercs sHnyrpexne (A, u)-ycroviuusoim ceepxy

na N npu coeracosanuu A, ecau O0asn aroboix (m, gl N
BLLNOAHEHO:

) A(m, e)*= & )
2) V(a, 8) = A (m,e), Vne= My(m) soinosrero
R(n,a) =, § > A,
Q(R (n,a),n,m) = R(m,e) Odan u=f,
R(n, )= Q(R(m, &), m,n) O0aa u=uv.
s KpaTKOCTH MHOXKECTBO NPHHLUHKIOB ONTHMAaJbHO-
CTH, YAOBJETBOpSIIOIIUX omnpedeneHHio 1.3.1, o6osHauyum

ISUA,[N, A]. Aranornuynble o603HayeHns GyaeM ynorpes-
JSITh U jadiee,
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Onpenenenune 1.3.2. Ilpusyun onrumarvrocru
(R, &) naswisaercs 6nyTpenne (A, u)-ycroiiuuseim CHU3Y
Ha N npu coeracosanuu A, ecau 0ia nwoboix (m, g)e=N
BbINOAHEHO:

1) A(m,e) £ D ;
2) V(a,8) = A(m,e), Vne My(m) soinosneno
R(m,a) # &, § > A,
R(m,a) = QR (n,e),n,m) 0an u=|,
QR (m,a), myn) = R(n, &) Osa u=v.
O6osunauenne: ISD4,[N, A].

Paccmorpum npumepn. Ilycte g — MHOro3HayHOe 0TOGpakeHHe H3
M B Y; (M, n), (Y, p) — metpuueckne npocrpancrBa. Bosbmem B ka-
yecTBe MHoXecTBa Mogeneit M, u nycrb S(m)=Y ana meM. Tor-
Aa MHTepnperauuio Q MOXHO CYHTAThb TOXIECTBEHHBIM OTOGDa*KeHHeM.
BeeneM npunuun ontuManbocti (G, E‘GB), rae

G(m, &) = Of (g (m)). (1.3.5)

[Tycrs (G, E'@)EISUO[mXE‘+, A] :(ycnoBuMcs, 4TO B cayyae, Kor-
Aa yCTOHYHBOCTH C HHXKHHMH HHAekcamu [ H v coBmajaior, Gyaem ony-
CKaTb 3TH HHAEKCH). IDTo O3HayaeT, yro Aaa Joboro €0, mobbix
(a, §)=A(m, €)= @ u a06bIX neMg(m) somonieno @ #G(n, a)c
<G(m, &), T0 ectb @ F#g(n)=0Y, (g(m)). CrepoBaresbHO, MHOrO-

3HayHoe OTOGpa)ieHHe g TOJNYHENPEPHIBHO CBEPXy B TOUKe m.
CoBepilieHHO aHANOTHYHO NOKa3biBaercsi, YTo H3 ycaosus (G, El@)E

€I1SD[mXE';, A] cnenyer, 4To g NOJNYHENPEepPHIBHO CHH3Y B TOUKE 1.

[TpuBeseHHble TpHMepHl NMOKA3bLIBAIOT, UTO BBEJEHHBIE
onpejaeseHHss BHyTpeHHeH yCTOHYHBOCTH MOXKHO paccMaTpH-
BaTh KaK 0000uieHHe pa3/jHYHBIX MOHATHH HENpepLBHOCTH
1Jis1 OJJHO3HAYHBIX H MHOTO3HAaYHBIX OTOOPa’KEeHHH.

[TonsTusi BHyTpeHHeH YCTOHYMBOCTH CBEPXY M CHH3Y AJIs
NPHHINUTIOB ONTHMAJbHOCTH YAOOGHB M 1Jig HCNOJb30BaHHS
B Pa3J/IHYHBIX MPHKIAAHBIX BOIpPOCAX.

PaccmorpuM, Hampumep, HekoTopble NpOOJeMbl, BO3HH-
Kawliue Mpy YyUCJeHHOM pelueHuu 3ajnay. [lycte Tpebyercs
pewnTts 3anauyy UB(R, m, ¢), nie (R, &) — mpuHuun om-
THMaJIbHOCTH, M — MOJeJb, a g&& — napaMerp, KOTOPHIH
OyleM HHTepIPeTHPOBATh KaK IONYCTHMYIO TOYHOCTb MOJY-
YeHHoro pemeHus. l13-3a Hen36eXHOr0 IPHCYTCTBHS pas-
JHUHBIX norpewHocrefi Meron peiieHusi 6yjaetr pa6oraTh ¢
Apyroii Mojenblo neMg (m), npuueM OGHIYHO MOXHO yn-
pPaBJATb TOJAbKO IHapaMeTpoM O, KOTOPHIH HHTEpHpeTHpyer-
€l KaK XapaxkTepUCTHKAa TOYHOCTHM aNMpOKCHMallMH, TOYHO-
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¢t Meroda u T. n. O6sacTh ympaBleHHss mapaMeTpoM O
IPAKTHYECKH BCEria OrpaHHuYeHa HEKOTOPOH MOJIOKHTe/b-
HO# BeauunHO# A>>0, TO ecThb § >A.

Eciu (R, &)ISUA[(m, €), A], 1o, BHbpaB (a, §)=
eA(m,e), MoxHnO cTaBuTh A1 IBM 3asauy UB (R, m, q).
B nefcTBATENIBHOCTH 1O yKa3aHHHIM mpHunHam DBM pema-
er 3anauyy YB(R, n, a), nme HeusBecTHa Monedb ne
&Mg(m). Ilycrs P — pewenne 3agaun UB (R, n, a). Tor-
Aa M3 yCJIOBHsI BHYTPEHHEH YCTOHUYHBOCTH CBEPXY CJENyeT,
uto Q (P, n, m) siBnsiercs pemenneM 3agaun UB(R, m, €).
3necb Q oObIYHO SBJSIETCST OTOGpa)KeHHeM, CBS3aHHBIM C
JloompejiesieNHeM pas3iuYHBIX (QYHKUMH, 3aJaHHBIX Ha CETKe,
lla HempephiBHYI0 06/1aCTh H3MEHEHHS] apryMeHTOB.

Takum o0pa3oM, MOXKHO cHesaThb BHIBOJ, 4TO YCJOBHE
BHyTpeHHe# (A, f)-ycTOHYMBOCTH CBepPXy MO3BOJSET PelIaTh
3aflayd 4acTHOro BLIGOpA NPH HAJTUYHA BO3MYILEHHI.

[Tocmotpum, uro maer ycioBue (R, &)<ISDA[(m, &),
A] npu uncneHHbIX pacuerax. JIErko BHAETb, YTO BKJIOUE-
HHe

R (m, @) = Q(R (n,€), n, m)

MOXHO TOHHMaTh TaK. Bui6Hpas (a, 8) =A(m, &) u pewus
Ha IDBM sanauy I1B (R, m, ¢), B LeHCTBUTEJBHOCTH TIONY-
yuM pemlenne 3ajgaud IIB (R, n, &) npu neMg(m):
[Ipumennm otobpakeHue Q(-, n, m) K pPEIIEHHIO H TOJY-
uuM pemlende 3anaun 1B (R, m, a).

Taxum o6pasom, eciu B mpeAbIAyLIeM clydae COIJIaco-
BaHHe A yKa3bIBaJi0 TOYHOCTb @, C KOTOPOH HYXKHO CTABUTD
3ajlauy yacTHoro BbI6Opa Aasi DBM, uToGH MOJNYYHUTH pe-
IIeHHe MCXOZHOH 3a/layd C TOYHOCThIO €, TO 3[AeCh COIIaco-
BaHue A yKasblBaeT, KaKasi IOJy4aeTC TOYHOCTb pEIICHHS
a HCXOXHOH 3ajayM MoJHONO BLIGOpA NpPH MOCTAHOBKE 3a-
Aauu Aast 9BM ¢ TOYHOCTHIO €.

Hrak, MOXHO cfielaTh BBIBOJ, YTO YCJIOBHE BHYTpEHHel
(A, f)-ycTofiuMBOCTH CHH3y MO3BOJSET peuIaTh 3a4add IOJI-
HOro BHIGOpa MPH HAJHYHU BO3MYILEHHH.

OTMeTHM, 4TO B YKa3aHHBIX 3a]a4ax, CBSA3aHHLIX C MpH-
MEHeHHeM YHCJEeHHBIX MeTOJOB, HCNOJb30BAaJHCh JHLIb IIO-
HATHs BHYTpeHHeH (A, f)-ycTOAUHBOCTH CBEpPXy M  CHHS3Y.
DTo CBfI3aHO C T€M, UTO B 3THX 3ajayax Tpebyercss HaHTH
pelLleHHe 1/ HEeKOTOpo# (HUKCHPOBAHHONH MOJeNH m, a I0-
3TOMY H HCHOJIb3yeTCsl CpaBHEeHHe cTpaTerufi Ha MHOXKecTBe
S (m). EcrecTBeHHO BO3HHKaeT BOMPOC: T'iIe MOTYT OBITb HC-
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N0Jb30BaHLl MOHATHS BHYTpeHHe# (A, v)-ycTOHYHBOCTH
CBEPXY H CHH3Y?

PaccmMoTpuM OXHMH U3 NEPBHIX 3TANOB B PELIEHHH JIO6OH
NpakTHYeCcKOH 3ahayd, a HMEHHO 3Tanm (OPMHUPOBAHHS MO-
aeqan. OGBHIYHO HA 3TOM 3Tanle HCcleloBaTeNb JOJXKEH BhI-
6upath MoJesb, YUHTHIBAS, ¢ OJAHOH CTOPOHBI, CTPEMJIEHHE K
6oJjiee TOUHOMY COOTBETCTBHIO peaJsibHOCTH, UTO BeleT, Kak
IPaBHJIO, K YCJ0XKHEHHIO MOJeNH, a C JpPYyrofi CTOPOHH,
YUUTBIBasi CTPeMJIeHHe K 0603PUMOCTH H NMPOCTOTE MOJEJH,
KOTOpblE TMO3BOJHJIH OB NPHMEHATh pa3paboTaHHBE METO-
Jbl pelleHusi. 3a4acTyl0 3TO NPHBOAHUT K TOMY, 4TO CHaya-
Jga cTpositcsi Gosiee MOAPOGHBIE M CJIOXKHBIE MOJENH, a 3a-
TeM JesnaeTcs Nepexoi K 6ojee NMPOCTHIM HIeaJH3HPOBaH-
HbBIM MogensiM. OOBIYHO 3TO AOCTHraeTCs 3a CUET O0TKa3a OT
ydeTa KaKMX-TO MaJbiX BO34€HCTBHH, Ma/JbiX OLIHOOK B HH-
dopmanuu, 3ameHol MasbIX 3HaUeHHH lapaMeTpoB Ha HyJe-
Bbie ¥ T. . Jlaxke ec/id HeT HEOOXOAHMOCTH B MOA06HOM Ka-
YeCTBEHHOM M3MEHEHHUH CTPYKTYpbl MOJEJH, TO HeH3GexKHble
OWHGKY B H3MepPEHHUSX NPHBOAAT K TOMY, YTO pasJjiHUHbIC
napaMeTrpbl MoJeJH, HanpuMmep KoypduuueHTH nHdepeH-
IIMaJbHOTO ypaBHEHHs, (HaKTHYECKH H3BECTHBl HETOYHO 1
¢bHKcalHsl KaKHX-TO ONpefesieHHbIX 3HAYeHHH sBJseTcs ne-
pexonoM K HEKOTOpPOH HJeanu3upoBaHHOH Mopenu. Bosuu-
KaeT BONPOC: B KaKOH Mepe Nepexoi K NMoAOGHBIM HIeasH-
3UPOBAaHHbIM MOJeJsAM 0OOCHOBaH, TO €CTb MOTYT JIH 3TH
Hleanu3upOBaHHbIE MOJAENH NPHOJIHKEHHO 3aMeHATb O6JaH3-
KHe K HUM MOJe]u?

OxaspiBaercs, 4T0 YAOOHBIM HHCTPYMEHTOM JJIsi OMHCa-
HUSI 3THX npo6JieM SIBASIIOTCS NOHSATHs BHyTpeHHe# (A, v)-
YCTOHYUBOCTH CBEPXy H CHH3Y.

HefictBuTesibHO, nycTs (R, &) ISUS,[(m, &), A]; 310
3HAuHT, 4yto a5 Bcex (a, 8)=A(m, e)=J u Bcex ne
&=Mg(m) BHIIOTHEHO

B # R (n,a) = Q (R (m, €), m, n).

O1crona caenyer, yto Jio6oe peuense 3ajauu [1B (R, m, ¢),
oTo6pakKeHHOe C MOMOoIUIbI0 HHTepnperauud Q Ha S(n), ia-
er pewenue 3anauu I[1B (R, n, a). HUrak, eciu paccmarpu-
BAeTCS 3aJaya NOJHOro BhIGOpA, TO MOJRNb M MOJKHO Cuil-
TaTh HJeajH3alHell OTHOCUTEJbHO OJMH3KHX Mojetell 15
IpHHIMNA  onTuManabHocTH (R, &), eciu (R, &)=
ISU4,[(m, &), A]. Mepoii 10NyCTHMOCTH 3aMeHbl MO-
Jlenblo m GAU3KHX Mojesefl siBjsieTcsl corsacoBaHue A, Ko-
TOpPOe yKas3biBaeT CBs3b MeXAy OJH30CTbIO Mojeneil &=
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=u(m, 1) ¥ TOYHOCTbIO pelIeHUs o 3a7ayu BHIGOpa Ha Mo-
J1eJTH M.

[Tycts teneps (R, &)=ISDA,[(m, ¢), A]. d10 3Hauwur,
yto 1Js Beex (a, 8)=A(m, &) # u Bcex neMg (m) BHI-
NOJIHEHO :

F#=Q(R (m, @), m, n) = R (n, ¢).

Orcioaa cJelyer, 4to Jio6oe peuterne 3aiaun UB(R, m, a),
orobpaxKeHHOe ¢ NOMOLUbI0 HHTepnpeTaunH Q Ha S(n),
aaeT pemenue 3amaun UB(R, n, ¢). Takum oGpasom, aJs
3aJayd yacTHOro BbIGOpa MOJE/b M MOXKHO CUMTATh Hjea-
Ju3anued OTHOCHTe/bHO GJH3KHX MozeJell AJs1 MpHHIUNA
ontuManbHoctd (R, &), ec/iu BHINOJHEHO

(R, &) = 1SDA [(m, €), Al

MosxHO caeaTh BBIBOJ, UTO YCJOBHSI BHYTpeHHeH (A, v)-
YCTOHYHBOCTH CBEPXY M CHH3Y SIBJSIIOTCS KDHTEPHUSIMH HO-
MyCTHMOCTH 3aMeHbl pelleHus ceMeficTBa 3ajgau {R, n, a},
neMg(m), 3anaueit {R, m, g}.

OTmeTHM ellle pas, YTO BO BCeX YKa3aHHBIX MPHMEHEHH-
X TOHSATHH YCTOHYHMBOCTH pPOJIb corjiacoBaHus A He CHUM-
MeTpHyHa. Tax, B mnpo6/ieMax, CBSI3aHHBIX C YHCJAEHHHIM
cyeToM IJISl 3aJa4H YacTHOro BbIGOpa, cornacoBaHue A yka-
3bIBa€T, KAKOBAa /0JKHA OBITb TOYHOCTb amMpOKCHMAIMH
MOJEJNH 8 M TOYHOCTb pelIeHHS BO3MYILIEHHOH 3ajaud a,
yTOOHl MOJNYYHTb e-pelleHHe Ha HCXOAHON monenu. asa sa-
JauHd NOJIHOTO BhIGOPa corjacoBaHHe A yKashBaeT TOYHOCTb
HCXOLHOH 3aJayM @, €cJd BO3MYILIEHHYI0 3ajauy peuiaTb C
TOUHOCTBIO €.

AnajoruyHasi KapTHHa HMeeT MeCTO [IJsi MNpOGJEeMHI,
CBSI3aHHOW C INOHSTHEM HAeaJH3allHH. YKa3zaHHOe 006CTOs-
TEJbCTBO HABOAMUT HAa MBICJAb O HEOOXONHMMOCTH BBEJEHHS
ele OIHOH pPa3HOBHIHOCTH YCTOHYHBOCTH IJIsi HPUHIHIIOB
ONTHMAaJbHOCTH.

K Takomy »xe BhIBOLY MPHBOAHT H GoJsiee OGLIHH B3rJsi
Ila BONMPOC O TOM, yeM HaJo 3aMeHHTb ycaosue (1.3.1) B
onpejneseHHH yCTOHYMBOCTH MPHHLUHIA ONTHMAJBHOCTH. YC-
JoBue (1.3.1) MOXKHO MOHHMATh Kak yCJOBHE alNpOKCHMa-
uuH f(xo) BenuuuHOH f(x). AHasjOroM AJsi NMPHHUHMIOB OM-
THMAaJIbHOCTH SIBJISIETCSI YCJIOBHE aNMpPOKCHMAIHH MHOXECTB
R(n, a) u R(m, e). B onpenenennu 1.3/1 nox annmpokcuma-
el 3THX MHOXKECTB MOHMMAaeTcsi BKJAWYeHne R(n, o)<
cR(m, &) (a1 npoCTOTH MOKa CYMTaeM O TOXKIECTBEH-
HbIM OTOGpa)keHHEM), TO €CThb NpubiaMkeHHeM K R(m, g)
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eyuraercsl Ji060e HemycToe ero NOAMHOMXKEeCTBO. DTO H 06b-
SICHSIeT HaJInuHe CJI0Ba «BHYTPEHHSISI» B Ha3BaHMH YCTOHUH-
BocTH. OlHAKO CTOJIb K€ eCTeCTBEHHO M MOJIe3HO PaccMOT-
perb M JApyroi cmoco6 anmpoKCHMalHH, a HMEHHO, MHO-
JKeCTBaMH, cofepxamuMu R(m, g). [TorsiTHa ycTORYHBOCTH,
NOCTPOEHHbIE HAa 3TOM TpHHIHNE, €cCTeCTBEHHO HasBaTh
«BHEIIIHUMHY.

Onpenenenue 1.33. [lpunyun onTumarbHocTu
(R, &) Ha3visaercs enewne (Au)-ycroliwusoim céepxy Ha
N npu coeaacosanuu A, ecau 0an at0boix (m, e)eN gbi-
NOAHEHO:

1) A(m, &) = & ;
2) V(a, 8) = A (m, &), Vnes My (m) soinoaneno
R(n,e)< g, §>A,

QR(n,e),n,myc R(m,a) 0aa u=f,
R(n,e)c QR (m,a), myn) 0ia u=v.

O6o3nauenne: ESUA,[N, A].

Onpenenenne 134. [lpunyun ontumareHocTu

(R, &) nasobisaercs eHewne (A, u)-ycTolu4uBoim cHU3Yy HA

N npu cozaacosanuu A, ecau das atoboix (m, e)eN 8oi-
NOAHEHO:

1) A(m, &)< & ;
2) V(@,8) = A(m, e), Vn= My(m) soinosneno
R(m,e)%=F, 8§>A,
R(m,e)c QR (n,a),n, m) dan u=f,
QR (m,e),m,n)c R(n,a) daa u=v.

OGosnauenne: ESDA,[N, A].

Onpenenenns 1.3.3, 1.3.4 ecTecTBEHHO NOMOMHSAIOT Ompe-
nenerus 1.3.1, 1.3.2 B Bompocax npuMeHEHHS MX NS YHC-
JIEHHOrO eueTa M JJIsl MOHATHS HIeasH3alUH MOIEJNH H yCT-
PaHSIOT HECHMMETPHYHOCTb POJIH cOrjiacoBaHus A.

OGparumcs cHOBa K NpobJeMe YHCACHHOTO pelleHHs 3a-
Aayn. Ilycte (R, &)<ESU%[(m, &), A]. Toraa, BH6pas
(a, 8)=A(m, &) u norpe6osas or ABM peunts 3a-
Aauy UB(R, n, €), rne n— mobas Moneas us Mg (m), no-
Jyu4uM pelienne 3anaun UB (R, m, a). 31ech coriacosanue
A yKkashlBaeT TOYHOCTb DeEIleHHS HCXOZHOM 3aJauH, KOTO-
pas mosydaercs, ec/ii BO3MYLIEHHYIO 3aaqy pellaTh ¢ TOY-
HOCTBIO €. . . . e ’




§ 3. ONNPENEJIEHUS YCTOMMYHUBOCTH 45

[Tycrs tenepy (R, &)=ESDA;[(m, ¢), A]. Brb6pas
(a, 8)=A(m, e) = u norpeboBaB oT IBM pewuth 3a1a-
yy [IB(R, n,a), nonyuuM peiueHune 3agauu IIB (R, m, e).
3nech corjacoBaine A yKa3mnBaeT, KaKyl TOYHOCTb pelie-
HHSl BO3MYILEHHOH 3aJauyd HYXHO 6paTh, 4TOOGH NOJYYHThb
TOYHOCTb & B MCXOAHOH 3ajmaue.

AHanornyHasi XapTHHa HMeeT MeCTO H JJIs BONPOCOB,
CBSI3aAHHBIX ¢ wuAeajausauued Mofesed. Tak, BKJIIOYEHHE
(R, &) =ESUA,[ (m, €), A] MOXKHO CIHTATb YCIOBHEM, ONpe-
IeJSIIOUINM, YTO MOZEJb m SIBJSETCS Haeanu3aunueil OTHO-
CHTEJNbHO GJIHM3KHX MOZENEH IJsi NPHHIHNA ONTHMAaJbHOCTH
(R, &) u 3ajauu noJHoro BHI6Opa, HO, B OTJIHYHE OT ycC-
noBus (R, &)ISUB,[(m, g), A], smecb cornacoBanne A
YKa3hiBaeT, C KaKOH TOYHOCTbIO HYKHO pellaTh 3afayy
Ha HAeaJU3UPOBAaHHOH MOZENH M, YTOOH NOJYYHTb TOY-
HOCTb ¢ Ha GJHM3KOH K MIeaJH3HPOBAHHOM.

Yenosue (R, &) =ESDA,[(m, ), A] ananoruuHo ycJo-
suio (R, &)ISDA,[(m, &), A], HO 3nmech coryacoBaHue A
yKa3bIBaeT, KaKasi TOYHOCTb pelleHHuil NMOJyYHTcs Ha Ouu3-
KOH K HIeaJH3HPOBAHHONH MOZEJNM m, ecJd Ha MOJeNH m
pewaTh 3aauyy ¢ TOYHOCTBIO €.

PaccMoTpuM Temepb, 4TO O3HauyaeT BHEIMIHSS YCTOHUH-
BOCTb CBEPXy H CHH3y MJs TNpPHHIHIA ONTHMAaJbHOCTH
(G, E'g), onpenenenHoro coorHomenuem (1.3.5).

Mycts (G, Elg)=ESU[(m, &), A]. HenpyaHo Buuers,
4TO 3TO SKBHBAJEHTHO CJeAylouleMy: CyLIecTBYOT a, 6>0
TakKue, 4TO JJd JIOGHX neMg(m) BonodHeHO g(n)c<
0¥, (g(m)). D10 Gosree cnaboe ycaoBHe, YeM MOJyHENpe-
DPHIBHOCTb CBEpXYy MHOTO3HAa4HOrO OTOGpaKeHHsi & B TOUKe
m. Ecan g(m) orpaHHueHo, To OTCIOJ4a CJAeAyeT, 4TO IJs
HOCTAaTOYHO GJNH3KHX 7 MHOXeCTBO g(n) TaKxKe OrpaHu-
YEHO.

OGosHauuM nosayoTKJIOHeHHe MHOXecTtBa A oT B uepes

A, B)= inf , b).
Be (4, B)=sup inf p (a, b)
Torna ns BHelllHe# ycTohuuBoCTH cBepxy Aas (G, Elg) che:
IyeT, YTO
inf 7, (m, 8) <+, (1.8.6)

T, (m, 8)= neﬁzp(mﬁp (g (n), g (m)).
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CnpaBeasinBo u o6paTHoe yTBepxkJAeHHe. Ecau BhINOJ-
Hero (1.3.6), ro (G, E'g)=ESU[mXE'g, A], rae

A (m, &)= {(o 8)|E %7, (m, ) <400, a1, (m, B)}.

[Mycts teneps (G, Elg)=ESDO[(m, &), A], uTo 3KBH-
BaJIeHTHO CJelyIOlleMy: CcyliecTByloT a, 6>0 Takue, uTO
ans  Jo6ex neMg(m) BenoaHeno g(m)cO0Y, (g(n)).
310 Gostee cnaboe yclOBHE, YeM TIOJTYHENPEPLIBHOCTb CHH3Y
MHOro3HauHoro ortoGpaxkeHuss g B Touke m. Ecan g(m)
HEOrpaHUYeHO, TO OTCIOJa CJeAyeT, YTO IJs JOCTAaTOYHO
6/IM3KHX n MHOXKECTBO g(n) Takxke HeorpaHuueHo. B 006-
LleM cJydae H3 BHeIIHe#d ycroduuBocTH cHU3Y mas (G, Elg)
CJIelyeT, YTo

gngtd(m, 8) <+ oo, ‘ (1.3.7)
>
Ty (m, 8)= sup Pp(g(m), g(n)).

neMg (m)

3nech Takxe cnpaBefIMBo obGpaTHoe. Ecam BhINOJHEHO
(1.3.7), o (G, E'g)=ESD[mX Elg. A], rae

A(m, &= {(a, 8)=E%|1,(m, §)<+ o0, a>1,(m, 8)}.

HecMoTpsi Ha BHELIHIOI HECXO0XKeCTb MOHATHA BHYTpEH-
Hed M BHeIIHeH YCTOHYHBOCTH, OHH TECHO CBsi3aHB. Kak
NOKa3blBaeT CJAEAYyIollee YTBEPXKAEHHE, OLHO IEPEXONHUT B
Apyroe npu 3aMeHe NpHHNIHNA onTuMmaJjbHocTH (R, &) ero
nononHenneM. HamomuuM, uto R(m, e)=S(m)\R(m, ¢).

YrBepxneuune 1.3.1. ITycre Oasn at0boix m, neM
BbINOAREHO

Q(S(n), n, m)= S(m).
Toeda:

1. Ecau Oan scex (m, e)eN ebvinosneno R(m, e) 5+~ I,
TO u3 ycarosus (R, c%’)eISUéS [N, A] caedyer (R, &)=
=ESD}[WN, A].

2. Ecau (R, &) =ESD2 [N, A] u 0as aroborx (m, e) N,
a0boix (a, 6)=A(m, e) u awboix neMg(m) 8onoanena
R(n, o)« &, mo (R, &) ISUS[N, Al.

3. Ecau (R, & ISDAIN, Al u 625 aw0beix (m, &)N,
a06oix (a, 8)= A(m, €) u awboix ne Mg(m) soinosneno
R(n, &)= &, mo (R, & =ESU, [N, Al.
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4. Ecau (R, €)= ESU} [N, A] u 0as wmoboix (m, &) =
eN, wmobox (a, sA(m, € u aoboix ne Mg(m)
goinosneno R (m, &)= &, mo (R, ¢)ISD} [N, Al.

JokKkazaTenbCTBO YTBEPXK/IEHHs HENOCPEICTBEHHO

caenyer u3 onpepenenuit 1.3.1—1.3.4 u cnpaBeasuBoctH
BKJIIOYEHHS

QS (m)\C, m, n)>Q(S(m), m, n)\Q(C, m, n).

Beenem eie aBa THnma YCTOHYHBOCTH MJIsi NPHHIUIOB
ONTHMAJbHOCTH. Tak e Kak IMOHJTHE HENPepBIBHOCTH IJisi
MHOTO3Ha4YHBIX OTOOpakeHHH InoJjyyaercs nyTeM oGbeaHHe-
HHS YCJIOBHH NOJIyHEeNpepbIBHOCTH CBepXy M CHH3Y, TakK H
BBOJHMble TNOHSTHS YCTOHYMBOCTH B HEKOTODOM CMBbIC]e
O0'beAMHSIOT YCJIOBHS YCTOHUHBOCTH CBEpPXy H CHH3Y.

IMyctb (R, &) — npuHUHN ONTHMaJbHOCTH, NCMX&,
A — cornacoBanne, A:MX&E—M(& X E2).

Onpepnenenue 1.35. Ilpunyun  onrumassHocTu
(R, &) nasvisaerca snyrpenne (A, v, u)-ycrotiyusoim na N

npu cozaacosanuu A, ecau dasn roboix (m, e)N soinoa-
HeHo:

1) A(m, ¢+ &;

2) V(a, 8, y)EA(m, e), Vn= Mg(m), VEkEMV(m)
goinoaneno R(n, )= G, 6>A, y>v u

R(n, o) = Q(R (%, ¢), k, n) oan  u=vl,

Q(R(n, a), n, k) =R (k, ) oan u=v2,

QR(n, ), n, m)=QR(k, €), k, m) “an u=Ff.

O6osnauenne: IS MV[N, A].

Onpenenenune 1.36. Ilpunyun  onrumaisHocTu
(R, &) Hasvisaercs enewne (A, v, u)-ycroduusoim xHa N

npu coeracosanuu A, ecau dasn mobolx (m, g)eN goinos-
HeHo:

) A(m, &)+ &;
2) V(a, b, yeA(m, ), Yn=sMy(m), Vk=M,(m)
soinosneno R(n, &)= F, §>A, y>v u

R(n, &)= Q(R(k, a), k, n) oan u=vl,
Q(R(n, €), n, )= R(k, a) 018 u=v2,
Q(R(n, &), n, m)cQ(R(k, @), k, m) daa u=f.
O6osnauenne: ES,MV[N, A].



48 IJ1. 1. YCTOMYUBOCTb IMPUHLHIIOB OINTHMAJIbHOCTH

[TocMOTpuM, Y4TO O3HayaeT BHYTPEHHsss M BHEIUHsA YC-
TOHYMBOCTb /18 NpPHHIKIA onTHMaapHoctH (G, Elg), 3a-
naHHoro coorHomeHueM (1.3.5).

[lyctb (G, Elp)=s1S%°[mXE'y, A]; Torna mas moGoro
£>0, M066X (a, 8, y)=A(m, &) #J, mobux n=My (m),
keM, (m) Bunonueno 0%, (g(n)) =0¥ (g(k)). Herpyano
BHIETb, YTO 3TO 3KBHBAJEHTHO CJeAyIOLieMy: AJs JI060ro
¢>0 cymectByer 8>0 Takoe, 4To AJs JIOOBX neMg (m)
BBINIOJIHEHbl BKJIOYEHHS

g(n) < 0s (g(m), g(m)< O (g ()

TeM CcaMbiM MBI TOJYYW/JH ONpejJesieHHe HenpephBHOCTH
MHOTFO3HaYHOr0 OTOOPAaKEHUSI g B TOUKE M.

[lycts Teneps (G, E'g)=ES%°[(m, g), A], cuenmosa-
TeJbHO, AAs  JIOOHX (a, 8, y)=A(m, ¢) %I, mobuX
neMy(m), keM, (m) Bononneno OYq(g(n)) 0%, (g(k)).
310 3KBHBAJIEHTHO CJEIYIOIEMY: CyllecTBylOT @, 6>0 Ta-
KHe, 4YTO s JIOGHX neMg (m) BomoaHeHO g(n)C
c0%¥4(g(m)) n g(m)=0Y¥,(g(n)), 1o ects Hp(g(n),
g(m))<a. Orciona cnefyer, YTO ycjaoBHe BHeILUHeH yCTOH-
yuoctn 1as (G, Elg) ciaabee ycJoBHS HelnpephBHOCTH
MHOr03Ha4YHOro oto6paxeHnss g. Ecan uenpepbiBHOCTH g B
TOYKE M 03HayaeT, YTo

inf sup Hp(g(n), g(m)=0,

8>0 neMg (m)
TO BHellHssi ycroHwnsocTb (U, El'g) Ha (m, &) o3Hauaer
JHLIb

inf sup )Hp(g(n). g(m)) <4 oo.

6>0 n=Mg (m

PaccmoTpum Temepb BOMPOC O BO3MOXKHBIX 006/1aCTAX
NpUMeHEeHUs] NOHSTHI BHYTPeHHeH H BHeIIHeH# ycTOHYMBOC-
TH. IlockonbKy c (opMaJbHOH TOYKH 3PEHHS] 3TH NMOHSTHSA
00BbeIUHAIOT CBOHCTBA COOTBETCTBYIOIIMX INOHSITHH YCTOH-
YHBOCTH CBEPXYy M CHM3Y, €CTECTBEHHO OXKHJAATb aHAJOrHY-
HOHl KapTHHB H JJIs HX COJepKaTeJbHOH HHTepIpeTaluH.

[ycts (R, &) 1Syt V[ (m, €), A]. Buibepem (a, 8, y) =
eA(m, e) %= u nocrauM aas IBM zanauy UB (R, m, a),
OrpaHHYUB BO3MOXKHBIE NOrPeUIHOCTH, MPHBOASLIHE K BO3-
MYILIEHHIO MOJENH, BeJTHYHHON 8. B meficTBUTEIbHOCTH H3-3a
Hen3GeXHBIX INOTPelmIHOCTed pas3Horo poaa DBM  pemnt
3agauy UB (R, n, a), rie n — Kakag-To MoJeJb H3 MHOXe-
ctBa Mg(m). Tenepsn, BriGpaB n06yto Monenb kM (m) u
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0TOGpa3uB MONyuYeHHOe pelleHHe C MOMOLLbI0 HHTeprpera-
ymd @ B MHOXecTBO S(R), ImOayuyuM pellleHHe 3ajlauH
UB (R, k, ¢). Takum o6pa3oM, BHYTpEHHssi YCTOHYHBOCTb
O3BOJISIET He TOJbKO UYMCJAEHHO pellaTh 3ajadyy NpH HaJu-
yHM BO3MYIEHHH, HO H MOJNYyYaTh PEIeHHs, NIPUTOLHbIE JJIsi
NMOOHIX ‘GJIU3KHX K M ‘MOAEJCH.

Bce TOo xe caMOe MOXHO HOBTOPHTb 1Jis cJydas, KOr-
a1a (R, & ESy»V[(m, &), A], ToapKo cornacoBanne A
BBIIOJIHSIET 3JeCh HECKONbKO HHYI0 poab. Ec/im B mepBoM
c/ydae OHO YKasblBaJo, KaKyl0 TOYHOCTb DEIIeHHs a HYX-
HO 3ajaTh AJs 3ajaud, pemaeMoii Ha DBM, .uyto6u mosy-
YWUTb TOYHOCTb & JJIS HCXOMHOH 3ajayH, TO Temnepb MO TOY-
HOCTH & 3ajauu, peuraeMoii Ha OBM, corsiacoBanune ykaghl-
BaeT TOYHOCTb @, IOJyuamoulylocs AJds HCXOAHOH 3alauu.

CoBeplLIeHHO aHAJOrMyHas MHTepNpeTalds HMeeT MecTOo
U IS clyyaeB

(R, &)= 1Skt V[(m, e), Al u (R, )= ESki*[(m, ¢), Al

31ech TOJAbKO 3aJauyy YacTHOTO BHIGOpa HYXHO 3aMEHHTb
Ha 3ajayy NoJiHoro BeIGopa.

Beenennsle B onpenenenusix 1.3.1—1.3.6 moHaTHs ycroi-
YHBOCTH [IJIs1 NPHHUUIOB ONTHMAaJbHOCTH MOXKHO paccMar-
pHUBaTh KaK 0GOOLIEHHS] Pa3JHYHHIX MOHATHA KOPPEKTHOCTH
(cm., Hampumep, [38, 74]) mas 3amad 4acTHONO M IMOJIHOTO
BhIOODA.

HeiicTBUTEIbHO, pa3nyHble ONpeje/eHHss KOPPEKTHOCTH
conepxaTt OOBIYHO TPH YycJOBHS: 1) cyllecTBOBaHHE pelle-
HHS, 2) eIMHCTBEHHOCTb pelleHMsi; 3) HempephHBHOCTb pe-
IleHHss KaK (QYHKUAH OT HCXOAHBIX JAaHHBIX. I[IOCKOJBKY
yCJOBHE eIHHCTBEHHOCTH HeXapaKTepHO JJsi &-ONTHMaJib-
HBIX CTpaTerufi, a ycCJOBHEe CYIIEeCTBOBaHHsS pELIeHHs BXO-
LUT B YCJHOBHsl YCTOHYHBOCTH NPHHIMIOB ONTHMAaJIbHOCTH,
TO, YYHTBIBAsl, YTO NpaKTHYeCKOe NpHMEHEeHHe NMOHATHH yc-
TOHYHBOCTH COOTBETCTBYeT COJepXKaTeJbHOMY CMBICAY IIO-
HATHH HEeNpPephIBHOCTH, MOXHO CYHTATb NOHSATHS yCTOHYH-
BOCTH MPHHIHUIOB ONTHMAaJbHOCTH CHHOHHMOM KOPPEKTHOC-
TH NPHHIUIIOB ONTHMaJbHOCTH.

§ 4. BsaumocBa3u pa3IHYHBIX OHATHH YCTOHYHBOCTH

PaccMoTpuM cHayasa cBSI3b Pa3JMYHBIX MOHSATHH yCTOM-
YHBOCTH BHYTPH Kaxjaoro u3 ompenenenuit 1.3.1—1.3.6. Ilo-
CKOJIbKY YKa3aHHBIE THIbl YCTOHYHBOCTH OTJIHYAIOTCH TOJb-
KO MHOXECTBaMH, Ha KOTODBIX NPOHM3BOJAHTCSI CpaBHEHHe
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cTpaTeruii, TO IJsi yCTaHOBJEHHs CBsi3ed MeX1y HHMH IO-
TpeGyIOTCS HEKOTODHE YC/IOBHS Ha WHTepHpeTauuio Q.
IMycts LM XM.

ByaeM roBopuTh, uto Q ynosierBopsier ycaoBuio A [L],
ecan past o6ex (I, n)eL, xS (l) BHNOIHEHO

x=Q@Q(x, I, n), n, I).

ByzaeM rosopuTth, uTo Q yaosJerBopsiet ycaosuio A% [L],
ecan ans mo6wx (I, n)eL, xS () BHNoNHEHO

x=0(@Q(x, I, n), n, ).

@aKT BHINOTHEHHSI COOTBETCTBYIOLIEro YCJOBHSA AJs1
OyneM 3anuchiBaTh B BHAE BKJIOYEHHS, HanpuMmep, Qe
eA,[L]. YcaoBue A,, MO-BHAHMOMY, BIOJIHE €CTECTBEHHO,
HO ycsoBue A%, NOBOJNBHO CHJIbHOE.

[Tycte L cocrout us asyx nap (I, n) u (n, l), To ecTb
L=§(l, n), (n, 1)}.

TEepxaenue 1.4.1. Ecay QA [{(l, n), (n, 1)}],
10 orobpaxcenus Q(-, I, n) u Q(-, n, l) ycranasausarwr
83AUMHO OOHO3HAYHOE COOTBETCT8UE MENOY INEeMEHTaAMU
mrnoscecrs S(I) u S(n) u fA8aA10TCA 83AUMHO OOPATHOIMU.

HoxasatenbcrtBo. [Iyctb xS (). ITokaxem, uro
MHOXKecTBO Q(x, [, n) cocTouT u3 omHOro sjiemenra. Ilpex-
MOVIOXKHM NPOTHBHOE, MyCTb CYLIECTBYIOT Y1, Yo=Q (%, I, n)
H Y17y Tlo ycnosuo QA [{(I, n), (n, I)}] nmeem

Qy, n, ) =(y,, n, )=x.
[Tpumenss Q ewe pas, nojyyaeMm paBeHCTBO
y1=Q(Q(y1 n’ l)’ l’ n)—_—Q(Q(yZ, n, l)’ l’ n)=y2s

YTO MPHBOAHT XK NpOTHBOpeuHio. Jl0Kas3aTeabCTBO OCTAAbHOM
YacTH yTBePXK/JEHHs dJeMeHTapHO. W

Ycnosus A, A%, M03BONAIOT CHOPMYIUPOBATL MPOCTHIE
CBSI3H MEXJy HEKOTOPBIMH THIAMH YCTOHUHBOCTH, OTJIH-
YaIOUIHMHCST TONBKO MHOXECTBAaMH CTpPaTeruil, Ha KOTODBIX
TNPOH3BOAHTCS cpaBHeHHe. Takue CBSI3M NO3BOJAIOT CYLIECT-
BEHHO COKPATHTb YHCJO PacCMaTPHBAEMBIX THIIOB YCTOHYH-
BOCTH NPHHUMNOB onTuMagabHocTH. Ilycts (R, &) — npuH-
UHN ONTHMAaAbHOCTH.

YrBepxaenue 1.42. Jas J=I1, E soinosneno:

l. Ecau (R, & < JSUF [N, Al u das aobeix (m, ey=N
u (a, )= A(m, €) sonoaneno Q& A,[Mg(m)yxml, mo
(R, §)=JSUS [N, Al.
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2. Ecau (R, &)= JSDS N, A) u das aoboix (m, f=N
u (a, 8)=A(m, &) soinoaneno Q& Ao [mXMg(m)l, mo
(R, ¢)=JSD} [N, Al

3. Ecau (R, {)=JSUS [N, Al u 0an awdoix (m, ey=N
u (a, )= A(m, &) soinosneHo Qe A, [mXx My(m)l, mo
(R, )= JSU?F [N, Al

4. Ecau (R, €)= JSD} [N, Al u dan awboix (m, =N
u (@, )= A(m, e sononeno QAL [My(m)yxml, mo
(R, &)= JSD5 [N, Al.

5. Ecau (R, §)&JS% (N, Al u das aoboix (m, ey=N
u (a, 8, y)=A(m, €) soinosneno QLEA,[Mg(m)xX M, (m)],
mo (R, ) IS5 "N, Al

6. Ecau (R, $)JS VN, Al u dan atboix (m, =N
u (o, 8, Y=A(m, €) ssinosneno QEAy M, (m) X Mg (m)],
mo (R, &&ISi [N, Al

JokasaTenbcTBO HENOCPEACTBEHHO CJeLyeT H3 OIl-
penesenuii 1.3.1—1.3.6.

B npanpHelilleM Ansi yCTaHOBJEHHSI CBsi3edl MeXAy Ipy-
FHMH THIIAMH YCTOMYMBOCTH NOTpeGylOTCs elie YeThipe yc-
JoBHst Ha HHTepnperanuio Q. [ycts LM XM.

Bynem rosoputs, uTo Q ynosaeTBopsier ycaoBuio By [L],
ecan anas Jaw6bx (I, kR, n)eL, xS (l) BhHNOIHEHO

QQ(x, I, k), k, n)DQ(x, I, n).

Bynem roBopuTh, 4To Q yaoBaerBopsier ycaosuwo C,[L],

ecau ans Jobux (I, k, n)e=L, x=S(l) BHIOIHEHO
QQ(x, I, k), k, n)=Q(x, [, n).
[Tycte NM.

Bynem rosoputs, uto Q ynosnerBopsieT ycaosHio D [N],

ecsd A7s J100bX neN, xS (n) BroNHEHO
x=Q(x, n, n).

Byaem roBoputs, uto Q yjaosaerBopsier ycaosuw D°, [N,

ecan Ang awbuix neN, xS (1) BbINOTHEHO

x=Q(x, n, n).

YrBepxpenue 1.4.3. lan J=I, E soinosneno:

1. Ecau (R, &)=JISY V[N, Al u 6aa aobeix (m, €)=N,
(@, 8, p)=A(m, €) soinoaneno Q=Cq [ M, (m)x My (i) X mJ;
mo (R, & ISk [N, A).
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- 9. Ecau (R, &)=JSk [N, Al u dan aoboix (m, e)=N,
(@, 8, y)y=A(m, &) svinoaneno QL=B,|Mg(m) X M, (m)xm],
mo (R, 8)=JSy " [N, Al

Jloxa3aTesbCTBO HENOCPEACTBEHHO CJEAyeT H3 Oll-
penenenuin 1.3.5, 1.3.6.

Hdas mamocrpanun ycnoBui A o A% By C, PaccMOTPHM npH-
mep. FHycrb MHOXecTBO MoJeaeidi M cocToHT H3 oTpe3ska [a, b] u uo-
OBIX HEMYCThiX KOHEYHHIX IOJMHOXECTB 3TOr0 OTpe3ka. MHOXKeCTBOM
CTpaTerufi, COOTBeTCTBYIOMIUX Mojenn meM, Oyxem cuutarh S(m)=
=@, (m, E') —MHOXecTBO (yHKuuit w3 m B E', yaoBaeTBOPSIOLIMX
ycnosuio Jlmmmkna c koncrantoi L. OmpelenuM Teneph HHTepHpeTa-
nuio Q. Ilpexpe Bcero moJoxkuM, 4YTO AJs JoGoi Mmogenn meM w
X&S(m) BHINOJHEHO x=£2§x, m, m). Das m=[a, b] u xS([a, b])
nonoxuM Q(x, [a, b], m)(t)=x(t) ans moGoro tm, T0o ecTb nepe-
Xo4 OT (pyHKIHH, 3aJlaHHOA Ha OTpe3Ke, K (QYHKUHH, 3aJlaHHOH Ha CeT-
Ke, IBAsieTCs TPOCTO omepauueil cyxxenns. O6partHbiil mepexon oT ¢yHK-
IMH, 3aJaHHOH Ha ceTke, K (YHKIMH, 3aJlaHHOM Ha OTpe3Ke, ompeje-
Jaum HeojHo3HayHo. [Iycte y=S(m), ms~[a, b], t=[a, b]. O6osna-
YHM

T_(m, )=maxt, T, (m, {)=minT.
TEm TeEm
<t ™>t
Eciu ¥ T_ M T4 CYIECTBYIOT, TO MOJOXHM
xy (51 () =min{y (v_(m, t)) +L({Et—1_(m, ?));
y(t..l_(mv t))—L(t—f_l.(m’ t))}’
x_[y] (t) = max {y (v_(m, 1))-—L ({t—1_(m, 1));
!/(T.|_(m' t))‘l‘L(t—T+(m, 0)}.
Ecau 1 He cymecrByeTt, TO
xp 0] = y (v (m, ) —L(t—74 (m, 1),
[ @)=y@ (m )+ L{I-~1, (m, ).

EcaH xe T4 He CyIECTBYeT, TO
x 91@) =y (v_(m, ))+L{E—7_(m, 1)),
[ =yE_(m, ) —L{E—1_(m, ?)).
Takum 06pasoMm, Ha BCeM OTpeske Ea, b] sapann gBe nomanue x4 [y]

u x=[y], npuuem x4[y] () =x_[y] (f), a pasencrBo pgocruraercs TOJb-
KO B TO4YKax MHOxKecTBa m. [losoxum

Qy, m, [a, b)) = {x=S([a, b))V i<]a, b],
x_ 9] () S £0) Sxy [91(0)-
Octanoch OnpeleNHTh HHTEPNpPETAIHIO st nap m, n[a, b] u rﬁaén.
ByaeM CYHTaTh, 4TO
Qy, m, n)=Q(R(y, m, [a, b)), [a, b], n).
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Hrak, uuHTepnpeTalusi  NOJHOCTbIO ompeiesnena. Hemocpeacrseu-
HO U3 ONpele]eHHs CAELYET, 4TO

Qe B, [MoX[a, bIXMNCy,[MoX[a, bIXM,],

cae Mo=M\ [a, b]. Herpynso BUAeTH TaKXKe, YTO
+x=(Q(x, [a, b], m), m, [a, b]), TO ecTh Qer [[a, b]XM],
Q(Q(y, m, [a, b]), [a, b]), m)=y, To ectb QA [MX]a, b]].
Jlerko npoBepslOTCA H CJAeAYIONHE COOTHOLICHHS:
Q(Q(x, la, b], m), m, n)DQ(x, [a, b], n),
QQ(y, m, n), n, y=Q(y, m, k) mpn nom,
QQ(y, m, n), n, R)DA(y, m, k).

IMpuBexeM elle OAMH NPHMED, NOKA3HLIBAIOMIMA, YTO CYIIECTBYeT He-
TpHBHANbHOE oOTOGpaxenue L, ynosiersopsiowlee ycaosumo C, [M.
[lycts M={a, b, ¢}, a S(x)={x1, x2}, e x=M. Onpenennm Q ciuz-
nylomuM oGpasom: (a1, @, b)={bs, b2}, Q=(a, a, ¢)={cy, ¢z}, a
IS OCTAJbHHX CAydYaeB BbIOMHEHO Q(Xi, X, y)=Y2, x, y=M, i=1,2.
Toraga BxmogeHHe

QQxi, x, 9), ¥, )= (x;, %, 2)
sBsieTcs cTporuM aas i=1u (x, y, 2)=(a, b, ¢), (a, ¢, b), (a, a, b),
(a, a, ¢), (a, b, b), (a, ¢, c). OTmernm, uTO yCiIOBHE X:ER(Xi, X, X)
HE BHINOJHEHO, TAK KaKk (X1, X, X) =x2, x&M.

CiefilyeT 3aMeTHTb, YTO XOTs NIpHMep OToOpaKeHus Q,
yaosjeTBopsiomiero ycioBuio Cg, H NOCTPOEH, HO H3 cOAep-
KaTeJbHHX coo6paxKeHHH ycnosue B, sBaserca Gosee ec-
TecTBeHHHIM, ueM C,. Oco6eHHO XOpOIllO 3TO BHAHO, KOTAa
npHMeHeHHe Q BHOCHT HEKOTOPYIO HeOmpeneseHHOCTb, TO
€CThb CTPaTerHd X CTABHT B COOTBETCTBHE HECKOJbKO CTpa-
teruii. Torma mNOBTOPHOe NpPHUMEHEHHE Q JOJIKHO BHOCHTH
60/bllyI0 HEOMNpPEeAeNEHHOCTh, YTO TOBOPHT B MOJB3Y YCJIO-
Bus B,,.

B nanbuefimem Oyaer yAo6HO NPHMEHATb HEKOTOpHE
crnenuasbHele o6o3Hauenus. I[Tyctb (R, &) — npuHUMN on-
TuManbHocTH. OG03HAYUM

dom (R, &) ={(m, e)=M x&|R (m, €)+* Qj;

3TO MHOXKECTBO aHaJIOTHYHO 06/acTH ompejeseHHs (YHK-
IMH WM, KaK TPHHATO B BBIMYK/JIOM aHa/lu3e (CM., HalpH-
mep, [67]), atbdeKTHBHOMY MHOMKECTBY.

PaccMoTpuM Tenepb HEKOTOPHIe NPOH3BOAHLIE OT (R, &)
MPHHIUIK * ONTHMaJbHOCTH. MX conep:kaTe/NbHBIN- CMBIC]
OYeHb NPOCT — PACCMATPHBAIOTCSI CTPATETHH, g-ONTHMAJb-
Hble AJif JIOObIX GIM3KHX K m Monenelt neM (m) u g-on-
THMaJbHHE XOTA OH JJs ORHOH OJH3KOH K. m MOJAENH
nesMy (m). Yuer pasaHYHHX BapHAHTOB ~ MHOXECTB,” Ha
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KOTOpPbIX MPOU3BOLUTCH CpaBHEHHE, NDPUBOIHT K YETbIpEM
npuHuunaM OonTuMaJibHOCTH.

Mpusuun ontumansioctu (InsR, & X Eg ), rae
In;R (m, &, 8)=
={Xc=Sm)|"nsMsg(m) X<Q(R(n, ¢), n, m)}. (1.4.1)

Mpunuun ontumansrocts (In, R, & X Eg), rae
In,R(m, e, §)=
={XcS(m)|Vne=My (m) (X, m, n)c=R(n, e)}. (1.4.2)
Tpunnun ontumansioctn (Ex; R, &XEg), rue
Ex;R(m, e, 0)=
={Xc=S(m)|VnsMs(m) XDQ(R(n, ¢), n, m)}. (1.4.3)
TIpuunun ontumanshoctn (Exo, R, & X Ey), rae
Ex,R(m, ¢, 8)=
={XcS(m)|Vne=Ms(m)Q (X, m, n)>R(n, e)}. (1.4.49)
MHoOKecTBOM cTpaTerufi JJis BBeJEHHBIX NPUHIIUIOB OI-
THMAaJbHOCTH Ha Mogmeau m sBiasercs M(S(m)). Ecaum B
KayeCTBe OTHOIIEHHS] YacTHYHOro mnopsuxa Ha M(S(m))
paccMOTpeTb OTHOLUEHHEe BKJIOYEHHS [Jsi MHOXKECTB, TO
MOXXHO NMOCTaBHTb BOMPOC: HMEIOT JIH MHOXecTBa (e, §)-om-
THMa/JbHBIX CTpaTerHii MJsi BBeLEHHBIX NPHHIUIOB OMNTH-
MaJbHOCTH MAaKCHMaJbHble HJIM MHUHHMAaJbHble 3JIEMEHTHI?
Beenem o603HaueHHs
infR(m» &, 6)= N Q(R(nv 8)2 n, m)r (1'45)
neMg (m)

in, R(m, e, 8)= {x&S8 (m)|VneM;(m), Q(x, m, )R (n, €)},
(1.4.6)

ex;R(m, &, 8)= U Q(R(n, ¢), n, m). (1.4.7)
neMg (m)

OueBHuHO, 4TO (inf R, & X Elg), (inyR, &XElg),
(exsR, &XE'g) MOXHO paccMaTpPHBaTh KaK IPHHIMIILI
ONTHMAJIbHOCTH, 3aJlaHHble Ha MHOXecTBe Moxpened M c
MHOXeCTBOM crpateruit S(m), meM.

YrBepxnenue 14.4. [Laa aobox meM, =&,
deElg, u=f, v sbtnosneno: '

1) In, R(m, e, 8) ={X=S(m)|X<in, R(m, ¢, §)};
2) Ex;R(m, e,.8) ={Xc=S(m)| X2ex;R(m, &, 5)}.
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Jloka3aTeJbCTBO OYEBHIHO.

Ananaqruunoro onucanus ais Ex, R B obiiem cayuae no-
JYUHTb, OYEBHAHO, Hesb3s. [IpHHUMNBI ONTHMAaJbHOCTH
(1.4.5)—(1.4.7) nonHOCTBIO ONpeNENSIOT NPHHIMUNBI ONTH-
masbHoctH (1.4.1)—(1.4.3), HO ynoOHee 1Js1 HCIOJIb30Ba-
HHS, TAK KaK MHOXKECTBO CTpaTeruii IJjsi HHX COBNajiaeT C
ucxogsim S(m), a pmaas (1.4.1)—(1.4.4) oHO paBHO
M(S (m)). ITosTomy B RasnbHeHIIeM MpPeUMYLIECTBEHHO 6y-
YT HCNOJb30BaTbCsl NPUHLUMUNBI ONTHMaJbHOCTH (1.4.5)—
(1.4.7).

HerpyaHo BHIeTb, YTO OPHHUUNB ONTHMAJbHOCTH
(1.4.1)—(1.4.7) MOHOTOHHBl 1O BKJIYEHHIO IO HapaMerT-
py 6. TIpanuuy Tex 8, AIsi KOTOPHIX iny R#, 3anaer
tbyHKuHus

n, R(m, &)=supy,

raie BepxHsig rpaHb Oepercs nmo BceM =0 TakuM, 4TO
iny R(m, e, y) % . MHOXecTBO Tex (m, &), AJs KOTOPBIX
9Ta BepXHSI IpaHb OrpaHHyYeHa CHH3Y 4HciaoM 6, 0603Ha-
YyuMm

IT, (R, &), 8)={(m, s)EMXEo"ln R (m, &> 8}.

CeMmeiictBo MHOXxecTB {Mg(m), 6>0} samaer cucremy
OKpecTHOCTeH paauyca & miass meM. [loonpenenum 3Ty CH-
creMy Aasi MX&, a MMeHHO, OKPECTHOCTbIO pajuyca & mna-
pu (m, e)=MX& Gyzem cuutaTh MHOXKecTBO Mg (m) Xe.
Torna, ecnu NcMX &, T0 dyHruus

ON(m, e)=supy,

rie BepxHsis rpaHb Oepercsi mo BceM y=0 TakuM, 4TO
M, (m) XecN, naer Hpe,lleJ'lebII/I pazuyc OKpPeCcTHOCTH ma-
pr (m, &), conepxaineiics B N.

MHoxecTBO

int(N, &)= {(m, =M x&|0 N (m, &) > 8§}

sBJsIeTcs O-BHyTpeHHOCTblo MHOxectBa N. Ilpu =0 oHo
COBNAaJaeT C MHOXKECTBOM BHYTPEHHHX Touek N.

BaxkHylo poJb B H3yYeHHH YCTOMYHBOCTH NPHHIHMIOB
ONTHMAJbHOCTH HrpaloT corjacoBaHus. Bsemem njs Hux
pas/HyHbe XapaKTEPHCTHKH, KOTOpbIe OTPeGyIOTCs B Aalb-
Hefimem. ITycts A: MXE—MM(F). Tloka MBI BCTpeyasuch
c cornacoBaHuaMu A, aas  Kotophix F =& XE!, nubo

F =& XE2.. Janee 6ynyT HCIOJIb30BAThCS COTJIACOBAaHHS H
6oJiee 0o6IIero BHAA.
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CyxeHnem cornacoBanuss A Ha MHOoxectBo NCMX&
HazoBeM corsnacoBaHue A|N, mis koroporo A|N(m, )=
=A(m, ) npu (m,e)N n IJIN(;m e) = npu (m,e)EN.
*  T'papukoM corsacoBaHus Ha3bIBaeTCs MHOXECTBO

gr[Al={(m, e, )=M XEXF|a=A(m, e)}.
[MockonbKy B manbHeiHmeMm norpebyloTcst pas/HuHbIE ceye-
HHsl H TPOEKIHH 3TOro MHOXKECTBa, TO JJis €AHHO0OpasHs
BBeleM obOo3HayeHHe
MXEXF =Any XA X... XA,

npuueM Ay=M, Apy=&, F=A3 X ... XAn). Takoe pasio-
’KEeHHe /IS corjacoBaHusi A, KOHEUHO, He €JHHCTBEHHO; OHO
npocTo 3ajaeT pasbueHne Habopa (m €, a) Ha KOMl‘lOHeH

TH. B 3THX 0603HaueHusix gr[A]D H Auy. Oas B l'IAm,

I<i<..<iy<<k, bisA) BBeaeM cequHe MHO}KeCTBa B:

secy,..i, B (bis..., bi) =
={bin.‘.’ b’k——t' 1<j1<..,<ik—-}<k, jr#is» (bl’...: bk)EB}'

Takum o6pasom, secio gr[A] =A.
[Tpoexiwio B Ha KOMIIOHEHTH ij, ..., iy 0GO3HAUHM

Pri,.i, B={bi,..., bi,|seci, i, B(bi,.., bi)+=B}.

ChopMynupyeM Tenepb npocTefline HeOGXOLHMBIE YC-
JIOBHSI /ISl PA3/HYHBIX BHUAOB YCTOAYUBOCTH. DTH YCJIOBHS
MOXHO PaccMaTpHBAaThb KaK YCJOBUs PEryJsipHOCTH pasjiuy-
Hblx THnoB. CnpaBeAsMBOCTb TaKoii HHTepIpeTanHH Heol-
XOAHMMBIX YCJOBHH MOJATBEpKAAETCS pe3y/bTaTaMH CJeAylo-
uiefl ryaBbl

Hasi cornacosanuit A, yyacTBylOWHX B (QOpMY/IHPOBKE
yTBepKIeHHus, Oyxem cuutath Ay=M, Apy=&, Ag=
A(i)=Ei+ Ipu l>4

YrBepxkaenue 14.5. [aa u=f, v svinosnexo:

1. Ecau (R, &)<ISUS[N, Al, mo Ncdom(R, &) u
prysgr [A|Nlcint (dom (R, &), A).

2. Ecau (R. §)<ISD3 [N, A, mo NI (R, &), A) u
prwgr[AlN]cdom(R &).

3. Ecau (R, §)=ESU% [N, Al, mo Ncint(dom(R, &), A)
u priggr(A[Nlcdom (R, &).

4. Ecau (R, ¥)=ESD; [N, Al, mo Ncdom(R, &) wu
Prizgr{AINI= I, (R, &), A).
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5. Ecau (R, &)=1Sh V[N, Al, mo prggr[A|Nlc
cint(dom(R, &), A) u NcI((R, &), v) npu w=uvl, [;
NcIL (R, &), v) npu w=102.

6. Ecau (R, §)=ESE[N, Al, mo Ncint(dom (R, &), A)
u pri; grlAINIcIL (R, £), v) npu w=vl, f; prisgr(A|Nlc
I, (R, &), v) npu w=1v2

JokasaTeabCcTBO NpOBeleM TOJNbKO JJsi MyHKTa 5
npn w=10v2. OcrajbHble clyyaHn HOKa3bIBAIOTCS aHaJOTrHY-
Ho. JlokaxeM cHauasa mepBoe BkawoueHue. [Iycth (m, a)e
eprisgr[A|N]; 3T0 3HauHT, YTO CYIIECTBYIT eE&,
(8, y)=E2, Takue, uto (m, e)eN u (a, 8, y)=A(m, e).
U3 onpenenennss 1.3.5 criexyer, uto §>A H Aad JIOGHIX
neMg (m) BumnosHeHo R (n, a)*J, 10 ectb Myz(m) Xac
cdom(R, &), a caenosarteabHo, 0dom(R, &) (m, a)=
=6>\. [Toatromy (m, a)=int(dom (R, &), A).

Iokaxem Bropoe BKaloueHue. [lycte (m, e)=N; Torna
A(m, e)#=J u nas mobux (a, 8, y)=A(m, &), neMy(m),
k=M, (m) Bonoaneno R(n, a)#*Z, 8>\, y>v u
Q(R(n, a), n, k)=R (k, e). Ilonoxum n=m; Torga orcioaa
crenyer, uro JF=R(m, a)cin,R(m, e, y). Tloatomy
o R(m, €) =y>v, 10 ectb (m, g)=ML((R, &), v). B

Crnenyloulee yTBepKAE€HHE YCTaHaBJMBAaeT JOBOJbHO
OYeBHJHBIA (aKT, YTO BHYTPEHHSIS M BHEILUHSIS YCTOHYHBOCTD
CHJIbHEe, YeM COOTBETCTBEHHO BHYTPEHHSISI H BHEIIHsA YyC-
TOHYHUBOCTb CBEPXy M CHH3y. JlJig TOYHOH (GOPMYIHPOBKH
norpebylorcsi cienywouine ob6o3nauenus. [Iycte A — corna-
coBanne A: MXE>M(EXE2) u-NcMX&. O6o3Hauum

AIN' (&, &)=
={(a, )EEXEL|Iy>0, meM,(k):(m, &, a, §, V)=
egr[A|N]},
A|N" (&, €)=
= {(e, 7)68><Eh_|36> 0, meMy(k):(m, ¢, a, 6, y)=
e gr[A|N]}.

YrBepxjaeuue 1.4.6. Jaa J=I1, E ssinoaneno: ecau
(R, &) =ISMV[N, A], o (R, &)=JSLye[dom (B, &), B],
ede Habop napamerpos (a, b, ¢, L, B) npunumaer 3nauenus

(vl, v, A, U, AIN'), (vl, f, v, D, A|N"),
2, [, A, U, AIN'), (v2,v, v, D, A|N").
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JlokasaTeabcTBO mnpoBeleM npH J=E an1s nabopa
napamerpos (v2, f, A, U, A|N’). Ilyctb (k, e) =dom(A|N’)
u (a, 6)=A|N’(k, ¢). Toraa cymectByioT y>0 n meMs (k)
takue, yto (m, e)N, (a, 8, y)=A(m, &). 13 onpenene-
uus 1.3.6 caeayer, uto Aast J00bx neMg (m), l=M, (m)
BHINOJNIHEHO 6 >A, R (n, &) = u

Q(R(n, ¢), n, h=R(l, a).

B uacTHOCTH, 3TO BKJ/IOYeHHe BHIIOJNHEHO H mpu [=k. W
3ameuanus. |. Ecin cuntats Ay=M, Apy=A@=8,
Awy=A@=E"4, 10

A|N' (k, €)Dsecy, Prig 8r [AINI(R, &),  (1.4.8)

A|N" (k, €)D sec;y Pryggs 1 [A|N](R,7€). (1.4.9)
OTclofa HEeTPYAHO MOJNYYHUTh, YTO

dom(A|N’, é)DN, dom(A|N", &€)>N.

2. B yTtBepxkaeHHH He paccmarpuBaercs a=f. Eciu Ha

HHTepnDeTalHlo HAJOXHTb  €CTeCTBEHHOe  yCJIOBHE
D°,[M]:

Qx, m, my=x Vx&S(m), m&M,

TO COBEpIUEHHO AaHAJOTMYHO MOXKHO Cc(OpPMYJHPOBATb, Kak
U3 [-yCTOHYMBOCTH cJieflyeT YCTOHUMBOCTB CBepPXy H CHH3Y,
TOJbKO BMECTO YKa3aHHBIX B YTBEPK/IEHHH COIJIacOBaHHH
O6yAyT yyacTBOBaTb CedyeHHsl NpoeKUHH, durypupyomue B
(1.4.8), (1.4.9).

3. Ha cornacoBaHus, yyacTBYyIoOllle B Pa3jHYHBIX Ompe-
JleNIeHUAX YCTOHYHBOCTH, MOXKHO CMOTPeTb KaK Ha IPHHIHU-
TMbl ONTHMAaJbHOCTH YacTHOTO BHJAA, obJajaloliHe TOH 0CO-
6eHHOCTBIO, YTO MHOKECTBAa CTpaTerHii y HHX He 3aBHCAT
OT MOJe/H. YUHuThIBasi CKasaHHoe, GyJeM NPUMEHATb K CO-
rJ1acOBaHUSAM TaKHe Ke ONepaunuu ¥ o003HAUEHHs, KaK U K
MPHHUHMIAM ONTUMAJbHOCTH, ONYyCKas HHXKHHE HHIAEKCH [
H U B 0003HaYEHUAX YCTOHYHBOCTH, TaK KaK B JAaHHOM CJy-
yae OHH He BHOCHAT HHKAKHX Pa3JiHyHil.

YKaxkeM Temepb YCJIOBHsl, MPH KOTOPHIX U3 YCTOHYMBOC-
TH CBepXy MWJIH CHHM3y cJjeayeT ycro#uusoctb. IlycThb
NcMX&, & n=0, A: MXE>M(&XEY,). Beenem nBa
COrJ1acoBaHus

unlA, &, nl(m, &)=
={(a, 8, V=EXEL|(a S+y)=inA(m, e, v),
E<y<<min{nA(m, e), 0N(m, ), n}},
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un* A4, &, nl(m, &)=
={(, 8, VEEXEL| (@, v, )=un[A, &, nl(m, e)}.

Yreepxaenune 147 Jua J=I, E u 0<E<n<A
BbLNOAHEHO:

1. dom(un[A4, & mnl, & =dom(un*{4, & n], &=
=1I1((4, ¢), §nint(N, §).

2. Ecau (R, &) = JSULIN, A, mo (R, &) =
IS ¥{dom (un[A4, &, i, &), un(A, &, qll, 2de nabop napa-
merpos (a, b) npunumaer gnavenusn (f, v2), (v, vl).

3. Ecau (R, ¥) < JSD: [N, Al, mo (R, & =

=Jsh "_"[dom(un*[A E, nl, &), un*[A, &, nll, ede Habop
napamerpos (a, b) npurnumaer 3nasenus (f, vl), (v, v2).

JdokaszateabcTBo. JlokaxeM IepBbIl NyHKT YT-
BepxKAeHHS. Bxiouenue

dom(uniA, &, nl, )= II((4, &), & Nint (N, &)

ouyeBuHO. JloxaxkeM o6paTHoe BKJoueHHe. [1ycTh (m, e) =

II((A, &), £)Nint(N, &); Torza BenonseHo min{nA (m, ¢);
ON (m, )} >E. Ilo ycnoBuio yTBep:xkAeHHs E<1, IOITOMY
CylIecTByeT vy, VHAOBJeTBOpsiiOllee  yCIoBHIO E<y<
<min{nA(m, ¢); ON(m, e); n}. Orcioga caenyer, uro
inA(m, e, y) %<, T0 ectb cyuectByer mnapa (a, A)E
einA(m, ¢, y). Ilo ycroBuio A>A.  CienoBarenbHo,
d=A—y>A—y=A—n=0. [Toatomy (a, 8, y)=un[4, §, n].

Bropoil nyHKT yTBepKIeHHS JOKaxeM Ajs HaGopa mapa-
meTpoB (f, v2). OcTasnbHble CyYyaH N10Ka3bIBAIOTCS aHAJOrHY-
Ho. Wtak, nycts BeIMoNHEHO (m, e)e=dom(un[A4, &, n], &).
Torpma cymecrsyer (a, 8, y) =un[4, &, n](m, &). 13 Bkio-
yenus (a, 8+y)=inA(m, e, y) caenyer, uto (a, 6+y) <
=A(k, ¢) nas moboro kM, (m), a 3HaUuT, B CHIY YCJO-
BHS YTBep:KAEHHs, HJs JI}060PO neMoﬂ{k) BLITNIOJIHEHO

Q(R(n, a), n, k) =R (k, €). Ocranocb 3aMeTHTb, YTO H3 He-
paBeHCTBa TPeyroJibHHKa JJisi NCeBJOMETPHKH | BbITEKaeT
CNpaBeAJIHBOCTb BKJIOYEHHS Mgy (k) DMy(m) u, xpome
atoro, Nn>y>§E; d>A—y>A—n. A _

Tenepp u3 yrBepxkjenuéi 1.4.6, 1.4.7 HemocpencTBEHHO
clelyeT CBSI3b MEXJY YCTOHUMBOCTBIO CBEPXy H CHH3Y.

Yreepxnaenune 1.48. Laa (a, b)=(f, v), (v, [);
J=1, E; E<n<<A svinoaneno:
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1. Ecau (R, &)= JSULIN, A}, mo -

(R, ¢)= JSDi[dom (un[A, &, 4]|N", &), un[A, &, nl|N”]
2. Ecau (R, 8)EJSDﬁ [N, Al], mo

(R, &) JSU}[dom (un*[4, &, n][N’, &), un*[4, &, n]|N'].

PaccMOTpuM Tenepb CBsi3b MeXJy BHyTpeHHeH H BHeI-
neit  ycroiunsoctbio. Ilyctb NcMXE&, cornacoBanue
A: MXE->D(&XEY), a cornacoBahne B: MX&—
—M(& X E%). Bynem cuurats, uto Ayy=Bmn=M, Ap=
=A@ =Bp=Bu=8, Ay=Buy=Br =L

Yreepxaenune 1.49. [das a=f, v; b=vl, v2, [;
J, LYy= (1, E), (E, I); V=U, D sotnoateno:

1. Ecau (R, &)= JSV5IN, Al, mo

(R, &) =LSVg [pry,gr [A[N], sec,zgr[A[N]].
2. Ecau (R, &< ISy V[N, Bl, mo

(R, &)y=LSk " [prysgr [BINI, sec,,gr[B|N]].

JlokasaTeabCTBO TMNpoBeAeM JJjsi NyHKTa | npH
a=f, (J, L)=(I, E), V=U. Iycts (m, g)=prizgr[A|N];
370 3HauuT, urto sec;3gr[A|N]=*#d. Ilyctb (a, 8)E
eseci3 gr[A|N]; ato 3Hauut, uro (m, a, e, 8)gr[A|N],
win (m, )N, (e, 8)=A(m, a). Temepp Hu3 ycjoBus
(R, &)=ISUA[N, A] caeayer, uto §>A u pas neMg (m)
BoinosiHeHo R (n, e) %= u Q(R(n, &), n, m)cR(m, a). A

Hrak, ¢ nomouisio yrBepxaenui 1.4.3, 1.4.6—1.4.9 mox-
HO M3 yCTOWYMBOCTH OJZHOT'O THNA MOJYYHTb COIJIaCOBaHHe
M MHOXECTBO, Ha KOTOPOM HMeeT MeCTO YCTOHYHBOCTb ApPY-
roro Tuna. Taxkue CBSI3H ME€XIy Pa3JHUHBIMH MIOHATHSIMH yC-
TOHYMBOCTH TO3BOJISIOT MPH HCCIEJOBAHHH CBOHCTB YCTOH-
YHBOCTH KOHKPETHBIX NpPHHIHIOB ONTHMAJbHOCTH CYILECT-
BEHHO COKPATHTb YMCJIO HCCJIELyeMBIX THIOB YCTOHYHBOCTH.
Kpome 3TOro, HeKoTOphie CBSI3H, HalpHMep, YCJIOBHS, NpH
KOTOPBIX M3 YCTOMYMBOCTH CBEPXy M CHH3Yy CJeLyeT yCTOH-
UMBOCTb, MPEICTABJSIOT U CaMOCTOSITEJNbHbIH HHTEpec.

Ocraercsi 1moOKa HESICHBIM, HACKOJIbKO MOJHBI yCTaHOB-
JIEHHBIE CBSI3H MEeX/]y Pa3/jHYHLIMH MOHSTHSMH YCTOHYHBOC-
. Chopmyaupyem Bompoc Gosee ToyHOo. PaccMOTpHM mpe-
Je/IbHO LIHPOKHE COrNacoBaHHS U MHOXKECTBA, NPH KOTOPHIX
HMeeT MeCTO YCTOHuHMBOCTb (PHKCcHpPOBaHHoro tumna. Ecau x
3TOMy CJy4yai NMPUMEHHTb COOTBETCTBYIOLLEE H3 TPHBE]EH-
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HBIX yTBEpX/JeHUH M TMOJNyYHTb COTJIACOBAHHE U MHOXKECTBO
AJsi APYyroro THIA YCTOHYMBOCTH, TO BO3HHKaeT BONPOC:
OyLyT U OHM TpeJesIbHO LIMPOKUMH IJIsi MOJYYeHHOTO TH-
na ycrodunBocTH? JIJs HCC/eNOBaHHS 3TOro BOIpOca BBe-
JieM TIOJIHbIe COIVIaCOBaHHS.

[Iyctb W o6Go3Hayaer THN YCTOHAYHBOCTH, TO ecTb W
NPHHHMACT 3HAUeHHs ISU.A, ISD.A, ESU.A, ESDyA, ISw’~»"
ESv, rae u=f, v; w=f, vl, v2.

Onpeaeﬂenne 14.1. Cozaacosanue A nasvieaercs
noARbIM Oas npunyuna ontumasvrocru (R, &) u tuna yc-
rotiuusocru W, ecau dan ao6oeo (m, e)eMX&E us ycao-
sus (R, &) eW[(m e), B] caedyer B(m, e)A(m, e) u
(R, &)=W|[ (m, e), A]. Ecau se He cyuecrsyer taxoezo B,
uro (R, é’)eW[(m e), B], o A(m, &) =4.

BBezeM cooTBeTcTBYIOUIHe o6Go3Hauenus. Haa J=I, E;
L=U, D; a=f, v; b=}, vl, v2 o6osHauum con JL.A[R, é’}
MOJIHOE COTJIacOBaHMe JJIsi MPHHIHNA ONTHMAaabHOCTH (R, &
u ycrofiunBocry THna JSLoA; conJytV[R, &] — noanoe
corjacoBaHme JJIsi NpuHUMNA ontuMaiabHocTH (R, &) m
ycTofuuBocTH THHA JSph V.

Bynem cuntath, YTO AJIsi MOJHBIX COIVIACOBaHHH KOMIIO-
HEHTBI ONpeneNsoTCs CAeNyIomUM 06pasoM:

conJLj [R, 8lu)=conJ¥ [R, &4 =M,
conJLZ [R, &l;=condy (R, 8l,y=8&, i=2, 8,
CO!'IJL# [R, 8](4)= con J%'V[R, 8](4) =COTIJ%'V[R, 8](5)=El|..

OueBHAHO, UTO NMpeReNbHO IIHPOKHE MHOXKECTBa, Ha KO-
TOPHIX MME€EeT MEeCTO YCTOHYMBOCTb, MOJYYAIOTCH, €CJAH K CO-
OTBETCTBYIOIMM NOJIHEIM COIJIaCOBaHHSM IPHMEHHTb omepa-
yuo dom.

[TocmoTpuM, uro nawort yrBepxkiaenus 1.4.6—1.4.9 nag
NOJNHBIX corsiacoBanuil. OrMernM, uto A|dom(4, &)=A.
Tenepp yTBepxzuenne 1.4.6 npuHuMaer BHJ:

Yreepxaeunue 1.4.10. Jas J=I, E soinoaneno:

1) (R, $)=JSUA[dom (con J% Y[R, &Y', &), cond’ “[R, 81'I;
2) (R, &)=JSD} [dom (con®¥}; “[R, &1, &), cond’; VIR, &1'];
3) (R, &)ISU} [dom (con J% Y[R, &1', &), cond’s “[R, é1'];
4) (R, &)=JSD} [dom (con J% VIR, 81", &), cond’s “[R, 81"].
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Orciona caeayer, yto aas J=I, E; (a, b)=(vl, v),
(v2,f); (c,d)=(vl,[), (v2, v) BbImOJHEHO

dom (con J& Y[R, &], &)cdom (conJ} VR, ¢V, &) =

— dom (con JU} [R, €], &),

dom (con J* V[R, €], é)cdom (conJ¥ Y[R, &1’, &)=

< dom (con JDY [R, &], &),

conJ* VIR, &) (m, e)cconJU% [R, é]1(m, &) V(m, e)=M x &,
(1.4.10)

conJ* Y[R, §)" (m, e)cconJDY[R, &) (m, &) V(m, =M x&.
(1.4.11)

Ytounum BkJaoueHus (1.4.8), (1.4.9).
Vreepxkaenue 1.4.11. Jaa J=1, E; u=J, vl, v2 soi-
NOAHEHO:
1) inconJiy' Y[R, &]')(m, &, v)D
DSer;o Prigse 8T [CON Jﬁ'v[R, &ll(m, e);
2) in(conJy VR, &1")(m, &, M)>
5eC, 5 Prgss 8T [cOn 2 Y[R, &]1(m, e).
HokasartenbctBo. [okaxem mnepBhii NyHKT. BTo-
poil myHKT HOKasbiBaeTcsi aHajorudsHo. Ilycts (a, )=
EseCig prigss gr[con J M Y[R, &]](m, €). 3Hauut, cyuecT-
syer y=E1, Takoe, yto (a, 8, y)=conJ,M "£R, &l (m, ¢),
HO Torga y>v u (a, d)=conJuMV[R, &]'(k, &) mas Jio-
6oro k=M, (m). A

Tenepy npasi Bxmouenuit (1.4.10), (1.4.11) u yrBepxkne-
Husi 1.4.11 cnenyer, urto pas (a, b)=(vl, v), (v2, }) u
(¢, d)y=(vl, ), (v2, v); J=1I, E BoimosnHeHo

incon JU} [R, &1(m, &, v) D

:secl2pr1234gr[cquﬁ'V[R, &) (m, €), (1.4.12)
incon JDZ[R, &](m, &, A)D

Dsec,; Progs gricenJi Y[R, ¢11(m, ).  (1.4.13)
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3ameTuMm, 4To npu i=4, 5; u=vl, v2 cupaBeINBO

dom (secy, pry,s; 1 [CON Ji VIR, &11,¢) =
—dom (conJ} Y[R, &], &).

Orcioma u u3 BkaloueHn#t (1.4.12), (1.4.13) cmenmyer
YrBepxaenue 1.4.12. Jaa J=1, E soinosneno

dom(conJ3' Y[R, ], &)
cI((con JU} [R, &, &), v)NII((con D[R, &], &), A),
ede (a, b, ¢)=(vl, v, f), (v2, f, v).

IMpumenss ytBepxaeHHe 1.4.7 X MNOJHBIM COTJacoBa-
HHAM, TOJNydYaeMm

YrBepxpgenne 14.13. [ua J=I1, E; 0<i<n<<hr
BbINOAHEHO:

1) M((conJU[R, &), &), ycdom(conJy ™ ¥ (R, 8], &),
20e (a, b)=(f, 02), (v, vl);

2) M((conJD[R, &), ¢), E)cdom(con g * "R, &], &),
ede (a, b) =(f, vl), (v, v2).

Hrak, yreepxaenus 1.4.12, 1.4.13 maior oueHky caepxy
¥ CHHM3y I/ MHOMKECTBa, Ha KotopoM (R, &) BHyTpeHHe
H/IM BHEILIHE YCTOHYHB, Yepe3 COOTBETCTBYIOIIHE MHOXKECT-
Ba JJisi BHYTPeHHell U BHellHeHl yCTOHYHBOCTH CBepXy H
cHU3y. [l/1s5 HEKOTOPHIX YACTHBIX CJAY4YaeB 3TH OLEHKH MOXK-
HO YTOUHHTD.

YrBepxknaenune 1.4.14. Jua J=1, E gvinosneno

dom (con Jg°[R, &], &)= .
=TI ((conJUR[R, &1, &), 0)=TI((con JD?[R, &], &), 0),

ede (a, b, c)=(vl, v, f), (v2, f, v).

,U,OKameM nepBOoe paBeHCTBO s caydasg J=I, a= v2
b=/.

OcranbHble cilyuan A0Ka3biBaloTcss aHajsoruyso. U3 yr-
Bepxaenuii 1.4.12, 1.4.13 caenyer, uto ans maw6oro A>0
BBITIOJIHEHO

II((con IU} [R, &1, &), 0)c=dom (conJ%°[R, &1, &)=
cII((con IV} [R, &], &), 0).

DTO 3HAYHT, YTO CNpaBEeIJHBO

U T ((con IU}[R, &1, &), O)cdom (conJ3° [R, &], &)<
<I((con IUJ[R, &), &), 0).
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[ToxaxeM, uTo uMeeT MecTo H 0oOpaTHOe BKJIOUEHHe, a
HMEeHHO

U TT((con IU}[R, €], 8), 0)oII((conTUJ[R, &1, &), 0).

[ycte (m, e)<II((conIU%[R, &], &), 0), To ecTb cyuie-
creyer y>0 Takoe, uro smconlU%[R, &](m, &) >y>0.
A noromy cymectByer (a, 8)=incon IU%[R, &](m, e, y),
Ho Toria (a, 8)=inconlIU2[R, &](m, e, y), uTo O3Ha-
yaer scon IUS2[R, &](m, e) =v>0. Takmum o6pasom, mo-
ayyaeM (m, e)<II((conlUP2[R, &], &),0). &

BhisicHHM Temepb CBsi3b MEXJAY HOJHBIMH COIJIacoBa-
HUSIMH JJIsi BHYTPEHHHX H BHEUIHHX THIOB YCTOHYUBOCTH.

YrBepxpneuue 14.15. Aaa a=f, v, b=}, vl, v2;
(J, LY=(, E), (E, I); V=U, D goinoaneno:

1) conJV3[R, &] (m, e)=sec,, gr [conLVaA[R, 81, &1(m,e),
V(m, )M X &;

2) conJ¥V[R, &] (m, §)=sec,, gr [con L} [R, &], 8](m, ¢),
V(m, e)=sMx&.

NlokasateabCcTBO. Paccmorpum JJiisi  npuMepa
nyskr 2) mpu b=f, J=I, L=E. MHoxecTBa
grfconJ™V[R, &), &] u gr[con EMV[R, &], &] oranua-
IOTCSl TOJIbKO T€M, UTO BTOPbie H TPETbH KOMIOHEHTH y HHX
nepecTaB/ieHbl, MO3TOMY

sec, grfcon I V[R, &1, &l(m, ) =
=sec,ggr[con E}* Y[R, &1, 81(m, e).
Hanomuum, uro
secy, gr[con1} Y[R, &], &l(m, ) = con T} Y[R, &](m, ). M

e




FrJTABA 2

UCCIENOBAHUE YCTONYUBOCTH
B HEKOTOPDIX KJIACCAX 3AJIAY

§ 1. CBojicTBa NPHHIHNIOB ONTHMAJIbHOCTH
efov inf R) in‘UR

Has najibHeALINX HccieloBaHHA OyneT ynoGHO HCHOJb-
30BaTh HEKOTOpble MOHSTHS JJs1 MHOrO3HaYHHX OToOpaxe-
Huil. Utak, nycts f: X—=M(Y). Oaa AcCY MHOXKeECTBO

P (4) = x= X (=4}

6yaeM HasbiBaTh BHYTPEeHHHM mnpoo6pasoM MHoxecTBa A,
a orobpaxenne fO@: M(Y)—>M(X) Gymem HasHBaTh BHYT-
peHHHM O6paTHHIM 0T06pax<e}meM [lpencraBasier uHTEpEC,
Kak otobpaxkeHHe @ pelicTByeT Ha OGbeiHHEHHe H mepe-
ceyeHHe MHOKECTB.

YrBepxaenue 2.1.1. [lags A;cY, iel, soinoanero:
1) U A)>U P

iel el
2) 12(n A)=n (4.

el el

ﬂOKa3aTeJIbCTBO 3JIeMeHTapHoO.

BHISICHUM, KaKMMH CBOHCTBaMH oG6JiaflaeT KOMIIO3HI[MsI
oroépame}mu f u f®. Cunuraem, uro f(B)~ U f(x).

Yrepxkaenue 2.1.2. Jaas BcX u ACY BbLNOAREHO:
) B<[®(B); e
2 ASf(O ).

JlokazaTenbCTBO 3JIEeMeHTapHo.

Hns orobpaxennss Q(-, m, n) BHyTpeHHee o6paTHOe
orebpazkeHHe OyAeT UMeTb BUI

%4, m, n)= {(x=S(m)|Q(x, m, nycA},

OrmeTuM, 4TO B TO BpeMs Kak Aas Q npH maobom A+£=J
BBINIOJIHEHO Q(A m, n) %=, 1as QO 310 yKe He Tak.

3 . A. Monoauos
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Hcnonb3ys BHyTpeHHee o0OpaTHOe OTOOpakeHUe, MOXK-
HO TI0Ka3aTb, UTO

in,R(m, e, = N Q2°R(n, &), m, n).

neMg (m)

dra ¢opMmysa N0 CTPYKType aHaJOTHYHA OINpele/eHHI0
inyR u ex;R. Chopmynupyem npocrefiliye cBOHCTBA NpHH-
LLUTIOB ONTHMAaJbHOCTH iny R, exsR, inyR.

YrBepxaeuue 2.1.3.
1. das 61=062=0 ssinoareno

ex;R(m, e, 8;) Dex;R(m, e, 6,),
injR(m, e, 8;)cin;R(m, ¢, 8,),
in,R(m, &, 6,) < in,R(m, e, 8,).
2. Oan awoboix neMg (m) ebinoaneno
ingR (m, e, 8} Q(R(n, €), n, m)=ex;R(m, &, §),
Q(in,R(m, e, 8), m, n) R (n, ¢).
3. Ecau Q=Dy(m, m], mo
in,R(m, €, 8)cR (m, e) = ex;R(m, &, ).
4. Ecau QeDY[m, m], mo
injR(m, e, §) =R (m, e).
5. Ecau Q&=Ap[mXMg(m)l, mo
in, R (m, e, 8) = in; R (m, &, d).
6. Ecau QAY [Mg (m) xm], mo
in;R(m, e, 8) = in,R(m, &, §).

JokasateabcTBoO. [lepBHe uyeThipe HyHKTa JIOKa-
3pIBalOTCSl 3JeMeHTapHo. Jokaxem nyHkt 5. M3 myHkra 2
cnenyer, 4yto Aas neMg(m) BrITOIHEHO

Q(in,R(m, &,8), m, n)c R(n, ¢).
Orciona
Q(Q(in,R(m, ¢, 8), m, n), n, m)yc QR (n, €, n, m).
YuutsiBas yciosne A, monydaem ags neMg (m)
in,R(m, ¢, 8) = Q(R(n, &), n, m),

4TO H O3HauaeT CHNPaBeAJIHBOCTb YTBED2KACHHUA NMYyHKTA 5.
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Iloxax%em nyHkt 6. U3 ycnosus A%, cienyer, yto AJs
n1060ro nEMg (m) BHIOJIHEHO
QEQ(R(n, &), n, m), m, n)=R(n, e).
STO 3HAYHT, UTO
QR(n, &), n, M)c LR (n, ¢), m, n).

Mcnoab3ysi mepBoe BKJIOYEHHe NyHKTa 2, mosydyaeM Adsi
ao6oro neMy (m)

in;R(m, e, 8) = Q2R (n, €), m, n),
CJIe10BATENbHO,

injR(m, ¢, 8)c Mn( QPR (n, ¢), myn) =in,R(m, e, 5). W
neMg (m)

[lepedopmynnpyem yciaosus A%, u C, B TepMHHAX BHYT-
peHHero o6paTHOro OTOOpaKeHHs.

YrBepxaenue 2.1.4.

1. Ycarosue QA0 [m, n] 5K6uBANEHTHO YCAOBUID: OAA
ar06020 xS (m)

Q(x, m, )= Q¥ (x, n, m).

2. Ycaosue QeC [k, m, n] skeusarentrno ycao8ulo:
0as aroboco x=S (k)

Qx, k, mycQPQx, k, n), m, n).

3. H3 ycaosus Q=C, [k, m, n] caedyer, uro daa ato-
6oeo Y=S(n) seinoareno

QQ2(Y, k, n), k, M) QOY, m, n).

JlokasaTelbCTBO MepBbHIX [BYX TYHKTOB OYEBHA-
Ho. Jloxaxem nyHkr 3. M3 nyHxkra 2 caenyer, 4to Aas
ao6oro XS (k)

Q(X, k, m) = Q2Q(X, k, n), m, n).
[Monoxum X=Q9 (Y, k, n), rne Y=S(n), torna umeem
QQ2(Y, k, n), k, ;)= QRLQEQO(Y, &, n), k, n), m, n).
M3 nynxra 2) ytBepxJienus 2.1.2 cienyer, yTo
QQ2(Y, b n), kb, n)cY.

OcraJjnocs 3ameTuth, uto Q(-, m, n) MOHOTOHHO Bo3pacTaer
no BkJyeHuo. W

3<

)
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Ecau TpakTOBaTh MPHHIKIBL ONTIIMAJbHOCTH eX; R, in; R,
in, R KaK pe3yJbTaT NPHMeHEHHs oONepalHil eX; iny iny
K TNPHHIHIY ' ONTHMAJbHOCTH R, TO HHTEPECHO BBIACHHTb,
YTO JHaeT NOBTOPHOe MpHMeHeHHe 3THX omepauuil. Kak 6yzner
BH/IHO B JaJbHefilneM, KOHCTPYKIMH, NOJYYEHHbIE NPH MOB-
TOPHOM NpHMEHEeHHH yKa3aHHHIX ONepaunyii, BOSHHUKAIOT NpH
HCCAeNOBAaHHH YCTOHYMBOCTH MPHHIHIOB ONTHMAaJbHOCTH
exs R, ins R, iny, R.

YrBepxageHue 2.1.5,

1. Ecau QECy[Mayp(m)X Mg (m)x m], mo

exjex;R(m, e, a, B)cex;R(m, e, a+p).
- 2. Ecau QEBy[Ma—p(m)xX Mg(m)yxm] u o>>p, mo
inyex; R (m, &, a, B) Dex;R(m, e, a—p).
3. Ecau QECy[Mo—p(m)xmx Mg(m)] u a>=p, mo
k in,ex;R(m, ¢, a, p) >ex;R(m, &, oa—f).
4. Ecau QeCo [Mo_p(m)x Mg(m)xm] u o>, mo
ex;ingR (m, ¢, e, p)cinsR (m, &,0—BP).
5. Ecau QECo[Mayp(m) x mx Mg(m)] | Ao [m X Mg(m)l,
mo ’
ingingR (m, e, a, B)>in;R(m, e, a+p).
6. Ecau QECqy[Mayp(m)xmx Mg(m)}, mo
in,in;R(m, e, o, ) D in;R(m, &, a4-f).
7. Ecau QeCo[Mg(m)XmXMap(m) u az=p, mo
ex;in, R (m, ¢, @, p) = in,R(m, &, oa—p).

8. Ecau Q&C, [mX Mg(m) X Matp(m)] N Ao [m X Mg(m)],
mo A

* insin, R (m, e, a, B)>in, R (in, &, o +P).
9. Ecau Q&Cy[mX Mg (m)X My ig(m)], mo
in, in, R(m, ¢, a, §) Din,R(m, e, a+P).

JokaszaTeabCTBO YTBEpXKAEHHS ONHPaeTcs B OC-
HOBHOM Ha HcNOfb30BaHMe yTBepxkAaeHui 2.1.1, 2.1.2, 2.1.4
U CJIefyIOUUX OYEeBHAHBIX COOTHOLIEHHMH: JJsi JI060ro
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neMg(m) BbinonHeHo My(n) cMgypg(m) u Ma-,;(m)c
c:Ma(n) npu a=4,
Q(UAi’ m, n)= UQ(Ait m, n))
icl . el

Q(NA, m, ny= (A, m, n).
el iel

OcraHoBuMCcS J/1s1 IpHMepa Ha JOKa3aTesJbCTBe HEKOTOPHIX

NyHKTOB.
Jloka3aTeabCTBO MOyHKTa b.

in' infR(m, g Q, ﬁ)=
= N Q (N QRE e,k n),n mo>

neMﬁ (m) keMy (n)

> N L (N QEQRCE ¢, &k m), m, n), n, myo
_neEMg (m) kMg g (m)

> N 2 (N Q(R (k, €), k, m) m, n), n, m) =

flEMﬂ (m) kEMa-l-B (m) .
= Q(Q(m,R(m, e, a+Pp), m, n), n, m>

neMg (m
DingR(m, e, a--p).

JNokazaTeabCTBO nyHKTa 9. 3aMeTHM, YTO ec.H
QeC, [m, n, k], To u3 nyskra 3 yTBepxaenus 2.1.4 cie-
Ayert, 4to aas YcS (k) BHIIOJNHEHO

QQO(Y, m. k), m. )=, n, k).
3T0 03HayaerT, uTO
Q2(Y, m, Q2 (Q2(Y, n, k), m, n).

Hcnonp3yem moJsyueHHOe BKJIOYEHHE B ClAeAylouled Le-
nouyke: -

in,in,R(m, ¢, a, B)=

= n 2 9@<R<k &), n, k), m, ny="
neMB(m) kEMy (n

= N 9@<9@<R<k,e,n,k>,m,n>c

nEMﬁ (m) keMy (n)
S N Q%R e, m k)=
neMB (m) kEM"L+B (m)
= ian(mﬁ g, o+ B)- |

Ilepefinem Temeps K HCCJEJOBAHHIO YCTOAUMBOCTH MPHH-
LUNOB ONTHMaJbHOCTH eXs R, insR, in, R. YuuTteiBasi cBA3H,
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ycTaHOBJeHHble B § 1.4, Mex1y pa3iIuyHBHIMH THIAMH YycC-
TOHYUBOCTH, OTPAHMYUMCA H3ydeHHeM BHYTPeHHeH YCTOH-
YHBOCTH CBepXy H cHH3Y. OCHOBHyIO poJib NPH (OpPMYJH-
pOBKe yTBepxKJeHH# 06 yCTOHYMBOCTH HI'PAIOT COrJIacoBa
Hus. BBeleM HEKOTOphle COrVIaCOBAHHS, C NOMOILBIO KOTO-
PHIX MOKHO HOCTPOUTb COTJIaCOBaHHS, HEOOXOAMMBIE JJIst
(hopMyNHUPOBKH pa3JHYHBIX THNOB ycroiumBoctH. [lycTb
meM, e, =8, e.=E'g,
A 2 '
A% (m, &y, &) ={(a1, oy O)SEXEL | =¢,, 03+ 8<e,
8> A},
A o 2
B (m, &, &) ={(a), @, O)SEXEL |y =¢y, &+8< o
6> A}

Huns npunnuna ontumanbHocTH (T, &XE'g ) 0603Hauum
Y [Tl(m, e, &)=
= (o1, @y, B)SEXEL| My (m) xey X aydom (T, € x Ep)},
X[TI(m, &, &)=
={(as, a5 SEXE%L|(m, &, ag=dom (T, &€x Eg)}.
YrBepxnenune 2.1.6.

1. Ecau 0an aoboix  (m, &, e)ye=dom (A* N ¥ [ex;R],
&x Eg) sovinoaneno

QeCy [Me, (M) X Mg, (m)xm] Oas a=f,
QEBg [Me, (M) Xm X Mg, (m)] 0as a=v,

mo ex; ReISUZ [dom (4% N [ex;R], & X Eg), A* N ¥iexRIl.
2. Ecau 0as aw6oix  (m, e, &)= dom (A* N X [ex;R],
&x Ep) soinoaneno
QEB, [Me, (M) X M, (m)Xm] Oasn a=f,
QEC, [Me, (M) Xm X Mg, (m)] 0Oas a=v,
mo
ex; ReISD; [dom (A% N X [ex;R], € X Eg), A* N X [ex;R]].

3. Ecau 0asn  aoboix  (m, e, €2, a1, a2, 8)Egr[Ba
N¥[iny R]] svinoaneno

QeCy [Mq,—s (m) x Mg (m) X m] drsn a=f, b=[,
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QeC, [Me, (m) X My (m) x m]} Ao [M g (m) X m]
oaa a=v,
QeCy, [Mg(m)Xmx Mq,—s(m)] das a=f,

QeCo [My (m)XmX Me, (M) N Ao [Mg (m) X m]
oin a=v, b=uv,

TO
in, RISUZ [dom (B* N ¥ [in, R], & X Ey), BN ¥[in, RI].

4. Ecau Oasn awboix  (m, e, €, ai, 0, d)gr[BAN
N X[ins R]] sbinoaneno

QeCoy [Me, 45 (m) X m X Mg (m)] N Ao [mX Mg (m)]
ora a=f, b=},
b=f;

QeCy [Me,15(m) X mxX Mg (m)] oin a=vu, b=
QeCy[mX My (m) X Me,+5(m)] N Ao [m X Mg (m)]

oasn a=[, b=u;
QeC,[mX Mg(m)yX Mg, +s(m)] oan a=v, b=v,
T0

in, R<ISD; [dom (B* N X [in, R], & X Ey), BN X[in, R]].

JokazaTeabCcTBO BCeX MYyHKTOB yTBEpPXKAEHHS Jier-
KO cienyeT u3 yrtBepxpaeHu#n 2.1.3, 2.1.5 u cooTBeTcTByI0-
mux onpenenenuii. Mckiaouenue cocrapisieT JMUIIbL Cayyail
BHyTpeHHe#l (A, v)-ycroiiunBoctTn cBepxy. [Jsi mpumepa
JOKaxeM STOT caydyadl [Ajsl NpUHUUNDA ONTHMAaJbHOCTH
iny R. Ilyctb (m, e, €2, a1, a2, 8)=gr[BA¥[in, R]]. U3
ycaoBHs Mg (m) XeiXascdom (iny, R, &XE'g ) craenyer,
yTo A Jioboro neMg (m) BHINOIHEHO m,,R(n &1, G2) 7~
. CrnpaBeljiuBa CJAEAYIOI(Asl 1IENOYKA BKJIOUEHHH:

Q(lan(m9 81’ 82)’ mr fl)=
=Q (n PRk, &), m, k), m, n)>

keM, s (m)

=19 (n Q(Q@(R(k e), n, k), n, m), m, n)>

keM, &5 (m)
Q@ (N Q%R ), n, &), n, m), m, n)=
kEM82+6 (n)
=Q(Q(in,R(n, &, &+9), n, m), m, n) >
>in,R(n, €, &,+8) >in,R(n, o, ). W
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B yrBepxpaennu 2.1.6, B onpeleseHuH COrJIacOBaHHA u
MHOXKECTB, Ha KOTOPHIX HOKa3aHa YCTOHYHBOCTb, HCIOJL-
3YIOTCS Ppa3/HYHble XapPaKTEPHCTHKH HCCTAENYeMbX TNPHH-
UMNOB onTHMaJjbHOCTH. [IpemcraBiseT uHTepec OMHCAThL
HJIH B KaKOM-TO CMBLIC/Ie anlpOKCHMHPOBATh yKa3aHHble CO-
IJ1acOBaHHS H MHOXECTBa, HCIOJAb3YS TOJbKO XapaKTepil-
CTHKH HCXOZHOrO NpUHIHNA onTHMaabHocTH R. KoHeuno,
Takasl 3aJlaya BecbMa HeonpeJeseHHa, TaK KaK NPHHUMUIILI
ONTHMAJbHOCTH eXfR, insR, in,R caMu MOXHO CUHTaTh
XapaKTepucTuKaMu R, HO BO BCSIKOM ciaydae OyieM MOHI-
MaTh TaKyl0 NOCTAHOBKY KaK HEKOTODYIO TEHAEHUUI0, a
TOYHbIE POPMYJHPOBKH HPHBEJEM HHIKeE.

Has NoM u meM o6o3Hauum

w(m, N)=inf p(m, n). .
ne -
HanomuuM, uro
secgdom (R, &)(e) ={me=M | (m, e)=dom (R, &)}.

B crenyomeM yTBepKIAeHHH CTPOSITCA BHEIIHHE H BHYT-
peHHHe OLEHKH IJIsi MHOXECTB, Ha KOTOPHIX HE MyCTwl
NPHHIMNE ONTHMAaJNbHOCTH eXsR, ingR, in,R. dtu oueHx
6ynyT HCNOJBL30BaThCS B AAHHOM maparpade 4 B rJjaee 3.

Yreepxaenue 2.1.7. [Jaa atoboz0 npunyuna ontii-
manvnocru (R, &) svinosnenov. 8KAIO4EHURA:

1) {(m, &, e)sMxEX E+|pt(m sec,dom (R, &)(g) <
<e}cdom(ex;R, &xEg);

2) {(m, &, )M x?"xE.,.hz(m sec, dom (R, %)(e,))
<e,} Ddom(ex; R, &xEg);

3 {(m, e, e)eMx8&XEYL|n,R(m, 81)>82} o
cdom(in R, X Eg), a=F, v

9 {(m, e, e)SMXEXEL|mR(m, e)>e}>
odom(in, R, éx Eg), a= [, v.

IloxasartenbcTBO. Brkawouyenue 1). Tlpemnosoxum
p(m, secodom (R, &) (e1)) <ep, TO ecThb  cCylleCTBYeT
nesecodom(R, &) (e1) wmam R(n, €)= takoe, uTO
u(m, n) <e,. Torna

ex;R(m, e, &) =
= U QRG& &), k, M)DQ(R(n, &), n, m)=%=J.

k=M, (m)

Bxiouenne 2). Ilycts ex; R (m, e, &) =J, 10 ecThb cy-
uecrByeT neMe,(m) Takoe, uto R(n, &) #*J um ne
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esecgdom (R, &) (e1). Otciona p(m, secodom (R, &) (e1)) <
<<e;. AHa/NOMMYHO [OKa3bIBAIOTCS H OCTajIbHBIE BKJIIO-
yeHusa. W

C nomompio yrBepxfeHns 2.1.7 yciaosua My (m) Xe; X
Xas=dom(exsR, &XE'q) u (m, e, az)=dom(ex;R,
&XE'g) MOoXHO 3aMeHUTb Gojiee CHJIBHBIMH, a HMEHHO,
ecan p(m, secodom(R, &) (e1)) +6<<as, TO BHIOJHEHO
nepsoe ycJosue; ecan p(m, secodom(R, &) (81)) <az, 10
BLINOJIHEHO BTOpOe  ycjoBHe.  JleHCTBHTENBHO, MNyCThb
nsMg (m); Torna

B (n, secodom (R, &)(e,)) << p(m, sec,dom (R, &)(e,)+ 8.
Ecan Temeps p(m, secgdom (R, &) (e))) +6<<as, TO
A1 gioboro neMg (m) BemonHeHo p(n, secg dom (R,
&) (e1))<<a: H, XKak cJgenyeT u3 yTBepxKAeHHs 2.1.7,
(n, &1, a)e=dom(exs R, &XE'g ), To ectb Mg (m) Xe X
Xoas=dom (exs R, &XElg ).
3aMeHa yKa3aHHBIX YCJOBHil (oJiee CHIbHBIMH IO3BOJIS-
eT 3aMeHHTb corsacoBanusi AAW[ex;R] u AMNX[ex;R]
6osiee Y3KUMH, HO HMEIOIIUMH GOsiee KOHCTPYKTHBHBIA BH.
O6o3Hauum
Al (m, e, g,)=
= {(a,, %, S)=&XE’ |, =¢,, p(m, sec,dom (R, &)(e,))+
' +6<a“<8’-—-6, 6>A}’
Ad (m, &, &) ={(a1, 0, 8 =EX E?I- | %y =8y,
1 (m, sec,dom(R, &) (e,) < o< e,—5, 8> A).
das mo6bix (m, ey, e2) EM X & X E4. BHINOJIHEHO
AL (i, e,, &) = A% (m, &, &)V [ex;R](m, &, &),

A3 (m’ 81, ez)c AA (ms 81’ Bz)ﬂX[eXfR] (m' l:"1’ 82)-

Orcioga caenyer, uto MHoxkectsa dom(A2y, &XElg) n
dom (A8, &XE'g) sABAAIOTCS MOAMHOKECTBOM COOTBETCT-
BYIOLIMX MHOMECTB, Ha KOTOPHIX NOKa3aHa YCTOHYHBOCTD.
Herpyauo Bumietb, 4to

dom (A%, ExEL)={(m, &, &)=
eMxExX EY.|n(m, sec;dom(R, &)(e,)+2A <e},

dom (43, 8 XEL)={(m, &,, e) =
eMxExEy|n(m, sec,dom(R, &)(e,))+ A <ep}.
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OTClOlla, B YaCTHOCTH, CJaefyeT, UTO
dom (A2, €XEY) >dom (R, &) x {e,=E}|e,> 24},
dom (43, €xEY) > dom(R, 8)x{e,sEY |e;>A}.

IMepeiimeM Tenmepb K aHAJIOTHYHOH amnmpoOKCHMalHH s
NPUHIMIOB oNTHMajdbHOCTH ingR, in,R. HauneM c BHYT-
peuHeli - ycroitunBoctd cHusy. OGosHaunM aas a=f, v

Baa(m, &, &) ={(, o, SEXE} |0y =
=g,, NyR(m, &)>a,>e,+ 8, >A}.

U3 yreepxknenns 2.1.7 clexyer, 4To 1Js JOOHX (M, &1, €2) E
eMX& X E', BHIOJHEHO

Bja(m, &, e)=B"(m, e, &) N X[ingRI(m, €, &),
Orciona
dom (BS;, &x EY)cdom (B*NX[in,R], &xEY).
Jlerko BHIETH, YTO
dom (Bgs, &XEY)=
={(m, &, e)=MxEXEy l n,R(m, &)>e,+A}.

C BHyTpeHHe#l yCTOHYMBOCTBIO CBEPXY €0 OGCTOHT He-
CKOJIbKO CJIOXKHee. YCH/IeHHs MOTPefyloT He TOJIBKO YCJIO-
BHS, BXOAsILIHE B COIJIACOBaHHS, HO M YCJIOBHS Ha HHTep-
npetanuio Q. O6o3HaunM Aasg a=uv, f

Bau (m, &, &)={(a;, @, d)=

eé X Ei |ot, =2, 1, R(m, &)— §>a,>e,+ 6, §>A}
OTMeTuM, 4TO
dom (B5,, &xEY\)=

={(m, &, e)=MxE&XEL I:na R (m, e))>e,+2A}.

ITepedpopmynupyem nyHkr 3 yTeepxkzuenus 2.1.6 npu Gosee
CHJIBHBIX, HO U 6oJiee KOHCTPYKTHBHBIX YCJIOBHSX.
Yreepxaenue 2.1.8. Ecau 0aa atobvix (M, g, g9) =
=dom (B4, &XE'L) 8bINONHEHO QeC, [M;(m) X
XMi(m) XMy(m)] npu t=mn.R(m, &) (042 caysas b=v
donoanurensHo npednosazaerca QA [My(m):<m]), 10



§ 2 MHOJXECTBO, 3AAHHOE OTrPAHHUYEHHSIMHU 75

cnpasedauso ing ReISUS,[dom (B4u, & XE'), Bbgu],
a=f, v; b=f, v.

JokaszarenabcTBO. BBuay toro, uto npu (ay, g
0)=B2,u(m, &1, e2) BHINOMHEHO TR (M, &) =max{az+-6,
8, €2}, YCIOBHS Ha MHTepNpeTanHio Q B JaHHOM YTBepKae-
HuH 6oJiee CUJIbHBIE, ueM B yTBepxkAeHuu 2.1.6, u ocraetcs
IPOBEPHUTh TOJILKO HEMYCTOTY MHOXECTB iNg R(n, ai, as
npu neMy (m). Hokaxkem 310 pas a=v. Urak, nycts
(a1, @z, 8)=B2u(m, €, €2) U n=Mg (m); Torma, yuuThl-
Bafd, YT0 a1=¢g;, Mq, () SMa,+6 (M), 0 TYHKT 3 yTBepxK-
nenus 2.1.4, cnenytomuit us yciosusi C,,, iMeeM

in,R(n, aj, a)= N QPR &), n, B>

keMa’(n)
> N QUPR (k &), m, k), m, m>
kEMa:_I_G(m)
5Q (N Rk &), m, k), m, n)=
kEMa2+6(m)

=Q(in, R (m, &,, a,+8), m, ny+*=J,
TaK Kak o,+8<<m,R(m, &;). A

§ 2. YcToituHBOCTD MHOXKECTBA,
3alaHHOT0 OrpaHHYeHHUSIMH

M3yuum cHayaja yCcTOHYMBOCTH NPHHIMIA ONTHMAJbHO-
ctu Ty, BBefienHoro B nyHKTe 1 § 1.2. Ilng mpocToThl pac-
CMOTpPHUM cJayual, Korja meHsiTbcs B momenu (f, X, a, D)
moxeT Toabko f. Takum 06pasoM, MOXKHO CUMTaTh, 4TO
MHoxecTBo Mmopeneli M=®(X, E»). [IpeanonoxuM Takie,
uto X =Xo, u nonoxum S (f) =X,. ITockonbKy MHOKeCTBO
cTpateruii He 3aBHCUT OT MOJAENH, HHTepnpeTanuio Q Oy-
JleM CUHTaTh TOXKAECTBEHHHIM OTOOpaiKeHHEM. :

HecmoTpss Ha To, uTOo @ u b He BapwupyloTcs, Oyner
yRo6HO paccMaTpHBaTh NPHHUUN ONTUMAJbHOCTH T; mpu
pas3nnyHbIX 3HaueHusx a u b. I[loatomy a u b Gynem cum-
TaTh NMPOCTO MapaMeTPaMH U 0603HaUHM

T (F, ©=05T3 (), T4 () ={(xeX|a<<f(x)<<b).

Beegem HopmMn B En. Iag usEm nonoxum |ull=
= max |u;|. Ha (XXE™)2 BBeeM MeTPHKY
1<i<n :

r((xy, ), (xg up))=max{p(x;, %), llu;—u,ll}.
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B kauecTBe nceBIOMEeTpHKH pu Ha M XM paccMoTpHM

w(fy, f)=Hrgrl(fil, grif,)).

JlokaxeM cHayasla HeCKOJbKO BCIOMOTaTe/bHBIX pe-
ayabTaToB. O603HaunM Aasl usE™

Qq, » (#) = min {min (u;—a;), min (b;—u;)}. -
i I<ign

S

Torja HETPYIHO BHHAETDH, YTO

T4 * () = {x=X|ga. » (f ()) > 0}.

H3yuum HekoTOphie CBOMCTBA QYHKIUH Qg p.
YrBepxpaeuue 22.1. [Jaa uvsE™ 8b6IN0OAHEHO

[Pa, b (4)—@a, » (V)] < [lu—1]l.
HokaszatenbctrBo. O6o3nauum 1 (4)= min u;.
1<ign
OueBHJHO, BHNOJMHeHO wu<<v+|lu—vl|l u, caemosBaTennHO,
P (u) < (v) + llu—vll. Orcrona

Pa, b (U)—Qa, v (0) =

=min{Y(u—a), H(b—u)}—min {{(v—a); P(b—v)}<

<min {p(v—a)+ [lu—udll, Y(6—0v)+Illu—ull}—
—min {Y(v—a), (0—v)}=lu—dl. B
BBenem ¢ynxkuynonan
9, 5 = SUD Qa. » (F (x)).

YrBepxaenune 222 [Maaf, ge®(X, E*) sonoa-

Kero
l9;. ,(N—9, ,(@I<n(, 9.

HoxasartenbctBo. das mw6oro e=>0 cyuiecTByer
xee=X TaKo#, 4T0 Qo (f(%e)) =¢* 0 (f)—e. dnst x, 1 a>0
CYILECTBYCT Yo =X TaKoii, 4TO

O(¥es Yeo) <w(fs @)+ 1 |If (xe)—8& Wel < (/. 8)+o.

U3 yrBepxaenus 2.2.1 caenyer, 4yto

0, (@) = Pa, (€ (Wea)) =0a, b (F (xe) — IIf (Xe) — & (el =
=@, ,(N—e-—a—-p(f, g).

B cHay npoH3BONILHOCTH HOJIOXKHTEIbHBIX ¢ H 0 NOJNyYaeM

9, ,(N—9; ,@<p( ).




§ 2. MHO)KECTBO, 3AIAHHOE OTPAHUYEHUSMU o

Ocrajioch 3aMeTHTb, YTO [ H g MOXKHO TIOMEHSIT5 MecTa-

vu. B
YrBepxaenue 223. Qasa a, BE! u usEn so-
NOAHEHO

Qa, )+ Max o, B} > Qa—z, o+ (1) >Pa, () +min {at, B}.
JloKka3aTeJdbCTBO CICAYyeT H3 PABEHCTBA
Pa—a, v+8(w) =min {$(u—a)+ao; p(b—u)+p}. W !
CnenctBue. Ilpu a=p nosyuaem
Pa—a, b4 (4) = Pa, b (¥) + @
u, cAedo8areAbHo,
Vo, bra (N =9, , (N +a.

s uayyenus ycrodynBocTd T1%P moTpeGYIOTCS OLEHKH
na mMuHoxecrso dom (7,*?, E'}) ¥ NPHHUMNH ONTHMaJbHQ-
ctu ex 71%? u in T1%°, OueBHAHO, CIpaBEeNJIMBLl BK/IIQUEHHH

- . i .

{feMlg; , () >0} x Excdom (TT°, Ey)c N
c{feMqua » (N =0} XE+

OueHKu Ha ex T.a by in T)*b naer caenypoiee »
Yreepxaenue 224, [an fesM, esE'y, a;<h,,
i=1, ..., n, 8bINOAHEHO: ‘

1. Ecau y>86=0, 10

eXTf'b(ﬂ €, G)CT‘II_?' b+v(f’ e} 'V)
2. exTHO(f, &, 8)>TF % F0(f, ¢).
3. Ecau min{e, y} >6, To

inT{*(f, &, 8T *77(f, e—v)
4. inT{ (f, e, S)TIT® 2= (f, ¢).

HoxkasatenbctBo. Ilynkr 1. ITycts xeT*b (g, &)
u geM;y (f). Torna cylecTByer xeX TaKoH, 4To p(«,
y<e u Pa (8 (#))=0. HOas x u p=>0 cyuiecTayer
yp =X TaKoii, uto p(¥, ys) <8+B u If (yp)—g (+') ]| <
<8+B. OTC!OIla nosyyaem p(x yp) <p(x, x)+p(x
yp ) <<e+8+p 1 a—d—B<g (¥)—d—B<[(yp) <g(¥) +
+0+PLb+6+p.  Tlomoxum y=8+p; Torma xe
ET& Vo4 (f, e4-y).
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IMyukr 2. Ilycts xo=T,2-6b48(f, ). Toraa cyumectsy-
er x¥’'&X Takoi, uto p (¥, Xo)<<e U Qa—s b+s (f(x'))=0.
PaccmoTpum QyHKIHIO

gi (x)=
fi (x), ecnn  xs=x’ wm q; <[, (x) < b,
= | min{f; (*')+8, b}, ecan x=x" u fi(x)<ay,
| min{f, (+)—8, @)}, ecnn x=x" u fi () > by,
i=1, .., n

[TokaxeM, 4TO Qq,p(g (x’))=0. eficTBUTENbHO, eci a; <<
<fi(x)<<bi, 10 g@i(x)=f:i(¥') wm a;<<gi(x')<<b;. Ecam
fi(x)<<a;, To gi(x)=min{f;(x') +06, b:}<<bi. U3 ycuno-
BHA Qa—pb+s (F(¥')) =0 crenyer fi(x')=a—8, To ectb
fi(x) +6=a;, a 3Hauut, g:(x’) =a;. AnajoruyHo paccMma-
TpuBaercs cayua#t f;(x') >b..
ITokaxkem Temeps, yto g=M, (f). Tlo ompenenenuio p
nMeeM
n(f, g)=max {sup inf max {p (x, y), | f (x)—g (¥)Il},
xeX yeX

sup ;gfx max {p (x, y), ll g () —F W) I}} <
< max {;gfx max {p (x', y); IIf (x")—g W)}
;',gfxmax o', y); llgE)—FW} <If &)—gE).

Ouennm |f;(x')—gi(x’)|. OueBunno, TOCTaTOUHO paccMoT-
peTb cayua, koraa g;(x’) =b; u gi(x’) =a;. Ecan g; (x') =
=b;, 310 3HaunT b;<f;(¥')+6 u [;(x')<<bi+6, TO ecTh
fei—f: (x’) | <<8. Ecan g;(x') =a;, 310 suauur f;(x)—6<
<a; 1 a;—d<fi(x'), 1O ectb |f;i(x')—a;|<8. MHraxk,
|fi(x")—gi(x') | <6 u, cnepoBaresnno, [f (x')—g(x')]<6.

IMynkr 3. Kak nokasaHo B x0/l€ /J0Ka3aTeNbCTBa MyHK-
ta 1, 119 geM, (f) cnpasennuBo BkjwueHne T,%b (g, g)
cTe b+ (f, g+y). Tlomoxum a—yp=a’, b+y=b’,
et+y=e¢,af u g nmnomensieM Mecramu. Iloayunm
T+ b= (f, ¢'—y)=T®" b (g, &’). Ocranocy B3ATH nepe-
ceueHue no gM; (f).

ITynkr 4. PaccMOTpUM QYHKIMIO -

(F(0—8, “ecan [ (x) <a,+38,
g?.(x) = J. fi (x)v eca  a; +6 < fi (x) < bi-ﬁ’

= . lf, (*)+8, ecam f; (x)y > b;—9,.
i=1,..,n
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OueBuaHo, gé=My (f). ycts x°=inT\*b(f, g, 8). Toraa

x°=T P (g%, ¢). CnenoBaTenbHO, cyiecTByeT x' X Takod,

510 p (X0 X)<<e u a<<g®(x’)<<b. Ho 7torma a+6<<
<f(x') <b—39, To ecTb X°=T2+5: -8 (f, ¢).

Ilpn ucnosb3oBaHHUM YTBepXKIAeHHs 2.2.4 HJs HcCAenO-
BaHHA yctoduyuBocTH T,%? BO3HMKaeT HEOOXOOHMOCTb B
CpaBHEHHH J[ABYX INpDHHUUIOB  ONTHMajbHOCTH T %Y u
Tio—t b+t npu teE'. Ins storo BBefeM QYHKUMH

T (f, 8)=Bo (To*=%->+° (), T§-* (),
T (f, 8) = Bp (T5:° (), T§H-2=0 (f)).

Tak xe, Kax u B mHpexbayuiem mnaparpade, st QyHKIHA
MOXHO Ha3BaTb MOAYJSIMH NOJNYHENpPEepHBHOCTH CBEPXy H
CHH3y MHOro3HauyHoro otobpakenusr T,%°.

HerpynHno 3ametuTs, uto ecau € > a+1, (f, §) u
T () #3B, 10 T¢0 (f, ) D T§02H (f, a).
Ecan € > o+ 14 (f, 8) u Ta+d:b=8 (fy=£ ¥ 1o
Te+8:2=0(f, &) © T¢:b (f, o).

Teneps mnosyueHnl Bce HeOOXOAMMBIE OLEHKH MIJISI HC-
CJelOBaHHs YCTOHYHBOCTH MPHHIMIA ONTHMajabHOCTH T,%F,
OcTaHOBHMCSI TOJMILKO Ha BHYTPeHHEH H BHEIIHeHd YCTOH-
YHBOCTH CHU3Y M CBepXy. Beemem HeoO6XonuMELle cOrJacoBa-
uusa. Mcnosnbsyem masi ux o6o3HaueHusi 6yksy A, Hamescs,
YTO 3TO HE INPHBEJET K NyTaHHIe C APYTHMH COIJIacOBa-

HusMH, 0603HAUeHHBIMH 3TO#l e OYKBOH M HCIOJb30OBaH-
HbIMH BbILIE:

Ay (F, &) ={(. ) E EZ |9, , (N >8> A,
' e>a+0+1,(f, 6+)}, a=u,d;
AL (f, &)= {(e, 8) € E3 g, , (>8> A,
a> e+6+’ca(f, 6+)}, a=u,d.

Hns naxoxpenuss dom (A8;,, E'), j=i, e; a=u, d 3ame-
THM, UTO
T, (f, A++) = oliT_'_Ta (f, 8+) =74 (f, A+).

VUuTBIBaSt 3TO COOTHOLIEHHE, NOJYYaeM
dom (A%, EL)={(f, &) = M x EL |9, () > A,
e> A+ ([, AH)}, a=u.d;
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dom (44, EY)={(f, & =M x EL|g; , (N> A,
Ta (ft A+) <+°°}’ a= u, d.

Kak Buano us 3tux ¢opmyn, muoxectBa dom (A3;, (E'+)
onpenesiorcs AByMs yciaoBusaMH. ITepsoe @*;p(f) A o3-
HauaeT, YTO CYILECTBYeT Xo=X Takoe, 4To a+A<<f(xo) <
<b+A. Tlpu A=0 oHo mnpeBpaimaercs B ycaoBHe Cieii-
Tepa, moaroMy H.mpu A>>0 OGyiem Ha3HBaTb €ro TaK XKe.

BTopoe ycioBHe cBA3aHO ¢ (QYHKUHMAMH T,, a=u, d, H
03HayaeT NOCTAaTOYHYI0O MaJoCTb T, B clydae j=i H orpa-
HHYEHHOCTb B ClIy4yae j=e. YCJOBHE MaJOCTH tg 0600mmaer
ycaosue B Jemme 1.4 [81], ycnoBne mamocTu t, o6obimaer
YCJIOBUSI peryJ/sipHOCTH orpaHuyeHHii B [81] H koppekTHO-
cTH orpaHuyeHu#t B [13], mosTOMy yCJOBHS, HCIOJb3YIO-
IHe MaJoCTh HMJH OrpaHHYEHHOCTb MOAYJEH, MOJyHenpe-
pHIBHOCTH, OyZeM Ha3biBaTb YCJIOBHSIMH PEryJsipHOCTH.

B caenyiomieM yTBep:KIeHHUH /51 YETHIpEX THIOB YyC-
TOAUYHUBOCTH YKa3BIBAIOTCS AOCTATOUHBIE YCJIOBHSI yCTOHUH-
BOCTH NPHHIMNA ONTHMAaJbHOCTH T1%P.

YrBepxaenue 225. Naa (J, )=, i), (E, e);
(V, v)=/(U, u), (D, d) svinoanero

(Ts5 EL) € JSVA [dom (48, EV), A4 ]

HoxaszaTenbcTro. OcraHOBHMCH AJs NMpHMepa Ha
cayaaze (3, )=(1, i), (V, v)=(D, d). Hyets (, e)e
edom(A%iq, E'y) u (a, 8)=A%4(f, e); Torna cymecrsyer
y>>6 Takoe, uto e=>a+y+ta(f, y) u ¢*as (f) >v. U3 mo-
CJIe[IHETO YCJIOBHS CJENyeT, YT0 @*a+y,s—y (f) =0, TO ecTh
Toatv =7 (f) 5= F. Torza T\2+%>¥(f, e)>DT%*(f, a). Uc-
f10J/1b3Y 51 nyHKT 3  yTBepxkieHus 2.2.4, noJyyaeM
inT*b(f, ey 8)D>T12?(f, a). Ocranocs 3aMeTHTh, YTO U3
©*a,6(f) >y>0 caenyer T1**(f,a) #Z. A

Hrak, Ha MHOXecTBe mnap (f, &), rlie BHINOJHEHH Yc-
jgosue CiefiTepa U COOTBETCTBYIOILIHE YCJIOBHSI PeryJ/sipHO-
ct, T\»® ycTofiuuB B yka3aHHOM cMbicie. EcTtecTBeHHO
BO3HHKaeT BONpPOC: AIBJsAIOTCA Ju ycjaoBue Cuaefitepa m yc-
JIOBHSl DPeryJsipHOCTH HEOOXONMMBIMH AJS YCTOAYHBOCTH?

Yreepxagenue 2.26. Qaa J=I E; V=U, D u3
ycaosusn (Ty»b, E')JSVA[ (f, &), A] caedyer g*ap(f) >
>A.

JNokasateabcTBO. OTMETHM cHauasa, 4YTO H3 JIO-
60oro yKasaHHOro THINA YCTOHYHBOCTH CJENYyeT, YTO MJs
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(a, 8) =A(f, &) Bunonneno T,*b(g)~ nna mo6oro
g&=M; (f). PaccMoTpuM ¢HYHKUHIO
)= {f(x)—& ecan ¥ (f (9--a) < b (b—F (1),
f(x)+38, ecan ¢ (f(x)—a)>p (b—f ).
OueBusiHO, g% & Mg (j). Boiuncaum g (g% (x)). Ecau
¥ (F ) —a) ¢ (b—F (x)), 10 P (g0 () —a) = Y(f(x) —a)—d<
<W(b—F (x))+-8=1p (b—g® (x)) n nosToMy
Pa,b (8% (X)) = @a.s (f (x))—8.

Ecin 9 (f(0)—a) > (b—[(x), 10 Wb —g°(x)=
=P (b—f () —8 < ¥ (f (¥) —a)+ 8=V (¢° (x) —a) u nosro-
MY Qa5(8% (%)= @a,p(f (x))—6. Orciona caeayer, uTO
qaz’b(g°)= P (—8. U3 ycnosusa T4:°(g% =~ cuenyer

Q@) =9, ,(N—8=>0. Ortciona ¢, ,(N=6>A. W

Hrak, ycnoue CuefiTepa siBAsieTCs] HEOGXOAHMBIM MJIA
yKa3aHHBIX THIOB ycToHuuBOCTH Anas Ty%°. -

Vreepxaenue 227. Oaa (V, v)=(U, u), (D, d)
RbINOAHEHO:

1. Ecau (T}, EL) €1SVA((f, ¢), A, mo ez, (f, A+).

2. Ecau (T%Y, E}I_) & ESVA[(f, e), Al, mot,(f, A+)<-+co.

Jloka3aTeabCTBO mpoBeieM AJs NyHKTa | 1pu
(V, v) =(U, u). OcranbHasi yacTb yTBEpXKJAEHHS NOKa3bi-
Baercsi aHajoruuHo. ITycts (a, 8) €A (f, e); Toraa, ncnose-
3ys NYHKT 2 yTBepxIeHHs 2.2.4, mnoayyaem  IeNOYKY
EKJIOYeHH

0:Tg* (=T (f.e) o
D ex T9b (f,"a,"8) 2 T478:248 (f, ) o Tg—3:648 (f).

Orcrona caenyert, uto e=7u (f, 6) =1 (f, A+). W

Urax, 1751 BHyTpeHHeH yCTOHYHBOCTH YCJIOBHS PeryJsp-
HOCTH SIBJASIIOTCS. HeOOXOAMMBLIMHM, a JJis BHEIUIHeH yCToii-
YYBOCTH HEOOGXOAMMBI YCJIOBHSI PeryJsipHOCTH B HECKOJbLKO
Gosee cma6om Buie. [Ipy A=0 Heo6XOAMMEIE H IOCTaTOU-
Hble YCJIOBHSI 1Jis1 BHYTPEHHeHl YCTOHYMBOCTH <«IOYTH» COB-
najgawor. JlocraToyHble YCJ0BHS 3afalOTcsl CTPOTHMH Hepa-
BEHCTBaMH, a HeoOXOJAHMble — C TeMH Xe (YHKUHSMH, HO
HECTPOTHMH HepaBEHCTBAMH.
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IMonyyenue B siBHOM BHIe MOJAyJieil MOJyHeNpepbiBHOC-
TH MM YAOBJIETBOPDHTE/bHBIX OLEHOK HJs HUX, BOoOOLIe ro-
BOpS, SBJSIETCS AOBOJIBHO CJI0XKHOH 3agaueii. [TosTomy He-
06XOIMMOCTh HCIOJIb30BAHHS YCJAOBHH peryJsipHOCTH IJf
ycroituuBoct (T,*b, E'}) sBAsieTcsl BeCcbMa OPpaHHYH-
TeJbHBIM TpeOGOBaHUEM.

PaccmoTpum Tenepp OAMH YNPOLIEHHBIH BapHaHT NPHI-
muna ontuMmanbHocTH T, u3 § 1.2. Byzem usyuats ero
npu GoJsee obuux yciaoBusax, yem T(*?, a MMeHHO, MHOXe-
CTBO  MoOzeJeli mpuMeM paBHHM M=® (Xo, En) XM(X,).
Kak u Bmie, 6ynem cyurats, uto S (f, X)=2Xo, u mostomy
HHTepnperanuss Q TakxXe OydeT CUMTATbCS TOXKJeCTBell-
HbIM oToOpaxenueMm. HMrak, 6ynem paccmMaTpuBaTh MpPHH-
uun ontuManbHoctH (7T3»0, E1L X E?),

T4 (F, X), &) =0 (= X|a—e, <F(x) S b+-24).
B xauectBe nceBnomeTpuku p Ha M XM paccMoTpuM

w((F1s X1)s (Fo X = Hr (gr [F11X1], gr [f2] X,)).
Kak u Bbille, 3/1ech 0603HAYEHO

r (%1, ty), (%, w)) =max {p (x;, X5); |lu;—u,ll},
a f|X — cyxeHie dyunkunu f Ha X.

B orTinyMe or cJayuas, pacCMOTPEHHOro B Hayalje 3TO-
ro maparpada, rae i fe® (Xo, E?) npumeHssoch pac-
CTOSIHHEe Mexay rpadukaMu, 31ech UCMOJb3YEeTCs PaccTosi-
HHe MexJy rpadpuxkamu QyHKuui, SBISIOIMUXCS CyXKEHHEM
Ha cooTBeTcTBylolee MHoXecTBo X. [TostoMmy, eciu

w((fy Xy), (for X)) << 6

TO
sup inf max {p (x,, x,), [If; (x,) —f, (k) I} <8

x,eX, x,eX,
TO ecTb AJS J1000r0 X=X, BBHINOJIHEHO

inf  max {p (x,, %) ; |If; (x)—F, () I} <O

x,eX,

STo 03HayaeT, YTO JJs JMIO6HX x;=X, H ¢>0 cyumecTsyer
xteX, rakoii, uro p(x, x32)<6—-e 1 Ifi(x1)—Fa(x8) ]I <
<d-e.

Ecan 61 B KauecTse p OGblna BoGpaHa GyHKUHA

max {Hr (gr [f,], gr [fo)), Hp (X5, Xp)},

TO MOKHO Obl10 6Bl YTBEPKAATh, UTO AJS JIOOHX XX 1
e>0 cymecTByer x8;&=X, Takoe, 4TO p (X1, x%) <<O6-+e
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[Ifi (x1) —f2 (x82) | <<&--e, u cymectByeT y2,=X, Takoe,
uTo p(x;, Yy22) <<6-+e. Ho yTBepkIaTh, UTO XEa=yE,, BOOG-
uie roBOpS, HeJb3dl. .

Kak u Bbllle, 1151 U3Y4YeHHST YCTOHYHUBOCTH moTpebyeTrcs
CPaBHHTb 3HAauyeHHS NPHHLUHMNA ONTHMAJbHOCTH T3%P Ha
O0JN3KHX MOLEJSIX.

Yreepxaenne 2.28. Ecau p((fi, X)), (f2 X2)) <5,
70 048 2106020 Y>>0 BbINOAHEHO

T%b ((f1s X3), &) = T30 ((Fyr Xo), +7).

HokaszateabctBo. Ilyets x T30 ((fi, Xi), ¢).
Torma cymecrsyer x';1&X; Taxkoi, uto p (X%, x1)<<ey I
a—eo<<f1 () <<b-Fes. Has x'y u a=y—56>0 cymecTsy-
eT x%e=X, TakoH, u4To P(X1, %) <<é+a u |If2(x%)—
—fi (1) I<d+a. Orciona a—es—0—a<<fo(x%) <<b+es+
+6-+a, To ectb X1 &T320((f2, X2), 8+a, e2+8+a, g3+
+0-+a), n, caenoBaTeNnbHO, TaK KakK p (X, x%)<<p (%,
X)) +p (1, x%)<<ei+0-+a, moayuaem xiT320((f2, X2),
e+y). W

Kax caencrthe, mosydaem, 4YTO AJisi Y>>0 BHINOJIHEHO

ex TS0 (f, X), & 8) = T2 (F. X), e-+7),
T2 (f, X), e—7) < in TE0 ((f, X), & 5), & > 7.

Has ouenkn MHoxectBa dom (T3%?, E'.XE?), Tak xKe
Kak u npu uccaenosanuun I1%P norpebyercss (yHKIHOHA
¢*ab, HO, YUHTHIBAfl, 4TO MOJEJbIO Temephb SBJSETCA Napa
(/, X), a nHe f, 6ynem ncmnosb3oBaTh ciaenylouiee 0603Ha-
ueHHe:

Woo (X = SU s (F(9).

as HoBHIX MHOXKecTB momeneis M=0 (X,, Em) XM (X,)
M NCEBJIOMETPUKH U CNpaBENJHBO YTBepXK/JEHHE, aHaJOrud-
noe yTBepxaeHHio 2.2.2.

Yreepxaeunue 229. Aaa (fi, X1), (f2, X2)EM gor-
HOAHEHO

,‘P:,,b (fy, Xl)—(P;.b (Far XD 1 (F1s Xo)s (fas Xz_»~

JloxaszaTenbCTBO MOYTH JAOCJHOBHO COBNAjaeT C
IOKa3aTe/JbCTBOM YTBepXKIeHus 2.2.2 U MO3TOMYy He NpPHBO-
AHTCH. .
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Hcnonb3yst ompenenenue T3P, HeTPyAHO  NOJYYHTH
OLIEHKY
{f, X, €M X E\ x E*|¢,_, .., ("X)>0}c
< dom (T¢-%, E}'_ X E?) <
c{f. X, )M x E\ x E*|g,_, ,.. (f, X) >0}
U3 yrBepxnenus 2.2.3 caenyer, uTo
@, , (f, X)+max {e,, eg} >
> 0], oo, (1 X) = @), (F, X) +min {e,, &),

[IpuMeHsisi 35TO HEpaBEHCTBO, IOJyyaeM  OUEHKy A
dom(T3»b, E',XE?), ucnonp3yiomyr ¢yHKIHOHAN @*,p
NPH HeCMEIlEeHHbIX 3HAaYeHHSAX NMapaMeTpoB a, b:

{f, X, ) =M x E\ X E*|q, , (f, X) + min'{e,, &,} > 0} =
< dom(T':*, EY X E?),

{(f. X,e) = M X E X E*|g} , (f, X)-+max'{e, es} > 0}
S dom (T'§:%, E} X E?).
Brimuumem cornacoBaHHs, Heo6xoauMbie sl GOPMYJIH-
poBKH yTBepxkJeHHs 06 ycroiunBoctn T3%°., OcraHOBHMCS

TOJIbKO Ha BHYTPEHHEH M BHeLIHeH yCTOHYMBOCTH CBepPXY
H CHH3Y:

B (F, X), ) ={(x, ) = E!y X E%x Ellq; , (F,*X)+
+min {&,, a;} >8>A, e>a+8},
B, ((f, X), &) ={(a, ) € E} x E? x E\ |9} , (f, X)+
' +min{e,, a;}:> 0,8 > A, e > a8},
B, (F, X), &)= {(a, ) E E} X E* x E'|g; , (f, X)+
+min {e,, g5} >5;>A, a > e} 6},
By (F, X), 9= {(a, 8) = E! x E* X E\ |9} , (f, X)+
+min {e,, &5} > 0, 6 > A, a> &4 6},
Herpyano sugmers, uto
dom (B}, El X E?)=

={(f, X, 9|9}, , (f, X)+min {e,, e} > 2A, &> A},
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E} x E?) =
<6 X, N0y, (. X)-+min {ey, e} = A, o> A,
dom (B, E} X E*) =
={(f, X. @, , (f, X)-+min {e,, e} > A},
E} X E?)=
={(i. X, 9le;, (F, X)+min {e,, e} > 0).

VYreepxnenue 2210 Oas (J, j)=(], l) (E e);
(V, v)=(U, u), (D, d) s8vinoaneno (T;*°, E'\XE?*)=
eJSVA[dom (B%;,, E'+ X E?), BA;,].

JokaszaTeabCTBO INpoBeleM AJA caydas é)—
=1, i), (V, v)=1(U, u). Tlyerp (f, X, Edom ity
E' XE?) u(a, 8)B4.((f, X), e). Us HepaBeHc'rBa
¢*op(f, X)+min{az, as}—6>0 caenyer, uto ajsi MOGHIX
(g, Y)=M; (f, X) BunonneHo @*:5(g, Y) +min{a., as} =
=0%.s (f, X)—6+m1n{a2, a3} >0, To ectp T3%P((g, Y),
o) %= . 13 HepaBeHCTBa £=>0a+§ clelyeT, 4TO CYIIeCTBY-
eT y>>§ Takoe, 4T0 ¢>y-+a. Vcnonb3ys crexcTBhe us yI1-
sepxnenus 2.2.8, nojyuyaem

ex T3 (f, X), @, 8) = T3 (f, X), a+1) = T2 (f, X), ¢). W

dom (B2

id’

dom (B2

ed’

HOnsa ycrofiuusoctu T32° or momenn (f, X) Tpebyercs
Tonbko yciosue Cuaelitepa. ITo cpaBHenuio ¢ T,*P mpHn-
IMI ONTHMaJbHOCTH T3%P o6Jjajaer Jy4IIHMH CBOHCTBaMH
B CMBIC/Je ycToifiuuBocTH. Ecam cornacoBaHHsl AJA yCTOH-
yuBocTH T1®® TpeGoBajy 3HAHUS MOJAYJeH NOJyHenpephis-
HOCTH, TO HHYero nomo6GHoro nnas Ts*® He Tpebyercs.

B 3akuiouenue maparpada pacCMOTPHM  YCTOHYHMBOCTb
MHOXKECTBa, 3aJlaHHOrO JHHEHHHIMH orpaHudyeHHsMH. OG6o-
3HaYUM

L, (A, b)={x= E"|Ax < b},

rne A — matpuna pasmepom mXn, bEm. Ilns stoft 3a-
Jlayd MHOXecTBOM Mmopeneli M 6yneM CUMTaTh MHOMKECTBO
nap (A4, b), rne A — (mXn)-marpuna, bE™. Tlonoxum
S(A, b)=E™ u nostomy uHTepnperamuio Q 6yzem cuH-
TaTh TOXIECTBEHHHIM OTOGpa)keHueM. EcTecTBeHHO nomy:-
THMBbl€ BO3MYLIEHHS] MOJEJH ONpPENENATh KaK He3aBHCHMBIE
n3MeHeHHa K03(p(HUMEHTOB MaTPHUL M BeKTopa, obpasy-
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IOIUHX MOJedb. Takue BO3MYyILLEHHs ONUCHIBAIOTCS METpPH-
KOIi

B ((A;, by), (A, by)) =

= max { max |a;;;—ag;|; max |by;—byl}.
I<i<n I<jsm
I<jsm

B kauecTBe TNPHHUMIA ONTHMAJNLHOCTH  PaCCMOTPHM
anajor T,%?, a uMeHHO

T4 ((A’ b)’ 8) =0, Lo (A’ b)’
rZe OTKpHITaZsl e-OKpecTHOCTh O, 3ajaercs MeTanoi’i
d(xy, x2) =llx;—xall, llxll=<x, xD12, a {x, x)= Z X1iXai.
O6GosnauuM o (x)= max [{a;, x)—bj], aJ (aﬂ,
1<j<m

.» Qjn) — j-a cTpoKa MaTpuub A.

Herpynno Buzerts, uto Lo(4, b)={x=Em"|o(x)<<0}.
Boamymennss wmomenn (A, b) B MeTpHKE p MOPOKZAIT
Bo3MyuleHus: pyukuuil (aj, ¥x)—b; Ecau paccmatpuBath X
Ha OrpaHHYEHHOM MHOXeCTBe, TO MaJbIM BO3MYIIEHHAM
(A, b) cooTBeTCTBYIOT MaJjible B PABHOMEPHOH METPHKE BO3-
myuieHus: ¢yHkuuii {(a;, x>—b;. Ecau xe x=E™, To man
so6oro >0 u aw06uix (A4, b), (A4’, b’), rze n((4, b), (4,
0")) =9, a;j5~a’;, paccTosiHue B pPaBHOMEPHOIl METPUKE MEX-
1y oymxuusmu {a;, x)—b; u {a’;, x)—b’; paBHO + co. dTO
HaBOJHUT HA MBICJb, YTO YCTOHUHBOCTb T4 CAENyeT OXKHIATh
JHIIb B TOM cayudae, korga Lo(A, b) orpannueno.

[TokaxkeM, 4TO 3TO HAEHCTBHTEJbHO TakK. BBemeM o6o3Ha-
uenus |x|=(|x], .., |*a]), ea=(1, ..., 1)=E™", a maTpuuy
pasMepoM mXn, Bce 3JeMEHTH KOTOPOH paBHH eRHHHIE,
o6o3nauum F.

Yreepxaenue 22.11. [aa arboco §<E'g sbl-
NOAKEHO:

1. exTy((A,b),¢,0)=0c{x = E"|Ax—8 F|x|<K b+ 8e,}.
2. inT4((A,b),e,8) D0:{x = E"|Ax+ 8 F|x|<< b —8e,).
JoxaszateabctBo. Ilycts (A’, b'YeM; (A, b),
=(a'y), b’=(b", ..., b'm). HeTpyaHo Bunerb, 4yTo cmpa-
LeJJIMBEl paBeHCTBA
max a" x;=max {(aj; + 8) x; ; (a;;—8) x;} = a;; x; + 68|y,
laj—aj;1<8
min aﬂ x; =min {(ay; +0) x;; (a;,—0) x;} =a;; x;—8|x;].

la;g—aﬁ |8
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Kak cnexncrtsue, nojydyaeM

l! —b]1= N 6 n,! _b 6’
(A'.b'?éaﬁbm,b)[@i x) —bi] = {a;, x) +6 (e, 1x]) —b; +

i ," —b]= j» —6 ’ —b;—0.
w.b?el?«b (A,b!(al x) —b;] = (a» ) (ens |x]) —b;

Otcioga caenyer, uTo Ajst n060ro x&E™ BbHINOJHEHO
Ax—O8F|x| —b—08e, <A x—b < Ax+8F|x| —b+0ep.

OTO o03HayaeT CHpaBefJHBOCTh BTOPOrO NMyHKTa yTBEPXKJe-
HHSl ¥ CNIpaBeJJIHBOCTb BKJIIOUEHHS

exT4((A, b),&,8) = Oc {x = E"| Ax—8 F|x|<< b+ 8 ey}
ITycts Tenepp Axo—8F|xo| <b+06em. ITonoxum
a’ji (%) =aji—d signx;, b’=>b+dem.

Ouesuzno, (A’(x0), b')esM,y (A, b). Ocranocr 3aMeTHTD,
uto A’ (%0) Xo—b’=Axo—08F |%x0| —b—0e,n<<0 u mo3TOMY
X()EL()(A,(JC()), b,) [ |

Paccmorpum konyc K (A)={x=E"|Ax<<0}. Herpynuo
BHAETb, 4TO AyY [ (%o, v) = {¥=E™|x=xo+4tv, t=0} coxep-
xuTcsi B Lo(A, b) Toria m TOJABKO TOrAa, KOTAa XoE
eLo(A, b) n veK(A). Takum obpasom, Lo(A, b) orpa-
HUYEHO TOrjga M To/MbKo Tonia, korga K(A)={0}.

YrBepxaenue 22.12. Ecau weK(4), 1o

ﬁd(l (xov ZQJ), Lo (A» b))= -+ o0,

HokasarteabcTBo. U3 wEK(A) caenyer, uro
marpuna A — HenyneBasi, Tak Kak ecau A=0, to K(0)=
=En, Tostomy a= max larll>0. Mycts y:=Lo (A, b)—

1<k

I'POEKIHUST TOUKH xt=x\o—l\—'?w Ha MHOXecCTBO Lo (A, b). Torma
Xo+tw—y,=d (%, Ly (A, b))y 2.2.1)
a l; mpuHaNJeXUT HOpMaNbHOMY KOHycy K Lo(A, b) B

tTouke y; U ||l;||=1. YMHOXKHM (2.2.1) Ha BEKTOp @; U BO3b-
MeM MaKCHMyM 1o j, j=1, ..., m; noayunm

d (x4 Ly (4, b))- llgal!im(ajv l)y=
= max [(%o a;) — (Yo @) +1 (@ @) ]

Bocnosnb3yemcsi HepaBencTBoM Kown — ByHSIKOBCKOro
Hap I I<lla;ll-N ]l



838 I'Jl. 2. UCCJEJOBAHHE YCTOMYHUBOCTH

Torma nmeem
d (% Ly (A. b)) max ||a;|| > max [({xy, a;) —b;)—
I<jsm I<jsm

— (¥ a;) —bj) +t(aw)] > t:in;i)fn (a;w) +
+ min [({x, a5) —b)—({Ys, @) —b)1 = t maX (a;, w) +

1<jsm

+ min [(xy, a;) —b;]— max [(yua)—bjl

1<js<m

YuutwiBasi, uto y:=Lo(A4, b), nonyuaem —0(y1)>0. He-
JIUM Ha @ U HoJydyaeMm

d (%, Ly (A, b) > % max (a;, w) + —a- -min [(xg, a;)—b,l.
1

<jsm <j<sm

U3 ycnosus weEK (A) cneayer, uto max (a;, w)>>0, nosromy

SIES

Bd(L(xo, @), Lo (4, ) = sup d (xy, Ly (4, 6) = +oo. W

Yreepxnaenue 22.13. Mycre [(x0, v)=Lo(A4, V),
foll=1, 8>0. Ecau |wl=1, |lw—v||<<A u

A- max || a;]|-max [1; 3 Ixoil} <¥d

i=1

<j<
TO
L (x4 w) = {x & ErAx—8 Flx|< b+8ey}.
HokasatenbcTBo. OGosHaunm u=w—v. Kak oT-
MeuaJjioch Bbie, Axo<<b u Av<<0. OuEHHM BeJHYHHY

a;= (a;, xo+wt) —0 (e,, xo+wt) —b;— 8=
=[{aj, xo) —b;1+1 {aj, v) +t (a5 u) —8 3 |xoi +wit] —
i=1

<tllall-A—$6 5‘ [ % + 0 8] —8 <<

1-—1

<t-A- max na,u——az |0t + ;1] —8.

i<j<m

Ecin  max |la;l|=0, to a;<<0. Ilycts Tenepb a-=
1<j<m
= max [la,)|>0. Torna npu 0<<{<<8/Aa umeeM ;<<0.
1<jsm
Ocranoch paccmorperb caydait {=d8/Aa. Bocmoab3yemcsi
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HePaBEeHCTBOM Ixoi+w~t|>t|w,~|—|x0i| Torna umeem

< tha — 8¢ 2 @il +8 3] ruil —

=l

n
Tak kak |w|P=w}+..+wi=1, 10 Y lw]>|wl|*=1,

=

nosromy o; <<t (Aa—35)+ 98 S‘ | xg:] — .
L—l
[TonyuenHnass B mpaBoil yacTH HepaBeHCTBa (yHKUHA JIH-
HeliHa no f, u kKo3ddunuent npu ¢ orpuuateneH. CieloBa-
TEJbHO, MAKCUMyM 3TOH GYHKLUMH JOCTHraeTcd MNpHu t=
=§/Aa, 1 ero BeJHYHHA paBHA

(8/Aa) (Aa — 8)+8 3} || —8=8 (Z ;] — (G/Aa)) <0
=1 =1

Orcrona caenyer o;<<0 npu Bcex 1=0. A

YrBepxaeHnue 2.2.14. Mycre (T, Elp)e
ISU2[((A4, b), &), B], n>1 u Lo(A, b) Heoeparuuero.
Tozda marpuya A — nyaresas.

HokasateabcTBo. Ilyctb marpuna A — HeHyJe-
Bast. Torna K(A)s=E" u K(A)+{0}. CaenoBarenbHo, cy-
mecTByer rpaHuuHbiii  gaa K(A) BekTOop v Tako#, 4TO
[loll=1. Iyctb (a, 8)=B((A, b), €); Torna

ex T, ((4, b), &, 8) = T, ((A, b), €)= 0¢ L, (A, b),

10 ectb Bd(exT4((A, b), a, 8), Lo(A, b))<<e. Bosbmewm
npousBoabHbl Xo&=Lo(A,b). Tak Kak v — rpaHHYHbIH, AJdn

n —1

A=38-| max | a;||-max ll; 3 |x0i|” > 0 cywecTByeT
I<jsm i=1 .

weE™ Takoir, uto |w|=1, lv—wll<<A u w&EK(A).

M3  yrBepxsenust 2.2.13 caeayer, uto [(x,, w) <

cexT4((A, b), a, 6), 110 U3 yrBepxaenus 2.2.12 caeayer,

4TO

Bd (T4 (A4, b), @, 8), Ly (4, b)) =
= B d(Uxp, @), Ly(A, b))= +co. W
Yreepxaenune 2.2.15. ITycre (T, Ely)es
ISDA[((A, b), &), B], n>1 u Ly(A, b) Heoepanuuero.
Tozoa Manuua A — HYyaesas.

HDokxasateabcTBOo. Ilycth A — HenysneBas. Torua
K(A)#E» nu K(A)+#{0}. CnenoBaTeNbHO, CyILIeCTBYET
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rpannyHbiii BekTOp vEK (A). MoxkHO cuyurats, uto ||v]|=1.

Tak xak v-—rpanuudbi, To max <{a; v)=0. Ilycrs
I<jsm

(a, 8)=B((A, b), e). Torma amnas umobex (A, b)e
=M (A, b) BeITONHEHO

0o Ly (A, b) = 0g L, (A", b
H, cJjel0BaTeJbHO,
Bd(Ly(A, b), Ly (A", b)) < e.

IMonoxum a’j=a;+8v. Tak kak |v]=1, To |a’;—a;| <de,.
Torna
max (a;, v) = max [{a;, v) +8 (v, v)]=6>0,
1<jism 1<j<m
10 ectb vEK(A’). Tak kak Lo(A, b) HeorpaHHYeHO, TO
aasi mo6oro xo&Lo (A, b) BhmomueHo I(xo, v)<Lo(A, b),
HO B CHJY yTBepxaeHus 2.2.12
Bd(Ly(A,b), Ly(A',0") =B d(I(xe,0), Lo(A", b)) = +o0. W
W3 pokasatenbcTBa yTBepkAeHHiH 2.2.14, 2.2.15 MOKHO
3aMeTHTb, 4TO ecau Lo (A, b) HeorpaHHYeHO ¥ MaTpHUa
A — nenyneBasi, To T4 He MoXeT GHTb BHEWIHE YCTOHYM-
BbIM HU cBepxy, Hu cHH3y Ha ((4, b), €) nmpu m06om

£>0.

[Toxaxem Tenepsb, uto B ciayuae, korga Lo(A, b) orpa-
HHYEHO, MPHHUHKN onTHMaJbHocTu T4 OGymer ycroiuus. Jas
3TOro moTpe6GyeTcss yTBEPXKAEHHE O PeryJspHOCTH JuHel-
HBIX orpaHuyeHH# [89].

YrBepxnaenue 2216. I[Tycre Lo(A, b)#=D. Tozon
cyujecrsyer koncranra 1=t (A) >0, onpedesrsemas marpu-
yeti A, raxas, yro dan scex xEn\ Lo(A, b) svinoaneno

max [{a;, x) —b;] = t-d (x, Ly (4, b)).

1<jsm
CanencrBue. Ecau Lo(A, b)5=D, to 0aa at06020
v =0 soLNOAHEHO

Bd(Ly (A, b+ ep), Ly (4, b)) < at—!.
YrBepxaenue 2.217. Ecau Lo(A, b) oepanuueno,

T0 eCTe 0an M06020 x=Lo(A, b) sobinoaneno Zn || <L,
T0 =

I exT,((A,5),8,8) ©To(A, b+8(L+1) en), ©).

2, inTy (4, b), & 8) D Ty (A, b—5 (L+1) ey,), €).
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HokasaTtenbcTBO ciaenyer u3 yrepxaeHus 2.2.11.
BeezneM ¢yHKLIMOHAN
o*(A,b)= ini max [(a;, x) —b;].

xeEn 1Sjsm

Ecan o*(A, b) >—o0, To HUXKHSS IPaHb gocTuraercd. Ilo-
3moMy Lo(A, b)D Toraa W TONBKO Tonda, KOria
6% (A4, b) <<0. PaccMoTpuM corjiacoBanue

BA ((A, b), &) ={(a, 8) = Ei|t (e—a) = 8§ (L+ 1), 0* (4, b)+
+8(L+1)<0, 6> A).

YrBepxaeunue 2218, Ilycre 0daa awbozo x=
Lo (A, b) sbinosneno

S nI<L o 0 <A < (L4 1)~!-min {ve,—* (4, b)} .

=l
Toeoa:
1. (T, E_‘F) = ISUA [((4, b), &), BA].
2. (T, E}F) & ISD2 [((A, b), ¢), BA].

JlokaszaTenbCTBO CBORUTCSH K 3JEMEHTapHOH MPO-
BEDKe YCJIOBHH COOTBETCTBYIOLIMX ONpelesNeHHli C MOMOLLbIO
CJAeACTBHS K yTBepXAeHuio 2.2.16 u yrBepxkAeHHs 2.2.17.

Hrak, MoxHO caenatb BHBOA, 4TO T4 YCTOHYMB TOTAa H
TOJIbKO TOTAa, Korga Lo(A, b) orpaHuueHO H BBINOJHEHO
ycaoBue CuaeiliTepa. Binskue BOIpOCH, HO B KJAaCCHYECKOH
TEPMHHOJIOTHH HENpephBHOCTH paccMoTpeHnl B [2]. He-
YyCTOHYHBOCTb NPHMHLHNA ONTHMaJbHOCTH 4 B ciydae, KOr-
aa Lo(A, b) HeorpaHuueHo, oOBbACHSI€TCS TE€M, YTO &-ONTH-
MaJibHble CTPAaTeruH ONpPEeJENsIOTCS He COBCEM eCTECTBEHHO.
Ha npakTHKe AONYyCTHMble OTKJOHEHHS OT ONTHMaJbHbIX
CTpaTeruii onpeaensiorcs OObIYHO B 3aBHCHMOCTH OT 3THX
cTpaTteruii, To ecTb 06oJiee €CTECTBEHHO OIpeAeNATb g-Ol-
THMAaJIbHOCTh Y€pe3 OTHOCHTe/bHOe OTKJOHeHHe. Ilas 3Toro
BBeIeM NoJoxuTeNbHYI0 (yHKuuio x=® (E®, E'y) un pac-
cmorpuM npunnun ontumanssoctu (Ts, E'), rae

T; (4, b), &)= {x &= EMAx—b < ex (x)}.

Vcrofiunpocts Ts yXKe He CBfi3aHa C OIPAHHYEHHOCTBHIO

Lo(4, b).
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YrBepxaenue 22.19. Ecau daa aoboix xE™ gol-
HLOAHEHO
% (x) = 1+ (ens[x]),
TO

1. exT; ((4, b), &, 8) = T; (4, b), e-+9).
2. inT; ((A, b), &, 8) © T; ((4, b), e— §).

,U, OKa3aTeJibCTBO AaHAJOTHYHO NOKa3aTeJsbCTBY YT-

BepxkIeHus 2.2.11.
Has nmonyuenuss oueHkn MmuoxectBa dom(7Ts, E') mBe-
JeM aHaJor ycjosus Cueiitepa. O6o3HaunM

¢** (4,b,e)= inl max [(a;, x) —b;—ex (x)].
x€E" 1<j<m

OueBujHO, 4T0 ecau ¢** (A, b, ) <0, 10 T5((4, b), &) #=I,
u ecin Ts((A, b, e)5=D, 10 6**(A, b, e) <<0. B yciapBusx
yrBepmaeHus 2.2.19 npu e=>0 BuimosHeHo ¢*%(4, b, &) <<
<o*(A, b), nupn e<<0 BumoaueHo o**(4, b, e) =0*(4, b).
PaccMoTpuM corracoBaHusi

B% (4, b), &)= {(a, 8) = E* X El |6** (4, b, a—8) <0,
e—8>=a,d> A},
B3 (4, b), &) = {(a, 8) & E* x E! [0** (A, b, @) <O,
e—0>a, §>A}.
YrBepxjaeunune 2.2.20. Ecau 0asn aobolx xEn gol-

NOAHEHO
% (x) =14 (e Ix]),
mo

1. (Ts, E§)=ISU* [dom (BF, Ey), Bil.
2. (T,, Eg)<ISD*[dom (B2, Eg), Bi].

JlokasaTe1bCTBO CBORNUTCS K 3JEMEHTapHOH Npo-
BePKe yCJIOBHH COOTBETCTBYIOIIHX ONpEENEHUl C NOMOUIbIO
yTrBepxkaeHus 2.2.19.

§ 3. ¥YcroituuBocTb 3agaun
MaTeMaTHYeCKOro NporpaMMHUPOBaHUS

Kak yxxe ormeuyasnoch B § 1.2, ¢ 3amauyeii maremaruye-
CKOrO NMPOrpaMMHpOBaHHs CBSI3HBAIOT ABe mpobaemsl. [lep-
Bas — HaHTH BEJIUYHHY

u=§2§f(x), (2.3.1)
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BTOpPas — HalTH TOuKy x&X, peaju3yIOLlyI0 CYyIpeMyM, ec-
JIi OH JOCTHTaercsi, H eC/JU CYINPEMYM He JOCTHIaeTcs, TO
AN 3afaHHoro ¢ >0 — touky xX Takyio, uto f(x)+e>u.
MHorna, eciu cynpeMyM He HOCTHTaeTCsl, CTaBAT 3afady
HaxXOX/JeHHs  NOCJHeflOBaTeNbHOCTH X,&=X TakoH, 4ToO
limf(xn)=u. C ¢opmanbHO#i TOukH 3peHHs 3Ta 3ajaya

n—oo

NMPEACTABASETCA AOCTATOYHO CTPOrO H OXHO3HAYHO IMOCTAB-
JIEHHOH.

IIpakTHyecKasi BaXKHOCTh 3aJayd MATEMAaTHYECKOTO Mpo-
rpaMMupoBaHua BecbMa Beauka. OHa sBsieTCS LEHHBIM HH-
CTPYMEHTOM IJsi (OpPMAIH3aNHH U PeIIeHUs] MHOTHX HpPHK-
JaJIHbIX 3alay M 0CoOeHHO 3KOHOMHYecKnX. OnHaKoO mpak-
THYECKOE HCNOJb30BAaHHE 3aJlauyd MaTeMaTHYecKoro npor-
pPaMMHpPOBaHHs 3ayacTyl0 CBA3aHO C HETOYHOH HCXOZHOM
HHOpMaLMeli W ¢ Heu30EKHBIMH BBIYHCIHTEJIbHBHIMH IOT-
PELIHOCTAMH NIPH ee pelleHHH. DTH 00CTOsTe]bCTBA INpH-
BOJAAT K TOMY, YTO B YKa3aHHOH Bhlllle NIOCTAHOBKE 3ajaya
fBJseTcs (aKTHUecKH HejpoomnpeaeneHHoi. [loscHuM 3To Ha
npumepe.

[Mycte momycTumoe MHOXKecTBO X uMeeT BHI.

X = {xexoifl (x) = O}’

rae Xo — HekoTopoe mpoctpaHcTBo. [Ipu uHc/eHHOM pellle-
HMH 3aJauH

u= supf, (x)
xeX

TIpU BHIYMCJEHUH 3HaueHuH (yHKUUH f; B TOUKe X BO3MOXK-
Hbl TIOTPEIIHOCTH, He mpeBHllaomue d;(x) >0, i=0, 1.
ByaeM cuutath, uTo QyHKIMH &; BEIOMPAIOTCS MCCAEf0OBaTe-
JeM H3 HeKOTOpOro paspellleHHoro MHoxecTBa. [lycTb 6:
BoiGpanbl. Torza, Tak kak 6i(x) >0 nas Bcex xeX,, TO
nepesa HCC/eN0BaTesleM BO3HUKAIOT BOMPOCH: KaKoe MHOXKe-
CTBO CYHTaTh NOMYCTHMBIM H UYTO TIOHHUMAaTh MOJ BepXHeH
rpaHbio fo, Korna f, H3BECTHO HETOUHO? DTO THHNHYHAS TIPO-
6neMa BBIOOpa B YCJIOBHSIX HeONpeTeseHHOCTH, U OTBET Ha
NOCTaBJeHHblE BOMPOCH O3HAayaeT [0OMNpeneseHUue 3aJauu.
Takoe noompeneneHne sBJseTcs, BooOlie rosopsi, He ¢op-
MaJIBHBIM BOMPOCOM, a TaK e, KaK W BbOOP HCXOAHBIX
¢bynkunonanos fo, fi mpocrpaHcTBa Xo, BXOZHT B TOCTa-
HOBKY 3aJauyH.

IIpn poomnpenesneHUH NOHSATHS DellIEHHS 3aJauyd MaTe-
MaTHYecKOro NporpaMMHpPOBaHHSI C HeonpenesjeHHHM ¢ak-
TOPOM BO3MOXHBI BeCbMa pa3HOoOpasHble pPa3yMHBIE MOJ-
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Xonel. He ocranapinBasicb Ha MX CpaBHEHHH, yKax<eM JBa
B HEKOTOPOM CMbIC/Ie KpaiHHX BapHAaHTA.

IlepBhifi BapHaHT — 3TO MOAXOA K MOONpeEJeNeHHIO 3a/a-
Y4 C MO3HLHUHM FapaHTHPOBAHHOTrO pe3yJabTara. I10CKOJBKY
pesysbTaThl BHIYHC/IEHHH 3HaudeHus f;(x) Jexar B mpene-
nax [fi(x)—0i(x), fi(x)+86:(x)], T0 monmycTuMEIMH Gymem
CYHTATh TOJbKO Te X&Xo, AN KOTOPHIX [i(x)—6;(x) =0,
a MaKCHMH3HPOBaTh Ha JONYCTHMOM MHO}KecTBe OyneM MH-
HHMAJIbHYIO H3 BO3MOXKHBIX (QYHKIHH, TO ecTb fo (X)—8(X).

Bropoit BapuaHT — 3TO MOAXOA, €C/IM TaK MOXKHO BbIpa-
3UTBCH, C MO3WUMH KpaHHero onTuMuaMma. JlonmycTHMbIMH
CYUHTAThb TOYKH, rhe fi(x)-+6;(x)=0, a MakCHMH3HPOBATDH
dynxuHio fo (x) 400 (x).

B xax[1oM 13 BapuaHTOB (GYHKUHH §; MOXKHO BKJIOYAaTh
B HabOp MapaMeTPOB, XapaKTEPHU3YIOIUX NMOHSITHE «e-ONTH-
MaJIbHOCTA» B JaHHBIX 3a1auax.

[TpuBenennplii npuMep MOKa3biBaer, YToO MOCTAHOBKA 3a-
Jayd MaTeMaTH4YecKoro nmporpammupoBaHus B Bujpe (2.3.1)
HeJOoCTaTOYHa [JIsi MNpakTHueckKux ledseii. Heobxoaum 60-
Jiee TOJHBIA yyeT peanbHOH OOGCTAaHOBKH M B OCHOBHOM He-
onpeaeneHHbix ¢akropoB. KoHeuHo, mocraHoBKa 3ajJaud B
YCJIOBHSIX HEONpEeAeNEHHOCTH sBJsieTcs 6ojiee CJIOXKHOH, H
€CTECTBEHHO CTPeMJIeHHe K ee YNpOLieHHIo, HalpuMep, K me-
peXoay K Haeanu3npoBaHHOH 3amaue (2.3.1) npu ycJjoBuH,
YTO HeonpejaeNeHHbe (AKTOPbl B HEKOTOPOM CMBIC/E Ma-
ael. [Ipn 3TOM Heo6XoAMMO CTpPOro ONpeNe/HTb, B KaKOM
CMBbIc/]e TToHHMaercss 6Ju3ocTh 3ajxau. [TopuepkHeM BaKHBIi
MOMEHT — NepPBHYHOH M HauboJjee aAeKBaTHOH peaJbHOCTH
sIBJIsIeTCS 3aflaua C HeompejeseHHbHIMH ¢akTopaMmu, a 3ajia-
ya (2.3.1) sBnsercs MIeasu3UPOBAHHOH NHO OTHOIUEHHIO K
HCXOIHOMH, JIULIb TOJNBKO ecad NOKa3aHa ee G6JM30CTh K HC-
XOIHOH 3azmaue.

Taxum o6pas3oMm, NPUXOAUM K BBIBOAY, YTO HEOOXOXHMO
u3yyeHHe 3afayd MaTeMaTHYECKOro NPOrpaMMHPOBAaHHS B
6osiee OO6IIEd MOCTAHOBKE M OJHMM H3 aclleKTOB TaKoro
M3yUeHHUsT SIBJISIETCS HWCCAeLOBaHHe YCAOBHH, NPU KOTODPBIX
3ajaya (2.3.1) MoxeT mpubGaUKATh HCXONHBIE MOCTAHOBKH.

[lepeiinem Tenepp K OMHCAHHIO OXHOrO H3 BO3MOMKHBIX
BapuaHTOB GoJsiee OOlLeil MOCTAHOBKM 3ajayM MaTeMaTHye-
CKOro nporpaMMHpOBaHHs. ByaeM cyHTaTh, 4TO 3aJaHbl He-
KOTOpO€ MHOXECTBO Mojesed M c mceBJOMETPHKON p, MHO-
JKECTBO mapameTpoB &, MeTpuueckoe npocrpaHcro (Xo,p),
¢yukunonan fe® (MX&EXXo, E') ¥ NpHHUHN ONTHMAJb-
Hoctt Pe® (MX&, M(Xy)). C copepxKaTesqbHOH TOYKH
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3peHHs1 MHoOxecTBo P (m, &) npu meM, es& Gynem no-
HHMaTb KaK MHOXECTBO g-AONYCTHMBIX CTpaTerni, a ¢GyHK-
unoHan f(m, e, +) — Kak e-uesneBoii pyHKUHOHAJ, KOTOPHIHA
HYXHO MaKCHMH3MPOBaThb Ha MHoxecTBe P (m, e).

OrmeruM, uyTo ecau 060O6IieHHEe OMHCAHHSI NOMYCTHMO-
roO MHOXECTBAa C OMOLIbIO NMPHHIKNA ONTHMAaJbHOCTH P fB-
Jsiercss, Ha Hall B3IJIsiA, BNOJIHE €CTeCTBEHHBIM M BecbMa
o6muM, TO 3aMeHa 3allayd MaKCHMH3alUUH Ie/eBof (yHK-
IMH Ha MaKCHMH3alHIO g-leJeBoil (YHKIHH XOTS W SIBJISA-
erTcsi, Kak NOKa3aj NpPUBeNEHHbIH NpuUMep, BIOJHE pasyM-
HOH B 0GOCHOBAaHHOH, HO HaJieKO He eIUHCTBEHHasl H3 BO3-
MOXHBIX. BrnosiHe NOMyCTHMBI W ApPyTHEe NOCTAHOBKH, OXHA-
KO OrPaHHYHMCSl OKa PAacCMOTPEHHEM YKa3aHHOTO cayyas.

[To ananoruu c mocraHoBKoit 3afaud (2.3.1) mns obiueit
3aflaid MaTeMaTHYeCcKoro NporpaMMupoBaHusi GyjeM pac-
CMaTpHBaTh 3ajayy NMOHCKAa HaHOOJbLIEro 3HAYEHHs e-LeJe-
BOH (YHKUMH M HAXOXKJAEHHE CTPATEruid, B HEKOTOPOM CMHI-
cjie peasu3yIoIKX 5TO HanboJbliee 3HaYEHHE.

B kauecTBe NPHHIUIOB ONTHMAaJbHOCTH COOTBETCTBYIO-
IuX nepsoi 3ajmave, OyaeM paccMaTpHBaTh

(F, #xEg), (F, &xEg), (F, &*xEg),
roe
F(m, & =[h(m, &)—e, +), &, e,=Ey;
F(m, &)= (—o0, h(m, &) +8,), &, e,SEy;

F(m, e)y=[h(m, &,)—&,, h(m, &)-+¢,l, &, &, &&; &, e, =EL;

h(m, &)= sup f(m, a, x), o,
xEP (m, o)

[puHuun onTuMastbHOCTH F COOTBETCTBYET INOHCKY BEpX-
Heli OneHKH AJs h, F cOOTBETCTBYyeT NOHCKY HHIKHEH OmneH-
Ki naas h, a F— uHrepBa/ipHON oueHkH aas h. Mzo-
KECTBOM CTpaTerHii AJs 3THX NPHHUHIOB ONTHMAJbHOCTH
ecrectBeHHO cuutath S (m)=E'=E!|J{—o0; o0}, u mno-
3TOMy MHTEpIpeTauus Q ecTh TOXAECTBEHHOE 0TOGpaKeHue.

HccaenyeM ycTOHYMBOCTb MPHHIHMIOB ONTHMAaJIbHOCTH
F, F, F. O603nauuM 15 e=& u d=E'g

Kt (m, e, 8)= sup h(n, ),
neMg (m)

h=(m, e, 8)= ini h(n, e).

neMg (m)
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OueBunHo, Ajaa mwoboro n=Mg (m) BeIONHEHO
W= (m, e, 8)<h(m, e <hT (m, e, §),

1 Qynkuus ht He yOniBaeT mo 8, a A~ He Bo3pacTaer 1o .
YrBepxaenune 2.3.1. Capased...gul oyerku
1. (h—(m, &, 8)—e,, -+ co)=exF(m, ¢, 8)c=
c[h=(m, &, 8)—e,, -+ o).
2. inF(m, &, 8)=[ht(m, e, §)—e, + o).
3. (—oo, ht(m, e, 8)+e)zexF(m, &, S
<(—o0, h™(m, g;, 8)+e&,l.
4. inF(m, e, 8) =(—oo, h™(m, &, 8)+g,.
5. inF(m, e, 8) =[h*(m, ¢,, 8)—e,, h™ (m, g, 0)+ g,
6. exF(m, &, 8)c[h™ (m, &, 8)—eg h' (m, &, 8)+e,,
npuuem OYEHKA TOUHA HA MHOXNCECT8E OUEHOK, UMEeIoujUux
8ud orpesKa.

JJokazaTenbCTBO 3JEMEHTApPHO.
OrmeTuM, 4TO

dom (F, & x Eg) =dom (F, & x Ep) = Mx & x Eg,
dom (F, *XE}) =
={(m, =M x&*x Eg|h(m, &) —h(m, &)<e;+e}>
Of(m, e)=M x&>X Eg| e, = &,).
[TocMOTpHM, K ueMy CBONHTCA HCC/ENOBAHHE YCTOHUH-

Bocti F, F, F. PaccMoTpuM, HanpuMep, BHYTPEHHIOK YCTOH-

ypBocTb cBepxy F. Ilyctb (@, 6) TMPHHANJIEKHT 3HAYEHHIO
NOJIHOTO COIVIACOBAHHs JJisl BHYTPEHHEH A-yCTOHUHBOCTH
cBepXy AJs TMPHHIHUNA onTHManbHOocTH F Ha mape (m, e).
9T0 KBUBAJIEHTHO YCJIOBHAM A u

[A™ (m, oy, 8§)—a,, -+ oo)[h(m, &)—&, -+ ).

Herpynso Bumerh, YTO M AJs JPYTHX THIOB YCTOHUH-
BOCTH HCCJELOBaHHE ycnoauﬁ YCTOAUHBOCTH AJs1 NPHHIU-
noB ontmMmanbHOCTH F, F, F CBOAMTCS K H3YYEHHIO MHO-

XKECTB, HMEIOIHX BHJ
Rth(m) = {ec8 X Egx E' |t (m, &, e)<<h(m, &)+ &),
R h(m)={es& X Egx E'|h™ (m, e,, e5)+&,=>h(m, e,)}.
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[Tokaxem 3To Ha NpHMepe HCCJENOBAHHS BHYTPEHHeR A-
YCTOHYHBOCTH CBEPXY M CHH3Yy IJIs NPUHIHUIA ONTHMAaJbHO-
cru F. Hemocpencrsenno us onpenesenuit 1.3.1, 1.3.2 u yr1-
Bepxkaenus 2.3.1 ciaelyer, YTO COOTBETCTBYIOILHE MNOJHLIE
COrJiaCOBaHHsS HMEIOT BUJ

conlU*[F, & xEg](m, €)=
= {(a, =& X Ep|(0y, &, 8, 83— t)=R™ h(m),
(0lgy €90 B, g—a)=RT h(m), 6>A,
F(n, a)=& VneMys(m)},
conID*[F, &2x Egl(m, ¢) =
= {(e, H=E X E|(er ty, 8, &4—a)=R™ h(m),
(&1 0y, 8, e—ag)=RTh(m), 6>A, F(m, o)~}

Tak kak mas suinonHenus F(m, o)~ pocratouHo morpe-
60oBaTb @y=0y, TO OCTaJOCL paccMoTpeTh ycjaosue F (n,
a)#=F VnsM,(m). 3amensss ero Ha Gosnee CHJIbHOE
in F(m, a, §) %<, noayuaem h+(m, a;, 8) <<h=(m, ay, 8) +
+ast-as. Jlas BHIIONHEHHS NOCJEIHEr0 HepaBeHCTBA HOC-

TaToyHO, 4TOGH (@, a, 8, B)=R*h(m), (as, d, %, v

&R~h(m) npu HekoTophx as&, B, y=E!, ynoBiersops-
IOIIHX YCaoBHIO B+y=a3}a4.

IMockonbky ycioBHSsI, ompepessiolmine MHoxecTBa R*A,
R=h, wrpaior Takyi B3XHYIO POJb NPH HCCIENOBAHHH YC-
TOHYMBOCTH, TO OyAeM Ha3biBaTb HX YCJIOBHSIMH DeryJsip-
HOCTH JJIs1 QyHKuHOHAJa h.

Ucnonssyst cTpykTypy bdyHKIHOHANa h, HETPYyIHO ycra-
HOBHTb CBSI3b MEXNY YCJIOBHAMH DEryJsIpHOCTH A (YHK-
nuoHana h ¥ yCJIOBUSIMH DEry/spPHOCTH IJs (GYHKHHOHasa
f m ycrofiunBoCTbIO MpHHIHNA ONTHMaJbHOCTH P.

Ycnosusi perysnsipHocTH 4711 [ BBEIEM aHAJOTHYHO YC-
JosuaM aast h. O603HaunM

R*f(m, x)=

={3e§£2xEé;><E‘|fj"(m, €4y X, 83)<f(m! €,, JC)+84},
R~ f(m, x)=

= {e=8 X EGX E'|f(m, &, %, &) +e,>f(m, &, »)},

4 5. A. Mononnos
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rie -
i (m, a, x, 6)— cu;() f(n, a, x),
Mg
f~(m, a, x, )= inf f(n, a, x).
neMg (m)
HerpynHo BuIeTh, UTO CIpaBeNHBL ONEHKH
h+(mv 81 &) < “sup f+(m, 81 X, &),
x€ex P (m, &y, &,)
h™(m, &, e)> sup f~(m, &, %, &).

€in P (m, &, &)

Orcrofna nonyyaem:
1. Ecin exP(m, e,, e)cP(m, &) u

exP(m, &), g){x=X,|(e;, &, €5, €)=RTf(m, x)},
TO (8, &, &, &)=Rth(m).
2. Ectu  inP(m, &,, &)>DP(m, &) u
P(m, e)y={x=X|(e;, &, &€, &)=Rf(m, x)},

TO (8y, &5, €5, &)=R h(m).
DTH yC/NOBHS MOXKHO HECKOJIbKO Ocl1abuThb. BBemem MHO-
JKecTBa

Pft(m, &, &5, v)=
={x=exP(m, &, &)|[+(m, &, x, &)+y>
= sup f+(m,’3], Y, 33)}’

ysex P (m, &y, &)

Pf(m, &, v)=
={x& P(m, e)lf(m, &, x)+vy=> sup [(m, &, y)}.
yeP (m, &)

Torna GoJiee cnabule YCAOBHS HMEIOT BHI:

I’. Ecin Pft(m, &,, &5, Y)VNP(m, g)N{x=X,l(e: &,
&y, &—7Y)ERT[(m, x)}=D, 10 (), &, &, &)= +h(m)

2. Eciu Pf(m, &, y)NinP (m, e, 83)ﬂ{xEXo|(el, &y,
ey &—YV)ERT[(m, x)}£D, 10 (&), &, &, &)ER™h(m).

PaccMoTpuMm Tenmeph 3afiauy HaXOXAEHHS CTpaTersi,
peaJH3yIOIHX B HEKOTOPOM CMbiC/ie BEDXHIOIO I'paHb e-lie-
JaeBoro ¢yHknuoHasa. C 3Tofi 3ajauvedl cBsXKeM MPHHIMMI
ontuManbHocTH (Argsup, &2X Elg), rae

Argsup (m, €)= (x=P (m, &,)|f(m,%es, x)+e;>h(m, &)},
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HeTtpynno Bumets, 4To
ex Argsup(m, &, 8)c
—{x=exP(m, &,, 8)|f+(m, &, x, ) +&,=>h—(m, &, §)},
in Argsup (m, ¢, 8)>
D{xinP (m, &, 8)|f(m, &), x, 8)+e5=ht(m, ¢, 0)},
dom (Arg sup, &2 Eg)>
>{m, e|(m, e;)dom (P, &), h(m, &,)+e,~>h(m, e,)},
dom (in Argsup, 2x Eg)>
>{m, &|(m, &,, e=dom (in P, &x Eg), h—(m, e,, &)+ e, >
>h(m, e, &,)}.

C nomompio 5THX OLEHOK H YCJOBHH PEry/asipHOCTH HETpy.-
HO MOJIyYUTb AOCTATOYHBIE€ YCJOBHSI JJIS PA3JIHYHBIX THIIOB
ycrofiunBoctH Arg sup. IlpomeMoHcTpHpyeM 3TO Ha mIpH-

mMepe BHyTpeHHeH A-ycroAuuBOCTH cBepxy. s BumoJsHe-
HUS BKJIOUEHHS

ex Argsup (m, a, 8)cArgsup(m, &)
JocTaToyHo norpe6oBaTb, 4TOOH ex P(m, a;, )= P (m,¢;)
H 11s Jo6bx xeex P(m, o), 6) ObJIO BHINOJHEHO Hepa-
BEHCTBO ,
f(m, &, x)+e;—h(m, &) >
=>f*(m, ay, x, 8)+a;—h~(m, ay, 9).
[MTocnennee HepaBeHCTBO BBINOJIHEHO, ecau (i, &1, 8, B)
ER*f(m, x), (as, &2, 8, Y)ER-h(m) H ez—az=y+p.
Ilns BHIMOJIHEHHsT ycioBHS Arg sup (n, a) %= nas no-

6oro neM (m) gocraToyHo noTpe6oBaTh, UTOGH P (n, a) %=
#*= pasa no6oro neMg (m) u

inf )[h(n, a)—h(n, ay)]+a>0.

neMg (m
Takum o6pasom, 1oka3aHO
VYrBepxaenue 23.2. Ilycro ssinoanexo:
1. (&, 8)=conlU [P, &](m, e,).

2. exP(m, a,, S)c{x=X,l(a;, &, 8, p)=R*Tf(m, x)}N
N{xsX,|(@g &, 6, Y) =R h(m)}.
3. gg—az; =y +6.

4. inf [h(n, a)—h(n, oy)l+ a0,
neMg (m)
4*
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Toeoa
(01, a2, 03, 8) =con IUA[Agr sup, &*X Elg] (m, ey, e, €3).

OrMerum, 4TO ecau yc/ioBHe 2 BHIIOJHEHO IIPH HEKOTO-
PHIX @), G2 TaKHX, YTO @;==0ap, TO YCJIOBHE 4 NpHHHMaer
Be€CbMa NPoCTOH BHJI a3>0.

CoBeplIeHHO aHAJIOTHYHO (OPMYJIHDPYIOTCS LOCTATOYHBIE
YCJIOBHSL ¥ JIIs1 APYTHX THIOB YCTOHYHBOCTH.

Hccnenyem rteneps HeKOTOpbie uacTHBIE CAyYaH, C TeM
4TOObI, HCTIONb3YS CHEUH(PHKY STHX 3a1ay, MOJYUHTb 4 6O-
Jiee TOHKHE Pe3yJibTaTH.

B Hauane maparpada Ha wyacTHO#i 3afaue MaTeMaTHue-
CKOro MpOrpaMMHPOBaHHsl GbIO NOKAa3aHO, YTO TpPaXHIU-
OHHas (opMa NMOAOGHEIX 3aJau SIBJISETCS NO CYUIECTBY He-
AoonpenenenHoi. [TocMoTpuM, uTo faeT aHaJOTHUYHHIE MOJ-
XOJ K o0Lle#l 3ajaye MaTeMaTHYECKOTro NMPOrpaMMHPOBAHHS.

Hrak, BO3HHKaeT BONPOC, KaK HYXXHO MOHHMATh pellle-
HHE 3aJlayd MaTeMaTHYeCKOro MNpOrpaMMHDOBAHHS, E€CJH
MHOXeCTBO g-J0NyCTUMBIX cTpaTeruit P(n, e), e-uenaesoi
dyunruuonan f(n, e, x), a neMy (m) sBasercs Heompele-
JIEHHHIM (haKTopoM.

Ilockoabky poompenesneHHe sagaul, Tak e Kak H IO-
CTaHOBKA 3aJayH, SBJsETCS He (OopMasbHOH NpoueRypoH,
a OTpaxaeT NpPEeACTABJEHMs JHIA, CTaBAILEro 3aaayy, To,
BOOOLIE rOBOpPs, NOHSATHE DELICHHs B 3ajaye C Heompese-
JIEHHBIM (AaKTOPOM MOXKET GhITh BecbMa ¢iab0 CBSI3aHO C
NOHATHEM pelleHHs] B YCJAOBHAX moJHOH mHdopmauuu. Ogn-
HaKO Mbl GyleM HaK/JaJAbBaTh HEKOTOPbiE €CTECTBEHHHE Or-
pPaHHYEHHS Ha BO3MOXKHBIE MOHATHS DelleHHsi B 3ajaye C
Heonpe/le/IeHHbIM  ()akTOpOM, a caMu OGyAeM NOJAXOLHTH K
3TOH 3ajlaye C MO3HIHMH rapaHTHPOBAHHOro pesyJ/brara. Kak
TNOKa3BIBAIOT Hcc/enoBanus [17], ru6ko moHuMaeMblfi MPHH-
UM TapaHTHPOBAHHOTO pe3yJabTaTa SBASETCS JAOBOJIBHO
YHHBEPCAJIbHHIM H CONEPIKAaTeNbHO O0GOCHOBAHHBLIM NPUHIIH-
IOM MOBEAEHHsS B YCJOBHSIX HeomnpenejeHHocTH. Besycsos-
HO, BO3MOXKHBl M HHTEPECHH H Jpyrue MOAXOABI, HampHMep
CTATHCTHYECKHH, HO 3/€Ch TaKOH NOAXOH He HcClaelyeTcd.

IMpexxne Bcero BosHHKaeT mpoGjeMa ONPENEJEHHS J0-
NyCTHMOI'O MHOXKECTBa B YCJIOBHSIX HeONmpeleseHHOCTH. By-
JeM TmpejmnoJiarath, YTo HpH JIOGOM ompelneseHHH NONYCTH-
MOTO MHOXECTBa B YCJOBHSIX HEONPENENECHHOCTH T€ TOUKH
X, KOTODBIE SIBJSIIHCH JOMYCTHMBIMH NpH Jio6oM neMy(m),
OCTalOTCSl JONMYCTHMBIMH M T€ TOYKH X, KOTOpBIE SIBJSJIHCH
HeJONyCTHMBIMH NpH Ji06oM neMg (m), ocraiorcss HeRo-
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nycTHMBIMH. Torza rapaHTHPOBaHHHIMH BHYTPEHHHMH H
BHEIIHHMH OLEHKaMH JIJs JIO60ro Onpeic/ieHHs MHOXKECT-
Ba JONYyCTHMBIX CTPaTerHii B YCJIOBHAX HEONpENeJECHHOCTH
sBasiforest in P (m, e, §) u ex P(m, ¢, 3).

Paccmorpum Temepr mnpobJseMy omnpefie/ieHHS! NOHSTHS
HanO6oJbIIero 3HaYeHus: GYHKIHUH NpH HAJHYHH Heompene-
. JeHHHX ¢akropoB. Ecan onennBaTth 3¢(HeKTHBHOCTH CTpaTe-

THH X B YCJIOBHSX HEONpPEAEJEHHOCTH C NOMOLIbIO YHCJA, TO
€CTeCTBEHHO NpejnoJiarath, 4YTO 3TO 4HCJO JIEXKHT B MHTEp-
Bane [f~(m, e, x, 8), [*(m, & x, 6)]. [TlosTomy rapanTH-
POBaHHBIMH OLEHKaMH CHH3Y H CBepXy /Js HaHOOJbIIEro
3HAaYeHus QYHKUUM SBJSIOTCH
_ sup f~(m, e, x, 8), sup f+(m, e, x, 8).;

xein P (m, &, 8) xcex P (m, g, 8)

OTH BeJHYUHH MOXKHO TMOHHMAThb KaK pe3y/bTaT NpHMeHe-

HHSI HEKOTOPHIX HOBBIX omepanuii, 0600I1aIOIHX ONepaunuio

sup, k mape (f(m, e, «), P(m, €)). DTH HOBLIE onepamnuH

6yzneM Ha3bplBaTh HUXKHEH M BepPXHeH cTabH/IHM3alHed cympe-

MyMa H NPHMEHATb 0003HaueHue

st™[8] sup f(m, &, x)= sup )~ (m, &, x, §), 6=0,
xEP (m, &)

x€in P (m, e, 8)

(2.3.2)

stt(8] sup f(m, &, x)= sup  ft(m, e, x, §), 6=0.
xeP (m,e) xcex P (m, e, 8)

(2.3.3)

Ecau paccmarpuBaTh 3ajaiyy NOHMCKa peaJjiH3alui, TO
¢ sagauamu (2.3.2), (2.3.3) ecrecTBeHHO CBSI3aTh NPHHIM-
Bl ONTHM aJIbHOCTH

(Arg sup_, 82X E%), (Argsupy, &2 xEg),
rae
Argsup_(m, &)=
={innP(m’ €1, ea)lf—(mt €1 x, 83)+85>
>st[g] sup [(m, &, y)},
YyEP (m, &,)

. €2
Argsupy (m, €)=
= {xsexP (m, &, &)|ft(m, &, *, &)+ &>
>stte,] sup [(m, e, y)}.

YyEP (m, &,)

[IpuBeeHHbIE pacCyXJAEHHs MOKAa3HBAIOT, 4TO 3ajayH
(2.3.2), (2.3.3) ¥ OpPHHNHNB ONTHMAJbHOCTH Argsup-,
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Arg sup; BO3HHMKAlOT eCTeCTBEHHHIM 06pasom INpH H3yue-
HHH- 3a/lay MAaTeMaTHYeCKOro NpPOrPaMMHPOBAHHS B YCJO-
BHSIX HEONpe/eNeHHOCTH, HO, KOHEYHO, He SIBASIOTCS €IHH-
CTBEHHO BO3MOXKHBIMH.

ITokaxkem, uto 3amaun (2.3.2), (2.3.3) ompaBAbIBaIOT
JaHHOe MM Ha3BaHHe, TO €CTb 00/aflaloT BecbMa YJAOOHH-
MH CBOHCTBaMH YCTOHYHBOCTH.

M3 HepaBeHCTBa TpPeyrosibHHKa AJS NCEBIOMETPHKH W
u toro ¢akra, uyro mas Jio6oro neMy (m) BHIOJHEHH
BKJIIOUEHHS

M, _s(m)M,, (n)=Me, 18 (m),

CielyeT CIpaBefJIHBOCTb OLIEHOK, KOTOPHE (aKTHUeCKH Ma-
IOT JOCTaTOYHHIE YCJIOBHsI AJsI BHIIOJHEHHS YCJAOBHiI pery-
JasipHOCTH M GyHKIu# f+ u [~

Ft(m, e, %, &, O)<ft(m, ), x, &,+9),
fr—(m, &,, x, &, ) >=ft(m, &, x, g,—0), =9,
f~t(m, e, x, &, 8)<f(m, &, x, e,—0), &4,
[~ (m, &, x, &, 8)=>["(m, &, x, e,+9).

Orciofia HENOCPEACTBEHHO CJeAyIOT OLEHKH, KOTOPhie HaloT
ZIOCTAaTOYHbIE YCJOBHS AJIsl BBHINOJHEHHSI YCJIOBHA peryJsp-
Hocty aas (2.3.2), (2.3.3):

sup stt[e,] sup [(n, e, %) <<

(2.3.9)

neMg (m) xeP(n,8;)
<sttle,+8] sup [(m, gy, x),
x&P(m,e,)
inf stt[g] sup [(n, e, x)=>
neMg (m) x&P(n,e,)
> st+ [e,—68] sup f (m, &, x), &, =6,
x€P(m,g,;)
(2.3.5)
sup st gl sup f(n, ey )<<
neMg (m) xeP(n,8,)
< st—[e;—8] sup [(m, &, x), &=>6,
xeP(m,8;)
inf st—[e] sup f(n, e, %)=
neMg (m) xeP(n,8;)
>st—[g,+8] sup [(m, e, X).

xeP(m,e,)

Tenepb, HCHOMb3Ys NOJYuUEHHEIE OILEHKH, Jerko cdop-
MyJIHpOBATh AOCTATOYHEIE YCJIOBHSI AJISi YCTORYMBOCTH JIIO-
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6oro Tumna JJisl MPUHIHIOB ONTHMAJbLHOCTH
(st+ F, & x Etg), (st~ F, & x E§),
rae
st* F (m, &)= [st* [es] sup [ (m, g, x)—¢,,
xeP(m,¢&,)

St* [84] Sup f (m, 82’ x) +86]’
x&P(m,g,;)

a Kk NpHHUMAaeT 3HaueHHd - H —.
JOas npuMepa NpHBELEM YTBEPXKAEHHE O BHYTPEHHeR
A-ycrofiunBocTH cBepxy ana sttF. Beemem coriiacoBanue

Gt (m, &)={(, ) E&* X Eflay =ap=8, =8, €5+ 6
Loy <0y < 8—0, o gy 05 < 8, 6> A}
HerpyaHo BuzxeTs, 4To
dom (G, & X Eg) = {m, e|e; = &5, &5+ 2 A< &,}.
YrBepxaenue 2.3.3. [Tpunyun ontumarenocru st+F
BHYTPEHHE A-ycroliuus ceepxy Ha MHOXMcecT8e
dom (G4, &2X E*g) npu coeaacosanuu GA.
JokazaTelbCTBO CBOIATCH K 3JEMEHTapHOM Npo-
Bepke ycsaoBuil ompefeneHns 1.3.1 ¢ Hcnojb30BaHHEM IO-
JYYEeHHHIX OILEHOK.

PaccmorpuMm ycTOfYHBOCT, NPHHIUIOB ONTHMAJbHOCTH
Arg supy, Arg sup_. Hanomuum, uto

sec, dom (P, &) (g,) = {m & M|(m, &,) & dom (P, &)}.
U3 yrBepxknaenus 2.1.7 cienyer, 4To CNpaBeNJHBH OLEHKH
dom (Argsupy., & X E3) D
o {m, e|p (m, sec,dom (P, &) (e,)) < &, &, = &,, 8528, &, > 0},
(2.3.6)
dom (Argsup—, 8 X E§) D
D {m, e|n P (m, &) > &,, &5 < &, & = &,, & > 0}.

Us yreepxpenus 2.1.5 u omenok (2.3.4), (2.3.5) moayua-
€M OLEHKH

ex Arg sup. (m, &, 8) = Argsup, (m, €,, &, &5+ 8, 8,—3, &),
in Arg sup.(m, &, 8) © Arg sup4.(m, €,, &, 8;—8, &, + 9, &),
(2.3.7)
ex Arg sup.- (m, €, 8) = Argsup_(m, €, &,, e,—0, 8, + 6, &;),
in Argsup_ (m, e, 8) D Argsup_(m, ¢, e, &5+ 6, g, —3J, g;).
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Tenepr MOXHO cHOPMYJIHPOBATL YTBEPXKAEHHS O JIO-
OblX THNAX YCTORYHBOCTH HJst Arg sup—, Arg sups. Has
KPaTKOCTH OCTAHOBHMMCSl TOJIbKO HAa BHYTDEHHEH yCTOMHuH-
BocTH. PaccMoTpuM IBa corsiacoBaHus
Ak (m, ) ={a, 8, ylo, =y =g, =¢y, &, + 0+ Y < 4 o<

<g—08—7,0 < a3 < &, u(m, sec,dom (P, &) () +
+8<<oy, 6>, y>v},
Ak (m, e)={o, 8, v]o, =y =g, =&y, &5+ 0+ YT <4y <
<e—0—7, 0<a; ey, nP(m, 8) >t 8, 5 >0, p> v},
OueBniHO, cIpaBeIHBLl PaBEHCTBA
dom (A%:v, 82 X EZ) = {m.e|e; = &y, 8, +2 (A +v) < g3, 8> 0,

u(m, sec, dom (P, &) (e,)) +2A+v <eg},
dom (A--v, &2 X EL) = {1, e] e, = &y, &+ 2(h +v) <&, €5 >0,

nP(m,e)>es+4 204}

Yreepxaenune 234. [Jua 3k, npunumarowell 3ua-
YeHus -+ u —, NPUHYUR ONTUMANGHOCTY Arg Sup. BHYT-
pente (A, v)-ycroduus wa dom(A?v, &*XE) npu coe-
aacosanuu A v.

JokxasaTeabCTBO CBONHUTCS K IPOBEPKE YCJIOBHi
onpeznejeHnss 1.3.5 ¢ NMOMOIIBIO NMONYyYEHHBIX OIEHOK.

PaccmorpuMm Tenepp ciaydai, KOrga MHOXECTBO JOMYy-
CTHUMBIX 3HauyeHHH NepeMeHHOH 3aJaeTcsi C MOMOILLI0 CHC-
TeMbl HepaBeHcTB. Hrak, nyctb (Xo, po) — MeTpHueckoe
IPOCTPAHCTBO; MHOXKECTBO MOZEJel NMOJOXHM paBHEM M=
=@ (X,, Er+) XM (X,). Dyaem paccmarpuBath JBa Ba-
pHaHTa 3aflaHUs NCEBIOMETPHKU

B (81, X4), (€25 Xo))= Hr (gr [g1] X,], 81 [€.] X,))s

rae r((%y, ,), (¥s, uy)) = max {pg (x1, %), O (4y, Ug)}, P (U, )=

= max |u;—uyl, ;€ E+l,j=1,2, n
osisn

By (81, Xy), (a0 X,))= Hp (g, (X)), &; (X)).
HetpyaHo BujeTs, 4TO

s (81, X1)r (€er Xo)) << Wy (€15 X0)» (€20 X))

Ins yka3aHusi, B KaKOfi NCeBIOMETPHKE NMPOHCXOAHT pac-
CMOTpEHHE, §-0KpPeCTHOCTb MOJeNH m GyaeM CHa6xkKaTh BEPX-
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HUM HHIEKCOM, COBNAJalOIUM C HHAEKCOM ICEBIOMETPH-
kn. Takum e, HO HMXHUM HHAeKcoM OyAeM cHa6xkaTb
onepauHH ex H in A5 OPUHUHNOB onTuMajbHOCTH. Orte-
pauuu AJs (yHKUHOWA/N0B, 0603HauaeMble BEPXHUM HHIEK-
coM 4 H —, TaKxke OyaeM cHa6xKaTb COOTBETCTBYIOLIEH HH-
nekcanueli. Hanpumep, My (m), exoP (m, e, 8), hV+(m, 8)
T I

C 3apmayelt moucka Haubosblllero 3HAaYeHH GYHKIHH
cBsixkeM npuHuun onrtuManabHocTH (F, E*XEZ%g), rae

F ((g’ X)’ 8)’: [h’ «g’ X)’ 811 8?.)—851 h «g’ X)’ 831 34)+86],
h (g, X), &, &)= sup 8o (%),
xEP((g,X),8.8)
P((g, X), &1, 8) =
={x& X|a;—e, <& (X)) < b;+8, i=1,..,n}.

Vreepxaenue 23.5. ITycre  p2((g1, Xi), (&2
X3)) <<é. Toeda 0aa arwboeo 8’8 sbinostero

h((gr X1), &) < h (g Xo)e+6)+8, - e = E2

HokasarteanctTBo. Ectu P((g1, Xi), &)=, 10
h((g1, Xi), e) =—oco u yTBepxKIeHue oueBuaHO. ITycTh Te-
neps P ((g1, X1), e)5=J. Ona moboro y=>0 cyuecTByer
x <P ((g1, X1), €) Taxoft, uto gio(x1Y) +y=h((&), X1), €).
U3 ycnoBusi yrBepKaeHus clenyer, 4To Ajas ¥¥ H 8’0 cy-
mecTByer x¥¥eX, Taxkoi, uro p(g(x1Y), Z2(x2¥%)) <o,
Orciona nosnyuaem xX,¥5<P((ge, X2), e+98’) u

h (g1, X1), &)—7 < &0 (x]’) < g (xgﬁ') +6' <
< h((gy Xo). e+6) 46",

Ocranoch 3aMeTuTh, uT0 9>>0 npousBosbHO. W

W3 yrBepxaenns 2.3.5 HeNmocpeACTBEHHO CJIE€AyeT CHpa-
BeIJIHBOCTb HepaBeHCTB

O+ ((g, X), e, 8) < h (@ X), e+8)+8, 8>,
h(2)— «g’ X)v g, 6) > h «g7 X)’ 8—61)—6l’ & > 6’

KOTOpHle H HAlOT COOTHOIIEHHMs, JOCTAaTOYHHIE JJISI BHIMOJHE-
HHSI YCJOBHi peryasipHocTH ¢yHKuuoHasna h. Tenmepp Mox-
HO Jierko copMyJIHPOBATh YCJIOBHS YCTORYHBOCTH J11060T0
THNa JJs NPHHUMNA ONTHMaJbHOCTH F (C NmceBIOMETPHKOH
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pe). IlpuBenem B KauecTBe NMpHMepa YCJOBHS BHYTpPEHHel
(A, v)-ycroituuBocta. PaccMoTpuM coraacoBanue
B v ((g, X), &) ={(®, 6, v) € E* X Egle; +8+y<a; <
S Uy < 8i4p—v—0, i=1,2; o;+7+5 <g, j=5,6;
6>, y>v}
OueBHIHO, YTO
dom (B*v, E* x EZ)={(g, X), e|e; +2(A+v) <eits, i=1,2;
x—'—'\’ << €j, j= 5, 6}
Yreepxpenue 23.6. Ilpunyun onrumasssocru F
snyrpenne (A, v)-ycrodiuue #a dom (BMv, E4XE %) npu
cozaacosanuu BMV (8 ncesdomerpure pg).

IMepeiineM Temepp K pacCMOTPEHHIO 3ajlayH NMOHCKa pe-
anu3auui, C KOTOPOH CBSXKeM NpPHHIMN ONTHMAaJbHOCTH
(Arg sup, E*)XE?p) caenyiouero Buja:

Argsup (g, X), &)=
=0, {x = P ((g, X), &, )|, () +285 = h (g, X), &, &,)}.

YcroiiunBocTh 9TOrO MPUHIMIA ONTHMAJBHOCTH OyneM H3y-
YyaTh AJSA TCEBIOMETPHKH Wi, VI3 HepaBeHCTBa Mo CJje-
ayer, yto M!y (m)cM25(m) nas Jmo6oii momean meM.
[Tosromy

R+ (g, X), &, 8) = D+ ((g, X), &, §),

R ((g, X), &, 8) << D~ ((g, X), &, ).
Hcnonb3ys aTH HEpaBEHCTBA, BIOJIHE aHAJOTMYHO YTBEpXK-
neHuio 2.3.5, MOXHO JI0Ka3aThb

YrBepxnenue 236. Ilycre pi((g1, Xi), (g2
X2))<<d. Toeda 0as ar0b6ozo 8’8 ebinosHeHO

. Argsup (g1, Xy), &) =
< Argsup ((g,, X,), &, +08',e, 6", e,—8,e,—8 e+
+28, g+98').
Kak ciaencrsue, mosyuyaem

ex, Arg sup (g, X), e, 8) = Argsup ((g, X),
e, +8,e,+0",8,—08,e,—8", 8,428,644+ 8'),

in, Arg sup ((g, X), ¢, 8) > Argsup ((g, X),
e, —0',e,—08, e+ 08,¢e,4+0",6,—28', gg—8).
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Hcnosb3yst pesysnbTaThl NpeAbAyllero naparpada u, B
YaCTHOCTH, (QYHKIHMIO Q% p, HETPYAHO NOJNYYHTb CJIERYIO-
YO OLUEHKY:

dom (Argsup, E* X EZ) ©{(g, X), &|9;,,(&1..., &n» X) +
+min{e;, e,} >0, &, > ¢, 8, > g, g5 > 0, g, > 0}.

[TonyueHHbIe OLIEHKH IO3BOJISIIOT JIETKO YCTaHOBHTb YC-
JIOBHS YCTOAYMBOCTH Jiro6oro tuma mias Arg sup. OcraHno-
BHMcSl A/l pUMepa Ha BHYTPeHHe# A-yCTOHUMBOCTH CBep-
Xy H CHH3Y. BBeJeM coraacoBaHus

Bi((g, X), &)=
= {(a, 6)eE4><EgB[ei—6>ai>ai+2>e,-+2+ 6, i=1,2
O<<og<<e,—26, O0<<ag<<eg—9, (P;.b(gv...r ny X)+
+ min{e,, a,}>8>A},
Bi((g, X), &)=
= {(a OSEX B, |oy—8>0; > ayg>enatd, i=1, 2
0<ap<<e;—28, O<<ag<<es—9, (P:,,b(gv...’ gns» X)+
+min {a,, a,}=>0, §>A}.
Herpyznno Buzers, 4To
dom (B}, E*XE%) =
={(g, X), ele;>e2+2A, i=1, 2; e.>2A, g>A,
?,.5(81r...8n» X)+min {e;, eg}>2A},
dom (B}, E4XE%) =
={(g, X), ele;>ei0+2A, i=1, 2; g>2A, g>A,
Qa,b(g1s...o &n» X)+ min {e1, e}>A}.

Yreepxnenue 23.7. [asa ncesdomerpuku n, cnpa-
8edue0:;

1. Arg sup suyrpenne A-ycroiiuus ceepxy na dom (B2 ,
E*XE 629) npu cozaacosanuu B,

2. Arg sup suyrpenne A-ycroduus cnusy na dom(Bj,
E‘XEé) npu cozaacosanuu BS,

INokazaTenbCTBO CBOAUTCH K 31€MEHTApHOH Mpo-
BEPKe YCJOBHH COOTBETCTBYIOIHX ONpeleseHHi.

PaccMoTpuM Tenepb HEKOTOPHE BONPOCH], CBA3aHHHE C
YCTOAYMBOCTBIO 3aauyl JIHHEHHOTO NPOrpaMMHPOBaHHS.
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B knacchueckoift mocTaHOBKe 3ajaud JHMHEHOro mpor-

pamMMupoBaHusi (GyHKUHOHAN h 3ajmaercs CJAeAYyIONHM 06-
pasom:

h(A, b, ¢)= sup {(c, x).
x€E?
Ax<b

MruoxecTBo Mogmeneit 3geck M=Emntmin 3 merpuka p
HMeeT BHI
B((4, b, e, (A, ¥, ¢) =

=max{11j<31ia<)§n |ais—ay;|» lrggmwi—b;l, ]rsnjgl[c,——c}[}.
Isj<sn

Ycnosus HenpepeiBHOCTH h kak ¢yHKuuu or (4, b, ¢)
JOCTAaTOYHO XOPOLIO H3yueHbl; TaK, B [2] mpuBexeHH HEOG-
XOJHMbIE H JOCTaTOUHBIE yCJOBHsS HempepniBHOCTH h. [lo-
3TOMY OCTAHOBHMCHl Ha HCC/IeJOBAHHH MeEHee TpalHLIHOH-
HBIX NTOCTAHOBOK.

PaccmorpuM, 4TO 1al0T B NPHMEHEHHH K 3ajaye JIHHEH-
HOTO NpOorpaMMHPOBaHHA ONEpalMH HHXKHeH U BepxHedt cTa-
6unusanun cynpemyma. ITockoabKy LeneBoli GyHKIHOHAT
M NPHHIHMN ONTHMAaJbHOCTH, 3alalOIIHA NONYCTHMOE MHO-
JKECTBO, B KJIaCCHYECKON ITOCTaHOBKE 3aJauH JHHeHHOro
NpOrpaMMHPOBAHHS HMEIOT BHJ

f((A, b, ¢), x)={c, x),
P(A, b, ¢)={x=E"| A b},
TO

fH((4, b, o), x. 8)={(c, x) +5(en,"[]),
F=((A, b, ), x, 8)={c, x) —8 (en, [x]),

exP((A, b, ¢), 8) = {xE"| Ax—6 (e, |x|)< b+ 8},
inP((4, b, ¢), 8) ={x<E"|Ax+ 8 (e, |x])<<b—8}.

Torma nnsa BepxHe# W HHXHefi cTabH/JM3alHH CynpeMyma
nMeeM

st+[8] sup (¢, x) =h((4, b, c), J),
Ax<d

st—[6] sup (e, x) =k ((A, b, c), —8),
rae -

A = ’ 6‘ ny ’
h((A, b, c), §) Ax<b+6_(ls-lil-r()en, M))[(c x) +6{en, [x])]

d=EL,
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HanoMHuM, 4To0

st=[8] sup f(m, &, x)= sup  [~(m, &, x, §),
xEP (m, ) x€in P (m, ¢, 8)

stt[8] sup fi(m, e, x)= sup  ft(m, e, x, 9).
xeP (m, €) xcex P (m, g, 8)

IMocMoTpuM, Kak KOHKDETH3HPYIOTCS YCJIOBHS YCTOMUH-
BOCTH NPHHIMIOB ONTHMajbHOCTH Arg supy u Arg sup-,
KOTOpPhIE B paccMaTPHBAaeMOM CJyyae HMEIOT BHI

Argsupy (4, b, o), &) = (x=E"|Ax<<b+e, (14 (en, |21)),
(e, x) +e (ens |21} +8=h(4, b, 0), &)}, e=Ep,
Argsup_((A, b, ¢), &) ={x=E"|Ax<<b—e, (14 (en, |2])),

(¢ %) —2; {en, |%]) +&,>h((A, b, ), —e&)}, e=E},.
Ouenku (2.3.6), (2.3.7) npuHMMaAIOT BHA
dom (Argsupy, Ex)D{A, b, ¢, el (4, b, £)<O, &,>¢,),
dom (Argsup_, E3)>{A, b, ¢, |oy (A, b, —e)<<0, £,<e,},
ex Argsup, (4, b, ¢),%e, d)=
cArgsup (4, b, ¢), &+ 06, &,—38, &),
in Argsup,. (4, b, ¢), & 8>
DArgsupy((4, b, ¢), &,—8, e+, &),
ex Argsup_((4, b, ¢), &, d)c=
cArg'sup_((4, b, ¢), e,—8, &,+ 39, &),
inArgsup_((4, b, ¢©), &, §)>
SArgsup_((4, b, c), &, +86, e,—0, &),
rre
oo (A, b, @) = inf { max [{(a;, x) —b]l—a(l+ (e, 1%I))},
xesEN 1<i<m

ai, ..., Gy — CTPOKH MaTpHuH A.
Ipusenem yciaosusi BHyTpeHHel ycrofunBocTH. BBenem
COrJIacoOBaHHUS

Gl (A4, b, ¢), &) =
={a, 8, vle,+-0+v<a, <oy <e,—0—7, o;<Tey,
oi' (4,7, 0, —6)<<0, >, y>v},
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“V((A4, b, c), &)=
={a 8, vlg, +0+rv<<oy <o, <<e,—8—7y, 43 ey,
o, (4, b,—a,—8) <0, =>4, y>v}.
Onst Toro uto6sl yKasaTh, I/ie STH CONIAaCOBAaHHs He INy-
CTH, HCcJeAyeM CBOHcTBa (YHKUHMH Op** Kak (pyHKUHMH OT
napamerpa o. M3 oueBngHoro HepameHCTBa 1-4-{en, |¥|)>
>0 caenyer, uTo 0o** cTporo yb6miBaeT no a. Takxke oue-

BHIHO, YTO OTHOCHTENbHO a GYHKUMSA cp** Borayra. O603-
HauuM

S(A, b, @) ={x=E"| max [{a;, x)—b;]—
(<m

R

— a1+ (e 121)) =0 (4, b, )},

o .
MmuoxectBo X (4, b, ) He mycro TOria H TOJbKO TOTAa,

Korga oo** (A, b, a) >—oo. Ilycts X (4, b, a)*d; Torna
s f=0 umeeM

oy (A, b, a—P)<< o (4, b, )P inf + {en, 1%1)).

xe“ (A, 0, oc)

Orciona caenyer, 4To B TOYKe a (QYHKUHA Oo** HENMPEPHIB-
Ha cieBa. Hrak, mosyuaeMm, 4TO Ha MHOXeCTBe Q& (—oo,
E(A)] dyHkuus oo** ABAseTcs CTPOro yOHBalouleH, Hempe-
PBHIBHOH M BOTHYTOf1, IpHYEM

o, (4, b, @) <—a— min b;.
I<i<m

IMpu a>E(A) BemonHeHo oo**(A, b, a)=—o0. Heprn-
HO ykasaTb H QyHkuuio g (A). Jlerko Buaers, 4ro

E(4) = inf max (a;, x).
xsEN 1<ism
(151, ey=1

Tenepb, ucnmonb3ys cpoificrBa (QYHKLUHH Op**, JIE€TrKO nony-
UHTb, YTO

dom (GryY, Eg) =
={A4, b, c, ele,+2(A+v)<e,, 0, (A4, b, &,—2A—v)<<0},

dom (G, El) =
={A, b, c, g|g, +2 (A +V)<<ey, 0y (4, b, — &, — 2) —v)<<0}.
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YrBepxnanenue 238 Hus +, npunumaroweii 3xa-
4eHus -+ U —, BbLINOAHEHO: NPUHYUN ONTUMANLHOCTU
Arg sup. enyrpenne (A, v)-ycroliuus HQ MHOXNCECTBe
dom (G* V., E3g) npu cozaacosanuu G* V..

OrmeruMm, uTO0 ycioBHs 0o** (A, b, e—2A—v)<<0 wu
oo** (A, b, —e,—2x—v)<0 MOXHO paccMaTpPHBaTh Kak
oéoémeﬂm ycnosus Caefitepa ¢* (A4, b) <0, Ho, yuHTHIBast
HepaBeHCTBO

oy (4, b, & —2A—v)<o*(4, b) <} (4, b,—e;—2A—w),

BHJIHO, 4TO NIepBOe ycJoBHe cnabee, a BTOpOe CHJbHee yc-
Josusi Caefitepa.

§ 4. YcroitunBOoCTh MAKCHMHHHBIX 3a1a4

PaccMoTpuM 3ajauy MOHMCKa KpaTHOrO MaKcHMHHa. Jljst
ee OMUCAHMS HyXKHO 3alaTh UEJIEBOH (QYHKIHOHAA M
MHOXECTBa, 10 KOTOPBIM BeAeTcsI MaKCHUMH3allHsi H MH-
HUMH3anusd. BygeM cuntath, 4To M — MHOXKeCTBO MojeJseH
¢ TMCeBJOMETPUKOH u, & — MHOXKECTBO [MapaMeTpoB,
X%, Y% — HekoTophie MHOXkecTBa i=1, .., n. Tlycrb

n n
FE(D(M X TIXIX [IYIx&, E'), F—uenesoit GpyHKUHOHAJ, a
=l i=l

e-IONMYyCTHMbIe MHOXeECTBa 3HaueHHii MepeMeHHHX OyneM 3a-
AaBaTh C MOMOLIbIO ABYX CEMEHCTB NPHHUHIOB ONTHMAJb-
Hoctn (Pi[x*1, yi—1], &), (Qi[xi, y* '], &), rne xi=
= (%1, ..., Xi), Y= (Y1, ... y1) x;=X0;, y,EY° Hrak, MHO-
xectBa P; [x:1, yi=1]( m e) =X%, Qi[x%, y—'] (m, a)c:Y°
SIBJISIIOTCS. MHOXXECTBAMH e-IONYCTHMBIX 3HayeHuil mepeMeH-
HBIX X; 1 Y;. [Tomoxum

F.(m, x", y", €)=F(m, x*, y*, e),
F,(m, xi, yi, &=  sup inf  Fypy(m, xt+1, yitl, g),
X 41€P;41 Yi41€Qi4
i= 1)...’ n—l’
F,(m, gy= sup inf F,(m, x', y, e),

X1EPy Y1EQ
TAe Pi+l = l+l [xi ] (mo 8)! Qi+l =.Qi+l [xi+l» !/‘] (m’ 8)»
P,=P,(m, ¢), Q= Ql[x](m’

C 3ajaueii NMOMCKAa KpaTHOrO MaKCHMHHa OyJeM CBS3bl-
BaTh MpUHIMI onTuManbHOCTH (F, &2X E%g), rae

F(m, &)= [Fy(m, e)—¢5, Fy(m, &)+e,.
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HccnenoBaHue ycTOHYMBOCTH MpPHHIMIA ONTHMAJbHOCTH F
CBOJNTCSI K H3YYEHHIO YCJIOBHH PEryJsSPHOCTH AJs (YyHK-
nuoHasoB F; HeTpyaHo mosyuuTh OumeHKu niast F+; u Fj
Hanmomuum, uro

FH(m, x%, y', &, 8)= sup F;(k, xi, y', e),
kGM& (m)
F7(m, x%, y', e, §)= inf F;(k, xi, ¥, e).

keMg (m)
Torpa nmeem
FH(m, %1, yi, &, §)<<
< sup inf  Fiy(m, ™, 4™ e, 6),
*ip1€eX Piyy yiq1€in Qi
k] 1
Fi(m, ', 4, e, 8)>
> sup ° inf Fiz1 (m, X y't, e, 9),
X €I Py yip €ex Qg
roe
ex Py =exP[#%, y'l(m, e, §),
inP.y =inPiy [xi, yi](m, e, §),
ex Qi1 = ex Q41 [¥*H, yi](m, e, J),
in Qi1 =in Qi [x*+!, y'l(m, &, 9).
Hcnonb3ysi 3TH OLEHKH, MOXHO BBIMHCAaThb J0CTaTOYHbLIE
YCNOBHSA JJIsi YCJAOBHH peryssipHOCTH (yHKUHOHana F.

YrBepxpaenue 24.1. lyctre meM, a,e=& u B, 6=
=0 ydoeaersopsawT ycaosusam: 0as i=l, .., n u aw0bolx

x"e]'l[X?, y"e]ﬁ[yg 8bINOAHEHO:
j=1 j=1
1) @exP;[x—1, y='(m, e, S)cP;[x~!, y~'](m, a).
2) in Q; [x!, y*='1(m, e, 5)>Q; [x!, y*~'l(m, A)#D.
3) Fr(m, x*, y*, &, &)< Fn(m, x", y", @)+,
Toz0a Fa"(m, e, ) < Fy(m, a)+B.
Hoxa3zaTenbCTBO OYEBHIHO.

COBEPI.LIeHHO AHaJIOTUYHO BBIMHCBIBAIOTCA MAO0CTATOUYHBIE
YyCJIOBHA AJIF BBIIIOJTHEHHSA HepaBe€HCTBA

Fo (m, &, §) +B=F(m, ).
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OTMmeTuM, 4TO ycjioBHe | 03HauaeT BHEILHIOI YCTOHYH-
BocTb cBepxy P;[xi™!, yi~1] Ha (m, e) npH COr1acoBaHHH
(a, 8), a ycnoBue 2 o3HauaeT BHYTPEHHIOIO YyCTOHYHBOCTb
cHu3y Qi[x% yi~'] Ha (m, e) mpm coraacoBanHu (a, 8).
[IpuBenenusle B yTBepxkAeHHH 2.4.1 gocTaTOYHBIE yCJIOBHUS
XOTSl U SIBJSIOTCS BecbMa rpyObIMH, HO 3aTO AOCTaTOYHO
MPOCThl U HArAsAHBL MOXHO GBLIO 6Bl CYLIECTBEHHO YTOY-
HHUTb 3TH YCJOBHUS, MCNOJAB3Ys IJ1s cpaBHeHHs Fy H OLleHKH
nas F+, pesyabrathl, npuBeneHHue B [12]. OxHako Tako#
MyTb NPHBOAUT K CJMIIKOM T'POMO3JIKHM H CJIOXHBIM YCJIO-
BUAM. DTO 0ObsICHSETCss GOJbLIOH OOIIHOCTBIO paccMaTpH-
BaeMoH nocTaHOBKH 3afauH. Ilostomy nns moayueHuss 6o-
Jiee MPOCThIX H 00O3pHMBHIX pe3y/bTaTOB eCTeCTBEHHO pac-
CMOTpEeTh pas3JjiMyHble YacTHble CJHY4YaH 3aj4ay Ha CBSI3aHHBIH
MAaKCHMHUH.

OtmeTuM, Ipexje Bcero, Kjaacc 3ajay, KOTOPHIA MoJy-
yaercs NpH 3aMeHe HEKOTOPHX omepauuii sup u inf Ha
HUKHIOIO M BepxHIOl0 crabuiusauuu sup u inf. He ucciae-
Iysi MoJpoGHO TakHe MOCTAHOBKH B 0OOIIEM BHJE, 3aMETHM,
YTO 3aMeHa JMIb OJHOH BHEIIHeH Omepaunyu sup Ha Bepx-
HIOIO MM HUXKHIOK CTaGHIH3aLUI0 CYNpeMyMmMa TMPHBOIUT
K 3ajaue, A/ KOTOPOH YCJIOBHSI DPeryJ/isipHOCTH BBINOJHS-
I0TCS [pU OYeHb NPOCTHIX COOTHOIUEHHSX MEXIy INapaMeT-
pamMu. DTO cpasy caeiyeT H3 TOro, 4To 3ajayy Ha MAaKCH-
MHH MOXHO paccMaTpHBaTh M KaK 3ajayy Ha MAaKCHMYM,
H, CJeIO0BaTeNbHO, K HeH IPHMEHHMBI COOTBETCTBYIOLIHE
pesyabrath § 2.3.

PaccmoTpum Tenmeph 3ajgayy Ha MaKCHMHH, B KOTOpOH
OrpaHUYeHHs] Ha NepeMeHHble 3aJal0TCs C MOMOLIBIO Hepa-
BEHCTB.

Iycrs (X%, pj), (Y%, vj) — MeTpuyeckue MPOCTPAHCTBA,

. i . i
P HX?’ Y%= HY(}’ 1={1, , n},
j=1 =1
n
M=D(X"xY0", EHX [[O(X°ix Y01, E)x
i=1
x TIO (XX Y, EYx [TM (X% x [[M (YY),
i=1 i=1 {=1
Takum oGpasoM, Mojenbio siBasietcss HaGop m= (f, p», qn,
Xn, Yn), rae f — QyHKIHOHAN OT apryMeHTOB x», y», p"=

= (P1, - Pu), 4"= (41, -, qn), @ pi — QYHKUHOHAT OT ap-
ryMeHTOB X%, yi~!, g; — OYHKIHOHAJ OT apryMeHToB xi, yi,
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X"=(X1, ey Xn), Y""—-"(Y], ey Yn), a XiCXOi, Y;c=Yo,
s iel.

BBenem 1ceBIOMETPUKY u Ha MHoXecTBe Mojeneld. O6o-
3HAYHM

p(t, pn g X0 YD, (F, P g X YY) =
=max {u™(f, f'); max pg = (pi py); max p' (955 9);
HX,XI; Hiyl’,y{ ’
12]21 P,( i t) lrgiasxn v ( t)}
r'ne . » . 3
2J(g7 g)= Sup 'lg(xl, yi)—g' (x', yhl,
xt e x0i
yf eyoi
g 'S0 (X% xY%, EY),
Omnpenenum Tenepp LeneBOH (YHKIHOHAJ. H e-A0MYCTH-
Mble MHOXecTBa. I1ycTb

- F((f» pn’ qn’ X"’ Y"), x", yn)=f(xn’ yn)r
Pi [xi—-l, yi—l](f, pn’ qn’ Xn’ Yn’ 8)=
= PYx, g (piy X, €), e<Ep,
Qi[xi’ yi—ll(f’ P"s q"» Xn, Yn, 8)=
=Q?[xi) y[~l](qi3 Yir 8)’ SEEér
P?[x‘_la YN Xis €)= {x;E0¢, X;Ip; (¢!, y'—1) 42,0},
Q¥ ¥ (g Yir &) = {4:S0e, Yilq; (xi, y')+2,>>0}.
Torpa ¢yHkuuoHan Fo, NpuHAMAaeT BUJ,
Fo«fv " q X", Yn), o, )=
= sup inf .. sup inf f(x", y"),
neP)yeq]  1,eP) ypcad
rme Pi=Pi(py, X;, o), Q=@ Yy B)), Pi=
=Pi[xi—, y(pe Xi o), Qi=Qilx%, y'1(q;, Yi By,
o, P=E%.

YrBepxkaenue 24.2. ITycre pn((f, p", g, X", Y1),
s p'™qg'n X' Y')S. Toeda daa arboix x"=XOn,
YY" u i=1,., n sanoteno:

) PO[xi—, ¥ p; Xy o) P,y =" (py, Xy 0 HO).
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2) Q¥ yi'Ug, Y B QX 97140 Yo Bi+9).

HoxasateabctBo. [lycts XEPO[}C““ y=1(p;
X;, a;), TO ecTb X, /€0, X; U p; (xt—' X5 Yl + 0y =0,
YuuteiBas, uro X; iC0sX; H |p, (21, %, y'—')——p (xi—1,
x}, Y1) <8, nomyuaem x iS00, 18 X; 1 pi(x"—' X, Y1)+
+a,2+6>0 TO eCcTb X, eP"[x"‘ = (ps X,, o; 4 8).
AHaJIOTHYHO JOKa3bIBA€TCS H BTOPOH NMYHKT YTBepKIeHHS.

Kak cnenctsue, u3 ymsepxieHns 2.4.2 mosyyaem, uTo
aJst mobbix x X, yreY" y {=1, _, n BHIOJHEHO
ex Py [xit, v e Xi, @ 8= ‘

cPx=1, Y (po X 2 +-0),
inPY[xi=, yi-l(p;, X;, @ 8)D
SPx, g Xp 0—8), 0,8,
ex QV[x%y (s Yo Bis )= QUUxE, yi—'1(gss Vi B+ 9),

. 0 .
in Qg [x¢, y=1] (9:» Y5, Biv 6)3
S QUxt, ¥ (gi Vi, B:—9), B =0.

HanoMHuM, 4TO MBI NpHIEPIKHBAEMCS COTJAIUEHHs

supf=—oo, inff= 4 oo.

0] 1]
OnHako nJsi 3ajayd KpaTHOTO MakcHMMuHa ynoGHee Tpe:
60BaTh, 4TOGH BCE€ MHOMKECTBA, Ha KOTOPHIX NPOHU3BOIHTCS

MaKCHMHU3alHus 1 MHHHMH3auHus, Obl1H He nycThl. [lostomy
BBeJeM (DYHKIHOHAJbBI

Pi(pi;y X 271, yil, g)= su(])) pi(xt, y-y, i=1, , n,

x;€0g X;
Q;(qi’ Yi’ xi’ yi—~l’ 8)= ‘SUP qt(xi! yi)’ i=1’...v n.
;€0 ¥y
Torpa, oueBHIHO, CIpaBeLJHBH OLEHKH
dom (PY[xi—1, yt=1], E%)>
S{pi» Xi» e|Pi(ps X;y x=1, yi—l, &) 42,0},
dom (Q}[x%, y*1), EZ)>
D496 Yis e|lQy gy, Yy, ¥, 4, &) +8, >0}
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Orciofia noJyyaeM yCJIOBUsi, IPH KOTOPBIX onpejeseH QyHK-
uuonan Fo. Beedem ¢ynkimu

P;. (p1s Xys )= Pl(pys X1s Q1)+ 01
Py (p*, gk, Xk, YE-1, ok, Be—l)=
= inf P} (pys Xay %1, g+, apy) + s
rje HHXKHAS rpaHb Gepercs IO
&P x, y=(ps Xi ),
yiEQ?[xt’ y£~l](qi’ Yi’ ﬁi)r i=1,., k—1,;
Q.[‘(pl’ ql, X], Yl’ o, ﬁf): )
=infQj(gn Yj /. 4=, Bj) + B
rie HUXKHSS IrpaHb GepeTcs MO
xiepg[xt—li yf_ll(pi X o), i= L., i
9.=Qx v Yo B),  t=1.., j—1L j=1.,n,
ak:(al»...v ak)’ aiEE2 ’ 6k=(ﬂv"" ﬂk)’ ﬂiEEé-

Torma, ecnu gas i=1, ..., n BEIMOJHEHO
PY (pt, g1, X4, YiF1, o, Bi—1)>0, 2.4.1)
Q" (ph, ¢t X4, Y4, o, B)>0, 2.4.2)

To ¢yHkuuoHan Fy ompenesieH, To ecTb
1. PY(py, X1 )~ Q.
2. Qg Y B)#<F V,EP (1 Xy ).
3. PY[aL, y'(py Xg 0) 5~ O
VxIEP?(pI! Xy @), V9,EQ ¥ (g Yy By (2.4.3)

..........................

2n. Qulx" ¥"'1(Gns Vs Bn)#~Q
vx1EP(I](Pp le Ay)yeeey Vx,,EPS [x*=1 g1 (pp, Xn, @n).

OG6GbenuHsis NOJY4YEHHBIE YCJIOBHS CO CJEACTBHEM H3
yTBepxKaeHus 2.4.2, nosyyaem

VYreepxaeuue 24.3. ITycre 0asn i=1, .., n 8oinoa-
nenet ycaosus (2.4.1), (2.4.2).
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1. Ecau 0a8 i=1, ..., n 8b6IN0AHEHO
p:'(pi"‘qi——l, Xt, Yi—l, i 48, pi—1—8)>0,
Q: (p'y ¢t X1, Yi, af4 6, pi—8)>0,
TO
FE((f, p ¢" X", Y7, @, B, §)<<
< F,(f, p* ¢*, X", Y"), o406, p—08)+3.
2. Ecaudan i=1, ..., n 8blnoaHeHO

P;'(pi’ gi—, Xi, Yi-l, qi—§, pi—14+8)>0,

Q;‘(piy qi’ Xi’ Yi’ a‘—&, ﬂ‘+6)> O’
TO
Fo ((, p% q% X Y7), a, B, 8)>
=Fy(f, p ¢, X" Y7), a—38, p+8)—8.

Hanomuum, uyrto ai+d=(a;+9, ..., a;i+9d), a;j+d=
= (aj;+90, aj+98).

Herpynno 3ameTutb, uTo yTBepxKAeHHe 2.4.3 dakTuyec-
KH yKa3blBaeT COrJIacOBaHHe MapaMeTPOB, MPH KOTOPHIX BHI-
NOJTHSIIOTCS YCJIOBHSL PEryJasipHOCTH AJsi ¢yHKuuoHanda Fo.
[TosTomy Tenepp HecJOXKHO cGOpMynHpPOBaTh AOCTATOYHHIE

yCJa0BHUA HOJA YCTOﬁqHBOCTH a1060ro THIA IS pHHLIHIA
ONTHMAJIbHOCTH F, KOTOprﬁ B JAHHOM cJydYae HMeEET BH]

F((f, pn g% Xn, Y1), &) =
=[F,((f, p" ¢ X", Y"), &, &)—
—e&g, Fo((f, p* g% X", Y7), &5, &)+ g,

TIE g1, &, €3, e4=E2g; &5, e L1,

Ins npuMepa noka)eM, KaK MOJYYHTb YCJIOBHS, AOCTa-
TOYHbIE 1Ji51 BHYTpeHHel A-ycToiiuuBocTH cBepXxy. st KpaT-
KocTH GyjaeM npuMeHsTb o6o3Hauenue m= (f, p», g», X», Y).
Hrak, aas ykasaHHOH ycToHuuBOCTH Ha mape (m,e) Hocra-

TOYHO, 4TOGHI mapa (a, 6)EE§§+3 yIOBJIETBOPSJIa YCJIOBHSIM
0>A, ex F(m, a, 8)=F(m, ), in F(m, a, §) *+. Ucnonsb-
3ys yTBepxkAeHue 2.4.3, nonyyaeM ycJOBHS

Fo(m» a1—6, az‘l‘ﬁ)—a_as > Fo (mv €1 82)_351
Fy(m, o3+ 8, 0y—8) 48 +ag F, (m, &5, &) +&,
Fy(m, oy +8,a,—8)+ 6 —oay <<
< Fy (m, ag—8§, OL4—|-6)—-6+O&3,46 => A,
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u ¢GyHxuuoHasn Fo ompenejeH s BCeX BBHIMHCAHHBIX 371eCb
aprymenToB. Hcrnonb3ys Temepb MOHOTOHHOCTb Fo, HMeeM
CHCTEMY YCJOBHH

g, +20 <o+ << ay—08 < g—26,
20 < o+ <o, —06<<ey—26,
IN< 26 < agt-a g < 85—8, 0T — O

IJIIOC YCJIOBHE OMpeneJeHHOCTH Fy M BBIMHCAHHBIX BhIlle
aprymenTtoB. [locnennee yc/ioBHe MOXHO 3afaTh, HUCHOJb-
3ys (2.4.1), (2.4.2). dra cucrema ycJoBHH H onpejefsieT
HCcKoMoe corgacoBanne. OTMeTHM, 4TO HauGoJsiee CIOKHBIMH
yCJOBHSIMH 3J€Ch SIBJSIIOTCS ycaoBHsi THna (2.4.1), (2.4.2),
rapanTHpywouse, uto QyHkuuoHan F, ompeneneH 1js Ha-
GopoB aprymeHtoB (m, e, &), (m, es, €4), (M, a;=d,
asF9d), (m, az=d, asF0). CymecTBeHHO OCNabUTb 3TH yC-
JIOBHS HeJb3f, TaK KaK ecJH BbiNMoJHeHo (2.4.3), To anas
i=1, ..., n BHIIOJHEHO

p;- (%, g, X1, Y, ai, Bi=1) > 0,
Q (0, g X+, V4, at, B) > 0,

[TostoMy B Tex 3ajauax, rie BBIUHCJAEHHE HJH yAOBJIET-
BOpHTeJbHasd oneHka Gynxkuuid P;**, Q;** cBszaHb c 60Jb-
IIHMH CJIOXKHOCTSIMHM HJIH HEBO3MOXHBI IO KAKHM-IHOO MpH-
YHHAM, €CTeCTBEHHO MONBITATbCS HECKOJbKO MOIHGHUIHPO-
BaTb OonpejeneHne ¢pyHkuuonana Fo, ¢ TeM 4ToObI yCJaOBHS,
rapaHTHpylomue, 4To GyHKUHOHAJ OmpejeJeH, ObIH OoJee
npocto npoBepsieMbl. [I0CKOMBKY OCHOBHBIE CJIOMXKHOCTH BO3-
HHRAIOT 13-32 OTPaHHYEHHIH THIA HEPaBEHCTB, Y4YacCTBYIO-
I{MX B 3aJaHHH MHOXKecTB P% u Q%, TO ¢ NMOMOLIBIO METO-
na mWTpagoB 3TH OrpaHHUEHHsS MOXKHO NepeHecTH B LeJe-
Boil ¢yHkuHoHan. MTak, paccMOTpUM MNOCTAaHOBKY 3ajauu
MOUCKAa KPaTHOTO MAaKCHMHHA, HCIOJAb3YIOIYIO HAEI0 mTpad-
HBIX (YHKIHH.

ITycts MHOXKecTBo Mopenedi M u NceBAOMETpPHKA | Ta-
KHe Xe, KaK W B IOpeIBbIAYIIeM cJjyyae, Tle OrpaHHYeHHs
3ajJaBajiiCb C IoMoulbl0 HepaBeHcTB. Ho ueneBoft ¢yHk-
LHOHA M &-A0NyCTHMble MHOXKeCTBa 3agaiuM uHaue. [lo-
JIOKHM

F «f’ pn' qn’ X”’ yn)’ xn’ y". 31! 82)=
=1 g+ ALY pi (x4 g + &y, i (x4, Y],
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Pi [xi—]"yi_ll (f1 p* q", Xn, Yn, 8)=Oe Xi»
Q; 1«4, y*='1(f, p™ ¢, X", Y, €)= 0 Y,
en & EEY, e EL, i=1,..,n

OO6niyHO mrpadHbie QYHKUUH p; U ¢; BHIOHPAIOTCH TaK, 4TO
p;<<0, a ¢;=0. DT™u CBOHCTBa CyUIeCTBEHHO O006JeryamoT
HGCJEeOBaHHUsl, TaK Kak ofecrneduBalOT MOHOTOHHOCTb IO
mapameTpaM e;, € (pyHKIHOHana Fo, KOTOpHIH B paccmar-
pHBaeMOM CJjlyyae NMPHHUMAET BHJ

Fo ((Fy P g™ X", Y1), &y, &4, &, &g) =

= sup inf .. sup inf F(f, p™, q" X", Y"),

x,eoe“x. y,eozuv, xneoesn Xn yneosm Y,

X" Yt 8, &),
rie e, €, €3, e4=En,.

Kak Bugnm, HaxoxzaeHue Fy mpexncraBiasieT co6oif 3ana-
yy Ha KpaTHBIH MaKCHMHH, HO C pacnaJaiouidMHUcsl orpa-
HuueHusMu. as toro uro6ul pyHkuuonan F, Obl1 ompene- .
JieH (3HayeHHs oo He HCKJIOYaloTcsi), JOCTAaTOYHO MOTpe-
6oBaTb, yToOBl Aas i=1, ..., n 6bL10 BHINONHeHO X;5% T u
Yi#=. HeTpyaHo yKaszaTb COOTHOLIEHHs, HOCTATOYHbIE
Uil ycaoBHH peryaspHoctH ¢yHKuHoHana Fp. OueBHIHO,
cnpaBeUIHBb HepaBEHCTBA

Ff (m, e, 8) < Fy (m, &, &, e5+0, g,—8) +

+08 [(en, &1 +8p) +11, 8>3,
Fy (m, &, 8) = F, (m, &,, &, 85—, g,48)—

—d8 [(env 81+82>+ 1]) 83> 6,

rae m=(f’ p" gt Xn, Yn) H Xi#@»”i #= @, i=1,..,n

Tenepp MOXKHO Jerko chOpPMYJIHPOBATH YTBEPKIAEHHUS
06 ycTOHYMBOCTH JMI06OTO THNA JJIS NPHHIHUIA ONTHMAJb-
HOCTH F, KOTOpHI B NaHHOM cJyyae UMeeT BHJ

F (m, )= [F, (M, &y, -.. , 8)—eq, Fo (M, €5, ... » &) +€5,),
Byy s 8 & EN, 8y, £y E Ee‘}).

Jlas cpaBHeHMSI ¢ MPeABIAYLUIMM CJAyuaeM IpHBELEM yc-
JIOBHSI BHyTpeHHeH A-ycTOHYHBOCTH cBepxy. BBemem corsa-
coBaHHe

AS((F Py gt X YT), &)= :
={, ) EES X EQI8>A X, 4B, Vi %D, i=1l,.,n
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g < Oy < O < 8, & < 0y g T g,
8O0, < —8, G+ %<2 <8 —6s
0 [(ens @1 +ag) + 11+ < &,
8 [{ens %+ g) + 11409 < 21}

djieMeHTapHbIE BBIKJIAAKH LAIOT
dom (A%, E8" x E%) =
={f, i X Y el Xi £ B, Vit @, i=1, oy n;
85 < 81’ 82 < €6, 83+2A<_37r 33+2A < 54:
A [{ens & +&) + 1] < min {g,, &,o}}.

VreepxaeHnue 2.4.4. [Ipunyun onrumarorocty F
snyTpenne A-ycroduus ceepxy na dom (A%, E3 X EZ)  npu
coeaacosanuu AA.

OTMerHM, YTO BCce yCJIOBHs, Y4acTBYIOLIHE B ompesele-
nun A2 u dom (A8, E8ny X E2g), UMEIOT BecbMa NPOCTOH BHA
M He colepXaT HHKAKHX TPYALHOBHIYHCIMMHEIX QYHKIHHA.
Takum o6pa3oM, yueT OrpaHMYeHHH Ha NepeMeHHbIe ¢ Io-
Molibio LITpaHBIX (YHKUMA NPHBOLUT K NPHHLMIY OINTH-
MaJbHOCTH, YCJOBHS YCTOHYMBOCTH KOTOPOrO CYIIECTBEHHO
Tnpole, 4eM B MaKCHMHHE CO CBSI3aHHBIMH OI'DaHHYEHHSIMH,
3aJlaHHBIMH C NOMOILbLIO HEPaBEHCTB.

Bo MHOrux 3agauax TeOpPHH HTp H HCC/IEJOBAHHS Ole-
pauufi NIPHXOAHTCS HMeTb AeJ0 ¢ MAaKCHMHHAMH, IJs KOTO-
pBIX 1eneBass QYHKUUS M (YHKUHH, 3ahaloliHe OrpaHHye-
HHs, He SBJISIOTCS, BOOOlLie IOBOps, HeNpephIBHHIMH (PYHK-
IIHSMH TeX MepeMeHHbIX, MO KOTOphIM OepeTcst MaKCHMyM
nau MHHEMyM [18]. XoTsi npH HccieloBaHHH MaKCHMHHOB
C OrpaHMYeHHsIMH, 3aJaHHBIMH HepaBeHCTBAMH, H MAaKCHMH-
HOB, HCNOJb3YIOIIMX HJel0 MeTola IUTPadoB, He mpeanona-
rajgacb HelpepeBHOCTb (yHKHHH, BXONSILHX B MOJeNb, TO
ectb f, p*, q", HO BHIOOD INCEBJOMETPHKH, rie (QYHKUHH
CPaBHHBAIOTCS B PaBHOMEDHOH MeTpHKe, SIBISETCS He COB-
CeM ecTeCTBEHHBIM [Js pa3phiBHBIX ¢(yHKIHH. Kak yxe oT-
MeyaJioch, 1Jisi CPaBHEHHs1 pa3phiBHBIX ¢yHKuuii Gojee ec-
TeCTBEHHO HCIOJb30BaTh MeTPHKYy Xaycinopda Anas HX rpa-
¢uxoB. OnHAaKO Takasi MeTPpHKa H pPa3pbIBHOCTb (yHKUHH
NPHBOAAT K HEYCTOHYMBOCTH 3aJayd HAa MAaKCHMHH. Jlaxe C

pacnajarloiuiMHCsl OrpaHHYEHHSMHU.
Ipusenem npocrefimnit npuMep. Iyets X°=Y'=|[0, 1] u
fe 9 ={

I, ecmn x=0,
0, eciw x#0,
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)_{l. ecit X =0 H y>0,
glx 4= 0, ecti x#0 uin =0.
OueBHIHO, pacCcTosHHe Mexay rpajukamu f m g B Merpuke Xaycmop-
¢a paBHO HYJIO, HO
sup inf f(x, y)=1, a sup inf g(x y) =0.
0<x<1 0<y<! 0<x<1 0<ys<|

flcHo, 4TO A/AS TMONyYeHHs] YCTOHYMBOCTH MAaKCHMHHA
npu BO3MYuIeHHH rpaduxoB QyHKIHA B MeTpHke Xaycrop-
ba u 06e3 BBelJeHHs MNONOJHHTEJNbHBIX OrpaHHYEHHH Ha
GYHKIHH HeoOXOJHUMO KakK-TO MOJAH(HIHPOBATH caMo ompe-
nenenue MakcumuHa. OOHY M3 BO3MOXHBIX MOIH(HKALHUHA
onpeje/ieHHs] MaKCHMHHA, €CTeCTBEHHYI0 H B AOCTaTOYHOH
Mepe cOoJepXKaTeJbHO 060CHOBAHHYIO, PaCCMOTPHM Ha IpH-
Mepe OJHOKPAaTHOIO MaKCHUMHHA.

IMycts (Xo, p), (Yo, v) — MeTpHUecKHe NpOCTPaHCTBA,
MHOXKecTBo Mogened M=®d (X, XY, E!)X® (X, E!)X
XD (XoX Yo, E1)XM(Xo) XM(Y,). Urar, Mozeabio SIBJS-
ercs Ha6op m=(f, p, q, X, Y), rue [ u g — dyHKUHOHAIBI
oT nepeMeHHbX (X, ¥)EXoXY,, p— PyHKUHOHAN OT mepe-
menHoll x=X,, XX, YY,.

I'paduxom monenu m=(f, p, q, X, Y) Gynem HasbiBaThb

griml={u, x,y) = E3x X X|V|u,=f(x, 4), u=p (x), 3

Us= q’(x, y)}
Ha muoxkecTtBe E3X XoX Y, BBEeIEM MeTpHKy

r((u %, ), (W', &', y)) =
= max { max |u;—ul, p (%, £'), v (4, )}

X

B xauectBe NCEeBIOMETPHKH n OJIs MOJleJleﬁ BO3bMEM
w(m, k)= Hr (gr [m], gr [R]), m, k=M.

OcHOBHOEe OT/IHYMe TPHUBOAHUMOH MOAM(DHKAUHH MaKCH-
MAHa OT MaKCHMHHA, TJe OrpaHHuYeHus 3aJaloTcs C Io-
MOIIbI0 HEpPaBEHCTB, COCTOMT B TOM, UTO BMECTO IieJeBOH
byukuuu f B QYHKUHHM ¢, 3ajaowell orpaHdueHusi, GYAyT
paccmatpuBaTbcs (yHKIHH

fO1X,Y, a] (x )= sup  f(x',y), a=0,
rreX,y'eY
o(x,x")<e,
vy,y')<a
fIX, Y, al(x,y)= inf f(x',y'), a>0,
x'eX, er
p(x,x)sa,
v(y,y)<o

Hgd[X,Y,a],¢9([X,Y, al].
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BBeneHHble QYHKIMA HMEIOT MPO3PayHYI0 COAEpIKATeNb-
HYI0 MHTepHpeTaunuio. Eciu npeanosoxuTb, 4To NpH peasu-
3auuM BHIGPAHHBIX TOYEK X H Yy Jomyckaercs owubka a,
TO €CTb B JEHCTBHTENHHOCTH MOXKET peajH30BaThCs Ji06ast
napa (x’, y')=XXY rtakas, uto p(x, ¥')<a, v(y, ¥') <a,
10 3HaueHus Qpyukuuit fO[X,Y,a] (¥, y) u fO[X,Y,a] (4, Y)
JalOT HeyJaydllaeMble BEPXHIOIO H HHUXKHIOIO OLE€HKH LJid

BO3MOXHBIX 3HaueHu# f(x’, y’).
Urak, paccMoTpuM [1Be MOAN(HKALUH ONpeieJeHHsT MaK-

CHMHHA

F((f,p, 9. X,Y), )= sup F“’((f P9 X, V), 0gry,tr)

x€P(p, X

FO((f.p,q. X, V), @)= sup Fo (F, >4, X, V), 0, @y, Gy, ),

*€P(p, X

ree a, =0, a, >0, a2,aaeE

F?«f) P4, X’ Y)v aoy Gy, az’x) =

= inf fe1X,Y, al(x, y),
yeQCrx1(a.X,Y a4, a,)

Foe«f’p’ q, X, Y)’ao' oy, Oy, X) =
= inf f@ [X,Y, %] (%, 9),
y=QOx1(a,X,Y, 0y, 05) '

QR x1(g, X,Y,a,0)={y=Y|¢®[X,Y, a,](x,y) + o, => 0},
® mpuHMMaeT 3HaYeHHd @ u O,
P (p, X, )= (£ & X|p (x)-+05 > 0},

HerpynHo, ocHOBBIBasicb Ha COAEpIKAaTENbHOH HHTepHpe-
tTaunn ¢yukuuit f®, fO, ¢®, ¢S, nate coxepxarenpuyio
TPAaKTOBKY H (pyHKUHOHanaM F&,, FC,

H3yunm cBoficTBa BBeLEHHBIX (HYHKIIHOHAJIOB.

YrBepxnaenune 245. Ilycre p((f, p, 9, X, Y),
(', p', q', X', Y))<<d6<¥®'. Toeda daa mobouix (x, y)e
eXo XY, soinoanero:

) [OX, Y, al (£, 9) < FOIX', Y, a+8' (x, y)+8".
2) [OIX. Y, ol (x, 4) > FOX, Y', a+8] (x. §)—¥".
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JdokasatenbctBo. [Hus nwoboro e>0 cymecTsyer
napa (x&, y&) =X XY rakas, uto p(x, x8) <a, v(y, y®) <a H
FPIX,Y, a] (x, y) < [ (2% y°) +e.
Torga cywecrByer mnapa (¥, y')eX'XY’ rakas, uto
p(x, x2) <8, v(Yy', ¥°) <O m f(x8, o) <P/ (¥, y') +4. Ot-
cioaa caenyet, uto p(x, ') <a+d', v(y, ¥)<a+d,
[PIX,Y,al (x, y) <[ (¥, y)+e+8 <
<SPOX, Y, a8 (x, y) +e+08.
Jns 3aBeplleHHs JOKa3aTeJbCTBAa MyHKTa 1 ocrajoch 3a-
METHTb, UYTO & — IPOH3BOJbHOE MOJOXUTENbHOE YHUCJIO.
[TyHxT 2 nokasbiBaercst aHaJjioruyHo. Il
CJleIlCTBHe' nyCTbu((f:prq;Xa Y)» (‘/\,;pqu,)X,; Y,))< '
<0<8'<<a. Tozda dan awboix (x, y)y=Xo XY, svinosneno:

DX, Y, alxy)=FfoX,Y, a—81(x, y)—0".
2) PIX,Y,al (v, y)) < FOIX', Y, a—8'] (x, y) 6"
AnanoruuHoe yTBepXKIEHHE H CJIEACTBHE CIpaBeLJUBHI,

KOHeuHo, u s ¢pyHKuui ¢, ¢o.
YrBepxkaenune 24.6. ITycre x, x’'=Xo; Yy, y'=Yo u

p(x, x')<<8, v(y, y') <b. Tozda 8bvinosHeHO:
) fIX.Y,al(x ) <fOLX,Y,a+81(x, ¥).
2) [OIX,Y,al(x,y) =[O [X,Y, a+8] (', y').

JokazaTeabCcTBO OYEBHIHO.
CnencrBue. ITycre, kpome ycaosuii yreepicoenus
2.4.6, soinoaneno Hepasencrso 0.=6. Toeoa:

1) f@ [X1 Y, a'] (x’ y) > f@ [X’ Y, a—‘S] ()C', y’)-

2) PIX, Y, al(x ) <[OIX,Y, a—8] (+', ¥).

YrBepxnaenune 24.7. lycro pn((f,p,q, X, Y), (f', p’s
g, X, VN)<d<duxesX, ¥Y¥eX, p, x)¥.
Toz0a

1) ‘ﬁga((f’ pPsq, X7 Y)v a, x) <

SER, 0 ' XY g+ 28, 0, +- 28, ay—8', x') 48",
2) FO((F,p g, X, ¥), 0, x) =
?Foe ((f,) P’» q/; X,, Y’), a0+26,, al+26,, a2+6\/’ x’)_b’.
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HdoxasatenbcTBo. asa mwo6oro £¢>0 cyumecTsyer
ye=Y’ takoe, uTO
geIX", Y, 0,428 (x", y¥¥)+,—8 >0,

PO X, Y, g+ 28] (', y)—e <

<FR () p's ¢ X', V'), g+ 208, 0, +-28', ay—8', ).
Ias y& cymectByer yY Takoe, uto v (48, y)<<é’'. U3 yr-
BepxKJeHH# 2.4.5, 2.4.6 cienyer

®1X,Y, ] (x, y) 4+, =0,
FOIX,Y, ap) (x, ) —8 < f'O[X', Y, g +28] (+', )
M, 3HAUUT,
FR((F, s g0 X, Y), gy 0, 0y 1) —8'—e <
<SER((, 0’y ¢ X' V'), 0g+ 28", 0, + 28", ag— 8" x').
[IyHKT 2 nokasbiBaeTcsi aHaJoruyHo. M
Canenctsue. Ilycre, Kpome ycrosuii yreepioerus

2.4.7, sbinoinens. HepasencTsa ao==20’, a;=20’. Tozda
BbLINOAHEHO:

1) F%B«fa P q, X, Y)’ a, x) =
>F? «f” P’, qlr X,) Y’)’ ao_26” a1—2 61’ a2+6” x;)_ar,
2) F((F, pr g X, YD ) <<
<SFOWf, 0’ ¢, X', Y'), 2g—28", 0, —28, ag—8', x') + 8.
3aMmeTuM, yTO yTBepxKaeHHe 2.4.7 U CJeACTBUE K HEMY
clpaBeJJIUBBl M TOTJa, KOTZa HEKOTODhle MHOXKECTBa, N0
KOTOPHIM GepeTcsi HUXKHsS TpaHb, SIBJASIOTCS MycThIMH. On-
HaKO NpPH PACCMOTPEHHH MAaKCHMHHOB MBI YCJOBHJIHCb, YTO
MHOXKEeCTBa, 0 KOTOPHIM MaKCHMH3HPYIOT H MUHHUMU3HPYIOT,
JIOJKHH OHITb He mycThl. [103TOMy Hy»KHO BBOAUTH JOHOJ-

HHTEJbHBIE YCJIOBHs, rapaHTHPYIOUIHE HENYCTOTy YKa3aH-
HHX MHOXecTB. O603HaYHM

P* (p, X)= sup p (%),
Q3* [x] @ X, Y, a)= yseu}? q® [X,Y, o] (x, y),
Q®** (P, q’ Xr Y: al’ a3)= inf Q®* [JC] (q’ Xa Yt al)’

x&P(p,X,%3)
rie ® npuHMMaer 3HauYeHHs @ H © U 4, =0, a;=E'.
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Herpyano Bugets, uyro ecain P*(p, X)+az>0 wu
Q®*(p, ¢, X, Y, ay, a3) +@2>0, 10 P(p, X, az) F+J u pan
no6oro xeP (p, X, az) BunoaneHo Q®[x] (g, X, Y, ay, ag)
. AHajoruyHoe yTBepiKIeHHe CIpaBelJIHBO H Aasi QO

OtmetuM, uyTo OQyHKIHH QS** u QO** MOHOTOHHHI MO
napamerpaM, a HMeHHo Q®** He yGbIBaeT 1Mo a; M He BO3-
pacraet mo as, a QO** He Bospacraer 1o ay, aa

Yreepxkaenue 2.4.8. IMycre n((f, p, ¢, X, V), (I, p',
q’, X', Y'))<<d<¥'. Toeda: .

L |P*(p, X)—P* (p', X')|<< 0.
2. Ecau P*(p’, X’) +as>¥&', T0
Q2 (p, g, X, Y, 0y, ag) <
S (' g, X' Yoy 428, 0y —8) + ¥
3. Ecau P*(p, X) +a3>0, T0
Q®*(p, g, X, Y, 0y, @) =>
> Q0% (', ', X', Y’ 4y +28, 2y +8)— 8.
HokaszateabctBo. Ilynkr 1. Hnas mo6hx y>é u
x=X cymecrsyer x'X’ rtako#, uro p(x)<<p’(X)+y<<
<P*(p’, X’) +y. Orciona P*(p, X) <P*(p’, X’) +¥.
IMyukr 2. W3 ycaosus P*(p’, X’)+03>6" u nmyHkra 1
caenyer, uto P*(p, X) +&"+as—d8"'>P*(p’, X') +as—8'>0,
. 1o ectb P(p’, X', as—8")5~=D u P(p, X, a3)#=J. U3 y1-
BepxkaeHu#i 2.4.5, 2.4.6 caenyer, uro ecau p(x, x')<<é’,
v(y, ¥')<d’, 10 '
g®[X, Y, ai] (%, ) <¢D[X, V', a1 +28'] (%', y') +08'.
Hocxonbxy s Jioboro yeY cymeCTByeT y’'€Y’ rakoi,
yto v (Y, y’) <<&’, To Torzma
Q®*[x1(g, X, Y, 0)) < Q¥* [x'1(¢', X', Y', @, +28')+ 6.

Hast mo6oro x'P (p’, X/, ag—b&’) cymectByer x&X Takoi,
uto p(x, ¥')<<d” m p(x)+8"=p’(x’). CnemoBarenbHo,
P(p’, X', as—8") =OpP (p, X, as) u
Q®** (p, g, X, Y, 0y, ag) <
< Q@** (pr’ qr’ X', YI’ a1+26’, as—ﬁ')—l—ﬁ’.
[TynkT 3 noxasbiBaeTcs aHaJoruyx€o. M
YrBepxnaenue 2.4.9. Hycre p((f, p, 9. X, Y), (', p’,

qr’ X', Y/)) < 6'.
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Tozoa:
1. Ecau P*(p, X)+a;>0u
Qe* (', ¢, X', Y', @, + 208, ag+8') +a, > 8,
10 F&((f, p, 9, X, Y), &) SF3((f', p', ¢, X', Y'),
ao+26', a1 +28", ae—0', as+98’) +6'.
2. Ecau P*(p', X)+oa3> 8" u
" Q™ (9, . X, ¥, oy, ) 0y > 0,
S p g X, Y), ) =FP(F p',q"s XY,
ag+28, a,+28, a,+6', ag—08')—d’".

Jloka3aTenbCcTBO caelyeT U3 yTBepxkAeHHH 2.4.7,
2.48.

Tenepb MOXHO JIerko yKas3aTb COOTHOIUEHHs, 10OCTaTOY-
Hble 1JIsi YCJIOBHH peryisipHocTH (yHKuuonasnos F9,, FO,

Yreepxaeune 2.4.10. ITycre P*(p, X)+a3>6'>6
Toeda:

1. Ecau Q€** (p,q, X,Y, 0, +28', ag+98') + o, > 8, mo
F&+((f, p,q, X, ), @, 8) < FR ((f, ps 9, X, Y),
ay+28', @, +28, a,—8§*, ag+8') 498,
Fae_«f’ pr g X,Y),a 8) > F?((f: pq X,Y),
ag—208, 0, —28", 0y, + 6", ag— §')—8&'.
2. Ecau Q®**(p,q, X,Y,0;, — 28,04 + 8') + a,> ¢,
a, =28, mo
F&=((f, p g, X, Y), 0, 8) = F9 ((f, p, g, X, Y),
o, +28', a,+28', 0+ 8, s —8")—¢’,
F?+ ((fa P, g, X’ Y)! o, 6) < Foe((f, P> q, Xr Y),
ay—26', 0, —28, a,—d8', ay+8') + 8.

JlokasaTeabCTBO cJaelyeT u3 yTBepxjaeHuii 2.4.8,
2.4.9.

Hcnonb3dyss yreepxaenne 2.4.10, HerpymHo cdopmysnu-
poBaTh YCJOBUSI YCTOHYHBOCTH JIOOOTO THIA A/ TPHHLH-
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noB ontumanbHoctu £®, FO, rae
F® (m, &)=| Fo (m, &, €1y &, 83)—E4, F‘?(m, €5» €g» €9s 8g) + &,

= pgpX.Y)EM, ecE=EZxE*XESXE*XEy,

a @ npuHHMaeT 3HaueHus @ H O.
IIpuBenem ycnoBusi BHyTpeHHeH A-yCTOHYHBOCTH CBEpXY.
PaccMOTpHM corJiacoBaHHs

B®A (m, e) =
={(@,8) = EXEL|138 >8:0,+P*(p, X) =8, 6 > A,
o, +Q%** (p,q, X, Y, o +28", g +8') > 8, a, < g,—0,
oy < 8g—0', 80+ 20 <oy oy < gg—26,

g +20 <o <<a<<e—28, +0 <o, <a, e, —98,
) g+ <oy oy < g—0'},

BOA (m, &) =
={(@ 8 = E+EL38 >06: a;+P*(p, X)>8,5>A,
a4+ Q®** (p, ¢, X, Y, ag—28', 2, +-6') > ¢, @y < 5, — ',
Oy S gg—0", 8+ 28" oy oy g, —29,
g2 <og<<a, <<, —28,e,+0 <o, << o, < g,—0,
s+ 8 <oy < oty < gg—0'}
HeTpyaHo BHAETH, YTO :

dom (B®2, E)y={f, p, g, X, V, |3 8"> A:eg+P* (p, X) > 2A,
g2+ Q9% (p,q, X,Y,2,+48",8,+28)>2A,e,> A, e,>A,
g+ 4A<ey, e, +4A<egge,+2A<eyes+2A<<ggl,
dom (BGA,E‘)=
={[p g X,Y,e|38" > A: e+ P*(p, X) > 2A,
g2+ Q9** (p,q, X,Y,e,—408,e,+28)>2A,e, > A, > A,
g +40" ey eg+408" <<y, e,+2A<egg, g5+ 2A <gg),

YrBepxaenue 24.11. Jaa ®, npunumarouezo 3Ha-
weHus @ u ©, npunyun onrumarsHocTu F® eryTpenne
A-ycrotiuue ceepxy Ha dom(B®A, E) npu coeracosa-
Huu B®A,

HNokasatenbcTBO chelyeT H3 yTBepxueHus 2.4.10
H MOHOTOHHOCTH F® mo napamerpam.
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OTMeTHM, YTO YCJIOBHSI YCTOHUMBOCTH Aas F®, FO ume-
I0T BeCbMa MPOCTOH BH[, 32 HCKJIOYEHHEM YCJIOBHH C HC-
nosb3oBaHueM ¢yHkuui P*, Q®**, QO**. Ho ;nerko BHueTh,
YTO MOCJEIHHE YCJIOBHSI SIBASIIOTCH 0GOOLEHHEM YCJIOBHUS
CuefiTepa ¥ CyIIeCTBEHHO oc/aGJieHBl GbITh He MOTYT.

§ 5. YcToiYMBOCTD MHOTOKPUTEPHANBHBIX
3aja4y ONTHMH3AIHU

HanoMHHM, 4TO MHOXeCTBOM NOJY3(p(pEeKTHBHBIX TOUYEK
Po(V) nas mHoxkectBa VcE" HaspiBaeTcs C-sapo (MHO-
KEeCTBO HELOMHHHMDYeMBIX TOUYEK) OTHOIIEHHsI 4acTHYHOrO
nopsigka > (rae u>v<=u;>v;, i=1, ..., 1), TO ecTb

Po(V)y={veV]ecm u>v, ouc V}.

Xopowo usBectHo (cM., HanpuMmep, [71]), 4yTo mpHHUHI
ONTHMAJIbHOCTH, COOTBETCTBYIOILMA MHOXECTBY NoJy3(dek-
THBHBIX TOUYeK U 3aj4aHHHH B Bujge Oy $Po(V), Boobiie roBo-
ps, He SIBJISIETCS] YCTOHYHBBIM.

IIpexxne ueM paccmMaTpuBaThb ApYrHe BapHaHTHl ONpe-
LeJleHHs] TNPHUHIHNA ONTHMAaJbHOCTH B 3TOH 3ajaue, 0606-
1M ee MOCTaHOBKY.

OG6bIuHO 3asaHHe MHOXecTBa V—E™ o3HayaeT, uTO TOY-
KH veV paccMaTpHBAIOTCS KaK [JOCTHXKHMBIE TOYKH, a
vEV — kak HenocTHxkuMBle. Ha mnpaktuke crosb karero-
puuHOe pasjesieHHe TOYeK Ha IOCTHKHMble M HEJOCTHKH-
Mble He Bcerja ecrtecTBeHHo. [To3ToMy mpejncTraBisieTcsi HH-
TEePecHBIM paccMoTpeTh cJayuda#l, Korja 3ajaHO IMOHSTHE
e-JOCTHXKHMOCTH. MrTak, nycTh NpHHUHN ONTHMAJbHOCTH
(V, &), tne V:MX&E—-M(Er) 3anaer mOHATHE e-JOCTH-
JKHMOCTH, TO €CTb MHOXeCTBO V(m, &) moHHMAaeTcs Kak
MHOXECTBO &-JOCTHXXHMBIX TOueK. Dynem mnpexmonararts,
4yTo Ha M 3a7naHa NceBAOMETPHKA W, MHOXKECTBO CTpPATErHH
I MOfeau m paBHO E™, a uHTepIpeTauusi sBJsETCS TOXK-
JLEeCTBEHHHIM OTOOpaXKeHHeM.

[TpuHnHMnD ONTHMANBHOCTH P, COOTBETCTBYIOUIHH MHOXKeE-
CTBYy MONY3>(hD(GEKTHBHBIX TOYEK, ONMpejessieTcss Ha TOM e
MHOXKecTBe Mojenedi M u c TeM ke MHOXECTBOM CTpare-
ruii En. Tlonoxum ans es&2X En

P(m,e)={we V(m,e)lecnn u>vte, 10 usV(m, &)}
Beenem ¢yHxkuun

d(uy= min u;, p(m, e,v)= sup d(u—v), e &.
I<isn usV(m,s)
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Torna & (m, &) MOXKHO MPEACTAaBUTb B BUIE
P (m, e)={v & V (m, &)|p (m, &, &3+0v) < 0}

C colepxkaTe/bHOH TOYKH 3DEHHsS 3ajaya COCTOHT B
H3y4YeHHH MOBeJEeHHSI MHOXKeCTBa Moay3()GheKTHBHBIX TOUYEK
NpH MaJjblX BO3MYLIEHHAX HCXOZHOro MHoxectBa. Ho mo-
CKOJNBKY B HaHHOH NOCTAaHOBKE HCXOZHOE MHOMKECTBO 3a-
JIaeTcsi ¢ MOMOLIbI0 MpHHuMNa ontuManabHoctu (V, &), To
ecTecTBeHHO npexnosarath, yro (V, &) ycToWuHB B HyX-
HoMm Ham cMmbicie, [Toatomy B panbhefinem Gynem Ges 1o-
TOJTHUTEJIbHBIX OTOBOPOK MOJIb30BATbCS  YCTOHYHBOCTHIO
(V, &), Tak Kak C COAep:KaTeJbHOH TOUKH 3DEHHA 3TO
NpPEANONIOKEHHE He SIBJSIETCS OTPaHHYUTEJIbHBIM.

Kak u B § 2.3, 0603Hauum

pt(m,e,0,8= sup p(k, e, v);
keMg (m)

p—(m,e,v,8)= inf p(&, &, v).
keMg (m)
OueBHHO, CIPABEIMHBBI OLEHKH

pt(m,e,v,8)= sup d(u—v—s,), e= EXE", (2.5.1)

ucsex V (m,e,,0)

p—(m,e,v,8> sup du—v—sg), e=EXE" (2.5.2)

usinV (m,e;,0)
ex & (m, e, 8) =
c {ve ex V (m, gy, 8)| p— (m, &, g5+, §) < 0}, (2.5.3)
in ® (m, ¢, 8) o
D {vinV (m, &, 8)|pt (m, &, &5 +v, §) < 0}. (2.5.4)

Hnsi ouenku MHoxecTBa dom (P, &2 X E™) BBeneM (GYHKIHIO

p*(m, &)= inf sup d (u—v—gy).
veV(m,ey) usV(m,e,)

Toraa crpaBefyuBO BKJ/IOYEHHE

dom (¥, & x E") o

> {m, g|p* (m, &) <0, (m, &) = dom (V, &), i=1, 2}. (2.5.5)
Hcnoab3yst ycroiiunBocts V u ouenkn (2.5.1)—(2.5.5), He-

TPYAHO c(OPMYJIHPOBATH YTBEpXKAEHHsST 06 YCTOHUHBOCTH
Jio6oro thna ajas P. OcraHOBUMCS 1Jisi NMpHUMEpa TOJNBKO

5 . A. Moaoauos
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Ha BHyYTpPeHHeH YCTOHYHBOCTH CBepXy W CcHu3y. Beaem cor-
JacoBaHHs
Ab (m,e)=

={(a, 8) € &* X E" x E! [(a, 8) & con1UA [V, 8] (m, &,),
(2, 8) = con EDA [V, &] (m, &), p*t(m, a,8) <0, a; < &},
Al (m, &)=

={(a, 8) = ¢* x En x E} (2, 8) € conIDA [V, &] (m, e,),

(a9, 8) € con EUA [V, &] (m, &), p* (m, @) < 0, a; < &,}.

Yreepxnaenue 25.1. Juaa (L, )= (U, u), (D, d)
8bINOAHEHO

(%, 8 x Er) & ISLA [dom (Ap, &2 X En), A3]

st mpuMepa pacCMOTPHM ONHH KOHKDETHBI BapHaHT
3ajanusi npunuuna ontuMmanapHoctn V. Ilycre M=M(En),
a p=Hr, 10 ecTb p — ncesjaomerpuka Xaycaopda, MOpox-
AeHHass MeTpuKo#i r, rme r(u, v)= max |ui—v;|. [loao-

I<i<n

XUM &=FE' u V(m, g)=0,m.

Yreepxnenune 2.5.2. HQan awbox m, keM(E,) u
u, veE™ goinosxero:

1) p(m,e, v)=p(m,O0, v)+e.

2) |p (m, &, v)—p (k, &, V)| Hr (m, k).

3) lp (m, &, v)—p (m, &, u)|<< r (4, v).

JlokasatenabcTBO. M3 paBencrsa

w; —v; = (W; —u;) + (4;—v;)
ciaenyer :
min (w;—v;

1<isn I<i<n

)<
min (w;—v;) < min (4;—v;) + max (w; —u;).
1<isn 1Sisn 1<i<n

min (w;—u;)+ max (u;—v;),
1<i<n

b=

Orciona mosyyaem
l[d (@—v)—d (w—u)|< 7 (1, v), (2.5.6)
ld (W—0)—d (u—v)|< r (0, u). (2.5.7)
HAns mo6oit Toukn ueOym cywecTByeT Touka wem Ta-
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kad, uto r (4, w)<e. [lostomy d(u—v)<d(w—v)+e. O1-
coaa
p(m,e,v)= sup d(u—v)<< sup d(w—v)+e=

us0g m wem

=p (m, 0, v)+e.

3ameruM, 4ro masg 0<<a<e BHNONHeHO M+aen,O,m.
[Tostomy

p(m,e,v)= sup d(u—v)=p(m,0,v)+oa.

uem-ae,

ITockosbKy o MOXeT ObiTb JI06LIM MEHBIIHM g, TO NYHKT 1
JI0OKa3aH.

Herpyzaho Bupers, uro
p(m, e, v)—p(k, e v)=p(m,0,v)—p(k 0,v)=

= sup inf [d(u—v)—d (W—0)].
usm wek

YuuteBas (2.5.7), nosyuaem

p(m,e,v)—p(k, e,0) << sup inf r (u, w) << Hr (m, k).

uesm wek
Iist poxasaTesbcTBa NMyHKTa 2 OCTaJoCh NMOMEHSATb MecTa-
mu m u k. I3 (2.5.6) canexyer, uto
d(w—v)<d(w—u)+r(u, v).
B3siB BepXHIOIO IrpaHb M0 WEM, MOJyyaeM
p{m,0,v) < p(m, 0, u)+r (u, v).

Ocrajoch NPHMEHHTb MyHKT | M NOMEHSITb MECTaMH 4 H 0.

|

N3 yrBepxkaenus 2.5.2 HenocpeICTBEHHO CJENYyeT:
pt(m, e, v, 8) < p(m,e, v)+9, (2.5.8)
p_ (m) &g, U, 6) > P (m’ &, U)_G‘ (205'9)

Ormernm, uto Hr(m,m-+8e,)<<8, Hr(m,m—8e,)<<6 u
p(m+de,, e v)=p(m, e v)+5;
p(m—38e,, e, v)=p (m, &, v)—§.
Comnocrasass ¢ (2.5.8), (2.5.9), noayuaem
pt(m, ¢, v,8)=p(m,0,v)+e+8,
p—(m, &, v,8)=p(m,0, v)}e—38.

Hns paccmaTpHBaeMoro cayyas oueHku (2.5.3), (2.5.4)
5% .
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OpUHUMAIOT BHJ

ex & (m, e, §) < P (m, e,+06, &, g5+ 8eyp),

in & (m, €, §) > & (m, e,—0, &,, eg—0e,).
[TocMoTpuM Temepb, Kakod BHA npuMmeT (yHkuus p*. Hc-
MoJb3ysi YTBEpKAeHHe 2.5.2, n1erko moxasarhb, 4YTO

p* (m, &, &, €)= p*(m, 0, 0, e;) +¢&,—e,, (2.5.10)
— max g; << p* (m, 0, 0, e))—p* (m, 0, 0, 0) <— min &,

I<isn sisn

(2.5.11

YreepxaeHue 253. [an arwbozo meM(Er) \ @
8bLNOAHEHO

*
p* (m, 0, 0, 0) = {0 ecan m*<-+oo,

+ 00, ecau m*=+ oo,
20e m*= sup min v;.

vem 1<isn <
JdokasarteascTBo. QueBuano, d(u—v)= min_u;—

1<isn
— max v;. Orciona
I<i<n
p*(m, 0,0,0)= inf sup d(u—v)=> mf (m*— max v;).
veEm usm 1<isn

Ecan m*= 400, T0 p*(m, 0, 0, 0) =

3ameruM, uto p*(m, 0, 0, 0)20. I/Is onpexeneHus p*
uMeeM, YTo JJasa Jwboro vem u a>0 cyuiecTByer
u(v, a) =m TaxoH, 4TO

min (y; (v, ®)—v;) = p* (m, 0, 0, 0) —a.

1<i<n
Orciona u; (v, a) =vi+p*(m, 0, 0, 0)—a a1s i=1, .., n H,
caegoBatenbHo, m*>=d(u(v, a))=d(v) +p*(m,0,0, 0)—a.
V3 npousBosbHOCTH veEm u a>0 noayuaeM m*>=m*+
+p*(m, 0,0, 0) unu p*(m, 0,0, 0)<<0. W

U3 yreepxknpenus 2.5.3 u (2.5.10), (2.5.11) gag m*<
< 00 clefyeT OUeHKa

g2—e1— max gz << p*(m, e1, eq, e3) <<e,—e;— min 34,
1<i<n 1<i<n

Orciopa moayyaem oueHky aisi dom (P, E2.XEn):
dom (%, E3 x E") D

D {myelm=£g, m* <+ o0, &, < £, +d (g5).
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Tenepp yTBepxaenHe o6 ycToHYHBOCTH %P npuMeT Ooiiee
npocTo# Bu1. Beeaem corsnacosanue

AA (m, &)= {(a, 8) = E% x E" X El o, < 8 —9, ay >e,4-6,
03 < &5 Uy << Oy +d (%), § > A, m#£=F, m* <<+ 0],

Herpyano BuaeTs, uto

dom (A4, Ef’l_ X En)y=

={m, elm#£G, m* <<+ oo, g, +2A < &,4d (g)}.

B paccmartpuBaemoMm ciyuyae yTBepxieHue 2.5.1 npuxumaer
BHI:
Yreepxaeunue 254. Jaa L=U, D sonosnenc

(P, E% x Er) = ISLA [dom (A%, E2 x E7), A%,

Wrak, Mbl M3yYHJH YCTOAYHBOCTL NPHHUHMNA ONTHMAa/b-
HOCTH %, CBI3aHHOTO C HAXOXIEHHEM NONY3()PEKTHBHBIX
ToYeK MHOXKectBa V (m, g). YacTo MHOXECTBO g-L0CTHKH-
MBIX Touek V(m, &) 3amaHO He HEMOCPEINCTBEHHO, a B BH-
Ae obpasa HeKoroporo MHoxecTBa N (m, e) <X npu or106-
paxeHHH c momoupio OGyHKUHH f(m, e, x), feD(MXE,
En). B stom cayuae V(m, e)=f(m, e, N(m, e)). Qasa no-
CTPOEHHSI NPHHIHIA ONTHMAJbHOCTH, COOTBETCTBYIOLIETO
3ajaye MOHCKa Npoo6pa3oB Noayd3b(EeKTHBHHIX TOUYEK
f(m, e, N(m, &)), MOXHO HCIO/Ib30BATh KOHCTPYKLHUIO, aHA-
JIOTHYHYIO NPHHLUHNY oNTHMajabHOCTH %P. Hanpumep, Mox-
HO PacCMOTpETb NPHHUHUN ONTHMaabHOCTH (arg P, &2XEn),
rae

arg & (m, e)= {x = N (m, ¢,)| ecnu f (m, &,, y) >
> f(m’ 811 x)+83’ TO y E N (m’ ez)}-

EcrecTBeHHO B 3TOM cjyyae MHOXECTBO CTpaTerufi s
MOJIEJNH m CYATATb PaBHBIM X.

AnanoruyHo mnpejabinyuieMy, arg % MOXKHO TPEICTaBHTh
B BHJE

arg # (m, &)=

={x&N(m,e)| sup d(f(m, ey y)—](m, e, x)—e) <O}
YEN (m,&,)

C colepxxaTeJbHOH TOUKH 3peHHsI Hac HHTepecyeT yCToHi-

YHBOCTh arg$ mnpu Majbix KoJjebanusax MHoxectBa N H

¢dynknuonana f. ITosToMy ecTeCTBEHHO CUHTaTh HPHHIUI

ontuMasbHocTH N # (QYHKUHOHAJM - [ YIOBJIETBOPSIOUIHMH

COOTBETCTBYIOIUM ycJoBHAM ycroHunBoctn. Mcnoabsys

'€
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ycToiyuBocTs N ® f, MOXHO aHaJOTHYHO HCCJAE10BaHHIO
ycToHunBOCTH P, HCC/I&10BaTh U yCTOHYUBOCTL arg P. Ilpu-
BOAUTH COOTBETCTBYIOLIMe YTBEpKIEHHsI He Oy1eM.

[lepefinem K wucClIeNOBaHHIO YCTOHYHBOCTH MHOMKECTBA
To4eK, onTHMajbHbIX no Ilapero. IlycTs npuHIMD onTu-
maabHocTH (V, &), rne V:MX&—M(E"), 3213eT NOHA-
THE g-JOCTHXXHUMOCTH. Bce mnpeamnosoxeHus OTHOCHTENbHO
V rtakme e, KaK NpH H3yuyeHHH NONY>H(HEKTHBHBIX TOUEK.
B xauecTBe mnpHHUMIA ONTHMANbHOCTH, COOTBETCTBYIOILE-
ro MHOXECTBY TOueK, onTHManabHbx no [lapero, paccmot-
pum (%, &2 X E*n),
T (m,e)={ves V(n,e) ecmm u=V(m,e) 0 u>v—e,,

TO u << U484},

[Tpunnun onTuMmanbHOcTH # siBAstleTCsi 0606LIEHHEM MNpPHH-
Iuna ONTHMAaJbHOCTH % 5, BBefienHoro B § 1.2.

BBenem o603HaueHHst

D(m,e,v)={usV(m,e)|du—v+e)>0}, e=&xXE",

m; (m,e,0)= sup u;—uv;, i=1,..,n; e=EXE",
ueD(m,e,v)

cayuafi, korga D (m, e, v) = He HcKIOUaeTcsd, TOrna Cuu-
TaeM gi;=-—00. OTMETHM HEKOTOphle OuYeBHJAHBIE CBOHCTBA
BBeJeHHbIX 06'bEKTOB.

YrBepxnenune 2.5.5.

1. Mycre u=v; tro2da D(m, e, u) < D(m, ¢, v).
2. ITycro ea==¢’»; T020a D (m, ¢,, &, v) D D (m, ¢,, &,, V).
3. ITycre u=v; Toeda w(m, e, u) << n(m,e,v).
4. Iycro e2==¢'s; T020a T (M, €y, €5, V) => (M, &1, €,, V).
5. nu(m,e,v—a)=mn(m, &, ¢& +o,v)+a.
6. T (m,e)={v=V(m, e)|n(m, &y, €;5,0) < &,).
7. Mycto g3==¢’3; 10200 T (M, €, &, €3, €y) <

< T (m, €y, &y, &y, &).
8. Ilycto es=¢'s; TO20a TL (M, &, &g €4y €4) D

DT (m, ey, &, &, 84)

9. ITycre v—e.=V (m, &1); T020a 7 (M, 8, €, V) +2,=>0.

Hna wuccneloBaHHsT YCTOHYHBOCTH # HYKHO NOJYUHTH
oueHkH ans ex %, in% n dom (7, &2X E*%). O6osnauum
at=(nty, ..., atyp), i== (%71, ..., Wn).
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YrBepxnenue 2.5.6.
. exD(m,&,v,8)={usexV (m, e, 8)|d(u—v+e) >0}
. inD(m,e,v,8)={usinV (m,e,, 8)|d(u—v-+e,) >0}.

2

3. nf(m,e,v,0)= sup u; —u;.
ucex D (m,e,v,0)

4

5

.7 (m,&,0,8) > sup u; — ;.
usin D (m,e,v,0)

. inJ (m, e, 6) D

D{veinV(m, e, 8)|at(m, e, €5, v, 8) < &,}.
. exm(m,e, 8=

< {veexV (m, e, 8)|n— (m, e, &5, 0, 8) < g,}.

(e}

HloxaszaTenbCTBO 3/E€MEHTApHO.
O6o3naunM pis es&2 X E?n
n* (m,e)= inf max [m; (m, €,, &, V) —&y;].
veV(m,e,) 1<i<n

OueBupHO, CpaBeNJIHBO BKJIOYEHHE
dom (7, &2 x E2") > {m, e|(m, &,) = dom (V, &), n* (m, £)<<0}.

Kak u npu uccleoBaHHH MHOKeCTBa NOJy3(¢deKTHB-
HBIX TOYeK, npu (HOPMYJHPOBKEe yTBepxKIeHuil 06 ycTofuH-
BOCTH ¥ OymeM mpejmojaraTh, 4TO NPHHUHI ONTHMaJbHO-
cTH V gBisieTcs ycTOHuYHBHIM B HyXHOM cMbicae. C cozmep-

JKaTeJbHOH TOYKH 3pEeHHS 3TO He SBJSIeTCS CYIIeCTBeH-
HBIM OrpaHHYeHHEeM.

PaccMorpum corsnacoBaHus
BA (m, &)= {(o, ) & “* X E2" X E!, |(2, §) =
e con IUA [V, 4] (m, &), (a,, 8) = con EDA [V, €] (m, &,),
oy == &y, Oy < 8y, ¥ (m, a, §) << 0},
B4 (m, &)=
={(a, §) & €2 X E" X E}'_l(al,é) e con IDA [V, €] (m, ¢,),
(otg, 6) = con EUA [V, €] (m, &), a3 = &4, 0y < &, n* (m, &) <O}
Yreepxaeunue 25.7. Aasa (L, I)=(U, u), (D, d)
soinoaneno (7, 6?2 x E?") & ISLA [dom (B}, €2 x E?"), B}

Konkpernusupyem pesyabraTbl Jasi cayuas M=MW(En),
p=Hr, &=E'g uV(m,e)=0, mnpue>0u V(m,0)=m.
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YrBepxaenue 25.8 Cnpasedausel oyeHku:

1. exV (m, e, 8)=V (m, €4 8) = Ogrs m.

2. inV(m,e,8) DV (m,e—=8)=0,_sm npu £>>6.

3. exD (m, e, &, v, 8) =D (m, &, + 86, &, v).

4. inD(m, e, e,,v,8) > D(m,e,—8, &,,0) npu g =9,

5. nut(m, &y, &5, v, 8) =1 (m, & + 6, &, v).

6. n—(m, ey, &, v, 8) =>n (m, e, —8, &,, V) npu g, =>8.

7. exJt (m, ey, &y, €5, €4, 8) = JT (M, &, 48, €,—0, &5, 8,)
npu g2=>90.

8. inJl (m, ey, &y, &5, 84, 0) D T (M, &,—8, 8,19, &5, &)
npu g =>48.

JHoxasarenbcTBO 3/JeMEHTapHO.
YrBepxnenue 25.9. ITycre a<<ey; T020a:
1) nu(m, &, &, v) < 7t (m, 0, &,4-¢€.6,, V) +&;.
2) w(m, gy, &, V) = 1 (m, 0, &+ ae,, v)+o.
HokasareabctBo. Ilycrs usD(m, &, &, v), TO
ects us0,, m, u=v—ep. Torga cymecrByer wEm Takoe,
uro r (4, w)<<e;. OTciona W>u—e€,==0—eg—een. Cile-
IoBaTeNbHO, BhinmosHeHo weD (m, 0, ex-tee,, v), a 3Ha-
unt, D(m, &, &, v) =0, D(m, 0, es-}&1n, v). IlosTOMY
HMeeM
7y (m, €, &, V) =
= sup U — ;<< sup U;—v; =
ueD(m,¢&,,8,,0v) ueoelD(m, 0,e,+e.e,,.v)
=m; (m, 0, e, 4€,e,, V) +¢,.
Has a<e, BbimosHeHo M+ e, O, m. CaemoBaTenbHo,

n;(m, &, 8, 0) = sup u;—u;=  sup w;—v;+a=
uem+aen wem
uUzr--€, w=p—E,—ae

=m; (m, 0, ea+ae,, V) +a.
Herpyaso mokasaTh CNpaBeAJIHBOCTb YTBEPXKAEHHSA H A
cnydas  D(m, e, e, 0)=C. R

Hcnonb3ysi yrBepxienne 2.5.9, MOXHO H3 OLEHOK 7, 8
yTBepKAeHUS 2.5.8 MOJyuHTh C/AEAYIOIHE OLEHKH:

ex J (m, ¢, 8) =
< T (m, e, 48,0, e5-4(e,—8) e, e,—(e,—8) e,), 6 >3,
(2.5.12)
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inJ (m, e, 8) > J (m, e,—8, 0, g;+(e5-+90) ey,
e;—(e;+9)e,), & >, (2.5.]3)
T (m, &), 0, 5+ ey, g,—ae,) D T (m, &), a<<e,,
Tt (m, &) © T (m, &, 0, g5+ &, e,, 84—, €,,). (2.5.14)

Has ymobcrBa HCHO/b30BaHHS GYHKUHMH 7* NOJYYHM
AJs1 Hee oueHKH. Mcmoab3ys yrBepxaenus 2.5.5 u 2.5.9, He-
TPYAHO MOJIYYHTb OLEHKY CBEPXY

* (m, &) < n* (m, 0, 0, (8,—2,) e, +&5, 0)—d (&) +8,—e, .
[Tycts Tenepr v8<=Q0e,m u yHOBIETBOPSIET HEPABEHCTBY
max [xt; (m, &,, &;, v8)—gy,] —8 < m* (m, &).
I<isn

CymecrByer Touka wem takas, 4ro r (v, w)<e;, OTKy-
na vd<<w-ee,. Hcnombays nyHkTH 3, 5 yTBepKIECHHA
2.5.5, moayuaem
it (m, &) = max [g; (m, &, &, W +€,8,) —8y] —0=
1<i<n
= max [mn; (m, &, 83— &,e,, W)—&y]—e, —8b.
1<isn

IMycrs a<<ep; Torma u3 yreBepxaeHus 2.5.9 ciaemyer

n* (m, &) >
>121ax v (m, 0,854 (a—¢g,) e,, w)— max g, +a—e, —5>
i<n <isn

>n*(m,0,0,e,4(x—e¢,) e,, 0)— max e,; +a—e, —0b.

<i<n

YuuTHBasg NPOH3BOJIBHOCTD >0, mMoJyuaeM OLEHKY CHH3Y
n* (m, e) >
>n*(m,0,0, g5+ (a—¢,) e,, 0)— max &, +oa—e,, a<g,

<i<n

CaoficrBa ¢yukuuu =n*(m, 0, 0, g, 0) cymecTaeHHo 3aBH-
CAT OT MHOXECTBa M.

YrBepxpnenue 25.10. ITycre ¢ynkyus (A, u)-+
+vd (1) oepanuuena ceepxy na m u AsEmy, v=0. Tozoa

n*(m, 0,0, e, 0)<C [v max a; +(a,x>]d(k)-’—d(a)<

= < llell-C (4, v),
ede |lull= max |u;|, C(A, v)= (v+nllMl)d(r)'+1.

EIES
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HokxaszaTtenbcTBO. K3 OrpaHHYeHHOCTH OYHKUHH
{\, uy+vd(u) Ha m cnenyer, uro nJjsa Jw6oro >0 cyuie-
cTByeT vdem Takas, 4TO JAJA JIOOBIX UEM BLIIOJHEHO

A, u)y +vd) << %) +vd (0% +8.
Mycts u=vd—a. Torma vd(u)=>=vd(v®)—v max a;, mHo-

I<ign

3TOMY
Ay u) +vd (0¥)—v max o; << (A, 08) +-vd (%) +6.

1<i<gn

Orciopa mosnyyaem
(A, u—v8 o) < v max a; + (A, &) +8.
1<isn

3aMeTHuM, yTo

M u—vdtay>d(h)- max (y;—vd+a;),

1<i<n

T03TOMY
d (A)- max (u,—v¥4a;) <<v max o;+ (A, @) +38.

1<ign 1<ign

Orcrona
lmax (y—0) <dM)™! [v max o; + (A, @) +8]—d (a).
<isn <isn

[TockoabKy u— Jsi06ast TOUKa, YLOBJETBOPSIIOMIAS YCJOBH-
M uEm u u=v%—aq, T0

a* (m, 0,0, a, 0) << sup max (u; —v° )
uem I<ign
ued —a

< d)! [v max a; + (A, a) +06]—d (.

I<isn

Ocranocy 3ameTuts, 4To §>>0 npou3Bo/bHO. M

PaccMoTpuM HaOCTPATUBHEIA mpuMep. Ilycth n=2 u

m={/teE“‘|u1>O, u, = —min {ul, u]-_l}}U
U{ueE?|luy,>0, u;= —min {uz. u;‘}}U(0,0).
D/ieMeHTapHbie BHIYHCIEHHS JAIOT
(—o0, —o®), ecay v=a, UFQa,
—v, eccan v=a,
n(m, 0, &, v) =4 (+ 00, —vy), ccin V<<, Uv;>0y,

(—vy, ), com vy <oy, Uy,
(+00, +0), ccmt v<a.
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OTcrofa nojayuyaem
n*(m, 0, 0, o, 0)==inf maxm;(m, 0, o, v) =

vem i=l, 2
— o0, ecii U =0, UVEA,
= inf { —d (v), ccan v=a, =
VEM| + oo B OCTaJbHBIX C/Iy4asxX

—oo, ecn o <<0 mwm a,<<0,
= 0, e a=0,
-+ o0, ecmwr a=0, o#0.
Ecan He BhinosiHeHO ycioBHe a--f=0, To uMeeM
% (m, 0, 0, a, f)={vemlv>=a, v=#a}.
Ilpu a+P=0 umeem
Z (m, 0, 0, @, )= {vem|lv>=a}.

OTciona BHAHO, YTO NPH C, ﬁEEz@ BbIIIOJIHEHO
0, ecin a=0,
@, ecm a #0.
Ecsim xors1 66 0fjHa KOMIIOHEHT2 O OTpHLATE/NbHA, TO

% (m, 0,0, a, P) %2 a.

T (m, 0, 0, a, B)={

IIpu dopMy/HpoBKe yTBEepKAeHHsI 06 ycroiiumpoctu JU
B pacCMaTpHBaeMOM CJydae MOXHO HCIOJb30BAaTh OLEH-
ku 7, 8 u3 yreepxpenns 2.5.8 au6o oneskn (2.5.12) —
(2.5.14). OcraHoBHMCS Ha NEpBOH rpymIe OLEHOK.

Yreepxaenue 25.11. Mycro ¢ynxyus (A, u)+
+vd(u) oepanudena ceepxy Ha MHodcecrge m, A=E™y,
v=0 u evinoanenst ycarosus a+8<<ey, ag—d=e;, as=>es,
a4<847 al>0’ 8220, 6>A’ m¢g1
v max o+ (0t—0)((As €n) +v) + (Ayt5) <d(Mld(ag) + d(as)]

1<i<n

Tozda:
1)"(.,8) & con IUA [T, EZ X E*"] (m, ¢).
2) (a, 8) = con IDA [T, Eé) x E?2"] (m, ¢).

IIokasaTenbCTBO CBOAHTCS K_NPOBEPKE YCJOBHH
YCTOHUHBOCTH C TOMOIIbIO yTBepXKAeHHi 2.5.5, 2.5.8, 2.5.10.

3aMeTHM, uTO AJs TOro, 4roGH cyuiectBoBanaH (a, 6),
TpeGyeMbie B YCJOBHSX yTBepXaeHus 2.5.11, nocTatouHo e
BHIOPATh YAOBJIETBOPSIONIEM YCTOBHAM & =>A, €2=>0,

g lle—e+28) Lt el <d ()
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Hccnenyem Tenepn yCTOHYHBOCTBL JIeKCHKOrpaduyecko-
ro makcumyma [56, 61]. MHoOXecTBO MOZeJeHl MOJOXKHUM
paBibiMm M=WM(E"), ncesromerpuky u=Hr, r(u, v)=
= max |u;—v;|, a MHOXECTBO &-HOCTHXHMHIX TOYEK IJI

1<ign
mopenu mc—En Gynem cuutath paBHbiM O,m, e=E'.. OGo-
3HAYUM

I (m, a)=sup uy,
uE0q,m .
Ll (m, Qg ocl, po) ={u = an m|u1+a1 > ll (m’ Bo)}’
li (m, o, a1, By, B%) = sup Ui

uel;_ (m,aq, 21, By, p—2)

Li (m, g, oc", BO’ ﬂi_l) = {u = Li—l (m, (079 ai—"l, ﬂo, ﬁl.—2)'ui +
+a; = 1 (m, By, B, ag, i),
ol =(ay, ..., ap), pi=Py ..,y i=2,...,n j=1,. ,n
B kauecTBe NpHHOHMNA ONTHMAJbHOCTH, COOTBETCTBYIO-
Hmiero 3ajauye Ha JieKCHKorpadudeckuii MakCMMYM, paccMoT-
pum (L, EEen+!), KOTOpHIf fIB/ISETCS aHAJOrOM NMPHHIHNA

ontuMasbHocTH L, u3 § 1.2 1 MoxeT paccMaTpPHBaThCA Kak
o6oGouienue merona ycrymnok [14].

Cirenyioniee yTBepKIEHHE YCTaHABIHBAaeT MOHOTOHHOCTb
I, u L; m0o COOTBETCTBYIOIMM apryMeHTaM.

VYreepx penune 2.5.12. ITycre ap=60, a*=08", o=
=9y, B 1=y, i=1, ..., n. Toeda:

1) 1; (m, oy, &=L, By, B2 = 1; (m, 6,101, By, 7).

2) L (m, ag, a1, By, B2 L (m, 0, F1, g, p72).

3) L; (m, ag, &, By, =) D L; (m, 8y, 67, Bor B).

4) L; (m, oy at, By, B'~") = L; (m, oy, &%, o, ¥°71).

:U, OKa3aTeNbCTBO JIErK0O MNPOBOAHTCH HMHAYKLHEH
no i. o

y T:e pxnaenue 2.5.13. Qua i=1,.., n cnpasedau-
86l OYEHKU:

1) 1} (m, ay, a=!, By, B2 ) <

<[ (m, 0g+8, a1, By—8, pi—2), o, >0, f, > 8.
2) li- (m, oy, =1, By, B2, 8) >

> li (m, ao——ﬁ, a[~l) §0+6’ ﬂi_2)’ a’o => 6’ 50 > 0'
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3) €x Li (m’ %y, atr ﬂo, ﬂi—l9 6) <
C Li (m, aa+61 ai, 60—6, ﬂi_l)) ao > 01 BO > 6.

4) in L; (m, o, at, By, i1, 8)
D L;(m, ay—38, at, By+8, p—1), a,> 8, p, > 0.

HokasaTenbcTBO mpoBegeM HHAyKuued no i. Jas
i=1 cnpaBelJHBOCTb NMYHKTOB 1—4 cllefyeT M3 BKJIOYe-
HHA Oq,_8 M0, k=0 g 48 m, k=Mym). Ilycts Tenepr
yTBEpXKAEHHE AOKas3aHo nasa i=l,.., j. Torma

l},:H (mv (279 ai, 501 ﬂiﬁl, 6) \<\ sup ) Uj, <
ueex Lj(m, o, ol,B,,Bi—1,8)
< sup Ujpy = ljp (m, o +8, af, B—8,p/-1),

usLj(m,oe+8, 0/, By—0,p/—1)
AHasnoruyHo mosyuyaem OLEHKY
i (m, g, 0l By, i1, 8) > 1 (m, 0ty —$, ol By +8, B—).
Teneps nmeem
ex Ly (m, ay, at, By, Bi, 6) <
< {u = ex Lj(m, o, al, By, pi—1, §))
Ui+ = 17, (my Bo, By 02, 071, 8)} <
c{ues Ly(m, ay+96, af, fo—8, pINu;p, +oypy >
= lja (M, Be—9, P/, ag+6, /=) =
= Li+1 (mr a0+6, aitl, 50—6’ ﬁ’)

Ouenka ass in Lj4; nokashiBaeTcsi aHajoruuxo. M
YKaxeM Tenepr YCJOBHSl, TapaHTHPYIOIIHE HENMYCTOTY
L.. Bynem Ha3biBaTb MHOXeCTBO me&EM [-orpaHHYEHHBIM,

ectu aas mwboro k=1, .., n 1 mMo6bx a, bE", a<<b,
BHINOJIHEHO

Sup uk < + o0,
aisuisbi
uem, i=l1, ..., k—1
YrBepxnenue 2.5.14. Ecau m— nenycroe, l-oepa-
HuuenHoe nodmrnosxcectso Em u dasn i=]1,..., n evinosneno

Iy (m, ag, i1, By, B2 +a; > 1, (m, B, B!, g, ai—2),

mo Ly (m, oy, ak, By, pF—1) 5= @ daa k=1, .., n.

lokasaTeldbCTBQ JErKO NPOBOAHTCA HHAYKUHEH
no &,
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OtMeTuMm, 4TO ecan m —- HemycToe, l-orpanuyenHoe
noaMHOXKeCTBO E™ M @o=Bo, a*~!=p*"!, a*>0, T0 Ly (m,
0o, a*, Bo, 1) %=, dro caenpyer us yreepxaenus 2.5.12.
IIpn dopmynupoBke yTBEPKIEHHS O BHYTPeHHeil YCTOHYH-
Boctd L, Gynem mcmosb3oBaTh mocnepHee, GoJee mpocToe
ycJI0BHe, rapaHTHpPYIOIEe HemycToTy Ly. .

BBenem corsnacoBanue

BYv (m, ay, o, By, fr—t) =
= {&0’ 6‘"' ﬁov 6'1-1 , 6, PIO>A, y>w,
5+Y+ﬁo<‘§o<&o< oty—08—1,

ﬁo > 0’ ﬁn—l < Bn—l < ot—1 g an—l y Oy > Oy o> 0}
M MHOXECTBO
DB*-v={m, a,, a", B, p—! |m =&, m — Il-orpanuyeHo,

0 <Bp<otp—2(A+w), pr-! < an—!, a, > 0}.

YrBepxaenue 25.15. (Lp, Ey?t)eISMv[DBWv,
BMv],

HerpynHo Bugmets, uto ass L, cormacoBanne BMY ume-
€T BecbMa INPOCTOH BHA, H NO3TOMY HCIOJb30BaHHE L,
ynoGHee, yem Lex.

B 3akmouenne maparpapa OTMETHM WIHPOKO pPacHpo-
CTPaHEHHBIA METOA pEeIUeHHss MHOTOKDHTEPHANbHBIX 3alay
C moMompbio cBepToK. HamoMHum, uTo upmes storo meroma
COCTOMT B cJaenyiomeM. Bsoast Hekoropyio d¢ynkuuio F:
EnX&—E', nasniBaeMylo CBEPTKO#H, H pacCMaTPHBAIOT 3a-
nauy Makcumusauud F(u, e) npu uesm. IlokasnBaercs,
YTO NMPH COOTBETCTBYIOLlEM BhiGope F H e pelleHHe 3aja-
YH MaKCHMH3AaLHH alllIPOKCHMUPYET B ONpPENEJEHHOM CMHI-
cie nonysddexTuBHEIE, NapETOBCKHE HJH JEeKCHKOrpadHuue-
CKHe pelleHHsl.

Hns ommcaHus 3TOro MeTona C NOMOIIBIO MPHHATOrO
3lech f3bIKa HYXHO BbIOpaTh NMPHHIMI ONTHMAJBHOCTH B
3ajauye MakcuMusauuu. ITocje 3TO0ro NMPHXOMMM K 3ajaue,
paccMorpeHHOft B § 2.3, mosToMy HccAeROBaHHE ycToAuH-
BOCTH METO/Ja CBEPTOK CBOAMTCH K yXKe H3YUYEHHOMY Kjaccy
3a/lay MaTeMarHyecKkoro NMporpaMMHpPOBaHHUS,




r1TABA 3

PETYJISIPU3ALLUIA
NMPUHLHUNOB ONTUMAJIbHOCTH

BaxHeAIMMH NpPHKIAZHBIME CBOMCTBAMH Da3JHYHBIX
MOHATHHA YCTOHYHBOCTH NPHHIHUIOB ONTHMAJBHOCTH SBJIfA-
I0TCS: BO-NIEPBHIX, TO, YTO pElLIeHHe 3ajay YacTHOro H MOJ-
HOTO BhIGOPA ¢ YCTOHUMBBLIMH NPHHIHMNAMH ONTHMAaJbHOCTH
MOXKHO NOJIYYUTb 0 NPUOJIMKEHHOH HHPOPMAlUH H, BO-BTO-
pHIX, TO, YTO pelleHHsl 3ajay YAacTHOrO M NOJHOro BHGOpa
C YCTOHYMBHIMH NPHHLUHIAMH ONTHMAJILHOCTH SIBJSIOTCS TaK-
JKe pELIeHHSIMH COOTBETCTBYIOLIHX 3ajnay AJs GJIH3KHX MO-
Aened. DTH CBOACTBAa B NPUHIHNE NO3BOJSIOT NPHMEHSTH
YHCJCHHBIE METOABLI K peLIeHHIo 3afad u IpeHe6peraThb
HeOOJIbIINMH OIIM6KaMH B HCXOZHOH HH(popMaunuu. Bce stu
BONPOCH NMOJAPOGHO paccMaTPHBaJUCh B TJaBe l.

Onnako HeycTofiuMBbIe NPHHIMNB ONTHMAJBLHOCTH XO-
CTaTOYHO UIMPOKO paclHpOCTpaHeHH Kak B pa3fesax Mare-
MaTHKH NpPHKJIAJHOIO XapakTepa, Tak H B 00JacTax YH-
crofi mareMaThku. [IpuMepsl Takux NPHHIUNOB ONTHMAJb-
HOCTH MOXKHO HaiiTH, Hampumep, B [29, 38, 71, 74], a Tak-
ke B raaBe 2. OTCyTCTBHe YCTOHYMBOCTH Y MpHHUMTIA
ONTHMAJIBHOCTH CYILEeCTBEHHO 3aTpPyAHsSeT KakK camo oboc-
HOBaHHe ero BbIOOpa B KauyecTBe MpHEMJEMONO ONUCAHHSA
JNeHCTBHTEIbHOCTH, TaK M BO3MOXKHOCTb TPHMEHEHHS] YHC-
JICHHBIX METOJOB PeIlllCHHS K 3ajayaM YacTHOTO H MOJHOTO
BHIOOpA C ero yyacTHeM.

OnHo BpeMss B MaTeMaTHYECKOH JHTEpaType BHICKa3Hl-
BaJiOCh MHEHHE, YTO HeyCTOHUHBBHIE 33JauyH He MOryT Cly-
JKHTb yJIOBJETBOPUTEJbHbHIM ONHCaHHEM JAefCTBHTEJIbHO-
CTH, HO LIKPOKOE pacnpoCTpaHeHHe HEyCTOHUMBHIX 3ajady,
nmpexjae BCero B NPHKAAaJHHIX HayKaxX, Tpe6oBajo Apyroro
pelieHUd 3TOH NPOGJEMHI.

dyHIaMeHTaJbHOEe 3HAYeHHE A1 TEODHH HEKOPPEKTHBIX
sagnau umesno BBefeHue A. H. THXOHOBLIM NOHSATHS pery-
JISIPU3YIOIIEro onepaTopa H pa3pabGOTKa METONOB DEryJs-
pusanuu. OCHOBHYIO HIEI0 METOAa DEryJspH3aluH, COCTO-
SUyl0 B 3aMeHe HeyCTOHYMBOA 3ajaud [pyrod sajpauei,
ncnoab3yeM u 3iech. OnHako cnenugpuka pa3BnBaguoﬁ Te-
OpHH, B YaCTHOCTH CHenH(pHKa ONpejeseHHH yCTOAYHBOCTH
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NPUHIMIOB ONTHMAJbHOCTH, TPeGYeT M COOTBETCTBYIOLIMX
TOHATHH peryJspu3anud. BBeAeHHIO pa3HYHBIX NOHSTHH
peryJisipusaiui, oGCYXJECHHIO HX NPaKTHYECKOH MOJNb3H H
MCC/IEIOBAHHIO HX CBOHCTB H NOCBSILIAETCS 3Ta IJaBa.

§ 1. CpaBHeHHe NPUHIHUNOB ONTHMAJILHOCTH

O6biuHO (popMasH30OBaHHASI NOCTAHOBKA COAEPHKATEJIb-
HOH 3aJlail BO3MOXKHA He eJMHCTBeHHBHIM cmoco6oM. Oco-
GeHHO APKO 3TO BHAHO Ha NMpHMepe Da3iHYHBLIX 3afay HC-
CJIe[IOBaHHS ONepalHii, Iie onpejesieHHe LeJel YYaCTHHKOB
onepalHy BO MHOIOM 3aBHCHUT OT CyObeKTHBHHIX (haKTOpOB.
Pacuinpenne NOHATHS <«NPHHIUN ONTUMAJIbHOCTH», HaHHOE
B rjaBe 1, IDUBOJAHT K ellle GOJNBIIMM BO3MOXKHOCTSIM H Ba-
puaHTaM BbI6Opa NPHHIHMNA ONTHMAaJbHOCTH. EcCTecTBEHHO
BO3HHKAeT BONPOC: HeJb3sl JH BBECTH KaKOe-TO OTHOLIEHHE
Ha MHOXeCTBE NPHHIMIOB ONTHMAJbHOCTH, NO3BOJISIOIIEE
3aMeHATh OAMH M3 HHX APYTrMM B ONpeleJeHHBIX CHTya-
HusAx?

DynmeMm cTpouThb TaKue OTHOIIEHHS CpaBHeHHsT Ha 6ase
TEOPETHKO-MHOXKECTBEHHOTO BKJ/IIOUEHHs A/t MHOXKecTB. Kak
YK€ OTMeuaJsoch, BKJIOUEHHE MOXKHO DacCMaTpPHBATh Kak
oTHolleHHe ammpokcumanuu. Tak, eciu CcB, To MOXHO
cunratb, yTo C BHYTpPeHHe ammpokcumupyer B, a B BHew-
He annpokcumupyer C.

[ycts (R, &), (P, &) — NpPUHUHUNB ONTHMAJbHOCTH,
3aJlaHHBIe Ha MHOXeCTBe Mojeseli M, MHOXKECTBO CTpare-
ruft I Momenn meM ectb S(m), A: MXE>M(F),
NcMX&.

Onpenenenne 3.1.1. (P, &) enyrpenne annpokcu-
nupyer (R, &) na N npu cozaacosanuu A, ecau 0is ato-
6oix (m, e) =N 8binoAHEHO:

# 1. A(m, &) #=4D.

2. YV asA(m, g) stinoaneno F#P(m, a)=P(m, g).

Jnsi o603HaueHHs BHYTPEHHeH anmpokcuMainuu Oynem
ucnonb3osaTs 3amuch (P, F)= (R, &) [N, A], nmm, ecan
3TO He NpHBEJeT K HelopasyMenusam, PCR[N, A].

Ompenenenune 3.1.2. (P, F) snewne annpokcunupy-
er (R, &) na N npu cozaacosasanuu A, ecau 0rs aobbix
(m, e) =N sbinoanero:

1. A(m, &) #D.
-~ 2. ¥ asA(m,e) soinoanero R(m,e)=P(m, a)#S(m).

O6osunauenne: (P, F)> (R, &)[N, A], unin POR[N, A].

s i, oSNNS . /TR o st s s
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Mexay BHyTpeHHeH M BHELIHeH anlpoOKCHMaluel cylue-
cTByeT oueBuwaHas cBfisb. Ecoiu (R, &)= (P, F)[N, A],
T0 (R, &) D (P, ¥)[N, A]. HanomuuM™, uyro R(m, &)=
=S (m) \R(m, ¢).

Hcnonb3ysi BHYTPEHHIOIO M BHEIIHIOK aNmNPOKCHMAIHIO,
3a/layd YaCTHOrO M INOJHOr0 BhIOOpAa MOXKHO 3aMEHSTh Ha
COOTBETCTBYIOLIHE 3aJaiyd C APYrHM NPHHIMIOM ONTHMAJb-
noctu. IleficreutensHo, nycts (P, F)= (R, &)[(m, &), A];
torga Jnawo6oe pellenue 3agaun YUYB (P, m, a), rie as
A (m, &), sBasercs pemeHueM 3agayd UB (R, m, e).
[Tycte Teneps (P, F)>D (R, &)[(m, €), A]; Torma moboe
pemenue 3anaun IIB (P, m, a), rae asA (m, &), asngercs
pemenuem 3agauu [1B (R, m, e).

B onpenenenusx 3.1.1, 3.1.2 cpaBHHBaJHCh 3HayeHHS
OPUHIHUNOB ONTHMAJbHOCTH Ha OXHOH M TOH XK€ MOHEJH.
"Ecau oxgHy unu obe MozmesH, CTOsIIME B PasHHIX YacTiaX
BKJIIOYEHHS, OABEPTHYTh BO3MYIIEHHSIM, TO Npuaem kK G6o-
Jiee XEeCTKHM MOHSATHAM cpaBHeHHd. IlOMOJHHTENbHAs AUG-
GbepeHUuanus 3THX MNOHATHHA, TaK Xe KaK H B ompejee-
HHSIX Pas3JMYHBEIX THNOB YCTOHYMBOCTH, BO3HHKaeT 3a CYeT
pasaHYHBIX BHIGOPOB MHOXKECTB CTpPaTeruf, Ha KOTOPHIX
IIPOU3BOJHUTCSI CPaBHEHHE.

ycts (R, &), (P, &) — NpHHUMOH ONTHMAaJbHOCTH,
NcMX&, a A: MXE-BW (F XE).

Onpemenenune 3.1.3. (P, &) Ha3bi8aeTCA BHYTPEH-
ne (A, u)-peeyaspusyrowum ceepxy (R, &) na N npu co-
2aacosanuu A, ecau 0an aoboix (m, e) =N sbinoaneno:

1, A(m,e)#3J.

2, V (a, 8)=A (m, &), Vn & Ms(m)soinoaneno P (n, o)+
#=D, 0> A u

Q(P (n, o), n, m) = R (m, ¢) 0as u=f,
P(n,a) = Q(R (m, €), m,n) 0aa u=v,

O6osunauenne: (P, F)<IRU2[(R, &), N, A].
Onpenenenne 3.1.4. (P, &) Hasvieaercs BHYT-
penne (A, u)-peeyanpusyrowum cuuzy (R, &) na N npu
coenacosanuu A, ecau 0as aoboix (m, g) =N 8binosHeHO:
1. A(m, &)~ .
2. Y(o, 8)A(m, €), Yne=M;s(m) soinoaneno P (m, o)
#J, A u
P(m, )cQ(R(n, ¢), n, m) 0an u=f[,
Q(P(m, &), m, n)cR(n, &) daa u=v.
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Obosnauenite: (P, F)=IRDA[(R, &), N, A].

[Ipucyrcreue TepMuHa «peryiasipusyioluii» B onpeaele-
Husax 3.1.3, 3.1.4 oObsACHSETCS TECHBHIMH CBSI3IMH C TOHS-
THEM peryJjsipusylouiero omeparopa [74]. Hamomuum on-
penenenne perysaspusylomero oneparopa. CHauasa BBeLeM
Heo6xonumbie o6Gosnauenus. Ilyers (X, px), (Y, py) —
MeTpHuecKue mpocrpaHcrsa, B: X—Y. PaccmaTpuBaercs 3a-
llaya peulenusi ypaBHeHusi Bx=y. [IpuBenem ompenenenue
2 u3 [74, c. 55], u3MeHUB JHIUL HEKOTOphie 0GO3HAYEHHS.

Onpenenenue 2. Oneparop P(y, o), 3a8ucaujuii ot
napamerpa o u Odeticrsyrowuti us Y 8 X, Hazeieaerca pezy-
Aspusyrowgum 0as ypastHenus Bx=y (ornHocureabno 3se-
MeHTa Yo), ecau oH obaadaer csolicreamu:

1) cywecrsyror raxue uucaa 8,>0, a;>0, «r0 onepa-
rop P(y, a) onpedesen Oarn 6cakoeo a, npuradiexcauye2o
npomexcyrky (0, a;), u awbozo ysY, 0asa Koropozo py (Y,
Yo) <4y;

2) cyujecrsyer Takol (ynKyuonas ay=ao(y, 8), onpe-
Oenennsiti na muoscecree Y s, = {y=Y|py(y, yo) <b:}, ut0
0as at0bozo £>>0 naiidercs wucao 8 (e) <4, rakoe, 4ro
ecau GEY u py(F, yo) <8<<do(e), To px (%o, Xx)<e, 20e
Bxo=y,, a x=P (§, ao(7, 9)).

Ins ycraHOBJEHHsI CBsideil ompejeneHust 2 c onpejesne-
HusiMu 3.1.3, 3.1.4 chopmynupyem omnpeneneHue 2, HCIOJb-
3y SI3bIK NMPHHIHMNOB ONTHMaJbHOCTH. [l 3TOro BBeAEM
MHOXKecTBO Mozeselt M=Y c mMeTpuKO# p=py, MHOXECTBO
crpareruéi S(m)=X. MHaTtepnperanuio Q CYMTaeM TOXJe-
cTBeHHBIM orobpaxenneM. C ypaBHeHHeM Bx==y cBsxem
npunnun ontuMainpHoctd (R, Ely), rme R(y, &) =0% {xs
&X|Bx=y}. Perynspusyomemy oneparopy P mnocraBum
B COOTBETCTBHE NpPUHIMN onTHManabHoctH (P, &), rie F =

=®(MXE's, E'Y)XE'+, a P(y, a0, p)=P (4, a(y, B)).
Torna ceoiictBa 1), 2) u3 onpexeneHuss 2 MOXKHO 3a-
nucaTh B BHIE:

1) cymecrsyior 8;>>0, a;>>0 Takue, uT0
dom(P, F)>{y, @, Bly=Ms, (yo) oy, B0, a};

2) cymectByior aoes® (M X E'y, ELy) 1 ds® (F'u, (0,61))
Takie, 4To AJs J060ro &>0 BLINOJHEHO

A(e) ={a, B, 810 <8< 8(), & —ay p=08}+D
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W LIS Mo6HX (a, B, 8)&A (e) m mob6ux ys=Mg(yo) BH-
NOJIHEHO

Py, a, 8)=R(yy e).

Ecan Hanoxuts eme ycaosre ao(Ms, (40), 81)< (0, ai),
KoTOpoe B [74], oueBHAHO, MPEANO/IArajoch, T0o GyAeT BhHI-

noaneHo P(y, o, 6)*J. Takum 06pasoM, MOJNyYaeM, 4TO
(P, &) sBasiercsi BHyTpeHHE 0-DEeryJsipH3yIOIMAM CBEPXY
(R, E't) Ha (yoXE'y) nmpu cormacopanun A. Crenosa-
TeJbHO, onpenesnenue 3.1.3 He yxke, yeM omnpejnesneHue 2,
a OTKa3 OT METPHKH M TONOJIOTHH JJISl 3aJaHHUS MOHATHS NMPH-
OJIMKEHHBIX pelleHHil, OTKa3 OT CTPeMJIeHHS g K HYJIO H
Ipyrue cBoficTBa INpejnjaraeMoOd TEOPHH NO3BOJSIOT CHe-
JlaTb2 BHIBOA, 4To omnpejenenne 3.1.3 o6Gobumiaer ompenese-
Hue 2.

Omnpenenenus 3.1.3, 3.1.4 crpounncy Ha 6ase OTHOLIe-
HUsI BHYTPEHHeH anmpOKCHMAauHH NyTeM BapbHPOBaHHS MO-
Jenei, BXONSIIMX B NPaBYI0 HJH JIEBYIO 4acTh BKJIOYEHHS
P(m, o) =R (m, &) u3 onpelenenus 3.1.1. CoBepllleHHO aHa-
JIOTMYHO CTPOSITCS OTHOLIEHHS] CpaBHEHHsI Ha Ga3e BHEIIHEH
annpoKCHMAaUHH.

ITepesineM k ¢opmanbubiM onpeneneHusM. Ilycrts
(P, &), (R, &) — npuHuunsl ontuMajbHocTH, NCMX &,
aA: MXE—->B (FXE'Y).

Onpenenenune 3.1.5. (P, &) Ha3bieaercs 6HeuwHe
(A, u)-pecyaspusyrowum ceepxy (R, &) na N npu coera-
cosanuu A, ecau 0is awboix (m, e) =N svinoareno:

1. A(m, e)~ .

2. V(a, 8)=A(m, &), Vn=M;s(m) soinoaneno R(n, &)z~
#*J, A u .

Q(R(n, €), n, mjcP(m, a) dan u=j,

R(n, eycQ(P(m, @), m, n) das u=v.
O6o3nauenne: (P, #)=ERUA[ (R, &), N, A].
Onpenenenue 3.1.6. (P, F) Ha3vieaercs 6HewHe

(A, u)-peeyaspusyrouyum chusy (R, &) na N npu coeraco-
sanuu A, ecau 0as ao6oix (m, e) =N soinoanero:

1. A(m, )£ &. '

2. V(o, 8)=A(m, &), Vnes Mg(m) svinoaneno R(m, &)
+Z, >Au ‘

R(m, e)<Q(P(n, o), n, m) 0das u=f,

.Q(R(m, &), m, )cP(n, a). das u=v."
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OGosunauenne: (P, F¥)=ERD}[(R, &), N, A].

Cuoenyomasi rpynna OTHOLIEHHH CpaBHEHHS NOJyyYaer-
csl Ha 6Gase BHYTPeHHeHd M BHEIUHEH aNNPOKCHMAalHH IyTeM
OJHOBPEMEHHOI'0 HE3aBHCHMOrO BapbHPOBaHMs Mofeneil B
06eHX YacTsAX COOTBETCTBYIOIIMX BKJ/IOUEHHIL.

[Tycts B: MXE—>T(F X E2;) n v, A=0.

Onpepenenune 3.1.7. (P, ) Ha3vl8aeTCA BHYTPEH-
ne (A, v, u)-peeyaspusyrowum (R, &) na N npu coeaaco-
saruu B, ecau d0an aoboix (m, e) N svinoanero:

1. B(m, &)= .

2. V(a, 8 y)=B(m, e, VneM;(m), Vek=M,(m)
svinoaneno R(n, e) =D, d>N, y>v u

P(n, o)cQ(R(k, ), k. n) oan u=vl,
Q(P(n, @), n, k)R (k, ¢) ora u=v2,
QP (n, a), n, m)cQ(R(k, ¢), k, m) das u=f.

OGosnauenne: (P, F)sIRMV[(R, &), N, B].

Onpenenenue 3.1.8. (P, ) Ha3vieaerca 6Hewne
(A, v, u)-peeyrapusyrouum (R, &) na N npu cozaacosanuu
B, ecau 0aa aoboix (m, g) N 8binosneno:

1. B(m, e)#J.

2. V(@, 8, y)=B(m, ¢, Vn=My(m), Ye=M,(m)
goinoaneno R(n, &)=, 8>, y>v u

R(n, ey Q(P(k, ), k, n) oan u==vl,
QR(n, ), n, )Pk, @) drsn u=v2,
QR (n, €), n, m)ycQ(P(k, @), k, m) das u=f.

OGosunauenue: (P, F)=ER.MV[(R, &), N, B].

Herpyano Buzerb, 4to ¢ ¢opMasbHOH TOYKH 3DEHHS
BCE OTHOIUEHHS PEryJ/sipu3aliu SBJSAIOTCH OOGOOIEHHSIMH
COOTBETCTBYIOLIHX MOHATHH YCTOHYHBOCTH NPHHIHIOB OI-
THMaJbHOCTH. [TOKaxeM, 4TO M C COAEPKATENbHOH TOYKH
3peHHs1 MOHATHS PEeryJsipH3alyH JONOJHSIOT COOTBETCTBY-
IolHe MOHSTHS ycToiuMBOCTH. Tak ke, Kak npH o6cyxne-
HHH BO3MOXHOCTH NPAaKTHYECKOTO NPHMEHEHHs NMOHATHH yc-
TOWYHBOCTH, PACCMOTPHM ABe 06/1aCTH BO3MOXKHBIX NPHMeE-
HeHHu#. :

IMepBas 06/1aCTh — 3TO YHCJEHHOE PeIleHHe 3ajay C Io-
mompbio DBM. ITycrs 3afaua onuchiBaeTcs MOAeNbio meM,
TIPHHUMNOM ONTHMasNbHOCTH R n mapamerpoM e=&. Tpe-
Gyercs pewnth 3anauy UB(R, m, ¢) uam IIB(R, m, e).
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[lapamerp B JaHHOH HHTepnpeTauuu GyAeM Ha3HBaThb TOY-
HOCTbIO pelneHus. Kak H3BecTHO, mpouecc YHCJEGHHOTO cye-
Ta Ha OBM Hens6exHO CONMPOBOXKAAETCS PA3IHYHBIMH IIOT-
pelrHocTsiMH, nostoMy DBM ¢axTnueckn omepupyer He ¢
MOJE/JbI0 m, a ¢ HEKOTOPOH# APYrof Mouenbio n, GJaM3KOMH
B HEKOTOPOM CMHIc/Ie K m. Mepy 6ausoctd Gyaem OMHCH-
BaTb GyHKUHEHA pw, MOSTOMY MOXKHO CYHTATh, YTO HCCJEHO-
BaTEJI0 MOJEJ]b 7 TOYHO HEH3BECTHA, a H3BECTHO JIHIb, YTO
neMg (m), 0 ynpaBJasATh MOXHO TO/NbKO napamerpom §. Ia-
paMeTp & omHCHIBaeT NOTPEIIHOCTH YHCJIEHHOrO Ccyera, H
nostoMy OyZeM ero HasbnlBaTb TOYHOCTBIO BHIYHCJIECHHIL.

Yacro cyuTaercs, YTO TOYHOCTb BHIYHCJIEHHA MOXKET
6BITh KaK yrofHo GJH3KoH K Hy/i0. PeasbHO, KOHEUHO, TOY-
HOCTb BHIUMCJEHH# Bcerja orpaHuyeHa cHH3Y, §>A=0,
rae yucao A ompenensieTcs OCOGEHHOCTSIMH NPHMEHSEMBIX
METOJIOB BBIUHCJAEHHH H KOHCTPYKTHBHHIMH OCOOGEHHOCTAMH
OBM. I9THM 06CTOSITENILCTBOM, B YaCTHOCTH, OOGBSICHAETCA
BBEJIeHHE COOTBETCTBYIONIHX IMapaMETPOB B ONpefejeHHs
YCTORUUBOCTH H PEryJsipu3amnuH.

HUrak, Hanuuue BBHIUMC/AMTENbHBIX OIIHGOK NPHBOAHUT K
TOMY, 4TO 1Jis PEelIEHHs NOCTaBJEHHHIX 3anau BeGopa {R,
m, g} ¢ nomompio BM a1s 9BM crasurh, BooGlle roBo-
psi, HYXKHO yXe JpyrHe 3ajauyd. Ecin R ycTOHUHB B HYX-
HOM CMEICJIE, TO 3ajaya nJjsgs DBM MoxeT OTJIHYaATLCA OT
HCXOJHOM JIHIIb TOYHOCTHIO pelIeHHs, KOTopas AOJKHA GHITh
CorjacoBaHa C TOYHOCTbIO BhluHMcseHHH. Ecam ke R Heyc-
TofiyuB, To AJs DBM MoXHO craBuTh 3ajgauy tuna {P, m,
@}, Te TMPHHIMN ONTHMAJbHOCTH P sBAsieTcs peryJispusy-
IoHUM R B HYXHOM CMBICJIe, a MapaMeTp TOYHOCTH pelle-
HHS o JOJXKeH GBHITh COIVIaCOBAaH C TOYHOCTbIO BLIYHCJEHHH.
Ilns 3ajaym uyactHoro BhiGopa {R, m, a} MPHHUHD ONTH-
MaapHOCTH P nmonxen Gwrth BHyTpeHnHe (A,f)-peryaspusy-
omum R Ha (m, €) npu cornacoBanuu A. Ilpuuem mis To-
ro, uto6u npu Jio6oM neMy (m) pemenue 3agaun UB (P,
n, a) sBAsJOCH (mocje MPUMEHeHHs OToOpaxkeHus Q) pe-
meHueM HcxomHol 3amaud UB (R, m, e), KOCTaTOYHO BH-
nosnHenus ycaosus (a, 8) A (m, €).

Ilns samauu nossoro Bh6opa {R, m, ¢} nmpuHUMN on-
THManbHOCTH P nosxkeHn Guith BHemHe (A, f)-perynspusy-
oM cHusy R Ha (m, ) mpu cornacoBanuu A. Torna mpu
pumosiHenun ycaosusi (e, 8)=A(m, e) ans moboro ne
=M (m) pemenne samaun IIB (P, n, a) Oyzer (mocie
npuMeHeHHsl OTOGpaxkeHHs Q) pelleHHeM HCXOAHOR 3azja-
qu TIB(R, m, g).
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Takum o6pasoM, MOXHO clesaTh BHIBOA, YTO CYILIECTBO-
BaHHE pery/aspusylluX NPHHIHUIOB ONTHMAJbHOCTH JHaeT
NPHHIHNHAJIBHYI0O BO3MOXHOCTh YHCJEHHOrO peLIeHHsl C MOo-
mombio IBM naxke HeyCcTOAYHBHIX 3a1au.

Paccmorpum Temepp aran (OpPMHpOBaHHS TOCTaHOBKH
3aflayd. IDTOT 3Tal SBJASETCS BeCbMa CJOXKHBIM AJjst ¢hop-
MaJIbHOTrO ONMHCAHHs, TaK KaK COAEPXKHUT MHOIO TPYAHO ¢op-
Ma/JHu3yeMHX (aKTOpoOB M BKJII04aeT B cebs GoJsblloe guC-
JI0 pasJHYyHHEX nmpo6jeM. PaccMoTpuM JiHlIb ONHY M3 TaKHX
npo6JeM, a UMEHHO, KaKUM TpeGOBaHHSIM [OJIKHA YHOBJE-
TBOPATh (hopMa/ibHasi MOCTAaHOBKA 3afayH, €CJAH OHA C JO-
CTATOYHONH TOYHOCTBIO ONMHCHIBAET AEHCTBUTEJHHOCTb Jaxe
N0 HETOYHHLIM HCXOJHBIM -AaHHBIM. ‘

C comepxareJbHOH TOYKH 3pEHUs] OTBETHTb Ha I3TOT
BOIIPOC MOXKHO chaenyiomum o6pasoMm. HyxHo, utolBl pe-
IIeHHEe 3aJayH SBJASJIOCh TaKxXKe pelleHHeM WM TpUHOJIH-
XEHHBIM pellleHueM M AJs OJH3KHX 3aiay, KOTOphle He-
pPasNMYUMBl TIPH JaHHOM YPOBHE TOYHOCTH W3MEpeHHH H
HabJIo1eHU #.

®opmann3oBaTh 3TH TPEGOBAHHS MOXKHO Pa3/JHYHBIMH
cmoco6amu. [TokaxeMm, Kak MOXHO NpDHMEHATb 3IeCh pas-
JIMYHBIE TIOHATHS DPeryJsipu3aluy NPHHIHIOB ONTHMAaJbHO-
cti. OnulleM cHayasia CHTyalHlo, Korja Ha6J/IOAEHHS H H3-
MEpeHHsI TPOHU3BOAATCA abCOJIOTHO TOYHO. ByneMm cuutarts,
4TO B 3TMX YCJOBHSX NeACTBHTENBHOCTbh C JNOCTaTOYHOH CTe-
NeHbI0 aJeKBATHOCTH OMHMCHIBAeTCSl 3afauyell 4acTHOrO HJH
noaHoro BuGopa {R, m, e}. IlpuueM m oTpaxaer Bce He-
06XoaMMBble pe3y/bTaThl HaGNIONEHHH M H3MEpPEHHH, NMPHH-
LMD ONTHMAaJLHOCTH R (GaKTHUECKH oOmpefeNsieT Xxapakre-
PHCTHKH, KOTOpHE, COGCTBEHHO, H HHTEPECYIOT HCCJIELOBa-
TeJNs H KOTOpbie OGHIYHO HEMOCPeACTBEHHO He HabJo1anT-
cfl, a MOAJEXKAT ONpeJe]eHNIo; TapaMeTp &€ MOXHO CUHTaTh
TOYHOCTBbIO BHIUMCJIEHHSI T€X XapPaKTePHCTHK, KOTOpHIE Hy-
JKHO HAHTH, WIH €& MOXHO HHTEPIPETHPOBaTb KaK CTENeHb
aJleKBATHOCTH MOJYYEHHBIX XaPaKTePHCTHK H ONHCHIBaeMofi
peasbHOCTH.

OnuueM Tenepb CHTYalHIo, Korja HaOJIONEHHA MPOBO-
AsTCsi HeTouHO. IIOCKOJIbKY pe3yJbTaThl BCEX HEOOXOAHMHIX
HaGJMIONeHHI ONMHCHIBAIOTCS MOJEJBIO M, TO HETOYHOCTH B
Ha6JI0€HHAX NPHUBOAAT K TOMY, 4TO, TOJYYHB B pe€3yiib-
tate HaOJMIOfEHHII HEKOTOPYIO MOJeNb M, HCCJENOoBaTe/b
3HaeT, 4To HAEACTBHTEJbHOCTH MOXKET COOTBETCTBOBAaTH JIO-
6as mojeab neMg (m), rae 6 — TOYHOCTL HaGJIOAEHHH.
TIpuuem mapaMeTpoM & MOXHO YNpasaATb B Npenenax 4>
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>AZ=0, rne A xapakrepusyer IIpefaeNbHyI0 TOYHOCTHL Ha-
OJIIO/lCHHS B pacCMaTPHBaeMbiX YCJOBHSX.

Hrak, pesyabraThl u3Mepenuil u HabalofeHHH, TOYHOCTD
KOTOPBIX XapaKTepH3yeTcss napaMeTpoM &, LajH HEKOTOPYIO
moznenb m. Ecau 6Bl m3MepeHHss GbliM a6CONIOTHO TOYHBI,
HYHO OBlIO OB pelHTb 3ajauy BeIGOpa {R, m, &}, xoro-
pasi COOTBETCTBYET AeHCTBHTENbHOCTH. [T0CKONBLKY TOYHOCTB
peajbHBIX H3MepeHHH d, TO 3amaun {R, n, e} [IA nes
&M (m) SBAAIOTCS HEPA3MMYMMBLIMH IIPH TOYHOCTH Hab.JIio-
AeHni.8. Ilostomy, ecan 3anaua {P, m, a} onuceiBaer Aeii-
CTBHTEJILHOCTb C Y4ETOM TOTO, YTO H3MEpEeHHS MPHOJIHKEH-
Hbl, TO €€ pellleHHe NOJKHO GBITh pellleHHeM W IJIs 3ajau
{R, n, e} ans neMg(m). CaTyanus HEMHOTO OCJOMKHSET-
Csl TeM, 4TO MHOXKECTBO BO3MOXKHBIX pelleHuit S(m), Bo-
ofuie ToBOPS, 3aBHCHT OT MOJEJH M W IPU MF~N MOXKET
ObiTe S(m)NS(n) =<. [loaToMy HYKHO YTOUHHTb, B Ka-
KOM cMbicjie pewleHne 3agaun {P, m, a} sBAsieTcs pelle-
Huem Onuskux 3amauy {R, n, e}, n=M;(m). Ecrecrsenno
HCIIOJIb30BATh /IS 3TOH Lenn uHrepnperanuio Q. Torma auas
3ajlay 4acTHOro BBHIOOpa 3TO YCJOBHE MOXKHO 3aIlHCaTh B
BHIE .

F#=QP(m, o), m, =R(n, &) ana neMg(m),
a sl 3ajiay NOJHOro BeiGopa — B BHE

Q(P(m, a), m, ) DR(n, &)~ F naa nesMgy(m),
Taknm obGpasom, moJsyyaeM, yTo P nosxeH ObITb BHYTpPEH-
He (A, v)-peryasipusylomum cHu3y R Ha (m, &) Ajs 3aja-
YH yacTHOro Bei6opa M P no/xkeH GHTbH BHellHe (A, v)-pe-
ryJasipu3yloumiuM cBepxy R Ha (m, &) A 3a4add NOJHOTO
BhI6OpA.

Hrak, MOXHO chenaTh BHIBOJ, YTO YKa3aHHHE OTHOIIe-
HHSl Pery/sipusaluy SIBJASIOTCS MaTeMaTHYeCKHM anmapa-
TOM, YLOOHBRIM I/ ONHCAHUSI HEKOTOPHIX HEOOXOJHUMBIX ycC-
JIOBHH, KOTODHIM JOJI)KHA YJAOBJETBODPAThH 3ajaya, NpeTeH-
Ayloliasl Ha ONHCaHHe JeHCTBHTENbHOCTH.

Briiue npuBefieHbl NPHMEPH NPAKTHYECKOrO NPHMEHEHHS
nss moHsituit peryasipusauuu tunos IRU4; IRDA,, ERUA,,
ERDA4;, HO HeTpyAHO BHJAETb, 4YTO B Napax OTHOILUEHHI]
IRUA,—ERUS;, IRDA,—ERDA,, ERU2,—IRU4,, ERD%;—
IRDA; npuHUHNBI ONTHMaJbHOCTH P M R NPOCTO NOMEHs-
JIUCb POJISIMH H COOTBETCTBYIOLIHE OTHOIIEHHS OT/IHYAIOTCS
TOJIKO TeM, KaKoil NPUHINI ONTHMAaJbHOCTH B3AT 32 HCXO.-
Hbtil. [ToaTOMy Al yKasaHHBIX OTHOILEHHH PEryJsipusanui
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CIpaBeJJINBEl aHAJIOTHYHbIE CJIOBA O NPAKTHUECKOH NpHMe-
HHUMOCTH.

OrHomenust peryaspusauud THOOB IR MY u ER MV
o718 u=vl, v2, f He TOJNbKO SBASIOTCA (HOPMaJbHBIMU YCH-
JIEHHSIMH OCTAaJIbHBIX NOHATHH peryJasipusanuu, Ho u obJia-
CTH HX NPAKTHYECKOr0 NpHMeHEHHs OOBEAMHAIOT yKa3aH-
Hble BhIlIEe 06J1aCTH YHMCJIEHHOro cueta H (OPMHPOBAHHUS MO-
cTaHOBKHM 3ajayd. [Tostomy He OymeM NOBTOPATh AJS HHX
aHAJIOTHYHBIX pacCyXJeHH#, a mepefijieM K HCCAEJOBaHHUIO
(opManbHBIX CBOHCTB OTHOILEHHH peryJssipH3aiuy.

§ 2. CBoiicTBa OTHOLIEHHIi perysipu3auuu

dror mnaparpad TNOCBsALEH 13y4eHuI0 (HOpPMaJbHBIX
CBOHCTB OTHOLIGHHH CPpaBHEHUS NPHHLIMNOB ONTHMAJLHOCTH,
BeefieHHEX B § 3.1. Ilpexnae Bcero Hac 6ynyT HHTEpeco-
BaTb B3aHMOCBSI3b Pa3/JHYHBIX NOHSATHHA CpaBHEHHS|, CBOM-
CTBa, KOTOpPHIE HAK/JaAbIBAalOT 3TH OTHOLIEHHS Ha peryJs-
pusyeMble NPHHLIMNOBI ONTHMAaJbHOCTH, M JOCTaTOYHBIE YC-
JIOBHS /Il MOHATHH DerysspH3anuu.

OTMeTHM, 4TO CBS3H MEXAy pPAa3/IMYHEIMH NOHSATHAMH
pery/sipu3anuy, OTJIHYAIOUMMHCH TOJbKO MHOXKECTBOM CTpa-
Terui, Ha KOTOPbIX NPOBOAMTCS CpPaBHEHHE, YCTaHaBJHBa-
IOTCSl aHAJOTMYHO COOTBETCTBYIOUIMM MOHATHAM YCTOHYHBO-
CTH ¢ moMmolubio ycaosui 4,, A°,, B,,, C,. [Tostomy He 6y-
JleM OCTaHaBJHMBATbCs Ha 9TOM BOIpOCe.

TakKe HOBOJLHO OYEBHAHO, YTO OTHOIUIEHHS BHYTPEH-
Hell U BHEUIHEH peryJspH3alHH CBepXY H CHH3Y CHJIbHEE CO-
OTBETCTBYIOILHX OTHOLIGHHH BHYTPEHHEH M BHEUIHEH anmn-
pokcuManud. Uro6pl 3TO NOKa3aTb, HYXKHO HCHOJb30BaTh
omHo u3 ycaosuit D, D°,, BBeleHHbX B § 1.4.

[TpuseneM ORHO M3 YTBepXKAEHHN YKa3aHHOrO THIA.
dopMy/aHpPOBKA OCTAJIbHBIX COBEPIIEHHO aHAJOTHYHA H HE
cocTaBigeT TPyAa.

Yreepxaenue 3.2.1. Ilycrs (P, &) asanerca 6Hy-
tpenne (A, f)-peeyaspusyrouyum (R, &) na N npu cozaa-
cosanuu A u Q yoosaersopser ycaosuio D, [L], 2de

L={n=M|3esE:(n, e)=N}.
Tozda (P, F)=(R, &) [N, 4], 2de
A(m, &)= {a= F|138>A: (a, 8) = A(m, ¢)).

BrosHe aHAJIOTHYHO TOKA3HIBAETCH, YTO MOHATHA BHYT-
peHHell M BHELIHei peryasipH3aluH CHJbHEE COOTBETCTBY-
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IOMX MOHSTHA BHYTPEHHeH M BHEIUHEHl peryJaspH3amuu
cBepxy u cHusy. IlosToMy He 6ymeM NPHBOAMTH COOTBeT-
CTBYIOLUINX YTBEPXKICHHI.

OrmernM, 4TO B ONpeMe/eHHSIX Pa3JIHYHHIX MOHATHH pe-
ryJspH3alHy BKIIOUEHHS THINA

Q(P(n, @), n, myc R(m, &) Vnc Mg(m),

HCNOJIb3yeMble B ONpenesNeHHH BHyTpPeHHedl (A, f)-peryus-
pH3alliH CBEPXY, MOXKHO 3aMEHHTb Ha

ex; P (m, a, §) = R (m, e).

HpusezEeM 3aMeHy aHaJIOTHYHBIX YCJOBHH H sl APYTHX
NOHATHH peryJ/isipu3anuy.

R(m, e)=Ex,P(m, a, 8) nns BHyTpemnedr (A, v)-pe-
ryJsipu3aluH CBEPXY;

P(m, a)cinyR (m, e, 8) nas BHytpeHHeir (A, u)-pery-
JIIPA3aLHUH CHU3Y U=f, v;

exsR(m, g, 8)cP(m, a) mas BHemmHedr (A, f)-peryas-
pH3allUH CBEPXY;

P(m, o) =Exy,R(m, e, 8) nns BHemHe#t (A, v)-peryas-
pH3aluyu CBEpXY;

R(m, e)ciny P(m, a, 8) nas sHemmnelt (A, u)-peryas-
PH3alMH CHU3Y u=f, v;

ex; P(m, a, 8)<insR(m, e, y) nna BHyTpenHe#t (A, v,
f) -peryasipusanuu;

ex; R (m, e, 8)cing P(m, a, y) nna sHewHedt (A, v, f)-
peryJisipusaium.

[TonsiTHA perynsipu3alid MOXHO pacCMaTPHBATh H Kak
o6oGiienne moHaTHil yctofiuusoctu. [eficTBuTeNbHO, C TIO-
MOIIBIO MOHATHI PEryJsipu3allid MOXKHO JIETKO ONHCATh IO-
HATUS ycTofiunBocTH. A umenHo, eciu (R, &) sBasercs pe-
ryJsipH3YIOIAM B HeKoTopoM cMbicie (R, &) na N mpu co-
rnacosaHuu A, TO 3TO 3KBHBaJeHTHO yciaoBHw: (R, &) sB-
JIleTCl YCTOHYMBHIM B COOTBETCTBYIOLIEM CMbicae Ha N
npu coriacoBanud A. CooTBeTCTBylOllee NOHSITHE YCTOHYH-
BOCTH TOJIyYaeTCs 3aMeHOfl CJIOBa «peryJsipH3yIOIIHM» B
MOJIHOM HAa3BaHHH IMOHSATHS PEryaspH3alHH Ha CJIOBO «ycC-
ToyuBbiMy. O603HAYEHHS 'COOTBETCTBYIOLIHX IOHSATHH OT-
JAMYaloTCs TOJbKO 3aMeHofi R Ha S. JIoKasareslbCTBO 3TOro
(daKkTa HemoCpeJCTBEHHO CJeAyeT H3 ONpeNesCHHH.

Tak e, Kak M JJIs COOTBETCTBYIOLIHX NOHATHH yCTOR-
YHBOCTH, MOXXHO TOKa3aTb, YTO U3 BHYTPeHHel U BHeLIHeR
pery/isipusaiuy CHH3Y H CBePXy CJ/IelyeT BHYTPEHHsAS ¥ BHell-
Hsist peryaspusanus. TTOCKOIbKY 10Ka3aTenbCTBO 3THX (ak-
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TOB COBEPLIEHHO aHAaJOrHYHO A0Ka3aTeJbCTBY yTBEpKAEHHS
1.4.7, npuBeneM Jnllb (GOPMYJHPOBKH YTBEPKAECHHH.

YrBepxiaenue 322 [asn J=I, E v 0<<E<n<A
86/NONAHEHO:

1. Ecau (P, )=JRUL((R, &), N, A], mo
P, F)=JRY ™ ((R, ¢), dom(un[A. & n], &), un[4, & nll,

2de Habop napamerpos (a, b) npunumaer 3nayenus (f, v2),
(v, vl).

2. Ecau (P, 7)<JRD:[(R, &), N, Al, mo
(P, ¥)=

e JRY (R, €), dom (un*[4, & 7], ¢), un*[4, & 1],
20e nabop napamerpos (a, b) npunumaer snauenus (f, vl),

(v, v2).
3nech o6o3HaueHo A: MX&E—W (F XEy),
un [A’ §, ']l (m’ C)=
={(a, 8 V)=F XLE2 |(a, +y)=inA(m, e, v),
E<y<<min{n A(m, &), 0N (m, &), n}},
un*[4, & nl(m, &) =

={(o, 8, yy=F X2 [(@, v, H=un(4, & nl(m, e)}.

Hanomuum, uto B yTBepxieHuu 1.4.7° 1oxa3aHo, yTO
dom(un[A. &, nl, ¢)=dom(un*[4, &, nl, &)=
=1II((4, €), §Nint(N, ¥).

YcTaHOBHM Temepb CBS3b MEXJy BHYTDEHHEH H BHell-
Hefi peryasipusauued. Maewo 3Tofi CBsI3n MOXKXHO BBIPA3HTb
tak: eciu (P, &) BHyrpenHe peryaspusyer . (R, &), To
(R, &) suewne peryaspusyer (P, &), u Habopor. Tou-
Hyto GOpMYIUPOBKY HaeTr

Vreepxneuune 323 [aa a=f, v; b=vl, v2, [,
(J,LY=(, E), (E, I); V=U, D soinoaneno:

1. Ecau (P, F)JRVA(R, &), N, A], mo

(R, &)eLRV,[(P, F), prysgr[A[N], secy;gr[A|N]].
2. Ecau (P, F)=JRMV((R, &), N, B], mo
(R, ©)=LRE “[(P, F), prysgr[BIN], sec;sgr[BINI).
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Jloka3aTenbCTBO aHAJOTMYHO AOKA3aTENbCTBY YT-
BepxJaeHus 1.4.9.

HanomuuM, uto A|N o6o3Hauaer cyxeHHe COIJIacoBa-
uusi A Ha MmuHoxectBo N, gr [A] —rpa¢uk cornacoBaHus
A, pr;sK — npoekinuss MHOXecTBa K Ha KOMIIOHEHTH C HO-
mepamu 1, 3, sec;3K —ceuenune MHoxkectBa K 1O KOMIO-
Henram 1, 3, a pasGuenue mHoxectB gr[A|N] u gr[B|N]
Ha KOMIOHEHTHl 3aJaercs CJeLylolHM 00pa3oM:

‘gT[A!N]CA(l) X ... XAy,
gr[(B|N]=B(1)X ... X Bs),

rie Any=Bun=M, A@y=B@=8&, Asy=Be)=F, Aw=
=Bu)y=B;y=E's. TouHble ompefeneHHs NPHBEJECHH B
§ 14.

Cdopmynupyem Tenepb mpocTefilive HEOOXOAHMBIE YcC-
JIOBHSI, KOTOpble HENOCPeACTBEHHO CJEeAyIT M3 olpeleJe-
HHi moHsTMH peryJasipudauuu. Ilocko/ibky cHOBa morpely-
JOTCS TPOEKIMH H ceueHHs: MHoxecrBa gr[A|N], to mas
coriacoBaHuii A, ydacTByloLHX B (OPMYJHPOBKE YTBED-
KIeHusi, OyaeMm cuutaTh, uto Qr[A|NJCAGHX ... XAm,
roe A(1)=M, A(2)=5’, A(3)=g-, A(i)=El+ AJIs1 124 0O603-
HayHM Takxke

ﬁu ((Rr é), a, b) =
—{(m, =M x&|n,R(n, &)+p(m, ny>b Vn=M,(m)},
u=Ff, v

Yreepxnenue 3.24. Qaa u=f, v svoinosneno:

1. Ecau (P, F)=IRUS [(R, &), N, Al, mo Ncdom (R, ¢
u pry;gr[A|N]cint(dom (P, F), A).

2. Ecau (P, F)<IRD; (R, &), N, Al, mo N<II, (R, &),
A) u pryggr[A|Nlc=dom (P, ¥).

3. Ecau (P, #)=ERU.[(R, &), N, Al, mo Nc
cint(dom(R, &), A) u pryzgr[A|Nlcdom (P, F).

4. Ecau (P, F)=ERD[(R, &), N, A], mo Ncdom (R, &)
u pryggr[AINICIL, (P, %), A).

5. Ecau (P, F)<IRY V[(R, &), N, Al, mo pry,gr[AIN]c
cint(dom (P, %), A) u NcIL((R, &), v) npu w=f,
NIl (R, &), min{, v}, v) npu  w=vl, NSIL (R, &),
min{A, v}, v) npu w=v2,
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6. Ecau (P, F)=ERL[(R, &), N, A, mo Nc
cint(dom(R, &), A) u prygr[A|N]cIL((P, ), v) npu

w =, priggr[A|NISIL (P, F), min{}A, v}, v) npu w=ol,
pris gr [AINICIL, (P, ), min{A, v}, v) npu w=102,

Hoxaxem nas npuMepa nyHkT 5. U3 ycaoBus: mis mo-
6oro ne=Mg (m) Bhinoanero P (n, a) %3 caenyer Mg (m) X
Xacdom (P, &), vHo Toraa 6dom (P, &) (m, a) =6>4,
T. e. (m, a)int(dom (P, &), 7).

3ameruM, yto AJs JMI060r0 NEMmin (s,y) (M) BHIOJHE-
HO M, m, ay(n) =My (m). Tlycts Temepp w=wvl. Toraa
nas (a, 8, v)eA(m, ¢) u 100bx n&Mmuin(s,y)(M) u ke
&M ,_(m, n)(n) BEIOMHEHO

F#R (n, a)<Q(R (k, &), k, n).

Orcona crenyer, uro F=insR (n, e, y—p(m, n)), a 3Ha-
yut, s;R(n, e)-4p(m, n)>=y. Ocrasoch 3aMeTHUTb, YTO
0>\ u y>v. Cayual, Korja w=uv2, 10Ka3LBaeTCs aHaJI0-
ruyHo. Ilycts Tenepr w=;j. Torpa mas (a, 8, y) A (m, e)
BBITIOJIHEHO

D#ex; P (m, a, §)cin;R(m, &, ),

oTKyJAa 1ty R (m, ) =y>v, To ecTb
(m, e)sIl;((R, &), v). A

IMpencraBnsier HHTEpPeC CPaBHUTL MHOXKECTBA l'iu((R,
&), a, b) u II,((R, &), A). TlockoibKy B yTBEPXKIEHHH
3.2.4 BcTpeuaercs TONBbKO caydail a<<b, To AJs Hero u Gy-

aem HccaenoBaTb MHOXecTBO I, ((R, &), a, b).
Paccmorpum cHavana caywait a>>0 u mokaxem, 4TO TOT-
lla cripaBe/JINBE BKJIOUEHHUSI

»

int (I, (R, &), b), ey, (R, &). a, b), 3.2.1)
I, (R, &), a, b= n'5 int (I, (R, €), b—B), ).
0<a‘<ﬂ<a

Iyers (m, e)e<int (I ((R, &), b), a); tTorna My (m)X
XecIlu ((R, &), b) nnn pas mobux ne=M,(m) BbNOJHe-
HO 7ty R (n, &) >b. Ho Torna ans no6oro neMg(m) Bh-
nonHeHo my R(n, e)+pn(m, n)=nuR(n, &) >b, T0 ecTb
nepBoe BKJ/IOYeHHe HOKa3aHo. OTMeTHuM, yTo ycjoBue a0
MOKa He HCIHOJb30BaJIOCh.

Iycrs teneps (m, e)<II((R, &), a, b). Torna aas Jo-
6oro n&=Mg(m) BbinoNHEHO mnyuR (M, &) >b—a, TO ecTb
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Mg (m) XecIl,((R, &), b—a), u, cienoBaTesbHO, HMeeM
8l ((R, &), b—a) (m, e) =a. Orciona noayuaem
(m, &= N int(I, (R, %), b—a), ).
<e<a

.

OTMeTHM, 4TO
IR, €, a )=  T(R, %), 8B, b).
0<f<a
OKoHyaTeJabHO UMeeM
(m, &= | (R, ), B, b) =
0<B<a
< NN int(L(R, %), b—p), a).

0<B<a 0<a<p
[lycte Temeppr a=0. Torga HyXHO YTOYHHTL TOJILKO

BHEIIHIO OUEHKY Ags Il,, Tak Kak BHyTPeHHfs OLEHKa OC-
Taercs cnpaselnuBoi. HeTpynHo Bumers, yro

II, (R, 8), 0, b, (R, ¥), b).

Kax caepyer u3 mpoBeNEHHOrO CpaBHEHHs OTHOLICHHI
anmpoKCMMalUH M peryjaspusanuu, Hau6ojee cjaaGbIMH SB-
JSIOTCS. OTHOIIEHHSI aNnpoKCHMaunuu. PaccMOTpHM Tenepb
BOmpoc 06 aHasore CBOHCTBa TPAH3UTHBHOCTH MJSI OTHO-
WeHUA cpaBHeHHs. Dosee TOYHO, TyCThb MMeEETCS IEMOYKA
OTHOLUEHWH CPaBHEHHS M3 TPeX NPHHIMIOB ONTHMAJbHOCTH
U JByX OTHOIIeHH! cpaBHeHHs. B KakoM OTHOILEHHH TOTAA
HaxoAATcs KpafHue NMPUHIUILI ONTHMAJbHOCTH? Mmu He 6y-
JleM paccMaTpHBaTh Bce BO3MOXKHEIE KOMOWHAIHH OTHOILE-
HHA cpaBHeHHsi. OCTaHOBHMCS JIHIIb HAa HEKOTOPHIX, Y
KOTOPBIX He OoJiee OJHOTO OTHOIIEHHS] OTJIHYAETCs OT OTHO-
WEHHS] aNNPOKCUMAaLHH. YUHTHBAs, YTO BHYTPEHHSS U BHELL-
HSI annpokcuMauusi sBjasercss HauboJee caabhIMH OTHO-
LWIeHUSIMH CpaBHEHMs, Takoi Habop uenouek sBIASETCH AOC-
TAaTOYHO NPENCTABHTENbHBIM.

Paccmorpum cHayasna npocTedliMii ciayya#, Koria Bce
OTHOUIEHHS] CPaBHEHHSI B LieNOYKe NPeACTaBAAIOT co60i JiH-
60 BHYTPEHHIOIO aNNPOKCHMauHIo, JH60 BHELIHIOI ammpok-
CHMALHIO.

Yreepxpenue 325. Ilycro (P, &) enyrpenne
(snewne) annpoxcumupyer (T, &) na L npu coeracosanuu
B, a (T, ) snyrpenne (snewne) annpoxcumupyer (R,&)
na N npu coeaacosanuu A. Toeda (P, &) enyrpetne (8He-



158 [J1. 3 PETYJIAPU3ALIUS MPUHLIUIOB ONTHUMAJIBHOCTIH

wHe) annpoxcumupyer (R, &) na dom(C, &) npu cozaa-
coganuu B-C, 2de C: MXE—~WB (MXF), :

C(m, &) =(mxA|N (m, e)NL.

HokasaTenbcTBO mnpoBeneM AN BHYTPeHHeH am-
npokcumaunu. Ilyers (m, e)e(C, &); rtorma (mX
XA(m, e))\L#=D, (m, e)N. Ilycrs asB((mXA(m,
e))N\L), To ectb cymecrByer B A (m, €) Takoil, uto (m, f) =
&L n a=B(m, B). Toraa

@B+#P (m, )T (m, p)=R(m, ¢). A

Tenepnr Hcclemyem cayuaii, Korga nepBoe OTHOILEHHe
CPaBHEeHHsI B LleloyKe sIBJSETCSl aNmpoKCHMalued, a BTO-
poe — peryasipu3anuei.

YrBepxaenue 3.2.6. as u=[, v sbinoasneno:

1. ITycre (P, ¥ ) suyrpenne annpokcumupyer (T,%) na
L npu cozaacosanuu B, a (T, §) snyrpenue (A, u)-pecy-
aapusyer ceepxy (R, &) ra N npu coeracosanuu A. Toe-
Oa (P, &) suyrpenne (0, u)-pecyaapusyer ceepxy (R,&)
na dom (K, &) npu coeaacosaruu K.

2. ITycro (P, &) snewne annpoxcumupyer (T, ) na
L npu coeracosanuu B, a (T, G) enewne (A, u)-pecyrsn-
pusyer cuusy (R, &) na N npu coeaacosaruu A. Toeda
(P, &) enewne (0, u)-peeyanpusyer cuusy (R, &) na
dom (K, &) npu coesracosaruu K.

30dece obo3nauero

K (m, &) ={(@, O)=F x E4| My (m)xp=C (m, o)},
2de
C(m, &)=
={(n, B)=M X § |{sec,3gr [B|L](n, B)X[n(m, n), +o0)}N
NA|N(m, ey=J},

secyy gr [BILl(n, B) ={ae / B&B|L(n, 0)}.

JlokasaTeabCTBO MOpOBeleM AJsi NEpPBOro MyHKTa
npu u=v. BTOpo#i MyHKT N0Ka3biBa€TCs aHaJOTHYHO.
[Mycts (m, ) =dom (K, &) u (B, 8)=K(m, €), TO ecTb
s jaio6oro neMg (m) cyuiecTsyer
(o, y)=(secizgr [BILI(n, B)X[n(m, n), +o0)}N
NA|N (m, ).

10 osmauaer, uro pEB(n, a), (n, a)L, y=pn(m, n),
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(o, yY)=A(m, &), (m, e)=N. Otciona noayuaem, 4t0 crpa-
BelJINBa HENOYKa BKJIOYEHHH

@#P (n, )T (n, &)<Q(R(m, &), m, n). A

Yrepxnaeuune 3.2.7. [an u=f, v soinosneno:

1. ITycro (P, &) enyrpenne annpoxcumupyer (T, %) na
L npu coeaacosanuu B, a (T, §) enyrpenne (A, u)-pezy-
aapusyer chusy (R, &) na N npu cozaracosanuu A. Tozda
(P, &) enyrpenne (A, u)-pezyrapusyer crwusy (R, &)na
dom (K, &) npu cozaracosanuu K.

2. IIycro (P, &) enewne annpoxcumupyer (T, §) na
L npu cozracosanuu B, a (T, &) enewmne (A, u)-pecyas-
pusyer ceepxy (R, &) na N npu coeaacosanuu A. Tozda
(P, &) snewne (A, u)-pezyaapusyer ceepxy (R, &) Ha
dom (K, &) npu coeracosanuu K.

30eco ob6o3naueno

K(m, & ={@, )=FXE}|Iac=9:p=B|L(m, «),
(@, S)SAIN (m, &)}

HokxazaTeabCTBO aHAJIOTHYHO JOKAa3aTeJbCTBY YT-
BepxaeHus 3.2.6.

[Tpakrnueckass ueHHOcTh yTBepxaeHuit 3.2.6, 3.2.7 co-
CTOHT B TOM, YTO €C/IH YKa3aH B OOlieM BHME PeryJ/sipuay-
IOUIHA NPHHIHUN ONTHMAaJbHOCTH, TO B KOHKDETHOH 3ajaue
HeT HeoOXOAMMOCTH TOYHO BBIYHCJISTbH 3TOT PETYJspH3YIO-
LM NPHHUMI ONTHMAJbHOCTH, HOCTAaTOYHO HANTH ammpokK-
CHUMHPYIOUIHI €r0 B HYXKIOM CMBICJ€ NPHHLUHIN ONTHMalb-
HOCTH.

B yrBepxnenusix 3.2.6, 3.2.7 paccMOoTpeHa TOJNBKO BHYT-
peHHssl i BHELUHsisi peryjasipu3alus cBepxy # cHusy. Ilo-
CKOJIbKY pe3yJbTaThl [J151 BHYTPEHHe#l H BHeUIHefl peryJs-
DH3aIMH HOCAT BIOJIHE aHAJOTHYHBIH Xapakrep, He Gyaem
X npuBouTh. OCTaHOBHMCS Tenmepp Ha MCCJENOBaHHH Ie-
NO4YeK OTHOLIEHHH, y KOTOPEIX BTOPOE OTHOLIEHHE SBJISET-
csl allIpoOKCHMaluen. -

Yreepxpaeuune 3.28. [Haa u=f, v svoinosneno:

1. ITycro (P, &) srnyrpenre (A, u)-peeyrspusyer ceep-
xy (T, %) na L npu cozaacosanuu B, a (T, &) snyrpenne
annpokcumupyer (R, &) Ha N npu cozaacosanuu A. Toe-
da (P, ) snyrpenne (A, u)-peeyasapusyer ceepxy (R, &)
na dom (C, &) npu coesacosanuu B-C.

2. Mycre (P, &F) snewne (A, u)-pezyrapusyer cHusy
(T, 9) na L npu cozaacosanuu B, a (T, ) snewne an-
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.npokcumupyer (R, &) na N npu coeaacosanuu A. Tozda
(P, &) enewne (A, u)-pezyaspusyer cruzy (R, &) na
dom(C, &) npu cozaacosanuu B-C.

30ecs o0bo3nauero

C(m, &) =(mXA|N (m, e))N L.

JokaszaTenbCTBO AaHAJOIHYHO HOKA3aTEJbCTBY YT-
BepxkneHus 3.2.6.

Vreepxnaenue 3.29. Hua u=f, v 8b6inosHeno:

1. Tycre (P, &) snyrtpenne (A, u)-pezyrapusyer cHu3y
(T, ) na L npu coeracosanuu B, a (T, §) s8Hyrpenne
annpokcumupyer (R, &) ra N npu coecaracosanuu A. Tozda
(P, ) enyrpenne (0, u)-pecyrapusyer cuusy (R, &) Ha
dom (K, &) npu coeaacosaruu K.

2. Mycre (P, F) enewne (A, u)-peeyrspusyer ceepxy
(T, %) na L npu coesacosanuu B, a (T, §) snewne an-
npoxkcumupyer (R, &) na N npu coeracosanuu A. Toeda
(P, &) snewmne (0, u)-peeyrspusyer csepxy (R, &) Ha
dom (K, &) npu coecaacosanuu K.

30ecy obo3Hauerno

K(m, &) ={P, 8)=F X E4| My(m)xB=C(m, )},
C(m, &) ={(n, )M X F|IacA|N (n, &),
36=p(m, n):(B, 8)=B|L(m, a)}.

JokazaTeabCTBO MpOBeAEM JJisi NMEPBOro MyHKTa
NpH u=w.

Iycrs (m, e)e=dom (K, &), (B, 8)=K(m, ¢). Torma ans
mo6oro neMy (m) BunoaneHo (n, p)=C(m, &), To ecTb
cymectByior as=A|N(n, €), y=n(m, n) Taxkue, uTO
(B, y)=B|L(m, a). CnegoBatebHO, CNpaBeaaHBa leNoYKa
BKJIIOUEHH A

R(n, &)>T (n, a)D>Q(P(m, B), m, n)

u P(m, B)+#9J. W

Yreepxkaenns 3.2.8, 3.2.9 ynpouialoT NMOHCK perynsipu-
3YIOIMIUX TPHHIHUIOB ONTHMAJbHOCTH, TaK KaK MO3BOJSIOT
CBECTH 3Ty 3ajauy K NOHUCKY PeryJsipH3YIOUHX MPHHIHTOB
ONTHMAJbHOCTH I/ NMPHHUHNA ONTHMAJbHOCTH, ANNpPOKCH-
MHpyIomero HexoHbH. OcoObifi HHTepec NpecTaBisieT Cay-
yafl, KOrfga annpOKCHMHUPYIOUIMHA NPHHIUN ONTHMAaJbHOCTH
SIBJIETCA YCTOHUHBBIM B COOTBETCTBYIOLIeM cMblcie. Toraa
PeryJsipu3yIoluM IJIsl Hero fIBJISIeTCsl OH caM, U B pe3yJib-
TaTe NoJyyaeM HHTeDecHOe JOCTATOYHOe YCJIOBHE peryJs-
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pusauud. KpaTKo ero MoxHO BHIDa3HTb B CllelyiolleM BH-
Je: eC/IH NPHHIMN ONTHMAJbHOCTH YCTOHYHB H aNNpPOKCH-
MHpPYET HCXOIHBIH, TO OH SIBJSIETCS DPEryJspU3YIOIHM AJS
HCXOZHOrO NPHHUHNA ONTHMAJbLHOCTH. KOHEUHO, MOHATHS
YCTOHYHBOCTH, aNMPOKCHMALHH H DPeryJspu3all JOJMKHBI
GBITH COOTBETCTBYIOIHM 006pPa3oM COIrVIaCOBaHHI.

.§ 3. Peryasipusyioniie NpHHUMAL ONTHMAJALHOCTH

B § 1.4 nna npousBONILHOrO NPHHIMIA ONTHMAJbHOCTH
(R, &) Onlnu BBeJeHH NPHHUMNOL ONTHMAJBHOCTH (exsR,
EXEY), (in;R, &XEL), (inoR, &XEH), KoTOpHe NpH
HEKOTOPHIX YCJIOBHAX Ha Q SBJSIOTCS aNNpPOKCHMHPYIOMIH-
Mu (R, &). B § 2.1 nmokasaHa uX yCTOHYHBOCTb, MO3TOMY
ecTeCTBEHHO NpHMeHMTb yTBepxAeHHs 3.2.8, 3.2.9 mas mo-
JY4YeHHs] peryjsipusyiolHuX TNPHHUHIOB ONTHMAaJbHOCTH B
obmem Buge. OmHAaKO HemocpeaCTBEHHOE I0Ka3aTesbCTBO
3THX (akTOB mpome H TpeGyeT MeHblle NpPEANONOKEHHH.

Haunem c¢ HcciienoBaHHsT NpHHIMIA ONTHMAJbHOCTH
(insR, &XEQ). Kak cnenyeT u3 NyHKTa 2 yTBepKACHHS
2.1.3, nna mo6eix m, neM Takux, uro u(m, n)<<a, BH-
TOJIHEHO

infR (m, e, ®)cQ(R (n, €), n, m). (3.3.1)

OTMeTHM, YTO HepaBeHCTBO W (m, n) <<o 3KBHBAJIEHTHO JIO-
6omy H3 ycaoBHil neEMg(m) 1 meMy (n). [Tostomy BKIIO-
yenne (3.3.1) MoxeT CAyXKHTb OCHOBOH MHJfl JOKa3aTellb-
CTBa TOro, 4TO inyR siBisieTcst BHyTpeHHe (A, v)-peryasipu-
3yIOmHM cBepXy R u BHyTpeHHe (A, [)-perynspusyomum
cuudy R. HyXHo TO/IBKO Ha/OXHUTb YCIOBHs, 06ecrneunBaio-
lIfHe HEeNMyCTOTY COOTBETCTBYIOLUIMX MHOXKECTB. DTO MOKHO
chenarth, HCNOAb3ys NYHKT 3 yTBepxkieHus 2.1.7. Takum
06pa3oM, IPHXOAHM K COTJIaCOBaHHSIM

Kfy® (m, &) =
={(a, )=ExEp|a,=¢, A<6<<a,<m;R(m, &)},
Kio' (m, &)=
={(a, HEEXEL|a;=¢, A<6<o,<n;R(, €)

VneM,(m)}.
YrBepxaenune 3.3.1.
1. (insR, &XEg) enyrpenne (A, v)-peeyrspusyer
ceepxy (R, &) na dom(K{', &) npu coeaacosanuu Kfy.
6 n. A. Mononuos
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2. (insR, & XEy) suyrpenne (A, f)-peeyaspusyer cuu-
Ad

3y (R, &) na dom(Kff, &) npu coeracosanuu K5} .

Ormerum BecbMa O60JbLIyI0 OOLUIHOCT YTBEPIKAEHHS.
Iaist ero cnpaBejIMBOCTH He HYXXHBI HHKaKHe YCJOBHS, Aa-
xe Ha WHTepmpeTauuio Q, B TO BpeMsi Kak AJad AOKasa-
TeNbCTBAa YCTOHYHBOCTH inyR HCNOJAb30BAJHChL YCJIOBHS
0 o .

Bosbuioft MHTEepec mpeAcTaBiseT OLEHKa MHOXKECTB, Ha
KOTOPHIX inyR sBJAsiercss peryasipusyowum aas R. das
cornacoBanust Kff, OueBHIHO, BEIONHEHO

dom(KH?, 8) =IL; (R, %), A).

OueHka MHOXecTBa dom(KfA,,“,é’) 4yThb cjgoxHee. OuyeBUn-

Ho, K} (m, €)= Toria W TOAbKO TOrAa, KOTAA cylecT-

ByeT §>A rakoe, uto A<mn;R(n, ¢) nns Bcex n=Mg(m).
Wnn, nnave, xorga cymecrsyer 6 >A Takoe, 4TO
. M6 (m)XeCHfr«R) g)y .A))

YTO 3KBHBaJeHTHO ycaoBuio (m, &) int (Il ((R, &), A), A).
[Mostomy dom(K%‘, &) =int(Il;((R, &), A), A). Ucnos-
3ys ycaoBHe C, Ha HMHTEpNpPETALHI0 , MOXKHO MOJYYHTh
OlLLeHKY AJs BHyTpeHHocTH II;. s 3Toro poxkaxkem

Yreepxnaenue 3.3.2. [lycre Q&C;[M:(m)XmXx
XMi(m)] npu t=nsR(m, ¢)>0. Tozda drs awboz0 n=M
TaxKoeo, 4ro n(m, n) <t, 8bin0AHEHO

R (n, &R (m, &—p(m, n).

HokasartenbctBo. Ilycts ingR(m, e, y) #*J. Tor-
Aa s neM,(m) cnpaBejIMBa LENOYKa BKJOYEHHH

TB#Q(ing R (m, e, ¥), m, n)c
CQ:(k L’] ( ?(R (k, e), k, m), m, n)

c Q )Q(Q_(R (&, €), k, m), m, n)c i

kEa

c N QR ¢), b n)=inR(n, ¢, a),
kEMa (n)

rie a=y—u(m, n). Orciona mnoayuaem R (n, e)=
=y—u(m, n) nas moboro neM, (m). Ocraisocs ycrpe-
MHTb y K ¢ P4 ycaoBuH y<<t. M

[yets ana mo6uix (m, e)<Ili((R, &), a+p) BumOI-
Heno Qe=Cy[M;(m) X mxXM;(m)] npu t=mn,R (m, ¢). Boab-
mem (m, e)sl((R, &), a+p); Torna aR(m, e)>a+p.
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Ho Torma cymectByer 8>0, ans koroporo myR(m, e)>
>a+p+98. Ilycts neEMgys(m); nockoabky p(m, n)<<
<a+d<msR(m, &), TO, HCHOAb3Yys yTBepkieHue 3.3.2,
noJyyaem

niR(n, ey=m;R(m, e)—a—-§>0.
Orciona umeeM Mg qo(m) XecIlf((R, &), p) u mostomy

oIl; ((R, &), B) (m, e)>a+6>a TO ecTb (m, g)=
eint(II; ((R, &), B), a). CnenoBaTtebHo,

int (I} (R, ), B), >IN (R, €), a+p).

ITpuBenem Tenepb yc/oBHs, NPH KOTOPHIX inyR aBisieT- .

csl BHyTpeHHe (A, v, vl)-peryanspusyiomum R. Paccmorpum

COrJIacoBaHHUe
fvl 1 (m, €)= {(c, &, Y)ngEgBlal—e’ Hy<so,<

<nsR(n, &) VnsMy(m), >\, y>v}.

Vreepxaenue 3.3.3. (insR, &XEg) suyrpenne

(A, v, vl)-peeyaspusyer (R, &) na int(I;((R, &), A+v),7)
npu cozracosanuu KJs1.

JokxasaTenbCTBO OYEBHIHO.
PaCCMOTpPIM Tenepb MPHHUUN ONTHMaJbHOCTH (ino R,

ng@) Kak cnenyer us nyHkra 2 ytBepxkjieHus 2.1.3,
AJs mobbx m, n&M Takux, yto u(m, n)<<a, BHIMOJHEHO

Q (in, R (m, ¢, @), m, n) = R (n, €). (3.3.2)

Bxiouenne (3.3.2) sBasieTcss OCHOBOH AJs1 HCCJeLOBaHHs
PeryasipH3yIOMHX CBOHCTB NMPHHIHNA ONTHMAJbHOCTH iny R,
BBenem corsnacoBaHus

K2¢ (m, &) = {(a, §) = € x EZ Sla, =e, .
A<d<a,<m,R(n,e)Vnes Ms(m)},
K34 (m, &)= )
={(, 8) €% x Ejlo,=¢, A<d<< o, <m, R (m, )},
Kby (m,e)={(a, 8,y) =% X E}|a, =¢,
Sty<Ko,<n,R(n,e)Vne My(m),§ > A, v > v}.
YrBepxaeHnue 3.3.4.
1. (iny R, gXEGIB) snyrpenne (A, f)-pecysapusyer ceep-
y (R, &) na int(II,((R, &), A), A) npu coeracosaruu
K3i.
o*
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2. (inuR, & xE@) snytpenne (A, v)-peeyaapusyer cHu-
3y (R, &) Ha Hv((R &), A) npu cozaacosanuu K o

3. (inu R, ng ) enyrpenne (M, v, v2)-pecyrspusyer
(R &) Ha int (I'L,((R &), Mv), A) npu coesacosanuu
sz

JokasaTenbCTBO BINOJHE aHAJOTHYHO PacCMOTpEH-
HOMY cJydawo ajs ingR.

JIlis mojiyueHHsi OLEHKH BHYTPEHHOCTH MHOxecTBa Il
notpebyeTcss aHaJOr yTBep:KAeHus 3.3.2.

YrBepxnpenue 3.35. Ilycre Q&C,[mXM:(m)X
XM;(m)] npu t=n.R(m, &) >0. Tozda da5 ar06020 neM
" rakoeo, 4to n(m, n) <t, sbinoanero

Ty R (m’ 8) = Ty R (n, 8)'“!" (m' n)-

JokxasaTenbCTBO aHAJOTHYHO HOKa3aTe/JbCTBY yT-
BepxKJeHHs 3.3.2 H HCNO/b3yeT MyHKT 3 yTBepXKAeHHs 2.1.4.

W3 yrBepxuenns 3.3.5 ciaepyer, 4TO €CJaH IJsi JIOGHIX
(m, e)l,((R, &), a+p) Bunoaseso Q=C,[mXM;(m) X
XMi(m)] npu t=mR(m, €) >0, TO

int (TI, (R, 6), @), B) D II, (R, 4), @+).

M3 Bcex BHIOB BHYTPeHHeH pery/aspH3alyH oOcTajach

TOJIbKO BHYTpeHHssi (A, v, f)-peryaspusanys, AJas KOTOPOH

NOKa He YKa3aH PeryJspH3YIOIHH NPHHIHI ONTHMaJbHOCTH

s (R, &).
3aMeTnM, uTo YycJaoBHe u3 ompeneieHus 3.1.7: Vne
=My (m), VkeM,, (m) Brmnoaneno

QP (n, @), n,m) = Q(R (k, ¢), k, m)
5KBHBAJIEHTHO ycn0BHIO: VneMy(m) BHIIONIHEHO
Q (P (n, &), n, m) = ing R (m, ¢, ¥).

Ho rtorpa, ucmosbsysi Bk/aoueHue (3.3.2), mosayyaem, 4To
AJs1 106010 neMg(m) BHIIOJIHEHO

Q (in, in; R (n, &, v, 8), n, m) = in; R (m, ¢, ).
CrenoBaTesbHO, B KauecTBe BHyTpeHHe (A, v, [)-peryusipu-

aytomero ajs (R, &) MOXHO B3siThb iny,ingR. Ias crporoi
(GOpPMYJHPOBKH 3TOr0 YTBEPIKIEHHsI BBEJIEM COrJIacOBaHHE

KA V(m’ 8)—
={(@ 8, v) =% X E} olu=¢g a2/7>v'a3/6>7“
in, in; R (n, e, oy, a;) = & V n = Mg (m)}.
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Yreepxnenue 3.3.6. (inyinsR, &XES ) enyrpenne
(A, v, [)-peeyaspusyer (R, &) na dom (K", &) npu coe-
aacosanuu Krv.

OTMeTHM, YTO HHKAKHX YCJAOBHH Ha Q MmJis CIpaBeaJIH-
BOCTH yTBepxkJeHHs 3.3.6 He Tpebyercs. I/l HaXOXKAEHHs
oneHkH MHoxectBa dom(K™V, &) Takoro pofa ycJOBHS
yKe MPHUXOLUTCS HaKJiaJblBaTh.

[Mycrs pas mo6ux (m,e) inf (II; (R, 6),A+v), A)
BHINOJIHEHO ycaoBHe Q & C, [My, (m) x M,, (m) X M,, (m)],
rje t1= t2+t3) t2= ('V-I-'V,)/2, t3= (A' +V,)/2, 'V' > v,

[MokaxkeM, yro Torza dom(KMv, &)>int(Il;((R, &),
A+v’), v'). Ilyerp (m, &) =int (II; ((R, &), A+v’), ¥'); 3T0
sHauut, uto OI;((R, &), A+v’)(m, e)>v'. Tlonoxum
vy=(v+v')/2. Torpa nns mwo6oro neM,(m) BHIIOJIHEHO
R (n, &) >A+v' u, ciepoBatensHo, ingR (n, e, A+v') #=J.
[Monoxum §=A+v'—y=~A+ (v'—v)/2>A. Torza inR (n, e,
0+y)#*=J. V3 nynkra 6 yrBepxkmeHus 2.1.5 BhITeKaeTr

in, in; R (n, e, y, 8) D in; R(n, &, 8 +7) % .

Ecnu noabsoBatbest ycaoBueM C,,, To yTBepkaenue 3.3.6
MOXKHO YNPOCTHTb, a MMEHHO, B KauyecTBe PEeryJsipHaylomie-
ro NpHHIHKNA ONTHMAJbHOCTH B3siThb ingR. DTO HETPyIHO
noKasaTh, HCNOJNb3ys NYHKT 4 yTtBepxkiaeHus 2.1.5.

Hccnenyem Ttenepb pery/sipusyioise CBOACTBAa MpPHHIH-

ma onTHMaabHOCTH (exsR, 8’><E519). U3 nynkra 2 yTBepxk-
Jdenus 2.1.3 cnenyer, uto Aas JOGHX m, neM Takux, uTo
u(m, n) <<o, BBIIOJIHEHO

Q((R (n, &), n, m) = ex; R (m, &, a). (3.3.3)

W3 storo cmoiicTBa Jerko noayyaem yTBEpKAEHHE O Tpex
THNAaX BHEIIHeHd peryasipusaiuu. Beenem Heo6xomuMbie cor-
JlacOBaHHsl

HA(m, &)=
={(e,8) =¥ x:Eé|a1=e, A< oy,
' 8 < 6 dom (R, &) (m, ¢)},
Hy(m, &) ={(@, §) = & X Ef|a,=e, A <8< a},
H»v (m, &)= {(a, §, y)e%ﬁxE%lal=e,6>h,y>v, -
oy = 647y, 6 < 0dom (R, %) (m, e)}.
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YTBepAmeuue 3.3.7.
1. (exs R, & er) srewne (A, [) peey/zﬂpusyer ceepxy
(R, &) na mt(dom(R &), A) npu cozracosanuu HE.

2. (exsR, é’xE@) srnewne (A, U)-peeyrapusyer crusy
(R, é’) #a dom(R, 5) npu cozaacosanuu H4.

3. (exsR, E’XE@) sHewne (A, v, v2)-pecyarapusyer
(R, &) Ha int(dom (R, &), M) npu coeracosarnuu HM.

Jloka3aTenbCTBO CBOALUTCS K JIEeMEHTAapHOH Mpo-
BepKe YCJOBHH COOTBETCTBYIOLLHX OINpeNeJeHHI C HCMOJb-
30BaHueM BkiioueHHs (3.3.3).

Inst ocTanbHbLIX THIOB BHeIUHeH peryasipH3anuy NpHH-
LU ONTHMAJbHOCTH €XsR sIBJIsieTCsl PeryJ/isipH3yIOIHuM MIJisi
R, HO /s moKas3aTesnbCTBA 3TOr0 yxe TPeOyIOTCS YCJIOBHS
Ha MHTepnperanuio Q.

YrBepxagenue 3.3.8.

1. ITycte Oan awboix (m, e)=int(dom(R, &), A) u
d<Bdom(R, &) (m, &) swvinoaneno QA [Ma(m)xm]

Toeda (exsR, g’xE@) sHewne (A, v)-peeyaspusyer ceep-
y (R, &) na int(dom (R, &), A) npu cozracosanuu HA .
2. Ilycre  Oas ar0bblx  (m, g)edom(R, &) u Ge
= (A A(m, e ]#@ soinoareno QEA [mX My (m)]. Toeda

(exs R, c?XE@) snewne (A, [) peeyﬂﬂpuayer crusy (R, &)
Ha dom(R, &) npu cozaacosanuu HE, 20e HY (m, &)=

={(a 8) =6 x Ei|a,=e, A<d<min {a, A_(m. e)}}.

3. ITycro Oasn aw0boix  (m, &) < int (dom (R, ), A), § &
e (0, 6 dom (R, 8) (m, €)) u y = (v, y(m, &)l ~F evnoareno
Q € Ao [Ms (m) X My (m)]. Toeda (ex; R, € X E! o) Brewne

(A, v, v1) -pecyanpusyer (R, 8) na int (dom (R, 8), \) npu
coenacosanuu H", 20e ‘
H* (m, &) ={(0 8, y) = H*¥ (m, &)|7 < ¥ (m, )}.

4. Ilycro Oaa ar06oix (m, €) < int (dom (R, €),A), y
e v, y(m, el #~=g, oy & (A7, a, (m, )] 5= & soinosnenod
Q & By [Ma,—y (M) X My (m) X m]. Toecoa (ex; R, & X E})
grewie (h, v, [) -pecyaspusyer (R, 6) na int (dom (R, $), A)
npu cozracosaruu HMV, 2de

v (m, &)= {(@, 8, y) = H"" (m, e)| o< a2 (m, €)}.
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JJoka3zaTeabCTBO B OCHOBHOM 3jeMeHTapHo. OT-
METHM TOJIbKO, YTO HpPH AOKa3aTeJbCTBe NyHKTa 4 HCHOJb-
3yercs NyHKT 2 yTBepxkAeHus 2.1.5.

Hrak, 1js BceX THIOB pEryJasipH3aluH AJsi NPOHU3BOJb-
HOro HpHHIHUNA onTHMajbHocTH (R, &) ykasaHH peryJs-
pH3yIOIHe TPHHUMNb ONTHMajbHOCTH. [lpHyem npu poKa-
3aTeabcTBe peryasipusyemoctd (R, &) tunma ERUA,, ERDA;,
ERM" ucnoapaoBajioch 10OBOMLHO ecTecTBeHHOe ycaoshe Ay,
ans peryasipusyemoctd ER/M Y — yciaoBne By, a B ocTalb-
HBIX cJy4asX He HCNOJb30BaJHCh BOOOLIE HHKAaKHE YCJO-
Busi. [loatoMy pesyabTaThl 0 peryasipusyemoctn (R, &)
HOCAT BecbMa OOUIMH XapakTep.

EcTecTBeHHO BO3HHMKaeT BONpPOC: HeJb3s JH NOCTPOHTb
NPYHIUINB ONTHMAJbHOCTH, ObecrneyHBaloliNe peryJspusa-
1110 Ha GoJiee IIMPOKHX MHOXKeCTBaX, 4YeM Te, KOTOpHe NO-
JydyeHH B yTBepxaeHusx 3.3.1, 3.3.3, 3.3.4, 3.3.6—3.3.8. U3
yTBepXKAeHus 3.2.4 ciaenyeT, uTO IJ5 BCeX BHEIIHHX THIOB
peryJisipu3aluiu U BHYTpeHHeH (A, u)-pery/asipusalyu CHH3Y
npH u=f, v MHOXKECTBa, Ha KOTOPHIX JOKa3aHa peryJsipu-
3alHsl, IBJSIIOTCS MAaKCHMaJbHBIMH.

HOas perynspusauun tuna IR,MY, u=vl, v2, yTBepx-
nenue 3.3.3 u nyHKT 3 yTBepxKIeHHs 3.3.4 NPHBOAAT NPHH-
LMIB ONTHMAJbHOCTH, peryaspusyiomue (R, &) Ha MHo-
xectBe int(Il,((R, &), A+v), A). 13 nyHkra 5 yTBepx-
nenus 3.2.4 caenyer, 4TO MHOXKECTBO, HA KOTOPOM BO3MOX-

Ha peryaspusanus (R, &) tuna IR,M Y, e mupe Iy ((R, &),
min{A, v}, v). MuoxectBa int(Il.((R, &), A+v), A) H

IT.((R, &), min{A, v}, v) He coBmajamT, HO, YYHTHIBas
oueHKy (3.2.1), X MOXHO CYHTATb «MPHUOJHKEHHO» PaBHHI-
mu. [eficrBurenbno, u3 (3.2.1) caexyer, uro npu A, v>0
BBINIOJIHEHO

'ML, (R, %), min (A, v}, v)<int T1, (R, %), a-+6), B),
rie a, p=0, a+2B<v, B<A, TO ecTb Ha MHOXeCTBe

II.((R, &), min{A, v}, v) MOXHO ofecneyutb peryJsipusa-
uyio, Ho GoJsiee cna6yio, a umeHHo IR, B, B 3TOM cMbICae U
NOHNMaeTcsl «HPHOIHIKEHHOEe» paBEeHCTBO.

[MpuGauxenHoMy paBeHcTBY MHOXecTB II4((R, &),
min{A, v}, v) u int (I, ((R, &), A+v), A) MOXKHO mpHAATH
CMBICJI, HCTIOJIb3YsI OTHOLEHHSI CPaBHEHHsS MPHUHLHIOB ONTH-
MaJbHOCTH. PaccMOTpHM B KauyeCcTBe MHOXECTBA <«HOBBIX»
Mojesiei M’ MHOXKECTBO NPUHLUNOB ONTHMANbHOCTH, ONpe-
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JeJIEHHBIX Ha MHOXecTBe M, MHOXXECTBO CTpaTeruii A/s MO-
pean (R, &)=M’ nonoxum paBHeiM MX&. Toraa

(I1*,, E2y) u (intII*y, E2,), rxe

I, (R, &), A, v) =11, (R, &), min {A, ¥}, v),
int IT; (R, &), @, B) =int (11, (R, &), «+P), B),

ABJISIOTCA «HOBBIMH» MPHUHIMMAMH ONTHMAaJbHOCTH, 3aJaH-
HeiMH Ha M’. JIna ymoGcmBa GyZeM CuMTaTh, 4TO MJIS JIIO-
6oro (R, &) =M’ Bmnoaneno dom(R, &)~=MX&. dtoro
JIETKO NOGHTbCS ¢ NMOMOLIbIO BBEJEHHS CIeNHaJbHOro 3Ha-
yeHus e*, Asas Kotoporo R(m, &*) =< npu Bcex meM.
Tonna u3 BrmoueHus (3.2.1) caenyer, uto

(iTs, E%) o (int T, E3) (M’ X E3, Al,

(int I, E%) o (11, E%) (M’ XE%, B],
rue
A(R, &), 1, v)={(, B) = E3 |o.+p > v, p >min {}, v},
B(R, &), a, B)={(\, v) = E3|A > B, v>a+2p}.

Wrak, npuHuuns ontumanbuoct II*, u int IT*, BHemHe
anmnpoKCHMHDPYIOT ADPYr JApyra, MO3TOMY HX €CTeCTBEHHO
CUHTaTb B HEKOTOPOM CMBIC/€ 3KBHBAJIEHTHBIMH HJH <«IpH-
GJIHKEHHO» PaBHBIMH.

Ocranoce paccMoTpeTb OAHH ciayuail, korga min{h, v} =
=0. Torna

int (L, (R, &), v), 0) = I, (R, &), 0, v) = T, (R, &), ¥),
H ecau A=0, T0

int (I, (R, &), A+v, M) = int (II, (R, &), v), 0).
B 3TOM cCJyyae paccMaTrTpuBaeMble MHOXKeCTBa OTJHYAIOTCH
APYr OT Jpyra TakK XK€, KaK MHOXEeCTBO OTJHYaercs OT
cBOed BHYTPEHHOCTH, U B 3TOM CMBICJI€ MOTYT CUYHTATbCs

«IOYTH» PaBHLIMH.
Ecmu v=0, To

int(IT, (R, &), A+v,*A) = int (I, (R, &), A), A),
¥ B TOHSTHE <«NPHGJMKEHHOTO» DPAaBEHCTBA HYXKHO BKJIO-

4aTbhb KaK BO3MOXHOCTb BapbHpPOBaHUs A, Tak U coBmajeHue
¢ TOYHOCTBJQ A0 3aMbIKaHHS. OTMeTHM, YTO INpPH paccMoT-
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PEeHHH NIPAKTHYECKOro NpHMEHEeHHs NMOHSATHH peryJspusaniu
cayya#i v=0 COOTBETCTByeT BO3MOXKHOCTH NPOBOAHTb Hab-
JIIOJleHHsI H H3MepeHHs c J1060# TouHocTbio. ITocKonbKy B
NpaKkTHKe Takoe BCTPeYaeTcsi NOBOJbHO DeRKO, TO NMPaKTH-
yeckasi 3HaUUMOCTb caydast v=0 CHHIKaeTcsl.

Has peryasipusauuu tTHna IR/ Y npHHIUN onTHMasabHOC-
TH in,ins R perynspusyer R Ha MHOxectBe int(II;((R, &),
A+v"), ¥'), rme v/ >v, a HeOOXOMUMBIE YCJIOBHS PeryJsipu-
3auuu paiot MHoxectBo IIf((R, &), v). «IIpuGamxkenHoes
PaBEHCTBO 3THX MHOXECTB MOXHO TOHHMAaTb aHaJOTHYHO
NpeabIAYIEMY.

Hans perynspusauun tina IRUA, npuHUuMD onTHMasb-
HocTH iny R, rae (u, w)=(f, v), (v, f), peryaspusyer R
Ha MHoxectBe int(Il,((R, &), A), A), a HeoGXomUMHIE
ycaoBus jgapot dom(R, &). M3 Bcex pacCMOTpPEHHBIX THIOB
peryJsipu3auuu 31ecb HauGoJblllee HeCOBNAafEHHE pPEe3yJib-
tTaToB. HeTpynHo yKasaTb NPHUHUMOBI ONTHMAJbHOCTH, OCY-
IIeCTB/ISIOIINE BHYTPEHHIOW (A, u)-peryjspH3anuio cBepxy
R Ha npepmenbHO WHPOKHX MHOXxecTBax. I[lojoxum F =
=MX& ¥ paccMOTPUM J[Ba MNPUHIHKNA ONTHMAJbHOCTH
(Pu, &), u=f, v, rae

Pi(n, a)={x&S (n)|Q(x, n, a)=R (2, &)} =
=09 (R(a), n, ay),
Pu (n, a)=Q(R(a)’ oy, n).

OueBuguo, uto ecan (m, €) = (ai, az), TO A1s JOOHX neM
BBINIOJTHEHO

P,(n, )<Q(R(m, ¢), m, n).

Kpome storo, ecniu R(m, e)=J, To u P,(n, a) #*=J. To-
atomy (P,, &) saBnsercss BHyTpeHHe (A, U)-peryJsipusyio-
muM cBepxy (R, &) Ha dom (R, &) upu cormacosanuu C4,
rue

C*(m, &)={(a, 8)=F XEY|ay=m, a,=e, §>A}.

Ananornuno, 1as P; umeem: ecau (m, e) = (a;, ), TO 414
JI00bIX nEM BBHIOJHEHO

Q(Ps(n, a), n, m)cR(m, e).

Has toro yto6wl (Py, ) 6uin BHyTpeHHe (A, f)-peryaspu-
syomum cBepxy (R, &) Ha (m, e), HyXHO TOTPe6OBATS,
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yT06Hl CyLIeCTBOBaJo 8>A Takoe, uTo Pr(n, a)#*< ansa
Bcex neMy (m) unu Mg(m) Xacdom (P, F). D10 ycno-
BHEe MOXKHO 3amucatb B Bume 0 dom(Py;, &) (m, a) >A, uiu
0 dom(Ps, F)(m, m, €¢)>A. Tenepp MOXKHO clenaTh BhHI-
BoJg, uto (P, &) siBaseTcst BHyTpeHHe (A, f)-perynsipusy-
fouM cBepxy (R, &) na dom (DA, &) npit cornacoBaHi
DA rpe .
D*(m, &)={(e, )=F XE\|a, =m, a,=e¢,

A<<¢<<Odom (P;, F)(m, m, €)},
dom(D?, F)={(m, ey=M x8|6dom(P;, F)(m, m, e)=A}.

Herpynno Buzmerb, yto MHOxectBo dom (DA, &) naubo-
Jlee IIHPOKOe MHOXKECTBO, Ha KOTOPOM BO3MOXKHa peryJsipu-
sanust tina IRUA;

XoTsi npuBeJeHHBle pE3yJabTaThl peryJjspH3alud c Io-
moupio Py u P, siBAsIOTCS (OpMasbHO HCUepPIBIBAIOUIHMH,
HX COfepiKaTeslbHas LEHHOCTb HeBeJHKa. [les0 3aKaiouaer-
cs B caenyomeM. [1pu ¢opMysHpOBKe OCHOBHBIX MOHATHH
B NIOHSITHE MOJeJH BKJIOYaJHCb Bce (PaKTOphI, KOTOPLIE MO-
TyT TOJABEPraTbCsi HEKOHTPOHpPYyeMbIM Bo3MylleHHsiM. Ha-
NPOTHB, NMapaMeTphl, 3aJaiollHe IOHSITHE <«IOYTH® ONTH-
MaJbHOCTH, MpeATNoJarajluch HelnoJABepraeMbIMH I10J00HBIM
BO3MyIeHUsAM. [103TOMy cuuMTaThb, 4YTO MHOXECTBO NMapaMeT-
poOB, 3aJalOlIHX <«IOUTH® OITUMAaJbHOCT, paBHO MX &,
o3Hayaer JH6O OTKa3 OT TOro, YTO OHH He BapPbHUPYIOTCH,
Jau60 BooOlle OTKa3 OT paccMOTpeHHs1 Bo3myulieHHH. Dop-
MaJIbHBIM OTpPaXKeHHeM 3TOro NpPOTHBOpEYHsi SIBJISETCS TOT
¢daxt, uro npu (m, &)= (n, B) BumonneHo CA(m, g)N
NCA(n, B) =, DA(m, e)ND* (n, B) =4.

[Tockonbky BHyTpeHHssi (A, [)-peryasipusauusi cBepxy
HMMeeT TpaKTHYeCKoe 3HaueHHe 1/ YHCJIEHHOrO pelleHHs
3ajad 4acTHOro BhIGOpa, TO NpPEACTaBJseT HHTEpec BhlsC-
HHTb, KaKOH colep:KaTeJbHBIH CMBIC/I HMEIT 3a4ayl, KOTO-
pble He MNONajfalOT B MHOXKECTBO 3ajau, PeryJspH3yeMbix
NPYHIMIOM ONTHMAJbHOCTH iny,R. Hrak, nycts (m, e)&E
gint(II, ((R, &), A), A). dto o3nauaer, uto Ajas J1106Oro
0>A cymectByer n=Mg (m) Taxoe, 4yTO aas Jwo6oro p>A
BBHINOJIHEHO Ny R (1, e, ) =O. BosbMeM a>2A u aas 1po-
CTOTH npeanonoxuM, uto QeC [mXMg(m)XMq(m)].
BriGepeM y>A u neM Tak, uro p(m, n) >A, a=y+
+n(m, n) ninyR(n, ¢, y)=9.
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Toraa, ucnonb3ysi myHKT 3 yTrBepxKAenus 2.1.4, monay-
yaeMm
Q(in, R (m, ¢, o), m, n)c
cQ (N LRk, e), m, k), m, n)&

kEMv (n)
c N QURRE, ¢), m, k), m, n)c
kEM? (n)
c n PRk ¢, n H=in,R(n, &, ) =J&.
keMv(n)

CaencBateiibHo, iny R (m, e, o) =&. Anajornynas cu-
Tyalusi UMeeT MecTo ajs (m, €), Ha KOTOphHX R HeperyJsi-
pusyeM B cMbicie IRDA,, To ectb pas (m, &) EllL((R, &),
A). Torga mas mo6bix y>A BBIOMHEHO iny R (m, e, y) =O.
Takum 06pa3oM, HYXKHO BBHIICHHTb, KAKOH COJEpKATeNbHBIH
CMBICJI HMEIOT 3aJauH; HJisi KOTOPHX iny, R (m, €, y) =& nis
Bcex y>A. HaubGosee sicHo 3T0 MOXHO NOHATb B Cayuae,
KOTJa MHOXKECTBAa CTpaTeruil st Bcex Mojesell cOBNanaoT,
a MHTepmpeTauusi Q SBJSETCS TOXIECTBEHHBIM OTOGpaKe-
Huem. Torma, eciH TOYHOCTb HaGJMIOAEHHI y HELOCTATOUHO
Xopoma, To ecTb y>A, TO HalTH Xx&S Takue, YTO
xR (n, e) nna Bcex neM, (m), HeBoaMoxkHo. CienoBa-
TeJbHO, €cJU CUHTaTh, YTo 3amaua UB(R, n, &) cooTBercT-
BYET C TOYHOCTbIO € JEeHCTBHTEJIbHOCTH, TO MPUXOAUM K BHI-
BOZY, YTO NOCTABJIEHHYIO 3afayy C AaHHOH TOYHOCTbIO & HPH
TOYHOCTH HalbJiomeHH#i y>A pewntb Hesb3st. HeoGxomumo
Ju60 MOBHIIATH TOYHOCTb, TO €CTb -yMeHbllaTh AZ=0, aHGO
CHHXKaTb TPeGOBaHHSI K TOYHOCTH MOJYYaeMOro pelIeHHs, TO
eCTb NepexoiuTb K «6osbmuM» &. Eciu mapamerpe e u A
H3MEHSITb Hesb3sl, TO 3TO O3HAYaeT, 4TO, HCIOJb3ysi NMpHH-
IMI ONTHMAJbHOCTH R, omucaTtbh JAeACTBHTENbHOCTb C TOY-
HOCTbIO ¢ TIPH TOYHOCTH HabJI0JeHuA A HeJb3f,



FrJ1ABA 4

CPABHEHHUE NPUHLOHUIIOB ONTHMAJIbHOCTH
IJISE HEKOTOPBIX KJIACCOB 3AJJAY

OcHoBHO LeNbl0 JaHHOH IJIaBHL SIBJASIETCSl JE€MOHCTpa-
ILUs1 IPUMEPOB NPHMEHeHHs o0lell TeOpHH CpaBHEHHsI NPHH-
IATIOB ONTHMAaJIbHOCTH JJIs HEKOTOPHX KJaccoB 3ajad, yc-
TOAYUBOCTb KOTOPHIX M3ydanach B rnase 2. [losTomy mpen-
JlaraeMhule pe3yJbTaTHl JJIf HCCAeLyeMBIX KJ1accoB 3ajfay He
NpeTeHAYIOT Ha IOJIHOTY H3JIOKEHHsI HMEIOIIHMXCS B 3THX
obaacrax pesyibraToB. OCHOBHOe BHHMaHHE YHAEJSETCS
CPaBHEHHIO NPUHIUNOB ONTHMAJbHOCTH, OOLIYHO HCHOJb3Ye-
MBIX B paccMaTpUBaeMblX 3ajadax, ¢ NOpHHLUHIAMH ONTH-
MaJIbHOCTH, HOCSIIMMM MeHee TPAaAHLHOHHBIA XapaKTep.

§ 1. Peryasipusanus MHOXeCTBa,
3alaHHOr0 OrpaHHYEeHHSIMH

3amaua HaxoXIeHHs MHOXKeCTBa
TS °(f, X)= {x=X|a<f (x)<b}

onucwiBaercs HaGopom (f, X, a, b). Tak xke, kKak B § 2.2,
6yzeM cuMTaTh, YTO NapaMeTpel @ U b He BapbHPYIOTCH.
ITosTomy 6yZeM cuHTaTh, 4TO MHOXKECTBO MOJAEJeH ecTh
M=0(Xy, Er) XM (X,), rae (Xo, p) — METpPHUECKOE NMPOCT-
paHcTBo. MHOX)ecTBo crpaterufi S(f, X) momoxuM paBHEIM
Xo, a HHTepHIpeTalHi0 Q CUYHTaeM TOXJAECTBEHHBIM OTO6pa-
JKeHHeM. B kauecTBe NceBLOMETPHKH p Ha M paccMOTpPHM

p((f1s X1 (F3,7X9) = Hr(gr[f,1X4], grifal X,)),

rae Hr — nceBnoMerpnka Xaycmopda, MOpPOXKAEHHAs MerT-
pHKO#R

r{(x1 1), (x uy))=max{p(x,, xa)-lzl‘ai(:'uu—uet'} ’

%1, X=Xo, w, upsE™, a [|X — cyxenue ¢yHkuuu [ Ha
MHOXKeCTBO X.
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ByzneM cpaBHMBaTh JBa NPUHIHUNA ONTHMAJbHOCTH, HaH-
GoJsiee uyacto mpuMmeHsiembii (7(%b, Ei,) m MeHee Tpanu-
uuonHb (T3> b, E'y X E?). HanomHuM, uTO

TS ((F, X), &)= 06, Te™™ " (f, X), e=E}xE?,
T4, X), &) =T3*((f, X), ¢, 0, 0), e=El.
B nmanbHefimem 6e3 MONOJHUTENbHBIX OrOBOPOK OYAyT MpH-
MeHsITbcsl 0603HaueHus u3 § 2.2.

HenocpencrBenno u3 onpenenennit 71» b u T3%® caepyer
CHpaBeIJHBOCTb BKJIOUEHHH

Tllz'b((f: X): e)CTg'b((f: X), a), al>-3' az>o» a3>0’
TP ((F, X), 2T ((F X). B, B <<e, B, <0, B,<0.

Hcnonbsyss ux, He NpEACTaBISeT TpyAa CHOPMYJIHPOBATh
YTBEPXKAEHHS O BHYTPeHHell M BHEIIHEH ammpOKCHMAaUUH
aas Ty b g Tao b,

[MepefineM Tenepb K MOUCKY Pery/isipU3yIONINX NPHHIKIOB
ONTHMAJIbHOCTH PasJHYHBIX THNOB Has T1% Y. 31ech MOXKHO
OPHMEHHTbL pe3yabTaTh § 3.2 06 HcCielOBaHMH IemoyeK
OTHOIIEHHHA, NPHYEM MOXHO HCKaTh AaNNpOKCHMHpYIOIIHE
NPHHIHUNB ONTHMAaJbHOCTH ajs inT1®?% u ex T2 b, koTophe
ABJSIOTCS PEryJSpH3YIOMUMH A8 T)% b, WIH HCHOJb30BaTh
ycToiiunBocTb T3%® u To, uto T3™ b annmpokcumupyer T,% P,
He ocranaBnuBasicb moApo6HO Ha BHIKJIagKax, NpHBeIEM
pe3ysnbTaTH [J1s BHYTPEHHeH# M BHEIIHeH PperyJsipu3anuu
CBEpXy ¥ CHH3y. BBeseM corsiacoBaHHs

C‘isu«f: X), g)=
={(a, )=E X E?X E\.| A < 8'< min {e—a;; —a, —ag),
Qap(fs X)>max{—a,, —az}+ 8},
Cul(f, X), &)={(a S)=EYLxE*x E}|A<t<
<min{e—a,, —0; —ag}, 9ap(fy X)>max {—ay —ay}},
C?«f» X), &)=
= {(a, 8)=E4X E*x E,| A<b<min {&;—e, % a,}}

HerpyaHno Buzmets, 4TO

dom (Chis EY) ={(f, X, e)le>A, Pas(f, X)>2A}

dom (Ciw, EY) ={(F, X, o)le=>A, @ap(f, X)>A}.
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YrBepxaeHHe 4.1.1.

1. (T%°, E\. X E?) enyrpenne A-pecyaspusyer ceepxy
(1% E.) na dom (C, EY) npu coesacosanuu Chu

2. (TS, ELXE?) suyrpenne A-peeyaspusyer cHusy
(T¢:°, EY) na dom (Cl, E}) npu coeaacosanuu Ci.

3. (T9® EY X E?) enewne A-pecyrspusyer ceepxy
(7;?"’, EY) na int(dom (T§'% EY), A) npu cozaacosaruu
Ce. .

4, (T$®, E\ XE?) enewne A-pecyrspusyer  crusy
(T$'®, EY) na dom (T¢° EL) npu cozracosanuu C..

[TosnyuuTh BHELIHIOI PEryJasipH3alHI0 CBEPXY HJIH CHH3Y
miasa Ty»b Ha Gojee MIMPOKHX MHOXKeCTBAaX, KaK cJepyer
H3 yTBepKaeHus 3.2.4, Henb3s1. [lyiss BO3MOXKXHOCTH BHYTpEH-
Hell perysnsipusanuu cBepxy u cHusy Ha (f, X, e) mocrarou-
HO, YTOOHI BHINOJHsAI0CH ycaoBHe CiefiTepa H & GHIO AOCTa-
TOYHO GoJsibIIHM. MOXHO mokasaTtb, 4To ycjoBHe CuefiTepa
SIBJISIETC ¥ HeOOXOZMMHIM [IJ151 BHYTPEHHEH peryJsipH3amnuy
CHH3Y.

HefictBurenbHo, nyctsb in T2 0((f, X), e, 8) <. Torna
H3 yTBepxkIeHus 2.2.4 cienyer, uto

BFInTi " ((F, X), e, TS (f, X), e, -—8, —9).

Tenepp u3 ouenkn cBepxy dom (T ?, E';XE?), moayueH-
HO#t B § 2.2, uMeeM 8<<¢*,,» (f, X).

CnepoBarenbto, iT1% 0 ((f, X), &) <¢*s,s(f, X). Ho u3
yrBepxkaeHus 3.2.4 caepyer, uto ecau B Touke ((f, X), &)
BO3MOXKHA BHYTpEHHsisi A-peryJssipusauus cHu3y anas 1% 0,
TO .

A<nTla'b«ft X)’ 8)<(p;'b(ft X)

Hrak, nayueHue ycTOHYMBOCTH M CpaBHEHHE INPHHIMIOB
ontuManbHocTH T1%b u T3 b mokaswiBaioT, 4yTo T3% b ofJa-
JaeT onpeneseHHbBIMH NpenMymecTBaMu. s ycToHunBOC-
TH T3%® TpeGyeTcss MeHbIe yCAOBHI, YyeM /s YCTOAYHBOC-
™ T1%% u Ty»? peryasipusyer T;%? B pasiHUHBIX CMBIC-
nax. C comepxkaTenbHO#l ke cropoHsl T\*?% u Ty»? mpak-
THYECKH He OTJHMYAIOTCs. Belb €1MHCTBEHHBIM HX OTJIHUHEM
ABJIseTcq To, uto y T3% b nomyckaercss HapylleHHe OrpaHu-
yeHH# a<{f(x)<Cb B mpemenax e, A5 a ¥ e3 aasa b, a y
T\»?® papymeHHe 3THX OrpaHHYEHHH TaKKe AOMyCKaeTcs,
TAK KaK paccMaTpuUBAeTCsi HEKOTOpas OKPECTHOCTb MHOXKe-
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CTBa, TJe 3TH OrpaHHYEHHs BBHINOJHEHb, HO ONHCHLIBAIOTCS
HapylieHUs OrpaHHUYeHHH HECKOJbKO HHBIM CrmocOGOM.

OTciofa MOXKHO CHAeNaTbhb BBIBOJA, YTO MOCKOJbKY INPHH-
ILMTIBl ONTHMaJIbHOCTH SIBJISIIOTCS (pOPMaJsIbHBIM BBHIpaXKeHHeM
TeX COLepXKaTeJbHbIX MOHATHH ONTHMAaJbHOCTH, KOTOpHIE
HMeeT B BH]IY JIHIO, cTaBsiLee 3agauy, o 7)%b u T3%? o
MHOTHX HOPaKTHYECKHX 3ajJayax MMEIT OJMHAaKOBBHIE COAep-
JKaTeJbHble OCHOBAHMS CJYXKHTb (OpPMasbHBIM OTpaXKeHHEM
MOHATHSL onTHManabHocTH. Ho ¢opmasbhble cBoiictBa T3 ®
SIBHO NpEANOYTHTENbHEE, II03TOMY €ro MOXHO DPEeKOMeHIO-
BaTh 1/1s GoJiee MIHPOKOTO MpUMeHeHHs BMecto 1;%b. Ec-
TECTBEHHO, B KaXKAOM TaKOM Cjayuae 3aMeHbl 7% b Ha T,%?
HyKHO NPOBOIHTb aHaJ/H3 aJeKBaTHOCcTH T3 ? M cojepxa-
TeJIHOTO NMOHSTHS ONTHMAaJIbHOCTH.

PaccMoTpuMm Tenepn cayualf, KOria MHOXKECTBO 3alaeT-
cs1 JHHEeAHBIMH orpaHuyeHusiMH. CHcrTeMma JIMHEHHBIX Hepa-
BeHCTB Ax<Cb omuchBaercsi (mXn)-matpuueir A u Bekro-
poM beE™, mosToMy MHOXECTBOM Mogeneii M B naHHOM
cayuae sIBJAsSieTCS MHOXecTBo map (A, b), rme A — npous-
BOJIbHas (mXn)-marpuua, a bE™. Boamyuienus Monenei
OTIHCHIBAIOTCS METPUKOH p, T'Ae

p'«Ap b1)1 (Az, ba»= -
=max{ lrn?X—Ialij—amjl; max IbU_. zjl}
1sj<m Isism

MHoxecTBO cTpaTerul Ijs Kaxnoi Mozean GyaeM CUHTATh
paBHeM E™. Bynem ucciaenoBaTh TpajHUMOHHBIA NPHHUMM
ontuManbHoctu (T4, Ely), roe

Ty (A7D), &) =0, (x=E"| Ax< b
1 MeHee tTpaanunoHuwi (Te, E'{XE!), rae
T4 ((A, b), &) = Op, {x=E"| Ax < b+ e, %(x)}.
34ech cumTaercs, 4TO OTKphITasi oKpecTHocTh O 3ajaercs
MeTpHKOM
.d (1 X)) = Ity —xgll, [lxll = (x, x)12,

U3 yrBepxaenns 2.2.11 crenyer, uto eciu Ass J1060ro
xEE" BBINOJIHEHO HePaBeHCTBO % (X) =1+<{en, |x|), TO M5
dc=E g CpaBelUBH BK/IIOYSHHs

exTy((4, b), &, §)=T((A, b), &, 8),

inT4((4, b), &, 8)>Ts((4, b), &, —0d).
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OTH BKJKIOYEHHs NO3BOJSIOT, HCHOJb3ys pPE3yJbTaTH
§ 3.2, nerko chopMynHPOBAaTh YTBEPXKAEHHS O peryJspusa-
uuu T, TlpuBemem 6e3 noKasaTeJbCTBa YTBEPKICHHA O
BHyTpeHHell W BHeNIHeH peryJsipusalMi CBEPXy H CHH3Y.
Hnas sroro moTpe6yioTcsi cJeAyIoliHe COIVIacOBaHHUs:

D} (A, b), & ={(, )=E} x ELx E}lA <6< —ay,
a, <& 0*(4, b, a,—08) <0},

D (A, b), &) ={(a, )SELXE'XEL | A <6< —a,
a, << & 04, b, o) <0},

D2 ((4, b), &) ={(@, S)SELXE'XEL A<, eCay).
Vreepxaenue 4.1.2. [lycre das awbozo x<E™ goi-

noAHeHo
%(x) =1+ (|x], en).
Tozda:

1. (T, E+>< EY) snyrpenne A-pecyaspusyer ceepxy
(T, EY) na dom (D%, EY) npu coeracosanuu D3,

2. (Ts, ELXEY enyrpemte A-peeyaspusyer  cHusy
(Ty, EY) na dom (Dfy, EY) npu coeracosanuu Di.

3. (T,,, EY\XE') enewne A-pecyaspusyer csepxy
(To, EY) na int (dom (T, EY), A) npu cozacosanuu D2,

4, (T, E+>< EY sHewne A-pezyaspusyer cnusy
(Ty, EY) na dom (T,, E}) npu cozracosanuu D;.

Kak cnenyer u3 yrBepxkieHus 3.2.4, TOCTPOHTb NPHHIH-
Mbl ONTHMAJIbHOCTH, BHELIHE DPEeryJsipH3yIOIlHe CBEpXy HJIR
cHu3y T, Ha Gosiee IIHPOKOM MHOXKECTBE, YeM B yTBepKie-
HHH 4.1.2, HEBO3MOXKHO.

I'Ipencmsmer MHTEpeC BHISICHHTb HOCTaTOYHHIE YCJIOBHS
Ha (A, b, e), uTo6nl Ha 3TOM HaGope GBlIa BO3MOXKHA BHYT-
peHHsIs perynﬂpusaum CBEpPXy HJIH CHH3Y, TO €CTb YTOOHI
((A, b), e)edom (DA, EL) an6o ((4, b), &)=
=dom (D44, E1y). as aToro norpebyercsi cpaBHUTL HyHK-
uuu ¢* u o**. JInsg mpocToTel GyAeM CUHTaTh, YTO X (X)=
=1+{]|x|, en). Toraa ¢**=00**, 1 MOXHO BOCIOJIL30BaTb-
csl cBoficTBaMH (YHKIHMH 0o**, yCTaHOBIeHHHIMH B § 2.3.
Herpynno BuneTs, uro

dom (D4, EXY) ={A, b, [0y’ (A, b,—2A) < 0},
dom (D3, EL)={A, b, e|oy (4, b,—A) < 0}.
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[Tokaxem Tenepb, uto ycaoBHe Cielitepa siBisieTcs He-
00XOAMMBIM [Jis1 BO3MOXKHOCTH BHYTPeHHeH pery/spHu3aiuu
cuuzy T, Ha (A, b, €). [eilicTBUTesNbHO, €C/IM YKa3aHHas
pery/sipusanus cyuiecTByer, TO U3 yTBepxkiaeHus 3.2.4 ciae-
nyer, uro nT4((A, b), &) >0. Orcrona CIeyer, uTo LIS
ye[0, nT4((A, b), €)) u mobux (4’, b')=M, (A, b) BH-
TMOJIHEHO Ti((A’, b)), &) #D. Orciona noJayyaem
supc *(A’, b)<<0. Onnako supc*(A’, b')=c"(A, b)+vy,

» 8EM (A.1) (A’,b")EM (A,b)

OTKYyHa cneﬂye'r yto ¢* (4, b) <—y<0.

[ns BHYTpeHHel perynsipu3alyu CBepXy NpHHIMNA OI-
tumanbHocTH T4 ycinoBue CueiiTepa He SIBJSIETCS, KOHEUHO,
Heo6xoxuMbIM. [loaToMy paccMoTpuM crmocoGbl BHYTpPeHHEH
peryssipusauuu cBepxy ajsi T4, He HCIOJb3YIOLIHE YCIOBHE
Caeifitepa.

BBenem npunnun ontumanbHoctd (T, Eé), rae

T, (A, b), &y, &)= {x & E"|Ax+e,{en, [2]) < b+2,).
DJieMeHTapHbe BBIYHCIEHAS AAIOT
ex Ty((4, b), &, 8) =T, (4, b), &,—d, &, 46), (4.1.1)
inT, ((4,),e,8)=T,((4, b), &, +86, e,—0), (4.1.2)
dom (T, EZ) ={A, b, e|ay’ (4, b,—e,;) << &, +8,}.
(4.1.3)

IMycts ©>0— koHcTaHTa H3 yTBepxAeHus 2.2.16, To
ectb ecnu Lo(A, b)#D, T0 pna xEn\Ly(A, b) Bunoi-
HEHO

o) =

max [(a;, x) — b,] t-d (x, Ly (4, b)).

1<ism
PaccMmoTpuM corsiacoBaHue
DA (A, b, &) = {(a, §) = E3 SA<I< oy, o, +86 <
0y’ (A, by—ay —8) <oy +ay, Ly (A, b}*;& &}
YrBepxaenue 4.1.3. Ilpunyun onrumarsnocru T
snyTpenne A-peeyaspusyer ceepxy T4 na dom (DA, E@) npu
coeaacosarnuu DA,
HokasateabctBo. [Iycts ((4,0), )Edom(DA E}),
a (o, 8)=DA(A, b, &). U3z ycaosus o** (A, b, —a—08) <
<a;+wae caenyer, uto T7( (A4, b), a1+, az—é);&Q H, 3Ha-
uuT, BbinodHeHo T7((A’, b’), ai, as) *<F Ans MOGHIX
(A’ b’)EMG(A b). Tlycts xeexT:((4, b), a, 8)=
T7((A, b), a1—96, a2+8). ITockoabky a;—6=0, To TOTr-
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na Ax<<b+as+d umn max[{ai, x)—b;]<az+6. Ecau
Iism

{nax[(a,-, x)—bi] <0, To xLo(A, b)=T4((A, b), e). Ecu

<i<

x?e\;éLo(A, b), To Torma d(x, Lo(A, b)) < (ax+8)11<e,
To ectb x=T4((4, b), €).

Hcnonb3ys cBoficTBa GyHKUHH Op**, HETPYAHO MOKAa3aTh,
4TO

dom (DA, Eé) ={A, b, e|max {A, o;" (4, b,—2A)} <
< e, o* (A4, b) < 0}.

Orciona BugHo, uto ycaosue Cieittepa o* (A, b) <0 3xmech
He Tpebyercs. OcoGenHo mpocToil BHA NpHOOpeTaeT moJay-
yeyHoe paBeHcTBO npu A=0. Torma

dom (D°, E3) = {A, b, e|o* (4, ) < 0, & > 0}.

§ 2. Peryasipusauus sagauu
MaTeMaTHyecKoro mporpaMMHpPOBaHus

CHayasna pacoMOTPHM 3ajauy MaTeMaTHYECKOro Ipo-
rpaMMHpOBaHHst B oOuiem BHAe. [1IoBTOpUM OCHOBHBIE MO-
MeHTH onucanus u3 § 2.3. IlycTb 3agaHbl: MHOXKECTBO MO-
neneit M ¢ nceBLOMETpHKOH p; QyHKUHOHAJ f, ompeneseH-
HHH Ha MHOXecTBe MX& X Xy, rie & — MHOXeCTBO mapa-
meTpoB, a (Xp, p) — MeTpHuecKoe NPOCTPAHCTBO; IPHHILUI
onTuManbHocTH P O(M X &, M(X,)). DyvrunoHas
f(m, e, -) uHTepmpeTHpyeTcst KaK e-MPHONMKXEHHBIH K Ie-
JeBoMy (yHKuMOHany, a P(m, ¢) moHMMaeTcs KaK MHOXKe-
CTBO g-AONYCTHMBIX 3HaUeHHH mepemeHHO# x&X,.

C 3anauell BBIYHCJIGHHsI HauGoJbLIero 3HaueHHs (PyHK-
uMoHaJa [ CBSXKEM TPH NPHHIHUNA  ONTHMAJbHOCTH

(H, XEp), (A, EXES), (H, &*XE), rne
E (m, &)= (— oo, h (m, &) +&,],

H (m, &) =[h (m, &,)—&,, + ),
H (m, &)= [h (m, &;)—&,, h (m, e,) +&,],

h(ima)y= sup f(m,a,x), acs&.
xeP(m,a)
MHOXecTBOM cTpaTeruit Ajisi 3THX. IPHHIHNOB ONTHMaJbHO-
CTH siBiseTcsi E!, M MosTOMYy HHTepmperauus Q eCcTb TOX-
LecTBeHHOe OTOOpaKeHHe.
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B raaBe 3 noxasaHo, 4TO /51 POHU3BOJILHONO MPHHIHNA
ONTHMAJbHOCTH R pery/nspu3yIOliMMH AJs1 HEero SIBJASIOTCS
inR ¥ eXR WM NMPHHIMIBI ONTHMAaJbHOCTH, COOTBETCTBYIO-
mwuM ofpa3oM anmpoxkcumupywomue inR u exR. TTocmor-
PHM, YTO NaeT TaKOH MeToJ]| MOCTPOEHHsSI DEryJspH3YIOIUHX
TPHHIIUIOB ONTHMAJIbHOCTH IJIsi PACCMaTPHBAEMOro Caydasi.

IMpumenss yrtBepxkuaenue 2.3.1, noJyuyuM BecbMa TOYHBIE
OUEHKH [Jisi NPHHIHMNOB ONTHMAaJbHOCTH ex [, ex A, exH
M TOYHBIEe BHIpaxkeHHs s inH, inH, in H. W3 pesysabra-
TOB IMIaBBl 3 CJeayeT, YTO OUeHKH Ajs ex H, ex A, ex H sB-
JSIIOTCSl BHEIHE pEery/sipusylomuMu (Bcex TUmoB) anas H,
H, H Ha MaKCHMaJbHO IIMPOKMX MHOXKecTBaX. I10CKOIBKY
inH, in A, in H HalifeHH TOYHO, TO OTHOCHTEJILHO HCCJENO0-
BaHHs aHAJOTHYHBIX CBOHCTB [JIsi HHX MOXHO MOBTOPHTb TO
JKe, YTO TOBOPHJIOCh B O6IIeM ciyyae B Iyase 3.

OnHako mnpejcTaB/sieT HHTEpeC BLISICHHTb, KaKOH BHJ
NPHHHMAIOT MHOXECTBa, Ha KoTophix in H, in A, in H o6ec-
NeYHBAIOT BHYTPEHHIOIO PETYJsIPH3aLHUIO0 PA3HBIX THIOB JJIsi
H, A, H. Hetpyauo Buners, uto ajs in H u in A ana mo-
ObIX THIOB BHYTPeHHe!l peryJspusanuu o6GecleyHBalOT pe-
rynspusaunio H u A Ha MXé’XEéB.

Hanst npuHiMna ontuMajnbHocTH H 3TOT BOmpoc pellaer-
csl HeCKOJIbKO CJIOKHee. PaccMOTpUM cHava/jla BHYTPEHHIOIO
A-perynspusanuio cHH3y. Kak cieiayeT u3 YTBep:KIeHHs
3.3.1, npHHUMN ONTHMAaJbHOCTH inH sBJAsieTCsT BHyTpeHHE
A-perynspusyiomiuM  CcHH3y Jas H Ha  MHOXeCTBe

I1((H, &XE%), A), rae
1 (H, & x E}), A)={(m, e) & M X *X EZA8 > A:
h=(m, &y, ) —ht (m, &, 8)+ &5+, = 0}.

HecnoxHo nokasats, uto ecan (m, ) =II ((H, é“ZXE%;), A),
TO Ha MHOXeCTBe (M, e, &2) X { (es, 34)eEgB |83>Ez+g4,

e4==€3+e4, £3+€4=>3(e3+e4)} H siBNsieTCs BHyTpeHHe A-yc-
TOHYMBBIM cHH3y. OTCIOZa MOXKHO cJeJaTh BHIBOA, 4TO
II((H, '8’2><E€29), A) Majno or/iMyaeTcss OT MHOXKECTBa, Ha
xotopom H BHyTpeHHe A-ycroiums cHusy. Eciu ¢ymkumo-
HaJl h He 3aBHCHT OT g, TO €CTb HMeeT BHA A=h(m), 10 no-
JyyaeM KayecTBEHHBIH BHIBOJ, YTO 3JleCb BHYTpeHHsisi A-yc-
TOHYHBOCTb CHH3Y H BHYTDEHHsist A-peryJ/isipu3yeMocTb CHH-
3y, MO CYyILIECTBY, SKBHBANEHTHBI,
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PaccMoTpuM Tenepb BHYTPEHHIOI A-peryJsipusanuio
ceepxy. I[Ipunuun ontHMaabHocTH in H sBJseTcs BHYTpeEH-
He A-peryasipusylomuM cBepxy ans H Ha MHOXecTBe
int(IL((H, &XE), A), A), xoropoe yxe, uem II((H,
&2XEg), A). TlosToMy 3zech TaKKe MOKHO CHJaThb BHI-
Boj, uTo inH BHyTpeHHe A-peryjasipusyer csepxy H Ha
MHOXECTBE, KOTODOE «IIOUTH» COBMNafaeT C MHOXKECTBOM,
rae H BHyTpeHHe A-ycrofiuuB cBepxy. Eciu /s BHYTpeH-
Hell A-pery/sipusalMH CHH3Y MOJYYHTb DEryJ/isipH3anuio Ha
Gosee LIHPOKOM MHOXKectBe, ueMm II((H, $2><E§;), A),
HeJIb3sl, TO NMOJYYHTb BHYTPEHHIOIO A-peryssipu3aunuio cBep-
Xy MOXKHO, Booflle TroBops, Ha BCeM MHOXECTBe
dom (H, &2XE%).

Paccmorpum Tenepb 3ajauy NMoOHCKa 3HaYEHHH nepeMeH-
HOH X, «peasu3yloIlMX» HaubGoJbllee 3HaueHHe (GYHKIHO-
Hana f. C 3Tofi 3apmaueii GyneMm CBsi3bIBaTb NPHHUMI ONTH-
MaJsibHOCTH (Arg sup, gszé), rae
Argsup (m, &)=

=0, {x € P (m, &))|f (m, &, x)+25= h (m, &,)}.

Ins 3TOro mMpHHIMNA ONTHMAJbHOCTH MHOMKECTBO CTpaTe-
rufi pasa Jao60#t Mozmean paBHO Xo, a MHTEpNpeTaUHsl sSBJAS-
eTCsl TOXJECTBEHHHIM OTOOparkeHHEM.

Kax cnenyer us pesynabratoB § 2.3, BHELIHIOIO peryus-
pu3anuio Jo6oro THma st Arg sup Ha MaKCHMAJbHO IIH-
POKHX MHOXeCTBaX 00ecHeuYHBaeT NMPUHIHI ONTHMAJbHOCTH
(eArg sup, &2XES), rne
eArgsup (m, &) =

- =0, {r = ex P (m, &, &)|f+ (m, &), x, &) +2, >

> h_ (m’ €9 85)}'

BayTpeHHIo10 pery/sipusaiHio Jio6oro tTuna ais Arg sup
obecrneynBaeT NPHHIMN ONTHMasbHOocTH (iArg sup, &2X E%;) ,
rae
iArg sup (m, €)=
=0, {x =in P (m, &, &)|f~ (m, &, x, &) + &, = ht(m, &,, &)}.

Onnako yTBepjJaTh, YTO DEry/sipu3auis oGecneynBaeTcs
Ha MaKCHMAaJIbHO IIHPOKHX MHOXKECTBaX Aa)ke IJiSl BHYTPEH-
Heil A-peryJisipHsallMi CHH3Y, BOOGIEe rOBOpsi, HEJb3SI.

Insa cpaBHEHHS JOCTATOYHHIX AJs BHYTPeHHeH A-ycTofi-
YHBOCTH CBEepXy YCJOBHH, NPHBEIEHHEIX B YTBEPXKAECHHH
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2.3.2, cdopMyaupyeM JOCTaTOYHble YCJOBHS BHYTPEHHEH
A-pery/spusaniu CBEpXy H CHH3Y Ias Arg sup.

YrBepxaenune 4.2.1. [Tycto 86inosHeHbL YCAOBUA:

1. as awbozo neMg(m) inP(n, e, as) #=J.

2. las ato6o2o n=Mg (m)

st (] sup f (1, &, %)+ a5 > ht (n, &y, ).
x&P(n,g,)

3. Q= 8y, Uy = &y, a3< €, a4< €y, a5> §>=A.

Toz0a das A=0 svinosneno: (i Argsup, &2XEd)enyr-
penne A-peeyrnpusyer ceepxy (Argsup, E2XEg) na (m, e)
npu coeaacosaruu (a, d).

YrBepxaenue 4.2.2. ITycto 8b6lnOAHEHbL YCAOBUA:

1) in P (m, &), o) 5= &.
2) st—{las] sup f)!(m, g, X) +-0y > ht (m, &,, ag).

xsP(m,e;
3) ay==gy, ay=2g,, af< &5, 0y < 8y, 05 => § > A.

Tozda 015 A=0 seinosneno: (i Argsup, E2XES) snyr-
penne A-pezyasspusyer cHusy (Arg sup, $2><E§3) Ha (m, e)
npu coeaacosaruu (a, d).

OTciofa Jierko BHAETb, YTO NOCTATOYHBIE YCJIOBHsI BHYT-
peHHelt A-pery/isipu3yeMOCTH CBepxy njsi Argsup cyuiecT-
BEHHO cjiaGee COOTBETCTBYIOIIMX JNOCTATOYHHIX YCJOBHH yc-
TOHYHUBOCTH.

Hccnenyem tenmeph HeKOTOphie CBOHCTBa MeToia IUTPa-
¢oB B MareMaTHueCKOM nporpamMMmupoBaHuu. C Meromom
wrpagHbX QYHKUHHA CBSXKEM ABa NPHHIMIA ONTHMAJbHOC-

m (Hp, &2XEQ), (Argsupy,, &2XEg), rae
Hy (m, &) =[hp (m, &y, eg)—e5, hp (m, &, &) + &,
hy (m, e, @)= (
= su}‘) [f (m, & x)—aK (m,e,%x)], e &, a>0,
xEXo .

Arg'sup,, (m, &)=
= 090 {x:E:Xolf(m’ & x)—es K (m’ e x) +-2 = hp'(mr &, 34)}

®ynxunio K 6yneM HaswBaTh WTpadHOM, ecaH Ans JOGHX
(m, e)=MX& Bumnoaneno yciosue inf K(m, g, x)=0.

xEX,

OrmeruM, yTo OGHIUHO (cM., HampuMep, [13]) ompene-
nenne wrpacdHod GYHKUHH JaeTcs B CBA3H C HEKOTOPHIM
MHOXKecTBOM X, KOTOpOe HHTeDIPETHPYETCH KaK MHOMKecT-
BO AONMYCTHMEIX 3Ha4YeHHA NepeMeHHOR x. 3aTeM HcC/eny-
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eTcsl CBA3b 3aJauyd MaTeMaTHYeCKOTro NMPOrpaMMUPOBAaHUS C
MHOKECTBOM MAOMYCTHMBIX cTpareruii X H Meroma iuTpag-
HBIX (DYHKUHH.

3nech npHMeHsieTcsi Apyro# mnoxxox. Ilo 3apmanHO#
wrpadHOH QYHKUHH yKa3blBaeTcsl 3ajjaya MaTeMaTHUECKOTO
nporpaMMHPOBaHHsl, KoTopasi OyaeT GJu3Ka K HCXOJNHOH
wrpadHOH 3anaye.

IMycts K — wrpadpuas dpyuruns. O603naunm

Qx (m, e, f)={x & X(|K (m, &, x) < t},

hy(m,e, )= sup f(m,e,x).
xEQg (m,e,1)

W3 onpenenennss mrpadHoli GYHKUUH CAELyeT, 4TO AJs
t>0 BuimosHeHO Qk(m, e, {) =D, U NO3TOMY Ha MHOKeECT-
Be l=E', dynkuuonan h, He yGbiBaer no f. 3HAYHUT, Cylle-
CTBYeT (KOHEYHLIH HJIH 6ecKOHeuHbIH) mpexed

lim hy (m, e, ) =inf hy (m, €, 1) = h° (m,e).
>0 >0 .

YreepxaeHue 4.23. Hycrb 8bINOAHEHO:
1) supf(m e, X)<<-} oo,

xeX,

2) 1 (m, &) >—oo.
Toz0a npu t>a—‘[supf(m e, X)—h'(m, e)] cnpased-

x€X,
AUBO PABEHCTBO
hp(m,e, @)=  sup [f (m, e, x)—a K (m, &, x)].
xeQk (m,e,t

HNokasarteabcTBo. [lycth 1< (0, ¢). Torna

sup  [f(m, e, x)—a K (m, e, X)]>
xeQg (m,e, 1)

= sup [f(m, e x)—aK(m,e, x)] >

xeQg (m,e,v)
= hy (m, e, t)—at — h (m,"e).
T->04

C npyro#t cTopoHH,

&xfggx(m . [‘{ (m, e, x)—a'K (m, e, x)] <

< sup fim/e ) —at<H (m o). W
XEA,
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M3 yrBepxkzaenusi 4.2.3 HemocpeJCTBEHHO CJeAyeT OLEHKa
hq (m, &, t) = hy, (m, &, @) = hg(m, &, T)—av

ans ¢t > a~!' [ sup f(m,e, x)—h® (m, e)] ¥ T>0. Orcroaa
x€X,

nosyyaem, 4yro ecau sup f(m, e, x)—h" (m, &) <4 o0, TO
xeX,

lim h, (m, e, @)= h® (m, e).

>t oo
CrezoBaTe/bHO, MPH HOCTATOYHO GOJIBUIHX @ M AOCTaTOYHO
MaJblx (>0 BeaUuuHH hp(m, e, a) U hq(m, e, t) Oymvr
G6ausku. Mcnoabsys 3TOT pesyabTaT, MOXHO Jerko cdop-
MYJHpOBATb yCIOBHSI, IPH KOTOPbIX Hp Oyner anmpoKCHMH-
poBaTh BHYTPEHHHM HJIH BHELWHHM 00DasoM aHAJIOTHYHbIH
NPHHIMI ONTHMAJbHOCTH Hg, MOCTpoeHHHI Ha 6ase QyHK-
uuoHana hg.

Hccaenyem Temepb B3aHMOCBSI3H NPHHIMIA ONTHMAJb-
Hoctn (Argsupy, &2XE&) n (Argsupg, &2XE§), rue
Arg supg (m, &)=

= Og, {x = Qk (m, &y, &3)|f (m, &, x) + 85 = hq (m, &y, &,)}.

YrBepxnaeHnue 4.24.

I. Tycre oy=¢,, oy=2¢, € >0, a,>0, a;>¢e+
+ oy &, ag = g,

ag => e [ sup f(m, &, X)—h? (m, &) +&;).
xeX,
Tozda svinoaneno Argsup, (m, €) < Arg supg (m, a).

2. Mycro By=ce;, By =5, By > 0, Bs+ Bags &5, Be<< &6
By = &7 ' [ sup f (m, &, x)—Hh° (m, &,)].

x=X,

Toz0a svirioaneno Argsupg (m, B) = Argsup, (m, €).
JdoxasateabcTBO. U3 yciaoBus

f (m, &, x)—e3 K (m, &,, x) + &5 = hy, (m, &,, &,)
cJefyeT, uTo
f(m, &y, x) +25 = hp (m, eg, 8) = hy (m, &y, o) — g8,
[Tostomy f(m, e, x) +as=hq(m, e a4). Ucnoabsys Hepa-
BEHCTBO hp(m, g3, €4) =h0(m, e3), nonyuaem

K(m,e,, x)< &5 [ sup f(m,ey, x)—h°(m,ey) +35]<a3
x€X,
CnenoBareasHo, xQx(m, e, as).
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[lycts x=Qk(m, &1, Bs) u f(m, 8|,x)+l35>h (m, &2, B4).-
Torna f(m, e, x)—esK(m, &1, X) +esPs+PBs=hp (M, €3, &4).

OuenuM Tenepb Mﬂomecma dom (Arg supp, &2XE eB) H

dom (Arg sup,, &2XE&). Herpyano BuieTb, 4TO ClpaBes-
NHBBI BKJIIOYEHHS

dom (Argsup,, &2XE%) O
D {(m, &)|hp (m, &y, &) 5 >_h, (m, &y, &), € > O},

dom (Argsup,, &*XE¢) <
< {(m, €)|hp(m, &, &) + 85 = hy (m, 2y, &), €5 > 0},

dom (Argsupg, &2 X Eg) D
D {(m, &)|hq(m, &y, eg) +85 > hy (m, &y, &), e3> 0, g, > 0},

dom (Arg sup,, &2 X E? o) <
< {(m, e)|hq (m, &, 83)—|-85 = hg (m, &, &), 33> 0},

Hcnonb3yst 3TH OLEHKH, MOXHO JIErKO c(OpMYJIHPOBATh
YCTIOBHSI BHyTpPeHHell annpoOKCHMAIMH IJsi NPHHIMIOB OI-
TUManbHOCTH Argsupp, u Argsup, He npuBoas TOuHHIX
(OopMyJIHPOBOK, OTMETHM KauyeCTBEHHYI0 KapTHHY 3THX pe-
3yabraToB. [l MPHHLUHKNA ONTHMaJbHOCTH Arg sup, BHYT-
PeHHsIs aNnpPOKCHMALHsI C NMOMOINbI0 NPHHIMIA ONTHMaJb-
HOCTH Arg sup, HMeeT MecTo Ha MHOXeCcTBe Takux (m, g),
4TOo

hp (M, &,, &) & = hp (m, &, &)

H €3, €4 — JOCTAaTOYHO GoJiblHe yucja. J/s mpuHUHNA on-
THUMaJbHOCTH Arg sup, BHYTPEHHsisi aNMPOKCHMAIMs C MO-
MOIIbIO TPHHIHMA ONMTUMAaJbHOCTH Argsup, HMeeT MecTo
Ha MHOXecTBe TakKux (m, g), 4To

hq (m, &1, e3) +es>hq (M, €2, e4)

" g3, 84>0 — JOCTATOYHO MaJible YHCHA.

[Toka 3amaya MaTeMaTHYeCKOro IpOrpaMMHPOBAHHUS
paccmaTtpuBajach B BecbMa o0uem ciaydyae. EcrecTBeHHO
OXKHJAATb, YTO MPH KOHKPETH3aIlHH DPa3/MYHbIX 3JE€MEHTOB
oflell NMOCTAHOBKH MOXHO GYHeT NOJYYHTb M HOBBIE pe-
syabTarthl. [103TOMYy HM3yunM HEKOTOpHIE YacTHbiE CJydaH.

ITycts (Xo, p) — MeTPHYECKOE TPOCTPAHCTBO; B KaUeCTBE
MHOXeCTBa Moneneﬁ paccmorpuM M= (X,, EnH)M(X,),
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TNCeBIOMETPUKY /ISl MOJesedl MOJ0XHUM PaBHOH

u (g X), (g, Y))=Hr (gr [g| X], gr [q]Y]),
rage

r ((x, u), (y, v)) =max {p (x, y)’oi"fi’f. lu;—uv;l},

u, v Entt

dynkunonan f BosbMeMm B BHAe [((g, X), x)=go(¥), g=
= (&o, -, &n), @ NPHHIHAN ONTHMAJLHOCTH

P, X)={xr=X|gi(x)=0,i=1, .., n}.
Torpa mpurUHN onTHMajabHOCTH H NpHHHMAaeT BUI

H((g X), e)=1h (g, X)—ey, h (g, X)+ &), (&1, &) = EY
a

h(g, X)= sup g,(x).
xsP(g,X)

B nanHOM ciyuae, Koria A 3aBHCHT TOJBKO OT MOZEJH,
BHYTPEHHsIsI allpOKCHMAaNHUsl U BHYTPEHHsS peryJ/sipH3anus
CBepXy NpHHIHNA ONTHMaJbHOCTH H cBsi3aHB C 3agauei
npuGIMKeHHsT GYHKIHMOHANa h HEKOTOPHIM (YHKIHOHAIOM
ks® (MX&XX,, E'), yHOBIETBOPSIOUIMM COOTBETCTBYIO-
UM YCJOBHAM peryJsipHocTH. [lpuHHMass Bo BHHMaHHe
HCCIe0BaHHe YCTOHYMBOCTH TNPHHIMIA ONTHMAaJbHOCTH
Ts»b B § 2.2, ecTecTBEHHO PacCMOTPeTb BO3MOXKHOCTb all-
NpOKCHMauuu ¢yHKLHOHaMa h ¢ moMoubio GyHKUHOHANA R,
HMeEIOIIero BHI

k((g, X), )= sup g (), eeEn
g;(x)+e;=0

i=1,...,n

H3yuum cHauana HeKorophle cBoficTBa ¢yHKuHOHana K.
Ananoruuso yTBepxkKIeHHI0 2.2.8 MOXHO IOKa3aTb, YTO eC-
an n((g, X), (g, Y))<<é, 10 nas n1060ro 9> BHIIONHEHO

k(g X), o)<k (g, Y), e4+v)+v.
Orciopa caenyior HepaBeHCTBA
k(g X). e, 8) < k(g X),e+y)+y mpuy>s,
k= (g X), e, 8) =k (g, X), e—y)—y 1pu 7>,
KOTOpble (paKTHUECKH yKa3bIBAIOT MapaMeTPhl, IPH KOTOPBIX
BBINOJIHEHB] YCJIOBHSI PEryJsipHOCTH.

[IpuBeneM poCTaTOUHBIE YCJOBHSI IJsi aNIpPOKCHMAIHU
¢ynkunonana h. Herpymso nokasaTb, uTo eciH X — KOM-
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nakt, a gi, i=0, 1, .., n, NOAyHENpPepHBHH CcBepPXy Ha X,
TO

el-i»T+k (&, X), &)=h (g, X), (4.2.1)

To ecTh st J1060r0 a>0 CylIecTByeT e((g, X), a)=En,
TaKoe, YTO NpHU 0<8<§((g, X), a) BHIIOJIHEHO
hig, )< k(@ X), o) <h(g X)+oa.
Beepem npuHuun ontumadbHoCTH (Hp, EzanfB), rue

H, (g, X), )= [k (g, X), o)) —0y, k(&) X), 0g)+ 4],
H coryacoBanune A4, rie
AL ((g, X), &)=
= {(a’ 8) E$+3|A < § <oy <oy, a5 << ey, a4 5<ty,

apa, & Eg, 3p>6:0,+p< e((g, X), & —ay—B)}.
Herpyano Buners, 4to
dom (A%, EZ) =

={(g, X), ele; > A &, > A, AB>A: B+ A <e((g, X), &,—B)}.

Yreepxaenue 425 [lycro Mc— muodiecreo mo-
Oeaeii (g, X)=M, 0aa xoropvix X — Komnaxrt, a gi, i=
=0, 1, ..., n, noaynenpepoigros c8epxy na X. Toeda npux-
yun ontumassvroctu H), seaserca eunyrpenre A-peeyrapu-
syrowgum ceepxy H na dom (A8, EG)N(McXE%) npu coe-
aacosanuu Ab.

JokaszaTeabCTBO CBOLHTCS K 3JEMEHTapHOH INpo-
BePKEe YCJOBHH COOTBETCTBYIOIUX ONpEeIeJeHHA C MOMOIIbIO
IIOJIYUYEHHBIX OILEHOK.

OtmernM, uTo npu A=0 u (g, X)=M; mHOxKecTBO
dom (A3, E3) npunnmaer Buza

dom (A4, Eg) = {(g, X), ele = E3}
HanGonee orpaHuyHTeNbHBIMH YCJIOBHSIMH B yTBepXKIe-
HuK 4.2.5, MO-BUAMMOMY, ABJAIOTCA KOMNAKTHOCTD X M 3HA-

HHe (YHKIHH e. Jdas noJy4yeHHs BHyTpeHHe# peryJspHsa-
LMK cBepXy, Koraa X HeorpaHHYEHO, MOXHO NMPHMEHHTDb CTa-
OM/H3aTOPE M3 METOJAa peryJspH3alHu A. H. TuxoHoBa
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[74]. OnHako Takoit npueM TpeGyeT HaJOXKEHHs HAa MoOJeJb
HEKOTOPHIX AONOJHHTeNbHBIX ycaoBui [12]. Heo6xonuMocTts
HAJIOXKEHHs] Pa3JHYHLIX JOMOJHMUTENbHHX YCJIOBHH Ha MO-
Aelb I/ BO3MOXKHOCTH peryJsipH3allil CBs3aHa, Npexkie
BCEro, ¢ TPaAMIHOHHBIM BHMIOM 3afaHMs NPHHUMNA OMNTH-
MaJjbHOCTH P

BBenemM npHHIMI ONTHMAaJbHOCTH Py, KOTOpHIA OTJIH-
1aeTcst OT P TOMBKO TeM, 4TO BMECTO HECTPOTHX HEPaBEHCTB
Hcroab3yloTesl cTporue. HMrak, nyctsb

Py(g, X)={xr= X|g,(x)>0,i=1, ..,n}, (4.2.2)
hy (g, X)= sup go (x).

xEPo(g, X
Has no6bix (g, X) =M, oueBHAHO, BHINONHEHO
Jim & (g, X), &)= hy (g, X),

TO ecTb ecinu ho(g, X)<+oo, T0 And J]lOﬁOEO a>0 cyme-
cryer £((g, X), a) =E", Takoe, uro npu —Ié((g, X),a)<<
<<e< 0 BBHINOJIFEHO

ho (8, X)—o < k (g, X), &) < hy (g, X).

Kax BHIHM, MO CpaBHEHHMIO C anmpoKcHMmauue#d QyHKIHO-
Hana h (4.2.1) anmpokcumanus ¢GyHKHHOHana hy, He Tpe-
OyeT HHMKAaKHX MJONOJHUTeNbHBIX ycioBHil. EcrectBenno
OXHJAaTh, YTO YCJOBUS pery/sipu3allid INpHHIHKNA OMNTH-

manbHOCTH (Ho, EfB), rie
Hy (g, X), &) =lhy (8, X)—&y, by (g, X)+e,l,
OynyT 3HayuTeJqbHO cJaafee COOTBETCTBYIOLIHX YCJOBHI
ansa H:
BBejnem corsacoBanue

A} (g, X), &)=
A
={(a 8) = E" X E%|36'>8:8' —e((g. X),
g —a—8) <oy << a,<<—§, a+8 <e,.
§>=>A, 6, < 82"“4; Ay Xy E En}
Hetpynno Bumets, 410

dom (A8, EZ) =

A
={(g, X),e|]0' > A1 &, > A, 8, > A, 2A < £((g, X), &,—8')}.
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Yreepxneune 4.2.6. punyun onrumanrsrocru Hy
A8aseTcs BHYTpenne A-pesyaspusyouum ceepxy H, na
dom (A3, Eé N{(g, X), e|ho(g, X) <+ oo} npu cozraco-
sanuu Ab,.

IJokxaszaTenbCTBO CBOZHTCH K 3JeMEHTapHOH INpo-
BEpKE YCJOBHH COOTBETCTBYIOIIHX ONpeJe/eHHH.

OTMeTHM, Y4TO €IHHCTBEHHHIM OrpaHHYHTE/JbHBIM YCJO-

A

BHeM B yTBepkAeHUH 4.2.6 sBasieTcss 3HaHHe (YHKUHH e.
Orciofa MOXKHO cIesaTb BbIBOJ, YTO C TOYKH 3DEHHSI Pery-
JSIPH3YeMOCTH 3ajaHHe orpaHHdYeHui B Buie (4.2.2) MHoro
yno6uee, uem B Buzie (4.2.1). TpaaunHoHHOe NpeAnoYTeHHE
B ynorpe6GieHHH M HCCAENOBaHHM orpaHuuyeHnui (4.2.1)
o0bsicHsIeTCS], BHAMMO, TeM, 4YTO TPH HAJNOXEHHH Ha gi
yCJIOBHH HeNmpephHBHOCTH, a Ha X YCJOBHH KOMMAaKTHOCTH
HMeeT MeCTO JOCTHXKHMOCTb BepXHeH NpaHH (QYHKUHU Zo.
MeronoM peryJasipi3alii, NPHBELEHHLIM B YTBeDXACHHH
4.2!6, MOKHO BOCHOJIb30BaThCsI U JJIsI NPHHIHNA ONTHMAaJb-
Hoctd H Ha mHoxectBe Tex ((g, X), e), rae ho(g, X)=
=h(g, X). B obuem xe cayuae, To ecTb Koraa hy(g, X) <<
<<h(g, X), 3aKOHHOCTb NpHMEHEHHS MeTOla peryJsipHusa-
UMK yTBepxaeHHs 4.2.6 uHOrZa MOXKHO OGOCHOBaTb, €CJH
NOCMOTpPeTb Ha 3Ty 3afayy HECKOJNbKO LIHpe.
JleficTBHTENbHO, ACTO B MPOLECC UCCAELOBAHUN BXOMUT
He TOJNbKO H3yYeHHe MaTeMaTHYeCKOH MOJesNH peabHOro
sIBJIeHNs], HO U 3Tan ee MOCTpPOeHHst UM yToyHeHus. [losTo-
My yxe Ha sTane (ODMHDOBAHHSI MaTeMaTHUYECKOro OMHCA-
HUS SIBJIEHMSI MOXHO I[OCTaBHTb BONpOC: He OyJIeT JH HC-
nosnb3oBaHue (QYyHKHUOHANa Hhy CTOJb K€ COJep:KaTesbHO
060CHOBaHHBIM, KaK H HCIO0/b30BaHHe ¢GyHKIUMOHANA AP
[To-BupuMoMy, Halifercsi HeMaJ/O HpPaKTHYECKHX 3ajay, B
KOTOPBIX OTBET Ha 3TOT BONPOC GYIeT MONOXKHTEJbHBIM.
[Mepefinem Temepp K H3yuUEHHIO MPHHUHNA ONTHMAJbHOC-
TH, COOTBETCTBYIOIIEro 3ajfaue NMOMCKA peasH3auHi pJs

h(g, X)= sup go (%).
xeX
g; (x)=0,i=1,...,n
Haubosee TpamuuMOHHBIM SIBJSIETCSI NPHHIHI ONTHMAaJIb-
HOCTH
Argsup, (g, X), &)=
=0e{r = X|gi(x)=0,i=1,..,n; go(x)=h(g X)}

[Ipy mocTpoeHHH pery/asipusyiolmero NpPHHIHNA OMTH-
ManbHOCTH Ans Argsup; GyaeM HCHo/b30BaTh ONHH H3 Me-
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TOAOB TJaBhl 3, a MMEHHO, OyAeM HCKaTb YCTOHYHBHIH (B
HYXKHOM CMBbIC/I€) HNPHHUMI ONTHMAJbHOCTH, anlpPOKCHMH-

pywowuii Arg sup;.
BBeneM BCIOMOraTeNbHBIH NPHHIHI ONTHMAJbHOCTH

(P, ErtY), roe
P (g X), @)={x = X|g; () +a,>0,i=0,1, .. ,n}.

Jlerko moxasatb, 4To ecaH X — KOMIakKT, a g, (=0, 1, ..., n,
noJyHenpepuiBHeEl cBepxy Ha X, P((g, X), a®) %O, T0

lim Bo (P (g, X), @), P (g, X), a%) =0,
a-a®, P((g,X),0)#J (4.2.3)
TO ecTb i JiioGoro ¢>0 cyuiecTByer cf((g, X), o e)=
€En, Takoe, 4TO NpH YCJIOBHM mMax |ai—a%| <(§((g, X),

0<i<in
@’ &) BBINOJHEHO .

P (g, X), @) = 0. P (g, X), o).

OTMeTHM TakKe, YyTo NpH a.==a’ umeet Mecto P((g, X),a)>
DP((g, X), a®) u nosTomy

133+Hp (P (g X), @), P ((g, X), a)=0. (4.2.4)

Beenem npunuun ontuManbHocTH (Q, Eé;"’”), rue

e = E}, e & Eg, g = Eg, & & Eg,

Q (g X), &)= 0e, P (g, X), gg—F ((g) X), 29), &)).

AHanoruyHoO yTBepxKAeHHIO 2.2.8 MOXKHO MOKa3aTb, YTO AJA
J1060r0 JOCTaTOYHO MaJsoro a>>0 BHIMOJHEHO

ex Q (g, X), &, §) <
< Q((g, X), 89+26 +2a,e,+8+a, ,—5—a, 5+ 5+ ),
in Q (g, X), &, §) D
> Qg X), eg— 26—20,8,—5—0, &+ 6+, e5—5—a).
HeTpyaHo BHIETb TakxKe, 4TO
dom (Q, EZ+?) o
D{(g, X), elk (g, X), &)+, > k((g, X), &) >—00,8,>0} D
D {(g, X), eleg,8,>0,8,;>=8,,i=1,..,n,
k((g, X), &) >—o0}.
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BBeneM ¢yHkKIHIO
p* (g, X), &= sup min [g; (x)+el, e < En,

I<isn

OueBupno, u3 ycaoBus p*((g, X), e)>0 caenyer, uto
k((g, X), e) >—oo. [ToaToMy uMeeM

dom (Q, EZ+%) o
D {(g X), eleg 85> 0, &, = &,, p* (g, X), &) >0}.

[Toxaxem Temnepb, KaK C NOMOIIbI0O HaHJEHHBIX OLEHOK
TOCTPOUTb COrJacoBaHHe, NpH KOoTopoM Q OyJleT BHyTpeHHe
A-peryJisipusyiomuM cBepxy ajisi Argsup;.

Hns Toro uto6el Ha6op (a, ) NpHHAANEKAJ 3HAUCHHIO
yKa3aHHOTO COTJIacOBaHWsi IpH apryMmeHtax ((g, X), e),
HYJKHO, YTOOH § >A,

ex Q (g, X), o, 8) < Argsup, ((g, X), €)

U ansg  aobbnx (g, Y)eEMg (g, X) Obulo  BBINOJHEHO
Q((g, Y), a)=<. 3aMeHuM 3TH yc/a0BHs Gojiee CHIbHBIMH:

IQ (8 X), o +28, oy +8' 70, — 8", 25 +8) 0P (g, X), @),
inQ((g, X), @, 8)%, 8§ >8>A,a?=(—h (g, X),0, .., 0).

Jnst BHIMONHEHHsI TOCJHEAHHX YCJIOBHH JOCTATOYHO, YTOOH
OBLJI0 BBHINIOJTHEHO

loty+ 28" —k (g, X), 2y —8") +1 (g, X)|< a((g, X),
al, e—oay,—§'),
} o8 <a((g X), o e—a o),
’ 2y >2§,03 >80, =0a, 428, p* (g, X), %)+ 8" >0,
l6'>6>A,00=(—h(g, X),0, ..., 0).

J i HaXOX[EeHHsl yCJOBHH, NOCTATOYHBIX IJIs1 BHIMOJHEHHS
HepBOro HepaBeHCTBA CHCTeMBl, Bocnosab3yeMcs (4.2.1).

YynteiBasg oGaacTu onpejeneHusi QYHKUHEA-a H g HMeeM

o, + 8 <a((g, X), o, e—ay;—g’),
0<a2"6 \8((g’ X)’a((g’ X), o0 e—o3—§')—ay—28'),
& (g, X)a® e—ay—8) > ag+28, e>ay+8,(4.2.5)
% >2§', ay>¢§, a;=a,+28, p*(g X),a2)+6’>0
§>6>A, a®=(—h (g, X),0, ..., 0).
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HerpynHo BuaeTh, uTo ecin X — KOMIakKT, gi, i=0,1, ..., 7,
nosyHenpepuBHH cBepxy Ha X, e>0 n Argsup;((g,\X),
¢) %, To IpH AOCTaTOYHO Majbix A>0 cucrema (4.2.5)
MMeeT pelleHHus. )

Ecau pas sanucu 3Toro pesysabTata o BHyTpeHHe# 0-pe-
ryJasipu3alud CBepXy Ijsi Argsup, NPHMEHHTb KJaccHyec-
KHH fI3BIK TEOPHH NpPeNesoB, TO MOJNYyYHM

aEIOT-ll-pp Q9. Y), &), p((g, X),—h(g, X),0, ..,0)=0,
8->0+

npuueM 8=pu((q, Y), (g, X)) u crpemyenne a ¥ 8 K HyJIO
TPOUCXQIHT COIVIACOBAHHO, a HMMEHHO, ®o>20, ai>as+ 29,
az>0, as3>0. ’

Kasanoch Gbl, pe3ysabTaT 3aNHCHIBA€TCsSI COBCEM INPOCTO,
H HeoOXOAMMOCTH B JOCTaTOYHO TDPOMO3AKOH cHCTEME
(4.2.5) Her. OHAKO Ha NMpaKTHKE peasH30BaTbh TOYHO IIpe-
Jen, BooOlle roBOpS, He/b3s, H, NMepexoisi K NPHO/IHKEH-
HOMY pe3yJbTaTy, Heo6xonuMo NQTpebyioTCs pasjHYHbe
OLlGHKH CKODOCTH CXOIZMMOCTH, TO €CTb (YHKIHH O H s.

[Tpu nccnenoBaHuM peryJsipu3yOIHX CBOHCTB MPHUHIHNA
onTHMajbHOcTH Q OB HcHONb30BaH pesyabrar (4.2.3).
VHTepecHO BBISICHHTb, UYTO MOXKET JAaTb HCHOJb30BaHHE
(4.2.4). OkasniBaeTcs, ¢ MOMOIIbI0O OJHOIO COrJIaCOBaHHs
MOKHO MOJYYHTb H BHYTPEHHIOIO A-peryJisipu3aluio CBEpPXYy
H BHeLIHIO A-pery/sipusanuio cHu3y st Argsup;. Bosee
TOrO, NycTh X — KOMMNaKT, g, i=0, 1, ..., n, moJyHenpephB-
HEI cBepxy Ha X, ex>e; U Argsup, ((g, X), &;) #J. Torna
AJ1s1 1ocTaToyHo Manbix A>0 cucrema

@ >§,8>a;48 a=¢e +8§, 2> 2§,
a((g, X), o, ga—ay—3§') > a,+-2¢/,

o+ 6" <a((g, X),a e,—a;—8§),
o, —8 <& (g, X), 2 ((g, X),0, &, — 0y —5') — 2, —2 §'),

a 48" <e((g, X), ap—28'), 4, 8" 5> A,
@0 =(—h(g, X),0, ..., 0)

MMeeT PelleHHsl U AJs Mo60ro ee pelwieHus (ao, ai, 2, 03, 6)
BHITOJTHEHO

& + Argsup, (g, X), &) = Q((9, Y), @) = Arg sup, (g, X), &)
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ana mo6eix (g, YyeMy(g, X). JloKasaTelbCTBO 3TOro
(akTa COBepLUIEHHO aHAJOTHYHO MOJYYEHHIO CHCTEMBI
(4.2.5). Ucnonb3ys si3blk Teopuu npenenos, Aass A=0 3ToT
pe3y/abTaT MOXKHO 3alHcaTh B BHIE

Lim He(Q (g, Y), @), P (g, X),—h(g, X),0, ..., 0) =0,
8->04

rae 8=p((q, Y), (g X)), a ap>28+k((g, X), az+08)—
—h(g, X), ai>6, i=1, 2, 3.

PaccMoTpuM Tenmepb NPHHUMI ONTHManbHOCTH (Arg supo,
Ey), rne _
Argsupy((g, X), €)=

=0, {x=X|g;(0)>0, i=1, ., n; go(x)+e,=hy(g X)}» -
KOTOPHI# COOTBETCTBYET 3ajaue MOUCKA peasnusauuit pis ho.

Tor ¢akt, uro mns peryaspusauuu H, tpebyercs cy-
IIIECTBEHHO 'MEHblIle NPEATNOJOXKEeHUH, yeM AJS peryjaspHsa-

MK H, mMO3BOJISIET OXKHAATh, YTO aHAJOTHYHASI KapTHHa Oy-
IeT U s OPHHIUIA ONTHMAaJbHOCTH Arg supo.

BpeieM mpuHmMN ontTuMaabHOCTH (Qo, E"g)’f ), TOE gE
eE elB, el 82&5?9 , SgeEéB,
Qo (g X), &)= 0e, {x=X|g,(x) =8y, i=1, .1
go(¥) +8=k((g:X), —e)}.
Hetpyano Buzmerb, yTo Qo OT NMpHHUHIA ONTHMAaJbHOCTH Q
OTJIM4aeTcsl TOJbKO 06/acTbi0 3HaueHu#t nmapamerpa e. [lo-
3TOMY HMEIOT MECTO CJeAYIOLINEe OLleHKH:
exQ, (g, X), &, 8)=
CQo«g’ X)’ 80+26’, 31_6’9 82""6’» 33+6’), 6'>6o
inQy((g, X), &, 8)>
DQo«g’ X)’ 80_26" l:51 +6’) 82—6,’ 83—‘6’), 6'>61
dom (Q, Eg+’)>
o{(g, X), ele,<ey; & 85>0, p*((g, X), —e)>0}.
Haiinem cornacoBanue, npu KotopoM Qo fBJsIETCS BHYT-
penHe A-peryasipusyromum Argsup, Ha ((g, X), e). Has
TOro 4ro6sl Habop (a, 8) npHHajIexasn 3HAUEHHIO 3TOro

coraacoBanust Ha ((g, X), &), HyXHO, YTOGbl ObLIH BHINOJ-
HEeHBI yCJAOBUS §>A,

exQy((g, X), a, s)=Argsup,((g, X), e)
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u 1aa mobuix (q, Y)=My(g, X) umeno mecro Qo((q, Y),
a) #J. 3ameHuM 3TH YCJIOBHS 6osiee CHIbHBIMH:
Qo«g’ X), oy -+ 28', al—ﬁ,» aa+6” a3+6')c
cArgsup, (g, X), &)
QO((g’ X)' (Zo—26', a1+6" az—a'o “3—61)7&Q’
8 >6>A.
Hanbuefiine 3aeMeHTapHHe NpeoOpa3oBaHHs C IOMOILBIO

NOJNYYEHHHIX OLEHOK NMPUBOAST K CAEAYIOILEH CHCTEME YCIIO-
BHH:

2 6, < ao < 80_26'1
26'<?‘1+61<°‘z—6'<l)*((g’ X)’ 0)’
A< <ay<<e,—§, (4.2.{5)

A
a,+ 68’ <e((g X), g—oag—28").

Herpyano nokasats, uto ecan ho(g, X)<+oo,
p*((g, X), 0)>0, ¢,>0, >0, TO IpH AOCTAaTOYHO MaJhIX
A>0 cucrema (4.2.6) umeer pewenus. OTMeTHM, 4TO HH-
KaKHX YCJOBHH THIIa KOMNAKTHOCTH 3Jecb He TpebyeTcs.

OcraHoBMMCsl Temepb Ha 3ajaye JHHEHHOro Nporpam-
mupoBaHus. Kak u B § 2.3, nosioxkuM MHOXKecTBO Mojesed.
paBHLIM M= Emn+m+in 3 meTpHKa
M,((Av b’ C), (A,i b,’ C’))':

=max { max |a;;—a,|, max |b;—b)|, max|c;—c}}. .
{max oy —a;], max |b—bj, maxic,—cf}
1< <

Knaccuueckass mocTaHoBKa 3ajayu JHHEHHOro MpOrpam-
MHPOBaHHsI BK/IIOYAaeT HaXOXKAeHHe '

h(A, b, )= sup (e, x), 4.2.7)

xEL, (A,b)
rne Lo(A, b)={xsE"|Ax<<b}, u xoTa Obl OLHOH TOUKH
MHOXKeCTBa
Lp(A, b, c)={x&L,(A, b)|{c, x) =h(A, b, c)}.

Xopolo H3BeCTHO, YTO K He sBJIsieTCs, BOOOLLE TOBOPST,
HenpepbiBHON dyHKuuein Mogenu. [losToMy uccaenyem cHa-
yajja BONpOC O peryaspu3auun 3agauu (4.2.7). Beezem
(yHKIHOHAJ

h A’ b: ’ = ’ -
1(( c), &) xET.,((A,SbL:?e,,e.) [{e, x) —e; (en, %))
(4.2.8)
1/57 1. A. Monoanos
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Eﬁé 319 821 egEEéy ’
T,((A, b), &, &) ={x=E"|Ax +¢, (e,, |x]) <b-+e5}.
?HaJIOI‘PI'{HO yTBepxkieHH1O 4.1.3 MOXHO MOKa3aTh, 4TO ec/u

o (A, by=£J, 10 |
T, (4, b), &, &) Oa,t—l L,(A, b),
T =— KOHCTaHTa U3 yTBepxkieHus 2.2.16. ITyctp Temeps
. [;°;>(A, b, )= min (e, |x|)<e;e;}; 4.2.9)
xeLp (A, b, ¢)
torga Lp (4, b, ¢)NT7(A, b)*~J. CnenosaresbHo, cnpaBes-
JIMBO
Vreepxaenue 4.2.7. Ecnu |h(A, b, c)<oo u 6oL~
noanero (4.2.9), ro :
h(A, b, o—e,Lp(4, b, c)é :
3 <hl ((Av b; c)a 8)<h(141 b’ C)JI—”CIIS:*)‘:—I .
3ameTuM, u4TO U3 yTBepKIAeHHs 4.2.7 ciefyeT pPaBeHCTBO
li(r)n hi ((A, b, ¢), &) =h(A, Db, ¢).
e—->0+4 L.

ey 82—l—>+ ©

Ycnonb3ys (4.1.1), (4.1.2), nonysaem
(A, b, o), &, 8~
' =h (A b, ), &,—8, &,—8, &+8), (4.2.10)
hr (4, b, ¢), & 8=
=h ((4, b, ¢), &, +8, &,+8, eg—5). (4.2.11)

C 3ajgaueit (4.2.7) ecTeCTBEHHO CBf3aTh MPUHIUI ONTHMaJlb-
Hoctn (H, E?g), rue :

H((A, b, ¢), &y=[h(A, b, c)—e,, h(A, b, ¢)+s,),

a c 3agaueit (4.2.8) — npUHUMI ONTUMAJbHOCTH (Hz, Esg),
rae

H, (A4, b, ¢), &) =
=[h,((A, b, ©), &, € €)—& N ((A, b, C), &, €, &)+ &l
M3 MoHOTOHHOCTH (YHKIHH A IO e JIETKO CIEAyeT OMEHKa
dom (H;, EG)S{(A b, c), ele; =&, & 22q 2838y}
4.2.12)
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[MokaxeM, uto H; aBnsteTCs: BHYTPeHHe A-peryJisipusyio-
muM cBepxy aas H. HafineM cooTBercTByloliee cortaco-
BaHHe. MTak, nyctb § >A,

ex H,((A, b, ¢), %, );H((A, b, o), €)
u s mobux (A7, b’, ¢’)eMs(A, b, ¢) BHNONHEHO
H ((A’, b, ¢’), a)#J. Hcnonpsys ouenku (4.2.10)—
(4.2.12), npuxoauM K cuCTeMe YCJOBHH
al}%}ﬁ, a‘>a6>61 a1>a3>6>A)
hl«A, b: a)y a1+6v ag+6‘ G3—6)>
=h(A, b, ¢)—2,+a,,
hi((A4, b, )y as—8, 2g—8, &4+ <<
<h(A) bt C)+82_¢8.
Yro6sl HpHMEHUTb  yTBepxieHHe 4.2.7, morpe6Syem
|h(A, b, c)ﬁ)<oo, TOrJa TOJY4YHM

0 =028, 0 =0 =0>A, 0, =

>0, >8+Lp(A b, d(@+8h 4o
el (2, +8) T~ + g < .21

(0, +8)LpA, b, o)+, <e,.

OG6osHauuM  CQrJIAcoBaHHE, ONpPEAENsIEMOE  CHCTEMOM
(4.2.13), uepes GA. Buscuum, npu xakux ((4, b, c), &)
OHO HE NyCTO. DjieMeHTapHHE Npeo6pasoBaHUs AAKOT

dom (G‘}' Egb) ={(A, b, ¢), | |h(A4, b, ¢)] < oo,

2A[1 +Lp(A, b, o)l-llcll <esT, 2ALD(A, b, ) <eg}.

Hrak, cnpaBeanuso
YrBepxaenue 428. H, snyrpenne A-peeyarapusyer
ceepxy H na dom (G4, E%g) npu cocaacosanuu G
OTMeTHM, YTO €IHHCTBEHHBIMH OrPAHHUMTENbHBIMH yC-
JIOBUSIMU B yTBepxieHuu 4.2.8 ABNAIOTCA TPEANONOKeHH e

|h(A, b, ¢)|<oo u 3naHue Benuuuns Lp(A, b, ¢) unu ee
olleHkn cBepxy. Ilocnennee ycioBue cBsi3aHo, npe;x,u,e BCe-
ro, ¢ Boi6paHHO# opmoii uanoxenus. Ilpu dbopmynnposke
aHaJIOTHIHOr0 yTBEPXKACHHS C NOMOLILBIO NPELEJIOB OT HEro
Jerko u3baBuTbes. IleficTBUTeNbHO, H3 yTBepxAeHHs 4.2.8
caenyet, 4to ecau |h(A, b, ¢) | <oo, TO

lim su h (4’ ¥, ), a)—h(4, b, ¢)| =0.
st v, c')gMo s, “l 1 (( '), a)—h( )

7*
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IlpudeM  BBINOJIHEHbl  COOTHOWIEHHs  @;=08, a2=>9,
{az—3) (azg+06) 1>+ oo.

IpoBepka ycaoBus |h(A, b, ¢)|<oco cBOAHTCS K MpO-
B8epKe HEemycTOThl MHOXecTBa Lo(A, b) M orpaHHYeHHOCTH
¢ynxuun {c¢, x) Ha Ly(A, b). Bonpoc o wenycrore Lo(A, b)
CBOIMTCS K HaXOXAEHHIO 3HAKa BeJHYHHBI

o*(A, b)="inf max [{a;. x)—b;].
xeEn ISism:
Drta 3a1a4a Jerko CBOJHTCA K 3ajaue JHHEHHOro mporpaMm-
MHpPOBaHHs M, BOOOWie ToBOps, TpeGyeT NpHMEHEHUs BHI-
YHCAUTENBHON TEXHUKH JJsi ee pelleHHs, YTO BjeyeT BO3-
sMyieHne mMojenu. Eciu BIUHC/IHTENbHBIE MOrPELIHOCTH OF-
paHHUeHH BeJHYHHOH 8, To ecTb BhironHeHo p((A, b, ¢),
(A’, b’, ¢’)) <<, TO pe3yJbTaThl BLIUHCJIEHHH Je€XkKaT B npe-
aenax [o*~(4, b, 8), c*+(A, b, 8)]. HerpyaHo Buzners, uro

o**(4, b, ) <<oy (A, b,—9), (A, b, =07 (A4, b, §).
W3 cBoiicTBa HempepuIBHOCTH cieBa QYHKUHH Cp** clepyer,
4TO

limo*t+ (A, b, §) =0*(4, b).
6—>0+ -

OnHako paBeHCTBO
limo*— (A, b, §)=0*(A4, b)

80+
CnpaBe€AJIHBO TOrga W TOJbKO Toriaa, Koraa
E(A)= inf ~ max (a;, x) 5%0.
(en, lx] )=l ISism

TlosToMy, uTOGB He NpOBEpPSITb AOMOJHHTEJIbHO YCJIOBHE
£(A)5:0, MOXHO TPUMEHHTb AJs BbluucaeHus o (A, b)
cJenyioliee paBeHCTBO:
lim ot (A Y, —a)=0%(4, b).
a0+
80+
a=6=u ((A. b, c), (A, b, ¢")

OjHako Ha MNPaKTHKE Mpeie] MOXKHO peajH30BaTh JHIb
npuGIHKEHHO ¥ NMO3TOMY NPH OTPAHHYEHHOH TOYHOCTH BHI-
YHCJEHUH BBIACHUTb, NYCTO Lo (A, b) WM HET, MOXKHO JIHIIb
8 cayuae, koraa |6*(A, b)| Gyaer NOCTaTOYHO BeJHK. DTO
06CTOATENILCTBO JIMIIHAH pas rOBOPHT O TOM, 4YTO 3aaaya
ABJsieTcs1 HempoonpenesenHoi. CuTyanus, Korma TOYHOCTb
BLIUAC/IEHHI HEe MO03BOJISIET CHEe/aTh 3aK/JIIOUEHHE O 3HaKe
¢*(A, b), He yunTbiBaeTcs B NOCTAHOBKE 3aAayH.
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YcraHoBjieHne orpaHuueHHOCTH {¢, x) Ha Ly(A, b) cBo-
JUTCA K BBISCHEHHIO HENYCTOTH AONYCTHMOIO MHOXKeCTBa
JIBOHCTBEHHOH 3aJauH

{yEEg |y A=c}.

XoTs 3Ta 3ajauya CBsI3aHAa C pellleHHeM CHCTeMBI ypaBHe-
HUH, a He HEPaBeHCTB, B NPHHIHIE OHA aHAaJOrMYyHA pac-
CMOTPEHHOH, U 3/lechb TaKxke BO3MOXKeH clyuyai, Korja orpa-
HHYEHHass TOYHOCTb BHIYHCJIEHHH He MOXKET HaTh OTBET Ha
BOTpOC: orpaHuueHa nau ¢yHKuusa (¢, x) Ha Lo(A, b) niu
HeT?

PaccMoTpuM Temepb 3ajayy NMOHCKA peasiH3aliii B JH-
HellHOM nporpaMMupoBaHnu. HanGosee TpagHIHOHHHIM
NPHHUKIOM ONTHMAaJIbHOCTH, KOTOPHIH ¢ Hell CBsi3biBaeTcs,
asasiercs (ArgLp, ELy), rne

ArgLp((A, b, ¢), )= 0,Lp(A4, b, ¢).

Paccmorpum eme oOMH NPHHOMOD  ONTHMAaJbHOCTH
(Argsup;, E'g), rae
Argsup; ((4, b, ¢), &)= {x=T, ((4, b), &,, &5)|{c, x)—

—& (em lxl> +84>hl ((A: b, ¢), €5, Eg» 87)}-

ITokaxem, uto Argsup; BHyTpPeHHe A-peryJsipH3yer cBep-
xy ArgLp. Ina sToro mojayuum OueHKH s ex Argsup; H
dom(Argsupi, E’g). Hcmonb3ys csofictBa npuHHMNa oOn-
TuManbHocTd T; W oueHku (4.2.10), (4.2.11), umeem

dom (Argsup;, Ef)D{(4, b, c), elog’ (4, b, —e) <<
Kep+8;, &8 8,08, E3=>8),
ex Argsup; ((4, b, ¢), &, §) <
cArgsup;((4, b, ¢), &,—8, e,—8, &;+8, &, &+,
g+ 6. €,—9).

IMpumenuM yrsepxaenne 2.2.16 k muoxkectsy Lp(A, b, ¢).
Torna momyuyaem: eciau Lp(A, b, ¢)5=<, To cymecTByer

KoHcTtaHTa 1>0 Takas, yto mas Bcex xEr\ Lp(4, b, ¢)
BBITIOJTHEHO

max{lmax [{a;, x)—0b;]; h(A, b, c)—{c, x)} >
<i<m '

>1t-d(x, Lp(4, b, c)).

Hafinem Temepp corsacoBaHue, NpH KoTtopoMm Argsup;
BHyTpeHHe A-peryispusyer cepxy ArgLp. Ilycers 6>A

7% 0. A. Moaoxnuos
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ans aoboro (A’, b/, c/YeMy (A, b, c), Argsup;((A’, b’,
¢, a)*=d n

ex Argsup; (4, b, ¢), a, §) = ArgLp((4, b, ¢), ).

Hcnonb3ys HafiieHHBle OLEHKH, MOJydaeM CHCTEMY YCJIO-
BH

0 (A, b, —a,—8) o104, §K A <,
<<y, <Kag ag=0,=0>A,

Argsup; (4, b, ¢), a;—8, 2g—3, Ag+8, &,
a5+ 8, ag+8, a—8)=0.Lp(4, b, ¢).

[MocnexHee yciaosue, mpuMeHsis yTBepXKAeHHe 4.2.7, MOXHO
3aMeHUTb Ha 6oJiee CHJIbHbLIE:

(%+8)Lp(A, b, )< a,—s,
{(x&E"| Ax < b+ o+,
(e, %) +a+(a+8) Lp(4, b, =h(A, b, )<
c0.Llp(4, b, ¢),
KOTOpbi€ BbINIOJHEHBI, €CJIH
max {0+ 8, @+ (@ +8)Lp(A, b, O} <e-t,
@+ 8L (4, b, )< s,

Hrak, monyyaem, yTo HCKOMOe corjacoBanue VA, umeer
BHJ,

Va((A, b, c), &=
={a, 8|0y’ (4, b, —a,—8) < a,+ 0 <o, L ay,

8 0y <, (%t )LD (A, by O<oH—b, 2= >0>A,

max {a;+ §; a4+ (%4 8) fp(A, b, o)} <<et}.

DjieMeHTapHble BBIYHCAEHHS H MCHOJb30BaHHE  CBOMCTB
byHkuHn oo** maior

dom (V2, EY) ={(A, b, ¢), e|et>
>max {0} (4, b,—2A); 2A(1+Lp (4, b, A)}, |h(A, b, c)| <oo}.

YrBepxnenue 4.29. Argsup; 8HyTrpenuwe A-pezy-
aapusyer ceepxy ArgLp na dom(V3, EL ) npu coeraco-
eanuu V4.
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PaccMoTpuM Temepb BHEIIHIOW A-pery/isipu3amuio CHH-
3y aas ArgLp. Ias aToro BBeieM NPHHIMI ONTHMAJbHO-
ctu (Ts, E'g ), raoe

Ty (4, b), &)= {x=E"| Ax<<b+e[l +{(e,, |x])1},
¥ TMPHHLUMIN oNTHMaJabHOCTH (Argsup., Efg), rae
Argsup,((4, b, ¢), &)=
= {x=T,((4, b), &) (c, x) +&, {en, [x]) +
+e3=h((A, b, C), &, &, &)}
QueBHIHO, cpaBe[JIMBH OLEHKH
inT4((A, b), &, §)2Ts((A, b), e—9),
in Arg sup, ((4, b, c), &, §)>
o Arg sup.((4, b, ¢), e,—8, €,—86, &;, 8,—8, &;—39, g,+6).
HaiineM ycnoBusi, npH KOTOphiX Arg sup. 6yreT BHellde
A-perynsipusoBaTh cHu3y Arg Lp. VYuuTeBasi CTPyKTYypy

NPHHIHNA ONTHMAaJbHOCTH Arg Lp, orpaHuunMcs Haxoxje-
HHeM Takux (a, 8), 4uTo §>>A ¥ BHINOJHEHO BKJIOYeHHE

I=+Lp (A, b, c)cinArgsup,((4, b, ¢), a, d).
3aMeHsieM 3T yCNOBHS 60Jiee CHIAbHBIMHU:
Lp(A, b, c)c=Argsup((4, b, ¢), a,—8, a,—§, o,
. ay—0, ag—3§, ag+9),
a, =0, 0y =8, 0,20, o, = 0>A,
'h<A’ b, C)l<°°
YuutbiBas, uto Lo(A, b)<Ts((4, b), az—3), mnoayuaem,

4yTO 1J151 BbimoJHeHHs1 (4.2.14) pocTaTOYHO BHINOJIHEHUS YC-
JIOBHH

(4.2.14)

h(A, b, ¢)+(2,—8) Lp(4, b, c)+-a5=>
=h ((A» b, ¢), a,;—8, a;—3, o+ o)

|h(4, b, ¢)]|<<oo,
0 =8, 0,20, 0, =8, a;>0>A.

Hcnonbsysi yrBepxiaeHne 4.2.7, OKOHYATeJbHO NOJyuaeM,
4YTO HCKOMOE MHOXecTBO VA5 uMeeT BHI

Vi (A, b, ¢)={a, 8minf{a,, Ay, Oy, O} =0>A,
[h(A, b, c)|<<oo, ag+8>Lp(4, b, ¢)(az—0),

(@, —8)Lp(A, b, ©)+ay=>lcll (2 +8) 7).
Ouesnnxo, ecan |h(4, b, ¢)|<<oo, To VA4(A, b, c)# 3.

b A
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EcTecTBEHHO BO3HHKAeT BONPOC, HE CJHIIKOM JH MHO-
ro «JHIIHHX» TOoueK comepxut Argsup.((4’, v’, ¢’), a, d)
npu (a, 8)=V24(A, b, ¢) u (A, b/, c')eM; (4, b, ¢), T0
€CTb HHTEPECHO HAHTH HJIH OUEHHTh CBEPXY BEJHYUHY

Hd (ex Argsup, ((4, b, ¢), a, 8), Lp(4, b, ¢)). (4.2.15)

K coxanenuto, BooGuie rosopsi, BeiuunHa (4.2.15) pas-
Ha -}oo. OmHAKO 3Ta OlleHKa He AaeT AOCTAaTOYHO [eTaJb-
HOH KapTuHHL. [l ee YTOUHEHHS NPOU3BEJEM aHAJOTHY-
HOe cpaBHeHHe Ha orpaHuueHHOM MHoxKectBe. OGO3HAYHM

Ko (t)={(x=E"| (en, 121)<8).
OneHuM BeJqHYHHY
v(f) =PBd (ex Argsup,((4, b, ¢), @&, §)NK,(¢), Lp(4, b, c))
Apu t;Lf) (A, b, ¢) u (a, 8)=V2;(A, b, ¢). Hcnonssys
BKJIIOUEHHE
ex Argsup,((4, b, ¢), a, 8)cArgsup,((4, b, ¢), a,+56,

o, +9, ag, o486, o5+ 9, ag—39),
HMeeM

v (t) <Pd(Argsup.((4, b, ¢), o, +8, a,+ 86, a,,
a4+6, %—*—6, ae'—a)nKn(t), Lp(A, b, C))a
Hanoxum Ha (a, §) HONOJNHHUTENbHOE YCJIOBHE ag—O0=>

>L°p (A, b, ¢)(as+06), Torna u3 ycaosus xArg sup((4,
b, ¢), e+, a2+6, as, as+98, as+9, as—>8)NK. (f) cue-
JLyeT, 4To

Ax—b < (ay+8) (1 4 1),

h(A, b, O)— (e, x) <og+ (o +8)E+(au+OLp(A, b, o).
Orciona nonyyaeMm
v(t)g:"—l max {(c + 8) (1 41); o+ (a; +8) ¢ +

+ (o +8)Lp(A, b, o). (4.2.16)

Urak, 3To HepaBeHCTBO BLINOJIHEHO A M00HX (a, 8)
eWA(A, b, ¢), roe
WA, b, ¢) = {a,s|min {a,, o, o, @

> 6> A, o34 (2, —8) Lp (4, b,¢) > (g +8) [l 31 ,
[h(A, b,70)| < oo, otg=>8+ (5 +8)Lp(A, b, 0)}.
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QuesHaHO, ecyH Ih(A: b, ¢)|<oo, To WA(A, b, ¢)#LD.
BosbMeM HHXKHIOIO I'DPaHb OT HpaBOfi YacTH HepaBeHCTBA
(4.2.16) mo (a, 8)=WA(A, b, c), Torna mojayuaem

v() <2AT max{(14+-Lp (4, b, o)l T 4

+t+Lp((A, b o); t+1).

Orcioga caenyer, uro npu A=0 gnas aiobux ¢t u €0 cy-
wecTByoT (a, §)=W° (A, b, c) Takue, 4TO

Lp(A, b, c)=in Argsup,((4, b, c), a, §),
ex Argsup, ((4, b, ¢), &, )N K, ({)=0,Lp(4, b, c).

§ 3. CpaBHeHHe NPHUHIMIIOB ONTHMAJbHOCTH
A MaKCHMHHHBIX 3a/iay4

CHayasa pacCMOTpPHUM 3ajayy Ha ONHOKPATHBII MaKCH-
MHH CO CBSI3aHHBIMH OrpaHHuYeHHsIMH. DyneM cpaBHHBaTh
J(Ba TpUHUMOA onTuMajbHOCTH. OJHUH NOCTPOEH Ha wuiee
Merona wrpagoB, a APYrod HCNOJAb3YeT OrpaHHYEHHS TH-
Na HepPaBEeHCTB /151 3aJlaHHsi MHOXKECTB, O KOTODHIM Be-
JeTcd MaKCuMH3auud 1 MUHHMH3alUHAd.

[lepeiinem k ¢opmaibHbiM ompeleneHusMm. Ilycts Xo,
Yo — HekoTOpble NpOCTpaHCTBAa. B KauyecTBe MHOXKECTBa
Mojiesieil BO3bMeM

M=®(X,XY, EYXD(X,) EYXD(X,xY, EYX
X (Xo) X W(Y,).

Hrak, mognenvio sBasiercas nabop m=(f, p, q, X, Y), rae
[ 6yner urpaTh posb ueneBoro ¢yHkuuosasa, X, Y — mHo-
XKeCTBa JONMYCTHMbIX 3HaUEHUH NEPEMEHHHX, p, ¢ B OLHOM
cayyae OyAyT 3afiaBaTh JONOJHHTE/NbHbIE OrpaHHYEHHS HA
nepeMeHHble, a B APYroM BBLINOJHSTb pOJAb  MITpadHEX
¢yuxuuit. IlockoJpKy B KauecTBe OTHOLIEHHH CpaBHEHHS
€yIyT HMCCJefOBATbCS TOJNbKO BHYTPEHHSII M BHEIIHsS aH-
NpPOKCHMAIMs, a 3TH OTHOIUIEHHS He 3aBUCAT OT IICEBLOMET-
PHKH JJs Monesei, TO NCeBAOMETPHKY MOXKHO HE BBOMIHTb.
[Tpunuun onrumansHocty (U, E*XE? ), ucnoabsyio-
IIHH OrpaHHYEHHs THIA HEPaBEeHCTB, 3aJaJUM B BHJE

U((f» P q, X, Y), e)=
=[ulf, p,q, X, Y, &, g)—
— &, u(f» P 9 X, Y, €3y 84)"‘86]:
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rue
u(f, p, g, X, Y, a, B)=  sup inf f e, v

x€P (p, X, @) y=Q (¢, Y, x, B)
P(p, X, )= {x&X]|p(x)<a},
Qg Y, x, ﬁ)={yequ(x’ y)<<B}.

ITockoabKy, Kak OBLIO YCJAOBJEHO BhIIlIe, MAKCHMHH CUHTa-
€TCsl ONpeleJIeHHBIM, TOJILKO eciii MHOXecTBa P u Q He myc-
TH, TO Ajs yhoOcrtBa Gylem mpepnoJarats, uto (f, p, ¢,
X, Y)eM’cM, rae

M ={(}, p, g, X, Y)=M| inf p(x) =0, infq(x, y)=0,
xe ye
VxeX, swp feny— il fen ) =A<+ oo

(x, y)eXx )EXXY

Teneps npu (f, p, g, X, Y)=M° u a, p=>0 umeem P (p, X,
a)*=3J u Q(q, Y, x, p) #*J nas Bcex x=X. [ToaTomy MOXK-
HO CY3HTb MHOXECTBO IapaMeTpoOB, 3aJalOUIHX g-ONTH-
MaJabHOCTb, W paccmaTpuwBaTh BMecto (U, E4X E%g) npun-
uun ontuMannHoctd (U, E44. X E%g ).

Kpome srtoro, cyxxeHue MHOXecTBa Mojeseft 1o M° nos-
BOJISIET HCNOJb30BaTh QYHKIMHK p M § B KauecTBe IITpadHBIX
Npu 3a1aHuK BTOPOro NMpHHIMNA ontHManibHoctH (V, E44 X
XE?q), roe

V(f p g X, Y), &)=
=[v(f, p» ¢ X, Y, &, &)—

—e5, 0(f, py 4, X, Y, &, &) g,

o(f, pr g, Xo Yy a, b)= sup inf[f (v, 4)—ap () +bg(x, 9.

OueBnzaHo, nas Jawbux (f, p, q, X, Y)=EM° u a, b>0
¢ysxuvoHal v ompefienieH (3HaueHUS -oo He HCKJII0Ya-
I0TCST) .

B nmaapHeitmiem, Aasi KPaTKOCTH, B TeX cJydyasx, Koria
moznenb (f, p, g, X, Y) onHa m Ta e BO BCEX HCHOJIb3ye-
MHIX OGBEKTaX M OTCYTCTBHE 3TOrO aprymMeHTa He IPHBO-
IUT K HeJlopasyMeHuaM, 6yfeM ero omyckaTb.

N3 onpenenenuét GyHKIHMOHAJOB 4, U HENOCPENCTBEHHO
clenyer, YTO 4 He yObIBaeT MO @ H He Bo3pacTaeT mo B, a
U He BO3pacTaeT IO a H He yObiBaeT mo b.
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Hcecnenyem BsaumocBsise ¢yHKuHMOHan10B 4 H v. O603-
HaYuM

u(x, p) = jodnt T, ),

v(x, b)= inf [ (x, 9)+0qx, ).

YrBepxnenue 43.1. Hycre (f, p, q, X, Y)EMO.
Toz0a svinoaneHo:

1) 9(x, b)<<ia(x, v) +by 045 arobozo y>0;

2) d(x, b)=i(x, p) 0az a06olx ﬁeE‘.,. TAKUX, 4T0
B=A (D).

HokxasateabctBo. Has mo6Goro y>>0 BHINOJHEHO
F+#=Q(x, y)<Y, caemoBaTenbHo, yuHTHBas uto ¢=0,
nMeeM

o(x, < inf [f(x, y)+bg(x, YI<ulx, v)+by.
yEQ (x, ¥) .

AHaJIOTHYHO 1OKa3aTeJbCTBY YTBepkKIeHHs 4.2.3 moKasbl-
Baercs, yto npu bP=A(f) BEIOIHEHO

v(x, )= inl [f(x, y)+bg(x, YI>u(x, p). M
yeQ (£, B)
Us ycaosus (f, p, q, X, Y)=M° caenyer oueBuIHas OLEHKa

inf f(x. N<ux B< sup J& o), p=>0.
(x, NEXXY (x, y)EXX

Orciona, Kak caefcTBhHe yTBepxzaeHus 4.3.1, nmoayuaem

inf  f(x, n<o(x, b)< supf (x, y), b>0. (4.3.1)
(x, y)e=XXY x, y)eXXY

Yreepxaenne 4.32. IHycre (f, p, q, X, Y)=M.
Tozda sbinoaneno: )

) v(a, )Ku(e, B)+bp npu B=>0, aa>A(f);

2) via, )=u (s, y)—ad npu §>0, by=>=A(f).

HokasatenbcTBo. [To onpenenennio

v(a, b)=su§)(['z}(x, by—ap (x)].

ITockonbry

sup v(x, b)— info(x, b) <A(),
xeX xeX
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To u3 yrBepkiaeHus 4.2.3 caenyer, uto npu aa=A(f) BH-
MIOJIHEHO

v(a, b)= sup [E(x, b) —ap (x)].
xEP ()
Hcnonbsys nyHkT 1) yreepxienus 4.3.1, umeem naa >0
v(a, 5)<< sup [u(x, B)+bp—ap ()1 <u(e B)+b.
xsP(x)

Hokaxem nyHkr 2). Mcnonb3ys myHKT 2) yTBepXKAEHHs
4.3.1, moanyuaeM, uto npu by=A(f) cnpaBenauBa uemouxa
HepaBeHCTB

via, b)> sup [v(x, b)—ap ()] >
x<P (8)

> sup [u(x, v)—ap()]1>u (s, v)—as. W
xEP(8)

CnencrBue. Yuurei8an MOHOTOHHOCTb (PYHKYUOHA-
Aa u, yreepicOerue 4.3.2 3KBUBAAEHTHO cucTeme Hepa-
gencrs: 0as a, b, B, 6E' 4

(6, A(f))—aa v(a,b)<u( AD ﬁ)-l-bfi.

Hcnonb3ys yTBepxpaeHue 4.3.2, Teneppr MoxHO chopmy-
JHPOBAThb YCJOBHSl aNNPOKCHMAIHUH NPHHIUIOB ONTHMAaJb-
HoctH U, V. Ilns storo Ha wMmHoXecTBe MOXE*‘LXE?qg
BBeJleM JBa COIVIaCOBAHHSA

Ay ((fy py g X, Y), &)= {eEE, XEL A e < o<
<a3<(86_a6)83_1’ AP <o <Ko, << (55—ag) &5 1,
Apu ((y Py 00 X, Y), &) =}asE{ XEL|A(N e <oy <
Lo, <K(e—) &7y A (f) g5, <Koy < (es— o) €71}
Jlerko BHIETH, UTO
dom (Ay,, EY XEL) =
={(, p» 9 X, Y, =M X E4 X EL | A () ey <

<ep 8 A(f) e, <<e48;, A()>0 um A (/) =0, >0, e.>0}.
dom (A,,u, E4 X E? ) =

={(f’ p: ‘7, X’ Y: E)EMOXE#XEélA(f)elg
<& &, A(f)ea<<eygg A() >0 uwmm A(f) =0, >0, e>0}.
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YrBepxpaenue 4.3.3.

1. Ipunyun ontumansnocruy (U, E*4XE2g) 6HyTpeH-
He annpoxkcumupyer npunyun onrtumasvwocru (V, E* X
X E’g) na dom(Auv, E*4XE2%g) npu cozaacosanuu Ayy.

2. Mpunyun onrumanrvroctu (V, E‘LXE%g) enyrpex-
He annpokcumupyer npunyun onrumasenoctu (U, E4pX
X Eg) na dom(Ayu, E44XE%p) npu coesacosanuu Apy.

JokazaTenbCTBO HENOCPEACTBEHHO CJelyeT H3
onpezenenus 3.1.1 u yrBepxueHus 4.3.2.

BrnoJsiHe aHa/noOrHYyHO MOXHO cOpMyIHPOBATL M yTBEp-
XKIeHHe O BHEWHeH annpOKCHMAIUH TMPHHIUNOB ONTHMalb-
Hoctu U u V. OTMeTHM, YTO B3aHMHYI0 aNNpPOKCHMALH!O
NpHHIMNOB onTuManbHocTd U M V MOXHO TpPaKTOBaTh, B
HEKOTOPOM CMBIC/I€ KaK 3KBHBaJIeHTHOCTh HJIH B3aHMO3aMe-
H$1€MOCTb.

[MosyueHHble pe3y/bTaThl JIETKO MEPEHOCATCS H Ha CIy-
yaji MHOTOKDaTHOrO MaKCHMHHa. B sToM caydae MHOXKe-
CTBO MOJeJiell NOJIOXKHM PaBHBIM

M= (X" X YOr, EYx [T (X%xYoi-l, Ef)x
i=l
x IT @ (X x Yo%, EYx T[N (X x [T (V9),

i=l i=1 i=l

rge X%i= l'II X0, Yoi= H Y%, a X9, Y° — HexoTOophiE

MHOXecCTBa, j=1, ..., n. I[Jm KpaTkocTu OyJeM HCHOJb30-
BaTb cJjejywoune o6osnavenusi. Jas A= (4, ..., An) o6o-
3HAUUM

A‘=(A1,..., Ai)’ iA=(Ai,..., An),

Hrak, Momennio siBasiercsi Ha6op m= (f, p, ¢, X, Y), roe
f(x, y) — ueneBoit pyukuuonan, xX= (X, ..., X»), ys¥=
= (Y1, ..., Yn); pynruun p=(pi, ..., pn), pi=pi(xi, y'~!) u
MHOXecTBa X 3aJaloT OrPAaHHYEHHs JJIsi NEePeMEHHBIX X,
a QYHKUHHM 4= (i, ..., Gn), §i=qi(X%, Yy') u MHOXKecTBa Y
3a]al0T OrPaHHYeHHs AJs nmepeMeHHbIX y. ITockombKy p H
g OynyT HCIONb30BATHCSI TaKXKe M KakK wrpadHble (yHK-
LiMH, TO yAOGHO CY3HTb pacCMaTpHBaeMOe MHOMKECTBO MO-
nenaeit go M°, rae

M ={(f, p, q, X, V)
eM| i’nf pi (x7, x;, y=1) =0, mf q: (¢!, y*~1, y;) =0,

xlexi y EY
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a5 Beex x=X, yev, i=1,.., n;
sup ~ f(x, y)— inf  f(x, y) =A<+ oo}

(x, y)eXxXY (x, YyXXY

BBeneM Tenepp npuHnumnsl ontumanbHoctd Uy, Vo, KO-
TOpHE SIBJASIOTCS aHaJoraMH INPHHLUHIOB ONTHMAJbHOCTH

U, Vv:
Up(m, €)= [uy(m, &, &)-~=&;, uy(m, &, &)+ &,
Vo(m, &) =[uvy(m, €, &) —e5, vy(m, &5, &)+ g,

TIe €, €2, &3, 84=E"y; &5, esElg; m=(f, p, q, X, V)=
-&=M°. OyHKIUMOHAJB Uo U Vo ONPELENHM IO PEKYPPEHTHLIM
dopmysnam (Tak xKe, KaK W BbIe, B TeX CJAyyasix, Iie 3TO
He BbI3biBaeT Helopa3yMeHHH, He GyleM BK/IIOYaTb MOJE]b
B apryMeHTH (QYHKIHI)

un (2% yr)=v, (x", ) =[(x, y), x&X, y&v,
a, (xi, yf, iHa, +Hp)=
= sup inf Wiy (e y 4L it 1+28),
X141 € Py Yi41 € Q41
;vi(xi' yt" i+la, i—l—lb):
=  sup inf  [ogp (611, yitl, 42, i) —
1S X Yip1SY 4
— Q1 P (Y, Y1)+ b g (0, i),
i=0,1,.,n—1;, a, B, a, bEE:_,
Iue
Py =P;(x, yi=l, o) ={x,&X;lp; (¢, ) <oy},
Qi =Q; (¢, y*~1, B)) ={v:i€Yilg: (x, y)<Bi}.

IHerpynuo Bumers, uto npu (f, p, q, X, Y)=M° dynkuno-
HaJbl u; ¥ U; ONpeJeseHbl, u; He yObIBaeT MO a; H He BO3-
‘pacraer no B;, i+1<<j<<n, a v; He y6nBaeTr mo b; u He
BoO3pacraer no a;, i+1<<j<n; i=0, 1, ..., n—1.

YcraHoBuM cBsidb MeXAy (yHKUHOHanamu u; ¥ v; Or-
METHM cHauaaa, uto u3 (4.3.1) m1a meM; (=0, 1, ..., n;
a, beE™, caefyet cnpaBelJHBOCTb HepaBeHCTBA !

sup u; (xl, yiv H_Ia» i+|b) -
XE xyt .
— inf o (d, yi, iHa, HE<AF). (4.3.2)

xt xyi
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VYrBepxneuue 4.34. IHycre (f, p, g, X, Y)=EM°.
Toeda 0as a, bsEny, i=0, 1, ..., n—1 8binoaHerO:
D o (x5, Hartin) <y (64, g, e, B)+ (+, 1+1B)

npu f = E"; a;ja,=A(), j=i+1, ..,n; e X,ysYi,
2) v; (X'., yi’ i+la,i+lb) > u; ()Ci, yi, i+16, i+1?)— <I,'—|—]a’ t'-l-la)

npu S E, b;vi=A(f),j=i+1,..,n; X,y

JdokaszaTeabcTBO mnpoBeleM HHAYKUHeH 1O .
Has i=n—1 yrBepxieHHe (paKTHYeCKH COBMajfaeT C YT-
BepxJenuem 4.3.2. Ilyctes Tenepp ans n—I1, ..., i+1>0
yTBepxKaeHHe AoKa3aHo. [IpumeHuM nyHKT 1) yTBepXKIe-
Hus 4.3.2, Korga posip LejeBoro (QyHKIHOHajJa  Hrpaer
viy1. Torma, yuuteiBasi (4.3.2) u mnpenmnoJioxKeHHe HHAYK-
LIHH, noJydaeM, YyTo NpH Biy1>>0 H a;+18;11=A(f) BbImO.J-
HEHO

Uf (xl:, yl', l'+la’ l+|b) <

< swp inf o4 (61, g, i, ) b By <K
*i+1SPi41 Yi1SQi
<  sup inf  [uq, (xiH, yitt, i3, 1H28)

*i41SPi4y Yi4+15Qi
- (420, )by By = i (e, 47, e, FH) (1D, ).

AnanorvyHo 10Ka3biBaeTcs W NYHKT 2). M

Hasa asEr, o6o3nauum a@ = (a7, ..., a,7!'). Torma
u3 yrBepxaenus 4.3.4 cienyer oueska Ans a, b, 8, pSEm

uy(8, A (0T —(a, 8) < v, (a, b)) Suo (A (F) @™, B) + (b, B) .
(4.3.3)

[Mpuseqem yCMOBHSI aANNPOKCHMALMH MPHHLIIOB ONTH-
manbHoctu Up, V,. BBenem Ha MOXE“n X E%; iBa co-
rJacoBaHHs

A2, ((F, p.g. X. V), ©) = {a = By X E|A () e,0<er < ot
A ei_ﬂ Loy << 0y, (g, Ag) + 0 < &5, (5, Xg) + g < 8} s
A ((Frpy g, X, Y), &)= {a = EA"XELIA () T < 0, << 0y,
A () e ay<<ay, (&, o) 405 < &5, (8 0g) 4 0 << g}
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Jlerko Bujgertn, uTo
0 4n 2\ =
dom (A2, E4* X EZ)

={(,p 9. X,Y,e) = MO X E* X EZIA(]) (e, &5) <<
<&, A(f) <8?382><35:A(f)>0 ui A (f) =0, 8> 0, g, > 0},
dorn (A Eeré) =

={(f,p,q: X, Y, &) & M X EA" X EZ|A () (£, &0) <
<& A(f) (€50, 28,) << &5, A (/>0 wm A(f)=0,¢e,>0,e,> 0}.

YrBepxneHnue 4.3.5.

1. Ipunyun ontumarenocru (Uo, E4*"XE?g ) 8Hyr-
penne annpoxcumupyer npunyun  ontumaasvnocru (Vo,
Eitn X E2g ) Ha dom (A%, Ei*nXE2g ) npu coesacosa-
Huu A%,

2. Ilpunyun onrumansnocru (Vo, E4*"XE?g ) 8HYT-
penne annpoxcumupyer npunyun ontumassnoctu (U,
EifnXE2g) Ha dom (A%, Ei*nXE?g) npu coeaacosa-
Huw A,

IJoka3zaTeabCTBO HENOCPeACTBEHHO CJeLyeT H3
onpenenenns 3.1.1 u ouenku (4.3.3).

§ 4. CpaBHeHHe NPHHLMUNOB ONTHMAJIbHOCTH
I MHOTOKPUTEPHAJIbHBIX 32424 ONTHMH3ALUH

Paccmorpum BHauajie B3aUMOCBSI3b NPHHLHIOB OINTH-
MaJIbHOCTH, OTBeYaloIUX 3ajaye HaXOXKAeHHs noaysddex-
THBHBIX TOYeK. B KauecTBe MHOXecTBa Mozesned M BO3b-
mem M(Em) c mceBpomeTpukoit u=Hr, TO ecTb ImcCeBLO-
meTpukoit Xaycnopda, nopoxAeHHOH r, rhe r(u, v)=
= max |u;i—uv;|.

1<ign

B § 2.5 noxazaHo, 4YTO TNPHHUUN ONTHMAJbHOCTH
(P, E2 X E™), nne

P (m,e)={veE 0, m| ecni u>v-t¢e,;, 10 u'e 0, m}, neEM,

YCTOHYHB NpH BecbMa CJabblXx NPENNOJIOXKEHHSIX, MpHYEM
COrJIaCOBaHMS, y4acTBylOllHe B (OPMYJHPOBKE YTBepKae-
HHH O ero yCTOHYMBOCTH, HMEIOT O4YeHb NpoCTOi BHIL (YT-
BepxkaeHne 2.5.4). OxHako GoJsiee TPaAHIHOHHBIM AJS 3a-
Jayd HaxOXAEHHS NMoNAYy3(P(PEeKTHBHBIX TOYEK  SIBJSIETCS
NpHHIMN onTAManbHocTH (&P, E'y), roe

&P (m,e)=0e P (m,0), me M.
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[TostoMy ecTecTBeHHO BO3HHMKaeT MNOTPeOGHOCTb B CpaBHe-
HHH TPUHIHIOB ONTHMAJbHOCTH &P U P).
Hanomuum, uro B § 2.5 6bJI0 yCTaHOBJEHO, YTO

P (m, ) = {0 < O, m| p (m, &, 0+ ) < 0},
rae

p(m,a,v)= sup min (u;—uv;).
us0gm 1isn

Orciofia noJjiyyaeM, 4TO
P1(m,e)=0Oe{v=m|p(m,0,0v) <0}

Hans cpaBHeHus & u P, BaXHYIO poJb UrpaeT QYHKUuA

17(m,a)=Hr("7’(m,a),@(m,O)), meM, a=0,
rie

g (m,a)={vem|p(m,0,v)<<a}.
YIsyuum HekoTopbie ee cBofictBa. OueBHAHO, YTO T He YOH-

gaeT no a, U ecau £ (m, 0)*=J, to v(m, 0)=0.
YrBepxnenue 44.1. Ecau m — kKomnakr, To ©v He-
npepoisna cnpasa no o Ha Elg .
JlokasaTeabcTBO. M3 MOHOTOHHOCTH T MO o CJe-
AyeT CyllecTBOBaHUE

hm T (m’ a) =7 (m’ °‘o+) > T (m' a0)~
>0+

TTockosbKy m — KOMNaKT, TO AJsi JMI060H NOC/AefOBaTEND-
HOCTH Gn—>Go-+ CYIIECTBYeT up%(m, an) Takas, 4To
t(m,a,)= inf r(u,,v).
ve.ﬁ(m,o)

He orpannunBas OGHIHOCTH, MOXHO CUHMTaTh, UTO Unp—>Uo.
{13 HenpepriBHOCTH pyHKuMH p(m, 0, u) mo u (yTBepxKnie-

aue 2.5.2) caenyer, 4To uo=% (m, ao). Ilpumenss Hepa-
BEHCTBO TPEYTOJbHHKA [JIS r, MOJYyYaeMm

T(m, o) << Anf 1 (g, ) 7 (U, )T (M, ag) +1 (U, ).
ve?";(m,O)

{Tepexonst kK mpejeny mpu n—oo, mojaydaem t(m, ao+)<<
<t(m, o). A
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U3 yrBepxkAenns 4.4.1 cienyer, 4to ligr_:l_ t(m, a) =0,
o—

OJIHAKO OLEHKHM CKODOCTH CTPeMJIeHHsS He yKa3blBaeTcsl, XO-
TS /s TOCTPOEHHS KOHCTPYKTHBHBIX YCJIOBHII CpaBHEHH?R
NPUPUHUIOB ONTHMAJbHOCTH P M P, TaKkHe OLEHKH NOTpe-
Oytorcs. Ecaiu Ha Mozenb m He HAaKJaAblBaTh HUKaKHX J0-
NOJIHUTEJIBHBIX YCJIOBHH, TO JIETKO BHJETb, YTO CXOAUMOCTH
t(m, a)—>0 Moxer OHTb CKOJb YroJHO MeJJieHHOH. Bae-
JleHHe OrpaHHYeHH#l Ha CKOPOCTb  CTPEMJIEHHS K HYJIO
t(m, @) sBAsgeTcs Pa3sHOBHAHOCTHIO YCJOBHH peryJspHOC-
TH, paCCMOTPEHHBIX BhIlLE U TPHBOAUMBIX B [81].

W3 onpenenenns ¢pyHKuuH t cjaelyeT, YyTo ecau P, (m,

e)#=J n e>t(m, a),_TO P(m, o) =P, (m, €). Ucnoassys
3TOT (aKT, HEeTPyAHO CGHOPMYJHPOBATL YCJOBHS, NPH KO-
TOpPHIX & BHYTpPeHHe ammpoxchvupyer &;. Bpeiew corna-
coBaHHe
Ciime)y={acs E_zl_ X En|e > o, + T (m, max ag; -+ o, —a,),
1<ign .
o, << o,+ min oy},
<isn
s obecneyeHns HenycToThl P H C; BBeleM NOAMHOXKe-
cTBO Mg MHOXKecTBa Moneneil M, rie Mgk — MHOXeCTBO
HeNnyCThlX MOAMHOXKeCTB E™, SIBISIONIMXCS KOMIAKTaMH.

YrBepxaenune 4.4.2. [Ipunyun ontumareHocTu P
BHYTpEHKHe ANNPOKCUMUPYET NPUHYUN ONTUMAABHOCTU P
Ha Mg X E't npu coearacosanuu C;.

HoxasarteabcrtBo. [lycts (m, g) =MgXE'. Tor-
na P,(m, ¢)*J u, KaK cjlefyeT U3 yTBepxueHus 4.4.1,
Ci(m, ¢) = . Ilyctb asC;(m, e). Vicnonb3ys: oneHky ans
dom (%, E2yXE"*) u3 § 2.5, nonyuaem P (m, a)+*=D.
Ilyets veP(m, a). Torna cyiiecTByeT usm Takas, 4TO
r(v, u)<<ay u
pm0,u)<<p(m0,v)+o, <<

<p(m, a,vtag)+ 1T<x Og; 40 — 0y S
<i<gn

<< max og; oy —a,,
1<ign
CJaefoBareJbHO,

P (m, @) = Oq, P (m, MaX og; +0;—0g) = Py (m, e). W
I<isn

Ucnonb3ysi n0Ka3aHHOe yTBepKIeHHE H YCTOHUYHBOCTb
NpHHLHOA ONTHMAaJbHOCTH %, MOXKHO IO cXeMe, yKa3aH-



§ 4. MHOTOKPUTEPHUAJIbHBIE 3AJAUU 211

HOfi B yTBepxAeHuax 3.2.8, 3.2.9, mosyuuth yTBEpXKIeHHE
0 BHYTPEHHeH perynspH3aluy NPHHIHNA ONTHMAaJbHOCTH
#,. [las npuMepa npuseleM YCJIOBHS BHYTpeHHed A-pery-
Jasipusaniu cBepxy Aas P. Ha mHoxecrBe Mg XE's BBe-
JeM corjacoBaHHe

Ch(m, &)= {(a,8) = EZ XE"XE} |o, <o, + min ag;, §>A,

1<isn
8>a1+6+r(m,lgl‘2 Og; +2 6+ —ap)}.
Hcnonp3ys cpoiicTBa (yHKUMH T, HECJIO0XKHO NMOKa3arb, 4To
dom (C4;, E1+)={(m, g) EMKXE1+|8>A+T(m, ?.A)}
YrBepxaenue 4.4.3. Hmeer mecTo 6Kawuenue
(#, E2 . XEr)=IRUA[ (2, Ely), dom(CA, E'}), CA].
Hccnenyem Temepn BOmpoc 0 BHelIHeHl anmpoOKCHMauuHi

OpHHIHMNA  ONTUMaJbHOCTH %P;. BBeleM Ha MHOXecTse
Mg X E'y corinacoBanue

C.(m,e)={a s EL XE"|a; > ¢, 05> e+ 0a,}.

Yreepxaenue 4.4.4. IIpunyun onrumassHocty P
BHEWIHEe ANNPOKCUMUDYET NPUHYUN ONTUMAALHOCTU P HA
Mg X E'y npu coenacosanuu Ce.

JokasaTeabCTBO CcJeAyeT H3 HepaBeHCTBA

p(m, oy v+ << p(m,0,w)+a,+e— m.inn Og;y
EIES

rie r(v, w)<<e. A

3aMeTHM, 4TO CyXKeHHe MHOXKEeCTBa MOAeJeHd 10 MHO-
JKecTBa KOMIIAKTOB 3/leChb MOTPe60Ba/OCh TOJNBKO AJf TOrO,
yToObl OGecrmeyuTb HemycToTy Pi(m, e), XoTd HJsi 3TOro
MOXHO Obl10 Gbl HAJIOXKHTb H GoJsiee ciabhle YCJIOBHA.

Has npumepa cchopmy/upyeM Teneph YCJOBHs BHelW-
Helt A-perynsipusaunu cHU3y mis &P;. Beenem Ha Mgy X E'y
corjiacoBaHue

C2(m, e)={(a,8) € E3 XE"XE|a, >

=e+8, a3 =848+, § > A}.
Cnpaseniuso paseHcrBo dom (CA., El )=MgXE'.

YreepxaeHue 445 Hmeer mecro exaswouenue
(P, E2.XE")=ERDA[ (£, E\}), Mg X E',, CA].

OTMmeTuM, 4TO yCJOBHSI BHEIHe#l anNmpOKCHMaLHH H pe-
ryJaspu3aluy Qs %P, BecbMa NpPOCTbl, a YCJOBHS BHYT-.
peHHell annmpoKCHMalWu W peryJaspudaluu s %P, cyliecr-
BCHHO CJIOKHee 13-32 HCNOJb30BaHUsl (GYHKLUHH 1. B o6mem
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ciayyae 3ajfiaya BBIYMC/IEHHS OYHKIHHM T SIBJseTCS BecbMa
HeTPHBHAJIbHOH. DTO 0O6CTOSITENILCTBO H OTCYTCTBHE, BOOG-
e roBOpSl, YCTOHYMBOCTH Yy TNPHHIHNNA ONTHMAaJbHOCTH
%, HaBOIAT Ha MBICJb, YTO NPHUHLUHNI ONTHMAJBHOCTH P,
BecbMa Heyl1o0eH I NPaKTUYeCKOro HCHOJb30BaHHSA, U
NO3TOMY pa3yMHee He HCKaTb OoJsiee IpOCTHe, ueM 2,
BHYTPEHHe peryJsipU3yIOlHe MPHHIUNBI ONTHMAaJbHOCTH,
a c camoro Hayajna TepedTd K OGojee ymoOHOMY #
6/MU3KOMY TI0 COJEepXKaHUu K &P, NPHHUUNY ONTHMAJb-
HOCTH, Hampumep K P.

Tenepp ucciaenyeM B3aHMOCBSI3b NPHHIMNOB ONTHMAJb-
HOCTH, CBSI3aHHBIX C 3ajlauell HaXOXKJAeHHA TOYEK, ONTH-
MaJbHBIX 1Mo ITapero. MHoXecTBO Mozeneft U ICeBIOMETpH-
Ky JAJd HUX OCTaBHM TaKMMH e, KaK H NPH CPaBHEHHU
NPHHUMNOB oONTHMaJbHOCTH P u P,. Bynem cpaBHuUBaTb
JNBa TpUMHUMDA onTuManabHoctH: (7, E2g XE?"), rme

T (m,e)={veV(m,e)| ectu usV(m,e,), u>v—ez, T0
' u <: v+84})
V(m,a)=0,m npu a>0 u V(m,0)=m, u Gosee Tpanu-

uHoHHbt (JC,, E}) .

T, (m, €)y=0: T (m, 0), e >0, I, (m,0=3 (m,DO0).

YcTOHYHBOCTL MPHHIMNA ONTHMAaJbHOCTH JI HCCIENOBa-
Jack B § 2.5, noatoMy 3z1ech GyleM HCNOJb30BaThb 0603Ha-
uyeHHs u pesyabTaThl u3 § 2.5. Xopouwo wussectHo, uto Jf ,
He sIBJIsIeTCSs, BOOOIE rOBOPS, YCTOHYHBLIM (CM., HampHMeD,
[71]), nmosToMy BBISICHEM YCJOBHSI, P KOTOpbIX J[ am-
npokcuMupyer J;.

PaccmoTpum cHayasna BONPOC O BHYTPEHHeH ammpoOKCH-
mauun. BBenem Ha mHOXecTBe Mg X E'g cornacoBanue

G, (m, e)={“EEéxE2"I°‘a = oy, e = a, 4oy,
a* (m, o) << 0}.

Yreepxkaenue 44.6. [Ipunyun onTusarbHocTu
(I, E?qXE2) enyrpenne annpoxcumupyer (J,, E'g)
na dom(G;, E'g ) npu coeracosanuu G;.

HokasartenbctBo. Ilyers (m, e)=dom(G;, Elg),
a asG;(m, ¢). U3 ycaosus n*(m, a)<<0 caemyer, uro
T (m, a) =J. Iyctb

vedl(mo={ucsV(m, o) a(m, oy, a,, 1) << o).
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Torma cyumiecTByeT ToYKa WeEm Takas, 4to r(v, w)<<a.
OTcrona

weD(m, 0, as—ai, w)={usm|u=wv—ast+ou}c
<D (m, a,, as, v)
¥, ciefoBaTes]ibHO, AAd i=1, ..., n BbINOJHEHO

7, (m, 0, ag—a,, w)= sup —U; <
uesD(m, 0, a,—-al.w)
< sup u;—uv+rvw <<

usD(m, @,,05,0)

< T3 (m1 az’ aav v) +al < @y +al'

A

Orciofa nosnyyaem
Hf (D (mv 0) 0’ w)s w) oy + lmax a’4i al + " ad“

Ho D(m, 0, 0, w) — KOMNakT H
B+ I, (D (m,0,0, w),0) < T (m,0).
TostomMy cymectsyer Touka u°=J(m, 0) Takas, YTO
r (v, v°) <ai+lleasll, To ects
T (m, &) = Ty (m, oy +lay). W
Hcnonn3yss yrBepxkiaeHne 2.5.10, HeTPyAHO NOJYYHTb
oueHky s ni*(m, o). JeldCTBHTEJNbHO, pa3 m — KOMIAKT,

TO Ha m orpaHuyeHa Jio6as ¢pyHkuus Buma (A, u)-+vd(u),

rie A&Eny, v=0, d(u) = min u;. [Tonoxum A=e,, v=0,
1<i<n
TOorjaa

a* (m, a) << a* (m, 0, 0, (o¢y—a,) e, + a5, 0)—d (o) 400, —
—0y < (%, &) + 1 (Rp—0y) —d (25) —d ().

Ecin ucnosb30BaTh MOJYYEHHYIO OLEHKY B COIVIACOBaHHH
Gi, TO mOJyYuM

G (me) DG, (me)={ac EngEMIas =>a,,
e = a;+|lagll, d (o) +d (o) >(ay, €,) +1n(2—ay)},
dom (G, EGIB) =MgXE}

OTciofia JIErKO NMOJYYHTh YCJOBHA AJISE BHYTPEHHeH peryJs-
pusaunu ao6oro THna Aas J,. OcraHoBHMCA Ha BHYTpeH-
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Heii A-peryasipuzauxu cBepxy. Ha MgXE!'y paccMoTpum
COI'IacOBaHHE
Gt (m, &) = {(t,8) € EZyX E?" X EL | @ty + 5 < 0gy 03 >,

ez a6+l 6> A, d(ag) +dla) > (ag,e,) +
. . +n(@y—a;—28)}
HeprILHO YCTaHOBHUTb, UYTO
dom (G#; E )= MgX{e € El Je > A}.

Yreepxnenue 44.7. [punyun ontumassroctu I
eHyTpenne A-pecyaspusyer ceepxy Ji na dom(GA,, Ely)
npu cozaacosaruy GA;.

IloxasaTeJIbCTBo clenyeT u3 yrBepxueHui 2.5.8,
4.4.6.

IlepefineM K HCC/JELOBaHHIO BHEWIHEH aflBpPOKCHMALUH
ons J,. 3agaya 3akJIO4aeTCs B TOM, YTOOH AJsa (m, g) €
EMKXE1@ HaliTh as=E?g XE?", ynopieTBopsiollee yc-
JoBuio T, (m, e)=TF (m, a). Tlockoabky cnpaaenmmo
BKJIIOUEHHE

Oe T (m, ) = T (m, al—{—s, Oy aa e, a,+¢), (4.4.1)
TO 3ajlaua BHellHe#l amnpokcuMauuu J; CBOAUTCH K HaxXo-
xaenunio asE2g X E?", ynosaeTBopsiouiero yciaosuio 7 1(m,
0)ca(m, a). IycTs npusuun ontuManbHOCTH (9%, Ely)
yIOBJIETBOPSET YCJIOBHAM:

1. dom (%, E\)= Mk xEL. .
2. m > (m, B) > I (m, By) npn B, <B,.
3. g (m, B) > F,(m, 0) npu p> 0.
Eciu asE?g XE?" u ylnoBNeTBOPSET YCJOBHIO
T (m, B) = T (m, @), (4.4.2)
10, Hcnob3ys (4.4.1), nonyuaem '

T, (m,0) = T (m, oy +B, &y, atg—BP, oty +P).
Hns Broimonnenus: (4.4.2) pocratoyHo moTpe6GoBaTh, 4TOGHI

Qy > o (m, ﬁ (m, B): Qg aa),
rne

w; (m, A, a,, ag) = su]l Ty (m, oy ag,v), ACE"i=1,..,n
ve

Hrak, cnpasenanso
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YrBepxaenue 448 . [lpunyun OnTUMAALHOCTU
(T, E*q XE) enewne annpokcumupyer (%1, E'g) Ha
Mg X E'g npu coeracosanuu G, 2de

G, (m, e)={q‘e EéXE2"|38'>8 ta, >, q >0+

S +o (m, T (m, & —¢). &y, ag+£")}.
OTMeTHM, 4TO MPUHLHUN ONTHMaJabHOCTH JI, yHOB/IETBO-
PAIOIMH YKa3aHHBIM Bbillle YCJAOBHSIM, BCeraa CyILECTBYET.

Hanpuwmep, MoxHO cuutath, uto I (m, B) =T ,(m, 0). [lo-
CKOJIbKY OCHOBHYIO TPYAHOCTh B YCJIOBHAX BHELIHed an-
NPOKCHMAINH COCTABJISIET BbIYUCJEHHE (QPYHKUHH o HJIH ee

OLICHOK, TO IPOH3BOJIOM B Bhi6Ope JI MCHKHO, BOCMOJIb3O-
BaThbCsl JMJIsSi YTIPOIIEHHS] OLEHKH . Boolwe rosops, aas
BHEIIHEH aNnpOKCHMallMH MOAXOAAT JioOble, AaKe BecbMa
rpy6bie OLEHKH CBepxy A w. OQHAaKO HHOrAA Kejare.lb-
HO, 4TOGbl AMMPOKCHMHPYIOIIee BHEIIHHM 00pa3soM MHOXKe-
CTBO HE COIEpPIKasio CJAHIIKOM MHOTO «JIMIIHMX» Touek. Ilc-
5TOMY HHTEPECHO MOCTaBHTb BONIPOC: NPH KaKHX €, & H
asE?g5 X E?" BHINOJIHEHb BKJIOYEHH A

, T (m, &)= T (m, a) = T, (m, &,)?
OTBeT Ha NOCTaBJIeHHbIH BONPOC 3aBHCHT, KOHEYHO, OT BHI-

Gopa Ji . PaccMOTpHM OJHH M3 BAPHAHTOB BHGOpa 9 . Bae-
Iem.npuHuun ontumansioctn (Gf, Elg ), rae
Gi(m,e)={vem|Va>=0n(m,0,ae,, v)<ae !}, £¢>0,
Gi (m, 0)= U-Gf (m, e).
e>0

ODTOT NPHHLUHN ONTHMAJbHOCTH €CTECTBEHHO CBf3aTbh C TOU-
Kami, ontuMagsHeiMu 10 JI:kohdproHy, KOTOpHIH BrepBbie
BBes1 MHOxectBo Gf(m, 0) [88]. Herpyauo Buzerb, uTo
Gi(m, 0)<J,(m, 0). Oas toro uro6b ucnoab3oBath Gf B

KayecTBe %, HYXXHO NPOBEPUTH YCJ/JOBHSA, HAJNOXKEHHBIE Ha

J. OcHOBHBIM [J1s1 TPOBEPKH 3THX YCJIOBHH siBJsIETCS
YrBepxaenue 4.49. [Iycre m — 3amknyroe noo-
muooxcecrso En. .
1. Ecau cywecrsytor A=En, u wveE'g rakue, uro
dynkyua (A, v, u)=<(A, ud+vd(u) oepanuuena ceepxy
npu uesm, to Gi(m, 0)#=3J u .

m,—o—) > ﬁl (m, O)
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2. Ecau 0as aroboix N=E™y u veElg ¢ynkyua $ (A,
v, u) neoeparuuena ceepxy npu usm, to Gf(m, 0)=dJ.

3ameuanue. Bciony miaotHocts MHoxectBa Gf(m, 0)
B g7:1(m, 0) NJs BHIOYKJIOrO MHOXeECTBa m JHOKa3aHa B
[87], npu oTcyTcTBHM BHINYKAOCTH, HO ¢ 6GoJiee CHJIbHBLIMH
OrpaHMYeHHsSMH Ha m, ueM siech, B paborax [62, 57].

Has noxasaTteiabcTBa yTBepxkAeHus 4.4.9 norpebyercs
BCIIOMOraTeJibHOE

Yreepxaneunue 4.4.10. B ycaosuax nyukra 1 yreep-

acoenusn 4.49 Oas i=1, ..., n 8bLNOAHEHO:
1) Tim =, (m, 0, a, v) < &; (m, 0, a®, v°);
a—»o0

v—>0°

2y lim'm; (m,0,a,v")= lim xn;(m,0,a’ v)=

oo V>p0—
= ﬂ‘- (m) 0) ao’ 00);
3) lim « n; (m, 0)a, v)=m, (m, 0, a°, v°).
E>al, v—>1°

azal4-|li -0

HoxkaszarteanbctBo. IlycTs vh—>v® u cymecTByer
lim n;(m, 0, 0, v*). Ecau lim m;(m, 0, 0, vk)=—o0,

k—>o00 k—o0

TO, OYEBHJHO, BHINOJNHEHO lim m;(m, 0, 0, v*) <m;(m, O,
k—>o00

0, v°). IlycTs TemepnL cnpaBelJHBO klim n;(m, 0, 0, v*) >
—>00
>—o00. MOXHO CuyuTaTh, 4TO IJs JIOObBIX HATypaJbHLIX R
BuinosiHeno D(m, 0, 0, v*) = . Tlokaxem, uro D (m, 0, 0,
vk) — kommnakr. [las 3TOro JOCTATOYHO MOKa3aTb, 4YTO
D(m, 0, 0, v*) orpanudeno. Ilyctb A&En, u veEly rta-
kue, yto Y (A, v, u) <<C pna moboro usm. Torma naa
aob6oro usD(m, 0, 0, v*) u j=1, .., n  BHNOJHEHO

Aj(uj—vR) << (A u—v%) +vd(u—oH) <C— (A, vF) —v d (vF)
H, CJeJ0BaTeJbHO,

N 4
0 u—vrg S8 0] (4.4.3)

HUrak, nockonsky D(m, 0, 0, v*¥) — komnakt, To cyuecr-
sylor ukeD (m, 0, 0, v*) Takne, 4yT0 wki—vR;=m;(m, 0,
0, v*). ITockosmbky vk cxomutTcs K v° TO HETPYAHO MNOKa-
3aTh, YTO MOCJENOBATENbHOCTh U* OrpaHHYEHa, H, CJIeA0BA-
TEJIbHO, MOXHO CYHTaTh, 4To uk—>u®. Tak Kak m 3aMkHy-
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ro, To u’em, u, nepexols K npeiesly B HEDaBEHCTBe uk>=
=vuk, noayuaem u’<D (m, 0, 0, v°). Orciona
lim xi; (m,0,0,v%) = lim (u* —v*)=u)—?<C

k> k>

<m; (m, 0,0, 0.

Jasi njokazaTejbcTBa MyHKTa 1) OCTasoCch 3aMETHTb, UTO
CTpaBel/InBO TOXKJECTBO

n(m,0,a,v)=n(m,0,0,v—a)—a

IlokasaTenbCTBO MyHKTa 2) BHITEKaeT U3 MOHOTOHHOCTH
¢yukunu nm(m, 0, a, v) o @ U v. JloKa3aTeJbCTBO NMyHKTA
3) BHITEKaeT H3 MPHBEJEHHOrO TOXK/JECTBA, MyHKTa 2) U He-
paBeHCTBa

v—a <v——oc°—||v P<L'—a’. |
HokaszarteabcTBO yTBep)KneHnﬂ 4.4.9. Iycry d=
eJ1(m, 0). U3 yrBepxaenns 4.4.10 caexpyer, uTo AJIA
¢>0 cyuiecTByer o?eEu Takoe, YT a<<e H 0<n(m, 0,
a, 0) <m(m, 0, 0, 9) +e=e.

[Tycte nns mwoboro uem sunoiaseHo P (A, v, u) <C.
AHanornyHo J0Ka3aTe/bCTBY yTBepxJeHHs 4.4.10 Moxuo

nokasatb, uto D (m, 0, a, ) He MyCTO, SABJSIETCS KOMIaK-
TOM H aas Jwobbnx usD (m, 0, a, §) BHINOJHEHO

—e<—a u—v\n(m,O, &,5)<e,
Cymectsyor A=E", u 'VEE‘@ TaKHe, Y10
d (%) [d(A) +1> (4, 7 (m, 0, &, 0)).

PaccmorpuM dynkumio $ (A, v, v—90). Iyers uesD (m, 0,

a, 9) u cymecrByer j, |<<j<<n, Tako#l, ur0 u;=0;—a;.
Torna cnpaBennnBa Lenoyka HePaBEHCTB

Y, v, u—0)= (h, u—0) + vd (--0) <
—hja;4+ (K, w(m, 0,a, 0)) —va; <
—d () [d®) + vI+ (A, 7 (m, 0,2, 0)) <0=
=9 @, v, 0—0)

8 5 A. Mononnos
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OTclofia, yuHThiBasi HenpepHBHOCTb § (A, v, v—0U) U KOM-
nakrtHocts D(m, 0, a, J), ciaelyeT, uYTO  CYIIECTBYET
v eD(m, 0, a, ), yIOBIETBOPSIOMWAs YCAOBUAM V0 >0—a

u p(h v, 09—0) = (A, v, v—3) mas scex veD (m, 0, a,
0). Y3 nmocaenHero ycjoBus CAEAyeT, YTO

(A, *— ) +vd (@ —0)> (K, v—0) + vd(v—0).
Orciona
(h v—-0 + ¥ [d (v— 1) —d (" —0)] < O.

YuutnBas, uto

min (v;,—0;) > min (v;—v})+ min (v}— v,
1<isn 1<ign i<i<n

uJ4, B APYrux o603HaYeHHsX,
d (v— v)—d (*— v) > d (v—1"),
nosy4aem
(hy, v—1?) + vd(v—0") <0 (4.4.9) ‘

st mobuix veD (m, 0, a, 7).

Ecau teneps veD (D (m, 0, a, 9), 0, 0, v’—ae,), a =0,
To U3 (4.4.4) monyuaem

Ahov—tv"+ae,)+ vdv—o®+ae)<a (A, e,) +av.
Orciofa aas i=1, ..., n uMeeM

v, — 0} << o [(K, ,) +V1/d ()
nasi Bcex veD(m, 0, &, J) Takux, 4to v=v'—ae,. ITO
03HAYaeT, 4TO
a(D(m,0,a,0),0,ae, ") <a[(A ) +v1/d (%),

10 ectb '&Gi(D(m, 0, g, 9), 0).

[Iycts Tenepn veD(m, 0, aen, v°) \ D (m, 0, a, 9), 1O
€CThb CyllleCTBYeT [ Tako#, uTo v%—a<< v<0;—a;. OTciona
a>0%—0;+a;=d (v°—0+a) >0. CreoBartesnHo, ecid
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weD(m, 0, aen, v°) H 0<a<<d(v°—d+a), T0 w=D (m,
0, &, 7) u Torma
n (m, 0, ae,, )=a(D (m,0, 2, 5), 0, ae,, v*) <

< [k, e,) +v/d (h).

Ecan xe a>d (v°——z‘z+&), TO, Hcnonb3ya (4.4.3), monyua-
em 1as j=1, .., n

n;(m, 0, ae,, V)=
= sup u;—vl= sup u—I <<

ueD (m, 0, aep, %) ! ueD (m,0, 0,0"—aen)
<S[C—Y (A, v, v —ae,)l/d (M) =
= [C—ll) A, v, 00)_|__a 0‘" en) +val/d (A).
Hrak, nas a>>0 BHIOOJHEHO
n(m,0, ae,, v')/a<<
hemtv | C—vRhv.v) . Kentv
d(X) A0)d@ —o+8) d ()

10 ecTh VoGi(m, 0). [Tynkr 1 nokasaH.

JlokaxeM BTOPOH OYHKT yTBepxkIeHHs. [Ipeamosoxum,
uro Gi(m, 0)%%=< n u’=Gi(m, 0). Torma cymecTByer
v>0 Takoe, UTO

<< max

’

sup 7n; (m, 0, ae,, u%)

I1<i<n a
a>0

Sro HEPaBEHCTBQ 3KBHUBAJIEHTHO CACAYIOUIEMY:
0

L, (4.4.5)

<.

Vi—Uu

sup
15ign
a

veD(m, 0>,‘t)zen ,u%)
Tlycth v — npousBosibHAS Touka U3 m ¥ v=u®. Tak Kak
wedl,(m, 0), to a=—d(v—u®)>0. CaenoBarennHo,
veD(m, 0, aen, u°), u u3 (4.4.5) mnoayvaem pas (=
=1, ., n

[vi—ud)/[—d (v—0)] < v.

Orcroga aag i=1, .., n

ud—v; > v min (v;—u?) = vd(v)—v max 4 (4.4.6)
1sign 1<ign
8 *
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MMycts A&E™; u (A, en)=1. U3 (4.4.6) moayuaem
% Ay +v max u > (v, ) +vd (@)

I1<i<n
st Jobsix vem. CiaelroBaTesbHO, VP (A, v, U) OorpaHHdYeHa
Ham. A

U3 ompenenenuss Gi cnemyer, uro ana veGi(m, 0)
lim r (v, Gf (m,a))= lim inf r(v,u)=0. (4.4.7)

o—0-+4 -0+ usGi(m,a)
W3 yrBepxaenns 4.4.9 cnenyer, uro (4.4.7) cnpaBemJ/nBO
a3 awobbx ve g, (m, 0). Beelem ¢yHKIMIO
t (m, 0)=Hr (J, (m, 0), Gl (m, a)), a=>=0.
Yreepxneuune 4.4.11. Ilycre m — 3amknyroe nood-
muoxcecreo En, cywecreyror A=Em, u veE'g Takue, 410

Y(A, v, u) oepanuuena Ha m u J,(m, 0) oepanuueno.
Tozda

lim ¢ (m, a)=1t(m, 0)=
04

HoxasateanbcTBO. Ilycth an—0+4, e,—>0+4; TOI-
Jla cyliecTByeTr Touka u,&Jl,(m, 0) Takas, uTo

t(m, a,) << inf r (U, v)+¢,.
ve Gf (m, ay)
Ilockonbky %71 (m, 0) orpaHuYEHO, CYIIECTBYeT uoEm, Npu-

yeM U,—-Uy H, caefoBaTesibHo, Uy 1 (m, 0). Torna umeem
tm, )<< inf r(ug U)+7(ug ty)+&s.
veGi (m, o)

[lepexons B 3TOM HepaBeHCTBe K Npefeay MPH n—»oco, Mo-
Jayqaem .
lim ¢(m, a)<<O

x>0+
Ocranoce 3ameTuTp, uTO OQyHKUMsS {(m, a) He yOblBaer
o o W

W3 onpenenennss ¢yHKUHH ¢ cAeLyeT, yTto Nnpu P=
={(m, o) BBHIIOJHEHO

0p Gi(m, )27, (m, 0).

BoisichuM Tenepb, NpH Kakux meMg; e, e:>0 u o=
& E2g X E2" BHINOJIHEHO

Gi(m, &)< T (m, )Tt (m, &,). (4.4.8)
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Hs obecneueHHs1 BBLIMOJNHEHHS BTOPOro BKJ/IOUEHHS MOXK-
HO BOCIIOJIb30BaThCsl corsacoBaHueM G;, a Inaa obGecneye-
HUSL MEPBOTO BKJIOYEHHS OLEHHM C NOMOLIBIO YTBEpXKIe-
Hus 2.5.9 Besnuuny

0; (m,IGi(m, &), 0y, @)= supj* mj(m, ay &3, V)<<
veGf (m, &)
< sup m;(m, 0, agtaye,, v)4 o, <<
veGf (m, &,)

<< sup  @;;(m, 0, e, (a,+ maxag), v)+o, <
o=Gf (m, &,) I<k<n

<oy +e! (e + max ag).  (4.4.9)
. I<k<n
CaenoBatenbHo, HJs BeiDOJHeHHs (4.4.8) mocTaTouHO,
4To6H asG (m, e, €2), rie meMg u
G(m, 81, 82) =
= {aEEfe XE™ | oy =0, 8= oy +|loyll, d(es)+ d (a)>
>(ag, ep) +n(ag—ay), o>, 4+ (a+ lf<nkax O3p)}

Ik

Herpynuno moayuuts, 410
dom (G, E%)oMxx E%-
U3 (4.4.8) caepyert, uto
T, (m, 0)=O0t (m, e,) T (M, @), T (m, ®)=0¢, J,(m, 0),
N03TOMY
Hr (% (m, @), T, (m, 0)<max{t(m, e,), &}.

Ecarn  monoxuts a=(a, 0, aen, be,), roe a, b>0, ro
aEG(m, -:— , a-t+ b) , M IoJiyyaeM OLEHKH Jisg meMxg:

T (m, O)Cot (m
" b

J (m, a, 0, ae,, be,)=0q45 T, (m, 0).
Orciona onenka B MeTpuke Xaycnoppa umeeT BHA

_g_)*%(m’ a, 0, ae,, be,),

Hr (% (m, a, 0, ae,, be,), :/Tl(m,O))gmax{t (m, —:-), a—{—b} .

PaccmoTpum Tenepb Gosee obuiyio, ueM (4.4.8), 3anauy,
a HMeEHHO, BHISICHHM, IIpH Kakux meMg; &, &, 6>0; as
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eE*q XE* u A=0 nas  mobbix [=Mg Takux, 4TO
Hr(l, m) <0, BoinosHeHo 6 >A u

Gf(m, e)=T (I, )T, (m, &,). (4.4.10)

HeTpynHo BuleTh, 4TO CyLIeCTBOBaHHe yKa3aHHHX (a, O)
O3HayaeT, yTo Ji BHYTpeHHe A-perynsipusyer cBepxy Jii Ha
(m, e2) npu cornacoBanuu (o, ) u J BHeliHe A-peryns-
pusyer cuusy Gf Ha (m, &) 0Opu TOM Ke COIJIaCOBaHHH
(o, 8).

Bxiatouenue (4.4.10) 3KBHBaJIGHTHO CJEAYIOMINM:

Gf(m, e))cindl (m, o, §), exT(m, o, I, (m, &,).
[TpuMeHsiss oueHKH W3 yTBepXKAeHHs 2.5.8, moayunm  IpH
a;, ae=>0

Gi(m, e)=T (m, a,—§, ay+ 8§, Ay &),
Ty (m, &) (m, a;+8, ay—38, ag, ).

Teneps, ucnonwb3ys corgacoBamne G2; u ouenky (4.4.9),
IIPHUXOJHM K COIVIACOBaHHUIO

G (m, &, &)={(a, S)SELXE"XEL|A<s<a, < ay—S,
a2>67 a4 a +6+8_l (a2+6+maxa3,)

= o+ 8+ |loll,  d(eg) +d(e)>(2s, en) +
+n(ay— a;—2§)}.
SJIeMeHTaprIe BBIYUCJICHHUS OaI0T

dom (G, E}) = Mix {(e;, e)=E3|e,> 4 A (14¢7")}

Hrak, ectu meMg, eo>4A(14+¢1), >0, To npa1
no0ex (a, 6§)eGA(m, e, €2) BhnoaHeHo (4.4.10). :

Takum o6pasoM, noxkasaHo, yTo npu BbiGope Z =Gi
ylaeTcss HalTH NPOCTYI0 OLEHKY AJs (QYHKIUHMH @, ydacT-
BYIOLEH B COIJIACOBAHHH [JJi BHEIIHeH amnmpoKCUMalHH
J\,, HO TOTHA TPYNHO OLIEHHBAETCS pAacCTOSTHHE  MEeXIy
Z,(m, 0) u Gi(m, &), To ectb pyHKuusi {. MOXKHO CyxaTb
KJacC paccMaTPHBaeMblX MoJeseH, ¢ TeM 4TOObl Ha 3TOM
ryiacce MOXHO ObLIO HafiTH JIOCTAaTOYHO MPOCTYIO OLEHKY
1151 q)yHKan t. Onnako yno6uee 3ajauy BHEIIHed aNmpok-
cuMauun %, 3dMEHHTh 3ajayeil BHeIUHeH aNMPOKCHMAaIHH
Gi, ecau, KOHEUHO, 3TO JOMYCTHMO C TOYKH 3PeHHs JHUA,
craBsinlero 3afauy. B cayuae, korma Gf — cauumkom «ys-
KHA» TNDHHUMI ONTHMAaJbHOCTH M HE YAOBJETBODSIET Tpe-
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6oBaHHSIM INOCTAaHOBIIHKA 3ajaum, JIerko IDOCTPOUTHL pac-
ITHPEHHEe 3TOro MpUHIHUNA ONTHUMAJbHOCTH. Ilnst atoro BBe-

JeM NPHHIHN ONTHMAJbHOCTH (af, ¥), rae
Gt (m, ¥)= {vem|V¥a=>0 =n(m, 0, ae,, )<<V (a)},

a ceMmeficTBo ¢GyHKUUA ‘}':(D(E!B, EéB) COCTOMT M3 He-
KOTOPHIX HeyOblBaroulux (YHKIHH, paBHBHIX HYJIO B HYyJe.
HeTpynHo BupeTk, uto ecin B KauecTBe W B34TbL Bce JH-
HeliHble QYHKIHH, TO NOJYYHM

Gf, W) =(Gf, EY).
Ecin ke VY -— Gonee Goratoe ceMeACTBO, TO CEeMEHCTBO
mHoxecTB Gf(m, ) Oynmer mmupe, uem Gf(m, ). B kaue-

CTBE NPHMEPOB MOXKHO HPENJIOXHTh CeMeHCTBa
1

¥, = {$|¥(a) = max {Aa*, Ba'},
A, B>0, k, | — naTypaJbHbe},

Wy = {P|Y(a) = ek*—1, k>0}.

H3yuum Tenmepp B3aMMOCBSI3b HEKOTOPHIX  NPHHIMIOB
ONTHMAJIbHOCTH, CBSI3aHHHIX C JeKCHKOrpaguuyeckoi 3apa-
yeli onTuMH3auuuH. MHoXecTBO Mojesned H NCeBIAOMETpPH-
Ky OCTaBUM NpexHHMH. HamoMHHM onpeneneHHs U HEKOTO-
pble pe3ysnbTaThl AJS NPUHIHUIOB ONTHMAJbHOCTH, PacCCMOT-
penunix B § 2.5. O6o3naunm

Vm, e)={0,3m, ecin >0, meM, e>0,
m, ecau g==0,
ll(m’ a'o)= sup U
usV(m, oy)
Ly(m, ay o, By)={usV (m, oap)|u,+ o, =>1,(m, By},
ll (m’ Qg a‘—lo ﬂo’ ﬂi~2)= sup Uiy

. uesLl; (m, oy, ai—l, gy, pi—2)
Ly(m, oy, af, By, pi—T)=
= {uELi—l (m’ Qs at‘l» ﬁo’ ﬁ‘—z)lui+°‘i>
>li (m» ﬁo’ ﬂ‘_l» o, ai—Q»»
o =(0y,..., o), BI=(B,... By
i=2:..,v n, i= ‘t...» n.
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B § 2.5 noxasaHo, uTo BecbMa yAOGHLIMH CBOHCTBaMH B
CMBIC/Ie TPOCTOTHl COIVIAaCOBAHHH [Jisl YCTOWYHBOCTH 06Ja-
LaeT NPUHUHN onTHManabHOCTH (Ln, Eg 27t!). Ina tpangu-
IIMOHHOrO NpHHUHKNA onTHMajdbHocTH (Lexmax, Elg),

Lexmax(m, &) =V (L, (m, 0-e,,), ¢), :

XOPOILIO H3BECTHO, YTO €ro YCTONYHBOCThL SIBJSETCS BeCbMa
pelAKHM ciayyaeM. BHIICHUM YCJOBHS, IpH KOTOpHX L, am-
npokcumupyer Lex max. OTMeTHM mpexje Bcero, YTo ec.n
m — KOMNakT, TO ecTb meMg, 1o Lexmax(m, 0)=
= (ly(m, 0-¢,), ..., In(m, 0-e9n—1)). IloaTOMYy H3yueHHE
YCIOBHHA anmpokcuMmanuu yupouaercs. O6befuHHM 3a1avy
BHyTpeHHell U BHeIHeH anmpoKCHMalUWH ¥ HaljeM, MpH Ka-
KHX (ao, 0™, Bo; prY)=Egp2t nast meMg u >0 Bonog-
HeHBl BKJIOYEHHS

Lexmax(m, O)<L, (m, a, @, B,, f*—)cLexmax(m, e).
(4.4.11)
[lepBoe BKJIIOUEHHE SKBHBAJEHTHO YCJIOBHSIM
Li(m, 0-e 1) +o; =1;(m, By, B, @, @i=2), i=1, , n

[nst BhINONHEHHS BTOPOTO BKJIOUEHHS JOCTAaTOYHO, 4TO-
6l e=d*, rae d* — nnamerp MHoxecTBa L,(m, ao, a®,
Bo, '), TO ecTb

&* = max r(u, v).
u,vsL, (m, @, @, By, 1)

OuenuM cBepxy BeJuuyHHy d*. CrmpaBensnuBa ILenoyka He-
paBeHCTB

d*=  max max (U —v)<<
ISisn v, ”ELn (m. 2o, a , B, Bn—l)
< max max (;—uv) <<

ISisnyer, | (m, ay, ai—1, gy, pi—2)
viéli (m. Bo. Bt_] y @ ai—2)_ag

< max [[;(m, oy, ai=l, By, fi=2)—

I<isn
""l (ma Bo, Bi—', am ai_2)+ai].

Hrak, nonyuuau, urto ecnmn meMg, e=>0 u (ao, a®, Bo,
ﬁn—‘)eK(m e), rae

K(m, &)=
= {(ao, a®, Bo) ﬁ"—')E.Eg'H l li (m’ O’ezl—l) + 7 >
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=1 (mEBy, B, oy, W) >T,(m, a, ai™l, By, Pi~2) 4
+o;—e, i=1, , n},
TO BHINOJHeHO (4.4.11).

HHTepecHO BBIACHHTB, NPH Kakux (m, e) Mg X E'4 6y-
ReT BbimosHeHo K(m, ) % . laa oTBetra Ha 3TOT BOMPOC
noTpeGyeTcs eume OJHO BCIOMOraTe/JbHOE YTBEpPKACHHE.
OGosnauum R, (m)=FE?g 4 aas j=1, .., n

K;(m) =
={(e &/, By PISELT’|Li(m, 0-e—1) +0; >
=l (m, By, P, o, @i=?); (M, 0-ey_1)+PB; >
= li(m, oy, i1, B, B2, i=1, , i}

YrBepxpaenue 4.4.12. Ilycre m — komnakr, Tozda
04 i=1, ..., n 8bINOAHEHO:

1. lim Hr(Ly(m, o, ai, B, B,
. ol , By, L >0
(@o, @i , By, Bl )Eki (m)
L;(m, 0-e9;—1))=0.
2, lim Hr(L;(m, By, B! oy ai—h),
@, i , B;‘.ﬂt"’o
(ao, a‘ ’ ﬂo, Bi )Ekl_(m)
Li (m, 0'62,;_._‘»: 0.

3. lim l;(m, ag at—1, B, Ppi—?2)=
o, ai—l, Bo» B‘_I -0
(%o aé—l, By, pi—Nek;_ (m)
= lim li(m, By, B, oy, @™%=
o, @il gy, pi—l0
(a0, @=L, By, BE—Nek;  (m)
=1;(m, 0-ey—1).

HdokazarteabcTBO. 3aMeTHM 1npexXJe BCEro, 4To
H3 CHpaBeJJIHBOCTH MEPBbIX ABYX HYHKTOB YyTBEPXKIEHHS
aas i=1, .., s cjelyeT CIOpaBeJJHBOCTb TYHKTa 3 s
i=1, .., s+1. [TosToMy HOCTaTOYHO  [NOKa3aTb  TOJIBLKO
nyHkte 1, 2. JloxkaseiBaTb OyAeM HHAyKuued mno i. Jasa
i=1 u3 onpexnenenusi K, (m) cnenyer, 4To

L, (m, 0-e)=L,(m, o, al, By),
Ly(m, 0-e5=L, (m, By, B, ).



2926 rJ1. 4. CPABHEHHE MPHUHUMIIOB OINTHUMAJIbBHOCTHU

Ilycte  cymectBylor >0 u mocjemoBaTeJbHOCTH o™,
a®,  BoM—0, umeL,(m, as®ai®, Bo'™) Takue, 4yTO
umME0, Li(m, 0-e3). Tak KaKk m — KOMMNAakKT, TO, HE yMa-
ass oéumoc'm MOXKHO CYHTaTb, YyTO u®—-ud. Hepexonﬂ K
npefesly B YCJAOBHSIX r(u‘h), m)<oo®, w®+a®=
=1 (m, Bo®), noayuaem u'em, u°=l(m, 0), T0 ecTb
u'esL,(m, 0-e3) — nporuBopeune. AHaJOTHYHO HOKa3Hl-
BaeTCcs M CXOAMMOCTb MHOXecTBa Li(m, Bo, B!, ao).
[Tycts Tenepp mepBbie JBa MNyHKTa J0Kas3aHbl [1Jis
i=1, .., s. HanoMHuM, uTO HYHKT 3 cCHpaBel]uB JJId
i=1, .., s+1, 4, ciexoBaTesbHO, YCAOBHS O, 0.5H, Bo, f5H—-0
u (ao as+ Bo, ﬁs'“)eKSH(m) coBMecTHBI. M3 onpenenenus
Rst1(m) cnenyer, uto

Lsyi(m, 0-egsp)=Lsyi(m, o, astl, B, B9),
Ls-l-l (m, 0‘32s+3)CLs+l (m, ﬂo» BS'H, %y @),

OcranbHasi 4acTb HOKa3HBAeTCsi BIOJHE aHAJOTHYHO CJY-
yao i=1. W

U3 yrBepxkienusi 4.4.11 HemocpeIcTBEHHO cJjefyeT, 4TO
Lasi mo6bx (m, e)=Mg X E'y Boinonneno K(m, e) %~ .

[TonyueHHass amnmpokcuManusi HpHHLUMNA ONTHMAaJbHO-
cTu Lexmax u 3HaHHe yCJOBHH  yCTOHUMBOCTH 1O3BOJSA-
I0T CPaBHHUTEJNLHO JIErKO NOJYYHThb [OCTaTOYHbIE YCJOBHSA
oast peryaspusanun Lex max mo6oro tHna. OxHakKo oTMe-
THM, YTO KakK COIVIaCOBAaHHSA IJs annpokcumauun Lex max
C MOMOWBIO L,, TaK M COracoBaHWsl AJs1 BCEX THIOB pe-
ryJsSipU3aLUH HCNOJB3YIOT (PYHKUUK [;, 3¢ deKTHBHOE BHIUH-
C/IeHHe KOTOPBIX SIBJSeTCS BecbMa cJa0XKHOU 3anauedt. Ilo-
3TOMY yKas3aHHasi amnnpokcumauus OyleT 3¢pdeKTuBHOIl,
TOJIbKO €CJIH MOXHO IOJYYHTh AOCTATOYHO NMPOCTHIE H JO-
CTAaTOYHO TOYHHIE OlEHKH AN GyHKuui /;. Peumenne 3TOro
BOMpOCa, MO-BHAHMOMY, MOKHO MHOJYyYHTb, paccMaTpHBas
6oJsiee y3KHe KJACChl MOJeJseH.

Bosee nmompo6HOe HccienoBaHHE —JIEKCHKOTrpaduueckoii
3a7a4Yy ONTHMH3AIMM MOXHO HaltH B [56, 61].



OJOMOJHEHHUE

NPUBJWKEHHDbIX UHTETPAJI ®YHKILUH
JEACTBUTEJIbHOIO MNEPEMEHHOIO

Brepenue

B mnocneanne rogel B CBSI3M € pacliMpeHHEM Kpyra
H3y4aeMblX 3a/ay MOSIBHJICS PSIA TEOPHH, ONEPHUPYIOUIHX C
HeAubhepeHIUPYeMBIMH GQYHKUHAMHE. THNHYHBIMHE NpHMe-
paMH TaKMX TEODHH SBJAIOTCS BHIYKJAHH aHaau3 [67] u
nennddepenuupyemas ontumusauus [25]. B kauecr-
BE aHajiora MOHSATHS <«NPOM3BOLHAsf» OBUIH NpeNOXKeHH
pas/HUHbie KOHCTPYKIHH ¢ OGosiee IUNHPOKOH 006J1aCTbiO
npHMeHeHHusi, HanpuMep, cy6aunddepenuunan [67], mnpous-
BogHass Kiapka u 1. n. Bpenmeune o06006uieHuss mpous-
BOMHOH €CTeCTBEHHO CTABHUT BOMPOC O COOTBETCTBYIOLLEM
NOHATHH HHTETpaJa.

Jlono/HeHHe TOCBSIIEHO IOCTPOEHHI0 TAaKOTO MOHATHS
uuTerpajia GyHKIUH [AeACTBUTEJIbHOrO MNEpPeMEHHOro JJs
OHOTO H3 00O0OIlUEHHAi NPOM3BOAHOH, a MMEHHO IJA YyC-
JoBHOTO g-cy6auddepenunana [25].

Crnenyer opasy OTMETHTb, UTO 3[€Ch MOHSITHE YCJIOB-
Horo e-cy6nuddepennnuana MNOABeprHiyTo HEKOTOPOH Imepe-
paborke. B uyacTHOCTH, H3MEHEHO €ro Ha3BaHHe H BBeJe-
HBl elle [JBa aHaJOTHYHLIX MOHATHS, MO3BOJSIOUINX IPHU-
MEHSTb INpelAsaraeMbiii ammapar NPUOJMXKEHHHX Iudde-
peHLIHaJOB K NPOHM3BOJbHBIM (YHKUHUSM, a He TOJbKO K
BRITYKJIBIM.

BoJspmioe xosnuuecTBo 0606meHnft mpou3BONHOM, cylie-
CTBYIOLlee B JIUTEPATYpe, CTECTBEHHO CTaBHT BOMPOC: IO-
yeMy 3[eChb PacCMaTPHBAETCS WMEHHO YCJOBHHIA e-CcyOaud-
tdepennman? OTBeTOM Ha 3TOT BONPOC MOTYT  CAYXKHTH
§ 1—4, HOCsiMe BcmoMoraTeJbHHA Xapakrep. B Hux BBO-
IaTcss HeoGXOAMMBIE OmNpejeseHusi, NPHUBOAATCH CBOHCTBA
npubauKeHHnx AuddepeHnnanoB U NMOKa3blBaeTCs, 4TO, B
OTNIHYHE OT M[pPON3BONHON, npuHONHKEHHble nubbepeHnHua-
abl yerofiuuBe. Jloxasano, yto npubJHKeHHble nuddepeH-
LHaJH annpoOKCHMHDYIOT H PperyJasipH3yloT NPOH3BOIHYIO,
4TO FOBOPHT 06 HX MPAaKTHYECKOA IEHHOCTH.
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IIpy mocTpoenHn NOHATHSI HHTerpaja, COOTBETCTBYIO-
umero npubaMKeHHBIM AHMOepeHIHaTaM, NpexAe BCEro
BO3HHKaeT BOIIPOC, YTO MOJIOXKHTb B OCHOBY TaKOro mo-
cTpoeHusi? B xaHHO# paboTe paccMOTpeHH JIBa NYTH MO-
CTPOEHHS] MHTerpaJa.

[lepBpIfi HCXOAHT M3 TOrO, YTO HHTErPUPOBAHHE JOMXK-
HO OBITh B HEKOTODOM CMHICJe OGpAaTHOH onepanue
K nupdepenunpobanno. [Has dopmanusauuun Takoro
B3LJisila Ha HMHTErpHpoBaHHe B paboTe HCIOJb30Ba-
Jlacb CxeMa MOCTpoeHHsi uHTerpana Ileppona. dra cxe-
Ma JaeT BO3MOXKHOCTb BecbMa MpPOCTO BBECTH MOHSTHE
npubauxenHoro uHTerpana Ileppona. OmHAaKO HHKAaKOro
KOHCTPYKTHBHOTO MNYyTH BbYHCJEeHHs cxeMa [leppona, mo
CYILIeCTBY, He MpejJjaraer. '

Hpyrofi myTb OCHOBaH Ha MOHHMAHHH HHTErpaja Kak
njomany. Takas cxema moctpoeHHsi Ha3BaHa cxemo# Pu-
MaHa, TaK Kak HCIOJb3yeT aHaJOrnyible pPHMaHOBCKHM
HHTEerpasibibie cymmb. Ha srom nytm onpeneneHust wH-
Terpaja HeTPyIHO INPENJNIOXKHTh H KOHCTPYKTHBHBHIE CIIO-
coOHl ero BHIUHC/JeHHs. BecbMa HHTOpPecHBIM H YAHBHTE/b-
HBHIM, N0 MHEHHIO aBTOpa, fBAsSeTCsS TOT (hakT, yTo obe
CXEMBl TIOCTPOGHMS HHTerpasa JaioT OJHH H TOT XKe
pesyabTaT. JT0 JeNaeT BO3MOXHBIM KOHCTPYKTHBHOE
BLIUHCJICHHE HHTerpasa, NoCcTpoeHHoro 1no cxeMme Ilep-
poHa.

ITocTpoeHHbIt NPHOGMHKEHHBIH HHTErpaj YIOBAETBODS-
eT CBOMCTBaM, aHaJOTHYHBIM CBOHCTBAM KJIAaCCHUYSCKHX HH-
TerpasoB. TO aJAJHTHBHOCTb N0 OTPE3KYy HHTErPHPOBA-
HusA, AH(pGbepeHIHPYeMOCTh [0 BepXHEMY INpefeNy HHTe-
rpupoBanus, ¢opmyna Heiorona — Jlefi6buuna u 1. n. Ot-
JIMYHE OT KJIaCCHKH 'COCTOHT B TOM, 4TO TaM 3TH CBOMCTBa
BhIDaXKaJUCb PaBeHCTBAMH, a 3[eCb paBeHCTBa INepexo-
AT B npubiuKeHHhle PaBeHCTBa ¢ YyKa3aHHEM morpe-
HoctH. M3yuaiorcs CBs3M NpUOJHKEHHONO HHTErpasa H
KJIaCCHYECKHX HHTerpajoB. MHTepecHO OTMeTHTh, YTO B
3aBHCHMOCTH OT THMa MHTerpaja, Pumana wuam JleGera,
CYLIECTBEHHO OTJHMYAIOTC BO3MOXKHOCTH HX alNpOKCHMa-
LUK C NOMOIbl0 NpHOGAHXKEHHOro HHTerpana. JloxasaHa
yCTOHYHBOCTb NPHUOJIMIKEHHOTO HHTerpaja NpH BapbHpOBa-
HUH rpaduka NOABIHTErpasbHOM (YHKUHH B NCEBILOMETpH-
ke Xaycnopoda.

ABrop 6naromaper M. A. TopenoBy, mpouHuTaBlIeMy
PYKOMlUCh [ONOJIHEHHs H CHAeJaBlieMy psill NOJE3HHX 3a-
MeuaHHH,
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§ 1. MpuGnuxeHHbIA Npeed U ero NpocTeflne cBOicTBa

IIpu ‘mocrpoeHHH NOHATHA HNPHOIHKEHHOTO Tpeaena
OyneM HCXOAMTb H3 CJeAyolieff ColepkKaTeNbHOH Tpak-
TOBKH 3TOro mnoHsatusi. Uucno A GymeMm cuutath NpHOIH-
KEeHHbBIM mnpeleJoM (YHKUHH [ B TOYKe @, ©CJH H3 TOrO,
yTo x «6aH3KO» K @, chenyer, uto f(x) «6ausko» kK A.
Ons ¢dopManusauuu 3TOro ONpelesieHHsT HYXKHO YTOYHHTD,
YTO TaKoe «O/JM3KO» MJIs apryMeHTOB H JJs 3HAYeHHH
¢yukuun. ITonsTHe «O6au3KO» JIJis apryMeHTOB Gynem
ONHCBHIBATh € NOMOIIBI0 TOYEYHO-MHOMKECTBEHHOro oTobpa-
xkeuua V. E'--M(EY), nouuMas MHOxkecTBO V(x) Kak
MHOXKECTBO aprymeHToB, «6nu3kux» K X. [loaTomy ykasaH-
Hble oToOpakeHHss Gynem Ha3bBaTb bD-0TOOpaKeHHIMH.
Ecin B-oro6paxenue V ynosaerBopsieT ychaosHio =
#=V(x)cx+E'Y nns awboro x=X, 10 ects V(X) ae-
JKHT TpaBee TOYKH X, TO TAKHE oq-o6pa>xenna 6ynem Ha-
sbiBaTh  BIl-otro6paxennsmu Ha X. Ecam mas mao6oro
x<X somonseno F#V(x)cx+E'-, to ectv V(x) ne-
XKHAT JleBee TOYKH X, TO TakKne orTo6paxeHus V OGynem
Ha3wBaTh DBJI- omoﬁpamenmml Ha X. Tloustne <«6IH3KO»
a5 3HaueHH# (yHKUUM OydeM 3alNaBaTb OTpaHHUEHHAMH
CrpaBa WM CJeBa FHa MPUPalLleHHd 3HaUeHHH GYHKIHH.

Urak, nepefinem K TOYHBIM onpeaesneHusim. Ilyctbs f—
yncaoBasi GYHKIHSA, onpeneseHHas Ha V(x), a a, B,e: E'—»
—E1,

Onpenenenue J.1.1. Bepxtum (e, V)-npede/lom
pynxyuu f 6 ToUKe X HQ3bL8AETC MHOINCECTBO

Cimif, e V1(9) = {v=Ef () <v+e(x), YoV ().

Huscrnum (e, V)-npedenrom ynxyuu | 6 Touke x Hasoi-
8AeTCA MHONECTBO

" Lim{f, e, V](x) = {veE!f(y) >v—e(x), VysV (x)}.
Mnoocecrso
Lim[f,a,B, V] (x)=
= (veE'|v—a (x) <f(y) <v+B(x), VysV(x)}

Hasevieaercs. (a, B, V)-npedesom ¢ynxyuu f e touxe x.
OueBuHO, CNPaBENNHBbl NPEACTABACHAS

Lim[f, e, V] () =1 sup fly)—e(x), +oo),
Lim(f, e, V1(x) = (— oo, Inf fi(y)+e )3
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Lim([f, a, B, VI(x)=[ sup f(y)—B(x), inf f(y)+ a(x)].
YV (%) yeV (x)

Orciona HemocpeICTBEHHO CJeAYIOT NpocreiiliiHe CBOii-
CTBa NMPHOJHKESHHBIX NPeNeJIOB.

I. Lim[f,e, V] (x) & Torna u ToNbKO TOraa, Korma f
orpannueHa cBepxy Ha V(x);
Lim[f, e, V|(x)s<Q Toraa u Tospko TOria, xoraa f

orpaHuueHa cunsy Ha V(x);

Lim[f, «, B,V](x)< Torma u TosMbKO TOrjAa, KOTAa
xone6anne Gynkunu f Ha MHOXKecTBe V (Xx) He mpeBOCXOAUT
a(x)+p(x), 10 ecTb

sup [f (y) —f (D <o (x) + B (x).
Yy, 2eV(x)

2. LTH [—f’ &, V] (x)'_’:_]-ﬂ[fv &, V] ()C)
Qﬂ[—f» e, V] (x) =—Lim [f,e, V](%).
Lim [—f, a, B, V] (*) =—Lim [f, B, a, V] (¥).
3. Lim[kf, ke, V]=kLim[f, &, V] (x), £>0.
Lim [kf, ke, V] (x) =k Lim [, e, V] (x), £>0.
Lim [4f, ka, kB, V] (x) =k Lim [}, a, B, V] (%), £>0.
4. Ecnu Lim[f, @, V] (x) 5%, Lim[g, B, V] (x) =D, 10
Lim [f, a, V] (x)+Lim [g,B, V] (x) =Lim [f+g, a8, V] ().
Ecan Lim [f,a, V] (x) %@, Lim[g,8,V] (x)#3, 10
Lim [f, a, V] (x)+Lim [g,B, V] (v) =Lim [f+g, a+B, V] (x).
Ecin Lim [f,a,B, V] () %9, Lim|[g,v,6,V](x)#dI,

Lim [f, 0, B, V] (%) +Lim [g, 7,8, V] (x) =
CLim [f+g, a-+v, B+8, V] (5)..

HerpyZHO yCTaHOBUTL CBSI3b MEXKAY KJIACCHUECKHM H
npubauxennsiM npenenamu. ITycrs cymecrsyer limf(y) =
y—=>x

=A. D710 3HAYUT, UYTO CYLIECTBYET TaKas (YHKUHA §:
E'\—E' uro pas no6oro e=>0 u Jaw6oro y, mpuHaiIe-
Kamero MHoxectBy W, (X)=[x—d(e), x+8(e)]\ {x},
BbIMOJNIHEHO HepaBeHCTBO |f(y)—A|<e.

Orciona caeayer, yto Aas Jo6oro ¢>0 cnpaBemanso

limf (y)SLim(f, e, e, WLl (4)-+[—2e, 2],
y-x y->x
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Ha 6ase npnGiuikeHHHX npefenoB BBefiemM COOTBETCT-
ByIOLWME MOHATHA NPHOIHMKEHHOH HENPepHIBHOCTH (YHK-
UHH.

Onpenenenne H.1.2. Bydem z080purs, uro ¢yuk-
yus [ asaserca (e, V)-nenpepoisnoii ceepxy Ha mHoMCecT-
ée X, ecau [(x)Lim [f,e, V] (x) sz awbozo x&X.

Bydem eosopurs, uro pymxyus [ sersercsa (e, V)-ue-
npepuleROl CHU3y Ha MHoxcectse X, ecau f(x)e
eLim[f, e, V] (x) daa arboz0 xX.

bydem eosopure, uro ¢ynkyus [ seaserca (a, B, V)-
Henpepoisroil na MmHoxecrse X, ecau [(x)=Lim [f, a,
B, V] (x) d0aa awbozo x=X.

Iana B-orob6paxennii V BBegem oGpaTHoe B-oToGpaike-

HHe
V= X] (y) = {xeX|ysV ()}

OrmeruM, uyro ecau V — BIl-oro6paxenne Ha X, TO
V-1[X] — BJl-oro6paxenune Ha V(X), u mao6opor, eciu
V —BJl-oto6paxenne Ha X, to V-'[X]— BIl-oroGpaxe-
Hue Ha V(X).

Hcnonb3yss ob6parHoe B-oToGpakeHue, MOXHO yCTaHO-
BUTb CBSI3b MEXJY pPa3JUUYHBIMH THIAMH HENpPEpPhIBHOCTH.
O603naunm

e@=sup  e(x), V(O=IUV@.
xeV=1[X] () =X
YrBepxienue JI.1.1.
1. Tycre | asasnercs (e, V)-nenpepoigroii ceepxy na X.

Tozda | seasercs (e, V[ X])-nenpepoienoid crucy ra
V(X).

2. ITycre | asaserca (e, V)-nenpepoisnodi crusy na X.
Toeda | seaserca (e,V-'[X])-nenpepoisnoi ceepxy Ha
V(X).

HoxkasareabctBo. 1. Ilycte ysV (X). Creposa-
TeNbHO, cymecTByeT x&X Takof, uto y=V (x). dro 3Ha-
uut, xV-1[X](y). Iockonbky [ sasaserca (e, V)-nempe-
pbIBHO! CBepXy B Touke X, To f(x)-+e(x)=f(y). Orciona

f (y)—e (y) <f(x) ansa moboro x=V-1[X] (y).

2. JlokasbiBaeTcs aHaJoruuHo. WM

Jlerko BuIeTb, YTO pPa3/IUYHBIE MOHATUS MPHOJHKEH-
HOH HeNmpepbBHOCTH O3HAYaloOT, YTO 3HA4YECHHs] QYHKIHH Ha
«6/IM3KUX» K X, T. €. MpHHaAJexamux V(x), 3HaueHHsix
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apryMmeHTa, MOXKHO anmpoKCHMHDOBATb ¢ yKa3aHHOH TOY-
HOCTbIO 3HAaueHHAMH (QYHKUHMH B TOouke X. Ecau HyxHa
GoJjiee TOHKasi aNNPOKCHMAlMs, TO €CTECTBEHHO K aIMlpoK-
CHMHDYIOIIeH BeJHYnHe N06aBHTh HeKOTOpHe useHH. Ecian
1006aBOYHbIE YJIeHBl JHHEHHO 3aBUCAT OT NpUpalIEHHs -ap-
TyMEHTd, TO NPUXOAHM K INOHATHIO NPHOJHKEHHBIX IHO-
(bepeHLHAIOB.

§ 2. NMpubanxennsie nuddepeHnnaIb,
NPOM3BOJAHBIE U HX CBOHCTBA

IMycrs V — B-oro6paxenne, f—pyHKuus, omnpeneseH-
Hast Ha xUV(x), @i, Bi, &i: El—-E1, i=1, 2, e= (g1, &3).
Onpenenenune I.2.1. Mnowcecreo

D[f,e V] (x)={veE'|f(y) <
<F®) + (v+e(x)) (4—x) +ez(x), VysV(x)}
Hasvieaercs eepxuum (e, V)-Oudpdepenyuaron pynxkyuu f
8 Touke X.
Mnoscecrso

D[f,e, V] {x) = {veL!|f(y) =
2[(x) + (0—ei(x)) (1—x)—ea(x), VyeV(x)}

Hagoieaercs HuxcrHum (e, V)-oupdpepenyuaron ¢pynkyuu f
8 TOuKe X.

Mnooxecrso D[}, a,B, V] () =D[f,a, V] (x)ND[F, B,
V](x) Haseieaerca (a, B, V)-Oudpeperyuarom pynxyuu f
8 ToYKe X.

3ameyanue. ITonsitne Huxuero (0, eg, V)-nudde-
peHuHasa GYHKIMH f, MO CyLIECTBY, COBNAJaeT € MOHITHEM
yCJOBHOTO g-cybanddepeninana GyHKIUN [ N0 MHOXKeCT-
By V [25]. Orauune cocrout B cieayiomeM. B [25] MHo-
xecTBo V Hu e=0 He 3aBHCAT OT X M INpeanoJaraercs,
yto xV. 3xecb sTH yciaoBHs He.Tpebylorcs. OrMeTHMm
Takxe, 4yTo B [25] paccmarpiiBaercst caydait xe £, a 3zech
xeE!

Bepxunii n  HuxHu#t (e, V)-muddepenunanst u
(a, B, V)-nudoepenuuan OGynem Ha3bBaTh npn6nmxem{bl-
MH 1HpdepeHLHasaMHu.

Has BIT- u BJI-oroGpaxenuit BBegeM npnﬁaneHHbIe
BEpPXHHE M HHXKHHE TPOH3BOAHBIE, KOTOpbIE MOXKHO pac-
CMaTpUBAaThb Kak aHaJOrH BepXHed M HHXHeH NpaBof H
JIEBO# NPOM3BOJHBIX COOTBETCTBEHHO. ‘
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Onpenenenue J1.2.2. Bepxnei (e,V)-npoussodnoii
pynkyuu f 8 TouKe x HA3bLBAETCS

5 F)—F®) & (x)
0 y O |4 = - .
7, & V1) yéltl/?n y—x ly—=x| ] .

Huscned (e, V)-npoussodnoti ¢pynkyuu f e Touxe x Ha-
3vL8aeTCA

orf, & Vi(x) = inf [L@—f®) | e() ]
- yev(x) y—=x ly—x|

Has npﬂ'ﬁJIH)KeHHbIX MPOU3BOAHBIX AONMyCKAalOTCs 3Ha-
YEeHHS —=oo.

HOns B-oro6paxkenuii V BBenem :
V() =V ()N (x, 4o0), V-(x)=V(x)N(—o,x).

Hast mpubmuxkeHunix AuddepeHnnanos cnpaBelJuBH Npen-
CTaBJIEeHHS

D[f,e, V] (x)=

= [E[f’ e2,V+] (¥) —ei (%) v_‘?[f’ ez, V-] (%) —ei (%)],
Dl 6, V] ()=

=[0[f, &2, V=] (x) &1 (x), O[F, &2, V*] (¥) +-&1 (%) ].

[IpuBenem HexkoTOpble OYEBHAHBIE CBoOHCTBa TpHGJIH-
KEIHBIX TTPOM3BOAHDIX.

1. Ilyets a(x) =p(x). Torma, ecin V ectp BII- nam
BJI-oTobpaxkeHue, TO

o[f, o V] (x) <O[f,B, V] (x); [}, 0, V](x)=0[f,8, V] (x)-

2. Mlycty V, W — BIl-oro6paxenns Ha x, a U, T — BJI-
oro6paxennst Ha x. Ecau V(¥)DWi(x) u U(x)>T(x), 10

d[f,e, V] (x) =0[f,e, W](x), a;f, e, U]] () =0[f, e, T] (),
o[}, &, V] (x) <OI[f, &, W] (x), O[J, &, U] (x) <O[F, &, T] (x).

3. 5[_f’ g, V] ()C) =—_a[f’ g, V](X)

4. kO[f, e, V] (x) =0[kf, ke, V] (x), £>0,
kO[f, e, V] (x) =0[kf, ke, V] (x), k>O.

5. 9[f,a, V] (x)+9[g, B, V] (¥) =0[f+g, a+B, V] (x) =
>0[f,qa, V] (x)+0[g, —B, V] (%);
0[f,a, V] (x)+0[g,B, V] (¥) <O[f+& a+B, V] (%) <

<Q[f) Q, V] (x) +5[g1 '_B) V] (x) .
U3 cBoiictB 3 u 5 CIeAyeT cnpaBeAJHBOCTb OLECHKH
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o[f,a, V1(x)—0[f, B, V] (0) <
<9[0,a+B, V] (x) = (a(¥)+B(x)) (V(x)) 1,
rae V(x) sgp |y—x|, a V—DBIl- uan BJI-oTo6paxetke.
Aﬂanoﬁmﬁle CBOWCTBA CNIPaBEJJIHBL U 1Js NPUGJIHIKEH-
HHX AH¢p¢depeHnuaos.
1. Tlyets ai(x) =Bi(x), i=1,2. Torna
E{f’ @, V] (x) :D[f! ai, ﬁ2v V (x)v
9 f’ a, V] (x) D_I;)[f, alrﬁ% v '(x)-

Ecnn V — BIl-oro6paxenue Ha x, TO
D_{f, a, V] (x) :B{f, ﬁl) Qz2, V}‘(x)’
2 f’a) V] (x)DQ f’ ﬂl’ab V (x)-

Ecnu V — BJl-orobpaxenne Ha x, TO
E[fs a, V] (x)CD[f’ Bl) ag, V] (x)’
B[f, a, V](x) CQ[f, ﬂl, Qo, |4 (x).

2. Ilpu V(x)DW(x) 5D BbITONHEHO
D[f,e, V] (x)<=Dlf,e, W} (%),
Dif,e, V] (x)=DJf,e, W] (x).

3. D[—1,e, VI(x)=—DIf,e V1 (2),

D[_f’ a, ﬁ» V] (x) =_D[f’ B’ Q, V] (x)

4. kD[f, e, V] (x) =D[kf, ke, V] (x),

kD[f,e, V] (x) =D[kf, ke, V] (x), >0.

5. Ecau D[f,a, V] (x)#*, D[g,B, V] (x) I, 10

D[f,a, V](x)+D[g,B, V] (x) =D[f+g, a+B, V] (x).

Ecnn D[f,a, V] (x)#%2, D[g,B, V] (x) 9, 10

DI}, a, V] (x)+D[g, 8, V] (x)=D[f+g, a+B, V] (x).

Ecan D}, a, B, V] (x) =&, D[g, v, 8, V] (x) #, 10

D[f,a,B, V] (x)+D[g,v,8, V] (x) =

<D[f4g,a+v, B+86, V] (%),
D[f+g,a+v,p+8, V] (x) =

<D[f, a8, V] (x)+D[g, 7,8, V] (x)+[—2x,%],

rae .
n=a, (x) 4By (x) 4+, (x) + 6, (¥) +

&y (x) + By (x) + 72 (x) + 85 ()
+ V (») ’
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YCTaHOBHM Temepb YCJOBHS OrpaHMYEHHOCTH Npu6JH-
JKeHHHX NPOH3BOJHBIX.

Yreepxanenue H.2.1. [Tycre | onpedesena na muo-
aecree x|J V(x), V — Bll-orobpaxenue u 8binosneHsl yc-
A08us

1) Oas aro6oco a>0

u(a)= sup f@) (y—x)~! <+ oo;
yeV (x)N[x+a, +)

2) cywecrsyer b>0 rakoe, uTo AubO
Vo, (x) =V (x)N(x, x+b)*I,

aubo [ asaserca (e, VO%)-Henpepoisroii ceepxy 8 Touke X.

Tozda 9[f, e, V] (x) <4-oo.
HokxasateabcTBo. [lo onpenenennio BepxHed NpH-
6JIM2KeHHOH NPOU3BORHON HMeeM

(_)[fy €, V] (X)——‘max{ Sup f(y)—f(x)—e(x) ,

yeVd(x) y—=x

sup f(y) —F(x)—e(x) }’
YV () N[5+b, +) y—=x

rae b>0 ynosaersopser ycaosuio 2). [Tostomy

dif, e, V](x) << max {O, u(b)—infﬂfﬁ_—e—(—’i} <+, B

1=b t
JocraTouHble yCcIOBHS OrpaHHYEHHOCTH npHOHKEHHBIX

MPOM3BOAHBIX B OCTAJbHBIX CJAyYasX MOXKHO MOJY4HTb, HC-
MOJIb3ysl PaBeHCTBA

Q[f, g, V] (x) =—_5[—fr &, V] (x),
5“7 &, V] (x) =5[gx, &, W] (x)’

rae gx(y) =—/[(2x—y), W (x) =2x—V (x), V — BII-, nu6o
BJl-oto6paxenue. OrmeruM, urto ecan V — BIT-oro6paxke-
nue, o W — BJl-oro6paxenue, 1 HaoGopor, ecan V — BJI-
oto6paxenue, To W — BIl-oro6paxkenne.

Yreepxnenue J.22 [lycre [ onpederena Ha
xUV(x), V—BI-oro6pancenue u O9[f e V](x)<+oo.
Tozoa:

1) 0as arbozo a0 svinosnerno ycaosue

sup f)(y—x)"! <+o0;
¥V (0n[x+ta, +=)
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2) Oas ar0bozo a>e(x) cywecrsyer b>>0 raxod, 4o
aubo Vo, (x)=», aubo | neaserca (a,V°)-Henpepsrsnod
ceéepxy 8 Touke X.

HoxasarenbctBo. [lycte a>0 u V(x)N[x+a,
+00) 5= Q. Torna

sup F@) (y—x)~" <
yeV(x)nlx+a, +«)
< Sup f(y)‘_f (x)_s(x) + Sup f(x) +s(x) <
YEV (%) y—=x ye[x+4a, + ) y—x

<31, & V] (x) 4+ max {0, LB+ B,

.
smokinn wed

Bosbmem npoussoabHoe a>>e(x) u b>0, yrosrersops-
omee ycaosuio 0[f, e, V] (x) <(a—e(x))b~. Ecau V(x)N
N(x,x+b) =4, To Bce nokasauo. [Iycts VO (x) %=, Torna
1715 1106010 Y= V%% (X) BHIOJHEHO

F(9) <F(x)+0[f, e, V] () (y—*) +e(x) <
<[ (¥)+0[, e, V] (x) b+e(x)<f(*)+a. W
3aMeruM, uro yciosue 1) B yrBepxaennu J.2.1 o3na-
yaer, yTo JJs caydas, korna V(x) He orpaHHueHo, GYHKIHA
f momxHa Bo3pacTaThb He GhicTpee JuHeHHO#. Ecam xe
V(x) orpannueHo, TO ycjioBHe 1) BBIIOJNHEHO AJisi OrpaHH-
ueHHO# cBepxy Ha V (x) ¢ynkuuu f. Mrak, ycaosue 1) yt-
BepxkneHns [.2.1 smBasiercss HeoOOXOIMMBIM, a YCJOBHEe 2)
yrBepxaenns J.2.1 saBnsercs «mnouTH» HEOGXOZMMBIM [JIsI
OTpaHHYEHHOCTH BepxHe#r (e, V)-mpoussomuo#. AHamormu-
Hble Pe3yJbTaThl MOXHO MOJIYYHTb W JJI51 HHXKHEH NpOH3-
BOIHOM, M HJs chayuasi, koria V ects BJI-oTo6paxeHue.

§ 3. YcroituMBOCTb MPUGIHKEHHbIX AHdPepeHunanos

Hast weceoBaHHSL YCTOAYHBOCTH NPHOAMMKEHHBIX Aud-
depeHnmasoB HEO6XOMHMO 3aJaTh MHOXKECTBO MoOJeJed ¢
FCeBAOMETPHUKOH; MHOXECTBO CTpPaTeruii M NPHHIHUNBL ON-
THMAaJIbHOCTH, COOTBETCTBYIOIIHE NPUOAMKEHHHM Hubbe-
peruuanaM. [onoxum M=®([a,b], E'), To ectb M — MHO-
’KECTBU YHCJIOBHIX (GYHKLHH, oONpefleleHHHX Ha [a,b],
S (m)==S —etTp MHOXECTBO TOUEYHO-MHOXECTBEHHEIX OTO-
GpakeHuil, ompeneseHHBIX Ha [a@,b], Q— ToXIecTBeHHO
oro6pakeHHe, u — paBHOMEpHasi METpHKa IJsi MoOIeseH

p(f, g) = gé‘ffb) Ifi(x)—gl(x)].
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ToueyHo-MHOKecTBeHHbie OTOOpaXkeHusi OyneM - OTOX-
JeCTBJSITh € HX rpadpukamu, nosroMy cuutaeM S={a,b]X
XM(EY). C npubauxeHHBIMH OubdepeHnnanaMy CBSIKeM
NPHHIMIBE ONTHMAaJbHOCTH .

(D, ®* (E', E') XB), (D, ®*(E',E")XB),
(D, ®*(E',E)XB),
rae
B[f,e, V]={(u,x)=E"X[a,b] |usDl], ¢, V] (x)},
DIf,e, V]={(4,x)=E'X[a, b] |lucDI[f,e, V] (x)},
D[f,a,B, V]={(u,x)=E' X [a,b] |usD[f,a,B, V] (x)},

a b — muoxecrBo B-oro6paxennit V.

3ameTHM, UTO 31eCh HONyCKaeTcss He6O/bllIoe pacxox-
TeHHe C NmpeAbIYyIHMHE 0003HaYEeHHSMH, IJe mapa «MOXeJb
M mapaMeTpy» 3alHChIBAJIMCh B KPYIVIBIX CKOOKax, a 31ech
HCIOJIb3YIOTCS KBaJpAaTHHE.

Bynem wuccnenoBaTh YC/IOBHS, IPH KOTOPHIX HMeEeT Me-
CTO BHYTpPeHHSIS A-yCTOHUMBOCTH CBEpPXy H BHelWIHAS A-
yCTOHYMBOCTh CHH3Y. Bosee TouHo, 6yneM TrOBOPHTb, UYTO
NPHHUKAN onTHMaabHOCTH (R, &) A-ycroiuuB Ha N mpHu co-
rjiacoBaHud B, ecau nas Jo6bIX (M, ey, 82) &N BHIOJHEHO:
B(m, ey, e)#J u pas aobux (a,8) =B (m, e, e2), M06HX
neMgy (m) umeem 6>A u

BF#R(m, &) =R (n,a) SR (m, eo).

3necy NceMX &2, B: N->W(&FXE'.) u onpenenexue

A -yCTOMUUBOCTH  Cc(HOPMYJHUPOBAHO € YuYeTOM  YCJOBHH
S (m)=S, Q — Tox1ecTBeHHOE 0TOGpPaKEHHUE.

Hast npumepa uccrepyem Jauiib 0-ycTOoHYMBOCTH BepX-
Hero mpubsamxkenHoro audipepennumana. Hcmonb3ys cBssb
Mexny npubimxkeHHbIME JHbdepeHnnalaMy, pe3yabTaThl.o
0-ycTo#uMBOCTH BepXHero npubaHKeHHoro nuddepeHnuana
MOJKHO JIEFKO TepeHecTH Ha OCTajibHble NPHOJHMKEHHbIE
nuddepeHIHaH.

M3 npencraBreHuss BepxHero npubmanxkeHHOro nudde-
peHuHaaa Claelyer; UTo
D[f,e, V1={(u,x)=E"X[a,b] Jus

E[d[f g9, V*] (X)—& (x), 9[f, &2, V] (x)——el x)]}

Jlerko BHIETb, YTO CNPaBENJIHBBE OEeHKH

ex D[f, e, V,8] = { (4, x)E'X[a,b] |ue -
&[0-[f, e2, V*, 8] (x)—e1 (x), O[], 82, V=, 8] (x)~—e:(x) ]},
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inD[f,e, V,8]2{(4,x)E'X[a,b] |us
&[0+[], ez, V+, 8] (x)—e1 (%), 8- [f, &2,V —, 8] (x)—e1 (%) ]},
rie
0t 1(f, & V, 8](x)= sup_ e & Vi),
w(
0+[f, e, V, 8] = su})) a[g, g, V](x),
¢ B<d

“If, & V, 81(x)= inf dlg, &, V] (x),
n(f, g)<é

o If, & V, 8= inf OJlg, &, V](x).
- n(f, 9<6—

Mycts u(f, g) <86, Toraa
dlg, e, V] (x) <d[f,e—28, V] (x).
Herpynno Bmners, yTo 3Ta oueHka pocturaercd. IToatomy
0+[f,e, V,8] (x) =0[f,e—28, V] (),
0-[f,e, V,8] (x) =0[f,e+28, V] (x),
0*+[f,e, V,8] (x) =0[f, e+28, V] (x),
3-[f,e, V. 8] (x) =3[f,e—28, V] (x).
Orciona nosyyaeM olLeHKH
ex D[f, e, V,8] =DIf, &1, 82+28, V],
inD[f,e, V,8] 2D[f, &1, 82—28, V].
O6o3naunm G=®2(E!, E') XB, Torna
dom(D, G) ={f, e1, &2, V| D[], &1, &2, V] (x) =D Vxe[a, b]}.
Tenepp HerpynHo chopmyaupoBath ycnoBHsi 0-ycrofiuuBo-
cTH BepxHero auddepennnana. O603Hayum
N= {f, en e, Vi, V2|8i=
= (851, eig), i= 1, 2, €ij: E’—}Ei, €11 (X) =g9] (x),
xei[l;l!f’bgegz (x)-—e12(x)) >0, Vi(x)DV2(x),
Xxe [a, b], (f, &1, Vl) edom (D, G)},
B (f, ey, &2, Vl, V2) == {(l, W, 6](’11 (x) =
=g1(¥), ex(¥)—26=a2(¥) =>ei2(x) 126,
Vi(x) oW (x)DV2(x) Vxe[a,b], 6$>0}.
Vreepxneunune J.3.1. ITpunqun onTumareHocTu
(D, G) 0-ycroduue na N npu cozracosanuu B.
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Sameuanne. VYcaosue (f,e, V)edom (D,G) nerxo
nposepsieTcss Aga cayuast, Korna V sBasercs au6o BIT-,
aunbo BJI-oto6paxenneM. JleicrBuresnno, ecau V — BIl-
oto6paxenne, To V=@ u O[f, &3, V-] (x¥) =}oc0. MoaTo-

MYy JOCTAaTOYHO NpPOBEPHTb, uTo O[f, €2, V] (x) orpaHuuena
cBepxy. [locraTouHble YCIOBHS OFPaHWYEHHOCTH OBLIIH yKa-
3aHH BHILIE.

§ 4. Peryasipusauus npou3BoLHOM

IlycTb MHOXECTBO MoOJeJeli, MHOXEeCTBO CTpaTerui, uH-
Tepmperanys H MeTPHKA IJs MOIeJeHd TaKHe »Xe, KakK B
npenbiaymem naparpage. C mpou3BOAHON CBSAMXKEM NPHHIHI
ontumanvuoctu  (Dif, ®(EY, Elg)), rme Dii(f, e)=
= {(4,x) =E'X[a,b]| |u—F (x) | <e(x)}.

O6osHaunM Mp MHOXKecTBO (QYHKHHHN, ONpeNeSeHHbIX H
nudbepennupyemsx Ha [a, b],

olf, Vi) = sup | LO=IW gyl
yevin|  y—=x
Ecin feMp, x[a,b] n V(x)=0, 10 wolf, V](x)—0.
[Mycrs feMp, geM, u(f,g) <8, a V— nw6oe BIl-orobpa-
xenue uau Jwboe BJI-otoGpaxkenue. Torna cnpaBemsiMBhl
OILLEHKH

g, e, VI(x) <F ()t olf, VI(x)—

e(x)—28°
Vix
mpH & (x) 2> 26,
alg, & VI =F (W —olf, VI() — 220,
01, &, VI() > () —olf, V1 () + 25—
npu e (x) > 28,
dg. &, VIR <F () +olf, VI(x)+ —G‘V—’(ﬂ;ﬁ‘—
Orciona Cle1y€eT, uTo ecJH TMOJIOXHTL o) (¥) =P (x) =0,
a2 (x) =Bz () =284+o0[f, V] (x)-V(x), 10 F(*¥)=D][g,a,
B, V] (x) u mauna orpeska D[g,a,B, V] (x) He mpesocxonut

BeJIHIHHbL
40[f, V](x)+88 (P (x))~".

Ananorunydo npeanfymieMy naparpady OyaeM HCKaTb
YCJOBHS, PH KOTOPBIX OJHOBPEMEHHO HMEeT MECTO BHYT-
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penHsia O-perysisipusauusi cBepxy u BHemHsis O-peryasipu-
3anusl cHu3y. BoJiee TOYHO, GyAeM roBOPHTH, YTO HPHHIMI
ontHManabHOCTH (P, %) A-perynspudyer NpPHHLUHN ONTH-
mManbHOCTH (R,&) Ha N mnpu coriacoBaHuu A, ecau Ajs
MOOBIX (m, e, e2) €N BomoaHeno: A(m, e, e) %< u Ans
J06HX (a,8)=A(m, e, ), dO6GHX neMg(m) umeem
0>An

F#R(m,e) =P (n,a) SR (m, e2).

3neck NeMX&? A: N->-R(FXE'Y), S(m)=S, Q—
TOXKJAECTBEHHOe OTOOpaKeHue.

dTo ompeneseHHe DeryJsipH3aluH, KaK H NPHBENEHHHIE
B Ill. 3 ONpeNeJeHHs PeryJsipH3allHH, TaKke SBJSETCS ec-
TECTBEHHBIM 0000I1eHHeM MOHATHA peryJsipu3anHH, HCIOJb-
3yeMbIX B TEODHH HEKODPEKTHBIX 3afay [74].

ChopmyaupyeM YCJIOBHSI DeryasipH3ald¥ [Jsl TPOU3-
BoHOH. ITosoxum

N={f, &, & |f=Mp, inf & (x)>0, & (x)=0,
x<[a, b]

N Vx<]a, bl},

C(f e, e2) = {a,B, V, 8|0z (x) =P2(x) =
=28+4o[f, V](x) - V(x), V(x)=[a,b], ai(x)=pi(x)=0,
4o[f, V1 (x)+86 (V(x))'<es(x), Vx=]a,bl}.
Yreepxaeuune J.4.1. [Ipunyun onrumarsrocru
(D, ®*(E',E')XB) 0-peeyaspusyer (Dif, ®(E',E')) ra

N npu coenacosanuu C.

3aMeTHM, 4TO AJS HaXOXKAEHHS 3JIEMEHTOB, NpHHAZJe-
xamux MHoxectsy D[f,a,B, V], He HyXHO TouHO Haxo-
IUTh BepXHHE M HHXKHHE mpUO/IHKEHHBIE MPOU3BOAHHE, 10-

CTAaTOYHO 3HATh UX C HEKOTOPOH, yKasaHHOH B COTJIacOBa-
HHH, TOYHOCTbIO.

§ 5. [IpuéuKeHHble BEPXHHH U HUKHHI
uurerpaasl Ileppona

Brile '6blIH BBeAECHH IOHATHA MPHONHNKEHHHIX AHbbe-
pEHIHAJI0B H NPOH3BOAHBIX, KOTOPHIE MOXHO CHUHTATh aHa-
JioTaMH OOBIUHOH NPON3BOAHOM. EcTecTBeHHo BO3HMKaeT BQ-
TIPOC: 4TO NOHMMAaTh MNOH HWHTErpHPOBAHHEM, COOTBETCTBY-
IoIUM npubauKeHHHM TudGhepeHnnanaM U NPOHU3BONHBIM?

[Toctpoenne Takoro uHTerpaJja, KOTOpH# GyneM Ha3sbl-
BaTb NpPUO/HIKEHHBIM, MOXHO OCYLIeCTBJSTb Pa3JIHIHBIMH
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nytaMu. B iacrosiieM naparpade Oyger I/lCHOJIbSOBaTbCﬂ
cxeMa MOCTPOEHHA HHTerpasa I]eppo“a

O6cyaum cHauajla, Ha KaKOM MHOXECTBE 3HauYeHHH
apryMeHTa ecTeCTEeHHO CTaBHTh 3ajfayy HHTErpHPOBAHHS.
[Iycre V—B-oro6paxenne. Ecau f(x) # BepxHas HIH
HHUXKHSS NPHOIMKEHHBIe NIPOM3BOJHBIE 3aJlaHBl, TO 3Haye-
HHUSl NPUOMHKEHHBIX NPOM3BOAHBIX CJYXKAT JJIsl OUEHKH HJIH
NPOrHO3a 3HAuEHHH (YHKUHMHM [ Ha MHOMKECTBe V(x) Duk-
cauusl KaKHX-TO COr/JIaCOBAHHBIX C OLEGHKOH 3HaueHHH (YHK-
uun [ Ha MHOXectBe V (X¥) Hak/jajbiBaeT OrpaHHYEHHs Ha
3HaueHus1 pyHKuuu [ Ha mHOXectBe V(V(x)) m 1. 1. D11
COo06paKeHHs MO3BOJSIOT CUHTATh ©CTECTBEHHHIM TaKOH Ba-
PHAaHT NOCTAaHOBKH 3aJauyd NPHOJIMKEHHOIO HHTErpHPOBa-
HHSl, KOTZa MO 3HaueHHIO QYHKIUH [ B OJHONH TOUKe @ H
ee npubamxeHHbM nuddepennnanaM u NPOU3BOJHHM TpeE-
Gyercsi B HEKOTOPOM CMbCJe BOCCTAHOBHTb 3HAUEHHS
GyHKuMH Ha MHOXeCTBe * -

Pro [V, a]— U VE(a),

rae V°(a)—{a} Vi(a) = (V’H(a)). B cayuae, korza
MHOX€CTBO, Ha KOTODOM MPOMCXOJXHUT HHTErpHpOBaHHe, OT-
paHuueHo orpeskom [a,b] unu {b,a], ynobuo paccmarpH-
BaTb MHOKECTBO ’

Pro[V, a, b]= {PTOW, alNla, b mpu a<b,

Pro[V, a]N[b, a] mpun a=b.

Tlycts f — (yHKuss  AeHCTBHTENLHOTO MEPEMEHHOTO C
obaacTbio onpelenenns, coxepxaweit Pro[V, a, bl \ {b},
bePro [V,a], ee®(ELE"), V sasasercs aubo BII-, ambo
BJI-oto6paxenueM. O603HaunM

VP (x) = {V(x)ﬂ(—oo, bl, ecmn V—BII-oroGpanxenue,
V(x)Nib,  +o0), ecnn V—DbBJI-orobpaxenue.

Bynem rosoputh, uto F sBasercsa (e, V)-nodpynxyuei
s f ot a no b, ecau:

1) F onpenenena na Pro [V, a,b],

2) F(a)=0,

3) f(x)=DI[F,0,¢,V?](x), Vx&Pro[V,a,b] \ {b}.

bynem rosopath, uto F saBasercs (e, V) -Hadpynkyuel
nrafora po b, ecan:

1) F ompenenena ua Pro [V, a,b], ‘

2) F(a)=0,
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3) [(x)eD[F, 0, e, V*] (x), Vx&Pro[V, a, b]\ {b}.
Bepxuum (e, V)-unreeparom Mepporna bynxkunn | or a
0 b 6yzeM HasbiBaTh BEIHUUHY

TP[f, g, V]=inf F (b),

rie HHXHAS rpaHb Oepercs nmo BceM (e, V)-HamdyHKIuaM
Anas f ot a no b.

uxcrum (e, V)-unreepasom Ileppona ¢yuxuum f or a
70 h 6yneM Ha3bIBaThb CeJNHYHHY

IP[f. &, V]=sup F (b),

rie BepXHss rpaHp Gepercsi o BceM (e, V)-mondyHKuuIM
s for a no b

Bepxnuit u HuxHuR (e, V)-unrerpannt Ileppona Gynem
Ha3bIBaTh BEPXHHM H HHXKHHUM NPHOJHKEHHHIMH HHTErpa-
Jaamu [leppona.

Cuienyer OTMETHTb, YTO, KaK M JUIS KJACCHUECKOTO HH-
terpana IleppoHa, Takas cxeMa NOCTPOEHHS NPHGIHKEHHO-
ro uHrerpana IleppoHa He YKa3hBaeT HHKAaKOro KOHCT-
PYKTHBHOTO croco6a BBHYHCICHHA NPHOIHKEHHHX HHTe-
rpajioB.

IMpusenem mpocreiiline cBoficTBa NPHGJIMKEHHBIX HH-
terpajsioB IleppoHa, Henocpe)lcraeﬂﬂo Cnefyiolne U3 Om-
pelesieHu .

1. Ilyets  ¢yukuns F onpene.neﬂa Ha MHOXECTBE
Pro[V,a,b] u pns mo6oro x=Pro[V,a,b]\ {b} Bmmoa-
HEHO

f(x)=D[F,0,a,V®](x), g(x)=D[F,0,8, V?] ().

Torna

Plf, @, VISF(b)—F(@)<IPlg, B, V].

a»—qv
h|n—ov

h'—4|=r

[_'f g, V]"' —Ip[f e, V]

PIf, e, V]_IP[kf ke, VI, k>0,

Pif, e, V]—IP[kf, ke, V], k>0,

Gl-—-t& Q ,_.lo.
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P[f, a, V]—HP[g, B, V]>IP[f-l-g, a+p, V],

Q ,—.'..

P, o, VI+IPlg, B, VI<IPIf +2, at+B, VI,

€CJIH CYMMHEl B JIEBHIX 4aCTX HepaBEHCTB HMEIOT CMBbICI,
TO €CTb He SABJAIOTCA BRIpAaXXEHHUSIMH BHAA ©00—OO HJH

—o00--00,
Ecau g=rconst, To cBOiicTBO 4 MOXHO YTOYHHTb:

I‘P[f+k, e, V1=k(b—a)+fP[f, e, VI, ksEl,

IP[H—k e, V]= k(b—-a)+IP[f, e, VI, keEL.

5. ECJIPI c=Pro [V, a,b], bePro [V,c], 10
b c b
P, e, VISIPIf, &, VI+IP[f, &, V1,
a a c

P, e VISIPI, & VI+IPIF, &, 1.

6. Mycrs  f(x) =g(x), a(x)=Pp(x) mas Bcex x&=

ePro [V, a,b]. Torna
b b b b
IP[f, @, VI=1IP[g, a, V], IP]f, @, VI=IP[g, &, V],
a a a a

ecan V — BIl-otro6paxeHnue;

b b b b
IP[f, a, VILIP(g, a, V], IP[}, a, VISIP[g, «, V],
a a '& ;

ecan V — BJl-oro6Gpaxkenne;

b b
P, @ VISIPI, B, VI, IP[, @ VISIPIf, B, V1.

§ 6. MpuGaANKeHHBbIe BePXHHIA H HUXKHUMA

uHTerpaJanl Pumana
[Tox cxemoit Pumana OyzemM moHuUMaTh oOmpeleseHHe
npubJMKeHHBIX HHTErpajoB € MOMOLIbI0O HHTerpaJbHbIX

CyMM.
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[Tycts V — nu6o BIT-oro6Gpaxkenne, au6o BJI-oroGpaxke-
Hue. Beenem MHoxecTBo dis HomycTHMBIX pa3GueHHH OT-
pe3ka uHTerpupoBanus, bPro [V, a],
dis [V,a,b}={x=(xo, ..., Xs) | Xo=a,

x,,=b, x,-+zeV(x,-), i=0, 1,.. ,n—l}.
3aMeTHM, 4TO 'HOMep n — cBoOli, Booflie TroBoOps, MAJ
KaXJaoro pas6HeHHMs X, H NO3TOMY TOraa, Koraa 3TO Tpe-
Oyercsl IBHO yKasblBaTh, OyleM DHCaTb n=rn(X).

Bepxnum (e, V)-unreepascs Pumana ot a po b (Bo3-
MO}KHO a>b) cpyHKulm f 6yueM Ha3bBIBaTh BEJIHqHHy

(%) )—1

m Foe Vie  sup ST {F (5 Grup—xd—e ().
xedis [V, a, b] =0 _ )
Husrcrum (e, V)-unreepasom Pumana oranob ¢byHKIHH
f6y11eM Ha3bBaTh .Beﬂnunﬂy f: n ,

_I_R [f» g, V]l= inf 2 {f (xt) (xi+l_xl)+8(xi)}
a xedis [V, a, b] i=0

Bepxuuii u HuXKHHE (e, V)-uHTerpasn Pumana Gylem
TaKXe Ha3blBaTb NMPHONHKEHHBIMH BEPXHHM H HHXKHHM HH-
terpajamu Pumana. OTMeruM npexne Bcero, 4To AJIfA NPH-
6/IMXEHHHX HHTerpaJoB .PuMaHa. cnpaBedJuBH CBOHCTBA,
‘aHaJOrnyHble CBOHCTBaM 2—6 NPHOMMKEHHHX HHTErpaJioB
[Tleppona. VYkaxem elle psi HEKOTOPHX NPOCTEHIIMX
CBOMHCTB.

1. Ilycry [, e— koneunnte Ha Pro[V,a,b] ¢ynkuun.
Ecau V — BIl-oto6paxenue u a<b au60 V BJI- 0To6pa-
XKeHHe H a>b TO

IR[f g, V]>—o0, IR[f g, V]< 4 o0.
2. Ilych e(x)=0 nas ncex xeE!, Pro[V,a,b]#3.

Ecau f orpaHHueHa cBepxy Ha Pro [V,a,b] 1 V—
BIl-oro6paxenne, T0

b
TR[f, g, V] <+4oo.

Ecnu [ orpammyena cHusy Ha .Pro[V,aq,b] u V—
BbJI-oto6pa:kenue, TO

b
R[f, &, V] <+oo.
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Ecnu f orpannuena cuusy ua Pro[V, a, b] n V — BIl-oro-
Gpaxenue, TO

b
_I-R [f, 8, V] >—w.
e .

Ecnmu f orpannuena cBepxy Ha Pro[V,a,0] n V—
BJI-oTo6paxeHnue, TO

)
IR[f, &, V] >—o0.

b .
3. Ilycrs Pro[V,a,b]#@. Ecmu IR[g,B,V]>—oo,

TO

Q mlqe

b b
R[f+g, a_ﬁr V]>3R [f’ a, V]+_I_R[g’ ﬁa v]-
b
Ecan IR[g, B, V] <+, T0

b b b .

§ 7. CBs13b BepXHHX H HHXHHUX NPHUGIHIKEHHBIX
uuterpajos Ileppona u Pumana

Vreepxaenue I.7.1. Mycre bPro[V,a], V—au-
6o Bll-orobpadcenue, aubo BJI-orobpaxcenue, [, ¢ — uucao-
sble ynxyuu, onpedesennsie Ha Pro [V,a,b]#J. Tozda

b b
IP(f, &, VISIRI, &, VI, IPIj, & VISR, & VI,

HokasatenbcTBo. JloCTaToOuHO HOKa3aTbh TOJBLKO
nepBoe HepaBeHCTBO. Ecanm MHoxXectBO (g, V)-moadynkumit

b
1as f or a no b mycro, o IP[f,e,V]=—oc0 n yrBepxne-

a
Hue cnpaBenauBo. Ilycts Tenmepp F siBasiercs (e, V)-mox-
¢ynkuuelt ans f or a no b. M3 ycaosus bePro[V,a]
cnenyer, uro dis [V,a,b]#@. Ilycrs ¥ — npousBosabHOE
pasbuenue, npunannexamee dis[V,a,b]. Tak kak F ecTb
(e, V)-mondyukuuss pass f or a A0 b, TO cnpaBemNUBH
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HepaBeHCTBA
F (xi01) <CF (%) 47 (%1) (xi01—x:) F-€(%:),
=0, 1,...,n(%)—1.

Cymmupyewm no i=0, 1, ..., n(¥)—1, yuntrsas, uto F(Xo) =
=0. INonyuzaem

n(x)—1
FO)=F(x,) < D {F(x) (xip1—x:) +e(x:)}
=0

IMockonbky X — mpousBoabHblit asnement dis [V,a,b], mo-
JayyaeMm TpebyeMoe HepaBeHCTBO. M

ITycrs V — BII-oto6paxenne, au6o BJI-oTo6paxeHnue.
Torna nns moboro x<Pro [V,a] \ {a} onpenenenn Benu-
YHHH

IPIf, e, VI, IP[f, e V], IRIf, & VI, IRIf, ¢ VI.

Ecau cuntath, 4TO MPH X==a BCE MHTErpajill PaBHH HYJIO,
TO TaKuM 06pasoM ompejeseHH YeThipe (YHKUHH aprymeH-
Ta X Ha MHoxecrBe Pro [V,a], sBasiomuecsi npubammxKeH-
HbBIMH HHTErpajiaMi ¢ N€PEMEHHBIM BEPXHHM MpELEsOM.

YrBepxaenne I.7.2. lIycre e(x)=0 Osa xE' u
bePro [V, a]. Toeoa:

1. Ecau | oepanuuena csepxy na Pro[V,a,b]U
UV (Pro[V,a,b]), V— Bll-otobpascerue, To

O[IR[f,e V],e V] (x)=F(x), Vxe=Pro[V,a,b];

2. Ecau | oepanuuena cnusy Ha Pro[V,a,b]U
UV (Pro[V,a,b]), V— BJl-orobpascenue, To

5[_iR[f, e, V],e, V] () <f(¥), Vx=Pro[V,a,b];

3. Ecau f  oepanuuena cnusy na Pro[V,a,b]U
UV (Pro[V,a,b]), V— Bll-orobpascerue, T0

OliR[},e, Vl,e, V] (x) <F(¥), Vx=Pro[V,a,b];

4, Ecau | oepanuuena ceepxy wa Pro[V,a,b]U
UV(Pro[V,a,b]), V— BJI-orobpasxcerue, To

[iR[f,e, V], V] () =f(x), VxePro[V,a,b].
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HokasateabcTBo. Jlokaxem naas mpuMepa m. 2.
OrpaHuyeHHOCTb cHH3Y GYHKUHMH f n €20 rapanTHPYIOT KO-
x y

neunocts uHterpanoB IR[f,e, V], IR[f, e, V] ana gV (x),

x<Pro [V,a,b]. Hcnonb3yst ceoficTBa BepxXxHero NpuOJIH-
JKeHHOro wuHrerpaja Pumana u yrqmblaasl lno (xy)e

=dis[V, %, y], nmeen IR[f e, V]—IR[f e, V]>IR[f e, V)=

=f(x) (y—x)—e(x). Omcrona Jum n060ro er(x) HoJy-
yaeM

y x
fR[f’ g, V]—ZR [f: g, Vl

——20 <) m
y—x ly—=x|

Canencreue. ITycre e(x)=0 042 x=E' u be
eProlV, a]. Tozda
1. Ecau | 02paHUMENE COEPXY HA Pro[V,a,b] u V—

BII-orobpasxcenue, TO IR[f, e, V], paccmarpusaemolii xax
a

pynkyus sepxnezo npedena UHTE2PUPOBAHUA X, ABARETCS
(e, V)-nadpyunryued dasn f or a do b;
2. Ecau | Ozparudera CHusy Ha Pro[V,a,b] u V—

BJI-oro6pascenue, To IR[f, e, V] sneanerca (e, V)-nadpyux-

yueii 0as f or a do b;
3. Ecau | oepanuuena chudy Ha Pro[V,a,b] u V—

BI-oro6pasketue, To _IR[\f, e, V] aeaserca (e, V)-noddymnx-

Yueii dasn [ or a do b;
4. Ecau | oepanuuena ceepxy na Pro[V,a,b] u V—

BJI-oro6pasicerue, To fR [f,e, V] asaserca (e, V)-nodpynx-
a
yueii a5 f or a do b.

M3 ompeneseHuii BepXHETO M HHXKHEro NPHGJIHIKEHHOrO
unrerpana IleppoHa B yCJIOBUAX CJAEACTBHS NONydaeM

b b
iPIf, e, VISIRIf, &, VI, IPIf, &, VISIRI, e, VI.

ComnocraBisis 3TH HepaBeHCTBa ¢ yrBepxaennem [1.7.1, mo-
JyuaeM
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Yrepxaenue [0.7.3. ITycre e(x) =0 0ss x=E' u
bePro [V,a]. Toeoa: '

1. Ecau aubo | oepanuuena csepxy na Pro[V,a,b] u
V — Bll-orobpascenue, aubo [ ocpanuvena Cchusy Ha
Pro [V,a,b] u V— BJI-oro6pasxcenue, To

b b
IP[f, e, VI=IR[}, &, VI;

2. Ecau aubo | oepanuuena cnusy Ha Pro[V,a,b] u
V — BIl-orobpascenue, aubo [ ozpanusena csepxy Ha
Pro[V,a,b] u V— BJI-oro6padscerue, To

IP(f, &' VI=IRf, e, VI.

§ 8. Onpenenenne NPUGIMKEHHOr0 HHTErpaja
U ero CBOMCTBA

B srom u caenyomnx maparpadax HHTETpHpYeMBle
¢yHKuMH GyleM CUMTaThb OrpaHMYEHHBIMH HAa TPOMEXYTKax
MHTETPUPOBaHHUs, a (GYHKUHH €, BXONsIIHe B ONpeAeJeHHs
BePXHUX H HHMIXXHHX NpHO/IHKEHHBIX HHTErpaJjioB, — HEOTPH-
uareabHbiMu. Toraa cmpaseninBo yrBepxkienue J.7.3 u
Bmecto o6osHauenuit IP, IP, IR, IR Gyayr ucno/sb3oBaThes
Iul

IMpu nocTpoennn nmpubJMKEHHOro MHTerpaja GymeM Hc-
NOJIb30BATh aHAJNOTMH CO CXeMOH NMOCTPOEHHS KJIACCHYECKHX
uHterpanos, Hampumep Pumana u Ileppona. HHrerpasnl
Pumana u IleppoHa cymecTBylOT Torja H TOJBKO TOTAA,
KOrJla BepXHHE H HHXKHHE MHTerpasl copmajawor. [Ipu Bae-
NeHHH NPHOJHMKEHHOrO HHTErpaja eCTeCTBEHHO OCnalHTb
yCJOBHE COBIAJEHHS BEPXHENO M HHXKHero NpHOIMKEHHbIX
MHTEFpPaJIOB H 3aMEHHTb ero Ha NpUOJIMKEHHOe PaBeHCTBO.

Hrak, mycts b=Pro [V,a], V asasercs au6o BII-orto-

6paxennem, nu6o BJl-oro6paxenneM, f orpaHnueHa Ha
MHOXKEeCTBe

Pro[V,a,b]; ai,prsE!, ag p=®(E, Elg ).

b b
Ecan I[f, ag, V]—ai<<I[f, B2, V] +B1, 10" OTpesox

b b b
[‘I;[f, oy, Vi—a,, I_[f’ Bz VI4-B4l =2[f’r~a’ B, VI

v A, -
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OyneM HaswBaTb npHGIHKeHHHM (a, B, V)-uHTErpanom
¢yHKIuH f ot a no b.

IIpuBeneM HekoTOphie CBOHCTBA NpPHOJNMKEHHOTO HHTe-
rpana.

YrBepxnaenue 1.8.1 (O6obuenne dopmyan Heio-
ToHa — JleitGuuna). ITycts 6vinoasnenst caedyrouue Yycao-
aus:

1. V seaserca aubo BII-orobpascenuem, aubo bBJI-
orobpancenuem. Pynxyuu f, a;, By onpedesens. u oepa-
Huuene, Ha mHoxcecrée Pro [V,a,b], pynxkyuu as, Bg onpe-
Oenensl u Heorpuyareasrel Ha Pro[V,a,b], bePro [V, a];

2. @ynxyus F Oan awbozo x<=Pro[V,a,b] umeer He-
nycroi (a, B, V)-Ouppepenyuan;

3. F(x) EbD[F, B, V] (x)b das awbozo x=Pro[V,a,b];

4- a,l=3[al, 0’ V]’ B,l =aI_[BI’ 0’ V]v

Y=j[al+ﬁl,02+ﬂ2, V].

Toz0a cyuwjecrsyer npubauscennoui (a’y, ag, B'1, B2, V)-
unrezpanr ¢yukyuu f or a do b u cnpasediuss. sKito4e-
HUs

F(6)—F (@) 111, 1, 00,81, Ba, VISF (6)—F (@) +[—v. 7).

HdoxasartenbcTBO. OrpaHHYAMCS pacCMOTPEHHEM
cayyasi, korga V sBasercs BJI-otro6paxenuem. M3 ycio-
BUs1 3 caenyer, 4To
O[F, az, V] (%) +a: (x) <F(x) <

<O[F, B2, V°](x)—B1(x), Vx=Pro[V,a,b].

Orciona caenyer, uto F—F (a) sBaserca (ag, V)-Handynk-
uuneft 1 f—ay Ha [b,a] u (Be, V)-nondynkuuedr nas f+p,
Ha [b,a]. V3 ompejesennii BepXHEro M HHXKHero npHOJIH-
XeHHoro uHTerpasna Ileppona moayuaem

b b
llf—al, ay, VISF () —F (a) <IIf+B,, Bar VI

3aMeTuM, 9TO M3 YCJOBHS | clelyeT KOHEYHOCTb HHTErpa-
noB = B

> . b
a]’, ﬂ;’ l[f_aly az, V]’ _I_[f"‘ﬁ]a ﬂz: V]-

9 I. A. Mojoanos
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OcTtanoch BOCIOJb30BATHCS HEpaBECHCTBAMH

b LA b
LI/ +By B V]‘"g [f—ay, a,, VIS Iieg+By, @ +B,, VI,

b b Ll
I[f_l'ﬁl’ 62’ Vlgl[f) 52’ V]_l_‘{ [ﬂly O) V]!
> L3 2

‘Il[f—al’ a27 V]’>/Ia[f’ a2v V]-I[alv Oy V]- .

Yreepxnenue .82 Iycre [ u g oepanuuens: na
muoucecrée Pro [V,a,b], ag, B2, y2, 62— HeoTpuyarensroe
b

pynryuy u x=1[0, ag+Po4y2+82, V1+ai+pi+y1+8:. Ec-
a
b b

au cywecreyror 1[f, a, B, V] u I[g, v, 8, V], To cywecrsyer
a a

b
I[f+4g,a+y, B+96, V] u svinosnens: exarouenus
b b b
l[f’ o, B, Vl+£[g, 7,76, Vlcllf-l-g, o+v, p+86, VI,
b «
lli+g, a+y, B+6 Vic

b b
<Iif, a B, Vi+1ig, v, 8, VI+[—x, x].

a a
HokasarenbcTBo. Mcnonssys cBOcTBa BEPXHErO H

HHXKHero mpHOJMMKEHHBIX HHTErpajioB, MOJydYaeM NENOuKy
HEepaBEHCTB

b
1+ —(+9), (aa+v2)+ (B +8,), VI=
b b
>I_[f+gv 62+62’ V]_‘Izlf_l_g) az‘l‘Yz, V]>

b 3 5
>!_[f+gv Byt 82 V]—Lffs Gy V]—}z[g, Y2, VI

VcnoBre CyumecTBoBaHMS NPUGIHXKEHHBIX HHTErpajioB
b
I{f,a,B, V], 1[g,v,6,V] o3Hauaer cmpaBelHBOCTb Hepa-
a a

BEHCTR
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|v--¢?

lf, ag Vl—a, << if, Bs V148,

s Q -

(g, 8: VI+8,

h|o—-aa- 'y

Tig, va, VI—1:<
Hcnoabsys ux, moayyaem
1+, Botop VISTIF, B VI+1lg, 80 VI+a.
AHa:IOI‘HqHO noJsiyyaem He;aBeHCTBO ’

b b b
£[f+g’ Oy + P2, V]>‘Izlf» Oy, V]+‘lz[gv Y2y V]—u.

OcraJjioch BOCTOJB30BATHLCS YCTAaHOBJICHHBIMHU BBbILIE€ HeEpa-
BEHCTBaMHU

b b b
I_[f+g, B2+62’ V]>l[fy 629 V]_I"I_[gy 62, V]»

< o

Y L 5
‘Il[f+gv a2+727 Vlgilfa a’2, V]+al [g, Y2’ V]. .

YrBepxneunue I1.8.3. Paccmorpum ycrosusn:

1) cywecrsyer I[f a,B, V]:

2) pynxyus f oepanuttena Ha Pro[V,a,b], ap, B2 neor-
puyareasro. wa Pro [V,a,b];

3) b=Pro[V,a], cst})ro[v,a,b], bePro [V, c];
4) o' \4-p'1=01+B11+1[0, 2B, V],

a”l+ﬁ”l>al+ﬁl+i[0, ax+-B2, V1];
5) B'1+B"1=B1, a,l+;/,l>al;
6) v= (1+1) [0, as-+z, V] +
T max (bR, Bibaiha’).

Ecau svinoanenor ycaosus 1)—4), T0 cyujecr8yror un-
Te2paibl

¢ b
‘I![f) a;9 a'_’) ﬁl" ﬁ2 V]’ I”:, a”l’9 az: ﬁ'l'y ﬁzy VI
c

9*
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Ecau evinoanensr ycaosus 1)—5), To cnpasediuso
BKAOYEHUE

11, o, B, Vi
c b
U7, o}, a, B, Bo VIFII, o, oy B B V1.

Ecau svinoanenst ycaosus 1)—4), 6), to cnpagedaruso
8KAIOUEHUE

b
‘Izlt, a, B, ViI+[—y, v1>D

c b
DI [f’ ap O‘z» ﬂp ﬁz» V] _i_ I [f’ alr @y, ﬁ]y ﬂz, V]
a c
,HOK a3aTeabCTBO. BuuuTaq JABa l:lepaBeHCTBa

b c b
i[i’ a21 V]>3[f’ az V]+£[fv a2’ V])

b
I_[fv p2’ V]<

Ql —e

b
[f’ 62’ V]+_I_[fy 62» V]!

noJiyyaem

b b
‘{[fr Ay, V]__!.[fy 52) Vl>

éf[f. a, VI=1if, B Vl+il)_[f, o, Vl—:i_[f, Bay V1.
Orcrona
TUf, @, VI, B VIS +By+ 110, oty VI<
a c <a+8,
f.[f, Ay, V] —'f?[f, Bar VI, 8,410, @48 1<

<o+f

H, CJeI0BaTeNbHO, CylHIeCTBOBaHHEe HHTErpaJ/JJoB JOKa3aHo.
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Jlerko BHIETb, YTO CNpAaBEAJHBA LENOYKa HEPABEHCTB

£ 2 c b ) c b
(3—'-}) [f, a27 V]>(_I_+D[f9 Bz, V]—'(l—l"l_)[o, az—l—ﬂz, V]>
b c b
=11[f, B VI—(I+DI0, o, +B,, V1>

L4 c b
>‘Iz[f' ay, Vl—a;—p,—(1+D[0, ay 1B, VI
a c
AHanoruyHo n0Ka3bIBaeTcs HEepaBeHCTBO

c b
(l—l_l_) [f’ 62) V] <

b c b
<IIf, Bas V141 +B1 +{I+DIO, ay+B,, VI.

Hcnonb3ysi moJiydeHHHIe HEpaBEHCTBAa H CBOACTBA BEPXHHX
H HHXKHHX NPHOJHKEHHHX HHTErpaJjios, JIE€TKO J0Ka3aTp OC-
TaBlIHecs BKJIoueHusd. M

B cBasu ¢ yrBepxnenuem J1.8.3 ecrecTBeHHO BO3HHKaer
BONPOC: IPH KaKOM MHHHUMAaJIbHOM y BO3MOXHO COOTBETCT-
Bylolllee BKJIOueHHe? [[Jis OoTBeTa Ha Hero Heo6XOAHMMO pe-
IWHTh 3afauy

Yo = minmax {“1 +ﬁi +ﬁ:» B+ aH‘ a:} +
c b
+ (l—I-l) [O’ az + Bz’ V],

rie MHHHMyM Gepercs 1o BceM o'y, a”y, B’1, B”1, YHOBIETBO-
PSIOIMM YCJIOBHSIM

b
o +8; = oy +Bi 100, 0By, VI i tai>ay;
a:+ﬁ:>a1_kﬂl+i‘_[01 az’*“ﬁz, V], ﬂ;+ﬁ;>ﬂl-

HerpyaHo BHIETb, 4TO yo——(a1+|3.+(1+l) [0, az+

Bg, V]) u MHHEMyM JOCTHraeTcs Ha Jilo6oM Haﬁope (a’y,
a’y, B'1, 1), ynosneTaopammeM YCIOBHSAM

a; 1B, =°‘1+61+1[0, o, +Bs, VI,
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c
o+ B{ =, +P, +_I_lO’ o, +PB, VI,

ooy —2ath 4 2 (I+IH0 %+ Ba VI

Jlerko ycraHaBiuBawoTCs clefyiolue cBofictBa Npu6aH-
KEHHOr0 HHTerpaJja:

b
(Iz[——-f, a, 6y V]: _'I[f’ B’ a, V],
R1IE o B, VI =LA, ko, kB. V], k>0,

Jnst $popMyJHPOBKH CBOHCTBA MOHOTOHHOCTH NPHOJIH-
JKEHHOTO MHTErpajia BBeleM OTHOLueHHe «GoJiblle» Ha MHO-
JKEeCTBE OTPE3KOB BElLeCTBEHHOH ocH. BymeM rosoputb, uTO
[a,b]=]c,d], ecnu az=c u b=d. Ananoruuyso onpejaens-
€TCsl OTHOLIEHHE «MEHbILe».

HyCTb f(x) =g (x) JAnst Beex xe&Pro[V,a,b] u cyme-

CTBYIOT I[f ap,V] u I[g,a B, V]. Torma: eciu V —BII-
omﬁpameHne TO

b b
If, o« B, VI=I1lg, , B, VI,
a a

ecan xe V — BJl-oto6paxeniie, TO

b b
I[f» a, Bv Vlég[gv o, ﬁr V]

Iyets ai=a'y, 51251, az(x) =a'z(x), B2(¥)=p"2(x)
AJsl BCex xePro[ a, b] H CYILEeCTBYIOT NPHOJIHKEHHbIE

MHTErpaJibl I[f B, V], I[f o/, p’,V]. Torna

(IJ[f’ a, ﬁ) Vl:ilf’ CZ, ﬁ» v]

§ 9. Ycaosus cymecTBOBaHHS NPUOGJIHIKEHHOIO
MHTerpana

B stoM maparpade Gyjpem HCCAeLOBaTb yC.iOBHS Cylie-
CTBOBaHHs MPUGJIMIKEHHOr0 HHTerpasaa AJjis ciaydasi, KOria
B-oro6paxenne umeer Bua V(x)=V, (x¥), rme Vs (x)=

= (x, x40 (x)].
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DyHKIHIIO §, YLOBJETBOPSIOUYIO TPEM YCJIOBHAM:

1) 8(x) >0 nnsa mwo6oro x<E!,

2) lim &(y) =06 (x) ans moboro xE!,

Y—>x—

3) ¢yuxkuns x40 (x) sBasierca HeyOwniBalowen Ha E!,
OyzneM Ha3bBaTb QONYCTUMOMU.

3ameTruM, uTO H3 YycJoBuHH 2), 3) ciaenyer HempephiB-
HOCTb cJIeBa (YHKLHHU §.

YrBepxaenue [.9.1. Ecau 8 ydosasersopser nepsvim
deym ycro8uay Oonycrumocry, to Pro[Vs,a]=[a, o)
Oas ato6ozo acsE!.

HokasartenbcTBO. [IpeAnoysoxuM, 4TO CyILeCTBYeT
b>a rakoe, yto b< Pro [V, a]. O603naunm

b, = inf b.
b&Pro [Vg . al, b>a

Ecau npeanosoxuts, uro boePro [V, a], To cnpasenauso
[bo, bo+6(bo) ] =Pro [Vs,a], uro mpoTHBOpEUHT Ompenese-
HHW0O bo. [TosTomy by Pro [V, a]. Bo3bMeM npoH3BOJIBHYIO
TM0C/IeI0BATENbHOCTb by TaKylo, uTo bpn<<by U bn—-bo. Tor-
1a bn4-6(bn) <<bp u, mepexons K mpefesqy B HepaBEHCTBax
0<<d(bn) <bgp—bn, umeem lim 8(bn)=0<<8(bo). M

n— oo

Hccnenyem Ttenepn, kKakoii Bia umeer obpatnoe bBb-oto-
6paxenue aias Vs. HamoMHuM, uto

Ve'lla, +o)1(0)={ysEy>a, y<x<y+8().
OG6osnauuM §*(x) = sup (x—y).
x<y+8(y)

OueBuaHo, 6*(x)=0. Ilyctp 8 ynoBierBOpAeT HEPBHIM
ABYM YCJIOBHSIM AONYCTUMOCTH. [IpeAmnosoxuM cyiecTByer
Xo Tako#, ute 6*(xo)=0. Bo3sbmeM mnocien0BaTENbHOCTD
Yn<<Xo TAKYIO, UTO Yn—>Xg. TOTHA Yn<<Yn—+6(yn) <Xo H,
nepexois K npegeny, noaydaem limd (yn) =0<<d (xo), T. €.

n—>oco

nporusBopeune. CiaenosatenpHo, 6% (x)>0 aas mo6oro
xeEL
W3 onpenpenenust 6* ciueayer, uro nasa Jwoboro x>a
BBITIOJTHEHO
—1 -
@ # Vs lla, + oo)l(x)=[max{a, x—§*(x)}, x).

Ecan ¢ynxuus 6 sBiasieTcss 1ONYCTHMOH, TO JIEFKO NMOKa3aTh,
YTO NPH X>a BLINOJHEHO BKJIOYEHHE

Vs'lla, + o0)](x)>(max{a, x—&*(x)}, x).
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VTBepXKIAEHHE 1.9.2. IIycre f— pynxyus
(¢, V15[la, +o0)])-nenpepoisnas ceepxy na (a, b),
e, £:E'>Elg, 8 — donycrumasn ynxkyusa. Toeda das ato-
6020 c=(a, b)

b c b
“‘I,[f, e, V61<j[f, g, v61+3‘[f, e, Vsl+e(o)+E() 8 (0).

HokasateabcTtBo. Ilycrs ¥¥edis [V,y,a,b] Takoe,
4TO

n(x =1 b .
p) [f(x}’)(x}?+l-—x}‘)—-e(x}’)]+y,>.£[f, e, Vsl,

=
y>0.
[Tycts k Takoe, uTo XV, << C<<XVpy1. Toraa
® k=1

Tif, & Vol < D 1F () (37— 2) —e ()] +
+f(x2) (C—xx) '—8(xZ) —I—f(C) ()CZ-H——C)—S(C) +
n—1
+i=2k‘.+l[f(x}’) (K —2) =& () +F () (R —0) —

— 1@ (A=) +e@+1<Tl, & Vel +TIf, e, Vol +
+ (=) F () —Ff@)+e@+r<

c b
<§[f, g, v61+§[f, e, Vsl +e@+v+E(C) ().

Ocranoch ycTpeMutsb y K HyJio. R

Cnencrsue. ITycre f — pynxyus, (n, V-5 [[a, + )])-
Henpepbieras chusy Ha (a, b), e, n: E'>E'g, 8 — donycru-
mas pynkyus. Toeda 048 awbozo c(a,b)

b c b

1, & VoI =1If, & Vol +11, &, Vel—e(©)—n(e) 8 0).

Yreepxaenue J.9.3. ITycre pynxyus | seaserca
(¢, V15[[a, +0)])-nenpepoisnoii ceepxy na (a, b) u

(n, Vs )-Henpepoisroi ceepxy ra [a,b); 8— donycrumas
pynkyus, e, &,n: E'-E'g. Tozda

b b
‘I,[f, e, Vol <I[f+u, 88 Vol—e(a)—6(a)E(a).
q .
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HokaszateabcTBo. IlycTh X — NPOM3BOJILHOE pas-
6uenne, mpunangexamee dis [V, a,b]. Torna us yreepxk-
nenns J1.9.2 cnenyer

n—1 x n—1

LA =i+l
Th e Val< X i.l [F, & Vol + Xile(x)+8(x) 8 (x)].

ITockonbky [ siBasiercst (v, Vg )-HenmpepuiBHO# CBepxy Ha

[a,b), nas mo6oro x<[x;, xi+;] BomoaHeHO f(x) <<f(x:)+4
+mn(x;). Orciona

Fit1 Fit1
I [}, e Vc]QL [F (x)+mn(x:), & Val=

*i

*it1
=[[(x)+n @) (xia—x)—1 [0, g, Vo]=
= [F (x1) +n (x:)] (X1 — %) — e (xy).
CJie10BaTebHO,

b
I[fv g, V6]<

< S )1 () (s —x) —e (e} +

i=0

+ :g.l[e (x) +8(x) 8 ()] =

= njl{[f (%) 4+ ()] (i1 —2) 8 (x0) & (x;)} —

=0
— & (o) —& (%) 8 (xo).
B cuny mpoussonpHoctH ¥<dis [Vg,a,b] mpebyemoe Hepa-
BEHCTBO J0Ka3aHO.

Cnencreue. ITycre pynkyus [ aeaserca
(¢, V-'5[[a, +0)])-nenpepoisnoii crusy na (a,b) u
(n, Vs )-nenpepoisnoii cuusy na [a,b), e,&,n: E'>Elg, 8 —
donycrumasn ¢pynxyus. Toeda cnpasediuso HepasewcTe0

b 2
11f, ¢, V6]>£[f—n. 88, Vsl +e(a)+6(a)E(a).

Yreepxnaenue J.94. Ilycre ¢ynkyus [ sasasercsa
(n, Vy)-nenpepotenoii na [a, b) u (E, V-is [[a, +00)])-
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nenpepoisrol Ha (a, b); aq, Bo, &, n: E'—E'g, 6 — donycru-

naz pynxyus,  o+pit+az(a)+pa(a) +26(a)E(a) =
<2I[n,88,Vs]. Toz0a cyuwecreyer (a,B,Vy)-unrezpan

d)yuarcquu foraadob.

Hoxasarteanctso. M3 yreepxaenns J.9.3 u caen-
CTBHSI K HEMY BBHITEKAeT OLEHKa

b b
TIf, @y, Vel —11f, By, Vol <

<I[f+m, 68 Vsl—a,(a)—26(a)E(a)—

Q| —o

b
—jlz [f—m, 88, Vsl—B(a) <

<2lin, & Vsl—a, @ —B, @ —26(@)E(@). W

HerpynHo BHIETh, YTO aHAJOTHYHbIE PE3YJbTAThl MOXK-
HO mONMyMHTb Aasl caydas V(x)=V_s (x)=[x—05(x),x).

[TonyueHHBle OLEHKH 1JIsi BEDXHETO H HMIXKHEro mpHOJIH-
KEHHBIX HHTErpajoB MOXKHO HCIOJNb30BaTh AJs TMpaKTHYe-
CKHX BBIUHCJIEHHH NpUOJIMKEHHBIX HHTErpanoB. [TycTh QyHK-
uus [ ssaserca (E, V=Y [[a, 4o0)])-HempepbiBHOH Ha
(a,b) u (n,Vy)-HempepniBHO# Ha [a,b), g B, & nE
e®(EE'g ), 6 — nonyctuMas ¢yHKuus. PaccMoTpum mo-
caegoBaresnbHocTh  X°edis [V, a,b] caenywomero Buaa:
x%=a, x%4=x%-}+8(x%), i=0, 1,.., n—2, x%_,<<),
x%,=>b. W3 yreepxkaenun J1.9.3 u creacTBus K HeMy BbHI-
TEKaloT OLIeHKH

b
I[f’ %y, V(S]—al <
b
<TIF+1, 8 Vol—a,—0, () —8 ()£ () <

< () (A=) S () 8 (418 ()~
i= i=0

—o,—a,(a)—8(a)§(a),
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b
L[f: 52’ ‘/6]+ﬂl>
b
>_£[f—1”|: 88, Vsl +PB1+B2(a)+-8(a)E(a) =

> 51 () (=)= (D) +2 (D18 () +
+B1+B:(a) +8(a) E(a),

Orcioaa rnoJqiyyaeM, 4TO €CJIH BBIIIOJIHEHBI YCJIOBUS

oty + 15 (@) 8 (@ £ (a) > 3 [0 (#4) +E ()] 6 (#9),
i=0

Ba-+B2 (@)+5(D5 > [n(x) +E ()18 (+),

n—1 b
10 0= 3 (#9) (2%, —x%) I1If, , B, Vsl.
i=0 a

Jlerko nokasaTb, 4TO
b _ . n—I 0 n—1
[, @ B Vol o[ =5 e () —ew T b (4) +81
1= =
npHueM JAJMHA OTPe3Ka, CTOSIIEro B MPaBOH YacTH BKJIO-
YCHHs, paBHA

njl [og (*9) 4Bz (£9)] + @1+ By

i=0

§ 10. Cea3b npu6GIHKEHHOT0 HHTETpaJa
C KJIaCCHYECKUMH HHTErpajiaMH

IMpu ucciaenoBaHun cBsizefi npHOJIMKEHHOIO HHTErpaJa
¢ KJaCCHYeCKUMH MHTErpajiaMH, TAKHMH KaK HHTerpaju Pu-
MaHa, JleGera, [leppona, oka3uBaeTcsl, YTO MHOTHE DPe€3yJib-
TaTe He 3aBHCAT OT THNA KJaaccHuecKoro uHrerpasa. Ilo-
STOMYy ISl yIOGCTBa wWccleNOBaHHA BBeleM MOHATHe 0006-
IEHHOrO HHTerpaa Pumana.

)

®ynknuonan | f or mepemenuux f, a, b, rae f— uncio-
a

Basi (YHKUHSA, ONpeneJeHHas Ha [a,b], a,beE!, OyneM Ha-
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3LIBaTh 0000ujenHoim unreepasom Pumana, ecan BHmosHe-
HH YCJIOBHA:

1) ecau | uHTerpupyema mo PumaHy or a jpo b, To f f
COBMajaeT ¢ MHTErpaJjoM Enmabﬂa dbyukuun f ot a mo b;
2) ecan cymectsyior [ f, [g n F(x)<g@(x) Ans Bcex
a

b b ¢
rela,b], ro [f< [ &

a a
3) o6o6meHHuni HHTerpaj] Pumana sBnsercss aaiHTHB-
HO#l (yHKUHEH 0Tpe3Ka HHTErPHPOBAHHs, a HMEHHO, €CJIH

Ci41
a=0< .. <cn=bu 5 [ cymectsyer, To cymecTByioT | fs
a o
i=1,..,k—1,un
b k=1 Ci4l
ff=% [ F
a =1 ¢

HOas fe®([a, b], E') paccmorpuM rpadux f, 0603na-
yaeMblil

gri(f)={(u,x) =E'X[a, b] ju=f (%) }.
IIycts Hr——ulcennome'rpuxa Xaycnopga, mopoxaeHHas 7,
rie -

r((u, %), (g, %)) =max {|u—us|, |x1—x2|}.
O603HayuM

0:(f) ={g=®([a,b], E") | Hn(gr (), gn(8)) <1}.

b
Hac 6yner nHTepecoBaTh OLEHKA BEJHYHHBI  Sup jg.
20, (P 2
b

Mockonsky He ansa Beex g=0¢(f) cymectsyer | g, T0 Bepx-
a

HIOIO TPaHb 6ynem 6path Toabko mo TeM g0 (f), nas Ko-

TOpHX ( g cymiecTByer.

I‘ngnnonomm, 4TO supbl I (x)]|=C<+o0, a 8—
x<la,
b
pomycruMas ¢yukuus. Toraa cymecrsyer I[f,0, V] <<-oo

u Aaa Jqio6oro y>0 cymecrsyer feDi;[V.,.a, b,1,0,7v],
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rae
Dis[v) a, b’ f’ €, Y] =

- n(x)—1 .
= {xedis [V, a, b] I 3 FE) C—x)—e ()l +v >
=0

>j'1:[f, . 11J.

PaccmorpuMm pasbueHnne

(%0r Yo» X15 Yrr.or Xn—1s Yn—1, x,) € dis[Vs, a, b], n=n(?),

Hdas mobux yis[x;, Xin], i=0, 1,..., n—1, BHNONHEHO He-
PaBEHCTBO

,_2: F () (xip1—%3) +y=>
> if}(: [F (%) (9 — %) -+ F (9) (Era— )],

YTO SKBHBAJICHTHO HEPaBEHCTBY

2,1 VY
rane =
Y= _sup  [f(y)—f () (Xi1—y) =0, i=0, 1, , n—I1,
YE[ xy, *p41)
Orciona noayuaewm, uro s x<[a, b]
‘f(x) g(p(x)‘,

rae

@ (%) =min {f(x;) +vi (¥s+1—x)""; C},

xe=[xi, Xi1], i=0,..., n—1.

O6osHauuM
Lh=I(f, %)=

= {i|0<<i<<n(X)—1, [ (%) +yi (Xin—x:) 1< C},
Jo=Js(f, X) =

= {i|0<<i<<n(Z)—1, f(x:) +yi (Xir1—x:) "1 =C}.

Has mo6oro je/J, Bunoaneno xj1—x—y;(C—f(x;))~1>0.
ByaeMm cuurate, yro ye<<2C (b—a). Torna npu J,%=Q naa

Jio6oro tE[O,-Q— mirJl (%501—x;—y; (C—F (x;))~")), mobok
1€
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g€0,(f) u x=[a, b] cnpaBensnBO HEPaBEHCTBO
g < supf(y)+t< Sup, RIUREES

y—xl<t y—xl<t

(P(x+t) xe[x "I"'l Xit1— Vi (C—f (xz))— '—t], lEJl,
B OCTaJIbHBIX CJaydasix.

t-l—{

3ameruM, yTo (YHKIHS, CTOfIlAasi B NPaBOf yacTH He-
paBeHcTBa, HHTerpupyema mo Pumany. Hcmonbsys agnu-
THBHOCTb 0606IIeHHOTO HHTerpasia PuMana, nonayyaem

b

sup  [g<<
geo[ (f) a
< B Clmm—n+ 3 {C(v, (C—F (e + 20+
i€Js
*p = (C—F () ™!t
i [f (%) + v; (X1 —x—28)~1] dx] +
xi+t
+(b—a)t QE}J [f (x3) (41— 2%5) + 751+
ieJs
+ 3 Cyp; (C—F (x))~'+2¢ |J,|C+ (b—a) t+
el
+ 3 {F () (Brn— 2i— 10 C—F (1))~ —20) +
i€Js
(64— 5 —20) (C—F
T In Xig1—% W) xi)) }<
n—1 —_
< D Fx) (e —x) + v+ 4t Cn (x)+t(b—a) +
i=0
2 (xH_l —x;) C
In—/— -
+ ::I?PO i§]’Y‘ f Yi
3 VisY

C yuerom ycioBus ye<<2C(b—a) cnpaBeiuBO HepaBeH-
CTBO

9 (¥, , —x;) C 2C (b—a)
sup Zyiln——(ﬁﬂ-]?—l)——gyln .
V20 ey, t
IR

|
|
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Orcioa nosnyuaem OLEHKY
b

sup fg<<
2EOt (f) a
b

<T[f’ 0’ V6]+t(b—a)+Y+4tcn(;)+Y]n 20(1;—[1).

Ecaun J, (f ¥) =%, 10 g(x)<C+t nna moboro x<[a,b].
Hoawmy

sup 5g<t(b—a) + s‘c(xiﬂ—xi) <

geot f) l=0

<t(b—a)+ 2 |f (1) (K1 —x) + vl <<
i=o .

b
Szlf, 0, Vol +t(b—a)+1.

Hrak, nokasaHo
yTBepmﬂeHne I.10.1. Hycrb sup |f(x)| =C<+ oo,

8 —Oonycruman  pyunkyus, y= (0 2C (b—a)e '], zxe=
eDis [Vy, a,b,},0,9]. Ecau J,(f,x)#@, 710 025 t=

[0 L min (Xjip1—x5— i (C—F (x5))~ ')) u at0602o

jedy (F,7%)

g=0:(f) rakoeo, uro § g cyujecrsyer, cnpasedauso

Sg ”f 0, VG]+t(b—a)+v+4t6n(x)+y1n20(bv 2C(b—a)

EC/lubJI (f, X) =6, 10 022 t>0 u awbozo g0:(f), Taxozo
uro | g cyujecreyer, cnpasediuso
a

b
Sg j[fﬁ O’ Vé]‘l‘t(b—“‘a)"l"v

AHa/OrMYHO YCTAHABJHBAeTCS HHXKHAS OLeEHKA.
Yreepxnaenune J1.10.2. Hycrb sup |f(x)| =(C<<+ oo,

6 —donycrumas  pynkyua, E(O 2C(b—-a)e—'] e
€Dis [Vg,a,b,—,0,y]. Ecau y(—f X))+, 10 0aa le=

= [0, L min _ K==y (C+f(x:))7")) u arobozo
’ i€ty (=}, %)
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b
g=0:(j) rakoeo, uto | g cywecrsyer, cnpasedauso
a

b b _
§ g=11f, 0, Vol—t(b—a)—y—4Cn (x)—vIn ﬂ;:>_
a a

Ecau J, (—bf, %) =g, 10 0aa t>0 u 06020 g=0,(f) ra-
K020, ut0 | g cywecrsyer, cnpaseduso
a

b b

fg=11f, 0, Vsl—t(b—a)—n.

a a

Bneco v;= sup [f(x)—f (I (xip—y) =0, i=
CVE[F, ]

=0, ]a...9 n(;)— L

b
[pexnonoxumM, uro cymectsyer | f. Torma u3 yTBepx-
a

nennit J1.10.1, I1.10.2, mepexonss k mpemeny mpu ¢—-0, a
3areM npu y—>0, nojgydyaem

b b b
I[f, 01 V6]<Sf<1[fa O, V&]

ECTeC’l‘BeHHO BO3HHK2€T BONPOC: HEJb3sl JIM 32 CYET BH-
Gopa JOCTATOYHO MaJjiofi GYHKUUH & CHeIaTh MaJoi BeJH-

YUHY _—
b b
I [f7 O) V&]—I_[fy O, V-o]’
a a

> Ins ¢yuaxuua [, uHTErpupyemoii no Pumany Ha [a,b],
OTBeT nonommeuwmﬁ O603HaunM

a(f, x)= 2 (Xepr—x) _ sup ]f(x).

1—0 *E[ X5, Xit)
g (f’ —;C) = go (xi—l-l ""'xi) *e xilr,lf l.|.l]f(x),
(’)(f A)_ SUp lo(f’ x) O(f, y)]:

d (x)<A

d (y)<A

rie :?——;(xo, G X)), a=X<<n< .. <xu=b, d(¥)=

= max (x;+n —x;), A&E\;.
<i<k—1
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b
Ecan cymecrByer wuHTerpan Pumana (R) jf, TO
_ a
lim o (f, A) =0. OueBunno npu §= sup §(x)<<A cnpasexn-
A->0+4 x€la, b]

JINBbI HE€paBEHCTBA

b
inf o(f, < Ilf 0, VoI <Tif, 0, VoI << sup o(f, x).

d (x)<A d (x)<A

Caenosareanno, I[f, O, VG]—I[f 0, Vil<<o(f,A) un

ho—nlc

hmI[i 0, V6]=hml[f 0, val_(R)gf

F>04-@ 5>0+a

Orciona u u3 ymeepxpaenusr J.10.1, O.10.2 caenpyer, uto
nHTerpas PuMaHa yCTOHYHMB OTHOCHTEJbHO BapbHPOBAHHS
rpaduka MOABIHTErpPaJbHOH (QYHKUMH B INCEBAOMETpHKE
Xaycnopda. A UMeHHO, ecJiH CylLecTBYeT HHTerpas Pumana
¢yHkuuu f or a 1o b, To

b
lim sup | R)fg
t=0+ g0, (f a

rie BepxHss rpaHp Gepercs mo Bcem g0;(f), Takum uTO
b

cymecrsyer (R) | g.

Ecnn ¢ynknus f HHTErpHpyeMa {0 JleGery, 1. e. cy-
mectByeT uHrerpas JleGera (L)Si, TO CHeNaTh BEJHYHHY

b
l[f, 0, VG]—-I[f 0, V4] 6eckoHeyHo Majioii, BooGlle roBops,

HeJIb 351. I'IpnaeneM npumep.

IMycts P 1 Q — 1Ba HemepeceKalomHUXCs TMOAMHOXECTBA
MHOXKECTBA palHMOHAJbHBIX 4Hces moJyuHrepBana (0,1] u
nyctb P u 5 seiony maotHe B [0, 1]. IMomoxum 8 (x) =
=A>0,

p, x=P,
f=] 0, x=[0, IN(PUQ), p, ¢=0,
l—q, JCEQ.
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Toraa ]
1 — 1
(L)5f=0’ (I)[fa Oa VA]=pr _I[fv 0» VA]"_‘ —q.
0 0

Oxa3sbiBaeTcs, 4TO 6ojiee TeCHas CBSI3b CYIIECTBYeT MEXKIY
NPUGJIMKEHHBIMH HHTerpanaMi QYHKUMH [ H BeJH'UHHAMH

b b
sup (L)fg, inf (L)fg,
gs0, ( a geot(f) a :

rae g 6epyTcsi TOAbKO Te, s KOTOPhX cymectsyeT (L) (g.

IMycts f—orpanunuennasi, usmepumasi mo JleGery ¢yHK-
uusi, ompejeieHnas Ha [a,b], C= supb] I[F(x)].
x<Ela,

ITo Teopeme Jlysuna aas mo6oro =0 cymecrByer or-
KpuToe MHOxkecTBo U, —[a,b], mepa kotoporo m(U,) <y,
a cyxeHnne QyHKUHH ; na W, =[a,b] \U,, ob6osnauaemoe
f| W, aBnsercs HenpepuBHOH dyHKIHEH Ha W,.

OGosnaunm  %,(8)= sup |f(x)—f(y)|. Tax kax

x, YEWy
) fx-y|<8b
f| W, paBuomepHo HenpephiBHa Ha W, TO mJisi MPOH3BOJb-
Horo t>0 cymecrByer £=i(0,f) Takoe, uTo %,(E) <<f, H
nycts {yi, ..., Y»} — KOHeuHas E-cetb mna W,. Jlpyrumu
cnoBaMy, cymecrsyer ¢yHrmus ¢@: Wo—{yi, ..., ypnj=W,
Takas, 4r0 |Xx—@(x)|<<t maax xsW,. Iycrp X=
= (xo, ..., Xs)=dis[V%, a, b], tne V% (x)=(x, x--t). Tlo-
JOXUM ' <t H

g(x)=
— { f(x): ecJin xEUvU {ylr vr Yy Xy s xs}= F’
f(x;)+ ¢, ecmn x(x;, xi44), xeF, i=0,1, , s—1,
Ouennm Hr(gr(f), gr (g)):
sup inf ]max{lf(x)—g(y)l, lx—yl} <<

x€[a, bl y=la, b
< sup max {If (x) —f(@ (D], [x—9 W<
xe Y

< max {x, (£), £} <<t,
sup_ inf max{|f(x) —g @), |x—yl}<<

ye(la,b] x=(a, b]
< max sup  max {|f (x) —g I, ly—x|}<t.
0<i<s—I1 x,~<y<xi+1
y_éF

e
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Hrak, Hr(gr(f) gr(g)) <t u nostomy
sup (L) sh><L)sg SO f (Fea+H—Cy>

"0t D =0 [, Fa\F

= i(f(xi)+t')max{xi+l‘“xi—'\” 0}—Cy>

i=0

>3 1) (re—1)— C+ ) y+1 (b—a)—Cy.
i=

Ilepexoas K mpemeny npu y—0 M yuHTHBas NPOU3BOJIb-
HOCTBb ¥’ <{, mosyqaem

sup (L)Sh> Zf (xl) (xl+l _‘xz) +t (b—_ a)

heot

[Tockonbky X —mpousBoabHblli  snement dis [V, a, b],
CIpaBeNJInBO

Yreepxaenue [1.10.3. ITycro [ — ocpanuuennasn, us-
Mmepumasn no Jlebezy ¢ynxyus, onpedesennas Ha [a,b].
Toz0a 0asn 2106020 =0 BbINOAHEHO HEPABEHCTBO

sup (L)Sh>l[f—|—t 0, V9.

he0y (f

Kak craencreue mosnyuaem

inf (L) 5h<1[f t, 0, V9.

§ 11. YcroituuBocTb NPUONHIKEHHOTO HHTErpaJa

Kax u B § 3, 6ygem uccienoBatb A-yCTOHUHBOCTH NPH-
O/IMKEHHOT'O HHTerpasja NPH BapbHpOBaHMM rpaduka mox-
HHTErpanbHOil (PyHKUHH B nceBloMeTpuKe Xaycnopda Hr.

[Tonoxxum  mHoxecTBOo Moaenelt M= ([a,b], E),
S(m)=E!, &=E'g XFXE'¢gXFXBIl, rae F=®(][a,b],
E'g), a BH—MHO}KGCTBO BI'I -oro6paxennii. C npubau-
KEHLIM HHTErpajoM CBUKEM MPHHUAN —ONTHMAJIbHOCTH

(I &), rae I[f, a,B, V] ects npubauxkenusiii (a,p, V)-unre-
rpa.n, feM, (a,f! V)eé&.
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OueBHIHO, CIpaBeJHUBHl CleyIoliie OLeHKH:

extl’[f, a, B, V,ylc

b
C[ inf I[g’ O‘z, V]—a'h Sup I[g, ﬂz» V]+§1]1

gEMv (f) a EEM'V (f)

inlf[f, a, B, V, yvI>

b
o[ sup 1[g, &, V]—o,, inf I[g' Bar V1484l
geMv(f)a geMv

Hanomunm, uro M, (f)={gesM|Hr(gr (), gr (g)) <7}
O6o3nauum

NV, a, b, [, & v]= sup n (%),
xDis[V, a, b, f, &, ¥]

N[V) a, br f’ &, 7]"_‘ min n(})°
, - xeDis[V, a,b, f, &, 7]

Yreepxaenue I.11.1. Hycre |f(x)|<<C 0an x=
€la,b], a,psElg , a>p, b=Pro [V, a], V— Bll-otobpa-
acenue. Toeda cnpasedaussl OyeHKU:

b
I

(7, B V]—I[f o, V1=

>@—B)N[V, q, b, [, a, yI—y, 7>0;
2. E};[f. B, V]—I;T[f, a, VI
<(@—B) NIV, a, b, f, B, E]+E E>0;

3.N[V,ab, f, & vI<NIV,a b, f, B &1+
+@+H @M, Ey>0;

4- N[V’ a, b’ f’ Q, Y]<I2C(b_a)+'\(] a-l'i-

+ min  n(x), op>0.
xedis(V, a, b)
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HokasareabctBo. 1. Ilycts ¥<Dis[V,aq,b,f,a,¥y],
Toraa

b
i[f, B, V1>

>"‘§;'f (69) Cevn— 1) — 2 1. (D) 4 (0 —B) 1. (B) >

IQ‘

—

tf, @ Vi—y+(a—B)n(x).
2. Mycrb y=Dis [V, a,b,f,8,E], Torna

>

Q b

b
‘lllf, B, VI

n (g)—1

< X F@)Wr—y)—an(y) +@—PB)n(y) +E<

i=0

<TIf, @, VI+(@—B)n(y)+E.

£~) I—CIQ‘

3. HenocpeacrBeHHO cJ/eAyeT H3 NyHKTOB 1, 2. IMpu
p=0 u3 nynkra | caenyer

N[V, a, b, f, a yI<
b b
< [I‘lc, 0, VI—I[—C, a, V1+v} o=
a a

=[2C(b—a)+ylo—'+a1 ’i_[O, a, Vl=

=[2C(b—a)+yle~'+ min  n(x). W

xedis [V, a, b]

OrmeruMm, uto ecau V=V; u 8E'y, To U3 myHkTa 4
noayyaem

N[V, a, b, f, o, EI<[2C(b—a)+El a4 (b—a) 5~ + L.
O6osnauum fF(x)= _ sup f(y). Ouesunno, uro npu

ye[x—t, x+t1]
Jao6om y>1=0
b b
sup Ilg, & VISIIfF+w, & VI

gEM; (f) a
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[lycte |f(x)|<<C nas xe[a,b], §,e,EsEY u =
eDis[V,a,b, [+, ,¢e,E]. 3ameTum, uTO cnpaBesInBa Ou2iIKa
N[VG, a: by f;,l-v 81 §]<[2C(b—a)+§] B_I_I_(b—a)a—l'_l—ly

(o.11.1)

e

rie npasasl 4yacTb He 3aBHCHT OT Y.
U3 onpenenenns X caenyer, 4ro

b n(x)—1 _
I[f,',", e, Vol<< ) i (x) (xip1—x) —n(x)e4-E.
a =0

Haa mo6oro n>0 cymecrsylor yis[a,b], i=0, 1,...
oy N(X)—1, TaKue, uto | X;—y:| <y u [ty (x:) <f(y:) +n. Ho-
KaXeM, 4TO TOYKH Y; MOXHO BHIGDATb TakK, UTO Yi+1==Yi,
i=0, .., n(x)—2. [HefictButeanio, a1 1n/2>0 cymecr-
ByloT i< [a,b], i=0,..., n(¥)—1, Takue, uro |xi—2z;| <y,
[y(x:) <F(zi) +n/2. Tlyetb 2, = min_ 2, 2, <2z, k%0,
0<in (x)—1

M3 nepaBeHCTB Xo—y<Xp—y<<2p<2o<<Xo+y<Ap+y ciae-
NYeT, uTo 2o, 2k [Xo—y,Xo+Y]N[Xr—y, xr+7y], H MO3TOMY
F(zr) <[ (20) +M/2, [(20) <[f(2x) +n/2. Tonoxum zM;=2z;
oas i%=0 u 2=z, Torxa

|a—2® <y, FH) <F(2")+n.

) <F(zm+n2"i=1, , n(x—1

Ecnn cymecrsyer [>1 takoe, uto 2();<<z();, To mponeaa-

€M aHaJIOTHYHOe npeobpas3oBaHHE C INOCJEI0BaTENbHOCTHIO

2 u B mrore, He GoJsee n(¥)—1 pas mpoxenaB TakHe mpe-

o6pa3oBaHusl, NOTyYHM Tpebyemoe. |
Hrak, nycrs yis[a,b], i=0, 1,.., n(¥)—I1, Takosm, !

uro | Xi—yi| <y, ry (%) <F(y)+n, yin=y:. Tlomoxmm

yn(—x)zb. Tornma

b n (D—1 _
[Ff, & V< 3] [P0+l (en—x)—n (e +E =
a i=0 |
n(x)—1 —
=3 F ) (o1 —x) +1(b—0)—n (%) e +E. l
i=0
Herpynno BuneTh, 4T0

[(Ge1—p) — (Grp1— £) | < 2v, i=0, ., n(x)—2,
l( Yn @ Yn@-1)— (% ®—%n (?)_|)l= 3
=~ %l <?
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[Tosromy

b n(x)—1 —

‘lzlf;,", & Vol<< 3 T(W)Wiri—y) +2Cyn(x)—
i=0

—yC+n(b—a)—n(x)e+E<f (@) (y,—a)+
n (x)—=1

+ S F) (Win—y) +2Cyn(x)—n(x)e+n(b—a)+E.

i=0

Has i=0,..., n(¥)—1 nmeeM yiri—y; <2948, yo—a<<y< -
<<2y4-6. Xots Habop (a,Yo, ..., Yn(z)), BOOOILE TOBOPS, MO-
KeT He mpHHajjexatb MHOXecTBY dis[Vsiqy,a,b], Tax
KaK He BCE Y; MOT'YT GHITb Pa3JIHYHHI, HO JIETKO BHAETh, YTO
npu A=0

b b
‘Il[f-;,l-* €, V6]<I[f, A’y V6+2‘V]+

+n(®) 2Cy+A—e)+A+n(b—a) +E.
Ecnun e=2yC, to nonoxum A=e—2yC, ycrpemum 1, § X
HYJIIO H NOJNYYHM
b b
[}, &, VoITIf, e—29C, Viyoyl-+e—2¢C.
a a

Ecnn e<2yC, To, ucnonn3dys yrBepxkiaenue JI.11.1 u nepe-
X044 K mpeneny mpH m, -0, nosyuyaem

b b
Ilf{,l-’ g, Vb] <al [fv }") V0+2V]+

+(@2Cy+A—e)(2C(b—a)e~! + (b—a)§~' 4 1) +-A.
Hrak, mokasaHo
Yreepxaenue H.11.2. Iycre |f(x)|<<C 0as scex
r<[a,b], e, 8<E\, teElg , y>1.
Ecau e=2¢C, 10

b b
sup 1[g, & VaI<IIf+v, e—29C, Veoyoyl +2—29C.
g=M; (f)a a
Ecau e<<2yC, 10 922 a06020 L=0
b b
SUP I [gy g, VG] g} [f+v, A‘y V6+2‘V] +

.'s’GMt (f)a 9
+ (v 29C—g) [ 2E=2) +”;“+1]+ A,
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Hafigem Tenepp HUKHIOW ouex-my pas  inf I[g, e, Vsl
geM, (f)

Kak u Bume, |f(x)|<<C, x,t=Ely, taEE‘@ geM,(f)
y>t. PaccmonpnM xeDis [V,(,a b,f,ak]. ,U.Jm X;, =
=0, ..., n(¥)—1, cymecTByoT y,e[a b] rakme, uTO
|ty <y, F(%1) <€ (y:)Fv. TTONOKHM yniz)=b. HoKa-
K€M, 4YTO Y; MOXKHO BHIGpPaThb TaK, UYTO Yir1=Yi, i=

=0, 1,..., n(X¥)—1. Ilyctb 310 He Tak, Toraia 06GO3HAYUM
Ty, )={iln(x)=i>], yi<y;}, t(y)= min i
T (y, i)#0

u mycts t(§°) =t (jJ) ans Bcex j TakuX, 4TO |xi—yi| <,
(%) <g(y)+v. Iyers meT (7 t(5°))U{t(7°)} Taxoe,
uT0 g (Ym) =8 (yr) nnsa kT (7%, 7 (7°))U{x (7°)}. Monoxum
Yi=ym Ana icT (5°,7(7°))U{r(7°)}, ¥'s=y; nas ocrams-
Hex j. Torma ©(y’) >t(7°). Iloayuuan nporuBopeune.

Hrak, nycts yics[a,b], |xi—yi| <y, [(x:) <g(y:)+v,
Yiri=yi, i=0, 1,. n(x)—l, Yn(y)=>b. Herpynuo Buzers,
470 y,+1—y1<27+x Byzem npemnosararb, 4To 8=%-+2y.
Torma nas HaGopa (@, Yo, ..., Yn@@))

b
I—[g) g, VO] >

=g (a)(yo—a) + (%_Ig ¥) Gir1—y)—n()e—e>=>

i=0

n(x)—1 -
> Cy—yWo—a)+ S [F(8)—v) iri— g —n (FHe—e.

=0
Oas i=0, 1, ..., n(¥)—2
(11— Y1) — (Fig1— %) | <29,

(9 35— Yn 55-1) — (%2 5 —*a m—-)| =

= | Yn Dt — %0 31 | <7

PoamMy
I'lg, & Vsl=>—Cy—yy,+vat

+" (ﬁ—lf (xi) (%41 —xl)_QCY n (}) + C?——

=0

=g —n(x)e—e=>
>Tif—y, o Vi—E+n(x) (@—2yC—e)—e.

St

FEINEL.
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Ecan a=2yC+-¢, To mpu E—0 nomyuaeM OLEHKY
b b
I [g’ &, VO] > I [f—yy @, V%]_‘e-
a a

Ecau a'<<2yC--e, TO BOCNOJIBBYEMCSI OLEHKOH

n@<NVs a, b, f o < 0 DEE L 2=0 )
Torna npu E—0 nojyuyaem OULEHKY
b b
z{lg, &, V6]>£[f—'7’ o, Vu]_
—(e+2yC——a)( QCS—a) _’_b—;a+ l)—-s.

Hrak, nokasaHo )
Yreepxaeune J.11.3. Iycro |f(x)|<<C Oan scex

xe[a,b], y,a,8,xEly, t,ecElg, d=%+2y, y>1
Ecau a=2yC—-e, To cnpasedausa oyenxa

b b

inf Tlg, &, Vs]=T[f—v, @, V.]—e.
gEMy (P a a

Ecau a<<2yC+-e, To cnpasedarusa oyenxa

b b
inf I_[ga g, Vﬁ] > ﬁf—Y1 «, Vﬂ] -
gEMt (f) a a

—(e—|—2yC—o¢)( 2""’0‘—") +b:a+l)—e.
U3 yrsepxpmennit J.11.2, J.11.3 caenyior OUEHKH IpH
exIlf, @ B, Vo 1< 11 o -+ay+y(6—0), @+21C,
Bi+Batv(b—a), B +2¢C, Vo, 8>2y;
inllf, @, B, Vs, 11 1f, &y—oy+2C—7(b—a)

a;—2yC, B1—By+2vC—v(b—a), B, —2vC, Viinl,
aZv ﬂz>2\’c-
A GOpMYJHPOBKH YTBepXKIeHHS 00 A-yCTOHUHBOCTH

npuGIHKEHHOTo HHTErpaja BBeleM CJedylouue o6osHaye-
Husi. [Tycts Mp— MHOXE€CTBO OrpaHMYEHHBIX QYHKLHH, OI-
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penenenubix Ha [a,b], ana feMp xoucranta C; Takosa,
uro |fi(x) | <Cs nnst Beex x<([a, b],

dom(l, £)=((/, a, B, Vo=
b
EMgX & IaI[f, a, B, Vsl=&, 8=EL},

KA ={(f) a'y 511 Vﬁ') a'”y ﬁ”v VG")'(fa a', ﬁ’, V&’)E
b
edom(l, &), a;>a,+ 20, 4 2A[2C;4-b—al],

oy >a,+4AC;, B;>B,+28,+2A[2C;+b—a],
B, > B,+ 4AC;, &' >8"+4A},

A (f, o', B’, Vs, a", B, Vo) =
={E n Va, EFXE! |/ +E+1(b—a)—2C; <
<& <aj—E—t(b—a), §"+20 <A< —2¢, a,421C; <
<& <a;—21C;, B,+2tC, <m, <B,—2tC;, B;+m.+
+1(0—a)—21C; <7, <Bj—my—t(b—a), £>A}.
, YrBepxanenune [J.11.4. [Ilpunyun onrumanrsnoctu

(1,&) A-ycroiiuus na K, npu coeracosaruu A, .
o A

§ 12. NMpubauxenuoie JuddepeHUHaNbl # HHTETPAJIBI
¢ GoJee oGuiei CTPYKTYpOH

Onpenenenue mpHOJHKEHHBIX AHG¢epeHInaloB GBIIO
MOCTPOEHO Ha HJAee ammpPOKCHMAalMH TIpHPallleHHsl GYHKIHH
f(y)—F(x) ¢ nomoublo JUHEHAHOH MO y GYHKIMH, KOTOPYIO
6ylieM HasbiBaTh CTPYKTYpOH mpuOamKeHHOro auddepen-
uvana. ECJH TOYHOCTP AaNMpPOKCHMALHH & M MHOMXECTBO
V(x¥) ¢urcupoBaHb, TO HHOTrAa OGECNEYHTb ANMIPOKCHMA-
IIHI0 ¢ TIOMOIIbIO JIMHEHHOH mo y ¢yHKUHH HeJb3sl. EctecT-
BEHHO paccMOTpeTh MPHOGJIMKeHHble nHdbepeHnHaabl €O
CTPYKTYpO# Gosiee o6liero BHAA.

Mycte W, & — HekoTOpHE  MHOXECTBa, e :E'-F,
er: E'>Elg , 0: E2XWX §—E!, f— dynxuns, onpejeyeH-
Haa Ha ¥V (x), V — B-oto6paxenne.
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Onpenenenne I.12.1. Bepxuum (e, V)-Oupgepen-
yuansom co crpykrypoii © ¢yrnkyuu [ 6 TO4Ke X Ha3wbLea-
ercs

DO[f, e, V] (x) ={veW|f(y) <
<f(x)+6(x,y,v,e(x))tes(x), VysV(x)}.

Huoscrum (e, V)-Ougppepenyuarom co crpystypoti 0 ¢pyux-
yuu [ 8 Touke x HA3bL8AETCSA

Dplf, e, Vi(x) ={osW | f(y) >

=[x)+0(x y, v, &, () —ex ), VysV(x)

(a, B, V)-Ougpdpepenyuaron co crpyxkrypoii 0 ¢pynxyuu | 8
TOYKe X HA3618AETCSA

DO}, a, B, VI(x) =DOI[f, a, VI(x)NDOIf, B, V1(x).
Ecau ctpykrypa auddepennnana 0 umeer BUL
B(x, y, v, &) =(v;+&)(Y—x) +
+ (0, + &) (y— %)+ .+ (vn +&) (y—2)",

rae v=(vy,..., Un), &= (&1,..., €n), TO U; MOMKHO CUHTATh
aHajioroM i-fi mpousBoiHoi ¢yHkuuu f. HHrepecHo pac-
CMOTpeTh H CTPYKTYpH 0 Buia O(x, y, v, &)=v(g(y)—
—g(x) +¢), rne ge® (E1, E), unu eule Gosee O6ILEro BUAA.
HerpyaHo ysnoBuUTb CBfI3H MEXIY STHMH CTPYKTypamu Aud-
¢depenunana u uurerpajsom CTHITbECA.

EcrecrBenno, uro cBoiicTBa npuOMHKEHHHX AubpbdepeH-
1IHaJI0OB €O CTPYKTYpOH 0 CYILEeCTBEHHO 3aBHCAT OT CBOHCTB
¢yukuun 0. He ocranapnuBasicb Ha M3yMeHHH CBOHCTB NpH-
6JMXKEeHHBIX TH(depeHnnaloB, pacCMOTPHM JIBE CXeMbl MNO-
CTPOEHHUs] NMPHOGJHKEHHOTO HHTEenpaja no NPHOJIHKEHHBIM
auddepennunansam co CTpyKTypo# 6.

[Mycry V sBasiercs au6o BIT-oro6pakennem, au6o BJI-
oro6paxenueM, f:Pro[V,a,b]>W, b=Pro[V,a], & : E'—>
—F, e E'»>E'g, 0: E2XWXFE!, e= (e1,82).

Bynem rosopurb, uro F sBasiercs (e, V)-nodgyuxyuei
co crpyxkTypoi O mas f ot a mo b, ecan:

1) F onpenenena Ha Pro[V,aq,b];

2) F(a)=0;

3) f(x)=DO[F,e, V?] (x), Vx=Pro [V,a,b] \ {b}.

Bydem cosopurs, uro F asaserca (e, V)-nadpynkyuei
co ctpykTypodi 6 nns f ot a no b, ecan:

1) F ompeznenena Ha Pro [V,aq,b];
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2) F(a)=0;

3) [(x)=DO[F, &, V°](x), Vx&Pro[V, a, b] \ {b}.

Bepxnum (e, V)-unreeparom Ileppona co crpykrypoii 0
¢yHKIMH f OT @ 1o b Gynem Ha3blBaTh BEJHUUHY

6P/, & V]=infF (),

rie HHXHAS rpaHb Oepercs mo BceM (e, V)-HandyHKUHSAM
€O CTPYKTYpO# O Ajas ¢yHKIHH [ OT a 1o b.

Huxcrnum (e, V)-unreepasrom Ieppona co crpyxkrypoti 6
byHKIAH f or a 1o b Gynem Ha3bIBaTh BEJIHUHHY

b
10P[f, e, V] =sup F (b),

rlle BepXHsis rpaHb Gepercs mo BceM (e, V)-nondyHKuusam
co CTPyKTYpoit 0 nas yukuuu f or a no b.

Bepxuuii 1 HHXKHHUA (e, V)-unrerpanas PumaHna co CTpyk-
Typoit 0 ¢yHkuuH f OT a 10 b ompenesuM cledyOLIHMH C€O-
OTHOIIEHHSIMH:

b
IOR[f, e, V]=

P
x|

n

)

-1
=_ Ssup {0 (xiy xiq1, [(x2), &1 (x:))—ey (x))},
x edis [V, a, b] =0
10RIf, &, V1=

n (x)—1

= inf M {0(xs, i, (x5), &1(x5)) +e5(x:)}.

xedis [V, a,b] i=0

BriosiHe aHaJIOTHYHO MpPEeAbIAYLIEMY A0Ka3bIBaeTCH
Yreepxnenue O.12.1. I[Tycro V — BII-, aubo BJI-
orobpasxcernue, b=Pro [V, a]. Tozda
X

1. Ecau TOR[f,e,V] <400 a1 x<Pro[V,a,b], 10
ab b
I—eR[f’ g, V]:I_GP[f, g, V]-
9. Ecau 10R[f,e, V]>—oco 12 x<Pro [V,a,b], 10

[6R[/, ¢, VI=16PI, &, V1.

(RS RN

JRVRFT
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