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IIpeancaoBue aBTOpPa

Hacrosmue nekuny npeacTaBisioT cOO0U 3aUCKUA CEMECTPOBOTO BBO/I-
HOT'0 KypCa TEOPUM MPEACTABICHUN, YNTAHHOTIO MHOIO B HeszaBucumom Mo-
ckoBckoM yauBepcuTeTe B 2002—2004 rogax. Ouu npenHa3HAYMEHBI 17 CTY-
IEHTOB HAYMHAA CO BTOPOT'O KypCa.

ITpu mMOATOTOBKE >TUX JEKIUU A TPUACPKUBAICA IBYX MPABUI:

1) npeacraBaATh OOLUIME IPUHIUIIBL HA IPOCTHIX KOHKPETHBIX IIPUMEPAX;

2) AEeMOHCTPUPOBATH TEOPUIO NPEACTABICHUN B I€UCTBUM.

Hampumep, B COOTBETCTBUU C HMEPBLIM MPABUIOM, I (DOPMYJIUPYIO TEO-
peMy O CyIIeCTBOBAHWU WHBAPUAHTHOU MEPHI Ha KOMIAKTHOU PYIINE, HO
BMECTO JOKA3ATEILCTBA BLIYUCIAI €€ Ha TPYIe BPAIEHUU, KOTOpasd pe-
AJTBHO UCHOJIB3YeTCsA HukKe. iu 1eMOHCTPUPYI0 YHUTAPHBIN TPIOK Bemis
Ha npumepe SU(2) u SL(2, C).

B coorBeTcTBUM CO BTOPBIM MPABUIOM, B JIEKIWA O MPEACTABJICHUAX
CUMMETPUYECKON TPYTIIEL A TPUBOXKY BHIPAKEHUE PAIMOHATBHBLIX DEITICHUN
ypaBuenusa Kagomuesa—IlerBuamBunu depe3 noruaoMs! lypa. A moxkaswi-
BAIO, YTO YK€ MPOCTEUIINEe PACCMOTPEHUSA B TEOPUU IPENCTABJICHUN TPU-
BOIAT K (PYHIAMEHTAILHBIM BBIBOAAM O CTpoeHmu aroma. Kyiabmunarmen
Kypca sBIsgeTcs pemieHue ypasHenus llpeguurepa s 3JeKTPOHA B IEH-
TPAJBHOM TIOJIE U BHITEKAOIIEE U3 HErO OOBACHEHNE CTPOEHUs TIEPBBIX IIe-
puogos Tabauiel Mengeneesa.

ITpu moATOTOBKE CBOUX JEKIUU s MMHUPOKO MOJb30BAICA 3aMEIATEeIHLHON
xuuron J. b. Bunbepra «/lunennsie mpegcrasienns rpynm. [lo cpaBHennio
c Henl s eme 6oJee KEeCTKO MOJOMIEN K OTOOPY AOKABBIBAEMBIX (DAKTOB.
B T0 xe Bpems A HeCKOIBKO TPUOIM3NI U3JI0KEHNE K KIACCUIECKUM KHUATAM
N. M. Tennvdanga, P. A. Munnoca u 3. fI. lllanupo «YHUTapHEIE TPEACTABRIE-
HUA TPy Bpamnesun u rpynnst Jlopenna» u B. JI. Ban-nep-Bapaena «Me-
TOJA TEOpUM T'PYNN B KBAHTOBOU MEXAHUKE». VIMEIOTCA 3aMMCTBOBAHUA U3
«DPeNHMAHOBCKUX JEKINN 10 (PU3UKE).

A 6narogapen C.JlokTeBy 3a paspelnienrne BKIOYUTh B 3AIUCKA PA3Pa-
OGOTaHHBIN UM TUKI 3a1a49 (cM. npunoxkenue). S Takxe 6rxarogapio B. Illy-
BAJOBa, CAEJIABIIEr0 MAKET UM BHECIIEr0 MHOTOYUCICHHBIE MTPEIJ0XKEHUS
PEIAKIIMOHHOTO XapAaKTePa, a TaKkKe APYIUX COTPYIHUKOB M3IATEIHCTBA
MITHMO, BHecCIIuX psAjg yJIy4IIEHUU B TEKCT.

O. K. lletinman. Mati 200/ e.



Jlekmua 1. O6mme cBoMCcTBa IpeACTABICHUA

1. OcHoBHEIE oIIpejeseHus

Ilycts G — rpynma, V — KOHETHOMEPHOE KOMILIEKCHOE JUHEUHOE TTPO-
crpanctBo, GL(V) — rpynna o6parumerx oneparopos B V. IIpedcmagae-
nuem G 6 V maswmBaerca romomopdusm T: G — GL(V). Oneparop, ot-
BEYAOUMY BeMeHTy ¢ € (G, HA3BIBAETCA €r0 ONePamopom npedcmasaeni
u o6osnadaercsa T'(g) nu 1.

ITycts Vy — mogmpocTpanCcTBO, MHBAPUAHTHOE OTHOCUTENIBHO BCEX OTe-
paTopos mnpeactasienus 1. Torga orpamudenus omneparopos T, mHa Vj
obpasyior mpeacrasieaune G B Vp, KOTOpOe Ha3wIBaeTCA nodnpedcmasae-
nuem T'. llpencrasienue, 06pa3oBaHHOE (PAKTOPONEPATOPAMHU B IPOCTPAH-
cte V/Vy, HaseBaeTcs gaxmopnpedcmasaenuenm. IIlpeacrapienue, He nuMe-
0IlIee HETPUBUAIBHEIX (T. €. OTJIMIHBIX OT HYJEBOTO U OT HET'O CAMOI0) TO/I-
TIPEICTABICHUN, HA3LIBACTCA HENPUBOJUMbIM; B TIPOTUBHOM CIYHIAE — NPU-
800UMbLM.

[IpencraBrenne HA3LIBAETCA PA3AOHCUMBIM, €CIU V PACKIATBLIBACTCA
B IPAMYIO CyMMy (HETPUBHAIBLHBIX) MHBAPUAHTHBIX IIOAIPOCTPAHCTB, U
BNOAKE NPUBOIUMBIM, €CTU KAXKT0€ UHBAPUAHTHOE TIO0JTPOCTPAHCTBO UMe-
€T UHBAPUAHTHOE JOTOJHEHUE.

IIpeacraBrenve HA3BIBAETCS YHUMAPHBIM OTHOCUTEJBHO 33JAHHOU He-
BBIPOXK JEHHOU SPMUTOBOU (POPMBL B V', ecau 5Ta (pOpMa UHBAPUAHTHA OT-
HOCHTEJBHO BCEX OIEPATOPOB IIPeJCTABIEHNs (MHBIME CI10BaMu, Bee T, yHU-
Tapubl). IIpencTaBieHre HA3BIBACTCA YHUMAPUSYEMbIM, €CITU HEBHIPOXK ICH-
Hasg UHBAPUAHTHAS SPMUTOBA (POPMa CYIIIECTBYET.

Teopema 1.1. YVwumapuvie npedcmasserus 8NnoAwe NpueoduMbi.

Loxazameavcmseo. OpTOroHAIBLHOE TOMOJHEHUE K NHBAPUAHTHOMY IO -
MPOCTPAHCTBY OTHOCUTEIHHO MHBAPUAHTHOU SPMUTOBOU (POPMBI CAMO WH-
BapUAHTHO. O

Teopema 1.2. IIpedcmasienud KOHEUWHBIT 2PYNN YHUMGPUIYEMBL U, KAK
caedemeue, 6noane NPUGoIUMbL.

Hoxazameavcmeo. Ilycts E — kakas-1u0O0 HEBBIPOXK IEHHAA SPMUTOBA
dopma B V. Torga

(w,y) = ‘G‘_l ZE(TgmaTgy) (1)
9€G
ABIACTCA UHBAPUAHMHOT HEBHIPOK JEHHOU SPMUTOBOU (POPMOM. O

2. DKBUBAJIEHTHOCTH, MOPGU3MEI (CILIETAIOLIME OLEPATOPHI)

Mopguzmom (cnaemarowum onepamopom) upeacrasienun Tp: G —
— GL(V1) u T»: G — GL(1%) masweBaerca takou omepatop C: Vi — Vo,
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aro CTi(g) = T»(g)C mus moboro g € G. Eciu C sapasercs uzomoppus-
MOM JMHEMHBLIX MPOCTPAHCTB, TO, N0 ONPEIEICHUIO, OH ABIACTCA W HU30-
MOpPU3MOM TIpEACTABICHUN. AHATOTUYHO, TEPMUHEL 9HJOMOPPHUIM, A6TNO-
MOPPU3M TIEPEHOCATCA U3 KATETOPUM JUHEUHBLIX MPOCTPAHCTB B KATErO-
puro npeacraBieHun. Ecaiu n3aoMopdusM CyIIeCTBYET, MPEICTABICHUA HaA-
3BIBAIOTCA 9K6UBasenmubimy (06o3nadenue: T = Ty). MuoxecTBo (kaac-
COB DKBUBAJEHTHOCTH) HEIPUBOAUMBIX HpeacTaBieHur rpynnsl G 0603Ha-
v G

Teopema 1.3. Kaowcoviii mopPuzm nenpusodumviz npedcmasaenuii — au-
00 u3zoMopPusm, Au00 HYAe80T OMEPATNOP.

Hoxazameavcmeo. fapo m obpas Moppusma naBapuanTHu. Cregosa-
TEMTBbHO, KX I0€ U3 HUX JUGO ABMACTCA HYJEBLIM TOATPOCTPAHCTBOM, JUOO
COBIIAJAET C COOTBETCTBYIONIMM MPEACTABICHUEM. O

Jlemma Ilypa (Schur). Kaocowi sndomopdusm menpugodumozo nped-
cmasaenus nad C cxasapen.

Hoxazameavcmeo. lycts CT(g) =T (g)C, u A — XapaKTepUCTUICCKOE
snavenue C. Torga (C — A\I)T'(g) =T (g)(C — AI), T.e. C' — AI —mopduam.
Ho det(C — A1) =0, nostomy C — A =0 (Teopema 1.3). O

Jlemma [lypa— 0CHOBHOU KpUTEPUU HEMPUBOAUMOCTU B TEOPUU MPE/I-
crapieauy. HanpoTue, 0CHOBHOU METO[ Pa3JOXKEHNs IPeICTaBICHNN — II0-
CTPOEHVE NUATOHAIBLHOTO (HO HE CKAJIAPHOIO) CILVIETAIOIIETO ONEPATOPA.

Caegcreume. ITycmv Ty u T — sKeusasenmubie Henpusooumvle npeod-
cmasaenus. Toeda 060t uzomopdpusm Ty u T umeem eud Ao, edeo: Ty —
— Ty — Purxcuposannviii uzomopdusm, A € C.

Hoxazameavcmeo. Ilycts 7: Ty — Ts — m3omopduam, Torga 7o L —
aBToMopguaM T}, T.e. o~ = AI. O

3agaua 1.1. Kascdoe nenpusodumoe npedcmasaenue abetesots 2pynnoi
00HOMEPHO.

3. OcHoBHBIe onmeparm: P, &

Myctes Ty — mpeacrasaenune G B U, Ty — npeacrasaenne G B W
uV=U@W.IIpeacrasreuue T B V, onpenesennoe dopmyaon T (g)(zDy)=
=Ti(g9)x ® T>(g9)y, HasweiBaeTCa npamoti cymmot upexscrasmenunn Ty u To
u obosnagaercsa 11 @ Ts. [IpaMyto cymMmMy N DK3eMILIAPOB MIPEICTABICHU T
0003HAYUM NT.

Ilyctes T) — mpeacrasaeane G B U, T — mpeacrasaerwue H B W
uV =U® W. llpeacraprenune T rpynnei G X H B V, onpemerennoe
dopuyron T(g x h)(z @ y) = Ti(g)r @ To(h)y (x €U, ye W, g€ G,
h € H), HazbBaeTCss menzopnbim npoussedenuem upencrasienun 1) u T
u o6osnavaerca T ® Ts. Tepmun menzopnoe npouzsedenue IpuUMeEHIET-
CsA K ellle OJHOM aHAJOIMYHOU omepaiuu, B kotopou m U, u W — npea-



cTaBJeHUs OgHOU u Tou ke rpynnel G. Ilpum sTOM, mO omnpeaeneHuro,

(T1 @ Ty)(9)(z @ y) = Ti(g9)r @ Ta(g)y.

4. CoexTp npejcTaBiIeHUA

Jemma 1.1. ITyemy T: G — GL(V) — npedcmasaenuve u V =V, & ...
co. @V — pasaosicenue 6 Cymmy HENPUBOIUMBIL UHBAPUAHMHBIE N0INDPO-
cmpancme. Tozda T enoamne npusodumo u, boaee mozo, s KaH 020 UH-
sapuanmmnoz20 nodnpocmpancmea U CV natidymea maxue i1, ...,ip, ¥mo
V=U®V; ®...0V,.

Aoxazameavcmeo. Homepa i1,...,4, BEIOUpaeM u3 ycroBudA, 4To U,
Vi, ..., Vi, — MakcuMalpHAS HE3aBUCHMAsA MOJACHCTEMa (B KPAalHeM CIydae
HaOOD 41, . ..,1p OKaxeTcs mycTeM). Torga g awo6oroi=1,...,m

Vi

VinUeVy®...0V,) = (0}

MHBAapUAHTHOE NOANPOCTPAHCTBO B V;

Cayuan {0} nckmoden, T. k. Torga V; TMHENHO HE3ABUCUMO C OCTATbLHBIMU.
Cremosaremsro, V; CU GV, @ ...V, uV=UQV;, ©...0V,. O

Jlemma 1.2. Ecau T pazaosxceno wa nenpusodumvie: T = @ T;, mo ao-
6oe e2o nodnpedcmasaenue (Paxmopnpedcmasaenue) IKEUEALEHMHO CYM-
me nHexomopot wacmu npedcmasaenut T;.

Aoxazameabcmeo. Mo aemme 1.1 V/U =V;, @ ... DV, u yTBepxK Ie-
Hue s (akTopa gokasaHo. /s moaupeacTaBIeHns: BCAKOE MOATPEICTA-
BreHue n30MOPQHO (PAKTOPIPEACTABICHAIO IO AOMOJHUTEIHLHOMY IOAIPO-
CTPAHCTBY, & OHO B JAHHOM CIyvae mMeeTcs — 10 Jemme 1.1. O

TeopeMa efuHCTBeHHOCTH. Paszaodcenue na nenpusodumbie eQuncmasen-
Ho ¢ mounocmyvio 0o skeusasenmuocmu: ecau T =Ty @ ... O Ty uT =
251 &...8 Sy, mom=mn u nocie coomsemcmeywet nepeHymepayuL
Ti%Si, Z:L,m

Loxazameavbcmao. C TOIHOCTBIO 10 U30MOPPU3IMA MOXKHO CIUTATH, YTO
upeacrasieHus 1; u S; HelCTBYIOT B OJHOM M TOM 2Ke IIPOCTpaHcTBe V,
7, COOTBETCTBEHHO, MBI UMEEM [BA PA3IOKEHUsA V B NPAMYI CyMMy He-
TIPUBOAUMBIX noanpocTpancTs: V =V & ... 8V, u V=U & ... ® U,,
Tax aro Ty, 2T; n Ty, = S;.

IIpoeegem nokazarenbcTBo mHAyKumen no m. [Ipumenum gemmy 1.1
kx nogupocrpauctBy U = Uy. 910 gaer V=U®V;,, & ... dV;,, rzme
Vi .o, Vi, — HEKOTOpAs YacTb NpPeICTaBIeHUUu Vi,...,Vy. Torma Ty =
= TV/Vil@~~~®Vik' W3 mansOTO MO ycaoBuio paznoxenus V =V, & ... BV,
mveeM Tv v, o ov;, SV ©...8Vj,, rae {1y it ={1,...om}—{i1,. . .,ix }.
CuenoBaTenbHo,

S1=Tu =Ty, e.av, =TH &... 0Ty,
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Tax xak S; HenpuBoaumo, To [ = 1. Beegem HOByIO HyMmepaumio moampo-
crpacTB V; Tak uTobel V) mpmobpeno momep 1. Ilocne sToro Vi = U
um {i1,..., i} ={2,...,m}. Mbl umeem, Cr1eI0BATENBHO, IBA PA3IOKEHU:
V=UeVed...oV,, uV=UdUsd...HU,, u3 KOTOPLIX BEITEKAET,
9T0

he...eT %TV/U%SQEB...@Sn.

Ilo npeamonoXeHuo UHAYKIAKA M = n 1, HocJe HajlexXallell meperyMepa-

v, To 2 Sy, ..., Ty = S o
Creactsme. FEcau T = @ m, 72 @ n.7, mo m; =n, das 4106020
~ TG@ TG@

TEG.

Ha6op {m, | T € G} HaswBaeTca cnexmpom npencrasienus 1. U3 Te-
OpPEMBI €IMHCTBEHHOCTH CJAEAYET, 9TO 084 NPEIcmasaehus 3K6UEaACHMHb
moeada, 4 Moabko Mmoz2da, K0206 OHU UMEOM 00UHAKOBLIT Cnexmp.

1%

5. HempuBoAuMMOCTH TE€H30PHOT0O IPOM3BEJEHUA

Teopema 1.4. Tenzopnoe npouzsedenue d6Yr HenpusodumMblis npedcma-
saenuii epynn G uw H nenpusodumo (xax npedcmasaenue G x H).

Aoxazameavcmeo. Mycts T: G — GL(V), S: H — GL(U).

1) Paccmorpum cayuaan, korga H = {e} u S = ] — ToX 1eCTBEHHOE TP -
crapienue. Torma Jo6oe HempuBoaumoe nogmnpocrpancteo W C V @ U
(orrocurensro T' ® I) umeer Bug V @ ug (ug € U).

[lencTBUTENBHO, IYCTh U7 . . . Uy, — 0a3uc B U. Besakun smement V @ U
€IMHCTBEHHBIM 00pPa30M NIPEACTABIAETCA B BUAE T1 Q) Ul + ... + Ty @ Uy
B YaCTHOCTH, I 106010 w € W uMeeM w =01 (w) @ u1 + - - . + T (W) @ Upy.-
OueBuaHO, 0; — MOPQPUIMEI:

(TeI)(gw=T(g)o1(w) Qui +...
—_———
o1(T@I(g)w)

W3 nocrenunero coorromenus suguo, 9to o;(T & I)(g)w = T(g)o;(w) mus
Bcex i =1,...,m. CregoBarensHo, 0;—wmopdusm (T @ I)|w u T — nByX HE-
IPUBOAUMEIX IpeacTaBaenni. I1o crencrsuio u3 aemmel llypa cymecTByoT
rakon QukcupoBanublt uzomopdusm o: (I’ @ I)|lw — T u taxue \; € C,

i=1,...,m, 9ro 0; = A\;0. Takum o6pasom,
w=o(w) ® (Z )\iui) =o(w) ® ug-
—_———

Uo

Mockonbky o: W — V — uzomopdusm, umeem (W) = V. OxornvarensHo
W = V ® Uug-



2) Hycts Teneps S menpuogumo u W C V ® U uHBAPMAHTHO OTHOCH-
Tenpro T ® S.

Omneparopst Buga T(g) ® S(e) o6pasyoT mpencrasieHue, u30MOpdHOE
T ® I. llycte W C W — menmpusoamMoe TOATPOCTPAHCTBO B W OTHOCH-
reasro T ® I. U3 1) caenyer, uto W' =V ® ug, ug # 0. Takum o6pasowm,
W DOV ® up. Bygem npumensats k V ® ug oneparopsr Buga 1'(e) @ S(h).
Tax xak S HenpuBOAMMO, TO

Span{S(h)ug |he H} =T,

rge Span 0003HAYAET JUHENHYH 00010uKky. Takum o6paszom, W D
DV eU. O

Pemtennsa sagav x gexim 1

1.1. Ecm G abeneBa, To T, ABIAETCA aBTOMOP(MU3MOM TIpeCTaBIeHNA T'
pus mo6oro g. Ecan T' wenpusogumo, 10 Ty = A1, Ay € C (aemma Ilypa);
cregoBarenbuo dim 7T = 1.

Jlexmusa 2. Pa3noxeHue peryaspHOro
TP eICTaBJICHU

1. deucTBUA TPYNII Ha MHOXECTBaX

loopsaT, uTo 3agano deticmeue o rpymnel G Ha MHOXecTBE X, €c-
au kaxjaomy g € G comocrasmeno orobpaxenue o(g): X — X, npudem
o(g192)x = 0(g1)(0(g2)x) (aesoe deiicmeue) mm xo(g192) = (v0(g1))o(g2)
(npasoe deticmeue). (Kax o(g)z, Tak u xo(g) o603Ha4a0T 06pa3 dIEMEH-
Ta x npu orobpaxkenuu o(g).) B oboumx ciydasx mpenmosaraeTcs, 9To
o(e) = 1. Orobpaxenus o(g) 9acTO HABBIBAIOTCA cJ68u2aml (COOTBETCTBEH-
HO, JeBbIMU uiayu npaBbiMu). Kak npaBumio, Mbl OygeM IHUCATH gT BMECTO
o(g)x u g BmecTo 20(g).

Ecau na X 3agana cTpyKTypa TOMNOJOIXIECKOrO TIPOCTPAHCTBA, (IIaI-
KOT'O MHOT006Da3ns, aHATUTHIECKOTO MHOTO00DA3WA, MPOCTPAHCTBA C Me-
pOH), TO CABUI'Y MPENOJIATAIOTCSA HEIPEPHIBHBIMU (COOTBETCTBEHHO, TUIa1-
KUMU, AHATATUIECKIMU, U3MEPUMBIMH ).

Op6umot snemenTa x € X Ha3bIBaeTCI MHOXeCTBO {gz | g € G}.

Kax oMy mencTBUIO HA MHOXECTBE €CTECTBEHHLIM 00Pa3OM COOTBET-
cTByeT mpencTasaenue G B IPOCTPAHCTBE (DYHKIUN HA DTOM MHOXKECTBE:

(T,f)(z) = f(g"'z) nna memoro mewrcTBuUA

(Sgf)(x) = f(zg) mna mpaBoOro KEUCTBHA.
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[Ipumepom siBasieTcs pe2yasproe npedcmasaenue rpynnsl G:

Reg(g1,92)f(9) = f(95 ' 991)

TyT umeeT MECTO CMEIIEHre TEPMUHOB, TAK KAK Ha caMoM nene Reg apis-
etca npeacrasienueMm G X G, a ve G. Tem ne Menee Mbl Gy €M IPUIEPKU-
BaTbCA TPAIAIMOHHON TEPMUHOIOTUM.

Orpannuenve Reg ma nmogrpymner G X {e} u {e} x G paroor coorset-
CTBEHHO MPEACTABICHUA

L(g)f(h) = f(g~"h) = R(g)f(h)= f(hg).

IlepBoe m3 HUX HABEIBACTCA AE6bIM PERYAAPHbIM, & BTOPOE — NPaBbiM pe-
2yasprvim. OHU NEMCTBUTENLHO ABIAIOTCA MpeACTaBieHUsAMEU rpynnsl G,
npuaem L cOOTBeTCTBYeT JeBomy, a R—npasoMy gencTsmio rpynnsl G HA
camon cebe.

3agaua 2.1. dim Reg = |G|.

2. [IBoMcTBEHHOE Tpe/cTaBJICHAE

[as mpousBoabHOrO mpeacTasienus T rpynnst G moaoxum T'(g) =
=T(g7!) (cmpaBa ' — CONPSKEHHBEIA OTMEPATOP, ONPEIEJCHHEI KAHOHMU-
YEeCKHU).

3agaya 2.2. T/ — npedcmasaenue.

3. MaTpu1nsie 31eMeHTHI

Bosbmem npeacrasrenue T: G — GL(V). Ecan Buibpats 6asuc B V),
Met oryauM mzoMopdusm GL(V) — GL(n), rae n = dim V. CksosHon ro-
momopdusm G — GL(n) Mel Oy1eM Ha3LIBATL Mampuuwnot dopmoti nped-
cmasaenus T, umea B Bugy nox T(g) yxe HE caM OmEpaTOp MPeNCTABIE-
HUs, a ero MaTpuiy. JjaeMeHTHl 1;(g) 5TOM MaTPULEL, PACCMATPUBAEMbIE
Kak GyHKIME Ha G, HA3BIBAIOTCA MAMPUUHIMY IAEMEHMAMY TPEICTABIE-
ausa T

O6patHo, nycTb MbI uMeeM romoMopdusm G — GL(n). Buibupas 6asuc
B V u ucnonwsysa sosuukaromuu npu >ToM udomopdusm GL(n) — GL(V),
noxyunm npeacrasrerne G B V. [Ipu BEIOOpe Apyroro 6a3mca mOTyIMTCa
SKBUBAJCHTHOE MpENCTaBIcHne. TakuM 06pa3oM, ¢ TOYKA 3PEHUA TEOPUU
[PENCTABJICHUN HET Pa3JMYns MEXKIy OINepPaTOPHOU U MATPUIHOU (POPMOU
npencrasieHusa. Kax nmpaBumio, Mbl OyeM MEepexoauTh OT OQHOU K APYTon
6e3 0CcOOBIX OTOBOPOK.

Takxke 6e3 OroBopoK MbI OyeM mepexoauTsb oT npocrpancTsa End(V)
5HAOMOPGU3MOB (OIEPATOPOB) B MPOCTPAHCTBE V K COOTBETCTBYIOMIEMY
npocTpancTBy MaTpur Matr(n X n), ecim 5T0 TPUBOAAT K SKBUBAICHTHEIM
IPEICTABICHUAM.



B kavecTBe mpmmepa OGDAIIEHWA C TEPMUHOJAOTHEN CHOPMYIUPYEM
CIeAyIOMy0 3a4ady (CYIIECTBEHHO WCHONB3YEMYI0 B M3JIATA€MOU HIIKE
Teopun).

3aga4a 2.3. T ® S usomopdno npedcmasienuio 6 NPocmparcmee Mam-
puy:

(T ® 8)(g91,92)€ =T (91)€S(g2)", & € Matr(n x m).

B neson uactu (T’ ® S)(g1,92) — oneparop. B npason wactu T(g;) €
€ Matr(n x n), S(g2) € Matr(m x m). 3agaga nogpasyMeBaeT yCTaHOBJE-
HUEe COOTBETCTBUA MEXIy MNPOCTPAHCTBOM mpeicTasienus I @ S m mpo-
crparcTBoM Matr(n x m).

Jlunennas o6Gomouka (pyHkimN T;; HASBIBACTCA NPOCMPAHCTMEOM M-
MPUUKBLE daemenmos npedcmasaenus T

)| &ij € C}

{Z & Ty
M(T) = {tr T (g) | € = (&;) € Matr(n x n)}.

3,j=1

Opranmsys aucia §;; B MaTpuiy &, uMeeMm

3aga4a 2.4 (caegcrsme). M (T) ne 3a6ucum om evibopa 6asuca.

Mockonbky M (T) sBageTcs TPOCTPAHCTBOM (QYHKIUKW, TO OHO, OUe-
BUIHO, BIOXKeHO B Reg. Byner au »T0 BIOXKeHUE MOPGU3MOM MPEICTAB-
JeHun’?

Jemma 2.1. M(T) asasemces nodnpedcmasaenuem 6 Reg.

Aoxazameabcmeo. Mur nomxub gokaszatb, uro M (T) waBapuanT-
HO OTHOCUTEJILHO OmepaTopoB mpeacrasienus Reg. Ecau f € M(T), To
f(g) =tr&T(g) nns mexoroporo £. osTomy

(Reg(g1:92)f)(9) = f(92 " 991) = tr €T (95 )T (9) T (91) =
=tr(T(91)¢T (95 )T (9)) = tr(nT(g)) € M(t),

rae n="T(g:1)¢T (g5 ") O
3apgaua 2.5. T @ T' = M(T).
Caencteme 2.1. M(T) — nenpusodumoe npedcmasaenuve G X G.
CaxepcrBue 2.2. T' sa0sceno 6 R (R —npasoe peeyaspnoe npedcmasae-
Hue).
Aoxazameavcmeo. T @ T'|qy ey ¥KpaTHO T 1 BrOXKEHO B R BMecTe
cM(T)=T T O
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Nrak, kaxmoe HEempUBOAUMOE TpeACTaBieHMe rpynnbl (G BIOXKEHO B
(mpaBoe wiu JE€BOE) PEryJsipHOE, IPUIEM C KPATHOCTHIO, DABHOI pasMep-
HOCTU TOT'0 HEMPUBOANUMOTO IPEICTABICHIU.

4. Pasjgoxenme Reg

Jlemma 2.2. Fcau T u S — neusomopduvie nenpusodumvie npedcmasie-
wua G, mo T QT u S QS ne uzsomoppuvt xax npedcmasaenus G X G.

Loxazameavcmeo. Ecau 6b1 5Ty nipeacTaBieHns ObLUIH U30MOPMHBL, TO
m3omopdubr 6bLtr 661 Takke 11 =T @ T'|gyqey m ST =S ® S'|gx ). Ho
TI=mT, SI =nS. Jlemma creayeT um3 eIMHCTBEHHOCTU PA3JIOKEHUS HA
HEIPUBO JUMBIE. O

[IpusurMas BO BHUMAaHUE PE3yabTAT 334a4u 2.5, HOLyIaeM

Caepgcrsue 2.3. Ecau T u S —neuzomopdubie nenpusodumwie npedcma-
saenus G, mo M(T) u M(S) ne uzomopduvr xax npedcmasaenus G x G.

[ycte G — nmomHBI HAGOP KIACCOB PKBUBAICHTHOCTY HENPUBOIUMBIX
npeacrasrerun rpynnsl G (|G| < 0o, T. K. 11060€ HEMPUBOANMOE TPENCTa-
BJICHUE BKJAIBIBACTCA B R).

Jlemma 2.3. @@ M(T) C Reg.

TeG
Hoxazameavcmeo. Ias mioboro menpuBogumoro 1, mo jgemme 2.1,

M(T) C Reg. IIpeacrasnenus M (T') menpusonumsr (crepcrsue 2.1) u mo-
napHo Hem3oMopdHH (3a1a4a 2.5 u semma 2.2). Orcoga cregyer, 9To mpo-
crpauctea M(T), T € é, JIUHENHO HE3AaBUCUMEL. [[eNCTBUTENBHO, TPenno-
JgoxuMm nporuBHoe. Torga cymectByor Takme Th,...,7T%, Tiy1 € é, 9TO

k
M(Ty),...,M(T)) musenno uesaBucumer u M (Ty41) N @ M(T;) # {0}.
i=1
ITockoabKy mepecedeHne MHBAPUAHTHEIX MOANPOCTPAHCTB MHBAPUAHTHO,

a M(Tyt1) HEnpUBOAMMO, TO PACCMATPUBAEMOE IIEPECEUEHUE TOJKHO CO-

k
Bunagatb ¢ M (Ty41), T.€. M(Tpy1) € @ M(T;). Torga no memme 1.2
i=1

1=

M (T} 41) sxBUBaneHTHO onHOMY 13 npencrasaernnt M (1), ..., M(T},), aro
NIIPOTUBOPEYUT CJAEICTBUIO 2.3.
JleMMa HeMeNIeHHO caeiyeT U3 AOKA3aHHOU JUHENHON He3aBUCHUMOCTH

noanpoctparcte M (T) B Reg. O
Teopema 2.1 (o paztoxennu Reg). Reg= P M(T).
TeG
Hoxazameavbcmeo. Beuay memmer 2.3 octamock mokasaTh, 4To Reg C
C @ M(T).
TedG
Oycts f1,..., fnv —06as3uc B Reg, a R;;(g) — MaTpUIHEIE SIEMEHTHI IPa-

BOTI'O PETYIAPHOI'O IpeacTaBIeHus R B aToM Oasuce.

11



Hnsa npoussoasroro j =1,..., N pasmoxum f;(g) mo R;;(g):

N N
filg) = file-g) = (R(g)fj)(e) = (Z Rij(Q)fi) (e) = Zfi(e)Rij (9),

T.e. f; =) fi(e)R;; € M(R). Ho R umeeT pasiokeHNe HA HEIPUBOIUMEIE
i

¢ HeKOTOpHIMHU KpaTHOocTAMu: R = @ m7T. Mlosromy M(R) C @ M(T)
TeG TeG
(T.x. B nogxopgsmem Gasuce marpuna R — 6aouHo-guarosHanshas ¢ 1 € G
[0 [UATOHAIN).
Takum obpasom, f; € @ M(T) gaascex j=1,...,N.Iro0 u 03Ha4aeT,
TeG
aro Reg C @ M (T). O
TeG
Caenctsme 2.4 (Teopema BepHcanga (Burnside)).

G| = (dimT)*.
Ted
Caegcrsue 2.5.
L=R=PdimT)-T.
Ted
3agada 2.6. Hatddume ece nenpusodumvlie npedcmasiena Yukiuueckots
epynnvi Lo, (= {%/1}).
3agaqa 2.7. Ecau 2pynna xoneuna u 6ce ee wenpusodumbvie npedcma-
BAEHUA OOHOMEPHBL, MO OHG GOEAEEA.
3agaua 2.8. Haidmu ece nenpusodumvie npedcmasaenus S3 u Us 2eome-
mpuueckoe onucanue.

Pemrenna 3aga4 K Jekimun 2

23.T®S = {Zfijti ® s]-}, rge t;, s; — OA3UCHBIE IEMEHTHL. JTOMY
comocrasisercs & = (§;;). Popmyna Jua JENCTBUA MIPOBEPAETCA IPOCTHIM
BBIYUCJICHUEM.

2.4. Ecm T(g) — CT(9)C™1, To tr(ECT(g)C™1) = tr(C~LECT (g)) =
= tr(nt(g)) —>saeMeHT TOro XKe caMoro NPOCTPAHCTBA.

25.T@T' = M(T) (T senpuogumo).

a) Bocnombayemca marpuunon untepnperamuen T @ TV (zagaga 2.3)
u mocTpoum oToGpaxkenne u: T @ T' — M(T) no gpopmyre & —— tr(ET(g)).

6) p— MopdusM npencTaBieHul. JencTBUTENIEHO

(T @T"(g1,92)6 =T (g1)&(T"(92)) (samaua 2.3) =T (g1)&(T(g; ")) =
=T(g1)&(T(95"),
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(Reg(g1,92)(tr ET))(9) = tr €T (g5 ' ggn) = tr(T(91)€T (95 ") - T(9)),

T.€. /i KOMMYTHUPYET C IeACTBUEM TDYIIIIHL.

B) {t— U30MOPQU3M.

T ® T' menpusoanmo 1o Teopeme 1.2.

Mockonbky p— HeTpunaibubi MopdusM, 10 u(T T =T @ T'.

Urax, T®T' C M(T). Ho dimT ® T’ = (dim T')?, a M (T') nopox naet-
ca gynxmuamu suga T;i(g), i,j=1,...,dim T, T.e. dim M (T) < (dim T)%.
CrenoBarensuo T @ TV = M (t).

2.6. Mycts Ty (1) = e2™h/m = k(= e2™/™) dim T}, = 1. OueBugHO,
OHU He W30MOP(dHBI, UX M WTYK, U MO Teopeme BepHcanga 3To BCe mpe-
CTABJCHUA.

3amevanue. MOXKHO HEMOCPENCTBEHHO NOKA3ATH, 9TO MATPUIHEIE BJe-
MEHTHI TIpeAcTaBieHun 1) JUHENHO HE3ABUCUMBI. JTO IPUBOAUT K JeTep-
MuHaHTy Bangepmonga:

1 1 1 e 1

1 w w? oo wmt
1 (;.)2 (;.)4 wz(m—l)
1 wm1 w?(mfl) w(mfl)z

2.7. Bce M(T) ognomepunt. Caenosatensno, f(g~thg) = f(h) naa mio-
ObIX g, h. [lencTBUTENBHO,

Reg(9,9) v & =T(9)ET (97 ") =&,

BCE OJJHOMEPHO

T.e. Reg(g, g) =id.

Urak, f(g~thg) = f(h) nna mobwx f,g, h.

Ho ecim f(g1) = f(g2) mas aroboro f, To g1 = go. HeUCTBUTEABHO, BO3b-
MeM f = 6915 T. €. f(gl) =1, f(g) =0 (g 75 gl) Ecmm (591 (gl) = 691 (92),
TO g1 = go. Mul gokasamm, uTo g ‘hg = h mna moberx g, h, T.e. gh =
= hg.

28.6=12+12+22=12+... + 12 (6 pas). Bropou cayua# oTmajgaer,
Tak Kak rpymnna meadenaesa. MTak, mMeeTca IBa OTHOMEPHBLIX IPEICTABJIE-
HUA U OOHO AByMepHOe. BOT 5Tu mpencTaBieHus:

1) TpuBMamBLHOE TpEACTABICHUE;

2) mepecranoBka — (—1)TeTHOCTE,

3) AOByMepHOE NpenCcTaBIeHUE: NPeoOPa3sOBaHUA ILUIOCKOCTU COOTBET-
CTBYIOT II€PECTAHOBKAM BEPIIMH IPABWILHOIO TpeyroabHuka A;As Az —
— A1) A(2)As(s) (9TO IOBOPOTEI Ha 27 /3 W OTPaKEHUA B BEICOTAX).
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Jlekuusa 3. XapakTephl U I'pynmnoBas ajareépa

1. XapakTepsl: OCHOBHEIE (PaKTHI

XapakTepoM npeacTaBieHusa 1 HA3LIBACTCA (PYHKIIUI

xr(9) :=trT(g).

ITo onpenenenuio x(g9) € M(T).
ITpumep. XapakTepsl OIHOMEPHBIX NPENCTABIEHNAN S3 TAKOBHL.
1) x(0) =1 nna TPUBMATBLHOTO TPEACTABICHU;
2) x(0) = (—=1)? pas npencrasienus o — (—1)7;
3) xapaxTep ABYMEDHOrO IIPEICTABICHUS:

2, o=1,
x(o) = 0, o — Tpancno3unus,
1, o=(123).

OTO cjefyeT U3 TOrO, YTO B moigxoisameM Oasuce Marpuusl 1'(0) umeror
BUJ

1 V3 2 i 2T

(1 0> (0 1> T2 T2 | [%T3 TR
01 1o ﬁ 1 s1112—7r cos2—7r
) 2 3 3

XapakTeps! 061a1ai0T CISIYOMIMU CBOUCTBAMY TTO OTHOIIEHUIO K OTIe-
panusaM Ha I npeacTaBIeHuAMA. [ TpOU3BOIBLHOTO TIpEICTaABICHUA

xr(9) =x7p(g7")

(Bys IOKA3ATENBCTBA LOCTATOTHO B3ATH CIES OT 00EUX IaCTel PABEHCTBA
T'(9) =T(g™')). [lna yHUTApHLIX TpeICTaBICHUN

x7:(9) = x7(9)

[1a xapakTepoB NPAMON CyMMEI X TEH30PHOI'O MPOM3BEICHNAA IPEICTABIC-
HUI

XTes = X1+ Xs» XTes = X1 Xs-

[okaxeMm BTOpPO€ U3 D>TUX COOTHOIIEHWU. Basnuc B TEH30PHOM IpPOM3BEe-
Hun nmeet Bug {x; Q y,}, rae {z;}, {y;} — basucer B mpocTpancTBax uc-
xoAHBIX npeacTasiaenui. Torga (i,j)-U AMArOHAJIBHBIN SIEMEHT OIIEPATOPA
T(9) ® S(h) B sToM 6asuce paser Tj;(g)S;;(h). HesaBucumoe cymmuposa-
HUE TUArOHAJBHBIX AJEMEHTOB IO ¢ U J JaeT TpeOyeMoe MpOou3BeIeHne Xa-
PaKTEpPOB.
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2. IlerTpanpHbie QyHKIMN

IIycrs C(G) —npocrpancreo Beex pyukunn Ha G, Z(G) C C(G)—mnog-
MPOCTPAHCTBO (DYHKIUH, MOCTOAHHBIX HA KJIACCAX CONPSIKEHHBIX DIEMEH-
ToB. Taxue QpyHKINN HABBLIBAIOTCA UEHMP AAbHBIMY.

XapakTep 11060ro npencrasienus I ABIAETCA LEHTPAIBHON (Y HKIUEIL:
Xx7(9) € Z(G). NeucrpurensHo,

xr(hgh™") = te(T ()T (9)T (™)) = tr T(g) = x(9)-

Teopema 3.1. {x, | 7 € G} — 6a3uc npocmpancmea Z(G).

Aoxazameavcmso. 1) llenrpanbubie QyHKIME — 5TO (QYyHKIUU, HE-
MOJBUKHBIE OTHOCUTEJBHO PEryJsApPHOTO MPEICTABICHUSA B CICIYIOMIEM
CMBICJIE:

F€Z(G) <= Reglg,9)f=f Vgedq.

Mna xaxporo f € C(G) umeem pasnoxenne f =3 & fr, fr € M(7), npu-
¥eM 5TO pasnoxkenue onHosHa4ddo. Juas f € Z(G) noayvaem orcioga pasao-
JKEHUe

f=> Reg(g,9)f-
TGC’;
Beuny unsapuantaoctu M (1) dyuxnuu Reg(yg, g) fr Takxke apiaorca sie-
menramu M (7). CpaBuuBas nsa pasnoxenus gas f, naxogum Reg(g, 9) fr =
= fr. Takum o6pazom, f, € Z(G). Mer nokazamu, 4To

feZ(G)= fr e Z(G)NM(r) V.
2) Iokaxem, uTo

feZ(G)NM(r)=3INeC: f=)x,.

Bocnonbayemes mzomoppusmom 7 @ 7/ = M(7) m MaTpuvHOU HUHTEpIpe-
Tanuen T ® 7. DToT M3oMopdusMm mmeer Bug u: & — f =tr(ér(g)). Tak
KaK [ HEemOABMXKHA OTHOCUTEILHO neucTBus (G, TO W & HEmOJBUKHO,
T.e. 7(9)ét(g7!) = &. Torma 7(9)€ = €7(g), T.e. £ — sumoMOpdmWIM TIpe-
crasnenus 7. ITo semme IMypa & = AI. Torga f(g) = tr(AI)7(g) = Ax,(9).
Takum 06pa3oM, MBI JOKA3aJU MOJHOTY XapPaKTEPOB HEMPHUBOIMMBIX
npencrasieHunt B npocrpancTse Z((G). X nuHelHAas HE3aBUCUMOCTH BbI-
TEKAeT U3 He3aBUCUMOCTHU HpOCTPaHCTB M (7). O
CregcrBue 3.1. Jucao %4acco8 HENPUEOIUMBIT npedcmasaenuti pasno
YUCAY KAACCOB CONPAHCEHHHLT IACMENTOE 2PYNNDL.
Hoxasameavemeo. #{x, | 7 € G} = dim Z(G) = 4ucno xraccos conps-
JKEHHOCTH. O
Kaxk nokaseiBaeT caeayroman TeopeMa, XapakTep ABIAETCA BAKHEAIITM
MHBAPUAHTOM TIPEICTABICHU.
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Teopema 3.2. Jlioboe npedcmasaenue onpedeaiemcs ceoum raparxme-
POM € TMOUROCTILIO D0 FKBUBAACHMHOCTIU.
Hoxazameavcmso. llycrs T = @ m. 7. Torga xr = @ m.x,. Tak xak

T€G T€G
X, JIMHENHO HE3ABUCKUMEL, TO YUCJIA M, OIPELEIAI0TCA OTHO3HAYHO, TO €CTh
IO XapaKTePy OMPeIeIaeTcs CIeKTpP MpPeICTaBICHU. O

3. I'pymmoBas amre6pa

DnemenTsl mpoctparcTBa C(G) — 5TO QYHKIWN, M KAK TAaKOBBIE UX
MOKHO IepeMHOkKaTb. O THAKO B 3TOM IPOCTPAHCTBE CYIIECTBYET €Ile O-
HO, HEKOMMYTATHUBHOE, YMHOMXEHHE, Ha3bIBAEMO€e CBePTKOU (1 0603HAUAE-
moe cumBosoM *). Ilo onpegenenuso,

(ex)(9) =D p(h)p(k).

hk=g

IpocTpancreo C(G) ¢ Takon onepanen yMHOKEHUA HA3BIBAIOT 2PYNnoe6ot
aszebpot rpynnst G.

DJIEMEHTHI TPYTIIOBOK aNTeOphl OYeHb YI00HO 3aUCHBATL B BUAE (op-
MAJIBHEIX JUHENHBIX KOMOWHAIME JIEMEHTOB IPYIIEL: (0 ~> deG w(g) - g.
Hanpuwmep, g 6yner cuMBOMM3UPOBATL (PYHKIWMIO, PABHYIO 1 Ha BI€MEHTE
IpyNIbLL ¢ ¥ HYJIIO Ha Tpounx anemeHTax. CBepTKa MOTy9InTCa, €Cau yMHO-
JKEHUE IPYTIOBLIX 3JEMEHTOB €CTECTBEHHBIM 00pa30M MPOJOMIKUTE HA Ta-
kue (pOpMaTbHEIE KOMOWHAIIAM, T.€. TOJNOXKATL g * h = gh m TpogomXnTHL
10 JIMHEUHOCTH.

HenocpeacTeenno m3 onpeneseHuit BLITEKAIOT (hOPMYJILI

Rg_lf:f*ga Lgf:g*f

Beuay R- u L-unBapmanTHOCTH, ognpocTpancTea { M (7)|T € @} OKa-
BBIBAIOTCA MICATAMY TPYTITIOBOU ATTEOPHI.

Jemma 3.1. Z(G) —yewmp C(g), m. e. uenmp C(g) cosnadaem ¢ asee-
6poti Pynryutl, NOCMOANNBIT KA KAACCAT CONPAHCENHBIT IAEMENMOE (YeH-
mpasbrulr Gymryui).

Hoxazameavemeo. f € Z(G) < fxh=hx*f VheG. 3necy f xh =
=>"f(g9) - gh, hx f=>f(g) - hg. Ycnosue f x h=h x f osnavaer, 4To
npu gh = hg' (¢ =h~"gh) f(g') = f(9)- O

4. IleETpagbHBIE XapaKTePHI

Kaxpoe mnpeacraBienue rpynnbl IPOJOMKAETCS HA TPYIIOBYIO aj-
rebpy:

T(f)=Y_ f(9)T(9), [eC(@)

9€G
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IIycts Z'(G) o603Ha9aeT qBORCTBEHHOE NPOCTPAHCTBO K Z (G). Ilewmpans-
HolM Tapaxmepom upencrasienus 1 naswBaercs Ay € Z'(G), rae

Ar() =teT(x)=>_ x(9)xr(9), x€Z(G).
geqG

>4

T(x)
dlmTI

Ecau T menpusogumo, To T'(x) — ckanap, T.e. T(x) =

Teopema 3.3. {\, | 7 € G} —6asuc ¢ Z'(G).

Aoxazameabcmeso. 1) IlycTb, Kak u BbIE, 0’ — NPEICTABJICHAE, TBOU-
creerHOe K 0. Korga o mpoberaer G, o’ Takxke npoberaer G. Iokaxem,
9TO

o.7€q, o 271 = A\(x,) =0.
Boraucanm 7(x,,) 9epes nmpaBoe perysspHOe IpeACTaBIeHue.
Rl p(ry = (dm7)7 = R(X,)|m(r) = (dim 7)7(x, )

Hanee, R(x,) = *X, (cBepTka c X,/). [JeACTBUTEILHO, IO OIpENeIEHIIO
R(X,) = 2 Xo (97" )Ry-1. Ho Ry-1 = xg, a X,(97") = X,(g), mosromy
R(x,) =*> X (9)9-

Ecmu f € M(7), 10 f * X, = 0; mubivm crosavm, (%X, )|ar(r) = 0. len-
crBuTeasHo, M (1) u M(o') — nByCTOpOHHUE MIEAIEI, IOSTOMY f * X,/ €
€ M(rt)NM(o'). Taxk xaxk o’ Z 7, To M(1) N M(c’") ={0}.

Taxum obpasom, R(x,)|rm(r) =0, 1. e. (dim7)7(x,) =0, orxyna A (x,) =
=0.

2) Temepnr mokaxkeM, 9TO A-(x,,) # 0, T.e. \; — GA3UCHBIX DIEMEHT
B Z(G)', nBoucTBeHHLIN K GasucHoMy »ieMeHTy X, B Z(G). Ilo ompexe-

X)) = _x-(9)7(g)

CaenoBaTenbHo,

Ar(xr) = trr(x,) ZXT

BocmonbayeMcsa yHUTAPU3YeMOCTBIO NPEICTABICHAA T U TIepeiieM K DKBU-
BAICHTHOMY HPCACTARICHMIO YHMTADHEIMH MATPHLAMIL _Toraa HaxoxuMm
(9) =7(97") =7(g), T.e. 7/ =T. CregoBaTensHo, x,, = X,. OkoHuaTe B

HO UMeeM
ZXT 9)#0. O

Teopema 3.4. [Ipedcmasaenue Koreunot 2pynnbl ¢ MOUHOCMbIO A0 IKBU-
BAAEHTMHOCTNY ONPEJEAAETNCA CEOUM UEHNPAALHOIM TAPAKIMEDOM.
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Hoxasameavemeo. T= @ m7=T(x)=>_m,7(X) = Ar=>_m:A,.
red
Ho A\, JMHENHO HE3aBUCUMBI, IODTOMY UUCIA M, ONPENETAITCI IO AT O1-

HOBHATHO. O
5. Pasnoxenue npecTaBIeHAN

IIycts gamo mpencrasaenue T rpynnel G. CooTBETCTBYIOIIEE IPEICTA-
Bierre Z((G) gaer GOJBLION 3amac KOMMYTUPYIOIIUX MeXIy COOOU DHIO-
MOpP(PU3MOB UCXOTHOTO TIPEICTABICHNUA, KOTOPHIE BECHMa TOJE3HbI I €0
Pa3I0KeHns Ha HeMpUBOAUMEIE. HampumMep, B caydae TpeaICcTABICHUN C TTPO-
CTBIM CIEKTPOM HEMPUBOIUMBIE KOMIIOHEHTHI COBMAIAI0T C OOIUMU COO-
CTBEHHBIMU MOAIPOCTPAHCTBAMYA STUX SHIOMOP(MIIMOB.

Jleknus 4. CoOTHOIIEHUA OPTOTrOHATLHOCTH

1. NuBapuantHoe ckanapHoe npoussefenue B C(G)

Paccmorpum ma C(G) caemyolnyo spMATOBY GOPMY:
1 J—
(F1:82)= i - 0O F(o). (+)
9€G
Jlemma 4.1. Reg — ynumapnoe npedcmasaenue 6 C(G) ommuocumeavno
Popmwt (*).

2. E,Z[II[-ICTBeI{HOCTB WHBAaPUAHTHOI'O CKaJIAPHOI'O ITPOU3BEJE€HUA

Jlemma 4.2. Jas nenpusodumoz20 npedcmasaenus UHEAPUAHMHOE CKG-
AAPHOE NPOU3eedenue eOUNHCMBEHHO C MOUYHOCTILIO 00 NPONOPUUOHAALHO-
cmu.

Aoxazameavcmso. Ilycts (-, ) BpeMeHHO 0603HATAET 3a1aHHOE CKAJLAD-
HOE IPOU3BeJeHNE B IPOCTPAHCTBE IpeAcTaBIeHus. Beskoe qpyroe ckassip-
Hoe mpoussegenue umeet sug (Az,y), roe A— marpuna. Ecau 06a npous-
BeJICHUsA UHBAPUAHTHBI, TO

(TgilATgxay) = (ATgxaTgy) = (Az,y).
W3 ueBbIpOXK 1eHHOCTU GOPMEL (-, +) BHITEKAET, ITO Tg_lATg = A nmna Bcex

g € G, otkyga AT, = T, A Takxke gusa Bcex g € G. Ilo nemme Illypa A =
= Al O

3. CooTHomeHus OPTOI'OHAJIbHOCTH

B xog1e nokasarenscTBa TEOPEMEL 3.3 MBI HOKA3aIH, ITO Ar (X, ) = 0 <=
<= 72 0. C 1pyron CTOPOHHI, I YHUTAPHLIX IPEICTABICHUN A\, (X /) =

=>_,X-(9)X,(9), oTKy1a HEMeATEHHO TIOMyTaeM, 1TO (X;,X,) =0&=T %0,
T. €. XapaKTepHl HEIIPUBO AUMBIX NIPEICTABICHAN 06Pa3yIOT OPTONOHATBHYIO
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cucTeMy. 3IeCh MBI JOKAXKEM O0Jee TOUYHYIO0 TEOPEMY, U3 KOTOPOH, B IaCT-
HOCTH, CJAEIYET, 9TO CUCTEMA XaPAKTEPOB OPTOHOPMUPOBAHA.

Teopema 4.1. Mampuunbie daemenmvl HENPUEOIUMBIT NPeIcmasaerul
(834MbIE OTNHOCUNEABHO OPTNOHOPMUP 0B AHHBIL OA3UCOE UHEAPUAHIIHBIL IP-
MUMOBHIL HOPM 6 CE0UL NPEICTNABACHUAT) 00PA3YIOM 0PMOLOHAMLHBIT Oa-
auc 8 C(G) ¢ nopmuposkot (1,5, 7;5) =1/dimr (i,j=1,...,dim7).

Hoxazameabcmeo.

1) OprorosamsaocTs npocTpancTs M (7).

Mycte o,7 € @, o 2 7. PaccMOTpUM OpPTOTOHAJNBHBEIN TPOEKTOD Py
Ha npoctpancTtBo M (o). Mo onpenenenuto s awb6oro ¢ € C(G) umeem
Pop = Po, THE 9 = Qg + pr (0o € M(0), o5 € M(0)"). Torga Regyp =
=Reg v, + Reg pt, mpuiem seuay wasapuanTaocTu M (o) u M (o)+ oTro-
CHTENBHO PeryasapHoro npeacTasienus Reg o, € M (o) m Reg L € M (o).
U3 sToro Beitekaer, uto p, Regy = Regp,p, TO ectb p, — smnmmop-
dusM peryagpHOro mpeacTrasieHus Ha npeactasieaue M (o). Orpanu-
uuBasg ero Ha M(7), moaydaeMm mopdusMm p,: M(r) — M(o). Tak kax
M (1) % M(0), T0 ps|p(r) =0, T. €. IO ONpeIeeHnI0 OPTOTOHATHLHOTO PO-
extopa M (1) C M(o)*.

2) OproronanbHOCTE BHYTpu M (T) 1 HOPMUPOBKA.

Bocnoasayemcs msomopdusmom p: Matr(V;) <« M(71), p(€) =trér(g)
(cm. 3amaqn 2.3, 2.5). IIpu srom npeanonaraercs, 9ro B V; BoiGpan 6asuc,
IpUYeM UMEHHO TAKOU KAK YKA3aHO B YCJIOBUU TEOPEMbL: OPTOHOPMUDPOBAH-
HBIU OTHOCUTEJNBLHO WHBAPUAHTHOU DPMUTOBOU (POPMEI MPEACTABJCHUS T.
B Taxom 6aszuce MaTpUIbI OMEPATOPOB T(g) YHUTAPHBL.

B Matr(V;) onpegenum cxamapaoe npoussegenue tr(En*) (rae n* =7).
OHO MHBAPMAHTHO OTHOCUTEILHO aencTBusa 7 B Matr, npm xoTopom & —
—7(91)é7(gy ") (T.e. HEPEHECEeHHOTO W3 PEryIAPHOTO MPEICTABICHHSN).

Mzr MoxeM u Gy gem pacemarpuBath tr(En™) u (u(€), u(n)) xak nBa nHBa-
PUAHTHBIX CKAJIAPHBIX IPOU3BEICHUA IJA OMHOTO U TOTO K€ HEMPUBOJUMO-
ro npencrapnerusa. OHU, CIEIOBATEILHO, TPOMOPIUOHAILHLL ¢ HEKOTOPOU

KOHCTAHTOU Cr, T.e. (u(§), u(n)) = ¢, tr(én™).
3amernM, 9T0 T;5(9) = p(Eji). JeiicTBuTeIBHO,

0o ... 0
,U(EJZ) = tI'(EjZ'T) =tr Til oo Tin, = Tij
0o ... 0

(B MaTpuIe 3aI0MHEHA TOIBKO j-f cTpoka). Taxum obpasoM, (7jj,Tw) =
= Cr tr(EjiEl/k) = Cr tI’(E]'Z'Ekl) = Cr tr(&ikEjl) = créikéjl. B IaCTHOCTH,
(Tij,Thy) =0mpm i # kwam j # 1, u (15, 75) = ¢ AnaBcexi,j=1,...,dim7.
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Boraucanm ¢, . Beugy yaurapuoctu maTpun 7(g)
dim 7

Z 7i5(9)7i5(g9) = 1.

=1

IIpocymmupyem 5To 1o ¢ u pasgeanm Ha |G:

dim 7 dim 7

1 -
Z I€] Z 7ij(9)Tij(9) = 1= Z (7ij,7ij) = L.
Jj=1 9€eq Jj=1
Ho (7ij,7j) = ¢;, npu 00BIX 4, j (cM. BBImIE), moaTOMY ¢, dim7= 1. O

Cregereme 4.1. {x_ | 7 € G} — opmonopmuposannviii 6asuc 6 Z(C).
Hoxazameavemeo. 1) 0 217 = (X, X,) =0.

dim 7

2) (XrsXr) = 21 (1ii, 7ii) = (dim 7)er =1. O
1=

Caegersue 4.2. Ecau T = @ m.7, mo m; = (X7, X;)-

‘re@
Jokazameabcmso. Xp = Y. MyX,, SAIbIIE UCIOIB3YEM OPTOHOPMUPO-
UE@
BAHHOCTb. O

Caegcrsume 4.3. T € G < (X7, Xx7)=1.
Joxazameavcmeo. T = @ m,7 = (x7,x7) = >, m2. Cregoarens-
TE@ ‘re@
HO, (X7, X1) = 1 <= BCe m, = 0 KxpoMe OZHOrO, PAaBHOr'O 1. O
CrmencTeue 4.2 — UHCTPYMEHT BEIIMCJICHUSA KPATHOCTEH CTIEKTPA, CIe.-
cTBUE 4.3 ABAACTCA KPUTEPUEM HEMPUBOINMOCTH.

3agaum K geknmam 3, 4

1. Muarpammebl FOHra B3auMHO OJHO3HAYHO COOTBETCTBYIOT KJIACCAM
COTIPSTXKEHHBIX 3JEMEHTOB B S),.

Yxazanus. Bepem 4ducna or 1 1o n u 6pocaeM mpou3BOIBHBIM OOpa-
3oMm B Tadauny FOura. CTpoku mHTEpNpeTUpPyeM KaK KOMMYTUPYIOIINE
Mex Iy cobou mukasl. [loqcTanoBka moaydaeTca ux nepemuoxenuem. Ioa-
CTAHOBKM, BO3HUKAIOIINE TaKUM 00paszoM u3 ogHOu muarpammbl FOura,
00pa3yInT KJIACC COmpsiKeHHOCTHU. [[0Ka3aTenbCcTBO OCHOBAHO Ha GOPMY-
ae o(iy, ... ip)o L =(o(i1),...,0(ir)), rae (i1, ... i), (0(i1),...,0(ix))—
LUKJIBL.

2. Bremucars gmarpamuvbr FOura Sz, Sy, S;. Hautwu wuciao uempu-
BOJIUMBIX TPENCTABICHUN KAXKIOU W3 DTUX Tpynm. HauTum pazMepHOCTH
HENpUBOAUMEIX NpeacTaBieHud Sy (yKasaHwe: BOCIOJAB30BATHLCA TeEOpe-
mon Bepucanga.) Ilocrpouts HempuBoguMbIE IpeACTABICHUA Sy TeoMe-
Tpudecky (yKaszaHUe: WCIOJIb30BATH M30MOPGU3M S; C I'PYHION TeTpa-

21pa).
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3. Hautu BCe HENpPUMBOAUMMEIE MPEACTABJEHUA IPYIILI Y€THLIX IOLCTa-
HOBOK Aj.

1
Pewenue. |A4| = §|S4| = 12. I'pynna A4 msomopdHa rpymmne co6CTBeH-

HBLIX IBMKEHUU TeTpasapa. [JercTBUTeTbHO, pACCMOTPUM B TETPA3Ape TPU
OTpEe3Ka, COSIUHAIONIAE CEPEIUHEI MPOTUBOMOIOKHBIX CTOPOH U BEIOEPEM
Ha HUX HampasaeHus. JIroboe cOOCTBEHHOE ABUXKEHWE OIMpenenseTcsa Jaubo
[0 CTAHOBKOM STUX TPeX BEKTOPOB (Ss3, |S3]| = 6), 1160 H04CTAHOBKOM C 13-
MEHEHWEM HANPABJICHUA MBYX M3 HUX. TOro — nBEHAINATL SJEMEHTOB.

A4 MMeeT TpexMepHOe MpeACTABICHAE, BOSHUKAIONICE U3 IBUKEHUN Te-
Tpasapa. Taxum ob6pazom 12 = 32 4+ 12 4+ 12 4+ 12, To ecTh mMeeTcs emme
TPU OJHOMEPHBLIX TPEACTABICHUA. JIF060€ 0 THOMEPHOE TIPeICTABJICHIE TPU-
BUAJLHO HA KOMMYTAHTE, T.€. MPOMYyCKAETCA depe3 (PAKTOp IO HEMY:
Ay[[Asg, Ay) = Zs3. Dra rpynna Zs 06pa3soBaHa NUKINIECKUMY [IEPECTAHOB-
KAMU OTMEYIEHHEIX TPEX BEKTOPOB, MO-APYTOMY — ODUKJINIECKUMHU BPAIIE-
HUAMYU TETPAa’apa MpU OJHOU HEMOABUKHOU BEpIIUHE.

4. Hatitu npeactasaenusa rpynnet muaapa D, = {a,b|a™ =b>=e,aba=0b}
(a=e>™/™ b—ocepas cummerpus).

Pewenue. Orpanudenne Ha mnoarpyurny Z, (TOPOXKIEHHYIO 3JIEMEH-
TOM @) IaeT COOCTBEHHbIE IOAIPOCTPAaHCTRA ¢ A = e2™k/" Ecm T,v = Mo,
10 Ty (Tyv) = A1 (Tyv), T.e. mpu A # A~! maper (v, Tpv) 06pasyoT aByMep-
HBIE HEIpPUBOJUMBIE IPOCTPAHCTBA, a HIpu A = A\~! — oxnomepusie. Ilpu
getHOM 1 A = A~! mpu A = £1. IIpu HeweTHOM 71 — TOXBKO TIpu A = 1;
B oToM cayuae w3 (Ty)2 =1 mveem Ty = 41, 9TO JaeT 1Ba OTHOMEPHBIX
npencrasienusn. [lpu vetnom n umeem A = +1 u Ty = £1, uT0o gaer de-

n—1
THIPE OJHOMEPHLIX MpeACcTaBIeHuA. Takx)e mpu J0OOM N UMEETCs [T}

IBYMEPHEIX HETPUBOIUMBIX TPEICTABICHUN.

Teomempuueckoe pewenuve. |Dp| = 2n. OnHOMEpHBIE W IBYMEpHBIE
TIPEICTABIEHUSA JET'KO CTPOATCA ABHO. O qHOMEpHBIE — NPy TOMOIIX (HhAKTO-
PU3ALMK [0 KOMMYTAHTY (B (hakTOpe BO3HUKAET pynna Zs, HOPOXK ICHHASA
BJEMEHTOM b, IPU HEUYETHOM N, U T'PyNna Zs X Zso, NOPOXKIECHHASI DJIEMEH-
ramm b u a/?, npn 4geTHOM). [ByMepHBIE IPENCTABICHUA COOTBETCTBYIOT
OBKEHUAM AU3APa (MOXKHO MOCYUTATH UX YUCJIO U IUCAO KAACCOB COMPI-
JKEHHBIX DJIEMEHTOB).

5. PasnoxkuTh B CyMMy HENPUBOAUMBIX:

a) MpeNCTABJICHNE T'PYINLI BPAILCHAN Ky6a B MPOCTPAHCTBE (DYyHKIIUN
Ha MHOXECTBE €r'0 BepIInH;

6) mpenCcTaBIeHUe OMHON CPYIIIEL CAMMETPUN IPABUILHOIO TETPa3apa
B mpocTpancTBe QYyHKIUU HA MHOXKECTBE ero pedep.

Yxazanus. pynma Terpasapa uzomopdpua rpymne Sy. B camom gere,
J00as CUMMETPUS TeTPadapa MOPOXKAAeT MOACTAHOBKY BepiuwH. Jlrobas
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TPAHCIO3UINA BEPIINH MOPOK IEHA OTPAKEHUEM B ILIOCKOCTH, IPOXONAIIEN
gepes pebpo u cepenuHy MPOTUBOMOMOKHON CTOPOHEL.

Crasp Mex Iy KyOOM M TeTpasApOM TaKOBa: B KyO BIMCAHO IBA TETPAa-
51pa, CAMMETPUIHBIX OTHOCATETLHO IIOCKOCTH, MEPIEeHANKYIAPHON Ua-
TOHAIN Ky0a U TPOXOIAIIEN YePe3 ee CepenuHy.

Takum o6pasom, #{cummerpunn ky6a}=2-#{cummerpunn TeTpasgpa}=
=224 =48.

I'pymna co6CTBEHHLIX CUMMETPHU KyOa m30MOP(HA IPYTIE CAMMETPUAN
TeTpasapa.

[pyrou moaxon K cBa3u Sy ¢ COOCTBEHHBLIMU BPALICHUAME Ky0a TAKOB.
S, mepecTaBaseT IeTHIpE 60IBINX JUATOHAIN. JTO TO XKe, ITO JEUCTBUE HA
BEPIIUHEL TETPAdAPA: JIOOOU BEPIIUHE COOTBETCTBYET OOIbIIAA TUATOHAD.

[lnsa permenus 3a1a9u IPELIATA€TCA HAUTH XapPaKTEPEl COOTBETCTBYIO-
X TPEACTABJICHUN S4 U MyTEM PEIIeHUsA CUCTEM JUHEUHBIX ypaBHEHUN
PA3NOXKUTE WX TO XapakKTepaM HEMpUBOIUMEIX TpeacTaBieHun. Tabamma
TOCJIeJHAX TAKOBA (IIPOBEPUTH!):

g 1 6 8 6 3
4 1 (12) (123) (1234) (12)(34)
Tpusuansuoe U 1 1 1 1 1
3uakonepemvennoe U’ 1 -1 1 -1 1
Crangapraoe V(dim=3) | 3 1 0 -1 -1
VeU 3 -1 0 1 -1
lBymepuoe W 2 0 -1 0 2

(mepBas CTPOKa COMEPKUT UUCJAO DJIEMEHTOB B KJIACCAX COMPAKEHHOCTH).

Jlekuusa 5. IIpeacrasieHus cuMMeTpUIECKON
rpymsl Sy

OTa JEeKIus NpeciaeqyeT ABOAKYIO Heab. llepBoe — mpoaeMOHCTPUpO-
BaTh 3(P(PEKTUBHBEIE METOIBI PEIIEeHUsI OCHOBHBIX 3aJa4 TEOPUU MPEICTA-
BJIEHUU CUMMETPUYIECKOU TPYIIIBI, ¥ BTOPOE — NaTh MPEJACTABICHUE O TOM
KaK 5Ta «Cefam KIaCCUKa paboTaeT B COBpeMeHHOU usuke. B aron texiun
HUYIEro He JOKa3bIBAETCA, JAIOTCs JUIIb CCHLUIKI HA COOTBETCTBYIOUIYIO M-
teparypy (W.Fulton and J. Harris. Representation theory (a first course),
Springer-Verlag New-York Inc., 1991; V.Kac and A.Raina. Bombay Lec-
tures on Highest weight representations of infinite-dimensional Lie algebras,
World Scientific Publ. Co. Pte. Ltd., 1987).
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1. Kraccudpukaimusa HeTpUBOAMMEIX IIp€eACTABICHUN

Yuc10 HEMPUBO AMMBIX IPEACTABICHNN = Iucao quarpaMm FOura = quc-
a0 pasbuenunt p(d) (uMeroTca B Buay paszbueHua ducia d B CyMMY HEJIBIX
TIONOXKUTENBHBIX CJIATAEMBIX ), KOTOPOE MOXKET ObITh 3a,1aH0 MPOM3BO IAIIEH

dysKIIEen
o0 o0
Z p( H 1 tn
d=0 1

2. U genTrduKalMa HEIIPUBO IMMBIX IIPEACTABICHUNA B PEryIAPHOM

Hano pazbuenne A\: A\; > X2 > ... 2> A =1, > \; =d u cooTBeTcTByIO-
mas quarpamma FOura. SaHyMepyeM KJIETKU TUATPAMMEL B TPOU3BOILHOM
nopagke. Kaxnan Takas Hymepanusa MO3BOJIAET 3a1aTh geuctBue Sy HA
xretkax. Onpeneaum B G4 aBe noarpynnst P u Q:

P\, ={g € 64| g coxpanser Bce cTpOKU pa3GueHusa A},
Q»={g € 64| g coxpauser Bce cToJIOULI pa3OueHUa A}.
NmeeTca B BUAY, 9TO SIEMEHTH TEPBOU MOATPYIIEI TIEPECTABIAIOT KICTKA

BHYTPHU CTPOK, & BTOPOU — BHYTPU CTOJOIOB. [locTaBUM 3>TUM TpyImIaM
B COOTBETCTBHUE CJIEAYIOIINE dIeMeHThl rpynnoBon aare6pst C(Sy):

ax= > g, b= (-1)%.
gEPy gEQN

IIpousseseHne STUX DIEMEHTOB
cy =ayby € C(Gd)

HA3BIBAETCA cummempuzamopom FOneza.

Teopema 5.1. Cnpasedauso coommowenue ci =nycx. O6paz ¢y (npu
npasom deiicmeuu 6 C(S4)) ecmp nenpusodumoe npedcmasaenue Vy, u a10-
6oe nenpusodumoe npedcmasaenue 2pynnvt Sy noaywaemesa maxum o0pa-
30M.

Taxum 06pazom, (cy/ny)% =cy/ny (Taxue >IeMeHTH HABLIBAIOTCS UdeM-
nomexwmamu koabua C(S,)). Daement cy/ny 3agaet npoexktop C(S4) —
— VA.

3. XapakTepsr: popmyaa @pobennyca

Quarpammy FOura moxsOo 3anare HaGopoM & = (iy...0q), TAE o —
YUCI0 CTPOK AuarpamMbl, uMeromux gmay « (e =1,...,d). OgeBugHo,

d
E aiy =d.
a=1
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Iycts k=1i1 + ...+ ig (ducao crpok aumarpammsr). Beegem nmepemen-
HBIE T1,..., Tk, 1 KAXKIOW CTPOKE TUATDAMMBL COTOCTABAM IEPEMEHHYIO 13
sToro Habopa. Onpenenum monruuoMbl HeioToHa

Pi(z)=2l+...+z, (j=1,...,d)

1 KOCOCUMMETPUICCKAN HOJMHOM MUHUMAJIBLHOU CTENCHN OT k TIePEMEHHBIX
(onpegeaurens Bangepmonga)

A@)= [ (@i—=)).

1<i<j<k

Ecau f(x) — nomunom, To 1epes [f];,..1, OymeMm 0603HAYATH €ro Koadh-
pummenter: f(z) = S [fl .2l .. mi"

B sTux TepMmuHax Mbl MOxKeM CHOPMYJIUPOBATE CJIEAYIONTYIO 3(P(PEKTUB-
HYI0 GOPMYJIy Mg XapaKTepoB, npuHanmexamyto Ppobenuycy (cum. Fulton
and Harris).

Bosbmem nBe (BOOOIIE TOBOPA, pasiudHbix) guarpamvbl FOura. 3ana-
IVM TEepPBYI0, KAK U B IyHKTE 2, pa3dbmeHueM A, a BTOPYIO — HAOOPOM
= (i1,...,1q). IlycTh X, —XapakTep HEIPUBOAUMOI'O IPEICTABIEHNAS, OT-
BEYAoIIero nepsou auarpamme, C; — KIACC COMPSAXKEHHOCTY, 33, JaHHLIN Ha-
6opom . Torga

l1.. 0k

mmzpﬁﬁ},

rge l, =X, +k—n (n=1,...,k), A n P; — NOIMHOMEI, OIpeIeJeHHEIE
BBIIIIE.

4. PaamepHocT: popMysia KPIOKOB

Hazosem kprokom auarpammy B popme OykBul [ UmeeT mecTo ¢popmyaa

d!

dim V> = [[(pmur xprokos)

(mpomsBeneHme GEPETCA MO BCEM KPIOKAM, BJIOXKEHHBIM B guarpammy FOH-
ra \).

5. Iomaunomsr Ilypa

IMomuuomer [lypa Sy MOXKHO ONpenennTh U3 COOTHOIICHUS

det(m]).‘ﬁk*i)
S(Al,...,Ak)(w) = W
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(Fulton and Harris, Appendix A). I3 ¢popMyJbl XapakTepOB MOXKHO BbIBE-
CTH, 9TO

Pj(x)' =Y x,(Cs)Sa(x).

d
=1

J

IMomuuomer lypa urpaoT GyHIaMEHTATBHYIO POIbL B TEOPUU CUMMETPIIE-
CcKuX PYHKIUU, TEOPUM IPEACTABICHAN CUMMETPUIECKON IPYIIILL 1 KOMOu-
maTopuke. OKa3BIBAETCA, OHM UT'PAIOT BAXKHYIO POJL U B MATEMATUICCKOU
usuke. Huxe MBI KOPOTKO OMUCHIBAEM JBA MPUIOKEHUS TAKOTO POJIA.

6. Ypasuenme Kagomuesa—Ilersuaummwm (KP):

§&_£(@f§u6_uf163_u)
40y2 Oz \0t 2 0x 40xz3)°

oneparop KdV

DTO ypaBHEHUE ONUCHLIBACT HEJIUHEUHBIE BOMHLI B miasMe. [loaunomer [ypa
TIO3BOJIAIOT TONYIATh KIACC ABHBIX PEIICHUN DTOT0 YPABHEHUA.
Teopema 5.2. Caedytowyue GynKyuy A6AA0MCA POAULOHAALHBIMU PeULE-

nuamu KP: R

0
2W10gs)\(1’5yatac4ac5a . ')5

20€ ¢4, C5, ... — NPOU3BOALHBIE KOMCTLAHMDL.

Ypasuenne KanomueBa—IleTBUANIBUIN OTHOCUTCA K KIACCY 8N0AHE UH-
MEPUPYEMIT CUCTEM, TEOPUI KOTOPLIX ABIAETCA OJHAM M3 KPYITHEUIINX
JOCTUXKEHUU BTOpou moaoBuHLI XX Beka. B 50—60-x rogax XX crome-
THUs, B YUCJIEHHBIX dKcnepuMenTax, Pepmu, [lacra u Yaamom 6brta obua-
PYyXeHa aHOMAJBLHO MEIJIEeHHasa croxacTusamma yenouxku Toda, a Tapnme-
powM, I'punom, Kpyckanmom u Muypon — COMUTOHHLIE PEIIEHUA YPaSHEHUSL
Kopmeseea—de Ppuza (KdV). BoacCHWIOCH, 9TO 5TU ABIEHUA O0BACHA-
IOTCS HAIMYUAEM y TaKUX CACTEM GECKOHEYHOT'O UUCIA 3AKOHOB COXPAHE-
uus (I1. Jlakc). Pematomyio poas B passutuu Teopuu cuirpaau Mockosckas
IKOJIA (KOHEYHO3OHHbIE peleHns) u JIeHnHrpaackas mKoja (raMuIbTOHO-
Ba TEODUA).

7. KBanToBas Teopusa mosusa

Monwnaomer llypa o6pasyior 6a3uc B POKOBCKOM NIPOCTPAHCTBE B 6O-
30HHOM mpeacTasiernu. OHE COOTBETCTBYIOT HOMLyOECKOHETHBIM MOHOMAM
npu 6o30H-pepMuonnoM coorsercreun (cM. Kac—Raina), koropoe ¢ Touxku
3PEHUA TEOPUH IPEICTABICHAN ABIACTCA HE I€M UHBIM, KAK T30MOP(pA3MOM
IBYX TUMOB KOHKPETHHIX TpeacTaBaenun as2ebp Kaya— Mydu.
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Jlexkuumsa 6. I'pymner SU(2) u SO(3) —reomerpus,
TOIOJIOT ¥, MHBAPMAHTHAA Mepa

1. Onpegenenne SU(2) u SO(3)

Onpegemnm cneyuaapuyto yrumapnyio epynny SU(2) u epynny epawe-
nuti SO(3) caenyromum o6pasom:

u€SURR) <= ucMatr(2x2), wu=1, rae v*=u, u detu=1,
u€S0(3) <= uecMatr(3 x3), vu=1 u detu=1.

3agayua 6.1. Joxaxcume, umo

SU(2) = {(% j_1>

Caegxcreme 6.1. SU(2) = S3.

|Z1‘2 + ‘2‘2|2 = 1}

2. Yruel Jurepa

Beemem smokambHBIE (HA CAMOM [eJ€ — KBa3UTVIOOAIBLHBIE, T. €. TOKPHI-
BaoImue Bce, Kpome 1-MepHOro mogMHOroo6pasus) xoopauHaTel B SO(3).
BribepeM OpPTOrOHAIBHYIO CHCTEMY
xoopauuar OXY Z. Torma mo6oe
COOCTBEHHOE BpAIllCHUE ¢ 3aJaeT-
ca gpyrou (Tak e OpPUEHTUPOBAH-
Hou) cuctemon xoopauuar OX'Y'Z'.
IlycTe | — npsMas mepeceveHns ILioc-
kocren OXY Z uw OX'Y'Z'.

IIpomenaem cremyiomme OMEPALINAN:

— nepesegem ock OX B mpamyto [
ppamenneM miockoctn OXY B moJao-
KUTEIbHOM HampapiaeHuu (IIpU Hermo-
aeuxuon 0Z). lycrs 3 — yroa no-

Puc. 1. BOPOTA;
—nepesegem OZ B OZ’' Bpamenn-
em maockoctu OY 7 npu memogsuxkuoun O X ; mycTh § — yroa moBOpoTa;

—nepesegem OX B OX' npm menogemxkuon OZ; myCThb Yz — yroJ Mo-
BOpOTA.

B pesyabrare cucrema xkoopmurat OXY Z nepenner 8 OX'Y’'Z'. Mart-
PUIIAa COOTBETCTBYIOIIErO peobpasosanus (B cucreme koopauuatr OXY Z)
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eCTh g = g4, 9094, "), Tae
cosy —sing 1
go = | sine cos @ , 9o = cosf —sinf
1 sin 0 cos 6

3agaga 6.2. a) IIposepvme, wmo

* * *
g = ES >k *
sin o - sinf  coss - sinf  cosf

6) Buiwucaume 6cio mampuyy g.
B) [Joxaxcume, 4mo 6 nociedneti cmpoxe cmoam 0exapmossl K00pou-
0
namvt mouku P, nepexodaswet npu epawenuu g 6 mouxy | 0 |. (Yrazanue:
1
MaKo6o c80licmeo nocaednel cmpoxy 41060t 0pMOLOHAMLHOT MAMPUYDL).
IIycte () — Touka mepeceveHus eqUHUYHON CPephl C IPAMOHU [, TOU-
Hee —o0pa3 Toukn (1,0,0) mpu Bpamenun g,,. Toukn P u () Bmoane 3a-
nator cuctemy koopmuaatT OX'Y'Z’ ) a cremosarensno, u Bpamenne g. 1o
HUM BOCCTAHABIUBAIOTCA €r0 yIVIBL JUIepa: @s u § — kak chepudeckue
KOOPAMHATHL TOYKEU P, a (1 — Kak moaoxureabubin yroa mexay OX u l.

3. Hakpruitue SU(2) — SO(3)

IIycts
E:{X:< xl. $2+i$3)
Io — 13 —I

— IPOCTPAHCTBO SPMUTOBBLIX MAaTpull ¢ HyxeBuM cregoM. s u € SU(2)

paccmorpum otobpaxenue P(u): X — uXu L. Toayaum gesicreue SU(2)

na E, npu kotopom dopma (X, X) = 27 + 23 + 23 = — det X coxpansercs.

Crenmosarensno, P(u) € SO(3), To ects P— romomopdusm SU(2) 8 SO(3).
3agaua 6.3. Joxaxcume, umo

<ei4‘0/2 0 > . Cos @ —sin 2

ZL‘l,ZL’g,SL’gGR}

0 e—iv/? sin ¢ cos ,
1
6 .. 0
cos 3 1 8in 3 1
o — cosf —sinf
—isin 5 Cosg sin 6 cos b

D O6paTHBII TOPALOK COMHOKHATEIEH B 5TOM IIPOU3BEICHUN 00yCJIOBJIEH TeM, ITO Ma-
Tpunsl 6epyTCA HE B UCXOAHOU CUCTEMe KOODJAMHAT, & B NIPe0OpPa30BAHHBIX.
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Caenctsme 6.2. ['omomopdusm P: SU(2) — SO(3) cropwexmusen.

W3 ompepenenus P caexyer, uro P(u) = P(—u). DTO BUIHO U U3 3a-
naan 6.3: ecau K ¢ u § mpubasuTh 27, TO caeBa Bce yMHOXUTCA Ha (—1),
a CIpaBa He W3MEHUTCS.

Jlemma 6.1. ker P = {+id}.

Joxazamearcmeo. u Eker P <= P(u)X =X VX € E<=uXu1=X
VXeFE—=uX=XuVXcE.

Temnepb 10CTATOYHO 3amUCATD DTO ycaoBue aas 6asucueix X . lus xy =1,

1 0
To = x3 = 0 moxydaeM, UTO ¥ KOMMYTHUPYET C (O _1 ) cremoBaTemso,

z 0
u — nquaro”aigbHas Marpuna. OcraeTcsa mpeicTaBUThL €€ B BUIE (0 E>’

|z|? = 1, u npokommyTupoBaTh ¢ 11 =23 =0, z2 =l u x; =22 =0, 13 = 1.

O

JleMMa B TOYHOCTHU 03HAYAET, 9TO TPOOOPA3 JIOOOU TOYKY PU OTOOPa-

xkemun P cocTOMT M3 AByX TOYEK. DTO BEIPAKAOT caoBaMu P asasemcs
dsyaucmubin waxpuymuem uma SU(2) — deyaucmuoe naxpurmue SO(3).

4. NuBapuanTHas mepa Ha SO(3)

3agaua 6.4. Hneapuanmuas mepa na cPepe S> ecmv sin @ dyp db.

NuBapuantuas mepa na SO(3) B TepMuHAX yIVIOB DWIepa CTPOUT-
CA YUCTO TeoMeTpudecku. bepem B kadecTBe mapaMeTpoB Todku P u @)
(cm. m. 3). P mpobGeraer cdepy, U el COOTBETCTByeT Mepa Ha cdepe
sinf dpy df. () mpoberaer Goabimon Kpyr, u eu coorsercTByeT dp;. Ilo-
aydaem sin 6 dyy dps df. Bpaienus coxpaHAioT Kak Mepy Ha cdepe, Tak
U JJIUHY IyTU, TIOSTOMY TOCTPOEHHAA MEPa WHBAPUAHTHA.

5. Iloasem unBapuanTHou Mepsl ¢ SO(3) na SU(2)

NusapuanTayo Ha SU(2) MoxHO IOCTpOUTS, OAHAB Mepy ¢ SO(3) ¢ mo-
MOIIBI0 HAKPHTUA P (CcM. 1. 4). DIeMEeHTAPHBIMYA U3MEPUMBIMU MHOKE-
CTBAMY HAIO CINTATH TPOOOPA3EI DIEMEHTAPHEIX H3MEPUMEIX MHOXKECTB HA
SO(3), rexkamue Ha oxguoM Jucte (win ceasubie). [Ipu sToM A5 BaemenTap-
Horo mMuOxkectBa X C SU(2) mo ompenenenuio Hsu(2) (X)= Hso(3) (P(X)).

Jlexmusa 7. IIpegcTaBieHns KOMIAKTHHIX I'PYIIII

1. BBogusie 3amMevyanms

Ha xaxmon KOMIAKTHOW IPYyIIE CyIIECTBYeT WHBAPUAHTHAS MEPA,
U IPUTOM TOJBKO OJHA C TOYHOCTHIO OO0 HOPMUPOBKU. MbI Oyaem ImOIb-
30BATLCA DTOU TEOpeMOoU 6€3 MOKa3aTelhcTBa. Ha paccMaTpUBaeMBbIX Ha-
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mu rpymnax SO(3) u SU(2) MBI mocTpowiv WHBAPUAHTHYIO MEpy SABHO.
B o6mem caydae Mer OyaeM 0003HAYATHL MHTErPA] 10 MHBAPUAHTHOU Me-
pe /f(g) du(g), umes B BuLy, 9TO OH GEPETCA IO BCEU TPYIIIE.

[T KOMIAKTHBIX DPYNI BEPHBL TEOPEMBL 00 yHUTapusyemocTu (Teo-
pema 1.2) KOHEYHOMEDHBIX NPEACTABJICHUN (CYILIECTBOBAHUY UHBAPUAHT-
HBIX DPMUTOBHIX MTPOU3BEICHUA B MPENCTABICHUAX). 1 NOKa3aTeanCTBa
BMECTO CyMMWPOBAHHUA IO TPyTNNe HALO MOTb30BATHLCA WHBAPUAHTHBIM
uHTerpupoBanueM: eciu FE(x,y) — NpousBosbHAA HEBBIPOXKICHHAA 3PMU-
ToBa ¢opma, TO (T,y) = /E(Tgm,Tgy) du(g) — vHBApUaHTHAsA HEBLIPO-
xkaenHasa »pMuToBa dopma (cp. ¢ dopmymon (1) w3 gexmum 1). B xa-
gectBe C(G) 6Geperca NMPOCTPAHCTBO HENPEPLIBHLIX (DYHKIUW HA TPYII-
me. B HeM paccMaTpUBAETCA WHBAPUAHTHOE CKAJIAPHOE I[IPOU3BEICHUE

(p,0) = /cp(g)v,/;(g) du(g). Ceeprka ABYX (PYHKUUU BBOAUTCSA C HOMOLIBIO
dopmyast (¢ * ¥)(g) = /@(h)zﬁ(h*lg) du(h). C y4eToMm >TUX 3aMeYaHUN

Teopua MPENCTABICHHN KOMIAKTHBIX IPYII MOJHOCTBIO IOBTOPSAET TEO-
PHUIO OPEICTABICHUN KOHEYHBLIX IPYII C OJHAM OTJIMIMEM: GHUCIO KIACCOB
HEMPUBO JUMBIX TIPEACTABJICHUN ¥ HUX GECKOHEUIHO. MBI Oy1eM paccMaTpu-
BATH KOMIAKTHLIE 2pynnbl JIUu, Y KOTOPBIX YUCIO KIACCOB HEMPUBO JUMBIX
MIPEICTABICHUN CICTHO.

2. Teopema IleTrepa—Bewts

Teopema 7.1 (Ilerep—Bewmns). Mampuunvie 34eMeRMbL KOHEUHOMEPHBIE
HENPUE0OUMBLT NPedcmasaeruti 06pa3yoOm 0PMO20HAALHYIO NOAHYIO CUCTE-

ny 6 C(G) ¢ nopmuposxot ||7;;]|* = T

IMomHOTa 6ECKOHEYHON CUCTEMBI MATPUYHEIX 3JEMEHTOB 03HAYAET, UTO
kaxgas ¢pyaknua u3 C(G) MoxeT OBITH aNIPOKCUMUPOBAHA KOHEIHBIMU
JUHENHBIMA KOMOMHAIIMAMA MATPUIHBIX SJIEMEHTOB.

Aoxazameabcmso. 1) OpTOrOHAIBLHOCTL U HOPMUPOBKA JOKA3BIBAIOTCA
TOYHO Tak ¥ke Kak B Teopeme 4.1 (COOTBETCTBYIOIIEN TeOpeMe /A KOHEY-
HBIX TPYII).

2) [JoxasaTenbCTBO IOJHOTHL MBI JAAUM TOJBKO IS AUHETHbIT KOM-
NAKTHBIX CPynn (T.€. CPYIN, BIOKEHHBIX B MOJHYIO JUHEHHYIO CPYIILY
[LOCTATOYHO OOMBIION PA3MEPHOCTH). DTO IO3BOJSAET CHOBA UCIOAL30BATH
AQHANOTUIO C TEOPUEU NPEJCTABJICHUN KOHEYHLIX TPymN. VIMEHHO, MyCThb
aaeMeHT ¢ € G mpexcTaBieHo MaTpuuen g = (gi;). PaccMorpum kimacce
dyuknui Ha (, OPeICTABUMBIX B BHIE IOIXHOMOB OT {(ij,Ji; ). LlycTh
R,,,(G) —npocTpaHCTBO TAKUX IOJMHOMOB CTEIEHM HE BBIIIE M. DTO IPO-
crpancTBO G-uHBapuaHTHO U, B oraudue ot C((G), koneunomepuo. Tenepn
TOYHO TaK ke, KaK B JOKA3ATEIbCTBE TEOPEMBI O PA3JIOKEHUN PEryIAPHOTO
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[penCTaBIeHUsT KOHEYHOU rpynnsl (Teopema 2.1) moaydaeM, 9To Ja06on
saeMeHT 3 R,,(G) mpencraBum B BUJE JUHEMHOM KOMOMHAINYM MATPUY-
HBIX DJIEMEHTOB KOHEUHOI'O YUC/IA HENPUBOAUMBIX mpenctasaenun. Ilo Teo-
peme BenepriTpacca 06 annpoKCUMAaNuu NPOCTPAHCTBO MOJIUHOMOB BCIOIY
mwiotao B C(G) B paBaOMepHOU MeTpuke. CJeI0BaTEIbHO, MATPUIHEIE D6~
MEHTHI HEMPUBOUMBIX KOHEYHOMEPHBIX MPEACTABICHUN 00PA3YIOT MOJIHYIO
CHCTEMY. O

IIpumep. IIycts G = S'. Bce menpuBoauMele mpeacTapteHns S' ogHO-
MEpHBI U UMeIOT BUj ¢ — e rae ¢ € [0,27], a n— npousBobHOE IeI0e
ncio. Jlrobas HenmpephIBHAS (DYHKIUA HA OKPYKHOCTH MOXKET OBITH Mpej-
CTaB/IEHA KaK HEIIPEPHIBHAA MEPUOAUYIecKas PYyHKIUA HA IPAMON; MBI He Oy-
neMm ux pasandars. CregoBaTenbHo, mo Teopeme Ilerepa—Benis, mobas me-
puoauveckas GyHKIUA HA TPAMOU MOXKET OBITH MPEJICTABIEHA KAK IPere

m
Ipu M — 0O JMMHEHHBIX KOMOMHAmmi Buga fm(p) = Y. a,(m)e™?. Mu
n=—m

Iaxe ,aoxaaa.m 9TO DTOT npegeﬂ—paBHOMeprm W3 sroro BoiTekaer,

aTo lim / fm(p)e"™dp = / flp)e~™°dyp nna mo6oro n € Z.
m— o0 27

B neson ‘IaCTI/I STOr0 PABEHCTBA BBIPAXKEHWE INIOI 3HAKOM MPEAETa DAB-
HO a,(m). IlpaBas gacTb (0603HAYUM €€ G,) HA3BIBAETCA KODPQUIUEHTOM

oS} .
®dypre pyukunn f. Temepsb yike Jerko n0Ka3aThb, 9T0 f(p) = > a,e™?.
n=-—oo

Oror pan HazweiBaeTcsa padom Dypve dyuxuum f. Takum ob6pasom, mis
G = S' MBI momyIaeM ¢ moMompio TeopeMe! IleTepa—BeiIa KIacCIIecKyo
TEOPEMY O PABJIOKEHUY HEMPEPHIBHON MEPUOANIeCKON (pyHKImu B pag Dy-
pbe.

B o6mem cay4uae pAIbl MO GECKOHEYHBIM OPTOHOPMUPOBAHHBEIM CUCTE-
MaM TaK¥Xe TPUHATO HA3KBATE padamu DPypve. [IpuMmenss Te xe cooOpaxke-
HUSA, 9TO U B CIydae Tpymmsl S, MoxkHO mokazaTs (Mo KpaiHen mepe, s
AUHETHBIT KOMIIAKTHBIX T'PYIIL), YTO 8CAKAA Henpepbisnas dynrxyus na G
Packaadui8aemcs, 4 nPumMom eOuncmeenubim 06pasom, 8 pad Pypve no ma-
MPUUHBIM IAEMEHTNAM €€ HENPUBOIUMBIT Npedcmasaenul:

dim 7
F=Y > criimig

re@ ij=1

=P M(7),

TGa

Nueivu croBamu,

rae, Kak u Boime, M (7) —IpocTpaHCTBO MATPUUHBIX DJIEMEHTOB HEIIPUBO-
OUMOIO NPEACTABICHNS T, HO 3[4€Ch MBI MMEEM [EeJI0 CO CIETHOU MPIAMOU
CYyMMOM.
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3. TapMoHMYecKui aHATH3 Ha S2 — MoCTaHOBKA 3aady

Caeqymommm maroM B CTOPOHY OOOOIIEHUA ABIAETCA TOJYUEeHUE PALOB
Dypre Ha S?— equrmanon chepe mpocrparcTea R (6ygem o6o3HAIATH
ee npocto S). DKBUBaJEHTHAA (POPMYIUPOBKA DTOU 3a1a4u Takosa. IlycTs
C(S)—npocTpancTBo HenpephIBHBIX GyHKIUA Ha S. Ero siemenTo: Ha3bl-
Bawrca cepuueckumu Gynrxyuamu. [pynna SO(3) menctsyer Ha S; caeno-
BaTeIbHO, uMeeTca ectecTeennoe npeacrasienue SO(3) B C(S). Hazosem
ero cgepuneckum npedcmasienuem. 3anada 3aKIIOYACTCA B TOM, ITOOBI
PA3I0OKUTE STO MPENCTABIEHNE HA HEMPUBOIAMEIE.

Jlexkmua 8. Coepudeckue dpynkmuu Jlamraca

Teopusa chepudeckux ¢yukiun Jlammaca pemaeT 3aIadd O PaA3IOKe-
uun cepudeckoro npeacrapaeaus SO(3) HA HENPUBOAUMBIE KOMIIOHEHTHI,
0 pasmoxenun pynkuun Ha cepe B pansl Pypoe. Ee poas stum me nc-
gepneiBaerca. Chepudeckue pyuxuuu Jlammaca— ogun u3 Haubosee pac-
TPOCTPAHEHHBLIX BUAOB CNEYUasbHblr gynkyui. B MaTemaTudeckon pusnke
OHU BO3HUKAIOT BO BCEX 330a4YaX C CUMMETPUEN OTHOCUTEIHLHO BPAILICHUN
(mampumep, B 3aJa9aX ¢ KYJOHOBCKAM TIOTEHIAAIOM ).

1. TapMoHMYeckHe MOMMHOMH B R?

IIycte A — mpoCTpPaHCTBO IOJMHOMOB OT Z1,ZL2,T3, a A, — mogmpo-
CTPAHCTBO o,aHOpo,aHblx noMHOMOB cTenern m. Torga A = Ag ® A1 @ .

Momnomer {z¥ 252253} o6pasyior Gasuc B A. Brenem B A spmuTono mpo-
U3BEICHNTE:

K, kb Kk,
(xhrgh2ghs xllmfw 3y = ki kol kgl §F1 1 gkoka ghaks

Jlemma 8.1. Onepamop ymmoncenus na Pynxyuro > = 3 + 23 + 23

T
u onepamop A = 2 + - + —2 CONPANCENDL.
Ox 8 Ox
9 .
Loxazameavcmeo. [JOCTATOYHO [OKA3aTb, €YTO B = (z1)*, T.e.
Z1
19}
(x1u,v) = <u, 8_U> n1g Beex u,v € A. IlposepuM mocaegHEee paBEeHCTBO
Z1
k:1 1 k2 k:3 kl k2

ais GasucHbIX u,v. Hycrs u = o ~takeghs o = ghrghgks  Torna ¢ o6e-
ux cropoH moayuum ki!ks!ks!. B ocrampHBIX ciaydasx ¢ 00emx CTOPOH
HYJIN. O
def
Anementrl npocrparcrea H = {a € A | Aa =0} = ker A naseBaroTcs
2apmonuueckumy nosurnomamy. onoxum H,, = H N A,
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Jlemma 8.2. A,, = H,, ®r?A,,_» (opmozonasvnas npamas cymma).

foxazameabcmeo. JoKasaTeqbCTBO CBOIUTCA K YTBEPKACHUIO O TOM,
410 ker A = (im A*)*, wro BepHO 1A mI0GOTO OmepaTopa. Umeem A, =
= (ker A ® ker At) N Ap,. damee, ker AN Ay, = Hp,, a (ker A)+ N Ay, =
= (imr?) N Ay, =14, 2. O

Caepcreue 8.1. Ay, = Hy, @ r2Hpy o ® 1 H,y 4 @ ... (6ceeo [% + 1}

UACHOB).

2. Cohepuieckne GpyHKIMH

Omnpegeanm orobpaxenue p: A — C(S), comocTapiss Kax oMy HOIA-
HOMY €ro orpaHmdeHue Ha chepy S = S2.

Jlemma 8.3. ker pN A, = {0}.

Loxazamenvcmeo. Ecau 0THOPO IHBIN MHODOUIEH PABEH HYIO Ha, cdepe,
TO OH HYJIEBOM. O

Ipocrpancrso Uy, = p(H,,) HA3BIBAETCA NPOCMPARCNEOM CHEPUUECKUT
Pynryui seca m.

CregcrBue 8.2. p(Ap) Z Uy ®Up—2 @ . ..

Loxaszamenbcmeo. YTBepK IeHUE BEITEKAET U3 caencTsusa 8.1 ¢ yueTom
Toro, 9To Ha cdepe r2 = 1. O

3. CoGcrBennsie noaunomsl rpymast SO(2) C SO(3)

Pacemorpum B SO(3) cranumonapuyio noarpynmy Touku (0,0,1). O6o-
sraumm ee Go. fcuo, uro G = SO(2).

Jlemma 8.4. Bpawenus uz Go umerom 6 npocmpawcmee A, 6a-
3uc obwuxr coocmeennviz Pynkyuid. Cobcmeennbie 3HAUEHUA UMEIOM BUOD
2™k k= 0,+1,...,+m, 2de @ — yeoa noeopoma, onpedeisrouyu
anemenm uz Go. Kpammocmv cobemeennozo 3nauenus e€>™*¢  pasua

m — |k|
+1].
5 |

Hoxazameavbcmeo. Tlomoxum u = x1 — 1T2, U = X1 + iTa, 2 = €'F,

cos —sin _ 1
hiz)=1". v ¥) € Gy. Toraa h(z)u = zu, h(z)u = z"'u.
sin g cos @

Hepeitnem B Ay, x 6asucy uPulzh (p+ q+1=m). OTrOCcuTesHO h(Z)
MorOM uPU!Th mveet cobeTeernoe sratenue 2P 9. Umeem [p — | <p+q =
=m — Il <m. lIpu pukcupoBarsoMm p — ¢ = k p + ¢ MOKET MEHATHCA TOJb-
KO Ha YeTHOe 4uciao, a BMecte ¢ HuM u [. IIpu srom | < m — |k|. Hosromy
! Moxer mpuHUMATHL 3HadeHus m — |k|,m — |k| —2,m — |k| — 4, ..., Bcero

m — |k o
[ 2‘ | + 1} 3HAYMEHUN. O
Berancaum dim H,,. [[1a KpaTHOCTH COGCTBEHHOrO 3HAMEHUA 2~

B 5TOM
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npoCcTpaHCcTBe uMeeM B cuiy jgemM 8.4 u 8.2

— |k —2—1k
multy, H,, = multy A, — mult 4, 5= {mT” + 1} — {mf” + 1} —1.
Taxkum o6pazom, H,, COZEpKUT KaxkI0e COOCTBEHHOE 3HaxeHHe z*,
k=0,£1,...,£m ¢ equHUYIHON KpATHOCTBbIO, modTOMy dim H,, = 2m + 1

(mCn0 COGCTBEHHBIX 3HAYMEHNN ).

4. OcHoBHas TeopeMa rapMOHMYECKOTO aHamM3a Ha S2
oo
Teopema 8.1. 1) C(S) = @ U,, (opmoconaavnas cymma).
m=0

2) Uy, unsapuanmuo omuocumeavrno SO(3), nenpusodumo u dim U, =
=2m + 1.

3) B U,, umeemcs opmozonasvuvili cobcmeennbili omuocumenvno Go
6a3uc Y, 0,Ym £1,. s Yo, 2m, npuuem Yy, ;. coomeemcmeyem cobcmeen-
nomy 3nauenuto z*.

Jlemma 8.5. Jlwb6oe nenyaesoe xoneunomepuoe SO(3)-nodnpedcmasaie-
nue 6 C(S) umeem zoma 6v1 odnomeproe noonpocmparcmeo Go-uneapu-
anmMO8.

Aoxazameavcmso. Ilycrs U C C(S) — noanpencrasienue, Uy = {f €
eU | f(0,0,1) =0}. Ycmosme f(0,0,1) = 0—>5T0 0JHO JUHEHHOE yCIOBUE
uva f. CaegoBareasno, mbo Uy = U, mu6o Uy — runepriockocts B U.

Tax kak U # {0}, cymecrsytor f €U n z € S, pua KOTOPBIX f(x) #0.
Iycte g € SO(3) — Taxon snement, aro gz = (0,0,1). Torga (¢f)(0,0,1) =
= f(m) #£0. Ho gf € U, nostomy Uy # U, u B geficreurensaocru Uy — ru-
nepriockocTs. Cregoparensso, dim Ug- = 1.

Beuny Toro, uro Go(0,0,1) = (0,0, 1), noagnpocrpauctso Uy, a crenosa-
Tereno u Ug-, MHBAapUAHTHO OTHOCUTETBHO Go. IlycTs f cUg-. Torxa nus
moboro g € Go gf = AMf, A € C. Ho (9£)(0,0,1) = f(971(0,0, 1)) = £(0,0, 1),
T.e. A=1. O

Aokazameabcmso ocnosnot meopembi. 1) Pasnoxenue B npsamyio cymmy
BBEITEKAET U3 CIeACTBUA 8.2 U TeopeMbl Benepinrpacca 06 anmpOKCUMAIINA
(cMm. mokazaTenbcTBO Teopembl Ilerepa—Benna). Ionapuas opTOroHamb-
HOCTB TPOCTPAHCTB Uy, TpeOyeT OTAeIbHOrO JOKA3ATEIbCTBA (CM. HUXKE),
TaK KaKk y HAC HeT cBegeHunl 06 usomerpuanoctu orobpaxkenus p (B C(5),

o onpeneneHuto, (¢,) = /S p(s)w(s) du(s)).

2) NuBapuanTtHOCTL Uy, CAEIYET U3 MEPECTAHOBOYHOCTH p C JEUCTBUAEM
SO(3) u uaBapuanTHOCTU H,)), & MOCIEIHAA — U3 MEPECTAHOBOYHOCTH A
¢ zenctBueM SO(3) (mpoBepseTCs HEMOCPEACTBEHHO).

Henpusogumocts U, nokassiBaercsa Tak. Pazmepuocts Go-uHBapuanT-
HBIX BeKTOPOB B H,,,, a caegoBarensuo, u B Uy, pasua 1. Ilo semme 8.5 8 Uy,
MOXKeT OBITH He 60Jee OJHOTO HeTPUBUATLHOTO MOATPEACTABICHAA.
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Beugy aemwmer 8.3 dim U,,, = dim H,,, =2m + 1.

3) B xauectse Y, 1 BO3bMeM 06pa3 BEKTOpa ¢ COOCTBEHHBIM 3HAYEHU-
em z¥ B H,,. BRIy OpOCTOTHI COOCTBEHHBIX 3HAYMEHUM, TP JAHHOM M
¥ PA3IUIHBIX k MMONYYEeHHBIE BEKTOPHI MOMAPHO OPTOrOHAIBHHI.

Ilycts p— oprorosanbubit TpoekTop Uy, — Uy, . [lpu unBapuanTHOM
CKAJIAPHOM TPOU3BEACHUU P ABIACTCA MOpPU3MOM mpencrasieHuu. Ecan
m#m', to Uy, u Uy, #e uzomopdust (dim U, # dim U,,/). Ho onu memnpu-
Bogumel, nostomy p =0, T.e. U, LU, . O

Ym0, Ym,+1, - - - » Y +m HasbIBatoTCA cepuneckumu gynxyuany Janaa-
ca Beca m: Yy, o — 30Ha16H0T ChepuIecKon GyHKIMER, & OCTATbHBIE — NpPU-
coedunenubimy chepruaecKuMu (hpyHKIIUAMA.

Jlekuusa 9. daemeHTHl Teopuu Jlu

1. Jlunevnsie rpymmst Jin

([Munetinott) epynnot Jlu MBI HA3BIBAEM JIOOYIO 3AMKHYTYIO IOACDYIILY
nonHou JuHerHOU Tpynnbl GL(n) ¢ Tomosoruen, 3a1aBaeMO €BKJIMIOBOU
METPUKOU B mpocTpancTse Matr(n X n).

Oro6paxkenue ¢: G — H nByx rpynn Jlu HA3LIBAETCS 20MOMOPPUIMOM,
ecIu @ — roMoMOpdU3M IPyNN, U AAa Ipom3BoabHOU obiactu U eBkiw-
IOBa MIPOCTPAHCTBA U €€ TIAAKoro orobpaxennsa 1): U — G xkoMmosumms
pot: U— Matr(n x n) aBigercsa riajkuM 0TOOPaKeHUeM.

Crouctsa rpynnsl Jlu BO MHOTOM ONPENENAIOTCA CBOUCTBAMU TO-
pasgo 6oJee MPOCTOr0 OOBEKTa — KAaCaATEILHOT'O IMPOCTPAHCTBA K HEH
B ONHOU-€IUHCTBEHHOW TOYKe. Kak 5TO NPOMCXOAMT — M3ydaeT Teo-
pus Jlu.

IIycts T, G — xacaTeabHOE IPOCTPAHCTBO B equHMIEe rpynnsl G.

Teopema 9.1. I'omomopdusm ceasnoti epynnot Ju G 6 epynny Ju H
onpedesemcs C60UM KACAMEALHBIM 0MOOPAHCENUEM 6 eOUHUYE.

Aoxazameavcmeo. 1) Ilycts ¢: G — H — romomopousm, dyp: TG —
— TH —kacaTeapHoe oTOOpaxeHue (B NPOM3BOJIBLHOU TOUKe), I(g) — ae-
BuI caBur Ha ¢ B G, l(h) —aeBbm casur Ha h B H, (9)«: T.G —T,G n
I(h)s: TeH — Ty, H — cOOTBETCTBYIOIINE KACATEILHBIE OTOOPAKEHUA.

Cremyromas quarpaMMa KOMMYTATUBHA B CITYy TOTO, 9TO (9 — TOMOMOP-

pusm:
G
|
H



13 mee BuiTekaeT KOMMYTAaTHUBHOCTBb TaKOu AuarpaMMBbI:

l(9)

T.G - T,G

dwl ldw

T.H T, H.
O e

IIycts € € T.G. Torga us Bropoun quarpaMMmbl BEITEKAET, ITO

dp(l(g)+€) = 1{p(9))«dep(E)- (1)

2) Ilycte Teneps g € G. Ml xotum BoccTanoBuTh ¢(g), 3uas dp. Co-
eMHUM e U ¢ Tiagkon kpuson ¢(t), mexamen B rpymme: g(0) =e, g(1) =g.
Omnpenennm &(t) us yeaosusa g'(t) = 1(g(t))«£(t) n moxaxem, urto £(t) € T.G.
Ipumennm cooTHomenue (1):

dp(g' (1)) = de(1(9(1))+£(t)) =
ITo onpegenenuto dp(g'(t)) = ¢(g(t))’, T.e.

e(g(t)) = Up(g(t)))xdip(&(1)).

Beexem o6osuauenus h(t) = ¢(g(t)), n(t) = dp(&(t)). Monyunm h'(t) =
=1(h(t))«n(t), T.e. guddepennuaisuoe ypasuenue Ha h(t) mepBoro nopsai-
ka (3mecw [(h(t))s — muuennbn omepaTop, 3asucaumu ot h(t), n(t) — us-
BeCTHas BeMnuuHa). [l IMHENHBIX IPYIIn noaydaercsa npocto h' = hy. Tlo-
cxonbKy h(0) = e, mo Teopeme eIMHCTBEHHOCTH sl OOBIKHOBEHHBIX Audde-
pPeHLuAaNbHBIX ypaBHeHun h(t) onpeneneno ogHosuaqHo, T. e. (g(1)) = ¢(g)
OIIPENEIEHO OTHO3HATHO. O

~—

L(p(g(2)))«dp((2))-

/\ H

2. Cko6kama T.G

KacarerbHoe mpocTpaHCTBO B efuHuIe rpynmsl Jlu ABIgeTCA BEKTOD-
HBIM mpocTpancTBoM. Eciu x,y € T.G, T0o cymecTByoT Kpubbie g = g(t)
u h = h(s), aexamme B rpymnme, takue uto ¢(0) = h(0) =e¢, ¢'(0) = z,
h'(0) =y. Torga = + y aBaserca kacarenbHeM K ¢(t)h(t), a Az —x g(At).

Kpome toro, ma T, kaHOHWYECKU OMpeAeTeHa €IIe OJHA OMePAIs,
HasbIBaeMas cKoOKOM, WIN KOMMYMAMOPOM:

[z, y] := 6?; (ghg™*h™Y)s=t=0- (2)

Mudpdepennupysa B (2) o s u noaaras s = 0, TOLYIUM KaCATEJIbHBIN BEKTOP
gh'/(0)g~! — h'(0). On mpunaanexur T,G npu Beex t.
3arem, quddepeHnupys ero mo t, upu t = 0 noryaum

9(0)R'(0) = 1'(0)9(0) = [z, y]
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(34€Ch MBI UCHOAB3yEeM TOUKY 1Jis1 0003HAUEHUs IIPOU3BOIHON 110 ¢ U IITPUX
[J1s1 00O3HAYMEHUs IPOU3BOAHON TI0 S).

Crencrsme 9.1. Jas aunetinvix epynn Ju [x,y] = zy — yz.

3agaua 9.1. a) T.SU(2) = {X € Matr(2,C) | X + X* =0, tr X =0}.

6) T.SO(3) = {X € Matr(3,R) | X +X’ 0}.

3agaua 9.2. ITposepvme (Mﬂ AUHETHVIT 2PYNN, UMO

o [ X,Y] — Ousunetinas onepayus;

o [X,Y]=-[Y, X] (anmucummempuunocmy);

o [X,[Y,Z)|+[Z,[X, Y]]+ [Y,[Z,X]] =0 (moacdecmso Axobu).

BexTopHoe mpocTpaHCcTBO, B KOTOPOM OMpeaeaeHa CKOOKa, 001a,T1aroIast
cBOUMCTBAMU, C(HOPMYIUPOBAHHEIMY B 3a0ade 9.2, HaswiBaeTca aqzebpoti Jlu.

Beime mer noxasamu, uro T,G HageaeHo cTPpyKTypon aare6pst Jlu.

Aare6pa Jlu T.G uwaswiBaercsa aqzebpoii Ju epynnet G u 0603Ha4a€TCA
Lie(G).

O6osnagemma: Lie(SU(2)) = su(2), Lie(SO(3)) = s0(3), Lie(SL(2)) =
=5l(2), Lie(GL(V)) = gl(V).

Teopema 9.2. Fcau ¢: G — H — 2omomopdusm epynn Ju, mo
dp: LieG — Lie H — 2omomopdusm anzebp Jlu.

Hoxaszameavcmeo. Ilycrs g = g(t), h = h(s), g(0) = h(0) = e. Umeem:

of O _
dw( (ghg™"h~ )8:0) dzfa o(ghg™ " h™")smo =

0 _ _
= 5,5 (@9)e(h)p(9) " o(h) ™) a=o-
ITpoanddepernupyem 06e JacTu mo ¢ u BHeceM caeBa nuddepeHIupo-
BaHUe 1O ¢ B apryMeHT dp (3TO MOXKHO CIeJaTh, TAK KaK dy — JUHENHOE
oTOOpakeHue):
dso(—a2 (ghg™'h™) —t—O) _ 0 (e(9)p(h)p(g) " p(h)™1)
0sot == 0sot s=t=0’
1.e. dp([z.y]) = [dp(x). do(y)]. O

3. CoorBercrBue Mex Ay npejgcrasienusvu rpynn Jin
u nx amebp JIn

Ilo ompemenenuio mnpencrasieHue rpynmnbl G — 3T0 TOMOMOPdU3M
T: G — GL(V). dua rpynn Jlu x 5TOMy roMOMOpPMU3MY HPEIBABIACTCA
TpeboBaHUe TVIATKOCTH.

ITpedcmasaenuem aszebpor Jlu g HaszbBaeTca ee romoMopdusm B gl(V),
T. e. TaKoe JuHenHoe oTob6paxkenue ¢: g — gl(V), uro o([z,y]) = ¢(x)e(y) —
—o(y)e(z).

B cuny Teopemsr 9.2 xax oMy npexncrasienuto 1’ rpynnst Jlu conocra-
BIISIETCS IPEACTABIEHNe ee anre6pst Jlu, koTopoe Mbr 0603HAYMAaeM T unu dT.
ITo Teopeme 9.1 o1 CBA3HBIX T'PYNN MpeACTaBIeHUE aaredpnl Jlu BmosHe
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ONIpPENEIAeT IPEACTABICHNE IPYNNbL. [ OQHOCBA3HLIX TPYIIT MEXKIy HI-
MU CyIIECTBYET B3aMMHO ONHO3HAYHOE COOTBETCTBUE, HO 3IECH MBI DTOIO
HE NOKA3BEIBAEM.

CaegcrBue 9.2. /[as ceasubix aunetnvir 2pynn Ju u ux aseebp Ju xa-
o#cOwitt andomopduszm npedcmasaenus aq2ebpor Ju asasemes u IHdoMmop-
Puszmom coomsememeyoue20 NPedcmasaerus pynnul.

Loxazameavcmeo. Iycts g = Lie(G) u T(&)u = uT(€), aia moboro
¢ € g. Hago nokasars, uro T'(g)u = uT(g) mas mo6oro g € G. Ionaras
H = GL(V), paccmorpum ypasaenue h'(t) = h(t)n(t), moayaeanoe B Teope-
Me 9.1. Umeem:

W (t)u = h(t)n(t)u = (h(t)u)n(t),
uh/(t) = (uh(t))n(t),
1. €. h(t)u u uh(t) yaoBaeTBOPAIOT 0GHOMY U TOMY XKe AU dHEPEHINATBLHOMY
ypasaenuo. Tax xax h(0) = e, To uh(0) = h(0)u = u, T.e. u HavaIbHOE
ycroBue oguo u 1o xe. Ilo Teopeme emumucTBenHocTu h(t)u = wh(t) nas
BCex . o

Caegcreue 9.3. B ycaosuax caedcmeus 9.2 u 6 npednosorcenuy Kom-
naxmmocmu epynnvr npedcmasaenua T u T npusodumv wiu nenpueodum
00H08PEMENHO.

Joxazameavcmso. HeTpupnaabao TOIbKO, 910 ecam T’ IpUBOIMMO, TO
u T mpusoaumo. /I KoMmakTHOU rpynnsl 1'(g) MOXKHO CIATATHL yHATAD-
ueM, a T(€) — kococummerpudecknm. Tosromy ecan T'(€)Vy C Vi ana mo-
boro{€grTou T(f)VOJ‘ C Vgt mas mo6oro € € g. Ho Toraa T(f) KOMMYTH-
PyeT ¢ OpTOrOHATBHEIM mpoekTopoMm Ha Vo. Ilo mpeapiaymemy caencTBmio

u T(g) ¢ sum kommyTupyer. Takum o6pasom, Vj MHBAPDHMAHTHO OTHOCH-
rensHO T'(g). O

Jlexknusa 10. IIpeacrasiaenus SU(2), SO(3) u s((2)

1. Or su(2) k sl(2): koMIekcupukanms

Mycts E = {X € Matr(2 x 2) | X = X*, tr X =0} 2 R3. B . 4 iexuumu 6
JaH oOummil BUJ MaTpHIl OpocTpaHcTBa F, m3 koToporo BuaHO, 9TO B E
MOXKHO BBEIOpaTh 6a3uc

0 1 0 1 -1 0
m=(i o) 2= 0) == (5 1)
3agaga 10.1. Joxaxcume, wmo a) Ex = %(El FiFE>), H=—E;—6a3uc
8sl(2);6) Hy = %El, H, = %Eg, H; = %Eg — 6azuc 6 su(2). (Yxasanue:

cm. 3adauy 9.1).
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Caeacrsme 10.1. Basucnvie saemenmor sI(2) u su(2) ceazambt caedyio-
WUM 00Pa30M:
Ei=H,+iH,, H=—2H,.

Creacrme 10.2. 1) Hmeemca 63aumno 00HO3HAUKOE COOMMEEMCMEUE
mencdy Komeunomepruimy npedcmasaernuamy su(2) u s((2). Umenno, 6ca-
Koe Komnaexcroe npedcmasaenue su(2) npodoarcaemcs do mpedcmasae-
nua s1(2) 6 mom sce npocmpancmee; obpammnoe coomeemcmeue 3adaemcs
onepayuet ozpanuuenus npedcmasaenuti sI(2) na su(2).

2) Coomsemcmsyrowue npedcmasaenus su(2) u s[(2) npusodumvr uau
HENPUCOIUMBL 0OHOBDEMEHHO.

Takum 06pa3oM, KIacCuPUKaALNsA HEIPUBOIUMBIX [PENCTABICHUR 51(2)
CBeJeHA K KIACCU(DUKALUY HEIPUBOJUMBIX KOHETHOMEPHBIX [IPEACTABICHUAN
s[(2) (u maoGopot). dra nies pyHgamMeHTaabHa. B cuTyamun obmen KoM-
iexcHou (mpocrton) aare6ps Jlu (y nac—sl(2)) u ee xomnaxmmuoti Gopmo
(y Hac —su(2)) oHa HOCUT Ha3BaHWE YHUMAPHO20 Mploka Betiaa.

Basuc E;, E_, H B sl(2) nasuiBaercsa kanonuueckum. [ ero sneMeH-
TOB UMEIOTCs cTaHgapTHele obo3uavenus By = F, E_ =F, H.

3agaua 10.2. IIposepvme, umo

a=(5 5) 2= (0 o) #=(50)
u[H,E)=2E, [H,F] = —2F, [E,F]=H.

2. HempusoguMble KOHeIHOMepHbIe TIpeAcTaBIeHus sl(2)

Teopema 10.1. IIycmv T — nenpusodumoe KoHeUHOMEPHOE NPEACTNABAE-
nue s1(2) 6 V. Toeda cywecmeyem maxoti 6a3uc vy, .. .,Vy, 4MO

1) 7(H)vg = (n — 2k)vy,

2) T(F)’Uk = Vk+1,

3) T(E)vr, =k(n —k+ 1)vp_1
(cuumaemesn, wmo v_1 = vpqq = 0).

Aoxazameavcmso. 1) Ilycts ¢ — kakoe-HuOy b COGCTBEHHOE 3HAYEHUE
T(H) BV, 1.e. 7(H)v = cv. Torga 7(F)v — COGCTBEHHBIN BEKTOD C COG-
CTBEHHBIM 3HaueHUeM ¢ + 2, a T(F) — ¢ COOGCTBEHHBIM 3HAYEHUWEM ¢ — 2.
[encTBuTensHO,

T(H)r(E)v =71(E)T(H)v + 217(E)v = cT(E)v 4+ 27(E)v = (¢ + 2)7(E)v.
T(H)r(F)v=7(F)r(H)v — 27(F)v = (c — 2)7(F)v.

2) Hpumenss k v oneparop 7(E) B pa3sHbIX CTENEHAX, MBI OyAeM IOLY-
YaTh JUHENHO HE3aBUCUMBIE BEKTOPHL. Tak xak dim T < 0o, TO HamgeTcsa
BeKTOp Vg # 0 co caenyromumu ceouctsamu: 7(H )vg = covg, 7(E)vg = 0.
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3) Iycrs vg = 7(F)*vg. B ey Tex xe coo6pakeHnit KOHETHOMEPHOCTH
CYLIECTBYET TAKOE N, UTO Vg, V1, ..,V 7 0, Uy = 0.
4) Cootnomenus 1) u 2) 04eBUIHBI IO MOCTPOEHUIO, HO MOKA C Cg BMe-
cto n, T.e. T(H)v, = (co — 2k)vg.
IMokaxem, uTo mias mw06oro k cymecrByer Takoe ay € C, uTo
T(E)’Uk = QpVp—1- (1)

pumenum unaykumio no k. lpu k =0 umeem 7(E)vg = 0, T. €. MOXKHO
B3ATH ag = 0.
Mpeanonoxum, uro 7(E)vg_1 = ag—1vk—2- Torga

T(E)or = 7(E)7(F)vg—1 = 7(F)7(E)vk—1 + 7(H)vg—1 =
=ap_17(F)vg_a + (co — 2(k — 1))vg_1 =
= (ar—1 + (co — 2(k — 1))vg—1.
Nraxk, ap = ap—1 + co — 2(k — 1). Taxum o6pasom,

ap =[co —2(k —1)] + ...+ ¢co +ao,

k anenos

npuyaeM ag = 0. CiegoBarensHo,
ap=cok —2(1+...+(k—=1)=cok —k(k—1)=k(co —k+1). (2)

5) Mas k =n + 1 Bce upegpigymee Toxe BepHO, nodToMy T(E)v,11 =
= Up41Vn. HO apy1 =0, Tax xaxk v,41 = 0. Teneps uz (2) cregyer, 4o
(n+1)(co —n) =0, oTkyza co = n.

Bce coornomenus 1), 2), 3) mokaszaHbi. O

Caegcrue 10.3. Qucao n onpedeasem nenpusodumoe npedcmasienue
sl(2) ¢ mounocmuio do uzomoppusma.

OTO IMCIO HABLIBACTCA CMAPULUM 6ECOM TPEICTABICHAL.

3. IIpeacraBrenusa SU (2) — knaccudukanmn

Kaxnomy uenpuBogumomy mpencrasienuto SU(2) cooTBeTcTByeT
HempuBoAUMOe TpejacTaBienue su(2) (ero kacaTemrbHOE MNpPEICTABICHUE,
cM. Jexnuio 9), a ToMy, B CBOIO oduepelb, npeicrasiaerue s((2). Ilocaenuue
TOJBKO 9TO KaaccupuuupoBanbl. OCTaIOCh MOKA3aTh, YTO JI0O0E IPeaCTa-
BieHue sU(2) MoxeT ObITh moxHATO Ha SU(2).

3agaga 10.3. a) Ecmecmeennomy npedcmasaenuio SL(2) 6 npocmpan-
cmee 00HOPOIHBIT NOAUHOMOB CTRENEHYU N OM J6YT NEPEMEHHBIT 0MEEUAEM
nenpusodumoe npedcmasaenue s((2) cmapwezo seca n.

6) Kaxcdoe nenpusodumoe npedcmasaenue su(2) asasemed Kacameno-
noim K npedcmasaenuro SU(2) 6 npocmpancmee 00HOPOOHBIT NOAUNOMOS
om 08YT nepemenHvIL.
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Taxum 06paszoM, coorBercrare Mexay npeacrasiesuavu SU(2) u su(2)
SABJSIETCA B3AVMHO OJHO3HAYHBIM.

CregcrBue 10.4. IIpedcmasaenus epynnv SU(2) 6 npocmpancmeaz 00-
HOPOOHBIT NOAUHOMOSB 6CEBOZMONCHBIT cMeneweti om Jd6yr nepemennuir Ja-
0M NOARBIG CNUCOK ee HENPUBOIUMBIT NPeIcmassenull.

4. Tpexcrasrermsa SO (3) — kraccupuxanma

Beuny makpeitus SU(2) — SO(3) kax10My HEIPUBOAMMOMY IPENCTa-
Baeruio SO(3) cooTsercrByer Henpusoaumoe npencrasienue SU(2) B Tom
ke mpocTpancTBe. CleI0BATEIBHO, BCE HENPUBOAUMEIE MPENCTABICHUA
SO(3) comepxarca cpean mOCTPOEHHBIX Bhie npeacrasienun SU(2). B ox-
HOpoaubIX nomuHoMax cremnenu n 7(—FE) = (—1)" - id. Takue npencrasie-
mua coyckaores Ha SO(3) Tompko npu weTHbx n. Taxum o6pasom Henpu-
BoauMeIe npeacTrasienus SO(3) HAXOAATCA BO B3AUMHO OTJHO3HATHOM COOT-
BeTcTBUM ¢ nipenctasiaenuamu SU(2) geTHoro seca.

Jlekmmsa 11. Ilomaromeur Jlexauapa

Baages uadopmanuen o HenpusoauMbix mpencrasienuax SU(2), SO(3)
7 5[(2), MBI MOXEM BBIYUCIATHL B ABHOM Buie cdepudeckue GyHkuuu Jla-
miaca.

1. 3onamsHas chepudeckas GyHkIMa Y, o

Y, 0 mMeeT Bec 0, mO>TOMY packIaIbIBAETCA [I0 MOHOMaM Buga uPuPry =
= (2 + 22)Pzl (2p+1=m). OycTs &1 2.3 = p(21,2,3) — dyHKIMH, TOTYIaIO-
IIecs OrpaHTIeHIeM eBKINIOBLIX KOOpAuHaT Ha chepy. [Iia mux £ + €3 =
=1— &, nosromy Y, 0 OKaseIBaeTCA HOMMHOMOM OT &3t Y 0(&1,&2,&3) =
= P, (&). P, nasbBaerca noaunomom Jlexangpa. Homunomer Jlexanapa
06pa3yoT OPTOrOHATBHYIO cucTeMy Ha oTpeske [—1,1] (o6racTs uamene-
uua &3 Ha chepe): /11 PP, dés =0, m #n. T0 CBA3aHO C TeM, UTO Yy, o
IIPU PA3HEIX 7 OPTOrOHANBHBLI IO CPEPUIECKON MEPe, a MOCIETHAS Me-
er Buj sinfdfdp = —dé; dp (B Hamux o6o3HaYeHUAX 3 = COSH, CM. JEK-
o 6), 1 OT ¢ TOALIHTErPATLHOE BhHIpaKEHUE He 3aBucut. Iloaunomer Jle-
KAHIPA MOXKHO HAUTU ABHO (HAIPUMED, C MOMOILILIO MPOIECCa OPTOrOHA-
musarun). [lepeoie momuHOMbBL TakoBbl: Py = 1, Py = &3, Py = 363 — 1.

2. Ilpucoeaumenusie chepuieckme GyHKIUH

Henpusogumoe npexacrasrenue s((2) (a smauur, u SU(2), u SO(3)) ox-
HOBHAYHO ONPEIENACTCA CBOEH Pa3MEpHOCThIO (paBHOU 1 + Bec).
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Coepuueckoe npencrasienue U, HenpuBoaumo oTHocuTeabHo SO(3).
Ero pasmeprOCTH 6BLIA HAIAEHA B KUK 8 € TOMOIMIBIO HEMOCPEICTBEHHO-
'O PACCMOTPEHUA TapMOHNYIECKIX ITOJINHOMOB, U OKa3aJIaCh paBHon 2m + 1.
Taxum 06pa3oM, 5TO IPEACTABICHAE COOTBETCTBYET HEMPUBO AMMOMY TIPEI-
crasnenuo s[(2) Beca 2m (aexuusa 10).

Cdepuaeckne Gynkuum Y, ; BBEJEHBI B JeKIMU 8 KaK COOCTBEHHEBIE
BEKTOPHI TIOATPYIIIEL

cosyp —sing
Go = sin ¢ COS ¢ C SO(3)
1

¢ cobGCTBeHHBIM 3HaueHmeM zF, z = e'?, B mpoctpancTse U,,. Jlerko mo-

Ka3aTb, IYTO DTO TO XK€ CaMOe, 9TO COOCTBEHHBIE BEKTOPHI OIEPATOPa
npeacTaBeHns daeMenTa H. [lencTBUTeNbHO, Yy ABIAETCA COOCTBEHHBIM
BEKTOPOM C T€M K€ COOCTBEHHBIM 3HAUYEHUEM OTHOCUTETHLHO MOATPYIIIHI

. ip/2
Go = {(e 0 629/2)} C SU(2), naxpuBaromen Gy (3aga4a 6.3). Tud-

depeHnupya 10 Y PaBEHCTBO

et®/2 0 )
( 0 eiw/2> v=e*y (3)

B ToUKe ¢ = 0, ybexnaemca, 9T0 COGCTBEHHOMY BEKTOPY € COOCTBEHHBIM
sHadenueM zF orHOCHTemBHO Gy COOTBETCTBYeT BEKTOp Beca 2k OTHOCH-
TeapHo H. Beuay npocTtoTsl cnekTpa H B HEMPUBOAMMOM TIPEACTABICHUN
amre6per JIu s((2) dpysxnum Yy, ; ¢ TOYHOCTBIO 10 HOPMEUPOBKE COBIAIA-
0T C DJIeMEHTaMU KaHOHUYecKoro 6asuca mnpeactasienus U,,, BBeIEHHOTO
B TeopeMme 10.1. B wactrOCTH, V), 11y HMECT BEC 2M, T. €. ABIACTCA BEKTOPOM
crapiero Beca B Up,.

B paBencTse (3) MbI OmycTHIN 145 TPOCTOTHL 0603HAYEHUE CPEPUIECKO-
ro mpencrasiaenusa. Cenvac HaM OyneT yaooHee ero BBecTH. Ilycts 7— cde-
pudeckoe npeacrasienue aare6ps sl(2). o Teopeme 10.1

Yo,k = 7(Bx) Yo 0 (4)

(TemM caMBbIM MBI ONPEAEIUIA HOPMUPOBKY Yy, 4k, OTIMIHYI0 OT HOPMUPOB-
KU KAHOHUIECKOr0 6a3uca).

3agaga 11.1. Paccmompum npedcmasaenue SO(3) 6 npocmpancmee
Pynryud na R u accoyuuposannvie npedcmasaenus su(2) u sl(2). B amon
npedcmasaeHus

. 0 19} .0
T(E+) = ("L'l — Z.’Ifg)a—mg — .’Eg(a—ml — Za_:lig)
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Pewenue. Kak 0651400, peamusyeM R3 kak IpPOCTPAHCTBO CAMOCOIPA-
JKEHHBIX MATPHUI] C HYJEBBIM CJIEI0M:

o {( —acg., T, + im2>
1 —1T2 I3
0 1 0 -1 0
El—(l 0>;E2_(_Z 0>;E3_(0 1)7

E= {l’lEl + 29Fs + 23 F3 ‘ x1,T9,T3 € R}

l’l,l’g,ﬂngR}

u 6a3mucoMm

TaK 9TO

TMoxaxewm, uTo ans mo6oro U € su(2)
T(U) = ([U, X}, 0x), ()

rge Ox — CPaJMeHT 0O I, T2, T3, (-, ) — CKAIAPHOE MIPOU3BEIEHNUE, ACCO-
nuupoBanHoe ¢ 6asucom Fy, Fs, F3.
Paccmorpum xpusyro u = u(t), gua koropon u(0) = id, u'(0) = U. Torza
d _
T F(X) = S f(X([#)=0, rae X(t)=u(t)Xu(t)™". (6)
Ilo mpaButy auddepeHnupoBaHusa CI0KHON (HYHKIINA

d _dny 0 dey 0 dvs 0 _ xiey gy

dt Haxl Waxg dt Oxs3

Teneps mosoxuMm t = 0. Ocraercsa sameruts, uto X'(0) = [U, X], u y6e-
IUTHCA B CIPABEAIUBOCTH (5).

IMockoabky s(2) apasercsa aunenHon obonoukon su(2) vag C, a npasas
gacTh cooTHommenus (5) auHerHa no U, 3akiIodaeM, 4T0 cooTHoeHue (5)
BuinonHsgercsa 4ia Becex U € sl(2). B wacTrocTn, nus Boraucienus 7(Ey)
JOCTATOYHO 3aMeTUTh, ITO

oy iz 2 . .
[E-HX] = ( 1 0 12 2 x;;Q) = (.’El — Z.’EQ)Eg — .’E3(E1 — ZEQ).

Orcroga u monydaeM UCKOMOe Bolpaxkenue s 7(FL ). O
3. Bermcaenue Y, 4k

IycTs f’mik — mo6o1 poo6pas Yy, +x B C(R?). Buty nepectanoBod-
HOCTH orpaHmienus Ha chepy S = S? ¢ gerctruem SO(3),

T(Ey)Ym 1k = (T(E+)?m7ik) |S'

B uwacTHOCTH, MOXHO B3ATH Yy,0 = P (23) (9TO He 0ZHOPOAHBIN OIH-
HOM, T0>TOMY Py, (23) ¢ Hy,).
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MoxHO B3ATb ?m,ik = T(Ei)kf’m,o (Torga mocsie OrpaHUYEHUs YCJAO-
Bue (4) 6ygeT coOII0LEHO).

Ucnoneays sagaay 11.1, nangem ?mJ =7(E;) Py (x3)= (21 —iz2) P, (z3).

Korga 6ynem uckath l~fm72 = T(E+)}7m71, HAJI0 y9IeCTb, IYTO

(a% - i%)(m —izs) =0,
TOSTOMY 7
19] . 0 . ,
(5 — P9y ) (@1 = iw2) Pry(@0)) = 0,

. 0 .
TaK 4TO TOJBKO “ieH (z; — mg)a— oneparopa 7(F,) BHECET CBOU BKJIA,
T3
7 MBI TOLY UM

?m’g = (1’1 — Zl’z)P,/T/L (373)

Anamoruaao

Vi, 2k = (21 F iz2)* P (25).
OrpanuyuBas Ha chepy, UMeeM:

Yok = (& F &) PP (&).

Jlexkusa 12. Arom Bogopoga. Ilepuoguaeckasn
cuctema MeHgeaeeBa

1. Crammonapuoe ypasuernue lllpegunrepa

[l151 0JHOTO BJIEKTPOHA B HEHTPAILHOM IIOJIE DTO YPABHEHUE UMEET BU[

(—%A+V&U¢=Ew

rae h— nocrosuuas [lnamka, p — macca smexrpona, F — ero smeprus,
1) — BOMHOBas (DYHKIWs WIA COCTOSHUE daeKTpoHa, V =V (r) — norennu-
an. OmepaTop A BBeleH B JeKIUU 8 U HAZBLIBACTCA onepamopom Jlanaaca.

YpaBHeHUE OTUCHIBAET COCTOAHUE DIEKTPOHA ¢ suepruen F. las kyn1oHOBa
2

e
norennuaia V(r) = —— eQUHUYHOTO 3apAna e (PaBHOTO 3apALY DJIEKTPO-
T

HA)
2 2
—%Aw: (B+%)p. (1)

IMoTennuan 3aBucuT TOJALKO OT paguyca. IlosTomy mepengem K cdpepu-
YE€CKUM KOOD JUHATAM.
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3agaua 12.1. B cfepuueckux xoopdunamaz ypasnenue (1) umeem 6ud

19° 1 2
Tz () + 5 A = - = (E + )1/1, (2)
2de ,
A%g:#ﬁsinﬂﬁ—}- L 9

sin 6 96 09 sin2 6 02
(«paduaavnas wacmvy onepamopa Janaaca).

2. Paspesenue mepeMeHHBIX

IIo OCHOBHOH TeopeMe rapMOHMYIECKOrO aHAIM3A Ha, 52

(,0,91“ Zle ml‘Paa)a

rge Yy, — cdepudeckue dyukimu. [Ipeobpasyem (2) x Buxy
Hﬂ/} + Agoﬁdj = 07

rue

2ur? e?
H=r o) + 20 (B4 S Yo
IMoacraBum crona psamg mis .

Z(Hle ml+Zle ApoYmi=0.

m,l

Jemma 12.1. A, oYy, = —m(m +1)Y,,,
[lokasaTensCTBY 3TOU JEMMbI TTOCBAIICH MyHKT 3 HACTOAIIEN JEKIIAN.
Takum o6pasom,

Z(Hle ml—zmm+ ()Ym,la

orkyaa H,Fp,; =m(m + 1)Fy, ;. CregoBatensuo, F, | ABIAETCS pelIeHIeM
ypaBHEHUA

2 0
"o

(sameTum, 4TO | HE BXOOUT B ypaBHeHue, T.¢. F' He 3asucut ot [).
3amedanme. MOXHO OBLTIO OLI MPOBECTU pa3JeIeHNE MEPEMEeHHBIX 06e3
BCAKOI'O TapMOHUYECKOI'O aHAIN3A, CKA3aB: «0yIeM UCKATH PEIIeHnus yPaB-
uenus (2) B Buge ¥(p,0,7) = F(r)Y (v,0)». OcuoBHas TeopeMa rapMoOHUHIe-
CKOro aHaIm3a Ha S? BMecTe ¢ JeMMoin 12.1 HOKA3BIBAIOT, YTO MOy UeHHEIE

TakuM 00pa30oM pelreHnsa 0O6pa3yiT MOTHYIO CACTEMY.

(rF)+2M (B+< )F m(m +1)F 3)
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3. Omepartop Jlamwraca B cepuieckoM mpecTaBIeHIN

Huxe MBI He OyneM menaTh Pa3Indusa MeXIy 0OO3HAUEHUEM HJIEMEHTA,
aare6pst JIu 1 COOTBETCTBYIOWIETO €My OMEePATOPA IPENCTABICHUA.

3agava 12.2. Haiidume deiicmeue Hy, Hy u Hz 8 cepuueckom nped-
CMABACHUY U TLPOBEPUND, MO

H} + Hi + H} =A,y.
Omesem.
H, = —(sin <,03 + ctg f cos <pi)
! 06 op)’
0 . 0 9]
Hg——(cosgo%—ctgﬂsmcp%), Hjs = P

Yxazanus. 1) Ilycte T — cdepudeckoe npegcrasienue. Torga

(r(H)H(@) = G f@Xu)mo = (¢ (0) 5 +8'(0) 5 FX).

rge u(t) € SU(2), u(0) =1, v{(0) = Hy, X = X(p,0) € SCE, X(t) =
— u(t)Xu(t) " = X (p(t), 6(1))-

2) Cdepudeckre u eBKIAIOBEL KOOPAUHATHL X CBA3AHEI COOTHOIICHUEM
1 =sinf cos p, x5 =sinfsin g, vz = cosf. Orcrona

xy =cosfcosy -6 —sinfsinp -,
xh =cosfsing -6 +sinfcosp - ¢,
zh=—sinf-0'.

3) C gpyron croponsl, x; (i =1,2,3) —5T0 koOpAUHATH X KaK dJIe-
MenTa npoctpauctsa F: X = 21 Fy + x5 Fs 4+ x3F3. Ilo onpenenenuto

X'(0) = (u(t) Xu(t) " )imo = [H1, X] =
= [%E1,$1E1 + 22E> + 273E3} = —29FE3 + xz3F>.

Taxum o6pazoM, x4 (0) =0, z5(0) = 23 = cosf, 25(0) = —x2 = —sinfsin ¢.
IMogcTaBaas TO B NPENBIIYLUIYI0 TPYIIY COOTHOMIEHUN (MEXAy T, 4 =
=1,2,3,u ¢, §), Beipasum ¢'(0), 6'(0) uepes TpuroHomerpudeckue QyHK-
uuu @ u 6.

3agaua 12.3. B wmobom npedcmasaenuu HP + H3 + H3 wommymupyem
Cc El, EQ u E3.

Yxazanue: wucnonbayuTe cooTHomeHus Mexay Hiss um FEiag (1ex-
uus 10) u kommyTanuonusie coornouenus [Ey, Es] = 2iE3, [Es, E3] = 21 Ey,
[Es, Ey] = 2iEs.

Sagaua 12.4. A, o KoMMymMUPYem ¢ 6paULEHUAMY.
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Pewenue 1. Beisectu yrBepxk geave u3 3agaqu 12.1. Oneparop A unsa-

puanTen orHocuTensHO SO(3), a Ay ¢ ecTs orpanuienne A Ha S2.
Pewenue 2. BuiBecTu yTBepxk nenHue u3 3aaa4 12.2, 12.3 u cremgcteus 9.2.
3agaua 12.5. B} + E3 + E5 = E_E, +2H + H”.

Cregcreme 12.1. A, g = —i(E_E+ +2H + H?).

Hoxazameavcmeo aemmvr 12.1. Ham Hamo moxasaTb, 9ITO A%9|Um =
= —m(m + 1) - id. Cornacuo 3agaue 12.4, A,y HA HEIPHBOAUMOM IIpPeL-
craprenuu cxkaaapes. [losToMy 10CTaTOYHO BBIYUCIUTEL €r0 HA KAKOM-TO
oguoM BekTOpe. BozbmeM Y, . DTO crapmun BexTop, T.€. £y Yy, pm =0.
Bocnoas3yemcs crencteuem 12.1:

v ]- y
Ay oY m = —Z(QH + H*)Y,m-
Ho HY} m = 2mYyy, i, mosToMy Ay, oY m = —m(m + 1). O

4. PagnannbHoe ypaBHenme Illpegmnrepa

Tax nasbiBaeTca ypasrenue (3). Teopusa npeacTaBIeHUN HE TAET HAYETO
[ULSI 5TOTO ypaBHeHus. Ero uccrenoBanume —06JACTb yPABHEHUN B YACTHBIX
npousBogubix. ChopmyaupyeM roToBuiln pesyabrar (cM., Hanpumep, Den-
HMAHOBCKUE JEKIUK 110 Gusnke, TOM 9).

Jemma 12.2. Ypaswenue (3) umeem duckpemmoe MHONCECTNEO peuse-
wuti Fp, n > m+ 1, yowsaowur na deckoneunocmu, npuvem peuteruro Fy,
COOMBEMLMBYEM FHAUEHUE IHEP2UL

,ue4 1

- = (popmyaa H. Bopa)

En = 2h n?

[1a HeeIMHWYIHOrO 3aPALa AAPa 2 B GHCINTENb BOILIO 6bI 22. OTpuia-
TEJIBHOCTH DHEPIUU BBEI3BAHA TeM, UTO moTeHiman V (r) pasen 0 Ha 6ecko-
HEYHOCTHU, TAK YTO Ha KOHETHOM PACCTOAHUU SHEPI'Ug OTPUIIATEIbHA. yGBI—
BaHME Ha 6ECKOHEYHOCTH COOTBETCTBYET CBABAHHOMY BIEKTPOHY (T. €. 2TeK-
TPOHY aToMa).

Homep sHEPreTwIeckoro ypoBHA N HA3BIBAETCA 2406HbIM KEAHMOBbIM
YUCAOM.

5. BrIpoxjgeHue IIaBHOT'O KBAHTOBOT'O IHMCJIA
¥ [UIMHa TIepUo 0B Tabauibl MeHgemeeBa

ITo nemme 12.2 cob6erBenune gpyuknum oneparopa Illpenuurepa, orse-
yatomue cCO6CTBEHHOMY 3HadeHuo F,,, umetor Bug F,J,, ., roe m < n. s
JAHHOTO M 9uCI0 TakuX pyukuuu pasuo dim U, = 2m + 1. CregoBaTenn-
HO, PA3MEPHOCTH COOTBETCTBYIOMIEr0 COOCTBEHHOTO TIOATPOCTPAHCTBA ( 6bi-
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podcdenue ypoBHA sHeprun F,,, Kak roBopAT QU3NKU) DABHA

n—1

Z(?m-}-l) =n?.

m=0

C y4eToM cmuHa, HoIyuaeM 2n? COCTOAHUN C JAHHOH SHEPIHEH.
[lna “ucaa COCTOAHUN HA TIEPBLIX YPOBHAX BHEPTUU UMEEM

n=1,23,4,...
2n? =2,8,18,32,...

OTO B TOYHOCTH IJIUHBI epuonoB Tabaunsl Mengereesa. OHO u He yaAuBU-
TEMTBbHO, TAK KAK XUMUIECKUE CBOMCTBA B OCHOBHOM OTMPEIEIAI0TCA BHEIITHEN
5JIEKTPOHHOH 060JOYUKOMH, & 2n’ — 5TO YNCIO PA3INIHBIX COCTOAHWUH dJeK-
TPOHOB B 000/I04YKe ypOBHA F),.

Ognaxo, B Tabaune MeHgeneeBa uMeeTCs IBA EPUOLA IIUHBI 8 — BTO-
pou u Tpetuu —u aBa AauHbl 18. OO6BACHUM 5TO.

6. 3amorHeHHMe SJIEKTPOHHBIX 060JI01eK

Nrak, xkaxgoMy 3HAYEHUIO DJIABHOTO KBAHTOBOI'O YUCJIO OTBEYAET
n? ¢yskmuit Yy, ¢ m < n. OUINKA HA3BIBAIOT M A3UMYMAILHOIM K6 AH-
MOBLIM YUCAOM, WA KBAHMOBLIM UUCAOM TOAH020 Momenma. COoCTOs-
Husg ¢ m = (0 HA3BLIBAIOTCA S-COCTOAHUAMU, C 1M = | — p-COCTOAHUAMM,
¢ m = 2— d-cocTosiHuaMu, ¢ m = 3 — f-cocTosHuAMU, U T. 1. Hanpumep,
cocTosiHUE 2p — 5T0 coctosuue ¢ n =2 u m = 1. Okas3wpBaeTcs, $-COCTO-
SAHUA OHEPreTUIECKU BLINOTHEE) P-COCTOAHUU, TaK KAK BEPOATHOCTDL Ha-
XOXKIEHUA BOMU3U AApa y HUX Gosabine (CM. puUcC. 2, 3aMMCTBOBAHHBIN U3
«DeNHMAHOBCKUX JEKIUI 10 (HU3UKe»). AHATOTUIHO, p BHITOAHEE d, U TaK
nasee.

1s;m=20




DIEeKTPOHHBIE KOHMUrypauun mnepseix 30 5IeMeHTOB
(4UCI0 BIEKTPOHOB B PA3HBIX COCTOSHUAX )

7 Smenters W, DIEKTPOHHAA KOH(DUTYPALIUA
°B 15|25 2p|3s 3p 3d|4s 4p 4d Af
1|H Bomopon 136] 1
2 | He reaun 246 2 UHEPTHBIN Ta3
3|Li auTun 5,4 1 MIEJOTHON METAJLT
4 |Be Oepmmman | 9,3 | & | 2
5|/B 6op 83| zl2 1
6|C yraepox |113| ]2 2
7|N  asor 145/ 5|2 3
810 xucmopox |136| E|2 4
9|F ¢rop 174112 5
10 | Ne meon 21,6 2 6 UHEPTHBIN Ta3
11 | Na marTpun 5,1 1 MIEJOTHON METAJLT
12 | Mg maraun 76| o |2
13 | Al amomunmu | 6,0 | 5 = 2 1
14|Si xpemmmzn | 81| &| & |2 2
15|P qocdop [105|E| E |2 3
16 |S cepa 10,4 & = 2 4
17 |Cl xmop 130/ @ |2 5
18 | Ar aprou 15,8 2 6 UHEPTHBIU a3
19| K xammn 4.3 1 menovHON MeTaLI
20 | Ca kaapuuu 6,1 2
21 |Sc cxkamguu 6,5 112
22 | Ti Twran 68| x © |22
23|V Bamaguu 6,7 E E E 312
24 | Cr xpowm 6,8 g g g 5|1
25| Mn mapramen | 74| & = g 52
26 | Fe xemeso 79| B E 5 6|2
27| Co xob6aabT 7,9 @ ® « 7 2} TpyIIa Xeaes3a
28 | Ni Hukennb 7,6 812
29 | Cu mennb 7,7 10] 1
30| Zn wwmaK 9,4 10] 2
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ITosToMy ¢ pocToM aTOMHOIO HOMEpAa S-COCTOSHUS, KAK MPABUIO, 3a-
TIOJMHAIOTCS PAHBIIE P-COCTOIHUM, P-COCTOAHUA PAHBIIE d-COCTOAHUN, U TAK
JnaJee.

Ecau npene6peys MeX3MeKTPOHHBIM B3aUMOICUCTBUEM WM YIUTHIBATE
€r0 B TEOPUM BO3MYIIEHUU, TO TEOPHUA OMHOIEKTPOHHOTO aTOMa IO Ka-
KOU-TO CTemneHu OOBACHAET CBOMCTBA MHOTOXJIEKTPOHHBIX aTOMOB. Pac-
cMoTpuM Hadajo tabiuusl Mennereesa (cm. Tabauiy Ha c. 48, Takxke 3a-
uMCTBOBAaHHYIO 13 DellHMAaHOBCKUX JEKIUT).

IepBLin mEpuUoO MMEET AIWHY 2, TaK KaK €IMHCTBEHHASA DHEPreTUde-
CKH BBEINOJHAA 000J0YKa 1S 3amoaHaeTca 2 saeKTpoHamMu. Bropou mepuon
B COIVIACUU C BBIMIECKA3AHHLIM MUMEET IJIuHY 8.

Caenyroumn, TpeTUu 0epuoj AOIKeH Obul Obl uMeTh aauny 18. O gua-
KO Ha mpaxTuke 0001049ku 3d u 4S8 PACIONOKEHBI HACTOJIBKO OJIM3KO, ITO
45 OKA3BLIBAETCS DHEPreTUYECKU BHINOAHEe, ueM 3d, U 3aMOJHAETCSI PAHBb-
mie. [loaToMy 3amosHeHre TpeTher 000I0UKY Ha BPEMs TPEPHIBACTCA, U BCE
BRINIAAUT TaK, KAK OyATO TPETUU MEPUO] TAKKe UMEET IJINHY 8, a 3aTeM
HAYMHAETCA IeTBEPTLIN.

Bo BTopoM m TperbeMm mepmoax CTPOEHUE BHEIIHUX O0O0JOYEK MIOBTO-
psieTcst 6YKBAIBHO, TO3TOMY COOTBETCTBYIOIINE 3JEMEHTHI 3TUX [I€PUOJI0B
UIEHTUYHBI 10 XUMAIECKUM CBOUCTBAM U TIEPUOAUIECKUY 3aKOH MeH nemee-
Ba BBLIMOJHACTCA UACATBHO ((XUMUIECKUE CBOUCTBA BEIIECTBA HAXOAATCA B
[IEPUO AUIECKON 3AaBUCUMOCTH OT ATOMHOIO BECAY).

Mzur ykasauau B Tabauie TOAbKO nepsbie 12 w3 18 51eMeHTOB 4eTBepTOro
nepuoga. Jas ocranbabix 060m04ku 3d u 4s 3anonHeHsl (KaK y MOCJAEIHErO
B TAOIUIIE DIEMEHTA — IMHKA) U TPOUCXOIUT 3ATOJHEHNE 000I0YKY 4D, 4TO
u maeT HegocTarolue 6 DIeMEeHTOB.

B koHeuHOM CcYeTe, KaK MBI BUIUM, XUMUIECKUE CBOUCTBA DIEMEHTOB
OOBACHAIOTCS B TEDMUHAX CTAPIIUX BECOB npeacrasaenutn su(2) (s,p,d, .. .).
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ITpuroxenwue. 3aga4uu k kypcy «Beegenue
B Teopuio npeacrapienuny (C. A.JlokTes)

Cemunap 1

3agadua 1. 3agaror au marpuust ¢(n), n € Z npencrasieHue addumuerot
rpyunst Z:

Do = (0 w)i wem=(9 ) owm=(g )

1 a”

d) ¢(n):<0 1); 0 SO(n):( cos(na) sin(na))>?

—sin(na) cos(na

rae a, b, a € R.

3aga4va 2. [I1a mpencrapieHuy U3 3aga4yM 1 HauguTe BCE IIOAIPEICTa-
BJCHUA U ONAIINATE BCe (HPAKTOPIPEICTABICHU.

3agaga 3. Hangure Bce 5HIOMOPGUIMEL TPENCTABICHAN U3 3a1a9u 1.

3agava 4. Hautu Bce 1-MepHBIE TIpEICTABICHUA MUKIMIECKON TDYTITHI
Z/nZ

a) Hag R; b) mag C; ¢)* HaJ KOHeuHBIM moseM .

3aga4a 5. I[Iycte G — rpynna. Yepes k[G] o603Ha"uM JUHENHOE IPO-
cTpaHCTBO Beex pyHknui Ha G. O6pasyioT Ju onepaTopsl ¢(g) B IpOCTPaH-
ctee k[G] npencrasnenne rpynnst G7

a) (p(9)f)(x) = f(g-z); b) (p(9)f)(x) = f(z-g);

¢) (p(@N@)=flg™ =) d) () f)(@)=flz-g7")
rae f €k[G], z €G.

3agaua 6. Onpegenny OpejCTaBIEHEE CUMMEMPUUECKOT, TPYINLL (IPyT-
IIBI TIEPECTAHOBOK) S, B R™ coOTHOImEHNEM

90(0-)(('1'1’ s 7$n)) = ('Td(l)a s 7'Ta(n))a

rae o € Sy.

a) Joxaxure, 9TO 31eMEHTHL (Z1, . . ., Ty ), LI KOTOPBIX &1 + . .. + T, =
= (0, 06pa3yoT NOANIpPEICTABICHUE.

b)* MokaxkwuTe, 9TO 3TO MOANPEACTABIEHIE HEIIPUBOLUMO.

¢) Hangure gpyrue moanpeacTaBieHs TOTO XK€ MPEICTABICHUA.

3agaqa T*.

a) [lokaxwure, 9TO B KOHEIHOMEPHOM KOMILUIEKCHOM BEKTODHOM IIPO-
CTPaAHCTBE HE CylIecTByeT Takux oneparopos X, Y, uro [X,Y] =id.

b) Hangure Takme onepaTopsl B KOHEYHOMEPHOM BEKTOPHOM IIPOCTPAH-
cree Hag IFy.
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Cemunap 2

3/eCcb MBI PACCMATPUBAEM KOHEYHOMEDPHBIE BEKTOPHEBIE MPOCTPAHCTBA
Ha IPOU3BOJBHBIM TIOJIEM k.

Omneparop P:V — V HasbBaeTCA Npoexmopom Ha MOAIPOCTPAHCTBO
UcV,ecmIm(P)=U n Py =id.

3agaua 1. [okaxurte, 4uTo P sABIgeTCA TPOEKTOPOM TOTJA W TOJBKO
Torga, korga P2 = P.

Teneps paccmorpum npegcrasaenue 7: G — End(V) konednon rpymnunbt
G. llycte U C V —ero nognpeacrasnenune, P: V — V —unpoexTop ua U.
Onpegenum omepaTop

1 _
PO =3 wlg ™) o Porlg).
geG

3agaga 2. [Toxaxure, aro PY aprsercsa mpoextopom Ha U.

3agaua 3. Ilokaxure, uro P® — MopdusM mpeicrasieHuil. Briegure
pasIoKeHne B IPpAMYIO CyMMy peacTasienni rpymmst G: V 2 U @ Ker (PY).

3agaua 4. Ilokaxure, uro eciu char(k) He saeagercsa gemureneM |G|, To
BCAKOE IIPEICTABAEHNE BIIOJIHE IPUBOANMO.

3agava 5*. Haumgure He BHONHE NPUBOAUMOE IIPENCTABJICHUE TPYIIILI

Z/qZ uan F,.

Cemvunap 3

Ins vmororpanauka M C R? o6osmaaum qepes O (M) rpynmy gsumze-
HuE mpocTpascTBa R3, coxpansrommx M, a wepes SO(M) C O(M) — ee
MOATPYTITY, COCTOAILYIO U3 OIEPATOPOB C ONIPENEIUTENEM , DABHLIM €IUHULIE.

Tpouxka F D E DV, rae F'— rpaus muororpaunuka M, E — cogep-
xKameecs B Hell pe6po, a V — cogepkamascsa B HEM BEPIIMHA, HA3BIBAETCS
Paazom muororpamuuka M. Muororpanauk M Ha3LIBAETCA DPe2YAAPHBIM,
ecau O(M) TpaH3UTUBHO AEUCTBYET HA €ro (Iarax.

3agaga 0*. [lokaxuTe, 9TO BCE PEryIAPHBEIE MHONOIDAHHUKH CONEPKAT-
CA B CTEOYIONIEM CIIACKE:

rerpasap (1), ky6 (C), okrasgp (O), uxocasgp (I), nogekasnp (D).

3agaua 1. [TokaxwuTe, 9T0 115 10060r0 PEryaapHOro MHOrorpanuuka M
nopagox |O(M)| rpynner O(M) pasen uuciry daaros va M u [SO(M)| =
—[0(M)]/2.

3agaua 2. [lokaxure, uto SO(T) = Ay n O(T') = S,.

3agada 3. Joxaxure, aro SO(C) =2 SO(0) = Sy, u O(C) = 0(0)
=~ S, X Z/QZ

3agaua 4*. Joxaxure, uro SO(I) = SO(D) = A5 u O(I) = O(D)
> A5 x 7)2Z.

1

1
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3agada 5. JokaxuTe, ITO I/ JIOOOTO PEryJaAPHOTO MHOTOIPAHHUKA
M rasronorudeckoe npeacrasierue rpynn O(M) u SO(M) gBmxenusvmu
MHOTOT'paHHUKa M HEempuBOIUMO.

3agaga 6. I30MOpDHBL U CIAEIYIONINE TIPEICTABICHUA:

a) Sj IBMXEHUAMU TETPA’apa 1 Kyba,;

b) A4 C Sy nBUKeHUMAMEU TeTpadApa U Kyba?

Cemunap 4

Ilycts G — xoneunas rpymnmna, depe3 Reg o6o3HaYuMM ee JeBOe pery-
JIAPHOE TIPEICTABIEHNE HA Il TPOU3BONBHEIM osieM k. Ompeneaum 2meMeHTH
dy € Reg caenyromum o6pasom:

5, (h) = 1, ecaum g=h,
770, ecau g # h.

3agaga 1. [Tokaxkure, 9TO MHOXKECTBO {J,},cc 0OOpasyeT 6asuc B Reg.
3anummTe JeBOE U TPABOe AeUCTBUE rpynnkl G B 3TOM Oasuce.

[us nByx mpencrasaenun Vi, Vo o6o3uauum gepes Homeg (Vi, V) aunen-
HOE NPOCTPAHCTBO roMomopduamos u3 Vi B Va.

3agaua 2. [lokaxwure, 9TO M JIOOOTO IIpeaACTABICHAS V UMEETCS U30-
MOp(QU3M JTUHEUHBEIX TPOCTPAHCTR

Homg (Reg, V) 2V,

IIPU KOTOPOM T'OMOMOD(U3MY COMOCTABIAETCA 06pa3 drIeMeHTa Je.
Iycte Autg(V) = Homg(V, V). Jlemma Ilypa yTeepxkpgaer, 4TO mis
k = C u menpusogumoro npexcrapierus V mer umeem Autg (V) = C.
3agaua 3. Ilpegmonoxum, uro char(k) me pnemur |G|. Ilokaxwure,
YTO KPATHOCTH HENPUBOAUMOTO TpeacTaBaeHus VB Reg pasHa
dim V/ dim Autg (V). Jokaxure, 910

Z dlmT
dim Autg(T)"
Te@

Hus k € Z oupegeaum 2-mepHOe npeacTasieHue py rpynnst Z/nZ Bpa-
[EHWSAMHA TLIOCKOCTH

2kl . 2wkl
cos —  sin —
n n

1) =
pr(l) 27kl 2kl
n— S —

s i € Z/nZ.
3agaga 4. Hangure pasmepHOoCcTb npocTpancTsa Autg (o)
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3agava 5. Pasnoxure pj, HA HEMPUBOAUMEIE NIPEICTABICHUSA U HAUIUTE
YCJIOBUSA TOL'O, ITO pPf = Pps

a) max C; b) man R.

3agaua 6. Hananre Bce HEMpMBOAMMBIE TPEACTABIEHUA TPYyNNsl Z/nZ
Hal R ¢ TOYHOCTBIO 10 M30MOpdU3Ma.

3aga4a 7*. Hangure Bce HenmpuBoguMble npeicTaBaeHus rpynnst Z /37
wan F5 ¢ TounocTeio 10 m3omopdusma.

Cemunap 5

3agaga 1. Hangure xapakTep pery/apHOro npeacTapaeHus (IeBOrO Win
npasoro). Passoxure ero ma menpusogumeie. [loayuure orcioga eme pas
Teopemy Beprcanga.

HamomuuMm, uTo rpynna amsapa D, TOpOXJeHa BpalleHUEM S U OTpa-
xerveM T, Tak at0 s" =T?=e, TsT =s""'.

Ilycte k € Z. Onpegenum 2-mepHOE MpEACTABIEHUE p TPynnsl Dy, cie-
AVIOIIUM 00pa3oM:

21k . 2nk
COS T Sin T 1 0
§) = , T)= .
or(s) 2 27k pi(T) (0 1)
— sin o S —

3agaga 2. [IpoBepbTe, 9TO pj KOPPEKTHO OMPENENCHO U HAUIUTE €T0
XapakTep.

3agayda 3. PasnoxuTre pj HA HEIPUBOIUMBIE [IPEICTABICHIS

a) Hag C;  b) mag R.

3agava 4. Haugure ycioBus, Ipu KOTOPHIX pi =2 g/

a) mag C; b) mang R.

3agava 5. Hangure Bce HEMPUBOAUMBIE TIPENCTABICHUA TPyInsl D,

a) Hag C;  b) mag R.

3agava 6. Pasioxure TeH30pHBEIE NPOM3BEIEHNUA HEIIPUBOAUMEBIX KOM-
TIEKCHBIX TIPEACTABICHUN TPYIILI D, .

Cemvunap 6

Iycts [G,G]— noarpynna rpynnsl (G, IOPOXKIEHHAS BCEMU KOMMYTa-
Topamu (snemenTamu Buaa aba b~ nua a, b € G).

3agaua 1. Tlokaxure, uto [G,G] ABIAETCA HOPMATBLHOM MOATPYI-
non, daxrop G/[G,G] apasercs abeneBON TI'PYNION M BCAKOE OZHOMED-
HOE TIpeCcTaBaeHne TPynnel (G ABJIAETCA U MPENCTABIEHAEM (PAKTOPTPYIITHI
G/|G,d].

3agavua 2. Hannure o tHOMEPHEIE IPENCTABIEHUA CIELYIOMMX CPYIII:

a) Sh; b) Ay c)* Ap.
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3agaya 3. OmumuTe KIACCHl CONPSAXKEHHBIX HIEMEHTOB CJIEIYOIINX
rpymm:

a) Sp; b) Ay; c)* An.

Wrak, MBI 3HaeM BCe HENPUBOJUMBIE NPEICTABICHUA Tpymnsl Ay
(a WMeHHO, TIpeJCTABICHNA BPAIICHUAMYA TETPASAPA U OJHOMEPHLIE MPe.-
CTABJEHUA), U BCE HENPUBOAUMEBIE NPENCTABICHUA Sy, KPOME OIHOIO
(a MMEeHHO, mpenCTABICHUSA BPAILIEHUAMU TETPadAPa, NPEICTABICHUSI BPa-
[meHuAME Ky0a U OJHOMEDHEIE).

3agaua 4. Haugure pasMepHOCTH M XapaKTep OCTABILETOCA MPEICTa-
BJICHUA TPYINBL Sy.

3agaga 5*. IlocTpouTe >TO TMpenCTABICHUE.

3agava 6. Pazmoxure TeH30pHBIE TPOU3BENEHUA HEIPUBOAUMEIX MPE/I-
CTABJICHUNU I'PYIIIILL

a) A4; b)* S4

Ha HEIPUBOJUMBIEC TIPDEACTABJICHNUA.

Cemunap 7

Ilycte H — rpymnna, nmopoXeHHAs SJIeMEHTAaMU i, j U € (mocaeqHun
urpaeT poab «—1»), Takumm UTO i = i€, £j = je, i’ = j> =&, ij = £ji.

3apaua 1. Hangure |H| u [H, H].

3agava 2. Haugure 9uCI0 HEMPUBO JUMBIX KOMILIEKCHBIX TTPEICTABICHUN
rpymnsr H.

3agaya 3. Hamaure ogHOMEpDHBIE KOMILIEKCHBIE TPENCTABJIECHUA TPYII-
uer H.

3agaua 4. Haugure pasMepHOCTH M XapaKTep OCTABILErOCA MPEICTa-
BIEHUA Tpynnsl H.

3agaga 5*. IlocTpouTe »TO TMpenCTABICHUE.

3agavya 6. Paznoxure TEH3OpHLIE MPOU3BENEHUS HEIPUBOAUMBIX KOM-
IIEKCHBIX TIPENCTABJICHUN IPpynnbl H Ha HENPUBO TUMBIE.

KOHTpOJIBHI:Ie 3ajla'y o IMpeACTaBJIeHNAM KOHETHBIX I'DYIIIL

Ilycts G — rpynna, MOpOXKIEHHAS DIEMEHTAMU T U O, TAKAMHU UTO
™=10*=1, 0107 =72

3agauya 1. Hangure |G|, [G,G] 1 9uCI0 HEIPUBOIUMBIX KOMILIEKCHBIX
npeacTaBieHun rpynnst G.

3agaua 2. Hananre pasMepHOCTHI U XapaKTephl KOMILIEKCHBIX HEIPUBO-
IUMBIX [IPeJICTaBIeHn] rpynnsl G.

3aga4a 3. Pasioxure TeH30pHbIE NPOM3BEJEHUS KOMILUIEKCHBIX HEIIPH-
BOJUMBIX IIpeAcTaBIeHuil rpynnsl G Ha HEIPUBOAUMBIE [IPEICTABICHIA.

3agada 4. IMocTpouiTe HENPUBOAMMBIE KOMILIEKCHBIE PENCTABICHUS
rpynnet G.
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Cemvunap 8

IIycts V — BekTOpHOE mpocTpancTBO noIuHOMOB P(x,y) oT nepemen-
HeiX ¢ u y. Onpenenum orobpaxkenue T: GLy(C) — End(V) crenyrommm
obpazom

T ((‘; Z)) P(z,y) = P(az + cy, bz + dy).

IIycrs V,, C V —moanpocTpasHCcTBO OAHOPOJHBIX [TOJIAHOMOB CTEIIEHN 1.

3agadua 1. [lokaxure, uro T sasasercs npencrasierueM rpynnst GLo (C)
B mpocTpaHcTBe V u mpocTpancTBa V,, n > 0 ABAA0OTCA IOATIPEICTABICHN-
avu. Hangure pa3zMepHOCTb TPOCTPAHCTBA Vi, .

IIycrs H C GLy(C) — nogrpynna mMaTpuil Buia <(Z) z01> s |z| =1.

3agaua 2. Iloxaxure, aTo H = S n pasnoxute V,, Ha HEIPUBOIUMEIE
MIpEeICTABICHUS.

3agava 3. Korga V,, B IeNCTBUTEJBLHOCTH SBJIAETCA MIPENCTABICHAEM
rpymnst SO3 = SU,/£17

3agaya 4. [lokaxure, 9T0 V), ABIAETCA HEMPUBOJUMBIM IPEICTABICHU-
em rpynnsl GLy(C), a rakxke rpynnst SUy; C GLo(C).

3agava 5. Hangure xapakrep mpencrasiaenus Vi,.

3agada 6*. Vcrmoab3ys BEIYUCICHNE XaPAKTEPOB, PA3IOKUTE TEH30PHLIE
TIPOU3BEICHUA

a) Vi® Vi b) Vi ® Vs C) Vi ®Vy; d)%@‘/ny e) Vin @ Vy,
HA HEMPUBOAUMBIE TpeACcTaBaeHuA rpynnbl SUs (TO €CTh Ha MpenCcTaBICHAA
Buga V;).

Cemvunap 9

3agada 1. Ob6pasyeT Ju cjaenyroliee MHOXECTBO MATpuil rpymmay Ju?
Ecnr na, HanguTe COOTBETCTBYIONIYIO aareopy Jlu:

a) BepXHWE TPEYrOAbHBIE OOpATUMBIE MATPULLL; b) AUATOHATIBLHBIE
o0paTuMble MATPULLL; C) BEPXHWE TPEYTOAbHBIE MATPULLL C €IUHULAMEA

* | *
Ha quaronaaw; d) o6paTUMble MATPUILI BUIA (T’T)’ e) o6paTuMbIe

* | K
MaTPpHUIBL BU A <T’7) .

3agaga 2. Hanaure anre6py Jlu rpynner  a) O, OpTOrOHAIBHBIX OIE-
paropos; b) U, yHUTapHBEIX OIEpPaTOpPOB;

c) O(B) o6paTuMBIX OEPATOPOB, COXPAHAIIINX AAHHYIO OWIMHENHYIO
dopmy B;

d) U(E) obpaTuMbIX OmEPATOPOB, COXPAHAMOMIUX TAHHYIO 3PMUTOBY
dopmy E .
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3aga4a 3. Hangure anre6py Jlu rpynner  a) SL,, omepaTopos ¢ omnpe-
peaurenem 1;  b) SO, u SU,, — COOTBETCTBEHHO OPTOrOHANBLHLIX U YHU-
TAPHBLIX OMEPATOPOB C ompeaeauTeneM 1.

3agava 4. Hangure Bce ¢ TOYHOCTBIO 10 m30MOpdusMa alrebpsl Jlu
pasmepHOCTH 2.

3agaua 5*. Ilokaxure, 4To $03(C) 2 5l5(C) KaK KOMILUIEKCHBIE AIreGPHL
Ju.

Cemumap 10

Ilycts p—mnpeacrasaenue anrebpst Jlu sly. OnepaTop
K, = p(E)p(F) + p(F)p(E) + p(H)*/2

Ha3bIBaeTCA onepamopom Kazumupa.

3agaua 1. [lokaxure, uT0 K, KOMMyTHDYET C JEUCTBUEM 5lo.

3ajgaua 2.

a) JokazkuTe, 9TO €CIU p HEIPUBOAUMO, TO K, — CKaIPHBIN OLepaTop.

b)* lokaxuTe, 9TO €CIN p HEPA3IOKUMO, TO K, NMeeT eJUHCTBEHHOE
COOCTBEHHOE 3HaMEHUe.

3agaua 3. Hananre K,, korga p — HEIPUBOAUMOE N-MEpPHOE MPELCTa-
BJICHUE.

3agaga 4. Besegure dopmyny gnia K, ncnonbsys resepaTopsl aareGpe!
Jlu sus.

3agaga 5*. Ckoabko ects moarpymnn B GLg(C) (¢ TourOCTBIO 10 COMpa-
XKeHun), n3oMopdubx rpymne  a) SOz; b) SUy ?

Cemunap 11

3agava 1. Hanaure craggapTHBEIN 6a3uc IpencTaBieHus aareOpor Jlu
sly B OMHOPOIHBIX MTOJUHOMAX CTEIEHU N OT IBYX IepeMeHHBIX. [locaennee
MOXKHO TIOJYYUATh KAaK KACATEILHOE K COOTBETCTBYIOUIEMY TPENCTABICHUIO
rpymost SLo.

3agadva 2. B caeqyoommx npeacTaBIeHUAX 3anuimuTe onepaTtop Kasumu-
pa kak nud@epeHnalbLHLI OepaTop:

a) mpeacTaBIeHNe IPYNHEL Siy C gly B IOJMHOMAX OT ABYX I€PEMEHHBIX;

b) npexgcrasienve rpynns suy = 503 C gl B moIMHOMAax OT TpPeEX mepe-
MEHHBIX.

3agava 3. Haugure geucrsue rereparopos Hy, Hs u Hs anireOpel sis
B C(pepUUeCcKOM IpencTaBIeHuu (CM. yKa3aHusd B JeKuun 12).

3agavya 4. 3anummre omeparop Kasmmupa kak nuddepeHnuaibHbT
omnepaTop B chEPUIECKOM TPEeACTaBIeHUA aareGpel Jlu siy U cpaBHUTE pe-
3yJbTAT C PAIUATBLHON YaCThIO OmepaTopa Jlamiaca.
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3agava 5*. Kak onpeneinTs TEH30pHOE IPOU3BEIEHUE IIPENCTABICHUN
auarebpsr Jlu, Tak 4TOOBI KacaTelbHOE MPEICTABIEHNE K TEH30PHOMY IIPO-
W3BENEHUI0 PABHAJIOCH TEH30PHOMY NMPOU3BEAEHUIO KACATENLHBIX MPEICTa-
BeHun?

KOHTpOJII:HHe 3ajfa'i 110 IIpeaCcTaB/JIeHUAM a.11re6p JIn

IIpucoenuuennoe npencraprenue aarebpsr Jlu g —>T0 mpencraBieHue
B IPOCTPAHCTBE @, 0003HATaeMoe CUMBOIOM ad U 3a1aBaeMoe CIeIyIouen
dopmymon: (ad z)y = [z,y], z,y € g.

3agava 1. Pasnoxure Ha HEIPUBOUMBIE TPUCOEAVHEHHOE TIPENCTABIE-
uue aare6psl Ju gl, (C).

3agaya 2. [lna anre6pst Jlu gl,(C) mangure

a) OJHOMEPHEIE KOMILIEKCHEIE MTPENCTABICHNAA; b) BCE HEMPUBOIUMBIE
KOHEYHOMEPHBIE KOMILTEKCHBIE MPENCTABISHNU.

3agaua 3. Haugure pasnoxeHne HA HEMIPUBOIMMEIE TEH30PHOI'O TPOM3-
BeNeHUs ABYX HENPUBOIUMBIX MPENCTABJICHUU BECOB M u n aarebpn Jlu

5[2 ((C)
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O HESABUCMMOM MOCKOBCKOM
YHUBEPCUTETE

HMY — Briciee HerocyapCTBeHHOE yueOHOE 3aBeJeHUe MJs IOATOTOBKY
OpOdeCCUOHATBHBIX MATEMATUKOB.

Sauatus 8 HMY nposogsarca B Bedepree Bpemsa (o6erauo ¢ 17.30). dTo
CBA3AQHO C T€M, YTO MHOI'WE HAIM CTYAEeHTH COBMeIaioT oOydenne B HMY
C 3aHATUAMEA B IPYTOM By3e (KaK MPaBWIO — HO HE UCKJIKYATENLHO! — Ha
mexvaTe MIT'Y). Hamu 3auATs 10 QU3NKE U MATEMATUAKE MOKET TIOCEIIATH
JE0OON XKeaommi (He 0043aTeIbHO CTyAeHT uin acnupant HMY).

O6y4enue 8 HMY 6Gecmiatuoe. CTyneHTaM BBIILIAYABAECTCA CTUNECH TN,

Hamr agpec: 119002, Mocksa, B. Baacbesckuu nep., a. 11.
Tenedomn: (095) 241-4086.
Pakc: (095) 291-6501.

E-mail: ium@mccme.ru

IMogpo6uoCTHM cM. Ha cauTe http://ium.mccme.ru/
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