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NPEAUCIIOBUE

Heckosbko JieT TOMY Hasaj si pellus HamHCcaTb CEPHIO
HeGONbLUIMX KHHI NOA Ha3BaHHeM <«3HAKOMCTBO C BhICHIeH
MaTeMaTHKOH», NpeJHa3HAuYeHHYIO [Jis WIKOJbHHKOB, HHTe-
pecylomuxcs MaTeMaTHKo#. [IBe KHUTH U3 9TOi cepuH «Me-
TOJ KOOPAHHAT» U «AHa/NHu3 GeCKOHEUHO MaJIHIX» yKe omny6-
JIMKOBaHH. «AnreGpa» sBJsieTcsl TpeTbell KHUrOH B 3TOH Ce-
pud. B Hell npuBeleHbH OCHOBHBle pe3yJabTaThl ajrebpl,
BKJIIOYasi TEOPHUIO Ompedesnuresed. DTOT pas3fies cocTaBigeT
[VIaBHYI0 4acCTb KHHTH. KpoMe TOro, KHHMra comepxKuT pas-
IleJi, MOCBSILEHHbIH KOPHAM MHOTOUYJIEHOB M KOMIJIEKCHBIM
ypcsaM. Ilpa 3TOM npaBusia NepeMHOXEHHS KOMIJIEKCHBIX
4HCes, B3SATHIX B TPHUrOHOMEeTpHYeCKO# ¢opMe, KOKa3bIBaIOT-
cs 6e3 HCMOJIb30BAHHS (POPMYJ TPHTOHOMETPHHM IJIi KOCH<
Hyca CyMMBI H CHHYCa CyMMBI.

Boabuiyio paGoTy npu peJaKTHPOBAHHH 3TOH KHHIH
npoxnenan C. M. Acees, 3a 4TO 5 Bhipaxkaio emy Gaaromap=
HOCTb.

e el



Fnasa 1
TEOPHUSA ONPEAEJIUTEJIEN

§ 1. Bex'ropuue NpoCcTpaHCTBA

B atom nmaparpade Gyxer paccMOTpeHO BaxHelllee Mfl
JMHe#HOH anreGphnl NOHSITHE BEKTOPHOTO NMPOCTPAaHCTBA.
Onpenenenne 1. TocnenoBarenbHOCTDb

x=(x %% ..., x") (1

H3 n JeACTBUTEJbHBIX YHCEJN, PACHOJIOXKEHHbIX B ONPefeseH-
HOM nopsiiKe, YyKa3anHoM B ¢opmyne (1), HasbiBaercs
n-meproim sexkropom. COBOKYMHOCTb A" BCeX n-MEPHHIX
BEKTOPOB HAa3bIBAeTCSl N-MEPHOLM BEKTOPHbIM NPOCTPAH=
creom. Yucna

xL X2 ..., X

HaspIBaOTCA Koopdunaramu sexropa x (cM. (1)).

BekTop cunTaercs paBHHIM HYJIO H 0603Hayaercs Yepes
0, ec/ii BCe ero KOOPAHHATH PaBHBI HYJIO.

[MpousBosbHEI BeKTOp ¥ H3 A" MOXeT GHITb YMHOXKeH
Ha jeficTBuTe/ibHOE YUCHIO ¢. JIJIs1 MOJMydeHHs] STOrO NpPOH3-
BeJeHHs1 KakJasi KOOpPAMHATa BeKTOpa X YMHOXKaeTcs Ha
uncao ¢. Takum o6pasom,

cx = (cx!, cx?, ..., cx"). 2)
Kaxnpie n18a Bekropa ¥ (cM. (1)) u
. y=WwH"v .. )

3 A" MoryT OniTh CJOxKeHB. IIpH 3TOM KOOpPAHHATH HX
CKJIaJbIBAIOTCA, TaK YTO

t4y=E+yh 2+y . 2"+ Y0 3)
JcM. ra. 4, npumep 1).



A) Ecam

xl, xg, o0 0y xk (4) \

~— COBOKYNHOCTb H3 k& BEKTOPOB NPOCTPaHCTBA A", TO, MOJib-
sysach onepanussMd (2) u (8), MOXKHO COCTaBHTh HX JIMHEH«

HyI0 popMy:
2=cl% 4 2, + ... + cfxy, (8)

rae ¢!, ¢?, ..., ¢k — neficTBHUTe/bHBIE YHCAA.

B nanbueiimieM Mbl 6yfeM NOJb30BaThCS COKPAUIEHHBIMA
0003HauYeHHAMH JJIs1 cyMMHpoBaHHs. FIMeHHO, eciid B OJQHO-
4JieHe OJHH M TOT Xe 0003HaueHHHH rpeyeckoft GyKBOH HH-
AEKC BCTpPeyaeTcsl OAMH pa3 BBePXy H -OAHH Pa3 BHH3Y, TO
9TO 0O3HAYaeT CyMMY IO BCeM 3HaueHHSIM 3TOro HHMAEKca.
Takum oGpasom, ¢opmyna (5) mepenHCHIBaeTcs B BHIE

2=C%,.

CoBoKynHOCTh U3 %k BEKTOPOB (4) CUHTaeTC AUHEUHO
He3asucumoli, ec/ii BEKTOp, onpefeneHHAnME dopmynoi (5),
ofpaiaeTcsi B HyJib JIHLIb IPH YCJAOBHH, KOTAa

cl=c=...=c"=0. )
B NPOTHBHOM (CJIyuyae, T. €. eCAH CYIEeCTBYIOT TaKHe dHCjaa
cl, ¢ ..., c, (6)

He BC€ paBHBIE HYJIO, 4TO BEKTOp 2, onpexensieMuifi ¢op-
myno# (5), o6pauiaercss B HyJb, COBOKYMHOCTb (4) Hasbl-
BaeTCsl AuHelno 3asucumoli. Ecu K COBOKyNHOCTH JIHHEHHO
3aBHCHMBIX BeKTOpPOB (4) INpHCOEZHHHTb ellle HEeCKOJbKO
BEKTOPOB Xgt1, Xkt2, - .., X1, TO PACHIHPEHHAS COBOKYNHOCTDb

Xy, Xoy ooy Xp
6yner JuHe#iHO saBucHMOM. VIMeHHO, ecIH COBOKYNHOCTBb

Koo unHeHToB (6) ocymecTBisieT JHHEHHYIO 3aBHCHMOCTb
BEKTOPOB (4), TO Mbl HMeeM COOTHOLIeHHe

c%, + Oxpy1 -+ ... -+ 0x, =0, =1,..., &k,
TIpHYEM He BCE YHCJIA IOC/E0BATENbHOCTH
¢, ¢% ..., ¢k, ¢kt =0, ..., ¢!=0 - .
PaBHHL HYJIIO.

Eciu B BeKkTOpHOM mnpocrpaHcTBe A", COCTOsAMEM H3
BCceX BeKTOpoB BHAa (1), paccMoTpeTb Te BEKTOPHI, MJsl KO-
TOPHIX i-f1 KOOpAUHATa o6pamiaeTcst B HYJb, TO Mbl NOJYYHM
TaKKe BEKTOPHOe InpocTpaHctBo A"!, HO pasMepHOCTH
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n— 1, RoTopoe Ha3biBaeTCsl KOOPOUHATHOLM NOONPOCTPAH-
CT8OM TIPOCTpAHCTBA A™.

JlokaxeM Temephb cieayiolliee BaxHOe IPeNJOXKeHHE.

B) Cosoxynnocre (4) 8exropos n-mepnozo npocTpas-
crea A" npu k > n ecec0a Auneiino 3asucuma.

Js nokasaTenbCTBa JOCTATOYHO PacCMOTpPETb Caydai
k=n-+41. JdokxasareabcTBO OyaeM BecTH HHAYK-
teBHO. OTMETHM INpexIe Bcero, 4To HJjis n = 1 yTBepxie-
Hue B) cnpaBepnuBo. Ilycth x, y — ABa BeKTOpa NpOCTpaH-
crBa A!, mpruem

x=() y=0.
Ecnm wmcna x*, y!' o6a paBHH HY/I0, TO MBH HMEEM COOT-

HOLIEHHe
cx+dy=0

TIpH IPOHM3BOJIBHHX € H d, TaK YTO B 3TOM C/yyae BEKTOPHI
X W y JuHelHO 3aBHCHMEL. EciaH XoTss OH OXHO H3 4YHCeJ
x', y! He paBHO HYJIO, TO Mbl MMeeM CJeAyioliee COOTHO-
HIeHHe:

y'x — xly=0.

Takum o6pasom, npu n =1 yTBepxIeHue B) BepHo.
ITycts Temepb
Xy X9 oeey Xyl (7)

— COBOKYNHOCTb U3 n -+ 1 BekTopoB npocrpanctsa A” Co-
CPeZOTOYHM BHHMJdHHE HAa IOCJAeJHHX KOOpIHMHAaTax BCeX
BEeKTOpOoB coBOKynHocTH (7). Ecim Bce 3TH KOOpRHHATH
PaBHBI HYJIO, TO COBOKYNHOCTb BeKTOPOB (7) IpHHAILJIEKHT
K (n— l)-MepHOMY NpOCTPaHCTBY H, COrVIacCHO IHpeINOJIO-
JKeHHI0O WHAYKIHH, JuHefiHo 3aBucuMma. [fomycTam Temeps,
YTO XOTs GH OAMH BEKTOp, HANpPHUMep X,ii, HMEET NOCJ]ex-
HIOI0 KOODAHHATY, OTIHYHYI0 OT Hyasd. Toraa ajis Kammoro
BEKTOpa X; COBOKYNHOCTH (7) IpH j << n MOXHO nono6partb
TaKoe YHCHAO dj, YTO BEKTOp ¥;, ompedenasieMblli dopMyJoi

yl'=xl_dlxn+l’ j=l’ ceey Ny (8)

HMeeT MNOCJeJHIO KOOpAHHATY, PABHYI0 HYJIO, M NOTOMY
JexXHuT B (n— 1)-MepHOM BeKTopHOM npoctpaHcte. Caeno-
BaTeNbHO, 10 NMPEJNOJI0XKEeHHI0 HHAYKIHH BEKTOPH Y1, Yo, . - -

.y Yn JHHEHHO 3aBHCHUMH. TakuM 006pasoM, cyliecTBYeT
COBOKYNHOCTb 4HCEJI ‘

e, ¢ ..., ¢



(mpuueM He Bce 3TH YMCJIa PaBHBI HYJIO) Takas, YTO HMeeT-
€51 COOTHOLIEHHE

C“ya=0, G=1,..., n.
U3 storo u u3z dopmynn (8) BrlTeKaer
c"%q — (€*do) Xp11=0, a=1,..., n.

Takum 06pa3oM, COBOKYNHOCTb BEKTOPOB (7) JiuHeHHO 3a-
BucuMma. Hrak, npeanoxenne B) nokasaso.

Ba3uc BeXKTOPHOTrO NpoOCTpaHCTBaA

C) O6o3nauum uepes e; BeKTOp U3 A" BCce KOOPAHHATHI
KOTOPOro paBHBI HYJIO, 32 HCK/IIOYeHHeM i-H KOOpAHMHATH,
KOoTopasi paBHa 1, T. e. MOJIOXKUM

e,=(1,0,...,0)
e,=(0,1,..., 0),
e,=(0,0,..., 1)
Slcuo, uro Bektop x (cM. (1)) 3amuchiBaercss B BHIe
X=x%q a==I,...,n,

npuyeM KosdpduuueHTtn x!, x%, ..., x", BXomAulHE B 3Ty
dopMyny, ONHO3HAUHO ONpeJe/eHB BEKTOpOM X. Takum
06pa3oM, Kax bl BEKTOp X B _BEKTODHOM TIDOCTPaHCTBE An
BbIpa)kaercsi B BHAe JHHEHHOH (OPMBI OTHOCHTENBHO BeK-
TOpOB

€, € ..., €, 9)

npuyeM Koa(@uuuenTs 5T0i JAHHEHAHOH (OPMbI Onpese/IeHbl
oxHo3HauHo. CucCTeMa BeKTOpOB, o6jajaioliast 3THM CBOH-
CTBOM, Ha3blBaeTCsl 6A3UCOM BEKTOPHO20 MPOCTPAHCTEA A™.
l'Ioc'rpoeHHbm Hamu Gasuc (9) He ABASCTCS €JHHCTBEHHBIM.
OxasniBaercs, uTo Jwobas JHHeHHO He3aBHCHMas CHCTeMa
BEKTOpPOB ’

€, €, ..., €, (10)

cojiepxamas n BeKTOpoB npoctpaHcrBa A", sBaserca 6a-
3HCOM 3TOr0 NPOCTPAHCTBA.

JeiicTBATEIbHO, MYCTb X — IPOH3BOJIbHbIA Bemop npo-
crpanctBa A" Torxa BeKTOpHI

x, e, e,..., €, ‘

JUHeNHO 3aBHCHMBI, NMOCKOJABKY coiepxaT n -+ 1 BekTop
(cM. B)). TakuM 06pa3oM, Mbl HMeeM COOTHOLIeHHe

cx+ c%e, =0, a=1,..., n (1)




IPHYEM B 3TOM COOTHOIIEHHH He Bce KO3 GhHLHUEHTH paBHHI
Hysmo0. B yactHocTH, KO3$DHLHEHT ¢ He MOXeT GHITh paBeH
HYJII0, TaK KakK eC/ii Obl OH GblJI paBeH HYJIO, TO 0Ka3ajoCh
6Hl, 4TO BekTopbl cucTeMHl (10) nuHelino saBucuMbl. [1Qab-
3ysChb 3THM, pa3feluM cooTHouleHue (11) Ha Beanuuny —c.
s toro uto6m He BBOAUTb HOBHE 06GO3HaueHH:A, GyaeM
CYMTATh NPOCTO, 4TO ¢ ==—1, a ocTajnbHble KO3()HIHEHTH!
coxpanuM. TakuM oGpa3om, noayyaeM

x=c%,, oa=1,...,n

Ecan 6u BeKTOp X Mor ObiTh 3amucaH aHaJOTHYHO dYepes
cucreMy (10), Ho ¢ apyruMu KoadduUHEHTAMH, T. €. eClH
6Ll MMeJIO MeCTO COOTHOIIEHHE

x=d%,, a=1,...,n,

TO, BHIYHTAas nocjieqHee COOTHOIUIEHHE H3 NpeAbiAyLIEro, Mu
NOJIYUHJTH OBl COOTHOILIEHHE

(Ca'—da)e;:(), a=l, s 00y n’

4TO BBHIY JHHEeHHOH He3aBHCHMOCTH BeKTOPOB cHcTeMHl (10)
NPHBOAUT K PaBEHCTBY

c=d, i=1,...,n.
D) Hycre
Xy X o005 Xp (12)

— HeKOTOpPAs AUHeUHO He3as8UCUMAs CUCTeMA B8eKTOPO8 U3
Ar. Ecau p < n, 1o cuctemy (12) mosxHo Gonoanurte sex-
TOPAMU Xpy1, - .., Xn TAK, 4TO CUCTEMA

x], xZ, « ooy xp, xp+1, s ey xn

AUHETIHO He3a8ucuma.

Hoxaxem yteepxaenne D). Eciu npepnoxenue D) ne-
BepHO, TO, IpHcoeanHsisA K cucTeMe (12) BekTop e; (cM.C)),
MBI TIOJIYYHM PacUIHPEeHHYIO CHCTEMY

€1, X1y o0y xp

o6s3aTeJbHO JIHHEAHO 3aBHCHMYIO. Bekrop e, HeHyJieBofi.
ITosTomy cpenu BekTOpoB cucTeMbl (12) oGs3artesnbHo Hai-
JeTcsl BEKTOD X4, BHIpAXKAWOIIMICHA B BHIe JHHEHHOH KOM-
6HHALMH Yepe3 OCTaJbHbIe BEKTOPhl PaCIIHPEHHOH COBOKYI-
HOCTH.' 3HAYHT, M1060H BEKTOpP NMpOCTPaHCTBA A” MOXKHO BbI-
PasuTh B BHJe JHHeHHONH KOMGHHAIHH BEKTOPOB

€, x[, ooy xq_l, xq+|, ve ey xp.



Hckaiouum BEKTOD X, M3 PaCIIHPEHHON COBOKYMHOCTH BeK-
TOPOB M [00aBHM K Hel BeKTOp ep. M3 sinHefiHO# me3aBH-
CHMOCTH BEKTODOB e€;, e, cJjefyeT, YTO CPelIH BEKTOPOB
X1, ooy Xg-1, Xg+1, ».., Xp 00GA3aTENPHO HAHIETCH BEKTOP,
KOTOPHIA MOXHO HCKMIOUHTb. [IpomonKas 3TOT mpotecc, Mbl
npujieM K BHBOAY, 4TO Jio6o#i BekTOp npocTpaHcTBa A”
MOXKHO NPEJCTAaBHUTh B BHAe JIMHEHHOH KOMOHHAUHH BEKTO-

poB ey, ..., €, YTO HEBO3MOXKHO, TaK XKak BekTopn (9)
JIHHeHHO He3aBHCHMBL. ClleZl0BaTeNbHO, NpepoxeHHe D)
BEpHO.

s npemnoxennss C) BHAHO, 9TO AaHHOe B Hayaje Ha-
parpada onpejiesieHHe n-MePHOTO BEKTOPHOTO MPOCTPAHCTBA
A" npu nomomu Koopaunat Bekropa (cM. (1)) He sBasercs
HHBAapHaAHTHBIM, TaK KaK OHO 3aBHCHT OT CJy4yaHHO BhIGpaH-
Horo 6asuca (9), a 6a3ucoB B mpocTpaHCTBe A" CyliecTBYeT
GecurcieHHOe MHOXKecTBO. [103TOMYy MBI Jajum Apyroe HH-
BapHaHTHOe ONpeJeJieHHe n-MepPHOro npocTpaHcTBa A"

Onpenenenue 2. MHOXecTBO A 3/1eMEHTOB Has3bl-
BaeTcs 8eKTOPHbIM NPOCTPAHCTEOM, €CJTH B HEM OnpefiesieHbl
JiBe OmepalyH: ClOXKeHHe H YMHOXeHHe Ha JeficTBHTeJbHbIE
YHCJIa, IPHYEM BLINOJHEHO YCJIOBHE: eciiH ¢ H d — ABAa YHC-
Ja, a x, y, 2— 3JIeMeHTHl npocTpaHcTBa A, T. e. TPH Bek-
TOpa, TO HMEIOT MEeCTO COOTHOIIEHHS

x+y)+z=x+@+2),
x+y=y+x,
(c+d)x=cx -} dx,
c(x+yg)=cx+cy,
¢ (dx) = (cd) x,
l-x=x.
Kpowme Toro, nmpeamosiaraercs, 4To HMeeTCsl HYJeBOH BEKTOp
0, yIOBJIeTBOPAIOMHEH YCJIOBHAM
x+0=x,
Ox=0.
Tlpu momouM onepamnuil, HMEIOMMXCS B BEKTOPHOM MpO-

cTpaHCTBe A, MOXKHO COCTaBHTb JIHHEHHYI0O KOMOHHANHKIO AJIS
NPOH3BOJBHOH CACTEMH H3 BEKTOPOB

/

Xy ooy Xy
T. €. IOCTPOUTH BEKTOP
2=c%%, o=1,...,n,
rge ¢, ..., cC"— JeHdCTBHTeJbHbIE YHCIA,
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Takum 06pasoM, MBI MOXKEM BBECTH IIOHSITHE JHHEHHOMH
3aBHCHMOCTH H JIHHEAHOH HE3aBHCHMOCTH BeKTOpOB, Kak
870 GpIO cAestaHo paHbuie (cM. C)

E) Ecnu B BekTOpHOM mpocTpaHcTBe A HMeeTcst n JH«
HeliHO  He3aBHCHMEIX BEKTOPOB, HO HeT n -+ | JuHeliHO He3a-
BHCHMBHIX BEKTOPOB, TO CUHTAETCS, YTO BEKTOPHOE NMPOCTpPaH-
cTBO A HMeeT pasmeprHocTé n H OHO 0603HauYaeTcsi Yepe3
Ar. Bui6upas B npoctpaHcTBe A" n JHHEHAHO HE3aBHCHMBIX
BEKTOPOB, MBI NMOJYYHM GasHC M NpPHU IOMOIIH HEro Koop-
AMHATHYIO 3aNHCh JIIO6GOro BeKTOpa.

BekxTOopHOE MOANMPOCTPAaHCTBO

F) TIlycts A — BekTOpHOE mpocTpaHCTBO H B — Takoe
FIOMHOKECTBO €r0 BEKTOPOB, 4TO Hapsily C ABYMsS BEKTO-
pamn x u-y 43 B B B BXOAHT TakKe X -} ¥, a HapsSRy C Bek-
TOPOM X B B BXOIMT W €ro NpoH3BeJeHHe Ha HPOH3BOJbBHOE
IeHCTBHTENbHOE 9HCO, T. €. BekTop cx. Tdrna B, oueBHzHO,
npeacrasaser co6ofi BEKTOPHOe MPOCTPAHCTBO B CHJIY TeX
omepauuii, Koropeie umeorci B A. MHoxecTBo B HasH-
BAeTCsl BeKTOPHOIM NOONPOCTPAKCTEOM TpocTpaHcTBa A.
Ecnu BekTopHOEe mpocTpaHcTBO A HMeeT KOHEUHYIO pasMep-
Hocth n (cM. E)), To ero mommpocTpaHcTBO B HMeeT pas-«
MepHOCTb, He IPEBOCXOASILIYIO 7.

G) Ilyctp A" — n-MepHOe BEKTOpHOEe NpPOCTPAHCTBO, a
Br u C%— Ba ero BEKTOPHHIX MOANPOCTPAaHCTBa pasMep-
HOCTH p H ¢ COOTBETCTBeHHO. Ec/M JJisi BEKTODHBIX MOA-
npocrpadcts BP u C7 HyneBOH BeKTOp sBJIseTCH eIHHCTBEH-
HBIM OGINHM BEKTOpOM, a p -+ g ==n, TO BEKTOpHOEe Npo-
CTpdHCTBO A” pacmajgaercs B IPSIMYIO CYMMY CBOHX BEKTOp-
HBIX noanpocrpadcTB BP m C9. ViMeHHO, KaXAblH BEKTOp X
H3 A" npeCTaBJsAETCS B BUAE CYMMBI

x=y+z»

rie y —BekTop U3 BP, a 2— Bektop u3 C9, npuueM cjarae-
MHE ¥ H 2 0HO3HAYHO ONpelesieHbl BEKTOPOM X.

Jns poxazaTesnbCTBa 3TOr0 YTBepXKJeHHS BHOepeM B
noanpocrpancTse BP 6a3uc

e, € ..., €,

COCTOSIIHA H3 p 3JeMeHTOB, a B noAgnpoerpancree C9 6asuc

€p+l ep+2: ceey Cpy
11



cocTosuii U3 g s1eMeHToB. OGbeNHHsAA STH ABE MOCJAENU-
BaTEJbHOCTH BEKTOPOB, MBI INOJYYHM IOCJeA0BaTEJIbHOCTD

31, 82, LY eno (13)

JlokaxeM, Y4TO 3Ta COBOKYNHOCTb COCTaBJisleT Gasuc mpo-
crpaHcrBa A® Tak Kak 4HCJI0 BeKTOpOB cucteMs (13) pas-
HO pasMepHOCTH npocrpanctBa A”, TO AOCTAaTOYHO JOKa-
3aTb, 4YTO BeKTOpH cucTeMbl (13) snuHeiiHO He3aBHCHMH. J1o-
NYCTHM, YTO HMEeT MeCTO NPOTHBOIOJOXKHOE, HMEHHO, HMeeT
MECTO COOTHOIIEeHHe

c*eq=0, a=1,...,n, (14)

npuyeM He Bce KO3(p(HIHEHTH ¢f, BXOAsLIHEe B 3TO COOTHO-
1menHe, paBHH HyJio. OGo3HayHM yepe3 y CYMMYy IepBHIX
p uneHoB cyMMbl (14) u yepe3 2 CyMMYy OCTaJIbHBEIX 4JIEHOB.
Torpa nonyyum nBa BeKTOpa y u 2, npuYeM 06a OHH OLHO-
BPEMEHHO He MOryT ofpaiiartbCsi B HYJb, TaK YTO XOTs Obl
OIMH OTJIMYeH OT HyasA. [1pu atoM coorHoweHnue (14) mepe-
NUCHIBaeTCs B BUIE
y+2=0,

y=—2,

HJIH, HHaue,

rle y = Br, —z = C.

Takum 06pasoMm, Mbl NPHXOAHM K BHBOLY, YTO BEKTOp-
Hble noanpocrpancTsa BP u C9 umelor oOuuH BeKTOp, OT-
JHYHHIH OT HYJfA, YTO NPOTHBOPEUYHT INPeAIOJ0KeHHIO.

Takum oGpasom, cucrema (13) siBasiercs Gasucom mpo-
cTpaHcTBa A" M Kax bl BeKTOp ¥ U3 A" MoXeT GbiTh 3alH-
caH B BHJe

x=c%,, oa=1I1,...,n.

O6o3nauvasi yepe3 y CyMMY MepBBIX p CllaraeMbiX MocjenHed
CYMMbI, a yepes 2 — CYMMY OCTa/JIbHBIX CJjaraeMnbiX, IPHUXO-
IHM K BBIBOAY, YTO

x=y-+2

rie y = Br, z = C9. Takum o6pasom, yrsepxkAenue G) no-
KaszaHo.

§ 2. Jluneiinpie 0TOGpPaXKEHHS BEKTOPHBHIX
NPOCTPAHCTB H MATPHUBI

B stom maparpade Gyner nokasaHno, Kak JHHefiHOe OTO-
6paxKeHHe OJHOrO BEKTOPHOTO NMPOCTPAHCTBA B Jpyroe sa-
Jaercs MaTpHileh.
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3aecp OyleM MONb30BATLCH COKpalleHHBIMH 0603Haue-
HHSIMH L7151 cymmupoBanus (cM. § 1, A)).

Onpenenenune 3. [Iyctb AP u B?— nBa BeKTOPHHIX
NPOCTPAHCTBA Pa3MEPHOCTH P W g cooTBeTCTBeHHO. OTO6pa-
JKeHHe @ TpocTpaHcTBa BY B mpocTpaHcTBO AP, T. €. Takoe
orobpakeHHe, KOTOpOe KaKAOMY BeKTOpy y < BY cTaBHT B
COOTBETCTBHE BEKTOP

X =0y

U3 MpocTpaHcTBa AP, Ha3hIBAaeTCs AUHEUHbIM, €CNIH BHINOJ-
HeHO cJjeiylollee YC/AOBHe: KakoBbl Obl HH OblJIHM BEKTOPHI
Y1, Y2 U3 B9 v 1Ba neficTBHTENbHHX uHcHa ¢!, ¢2, HMeeM

@ (c'y, + c?y,) = c'gy, + c*oy,.

MHoxecTBO Bcex y & B9, nepexoasmux npu oro6paxe-
HHH @ B HYJIeBOH BeKTOp nmpocTpaHcrsa AP, HasbBaercs a0~
pom nuHeltHOoro orobpaxeHHs ¢. CornacHo OGUIENPUHSATHM
0603HaYeHHsIM OHO 3amHchiBaeTcs B BuAe ¢~'0. Hemocpen-
CTBEHHO NpoBepsieTcst (s 34eCb 3TOro Aenarh He 6ydy), 4To
A4p0 OTOOGpaXKeHHSI ¢ eCTb BEKTOPDHOE MOANPOCTPAHCTBO
npocrpanctBa B9. TouHo TakK Xe jierko HpoBepsieTcsi, 4YTO
COBOKYIHOCTb BCeX BEKTOpOB x & AP Buia ¢y, rie y € B9,
eCcTb BEKTOpPHOE MOANpPOCTpaHcTBO mpocrpancTBa A?. Ouo
o6o3Hauaerca uepe3 @B9. Ecnu @B = AP, T0 npo orobpa-
JXeHHe @ [OBOPSIT, YTO OHO eCThb OTOGpaXKeHHe HA NPOCTPaH-
cTBO AP.

3aMmeTuM, 4TO MHOXKecTBO D JefiCTBUTENIbLHHIX YHCeJ SB-
JileTCsl OAHOMEPHBHIM BEKTOPHBIM NpPOCTpaHCTBOM. B cayuae
ecin AP ectb MHOXecTBO D, oTroGpa)eHHe ¢ Ha3biBaeTcs
Aunelinoti popmod, 3ajlaHHON Ha NpocTpaHcTBe BY.

Ecin ¢ u y— nBa JuHeAHBIX oroOpaXeHHs mpocTpa-
crBa B9 B npoctpanctso A?, a ¢, d — ABa [eHACTBHTENbHBIX
4HCJa, TO OonpefenseTcs JuHelHOe 0TOGpaxKeHHe

@=c}p - dy,
KoTopoe 3azaetcss ¢GopMyJoH
Qy = cby + dyy. (15)

Jlerko nposepsiercs, YTO OoTOOpaxkeHHe ¢, 3aJaHHOe ITCH
dopMmyJioll, AB/SETCA JHHEHHNM OToGpaXeHHeM MpPOCTPaH-
ctBa B¢ B npoctpancto A°. Takum 06pasoM, MHOkeCTBO
BCEX JIMHEHHHRX OoTOGpaKeHHH npocTpaHcTBa BY B mpo-
cTpaHcTBO A" sBJisleTCsl BEKTOPHBLIM npocTpaHcTBoM. [losxe
MBI TOKaxeM, YTO 3TO BEKTOPHOe NPOCTPAHCTBO HMeeT KO-
HeyHy10 pa3MepHOCTb pq.

13



IonyctaM, UTO Hapsily C YNOMSHYTBIMH BEKTOPHBIMH
npocrpaHctBaMu AP B B9 uMeeTcs elne TpPeTbe BEKTOPHOE
npoctpancTBo C” pa3MepHOCTH r M JaHO JHHefHOe oTOOpa-
3KeHHe 1 BEeKTOPHOro mnpoctpaHctsa C’ B BeKTOpHOE HpO-
crpancTso BY. Torma MBI MoXeM ‘onpelefiHTb JiMHeHHOe
oroGpaxeHHe BEKTOPHOro npocrpaHcTBa C7 B BeKTOpHOe
npocTpaHcTBO AP, CTaBsl B COOTBETCTBHE KaxKJIOMY ero Bek-
TOPY 2 BEKTOp

x =opnz. (16)

Tor ¢axr, uro oTobpaxeHHe, 3afaHHoe Gopmyaoit (16),
sB/IsieTCA JIHHEHHBIM, HemocpeAcTBeHHO mnpoBepsieTcs. OHo
No ONnpejeseHUIO CUHTaeTCs npoussedenuem 0TOOpAXNCEHUL
1 M @ U 3andchiBaeTcs Kak ¢n. Ecau uMeercs eme u ver-
BepTOe BEeKTOpDHOe NpPOCTPaHCTBO DS pa3MepHOCTH S H %
€CTb JIHHeHHOe oToOpakeHHe mpocTpaHcTBa DS B npoCTpaH-
ctBo C7, TO, KpOMe NPOU3BEeHHs @1), ONpeae/eHo Npou3Be-
JleHHe 1%, a TaKxe JBa NPOH3BeJeHHUS

(on) %, @ (nx).

Jlerko mpoBepsieTcsi, YTO 062 0TOGPaKeHHS, BHIHCAHHBIE B
npeAbiAyimel CTPOKe, COBMAjzaloT MexAy co6oi. HMmenso,
HMeeT MeCTO paBeHCTBO

() % =@ (nx), (17)

T. €. IpOH3BeJeHHe oToGpaxkeHHH accouuartusHo. JleficTBH-
TeJqbHO, 062 BHpaxeHus, crosniue B paBeHctse (17), MOX-
HO omnucaTth clelyioumuMm o6pasom. Ecin u — npousBoOJbHbIA
BEKTOp H3 npocTpaHcTBa DS, TO K BeKTOpy u npHMeHsieM

otoGpaxenne x. K MoNyueHHOMY BEKTODY %# MNpPHMeHsieM °

oroGpaxkenne 1. K nmonyueHHOMY BeKTOPY mxu NpHMeHseM
oTofpaxeHHe ¢, TaK 4TO 06a BHIpaxKeHHs, CTOsLIHe B pa-
Bedctee (17), noJsyuamTcs ImOC/AefOBATEIbHBIM MpPHMEHe-
HHEM K BEKTOpY # oToGpaxKeHHH %, 1, ¢. OTciona u BhiTe-
KaeT paBeHcTBO (17). ’

Pacckaxkem Temepb, kKak oToOpa)keHHe ¢ ‘MOXKHO 3alH-
caTb B KOOpAHHATHOH ¢dopMe NpPH NOMOWM TabJHIL, Ha3bi-
BaeMOH MaTpullei.

A) Iyctp

ex, e2r LS ] ep) - (18)

R T \ (19)

— GasucyH mpoctpaHcTB AP m B9 cOOTBeTCTBEHHO. Bekrop
¢f; umeer B Gasuce (18) HekoTOphHIE KOOPAMHATHI, 3aBHCS-
IHe OT HOMepa j, TaK YTO 3TOT BeKTOP MOXKHO 3amHCaTb
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B BHJE .
of,=xje,, a=1,..., p. (20)
Ecin
y=vfp B=1L...,q
eCTb HEeKOTOpHH BeKTOp H3 B9, TO
oy=x=x%, a=1,...,p. (21)

YwmHoxasa coorHomenue (20) Ha y/ U CyMMHUpFL ero Io j,
NOJNIyYUM

x“ea=xgyﬂea, a=1,...,p P=1,..0,q. (22)

IIpun aToM MBI HCIOMb30BANH JIMHEHHOCTb OTOGPaXKEHHS Q.
H3 coorHomenus (22) ciaenyer coOTHOIIEHHE

x=xfyp, Pp=1,..., ¢ (23)

ITocnennsas dopmyna maer Ham BHIpaXKeHHe KOOPAMHAT BeK-
TOpa x==¢qy B Gasuce (18) yepes KoOpAHHATH BeKTOpa Y
B Gasuce (19). Takum oGpa3oM, 3TO COOTHOIIEHHE Npen-
CTaBjsieT cO60H KOOpAHHATHYIO 3amnuch OTOOpaxkKeHHs @,
Yucaa x,‘, i=1...,p; j=1, ..., g, eCTeCTBeHHO 3amH-
CaTb B BHJE NpPSAMOYTOJIbHOH TaG/uIIbl

1 1 1

Xy X5 ... %
2 2 2

X e X
e a . (24)
P P p

xl x2 xq

dta tabauna HasbiBaeTcs marpuyedi. Uucao ee CTPOK pas-
HO p, a YHCJO CTOJOLOB paBHO ¢q. KpaTtko Mbl O6ynem ro-
BOPHTb, uT0o (24) ectb MaTpuua pasmepoB (p,q). Takum
0o6pa3oM, p eCTb BEICOTa MAaTpHIb, §— ee IIHpuHa. Bes
MaTpuua (24) oGosHauaercsi 06bIYHO ofHoll GykBoii. B naH-
HOM caydae oGosHauum ee uepe3 X. KpaTko MOXHO
3amucarth

X=ﬂx§", i=1l ..., p; j=1, ..., q.

Takum o6pa3oM, JuHeliHOe OTOOpaxKeHHue @ oOnpejenseT
MaTpuy X H caMo onpejenasieTcs 3TOH Marpuued, eciH
3afann Gasucn (18), (19) o6Goux npocrpaHcts AP u B9
(cM. ra1. 4, npuMepnt 2—4).

Ecnin @ — qnneiinass ¢opma, 3amanHas Ha B9, 1. e.
oto6paxkaeT BEKTOPHOe IIPOCTPAaHCTBO BY B BekTOpHOE
mpocTpancTBO D JeHCTBHTEAbHHX YHCEJN, TO W¥HCIO QY
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sanuchiBaeTcs B popme
oy=dgypf, B=1,...,q. (25)
Eciu ¢ u y— ABa JIMHeHHHX OTOOpaXKeHHs NPOCTPAA-
ctBa B? B mpoctpaHcTBO AP, ¢ U d — ABa JeHCTBHTEJBHBIX

yucaa, To onpefeneHo ortoGpaxenne ¢ (cm. (15)). Ilycts
oToGpaxeHHsIM @, P, y COOTBeTCTBYIOT MaTpuud X, Y, Z.

ITonoxum ‘
X=|x} Y=]yj} Z=|z|
B cuny (23) Mbl umMeeM
@F=x3p B=1, ... p;
(by)*=ygy, B=1, ..., p;
(g =z23p Bp=1,.... p.
B cuny (15) nonyuaem
xi=cyl+ dz}.
Ecau mosioxXuTh
X=cY+dz,
TO MOJYYHM .
X =]y + dzi]

ITocnennsis dopMyna onpejensieT YMHOXEHHE MAaTpPHILHI
pasMepoB (p,q) Ha YHCJAO U CYMMHPOBaHHE ABYX MAaTpHI
sTOro pasmepa. I3 Hee BUIHO, YTO NPOCTPAHCTBO BCeX Mart-
pHl pa3MepoB (p,g) ecTb BEKTOPHOE IPOCTPAHCTBO pas-
MEpHOCTH pg.

B) Ilycts Ar, B9, C"— Tpu BEKTOPHBLIX IPOCTPaHCTBA
VKasaHHHIX pasMmepHOCcTeld, ¢ — JHHeHHOe oOTOOpaXKeHHe
npoctpaicTBa B? B npocrpaHcTBO AP, a ¢ — JinHelHOE OTO-
GpaxkeHHe nmpocTpancTBa C’ B npoctpancTBo B4. ITycts

€ €y «vn €p; fl’ f2r LR fq; g 82 -5 &

— 6a3HCH PacCMaTPHBAeMBIX TPeX BEKTOPHBIX IPOCTPAHCTB
AP, B u C” cooTBeTCTBeHHO. B 3THX 6a3ucax oToGpaKeHHUIO
1 COOTBEeTCTBYeT HeKoTOpasi MaTpuua Y =/|yl| pasmepos

(g, 7). Umenno, ecnu
z=2'gy, y=1vz=1ys,
TO B CHJIy NpeAJIOXKeHUuss A) uMeeM
Yl =yi2v (26)
u matpuna |yi), j=1,..., ¢; k=1, ..., r, coorBeTer-
ByeT oroGpaxenuio Y. Ecmu Temeps X =|xf|— martpHua,
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COOTBETCTBYIOIIAsl OTOOPaXkKeHHIO ¢, TO B cuay A)
xt=x{yb. 27)

[MoacraBiss KOOPAMHATH BeKTOpa y H3 ¢dopMyan (26) B
nocjefHion GopMyay, nojaydyaem

xt= xfybav.

TakuM 06pa3oM, oTOGpaxKeHHIO ¢ COOTBETCTBYET MaTpHIia,
3ajaBaeMas gopmyion

ligll i=1, ..., p; B=1L e, s k=1,...,r.
' (28)

Martpuua (28) cuuraercss npoussedenuem marpuy X u Y
M 3anHchiBaercs B BuAe XY, Tak 4TO Mbl HMeeM

Xy =[eiut} 29)

3nech OTOGpaXKeHHIO ¢ COOTBETCTBYeT Marpuua X pasme-
poB (p,q), a 0TO6paxKeHHIO { COOTBETCTBYyeT MaTpuua Y
pasmepoB (q,r). OTOGpakeHUIO @y COOTBETCTBYET MaTpHIA
XY paaMepoB (p,r). 3iecb Mbl YCTAaHOBHJH ONEpalHIi0 yM-
HOXXeHust MaTpul, X u Y B ciydae, ecnu MaTtpuua X uMeer
WIHPDHHY ¢, a MmaTtpuma Y — Boicoty ¢. [oBopsT, uTO MaT-
puua XY oGpasyercst nyTeM NepeMHOKEHHsS CTPOK MATPHILbL
X Ha cTon6ubl MaTpHLLL Y.

Ecnu napsiny ¢ npocrpancrBamu AP, B9, C' paccmatpu-
BaeTcs elle YeTBepTOe NpocTpaHcTBO DS M oToGpaKeHHe
npocrpaictBa D B npoctpanctBo C7, npuueM oroGpaxe-
HHIO y, COOTBETCTBYeT MaTpHLa Z pa3MepoB (r,s), TO ompe-
JleJIeHBl NIPOU3BeeHHsT MaTpHIL

XY, YZ, (XY)Z, X (Y2).

ITockosmbKy HMeeT MeCTO acCOLHMATHBHOCTb NPH NepeMHO-
)KeHuH oto6paxenuit (cMm. (17)), To A COOTBETCTBYIOMIUX
MAaTpHIL OHA TOXKe MMeeT MeCTO, T. €. Mbl HMeeM

(XY)Z =X (YZ).

ITpaByio uactp paBeHcTBa (27), onpejensiomyio Koop-
AMHATH BeKTOpa X uYepe3 KOOPJAMHATH BEKTOPa ¥, MOXKHO
TPaKTOBaTh KaK NpOH3BefeHHe MaTpuubnl X Ha OXHOCTOJG-
IOBYI0O MaTpuuy #, rie §J npeicrasisieT co00H BHIIHCAHHbIE
B BHJe CTOJ6LA KOOPAHHATH BeKTOpa ¥, T. €. MaTpHILy pas-
mepoB (g, 1). Camo paBeHcTBO (27) Temepb MOXeT OHTb
3amucaHo B BHIe
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TAe MaTpHua £ npeacraBisier coGoil crosn6en, B KOTOPOM
BBINHCAHBl KOOPAHHATHl BeKTopa x. OHa uHMeeT pa3Mephl
(p, 1).
C) Ecnn B npemsioxeHuu.  A) 4HCIO ¢ pPaBHO UHCHAY P,

TO MaTtpuna X, COOTBETCTBYIOL[asi OTOGPAXKEHHIO ¢, UMeeT
pasmepnl (p, p) W sBasieTcsi KBagpaTHOH#. OcoGuifi HHTepec
NpeAcTaBjsieT ciayya#, Koraa mpocTpaHcTBO B7 coBmapmaer
¢ npocrpaHctBoM AP. Torza matpuua X orToGpaxeHHs @
npocrpanctBa AP camoro B cebs siBJisieTcsl KBajpaTHOfl pas-
MepoB (p, p), HO NMPH 3TOM BHIJEIAETCS Hrpamllas 0cobyo
poab enuHHYHas MaTpHL3. MMeHHO, ecin oro6GpaxkeHHe @
€CTb TOXK/EeCTBEHHOe 0TOOpaxKeHHe, T. €. HMEeT MEeCTO COOT-
HOIlIeHHe

pr=2x,
TO MBI HMeeM

e;=—=qe,
u noromy B dopmyne (20) Hamo cuuTaTh f;==e€; H BCe
uMcaa X}, NPH KOTOPHIX i %% j, PaBHH HYJIO, a UHCHA X}
paBHH eauHuue. Takas MaTpHlla Ha3bIBaeTCsl eQUHUYHOL H

o6osnaqaercss uepe3 E. Jlis1 ee 3amHCH NPUMEHAETCA TakK
HasbiBaeMblil cumeon Kponexepa. 310

6! _{ L i=j
10, isj.
Takum 06pasoM, MBI UMeeM
E=|3]].

Ecnu oro6paxenne ¢ B npefno:xkeHuu B) sBisieTcs ToXzae-
CTBEHHEIM OTOGparkeHHeM mpocTpaHcTBa B = AP ma cels,
TO eMy COOTBeTCTBYeT MaTtpuna Y = E, u u3 (29) umeem

XE=X0

TouHo TaK Xe, eciH 0TOGpaXKeHHe ¢ B IpelsioxkeHuu B) siB-
JSeTCS TOXKJECTBEHHBIM OTOGpaXKeHHEM  MPOCTPAHCTBA
B7 = AP na ce6s, TO COOTBETCTBYIOIIAasi €My MaTpHLa fB-
JIIeTCS eAUHUYHON MaTpuuell E, U Mbl HMeeM

EY=Y. .

Oco60 Gombimyio posb eNHHHUHAS MaTpHua Hrpaer IpH
paccMOTpeHHH OTOGpaxKeHMii mpocTpaHcrBa AP caMoro Ha
ce6s. Ecniu @ — rakoe oro6paxeHue, a X — COOTBETCTBYIO-
las eMy MaTpHIa, TO Mbl HMeeM COOTHOLIeHHE

XE=EX=X,
18




TaK 4TO B MHOXKeCTBe BCeX MAaTpHIl, ONHCHIBalOLIHX OTOGpa-
JKeHHe npocTpaHcTBa AP B cebs, enMHHuYHas MmaTpuua E
UrpaeT pojib eJHHHIbl B OTHOLICHHH YMHOXKEHHS.

. Bunuunefinvie GopMH
D) Ilycte A"— n-mepHOe BeKTOpPHOE NPOCTPAHCTBO H
e, €y ..., €, (30)

— HeKoTOpHlli ero 6a3uc. ®yHkuus f(x,y) oT AByX mnepe-
MeHHBIX BEeKTOPOB X¥ H y npoctpaHcTBa A" HasbiBaercs Ou-
Aunelinod ¢opmod, ecnu oHa sBJserTcs JUHeHHOH (opmMoi
OTHOCHTEJIBHO KaXIOro M3 BEKTOPOB x M ¥y (cM. onpenene-

nue 3). Tlomoxum
a; = (e e;). (31)

ITycts
x=1x%, Y= yBeB

— 3anHch BEeKTOpoB X H y B Gasuce (30). OxasbiBaercs, yTO
f(x! y) =aa5xayﬂ° (32)

Uncna a;; Ha3bIBAIOTCA Koagpuyuenramu OunuHelHo# dop-
MH f(x,y) B 6a3uce (30). OHu ecrecTBEeHHHIM 06pa3oM CO-

CTaBJSIIOT MaTpHILy, €CJH | NPHHATb 3a HOMep CTPOKH, a |
3a HoMep croJibua:

A=layl, i j=1,..., n.

Takum o6pasom, Guauneitnofi ¢popme f(x,y) cooTBeTcTByeT
B 6asuce (30) ksaxpartHas marpuna A nopsaka n. Ecan
¢yukuus f(x,y) He MeHsieTCs: NpH NepeCTaHOBKe ee apry-
MEHTOB, T. €. HMeeT MeCTO COOTHOLIEeHHE

f(x9 y)=f(yv x),

To GunuHelHas dopma f(x,y) HasbBaeTcs cummerpudnod.
CumMmerpuyHOii GuauuefiHoli ¢dopme f(x,y) cooTBeTcTByeT
cUMMeTpHYHasi maTtpuua A, -T. e. marpuuna A, ynposierso-
psiomas ycJaoBuiO a;;==a;. Eciu B OuauHeiiHOH dopme
f(%,y) 3aMeHUTb BEeKTOp Yy BEKTOPOM X, T. €. IOJIOXKHTb
Y =2x, TO Mbl NOJYYHM KBaapaTuuHyio dopmy f(x, x), coor-
BeTCTBYIOIyl0 GuinHeiiHofi ¢opme f(x,y). Ksamparuunas
¢dopma f(x,x) sBaAsiercss GyHKIHeH OZHOrO BEKTOpPa X MHpoO-
crpaHcrBa A* Takum o6pa3oM, KaxpaoH OujauHeHHOH (op-
Me COOTBETCTBYeT KBajpaTHuHas (opMma. $lcHo, 4TO MJs nO-
NyyeHHs 060 KBagpaTHUHOH (POPMBI AOCTATOYHO HCIOJIb-
30BaTh JIHIUb CHMMETPHUHble OHJIHHEeHHbIe dopmbr. Ecun
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ucxoaHasi GunuHeHHast ¢popma HeCHMMeETPHUYHA, TO KBajpa-
THYHasi ¢opMa, COOTBETCTBYIOILAA e, MOJyyaercsi U3 CHM-
MeTpHuHOl GaunHefiHOH (opMmul f(x, y), KOTOpas 3anaercs
thopmysnoit

f e )=+ x 9) + @ 2).

Ecnu koadodunnentn Gununeiinoi dopmul f(x,y) cytd ay,
TO KO3 dunHeHTh &; Gununeiinoil Gopmut f(x, y) sapawrcs
no dopmyae

1
4y = ) (ay; + an)-

Ksapnparuunas ¢opma f(x,x) HasbiBaeTcs n0A0KUTEAbHO
onpedeseHHOl, ecld OHA MOJIOKHTENbHA NPH JIO60M X 7 0:

f(x, %) >0 npu x =% 0.

Hokamem coothomenue (32). Tak ‘kak f(x,y) ecTb Ju-
HeHiHast GOpMa OTHOCHUTENLHO X, TO Mbl HMeeM

[ 9) =T (x"eq y)=x°f (€q, y). - @33)

Janee, Tak Kak f(eq, y) ecTb JuHeidHass ¢popMa OTHOCHTEJNb-
HO ¥, TO MH HMeeM

f(eav y)=f(em yﬂeﬁ)= yﬁf (€qs ea)=y'}aaﬁ°
IToacrasasa nocaednioo popmyay B ¢opmyay (33), moay-
gaem ¢opmyny (32).

Kaxpnoit 6ununeitolt dopme f(x, y) coorseTcTByeT B Ga-
auce (30) marpuna A ee xoaddunuentos. B cBsa3u ¢ 3THM
BO3HHKaeT BONpOC, Heab3sl JH BuGpath 6asuc (30), T. e.
cHCTeMy KOOpAMHAT B IpocTpaHcTBe A", TakuM o006pasom,
yto6bl MaTpuua A mosyuyusaa HanGoJiee mMpOCTOH BHA. DTa
3ajava GyjJeT peliaThcsl M03:XKe AJdsl CAydas CHMMeTPHUYHBIX
dbopM uaH, YTO TO XKe camoe, AJIS CAyuyass KBaApaTHYHbLIX
dopwm.

E) CummerpuuHasi GununenHas ¢opma ;(x,y) AByX ne-
PEeMEHHBIX X H Y OAHO3HAYHO ONpEfeJseTCs COOTBETCTBYIO:

e KBaapaTHUHOH GopMol Kak (yHKuHeHA ONHOH nmepeMeH-

HOH.
B camom pmene, Mol HMeEM

fx+g. x+y)=Fx )+ 9+ x)+7@ 9.

Ho. rak xak [(x,y)=f(y,x), TO U3 3TOro moJjyyaem

fe,p)=5fx+y 2+ —F@x0—F@ 9l

" 3nech caeBa CTOMT GuauHeHHas dopma f(x,y), a cnpasa —,

KBafpaTHYHass (GOopMa OT NepeMeHHHX X, ¥ H X+ ¥.
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§ 3. Onpeneauntean

B snnefiHOf anre6pe HrpaioT BaXHYIO POJb TaK HasHl-
paeMHle OIpeJleINTeNIH HIH fleTepPMUHAHTHL.
Kaxnpo#it xBagpaTHo# MaTpuue

X=|x|, i=Ll...,n j=1,...,n,

onpelielieHHHIM 06pa3oM CTAaBHTCA B COOTBETCTBHE HEKOTO-
poe gucno D(X), sBasiiomeecs BIOJHE ONMpeAeseHHON QYHK-
uuefi smemenToB Mmatpuun X. dra ¢ynkuus D(X) Hasw-
BaeTcs onpedeiuresem WIH OeTepMUHAHTOM MaTpuubn X.

Onpenenntenn 061aKa10T PsiiOM 3aMeyaTelbHbIX CBOACTB,
KOTODLIMH H 0ObsicHAeTCcs HX poab B anrebpe. Copmynn-
pyeMm sapaHee cBoficTBa a) u b), sIBAsOLIHECS OCHOBHBIMH.

a) Ilyctb

xt=(xl, x}, ..., x})

— i-f cTpoka marpuun X. Oka3biBaercs, YTO €CJIH paccMaT-
puBaTh X' KaK n-MepHBI BeKTOp, To ompeneantenan D (X)
SIBJIsIeTCsl ero JIHHeHHO# (opMOfi, T. e. 3amUCHIBaeTCs B BHAE

DX)=d%!, a=1,...,r,

rae xoadduuuentsl 1ol MuHeAHOA dopMbl, T. €. yHCHA
d, d4 ..., d"

yXe He 3aBHCAT OT 9/IeMeHTOB i-H CTpoKH MaTpHubl X.
b) Iycre X’ — marpuua, noayuamoumascs u3 MaTpuus X
nepecTaHOBKOH MecTaMH JABYX ee CTPOK., Toraa oKasbl-

BaeTcs, 4TO
D (X, _ - D (X)’

T. e. IIPH NepecTaHOBKe ABYX CTPOK MaTpHUu X onpenenH-
TeJb ee MeHsieT 3HaK.

Ecan mpucoenuHuTh K 3THM JABYM cBoiicTBaM a) # b)
ellle HHXKeCJeAyiolllee CBOACTBO C), TO STHMH TpeMs CBO#-
CTBAMH, KaK Mbl JOKaxkeM mno3xe, ¢dynkuus D(X) ompene-
Js1eTCH ONHO3HAYHO.

¢) Ecin X = E — enuHuuHasl MaTpHLla, TO MbB HMeeM

D(E)=1,

T. €. ONpeJeJIuTe]b eAMHHYHOA MaTpHIB paBeH elHHHIe.

KouncrpykTuBHoe onpefenenne ¢yukuun D(X) moBoabHO
C0KHO. M3J10:KeRHI0 MOMHOK KOHCTPYKUMH NPEANOUMIO He-
KOTOpOE ee OmHCaHHe,
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@yuxuusa D (X) onpenensiercs Kax cyMMa B3gTHX ¢ QII-
penesieHHBIMH 3HAKaMH NPOH3BeLeHHUI B

1 42 n
Xy X, oee X7 s (34)
rjle Nocjief0BaTeNbHOCTD

b=(]'1’ Jor oo ey fn)

COCTOHT M3 DaCNOJIOXXEHHBIX B HEKOTOPOM MHOpPSAKE HaTy-
paJIbHBEIX 4YHCeJI
a=(1,2, ..., n).

Takum o6pa3om, mpousBefeHue (34) COmepKHT ONHH MHO-
KHTeNb, B3ATHIA H3 KaxKJAOH CTPOKH, M ONHMH MHOXHTEJb,
B3ATBHIA H3 KaXJOro cTosibua. 3HaK, ¢ KOTOPHM NpPOH3BEMe-
Hue (34) BXomMT B cyMMy, cocraBisiomyio D(X), onpene-
JISIeTCS JOBOJIbHO CJIOXKHO. OH 3aBHCHT OT TOro, B KaKOM
OTHOLIEHHH MOPAJOK YHCeJ NOC/Hef0BATEJIbHOCTH b HaXo-
AMTCSA K NOPSAKY YHCes mocsenoBaTenbHocTH a. [lepen TeMm
Kak nepedTH K ONMCaHHIO BHI6Opa 3HAKa B NPOH3BEACHHH
(34), nagum ¢opmyay mas onpenpenurens D(X) B cayuae
n=2
IIpn n = 2 umeem

D (X) = x}{x2 — x}x?

(em. ra1. 4, npumep 5).
I[Tepecranosku. Ilycts

a=(1,2,..., n)
— IIOC/IEA0BATENAbHOCTD HATYpaJbHBIX YHCEJ OT 1 AO n H
b=(.il’ Jos oo es ]n)

— NOCNE0BaTENbHOCTh TeX Ke YHCeN, PacnoJIOXKeHHHX B
KaKOM-TO MopsifiKe, OBITb MOXKeT, H npexHeM. ITocienosa-
TeJIbHOCTb b HAa3bIBAeTCS NepecTAHOB8KOL TOC/eL0BaTe/b-
HOCTH a. B nanbHeHIINX pacCMOTPEHHsX He HrpaeT cymie-
CTBEHHOH pOJIH, 4YTO IOC/JEeNOBaTeJbHOCTh @ COCTOHT U3
NepBHIX 7 HATypajbHbIX YHCEN, PAacClOJOXKEHHbIX B BO3pa-
cTaoleM nopsjake. Baxuo, 4To a ecTb mMocjieq0BaTeNIbHOCTh
U3 1 Pa3/IHYHBIX CHMBOJIOB, PaCIlOJIOXKEHHbIX B ONpeeIeHHOM

nopspke, a b ecTpb nocnenoOBaTENbHOCTb TeX XKe CHMBOJIOB,\

pacnoJioXXeHHBbIX TaKXKe B Ollpee/ieHHOM NOpAKe, GHITb MO-
XeT, COBnajamuieM C INOPAAKOM IOCNENOBATEJNbHOCTH 4.
ITocnenoBaTeIbHOCTE CHMBOJIOB b HashmBaeTcs nepecraHos-
KOIi IIOC/IelOBATEIbHOCTH Q.
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Ecnu (4, v)— npoH3BOJIbHASA Mapa CHMBOJIOB H3 MOCJe-
LOBAaTeNbHOCTH a (Nmojpa3yMeBaercs, YTO u M U — JBa pas-
JIMUHBIX CHMBOJIA), TO B NOCJIEJOBATEJbHOCTH b OHM MOryT
CTOSITb B TOM 3Ke TOpsJKe, 4YTO U B @, WJIH B TIPOTHBOIO-
JIOXXHOM. B mepBoM ciyyae roBopsT, 4TO MOPSIACK B IOCJe«
JI0BaTEJbHOCTH b Ha nape (u,v) COXpaHeH, a BO BTOPOM
napyueH. Eciu unciio Takux nap (u4,v), Ha KOTOPHIX NOpsi-
JIOK TIPH Nepexofie OT a K b HapyllieH, YeTHO, TO MOCJefoBa-
TeJIbHOCTh b Ha3blBaeTCs 4eTHOU nepecTtar08KOl mocjeno-
BaTeJbHOCTH @, B INPOTHBHOM cJydae — HeueTHod. Ecau
mepecTaHoBKa b YeTHasi, TO el CTaBUTCA B COOTBETCTBYE
yucao 1, eciu mepecTaHOBKAa b HeueTHas, TO el CTaBHTCHA B
COOTBETCTBHE 4HCI0 —1. DT0 3amuceiBaeTcs B ClAeLyOLIeM

BUAE!:
[]=+1 [5)--+

CorJiacHo OnpeneyieHHIo 1oCaen0BaTe/IbHOCTh @ MOXeT pac-
CMaTpUBAaTbCA KakK IlepeCTaHOBKa TI0C/aAed0BaTe/NbHOCTH b,

b
H [IOTOMY ONpejeJeH0 YHCIO [;]=-_—|: 1. U3 camoro cno-
coba mojcyeTa YETHOCTH WJHM HEYETHOCTH CJENyeT paBeH-

CTBO -
a_[&
[—b]_[a]'

D10 caenyer u3 TOoro, yro mapy (u,v) MoOxHO 6GpaTh KakK
B IIOCJIEJIOBATE/IbHOCTH @, TaK H B IOCJEJ0BaTEJIbHOCTH b,
# (aKT HapylIeHUs NMOPsIIKAa UMeeT MecTo B OGOHX Cyyadx.
Ecny nocnemoBaTenbHOCTb b’ mojiydaeTcsli H3 IOCJAEAOBa-
TeJbHOCTH b IyTeM NepecTaHOBKHM B b MeCTaMH [JBYX CHM-
BOJIOB, TO Mbl OyleM FOBOPHTb, 4TO b’ mojy4yeHa H3 b my-
TeM mnapHoii nepectaHoBKH. CpelH NapHBIX NEepeCTaHOBOK
cAeflyeT BHIAEJHTb NapHbIe NEePECTAHOBKH J[BYX COCeAHHX
cuMBoJIoB. OKa3bIBaeTCsl, YTO HMEIOT MeCTO YeThipe ClAeAylo-
IIMX CBOACTBA NepecTaHOBOK:

1) INpu napHoil nepecTaHOBKe ABYX COCEIXHHX CHMBOJIOB
B b 4eTHOCTH MEepPeCTAHOBKH b MeHsieTcsi Ha NMPOTHBONOJOXK-
Hylo. Takum oGpasoM, eciu b’ mojyueHa U3 b nyTeM nap-
HOH mepecTaHOBKH COCEJHUX CHMBOJIOB, TO Mbl HMeeM

(51~ @

2) Bcsikas napHasi mepecTaHOBKa CHMBOJIOB IOCJIENOBa-
TeJbHOCTH b MOXKeT GbITb NOJyYeHa IyTeM MNOCJaeN0BaTe/Ib-
HOro NpHMeHeHHsl HeYeTHOTO UHCJA NMapHBHIX NepecTaHOBOK
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cocemHux cuMBOJIoB. OTCIOfa CJeRyeT, UTO IPH MapHOA mHe-
pecTaHoBKe cnpaBeiuBa Ta ke ¢opmyna (35), uTo u npu
napHoO# nepecTaHOBKe COCEAHUX CHMBOJIOB, T. €. eClH b’ no-
JiyueHa U3 b nyTeM NapHOH NepecTaHOBKH, TO

[5]=-1+]
b gk

3) Bcesaxas nepecTaHoBKa b MoxeT GbITh MOJYYeHa H3 a
NyTeM KOHEYHOro YHcJja HapHBIX MepecTaHOBOK.

4) Ecnu a, b v ¢— TpU nepecTaHOBKH M3 7 CHMBOJIOB,
TO HMeeT MecTO popMyJia

[21=[5115]:

Jokaxem cBoiictBa 1)—4).

Hokaxem 1). B mnocnemosarenbHocTH b BO3bMeM J[Ba
COCEIHUX CHMBOJNA ji, jet1. EcH Ha mape (jg, je+1) €CTb
HapylleHue NMOPSAAKA, TO Ha mape (jg41,je) €ro yxe He Gy--
AeT, ¥ HAo60poOT, eclnH Ha mnape (j, je+1) HET HApYIUeHHS
nopsiika, T0 Ha nape (jgti,jr) OHO yxke Gymer. Ecam no-
Cel0OBATEJbHOCTb b’ MOJydYeHa H3 MOCTAeLOBATENbHOCTH b
NyTeM INepeCTaHOBKH CHMBOJIOB jr H jry;, TO Ha HOACYET
4yHCcIa HapylleHUH NOpsiAKa MOXKET BJHATh TOJNbKO Inapa
(je, jr+1), NPYrHX H3MeHEHHI NPH Iepexoge OT b K b’ He
npousoiifner. TakuMm oGpasom, cBoiictBo 1) AoKaszaHo.

HoxkaxeMm cBoiictBo 2). IlycTb jg, ji— ABa cUMBOJIa H3
nocef0BaTe/IbHOCTH b, MOABepralonieiics napHo#l mnepecra-
HOBKe, npuueM k2 << [. OTpe3oK CHMBOJIOB B b, HauHHAlO-
HHACSA C jr M KOHYAOIUACA j;, 3aMeHHM CHMBOJIaMH

1,2,..., p—2, p—1, p.

B sroit mocnenroBaTeNIbHOCTH NPOU3BELEM NMapHYIO IlepecTta-
HOBKY [BYX IOCJEJHHX COCEAHHX MeXAYy co0offi CHMBOJIQB,
T. €. yucen p— | u p. Torga nonayuuM nocyeaoBaTeSbHOCTD

1,2, ..., p—2, p, p— 1.

B sToif nocjienoBaTeNbHOCTH NPOHU3BEAEM NAapHYIO Ilepecra-
HOBKY COCeIHHX CHMBOJIOB p—2 u p. Toraa nojyuum no-
CJleJOBaTeJIbHOCTD

1,2, ...,.pp—2, p—1.

I'Iepe,zumraﬂ TaKHM 06p330M YHCJIO p Ha/NeBO, MBI IIOCTa-
BHM €ro B KOHIle KOHIOB Ha nepBoe MeECTO, T. €. NOJYUUM
nocaenoBaTe/IbHOCTb

p 1,2, ..., p—2 p—1,
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npoHu3Bels NMpH 3TOM p— | napHylo NepecTaHOBKY cocei-
HUX cHMBOJioB. Tenepbr TOUHO TaKHM Ke cnoco6OM B no-
cJeJHedl MOc/JeI0BaTeIbHOCTH [IePerOHHM CHMBOJ | B KOHeq,
10CJ/I€I0BATEbHOCTH, IPOH3BO/Jsl NapHble NMepecTaHOBKH CO-
celHUX CHMBOJIOB. [IpH 3TOM MBI AOMXKHH O6yaeM IpOH3-
BECTH p— 2 NapHbHIX IIepeCTAHOBKH COCENHHX CHMBOJIOB.
ITocse aToro mpousofifeT mapHas nmepecTaHOBKa cHMBoJja 1
H CHMBOJIa p B pe3ynbTaTe 2p — 3 MapHHX HepecTaHOBOK
COCeIHHMX CHMBOJOB. MTak, yTBepxkieHHe 2) A0OKa3aHO.

YrBepxkaenue 3) GygeM [0OKas3biBaTb HHAYKTHBHO MO
uyneay n. Ilycth b— Ta mepecTaHOBKa, KOTOPYIO Mbl XOTHM
NOJNYYUThb M3 [0C]AEeLOBATeJbHOCTH @ MyTeM KOHEYHOTro
yhcJa NapHBHIX MepecTaHOBOK. B nociaenoBaTenbHOCTH b
HMeeTcsi 4ucio n. ITyTeM onHOH napHOi NepecTaHOBKH €ro
MOXKHO IIOCTaBHTb Ha MNOCJenHee MecTO. DTO OYEBHAHO.
Eciiu n yXe CTOMT Ha MocjJefHeM MeCTe, HaM HHKaKOH ne-
pecTaHOBKH jenaTh He HyxHo. [IycTb Tenepp B mocjeno-
BaTEJIBHOCTH b CHMBOJ £ yXe CTOMT Ha MNOC/JAeAHEM MecCTe.
Toraa nocnenoBaTenbHOCTD

b="~(jus jo» «++s jn—1)
SABJISIETCS| [IEPECTAHOBKOM NOC/IE0BaTeIbHOCTH

a=(1,2,..., n—1).

B CHIy NpeANONOMKEHUs HHAYKIMH IOCAeI0BAaTeLHOCTh b
MOXKHO NOJIyYHTb H3 MOCJI€ZOBATe/JIbHOCTH 4 NyTeM KOHeu-
HOTrO 4YHCJa NapHbIX IepecTaHOBOK. TakuM o06pasoM, MhI
nepeBesn MOCIENOBATENbHOCTD @ B IOC/AELOBATENbHOCTb b
IyTeM KOHEYHOrO YMCJia MapHHIX MEePeCTaHOBOK. ¥YTBepxkie-
HHe 3) JOKa3aHo.

Jokaxem 4). ITycTh p— YHC/IO NapHBIX NepPecTaHOBOK,
IPH MOMOIIM KOTOPbIX MOMKHO MepeBeCcTH MOoCJeA0BaTelb-
HOCTb @ B MOCJENOBATE/NbHOCTb b, a v — UHCJO TeX NapHbIX
nepecTaHOBOK, IPpH MOMOIIM KOTOPHIX NMOC/AeN0BaTeNbHOCTh
b MOXHO mepeBecTH B MOCJAeL0BaTENbHOCTb ¢. Toraa nocie-
JIOBaTeJIbHOCTh @ MOYKHO NEPEBECTH B MOCAeN0BaTe]bHOCTh
¢ IpPH NOMOLIH p -+ v MapHHX NepecTaHOBOK. Takum obpa-
30M.

i%]=(_ I, [—b‘]=(—- 1y, [%]=(——1)u+v'

c

Urak, cpoiictBo 4) n0Ka3aHO.
CremoaresibHo, npenjioxeHye A) NMOJROCTbIO AOKa3aHO.
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Ilns wamocTpamMH NpelsioxeHuss A) paccMOTpHM Bee
IIepeCTaHOBKH HOCJEA0BATeIbHOCTH

a=(1, 2, 3),

cocrosimiel W3 TPEX CHMBOJIOB, H BHISICHHM 9eTHOCTb H He-
YeTHOCTb 3THX NepPecTaHOBOK.
ITyctn
b=(1, 2, 3),

TakK 4TO b coBNajaeT ¢ @. B nmocjefoBaTeJbHOCTH b HH Ha
ONHOH Nape CHMBOJIOB He HapyulaeTcst HIOPSAOK, RMeIOUHH-
csl B @, IO9TOMY nepecTaHOBKa b yeTHa.

Ilycrs
b=(,1, 3).

B 3Toit nocienoBaTenbHOCTH b MMeeTcsl HapyleHHe NOopsf-
Ka Ha mnape (1,2). B mocienoBaTesqbHOCTA @ OHA CTOHT B
nopsinke (1,2), a B mocrenoBaTeNbHOCTH b —B TNOpsAJKe
(2,1). Ha pmpyrux napax HapyHleHHsl NOpsAKa HeT, IO-
9TOMY NOC/AeAHss MEepecTaHOBKAa b B 3TOM CJydae HeyeTHa.

ITyctsb
b=(1, 3, 2).

B 3Toii mepecTaHOBKe HMeeTCs HapylleHHe TNOpsiAKa Ha
nape (2, 3). B nocnesoBaTe bHOCTH @ OHA CTOHT B MOPsAKe
(2,3), a B nocjaemosaTeNbHOCTH b—B mnopsake (3,2).
B npyrux mapax HapyuleHHSl NOpsiiKa HeT, NO3TOMY Iepe-
CTaHOBKA b HeueTHa.
ITycts
b=(2, 3, 1).
B sT1oii mepecTaHOBKe b MMeeTcs HapylleHHe NOPsSAKa Ha
napax (1,2) u (1,3). Ipyrux HapylleHH# MNoOpsfAKa HET,
NI03TOMY NepecTanoBKa b B 3TOM clyuae YeTHa.
Hyers _
b=(3,1,2). )
B aToff mepecTaHOBKe b HMeeTCsl HapylleHHe NOpsAAKa Ha
napax (1,3) u (2,3). Ipyrux HapymeHH# nopsika HeT,
M03TOMY I€PECTaHOBKA B 3TOM Clyyae 4eTHa.

Ilycts
b=(3,2, 1).
B »Toii mepecTaHOBKe b MMeeTCs HapylleHHe NOpsAKa Ha
napax (1,2), (1,3), (2,3). Takum oGpasom, nepecTaHoOBKa
b HeueTHa.
IMepeiinem Tenepb K KOHCTPYKTHBHOMY OMHCAHHIO OMpe-
JeTUTENS.
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B) CormacHo onpefeleHHIO, AAHHOMY B HpelJoxKes
HUHM A), MOCAENOBATENBHOCTh @' U3 n Pa3JIHUYHHX CHMBOJOB
Ha3HBAaeTCs NepPecTAaHOBKOH HOCTEeNOBATEAbHOCTH g H3 TeX
JKe 7 CHMBOJIOB, €CJIM B a’ IepenHCAaHH T€ e CHMBOJHI,
KOTOpHE BXOJAAT B @, HO B HEKOTOPOM NOPSIAKE, GHITH MO«
JKeT, COBNAflaoIeM C a, 4 MOXeT OblTh, OTJIHUHOM OT d.
OkasniBaercs, YTO HepeXoj, OT MOCJAEN0BAaTEJbHOCTH a K
nocjieloBaTe/IbHOCTH @’ ONHO3HAYHO ONpeHessieT Nepexox
oT J1I060# NepecTaHOBKM b NOC/IEJOBATENbHOCTH @ K HeKOo-
TOPOH ompejesieHHOH mepecTanoBKe b’ MOCAEA0OBATEILHOCTH
a’. TakuMm 06pa3oM, Hepexox OT NOCJeLOBATENbHOCTH g K
N0C/Ie0BaTENbHOCTH 4’ onpefeliseT HeKOTOPYIO ONepalHio
nepexoja OT JOGOH HmepecTaHOBKH b K HEKOTOpO#H nepecra-
HOBKe b’. DTy onepanuio Mbl 0G03HAUHM depe3 @ U GyAeM
Ha3bBaTh onepayueil nepecranosxku. Onepamuss mnepecra-
HOBKHM ¢ CTPOHTCS ClefiylolnuM o0pa3oM. Buinumem nof
NOCJIe[0BATENbHOCTbIO @ NOCJTef0BaTeIbHOCTh b TaK, YTOOL
TOA KaXJIHM 3JeMeHTOM X NOCJIeNOBATEeNLHOCTH @& OKa-
3ajicsl HeKOTODHIHE 2JeMeHT Yy TOCJHefOBaTeNbHOCTH b. ITH

X
JIBa 3JeMeHTa COCTaBAT CTOJOUK 4 Tax MB MOAYYHAH O~

C/eNI0BaTeIbHOCT H3 n CTOJBUKOB. Ecam MBI MOABEPTHEM
3Ty TOCJeJ0BaTeNbHOCTb H3 11 CTOJOHKOB HEKOTOpOH nHepe«
CTaHOBKe, TO OHa ONpEeJeNHUT HEeKOTOPYIO IlepeCTaHOBKY IO«
C/1IeJ0OBATEJbHOCTH @ ¥ HEKOTOPYIO NMepecTaHOBKY NOCJelo-
BaTEJbHOCTH b, IpHYEM MEepecTaHOBKH 3TH TECHO CBS3AHEHI
Mexay coboil. [TosToMy 0603HauuM Hepes pa NMepecTaHOBKY,
NONYYEHHYIO U3 @, H yepe3 (b NepeCTaHOBKY, NOJNYUEHHYIO
U3 b. SlcHO, 4TO MepecTaHOBKY CTONGUKOB MOXKHO BhIGpaTh
TaK, 4To6n ¢@(a)=a’. Toraa nojoxum b’ = @b. Tak MH
TIOSIY9H/IH HEKOTOPYIO MepecTaHOBKY b’ [OCJeL0BATE/bHOCTH
b, oaHO3HAUHO ONpeieIeHHYI0 NepecTaHOBKOA @’ MOCJeR0Ba<
TeJsHOCTH @. OKa3biBaeTcs, YTO MEPEX0A OT IOCJAeA0BaTE/ b+
HOCTH b K €e mepecTaHOBKe b’ ompejenisieT Ty XKe Onepanuio
nepecTaHOBKH ¢, KOTODYIO ONpeAeHs Nepexol OT a4 K a’,
Hoxkaxewm aro. ITycts ¢ —HeKOTOpasi mepecTaHOBKA MO-
CIef0BAaTeNbHOCTH @ H ¢'— Ta HIepecTaHOBKA IIOCJE0BA~
TeJIbHOCTH ¢, KOTOpas HHAYUHDYeTCs NepeXofoM OT a K a’s
IlokaxeM, 4TO mepexox OT b K b’ HHAYUHPYET TOT XKe ca+
Mu# nepexof or ¢ K ¢’. Ins toro 4toGel yGeAUTHCS B 3TOM,
JOCTaTOYHO BBHINMHCATb NOJ NMOCJAEA0BaTeJbHOCTbIO @ ClepBa
NOC/IeA0BATENBHOCTD b, a MOA b NOCJIEeZOBATENBHOCTD C TakK,

X

4T06H 06pa30BaJUCh TPEX3Ta:KHble CTOJOUKH BHAA 4.
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Oxa3sHBaeTcs, YTO HMEIOT MECTO HUKeCJeAyIollHe YTBep
Xnaenus 1), 2), 3):

1) Ecau a u b— Be pasjHyHHE MEPECTAaHOBKH, TO Q4
U @b TaKXe pasqHyHH. [ mOKa3aTesNbCTBA 3TOrO BHINH-
eM MOCJIe0BaTeJbHOCTH @ H b ApPyr nmox ApyroM. Tak Kak
NOCJIe0BaTeIbHOCTH @ ¥ b Pa3/HyHH, TO CYIIeCTByeT CTOJI-

X
6HK 4+ B KoTOpOM HHXXHHA 2JIeMeHT HE cOoBIajfaer C BepX-

HHM. SIcHO, U4TO NpH JI0GOH HepecTaHOBKe MOJYyYeHHHX TakK
CTONAOUKOB M3 CTONOHMKA MNOJYUYHTCS CTONOHK H3 TexX XKe
IBYX 3JIEMEHTOB, pa3JIHUYHbIX. MeXAy co0o#, Tak YTo
9a #* @b.

2) Ecau @; u @2— [Be onepauu# NepecTaHOBKH, COBMA-
Jaonue Ha a, T. e. eCllH

108 = @,

TO OnepalHH NepecTaHOBKH (; H 2 OLHHAKOBH Ha J060#
Jpyrofl nepecTaHoOBKe b, T. €. H3 Q1@ = Qqea ClenyeT @ib =
== (gb, UHAUe roBops, @; = @o. [y J0oKa3aTeNbCTBA 3TOTO
HanuileM NOJ NOCJeN0BaTelbHOCTbIO @ NMOCTIeH0BaTeJbHOCTD
b. Kaxno#i H3 nepecTaHOBOK () H @z NOCJIELOBATENIbHOCTH @
COOTBETCTBYeT NepecTaHoBKa crosnbukoB. Ho Tak Kak Ha a
@i H @2 COBMAjAaIOT, TO NEPECTAHOBKH CTOJGHKOB, COOTBET-
CTBYIOLIHE @) H g, OAMHAKOBH. [103TOMY @10 == @2b.
3) KMMeeT MecTo paBeHCTBO

[51-15] o

Ins pokasarenbcTBa 3TOfl (OPMYJBl BHIIHUIEM IPYT INOJA
ApyroM nociepoBaresbHocTH a H b. Onepauuio nepecra-
HOBKH ( MOXHO pacCMaTpHBaTb KaK IepeCTaHOBKy IOJY-
YeHHBIX cTONGHKOB. CorslacHO NpefJoxKeHHI0 A) OHa MOXeT
GLITb OCyleCTBJIeHA NMyTeM HEKOTOPOro YHcja MapHHX me-
pecraHoBoK. To 3Xe UYHCIO NMapHBIX NepecTaHOBOK HAOCTa-
TOYHO AJIsl Iepexoia oT a K @a u oT b Kk ¢b. Takum obpa-
30M, paBeHcTBO (36) moka3aHO.

Onpenenenne 4. Ilycrs

X=|gl} i=1,.on, j=l,.cc,n, @37

— KBajpaTHas Marpuua pasmepoB (n,n). Ee Mm Gyaem
HasbiBaTb K8a0paTHOi marpuyeli nopadka n. ITyctb

a=(il, ig, 0o ey in)
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— HeKOTOpasi IepecTaHOBKa MOCHAENOBATEeNbHOCTH HaTy-
paJabHHIX yucena 1,2, ..., n,

b=(j]’ ]2) MRS jn)

— nepecTaHOBKa mnocjefnoBaTtenbHOCTH a. Toraa ompepenu-
teab D (X) sanaercs popmyAroit

DX)=[F]xs ... xpn. (38)
b

3nech CyMMHDOBaHHe BeNeTCS MO BCeM MNepecTaHOBKaM b
NOC/Iel0BAaTENbHOCTH @.

IlokaxkeM, 4To ecjH BMeCTO [OC/IEOBATEJNbHOCTH @
B35ITb JIIO6YIO ee mepecTaHOBKY

a’ = (if, iy «+., i7)=0a,

a BMeCTO II0C/JeJ0BaTeNbHOCTH b B3ATb MNOCJelOBaTesb-
HOCTH

b = (j} o s i) =10,

TO onpenenuteab D(X) MOKHO 3amaTh dopmysioil

D(X)=Z[%ﬁ-]x;§ x: (39)

b 1 n

Hokaxem dopmyay (39). 3amerum npexje BCEro, uTo
€C/IM BHIIUCATb APYr NOJA IPYrOM I[OCJAEHOBATENLHOCTH @
H b TaK, KaK 9TO CHeJNaHO B NpejajoxkeHun B), To omepa-
LUl ¢ MepecTaHOBKH CTOJOGHKOB PaBHOCHJIbHA NepeMeHe Io-

o i
PAAKa MHOXHTEJNEH B OAHOU/ICHE x;' e x,ﬂ, npuyeMm on-
1 n
HOUJIEH 3TOT He MeHsieTcsl. TaKuM 06pa30M, MBI HM€EEM pa-

BeHCTBO -
' ’ ’

i i i
XV xn=xb...xn (40)
1 ’n ’l 'n

B cuny yrBepxnenus 3) mpennoxenus B)

a’ a
[+]=[3] 4
N3 ¢opmyn (40) u (41) cnemyer pasenctso (39).
Takum oGpasom, B ¢opmyne (38) nocienoBaTesNbHOCTD
a Moxer OHITb 3aMeHeHa JiIOGOH ee nepecTaHOBKO# a’, a

b — coorsercTByIOUIEl nepecTaHoBKOH b’ (cM. B)).
Onpenenenue 5 Kaxpnoit matpuue

X———ux;“, i=l, v ey p, j=l, ceey q,



pasMepoB (p, ) B3aHMHO OXHO3HAUHO CTABHTCA B COOTBET-
CTBHE TPAHCNOHUPOBAHKAA K Hell maTpuya pa3mepos (g, p),
kKoTopasi o6o3Hadaerca uepe3 X7 Jlasa Toro uTtoGbl 3amu-
catb Mmatpuy X7 B BHAe GOPMYJIH], IOTOKHUM

XT=U=[dl], i=1,...,q j=1,...,p.

Torpa anementsl MaTpulel U 3apaiorcs popmynon
1yl
up=xl.

Jlns Toro 4ToGHl HArJsAHO ONMHCATb MPOLECC MOJYUYeHHS
marpuust XT, oTMeTHM, uTO MaTphma X' mojyyaeTcss H3
maTpuusl X NyTeM NOBOPOTa NOCHefHeH BOKPYr IJ1aBHOMH
nuaroHanu. I'yiaBHag AuaroHajp MaTpHUUH X — 3TO JIMHHSA,
HyIas M3 BePXHEro JieBOTro yria X; HanpaBo BHH3 NOA yr-
jaom 45°, Torga mpu nosopoTe mMaTpuilel X ee CTPOKH Mpe-
BpamamTcs B cTosi6ubnl MaTpuub XT, a croji6bunl X B
cTpokn XT,

C) Iycre X —marpuua pasmepo (p,q) u Y—mar-
puna pasmepoB (g¢,r). Torza MOXKHO COCTaBHTb NMPOH3BeJe-
HUe

Z=1XY,

npuyeM Matpuua Z uMeeT pasMephl (p,r). OxasbiBaercs,
4TO HMeeT MECTO COOTHOIIEHHE .

ZT=YTXT, (42)
Jnsa noxasaTenbcTBa 3TOH GOPMYJIBI MOSOKHUM
XT=U, YT=V, ZT=VW.

X=]xj} Y=[ui} Zz=[zl.
Idna tpancnonupoBaHHbX MaTpul U, V, W umeem
ul=uxl, vi=yt wi=2z}

ITyctb

B cuny atux dbopMya nmonydaem

wh = 2% = xfyf = yBxf = vjul.

Taxum oGpasom, popmyna (42) nokasaHa. _
Teopema 1. Ilycte X — npoussossnas KeadparHas
marpuya nopadka n (cm. (37)), a X7 — Tpancnonuposan-
*Has K Hel marpuya. Toeda X7 raxse ecro ksadparnas
matpuya nopadka n. Oxaseleaercs, 4T0 umeer Mecro pa-

8€HCTB0

D (XT)=D (X). (43)
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Taxkum obpasom, marpuya X U TPAHCNOHUPOBAHHAR K Hell
marpuya X7 umeioT pasueie onpedesuTenl.

JdokazateabcTBo. [aa HoKasaTenbcTBa (popMyJbl
(43) nonoxum

X" =u =|ui}

Ilpu 3TOM
ui=xl. (44)

B cuay onpenenenus 4 nmMeeM

D)= zbj [5]afufs ... a, (45)

rue
a=(iy iz + ., i)

— HeKoTopass ¢@HKCHDOBaHHas NepecTaHOBKa M3 n HepBHX
HaTypaJbHHIX YHCes, a

b=(jis jos -+ in)

— NPOHU3BOJIbHASA NePeCTaHOBKA H3 £ NEPBHIX HATYPajbHHIX
yucea. CyMMHpOBaHHe BEJETCS IO BCEM IiepecTaHOBKaM b.
3aMeHsasl sneMeHTH MaTpuusl U aneMentamu Matpuin X
no ¢opmyine (44), nonyuaem

. D(U)=;[b] xhalr ... e, (46)

3aece B orTanuyue oT ¢dopmyasl (38) mocremoBaTeNbHOCTD
HUXHHUX HHOEKCOB (cM. (46)) cuutaerca (HKCHpPOBAHHOIM,
a IO0CJeJ0BaTeNbHOCTh BeDXHHX HHIEKCOB IPOH3BOJIbHOH H
CyMMHpPOBaHHe BefeTCs MO 5TOl NpPOHU3BOJILHO!N mepecTa-
HOBKe BepXHHX HHIeKcoB. B ¢opmysne (38) ¢uxcupoBan- .
HOH sBJISeTCS NOCTELOBATENbHOCTb BEPXHHX HHIEKCOB, a
NOC/IeOBATeNIbHOCTh HMMKHHX HMHIEKCOB fIBJIsieTcsl IpOU3-
BOJIbHOM, H MO Hefl BefeTcs cymMmMHpoBanue. Ilns Toro 4To6nl
npeo6pasoBaTb cyMMy (46) B cymmy (38), MH B KaxAoM
craraeMoM CyMMhbl (46) nepecTaBHM MHOXHTENH TaKHM 00«
Pa3oM, 4TOGHl BepXHUE HHIEKCH COCTABHJIH HEKOTOPYIO GHK«
CHPOBAaHHYIO IOCJAEN0BATENbHOCTD

ﬁ=(?,, ?2, se oy ?n)'

Hpn 3TOM OKaxeTcCs, UTO HHUXKHHE HHIEKCHI COCTABAT INpO-
H3BOJIBHYIO NEePecTaHOBKY

b=l T oo 7o)
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W3 MepBHIX 1 HATyPaJbHBIX YHCes. Buinuiiem Temepn mocie-
JIOBAaTeJNILHOCTb b IOJ IOCJAeAOBAaTeNbHOCTbIO @ Tak,YTOOH
o6pa3oBajiach ABYX3TaxKHasl mapa CTpoK. 3aMeTHM, UTO Ie-
pecTaHOBKe MHOXHTeJedl B cjaraeMoM CYMMB COOTBerT-
CTBYeT NepecTaHOBKa CTOJOLOB B 3TOH NOJYYeHHOH MABYX-
3TaXXHOH MOCTef0BaTeIbHOCTH. BMecTo TOro 4ro6H roBo-
pUTb O IepecTaHOBKe MHOXHTelneH, Mbl MOXeM Temepb
TOBOPHTb O NlepecTaHOBKe CTOJGIOB.

OGo3HauuM uYepe3 @, TaKyl0 OIEpPalMI0O MepecTaHOBKH
(cm. B)), urto

(pbb==d.

W3 yrBepxkaenns 1) B B) caemyer, uTo OBYM pasjiHYHBIM
NepecTaHOBKaM b, by COOTBETCTBYIOT pa3J/iHYHble OnepaLuH
NEPeCTAHOBKU @p,, Pp,. JleHcTBHTENbHO, ecad OB uMeNO
MECTO PaBEHCTBO @p, = Pp, NPH b; 5= by, TO NBE pa3jHUYHbIE
onepallHH NePeCcTaHOBKH @ H @b, NEPEBOAHIH Obl by H by
B OJHY H Ty Xe NEPeCTaHOBKY 4, 4TO, COTJIAaCHO YTBepKie-
uuo 1) n. B), HeBoamoxHo. Takum oB6pasoM, onepanuu ne-

€CTaHOBOK @ BCE Pa3jiH4HBl M YHCJO HX PaBHO UHCAY Ile-
gec'ranoaox H3 n 37eMeHTOB. [Tos0xKHM Tenepb

b=g,a. (47)

Kak Gbiio yCTaHOBNEHO B yTBepXAeHHH 2) B B), aByM
Pa3/IMYHBIM IIepecTaHOBKaM by U b, COOTBETCTBYIOT ABe pas-
JINYHBIE ONEPalHH @y H Pp,. [TO3TOMY YHCIO TaK MOJYYeH-
HBIX [lepecTaHoBOK (cM. (47)) nepBBIX # HATypalbHbIX YH-
ceJl PaBHO WYHCIY IePECTaHOBOK H3 n 2JeMeHTOB. TaKuM

06pa3oM, @»a = b npoGeraeT COBOKYIHOCTb BCeX pasjiuy-
HBIX NEpPecTaHOBOK U3 n NepBBIX HaTypasibHBIX uHcesa. Tak

Kak B cHay yTBepxkaeHuss 3) B B) {%]=[%;‘]’ TO HMeeM
[ﬂ"_] - [ﬂﬂ] = [i]
Ppb Poa b
Teneps popmyna (45) npuobperaer BUA
7,

D(U)=;[—‘;¥] %x%... X

d=(i1, l.g, oo oy ln)
— HeKoTOpas CpHKCHpOBaHHaﬂ nocjief0BaTeJbHOCTD H3 N
nepBbIX HATYPaAJIbHBIX YHCEJ, a

6=(719 72» ceey j;)
32 ]
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— MPOHU3BOJ/IbHAA NEepeCTaHOBKa M3 MEPEBIX n HaTypadbHbIX

yucea. Tak Kak @p(a)=b npoberaer COBOKYNHOCTb BCeX
Pa3JIHYHBIX NEepecTaHOBOK H3 MepBHIX 11 HAaTypaJbHHIX YH-

cell, TO CyMMHpPOBaHHE 3/1eCb MOXHO BectH mo b. Takum
o6pa3oM, ¢opmysa (46) nepenHcwBaercst B BHJE:
DU =Z D xhixla ... xin

) - 517777 7.

2 n

a sra ¢popmyna cosnanaer ¢ popmysoi (38). Takum obpa-
30M, TeopeMa | nokasana.

Tak kak NpU nepexoie K TPAHCMOHHPOBAHHOM Ma'rpuue
CTPOKH H CTOJNOLB MEHSIOTCS MeCTaMu, TO B CHJY Teo-
peMbl | U3 BCSIKOrO pe3ysnbTaTa, OTHOCSILIEroCs K oOnpene-
JuTeno, copMymTMPOBAHHOMY B TepMHHAX CTPOK, CleldyeT
aHaJIOTMYHBIA pe3yabTaT AJs onpejenutenei, chopmysiu-
pPOBaHHBIH B TepMHHaxX cronbuoB. M3 cBoiicte a) u h),
chopMynHpOBaHHBIX B Hayaje 3TOro maparpada B OTHoOLIe-
HHY CTPOK, GYAyT cjleloBaThb cjaelyioliue cBoficTea a’) H
b’), oTHoCsIIMeCs K CTOAGLAM:

a’) Onpenenurenb D(X) marpuus X siBAsieTcs JHHeH-
HOH (OpMOHA OTHOCHTE/NIbHO 3JIEMEHTOB Ka)KAOro CcroJabua
MaTpuun X.

b’) Tlpn mepecTaHOBKe MecTaMH CTONOLOB MaTpuun X
onpenenurtenb D(X) MeHsier 3HAK.

\

§ 4. PemieHne cHCTeMBl JIMHEHHBIX YPaBHEHHH

3aecb OGYRYT onucaHbl HEKOTOpble CBOHCTBA oOmpegesd-
Tenefi, naouine, B YaCTHOCTH, BO3MOXHOCTb MX BHIUHCJEHHS
He npu momoiid rpomosakoil ¢opmynb (38), a HecKoahKoO
npotuue.

A) Ecnn B MaTpuue

X=||x§||, i=1l...,n j=1,...,n

NepecTaBUTbh MECTAMH IBe COCeJHHEe CTPOKH — HJIH, KaK Mbl
O6yZeM TOBOPHTb, MOJIb3ysiCh TEPMHHOJIOTHeH, BBeAeHHON B
§ 3, «<mpou3BecTH NapHY10 NEpPecTaHOBKY COCEAHUX CTPOK», —
TO BHOBb MOJiydeHHass martpuua U OyneT uMeTb Onpeienu-
TeJlb, OTIMYAIOLIKACS OT OnpelennTelss MaTpuubl X 3HAKOM,
T. e. 6yAeT UMeTb MeCTO opMya

D (U)= — D(X). (48)

Tak kak Kaxpaas mapHasi nepectaHoBKa CHMBOJIOB HeKoropoﬁ
[OC/IeI0OBAaTETbHOCTH MOXET OBITh noJjydyeHa B pesyJibTatTe
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~

HEYeTHOr0 YHCJAa NApHHIX MepPecTaHOBOK COCENHHX CHM<
BOJIOB, TO H3 CKa3aHHOTO CJEAYeT, YTO ecH MaTpHia U noe
Y JyyeHa H3 MaTpHubl X IyTeM NepecTaHOBKH MeCTaMH ABYXS
; - ee pa3JHYHBIX CTPOK, TO HMeeT MecTo hopMmyiia

DU)=—D(X). - mﬁ

s TouHo Tak e, ec/iM MaTpHua V moayyeHa U3 MaTpHIHE X §
NapHOH NepeCTaHOBKOH HBYX CTOJOLOB, TO HMMeeT MecCTO f
PaBeHCTBO . . 4

D (V)= —D(X). (50) 4
U3 dopmynst (49), B 4aCTHOCTH, CJAeAYET, YTO €CJAH B MaT+4

A pulle X ecTb fBe paBHHIe CTPOKH C Pa3/HYHBIMH HOMepaMH, 7
TO onpegenutenb D (X) maTpuiun X paBeH HYJIO:

D(X)=0.
To ke BepHO H A croabuos (cm. (50)).
ITpu nokasartesbctBe popmynsl (48) Gymem CUHTATh, UTO |
maTtpuna U nonyuaercs 3 MaTpHubl X nepecTaHOBKOH k- §
u (k- 1)-it crpox mMatpuuni X. ITo3TOMy 3JIeMEHThI MaTs
PHILE U—-Hu | onpeaensiorcs popmynamu
’—x,‘, is=k, i%=k+1,

i
B — yhtl Bl — ok
up=xytl, uktl=xk

RNy

Cornacno onpegenenuio 4 (cm. (38)) umeem

v a 1.2 n
g D(U)=Z[3-]u,-lu,2... uf
b
rae
fg’ a=(l,2, co0y n), b=(]l7i2’ ceey jn).
f IlpousBonst B mpaBoil yacTu nocaegHedi GoOpMyJbl 3aMeHY
: 5/eMeHTOB MaTpulbl U Ha 3jieMeHThl MaTpUIL X, MOJYyYUM

b . k+1
‘o D(U)—Z[b]x,xiz...x;k x;k_H...x,
' b
’ 4YTO MOXKHO HHaye 3anmucaTth ¢popMysof
- = i PRI !
. D(U)——;[b]xhx,z...x]:,

roe .
=00,2 .0, k= LE+ 1, b k42, ..., n).

Tax kak B cuiy yTBepxknenus 4) m. A) § 3

o 51=[)

gt e IR MR =



’

a a’ a
H OUeBHIHO, YTO [T]= —1, T0 [T]= — [—b—]. ITonb3y-
fCb 3THM COOTHOIIEHHEM, HOJyyaeMm

D(U)=Z[_‘;_'_]x;:x;: x;n=—-D(X),
, D

CooTBeTCTBYIOllee YTBEPIKAEHHEe Ansi CTONOHOB, T. e. Gop-,
myaa (50), cinexyeT M3 paBHONpaBHsS CTOJOLOB H CTPOK.
TakuM 06pa3oM, npeanoxenue A) mokazaHo.

B) Ilycts

X=|x|, i=L.op j=L..q

~— NPOM3BOJIbHAs,, BOOOLIE TOBOpsi, HeKBaipaTHas Mar-
puna pasmepoB (p, q). Buiaenum aBe Bo3pacTaiouiHe nocie-
JIOBaTeJIbHOCTH HATYpaJibHBIX YHCEI:

i]_<i2<--o<ir, rgp; jl<j2<u-o<js, S<q.

(81)
PaccMorpuM Tenmepp MaTpuiy X, COCTOSILYIO U3 3J€MEHTOB
MaTpHulbl X, BXOASLUHX B CTPOKH C HOMEPaMH iy, i, ..., ir
H CTOJIOLLL C HOMEPAMH jfi, jo, ++v, Js. FIMEHHO, MONOXKHM
lxil xil xi!
\ f' j2 ese jS
i i i
o X2 x'2 X2
X= i Iy o iS . .
xlr xir xlr
Il i2 vee ]S

Marpuna X umeer pasmepnl (r,s). OHa HEKOTOPHIM ompe-
JieJleHHbiM 06pas3oM cocTaBjieHa M3 3J1eMeHTOB MaTpuubl X.
Takoro poxa MaTpulibl IIHPOKO YHOTPeOJSIOTCS B ajrebpe,
HO [J151 HUX HeT ChnenuajsbHOro HasBaHus. § ux G6yny Haswbl-
BaTh mogmarpuuaMu mMatpuubl X. [das Toro 4toGBl 3aKaTh
MaTtpuny X, HYXKHO yKa3aTb HOMepa CTPOK M CTO/NGLOB, OT-
MeyeHHBIX (opmysofi (51). Bymem ynoTpe6asiTb HeCKOIbKO
JIpYyryio, HO 3KBUBaJeHTHYI0O PopMynupoBKy. FIMeHHO, roBo-
pAT, YT0 MaTpuua X noJiyueHa U3 MaTpuubl X-~BblUepKHBa-
HUEM BCEX CTPOK, HOMepa KOTOPHIX He COBMajaloT C YHC-

JaMHu iy, i, +.., ir, ¥ BCEX CTOJOLOB, HOMepa KOTOPHIX He
COBNAMAIOT C fi, 2, oo+ Js-
C) Ilycts
i=1...,n j=1...,n, (52)

~— NpOW3BOMbHAsS KBajpaTHas MaTpuua nopsaka n. ITycrs
Jasnee k— HOMep HEKOTOPOil CTPOKH MaTpuub X, / — HOMep
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Hekoroporo ctosnbua marpuubsl X. Takum o6pasom, B Mart-
puue X ectb aneMent x¥. B dopmyne (38), onucsiBarmomeit

onpenenutens D (X), uMeioTcss 4JeHB, COAepIKallhMe MHO-
xutenn xf. Hx cymmy o6osHauum uepes of. OnuimeM STy
CYMMY.

BriuepkHem u3 MaTpHubl X k-10 CTPOKY u [-ii crosGeu.
Tak mnoayueHHyio =~ nmoaMmartpuny Marpuubl X pa3MepoB
(n—1, n—1) o6osnauum uepes X.. Onpenenuresnp ee Ha-

3biBaeTcsl MuHopom snementa x¥ marpuun X. OxasuiBaer-
csi, uTo cyMMa o% 3anaercs QopmyJoi

B (— [\A+Tyk 1

of = (— )**7x}D (X3). (53)

Hoxaxem mnpemnoxenne C), umenHo d¢opmyay (53).

PaccmorpuM cnepBa cayua#t, korga k=1, [=1, 1. e
KOrla 3JIeMEeHT X% CTOMT B BepXHeM JIeBOM YIJIy MaTpHIUbI
X. ByzneMm cuuTaTh, YTO MPH MOCTPOEHUH CyMMHI (38)

a=(1,2, ooy n), b=(jlf j2’ ceey jn)v

rie b — npousBosibHasi MEPECTAaHOBKA MNOCJEN0BaTeNbHOCTH
a. Cnaraemoe B cymme (38), comepikallee MHOXHTeNb X!
HMeeT BHJ

xIx2 ... x".
RWIA in

Bce sTtu cnaraembie cOOTBETCTBYIOT NEPeCTaHOBKe b, 3ajia-
BaeMoH dopmyJioi

b= (1, Jo .y jn)
IMonoxum

d=(21 3, .0y n)r B=(j2’ j3’ LK) ]n)
Tenepp MBI MOXXEM HamucaThb
a=(1,4), b=, bd).

$IcHO, 4TO A/ MOJIyYyeHUs] NEepeCTaHOBKH b H3 NOCJAEAOBa-
TeJbHOCTH @ NMyTeM NapHBIX HepeCTaHOBOK HYXHO MepecTaB-
JSTb TOJbKO CHUMBOJIB, BXOAasuiue B &, TakHM 00pasoM,
4yTOo6bl MONYYHTb MepecTaHoBky b. IToatomy

[ﬁ] = [i]
b bl
W3 aroro caenyer, uto
a
1 — 1 — 2 43 n
o, =ux} E [b]szxja e X
b
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CyMMa, BXOAsiIas B NPaByi0 YacCTb IOCJAEJHEr0 PaBEHCTBA,
OYeBHM[HO, PABHA ONPENC/NUTENI0 MaTPULbl Xi, TaK UTO MbL

noJyyaem
I — 4l 1
o= xD (X)).

s nonyuenuss dopmyas (53) npu npousBONBLHHIX & H
! mpousBeeM NapHyIO NePeCTAHOBKY k-H CTPOKH MAaTpHLbI
X c npenulecTByiollell CTPOKOI, T. €. CO CTPOKOH C HOMe-
poM k— 1. B nonyueHHOH MaTpHLe NpoM3BeAEeM MapHYIO
nepecTaHOBKY CTpPOKH, cTosimed Ha (k—1)-M MecTe, ¢
npeawecrsypomed crpokod. Tak OyneM mpoposxkarb, moka
He nepecTaBiM k-0 CTPOKY MaTpHubl X Ha IepBOe MeCTO.
IIpn sTom MBI nmpousselem k— 1 napHbiX NepecTaHOBOK
cocegHUX CTPOK. TouHO Tak ke nepeaBuHeM [-i cToJbelr
Ha nepsBoe MecTo. [I1s1 3TOTO OyleM nepeABHraTh ero Io-
CTeneHHO HajeBo. Torga Mbl mpousseneM [— 1 napHbix ne-
pPeCTaHOBOK coceqHHX cToJi6L0B. [TonyueHHyio B pe3yibTare
9THX onepauu# mMatpuny o6o3HauuM 4epes U. Tak kak npH
NepecTaHOBKax CTPOK M CTOJOLOB MaTpHubl X ObJIO MPOU3-
BefeHo Bcero (k— 1)+ (/— 1) mapHBIX nepecTaHOBOK cO-
CeHUX CTPOK M CTOJIOLOB, TO Mb uMeeM (cM. A))

D (U)=(—1)**'D(X). (54)
B marpuue U B /IeBOM BepXHEM YINIy CTOHT dJIeMeHT x%,
a NpH BHIYEPKUBAHHM M3 MaTpullpl U IepBoi CTPOKH H Iep-
BOro ctonbina Mbl NOJYYHM NOAMATPHIY, KOTOpast COBMHa-
ZaeT ¢ noaMaTpHued MaTpulipl X, MoJyvalouiedcss BblYep-
KuBaHHeM k-# cTpoku u [-ro cronbua. M3 dopmynn (54)
crepyer ¢Qopmynaa (53). Hrak, npepnoxenne C) noka-
3aHO.

IlanuM Tenepb OnpefeseHHe Pa3OMKeHHs! ONPeNeTHTeNs
MaTpHlB MO 3JeMeHTaM k- CTPOKH H 3jeMeHTaM [-ro
cToJibLa.

D) Hwmeror mecTo aBe cieiyioumue BaxHbie GOPMYJIbL:

D (X) = (— 1)k+oxeD (X%), (55)
D (X)=(—1)""*xiD (x3)- (56)

®opmyna (55) maer pasnoxeHue ONpeReNUTENs MO dJle-
MeHTaM k-ft cTpokH, a ¢Qopmyna (56) naer pasnoxeHue
TOTO Ke OnpefejuTe/sl Mo 3jeMeHTaMm [-ro croabua.

Hns nokasatenbctBa ¢opmynabl (55) coGepem B cymme
(38) cmauana Bce wiensl, copepaine siaeMent xF. TIlpu
3TOM uX cyMMa paetca ¢dopmydoit (53). 3ateM cobGepem
Bce uslleHH cyMMbl (38), comepikalime MHOXHTeNb Xf, H,
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npojo/Kas Tak naJjiee, HakoHel, coGepeM Bce claraemnle,
coflepxKallHe MHOXHTENb x% DTuM Oyler ucuepmaHa Ge3
nepekpuiTHii Bca cymma (38), Tak Kak B KaxXAblll ee wieH
BXOJHT POBHO OIHH MHOXHTeJb U3 k-# cTpokd. Takum 06-
pasoM, opmyna (55) BepHa. TouHO Tak e AOKa3biBaeTcs
dbopmyna (56).

E) Iycts X — mpousBosibHasi KBaJpaTHas MaTpHlia Io-
psaka n (cMm. (52)). [omoxum

xk=(xF, x5, ..., xE).

3aecb B mpaBOH 4YacTH BHIMHCAHbLI MOAPSIA BCE 3JEeMEHTH
k-ii crpokn Matpuubl X. Mbl XOTUM paccMaTpuBaTh HX KakK
KoopAuHaTH BeKTopa x*. Takum o6pasom, Mbl OyaeM NOHH-
MaTb CTPOKY KakK BekTop. TOUHO TaK Xe IOJNOXKHM

x,=(x}, x}, ..., x}).

3nech B IPaBOfl YacTH PaBeHCTBA BHIMCAHBI SJIEMEHTH [-ro
cronbua. M GymeM paccMaTpuBaTh HX KaK KOOPAHHATHI
BekTopa x;. TakuMm o6Gpas3oM, Mbl GyfeM AOHHMAaTb cToJbel
MaTpuue- X Kak HekKoTophi#l BekTop. O6paruM Tenepb BHH-
MaHHe Ha 3aBHCUMOCTb ompejenutenss D(X) oT sneMeHTOB
k- cTpokM ¥ OT 3jeMeHTOB [-r0 crosbua. Iisa storo mo-
Ja0xkuM D (X)=D(x*) u D(X)=D(x;). Y3 npenyoxenns
C) crnenyer, uto ¢dyukuunu D (x%) u D (x;) sBasiioTCsS JHHEH-
HbIMH (OpPMaMH OTHOCHTENbHO BEKTOPOB x* u x;. IlycThb

=(Uy, Uy +0ey Uy)
— HeKOTOpbifi n-MepHblll BekTop. COCTaBHM Temepb CyMMY
D (X£) = (— 1)***usD (X£)- . (57)

[NpaBas yacThb mocC/jefHEro paBeHCTBA OT/IMYAETCS OT MNpa-
BOH yacTd paBeHCcTBA (55) TOJBKO TEM, UTO BMECTO BEKTOpa
x®, COCTaBJIeHHOTO M3 3JIEMEHTOB k-¥ CTPOKH MaTpuun X,
NOCTaBJNeHbl JIEMEHThl BEKTOpa # H NOJyyeHHass TaK MaT-

puua o6osHaueHa yepes X+ Takum 06pa3oM, npasas 4acThb
paseHctBa (57) mpencrasisier co6ofl ompeneNuTeNb MaT-

puib Xi» B KOTOPOil k-1 CTPOKa 3aMeHeHa cTpoko# u. [Tpo-
JiesiaeM TO XKe caMoe s cToa6uos. ITycrs

0=(0",6% ..., 6"
— HEKOTOpbIH BeKTOp pa3MepHOctH n. COCTaBHM CyMMY
D (X3) = (— 1)"*%eD (xg)- (58)
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IlpaBas YacTb MOCTEAHETO PaBEHCTBA OTJAHYaeTCS OT I'pa-
BOii uacTu paBeHcTBa (56) TONBKO TeM, 4TO BMecTO [ ro
cron6ia Matpuubl X mocraBseH crosnbel O W mosydYeHHast
TaK MaTpHIia 0603HaueHa uepe3 Xg Tak uTO mpapas 4acTh
paBenctBa (58) mnpencraBisier co60H onpeleNUTeNb Mar<
PHIH Xi, B KoTopoi#t [-H cTosGell 3aMeHeH cron6nom 6. [Tycts
Tenepb
u=x",

T. €. BEKTOp & COCTOHT H3 3JIEMEHTOB CTPOKH C HOMEPOM m
marpuun X. Takum o6pasom, cymma (57) nmaer Ham ompe-
JeJTHTeNb MaTpPHUH X;g'", NMoJiydeHHOH M3 MaTpuubl X 3ame-
HOH k-# cTpoku Martpuupsl X Ha m-1o ee CTpoky. Takum 06-
pasom, npu m =4k ¢opmyna (57) maer HaMm ompenenuTeNb
D(X), a npn m =~k —Hynb, TaK KaK 3TO CrTb ONpEe/H-
TeJIb MATPUIBI, KOTOpasi HMeeT JBe COBIAAAloLlHe CTPOKH.
Hrak, mbl nonyuaem '

(— 1)™*°x7D (X%) =o7'D (X). (59)

3aech B mpaBoi uacTu crout cumson Kpouekepa 87, koTo-
pHi paBeH ejuHHlLle, KOrja ero HHIEKCH HMXKHHH U Bepx-
HUH paBHBI MeXAay COGOH, U HYJIO, €CIH HHIEKChl He PaBHHI
Mexay coboi. [lponensiBass Te e BHKIAaJKH Aaa [-TO
cTos161a, Mbl TONYYHM CaeAyoLLy0 GopMyTy:

(— 1)™*Px8 D (X§) = 60D (X). (60)

B canyuae, ecniu D(X)5~0, mbl MoxeM cooTHouweHHs (59)
u (60) pasgenuts Ha D(X). Idas Toro 4ToGEl mepenucaTth
9TH COOTHOLIeHHs B YAOOHOH Assa Hac ¢opMe, NMOJOKHM
D (x!
= 1yt 0. 1)
Takum oGpasom, dopmynn (59) u (60) nepemuceiBalOTCA
Tenepb B BHIE

xmyg =297, (62)
ypxd =0o]. (63)
TTonoxum Temepb I
Y=|4i}
ITonb3ysice 3TuM 06GO3HAYeHHeM, MBI MOXKeM Iepemucartb
Gopmyay (62) B Buzme ’

XY =E, (64)
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rae E— enuHuuHas Mmartpuua, a ¢opmyay (63) B Bunme
YX=E. (65)

Qopmyan (64) u (65) nokasmiBaior, 4TO MaTpuua Y aB-
asieTcss 06paTHoll Ansa MaTpullbl X Kak ClpaBa, TakK U cJieBa
H notoMy o6o3Hauaercs yepe3 X—!. Takum oGpasom, MH J0-
KasaJii, YTo ecqad onpefenutennp D(X) He paBeH HyJi0, TO
y matpHusl X cymectsyer o6paTHas Matpuua X—'=1Y.

Jlo cux mop paccMoTpeHue ompegesnuTesnedl Huuem He
6bl710 onpaBiaHo. Tenepb, NoOb3ysich pe3yJabTaTaMH, H3JIO-
JeHHHIMH B INpeisioxeHHH E), Mbl MOxeM INOKa3aTb, YTO
onpejleNUTeJ AAIOT HAaM annapat AJs pelleHHs BaXKHOH H
€CTeCTBeHHOH anareGpanyeckoil 3amayH,— HMEHHO, AJisl pe-
LleHHsl CHCTeMHBl YpaBHEHHH NepBOH CTeNeHH C HeCKOJbKHMH
HeH3BeCTHHIMH. Mbl' GyzeM paccMaTpPHBaTb CHCTEMB H3 1
YpaBHeHUH C n HeH3BeCTHHIMH. [lepeHecss Bce uJieHBI, CO-
llepxauiye HeH3BeCTHHIe BEJHUYHHB B JIEBYIO CTOPOHY ypasB-
HEHHsl, a H3BeCTHbie BeJIHYHHB B IIPaBYyI0 CTOPOHY YpaB-
HEHHs, MBI MOXKEM 3alHCcaThb CHCTeMY TaKHX ypaBHeHHH B
BHIle

aixt=c!, i=1,2,...,n a=12,...,n
(66)
31ecb KQOPAHHATH BEKTOpa
x=(x', %2 ..., x")

SIBJISIIOTCST HEH3BECTHLIMHU BeJHYHHAMH, a CaM BeKTOp x—
HeusBeCTHHIM BekTOpoM. KosdduuueHnTH HpH 3THX HeH3Be-
CTHHIX COCTaBJISIIOT MaTpPHLY

A=|dl|, i=12,...,n j=12, ..., n

3ech KOOpAUHATH BEKTOpa
c=(c, ..., c"

SIBJISIOTCSl NMpPAaBLIMH HM3BECTHBIMH YaCTSMH CHCTEMBI YpaB-
HeHuli (66).

F) BynmeM TpakToBaThb BeKTOpPH X H € KaK MaTpHIKI
pasmepoB (n, 1), T. e. KaK OXHOCTONGLOBEE MAaTpPHUbLI BHI-
cotl n. Torga cucreMy (66) MoXHO nepenucathb B cielyio-

emM BHIE:
Ax =c¢. 67)

3nech cieBa CTOMT MaTpuia A pasmepos (7,7), YMHOMKeH-
Hasg Ha ONHOCTOJIGLOBYIO MaTpPHLy x pasmepor (n,1), a
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ciipaBa — OXHOCTONONOBAs MaTpuua c¢ pasmepos (7, 1).
Ecnu onpepenutenp D(A) matpuun A OT/IHYEH OT HYJISA:

D(A4) # 0,
TO ypaBHeHHe (67) uMeeT peuieHue

x=A7c (68) .

H NPUTOM eIMHCTBEHHOE,

Crnenyer oTMeTuTb, uTO ecan D(A)=0, To pelieHHe CH-
cTeMbl (67) Bce XKe MOXKET CyLIECTBOBATb.

Jas nonyuenuss pemenuss cucrems (67) B cayuae
D(A)=0 HROCTaTOYHO YMHOXHTb coOOTHoLIeHHe (67) Ha
marpuny A-! caesa. Pemenue 310 eguHcTBeHHO. [omy-
CTHM, UTO CYLIECTBYIOT JBa peLIeHHS X; H Xp. Toraa Mul
HUMEeeM JBa COOTHOILIEHHS

Ax,=¢, Axy=c.
BrlunTas BTOpoe M3 3THX PaBEHCTB W3 NEPBOro, NMOJYYHM
A(x; — x,) =0.
YMHOXKHUB 9TO COOTHOUIeHHe Ha A~!, mosyuum
xl - x2 == 0.

Takum o6pasoM, x; =1x;, W HallH peUIeHHs COBMAJAIOT
MeX]y CO60H.

Jlagum Tenepb Gojiee TPAaAUIHMOHHYIO 3aNMHCh peIUEHHS

cHCTeMHbl ypaBHeHHH (66).
Teopema 2. Pewenue cucremor (66) Oaerca gopmy-

201 .
1 D(4)
=50 (69)

20e marpuya Al noayuaerca uz marpuyer A 3amenoil ee

l-20 croabuya crorbyom c¢. Taxum obpaszom, Oaa noaywexus
Heus3BeCTHOU BeAUdUHbL X' HYKXHO 8 maTpuye A 3ameHuUTd
ee l-it ctoabey cToAbyom € u onpedesuTens arou MaTpuyol
pasdeauts Ha onpedesutesns D(A).

JokaszateabcTBo. Ias noka3atenbcTBa (GoOpMyJbl
(69) Mm Bocmosbayemcs dopmynoii (68), HanucaB ee B
pPa3BEpPHYTOM BHJE.

ITyctb

b4

A =B=]b]]
Torpa B cuay (61) umeem )
b}=(—l)i+’ DD(AlI) .
(4)
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Qopmyna (68) sanubleTcss B BHLE

D (AL
xl == bécﬂ = (—I)H-‘e' __(__Q Cﬂ —

D (4)
(=1"*PPp(4F)  D(4)
= D (A) =D@)

{cM. (58)). Takum o6pasom, Teopema JHoKa3aHa.

§ 5. duemeHTapAbie MPEOBPa3OBaARHA MaTPHL

B sroM naparpade OyAyT OHHCaHE TaK Ha3biBaeMble
ajileMeHTapHHe Npeo6pa3oBaHHs MaTpPHL H HX OUpenesuTe-
Jied. Byaer HOKasaHO, 4YTO 3JieMeHTapHHM npeoOpa3oBa-
HHEM MaTpHIy MOXKHO NIpHBecTH K Gojiee MpPOCTOMY BHAY,
YAOGHOMY J[Jisi BBIYHCJIEHHS €e OIpefesuTeNsi. TaKHMH
YAOGHBIMU [J1s1 BBIUHC/IEHHUSI OmpejenuTesell BHEAaMH MarT-
PHL SIBJSPOTCH TaK Ha3bIBaeMble TPEYroJbHHE H JHATOHANb=
Hble MaTpuubl. VX onpenesneHue GyAeT [aHO B NpemJioKe-
Huu A) storo maparpada. [Tocse onucaHusi 371eMeHTapHBIX
onepaunuii Mbl NPUMEHUM NOJNyUYeHHBIE KOHCTPYKUHH AJs JO-
Ka3aTeqbCTBA BaxKHeHIlleH TeopeMbl, — UMEHHO, TeOpeMBbl O
TOM, UTO OMNpeleJHTeNb MPOU3BENEHHS [BYX KBaJpaTHBIX
MaTpHL paBeH IPOM3BEAEHHIO MX Onpexenuteneil. dro 6y-
JeT 3aKJIouHTeNbHAsl TeOpeMa HacTosiulero naparpada.

A) Ilycrs

x=|xl

~— KBaJpaTHas MaTpulua nopsaka n. I'1asroi Ouazonasbto
MaTpuubl X HaswlBaeTcs INpPSMOJHHeHHBIH OTpe3OK, Beay-
IMA M3 JIEBOrO BepXHEro yrjia x| B NMpaBblii HHXKHHH, T.e.
K 3JeMeHTy x". DJieMeHTHl, Jiexallue Ha STOM NPAMOJH-

HeliHOM OTpesKe, T. €. 3JIeMEHTH
*y Xl e 1 (70)

Ha3bIBAIOTCH OUACOHAAbHOIMU dAeMenTamy MaTpHLH X, OHH
COCTaBJAIOT €€ [VIaBHYI0 AHaroHanb. Matpuma X HasbiBaeT-
CHl Tpey2o/bHOW, €CIH BCE ee BJIEMEHTHI, Jiexauiyie CupaBa
OT JAHaroHa/id, PaBHB HYJIO, T. €. €CJU BHINOJHEHO COOT-
HoOLIeHue

xt=0 mpn j>Ii.

YacTHBIM CyuaeM TPEYroJbHON MaTPHLBL SBASETCH TaK Ha-
3biBaeMasi OuUA2OHAAbAAs MaTPHLA, B KOTOPOH OT HYJs OT-
JIHYHB TOJIBKO 3JIEMEHTH MAaTpHILBl, CTOSIIHE Ha ee IJIaBHOM
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IUaroHanu, T. e. ajneMeHTH (70). OkasmiBaeTcs, YTO ompe-
JleJIUTeJIb TPEYroJbHOH MAaTpPHIbl PaBeH NpPOH3BENEHHIO ee
JHaroHaJbHbIX 371€MeHTOB, T. €. eCIH X — TpeyroJjbHass MaTs
puua, To

D(X)=xlx§ vea xﬁ. (71)

Hokaxem nociennioio ¢dopmynay. Onpepenutenn D (X)
TpeyroJbHOi Marphub X OyneM BHUHCJAATD NO QopMmyie
(38). Ilycts

a

[7] x}.lx‘;‘z see x}‘n (72)

— OTJIHYHOe OT HyJis cnaraemoe B cymme (38). 3mech MH
NpeanooxRuM, 4To

a=(,2, ..., 1), b={(j jor «evs fn)
Hcxonsa us cnaraemoro (72), onpeneiiuM HaTypasbHOe YHCH

J0 k, oGiajaomiee TeM CBOHCTBOM, 4TO HpH (i << k ji==i.
Ecau marypajbHOra unena, o6/1afalouiero. ATHM CBOHCTBOM,
HeT, TO cuuTaeM, uto £ =0. Jlokaxkewm, uto k= n. Homy-.

CTUM NIPOTHUBOMNOJIOXKHOE, T. €. UTO k <<n. Torpa B nponsse-

JeHuE (72) cyniecTByeT MHOMXHTENb x?’;_‘ . Tak kak j, 54
1

=k -+ 1, To uUMeloTCs ABe BO3MQXKHOCTH: jet1 >k -+ 1 H
jer1 <k -+ 1. Eciu umeer Mecto mnepBae H3 3THX Hepa-
BEHCTB, TO B CHJY TPEYTOJbHOCTH MATPHIBI X MHOXKHTEJNb

x?,:r‘ =0 u ojguouner (71) BoobIme He paccMaTpuBaercd,
1

Ecnn uMeer MeCTo BTOpOe HEDaBEHCTBO, T. €. jep1 << B+ 1,
TO NPH [ = jp4; Mbl HMEEM j; = [ = jp41. TaKUM 00Opasom,
B DALY HHXHHX HHIEKCOB OfHOouaeHa (71) umeeTcs nBa
PaBHHIX: j; U jg41, YTO HEBO3MOXKHO, TaK KaK b eCTb Iepe-
CTaHOBKa HATYpaJbHBIX 4yuces a. Takx, Mbl HMeeM

jl=l’ j2=2, eoey j,,=n,

ay .
H [IOTOMY [—b-}= 1. TakuM o6paszoM, efUHCTBEeHHQE Cjarae<

Moe, OTJIMYHOE OT HYJs, BXoAsuiee B cyMMy (38), sBasiercd
NpOH3BEleRHEM [HATOHAJBHBIX WIEHOB MaTpHIE X, H MH
nonydaeMm dopmyay (71).

B § 4 Oblin noKasaHb BaxkHeHlHe cBOHCTEa ompeje-
autenss D(X) marpuunr X, copmynuposaHHbie elie B Ha-<
yane § 3 (cm. a), b) § 3). Dru csoiicTBa ompenesUTENd
MOFYT GHITb COpMYJAHPOBaHBI KaK B TEPMHHEX CTPOK, KakK
9TO chesano B Hauaje § 3, Tak u B TepmMHHAxX CTOJO6HOB,
uTo caenaHo B KoHue § 3 (cm. a’), b’) § 3). Oxuaxko. onpe-
Aenurens D (X) sBAseTes He eRHHCTBEHHO# QyHKIUed
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MaTpHUbI, yIOBJETBOpAIoUed 3THM ycaoBusaM. Ecau ymHo-
*KuTb GyHkuuio D(X) Ha MpPOM3BOJNbHYI0 KOHCTAHTY, TO MHI
ronyyuM (QYHKIHIO, YIOBJETBOPSIONIYIO TeM K€ YCJOBHSIM.
ITo3TOMY MBI PACCMOTPHM NPOH3BOJIbHYIO (YHKIHIO MATPHLBI
X, YROBJIETBOPSAIOWLYIO YKa3aHHBIM YC/IOBUSIM, NPHYEM YCJIO-
BUfl 3TH OyAeM paccMaTpUBaTb B TepMHMHAX CTOJOLOB, T.e.
B Buae a’), b’) § 3. Iasa Toro yto6ul CHOPMYIHPOBATH BbHI-
'CKa3aHHble ycJaoBusl, 6yaeM 3amuchiBaTh MaTpHuUy X B cie-
LYIOIIEM BHE:
X=|[x% ... %]

3pecb X1, Xg, ..., X, 0003HAueHH CTOOUB MaTpuub X.
"MIX Mbl MOXeM TPaKTOBaTb KaK OAHOCTOJIGLOBbIE MAaTPHLbI
HJIM KaK BEKTOPHI. '

B) OGosnauum uepes F(X) ¢yHKuuio KBagpaTHOH MaT-
punbl X mopsiika 7, YAOBJIETBOPSIOLLYI0 ABYM CJIEAYIOLIHM
YCJIOBHSAM:

1) Tlpu nepecraHoBKe ABYX cTO6LOB MaTpUubl X (QyHK-
uus F(X) mensier 3Hak (cM. b’) § 3). B Buge ¢popMy:bl 310
3alyllieM TaK:

FX)=—F(llxi%g ... ;... %, ... %,01), p<q.

M3 srtoro cieayer, uto ecau apa crojibua mMatpuus X Co-
Bnapaiot, To F(X)=0.

2) F(X) saBasierca JauHeHHOA GOpPMOA OTHOCHTENbHO
cronbua x, MaTpuubel X. B Buze ¢opMynab 3anuiuieM 3TO
Tak. ITycrth

x, =cy + dz. -
Torna

F(llxgy ... ... %)=
=:cF(llxxy ... g-oo. 2, 1) FdF(lx%5 ... 2 ... x,])).

B nanbmeiimiem Mbl Bcerna Gynem oGosHauatbh uepes F(X)
¢ynkuuio Marpuubsl X, yIOBIETBOPSIOWIYID YCaOBHSM 1)
n 2).

C) BBexeM Tak Ha3biBaeMble 3JeMeHTapHBEIE OlepalHu
Haj MaTpHuued X, npu Kotopbix (pyHkuus F(X) an6o me-
HAET 3HaK, JUOO OCTaeTCs HeM3MeHHOH.

1) Onepauus nepecraHoBkH crojiGoB. ITpu Heil q)yﬂx-
LHsl MAaTPULLI MEHsIeT 3HaK.

2) IlpubaBieHue K OZHOMY H3 CTOJGLOB JHHeHHOA KOM-
OGuHAlMH HeCKOJNbKHX APYTHX CTOJGLOB C AEHCTBHTENbHLIMHU
Koa¢dunuentamu. IIpu stoil onepaunu ¢yHxuus F(X) ue
MeHsieT CBOero 3Hauenus. HamuieM 370 B BHIe (HopMYJIH,
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AJisi ONMpEeAeNeHHOCTH, VIa n-ro cronbua caepyiomwum obpa-
som. ITycrtp
- %y o=1,2,...,n—1,

— nuHefiHasg ¢opMa OTHOCHTENbLHO mepBHIX n— 1 cronbuos
matpuus X. Toraa

FX)=F(llx%y co0 x,Fc%4ll), a=1,2,..., n—1.
(73)

JokaxeMm nociaenHiolo ¢opmyay. B cuny cpoiictBa 2)
npenjoxenns B), koropuiM ob6aagzaer ¢ynxuusa F(X), Mbl
HMeeM

F(X)=CcoF (1% ... %)+ F(lx%s ... x,0). (74)

Tak kak marpuua [[xx2 ... x|, i << n— 1, umeer aBa pas-
HBIX cTOJIOLA, — UMEHHO, i-i W IOoCJeJHHH, — TO B HpaBOH
yactd ¢opmyan (74) Bce ujieHB!, KPOME NMOC/HELHEr0, PaBHb
HYJI0, 4 MH IoJyuaeMm H3 Hee ¢dopmyay (73).

Onepauus 2), npuGaBiieHHe K HEKOTOPOMY CTOJOLY JiH-
HeHHOH KOMOGHHAIHMM HECKOJbKHX APYTrHX CTOJOLOB, 4acTo
OyneT cocToaTb B NpHOaBIeHHU TOMAbKO ORHOro croJabua,
YMHOXEHHOTO Ha AeHCTBUTENbHBIN KO3 PUIHEHT.

Teneppr Mbl 3afiMeMcsi ROKa3aTeNbCTBOM BaXKHOH TeO-
peMmnl 3. [Tepen TeM Kak chopMy/nHPOBATh ee, HALIOMHIO, YTO
JIMHEHHOH 3aBHCHMOCTbIO MEXAY CTOJGLaMu MaTpHlbl X Ha-
3bIBaeTCSl 3aBHCHMOCTb MeXKAY ee cTosnblaMy KakK BeKTO-
pamu. KIMeHHO, cTONIGUB X;, X2, ..., X» MaTpHIbl X CuH-
TalOTCsl JHHEHHO 3aBUCHMBIMH, €CJIH CYLIECTBYIOT [elCTBH-
TeJbHBle yucna c¢f, i=1, ..., n, He BCce paBHHE HYJIO,
TaKue, 4TO HMeeT MeCTO COOTHOIlIeHHe

c*%q = 0. (75)

Tenepr Mbi MoxeM cHOpMyJHpPOBaTh M AOKa3aTb TeoO-
peMy.

Teopema 3. Onpedeaureav D(X) keadparnoid mar-
puyol X =| x}| 1020a u TOABKO TO20Q pasex Hyaw, Kozda

cToA6UbL maTpuyel X AUHelHO 3a8UCUMbL.

HoxaszarteabctBo. Teopema 3 cocrouT H3 IBYX
yTBepxkaenuii: 1) Ecau cro6upl MaTpHLB JHHEHHO 3aBH-
CHMBI, TO OMNpejenuTeb ee paBeH Hymo. 2) Ecau onpene-
autenb D(X) matpuub X paBeH Hy/i0, TO CTOJNOHB MarT-
pHubl X JHHEeHHO 3aBHCHMHL.

IMepBoe yTBepxkaeHue Mbl-foKaxem s Gynxuuu F(X).
Tak kak ompeaenuteap D(X) martpuusl X eCTb YaCTHbIA
cayuait ¢pyuxkuuy F(X), To nepas 4acTb yTBEpPXKIEHHUs TeO-
pembl GyZleT fJ0oKa3aHa.
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. JlomycTHM, UTO HMeeT MeCTO JiMHeHHash 3aBHCHMOCTb
(75) mexny cron6uamu MaTpuub X, NPH 3TOM XOTH OB
o4uH Ko3(hGHIKEHT ¢!, BXOAAUINHA B JHHEHHYIO 3aBHCHMOCTb
(75), nHe paBeH Hymio. JlonycTHM, 4TO 3TO KO3(QQHIHEHT
c". Bynem cuMTaTbh, UTO OH paBeH exnuHune. Torma B CHIY
dopmyanl (73) Mbl mOMy4YHM

FX)=F(ll®x; ... x,_,0])=0.

. JlonyctuM, uto ompenenurens D (X) marpuusl X paBeH
HYJI0, H JI0OKaXeM, YTO CTOJOLUL ee JHHEHHO 3aBHCHMBI.
JlokasaTtenbcTBo GyaeM BeCTH HHAYKTHBHO, IO NOPSIAKY 7
matpunsl X. [Ipu n = 1 yTBepKAeHHE OUEBHAHO.

Eciu Bce snemeHTH nociaefHefi cTpokH Martpuubl X
paBHBI HYJIO, TO TaK KakK CTOJNGILOB OHa HMeeT 1, a pa3Mep-
HOCTb KaxKJOro crojbLa Kak BeKTopa paBHa n— 1, TO B
cuay npeasnoxenus B) § 1 aTu cTonbubl Kak BEKTOPH JH-
HeliHO 3aBHCUMBL. TakuM 06pasoM, Mbl HOJKHBI PaccMOT-
peTb ciaydal, Korjia He BCe 3JeMeHTHl NOCIefHeH CTPOKH
MaTpuibl X pasHB Hym0. JlonmycTuM AJsi onpenesieHHOCTH,
4TO OTJIMYEH OT HyJs NOCJAENHHHA 3JeMeHT mocjefHeH cTpo-
ku. IlyTeM nepecraHoBKU ABYX cToJ0LOB MaTpulbl X, OT
Yyero MOXKeT H3MEHHTBbCS TOJNbKO 3HaK ompexpenutens D (X),
MBl MOXeM Bcerja Aoburbcsi 3TOoro. Takum o6pa3oM, HaM
CJIeAyeT pPacCMOTpeTh JHlIb caydal, Korma x? == 0. Pac-
CMOTpHUM Tenepb crosbel MaTpuinl X ¢ HOMepoM i, T. e.
BeKTOp x;. MoxHO noxo6path TakHe AeHCTBUTEJbHBIE UHCHA
Ci, 4TO BEKTOp

X; + Cixp

HMeeT cBoeH mnociaenHelt koopaunatoit Hyxab. IlpousBenem
n—1 snemenrapueix onepanufi. [IpubaBass K Kaxaomy
cronbuy c HoMmepoM i, i << n— 1, nociegHuit cronben c
KO3 (QHUIHEHTOM C;, MBI IIOJyYuM MaTpuuy X co cTonbGuaMu

X 01Xy X CoXpy o ny Xy Cpi Xy %, (76)

B nocnennefi crpoxe 3Toift Marpuubl GYAYT HATH HYJH IO

MOC/IEIHETO 3JIeMEeHTa Xn,. BhluepkHem Tenepb B maTpuue X
nocjeiHui cTonbel W NOCAEAHIO CTPOKy. Toraa Mb mo-

JAyunM martpuuy X,. Pasnaras onpepenutenb matpuiust X
0 3jIeMeHTaM noc/eJHell CTPOKH, Mbl ITOJNyYHM

D (X)= %D (X7).
Tax kak D (X)=0, xp =0, T0
D (X% =o.
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Martpuna X, UMeeT NOPSAZOK n— i, A 1O NPEANOIOXEHHIO
HHAYKIHH CTOJNOLL ee sHHeHHO 3aBUCHMBL. CTONMGLH 3TH
COBNAJalOT C NMePBBIMH n—— 1 cTONGLAMH, BHINHCAHHEMH B
cTpoke (76), 3a HCKJIIOUEHHEM TOro, YTo B MaTpHue X 1o«
cleqHHe 3JieMeHTH B crojbuax (76) Bce paBHBH HYJIO.
HIMeHHO n03TOMY MOXKHO BHIMHCaTh BMECTO 33BHCHMOCTH

CTONGLOB MATPHILI Xy 32BHCHMOCTh MEX LY nepBrMH n— 1
croabuamu B ¢dopmyde (76). Koapduuuents aToll suHeit-
HOJ 3aBHCHMOCTH 0603HauuM uyepe3 b, Torma MuE moayuum

b® (% + CoX,) = b"xy + b%c %, = 0.

DTO cOOTHOLIeHHe NpPEACTaBJsieT COGOH JUHEHHYIO 3aBHCH-
MOCTb MeXAy crtosbuamu matpulbl X. Takum 06pa30M TeOo=
peMa foKa3aHa.

Crmencreue TeopeMHB 3. Cucrema aunelinolx
ypasrerut

£hE4=0, i=1,...,n, )

ede Bl B2, ..., E"— HeussecTHble, To20a U TOAbKO TO20Q
LMeeT HeTPUBUANLHOE pewlenue, T. e. TAKOE petlenue, Y KO-
TOpo2o He gce El, j=1, ..., n, pasnel. Hyro, Kocda onpe=
Oeautens marpuysl X pasen Hyaio:

D (X)=0.

HoxasarteabcTBOo. Ecam ompegenntens D (X) maTt-
punn X paBeH HyJIO, TO B CHJY TeOpeMbl 3 CTOJGLH MaT+
puunl X JMHEHHO 3aBHCHMHI, T. e. cHcTeMa (77) umeer He-
TpuBHaJNbHOe peureHne. Ecam, HaoGopor, cucrema (77)
HMeeT HeTpHBHA/IbHOE pellleHHe, TO CTOJGUB MaTpHUH X
JHHEeHHO 3aBHCHMBI H, C/Iel0OBaTeJbHO, B CHJIY TeOpeMH 3
onpenenutenb D(X) paseH HyIO.

3ameuanune. Ecau B martpuue X cron6unl JuHeHHO
3aBHCHMBI, TO ¢yHkuus F(X) obpamaercs B HYJb.

D10 yTBepkKAeHHe GbIO NOKa3aHO IPH JNOKa3aTeJbCTBE
NepBOH YacTH TEOPEMBI.

IlokaxeM Teneph emie ofHy Teopemy. Ora y Hac 6yner
Hrpath BCIOMOraTeJbHYIO DOJh, NO3TOMY MH Ha30BeM ee
JeMMO#.

Jlemma 1. Ecau onpedeaureas D(X) marpuyor X oT=
AUYeH OT HYas, TO maTpuyy X dsemenTaproimy npeobpasos
BAHUAMU MOXWCHO NPUBECTU K OUALOHANLHOMY 6uOY, RPUYEM
8ce ee OUA2OHANbHbIE 3NEeMEHTbL OTAUUHGL OT HYAS.

JokasareabcTBo. JloKasaTelbCcTBO OylAeM BeCTH
MHAYKTHBHO no mopsiaky n Matpuun X. Ilpu n =1 yrBep-
XJleHHe OYeBHJHO.
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Pa3oxuM oOnpeleuTeNib MaTpuubl X 1o ajaeMeHTanM
nocneaHedi ctpoku (cM. D) § 4). 3anumem 3T0 pasioxe-
Hue (cM. (55)) B BHIE

D (X) = (—1)"** x3D (X7).

Tak kak onpegenuteib D (X)==0, T0o XoTs1 6H 0ZHO U3 Cla-
raeMhblX, CTOSIUIHX B NpPaBOH YacTH NOCJeIHEro pPaBeHCTBA,
OTIIMYHO OT HyJs. IlepecTaHoBKoH cTOAGLOB MaTpHUE X
MOXKHO AOGHTbCS TOTO, YTOOBI OTJHYHBLIM OT HyJis ObLIO IO-
Clle[iHee caraeMoe, T. €. YTOGbl UMeNH MEeCTO HepaBeHCTBa

x2=£0, D(X") 0.

ITpumenss kK marpuue X sjneMeHTapHYIO olepallHio NpHOGaB-
JieHHsl TiOC/TeJHero CTOJNOLA, YMHOXKEHHOro Ha HEKOTOpoe
YHC/0, K KaXXAOMY M3 NpPeABAYIIHX CTOJNGLOB MaTpHubl X,
MOXHO AOCTHYb TOTrO, YTOGB B MOJYYeHHOH MaTpHie BCs
TOCaeHsAS CTPOKa COCTOsJIa M3 HyJieH, KpoMe IOCJeXHero
ee JIeMeHTa xp. [lo/yueHHYI0O MaTpuUy BHOBb 0GO3HAuMM
yepe3 X. B atoit maTpune X Bce ajeMeHTH NocjaefHel CTpo-
KH, KpOMe MOCJAEeHEro 371eMeHTa Xp, paBHH Hymi0. JloGbeM-
csl Tenmepb TOroO XKe AJdA NOcaefHero ctToiafla.

Ias atoro cocraBum n— | ypaBHeHHH ¢ n— 1 Heus-
BEeCTHBIMH

ul, Wl ..., wrtL

Cucrema ypaBHeHu# OyZReT caeaylomas:
xut=—yxl, i=1,2 ..., n—1L

dra cucreMa M3 n— 1 ypaBHeHHH ¢ n— 1 HEH3BECTHHIMH
yKe paccMOTpeHa HaMu B npefbayiiem naparpade. Tak
KaK Onpe€iuTe/lb MaTPUlbl KOIQ(GHUHEHTOB X, OTIHYEH
OT HyJsi, cucTeMa HMeer peulleHue. CieJoBaTesbHO, YHC/Ia
u', u? ..., u™! cymecrsyioT. [IpousBesem Temepb Haj MaT-
puneit X ajieMeHTapHYIO ONepaLyio, — UMeHHO, NpubaBUM K
NOCNeIHEMY ee cTOAOLY BCe NpejbAyllHe, T. €. CTOJGLH

xl, x2, v ey xn_l,
YMHOXKHAB KaxIblfi ctonbey x; Ha uucio u'. Torpa B no-

cJefHeM CToJiIfLle TaK MOJyyeHHOH MaTpHIUBl 06paTATCA B
HY/Mb BCe 3JeMeHTHl, KpoMe NOCJAeIHero Xn. IloydeHHyio
MaTpuUUly BHOBb 06o3Hauyum yepe3 X. B He#t B mociennem
cTos6ue W mocHeiHeHd CTpOKe ecTb €IHHCTBEHHBIA 3Je-
MeHT Xj, OTJIMUHBIE OT Hyas. OnpexenuTeNb MaTpuubnl Xp
A5 Hee oTaMyeH OT Hyas. Kaxnas aneMeHTapHas omepa-
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nus Haja mMarpunei X, MeHsiomias TOJbKO ee nepsble n— |
CTOJIOLOB, T. €. CTOJOUB X1, X2, ..., Xn—1, OPOXKAAET 3Je-
MEHTapHYIO OMepanHuio Haj cToN6UaMu MaTpuus X; H Ha-
060poT. DTO NPOHUCXOAHT NOTOMY, YTO B MOC/HEHEel CTPOKE
MaTpuubl X Bce 3JeMeHTH, CTOsiiMe Ha Mecrax 1, 2, ...
..., n— 1, paBup Hymo. [lo npeanosoxeHuio HHAYKUHH

9/IeMEHTapHbIMH OMepalusiMH MATPULY X, MOMKHO NMpPHBECTH
K JHaroHaJbHOMY BHAY, a BCE 3TH 3JEMEHTapHHE olepa-
IMH MOXHO PacCMaTPHBaTb KaK MOJyueHHbie B pe3y/braTe
3JIEeMeHTapHHX onepaluii Haj CTONOLAMH X, X2, ..., Xn—i

matpuue X. Tak kak marpuuma X, npuBeleHa Tenepb 1O
NPEANONOKEHUIO HHAYKIUH K AHAroHaJbHOMY BHLY, TO TO-
JydyeHHas MaTpuua X okasanacb AMaroHanbHOM.

Hrak, nemma | nokasana.

JokaxeM Tenepnb eie OgHy JeMMY.

JleMMma 2. Okaselgaercs, 410 0aa ¢pynsyuu F(X) mar-
puyer X, ydosaersopaioweti ycaosuam 1), 2) npedaoose-
Hus B), acee0a soinoaneno coorHowenue

F(X)=D(X) F (E), (78)

2de E — edunuunas marpuya.

JokaszateabcTBo. B cayuae, eciu D(X)=0, dop-
myna (78) BepHa, Tak kak ¢yukuus F(X)==0 (cM. 3ame-
YaHue K TeopeMe 3).

Tenepbp paccmorpum cayuail, korga D(X)s=0. Oas no-
Ka3aTe/JbCTBA NpHBeldeM MaTpuuy X K AHArOHaJbHOMY BUAY,
NOJb3ysCh 3/IeMEHTapHbHIMH ONepalusMH, YTO BO3MOXKHO B
cuny semmbl 1. Kaxpas aneMeHTapHasi omepauusi, 3aKJio-
Yaloulascs B NepecTaHOBKe CTONOLOB MaTPHIL X, OXHOBpe-
MeHHO MeHseT 3HakK ¢yukuuit F(X) u D(X). Takum obpa-
30M, HaM OCTaJOCh AOKa3aTb JieMMy 2 JIHIIb B NPEANOJIO-
JeHuM, uto Marpuua X [OuaroHajibHass M Ha JHArOHAaJH
CTOSIT OTJIMYHBIE OT HYJISl YHCJIA.

Hrak, M Gymem npennosiarath, YTo MaTtpuua X apuaro-
HaJIbHasi ¢ OTJIMYHBIMH OT HyJIsl AHaroHaJbHbHIMH YJeHaMH,
H OyldeM paceMarpuBaTh ¢yHkuuio F(X). Oyukuus sta 8-
Jsiercsl MUHeAHOH (POPMOA OTHOCHTENTBHO KaxKJAOro crosbiia
Matpulpl X. IlosToMy u3 Kaxpaoro cronbua 3TOH MaTpHIbI
X ™Mbl MOoxeM BhIHeCTH 32 3HaK ¢yHkuuu F(X) uyHCI0BOH
MHOXKHUTeNb, — KMEHHO, M3 CTOJI6LAa C HOMepOM | UHCJIOBOWH
MHOXHTenb x!. B pesy/ibTate MOSyuHM COOTHOLIEHHE

F(X)=x|x} ... x}F(E).
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OHO mnoJyyaeTcs B pe3yabTaTe BHIHECEHHA H3 KaxkJAOro
cTonblia MHOXHTeJf, CTOsUlero Ha AMaroHaan. B Komme
KOHIIOB MBI MOJNYYHM JHArOHaJbHYI0 MAaTpHLY, FAe Ha AHa-
FOHaJH CTOAT €AMHHIH, T. e. MaTpuny E. B cuny npenso-
xeHusi A) mpoussenenue xlxZ... x", crosmeenepen F(E),
paBao D(X). Takum oGpasom, dopmyna (78) mokasaHa.
ITepefiieM Tenepb K rJIaBHOH TeopeMe HacTosLierQ nas
parpada, ajasg KOTopoH ObIM HOKa3aHbl NpelHAyIIHe JBe
JIEMMBL, /
Teopema 4. Ilycte X u Y—O0se xsadparHoie mar-
puybr a0nozo u To20 sce nopadka n. Tozda umeer mecro
caedyrowan opmyara:
D(XY)=D(X)D (Y). (79)

Takum o6pasom, onpedeautenrt npousgedenus 08yx Kead-
parneix marpuy 00H020 nopsadKka pasex npousgedeHuro ons
pedeauteseil ITUX MATPUY,.

Hoxaszartennctso. [Toroxum

XY=z —[5] X=|s] Y=|sil

Tokasxem Tenepb, YTO 3jIEMEHTapHbLIM oONepalusaM Haj
MaTpHLeHd Y COOTBETCTBYIOT 3/eMeHTapHbE ONepanu# Haj
maTpuuefi Z. HauHeM ¢ nepecraHoBKH crosa6uoB. ITycts
V =|v}|—marpuna, monyuennas u3 matpuub Y nepecra-

HOBKOH cTOJIGLOB ¢ HOMepaMu p u ¢. Torpa MH HMeeM
vi=y, npu k£p, k£gq, o=y, vi=yl

IMonoxum
W=XV.
Torna :
wi=xiyt=2, npu k=p, kgq.

Hanee,
! — yip® = yi % — 27
W= X405 =XYG =25 (80)
| il ply®— o
W, = X050 = XYy =2,
Takum o6pasoM, nepecTaHoOBKe IBYX CTONOHOB MaTpHUEH Y,
COOTBETCTBYET NE€pPecTaHOBKa CTOJNIGIOB MAaTPHOB Z C TEMH
JKe HOMepaMH.
JokaxeM Temnepb, 4TO

F(Y)=D(XY) _

ABJIseTCs JHHeHHOH QopMO OTHOCHTENBHO K-ro CTO/I6LA Ys
MaTpuus Y,
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Ilycts hy u hy— nBa n-MepHHIX BeKTopa. IloacTaBHM
BMeCTO k-ro crojibua MaTpHubl Y JuHelHyl0 KOMOHHAIHIO
STHX JBYX BEKTOPOB, T. €, NIOJIOXKHM

Y = Cihy + coho.

ITonyuennyio TakuM oGpasoM MaTpHIy o603HauuM yepes Z.

IloncraBasis Ha MecTo k-ro crojbua y, MaTpuln Y
cTon6ubl h; u hy, MB TOJAYYHM MATPHLBI, KOTOpPHE 06GO3HA-
yum uyepe3 H; u Hs. IlonoxuMm, nanee,

P=XH, S=XHy

k-ii cronben, matpuusl P 0603HauuM 4epes pg, a k-# cTOJ-
Gem, MaTpuub S 00603HAYMM uepes S, Mbl HMeeM Tenepb

i 1,0 i ia
Pe=xahi, St=Xohs

Orcioga BHAHO, YTO NpPH 3aMeHe cTosbLa Yy, MaTpuus Y
JIHHelHO! KoMOuHanmue#l BeKTOopoB A, u h; ¢ kKoadduuuen-
TaMH ¢ U Cp; B MaTpuue Z k-i cronbel 3aMeHsIeTCs JIHHeH-
HOH KoMGuHanuel c1p, + C28;. Tak kak onpenenutens D (Z)
ABJIsieTca JuHeHHOH (opMoi k-ro ee crtonbua, TO Mbl B KO-
HEYHOM CUeTe NoJyyaeM

D(Z)=c\D (XH,) + ¢;D (XH,) = c,F (H,) + cyF (Hy).

Takum oGpasoM, KOKazaHo, UTO (byﬂkupm F(Y) saBaser-
csi TMHelHOH (opMoOH k-ro cronbua MaTpuusl Y H QyHKUHA
F(Y) ymoBsnersopsier o6oum ycaoBusMm 1) u 2) mpepioxe-
Rust B). Takum o6pa3oM, B CHJIYy JIEMMBL 2 UMeeM

F(Y)=D(Y)F (E).

Ho rak kak D(XE)= D(X), To nocnenuss popmyna nepe-
IHUCBIBAeTCs B BHJE

D(XY)=F(Y)=D (X)D(¥).

Nraxk, dopmyna (79) mokasaHa ¥ 10Ka3aTeqbCTBO TEOPEMbI
3aBepLIeHO.

3ameuyaHnune K Teopeme 4. KsagparHas marpuua
X uMeeT Torja ¥ TOJNBKO TOrja oGpaTHY0O MaTPHIY, KOraa
OnpejesuTeNb ¢ OTJHYEH OT HYJA.

Yxe 6b10 fokasano (cM. E) § 4), uro eciu D (X)+#0,
To Matpuua X umeer o6partHyio marpuuy. Ho eciu ompene-
JHTeNb MaTPHULbl pPaBeH HYJI0, TO YpaBHEeHHE

XY=E
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Hepa3peuliMO OTHOCHTeJbHO Y. B cuay TeopeMn 4 MH

HMeeM
DX)D(¥)=D(E)=1,

YTO HeBO3MOXKHO, eciiH D(X)=0 (cM. ro1. 4, npumep 6).

§ 6. Panr marpuum

3iecb GyleT ONHCAHO MOHATHE paHra MaTpHun. 3aTeM
Ha 3Tof OCHOBe OyfeT [AaH KpHTepUH pa3pelIHMOCTH CH-
CTeMbl JHHeHHLIX YpaBHEeHHH, YHCJIO HEH3BECTHHX B KOTO-
poJi MOXKeT He PaBHATbCA YHCJY ypaBHEHHI.

A) TIlycts

X=||x;|], i=1....,p, j=1,...,¢

— NpOH3BOJIbHAas MaTpHua pasmepoB (p, q). Kak 6wuio pac-
cka3aHo B § 2 (cM. mpeasioxkenune A)), atol MaTpule co-
OTBETCTBYeT JHHEHHOe OTOOpa)KeHHe ¢ BEKTOPHOrO Mpo-
cTpaHCcTBa BY pasMepHOCTH ¢ B BEKTOpPHOE NpOCTpaHCcTBO AP
pasMmeproctd p. Kak 6buio ckasano taM xe, o6pas ¢BY
npocrpanctsa B? B npocTpaHcTBe AP fABJSIETCS BEKTOPHBIM
NOANPOCTPaHCTBOM NpocTpaHctBa AP. Paneom marpuum X
Ha3blBaeTcsl PasMEpPHOCTb BEKTOPHOTO MpOCTpaHcTBa @BY,
Tlycts

€1, €9y o4y ep, (81)

fl’ f2’ MR fq (82)

— 6Ga3ucel npoctpaHcTB A? W B9, mpu MOMOIUH KOTOPHIX
maTpuna X onpelensier oToGpaxceHHe ¢. @f; ecTb BEKTOP
B NpOCTpaHcTBe AP, KOoTOophii, Gyayun 3anucan B 6GasHce
(81), sBnsercs I-m cronbuomM martpuunl X. B Bume ¢op- -
MyJIbl 3TO 3aMHILIeM Tak: .
ofr=1x,.

Takam 06pa3oM, cpeau CTONGLOB MaTpuLUH X HMeeTcs
CTOJIbKO JIMHEHHO He32BHCUMBIX CTOJIOLOB, KAKOB paHr MaT-
puubl X. O603HaYUM 3TO YHCIO JIHHEHHO HE3aBHCHMbIX
cronbuoB uepe3 r. OkaswiBaercsi, 4T0 MaTpuuma X umeer
KBaJpaTHYI0 NMOAMATPUIY NOpsAKa r-C ONpeJeaHTeNeM, He
PaBHBIM HYJIO, H He HMeeT KBaJpaTHOH MOAMATPULH MO-
pAAKa S>> r C ompefAenauTeNeM, OTJHYHBIM OT HYJs.

OkasbiBaeTcs, fajee, YTO MaTpHUa X HMeeT r JHHelHO
He3aBHCHMBIX CTPOK. TakuM 06pa3oM, YHCIO JHHEHHO He3a-
BHCHMBIX CTPOK MaTpuubl X paBHO YHC/IY JHHEHHO He3aBH-
CHMBIX CTOJIGLIOB MaTPHLH: U TO H JAPYroe PaBHbl PaHry r,
marpuusl X (cM. ra. 4, npamep 7).
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JokaxeMm mnpepnoxenne A). M3smcHuM npexnae ECero
HyMepauuio 6a3sucHBIX BeKTOPOB (82) Tak, utoGel JHHEHHO
HEe3aBHCHMBIMH CTOJI6NaMH MaTpuubl X cTanu CTONOLH

X[, Xgy ooy X

CocTaBIeHHYI0 H3 3THX CTOJIGHOB MATPULY OGO3HAUHM dYe-
pe3 U. Torga Mu GyneM umerb

U=|ui), wi=xi, i=1...,p, j=1...r1
3ameTuM Npexzae BCero, 4To
p=r,

TakK Kak, ecjad Obl OblJIO p <<, TO MBl HMeNH OBl r JUHEAHO
He3aBHCUMBIX BEKTOPOB B HpOCTpaHcTBe AP pa3MepHOCTH
p <<r, uTO HeBO3MOXHO (cM. mpepyoxenue B) § 1).

Ecnu p=r, To marpuna U kBagpaTHas U CTONOLbI ee
JHHEHAHO He3aBHCHMBbI, MO3TOMY ONpeJesuTe]b €e OTIHYeH
oT Hysaa (cM. Teopemy 3). Takum o6pasoM, B cayuae p=r
njs Matpunel X HalineHa keajgpatHas noxmarpuua U no-
psiliKa r C onpejesiUTeNeM, OTIMUHBIM OT HYJIS.

Paccmotpum cayuait, korpa p > r. BriuepkHyB H3 MarT-
punsl U cTPOKYy C HOMEpOM &, MOJYyYHMM HEKOTOPYH0 MarT-
puny U* pasmepos (p—1,r). JomyctuM, 4To CTOIGLHI
MaTtpunsl U* nuHeilino 3aBucumbl. Torga cyumecTBYIOT YHCIa

c, et ..., ¢,
He BCe paBHbIe HYJIO, TaKue, UTO
A )
Uc®=0 mpu i+ k.

Ho npu i = £ 310 paBeHCTBO HEBO3MOXKHO, TaK KakK TOTAa
okasajoch Obl, 4TO cTONOHEI MaTpuubl U JAuHEHHO 3aBH-
cumbl. Takum o6pasom,

uke, =y 0,
M Mbl [I0JIy4aeM
cOxi=vyel, a=1,2 ..., 1.

Urak, GasucHbil BEKTOp e, npocTpaHctBa AP saBjsieTCs JiH-
HeliHOi KOMOHHaUHeH BEKTOpPOB Xi, X2 ..., Xr, COCTaBJSIO-
‘X 6asuc NMOANPOCTPaHCTBA @BY, Tak uTO BEKTOp €, OKa-
3bIBaeTCA BEKTOPOM, NpHHAJJIeXKaIUUM BeKTOPHOMY IOX-
npocrtpaHcTBy @B mpoctpanctBa AP. CieoBaTeNbHO, MBI
NPHIUIIH K BBIBOAY, YTO ecid y MaTpuiubl U BbIYEpKHYTb
k-10 CTPOKY H moJiyueHHass MaTpuua GyaeT HMeTb JHHeHHO
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3aBHCHMbIe CTOJOIE!, TO Ga3HCHBIA BEKTOD e, APOETPAHCTBA
AP NpUHAJJIEXKUT BEKTOPHOMY NOANPOCTpaHCTBY @BY. 3aech
YUCI0 £ MOXeT NPpHHUMAaTh 3Hauenus 1, 2, ..., p >r. Ecin
6bl 0Ka3ajoCh, YTO NPH BblYeDKUBAHMU U3 MaTpuub U Jio-
6ol CTPOKH C HOMepOM k£ < p MBI noaydyaem martpuuy U%,
CTON0LL KOTODOW JIHHEeHio 3aBHCHMEL, TO 0Ka3aloch Ohl,
YTO B IPOCTPaHcTBe @BY HMeeTcs p = r NHHEHHO He3aBHCH-
MBIX BEKTOPOB, UTO HEBO3MOXKHO, TaK Kak p >r. Tarkum
ob6pasoMm, HalffieTcsl TaKoH HOMep k CTPOKH MaTpHub U, 4To "
NpH BBIYEPKUBAHUH R-H CTPOKH B 5TOH MATPHIE Mbl HOJY-
yuM Matpuuy U¥%, cTonbubl KOTOpOH JHHEHHO He3aBHCHMBI.
DTOT mpoLecc MOXKHO NPOAOJXKaTb A0 TeX NOpP, NOKa BHI-
cora Matpuunl U, nosyuaeMoll IyTeM NOC/A€LOBATEIbHOIO
BHIUEDKUBAHUS CTPOK, He craHeT paBHoil r. Torxa ocras-
masics MaTpuua OyxeT KBaapaTHOH H B Hell CTONGUB OYRYT
JIMHEHHO He3aBUCHMBI, TaK YTO ONpPENETUTE/b 3TOH MaTpPHALBL
oTJIMYeH oT Hyas (cM. Teopemy 3). Mitak, MBI HamIu B MaT-
pune X KBajJpaTHYI0 MaTpHLY MOpSiAKA r, ONpPERENUTENb
KOTOPOH OTJIHYEH OT HYJIf.

Ionyctum Teneps, uto y Marpuubl X ecTb KBagpaTHas
nogMartpuna © nopsaka s, onpefesuTe]b KOTOPOH OT/IHYEH
oT Hyasi. M3sMeHnM HyMepauuio CTPOK H CTOJOLOB MaTpPHUILLL
X Takum o6pasoMm, uTOGH

o=|ei], oi=xf i=1,2...,s j=1,2...,s.

[TokaxeM Tenepb, 4To y MaTpuubl X, NONYUYeHHOH u3Me<
HeHHEeM MOpsifika CTPOK ¥ CTOJOLOB, NMepBble S CTPOK JIH-
He#HO He3zaBucuMbl. [JomyctuM mnpoTtusonosoxuoe. Toraa
HMeeT MeCTO COOTHOIeHHUe

¢ xy=0, a=12 .., y=12...,4, (83)

IpUYeM He BCe yuciaa '
Ciy Cg vvey Cs

pasHbl Hymo. M3 orHowenus (83), B 4acTHOCTH, moJyyaeM
cx$=0, a=1,2,...,s j=1,2...,s

D10 COOTHOLIEHHE NOKA3hIBaeT, YTO BO B3ATOH HAMU KBajg-
paTHOH moaMaTpHle © CTPOKH JHHEeHHO 3aBHCHMEL, YTO He<
BO3MOXKHO, TaK KakK ONpeleJHTeNb €€ QTIHYEH OT HWIMA.,
Tpancnonupys martpuuy X, T. e. Geps matpuny X', Mu
U3 CKa3aHHOIO MOXKEM CAeJaTh BHBOX, YTO €CIH Y MaTpPHIH
X uMeercs xajapaTHas noamartpuna U mopsajxa s ¢ ompes

HeHTeleM, OTIHYHEIM OT HYJAS, TO B Martpule X' Hmeercq
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s JIMHeHHD He3aBUCHMBIX CTPOK. DTO 3HAYHT, YTO B HCXOJ-
Holl maTpumle X HMeeTCsd § AUHEHHO HEBABHCHMHX CTOJO-
nos. Ho Tak Kak 4HMC/IO JHHEHAHO HEe3aBHCHMBIX CTOJAGHEOB
MaTpuusl X paBHO ee paHry r, TO CIPaBEAJIMBO HEpaBeH-
CTBO S < 7.

Taxum oOpasoM, MH NOKas3a/#, YTO B HCXOJHOH Mar-
pulie X paHra r uMeeTcs KBaApaTHas NOAMATPHIA TOPAAKa
r C ONpede/uTejeM, OTIAHYHBIM OT HyJfA, HO He HMeeTcs
KBaZpaTHOH mOAMAaTpHUbl GOJNBUIEr0 MOPSAKa C ONpPelesH-
TeJeM, OTAMYHNM OT HyJsA. OAZHOBpeMeHHO MBl IOKa3alH,
YTO B Martpuie X HMEETCH POBHO r JMHeHHO He3aBUCHMHIX
CTPOK U POBHO r JHHEHHO HEe3aBHCHMBIX CTOJIGIOB.

Hrak, npemnoxenie A) moxasaHo.

IlpuMenum Temepb BBIILIECKAa3aHHOE K pelleHHIo o6umieH
CHCTeMBl JNuHeHHBIX ypaBHeHuH. KIMeHHO, MBI pacCMOTpHUM
CHCTeMy ypaBHeHHH BHIA

aly=>b!, i=1,2,...,p, a=1,2,...,49. (84)
3aech
y=@u" % .. ¥)

~— HeM3BeCTHHE BeauuuHb. UHCaa a@; COCTaBASIOT KO3hdH-
IHeHTH CHCTEMB ypaBHeHHH (84) u 00pasyioT MaTpuity

A=|al], i=1,2...p j=1 2.4
b=(b!, v ..., bP)

— M3BECTHBIE TIpaBbie yacTH. TakuM oGpasoM, marpuua A,
cocTaBJieHHas] U3 Ko (ULUEHTOB cucTeMbl ypaBHeHul (84),
HMeeT p CTPOK, T. €. BHCOTY p, H ¢ CTOJNOIOB, T.e. WHPHHY §.

Huxecnenyiouiag TeopeMa 0TBEYaeT Ha BOIPOC: IpH Ka-
KHUX YCIoBHSX cucTeMa (84) uMeer peuieHue.

Teopema 5. IlIpucoeOunum k marpuye A, umerowed
wupuny q, ewje odun crorbey,— umenno, croarbey b (cM.
'(85)). Ioayuennyro Tax marpuyy obosnauum 4epe3 B.
Marpuya B umeer pasmepsi (p,q + 1). Okaseisaercs, 4ro
cuctema (84) umeer pewenue To2da u TOAbKO TO20A, KO20A
marpuyst A u B umeror odunaxossie panau.

HoxaszarensctBo. Ilycts paur marpun A u B pa-
BeH r. DTO 3HAYHUT, YTO B MaTpUlie A CYIIeCTBYeT r JHHEHHO
He3aBUCHMBIX cTOn6LOB (cM. A)). Ilpucoenunsis K 3THM

(85)

- crosGram croaben b (cm. (85)), Mpl moayuwum r -1 Jau-

He#fHO BaBHCAMBIX CTOJOLOB, TAK KaK B NPOTHBHOM Cilyyae
marputa B umena Gbl KaK MHHHMYM paHr r - 1. BHnucH-
Basl STy JHEeHHYI0 3aBHCHMOCTb, Mbl BHIHM, YTO CHCTEM3
[(84) paspemnma. Ecam cucrema (84) paspemmma, TO
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cronbew, b nuHeliHO 3aBHCHT OT cToi6umoB MaTpuusl A H,
CJIel0BaTeNIbHO, PAHT MaTpULbl B paBeH paHry maTpuun A
(cM. A)).

Hrak, Teopema 5 n1oKa3aHa.

B cnyuae, ecin cucrema ypaBHeHuil (84) umeer pelle-
HHe, OHHIEM COBOKYNHOCTb BCeX pelleHHuH, TaK Kak pelle-
HHe MOXeT ObITh He eAUHCTBEHHO. .

OG6osnaunm panr mMatpui A U B uepe3 r, cuutas yxe,
YTO PaHrH 9THX MAaTpHI, paBHH. MeHss HyMepanuio HeH3-
BEeCTHHIX cucTeMHn (84) H HyMepamuio ee ypaBHeHU#, MbI
MOMeM A06uTbes  TOro, YTo6H KBajpaTHas noaMaTrpHua ©
nopsiika r MaTpuuibi A, onpelennTesib KOTOPOH OTJIMYeH OT
HYJIsl, CTOSIa B BepXHEM JIeBOM YIIy MaTpHUH A, Tak uTo
MH HMeeM

8=|al], i=12...,r, j=1,2,...,1.

Kaxk 310 BMAHO M3 JNOKa3aTejbCTBa NpeljioxkeHus A), mep-
Bble r CTPOK MaTpHIb B juHefHO He3aBHCHMBEI, OCTaJbHHIE
JIMHEeHHO 3aBUCHMBI OT HHX. g Toro uro6nl YAOOGHO 3amw-
catb 3T0T (pakT, 0603HAYHM KOMMOHEHTH BeKTOopa b uepes
at,,i=1,2, ..., p. 3anumem Tenepb B BULe (HOPMYJbl
TOT (pakKT, YTO NOCJeAHHEe CTPOKH MaTpuubl B jnuHeHHO 3a-
BHCAT OT NEPBHIX 7 ee CTPOK:

) a;=uaa‘;, i=r+1,r+2,...,p, -
a=1,2,...,r, j=1,2,..,,9+41,
TOE Urpy, Urg2, «.., Up CYTh UHCIA. DTO MNOKa3bIBaeT, YTO

B cHcTeMe ypaBHeHHu# (84) mocnenHue p — r ypaBHeHHH JH-
HefiHO 3aBHCAT OT NMEPBHIX 7 YPABHEHHH H MOTOMY SIBIAIOTCSH
HX CJIEACTBHEM, TaK YTO HX MOXHO OTGPOCHTb, He MeEHSs
pemenus. Takum o6pa3oM, HaM JOCTATOYHO PEUIHTb CHCTEMY
ypaBHeHHH

aby®="b', i=1,2,...,r, a=1,2,..., ¢,

HJIH, YTO TO e CaMoe, CHCTeMY ypaBHEHHH

ay*=bf®, i=1,2....r, a=1,2...,71,
p=r+1,..., q.
3nech HEH3BECTHBIM Yriq, ..., Yq MONKHO NPHAATH .NPOHU3-

BOJIbHEIE 3HAUYEeHHS W peliaTh HOJYYeHHYI0 CHCTEMY MO cho-
co6y, ykazanHomy B TeopeMe 2. TakuM 06pa3oM, COBOKyI-
HOCTb pellleHH# CHCTeMbl ypaBHeHuil (84) 3aBHCHT or ¢ — .
NapaMeTPOB Yrit, +++y Yg
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§ 7. EBKANAOBLI BEKTOpHBIE NPOCTPAHCTBA

Onpenenenne 6. BexropHoe mpocrpanctso E" Ha-
3biBaeTCs €8KAU006bIM, €Clli B HEM ONpPeJeeHO CKajspHoe
npousBefienre. MMenno, B E” 3agaHa HeKOTOpasi CHMMeET-
puyHas OunuHefiHas ¢opma f(x,y) € MONOKUTENIbHO Ompe-
AeJIeHHOH KBaApaTHYHOH opMoil f(x, x¥) U CKaJsspHOE IpO-
u3Befienne (x,y) samaercs popmyJioi

*x, y) =i 9).
Inuna sektopa |x| > 0 onpenensierca dpopmyJiof
|x F= (x, x).
Ilycts
e, €, ..., €,

— HeKOTOpHIA 6a3uc npoctpancrsa E”, Tak 4ToO
x=1x%,, y=ybe,.
Torna B cuny npexnoxenns D) § 2 Mbl HMeeM
*, y) = (es, €5) x°yP. (86)

W3 npenaoxenuss E) § 2 caemyer, uTo, 3HasT AJHHY
KaxJ0ro BEKTOPa, MOXKHO BBIUHCJIHTb CKa/JspHOE NpOH3Be-
AeHHe IBYX JIIOOBIX BEKTOPOB 3TOrO MPOCTPAHCTBA.

OproHopManbHas cucTeMa
A) Cucrema BekTOpOB
e, €, ..., €, (87)

Ha3bIBAETCsl OPTOHOPMAALHOL, eCTY UMEeT MECTO COOTHOIIIe-
HHe

1, i=j,

e, e)=20;= ., . i=1, ... j=1,..., p.

( i ]) ij {0’ l__rl_]’ ’ ’ p) ] ) ’ p

(88)

Takum 06pa3oM, Kakjble [Ba Pa3JHUHBIX BEKTOPA CHCTEMbl
(87) oproronanbHbl MexAy co60H, a AJMHA KaxKAOrO BEK-
Topa (87) paBHa enuHuLe.

OpronopmanbHas cucreMa (87) Bcerga JuHeHHO Hesa-
BHCHMaA.

ﬂeﬁCTBHTeJIbHO, €CJIH UMeeT MECTO COOTHOILIEeHHE
' c%, =0,
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TO, YMHOXAasl 3TO COOTHOLIEHHE CKaJspHO Ha e;, MOJyvyaeM
¢; = 0. TakuMm o6pa3oM, eciid p ==, TO CHCTeMaA

e‘, 82, ew oy en (89)

IBJIsIeTCsl OPTOHOPMAaJbHBIM Gasmcom mpoctpaHcrsa En,
B cnyuae oproHopmasbHOro Gasnca (89) ckassipHOe npoOH3-
Befenne (86) B koopauHaTHOR opme 3amuchiBaeTcs B BUMAE

(%, g) =1 (%, ) = X x°y" = bopx°y".

Basuc {89), ymosaerBopsiomuii yciosuio (88), Ha3bl-
BaeTcsi OPTOrOHAJbHBIM, NOTOMY 4TO KaKAble ABa pasJHy-
HBIX ero BEKTOpa OPTOroHajbHbl MeXAY co60H; OH HOpMH-
pOBaH MOTOMY, YTO AJIHHA Ka)XJAOro BeKTOpa paBHa ejH-
HHUILE.

B nmasbuefimeM Gyner ycTaHOBJIeHO (CM. mpejjOXeHHe
C)), 4To B €BKJIHI0BOM BEKTOPHOM mpocTpaHcTBe E” Bceraa
HMeeTcsi OPTOHOpPMaJbHKIT 6a3Huc.

B) B eBkauI0BOM BEKTOpHOM npoctpaHcTBe E” Kaxnas
nuHelHas ¢opma @x (CM. onpefeneHHe 3) 3ajaercs B BHIE
CKaJIIPHOTO NpPOU3BELEHHS

ox = (u, x) (99)

HEKOTOPOTO BEKTOpa # Ha BEKTOp X, MPpHYeM BEKTOD u OL-
HO3HAYHO OmpeaessieTcs JHHelHOH popMoi @.

BuiGepem B mpoctpancTBe E” HEKOTOpPHIH OPTOHOPMAaJb-
Hblff Gasuc. Torma JuHefiHas ¢opMma ¢ ofpesensieTcs pa-
BEHCTBOM (cM. (25) § 2) ,

Qx ==dgxP,
Torpa Bektop u = (u',4?, ..., u") 3anaerca QopmyJoi
i
u =di'

ITpu Takom BhiGope u paBeHcTBO (90) BHmosaHeHo. Iloka-
JKeM, YTO BEKTOp # OJHO3HAYHO OIpejelsercs JHHeHHOH
dopmoit @. B camom  nmene, HOMyCTHM, UTO OAHOBPEMEHHO
HMeIOT MeCTO [Ba PaBeHCTBA

or=(u, ), gx=( *).

Torpa Mb HMeeM
u—u', x)=0

NpH TPOH3BOJILHOM X. CienoBaTesqbHO, NPH X =u —u!
nMmeeM )
(u—u', u—u')=0,
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ITO BO3MOKHO JIHIIL TOFA3, KOT1a
u—u'=0.
C) Kaxpas nuHefiHO He3aBHCHMAas CHCTEMa BEKTOPOB
Xy %oy o0y Xp 91)

ONHO3HAYHO OMNpefe/]sieT OPTOHOPMAJIBHYIO CHCTEMY BEKTO-
poB
8 89 aen, 8 92)
IMpouecc nepexoaa ot cucTeMunl BektopoB (91) K cucreme
BeKTOpOB (92) nasbiBaercss opronopmuposaruem. Onuiuem
ero.
Taxk kar cucrema BekTOopoB (91) JHHefiHO He3aBHCHMA,
TO BEKTOP X; 70 H, cJefOBaTeabHO, €ro AJauHa |¥;|+= 0,
M= nonaraem '

&= Ix ]
Hanee nonaraem
v e, =x,— (%, &)e,.
Bl HMeeM
(83 &) = (%2, &) — (%5, &) =0.

Tarum 06pa3oM, BeKTOPE! &; H €, OPTOTOHANBLHEI MEXAY €O~

Goid. ITpu atoM BekTOp €, = 0, TaK KaK BEKTOPH X; H X3
JIMHEAHO HEe3aBHCHMEI, a CJEAOBaTeNbHO, JHHEHHO He3aBH-

’

CHMEI BEKTOPH &, u &, Temepb HOpMHpYyeM BeKTOp €,
Hmenno, mojoxuMm

e, =¢,/| &l
Takum o6pasom, nomyuaem
(e g)=1.

ITycTs 1, €5, ..., & yXKe NOCTPOEHHI TaK, ¥TO OHH COCTAB<
JAI0T OPTOHOPMAJIbHYIO cHCTeMY. IIOCTPOHM BEKTOpD €14
ITonoxum

=% — (%4 &) 8 —
—(®ip &) — e — (%, p8) 8,

ITpexne Bcero, BekTOp €], , 7= 0, TaK KaK U3 AHHEAHON He<

3aBHCUMOCTH BEKTOPOB X1, X2, ..., Xip) CJIeAyeT JHHeHHas
HEe3aBHCHMOCTb BEKTOPOB

€y 89y veey &y Xy
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YMuoOxass BEeKTOP 8;_H Ha IPOU3BOJIbHEIA BexTOD &, j< i,

noJyyaem
- (%0 &) =0.
Takum 06Pa3oM, MOCTPOEHHBIi BEXTOP &;,, OPTOrOHajeH
KO BceM BeKTopaM &, €, ..., & H OTJIHYeH OT HYJd.
4
Hopmupys Bektop &, T. €. moJjaras
7
€.
i+1
&= .
[0

Mbl TOJIy4aeM BEKTOD &it].

D) Kaxpoe BeKTOpHOe NOANPOCTPAHCTBO BP eBKJIHAOBa
BEKTOPHOro npocrpaHctBa E” caMo ecTeCcTBeHHHIM 06pa3oM
SIBIISIETCS] eBKJHAOBHIM BEKTOPHBIM NpocTpaHCcTBOM. [lei-
CTBHTEJbHO, Kax/Jas napa BeKTOpOB U3 BP spisieTcss mapoi
BEeKTOPOB M3 E", u NoToMy AJisi Hee ONpEefeeHO CKaJspHOe
npousBejieHue. Bekrop z mpocrpancTBa E", OpTOrOHaJNbHHIN
KaXkJ0MY 'BEKTOPY U3 nojnpoctpaHcrBa BP, cuuraercss op-
TOroHaJbHBIM BceMy npoctpaHcTBy BP. OGosgauum uepe3 C
COBOKYNHOCTb BCeX BeKTOPOB npoctpaHctBa E®, oproro-
HaJIbHBIX BeKTOpHOMY moampocrpaHcTBy BP. OxasbiBaercs,
uTo C sABJISIETCS] BEKTOPHHIM IOANDPOCTPAHCTBOM MNPOCTPaH-
ctBa E" pasmMepHOCTH ¢ == n'— p, IpHYeM BEKTOpHOE NpO-
crpaHctBo E" pacnagaercs B NpsAMYIO CYMMY CBOHX NOAINpO-
crpaHctB B? u C = C9. [TognpoctpanctBo CY9 HasbiBaercs
OpTO20HAAbHbIM OOnOAHeHuem NoAxmpocTpancrsa BP. Okxa-
3bIBAE€TCS, YTO NOANPOCTPAHCTBO BP sBnsieTcs OpTOroHasb-
HBIM JONOJIHeHHeM mojnpoctpaHcTBa CY.

Jas nokasaTenbCTBa JaHHOTO YTBepXKAeHHS BbhiOepeM
B eBKJHAOBOM BeKTOpHOM HpocTpaHcTBe B? oproHOpMaJb-
HHIH 6a3HC

81, 82, e o0y ep.

JlaHHylo cHCTeMy BeKTOPOB [ONOJHHM [0 MaKCHMalbHOM

JIUHeHHO HE3aBHCHMOH CHCTEMOH BeKTOPaAMH Xpi, ..., Xn

(cM. D) § 1). Torza MH HOTYyYHM MaKCHMAaJbHYIO JHHeHHO
He3aBUCHMYIO CHCTEMY

81, 89 eeey By Xpipy ooy Xpo

Tenepb noxBeprueM 3Ty CHCTeMY MpOLECCYy OPTOHOPMHpOBa-
Husi (cM. C)). Ilpu stoM nepBbie p BEKTOPOB &1, &2, ..., &
He U3MEHSTCs, a BEKTOPHl Xpi1, Xp42, .., Xn 3AMEHATCS APY-
TUMH BEKTOpaMH. BHOBb NOJIyYeHHYIO CHCTEMY 3allHliIeM
B BHJE

€1, Eoy o0 ey 8?’ 8p+l’ ceey €0

€0




ITocnennsis cucTeMa SBJSETCS OPTOHOPMAJbHEIM 6asHcoM
npocTpancTBa E” Tak 4TO KaxKAbIH BEKTOP ¥ NMPOCTPAHCTBA
En 3anuceiBaercd B BHIE

x = x%,.

Huns toro uroGbl BEKTOP X ObIT HOPMAaJbHBIM KO BCeMY IIpO-
cTpaHcTBy BP, Heo6X0ZMMO H HOCTAaTOYHO, YTOOBI OH OBLI
HOpMaJIbHBIM K KaXXJAOMY BeKTopy &, i=1, 2, ..., p. Ta-
KHM 06pa3oM, [OJIKHO GHITb BHINOJHEHO YCJIOBHE

(x, ei)=0, i=], 2,..., p.
U3 nocnensero ycioBus BHTeKaeT
x=0,..., x"=0.

Takum o6pa3oM, BeKTOp 2, HODMaJjbHBIi KO BCeMy npo-
cTpaHcTBY BP, 3anmHchIBaeTcsl B BHAE

z=xﬁeB; B=p+1,..., n

COBOKYMHOCTb BCEX BEKTODOB TaKOI'O BHAA COCTaBJISET BeK-
TOpHOe noanpocrpanctBo C7 npocTpaHcTBa E” pa3MepHOCTH
g==n — p, KOTOpOe S$BJISIeTCI OPTOrOHAJbHHIM JOMNOJHC-
HueMm nognpoctpascTsa BP. flcHo, 4To moampocTpaHcTBO BP
B CBOIO OYepelb SIBJSETCS OPTOTOHAJbHBLIM HONOJHEHHEM
noanpoctpanctea C9.

JanuM reoMeTpHuecKoe OnHcaHHe CKaJspHOrO NMpOH3Be-
JeHus ABYX BEKTOpPOB NpocTpaHcTBa E™.

E) Ilycts

x, ¥

— IBa JMHEHHO HEe3aBHCHMBIX BeKTOpa MNpocTpaHcTBa E™.
COBOKYNHOCTb BCeX BEKTOPOB

u=cx -+ dy,

rae ¢ 4 d— npousBOJbHbIEe AeHCTBUTE/bHBIE UHC/IA, COCTAB-
JsleT JABYMepHOe BEKTOpHOe moAanpocTpaHcTBo E? BeKTOp-
Horo mpoctpanctBa E”. MHoxecTBO E2? IBNIsIeTCS] BEKTOPHBIM
ABYMEpPHBIM €BKJHAOBBIM IMPOCTPAHCTBOM, HHaue TroBOpA,
eBKJIHJO0BOH MJIOCKOCTbIO. Takum 06pa3oM, BEKTOPH X H Y
SIBJISIIOTCS JIHHeHHO HEe3aBHCHMBIMH BeKTOPaMH IJIOCKOCTH
E?, u scHo, yTO Takoe yroa Mexay HuMmu. O6o3HauuM ero
yepe3 @. OkasblBaeTcs, YTO CKassipHOe NpPOU3BEJeHHe BEK-
TOPOB X U y BbIpa)KaeTcs B clelyiolleM BHJE:

(x, y)=I|xlly|cosq. 93)
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IOas npokasateapctBa Gopmynnl (93) opToHOpMHpYyeM
mapy BeKTOPOB ¥, y. Mu nosayuum TOra ABa BEKTOPa g, &,
cOCTaBJIAOIIMX 6a3uc [JBYMepPHOrO eBKJIHIDBA HPOCTPaH-
crea E2. Ilpu atom

x=|x|e, y=|yl(e cos & sing).
Takum o6pasowm,
*, y)=(Ix|2, [g]|(e,cosp+ & sing))=]|x]|[y]cos q.

Takum obpasoM, popmyna (93) mokasama. B ciyuae, eciu
X H y JUHeHHO 3aBHCHMBI, CJeAyeT CYMTaTh, YTO Yrol @
MeXJAy HHMH paBeH Hysio WM n. [Ipu aToM o6a OHH BhIpa-
JKaloTcs Yepe3 OJHH H TOT JKe BEKTOp

x=|xle;, y==x|yle.

Torma MBI HMeeM -
(x, y)=I|x]lylcos0

HJIH
(x, y)=I|x|ly|cosm.

Takum obGpasom, ¢opmyna (93) umeer MecTo A JIOGHX
IBYX BEKTOPOB X U y u3 E",

F) Oro6pakenue ¢ eBKJHIOBA BEKTOPHOrO INPOCTpaH-
ctBa E" Ha eBK/IMIOBO BEKTOPDHOE NMpPOCTPAHCTBO E™ Ha3bl-
BaeTcsl M30MOP(MHLIM, €CJH OHO JHHEHHO (cM. ompenesne-
HHe 3) M COXpaHseT CKaJsipHOe NpOHU3BeleHHe, T. €. eC/lH
I/l ABYX JIIOOBIX BEKTOPOB X H y u3 E™ uMmeer Mecto ¢op-
Myna

‘ (9%, o) = (%, y).

Kak sto cnenyer u3 E) § 2, coxpaHeHHe CKaJsipHOrO Npo-
H3BeJleHUsl BbITEKaeT M3 COXPaHeHHs MJHHbH BEKTOPOB IpH
otobpaxeHHH ¢. VIMeHHO, ecnu A71s 106oro BeKTopa ¥ & E#
HMeeT MeCTO COOTHOLIeHHe

lox|=]x],

TO NpH OTOGpaXKEeHUH (@ COXpaHsAeTcsd H CKanspHOe NPOH3Be-
IeHue.

B eBkAHZOBOM BEKTOPHOM IPOCTPAHCTBE ONpeAeseHO
paccrosiue p (%, §¥) MexAy KaXKIAHMH ABYMA €ro BEKTOpaMH
x u y. OHo 3agaercs opmyJioH

pix, y)=[x—yl




OpToroHalbHHEE MaTpHUH

G) Ilycte E"— eBKIHZOBO BEKTOpHOE MPOCTPAHCTBO
pPa3MepHOCTH n H )
€, € «0.y €, (94)

— HeKOTOPHIfi ero OpPTOHOpPManbHLIA GasHc (cM. NpeayoxKe-
uue A)). Ilycrb nanee, p — HeKoTOpoe u3oMopdHoe oTob6pa-
JKeHue npocTpanctBa E” Ha ce6s (cM. F)).

Marpuua

X=[]x;'||; i=1,...,n j=I1,...,n

COOTBETCTBYIOMIasi 0TOGpaXKeHHIO ¢ B OPTOHOpMaJbHOM 6a-
3uce (94), HasviBaeTcs oprozonassrou. Ecin @i U @ — ABa
u30MOp(QHBIX oToOGpaKeHusi mpocrpancTBa E® Ha cebs, TO
oro6paxeHHe @@, €CTb TOXKe H3oMopdHOe oTOGparXkeHHe,
N03TOMY NpOHM3BeJeHUEe ABYX OPTOrOHAJbHBLIX MATPHIL €CTb
TaKxKe OpPTOroHajbHas Marpuua. Matpuna X, cOOTBETCTBYIO-.
mas oro6paxKeHHI0 ¢, ONpejessieTCd COOTHOIIEHUSIMH ’

pe; = xje,.
HanuM Tenepb 4YeThlpe XapaKTePHCTHKH OPTOrOHAJbHBIX
MaTpHIL.
Mbl uMeeMm

q>el=x,=(x‘, x}?, eees x;‘)

DT0 .3HAUHT, YTO 3JIEMEHTH j-ro crojblia MaTpHub X sB-
JSI0TCA KOOpAMHATaMH BekTopa @¢e; B Gasuce (94). Tak
Kak oToGpaxKeHHe ¢ COXpaHseT CKaJlspHOe NpOHU3BeLeHHe,
TO

(pe;> per) =23

ITepemucrBast 3T0 BbIpa:KeHHe B KOOPAHHATHOH ¢opme, mno-
JNYYHM

a; X7 %% = Opp- -9

$IcHO, yTo ecnH AJs MaTpuubl X BBHIIOJHEHO 3TO COOTHOLIe-
HHe, TO OHa SIBJISIETCS OPTOroHabHOH. MoOXHO cKa3aTb, UTO
cronbubnl MaTpuubl X COCTaBJSIIOT OPTOHOPMAJIbHYIO CH-«
cTeMy BeKTopoB. OKaapmaeTcsi, uto coerHouieHHe (95)
5KBHBAJICHTHO COOTHOLUEHHIO

X"X=E. (96)

Yenosua (95) u (96), HasoxeHHne Ha matpuuy X, chop<
MYJHPOBaHH B TepMuHaX cToi6moB. OKasbiBaeTcs, 4TO HX
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MOHO c(OPMYJIHPOBATh B TEPMHHAX CTPOK. IMeHHO; uMeeT
MEeCTO COOTHOLIEHHE

> xhxf = dlk, (97)
6=

CoorHowienue (97) MoXHO nepenucath B BHAe (opMyJbl
XXT=E. (98)

OkasbiBaercsi, UTO ecJqu Marpuua X YHOBJIETBOpPSET OX-
HOMY H3 cooTtHouweHu#t (95)—(98), To oHa opTOroHaJjbHa.
OrtHocutenbHo (95) 2To yTBep:KIeHHe ykKe GHIO BHICKa3za-
Ho KakK oueBHAHoe. Ham ocraercsi mokasaTh, UTO Kaxjaoe
u3 coortHoueHuit (96)—(98) sKBHBANIEHTHO COOTHOLICHHIO
(95).

OxasbiBaeTcss jfajiee, UYTO ONMPENENHTEb OPTOTrOHAJIbLHOM
Matpuiel D (X) ynoBieTBOpSieT YCIOBHIO

‘D(X)==1. (99)

JloxaxkeM, mpexae BCEro, dKBHBAJEHTHOCTb COOTHOMIe-
Hu#t (95) u (96). Ilas 3TOro MOJIOKUM -

XT=U=|uf],
TakK 4ToO
u§=x’.

CootHouenne (96) 3anmucbiBaeTcsi B BUAE

ulx% = k.
3amenss 3mecb ul uepes x%, bl monyuum ¢opmyay (95).
Takum o6Gpasom, cootHoweHHs (95) u (96) 2KBHBaJEHTHHL.
DkBUBaJeHTHOCTh cooTHolleHHH (97) m (98) mokasu-
BAeTCsi aHAJIOTHYHO.
Jokaxkem cootHomeHue (99). B cuny teopemu 1

D(xT)=D(X).
-B cuny artoro, TeopeMs 4 u coorHomeHHs (96) Mbl HMeeM
D(X)D(X)=1,

otkyna u caepyer ¢dopmyna (99). Takum o6pasoMm, B ua-
CTHOCTH, ONpEeAENHUTEeNb OPTOrOHAJbHOH MATPHIBI OTJIHYEH
OT HyJIsi, ¥ [I03TOMY OPTOrOHaJibHasl MaTpHlla HMeeT obpar-
HyIO (CM. 3aMeuaHHe K TeopeMe 4).

Teneps mokaxeMm, uto cooTHouweHHs (96) u (98) skBu-
BasenTHb. 15 3T0r0 cooTHOowenue (96) yMHOXHM cnpasa
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Ha X-!. Toraa Mbl NoayYuM
XT=x"

YMHoxas 3To cooTHOUeHHe Ha X cJ1eBa, MOJYYHM
XXT=E.

TakuM o6pa3oM, u3 cooTHouweHus (96) BBITEKaeT COOTHO-
mwenne (98). AnamoruuHo u3 cooTHouweHus (98) ciaeayer
cootHoltenue (96). Takum o6pasom, cooTHouieHuss (96) u
(98) sKBUBaJIEHTHHI.

HUrak, Bce cootHouwenus (95)—(98) skBHBaJEHTHbI APYT
IPYTy U 03HAYalOT OPTOrOHANbHOCTb MaTpuubl X (cM. ri, 4,
npumep 8).

' 8 JI. C. Honvpsran



neews

F'masa 2
KCPHHU MHOTOYJIEHOB

§ 8. KomnaekcHble yucaa

3aech s KPaTKO PacCKa3biBalo O TOM, KaK BO3HHKJH H
YTBEpPAHJIHCH B MaTeMaTHKe KOMIVIEKCHBIE YHCIa. 3aTeM
a0 HX OnpejesieHHe, ONUCHIBAIO NpaBujga AeHCTBHE HaR
HUMH, yHnoTpeOsssi OpH 3TOM HX FeOMeTpPHYeCKylo HHTep-
npetamqio, HO He MOJNb3YIOChb NPH 9TOM KaK H3BECTHBIMH
TPUrOHOMETPHYECKHMH (DOPMY/NaMH KOCHHYCAa CYMMbl M CH=
Hyca CYMMHI. ‘

‘

Hcropunueckas cnpaBKa

KoMnyiekcHble yucna GblH BBEJEHBl B MaTeMaTHKY s
TOro, YTOOH CJesaTb BO3MOXHOH oONepanHio H3BJEeYeHHA
KBaJpaTHOrO KOPHSI U3 JIIOGOro JAeHCTBUTENBHOrO YHC/A.
D10, OLXHAKO, HE SIBJSETCS HOCTATOUHBIM OCHOBaHHEM s
TOro, 4To6bl BBOAHTb B MaTEMaTHKy HOBhie 4yHciaa. Okasa-
JI0Chb, YTO €CJIM MPOM3BOAHTb BHIYHCJEHHS IO OGBIYHBIM Mpa-
BUJIaM Haj BBIPAXKEHUSIMH, B KOTOPHIX BCTpeyaeTcs KBaj-
paTHBI# KOpeHb U3 OTPUIIATETbHOTO YHCJA, TO MOXKHO MPUATH
K pesyJbTaTy, ykKe He cOAepiKalleMy KBaJApaTHBHIi KopeHb
U3 oTpuuartenpHoro uucaa. B XVI B. Kapnaxo nauwen ¢op-
MyJny [Jsi pellieHusi KyGuyeckoro ypaBHeHus. Oxasajioch,
YTO HMEHHO B TOM CJydae, KOrhia KyOuWuecKoe ypaBHeHHe
HMeeT TpH [eHCTBUTeNbHBIX KOpHA, B (opmyne Kappauo
BCTpPeYyaeTcsi KBaJpaTHbI KOpeHb M3 OTPHLATENbHOrO YHCJA.
ITostoMy KBajpaTHble KOPHH H3 OTPHLATEJIbHBIX YHCeJ
CTalu ynoTpeG/siTh B MaTeMaTHKe H Ha3Ba/d HX MHUMBIMU
YUC/IaMH — TeM CaMEIM OHM KaK Obl MpHOOpeNH npaBo Ha
HeJleraiibHOe cymiectBoBaHue. IlonHbIe rpaxjaaHCKue NpaBa
MHHMBIM unciaM Ha rpanu XVIII—XIX croseruit naa

66




Tayce, koropuifi HasBan HX KOMIUIEKCHRIMH UHCJIaMH, A4
HM Te€OMeTPHYeCKYyl0 HHTepNpeTaunuio H, YTO CaMoe FIJaB-
HOe, JI0Ka3aJl OCHOBHYIO TeopeMy ajre6phl, yTBepXKAAIOULYIO,
UTO KaXKABHH MHOroujieH HMeeT XOTS1 Gbl OJWH JefiCTBHTE/b-
HBIA UM KOMIIEKCHBIH KOpeHb.

Onpe,ue.ne}me KOMNJEeKCHB X YuceJa

Mbml 6yneM HCXOOHTb H3 TOrO, UTO JAEHCTBHTENbHHIE UYHC-
Jla HaM U3BeCTHH. Mbl 3HaeM, 4TO A/l HAX ONpefeNeHbl JBa
OCHOBHBIX [AeHCTBUS — C/I0XKEHHE M YMHOXKEHHE — H HMEI0T-
¢ o0paTHble K HUM JeHCTBHS — BbIUHTaHHE U AejeHue. [lasa
BTHX JEeHCTBHH BBLINOJNHSIOTCS XOPOLIO H3BECTHHE IpaBHJA,
KOTOpHie¢ OOBIYHO YNOTPe6/ISIOTCS COBeplIeHHO AaBTOMAaTH-
YecKH — N03TOMY 1 HX He Oyny 34xecb GopMy/sHpPOBATh.

ITocraBum Temepnr mnepex coGol 3ajauy pacUIHPHTh IIO-
HATHe YHCcJIa TaKuM 06pasoM, YToGhl YpaBHEHHE

w4+1=0

uMesno peueHne. KopeHb 3TOro ypaBHeHUS OGBSBIsieTCA
HOBHIM UYHCJOM H oGo3Hauyaercss yepe3 . Takum oGpasom,
MJIs [ UMeeM

2=—1. 1)

Tak Kak B MHOXKecTBe HOBBIX YHCeJ COAepIKaTCs Bce nefi-
CTBHTE/IbHblE YHCJIA M 3JIEMEHT { MU TaK KaK B HEM BO3-
MOKHBI JIeHCTBHS CJIOXKEHHS H YMHOXEHHs, TO B 3TOM MHO-
JKeCTBe JOJIXKHBI CONEPXKATbCS BCEBO3MOMKHbBIE MHOTOYJIEHBI
OTHOCHTEJIBHO | C JAEHCTBUTENbHBIMH KoddduuueHtamu, B
YaCTHOCTH BCE€ MHOrOYJIEHbl NMepBOH CTemeHH, T. €. BbIpaxe-
HHUS BHAA

2=x+yi=x-+1iy,
rpe x u y—neﬁcmmenbﬂme yycaa. dDTH BbIpaKE€HHsS U Ha-
3BIBAIOTCA KOMNACKCHOIMU YUCAAMU. ,U,eﬁCTBHﬂ HaAOg HHUMH

MH ONOpefeNUM KaK JeficTBMSI HaJ MHOTOWJIEHAMH, YUHTHI-
Bag mpE 3ToM ycjoBue (1). KoMmmnekcHble uHcna BHAA

z2=x+40i=x
sBAsI0TCA OelicTeutesonoimu yucsamu. KoMIIeKCHbIEe YHCIA
BHJa

2=04yi=yi

Ha3BIBAIOTCS YUCTO MHUMbGIMU YUCAAMU.
Ilycte 21 = x1 + y1i, 22 = X2 -+ Yol — ABA KOMILIEKCHBHIX
gucna. CoryiacHO BEICKA3aHHOMY NMPaBHJAY CyMMa M NpOM3-
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BE€IE€HHE 3TUX KOMIUIEKCHBIX UYHCEJH OlpenesslorTcss paBeH-
CTBaMHu

2y 2= (x; + yif) + (X2 + yai) = (x, + o) + (41 + y2) i, (2)
2.2, = (%1 + ¥1d) (%5 + yoi) = X1%0 + (X1Yp + y1%0) i +
+ 9190 = (X1, — Y1y0) + (X192 + yix9)i. (3)

Ilpy nonyyeHuu NOCHeJHEr0 PaBEHCTBA MBI HCIHOJb30BaJH
ycaoBue (1).
B cayuae, ecau 4uca0 2 = X; HeHCTBHTe/NbHOE, MOJY-
yaem
X129 = X1 Xy + X Yi. (4)

W3 dopmyn (2) u (3) BHAHO, YTO CyMMa M Npou3Bele-
HHe JBYX KOMIIJIEKCHBIX YHCEJN eCTb TaKxkKe KOMIJIEKCHOE
YHCJI0.

Ins toro uTto6nl y6emuTbcs, YTO AeHCTBHE BHIUHTAHHS,
obpaTHoe JefiCTBHIO CJIOKEHHs, CYHIeCTBYeT, HOCTAaTOYHO
HalTH YUCJIO —=2, MPOTHBONOJOXKHOE YUCIY 2, 4 AJis TOro
uto6bl y6EIUTLCA B TOM, YTO BO3MOXKHO HejieHHe, HOCTa-
TOYHO Jnsi 20 ykasatb uucno 2z—!, o6paTHoe UHCHY
2 = x -} yi. Uucna stH, Kak Jerko BHAETb, 3afaioTcs dop-
MyJaMH

—R2=—Xx—yYi,
x y .
PR R L.
Takum o6pa3oM, BequuuHa z~!, o6paTHas K 2z, CyUIECTBYeT
Bcerza, korua z = 0.

27l=

FeoMeTpuueckoe u3o6paxeHHe
KOMNJEKCHB X YHCE

O6o3HauuM yepe3 P MJIOCKOCTb HAIIEr0 4epTexka H Bbl-
GepeM Ha HeH NPSAMOYTOJbHYIO CHCTEMY KOOpPAHMHAT (puc. 1).
KoMnyekcHOe YHCIO 2 == x + yi Mbl IOMECTHUM B TOUKY 2 ==
==(x, y) ¢ KoopiuHaraMmu X, y. O603HAYUM TaKXKe uyepes 2
BeKTOp, MAyHH M3 Hayasna koopauHat O B Touky z. Ta-
KuM o6pa3oM, GykBa z 0003HayaeT y Hac OZHOBpPeMeHHO
KOMIIJIEKCHOe YHCJIO, TOYKY 2, H300paxkalolllyl0 3TO KOMI-
JIEKCHOe YMCJIO, H BEKTOP 2, COOTBETCTBYIOIIHH ITOMY KOMII-
JaexcHoMy uHcay. IIpu 3TOM HM300paKeHHH HeACTBHTEIbHBIE
Ypc/aIa MonajaloT Ha och abCuUMCC, MO3TOMY OCbh abcnuce Ha-
3biBaeTcs OelCTeuTeabHOl 0Cbl0 MIOCKOCTH P KoMIieKc-
HOJ nepeMeHHOH, a YACTO MHUMBbIE YHCJIa MOMAJalT Ha OCb
OpJIHMHAT, I03TOMY OCb OpPAHHAT HA3LIBACTCH MHUMOU OCHIO
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TI0CKOCTH P KoMmnuieKkcHO# nepeMenHoill. Hysb monamaer B
HayaJjo KOOpAHHAT.

JnuHa BekTopa z HasniBaercsi m00y.Aem KOMILJIEKCHOrO
gHcia 2 = x - yi ¥ o6o3Havaetcs |2|:

lzl=+ /7 +4"

KoMmnyeKkcHbie uuciia 2, yJAOBJIETBOPSAIOLIHE  YCJIOBHIO
|z]=1, cocraBasioT OKpPYXKHOCTb pajuyca 1 c LeHTpOM
B Havajle KoopauHat. Ha asrtofi ok-
PYXHOCTH Jexut uucno 1. Us tou- 7
KH | OTVIOXHM IO OKDYXKHOCTH Ayry ¥
3aJ1aHHOM [AJIMHBI ¢ B HanpaBJieHHUH
NpOTHB uacoBoi crpesku. Konern
9TOH ayru o603HauYuM uepe3 ().
Ecnin @ — orpuuaTenbHoe 4HCIIO,
TO AJIS1 TMOJy4YeHHS! (@) HYXKHO OT-
JIOXKUTb OT TOYKH | nauHYy nyru
|| mo uacoBoit crpenke. Kak us-
BeCTHO, abciucca TOUYKH (@) ecTb Puc. 1
cos @, a ee opAHHATa sin ¢. Takum
o6pa3oM, KOMIUIeKcHoe uHcao (@) 3amaerca ¢opmy-
Jo#t

z=z+iy

(p) =cos @ -+ i sin @. (5)

Hrak, BcKoe KOMILJIEKCHOE YHCJIO 2, IO MOAYJIIO paBHOE
1,3anuceiBaercs B Bufe (5). Ecnu 2 — npousBosibHOE KOMII-
JIGKCHOE YHCJIO, MOAYJb KOTOPOro |z|==p orauyex or 0, 10

2
UACAO — ABJIAETCA KOMIUIEKCHBIM YHCIOM, 0 MOZYJIO paB-
HpM 1, U notomy 3anuceiBaetrcss B Buge (5). M3 pasencraa

%=cosq>+isinq>

Mbl NOJTyYaeM
2=p(cos @+ i sin ¢). (6)

3anuch (6) Ha3blBaeTCs TpPuU2OHOMETpu4eckol popmoil
KOMILJIEKCHOTO 4Hcia z. UuCiIo ¢ HasblBaeTCd ap2ymenToMm
KOMIIJIEKCHOro uHcyia 2. Eciim Moaynb p KOMIJIEKCHOrO 4HC-
Ja z OTJIHYEH OT HyJis, TO apryMeHT ero onpejeseH C TOY-
HOCTBIO 1O cyaraeMoro 2km, rje k2 — nenoe uucio. Eciu xe
MOAY/b p KOMIUIeKcHOro uucsia pased 0, To dopmyna (6)
TakkKe HMeeT MeCTO, OLHAKO B 3TOM cjyyae apryMeHT KOMI-
JIEKCHOTrO YHCJIa BOBCE He ONpefeseH.

Yuciia p U @ HaA3BBAIOTCA NOAAPHOIMU KOOPOUHATAMU
TOYKH 2. .
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TeoMeTpHUYecKOe HCTOJNKOBaHHe HAeficTrBuii
HajJg KOMNOJEKCHBMH YHCHAMH

U3 dopmyn (2) m (4) cienyer, 9TO KOMIIEKCHbHIE FHC+
Jla CKJIa[plBalOTC M YMHOXKAIOTCS Ha HeACTBUTeNbHBIE UHCH
Jla, KaK BEeKTOpHL.

I'eoMeTpHuecKHil CMBICJ C/I0XKEHHS KOMILICKCHHX YHCeN
0UYeBHIEH: BEKTOP 2; + 22— 9TO AMAroHaJjb NapajejorpaMs
Ma, IOCTPOEHHOrO0 Ha BEKTOpax z; H zg. OTclona BHiTeKaeT
BaXKHOe HEPaBEHCTBO

[z + 2, I<|z|+]2] )

Hns toro utobbl NaTb TreoMeTPHYeCKOe HCTONKOBaHHE
YMHOXKeHHsS] KOMIJIEKCHBIX UYHCeJ, HYXXHO yNoTpeOuTb ome-
pamMio NOBOPOTa BEKTOpa, HJH, YTO TO Ke CaMoe, KOMII«
JIeKCHOro 4uciia. [JoBepHYB BEKTOpD 2 IPOTHB 4acOBOH CTpeJi«
KU Ha yroJ o, Mbl MOJYYHM HeKOTOPHI!l HOBBHIH BEKTOp, KO-
TOpBIHi 0603HAaUUM uepe3 Rq(2). ['eoMeTpuueckH scHO, 4TO
‘onepanus noBOpoTa R, HMeeT CJAeAyIOllee CBOMCTBO: eCJH
Q — AeHCTBHTE/bHOE YHCTIO, TO

Rasg (2) =Ry (Rg(2)), Ru(@2)=aRq(2),
Rq (21 4 29) = Ra (21) + R, (22)-

W3 mocnegnux nByx ¢GopMyJ cienyeT, YTO €ClIH @; H Qg —
IBa [HeHCTBHTENbHLIX YHCJA3, TO HMEeT MEeCTO COOTHOLIeHHe

R, (a2 4 ap25) = a|R, (2) + a2R, (25). @®) -
Heﬁocpe,uC'rBeHHo SICHO TaKikKe, UTO
Ry (1)=rcosa + i sin a. 9)

JlokaxeM Tenepb, 4TO MOBOPOT KOMIJIEKEHOTO YHCJA
= x4 yi Ha yroa o pPaBHOCHJIEH YMHOXEHHIO ero Ha
KOMIIJIEKCHOE YHCJIO COS ¢ - i sina, T. e, 4TO

R, (2) =(cosa -+ isina)z. (10)
JJas aTOrO0 paccMOTpuM CHayaja OTAeJNbHO NOBOPOT Ha
yros nt/2. B atoM ciyyae cos% +i sin-;l =={ H paBeHCTBQ
(10) npunuMaer BUA Ry/;(2)= iz. [IpoBepuM 3Ty dopmyiy.
C onHOH CTOPOHBI, reOMETPHYECKH OUYEBHAHO, YTO Ry/z(1)==
=i, Ry (i{)=—1. C gpyro# croponnl, il =1i, ii = —1, Ta«
KuM obpasom, )
Ryp()=il, Ry,(@)=il,
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Vs dopmyas (8) HemocpeACTBEHHO BHTEKAeT
iz=i(x+iy)=xi+y(—1)=
= xRy (1) YRy (1) = Ry (61 4 yi) =
=R, (x+iy) =R, (2).
Takum o6pasom, opmyna (10) nmokasana ans o = m/2.

Ilycte Tenmepp o — NpOH3BOJIbHOE HEHCTBHTENbHOE YHC~
J0. IIpn 2 =cos a -} i sin & nonyuaem

gi=i2=R_,(8)=R,_,(cosa+isina)=
== CO0S (a +—g—) i sin (a +%)=
=Ra(cos—’2—°-+isin%)=Ra(i). (1)

Takum o6pa3om, popmyna (10) noxkasana mpu z =i.
INepefinem Tenepn K A0KasaTelbCcTBY dopmyas (10) mas
NPOU3BOJIbHOIO KOMIJIEKCHOTO YHCJIa

z=x-t1iy.
B cuny ¢opmyn (8), (9), (11) umeem
Ra(z)=Ra(x+iy)=xRa(l)+yRa(i)=
=x(cosa -+ isina) 4 y(cosa + isina)=
= (cos a - i sin a) (x 4 yi) = (cos & -} i sin a) 2.

Takum o6pasoMm, ¢popmyna (10) monHOCTBIO NOKa3aHa.
Ilpumensis cdopmyay (10) X KoMmIJIeKCHOMY YHCIY
2 =cos f§ + isin P, moayuaem ’

(cosa +isina)(cos P -+ isin B) =R, (cos p + i sin )=
=Ry (Ry (1)) = Rag (1) = cos (@ + B) + sin (o + ).

Takum o6pasom, )

(cosa+ i sin a) (cos f + i sin B) = cos (@ + B) + i sin (a+B).

IlpousBonsi mepeMHOXKeHHe KOMIJIEKCHBIX YHCeJ, CTOf-
IIHX B JIeBOH YacTH, mo ¢opMyae (3), Mbl NOJTYYHM

(cosa i sina)(cos B+ isin )=
== (cos a cos f — sin a sin B) + (sin a cos f - cos a sin B) i.

3HauuT, MB NOMy4YusaH (GQpMyJaH A KOCHHyca H CHHYyca
CyMMBI:
cos (a + ) =cosacos f — sina sin B,

sin (@ 4 B) = sin acos B - cos a sin B.
n
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Jljis NPOHSBOMBHEIX KOMIUIEKCHHIX WYHCEJN, KOTOPHE ME
sanumeM B BuAe r(cose -+ isina), s(cosP - isinf) mo-
JaydaeMm

r(coso -+ isina)s(cos p -+ isinp)=

=rs(cos (a+ B) + isin (@ B)). (12)
Takum o6pasoM, npu NepeMHOXKEHHH [ABYX KOMIJIEKCHBIX
YHCeN UX MOJYJNU NEepPeMHOXKAIOTCS, a apryMeHTHl CKjajbl-
BaloTCs.
®opmyay (12) oueBumHBIM 06pa3oM MOMKHO pacnmpocTpa-
HUTb Ha MPOU3BOJIbHOE YHCJI0 COMHOXHTened. Ecau Bce
9TH COMHOXHUTENH PaBHbBI MeXAY cOO0H U paBHBH KOMILJIEKC-
HOMY uHCay r(cos o -+ i sina), TO MBl NoJIy4aeM

(r (cos a 4 i sin @))" = r" (cos na + i sin na).

dra ¢opmyna oueHb uHTepecHa. OHa faeT BO3MOXKHOCTb
H3BJeYb KOpPeHb n-fi cTemeHH M3 NPOH3BOJBLHOTO KOMILJIEKC-
Horo uucjaa p(cos @ -+ isin ¢). FiMeHHo, oKa3biBaercs, 4To
KOJIHUYECTBO KOpHeH n-i
i CTeleHHd U3 yHcaa p(cos @+
cosZ4isinZZ 4 isin )7~ 0 paBHO 7,
npudeM KOpPHH 3TH  pacno-
JIOXKeHbl Ha OKPYKHOCTH
n__
pamuyca 4/p C LEHTPOM
7 B HayaJjie KOOpAHHAT H CO-
CTaBJISIIOT BepIIHHB Ipa-
BHJIBHOTO 71-YTrOJIbHUKA. DTO
yTBepKaeHHEe 51 NpefocTaB-
Jf10 AJs  J0Ka3aTeNbCTBa
YHTATENISIM.
Puc. 2 B uacrHOCTH, KOpeHb
n-i CTeneHH U3 eXHHHUIIH
¥MeeT rn 3HaueHHH, KOTOpble SBJSIOTCS BepLIHHAMH mpa-
BHJIbHOTO n-yroJIbHHKa, BIMCAHHOIO B €IMHHYHBIA KpYT, NpH-
YeM OJilHa M3 ero BeplUHH ecTb eAHHHLIA (puc. 2). B Buge
(opMyJIbl 3TH KODHH 3alHCHIBAIOTCS CJAEAYIOUHM 06pasoM:

'\/—l—=0052—f‘—+isin 2—’:{—‘—, k=0,1,2,..., n—1.

KomnaekcHo COnNpsAXEeHHBEe YHCJHA

Ilpu paccMOTpeHHH KOMIUIEKCHBIX YHCeJ BAXKHYIO pOJIb
HrpaloT TaK Ha3biBaeMble KOMIIEKCHO CONpsiKeHHble 4ucaa.
Eciu 2= x + iy — HeKoTOpOe KOMIVIEKCHOE UHCJIO, TO YuC-
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J0 Z, KOMIJIEKCHO CONPSIKEHHOE C YHCJIOM 2, OmpelensieTcs
¢dopmyJoi

Z=x—1y. (13)
TakuM 06pa3oM, YHCJAO Z, KOMIIEKCHO CONPSIKEHHOe C YHC-

JOM z, sBJseTcs 3epKajbHLIM 06pasoM uHC/ia z OTHOCH-
TEJIbHO AEHCTBUTENBLHOA OCH, H Mbl HMeeM, B YaCTHOCTH,

N

=2.
Ecau
z=r(cosa - isina),
TO
Z=r(cosa —isina)==r(cos (— a) + i sin (— a)),

H, CJIeA0BATEIbHO, aPryMEHTH ABYX KOMIIEKCHO CONpSiXKeH-
HBIX YHCEJT OTJIHYaloTcs JHIb 3HaKoM. M3 ¢opmyn (2), (3)
CJIeflyeT, uTo

m =2+ 2. (14)
U3 popmya (8), (13) caenyer, uto
212, = 2,2, (15)
3aMeTHuM elle, YTO PaBeHCTBO
2=z (16)

MMeeT MeCTO TOrja H TOJbKO TOrAa, KOria 2 ecTb Aefi-
CTBUTENbHOE YHCAO (CM. ri1. 4, npuMepnr 9—I11).

§ 9. OcHoBHasi TeopeMa aareépoi

3mech OynmeT [OKa3aHa OCHOBHAst TeopeMa aJjare6phl,
yTBepKAAIONIAsA, YTO BCAKUA MHOTOUNEH INOJOKHTENbHON
CTEeNeHH C KOMIUVIEKCHBIMH KO3 (pHIHEeHTaMy HMeeT IO Kpaii-
Hell Mepe OJHH KOMIJIEKCHHIH KopeHb. Ilpum 3ToM meHcTBH-
TeJIbHbI€ WHCJIA CYUTAIOTCS YACTHBIM CJyyaeM KOMIJIEKCHBIX
uyhgcen. DTa TeopeMa BrepBhlie Gblia gokaszaHa ayccom B
1799 r. nsis 4acTHOro cjayyasi MHOrOWIEHOB C AeHCTBHTENb-
HbBIMH Ko3dduuueHntaMu. I'aycc nokasas, 4To BCAKHH TaKoH
MHOTrOWIeH HMeeT 0 KpafiHeH Mmepe OLMH AeHCTBHTE/NbHBIH
HJIH KOMIJIEKCHBIH KOpeHb. DTO 3HAYHT, 4TO, paccMaTpHBas
KOpPHH ajire6panyecKuXx ypaBHeHHH (T. e. KODHH MHOrouJe-
HOB), Mbl He MOXeM NpPUATH K HOBbLIM YHCJIaM. 3Jech 3Ta
TeopeMa JAOKasblBaeTcs AJsi MHOTOY/IEHOB C KOMIIEKCHBIMH
K03 duuueHTaMH.

Jloka3zaTenbcTBO OCHOBHOH TeopeMbl ajre6pbl OCHOBaHO
Ha KOHKDETHOM PacCMOTPEHHH KOMIIEKCHHX uucea. Crpo-
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roe N0Ka3aTeJbCTBO OCHOBHOM TeopeMHl aJireGpH, OmHpalo-
nieecsl Ha TeopHio GYHKIHA KOMIJIEKCHOH NepeMeHHOH, ApH-
BefieHo B MoeHl KHHre «AHann3 GeCKOHEUHO Majbix» (CM.
IpuMep Ha C. 246).

3aech s NPUBOKY He CTPOroe, HO reoMeTpuuyecku yGe-
IUTEIbHOE J0Ka3aTeJbCTBO, OCHOBAHHOE HAa pacCMOTPEHHH
nmyTedl B IJIOCKOCTH KOMILTIEKCHON nepeMeHHOR H ux medop-
manuii. JlokasaTelnbCTBO 3TO He TOJbKO HOKAa3bIBaeT Teo-
peMy, HO N0 HEKOTOpPOH CTemeHH OOBSCHSET, MOYEeMY OHa
BepHa.

Kak cnenctBue OCHOBHOH TeopeMbl ajfire6pbl MBI JaJHM
pasjioxeHHe MHOrOWIEHAa C KOMIUVIEKCHBIMH (B 4YacCTHOCTH,
JelCTBUTEIbHEIME) KO3 dHIHEHTaAMH Ha MHOMKHTEJH.

IIyTu B NJMIOCKOCTH
KOMNJEeKCHOH mepeMeHHOHR

Ecnu TOyKa z B IJIOCKOCTH P KOMIWIEKCHOH NepeMeHHOR
nepeMeniaeTcss BO BpeMeHH, KOrla BpeMs f MeHsercs B Ipe-
nenax fo << t << t, ToO MBI CUMTaeM, UYTO B IJIOCKOCTH P 3a-
ndan nytb (puc. 3). Takum oGpasoM, NyTh eCTb (YHKUHS

¥
t’-‘fl
\ Z 3
t=t[] . i=ia =i’/:
Puc. 3

2(f) meficTBHTe/NBHON NepeMeHHOH f, IPHHMMAaKOMAs KOMI-
JIeKCHBIe 3HAUeHHs H 3a/JaHHasi Ha OTpe3ke fy < { << i1

2(1), t0<t<tl‘

dopmysna 3Ta 3afaeT NyTb. Peub HAeT 3%ech O ABHXKe-
HMH TOYKH, OCYILECTBJISIEMOM, €CTeCTBeHHO, Ge3 CKayKOB,
Tak uto OyHKRUMsA 2(f) sBAseTcs HempephHiBHOH. MH He
YyTouHsieM 3[ech INOHSITHE HeNpepbIBHOCTH, CUMTAas1, YTO ‘OHO
HHTYMTHBHO sICHO Kak JBHXeHHe TOUKH. CielyeT OTYeT/IHBO
NOHUMAaTh, UYTO NYTh €CTh IIpOLECC ABHIKEHHS, a He Ta JH-
Husl, KOTOPYIO ONMHMChIBaeT ABHXyulasics Touka. OfHY H TY
3Ke JIHHUIO MOXKHO OMHCaTh PAa3HBIMH Cnoco6aMH,
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B npouecce ABHXeHHs TOUKa z(f) B pasHEeE MOMEHTH
BPEMeHH MOXKET IIONajaTh B OAHY H Ty e TOYKY MAGCKO-
CTH, TaK 4TO H€ HCKJ/IIOYaeTCsl PaBEHCTBO

2()==2(t) npu L4

TakuM o6Gpas3oM, NyTh MOXeT UMeTh camonepeceueHus. OH
MOKeT Jaxe COCTOSITb M3 ORHOH TOUKH, UMEHHO, B CJyuae,
Korja TOouKa z(f) BOBCe He nepeMelaeTcss IPH H3MeHEHHH
t. B nanbHefimeM, ecau 3To Y
He OyZeT OroBOpeHO CIellH-

anbHO, ME BCerza Gynem

npenmnojsaratb, 4T0 NyTh He R
NPOXOAHUT yepe3 Hayajo Koop- 0 z
HHUHAT, T.e.YTO BeJHYHHA 2(f)
HH MPH KaKOM 3HaYeHHH [ He
ob6pamaercs B HyJb. Touka
z2(ty)= 2y HasHBaeTcsl Ha4a- Jemnrymeie nymu

AOM TYTH, a TOYKa 2(f)==" Puc. 4
==2|—ero Kouyom. Ecau -

HMeeT MeCTO PaBEeHCTBO 29 == 2], TO NYTb HA3HIBACTCS 3AMK~
nytoim (puc. 4).

Tak kKak KoMmMmieKcHOe uHciO z(f) He ofpaiiaerca B
HYJb, TO IJisl BCSKOrO 3HAUeHHsI { ONpefesieH apryMeHt
¢ (f) KoMmyeKcHOro umcjaa z(f), HO OH oONpefesieH JHUIb C
TOYHOCTBIO O caaraeMoro 2km (k — uesoe yuciao). dra He-
OMHO3HAUYHOCTb AJis Hac HexejatenbHa. Jas Toro uToGbi
0CBOGOIHTLCA OT Hee, Mbl BhibepeM [Jisd Ha4aJIbHOH TOUKH
2p BIIOJIHE ONpeJeeHHbIH apryMeHT @o == @ (fo). ,

3arem mo Mepe Bo3pacTaHusi { OyxeMm BbLIOHpPaTh apry-
MeHT @ (f) TOYKM z(f) TaK, 4TOObl NPH MaJbIX H3MEHeHHSX
t oH MeHsICS MaJjo. DTHM HEOAHO3HAYHOCTb BbIGOpa apry-
MeHTa GymeT ycTpaHeHa. JloGaBjieHHe K apryMeHTy dHc/a
2kn npu k-0 npuBeso OBl Cpa3y K pPe3KOMY H3MeHEHHIO
BenuuuHbl @ (f). BriOpaB HauanbHOe 3HauyeHHE aprymeHTa
9(fe) =@ ¥ ciena 3a TeM, 4TOGEl apryMeHT @(f) TOUYKH
2(t) MeHsscs BMecTe C [ HenpepblBHO, Mbl IIOJYYaeM BIIOJI«
He onpefeNeHHYI0 GYHKUMIO ¢(f), MEHSIOIYIOCs Hernpe-«
PBIBHO, T. €. 6e3 ckaukoB. Eciu BHOpaTh HauaJbHOE 3HAYe«
HHe apryMeHTa ¢, HHaue, H3MeHUB ero Ha 2km, To oH Oyner
OT/IHYATbCH OT paHee BLIGPAHHOrO POBHO Ha 2Rm Ha BCeM
NpoTsiXKeHUH usMeHenus f. OTciofa cielyerT, YTO IPH TAKOM
cnoco6e nocTpoeHus QyHKUMH @ (f) Beauuuua :

o (1) — @ (%) (17)
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He 3aBHCHT OT C/ly4YaHHO BHIGPAHHOTO HAYaJNbHOrO 3HAYeHHS
apryMeHTa 4ucia zg.

Eciu nyTb 3aMKHYT, TO TOYKH 2y U 2; COBNAZalT H,
ClIel0BaTeJIbHO, HX apryMeHTol ¢(fp) H @(f#1) MOryr OTaH-
yaTbcA JaulIbL Ha 2kw. [TostoMy umcio (17) B ciyuae 3aMk-
HyTOoro nytu ectb 2km. Llemoe uuciio k HaswiBaercst urndex-
COM 3aMKHYTOro NYTH B IJIOCKOCTH KOMIUIEKCHOH IepeMeH-
HOH z. Cienyer ellle pa3 MOAYEPKHYThb, UTO HHIAEKC 3aMKHY-
TOTO NyTH MOXKHO ONPeJeNHTb JIHIIb B TOM Cjyyae, KOTia
NyTh He IPOXOAMT Yepe3 HAuajo KOOpAHHAT.

7T\
a/ z

Y
k=1

/~ N\
=

[Tyme ¢ undexcame 0,1,2

Puc. 5

WHpaekc k£ uMeeT npocToil reoMeTpHyeckuii cMmbica. Mmen-
HO, OH YKashBaeT, CKOJbKO pa3 TouKa z(f), OmMHCHIBas
3aMKHYTHIH NMyTh, OGXOAMT Hayano KoopauHat (pHuc. 5).

Paccmorpum npocroit mpumep. ITyTs

14r(ost+ising, 0<I1<2m, (18)

ABJIAETC 3aMKHYTBIM. OH ONHCHIBAaeT OKPYKHOCTH C IIEHT-
poM B TouKe | H pajuyca r ¥ NPOXOAUT OKPYKHOCTb C Te-
YeHHeM BpeMeHH ! DABHOMEPHO NpPOTHB 4acOBOH CTPENKH.
Ecau uucno r Menbme 1, TO OKPYKHOCTb He COJAEPIKUT
BHYTpH ce0sl Hayasna KOODAHHAT M HHAEKC NyTH paseH 0.
Ecnu r Gosblile 1, TO OKpYKHOCTb COAEPXKHT BHYTPH celA
Hayajio KOOpJAMHAT H MHAEKC nyTH paBeH 1 (mposepbTe 3TO
caMocTosTeNbHO). B ciyyae r =1 nyTb npoxomut uepes
Hayajo KOOpPAMHAT W ero HHIeKC He ompenenaeH. Ecau uwuc-
Jo r MeHsercs1, 10 nyth (18), Kak rosopat, fepopmupyercs
(puc. 6). Mb BUAMM Ha 3TOM NpHUMepe, YTO BO BpeMs JHe-
dopManHy 3aMKHYTOro NMyTH ero HHAEKC He MeHseTcs, eciu
TOJNBKO NYTb B KaKOH-TO MOMEHT AedhopMauHH He NMPOXOTHT
yepe3 HAYaJI0 KOOPAMHAT.

T'oBops, uto myTb omuckiBaeTcs JMABHXKEHHEM TOYKH BO
BpeMeHH, MBI JIHIb XOTeJH IpPHAATb 6ojiee MHTYHTHBHbIH
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XapakTep olpefiefieHHIO NyTH. B melicTBUTENbHOCTH Ke peub
HieT O 3aBHCHMOCTH KOMILIEKCHOHA mepeMeHHOH z OT HeKo-
TOPOro JeHACTBHTEJILHOrO mapameTrpa { (KOTOpbIH MOKHO
0603HauuTh U Apyrod Gyksoit). Tak, Hampumep, nytb (18)
MOJKHO 3amucaThb B BHUAE

1 + r(cosa—+ isina),
0<<a<< 2m, (19)

rie napaMeTpoM Yyie fiB-
nsetcsd He f,a a. ScHo, uTO

nyte (19) omHchiBaeTcs z
Toyko# 14 2z, korza Touka
2 ONHCBHIBAeT NyTb
r(cosa -} isina), Jeqopmauun
<o 2n. nymie 1+7(Cos oIS G) npi UgMeHeHIU

3n1ech r ecTh YUC/IOBOH ma- Puc. 6
paMeTp, OT KOTOPOro 3aBH-
CUT caM nyTb. [0BOpST, uTO mpu u3MeHeHuH r nyTb (19)
nedopMupyeTcs.

Hanum Gosee ClOXKHBIH NMpUMep 3aMKHYTOro NyTH, KOTO-
pbiii M 060o3HauuM udeped K,. Ero 3amamum dopmynoi

z2=(1 4+ scosf)(cosnt+ isinnt), 0<I<2m.

3necb Mbl cuutaem, uro 0 <<s < 1, u noromy |z|=1+4
+ s cos ¢ u NoJIOXKUTENeH IPH NPOU3BOJILHOM {.
Ilyte K, uMeeT camonepeceyeHHs.
I[lpy n=2 oauo camomepeceyeHue,
npu n=23 nsa.
BBenem moHsiTue pedopMmanuu ny-
TH. Bynem cuurath, 4TOo NyTh Aedop-
MUpPYeTCs, eC/qH OH IOCTeNeHHO Me-
HAITCS-6e3 CKAaYKOB B 3aBHCHMOCTH OT
HEKOTOpOro napamerpa, KOTOpHH AJs
nyta (19) oGosnaueH yepe3 r, a BO-
o6Guie MoxeT ObiThb 0003HaueH U ApY-

roii OykBo#l, HanpuMep s (pHc. 7). Regopmanus
Takum o6pasom, nedopmupyomuics nymu
NyTb 3anuchiBaeTcsl GopmyJon
2@ 8), 0<e<Ke, SHS<s;. Puc. 7

(20)

3nech npu KaxaoM (UKCHDOBAHHOM 3HaueHHH Napamerpa s
MbBl HMeeM ONpeJeseHHbil NyTb, ONHCbIBaeMbld BO BpeMmsd
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H3MEHEHHUS o OT Oig ZO Oy, & IPH H3IMEHEHHH S CaM NyTb Me-
HseTcsi, nepopmupysch. SIcHo, yTo ecau nyth (20) 3aMk-
HYT, T. €. €CJH IpH J1000M 3HaUeHHH § UMeeT MECTO paBeH-
CTBO

z (@, 5)=2(ay, s),

TO B TeueHHe AedopManuu MHAEKC MYTH NOJXKEH MeHAThCH
6e3 CkaukoB. A TakK KaK OH eCTb IeJIoe YHCJO, TO HHIEKC
3TOT OCTaeTc MOCTOSIHHBIM. Ko-

Y HeyHO, 5TO BEPHO TOJBKO B TOM

cjydae, KOrfa JJsi IPOHU3BOJIb-

\. Horo 3HayeHuss S nyTtb (20) He

IOPOXOAMUT Yepe3 Hayajo KOOpIH-

HaT. B mpoTuBHOM ciyuae asist

. & 3TOTO 3HAUeHHA § HHIEKC NYTH

N
8y

He ompegeneH. TakuM o6pa3oM,
MBL MOKEM BHICKa3aTb CJeAylo-
mee yTBepiKAeHHe.
Ecniu 3aMKHYTBIH nyTh He-
opepuIBHO AedopMHpYyeTcs, He
Puc. 8 npoxofsi B mnpoiecce aepopma-
LHH uYepe3 Hayajg0 KOOpPAMHAT, TO HHIEKC €ro He Me-
HAeTCH.
Hanum euie OAMH NMpUMEpP 3aMKHYTOrO NYyTH:

r*(cosna +isinna), 0<<a<<2n. 1)

$IcHO, YTO NYTh 3TOT OMHCHLIBAETCS TOUKOH 2", KOrja Touka
2 ONHCHLIBAET 3aMKHYTHIH MyTh:

) r(cose+4isina), O0<<a<g2m.

BuaHo, urto xorma o MeHsercss or 0 10 2x, apryMeHT TOYKH
2" mensercsd or 0 10 2nm. Takum 00pas3oM, MHIEKC MNYTH
(21) paBeH n (puc. 8, rme cxeMaTHUeCKH MOKasaH Cjayyai
n=23).

KoMnaekcHue GYyHKIHH
KOMNJNEeKCHOR nmepeMeHHOH

Ecan uncioBoe 3HaueHHe KOMIJIEKCHOH mepeMeHHON Be-
JIMYHMHE @ MOXHO HafTH, 3Has YHCJOBOEe 3HAUeHHe JApyro#
KOMIIJIEKCHOH NepeMeHHOH BeJIHYHHH 2, TO NepeMeHHas Be-
JIMYMHA @ Ha3blBaeTcsl (ynkyuell nepeMeHHOH BeJHYMHH 2,
4TO 3aNMHUCHIBaeTCs B popme

w=[(2).
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Ecnn xoMnieKcHas ¢yHKIHs [(z) KOMIUIEKCHOR mepe<
MEHHOH z HMeeT NMPOHM3BOAHYIO, TO OHA Ha3bIBaeTCHd AHAAUS
Tuueckol gynxyuedi. Teopusi aHaMUTHIECKHX (DYHKIHHA SIB«
JsieTcsi Tenepb OXHUM M3 BaXKHeHIINX pasfesioB MarTeMa-«
THKA. 3aech Hac OYAYT HHTEPECOBAThb JIHIIb aHAJHTHUECKHE
GYHKIUH OYeHb YaCTHOrO BHJA, HMEHHO MHOrOWIEHH *),

PaccmoTpum MHOrousneHn

w=f@=2"+az"'+ ... +a,_12+a, (22)

rAe ai, Az, ..., ;— KOMILIEKCHble KO3(pGHLUEHTH, a 1 —
HeOTpPHLATENIbHOE IIeJI0e YHCJ0, KOTOPOe Ha3LIBAGTCS CTe«
newsto MHorousneHa. llenbio Hallero ucciaenoBaHHsA Oymer
JI0Ka3aTeIbCTBO TOr0, YTO MHOTOWIEeH (22) moJIOKHTeJbHOM
CTENeHH HMeeT KOpeHb, T. €. UTO YpaBHEHHE

f(2)= 0,

rae f(z)— mHorouwnen (22) u n > 0, uMeer peweHue. Qs
JOKa3aTeJbCTBA 3TOTO Mbl PACCMOTPHM 3aMKHYTHIA MyThb

f(r(cosa4isina), 0<<a<<2n, (23)

KOTOpHI ONMHCHBaer ToukKa f(z), KOraa TOYKa 2 ONMHCHIBAEeT
3aMKHYTHIH NyTh

r(cosa-isina), 0<<a<<2n.

Cayua#t, Korna CBOGOJHBIH UleH @, MHOrowieHa f(z)
paBen 0, He TpebyeT pacCMOTpeHHS, TaK KaK B 3TOM CJY-
yae MHorowieH f(2) HMeer oueBHAHHHA KopeHb 2 == 0. Ilo«
9TOMy MBI OyAeM CYHTaTh, YTO 4, 7% 0. 3aMKHYTHH nyTh
(23) saBucuT OT mapameTpa r M NPH H3MEHeHHH mapaMmerpa
r nedpopmupyercsi. Ilpu r =0 uncio z pasHo 0, U nyTsH
f(2) cocTouT M3 HEMOABHUKHOH TOYKH @, Takum 06pa3oM,
ero uHgekc npu r =0 paBeH 0. Mb noKaxeM, UTO eCJaH
B3Tb r AOCTaTOYHO GOJIbIUMM, TO HHIeKC myTH (23) paBeH
n. Ho mo mpeano/yioxeHuio n = 0, N03TOMY IpU H3MEHEHUH
yHCsa r OT GOJIBLIOrO 3HauYeHHst K HyJio nyth (23), xedop-
MHDYSICb, POHJET NPH KAaKOM-TO 3HAYeHHH r yepe3 Hayaso
KOOpJHHAT, 2 3TO U 3HAYHT, YTO PH HEKOTOPOM 3HAUEHHH 2
¢yHkuus f(z) obpaTUTCa B HYJb, T. €. KOpeHb Y 3TOr0 MHO<
rousieHa cyumecryer (puc. 9). . \

Has nokasarenbcTBa TOTO, YTO NPH AOCTATOYHO GOJIb=
IIOM r 3aMKHYTHH nyTb (23) HMeeT HHJEKC, PaBHHIA £,

*) 3aMeuanre O NMPOU3BOAHON HMEET IEJBIO JIHIIb YKas3aTh Ha Cy«
IeCTBOBAHHE TEOPHM aHaJHTHYeCKHX ¢(yHKuHA. B nanbHefimreM nponss
BOZHasi QYHKIHH KOMILIEKCHOH NEePEeMEHHOH HCIOJIb30BaTbCA He OyZeT.
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nponedopMupyeM 3TOT NyTh B GoJiee NPOCTOH, HHACKC KOTO-
pOTO JIETKO COCYHTATD.
IIpexJe Bcero Mel pa3o0beM MHOTOUJeH f(z) Ha CymMmy

ABYX MHOI'O4J1IeHOB
fR)=2"4+g(2),

rie g(z) 3apaercsa dopmynoi
gR=az" '+ a2+ ... +a,_2+a,.

Tak kak ko3QduuHEHTH a;, as, ..., G, MHOrOWIeHa g(z)
CYTb BNOJIHE ONpefe/eHHbIE YHC-
Jia, TO OHH Bce He NPEBOCXONAT
[0 MOJYJIIO HEKOTOPYIO KOHCTaH-
1y ¢. U3 uepaBencrBa (7), pac-
NPOCTPAHEHHOr0 Ha MPOH3BOJIb-
HOe YMCJIO C/IaraeMhlx, CJAefyerT,
yTo npH |z| > 1
lgR)IsSnclzr=1]. (24)
PaccMorpuM MHorounen f(z,
s), 3aBHCsILIMA OT mapameTpa s,

0<<s <<, 3agaBaeMHlii cie-
Puc. 9 aywile# ¢opmyoi:

[z s)=2"+sg(2).

y

Mbl uMeeM paBeHCTBO

2"=[ (2, s)—sg(2),
OTKyZa

[2"I<If (2 s) |+ —sg(@I<If (@ 8) |+ nclzits<

<If (2 s)|+4nclzn—t|
(cM. (24)). Orcrona cienyer =

[f @@, s)|=12"|— nclzm!|.

O6o3nauuMm |z| uepes r, TOrjaa mocjefHee HePaBEHCTRO
NPHHUMAeT BUJ

[f(z, s)|=r"—nerv—t= i (r — cn).

Takum o6pasoM, npu r > cn npaBas 4acCTb mNpelbidy-
IIIero HepaBeHCTBA MOJIOXKUTebHA. Clie[l0BaTeNbHO, MOAYJib
¢ynkuun f(2, s) He obpamaercs B HYJb HH NPH KaKOM 3Ha-
UeHHH §, eClId TOJIbLKO r = Cn.

O6paTtum BHUMaHue Tenepb Ha TOT (akT,yto mpu s =0
MHOrouwneH f(z,s) mpeBpamaercs B M3BECTHBIH HaM MHOrO-
4WieH 2", a HHAEKC NMyTH 2", KOrfia z ONHCHIBAeT OKpYH-
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HocTh r{cose -+ isina), HaMu yxe cocuuran (cm. (21)).
On pasen n. Ilpu s =1 mHorounen f(z,s) mpespamaercs
B MHOroujeH f(z), u onpefensieMHid um nytb (23) umeer
HHIEKC, TOXe paBHBI n. MTak, MH J0Ka3ajid, YTO HHAEKC
nytd (23), onpenensieMblfi MHOrO4JIeHOM [(2), mpu r > cn
paBeH n. Takum o6pa3oM, npu MeHsomeMmcss r or 0 1o
cn +e, rae e > 0, nyts (25) nedopmupyeTcsi, npuueM NpH
r = 0 2TOT NMyTb NpeBpaLlaeTCcd B OAHY TOUKY U e€ro HHIEKC
pasen 0, a npu r = cn 4 & ero uHgekc pased n. M3 atoro
BUJHO, UTO B Npolecce H3MeHeHHs r nyTb (23) mpH Heko-
TOPOM 3HaYeHHH r NPOXOAHT Yepe3 Hauaj0 KOOpPAHHAT U,
c/leIoBaTe/IbHO, MHOrousleH f(2) Npu HEKOTOPOM 3HAUEHHH
2, |2| < cn + e, o6pamaercs B HYIb.

Hrak, ocHOBHasl TeopeMa anireGpnl AoKa3aHa (cM. ri. 4,
npumep 12).

§ 10. Aaropurm EBkauna

JdeleHue MHOTOUJEHOB

ﬂpH JeJIEHHH LeJIOr0o IOJIOXKUTEJNbHOr0 4YuCJa g Ha ue-
JIoe TIOJIOXKHUTENbHOE YHCI0 b MBI NpUXO0AWM K DaBeHCTBY

© a=bh+k (25)

rae h u k— uejble HeOTpULaTeNbHble UHCIAa H kB << b. Unc-
70 h Ha3BIBaeTCs 4ACTHbIM, a kR — OCTATKOM TIPU NENEHHH
yycJia g Ha 49HCeao b.

Ora ¢opMyna nosyuaercs B pe3yjbTaTe JeJleHHS OXHOTO
11eJIOr0 YHCJIa Ha APYroe LieJioe YHC/IO W ONucaHa B apud-
MeTHKe C HCIIOJb30BaHHEM 3HaKa | :256|21 . 1ot cno-
co6 u3naraetcs B HadaJbHHIX KJaccaX CpefHeHd IIKOJBL.
TouHO Tak e cO 3HaKOM | MOXKHO JeJNHTb JApPYyr Ha

npyra u Muorounenbl: x5+ 4x* -+ 5x+ 1|x2+ 6x+ 7. B pe-
3y/abTaTe NMOJAYYaeTcsi CleAylolee:
ByneM HCXOAUTb U3 IBYX MHOTOYJIEHOB

a@)=akP+a’"'+ ... +a,

b(2)=0b?+ b2+ ... + b,
Mn Gynem mnpexnosaraTbh 3ieChb, YTO 4uCIa ag H by He
PaBHB HYJO, TAK YTO MHOTOWIEH a(z) MMEET CTeHeHb p, a

MHOrOuWJIeH b(2) HMeeT cTeneHb g. B pesysibrare Henenus
MHOrouseHa a(z) Ha MHOroWwIed b(z) npu NMOMOIUH |

opujeM K CJeAyiolleMy  DaBeHCTBY, aHAaJOrHYHOMY
8t



(25): '
paBeHCTBY aR)=>b)h(2)+ k(2), (26)

I/ie cTeneHb MHOTOYJIeHa k(2) MeHblle . MHorouwtens A (2)
H k(2) Ha3bIBAlOTCS COOTBETCTBEHHO 4ACTHOIM U OCTATKOM
NpH JeJIleHHH MHOrouseHa a(z) Ha MHorouieH b(z2).

Ecniu k(2)=0, 1O rosopsar, uTo MHOrowieH a(z) xe-
JUTC Ha MHorousneH b(z), a h(z) sBAsETCS YacTHHM OT
HX JeJIeHHuSs.

PaBenctBo (25) nokasaHo B apudMeTHKe, a PaBeHCTBO
(26) mosxkHO mOKa3biBaThcsl B anreGpe. Ho meneHue mMHOro-
YJIeHOB He BXOJAHT B HbIHE JeHCTBYIOIIYIO IIKOJbHYIO IPO-
rpammy. Uto6pl foKazaTh paBeHCTBO (26), MBI HOJIKHBHI IIO-
CTPOUTb TaKHe MHoroujeHn h(z) u k(2), KOoTopele yHOB-
JIETBOPSIOT 3TOMY paBeHCTBY. [Ipomecc 3Toro moctTpoeHust
NpeACTaBAseT CO00I0 OYeHb BAXKHBIA aJTOPUTM, OCYLIECTB-
JsieMbl NpH NMOMOLIM 3HAaKa | , “TAK Ha3bIBaeMbH .20+
purm Eexauda. Onuiiem ero B 06IIEM BHIE.

Ecnu p < g, 10 Torna h(z)=0, k(z)=a(z), u paBeH-
cTBO (26) BHIMOJNHEHO.

Tenepp MBl GygeM cTpouTb MHOrouseHsl h(2) u k(2) B
NPeAnoNoKeHuH, YTo p == ¢. ClepBa NMOCTPOHM PaBEHCTBO

a(@)=">b()h R +a ), (27)

B KOTOPOM CTeneHb MHOroujeHa a;(z) Menbwe p. Has
3TOrO NOJIOKHM

hy (2) = 27,

Torpa passocts
a@—b(@hR)=a,)

HMeeT CTelleHb, MeHblle p, TaK KaK B 3TOM MHOrouJjeHe
Koo (HUIMEHT NpH 2° paBeH HY/IO, a OCTaJibHbIE CTENEHH 2,
BXOJsIHe B 3TOT MHOrOuJeH, oueBHAHO, MeHbue p. Takum
o6pa3oM, paBeHCTBO (27) mocrpoeHo.

Ecnn MHOrouseH a;(2) MMeeT CTeneHb MeHblIe ¢, TO pa-
BeHCTBO (27) yxe sBasiercsi paBeHcTBoM (26). B nporuso-
HOMIOKHOM C/lyyae K MHOrOWIeHY a;(z) NpuUMeHHM Ty xe
NpoueaAypy, KoTopass npuMeHeHa K MHOrousneHy a(z) npu
nocTpoeHun paseHcTBa (27). M Torga mbl momyduuMm and

HEr0 PaBeHCTBO
a;(2) =b(2) 2 (2) + a2 (),

NpHYEM CTelleHb MHOrouYJieHa ap(2) yxkKe MeHble, YeM CTe-
neHb MHOrouneHa a;(z). Eciu MHOroujien as(z) yxe uMeer
CTeneHb, MEHbLIYIO YeM ¢, TO, OACTABJAA @) (2) H3 MOCHels
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Hero paBeHCTBA B PaBeHCTBO (27), Mul mosyuuM
a(2)=0b(2) (b () + h2(2)) + a5 (2),

KOTOpOe yxe siBjsieTcss paBeHCTBoM (26). Ecim MHorousnex
a3(z) ToXe uMeeT cTeneHb, 66JbLIYIO YeM g, TO MHl NIPOIOJI-
JKMM Halle ITOCTPOeHHe Jajbllie H B KOHIle KOHLOB JOKa)KeM
HYXHOe paBeHCTBO (26).

3lecb MHl ONMHCaJH MpOLECC AeeHHA MHOrouneHa a(z)
Ha MHorouwleH b(z), T. e. HaxOXKJAeHHe MHOroujieHoB A (z)
H k(2), BXOAALWHMX B paBeHCTBO (26). JloKaxkeM Temepb, YTO
STH MHOTOYJIeHHl A (2) U k(2) OXHO3HAYHO ONpelesNeHbl MHO-
rouwleHaMH a(2) u b(z). JlomycTuM, 4TO Hapsay C paBeH-
cTBOM (26) mMeeT MeCTO PaBeHCTBO

a@)=0b()h(2) + k (2),

NpUYeM CTeNeHb MHOTOYJEHA ko(Z) MeHbiue ¢. Briuuras sro
PaBeHCTBO U3 paBeHCTBA (26), mosnyunm

b(2) (h(2) — ho (2)) = ko (2) — £ (2).

Tax kak creneHb MHOroujlena b(z) paBHa ¢, a CTeneHb MHO-
rouneHa kg¢(z)— k(z) MeHbllie g, TO MoCJeJHee PaBEHCTBO
MOXKeT UMETb MeCTO JIMIb NpH YCaoBHH h(z)— hy(2) =0,
TaK YTo0 U Rk (2)— ko(2) = 0.

3aMeTuM, YTO NpH AejleHUH MHOTOUJNEHOB He MOTYT BO3-
HHKHYTb KOMILJIEKCHbIe yucsia. FiMeHnHo,

ecau mHozouneno. a(2) u b(z) umeror OdedicTeurensroLe
Koagpuyuentol, To mrozounenol h(z) u k(z) Taxoe umeror
OelicTeuTentHole KO3 puyuenToL.

Pa3noxeHHe MHOTOUJeHa Ha MHOXHTENH

Tenepp cymiecTByomHui Mo OCHOBHOH TeopeMe anreGphi
KOopeHb MHOTouJleHa

fo@=2"+apz"'4 ... +a, n>0,

C KOMIUIEKCHBIMH Ko3(dunneHTaMu 00603HAYUM yepe3 o.
JlokaxeM, 4T0 MHOrouseH fo(2) MeqkTCs Ha ABYYJIeH 2 — o).
Ilpumenss ¢opmyay (26), Mbl mosyduM 4YacTHOe, KOTOpoOe
0603HauuM depes fi(2), H HeKOTOPHIH OCTAaTOK B BHIE MHO-
roujieHa HyJeBOfl CTemeHH, T. €. YHCJIO, KOTOpoe Mbl 0060-
8HauuM uepe3 k. TakuM 06pa3oM, MBl HMeeM

fo(@)=Ffi(2) (z — @) + k.

Tak kaxk foo;)=0, To, mosnarast B 3TOM PaBeHCTBe Z == a1,
noayvyaem k= 0.
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Hrak, MHorouneH fo(2) pasfenuics Ha z—ay, H MH

HMeeM
fo(2) =(2—a) [ (2),

rie fi(z) — MHOrousieH cremeHu n— 1, KOTOPHIH, OUEBHIHO,
HauuHaeTcs ¢ wiena z*!. Ecau n > 1, To n— 1 > 0; Torna
MHOrousieH fi(z) OyJeT moJoKHTeIbHOH CTeNeHH H MO JOKa-
3aHHOMY paHee HMeeT HeKOTOpHH KopeHb o Takum obpa-
30M, N0 TONBKO YTO KOKa3aHHOMY MHorouseH f;(z) pasna-
raeTcsi Ha MHOXHTEJIH:

f1@)=(z2—ayf:(2). (28)

ITpomonkas 3TOT mpoluecc Aanbliie, Mbl NOJYYHAM pasfio-
xKeHue fo(2) Ha n NUHEAHBIX MHOXHUTENEH:

/ fo@=(z—0)(z—ay) ... (2—a,).

Yucna o, dg, ..., 0 SBJIAIOTCS KOPHSIMH MHOrOYJEHA
fo(2), m npyrux KopHeHl MHOrouieH [o(z), OUEBHAHO, He
uMeeT. MoxeT, 0fHAKO, OKa3aThCsl, UTO OJHH M TOT XK€ KO-
peHb BCTpeyaeTcss B 3TOM pPa3JiOXKEeHHH HECKOJbKO pas.
Fpynnupys paBHble MeXAy COGOH KOPHH, Mbl TOJyYyaem
pasiioxeHue

fo@)=(z—a)1(z—a)*2 ... (2—ay)s,  (29)

Tle BCE KOPDHH oy, 2, ..., Qg pasnauudel. Yuciao k; Ha-
3bIBaeTCs1 KPaTHOCTbIO KOPHA @, YHCIO Ry — KPaTHOCTHIO
KOpHSl otz U T. ., YHCJO kg — KPATHOCTbIO KOPHA o . TaKUM
06pa3oM, YMCJIO Pa3jJHUHBIX KOpHell MHorousneHa fo(z) mo-
KeT OhITb U MeHblue YeM n. ONHAKO ec/id YYHTHIBATb KpaT-
HOCTb KaX{[Oro KOpHSl, TO cCyMMa KpaTHOCTeH B TOYHOCTH
paBHa n. B sToM cMbiciie MHorouneH fo(2) uMeeT pOBHO 7
KOpHeH.

Paccmorpum Temepb cayuail, Korfa Bce K03QQUIHEHTH
MHoOrousneHa fo(z)— meficrBurenbHble uncaa. O KoOpHAX Ta-
KOro MHOroY/JieHa MOXKHO EbICKa3aTh HEKOTOpble BecbMa HH-
TepeCHble JONOJHHTE/NbHbIE COOOpaKeHHs.

U3 dpopmyn (14)—(16) Jerko nmoayunTb, 4TO AJsl MHO-
rousnieHa fo(2) ¢ neficTBUTEJbHBIMH KO3 dULHEeHTaMu HUMeeT

MeCTO PaBeHCTBO )
fo(@)=To(2).

U3 atoro paBeHCTBa C/eAyeT, YTO €CJIH O €CTb KOPEHb MHO-
rouneHa fo(z) ¢ AeHCTBUTEJNBHLIMH KOI(P(QHUHEHTAMH, TO @G
eCTb TaKike ero KopeHr. B ciyuae, eciu oy — AeHcTBHTE/b-
HOe YHCJI0, TO 3TO YTBep:KAeHUe GeccodepiaTenbHo. B cay-
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yae, eCiu oy He eCTb AeHCTBHTENbHOE YHCJIO, TO YTBEpKIe-
HHE YKa3hlBaeT Ha CYILIeCTBOBAHHE HapsiLy ¢ KOPHEM c; OT-
JMYHOTO OT Hero KopHs @,. Takum o6pasoM, eciu a; — He
NefCTBHTENIbHOE YMCJI0, TO MHOrouwrteH fi(z) (cm. (29))
MMeeT NejiUTeNleM z—&;, U MBI TOJy4aeM pasjioXkKeHHe Ha

MHOXHTEJH
fo(@)=(z— o) (z—a) [, (2).

TakuM 006pasoMm, Mbl BBAGJNHJH Y MHOrodjieHa fo(z) KBan-
paTHUHHIA MHOXHTEb

2R =E—a)(z—a)=22— (o + a) 2+ 0,a,.

MHoroumeH go(2) oueBHAHBIM 00pa3oM HMeeT NeHCTBUTE/b-
Hble Koadduuuentn. OTclofa chaenyer, uto [,{z)— Takxe
MHOTrOWIeH ¢ HAefCTBUTENbHBIMU KO3 (UIHEeHTAMH, TaK Kak
OH MoJiyuaeTcs B pe3yJbTaTe AeJieHUs MHorouneHa fo(z) Ha
NeHCTBUTEJIbHBIA KBaJipaTHYHBIH TpPeXuleH gy(2) (cM. (28)).

Takum o6pa3oM, eciiH o) — JEHCTBUTENbHHH KOPeHb, TO
MBI HMeeM pa3JsioXKeHHe

fo(@=g1() [ (),

raie g1(z)=2z—a;, a eciu o) —He AeHCTBHTENbHBIH KO-
peHb, TO MBI HMeeM pa3jIoKeHue

fo(2) = g2 (2) [ (2).

Takum obGpasoM, B 000uX cayyasx fo(z) ReauTcs Ha Ael-
CTBUTE/NbHBIH MHOTOYJIEH NMEepBOH WM BTOPOH CTemeHH.

§ 11. HauGoabmiuit 061K NeAUTENb ABYX MHOrOYJIEHOB

Muorounen b(z) cuumtaercs OeiuTesem MHOTOYJIEHA
a(z), ecnu NpH HAeJeHHH a(z) Ha b(z2) He Iojyyaercs OC-
TaTKa, T. e. B Qopmyne (26) k()= 0.

Muorounen b(z) cuuraercs obujum Oeauresem IBYX
MHOTOUJIEHOB @o(2) H a;(2), ec/iu OH SABJSETCS [eJHTENEM
KaXJO0ro U3 3TUX ABYX MHOIOYJICHOB.

OGuwuit genutenb ¢(2) ABYX MHOTOUNEHOB @o(2) U a;(2)
HasblBaeTCs HX Hauboabuwium obujum JejuTeNeM, ecjlH OH
NeJuTC Ha KaxAwi o6wui meaurenb b(z) MHOrouJieHOB
ao(z) 1 a1(2).

CyuiecTBoBaHHe HauboJblIero oO6lIero HenHTeNss ABYX
MHOTOYJIeHOB He oueBHAHO. Huke oHO OyneT JOKaszaHO NpH
noMoInM ajaroput™Ma Eskiupa, T. e. IPH NOMOIUH TaKHX Ome-
pauuil, KoTOphlie coBepluaioTcsi 6e3 BCAKHX TpyAHOCTeH,
KpoMe IpOMO3AKHX BhiuMcaeHHH. Ho mpexxae Bcero Mhl RO-
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KaXkeM, 4YTO ABa HauGoJblIMX O6WHX Jenutens c¢o(2) #
c1(z) AByX MHOrO4JIeHOB ao(z) U @;(2) MO CyllecTBY COBNa-
AawoT. FIMeHHO, OHH MOTYT OTJIHYATbLCA APYT OT APYra TOJb-
KO YHCJOBBIM MHOXHTEJIEeM, OTIHYHBIM OT HyJas. JfokaxkeM
3To.

Tak kak co(2) sBAsieTcss HaHGOJNBIIMM OOLIHM JEeJIHTe<
JleM MHOrOYJIeHOB ao(2) # a:’z), a c¢;(2)— ux obmuM He«
JIUTeNEM, TO Co(2) Heautcs Ha ¢;(2), H, Cel0BATENbHO, MH
UMEeeM TOXKIECTBO

co(@)=hi(2) ¢, (2). (30)
AnanoruuHo, Mbl uMeeM GOpMyJTy
¢ () =ho (2) ¢ (2). (31)

IMoncraBnsas BhpaxeHue ¢;(2), u3 dopmyasr (31) B dop+
myay (30), Mbl mosiyuaem

Co (2) = ho (2) hy (2) ¢ (2).

A Tak Kak IpH NepeMHOXKEHHH MHOTOUYJIEHOB CTeNeHH HX
CK/IIafHBAIOTCSA, TO M3 MociefHell (opmyabl cielyeT, 4TO
MHOrouJieHbl ho{z) u h;(2) HMEIOT CTeleHb HYJb, T. €. fiB=
JISIOTCS YHCTIaMHU. N

TakuM 006pa3oM, eAHHCTBEHHOCTb HauGOJIbILIEr0 OGILIEr0
Je/UTeNIsT MHOIOUJIGHOB ao(2) H a;(2) HaMu HAOKa3aHa.

IlepeiineM Temepb K NMOCTPOEHHIO HaHGOJbLIEro 0OIIEr0
AenHTeNs ¢(2) MHOrO4JIeHOB aq(2) H a;(z). ILast aToro npo+
u3BeJeM JeJleHHe MHOrousleHa ao(2) Ha MHOrouwneH a;(z).
3anuweMm Qopmyay (26) pst 5THX MHOTOUJIEHOB B BHJIE

a(2) =a,(2) b, (2) + a2 (2), (32)

T. . 0003HAYUM OCTATOK OT 3TOTO JAeJjieHus Yepe3 az(z). Te-
nepb NOJABEPrHEM MHOrOWIEH @j(2) AeNIeHHIO HAa MHOTOUYJIeH
az(z) u dopmyny (26) 3anuiieMm B BHIe

a1 (2) =02 (2) h2 (2) + a5 (2), (33)

T. €. 0603HAYUM OCTATOK OT JesieHHs 4epe3 as(z). Teneps
MoJBeprHeM NeJIeHHI0 MHOTOWIEH ap(2) Ha MHOrouieH as(z)
u 3anuiieM dopmyny (26) B Buae N

ay(2) =03 (2) 3 (2) + a4 (2)-

Tak xax B mpouecce 3TOro MOCTPOEHHs CTeNeHb OCTaTOY=
HOrO MHOrou/eHa Bce BpeMsl CHHXKaeTcs, TO Mbl JOHAeM 10
TaKOro OCTaTKa, KOTOPbIH GyneT HMeTb CTeNeHb HYJb, a NPH
JeJIeHHH HAa MHOTOWIEH CTeleHH HyJb OCTaTOK, OYEBHAHO,
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paBeH HyJ0. TakuM o6pasoM, B KOHIIe KOHIOB MH NOJYYHM

TOXJAeCTBa
ay_s(2)= an_y (2 hn—l (2)+ ap, (z): (34)
Qn_y ()= a, (2) by (). (35)

Ecau Tenepp b(z) ecTb o6uiuil AeiMTelb MHOTOUYJEHOB
ao(2) # a;(2), ™ u3 popmynn (32) caeayer, yTo OH AB-
JsieTcsl AequTeNeM ap(2). M3 dopmyan (33) caeayer, uto
MHOroWjeH b(z) sABIseTcs HAeNHTeNeM MHOroujeHa as(z).
Takum 06pa3oM, MOCaeNOBATENbHO MBI JOKaxKeM, YTO MHO-
rowieH b(z) sBjseTcs AeJHTel]eM BCeX MOCTPOSHHBIX HaMH

MHOTI'O4JIEHOB
a4 (2), a;(2), +.., a,(2), (35)

B YaCTHOCTH MHOrouJeHa a,(z). A u3 ¢dopmynn (35) cie-
JyeT, YTO MHOTOU/IeH @n(2) sBJseTcs NeNUTeNeM an-(2),
u3 Qopmyasl (34) crienyer, uTo OH fABJseTcs MAeJHTEIeM
@n—2(2). B KOHIle KOHIIOB Mbl YCTaHOBHM, YTO @, (2) sABJsAET-
Cs1 AeNIUTeNIeM MHOTOUJIEHOB ao(2) u a;(2). Takum o6pasom,
I0Ka3aHO, YTO @,(2) HeJuTCs Ha JI06OH JeHuTeNb MHOrOo-
4IEHOB ao(2) ¥ a;(2) u caM sBasieTcss uX Aenutenem. Cie-
J0BaTe/IbHO, MHOTOWIEH a,(2) sBAseTc HAUGOJBIIHM 006-
IIHM JeJIHTelleM MHOTOUJIEHOB ao(2) u a;(2).

JlokaxeM Tenepb CJeLYIOIHH BaxXHbIH pe3yJabrar,
HMeIOLIHH MHOTOYHC/IeHHbIe IPHMEHEHUs B anre6pe.

A) OGuwuii HauGosbwnfi nenutedbp c¢(z) ABYX MHOro-
WIEHOB ag(2) H a;(z) MoxeT OBITb 3amucad (opMmyJoi

¢ (2)=po(2)a,(2) + p; (2) a; (2), (37)

rae po(2), pi(2)— HeKOTOpBIE MHOTOUYJIEHHI.

Hokaxem 3To0 yTBepxkaeHue. IloAcTaBiisii BHIpaXeHHe
MHOroujleHa aj(2) u3 dopmyas (32) B dopmyny (33), MH
nmosyuum GopMmyny

a3 (2) = py (2) a0 (2) + 90 (2) a; (2).

Ilpomon:kasi 3TOT mpouecc Aajblile, Mb Moaydum dopmyay
(37). Takum o6Gpasom, dopmyna (37) nokasaHa.

YcTpaHeHHe KDaTHHB X KOpHell

HaxoxaeHne KopHeHl MHOrowieHa siBisieTCs ONHOR H3
HanGoJiee CTaphiX W TPYNHHIX 3amau anre6pel. Ilepsona-
YaJIbHO €e NBITAJHCh PeIUHTb NPH noMouH GopMyJH B BHAE
ajnre6panyecKuX BbIpaKeHMH, BKJ/IOYAIOIWIHX I3BJEYEeHHE
KOpHeH. DTo oueHb yRayHO CHENaHO AJs KBaJApaTHOro ypas-
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HeHus. Jlns KyGHUeCKOro ypaBHeHHs TaKxke uMeercs ¢op-
MyJa, HO yKe Majio 3HauyuTe/JbHasi B CMBICJe MNPHJIOXEHHH,
IJIsl ypaBHeHHH YeTBepTOH CTemeHHM TakKke ecTb dopmyna,
HO JIHLUIEHHas BCSKOrO MPAKTHYECKOrO 3HAUEHHS. [To3xe
6LUI0 NOKAa3aHO, UTO JJIs ypaBHEHHH Bblllle YeTBEPTOH cTe-
neHu oOuiell GopMmyJsbl pelleHHs ypaBHeHHH B pajukadax
He cyuwectByeT. [TosHass Teopus O BO3MOXKHOCTAX HaXOX-
JleHHs] KOpHefl MHOrodJieHa NpH MOMOIUM pPajHKanoB GblIa
nocrpoeHa I'anya. Ha nyTu pellleHus npo6GjeMbl OTHICKAHHS
KOpHeH MHOrou/seHa JIeXHT Cliefyoouias ropasno GoJee npo-
cras 3ajava: AJis MHOro4eHa f(z), HMEIOlero Kak npo-
CThle TaK U KpaTHble KOPHH, HAaiTH Tako# MHOrouieH g(z),
KOTOPHI MMeeT Te }Ke caMble KOPHH, 4TO H f(2), HO TOJIbLKO
npocthie. DTa 3aaya pellaeTcss NpH NOMOIH aJrOpHTMa
EBkanja, T. e. Ipu NOMOILUM JesNeHUs MHorodsneHoB. Ee pe-
IIeHHe MBI PaCCMOTPHM 3/€Ch.

Ilycrb a(z) u b(z)— nBa MHOrouneHa, a p(z)— ux npo-

H3BeJeHHe

p(R)=a(2)b(2).
O6o3nauum uepes

Oy, Qg vy O
COBOKYNMHOCTb BC€X YHCEJ, KaXJ0e M3 KOTOPbIX SBJAETCS
KopHeM XOoTsi Obl OXHOrO K3 MHOrO4YNeHoB a(z) u b(z).
Torma aTd MHOroujieHol MOryT OBITh 3aluCaHbl B CJeAYyIO-
meM Buge (cM. (30)):

k k ’ k
a(z)=(z_al)l(z_az)z"'(z_aq) 9, (38)
b2)=(z—a)1(z—a)2... (z—a,) (39)

B o0oux sTHX pa3J/jioKeHHUsAX HEKOTOpble NOoKa3aTequ CTemne-
Hell MOryT paBHATbCS HYJIO H MBI GyJeM CUUTaTb, YTO KpaT-

HOCTb COOTBETCTBYWOIIUX KopHeH siBasieTcsi HysaeMm. Oue-
BHHO, Mbl HMeeM

PR =@ —a)ith @z —a)rth ... (2 —a,)eth.

Takum 0o6paszoM, MpH MEPEMHOXKEHHH MHOTOYJEHOB KparT-
HOCTH KOpHeH Yy HHX CKJIaJbIBaloTCA.

Hcxomst U3 pasjioKeHHS MHOrousneHoB a(z), b(z) Ha
mMHOXUTeNH (cM. (38) u (39)), Jerko HaiTH UX HaHOOJb-
wmfi obuuil menurtesnp c(z). Has aToro 0603HauMM uepes
m, HaHMeHbllee W3 uHcen Ry H [, Yyepes my HaHMeHbluee
H3 uucen ky U [y U T. 4., Yepe3 m, HaHMeHbLUEE W3 YHCeJ
ky u ;. Torpa HauGoabuuit OOWKA JeJAHTENb MHOTOYJIEHOB
-a(z) u b(2) 3amaercs GpopMynoH

c@)=(z—a)™ (g — )" ..

. (2 - aq)ch
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3r1oT npocTodl crnoco6 HaXoxAeHHs HauO6OJblIero o6uiero
JeJHTeJsl ABYX MHOrOYJeHoB TpebyeT, OLHAKO, HAX0XKIeHUS
BCeX KOpHeH OGOHMX MHOrOYJIEHOB, ¥ MO3TOMY OH MNpPaKTH-
YeCKH MaJjio NPUrojeH, TaK KaK CBOAUT NMPOCTYIO 3afauy K
OuYeHb TPYAHOH.- MexAy TeM HaxoxIeHHe HauboJbliero o6-
IIero MAeJHTeIsl ABYX MHOTOUYJIEHOB, KaK OblIO I0Ka3aHo
paHee, NpeicTaBJsieT COGOH OYeHb MpPOCTYIO 3ajady, pe-
IapIylocs NpH NoMouly aaropurmMa EBKaupaa, T. e. NpH
NOMOIIY JieIeHHs] MHOTOUJIEHOB.

BruisicHHM Tellepb, KakK CBSI3aHBl MeXAY cCOG0OH KpaTHOCTH
KOpHeil MHOTOUNIeHOB a,(2) u a, (2) =a;(2), T. e. KpaTHOCTH
KOpHeii MHOrouJieHa ao(2) u ero npousBonHoi a; (2).

Oka3sniBaeTcsi, 4TO €C/lH KOpPeHb o MHOroujeHa a,(2)
HMeeT KPaTHOCTb k, TO TOT e KOpPeHb HJs MHOrouJseHa
a,(z) =a; (2) umeer xpatHocTh k— 1. Ho, KoHeuHO, Kpome
KOpHeH, SIBJSIOIIUXCA KOPHAMH MHOrO4JeHa ao(2), MHOro-
WieH a@;(2) MOMeT HMeTb H JAPyrHe KOpHH.

JlokaxeM, UTO eCIH o — KOpeHb MHOrouJieHa aq(2z) Kpar-
HOCTH kR, TO TOT e KOpeHb SIBJIsieTC KOpHeM MHOrouseHa
a, () =a;(2) xpatHOCTH K — 1.

U3 pasnoxenns (30) MHOrousneHa ao(2) Ha MHOXKHTENIH
cnefyeT, YTO ecJqH o — KOpeHb MHOroujieHa ao(2) Kpar-

HOCTH &, TO
a(2)=(z—a)*b(2),

npuueM b(z) yxe He AeNUTCS HA Z2— o H, CJELOBATENBHO,
He HMeeT o, CBOMM KopHeM. [luddepennupys nociaenuee co-
OTHOILIEHHE, NoJTyuaeM

m (@) =ar(&)=k(z—0)""'b() + (2 — )" 5" (2), (40)
= 'b@=5a@ +5E—a't (). @)

U3 popmynn (40) BugHO, UTO @)(2) Aeautcs Ha (2 — a)*~,
a u3 cdopmyan (41) caenyer, uto a;(z) He nennTcs Ha
(z—a)®. B camom pene, eciu Obl a;(2) zenmsics Ha
(z—a)*, T0 b(2) menuncs 6b Ha z— . TakuM 06Gpa3som,
KpaTHOCTb KOPHS o AJs MHorouneHa a;(z) ectb k— 1.
B yacrtHOCTH, €clH o — NPOCTOH KOpeHb MHOrouseHa ao(z),
TO o He GyJleT KOpHeM MHOroujeHa ag(2).

Takum o6pasom, ecnu ao(z) umeer pasnoxenue (30),
TO HaHOOJBIIMM OOLIMM JeJHTeJeM MHOTOWIEHOB d¢(2) H
a;(z) saBusieTcss MHOTOUIEH
kq—l

c(@R)=(z— a,)k'_’ (z— ozg)k"l e (2—ay)
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.~ Orciona BHIHO, YTO MHOTOWIEH Q¢(Z) AENHTCS HA MHO-
rouseH ¢(2), 1 YaCTHOe HMeeT BHJ

aco((:)) =@k—a)(z—a) ... (—a,).

Takum o6pasom, chopmysupoBaHHAsi B Hayaje napa-
rpada 3afaya o HaXOX/JeHHH MHOrouseHa g(z), UMeIoLIero
Te Xe caMble KODHH, 4TO H MHOroujeH f(z), HO TOJBKO
KpaTHOCTH 1, pemeHa. VIMeHHO, AJ1si HaxoXJeHHS MHOrO-
ujeHa g(z) cjaelyeT CHayaJa NPH IOMOLIH aJIrOPHTMa
EBknuga HaliT o6mufl HauGONbUIMH AeMHTeJNb MHOroute-
HOB f(2) ® ['(2) m 3aTem pa3jequTb MHorouwles f(z) Ha
3TOT HauboabuIni OOLHH JieJUTeNb.

ITogpcuer uncaa pHKefACTBUTEeJbHHX KOpPHefl
MHOTOYJeHa Ha 3aJJlaHHOM OTpe3Ke

HaxoxaeHne KOMIUIEKCHBIX KOPHeH MHOrOuYJieHa sBJIsieT-
cq 3apaveli 6oJsiee COXKHOH, YyeM HaXx0X[eHHe ero AeHCTBH-
TeNbHLIX KOpHefl, TaK KakK B CJydae KOMILIEKCHOTO KOPHS
HaM NpuxoAuTcs (PakTHUECKH pellaTh YpaBHeHHe C ABYMS
HeH3BECTHBIMH, KOTOPHIMU SIBJSIOTCS AeHCTBHUTEeNbHAS YacTb
KOpHS H ero Ko3pPUIHeHT NpY MHUMOH YaCTH.

ITockosbKy HaMH HaH Cnocob, MO3BOJSIONIHA CBECTH BhI-
yucaeHHe KOpHeil MHOrowieHa K BBIYUCIEHHIO KOpHeH MHO-
roujsieHa, HMeIOIIEro TOJbKO NPOCTbie KOPHH, TO MBI 3afiMeM-
cs 3leCb HMEHHO 3THM CJy4aeM MHOrodjeHa C IPOCTHIMH
KOpPHsSIMH. 31echb OymeT naH pe3y/abTaT, NO3BOJSIOLIHH B
3HAYHMTEJIbHOA CTeleHdu 06JIeryuThb npﬂémmcemfoe BBIUHCJIE-
HHe AefCTBUTENbHBIX KOpHeli MHOrouJeHa.

Bynem paccMaTpHBaTh MHOrOWIeH bo(x) meAcTBUTEJbHOM
mepeMeHHOH X, UMeIoLUUH TOJMBKO NPOCThie KOPHH, H AAfHM
cnoco6 onpefeNeHHsl YHCAa STHX KOPHed Ha 3aJaHHOM OT-
pe3ke §p << ¥ << E;. Tak Kak Bce KODHH MHOrouJieHa - bg(x)
IpocThie, TO MHOrouaeH b,(x) u b, (x)=bj(x) He uMeOT
Oo6IIUX KOPHeH W HU JJISI KaKoro 3Haqemm Xx He MOTYT OA-
HOBpeMeHHO 06pamiaThcsi B HYJIb.

Hns peuwerus 5To# 3afaud pacCMOTPHM IIOC/e0BaTeNb-
HOCTb HeHCTBHTENbHHEX YHCEJ

bos byy eeey by .(42)
Bynem cuutaTh, YTO HH OAHO H3 ITHX YHCeJ He obpamiaercs
B HyJab. [TouTH uTO camo cOGOH MOHSITHO, YTO 3HAYUT YUCJIO

MepeMeH 3HaKa B 3TOH nocjegoBaTenbHocTH (42). Ompene-
JuM ero ¢opmanbHo, Mel 6yneM CUMTaTb, YTO MEXAY by H
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b, mMeeTCst NepeMeHa 3HAKa, €CHH OJHO H3 3THX THUCEN] o<
JIOJKMTEJbHO, a Apyroe oTpuuateapbHo. O603HauYuM uepes py
B 3TOM caydae uncao 1. Ecnu xe uucaa by u by o6a nosno-«
JKHTeNbHH, JHEGO 06a OTpHILaTe/IbHBI, TO OyHEeM CUHTAThy
4TO nepeMeHHl 3HaKa MeXJy HAMH HeT. B aToM cayuae 060~
3HAYHM Yepe3 p; UHCJIO, paBHOe HYyJI0. TOYHO TaK Ke onpes,
JeUM YHCJO p2, KOTOpPOE OLIEHHBAeT nepeMeHY 3HaKa Mes
XK1Y by u be. Takum 06pa3oM, MBI NOJYYUM IOC/EL0BATE/] b+
HOCTb HyJIell W elNHULL

Pis P2s «vvs Pus

CyMMa Bcex uuceJa H3 3TOH NOC/AELOBATEJNbHOCTH €CTh YHCe
JIO TiepeMeH 3HaKa B IOC/Jef0BaTEIEHOCTH (42).

Ucxoaa u3 mMHorousenon by(x) u bl(x)=b6 (x), nyrem
[OC/IeI0BATEIBHOIO AeJIeHHs] MOCTPOHM IOC/I€LOBAaTENbHOCTD
MHOTOYJ/IEHOB.

Paspmenum MHorounen bo(x) Ha MHorounseH b;(x) u 3a-
nuweM dopmyny (26) B Buge

b (x) = Ay (x) by (x) — by (x).

PaszmenuM Temepb MHOTrOUYJIeH by (x) Ha MHorouneH bg(x)
u 3anuiueM opmyry (26) B BuAe

by (x) = hy (x) by (x) — b3 (x).
Ha k-m 1ware storo npouecca Mbl NMOJYYHM TOXAECTBO
be—y (%) =hy (%) by (%) — bpyy (%). (43)

I'Ipon,omxaﬂ 3TOT Nnpouecc A0 KOHHA, Mbl NIpHAEM K MOCJE~
A0BaTeJbHOCTH MHOIOUYJIEHOB

by (X), by (X)y «eey by (%) (44)

[Ipouecc mocTpoeHus 3TOf NOCHENOBATENbHOCTH INOYTH B
TOYHOCTH COBIAaJaeT C IPOLECCOM HAXOXKAEeHHS HauGOoJb-
mero o6uiero AeJUTeNAs ABYX MHOTOY/IEHOB, TOJbKO MHOIO~
ujieHbl psina (44) MOTYT OTJIMYaTbCA OT MHOrOYJIEHOB psifa
(36) 3makamu. Tak xax MHOrouseHsl bo(x) 4 b,(x) B3auM-
HO TIPOCTHI, TO NOCJeIHUHA UJeH NOcC/JeA0BaTeJbHOCTH, —
UMeHHO, b, (x)—ecTb uucmo.

3aMeTHM npexjae BCEro, YT0 HH NPH KaKOM 3HauYeHHH
X==Xo IBa pPANOM CTOSILIMX MHOroYJeHa IOCJef0BaTe/b«
HOCTH (44) He moryT obpamatbcs B Hyab. B camom pnene,
ecn by (x0) = bp41 (%) =0, To U3 cooTHOmeHHs (43) cme~
AyeT, u4To bg_;(xo)= 0. IIpojoskas 3TOT NIpoUecc, Mbl NPH-<
JieM K BBIBOALY, YTO MHOrouwleHnl bo(x), u b;(x) obpaumanTcs
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B HYJb NMPH X ==Xy, @ 3TO HEBO3MOXKHO, TaK KaK OHH He
HMeoT o0IUX KOpHeH.

IlycTh Temepb x BO3pacTaeT, HAYMHAsl OT 3HaUeHHs Eo H
KOHuas E;. $IcHO, 4TO NMpPH TAaKOM pOCTE X YHCJO NepeMeH
3HaKa MoC/ie/0BaTeIbHOCTH Yucen (44) MOXeT H3MEHHUTbCS.
A 3TO MOXKeT NPOU30HTH TOJBKO NPH NPOXOXKJACHHH X Ue-
pe3 Taxoe 3HaueHHe Xy, IPH KOTOPOM OAMH H3 UJEHOB IO-
cJeJoBaTeNbHOCTH (44) MeHseT 3HaK, T. e. IPOXOAHUT uepe3
HyJab. JomycTuM, 4TO NpH X ==X, Mbl HMeeM b(xo)=0 H
npu pocre x BOJH3M TOYKH xo 3HAK QYHKUHH bp(x) Me-
Hserca. Ilonaras B cooTHouwieHuu (43) x = Xy, MOJYYUM
PaBeHCTBO

b1 (%) = —bgy (x0).

Taxum ob6pasom, uncna bg—i(xg) 4 br1(xe) HMeOT HpOTH-
BOINOJIOXKHbIe 3HaKH. Eciin npH X, GTH3KOM K Xp, YHCJIO by (x)
HMeeT 3HAaK, cOBHAjaoOWuil cO 3HAKOM by (X), TO 3HAKM
yucen br(x) u bpy1(x) pasauunsl. Taxum o6pasom, Mexny
bi—i(x) u br(x) DepeMeHb 3HAKa HeT, a MeXAY b.(x)
br+1(x) mepemeHa 3HaKa ecTb. EciM nNpH NpPOXOXKIEHHH
TOUKH X Uepe3 Xy 3HAK UHCHA br(x) MeHseTCs, TO AJsl ITOro
x MexAay br_i(x) u br(x) nepeMeHa 3HaKa eCTb, a MeXAy
br(x) ¥ bpt1(x) nepeMeHnl 3HakKa Her. Takum o6pasom,
yCTaHaBJIMBAETCSA, YTO NPH NMPOXOKAEHHH TOUKH X depes3 Xo,
npu koropoMm by(x,) oOpamaercs B HYJdb, YHCJIO NepeMeH
3HAKOB B TPEXUJIEHHOH MOC/IeZ0BATEIbHOCTH

be—1 (%), bp(x)s bryr(x)
He MeHsieTcs (cM. Ta6a. 1). Homep & obsnapaer jumb TeM
CBOMCTBOM, YTO Y HEro eCcTb Npeabiaymiuii Homep £—1 u

Ta6baunma l

bp—1 (%) by, (%) be410)
Tpu x < xo + 3 —
Ipu x > x, + - -

nocnenywowmnii k -+ 1. Takum o6pa3oM, YHCIO NMepeMeH 3Ha-
Ka B TIOCJeNOBaTeNbHOCTH (44) MOXKeT H3MEHHTbCS JIHIUb
TOrla, KOTAA NpPH INPOXOXKAEHHH X uYepe3 x, MeHseT CBOH
3HaK su6o MepBbifl uieH mocsaefoBaTesqbHOCTH (44), smu6o
caMblif mocieaHu# ee uyneH. Ho mocjefHHH YjeH He MOXeT
MeHSITb 3HaKa, TaK KaK 3TO €CTb YHCJO.

ITocMoTpum Tenmepb, Kak MeHseTCsl YHMCJIO NepeMeH 3Ha-
Ka B NOCJefOBaTenbHOCTH (44), KOria B TOYKe X, MepBLIH
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yneH nocienoBaTenbHOocTH (44) obGpamaercss B Hyab. Eciu
npu x, 6IU3KOM K Xo, HO MeHbIUEM xg, bo(x) >0, To npHu
NPOXOXKJAEHHU X uYepe3 TOUKY X, QYHKUHSA bo{x) H3MEHHT
3HakK. Ho npu x = xp uncio b;(xg) OyAeT OTpHLATEbHBIM,
TaK Kak npu 3ToM OGYyHKuua by(x) yObiBaeT, H CJefoBa-
TeJIbHO, Npou3BQHAas ee b;(x) oTpuuaTenpHa. Takum obpa-
30M, NpH x, OIU3KOM K Yy, HO MeHblIEM Xo, MeXAY bo(x) H
bi(x) uMeeTcs nepeMeHa 3HaKa, a Npu x, GoJbLIeM Xo, HO
6JIH3KOM K Xo, MEXAY b (x) M b;(x) mepeMeHH 3HaKa HeT.
ITosTOMy OpU NPOXOXKAEHUH TOUKH X Yepe3 Xg, NpPH KOTO-
poM dyHKnusi bo(x) obpauiaercs B Hynb H yObiBaer, me-
pemeHa 3HaKa MexXny bo(x) u bi(x) ucuesaer. TouHo Tak
JKe yCTaHaBJIMBaeTCs, YTO eCJH NPH Nepexoje depe3 TOUKY
xo GyHkuus bo(x) BOo3pacraer, To NMepeMeHa 3HAKa MeXIY
bo(x) u b,(x) ncueszaer. Mrak, yCTaHOBJIEHO, YTO NepeMeHa
3HaKa B MNOC/JeH0BaTeNbHOCTH (44) npH H3MEHEHHH X MO-
JKeT NPOU30HTH JIHMIIL TOTAA, KOria X NPOXOAHUT uUepe3 KO-
peHb MHOroYJeHa bg(x). IpH 3TOM KaXXAbIH pa3 ojHa mepe-
MeHa 3Haka ucyesaeT. CjieloBaTeJbHO, KOrla X BO3pacTaeT
oT Ep 1O Ej, B TOC/IE0BATENbHOCTH (44) TPOUCXONHUT MOTePs
OHOH nepeMeHH 3HAKa MPH NPOXOXK/JEHHH X Yepe3 KOpeHb
MHoOrouwnena bo(x). [loaToMy AJAs HaxoXIeHus 4HcJIa KOp-
Hell MHOroujieHa bo(x) MeXIy Eo u £, HalNO CPaBHUTh YHC-
JIOBBIE 110C/Ie10BATe/NBHOCTH

by o)y by (Bo)y «+s by (Bo), (45)
by )y by By vy by (E). (46)

Yucsio mepeMen 3Haka B nocjenoBaTenqbHocTH (45) Moxer
6LITb JUIIbL GOJIbIE, YeM YHCJIO MepeMeH 3HaKa B TOCHAE/0-
BaTteJibHOCTH (46).

PasHocTb MeXay YHCJAOM NepeMeH 3HaKa B IIOC/EAOBa-
TeJbHOCTH (45) u uyMcjaOM mnepeMeH 3HaKa B IOCJeROBa-
TesibHOCTH (46) ecTb uHci0 KOpHel mMuorouseHa bo(x), Ha-
XOAAIUXCH B MPOMEXYTKe §y << x << §1.



IF'nasa 3

NPUBEJEHHE MATPHUIL
K KAHOHHYECKOMY BHAY

Tenmepb, Koraa nOCTPOESHH KOMILJIEKCHBIE UYHCJIA, MOMKHO
paccMaTpHBaTb KOMILIEKCHbie BeKTODH, T. €. BEKTOpPHI, KO-
OpIZMHAThl KOTOPBIX SIBJISIOTCA KOMIUIEKCHBIMH YHCJTIaMH, H
KOMIJIEKCHBIe BEKTODHBIe IPOCTPAHCTBA, COCTOSIIME H3
KOMIIJIEKCHBIX BeKTOpOB. JIMHeifiHble oTOOpaxeHHs KOMI-
JIGKCHBIX BEKTOPHBIX IIPOCTPAHCTB APYr B Jpyra NpHBEAYT
HaC K MaTpHLaM, 3JeMeHThl KOTOPHIX SBJISIOTCS KOMILJIEKc-
HBIMH 4uciaMH. Bce pesynbraTel NepBOd rJaBH, BepHble
sl NeHCTBHUTEJNbHOro caydasi, BepHBl H A KOMIVIEKCHOTO
caydast.

Ecan, omHako, paccMarpuBaTh 3ajxauy, cHopMyJaHpO-
BAHHYIO [/ JeHCTBHTEJbHOrO CJyuasi, a KOMIJIEKCHBE YHC-
Jla NOABJSIOTCS B Helf B pe3ysbTaTe KaKHX-HHOYAb BHIYHC-
JIeHUHl, TO NPUXOAUTCS HesnaTb pasNuuHe MexXAy KOMILIEeKC-
HbIMH H JeHCTBHTeNbHBIMH BeJHYHHaMH. Ilis Toro 4ToOH
BLIICTIHTb BCe JeHCTBUTE/bHbIE BEKTOPH B HEKOTOPDOM KOM-
IJIEKCHOM BEKTOPHOM NpPOCTpPaHCTBe, HaJ0 3ajaTbh B HeM
HEKOTOPHIA AeHCTBHTENbHBIH 6a3uc

el’ e2, oo oy e,,,

H TOrAa [NeHCTBUTEJbHBII BEKTOp X B PacCMaTPHBaeMOM

‘TIPOCTPAHCTBE 3alULIETCH B BHAE -

x=x", oa=1, ..., n,

TIe X1, X2, «.., Xn— JEeHCTBUTENbHBIE YHCTA.
Ecan B tToM xe Gasuce BoIOpaH KOMIJIEKCHHIH BeKTOP

x=x%,, a=1, .., n




rae x', x%, ..., X®— KOMHJEKCHHe YHCJa, TO MOXHO oOmpe-
JeJIUTb BEKTOP X, KOMIJIEKCHO CONPSIKEHHHIl X, MOJIOXKHB

- “x=1x"e,. . (1
B naapnefiiueMm, eciu, HCXOAS M3 HEKOTOPOro JeHCTBH=
TeJIbHOTO BEKTOPHOTO NMpoCTpaHCTBa A" ¢ Ga3ucom

€1y €9y ...y €y,

Mbl GyieM pacCMaTPHBaThb BEKTOPHl C KOMILUIEKCHHIMH KOOpP<
JAHHATaMH, TO NPHAEM K KOMIJIEKCHOMY BEKTODHOMY MpO-=
cTpaHcTBYy A", KOTOPOE €CTeCTBEHHO CUHTATh KOMIIEKCHBIM
paclinpeHHeM AefCTBUTENLHOTO MpocipaHcTBa A% B komm«
JIeKCHOM paciiupeHuu A" AefiCTBHTENbHOrO BEKTOPHOrO MpoO-=
cTpaHcTBa A" onpeneseHO MOHSTHE KOMIJIEKCHO CONpPSiKeH-
Horo Bekropa (cM. (1)). Ecam B meficTBUTENBHOM BEKTOP-
HOM IHpocTpaHcTBe A" 3ajaHa cHMMeTpHYHas OuJinHelHas
¢dopma f(x,y), TO OHa 3aNmuUCHIBAeTCS B BUIE

f(x’ y)=aagxayﬁ; a, ﬁ=ly ceey N,

rie ¥ U y— AeHCTBHTENbHblE BEKTOPH, a KO3 (HIHEHTH
a;j = aj;— TaKxe JAeficTBUTeNbHbIe 4ucna. [lepexoxs K
KOMIVIEKCHOMY pacudpeHuio A" [eACTBUTENBHOTO BEKTOP+
HOro mpocTpaHcTea A", Mbl MOXKeM 3aJaTh KOMIUIEKCHYIO
CUMMeTpPHUHYIO popMy

[ (%, y) = agx"yP, @)

rIe BeKTOPH X H y YXKe IpHHaAAJeXaT NPOCTPaHCTBY A",
ITopcraBHM Tenepb BMeCTO BeKTOpa y B GHinHelHyw0 (op-

My (2) BekToOp x, T. e. mosioxKuM y = x. OKa3niBaeTcsd TOraa,

uro f(x,x) ecTb HeficTBHTenbHOe YHCIO0. B camom geine, MH

HMeeM

f (%, ;) = aaﬁxax'ﬁ:

fx, x)= aaﬂi"xﬂ = aaﬂx"x“.

Taxkum 06pa3om, Mbl OJyUaeM
f(x’ ’_c) =f(x» ;):

a 3TO W 3HAUMT, 4TO YHCIO f(x,x) AeficTBUTeNbHOE. B ua-
CTHOM cJiyuae, Korga A" ecTb [OEHCTBHTEeJbHOE €BKJHIOBO
BEKTOpHOE NPOCTPAaHCTBO, Mbl NPUXOJHM K BHIBOAY, YTO CKa-
JIsipHOe NpOH3BefeHHe (X, ¥) BEKTOpPa Ha CONpsKEHHHIH eMy
BEKTOp eCTb JeHCTBHTENbHOE UHCIIO:

® ) =(*, %)



§ 12. Cea3b MexJy JAUHEAHBIMH OTOGpPAKEHUSI MH
H MaTpHUAMH

B srom naparpade mb OynemM paccMaTpuBaTb JHHeEH-
Hoe OTOOpaKeHHe ¢ BEKTOPHOro mpocTpaHcTBa A" B cebs.
IIpu BeiGpanHOM 6a3uce TakoMy OTOOpayKeHHIO @ COOTBET-
CTBYeT BIIOJIHE ONpeje/ieHHass KBaJgpaTHas MaTpHLA

A=] a; |. Onnaxo npu cMeHe 6asica MaTpUia 9Ta ompee-
JeHHbIM 0o6paszoM MeHsiercs. [TockosbKy B mepBYyIO ouepenb
MBI MHTepecyeMcs JUHEHHBIMH OTOOpaXkeHHsSIMH, TO Hac Oy-
IYT COOTBETCTBEHHO HHTEpeCcOBaThb TaKkHe CBOHCTBA COOTBET-
CTBYIOIUMX MAaTpHUl, KOTOpble He MEHSIIOTCS NpH CMeHe Oa-
3uca.

[Ipeo6pa3zoBaHue MaTpHULH
npu cMeHe 6a3uca

IlycTs @ — nuHeiiHoe oTOGpaxeHWe BeKTOPHOTrO IpoO-
cTpaHcTBa B cels U

e, €, ..., e, (3)

— HekoTOpulH Gasuc mpoctpanctsa A" [lpu atom Gasuce
oTo6pakeHHIO (¢ COOTBETCTBYET KBaJpaTHas MaTpuila

A=|dl], i=1, ..., n, ji=1, ..., n

\

DaeMedTs MaTpuubn A ompepensiorcs U3 (GOpMYJIBI
P (e)) = aje,.
fl’ f2’ LR fn (4)

— HEKOTOpbifl Ipyrofi 6asuc mpocrpaHcTsa A" B stom Ho-
BOM G6asuce OTOODaXKEHHIO ¢ COOTBETCTBYeT MAaTPHIA, KO-
TOPYI0O Mbl 0603HaYUM Uepe3s

Ilycts Tenepb

B=|oil i j=1.2 ..., n
YcranosuM cBsisb MexAy marpuuamu A u B.
A) Iycrs
ef=3(1?fav a=1, ..., n j=1, ..., n, (5)

— cBA3b Mexay 6asucamu (3) u (4). Kosapduuuentn atoro
COOTHOIIEHHST COCTABJSIOT MATPHILY )

s=|sl, ii=1, ..., n
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DieMeHTH j-r0o cronbla STOH MaTpHLBI ABASIOTCS KOOPAH-
HaTaMH BekKTopa e; B 0Oasuce (4). A Tak Kak BeKTODH
e, €, ..., €, IUHEHHO He3aBHCHMH H, C/J1eJOBaTeNbHO, OIl-
pelesuTeNb MaTpUlBl S OTJIMYEH OT HYJsl, TaK 4YTO OHa
uMeer obparHyio MaTpuny S—!. Oka3biBaeTcs, 4YTO MaTpHIH
A u B cBs3aHbI COOTHOLIEHHEM

B=S"'4S. (6)
Takum oGpasoM, B moaydaercs u3 A npu NOMOLIH Tpaxc-

gopmuposarnus MaTpuubl A matpunes S.
HokaxeM coornomenue (6). [Iyctb

St'=r=|#], i j=1,...,n
TaK 4TO

t?sé = of.

VYMHOXKas cooTHOleHHe (5) Ha t, ¥ cyMMHpY# MOJyYeHHHIH
pesyJsbTaT Mo j, Mbl MOJYYHM

Taxkum o6pa3oM, MbL HMeeM
9 (F) = i (e) = thage, = tiaisi,.

Cile10BaTeNbHO,
B=TAS ==S"14S.

Co6cTBeHHbBEe 3HAYEHHUST H BEKTODH

3mech HaM NpHAETCS YNOTPeG/sATb TOKAECTBEHHOE OTO-
GpaXkeHHe BEKTODHOrO NMpoCTpaHCTBA Ha ce6s. Ero mul Oy-
JeM 0603HauaThb CTAaHZApPTHHIM 06pa3oM uepes 0, Tak 4ro
BCerfa HMeeT MeCTO COOTHOIIEeHHe

0x =x.

ToxaecTBeHHOMY OTOGpaXKeHHI0 BEKTOPHOrO npocrianc'rna

i i
A7 Ha ce6s COOTBeTCTBYeT efHHUYHAst MaTpHLa E = ||§; []
B) Ilycts A"— n-MepHOe BEKTOPHOE IIPOCTPAHCTBO H

€1y €2 .oy - (7)

— HekoTophifl ero Gasuc. Jlasee, mycTh ¢ — HEKOTOpOe JIH-
HeliHoe oTOOpaxKeHHe mpocTpancTsa A” B cebsl U

A=|dl

— MaTpHua, COOTBETCTBYIOIAasA OTOOpaxeHnuio ¢ B Gasuce
(7). Uncao A Ha3HIBAaeTCs COOCTBEHHOLLM 3Haveruem OTOGpa-
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XKeHHs @, a HeHyJeBOH BeKTop h— cobcTeenHbIM BeKTOPOM
oTOOpa)KeHHs ¢, COOTBETCTBYIOLIHM 3TOMY COGCTBEHHOMY
3HaYeHHIO, €C/TH BHIIOJHEHO COOTHOLICHHE

oh = Ah = ABh. )

L Toro 4ToObl CHENATh NONBLITKY BBIYHCAUTH COGCTBEHHOE
3HaueHHe A H COGCTBeHHHI BeKTOp M, HYXKHO HepediTH K
KOOPAMHATHOH 3aNHCH BeKTOpa h ¥ BMeCTO OTOGpaxeHHs @
ynoTpe6uth cootBetcTBylomyo emy marpuny A. Torma co-
OTHOILIeHHe (8) mepenuileTcs B BHAE

alh® = An' = A8Lh°

HepeHeceM BC€ UYJIEHBl 3TOro COOTHOLICHHA B JIE€BYIO 4acCTb
paBeHCTBaA. Torpa mMui NoNy4yHuM

. (ak — A8L) K* =0 ©9)

Hns Toro 4To6H 9TO YpaBHEHHE HMeJIO HeHyJeBOe pelieHHe
h, corsacHO CIeACTBUIO H3 TeopeMbl 3 HeOOXOAUMO H [O-
CTaTOYHO, YTOGH! OnpefenuTenb MaTpuubl A — AE 6wt pa-
BeH Hyjio. Takum o6pa3oM, AJas 4YHCAa A MBI MOJyYyaeMm
ypaBHeHHe

D(A—AE)=0.

JleBasi 4acTb 3TOr0 ypaBHEHHs NMpenCTaBasieT Co60i MHOro-
YyjeH n-H CTeneHH OTHOCHTENbHO A. MHoroueH

% (z) =D (A —zE)

Ha3LIBAETCS XAPAKTEPUCTUYECKUM MHO204AeHOM MATPHILH A.
OueBHJHO, YTO OH HMeeT cTeneHb n. Takum 0GpasoM, cob-
CTBEHHOe 3HaUeHHe SBJSETC KOpHeM MHoroujeHa y(z)
creneHd n. ECIH HCXOAHOe BEKTOPHOE INPOCTPaHCTBO AP
JefCTBHTENIbHO, TO MaTpuua A TOXe HAeHCTBHTeNIbHA M Xa-
PaKTEepPHCTHUECKHH MHOTOYIeH 3TOH MaTPHLB ecTb Jel-
CTBUTEJbHBI MHOrOWIeH, HO OH MOXeT He HMeTb AeHCTBH-
TeNbHBIX KOpHe#. Takum 06pa3oM, COGCTBEHHOe 3HAaUYeHHUE )
MOKeT 0Ka3aTbCsi KOMIJIEKCHHIM. Bekrop h, ssasiomuiics
pelieHHeM CHcTeMbl ypaBHeHHH (9), ToXke MOXKeT GOHITb
KOMIJIEKCHBIM. TakuM 006pa3oM, - IPH HaXOXAEHHH cOO6-
CTBEHHBIX 3HAaYeHHH M COGCTBEHHBIX BEKTOPOB HeJIb3si Orpa-
HHYHTbCS TOJIbKO NefCTBHTENbHBIMH BeJHUYHHAMH, TaK Kak
co6CTBEHHbIE 3HAUEHHSI H COOCTBEHHbIE BEKTOPHI MOTYT OKa-
3aTbcs KOMILIEKCHbIMH. OKa3plBaeTcs, YTO XapaKTepUCTHUe-
cKuil MHOrOUIEH ¥ (2) MaTpuub A sABJIseTCs B JeHCTBHTENb-
HOCTH XapaKTepUCTHUECKHM MHOTOWIEHOM OTOOpaKeHHA @,
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T. e. He 3aBUCHT OT cjydafiHoro BbiGopa Gasuca (7), a 3a-
BHCHT TOJIbKO OT OTOOpazKeHus Q.

HokaxeM mnocnenHee yrBepxpeHue. [lepeiimem or Ga-
suca ((7) wam (3)) k Gasucy (4). Toma oTo0paxeHHI0 @
6yzmer coorBeTcTBOBaTh MaTpuna B =S-'AS (cm. A)), rae
matpuua B saBucut ot Gasuca (4). Mbl uMeeM

B—AE=S8"'AS —AST'ES=S"1(A—AE)S
U, pajee,
D(B—AE)=D(S™"(A—AE)S)=
=D (S Y)YD(A—AE)D(S)=D (A — AE).

Takum 06pa3oMm, xapakTepHCTHYECKHe MHOTOUJIEHbI MaTpHIL
A u B coBnajaioT H, C/ef0BaTe/NbHO, XapaKTepHCTHUECKHH
MHOTOYJIeH 3aBHCHT OT OTOOpa)eHWsi @, a He OT BhIGpaH-
Horo B npoctpanctee A" 6asuca.

Co6cTBeHHBE BEKTODH C PA3JHUYHBMH
COOCTBEeHHBIMHU 3HAUYEHUSIMHU

C) OkasbiBaercsi, YTo cOGCTBeHHbIE BEKTOPbl OTOGpaxe-
HUSl @ C IIONAapHO pa3jiHYHBIMU COGCTBEHHBIMH 3HAUEHHSIMH
JIMHeHHO He3aBHCHMHI.

YTBepxKjJenue 310 OyAeM [0Ka3hBaTh HHAYKTHBHO IO
yucay Bektopos. [Tyetb

Ax/ A2, oo oy A,

— NONapHO pasjinuHble COGCTBEHHbIe 3HAUeHHS OTOGpaxe-
HHS @, 3 :
hy, hy, ..., h,, (10)

— COOTBETCTBYIOLIME 3THM COOGCTBEHHBIM 3HAYEHHSAM COG-
creennble Bekropbl. Korna r =1, cucreMa 3Ta JHHeHHO He-
3aBHCHMA, TaK KaK COOCTBEHHBII BEKTOD 1O ONpeleseHHIO
OTJIHYeH OT Hyns. IonycTuM, uto mpu r =s— 1 cHcreMa
9Ta JUHeHHO He3aBHcHMa. JJoKaKeM, UTO CHCTeMa JIHHEHHO
He3aBHCUMa IpH r = §. JlonycTuM, YTO HMeeTCsl COOTHOLIe-
HHe

c’hy=0, a=1, ..., s. (11

IpuMeHsiss K 9TOMY COOTHOLIEHHIO OTOOpaKeHHe ¢, NOJY-
yaeM COOTHOLIeHHE

¢*Agh, = 0. (12)
l/24* ) a9



YMHOXKasi Tenepb cooTHouleHue (11) Ha As; M BBIUHTAs MO-
JyyeHHOe M3 cooTHoweHus (12), MBI npugem K COOTHOLIe-
HHIO

(g —A) g+ (Mg —A) By =0, a=1,2, ..., s—1.

B 3TOM cooTHomeHHH COJEpKHUTCA TONbKO S — | cobCTBeH-
HbIX BEKTOPOB M NOTOMY IO NMPeANnoOXKeHHI0 HHAYKIHH BCe
KO3((QHIHeHTH COOTHOLIEHHS PAaBHBI HYJMIO, T. €. Mbl HMeeM

' —2)=0, (hg—A)=0, ..., ¢ (As_; —Ag)=0,
oTKyna mnoayuaeM c¢'=0, ¢2=0, ..., ¢s-1=0. B cuny
aroro cootHowenue (11) npuoGperaer BUA

chs=0

#, crejoBartenbHo, ¢ ==0. Takum oGpasom, U3 COOTHOLIe-
Husi (11) BrITekaer obpalieHue B HYJb BCeX KO3(QPHIHEH-
TOB C;, @ 3T0 O3Hauaer, 4ro cucreMa (10) mpu r=s nu-’
HefiHO He3aBHCHMA.

D) Ecau xapakTepHCTHYECKHH MHOroujeH y(2) oto6pa-
JKeHHSl ¢ He MMeeT KpaTHHIX KOpHefl, To 6asnc B mpocTpaH-
ctBe A" MOXHO BHIOpaTb TakuM 00pasoM, 4TO COOTBET-
cTByIomas oTo6paxeHuo ¢ Matpuua A uMeeT AHAroHaJb-
HBIH BHJ, NPUYEM Ha JHaroHajy CTOSIT KOPHH MHOroujeHa
%(2). DTo 3HauuT, YTO eCJH 3ajaHa KBaJpaTHas MaTpHua A
NOpSiAKAa n W KOPHH ee XapaKTepHUCTHUECKOTO MHOrodJeHa
%(2) Bce momapHO pasjiHYHH, TO MOXHO mojo6paTb TaKyio
KBaJpaTHY0O MaTpuny S C onpelenuTteneM, OTJTHYHBIM OT
HyJI1s, 4TO MaTpHULA

S-1AS

HMeeT JHaroHaJIbHbIH BHI.
JokaxeM 310 yrBepxaenue. [1yctb
A Agy vevy Ay, (13)

— KOpHH MHorousneHa x(2). CornacHO NMpeAnoJoXKeHHI0 BCe
OHH Pa3JIUYHH, MOTOMY B cuJy mpeajoxeHus C) cooTser-
cTByIOmMe cOGCTBeHHBIM 3HayYeHHsIM (13) coGcTBeHHbIE Bek-
TOPHI

h, hy ..., h,
JuHefiHO He3aBHCHMBI M HX MOXHO NPHHATb 3a Gasuc mpo-
crpaHcTBa A", — HMEHHO, IOJIOXHTh

fi=hi’ i=l, 2, ceey I,

Torna MH uMeeM
@ (f) = M
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OTciona BHIHO, 4TO MaTpHuua B, cooTBeTCTBYIOIas BHIGpAH-
HoMYy Gasucy, UMeeT AHAroHaJbHBIH BUJ, NpHYeM Ha AHAro-
HaJl CTOSIT YHCHA Ay, Ag, ..., A, T. € KODHH Xapakrepu-
CTHYeCKOro MHOroujeHa y (z) oro6paxeHus ¢.
[Tpennoxenue D) TpakTyeTcsi KakK npHBeJeHHE MaT-
puLbl A K IMaroHajqbHOMY BHAY NPH NOMOLIH TpaHc(hopma-
HUH ee HeBbIpOXKIAeHHOH maTtpuuell S. Takoli kaHOHHuecKHH
BHA IJIsi MaTpUUIbl A Mbl MOJYYHIH B NPEAMOJNOMKEHHH, YTO
BCe KODHH XapaKTepHUCTHYeCKOro MHoroujnesna yx(z) mar-
puubl A pasnuunb Mexay co6oit. Ho ecnim xapakrepucr-
yecKHH MHOrouseH y(z) MaTpuubl A HMeeT KpaTHble KOpHH,
TO MaTpHLY, BOOOLIe rOBOPS, HeJib3sl NPHBECTH K AHATOHAJb-
HoMy BHAY. IIp¥ Hanuyuu KpaTHBIX KOpHeH XapaKTepHCTH-
YyeCKOro MHorouneHa y(z) matpuumy A MOXKHO NpPUBECTH K
6oJiee CI0KHOMY, TaK Ha3blBaeMOMY XKOpJAAHOBY BHAY. [ns
IOKa3aTeNbCTBA 3TOr0 pe3ynbraTa TpebyeTcs GoJiee CIOXK-
Hasl TeOopHs, KoTopas OYyAeT HM3JI0XKeHa B CleldyloUUX na-

parpadax.
§ 13. MHorou/ieHbl OT MaTpull H OTOGpakeHu i

ITycte R"™— HEKOTOpOe BEKTOPHOE NPOCTPAHCTBO pas-
MEPHOCTH #, B KOTOPOM 3aJaH HeKOTOpHI# (PuKCHpPOBaHHBIH
6a3uc

e, €y ..., €,

Torpa KaxaoMy JUHeHAHOMY OTOOpa’keHHIO ¢ NPOCTPaHCTBA
R" B cebs1 COOTBETCTBYeT HEKOTOpas ompejeleHHass MaT-
puna A (cM. A) § 2). Ecaiw ¢ ¥  — ABa oToOpaxKeHus npo-
cTpaHcTBa R™ B ce6sl, KOTOPBIM COOTBETCTBYIOT MaTpHUb A
1 B, To MOXHO COCTaBHTb IpOH3BEJeHHe @Y OTOOpaKeHHUH
¢ B Y Kak nocjeioBaTesibHOe IIPOBeJleHHe OTOOpaXKeHui
@YX, U 5TOMY NpPOH3BEJEHHIO OTOOpaKeHHH @y COOTBeT-
creyer npousBeneHue Matpun A u B. Takum o6pasom,
MOKHO ONpelNe/iuTh JI06YI0 CTeneHb @" OTOOpaKeHHS ¢ H
3TOMY OTOGpa)KeHHI0 ¢" COOTBETCTBYeT KBajApaTHass Mar-
puua A" ITocKonbKy oTOGpaXKeHHs1 MPOCTpaHCTBa R” B cebs
MOXKHO CKJaAbBIBAaTh H YMHOXAaTb Ha Ji060e YHCAO (CM.
§ 2), npuueM 3THM omepanHsiM COOTBETCTBYIOT Te e oOIe-
‘PauMH Hal COOTBETCTBYIOIIMMH MAaTpPHLAMH, TO MOXHO CO-
CTaBUTb J1060fi MHOrOYJIeH OTHOCHTeJIbHO OTOOpaKeHHs @.
Vimenno, ecan

f@=ar”+a2" ' + ... +an (14)

—-HeKOTOpblﬁ MHOroujieH OTHOCHTEJbHO nepeMeHHoﬁ 2, TO
BMECTO 2 B Hero MOXHO MOACTaBHTb 0'r06pa>KeHne @, T. €.
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TNOJYYUTb MHOTO4ieH

[(@)=a9™ 4+ a9 + ... + a9,

raie 0 — ToxAecTBeHHOe oTOOpaikeHue MNpOCTpaHCTBA R*
B ce6si. B dopmyny (14) BMeCTO z MOXKHO NMOCTaBHTb TaK- -
XKe matpuuy A, KoTopas COOTBETCTBYeT OTOOpa)KeHHIO @,
H TOTZa MBl MOJYUYUM MATPHUILY

F(A)=0a,A™ + a, A" '+ ... + a,E.

ITpu arom orobpaxenuio f(p) cooTBeTcTByeT MaTpHLa f(A).
PeaysbraT npuMeHeHus OTOOpaKeHHSI @ K BEKTOPY X Mb
6yneM 0603HauaTh uepe3 @x. Torma MOXKHO 3amHCaTh

[ (@) x,

npHueM [(p)X O3HauaeT IpHMeHeHHe oTOGpaxeHHs f(p) K
BEKTOPY X.

MyuHUMaNbHBIH AaHHYNUPpYIOUWHAE MHOrLOUYJEH

Tenepr naM HyXHO o6paTHTb 0cO00e BHHMaHHe Ha HY-
JeBoe OTOGpaxeHHe, KOTOpPOEe NMEPeBOAHT KaKAblH BEKTOP X |
NPOCTPAHCTBA R" B HYJIb U COOTBETCTBYIOLLYIO €My HYJEBYIO *
matpuny. To u apyroe mbl GyaeM 0603HAaYaTh OJHHM 3Ha-
koM 0. ;

A) MuorouneH f(z) Ha3bIBAeTCS QHHYAUDYIOUUM MHO-
2oyserom otobpaxeHus @, eciu f(¢@)— Hynesoe orobpake-
Hue H cooTBeTCTBeHHO [(A)— HyneBass Mmarpuua. OKasbl-
BaeTcs, YTO [AJis KaxA0ro oro6paxkeHHs ¢ CYLIeCTByeT aH- }
HyJupyloud MHorowneH. lMeHHO, XapaKTepHCTHYECKHH }
MHOrouseH % (2) OTo6paXKeHHst ¢ aHHYJIHpyeT oToOpaxe- |

HHUE P, T. €. Mbl UMEEM
% (@) =0, (15)

% (A4)=0. (16)

JloKajkeM SKBUBaJIeHTHble MeXAY COO0H COOTHOIUEHHS |
(15) u (16). Ons storo BHIHIIEM COOTBETCTBYIOLlEE COOT-

HOLIEHHE, ONpeaesioliee MaTPHILY A=|d} |. Mimeen

HWJH, 4YTO TO XKe,

pe;=aje,, i=1,2, ..., n,
WJIH, HHa4e,
(a0 — 69) e, =0. (17)

PaccmoTpum mMaTpuuy /
L= " li d»
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9/IeMEHTH KOTOpOfl onpenensiores: hopmymnoft
I} =aj0 — o}g.

DJyieMeHTH MaTpHLUB L SBJSIOTCS MHOTOYJIeHaMH HYJeBOH
U [IepBOH CTeleHH OTHOCHTENbHO OTOOpa)KeHHs ¢ H NHO-
3TOMY caMH sBJjsioTcs oto6paxenusamu. CootHouenue (17)
NpH [OMOIUK MaTPHUB L 3anuChHIBaeTCsl B BHAE

lie,=0. (18)

i o
MuHoOD aneMenTa I; mMaTpuub L, B3ATHI ¢ HamJeXallHM
3HaKOM, 0603HauumM uyepes M), Tak uTo MH HMeeMm

MYy =D (L)} (19)

(cM. § 4 rn. 1). Ymuoxas cootHomenue (18) ma M n
CYMMHpY$ NOJNyYeHHBIH pe3yabTaT 1o i, NOJYYHM

Mfifes =0. (20)

B cuny cootHomenust (19) neBas yacTb nocjenHero paBeH-

cTBa nepenuchiBaercss B Buae D (L)dje, u pasenctso (20)
noJIyyaeT BHA

D(L)bd%e, =D (L)e;=0.

D(II al —G}z ﬂ) €CTb XapaKTePUCTHYECKHH MHOrowieH y(z)
oro6paxenus ¢. IToaTomy nociiefHee cCOOTHOLIEHHE NepenH-
CbIBaeTcsl B BHIE

x(p)e; =0

M, TakKHM 00pa3oM, XapaKTePHCTHUECKHH MHOroujeH y ()
orof6paxaer B HyJb KaXAblH Ga3HCHBIH 3J€MEHT BeKTOp-
HOro nmpocTpascrsa R", H, Cllel0OBAaTe/IbHO, JI060H BEKTOD *
npocrpadctBa R”. UTak, Mbl HMeeM

x(@)x=0,

¥ TOTOMY MHOTOWIeH y(2) sBJseTcs aHHYJHPYIOIIUM MHO-
rouJieHOM OTOOpa’KeHus @.

W3 nmpeanoxenuss A) cienyer, YTo BCsKOe OTOGpaXeHHe
¢ BEKTOPHOTO NMPOCTPAHCTBAa R" B cebGsi MMeeT aHHYJHpYIO-
KA MHOrowieH, — HMeHHO, MHorouneH y(z). Ho, koneuno,
3TO He e[HHCTBEHHLI!l AHHYJUDPYIOIIHA MHOTOUIEH IJis OTO-
GpaxeHHs @, TaK KaK, YMHOXKHB ¥ (2) Ha HEKOTOPHH MHO-
roujsied, MH [OJYYHM CHOBA AaHHYJHPYIOLIMHA MHOrOUJIeH.
Cpenu Bcex aHHYJHPYIOIIMX MHOTOYJIEHOB OTOOpaxkKeHHs @
BhfleisieTCsl OJUH, — HMEHHO, MHHHMAJbHBIH aHHYJHDPYIO-
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il MHOrOWIeH, — Urpaloluil BaXKHYI0 posib IJis NajbHeHd-
mero.

B) OxasbiBaeTcs, yTO Bce aHHYJIHpYIOLIHE MHOrOY/IeHH §
oro6pakeHnsl ¢ MUHUMAJbHOH cTeneHU — 0003HAUUM ee ye- -}
Pes r — OTJIMYAKTCS JIHIIb YHCIOBBIMH MHOXKUTENAMH. ToT J
M3 3THX MHOTOYJEHOB, Y KOTOpPOro Ko3(QuuueHT npH crap- |
ulefi cTeneHU r paBeH efMHHIE, Mb OyieMm 0003HauaTbh 4Ye- 3
pe3 A(2) 1 Ha30BEM €ro MUHUMAALHOIM AHHYAUDYIOULUM
MHO204AEHOM, TAK UTO OH OKa3blBaeTCs eIuHCTBeHHBIM. OKa-
3bIBaeTCsl jajee, YTO BCAKHIA AaHHYJIUPYIOIIHH MHOroOuYIeH
OTOGpaKeHUs ¢ AEJIUTCH HAa MHHUMAJbHBIH aHHYJIHPYOUHA
MHorousneH A(z). }

JokaxeM npepjoxenue B). 3aMeTuM npexpae Bcero, |
yro ecnu f(z) ¥ g(2)— ABa aHHYJIHPYIOIUHX MHOrouYjIeHa 3
OTOGpaxKeHHsl @, TO HX HAHGONbIIHH OOHH AenHTENb h(2) 3
TaKXe €CTb aHHYJHpYOIUA MHorouieH. B cuay npeano- ;
xKenust A) § 11 Mbl uMeeM

h(2)=a@)f()+b()¢g(R), @1)

rae a(2) u b(z)— HamaexaumuM o6pa3oM nono6GpaHHble
MHorounensl. [TofcTaBisis B mocjejHee COOTHOLIEHHE BMe-
CTO z oToOpaKeHHEe ¢, MBl BHAUM, YTO h(2) €CTb aHHYJIH-
pyloui MHOrouwieH oto6paKeHus ¢. JlomycTuM Tenepb, 3
4T0 MHOrouneHol f(z) ¥ g(z) HMelOT MHHHMAJbHYIO CTe- J
nedb r. Tak Kak h(2)— ToxXe aHHYJUDYIOLIHH MHOroYJeH, -}
TO OH HMeeT CTelleHb, He MEHbUIYIO 4eM r. A TaK Kak OH 4
AIBJISIETCS ACJIUTEJeM KaXKJOro U3 MHOT'OYJeHOB f(2) u g(2), 4
TO CTeNeHb ero paBHa POBHO 7, H NOTOMY MHOrOWIeHH f(2) 1
# g(z) ornuuaTcs OT h(2) TONbKO YHMCJIOBHIM MHOXKHTE- ;
JieM, a CJeJoBaTelibHO, H MEXAY COo00H OHH TaKxXKe OTJH-
YaloTCsl YHUCJOBLIM MHOXKHTeNeM. DTHM IlepBas 4acTb Hpef-
JoxeHus B) nokasana.
[Iyctb

f(2)=A(2)

— MHHUMAJIbHbIH aHHYJNHPYIOLIHHA MHOTOWIECH OTOOpaKeHHs 1
¢, a g(2) — npou3BOJIbHBIA AHHYJNHPYIOIHA MHOrOYJIEeH 0TO-
6paxenns @. M3 dopmynn (21) caeayer, 4To MHOroujeH Y
h(2) sABAsIeTCS aHHYJHPYIOLIHM MHOrOYJIEHOM OTOOpaKeHHs |
@ ¥ NOTOMY HMeeT CTeleHb He MeHblIe 4YeM r. A Tak Kak '
A(z) umeer cTeneHb r W AenuTCs Ha h(z), TO h(2) u A(2)

OTJIHYAIOTCS JIMIIb YHCJAOBBHIM MHOXHTeneM. M3 Toro, urto

g(2) menutrcs Ha h(z), clenyeT Temepb, YT0 g(z) HeaHTCH

H Ha A(2).

Hrak, npenjoxenne B) nokasaHo.
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¥

PasnoxeHue MUHHHMAaJbHOTO
aHHYJHpYOLUEro MHOTrO4YjJeHa
Ha B3aHMHO NMPOCTHE MHOXHTEJH

C) HonyctuM, 4T0 BeKTOpPHOE MPOCTPAHCTBO R" pasia-
raercs B CyMMYy CBOHX NMOANPOCTPaHCTB R; ¥ R pasmep-
HOCTH p M g COOTBETCTBEHHO, H HOMYCTHM, YTO PasjIOKEHH
5TO SBJIAETCS HHBAPHAHTHBIM OTHOCHTE/NbHO OTOGpaXeHHs

@ npocTpaHcTBa R" B ceb4, T. €.
¢x<R, npu xR,
ex =R, npu x =R,
HHave 310 3anucniBaercs Tak:
PR, =Ry, PR =R,
BriGepem Teneppb 6a3uc npocrpaHcTBa R™
e, €, ...y €5 €piyy --vs € P q=n, (22)

TaK 4YTO NepBhle p BEKTOPOB 3Toro 6asuca cocTaBisiioT 6a-
3HC IpOCTPaHCTBa R, a OCTaBUIMECS ¢ BEKTOPOB COCTAaB-
Jsi0T 6a3uC npocTpaHcTBa Ry. MaTpHua

A=|4jl,

COOTBETCTBYIOLIas OTOGpaXKeHHI0O ¢ B 3TOM G6a3sHce, HMeeT
TOrAa CHelHabHBIH BHA,— UMEHHO, €€ 3JIeMeHTH YAOBJET-
BODSIOT YCJIOBHSIM:

npu i< p, j>p nMmeeM a;’=0,
npu i >p, j<p ameem a;=0.

1l 1

a a4 ... a, 0 .. 0

P 4P P

A a ay ... ap 0 ... 0 "A: 0“

p+1 p+1 | T :

0 0 ...0 abff ... df 0 A
n n

0 0 ... 0 a5 ... a;

Marpuna A, xak roBopsT, pas6usaercs Ha ABa 6J0Ka. B Je-
BOM BepXHeM YrJy CTOHT KBajJpaTHasi MaTpHLUA MOPsAKa p,
KOTOpYi0 MH 0603HauuM depe3 A;, a B NpaBOM HHKHeM
yIJly — KBajJpaTHast MaTpHLA MOpsiiKa g, KOTOPYIO MH 060-
3Hauum yepe3 Ap. Kak Jerko BuaeTs, HayueHne mMaTpuus A
TNOJIHOCTbIO CBOAHMTCS K H3ydyeHHI0 ee GjokoB A;, A, Ilpu
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aToM MaTpuua A; COOTBETCTBYeT OTOGpaiKeHHIO ¢, Aei-
CTBylOLIEMY B IIPOCTPaHCTBe R}, a MaTpHua A, COOTBETCTBYeED
0TOGpaXKeHHIO @, AeACTBYIOLIEMY B NpPoCcTpaHCTBe R;. B ya-
CTHOCTH, HMEeT MeCTO HuXKecJeAylomiee mnpejioxenue D).

YrBepxienne C) CBOAHTCA K ONHCAHHIO CTPYKTYPH
MaTpuubl A B cnemuanbHom G6asuce (22) m 3T0 HeTpyAHO
nposeputb. § npusoxy yrBepxkaeHue C) Ges moKazaTesbs
CTBa.

D) Ecin matpuma A pasbuBaercs Ha Gmoku Ay m A
(cM. C)), TO uMeeT MecTo COOTHOLIEHHE

D(A)=D (A4, D (4,). (23)

M3 sToro, B 4aCTHOCTH, ClefyeT, YTO XapaKTepHCTHYECKHH 3
MHOrousieH y (2) MaTpuus A pasnaraercs Ha MHOXHTeJNH: 3

% (2) == %1 (2) %2 (2), (24)

rae y1(z)— XapakrepucTHuecKu#i MHOrowieH MaTpHuH A;, a
'XQ(Z%(-— XapaKTepucTHYeCKH MHOrouwaeH MaTpumu Ag. Ileit-
cTBUTeNbHO % (2)= D (A —2E), a marpuna A — 2E pasCu-
Baercsi Ha ABa 6soka. Orciona u u3 gopmyan (23) caexyer
tdopmyna (24).

Ina  nokasaTesbcTBa mNpejsioxeHusi D) paccMOTpHM

MaTpHIbI 5
’ A O ’ 0
Ar={y E,,"’ b={y ll
rae Matpuusl A; u A, pas6uBaoTcs Ha GJOKH, MpHUEM

6sok E; ecTb eguHuYHAs MaTpHLA mopsiika ¢, a E,—enu-
HHYHasi MaTpHIla nopsifka p. Paanaras onpejenuresb MaT-
4

punsl A; 1o 8jeMeHTaM MOCJeNHed CTPOKH, MBI JOKaxeM,

A 0 1

uTo D(Af)mD" 0' E 1”' IIpononxkas aTOT mpouecc Aajb- .3
q—

11e, Mbl y6e11umcﬁ,qrc3 D(Af) == D (A,).Touno Tak XKe noka-
snBaercst, aro D (Az) == D(A;). Jlerko mpoBepsieTcsi, 4TO
r .7 A4 0 _
aa=|g Ll=a

B cuny Teopemm 4 u nociexHeft ¢GopMyJaH HMeeM
D(A)==D(A1A;) =D (A,) D (A,) ¥ NOKa3aTelLCTBO Hpes-
goxenuss D) sasepureno. Takum o6pasom, dopmyna (23)-
JOKa3aHa. .

E) Hycts ¢ — nuneliHOe oTO6paxeHHe BEKTOPHOrO Nnpo-

cTpaHcTBa R® camoro B ce6f H A(2) — MHHHMaAbHHA aH-
HYJHDYIOILHA MHOrouleH oroGpaxenus ¢. Ilomyctum, 4TO
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mHOFowteH A(z) passnaraercs Ha 1Ba B3aHMHO npoc'rux

MHOXHTeJS:
AR)Y=A,(2)A: (2).

U rak kaK A;(2) u Az(2) 1o npeinosioXeHH0 B3aUMHO PO~
CTHIe, TO MBI HMeeM

1=p,(2) 82(2) + p1 (2) A (2), (25)

rae pi1(2) u pe(2)— nBa HamjexaumuMm o6pa3oM BHIGpaH-
HbeIX MHorouneHa (cMm. (37) § 11). OGosnauum uepe3s R
BEKTOPHOE MOANPOCTPAHCTBO NMPOCTPAHCTBA R", cocTosiliee
H3 BCeX BEKTOPOB IPOCTpPaHCTBa R", 06pallalOMHUXCs B HY/b
npu fedcTBHH oTobpaxkeHHs A;(¢), u uepe3 Rp BeKTOpHOe
NOANPOCTPAHCTBO IIPOCTPAHCTBA R", COCTOsIIILEE U3 BCEX BeK+
TOpOB, OOpamiaoUuXcs B HYJb NpU AeHCTBHH OTOGpaKeHHS
A2(p). OkasmBaercsa TOrja, YTo NpocTpaHcTBO R" pasna-
raercs B NpSMYIO CYMMY CBOHX BEKTOPHBIX NMOJINPOCTPaHCTB
R, u R,. Ilpu 3TOM pasjoxeHHe NPOCTPAHCTBA R™ B cyMMY,
JIBYX MOANPOCTPAHCTB HHBAPHAHTHO OTHOCHTENbHO OTOGpa-
JKeHHsl @, TaK 4T0 ¢ OTo6paxkaeT NOANPOCTPAHCTBO R; B
ce6s1 ¥ moanpocTpaHcTBo R, B cebs. Paccmarpusas oro6pas
JKeHHe ¢ Ha NOANpPOCTPaHCTBe R;, MH 0603HaYMM €ro ue-
pe3 @i, a paccMaTpHBasi oToGpakeHHe ¢ Ha Rz, Mbl 000~
3HAUYAM ero yepes . OKaspiBaeTcss TOrfa, YTo MHOrOUJIEH
A;(2) ecTb MHHHMAaJIbHbIA aHHYJIHPYIOIIMHA MHOrOYJIeH OTO-
6paxeHus @i, a Ax{z) ecTb MHHHMAJIbHBIA aHHYJHPYOLIHA
MHOTOUJIeH 0TOGpaXKeHHs @s.

Hokaxem yrtBepxpenue E). IToacraBaas B cooTHolle-
HHe (25) BMecTo z oToGpaxkeHue @, noJydyaeMm IJs IPOH3-
BOJILHOTO BEKTOpPa X H3 NMPOCTPaHCTBA R" paBeHCTBO

x =, (@) A (9) x + p1 (@) A, (9) ». (26)
TTonoxum
2 =D (@) Mg (@) %, %2=p;(P)A(9)x. 7
Torna

A (@) %, =p2 (@) A1 (@) A (@) x =p2 (@) A(@) x =0. (29)
TouHo Tak Xe HMeeM

Ao (@) %2 = py (@) A (@) A2 (@) X = p; (@) A () £, =0.  (29)
3pech uMeeTcss KOMMYTaTHBHOCTD MexkAy Ai(@) H p2(9),
Az(@) ¥ pi(@), Tak Kak o6a MHOXKHTENS SBJASAIOTCS MHOrO-
YjieHaMH OTHOCHTEJIBHO .

Takum 06pasoM, MB YCTaHOBHJIH, YTO

X ER; xR, (30)
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Us dopmyn (26), (27) u (30) cueayer, uTo nponsnoabnuﬁ
BEKTOP X POCTPAHCTBA R® pa3naraercs B CyMMy

x=2x 1+ x5
rae
% €R;, xR,

Tlokaxkem Tenepnb, YTO €CJH HMEIOT MECTO OJHOBPEMEHHO
IBa COOTHOIIEHHUS

XE=R;, x=R,
To x=0.

U3 coorHowenuit (28), (29) caemyer, uro A;(p)x =0,
Az2(9)x = 0. Takum o6pa3oM, o6a cjaaraeMuX B IpaBo# 4a-
cTu paBeHcTBa (26) paBHBEI HYJIO H, ClelOBaTelbHO, X =0.
Mrak, ycraHoBseHo, 4yTo R® pa3ioxeHO B NPSIMYI0 CyMMY
CBOHX moAnpocTpaHcTB Ry U R, Ilokaxkem Temepb, YTO 3TO
pas3sioxeHHEe B MPSAMYI0O CyMMY HHBapHaHTHO OTHOCHTEJbHO
¢. Jls1s1 3TOr0 XOCTATOYHO NMOKA3aTh, YTO

PR, =R, QR = R,. (31)

Hana toro uto6bl y6eiuTbCs B 3TOM, MPHMEHHM K BEKTOp-
HOMY IpPOCTPaHCTBY QR; omﬁpameﬂne A (). Toraa mu no-

JyYHM

A (@) R = oA (@) Rl =0.
Touno Tak e nomydaem

42 () PR, = @A, (9) Ry = 0.

3xech EMeeTcsl KOMMYTAaTHBHOCTb MeXAy @ H Aj(q), ¢ u
A2 (@), Tak Kak 06a MHOXHTeNs SIBJASIOTCS MHOrOYJeHamH
oTHOCHTeJIbHO ¢. Takum o6pasoMm, cooTHomenue (31) mo-
KasaHo. JlokasaHo yxe Takxke, yTo A;(2) ecTb aHHYJIHPYIO-
1K MHOrouneH OToGpa)KeHHs @1, a Aq(2)— aHHYJHDYIO-
iM# MHOrOY/IeH OTOGpaxKeHUs (g DTO BHITEKaeT H3 CaMOro
onpejeneHus MOANPOCTPaHCTB Ry H Ry. Ilokaxkem, 4To MHO-
rOujieHH 3TH SBJSIOTCA MHHHMAJbHBIMH AHHYJHDYIOUIHMH
MHOroY/JeHaMu oToGpaKeHHH @ H Q3.

HonycTuM, 4TO MHHHMAJIbHBIMH QHHYJHPYIOLIHMH MHO-
rouseHaMu 0ToGpaxkeHHH @1 H @2 ABJIAOTCA COOTBETCTBEHHO

MHOTOWIEHH A, (2) u Az(z). Tomoxum A()=14, (z)Az(z)
IMpumenss Ag K cooTHOMIERHIO

x=x -+ xy

rie X1 € R;, x; & Ry, Mbl NPHUXOAUM K COOTHOLICHHIO
A@x=0
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npH npoussosbHoM X & R". Takum o6pasoM, A(g) ecTs
aHHYJHPYIOIUA MHOrOuJeH oTo6paxeHnns @. Ecau Ou Aj(2))
He OBl MUHHMAJbHHIM aHHYJHDPYIOUUM MHOTOYWIEHOM OTO-
6paxeHus @i, T0 A;(z) HMen Obl CTeneHb, MEHbINYIO YeM
Ai(2). Touno Tak xe, ecin 6ol Ag(z) He GbI MHHHMAJb-
HHIM aHHYJIHPYIOUIMM MHOTOWICHOM OTOOpaKeHHs @z, TO

MHOrouseH Ay (2) uMesn OH cTeneHb, MeHbIIYI0 YeM Ag(2).

B oGoux sTHX ciayyasix NpOH3BeleHHE A;(z)?&g(z)=3(z)]
HMeJ0 6bl CTeneHb, MeHbYIO YyeM A(z), H MHorounen A(z)
He Obl1 6bl MHHHMAJbHBIM aHHYJHDYIOLIMM MHOTOYJIEHOM
0TOOpaxKeHHs Q.

Hrak, npeanoxenne E) nosHOCTbIO 0OKa3aHO.

W3 npennoxenuit E) u C) caenyer, 4To eC/id MHHHMAJIb-
HuH aHHyJaupyomui MHorouneH A(z) HeKOTOpPoH MaTpHUH
A pasnaraercs Ha JBa B3aHMHO IPOCTHIX MHOXHTEJS:
A(2)=A,(2)A2(2), T0 npun Haxmexaumem BniGope Gasuca
matpuua A pasbuBaerca Ha ABa 6aoka A; u A, mpuuem
A (2) ecTb MHUHHMAaJIbHBIH AHHYJHPYIOLHA MHOroYJIeH Mar-
puun Ay, a Ay(2)— MHHHMAaJIbHBIH AHHYJHPYIOUMH MHOrO-
yjieH Marpuubl A;. DTO BhHITeKaeT H3 TOro, 4Yto pasbueHue
MaTpHIb Ha ABa 6JI0OKa NPOHCXOAHT IpPH CNEelHaJbHOM Bbi-
6ope 6asuca (cm. C)). Bynem roBoputh mpocro, 4To Mar-
puua A, MHHHMaJbHBIA aHHYJHPYIOUHA MHOrOU/IEH KOTODPO#
pasjaraercs Ha ABa B3aHMHO NMPOCTHIX MHOXHTeNs, pa36u-
Baercs Ha ABa GJIOKa, He YyNOMHHAsi MPH 3TOM O CIELHab-
HoM BhIGOpe Gasuca. Takoe pasbuenHue MaTpuuu A Ha 6/0KH
MOXKHO BeCTH [0 TeX IOp, IIOKa MH He Hoiigem a0 6Jo-
KOB C MHUHUMA/IbHRIMKE aHHYJHPYIOLIMMH MHOrOYJIE€HaMH, KO-
TOpble YKe HeJIb3fl flajiee Pa3joXKHTb Ha B3aHMHO NPOCThHe
MHOXHTeNH. B nanpHefilleM MBI COCPEOTOYHJIH CBOE BHH-«
MaHHe Ha H3yueHHH TaKOH Marpuusl A, MUHHMaJbHHIK aH-
HYJUPYIOIIHA MHOrOWJIeH KOTOpOH YXe He/b3s Pas3joXHThb
Ha JBa B3aHMHO NMPOCTHIX MHOXHTesns. MHorouneHsl, KoTo-
pble HeJb3sl Pa3/OXKHTb Ha B3aHMHO NPOCTble MHOXKHTEJH,
ABJSIIOTCS MHOrouleHaMu Buaa (2 —A)*. KMenno na ra-
KHe MHOXHTENH pasjaraercs MHorowieH A(z), mpuHuem A
siB/sieTcs: KOpHeM MHoroufleHa A(z). Huxecaenyiouiee npen-
JoxeHne F) naer oTBer Ha BompoC: Kakue KODHH HMeeT
MHorouJieH A(z)?

F) KopHfiMH MHHUMAaJIbHOrO aHHYJHDPYIOLIEr0 MHOrO-
uneHa A(z) oro6paxkeHdss ¢ SABASIOTCA COOGCTBEHHBIE
3HaueHMa MaTpuubl A, cooTBeTcTByMoleR oTo6paxe-
HHIO Q.

Jokaxem npeanoxenne F).
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- Flyctb A — COGCTBEHHOE 3HaueHHe OTOGpaKeRHs @ ¢ coG- 3
cTBeHHHM BeKTOopoM h 5= 0. Torna Mu nMeeM ~

ph = Ah. (32)
I'Ip}meﬂsm K 3TOMY COOTHOIUEHHIO OllepalHio ¢, NojaydaeMm
¢*h = A%h.

I'Ipono.nxaa 3TOT Npouecc gaJablie, AOKaxeM, 4To
o*h = A*h.

H3 sToro Jerko cjienyer, 4To IJisi MPOH3BOJILHOTO MHOTO- -
ujieHa f(z) UMeeT MeCTO COOTHOIIEHHE

F@h=F()h.

IMoncTasasis B 9T0 COOTHONIEHHE BMECTO MHOroudeHa f(z) .3
MHorouileH A(z), nojayyaem

A@h=AQR) R}

B neBofi uacTH 3TOrO paBeHCTBa CTOHT Hy/Jb, a4 B NpaBoi
YaCTH MHOXKHTENb fi OTJHYEH OT HYJIs, HOSTOMY MHOXHTeNb
A()) oGpamiaercs B HyJb, T. €. MH uMeeM A(A)==0, u ycra-
HOBJIEHO, YTO COOCTBeHHOE 3HaueHHe A OTOGpaxKeHH ¢ SB-
JisieTcsl KOpHeM MHorodJeHa A (z).

HonycTuM Temepb, YTO A eCTb KOpeHb MHOrouxeHa A(z).

Torna
A(R)=(z—1) g (2. (33)

Tax Kak MHorouneH g(z) HMeeT CTelneHb MEHBIIYIO YeM
A(2), To OH He siBifeTCs AaHHYJIUPYIOIIHM MHOrOYJIeHOM
oTroGpaxeHus ¢, H NOTOMY CYLIECTBYeT Takoi Bekrop h, uro

g@) h=nh=0. (34)

Iloacrasnsisi B cooTHomeHHe (33) BMecTo z oTOGpaKeHHe
@, nonysaem (cum. (34))

(p—A0)h=0,

oh = Ah,

T. €. A ABJsIeTCS COGCTBEHHHIM 3HAUeHHEM OTOOpaXKeHHA .
Urak, npepnoxenne F) moJHOCTbIO NOKa3aHO.
G) Ilycts ¢ — nuHeliHOe oTOOpaXkeHHE BEKTOPHOrO npo-
cTpancTBa R" B ce6a M A — COOTBETCTBYIOILAsl €My MarT-
puna, ITycrs, panee,

1@=@E—A)—A)' ... 2—2r)*  (35)

OTKyHa CJIeAyeT
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— pasJioXeHHEe XapaKTePHCTHYECKOrO MHorowreHa v (2)
OTOGpaXKeHHs] ¢ Ha MHOXKHTENH H

AR=E—A)"(z—2)% ... (2—1,)°r

— pa3JjioKeHHe MHHHMAJIbHOI'O aHHYJIHPYIOIEr0 MHOTOUYJIeHa
A(z) oro6paxenus ¢ Ha MHOXHTenH (cM. F). ITpu nosTop-
HOM NpHUMeHeHHU Npemnoxenus E) marpuma A pasGusaer-
ca Ha 6noku Ay, A, ..., A,, NpuYeM MHHHMAJbHBIM aHHY-
JIUPYIOLIMM MHOrouneHom Giaoka A; smaserca (z— A;)%¢.
B cuny npeasnoxenus F) marpuma A; uMeeT eQMHCTBEHHOE
co6cTBeHHOe 3HaueHue A;. Ecim marpuuma A pasGuBaercs
Ha OJIOKH, TO XapaKTepUCTHUECKHH MHOrowIeH MaTpuiunl A
SIBJISleTCs1 TPOH3BelcHHEM XapaKTepHCTHYeCKHX MHorouse-
HOB COOTBeTCTBYIOWMX G6s0KOB (cM. D)). M3 srtoro passo-
JKeHHS CJIefyeT

1R =E—M1 (=)™ ... @—1)r,  (36)

rae p;— nopsaok matpuubl A;. CpaBHHBas COOTHOIIEHHS
(35) u (36), MBI BugHM, yTO p; = k;. TakuM o6pasom, no-
psnoK Gmoka A; marpuns A paBeH KpaTHOCTH COGCTBEH-
HOrO 3HaUeHHS A; OTOGpaXeHus @.

§ 14. )XopnanoBa topma MaTpuubl

3pecp Mbi OyfeM paccMaTpuBaTh JHHeHHOe OTOGpaxe-
HHe ¢ C eJAMHCTBEHHHIM COGCTBeHHHIM 3HaueHHeM A. Co-
IVIaCHO AOKa3aHHOMY paHee MHHHMAJbHBIA aHHYJIHPYIOWHHA
MHOroujeH oTobpakeHusi ¢ HMeeT BHJ

[Monoxum
Y=0—A20.
A) Ilycts hy— BeKTOp, YAOBJIETBOPSIOMHH YCAOBHAM
Y'h =0, V'm0 ®n
ITonoxum '
hl = hl’ h2 = \I)hl, co vy hl = 'll)h]._p h].,.] = 'lwl].
IocaenoBarenbHOCTD BeKTOpoB hy, hy, ..., h; Ha3oBeM

scopdanosod. s cootHowenuit (37) caepyer, uto h; 50,
h;j.; =0. Takum obpa3om,

(@ —AD) by =hy,
@hy = Ahy - hs.

HJIH, 9TO TO XKe€,
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Hanee,

(p—26) hy=h;

WJIH, YTO TO XKe,
Qhy=ARy+ b3 u T. I.,

(p—A8)h;=0

HJIH, UTO TO XKe,
(ph, = Ahi.

Ecnu Tenmepp R — BEKTOpDHOe IOANPOCTPAHCTBO INPOCTPaH-
ctBa R" ¢ xopmaHOBHM Gasucom hy, hg, ..., h;, TO mar-

puna A, cooTBeTcTByIOLas OTOGpaXeHHIO ¢, HA IPOCTPaH-
cTBe R uMeeT BHJ

A1 0 ... 0
e M |
000 ... A

Marpuna sra HaswpBaercs o/copaanoebtm 6.a0Kk0M ¢ co6-
CTBEHHLIM 3HaYeHHEM A.

Tenepp MBI mOKaxeM, UTO MaTpuua A ¢ €TMHCTBEHHBIM
COGCTBEHHHIM 3HadyeHHeM A NPH HajjexauieM BhiGope Ga-
suca pa3buBaeTrcs Ha XOPAAHOBH GJOKH.

B) Ilyctb R — BeKTOpHOe NPOCTPAHCTBO pPa3MepPHOCTH
n u S —ero BekTOpHOe noanpocrpaHcTBo. CucreMa BekTO-
pos

X X3 eeey X, (3%)

Ha3BIBAeTCA JAUHEHHO 3aB8UCUMOL OTHOCUTEAbHO noonpo-
CTPAHCTBA S, €CNU CYLIeCTBYIOT TaKHe KOHCTAaHTH C!, c?, ...
..., C’, He BCe paBHble HYJIIO, YTO BEKTOp C%t, NpPHHAIe-
}KUT S, B NPOTUBHOM cayuyae cucrema (38) wuasbiBaetcs
AUHElHO He3asucumoll oTHOcuteabro S. JIuHeHHO He3aBu-
cuMas cucreMa (38) mpocrtpaHcTBa R OTHOCHTENBHO S Ha-
3biBaeTcs 6a3ucom npocTpancrsa R OTHOcuTeasHOo S, eciu
IJsi KakJAOTO BEKTOpa X mpocTpaHcTBa R Hafipyrcs Takue
KOHCTaHTHl ¢!, ..., C’, 4TO BEKTOp

x—c’x,

NpHHAAJEKUT OPOCTPaHCTBY S. SIcHO, YyTO Ga3uc NpOCTpaH-
CTBa R OTHOCHTENbHO S BCerja CylLeCTBYeT M UYTO BCSKYIO
JUHEHHO HEe3aBHCHMYIO OTHOCHTENbHO S CHCTEMY BeKTOPOB
npocrpaHctsa R MOXHO [OHONHHTL M0 Oasuca B Ipo-
CTPaHCTBe R OTHOCHTEJIbHO MOANPOCTPaHCTBA S.

Teopema 6. ITycro ¢ — auneiinoe orobpasicernue sex-
TOPHO20 npocTpancTea R™ 8 ceba u A — eduncreennoe cob-
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cTeenHoe 3Hauerue orobpaxcenus ¢. Toz0a npu Hadrexcas
wem svibope b6asuca 8 npocrpancrée R™ marpuya A, coort-
8eTCT8YIOW,an 0TOOPAKNCEHUIO @, pa3busaerca Ha HopAarosst
6a0ku (cM. A)), crosujue s8dors Ouazonasu marpuysl A.
IIpu atom kascdoiii 640K umeer cobCTBeHHOe SHAueHuE A.

HdokasatenbctBoO. IlycTh (2 — A)* — MuHHMAMb-
HHIH aHHYJIHPYIOLUIMHA MHOro4JeH oro6paxeHus ¢. ITomoxum

Y= — A0.

OG6o3HauuM Yepe3 S; MHOXeCTBO BCEX BeKTOPOB X H3 R",
YAOBJIETBOPSIOIUX YCIOBHIO

1|)’x =0.

MHoxecTBO S; npencraBisieT coGOH BeKTOpHOE IOANDO-
CTPaHCTBO npocTpaHcTBa R™. [IpH 3TOM HMEIOT MecTO Cie-
IyIOllHe BKJIIOYeHHS:

R"=8,>28,_,2...08 >2S,=0.

Ilycts B;— KOHeuHasi COBOKYMHOCTb BEKTOPOB MPOCTpaH-
cTBa Sp, cocrasasiioniass ero 6a3uc OTHOCHTENBHO IOAMpPO-
cTpaHcTBa Sp—;. JlokaxeM, uTo BeKTOpH PB;, BXxoasiiue B
NPOCTPAHCTBO Si—i, JHHEHHO He3aBHCHMbI OTHOCHTEJILHO
HNOANIPOCTPAHCTBA Sk—g. ITycThb

e, €y ...y €

~— COBOKYNMHOCTb BCeX BEKTOpOB, Bxoismux B B;. Hony-
CTHM, YTO HMeeT MeCTO COOTHOIlIeHHe

Ca‘ll)ea e S,
Tornpa sekrop
't[)caea = Sk—2'

A 5T0 3HAYHT, UTO BEKTOP

o
c e ES,,_,.

ST0 BO3MOXKHO JIHIIb NIPH YCJIOBHH, YTO Bce K03 (PHIMEHTHI
ci=0.

ITockonbKy BeKTOpPH KOHeyHOH COBOKymHOCTH PB; Bek-
TOPHOT'0 NPOCTPAHCTBA Sp—; JIHHEHHO HE3aBHCHMBI OTHOCH-
TeNIbHO Sj—g, KOHEYHYIO COBOKYMHOCTb $B; MOXKHO A0mO.1-
HUTb no G6asuca B, npocrpaHcTBa Si-1 OTHOCHTENLLO
npoctpaHcTBa Sp—p. TOYHO TaK XKe ycTaHABJAHBAeTCS, UTO BEK-
TOPbl KOHEYHOH COBOKYNHOCTH YBz BEKTOPHOIO NPOCTpaH-
ctBa S, JHMHEHHO He3aBHCHMBI OTHOCHTENbHO Si_3, H no-
TOMY KOHEYHYI0 COBOKYNHOCTb YPB, MOXKHO AONONHHTb 10
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6asuca B; npocTpaHcTBa S OTHOCHTENBHO TIOANPOCTPAHCTBA
Sr-3. Paccyxpasa tak Janblue, MH JOfJleM B KOHIE KOHIIOB
no 6asuca B B mpocTpaHcTBe S; OTHOCHTeJNBHO NPOCTpaH-
ctBa S, U notomy B, ectb oOHIYHHIA G6a3uc B NMPOCTpaH-
cree S;. JlokaxkeM Tenepb, YTO COBOKYNHOCTb BeKTOPOB,
NpHHAJJIeXKamuX Ko BceM 6asucam

Bl’ Bz, oo 0y Bk;

cocrasJisier 6a3uc B nmpocrpaHcTBa R™
JonycTuM, YTO HMeeT MeCTO JuHefiHas 3aBHCHMOCTb Me-
Y BeKTOpaMH COBOKYMHOCTU B:

ey 4 ... =0, .(39)

npuyeM Ha IepBOM MeCTe BHIIHCaHbI CJaraeMble, MpHHAJJIe-
xkamue B;. IIpuMeHsss K 3TOMY COOTHOLIEHHIO OTOOpaXKeHUe
P*-1, MBI MOJIy4aeM COOTHOILUEHHE

Cu‘ll)k_lea =0

Ho sT0 3HauuT, YTO KOHEUHAsi COBOKYNHOCTb BEKTOPOB
P*-1B,, cocraBasiomas 4acTb Gasuca B, npocTpaHcTBa
B,, nuHefiHO 3aBHCMMa, a NOTOMY BCe K03 (PUIHEHTH
cl, c?, .. , ¢’ paBHH Hym;o. [Tocne Toro Kak 3To JOKasaHo,
MBI [OKa)XeM TOYHO TaK Xe, 4TO Bce K0d(pHUUEHTH INpH
ajeMeHTax B, Bxomsmux B cootHouieHne (39), Takxe
paBHBI HYJIIO, H TeM CaMbiM B KOHIle KOHIOB YCTaHOBHM,
YTO COBOKYMHOCTb BEKTOpOB B JiHHeHHO He3aBHCHMa B IpoO-
CTpaHCTBe R™.

JloKkaxeM Temepb, YTO NPOH3BOJNbLHLEIA BEKTOpP X, B NpPO-
cTpaHcTBe S = R" JHHeHHO Bblpaxaercsd yepe3 BEKTOPH,
npuHaanexamue B. Tak Kak BeKTOpb KOHEYHOH COBOKYI-
HOCTH B; cocraBisioT 6a3uc B NPOCTPaHCTBe S, OTHOCH-
TeJbHO Sk—1, TO BEKTOP ¥; MOXeT GbITh 3aNHCaH B BHAE

i
o
X =ce,+ %

rie X2 & Si-1. Takum o6pa3oM, BEKTOP X; BeIpaxaercs Jiu-
HeHHO Uepe3 BEKTOPH, NMpHHAJJIeXKallHe KOHEUHOR COBOKYI-
HOCTH B; u emie n06aBOYHHINA BEKTOp X3, NMPHHAaAJMexRauIuH
NpPOCTpaHCTBY Srp—y. Ilpogoskas aTOT mpouecc AaJjblie, MH
JIOKaXXeM B KOHIIe KOHIOB, YTO BEKTOP X; JIHHEAHO BHIpa-
3KaeTcs uepes BeKTOphl, mpuHamiexamue B. Takum o6pa-
30M, YCTAaHOBJIEHO, 4TO B ectb 6a3Hc B NPOCTPaHCTBE
Sk = Rn. :
Pazo6beM Tenepb KOHEUHYIO COBOKYNHOCTb BeKTOpOB B
Ha TNOMapHO HenepeceKaloluecs XOpAaHOBH cepuH (cM. A)).
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Janas storo BoijesuM B B nomMHOKecTBO B Bcex BeKTOpOB,
KoTOphle GYAYT CIYXKHTb HAaYanbHEIMH BeKTOpamH hy xop-

naHoBHX cepul (cM. A)). K MHO}KeCTByB OTHeceM Impexje
BCEro BCe BEKTODPH COBOKYMHOCTH B;, 3ateM BCe BEKTOpH
COBOKYNHOCTH By, He mpuHapaJexamue K ee yactu B, 3a-
TeM BCe BEKTOPH COBOKYMHOCTH Bj, He mpHHaajexamiue K ee
uact# PB,. [Iponoskas sToT npouecc Aasblue, Mbl 10AxEM 0
BEKTOPOB COBOKYIHOCTH B, u BkiouMM B B Te BeKTOpH U3
B, KOTOpHE He NPHHAJJIEXKAT COBOKYNHOCTH YB,_;.

BriGepem Haua/bHBIH BekTOp h) Hame# »kopAaHOBOH ce-
PHH H3 KOHeuHOH cOBOKynHocTH B;, mpuuem h; He npunag-
JIEXHUT K COBGKYNHOCTH YB;_,. BubGpannuii sektop h; npu-
HaJJIeXXUT BEKTOPHOMY NMPOCTPAHCTBY Sp—iy1 H He NPHHAI-
JIEXKHT BEKTOPHOMY NPOCTPAHCTBY Si—i. HITAK,

P 52 0,

B g = 0.
Takum o6pa3oM, MH HMeeM IOCJEJOBATENBHOCTD BEKTOPOB
by, ho="bh;, hs="Phy, ..., B sy ="Phsy Vhp_ 14 =0,

H BEKTOpH
hl’ h2’ DCCEY hk__‘.'_‘ N (40)

COCTaBJISIIOT XKOPAAHOBY CepUI0 JJWHH kB — i+ 1.

XXopaanoBn cepun THna (40) HCuepmBIBAIOT BCIO COBO-
KYNHOCTb B 1 He nepeceKaloTcss Mexay coGoH.

Takum o6pa3oMm, MBI HallJIH COBOKYNMHOCTh XKOPJAaHOBHX
CepHil, COCTaBAsAONINX BMecTe 06asHC NpocTpaHcTBa R", U
KaxJo# XOpJaHOBOH CepHH COOTBETCTBYET XOPAAHOB 6/OK
marpuunl A. CnenoBaresnibHO, TeopeMa 6 JokKazaHa (cM.
ri. 4, npumep 13).

C) Ilycrp mcxonHOoe BEKTOPHOE NPOCTPAaHCTBO R”" sB-
JIsleTCsl NeHCTBUTENBHBIM H OTOGpa)keHHe ¢ TOoxke NeHCTBH-
TeJIbHOE, T. €. NEPEeBOJUT KaXKAbH AeHCTBHUTEJNbHBIH BEKTOP
B NeHicTBHTeNbHBH. TOrna XapaKTepHCTHYECKHH MHOrouseH
%(2) orobpaxKeHusi ¢ HMeeT JeHCTBHTEJbHHE KOo3(dumueH-
THl H, CJIENOBATEJIbHO, HAPAAY C KaXKAHIM KOMIIJIEKCHBIM
cOOCTBEHHHIM 3HaYeHHEM A HMeeTCs COHpSKEeHHoe eMYy
KOMIIJIeKCHOe cO6cTBeHHOe 3HaueHue A. Kak OnlIo nokasaHo
panee (cM. G) § 13), co6cTBeHHOMY 3HA4YeHHIO A B IpO-
CcTpaHCTBe R™ COOTBETCTBYET HEKOTOPOe BEKTOPHOE IOAINpPO-
CTpaHCTBO R’ Takoe, uto MaTpHuua A’, cooTBeTCTBYyMOLIAA
oTOo6paXKeHHIO ¢ NpoOCTpaHCcTBa R’ B ce6ﬁ, HMeeT MHHH-

MaJIbHHIH aHHYJHPYIOIIUMA MHOrOWIeH (2 —A)¥. B cuay Teo-
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pemMun 6 6asuc B mpocTpaHcTBe R’, cocTosmiufi H3 Kopaa-
HOBHIX CepHil BEKTOpPOB, #BJSETCHA KOMIJIEKCHHM Gasucom.
Kak 3T0 BHIHO H3 NMOCTPOEHHS KOPHAHOBHX CepHii BEKTO-
poB B nmpeisioxeHu# A), oToGpaxenue ¢ = @ — A0 ABAsET-
cs KOMIIEKCHHIM. B BeKTOpHOM moampocTpaHcTBe R” Bek-
TopHOro npocrpancrtsa R* (R” = R’) moxHO B3ATb 6aswuc,
COCTaBJIEHHBI M3 XKOPJA2HOBHIX CepHH, UMEIOLIHXCA B MpPO-
CTPaHCTBE R’, HO CONpsXKeHHHX ¢ HUMH. OKasHBaercs, 4T0
MHHUMaJIbHHA aHHYJHPYIOIIHA MHOT'OYJIeH (z—1%)* oro-
6paxkeHusl ¢ Ha NMOANPOCTPAHCTBe R” HMeeT TOT Xe IOKa-
3aTeqb k”, yTO H aHHYJHPYOLUA MHOrouJeH (2 — A)* Ha
npoctpancTBe R’. B camoM pgene sicHO, 4TO (z—-k)"' fiB-
JISleTCSl aHHYJHMPYIOLIMM MHOrOY/JEeHOM OTOGpaXKeHHS ¢ Ha
noanpocrpanctee R”. Eciu GH 9TOT aHHYJHPYIOWIHA MHOFO-
unen (z—A)* He 61 MHHHMAJbHBIM, 8 MHHHMAJIBHBIM
6l MHOrOwIeH (z—A)¥, rme k" <R, ToO, nepexois OT
COGCTBEHHOTO 3Ha4eHNsl A K CONMPSIXKEHHOMY eMy COGCTBEH-
HOMYy 3HayeHHI0 A, Mbl NpHIIAH OB K 3aKJIOYeHHIO, YTO
(z— M) sBasercss aHHYJHDYIOWHM MHOTOUIEHOM OTOGpa-
JKeHUs1 ¢ Ha moanpocrpaHcTBe R’. Takum oGpasom, o6a mo-
Kasaresas k' u k” noJyxub -GHITh PaBHB MexAy coboit. Ta-
KMM 006pa3oM, AJsl JABYX KOMILJIEKCHO CONpPSKEHHBIX C€O6-
CTBEHHBIX 3HaueHHH A H A ompelesieHH JBa BEKTOPHHIX TMOA-
npocrpaHcTBa R’ 1 R”, npuueM npocTPpaHcTBo R” compsixke-

HO NpPOCTPAHCTBY R’ B TOM CMBICJE, 4TO KaXAHA BEKTOp = §

H3 R” conpsixeH HEKOTOpOMYy BeKTopy H3 R’ n HaoGopor.

IMpennoxenue C) uMeeT 3HaYeHHE NPH OTHICKAHHMH M-
CTBHTEJIbHBHIX peIUeHHH NeACTBUTENBHHX OGHIKHOBEHHHIX
AudpdepeHunanbHbX ypaBHeHHH.

§ 15. Keagpatuunbie ¢opmbl

[Tycrs E™— neficTBHTe/IbHOE €BKJHIOBO BEKTOPHOE MpO-
CTPAHCTBO Pa3MepHOCTH n, [(X,y)— AeHcTBHTENbHAS CHM-
MeTpHUHasi OuiMHeHAHas ¢opMma, 3ajlaHHasi Ha 3TOM MpoO-
cTpaHcTBe, H f(X, X)— COOTBeTCTBYIOLlas el KBaApaTHYHAs
¢opma. B koopaunatHoM Buzme npu BuiGope B E™ HeKoTo-
poro oproHopMaJbHOro Gasuca OuiHHeHHas ¢dopma f(x,y)
3anUChIBaeTCs TaK:

f (x, y)=aa5x0yﬂ
(cm. D) § 2). 3zech
A=llayl
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T TR RARY

npeacTaBiaser co6ofi KBaApaTHYIO MaTpHUy nopsaka n. dta
3alMHCh OTJIMYaeTcsi OT OObIUHOA (OopMbI 3amucnH MaTpHl,
NPHUBHIYHOA HaM, TeM, 4TO 06a HHJAEKCA CTOAT BHH3Y, HO MH
6yleM CYHTaTh, YTO NepBHIA HHIEKC i yKa3niBaeT HOMep
CTPOKH, a BTOPOfi HHJEKC j— HOMep croabua. Keagparuu-
Hasa ¢opMma f(x, x) 3anucriBaeTcs B BHIe

f(x, %) =aaax°‘x”.

OcHoBHOM 3ajauell HacTosimiero maparpada sBJjsieTcs
BHOOp Takoro oproHopmasbHOro 6asuca B IPOCTPaHCTBE
E®, npu KotopoM KBajpaTuuHasi ¢opMa 3anHCHBaeTcs B
HaunboJjiee MPOCTOM BHJE.

A) Ilyers

A=llayll

— MaTpHlia, COOTBETCTBYylOLIasi JeHCTBHTENIbHONH KBajpa-
THYHOH (opme f(x, x), 3agannoél Ha E" npu HeKoTOpOM Op-
TOHOpMaJjibHOM 6asuce

e, €y .u.y €. (41)
Keazpatuunol dpopme f(x, x) COOTBeTCTBYeT JHHeHHOe OTO-
6paxenue ¢ npocrpanctsa E” B ce6s ¢ marpuueit A =" af ||,
KOTOpOe B KOOpJAMHaTHOH (opMme npu Gasuce (41) samaerca
dopmyiiok
i
a;=ay. (42)

Matpuun A u A, BHOMCAaHHHE KaK KBafipaTHble TaGJIHUbI,
MOJIHOCTBIO coBnanaioT. OHH OTJIIMYAIOTCS TOJNBKO TeM, 4TO
37eMeHThl HX O0003HayeHHl NO-pa3HoMy. OkaskiBaeTcs, YTO
TaK 3aJaHHOe OTOGpaKeHue ¢ Nnpu nomomu Gasuca (41) He
33aBUCHT OT cjyyalHoO BrlOpaHHOro 6asuca, HO onpenenser-
cs1 camolt KBagpaTHuHO# ¢dopmoil f(x, x). CoGCTBEHHBIE 3H-
YeHHs OTOOpaKeHHs (¢ HAa3bIBAIOTCA COOCTBEHHbIMU 3HAHe-
Huamu Keadparuunod ¢opmol [(x,x), a cOOGCTBeHHLIE
BEKTOPHI €r0 Ha3biBAIOTCS COOCTBEHHbIMU BEKTOPAMU K8AOPa-
TuuHol hopmel. OKaswiBaercsi, YTO Bce COOCTBeHHble 3Ha-
YeHUs] KBaJpaTHYHOH (GOPMH SBJSIOTCS HOeACTBHTEbHBIMH
YHCJIaMH, a NPH Hajjexamum obpasoM BHIOpaHHOM OpPTO-
HopMaJbHOM basuce

ki By ..., Bn (43)

B npoctpaHctBe E" matpuusl A B A uMeOT AHAroHaJbHYIO
¢opMy, npudem Ha AHArOHANH CTOSIT COGCTBEHHbIE 3Haye-
HHsl KBajpaTH4YHOH (opMbl f(x, X¥), a BEKTOpPH, COCTaB/SI0-
mue Gasuc (43), sBAsIOTCS COOGCTBEHHBIMH BEKTOPaMH C
STHUMH COGCTBEHHLIMH SHAYEHHSIMH,
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Xoxkaxem npemnoxenne A). Jlokaxkem MpexKe BCEro,
910 oTOOpaXKeHHe @, 3aJlaHHOe B KOOpAHHaTHOH (popme mpH
noMoma Gasuca (41) dopmyno# (42), B AeACTBUTENLHOCTH
ompejensiercs caMoii KBaipaTHuHO# ¢opmoli f(x,x) H He
3aBHCHT OT BhiGOpa opToHOpMaJsbHOro 6asuca (41). Ksan-
paruuHas ¢dopma f(x, ¥) OZHO3HAYHO OmpeneisieT CHMMET-
puuHyl0 GuiauHeliHyio dopmy f(x,y) (cm. E) § 2). Hdanee,
Gununeitnas ¢dopma f(x,y), paccMaTpuBaeMass Kak (yHK-
IMs BeKTOPA ¥, OJHO3HAYHO OmpezessieT Takoi BeKTop u(y),
uT0

F(x y)=@®), »

(cM. B) § 7), rme BekTop u(y), €CTECTBEHHO, 3aBHCHT OT .
IIpu Gasuce (41) Mbl HMeeM

[ (% 9)=ax"x® =a,00°x" = (1 (g), %),
rae 5
u(y) = (aiy®s aws® ..., augd’)-

Takum o6GpasoM, KOODAMHATH BeKTOpa #(y) B KBaApaTHU-
HO#l popMe onpenensiioTcs GopMmyiIoi

i

u =a,5yﬂ.
Orciona BuAHO, YTO BekTop u#(y) 3amaerca ¢opmyaoi

u(y) =9y,

npuyeM JHHefdHOe OTOGpaxKeHHE ¢ ONHO3HAYHO ONpeneasieT-
c CHMMeTPHYHOM GuauHeHHOH (opMmo# f(x,y), KoTOpas B
CBOIO oOuepelb ONHO3HAUHO ONpefelsieTcss KBaAPaTHYHOMH
¢dopmoit f(x, x). Takum o6pa3oM, MBl HOKa3alH, YTO JHHeH-
Hoe oToGpakeHHe ¢ ONHO3HAYHO ONpelejseTcs KBaJpaTHy-
Hoft dpopmoit f(x, x).

Tenepp noKaxeM, YTo JI060e COOGCTBEHHOE 3HAaUeHHe A
oro6paxeHHs ¢ AeHcTBHTeNbHO. COGCTBEHHOE 3HaAYeHHE A
oTto6paxkeHHsl ¢ onpefeasieTc COOTHOIIEHHEeM

ah® = Ah' = A8;h°%, (44)

rae h=(h', k2, ..., h") — OTJIMYHBIH OT HYJS1 BEKTOP. YMHO-
Kas 9TO COOTHOIIeHHe Ha ' ¥ CYyMMHUPYS TO i, TMOJydaeMm

A ayh"® =f (h, B)="A(h, ).
CorsacHO I0OKa3aHHOMY paHee (CM. BBeJeHHe K IJI. 3) 6u-

JuHelinas ¢dopma f(h, k), paBHO KaK U CKalspHOE MPOH3BE-
neune (h, k), ABASIOTCA HOeHCTBHTEJNbHHIMH YHCJIaMH, NPHe
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geM (h, h)#0. Otciona cienyert, 4to A €cTb AeACTBHTENb+
HOe YHCJIO.:

Joka3aTenbCcTBO TOro, 4To MaTpHua A npu Haajexa-
muM 06pasoM BHIGpaHHOM OpTOHOpMajbHOM Gasuce (43) B
npocrpaHcTBe E” mMeeT NHAroHajibHyo ¢opmy, mpHyeM Ha
A¥aroHajJHM CTOSAAT COOCTBeHHHle 3HaUYeHHs KBaJpaTHUHOMH
(GOpMH, COOTBeTCTBYIOIIHE COGCTBEHHHIM BekTOpam (43),
Oynem BecTH HHAYKTHBHO. IIpn n==1 yTBepxkIeHHe oue-
BHJHO, TaK KaK Toraa matpuua A sBiasieTcsi MaTpuleil nep-
BOrQ MOPsAKa U npeAcraBJsieT coGod nelicTBHTENbHOE YHCIIO.

ITpu n > 1 co6GctBenubli BekTOp Ry, cOOTBETCTBYIOUIHHA
HEKOTOpOMY COOCTBEHHOMY 3HaueHHI0 A = A;, BbiOGepeM 3a
TepBH 3/1IeMeHT OPTOHOpMaJbHOro 6asuca NpOCTPaHCTBA

E=, Tlyctb
hy, hy ..., B, (45)

— HEKOTODPHI/i OPTOHOpMaJbHBIN 6a3uc npocrpancTea En, Ha-
YuHaloIHHCH ¢ co6cTBeHHOro Bekropa hy. O603HauuM Yepe3
E™-1 BeKTOpHOE MOANPOCTPAHCTBO mpocTpancTBa E* ¢ 6asu-

COM
Ry hs ..., h,.

OG6o3HauuM uyepe3 B MarTpHully, COOTBETCTBYIOILYIO KBaJ-
paTtuunoil popme f(x, x) B Gasuce (45). CornacHo popmyie
(31) § 2 marpuua B =||b;;|| onpenenserca dopmynon

byy=1(hy hy).
CoorHomenne (44) nasi matpuusl B 3anucbiBaeTcsi B BHAE
biah(ll’:a'lh{'

YMHOXKasl 3TO COOTHOLIeHHe CKaJIsipHO Ha BekTop By, j > 1,
nonyyaem

n
baahihf = A, 521 BhS =18,

IlpaBas yacTb NOCJAENHEr0 COOTHOIIEHHS BBHAY OPTOHOP-
MaJIbHOCTH Gasuca (45) o6pauwjaerca B HyJab npu j5= 1,
TaK 4TO MHl HMeeM

bl]=f(hl9 hi)=h16”=0 npg j> 1.

Takum o6pasom, f(x,y) B HOBOM OpPTOHOPMAaibMOM Gasuce
(45) sanuchiBaercs B BUAe

i(x’ y)=l’lxlyl +baﬁxayﬂ’ a, ﬂ=2, ce oy M.
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Marpuna _
B="bi]"’ i9 j=29 ceey Iy

COOTBETCTBYeT GHIMHeAHOA cuMMeTpHuHO# ¢opMe B mon-
npocrpanctse E"-l, B KOTOpylo NpeBpamiaercsi HCXOXHast
G6ununneitnas gopma f(x,y), xorna o6a ee aprymeHTa x 4 ¥
npuHajnexar f(x,y). CienoBatenbHo, N0 NPeaNONOKEHHIO
HHAYKUHH yTBepXHAeHHe A) nns Hee BepHo. Takum oGpa-
30M, OKOHYATeJbHO GuauHeliHas dopMma f(x,y) B Hamjaexa-
1HM 06pa3oM BHIGpaHHOM OPTOHOpMajbHOM Gasuce (43)
npuobGperaer BHI

f(x, g)=Ax"y' + Aox?y®+ ... 4 A x"Y",

- ’
npuueM cOGCTBEHHHIH BeKTOp h; COOTBETCTBYET COGCTBeEH-

4
HOMY 3HAUeHHIO A;, COGCTBEHHBIi BeKTOp A2 COOTBETCTBYeT
COGCTBEHHOMY 3HauyeHHIO A H T. A. KBamparuunasa c¢opma
f(x, x) npuHHUMaeT BUL

F, 2)=2 (&P + A (PP + ... + 2, (x")2 (46)

Hrak, npeanoxenue A) NOJHOCTBIC JOKA3aHO.

T'osopsaT, uTo KBajgpaTHuyHasi ¢opMa f(x, x) B Hampexa-
1M 06pasom BEHIOpAHHOM OPTOHOpPMaJibHOM Gasnce MOMKeT
GHITb 3amHCaHa B BHJEe CYMMbl KBaJpPaTOB KOOPAHHAT BeK-
TOpa, IpHYeM KaxAbl KBajapaT Gepercs C HeHCTBHTEIbHBIM
Koap¢dunuentoM. KosadpdpuuuesT aToT MoxkeT ObITh Kak IO-
JIOXHTEJbHEIM, TaK M OTPHLATEJIbHBIM YHCJIOM, & TaKxe
HYyJIeM.

3aK0OH HHepLHH

Mu gokasanu, 4To KBaapaTHunyio ¢opmy f(x, X) MOXKHO
npuBectd K BUAY (46), eciu B3ATh B €BKJIHJOBOM BEKTOp-
HOM mnpoctpaHcTBe E™ oproHopmanbHuilt Gaszuc. Ecau ot-
Ka3aTbCsd OT OPTOHOpPMaJbHOCTH 6a3uca, TO KBaAPaTHUHYIO
dopMmy f(x, X) MOXKHO NIpHBEeCTH K eme O0ojiee INPOCTOMY
BHIY. B

D) Ksagpatuunywo ¢opmy f(x, x), 3aflaHHy10 B JeHACTBH-
TEJIFHOM BEKTOPHOM IIpocTpaHcTBe E”, HaajexamuMm Bbl-
GopoM 6asuca MOXKHO NPHBECTH K CIEAYIOLIEMY BHAY:

Fx, x) =g (P4 e (s + ... +e, (572 (47)

rjae 4ucnaa ey, es, ..., &; NPUHUMAIOT 3HauyeHHs =1 u 0.
HoxkaxeM npeayoxenne D), BOCNONb30BABIIHCh Pe3Ylb-
TaToM npennoxeHus A). Ecau 4HCNO A MOJIOKHTENLHO, TO
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TOJIOXKHM _
n=/4;.
Ecan 4ucao A; OTpHIATENIBHO, TO MOJOXKUM
p=+—4
H, HaKOHell, €C/IH A; pPaBHO HYJIIO, TO MOJIOXKHM
p=1.

Bmecro Koopaunat x!, x2, ..., X", B KOTODHX 3alucaHa
KBanpaTHuHas ¢opma (46), BBeleM HOBHE KOOPAHHATH
L E2, ..., E MOJIOXKHB

i B

X' ===
T

INoncrasnss sHaueHHs xf B BhIpaXKeHHe KBaJpaTHYHOH (op-

Mul (46), monyuum

F(x, £)=e B+ e+ ... +e, "

Bce uncna e, €y, ..., &, NpUHUMAIOT 3HaueHus =41 u 0. Ta-
KuM 00pa3oM, npenjioxenue D) mokasano.

ITpennoxenue D) 6bJI0O MOKAa3aHO B MNPEAINONONKEHHH,
YTQ KBaZpaTHyHas ¢opMa f(x,x) 3ajaHa B eBKJIHAOBOM
BEeKTODHOM npocTpaHcTBe E®, TaK KaK IPH 3TOM B KauecTse
NPOMeKYTOUHOT'O pe3yJbTaTa HCIOJIb30Ba/ach KaHOHUYECKas
¢dopma (46) kBampatuunHoét ¢opmmi. Ilpu JoOKaszaTeNbCcTBE
CYLIECTBEHHYIO POJIb HIpajia eBKJIHAOBOCTb IPOCTPaAHCTBA
Er. B p[eHCTBUTeNIBHOCTH [Jisi YCTAHOBJIEHHS KaHOHH-
yeckoro BHAa (47) kBapparuuHoil ¢opMmHl f(x,x) He Tpe-
6yeTcsl €BKJHAOBOCTh IpocTpaHcTBa E" B mpocrpaHcTBe
R", xoropoe He sIBisieTCS €BKJUAOBBIM, MOXKHO IPOH3BOJIb-
HbIM 06pa3oM BBECTH CKajisipHOe IPOU3BEJEHHE W MpPH 10~
MOILM 3TOr0 CKAaJSIPHOrO NPOU3BEJEHHs JOKa3aThb NPOMEXY-
TOYHOE NpemioxeHue (46).

Celiuac Mbl 3afiMeMcsi KaHOHHYeCKHM BHAoM (47) xBan-
patuuHoii ¢opMu f(x,x), npuueM KBaapaTHyHasi Qopma
f(x,x) 3amaHa B NpOHM3BOJILHOM BEKTOPDHOM IPOCTpaH-
cTBe R".

E) Ilycts R"— n-mMepHOe BEKTOpPHOE NpPOCTPAHCTBO, a

e €y ...y €, (48)
foo for ovos T (49)
— IBa 6asuca B npoctpanctBe R” Ilyctb, naiee,

x=x"e, Yy=yfy

H
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— BEKTODHI, 3aflaHHEle B mpocTpaHctBe R”. IlomycTum, 4TO.
B Gasuce (48) xBajgparuuHas dopma f(x, x) sanmuchBaercs
B BHJIE

fx, £)=r¢;(x'2+ (x4 ... + ¢, (x"P+
et (PP o e (T L Fea (7). (50)

HPH 3TOM OasHCHBIe BEKTOpHI &€, €2, ..., €n 3aHyMepOBaHH
Tak, 4To
E==E== se> ==3p= l,

Epp1 ==8ppa =+ =8py,=—1,
\
8riqe1 ==Eprgs2= .+ =8, =0,

Honycrum, fajiee, YTO Ta e caMasi KBajapaTuyHas ¢opma
f(y,y) B Ga3suce (49) sanucuiBaercsi B BHAE

o o=e @V +al@)’+... +eo(@)V+
+epn (7 4 e ()
vt G

npuueMm , ,
81==ao- =ep=l’
’ ’
1= o0 =8p'+q'==—1,
’ ’
Eptq/+1= ¢+ =g,=0.

QOKkasHBacTCsl, YTO HMeeT MeCTO cjeAayioniasi Teopema HHBa-
PHAHTHOCTH:

4 v
p=p, 9=¢. (52)
HOukaxem cootHouienusi (52). JlokasaTenbCcTBO OyneM
BeCTH OT npoTHUBHOro. JLOmyCTHM, 4TO
p#r,
M IPEANOJNOKHM IS OnpeleseHHOCTH, YTO
4
p’<p. (53)
O6o3HauuM uYepe3d R+ BeKTOpDHOE NOANMPOCTPAaHCTBO Ipo-
cTpaHcTBa R" ¢ 6a3HCOM
el’ e2, o 0y ep,

u uepe3 R— BEKTOpHOe NOANPOCTPAHCTBO NpPOCTpaHcTBa R"
c 6asHcoM ‘ .
frsts ooos Forras ooos o
3anuck (50) KBazpaTHuHOH (POpMBI MOKa3bIBaeT, YTO eCjd
BekTOp *= R+t u x40, 10 f(x,%)>0. Touno Tak xe
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sanuch (51) kBanpatuunoft dopmu f(y, y) mokasuBaer, uTO
ecqH BeKTOp y & R, 10 f(y,y)<<0. BBuny HepaBeHCTBa
(53) cymma pasmepHocTeii mpocTpaHcTB R+ m R— 6ouablie
n, H NMOTOMY NPOCTPAHCTBA STH IEPECEKAIOTCH [0 HeHyJe-
BoMy BeKropy. [lokaxkem 370. Ilycth

e €y ooy €y foity conr fn

— INI0CJI€I0BATEJIbHOCTb BEKTOpOB. BBUAy HepaBencrBa (53)
oflee YHCJIO 3THX BEKTOPOB GoJibllie 7, H [OTOMY OHH JIH-
HEHHO 3aBHCUMHL. 3anulieM HX JHHeAHYI0O 3aBHCHMOCTb
B BHJE:

=0y, a=1, ..., p, B=p +1, ..., n, (54)

npu 3ToM KoaddHuueHTs a! u b/, BMecTe B3sATHE, He MOIYT
Bce obpamaTbcs B Hysab. CnpaBa CTOAT ajeMeHTH Oasuca -
(49), noaToMy OHH JMHEHHO HE3aBHCHMBI, H, CJeA0BaTelbe
HO, KO3 GHIHEHTH a’ He MOTYT BCe OJHOBPEMEHHO 06pa«
WaThcsl B HyJb. Mbl HalIH OTJAHYHBIA OT HYJsi BEKTOp X,
CTOSIWHH B JIeBOH YacTH COOTHOMIeHHs (54), KOTOpHIi mpH-
HajJleXXHT o6ouM mpocTpaHcTBaM R+ u R—. Ha sTom BCk-
TOpe KBaapaTHuyHas ¢opMma [(x,X) noJOXKHTENbHA, MNO-
CKOJIbKY X € R*, U OHa HemnoJIOXHTeJIbHa B CHJAY TOro, 4TO
x< R-. Takum o6pa3oM, Mbl NPHUOUIH K IPOTHBOPEUHIO H
HepaBeHCTBO p’ << p MCKJOYaercsl. TOYHO Tak XKe JOKa3bl-
BaeTcs, YTO HepaBeHCTBO p << p’ HEBO3MOXHO. TakuM 06-
pa3oM, JoKasaHo, 4To p = p’. [Ipumensas nonyuyeHHHl pe-
3yJbTaT K KBajapaTUyHoH ¢opMme —f(x,x), MB NPHUXOIHM
K BHIBOAY, YTO ¢ == ¢’. HMrakK, nokasaHo, 4TO B KBajApaTHu-
HOlt dopMme f(x,X) UHCIO MONONKHUTENbHHIX K03((HIHEHTOB
H YHCJO OTpHLATENbHHIX KO3()(GHUIHEHTOB B KaHOHHYECKOM
BHAe HUHBapuaHTHH. Ho Tak Kak 4uca0 HyJeBHX K03(pdu-
HHEHTOB PaBHO n— p — ¢, TO 3THM CaMbiM JOKa3aHa HHBA-
PHAHTHOCTb YHMCJIa HYyJeBHX KoapdunuentoB. Mu noka-
8aJIH, C/eJ0BaTeJbHO, TaK Ha3KBAEMEIfl 3aK0H UHepyuw 1
KBaJpaTHUYHHIX (popM.

§ 16. kcnoneATa KBaApaTHON MaTpPHILI

dror naparpad He BNOJHE NOAXOAHUT MOJX 3aroJOBOK
ra. 3, Tak Kak 3JeCb He NPHBOAUTCA K KaHOHHYECKOMY BHIY
HHKaKas MaTpHIla, OQHAKO pe3yJbTaTH 3TOoro mnaparpada
HYXXHB [JJsi TEOPHH OOLIKHOBEHHHX AupPepeHuHaTbHBIX
ypaBHeHHA M HX HYXKHO KyZAa-Tro noMectuTb. Ilo cBoemy
ayxy stor maparpad G6aHKe BCero mpHMbIKaer K ri. 3.
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OKcnoHeHTO! eXp z HasHBaeTcsa GyHKuus
expz= e,
KOTOpasi 3a1aeTCsl PsIAOM

3 R
e=l+E 4+ 59

Ecau BMecTo z B mpaByio 4acTb 3TOrO PaBeHCTBA IOACTA-
BHTb KBAaJPaTHYI0O MAaTPHUY A H eclH OKaXeTcs, 4TO MaT-"
PHYHBIA pPSAA CXOAMTCH, TO MHB onpeienuMm (yHKuuio e4.
OkasbiBaercs, 4T0, NOAcTaB/sAs B psiA (55) mpou3BOMBHYIO
KBaJIpaTHYI0 MaTpHIy MNOpsiAKa 7, Mbl Bceraa mOJydaeM
cxoaaumuica psaa v GyHKUus e Bceria onpeneneHa. Cxonu-
MOCTb psija, COCTABJIEHHOTO H3 KBaJApaTHBIX MAaTpHIL HO-
psAlKa n, onpefesieTcss KaK CXOAUMOCTb psala AJisi KaXAOro
-OTAEJbHOIO 3J1eMeHTa MAaTpPHUILBl, CTOSLIEro Ha onpelesieH-
HOM MecTe. '

s nokasaTenbCTBa 9TOrO HYXXKHO NPOU3BECTH HECJI0XK-
Hble OLleHKH. '

A) Ilycts

B=lsil, a=|dl

— AB€ KBaJpaTHbI€ MaTpHLBl NMOpsAdKa n, JEMEHTH KOTO-
PbHIX UMEIOT OLEHKH

loj| <6, |afl<a,

TAe a W b— HeKOTOpbie NOJOXKHTeNbHBIE uHcaa. OKasbl-
BaeTcs TOrjAa, 4To AJsi MaTPHLBL

BA=C=|cj]
HMEIOT MECTO OLleHKH
[ef] < nba. (56)
JlokaxeM nocjefHee COOTHOLIeHHE. MBl HMeeM
cf =bkal, a=1, ..., n.

B npaBoii yacTH 3TOro paBeHCTBA CTOSAT . ClaraeMblX, Kax-
J0e U3 KOTOPHIX 10 MOAYJIO HE NPEeBOCXOAHT NPOH3BeleHHe
ba, u, TakuM o6pa3oM, HepaBeHCTBO (56) moKasaHo.
B) Ilycts
i
A=|djl

-— KBaJipaTHas MaTpuUa Nopsaika n, JJIs JEMEHTOB KOTO-
poil HMeloTCs OLEHKH
i
|a1l<ao
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rlle a — HeKoTOpoe MOJOXKHTeNbHOe uncio. Ecan & — nenoe
HeOTPHLUATENbHOE YHCJIO, TO AJIS MaTPHIL

A =|cj|
HMEIOT MECTO OLieHKH

lef| < (na)®

Hokaxem 9710 yTBepxkieHne. JlokazarteabcTBo G6ynem
BeCTH HHAYKTHBHO mo uucay k. Tak kak A= E, to paa
k =0 yrBepx/eHne BepHO. [Tos0oxKHM Tenepb

A¥'= B =|bj|
Toma o NPEAnOJNOKEHHIO HHAYKIHH HMEeeM
[67] < (na)*".
Janee, .
AF = BA.

Tak Kak Ana matpuy A u B yXe HMeloTcs OLEHKH, TO B
CHNy NpeJoXeHHs A) MH mosyyaeM JJisi 57eMEeHTOB MaT-
puun A* oueHKy, yKasaHHYI0 B (OPMYJHPOBKE NpeljoxKe-
Hus B).

C) Marpuunnil psanp et, rie A — KBajpaTHasi MaTpuua
POM3BOJIHOTO NOPSZKA 71, BCEI'la CXOAMTCS.

HOas nokasaTelbCcTBA 3TOrO YTBEPXKIEHHS PacCMOTPHM
YeH moJyyaeMoro pszia .

k
a-=lefl

B cuny npennoxenns B)
(na)
|01| .

Ilpn CyMMHpOBaHHH NMPABHIX qacTeHl 9TOr0 COOTHOWIEHHS MH
noslyuyuM cxopmsmuiica psafa. Takum o6pa3oM, MaTpHYHBHIA
pAL e Bcerja CXOAHTCS.

D) Iyctb ¢— pefictBurenbroe yncao. Onpenesnnm MaTe
pHuHyl0 OYHKIHIO f({), TOI0XKHUB

fy=e"

rae A — HeKoTOpasi KBajpaTHas Martpuua nopsaka n. Toraa
OKasnlBaercs, 4To

A0 _ g @)= A (57)
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Iasi noKasaTeAbCTBa NOCJAEJHEr0 COOTHOWIEHHS BHIIH-
mweM GYHKUHIO e*4 B BHJE Psika

fo=m o2 A

B cuay onenox, monyyeHHux pasee (cm. C)), psax 3ToT
MoxHO AuddepenuupoBats no f. OcymecTBass mauddepeH-
IUpOBaHHe, MH NoJy4aeM cooTHoueHHe (57).




T'nasa 4

NPHUMEPDI

3aech GyAyT AaHE NPHUMEPH, HIJMIOCTPHPYIOLIHE H Pa3b-

AICHSIIOLIHE COJiepXKaHHe TPeX NePBHX TeOPETHUeCKHX IJIaB.
K§1

Ilpumep 1.

Onpenenenue 7. Bexkropom Ha3pBaeTcsd HanpasieH-
HBIH OTpe30K, T. e. TaKOH OTPE30K, 0 KOTOPOM H3BECTHO, B
KaKOM €ro KOHIle HaXONUTCA HauajJo BEKTOpa H B KaKOM
€ro KOHIe KOHell BEeKTOpa.

TakoBo reomeTpuuecKoe onpejeseHue Bekropa. Eciu or-
Pe3OK pacCMaTpHBAaeTcsl KaK NpHHajjIexauufl NJI0CKOCTH
E2?, 10 oH mByMepeH. Eciu OTpe3ok paccMaTpHBaeTcs Kak
NpUHAMJIeXamui TpexMepHOMy mnpoctpaHcTBy E3 To oH
TpexMepeH. BBoaATCA OMepamHH CJIOXKEHHS BEKTOPOB H YM-
HOXKEHHS WX Ha JeficTBHTeqbHHe uHcaa. [lajee ompeze-
JIieTCS PaBEHCTBO BEKTOPOB M JOKa3bIBaeTCs, UTO JAJIsl KaXK-
Joro Bektopa u3 E" (n=2,3) cyuecTsyeTr paBHHH
€My BeKTOp, HauHHawmouuiics B 3aJaHHOH TOYKe MPOCTpaH-
ctBa E™

ITycts u — BekTop mpocrpanctBa E” (n=2,3). Toraa
CYIIEeCTBYeT PaBHHl eMy BEKTOp v, HayHHalomuicsa B Ha-
yane koopauHat O. OGo3HauuMm uYepe3 b KOHel, BEKTOpa v.
KoopauHaThl TOYKH b sBAsiioTcs yuciaamu. Mx nsa wmam co-
OTBETCTBEHHO TPH B 3aBHCHMOCTH OT n. OHH SBJSAIOTCS KO-
OpIMHATaMH BeKTOpa # HJIHM BekTopa v. Takum oGpasom,
MeX1y BektopaMu u3 E" u mapaMu HJIH TPOMKaMu 4YHCel
(B 3aBHCHMOCTH OT 1) YCTaHaBJMBAeTCs COOTBETCTBHE.
Kaxnomy reoMeTpHYecKOMY BEKTODY CTaBHTCH B COOTBET-
c'ere1 BeKTOp mpoctpaHcTBa A", 3aJaHHHA ompexnenes
HueMm 1.
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K§?2

Myctb A" — n-MepHOe BeKTOPHOE TIPOCTPAHCTBO  (CM.
onpeneneHde 1) u @ — orobpaxkeHue mnpocrpanctsa A" B
ce6s1. PaccMoTpuM HeCKOJbKO THIOHYHHX NpPHMepoB oTobpa-
JKeHHS @.

Ilycrp

€, €3 ..., €,

— Gasuc npoctpaHctBa A”. 3anaguM oto6paxkeHue ¢ COOT-
HOLOEHHEM ’
a

Qe;=a;e,.

Takum oGpa3oM, oToGpazkeHue ¢ 3ajfaercsd MaTpuleli A=
i
=]l :
MMpumep 2. Homyctum, yto Matpuua A, 3ajpamouas

oroGpaxkeHue ¢, ABJAseTCS AMAroHaJbHOH H YTO Ha AMaro-
HaJIi CTOUT OJHO H TO XKe uucio A. Torpa B cuny dopmyin
(23) ra. 1 ans Kaxkjaoro BeKTOopa x oTo6pa)ceHHe ¢ OIpe-
nensercs popmyJion

Qx = Ax. n

Takoe oro6GpaxkeHHe ¢ SIBJISETCS pacTsAKeHHEeM NPOCTPaH-
cTBa A™ c HEHTPOM B Hayaje KOOPJAHHAT ¢ KO3()DHUHEHTOM -
A. Ecam |A] < 1, To dakTHuecKH 0TOGpaXKeHHe @ SBJIAETCS
cKaTHEM. 3apnannoe ¢opmynoii (1) oroGpaxenHue ¢ Hasbl-
BaeTca nodobuem C UeHTPOM B Hauajie KOOPAHHAT.
[Mpumep 3. JonyctuM Tenepb, uro Matpuua A, ompe-
Jensomas oTo6paxeHne @, ABJASETCS NHAroHaJbHOH H 4TO
Ha [AMaroHaJ/ii NepBbifi 2JeMeHT paBeH HYJIO, a OCTajlbHble
paBHbl efuHHLe. Torpa orobpakeHHe ¢ NPeACTaBJseT CO-
6oil MpPOEKTHPOBAHHE NPOCTPAHCTBA A" Ha ero MOANpPOCTPaH-
ctBo A"™! ¢ 6asuCOM ez, ..., €, B HaNpaBJleHHH BEKTOpa é.
[Mpumep 4. INycts matpuua A, 3apaiomas oro6pa-
JKeHue @, ABJsETCs AHAroHaJbHOH, MpHYeM NEPBHIA auaro-.
HaJbHBIH 3j1eMeHT paBeH —1, a oCTajibHble JHAaroHajbHbie

ajeMeHTH paBHH -1, Torma oroGpaxenue ¢ . SIBJSIETCS 15
3epKa/ibHBIM OTOOpa)keHueM npoctpaHctBa A" Ha ce6s OT-, 3§

HOCHTeJIbHO ero nopmpoctpancTsa A"! c 6Ga3ucoMm e, -...
«.., €, B HAIPABJ/IeHHH e;.
K §§ 3,4

[Mpumep 5. PaccMoTpuM cucTeMy [BYX JIMHEAHBIX
ypaBHeHHil OTHOCHTENbHO ABYX HeH3BECTHBHIX x!, x%:
1 1.2 1
alx' + QX =2¢C,
@

2 2 2
alx‘ -+ azx2 =c"
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HckinouuM HeMsBecTHOe x? U3 CHCTeMH ypaBHeHufl (2), ym-
HOXHB NEPBOEe M3 ypaBHeHHH cucTeMH (2) Ha a3 a BTO-

poe Ha @; H BHUTHA OAHO ypaBHeHHe H3 Apyroro. Torza Munl
NOJYYHM

(ala? — aba?) x' = a¥c' — ajc™

Taxum o6pasom, Mbl HMeeM

2.1 1.2
020 —-agc
M= @)
aa; = aa;
Ananornuno nosyyaem
1.1 2.1
ac —a,c
1 1
¥ = )
a,ay — axaq

O6e npo6u (3) u (4) HMEOT OJMH H TOT ¥e 3HaAMeHaTellb
D(A) =aja? — a'd}.

DTOT 3HaMeHaTeNb HAa3bIBaeTCs OMNpeleNUTeNeM MaTpHUBI
i . o

A=|| a; ||, i=12; j=1,2, Broporo nopsinka. Takum 06-

pa3oM, Mbl NPULLIH K NpeicTaB/]eHHI0O 06 onpenenauTtene

KBaJpaTHOH MaTpHLbl BTOPOro MOPSAKA.

ITonoxum
1 11
C a a [
A= ! g , Ay= ; ll
¢y a ai ¢

Torna nasa x' u x2 popmynsl (3) u (4) MOXKHO nmepemucate
B BHIE

1 D) . D(A)

=D@) =@ -

B caeayromux naparpadax sTa KOHCTPYKUHSL Gynaer
06006Imarbcad Ha Clyyall pellleHHs CUCTEMBl 1 YPaBHEHHH ¢ n
HEeH3BECTHHIMH MPH IIOMOIIH OIpelesHTeNel.

K§5

Mpumep 6. Iycrs A=|aj], B=|b;j] —nse tpey-
roJpHEE MAaTPHUB NOPsAAKA n. DTO SHAYHT, YTO NPH j > I
HMeeM a;==0, b;=0. HokaxeM, uto Matpuna C=AB =
——-ﬂc}ﬂ TaKxKe SIBJISETCS TpeyrospHoi. MH HMeeM

ch =albh.
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DNokaxewm, uto npa k> 1 umeeM ci=0. B camoM Here,
ecan a>i, 70 az=0. Ecin a<<i, 70 a <k u moromy
b%=0. CnenoBaTensHo, ct =0 mpr k > i.

K§é
IIpumep 7. Ilyctsb
x=(Y ..., ¥°), y=@,\ ..., ¥9

— IBa OTJIMYHBIX OT HYJIs1 BEeKTOpa pa3MepHocTeli p U ¢ co-
orBercTBeHHO. Onpenenum Matpuny A =" af " dbopmyJioh

aj=x'y'.
Torna panr MaTpuis A paBeH eHHHLE.

K§7

Mpumep 8. Iyctb E"— n-mepHOe eBKJIHAOBO IpO-
crpanctBo. OTo6paxenue ¢ npocrpancrsa E” Ha cebs Ha-
3bIBAETCSl BpaUjeHuUem, eclii OHO COXpaHseT JMJIHHH BCEX
BEKTOPOB, T. €. ecad | px|=|x].

JdanuM 1npuMep BpauleHus mnpocrpaHcTBa E2, [Ilyctb
x =(x1, x%). 3agagum oToGpaxeHue ¢ bopMyaaMu

(px)! = x! cos &+ x2sin a,
(px)? = —x' sin a4 x%cos a.

(®)
Jlerko nposepsercs, 4To 3afaHHoe dopmynamu (5) oroGpa-
KeHHe ¢ fBJAsSeTCA BpalleHHeM. B JeACTBHTENBHOCTH @
€CTb NMOBOPOT MJOCKOCTH E? BOKpyr Hauaja KOOpAHHAT Ha |
yroa a.

K§S8

ITosiBneHHe KOMIJIEKCHBIX 4YHCeN MOGYAHIO MaTeMaTH-
KOB clejiaTh INOMBITKY AajibHeduero o0600UIeHHS HEHCTBH-
TeJbHBIX YHCeN, MPUCOEAHHUB K HUM He OJHY MHHMYIO elH- §
HHLY, a HEeCKOJIbKO. DTa INONbITKAa HMeJa OrpaHuyeHHBIH
ycneX. Dbl moCcTpoeHH KBaTePHHOHBI C TPEMS MHHMBIMH
eIVHHUIaMH, HO IIPH 3TOM NPUULIOCh OTKA3aThCsl OT KOMMY-
TaTHBHOCTH YMHOXeHus. Jlagum onpenejeHdHe KBaTePHHO-
HOB.
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IIpuemep 9. B OCHOBY KBaTepHHOHOB MOJOKEHH TPH
MHHMbIE eHHHLbI, KOTOpPble 0603HAYAI0TCS Uepe3

i, j, k, (6)
TaK YTO KaX/Hi KBaTeDHHOH 3aNHCHIBAETCA B BHIE

x =Xy + x,i + xof + x3k.

3mech xg, X1, X3, X3 — HefCTBUTEJIbHBIE YHC/IA, KOMMYTATHB=
HHE N0 YMHOXeHH0 ¢ exununamu (6). A exuHuum (6) me-
PEMHOXKAIOTCA IO CJCAYIOLHM NPaBHIAM:

i2=j2=k2=—l, ij:k, jkni, ki=jo

KsaTtepHnoH X, conmpsixkeHHH K KBaTEPHHOHY X, 3alaercs
dhopmynoh )
X=Xy — %, — Xof — x3k.

Jlerko mpoBepsiercs, uTO

xi=|xP=x 4+ + 53+ 15

W3 sroro eciemyer, uto KBaTepHHOH x~!, o6paTHHH K KBa-
TePHHORY X II0 YMHOXeHHIO, 8afaeTcs HopMyJoi

X l= g

%
F1i
Jlerko nposepsieTcs, 4TO
xy=§jx.
KBaTepHHOH ¥, IO MOAY/IO PaBHHIH €IWHHUIE, T. €. YAOBJIET-
BOPAIOLIKH YCJIOBHIO |x|==1, 3anucHBaeTcs B BHAE

x==cosa - usina,

rie #— 4YHCTO MHHUMBIA KBAaTEPHHOH, T. €. u = Ui -+ usj 4
+ usk, a o — yroa.

BBHAY OTCYTCTBHSI KOMMYTATHBHOCTH YMHOXKEHHs . 1O~
ORITKH INOCTPOHTh TEOPHIO KBAaTePHUOHHHX GYHKUHHA He
HMeJIM yClexa, HO KBaTEeDHHOHH HMEIOT KpacCHBHIE reoMeT-
pHUYeCcKHe NpHMeHeHUsl. YKaXkeM HX.

ITpumep 10. CoBOKymHOCTb BCeX KBaTepHHOHOB K
npeacTaBiseT cO60H YeThipeXMepHOe eBKJIHAOBO BEKTOPHOE
npoctpaHcTBO. JIAHA Kaxa0ro BeKTOpa-KBaTePHHOHA X OM-
penensiercs: Kak |x|. UeTnpexmepHOe BeKTOpHOE IPOCTpaH-
cTB0 K Bcex KBaTepHHOHOB pa3jiaraercsi B NPSIMYIO CyMMY
OZHOMEPHOTO BEKTOPHOrO INOANPOCTPAHCTBA JeHCTBHTE/b-
HHX KBaTepHHOHOB D, HMeIOIIMX BHA X ==Xp, H TpPeXMmep-
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HOrO BEKTOPHOrO NPOCTPAHCTBA UHCTO MHHMHIX KBaTepHHO-
HOB /, HIMEIOLIUX BHA

u=ui -+ u,j + usk.

Kaxjaomy KBaTepHHOHY a, MO MOAYJIO PaBHOMY eRMHHILe,
NIOCTaBHM B COOTBETCTBHe JIHHEHHOe 0TOOpaxXeHHe f; eBKJH-
IOBa BeKTOpHOro npocrpaHctsa K Ha ce0s, 3ajaBaeMoe
dopmynoh

fax =axa™

Jlerko mpoBepsiercs, 4TO JHHeHHoe oToGpaxeHue [, mepe-
BOAMT Kaxjoe JiMHeHHOe moampoctpadHcTBo D u | camo Ha
ce6sa. Jlanee, okasbiBaeTcs, 4T0 oToGpaxeHHe f, sABAsSeTCA.
BpallleHHeM eBKJH[O0Ba BeKTOpHoro mpocrpanctBa K (cm.
npumep 8). Ilokaxem ato. s aroro moiacuutaeM MOAYJb
KBaTepHHOHa axa~'. Meem

laxa 'E=axa laxa™! =

=axa la ' %¥d=arxa"la%a"' =axka~' =|x P

Mpumep 11. OkaswiBaercs, 4To NpH NOMoUH OTOGpa-
XeHHSl f, MOXHO NMOJYUHTb JI0060e BpalleHHe eBKJHLOBa
BeKTOpPHOro npocrpancrsa K, nmosyuaiomeecss B pesyiabTaTe
HenpepbiBHOTO M3MeHEeHHs H3 TOX/JEeCTBEHHOro, MpHYeM Ta-
KOTo, YTO B IpOLieCcCe H3MEHEHUs BCE BPeMsi MHI HMeeM Bpa-
“LeHHe R npoctpaHcTBo D mepeBoputcst B ce6s1. Takum 06-
pa3oM, orobpaKeHHe [, OMHChHIBaeT BCe BpalleHUs Mpo-
cTpaHCcTBa /[, mojydarolldecsi HeNpepblBHBIM 06pasoM H3
TOXAeCTBeHHOro. Jl0oKa3aTenbCTBO 3TOr0 HETPHBHAJIbHOIO
YTBEPK/IeHHS fl MPeAOCTaBJSAI0 YHTATEIIO. ‘

K§9

B 1545 rony Kappano nan ¢dopmyny pemeHnss KyGuye-
CKOro ypaBHeHHs B pajaukanax. [lagum BHBOA ero ¢op-
MYJIBL.

ITpumep 12. Paccmorpum KyGHYecKOe ypaBHEHHe

B4az+b=0. 7)

K TakoMy BHAY Jierko npuBecTH Ji060e KyOHUecKoe ypaBHe-
Hue. [IpeacraBuM Tenepb z B BHAE

=x+y.
Torza ypasHenune (7) 3anumercs B BHAE
L+ +3xyx+y)+ax+y)+b=0. ®)
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Hanoxum na x u Y BONOJHHUTEJNbHOE YCIOBHE

Xy=—-5. (9)
Torna ypaenenue (8) sanuumercs B BHIe ‘
2+ P = —b. {10)
Tak KaK HMeeT MeCTO COOTHOLIeHHE (9), TO
Y= — (1)

U3 coornowennit (10) u (11) caenyer, yto x® u y3 sB-
JISIIOTCH KOPHSIMH KBaJpaTHOTO ypasaeﬂua

u? 4 by — —= 0.
Takum oGpasoM,

e R RV

U 4 2z nosnydyaem ¢opmyay Kapaauo

2='\7"'§'+’\/b2+27 +'\/—_ '\/b2 a3.

SlcHo, urto, npuMenss ¢opmyay Kappano, Henb3ss 6paThb
NpOU3BOJIbHEE 3HAUeHHs KyOHUYeCKHX KOpHeji, a Hajno 6paTh
TaKHe napbl KyGHYeCKHX KOpHeH, uTOGH HX nponsaeneﬂne

paBHslocb —a /3. OKaspiBaeTcsi, YTO BeJHUHHA ——+ 27

SIBJISIeTCS1 OTPHLATeJbHOH TOrAa M TOJNBKO TOTAa, KOria
ypaBHeHHe (7) HMeeT TPH HeHCTBHTENbHWX KOpHs. DTO
yTBepXK/JeHHe NPHBOAHTCSA 34ech 6e3 JoKa3aTelbCTsa. YKa-
3aHHe Ha [0Ka3aTeJbCTBO KMewoTcsl B § 4 kHurn «Marema-
THYeCKHH aHaiu3 JJs IUKOJbHUKOB». Takum o6pasoM, B
¢opmyne KapaaHo BcTpeuaeTcss H3BjeUeHHE KOPHSI H3 OT«
pHlAaTeJbHOTO YHCJIa HMeHHO B TOM CJydYae, KOraa KOplH
KyGu4yecKoro ypaBHeHHsl JelcTBUTelbHH. B atom cayuae
IBa KyGHUeCKHX KOpHs, crosuux B ¢opmyie KapaaHo, us-
BJEKAIOTCS M3 KOMIUIEKCHO CONpSXKeHHBIX BEIMYHMH H NpU
H3BJ/IeUeHHH KyOHUeCKHX KOpHeH cleAyeT TaKxe B3sITb KOMIl-
JIEKCHO CONpsIXKeHHble BeJHUHHBEL. Toraa cyMma KyGH4YeCKHX
KopHeft, BXomsumux B ¢opmyay Kapaano, okxasbiBaercs
neficrBuTebHOK. To 06CTOSTENBCTBO, UTO HMEHHO B Cllydyae
ReACTBUTENbHBIX KOpHell KyGuueckoro ypaBHeHus (7) 8
dopmyne Kapnano nosiBnsiiorcss MHHMBIE YHC/IA, OUYEHb
CHJIbHO COAEHICTBOBAJIO BBEAEHHIO KOMIIEKCHBIX YHCEJ.

133



K§ 14

TTpoustiocTpupyeM JA0Ka3aTeJbCTBO TeOpeMH 6.

ITpumep 13. Bunumem 6a3uc npocTpancTea R* = Sy,
pa3buB 3TOoT 6asHc Ha CTPOKH. B KayecTBe mepBO& CTPOKH
BbinuieM 6a3HC NMPOCTPAaHCTBA S, OTHOCHTEJbHO €ro moj-
NMpOCTpPaHCTBA Sk—j, T. €. BEKTOpH cHcTeMu Bj. Ilycts oH.
COCTOHT M3 BEKTOpPOB ey, €, ..., €. BO BTOpYI0 CTPOKy BHI-
NHIIeM BEKTOPH CHCTeMHl By — cHauana BeKTOpH ey, ...
..., e, a 3aTeM BEKTOPHl €ry1, ..., €rys, INpPHUEM TIOZ
BEKTOPOM €; NepBO CTPOKM BhINHIIEM BEKTOD Pe; a Aajee
BEKTODHl €,41, ..., €rts, He BXoAsmue B $B,. B TpeTbio
CTPOKY BBINHIIEM BEKTOPHl CHCTeMH B3 — cHauajla BEKTOPH

Ve, ..., P’,, nanee Pe .y, ..., Peris, a 3aTEM BEKTOPH
€rystly +++y Crists, He Bxomsmue B PB,. Ilpomomxkas
3TOT Npouecc Aajbille, MBI TNOJYYAM MOCTAELOBATENbHOCTh
CTpPOK, NpHYeM INepBas COCTOMT H3 BEKTOPOB CHCTeMHl Bj,
BTOpasi U3 BEKTOPOB CHCTeMbl Bj, TpeTbsi H3 BEKTOPOB CH-
crembl Bz u 1. g. Kaxpas 43 Takux CTPOK cnpaBa MONKET
BBLICTYNATh U3-NOJK NPEABIAYLIe#l CTPOKH Ha HECKOJNbKO 3Je-
MeHTOB. TakuM 06pasoM, 3TH. CTPOKH OOpPas3yiOT JeCeHKY
CO CTymeHbKaMH, Daclo/IOXKeHHBIMH crnpaBa. B KadecTBe
BepXHell IVIOMaJKH JIeCeHKH B3siTa cucreMa Bi. B3siB BekTOp
h, u3 crpoku B;, Haxomamuiica Ha CTynmeHbKe 3TOH CTPOKH
W BHICTYNAIOHIMA H3-MOJ NpEeABIAYEeH CTPOKH, Mbl HOJAYYHM
XKopJaHoBy cepuio hy, YAy, ..., YAy

B, e e... e
By, vYe;, vey... Ve, e,..... Erig
B; V%, V% ... Ve, Ve, g ... Veris ristl-e- Crisiss

e o o+ o & o e e e @ e e e e o s e o+ . e e s s o o
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